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RESUME

Le domaine multidisciplinaire de I'informatique quantique et du traitement de 'information vise
a comprendre comment I'information peut étre traitée selon les lois de la physique quantique.
Des ressources non classiques telles que l'intrication, la corrélation quantique et la cohérence
sont utilisées dans le calcul, ce qui rend les protocoles d’informatique quantique supérieurs a
Iinformatique classique traditionnelle. Cependant, des défis subsistent pour améliorer I'efficacité
et vaincre les échecs associés a la technologie quantique. Ainsi, 'exploitation de ces ressources
dans les systémes quantiques composites est cruciale pour optimiser et assurer la transmission
sécurisée ainsi que la préservation de l'information quantique. Cette thése propose une étude
approfondie sur la théorie des ressources quantiques des corrélations quantiques, y compris le
concept d’intrication et les corrélations non classiques au-dela de 'intrication. Il présente divers
outils théoriques de quantification de ces ressources et explore les relations intrinséques entre
elles. Une application directe de ces ressources, a savoir la mise en ceuvre des protocoles de
téléportation quantique est également évoquée. La thése comprend également des contribu-
tions a la dynamique exacte de ces ressources quantiques dans différents modéles de systémes
quantiques ouverts et des stratégies pour éliminer les effets de décohérence et préserver les
corrélations quantiques pour améliorer I'information quantique et les protocoles informatiques.

Mots-clés: Intrication quantique, corrélation quantique, discorde quantique, incertitude
quantique, cohérence quantique, information de Fisher quantique, téléportation quantique,
fidélité, systémes quantiques ouverts, décohérence.



ABSTRACT

The multidisciplinary field of quantum computing and information processing aims to under-
stand how information can be processed according to the laws of quantum physics. Non-classical
resources such as entanglement, quantum correlation, and coherence are used in computation,
making quantum computing protocols superior to traditional classical computing. However,
several challenges remain in improving the efficiency and overcoming failures associated with
quantum technology. Thus, exploiting these resources in composite quantum systems is crucial
to optimize and ensure the secure transmission of information. Besides, quantifying as well as
characterizing quantum correlations is a key role in relating practical applications to theoreti-
cal concepts. However, encoding information in quantum states depends on the nature of the
coupling with the environment. This coupling generates entanglement between the system and
its environment, leading to the decoherence of the quantum system. Therefore, controlling the
environment to minimize decoherence remains a significant challenge for developing robust and
evolutionary quantum information processing systems.

This thesis proposes a deeper study of the quantum resource theory of quantum correlations,
including the concept of entanglement and quantum coherence. It presents the theoretical tools
needed to quantify these resources. For this purpose, various mathematical approaches are
discussed to solve associated problems, and analytical results for high-dimensional composite
quantum systems are presented. In addition, the intrinsic relationships between these non-
classical resources are investigated by extracting the connections that unite the corresponding
measurements. A direct application of these quantum correlations is the implementation of
quantum teleportation protocols, which require robust information storage to teleport particles
with optimal fidelity. In this regard, this thesis provides an overview of quantum teleportation
schemes using maximally mixed states as a quantum channel instead of maximally entangled
states. This thesis also includes contributions to the exact dynamics of these resources in
different models of open quantum systems. A key objective of this study is to investigate
the effects of the environment on these non-classical correlations and to obtain techniques to
protect them from the destructive effects generated by the environment in quantum systems
used for information encoding. By analyzing ways to eliminate decoherence effects and preserve
quantum correlations, this study offers concrete strategies to improve quantum information and
computing protocols.

Keywords: Quantum entanglement, quantum correlation, quantum discord, quantum un-
certainty, quantum coherence, quantum Fisher information, quantum teleportation, fidelity,
open quantum systems, decoherence.
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RESUME DETAILLE

Le domaine complexe de 'informatique quantique et du traitement de I'information constitue
une quéte profonde visant a percer les mystéres de la manipulation de I'information en harmonie
avec les principes fondamentaux de la physique quantique. Il s’agit d’une discipline audacieuse
qui repose sur des concepts et des ressources non classiques, tels que 'intrication, les corrélations
quantiques et la cohérence, pour réaliser des calculs et des traitements de 'information d’une
maniére qui transcende les limites de I'information classique traditionnelle.

Ces ressources quantiques conférent aux protocoles d’information quantique un avantage
substantiel, ouvrant la porte & des calculs beaucoup plus puissants et a des protocoles de
communication sécurisée révolutionnaires. Cependant, malgré les progrés réalisés, des défis
demeurent, et la technologie quantique n’est pas sans imperfections. Les obstacles persis-
tent, entravant l'efficacité des systémes quantiques et provoquant des échecs technologiques.
Par conséquent, 'exploration et I'exploitation continues de ces ressources au sein de systémes
quantiques complexes demeurent essentielles pour perfectionner la transmission sécurisée de
I'information.

Une autre dimension cruciale de cette recherche est la quantification et l'identification des
corrélations quantiques présentes dans les systémes quantiques. Cela ne sert pas seulement
des fins théoriques, mais crée également des ponts essentiels entre les concepts abstraits et les
applications pratiques de I'information quantique.

Cependant, il convient de noter que ’encodage de 'information dans des états quantiques
est intrinsequement lié & I’environnement. L’interaction entre le systéme quantique et son envi-
ronnement crée de l'intrication, mais elle génére également la décohérence, ce qui peut perturber
le systéme quantique. Par conséquent, I’art de maitriser I’environnement pour minimiser la dé-
cohérence demeure I'un des défis les plus critiques dans la quéte du développement de systémes
de traitement de I'information quantique robustes et évolutifs.

La thése présentée ici représente un jalon significatif dans cette recherche continue. Elle
plonge profondément dans la théorie des ressources quantiques, mettant en lumiére les outils
théoriques nécessaires pour quantifier ces ressources complexes. Cette exploration se nourrit
de diverses approches mathématiques pour résoudre des problémes ardus. De plus, la thése
offre des résultats analytiques pour des systémes quantiques de haute dimension, étendant
ainsi la portée de la recherche. Elle établit également des liens intrinséques entre ces ressources
quantiques, identifiant les connexions qui relient les mesures correspondantes. Une application
directe de ces ressources est la téléportation quantique, un processus qui nécessite un stockage
fiable de I'information pour garantir le transfert parfait des particules quantiques.

Dans ce contexte, la thése explore des schémas de téléportation quantique innovants qui
reposent sur des états mélangés au maximum comme ressources quantiques, plutot que sur des
états maximallement intriqués. De plus, elle contribue a la compréhension de la dynamique de
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ces ressources quantiques dans divers modéles de systémes quantiques ouverts, tenant compte
des influences de I’environnement.

L’objectif central de cette étude est de mieux comprendre les effets de 'environnement sur
les ressources quantiques et de développer des techniques pour les protéger des perturbations
environnementales nuisibles. En explorant des moyens de contrer la décohérence et de préserver
les précieuses corrélations quantiques, cette étude ouvre la voie a des stratégies concrétes pour
améliorer I'information quantique et les protocoles informatiques. Elle nous rapproche ainsi de
percées significatives dans le domaine en constante évolution de I'informatique quantique.

Ce travail est structuré en six chapitres, chacun consacré a des aspects spécifiques de la
théorie quantique et de ses applications :

Chapitre[l]: Jette les bases en exposant les principes fondamentaux de la théorie quantique,
y compris les concepts de qubits, I'entropie de von Neumann, et la théorie de I'information
classique. Ce chapitre établit les fondements nécessaires a la compréhension de la théorie de
I'information quantique.

Chapitre 2} Plonge dans le concept d’intrication quantique, détaillant les critéres pour dis-
tinguer les états séparables des états intriqués, ainsi que les techniques de mesure de I'intrication
quantique pour les systémes quantiques.

Chapitre (3| : Ce chapitre se penche sur les corrélations non-classiques qui vont au-dela de
I'intrication, en mettant particuliérement ’accent sur la discorde quantique. Il explore diverses
métriques pour quantifier ces corrélations.

Chapitre 4| : Il approfondit I'étude des métriques alternatives de type discorde, utilisées
pour évaluer les corrélations quantiques dans différents contextes. Ce chapitre discute de leurs
propriétés et de leurs applications pratiques, y compris la téléportation quantique.

Chapitre o[ : Ce chapitre traite de la théorie des systémes quantiques ouverts, qu’ils soient
markoviens ou non-markoviens. I aborde également la décohérence quantique, qui explique la
transition du comportement non classique au comportement classique des systémes quantiques.

Chapitre [6] : Présente nos contributions originales dans le domaine, mettant en valeur nos
recherches et leur impact. Enfin, ce manuscrit de thése se termine par un résumé complet qui
met en évidence les principales idées développées tout au long de ce travail. Nous fournissons
également des perspectives éclairantes pour des recherches futures, suggérant des domaines
potentiels pour des recherches plus approfondies.

Mots-clés: Intrication quantique, corrélation quantique, discorde quantique, incertitude
quantique, cohérence quantique, information de Fisher quantique, téléportation quantique,
fidélité, systémes quantiques ouverts, décohérence.
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GENERAL INTRODUCTION

The beauty and wonder of nature have fascinated scientists and philosophers for centuries.
From this fascination, a fundamental interest in understanding natural phenomena has driven
scientific inquiry. Every physical system and process is subjected to the laws of nature which
form the basis of scientific investigation. Quantum physics, developed in the early 20th century,
provides a comprehensive framework for understanding the behavior of elementary particles and
the fundamental forces that govern their interactions. So far, a remarkable success in making
predictions that have been achieved and confirmed by experiments has made it one of the
most successful and accomplished theories in the field of physics. At the microscopic scale, the
behavior of particles such as atoms and electrons is inherently different from that described
by classical physics laws, such as Newtonian mechanics and Maxwell’s electromagnetic theory.
In classical physics, particles move along deterministic trajectories, and their velocity and
acceleration can be determined from their positions. On the other hand, at the microscopic
level, particles behave probabilistically, and the wave function that describes the way they move
provides the density of the probabilities for identifying a particle at a particular position [1].
This has led to the development of a new set of mathematical tools and conceptual frameworks
for understanding quantum phenomena.

Quantum mechanics has not only deepened our understanding of the microscopic world but
has also led to a range of technological advancements that have transformed modern society.
The development of the transistors, nuclear power, the lasers, magnetic resonance imaging, and
the electron microscope are just a few examples of how quantum physics has practical appli-
cations. Moreover, quantum mechanics has been instrumental in shaping our understanding of
particle physics, quantum field theory, quantum statistical physics, material physics, and other
branches of modern physics which form the basis of all modern electronics. Furthermore, quan-
tum science has gone beyond physics to transform our understanding of information, paving
the way for new and revolutionary information technologies. The development of quantum
computers and the quantum internet has the potential to revolutionize the way we process
and communicate information. Despite its tremendous success, the foundations of quantum
mechanics remain a subject of scientific and philosophical debate. Ongoing research continues
to uncover new and exciting insights into the behavior of quantum systems and to address the
challenges of reconciling quantum mechanics with our understanding of the macroscopic world.

On a fundamental level, the peculiar characteristics of quantum systems, such as indeter-
minacy and nonlocality, continue to pose significant challenges for the scientific community
across various domains. The quantum mechanical theory remains relying upon the measure-
ments, which are crucial for both theoretical and experimental investigations in information
theory. However, unlike in classical mechanics, quantum measurements can cause disruptions
and unavoidably affect the measured system. The concept of indeterminacy emerges from



these unique aspects of quantum systems have profound implications for our understanding
of the physical world and presents ongoing research opportunities to deepen our knowledge of
quantum mechanics.

Einstein, Podolsky, and Rosen (EPR) argued that quantum measurements have an impact
on a system that challenges classical local realism. They recognized that due to the intricate
nature of a system, measuring one of its subsystems affects the outcome of measurements
made on the other sub-systems. This is in contrast to local realism, which suggests that the
quantum states of non-interacting particles that are spatially separated are independent |2|. The
contradiction in their argument has led to questioning the completeness of quantum mechanics,
and it stems from their adherence to local realism [3]. The concept of entanglement, also
known as "spooky action at a distance”, arises from the principle of superposition. In an
entangled multipartite quantum system, the individual subsystems are strongly correlated with
one another, even if they are separated by a significant distance and no longer interact. As a
result, the composite quantum system behaves as a single system and can be described by a
definite pure state. However, this description is no longer valid for the state of its sub-systems.

Recently, the Nobel Prize in Physics has been awarded to A. Aspect, J.F. Clauser, and
A. Zeilinger for quantum entanglement experiments [4]. Entanglement is a unique quantum
phenomenon that explores the correlations among separate points of a multipartite system
that has no classical analog. It is recognized as a fundamental physical feature in quantum
information science, as it enables a range of useful tasks [5,/6]. Experimental achievements
have demonstrated the ability to entangle six or eight ions [7,8], and to entangle six to ten
qubits using photons [9,]10]. In addition, nuclear and electronic spins have been entangled in
diamonds [11]. These systems have the advantage of allowing for the individual addressing
of their constituents. Furthermore, large-scale entangling operations were conducted on 10°
two-state atoms in optical lattices |12]. Similarly, the entanglement of 107 atoms has been
accomplished in cold atomic clouds using spin-squeezing techniques [13]. Such systems offer
the benefit of collective measurement. With the continuous improvement of quantum control
techniques, it is highly likely that even larger systems will be entangled in the near future. It
is worth noting that various quantum correlation measuring tools are explored in the previous
scientific studies to capture the level of intricacy in the system. The most widely recognized
ones include entanglement of formation [14], concurrence [15], and negativity [16].

Up to the last few years, it was widely believed that quantum correlations were strongly
connected to the notion of entanglement, and the manipulation of quantum information was
considered within the context of "entanglement-separability” |6]. However, several studies have
shown that the entanglement remains not the only meaningful version of non-classical correla-
tions that can be used for implementing quantum protocols. Recently, it was found that there
are quantum correlations that exist beyond entanglement that also offer some advantages, for
example, quantum nonlocality without entanglement [17,/18]. In addition, it was shown theoret-
ically [19-21], and later experimentally [22], that certain separable states can outperform their
classical counterparts in specific tasks. Consequently, there is a growing interest in exploring,
characterizing, and quantifying non-classical correlations more broadly.

The first attempts for investigating the notion of quantum correlations beyond entangle-
ment are made by Ollivier and Zurek [23|, and later by Henderson and Vedral [24]. They
focused on studying these correlations from a measurement perspective and introduced a novel
concept known as quantum discord. This metric served as a measure of non-classical correla-
tions [25,26|, proving to be an invaluable tool for characterizing the intricate dynamics between
quantum systems. This concept has garnered significant attention within the field of quantum
theory [21,27-29|. It quantifies the non-classical correlations between different components of
a quantum state [29]. Additionally, it is compatible with the idea of pure-state entanglement,
which is acknowledged as an invaluable asset for quantum computing [21]. However, studying



quantum discord poses several challenges and open questions such as the complexity of its quan-
tification. Formally, it is the distinction between complete correlation, also known as quantum
mutual information, and the greatest mutual information that a quantum system is capable of
gauging. To quantify the classical correlations, an optimization process through all the local
measurements is required [25,26]. Calculating the entropic quantum discord is particularly chal-
lenging due to the involved optimization procedure [30-32|, and analytical solutions are limited
to specific families of two-qubit quantum states [33-35]. To address this issue, other alternative
metrics are proposed to quantify the level of quantumness. This includes the geometric quantum
discord (GQD) [36-38]|, linear entropy quantum discord (LEQD) [32}39], measurement-induced
disturbance (MID) [40|, local uantum uncertainty (LQU) [41], uncertainty induced nonlocality
(UIN) [42], local quantum Fisher information (LQFI) [43], etc. Although the majority of these
quantum correlation quantifiers display comparable behaviors for mixed states and agree for
pure states, there are additionally small variations, and their physical meanings vary. Therefore,
characterizing the quantum correlations of a system from different perspectives is necessary to
fully understand their properties.

Information theory is a fundamental concept that encompasses the storage, transmission
and processing of information using physical carriers, which can range from electromagnetic
signals to particles such as atoms or photons. When the physical carriers are quantum systems,
they form the basis of quantum information theory. This field has opened up new possibilities
for information processing and communication. Quantum information science is a fast-growing
research discipline, due to the special characteristics of quantum systems, notably quantum su-
perposition and entanglement. Quantum correlations beyond entanglement constitute a fasci-
nating theme that remained a highly debated topic among quantum information and computing
analysts [5,/44]. They are recognized as good resources in several areas of quantum information
science, including quantum teleportation [45,46|, fractional computations [47], quantum key
distribution [48], quantum sensing [49]|, quantum speed limit time [50|, and so forth. For this
reason, the quest for such non-classical correlations that exist beyond entanglement remained
an amazing new frontier for quantum theorists and experimentalists to explore [51,52]. Hence,
many analytical tools, simulation techniques, and several other methods have been investigated
to compute and quantify quantum correlations to explore the separability of bipartite quantum
systems [53,54]. Despite significant progress in quantum information theory, the question of
what kinds of correlations are truly quantum remains unanswered. This question underscores
the need for continued testing and nourishment of the field. Ultimately, the benefits of quan-
tum information theory are significant, and its continued advancement will undoubtedly lead
to exciting new discoveries and innovations in the field of information science.

A promising application of quantum mechanics within the realm of quantum sciences is
so-called non-local teleportation. Teleportation involves transferring objects between different
locations without physically moving them. Although teleportation has often been depicted in
science fiction, it was not until 1993 that Bennett et al. demonstrated a process that could
occur in the field of quantum mechanics [45]. They demonstrated that it is feasible to transfer
a particle’s quantum state from one place to a different one using the concept of quantum
correlations. This finding holds great potential for quantum information, particularly for the
transfer of data between quantum computers. It is crucial to stress that quantum teleporta-
tion is unable to produce faster-than-light communication between the parties. This is due to
the protocol relying on transferring classical information between two locations, and classical
signals are restricted by the speed of light. However, it has been proved that it is possible to
contract a quantum computer where qubit operations are performed using teleportation [55,56).
According to the quantum information theory, teleportation highlights the value of entangle-
ment as a valuable resource. Besides, it demonstrated that there is a potential connection
between classical information, specifically, the results of measurements, and quantum informa-



tion, which refers to the state of a qubit. Particularly, teleportation shows that by using a
shared entangled state and a two-bit classical information channel, two parties can achieve the
same result as having a quantum information channel. In other words, they can transfer the
original state directly between them [5,/45]. The first successful teleportation of the polariza-
tion states of photons was reported in 1997 [57]. Since then, quantum teleportation has been
demonstrated using a variety of quantum systems, including photonic qubits [58.59|, trapped
ions [60], nuclear spins [61] and solid-state qubits [62]. The distance over which states can
be teleported varies greatly for different techniques, ranging from a typical distance of 1A for
nuclear magnetic resonance (NMR) teleportation [63] to the transfer of photon polarizations
between any grounded terminal and a dynamic satellite in 2017 |[64]. Although, the distance
is a vital factor to take into account when comparing different teleportation schemes, it is also
crucial to take into account the efficiency of the different alternatives. The success probability
of a teleportation scheme is quantified by efficiency. According to the original teleportation
proposal, an effciency of 100% is possible [45], while different implementations have different
efficencies.

However, quantum systems are inherently open and sensitive to interactions with their
surrounding environments [65]. Even a well-isolated system, its interactions with ancillary
or interface systems can cause it to lose its characteristic quantum traits, namely coherence,
fidelity, non-classical correlations in the composite systems, and so on [66]. Although these
interactions are necessary to store, read, evolve, and a pure state manipulation of the quan-
tum system coherently, eliminating outside noise interference is a difficult task that requires
exceptional care. The process of losing coherence due to environmental interactions, known as
decoherence, is the primary challenge for realizing quantum information and computation pro-
tocols [5]. The preservation and manipulation of quantum states to achieve desired outcomes
pose a significant challenge in the field of quantum engineering. Achieving robust storage of
quantum states over extended periods and accurately evolving them according to specific tar-
gets require sophisticated techniques and technologies. Several investigations have explored
quantum correlation dynamics using different classes of decoherence to regulate and control the
effect of decoherence [5]. One significant result is the entanglement sudden death (ESD), which
is the complete loss of the amount of entanglement within finite time [53,54]. On the other
hand, several decoherence models have investigated the impact of both Markovian and non-
Markovian settings on generalized quantum and classical correlation phenomena [53,/54,/67-69].
Their findings reveal that quantum correlation is generally more resilient to the external noise
and avoid exhibiting the phenomenon of sudden death in Markovian channels [53]54,67-69).
However, quantum discord, which is a general metric of quantum correlation, instantaneously
vanishes in non-Markovian environments |70]. Additionally, the freezing dynamics of entangle-
ment is another intriguing phenomenon that occurs in some specific situations [53}/54,/68,69,/71].
Quantum correlations specifically degrade to a limited, greater than zero level and then abruptly
halt, leaving the system to maintain its stable entanglement. The Schrodinger equation cannot
adequately capture the dynamics of an open system connected to its environment; therefore, an
additional generic solution must be used. Given the various degrees of freedom in the surround-
ings, the concept of accessible quantum systems permits the construction of a broad group of
time-influenced solutions known as master equations [72]. For the sake of simplicity, approxi-
mations such as the Markovian approximation are often used to examine and characterize open
quantum systems by focusing on two main components: the Born or weak coupling approxima-
tion and the Markov approximation |73}/74]. In cases where the open system is strongly coupled
with its surroundings and correlations between them are highly presented, the non-Markovian
approach is considered, but it should be noted that the non-Markovian dynamic is still not
fully understood [75].

Spin-chain frameworks are versatile systems that have been extensively studied for their
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ability to shed light on various physical phenomena and their prospective important applica-
tions regarding the field of quantum sciences. These applications include studying quantum
phases, phase transitions, quantum communication, and so forth. Recently, there has been
a particular interest in understanding the Heisenberg spin chain models. For example, in a
recent study [76], researchers used this coupling as an effective marker to detect transitions.
In addition, the application of this model has shown success in generating entangled networks
from partially entangled states, as well as in teleportation as well as dense coding based on
thermal entanglement [32,77-80]. In the realm of quantum information processing, spin chains
have garnered significant attention, especially in investigating quantum data transmission over
microscopic distances. They are considered powerful entities used for transmitting information
between two locations, enabling the construction of quantum buses to relate various computer-
hardware parts [81]. The Heisenberg spin chain model is particularly noteworthy, as it is con-
sidered the most promising solutions for overcoming the negative impact of decoherance caused
by the environment on quantum systems. This is due to its ability to preserve and maintain
nonclassical correlations over extended periods, making it a potential solution for addressing
the challenges of quantum information processing in practical situations [53}54}69,79,[80].

Nonclassical correlations, or quantum correlations, are unique and indispensable features
of quantum systems that set them apart from their classical counterparts. These correla-
tions emerge from the interaction between distinct quantum subsystems and represent a new
resource for performing tasks that are either impossible or highly inefficient in the classical
world. Consequently, quantum correlations have become the cornerstone of the field of quan-
tum information science, providing the basis for the development of technologies that push
the boundaries of classical computing. To date, quantum resources are very important in all
quantum information protocols. This thesis focuses mainly on characterizing and quantifying
nonclassical correlations, exploring their inherent connections and their roles in enhancing the
implementation of quantum information protocols. To achieve these goals, we present our work
in a book-like structure that provides technical details for researchers to better understand our
results. Along with an overview of the key developments of quantum correlations and under-
standing their behavior under decoherence, we aim to summarize and reformulate calculations
scattered throughout a large body of literature as well as provide our own results. In order to
accomplish this purpose, we will structure our thesis as follows:

In the first chapter [1] of this work, an introduction of the fundamental principles of quantum
theory is given. We delve into key concepts such as the qubit and its geometric representation,
as well as the von Neumann entropy and its entities. To accomplish this, we first review the
essentials of classical information theory, including Shannon entropy, joint, relative, and condi-
tional entropy. This allows us to extend our understanding of the quantum framework, where
these concepts take on new meaning and relevance. Following this, we then present the math-
ematical tools of quantum mechanics, specifically the Hilbert space, quantum measurements,
and the formalism of the density operator. Through this comprehensive exploration, we aim to
equip readers with a solid understanding of the fundamental concepts and mathematical tools
necessary to delve deeper into the field of quantum information theory.

