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Résumé

Ce travail traite des Systemes non linéaires elliptiques et paraboliques d’équations aux dérivées partielles
dont la partie principale qui s’écrit sous forme d’une divergence. Dans les deux parties, on s’intéresse a

I’existence d’une solution faible de certains systemes elliptiques et paraboliques de types suivants:

—divo (z,u(z),Du(x)) = v(x)+ f(z,u, Du) + divg(z,u) dans 2

(QES)(f’g) u = 0 sur 0f)

—divo (z,u(x),Du(z)) = pdans)
(QES)
u = 0 surdf),
Ou — divo (z,t,u, Du) = v(x,t) + f(x,t,u, Du) + divg(z,t,u) dans Qo
(QPS)w) u(x,t) = 0 sur 9 x (0,7)

u(z,0) = wup(z) sur €

ou f et g sont des fonctions vérifiant quelques conditions de la continuité et de la croissance, v est
supposée dans le dual W=7 (Q, w*) (réspectivement L” (0,7, W1 (Q,w*, IR™))) dans (QES) s, (
réspectivement (QPS),) ou 1 une mesure de Radon. Dans ce travail I’application o vérifie des con-
ditions, de la régularité, de croissance et de coercivité. Cependant les hypotheses de monotonie sur o
sont ici plus faibles. Ainsi, ¢ ne doit pas €tre obligatoirement monotone dans ses derniéres variables
ou encore satisfaire la condition de la stricte monotonie de Leray- Lions. L’approche principale qu’on
utilise pour prouver I’existence d’une solution faible u de (QES)y,q) et de (QPS),) est basée sur les
conséquences de théoreme de Ball concernant la mesure de Young: A partir d’un schéma de Galerkin, on
construit une suite d’approximations uj dont Duy, est controlée; ce qui nous permet le passage a la limite.
Dans ce travail nous généralisons les travaux de Dolzmenn, Hungerbiihler pour les problemes (QP.S) g
et (QES) ) ou v est un vecteur de distributions réguliéres a des problémes dont le membre droit peut
également dépendre de la fonction inconnue w qui appartient a un espace de Sobolev avec poids; cette

extension peut constituer une avancée significative.



Summary

This work deals with elliptical and parabolic nonlinear systems of partial lying equations the main part,
which is written in the form of a divergence. In both parts, there is an interest in the existence of a weak

solution for some elliptical and parabolic systems of the following types:

—divo (z,u (), Du(x)) = v(z)+ f(r,u, Du) + divg(x,u) in
o u = 0 on 0f2
—divo (x,u(z),Du(z)) = pin

(QES)(#) 0 on 0

u

Owu — divo (z,t,u, Du) = wv(z,t)+ f(x,t,u, Du) + divg(z,t,u) in Qp
(QPS) ) u(z,t) = 0 on 00 x (0,T)
u(z,0) = wup(z) on Q

where f and g functions check some conditions of continuity and growth, v is assumed in the dual
W (Q,w*) (resp LY (0, T, W= (Q,w*, IR™)) in (QES) ;) (resp (QPS) ) and - 1z is a measure of
Radon. In this work the application of the application of the o verifies conditions, regularity, growth and
coercivity. However, the monotony assumptions on o are weaker here. Thus, omust not be monotonous in
its last variables or satisfy the condition of the strict monotony of Leray-Lions. The main approach used to
prove the existence of a low solution v of (QES)y,q) and (QPS) . is based on the consequences of Ball’s
theorem regarding Young’s measurement: From a Galerkin diagram, a Galerkin diagram is constructed
following approximations u of which Duy is controlled; which allows us to move to the limit. In this
work we generalize the work of Dolzmenn, Hungerb for problems (QFPS) s, and (QES) ) unknown u

that belongs to a Space of Sobolev with weight; this extension can be a significant step forward.
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Introduction Générale

Introduction

En analyse mathématique, les espaces de Sobolev sont des espaces fonctionnels particulierement adaptés
a la résolution des problemes des équations aux dérivées partielles. Ils doivent leur nom au mathémati-
cien russe Serguel Luovitch sobolev. Plus précisément, un espace de Sobolev est un espace vectoriel de
fonctions, muni de la norme obtenue par la combinaison de la norme L? de la fonctionelle elle méme et
de ses dérivées jusqu’a un certain ordre. Les dérivées sont comprises dans un sens faible au sens des dis-
tributions afin de rendre I’espace complet. Les espaces de Sobolev sont donc des espaces de Banach; qui
sont des espaces de fonctions pouvant étre dérivées suffisamment de fois ( pour donner sens par exemple
a une équation aux dérivées partielles ) et muni d’une norme qui mesure a la fois la taille et la régularité
de la fonction.

Les espaces de Sobolev sont un outil essentiel pour 1’étude des équations aux dérivées partielles. En
effet, les solutions de ces équations appartiennent a un espace de Sobolev qu’a un espace de fonctions
continues partiellement dérivables au sens classique. Les espaces de Sobolev sont un cadre fonctionnel
omniprésent dans 1’étude des EDPs elliptiques et paraboliques. Leur compréhension est donc une étape
nécessaire avant d’aborder les équations en question.

L’ étude des équations elliptiques avec second membre mesure est un theme tres riche depuis une ving-
taine d’années. Le premier résultat a ce sujet est celui de G. Stampacchia [57] qui concerne les équations

linéaires de la forme:

—div(A(Vu)) = p dans )
uw = 0, sur Of).

(0.0.1)



Ou (2 est un ouvert borné de IR" et A : 2 — M, (IR) est une application matricielle bornée qui vérifie
le critere d’ellipticités usuel A(z)¢.¢ > a | ¢ |* pour presque = € € et pour tout ( € IR". Le cas
linéaire est donc entierement résolu depuis 1965, le résultat complet dans [57] concerne des équations
semi-linéaires, de la forme:

—Au+g(u) = favec f € L(Q)

a été abordé peu apres, dans [9] par exemple.

Si I’on considere des équations elliptiques non-linéaires plus générales, comme:

—div(a(z,Vu)) = u dans §)
uw = 0, sur 0ON.

(0.0.2)

dont un exemple modele est le p— Laplacien: a(x, Vu) = |Vu|P~2Vu avec (1 < p < 00), le premier
résultat d’existence général d’une solution lorsque  est une mesure est di a, T. Gallouet et L. Boccardo
[12], et est daté, en 1989, la formulation pour laquelle une solution classique de (0.0.2) a été obtenue en
multipliant I’equation par une fonction-test assez régulicre et en integrant par parties, la solution est alors
dans les espaces de Sobolev W14()) pour tout ¢ < %; (cecipourp > 2 — %, afin que les espaces en
question soient bien définis).

Cependant, on sait que méme dans le cas linéaire, cette formulation ne permet pas d’avoir I'unicité de

solution voir [51], et ce probleme d’unicité reste encore majoritairement ouvert jusqu’ aujourd’hui.
Des nouvelles formulations ont alors vu le jour, avec I’espoir d’arriver a une définition de solution qui per-
mettrait d’obtenir I’unicité. On peut par exemple citer la formulation entropique, introduite dans [13], qui
donne 1’unicité mais n’est adaptée qu’au second membre dans L'(Q2) + W~ (Q); c-a-d, si on considere
les seconds membres qui ne chargent pas les ensembles VVO1 P — capacité nulle), "la formulation" SOLA
venue de [17], qui consiste a considérer uniquement des solutions de (0.0.2) approchables par les solu-
tions de problémes, avec second membre plus réguliers, mais avec des fortes restrictions sur 1’opérateur
considéré (en particulier, p = 2) voir [14].

I1 est fort probable qu’en 1999 ait vu un grand pas s’accomplir dans la recherche d’une formulation
qui donne I’existence et I’unicité de solution (0.0.2) avec I’introduction dans [18] de la notion de solu-
tion renormalisée qui accepte toute mesure au second membre et tout opérateur elliptique non-linéaire, et
quelques résultats d’unicité partiels (lorsque deux solutions sont comparables) sont aussi donnés. Mais
un résultat d’unicité vraiment satisfaisant est toujours en attente, méme s’il parait clair a beaucoup de

spécialistes du domaine que la formulation de [18] a éliminé toutes les causes de non-unicité.

L’étude des systemes elliptiques non-linéaires s’est révélée treés importante dans plusieurs problemes

14



physiques, citons a titre d’exemples:
-Dans les modeles de Thomas-Fermis en physique atomique [9].
-Dans la modélisation d’écoulements poreux en réservoir [29].
-Dans les fluides dynamiques.
-Dans la mécanique des milieux continus.
-Dans le mouvement des planetes.
-Dans I’infographie.
-Dans la restauration de I’image.
Parmi les travaux qui ont été effectués relativement aux problemes elliptiques de type Dirichlet, on

trouve [1]; les auteurs ont traité 1’équation dite fortement non-linéaires dégénérées de la forme
Au+ g(z,u, Vu) = f

dans le cadre des espaces de Sobolev avec poids ou A est un opérateur de second ordre a structure diver-
gentielle défini par,

Au = —diva(z,u, Vu),

oua : 2 x IR x IR" — IR" est une fonction de Carathéodory vérifiant les conditions de Leray-Lions,
avec () un ouvert borné de IR" (n > 1). La fonction g : Q x IR x IR"™ — IR est une non-linéarité forte
vérifiant la condition de signe g(z, s, ()s > 0 et une condition de croissance par rapport a , mais aucune
hypothese de croissance en s n’est supposée. Un travail initiatif a été fait par Leray-Lions [48] dans les

espaces de Sobolev classiques W™ (Q2) lorsque:
Au = E|a|gm(—1)|alDaAa({I}, u, ..., Vmu)

est un opérateur d’ordre 2m avec les coefficients A, vérifiant une condition de croissance polynomiale en

u et toutes ses dérivées et une condition d’ellipticité de type:

3" A, OCa > el

|| <m

Ces conditions jouent un role tres important dans le développement de la théorie générale des solutions

faibles des équations elliptiques non-linéaires. L’impulsion décisive de 1’étude du probleme de second

ordre de type Au = f, ol le deuxiéme membre est une mesure ou dans L' a été donnée par Boccardo

et Gallouet dans [12] and [11], et par J. M. Rakotosom dans [52]. Ils ont montré 1’existence de solutions
n(p—1)

faibles dans I/VO1 9(Q)) pour tout réel g tel que 1 < ¢ < ¢’ ot ¢ = 22—,

n—1
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Ces solutions faibles n’appartiennent pas en général a Wol’q(Q), et pour atteindre cette régularité limite,
les auteurs[12] ont supposé que | f|log|f] € L' () et2 — + < p < n.

Historiquement, considérons le probleme elliptique suivant:

Au= f dans (2,
u = 0 sur 0f),

(0.0.3)

avec Au = —div (a(x, Vu)) est de type Leray-Lions de W, (Q) vers son dual W~ (Q),

et ou la fonction de Carathédory a vérifie les hypotheses de croissance, de monotonie, et d’ellipticité sur
(2, ouvert borné de IR" et ou f est une mesure. L’étude se limite au cas o 1 < p < n car si p > n alors
WyP(Q) < C°Q), et par suite (C°(Q))" < W1 (Q); donc si f est une mesure de Radon, alors elle
devient un élément de dual TW~17 ().

Danslecasp > 2 — % avec [ une mesure de Radon, Boccardo et Gallouet [12] ont montré que la
solution faible du probleme (0.0.3) appartient a WO1 Tonl <qg<pt= %.

Or si p est proche de 1, plus précisement si 1 < p < 2 — % alors la solution u n’appartient pas a
Wie ().

Pour surmonter cette difficulté, Benilan, Boccardo, Gallouet, Gariepy, Pierre et Vazquez ont introduit
dans [8] un nouvel espace T, (Q) dans lequel on peut donner un sens au Vu, qui n’est pas en général
localement intégrable. L’idée consiste a introduire 7} (u), troncature de u, et de considérer VT u, et ceci
est introduit dans le but de choisir les solutions qui s’approchent le plus a des solutions physiques.

En 1965, Stampacchia, voir [57], avait consideré le probleme elliptique linéaire suivant:

—div(A*Vu) = f, pour f € M(Q), espace des mesures. Il a proposé une méthode donnant 1’existence
et I’unicité de la solution de la dite équation elliptique voir [51]; cette méthode utilise la dualité et conduit
au probleme variationnel suivant:
we [ We(Q),
a<iy (0.04)
—({div(A'V p),u) = /Qgpdf, Vi € Hi(Q) tel que — div(A'Vy) € U Wy (Q).

r>n
Cependant, pour les problémes elliptiques et f € M (Q), la méthode de Stampacchia ne fonctionne
plus avec des opérateurs non linéaires; ainsi Boccardo et Gallouet, dans [12] ont construit, par approxima-
tion, une solution pour les équations elliptiques avec des conditions aux limites homogenes de Dirichlet.

La formulation obtenue pour le probleme

—div(a(z,u, Vu)) = dans €2,
u= 0 sur 052,

(0.0.5)
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pour 4 mesure est:

N (@),

q< n(p 1)

—(div(A'V ), u) = /Q@df, Vo € Hy(Q) tel que — div(A'Vyp) € U

r>n

(0.0.6)

Le résultat d’existence, lorsque a dépend de u et Vu a été démontré en [29], [20], [51].
Dans [50] I’auteur a prouvé, dans le cas linéaire et en utilisant la méthode par approximation, 1’existence
de la méme solution que celle de Stampacchia.

Dans cette direction citons aussi les travaux [13], [45] and [53]. Ainsi dans un cadre plus général
des espaces d’Orlicz Sobolev, on trouve les travaux d’ Azroul, Benkirane et Tienari [3] ou les auteurs ont

étudié la régularité de solution de I’équation du Poisson

Au = f.

On trouve aussi un travail récent qui concerne 1’existence de solution de problemes elliptiques non linéaires
non homogenes ou anisotropies avec second membre mesure, dans un espace de Sobolev a exposent vari-
able p(x), et u est une mesure de Radon. Ce travail a été traité par Barbara. A, Azroul. E, M. B.
Benboubker, H. Redwane, voir [6] et [7].

Dans notre travail on s’intéresse aux problemes de Dirichlet sous formes des systemes elliptiques et
paraboliques d’équations aux dérivées partielles. Un travail qui a été fait sur les systeémes quasi-linéaires

est celle de Hungerbiiehler, N [36] dans I’espace de Sobolev classique W1 (§2) sous les formes suivantes:

QES) ., —divo (z,u(z),Du(x)) = v(x)+ f(z,u, Du) + divg(z,u) in Q 00.7)
u = 0 on 0f),

—divo(x,u, Du) = pin <
u = 0ondf2

(0.0.8)

ol v est dans W17 (Q, R™), <§ + }% =1p> 1), f et g satisfont les conditions de continuité et de
croissance. o est une fonction de Carathéodory vérifie les conditions de croissance, de coercivité et non
pas obligatoirement la monotonie large.

Dans cette these on traite des systemes non linéaires d’équations aux dérivées partielles dont la partie
principale s’écrit sous forme d’une divergence, pour un domaine borné €2 dans /R" et une fonction u =
(ug, ..., uy,) & valeurs dans IR™.

Ce travail est constitué de deux parties.
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La premiere comporte quatre chapitres. qui traitent, avec un minimum des conditions, I’existence
d’une solution faible de systemes; (QES)(v), (QES)(y,q), (QES)(s,qy €t (RES) () (indiqués ci dessous)
dans I’espace de Sobolev avec poids VVO1 P(Q,w, IR™) (ot w est une famille de fonctions poids), et dans

I’une des types de "monotonie" suivantes:

a) pour tout x € (), et tout u € IR™, I’application F' — o(x, u, F') est de classe C", et monotone( i-e,

(o(z,u, F) —o(x,u,G)): (FF—G) >0, pour tout z € 2, tout u € IR™ et tout F, G € IM™*").

ow
b) elle existe une fonction W : Q x IR™ x M™*" — IM™*" tel que o(x,u, F') = a—F(m,u, F)et

F —— W (x,u, F) convexe, et de classe C"*.

¢) For all z € €, et pour tout u € IR™ I"application F' — o(xz,u, F') est srictement monotone (i.e,

o(z,u,.) est monotone et :[(o(z,u, F) — o(x,u,G)) : (F —G) =0 = F = G).

d) o(x,u, F') est strictement p-quasi-monotone en F, i.e,
/ (o(z,u, \) — a(z,u, X)) : (A= N))dI(N\) >0,
Man

1) est une mesure de Radon sur €2 de masse finie
de chacun des systemes quasi-lineaire elliptiques suivants:
—divo (x,u(z),Du(z)) = wv(x)inQ

(QES)(v) . 0 (0.0.9)
U = on ,

_d ’ 7D = + ) i Q
(QES),, ivo (z,u(x) u(:z:)l)b - Z(:L’) f(z,u)in - 0.0.10)

(QES) —divo (z,u (z), Du(z)) = 1(;(96) + f(x,u, Du) —i—;lg)g(x, u) in ©00.11)
u = on 99,

—divo (z,u(x),Du(r)) = pin
(QES)(,, (0.0.12)
u = 0 on 052,
ou I’application o vérifie les conditions de régularité, de croissance et de coercivité. Ainsi o ne doit pas

étre obligatoirement monotone dans ses dernieres variables ou encore satisfaire la condition de stricte
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monotonie d’un opérateur de typique de Leray-Lions comme c’est par exemple le cas dans la théorie clas-
sique des opérateurs monotones développés par Visik, Minty, Browder[16], Brézis[15], Lions[46], et bien
d’autres...

La clé que nous utilisons pour prouver 1’existence d’une solution faible v de chacun des systemes au
dessus est I’approche par des mesures de Young. En appliquant le schéma de Galerkin pour construire
une suite d’approximations u; puis on applique les conséquences de théoreme de Ball[5] qui donne alors
un contrdle suffisant sur la suite Dy, pour passer a la limite.

La deuxieme partie concerne a I’existence d’une solution faible des systemes paraboliques dans I’espace

de Sobolev avec poids L*(0, T, WH(Q, w, IR™)) suivants:

Owu — divo (z,t,u, Du) = v(z,t) in Qp
(QPS) uw(x,t) = 0 on 9N x (0,7)
u(z,0) = wup(zr) on Q

Ou — divo(z,t,u, Du) = v(x,t) + f(x,t,u) + divg(z,t,u) in Qp
(QPS)(w) u(z,t) = 0 on 90 x (0,7)
u(z,0) = wuo(z) on Q

ou — divo (z,t,u, Du) = wv(z,t)+ f(x,t,u, Du) + divg(z,t,u) in Qp
(QPS)w) u(xz,t) = 0 on 002 x (0,7)
u(z,0) = wup(z) on

Avec v dans LP (0,7, W= (Q,w*, R™)) et uy € L*(Q,wy, R™), f et g satisfont les conditions de
continuité et de croissance. L’application o est une fonction de Carathéodory vérifie les conditions de
croissance, de coercivité, et ’'une des types de "monotonie" a), b), c), ou d) indiqués ci- dessus. On
utilise aussi dans cette partie 1’approche par des mesures de Young; (apres avoir construit une suite dite
approximation de Galerkin ) pour passer a la limite.

Ce travail est le premier qui concerne les systémes quasi-linéaires elliptiques et paraboliques dans un

espace de Sobolev avec poids, et avec les conditions de "monotonie" a), b), ¢), ou d).
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Chapter 1

Preliminaries.

This part presents some basic elements on function spaces.

1.1 Notations and standard spaces

In this thesis, €2 we will denote an open domain in Euclidean space IR". Points in /R" are denoted by

r=(x1,...,x,), where z; € R, 1<i<mn.Ifz,yc IR", the inner product of x and y is

=1

and the Euclidean norm of z is \/z.x.

Next, we denote by M ™™ the real vector space of m x n matrix equipped with the inner product

M : N =3, M;;N;; and the tensor product a ® b between two vectors a,b € IR™ is defined to be the
matrix (a;b;); j=1,...m-

More generally, if X and Y, respectively, are a Banach and a Hilbert space, ||.||x and (, )y will denote the
norm in X and the inner product in Y. Moreover, X’ will denote the topological dual of X. In this case,
we denote the dual pairing between 2’ € X' and x € X by (2, z). As usual, we use the notations— and
—* to indicate weak convergence and weak-* convergence respectively.

Ifu:Q— IR™, with m € IN*is a function defined on €2, the support of u is defined by

spt(u) = QN {x € R wu(x)#0},
where the closure of a set S C IR™ is denoted by S. The boundary of a set S C IR" is defined by
S =SNR"~ S
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and the characteristic function of S is denoted by x 5. Moreover, B, () will denote the open ball of radius
r centered at xg in IR".
If « = (g, ..., v,) is an n — tuple of non-negative integers, « is called a multi-index and the length of «
is

af = B i
If v = (21,....,x,) € IR", we will use the notation z* = z{'...2%" and a! = a4!....a,,!. The partial

derivatives operators are denoted by D; = 9/0z;, for 1 < i < n, and the higher order derivatives by

olal

D =D . D" = —— .
Oxit...0x{™

The Jacobian matrix of a function u : {2 — IR™ (which is the gradient as m = 1) is denoted by
Diui(z)....... Dypui(z)
Du(z) = (Duy (), ..., Du,(z)) = ( )
Dium/(x)....... Dpum(x)

We denote by C'(2) = C? the space of continuous real-valued functions on (.

More generally, if k is a non-negative integer, possibly oo, let

Ck(Q):{u:Q%R] D% € C(2); Og\a\gk}

CH(Q) = {u € CH(Q) | sptu compact, sptu C Q}

CH(Q) = {u € C*(Q) | D™ has a continuous extension to Q, 0 < |a| < k}

Moreover, D(£2) denotes the space C2°(£2) endowed with a topology so that sequence (u) converge to
an element © € D(() if and only if there exists a compact K C (2 such that sptu, C K for all k£ and
D%uy, — D%u uniformly on K for each multi-index «. Finally, Cy(/R"™) denotes the Banach space of
continuous functions v : IR" — IR satisfying l[im¢|cu = 0 equipped with the L°°— norm.

We will use C*(2, IR™) to denote the class of functions u : @ — IR™ defined on 2 whose coordinate
functions belong to C*(€2). Similar notations are used for other function spaces whose elements are vector-
valued.

as one of the aims of this work is to solve a parabolic system of PDEs, we will consider vector -valued
functions of the form u : Q x (0,7) — IR™. In this context, for 7" > 0 finite, (27 will designate the
cylinder Q2 x (0,7") and the Jacobian matrix of u : Q7 — IR™ will be denoted by

Diui(z)....... Dnui(z) Opui(zx)
Vu(x) = (Du(z), Owu(z)) = ( )
)

Dium()....... Dnum(z) Orum(x
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In the theory of parabolic PDEs, it is often useful to regard functions v : {2 — IR™ as vector-valued

functions of only one variable, namely the time variable.

Definition 1.1.1 Let Xbe a Banach space and 0 < T < oco. The space C*([0,T], X) with k € IN consists
of all continuous functions u : [0,T] — X that have continuous derivatives up to order k on [0, T] with

the norm

t) |lx

I H_ < 0<t<T

Here, only the right hand and the left hand derivatives need to exist at the boundary pointt = O andt =T
respectively. We write C*([0, T, X) instead of C°([0,T], X). Equipped with the norm ||.|, C*([0,T], X)
is a Banach space (proposition 23.2 [65]).

1.2 Lebesgue spaces.

For p €]0, oo] and m € IN*, we consider the usual Lebesgue space LP(§2, IR™ consisting of all measurable

functions ( identified modulo the relation "equal almost everywhere"u : €2 — IR™ for which

u{</ e if p>0}<oo

esssupzcqlu(z)| if p=oo

hold. Here dx denoted the usual Lebesgue measure. Note that we may also regard LP(2, IR™) as the
m-cartesian product of the space LP(€), IR). In this sense, one may equipped LP(€), IR™) with various

equivalent norms and in particular with |.|, given by

m 1 m
|ul, = (Z |yuj||g) Vou=(u, . un) € [[L7(QR).
J=1 j=1
Moreover, when € has finite measure we have that L(Q2, IR™) C LP(Q2, IR™) for 0 < p < ¢ < oo and
lully < cllully  Vu € LIQ, R™),

for a constant ¢ = ¢(| Q |,p,q), where | Q |= / Xadz denotes the volume of 2. The embedding
Q

Li(Q, R™) C L*(Q, IR™) is then conditions. In this case, we will adopt the following notation:

LY(Q, R™) — LP(Q, R™).
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When p > 1, |||, is anorm and (LP(£2, IR™), ||.||,) a Banach space. In the special case p = 2, L*(Q2, R™)

equipped with the inner product
(u,v)y = /Qu(:z;)v(x)dx u,v € L*(Q, R™)
is a Hilbert space. Of course,
LP(Q,R™) C L (R ={u:Q— R™ wucL' (A R™ VACS measurable and bounded}

holds. Again, note that in the particular case where (2 is bounded, we have an interesting property.

Theorem 1.2.1 (Vitali)
Let Q) C IR™ be a open bounded domain and let (u,,) be a sequence in LP(Q, IR™) with 1 < p < cc. Then

(uy) is a Cauchy sequence in the LP — norm if and only if the two following conditions hold:

e (i) (uy)isa Cauchyin measure (i.eNe > 0{x € Q: |u,(z) — up(z)| >} -0 asm,n —

00)
o (ii) (|un|?) is equi-integrable ( i.e. sup/ |up|Pdx < 0o and Ve > 0;36 > 0 such that
n Jo

\/ |un|Pdz| < € for all n whenever E C Q) and |E| < 0).
B

For the proof, see e.g [33]. Note that this theorem is also valid with a third condition when €2 is not
bounded [30], page 180.
Next, we denote by p’ the Holder conjugate of p € [1, oo| which is defined by:

(co if p=1),(1 if p=00) 11
p = { , orequivalently —+ — = 1}
p D

p’%l if 1<p<oo

if we adopt the conventions + = oo and = = 0if u € LP(Q,[R™) and v € L” (2, R™), then u.v €

L'(Q, IR) and the Holder inequality hold
v fa<[l wfly - [ wfly -

moreover it is will known that if 1 < p < oo, LP(Q2, IR™) is separable and C2°(€2, IR™) is dense in

LP(Q, IR™). Inthe case 1 < p < oo, LP(2, IR™) is uniformly convex and therefore reflexive. In fact,
(LP(Q, R™)) = LV (Q, R™), Vp €]l,00].
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Note that (L'(Q, IR™))" = L>(12, IR™) also hold but even though L' (2, IR™) C (L>(Q2, R™))",  (L=(Q, IR™))’
is not isomorphic to L!(€2, IR™). In the treatment of non-linear parabolic PDEs systems, we will consider

the Lebesgue space LP(0, T, X) consisting of vector-valued functions of the time variable.

Definition 1.2.1 Ler X be a Banach space and 0 < T' < oc. The space L?(0,T, X) with
1 < p < oo consists of all measurable functions ( identified modulo the relation "equal almost every-

where") u :]0, T[— X for which

T 1
( / lu@)|Bdt)s, if p=1
0 } < 00

essSupsejo,rillu(t)lx if p=oo

lullroir = {

hold.
Again, equipped with the norm ||.||»(0,r,x), LP(0,T, X) is a Banach space. In the special case where

p = 2 and X is a Hilbert space, L*(0,T, X ) equipped with the inner product

(u,v) L20,1,x) = /OT(u(x),v(x))th u,v € L*(0,T, X)

is a Hilbert space. Moreover, if 1 < p < q < oo the following Holder inequality holds for all
ve LP(0,T,X") and allu € LP(0,T, X)

T

| It e < ol o

and LY(0,T, X) — L?(0,T,Y) for all Banach space X, Y such that X — Y.
Next, the set of all simple function u : [0,T] — X and also C*([0,T], X) are dense in LP(0,T, X) as
p < 0o. Moreover, the embedding C*([0,T), X) < LP(0,T, X) is continuous. If 1 < p < oo, LP(0, T, X)
is uniformly convex and reflexive and separable when X is a reflexive and separable Banach space. In
fact

(LP(0,T, X)) = LP(0,T,X")  Vp€]l,o0].
As above (L>(0,T, X)) is not isomorphic to L*(0, T, X").
When € is bounded, the particular case X = L(0,T, X) is interest in the theory of non-linear parabolic
PDEs system. foralll1 <r <p<ooandalll < s < q < oo, we have

LP(0, T, LY(Q, R™)) — L"(0,T, L*(2, IR™))
Moreover, if p = q,

LP(0,T, LP(Q, IR™)) — LP(Q2x]0,T[, R™).
And in the case 1 < p, q < oo, we have

(LP(0, T, LY(Q, R™))) = L¥ (0, T, L7 (Q, R™))
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1.3 Sobolev spaces.

For 1 < p < ooand k € IN, we consider the standard Sobolev spaces

e [H*P(Q, IR™) = the the closure of {u € C*(Q, R™) | |Jullr, < oo} in LP(Q, IR™)
eWHP(Q, IR™) = {u € LP(Q, R™) | D*u € LP(2, IR™) for 0<|a| <k} (D% is the weak derivate of u)
WEP(Q, R™) = the the closure of C=(Q, R™) in W*P(Q, R™),

where the norm ||. ||, is given by

1
P
(ZO<|(1<I¢D&“5) if p>1
lley = { |

maxg<|q|<kl/D%ullec if p=00
We recall that D* f is the weak (partial) derivative of f € L'(Q, IR™) if there exists a g, € L'(Q, R™)

such that D* f = g, hold in the distributional sense, i.e. such that

/ f(&) Do) = (1) / guib(e)de Vo € C(Q, R™).

WP (Q, IR™) is a Banach space for all p € [1,00] and all k € IN. In particular, equipped with the inner

product

(U, v)k,? = Z (Dau7 Dav)27

0<|al<k
Wk2(Q, IR™) is a Hilbert space.
Next, WP (Q, IR™) = LP(£2, IR™) holds clearly for all p € [1,00|. For any k € IN, the embedding

WP (Q, R™) — WFP(Q, R™) — LP(Q, R™)

are also clear. Moreover, we have H*?(Q, IR™) C W*P(Q, IR™). If 1 < p < oo,
WoP(Q, R™) = LP(Q, R™). We identified the dual of W;?(Q, IR™) for p €]1, o[, with W5#' (Q, R™),

(W (2, R™)) = W (Q, R™)
where W57 (Q), IR™) denotes the completion of L¥ (2, IR™) with respect to the norm || . ||, given by
| v || =k = sup{| /Qu.vdx\; e WrP(Q, R™) with || u|p,< 1}
Equipped with the norm || . ||, which satisfies
[y Voe /(@ R™)
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and (generalized Holder inequality)
|<”U,U>| SH u ||k7p|| v ||—k,p’ Vu € Wé€7p(Qa ]Rm)v v E W_kp/(QvBm)‘

W= (Q, IR™) is a separable and reflexive Banach space.

Theorem 1.3.1 (Rellich-Kondrachov) Let () be an open bounded domain in IR". Then, if kp < n and
p > 1, Wég’p(Q, IR™) is a compactly embedded in L(S), IR™) where q < p* =
dp, W(f P(Q, R™) is compactly embedded in C(Q), IR™). see e.g.[63] theorem2.4.4.

nkp If kp > n +

1.4 Weighted Sobolev spaces.

Letl < p < oo, 2bounded open domainin R" andw = {w;; | 0<i<n, 1 <j<m},andwy = (wo;)
forall 1 < j < m the weight functions system defined in 2. The weighted Lebesgue space L?({2,~, IR™)

is the set of functions

Q3 R™) = {u=u(a) | [u|y¥ € L(QR")},

withy = {v; | 1 <j <m}isaweighted function on Q2 i-e. ,(z) is a non-negative measurable functions

e.a;iny(x), forall j = 1;...... ,m The weighted Lebesgue space LP((,, IR™) equipped by the norm:

Jull, Z A

The topological dual space of LP(£2,~, IR™) is equivalent to
(LP(2,7, R™)) = LV (2,7, R™),

with v* = {(7;)" = ()" | 1<j<m}.

The space W'P(Q, w, IR™) is the set of functions
ou’
8xj

{u =u(z) | u € LP(Q, Wy, R™), Diju = € LP(Quwy, R™), 1<i<n, 1<5< m}}

with
LP(Q, wij, R™) = {“ = u(z) | |u|wy> € LP(QJRm)} '

The weighted space W1P(§2, w, IR™) can be equipped by the norm

. = (Z JADIEY S SR AT wudx>
j=1
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The norm ||. |, is equivalent to the norm ||| . ||| on W, * (€, w, IR™), defined by

|||u|||=( > |Diju|pwz-jdas)

1<i<ni<ji<m

The topological dual of (W?(Q, w, IR™))’ is equivalent to
(WP (Q,w, R™)) = WL (Q,w*, R™)

with w* = {w}; :ngfp/’ 0<i<n, 1<j<m}.
-1

If wi' e L (Q), forsomep €]1,00[, forall 0 < i < n, I < j < m then The weighted

ij loc

Sobolev space WP (Q, w, IR™) is a Banach space, separable and reflexive, if more w;; € L}, .(Q) for all
0<i<n, 1< j<m,theweighted Sobolev space W,"(Q,w, IR™) is the closure of C>°(, IR™) in
WhP(Q,w, IR™) equipped by the norm |||, ..

If the conditions satisfying w;; € L},.(Q2) and 3s > 0 such that w;;* € L'(Q), then W, (Q,w, R™) is

loc

reflexive and W, " (Q,w) < LP(Q) See [4], [24].

1.5 Lorentz spaces.

In this subsection, we consider measurable functions f : {2 — IR™ on the measure space (2, Lebesgue measure)

which are finite-valued almost everywhere and such that
{zeQ: |f(z)| >y} <oo

for some y > 0. As usual, we identify functions which are equal almost everywhere. For such functions
f, we define

e the distribution function \s :]0,00[— IR of f by

Ar(y) = He e @ |f(@)] >y}

and

e the non-increasing rearangement f* :]0, oco|— IR of f by

Pty =ity >0: Aly) <t}

Clearly, the distribution function A; is non-negative and non-increasing and continuous from the right.
Moreover, since Af(y) < oo for some y > 0 and f is finite valued a.e., we have that A\;(y) — 0 as

y — oo. It follows that the function f* is well defined and it is easy to see that f* is non-negative and
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non-increasing.

Next, it follows immediately from the definition of f* that
() <y, Yy >0.
Since Ay is continuous from the right, we have also
Ar(fr () <t, Vt>D0.

In fact, if \; is continuous and strictly decreasing, then f* is the inverse function of \; and

Ap(y) = As(y), Yy >0

Now for p, g €]0, co], we consider the Lorentz space LP4(€2, IR™) consisting of all measurable functions

(identified modulo. the relation "equal almost everywhere ") f : @ — IR™ for which || f||> . < oo, where

(: [[@rord) o 1sra<s
HfH;Z,q:{ o !

sup;~o t? f*(t) if 1<p<oco, g=oc

o dt
Note that the case p = oo and 1 < ¢ < oo is note of interest since / (t%f* (t))q? < oo implies f =0
0
almost everywhere. The LP9(2, IR™) is a linear space. In fact, equipped with the topology induced by

[-1l;,, via the relation (n — oo),

fo— f in LPYQ,R™) < ||fu — fll5, — 0

LP4(Q), IR™) is a topological vector space. With Hardy’s inequality, one can prove that this space is
metrisable and even complete, see [40] and LP9(Q), IR™) with 1 < p < coand 1 < g < oo may be
equipped with a norm which defines an equivalent topology. Thus these space are Banach space.

In any case, if 1 < p < ooand 1 < g < oo, the following Holder inequality for Lorentz space holds

I f-g < el DIl ll9l o

forall f € LP(Q, IR™) and g € LP9(Q, IR™). Moreover 1 < p,q < oo, we have the following duality
relation

(LP9(Q, ™)) = L7 (Q, IR™)
and so LP4(Q), IR™) is reflexive. Again, even though LP!(Q, IR™) is not reflexive for 1 < p < oo, we

have

(LPY(Q, R™)) = LP*(Q,R™).
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If 0 < p < oo, we have
LPP(Q, R™) = LP(Q, R™)

and

LP(Q, R™) — LP%2(Q, IR™)
for ¢; < go. In particular
LPI(Q, R™) — LP(Q2, R™) — LP"(Q, R™) — LP>(Q, IR™)

for 0 < ¢ < p < g9 < co. Note that since f* is essentially the inverse function of ), we have:
q b=>q y f

[fllp00 = suptr f7(t) = supy(As(y))?.
t>0 y>0

Theorem 1.5.1 Let be ) a bounded open domain in IR" and p > 1. Then
LP>(Q, R™) < LY(Q,R™) Vq €]0,p|.

See e.g.[50] for the proof.

1.6 Radon and Young measures.

This part presents the main tools we use to prove the existence of a solution of systems of quasi-linear
partial differential equations(in particular with measure -valued right hand side ), namely approximation

of Radon measure and Young measure.

1.6.1 Bounded Radon measure

In this section, we recall first the basic elements of this theory, in particular the standard characterization
of such measures. Then, we present a version of usual approximation of bounded Radon measure by
smooth functions. Refer to the classical literature, e.g. [19] , [23], [30] and [55].

Let M () be the set of bounded real (signed) measure on an open domain {2 in IR", equipped with the

norm ||||»s defined by

[l ar = |pl(€2) ¥V p € M(Q),
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where || = pt + p~ denotes the total variation of p, M () is a Banach space. Moreover, it is well
known that M (Q2) coincides with the victor space of bounded Radon measures.

Next, we denote by M (€2, IR™), with m € IN*, the Banach space of vectors x of bounded Radon measures
= (1, ) with p; € M(Q) for i=1,...,m.

equipped with the norm ) 37" | ||14||ar. Moreover, if f : Q — IR™, we set

/Qfdﬂzi:/gfjdﬂj-

Proposition 1.6.1 The application ¢ which to each element 1 € M (Q2, IR™) associates the continuous

linear form 1, : f — fQ fduin C.(£2, ZRm)/ is an isometric isomorphism and therefore
C.(Q, R™) = M(Q, R™).

For the proof see [30]( theorem 7.17). The isomorphism ¢ implies a natural definition of the weak —*

convergence in M (Q, IR™).

