
CENTRE D’ETUDES DOCTORALES-SCIENCES ET TECHNOLOGIES

N◦ d’ordre : 3856

THÈSE
En vue de l’obtention du : DOCTORAT

Structure de recherche : Équipe des sciences de la matière et du rayonnement

Discipline : Physique

Spécialité : Physique quantique

Présentée et soutenue le 21/10/2023 par :

Oumayma EL BIROumayma EL BIROumayma EL BIROumayma EL BIROumayma EL BIROumayma EL BIROumayma EL BIROumayma EL BIROumayma EL BIROumayma EL BIROumayma EL BIROumayma EL BIROumayma EL BIROumayma EL BIROumayma EL BIROumayma EL BIROumayma EL BIR

Quantum correlations in an optomechanical ring
cavity

Jury

Yassine HASSOUNI PES, Université Mohammed V, Faculté des Sciences, Rabat Président

Hamid EZ-ZAHRAOUY PES, Université Mohammed V, Faculté des Sciences, Rabat Rapporteur/Examinateur

Rachid AHL LAAMARA PES, Université Mohammed V, Faculté des Sciences, Rabat Rapporteur/Examinateur

Saad RFIFI PH, Université Abdelmalek Essaâdi, Faculté Polydisci-

plinaire de Larache

Rapporteur/Examinateur

Adil BELHAJ PH, Université Mohammed V, Faculté des Sciences, Rabat Rapporteur/Examinateur

Özgür E. PES, Université Koç, Istanbul, Turkey Examinateur

MUSTECAPLIOGLU

Morad EL BAZ PES, Université Mohammed V, Faculté des Sciences, Rabat Directeur de thèse

Année universitaire : 2023/2024

B Faculté des Sciences, avenue Ibn Battouta, BP. 1014 RP, Rabat-Maroc

T 00212 (05) 37 77 18 76 v 00212 (05) 37 77 42 61; http://www.fsr.um5.ac.ma





To my beloved father

i



Acknowledgements

The doctoral thesis presented hereafter could not have been completed without the support of peo-

ple who had the utmost positive impact on my experience as a researcher.

Words cannot express my appreciation and gratitude to my supervisor, Prof. Morad EL BAZ,

for embracing me as a member of his research team. I could not have undertaken this research

project without relying on his outstanding knowledge in Math and Physics. His in-depth insights

guided me to solving complicated problems throughout the entire duration of the project. His

compassion and supportive manners were also my refuge for positive energy when I did not have

a clear vision and was lost in the array of my own scattered ideas. His leadership mind set helped

grasp the idea that receiving a rejection letter for an article I have submitted, is in fact a learning

curve rather than a failure.

I want to express my deep appreciation to Professor Yassine HASSOUNI for arousing my

interest in scientific research and providing support with my studies.

I am grateful to Professor Adil BELHAJ director of theoretical physics laboratory who is al-

ways ready to give best guide.

I am profoundly indebted to my mother, Mrs Latifa EL JIRARI for believing in me and sup-

porting me over the years of my academic journey. To her I say: I hope I made you proud.

I would like also to express my special thanks to my brothers Tarik and Anas, for providing me

with the powerful encouragement needed during the hard times. Thanks to little Salim for his

love and for making our house full of joy and happiness. And to the rest of my extended family

members, I would like to say thank you for all the care and interest you demonstrated at every

occasion when we met and you asked about how my project was coming along.

My sincere thanks to Dr Mustapha ZIANE for his guidance and help. His insights that helped

me solving problems on the research subject. I hope that our valuable cooperation will continue.

During my time as PHD research, I have had the pleasure and honor of attending numerous

international scientific events. My deepest thanks to the International Centre for Theoretical

Physics in Trieste-Italy for the travel grants, and for giving me and my colleagues the opportu-

nity of networking with other junior and senior researchers from all over the world.

My sincere acknowledgement goes out to the following researchers whom I have enjoyed my

exchange of ideas and discussions: Daniel BRAUN, Matteo G A PARIS, Mauro PA-

TERNOSTRO, Michael THORWART, Florian MARQUADT.

ii



A special thanks to all Professors and senior staff members of ESMAR (Equipe Science de la

Matière et Rayonnement) for creating a great research environment in the laboratory of theoret-

ical physics. I would also like to thank my dear colleagues for the many great memories from

trips and events that we attended together. In particular, Sanae ABAACH, Zakaria MZA-

OUALI, Khadija EL ANOUZ, Hassna HAJJI, Khadija EL HOUWARY, Hicham

AIT MANSOUR and Fadwa EL AYACHI.

A special thank you to my dear friend Meriem LAASSIRI for her support during the hard

times.

Finally, I would like express my gratitude to the members of the jury who accepted to examine

and evaluate my work.

iii



Résumé

Cette thèse est consacrée à l’étude des corrélations quantiques au sein d’une cavité optomé-

canique en anneau. Cette étude met en lumière l’interaction extraordinaire entre la lumière

et le mouvement mécanique au niveau quantique. Une étude théorique complète basée sur les

principaux concepts de l’optomécanique est donnée. Les progrès récents dans ce domaine ont

ouvert de nombreuses applications dans diverses structures. Dans ce contexte, On donne une

description claire du choix d’une cavité annulaire, qui présente un milieu idéal pour étudier les

effets coopératifs grâce à leur interaction commune avec le mode de la cavité. Les cavités annu-

laires diffèrent de la conception traditionnelle des cavités Fabry-Pérot par la présence de paires

de miroirs mobiles. Cela ajoute une manipulation dynamique supplémentaire du déplacement

des deux résonateurs, intensifiant ainsi le champ optique intra-cavité, contrairement au cas d’une

cavité linéaire. Un autre type de système présenté dans cette thèse, considéré comme une source

de grande variété de phénomènes physiques, est le système atome-optomécanique, où un ensem-

ble d’atomes est confiné à l’intérieur de la cavité, permettant des interactions à longue distance

et des corrélations multipartites. Dans la deuxième partie de la thèse, l’accent est mis sur la

composante non linéaire de l’Hamiltonien optomécanique. La résolution de la dynamique est

effectuée en excluant le traitement de linéarisation. Cette solution est basée sur l’identification

d’une algèbre de Lie minimale et finie qui génère l’évolution temporelle du système, et dérive

une solution analytique pour calculer la non-Gaussianité du système en fonction du temps.

Mots-clefs : Optomécanique, intrication, cavité en anneau, corrélations quantiques, non-

Gaussianité.
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Abstract

This thesis focuses on the fascinating realm of quantum correlations within a ring optomechani-

cal cavity, shedding light on the extraordinary interplay between light and mechanical motion at

the quantum level. A comprehensive theoretical framework based on the principal concepts of

optomechanics. Recent advancements in this have opened up numerous applications in various

structures. In this context, a clear description of choosing a ring cavity, which serves as an ideal

testbed to exhibit cooperative effects through their common interaction with the cavity mode.

Ring cavities differ from the traditional Fabry-Perot cavity design by having pairs of movable

mirrors. This adds an extra dynamic manipulation of the displacement of the two resonators,

thereby intensifying the intra-cavity optical field, unlike in the case of a linear cavity. Another

type of system presented in this thesis, which serves as a source of a wide variety of physical

phenomena, is the atom- optomechanical system, where an ensemble of atoms is confined inside

the cavity, allowing for long range interactions and multipartite correlations. In the next part

of the thesis, the nonlinear component of the optomechanical Hamiltonian is emphasized. The

resolution of the dynamics is carried out excluding the linearization treatment. This solution is

based on identifying a minimal and finite Lie algebra that generates the time-evolution of the

system, and derive analytic solution to compute the non-Gaussianity of the system as function

of the time.

Keywords: Optomechanics, entanglement, ring cavity, quantum correlations, non-Gaussianity.
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Introduction

This dissertation delves into the intricacies of quantum measures, both as a tool for exploring the

interplay between light and mechanical motion and as a potential hindrance in this project. The

motion of objects stands as a cornerstone in our understanding of the natural world. Throughout

the ages, from early astronomy through the modern scientific revolution. The examination of

dynamical objects has been at the heart of numerous greatest scientific discoveries. Presently,

manipulating mechanical motion of massive objects via light finds wide application in various

fields, such as the measures probing quantumness remains an efficient used method. The optical

manipulation over mechanical systems and the reciprocal impact of material objects on the

propagation of light fall within the field of optomechanics which this work falls into.

The theory of optomechanical systems lies in the study of the interaction between electro-

magnetic radiation and mechanical motion. These systems are, to date, the most substantial

platforms to achieve quantum control over mechanical motion while preserving their quantum

properties. Therefore, one of the key goals of this thesis is to provide a complete mathematical

description of optomechanical systems and generate quantum correlations with a focus on the

stability conditions. Additional goals include proposing various practical schemes to enhance

quantum correlations in such systems.

History of optomechanics:

Optomechanics encompasses the study of interactions between light and moving object. It

stems from the idea that light can exert a force on a material object, an idea first postulated

by Kepler in 17th century, who believed that the tails of comets were caused by the outward

pressure of sunlight [1]. Light-induced force was solidified by a theoretical foundation in 20th

century by both Maxwell and Bartoli, based on electromagnetic theory and the second Law of

1



thermodynamics, respectively. The first unambiguous experimental demonstration of the radi-

ation pressure force was in 1901 [2,3]. The physicits, indeed, performed pioneering experiments

using a light mill configuration. A careful analysis of these experiments became necessary to

differentiate the phenomenon from thermal effects that had dominated earlier observations. As

early as 1909, Einstein deduced the statistical characteristics of the force fluctuations caused by

radiation pressure on a moving mirror [4]. Over half a century later, a seminal investigation

found that light-induced pressure could alter the mechanical properties of a moving object. This

remarkable result paved the way for what is today a dynamic field of experimental physics, with

significant implications for both fundamental and practical science. In this thesis, I provide

recent developments of optomechanics. My perspective on the progression of optomechanics,

however, is not exhaustive; only a select subset of crucial research undertakings.

The role of radiation pressure and its potential for cooling larger objects were already investi-

gated earlier by Braginsky within the context of interferometers. In 1970s, when Braginsky and

co-workers considered the dynamic impact of radiation pressure on an harmonically suspended

end mirror of a cavity [5–9].

Throughout the 1980s, optomechanics became applicable to various branches of physics,

each adopting distinct and specialized manifestations within their respective domains. In optical

physics [10]. In atomic physics [11–13], and in the context realizations of laser-driven deceleration

of atoms [14,15].

The remainder of my dissertation essentially proceed with the ring optomechanical cavities,

which represents a specialized configuration within the field of optomechanics. I consider myself

very fortunate to have entered the world of optomechanics at such an effervescent stage of its

evolution, enabling me to make meaningful contributions to some of its pivotal advancements.

Ring optomechanical cavity:

Cavities are generally categorized into two sections, linear and ring cavities as shown in figure 1.

Linear cavities are composed by two mirrors aligned in front of each other (figure 1a), one of the

mirrors of the cavity is free to move and thus acts as a mechanical resonator interacting with the

cavity field. This interaction is caused by the radiation pressure force between scattered photons

and suspended mirror [16–18], cavity photons modifies the motion of the movable mirror. As a

result, it changed the length of cavity, which in turn affects the cavity resonance frequency and

thus the intensity of the cavity field. The strength of the radiation pressure force is therefore

2



coupled with the mechanical motion. This type of optical cavity is known as the Fabry-Pérot

resonator [19–21]. Other geometries employing a large number of mirrors are widely used [22–24].

To achieve the desired optical properties, careful selection of mirror focal lengths and spacing

between them is essential. In this thesis, I chose to employ a cavity composed of three mirrors

in a ring design.

(a) (b)

Figure 1: (a) illustrates a linear configuration composed of two mirrors and (b) describes a ring
cavity.

As shown in Figure 1b, ring cavities have three mirrors, a fixed one and two movable ones,

driving by an electromagnetic field that circulate inside cavity. This design can support two

propagation modes in opposite directions as opposed to the more common two-mirror linear

cavity. Furthermore, a ring configuration not only enhances the optomechanical coupling by the

displacement of the two movable mirrors, but also the circulation of the optical power inside the

cavity enhances the intensity of the pumping power, in contrast with the case of a linear cavity.

In addition, the structure of the cavity can minimize optical losses compared to other cavity

geometries, leading to higher finesse and powerful interaction against decoherence. Besides, the

closed-loop configuration for the light circulating within the cavity facilitate the generation of

entanglement, that can be strengthened by the displacement of the mirror and an increase of

the photon number. This topic will be frequently studied in next chapter.
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Motivation:

This thesis aims to study the quantum correlations in a ring optomechanical cavity. Cavity

optomechanics is a branch of physics that explores the interaction between mechanical motion

and electromagnetic fields confined within high-quality optical cavity. The traditional optome-

chanical cavity, widely employed in research, consists of two highly reflective mirrors separated

by a distance ‘d’, called Fabry-Perot cavity. However, this thesis focuses on ring cavities, which

represent a specialized configuration within the field of optomechanics, in contrast to the pre-

dominantly studied Fabry-Perot cavities. Ring cavities feature a triangular design with three

mirrors. The closed-loop configuration for the light circulating within the cavity facilitate the

generation of quantum correlations. These correlations can be enhanced through mirror dis-

placement and an increase in the photon number. Moreover, throughout this dissertation, I

emphasize the nonlinearity inherent in the optomechanical Hamiltonian and solve the dynamics

excluding the linearization treatment. Additionally, I derive an analytic solution to calculate

the amount of non-Gaussianity among different modes of the system as a function of the time.

Outline of Thesis:

This thesis reports the quantum measures within a ring optomechanical cavity. In the following,

I present the outline of the thesis by including a description about the content of each chapter

of the thesis. There are a total five chapters.

Chapter 1: This chapter covers the fundamental notions and basic concepts of continuous

variable systems that will be used to quantify the quantumness of various correlations that occur

in optomechanical systems. It is followed by a complet description of the properties of quantum

entanglement.

Chapter 2: This chapter gives an overview of the basic theoretical language used to describe

cavity optomechanics. Notation and preliminary concepts of optical resonators and mechanical

oscillators are established. In the second part of the chapter, I studied the entanglement of an

optomechanical system where the optical resonator is coupled to the mechanical oscillator via

the radiation pressure interaction.

Chapter 3: In this chapter, I analyze the entanglement generated between the optical mode

and the relative mechanical mode in a ring cavity composed of a fixed mirror and two movable

ones in a triangular design. In addition to entanglement, I investigate the behavior of Gaussian

4



quantum discord and the mutual information in a ring cavity.

Chapter 4: This chapter is devoted to the study of genuine tripartite entanglement. The

system under consideration corresponds to an hybrid optomechanical system formed of a ring

cavity where an atomic ensemble is placed inside. The central idea of this chapter is to explore

the impact of the atomic ensemble on the entanglement, since, a strong quantum entanglement

can be generated between the atomic ensemble and a vibrating mirror by increasing the cou-

pling strength. Another point of interest is to investigate the genuine tripartite entanglement

being possibly shared by the four subsystems (cavity field – atomic ensemble and two vibrating

mirrors).

Chapter 5: In this chapter, I solved the time-evolution of a non-linear optomechanical ring

cavity to quantify the non-Gaussianity of both the two-mode and three-mode of the system.

Our solution is based on identifying a closed Lie algebra that facilitates calculations for the

quantification of non-Gaussianity. The measure relies on the relative entropy of a state to

characterize the deviation from Gaussianity within the system.

I conclude the thesis with a summary of the major findings of the research works, and a brief

description of the future studies.
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Chapter 1
Quantum measures

This chapter is meant to familiarize the reader with fundamental notions and basic concepts of

continuous variable systems that will be used to quantify the quantumness of various correlations

that occur in optomechanical systems.

In the beginning, we will present some mathematical foundations of quantum information

with the main focus on continuous variable system [25, 26], then we will investigate the notion

of quantum correlations. We end up this chapter with the properties of quantum entanglement

to clears the way for the manipulation of entangled states in cavity optomechanical systems.

Recent developments of the generation of entanglement in this field will be discussed in the next

chapters which is the main subject of this thesis.

1.1 Quantum optics in continuous variable

In recent years, quantum information has focused on continuous spectrum variables. These

variables are more precise than the discrete variables. The first example of such variables in

quantum mechanics are the position and momentum of a particle, whose analogue in quantum

optics are the conjugate quadrature components of a mode of the electromagnetic field. This

analogy obtained directly from the quantization of the field, makes it possible to write a mode

as a quantum harmonic oscillator. In this part, are presented the most useful aspects for the

experimenter of continuous variables in quantum optics. First, we will start with the quantization

of the electromagnetic field, the quantum states of the field and their representation. And we

will focus on the theoretical study of quantum correlations in continuous-variable systems.

We consider an electromagnetic field mode corresponding to a plane wave of pulsation ω for
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fixed polarization and direction.

E(t) = E0 cos (ωt+ ϕ) = Ep cos (ωt) + Eq sin (ωt), (1.1)

where, E0 and ϕ are respectively the amplitude and the phase of the wave. Ep and Eq are the

amplitudes of the two quadratures of the field in the Fresnel representation. For a description

in terms of quadratures, where the position and momentum can be quantized, one can give a

quantum description of the electromagnetic field

Ê = ϵ0(q̂ cos (ωt)) + p̂ sin (ωt)), (1.2)

where ϵ0 is a normalization constant corresponds to the electric field associated with one photon.

Thus, we define the operators of creation and annihilation of a photon at the frequency ω :

â =
q̂ + p̂√

2
,

â† =
q̂ − ip̂√

2
,

(1.3)

which allows us to write 1.2 as :

Ê(t) = ϵ0(â e
−iωt+ â† eiωt). (1.4)

1.2 Quantum information basics

In this introductory Chapter, we give a detailed study of the concepts of quantum information

theory on the usefulness on how to manipulate quantum systems. To that, we start by defining

a quantum system and to facilitate the readers to understand quantum theory, we investigate

the quantum measures. Indeed, a quantum system is any physical system assign to it a space of

normed complex inner product, called Hilbert space H of some dimension d, with the physical

state of the considered system being described by a vector |ψ⟩ ∈ Hd, known as the quantum

state, in that Hilbert space. The definition used in this part are taken from the textbook by

Nielsen and Chuang [27].
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1.2.1 Quantum state

A quantum state is any possible state represented by a vector in a Hilbertian vector space; the

space to be considered depends on the system studied. Any quantum state |ψ⟩ can be expressed

in terms of a sum of basis states (also called basis kets). Knowledge that, A mixture of quantum

states is again a quantum state. Quantum states that cannot be written as a mixture of other

states are called pure quantum states, while all other states are called mixed quantum states.

pure state

A pure quantum state |ψ⟩ is a state which can be described by a single ket vector, or as a sum

of basis states. Let consider |ψ⟩ that can be expressed as :

|ψ⟩ =
n∑
i=1

ci |ki⟩ (1.5)

where ci are the complex coefficients representing the probability amplitude, such that, |ci|2 is

the probability of a measurement yielding the state |ki⟩. The normalization condition mandates

that the total sum of probabilities is equal to one,
∑n

i=1 c
2
i = 1. Another way to express this

pure quantum state is in the matrix form. This can be done by using the density operator

representation, which is given by:

ρ̂ = |ψ⟩ ⟨ψ| =
∑
i,j

c∗i cj |ki⟩ ⟨kj | . (1.6)

The matrix elements are defined as

ρij = ⟨ki| ρ̂ |kj⟩ . (1.7)

Mathematically, the density matrix of a pure state has rank 1, while a mixed state has rank

greater than 1. The best way of calculating this is via Tr(ρ̂2) = Tr(ρ̂) = 1. It important to

emphasize that ρ̂ is an hermetien operator i.e, ρ̂† = ρ̂.

Let us now define the expectation value of an operator Â as a function of ρ̂ :

⟨Â⟩ =
∑
i,j

c∗i cjAij =
∑
i,j

ρij ⟨kj | Â |ki⟩ = Tr[ρ̂Â] (1.8)

We have defined quantum systems in terms of pure states, but not all quantum systems have a

well-defined pure quantum state at each point in time. However, any realistic quantum systems
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cannot be perfectly isolated. In fact, this interaction will always lead to some mixedness. In

order to describe a statistical distribution of pure states, we describe in the next part the density

operator ρ of a mixed state. Notice that, any quantum system unavoidably interacts with other

quantum systems (environment), they are open quantum systems.

Mixed state

A mixed quantum state is a statistical ensemble of pure states. By introducing ‘mixtures’ of

pure states |ψi⟩ with probability pi, we get :

ρ̂ =
n∑
i=1

piρi (1.9)

with

ρi = |ψi⟩ ⟨ψi| (1.10)

we get

ρ̂ =
n∑
i=1

pi |ψi⟩ ⟨ψi| =
n∑
i=1

piPi (1.11)

Pi design the projection operator. Notice that, the density matrix operator satisfies the following

proprieties,

• ρ̂ ≥ 0

• Trρ̂ = 1

• Trρ̂2 < 1

• ρ̂2 ̸= ρ̂

1.3 Definition of Gaussian states

In the context of continuous-variable system each mode k = 1, ........n lives in the Hilbert space

H = ⊗nk=1Hk resulting from the tensor product structure of infinite dimensional Fock spaces

Hk. In our case, the modes are those of the electromagnetic field emphasize in the previous

part, for each mode k we can define the annihilation operator â†k and the creation operator âk,

with commutation relations [âk, â
†
l ] = δkl. The free Hamiltonian of the system may be simply
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written as : H =
∑n

k=1(â
†
kâk +

1
2) and the corresponding position-momentum operators are :

q̂k =
1√
2
(âk + â†k) and p̂k =

1

i
√
2
(âk − â†k). (1.12)

The commutation relations [q̂k, p̂l] = iδkl. Let theses operators be grouped in the column vector

R̂

R̂ =



q̂1

p̂1
...

q̂n

p̂n


. (1.13)

The canonical commutation relations for the R̂ can be expressed in terms of the symplectic form

Ω:

[R̂l, R̂m] = 2iΩlm, (1.14)

we define Ω as :

Ω =



 0 1

−1 0

 (0)

. . .