In the second chapter [2] the resource-based concept of quantum entanglement is the subject
of most attention. We go through different standards for separating separable states from
entangled states for both pure and mixed states. Then, we give a thorough analysis of a
few parameters that are employed to determine the level of entanglement existing in bipartite
and multipartite quantum systems. This phase in the analysis of quantum systems is crucial
because it allows us to accurately evaluate the degree of entanglement that exists in a particular
quantum state.

In the third chapter |3| our attention turns to non-classical correlations that go beyond
quantum entanglement. Specifically, we will delve into the concept of quantum discord, pro-



viding its definition, properties, and analytical expression for some specific cases in two-qubit
states. We will explore alternative approaches to handling the analytical difficulties encoun-
tered with the optimization process of this metric. This includes using geometric quantum
discord based on the Hilbert-Schmidt norm, as well as the Schatten 1-norm. A special interest
is devoted to using linear entropy instead of von Neumann entropy for maximizing classical
correlations, thus providing a closed formula for quantum discord in an arbitrary qubit-qudit
system. Finally, we will discuss another entropic quantum correlation measuring tool, known
as a measurement-induced disturbance.

Chapter 4| is dedicated to exploring various discord-like metrics of quantum correlations,
which serve as alternative measures for quantifying quantum correlations beyond the quantum
discord for arbitrary quantum systems. These measures are based on different notions, such
as skew information, quantum coherence, and quantum Fisher information. We provide a
thorough analysis of their properties and mathematical methods used in analytical calculations,
as well as their practical usefulness in quantum sciences. Furthermore, we investigate quantum
teleportation as a direct application of quantum correlations, where we discuss the standard
protocol and its implementation. In particular, we focus on how quantum correlations has
a crucial part in the successful implementation of quantum teleportation, highlighting the
significance of these measures in real-world quantum communication systems.

Chapter [5| presents a comprehensive overview of the accessible quantum systems theory,
covering both Markovian and non-Markovian aspects. We examine the mathematical framework
and essential properties necessary for presenting dynamical maps that describe open system
dynamics in detail, with a specific focus on quantum Markovian systems. The chapter’s primary
objective is to introduce the theory of quantum decoherence and explain how it can account
for the shift between non-classical to classical behavior.

Chapter [0] presents our original contributions to the field, showcasing our research and its
impact. Finally, this thesis manuscript concludes with a comprehensive summary that high-
lights the main ideas developed throughout this work. We also provide insightful perspectives
for future research, suggesting potential areas for further investigation.



CHAPTER 1

ELEMENTS OF QUANTUM INFORMATION
THEORY

In 1948, Claude Shannon developed the classical information theory, which makes the assump-
tion that information is encoded in physical systems that are evolving in accordance with
classical physics laws [82,83]. In the context of transmitting information via a channel like
a telephone communicating wire, Shannon constructed a very basic abstract communication
model as the basis for his theory. This paradigm offers a mechanism to quantify the amount
of information and may be used in a variety of contexts for all forms of information processing
and transmission protocols. Additionally, it allows us to set restrictions on the complexity or
expense of operations like information storage or data transmission through noisy channels.

To take advantage of the physical properties of various phenomena in physical systems
for information coding, much attention has been devoted to studying them. This is because
of the idea that information is believed to be associated with a physical representation and
that the storage, manipulation, and transmission of information are all subject to the laws of
physics [84].

In contrast, through specific selections of a quantum process and the quantum system’s
state, it becomes possible to derive the principles of classical mechanics from the underlying
principles of quantum mechanics. This implies that, as an approximation, classical theory
emerges as a result of quantum theory. In this respect, it would appear more appropriate to
inquire, how these quantum physics principles might be applied to measure, communicate and
exchange information in the microscopic structures of matter from the relevant non-classical
state identified using a set of physical quantities [85].

Quantum information theory was developed to explore the nature of information in the
quantum regime and to reveal new information processing capabilities [86]. By preserving
information and correlations beyond what is possible in conventional models and incorporat-
ing the magical ingredient of non-classical science, specifically the rules of superposition and
entanglement. This new theory is of utmost importance for enhancing security and reliably
transmitting the information.

To explore the implications of non-classical physics on information theory, it is useful to
first establish a foundation in the fundamentals of classical information theory. This will allow
us to analyze and determine the necessary modifications required in scenarios where quantum
effects play a significant role. Consequently, this chapter begins with an introduction to a few
fundamentals of classical information theory. In the second section, we will provide a quick
introduction of the fundamental concepts and essential techniques of quantum mechanics used
across the whole dissertation. These include the method of measurement used to display the
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states and operations of quantum systems on Hilbert spaces. Afterward, we move to provide
the concepts and mathematical foundations of quantum theory.

1 Classical information theory

The theory of Classical information was laid by Claude Shannon toward the end of the 40s [82],
to study and solve problems of communication or transmission of signals through channels. In
this model, the data is defined in the context of ambiguity and is expressed mathematically
within a probabilistic paradigm [87-89]. According to this idea, uncertainty arises from how
much information a physical system carries. According to Shanon, Figll.I] depicts a broad
plan for an overall interaction procedure. The communication that will be transmitted to the
receiving terminal is created by a source of data. The sender then transforms the data into an
electrical impulse that can be transmitted over the medium of the channel. A noise contributor
may tamper with the signal throughout transfer, leading the signal that was received to differ
from the initial signal. The receiver then estimates the message and delivers it to the intended
destination based on the received signal. In classical information theory, bits (classical binary
bits) are the most fundamental unit of storage of data in computing and digital communication
that could be either ”0” or 71”7 [90]. Throughout this section, we will deal with the concept of
classical information, in which we will give a brief review of the well-known Shannon entropy
as well as some other useful entropy notions such as joint entropy, mutual information, and
conditional entropy. Their important mathematical properties are also discussed to lay the
foundation for introducing and discussing quantum information theory.

Information Transmitter ——  Channel —» Receiver — Destination
source
. Received Message
Message Signal Si
ignal

Figure 1.1: Shows a mechanism for broad communication, in a general chematic manner.

1.1 Shannon entropy

Clausius pioneered the concept of entropy in thermodynamic systems for the first time in
1854 [91]. Shannon formulated a statistical entropy in the field of information communication
and transmission theory [82]. It is formally analogous to the Boltzmann entropy [92], which
can be used to establish a causal explanation based on the statistical description of both macro
and microsystems that depart from the dynamics of microscopic components of a system, for
example, that of molecules [93]. In addition, Shannon’s entropy is a core principle in information
theory that characterizes disorder or uncertainty in a random source as well as the average
missing information. Assume M is an arbitrary discrete variable taking value in a set {m;}
that occurs with corresponding distribution probability function {p(m;)}, the relative entropy
of the parameter M is formally defined as [82]

H(M) = — > p(my)log(p(m,)), (1.1)
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with the convention 0log,0 = 0. Henceforth, the log is taken to be base-2 since the basic
unit of information is the bit. We note that the entropy is a non-negative quantity. Moreover,
it is independent of the specific values {m;} assumed by the random variable, instead relying
particularly on the probability distribution set {p(m;)}.

A concrete example of Shannon entropy is the scenario of a binary random variable M,
also known as a Bernoulli variable. This variable has two possible outcomes with respective
probabilities, namely,

M= 1 having probability @,
| 0 having probability 1 — Q.
In this situation, Eq.(1.1)) simply reduces to the function of binary-entropy defined as

H(M) = —Qlog @ — (1 — Q) log(1 — Q) = H(Q). (1.2)

For ) = %, the entropy reaches its maximum value, while it is zero for ) = 0 and @) = 1.
This appears to be very logical given that there does not exist ambiguity regarding the random
factor for ) = 0 or ) = 1, resulting in no information to disclose its result. Whenever the two
occurrences are equivocal, the greatest uncertainty, information, and entropy are attained (see

Fig[1.2).

1.0+ 7
@ Maximum entropy
i’ 0.5F corresponding to the 7
\

equiprobable cae of Q=12

0 0.5 1.0
0

Figure 1.2: Binary Shannon entropy H(Q) plotted versus Q.

1.2 Relative entropy

Take into account two distinct probabilities distributions, namely {p(m;)} and {q(m;)}, over M
being a random variable admits values from the set {m;}. The so-called relative entropy, also
referred to as the Kullback-Leiber divergence [94], is an entropy-like measure of the distance
between two probabilities distributions. In addition, it measures the level of information or
uncertainty contained in one probability distribution with respect to the other. It is defined as
follows:

%mwmwwz—zpmm%(ww)=4mm—zpmm%wmm. (13)

miex p(ml) miex

It is interesting to note that the relative entropy defined in Eq. (1.3 is not necessarily symmetric,
that is, H(p(m)||g(m)) # H(q(m)||p(m)). Moreover, it is always a non-negative quantity, i.e.,
H(p(m)||g(m)) > 0 with the equality is achieved only when p(m) = ¢(m) for all values of {m;}.
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In order to prove this property, we employ the following inequality: log(m)In2 =Inm < m—1.
Thus, we have

H(p(m)llg(m)) = — zp<mi>log(q<mi))

miex p(m;)
= a2 (1-560)
= ﬁmiex(p(mz‘)—qwi))
_ 5(1—1):0. (1.4)

The property discussed above regarding the relative entropy provides an explanation for its
recognition as a measure of distance between two distributions in the field of information
theory.

1.3 Joint entropy and conditional entropy

Consider a pair of discrete random variables (M, N) that take values from the set {m;} ({n;})
with a joint probability distribution denoted as p(m,n). The joint entropy measures the total
amount of uncertainty associated with the two random variables M and N taken together [95].
Mathematically, it is defined as follows:

HM, M) = =32 > p(m,n)log, (p(m,n)). (1.5)

mex mey

Notice that it is a symmetric function, that is, H(M, N) = H(N, M). Besides, if M and N
are not dependent, i.e., p(m,n) = p(m)p(n), then the joint entropy can be written as a sum of
Shannon entropies of each variable. Such that

H(M,N) = —;@(;ﬂmmp(n) logy (p(m)p(n))
= - mZ@(%p('fﬂ)p(n) log, (p(m)) — mEEX%IO(m)zf)(n) log, (p(n))
= 2 p()H(M) + > p(m)H(N)
H(M,N) = Ti;-ECV(M) + H(N). o (1.6)

Likewise, one can determine the average amount of missing information on a random variable M
when the information of another random variable N is known perfectly. This average is known
as the conditional entropy, which captures the amount of uncertainty that remains about M,
given N. It is defined as

HMIN) = = 32 > p(m, n)log, (p(m|n)) , (1.7)

mex ney

where p(m,n) = p(m)p(n|m) defines conditional probability distribution and it is an antisym-
metric function (H(M|N) # H(M|N)). However, the conditional entropy and the joint entropy
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are linked via the following entropy chain rule:

H(M,N) = —%%p(mm)logz(p(m,n))
= - ;X %p(m n) log, (p(m)p(n|m))
= - mZEXT;p (m,n)log, (p(m)) — m%%p(m, n)log, (p(n|m))
= — 2 p(m)log, (p(m)) — 3> >_ p(m,n)log, (p(njm))
H(M,N) = 5{?]6\2)—1—1}((]\[]]\/[). o (1.8)

This characteristic holds significant importance in the field of quantum information theory, as
it allows us to recover classical concepts within the quantum realm. Moreover, the equation
H(M)+H (N|M) = H (N)+H (M|N) demonstrates the symmetry of information, highlighting
the balanced relationship between the marginal entropies and the conditional entropies.

1.4 Mutual information

Another important concept in classical information theory is mutual information [96}97]. It
measures the mutual dependence between the joint random variables (M, N'). More specifically,
it measures the reduction of the amount of uncertainty about M having knowledge of N and
vice versa. Furthermore, it is defined as the relative entropy between the joint probability
distribution p (m,n) and the product probability distribution of each variable p (m)p (n). This
gives

T(M,N) = 3 (p (m.n) [p(m)p () = 5 3~ plm. n) log, (M) S 19)

oy teped p(m)p(n)

In this way, the above expression (1.9) can be rewritten in terms of joint entropy and conditional
entropy as

IM,N) = > > p(m,n)log, (p(m_”)))

mex nevy p(m)p(n
B ) Lo [ PTU)
= —mZGZ gp(mm) log, (p(m)) + n; gp(ma n)log, (p(mn))
= —% p(m)log, (p(m)) — —%;p(m,n) log, (p(m|n)))
J(M,N) = H(M)— H(M|N). (1.10)

By using Eq.(1.8]), we do have that

J(M, N) = H(M) + H(N) — H(M, N). (1.11)

The mutual information is used to quantify the total correlations between two random variables,
namely M and N. It satistifes the following important properties:

e J(M,N)=0,if M and N are independent;

e symmetry, i.e., (M, N) =I(N, M),
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e self-information: J(M, M) = H(M);

e non-negativity, i.e., J(M, N) > 0.

The connections between the basic measures of Shannon theory: the mutual information
J(M, N), the joint entropy H(M, N), the conditional entropy H(M|N) and Shannon entropies
H(M) and H(N) of the random variables M and N are expressed in the Venn diagram
(see Fig.. Notice that the overlap between the two circles filled corresponds to the mutual
information in M about N and vice versa.

HMI|N) (M, N)

b
/ }[(M,(N))

HM) HN) H (M)
H(N)
H(M|N) I(M,N) H(N|M)

Figure 1.3: (a) Venn diagram for the mutual information J(M, N). (b) Relationships between
the mentioned entropies and mutual information.

1.5 Channel capacity

The determination of the upper and lower bounds of noisy channel capacity is one of the primary
goals in the information theory. Indeed, a classical information transfer from sender to receiver
in such a way that the channel is memoryless if the transfer is intact and undisturbed. A noisy
classical channel develops when the classical system interacts with another system [98]. In
this regard, suppose a sender, Alice, intends to deliver classical information to a receiver, Bob,
through a classical communication channel with an associated input alphabet M, by presenting
all conceivable messages by arranging the channel in various classical states (see Fig.. Then
Bob will recover the information by measuring the channel with a related output alphabet V.
Therefore, the communication channel possesses a measure of mutual information, denoted as
J(M, N), which quantifies the relationship between the input signal M and the received output
N. Consequently, Bob’s capacity to retrieve Alice’s message accurately is determined by the
maximization of mutual information between the input and output channels over all possible
input probability distributions p(m). Such that

C =maxJ(M, N) = max (H(M) — H(M|N)), (1.12)

p(m) p(m)

where the maximum in Eq.(L.12) is applied over all possible information sources employed as
channel input.
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Channel: C
M » N

Figure 1.4: Information channel capacity C of two random variable M and N.

2 Quantum mechanics

On a macroscopic scale, the general descriptive framework for natural occurrences can be built
using the fundamental laws of classical physics. In this way, the phenomena that eventually
manifest in nature adhere to the classical physics cardinal principles. Quantum mechanics, on
the other hand, describes the exchange of energy between matter and energy, as well as the
resulting interaction and properties of atoms and subatomic particles, at a microscopic scale.
Through this section, we review the basic mathematical tools of quantum mechanics used in
this thesis to describe the state of the system such as space state, density matrix formalism
and quantum measurements.

2.1 State space description

The state of a system is determined by the information that is accessible regarding its prop-
erties. This information can be obtained by measuring relevant physical quantities known as
observables, which include energy, position, momentum, spin, and other related quantities.
Any isolated physical system in quantum mechanics is connected with a Hilbert space H, often
known as the space of states. For an n-dimensional vector space with an orthogonal basis
{|Vi),i=0,...,n— 1}, the state vectors of these systems are described mathematically by the
so-called vector ket, which is provided in terms of Dirac notation, denoted by [¢) [1]. Its dual
vector is referred to as (| also known as a vector bra which belongs to the dual space H* of
JH. In this context, any state vector [¢) belonging to the Hilbert space H can be expanded as
a linear combination of the vectors that form a complete basis set, such that

) =220 vi Vi), (1.13)

where v; are the probability amplitudes with the normalization condition of |¢)) can be expressed

as follows
(Wly) = szz (Vi V))
— Z|vi| =1, (1.14)

where (x) is the complex conjugate. It is crucial to highlight that Hilbert space, as a special

vector space, is characterized by several fundamental properties [5]. Among them, we cite the
most interesting in this manuscript:

e Linearity: Let |¢) and [¢) represent two vectors in H and « and  denote two complex
numbers. Then any linear combination of these two vectors is also an element in . Such
that

alp) +blY) € H. (1.15)

e Inner product: In order to quantitatively distinguish two different state vectors |¢) and
|1}, we present the Hermitian inner product defined by

(W] @) = (el )" Z«m (1.16)
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The above expression can also be expressed in the matrix representation of state vectors
as follows
Uy

Wl @) = (W1,93,...) wé . (1.17)

e Norm: It is also known as vector length. It is represented as the square root of an inner
product of the vector with itself and it is denoted by ||-||. Mathematically, it is expressed

[l = v {wl¢) =0,

where the equality, i.e. (¢| 1) = 0, occurs only when |¢)) = 0. This effectively implies
that the Hilbert space is a positive definite space.

e Orthogonality: Two vector states |p) and [¢) in H are said to be orthogonal if they are
perpendicular to each other, i.e., their inner product vanishes. Such that

(W] ) = (Y] ) = 0.

2.2 Density operator formalism

In quantum mechanics, the density operator formalism provides an efficient means for charac-
terizing the non-classical state of a physical entity, regardless of whether it is known perfectly
or imperfectly. In what follows, we will examine how the statistical ensemble referred to as
the density operator, namely p, is introduced in both pure and mixed states [5]. Its introduc-
tion is intended to redesign non-local theory such that it would completely avoid the notion
of state vectors [5|. Besides, to explain the statistical ensemble of a quantum system, it has
already been utilized in the non-local theory. It was initially introduced by John von Neumann
in 1927 [99|, and independently by Lev Landau [100]. It is likewise a density matrix defined
by phase-space in statistical physics for determining the probability distribution of a system’s
position and momentum, for example. A statistical description via density matrices is required
for a non-local system to achieve particular quantum procedures like measurement using only
states expressed by ket vectors, as in quantum mechanics.

2.2.1 Density operator for pure states

In the context of quantum mechanics, a pure state refers to a quantum state that can be
described by a single state vector and has a single non-zero eigenvalue {1, [¢))}. Pure states are
known for providing the highest level of accessible knowledge about the system. Therefore, the
corresponding density operator for a pure state is defined as the projection operator onto the
state vector |¢). Tt can be expressed as follows

p=1v) ], (1.18)

where [1) is a normalized vector state, while p;; = (Vi p|V;) are the matrix elements of the
state p. It is worth noting that a quantum system is considered to be in a pure state when its
vector state is known with certainty.

2.2.2 Density operator for mixed states

We now consider the situation of mixed quantum states. Assume that a state is prepared
in an ensemble of pure quantum states |¢;) with probability p;, where 1 < ¢ < n such that
Y>ow . pi = 1, with each |¢;) can be represented by a vector state in the Hilbert space H as
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given in Eq.(1.13). The density operator of a mixed projector state |t;) (¢;] is thus interpreted
as a statistical mixture of the different pure states from the ensemble. Moroever, it describes
a quantum state where the knowledge of the state is only partial and the system can take a
pure state from among n possible states after measurement. Therefore, the density matrix of
the quantum system can be written as the sum of the projectors of each pure state weighted
by its probability. It is given as follows

n n n
p=>> pip; =Y pilb) (|, D pi=1 and 0<p; < 1Vi, (1.19)
i=1 i=1 i=1
where the p;’s form a probability distribution and the sum is taken on all accessible states to
the system. Besides, the pure state (1.18]) is only a special case of a mixed state where there
is only one non-zero probability p; equal to 1. It is worth noting that the diagonal elements
of the density matrix, also known as populations, give the probabilities of measuring different
states of the base in which the density matrix has been defined. While the off-diagonal terms
correspond to the coherence caused by a superposition of the different basic states and not due
to a statistical mixture. The state is a statistical mixture of the basic states when the coherence

terms are all zero, which corresponds to a diagonal matrix. In the case where the state is pure,
only one diagonal term must therefore be non-zero when the density matrix is diagonalized.

2.3 Density operator properties

In general, an operator is called a density matrix associated with the set {p;,|¢)} if and only
if it satisfies the following properties [5]:

1. Hermiticity: p = pi = p; = p}, i.e., the eigenvalues of p are reals

pto= OQ_pilv) i)t (1.20)
i=1
= ZP? Vi) (il = p,
i=1
where t stands for a transposition conjugate operation.

2. Non-negativity: Assume |¢) is an arbitrary vector state on the Hilbert space H, then p
is a positive operator, i.e., {p|p|p) > 0,V |p) € H. Such that

(elple) = (sz- (0 [t} (0] ) (1.21)

= D pille ) >0
i=1

3. Trace condition: Tr(p) = 1, this also means that p is normalized
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Tr(p) = ZpiTr( [¥a) (i)

= lez ) (¥ [m)
_ ilpi<wi|i|m><m
= Zj;piwi |¥;)

= anpz:l,

with Y°" _ |m) (m| = 1.
4. The expectation value of an arbitrary observable (A) = Tr(Ap), VA € .

Tr(Ap) = Tr(ﬂzpim-) (¥il) (1.22)
= Zzpz ¢ “A‘m>

- Zpi<¢i|fl2|m) (m
= Y p il A ) = (A).

=1

5. Purity condition: 0 < Tr(p?) < 1

n

Te(p®) = Y (m| Y pipj [} (05 [93) [;) [m) (1.23)

m=1 i,j=1

szp]w \w><w|2|m

z]l

= Z i | [0,

1,17'1:1 )
= ZP? < Zpi =L
i—1 i—1

The state is said to be pure iff p? = |¢) (¢ [¢) (| = p and then Tr(p?) = 1. It follows
that the purity verifies the inequality Tr(p?) < 1.

The above-mentioned properties ensure that the density matrix correctly describes the
mixed state in terms of the probabilities and the pure states in the ensemble. Besides, it plays
an important role in various areas, such as quantum information theory and open quantum
system theory.
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2.4 Postulates of quantum mechanics

According to the definitions stated above, the postulates of quantum mechanics can be reformu-
lated in terms of density operator formalism. Such an alternative approach is mathematically
equivalent and analogous to the standard state vector picture. Besides, the density operator ap-
proach provides more details and convenient methods to consider different aspects of quantum
systems and related phenomena along with greater accuracy and precision [5].

Postulate 1 In quantum mechanics, an isolated or closed physical system is represented by a
vector in a Hilbert space, i.e., a complex vector space equipped with an inner product.
This vector is also known as the state space of the system. The system is completely

defined by its density operator p (1.19).

Postulate 2 The time evolution of a closed quantum mechanical system is governed by a
unitary operator of the Hilbert space of the system. The density operator p describes the
system at time ¢ is related to the density operator p’ describes the system at time t’ via
a unitary operator U that depends explicitly only on the initial time ¢ and the later time
t'. That is

o =UpUT. (1.24)
The Liouville von Neumann equation is an alternative method to describe this kind of
evolution. Such that
dp(t) i

7 —ﬁ[H(t),P(t)], (1.25)

where H(t) is the time-dependent Hamiltonian of the total system.

Postulate 3 Quantum measurements are characterized by a set of measurement operators
represented as {M} which act within the state space of the system being measured.
The index k corresponds to the possible measurement outcomes in the given experiment.
Let us suppose p is the state of the quantum system before the measurement, then the
probability of getting the results & is

p(k) = Te(M] Myp), (1.26)
and the state of the system after the measurement collapses into
) MipM[
Tr(M] Myp)
where the measurement operators satisfy the following completeness equation

S MM, =1,

p (1.27)

with M ,I M, represents the most general measurement and is known as a Positive Operator-
Valued Measure (POVM).

Postulate 4 For any composite physical system, the state space is characterized by the tensor
product of all the state spaces of sub-systems. Furthermore, a quantum system §; consists
of n particles with ¢« = 1,...,n and the system §; is prepared in the state p,. Then, the
state of the global system is given by

P=pLOP®...R p,. (1.28)

We shall see throughout this thesis that this postulate allows us to define one of the most
interesting and counterintuitive phenomena in quantum mechanics such as entanglement.