Definition 1.6.1 Let Q) be a measurable subset of IR", (u)ren and pu be a sequence and respectively

an element in M (€2, IR™). We say that (i) converges (weakly — %) to u, which is denoted by () —* p,
if
[ g [ gau v fecuemm.
Q 0

Proposition 1.6.2 (Approximation of Bounded Radon measures )
Let Q) be a bounded open measurable set in IR". For m > 1, let p € M(Q, IR™) be a vector of Radon

measures. Then there exists a sequence (vy)en of functions belonging to

C>®(Q, R™) N L>(Q, R™)for all k € IN such that
o (i) vy =" in M(Q,IR™) as k — oo

o (@0) l[onllw<llpllar for all ke N

For proof see e.g.[39], (section 4).
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1.6.2 Young measures.

Weak convergence is a basic tool of modern nonlinear analysis because it enjoys the same compactness
properties that convergence infinite dimensional space does. Nonetheless, this notion does not behave as
one would desire with respect to nonlinear functionals and operations. Young measures are a device to
understand and to control these difficulties.

In this section, we introduce Young measures as disintegration families resulting from the Ball’s theorem.
Note that this definition of Young measure does not entirely correspond to the original one. The link
between the useful formulation due to Ball and the probabilistic point of view is outlined. Then, we
present applications of Ball’s Theorem to non-linear PDEs theory and to Fourier series.Finally, we restate

some facts about gradient Young measure which will be used throughout this thesis. [60],[36]....

Theorem 1.6.1 (Ball’s theorem)[5]

Let Q) be Lebesgue measurable of IR", let K C IR™ be closed, and let

uj 1 Q — IR™,j € IN, be a sequence of Lebesgue measurable functions satisfying u; — K in measure
as j — oQ, i.e: given any open neighborhood U of K in IR™ such that:

lim; oo [{x € Q:uj(x) €U} =0.

Then there exist a sequences uy, of uj and a family U, of positive measure on IR™, depending measurably

on x such that:

o i) V. ||= / di, <1, fora.e. v e .
Q
e ii) Suppy, C K, fora.e. x € S

o iii) f(ug) =" @ with p(z) = FXN)dO.(N), in L>(R2); for each f continuous functions
R™

f : R™ — IR satisfying | lim f(\) =0.

A|—=o0

Theorem 1.6.2 (Young, Tartar, Ball) [5]
Let §) be Lebesgue measurable of IR",( not necessarily bounded) and z; : 0 — IR™,j5 € IN, be a
sequence of Lebesgue measurable functions. Then there exists a subsequence zy, and a family (9,),cq of

non negative Radon measure on IR", such that

e )| Y. ||= / dd, <1, fora.e x €.
Q

34



e ii) p(zx) —* P weakly in L. for all p € CJ(IR"), where p(x) = (9., )

e jii) Ifforall R > 0
lim sup(|{z € QN B(0,R) :| zx(x) |> L}|) =0

L—oo pe N

then || 9, ||= 1 for almost every x € ., and for all measurable A C € there hold p(z) — ¢ =

(s, p) weakly in L'(A) for continuous ¢ provided the sequence o(zy) is weakly precompact in
L'(A).

Theorem 1.6.3 (Hungerbiihler)

Let ), wu; and U, be as in Ball’s theorem. Then the following assertions are equivalents

(i) - Forall R > 0, Llim sup |[{x € QN Bgr: |ug(z)| > L} |= 0, where Br = Bg(0).

—X0kcIN

(ii) - || Vs ||p= 1 fora.e. x € Q.
(iii) - For any measurable A C ) and any continuous function f : IR" — IR, such that f(uy) is

sequentially weakly relatively compact in L'(A), we have f(uy,) — (9, f) in L*(A).

For proof, see[38].

Remark 1.6.1 Choosing K = IR", the assumptions of Ball’s theorem are always fulfilled. Thus a family
(Vy)weq satisfying (i) — (ii1) always exists. Moreover, once the subsequence (uy) of (u;) is fixed, ¥,
obtained by this way is unique and is a sub-probability family on IR™ by (i). Such a family 9, is called a

Young measure on () x IR™. Thus, in this sense, each sequence generates a Young measure.

Proposition 1.6.3 If || < oo and 0, is the Young measure generated by the (whole) sequence (u;), then
there holds

uj = u & Uy = 0y forae. v €

For the proof, see [38], (proposition 1.3).

Proposition 1.6.4 Let || < oco. If the sequences uj : Q — IR™ and v; : Q — IR? generate the Young

measure 0,y and U, respectively, then (u;, v;) generates the Young measure Ou(z) ® Uy
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Lemma 1.6.1 Let u; : Q0 — IR™ be a sequence of measurable functions and g : 2 — IR a measurable
function. If a Young measure ¥, generate by u; satisfies ||0,|| = 1 a.e. in €, then (g.u;) generates a

Young measure i, such that||u.| = 1 and
(lg, 1dy = g(x)(0y,1id) a.e.in €.

In particular,

if (0g,id) =0 a.eiin Q, then (uz,id) =0 a.e.in .
For proof, applying the Ball’s theorem and Hungerbiihler theorem’s.

Theorem 1.6.4 (Kinderlehrer-Pedregal)
Let ¥,, x € ), be a family of probability measures in (C(M™™)). Then, (9)ecq is a WP Young

measure if and only if:

(i) - there is au € W'P(Q, IR") such that Du(x) = / AdY,(A) a.e.in Q.

Mnxm

(ii) -Jensen’s inequality ¢p(Du(x) < / d(A)dY,(A) holds for all p € XPquasiconvex, and

Mnxm

(iii) -the function Y(x) = [ nem |A[PdY, A € L'(2). Here, X denotes the (not separable) space

XV ={ e O(M™™) = | p(A) |[< eI+ [ A7), for all A€ M™™}

See [42], (subsection 2.3).
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Part I

Quasi-linear Elliptic Systems in weighted

Sobolev spaces
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Introduction of part I

In this part, the main point is that we not require monotonicity in the or strict monotonicity of a typical
Leray-Lions operators as it is usually assumed in previous papers. The aims of this text is to prove
analogous existence results under relaxed monotonicity, in particular under strict quasi-monotonicity. The
main technical tool we advocate and use Throughout the proof are Young measures. By applying a
Galerkin schema, we obtain easily an approximating sequence u;. The Ball theorem [5] and especially
the resulting tools mode available by Hungerbiihler to partial differential equation theory give then a
sufficient control on the gradient approximating sequence Duy to pass to the limit.This method is used
by Dolzmann [39] , Muller [32] and Mainly by Hungurbiihler to get the existence of a weak solution for
the quasi-linear elliptic system [36]. This part can be seen as generalization of Hungurbiihler and as a

continuation of Y- Akdim [2].
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Chapter 2

Quasi-linear degenerated elliptic system in

divergence form with mild monotonicity in

weighted sobolev spaces

Abstract

We consider, for a bounded open domain 2 in /R" and a function u: 2 — IR™, the quasi-linear elliptic

system

(QES) —divo (z,u (z),Du(z)) = f(z)inQ 2.0.1)
u = 0 ondf,

where f belongs to the dual space W~ (Q,w*, IR™) of W, " (Q,w, IR™). We prove existence of a

regularity, growth and coercivity conditions for o, but with only very mild monotonicity.

2.1 Introduction.

Throughout all this work, {2 will denotes a bounded open domain in /R". This work is devoted to establish
existence results for the Dirichlet problem in divergence form of type(2.0.1) below. We study this quasi-

linear elliptic system in a weighted sobolev space and with mild monotonicity assumptions on ¢ and
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various hypotheses of monotonicity. We consider the quasi-linear elliptic system with W ~'#' —data:

Qps) ) 4V @ u(@) Dul@) = f)in® 2.1.1)
u = 0 ono0f,

where f belongs to the dual space W~ (Q,w*, IR™) of Wol’p (Q,w, R™) (% + % =1, p> 1) and
w={w;|0<i<n, 1<j<m}isa family of weight functions defined on 2 with w;;(z) > 0 for

almost every x € Q and w* = {w}; = w}{p/, 0<i<n, 1<j<m}, o= (0s)1<s<n, 1<r<m and which
satisfies some hypotheses (see below).

The Jacobian matrix of a function u : {2 — IR™ is denoted by
Du(z) = (Diu(x), Dau(z), ....., Dyu(z)) with D; = 0/0(x;).

The first goal of this chapter is that we treat a class of problems for which the classical monotone operator
methods developed by Visik [61], Brezis [15], Browder [16], Lions [46], Minty [49] and others do not
apply. The reason for this is that o does not need to satisfy the strict monotonicity condition of typical
Leray-Lions operator. The tool we use in order to prove the needed compactness of approximating solu-
tions is Young measures. The second goal of this chapter is to treat the degenerated or singular case. To
do this, we replace the classical Sobolev spaces W?(Q, IR™) by a general setting of weighted Sobolev
spaces W1P(Q,w, IR™). So the existence results are proved in this general setting. This chapter can be
seen as a generalization of Quasi-linear elliptic systems with 1¥~?'-data, by N. Hungerbiihler [36], [34]
and as a continuation of Y. Akdim [2].

Letw ={w;; | 0<i<n,1<j<m},and@y = (wpyj) forall 1 < j < m the weight functions system

defined in (2 satisfying the following integrability conditions:

=L 1
wij € Lp,.(Q), wil € L} (Q), for some p €]1, 00[ and 3s > Max(g, - 1) such that w;;* € LY(Q).
(2.12)

The space W1P(Q, w, IR™) is the set of functions
o’
N 3:16]-

{u =u(z) |u e LP(Q,wg, R™), D;u € LP(Quw;, R™), 1<i<n, 1<j< m}}

which
(S, w5, R™) = {u = (@) | |u|wyr € /(O R™)}.
The weighted space WP (€, w, IR™) can be equipped by the norm

m p
lullype = (Z/Q ujPwoide + Y /Q]Diju\pwijdx> :
j=1

1<i<n,1<j<m

0TI ) >

=
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The norm ||. |, is equivalent to the norm ||| . ||| on W, * (€, w, IR™), defined by

1
Nulll=( 3 /Q|Diju|p%dx>p.

1<i<n,1<j<m

Il o R

Proposition 2.1.1 The weighted Sobolev space W'P(Q,w, IR™) is a Banach space, separable and re-
flexive. The weighted Sobolev space Wy (Q, w, IR™) is the closure of C3°(Q, R™) in W' (Q, w, IR™)
equipped by the norm ||.||, , ..

Proof: see [25] (with a slight modification).

Definition 2.1.1 [31] A Young measure (V,).cq is called W'P-gradient young measures (1 < p < 00) if

it is associated to a sequence of gradients Duy, such that uy, is bounded in WP (2).

Definition 2.1.2 The W'?-gradient young measures (V) zcq is called homogeneous, if it does not depend

onz, ie ifv, =1 forae x €.

Definition 2.1.3 Letu : () — IR™ be a measurable function. We say that u is approximately differentiable

at x € () if there exists a matrix F,, € IM™*"such that for all ¢ > 0 we have

lim i\y € B.(x) : | uly) —u(x) — Fo(y — x) |> re| = 0.

r—=0 rh

In this case, F, is unique and write apDu(z) = F,.

Hypothesis
(Hp) (Hardy-Type inequalities):

There exist some constant ¢ > 0, some weight function  and some real ¢ (1 < ¢ < o) such that
1 1
m q p
(Z/ !Uj($)|q%(9f)d95) <c ( >, / \Dijufpwij>
=179 1<i<n; 1<j<m Y8
for all u € Wy P(Q, w, R™), withy = {7, | 1 < j < m}.

The injection W, (Q, w, IR™) << L4(Q,~, IR™) is compact, and
Wy (Q,w, R™) << L"(Q, IR™) is compact, with

l<r < o if ps<n(s+1)

r>1 if n(s+1)<ps
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(H,) Continuity:

o:Qx R™x M™"™ — IM™*" is a Carathéodory function

(i.e: z — o(z,u, F) is measurable for every (u, F') € IR™ x IM™™ and (u, F) — o(z,u, F') is
continuous for almost every x € ().

(Hy) Growth and coercivity conditions:

There existc; > 0, ¢, >0, A\ € LP(Q), A € L'(Q), 3 € LP/Y'(Q), 0<a<p, 1<q<oo

and # > Osuchthatforalll <r <n, 1<s <m,we have:

ors(@,u, )| < BwllP () + e Yyl gl e Y WP Dl (2.13)

j=1 1<i<n; 1<j<m

and

m

o(x,u, F): F > —=Xo(x Z )P \g(x () ]ui|* + c2 Z wi;(z) - | F5P (2.1.4)

j=1 1<i<n; 1<j<m

(H3) Monotonicity conditions: o satisfies one of the following conditions:

a) Forall z € Q, and all u € IR™, the map F —— o(x,u, F)is a C'-function and is monotone i.e,
(o(z,u, F) —o(z,u,G)): (F—G)>0,forall z € Q, all we R™andall F,G € M™*™).

ow

b) There exists a function W : Q x IR™ x IM™*" — IM™*™ such that o(z,u, F) = oF

—(x,u, F)

and F — W (z,u, F) is convex and C" function.

¢) For all z € 2, and for all u € IR™ the map F' — o(z,u, F) is strictly monotone i.e, o(x,u,.) is

monotone and, (o (z,u, F) — o(z,u,G)) : (F — G) = 0 implies that F' = G).

d) o(z,u, F) is strictly p-quasi-monotone in F) i.e:

/Mmm(a(m,u, A) — a(ac,u,X)) c (A _X))dqg()\) ~ 0

for all homogeneous W '?-gradient young measures ¥ with center of mass A = (1), id) which are
not a single Dirac mass.
The main point is that we do not require strict monotonicity or monotonicity in the variables (u, F')

in (H3) as it is usually assumed in previous work see ([41] or [43]).

Our aim of this chapter is to prove the existence of the solution of the problem (QES) in the space

WOLP(Q, w, IR™), when the second member f is lying in Wo—l,p/(Q’ w*, R™).
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Theorem 2.1.1 If p € (1,00) and o satisfies the conditions (Hy) — (Hj3), then the Dirichlet problem
(QES) has a weak solution u € Wy (Q,w, R™), for every f € W=7 (Q,w*, R™).
Lemma 2.1.1 For arbitrary u € W, " (Q, w, R™) and f € WP (Q,w*, R™), the functional
Fu): WyP(Q,w,R™) — IR
v Co /a(x,u(x),Du(x)) : Dv(x)dx — (f,v),
Q

is well defined, linear and bounded.

Proof For all u,v € W, ”(Q,w, IR™), we denote

with
h= [ oeuta). Dutw) : Dota)a
and
L= (fv)
We define

I.s = /Qars(x,u(x),Du(:p)) : Dygv(z)de.

Firstly, by virtue of the growth conditions (H) and the Holder inequality, one has

.5 < /|ars(:v,ux Du(z))| : |Dysv(x)|dx
< / Bl o) +c12|v ) e o

1
- Z z'j/p |Dij|p 1]|Drsv|dx

1<i<n; 1<5<m
ﬁ[( / |\ ()P da) 7' / | D, v (@) Pw,sd) /P
Q Q
Lol / yDrsv(x)mm)”p(Z / 1)

+ a Z /]Dzju| wigda) VP ( /|Dmv|”wmdx 1/1’]

1<i<n; 1<j<m

IA

with p = p/(p — 1), and thanks to the Hardy-Type inequalities (H,) we have:

Is| < Cﬁ[H)\al/ 1011 pwr, + €1 1DV, (/Q|Uqud$)1/”

e Y 1DV,
]

Bl Ml [lv

| Dull, . ]

+ v

IA

gy + llullype I

|| 1,p,wrs H 1,p,wrs H 1,p,wrs
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with ¢ = max(c, 1), we have:
1] < Bl + el + el pwl[0]pe < o0

and
L] < / Fllelds < 171y o [l < 0.

Finally the functional F'(-) is bounded. U

Lemma 2.1.2 The restriction of F' to a finite dimensional linear subspace V of VVO1 P(Q,w, R™) is

continuous.

Proof Let d be the dimension of V' and (ey, e, ..., e4) a basis of V. Let u; = Z a?ei be a sequence
1<i<d
in V' which converges to u = Z a'e; in V. The sequence (a;) converge to a € IR?, so u; — u and
1<i<d
Duj — Du a.e. On the other hand ||u;]|, , , and || Duy|, , are bounded by a constant c. Thus, it follows

by the continuity conditions (H ), that
o(z,uj, Duj) : Dv — o(x,u, Du) : Dv

forallv € W, ”(Q,w, IR™) and a.e. in Q. Let Q' be a measurable subset of Q and let v € W, (Q, w, R™).
Thanks to the condition (Hs), we get
lo(z, u;, Duj) : Du|dx < oo,
Q/
which implies that o (x, u;, Du;) : Dv is equi-integrable. And by applying the Vitali’s theorem, it follows
that

/J(x,uj,Duj) : Dvdx — / o(z,u, Du) : Dvdx
Q Q

for all v € W, P(Q,w, R™).
Finally
lim (F(u;),v) = (F(u),v)

j—00
which means that

F(u;) — F(u) in W (Q,w*, R™).
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2.2 Galerkin approximation

LetV; C Vo C ... C Wy?(,w, IR™) be a sequence of finite dimensional subspaces with |J,p Vi
dense in Wol’p(Q, w, IR™). Let us fix some k, We assume that V}, has dimension d and that (e, e, ...., €4)

is a basis of V. Then, we define the map
G: R? — IR?
t
(CLl, ..... , CLd)t — < <F<Zg:1 aiei), €1> 5 eeny <F(Z?:1 aiei), €d> ) .

Proposition 2.2.1 The map G is continuous and G(a) - a tends to infinity when ||a|| 1. tends to infinity.

Proof Since F restricted to V}, is continuous by Lemma 2.1.2, so GG is continuous.
Leta = (a1,.....,aq)  and u = >, a'e;, Then G(a) - @ = (F(u),u) and the fact that ||a|| ;. tends to

infinity is equivalent to the fact that [|ul|, , , tends to infinity. In fact, we have:

G(a)-a= Z (F(u),a'e;) = (F(u),u)

1<i<d
and
P V4
ullf o =11 dle; < (Z 'l - ||ei||1,p,w)
1<i<d Lpw 1<i<d
p
) |
< max <I|ei|!1,p,w> : (Z Ia’|>
1<i<d

< c-llallga,

which implies that [|a|| ;. tends to infinity if ||ul], , , tends to infinity. Now, it suffices to prove that
(F(u),u) — oo when |jull;,., — 0.

Indeed, thanks to the first coercivity condition and the Holder inequality, we obtain

I= / o(x,u, Du) : Dudx > — || Xa|, — / )xgng/p|uj|adx + co Z / | DjjulPw;;d.
Q Q Q

1<i<n, 1<j<m

By the Holder inequality, we have

a/p
/Q sl |*w/Pdz < [ Asl g /ay ( /Q woy|uj| P/ d:z:)

C/ H)\3||(p/a)’ ||uj”17p,wOj ’

IA
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where ¢’ is a constant positive. For [|u|/, , , large enough, we can write

p
<i<n,1<5< 1,p,wij

I

AV
|
-~
»
=
|

Q\
~
@«

s
3
L
=
=
~ 0
3
€
N

+

Q
N
]
2
A
S
=
AN

<.
AN
3

IS

P

v

= Pally = sl gy - l1elly o + €2 - Ml

And since
I'=[{f,u) | <Ny pwe - el pe s

with0 < o < pand p > 1, we get

(F(u)yu) =1 —1">coc - [Jullf ), o, 111 0

1pw

Ul pe = ¢ MAsll oy 1l = [R2fly - (2:2.1)
Consequently, by using (2.2.1), we deduce
(F(u),u) =1—1"— ooas |lull,,, — oo

The properties of G allows us to construct our Galerkin approximations.
Corollary 2.2.1 For all k € IN, there exists (uy) C Vj, such that (F(uy),v) = 0, for all v € V}.

Proof By the proposition 2.2.1, there exists £ > 0, such that for all
a € OBR(0) C IR?, we have G(a) - a > 0. And the usual topological argument see e.g [46] or [49],

implies that G(x) = 0 has a solution = € Br(0). Hence, for all k£ € IV, there exists (u) C Vi, such that
((Fug),v) =0, forallv € V.

Taking (u, = X% 2ie;) O

Proposition 2.2.2 The Galerkin approximations sequence constructed in Corollary 2.2.1 is uniformly
bounded in Wy* (Q,w, R™); i.e:

there exists a constant R > 0, such that ||ug|, , , < R, for all k € IN.

Proof As in the proof of Proposition 2.2.1, we can see that (F'(u),u) — oo as |[ul|,,, — oo. Then,
there exists R satisfying (F'(u),u) > 1 when [[ul|,,, > R. Now, for the sequence of Galerkin ap-

proximations (ug) C Vj of Corollary 2.2.1, which satisfy (F'(uy),ux) = 0, we have the uniform bound

|uglly ., < Rforall k € IN. And there exists a subsequence (uy) of the sequence (uy) C Vj, such that:
w, — win Wy P(Q, w, IR™) and uj, — v in measure in L" (€, IR™).

The gradient sequence (Duy) generates the Young measure ¥,. Since u;, — u in measure,We have that

(ug, Duy,) generates the Young measure (J,(,) ® U, ), see e.g [5]. Moreover, for almost all x in €2, we have,
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(i) U, is a probability measure, i.e, |J.|| . = 1.

mes

(ii) ¥, is a homogeneous W7 - gradient Young measure.

(iii) (9,,id) = Du(x), see e.g [16].

Proof. See [39] and [21].

2.3 Passage to the limit in (QES)

Now, we are in a position to prove our main result under convenient hypotheses.
Let
I = (o(x, ug, Duy,) — o(x,u, Du)) : (Dug — Du). (2.3.1)

Lemma 2.3.1 (Type-Fatou lemma)(See [39]) Let F' : Q) x IR™ x IM™™ — IR be a Carathéodory
function, and vy, : Q@ — IR™ a measurable sequence, such that (Duy,) generates the Young measure ¥,

with |9, .. =1, for a.e. x € Q). Then

mes

k—o0

liminf/F(x,uk,Duk)de// F(z,u,()dd,(¢)dx, (2.3.2)
Q Q J mxn

provided that the negative part of F(z,uy, Duy) is equi-integrable.
Lemma 2.3.2 The sequence (I},)y is equi-integrable.

Proof We have

Iy = (o(z,ug, Dug) — o(x,u, Du)) : (Duy — Du)
= [o(x,ug, Dug) : Duy| — [o(x, ug, Duy,) : Du] — [o(x,u, Du) : Duy| + [0(z,u, Du) : Du]
= L+ L+ + 1.

(2.3.3)
We denote (1)~ = —[o(z, ug, Duy, : Duy]~. Thanks to the coercivity condition (H), we have
@ le < [ Palve 3 whl il re S wlDyupds
& Q 1<j<m / 1<i<n, 1<j<m (2.3.4)
< |A2llx +/ ( Z wol [t * VP A3l ooy + 2 unllf
" 1<<m
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which p/a > 1. Therefore,

_ a/p
(I 7ldz < ol + (D woslunsl) " Wsllgray + ez lunl,,

|
& 1<j<m

IN

[[A2lly + ey zoo 1 Asll ey + €2 [luslly,,
< o0
for all ' C Q.
Similarly for (|(1}})].
Now, by using the growth condition ( Hs) and the Hardy-Type inequalities (H,), we have

(I3 |dz = |o(x, ug, Dug) : Duy|dx
o o

< ﬁ/ w%”)\l(x)Drsukdx

Q/
/ / 235
+ ap Z //y;/p|ukj|Q/pD7‘Sdex (2.3.5)
Q/

1<j<m

roar Z /Q/ wilj/p/ | Dyjup P~ Drsuyda.

1<i<n, 1<j<m

Thus, by the Holder inequality, we obtain

1/p
() de < /3[|1A1||p, ( / |Dmuk|pwrsdx)
Q/

o O
1/p ) 4 &
+ 01( |Drsuk|pwmdx> / ( Z 7;/p|ukj\q/p> dx
v ¥ \igjzm (2.3.6)
((p-1) 1
+ a D <|Dijuk($)|p P wia‘dl‘>
1<i<n 1<j<m Y ¥
1/p
X ( ]Dmuk|pwrsd:c> }
Q/
So, by combining (2.3.5) and (2.3.9), we deduce that
|o(2, ur, Du) = Duglde < B ([[ Al [ lunlls po + lurllipw) < oo. (2.3.7)

Q/

Similarly to (|(IZ)~

, we obtain (|(I3)~|. Finally: I} is equi-integrable.
Now, we consider (1) = (o(z, ug, Duy) : (Dur — Du). We have that [} is equi-integrable because I, is.

So, we define

X = lim inf/ Iydr = liminf/(]k)'dx > // (o(z,u, A) : (A — Du)dd, (N).
k Q k Q Q J prmxn

So to prove (2.3.2), it suffices to prove that
X <0. (2.3.8)
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Let € > 0, so there exists ko € IN such that, for all & > kg, we have
dist(u, Vi) < € since liminf,, ey, |u — vk, <&, (ux — ).

Or in an equivalent manner dist(uy — u, Vi) < &, Vk > ko Then for all v, € V), we have

X = liminf [ o(x,ug, Dug) : (Duy, — Du)dx

k—o0 Q
= lilgn inf {/ o(x,ug, Dug) : D(u, — u — vy )dx + / o(z,ur, Dug) : D(vg)dx
Combining (H>) and (2.1.1), we get
. . 1/p / & 1/p’ —
X < 11H1k1£1£0 /ﬁw PIA+ Z Wj/p Jug, |7 + ¢y Z wij/p | Dijur [P~ Dys (ug, — u — vy)|dx)
1<j<m i=1,j=1
+ <f7 /Uk>'

For all € > 0, we choice v, € V}, such that

g — w—villy . < 26,
for all £ > ky. Which implies that
| (Frve) | < on 4 (w—wp)) [+ [ (e —u) | <26 [y e + 0(R).

Hence limy_,oo(f, ux — v) = 0. According to the Holder and Hardy-Type inequalities, and by lemma
(2.3.1) we deduce that

X < liminf cf

1/p
/\IHP’(/ |Drs(uk —u-—- ’Uk)’pwrsdl’)

ver ([ i )1/,, (/\Dm we— 1 — v Wrsdx> "’
(Z/w”wuu\p - 1) " (/Qwrs’Drs(Uk—U,—Uk)|p)1/p> U o) |

< timinf e (Il e == vl ) + el = 0= vl + 22 111+ 0()

Therefore,
X < 2208 (Ml + el s + 1l =17e) -

This proves that X < 0, and finally

// o(x,u,\) : Adi dr < // o(z,u, \) : Dudd,(\)dx. (2.3.9)
Q Jprmn Q Jprmn



Proof of Theorem 2.1.1 We will start with the easiest case
(d) F +—— o(x,u, F) is stictly p-quasi-monotone. (2.3.10)

Indeed, we assume that 1J, is not a Dirac mass on the set M with x € M of positive Lebesgue measure
|M| > 0. Moreover, by the strict p-quasi-monotonicity of o(x,u,-) and 9, is a homogeneous W1?-
gradient Young measure for a.e. © € M. So, for a.e. * € M, with A\ = (0, Id) = apDu(x)), Where

apDu(z)) is the differentiable approximation in z. We get

/]men o(z,u,XN) - (A= Du)ddp(N) > [ mwn 0(z,u, Du) : (A — Du)di, ()

> o(xz,u,Du) : / AdU,(A)
IMmXn
— o(z,u, Du) : Du [} 0n d92(N)
(o(x,u, Du) : Du— o(z,u, Du) : Du)) =0
0.

On the other hand by (2.3.9), integrating over (2, and using the div-cul inequality(See [36]) we have:

// o(z,u, A) @ Add,( dx>// o(z,u, \) : Dudd,(\)dx
IMmXn mXn
//M o(z,u, ) : Adi,(N)dz.
(9] IMmXn

This contradicts (2.3.9). Thus ¥, = d5 = dpu() for a.e. x € €. Therefore, Du, — Du in measure
when k tends to infinity. And thus, o(z, ux, Duy) — o(x,u, Du) almost everywhere. Since, by the
growth condition in (H3), o(x, ux, Duy) is equi-integrable, it follows that o (x, ug, Duy) — o(x, u, Du)
in L' (Q2) by the Vitali’s theorem. The other hand, forallv € |J V; we have that o (z, uy, Duy) : Dv —

keN
o(xz,u, Du) : Dv ae. x € ). Moveover, for all 2’ C (2 measurable, it is easy to see that:

/ o, ug, Dug) : Dvdw < 8 (Nl + el 92, + 22 ) Nl < o0,

1,pw

because |ul|, ,,, < . And thanks to Vitali’s theorem, we obtain:

(F(u),v) =0, forallv € | J Vi

keN
Which proves the theorem in this case. U
Remark 2.3.1 Before treating the cases (a), (b) and (c) of (Hs), we note that

/ / (o(z,u, ) — o(z,u, Du)) : (A — Du)dd,(N)dz < 0. (2.3.11)
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We conclude that
/ / (@A) - (A — Du)ddy(Ndz = 0,
(9} I X1
thanks to the (2.3.9). On the other hand, the integrand in (2.3.11) is non negative, by the monotonicity of

o. Consequently, the integrating should be null, a.e., with respect to the product measure dv, ® dx, which

means

(o(x,u,\) — o(x,u, Du)) : (A — Du) = 0 in sptd,. (2.3.12)

Thus,
sptd, C {A € M™" | (o(x,u,\) — o(x,u, Du)) : (A — Du) =0} . (2.3.13)

Case c: We prove that the map F' — o(x, u, F') is strictly monotone for all x € 2 and for all u € IR™.

Since o is strictly monotone, and according to (2.3.13),
sptd, = {Du}, ie, ¥, = dp,, ae.in(Q,

which implies that, Du; — Dwu in measure. The rest of our prove is similarly to case d.
Case b: We start by showing that for almost all z € €2, the support of ¥J,, is contained in the set where W

agrees with the supporting hyper-plane.
L={(\W(z,u ) +o(z,uX):(A=2X))} with A = Du(z).
So, it suffices to prove that
sptd, C K, = {x € M™" | W(z,u,A) = W(z,u,A) +o(z,u,A) : (A= N)}. (2.3.14)
If \ € sptd,, thanks to (2.3.13), we have
(1 —1t)(o(x,u, Du) — o(z,u,\)) : (Du—\) =0, forall ¢t € [0, 1]. (2.3.15)
On the other hand, since o is monotone, for all ¢ € [0, 1] we have
(1—1t)(o(x,u, Du+t. (A — Du)) —o(x,u,\)) : (Du—A) > 0. (2.3.16)
By subtracting (2.3.15) from (2.3.16), we get
(1=1t) [o(z,u, X+ t(A = X)) —o(z,u, )] : (A= X) >0, (2.3.17)
for all ¢ € [0, 1]. Doing the same by the monotonicity in (2.3.17), we obtain

(1=1t) [o(z,u, A+ t(A = X)) —o(z,u, )] : (A=) <0. (2.3.18)
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Combining (2.3.17) and (2.3.18), we conclude that

(1—1t) [o(z,u, A+ t(A = X)) —o(z,u,A)] : (A= A) =0, (2.3.19)

forall ¢ € [0,1] and for all A € sptd,.
Now, it follows from (2.3.18) that

W(z,u,\) = Wi(x,u,\)+ (I/Ij(m,u, A) — W(z,u,\))
= Wiz, u,\) —I—/ [o(z,u, X+ t(A = X))+ (A — N)dt

= W(z,u,\)+o(z,u,\): (A= N).

This proves (2.3.14).

Now, by the convexity of W, we get

W(z,u, ) > W(z,u,\) + oz, u,\) : (A=),
for all A € M™*™. Therefore,
L is a supporting hyper-plane, for all A € K. (2.3.20)
Moveover, the mapping A — W (z, u, A) is continuously differentiable, so we obtain
o(z,u,\) = o(z,u,\), forall A € K,. (2.3.21)

Thus,

5(z) = / o (a1, )dda(N) = o (2, 1, N). (2.3.22)
men

Now, we consider the Carathéodory function

g(x,u,p) = |(0($,u,p) —E(ZL’))l,

and observe that g (z) = g(x, ux, Duy) is equi-integrable. Thus, thanks to Ball’s theorem, see [32]and

[35] gr — g weakly in L'(£2), and the weak limit of g is given by

g@) = [ o) @) dhe () © di.O)
= lo(z,u(x), \) —7(x)|dI,(N)
Spto.
= 0.
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According to (2.3.21) and (2.3.22), and since g > 0, it follow that g;, —» 0 strongly in L!(2) by Fatou’s

lemma, which gives

lim [ o(z,ug, Dug) : Dv.dx = / o(z,u, Du) : Dvdzx.

k—o00 Q

Q
Thus
(F(u),v) =0, Yve U Vi.
keN
This completes the proof of the case (b). ]
Case (a): In this case, on spti),, we affirm that,
o(z,u,\): M =o(x,u, Du) : M + (Vpo(x,u, Du) : M) : (Du — X), (2.3.23)

for all M € IM™*", where V is the derivative with respect to the third variable of o and A\ = Du(x).

Thanks to the monotonicity of o, we have
(o(x,u,\) —o(x,u, Du+tM)) : (A — Du—tM) > 0, forall t € IR.

and we obtain

—o(xz,u,A) : (tM) > —o(z,u, Du) : (A — Du) + o(x,u, Du+tM) : (A — Du — tM).
On the other hand, F' — o(z,u, F') is a C! function, so

o(x,u, Du+tM) = o(x,u, Du) + Vro(x,u, Du).(tM) + o(t).

Thus

—o(z,u, ) : (tM) > —o(z,u, Du) : (tM) + Vpo(z,u, Du)(tM) : (A — Du) + o(t),
which gives

—o(z,u,\) : (tM) > t[(Vro(z,u, Du) : (M) : (A — Du) — o(x,u, Du) : (M)] + o(t).

The claim follows from this inequality since the sign of ¢ is arbitrary in (2.3.23). Finally for all v €
Uren Vi the sequence o (z, uy, Duy) : Dv is equi-integrable. Then, by the Ball’s theorem, see [32] and
[35] the weak limit is fsptﬂz o(xz,u, \) : Dvdd,(\) By choosing M = Du in (2.3.23), we obtain

/ o(x,u, A) : Dvdd,(\)
Sptv.
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= (o(x,u, Du) : Dv)/ di,(\) = o(z,u, Du) : Dv.
Spty.

Hence we have

o(x,ug, Dug) : Dv — o(x,u, Du) : Dv strongly .

This proves that
(F(u),v) =0forallv e | JV.

And since |V}, is dense in VVO1 ’P(Q, w, IR™), u is a weak solution of (QES), as desired. O

Remark 2.3.2 In case (b) we have o(x,uy, Duy) — o(x,u, Du) in L*(Q, M™*™), but in the case (c)
and (d) Duy, —> Du in measure and thus o(x, uy, Duy) — o(x, u, Du) almost everywhere. In case a)

o(z,uy, Duy) — o(x,u, Du) in L* (2, M™*™).

Example 2.3.1 We shall suppose that the weight functions satisfy: w;,; = 0, j = 1,2, ..., m for some
ig € 14 and wij(x) = w(z);x € Q with I°\JI = {0;1;2; ....;n}, foralli € TUI°, j=1,2,...,m, and

i #ig with w(x) > 0 a.e in Q). Let us consider the Carathéodory functions o defined by
oii(m,n, &) = w(x)|&; P sign(&y), 5=1,2,..m i €1
oii(m,n, ) = w(x)|&; [P sign(&iy), 7= 1,2,...m ;i € I°,i # ig

Uioj(%%fﬂ) =0 7j = 1,2, ., m

The functions o satisfies the growth conditions (Hy).

In the case of b it is considered the function W defined by
1
Wys(x,u, F) = w(z)— | Frs | sign(Fys)
p

In particular, let us the special weight function w, vy expressed in term of the distance to the boundary 0}
denoted by d(x) = dist(x;0Q) and w(z) = d*(x), v;(z) = d"(x).The Hardy-Type inequalities reads:
. 1 1
(Z / ruj<x>|qdﬂ<x>dx) <c ( > |Dijurpd*<x>) ,
=179 1<i<n; 1<j<m ¥ €
for every u € VVO1 P(Q,w, R™) with a constant ¢ > 0 independent of u and for some q > p' and the
corresponding embedding VVO1 P(Q;w; R™) — LY(Q;~; IR™) is compact if:

iJForl <p<g< o



ii)for1 <g<p<oo

A1 1
A<p—1, o—Z41>0 B2 -Zq1so
qa p a p 49 P
iii) For g > 1
(g — 1) < 1, by the simple modifications of the example in [2]. Moreover, the monotonicity condition

are satisfied:
Z(Uzj(% ,&1) — 0i(w,m,§70) (S — &ij)
]
=w(x) Y (1 & 177" sign(&;)— | &, [P sign(&],)) (& — &) =0
]
for almost all x € Q and for all, £, € M™. This last inequality can not be strict, since for {re # &}

with §i,; # & forall j = 1,2,....,m. But &; = &, fori € I, i # iy, j = 1,2,...,m the corresponding

0]

expression is zero.
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Chapter 3

Existence of a weak solution of some

quasi-linear elliptical system in a weighted

Sobolev space

Abstract

We consider, for a bounded open domain §2 in /R" and a function u : {2 — IR™; the quasi-linear elliptic

system :

—di ) 7D = + ) in ()
(QESW),,, ivo (z,u(x) u(x)i - Z(x) f(z,u) in - B.O.D)

Which is a Dirichlet problem. Here, v belongs to the dual space W~ (Q, w*, R™), (% + z% =1 p> 1) ,
f satisfy some standard continuity and growth conditions. We prove existence of a regularity, growth and

coercivity conditions for o, but with only very mild monotonicity assumptions.

3.1 Preliminaries.

Letw ={w;;: 0<i<n; 1<j<m}andwy = (woj)1<j<m- The weight function systems defined in
(2 and satisfying the following integrability conditions:

n
)

-1 1
wij € Li,(Q), w7 € L, (), for some p €]1, 00 and Is > Mazx( 1) such that w;;* € L'(€2).