(0)

 0 1

−1 0




= ⊕ni=1ω, ω =

 0 1

−1 0

 . (1.15)

Note that, ΩT = −Ω = Ω−1.

The symplectic form will play crucial role in our next discussion. Later we will provide a

clear exposition of N-mode Gaussian systems.

Now that we have present the general formalism of Gaussian states, let us give some im-

portant class of states (which includes coherent, squeezed, thermal states of the electromagnetic

field).

1.3.1 Coherent state

Coherent state is considered one of the most classical quantum states. Refers to a state of the

quantized electromagnetic field, it is used to describe a coherent laser beam [28]. Characterizing

a classical kind of behavior and a maximal kind of coherence.
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Mathematically, a coherent state |α⟩ is defined to be the eigenstate of the annihilation operator

â with corresponding eigenvalue α. This reads,

â |α⟩ = α |α⟩ ←→ ⟨α| â† = ⟨α|α∗. (1.16)

Notice that, α satistfies ⟨α|α⟩ = 1. The average value of photons number in a coherent state is

given by:

⟨â†â⟩ = |α|2. (1.17)

Coherent state can be expressed over the Fock basis, using this representations the states are

defined as an infinite superposition of the number states :

|α⟩ = e−|α|2/2
∞∑
n=0

αn√
n!
|n⟩ . (1.18)

The same state can be obtained from the vacuum state |0⟩ by applying the displacement operator

|α⟩ = D̂(α) |0⟩ , D̂(α) = exp
(
αâ† − α∗â

)
(1.19)

the parameter α is a complex number, and D̂(α) is the displacement operator that verifies the

following properties:

• D̂†(α) = D̂−1(α)

• D̂−1(α) = D̂(−α)

• D̂†(α)âD̂(α) = â+ α

We notice that, coherent states have mathematical characteristics that are different from Fock

state. For example, two different coherent states are not orthogonal,

⟨β|α⟩ = e−
1
2
(|β|2+|α|2−2β∗α) ̸= δ(α− β). (1.20)

Finally, it is appropriate to specify that the coherent states form a generative family on which

one can decompose any other state in the same mode. In particular, we show the following

closure relation:
1

π

∫
d2α |α⟩ ⟨α| = Î , (1.21)
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with d2α = dRe(α)dIm(α). This latter allows to easily calculate certain operations of the

identity and the partial traces.

Notice that, coherent states present maximum coherence, as opposed to thermal states-another

class of displaced states that will be studied in the next part. Coherent states are often considered

as “quasi-classical” states of the field and their use is current in quantum optics.

1.3.2 Thermal state

The second state to consider is the thermal state. These states are statistical mixtures of Fock

states. Their density matrices do not represent a coherence. As known any quantum system

∈ H at thermal equilibrium is in thermal state reads,

ρ̂th =
e−Ĥ/KBT

Tr[e−Ĥ/KBT ]
, (1.22)

where,Ĥ is Hamiltonian operator, kB is the Boltzmann constant, and T is the temperature of

the state. Their representation in the Fock basis reads,

ρ̂th =
1

n̄π

∫
|α⟩ ⟨α| exp

(
−|α|

2

n̄

)
d2α (1.23)

n̄ is the average photon number, that reads n̄ = 1

e(Ĥ/KBT ) −1
.

Another useful representation is:

ρ̂th =
∑
n

P thn |n⟩ ⟨n| , (1.24)

with P thn is the thermal photon statistics given by

P thn =
n̄n

(n̄+ 1)n+1 (1.25)

We illustrate in figure 1.1, the thermal photon statistics it has the form of a Bose-Einstein

distribution [29]. The state with the maximum probability is always the vacuum state with n =

0. It follows that the fluctuation in the photon number is typically larger than the mean photon

number.

Lastly, such states have a simple covariance matrix that completely defines these states.

σ = (2n̄+ 1)I. (1.26)
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Figure 1.1: The figure shows the thermal photon statistics P thn as a function of the photon
number n. In the left (right), we consider n̄ = 2(n̄ = 4).

with I is the identity matrix. Next, a more detailed description of the covariance matrix will be

discussed.

1.3.3 Squeezed state

Squeezed states are an important class of photonic states that are mostly used in quantum

optics. Squeezed states are physically created by pumping a non-linear crystal with a bright

laser [30]. Mathematically, squeezed state is obtained by applying the squeezing operator Ŝξ to

a coherent state |α⟩, i.e |α, ξ⟩ := Ŝξ |α⟩. Notice, Ŝξ := e
1
2
(ξ∗â2−ξâ†2) with the quantity ξ is the

squeezing parameter.

The single-mode squeezing operator corresponds to the following mode evolutions:

Ŝ†
ξ â Ŝξ = cosh râ+ eiψ sinh râ†,

Ŝ†
ξ â

† Ŝξ = cosh râ† + e−iψ sinh râ,
(1.27)

with ξ = r eiψ. The squeezing phase ψ determines which quadrature will be (anti-)squeezed and

the parameter r is known as the squeezing degree of the state. High squeezing degree is one of

the most desirable resources in CV quantum information.

Therefore, we can obtain the squeezed vacuum state from the vacuum state, as:

|ξ⟩ = Ŝξ |0⟩ =
1√

cosh r

∞∑
m=0

√
(2m)!

2mm!
eimψ(− tanh r)m |2m⟩ . (1.28)

Similarly, the squeezed coherent states is generated by displacing the squeezed vacuum state:

|α, ξ⟩ = D̂(α) |0, ξ⟩ = D̂(α)Ŝξ |0⟩ . (1.29)
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Figure 1.2: Fresnel representation of a squeezed state for different quadratures.

Lastly, we present in figure 1.2 the squeezed states in the Fresnel diagram by a field where the

fluctuation zone takes the form of an ellipse. From left to right : the noise squeezing of intensity,

the noise squeezing of phase and the noise squeezing for any quadrature. The direction of the

minor axis of the ellipse indicates that of the most squeezed quadrature.

1.4 Mathematical description of N-mode Gaussian systems

The set of Gaussian states are characterized by Gaussian characteristic functions and Gaussian

quasi-probability distributions such as the Wigner function on the multimode quantum phase

space [31–34]. Therefore, they are of central of information processing in CV systems and are

the subject of our analysis.

1.4.1 Covariance matrix formalism

By definition a Gaussian state ρ is completely characterized by the first and second moments

of the quadrature field operators, which will be identified respectively, by the vector of first

moments R = (⟨R̂1⟩, ⟨R̂1⟩, ..., ⟨R̂N ⟩, ⟨R̂n⟩) and by the covariance matrix (CM) σ of elements

σij =
1

2
⟨R̂iR̂j + R̂jR̂i⟩ − ⟨R̂i⟩⟨R̂j⟩. (1.30)

Where, for any observable ô, the expectation value ⟨ô⟩ ≡ Tr(ρô). In the following, σ will be

assumed indifferently to denote the matrix of second moments of a Gaussian state.

Now given a CM σ, we can expect some constraints to exist to be obeyed by any bona fide

CM. Indeed, any density matrix ρ must be positive and semi-definite. Such condition associated
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with the commutation relations implies [35]

σ + iΩ ≥ 0. (1.31)

The commutation relation given in 1.31, is equivalent to Simon’s condition applies to any

CM describing a physical state. For Gaussian state this is however not only necessary but also

the sufficient condition for a state to be physically realizable. For non-Gaussian states, this

condition is not sufficient, but remains necessary [36].

For future convenience, the CM 1.30 can be define and write in the form of 2× 2 sub-matrix

as : 

σ1 ε1,2 · · · · · · ε1,N

εT1,2
. . . . . .

...
...

. . . . . . . . .
...

...
. . . . . . εN−1,N

εT1,N · · · · · · εTN−1,N σN


, (1.32)

where, σk =

 ⟨p̂2k⟩ ⟨p̂kq̂k⟩s

⟨p̂kq̂k⟩s ⟨q̂2k⟩

 and εi,j =

⟨p̂ip̂j⟩s ⟨p̂iq̂j⟩s
⟨q̂ip̂j⟩s ⟨q̂iq̂j⟩s

 represent respectively the in-

dividual covariance matrices of kth mode with k ∈ {1, ..., N} and the off-diagonal elements εi,j

are the symmetric correlation matrices between the modes i and j with ({i, j} ∈ [1, ..., N ]).

In the following, the properties of Gaussian state ρ̂ are easily expressed in terms of its

covariance matrix σ.

1.4.2 Wigner function

The Wigner distribution function is a quasi-probability distribution function in phase space

(q, p). It as introduced by Eugene Wigner in 1932 to study quantum corrections to classical

statistical mechanics. This latter, is a special representation of the density matrix ρ. In this

part, we give a short description of Wigner function of Gaussian states.

The Wigner function for N mode Gaussian state can be written in term of phase-space

quadrature variables as [34]:

W (R) =
e−

1
2
RT (σN )−1R

πN
√
detσN

(1.33)

where R represent the real phase-space vector 1.13 beloning to Γ(phase-space) and σN is the
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correlation matrix 2N × 2N given by

σNij =

∫
W (R)R̂iR̂j d

2NR = ⟨{R̂i, R̂j}⟩ (1.34)

we define the anti-commutator {R̂i, R̂j} = (R̂iR̂j + R̂jR̂i)/2.

The wigner function stands for some properties for N modes :

• W is real (⇐⇒ ρ is Hermitian)

• W can be negative (it is a quasi-probability distribution)

• W is normalized :
∫
R2N W (R) dR = 1(⇐⇒ trρ = 1)

As an example of Wigner function, we choose to present in figure 1.3 the Wigner quasiprobability

distribution of coherent state in phase space. Therefore, it is categorized as a Gaussian state

and given by

Wcoh(q, p, α, φ) =
2

π
e−2((q−α cosφ)2+(p−α sinφ)2), (1.35)

where the coherent state amplitude α = |α| eiφ and φ represents the phase angle of the coherent

state

Figure 1.3: Plots of the Wigner function of coherent states having amplitude α = 2 and phase
φ = π

4 .

Figure 1.3, present a visualisation of the Wigner function of coherent states which has a

Gaussian in shape. The function is positive and centered at different points in phase space.
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This result might illustrate the use so far of the Gaussian states in the majority of quantum

optics experiments, and which serve as a resource for conditional preparation protocols.

1.4.3 Symplectic formalism

A crucial role in the theoretical and experimental manipulation of Gaussian states is played

by unitary operations since they preserve their Gaussian character. The simplest and most

common of such operations are those generated by Hamiltonian terms at most quadratic in the

field operators. Each of these unitary operations acting on the Hilbert space corresponds to a

symplectic transformation, acting on the phase space, i.e., to a linear transformation S which

preserves the symplectic form Ω, and so

STΩS = Ω, (1.36)

the definition in eq 1.36 implies detS = 1,∀S ∈ SP (2N,R) it corresponds to a symplectic trans-

formations on a 2N -dimensional phase space form the real symplectic group SP (2N,R) [34]. Such

transformation preserve the commutation relation between Q̂ and P̂ . Their action on the vector

R̂ is linear, so that they act on the covariance matrices in the form:

σ 7→ SσST (1.37)

S represents the Gaussian unitary operation in the space of first and second moments. All the

symplectic transformations that can act on the covariance matrix σ of a given system, there is

one that is of particular importance: the one that diagonalizes the covariance matrix. Thanks

to Williamson theorem [37], the covariance matrix of an N-mode Gaussian state can always be

written in the form known as “Williamson normal form” or “diagonal form”:

σ = ST νS (1.38)

where ν is defined as

ν =
N⊕
k=1

νk 0

0 νk

 (1.39)

ν is the covariance matrix of a state withN modes fully decorrelated, corresponding to a diagonal

density matrix ρ⊗ :
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ρ⊗ =
N⊗
k=1

2

νk + 1

∞∑
n=1

(
νk − 1

νk + 1

)
|n⟩k ⟨n| , (1.40)

with νk is the number state of order n in the Fock space Hk. The quantities νk’s form the

symplectic spectrum of the covariance matrix σ, and they can be calculated as eigenvalues of

the matrix |iΩσ|. Such eigenvalues are in fact invariant under the action of symplectic transfor-

mations on the matrix σ. Indeed, using the fact that the inverse of a symplectic transformation

is also symplectic and therefore preserves the matrix σ and the definition 1.38, we can show that

the relation 1.31 is equivalent to :

ν + iΩ ≥ 0 (1.41)

which we can immediately rewrite in terms of the symplectic eigenvalues:

νk ≥ 1. (1.42)

A major symplectic invariants is simply the determinant of the covariance matrix, whose invari-

ance is a consequence of the fact that detS = 1. Using the Williamson diagonal form, we have

:

det(σ) =
N∏
k=1

ν2k . (1.43)

Another important invariant is given by the quantity called “seralian”, denoted ∆ [38] defined

as the sum of the determinants of all the 2 × 2 sub-matrices of the covariance matrix σ. The

Seralian can be expressed as a function of the symplectic eigenvalues:

∆(σ) =
N∑
k=1

ν2k . (1.44)

1.4.4 Summary

Table 1.1 summarizes the mapping of properties and tools between Hilbert H and phase space

Γ discussed all over the previous sections for the set of Gaussian states.
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Hilbert space H Phase space Γ

Dimension ∞ 2N
Structure

⊗ ⊕
Description Density matrix ρ Covariance matrix σ

Physical condition ρ ≥ 0 σ + iΩ ≥ 0

Unitary transformation U †U = 1 STΩS = Ω
ρ 7→ UρU † σ 7→ SσTS

Spectrum UρU † = diag{λk} SσTS = diag{νk}
0 ≤ λk ≤ 1 1 ≤ νk ≤ ∞

Table 1.1: Schematic comparison between Hilbert space H and Phase space Γ for N mode
Gaussian states in continuous variable systems [34].

1.5 Notion of quantum correlations

In this section, we will introduce the notion of quantum correlations. Indeed, the proper nature

of quantum correlations exist when a two quantum systems are in interaction, some quantum

correlations are generated between the two of them [39–41]. This latter keep on even when

the interaction is interrupted or the two subsystems are spatially separated. Given a bipartite

or multipartite quantum state an evident question arises. Does this state contain quantum

correlations ? if yes how much it possess? For the following, we will clearly examine these

questions.

Quantum correlations come in many forms, each form has its, own degree of strengths.

A particular type of strong quantum correlations is called “Entanglement”. This latter is

understood as purely quantum correlations between quantum states of the system.

1.5.1 Definition of quantum entanglement

In quantum information, quantum entanglement is defined as a phenomenon that yields when

two or group of particles generate or share the same proprieties and they are no longer inde-

pendent. In other words, the quantum state of each particle cannot be described independently

of the state of the others even separated by a large distance. In general, when one or more

quantum states are entangled, they behave like a single inseparable quantum system [42–45].

In recent years, entanglement plays a leading role in many different domains such as the field

of universal quantum computers which can solve complicated equations difficult to be solved

by classical machine. The implementation of quantum states is experimentally observed in

quantum communication, quantum teleportation, quantum cryptography applications, as well
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as in quantum metrology.

Let us consider two different quantum systems A and B describe by |ψ⟩A and |ψ⟩B in Hilbert

space HA and HB respectively. The Hilbert space of the composite system is the tensor product

HAB = HA ⊗HB. If the composite system can be represented in the form

|ψ⟩AB = |ψ⟩A ⊗ |ψ⟩B (1.45)

we say that the state are separable or non-entangled. Accordingly, if a state |ψ⟩AB cannot be

written as a product of the states,i.e, |ψ⟩AB = |ψ⟩A ̸= |ψ⟩B, then the state is entangled. Phys-

ically speaking, the two subsystems A and B are dependent and the corresponding observable

perform a measure on one of the subsystems cannot be fully described without considering the

other. Denotes that, there is many different techniques to detect entanglement. This will be

highlighted in the next section with the main focus being Gaussian states.

1.5.2 Entanglement detection

Several operational criteria have been developed in order to detect entanglement [46,47]. Here,

we are going to present some of them, covenable to Gaussian states of Continuous Variable

systems.

PPT criterion

One of the most important separability criteria at present is the Peres-Horodecki criterion (PPT)

[48,49]. The principle of this criterion is that any bipartite state remains a valid quantum state

if we consider the operation of partial transposition of the density matrix of a bipartite system.

In quantum phase space, we consider the covariance matrix σ. Here, we focus on two-mode

Gaussian state.

The covariance matrix σ in terms of the three 2× 2 matrices α, β, γ takes the form :

σ =

 α γ

γT β

 (1.46)

α and β are the local covariance matrix of the single-mode subsystems, and γ represents their

correlations. We define, the invariant

∆(σ) = det(α) + det(β)− 2 det(γ) (1.47)
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The PPT(Positive Partial Transpose) criterion is necessary and sufficient for the separability

of (1 × N) − mode Gaussian states. Under partial transposition, the covariance matrix σ is

transformed into a new matrix σ̃

σ =

 α γ

γT β

 → σ̃ =

 α γ̃

γ̃T β

 (1.48)

σ̃ can be obtained as follow :

σ̃ ≡ ΛσΛ (1.49)

with Λ = diag(1, 1, 1,−1). For the case of N mode, (Adesso, G., Illuminati, F. (2007) [34])

provide the positive partial transpose covariance matrix of N mode Gaussian state. The PPT

criterion implied that a Gaussian state is separable if and only if the partially transposed σ̃ is

physically realizable i.e satisfies the inequality

σ̃ + iΩ ≥ 0. (1.50)

The covariance matrix σ̃ differs from σ by a sign flip in det(γ) of the eq. 1.47. Therefore the

invariant ∆(σ) is changed to ∆̃(σ) :

∆̃(σ) = det(α) + det(β) + 2 det(γ̃) = det(α) + det(β)− 2 det(γ). (1.51)

The PPT criterion can be expressed in terms of the symplectic eigen values ν̃± of the partially

transposed covariance matrix σ̃. We define ν̃± as:

ν̃± =

√√√√∆̃(σ)±
√

∆̃(σ)2 − 4 detσ

2
.

(1.52)

For separability, the PPT condition 1.50 can be reduces to a simple inequality that must be

satisfied by the smallest symplectic eigenvalue of the partially transposed state,

ν̃− ≥ 1. (1.53)

If ν̃− < 1, the corresponding Gaussian state σ is entangled. Which is equivalent to det(γ) < 0.

The above inequality imply a necessary condition for two-mode Gaussian state to be entangled.
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Werner and wolf criterion

For a bipartite Gaussian state of a system NA × NB, a necessary and sufficient condition to a

state to be separable if and only if the covariance matrix of the two-mode system σ realize the

corresponding inequality [36]:

σ ≥ σA ⊗ σB (1.54)

the pair of covariance matrices σA and σB correspond respectively to the subsystems SA and

SB. Unfortunately, this creterion is not very useful in practice. Accordingly, we bring other

separability criteria based on non-linear map.

Giedke et al.

The operational criterion introduced by Giedke et al. is based on the iterative applications of a

nonlinear map, that is stronger and independent to the PPT criterion. This latter completely

qualifies separability for all bipartite Gaussian states.

1.5.3 Quantifying quantum entanglement in Gaussian state

In addition to the detection of entangled state, an important topic is the quantification of

entanglement. This part is aimed at shedding light on entanglement measurements, we will give

some functions used to quantify the amount of entanglement in the set of quantum Gaussian

state.

A state can be either separable or entangled, most of functions assign the entanglement

numbers ranging from 0 to 1, 0 when the state is separable(unentangled) and 1 when the state

is maximally entangled. So then, there is a degree of entanglement where we can differentiate

between states. Some states are strongly entangled than others. The first natural generalization

of the quantification of entanglement is the entanglement of formation.

Entanglement of formation

The entanglement of formation EF was introduced by (Bennett et al., 1996c [50]). For a mixed

quantum state ρ, EF is defined as the average entanglement of pure states of the decomposition,

minimized over all decompositions of ρ:

EF (ρ) = min
∑
i

piE(|ψi⟩), (1.55)
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the minimization is taken over all the pure states realizations of ρ :

ρ =
∑
i

pi |ψi⟩ ⟨ψi| . (1.56)

The optimal convex decomposition of Eq.(1.55) has been found for a two-mode symmetrical

Gaussian states. The minimum is achieved within the set of pure two-mode Gaussian states,

which yields to the expression

EF = max[0, g(ν̃−)], (1.57)

with ν̃− is the smallest symplectic eigenvalue and the function g(x) is given by:

g(x) =
(1 + x)2

4x
ln

[
(1 + x)2

4x

]
− (1− x)2

4x
ln

[
(1− x)2

4x

]
. (1.58)

Negativity

A standard quantitative measure of quantum entanglement is the negativity. The measure is

based on the Peres-Horodecki (PPT) criterion. If a Gaussian bipartite state is entangled then

the partially transposed state have a negative symplectic eigen values ν̃−. The negativity is

defined as [51]:

EN = max[0,− ln 2ν̃−]. (1.59)

Therefore, the state is entangled if and only if EN > 0, which corresponds to ν̃− < 1/2, the

stronger the entanglement, the resilience of entanglement to noise becomes [52–55]. Negativity

satisfy various properties :

• EN vanishes for all separable states.

• Is additive on tensor products EN (ρ⊗ σ) = EN (ρ) + EN (σ).

• Is an upper bound to the distillable entanglement.

• Provides an upper bound to teleportation capacity.

We see that, the negativity satisfies all basic postulates that make it a good candidate for

evaluating entanglement in a quantitative way.
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Gaussian Rényi-2 entanglement

Besides the negativity, the Gaussian Rényi-2 entanglement entropy is another measure of en-

tanglement. This measure is based on the concept of Rényi-α entropies [56]. This latter were

first introduced by Alfred Rényi as a generalisation of the usuel concept of entropy, as its name

signifies, which are defined for a given quantum state ρ as

Sα(ρ̂) = (1− α)−1 lnTr(ρα), (1.60)

where 0 < α <∞. The entanglement measure we consider here is based on the Rényi-2 entropy,

by replacing α by 2 in Eq.(1.60),

S2(ρ̂) = − lnTr
(
ρ2
)
. (1.61)

Rényi-2 entropy can be expressed in terms of covariance matrix,

S2(ρ̂) =
1

2
ln (detσ), (1.62)

for pure state, detσ = 1, and growing with increasing mixedness of the state. For generally pure

or mixed Gaussian states , the Gaussian Rényi-2 entanglement admits the following formula by

extending the Rényi-2 entropy via a Gaussian convex-roof procedure, [56,57]:

ε(ρ̂AB) = inf
{pi,|ψi⟩}

∑
i

piS2(TrB |ψi⟩ ⟨ψi|), (1.63)

where the minimization is over all Gaussian decompositions {pi, |ψi⟩} of the state ρ̂AB =∑
i pi |ψi⟩ ⟨ψi|.