Figll.5] summarizes the postulates of quantum mechanis in terms of the density operator.
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Figure 1.5: Summary of postulates.

2.5 Reduced density operator

One of the deepest advantages of the density operator lies in the description of sub-systems re-
sulting from a composite quantum system. Such a description is provided by using the concept
of the reduced density operator. It is therefore indispensable in the analysis of composite quan-
tum systems. Let us consider the case of a composite bipartite quantum state AB consisting of
two sub-systems A and B on the bases {|m)}%4 | € 54 and {|n)}?2, € I, respectively. If the
density operator p,p describes the joint system AB acting in the space states H = H ® Hp
of dimension d = d4 x dg. Then sub-system A(B) is described by the reduced density operator
pa(pg). It is given by taking the partial trace of the joint density operator with respect to the

degrees of freedom of the other sub-system as [5]

pa="Trp(pag) =2, (nlpapn), pp=Tralpap) =2, (mlpaglm), (1.29)

where Trp(a) denotes the partial trace over sub-system B(A). The reduced density oper-
ator describes a sub-system of the total quantum system. Besides, it satisfies the
properties of a density matrix. A trivial example is the maximally entangled Bell state,
) = \/Li (|00) 4 |11)), to see clearly how one can calculate the partial trace in the case of
a bipartite system composed of two sub-systems, namely A and B. The density operator
correspond to this Bell state [¢) is given by

(100) +[11)) ({00} + (11])

(J00) (00| + 00) (11] + [11) (00| + |11) (11]). (1.30)

N =N =

The above state can be rewritten in the computational basis {|00) ,]01),|10),|11)} as follows

100 1
110000

=510 00 0 (1.31)
1001

It is therefore clear that the state ((1.31) is a positively defined matrix of trace equal to 1 with
eigenvalues 0 and 1/2. However, following definition (1.29)), the reduced density operator of the
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sub-system A is given by

py = %(TrB(]OO><OO|)—|—TrB(|OO><11|)+T1"B(|11><00‘)+TTB(|11> (11]))
=5 (10) (01 (010) +[1) {01 (0 1) + J0) (1] (1 10) + 1 1] {1 1)
= (10 O]+ 1) (1)) = 5. (132

Here, I denotes the 2-order identity operator. Similarly, the reduced density matrix of the
second sub-system B is obtained as

1
P =5l (1.33)

The concept of the reduced density matrix plays a significant role in various applications within
the field of quantum information, particularly in the study of open quantum systems. In the
upcoming chapters, we will delve into these applications and explore how the concept of the
reduced density operator contributes to advancing our understanding of quantum information
theory.

2.6 Quantum measurements

The problem of measurement continues to be one of the most challenging and controversial top-
ics in the field of QIS and opinions vary widely regarding its importance. Some argue that there
is, in fact, no problem at all. Other paradoxes, on the other hand, consider the measurement
problem to be one of the major unsolved puzzles of quantum physics. The problem is that
quantum physics only provide probabilities for different possible outcomes of an experiment
and does not provide any exact mechanism by which the actual outcome observed at the end
occurs. In general, the quantum measurement process is essentially what is shown in Fig/I.6}
an operation on a qubit, so that the quantum state is in a superposition of the basis vectors,
namely |0) and |1), to obtain a classical bit (a completely random process by nature) [101,/102].
In quantum theory, every measurable physical quantity is associated with an observable such
as position, momentum and angular momentum, which is represented by an Hermitian oper-
ator that is characterized by a set of operators { M} | satisfying the completeness relation
Zszl M,I]W,c = I. These operators act on the state space of the system and the state |¢)) after
the measurement becomes

M |
W) = |ihy) = | >, (1.34)
Pk
where py, is the probability that outcome k occurs. It is defined by
pe = (0| M{My [¢)) = || My [9)]* > 0. (1.35)

The above formalism of quantum measurement is also called general measurement.

2.6.1 Projective measurements

Projective measurements, also known as von Neuman measurements, are a particular class
of generalized measurements [5]. They involve a set of measurement operators {Mj}i_, that
are positive, Hermitian, and orthogonal projectors, where Mt, = M; such that Y, M) = I.
Moreover, the number of these operators is precisely equal to the dimension of the Hilbert
space. However, they are repeatable in such a way performing a projective measurement once
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Figure 1.6: Quantum measurement of a qubit.

and obtaining the result p,, repeating the measurement yields the same result p, without
changing the state of the system. Therefore, M, = II, where II,II; = 11, and 113 = II,
with II, represents the rank-one projection operators with dz; stands for the Kronecker delta
function. Using this, the probability of observing the outcome k upon measuring the state 1)
is given as follows

pr = (W] MIMy [) = (| TI, |4) (1.36)
and the state [¢,) of the quantum system just after obtaining the outcome k becomes
Iy ¢
) s ) = T2, (1.37)

N

Moreover, the quantum state does not change if one applies the projective operator Il to the
state |¢,) once again. This is due to the fact that the projective operator I has the property
[12 = II;. This means that repeating the measurement produces indeed the same result k each
time without affecting the state of the system

W) = M> = ‘;f,’“>, (1.38)
k

where p, = (¢, | IIx [¢b,) is explicitly given as

c (e T\ (T (@ T )
pk—<<w| ﬁ)p( @IW)——M | (1.30)

Thus
\/ Dk = (W 1L [¥0) = /P (1.40)

If instead of a pure state, one has a mixed state density operator, namely p = >, pp |¥y) (¥4
Then the probability of getting the measurement result £ is

pr = Tr(Ikp), (1.41)

and the state of the system just after the measurement corresponds to the result k collapses to

10, pIT}

P Pk Tr(p) (1.42)
Moreover, the result of a projective measurement on sub-system A of a bipartite quantum
system AB is indeed always a pure state. When the measurement is made on sub-system
A, the information about the original state of system AB is reduced, but it does not vanish
completely. Thus, it is still possible to determine the state of the other sub-system B, and
the state of B after the measurement will be a pure state. This is due to the fact that the
total system AB is in a pure state and the loss of information about the state of A due to the
measurement can be compensated by the information that is obtained about the state of A
through the measurement outcome.
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2.6.2 Positive Operator Valued Measurements

In general, a quantum system is destroyed during the measurement process, meaning that the
description of projective measurements turns out to be restrictive and not always practical.
Besides, the repeatability of a projective measurement is violated in cases where the system
is measured only once. However, other measurements can be performed on a quantum sys-
tem that cannot be described within this formalism. This leads us to consider the formalism
of generalized quantum measurements also called non-projective measurements, or positive
operator-valued measures (POVMs). Specifically, they are defined as a set of Hermitian posi-
tive operators { My} that act on the Hilbert space of a quantum system such that P, = Mng
and P| = M[(M]) = P satisfying the completeness relation 3, P, = I. In addition, the
corresponding measurement operators are not necessarily orthogonal nor commuting with each
other and allow the possibility of measurement outcomes associated with non-orthogonal states.
Unlike projective measurement, the number of elements in POVM operators can be greater than
the dimension of the Hilbert space. Moreover, they play an important role in many areas of
quantum information science [L03-105]. For instance, the POVM has been used in the analysis
of key distribution in quantum cryptography [106].

It is easy to see that the Py are non-negative operators, i.e., (1| Py |¢) > 0 holds for all
vector [¢) in the Hilbert space H. Moreover, the probability associated with the outcome
k, knowing that the system is in the state characterized by the density operator p, can be

expressed as follows
pr = Te(Pyp). (1.43)

In fact, the set of operators P is sufficient to define the probabilities of the different measure-
ment outcomes. The complete set of operators { P, } is commonly known as a POVM, and the
individual operators Py are referred to as POVM elements associated with the measurements.
By defining M, = M,I = Py, the state after the POVM measurements become

V' Pepv/ Py,

P p=—. (1.44)
Dk
In general, the POVM framework provides a way to compute the probabilities associated with
various measurement outcome, rather than providing enough information about the system’s
state after measurement. Therefore, the POVM framework is particularly useful for experi-
ments where the main goal is to collect the measurement statistics while knowing the post-
measurement states is either impossible or irrelevant to the experiment.

3  Quantum information theory

In the theory of quantum information [5,/103|, the non-local principles and Shannon’s theory
are merged to provide a framework for studying and handling the processing of quantum in-
formation. The quantum state variables such as photon polarization, particle spin, energy, and
momentum can be used to encode the quantum data and are described by the density operator
employed on a Hilbert space. This representation allows for the application of mathematical
tools from quantum mechanics and information theory to the manipulation and processing
of quantum information. The result of this merger has led to the advancement of modern
day quantum procedures, for example, quantum cryptography for secure communication [107],
quantum computing for solving complex problems [108] and quantum communication for trans-
mitting information with high efficiency and security [109]. This section will present the main
characteristics of quantum information processing. To do this, we start by introducing the
notion of qubit which is the smallest unit of storage in quantum theory and then we define a
brief description of the von Neuman entropy as well as other entropy notions.
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3.1 Qubit and Bloch sphere

3.1.1 Bit to qubit

The classical bit also known as a binary digit is the basic concept of classical computing and
classical procedures [90|. This is the most fundamental unit of information and it can only
take one of two distinct values, which are characterized as 0 or 1. It can also be represented
as true/false, yes/no, +/—, or on/off. By analogy with the classic binary bit, a quantum bit
or simply a qubit is the most fundamental unit of quantum information storage [110|. Unlike
the classical system where a bit should be in one state or the other, quantum mechanics allows
the qubit to be simultaneously in superposition of both states. This means qubits can exist
in multiple states at once, allowing for very fast computation and the ability to perform many
calculations at once. Several quantum systems can be store in a qubit, such as a spin of
the electron in the experiment of Stern and Gerlach [111], in which the separation into two
beams of the silver atom reveals that there are two states of possible spins and the two levels
can be taken as spin up and spin down (see Fig.. Another example concerns the single

N S
1)

N

Figure 1.7: A qubit can be represented by any two-level quantum system, for example: electron
spin (spin up and down).

photon polarization process, in which the two states can be considered to be vertically and
horizontally polarized. In the framework quantum framework, the classical bits: 0 and 1 of
the classical computing basis will then be represented by quantum states: |0) and |1). Thus,
a general representation of a qubit state is given as a vector in a Hilbert space H of two
dimensions provided with an orthogonal basis B ={|0),|1)}, which will henceforth be named
as the standard or the computational basis. It must be noticed that the two basis vectors are

denoted as follows
(1 {0
|0) = (O) , 1) = (1) ) (1.45)

The classical bit and a qubit have differences in the fact that the latter can exist in a state
other than |0) and |1). In other words, a qubit can be in a continuum of the orthogonal states
that include both |0) and |1). Thus, it can be formed by a coherent superposition of the states
on the standard basis

) =al0)+ 810 = (§), (1.46)

with o and 3 being the complex coefficients satisfying the normalization condition |a|* + |3|* =
1. When a measurement is performed on the qubit state [¢)) (1.46)), it collapses into a definite
state, either |0) or |1) with probabilities given by |a|* and ||, accordingely. The result of
the measurement is then given by a definite state |0) or |1), and the qubit exhibits classical
behavior by adopting one of these states after measurement. Besides, outcome probability is
determined using the coefficients a and S.
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3.1.2 Geometric demonstration of qubit state

The Bloch sphere provides an intriguing geometrical description of a two-level quantum state
(qubit) [5]. It is used to describe and understand the characteristics of a quantum state. In
fact, the qubit state |¢) is given as a point on the surface of the sphere. Moreover, the state [i)
(1.46) is further defined in computational basis vectors, namely |0) and |1), which is associated,
respectively, to the north and south poles of the sphere (see Fig.. Therefore, each quantum
state is illustrated by a ray coming from the center of the sphere, which is represented by a
vector 77 in R? as

|4) = cos <g> |0) + €™ sin (g) 1), (1.47)

where 0 € [0, 7] and ¢ € [0, 27] represent, respectively, the azimuth angle and the polar angle.
Moreover, the points on the sphere’s surface shows the pure states, the points inside shows the
mixed states and the center corresponds to the fully mixed state. In quantum computing, this
representation enables the resolution of several operations on single qubits. It is worth noting
that the qubit state can be reformulated by employing the density operator notion as

Ppure = |¥) (V|
B cos? (£) e~ sin (£) cos (%)
— \e“sin (g) cos (g) sin? (g)
1 1+ cos () sin (0) (sin (¢) — isin (¢))
~ 2 \sin (0) (sin (¢) + isin (¢)) 1 — cos ()
1
= 5([2+ﬂ101+n20y+n30'2)
1
ppure = 5(12 + ﬁ?% (148)
where [ is the 2-dimensional identity matrix, while o= (ng, ny,n,) represents the Bloch

vector encoding all the information about the qubit state, which can be determined through
W= Tr(ppw.7) with & = (0,,0,,0.) are the familiar Pauli matrices that are defined in the
standard basis B ={|0),|1)} as

Oy = ((1) é) , oy = (? _OZ> : R ((1) _01> : (1.49)

The above matrices ([1.49) are the traceless Hermitian that generate the group SU(2), satisfying
Tr(o;0;) = 20;; with i(j) = (x,y, z). By using Eqgs. (1.48)) and (1.49), the components of the
Bloch vector corresponding to the pure state can be written in terms of the angles 6 and ¢ as
follows

ngy =sin (@) cos (¢), mn, =sin(0)sin(¢), n, = cos(f). (1.50)

However, there is no simple generalization of the Bloch sphere known for multiple qubits like
that of qudits (d-level quantum systems) [112]. Note that in the case of pure states (1.47), we
have Hﬁ” = 1. Thus, the pure states correspond to points on the surface of the Bloch sphere.
In general, the Bloch sphere can be used to represent mixed states geometrically. Given a
density operator p,,;..q characterizes a qubit’s mixed quantum state. Due to its hermeticity,
Prmizeq CAN be decomposed using Eq.. Assume that |¢+> and |¢_> are two eigenvectors of
the state p, ;. ., corresponding to the eigenvalue Ay = (1=4||77]|)/2. Therefore, the diagonalized
density operators p,,;..q can be rewritten as follows:

pmizea =5 (s [67) (67 + 2 [67) (0. (151)
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The above expression 1} collapses to the pure state ‘¢+> when HWH = 1, whose expression
is identical to that of [¢)) (1.47). However, when | 77| < 1, we get a statistical mixture of states
|q§+> and }¢_>. The Bloch vector in this case describes a point located inside the Bloch sphere.
The center of the Bloch sphere, | 7| = 0, corresponds to I,/2 which is a completely mixed
state.

Figure 1.8: Geometric representation of a qubit in a Bloch sphere.

3.2 von Neumann entropy

3.2.1 Definition

von Neumann entropy (VNE) was first explained by John von Neumann in 1932 [113], as
analogous to the concept of Shannon information entropy [82]. In non-classical mechanics,
physical systems can be described by a Hilbert space, while observables by self-adjoint operators,
and statistical operators are tarced back to the density operators. Thus, Shannon entropy is
replaced by von Neumann entropy in the quantum regime, in which the eigenvalues of a given
density operator p form a probability distribution. In other words, the density operators can be
considered as a generalization for probability distributions. Therefore, von Neumann entropy
8(p) corresponding to a density matrix p will be given by [5]

3(p) = —Tr(plog, p), (1.52)

where log, introduced in Eq.(L.52)) is always taken to base 2 (binary logarithm) to normalize
the maximum entropy of the qubit to one. By writing p in the following diagonal form

P =25 M| Ak) Nkl (1.53)

where )\ denote the eigenvalues of the state p and |A\y) are their associated eigenvectors. Then,
8(p) can be re-expressed as follows

8(p) = —Tr(plogyp) = —=Tr (32, M [N} (Al logy Doy Aw [Ak) (Awl)
= =20 Al 2 A [AD) (Nl logy D20 Ak [Ak) (Akl) [Am)
= — Zm,l,k Omi N0 1089 Akdkm
= —> . Alogy Ay
S(p) = H(w). (1.54)
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The above expression is equivalent to the Shannon entropy of the probability distri-
bution associated with the diagonalization of the state p. Moreover, it is a convenient expression
used to evaluate VNE for an arbitrary dimensional quantum state. Similar to the Shannon en-
tropy measuring the level of uncertainty in a classical random variable, VNE quantifies the
amount of uncertainty in a given quantum state. Therefore, it is zero for pure states, i.e.,
p = |¢) (], and it provides complete knowledge of the associated quantum system. Mathe-
matically, 8(]¢) (¢/|) = 0 means that the state p has a non-zero eigenvalue equal to 1 and all
the other eigenvalues equal to zero. On the other hand, if one prepares the system in a maxi-
mally mixed state I;/d, i.e., a mixed state where all d corresponding pure states have the same
probabilities. Then the mixed state represents the maximal uncertainty of the system with the
von Neumann entropy is 8([;/d) = —1/dTr (log2%lld) d = log, d, which is in accordance with
the Shannon entropy.

3.2.2 von Neumann’s entropy properties

The von Neumann entropy 8(p) defined above possess many properties that can be found in
Ref. [5]. For our purpose, we stress here the most important ones:

e Non-negativity: 8(p) is always a non-negative function and satisfies 0 < 8(p) < log, d.

e Invariance: 8(p) is invariant under the action of a unitary transformation U, i.e., S(UpUt) =
8(p), since 8(p) depends only on the eigenvalues of the state p.

e Concavity: 8(p) is a strictly concave function, i.e.,if A1,..., A, > Osuch that )" | \; = 1,
then one has

SO i Aibi) = 30, AiS(py)- (1.55)
From this property, we conclude the von Neumann entropy 8(p) increases as we know
more about how the state was formed.

e Sub-additivity: For a bipartite quantum system described by the state p, 5 € Hap, the
sub-additivity condition of 8(p,p) holds true:

8(pag) < 8(pa) +8(pp), (1.56)

where p, = Trpp,p and pp = Trap,p. The equality is achieved if and only if p, and
pp are independent such that p 5 = p4 ® pg. Thus, inequality means that the
entropy is additive for uncorrelated states, while for correlated states the system contains
more information than the two sub-systems considered separately. This property is the
quantum generalization of the subadditivity of Shannon entropy. However, for tripartite
systems characterized by the density operator p, o € Hape, the strong sub-additivity
of the von Neumann entropy states that

S(papc) +8(pp) < 8(pap) +8(ppc)- (1.57)

e Bipartite pure states: For a pure composite state p,5, we have

8(pa) = S(pp), (1.58)

since p, and pp have the same eigenvalues.

e Bipartite mixed states: Let p;, be probability distributions with p; being a set of states
belonging to orthogonal subspaces, then we can get

S(X iy pip) < H(EMI)+ 220, piS (i) (1.59)
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e Triangle inequality: For any bipartite system p,p5, the triangle inequality also called
Araki-Lieb inequality holds that

8(pag) < 18(pa) —S(pB)l, (1.60)

which is in contrast with the analogous property of Shannon entropy.

3.3 Joint, conditional and relative quantum entropy

By analogy with the classical information theory is highly useful to define the quantum version
of joint, conditional and relative entropies. GGiven a bipartite quantum system AB characterized
by the density operator p 5 with p,(pg) shows the reduced density matrix of a subsystem A(B).
The quantum mechanical joint entropy 8(A, B) for a bipartite quantum state is defined as the
quantum entropy of the joint state p,p is given by

8(A, B) = 8(pap) = —Tr (paplogs pas) - (1.61)

The quantum conditional entropy (QCE, for short) 8(A|B) measures the uncertainty in sub-
system A given the information about the other sub-system B. It is given as follows

S(A|B) = 8(A, B) — 8(B), (1.62)

where 8(A) = 8(p,) and 8(B) = S(pg). It is interpreted as the amount of uncertainty in
sub-system A that is not reduced by knowing the state of sub-system B. Unlike the classical
conditional entropy given by Eq.(L.7), its quantum counterpart 8(A|B), can be negative, which
is a particular characteristic of quantum mechanics that can not be observed in classical case.
Moreover, it reaches its minimum value for maximally entangled states.

As a concrete example, let consider a maximally quantum correlated Bell pure state pgg;;
such that pgpr. = }¢AB_> <1/1AB_{ with WAB_> = \/Li(|01> —110)). In this case, the quantum
joint entropy vanishes, i.e., 8(A, B) = 0, while the entropies of marginal states are maximum,
that is, S(A) = 8(B) = 1. Thus, the QCE takes a negative value $(A|B) = —1 < 0. Therfore,
the negative aspect of QCE is a manifestation of the concept of quantum entanglement, which
is the key subject of this thesis.

Let for some provided bipartite quantum states, namely p and o, the associated quantum
relative entropy (QRE) of the state p regarding the state o is given as [114.|116]

S(plle) = Tr(p(logy p —logy o)) (1.63)
= —38(p) — Tr(plog, o).
It is important to note that the relative quantum entropy S(p||o) (1.63) is always a positive

function, namely 8(p||o) > 0. Besides, the equality is achieved only when p = 0. This property
is due to the fact that QRE measures the relative distance between the two given states.

3.4 Quantum mutual information

Two equivalent expressions of classical mutual information, namely Eq.(1.10) and Eq.(1.11),
can be extended to the quantum regime. Indeed, the quantum version of the expression ({1.11)
can be easily derived by replacing the Shannon entropy with VNE and the random
variables (M, N), X and Y by the density operators p,p, ps4 and pp, respectively [115,/116).
Thus, it is defined as

J(A: B) = 8(A) + S(B) — S(AB). (1.64)
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However, it could be expressed as QRE of the bipartite state p,z with respect to the product
form of the quantum states p, ® pp as follows

J(A:B) =38(papllpa ® pp); (1.65)

with the fact that log,(py ® pp) =108y (p4) @ Ip+ 14 ®logy(pp). We notice that like its classical
counterpart, this quantity is also symmetric, namely J(A : B) = J(B : A), and it is always
a non-negative function, i.e.;, J(A : B) > 0. This is due to the subadditivity property of the
VNE and only vanishes for the case of product state, namely p, 5 = p4 ® pg. From now on, we
consider the simple notation J(p,z) instead of J(A : B). Moreover, it bears the interpretation
of the total correlation between sub-systems A and B of the bipartite state |[L15-118]. On the
other hand, the quantum homolog of Eq.(1.10) is not straightforward as for J(p,5) since
it involves a generalization of the conditional entropy H(M|N). This latter in quantum theory
requires an optimization procedure on one of the components of the quantum system AB.
Hence, the two equivalent expressions of mutual information, namely Eq.(L.10) and Eq.(1.11),
in the classical setting do not hold for quantum theory since, in general, a measurement disturbs
the quantum state of the system.

Let us suppose that we perform a set of POVM measurements performed on sub-system B
only. The set of POVM elements is denoted by {P;} : {P, > 0,>, P, = I}, where k distin-
guishes different outcomes of this measurement. The measurements will disturb simultaneously
the sub-system B and consequently the whole quantum state AB. The POVM measurements
give the statistical set {py, p4}. Thus, the conditional state of the global system AB related
to the measurement { P} when the outcome k occurs is given as

PAB — PABlk = ! ((IA ® Pr) pap (IA ® P;j)) ; (1.66)

Pk
where p, = Tr <(]A ® Py) pag (]A ® P,I)) denotes the probability when the outcome k occurs,

while I, is the identity operator acting on sub-system A. Therefore, the generalization of
conditional entropy of the state A with respect to POVM measurements is given by [25]

S(pap{Pr}) =2 prS (pA\k) ) (1.67)

where py, = Trp(pap) 18 the reduced density operator describing the sub-system A after
performing the measurements. Accordingly, the quantum countrepart of the second expression
of the classical mutual information Eq.(1.10) yields

J(pasl{Pr}) = S(pa) = Do PrS (pA\k> ) (1.68)

which corresponds to the classical mutual information obtained via the POVM {F;} on sub-
system B [24]. It is also interpreted as the amount of information gained about sub-system A
by measuring sub-system B [24]. Moreover, the total classical correlations of p,p are obtained
by maximizing J (p4g|{Px}) overall possible POVMs {F;} measurements. In order to quantify
the correlations between the components of the bipartite system this optimization is required
to isolate the measurement that causes the least amount of disturbance.