D p—
(3.1.1)
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withw*:{w;"j:wilj_p/: 0<i<n, 1<j<m},o0= (o) wWithl <s<mn, 1<r<mand

which satisfies some hypotheses (see below).

The space W'P(Q, w, IR™) is the set of functions

i

{u=u(z)| uwe LP(Q,wy, R™)}, Dijju= gu € LP(Q,w;;, R™), 1 <i<n, 1<j<m}

L
With
LP(Q,wi5, R™) = {u=u(z)] |u|w,? € LP(Q, R™)}

The weighted space WP (€, w, IR™) can be equipped by the norm :

1
m p
ully . = (E /Q\Uj\pWonxﬂL ) /Q’Diju\pwz'jdl“>
j=1

1<i<n,1<j<m

S0 >

The norm ||.||1,, is equivalent to the norm ||| . |||, on W, ?(Q,w, IR™), such that,

1
| wll[= (Z1§i§n,1§j§m fQ | DijulPwi;dx)?

Proposition 3.1.1 The weighted Sobolev space W'?(Q2, w, IR™) is a Banach space, separable and reflex-
ive. The weighted Sobolev space Wy (2, w, IR™) is the closure of C3°(Q,w, IR™) in WP (Q, w, IR™)
equipped by the norm ||.||, , ..

Proof: The prove of proposition is a slight modification of the analogous one in [25] [Kufner-Drabek].

Definition 3.1.1 A Young measure (9, )cq is called W' P-gradient young measures (1 < p < oo) if it is
associated to a sequence of gradients Duy, such that uy, is bounded in WP (Q).
The WP-gradient young measures (V,)zcq is called homogeneous, if it doesn’t depend on z, i-e, if

¥, =V fora.e. x € €.

Hypothesis (H,) ( Hardy inequality ): There exist some constant ¢ > 0, some weighted function ~ and

some real q (1 < ¢ < oo) such that,

(Zj;/g Uj(x)q%(ff)dxy <c ( Z /QDZ-jupwij); :

1<i<nl<j<m

for all u € Wy P (9, w, R™), with y = {7,/1 < j < m}.

The injection W, ?(Q, w, R™) << LI(Q,~, IR™) is compact, and W, (Q, w, IR™) << L"(Q, IR™) is
compact, (by [25]) with

1<r=< o if ps<n(s+1)

r>1 if n(s+1)<ps
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(Hy) Continuity: o : Q x R™ x IM™*™ — IM™*" is a Carathéodory function (i-e x — o(z,u, F)
is measurable for every (u, F') € IR™ x IM™ ™ and (u, F') — o(x, u, F') is continuous for almost every
x € ).

(H,) Growths and coercivity conditions: there exist ¢; > 0,c; > 0\, € LP(Q), Ay € LY(Q), N5 €

L/ (Q), 0<a<p, 1<qg<ooand 3> 0suchthatforall 1 <r <n, 1<s < m,we have:

s, u, F)] < BotlP (@) + a0 Sl gl e Y WP IEPT (B12)
j=1 1<i<N1<j<m
and
o(z,u, F): F > —X(x ZWO s ()|l e Y wi() - |Fyl (3.1.3)

1<i<nl1<j<m

(H3) Monotonicity conditions: o satisfies one of the following conditions:

a) Forall z € , and all w € IR™, the map F' — o(x,u, F) is a C''-function and is monotone( i-¢,
(o(z,u, F) —o(z,u,G)): (F—G)>0,forall z € Q, all we€ R™andall F,G € M™*™).

ow

b) There exists a function W : Q x R™ x IM™*™ — IM™*" such that o(x, u, F') = I

(x,u, F) and

F +—— W(z,u, F) is convex and C"* function.

¢) For all z € Q, and for all w € IR™ the map F' —— o(x,u, F') is strictly monotone (i.e, o(z,u,.) is

monotone and :[(o(z,u, F) —o(z,u,G)) : (FF —G) =0 = F =G).
d) o(z,u, F) is strictly p-quasi-monotone in F, i.e,

.ot = otau ) (0= Hpa =0

for all homogeneous W '?-gradient young measures ¥ with center of mass A = (), id) which are
not a single Dirac mass.

The main point is that we do not require strict monotonicity or monotonicity in the variables (u, F')
in (H3) as it is usually assumed in previous work see ([41] or [43]).

(Fp):( continuity) f : € x IR™ — IR™ is a Carathéodory function i-e: z — f(z,u) is measurable
for every u € IR™, and , u — f(x,u) is continuous for almost every = € (.

(F1): (growth condition ): The exist : b, € L” (2) such that :

1

< . 1
|fi(z, w)] < [br(@) + ) [uy] 7" Jwg;;
Vi<j<m

Our aim of this chapter is to prove the existence of the problem (Q£S),, in the space VVO1 o (Q,w, R™).
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Remark 3.1.1 -The condition (Fy) ensure the measurability of [ for all measurable function u.

-(Fy) ensure that growths conditions, in particularly: ifu € Wy'* (Q,w, IR™) then f(.,u).uisin L' (Q, w).

Theorem 3.1.1 If p € (1,00) and o satisfies the conditions (H,) — (H3), then the Dirichlet problem
(QESW) 4 has a weak solution u € W, (Q, w, IR™), for every v € W1 (Q,w*, IR™), f satisfies (Fp)
and (FY).

Lemma 3.1.1 For arbitrary u € W, " (Q,w, R™) and v € W= (Q, w*, IR™), the functional

F(u): WP(Q,w,R™) — IR
— /Qa(:c,u(x),Du(x)) : Do(x)dx

¥
~ (o) = [ flau): e
Q
is well defined, linear and bounded.
Proof For all ¢ € W,”(Q, w, IR™), we denote

Fu)(¢) = L+ I+ I

with
L = /Qa(:c,u(:c),Du(a:)) : Dy(x)dx,
and
I (v, ).
-
We define

Is = /Qars(a:,u(x), Du(x)) : Dysp(x)dx

Firstly, by virtue of the growth conditions (H) and the Holder inequality, one has

|1.s] < /|0T8(x,ux Du(z))| : |Dysp(x)|dz

= / Bwl/p )+a Z h/ l/p Ju )|q/p’ +a Z wilj/p ‘Dij|p71”Dr890|dx-
1<i<nl<j<m
< /w WW”/W () o) + /M¢n%s@ /mme’
+( /\Dmul w;jdx) 1/p /]Dm(p\ wysdz)'/P]
1<z<n1<j<m
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with (p = p'(p — 1)), and thanks to Hardy-Type inequalities we have:

(Lrs| < eB ally el p,, + D], (/QIUI"vdl“)l/p

+c1 Z ”DQOHp,wij |Dqu,wrs]
ij

< BN 1l sy 101 sy, Nell s+ lully o 101

with ¢ = max(c, 1). Which gives
1] < @Bl + el + lullipallelhpe < oo

and

L] < / ollldz < o]l 1 on 9l < 0o
I3 = Z/ fi(z,u)p,(z)dx
. Q
J

We denote I3 ; = |/fj($,u)90j(95)da7|-
Q

I < / £ ()l ()] de
L — a L
< / by (2) 05 () ool + / 7 (|7 0 () |wl

§</Q|b1<m>|pf/|% ) Pungdz)? </ |u]|das'/|so] ) Punydz) b

<[ b1l ll @ ll1 o +(Z/Q%(:l?)|uj!qdfﬂ)ﬂ 1 [l1pe
j

<[ b1 llyll @ llipe e | Dullipell @ ll1pw

< ([or+cll Duflipe) | o llipe -

hence I < ¢4 || ¢ ||1pw- With ¢y < 00.
Finally the functional F'(.) is bounded.

Lemma 3.1.2 The restriction of F' to a finite dimensional linear subspace V' of VVO1 P(Q,w, R™) is con-

tinuous.
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Proof Let d be the dimension of V" and (ey, es, ..., €4) a basis of V. Let u; = Z aj..ei be a sequence in
1<i<d
V which converges to u = >, a’e; in V. The sequence (a;) converge to a € IR?, so u; — u and

Duj — Du ae., on the other hand ||u;|, and || Du,||, are bounded by a constant c. Thus, it follows by

the continuity conditions (H; ), that
o(z,uj, Duj) : Do — o(x,u, Du) : Dy

forall o € W,7(Q,w, IR™) and a.e. in Q2. Let €' be a measurable subset of Q2 and let ¢ € W, (2, w, R™).
Thanks to the condition (H>), we get
lo(z,u;, Du;) : Dpldr < oo,
Q/

By the continuity conditions () we have :

f(@,u).0 = flz,u).0

almost everywhere. Moreover we infer from the growth conditions (F}) that the sequences:
(o(z,uj, Duj) : Do) and (f(z, u;).¢)
Are equi-integrable. Indeed , if ' C 2 is a measurable subset and p € W, (Q, w, IR™) then:
Joy |f(z,u;).0|dz < oo (by (Fy) and Holder inequality).
Joy lo (@, u;, Duj) : Dyldx < oo (by Holder inequality)
which implies that o (x, u;, Du;) : Dy is equi-integrable. And by applying the Vitali’s theorem, it follows
that

/Qa(x,uj,Duj) : Dpdr — /ﬂa(m,u,Du) : Dpdzr,
for all ¢ € W, (Q,w, R™.
Finally

lim (F(u;), ¢) = (F(u),¢),

]—>OO
which means that

F(u;) — F(u) in W(Q,w*, R™).

Remark 3.1.2 Now, the problem (QES) ., is equivalent to find a solution u € W, *(Q, w, IR™) such that
(F(u), @) =0, forall p € WyP(Q,w, R™).

In order to find such a solution we apply a Galerkin schema .
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3.2 Galerkin approximation

Remark 3.2.1 (Galerkin Schema)

Let Vi, C Vy C ... C WyP(Q,w, R™) be a sequence of finite dimensional subspaces with | J vemn Vi

dense in Wy (Q, w, IR™). The sequence Vi, exists since Wy (Q, w, IR™) is separable.

Let us fix some k, we assume that V, has a dimension d and that (eq, ey, ...., ¢4) is a basis of V. Then, we
define the map
G : IRF — IRF
t
(ay, ..., ag) +— ( <F(Z§l:1 a;e;), el> e <F(Ef:1 ae;), ed>> )

Proposition 3.2.1 The map G is continuous and G(a) - a tends to infinity when ||a|| 1. tends to infinity.

Proof. Since F' restricted to V}, is continuous by Lemma 3.1.2, so GG is continuous.
Leta € R'andu =), ;. a' - e;in Vj, then G(a) - a = (F(u),u) and which implies that ||a|| ;. tends

to infinity if [|ul[, , , tends to infinity.

G(a)-a= Y (F(u),a -e) = (F(u),u)

p p
(5 wtete,.)
1,pw »
P . i
max (el (Z a |>

1<i<d

and

IN

d adl-e

1<i<d

|u||1pw -

IN

< ¢l
which implies that ||a|| 5, tends to infinity if [|u||, , , tends to infinity.

Now, it suffices to prove that
(F(u),u) — oo when |[Jul|yp., — o0.

Indeed, thanks to the first coercivity condition and the Holder inequality, we obtain

/ | D;julPw;jdx

I= / o(x,u, Du) : Dudx > — |||, — / Agwo/plujlada:jtcg
Q 0

1<i,5<n,m
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By the Holder inequality, we have

a/p
/Q/\3|Uj|ang/pd:r < sl ey (/Qwoﬂujﬁp/a)'a d:z:)

C/ ||)\3||(p/a)’ ||uj||17p,UJoj ’

IA

where ¢’ is a constant positive. For [|u|/, , , large enough, we can write

1] = = Rally = Ml ray - U5l g, + 2 2oi<igcnm 1P 0
> = Xally = NNl pjay - llT 0 + 2 - Mullf,, -
And since
1] = | (v,u) | < v

||—1,p’,w* ) ||u||1,p,w

Finally, it follows from the growth condition (F}) that:
11" = |/Qf(l’7U)-ud17| < ([1bullyr + el Dully po)-lull1p

< ez J|ullipw

With; 0 < o < pandp > 1, we get :

I-1'=1"> ¢co.d . ||ul|

?,p,w_ H’U”71,p’,w* ) |uH1,p,w_C/ |’>\3”(p/a)’ ’ ||u||ip,w_ H)\2H1 — 3. ”qu,p,w - (321

Consequently, by using (3.2.1), we deduce

[-I'—1"—ooas |ul,,, — o

(F(u),u) — o0as [lully,,, — o0

Remark 3.2.2 The properties of G allows us to construct our Galerkin approximations.
Corollary 3.2.1 Forall k € IN, there exists (ux) C Vi such that (F(ug), ) = 0, forall p € V}.

Proof By the proposition 3.2.1, there exists 2 > 0, such that for all a € dBz(0) C IR?, we have
G(a) - a > 0. And the usual topological argument see e.g. [ proposition 2.8] [64] implies that G(z) = 0

has a solution € Bg(0). So, for all k& € h, there exists (uy) C Vj, such that
(F(27¢;),e;) =0 forall1 < j <d, withd = dimV},
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Taking uy, = (ze;), €; € Vi, so we obtain:

((F(ug)), ) =0, forall ¢ € V.

Proposition 3.2.2 The Galerkin approximations sequence constructed in corollary 3.2.1 is uniformly

bounded in Wol’p(Q, w, R™); ie.,

there exists a constant R > 0, such that ||ug|, , , < R, for all k € IN.

Proof Like in the proof of proposition 3.2.1, we can see that
(F(u),u) — oo as [lull,, — oo

. Then, there exists I? satisfying (F'(u),u) > 1 when ||ul[, , , > R. Now, for the sequence of Galerkin
approximations (ug) C Vj of corollary 3.2.1, which satisfying (F'(ug), ux) = 0, we have the uniform

bound [|ugl|, ,,, < R, forall k € IV.

Remark 3.2.3 There exists a subsequence (uy,) of the sequence (uy) C Vi, such that:
up — U in Wol’p(Q,w, R™)

and
up — u in measure in L" (2, IR™)
; with
L<r< o o ps<n(s+1)
r>1 if n(s+1)<ps
The gradient sequence (Duy,) generates the young measure 9,.. Since uy, — u in measure, then (ug, Duy,)

generates the Young measure (0,(z) ® V), see e.g [4]. Moreover, for almost x in ), we have,

9. =1

(i) 9, is the probability measure, i.e, mes

(ii) 0, is the WP~ - gradient homogeneous young measure.

(iii) (V.,id) = Du(x), see e.g [3].

Proof. For proof see [39].( Dolzmann, N.Humgerbiihler s Muller. Non linear elliptic system....)

67



3.3 Passage to the limit

Now, we are in a position to prove our main result under convenient hypotheses.
Let
Iy = (o(x, ug, Duy) — o(x,u, Du)) : (Duy — Du). (3.3.1)

Lemma 3.3.1 Let p > 1 and wy, be a sequence which is uniformly bounded in Wy™* (2, w, R™). There
exists a subsequence of uy, ( for convenience not relabeled ) and a function u € VVO1 P(Q, w, IR™) such that
wp, — uin WyP(Q,w, IR™)

And such that vy, — w in measure on §) and in L"(Q, IR™), with :

L<r< i m7 i ps<n(s+1)

r>1 if n(s+1)<ps

Proof. see [38].
Lemma 3.3.2 The sequence (I}) is equi-integrable.

Proof
We have

Iy = (o(z,uy, Dug) — o(x,u, Du)) : (Duy — Du)
= [o(x,ug, Dug) : Duy| — [o(x, ug, Duy,) : Du] — [o(x,u, Du) : Duy| + [0(z,u, Du) : Du]
= L+L+L+1;

(3.3.2)
We denote (1)~ = —[o(z, ug, Duy, : Duy]™. Thanks to the coercivity condition (H), we have
@ le < [ Palte 3 whil luslre Y wylDyupds
04 Q 1<j<m / 1<i,j<n,m (3.33)
< el +/ (> wor Tungl P I sll gy + ez llunll
¥ 1<i<m

with p/a > 1. Therefore,

_ a/p
(I lde < Dl (Y woslussl?) ™ Isllgay + e lluel,

1<j<m

A2y + Nkl | Asll /ey + c2 luxlli

|
Q/

IN

< oo,
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for all ' C Q.
Similarly for (|(I}})7].
Now, by using the growth condition ( Hs) and the Hardy -Type inequalities (Hy), we have

\(],f)_|dx = |o(x, ug, Dug) : Duy|dx
% o
< B wilr (/\1 + ¢ Z ’y;/p/.|ukj|‘”p/ + ¢ Z wilj/p/|Dijuk|p_1> D, surdzx.
& 1<j<m 1<i,j<n,m

(3.3.4)
Thus, by the Holder inequality, we obtain

1/p
J1tride < i ([ 1Donr)
Qf Qf "

1/p ) P
+ ¢ ( ]Drsuk\pwrsdx> / ( Z ”y;/p \ukj\Q/pl> dx
o oY

1<j<m

, 1/p 1/p
+01<Z / (VDijuk(fﬂ)\p(p*”wijdx) p)( \Drsuklpwmdx) } (3.3.5)
1<j<m Y& Q

So, by combining (3.3.4) and (3.3.5), we deduce that

o2, up, D) = Duglde < B (Wil el + tell 1) < o0 (3.3.6)
Ql

Similarly to (|(I7)~|, we obtain (|(I})~|. Finally: I} is equi-integrable.
We choose a sequence ¢y, such that ¢, belongs to the same space V}, and ¢, — ¢ in VVO1 P(Q,w, IR™) this

allows us in particular, to use u; — @y as a test function in (3.2.1). We have :

/ lo(x, ug, Duy) : (Duy, — Dpy)|dx = (v, up — o)
Q

(3.3.7)
4 / F(s ) (s — o0)da.

The first term on the right in (3.3.7) converge to zero since (uy — @y) — 0 in W, ?(Q,w, R™).

By the choice of ¢, the sequence yj, uniformly bounded in W, ”(Q,w, IR™). And lemma (3.3.1). Next,

for the second term: /[, = / f(z,ug) (ug — g )dx in (3.3.7) it follows from the growth condition (F})
Q

and the Holder inequality that:

[T < ([bally + e 1D (ur = @)l p) [k = Prll1pe

< (|61l + || D(ur — @u) || 1pw)-lue — Ok ll1pw-
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By the equivalence of the norm in W, ”(€, w, IR™) and the sequence (uy, is uniformly bounded in W, (Q, w, IR™),

||uk||1.p.w is bounded. Moreover, by the construction of ¢y, and lemma 3.3.1 we have:

lur = @rllpew < luk = vl po + lv = @rllipw

(”uk - qu,pw + ||u - ‘PkHl,’p,w) — 0

We infer that the second term in (3.3.7) vanishes as & — co. Now, we consider (1) = (o(z, ux, Duy) :

(Dug, — Du). We have, I, is equi-integrable because [}, it is. So, we define

X = liminf/ Iidr = liminf/([k)'dx > // (o(z,u, A) : (A — Du)dd (N
0 Q Q J nmxn

So to prove (?2?), it suffices to prove that:

X <0. (3.3.8)

Let € > 0, so there exists ko € IN such that, for all £ > kg, we have dist(u, V}) < € since:

(liminfo,ev, ([[u = @lly 0 < & (ur = u)

Or in an equivalent manner dist(uy, — u, Vj) < &; Vk > ko then for all v, € Vj, we have

k—o00

= liminf [/ (o(x,ug, Duy) : D(up —u — g )dx —i—/
Q

k—o0 Q

X = liminf/(a(:):,uk,Duk) : (Duy, — Du)dx
Q

(o(x, ug, Duy) : D(g@k)}

Combining (H>) and (3.0.1), we get

X <lim inf /ﬁwl/p
Q

rs
k—00

A+ Z 7;/” g, |77 + ¢ Z wl-lj/p |Dijuk|p_1]

1<j<m 1<i,j<n,m
X|Dys(ur, — u — pp)|dz + (v, pi).
For all € > 0, we choice ¢}, € V}, such that
O llue —w = wrlly ., < 2, (3.3.9)
for all £ > ky. Which implies that
.+ o(k)

| (v, r) | <0 0+ (u = u)) [+ [ {0, up —u) | < 2o

||—17p’,w
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Hence limy_,o (v, u, — u) = 0. According to Holder and Hardy type inequalities, and by (3.3.9) we

deduce that

1/p
X < liminfep (H)qu’(/ | Dys(up —u — cpk)|p.wmdx>
k—o00 Q

1/p’ 1/p
+c; (/ |uk|q.7) ) (/ |Dys(up, —u — gok)|pwrsdx)
Q Q

1/p 1/p
+or (Z / wij!Dz-jul““)) ( / wm\mek—u—wkMp) )+r<v,sok>r

< diminfe (Il e == @ully ) + el s =@ = elly o + 22 0]l e + 0lk)

Therefore,
X < 2eef (Al + ullf o + 10l =100 00) -

Which proves that X < 0, and finally

// o(x,u,\) : Adiydr < // o(x,u,\) : Dudd,(\)dx.
Q mn Q mn

Proof of theorem3.1.1

For arbitrary o in W, ?(Q,w, IR™). It follows from the continuity condition (Fy) and (Gy) that

[z up).o(x) — f(z,u).0(z)

almost everywhere. Since, by the growth conditions (F7) and the uniform bound of wy, f(z,uy).p(z) is

equi-integrable, it follows that the Vitali’s theorem. This implies that:

k—o0

i [ (o, w)ple)ds = [ flou)pla)da
Q Q
for allp € U2, Vi, We will start with the easiest case
(d) : F +—— o(x,u, F) is stictly p-quasi-monotone. (3.3.10)

Indeed, we assume that 1J, is not a Dirac mass on the set M with x € M of positive Lebesgue measure
|M| > 0. Moreover, by the strict p-quasi-monotonicity of o(x,u,-) and ¥, is an homogeneous W1
gradient young measure for a.e. z € M. So, for ae. x € M, with A = (¥, Id) = apDu(zx)), with
apDu(z)) is the differentiable approximation in x. We get
/ o(z,u,A) - (A= Du)ddg(N) > [ men 0(z,u, Du) 0 (A — Du)di, ()
> o(z,u,Du) : / AU, (AN) — o(z,u, Du) : Du/ did.(\)
IMmXn M

mXn

> (o(xz,u,Du) : Du— o(x,u, Du) : Du)) =0
0
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On the other hand (4.3.8), integrating over (2, and using the div-cul inequality we have:

// o(z,u, A) © Ad,( d$>// o(z,u, ) : Dudd,(\)dx
IMmXn JmXn
> f/v o(z,u, A) : Adi,(N)dz.
9] IV Xn

Which is a contradiction with (3.3.7). Thus ¥, = 05 = 0py(y) for a.e. & € Q. Therefore, Du, — Du
in measure when k tends to infinity. Then, we get o(x, ux, Duy) — o(x,u, Du) for all z € (). In the

other hand, for all ¢ € |J Vi; o(x, ug, Dug) : Do — o(x,u, Du) : Dy ae. © € Q. Moveover, for all
kEIN
2 C €2 measurable, it is easy to see that:

/ 0w, ur, Dur) : Dpdo < ¢ (Xl + a2, + a2, )l < o0,

because ||u||; ,,,, < R. And thanks to Vitali’s theorem, we obtain:

(F(u),¢) =0, forallp € | ] Vi

keIN

Which proves the theorem in this case.

Remark 3.3.1 Before treating the cases (a), (b) and (c) of (Hs), we note that
/ / (o(x,u,\) —o(x,u, Du)) : (A = Du)dd,(\)dz <0 (3.3.11)
o J pmxn

Since

/Q/Mm o(z,u, A) : (A — Du)dd,(\)dr =

thanks to the div-Curl inequality in (4.3.8). On the other hand, the integrand in (3.3.11) is non negative,
by the monotonicity of o. Consequently, the integrating should be null, a.e., with respect to the product

measure di, ® dz, which mean
(o(z,u,\) — o(x,u, Du)) : (A — Du) = 0 in sptd),. (3.3.12)

Thus,
sptd, C {N € M™"/ (o(z,u,\) — o(z,u, Du)) : (A — Du) =0} . (3.3.13)

Case c: We prove that, the map F' — o(x, u, F') is strictly monotone, for all x € €2 and for all u € IR™.

Sine o is strict monotone, and according to (3.3.13),
sptd, = {Du}, i.e, ¥, = 0p,, a.e.in,

which implies that, Du; — Dwu in measure. For the rest of our prove is similarly to case d.
Cases a and b: For cases (a) resp ( b) we use almost the same techniques that we used in (a) resp(b)

chapter3, then we move to limit [
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Example 3.3.1 Let 2 is a bounded open domain in IR". In this example we suppose that the weighted
functions: (wij), 0<i<n; 1< j < mando satisfies the conditions in example 2.3.1. Hence we have
the Hardy-Type inequalities in (Py) for all u € Wy P (Q,w); ¢ > 7.

Let us consider the functions f defined by:

2 =
fr(w,u) = whe 4 | uy P71 sign(u;)wy,, the function f satisfies Fy — F.
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Chapter I

Quasi-linear degenerated elliptic systems with

weighted 1n divergence form with weak

monotonicity with general data

Abstract

we consider, for a bounded open domain €2 in /R" and a function u : {2 — [R™, the quasi-linear elliptic

system :

—di ) 7D = + ) 7D +d ) in ()
QES),,) o (z,u () u(m)i - Z(m) f(x,u, Du) + divg(z,u) 1;1n L @0.1)

We generalize the system (QQES);,, in considering a right hand side depending, on the jacobian matrix
Du. Here the star in ((QES)y , indicates that f may depend on Du. In the right hand side, v belongs
to the dual space W‘LP'(Q, w*, R™), (% + 1% =1, p> 1), fand g satisfy some standard continuity and
growth conditions. We prove existence of a regularity, growth and coercivity conditions for o, but with

only very mild monotonicity assumptions.
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4.1 Preliminaries

Letw = {w;; | 0 <4 <n;1 <j < m} the weight function systems defined in 2 and satisfying the

following integrability conditions:

—1

wij € L (), wi’;-j € L},.(Q), for some p €]1, 00 and Is > 0 such that w;;" € LY(Q). (4.1.1)
with w* = {w}; :wilj_p’, 0<i<n, 1<j<m},o= (0.5 withl <s<n,1<r <mand which
satisfies some hypotheses (see below).

The space W'P(Q, w, IR™) is the set of functions

ou’

{u=u(z)/u e (@@, R™)}, Dyu=

€ LP(Qw;;, R™), 1 <i<n,1<j<m}.
Ly
with

LP(Qwij, R™) = {u = u(z)/ | u | wy? € LP(Q, R™)}

The weighted space W1?(Q, w, IR™) can be equipped by the norm:

1
m p
lullype = (Z/Q ujPwojde + ) /Q|Diju|pwijd$>
j=1

1<i<n,1<j<m

where @y = (wo,) and 1 < j < m. the norm ||. |, is equivalent to the norm ||| . |||, on W, * (92, w, IR™),

such that,

Il el e

Proposition 4.1.1 The weighted Sobolev space W' (), w, IR™) is a Banach space, separable and reflex-
ive. The weighted Sobolev space Wy (2, w, IR™) is the closure of C3°(Q,w, IR™) in WP (Q, w, IR™)
equipped by the norm .|, , .

Proof: The prove of proposition is a slight modification of the analogous one in [25] [Kufner-Drabek].

Definition 4.1.1 A Young measure (V) cq is called W'P-gradient young measures (1 < p < o0) if it is
associated to a sequence of gradients Duy, such that uy, is bounded in WP ().

The WP-gradient young measures (V,)zcq is called homogeneous, if it doesn’t depend on z, i-e, if

¥, = U fora.e. x € .

Hypothesis (H,) ( Hardy-Type inequalities ): There exist some constant ¢ > 0, some weighted function

~ and some real q (1 < ¢ < o0) such that,
m 1 1
(Z/ \Uj(x)!q%(x)dx> <c ( > / ]Diju|pwij) >
=179 1<i<n1<j<m ¥ §

76



for all u € Wy P(Q, w, R™), with y = {7,/1 < j < m}.
The injection W, P(Q, w, IR™) << LI(€Q, v, R™) is compact, and W, ?(Q, w, R™) << L" (X, R™) is
compact, (by [25]) with
1<r <ol if ps<n(s+1)
r>1 if n(s+1)<ps
(Hy) Continuity: o : Q x R™ x IM™*™ — IM™*" is a Carathéodory function (i-e x — o(z,u, F)
is measurable for every (u, F') € IR™ x IM™ ™ and (u, F)) — o(z,u, F') is continuous for almost

every = € ). (Hs) Growths and coercivity conditions: There exist ¢; > 0,co > 0 Ay € LPI(Q), Ay €

LYQ), Ay € LP/'(Q), 0 <a<p, 1 <g<ooand 3> Osuchthatforalll1 <r <n, 1<s<m,we

have:
|05 (2, u, F)| < BwHP[N(z) + ¢ Z 5177 s 9P Z ng/p’|ﬂj|p_1] (4.1.2)
Jj=1 1<i<N1<j<m
and
o(z,u, F) 1 F > =Xg(x) = Y woi(@)PXs(@)ug* + e > wyla) - |[Fyl? (4.1.3)
Jj=1 1<i<nl1<j<m

(H3) Monotonicity conditions: ¢ satisfies one of the following conditions:

a) Forall z € Q, and all u € IR™, the map F +—— o(z,u, F) is a C'*-function and is monotone( i-e,
(o(z,u, F) —o(z,u,G)): (F—G)>0,forall z € Q, all we R™andall F,G € M™*").

ow
b) There exists a function W : Q x IR™ x IM™*™ — IM™ ™ such that o(z,u, F) = a—F(:v,u, F) and

F +—— W(z,u, F) is convex and C" function.

¢) For all z € €, and for all v € IR™ the map F' —— o(z,u, F') is strictly monotone (i.e, o(z,u,.) is

monotone and :[(o(z,u, F) — o(z,u,G)) : (F — G) =0 = F = Q).

d) o(x,u, F) is strictly p-quasi-monotone in F, i.e,

/]Mm(a(m, w ) — oz, ) : (A — W)dI(A) > 0,

for all homogeneous 1V '*“-gradient young measures ¥ with center of mass A = (1J,id) which are
not a single Dirac mass.
The main point is that we do not require strict monotonicity or monotonicity in the variables (u, F')

in (H3) as it is usually assumed in previous work see ([41] or [43]) and [44].
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(Fo)*:( continuity) f :  x IR™ x IM™ ™ — IR™ is a Carathéodory function i-e :z — f(x,u, F)
is measurable for every u € IR™, and F' € IM™*", (u, F') — f(x,u, F') is continuous for almost
every z € (2.

(F1)*: (growth condition ): The exist : by € L” (Q2),¢;, > 0,¢, > 0 such that :

|fi(,u, F)| < by (@ )+61% g +ngw |l e

V1 < j <m (Gp) : (continuity) the map g : 2 x IR™ — IM™*" is a Carathéodory function . (G;):

(growth condition) There exist : by € L (1)

L £ a
’grs| < WTZ‘)S[bQ + ny]p ’uj|p/]
J
Foralll <r<nandl <s<m.

Our aim of this chapter is to prove the existence of the problem (QES) 1, in the space W, ¥ (Q, w, IR™).

Remark 4.1.1 The condition (Fy)* and (Go) ensure the measurability of f and g for all measurable
function u. (Fy) and (G1)* ensure that growths conditions, in particularly : if u € W, (Q,w, IR™) then
f(,u(.),D()).u(.) and g(.,u) : Duisin L'(Q,w).

Exploiting the convergence in measure of the gradients of the approximating solutions, we will prove the

following theorem.

Theorem 4.1.1 If p € (1,00) and o satisfies the conditions (Hy) — (Hs), then the Dirichlet problem
(QES)}, has a weak solution u € WyP(Q,w, R™), for every v € W (Q,w*, R™), f satisfies (Fy)*
and (F\)* and g satisfies (Go) and (G).

In order to prove theorems, we will apply a Galerkin scheme, with this aim in view, we establish in the
following subsections, the key ingredient to pass to the limit for this, we assume that the conditions:(H) —

(H3),(Fo)*,(F1)*, (Go) and (G1).

Lemma 4.1.1 For arbitrary u € Wol’p(Q, w, R™) and v € W7 (Q,w*, IR™), the functional
F(u) : WyP(Q,w, R™)
® — /Qa(x,u(a:),Du(at)) : Do(z)dx
— (v, ) — /Qf(x,u, Du) : pdz + /Qg(x,u) : Dypdx.

is well defined, linear and bounded.
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Proof For all ¢ € W,”(Q,w, IR™), we denote

Flu)p) =L+ L+ I+ 1

with
L = /Qa(a:,u(x),Du(x)) : Dp(zx)dx,
and
Iy =—(v,9).
—/Qf(x,u, Du) : pdx
Iy = /Qg(x,u) : Dpdzx
We define

I.,= /Qars(a:,u(az), Du(x)) : Dysp(x)dx

Firstly, by virtue of the growth conditions (H) and the Holder inequality, one has

|Is| < /lars(x,ux Du(x))| : |Dysp(x)|dx

< / B[P (x) lev My (@) e YT w P IDyul | Drsgplda,
1<i<nl<j<m
< /’)\1 |p dr) l/p /|D ) |Pwysda) p 4 /|Dr390 )Pwrs) l/p Z/ |u;|97;dx) 1/p’
o [ 1D ([ Do o)
1<7,<n1<g<m

with (p = p/(p — 1)), and thanks to Hardy inequality we have:

.| ally el + e D@l / ]yl /P

+e1 Y 109, [ Dull,,, ]
ij

S C,B[“)\l”p’ ||90||1,p,w7«s + ||s0||17p,w7.5

qu,'y + ||u||1,p7w ||SD||17p7UJrS

with ¢ = max(c, 1). Which gives
L] < Bl + Tl + lullpwl 9l pe < oo

and

L] < / ollldz < [0l [l < 0.
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:Z/ij(a:,u,Du)SOj(x)dx

We denote I3 = | [, fi(x, u, Du)g;(x)dz].

Iy; < / 1f; (2, 0, D)l ) da]

1
< / by (@) oy (@) |wdde + ¢, / g 7 Loy (2) i + / > les@lIDaul b de

L 1 1 1
/|b1 |p ¢’ /|90J |w03dx)” (/ |uj| dz) /|% ’WOde)p

/ 1
3 sl [ 1Dl @ Vi)
s Q Q

1 r
<[ or [l 2 11 p +C'1(Z/Q%($)|uj|qu)f”’- I ¢ llpw +eallelwp- I Dull{.
J
/ / o
<[ b1 [l [hpw 61 [ Dullipw - | @ 1w Fellelhwp [ DullT ).

P
< (I'by+ . || Duflupe +eo-IDull{p ) 1|9 llpe

I, = /grs x,u)D,gpdx
4 Z g (z, u)
/‘grs |Drs(:0|dx</b2wrs TSQde—i_Z/ 7/ ’ujlpw?“sDrsﬁpdx
S S
< (f a2 (| Delancde) + 30| hulsadde)?-( | Dol (o))

% 1
< (1Bl | Drs g, + / Dy Puonda)

3 =

4 1
I SH ba Hp’ . H D0 ”Lp,wrs "‘Hqu,“y(/Q |Drs<»0|pw7'sdx>p

q
<02 llp - | De N1 po Hlwllzn- | Do ll1pe
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< (K% HLp,w .

hence I < ¢4 || ¢ |1 pw-With ¢y < 00.

Finally the functional F'(.) is bounded.

Lemma 4.1.2 The restriction of F' to a finite dimensional linear subspace V' of VVO1 P(Q, w, R™) is con-

tinuous.

Proof Let d be the dimension of V" and (ey, es, ..., €4) a basis of V. Let u; = Z aj..ei be a sequence in
1<i<d
V which converges to u = >, a’e; in V. The sequence (a;) converge to a € IR?, so u; — u and

Duj — Du ae., on the other hand ||u;|, and || Du,||, are bounded by a constant c. Thus, it follows by

the continuity conditions (H; ), that
o(z,uj, Duj) : Dp — o(z,u, Du) : Dy

forall o € W, ?(Q,w, IR™) and a.e. in Q. Let (' be a measurable subset of Q and let p € Wy (Q, w, IR™).

Thanks to the condition (H»), we get

N lo(z,u;, Du;) : Dpldr < oo,

By the continuity conditions (F)* and (Gg) we have :

f(z,u;, Duj).o = f(x,u, Du).p

And

g(z,u;).Dp — g(x,u). Dy

almost everywhere. Moreover we infer from the growth conditions (F})* and (G) that the sequences:
(0@, uz. Duy) - D) (£ (@, 5, Duy).p) and (g(a w,)-Dy)
Are equi-integrable. Indeed, if {2’ C € is a measurable subset and
© € WyP(Q,w, R™) then: Joy |f(z,uj, Duj).|dz < oo (by (Fy)* and Holder inequality).
Joy l9(@,u;).Delde < oo (by (G1) and Holder inequality )
Joy lo(@, u;, Duj) : Dyldx < oo (by Holder inequality)
which implies that o (x, u;, Du;) : Dy is equi-integrable. And by applying the Vitali’s theorem, it follows
that
/Qa(x,uj,Duj) : Dpdr — /Qa(x,u,Du) : Dodz,
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for all p € W, (Q,w, R™.
Finally
lim (F(u;), ) = (F(u),¢)

J—00

which means that

F(u;) — F(u) in W (Q,w*, R™).

Remark 4.1.2 Now, the problem (QES)} , is equivalent to find a solution u € W,y P(Q,w, IR™) such that
(F(u), @) =0, forall p € WyP(Q,w, R™).

In order to find such a solution we apply a Galerkin scheme .

4.2 Galerkin approximation

Remark 4.2.1 (Galerkin Schema)

Let Vi, C V, C ... C Wy?(Q,w, IR™) be a sequence of finite dimensional subspaces with \J, p Vi

dense in Wy (Q, w, IR™). The sequence Vi, exists since Wy (Q, w, IR™) is separable.

Let us fix some k, we assume that V}, has a dimension d and that (ey, e, ...., €4) is a basis of Vj. Then, we
define the map,
G: IR* — IR*
(a1, .yar) — ((F(u),e1) . (F(u),ex));u= S0 aze;.