1.5.4 Genuine tripartite entanglement

In this part, we present a detailed study of entanglement in three-mode Gaussian states of

continuous variable (CV). For the following, let us write the covariance matrix σ of tripartite

system (ABC) in terms of two submatrices :

σ =


σA εAB εAC

εTAB σB εBC

εTAC εTBC σC

 . (1.64)

24



The genuine tripartite entanglement adopt a quantitative measure of tripartite negativity [58–60]

EABC = (EA|BCEB|ACEC|AB)
1/3 (1.65)

EA|BC = max[0,− ln 2νA|BC ] is the logarithmic negativity of the one mode-versus-two modes bi-

partitions in the system, where νA|BC = min
{

eig | ⊕3
j=1 (−σy)PA|BC σ PA|BC |

}
, with PA|BC =

σz ⊕ 1⊕ 1, PB|AC = 1⊕ σz ⊕ 1, and PC|AB = 1⊕ 1⊕ σz are the matrices of the partial transpo-

sition of the tripartite covariance matrix, σy and σz are the Pauli matrices, and σ is the 6 × 6

covariance matrix of the tripartite system.

Let us also recall the contangle Cu|v, as an entanglement measure of the tripartite entangle-

ment. Cu|v defined as the convex roof of the squared logarithmic negativity, i.e., Cu|v = E2
u|v,

here the notation u|v refers to some pair of subsystems. For three-mode, the contangle satis-

fies the monogamy inequality of quantum entanglement CA|BC − CA|B − CA|C ≥ 0. A proper

quantification of genuine tripartite entanglement is given by the minimum residual contangle

Rmin ≡ min[CA|BC − CA|B − CA|C ], (1.66)

where (A,B,C) denotes all the permutations of the three-mode indexes. One can also define

the Gaussian contangle Gj|k, that reads

Gmin ≡ min[GA|BC −GA|B −GA|C ], (1.67)

Such a measure is monotonic under Gaussian local operations and can be adopted to quantify

the genuine tripartite entanglement of three-mode Gaussian states.

1.5.5 Quantum discord

Alternatively, to entanglement, the quantum correlations can be also quantified by the quantum

discord. Quantum discord corresponds to a measure of quantum correlation originally suggested

in Refs. [61,62]. The main idea behind the presentation of the quantum discord is to prove that

for mixed states, quantum discord corresponds to a measure of quantum correlation which does

not include quantum entanglement however, for pure states quantum entanglement is equivalent

to quantum discord. In other words, quantum discord can be different from zero even if the state

is non-entangled(separable), which prove that entanglement is not the only source of quantum

correlations.
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This measure is defined as the difference between the mutual information and the classical

correlation. By definition, quantum discord of a bipartite system A and B is given by :

DG(ρ̂AB) = IM (ρ̂AB)− C(ρ̂AB), (1.68)

C(ρ̂AB) refers to the classical correlation and IM (ρ̂AB) is the quantum mutual information that

read:

IM (ρ̂AB) = SV (ρ̂A) + SV (ρ̂B)− SV (ρ̂AB), (1.69)

where, SV (ρ̂AB), SV (ρ̂A) and SV (ρ̂B) are the von Neumann entropies of the two mode Gaussian

state ρ̂AB and that of subsystems ρ̂A and ρ̂B. It can be easily expressed in terms of the symplectic

eigenvalues of the covariance matrix σ (defined in 1.46) as follow [63] :

IM (ρ̂AB) = f(
√
I1) + f(

√
I2)− f(ν+)− f(ν−) (1.70)

with, the symplectic invariants is define as :

I1 = det[α], I2 = det[β], I3 = det[γ], I4 = det[σ], (1.71)

and the function f is given by :

f(x) ≡ (x+
1

2
) ln

[
x+

1

2

]
− (x− 1

2
) ln

[
x− 1

2

]
. (1.72)

and the two symplectic eigenvalues ν± are computed as :

ν± ≡

√
∆(σ)±

√
∆(σ)2 − 4 detσ

2
. (1.73)

By performing Gaussian measurement, the Gaussian quantum discord for Gaussian bipartite

systems can be expressed as [63,64] :

DG = f(
√
I2)− f(ν+)− f(ν−) + f(

√
W ), (1.74)

26



W =


2|I3|+

√
4I23 + (4I2 − 1)(4I4 − I1)

(4I2 − 1)

2

if
4(I1I2 − I4)2

(I1 + 4I4)(1 + 4I2)I23
≤ 1

I1I2 + I4 − I23 −
√
(I1I2 + I4 − I23 )2 − 4I1I2I4
2I2

otherwise.

(1.75)

These measures of Gaussian quantum discord and quantum entanglement will be used in the

following chapters.

In summary, quantum discord is a measure of quantum correlations including entanglement.

In fact, both of them can be considered as a crucial key to quantify quantum correlations in

many tasks in quantum information theory. For this reason, we study in this chapter the basic

measures of quantum correlations related to Gaussian states in continuous variable systems that

will be presented in different physical models throughout this thesis.
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Chapter 2
Cavity Optomechanics : The theory behind

The field of optomechanics, explores the interaction between electromagnetic radiation and a

moving object [65]. It covers the basics aspect of optical cavities and mechanical resonators as

needed to describe cavity-optomechanical systems. This interaction, i.e., photons interacting

with phonons, by making use of a cavity stems from the idea that light can exert a force on a

mechanical object due to the radiation pressure force as shown in figure 2.1. Indeed, when the

cavity is coherently driven by an external laser field, the photons induces a small displacement

of the motion of the material object proportional to the instantaneous photon number in the

cavity [66]. Thus the motion of the movable mirrors induced by the radiation pressure changes

the cavity’s length, and alters the intensity of the cavity field, which in turn modifies the radiation

pressure force itself [67].

Figure 2.1: Schematic diagram of the motion of the mechanical object made by the electromag-
netic field due to the radiation pressure force.

To investigate the influence of the optomechanical interaction between the electromagnetic

field and mechanical object, an optical resonator is usually used to enhance the photon’s circu-

lation that interacts with the mechanics. For this reason, we study the basic aspect of optical
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resonators and mechanical objects as required to describe a generic cavity optomechanical sys-

tem.

2.1 Optical resonators

Here we aim for a proper analysis of the optical properties and mathematical formulas that

provide a unifying description of an optical cavity pumped with a monochromatic laser source.

Optical resonators can be realized experimentally [68, 69], Fig 2.2 shows a several forms of

optomechanical cavities. All these types can be modelled by a Fabry-Pérot cavity that will be

discussed in detail in the next part.

Figure 2.2: Gallery of cavity optomechanics devices. From top left, down : N. Mavalvala, A.
Heidmann, M. Aspelmeyer, D. Bouwmeester, J. Harris, P. Treutlein, T. J. Kippenberg, I. Favero,
M. Lipson, T. J. Kippenberg/E. Weig/J. Kotthaus, H. Tang, K. Vahala/T. Carmon, J. Teufel/K.
Lehnert, I. Robert, O. Painter, O. Painter, I. Favero/E. Weig/K. Karrai, and D. Stamper-Kurn
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2.1.1 Intensity or Field transmission

Optical cavities are formed when light propagates in a closed path between two or more reflecting

surfaces i.e mirrors separated by a distance with length l. To characterize this latter, I consider a

prototypical cavity optomechanical system, i.e., a Fabry-Perot cavity that made up of two highly

reflective mirrors separated by a distance d. When the cavity is driven by a plane wave and

encounters the input mirror, this latter is divided into two partial waves. One part is transmitted

and the other one is reflected this character is well illustrates in Fig 2.3.

Figure 2.3: A schematic of a Fabry-Perot cavity. Formed of two mirrors each mirror has an
associated reflection and transmission field amplitude coefficients r1,r2 and t1,t2 respectively.

The transmitted and reflected electrical amplitudes can be written as [70] :

ET = −itEI , (2.1)

ER = rEI , (2.2)

where EI is the incident electric field amplitude. The circulating field inside the cavity is noted

as EC . After one round trip EC will return a complex round trip gain G(ω), where e
iωl
c is

the phase shift that the wave accumulate after each round trip. Notice that, ω is the angular

frequency and c is the speed of light.

G(ω) = R eφ, (2.3)

where, φ = [iωl/c] and R = r1r2(r3...).

The circulationg field equal the sum of the the initial wave that transmitted through the input
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mirror −it1EI plus the circulating field EC which left the same point one round trip earlier

EC = −it1EI +G(ω)EC , (2.4)

Dividing the circulating field to the incident field we get the expression

EC
EI

=
−it1

1−G(ω)
. (2.5)

A simiular treatment can be done for the reflected and transmitted fields, we get

ER = r1EI − it1(G(ω)/r1)EC . (2.6)

Relating the reflected field to the incident field we get the expression

ER
EI

= r1 −
t21
r1

G(ω)

1−G(ω)
. (2.7)

The portion of the circulating field that gets transmitted through the mirror M2, we get the

transmitted field

ET = −it2 e
φ
2 EC . (2.8)

Relating the reflected field to the incident field we get

ET
EI

=
t1t2 e

iφ
2

1−G(ω)
(2.9)

IR,T
I0

=

∣∣∣∣ER,TE0

∣∣∣∣2 (2.10)

we adopt the intensity of the fields using the quadratic dependence of the intensity upon the

field, given by

IT = I0(
T

1−R
)
2 1

1 + 4R
(1−R)2

sin2(φ/2)
(2.11)

with T = t1t2, neglecting the absorption, we have T = 1−R, hence the result :

IT =
I0

1 +mR sin2(φ/2)
, (2.12)

with mR = 4R
(1−R)2

.
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2.1.2 Stability

Only certain ranges of values for R1, R2 and the distance l produce stable resonators. Notice that

R1 and R2 the radii of curvature of the two mirrors. When the stability condition is satisfied,

a periodic refocussing of the intracavity beam is produced. Otherwise, the beam size will grow

without limit, eventually growing larger than the size of the cavity mirrors and being lost. The

stability condition criterion can be expressed as [71]:

0 < (1− l

R1
)((1− l

R2
) < 1 (2.13)

values which satisfy the inequality correspond to stable resonators.

2.1.3 The optical finesse

A further useful quantity is the optical finesse F , which is a measure of the cavity quality and

typically is determined by the reflectivity of the mirrors

F =
π
√
R

1−R
, (2.14)

A Fabry-Perot resonator, composed of two highly reflective mirrors, separated by a distance l,

contains a series of resonances given by the angular frequency ωc ≈ q.π(c/l), q is an integer.

The separation of two longitudinal resonances is denoted as the free spectral range (FSR) of the

cavity

∆ω = π
c

l
, (2.15)

the optical finesse gives the average number of round-trips before a photon leaves the cavity :

F = ∆ω/κ, (2.16)

with κ, the decay rate the losses during one cycle divided by the roundtrip time. It is worth

mentioning that, the cavity decay rate can have two contributions κ = κex + κ0, κ0 is due to

the internal losses and κex from the losses that are associated to the input coupling.
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2.1.4 Quality factor of the optical resonator

Another important parameter is the optical quality factor,

Qopt = ωcτ, (2.17)

with, τ = κ−1 is the photon lifetime. The quality factor is also used to characterize the damping

rate of mechanical objects. This will be more illustrate in the next part.

2.2 Quantum harmonic oscillator

The optomechanical cavity, i.e., a Fabry-Perot cavity where one of the end mirrors is fixed while

the other one is free to move along the cavity axis due to the radiation pressure force and its center

of mass motion can be modelled as a mechanical harmonic oscillator. The harmonic oscillator

is one of the few analytical solvable systems in quantum mechanics. It has an important impact

in most of the branches of modern physics solid-state physics, quantum field theory, quantum

optics and will also describe our optomechanical systems. Notice that, harmonic motion is one

of the most important examples of motion in all of physics and has been successively described

classically then quantumly. One problem with this classical formulation is that it is not general.

We cannot use it, for example, to describe vibrations of diatomic molecules, where quantum

effects are important. In this part, we only consider the review of the quantum harmonic

oscillator.

2.2.1 Basic properties

Let start by the basic Hamiltonian of a mechanical harmonic oscillator, read as:

Ĥm =
p̂2

2m
+
mωm

2x̂2

2
, (2.18)

where, m represents the mass and ωm the angular frequency of the oscillator. The variables x̂

and p̂ are the position and momentum for the particle, respectively. That verify the canonical

commutation relation [x̂, p̂] = iℏ [72].

To give another useful representation of Eq.2.18, we introduce the non-hermitian bosonic anni-
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hilation operator for a single particle ([b̂, b̂†] = 1):

b̂ =

√
mωm
2ℏ

(x̂+
ip̂

mωm
), (2.19)

b̂† =

√
mωm
2ℏ

(x̂− ip̂

mωm
), (2.20)

and therefore we can get:

x̂ =

√
ℏ

2mωm
(b̂† + b̂), (2.21)

p̂ = i

√
mℏωm

2
(b̂† − b̂), (2.22)

we define also the number N̂b operator as :

N̂b = b̂†b̂, (2.23)

that satisfy the following commutation relations :

[N̂b, b̂] = [b̂†b̂, b̂] = −b̂,

[N̂b, b̂
†] = [b̂†b̂, b̂†] = b̂†.

(2.24)

Using Eqs(2.18, 2.23), we can rewrite the Hamiltonian as :

Ĥm = ℏωm(N̂b +
1

2
). (2.25)

The basis related to the creation and annihilation operator is the Fock basis |n⟩, with n is the

photons number in the quantum state. If b̂(b̂†) acts on |n⟩ this can annihilate (create) one photon

:
b̂ |n⟩ =

√
n |n− 1⟩ ,

b̂† |n⟩ =
√
n+ 1 |n+ 1⟩ ,

N̂b |n⟩ = n |n⟩ .

(2.26)

Notice that, Ĥm |n⟩ = En |n⟩, where the eigenvalues of N̂ represents the number of quanta

energy present in the mode in consideration. The corresponding energy levels are

En = ℏωm(n+
1

2
), (2.27)
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with n = 0, 1, 2, ... . The energy spectrum is represented in Figure 2.4. We denote that, the

lowest energy level is ground state and its wavefunction in the x representations reads

ψ0(x) = (
mωm
πℏ

)
1/4

e−mωmx2/2ℏ (2.28)

Figure 2.4: Energy Levels of the one-dimensional harmonic oscillator, the Wavefunction repre-
sentations for the first eight bound eigenstates, n = 0 to 7.

which to satisfies the schrödinger wave equation [73]:

Ĥmψn(x) = (n+
1

2
)ℏωmψn(x) (2.29)

with the eigenfunction ψn(x) reads :

ψn(x) =
1√
2nn!

(
mω

πℏ
)1/4 e−mωmx2/2ℏHn(

√
mω

ℏ
x), (2.30)

where Hn(x) = (−1)n e−x2 dn

dxn (e
−x2) are the Hermite polynomials. To each eigenfunction ψn(x)

corresponds an energy level (n+ 1
2)ℏωm. This evently spaced energy levels correspond to discrete

quanta of excitation of the system [74], photons for electromagnetic field and phonons for a

mechanical oscillator.

2.2.2 Mechanical quality factor

The key parameters used to describe a mechanical resonator are its mass m, resonant frequency

ωm, and its quality factor Qm, which defines the ratio of energy stored in the oscillator compared

to energy dissipated per radian of oscillation. It gives how many oscillations the resonator it
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undergoes before losing its coherence. This useful quantity is given by:

Qm =
ωm
γm

(2.31)

γm is the energy damping rate, which is on one hand related to the mechanical excitation loss

of the phonons and on the other hand, the energy in which the damping is occurs [75].

In general, for low mechanical quality factor the mechanical dissipation can be significant, leading

to a less efficient quantum correlations [76]. The dissipative factor in optomechanical system, is

considered to have negative effect on the performance of quantum manipulation of mechanical

modes. Which requires very high mechanical quality factor.

2.2.3 Thermal bath environment of quantum harmonic oscillator

Any realistic physical system is never truly isolated but coupled to an environment as shown in

the scheme 2.5. Notice that, total Hamiltonian of the system is Ĥtot = Ĥm + Ĥe + Ĥcoupl.

In the next chapters, this coupling will be taken into consideration. In this part, i will study

the temporal evolution of quantum harmonic oscillator coupled to this environment in thermal

bath with temperature T .

The quantum state of the harmonic oscillator is not a pure state, but a statistical state defined

by an energy Ĥm described by a density matrix ρ.

Figure 2.5: Schematic representation of the coupling Ĥcoupl between the harmonic oscillator Ĥm

and the environment Ĥe.

Initially, let us assume the density operator [77]:

ρ̂ =
1

Z
e−Ĥm/KBT , (2.32)
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where KB is Boltzmann’s constant and Z is the canonical partition function defined as :

Z = Tr(e−Ĥm/KBT ) =
∞∑
n=0

e−(n+1/2)ℏωm/KBT =
e−ℏωm/2KBT

1− e−ℏωm/KBT
(2.33)

we adopt the definition of the thermal phonons numbers as shown in Eq(2.34) to give a complete

description of a mechanical model.

nth = (e
ℏωm
KBT −1)−1 =

1

2
coth

(
ℏωm
2KBT

)
− 1

2
. (2.34)

This equation links the mode temperature of a resonator to its phonon occupation and will be

more illustrates in the next part.

The usefulness of the partition function, allows as to calculate the total energy using the trace

of Ĥm and ρ̂ [78]:

⟨Ĥm⟩T = Tr(Ĥmρ̂) = ℏωm(nth + 1/2) (2.35)

When a quantum system is coupled to an environment, the pilot equation which defines the

evolution of the density matrix, makes it possible to calculate all the average values of observable

of this system [79]. This equation, although exact, is often complicated to solve. To study the

fluctuations of the system, we will therefore use the Heisenberg representation to obtain the

Langevin equations, the latter will be studied later.

2.3 Characterization of the optomechanical coupling

Now, let us have a look at radiation pressure effects occurring in cavity optomechanical system.

In an optomechanical cavity one of the mirrors is free to move and thus acts as a mechanical

resonator and when the cavity is coherently driven by an external laser field. Knowing that, any

electromagnetic field is made up of particles called photons, and while photons have no mass,

they do carry a very small amount of energy. Once the photons reach the mirror, they bounce

off it and give it a small push. The impacts of the photons cause the mirror to move slightly due

to the radiation pressure force, this latter is proportional to the instantaneous photon number

in the cavity. This, in turn, changes the length of the cavity, and alters the intensity of the

cavity field, which in turn modifies the radiation pressure force itself. This interaction gives a

complete description of the wavelengths of light we can trap inside the cavity.

Each photon that arise on the movable mirror yield a momentum of 2h/λ, with λ is the wave-
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length of the photon and h is Planck’s constant. Due to this interaction knowing by the radiation

pressure force that changes the resonant frequency of the cavity. This frequency shift per unit

displacement is given by the optomechanical coupling strength g0. As shown in figure 2.1 the

oscillator moves it changes the length L of the cavity subsequently changing the cavity frequency

ωc over time. This is well explained by the following equation

ωc(x(t)) = ωc + x(t)
∂ωc(x(t))

∂x
= ωc − g0x(t), (2.36)

we define the optical frequency shift per displacement as g0 = −∂ωc(x(t))
∂x (but different in some

cases)

The optomechanical coupling rate defined as a function of the frequency shift per zero-point

oscillation of the mechanical resonator :

g = g0xZPM (2.37)

where xZPM =
√

ℏ
2mωm

, m and ωm are respectively the mass and frequency of the mechanical

oscillator.

As the photons exert a radiation pressure force on the surfaces of the movable mirror proportional

to the instantaneous photon number in the cavity ncav, we have

G = g
√
ncav (2.38)

A strong coupling regime is satisfied when the condition G > κ is met.

For a clear illustration of the coupled system, figure 2.6 shows, an optomechanical system where

the optical field couples to the mechanical object by using the concept of radiation pressure.

Figure 2.6: Schematic representation of the optomechanical interaction between the electromag-
netic field and the mechanical mirror.
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The Hamiltonian of the present system is :

Ĥtot = Ĥm + Ĥopt + Ĥint (2.39)

where, Ĥm the Hamiltonian of the mechanical object as described in eq. 2.25, we define the

Hamiltonian of the optical field Ĥopt using 2.36 :

ℏωc(x(t)) â†â ≈ ℏ(ωc − g0xZPM (b̂+ b̂†))â†â (2.40)

with x̂ = xZPM (b̂+ b̂†) as defined before. Then we get

 Ĥopt = ℏωcâ†â

Ĥint = −ℏgâ†â(b̂+ b̂†)
(2.41)

Ĥint the Hamiltonian of the coupling that allows to get the expression of the radiation-

pressure force since is simply the derivative of Ĥint

F̂rad = −
dĤint

dx̂
= ℏ

g

xZPM
â†â = ℏ g0 â†â, (2.42)

for a simple cavity of length L, we have g0 = ωc
L . Then, we get

F̂rad = ℏ
ωc
L
â†â (2.43)

this expression is equivalent to

F̂rad = 2ℏκ
â†â

τ
. (2.44)

Notice that, ℏωc/L describes the radiation-pressure force caused by one intracavity photon. Here

τ = 2L/c denotes the cavity round-trip time [65].

2.4 Stokes and Anti-Stokes process

In this part of chapter, we shall focus on Stokes and Anti-Stokes scattering. In fact, as explained

in previous, optomechanical interaction induced by the radiation pressure force can generate

quantum correlations when the cavity is driven by strong laser with frequency ωL.

Ok, so what does this have to do with Stokes and Anti-Stokes process? the answer to this

question will be understood by thinking of two harmonic oscillator with an arbitrary states

39



|n,m⟩(n, m represents the photon and phonon numbers respectively).