3.5 Tsallis entropy

The generalization of the usual notion of quantum entropies beyond those provided by the von
Neumann entropy is one of the most fruitful study aspects in quantum information theory [5].
In this sense, several entropy quantities have been introduced and investigated in detail [5].
One of them is a quantity called the Tsallis entropy (TE) which is considered as a measure of
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information in quantum key distribution protocols as well as in quantum correlations [119-121].
Therefore, for a given random variable X with a probability distribution p,, where p, > 0 and
> . Dz = 1, the Tsallis entropy 3, (X) of order ¢ is a real non-negative quantity defined as [119]

3, (X) = 1 (Zpg - 1) , (1.69)

which approaches to the Shannon entropy (1.1) when the parameter ¢ approaches to the unity
as

H, (X):lirq%q(X):H(X). (1.70)
q—
The quantum counterpart of TE ([1.69) is then expressed as
1
8q(p) = T—¢ (Tr(p?) — 1). (1.71)

However, Tsallis’s entropy does not share all the characteristics of von Neumann’s entropy. In
particular, for bipartite quantum systems, Eq. is a non-additive quantity but in contrast,
verifies the subadditivity propriety of VNE and it is not strongly subadditive [120]. In addition,
like the classical Tsallis entropy, its quantum counterpart (L.71)), in the limit ¢ — 1, converges
to VNE [120,121]

S1(p) = lim 8, (p) =8 (p). (1.72)

Throughout this thesis, we will mainly concentrate on the Tsallis 2-entropy, namely ¢ = 2,
also known as linear entropy

8c(p)=82(p) =1—"Tr(p%).
The linear entropy, however, can be computed without diagonalizing the density matrix p,
which is in contrast to VNE . However, it holds a great deal of significance for the theory
of quantum information since it is directly connected to the purity of a quantum system [122].

The following table(l.1)) summarizes the properties of the entropies, namely Shannon entropy,
VNE and TE.

Property Shannon entropy von Neumann entropy | Tsallis entropy
Non-negativity Yes Yes Yes
Additivity Yes Yes No
Concavity Yes Yes Yes
Monotonicity Yes No Yes, for ¢ > 1
Sub-additivity Yes Yes Yes, for ¢ > 1
Strong sub-additivity | Yes Yes No

R . Y h
Araki-Lieb inequality | Yes Yes ( Oesl,) when g€

Table 1.1: Properties of entropies.

4 Conclusion

In this chapter, we have mainly introduced the core concept of quantum information theory
required for this thesis. Indeed, in the first part, we provided a brief overview of the essential
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tools of the classical information theory, namely Shannon entropy, conditional entropy, relative
entropy and mutual information. The second part, consists of studying some mathematical
background and techniques by means of statistical formulation of quantum mechanics such
as the density operator formalism and quantum measurements. Bringing this together we
have studied in the last part of this chapter the essential notions of quantum information
theory, which are the von Neumann entropy, notion of qubit, and so on. Indeed, all of these
preliminaries are essentially used to understand the core aim of quantum correlations including
entanglement as well as the theory of open quantum systems as we will see in the next chapters.
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CHAPTER 2

QUANTUM ENTANGLEMENT: A
COMPREHENGSIVE STUDY OF MEASURES

When two or more physical systems interact in the quantum realm, a kind of correlation known
as quantum entanglement is generated between them, even if they are spatially separated. The
most surprising feature is that, regardless of their distance from one another, a measurement
made locally with an observable on one of the sub-systems instantly modifies the state of the
others to be consistent with the measurement made on the first one. This means that, despite
their spatial separation, the fate of these systems remains linked, a phenomenon known as
quantum entanglement. It is a resource that is unique to quantum mechanics which refers
to non-classicality and by any classical means, the correlation cannot be defined between the
components of a composite quantum system. The concept of entanglement dates back to the
early time of the development of quantum theory. It refers to a non-local correlation that
was famously dubbed "spooky action at a distance” by Albert Einstein, Boris Podolsky and
Nathan Rosen (EPR) in their theoretical work [2]. Schrodinger was the first one to describe the
phenomenon of entanglement ("Verschrankung” in German) in his interaction with the famous
EPR work [2,3,[125], where he characterized a correlation between components of a quantum
state that had a non-local nature [3|. Besides, Schrodinger used his legendary cat, known as
Schrodinger’s cat, as an extreme example to illustrate entanglement [126]. Such a correlation
upsets the conceptual frameworks within which the physical world has been thought of until
now. In particular, entanglement prompted Einstein and his colleagues to demonstrate a fault
in quantum theory. The EPR paradox paradigm concluded that the description of quantum
mechanics was either incomplete or non-local. In the case of incompleteness, they believed
that there must be some "hidden variables” that were ignored by quantum mechanics, whose
knowledge would allow for the prediction of measurement results with certainty. On the other
hand, if quantum mechanics was non-local, there could be a link between distant parts of a
composite system that could not be determined using classical methods.

For over three decades, this problem remained philosophical until J. S. Bell demonstrated
in 1964 that no local deterministic theory of hidden variables could reproduce all the statistical
predictions of quantum mechanics [127]. In other words, the correlations between measurement
results must satisfy certain inequalities, known as Bell inequalities, which constrain local cor-
relations [127]. Bell’s theorem has been experimentally verified through a series of experiments
known as Bell tests. These experiments have shown that the predictions of quantum mechanics
are correct and that the correlations between measurements violate Bell’s inequalities. Some
of the earliest and most well-known experimental tests of Bell’s inequalities were conducted by
Freedman et al in 1972 [128|, and also by Aspect et al in 1982 [129]. More recent and highly
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cited experimental tests of Bell’s inequalities include the work of Rowe et al in 2001 [130]. The
experimental verification of Bell’s theorem has led to the conclusion that quantum mechanics
is a non-local theory and that the correlations between measurements can only be explained
through entanglement. The practical implications of Bell’s theorem for quantum communica-
tion and cryptography are discussed by Gisin and Thew in Ref. [109].

In this chapter, we aim to introduce the fundamental concept of quantum entanglement,
which is a key ingredient in the work presented in this thesis. The first part of this chapter
is devoted to the presentation of quantum entanglement, in which we give the basic concepts
and discuss some separability criteria for both pure and mixed states. Afterward, we introduce
different measures to quantify the amount of quantum entanglement present in bipartite as well
as multipartite quantum systems. This provides a comprehensive understanding of the different
ways to measure and quantify entanglement. Overall, by the end of this chapter, readers will
have gained a deep understanding of the entanglement and various measures.

1 Quantum entanglement

1.1 Separability and entanglement

This section provides a general overview of determining whether a given state is separable or
entangled. To do this objective, we require first a mathematical definition of entanglement
versus separability. Let us suppose a bipartite quantum system ” AB” consisting of two parts
A(B) of dimension da(dg). A pure quantum state |¢,45) € Ha ® Hp is said to be separable
or unentangled if and only if it constitutes a product state described in terms of sub-systems,
namely A and B, which can be written as [6]

[Wap) = |da) @ [x5) = ox) - (2.1)

Here, |¢4) € Ha and |xg) € Hp represent the state vectors of sub-systems A and B, re-
spectively. From now on, we will use the simpler notation |¢y) instead of |¢4) ® |xz). In
this circumstance, the reduced density matrices of both sub-systems will also be pure states.
Specifically, we have:

pa=194) (04l and pp=|xp) (x| (2.2)

The above formula physically means that the sub-systems A and B are completely inde-
pendent of each other. This implies that a measurement performed on one sub-system does
not affect the state of the other sub-system, as long as they are not non-locally related. Hence,
the measurement results obtained from both sub-systems will be uncorrelated. In contrast, if
the composed state |1 45) cannot be expressed as a product state of sub-systems A and B, i.e.,
[V ag) # |o4) @ |xg), then the sub-systems A and B are said to be in an entangled state and
the whole state |1 45) is said to be entangled. In this scenario, the sub-systems A and B are no
longer independent from one another and their states are strongly correlated. We can interpret
this by the fact that when a measurement is performed on one of the sub-systems, either A
or B, the state of the other sub-system will be influenced by the measurement outcome with
strongly correlated measurement results, regardless of how far apart they are. This non-local
correlation is a fundamental aspect of entanglement. Moreover, the reduced density operators
p4 and pp corresponding to entangled states will correspond to mixed states. This implies that
the reduced density operators will be described by density matrices that are not pure states,
but rather a statistical mixture of pure states. As an example of pure entangled and separable
states, consider a two-qubit state given by

1)) = cos(f) |01) — sin(F) |10) . (2.3)
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The above state [i)) is entangled for all values of 6, except for § = 7/2 or m where it
becomes separable.

So far, we have only considered the case of pure states. However, this definition can also be
extended to mixed states. Specifically, a quantum state described by the density matrix p 5 is
said to be entangled if it cannot be expressed as a convex combination of the product states of
its constituent parties [6}/131]

pag # 3 0ip @ o2, (2.4)

where p; is a probability distribution such that p; > 0 and ), p; = 1 with p(j) = ‘gzb(j)> <q§(j)

(pg) = ‘ g)> <X§§)D is the density matrix that describes the sub-system A(B). Indeed, if the

above equality holds, the state is separable. It is important to note that separable states do
not carry quantum entanglement. However, the definition can also be generalized to the
case of a multi-partite state, which is an N-partite state acting on H = Hy, @ Hy, @ - - - @ Hy,,
This state is classified as separable or unentangled if it can be expressed as a convex sum of
tensor products of its constituent sub-systems as follows:

py=pip @p @ @pl), pi>0and Y, p=1, (2.5)

where p; is a probability distribution such that p; > 0 and >, p; = 1. While pgi) denotes the
density matrix that describes the sub-system j for the i term of the convex sum. If the above
equality does not hold, the state is said to be entangled.

1.2 Example of entangled states

A prominent example of two-qubit entangled states is the well-known "Bell states"” |127]. They
are named after John S. Bell and they are related to the Bell inequality [132]. Furthermore,
they have been implemented in various quantum information science applications, such as
superdense coding [133] and quantum teleportation [49]. When two qubits are in the Bell
state, they form an EPR pair and are maximally entangled, forming an orthonormal basis
for the two-qubit state space. Therefore, they can be distinguished from one another by an
appropriate quantum measurement, and one state can be transformed into the other through
a local unitary transformation on one of the sub-systems. The four Bell states are explicitly
given by [5]

1

o) = ~7=(100) + 1)), (2.6)
1

B = —5(01) + [10), 2.7)
1

B} = —=(00) — 11), (2.8)

B) = —(jo1) — [10)). (2.9)

2

In a compact form, the Bell states (2.652.9) can be re-written as
1
V2

where 7 is the negation of y, for example, if y = 0, ¥ = 1 and vice versa. Moreover, these states
can be represented on the surface of the Bloch Sphere.

&l

1B.y) = —=(109) + (=1)" [17)), (x,y =0,1) (2.10)
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The notion of entanglement is based on the assumption that two partners, namely Alice
and Bob, can locally create any given quantum state. Moreover, they have access to a classical
communication channel, such as phone, internet and so on. The following density operator,
pap = Zipi‘ fi)> <¢f§) ® ‘Xfé)> <X5§)

separable state via the following process: Bob is informed of which state Alice produced by

, can be then used by the two partners to create any

her preparation of the corresponding state )¢fj)> with probability p;. Then, Bob prepares the

corresponding state ‘Xf_;;)> based on Alice’s results. However, entangled states such as the singlet
state (2.9) cannot be produced in this manner.

1.3 Local operations and classical communication

The above procedure that produces separable states is classified under "local operations and
classical communication” (LOCC). This approach was initially introduced by Bennett et al
in Ref. [14]. LOCC is the most comprehensive method used in quantum theory, as long as
the partners only employ classical communication. The mathematical explanation of these
operations is complicated and remains under investigation. However, Chitambar et al in Ref.
[134] have significantly contributed to a better understanding of the LOCC approach. The
overall concept is straightforward and is explained in the following. A quantum operation
AFOCC for two parties, namely Alice and Bob, belongs to the class of LOCC if it can be
decomposed into the following steps:

Step 1: Alice performs a local measurement on her sub-system.
Step 2: Alice communicates the outcome of her measurement classically to Bob.

step 3: Bob performs a local measurement on his sub-system using the information received
from Alice.

step 4: Bob communicates the result of his measurement classically to Alice.

step 5: Alice performs a local measurement on her sub-system according to the information
received, and the process restarts at Step 2.

In quantum information theory, LOCC plays a crucial role, particularly in the study of the
concept of entanglement. As previously explained, any separable state can be produced using
LOCC. However, LOCC cannot be used to generate entangled states [6].

2 Separability criteria

To distinguish entangled states from separable ones is a fundamental topic in quantum in-
formation theory. However, determining whether a given state can be factored into product
states is not a straightforward task due to the lack of constructive criteria provided by the
definition of entanglement of a bipartite state. As previously mentioned, entanglement can be
considered a non-local phenomenon where the measurement on one sub-system has an imme-
diate impact on the outcome of a measurement on the other sub-system. For bipartite pure
states, the Schmidt decomposition is an effective approach to detecting quantum entanglement
with certainty. However, for bipartite mixed states, finding a decomposition as in Eq. or
proving that none exists is a challenging problem. To address this issue, researchers have made
significant efforts to examine the separability of mixed states, leading to the development of
various operational separability criteria such as the Peres-Horodecki criterion and entanglement
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witnesses. Given the complexity of the problem and the importance of the topic in quantum
information theory, in this section, we will thoroughly study some widely used disentanglement
criteria for both mixed and pure states.

2.1 Seprability criteria for pure states: Schmidt decomposition

In quantum information theory, "Schmidt decomposition”, also known as bi-orthogonal ex-
pansion or polar expansion [5,/135-137], is a crucial tool for understanding the entanglement
properties of bipartite pure quantum states. This decomposition provides a necessary and
sufficient criterion for separability, allowing us to represent the state vector of any bipartite
quantum system in terms of a single sum rather than double sums. Moreover, it demonstrates
that any bipartite pure state can be decomposed into a superposition of orthonormal states.
Consider a bipartite quantum system AB composed of two sub-sytems, namely A and B with
dimensions d4 = dim(H,) and dp = dim(Hp), respectively, where dy < dg. Let |1 ,5) be
a pure state of a composite bipartite system AB in the product Hilbert space H, ® Hp and
let p4(pg) be the reduced density matrix of the sub-system A(B). According to Schmidt’s
theorem, there exists an orthonormal basis ’u;‘l> € H 4 for sub-system A and an orthonormal
basis ‘viA> € Hp for sub-system B, such that the state vector can be expressed as:

Y ap) = Z\/A_i\u;-“> ® [vP). (2.11)

470

Here, "n” represents the Schmidt rank of the state vector |¢,5), satisfying the inequality
n < min{da,dp}, while {\;} are positive real coefficients called Schmidt coefficients, which
satisfy the condition . ; A\; = 1. The Schmidt coeflicients form the spectrum of the reduced
states p, and pp of the sub-systems A and B, respectively, corresponding to the orthonormal
states that represent their eigenstates. Thus, the reduced density operators describing each of
the sub-systems can be written in the diagonal form as follows:

pa = Trp(|Yap) (Yasl) = TTB(Z VA ’Uf> <U}4‘ ® U7JB> <Uﬂ) (2.12)
= Z/\i‘ufl>®‘vf>,
pp = Tra(|Vag) (Vapl) = TTA(Z\/N‘)\J‘ ult) (u| @ [vf) (vF|) (2.13)

— Z)‘i |uf‘> ® ‘Uf>.
i=1

The Schmidt coefficients \; correspond to the eigenvalues of one of the reduced density matrices
p4 Or pg. Thus, p, and pp have the same non-zero eigenvalues, with the only difference being
the degeneracy of the zero eigenvalues. Therefore, the basis vectors of the Schmidt basis are
given by the eigenstates of p, and pz. An important aspect is that the Schmidt number allows
us to introduce a mathematical definition of bipartite entanglement in pure states. In this
regard, it is evident that the state |1 45) = |04) ® |x5) is expressed according to the Schmidt
decomposition (2.11]), with the Shmidt number equal to the unity, i.e., n = 1. Therfore, it is
a separable state since it is written as a direct product of two states in H 4 and Hpg. In other
words, a bipartite pure state is said to be separable or unentangled if and only if there is only
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one non-zero Schmidt coefficient \;. Moreover, the reduced density matrices (2.12)) and (2.13))
for n = 1 have only one element, and as a result, we obtain

Tr(p%) = Tr(pg) = 1. (2.14)

This implies that the reduced states are pure (see Eq.). In contrast, an entangled state,
with a Schmidt number that is strictly larger than one, has no such direct product expression,
in which case p, and pp are mixed. Moreover, a bipartite pure state is maximally entangled
if the Schmidt coefficients \; are equal and non-zero. To provide a concrete example of the
Schmidt decomposition theorem, let us consider a two-qubit state given by

91 = 5(100) — [on) — 10} + |11)), (215)

where it is defined in a 4-dimensional Hilbert space H, ® Hp with H 4 and Hp each have
two dimensions. The computational basis in this example is not a Schmidt basis for either H 4
or Hp. To determine whether this state is separable or entangled, we must compute first the
reduced density matrix p, or pp

pp = %(!0> (0] = 10) (1] = [1) O] +[1) (1) (2.16)
pp = %(_11 _11) (2.17)

This state has only one non-zero Schmidt coefficient, namely A\; = 1. Therefore, the state |))
is separable and the state (2.15]) can be rewritten as

0 = | 5 (00 = 100 & | 7= (005 - 105)] (2.15)

with the Schmidt bases chosen to be
1 1

7 (1004 =10)a),  Jor) = NG (10)5 = p),

o) = :

1 1
A B
udy = 0),+11),), V) = 0), + |1 .
‘ 2> \/§(| >A | >A) ‘ 2> \/§(| >B | >B)
Another important example defined in the same 4-dimensional space H s ®H g as in the previous
example ([2.15)) is the well-known Bell state (2.9)):

1
E

Following the same procedure as in the previous example, the reduced density matrix p, is
given as follows

611) = —= (101) = [10)). (2.19)

pa = 5 (0)O[+[1) (1)) (2.20)

N~ N~

pa = 5l (2.21)

where I is the 2-dimensional identity operator. In this particular example, we observe that
there exist two equal non-zero Schmidt coefficients, namely A\; = 1/2 and A\, = 1/2. This
indicates that the state |3,;) is maximally entangled.
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2.2 Purification

A mixed quantum state can be understood as either a statistical mixture of pure quantum
states or as part of a higher-dimensional pure state. To turn a mixed state into a pure state,
we can introduce another system, called reference system C', in such a way that the total state
becomes pure. This process is known as "purification” [5]. The resulting pure state exists in
a higher-dimensional Hilbert space and has a reduced density matrix identical to the original
state. To purify a bipartite mixed state p,5 on a Hilbert space and derive the pure state |t 45-)
such that p,pe = [V ape) (Yapel and pag = Tro(page), the first step is to diagonalize p 45 by
finding its eigenvalues and eigenvectors. Let {\1, Ao, A3, A4} and {|\1),[A\2),|A3),|A4)} be the
set of eigenvalues and eigenvectors of p,p, respectively. Next, we define a set of vectors as a
Schmidt basis, such that

1) = 2) = 3) = (2.22)

OOJOH
OO“P—‘O
o= O O
— o O O

Using this notation, we can express the pure state [ 45-) as

[Wase) = VA @ (1) + VA o) @ 12) + Vs [As) @ [3) + VA [ M) @ [4). (2.23)

We can easily verify that p,5 = Tro(pape), where C' is the reference system. The dimension
of the reference system is determined by the rank of the system. For example, if we have
two non-zero eigenvalues, we only require two bases and this is the dimension of the reference
system. It is important to note that the reference state is not unique unless the purification is
achieved by a unitary operation and the bases can be defined by any set of orthonormal states.

2.3 Separability criteria for mixed states

Schmidt’s decomposition theorem is shown to be a necessary criterion for determining whether
a given bipartite pure state is factorized or not. However, this theorem is not any further useful
for mixed states as the latter describes more complex systems than pure states. To distinguish
entangled mixed states from separable ones, we must proceed with alternative strategies for this
purpose. Therefore, the investigation of the separability criteria for mixed states has attracted
much attention and has been widely studies in a variety of physical contexts [138]|. Positive
partial transposition and entanglement witnesses are just a few of the commonly used criteria
that can be applied to this issue.

2.4 Peres-Horodecki criterion

Positive partial transposition (PPT), also known as the "Peres-Horodecki criteria”, is a neces-
sary condition for the separability in arbitrary bipartite mixed states [139,140|. This criterion
was first proposed by Peres in the context of entanglement theory in 1996 [139]. The PPT
criterion involves a straightforward algebraic calculation without any optimization procedure
since it is based on a partial transposition operation of the density matrix of a given bipartite
system. In order to apply the PPT criteria, one should consider a bipartite mixed state p,p
that acts on the Hilbert space H  ® Hp. This mixed state can be extended in an arbitrary
orthonormal product basis, resulting in the following expression:

Pap = D i Pigrr 1) (G @ [k) (] (2.24)
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In the above expression, |i) and |j) are the state vectors in the Hilbert space H4 of the first
sub-system. Likewise, |k) and |l) are the state vectors of the second sub-system acting on the
Hilbert space Hp. The partial transpose operation of a given density matrix p,z with respect
to the first (second) sub-system A(B) is given by taking the transposition only over the degrees
of freedom of sub-system A(B). This operation gives:

PiAB = (Ta®Ip) = sz > w P 1) (il @ [R) (] (2.25)

pus = (1a®Tp) = 325 S piu 1) (Gl @ 1) (K1, (2.26)

where T indicates the transposition operation and 4 (Ip) represents the identity operator of
sub-system A(B). According to the Peres-Horodecki criteria, a state p,z is separable if its
partial transposition with respect to sub-system A is a positive semi-defined density matrix,
i.e., piyy > 0. The same procedure naturally holds for p'%. Conversely, if p'/% (pi%) has at
least one non-positive eigenvalue, then p,5 is said to be entangled. Therefore, the positivity
of the partial transposition (PPT) is necessary for separability [139]. It is important to note
that this criterion is independent of the sub-system on which the partial transposition is carried

. T . - .
out. This means that pZ;BB = (pgf}g) , since the positivity of the partially transposed state only
depends on its spectrum. Moreover, any separable bipartite state, p,p, can be expressed in the

form pyp =3, pi,o(j) ® pg). Therefore, the partial transpose of p,5 with respect to sub-system
A can be written as

0\ o G i i\ 1e
Pl = 2ibi (pfﬁ) @py and piy =3, pipl ® (/ﬁ?) : (2.27)

Horodecki et al. in Ref. [140] have shown that the PPT criterion is a necessary and sufficient
condition for inseparability for low-dimensional bipartite systems such as 2 ® 2, 2 ® 3 and
3 ® 2 systems (see Figl2.1la). However, this criterion is necessary but not sufficient for higher-
dimensional systems (see Figl2.1]b). It has been established that some entangled states satisfy
the positive partial transpose condition (p%% > 0) and are entangled [141]. Such states are
referred to as bound entangled since their entanglement cannot be distilled to obtain maximally
entangled states [142]. Therefore, the PPT states set includes both non-separable and separable
states. Conversely, if a quantum state has a non-positive partial transpose (NPT), the state
is inevitably entangled. After taking partial transpose, the density matrix under consideration
must have at least one negative eigenvalue, which is known as NP'T. While a conjecture exists
for the existence of entangled bound states with negative partial transposition [143[[144], a fully
rigorous analytical proof remains an open problem [145]. To illustrate the PPT criterion, let
us consider the following two-qubit state:

Pw = (1;7‘) Iy @ Iy +7|Byq) (Bl (2.28)

where r is the purity parameter with 0 < » < 1, while /5 being the identity matrix in 2-
dimension and |3;;) denotes the maximally entangled Bell state (2.9). Indeed, this class of
states belongs to the set of well-known Werner-like states [131]. They are significant in
several applications of quantum information and computation processing since they can ensure
the separability of mixed states and have been classified as generalized maximally entangled
mixed states [131]. Besides, they are (/N x N)-dimensional bipartite quantum states that are
invariant under any local unitary transformation of the form U ® U for all unitary operators U,
satisfying: p = (U ®@ U) p(U @ U)'. In the standard basis of two-qubit {|00),]01),[10),]11)},
the state py, (2.28)) can be rewritten as
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(a) (b)

NPT, entangled
NPT, entangled

PPT, entangled

PPT, separable PPT, separable

Figure 2.1: A schematic representation of the PPT and NPT states for the Hilbert spaces 2® 2,
2® 3, and 3 ® 2 is shown in (a) and for higher dimensions Hilbert spaces in (b).