Proposition 4.2.1 The map G is continuous and G(a) - a tends to infinity when ||a|| 1. tends to infinity.

Proof. Since F' restricted to V}, is continuous by Lemma 4.1.2, so G is continuous.
Leta € R*andu =Y, ,.,a' - € in Vi, then G(a) - a = (F(u),u) and which implies that ||a|| . tends
to infinity if [Juf|, , , tends to infinity.

Ga) - a= Y (F(u),a -e) = (F(u),u)

1<i<d

and
p p
ullf o= a' e < (Z |aZ|-||ez-Hl,p,w)
1<i<d 1pw 1<i<d
p
, A

< max (IIeiHl,p,w> . (;;dlaZI)

TS

< e lall g
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which implies that ||a| , tends to infinity if [|ul[, , , tends to infinity.

Now, it suffices to prove that
(F(u),u) = oo when |jull;,., — 0.

Indeed, thanks to the first coercivity condition and the Holder inequality, we obtain

I= / o(x,u, Du) : Dudz > — || A, — / Agw&/p]uj]adx + ¢y Z / | DjjulPw;jdx
0 0 %

1<i,j<n,m

a/p

< sl yay 1051l -

By the Holder inequality, we have

/ /\3|uj|aw8‘j/pdx
Q

IA

N

where ¢’ is a constant positive. For [|u|, , , large enough, we can write

L1 = =1l = sl ey - 10511, + €2 2o jcnm 1P
> = [Pally = & Asll oy - llly s + 26 - Hlully, -

And since

1] = [ (v, w) | < vl Zy gy eor - Nullyp,

Finally, it follows from the growth condition (F})* and G that:

11" = I/Qf(I7U7DU)-Ude| < (Noally + - IDull1p + Sl Dl pe) -l p-
< ez J|ullipew
q
|| = |/Qg(rc,U)-Dudw| < (b2l + llullgy) - 1Dull1pw < callullipw;

with ¢4 is a constant. With; 0 < o < pand p > 1, we get:

I-1T'—1"> co.d - |Julf

pw ”UH—l,p’,w* ’ ’u”l,p,w —c H/\3||(p/a)’ ’ ||u||ip,w - H)\2||1 —C3- ||uH1,p,w 4.2.1)

Consequently, by using (4.2.1), we deduce
[=1I'-1"—ooas |ul,,, — oc.

and

1" — oo as [ull,,, — oo

(F(u),u) — oo as ||u||1’p7w — 00.
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Remark 4.2.2 The properties of G allows us to construct our Galerkin approximations.
Corollary 4.2.1 For all k € IN, there exists (uy) C Vj such that (F(ug),p) = 0, forall ¢ € Vj.

Proof By the proposition 4.2.1, there exists R > 0, such that for all « € 0Bg(0) C R, we have
G(a) - a > 0. And the usual topological argument see.e.g [Zei 86 proposition 2.8] [64] implies that

G(z) = 0 has a solution = € Bg(0). So, for all k& € h, there exists (u;) C Vj, such that
<F(a:jej), ej> =0 forall 1 < j <d, withd = dimV},
Taking uy, = (ze;), €; € Vi, so we obtain:
((F(ug)),p) =0, forall p € V.
Proposition 4.2.2 The Galerkin approximations sequence constructed in corollary (4.2.1) is uniformly
bounded in Wy (Q, w, R™); i.e.,

there exists a constant R > 0, such that ||ug|, , , < R, for all k € IN.

Proof Like in the proof of proposition (4.2.1), we can see that
(F(u),u) — oo as |ull,,, — oo.

Then, there exists R satisfying (F'(u),u) > 1 when |[|ul|, ,, > R. Now, for the sequence of Galerkin
approximations (uy) C Vj of corollary (4.2.1), which satisfying (F'(uy),ux) = 0, we have the uniform

bound |[u||, ., < R, forall k € IN.

Remark 4.2.3 There exists a subsequence (uy,) of the sequence (uy,) C Vj, such that:
wp, — uin Wy P(Q, w, R™)

and
uy — w in measure in L" (), R™);

with
L<r< o o ps<n(s+1)
r>1 if n(s+1)<ps
The gradient sequence (Duy) generates the young measure V. Since uy, — wu in measure, then (ug, Duy,)

generates the Young measure (0, (z) ® V), see e.g [39]. Moreover, for almost x in §), we have,
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(i) 9, is the probability measure, i.e,

Dol e = 1

mes

(ii) 0, is the WYP¥ - gradient homogeneous young measure.

(iii) (V.,id) = Du(x), see e.g [3].

Proof. See [39].( Dolzmann, N.Humgerbuhler S. Muller, Non linear elliptic system....)

4.3 Passage to the limit

Now, we are in a position to prove our main result under convenient hypotheses.

Let
Iy = (o(x, ug, Duy) — o(x,u, Du)) : (Duy — Du). 4.3.1)

Proof. see [39].

Lemma 4.3.1 Let p > 1 and uy, be a sequence which is uniformly bounded in I/VO1 P(Q,w, R™). There
exists a subsequence of uy, ( for convenience not relabeled ) and a function u € VVO1 P(Q, w, R™) such that
up — uin Wol’p(Q,w, R™)

And such that uj, — u in measure on  and in L"(Q, IR™), with :

L<r< a7 i ps<n(s+1)

r>1 if n(s+1)<ps

Proof. see [38]. with a slight modification.
Lemma 4.3.2 The sequence (I}) is equi-integrable.

Proof
We have

Iy = (o(z,u, Dug) — o(x,u, Du)) : (Duy — Du)
= [o(x,ug, Dug) : Duy] — [o(x, ug, Duy,) : Du] — [o(x,u, Du) : Dug] + [o(x,u, Du) : Du]
= L+ LG+ +1
(4.3.2)
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We denote (1)~ = —[o(z, ug, Duy, : Duy] ™. Thanks to the coercivity condition (H5), we have

(1) ldz < /|/\2|+02 S wiallugltte S wylDyulda
Q Q

1<j<m 1<i,j<n,m (4.3.3)
< Pl + [ O3 gl Dallgrey + ca ..,
1<j<m

with p/a > 1. Therefore,

_ a/p
i) ldr < Dol (32 wnsll?) Il + 2l
1<j<m

Aally + Nkl | Asll /ey + c2 luxlli

IN

< 00,
for all 2’ C Q.
Similarly for (|(I}})7].
Now, by using the growth condition (H>) and the Hardy inequality (H,), we have

(1) |de = o (@, ug, Duy) : Duy|dx
o o
< B[ wl (/\1 +c Z 7;/p’,|ukj|q/pl + ¢y Z wilj/pllDijuﬂp_l) D, suydz.
& 1<j<m 1<i,j<n,m

(4.3.4)
Thus, by the Holder inequality, we obtain

1/p
/ ()" 1dz < B[l (/ \Drsuklpwrsdw)
Q Q/
/ 1/p’

1/p ) P
+ ¢ ( ]Drsuk\pwmdx> / ( E ’y;/p \ukj\Q/pl> dx
o o

1<j<m

/ 1/p 1/p
ver[ 3 [ (1Dgunla)l Vi) ( |Dmuk|pwmdx) L 439
1<j<m v 9%

So, by combining (4.3.4) and (4.3.5), we deduce that

o (@, ug, Duy) : Dug|dz < &8 (IMllp |Juell1pw + w1 pw) < oo (4.3.6)
Q/

Similarly to (|(I2)~|, we obtain (|(I})~|. Finally: I}, is equi-integrable.
We choose a sequence ¢, such that ¢y, belongs to the same space V), and ¢ — ¢ in Wol’p (Q,w, R™) this

allows us in particular, to use u; — @y as a test function in (4.2.1). We have:

/ lo(x, ug, Dug) : (Dug — Dpy)|dz = (v, up — @)
Q

4.3.7)
—l—/ [z, ug, Dug).(up — op)dx — / g(x,ug) : (Duy, — Dpy)dz.
Q Q
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The first term on the right in (4.3.7) converge to zero since (u; — @5,) — 0 in W, ?(Q,w, IR™).

By the choice of ¢y, the sequence ¢, uniformly bounded in W, ?(€, w, IR™). And lemma (4.3.1). Next

Jfor the second term :/ [}, = / f(z, ug, Dug).(ur — g )dx in (4.3.7) it follows from the growth condition
Q

FY and the Holder inequality that:

b
[l < ([ballr + 1D (e = 0p) o + o (1D (e = 0r) 177)- e — prll1pes

< (ballyr + e [1D(ur = @) l1p)-lur = @rllrpe

. by the equivalence of the norm in W,”(Q,w, R™) and the sequence (uy; is uniformly bounded in
Wy (Q,w, IR™), ||ug |1, is bounded.

Moreover, by the construction of ¢y, and lemma (4.3.1) we have :

ur — orll1pw < llux — ull1pw + [[u = orll1pw
(”uk - u”l,pw + ||U - ‘PkHl,p,LfJ) — 0

We infer that the second term in (4.3.7) vanishes as k — oo. Finally, for the last term

I, = / g(x, ug) : D(ug, — pp)dz
Q

in (4.3.7), we note that
g<x> uk) — g(x, u)

Strongly in L¥ (Q, M™*") by (Gy),(G1) and lemma(4.3.1).

Indeed we may assure that u;, — « almost everywhere.

11y < (|[bally + k= @xllan)-1 D(ur = o) ll1pe

Jo

< (10l + Nk = prllin) Il (ur — @x)l1pas
9
< L (1b2lly + [k = @rlldn)-(lun = ullipw + lex = ullpe)

9
lr = ullipew = 0 flur = ull1pe — 0 and fluy, — @rflgy =0
. Now, we consider (1) = (o(z, ug, Duy,) : (Duy — Du). We have, I, is equi-integrable because I, it is.

So, we define

X = liminf/ Iydx = liminf/([k)'dx > // (o(x,u, A) : (A= Du)diz(N)
Q Q Q Jmxn
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So to prove (?2?), it suffices to prove that:

X <0. (4.3.8)

Let € > 0, so there exists ko € IV such that, for all & > ko, we have dist(u, V}) < € since
:(liminfy, ev, (Ilv — ¢l < & (ux — u) Or in an equivalent manner dist(uy — u, Vi) < &, Vk > ko

then for all v, € V)., we have

k—o0

= liminf [/ (o(z,ug, Dug) : D(ur, — u — pp)dx —|—/
Q

k—o00 Q

X = liminf/(a(x,uk,Duk) : (Duy, — Du)dx
Q
(o(z,ug, Duy) : D(gpk)}

Combining (H>) and (4.0.1), we get

X <lim inf /ﬁwl/”
Q

rs
k—o0

)\1 +c Z ’}/jl/p |ukj |q/p’ +C Z wilj/p |Dijuk]p1]

1<j5<m 1<4,j<n,m
X|Drs(ur — u — @p)|dx + (v, @)

For all € > 0, we choice ¢, € V} such that
lur — v — @l < 26, 4.3.9)
for all k£ > kq. Which implies that

[ (v, x| < Tvs 0x + (u = u)) [+ [ {0, up —u) | < 2o - +o(k)

||—17p’,w

Hence limy_,oo (v, ur, — u) = 0. According to Holder and Hardy type inequalities, and by (4.3.9) we

deduce that

1/
X < hmmfcﬂ(‘ )\IHPI(/ ‘Drs(uk —Uu—- @k)’p'wrsdl) ’
k—o0 Q

1/p 1/p
+c; (/ ]uk]q.’y) ) (/ |Dys(up, —u — gok)|pwrsda:)
Q Q

1/p 1/p
ver (3 [wulDyub @) ([ wndDaton - u ) )+|<v,¢k>r

< timinte (Dl e = = @ully ) + el o = 0= @l + 22 o+ 00R)

Therefore,

X < 268 (Il + [[ullf 0 + 0] -1 0e) -

Which proves that X < 0, and finally

// o(x,u,\) : Adiydr < // o(x,u,\) : Dudd,(\)dx.
Q Jpmxn QJpmxn
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Proof of theorem:

For arbitrary  in W (, w, IR™). It follows from the continuity condition (F) and (Gy) that

and
g(w,u) » Dop(x) = g(x,u) : Dp(x)
almost everywhere. Since, by the growth conditions (F7), (G1) and the uniform bound of wy, f(z, g, Duy).(z)

and g(x, uy) : Dy(x) are equi-integrable, it follows that the Vitali’s theorem . This implies that:

lim / (@, g, Duy) <p(x)da = /Q (@, u, Du)<p(a)da

k—o0 0

for allp € U2V} and

lim [ g(x,ug): Do(z)dx = /Qg(x,u) : Do(x)dx

k—o0 Q

for allp € UpZ, Vi, We will start with the easiest case
(d) : F +—— o(x,u, F) is stictly p-quasi-monotone. (4.3.10)

Indeed, we assume that 1J, is not a Dirac mass on the set M with x € M of positive Lebesgue measure
|M| > 0. Moreover, by the strict p-quasi-monotonicity of o(x,u,-) and ¥, is an homogeneous W1»
gradient young measure for a.e. * € M. So, for ae. * € M, with A\ = (¥,,Id) = apDu(x)), with

apDu(z)) is the differentiable approximation in x. We get
/ o(z,u,A) 1 (A= Du)dd(X) > [pmen 0(z,u, Du) 1 (A — Du)dd,(N)
MM Xn

> o(z,u, Du) :/ AV (X) — o(z,u, Du) : Du/ di,(N)
IMmXn IMmXn

> (o(z,u,Du): Du—o(x,u, Du) : Du)) =0
0

On the other hand (4.3.8), integrating over 2, and using the div-cul inequality we have:

// o(z,u, A) : Ad,( dm>// o(z,u, ) : Dudd,(\)dx
IMmXn mXn
f/w o(x,u, A) : Adi,(\)dz.
Q I Xn

Which is a contradiction with (4.3.8). Thus ¥, = 5 = dpu() for a.e. € Q. Therefore, Du, — Du

in measure when k tends to infinity. Then, we get o(x, ug, Duy) — o(x,u, Du) for all z € ). In the

89



other hand, for all p € |J Vy; o(x, ug, Dug) : Dp — o(x,u, Du) : Dy a.e. x € ). Moveover, for all
kEIN
2" C €2 measurable, it is easy to see that:

/ o, up, Dug) - Dpde < ¢ (Il + il 2, + urlf2, )l < oo,

because ||u||;,, < R. And thanks to Vitali’s theorem, we obtain:

(F(u),¢) =0, forallp € ] Vi
keN

Which proves the theorem in this case.

Remark 4.3.1 Before treating the cases (a), (b) and (c) of (Hs), we note that
/ / (o(x,u,\) —o(x,u, Du)) : (A — Du)dd,(\)dz <0 (4.3.11)
Q Jnmxn

Since
/ / o A) - (A — Du)ddy(Ndz = 0,
(9} I X1
thanks to the div-Curl inequality in (4.3.8). On the other hand, the integrand in (4.3.11) is non negative,

by the monotonicity of o.Consequently, the integrating should be null, a.e., with respect to the product

measure dJ, ® dz, which mean
(o(x,u,\) —o(x,u, Du)) : (A — Du) = 0 in sptd,. (4.3.12)

Thus,

sptd, C {N € M™"/ (o(z,u,\) — o(z,u, Du)) : (A — Du) =0} (4.3.13)
Case c: We prove that, the map F' — o(z, u, F') is strictly monotone, for all € €2 and for all u € R™.
Sine o is strict monotone, and according to (4.3.13),

sptd, = {Du}, ie, 9, = dp,, ae.inQ,

which implies that, Du; — Dwu in measure. For the rest of our prove is similarly to case d.
Cases (a) and (b): For the case (a) resp (b) we use near the same techniques that we used in a) chapter3,

then we go to limit we find the proof of theorem [

Example 4.3.1 Let ) is a bounded open domain in IR". In this example we suppose that the weighted

functions: (wij), 0<i:<n; 1< 7 < mando satisfies the condition in example 2.3.1. Hence we have
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the Hardy-Type inequalities in (Py) for all u € Wol’p(Q, w);q>7p.
Let us consider the functions f and g defined by:
1 11 1 L 1
Jielw,u, Q) = wie ™ > 7 Ly P sign(ug)wgwg, + D W) 1GlP sign(Giy)wi
J 2
1 L/ 1
Grs = WisCos | x| + Z |y [P sign(ug)wg;whs
J

The functions satisfies the conditions (Fy)* — (F1)* The functions satisfies the conditions (Gy) — (G1).
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Chapter

Existence of solutions for some quasi-linear
elliptic system with weight and measure-valued

right hand side

Abstract

We prove the existence of a solution u for the nonlinear elliptic system:
—divo(x,u, Du) = pinf2
u = 0 on 052

where p is Radon measure on {2 with finite mass. In particular, we show that if the coercivity rate of
o lies in the range |*%, (2t1)(2 — 1)] then u is approximately differentiable and the equation holds
with Du replaced by apDu. The proof relies on an approximation of p by smooth functions f; and
a compactness result for the corresponding solutions uy. This follows from a detailed analysis of the
Young measure {d,(x) ® ¥(x)} generated by the sequence (ux, Duy), and the div-curl type inequality

<dI(z),0(x,u, ) ><7(x) < I(zx),. > for the weak limit 7 of the sequence.

5.1 Introduction

We consider the existence and compactness questions for elliptic systems of the form
—divo(z,u(x), Du(x)) = pin Q (5.1.1)
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u = 0 on 0f) (5.1.2)

with measure-valued right hand side ;1 € M (€2, w*, IR™) on an open, bounded domain €2 in [R". And
the weight functions w* defined by w = {w;;,0 <i <n,1 <j <m} with Wi = wilj_p/ on this chap-
ter we are interested in the solution u in the Sobolev space W, (€, w, IR™), and estimation of the
weak Lebesgues spaces. We assume that o satisfies the following hypotheses (Hy) — (H3). Let w =
{wi;] 0<i<mn;1<j<m} the system for weight functions on (2 satisfying:

wij € Lp,.(Q), w;fl c L,.(Q) (5.1.3)

wy;® € L'(Q) (5.1.4)

for some s E]Max(lﬁ; =) 5 oo[. The Sobolev space WhP(Q, w, IR™) defined by:

Wl’p(Q,w,Rm) = {U € LP<Q,EO7Bm)’ wo = woj; 1 S j S m; 8

5 e IP(Quwy); 1<j<m; 1<i<n}
T

The Sobolev space W1P(Q, w, IR™) equipped with the norm

= Z/wo]rujr o+ 3 [ wulDyuli.

The condition (5.1.3) we give (W"?(Q,w, R™),|..|, ) Banach space and C2°(9, IR™) subspace of
(WP(Q,w, IR™). The space (W, ”(Q,w, R™) is the fermenter of C>°(Q, IR™) in (W'?(Q,w, R™) for

the norm ||..[|7 , ). The condition (5.1.4), we give
WP (Q, w, R™) — WP (Q IR™) and (W"P(Q,w, R™) << L"(Q, R™)) (5.1.5)

forall 1 <r < pi with p, = 25

Pi = nihps i p-s < n(s + 1), and pj is arbitrary otherwise.

5.2 Hypothesis

(Hp) (Continuity) o : Q0 x IR™ x IM™*™ — IM™*" is a Carathéodory function, i.e:
x +—— o(x,u,p) is measurable for every (u,p) and (u,p) — o(x,u,p) is continuous for almost

every x € ().

(Hy) (Coercivity and growth): There exist constants ¢, ¢o, § > 0 and A\; € Lp/(Q), Ny € LYQ),

)\3€L(%)I(Q),O<V<p,1<q<% O<8<ps—1) such that, for all 1 < r < n, and
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1 ULR q L
|ors(z,u, F)| < Bwis[M + ¢ ZVJP uj|?" + e Zwi]} |Fi;1]

J=1 .3
m v
P qv
o(x,u, F): F > =X\ — Z)\wjp lu;| # + co sz.j|pij|p.
J=1 i,j
(Monotonicity) o satisfies one following conditions:

a) For all z € Q, u € IR™ the function F' — o(x,u, F) is a C' and monotone function, which
means (o(z,u, F') — o(z,u,q)) : (F —G) >0, forall z € Q, u € R™, and F,G € M™*".

b) There exist a function W : Q x [R™ x IM™ ™ — R such that: o(z,u, F) = %—Vg(x,u,F), and
the function F' — W (z,u, F') is a C' and convex function.

¢) o is strictly monotone, i-e; o is monotone and (o (z,u, ') — o(x,u,G)) : (F — G) = 0. implies
F=G.

d) A function F' — o(x, u, F') is strictly p—quasi-monotone, i-e:

Spgmen (0 (@, u, N) = o(2,u, X))+ (A= A)dr(X) > 0, for all homogeneous W'? — gradient Young

measures v with center of mass A =< v; Id >= f pmxn Advr(A) which are not a single Dirac mass.

(structure conditions) i)- (Angle condition) for all x € Q, u € IR™ and F' € IM™*" there holds
o(z,u, F) : MF > 0, for all matrix M € IM™ ™ of the form M = Id — a ® a with |a| < 1.
ii)- (The sign condition ) for all x € 2, v € IR™ and F' € IM™", oj(x,u, F) : F; > 0, for all

1 < 7 < m with F}; and o; are the cologne j of matrix /" and o.

(The Hardy-Type Inequality) There exist ¢ > 0, one weighted function v = (7;)1<j<m. and the

parameter 1 < g < %2 (H,), such that:

1 1
=1 i

1
and the expression (Z” Jowij | Diju [P dx) " is anorm equivalent to the norm ||. 1z, 10 Wy (Q,w, R™).
The injection W, (Q, w, IR™) << L4(Q,~, IR™) is compact, and

Wol’p(Q, w, R™) << L"(2, IR™) is compact, with

1<r < 7 if ps<n(s+1)

r>1 if n(s+1)<ps

95



Remark 5.2.1 1. Assumption (Hy) ensures that o(x,u(x),U(x)) is measurable on ) for measurable
function u : Q — IR™ and U : Q — IM™ ™. A typical example for a function o satisfying (Hy)

is o(x,u, p) = a(x,u, p)p with a real valued non-negative function «.

2. A serious technical obstacle is that for ps € (1,2 — 1/n| solutions of the system (5.1.1) in general

do not belongs to the Sobolev space W' (Q, w, R™).

This fact has led to the use of normalized solutions in [39] and generalized entropy solutions in [10]
for elliptic equations of the above type. We will use a notion of solution where the weak derivative
Du is replaced by the approximate derivative apDu. Recall that a measurable function w is said to be
approximately differentiable at x € €2 if there exists a matrix

EF, € M™*" such that:

for all € > 0, l% rinmeas {y € B(z,r) : |u(y) — u(x) — Fy(y — x)| > er} = 0. We write:

apDu(z) = F,.

Definition 5.2.1 A measurable function u :  — IR™ is called a solution of the system (5.1.1) if:

(i) w is almost everywhere approximately differentiable.
(i) nou e WHH(Q,w, R™), forall, n € CL(IR™, R™).
(iii) o(z,u,apDu) € L*(Q2, M™*™)

(iv) The equation: —divo(z,u(x),apDu(x)) = w holds in the sense of distributions. Moreover we say
that u satisfies the boundary condition (5.1.2) ifnou € Wy (Q, w, R™), for all, n € C*(IR™, IR™)N
L®(IR™, R™) with n = id on B(0,r), for some r = 0, and | Dn(y)| < c.(1 + |y|) !, with ¢ < oc.

Remark 5.2.2 1. The conditions in Definition (5.2.1) (except (ii)) are the weakest possible in order to
define the system (5.1.1) in the sense of distributions. Note that if u is approximately differentiable,

then apDu is measurable, so o(,u, apDu) is measurable.

2. The assumption nou € WH1(Q, IR™) ensures minimal regularity of u. For example, if i = 0, and
o(x,u,p) = o(p) with c(0) = 0, then piecewise constant functions u satisfy apDu = 0 a,e, but are

not admissible solutions. The following theorem is the main result in this chapter.
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Theorem 5.2.1 Let §) be a bounded, open set. We suppose that the hypotheses (Hy) — (Hs) — (H3) and
the coercivity condition in (H,) are satisfied. Let p denote a IR™- valued Radon measure on Q) with finite
mass. Then the system (5.1.1)-(5.1.2) has a solution u in the sense of definitionl, which satisfies the weak

Lebesgue space estimate:

HUH ) + ”apDu”ztpS,oo(Q’Man) S C; (52.1)

*
L'ps»o0 (Q, R™

with the constant C depends of [S1], ¢, ca,and || A3 || (2 with t,, = % and

). (Q)’
b, = nes=1) js the Sobolev exposed of t,,.. If co = O the right hand side of (5.1.3) reduces to C(c,)

n—ps

1
pr
M

Remark 523 1. Ifp, > 2 — &, thent,, > 1 and Du € L*(Q,M™"").

2. If p = n one can replace the L>*-norm of u in (1.3) by the C°, B-norm with 8 = 1 — %. For

p =0+ 1=nitisan open question whether Du € L™>.

3. The exponent in (5.1.3) are optimal as can be seen from the nonlinear Green’s function G,(z) =

S for the p-Laplace equation: —div(|Dul’> Du) = &, in R™, n > 3. In particular, L**

clx

cannot be replaced by L°. with (L**°), is a Laurent space.

4. The pointiest monotonicity condition can be replaced by a weaker integrated version, called quasi-
monotonicity,
The Key point in the proof of the theorem, is the div-curl inequality for the Young measure {{0,} o}
generated by a sequence Duy, of gradients of approximate solutions. Together with the identity.
(5.1.5):
apDu(z) =< O, Id >. The div-curl inequality implies easily that o(., uy, Duy,) converges weakly
in L' to o(.,u,apDu). (5.1.5) is a consequence of general properties of young measures if p, >
2 — % since in this case Duy, is bounded in L for somer > 1. If 1 < py < 2 — % one only has the

weaker bounds.

5.3 Some preliminary lemmas

In this section, we will also use the Young measures, and Inequality div-curl for assume the convergence
of subsequence u; — u in measure and for almost every subsequence, with u is approximately differen-

tiable, and apDu =< v,,1d >, v, is the Young measures generated by a sequence Duy. In the following
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T,, denotes the truncation function

«

|y |

T.(y) = min(1; )y, a>0.

By definition | 7,, |< a and
DT, (y) =1d for.|y|<a,

«

Y
|y|([d——®—) for. |y|>a.

Yy
DT, (y
) 1€ Tyl

Lemma 5.3.1 Let uy. : Q0 — IR™ a sequence of measurable functions such that:

sup/ |ug|*dx < 400 for some s > 0. (5.3.1)
kel Jo

We suppose that for each o > 0 the sequence of truncated functions {T.,(uy)},c is precompact in
LY(Q, IR™). Then there exists a measurable function u on ) such that for a subsequence u, — u in

measure.

Proof

Choose a subsequence of {uy} (not relabeled) which generates a Young measure {9, },cq. By 5.3.1 and
Theorem (Young, Tartar, Ball) the measure v, are probability measure for almost every a z € {2 and
To(ug) — vo =< vg; T, >, weakly in L'(€, IR™) and in fact strongly since T, (uy) is precompact in

L*. Consequently there exists a subsequence such that: T, (uy,) — v, almost uniformly, i-e:
T (ug,) — v, uniformly up to a set of arbitrary small measure. (5.3.2)

Let M, = {x € Q:|v,(z) |< a}. Then for each ¢ > 0 and 6 > 0 there exists a set E. of measure
meas(F.) < e and an index lo(e€; 6) such that: |T,, (ux,)| < |va(x)| + d forall z € M, \ E. and all | > [,.
It follows that uy, () — v,(2) for almost everyz € M, \ E, consider first = € Mpy; [ < « and then the
union over 3 < «). Since € > ( was arbitrary it follows that v, = ¢, (=) for almost every = € M, In view
of the Ball’s theorem it suffices to show that UM, has full measure. Now clearly M, C Mjz for oo < 3
since Ts(uy,) — T3(va) = v, almost everywhere in M, and therefore v, = vg on M,. By (5.3.2) there
exists for each € > 0 a set E, and an index [y(¢, o) such that meas (F,) < e and | uy, |>] To(ug,) |> §
on (2\ E.) \ M, forall I > ly. In view of (5.3.2) this implies meas ((2\ Ec) \ M,) < Se — 0 we
deduce meas(§2 \ UM, )=lim,_,o, meas(2\ M,) =0 O
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Lemma 5.3.2 Let Q be a domain in IR™ with || < oo and w;, € WHH(Q, IR™). Suppose that there exist
p > 1and s > 0 such that:

SupZ/ wij| Dijug|’dr < c¢(a) < oo, Ya > 0, (5.3.3)
k ug| <o

Y]

and supycpy [ [uk|®de < ¢ < oco. Then there exist a subsequence uy; and a measurable function u :
Q0 — IR™ such that uy; — u in measure. Moreover u is for almost every x € () approximately
differentiable, for all n € C}(Q, IR™) there holds o u € W'P(Q,w, R™). if u, € Wy (Q, R™) then

nowu e Wy (Q, R™) N WHP(Q,w, IR™) provided that ) = id on B(0,r) for some r > 0.

Proof
Choose
w if Jug] <«
(uk)a ==
0 if Jug| > «a.
For the hypotheses:
Z/ wij| Dij(ug)al’dr = Z/ wij| Dijug|Pde < c(a) < o0.
TIRAL gV uk|<a
1,) ]

Then, (u)q € Wy (Q, w, IR™) and for (5.1.5), (H,) and |D|u|| < |Du| we have:

[ DT uide = [ 1Dl
Q |ug|<a

CZ/Qwij\Dz‘j(uk)a\pdﬂﬁ < cfa) < 400
i

psdx S

Hence by the compact Sobolev embedding W, " (Q) << L**(), we have {T},(|uz|)} is precompact in

LY(Q). And, if n € C° (B(0, 3a), IR™) a symmetric radial such that 7 = id on B(0, 2c), then by (5.1.3)
and (5.3.3): Z/ wij| Dyj (n(uy,)) |Pdx = Z/ Wz‘j|Dz‘j(Uk)|pd$+Z/ wij| Dij (n(ug)) [Pdx <
c(a) + (a) < oo. Then, by (5.1.5), n(uy) is precompact in L*(Q, IR™), and as in Lemma 8[39], there
exist a measurable function u : 2 — IR™ such that uy, — wu in measure, with apDu(z) =< ¥,,id >

for almost every z €  and v is approximately differentiable because 1(u;) — n(u) in WH(Q, w, R™)

and apDu = apD(n o u). O

Lemma 5.3.3 Let uy be as in Lemma (5.3.2) with p > 1. Then the Young measure 1, generated by (a

subsequence of) Dy, has the following properties:

(a) v, is a probability measure for almost every x € §).
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(b) U, has finite ps-th moment for almost every x € 0, i-e [, 1pn | A |P* d0(N) is finite for almost every

x € (L
(¢) 9, satisfies < 9, 1d >= apDu(x) almost everywhere in ).
(d) 9, is a homogeneous W' — gradient young measure for almost every x € .

Proof Let ¥, denote the Young measure generated by (a subsequence of ) the sequence {(ug, Duy)}. By

Lemma 5.3.2 we have :

Uy = Ouz) ® Vg
Letn € C°(B(0,2«a), IR™),n = Id on B(0,«), and let " be the Young measure generated by
D(nour) = (Dn)(ux) Duy(x),
then ¢" is a probability measure, has finite p—th moment and
<" Id >= (D(nou))(x) = Dn(u(z))apDu(x).
It follows for ¢ € C°(M™*™), that:

o(D(n o ug)) =< 07, >= / ST,

men
Based on the proof (5.3.2), we have Z / |lw;; Dij(n o uy)|Pde < oo, and by (5.1.5)
ij YO

SUDe N fQ |D(noug)P*dx < oo, and the ( Ball’s Theorem, proof lemma 9 [39]) we conclude: (a)-(b)-(c)-
and (d) O

5.4 Approximate Solutions and a priori bounds.

We introduce the following approximating problems:
—divo (x, ug, Dug) = fr in Q. (5.4.1)

ur =0 on 0fd. 54.2)

With f, € W% (Q,w*, R™) N L'(Q, B™) and f, —* p in M (S, w*, R™) such that:
| fe llov,mm < 1 ||am@ws,mmy- By [54], and using the assumptions: (Hy), (H;),(H;) and (Hy), the
problem (5.4.1)-(5.4.2) has a solution u;, € W, (€, w, IR™) with uy is the subsequence approximates so-

lutions of (5.1.1)-(5.1.2). The results of theorems (5.2.1) is the consequence of the following proposition:
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Proposition 5.4.1 Let, f € L'(Q, R™) and o satisfies (Hy), the coercivity of (H,) and (H3). If u €
WyP(Q,w, R™) is a solution of:

—divo(z,u, Du) = f in€. (5.4.3)
in the sense of distributions. Then
we L'>(Q,R™),  Due L'">(Q, R™)

and

H U Hzt;s’oo(ﬂ,ﬂm + H Du HLtPG QMan)

(192010 N % W5 g 1 iy ) S5 [ P < Mt L, a0,
i Lo

M and L are the constants dependents on:

F A @ 1A 12y i 1 F e mmys e

Proof i)- We suppose the condition of I’angle in (H3). Let a > 0. Testing 7, () in (5.4.3) and we use the

coercivity condition in (H), and Holder inequality, we have:

Ca. Z/ wij| DigulPde < a || fllxommy + (1 A2 2@ +e I As ||y <Z/ Vi | u | dl‘)

5.44)

Jul<a
Choose :

u if |u| <a,
(U)o = ]
0 if J|ul>a.

Then u € W, ?(Q,w, IR™) because u € W, (2, w, IR™) and by Hardy-Type inequality:

Z/H 73|uj|dzv—2/ vil (ua) ;|9dz
j u|<a U

|[<a

<c. (Z/Qwij|Dijua|de>
2
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q

P
S C. Z/ wij‘Dij’U/a‘pdl’
i Il

Co. (Z/H wij|piju\pdx> <al| flloorm + | A oo
Zj ’LLSOL

By (5.4.4)

agq

P2
el sl (}j / ) wijmijuvdx)
ij v lul<e

and % < 1. Then

(Z / wijypijmpdx) <c (all flle@mrm + | A2 loe) < Ma+ L, (5.4.5)
- \u\ga
%]

with L = L(c, || A2 [[i@). ¢ || As ||, (z)-) and M = M(cr,c2 || A3 [, || f |22 .mm)), we choose:

u® = min(|ul, @), then by |D|ul|| < |Dul|

/ | Du®
Q

< <Z/Qwij|Dijua|pd$> - (Z /u|<a wij|Diju|pd:z:> And by (5.4.5), and p, < p, we have:
1,J 2¥) -

/ | Du®
Q

By (5.1.5) and (5.4.6), we have:

/ lu®|Psda < c. (/ | Du®
Q 0

psdx

psda::/ |D|u Psda:+0§/ ]Dupsdx:/]Dua
lul<a lu|<a Q

Psdx S C.(Oé || f |||L1(QJRm) + H /\2 ||L1(Q)) (546)

P

*
S *
s

psdl’) S C. (CY H f HLl(Q;IRm) + H )\1 HL1(Q))7 (547)

3

"3‘0?*

p:dl‘ S c.oz_p; (a H f HLI(Q,RM) + || )\2 HLl(Q)>

—m* * —m*
A (@) = a pS/ aPidr < « pS/ |u®
[u|>-o Ju| o

and we continue in the same way as in a case that is non-degenerated [39] by replacing p by p, as well as

(5.4.8)

1
[ull 6. 00 (2, IR™) = supy, g | Ay ()| 5

Lths
< |Q|+supa>104|l/\|u\(@)£ 1
<+ el £ Uy I A2 75
i-e:
el (2, B < c. (\m, %2l As Il ayr el f Hmm) o 649
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on the other hen, by using (ps; < p) and thinks to (5.1.5), we obtain:

/\|Du‘(s) < 81”8/ |Du|psdm—|—)\|u|(a)
lu|<a

= g7 Ps |Dua Psdx + )\M(a)
u|<ex
S (Z/ Wz‘j’DijUa’pdl“> + A (@)
— Jju|<a
ij
s & (Z/ Wz‘j|Dz‘ju|pd$> + A (@)
— Jju|<a
Z7j
By (5.4.5) and (5.4.8):
)\ < @ 1 -3 p*:.—Pi
pul(s) < e max(sps, sps) + max(a P, ars P?)
or —t* = i—z — p¥, so as in [28]
| D ([T ns oo pmxy < € (LU A2 o2y | As | oy e I F lersmm) ) - (5.4.10)
( ) ) L(V)(Q)

From (5.4.5)-(5.4.9) and (5.4.10), we obtain the result of the proposition (5.4.1) in case i). ii)-Suppose the
condition (of I’angle in Hs): Let S,(y) = (Tu(y1); Tu(y2); -...... To(Ym)), y € IR™,the cubic truncation,
we have Ds,(y) = Id if |y|mex = maxi<i<m |yi] < a, in the same way as in i)- by testing S, (u) in

(5.4.3). Then/a(m,u,Du) : D(So(u))dz = / fSa(u)dx
0 0
or

o(x,u, Du) : D(Sy(u))dx = oi(x,u, Du) : Du;dx
Jotwn P D=3 [ oG D)

1=

m

> / Zai(x,u, Du) : Du;dx
[ul=maxi < j<m(lu;]) =1

and like Zai(:v,u, Du) : Dudx = o(x,u,Du) : Du. By the coercivity condition in (H;) and the
i=1
Holder Inequality we obtain:

CQ.Z/K gl DyuPde < Vi | s + e ooy e s ) gy (Z/

ij ulsa

and we continue in the same way as in i), this completes the proof of the proposition. []

q

Vj\uj|qd$>

5.5 A div-curl inequality

The result of this section is the key ingredient for the proof that one can pass to the limit in the equation

(5.4.1) for the solution {uy }rev of approximating problems. Since it is independent of the differential

103



equation we state it a more general form using only the hypotheses (5.5.1)-(5.5.8) below:
o;7:Qx R™ x M™" — MM (5.5.1)
is a Carathéodory function.
o and 7 satisfing one of the fellowing conditions: (5.5.2)
i o(z,u, F): MF >0, 7(z,u, F) : MF >0; M =Id—b®0be M™", with |b] < 1.