Figure 2.7: Schematic diagram of Stokes and Anti-Stokes sideband. Here a moving mirror
driving by laser with frequency ωL.

As shown in figure 2.7, the reflection of a photon on a moving mirror lead to a modification

of the photon frequency by two different regimes. The first one (Stokes process) corresponds to

a loss of energy from the photon by creation of a phonon, this interaction couples a state |n,m⟩

to |n− 1,m+ 1⟩. When this regime is enhanced, the laser photons shed energy, increasing

the number of phonons and becoming resonant with the cavity in the process. The second

regime (Anti-Stokes) correspond to absorption of a phonon and transfert of energy ℏωm from

the resonator to the photon, one eventually gets a transition from |n,m⟩ to |n+ 1,m− 1⟩.

Photons leaking from the cavity take the system to |n,m− 1⟩. These two elementary processes

create sidebands ωL ± ωm. A quantitative description of a resonant cavity depending on ∆,

the detuning between the laser frequency and the cavity resonance frequency is provided by

considering scattering of laser photons. The cavity is detuned to the stokes sideband, i.e.,

∆ = −ωm or to the Anti-Stokes sideband that correspond to ∆ = ωm. In the next, we choose a

system by driving the cavity with a detuning ∆ = ωm, this sideband is used to achieve quantum

entanglement.

In the previous sections, we introduce the main basics of the optical resonators and the harmonic

oscillators that present the mechanical part of the term optomechanics. In addition, the coupling

strength of the coupled optomechanical system due to the radiation pressure, trying to give a

complete description of the dynamics behind optomechanical systems. For clarity and simplicity,

we provide in the next section a specific example that incorporates recent advances.
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2.5 Theoretical Fabry-Perot cavity model

A generic optomechanical cavity have been realized experimentally in a variety of systems. More

complete description including Fabry-Perot cavity with moving mirror(s) can be found in [80–85].

Let as consider a prototypical cavity optomechanical system, consists of a Fabry-Perot cavity

with a fixed end-mirror while the other one is movable and oscillates harmonically. The inter-

action of light with a mechanical object is enhanced via the radiation pressure, when the cavity

is driven by a powerful laser. The schematic of the system is depicted in fig 2.8.

Figure 2.8: Modeling of the studied system: standard Fabry-Perot cavity with a laser-driven.

For a comprehensive treatment of the generic optomechanical system, we start with the

standard Hamiltonian of the system [86], before a well-developed method based on the equation

of motion of the cavity field and the mirror. Subsequently, the quantum Langevin approach is

derived. Next, we numerically simulate the degree of stationary entanglement and show that it

depends on some parameters with respect to the certain environment temperature.

2.5.1 Hamiltonian formulation

The Hamiltonian of the system Ĥom reads [86],

Ĥom = Ĥo + Ĥm + Ĥint + Ĥdriv, (2.45)

we can identify four terms : Ĥm the mechanical side representing the movable mirror that can

be modeled as an harmonic oscillator, it’s Hamiltonian have already been introduced in 2.18, Ĥo

the optical side, representing the energy of the cavity mode, the equation of motion is obtained
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by treating the optical field as an harmonic oscillator, Ĥint design the interaction part caused by

the radiation pressure force between the scattered photons and the mirror, the last term Ĥdriv

describe the input driving field since the cavity is pumped with a single monochromatic laser

source. Indeed, the input-output theory allows us to takes into account any coherent laser drive

that may be present [65]. Thus the resulting Hamiltonian reads

Ĥom = ℏωc â†â+
ℏωm
2

(p2 + q2)− ℏgâ†âq + iℏE(e−iωLt â† − eiωLt â). (2.46)

In this coupled optomechanical system, it is convenient to transform the above Hamiltonian

into the rotating frame at the frequency ωL of the driving laser field. Applying the unitary

transformation Û = eiωLâ
†ât, we can generate the new Hamiltonian using Ĥ = ÛĤomÛ

†−iℏÛ ˙̂
U †.

We rewrite the system Hamiltonian as

Ĥ = ℏ∆0â
†â+

ℏωm
2

(p2 + q2)− ℏgâ†âq + iℏE(â† − â). (2.47)

with ∆0 = ωL − ωc, the other parameters and operators used in 2.47 are defined in 2.1, where

we adopt the set of notations and symbols used in this thesis.
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Symbol Description
KB Boltzmann constant
ℏ h/(2π) reduced Planck constant
c speed of light
ε0 the vacuum permittivity
T temperature
m mass
κ cavity total loss rate
L cavity length
ωL laser frequency
ωc cavity frequency
ωm mechanical oscillator frequency
p laser power

E E =
√

2pκ
ℏωL

input laser power

g g = ωc
L

√
ℏ

mωm
optomechanical coupling

γm mechanical damping rate
γa decay rate of the atomic excited level
Qm Qm = ωm

γm
mechanical quality factor

nth mean thermal excitation number
∆0 ∆0 = ωc − ωL laser field detuning from the cavity resonance
∆a ∆a = ωa − ωL atomic detuning
∆ effective detuning

Table 2.1: Table of the symbols and formulas used in this thesis.

2.5.2 Quantum Langevin Equations

In this part, we study the dynamics of the system, by considering the Heisenberg’s equation of

motion
dŶ (t)

dt
=
i

ℏ
[Ĥ, Ŷ (t)] +

∂Ŷ (t)

∂t
, (2.48)

where Ŷ (t) generic operator satisfying the commutation relation [Ŷ , Ŷ †] = 1.

A proper analysis of the dynamics must include the fluctuation-dissipation processes. The

photon losses in the cavity and the thermal bath noise acting on the mirror can be taken into

account. By adding the dissipation decay term
√
2ηD̂(t), where η is a dissipation coefficient we

gets
dŶ (t)

dt
=
i

ℏ
[Ĥ, Ŷ (t)]− ηD̂(t) +

√
2ηD̂(t), (2.49)
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the equation (2.49), is known as the Quantum Langevin equation. Using the Hamiltonian of the

system 2.47 the set of nonlinear quantum-Langevin equations are defined as

q̇ = ωm p,

ṗ = −ωmq − γm p+ gâ†â+ ξ,

˙̂a = −(κ+ i∆0)â+ igâq + E +
√
2κain,

(2.50)

the mechanical mode is affected by ξ, the Brownian stochastic force with zero mean values and

possessing the correlation function

< ξ(t)ξ(t
′
) >=

γm
ωm

∫
ω

2π
e−iω(t−t

′
)[1 + coth

(
ℏω

2kBT

)
]dω. (2.51)

However, quantum effects are achievable only for the mechanical oscillator with high quality

factor (2.31), i.e., Qm ≫ 1. In this limit, this non-Markovian process can be approximated as a

Markovian one, ξ(t) becomes delta-correlated [87,88]

⟨ξ(t)ξ(t′) + ξ(t
′
)ξ(t)⟩/2 ≃ γm(2nth + 1)δ(t− t′) (2.52)

In addition, the cavity mode decays at the rate κ and is affected by the vacuum radiation input

noise ain. Its correlation functions obey the relation [89]

⟨ain(t)a†in(t
′
)⟩ = δ(t− t′) (2.53)

The linearization treatment of the nonlinear quantum Langevin equations can be realized around

the steady state by rewriting each Heisenberg operator as a sum of its steady-state mean value

plus an additional fluctuation operator with zero mean value

q = qs + δq,

p = ps + δp,

a = as + δa.

(2.54)

Inserting these expressions into 2.50, we gets the exact quantum Langevin equations for the

fluctuations. The cavity is coherently driven by an external laser field, with a very large input

power P , so that the intracavity fields have a large amplitude |as| ≫ 1. In this case, we neglect

the high order terms of the fluctuation δa†δa and δaδq, and gets the following Langevin equations
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of motion fully linear:

δq̇ = ωmδp,

δṗ = −ωmδq − γmδp+ g(a∗sδa+ asδa
†) + ξ,

δȧ = −(κ+ i∆)δa+ igas δq +
√
2κ ain

(2.55)

with ∆ = ∆0− g2|as|2
ωm

. The parameters ps, qs and as are the solutions of the nonlinear algebraic

equations in the steady state, it satisfies

ps = 0

qs =
g|as|2

ωm

as =
E

κ+ i∆

(2.56)

We define the cavity field quadratures δX ≡ (δa + δa†)/
√
2 and δY ≡ (δa − δa†)/i

√
2 and the

corresponding Hermitian input noise operators xin ≡ (ain+ a†in)/
√
2 and yin ≡ (ain− a†in)/i

√
2,

we rewrite the linearized equations of motion 2.55

δq̇ = ωmδp,

δṗ = −ωmδq − γmδp+GeffδX + ξ,

δẊ = −κδX +∆δY +
√
2κxin,

δẎ = −κδY −∆δX +Geffδq +
√
2κ yin

(2.57)

with Geff = g as
√
2.

2.5.3 Stability of the system

The resulting equations of motion for the fluctuations in 2.57 can be written in compact form

as

U̇(t) = AU(t) +W (2.58)
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where the vector of four component quadrature fluctuations U = (δq, δp, δX, δY )T , similarly the

vector of noise W = (0, ξ(t),
√
2κxin,

√
2κyin)

T and the drift matrix A is given by

A =


0 ωm 0 0

−ωm −γm Geff 0

0 0 −κ ∆

Geff 0 −∆ −κ

 , (2.59)

the solution of eq 2.58 is U(t) =M(t)U(0)+
∫ t
0 dsM(s)W (t−s), where M(t) = eAT . The system

is stable and reaches it steady state when all the eigenvalues of A have negative real parts [90].

By applying the Routh-Hurwitz criterion [91], we obtain the following conditions in order to

achieve the stability of the system

C1 = γm + 2κ > 0,

C2 = −G2
eff∆ωm +∆2 ω2

m + κ2 ω2
m > 0,

C3 = 2κγm(∆
4 +∆2(γ2m + 2κγm + 2κ2 − 2ω2

m) + (κγm + κ2 + ω2
m)

2) + ωmG
2
eff∆(γm + 2κ)2 > 0

(2.60)

this latter will be taken into consideration from now on. From 2.60, we define the multistability

parameter [92]:

χ = 1−
G2
eff∆

ωm(∆2 + κ2)
(2.61)

2.5.4 Covariance Matrix

In this hybrid optomechanical system, the optical mode and the mechanical mode form a bipar-

tite continuous variable system (CV). The Gaussian nature of the noise operators, is a zero-mean

Gaussian state, completely characterized by covariance matrix that represents the steady-state

correlation matrix. When the stability conditions are satisfied, the covariance matrix Vs can be

derived from the Lyapunov equation

AVs + VsA
T = −D, (2.62)
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where D the noise correlations matrix obtained from the relation Dklδ(t− t
′
) = ⟨Wk(t)Wl(t

′
) +

Wl(t
′
)Wk(t)⟩/2. We found D a diagonal matrix :

D =


0 0 0 0

0 γm(2nth + 1) 0 0

0 0 κ 0

0 0 0 κ

 (2.63)

In the following, the covariance matrix Vs can be written as the form of 2× 2 block matrix

Vs =

 Vm Vma

V T
ma Va

 (2.64)

where m and a index the coupled system {oscillating mirror, optical cavity}. This latter also

allows to calculate the entanglement of the steady state. In the next section, we adopt the loga-

rithmic negativity EN [93] in order to study numerically the quantum entanglement properties

of the coupled optomechanical system.

2.5.5 Entanglement analysis

The interaction between the mechanical motion and the light beam or between any systems

that fall under the category of optomechanics, are used to engineer quantum entanglement. In

order to establish the conditions under which the mechanical mode and the optical cavity are

entangled, we consider the logarithmic negativity EN a quantity that has been highlighted in

the previous chapter. For Gaussian Continuous variable systems EN is defined as [93] [51]:

EN = max[0,− ln 2ν̃−]. (2.65)

Here, ν̃− is the minimum symplectic eigenvalue of the covariance matrix given by ν̃− = 2−1/2(Γ̃−

(Γ̃2 − 4 detVs)
1/2)1/2, where the symbol Γ̃ is the symplectic invariant Γ̃ = detVm + detVa −

2 detVma. We notice that, a gaussian state is entangled if and only if ν̃− < 1
2 , which is consistent

with Simon’s necessary and sufficient criterion [94].

We have made a careful numerical simulation of the stationary optomechanical entanglement

in a wide parameter range, for which a significant amount of entanglement is achievable. The

parameters used are taken from (Vitali et al. (2007) 2.2). We summarizes in table 2.2, the most

relevant experiments parameters for some hybrid optomechanical system.
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Model Reference ωm/2π(Hz) m(Kg) γm/2π(Hz) κ/2π(Hz) g/2π(Hz)

Atomic
gas

Murch et al.(2008) [95] 4.2.104 1.10−22 1.103 6.6.105 6.105

Photonic
crystal

Chan et al. (2011) [96] 3.9.109 3.1.10−16 3.9.104 5.108 9.105

Microwa-
ve
resona-
tor

Teufel et al. (2011) [97] 1.1.107 4.8.10−14 32 2.105 2.102

Circular
res-
onator

Verhagen et al. (2012) [98] 7.8.107 1.9.10−12 3.4.103 7.1.106 3.4.103

Fabry-
Perot

Cuthbertson et al. (1996) [99] 1.103 1.85 2.5.10−6 275 1.2.10−3

Arcizet et al. (2006) [66] 8.14.105 1.9.10−7 81 1.106 1.2
Gröblacher, et al. (2009) [100] 9.5.105 1.4.10−10 1.4.102 2.105 3.9
Kleckner et al. (2011) [101] 9.7.103 1.4.10−10 1.3.10−2 4.7.105 2.2.101

Vitali et al. (2007) [90] 107 5.10−12 102 1.4.107 2.1.10−3

Table 2.2: Overview of numerical values of physical parameters used in optomechanical cavities
experiments.

We show in figure 2.9 and 2.10 the importance of the parameter of mass. We plot in 2.10 the

entanglement EN versus the temperature T for two different values of m the mass of the mechan-

ical oscillator. The other parameters are taken : ∆ = ωm, p = 50mW,L = 1mm and the laser

wavelength 810nm that correspond to ωL = 2π 3.7 1014Hz. Knowing that, the optical mode

and the mechanical mode are entangled when the logarithmic negativity EN is positive. We see

from figure 2.10 the entanglement decreases monotonically with temperature. We notice that,

as expected, the quantum correlations do not resist the environment effects as EN decreases

with temperature. This is due to the environment-induced decoherence. We see also from the

figure that, the largest stationary entanglement is the one corresponding to m = 10ng, where

the entanglement persists for temperatures above 13K. While, for m = 50ng the entanglement

vanishes at lower temperatures (3K). As a matter of fact, the smaller it is, the more robust the

system becomes against the thermal bath’s temperature. This in turn is due to the fact that

the optomechanical coupling, due to the radiation pressure, gets stronger as the displacement

of the mirrors increases.

Next, fixing the temperature T = 0.4K. We study in figure 2.9 the entanglement EN as a func-

tion of the normalized detuning ∆/ωm for three values of m. We observe that, the entanglement

is present only in the vicinity of ∆ ∼ ωm. In fact, we see from the figure that the entanglement

(EN = 0.04 for m3 = 50ng), (EN = 0.18 when m2 = 10ng) and (EN = 0.32 when m1 = 5ng).

Increasing the parameter of mass the entanglement becomes much less robust against tempera-
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ture. Indeed, for small values of m not only the entanglement is increasingly stronger but also

the region of the effective detuning that entanglement exists is more broader.

Figure 2.9: Plot of EN as a function
of ∆/ωm for three different values of m,
m3(cyan Thik curves), m2(orange dashed
curves) and m1(rainbow curves).

m = 10 ng

m = 50 ng

0 5 10 15 20 25
T(K)

0.05

0.10
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0.20

EN

Figure 2.10: Entanglement EN Vs the
temperature T (K) for two different val-
ues of m the mass of the mechanical os-
cillator.

We also investigate the behavior of the entanglement as a function of the optomechanical co-

operativity Cop. This latter is getting using Cop = 4G2
eff/γmκ. The contour plot 2.11 shows

that entanglement is achievable at few kelvin degrees if Cop is sufficiently large. This result can

be understood as following. Clearly, Cop depends on both the effective optomechanical coupling

Geff and the dissipative factors (γm and κ). Generally, the mechanical damping rate and the

optical decay rate, are considered to have negative effect on the performance of quantum ma-

nipulation. contrariwise, a strong effective coupling Geff , leads to a remarkable entanglement

and a significant reduction of fluctuations. This can be achieved by increasing the photon num-

bers that interact in the surface of the movable mirror. It seems that a great number of these

leads to photon–phonon interaction, which does enhance the optomechanical coupling due to

the radiation pressure that consequently allows for robust entanglement. By using a powerfull

input laser field characterized by a high photon numbers a strong optomechanical interaction is

established. For a high values of this latter the system requires high values of T to switch from

entangled to separable states, which illustrates well the strict necessity of using a bright laser

field that resonates inside the cavity. For this reason, we show in the next part that, a strong

laser power P have an important influence on quantum correlations.
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Figure 2.11: Contour plot of EN versus temperature T and optomechanical cooperativity Cop.
We use ∆ = ωm, m = 5ng and finesse F = 3.4 104 2.16, the other parameters similar to those
in Fig. 2.10.

To analyze the influence of the pumping power P , we plotted in figure 2.12 EN as a function of

the laser power P and the temperature T . We notice, for instance, that for a fixed temperature,

the driving laser power has a favorable effect on the quantum correlations as captured by the

logarithmic negativity. For example, with the power P = 2mW , EN vanishes at T ≃ 11K.

However, for P = 5mW , EN vanishes at T ≃ 24K. It is clearly seen that, large driving strength

increases the circulation inside the cavity which can contribute to enhance the optomechanical

interaction which in turns enhances the entanglement. The higher the input powers, the wider

the width of entanglement region becomes. Furthermore, there exists a minimum pump power

strength for which the movable mirrors are entangled.

The minimum power required to observe mirror-field entanglement can be derived from 2.56,

which yields

P ≫ ℏωL(κ2 +∆2)

2κ
(2.66)

With the increase of driving power, the values of logarithmic negativity increase and, relatively,

resist better the environment-induced decoherence.
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Figure 2.12: 3D Plot of entanglement as function of laser power P and temperature T .

It is worthwhile noting that with the increase in thermal phonon number, entanglement grad-

ually decreases, but it can persist up to a much higher number as it is quantified by some

parameters such as the laser pumping power and the mass of the movable mirrors. Adjusting

and optimizing a bipartite entanglement in a thermal environment might contribute to various

applications in quantum information processing and communication.

In this chapter, I have tried to give an overview of the basic theoretical language used to describe

cavity optomechanics. Notation and preliminary concepts of optical resonators and mechanical

oscillators are established. The practical analysis of an optomechanical system requires that it

satisfy the stability criteria and then for a complete description it is important to characterize

the degree of nonclassical correlation. To that, in the second part of the chapter, we adopted an

optomechanical system where the optical resonator is coupled to the mechanical oscillator via

the radiation pressure interaction. Then, to characterize the degree of entanglement we adopt

the set of equations of motion. By linearizing the quantum Langevin equations in the steady

state within the full parameter range of stable cavity we generate a robust entanglement. Notice

that, cavity optomechanics comes in many other forms lengthening the cavity provides further

enhancement of the interaction. By using a ring cavity configuration not only the circulating

optical power is enhanced inside the cavity but also the optical phase detection is enhanced

by the cavity’s finesse. Subsequently, the next chapter is dedicated to a study of the stability

and entanglement in ring cavity. Such systems can be realized experimentally. By lineariz-

ing the equation of motion, we characterize the entanglement present in the system, using the

logarithmic negativity as a measure. The details are illustrated in the next chapter.
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Chapter 3
Quantum correlations under the effect of a

thermal environment in a triangular

optomechanical cavity

In this chapter, we generate quantum correlations between the optical mode and the relative

mechanical mode in a ring cavity composed of a fixed mirror and two movable ones in a trian-

gular design. Using a ring configuration not only enhances the optomechanical coupling by the

displacement of the two movable mirrors, but also the circulation of the optical power inside

the cavity enhances the intensity of the pumping power, not as in the case of a linear cavity.

As shown in previous chapter a linear optomechanical cavity is typically composed of an optical

cavity with a moving mechanical object that can interact with the electromagnetic field confined

in the cavity by the radiation pressure force.

In addition to entanglement, we investigate the behavior of Gaussian quantum discord and the

mutual information in a ring cavity.

3.1 Model and Hamiltonian

The optomechanical system used in this chapter is a ring cavity as schematized below in Fig.

1. This latter is composed of a fixed partially transmitting mirror and two movable perfectly

reflecting mirrors, with arm length L and frequency ωc. The two movable mirrors are identical

and are considered as quantum harmonic oscillators with frequencies ωm1, ωm2 and effective

masses m1, m2.
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The Hamiltonian of the system is given by [67]

Ĥ = ℏ∆0â
†â+

ℏωm1

2
(p21 + q21) +

ℏωm2

2
(p22 + q22) + ℏg1â†â cos(θ/2)2q1 − ℏg2â†â cos(θ/2)2q2

+ iℏE(â† − â),
(3.1)

the first term as defined in previous, characterizes the optical mode, the second and third

terms describe the energy of the mechanical resonator. The fourth and fifth terms denote

the interaction between the cavity field and the movable mirror, which is due to the radiation

pressure. The last term describes the laser driving input.

To study the quantum correlations that are present in the system, we have to analyze the

dynamics of the coupled system. These can be obtained by linearizing the quantum Langevin

equations as presented in section 2.5.2. The same procedure is done in the PdF below in order

to obtain the drift matrix, that allows as to get the covariance matrix.