1—r 0 0 0

1 0 1+r =2r 0
Pw=31 0 —2r 147 0 |’ (2.29)

0 0 0 1-—r
with respect to the second-qubit B, the partial transposed density matrix becomes
1—r 0 0 —2r
1 0 147 O 0

i =(Ia@Tg) =~ : (2.30)

4 0 0 147 0
—2r 0 0 1—17r

By straightforward calculation, the set of eigenvalues of pYVP,B is %, %, 1%4”", %} It is
obvious that % is the lowest eigenvalue which gives a threshold value of the fraction r* = 1/3

such that

However, although this criterion is much stronger for detecting the inseparability of a given
quantum system, it requires knowledge of the density operator under scrutiny, which is not
always possible in experimental settings. An alternative method for detecting separability is
the "entanglement witness” approach, which is more effective in detecting entanglement both
theoretically and experimentally [146].

< IN

< %, Py 1s separable
1,

py 1s entangled (2.31)

,
<

W= |
|/\ Wl

2.5 Entanglement witnesses

Another useful technique for detecting entanglement in arbitrary quantum systems is the so-
called "entanglement witness"” (EW) . It provides a necessary and sufficient entanglement
criterion in terms of directly measurable observable W. This observable is a non-positive
definite Hermitian operator acting on the Hilbert space J, where Dy, (H() represents a set of
all separable quantum states in Hilbert space H. Specifically, the observable W is referred to
as an entanglement witness for a given state p if it satisfies the following conditions [6l[1401[147]

(2.32)

BEW — (W) >0 for all separable states p,,, € Dyep(H)
| (W) <0 for at least one entangled state p,,,

where (W) is the expectation value. It is given by
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(W) = Te(Wp). (2.33)

The observable W is a tool used to detect entanglement in quantum states. If the expectation
value of W is non-negative for all possible separable states and has at least one negative
eigenvalue, then the state is entangled, i.e., W # 0. This means that the observable W can
identify entangled states with high accuracy. However, it is important to note that a positive
expectation value of W does not necessarily indicate a separable state, as there are some
entangled states that can still have a positive expectation value. One key advantage of using
the entanglement witness operator W as a criterion is that it only requires the knowledge of the
expectation value of one operator, which makes it computationally efficient and less demanding
compared to other entanglement detection methods that require full knowledge of the density
operator. An example of such a witness is the Werner state expressed in Eq.. In this
case, the observable W is given by

1

0
W= D™ =510 1 o ol (2:34)

o O O =
OO = O
_ o O O

0

where |gb_> = \%(|00) + |11)) is the eigenstate corresponding to the negative eigenvalue (1_3’”)

4
of the partially transposed matrix pa’? (2.30). Then, the witness operator W is given by taking
the partially transposed projector onto this eigenvector ’¢_>. Thus, the expectation value of
W ([2.34) of the state is (W) = Tr(Wp) = (52°), which means that the state is entangled
if and only if » > 1/3. The same outcome is given using the PPT criterion (2.31)).

Moroever, entanglement witness has a clear geometrical significance. The expectation value
of an operator depends linearly on the state of the system. Therefore, the set of all states
satisfying the condition (W) = 0 is a hyperplane that divides this set into two areas [146|. The
first area with (W) < 0 is the set of states detected by the witness operator. All of these states
are detected by W and entangled. The other area contains the quantum states with (W) > 0
and includes the set of all separable states Dy, (H) as well as some entangled states. This
scheme is shown in Fig2.2] However, EW is not necessarily invariant under any local unitary
transformations, which conflicts with our idea of entanglement which term it as a non-local
characteristic of the state p.

(a)

Entangled states

Separables

states

Figure 2.2: Schematic illustration of the entanglement witness. (a): The set of all states is
divided into a convex set of separable states (Light Blue) and entangled states (Magenta). (b):
The witness operator defines a hyperplane (Blue line) for all states that satisfy (W) = 0. All
separable states (Light Blue) as well as some entangled states that are represented by beige
stars satisfy the property (W) > 0. States with negative expectation (W) < 0 are the quantum
states detected by the witness, i.e, the ones represented by yellow stars.

Entanglement witnesses are an effective method for detecting entangled states in experi-
ments. With some preliminary knowledge about the form of the states, it is possible to engi-
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neer or implement some quantum information processing protocols. There are entanglement
witnesses in terms of accessible observables that offer a direct approach to test the presence or
absence of quantum entanglement in laboratory experiments [8,9,(148,/149]. Barbieri et al in
Ref. |148] reported such an experimental realization of the entanglement witnesses. In this ex-
periment, they used parametric down-conversion and linear optics to generate two-qubit Werner
states of photons. Moreover, Bourennane et al in Ref. [149] performed the first experiment in
which a witness for multi-qubit system is utilized. They generated a four-qubit singlet state
employing the second-order parametric down-conversion emission along with post-selection, as
described in [150].

3 Entanglement measures for bipartite systems

In order to use entangled states for implementing various processes in quantum information
sciences and non-local operations, important to determine if the degree of entanglement in a
given quantum system is sufficient for a particular task. To accomplish this goal, an appropriate
measure of entanglement must first be defined. However, identifying an appropriate measure
is a complex task in quantum information theory, as several entanglement measures are not
equivalent, and this problem is more challenging than the separability problem. The question
of whether a unique measure of entanglement exists but remains unsolved. In this section,
we will study in detail some commonly used quantum entanglement quantifiers in the field of
quantum information theory, highlighting the advantages and drawbacks of each measure. This
will provide a comprehensive understanding of the different measures and aid in determining
the appropriate measure for a given situation.

3.1 Requirements for entanglement measures

When considered, a bipartite state p,5 that acts on the Hilbert space, namely, H = H 4 ® Hp
along with dim H 4 = dim Hp = d. Entanglement measures or entanglement monotones must,
by definition, quantify the degree of entanglement. An appropriate entanglement measure
E(pap) must fulfill the required properties [151},/152], which are listed below:

Positivity: An entanglement measure is a function €(p,p) that provides to each state a pos-
itive real number, &(p,5) € RT of a finite-dimensional bipartite system AB.

Normalisation: A reliable Entanglement quantifier €(p,5) remains 0 for any disentangled
state, i.e., E(pyp) = 0, and reaches its maximum value, namely €(p,5) = log,(d), for
maximally entangled states in d x d dimension such that |¥) = Ld S i) @ i)

Invariance: An entanglement measure £(p,z) should be invariant under local unitary trans-
formations U, and Up that respectively act on H 4 and Hp for any given quantum states
PAB> 1.6.7

E((Ua®@Up) pap(Ua®@Up)T)= E(pap)- (2.35)

LOCC monotonicity: Since quantum correlation are not induced via LOCC, it is reasonable
to require that €(p,z) is non-increasing under such operations. In other words, if AZ©¢C
is a positive map that LOCC can implement, i.e.,

€ ((ALOCC (PAB)) < &(pap)- (2.36)

The above condition (2.36) is commonly replaced by a different condition, namely that
E(p4p) must not exceed on average under LOCC transformations. In other words, if a
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LOCC transformation maps p,p to states p. 45 with certain probabilities p*, this means
that

kakE(PkAB)) < &(pap)- (2.37)

The latter condition is considerably robust than Eq., but various entanglement
measures also satisfy this stronger condition. According to Eq.([2.36), monotonicity under
LOCC does indeed imply invariance under local unitary operations. Therefore, the local
unitary procedures are a particular set of LOCC transformations. Thus, the previous
criterion defined remians a weaker version of this one.

Convexity: Another property that is required and satisfied by most quantum correlation mea-
sures is the concept of convexity. In particular, it is required that the entanglement
declines under the mixedness of two or more quantum systems such as

8(Zk kakAB) < Zk PkE(PkAB)- (2.38)

This inequality states that if one starts from a set p. 4 of states with probabilities p*, and
decays information regarding any single instance p: 45, meaning that the entanglement
decreases.

Continuity: For the diminishing of the distance between any two density matrix states, namely
pap and oap acting on the Hilbert space H = H 4 ® Hp, the difference between the
associated entanglement decelerate to zero.

lpap = oaBll = 0= E(pap) — E(oaB) = 0. (2.39)
Additivity: For any pair of quantum states p,z and 045, we have
E(pap ®0oap) = E(pap) + E(0aB). (2.40)

Furthermore, this property is much stronger and is not fulfilled for some entanglement
measures, or they are complicated to prove [153|. Nevertheless, it should be true that the
entanglement cannot increase if we put two quantum states together.

Sub-additivity: The quantum correlation of a tensor product of a given quantum state pair
pap and o4p cannot be larger than the total sum of the individual state entanglement
values.

E(pap ®0oan) < E(pap) + E(oan). (2.41)

However, the additivity requirement holds when p, 5 = g4p.

Weak additivity: A certain number N-identical copies of a state p,5 of a bipartite system
AB must have N times the individual subcomponent’s entanglement

E(pay) = NE&(pap)- (2.42)

Existence of a regularization: For each quantum state p,5 the limit exists, we have

E(piin)
> = i B 2.4
€%(pap) = Jim —= (2.43)
An entanglement measure E(p,p) satisfying the above-listed requirements is called a mono-
tonic entanglement. Hence, a "bona fide” entanglement measure should satisfy at least the first

three properties.
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3.2 Entanglement entropy

"Entanglement entropy” provides the most fundamental approach for quantifying the degree
of quantum entanglement in a provided pure quantum state p, 5 of a bipartite state AB [14].
In this sense, it is the only function on the family of states that fulfills certain requirements of
an entanglement measure. This quantifier is simply expressed as the von Neumann entropy in
Eq.(L.52)) of one of the sub-system’s reduced density matrices p, and pg. This gives

Es(pap) = —Tr(pylogy py) = —Tr(pglogy pp), (2.44)

where p, ) = Trp(a)(p4p) denotes the partial trace over sub-system B(A). As a trivial example
to illustrate the entanglement entropy E4(p ), consider the following pure Bell state |3,;) (2.7).
The density matrix characterizing this state |3,;) is given in the computation basis of two-qubit
as

1
pag = |Bo) (Bl = 5 (2.45)

2

o O OO
O~ =) O
O~ Rk O
o O OO

Then, p, of the first sub-system A can be written

py = % (é (1)) | (2.46)

It is evident that p4 is a diagonal matrix. Hence, the diagonal entries represent its eigenvalues.
Using Eq.({2.44)), the entanglement entropy of the state p,5 (2.45) is

1 1 1 1
Es(pap) = —3 log, (5) — §log2 (5) =log,2 = 1. (2.47)

The above example clearly shows that the entanglement entropy E5(p,p) takes its maximum
value regarding a maximal entangled states while remaining ”0” for disentangled states. How-
ever, it is easy to verify that the entanglement entropy €,(p,pz) of the second sub-system B
always takes the same value as that of the first one A. Unfortunately, this quantifier is re-
stricted to the case of bipartite pure states only, and entanglement in mixed quantum systems
require a different characterization. This is because their reduced state is generally mixed. In
the following, we introduce other metrics for quantifying the degree of entanglement for an
arbitrary biqubit mixed state of a quantum system.

3.3 Entanglement of formation

The "entanglement of formation” (EOF) concept aims to quantifying the level of resources
required to generate an entangled state. This entanglement measure is a generalization of the
entanglement entropy €,(p,p) given in Eq.(2.44), in the mixed states [14]. In this inspiration,
let us consider a two-qubit mixed state p 5 that can be decomposed into a convex combination
of pure states, such that: p 5z =Y. p; [¢;) (¢;|. For each pure state |1);) in the decomposition,
the entanglement entropy is given by &,(|¢;))(2.44). The EOF of the bipartite type mixed
state p,p is then given as the averaged entanglement entropy minimized over all the available
associated decompositions as follows

Er(pag) = {plilljbrb}zipi&s(lwﬁ), (2.48)

where the minimization in Eq.(2.48) is taken over all possible pure state decompositions of
pag- Moreover, the EOF tool turns into the von Neumann entropy of the reduced density
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statistical ensembles for pure states E5(pap) . It provides a way to quantify the amount
of entanglement present in a mixed state, which is useful in various applications of quantum
information theory. Moreover, this measure (2.48)) satisfies all the essential axioms required as
a "bona fide" entanglement measure, including normalization, convexity, non-increasing under
LOCC on average, and invariance under local unitary transformations, as well as asymptotic
continuity. However, the question of whether or not EOF is additive is still an open problem
[98,]153|. Physically speaking, EOF is interpreted as the smallest number of singlets required
to construct a copy of the state [146]. In general, the major difficulty in computing EOF lies
in the minimization process involved in the calculation (2.48). This explains why the explicit

analytical formula for EOF has only been obtained so far for some special two-qubit quantum
states [15}/154].

3.4 Concurrence

"Concurrence"” proposed by W.K. Wootters, is the most widely accepted metric of quantum
entanglement for a given two-qubit quantum state, whether pure or mixed. It is significantly
more effective than the entanglement entropy due to its simplicity [15]. This approach pro-
vides a qualitative and quantitative way to distinguish between entangled and unentangled
(factorizable) quantum states, which is essential in applications involving quantum information
processing (QIP). Indeed the degree of the entanglement based on the concurrence is bounded
between zero and a maximum value of 1. The situation reflects € = 0 occurs when the two-
qubit state is completely unentangled, whereas € = 1 means the state is maximally entangled.
For an arbitrary two-qubit pure state |1 45), its concurrence C( |1 45) ) is defined as

(2.49)

©([¥45)) = |(Wasl Pa5 )|,

where ‘@AB> = (0y ® 0y) [¢’4g) represents the spin-flipped state. While o, and [¢)%5) are,

respectively, the y-component Pauli matrix and the complex conjugate of |1 ,5) in the standard
basis. However, there exist some classes of states where the concurrence takes the simplest form.
The most basic case is that of an arbitrary two-qubit pure state, which can always be expressed
in the computational basis as

’wAB> = o ’OO> + a1 ’01> + 10 |10> + 11 |11> y (250)

where agg, g1, a0 and aq; are complex numbers fulfilling the following normalization condition

(Wl Yap) = lacl” + oo | + |l + |an* = 1. (2.51)

After some simplifications, the concurrence (2.49)) for the considered state (2.50) reduces to

C([Yap) ) = 2|agoonr — agiavgl - (2.52)

We notice that |1 ,p5) is factorizable if and only if agoar; = agragg. Therefore, in the
case of a pure state, we use the difference between agyaq; and agiaqg as a measure of the
degree of entanglement. On the other hand, Rungta et al [154-156] generalized the definition
of concurrence for higher dimension bipartite systems other than the usual two-qubit system
with the name of "I-concurrence”. In this sense, we note that the I-concurrence for a pure state
of a dy ® dp system can also be written in terms of the purity of the marginal density matrices
as follow:

C([Yan)) = \/2(1— Tx(p3)) = /2 (1 — Te(p)). (2.53)
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The definition of concurrence for pure states (2.49)) can be extended to general two-qubit mixed
states as the average concurrence of a set of pure states representing |1 ,5), which is obtained by

performing a minimization procedure over all possible decompositions of p,5 into pure states.
Such that

C(pap) = min Zipie(|¢i>AB)~ (2.54)
{pi7|¢¢>AB}

This function ([2.54) satisfies the aforementioned axioms, but it is not an additive function [146].
The minimization on all possible pure state decompositions provides a suitable measure of
entanglement. For general two-qubit quantum states p,p, the concurrence can be expressed

as [15]

C(pap) = max{0,v/A = VA2 = VA = V/A}, (2.55)
where A;(i = 1,2, 3,4) are the eigenvalues of the non-Hermitian 4x4 matrix R = /\/papPap/Pap
in descending order. The matrix p,5 = (0, ® 0,)p% (0, @ 0,)1 is the spin-flipped operator of
the state p, 5. Let us now review the concurrence C(p,z) in a particular class of X-states [157].
The term "X-states" refers to a family of two-qubit systems, whose state is formed like the
letter 7 X7, that is, p1; = p13 = Pag = p3s = 0 |157]. These states are most commonly encoun-
tered in the literature since they generalize several significant classes of mixed quantum states,
including maximally entangled Bell states as well as the maximally entangled mixed states such
as the well-known Werner states [131]. The specific choice of this type of state can be moti-
vated by their interventions in the implementation of quantum information protocols. In the
computational basis B ={]00),|01),|10),|11)}, a bipartite state of type X has the following
form

pi 0 0 py

0 ,032 paz 0 ’ (2.56)
0 pas p3z 0

pra 0 0 py

with the density matrix elements p;; of the state are constrained by the normalization
and positivity conditions which are respectively given by

Px =

Tr(px) = pi1+ Po2+ P33+ paa =1, pr1pas > |P14‘2 , and pgyp35 > |P23’2~ (2.57)
From the expression (2.55)), the concurrence C(py) of a two-qubit X-state (2.56|) leads to
Clpx) = 2max {0, Ci(px), Calpx)} . (2.58)

where
Cilpx) = |pral — V/Pazp3s and Co(px) = |pag| — VvV P11P44- (2.59)

The above formula provides a straightforward way to calculate the concurrence for any two-
qubit X-state. The well-known Werner state py, (2.28), is a concrete example of an X-shaped
state. The concurrence of this state, denoted by C(py ), can be derived from Eq.(2.58)) as

Cloy) = Qmax{(), ! _4?”}. (2.60)

Accordingly, when r > %, the state py, is said to be entangled. However, if r < %, the
entanglement vanishes and the state py, (2.28) becomes separable (factorizable), resulting in a
concurrence of zero.

On the other hand, the entanglement of formation €;(p,z) for a two-qubit system is related
to the concurrence C(p,5) by the following formula [15]

Er(pan) =£(C), (2.61)
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where € (C) : [0,1] — [0,1] is a strictly increasing function defined by

L+ /1= [€(pap)I”
2 )

€1(pap) = h (2.62)

with h () = —xlogy x — (1 — x) log, (1 — x) define the binary entropy function. Such a relation,
however, does not hold for other dimensions of quantum systems.

3.5 Relative entropy entanglement

Another metric used to quantify the degree of entanglement in a bipartite quantum state is the
"relative entropy of entanglement” or REE for short [158]. This metric involves determining
the smallest distance between the entangled state p,p and its closest separable state oap €
Diep(H). The relative entropy is considered a suitable distance function since it has been
shown to be the most physically reasonable choice among all possible distance functions for the
purpose of calculating REE [158]. A schematic representation of REE is provided in Fig2.3]
Therefore, it can be mathematically expressed as:

Elpap) = min  Slpaplloas) = min T (paplogs pap = paplogy 0an),  (2.63)
where 8(p4|loap) denotes the relative entropy (1.63)), while the minimum is carried over all
separable states o4p in Dy, (H). Furthermore, it has been shown that like EOF, &, (p4p)
satisfies also all the necessary requirements of a "bona fide" measure of quantum entanglement
but does not obey the additivity axiom [159|. It is important to note that for pure states, this
entanglement metric €,(p,p) coincides with the entanglement of formation €¢(p,z), namely
Er(pap) = Ef(pap) = Es(pap) [158,/160], whereas for generic mixed states, the following chain
of analytical inequalities holds [160L|161]

Er(pap) < gf(pAB)' (2.64)

Entangled states

P8
_

Separables
states

&P PX)

Figure 2.3: Schematic illustration of the relative entropy entanglement.

3.6 Negativity

So far, we have discussed several different entanglement metrics, each with its own set of ad-
vantages and disadvantages. However, all of these aforementioned quantifiers required some
sort of optimization procedure, making their evaluation a hard task to solve in general. The
entanglement in terms of concurrence C(p,p) (2.54) is the only exception measure but it is
restricted only to the situation of two-qubit entangled states. To introduce a computable mea-
sure of entanglement for general bipartite quantum systems with arbitrary dimensional Hilbert
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spaces, the concept of "negativity” is considered to be one of the most suitable and easiest
computable metrics [16}/162], as it does not require a complicated optimization. This quanti-
fier is proposed by Vidal and Werner [16]| as the quantitative version of the Peres-Horodecki
separability criteria [139,/140]. The entanglement negativity N(p,p) is expressed through the
adding the absolute values of the negative eigenvalues {\;} of pgj‘g (the same definition

is valid for p'?, (2.26). Generally, it reads [16]
Npa) = 2Nl (2.65)

It is worth noting that, similarly to the Peres-Horodecki criterion, the negativity N(p,p) is
also independent of the choice of sub-systems on which the partial transposition is performed.
Furthermore, the negativity can also be characterized via the trace norm (Schatten 1-norm) of
ps as follows:

N(pap) = ||p Hl ; (2.66)

where HP%B H1 =Tr ( (p?;B)T pﬁ%) stands for the trace norm of p’%, which is analogous to the

sum of all the absolute values of the negative eigenvalues of p%‘g. The negativity, as determined
in Eq.(2.65), varies from zero value, N(p,z) = 0, for completely separable states (PPT states)
to half (N(psp) = 1/2) for maximally entangled states such as Bell states. However, it is
also known that there exist entangled states p,pz for which the negativity N(p,p) fulfilling
N(psp) = 0. For our calculations process, we shall consider here a rescaled form of the
negativity function as

N(pap) =2N(pap)- (2.67)

Therefore, we will achieve the normalization condition form 0 < N(p,p) < 1. In addition, for
a two-qubit pure state this metric (2.65)) is equivalent to the concurrence , namely
N(|Yag)) =C(|Yap)) = 2|agpoa1 — apiagl, while the latter can differ from the negativity for
a mixed state p,p [163]. In general, as proven by Verstraete et al in Ref. [164], the negativity
N(pup) of a two-qubit mixed state p, 5 cannot exceed its concurrence C(p,z), and it adheres
to the following inequality

N(pag) = \/(1 — Clpap))” +1€(pap)” — (1 = Clpap)). (2.68)

According to Vidal and Werner, negativity is a monotone function for entanglement, including
convexity, despite being not additive it can be considered a "bona fide” metric to quantify the
degree of entanglement in composite systems. Similarly to the concurrence C(py,) (2.60), the
negativity of the state py, is given by using the partial transposed density matrix with
respect to the second qubit B as

1-—3r
5 )

Nipw) = \ (2.60)

It is clear that when r > % the state py, (2.28) is unseparable (entangled). However, for r < %
the entanglement betwen the two-qubit state vanishes and the state py, becomes unentangled
(separable), resulting in a negativity N(py) of zero value. This is confirmed by the
results given by the concurrence C(py,) (2.60) and the separability criteria, namely PPT (2.31))

and EW (2.34)).
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Another concrete example to illustrate these results, consider a qutrit-qubit quantum state
P3e2 Written in the standard basis {|ij), ¢ = —1,0,1 and j = 0,1} as follows

L, 0 0 0 0

P2 P2z O 0
P2z Paz 00
0 0 Py pas

0 0 pg5 pss O
0 0 0 0 pg

o O OO

(2.70)

P32 =

OOOOOS

In order to calculate the negativity of the qutrit-qubit state psg, (2.70), we require first to
derive the negative eigenvalues of the partially transposed density operator p3T§2 concerning the
first sub-system. To achieve this goal, the state pyg, is given in the computational basis as [32]

pun O 0 pyy O 0
0 pyp O 0 0 O
0 0 p33 0 O

0

Ta Pas
= 2.71
I 271)
0 0 0 0 pgp O
0 0 pis 0 0 pg
Thus, the negativity of the state pyg, (2.70) is expressed as
N(psg) = max {0, =01} + max {0, —0_}. (2.72)
where Y1 are the negative eigenvalues of the state p3T§)2 . They are given by
1 9 5
Uy = ) (P11 + paa) =\ (P11 — paa)” + 4l pasl?| (2.73)
1 2
- = B |:(p66 + p33) — \/(p66 — p33)” + 4‘,045’2} : (2.74)

3.7 Logarithmice negativity

A preferred measure based on the negativity function is the well-known "logarithmic negativity”

(LN), which is given as:

En(pap) =1ogy N(pap) +1]. (2.75)

The monotonicity of the negativity directly indicates that LN is a full entanglement mono-
tone function that remains non-increasing when more restrictive kinds of deterministic LOCC
transformations are considered. Despite being non-convex, it is additive regarding the tensor
product [165]. Although LN is remains continuous, but except asymptotically. Hence, LN
should not reduce the entropy of entanglement of all types of pure states. The fundamental
characteristic of Ex(p,p) (2.79)) is its simplest type of calculation. Using the Eq.(2.72), the
logarthimic negativity for the qutrit-qubit psg, can be written as [32]

Ex (Pyzn) = log, |2~ max {0, =V} + 1| . (2.76)

s==+
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4 FEntanglement measure for tripartite systems

Several quantum entanglement measures have been extensively discussed in the above section
can be used to determine the strength of entanglement for composite bipartite quantum sys-
tems, particularly in two-qubit states. Moreover, their exact formula was also been provided.
However, as the number of qubits in a quantum system increases, the entanglement structure of
the system becomes more complicated, making it challenging to analyze the degree of entangle-
ment using simple analytical expressions. Thus, analyzing entanglement in multi-qubit systems
is not a trivial issue, and a direct analytical expression to evaluate the inherent entanglement
degree is still lacking. For instance, a three-qubit system ABC' can have pairwise entanglements
such as A with B or C, or two qubits may share some entanglement with the third qubit. Two
commonly used measures for quantifying entanglement in multi-qubit systems are the "tangle”
and "multi-qubit negativity”. It is essential to note that other measures of entanglement can
be used, and the choice of measure may depend on the specific properties of the system under
study.