() oj(x;u; F) « F; > 0,and 75(z,u, F) : F; > 031 < j <m, oy, 7; and F} is the j"° colones of

o, T, F.

up € WHH(Q, IR™) and there exists an s > 0 such that / | Duy, |* do < cuniformly ink  (5.5.3)

Q

The sequence oy (x) = o(x, ux, Duy) is equi-integrale. (5.5.4)

The sequence uy, converges in measure to some function u, (55.5)
and u is almost everywhere approximately differentiable.

The sequence f, = —div(oy, + 1) — p is bounded in L' (2, IR™). (5.5.6)

Djjuy € L], (2w, M™ ") and (of + 1) € L], (2, w*, M™ ™), for some (5.5.7)
I1<r<oand1<1<n, 1 <7< m. o

The sequence 74 () = 7[k](x, u, Duy,) converges to weakly to 0 in L*(Q, M™*™). (5.5.8)

Lemma 5.5.1 Suppose (5.5.1)-(5.5.8). Then (after passage to a subsequence) the sequence oy, converges
weakly in L'(Q, M™*™) and the weak limit T is given by 7(z) =< v,;0(z,u(z), .) >. Moreover the

following inequality holds:

/ co(x,u(x), A) : Adrg(\) <T(z) : apDu(x) for a.e. x € . (5.5.9)
MmXn

Proof See [28]. O

5.6 Passage to the limit

Proposition 5.6.1 Suppose that the sequence (uy)rev Satisfies the hypotheses (5.5.1)-(5.5.7), (Hs) and

that the Young measure v generated by the sequence (Duy,) ey satisfies: a)-c) and d)- in lemma (5.3.3).
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Then the sequence (oy,) is weakly converge in L* (2, M™*™), with @ is the limit and o (x) =< v,, o (z,u(z),apDu(zx))
Afin Hy b)- ¢)-or d)-holds, o(x, uy, Duy,) — o(x,u, apDu) strongly in L* (2, M™*™),

In the cases (c) and (d) it follows addition that Duy — apDu in measure.

Proof See[28].

Proof of the theoreme5.2.1

Case: 0 =p—1

For using the results of proposition (5.6.1): we assume that (5.5.1)-(5.5.7) and the Young measure v,
generated by the sequence Duy, satisfies :(i), (¢4) and (7i¢) in Lemma(5.3.3), for the approximate systems

(5.4.1)-(5.4.2). By the proposition (5.6.1), with u; € Wol’p(Q,w,]Rm), we have: || u ||Lf2§s»°°(g Rm)g

c. (|Q|a A2 i@y [ As I oy ool ||M(Q,w*,JRm)) , and
L\a/(Q)

Z/ wij| DijuPde < Ma + L < oo, (5.6.1)
ij ¥ lukl<e
By L'»+"(Q, R™) — LP(Q, R™) forall 1 < p < t; , then

|| w ||r,mm) < € < 0. (5.6.2)

Now
e (5.5.1)is (Hy)
e (5.5.2)is (Hj)

o (5.53): up € WyP(Q,w, R™) — W, (Q, IR™) with p, > 1, then u;, € W'(Q, IR"™). Moreover,
by the proposition 5.6

[ et (N E Y T R A Py ey

hence

| Duy |

LS(Q7Mm><n)§ & > OO, V 1 < S < tps

with supkew/ | Duy|*dz < oo.
Q

e (5.5.4): Let A a measurable in €2, by (H;) and Holder we have

1
/A]a(a:,uk,Duk)\da: < ¢ (Z/meda:) { | A1 HLP/(Q) +

(il/ﬂw(uk)ﬂqu)p + (;/ngﬂDijuklde)p },
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and with (5.1.5) and (5.1.3):

1
/A o (, g, Dug)|dz - < c(Z I wors ”Zm)
7,8
q

X{ I A oy + 1wk 17+ 1w 1 } < 0.
(5.5.5): By (5.6.1) and (5.6.2) and Lemma (5.3.2).

(5.5.6): || fr ler,mm <|| 1 || m@we, mm)-

(5.5.7): Ve = 0and 2o € fB(IM) | Dijug|[Pwijdr <[] uy ||7,,,< co. And by (H;)

/ |0rs(x7uka Duk)|p/w:5dl' - / |078<x7uk7Duk>’p/wi;pldx
B(zo,e) B(zo,¢)

1-p/+2 / “
< C-/ wrs " [|)\1|p + )l (un); +Zwij|Diju,€|p] dzx
B(zg.€) j=1 i

< (1M1 gy + it W + 1k 1) < 00
Then, by the proposition (5.6.1) o(x, ug, Duy,) — o(x, u, apDu) in L*(Q, M™ ™) and
Vo € CX(Q,R™); Dp € L>(§), M™*™) hence:

/a(x,uk,Duk) : Dodr — / o(z,u,apDu) : Dpdx
Q Q
ie:

—divo (z, uy, apDuy) — —divo (z,u, apDu)

In the sense of distributions. On the other hand f; —5 win LY(Q, R™).
Then / fr-odr — /,u.godx Vo € C(9, R™) so u is the solution in W, (Q, w, R™) of the
Q Q

system:

—divo(z,u,apDu) = pu in Q
u=0 on 0f)

to show the estimation (5.2.1), we take the function n in C}(B(0, 2a), IR™);n = Id in B(0, ) and
|Dn| < ¢, then:

> [wslDynwilds = 3 [ wl(DgnulDulrde
i,J i,J

CZ/ wij| Dijug)|dz + CPZ/ wij| Dijug|Pde
L] |uk‘§a i,j \uk|§2a

v

IN

< ceco(a) 4 c.e(2a) < oo,
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thanks to (5.6.1).
Now, we have n(ur) — n(u), for every z € € because 1 is C*°. Then n(ug) — n(u), in
W,y ?(Q,w, R™), and apDu = apD(n o u) on {|u| < a}. Hence,

Z/wiﬂDij(nou)\pdx < liminfkﬂooZ/Wij|D(770uk)’pdx
ij VS

< hmmkaOOZ/ | Dijn () [P| Dyjur|wsjdx
|ug | <2c

< <ecliminfp wij| Dijug) [Pdx
lug|<2a

< ce(2a) < o0

Then:

Z/ wl]’a'pDu|pdx_Z/ wz]‘D UOU)’deZ<OO
i, lu|<a |u
2y

in the same as in the proof of the proposition (5.6) by replacing u; by u and fj by u, we obtain the

estimation (5.2.1) and this completes the proof of the theorem 5.2.1 U
Case: 0 <0 < = 1) (the general case) The idea is to consider the regularized problems:
—divge(z, ue, Du.) = pin €, (5.6.3)
1, = 0 on 0f) (5.6.4)

With
¢6T5('r U’ F) - O-TS(CU U F)-’-Eﬁ (Zw |‘FZJ|S 2) wrsFrsa

ij

V1<r<n,Vl1<s<m,withS > (22)(n+1),ande < J, we have p < S, then S’ < p/, and
1 1

(2)" < (Z)'. Moreover 3¢ > 0 which doesn’t depend on p, S, such that w/s < c.w

Vi<r<nandl <s<m.

By (H) for o, we obtain

’ 1
|¢6,T,S<x7U7F>| < B‘|Wrs|p

N L
)\1 +Z’Yf |Uj|p/ —|—sz’; |F 0
= —
1 1
+eBwhs ( : wﬁ |Fij|51> (9 < ps—l) <n<(S- 1))

>\1+Z% ’uj‘p "’ZW |Fm|s '
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1

1 1
And p < S, then i i and like w/s < c.w/, then:

e s(z,u, F)] < B, |wrs|3 | A1 +Z 5 |57 +Zw |31 |, and by (H3), we conclude that

7j=1

¢e(z,u, F): F=o0(z,u, F): F+¢ Z w; wTS|F”\S °F;. Fyy
1,7,7,8
> =X — 20 Ay | S e X wil LS.
On the other hand, 0 < v < p—1 < S —-1,1 < ¢ < ’972 < i—?, = LP'(Q) — LS'(Q), and
Ag € LW'(Q) — L(g)’(Q) and as o. verifies the conditions of the structures (of 1’angle and sign), the

strict monotony, the s-quasi monotonous with regard to F is a C'' monotony in relation with F' or accepting

a convex potential because: F' — 3 (Z w{’; |Ej|5 _2) Wiy Flg verify them as well, hence o. verifies
ij

the hypotheses (Hy) — (Hs), for the regularized problems (5.6.3)-(5.6.4), thus for the previous case, of

theorem 5.2.1, there exists a solution, u, € VVO1 ’S(Q, w, IR™), of the system (5.6.3)-(5.6.4). Now showing

that the conditions: 1), ii) and iii), of lemma (5.3.3), and the hypotheses (5.5.1)-(5.5.8) of the div-curl

inequality are verified for u. with order S in the place of p.

We suppose the condition of 1’angle verifying that ¢. by testing, 7}, (u.), @ > 0in (5.5.3)-(5.5.4), we get:
/ ¢e(z,us, Du,) : DT, (us)dx= (u, Ty, (u.)), so
Q

/ o(z,u., Du.) : Du.dx +/ iUg(sv,ue, Du,) : (Id — ® k) Du.dz
lue|<a ue|>a || |u€| e |

—l—eﬁ/ Zw |Duu5]5 QZw 5| Dysue | da
Jue|<a

2

+5B/ Zw ‘ngue|s 2Zwrs rslUe (Id ®£>
ue|>a |u5| e |

tj

S a. H ILL HM(Q’W*aRm) .

since

Z |DTSU€|S D, su. (Id ( - ® £>> =
|ue | |ue| |ue|

rs

SO

/ o(x,ue, Due) : Du.dr < o || p || aouwemm) -
Jue |<a

And by the coercivity condition of ¢ in (H;) and Holder inequality, we get as in the proof of the proposi-
tion
E / wij|DijU€’pdl‘ < Mo + L/, (565)
— Jjue|<a
ij
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And the following a priori estimation:

|| e I3

Lt;S?OO(Q,Bm) + H DUE H*LtPS»OO(Q7Rm><”)< C < OO, (5.6.6)

and by the injection L#"®° — L* V0< o <, thenV, 0<r < th, 0 < p<tp,
| we [r@,mm) + || Due ||zo@,nrmxny + || Due |’*prs,oo(g7mmxn)< Q. (5.6.7)

We suppose that the condition of the sign is verify.

As in the same way in the proof of the proposition (5.6), we test S, (u.) in (5.6.3)-(5.6.4), we obtain
(5.6.5) and (5.6.7).

Starting with verifying that i), ii) et iii) of lemma (5.3.3) and the hypotheses (5.5.1) and(5.5.7) for o.. By
(5.6.5)and(5.6.7), the points 1), ii) et iii) are a direct consequence of lemma(5.3.2) and lemma (5.3.3). On
the other hand:

-(5.5.1): for ¢ is (Hp) and 7s(x,u, F') = &f (Z”w |F; |S_2> wr%sFrs is a Carathéodory function,
because  — w;; (x), is measurable, so o, is a Cathéodory function.

-(5.5.2)

(i) ¢.(z,u,F): MF = o(x,u, F): MF + (Z Zw | 351572 wF) (MF),, >0,

rs

with M = Id — a ® a and |a| < 1.

(ii)
Ors(z,u, F).F; = o;(z,u, F): Fj+71(z,u, F).F;

= oj(wu F) iy eB | Y wl [Pl | | Byl 2 0,
=1 ;s
V1i<j<m.
_(5.5.3): ug E W&’S(Qawaﬂm) — W(}’SS<Q’Rm>, SS > 1, SO uE E W1’1(97Rm), and by (5.6.7)

sup€>0/ | Du.|?dx < 00,V,0 < p < t,,.
Q

(5.5.4): o(x, u., Du.) is equi-integrable as previously V Q' C (), measurable, we have:

s 1
/ | Z(w;}/ |Diju5|s_2)w7?SDrsua|dx
Q/ i

S <Z /Q, wij|Diju5]51d:c>
7".]

< CZ/ wij| Dijue|*dx < c. || u. HigSw
Q/

ij
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-(5.5.5): by (5.6.7) and the lemma (5.3.2).
-(5.5.6): by (5.6.3), —div(o; + 73) — pu = 0, with u € M (2, w*, IR™) is bounded in L(2, IR™).
-(5.5.7): ¥ € > 0 and z( € (2, by the growth condition of o. and previously with s in the place of p,
/ |o(2, ue, Du.)|Sw! dx < 0o

B(z,e)
and
-(5.5.8): | Dijue|Pwrsdr <|| ue |3,5,< 00

B(z,e)
Testing that u. in (5.6.3)-(5.6.4)

1 1
5&/ <sz‘z;'/|Dijus|S2> (ZW??S|DTSU€’2) dx
Q ij rs

<|| ue || oo ,mmy || 1 1ae(@,wn,mmy

(5.6.8)

We have W, (Q, w, R™) < W% (Q, R™) — L*(Q, IR™). Then

%
¢ Z/“ij‘Dwuelsdw
i YO
R 1 S
¢ (Z/wi§/|Dijus|S200;;-|D¢ju€’2dx> (5.6.9)
ij YO

1 1 1
< o / (3w 1DyuelS )Y wh| Drtc[2dr) .
1,

r,8

IN

| we || Lo (2, mm)

IA

Thanks to (5.6.8) and (5.6.9), we have

1 1
/ Z wi’; |D,;ju5\s_2 Z wis| Dysue|*dx
Q i rSs

1 1
A ( JoEALIAEST)S wfs!Drsueﬁdx) So
Q

,J s

S—1

L 1 5
w” |D S= E P el plln
</Q(; f} | ijus| 2)-( wf’s!Drsug\Qd:c> < —

T8

which mean that

W~

w? D52 (> wh|DeucPdr | < M, (5.6.10)
1) J
LY

9
r,s

and

=1
| te ||Loo(0,mm < c. (C- I~ HM) . (5.6.11)
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On the other hand and V 1 < p < can write

Sl’

1 Q men)

| € Wy ’Dwus‘s QWTS‘FT‘S| |
5>

S—1

1 5
(/\Zw Dyl zrssldx)

S—1

) 5
< CES 1 (’2/ |D1Ju€’S ! ps’SSldx>
S 5
< cest Z/wij|Dijue|S_2Zwrgss_l)p|DTsu€|2dl' < 0.
ij YO r,s

thanks to (5.6.10). Now, since u. € Wy° (Q, w, R™) < Wy'%(Q, R™) — W,**(Q, R™), so by testing

To(ue) in (5.6.3)-(5.6.4), we obtain as in the proof of the proposition (5.4.1)

I Due 1" nipey <ec
L n—1 (Q7M'm><n)

By the Holder inequality for the exponent a with a and & are the solutions of systems:

dE=T1 > n(ps—1)

n—1

a((S=1)p=¢ = s

a given system accepting the solution when p < % So

1 1
/|8Zw /]Dwue\s ! wi|Pdx
, P
/€p (Zw |Dl]u€|s Dp—¢ §|Diju6|§> dx

<ceg’ (Z/Q |Dzjus‘a (5=Dp=8)q > (/ ‘Dus|a§dx>
0]

1
< c.eP (Z/ |D,ju8|5 2Zw |Drsu5|2) .|| Du, ||§T(QJMM).

1
o

And by the injection: L = > LT V1 > ps 1 ) and thanks to (5.6.10)-(5.6.12), we get:

1
€ wr | Diju S—1yrlPde < c.er (il 5= e Ca
| | iUe]” W < =

+ a(S=1)p=5))
c.Cag a(5-1)

T ag
C.Caga(5-1)

T S
C.Ca.c5-1

IN A

IA
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w1th T > 0. Hence

. - 1 2 S
lim | e wl | Dijucl S wh Dy || ognrmem =10, Vp < o1

i,J
In particular for p = 1
hm ]eZw | Dijuc|®™ lwrs D, sucldr =0,
which mean that
1
P 1
Tle] (z, ue, Du.) = € Z |Diju€]572wﬁstu5 —0
2
in L1(Q, ™™,
As well as by the proposition (5.6.1), divo (z, u., Du.) converges to divo(x, u, apDu), in the sense of the

distributions, and as

Tle] (z, ue, Duy) —EZW ]D”ugls QwrstuE 0,

’.7

in L1(Q, M™*™). Then divo.(x, u., Du.) converge to divo(x, u, apDu) in the sense of distributions, i-e:

u is the solution of the system

—divo(z,u,apDu) = p XY
0, on 0f).

u

In the same way as in the case of = p; — 1, we have
/ lapDu|®dr < ¢(a) < coandp < S.
lu|<a

So we conclude as in the proof of the proposition (5.6.1), in order to get the estimation of theorem (5.2.1).

This completes the proof of the theorem [

Example 5.6.1 We consider in this example the weights functions w;; = 1 for all © = 0;1;...n and
J = 1;2;...m The function o(z,u, F) = a(u) | F [P=2 F where a is a continuous functions, which is
bounded from above and below by positive constants, satisfies the angle and the sign structure conditions

and (Hy) — (H3).

Example 5.6.2 We consider in this example the weights functions w;; = 1 for all © = 0;1;..n and
73 =1:2;:...m. Let
o(z,u, F) = (FA): F)= FA
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where A = A(x,u) : Q x IR™ — M™ ™ is a symmetric matrix satisfying the ellipticity condition

MICP <) Ay, u)GG < ol

.3
with constants A\, Ao > 0. It is not difficult to verify that this example satisfy the sign condition. Next, we
present a linear system which satisfies the conditions (Carathéodory function, Growth, coercivity and sign
condition), but does not satisfy structure condition. Since the sign condition requires that the components
of the matrix o can be only weakly - complied, this shows the limitation of (structure condition). Therefore,

it would be interesting to prove the same results under weaker conditions than (structure conditions).

Example 5.6.3 Let F' = (F};)i,j = 1;2 € M**? and 0 = (0y5)i,j = 1,2 with: 011 = eFy,

019 = €*Fla, 091 = Fyy and 099 = Fyy, with (a > 1), (0 < e < %) It is obvious that o(F) satisfies the
conditions (Hy) — (Hj). and the sign condition. Choosing a = (5%, (1-— 5)%) € IR? we have | a |= 1
and

M =Id—a®a = (M;;); j—10with My, = 1—&, Myy = &, Moy = —2(1—¢)2 and My = —e2(1—¢)2.
Now choosing F' = (F};)i,j = 1,2 with F;; = 1 forall i,j = 1,2, we have 0(F)1; = ¢, 0(F)yn = 1,
0(F)ig =€ 0(F)e = 1and

N |=

(MF)y=1-¢c—e3(1—¢)

[SIE

(MF)p=1—¢c—e2(1—¢)

[ NI

(MF)y =¢—e3(1—¢)

=

(MF)22 28—5%(1 —8)

therefore,

N

o(F): MF=(e+e*)(1—ec—e2(1—¢)2 +2(c —e2(l —¢)
<ede®+2—23(1—¢):
< de — 25%(1 - 5)%
<2:2(22 — (1 —¢)2 <0

which implies that the structure conditions not hold for this example.
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Part 11

Quasi-linear Parabolic Systems in weighted

Sobolev spaces
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Introduction of part I1

Let €2 be a bounded open domain in IR", n > 2and 0 < T' < oo is given; we recall that {2 is defined
as the cylinder 2 x (0;7") this part is devoted to establish Leray-lions existence results for parabolic
problems in divergence form of type (QPS) (.. In this part, the aims of this text is to prove existence
results under relaxed monotonicity, in particular under strict quasi-monotonicity. The main technical tool
we advocate and use throughout the proof are Young measures. By applying a Galerkin schema, we
obtain easily an approximating sequence uy. The Ball’s theorem and especially the resulting tools mode
available by Hungerbiihler [38] to partial differential equation theory give then a sufficient control on the
gradient approximating sequence Duy to pass to the limit. This method is used by Dolzmann, Muller and
Mainly by Hungurbiihler to get the existence of a weak solution for the quasi-linear elliptic system and
quasi-linear parabolic. This paper can be seen as generalization of Hungurbiihler. This problem was made
by, Hungerbiihler N, see [38] in a space of sobolev without weight. In this part we will demonstrate the

result of existence in a Sobolev space with weight.
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Chapter 6

Existence of solutions for some degenerated or

singular quasi-linear parabolic systems and

weak monotonicity in weighted sobolev spaces

Abstract

We prove the existence of weak solution u for the nonlinear parabolic systems:

Owu — divo(z,t,u, Du) = v(z,t) in Qp
(QPS) u(z,t) = 0 on 90 x (0,7)
u(z,0) = wup(x) on

which is a Dirichlet Problem. In this system, v belongs to L” (0,7, W5 (Q,w*, IR™)) and uy €

L3(Q, wo, IR™), we prove existence of a weak solution of different variants of this system under classical

regularity for some p €](5t1)

S

2n .

R oo[, growth and coercivity for o but with only very mild monotonicity

assumptions.

6.1 functional framework

Definition 6.1.1 : Let X be a Banach space and 0 < T < oo, the space LP(0,T,X) with 1 < p <
oo consists of all measurable functions (identified modulo the relation "equal almost everywhere") u :

(0;T) — X for which
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r :
ol = ([ Tutolar) i > 1

0
|w||Lro,r,x) = €ss sup |lu(t)||x, if p = oo holds.
te(0;T)

Again, equipped with the norm ||. || z»0,7,x); £*(0, T, X) is a Banach space.

In the specigl case where p = 2 and X is a Hilbert space L?*(0,T, X) equipped with the inner product
(u,v) = / (u(t),v(t)) xdt; for all u;v € L*(0,T, X) is a Hilbert space, Moreover; if 1 < ¢ < oo the
following ﬁélder inequality holds for all v € L? (0, T, X') and all

u g Lr(0,T,X).

| 1.0y 1 < 0 iy - e o

and L4(0,T,X) — L*(0,7,Y), for all X,Y such that X — Y.

C*([0; T], X) are dense in LP(0,T, X) as p < cc.

C*([0;T], X) — L?(0,T, X) is continuous.

If 1 < p < ooand X is separable; so is L”(0, 7T, X).

If 1 < p < oo, LP(0,T, X) is uniformly convex in the case where X is uniformly convex, and, reflexive,

separable when X is reflexive and separable Banach space.

Definition 6.1.2 (Lebesgue and Sobolev spaces with weight):

For1 < p < ooandk € IN;we consider the weight spaces:

1
LP(Q, wy, R™) = {u = u(z); ujwg; € LP(Q,JR’”)}
with, wy = (Woj)1<j<m- The weighted functions w, defined by:
wo = (woj)i<j<m if [a[=0,

Wa = w = (wij)i<icn; 1<j<m Uf | |=1,

arbitrary weight functions if 2<|la|<k.

WHP(Q, we, R™) = {u € LP(Q,wa, R™); D € LP(Q,wy, R™); for 0 <] a|< k‘}

1—p’

D%u is the weak derivative of u. And w;; = w;; * is the conjugate of w;;.

We defined the inner product in L*(), wo, IR™) by: (u,v)au, = Z/((woj)éuj)((woj)évj)d:v,for all
j=17¢
u; v in L*(Q, wo, IR™). And for all u;v in WS’Q(Q, Wa, IR™) we denotes the inner product by:

un 1 1 i 1.
(1, 0) ) = (V)20 + 3 /ﬂ (w2 Dyu) (Wi Do)z + 3 /Q (wE D*u)(w D*v)da.

i=j=1 2<a|<r
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We denote W7 (€2, w,, IR™) the closure of C2°(€2, R™) in W#?(€2, w,, IR™), where the norm is ||| p....

is given by:
»
il = (35 100l )
0<|e|<k
We have:

Wy (Q, wa, R™) < WEP(Q,w,, R™) < LP(Q, wy, R™).

(WP (2, wa, R™)) = Wk (Q,w?, R™).

IM™>™ denotes the space of real m x n matrices equipped with inner product M : N = M;; N;; ( we use
the usual summation convention) and the tensor product a ® b of two vectors a,b € IR" is defined to be

the matrix (aibj)iyjzl n-

.....

Definition 6.1.3 let Q) be a measurable subset of IR", (ju.)ren and j1 be a sequence and respectively an

element in M (Q2, IR™). we say that () converges weakly * to i, which is denoted by i, —* p, if:
/fduk — / fdu, forall f € C.(Q2, R™).
Q Q

Lemma 6.1.1 (Fatou) Let I : Q) x IR™ x IM™*"™ — IR be a Carathéodory functions and uy, : ) — IR™
a sequence of measurable functions such that Duy, generates the Young measure 9, with || 9, ||= 1 for

almost every x € ). Then:

liminf/F(:p,uk,Duk)de// F(z,u,§)dd,(§)dz.
Q Q MWXTL

k—o00

Provided that the negation F~(z, uy, Duy) is equi-integrable. More general versions of the this lemma

may be found in [59], [60] and [42], proof see [37] ( lemma 1-5).

6.2 Hypothesis

We assume that

—1

wij € LY(€), w{}i € L,.(Q) and wyjis bounded a.e. i‘n (6.2.1)
wy;® € L'(Q) (6.2.2)
for some s E]max(ﬁ; )5 ool.

The Sobolev space WP (Q, w, IR™) equipped with the norm

m
la = Y [ wnluPde+ Y [ wlDyupds
j=1"¢ ij ¢
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is a Banach space, reflexive, and C$° (€2, IR™) is a subspace of W'?(Q, w, IR™). The space W, (Q, w, IR™)
is the fermenter of C3°(€2, IR™) in W'*(Q,w, IR™) for the norm |.|[7
( by the condition 6.2.1 ).

The norm || .. ||7,,, equivalent to the norm |||u|||Wg,p(Q7w7Bm) = (D i, Wij|DZ‘jU|de)%, with D;ju =
Q

!
8:177;

( by: The condition 6.2.2 ).

By the condition 6.2.2, we give:
(WEP(Q, w, R™) — (WP (Q, R™)resp(W'P(Q, w, IR™) << L"(Q, R™)), (6.2.3)

forall 1 <r < p with p, = 2%

n.p.s

Di = T s if p.s < n(s+ 1), and p is arbitrary otherwise.
with The Hardy-Type inequalities in condition (/%) is verifies for v, = 1; j = 1;2; ...... im
(Py) o:Qx]0, T[xR™ x M™"™ — IM™*" is a Carathéodory functions, i.e:

(x,t) —> o(x,t,u, F) is measurable for every (u, F') € IR™ x IM™*™ and

(u, F) € R™ x M™ ™ +—— o(x,t,u, F') is continuous for almost every (x,t) € Q.

(P2) (Coercivity and growth): There exist constants ci, co, 5 > 0 and \; € Lp/(QT), Xy € LY(Q7),

A\; € L& (QT) 0<a<p, 1<qg<oo,suchthat,foralll <r <n,and1<s<m:

1 N =
|ors(@,t,u, F)| < Bwis[A + ¢ Z'ng ui|? + ¢ sz‘? |Fij|p71]

J=1 i,
o(z,t,u, F): F > —Xy(z,t) Z w1j|u1]a + CQZWZ]‘
(P3) (Monotonicity): o satisfies one of the following conditions:

e (a) For all (z,t) € Qp and all u € IR™, the map:F — o(x,t,u, F) is a C'- functions and is

monotone.

o (b) There exist a function: W : Qp x IR™ x IM™"™ — IM™*" such that

o(z,t,u, F) = 9% (z,t,u, F),and F — W (z,t,u, F) is convex and C"- function.
e (c) Forall (z,t) € Qr and all u € IR™, the map: F' + o(z,t,u, F') is strictly monotone .
e (d) o is strictly -p quasi monotone in F'i.e:

/ (o(z,t,u,A) — o (2, t,u, \) - (A= N)dd(A) >0
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(P) (The Hardy-Type inequalities); There exist ¢ > 0, one weighted function v = (7;)1<j<m. and

the parameter 1 < ¢, such that:

1 1
(Z/Q’yj | u; |7 da:) <c (Z/Qwij | Diju P dx)
Jj=1 1,J

P

and the expression < E / wij | Diju | da:) is a norm equivalent to the norm |||, in
.. (9] ).
2¥)

Wy ?(Q,w, R™). The injection W, (2, w, R™) << L(S, v, IR™) is compact, and
WOLP(Q,w, R™) << L"(2, IR™) is compact, with

L<r< oh if ps<n(s+1)

r>1 if n(s+1)<ps
Remark 6.2.1

(Py) ( Carathéodory condition) ensures that o(x,t,u(x,t),U(x,t)) is measurable on Sl for measurable
functions:

w:Qpr — IR™

U:Qp — M™™,

The growth condition and coercivity

(P,) is standard it is used in the construction of approximate solutions by a Galerkin method and when we
pass to the limit.
Although the strict monotonicity condition (c) in (P3) ensure existence of a weak solution by standard
method see e-g [46], the main point is that we do not require strict monotonicity or monotonicity in the
variables (u, F') in (a), (b) and (d) as it is usually assumed in previous works see-e-g [16], [46],[1].
Under these mild assumptions and using again Young measures, Hungerbiihler shows in [38] that initial

and boundary value problem (QPS) has a weak solution u € L*(0, T, I/VO1 P(Q,w, R™) in following sense.

Definition 6.2.1 We say that: u : Q0 — IR™ is weak solutions of:

O — divo(z,t,u, Du) = v(x,t) in Qp
(QPS) u(x,t) = 0 on 0 x (0,7)
u(z,0) = wup(x) on Q

where v € LY (0, T, W=1'(Q,w*, R™)) if:
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e (i) u belongs to L*(0,T, W, (Q, R™)).
o (ii) o(.,u(.), Du(.)) belongs to L*(Qp, IM™*™).
e (iii) The initial condition u(x,0) = ug(x) on Q is fulfilled.

o (iv) The equation:
)y o ! (z, t)woddt +/ o(x,t,u, Du) : Dp(z,t)dzdt = (v, @),
Qr Qr
holds for every function ¢ € C*(Qdr, IR™) which is zero in a neighborhood of (02x]0, T'[) U (Q x

{0;T}).

Remark 6.2.2 e (a) In definition the boundary condition uw = 0 on (0€2x 0, T|) is interpreted in the

sense of (i) .

e (b) The condition (iv) is understood in the sense that the Galerkin approximations converge to ug in

LZ(Q,W()).

Theorem 6.2.1 If p €] %f—f’z , 00| and if o satisfies the conditions (Py) — (Ps) then the parabolic system

(QPS) has a weak solution v € LP(0,T, Wol’p(Q,w, IR™)) for every v € L” (0, T, Wo_l’p,(Q,w*, R™))
and (n > 2).

6.3 A first parabolic div-curl inequality
We state here the first set of hypothesis:

e (A;): The sequence (uy) is uniformly bounded in L?(0, T, W, " (€, w, IR™)) for some
Ds e]nz—j:z , oo[ and hence (Bay the Elberlem Suljan theorem: see [15].a subsequence converges

weakly in LP(0, T, W, " (€, w, IR™)) to an element denoted by .

e (Ay): The sequence dyuy, is uniformly bounded in L” (0, T, (W3 (€, w, IR™))') for some 2 < r <

piifps <nand 2 <r < ooif p; > n.

o (A3): 0:0x]0, T[xR™ x M™ ™ — IM™™ is a Carathéodory function.
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e (A,): The sequence oy (x,t) = o(x, t,up(x,t), Dug(z,t)) is uniformly bounded in L (Qqp, M™*™)

and therefore equi-integrable (the equi-integrability follows from, the Holder inequality).
e (As): The sequence (oy(x,t) : Duy)~ is equi-integrable.

e (Ag): There exists a sequence (v ) such that v, — win LP(0, T, (W, " (€, w, R™)) and/ ox(z,t) :
Q
(Duy — Du)dxdt — 0; k — oo. ’

Remark 6.3.1 Note that the assumption (A,) and(As) ensure a strangle convergence in some Lebesgue

spaces and in measure. .

Lemma 6.3.1 Let B, By and B, be Banach spaces, By and B reflexive. Let 1 : By — B be a compact
linear map and:

7 B — By an injective bounder linear operator. For T finite and: 1 < p; < oo withi = 0;1

W ={ve L™(0;T;By) : £(j010v) € LP(0;T; By)} is a Banach space under the norm:

| v lzrooirsm0) + | 202 00 || Lo (0i71) -

Then, if V. C Wis bounded, the set {1 0o v;v € V'} is precompact in L (0; T’; By).

Proof of lemmaé6.3.1
For the proof, see [37] ( Appendix I). For generalization of lemma, see [56]. Now, we apply lemma to

obtain the desired bound. [

Proposition 6.3.1 Let p, E]f—& , oo[ and (uy) be a sequence satisfying (A1) and (Asy). Then there exists
a subsequence of (uy,) ( for convention not relabeled ) and a functions:

w e LP(0,T, Wy P(Q,w, R™)) such that: u, — u in measure on Q and in

LP(0,T, L"(Q,w, R™)),Vr < pr. (6.3.1)

Proof of prop 6.3.1

Let By = Wy"(Q,w, R™)); B = L"(Q, wy, IR™)), for some r with:
2<r<piifps<nand 2 <r < ocoif ps > n.

and B, = (WJ*(Q,wa, IR™))". Since we assumed that p, 6}%}2 , oo[. we have the following chain of

continuous injections:
By ' B =™ L*(Q,wo, R™)) = (L*(Q,wo, R™)) ™ By; (6.3.2)
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here (L?(9, wy, IR™))" = (L*(9,wp, IR™)) is the canonical isomorphism 6 of the Hilbert space L*(€2, wy, IR™)
and its, for

1 : By — B we take simply the injection mapping, and for 7 : B — B; we take the concatenation of
injections and the canonical isomorphism given bay (6.3.2) i.e: 7 = 71 0 6 0 2. Then (u;) is a bounded
sequence in L?(0,T', By) by (A;). Next observe that (J;uy) or rather (0; j 0 ¢ 0 uy) is a bounded sequence

in (L7 (0, T, (Wy*(Q, wa, IR™))') by (A,). Hence, from 6.3.1, we may conclude that there exists a sub-
sequence, which we still denote by u;, having the property that the second part of (6.3.1) hold. Notice
that in order to have the strong convergence simultaneously for all » < pZ, the usual diagonal sequence
procedure applies finally, as p > 1, the sequence converges in measure see, e-g.[30] (proposition 2-29).

Which end the proof. [

Lemma 6.3.2 (div-curl inequality) Suppose (A1) — (Ag) and assume ( after passing to a suitable sub-
sequence if necessary ) that (Duy) generates the young measure ¥,y . Then the following inequality

hold:
/ / o, b, N) 2 A (Nt < / / ot \) : Duddpn(Ndadt  (6.3.3)
QT men QT men

Proof of lemma 6.3.2

Let us consider the sequence:

I, = <a(:c,t, ug, Dug) : (Dug — Du)) = <ak ; Duk> - (ok : Du).

By conditions (A4) and (As), the negative part [, of I, is equi-integrable. Hence, in view of (Aj3), we

may use the (Fatou - Lemma ) which gives that

X = liminf(/ Irdxdt > / / o(x,t,u,A) 0 (A= Du)dd g (N)dxdt

k—o0

X = lim inf(/ ok : (Dug — Duy,)dxdt +/ ok : (Dvp — Du)dzdt)
Qp

k—o0 QT

= li}gglf( : oy : (Dvg — Du)dxdt < c. h}gr_l)g)lf [ e | K HLP(O,T,WOl’p(Q,W,Rm)) = 0 by the

Holder inequglity and (A4). Thus the conclusion follows.

6.4 A second parabolic div-curl inequality

We state here the second set of conditions:

e (1) :u, € LY0,T, Wol’p(Q,w, IR™)) for all; k € IN, and there exists some ¢ > 0 and p > 0 such
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that:

sip E / | Djug|Pwijdzdt < c.
— JQr
ij

e (c2): The sequence uy converges in measure to some function u and u(.,t) is almost everywhere

approximately differentiable a.e. t €]0, T'[.

o (c3):0:Qp x R™ x M™ ™ — IM™ ™ and

Tle] : Qp x R™ x M™*™ — IM™*"; e € IN are Carathéodory conditions.

e (c4) : o and 7|e], satisfy all the angle structure conditions or satisfies all the sign structure condi-
tions:
(Angle condition) For all (z,t) € Qr,u € IR™ and M; F' € IM™ ™, with M of the form Id —a®a
where a € IR™ satisfies | a |< 1; o(x,t,u, F) : MF > 0, for all matrix.
M € M™*™ of the form M = Id — a ® a with |a| < 1.
(The sign condition ) For all (z,t) € Qp,u € IR™ and F € IM™*", we have o(x,t,u, F) : F; > 0,
forall 1 < 5 < m with

F; and o are the cologne j of matrix /" and o.(this conditions is verifies for 7[e] )
e (cs5) : The sequence oy (z,t) = o(x,t, ug, Duy) is equi-integrable.
e (cg) : The sequence 7 (x, t) = 7[k](z, t, us,, Duy); and converges weakly to 0 in the space L' (Qp, M™*™).
e (c7): The sequence g, = —divoy, is bounded in L' (Q7, R™).

o (cg): Duy € L} (Qp,w, M™ ") and (o + 7%) € Li (Qp, D™,

loc loc

for some 7; 1 < 7 < oo.

Lemma 6.4.1 (Second div-curl inequality) Suppose (C1) — (Cy), and assure ( after passing to a suitable
subsequence if necessary ) that Duy, generates a Young measure ¥, ). Then ( after passing to a subse-
quence ), the oy, converges weakly in L*(Qp, IM™ ™) and the weak limit T is given by:

o(z,t) = (Y o(x, t,u(z,t),.)), moreover the following inequality hold

o(x, t,u(x,t), ) : Addgy(N) <T(x,t) : apDu(w,t). for a.e. (x,t) € Q.
IMmXn

Proof of lemma6.4.1
Proof of lemma is a slightly modification of the corresponding in lemma (6 — 2 — 1) in [28] pages (54-61)
U
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Remark 6.4.1 If the sequence Duy, is equi-integrable then Du(x,t) = apDu(x,t) = (J(y1);1d) almost
everywhere. (By the Ball’s theorem).

The parabolic div-curl inequality will be the key ingredient to pass the limit in the different cases, but we
need some additional information on the Young measure 1, ;) generated by the sequence of the gradients

Duy to exploit lemma (div-curl inequality ) these properties are the following:

e (Ny): U, is a probability measure for almost every (z,t) € Qr.
e (Ny): 9, is a homogeneous W' — gradient young measure for almost every (z,t) € Q7.
o (Ns3): ¥, satisfies < U, 4, 9d >= apDu(z,t) almost everywhere in Q.