The drift matrix A reads,

A =


0 ωm 0 0

−ωm −γm −
√
2gcos(θ/2)2(αs + α∗

s) i
√
2gcos(θ/2)2(αs − α∗

s)

−i g√
2
cos(θ/2)2(αs − α∗

s) 0 −κ ∆

− g√
2
cos(θ/2)2(αs + α∗

s) 0 −∆ −κ

 ,

(3.2)

αs is the classical steady state operator of the optical mode. To quantify the stationar correla-

tions between the optical mode and the relative mechanical mode of the coupled system. The

logarithmic negativity is used as a measure of entanglement, Gaussian quantum discord as a

measure of total quantum correlations, and the mutual information as a measure of the overall

correlations. The behavior of these quantities with respect to the environment’s temperature as

well as other parameters, such as the laser pumping power and mass of the movable mirrors, is

discussed in detailed in the PdF below.
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the Gaussian quantum discord as a measure of total quantum correlations, and the mutual information as a measure
of the overall correlations. The behavior of these quantities with respect to the environment’s temperature as well as
other parameters, such as the laser pumping power and mass of the movable mirrors, is discussed. © 2020 Optical
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1. INTRODUCTION

In recent years, quantum information has attracted a lot of
attention because of some of its surprising, unexpected, and
remarkable properties. One of the most interesting character-
istics at the foundations of this field is “entanglement” [1–3],
which is, specifically, a quantum property. Recently, several
propositions in using nonclassical entangled states of con-
tinuous variable (CV) systems in the realization of quantum
memories for CV quantum information processing were pre-
sented [4]. These developments motivated advancements in
quantitative entanglement measures [5] and CV entangled state
preparation [6]. However a full description of the nonclassical
properties of entangled states exists only for the class of the
Gaussian state. These play a crucial role in quantum informa-
tion theory of CV systems since they can be easily generated and
controlled experimentally. So far, the production and manipu-
lation of entangled states have been achieved with success in
microscopic systems such as atoms, photons, ions [7–9], etc.
Because the validity of entanglement in the macroscopic domain
is not yet completely clear, this question made it an interesting
subject for physicists. In this context, optomechanical sys-
tems manifest a new platform to investigate the entanglement
between a macroscopic mechanical object and an optical field.
Several studies covering this topic have been proposed to gen-
erate entanglement in mesoscopic systems [10–13]. In fact, the

generation of entanglement between one or two mechanical
modes and one or two optical modes has been proposed from
many different angles, such as entangling two mirrors of two
different cavities driven by entangled light beams [14], entan-
gling two mirrors in a ring cavity [15], entangling two mirrors
in a ring cavity by using a phase-sensitive feedback loop [16],
enhancing quantum correlation and entanglement via cross-
Kerr nonlinearity [17], qubit assisted enhancement of quantum
correlations in an optomechanical system [18], entanglement in
the four-mirror ring cavity [19], and optomechanially induced
transparency (OMIT) in a ring cavity [20]. OMIT is a quantum
interference effect caused by radiation pressure and observed in
atoms in an optomechanical system, where the optical response
of an atomic medium is controlled by an electromagnetic
field, and they can become transparent by illuminating it with
a second strong laser. Substantial progress has been made in
OMIT theoretically [21,22] and experimentally [23,24].

The optomechanical systems [25,26] are typically composed
of an optical cavity with a moving mechanical object that can
interact with the electromagnetic field confined in the cavity via
the radiation pressure force [27,28]. Indeed this latter is due to
the momentum transfer of the photons during their reflection
on the surface of the mechanical object. This force induces
small displacements of the motion of the mechanical object that
change the length of the cavity and modify the state of the cavity

0740-3224/20/11A237-08 Journal © 2020Optical Society of America
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field. The optomechanical coupling can be well observed when
the cavity is driven by a strong laser source [29].

In this paper, we study the quantum correlations that are
present in a ring cavity with two movable mirrors, the motion
of which is due to the effect of the radiation pressure force. This
allows to model the mirrors’ motion as a mechanical harmonic
oscillator and thus can be considered as a CV system. We found
that the quantum correlations are present when the cavity is
pumped by an external coherent laser source and even with the
absence of squeezed light as in Ref. [19]. The degree of entan-
glement is probed using logarithmic negativity; we describe also
the quantum mutual information that gives the total amount
of correlations contained in a quantum state, which is equal
to the sum of classical correlations and the quantum discord
[30,31]. In fact, quantum discord has drawn much attention
recently as another measure of quantum correlations that differs
from entanglement, as the latter can be seen as contained in
the former. Indeed quantum discord was first presented by
Refs. [32,33], where it has been proved that some separable
states do contain some amount of quantum correlations and
have a nonzero value of the quantum discord. This notion was
generalized to the field of CV systems in Refs. [34,35].

The structure of this work is as follows. In Section 2, we
describe the model and present the Hamiltonian, then we solve
the nonlinear quantum Langevin equations for the optical mode
and the relative quadratures of the two mechanical modes which
leads to obtain the bipartite covariance matrix. In Section 3,
we study the stationary entanglement by using logarithmic
negativity, and discuss the effect of some parameters on it.
Beyond entanglement, we study the Gaussian quantum discord
in Section 4 to measure quantum correlations, especially in the
case where the state is separable. We simulate also the mutual
information to quantify the total correlations present in the
system considered. We conclude with some remarks to close the
paper.

2. SYSTEM AND MODEL

A. System

We consider the ring cavity schematized in Fig. 1, with arm
length L and frequency ωc. This type of cavity was introduced
in many different ways [15,16] and further studied in Ref. [19].
The cavity has three mirrors in a triangular configuration,
such that one of the mirrors is fixed and partially transmitting,
whereas the other two are movable and perfectly reflecting.
These moving mirrors are considered as quantum harmonic
oscillators with frequencies ωm1, ωm2 and effective masses m1,
m2. Their loss of mechanical energy is described by the damping
rates γm1, γm2, respectively. The cavity is pumped by a coherent
laser field with frequency ωL , and the mean amplitude of the

input laser is given by E =
√

2κP
~ωL

, where P is the input pump

power, ~ is the Planck constant, and κ is the total optical decay
rate of the cavity: κ = κex + κ0 [25]. Here κex denotes the losses
at the input of the cavity, and κ0 is due to internal losses.

An important parameter is the optical finesse F , which gives
the average number of round-trips before a photon leaves the
cavity:

Fig. 1. Scheme of the optomechanical system under study includ-
ing a ring cavity pumped by a coherent laser source (CLS) with
frequencyωL .

F =
πc
κL
, (1)

where c denotes the speed of light.
The reflection of each photon on the movable mirror

gives rise to the transfer of momentum equal to 2~ky , where
ky = k cos θ2 , θ is the angle between the incident and the
reflected light on the surfaces of the movable mirrors (see Fig. 1),
and k is the wave vector of the cavity field with k =ωc/c . This
transfer produces a radiation pressure force Frad that is exerted
on the mirror; the photons emitted on the surface of the mov-
able mirrors are ncav cos(θ/2) photons, during round-trip
time inside the cavity (t = 2L/c ). This force is equal to the
momentum exchanged per photon, multiplied by the number
of photons reflected per second:

Frad = ncav~
ωc

L
cos2(θ/2). (2)

This force induces a displacement on the movable mirrors
that makes it possible to have a correlation between the optical
mode and the mechanical modes.

B. Hamiltonian

The Hamiltonian of the system is given by [19]

H = ~10a †a +
~ωm1

2
(q 2

1 + p2
1)+

~ωm2

2
(q 2

2 + p2
2)

+ ~g 1a †acos2(θ/2)q1 − ~g 2a †acos2(θ/2)q2

+ i~E (a †
− a), (3)

where a and a † are, respectively, the annihilation and cre-
ation operators of the optical mode, with [a , a †

] = 1, and
10 =ωc −ωL denotes the detuning between the cavity and
the laser radiation. The first term in (3) describes the energy
of the cavity mode, while the second and third terms describe
the energy of the mechanical resonator. We defined qi and
pi (i = 1, 2) as being, respectively, the dimensionless position
and momentum operators of the oscillator with [q j , pk] = iδ j k

( j , k = 1, 2). The fourth and fifth terms denote the interaction
between the cavity field and the movable mirror, which is due to
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the radiation pressure, and gi (i = 1, 2) is the optomechanical

coefficient given by gi =
ωc
L

√
~

miωmi
in units of s −1. The last

term describes the laser driving input.

C. Quantum Langevin Equations

The analysis of the dynamics of the two coupled relative
mechanical modes and the cavity field are determined by
the Heisenberg equations of motion, which are derived from
(3), and by adding the fluctuation-dissipation terms, we obtain
the following set of Heisenberg–Langevin equations:

q̇1 =ωm1 p1,

q̇2 =ωm2 p2,

ṗ1 =−g 1a †a cos2(θ/2)−ωm1q1 − γm1 p1 + f1,

ṗ2 = g 2a †a cos2(θ/2)−ωm2q2 − γm2 p2 + f2,

ȧ =−i[10 + g 1 cos2(θ/2)q1 − g 2 cos2(θ/2)q2]a

+ E − κa +
√

2κa in,

ȧ †
= i[10 + g 1cos2(θ/2)q1 − g 2cos2(θ/2)q2]a †

+ E − κa †
+
√

2κa †
in. (4)

We have introduced the input vacuum noise a in at tem-
perature Ti with nonzero time domain correlation functions
[36]:

〈a in(t)a
†
in(t
′)〉 = δ(t − t ′). (5)

In addition to that, we have the Brownian noise expressed by
the operator fi (i = 1, 2), which describes the coupling of the i th

movable mirror to its own environment, with zero mean values
and characterized by the following correlation functions [37]:

〈 fi (t) f j (t ′)〉 =
δ j k

2π

γm

ωm

∫
ωe−iω(t−t ′)

[
1+ coth

(
~ω

2kB T

)]
dω.

(6)
The quality factor obeying Qi =

ωmi
γmi
� 1 means that one

can assume that the mechanical baths are Markovian. Hence,
the fi nonzero correlation functions [38] are given by

〈 fi (t) fi (t ′)+ fi (t ′) fi (t)〉/2' γm(2nthi + 1)δ(t − t ′), (7)

where nthi = [e
(
~ωmi
kB Ti

)
− 1]−1 is the i th thermal phonon

number, and kB is the Boltzmann constant, i, j = 1, 2.
Without loss of generality, we choose ωm1 =ωm2 =ωm ,

γm1 = γm2 = γm , m1 =m2 =m, g 1 = g 2 = g , and
T1 = T2 = T(nth1 = nth2 = nth).

Introducing the relative distance, q− = q1 − q2, and the
relative momentum, p− = p1 − p2, of the movable mirrors, we
obtain the reduced equations

q̇ =ωm p,

ṗ =−2gncavcos2(θ/2)−ωmq − γm p + f1 − f2,

ȧ =−i[10 + g cos2(θ/2)q ]a + E − κa +
√

2κa in,

ȧ †
= i[10 + g cos2(θ/2)q ]a †

+ E − κa †
+
√

2κa in, (8)

where ncav is the average number of the photons inside the cavity.

D. Linearization of the Quantum Langevin Equations

To study the quantum correlations that are present in the sys-
tem, we have to analyze the dynamics of the coupled system.
These can be obtained by linearizing the quantum Langevin
Eq. (8). This is achieved by expanding each Heisenberg oper-
ator as a sum of its c-number classical steady-state value plus
an additional small fluctuation operator with zero-mean
value [36]:

a = αs + δa , q = qs + δq , p = ps + δ p . (9)

The steady-state values are given by the following nonlinear
algebraic equations:

ps = 0,

(i1+ κ)αs − E = 0,

qs +
2g cos2(θ/2)|αs |

2

ωm
= 0, (10)

where1=10 + g qs cos2(θ/2) is the effective cavity detuning.
Inserting Eq. (9) into Eq. (8), and introducing the cavity field

quadratures δx = δa+δa†
√

2
and δy = i(δa†

−δa)
√

2
, and the input

noise quadratures δxin =
ain+a†

in√
2

and δy in =
i(a†

in−ain)
√

2
, allows to

obtain the linearized quantum Langevin equations

δq̇ =ωmδ p,

δ ṗ =−ωmδq − γmδ p −
√

2g cos2(θ/2)(α∗s + αs )δx

+ i
√

2g cos2(θ/2)(αs − α
∗

s )δy + f1 − f2,

δ ẋ =−i
g
√

2
cos2(θ/2)(αs − α

∗

s )δq − κδx +1δy +
√

2κδx in,

δ ẏ =−
g
√

2
cos2(θ/2)(α∗s + αs )δq −1δx − κδy +

√
2κδy in.

(11)

This system of equations can be rewritten in the matrix form

u̇(t)= Au(t)+ η(t), (12)

where uT(∞)= (δq(∞), δ p(∞), δx (∞), δy (∞)) is the
column vector of the fluctuations, ηT(t)= (0, f1 − f2,√

2κδxin,
√

2κδy in) is the column vector of noise operators,
and the drift matrix A reads
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A=


0 ωm 0 0
−ωm −γm −

√
2g cos2(θ/2)(αs + α

∗
s ) i
√

2g cos2(θ/2)(αs − α
∗
s )

−i g
√

2
cos2(θ/2)(αs − α

∗
s ) 0 −κ 1

−
g
√

2
cos2(θ/2)(αs + α

∗
s ) 0 −1 −κ

 . (13)

The solution to Eq. (12) is u(t)= Y (t)u(0)+∫ t
0 dxY (x )η(t − x ), where Y (t)= exp At .

E. Covariance Matrix

When the stability conditions are verified according to the
Routh–Hurwitz criteria [6,39,40], the steady-state covariance
matrix satisfies the Lyapunov equation

AV + V AT
=−D, (14)

where D is a diagonal matrix that represents the noise
correlations; it is given by D=Diag[0, 2γm(2nth + 1), κ, κ].

In the following, we express the covariance matrix V in a
2× 2 block form:

V =
(

Vm Vc

V T
c Va

)
, (15)

where Va , Vm , and Vc are, respectively, the covariance matrix of
the optical cavity mode, the relative mechanical mode, and the
non-local correlations between them.

For later use, we define the following set of four symplectic
invariants derived from the covariance matrix V :

I1 =DetVm, I2 =DetVa ,

I3 =DetVc , I4 =DetV . (16)

For the bipartite system, the symplectic eigenvalues of the
partial transpose of the covariance matrix V [41,42] are given by

ν̃± =

√
0̃ ±

√
0̃2 − 4I4

2
, (17)

where the symbol 0̃ is the symplectic invariant given by
0̃ = I1 + I2 − 2I3.

Knowledge of the covariance matrix in the stationary state
from Eq. (14) and use of the quantities Eq. (17) allow to evaluate
the quantum correlations between the optical mode and the
relative mechanical mode. This is studied in the next section.

3. ENTANGLEMENT ANALYSIS

In this part, we want to quantify the bipartite stationary entan-
glement between the mechanical mode and the optical mode,
for that we use the logarithmic negativity E N . This quantity is
defined for Gaussian CV systems as [43,44]

E N =max[0,−Ln2ν̃−]. (18)

The two modes are entangled when E N > 0, which is equiv-
alent to ν̃− < 1

2 . If not, the states are separable, which is consis-
tent with Simon’s necessary and sufficient criterion for bipartite
entanglement [45].

In order to study the behavior of the quantum correlations, as
captured by logarithmic negativity, some parameters are taken

from the most relevant experiments [46], where the length of
the cavity L = 35 mm, the laser wavelength is λ= 1064 nm,
ωm = 2π × 947× 103 Hz, θ = π

3 , the mechanical quality
factor Q = ωm

γm
= 6700, and κ = 2π × 215× 103 Hz. All the

parameters chosen have been verified to satisfy the stability
conditions.

Figure 2 shows the logarithmic Negativity E N versus the ther-
mal bath’s temperature T for different values of m. The amount
of entanglement monotonically decreases with temperature; we
notice that, as expected, the quantum correlations do not resist
the environment effects as E N decreases with temperature. This
is due to the environment-induced decoherence, since the two
mechanical modes are subject to the thermal fluctuations from
their bath. We see also from the figure that for m = 20 ng, it
survives until T > 0.8 mK, while for m = 50 ng, it vanishes at
T = 0.4 mK. On the other hand, for a fixed temperature, loga-
rithmic negativity decreases with mass, e.g., when T = 0.2 mK,
E N = 0.10 (respectively 0.026) for m = 20 ng (respectively
50 ng), which shows the importance of the parameter mass as
well. As a matter of fact, the smaller it is, the more robust the
system becomes against the thermal bath’s temperature. This in
turn is due to the fact that the optomechanical coupling, due to
the radiation pressure, gets stronger as the displacement of the
mirrors increases.

Next, to examine the dependence of entanglement on some
other parameters in an optomechanical system, we show in
Fig. 3 its behavior as a function of the laser driving power P
as well. We notice, for instance, that for a fixed temperature,
the driving laser power has a favorable effect on the quan-
tum correlations as captured by the logarithmic negativity.
For example, at T = 0.2 (mK), we obtain E N = 0.004 for
P = 3.8 mW, E N = 0.009 for P = 6.9 mW, and E N = 0.018
for P = 12 mW. The injection of the laser increases the pho-
ton number inside the cavity. It seems that a great number of

Fig. 2. Plot of the logarithmic negativity E N versus the thermal bath
temperature T(K ) for two values of the mass. m = 20 ng for the black
full line, and m = 50 ng for the blue dashed line. The other parameters
are chosen as follows:1= 0.965ωm , P = 11 mW.
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(a) (b)

Fig. 3. (a) E N versus T for different values of the input laser power P . (b) Contour plot of E N versus temperature T and power P . In both plots, we
use m = 145 ng,1=ωm .

these acting on the movable mirrors leads to photon–phonon
interaction, which does enhance the optomechanical coupling
due to the radiation pressure that consequently allows for robust
entanglement. We also see from the contour plot that the tem-
perature at which the entanglement vanishes increases with
the power, e.g., for P = 3.8 mW, E N vanishes at T ∼ 0.5 mK;
however, for P = 12 mW, E N persists up to 1 mK. It is worth-
while noting that there is a minimum power from which the
two modes can be entangled; this what we can see in the con-
tour plot E N 6= 0 from p ≥ 1 mW for a very small value of
T. Notice that a significant entanglement could be achieved
at a considerably lower driving power and also without using
a squeezed vacuum light source, as the case in Ref. [19]. It is
worthwhile noting that with the increase in thermal phonon
number, entanglement gradually decreases, but it can persist up
to a much higher number as it is quantified by some parameters
such as the laser pumping power and the mass of the movable
mirrors. Adjusting and optimizing a bipartite entanglement in a
thermal environment might contribute to various applications
in quantum information processing and communication.

4. GAUSSIAN QUANTUM DISCORD AND
QUANTUM MUTUAL INFORMATION

Based solely on the entanglement, we can conclude that the
states of the two modes are entangled if E N > 0; otherwise, the
states are separable or classically correlated. Nevertheless, it was
proved [47–49] that even separable states may contain quantum
correlations; thus, the notion of quantum discord was intro-
duced as capturing the overall quantum correlations, even those
beyond entanglement. In this section, we use Gaussian quan-
tum discord [34,50], which is considered as a genuine measure
of nonclassical correlations between the optical mode(a) and the
relative mechanical mode(m), which can be different from zero
even for separable states, i.e., E N = 0. By definition, Gaussian
quantum discord is the difference between quantum mutual

information and classical correlations. Indeed, quantum mutual
information quantifies the information that subsystems ρA

and ρB share; it evaluates how much we know about one single
part by observing the other. This is related to the correlations
between the two modes that can be measures by quantum
mutual information or conditional entropies [51].

Quantum mutual information is defined as

IM(ρAB )= SV (ρA)+ SV (ρB )− SV (ρAB ), (19)

where SV (ρAB ), SV (ρA), and SV (ρB ) are the von Neumann
entropies of the two mode Gaussian state ρAB and that of sub-
systems ρA and ρB , respectively. These can be expressed in
terms of symplectic invariants [Eq. (16)] as SV (ρA)= g (

√
I1),

SV (ρB )= g (
√

I2), and SV (ρAB )= g (ν+)+ g (ν−) [50],
where g is a function defined by

g (x )=
(

x +
1

2

)
Ln

(
x +

1

2

)
−

(
x −

1

2

)
Ln

(
x −

1

2

)
,

(20)
and ν± are the symplectic eigenvalues of V :

Fig. 4. Plot of the Gaussian quantum discord versus the
temperature T(K ). We chose m = 145 ng, P = 3.8 mW,1=ωm .
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(a) (b)

Fig. 5. (a) Mutual information. (b) Gaussian quantum discord and classical correlation. In both plots, the temperature of the environment is taken
as T = 6 mK, with the other parameters similar to those in Fig. 4.

ν± =
1

2

√
0±
√
02 − 4I4, (21)

with0 = I1 + I2 + 2I3.
The quantum mutual information shared by the relative

mechanical mode and the optical mode is then expressed as

IM(ma)= g (
√

I1)+ g (
√

I2)− g (ν+)− g (ν−). (22)

The total amount of correlation is captured by the quantum
mutual information, which can be divided into a classical part
and a quantum part, known as Gaussian quantum discord,
which can be evaluated by the following difference:

DG(m|a)= IM(ma)−C(m|a), (23)

where C(m|a) refers to the one-way classical correlation
between the relative mechanical mode and the optical cavity
mode.

By performing Gaussian measurement, the Gaussian quan-
tum discord for Gaussian bipartite systems can be expressed as
[34,51]

DG(m|o)= g (
√

I2)− g (ν+)− g (ν−)+ g (
√

W), (24)

W =


2|I3|+
√

4I 2
3+(4I2−1)(4I4−I1)

2

(4I2−1) if 4(I1 I2−I4)
2

(I1+4I4)(1+4I2)I 2
3
≤ 1

I1 I2+I4−I 2
3−

√
(I1 I2+I4−I 2

3 )
2
−4I1 I2 I4

2I2
otherwise.