4.1 Tripartite Negativity

The average associated with bipartite entanglement quantifiers over all possible bi-partitions
of the N-qubit quantum system is the most practical and effective metric that is provided
to determine the total degree of genuine quantum entanglement in any N-qubit entangled
quantum system described by a mixed-state, namely p. In fact, for a given multi-qubit system,
the explicit analytical formula for negativity has been proven to be [166|

N/2 bzpa'rt

N (p) = =3 (g S0 NN (). (2.77)

k=1 nbzpart P=1

Here, k| N — k refers to the bi-partitions of the N-qubit quantum system, with N — k qubits in
a separate block from the k qubits. While P[k|N — k] is used to establish a combination of k

and N — k qubits specifically to construct the k|N — k bipartition. Alternatively, né’;;art is the

whole set of non-equivalent concrete bi-partitions P[k|N — k] and NFHFIN=k(p) is the negativity
corresponding to each specific bipartition of P[k|N — k]. Therefore, NPFIN=Kl(p) is given as
follows:

NPHN=H () = Z I\ (™) (2.78)

In the expressmn above, \;(p’T) stands for the non-positive eigenvalues of the partial transposed
density matrix p’7 with respect to the sub-system I of the whole density matrix p, which is
made up of the k& qubits of the given bi-partition P[k|N — k.

Similar to the case of bipartite negativity (2.63]), the quantity(2.77) is also related to the
Shatten-norm (trace norm) of p’’ via

o™ ][ - 1

NP[k|N7k} (p) —
2 )

(2.79)

where the trace norm is defined by HpTIH = Tr(y/pTrpTit). As an example, assume the case
of a three-qubit system described by the following density matrix p,5-. Hence, the negativity

NW)(p) (2.77) can be obtained as follows:

NG (pABC) = {’/NA|BC(PABC)NB|AC(PABC)NC‘AB(PABC)- (2-80)
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Let us note that for a three-qubit quantum system with permutation invariance, i.e., interchange
between their qubits, the three-qubit negativity N® (p,pc) 1) coincide to the bipartite
negativity of any included bipartition of the considered system and has the form

N(S)(pABC) = NA|BC(pABC) = NB|AC(10ABC) = NC‘AB(pABC)'

However, N (p) fulfills the same axioms as bipartite negativity . Besides, we will
adapt the same notation as in Eq., i.e., NV (p) = 2NW)(p). Moreover, a zero value of
the N-qubit negativity (N®¥)(p) = 0) signifies that the state is completely factorizable, while
it becomes nonzero, NV (p) # 0 for entangled states.

4.2 Tangle

"Tangle" is another entanglement measure in three-qubit systems, that is neither a straightfor-
ward generalization nor a direct combination of bipartite metrics [167]. It evaluates the degree
of entanglement between three sub-systems that are unable to be characterized or (and) quan-
tified by bipartite entanglement measures. In addition, when one of the sub-systems, namely
A, is entangled with the other two sub-systems joined BC', the entanglement can be understood
as bipartite entanglement between two A|BC parts. As such, it is quantified using one of the
well-known measures for determining bipartite entanglement. In this case, the tangle 7, of
three-qubit systems described by the density matrix p,p- is expressed as

To(Panc) = {r?% {62(pi|jk) - 62(pi|j) - GQ(Pi\k)} 5 (2.81)

where C(p;;;) stands for the bipartite concurrence between the two subsystems i and joined

jk. Tt is given by
e(ﬂﬂjkz) =\ 2(1 —Tr (P?))a (2-82)

with C(p; ;) (G(Pnk)) refers respectively to the pairwise concurrence between the pairs of qubits
i and j and between the qubits i and &, which is determined via equation (2.55)). Note that, the
tangle 7,(papc) does not change under permutations of the three qubits, i.e., Taopc =
Tca = Tcpa- Moreover, the tangle is considered a valid entanglement measure as it is non-
decreasing under LOCC operations. It has the unique ability to identify certain forms of
entanglement that cannot be detected using bipartite entanglement measures. The tangle is
can be traced to the concept of monogamy of entanglement [167-169|, which states that the
more entangled a system is with one sub-system, the less entangled it can be with another
sub-system. This is due to the fact that the tangle remains non-negative for entangled states
while equaling zero only when the system is separable.

5 Conclusion

Quantum entanglement has become a crucial resource for new technologies that leverage the
unusual properties of the microscopic world. It is being used to enhance the transmission of
information, facilitate quantum coding, and has a pivotal role in the design of quantum com-
puters. Despite intensive research efforts, our understanding of entanglement is still incomplete,
and many intriguing questions remain unanswered. Measuring and quantifying the non-classical
correlation is a significant challenge in the theory of quantum information, and developing new
measures to better understand this phenomenon in modern day quantum research. This chap-
ter provides an overview of the concept of quantum entanglement. We have discussed in detail
several separability criteria that are used to identify if a state is non-classically correlated or
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not. However, these criteria are not such an effective tool, neither for higher-dimensional sys-
tems nor arbitrary mixed quantum states. In this regard, we have discussed the fundamental
properties of different metrics for detecting the entanglement level that is widely used through-
out this thesis, such as the notions of concurrence and negativity. In particular, we have shown
that each metric has its own pros and cons while the issue preferably depends on the specific
properties of the system under study. However, few entangled quantum states exist which are
not detected by certain metrics, such as negativity. This indicates that only entanglement is
not the whole story of non-classical correlation that is useful for QIP, and there are other types
of quantum correlations beyond entanglement that exist. Hence, the absence of entanglement
in the quantum states does not fully imply the lack of quantum characteristics. The latter will
be further explored in the next chapter.
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CHAPTER 3

QUANTUM DICORD BASED
NON-CLASSICAL CORRELATIONS

In the previous chapter, we emphasized the crucial importance of quantum entanglement in the
development of quantum information processing. It is a specific type of correlation described by
quantum laws that cannot be expressed in the classical framework. It serves as an indispensable
resource in quantum information science (QIS) and is a core ingredient for several practical
applications of quantum information processing and information-transmitting protocols [5}6].
However, recent research has revealed that entanglement is not the only significant form of non-
classical correlation that can benefit QIS [19,20]. Surprisingly, some disnetangled states can also
perform certain quantum tasks more efficiently than their classical analogs |21,22|. Examples
of these tasks include deterministic quantum computing models with only one qubit [170] and
quantum non-locality [17], which can be performed via quantum correlations existing beyond
entanglement.

One of the major areas of research within QIS is investigating non-classical correlations
beyond entanglement. A specific focus is placed on how these correlations can be evaluated,
which has attracted significant attention and effort from the scientific community [27,/171].
The first metric used to quantify non-classical correlations is quantum discord (QD), which
attracts an impressive deal of attention [27,128]. This measure enables one to extract all the
degrees of non-classical correlations, generally even more than entanglement [23,24,29]. Unlike
entanglement, QD can exist for mixed separable quantum states [171]. This metric was first
described by Ollivier and Zurek [23] and later developed by Henderson and Vedral [24]. It is
the most extensively used quantifier of quantum correlations, and several studies have been
devoted to this class of measures [21,[27-29]. QD is determined as the difference between the
total correlations defined through mutual information and the classical correlations acquired via
performing local measurements on one of the subsystems. However, the entropic QD requires
a minimization process, which is difficult to solve in general [30-32|. Therefore, investigation
of the QD has been restricted to only some particular cases, including interacted two-qubit
systems [33H35].

To address the difficulties associated with entropic quantum discord, B. Daki¢ et al in Ref.
[36] proposed an alternative approach called geometric quantum discord (GQD). This method
uses the Hilbert-Schmidt distance (or Schatten 2-norm) to determine the smallest distance
between the quantum state under study and the set of zero-discord states [36]. The geometric
measure provided by GQD is mathematically simpler and requires a minimization process that is
less complex than the entropic quantum discord. However, it has been noted that the geometric
discord based on the Hilbert-Schmidt norm is not a faithful measure of quantum correlations,
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as it can increase even under trivial local quantum operations on the unmeasured part [172].
This is due to the Hilbert-Schmidt distance not satisfying the counteractivity property under
trace-preserving applications. Various geometric variants have been introduced in the literature,
among which the trace norm (the Bures norm or Schatten 1-norm) is the only Schatten norm
that can be used to make a geometric measure of quantum correlations [37]. However, closed
analytical formulas for trace discord have only been derived for two-qubit X states [38]. The
complex algebraic procedures required for this derivation make it evident that this metric is
challenging to compute for higher-dimensional quantum systems. Another interesting approach
to obtain a closed analytic expression of QD is to use the linear entropy instead of the von
Neumann entropy to find analytically the optimal measurements that maximize the conditional
mutual information [39,168|. The analytical computation of QD has received a lot of attention,
resulting in the development of several discord-like metrics such as the measurement-induced
disturbance (MID) [25,/40] and measurement-induced non-locality (MIN) [173].

In the first section of this chapter, we will discuss some preliminaries of classical and
quantum-correlated states. Then, we will investigate in detail the concept of entropic quantum
discord. We will provide its original definition, as well as some requirements that any measures
of quantum correlations must meet. At this step, we will derive a closed formula for some
particular quantum states. In the subsequent section, we will give the definition and closed
expression for the two geometric versions of quantum discord via the Hilbert-Schmidt norm
and the Schatten trace norm. Due to the difficulty of the calculation of the von Neumann
entropy based quantum discord, we will provide a reliable algorithm to deal with the analytical
expression of quantum correlations in terms of the linear entropy for the arbitrary qudit-qubit
system.

1 Classical and quantum correlated states

According to Oppenheim et al [27], a quantum composite bipartite quantum system ” AB” is
locally correlated if the associated density matrix is written as

cc:zijpz‘j |2) 4 <i‘®|j>3 ViE (3.1)

where {|7)} , and {|j) } 5 are the orthogonal states of the sub-systems A and B, correspondingely
while p;; denotes the associated joint probability distribution. Conversely, if the density matrix
cannot be expressed in this form, the system is said to be quantum correlated.

Take into account that each locally correlated system can be completely separable. Besides

V(600 ) ()

correlated since the states {‘¢X)>} and {}X%v} do not need to be orthogonal. Furthermore,

a pure state is quantum correlated if and only if the associated state is entangled, which means
that both notions are analogous to pure states.

Moreover, a classical-quantum state is another type of state that can be defined. Let us
consider a scenario where the state of the composite system ” AB” 1s quantum for sub-system
B but classical for sub-system A, and vice versa. In other words, if pB represents the quantum
state of sub-system B and {|i >}A specifies the orthonormal basis of A, then this type of state
is known as a classical-quantum state with respect to sub-system A, and has the following
form [174]

this, a separable state, namely p,p = > . i is not always classically

=Yl @ pl?. (3.2)

Here, d, is the dimensionality of sub—system A and Hl(- = |i) , (i| represents its projectors.
These preliminaries have been established so far for systems with a d-dimensional Hilbert space,
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which are commonly referred to as qudit (d-level quantum system), where pg) represents the
density operator for sub-system B in the i*" basis state.

Let us now focus our attention on composite systems with small dimensions. Specifically,
we will investigate a composite system ”AB” in which sub-system A is a single classical bit
and sub-system B is a single qubit. Notably, the quantum state with respect to sub-system B
reflects the density operator pg. The overall classical-quantum state of the entire system ” AB”

in this case leads to

Peg = S pillY @ ply). (3.3)

Likewise, a density matrix of a quantum-classical turn out to be

7 B
Pac = D pip(A) ® Hz(‘ g (3.4)

In summary, a given bipartite quantum system described by the density matrix p 4z is referred
to be classical if and only if it fulfills one of the following requirements. We do have

Property 1: p,p takes the implicit form of Eq.(3.1)) or Eq.(3.2)).

Property 2: The state p,z must be invariant under the action of a local von Neumann mea-
surement, i.e., projective measurements with regard to sub-system A or B.

Property 3: If a local complete von Neumann measurement is performed on sub-system A (or
B), the considered sub-system does not get entangled with an instrument of measurement
used during this operation.

Property 4: The total state p,p remains invariant with regard to a local unitary operation
with a non-degenerate spectrum of A or B.

Property 5: Given a local orthonormal basis related to sub-system A or B, then the total
state p,p is still incoherent. When an entanglement-breaking channel is invoked on one
of the investigated sub-systems, the total state remains invariant.

It should be noted that the aforementioned requirements may also be shown for multipartite
states [175].

2 Entropic quantum discord

2.1 Defintion and properties

As previously mentioned, recent research has revealed the existence of quantum correlations
beyond quantum entanglement. Historically, the first metric suggested for quantum correlations
beyond entanglement is the so-called quantum discord (QD) [23,24]. It can effectively capture
all non-classical correlations present in various quantum systems. Unlike entanglement, QD can
be non-zero for some mixed separable quantum states, meaning that the separation of states
does not necessarily imply the absence of quantum correlations [116]. In general, the concept of
quantum entanglement contains an operational interpretation meaning that separable states can
be prepared through LOCC between sub-systems, in contrast to the entangled states. However,
this does not hold for quantum discord since classical communication can result in quantum
correlations. This occurs when the reduced states of sub-systems are physically mixed and not
orthogonal, making it impossible to recover all the information locally [176]. This phenomenon
has no classical counterpart, which explains the presence of quantum correlations in separable
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states with non-zero discord. Apart from its importance as a quantifier of purely quantum
correlations, QD has become increasingly important in several fields and applications in QIP,
especially in the absence of entanglement. It can be a good resource for future quantum
technologies. Besides, it has been suggested that QD, rather than entanglement, is responsible
for the efficiency of quantum computers, which has been confirmed both theoretically [21],
and experimentally [22]. Werlang et al in Ref. [70] have shown that QD is more robust to
decoherence effects than entanglement, making it a promising resource for future quantum
technologies. This has been proved for both Markovian and non-Markovian environments by
comparing the dynamics of QD with those of concurrence. Unlike entanglement, which is
extremely sensitive to environmental impacts, discord is more resilient and can even increase
by coupling with an environment. In fact, from an experimental standpoint, this is a fascinating
resource [177,/178]. Moreover, Streltsov and Zurek demonstrated that when the measurement
device is in a non-classical state, i.e, a state that contains only quantum correlations, the
measurement outcomes cannot be perfectly communicated through classical channels [180].
Therefore, meaning that the information decay occurs even when the measuring device is not
quantum mechnaically correlated with the studied system. The information lost level remains
exactly the same as quantum discord. Ollivier and Zurek [23,24] defined QD as the difference
between the quantum variants of two classically identical expressions of mutual information.

Thus, for a general bipartite composite non-local system defined by the density matrix p,p,
QD has the form

Qp(pap) = I(pap) — IB(PaB)- (3.5)

Here, the first part on the right-hand side of Eq. stands for the quantum mutual informa-
tion, J(p4p), which is defined in Eq.. This term encompasses all total correlations present
in the quantum bipartite state p,p, regardless of their classical or quantum nature [115-118].
However, the next part in Eq.(B.5) denotes the classical correlation Jp(p,p) of the state p,p. It
captures all information that can be done via performing classical measurements on sub-system
B only. It is written as

I5(pan) = max (7 (pasl{P)) (3.6)
= mnax <S<PA) — D kS (pA|k) )
{Py}
dB(pap) = S(pa) — Suin, (3.7)
where §min = mingpy Y, PkS (pA‘k) is the minimum value of the conditional entropy. In

particular, the quantum discord can be expressed as

Qp(pap) = S (pp) — S (pap) + Sumin, (3.8)

where Qp (p4p) represents the quantum discord of the state p,p when the measurements are
performed on sub-system B. Likewise, when the measurements are made on sub-system A, then
the corresponding quantum discord is denoted by Q4 (p,5). However, throughout this thesis,
we will consider only the simple form Q(p,p) instead of Qg (pyp) since the measurements
are taken on sub-system B. The quantum discord defines the difference between the total
correlations J(p,p) and the classical correlations Jp (p4p). It also quantifies the absolute
degree of quantum correlations in a given quantum system. Similar to entanglement, quantum
discord has the following properties:

Property 1: QD is a positive function since I (p,5) > dp (p4p) and also a convex quantity.
This is the result of the convexity of the conditional entropy.
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Property 2: QD is smaller than or completely equivalent to the von Neumann entropy of the
unmeasured sub-system (sub-system A in our case). Such that

Q(pagp) <S5 (pa)- (3.9)

Property 3: For classically correlated states, Q (p,p5) vanishes. In other words, it is equal to
zero if the total system is undisturbed by a local measurement on one of the sub-systems,
in our case sub-system A.

Property 4: QD is an asymmetric quantity with respect to the exchange of subsystems A and
B, due to the non-symmetric nature of the conditional entropy function. This dependency
relies on the sub-systems on which the measurements are performed. This reads

Qp (pap) # Q4 (pap) - (3.10)

Property 5: QD reduces to the entanglement entropy of the marginal states for pure bipartite
states

Q(pap) = &s (pap) = S (pa) = S (pp) - (3.11)

Property 6: The quantity Q(p,z) is invariant by performing local unitary operations, such
that

Q(pa5) = Q((Ua © Un) pas (Ua 0 Un)'). (3.12)

Property 7: The function Q (p,p) is not-increasing under local operations on the unmesured
sub-system A. Such that

Q(pap) = O (1a @ An) pag ) (3.13)

It is important to stress that the main challenge of evaluating analytically the entropic quan-
tum discord in terms of von Neumann entropy is, in general, due to the maximization
procedure required to optimize classical correlation and, consequently, minimize condi-
tional entropy. This explains why the explicit expression of this function has only been derived
for some specific classes of two-qubit quantum systems via projective measurements (PM) such
as X-states [33-35]. The Werner states and the maximally entangled Bell states are included
in this class of states [131]. However, the optimization procedure involved in the computational
process is inaccessible for arbitrary bipartite quantum states, and a straightforward formula
to compute this quantity for given systems is still lacking. To address this issue, we present
alternative methods for computing the degree of quantum discord analytically in the following
section.

3 Analytical expressions of the entropic quantum discord

3.1 Quantum discord for X-states

In this study, we provide a brief overview of how to analytically derive the explicit expression
of QD for a two-qubit X-state (2.56|) using a particular case of the projective measurements
(PM) [181]. It is worth noting that Mazhar et al in Ref. [26] have also derived the expression
of QD for any PM measurements. To begin with, the eigenvalues of the density operator py
(2.56) are obtained as follows
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1

Al = 3 {,011 Py T \/(/)11 — pu)’ +4 ‘,014’2} ; (3.14)
1

Agq = 3 [,022 + Py \/(022 —pa3)” +4 ‘P23’2} : (3.15)

From this, the quantum mutual information is given by
4
I(px) =S (pa) + 5 (pp) + Z Ailogy A;. (3.16)
i=1

Here, the marginal states, namely p, and pg associated with py (2.56) are respectively given
as

P11 T Pao 0 )

=Tr = , 3.17

Pa B (Px) ( 0 Pss + Pas ( )
P11+ P33 0 )

=Tr = , 3.18

PB A (PX) ( 0 Doy + Pas ( )

their corresponding quantum entropies are

S (pa) = = (P11 + Paa) l0gy (P11 + Poz) — (P33 + Paa) 108y (P33 + Pus) (3.19)

S (PB) = - (Pn + P33) logy (py; + P33) - (P22 + P44) log, (P22 + /044) . (3-20)

After extracting the amount of total correlations by means of quantum mutual information
J(px), we have to deal next with the classical part J (py). For that, we consider a complete
set of orthonormal projection operators that act on sub-system B which are represented by the
following operators {II? = |By,) (B|,with k = 1,2}, namely

|B)) = cos (g) |1) + €™ sin (g) 0), (3.21)
|By) = sin (g) 1) — €% cos (g) 0, (3.22)

where |B;) and |B,) are described by the angles 6 and ¢ of the Bloch sphere (see Figll.47),
with 0 < 6 < 7/2 and 0 < ¢ < 27. After performing a local measurement on sub-system B,
the state py will change to the set {pk, p4,}. Thus, the conditional state of the state related
to this measurement {II”} when the outcome k occurs is given as

1

Px _>pXk:p_k<(IA®HkB) Px (IA®HkB)). (3.23)
After measurement, the probability py = Tr( ([A ® HkB) Px (IA ® HkB) ) corresponding to the
outcome k and the eigenvalues of p,, are respectively written as

1
p= 5 [T (=) eost (1= 201, = 2p35)] (3.24)
and
1 AV
ﬁi(ﬂA\k) = ) {1 + _k} ) (3'25)
Pk
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with the parameter v}, is defined as follows

1 2
Vi = ] [1 — 2 (pgg + paa) + (—=1)" cos 6 (1 = 2p;, — 2P44)}

+sin” (6) UPM’Q + ‘P23’2 = 2{py4] [pos] sin (20 + ¢)] , (3.26)

where ¢ is derived from cos ¢ = LLGITS) T o= Re(pmp%) , while Re(z) and Im(z) represent

lp14p23] lpygpasl
the real and imaginary parts of a }:4012r31p1ex number z. TiluS the quantum conditional entropy

(1.67) is obtained as

S (ox{TEY) = 372 o6S (pa) = p1S (pap) p1S (pap) + p1S (pap) - (3.27)

with S (pA|k) is the entropy of the state p 4, that can be expressed as a function of its eigenvalues
as follows

S (paw) = h (Dx(pap)) . (3.28)

where h (x) stands for the binary entropy. By setting the first partial derivatives of the con-
ditional entropy (3.27) with respect to 6 and ¢ to zero, allows us to minimize the conditional
entropy. Thus, we have

a5 (pABl{HkB}) oS (PABHHkB})

00 Op
The expression (3.27)) reveals that the conditional entropy is symmetric with respect to 0 = 7
When this condition occurs, the obtained conditional entropy (3.27) has one extremum value.
In this circumstance, p; = po, 1 = vy and thus § (pA|1) =9 (pA|2). Accordingly, it is only

— 0, = 0. (3.29)

required to minimize S (pA|1) or S (pA|2) when 6 = 7. We have the minimum value of S (pA 1) or
S (PA|2) derived when sin (2¢ + ¢) = —1. Taking into account that J.(p,,) > 1 in Eq.(3.28)
and h () is a decreasing quantity for x > %, hence, the minimum value of the conditional
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entropy is provided by

L /1= 2(pgs + pa)P + 4 (Ipaal + pagl)?