Note that these properties hold if the condition (A;) is fulfilled.

Lemma 6.4.2 Assume that the sequence uy, satisfies (A1);

then the Young measure 0,y generated by the sequence of the gradient Duy, satisfies (N1) — (N3).

Proof of lemma6.4.2
Noting that (A;) implies that apDu(x,t) = Du(z,t), follows exactly as in [37] (prop 4-3).
We mention that the properties, also hold if the conditions (C) — (C2) and a particular estimate are

fulfilled as shown in [39] ( lemma 9), with a slight modifications. [

Lemma 6.4.3 Assume that the sequence (uy,) satisfies (Cy) — (Cy) and

SUDjen D_i | Dijuy |? wizdxdt < e, for all R > 0; for some p > 1.
" Sugl<R
then the Young measure ¥, 1) generated by the sequence of the gradients Duy, satisfies (N1) — (N3).

Proof of lemmaé6.4.3

The proof of lemma is a slightly modification of the corresponding in lemma (11-3-2) in [28].

6.5 Passage to the limit for o

Proposition 6.5.1 Suppose that (A1) — (Ag) or (C1) — (Cs) hold further assume that the Young measure

U(a1) generated by the gradients Duy, satisfies (N1) — (N3) and that one of the following conditions
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holds (a) — (b) — (¢) — (d) then(after passage to a subsequence ) the sequence oy, converges weakly in
LY(Qp; M™ ™) and the weak limit @ is given by:

ag(x,t) = o(x, t,u(z,t), Du(z,t)). If (b) — (c) or (d) holds, then:

o(x,t,ug, Duy,) — o(z,t,u, Du) in L*(Qp; M™%")

In case (c) and (d); it follows in addition that Duy, — Du in measure and thus also almost everywhere in

Qrp.

Before to prove proposition, we note that by proceeding exactly as in the elliptic case, we get the analogous

result to lemma (6 — 4 — 2) in [28] and [1].

Lemma 6.5.1 Suppose that (A,) — (Ag) or (C1) — (Cs) hold. Further assume that ¥, is the Young
measure generated by the gradients Duy, and satisfies (N1) — (N3). If the map F — o(x,t,u, F') is

monotone for all (x,t,u) € Qx]0; T[xIR™ then:

Sptdy C {N[o(x,t,u,A) — o(z,t,u, Du)] : (A — Du) = 0}. (6.5.1)

Proof of lemmaé6.5.1

The proof of lemma is a slightly modification of the corresponding in lemma (11-4-2) in [28].

Proof of proposition 6.5.1

We start with the easiest case:

Case (c): since o is monotone by assumption, (6.5.1) hold by lemma, by strict monotonicity, it follows
from (6.5.1) that

V(@t) = ODu(zz) for almost all (x,t) € Qr; and hence Duy, — Du in measure for k — oo by proposition
(4 — 2 —1) in [28], since we have already that w;, — u in measure for k — oo by (Ay); (Az) and
proposition 6.3.1 or by (Cs) we may infer that (after extraction of a suitable subsequence, if necessary
see: [30] ( theorem 2-30) u, — u and Duy, — Du almost everywhere in S for k — oo.

thus, from the continuity condition (As) or (Cs) it follows that: o(x,t, ug, Duy) — o(x,t,u, Du) almost
everywhere in ) for k — oo. Since, by assumption (Ay) or (As), ox(x,t) is equi-integrable, it follows
from the Vitali’s converge theorem (1 — 2 — 1) in [28]

that; o(x,t,ug, Duy,) — o(x,t,u, Du) in L'(Qp; IM™*™) which proves the proposition in this case. []
Case (d):Assume that ¥, is not a Dirac mass on a set (x,t) € M C Qp of positive Lebesgue measure

| M |> 0. Then, by the strict p-quasi-monotonicity of o(x,t,u,.) and (N3), we have for a.e. (x,t) € M
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with: X = (9(,.p); id) = apDu(z,t), by (N3) :

/ oz, t,u, A) t Ad0p (A > oz, t,u, N) 1 AdY (N
M'mxn

—_ /w o(x,t, U,X) : Xdﬁ(a;’t)o\)

e - (6.5.2)
+ o(x,t,u, A) - Ad (g4 (N)

_ / o, o, \) 2 3 (N)
men
Where we used (N1), we claim now that we obtain a contradiction. Indeed, if (C) — (Cy) hold, it follows

by second div-curl inequality that:
/ oz, tu ) Ay (N) > / ozt u, ) : Addo (V)
IMmXn

> /M o(z,t,u,\): )\dl(/l(Lt)()\).

mxXn

On the other hand if (A1) — (Ag) hold, by integrating (6.5.2) over §) and using the div-curl inequality in

lemma (6.3.2), we get:
(z,t,u, A) : Ay (M) dadt > / / o(,t,u, A) 1 AdO g gy (N ddt
QT men

o

Qp Jmmxn
> / / o (s 11, N) 2 A oy (N) v,

As desired, hence, we have U, ;) = 0y = 5Du($7t§2}0rﬂawlmn’jgst every (x,t) € Qr; thus, it follows again by

proposition (4 — 2 — 1) in [28] that Duy — Du in measures, The reminder of the proof in this case is

exactly as in case (c)

Case (b): We start by noting that for almost all (x,t) € Qr, the support of ¥, ) is contained in the set

where W agrees with the supporting hyper-plane.

L={\W(x,t,u,\)+ oz, t,u,\): (A= N}

in \ = apDu(x,t) i.e, it may be shown see [38]. as in the proof of proposition (6.5.1) that sptizs C

K (3+) where.

Ky ={(X € M™ "W (2, t,u,\) = W(x, t,u,\) + oz, t,u, ) : (A=)}

By the convexity of W we have:

Wz, t,u, \) > Wz, t,u, \) + oz, t,u,N) 0 (A=)}

For all X\ € IM™*"and thus L is a supporting hyper-plane for all A € K. Since the mapping

A — Wiz, t,u, \) is by assumptions continuously differentiable we obtain:

o(z,t,u,\) = o(x,t,u,\), forall\ € Ky D spti gy (6.5.3)

and thus:
o(z,t) = / o (2, t,u, \)dd .y (N) = oz, t,u, \) (6.5.4)
men
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Now consider the Carathéodory function:

U(x,t,u, p) =|o(x,t,u, p) —a(x,t) |, the sequence:

Ur(x,t) =z, t,up(z,t), \e(z, 1)) is equi-integrable and thus )y, — 1) weakly in L'(Q)r) and the weak
limit 1) is given by:

w(% t) = / ’ (7(33', t R )‘) - E($, t) ‘ dgu(%t) (77) ® dﬁ(%t)()‘)
R™x Mmxn

= /Spt Dapy | oz, t,u(z,t),\) —=F(x,t) | Iz (X) = 0 by (6.5.3) and (6.5.4). Since 1y, > 0 it follows
that vy, — 0 strongly in L*(Q7).

This again to pass to the limit and the proof of the case (b)is finished [

Case (a): We claim that in this case for almost all (x,t) € Qx]0;T[ the following identity hold for all

M € M™*"on the support of U,z :

o(z,t,u,\) : M = o(z,t,u,\) : M+ (Veo(x, t,u, M) : (A= X), (6.5.5)

where Vi is the derivative with respect to the third variable of o and X = apDu(x,1).
Indeed, by the monotonicity of o we have for all T € IR
(o(z,t,u,\) — (2, t,u, \+7M)) : (A= X—7M) >0,
whence, by (6.5.1),
—o(z, t,u, \) : (M) > 7(Vpo(z, t,u, M)A — X) — o(z,t,u,\) : M)+ o(7).
The claim follows from this inequality since the sign of T is arbitrary. Since the sequence oy (x,1) is equi-
integrable by (Ay), its weak L'-limit 7 is given by
(1) = / o (s 1, N9y (V)
PO (a1

= / ; o (@, t,u, \)dy(N) + (Vro(z, t,u, N)) / (A = N)dV 1) (N)

sptY (1)

Sptﬁ(l’t)

=o(x,t,u, \),
where we used (6.5.5) in this calculation. This finishes the proof of the case (c) and hence of the proposi-

tion. O

Remark 6.5.1 In case, (b), we remark, that the relation (6.5.4) already states that o(z,t, u,X) is the
weak L'- limit of oy(x,t), which is enough to pass to the limit in an equation which must hold in the

distributional sense. However, we wanted to point out that in this case, the convergence is even strong in

Ll (QT7 men)
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6.6 Galerkin Scheme

Lemma 6.6.1 Let ) bounded domain in IR", p G](TLZT”Q) , 2] and w;; € L' (), for all
j=12;....;m,andi=0;1;...... -n.Then (W5 (Q, wq, R™) < W, (Q,w, R™)

Forr > 1+n(%—%).

Proof of lemma6.6.1

The proof of this lemma is a slightly modification of the corresponding in a space of Sobolev without
weight (W (Q, R™) — Wy (Q, R™).

By the theorem (1 — 3 — 1) in [28] and proceeding as [38] ( section 4-2) we may choose a set (J;)icn
of functions which is an orthonormal basis in L*(Q, wo, IR™) and at the some time an orthogonal basis
in Wy (0, wa, IR™). In particular; (6;)ic v is uniformly bounded in W, " (0, w, IR™) and then: || 6; ||1 .
+ || di ||[;+< cforalli € IN.

we will need bellow the L*(wy) - orthogonal projector

i L2(Q,wo, R™) — L*(2,wp, IR™) on to spam (01, 6a, ..., 0 ke

of course, the operator norm || py ||%(Wg’2(wa),wg’2(wa)): L.

(The Galerkin scheme): New we build our Galerkin approximations, we make the following ansate for
approximating solution of (QPS), uy(x,t) = S35, ay:(t)8;(x). Where

ag; : [0;T) — IR are supposed to be continuous bounded functions. such that vy, satisfies the boundary
condition in (QPS) by constructions in the sense that u;, € LP(0,T, I/VO1 P(Q,w, IR™)), we take core of the
initial conditions in (QPS) by choosing the initial coefficients:

ar:(0) = (ug, 0;)2.w, such that:

uk(.,0) = Zle ay,i(0)0:(.) = wo, withug € L*(Q, wp, R™).

we try to determine the coefficients ay,;(t) in such that a way, that for every k € IN the system of ordinary
differential equations

(Ortks, 0)2,00 + / o(x,t,ug, Dug) : Déjdx = (v(t), ;)

for j €{1;2; ,Qk}

Now we fix to k € INfor the moment. Let 0 < ¢ < T and J = [0;¢|. Moreover we chose r > 0 large
enough; such that the set B,(0) C IR* contains the vector (a11(0), ...., axx(0)), and we set E = B,.(0).

Then we have the following result.

Lemma 6.6.2 The application: F : J x E — IR* given by:

......
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is a Carathéodory function. Moreover, each components I'; may be estimated on J X E by
| F(t,aq,.....ar) |< C(r, k).M(t) (6.6.1)

uniformly on J x E, where C(r, k) is a constant which depends on r and k. and here M is a functions

dependent of j; k and r belonging to L'(J).

Proof of lemma 6.6.2
The first claim follows from the condition (P;).

For the second claim; we note that the generalized Holder inequality implies that:

05 1= (8, 65) 10 00) s | 65 g

Moreover, on the one hand, if; 11; = /(U(x, t, 58 a;6;, X5 1a;D6;) : Dd;)dx by the growth condition
in (P,) and the Hélder inequality ’

| 11 1< Bl M) [l +en || X0 @id; ||fi:p,~/ o I 32 a:Dsju 5,511 DS 1

< Bmax(L,er,e2) I Ay + | S5y ity [y + 1| S5y @Dy 1550 1 D e

Then, in view of || 0; ||1wp + || 0

»< cforalli € IN and since each variable a; satisfies: | a; |< r; for

all i = 1; .....; k fora constant r, each component F; may be estimated in such a way that

| Fy(t,ar, o) |<) TI; |+ | I |< Cr k). M(2) (6.6.2)

uniformly on J x E, where C(r, k) is a constant which depends on r and k, and where M (t) € L'(J)
(independent of j, k) and r Then, in view of lemma 6.6.2 the Carathéodory existence result on ordinary

differential equation applied to the system:

’

a;(t) = Fj(t,ai(t), ..., ar(t)) (6.6.3)
a;j(0) = ag;(0);j €1;..5k (6.6.4)

ensures existence of a distributional, continuous solutions a; (depending on k) of (6.6.3) - (6.6.4) on a time

interval |0; &' where &' > 0, a priori, may depend on k. Moreover, the corresponding integral equation

a;(t) = a;(0) +/0 Fi(7,a1(7), .....ar(7))dr (6.6.5)

holds on [0;€'[. Then, uy, = Z?:l a;(t)0; is the desired (short time ) solution of
(O, Ok )2.wo + / o(x,t, ug, Duy) : Dopdx = / v(x, t)dkdx, with initial condition
Q 0

uk(0) = Z§:1 ar.i(0)5;(.) = g, with ug € L*(Q, wy, IR™). Now, we want to show that the local solution
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constructed above can be extended to the whole interval |0; T'| independent of k, As a word of warning we

should mention, that the solution need not be unique.

Lemma 6.6.3 We have:
A= {t € [0;T[: there exist a weak solutions of (6.6.3) — (6.6.4) on [0; T[} = [0; 7.

Proof of lemma 6.6.3

The first thing we want to establish is a uniform bound on the coefficients (ay;(t)). Since

(Opuge, Ok )2.wo + / o(x,t, ug, Duy) : Dopdx = / v(x, t)dpdx
Q Q
is linear in Oy, it is allowed to use uy, as a test function in precedent equation in place of 6. This gives for

a an arbitrary time T in the existence interval

/ <8tuk,uk)2,wodt—|—/ /a(x,t,uk,Duk):Dukdxdt:/ (v(t), ug)dt.
0 o Ja 0

For the first term we have:

/T@tuku Up) 2,00 At = Z ! /T Oy (ul) 2o dt
—Z-H —Z—H 10) Bon> S 1l unlr) 2, —c

Smce u(., 0) converges in L2 (2, wo, IR™). Using the coercivity in (Py) for the second term and the Hélder

inequality, we obtain:

| ot D Dusdade = = 1 % oy = 1% o |58 g oy 2 |
Uk HLP (0,1, WP (Q,w,R™))

By the the Holder inequality for the third term we get

/ (w(t), ue)dt <|| v |1 o w1 .o | ||LP(O’T’W01,p(Q,w)) . By the Holder inequality we obtain:
0

3l we(r) IB< e 0 % s + 1% ey o 88 1 0 ooy =2 15 [ gt o

= (|| wk HLP(O,T,WOI’I’(Q,w,Rm))>

Since p > 1, we have:
U(y) = —o0; y = +00 (6.6.6)
and 50 (|| ur || oo 7w 7 (0,0, mm)) ) IS bounded, since ) is continuous and || uy, 12> 0.

Thus, in view of the definition of aj,; we may conclude that:

| ari(7) |F= ue(7) 13, < © (6.6.7)
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for a constant ¢ which is independent of T and k. Now, we prove that A is non empty, open and closed

in [0; T). First, A is clearly non- empty since we proved local existence above. Moreover, let t € A and

0 <71 <7 <T.Then by (6.6.5), we have:
T2
| ak;(11) — ar,;(r2) [< / | F(7, (7)), -ooos a (7)) | d7

T1
T2

<c@r) [ M) | dr

since M € EI(O, T'), this implies that T — ay, ;(7) is uniformly continuous. Then, we can restart to solve
(O, Ok )2.wo + / o(xz,t, uk, Duy) : Dopdx = / v(x,t)opdx

fork e {1;2;....;frln}. *

At time t with initial data im; »__,; u,(7) and hence get a solution of (6.6.3) - (6.6.4) on

[0, 7 + ¢]. This proves that A is open. Finally, we consider a sequence 1; /* t;7; € A. Let ay, ;; denote the

solution of (6.6.3) - (6.6.4) we constructed on |0, ;] and define:

- a;w»’i(T) lf T E [O, Ti]

Akji = i
ClkJ,i(Ti) lfT G]Tﬂt]

The sequence (ay,;;); is bounded and equicontinuous on [0; t[, as seen above. Hence, by the Arsela-Ascoli

Theorem, a subsequence (again denoted by ay ;;(T) converges uniformly in T on [0;t[ to a continuous

functions ay, ;(7)). Using Lebesgue convergence theorem in (6.6.5) it is now easy to see that ay, ;(T) solves

(6.6.3) on [0;t[. Hence t € A and thus A is indeed closed, and as claimed, it follows A = [0;T'[. O

Proposition 6.6.1 The sequence of the Galerkin approximations (uy,) is bounded in

L=(0,T, L2(Q,wo, R™)) N LP(0, T, Wy P(Q, w, IR™))) and satisfies (Ay) and (As).

Proof of proposition6.6.1

By testing equation:

(Oug, 65) 2w + / o(x,t,ug, Dug) : Déjdx = (v(t),0;)

for:g €{1,2, .., Q}

With uy,; we obtained in the proof of lemma (6.6.3) that (6.6.7) holds for arbitrary time T € [0; T[. So (uy)
is bounded in the space L*°(0, T, L*(2, wq, IR™)). Moreover we have proved that

Y(|| wr || LY OT WP (@, rmy)) 18 positive, bounded and satisfies (6.6.6).Then there exists a constant ¢ > 0

such that

|| /U/k: ||LP(O,T,W01’p(Q,w,B7"))S C; Vk’ E W. (6-6-8)
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Therefore, by extracting a suitable subsequence which is again denoted by uy, we may assume by the
Elberlein-Smuljan see e-g, [62] ( Page 141), that

up —* win L>®(0, T, L*(Q, wo, R™))

wp, — win LP(0,T, Wy (Q, w, IR™))

which proves in particular (Ay). To verify (As), observe that the time derivative

L(joioug): [0;T[— By = (Wy2(, wa, R™)))" is according to

(Oug, 65) 2w + / o(x,t, ug, Dug) : Déjdx = (v(t),0;)

for: 5 € {1;2; s? k}. Given by: we recall that the projection operators Py, are self adjoint with respect
to the L* inner product.

t— (¢ — (v(t), Pud) — / o(z,t,u, Duy) : D(Py¢)dx). Now we have:

(L(g0 chD ug)(t), ¢y =1 +Q[] where

= [ ORI o lororiow
inequal?'ty,

Il = —/T/ o(x,t,ug, Dug) : D(Pyo)dadt

0 Q
—1
S (H Al HLp/(QT) +C(Cl) H uk |I[)/p(07T7W01’p(Q7w

| Peod ||oor,wiww)) by the generalized Holder

)) | Pro ||Lp(O7T7W01,p(Q7w)) by the growth conditions in (Pz)
and the Holder inequality. Since

| Pt ooy < Pt imoizanr @y <6 o a2 fhe claim follows by the uniform

bounded (6.6.8). ]

Remark 6.6.1 For further use, we note that from the bounded obtained for (%(j o 1 o w)(t),¢) in
the proof of proposition we can conclude that Oyu (or rather 0;() o v o w)) is an element of the space
LY(0,T, (W P (0, w*)). This follows easily from the fact, that the set

{6 € LP(0,T,Wy"(Qw)) : Ik € IN/Ppp = ¢} is dense in LP(0, T, W, (Q,w)), as proved in [37] (
Appendix Il) with a slight modification. 0

Remark 6.6.2 Recall that the space

{u € LPO,T, WP (Quw)) : d(jorou) € LY (0, T, (W (Q,w*) is continuously embedded in
C([0; T); L%(Q2,wo)) see e-g [65] [ proposition23-23], with slight assimilation.

Hence, we have that u € C°([0; T; L*(Q2,wy)) after possible modification of u on a Lebesgue Zero-set of
[0; T]. This gives u(t,.) € L*(Q,wy) a pointiest interpretation for all t € [0; T] and allows in particular
to state that u(t, .) attains its initial value

u(.,0) =g (6.6.9)

136



continuously in L?(Q,wg) see [37] (Appendix III). In the two following subsections, we prove that u is

really a solution of the system (QPS). U

6.7 Passage to the limit in (QPS)

In this subsection, we prove theorem (6.2.1). First, in order to apply proposition (6.6.1), we verify that,
under our assumptions, the conditions (A1) — (Ag) and (N1) — (N3) holds for the Galerkin approxima-
tions solution ug. (A1) and (Ay) holds by proposition (6.6.1). Moreover, it follows then by lemma (6.6.1)
that (N1) — (N3) holds. The condition (Aj3) is equivalent to (P;). Next,to prove (A,), we note that by the

growth condition in (Py) that
/ ’ O—TS(x7 1, ug, Dukz) |pl W:Sdiﬁdt
Qr

< C( / |\ P dedt +) 7 | ugy |7 yydadt +Y | Dyjug [P wydadt);
Qr j=1 ij
with (c is a constants) which is uniformly bounded in k by (6.6.8). To verify the equi-integrability of

(o : Duy), we fix an arbitrary measurable subset Q' C Qp. Then, on the one hand, the growth condition
in (Py) implies that
/ | min(oy, : Duy;0) | dedt < / | Ao | ddt + / | A3 | waj | gy |
Q' Q' Q' .
j=1
by the Hélder inequality and (6.6.8). Thus (As) follows. Finally, we prove that (Ag) hold. According to
Mazur’s Theorem see e-g [62] (Theorem2, page 120), there exists a sequence vy, in LP(0, T, W, (Q, w))

where each vy is a convex linear combination of uy, ..., uy such that v, — w in L*(0,T, Wol’p(Q, w)). In

particular, vi(t,.) € span(dy, da, ..., 0 ) for all t € [0, T]. Now, we have

/ oy : (Duy, — Dvg)dzdt = (v, up — vg) — Z/ (ul, — v]) 0y (], Jwo dadt. (6.7.1)
QT 1 QT

Observe that (uy — vi) € span(01, ds, ..., ) which allowed to use

(Opug, O )o + / o(x,t,ug, Duy) : Dépdx = / v(x,t)0rdx in the equality above. The term (v, uy — vg)
Q Q
in (6.7.1) converge to zero, since uy, — vy, — 0 in LP(0, T, W, ?(Q,w)) by the choice of vy, and (A,).

For the last therm in (6.7.1), we have

_Z/ — vk )Ox( uk Jwojdrdt = Z 8t uk 2wo;drdt + Z/ vkat u )wojdxdt
Qp

|| uk( ) ||2w0 1 || uk ||2w0 +Z/ 815 U’k ngdxdt
(6.7.2)
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Concerning the last term in (6.7.1) we claim that for k — oo we have:
J J 1 2 1 2
Z 10y (u] )wo dudt — Z W 0w )wo;dxdt = || u(T) |20, ~3 | w0 (12,0, (6.7.3)
Qp Qp
To see this, let € > 0 be given. Then, there exists M such that for all | > m > M we have:

° i) Z | / w —v7 )0 (u \wo;dadt |< e. This is possible, since d(joiou) € LP (0, T, Wo_lp (Q,w)
and U — u in LP(0,T, W, P(Q,w))

® ii)-) ;| (v] — v2)0,(w? \wojdadt |< e. This is possible by the bound obtained for

( t(] ojo uk)(t) ¢) in the proof of proposition 6.6.1 since (v, — vy) € span(dy,da....... ,0x) for all
fixed t €]0,T7.

Now, we fix m > M and choose my > m such that for all | > my;
> | /Q vl (0w — ) )wojdxdt |< . This is possible, since dyu; —* dyu in L (0, T, (W3 (Q,wa))").

combination yields for all | = l(g) > mg(e)

| Z/ 8t ul Jwojdxdt — Z/ u? 0y (u )wo dadt |

<> ( — 03 )0, (u] Yoy | dadt + Z | / vl (Opul — Opu? Ywojdadt |

i e
+ Z | / ' — )0 wdadt

< 38. This establishes (6.7.3).on the other hand, since (uy)y, is bounded in L>(0, T, L*(, wy)) by propo-
sition 6.6.1 we have that (uy,(T) — u(T)) in L*(Q, wy)). Hence,

timint || ws(7) o 2] 0(T) s - (6.7.4)
By construction of u,, we also have
lim ] 24 (0) [l20) =l w0 {1206 - (6.7.5)
k—o00

Using (6.7.5), (6.7.4) and (6.7.3), in (6.7.2), we conclude that
lim inf(— Z/ (u], — v]) 0, (ul )wo)dxdt) < 0, thus (Ag) is fulfilled.
- Qr

k—o00
So,(A1) — (Ag) and (N1) — (Ns3) hold and we may infer from proposition (6.6.1) that oy (x,t, uy, Duy)
converge to oy, (z,t,u, Du) at least weakly in L' (Qr, M™*™), for k — oo. Since we have that uj, — u in

measure on Q0 by proposition (6.3.1), we may infer that ui, — u almost everywhere on Qr, for k — oc.

Now, we take a test function ¢ € U;e yvspan(dy, da....... ,0;) and ¢ € C§°([0,T)) in



(Opug, 65) 2w + / o(z,t, u, Dug) : Dé;jdx = (v(t), d;)
Q
for:g €{1,2,....k}.

And integrate over the interval |0, T'| and pass to the limit k — oo. The resulting equation is

Zj/ﬂ o (, 1)@ () p(2)woy ) dadt +/ or(x,t,u, Du) : Do(x)(t)dzdt = (v, pp)

Qp

For arbitrary ¢ € U;epnspan(dy,0s,...,0;) and ¢ € C§([0,T)). By density of the linear span of these
functions in LP(0, T, Wy (2, w)), this proves that u is in fact a weak solution of (QPS). Hence the

theorem is proved.

U
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|Chapter 7

Existence of solution for some quasi-linear

parabolic systems with weight and weak

monotonicity

Abstract
We prove the existence of weak solution u for the nonlinear parabolic systems:

Owuw — divo(z,t,u, Du) = v(z,t)+ f(z,t,u) + divg(z, t,u) in Qp
(QPS)(w) u(z,t) = 0 on 00 x (0,7T)
u(z,0) = wup(z) on Q

which is a Dirichlet Problem. In this system, v belongs to L¥ (0,T, W~ (Q,w* IR™)); and uy €
L3(Q,wo, R™), f and g satisfy some standards continuity and growth conditions. We prove existence of
2n(s+1)

a weak solution of different variants of this system under classical regularity for some p E]m ; 00,

growth and coercivity for o but with only very mild monotonicity assumptions.

7.1 functional framework

Definition 7.1.1 (Lebesgues and Sobolev spaces with weight):

For1 < p < ooandk € IN; we consider the weight spaces:
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1
D@0 1) = fu = ulo)s upey € 1) |

with, Wy = (U.)Qj)lgjgm.
WHP(Q, we, R™) = {u € LP(Q,wq, R™); D € LP(Q,wq, R™); for 0 <] a|< k‘}
D> is the weak derivative of u. The weighted functions w,, defined by:

wo = (woj J1<j<m if [ a[=0,
Wa = w = (wijicin; 155<m f |a|=1,

arbitrary weight functions if 2<|a|<k.

x _  1-p . .
And w;; = w;; s the conjugate of w;.

We defined the inner product in L*(§), wo, IR™) by: (u,v)a., = Z/((woj)éuj)((woj)
j=1"%

D=

v;)dx, for all

w; v in L*(Q, wo, IR™). And for all u;v in ng2(9, Wa, IR™) we denotes the inner product by:

o 1 1 1 1
(U, VY 2y = (U, V)20 + Z /Q(wéDiju)(wijijv)dx + Z /Q(wO%Dau)(ijo‘v)dx.

izj=1 2<]al<r

We denote Wy (Q, wa, IR™) the closure of C5° (2, IR™) in W P (0, wy, IR™), where the norm is ||. || pw.

is given by:
»
g = (3 WDl )’
0<|a|<k
We have:

WEP(Q, wa, R™) < WFP(Q, wa, R™) < LP(Q, wy, IR™).
(W (Q, wa, R™)) = W (Q, 0k, R™).

Definition 7.1.2 let ) be a measurable subset of IR", (ux)re and p be a sequence and respectively an

element in M (2, IR™). we say that () converges weakly x to i, which is denoted by p, —* u, if:
/fduk — / fdu, forall f € C.(Q2, R™).
Q Q

Lemma 7.1.1 (Fatou) Let F' : Q) x IR™ x IM™ "™ — IR be a carathéodory functions and uy, : 2 — IR™
a sequence of measurable functions such that Duy, generates the Young measure 9, with || 9, ||= 1 for

almost every x € (). Then:

liminf/F(x,uk,Duk)dxz// F(z,u,&)dd,(§)d.
0 o J pmxn

k—o0

Provided that the negation F~(x,uy, Duy) is equi-integrable. More general versions of the this lemma

may be found in [59], [60] and [42], proof see [37] ( lemma I-5).
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7.2 Hypothesis

We assume that:

wij € LY(Q), wi’;-j € L;,.(Q) and wy; is bounded a.e. in § (7.2.1)
wy;® € L'(Q) (7.2.2)

for some s G]Max(}ﬁ; ) ool

The Sobolev space W'P(Q, w, IR™) equipped with the norm

I = z/ww dr+ Y [ wlDyulds

is a Banach space, reflexive, and C5°(Q, IR™) is a subspace of (WP (Q, w, IR™). The space (VVO1 P(Q,w, R™)
is the fermenter of C3°(Q2, R™) in (WP(Q, w, IR™) for the norm ||.||% ),
( by the condition 7.2.1 ).

The norm || .. equivalent to the norm |||u|||W1 rwmm) = (Qij Wij|Diju|pdaj)%, with D;ju =

o

ou’
8:171'

( by: The condition 7.2.2 ).

By the condition (7.2.2), we give:
(WP (Q, w, R™) — (WP (Q, R™) and (W'P(Q,w, R™ << L"(Q, R™), (7.2.3)

forall 1 <r < ptwithps = ;%

* n.p.s

Pi = wrh s s < n(s + 1), and pt is arbitrary otherwise.

The Hardy-Type inequalities in condition (Fy) is verifies for v; = 1; j = 1;2; ...... ;m

(P1) o:Qx]0, T[xR™ x M™ ™ — IM™*™ is a Carathéodory functions, i.e:
(x,t) — o(x,t,u, F) is measurable for every (u, F') € IR™ x IM™ ™ and

(u, F) € R™ x M™ "™ —— o(x,t,u, F) is continuous for almost every (z,t) € Qr.

(P2) (Coercivity and growth): There exist constants ci, c3, 5 > 0 and A\, € LPI(QT,B’”), Ao €
LYQp, R™), N3 € L(g)l(QT), 0 < a<pl<q< oo such that, forall 1 < r < n, and

1<s<m:

1

7

lors(z, t,u, F)| < ﬁwrs A+ ZVJ |uj|p +c Zw’} |F1P Y

Jj=1 ,J
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m

o(x,t,u, F): F > —Xg(x,t) — Z)\g(:v,t)w15j|uj|a +CQZWij|Ej|p.
.3

J=1

(Ps) (Monotonicity): o satisfies one of the following conditions:

e (a) Forall (x,t) € Qr and all w € IR™, the map: F + o(x,t,u, F) is a C*- functions and is
monotone.

e (b) There exist a function: W : Qp x IR™ x IM™*"™ — IM™*", such that

o(x,t,u, F) = %—V}/(aj,t, u, F), and F — W (x,t,u, F) is convex and C'- function.
e (c) Forall (x,t) € Qr and all u € IR™, the map: F — o(x,t,u, F) is strictly monotone .
e (d) o is strictly -p quasi monotone in F i.e:
/ (o(x, t,u, N) —o(x, t,u,A) - (A= N)dI(\) >0
Mmxn
(Py) (The Hardy-Type inequalities); There exist ¢ > 0, one weighted function

v = (V))1<j<m, and the parameter 1 < q, such that:

1 1
(:E:MK;Wj‘ uj’q(it) f;c <j£:./£(UU |[%ju P dx)
=1 i

P

and the expression ( E / wij | Diju |P da:) is a norm equivalent to the norm ||, in
— Jo '
ij

Wy (Q,w, IR™). The injection Wy P (Q,w, R™) << LI(Q,~, IR™) is compact, and

Wol’p(Q,W, R™) —<— L"(Q), IR™) is compact, with
1§T<ﬁ if ps<n(s+1)
r>1 if n(s+1)<ps

(Fy) (continuity) [ : Qp x IR™ — IR™ is a Carathéodory function, i.e.(x,t) — f(x,t,u) is measurable

foreveryu € IR" and u — f(x,t,u) is continuous for almost every (z,t) € Q.

(F1) (Growth) There exist0 <y <p—1, b € LPI(QT) and by € L7 (0,T, L» (), such that:

- 1

1 p=1 )
| frlz, t,u) |< buwg, + 2570 balug[wg? wiy 0 k= 120m. T = (=) is the Holder

conjugate of #.
(Go) (continuity)g : Qr x IR"™ — IM™ ™ is a Carathéodory function.

(G1) (Growth) There exist0 <n <p—1, by € Lp/(QT) and by € L>(0,T, Lv-1(R)), such that:
1 n—P;Fl n—p+1
| grs (@, 1, u) | < bawds + D070 bs|ws]Mwp,™ Wiy
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Remark 7.2.1

(Py) ( Carathéodory condition) ensures that o(x,t,u(x,t),U(x,t)) is measurable on Oy for measurable
functions:

u: Qp — IR™

U:Qp — M™*",

The growth condition and coercivity

(P,) is standard it is used in the construction of approximate solutions by a Galerkin method and when we
pass to the limit.
Although the strict monotonicity condition (c) in (Ps) ensure existence of a weak solution by standard
method see e-g [46], the main point is that we do not require strict monotonicity or monotonicity in the
variables (u, F) in (a), (b) and (d) as it is usually assumed in previous works see-e-g [16], [46],[1].
Under these mild assumptions and using again Young measures, Hungerbiihler shows in [38] that initial
and boundary value problem (QPS),, has a weak solution u € LP(0,T, W, " (Q,w, R™) in following

sense.

Definition 7.2.1 We say that: u : Qp — IR™ is weak solutions of:
Owuw — divo(z,t,u, Du) = wv(z,t) + f(z,t,u) + divg(z,t,u) in Qp
(QPS)., u(z,t) = 0 on 0 x(0,7T)
u(z,0) = wug(z) on Q

where v € LP' (0, T, W= (Q,w*, R™)) if:
e (i) u belongs to L*(0, T, W, (Q, R™)).
o (ii)o(.,u(.), Du(.)) belongs to L*(Qp, M™*™).
e (iii) The initial condition u(x,0) = uo(x) on S is fulfilled.

o (iv) The equation:

P 8tuj.¢j(x,t)w0jdxdt—l—/ o(z,t,u, Du) : Dp(z,t)dedt = (v, )+ | f(x,t,u).p(z, t)dedt—
Qr Qr Qr

g(x,t,u) : Do(x,t)dxdt,
Qr

holds for every function ¢ € C*(Qr, IR™) which is zero in a neighborhood of
(092x]0,T[) U (Q x {0;T}).
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Remark 7.2.2 e (a) In definition the boundary condition u = 0 on (02x]0,T'[) is interpreted in the

sense of (i) .

e (b) The condition (iv) is understood in the sense that the Galerkin approximations converge to ug in

L2<Q,WO).

Theorem 7.2.1 Ifp €| nQ—fQ(‘i'—l) ; 00| and if o satisfies the conditions (Py)—(Ps) then the parabolic system

(QPS).,, has a weak solution v € LP(0,T, Wy (Q,w, R™)) for every v € LV (0, T, W, 7 (Q,w*, R™))
every f satisfying (Fy) — (F1), g satisfying (Go) — (G1) and (n > 2).

Remark 7.2.3 e (a) For p; = n, Theorem 7.2.1 hold if the condition by € L>*(Qr) in (Fy) and
bs € L>(Qr) in (Gy) are assumed.

e (b) For p, > n, Theorem 7.2.1 remains valid if by € L™ (0, T, L*(2)) in (F\) and
bs € L>(0,T, LY(Q)) in (G,) hold.

e (c) The strict bound p — 1 for ~y and 1) in the growth conditions (F) and (G1) ensures the coercivity

of the function 1) However, the limit value p — 1 is admissible in some particular cases.

7.3 A first parabolic div-curl inequality

We state here the first set of hypothesis:

o (Ay): The sequence (uy) is uniformly bounded in LP(0, T, W, (Q,w, IR™)) for some

p €] Q(Z(j;)? ; ool and hence (Bay the Elberlem Suljan theorem: see [15].a subsequence converges

weakly in LP(0, T, W, *(Q, w, R™)) to an element denoted by .

(Ay): The sequence dyuy, is uniformly bounded in L” (0, T, (W{*(Q,w, R™))) for some (2 < r <

Py ifps <m)and (2 <r < ooifps > n.)

(Az): 0 : Qx]|0, T[x R™ x M™ "™ — IM™ ™ is a Carathéodory function.

(Ay): The sequence oy (x,t) = o(x, t, up(x,t), Dug(z,t)) is uniformly bounded in L¥' (Qp, ™)

and therefore equi-integrable (the equi-integrability follows from, the Holder inequality).

(As): The sequence (o (x,t) : Duy)~ is equi-integrable.

146



o (Ag): There exists a sequence (vi) such that vy, — win LP(0, T, (W, (Q,w, IR™))") and/ or(x,t):
0
(Duy, — Duy)dadt — 0; k — oo. '

Remark 7.3.1 Note that the assumption (Ay) and(As) ensure a strangle convergence in some Lebesgue

spaces and in measure.

Lemma 7.3.1 Let B, By and By be Banach spaces, By and By reflexive. Let 1 : By — B be a compact
linear map and:

7 B — By an injective bounder linear operator. For T finite and: 1 < p; < oo withi = 0;1

W ={ve L™(0;T;By) : L(jo10v) € LP(0;T; By)} is a Banach space under the norm:

| v llzeoomine) + | 20200 |21 0731 -

Then, if V. C Wis bounded, the set {1 0 v;v € V'} is precompact in L (0;T; By).

Proof of lemma?7.3.1
For the proof, see [37] ( Appendix I). For generalization of lemma, see [56]. Now, we apply lemma to

obtain the desired bound.