(25)

Figure 4 shows Gaussian quantum discord versus temper-
ature, confirming that, generally, the discord decreases as T
increases. Nevertheless, one can see from the figure that the
discord increases initially for smaller values of temperature,
which is characterized by a small number of thermal phonon
fluctuations. In fact, a few of these are actually needed and do
enhance the photon–phonon interaction via radiation pressure
force and allows to have a strong optomechanical coupling
that consequently allows for robust quantum correlations. But
further increase in temperature is accompanied by an increase
in the number these thermal phonons, which has the reverse

effect and does not benefit the quantum correlations, as the phe-
nomenon of decoherence enters into play and is responsible for
the latter decrease in quantum discord. Furthermore, we note
that while E N vanishes at T ∼ 0.5 mK (see Fig. 3) and since we
have chosen the same parameters, Gaussian quantum discord
survives beyond this temperature. Notice also that this latter
remains nonzero for large values of T and does not undergo a
sudden suppression or the so-called phenomenon of sudden
death, as is the case for entanglement. This explains the exist-
ence of quantum correlations in the system even for separable
states, i.e., E N = 0, and also shows the robustness of Gaussian
quantum discord against the influence of the environment.

While quantum correlations are captured by Gaussian quan-
tum discord, the total correlations can be evaluated by using the
expression of quantum mutual information [50].

Figures 5 shows, respectively, the behavior of the mutual
information IM and that of the quantum Gaussian discord
DG and the classical correlation Cc versus 1/ωm . The three
quantities behave similarly and reach their maximum in the
vicinity of 1∼ωm , then they decrease with increasing1/ωm .
In fact, when1=ωm , the cavity drive frequency is detuned to
the red of the cavity resonance by an amount ofωm ; if we assume
that G <<ωm , where G is the many-photon optomechanical
coupling, which is stronger than the single photon optome-
chanical coupling g by a factor of |αs |, we can make a rotating
wave approximation and keep only energy conserving terms.
In this case, the dynamics of the Hamiltonian creates phonons
and photons in pairs, and leads to photon–phonon correlation,
thus allowing to generate correlations between the light field and
the mechanics. Furthermore, for fixed values of1/ωm , we have
IM always greater than DG and Cc , which is logical since IM

measures both the classical and quantum correlations present in
the system.

5. CONCLUSION

In this work, we have studied the quantum correlations in a
steady state of an optomechanical system. In our case, this lat-
ter is a ring cavity, with a fixed mirror and two movable ones,
pumped by a laser source. In addition, the system under study
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is experimentally feasible. The linearized quantum Langevin
equations were used in order to obtain the bipartite covariance
matrix at the stationary state fully describing the Gaussian
state of the two subsystems, the optical mode and the relative
mechanical mode.

In addition to that, we have studied the effect of the ther-
mal bath temperature on quantum entanglement, which is
measured by logarithmic negativity. It was found that the entan-
glement decreases with increasing temperature and mass of the
two mechanical harmonic oscillators.

Then, the total amount of correlations present in the sys-
tem under consideration were quantified by quantum mutual
information, a measure englobing both classical correlations
and quantum discord. It was found that quantum mutual infor-
mation, quantum discord, and classical correlations decrease
with increasing 1/ωm , and they reach their maximum when
1 is around ωm . As expected, when the entanglement vanishes
(which is characteristic of a separable state), the system still has
a nonzero value of Gaussian quantum discord. This shows that
Gaussian quantum discord is a measure of all quantum correla-
tions, including entanglement, and confirms the robustness of
this measure and the feebleness of logarithmic negativity against
the fluctuations of the bath environment.
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Chapter 4
Detection of genuine tripartite entanglement

of an atoms-optomechanical cavity

This part of thesis is devoted to the study of genuine tripartite entanglement. In the previous

chapter, we present the behavior of the quantum correlations in ring optomechanical cavity.

Which is the main idea of the thesis. In this part, we study an ongoing investigation, where the

system under consideration corresponds to an hybrid optomechanical system formed of a ring

cavity where an atomic ensemble is placed inside. These systems, can be coherently manipulated

by pumping the cavity with an external laser field with the goal of controlling the interaction

between electromagnetic radiation and motion. The central thought of this chapter is to explore

the impact of the atomic ensemble on the entanglement. Since, we can generate a strongly

quantum entanglement between the atomic ensemble and a vibrating mirror by increasing the

coupling strength. Another point of interest in this part is to investigate the genuine tripartite

entanglement being possibly shared by the four subsystems (cavity field – atomic ensemble and

two vibrating mirrors). This chapter is organized as follow, at first glance, we illustrates the

realization of the theoretical atom-optomechanical system, then we analysis the dynamics that

allow to obtain the multimode covariance matrix. Hence, we simulate the bipartite entanglement

between any pair of the multipartite system using the logarithmic negativity. In final analysis,

we generate the genuine tripartite entanglement which is the broad plan of this chapter.
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4.1 Model and Hamiltonian

4.1.1 Model

As depicted in Fig. 4.1, the system studied here is an Atom-Optomechanical system, made of a

ring cavity with length L, and an atomic ensemble of two-level atoms placed inside the cavity.

This latter is driven by a squeezed light source with frequency ωs and a coherent laser source

with strength EL. The optical cavity is composed of two movable mirrors perfectly transmitting

and a fixed one partially transmitting in a triangular design.

Figure 4.1: Schematic illustration of the Atom-optomechanical system.

It is worth mentioning that systems based on atom-optomechanical models are experimen-

tally feasible [102–104]. In this background, i attempt to summarize in this chapter research on

the optomechanics of atoms within optical cavities, we adopt a ring configuration to facilitate

the generation of entanglement, that can be strengthened by the displacement of the mirror and

an increase of the photon number.

4.1.2 Basics of light-atom interaction

The proposed system, is an Atom-Optomechanical system. For more clarification, we begin by

a brief description of the interaction of a single atom on one mode cavity. In figure 4.2, we

present a theoretical model to describe the exchanging atomic processes. Indeed, the atom-light

interaction in a cavity comes in form of the Jaynes-Cummings model. This model, was originally

developed in 1963 by Edwin Jaynes and Fred Cummings to describe the system of a two-level
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atom interacting with an electromagnetic field in order to investigate the process of absorption

of photons and spontaneous emission in a cavity.

Figure 4.2: Single atom interacting mechanically with a coherently electromagnetic cavity field.

The Jaynes–Cummings model is of great interest to quantum optics, recall in this part to

introduce the basic equations which lead us to the strongly coupled single-mode cavity field.

The Hamiltonian of the model is given by

HJC = Hatom +Hfield +Hint, (4.1)

Hatom is the two level atom Hamiltonian with ground state |g⟩ and excited state |e⟩, defined as.

Hatom = ℏωaSz, (4.2)

the frequency ωa is the transition between the ground state |g⟩ and the excited state |e⟩, having

respectively the following energies Eg = −ℏωa
2 and Ee = ℏωa

2 . Sz and S± are the spin operators

Sz,± =
∑Na

i=1 σ
i
z,±, with Na is the two-level atoms, σiz,± are the Pauli matrices defined by

σiz = |e⟩
(i)(i) ⟨e|, σi+ = |e⟩(i)(i) ⟨g| and σi− = |g⟩(i)(i) ⟨e| and satisfying the commutation relations

[σi+, σ
i
−] = σiz and [σiz, σ

i
±] = ±2σi±. Hfield is the Hamiltonian of the optical cavity mode already

introduced in the previous sections given by

Hfield = ℏωcâ†â, (4.3)

and Hint is the Jaynes–Cummings interaction Hamiltonian

Hint = ℏgc(S+â+ S−â
†) (4.4)

gc design the atom-cavity coupling constant defined as gc = µ
√

ωc
2ℏϵ0V with µ being the dipole

moment of the atomic transition, V is the volume of the cavity.
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Now we can go back to our system modeled in figure 4.1 to describe the full Hamiltonian in

the next part.

4.1.3 Hamiltonian

The total Hamiltonian of the optomechanical system under study can be expressed as

H = H0 +Hinteraction +HDrive (4.5)

with

H0 = ℏωcâ†â+
ℏωm1

2
(q21 + p21) +

ℏωm2

2
(q22 + p22) +

ℏωa
2
Sz, (4.6)

HInteraction = ℏgc(S+â+ S−â
†) + ℏ g â†â cos2(θ/2)(q1 − q2), (4.7)

HDrive = iℏEL(â†e−iωLt − âeiωLt). (4.8)

H0 represents the free Hamiltonian, the first term of which describes the cavity mode. The

second and third term represent the Hamiltonian of the two mechanical resonators, that are

considered as quantum harmonic oscillators fully described in the previous case. The last one,

describe the Hamiltonian of the atomic ensemble.

The first term of HInteraction represents the coupling Hamiltonian, where the atoms interact

with the two mechanical oscillators via the coupling with the intracavity field expressed as gc,

the second term takes into account the interaction of the two mechanical resonators motion with

the electromagnetic field confined in the cavity due to the radiation pressure force.

The part HDrive represents the drive laser input, remain unchanged with the previous de-

scriptions in the previous section.

Working in the rotating frame at the input laser frequency ωL, the Hamiltonian of the system

simplifies to

H =ℏ∆0a
†a+

ℏωm1

2
(q21 + p21) +

ℏωm2

2
(q22 + p22) + ℏ∆ac

†c+ ℏGa(c†a+ ca†)

+ ℏga†a cos2(θ/2)(q1 − q2) + iℏEL(a† − a),
(4.9)

with ∆0 = ωc − ωL and ∆a = ωa − ωL are respectively the cavity mode and atomic detuning.

For simplification, we choose the low atomic excitation limit, i.e., when the atoms are initially

in the ground state and the average number of photons is much smaller in the excited state,

so that SZ ≈< SZ >≈ −Na. In addition to that, we suppose the excitation probability of a
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single atom to be small. In this limit, the atomic polarization can be defined in terms of the

bosonic annihilation and creation operators c = S−√
|<SZ>|

, which satisfy the bosonic commutation

relations [c, c†] = 1 [105]. We define Ga = gc
√
Na, the atom-cavity coupling strength.

4.2 System dynamics

For a clear analysis of the dynamics of the system, we determine the Heisenberg equations of

motion which can be obtained from the Hamiltonian 4.9. Taking into consideration the effects

of noise and the dissipation terms as detailed in chapter 3 section 2.5.2. Therfore, we get the

following Heisenberg-Langevin equations

q̇1 = ωm p1,

q̇2 = ωm p2,

ṗ1 = −ωmq1 − ga†a cos2(θ/2)− γm p1 + ξ,

ṗ2 = −ωmq2 + ga†a cos2(θ/2)− γm p2 + ξ,

ȧ = −(κ+ i∆0)a− iGac− ig cos2(θ/2)(q1 − q2)a+ EL +
√
2κain,

ċ = −(γa + i∆a)c− iGaa+
√

2γacin.

(4.10)

For the sake of simplicity and without loss of generality, We choose ωm1 = ωm2 = ωm, γm1 =

γm2 = γm. The noise operator corresponding to the atomic ensemble with zero mean value, cin,

appearing in (4.10) , satisfy the non-vanishing correlations function ⟨cin(t)c†in(t
′
)⟩ = δ(t − t′)

[106].

The vacuum input noise of the optical operator ain defined in section 2.5.2 is different of ain

presented here. In fact, the system under study is fed by squeezed light that corresponds to the

nonzero time-domain correlation functions [107].

⟨δa†in(t)δain(t
′
)⟩ = Nδ(t− t′),

⟨δain(t)δa†in(t
′
)⟩ = (N + 1)δ(t− t′),

⟨δain(t)δain(t
′
)⟩ =M e−iωm(t+t

′
) δ(t− t′),

⟨δa†in(t)δa
†
in(t

′
)⟩ =M∗ eiωm(t+t

′
) δ(t− t′),

(4.11)

where M = sinh r cosh reiϕ and N = sinh2 r, r and ϕ being respectively the strength squeezing

parameter and phase of the squeezed vacuum light.

The Heisenberg-Langevin equations are in general nonsolvable analytically. So one needs the
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linearization treatment by expanding each Heisenberg operator as a sum of its classical steady

state value plus an additional operator of fluctuation with zero-mean value [89]:

q = qs + δq, p = ps + δp, a = as + δa, c = cs + δc. (4.12)

The corresponding steady-state values read

ps1 = 0,

ps2 = 0,

qs1 =
−g cos2(θ/2)|as|2

ωm
,

qs2 =
g cos2(θ/2)|as|2

ωm
,

cs =
−iGaas

(γa + i∆a)
,

as =
EL

κ+ i∆+ G2
a

γa+i∆a

,

(4.13)

where ∆ = ∆0 + g cos2(θ/2)(qs1 − qs2).

Inserting equation (4.12) in (4.10), and introducing δX = δa+δa†√
2

, δY = δa−δa†
i
√
2

, δx =

δc+δc†√
2

, δy = δc−δc†
i
√
2
, Xin =

ain+a
†
in√

2
, Yin =

ain−a†in
i
√
2
, xin =

cin+c
†
in√

2
, yin =

cin−c†in
i
√
2

, allows to

obtain the following linearized Langevin equations:

δq̇1 = ωm δp1,

δṗ1 = −ωmδq1 − γm δp1 −G cos2(θ/2)δX + ξ,

δq̇2 = ωm δp2,

δṗ2 = −ωmδq2 − γm δp2 +G cos2(θ/2)δX + ξ,

δẊ = −κδX +∆δY +Gaδy +
√
2κXin,

δẎ = −G cos2(θ/2)δq1 +G cos2(θ/2)δq2 −∆δX − κδY −Gaδx+
√
2κYin,

δẋ = GaδY − γaδx+∆aδy +
√
2γaxin,

δẏ = −GaδX − γaδy −∆aδx+
√
2γayin,

(4.14)

with G =
√
2gas . The resulting evolution equations of motion for the fluctuations in (4.14) can

be rewritten in the matrix form

u̇(t) = Au(t) + n(t), (4.15)
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where u(t) and n(t) are respectively, the column vector of the fluctuations and the column vector

of noise operators, the transpose of which are respectively given by

uT (∞) = (δq1(∞), δp1(∞), δq2(∞), δp2(∞), δX(∞), δY (∞), δx(∞), δy(∞))

nT (t) = (0, ξ, 0, ξ,
√
2κXin,

√
2κYin,

√
2γaxin,

√
2γayin). (4.16)

The drift matrix A, reads

A =



0 ωm 0 0 0 0 0 0

−ωm −γm 0 0 −G cos2(θ/2) 0 0 0

0 0 0 ωm 0 0 0 0

0 0 −ωm −γm G cos2(θ/2) 0 0 0

0 0 0 0 −κ ∆ 0 Ga

−G cos2(θ/2) 0 G cos2(θ/2) 0 −∆ −κ −Ga 0

0 0 0 0 0 Ga −γa ∆a

0 0 0 0 −Ga 0 −∆a −γa.



(4.17)

The solution of the differential equation (4.15), is u(t) = Y (t)u(0) +
∫ t
0 dxY (x)η(t − x), with

Y (t) = exp{At}.

Now, let’s bring the covariance matrix V of the system previously explored in this thesis. It

can be obtained using the following Lyapunov equation:

AV + V AT = −D, (4.18)

where D is a diagonal matrix that represents the noise correlations. It is given by

D =



0 0 0 0 0 0 0 0

0 γm(2nth + 1) 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 γm(2nth + 1) 0 0 0 0

0 0 0 0 2κ(Re[M ] +N + 1
2) 2κIm[M ] 0 0

0 0 0 0 2κIm[M ] 2κ(−Re[M ] +N + 1
2) 0 0

0 0 0 0 0 0 γa 0

0 0 0 0 0 0 0 γa


(4.19)
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The Covariance Matrix V can be written in a block form:

V =


Vm1 Vm1m2 Vm1op Vm1a

V T
m1m2

Vm2 Vm2op Vm2a

V T
m1op V T

m2op Vop Vopa

V T
m1a V T

m2a V T
opa Va

 , (4.20)

where Va, Vmj (j = 1, 2), and Vop are the covariance matrices of the atomic mode, the (j = 1, 2)

mechanical mode and the optical mode, respectively. When interested in studying the behavior

of only two subsystems (and their correlations, among other things), the global 8× 8 covariance

matrix V (4.20) can be reduced to a 4×4 submatrix VS , containing only the covariance matrices

of the subsystems of interest:

VS =

 A C

CT B

 , (4.21)

with A and B being the 2× 2 covariance matrices describing the single modes and C the 2× 2

covariance matrix of the quantum correlations between the two subsystems.

The system being comprised of four modes: atomic (a), optical (op) and the two mechanical

modes (m1 and m2), it allows the study of various types of entanglements mainly focused

throughout this thesis.

4.3 Entanglement analysis

We still want to shed light on entanglement in this chapter. Bipartite entanglement, which is

generally the type that is thoroughly studied in the literature, can be investigated in this case,

using any bi-partition of the system. Moreover, tripartite entanglement can also be discussed in

detail using the different tri-partitions of the system. The benefit from such a general study is

that the comparison of the different types of entanglement brings more insight into their general

behavior and their mutual influence.

4.3.1 Bipartite entanglement

To quantify the bipartite stationary entanglement between any two modes x and y (x, y =

a,m1,m2 or op), we use the logarithmic negativity EN

EN = max[0,− ln 2η̃], (4.22)
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with

η̃ = min
{
eig | ⊕2

j=1 (−σy)PVSP |
}
, (4.23)

where σy is the y-Pauli matrix, VS is the 4 × 4 covariance matrix of the two subsystems and

P = σz ⊕ 1, with σz being the z-Pauli matrix.

In order to evaluate numerically the logarithmic negativity. we choose, the power of the

driven laser P = 35mW , the masses and the frequencies of two oscillators are respectively

m = 10 ng and ωm = 2π × 107Hz, the laser wavelength is λ = 1064 nm, θ = π
3 , the cavity

decay rate κ = π × 107Hz, the mechanical damping rate γm = 2π × 102Hz, the length of the

cavity l = 1mm, the phase of the squeezed vacuum light ϕ = 0. We choose the parameter of the

atoms to be Ga = 12π × 106Hz and γa = π × 107Hz. In addition, we consider that the atoms

are resonant: ∆a = −ωm. Some parameters are taken from the set of experiments [108–110].

It is important to note that, the symmetry between the mechanical modes is reflected in the

expressions of the logarithmic negativities involving these modes. For instance, the logarithmic

negativity between any mechanical mode and the optical mode are the same, Em1op = Em2op, and

the same with respect to the atomic mode, Em1a = Em2a. Next, we investigate the stationary

entanglement as a function of the thermal bath’s temperature T .
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Figure 4.3: Plot of the bipartite entanglement Em1a, between m1 and a, versus the thermal bath
temperature T (K), for different values of the input field squeezing parameter r.

Figure 4.3 shows the bipartite stationary entanglement Em1a, we choose ∆ = ωm and numer-

ically simulate the logarithmic negativity between the mechanical mode 1 and the atomic mode
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for different values of the squeezing parameter r. This will allow us to distinguish the impact of

the atomic medium on hybrid optomechanical systems. It is worth noting, that the atoms are

indirectly coupled to the mechanical resonators through their common interaction with the input

field. In fact, when atoms are present within the cavity, they have the ability to interact coher-

ently with the electromagnetic field mode. They respond to the cavity field by spontaneously

emitting photons, increasing their overall number in the cavity. The collisions of the photons

on the surfaces of the movable mirrors generate a strong optomechanical coupling due to the

radiation pressure force. Consequently, a stronger optomechanical coupling can be achieved by

increasing the number of atoms resulting in a more resilient atom-mirror entanglement.

It is well known that the entanglement decreases with the effect of the environment’s tem-

perature due to thermal fluctuations; this is confirmed in the behavior of Em1a in Figure 4.3.

Interestingly, for such systems in the presence of the atomic medium, a collective interaction

can emerge between atoms and the cavity field mode, giving rise to the phenomenon of su-

perradiance [111, 112], responsible for the creation of entangled states involving the atoms and

cavity. Simultaneously, the optical field being coupled to the mechanical oscillator, the presence

of the atomic ensemble enhances the cooperativity between the optical mode and the mechanical

mode, enabling the generation of a significant amount of entanglement. In addition, the ring

structure can minimize optical losses compared to other cavity geometries, leading to higher fi-

nesse and powerful interaction against decoherence as is clearly seen in the plateau observed for

the entanglement at low temperatures. For that reason, adding an atomic ensemble to a cavity

allows for a stronger optomechanical coupling. Besides this, the atom-field coupling strength

and the excitation number has an important influence on the atomic effective damping rate of

the mechanical resonators [113].

The numerical simulation results show that the progressive injection of the squeezed light

increases the entanglement, and it becomes more robust against the environment temperature,

e.g., for low temperatures, when r = 0.2, the numerical value of the entanglement is Em1a = 0.3,

whereas, for r = 1, it is Em1a = 0.56. Moreover, it is noticeable that, the entanglement in the

case of r = 1 persists against the bath environment more than in the case where the parameter

of squeezing r = 0.2. This explains the impact of the squeezed vacuum light on entanglement

due to the light-matter interaction. Indeed, the increase of the photon number in the cavity

leads to a stronger radiation pressure force and does enhance the quantum correlations transfer

from squeezed light to the subsystems.
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Figure 4.4: The logarithmic negativity Em1op, between m1 and op versus the thermal bath
temperature T (K); the other parameters are chosen as in Figure 4.3.

In Figure 4.4, we plot the logarithmic negativity Em1op which expresses the entanglement

between the mechanical mode 1 and the optical mode. In the following, we analyze the influence

injecting the squeezed light in the system. The red line representing the entanglement when

there is no squeezing and only the laser field is injected (r = 0), shows that the entanglement

vanishes around T ≃ 0.35mk. However, the blue line representing the squeezed vacuum light

with (r = 0.1), shows that the entanglement survives until T ≃ 0.42mk. We remark that for

low temperatures we have Em1op = 0.14 (when r = 0) and Em1op = 0.17 (when r = 0.1). A

relatively significant entanglement is reached for a sufficiently large number of photons from the

two sources, as they allow for a robust photon-phonon interaction via the radiation pressure.

Indeed, the photons exert a small push on the surface of the movable mirror and change the

cavity’s length, which in turn, modifies the intensity of the field and does enhance the radiation

pressure force allowing for a strong optomechanical coupling that optimizes entanglement [65].