£ =h 5 : (3.30)

Another solution of S (px|{IIF}) 1) is given when # = 0 for an arbitrary ¢. After some

computation, one gets another extreme value

§o == Pii 1083 pii — B (p11 + ps3) - (3.31)
The above function depends only on the diagonal elements of the state py (2.56). Substituting
Eqs. (3.3043.31)) into Eq.(3.6)), one obtains the following minimum conditional entropy as

Smin = Smin(ea ()0) = min Zk ka (pA|k> = min (517 52) (332)

{7}

which is explicitly expressed as a function of 6 and ¢. Then, the explicit expression of classical
correlation for the state py (2.56]) takes the following form

d(px) = max (J1,32), (3.33)

where J; = h (py; + pge) —&,. Thus, the analytical formula of the quantum discord for two-qubit
X-state is given as

Q(px) = min (9, Qy), (3.34)
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where Q; = h (py; + pas)+ 3, \ilogy A\ +€;. For this class of local measurements, the minimiza-
tion of the conditional entropy is performed over the polar and azimuthal angles. Nevertheless,
we shall review in what follows that there exists another approach to optimize Sy, in order
to reveal the analytical formula of quantum discord Eq.. This approach is based on the
Koashi-Winter relation [182].

3.2 Koashi-Winter relation

The so-called Koashi-Winter relation (KWR) establishes the connection between QD and
EOF, which is given in Eq.(2.48). This relation allows for the optimization over conditional
entropy and, consequently, the classical correlation, to be obtained from EOF through the
KWR [182|. However, understanding this connection involves purifying the bipartite state
pap- Consider a bipartite system p,p € Ha ® Hp, such that the whole system ABE is
characterized by tripartite pure state pypp = [¥) spp (V| € Ha@Hp®@Hp, where E represents
the environment. To derive the bipartite densities, we trace out the environment sub-system
from the tripartite state p 5 and obtain p,5 = Trg(pspr) and similarly for p, 5 = Tre(papg)-
The dimension of the whole space is given by dim (Hagg) = dim (Ha) .dim (Hp) .Rank (p4p).
where "Rank (p,5)" refers to the rank of the bipartite density matrix p,z. Importantly, since
ABE is a pure tripartite density matrix, the purifying system FE consists of the universe minus
the sub-systems A and B. The distribution of the correlations of a tripartite purification is
controlled by the KWR [182]. This purification generates the quantum correlations between
system AB and the attached system FE. Koashi and Winter introduced this connection to
explain how entanglement is distributed between the two sub-systems. They showed that the
classical correlation d (p4 ) (3.6) of the bipartite state p 5 and the entanglement of formation of
its complement state p 4 are related through a significant monogamy relation. Mathematically,
KWR is provided by

Er (pap) + 3B (pap) = S (pa) - (3.35)

It is worth noting that the quantum entropy S(p ) measures how much sub-system A remains in
correlation with the external world, regardless of their classical and/or quantum nature. Based
on Eq.(3.35)), the classical correlation is then expressed as a function of EOF of its complement

PaAg as

I (Pap) =S (pa) — Er (Par) (3.36)

in which the minimum value of the conditional entropy gmin coincides with the entanglement
of formation of the state p,,. Therfore, we get

Sin = €7 (paz) (3.37)

Using the above relation will surely reduce the complexity of the optimization process over
conditional entropy. By substituting the expression of classical correlation in terms of en-
tanglement of formation Eq.(3.35) back into Eq.(3.8)), we find another closed formula of the
quantum discord for two-qubit X-states of rank two. The formula is given by

Q(pap) =S (pp) =S (pap) + €5 (Par), (3.38)

Similarly, when the local measurement is performed on the other sub-system, namely A, then
the expression of the quantum discord yields to

Q(pap) =S (pa) =S (pap) + &5 (PEE), (3.39)
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To derive the amount of quantum discord using this approach (3.38)), the density matrix py
(2.56) can be rewritten in the standard basis {|00),|11),]01),]10)} in the following form

P11 Pia 0 0

px1a Py 0 0
Px 0 0 Pas  Pas (pX)l (pX>2 ( )

0 0 pxg pg3

where (py), and (py), are, respectively, given by

o= (00 = (22 02). (3.41)

P*14  Pyy pP*23 P33

In this particular case, the eigenvalues of the density matrix py are as follows

Ma = 5T ((px),) % \/ (3T ((ex))) = det (o)) (3.42)

has = ST ((px)y) £ \/ (3 (o)) = det (px) (3.43)

with
det ((PX)1) = P11P44 — |P14|2 and  det ((pX)Z) = P22P33 — |P23|2 . (3-44)

It is obvious that for the density matrix py (2.56) having the rank-2, it is sufficient to consider
that det ((px),) and det ((px),) are both equal to zero. Therefore, the density matrix of py of
rank two has the following non-zero eigenvalues

AL = Tl"( (PX)1> = P11t Paas A3 = Tr( (pX)2> = Pag + P33 (3.45)

Through the spectral decomposition of the state py (2.56), we find

pPx =M |¢1>AB (1] + A3 |¢3>AB (V3] (3.46)

where the eigenvectors [1);) 15 and |¢)) o5 are, respectively, given by

) s = ! (P 100) + pas 111)). (3.47)

\/ |P14‘2 + |P44‘2

1

[Vs)ap = > - (P32 00) + p33]11)).
\ |pas|” + P33

Using the purification procedure (see Chapter , the following three-qubit pure state |¢) 455
is given by

(3.48)

V) app = VL [%1) ap ® 10)p + Vs V3) ap @ 1) - (3.49)

To derive the minimum of condition entropy using the Kaochi-Winter theorem, we need first
to evaluate the EOF E;(p,p) of the state p,p. After a straightforward calculation, we have

~ IL+4/1-— |€(pAE)‘2
Suin = E1(paz) = 2 ,

(3.50)
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where C(p, ) is the concurrence of the state p, 5, which is given as

C(pa )|2 . 4 (p11 + paa) (Pag + P33) (Pa1P23 — P33P44)
2 =

(3.51)

(’P41’2 + ’P44’2) (‘P23’2 + ‘P33’2)

The quantum joint entropy S(py) of the state py (2.56)) is given as
S(pyx) = A1logy A1 + Az logy As, (3.52)

and the quantum entropies S(p,) and S(pg) of the marginal states p, and pg of the state py
(2.56) are, respectively, provided by

S(pa) = Al logy N+ A3'logy Ag,  S(pp) = AV logy AU + A log, Ay, (3.53)
where the eigenvalues of p, and pg are given as follows

)‘f = P11 T P22s )\gl = P33+ Paas )\? = P11 T P33s )\:? = Pag Tt Puy- (3-54)

Therefore, the closed expression of the QD of the bipartite quantum state p (2.56) is explicitly
written as

Q(PX) = h (Pu + 022) —h (Pn + paa) +

I 1 n 1 1_ 4(p + P424) (P2 ‘Z P33) (p;npzza - P233P44) _ (3.55)
2 2 (|P41| + |paal )(’PQ3| + |p3s] )

So far, we have derived the quantum discord only for a special case of qubit-qubit states,
namely the X-type state, using two different methods. The first approach uses orthogonal pro-
jectors to reduce the complexity of the optimization process over the minimization of conditional
entropy. In the second approach, we evaluated the quantum discord using the Koashi-Winter
theorem. This method provides us with an explicit algorithm to derive the analytical expression
of the quantum discord for a two-qubit X-state of rank two, where the minimum of conditional
entropy coincides with the EOF of the complementary part. However, a reliable approach to
evaluate the quantum discord for an arbitrary bipartite quantum system is still lacking even
for general qubit-qubit states. Therfore, deriving an explicit formula for the quantum discord
remains an important challenge in QIP. To address this challenge, the following section intro-
duces a geometric alternative version of the entropic quantum discord, known as the "geometric
quantum discord”.

4 Geometric Quantum Discord

In the previous section, we discussed entropic quantum discord, which allows us to access all
the quantum correlations beyond entanglement, which may occur for mixed separable quantum
states. However, the complexity involved in calculating QD through the optimization process
leads to difficulties in operational quantum tasks [30-32]. As a result, the evaluation of QD has
been limited to certain cases, such as interacted bipartite two-qubit systems [33-35]. To avoid
these complexities, Dakié¢ et al proposed a geometric approach for QD based on the geometric
characteristics, known as "geometric quantum discord” (GQD) [36]. The latter is used as a
useful tool to probe the distance between the given system’s state and the set of zero-discord
states [36]. The derivation of this alternative measure requires a simple minimization procedure
that is analytically achievable for any bipartite quantum state [183,/184]. This is in complete
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analogy with geometric measures of entanglement that are defined in terms of distances from
the set of separable states. Using this approach, a necessary and sufficient condition for a non-
zero quantum discord has been determined, and a geometric method for quantizing quantum
discord has been provided. Suppose p,p is the density operator of the bipartite system and
(2, is the set of zero-discord states which is defined as

Qeg = 2p il @ pf. (3.56)

Here, I is the local orthogonal projector in the Hilbert space F(4, while p2 is an arbitrary
density operator in Hilbert space Hp, with 0 < p, < 1 such that ), p, = 1. Moreover,
the Hilbert-Schmidt norm (Schatten 2-norm) and the trace norm (Schatten 1-norm), are two
specific cases of the Schatten p-norm. The latter is defined for an arbitrary operator X as

1X1l,, = [Tr (XTX)Q]’I’, (3.57)

where p is a non-negative integer number. Therefore, the geometric quantum discord detects
the amount of quantum correlation present in a quantum state based on the Schatten p-norm
as the minimal distance between the quantum state under consideration p,pz and its nearest
possible classical-quantum correlated state p.,, i.e, Q(p,,) = 0. Mathematically, it can be
written as

QD(pAB,pcq)(pAB): Hélsr)l DP(ﬁAB>pcq)7 (358)

pcq cq

p
where Dy,(pap, Peg) = <HpAB - pchp> is the proper distance metric between states, while the

minimization in the Eq.(3.58) is taken over the set of all states with zero discord.

As depicted in Fig.ﬂ, the quantity D,(p4p, p.,) can be interpreted in terms of the geometry
of quantum states. Letting P denotes the set of all quantum states described by the density
operators and €2, is the subset of P containing all the nearest classical-quantum states p,, (see
Eq.(3.2)). The shortest distance between p,p and p,, is the geometric quantum discord.

P

Figure 3.1: Schematic description of the quantum discord based on a distance measurement
‘Dp(pABa pcq)'

Since Qp,(p,5.p.) (Pap) given in Eq.(3.58) depends basically on the choice of the proper
distance metric of states D, (p4p, o). Therfore, the GQD must fulfill a variety of requirements
to be considered a reliable discord-like metric of quantum correlations:

® Dy(pap; pey) should be monotonic under the action of CPTP map. Such that
D(pas: peq) = D(T(pas) Tley) ). (3.59)

® Dy(pap, pey) must not change under transposition operation, i.e.,

‘DP(pAvacq) = ®P(p£BapZJ) (360)
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Considering its striking properties, GQD is typically dependent on the choice of the distance
metrics Dy(pap, po,)- Once this latter is given, the closest quantum-classical state will be
established. For this reason, various reliable geometric discord measures through different
distance metrics have been proposed in the literature. Hereafter, we list the most widely used
metrics of geometric quantum discord, which are defined by the Hilbert-Schmidt and trace
norms.

4.1 Geometric Quantum Discord based on Hilbert-Schmidt distance

The first measure of GQD was proposed by Dakic et al [36]. Tt quantifies the degree of quan-
tum correlations in terms of the Hilbert-Schmidt (or Schatten 2-norm) distance between the
considered quantum state and zero quantum discord state. It is given by

2
.. (3.61)

QDQ(PABch)(ﬁAB) = pwmeiélcq Da(pas; pcq) = paznggcq HPAB - ch‘

where H,oAB — pchQ = \/Tr (pAB — pcq)2 denotes the Hilbert-Schmidt norm. Generally, the
calculation for this quantifier Qqp,(, AB’pcq)(p 4p) involves a quite simple minimization procedure
compared to the quantum discord based on von Neumann entropy given in Eq. [183L[185].
In what follows, we provide an analytical solution to evaluate the GQD based on the Schatten
2-norm for any given two-qubit quantum state as well as for an arbitrary qubit-qudit quantum
state.

4.1.1 For two-qubit quantum states

When the measurement is taken on the first sub-system, i.e., the qubit A, the classical-quantum
states p,, (3.2) for a two-qubit system has the following form

Peq = P1 [91) (1] @ leg + P2 [Pg) (o] ® P?a (3.62)

where the set of states {|i;),i = 1,2} denotes an orthonormal basis related to the qubit A
and p refers to as the marginal density operator of the sub-system B. While p; denotes the
probability distribution that satisfies the condition p; + po = 1. To reduce the complexity of
the calculations, we define:

t=p1— po, e = (1] i [y), S.=Tr (plp}g j:prQB) 7. (3.63)

It is easy to show that ¢ ¢ and ?Jr represent, respectively, the local Bloch vectors of the qubits
A and B. While § has a direct connection to the correlation tensor, which takes the form of
T="7¢- 3¢ , where ¢ is the transpose operation. Therefore, the zero-discord state p,, (3.62) has
a Bloch representation that is associated with the triple {t?, &Ll ?ﬂ} with H?H =1,

|92||> <1and ¢ € [~1,1]. On the other hand, a bipartite two-qubit quantum state p,, can
be written in the Fano-Bloch form using the triple {7, 7, T} as follows

1 «
Pap = 7 Zi,ﬁ:o Rago® @ o” (3.64)
1 . . ) )
= 3 (00 00’ + 30, (10’ @0 +yio’ @ o) + 37 Tyo' @ 0,]> ,  (3.65)

where R.5 = Tr(p 50°®0°). Besides, z; = Ry = Tr(p,p0'®0°) and y; = Ry; = Tr(p,50°®0%)
are the components of the local Bloch vectors. While T' = [R;;] = [T};] = Tr(papo’ @ o?) are
the components of the correlation tensor associated with p,5 and o%(07)(i,j = 1,2, 3) are the
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familiar Pauli matrices with ¢ is the identity matrix of 2-dimensions. Then, by substituting
Eq.(3.62) and Eq.(3.62)) back into the expression of GQD (3.61)), we obtain the following Hilbert-
Schmidt distance for two-qubit states between the states p,p and p,, as

HIOAB - pchi - HpABHg —2Tr (pABqu) + HpC‘I”;

= 3 (IR 1T+ 0TI (3.66)

1
—5 1+t €+ Y.+ eTs.)

1 — 2 — 12
+7 (LB IF 1T 3).

To obtain the minimal Hilbert-Schmidt distance between the considered state p,p and the
7€10- dlscord state p.,, we first need to optimize the distance HpAB quHQ over the variables ¢
and §.. The functlon involved in this optimization is convex and quadratic with respect to
its parameters ¢ and & 4. It is easy to see that this function has a unique global minimum. In
this sense, the minimum arises when the following derivative is zero

8H,0A38t— Pealls _ %< 7 +1) = (3.67)
0 AB — Feq ;

Hﬂa?f , %(_7+?+) o, (3.68)
9 HpAaB?_ Peally % (-1"¢ +3_) =0 (3.69)

The solution of the above equations (B.67H3.69) gives t = ¢, 54 = —¢ and §_ = T'¢.
Substituting these solutions into Eq (3.66) yields to

loas —pal? = S (IR T2 - 2 (T + 7T 7). (3.70)
4

which gives a minimum value when ¢ is an eigenvector of the matrix K = 2+ TT for
the greatest eigenvalue. Therefore, the analytical expression of GQD for general two-qubit

quantum states (3.61)) is given by

(lll3 + 17113 = Kas) » (3.71)

B~ =

QDQ (pABﬂpcq) <pAB> =

where z = (21,22, 3)" and K% __ is the maximum eigenvalue of the 3 x 3 matrix K. Similary,
when the measurements are made on sub-system B, then z must be replaced by y and TT" by

T'T. In this case, the expression of GQD turns out to be

(g2 + 1115 = Kpase) (3.72)

NS,

QDz(PAB»ch) <pAB) -

where y = (y1,v2,y3)" and Kb is the maximum eigenvalue of the 3 x 3 matrix K = 3 i/ +T"

max

T. For an arbitrary two-qubit quantum system, the density operator take the following form

P11 P12 P13 Pua
P21 P22 P23 Poa | (3.73)
P31 P32 P33 P34
Py Pa2 P43 Paa

PaB =
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According to the Eq.(3.64)), it is straightforward to verified that the total correlation matrix R
can be written in terms of the elements of the density matrix p, 5 Eq.(3.73) as

P11 Pog T P33+ Py Prot por + P3at pis P (Pr2— Por + P — Paz) P11~ Pazt P33 — Paa
P13+ P2g + P31t Pa2 Prat Pas+ Ps2 P G(pra— Pag T P32 — Pa)  Piz— Paa T P31 — Pao
i (P13 + Pos = P31 — Paz) T(P1at Pos — P32 — Pa1)  —Prat Paz P32 — Par (P13 — Pas — P31t Pao)
P11+ P2z = P33~ Pay Prat Po1 = P3a— Paz 1(P12 = Por — P3at Paz) P11~ Paz — P33t Pua

(3.74)
Taking these results, we find namely

lzll5 + 1715 = A1+ Ao + X, (3.75)

where A, Ay and A3 are the eigenvalues of the matrix K* These results conduct us to a
straightforward expression of GQD in terms of the eigenvalues of the matrix K*. It is provided
by

I .
QDQ(pABﬂocq)(pAB) = Z min {)\1 + )\2, /\2 —+ )\37 )\1 + )\3} . (376)

It should be highlighted that Qﬂ)z(pAB,pcq)(PAB) is not normalized to the unity and that its
maximum value reflects Qp,(,,,,..)(Pap) = 1/2 occurs when the two-qubit state is maxi-
mally entangled. Therefore, in the forthcoming numerical simulations, we shall use the term
299, (pap.peg) (Pap) s a proper measure for a comparison with other quantum correlation quan-
tifiers. The GQD based on Hilbert-Shmidt distance for qubit-qubit X state py (2.56), after
straithforward claculations reduces to:

L .
Ds(pappeq) (Px) = 7 o (k1 + ko, ko + k3, ko + ka} (3.77)

where ky = 4 (‘P23’2 - ‘P14‘2) ko =4 (‘023’2 + ‘P14’2) and k3 = 2 ((Pn - 033)2 + (Pg2 — P44)2)-
Generally, the geometric quantum discord is connected to the entropic quantum discord (3.8)
and the negativity for arbitrary bipartite two-qubit quantum systems via the following
inequalities [33}/186]:

2QDz(pAB,pcq)(pAB) 2 Q,%l(pAB) and 2QDz(pAB,pcq)(pAB) = N2(pAB)' (3.78)

4.1.2 For qubit-qudit quantum states

Recent studies have revealed that hybrid bipartite quantum systems, such as qubit-qudit or
qudit-qubit and multi-qubit system studies, provide useful properties for retaining and preserv-
ing quantum correlations over longer periods when compared to the usual two-qubit quantum
states. Therefore, we can conclude that increasing the size of quantum systems can be advanta-
geous and superior for future quantum technologies and quantum protocols based on quantum
correlations. In this respect, the definition of GQD for any two-qubit states Eq.(3.71) can be
generalized for general bipartite quantum systems [183,[184]. However, an exact formula of this
quantifier has been established for given bipartite systems of dimensions m®n [183}[184]. Since
our discussion is restricted only to qubit-qudit states, we shall focus on the GQD for the case of
2 ® d states with the measurements taken on the qubit sub-systems [187,188|. This method is
also applied for multi-qubit states with the assumption that d = 2V~ [187]. Consider a hybrid
density matrix p,p acting on the bipartite system H, ® H,, with dimH, = 2 and dimH, = d.
This density matrix can be written in the Fano-Bloch form as

]_ d2_ o
Pap — 2% 22:0 25:01 Ropo® ® 76 (3.79)
1 { c®°®~°+ Z?:l zi0t @40 + Zj:ll Y0’ @~
A 7 d2— i . 9
2d + 23:1 Zj:ll Tijo' @+
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where 7% and o' are, respectively, the traceless Hermitian generators of SU(d) and SU(2),
verifying the orthogonality relation Tr (6'0?) = Tr (y'47) = 20,5, with d;; being the Kronecker
symbol. It should be noted that the local Bloch vectors (resp, the correlation tensor) are
(3 x1)-((d*—1) x 1) (resp, (3 x (d*> —1))-dimension. They are given through the equations z;
= Rip = Tr (papo’ ®7°), yi = Roi = Tr (papo’ ®9") and T = [Ry] = [Tj;] = Tr (papo’ @)
with 7? is the d-dimension identity matrix. As in the case of two-qubit states, the geometric
quantum discord based on the Hilbert-Schmidt distance of the qubit-qudit state (3.79)) is given
by

1 d .
Do (0a) = g (013 + 5 1718 ~ K ). (3.81)

where 2 = (21, 29, 23)" and K%, _is the maximum eigenvalue of the 3 x 3 matrix K = 2/ 2" +
%TTt. It should be emphasized that the analytical expression of the GQD for arbitrary
qudit-qubit (d ® 2) quantum systems can also be obtained in the condition that the local
measurements are taken on part B which means the qubit.

In order to illustrate the results concerning the analytical formula of the GQD for qubit-
qudit systems, let us consider a qubit-qutrit (2 ® 3) density matrix given in the standard basis

{|Z’]> ’ L= 071 andj: _1a071} as ’53I

P11 0 0 0 0 0
0 o 0 ppy O 0
0 0 p35 O 0 0
Paxs 0 P24 0 Paa 0 0 ( )
0 0 0 0 P55 0
0 0 0 0 0 Pé.6

To compute the GQD for the qubit-qutrit state (3.82), one needs first to rewrite the above
density matrix py, 5 (3.82) in the Fano-Bloch representation as follows

1 : o
Prxs = & a0 Lupmo Rapo® ® f7 (3.83)

1 ( 00®f0+25’:1xi0i®fo+Z?:1yj00®fj >

Z : : ; 3.84
+Zf:1 Z]S'ZI Tijo' ® ! (3:84)

6

where f7 refers to the generators of SU(3) group which can be characterized via the well-known
Gell-Mann matrices. The non-vanishing elements of the total correlation tensor R,z of the state
under consideration p,, 5 (3.82)) are provided by

Roy = Tr (ﬂ2x3) =1, Rpz= P11~ P22t Paa— Pss (3.85)

Riy = Ryp=2pyy, Rso=pi1+poot P33 = Paa— Pss— P (3.86)

Rss = p11— P22 — 2P44+ P55 (3.87)
1

Rogs = 7 (01,1 + o0 — 2033+ Paat P55 — 2p6,6) ; (3.88)
1

Rss = % (01,1 + Poo — 203,3 — Paa— P55+ 2p6,6) . (3.89)

Therefore, the exact expression of GQD described by Eq.(3.81)), is given for the qubit—qutrit
under discussion (3.82) by

1/1 1
QD2(PABvch)<p2><3) = B (gRgo + B} (2331 + Rgs + Rgs)) —max {k1, ka, ks}, (3.90)
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where

k‘l - (ZR% - 2R11) 5 ]{32 - (2R?1 + 2R11> 5 (391)

00| =
o

Ry = 13 (2R50 + 3(Ry + Riy)) - (3.92)

However, it has been recently pointed out that despite the easiness of computing this ge-
ometric quantifier, this metric suffers from a problem caused by the characteristics of the
Hilbert-Schmidt norm. The fact is that this norm can increase even under trivial local re-
versible operations performed on the unmeasured part, resulting in a bias due to the purity of
the global state. It can also be non-contractive under trace-preserving maps [172]. All these
facts make this norm and, consequently, this measure unsuitable as a good estimator of quantum
correlations. In spite of this drawback, the GQD can yet be considered a suitable indicator for
evaluating the quantum correlations in some specific situations. For instance, it can be safely
used to examine the degree of quantum correlations between a given quantum system and its
environment in open quantum evolutions since these evolutions are globally unitary and do not
affect the purity of the state. In this inspiration, we have studied in Ref. [53]| the dynamics
of the GQD of the qubit-qutrit system under both Markovian and non-Markovian noise
channels. In this study we have found that this metric behaves similarly to the other mentioned
metric of non-classical correlations. However, in order to obtain a proper geometric quantifier
of quantum correlations, it is necessary to consider contractible norms. Among these norms is
the so-called Schatten 1-norm or trace norm. This norm obeys the contractivity property and
is invariant under unitary transformations.