Proposition 7.3.1 Let p 6}% ; ool and (uy) be a sequence satisfying (A1) and (Az). Then there
exists a subsequence of (uy) ( for convention not relabeled ) and a functions:

w e LP(0,T, Wy P(Q,w, R™)) such that: u, — u in measure on Qo and in

LP(0,T, L"(Q, R™)),Vr < pt. (7.3.1)

Proof of prop 7.3.1
Let By = WyP(Q,w, R™)); B = L"(Q,wy, IR™)), for some 1 with:

2<r<p;,
and B, = (W)*(Q,wa, R™))'. Since we assumed that p, €];2% ; oo, we have the following chain of
continuous injections:

By =" B < L2(Q, wy, R™)) = (L*(Q, wy, R™)) <" By; (7.3.2)

here (L?(Q,wo, R™))" = (L?*(Q, wo, IR™)) is the canonical isomorphism 0 of the Hilbert space L*(S2, wy, IR™)
and its, for

1 @ By — B we take simply the injection mapping, and for 7 : B — B we take the concatenation of
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injections and the canonical isomorphism given bay (7.3.2) i.e: 7 =11 0 0 0 1. Then (uy,) is a bounded
sequence in LP(0,T, By) by (A1). Next observe that (Oyuy,) or rather (0; j 0 i 0 uy) is a bounded sequence
in (L7 (0, T, (Wg*(, wa, R™)))) by (As). Hence, from (7.3.1), we may conclude that there exists a sub-
sequence, which we still denote by uy, having the property that the second part of (7.3.1) hold. Notice
that in order to have the strong convergence simultaneously for all v < p%, the usual diagonal sequence
procedure applies finally, as p > 1, the sequence converges in measure see, e-g.[30] (proposition 2-29).

Which end the proof.

Lemma 7.3.2 (div-curl inequality) Suppose (A1 — Ag) and assume ( after passing to a suitable subse-

quence if necessary ) that (Duy,) generates the young measure V(1. Then the following inequality hold:
/ / o, b, N) 2 A oy (Nt < / / oyt \) : Duddpn(Ndzdt  (1.3.3)
Qp J Mmxn Qp J Mmxn

Proof of lemma 7.3.2

Let us consider the sequence:

I, = <a(x,t,uk,Duk) : (Duy, — Du)) = <0k : Duk) — (O'k : Du).

By conditions (A4) and (As), the negative part 1. of I, is equi-integrable. Hence, in view of (As), we
may use the (Fatou - Lemma ) which gives that

X = lim inf( / Ludwdt > / / o, b, N) : O\ = Du)dd (N dadt
Qr Qp Jnrmxn

k—o0

X = lim inf(/ oy : (Duy, — Duvy)dzdt —|—/ oy : (Dvg, — Du)dxdt)
Qr

k—o00 Qr

= h]zgg;lf(/ O - (D'Uk — Du)dxdt S C. h]ﬂg}f H O HLPI(QT,W*)H Ve — U HLP(O,T,WOI’p(Q,w,Rm))

= 0 by the Hg'lder inequality and (Ay). Thus the conclusion follows. (]

7.4 A second parabolic div-curl inequality

We state here the second set of conditions:

o (c1) 1 up € L0, T, WyP(Q,w, R™)) for all; k € IN, and there exists some ¢ > 0 and p > 0 such

SupZ/ | D;jug|Pwijdzdt < c.
kT Jar

o (co): The sequence uy, converges in measure to some function u and u(.,t) is almost everywhere

approximately differentiable a.e. t €]0,T.
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o (c3):0:Qp x R™x M™"™ — M™ ™ and

Tle] : Qp x R™ x M™"™ — IM™*"; e € IN are Carathéodory conditions.

e (c4) : 0 and Tle|, satisfy all the angle structure conditions or satisfies all the sign structure condi-
tions:
(Angle condition) For all (z,t) € Qp,u € R™ and M; F' € IM™*" with M of the form Id —a ® a
where a € IR™ satisfies | a |< 1; 0(x,t,u, F) : MF > 0, for all matrix.
M € M™™ of the form M = Id — a ® a with |a] < 1.
(The sign condition ) For all (x,t) € Qp,u € IR™ and F' € IM™*", we have
oj(x,t,u, F): F; >0, forall 1 < j < m with

F; and o; are the cologne j of matrix F' and o.(this conditions is verifies for T|e] )

(¢5) : The sequence oy(x,t) = o(x,t,ug, Duy) is equi-integrable.

(¢7): The sequence gy, = —div(oy + g(x,t,ug) + 7%) — v — f is bounded in L*(Qr, R™).

(cg): Duy € L, (Qp,w, M™ ") and (o}, + g(x,t,ug) + 71) € Lf;C(QT, =),

loc

for some ;1 <1 < 0.

Lemma 7.4.1 (Second div-curl inequality) Suppose (C1) — (Cy), and assure ( after passing to a suitable
subsequence if necessary ) that Duy, generates a Young measure 0, y. Then ( after passing to a subse-
quence ), the oy, converges weakly in L' (Qp, M™*") and the weak limit T is given by:
o(z,t) = (Vpp;o(x, t,u(z,t),.)), moreover the following inequality hold
/ o(x, t,u(z,t), ) : Addgy(N) <T(x,t) : apDu(x,t). for a.e. (x,t) € Q.

IMmxn

Proof of lemma7.4.1

Proof of lemma is a slightly modification of the corresponding in lemma (6 —2 — 1) in [28] pages (54-61).

Remark 7.4.1 If the sequence Duy, is equi-integrable then Du(x,t) = apDu(x,t) = (V(,4);id) almost

everywhere. by the Ball’s theorem.

The parabolic div-curl inequality will be the key ingredient to pass the limit in the different cases, but we
need some additional information on the Young measure V), ;) generated by the sequence of the gradients

Duy to exploit lemma (div-curl inequality ) these properties are the following:
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e (Ny): Uy is a probability measure for almost every (z,t) € Q.

o (Ny): U,y is a homogeneous W' — gradient young measure for almost every

(l’, t) S QT.

o (Ns3): Uy satisfies < Uy ), id >= apDu(x,t) almost everywhere in Q.
Note that these properties hold if the condition (Ay) is fulfilled.

Lemma 7.4.2 Assume that the sequence uy, satisfies (A;);

then the Young measure v, ;) generated by the sequence of the gradient Duy, satisfies

(V1) — (Ns).

Proof of lemma7.4.2
Noting that (A,) implies that apDu(x,t) = Du(z,t), follows exactly as in [37] (prop 4-3).
We mention that the properties, also hold if the conditions (C1) — (Cy) and a particular estimate are

fulfilled as shown in [39] ( lemma 9), with a slight modifications []

Lemma 7.4.3 Assume that the sequence (uy) satisfies (C1) — (Cy) and
SUDev D i j | Dijuy |P wizdxdt < c, for all R > 0; for some p > 1.

|ug|<R
then the Young measure ¥, ;) generated by the sequence of the gradients Duy, satisfies

(N1) = (NV3).

Proof of lemma7.4.3
The proof of lemma is a slightly modification of the corresponding in lemma (11-3-2) in [28]

7.5 Passage to the limit for o

Proposition 7.5.1 Suppose that (Ay) — (Ag) or (C1) — (Cs) hold further assume that the Young measure
V(a) generated by the gradients Duy, satisfies (N1) — (N3) and that one of the following conditions
holds (a) — (b) — (¢) — (d) then(after passage to a subsequence ) the sequence oy, converges weakly in
LY(Qp; M™ ™) and the weak limit T is given by:

ag(x,t) = o(x,t,u(z,t), Du(z,t)). If (b) — (c) or (d) holds, then:
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o(z,t,ux, Duy,) — o(x,t,u, Du) in L*(Qp; M™™)
In case (c) and (d); it follows in addition that Duy, — Du in measure and thus also almost everywhere in

Qrp.

Before to prove proposition, we note that by proceeding exactly as in the elliptic case, we get the analo-

gous result to lemma (6 — 4 — 2) in [28] and [1].

Lemma 7.5.1 Suppose that (A,) — (Ag) or (C1) — (Cs) hold. Further assume that ¥, ) is the Young
measure generated by the gradients Duy, and satisfies (N1) — (N3). If the map F +— o(x,t,u, F) is

monotone for all (x,t,u) € Qx]0; T[xIR™ then:

Sptdz C {N[o(x,t,u,\) = o(x,t,u, Du)] : (A = Du) = 0}. (7.5.1)

Proof of lemma7.5.1
The proof of lemma is a slightly modification of the corresponding in lemma (11-4-2) see:[28].
Proof of proposition 7.5.1

For the proof see the proof of analogous proposition in chapter7. [

7.6 Galerkin Scheme

Lemma 7.6.1 Let Q2 bounded domain in IR", p €];2% ; ool and wi; € L'(S), for all
j=1:2...;m, andi=0;1; .....;n.Then (W}*(Q, wa, R™) — Wy"(Q,w, R™)

Forr > 1+n(%—%).

Proof of lemma7.6.1 For the case p < 2 it’s easy (using the Holder inequalities), for the case p > 2 The
proof of this lemma is a slightly modification of the corresponding in a space of Sobolev without weight
(Wi (Q, R™) — W, (Q, R™).

By the theorem (1 — 3 — 1) in [28] and proceeding as [37] ( section 4-2) we may choose a set (0;)ic of
functions which is an orthonormal basis in L*(Q,wo, IR™) and at the some time an orthogonal basis in
Wi (Q, wa, R™). In particular; (84))ic is uniformly bounded in W, ¥ (Q,w, IR™) and then: || 6; ||1.up
+ || 6i |[;x< cforalli € IN.

we will need bellow the L*(wy) - orthogonal projector
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pr o L?(Q, wp, R™) — L*(Q, wo, IR™) on to spam (81, 0a, ..., O ) ke -

of course, the operator norm || py ‘|3(W5’2(wa),wg’2(wa)): L.

(The Galerkin scheme): New we build our Galerkin approximations, we make the following ansate for
approximating solution of (QPS).,, ui(x,t) = Zle ay,i(t)0;(x). Where

ai; : [0;T) — IR are supposed to be continuous bounded functions. such that vy, satisfies the boundary
condition in (QPS),, by constructions in the sense that u;, € LP(0,T, Wy (9, w, IR™)), we take core of
the initial conditions in (QPS),, by choosing the initial coefficients:

ar;(0) = (ug, 0;)2.., such that:

up(,0) = 28 ar(0)0:(.) = uo. withug € L*(Q, wo, R™).

we try to determine the coefficients ay,;(t) in such that a way, that for every k € IN the system of ordinary

differential equations
(Oruk, 0;)2.w0 + / o(x,t,ug, Duy) : Dodx
Q
= (v(t),0;) +/ [z, t, ug)djde — / g(x,t,uy) : Ddx for j € {1;2;....;k}.
Q Q
Now we fix to k € IN for the moment. Let 0 < ¢ < T and J = [0;¢]. Moreover we chose r > 0 large

enough; such that the set B,(0) C IR* contains the vector (a1;(0), ...., axx(0)), and we set k = B,(0).

Then we have the following result.

Lemma 7.6.2 The application: F : J x k +— IR* given by:

(t,aq,....ap) — ((v(t),d;) + /Q f(,t, 28 a;6)6,dx — /Qg(x,t,Zleai(Si) : Dojdx
— /(O’(I, t, Zleai@, EleazDél) : Déj)dﬂf)j:hg;_mk
Q

is a Carathéodory function.Moreover, each components F; may be estimated on J x k by
’ Fj(t,al, ..... ak) ‘S O(?", k)M(t) (761)

uniformly on J X k, where C(r, k) is a constant which depends on v and k. And here M is a functions

dependent of j; k and r belonging to L'(J).

Proof of lemma 7.6.2

The first claim follows from the condition (P;).

For the second claim; we note that the generalized Holder inequality implies that:

| 1 = o), 0;) |<I (&) -1 Il 05 [1preo

Moreover, on the one hand, if; 11; = /(a(az, t, X8 a;0;, X5 1a;D6;) © D6;)da, by the growth condition

Q
in (Py) and the Holder inequality
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[ 11 1< B M) Ny e | 0y aid Hlm o | iy aiDéju |T,L] | D [l

< Bmax(1,eq, ). [| Al + || 20 aid; HlM + 1| 32 aiDégu 7,00 | DO Hhpe
And by Holder inequality we have:

| I11; \_\/ x,t, 28 a;6;) : Do;da |

< (1 bat) llyr + 1 05(8) [l | By au
| IV |:|/ fx,t, 5 a;6) : 6;dx |
<l b1 (%) IIpSf)II 0j o + 1 02(8) [z [l SEyi0; 13- | 05 llpsy Then, in view of

| 0i lhwp + || & |liprw< cforalli € IN and since each variable a; satisfies: | a; |< r; for all

| D6 [lp

p o) |

i = 1;.....; k fora constant r, each component F; may be estimated in such a way that

\Fj(t,al, ..... ak) ’S'[[]‘—F’[j"'—‘[[[] ’+|[V3 ’S C(T,k)M(t) (762)

uniformly on J x K, where C(r, k) is a constant which depends on r and k, and where M (t) € L'(J)
(independent of j, k)and r Then, in view of lemma 7.6.2 the Carathéodory existence result on ordinary

differential equation applied to the system:
a;(t) = Fj(t,ai(t), ..., ax(t)) (7.6.3)

a;j(0) = ax;(0);j € 1;..5k (7.6.4)

ensures existence of a distributional, continuous solutions a; (depending on k) of (7.6.3) - (7.6.4) on a time

interval |0; &' where &' > 0, a priori, may depend on k. Moreover, the corresponding integral equation
t
a;(t) = a;(0) +/ Fi(7,a1(7), .....a(7))dr (7.6.5)
0

holds on [0;¢'[. Then, uj, = Z?:l a;j(t)d; is the desired (short time ) solution of
(O, Ok )20 + / o(x,t, ug, Dug) : Dopdx
Q

= / v(x,t)drdx + / flz,t,ug). updr — / g(x,t,uy) : Dugdx with initial condition

Q Q Q
ur(0) = Zle ar,i(0)0;(.) = g, with ug € L*(Q, wy, IR™). Now, we want to show that the local solution
constructed above can be extended to the whole interval [0; T'| independent of k, as a - word of warning

we should mention, that the solution need not be unique.

Lemma 7.6.3 We have:
A= {t € [0;T[: there exist a weak solutions of 7.6.3 — 7.6.4 on [0; T[} = [0; 7.
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Proof of lemma 7.6.3
The first thing we want to establish is a uniform bound on the coefficients (ax;(t)). Since

<(‘3tuk, 5k>2,wo + / O'(l’, t, U, Duk) : D(Skdl‘
Q

= / v(x, t)dpdx + / flz,t,ug). upde — / g(x,t,uy) : Dugdz.
Q Q Q
is linear in Oy, it is allowed to use uy as a test function in precedent equation in place of 6. This gives for

a an arbitrary time T in the existence interval

/ <8tuk,uk)2,wodt+/ /J(x,t,uk,Duk) : Dugdzdt
0 0 Jo

—/ <v(t)7uk)dt+/ /f(x,t,uk).ukdxdt—/ /g(x,t,uk):Dukdxdt.
0 o Jo o Jo

For the first term we have:

T 1 .

/0 <8tuk, uk>2,det = Z 5 ; 8t(ui)2wojdt
J

= Z 5 |l Uk

1 .
- o) 13
Smce ux(.,0) converges in L*(), wy, IR™) . Using the coercivity and the Holder inequality in (P,) for the

5 lun(m) (13, —c

J

second term, we obtain:

/ /U @t ug, Dug) = Dugdadt > — [ Az [lzvar) —A || A3 2y gl un ||zP(O,T,WoLp(Q,w,Bm))
ey [ 7, 0,1,W? (Qw,Rm™))’

By the the Holder inequality for the third term we get
/ (), ur)dt <|| v ||z 0.7 w-10 (20 | Uk HLP(OTWOIP(Q vy - Using the growth condition(Fy) and the

Holder inequality for the fourth term, we obtain:

//fxtuk ). ugdxdt

<[ or(®) o @ - I Nl2r o7, Lr@20)) / [b2() [ = - |

T

p*,wo
v+1

< A b oy - 1k opomantoan HAT 102 oo - | uerp(O,T,Wg,pm,w)).

Finally, using the growth condition (G) for the last term, we obtain:

//g(x,t,uk).Dukdxdt
o Ja )

<[ ba®) o @ - I Dk oo, Lo () +/ 165() [ 32

|| Dug ||p dt

p*,wo

1
<A b oy e Do mavtiy A7 105 s il 58 I8t

The combination of these five estimates gives:

% | uk(7) 3< A'(]| b ||LP' @r) T [ HLP' @) T | v ||LP'(0,T,W*1P'(Qw ) ||L:0(0,7—,W01’p(Q,w)) +(|

A +ATTH| by | way +A" || bs | +et |

L& Q) ¥ (0,1,LP Lo°(0,m, L7 T (Q)) ) ||L”(OTWIP(Q JR™))

)\2 HLl QT _62 H Uk- HLp OTW”’(leRm))
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= (Il wk Nl o orw? (@, mm)

where k' = max(a,y + 1,1n 4+ 1) Since p > 1, and c5 > 0 we have:
¥(y) = —o0;y = +00 (7.6.6)

and 5o V(|| wk || 1p o T WP (@ Rrmy)) i bounded, since v is continuous and || w 12> 0.

Thus, in view of the definition of a;,; we may conclude that:

| ani(7) [e=1l wi(r) [3< € (7.6.7)

for a constant ¢ which is independent of T and k. Now, we prove that A is non empty, open and closed
in [0; T|. First, A is clearly non- empty since we proved local existence above. Moreover, lett € A and

0 <71 <7 <T.Then by (7.6.5), we have:
iy (m) — aiy(m) |< / | Ey(ry s (7), s ag (7)) | dr

T1
T2

<cew) [ M) | dr
71
since M € L'(0,T), this implies that T — ay, ;(7) is uniformly continuous.Then, we can restart to solve

<8tuk, 5k>2,wo + / O'(l’, t, U, Duk) . D5kd.%‘

Q

= / v(x, t)opdx + / f(z,t, ug).0pdx — / g(x,t,ug) : Dopdx

forl?E {1;2;....;m}.Q *

At time t with initial data lim.; »__,p uy(7) and hence get a solution of (7.6.3) - (7.6.4) on

0, 7 + €].This proves that A is open. Finally, we consider a sequence 7, /* t;1; € A. Let ay, ;; denote the

solution of (7.6.3) - (7.6.4) we constructed on |0, ;] and define:

B a,w»’i(T) lf T € [0, Ti]
ak,j,i =
ak,j,i(Ti) l:fT E]Ti; t]
The sequence (ay, ;;); is bounded and equi-continuous on [0; t[, as seen above. Hence, by the Arsela-Ascoli
Theorem, a subsequence (again denoted by ay, ; ;(T) converges uniformly in T on [0; t[ to a continuous func-

tions ay, ;(T)). Using Lebesgues convergence theorem in (7.6.5) it is now easy to see that ay, j(T) solves

(7.6.3) on [0;t[. Hence t € A and thus A is indeed closed, and as claimed, it follows A = [0; T[. O

Proposition 7.6.1 The sequence of the Galerkin approximations (uy,) is bounded in

L=(0,T, L*(Q, wo, R™)) N LP(0, T, Wy P(Q,w, IR™))) and satisfies (A1) and (As).
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Proof of proposition7.6.1 By testing equation:
(Oruk, 0;)2.00 + / o(x,t,ug, Duy) : Dodx
Q

= (v(t), ;) +/ flx,t,u).6;dx — / g(z,t,ug) : Di;dx
Q Q
for:g € {1,2,....k}.
With uy,,; we obtained in the proof of lemma (7.6.3) that (7.6.7) holds for arbitrary timet € [0; T[. So (uy)
is bounded in the space L°°(0,T, L*(Q2, IR™)). Moreover we have proved that
(|| ug || Lp (0.1, WP (@, Rmy)) i positive, bounded and satisfies 7.6.6. Then there exists a constant ¢ > 0

such that

|| uk ||LP(O,T,W01’p(Q,w,Bm))§ C; Vl{? 6 W. (7.6.8)

Therefore, by extracting a suitable subsequence which is again denoted by uy, we may assume by the
Elberlein-Smuljan see e.g, [62] ( Page 141), that

up —* win L>=(0,T, L*(Q, wo, R™))

wp — win LP(0, T, Wy*(Q, w, R™))

which proves in particular (Ay). To verify (As), observe that the time derivative

d(joiouy):[0;T[— By = (W2(Q,wa, R™))) is according to

(Oruk, 05)2.00 + /Qa(:c,t,uk,Duk) : Do;dx

= (v(t),9;) +/ [, t,ug).0;dx — / g(z,t,uy) : Dé;dx

for: j € {1;2; Q, k}. Given by: we resgall that the projection operators Py, are self adjoint with respect to

the L? inner product.

= (¢ = (v(t), Pro) —/0($>t,uk,Duk) : D(Pk¢)d$+/f(x,t,uk)-(Pka)dx - /9(37>t,uk) :
Q Q Q
D(Py¢)dx). Now we have:
(L(g0v0u)(t), ¢y =1+ 11+ 111+ IV where
T

I = / (v(t), Pyp)dt <|| v HLP’(O,T,(W—LP’(Q,w*))” Prd || v 0.0, wrrw)) by the generalized Holder in-
0

equality,
T

Il = / / o(z,t,ug, Dug) : D(Pyo)dadt
< (I MMz opy +C(e) || u HLP OTwlp(Q ) || Prop HLP(O,T,W(}”’(Q,w)) by the growth conditions in (Py)
and the Holder inequality. 111 :/ /f x,t,ug).(Pyo)dxdt

(H bl ||Lp (QT +A,’Y+1 || b2 ||L7¥ OTLP(Q>> || Uk ||Lp OTW1 P(Q w) ) || Pkgb ”LP(O,T,WOLP(Q,LU)) :

By the growth condition(Fy) IV = —/ / g(x,t,ug).D(Prp)dxdt
o Jo
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< (b llo iy +A7 W05 oo 7 @y 1 28 1o e ) | F60 o mwg v -

By the growth condition (G1)
Since

H Pro ||LP(O7T’W01’p(Q’w))§|| Pro ||LP(07T’WOT‘2(Q7MQ))§|| ¢ ||LP(07T7WJ’2(Q,W))7
the claim follows by the uniform bounded (7.6.8). [

Remark 7.6.1 For further use, we note that from the bounded obtained for (%(j o 1 o w)(t),¢) in
the proof of proposition we can conclude that Oyu (or rather 0;() o v o w)) is an element of the space
LY (0, T, (W, Lp I(Q, w*)). This follows easily from the fact, that the set

{¢ € LP(0, T, WP (Qw)) : Ik € IN/Ppop = ¢} is dense in LP(0, T, W, (Q,w)), as proved in [37] (
Appendix II, with slight assimilation) []

Remark 7.6.2 Recall that the space

{fu € LPO,T,W,P(Quw)) : d(jorou) € LY (0,T, (W1 (Q,w*) is continuously embedded in
C([0;TT; L*(Q2,wo)) see e-g [65] [ proposition23-23], with slight assimilation.

Hence, we have that u € C°([0; T; L*(Q2,wy)) after possible modification of u on a Lebesgue Zero-set of
[0; T]. This gives u(t,.) € L*(Q,wy) a pointiest interpretation for all t € [0; T] and allows in particular
to state that u(t, .) attains its initial value

u(.,0) = ug (7.6.9)

continuously in L?(Q,wg) see [37] (Appendix III). In the two following subsections, we prove that u is

really a solution of the system (QPS),,. O

7.7 Passage to the limit in (QPS),,

In this subsection, we prove theorem (7.2.1). First, in order to apply proposition (7.6.1), we verify that,
under our assumptions, the conditions (A1) — (Ag) and (N1) — (N3) holds for the Galerkin approxima-
tions solution ug. (A1) and (Ay) holds by proposition (7.6.1). Moreover, it follows then by lemma (7.6.1)
that (Ny) — (N3) holds. The condition (As) is equivalent to (P;). Next, to prove (A,), we note that by the

growth condition in (P») that
/ | O (2, t, ug, Duyg) [P w dadt
Qr
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T J=1 Y]

with (c is a constants) which is uniformly bounded in k by (7.6.8). To verify the equi-integrability of
(ok : Duy)~, we fix an arbitrary measurable subset Q' C Qr. Then, on the one hand, the growth condi-

tion in Py implies that

/ | min(oy, : Duy; 0) | dedt < / | A2 | dwdt+/ | As | Zwﬁ | g |
Q o Q 4
7=1
by the Hélder inequality and (7.6.8). Thus (As) follows. Finally, we prove that (Ag) hold. According to
Mazur’s Theorem see e-g [62] (Theorem2, page 120),there exists a sequence vy, in LP(0, T, W, 7 (Q, w))

where each vy, is a convex linear combination of uy, ..., u, such that v, — w in LP(0, T, W, P(Q,w)). In

particular, vi(t,.) € span(dy, da, ..., 0 ) for all t € [0, T]. Now, we have

/ ok : (Dug — Dvg)dxdt = (v, up — vg) — Z/ (uff - vi)@t(ui)wojdxdt

o7 j 0T (7.7.1)

+ fla,t,ug). (ug — vg)dedt — / g(x,t,ug) : (Duy, — Dvy)dxdt.
Qr

Qrp

Observe that (uy, — vy) € span(dy, 92, ..., ) which allowed to use

(8tuk,5k>2 + / a(a:,t,uk, Duk) . D(Skdx
Q

= /v($,t).(5kd$ + / f(z, t,ug).0pdxdt — /g(x,t,uk) : Dérdxdt. in the equality above. The term
(v, ugli — ) in(7.7.1) c%nverge to zero, since qu— v — 0in LP(0, T, W, ?(Q,w)) by the choice of vy, and
(Ar).

Next, defining 11, = / f(x, t,ug).(ug — vi)dxdt, we infer by the Holder inequality and the growth
condition (7{‘7’ \) that o

(11| < /0 (02 (E) Nl Il e (8) = 0k (8) [lpaao + [ 02(8) (121 e (E) e oo | 2k (8) = vi(2) |

§|| by ||Lp'(QT)|| U — Uk ||LP(0,T,LP(Q,w0))

ﬁ)dt

o
+ || b2 ||L7:F(O,T,L%)|| U ||LP(0,T7LP*(Q7W))|| Uk — Vk ||LP(O7T,L%(Q,UJ)) .

p*wo 1S bounded and we have uy, — v, — 0in LP(0,T, L"(2,wy)) for all

Since the expression || uy(t)
r < p* by the proposition (7.3.1), the second term in (7.7.1) vanishes in the limit. For the third term in
(7.7.1), we note that gi(x,t) = g(x,t,ux) — g(z,t,u) strongly in L” (Qr) by (Gy), (G1) and proposition
7.3.1. To see this, we may assume by proposition (7.3.1) that u, — u almost everywhere. Since by (G),
| g |P" is bounded by an integrals function, the claim follows from (Gy) and the Dominated Convergence

Theorem. We infer then that

| gk (Dve = Dug)ddt [<|| gr — g(., - u) || e = 0% | oo rwi 700y
T
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+ | qg: D("Uk — uk)dxdt ‘—> 0,
Qr
since vy, — uy, — 0in LP(0,T, Wy (Q, w)). Thus the third term in (7.7.1) disappears also. Finally,For the

last therm in (7.7.1), we have:

_Z/ — vk )Ox( uk Jwojdrdt = Z 5)t uk 2wodzdt + Z/ v,ﬁt u )wojdxdt
Qr

= —5 | u(T ) Hz,wo 5 11 u(0) 3. +325 Jo, vi0: (ug Jwodadt.
(7.7.2)

Concerning the last term in (7.7.1) we claim that for k — oo we have:
1 2 1 2
Z 10y (u] )wo dudt — Z w O(u! )wojdrdt = = || u(T) |30, ~5 | w0 (12,0, (7.7.3)
Qr Qr
To see this, let € > 0 be given. Then, there exists M such that for all | > m > M we have:
Z ] / u! —v? )0, (v \wo;dxdt | < e. This is possible, since d(joiou) € L¥' (0, T, W, L, w)
and U — w in LP(0, T, WP (Q,w))

o (ii) ) | / (v] — v2))0(w? )woydxdt |< . This is possible by the bound obtained for
Qr
(L(joiouy)(t), ) in the proof of proposition (7.6.1) since (v, — vy,) € span(dy, Os....... ,0x) for all
fixed t €]0,T7.

Now, we fix m > M and choose my > m such that for all | > my;
Zj | /Q v? (0, (u! — u{)wojdxdt |< e. This is possible, since Ou; —* Oyu in LP' (0, T, (WUT’Q(Q,wa))’).

combination yields for all | = () > mg(e)

| Z/ at Uz Jwo;dxdt — Z/ u? 0 (v \woddt |
<> ( —02)0,(u] )wo, | dxdt + Z | / vl (Byu] — Opu? \wosdxdt |

i VO
+ Z | / (v7, — ) O wo;dadt
i
< 3e. This establishes (7.7.3). on the other hand, since (uy)y is bounded in L>(0,T, L*(Q2,wy)) by
proposition (7.6.1) we have that (u,(T) — u(T)) in L*(Q,wy)). Hence,

timint || wy(7) o 2] 0(T) ey - (174
By construction of uy, we also have
tim | 04 (0) [y =l o [l - (7.1.5)
k—o00
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Using (7.7.5), (7.7.4) and (7.7.3), in (7.7.2), we conclude that
lim inf(— Z/ (ul, — v1)0y(ul )wo)dxdt) < 0, thus (Ag) is fulfilled.
j e

k—00

So, (A1) — (Ag) and (Ny) — (N3) hold and we may infer from proposition 7.6.1 that oy (x,t, uy, Duy,)
converge to oy (x, t,u, Du) at least weakly in L*(Qp, M™*™), for k — oo. Since we have that uj, — u in
measure on S by proposition 7.3.1, we may infer that u, — u almost everywhere on Qr, for k — oo.
Thus, for arbitrary ¢ € WyP(Q,w, R™), it follows from the continuity conditions (Fy) and (Gy) that
flz,tyug).o(x) — flz,t,u).o(x) and g(x,t,ur).Dp(z) — g(z,t,u) : Do(x) almost everywhere
on Qr. Since, by the growth conditions in (Fy) and (G1) and the uniform bound in proposition 7.6.1,
f(z,t,ug).p(z) and g(x,t,u;). Do(x) are equi-integrable, it follows that

flz,t,up).0(x) = f(z,t,u).o(x) and g(x,t,u).Do(x) — g(x,t,u) : Do(x) in L*(Q7) by Vitali con-
verge theorem.

Now, we take a test function ¢ € U;e vspan(dy, da....... ,0;) and ¢ € C§°([0,T) in

(O, () 2,00 —I—/ o(z,t, u, Duy) : Dé;dx = (v(t),5j>+/ f(:p,t,uk).éjdx—l—/ g(x,t,ug) : Do;dx
for:g € {1,2, ,k}ﬂ N ?

And integrate over the interval |0, T| and pass to the limit k — oo. The resulting equation is

> O (, 1)@ () p(x)woy ) dadt +/ or(x,t,u, Du) : Dp(x)p(t)dxdt
Qr Qp

= woph+ [ St p@odndt+ [ gat) s Dele)o( ot
0 Q

For arbitrary gOTE Uien span(dy, dg, ..., 0;) and ¢ € C§°([0,T]). By density of the linear span of these

functions in LP(0,T, W, ?(Q,w)), this proves that u is in fact a weak solution of (QPS),,. Hence the

theorem is proved. []
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Chapter 8

Existence of solutions for some quasi-linear

parabolic systems with weight and weak

monotonicity general data

Abstract

We prove the existence of weak solution u for the nonlinear parabolic systems:

Ou — divo(z,t,u, Du) = v(x,t) + f(x,t,u, Du) + divg(z,t,u) in Qp
(QPS)w)(f,9) w(z,t) = 0 on 90 x(0,7)
u(z,0) = wup(x) on Q

which is a Dirichlet Problem. In this system, v belongs to Lp/(O, T, W‘l’p/(Q, w*, IR™)); and

ug € L*(2, wy, IR™), f and g satisfy some standards continuity and growth conditions. We prove existence

2n(s+1) .

of a weak solution of different variants of this system under classical regularity for some p €| nr2)s

oo,

growth and coercivity for o but with only very mild monotonicity assumptions.

8.1 functional framework

Definition 8.1.1 : Let X be a Banach space and 0 < T < oo, the space LP(0,T,X) with 1 < p <
oo consists of all measurable functions (identified modulo the relation "equal almost everywhere") u :

(0;T) — X for which
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r :
ol = ([ Tutolar) i > 1

0
|w||Lro,r,x) = €ss sup |lu(t)||x, if p = oo holds.
te(0;T)

Again, equipped with the norm ||.||»0r,x); LP(0,T, X) is a Banach space.

In the specic}l case where p = 2 and X is a Hilbert space L*(0,T, X) equipped with the inner product
(u,v) = / (u(t),v(t))xdt; for all u;v € L*(0,T, X) is a Hilbert space, Moreover; if 1 < q < oo the
foléowing IO-I(')'lder inequality holds for all v € L” (0,T,X") and all u € L*(0,T, X).

| @00} 1 de <1 ol - e o)

a;]ld L9(0, T, X) — LP(0,T,Y), forall X, Y such that X — Y.

C*([0; T], X) are dense in LP(0,T, X) as p < .

C*([0;T), X) < LP(0,T, X) is continuous.

If1 <p < ooand X is separable; so is L*(0,T, X).

If1 <p < oo, LP(0,T, X) is uniformly convex in the case where X is uniformly convex, and, reflexive,

separable when X is reflexive and separable Banach space.

Definition 8.1.2 (Lebesgues and Sobolev spaces with weight):

For1 < p < ooandk € IN; we consider the weight spaces:

LP(Q, wy, R™) = {u = u(z); uij%j € LP(Q,]Rm)}
with, wy = (wWo;)1<j<m-
WHP(Q, we, R™) = {u € LP(Q,wq, R™); D% € LP(Q,wq, R™); for 0 <] a|< k}
D> is the weak derivative of u. The weighted functions w,, defined by:

wo = (woj)i<j<m if |a|=0
Wo = w = (Wij)1<i<n; 1<j<m f | a|=1,

arbitrary weight functions if 2<la|<k.

x _  1-p . .
And wj; = w;; " is the conjugate of wi;.

1

We defined the inner product in L*($2, wo, IR™) by: (u,v)g., Z/ Woj ) 2U woj)%vj)dx,for all

w; v in L*(Q, wo, R™). And for all w; v in Wi (Q, wa, IR™) we denotes the inner product by: (u, v)yr2(w,) =

1 1 1
(U, V)20 + Z/ 2D ju)(w? Dijv)dr + Z /( aD%u)(wi D)dx.
Q

i;j=1 2<]al<r
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We denote Wy (Q, wa, IR™) the closure of C5° (2, IR™) in WP (0, wy, IR™), where the norm is ||. || pw.

is given by:
1
p
g = (3 ND%ulyn)’
0<|a|<k
We have:

WEP(Q, wa, R™) < WFP(Q, wy, R™) < LP(Q, wpy, IR™).

(Wo P (Q,wa, R™)) = WHF(Q, Wy, R™).

D™ denotes the space of real m x n matrices equipped with inner product M : N = M;; N;; ( we use
the usual summation convention) and the tensor product a ® b of two vectors a,b € IR" is defined to be

the matrix (a;b;); j—1

Definition 8.1.3 let §) be a measurable subset of IR", (ux)ren and p be a sequence and respectively an

element in M (S, IR™). we say that (p,) converges weakly * to p, which is denoted by i, —* p, if:

/fduk — / fdu, forall f € C.(Q2, IR™).
Q Q

8.2 Hypothesis

We assume that:
-1

wij € LY(Q), wi’;j € L;,.(Q) and w;; isbounded a.e. in (8.2.1)

w;® € LY(Q) (8.2.2)

for some s E]max(ﬁ, )5 ool

The Sobolev space WP (Q, w, IR™) equipped with the norm

fulf,.= Z/w0]|u]| dx+Z/w”|Dwu| d.

is a Banach space, reflexive, and CS°(Q, R™) is a subspace of (W'?(Q, w, R™). The space (W, (Q, w, IR™)
is the fermenter of C3°(Q, R™) in (W(Q,w, IR™) for the norm |||,
( by the condition 8.2.1 ).

The norm || ..

15 . equivalent to the norm |Hu\||W01,p(Q7w7Rm = (i Wij|DijU‘pdx)%, with D;ju =

oul
ox;

( by: The condition 8.2.2 ).

By the condition 8.2.2, we give:
(WP (Q, w, R™) — (WP (Q, R™) and (W'P(Q,w, R™ << L"(Q, R™), (8.2.3)
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forall1 <r < p;withp, = 25

* n.p.s

Ps = nr—ps’ ifp.s < n(s+ 1) and pt is arbitrary otherwise. The Hardy-Type inequalities in condition
(Py) is verifies for v; = 1; j = 1;2; ...... :m

(Py) o:Qx]0, T[xR™ x M™"™ — IM™*" is a Carathéodory functions, i.e:
(x,t) — o(x,t,u, F) is measurable for every (u, F') € IR™ x IM™ ™ and

(u, F) € R™ x M™*" — o(x,t,u, F') is continuous for almost every (x,t) € Qr.