Overall, the injection of laser and squeezed vacuum light that increases the number of pho-

tons, in conjunction with the atomic ensemble placed inside the cavity that scatter photons

through stimulated re-emission is of crucial importance for the motion of the mechanical oscil-

lator. It should be noted that quantum fluctuations occur within the cavity as a result of the

interaction between the pumped photons and the photons scattered by the atom, while thermal

fluctuations originating from the mechanical bath environment contribute to decoherence. Since

any feasible system couples with its own environment to some extent, a large number of photons
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is needed to overcome the decohering effects of the quantum fluctuations and to strengthen the

resulting entanglement.

4.3.2 Tripartite entanglement

In order to study the existence of genuine tripartite entanglement we adopt a quantitative

measure of tripartite negativity, which for a tripartite system (ABC) is given by (see 1.5.4)

EABC = (EA|BC EB|AC EC|AB)
1/3. (4.24)

In our case A, B and C can be one of the mechanical modes, optical mode or atomic mode.

Moreover, for the sake of simplicity we will use the following compact notations E1 ≡ Em1m2a,

E2 ≡ Eam1op = Eam2op and E3 ≡ Em1m2op.
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Figure 4.5: Effect of the normalized atomic detuning on the (a) tripartite logarithmic negativities
E1, E2 and E3 and (b) bipartite negativities (Em1m2 , Em1op, Em1a and Eop a) . In all the cases
we choose ∆ = ωm, P = 10mW , r = 0.1 and the temperature T = 0.1mK.

We plot in figure 4.5a, the tripartite entanglement as captured by the logarithmic negativity

4.24 versus the normalized atomic detuning. The three logarithmic negativities react quite

differently, and broadly speaking, it depends on whether the atomic mode is involved or not.

For instance, E1 and E2 have their maximum close to the region where ∆a = −ωm whereas, E3

decreases in this interval and actually reaches its minimum in this region. It is remarkable that
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the tripartite entanglement between the optical mode, the atomic mode and the mechanical mode

(E2 ), is the one that remains significant in a broader interval. This is due to the absorption and

remission of photons by the atoms. On the other hand, the more photons we have in the cavity,

the more the photon-phonon interaction is enhanced via the radiation pressure force due to the

effect of the vibrating mirror. Under the atom-photon-phonon interaction, not only the region of

the effective detuning is wider, but also a significant entanglement is obtained. These collective

bosonic modes form an optimal quantum tripartite system that ensures a strong entanglement

sharing, more easily realized and observed in experiment.

It is worth noticing that, when ∆a > 0, both E2 and E3 asymptotically increase, while E1 is

negligible i.e., the tripartite {m1,m2, a} entanglement is not present in this area. This result

might be interpreted as a result of the negative value of the effective atomic detuning being a

convenient choice since it regulates the evolution of the atomic quadrature [114].

This collective tripartite behavior can be explained by the corresponding underlying bipar-

tite entanglement shown in Figure 4.5b. As a matter of fact, the behavior of E1 ≡ Em1m2a in

Figure 4.5a is identical to that of Em1a in Figure 4.5b because the other bipartite entanglement

Em1m2 involved in E1 is shown in Figure 4.5b to be negligible. Similarly, E3 ≡ Em1m2op, relies

on the mechanical-optical, entanglement, Em1op, and the negligible mechanical-mechanical en-

tanglement, Em1m2 . This results in the behavior of E3 resembling that of Em1op. In contrast,

E2 ≡ Em1a op, depends on three bipartite entanglements Em1op, Em1a and Eop a, the last one of

which is shown to be negligible in Figure 4.5b. E2 is thus mainly driven by Em1op and Em1a;

henceforth, the behavior of E2 in Figure 4.5a is a hybrid of that of Em1op and Em1a in Figure

4.5b.
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Figure 4.6: (a) E3 and (b) E2 as a function of the temperature T (mK) for different values of the
pumping power P (measured in mW). ∆ = 0.5ωm and the other parameters are chosen as in
Figure 4.5.

To analyze the influence of the pumping power, we plotted in Figure 4.6 E2 and E3 as a

function of the environment temperature T , for different values of P . With the increase of driving

power, the values of logarithmic negativity increase and, relatively, resist better the environment-

induced decoherence. We also find that, for P = 15mW , E3 vanishes at T ≃ 0.65mk, while E2

survives until T ≃ 1.2mk, so E3 vanishes quicker than E2 due to the thermal environment. On

the other hand, for P = 5mW and for a fixed temperature T = 0.27mk, E3 = 0.048 while

E2 = 0.13, which shows that, compared to E2, E3 requires a much higher value of power that

increases the number of photons in the cavity and a very low number of thermal phonons, i.e.,

temperature.

It is an intuitive fact that entanglement is highly sensitive to fluctuations, with the mechanical

modes being much noisier and the fluctuations of the atomic mode being less noisy resulting

from the collision between photons of the light source and the photons emitted by the atoms.

This partly explains the reason of the fragility of E3 compared to E2 as the latter depends less on

the much more fragile correlations involving the mechanical modes than the former. Moreover,

we have an additional squeezed vacuum light, the injection of which reduces the fluctuations and

results in stronger correlations when it is involved; this illustrates well the usefulness of squeezed

light.
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The system under consideration is an optical ring cavity, which is characterized by a high-

quality factor and efficient coupling between the optical and mechanical modes since the use of

two movable mirrors enhances the field-mirrors interaction. Indeed, the pumping power circu-

lation inside the cavity amplifies its intensity and the displacement of the two movable mirrors

do enhance the optomechanical coupling. Lengthening the cavity provides further enhancement

of the interaction. A significant values of the power increases the circulation inside the cavity,

which in turn enhances the interaction and thus the entanglement, establishing the importance

of the parameter of power as well.
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Figure 4.7: The influence of the atom-cavity coupling Ga on E1 and E2 as a function of the
temperature T (mK). We choose P = 35mW , r = 0.6, ∆ = ωm.

Let us finally explore the effect of the atomic-field coupling strength Ga. For this purpose,

we simulate the tripartite entanglement E1 and E2 versus the temperature for different values

of Ga. It is observed that, for a fixed temperature e.g., T = 0.5mK as Ga increases, both E1

and E2 increase, and in general, one can achieve significant amounts of tripartite entanglement

for high couplings. This can, for instance, be achieved by increasing the atom numbers in

the cavity and with a strong driven laser that increases the number of photons as explained

previously, then a well-fortified interaction is achieved leading to a strong atom-field coupling.

Indeed, for high-quality cavities such as ring cavities considerable coupling can be easily realized

experimentally [115].

By comparing the plots 4.7a and 4.7b, it comes out that E1 is more resistant than E2 to
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the thermal-induced decoherence; e.g., when Ga = 8π106Hz, E2 vanishes at T ≈ 1.3mk while

E1 vanishes at T ≈ 1.5mk all the while maintaining a significant amount and plateauing over a

longer interval. It is clearly seen that E1 i.e., the {m1,m2, a} entanglement which is of interest in

this paper is greater than E2 i.e., {a,m1, op} even though atoms and mirrors are only indirectly

coupled in the Hamiltonian 4.9. As a matter of fact, E1 enhances at the expanse of the field-

mirror interaction via the radiation pressure as in [116].

As explained in the previous sections, the ring geometry provides a closed-loop configura-

tion for the light circulating within the cavity. This feedback mechanism allows for powerfull

interaction between the atomic ensemble and cavity field leading to a stronger coupling. As

the atoms absorb energy from the cavity field, they can undergo spontaneous emission. This

process involves the atom transitioning back to a lower energy state and releasing a photon into

the cavity field. In addition to spontaneous emission, stimulated emission can also occur. If the

atom is already in an excited state, an incoming photon from the cavity field can stimulate the

atom to emit a photon that is in phase and coherent with the incoming photon. This allows to

avoid a large number of photons interacting with the mechanical oscillators and get a stronger

and more persistent correlation between optical and mechanical modes. This enhances E1 and

results in the large plateau being less affected by the temperature effects.

All these results, confirm that a significant entanglement is established with a strong atom-

field coupling and can be optimized by the optical field squeezing.

As a conclusion, in this chapter we have proposed a theoretical scheme for the study of

steady state bipartite and tripartite entanglement. The system consists of a ring cavity with

a fixed mirror and two movable mirrors, as well as an atomic ensemble composed of two-level

atoms that are confined within the cavity. This latter is pumped with a coherent laser source

and a squeezed vacuum light allowing to enhance the quantum correlations. A proper analysis

of the dynamics of the coupled system is carried out, allowing for the derivation of the set of

quantum Langevin equations. These equations are then linearized to obtain the 8 × 8 steady

state covariance matrix that is fully describing the hybrid optomechanical system (cavity field

– atomic ensemble - two vibrating mirrors). The bipartite and tripartite logarithmic negativity

is used to evaluate the entanglement of the multimode system.

An analysis of the bipartite and tripartite entanglement shared by the coupled system con-

firms the negative influence of the environment’s temperature on the different types of entan-

glement. Some types of entanglement are more resilient than others. In particular, the benefits

of adding the atomic ensemble in the cavity are observed as it allows for a more resistant entan-
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glement. In this regard, we have shown that a stronger atomic-field coupling allows for a better

entanglement. On the other hand, with the increase of the power of the driving laser, significant

entanglement and broader effective detuning region can be achieved. In addition to that, we

have shown the needfulness of the squeezed light source since this latter allows for a strong

optomechanical coupling. The combination of an atomic ensemble, strong optomechanical cou-

pling and optimized cavity design makes the system less susceptible to thermal fluctuations. As

a result, entanglement is preserved even at higher temperatures. In our case, we obtain a large

plateau for entanglement against temperature. This is achieved because of the fact that the

atoms can extract thermal energy from the mechanical oscillator. This energy transfer occurs

when the atoms absorb phonons from the mechanical motion, effectively reducing temperature

and cooling the mechanical oscillator [117,118]. This process provides a strong and stable system

against environment fluctuations.

Such a scheme will open new perspectives for the application of quantum teleportation in

cavity optomechanics, the implementation of quantum memories [119] and quantum routers [120]

for continuous variable quantum information processing. The enhancement of the entanglement

in the cavity will prove critical for the cavity optomechanical sensing [121, 122]. The presence

of strong multipartite entanglement can be exploited to realize teleportation in optomechanical

ring cavities, similar to what was achieved in [123]. The added advantage here is the ability to

teleport quantum states between a multitude of modes.
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Chapter 5
Observation of Non-Gaussianity on nonlinear

optomechanical cavity

This chapter of the thesis seems to be the most different chapter of this work. While many stud-

ies undergo through the linearization process, as previously explored in this thesis, this chapter,

focuses on shedding light on the nonlinear interaction between the optical field and the mechan-

ical element within the optical cavity. Indeed, the light-matter interaction induced by radiation

pressure force is inherently nonlinear [124–126]. The nonlinear characteristic of optomechanical

systems have been frequently used for the creation of non-Gaussian states. This latter exhibit

to have an excellent sensing. Several optomechanical systems have been implemented to exploit

properties of nonlinearities, such as [127–129]. Therefore, it is of utmost importance to determine

how the nonlinearity can be further enhanced, or rather, how can we enhance the amount of non-

Gaussianity in an optomechanical system. Against this background, we quantify the amount of

non-Gaussianity between the two mechanical modes and the optical mode. Building upon the

foundation laid by the work of [130,131], where the authors quantify the non-Gaussianty of the

system, suggesting a viable mechanism for increasing the non-Gaussianity of optomechanical

systems even in the presence of noise.

The chapter is organised as follows. We begin by introducing the ring optomechanical system

and presenting the nonlinear Hamiltonian. Next in section 5.2 we solve the resulting dynamics

and provide a comprehensive calculation of the covariance matrix. That allows as to evaluate

the non-Gaussianity between the two-mode and three-mode scenarios (see section 5.3). Finally,

in section 5.3 we plot the non-Gaussianty as function of the time τ and finalize the chapter with

a discussion and concluding remarks.
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5.1 System and model

We consider the ring cavity illustrated in Fig. 5.1, as previously depicted.

Figure 5.1: Scheme of the optomechanical system under analysis.

5.2 Dynamics

Hamiltonian

The Hamiltonian of the system is given by

Ĥ = ℏωcâ†â+ ℏωmb̂†1b̂1 + ℏωmb̂†2b̂2 + ℏg(t)â†â cos2(θ/2)(b̂†1 + b̂1)− ℏg(t)â†â cos2(θ/2)(b̂†2 + b̂2),

(5.1)

where Ĥ is the free Hamiltonian already studied in the previous chapter. Now let’s rescale

the Hamiltonian and introduce dimensionless quantities to simplify the notation and graphical

representation of the system dynamics. This action involves transitioning from t to τ , where

τ = ωmt is the new, dimensionless time. And the optical frequency becomes Ωc := ωc/ωm . In

addition, the coupling become g(t) = g(ωmt)/ωm. We also rescale the Hamiltonian by ℏ, and

gets

Ĥ

ℏωm
= Ωcâ

†â+ b̂†1b̂1 + b̂†2b̂2 + g(τ)â†â cos2(θ/2)(b̂†1 + b̂1)− g(τ)â†â cos2(θ/2)(b̂†2 + b̂2). (5.2)

Now let’s move to solve the dynamics induced by 5.2.
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Time evolution of the system

To determine the expression for the time evolution operator U(t) for a system undergoing evo-

lution as described by 5.2. The unitary time-evolution operator reads

Û(τ) := T⃗ exp

[
−i
∫ τ

0
dτ

′
H(τ

′
)

]
, (5.3)

where T⃗ is the time-ordering operator [132]. The foundation for decoupling the operator involves

identifying a set of generators Ĝi that form a Lie algebra and drive the process of time-evolution.

This Lie algebra must be closed under commutation, that is, either [Ĝj , Ĝk] ∝ Ĝl, or [Ĝj , Ĝk] =

m where m is a scalar.

We begin by proposing the ansatz that the evolution operator 5.3 can be written as

Û(τ) = Π
j
Ûj(τ) = Π

j
e−iFjĜj , (5.4)

where Fj are coefficients corresponding to each of the generators Ĝj . Our objective involves

determining the coefficients Fj .

We initiate the process by establishing the operators Ĝj within the algebra :

N̂a := â†â N̂2
a := (â†â)2

N̂b1 := b̂†1b̂1 N̂b2 := b̂†2b̂2

N̂aB̂+1 := N̂a(b̂
†
1 + b̂1) N̂aB̂−1 := iN̂a(b̂

†
1 − b̂1)

N̂aB̂+2 := N̂a(b̂
†
2 + b̂2) N̂aB̂−2 := iN̂a(b̂

†
2 − b̂2)

(5.5)

It can be confirmed that the operators described in 5.5 constitute a closed Lie algebra through

commutation. Using these operators, our ansatz can be expressed as follows

Û(τ) = Ûa(τ)Ûb1(τ)Ûb2(τ)Û
2
a (τ)Û+1(τ)Û−1(τ)Û+2(τ)Û−2(τ), (5.6)

where we identify

Ûa(τ) = e−iFN̂a
N̂a Ûb1(τ) = e−iFNb1

N̂b1 Ûb2(τ) = e−iFNb2
N̂b2

Û2
a (τ) = e

−iF
N̂2
a
N̂2

a Û+1(τ) = e
−iFN̂aB̂+1

N̂aB̂+1
Û−1(τ) = e

−iFN̂aB̂−1
N̂aB̂−1

Û+2(τ) = e
−iFN̂aB̂+2

N̂aB̂+2
Û−2(τ) = e

−iFN̂aB̂−2
N̂aB̂−2

(5.7)
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To find the coefficients, we note the following equivalence:

T⃗ exp

[
−i
∫ τ

0
dτ

′
H(τ

′
)

]
= e−iFN̂a

N̂a e−iFNb1
N̂b1 e−iFNb2

N̂b2 e
−iF

N̂2
a
N̂2

a e
−iFN̂aB̂+1

N̂aB̂+1

e
−iFN̂aB̂−1

N̂aB̂−1
e
−iFN̂aB̂+2

N̂aB̂+2
e
−iFN̂aB̂−2

N̂aB̂−2
.

(5.8)

Upon differentiation of both sides, the Hamiltonian 5.2 emerges on the left side, expressed

in terms of the generators. Subsequently, multiplying both sides by U † yields the ensuing

differential equation:

ΩcN̂a + N̂b1 + N̂b2 + g(τ) cos2(θ/2)N̂aB̂+1 − g(τ) cos2(θ/2)N̂aB̂+2 = ḞN̂a
N̂a + ḞN̂b1

Ûa(τ)N̂b1

Û †
a(τ) + ḞN̂b2

Ûa(τ)Ûb1(τ)N̂b2Û
†
b1
(τ)Û †

a(τ) + ḞN̂2
a
Ûa(τ)Ûb1(τ)Ûb2(τ)N̂

2
a Û

†
b2
(τ)Û †

b1
(τ)Û †

a(τ)+

ḞN̂aB̂+1
Ûa(τ)Ûb1(τ)Ûb2(τ)Û

2
a (τ)N̂aB̂+1Û

2†
a (τ)Û †

b2
(τ)Û †

b1
(τ)Û †

a(τ) + ḞN̂aB̂−1
Ûa(τ)Ûb1(τ)Ûb2(τ)

Û2
a (τ)Û+1(τ)N̂aB̂−1Û

†
+1(τ)Û

2†
a (τ)Û †

b2
(τ)Û †

b1
(τ)Û †

a(τ) + ḞN̂aB̂+2
Ûa(τ)Ûb1(τ)Ûb2(τ)Û

2
a (τ)Û+1(τ)

Û−1(τ)N̂aB̂+2Û
†
−1(τ)Û

†
+1(τ)Û

2†
a (τ)Û †

b2
(τ)Û †

b1
(τ)Û †

a(τ) + ḞN̂aB̂−2
Ûa(τ)Ûb1(τ)Ûb2(τ)Û

2
a (τ)Û+1(τ)

Û−1(τ)Û+2(τ)N̂aB̂−2Û
†
+2(τ)Û

†
−1(τ)Û

†
+1(τ)Û

2†
a (τ)Û †

b2
(τ)Û †

b1
(τ)Û †

a(τ).

(5.9)

Note that, Ḟi = d
dtFi. Solving this equation and using the commutation of the operators we can

determine the coefficients and get :

FN̂a
= Ωcτ,

FN̂b1
= τ,

FN̂b2
= τ,

FN̂aB̂+1
=

∫ τ

0
g(τ

′
) cos2(θ/2) cos

(
τ

′
)
dτ

′
,

FN̂aB̂−1
=

∫ τ

0
g(τ

′
) cos2(θ/2) sin

(
τ

′
)
dτ

′
,

FN̂aB̂+2
= −

∫ τ

0
g(τ

′
) cos2(θ/2) cos

(
τ

′
)
dτ

′
,

FN̂aB̂−2
= −

∫ τ

0
g(τ

′
) cos2(θ/2) sin

(
τ

′
)
dτ

′
,

FN̂2
a
= −4

∫ τ

0
cos4(θ/2)g(τ

′
) sin

(
τ

′
)∫ τ

′

0
dτ

′′
g(τ

′′
) cos

(
τ

′′
)
.

(5.10)

We can now use these equations to find the simplified form of Û(τ). Furthermore, these coeffi-

cients will be frequently used, such as in quantifying the non-Gaussianity measure. Next, we will

examine the measure of non-Gaussianity based on the relative entropy of an initially Gaussian
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state.

Calculation using the covariance matrix formalism

When evaluating the degree of non-Gaussianity, it’s valuable to calculate the symplectic eigen-

values of the covariance matrix that refers to the second moments of a quantum state [133], and

can be used to fully characterise a Gaussian state [134]. First, let’s find the elements σnm(τ) of

the 6× 6 covariance matrix σ(τ) given by:

σ =


σ1 ε12 ε13

εT12 σ2 ε23

εT13 εT23 σ3

 , (5.11)

where, σ1, σ2 and σ3 are the local covariance matrix of the single-mode subsystems (optical

field, oscillating mirror 1, oscillating mirror 2), and ε represents their correlations. In a spe-

cific choice of basics X̂ = (â, b̂1, b̂2, â
†, b̂†1, b̂

†
2)
T the elements σnm(τ) are defined as σnm(τ) :=

⟨{X̂n, X̂
†
m}⟩ − 2⟨X̂n⟩⟨X̂†

m⟩. We get :

83



σ11 = σ44 = 1 + 2⟨â†â⟩ − 2⟨â†⟩⟨â⟩

σ12 = σ54 = 2⟨â†b̂1⟩ − 2⟨â†⟩⟨b̂1⟩

σ13 = σ64 = 2⟨â†b̂2⟩ − 2⟨â†⟩⟨b̂2⟩

σ14 = 2⟨â†2⟩ − 2⟨â†⟩2

σ15 = σ24 = 2⟨â†b̂†1⟩ − 2⟨â†⟩⟨b̂†1⟩

σ16 = 2⟨â†b̂†2⟩ − 2⟨â†⟩⟨b̂†2⟩

σ22 = σ55 = 1 + 2⟨b̂†1b̂1⟩ − 2⟨b̂†1⟩⟨b̂1⟩

σ21 = 2⟨b̂†1â⟩ − 2⟨b̂†1⟩⟨â⟩

σ23 = 2⟨b̂†1b̂2⟩ − 2⟨b̂†1⟩⟨b̂2⟩

σ25 = 2⟨b̂†21 ⟩ − 2⟨b̂†1⟩
2

σ26 = 2⟨b̂†1b̂
†
2⟩ − 2⟨b̂†1⟩⟨b̂

†
2⟩

σ31 = σ46 = 2⟨b̂†2â⟩ − 2⟨b̂†2⟩⟨â⟩

σ32 = 2⟨b̂†2b̂1⟩ − 2⟨b̂†2⟩⟨b̂1⟩

σ33 = 1 + 2⟨b̂†2b̂2⟩ − 2⟨b̂†2⟩⟨b̂2⟩

σ34 = 2⟨â†b̂†2⟩ − 2⟨â†⟩⟨b̂†2⟩

σ35 = 2⟨b̂†2b̂
†
1⟩ − 2⟨b̂†2⟩⟨b̂

†
1⟩

σ36 = 2⟨b̂†22 ⟩ − 2⟨b̂†2⟩
2

σ41 = 2⟨â2⟩ − 2⟨â⟩2

σ51 = σ42 = 2⟨âb̂1⟩ − 2⟨â⟩⟨b̂1⟩

σ61 = σ43 = 2⟨âb̂2⟩ − 2⟨â⟩⟨b̂2⟩

σ45 = 2⟨âb̂†1⟩ − 2⟨â⟩⟨b̂†1⟩

σ52 = 2⟨b̂21⟩ − 2⟨b̂1⟩
2

σ53 = σ62 = 2⟨b̂1b̂2⟩ − 2⟨b̂1⟩⟨b̂2⟩

σ63 = 2⟨b̂22⟩ − 2⟨b̂2⟩
2

σ56 = 2⟨b̂1b̂†2⟩ − 2⟨b̂1⟩⟨b̂†2⟩

σ65 = 2⟨b̂2b̂†1⟩ − 2⟨b̂2⟩⟨b̂†1⟩

σ66 = 1 + 2⟨b̂†2b̂2⟩ − 2⟨b̂†2⟩⟨b̂2⟩.

(5.12)

To compute the expectation values of components illustrated in 5.12, it is necessary to initially
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determinate the time evolution of the mode operators â, b̂1 and b̂2 induced by the Hamiltonian.

In the Heisenberg picture, the time evolution of the mode operators can be considered ba-

sically â(t) := Û †(t) â Û(t), b̂1(t) := Û †(t) b̂1 Û(t) and b̂2(t) := Û †(t) b̂2 Û(t). Given the case

when the optical mode is a coherent state and the two mechanical modes are a thermal coherent

states, which we denote |µc⟩, |µm1⟩ and |µm2⟩. These states satisfy the relations :


â |µc⟩ = µc |µc⟩ ,

b̂1 |µm1⟩ = µm1 |µm1⟩ ,

b̂2 |µm2⟩ = µm2 |µm2⟩ .

(5.13)

The assumption that the optical field is a coherent state is an available resource, since coherent

state model laser light quite well. For The mechanical element in optomechanical systems is

most often found in a thermal state. Our choice of initial coherent state and thermal coherent

state can be generalised by the initial state |ψ(0)⟩:

|ψ(0)⟩ = |µc⟩ ⊗ |µm1⟩ ⊗ |µm2⟩ . (5.14)

Now, let’s go back to the time evolution of the mode operators â(t), b̂1(t) and b̂2(t). Using 5.6

we explicitly find in terms of the generators of the Lie algebra :

â(t) := e−iFN̂a e
−iF

N̂2
a e

−2i(F
N̂2
a
+FN̂aB̂+1

FN̂aB̂−1
+FN̂aB̂+2

FN̂aB̂−2
)N̂a

e
−iFN̂aB̂+1

B̂+1
e
−iFN̂aB̂−1

B̂−1

e
−iFN̂aB̂+2

B̂+2
e
−iFN̂aB̂−2

B̂−2
â,

b̂1(t) := e−iFNb1 (b̂1 + (FN̂aB̂−1
− iFN̂aB̂+1

)N̂a),

b̂2(t) := e−iFNb2 (b̂2 + (FN̂aB̂−2
− iFN̂aB̂+2

)N̂a).

(5.15)

For simplicity, this expressions can be rewritten as :

â(t) := e−iFN̂a e−iθa(N̂a+
1
2
) D̂b(F

∗
1 )D̂b(F

∗
2 )â,

b̂1(t) := e−iFNb1 (b̂1 + F ∗
1 N̂a),

b̂2(t) := e−iFNb2 (b̂2 + F ∗
2 N̂a),

(5.16)
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where D̂b is a Weyl displacement operator and where we have introduces the quantities

θa = 2(FN̂2
a
+ FN̂aB̂+1

FN̂aB̂−1
+ FN̂aB̂+2

FN̂aB̂−2
),

F1 = FN̂aB̂−1
+ iFN̂aB̂+1

,

F2 = FN̂aB̂−2
+ iFN̂aB̂+2

.

(5.17)

Ignoring the global phases Ωcτ , and by transforming 5.16 into a rotating frame rotation with

Ωcâ
†â, we obtain :

⟨â(t)⟩ := e−i
1
2
θa e|µc|

2(e−iθa −1) e−
1
2
|F1|2 eF

∗
1 µ

∗
m1−F1µm1 e−

1
2
|F2|2 eF

∗
2 µ

∗
m2−F2µm2 µc

⟨b̂1(t)⟩ := e−iτ (µm1 + F ∗
1 |µc|

2)

⟨b̂2(t)⟩ := e−iτ (µm2 + F ∗
2 |µc|

2)

⟨ b̂21(t)⟩ := e−2iτ (µm1 + F ∗
1 |µc|

2)2 + e−2iτ F ∗2
1 |µc|

2

⟨ b̂22(t)⟩ := e−2iτ (µm2 + F ∗
2 |µc|

2)2 + e−2iτ F ∗2
2 |µc|

2

⟨â†(t)â(t)⟩ := |µc|2

⟨b̂†1(t)b̂1(t)⟩ :=
∣∣∣µm1 + F ∗

1 |µc|
2
∣∣∣2 + |F1|2|µc|2

⟨b̂†2(t)b̂2(t)⟩ :=
∣∣∣µm2 + F ∗

2 |µc|
2
∣∣∣2 + |F2|2|µc|2

⟨â2(t)⟩ := e−2iθa e|µc|
2(e−2iθa −1) e2(F

∗
1 µ

∗
m1−F1µm1) e−2|F1|2 e2(F

∗
2 µ

∗
m2−F2µm2) e−2|F2|2 µc

2

⟨â(t)b̂1(t)⟩ := e−i
1
2
θa e|µc|

2(e−iθa −1) e−
1
2
|F1|2 eF

∗
1 µ

∗
m1−F1µm1 e−

1
2
|F2|2 eF

∗
2 µ

∗
m2−F2µm2 e−iτ µc(µm1+

(|µc|2 e−iθa +1)F ∗
1 )

⟨â(t)b̂2(t)⟩ := e−i
1
2
θa e|µc|

2(e−iθa −1) e−
1
2
|F1|2 eF

∗
1 µ

∗
m1−F1µm1 e−

1
2
|F2|2 eF

∗
2 µ

∗
m2−F2µm2 e−iτ µc(µm2+

(|µc|2 e−iθa +1)F ∗
2 )

⟨â(t)b̂†1(t)⟩ := e−i
1
2
θa e|µc|

2(e−iθa −1) e−
1
2
|F1|2 eF

∗
1 µ

∗
m1−F1µm1 e−

1
2
|F2|2 eF

∗
2 µ

∗
m2−F2µm2 eiτ µc(µ

∗
m1+

|µc|2 e−iθa F1)

⟨â(t)b̂†2(t)⟩ := e−i
1
2
θa e|µc|

2(e−iθa −1) e−
1
2
|F1|2 eF

∗
1 µ

∗
m1−F1µm1 e−

1
2
|F2|2 eF

∗
2 µ

∗
m2−F2µm2 eiτ µc(µ

∗
m2+

|µc|2 e−iθa F2).

(5.18)

Providing a complete calculation of the time evolution operators allows to calculate the
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elements of the covariance matrix 5.12, subsequently yielding:

σ11 = σ44 = 1 + 2|µc|2(1− e−4|µc|2 sin2 θa
2 e−|F1|2 e−|F2|2)

σ12 = σ54 = 2 ei
θa
2 e|µc|

2(eiθa −1) e−
1
2
|F1|2 e−

1
2
|F2|2 eF1µm1−F ∗

1 µ
∗
m1 eF2µm2−F ∗

2 µ
∗
m2 e−iτ µ∗c |µc|

2F ∗
1 (e

iθa −1)

σ22 = σ55 = 1 + 2|F1|2|µc|2

σ25 = 2 e2iτ F 2
1 |µc|

2

σ26 = 2 e2iτ F2F1|µc|2

σ31 = σ46 = 2 e−i
θa
2 e|µc|

2(e−iθa −1) e−
1
2
|F1|2 e−

1
2
|F2|2 eF

∗
1 µ

∗
m1−F1µm1 eF

∗
2 µ

∗
m2−F2µm2 eiτ µc|µc|2F2

(e−iθa −1)

σ32 = 2F2F
∗
1 |µc|

2

σ33 = σ66 = 1 + 2|F2|2|µc|2

σ35 = 2 e2iτ F2F1|µc|2

σ36 = 2 e2iτ F 2
2 |µc|

2

σ41 = 2µ2c e
−|F1|2 e−|F2|2 e2(F

∗
1 µ

∗
m1−F1µm1) e2(F

∗
2 µ

∗
m2−F2µm2) e−iθa(e−iθa e|µc|

2(e−2iθa −1) e−|F1|2 e−|F2|2

− e2|µc|
2(e−iθa −1))

σ51 = σ42 = 2 e−i
θa
2 e|µc|

2(e−iθa −1) e−
1
2
|F1|2 e−

1
2
|F2|2 eF

∗
1 µ

∗
m1−F1µm1 eF

∗
2 µ

∗
m2−F2µm2 e−iτ µcF

∗
1

(|µc|2(e−iθa −1) + 1)

σ61 = σ43 = 2 e−i
θa
2 e|µc|

2(e−iθa −1) e−
1
2
|F1|2 e−

1
2
|F2|2 eF

∗
1 µ

∗
m1−F1µm1 eF

∗
2 µ

∗
m2−F2µm2 e−iτ µcF

∗
2

(|µc|2(e−iθa −1) + 1)

σ45 = 2 e−i
θa
2 e|µc|

2(e−iθa −1) e−
1
2
|F1|2 e−

1
2
|F2|2 eF

∗
1 µ

∗
m1−F1µm1 eF

∗
2 µ

∗
m2−F2µm2 eiτ µcF1

|µc|2(e−iθa −1)

σ52 = 2 e−2iτ F ∗2
1 |µc|

2

σ63 = 2 e−2iτ F ∗2
2 |µc|

2

σ56 = 2F2F
∗
1 |µc|

2

(5.19)

We have calculated the second moments and the covariance matrix σ(τ). our next step

involves quantifying the amount of non-Gaussianity of this state. To initiate this process, we

need to determine the symplectic eigenvalues by following these steps:

1. Calculate the covariance matrix σ.

2. Find the eigenvalues and eigenvectors of the covariance matrix σ by solving the character-
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istic equation : Det(σ − λI) = 0



σ11 − λ1 σ12 σ13 σ14 σ15 σ16

σ21 σ22 − λ2 σ23 σ24 σ25 σ26

σ31 σ32 σ33 − λ3 σ34 σ35 σ36

σ41 σ42 σ43 σ44 − λ4 σ45 σ46

σ51 σ52 σ53 σ54 σ55 − λ5 σ56

σ61 σ62 σ63 σ64 σ65 σ66 − λ6


(5.20)

3. The eigenvectors constitute a novel set of orthogonal mode functions for the system, while

the eigenvalues (λ1, λ2, λ3, λ4, λ5 and λ6) represent the variance of the quadrature operators

within these emergent modes.

4. The covariance matrix can be written in the form of a block matrix where each block

corresponds to one of the modes


σ1 0 0

0 σ2 0

0 0 σ3

 , (5.21)

with σ1 =

λ1 0

0 λ2

, σ2 =

λ3 0

0 λ4

, σ3 =

λ5 0

0 λ6

.

5. The three nonnegative symplectic eigenvalues is subsequently derived employing the fol-

lowing formula: Λi =
√
detσi.

Utilizing these symplectic eigenvalues, we are able to find the expression of the non-Gaussianity,

which will be presented comprehensively in the following section.

5.3 Measures of deviation from quantum Gaussianity

To apply a suitable measure of deviation from Gaussianity. We choose to employ a measure

denoted as δ, originally suggested in Refs [130,131,135,136]. Based on the comparaison between

the entropy of the final state and that of a suitably chosen reference Gaussian state [135, 136].

Given an Hamiltonian Ĥ, and an initial Gaussian state ρ̂(0) that evolves into the state ρ̂(τ)

at time τ . The nonlinear dynamics of our system expect an initial Gaussian state, to become

a non-Gaussian state at later times. Moreover, the only way to preserve its Gaussianity is to
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evolve through a linear transformation, induced by a Hamiltonian with at most quadratic terms

in the quadrature operators [134]. Introducing the previously obtained elements, we can derive

analytic expressions for the first and second moments of ρ̂(τ). Then, we construct a state ρ̂G(τ),

which is the Gaussian state defined by the first and second moments that coincide with those of

ρ̂(τ). Accordingly, the measure δ(τ) that quantifies how ρ̂(τ) deviates from ρ̂G(τ):

δ(τ) := S(ρ̂G(τ))− S(ρ̂(τ)), (5.22)

with S(ρ̂) is the von Neumann of a state ρ̂, defined as S(ρ̂) := −Tr(ρ̂ ln ρ̂), it vanishes if and

only if ρ̂(τ) is a Gaussian state [135]. The von Neumann entropy S(σ) in terms of symplectic

eigenvalues is given by S(σ) =
∑

i f(νi), where νi are the symplectic eigenvalues and f(x) =

x+1
2 ln

(
x+1
2

)
−x−1

2 ln
(
x−1
2

)
. The exact solution of δ(τ) is too long and cumbersome to be reprinted

here, but we plot the amount of non-Gaussianity over 0 < τ < 2π in the case where |µc| ≫ 1

and µm = 0. The explanation will be presented in the following section.
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Results
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Figure 5.2: The measure of non-Gaussianity δ(τ) versus time τ for different values of µc. (a)
corresponds to the non-Gaussianity of the optical and the mechanical mode 1. (b) represent
the non-Gaussianity between the two mechanical modes. (c) corresponds to the 3 modes non-
Gaussianity of the optomechanical system (optical, mechanical 1 and mechanical 2).

In figure 5.2, we shall examine the bi-mode and multimode non-Gaussianity for different values

of the coherent state parameter µc in the case where the nonlinear light–matter interaction is

constant: g(τ) = g0 = 1. To a significant extent, this holds true for the majority of experimental

systems. From the three graphs as µc increases the amount of non-Gaussianity increases which is

evident from the constructive or destructive interference of the optical field, resulting a variation

to deviation of the Gaussianity. We also see that the system reaches its maximum level of

non-Gaussianity. Then it conserve the same amount until τ = 2π, as seen on the plateau.

Meaning that, there will be a rapid decrease of non-Gaussianity before the system revives once

again. The main idea of this part of chapter, is to enhance the amount of non-Gaussianity.

Since this latter constitute an important resource for quantum computation [137,138], quantum

teleportation protocols [139] and entanglement distillation [140–142]. As shown in figure 5.2 the
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higher amount of non-Gaussianity corresponds to the three-modes (optical and two mechanical

modes). This illustrates well the convienient choice of a ring cavity.

5.4 Summary

In this chapter, we solved the time-evolution of a non-linear optomechanical ring cavity to

quantify the non-Gaussianity of both the two-mode and three-mode of the system. Our solution

is based on identifying a closed Lie algebra that facilitates calculations for the quantification

of non-Gaussianity. The measure relies on the relative entropy of a state to characterize the

deviation from Gaussianity within the system. First, we present the nonlinear Hamiltonian

and extract the symplectic eigen values from the covariance matrix to assess the amount of non-

Gaussianity of the state. We plot the evolution of non-Gaussianity over time in the case where the

nonlinear optomechanical coupling is constant. Subsequently, we analyze the observed behavior

and discuss the results. These findings carry significant implications for quantum control of

nonlinear optomechanical systems [143,144].
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Conclusion and future works

In conclusion, this thesis has explored two distinct concepts: the processes occurring the non-

linear regime that can be applied to study the non-Gaussianity of optomechanical modes. The

notion of nonlinearity refers to deviations from purely linear coupling between the optical field

and the mechanical displacement. Consequently, this can lead to a diverse range of behaviors

generated for various applications, such as generation of non-classical states, and quantum sens-

ing. The second process involves to perform a linearization technique. In the language of cavity

optomechanics, many systems exhibit linear dynamics. Linearization simplifies the equations

of motion by approximating nonlinear terms as linear ones around a particular operating point

or equilibrium position. This allows for the production and manipulation of correlated states

and generation of a fundamental concept widely used throughout this thesis, namely, “Entan-

glement” [145–148]. This latter plays a crucial role in quantum information processing and

quantum technologies.

To fully quantify and measure the quantum correlations, including entanglement and Gaus-

sian quantum discord within optomechanical ring cavity. I begin by presenting the design and

construction of a ring cavity and trying to answer the question. Why ring cavity? The cavity’s

geometry comprising two movable mirrors can minimize optical losses compared to other cavity

geometries, leading to higher finesse and powerful interaction against decoherence. Indeed, the

circulation of the optical power inside the cavity amplifies its intensity and the displacement

of the two movable mirrors do enhance the optomechanical coupling. That, exhibits advanta-

geous behavior towards the quantum correlations between the optical and mechanical modes.

To better analyze the properties of the entanglement generated by the intra-cavity mode and

the mechanical elements, I adopt a measure of entanglement based on an analytical solution

of the quantum Langevin equations, which is valid within the full parameter range of a stable
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cavity. Our findings reveal that ring optomechanical cavities possess a remarkable steady-state

entanglement that remains robust against temperature fluctuations. Moreover, entanglement

can be optimized under a particular parameter condition. Another concept, widely exploited in

coupled optomechanical systems, is aimed at shedding light on the possibilities of constructing

entangled states between the macroscopic and subatomic realms. For this reason, I attempt to

study this novel type of hybrid systems, whereby an atomic ensemble is placed inside the ring

cavity. The integration of the atomic ensemble essentially forms a well-fortified environment to

generate multipartite entanglement.

In addition to quantum entanglement, I studied Gaussian quantum discord, which is a mea-

sure of total quantum correlations, including entanglement. It can arise due to non-classical

correlations between the optical and mechanical modes. It has been demonstrated that some

separable states do contain some amount of quantum correlations. The exploration of Gaussian

quantum discord has revealed the subtler aspects of quantum correlations, highlighting their

role in non-classical information transfer and processing [64,149].

In the next part of the thesis, I introduce the field of theoretical nonlinear optomechanics,

where I define the notions of nonlinear as opposed to linear dynamics. I studied the mathematical

description and application of cavity optomechanical systems evolving in the nonlinear regime. I

solved the dynamics of the nonlinear Hamiltonian and used the solutions to derive the covariance

matrix. Through these calculations I computed the non-Gaussianity of the optomechanical

state using a relative entropy measure. And conclude that, optomechanical systems provide an

inherent nonlinear coupling that, when sufficiently strong, may lead to significant deviations

from Gaussianity in the evolved state. I hope that the results presented here will aid the

theoretical understanding of nonlinear optomechanical systems and motivate the developments

of future optomechanical experiments. Furthermore, it has been established that there is a

connection between the non-Gaussianity of a state and its Wigner function [150, 151]. This

means that the measure often requires supplementation with another metric of non-classicality,

such as assessing the negativity of the Wigner function to indicate when non-Gaussian states

are suitable for quantum information tasks. This proposition can be effectively incorporated in

our system in next work.

Finally, my future research perspectives will center around a well-established task in quantum

metrology: enhancing measurement precision using quantum Fisher information in ring cavity.

I will direct my focus towards investigating the relationship between entanglement and quantum

Fisher information in the context of cavity optomechanics.
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CENTRE D’ETUDES DOCTORALES-SCIENCES ET TECHNOLOGIES

Résumé

Cette thèse est consacrée à l’étude des corrélations quantiques au sein d’une cavité optomécanique en anneau. Cette étude
met en lumière l’interaction extraordinaire entre la lumière et le mouvement mécanique au niveau quantique. Une étude
théorique complète basé sur les principaux concepts de l’optomécanique est donné. Les progrès récents dans ce domaine ont
ouvert de nombreuses applications dans diverses structures. Dans ce contexte, On donne une description claire du choix
d’une cavité annulaire, qui présente un milieu idéal pour étudier les effets coopératifs grâce à leur interaction commune
avec le mode de la cavité. Les cavités annulaires diffèrent de la conception traditionnelle des cavités Fabry-Pérot par la
présence de paires de miroirs mobiles. Cela ajoute une manipulation dynamique supplémentaire du déplacement des deux
résonateurs, intensifiant ainsi le champ optique intra-cavité, contrairement au cas d’une cavité linéaire. Un autre type de
système présenté dans cette thèse, considéré comme une source de grande variété de phénomènes physiques, est le système
atome-optomécanique, où un ensemble d’atomes est confiné à l’intérieur de la cavité, permettant des interactions à longue
distance et des corrélations multipartites. Dans la deuxième partie de la thèse, l’accent est mis sur la composante non linéaire
de l’Hamiltonien optomécanique. La résolution de la dynamique est effectué en excluant le traitement de linéarisation. Cette
solution est basée sur l’identification d’une algèbre de Lie minimale et finie qui génère l’évolution temporelle du système, et
dérive une solution analytique pour calculer la non-Gaussianité du système en fonction du temps.

Mots-clefs: Optomécanique, intrication, cavité en anneau, corrélations quantiques, non-Gaussianité.

Abstract

This thesis focuses on the fascinating realm of quantum correlations within a ring optomechanical cavity, shedding light
on the extraordinary interplay between light and mechanical motion at the quantum level. A comprehensive theoretical
framework based on the principal concepts of optomechanics. Recent advancements in this have opened up numerous appli-
cations in various structures. In this context, a clear description of choosing a ring cavity, which serves as an ideal testbed to
exhibit cooperative effects through their common interaction with the cavity mode. Ring cavities differ from the traditional
Fabry-Perot cavity design by having pairs of movable mirrors. This adds an extra dynamic manipulation of the displacement
of the two resonators, thereby intensifying the intra-cavity optical field, unlike in the case of a linear cavity. Another type of
system presented in this thesis, which serves as a source of a wide variety of physical phenomena, is the atom- optomechan-
ical system, where an ensemble of atoms is confined inside the cavity, allowing for long range interactions and multipartite
correlations. In the next part of the thesis, the nonlinear component of the optomechanical Hamiltonian is emphasized.
The resolution of the dynamics is carried out excluding the linearization treatment. This solution is based on identifying a
minimal and finite Lie algebra that generates the time-evolution of the system, and derive analytic solution to compute the
non-Gaussianity of the system as function of the time.
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