(P) (Coercivity and growth): There exist constants ¢y, c2, 5 > 0 and \y € Lp,(QT), Ay € LY(Q7),

A3 € L(g)/(QT), O<a<p l<qg<oo suchthat, foralll <r <n,and1 < s <m:

lars(a:tuF)]<5wrs)\1+clz "\uﬂp —i—clzw P

7=1
oz, t,u, F): F > —=Xy(z,t) — Z Ag(x,t)wfﬂuj]a + ¢ Zwij|ﬂj|p.
=1 0

(P3) (Monotonicity): o satisfies one of the following conditions:

e (a) Forall (x,t) € Qr and all uw € IR™, the map: F + o(x,t,u, F) is a C'- functions and is

monotone.
e (b) There exist a function: W : Qp x IR™ x IM™*"™ — IM™*", such that
o(z,t,u, F) =9 (z,t,u, F), and F — W (z,t,u, F) is convex and C"- function.
e (c) Forall (z,t) € Qp and all u € IR™, the map: F — o(x,t,u, F) is strictly monotone .
e (d) o is strictly -p quasi monotone in F'i.e:
/ (o(z,t,u,A) — a(x, t,u, A) - (A= N)dd(A) >0
Mmxn
(Py) (The Hardy-Type inequalities); There exist ¢ > 0, one weighted function

v = (V))1<j<m, and the parameter 1 < q, such that:

(Z/Qyj | uy |? dx> <c <Z/sz‘j | Diju [P dx)
Jj=1 ]

and the expression <Z/Qwij | D;ju P dx) is a norm equivalent to the norm ||, in

Wy (Q,w, R™).

D=

(Fo) (continuity) f : Qpr x IR™ x IM™*™ — IR™ is a Carathéodory function.
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(Fy) (Growth) There exist 0 < v; v < p—1, b € Lp/(QT), by € LY7(0,T,L» () and by €
LY7(0,T, L™()) such that:

1 m p—1 1 n,m n—1 E:%
| frla,tou, F) [< b + > bolugYwg)” wie +bs Y 1Fyl w,” wiid’ s
Jj=1 5,5=1
=1:2: ... ith L =1 _ 1 F=(—L )i 5 i P
forall k=12 ..;m.  with - = > — - andyT = (p7177) is the Holder conjugate of .

(Go) (continuity) g : Qp x IR" — IM™*™ is a Carathéodory function.

(G1) (Growth) There exist0 <n<p—1, by € LPI(QT) and bs € L>(0,T, L7 (Q)), such that:
1 n—pTI n—p+1
| grs (@, t,u) | < bawds + D770 bs|us]Mwp,™ Wiy

Remark 8.2.1

(Py) ( Carathéodory condition) ensures that o(x,t,u(x,t),U(x,t)) is measurable on Oy for measurable

functions:
u : QT — IR™
U:Qp — M™".

The growth condition and coercivity

(P,) is standard it is used in the construction of approximate solutions by a Galerkin method and when we

pass to the limit.

Although the strict monotonicity condition (c) in (P3) ensure existence of a weak solution by standard
method see e-g [46], the main point is that we do not require strict monotonicity or monotonicity in the
variables (u, F) in (a), (b) and (d) as it is usually assumed in previous works see-e-g [16], [46], [1].

Under these mild assumptions and using again Young measures, Hungerbiihler shows in [38] that ini-

tial and boundary value problem (QPS).(f,g) has a weak solution v € LP(0,T,Wy"(Q,w, IR™) in

following sense.

Definition 8.2.1 We say that: u : Qp — IR™ is weak solutions of:

Owu — divo (z,t,u, Du) = v(z,t)+ f(x,t,u, Du) + divg(x,t,u) in Qr
(QPS)u(f,9) u(z,t) = 0 on 00 x(0,7T)
u(z,0) = wup(x) on Q

where v € LP (0, T, Wy "' (Q,w*, R™)) if:

e (i) u belongs to L'(0, T, W, ' (Q,w, R™)).
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e (ii) o(.,u(.), Du(.)) belongs to L' (Qp, M™*™).
e (iii) The initial condition u(x,0) = ug(x) on Q is fulfilled.

o (iv) The equation:

Z/ 8tuj.goj(ac,t)wojdxdt+/ o(x,t,u, Du) : Dp(z,t)dzdt = (v, p)
j QT QT

+ f(z,t,u, Du).o(x, t)dzdt —/ g(x,t,u) : Do(x,t)dxdt,
QT QT

holds for every function ¢ € C*(Qr, IR™) which is zero in a neighborhood of
(00Q2x]0,T[) U (Q x {0;T}).

Remark 8.2.2 e (a) In definition the boundary condition u = 0 on (02x]0,T'[) is interpreted in the

sense of (i) .

e (b) The condition (iv) is understood in the sense that the Galerkin approximations converge to ug in

L2<Q,WO).

Theorem 8.2.1 If p €] 2(2&;)15) ;00| and if o satisfies the conditions (Py) — (Py) and (c) or (d) in (Ps)
then the parabolic system (QPS),(f,g) has a weak solution w € L?(0, T, Wy"(Q,w, IR™)) for every
v € LP(0,T, Wo_l’p/(Q,w*,ij)), every f satisfying (Fy) — (F1) and g satisfying (Go) — (G1) with

(n>2).
Remark 8.2.3 e (a) For p; = n, Theorem 8.2.1 hold if the condition by € L>*(Qr) in (Fy) and
bs € L>(Qr) in (Gy) are assumed.

e (b) For p > n, Theorem 8.2.1 remains valid if by € L7 (0, T, L*(Q)) in (F\) and
bs € L>(0,T, L (Q)) in (G1) hold.

e (c) The strict bound p — 1 for v and 1) in the growth conditions (F) and (G ) ensures the coercivity

of the function 1. However, the limit value p — 1 is admissible in some particular cases.
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8.3 A first parabolic div-curl inequality

We state here the first set of hypothesis:

o (Ay): The sequence (uy) is uniformly bounded in LP(0, T, W, (Q,w, IR™)) for some

p €] Q(Z(j;)? ; ool and hence (Bay the Elberlem Suljan theorem: see [15].a subsequence converges

weakly in LP(0, T, W, (Q, w, R™)) to an element denoted by u.

(Ay): The sequence dyuy, is uniformly bounded in L¥ (0, T, (W3 (2, w, R™))') for some (2 < 1 <

prifps <n)and (2 <r < ooifps > n.)

(A3): 0 : Qx]0, T[x R™ x M™ "™ — IM™ ™ is a Carathéodory function.

(Ay): The sequence oy (z,t) = o(x,t, up(z,t), Dug(z,t)) is uniformly bounded in L¥' (Qp, M™*™)

and therefore equi-integrable (the equi-integrability follows from, the Holder inequality).

(As): The sequence (oy(z,t) : Duy)~ is equi-integrable.

(Ag): There exists a sequence (vy,) such that v, — win LP(0, T, (W, " (Q,w, R™))") and/ or(x,t) -
0
(Duy — Dug)dedt — 0; k — . '

Lemma 8.3.1 Let B, By and By be Banach spaces, By and B reflexive. Let 1 : By — B be a compact
linear map and:

7 B — By an injective bounder linear operator. For T finite and: 1 < p; < oo with1 = 0;1

W ={veL0;T;By) : %(] orow) € LP(0;T; By)} is a Banach space under the norm:

| v llzeooimize) + 1 202 00 |1 031 -

Then, if V. C Wis bounded, the set {1 0o v;v € V'} is precompact in L (0; T'; By).

Proof of lemmad8.3.1
For the proof, see [37] ( Appendix I). For generalization of lemma, see [56]. Now, we apply lemma to

obtain the desired bound. O

Proposition 8.3.1 Let p E}nQ—fQ ; 0ol and (uy) be a sequence satisfying (A1) and (As). Then there exists

a subsequence of (uy,) ( for convention not relabeled ) and a functions:

u e LP(0,T, Wy (Q,w, IR™)) such that: u, — u in measure on Qp and in

LP(0,T, L™(Q,w, R™)), Vr < p-. (8.3.1)
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Proof of prop 8.3.1

See the proof of the analogous proposition in chapter7.

Lemma 8.3.2 (div-curl inequality) Suppose (A1 — Ag) and assume ( after passing to a suitable subse-

quence if necessary ) that (Duy,) generates the young measure ¥, 1. Then the following inequality hold:

/ / o(x,t,u, A) : Ad(g g (N)dadt < / / o(x,t,u, A) : Duddgy(N)drdt  (8.3.2)
QT mXn QT mXn

Proof of lemma 8.3.2

See the proof of analogous lemma in chapter7. ]

8.4 A second parabolic div-curl inequality

We state here the second set of conditions:

o (c1) 1 up € L0, T, WyP(Q,w, R™)) for all; k € IN, and there exists some ¢ > 0 and p > 0 such

SupZ/ | D;jug|Pwijdzdt < c.
kT Jar

o (c2): The sequence uy converges in measure to some function v and u(.,t) is almost everywhere

approximately differentiable a.e. t €]0,T.

e (c3):0:Qp x R™ x M™ "™ — IM™ ™ and

Tle] : Qp x R™ x M™*™ — IM™*"; e € IN are Carathéodory conditions.

e (c4) : 0 and Tle|, satisfy all the angle structure conditions or satisfies all the sign structure condi-
tions:
(Angle condition) For all (z,t) € Qp,u € IR™ and M; F' € IM™*", with M of the form Id — a ® a
where a € IR™ satisfies | a |< 1; o(x,t,u, F) : MF > 0, for all matrix.
M € M™™ of the form M = Id — a ® a with |a| < 1.
(The sign condition ) For all (x,t) € Qp,u € R™ and F € IM™ ", we have
oj(x,t,u, F): F; >0, forall 1 < j < m with

F; and o; are the cologne j of matrix F' and o.(this conditions is verifies for T|e] )
e (c5): The sequence oy(x,t) = o(x,t,uy, Duy) is equi-integrable.
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o (cg): The sequence Ty(x,t) = T[k](x, t, uy, Duy); and converges weakly to 0 in the space L' (Qp, M™*™).
e (c7): The sequence g, = —div(oy + g(x,t,ug) + 71) — v — f is bounded in L'(Qp, IR™).

o (cg): Duy € L, (Qr,w, M™") and (o} + g(z,t,uy) + 7%) € Li (Qp, D™*™).

loc

for some 1;1 < i < o0.

Lemma 8.4.1 (Second div-curl inequality) Suppose (C1) — (Cs), and assure ( after passing to a suitable
subsequence if necessary ) that Duy, generates a Young measure V). Then ( after passing to a subse-
quence ), the oy, converges weakly in L' (Qp, M™*™) and the weak limit T is given by:

o(z,t) = (Vpp;o(x, t,u(z,t),.)), moreover the following inequality hold

o(x, t,u(x,t),N) : Mgy (N) <7(x,t) : apDu(x, t). for a.e. (z,t) € Q.
IMmXn

Proof of lemma8.4.1
Proof of lemma is a slightly modification of the corresponding in lemma (6 —2 — 1) in [28] pages (54-61).
O

Remark 8.4.1 If the sequence Duy, is equi-integrable then Du(z,t) = apDu(z,t) = (U ,); id) almost

everywhere. by the Ball’s theorem.

The parabolic div-curl inequality will be the key ingredient to pass the limit in the different cases, but we
need some additional information on the Young measure V. ;) generated by the sequence of the gradients

Dug to exploit lemma (div-curl inequality ) these properties are the following:

e (Ny): Uy, is a probability measure for almost every (z,t) € Q.

o (Ny): 9,4 is a homogeneous WY — gradient young measure for almost every

<$, t) € Qrp.
o (N3): Uy satisfies < Uy ), 1d >= apDu(x,t) almost everywhere in Q.
Note that these properties hold if the condition (A,) is fulfilled. O

Lemma 8.4.2 Assume that the sequence uy, satisfies (A;);

then the Young measure U, ;) generated by the sequence of the gradient Duy, satisfies

(N1) — (N3).
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Proof of lemma8.4.2
Noting that (Ay) implies that apDu(x,t) = Du(x,t), follows exactly as in [37] (prop 4-3).
We mention that the properties, also hold if the conditions (Cy) — (Cy) and a particular estimate are ful-

filled as shown in [39] ( lemma 9), with a slight modifications.

Lemma 8.4.3 Assume that the sequence (uy,) satisfies (Cy) — (C2) and
SUDjen D i j | Diju |° widzdt < ¢, for all R > 0; for some p > 1.

luk|<R
then the Young measure v, ;) generated by the sequence of the gradients Duy, satisfies

(V1) = (Ns).

Proof of lemma8.4.3
The proof of lemma is a slightly modification of the corresponding in lemma (11-3-2) in [28]. [

8.5 Passage to the limit for o

Proposition 8.5.1 Suppose that (Ay) — (Ag) or (C1) — (Cs) hold further assume that the Young measure
V(z) generated by the gradients Duy, satisfies (N1) — (N3) and that one of the following conditions
holds (a) — (b) — (¢) — (d) then(after passage to a subsequence ) the sequence oy, converges weakly in
LY (Qp; M™™) and the weak limit & is given by:

o(x,t) =o(z,t,u(z,t), Du(z,t)). If (b) — (c¢) or (d) holds, then:

o(z,t,ux, Duy,) — o(x,t,u, Du) in L*(Qp; M™ ™)

In case (c) and (d); it follows in addition that Duy, — Du in measure and thus also almost everywhere in

Qrp.

Before to prove proposition, we note that by proceeding exactly as in the elliptic case, we get the analo-

gous result to lemma (6 — 4 — 2) in [28] and [1].

Lemma 8.5.1 Suppose that (A;) — (Ag) or (C1) — (Cs) hold. Further assume that 0, ) is the Young
measure generated by the gradients Duy, and satisfies (N1) — (N3). If the map F +— o(x,t,u, F') is
monotone for all (x,t,u) € Qx]0; T[xIR™ then:

Sptday C {N[o(x,t,u,A) — o(z,t,u, Du)] : (A = Du) = 0}. (8.5.1)
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Proof of lemma 8.5.1
The proof of lemma is a slightly modification of the corresponding in lemma (11-4-2) see:[28].
Proof of proposition 8.5.1

See proof of the analogous proposition in chapter7. [

8.6 Galerkin Scheme

Lemma 8.6.1 Let Q) bounded domain in IR", p €] 2(2(_3)? ; ool and w;; € L'(Q), for all

j=1:2..;m, andi=0;1; ....;n.Then (W*(Q, wa, R™) — Wy"*(Q,w, R™)

Forr>1+n(3 — )

Proof of lemma 8.6.1 For the case p < 2 it’s easy using (Holder inequalities), for the case p > 2 the
proof of this lemma is a slightly modification of the corresponding in a space of Sobolev without weight
(W2(Q, R™) — W, P(Q, R™).

By the theorem (1 — 3 — 1) in [28] and proceeding as [37] ( section 4-2) we may choose a set (J;)icn
of functions which is an orthogonal basis in L*(Q), wy, IR™) and at the some time an orthogonal basis in
Wi (Q, wa, R™). In particular, §; is uniformly bounded in Wy* (0, w, R™) and then: || 6; |10,
+ || di ||[p+< eforalli € IN.

)ieIN

we will need bellow the L*(wy) - orthogonal projector

i L2(Q,wo, R™) — L*(2,wp, IR™) on to spam (01, 6a, ..., O )ken:

of course, the operator norm || py ||%(Wg’2(wa),wg’2(wa)): L.

(The Galerkin scheme): New we build our Galerkin approximations, we make the following ansate for
approximating solution of (QPS).,(f, g), ur(x,t) = S2F_| ap:(t)6;(x). Where

ag; : [0;T) — IR are supposed to be continuous bounded functions. such that uy, satisfies the boundary
condition in (QPS),, by constructions in the sense that w, € LP(0,T, W, (Q,w, R™)), we take core of
the initial conditions in (QPS),, by choosing the initial coefficients:

ar:(0) = (ug, 0;)2.w, such that:

ug(.,0) = Zle ay.i(0)0:(.) = g, with ug € L*(Q, wp, R™).

we try to determine the coefficients ay, ;(t) in such that a way, that for every k € IN the system of ordinary
differential equations

(Orugs, 0;)2.0 + / o(x,t, ug, Duy) : Do;dx
Q
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= (v(t),0;) + / fx,t, ug)d;de — / g(x,t,uy) : Djdx for j € {1;2;....;k}.

Q Q
Now we fix to k € IN for the moment. Let 0 < ¢ < T and J = [0;¢]. Moreover we chose r > 0 large
enough; such that the set B,(0) C IR* contains the vector (a1 (0), ...., a1 (0)), and we set k = B,(0).

Then we have the following result.

Lemma 8.6.2 The application: F : J x k +— IR* given by:

(t,ai,....ap) — ((v(t),d;) + /Q flo, t, 28 a;6)6,dx — /Qg(x,t,zleaiéi) : Dojdx
— /(O’(I, t, Zleai&, EleazDél) : Déj)dﬂ?)j:hg;_mk
Q

is a Carathéodory function.Moreover, each components F; may be estimated on J x k by
| F(t,aq,.....ar) |< C(r, k). M(t) (8.6.1)

uniformly on J X k, where C(r, k) is a constant which depends on r and k and here M is a functions

dependent of j; k and r belonging to L*(/J).

Proof of lemma 8.6.2 The first claim follows from the condition (P).

For the second claim; we note that the generalized Holder inequality implies that:

| 4 =] (o), 65) [<I () (1w ll 0 N1 p

Moreover, on the one hand, if; 11; = /(a(x, t, Y5 ai0;, X5 _1a;D6;) : D6;)d, by the growth condition
in (P,) and the Holder inequality ’

| 115 1< B (@) Nl +er || X0 aid; Hfi:p,'y o I 306 @D 7,50 1| D |1 p

< Bmax(Ler ) [ Ay + | S5 aidy 17, + 1| S5 @Dy [2,50 1 D [

And by Hélder inequalities we have:

| I11; |=| /g(x,t, ¥ a6 : D |
< (I ba(?) HZ/ + 1 05(8) [l 2 Il Sy aids
1V, 1= [ Fat Sa) o
<[ bx(2) ||,f|| 0j llpoo + 1 020) |21l BE1i0i |13+ oy | 05 | Then, in view of

p*,wo

pwo) | DO llpe

p*,wo

| & Nliwp + || 0 |[1prw< cforalli € IN and since each variable a; satisfies: | a; |< r; for all

i = 1;.....; k fora constant r, each component I; may be estimated in such a way that

| Fi(t,ay, ooear) |<| TL |+ | I | + | TTL; | + | IV |< C(r, k). M(t) (8.6.2)

uniformly on J x K, where C(r, k) is a constant which depends on r and k, and where M (t) € L'(J)

(independent of j, k)and r Then, in view of lemma 8.6.2 the Carathéodory existence result on ordinary
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differential equation applied to the system:
a;(t) = Fj(t,ai(t), ..., ar(t)) (8.6.3)

a;j(0) = ag;(0);5 € 1;..5k (8.6.4)

ensures existence of a distributional, continuous solutions a; (depending on k) of 8.6.3 - (8.6.4) on a time

interval |0; €' where €' > 0, a priori, may depend on k. Moreover, the corresponding integral equation
t
a;(t) = a;(0) +/ Fi(t,a1(t), .....a(t))dt (8.6.5)
0

holds on [0;¢'[. Then, uj, = Z?:l a;j(t)d; is the desired (short time ) solution of

(Ot Ok) 2.0 +/0(:B,t,uk,Duk) : Dopdx

Q
= / v(x,t)opdr + / flx, t, ug) updr — / g(z,t,ug) : Dugdzx with initial condition
Q Q Q
up(0) = S8 ar i (0)8:(.) = wo, with ug € L*(Q, wy, IR™). Now, we want to show that the local solution
constructed above can be extended to the whole interval [0; T'| independent of k, as a - word of warning

we should mention, that the solution need not be unique.

Lemma 8.6.3 We have:
A= {t € [0;T[: there exist a weak solutions of (8.6.3) — (8.6.4) on [0; T[} =[0;T7.

Proof of lemma 8.6.3
The first thing we want to establish is a uniform bound on the coefficients |ay;(t)|. Since

(O, Ok) 2.0 +/0(:v,t,uk,Duk) : Dopdx

Q
= / v(x,t)opdx + / flz,t,ug).0pdx — / g(x,t,ug) : Diydz.
Q Q Q
is linear in Oy, it is allowed to use uy as a test function in precedent equation in place of d.. This gives for

a an arbitrary time T in the existence interval

/ <8tuk,uk>2,wodt+/ /cr(x,t,uk,Duk) : Duydxdt

0 0 Jo

:/ <v(t),uk>dt—l—/ /f(x,t,uk).ukdxdt—/ /g(m,t,uk):Dukdmdt.
0 0o Jo 0o Jo

For the first term we have:

T 1 T .
/0 <8tuk,uk)2,wodtzz§/0 O (u),) 2w, dt
J
LT 2 Ly 2 1 2
= Y L) By~ 3 5 100) (3> & 1 () [, e
J

J
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Since uy(.,0) converges in L*(2,wp, IR™). Using the coercivity and the Hélder inequality in (P») for the
second term, we obtain:

| oot D) < Dundade = = lon =4 1% s 05 Iy gangoamany
tea | w7, T WP (Qw, M)’

By the the Holder inequality for the third term we get

/T<U(t) up)dt <|| v || g 0.1 (.0 || Uk ||Lp(0TW1 P(0w)) - USing the growth condition(Fy) and the

Holder inequality for the fourth term, we obtain:

//fa:tuk ) ugdzdt

<) vy - | 0 oz + [ 11028 1

P*,wo
< A, || bl ||Lp QT H U’k HLP(OTV[/lp(Qw +A,’Y+1 || bQ HLI OTLP(Q>>|| uk ||Lp OTWlp(QUJ)) N

Finally, using the growth condition (G) for the last term, we obtain:

0 Q B}

<N 0a(t) Nl 03 - I Dk [l zo(0.7,L0(20) +/ I165(2) [l 2 - prwo - || Dk [lpe di

+1
I ’“”Zpo WP QW)

< A lariany - s o mawt oy A7 185l pr2e ey -

The combination of these five estimates gives:

3 () 1B< A s ey + 1100 vy + 110 a1 @wp) |t oo rwir@wy H

3o et AT b2l gmaion A7 1 bs e strian) | szt my e+ |
)\2 HLl QT) _C2 || Uk ||Lp 0TW1 P(Qw Rm))
= 0(0l ki mar# 1.y
where k' = max(a,y + 1,n+ 1) Since p > 1, and c5 > 0 we have:
(y) = —o05y — +oo (8.6.6)

and so V(]| uy, |]Lp(O’T7W01,p(Q7w7Rm))) is bounded, since ) is continuous and || uy ||5> 0.
Thus, in view of the definition of a;,; we may conclude that:

| ar(7) [e=ll wi(7) o< @ (8.6.7)

for a constant © which is independent of T and k. Now, we prove that A is non empty, open and closed

in [0; T). First, A is clearly non- empty since we proved local existence above. Moreover, let t € A and

0 <71 <7 <T.Then by (8.6.5), we have:

mmmwmeMs/ | (s (7), s (7)) | dr

T1

< C@k) / “ M) | drs

T1
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since M € L'(0,T), this implies that T — ay, ;(T) is uniformly continuous.Then, we can restart to solve

<8tuk, 6k>2,w0 + / O'(LC, t, Uk, Duk) : D(Skdl’

Q

= / v(x, t)dpdx + / flz,t,ug).0pdx — / g(x,t,ug) : Dopdx

for/?E {1;2;....;m}.Q *

At time t with initial data lim, 7 uy(7) and hence get a solution of (8.6.3) - (8.6.4) on

[0, 7 + €].This proves that A is open. Finally, we consider a sequence 7; /* t;7; € A. Let ay, j,; denote the

solution of (8.6.3) - (8.6.4) we constructed on |0, ;] and define:

a;w»’i(T) lf T € [0, Ti]

Cl];j’i = '
arji(Ti) I T €]Tist].

The sequence (ay,;;); is bounded and equicontinuous on [0; t|, as seen above. Hence, by the Arsela-Ascoli
Theorem, a subsequence (again denoted by ay ;;(T) converges uniformly in T on [0;t[ to a continuous
functions ay, ;(7)). Using Lebesgues convergence theorem in 8.6.5 it is now easy to see that ay, ;(T) solves
(8.6.3) on [0;t[. Hence t € A and thus A is indeed closed, and as claimed, it follows A = [0;T].
U

Proposition 8.6.1 The sequence of the Galerkin approximations (uy,) is bounded in

L>(0,T, L*(Q, wo, R™)) N LP(0, T, Wy P(Q,w, IR™))) and satisfies (A1) and (As).

Proof of proposition8.6.1
By testing equation:

(Opug, 65) 2w + / o(z,t, u, Dug) : Dé;dx

Q
= (v(t),0;) +/ flx,t, ug).0,dx — / g(x,t,uy) : D;dx
Q Q
for: j € {1,2,....k}.
With uy,; we obtained in the proof of lemma 8.6.3 that (8.6.7) holds for arbitrary time T € [0; T[. So (uy)
is bounded in the space L>(0,T, L*(Q2, IR™)). Moreover we have proved that
WY(]| ug | LY OT WP (Q, Rmy)) B8 positive, bounded and satisfies (8.6.6). Then there exists a constant ¢ > 0

such that

|| /U/k: ||LP(O,T,W01’p(Q,w,B7"))S C; Vk’ E W. (8-6-8)
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Therefore, by extracting a suitable subsequence which is again denoted by uy, we may assume by the
Elberlein-Smuljan see e.g, [62] ( Page 141), that

up —* win L>®(0, T, L*(Q, wo, R™))

wp, — win LP(0,T, Wy (Q, w, IR™))

which proves in particular (Ay). To verify (As), observe that the time derivative

L(joioug): [0;T[— By = (Wy2(, wa, R™)))" is according to

(Oug, 65) 2w + /Qa(a:,t,uk, Duy,) : Dé;dx

= (v(t), 6;) + / [z, t,u).05dx — / g(z,t,ug) : Di;dx
for: 5 € {1;2; Q, k}. Given by: we rgcall that the projection operators Py are self adjoint with respect
to the L* inner product.

= (¢ — (v(t), Prd) — / o(x,t,ug, Duy) : D(Ppop)dz + / [z, t,ug).(Ppo)de — /g(x,t,uk) :
D(Py¢)dx). Now we have: ’ ’ ’
<%(]OZTO ug)(t),¢) =1+ 11+ 111+ IV where

7= / (0(), Bud)dt <I| 0 [l 0210 (000
0
equality,

| Pud |20 1,(wiw(w)) by the generalized Holder in-

T
11 = —/ / o(z,t uk,Duk) ; (Pk¢)d:cdt

Q
and the Holder inequality. III:/ /f x,t,uk).(qub)dxdt
< (10 gy FAT N b2 Nl o2 o 2o

By the growth condition (Fy) IV = —/ / g(x,t,ur).D(Pro)dxdt
0o Jo

< (I 0a [l gy +A™ 11105 |
By the growth condition (G1)

) | Pro ||LP(O7T’WO1,p(Q7W)) by the growth conditions in (P;)

H U HLp 0’7’W1 P(Q ) H P]f(b HLP(O,ﬂWOl’p(Q,UJ)) !

Lo°(0,7, L7 T (Q)) N 11, 0,7 WEHP (Qw) ) I P ”LP(07T7W§”’(QM))'

Since

| Pedp HLP(O,T,W(}”’(Q,w))SH Pro HLP(O,T,W(’,“’Q(Q,WQ))SH ¢ HLP(O,T,Wg’Q(Q,w))a
the claim follows by the uniform bounded (8.6.8).

Remark 8.6.1 For further use, we note that from the bounded obtained for (%(j o 1 o w)(t),¢) in
the proof of proposition we can conclude that Oyu (or rather 0;() o 1 o w)) is an element of the space
L¥ (0, T, (Wy "7 (0, w*)). This follows easily from the fact, that the set

{¢ € LP(0,T,Wy"(Qw)) : 3k € IN/Pyp = ¢} is dense in LP(0, T, Wy (Q,w)), as proved in [37] (
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Appendix II, with slight assimilation).

Remark 8.6.2 Recall that the space

{u € LPO,T,W,P(Quw)) : d(jorou) € LY (0, T, (W1 (Q,w*) is continuously embedded in
C([0;TT; L*(Q2,wo)) see e-g [65] [ proposition23-23], with slight assimilation.

Hence, we have that u € C°([0; T; L*(2,wy)) after possible modification of u on a Lebesgue Zero-set of
[0; T]. This gives u(t,.) € L*(Q,wy) a pointiest interpretation for all t € [0; T] and allows in particular

to state that u(t, .) attains its initial value

u(.,0) = ug (8.6.9)

continuously in L*(2,w) see [37] (Appendix III). In the two following subsections, we prove that u is

really a solution of the system (QPS).(f, g)-

8.7 Passage to the limit in (QPS),,

In this subsection, we prove theorem 8.2.1. First, in order to apply proposition 8.6.1, we verify that, under
our assumptions, the conditions (A;) — (Ag) and (Ny) — (N3) holds for the Galerkin approximations
solution uy. (Ay) and (As) holds by proposition 8.6.1. Moreover, it follows then by lemma 8.6.1 that
(Ny) — (N3) holds. The condition (Aj3) is equivalent to (Py). Next, to prove (Ay), we note that by the
growth condition in (P») that
/ | ovs(2, t, ug, Duy) [P w? dadt

Qr

< C.( /Q | M 1P dadt + > [ wgg |7 ypdedt + Y | Dijuy, [P widadt);
T Jj=1 2%

with (c is a constants) which is uniformly bounded in k by (8.6.8). To verify the equi-integrability of
(ok : Duy)~, we fix an arbitrary measurable subset Q' C Qp. Then, on the one hand, the growth condi-

tion in Py implies that

/ | min(oy, : Duy; 0) | dedt < / | A2 | dmdt+/ | As | Zwﬁ | g |
Q' Q' Q' 4

7j=1
by the Holder inequality and (8.6.8). Thus (As) follows. Finally, we prove that (Ag) hold. According to
Mazur’s Theorem see e-g [62] (Theorem2, page 120),there exists a sequence vy, in LP(0, T, W, 7 (Q,w))
where each vy, is a convex linear combination of uy, ..., uy such that v, — u in LP(0,T, W, ?(Q,w)). In

particular, vi(t,.) € span(dy, da, ..., 0) for all t € [0, T]. Now, we have
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/ ok - (Dug — Dug)dzdt = (v, up, — vg) — Z/ (ul, — 1)y (u, wojdadt
QT 1 QT

(8.7.1)
flz, t,ug). (ug — vy )dadt —/ g(x,t,ug) : (Duy — Dug)dxdt.

QT QT
Observe that (uy — vy) € span(dy, 92, ..., ) which allowed to use
(Oyug, Op)2 + / o(z,t, u, Duy) : Dépdx
Q
= / v(x,t).0pdx + / f(z,t, ug).0pdxdt — / g(x,t,u) : Dopdxdt. in the equality above. The term
Q

Q
(v, u, — vy) in (8.7.1) converge to zero, since w, — vy, — 0 in LP(0, T, Wy (Q, w)) by the choice of vy, and

(Ay).
Next, defining 11, = / f(z,t,ug).(up — vg)dzdt, we infer by the Holder inequality and the growth
condition (jﬂ) that !

(11| < /0 (o1 (8) Ml u(t) = vi(E) [lpawo + [ 02(E) (12 1| k(@) [lpe woll wr(t) — vi(t) |
<l o1 iz o Il e = vk [[Leo,7,20(0,00))

+ {1 b2 |l

e )dt

p=y

N
L% (O,T,L%)|| e a7, 20 @ | 1 = ||LP(0,T,L%(Q,w)) '

Since the expression || uy(t) is bounded and we have uy, — v, — 0in LP(0,T, L"(Q,wy)) for all

r < p* by the proposition 8.3.1, the second term in (8.7.1) vanishes in the limit. For the third term in
(8.7.1), we note that gi,(x,t) = g(x,t,uy) — g(z,t,u) strongly in L” (Q7) by (Go), (G1) and proposition
8.3.1. To see this, we may assume by proposition 8.3.1 that u, — u almost everywhere. Since by (G1),
| gr |V is bounded by an integrals function, the claim follows from (Gy) and the Dominated Convergence

Theorem. We infer then that

| _a (Do = Dug)dzdt |<|| gr — g, w) |z ol wr = vk | oo rwi 0.
T

+ | / g : D(vx — ug)dzdt |— 0,
Qr
since vy, — uy, — 0in LP(0,T, Wy (Q, w)). Thus the third term in (8.7.1) disappears also. Finally,For the

last therm in (8.7.1), we have:

-2 fQ v, (ul Ywojdadt = - fQ 30, (u)? wojdrdt + 3, fQ 70, (up, )woddt

o (8.7.2)
= =5 | wn(T) 5y +5 1 wr(0) 3.0y +32; fo, vAO(u})wiojddt.

Concerning the last term in (8.7.1) we claim that for k — oo we have:
1 1
Z /Q v}, 0h (uf Jwo;ddt — Z / W O(u Jwogdwdt = o || w(T) (B, =5 o e, (873)
T

To see this, let € > 0 be given. Then, there exists M such that for all | > m > M we have:
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° (i)> ;| / (u? —v? )0y (w? \wojdxdt |< €. This is possible, since O(joiou) € LY (0,T), Wy ' (Q, w)
Qr
and v, — u in LP(0,T, Wy (Q,w))

o (ii) ) | / (v] — 3 )0, (w? )woydadt |< . This is possible by the bound obtained for
Qp
(&£(j oiouy)(t), o) in the proof of proposition 8.6.1 since (v, — vy,) € span(éy, b....... ,0x) for all
fixedt €]0,T7.

Now, we fix m > M and choose my > m such that for all | > my;
> /Q vl (Oy(w? — ul)woydadt |< €. This is possible, since dyu; —* dyuin LY (0, T, (W (Q,wa))").

combination yields for all | = l(g) > mq(¢)

\ Z/ 10, (u] )wojdwdt — Z/ u? 0y (u )wo dadt |
<>, ( — 03 ))0y(u] )woy | dadt + Z | / vl (Opul — Opud Ywojdadt |

i
+ Z | / (v?, — )0 wo;dadt
i
< 3e. This establishes (8.7.3). on the other hand, since (uy)y, is bounded in L°°(0,T, L*(Q,wy)) by
proposition 8.6.1 we have that (up(T) — u(T)) in L*(Q, wy)). Hence,

tim inf [| ux(T) o> 0(T) o (8.7.4)
By construction of uy, we also have

Hm || ux(0) [l2.w0)=I w0 ll2.wo - (8.7.5)
k—o0

Using (8.7.5), (8.7.4) and (8.7.3), in (8.7.2), we conclude that

liggglf(— Z /QT(u?C — 0])0y(u))wo)dxdt) < 0, thus (Ag) is fulfilled.

So, (A;) —](AG) and (N1) — (N3) hold and we may infer from proposition 8.6.1 that oy (x,t, ug, Duy)
converge to oy (z,t,u, Du) at least weakly in L*(Qp, M™*™), for k — oo. Since we have that uj, — u in
measure on Q) by proposition 8.3.1, we may infer that u;, — u almost everywhere on )y, for k — oc.
Thus, for arbitrary ¢ € WyP(Q,w, R™), it follows from the continuity conditions (Fy) and (Gy) that
flz, tyug).o(x) — f(z,t,u).o(x) and g(x,t,ux).Dp(z) — g(x,t,u) : Do(x) almost everywhere
on Qr. Since, by the growth conditions in (Fy) and (G4) and the uniform bound in proposition 8.6.1,
flz,t,ug).o(z) and g(x,t, ug).Do(x) are equi-integrable, it follows that

fla, t,ug).o(x) = flx,t,u).o(x) and g(x,t, up).Do(x) — g(x,t,u) : Do(x) in L*(Qr) by Vitali’s

Converge Theorem.
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Now, we take a test function ¢ € Uj;cpspan(dy,0s....... ,0;) and ¢ € C§°([0,T1]) in

(Oug, ()20, +/ o(z,t, ug, Duy) : Dojdx = (v(t), 0;) +/ f(x,t,uk).éjd:c—i-/ gz, t,ug) : Dodx
0 Q 0
for:g € {1,2,....k}.

And integrate over the interval |0, T and pass to the limit k — oco. The resulting equation is

> g 8tuj($,t)W(t)gp(x)woj)dxdt+/Q or(x,t,u, Du) : Dp(z)p(t)dxdt

= (v, dp) + f(x,t,U)-¢($)¢(t)d$dt+/ g9(x,t,u) : Do(x)p(t)drdt
Q Q

For arbitrary ngE Uievspan (01, Oz, ..., §;) and ¢ € C§°([0,T)). By density of the linear span of these

functions in LP(0,T, Wy (Q,w)), this proves that u is in fact a weak solution of (QPS),(f,g). Hence

the theorem is proved. 0

Example 8.7.1 Let () is a bounded open domain in IR". In this example we suppose that the weighted
functions: (w;j), 0 < i <mn; 1< j < mand o satisfies the condition in example 2.3.1 with O;u = 0.
Hence we have the Hardy-Type inequalities in (Py) for all u € W' (Q,w); ¢ > .

o is a Carathéodory functions in (Py); o, verify (P2) — (Ps).

1 11 1 1 1
Jule,tu, F) = wiy + s ) |ty |77 wijwgy + Tr—1 > w [EF P wg,
' i

J
1

1 1
_ P 1 § : p—1 v p
grs = Wrs + Tp—1 | tU,j | wojwrs

f resp( g ) verify th]e conditions (Fy) and (Fy) resp((Gy) and (G1).)

Example 8.7.2 We suppose thatp =n =m = 2. Q= {z € R? |z| < 1}

z |\

||

w=wi1(7) = wp(r) =dNr) = |z — | wio =wy =0and y(x) = |v — 5~

||

Let 0,5(2,t,1m,8) = w | & P71 sign(&s) forall1 <r <nand1 < s <m; o = (0ps)rs withdm =0

f=9g=0Withq>1;, \%p—1;, u> % — 2, by this conditions the hypothesis (P;) — (Ps) are verify.
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Perspectives

Introduce a new functional framework that can be overlooked exhibitor ps.
Study of Dirichlet-type systems, in Sobolev spaces with weight and variable exposure.
Study of Neumann-type problems with data Radon measure in the spaces of Sobolev with weight.

Study of parabolic systems with conditions at the edges of Neumann in the spaces of Sobolev with

weight.

Study of second-member parabolic systems measured, in Sobolev spaces with variable exposure

weight.

Study of elliptical and parabolic systems, in Sobolev spaces with variable exposure weight using

Minty’s lemma.

Introduce a new functional framework that can be replace the differential approximation with lower

differentiation.

Study of second-member measure elliptical and Parabolic systems, that does not break down in

weight Sobolev spaces or in Sobolev spaces with variable exposure.
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