4.2 Geometric quantum discord based on trace-norm

The so-called "trace distance discord” or TDD is another quantifier of the GQD. Tt is a well-
defined geometric metric of quantum discord-like measures. TDD is employed to evaluate the
degree of quantumness correlations via the Schatten 1-norm (or trace norm) between a given

state p,p and its nearest classical-quantum state p,, belonging to the set (¢, of zero discord.
By using Eq.(3.58)) for p = 1, the GQD reduces to [37,38|

1 apeg) (Pap) = it Di(pap, pe,) = min 1045 = Pegl, - (3.93)
cq cq

pcq cq

Here, the term HpAB — pchl = \/Tr (pAB — ch) T Tr (pAB — ch) denotes the trace norm. The

analytical expression of the TDD has been accomplished only for generic two-qubit X
states, and to date, no analytical results have been derived for arbitrary quantum states even
for general two-qubit quantum states. According to the results given by Ciccarello et al in
Ref. |38], the compact expression of the TDD measure for the density matrix py is
written as

Qs (py) = R% max {R§37 332 + R%o} - R%2 min {R§3, R%l} (3.94)
HPappeg) VX max {R§37 R§2 + Rgo} — min {Rgsa R%1} + R% - R%2’ '

where R,z in Eq.(3.94) are the non-vanishing Fano-Bloch components of the density matrix
px (2.56]), which are explicitly given as follows

Roo = Trpx =1, Rez=1-— 2(P22 + P44)> Ry =2 (|023’ + ‘P14|) ) (3.95a)
Ry = 2 (|p23\ - ‘014‘) , Riz=1-2 (022 + P33) ) (3-95b)
Ryo = 2(pn+pp) — 1. (3.95¢)
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Despite many efforts made by the scientific community, a closed formula of QD based on von
Neumann entropy is still not established, even for the simple case of generic qubit-qubit
states. Recently, the optimization protocol has been proven for obtaining an analytical expres-
sion of the QD is achievable by using the linear entropy instead of von Neumann entropy. This
provides a reliable algorithm to deal with the analytical expression of non-classical correlations
in terms of linear entropy for arbitrary qudit-qubit systems. This approach will be the aim of
the following section.

5 Linear entropy-based quantum discord

As it was already mentioned in the preceding part, we consider here the non-classical corre-
lation through QD in a general qudit—qubit (d ® 2) state by applying the formalism of linear
entropy [32,[39,/54]. This approach is used to deal with the difficulty of optimizing the classical
correlations (see Eq.) experienced when the von Neumann entropy is used to evaluate the
quantum discord (see Sec.. Moreover, it has been established that the linear entropy-based
quantum discord (LEQD) has a close connection with the original definition of quantum discord
Eq. in which the average deviation is of the order of 10™* [39]. To derive a close expression
of LEQD, one needs to use the expression of the linear entropy Sa(p). It is provided for a
quantum state p by

Sa(p) =2[1—"Tr (p*)]. (3.96)

In terms of the above expression ([3.96)), the classical correlation (3.6)) is defined for a bipartite
state as follows

d2p(pap) = max (SQ(pA) — 2k PiS2 (papr) ) (3.97)

This arises from Eq.(3.6) when linear entropy is considered instead of von Neumann entropy.
In the Bloch representation, an arbitrary qudit state can be characterized as

1
pa=latr-v], (3.98)

where I, is the d-dimension identity matrix and the term r stands for a (d* — 1)-dimensional real
vector. While v = (fyl, Yoy« e ,’ydz_l)T represents the vector whose components can generate
SU(d) with T being the transpose of the system. These remain orthogonal to the Hilbert-
Schmidt inner product. Hence, the linear entropy of the qudit state (3.98)), defined in terms of
the Bloch vector r is provided by

1
Sy(py) = = (2d* — 2d — 4r|?) . (3.99)

A qudit-qubit (d ® 2) two-qubit quantum state p,p can be represented as follows |168]

pap =A@ Ip(Jvgp) (vegl), (3.100)

where [p represents the identity matrix acting on the sub-system B and |vgy z) denotes the
two-qubit symmetric purification of the marginal state pg of the sub-system B on an auxiliary
qubit state B'. We note that the two-qubit symmetric purification signifies that both reduced
density operators are equal, that is, vy = vp = pg. While A reflects a qudit channel or a CPTP
map, that maps the qubit state B’ to the qudit state A. The procedure of acting on a qudit
channel A with a single-qubit state p = [I; + rp-o] /2, where rp remains for a 3-directional
vector, |r| < 1 and o refers to the Pauli operator vectors and has the form
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Alp) = é o+ (L +1) ] (3.101)

Here, 1 in Eq.(3.101) denotes a three-dimensional vector, while L refers to a real matrix of
dimension 3 x (d*> — 1) whose components are given by

L=[L;] = Zl ST T (A (0) - 47) (3.102)

To write [vg p) = 32,1 5 Vi |1;) [1;), one must use the spectral decomposition of the reduced
density operator pg, such that: pp =>"._,, A\i|¢;) (¢;]. The possible decomposition of the state
pp into pure states is expressed in this Pauli basis in terms of all possible sets of probabilities
{pi} and unit vectors {r;} for which rg = ). p;,r;. The action of the qudit map A on the state
of sub-system B yields

L [q+ (Lrg +1) v]. (3.103)

1
s la+rpa]  A:qubit-qudit  A(pg) = .

PBZQ[

Thus, by using Eq.(3.99)), the corresponding linear entropy is written as

Sa(A (pg)) = % (2d2 —9d —4(Lrg +1)7 (Lrg + 1)) . (3.104)

In the same way, we found that the linear entropies of the action of the qudit channel A on the
pure states [¢;), with i = 1,2 are given by

Sa(A (1)) = = (2d2—2d 4 (Lr)” (LriD)) (3.105)

Using the above results, it is simple to see that the marginal density operator of the first sub-
system p, is equal to the action of the qudit channel on the marginal density operator of the
qubit state pg, i.e., py = A(pg). Such that

pa = Trp(pap) =Trp (A Ip (lvyp) (Ve pl) (3.106)
= Tra (0, VANA (10 (5]) @ (1) (v,1))
= (el (g VARA (102 (85]) @ (1) ()]) ) 1)
= 3 VAN ([,) (5]) o 1) (5 9y)

ki Sk

= 2 Ab (1) (Wil) = Alpp) - (3.107)

However, Osborne et al. have shown that the classical correlation in terms of the linear entropy
coincides with the linear Holevo capacity for the qubit channels x,(pg, A) [168]. It is defined
as follows

Bo(pan) = max (So(A (o) = TimSa (A (i) () ). (3.108)

where the maximization in Eq.(3.108) is carried out on all pure-state decompositions of the
qubit state pg. By substituting Eq.(3.104) and Eq.(3.105)) back into Eq.(3.108]), we get

4
82B<pAB):${ lax>}(p1 I +1[* + o [[ Lo +1[J — |[Lrp+1]). (3.109)
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By inserting the term r; = rp + X;, where X; = (X7, X/, X7), one can straightforwardly verify
that the calculation of the expression Jop(pap) (3.109) reduces to defining the set {p;, X;}
subject to the constraints, namely > . p;X; = 1 and |rg + X;|| = 1. In these circumstances,

Eq.(3.109) yields to

4
Jog(pag) = = max (ZipiXiTLTLXi). (3.110)

{pi,X:}

without incurring in any loss. Let us suppose that the matrix L7L is diagonal, i.e. LTL =
diag{\", \Y, \*}, with its diagonal components satisfying \* > A\ > A°. The conditions
|lre + X;|| = 1 lead to the identities

(X7)? = 1= [rsl* — 2rp X — (XP)° — (X7)%. (3.111)
By substituting the above quantity back into Eq.(3.110)), we get

Banpam) = 5 |V (L= Irall®) + gmax S5, pi((V = 09 (X2)° + (= X (X)) | (3.112)

Since A” > AY > X*, the second part of the Eq.(3.112) is less than or equal to zero. It is clearly
maximized by setting X! = X7 = 0 for all values of i. As Sy(pg) = 1 — ||rs||*, we get therefore
the following analytical expression of the classical correlation in terms of the linear entropy for
given hybrid qudit-qubit (d ® 2) quantum states

4
82B(pAB) = ﬁ/\max (LTL) SQ(pB)v (3113)

where Apax (LTL) is the greatest eigenvalue of L”L matrix. It results that the determination
of the expression Jop(pap) and consequently the linear entropy-based quantum discord
requires only the calculation of the matrix L. To do this, we shall provide an overview of how to
determine this matrix for common two-qubit states |189] and arbitrary qudit-qubit states [32].

5.1 Analytical expression of linear quantum discord for arbitrary two-
qubit states

A generic two-qubit state characterized via the density matrix p,p can be rewritten in the
standard basis of two-qubit states as

1 N
PaB = Zm‘:o By @ i) (4] 4 (3.114)
where the term f3,; is the 2 x 2 matrix whose components are given by
P11 P13 P21 Po3
= ) = , 3.115
Foo (p31 /)33) Bor (/)41 /)43> ( )
P12 P14 P22 P24
= ) = . 3.116
Fro (P32 034) P (P42 /)44> ( )

The pure state reduced density operator pg can also be reconstructed in this basis as |¢;) =
(ao al)T and [1,) = (bo bl)T, where a; and b; are real coefficients. The symmetric two-qubit

purification |vy 5) of the qubit state pp on an auxiliary qubit system B’ leads to the following

state o o
AA AB AB AC

BA BB BB BC
Pp's = vgp) (Vg gl = BA BB BB BC |-
CA CB CB CC

(3.117)



where

A=V ad+ Vb B=agar + Vabobr,  C = /Aa? + /bl (3.118)

Thus, the elements of the density matrix pg 5 (3.117) can be described through the components
B,; of the density operator p,p (3.114) as follows

Boo = AAA(|0) (0) + ABA(|0) (1]) + BAA (1) (O)) + BBA(|1) (1), (3.119)
B = BAA(|0)(0]) + BBA(|0) (1]) + CAA(|1) (0) + CBA(|1) (1)),  (3.120)
B = ABA(|0)(0]) + ACA(|0) (1]) + BBA (]1) (0]) + BCA (1) (1)), (3.121)
By, = BBA(|0)(0]) + BCA (|0 (1]) + CBA (|1) (0]) + CCA (1) (1]). (3.122)

The elements of the matrix L (3.102) for two-qubit states can be determined by solving

Eqs.(3.11943.122)) This allows us to get the quantities A (|é) (j|), from which we derive the
components L;; (3.102)) in terms of the elements of the density matrix p 5. To illustrate these
results, we consider the following rank-2 two-qubit Bell-diagonal states [190]

1
PBELL — 1 (I2x2 + Zz Cio; & Gi) , (3.123)

where the reals correlation coefficients ¢; fulfill the requirement 0 < |¢;| < 1. In the computa-
tional basis, the density matrix p (3.123)) takes the matrix form

1—|—Cg 0 0 C1 — C2
1 0 1—63 c1 + ¢ 0

PBELL = 0 ety 1—c 0 (3.124)
C1 — Co 0 0 1+ C3
In this case, we find that the matrices (3;; reduce to
B 1 (1+4+c¢s 0 . 1 0 Cc1 + Co
. 1 0 C1 — C2 . 1 1-— C3 0
o = 4 <C1 + ¢ 0 ) 0 Pn= 4 0 L+e3)’ (3.126)

by solving Eqs.(3.11943.122)), the qubit channel A (]7) (j|) is provided as

A([0) (0]) = 2849, A(|0) (1]) =280y, A([1)(0]) =28y,  A([1) (1]) = 28
After straightforward calculation, we find that the 3 x 3-matrix L (3.102)) for two-qubit Bell
states ppprr (3.124) has the following form

L=2(0 ¢ 0]. (3.127)

Therfore, the linear entropy based classical correlation for the state pgpy; (3.124)) is

Jo(ppprr) = max{ci, &3, 3} 9:(pp), (3.128)

with the linear entropy of the state pg is Sa(pg) = 1.
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5.2 Von Neumann entropy-based quantum discord for rank-2 two-
qubit states

Motivated by the above findings, it is possible to derive another analytical formula of the
von Neumann entropy-based quantum discord from Jop(pag) for arbitrary rank-2 two-
qubit quantum states. To accomplish this, we have to establish first the connection between
the entanglement of formation €;(p,p) (2.48), the concurrence C(p,p) (2.54), tangle 7,4(p)
(2.81)), the linear entropy-based classical correlations Jap(pap) and the von Neumann
entropy-based classical correlations Jp(psp) (B.6). The tangle 74(p,p) of bipartite quantum
states is defined as the minimum across all possible pure-state decompositions {p;, |¢;) } of the

state pag = >, Ai |¥;) (¥;]. This gives [191]

To(Pap) = min 3% piSa(pp), (3.129)

where p = Tra (|;) (p;]). The concurrence of a quantum state p, is related to its tangle
T4(pap) through the inequality C?(p,p) < 74(p4ap), which holds for arbitrary quantum states
due to the convexity of the concurrence. However, the equality only holds for the case of two-
qubit states, where the tangle is equal to the square of the concurrence [191]. For pure two-
qubit states 1) , 5, the entanglement of formation €¢(|¢) ,5) and the concurrence C( [¢)) ,5 ) are
determined via E¢(|¢) 45) = S(pa) and C([¢) 45) = /2(1 — Tr (p%)), respectively. However,
for mixed two-qubit states p,p, they are extended by the convex-roof construction, namely

Er(pap) = ming, jpy > pi€s([¥;) and €(pap) = ming, jy), 1 > PiC([¥;) 45 ), where the
minimum is achieved over all possible pure state decompositions of p,5. Moreover, we have

emphasized the connection between the concurrence and the EOF in Eqs.(2.61}2.62).

Given a rank-2 two-qubit quantum state p , 5 with spectral decomposition p 5 = A1 |¢;) (1 ]+
A2 [1hy) (15|, where A; and [¢);) are the eigenvalues and eigenvectors of p,p5 (with j = 1,2) and
>;A; = 1. By attaching a third qubit system E, the purified tripartite qubit state can be

expressed as [¢) 150 = VAL Y1) [0) + VA2 [¥,) (1], satistying pap = Trp ([¢) 455 (). In such
a case, we use the Koashi-Winter relation to establish a connection between the von Neumann

entropy-based quantum discord and the entanglement of formation (3.38). Therefore, we obtain
the following monogamy relation [168|

To(Pag) + 328(Pap) = Sa(pa)- (3.130)

Since p4p is a two-qubit state, then we get 7,(p45) = C*(pap). Moreover, it is easy to see that

S(pa) = Ex(10) ) = £ (€ (10)aipw)) = £ (S2(p0)) (3.131)

with
Er(pap) = f (GQ(pAE)) = f(S2(pa) — d2B(pag)) (3.132)

where f(z) = h (H— V21_36> . By substituting Eq.(3.131) and Eq.(3.132) back into Eq.(3.35) we
get

dB(pap) = S(pa) — [ (S2(pa) — d2(pap)) - (3.133)

Therefore, the von Neumann entropy-based quantum discord for given rank-2 two-qubit quan-
tum states are given by

Qp(pag) = S(pp) — S(pap) + f (S2(pa) — 2B(pas)) - (3.134)

The above formula provides a direct algorithm to evaluate the von Neumann entropy-based
quantum discord for arbitrary rank-2 two-qubit quantum states. It is important to emphasize
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that, in contrast to the expression , one can directly evaluate the QD for rank-2 two-
qubit quantum system state p,z. For instance, let us consider the rank-2 two-qubit Bell states
(3.123). By calculation, we obtain S(p4) = S(pp) = 1 and Sa(p4) = 1. Then, the von Neumann
entropy-based classical correlation for the state is given by

1— 1+
dB(PpELL) = 1—f(1—02) =3 010g2 (1—c)+ <

log, (14 ¢). (3.135)

with ¢ = max{cy, ¢z, ¢c3}. Thus, the von Neuman entropy-based quantum discord of the state
(13.123)) is provided by

1—c¢ 1+¢
log, (1 —¢) +

Ap(ppprr) =2 — 22, Ailogy Ai — ( log, (1 + c)) : (3.136)

where \; are the eigenvalues of the state pgp;; (3.123). They are given by
)\1 =

(1 —C1 — Cy — 03) s )\2 = (1 + 1+ co— Cg) , (3137)

N e
N e SN

)\3 = (1—|—Cl—62+63), )\4: (1—61+CQ+03). (3138)
5.3 Analytical expression of linear quantum discord for arbitrary

qudit-qubit states

The computation regarding the components of L matrix was assumed for given two-qubit
quantum states. Now we adopt an approach to derive such components for an arbitrary d ® 2
quantum system. This method focuses mainly on the writing of the density matrix under
consideration p,p5 as well as the matrix L in the Fano-Bloch representation and computing all
the elements of these total correlation tensors [32,54]. To do this, we need first to write the
d ® 2 density matrix p,p in the Fano-Bloch representation as

1 2 N
PaB = 2% Zi:ol Zzzo Ropgy™ ® Oﬂa (3.139)

where the coefficients R,3 = %Tr (pABvo‘ ® 06) denotes the elements of the total correlation

tensor associated with the qudit-qubit state p,5(3.139). From the state p,5 (3.139), the
reduced density operator pgp can be expressed in terms of Fano-Bloch parameters R,z as

1
pp =Tra(pap) = B Zz:o RO,BU'B- (3.140)

Correspondingly, using the above expression (3.140)), the state pg 5 in (3.100) can be reformu-
lated as {
3

Pp'g = Vg g) (Vg gl = 1 Zaﬂ:o Topo® ® 06, (3.141)

where T, 3 represents the elements of the total correlation tensor associated with the state py 5

(3.141)). They provide as

Jap =Tr (pB/Baa ® 05) . (3.142)
Moreover, the qudit channel A can also be rewritten as follows
2_
A(o?) = Zi:o g:o1 Los?’, (3.143)
where
Los =Tr (A(0%) 7). (3.144)
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Thus, by employing the state in Eq.(3.141)) and Eq.(3.143)), we obtain
1

d2—
A@ I (v p) (v pl) = 1 5:01 22:0 (LTT)&; Y’ @’ (3.145)
Therfore, from the definition (3.100]), it is straightforward to check that
1 1
—Rap =~ (L77) . 14
QdRocﬁ 4 ( )aﬁ (3 6)
It follows that the matrix £ describes by (3.144)) writes as
2 -1
L==(T")" " R"
2 (7)

where R, T and £ are the matrices whose components are, respectively, R,3, To5 and L,5. In
this regard, the matrix L defined through Eq. is a key ingredient to assess the classical
correlation and consequently the quantum discord for a general bipartite hybrid qudit-
qubit state. It is provided by

L=) ) L (3.147)

It is clear that with the matrix L one can simply compute the classical correlation (3.113).
Hence, the closed equation of the linear entropy based quantum discord is obtained for any
d ® 2 system as

Q(pap) = Ipag) — d28(pap)- (3.148)

where J(p ) stands for the quantum mutual information described by Eq.(1.64). As a concrete
example to illustrate these results, consider a qutrit-qubit quantum state pyg, in ([2.70). In order
to calculate the linear entropy-based quantum discord in the qutrit-qubit state psg, (2.70), one
needs first to compute both the correlation matrix components R,z of the state pyp (see
Eq. and the correlation matrix elements T, of the state py 5 (see Eq.. Hence, the
matrix psq, can be rewritten in the Fano-Bloch form as follows

I s 3 a
P3g2 = 6 Za:o Zg:o Ropf® ® 067 (3.149)
where f® refers to the generators of SU(3) group which can be characterized via the well-
known Gell-Mann matrices. Generally, for an arbitrary qutrit-qubit quantum state, the total
correlation matrix R = [R,s] can be expressed in terms of the components of the density matrix

Pap a8

Pt Payt P33 Pas  Pss + Pes P12+921+/131+P13+PC+P05 i(Plzf Pa1 + P31 = Paz + Psc — Pes) P11~ P22t P33 — Paa Tt Pss — Pes
é(ﬁls"’/’zi + P31 +/’12> ; (%’11 + pas +/’;2+P11) 51‘(/)14 — Paz + Pz = pn) ;(/)15 Pog + P31 — /)12)
537 (/’U + P — P31 — Pi2) 23 (/’11 + Paz — P32 — /711> 151(‘_/714 + pag + P32 — /’41) ’37 (/’13 Pag — P31+ /}12)
b (P11 + o2 = P33 = Pas) B (P12 + Par = Paa — Pa3) 3t (P12 = Par = P3a + pa3) B (P11 = Pag = P33 + pas)
R= g (P15 + Pas + P51+ Pe2) &2 (P16 + Pos + Psa + Pg1) _757' (P16 — Pas + P32 — Per) g (P15 — Pag + P51~ Pe2)
ot (P15 + Pas — P51~ Pe2) b (P16 + Pos — P52 — Pe1) }3 (=p16 + Pos + P52 — Pe1) ot i (P15 — P26 — Ps1 + Ps2)
% (P35 + Pas + P33+ Poa) % (P36 1 Pas + Psa + Ps3) %7 (P36 = Pas + P54 — Pe3) % (P35 = Pag + P53 — Poa)
50 (P35 + pag — Pss — Pea) . 51 (P36 + Pas — Pra — Pe3) . 5 (=pss + Pas + Psa — Pes) 30 (P35 — pas — Pss + Pea)
%[ (P11 + Paa + P33+ Pas — 2p55 — 2066) 2:5/5 (Plz + a1+ Psa F Pag — 2056 — 2p65) ﬁ‘ (P12 = Po1 + P31 — Paz — 2056 + 2065) T‘f (/)u Paa P33 — Pas — 2055 + 205)

(3.150)
where p;; are the elements of the density matrix p,p of an arbitrary qutrit-qubit quantum state.
This density matrix p, 5 is given in the computational basis of qutrit-qubit as

P11 P12 P13 Pia Pis Pis
P21 P22 P23 P2 P25 P
P31 P32 P33 P3a P35 P3s ' (3.151)
Pa1 Pa2 P43 Paa Pas Pas
P51 Ps2 P53 Pas Pss Pse
P61 Pe2 P63 Pes Pes  Pes

PAB =
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Thus, the non-zero elements of the total correlation tensor R,z (3.150) for the state under
scrutiny psgo (2.70) are provided by

ROO =Tr (,03®2) = 1, R11 = R22 = 3p23, R61 = R72 = 3p45, (3152)
Roz = p11 — Paz + P33 — Paa + P55 — Pes: (3.153)
3
R3p = B (P11 + P22 — P33 — Paal (3.154)
3
R33 = 5 (P11 = P22 — P33 + Paal (3.155)
V3
Rgo = T3 (P11 + oo + P33 + Pag — 2055 — 2P66) (3.156)
V3
Rg3 = 5 (P11 — Paz + P33 — Pag — 2P55 + 2p66) - (3.157)

Using the expression (3.140)), the reduced density operator pp of the state psg, (2.70) is given

by
2 0 Ry — Roz )~

Then, using an auxiliary system B’, the symmetric two-qubit purification of the reduced density
operator pg (3.158) reads as follows.

’UB’B> = 1/@’00)4_“@’11)7 (3159)

and from (3.141)), one has

pp = (3.158)

(Roo + Roz) 0 0 (R3o — R8s) s 3
1 0 00 0 1 ; ; 5 160
PB'B = 3 0 00 0 12% ap0® ®a”, (3.160)
(R — R3s) 0 0 (Roo — Ros)

where the non-vanishing correlation matrix components T,z are expressed in terms of the tensor
correlation components R,z as

Joo = Ts3 = Roo = 1, Tos = Ts0 = Rog, T11 = Tz = /1 — Rjs. (3.161)

Thus, the matrix L (3.147) associated with the state psg, (2.70]) writes as

R R
e — 0 0 0 0 —=L— 0 0
o ViR Vimy
L == 0 — 0 0 0 0 —=L 0 . 3.162
3 \/1-R3, \/1-R2, ( )
0 0 R33*R023R30 00 0 0 RBS*R023R8O
1-Rgs 1-Rgs

The associated eigenvalues of the matrix LY L are given as
4 (R + R}
A=Az =— (M) : (3.163)
and
(Rs3 — RosRao)” + (Rss — RosRso)”
(1 R3y)°

4
b= , (3.164)
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Hence, the linear-entropy based classical correlation (3.113]) for the qutrit-qubit state under
consideration psg, (2.70) is provided by

4
= 52(pp) max{As, Ao}, (3.165)

J2B (/)3®2) 9

with S2(pg) = 2(1 = (pg + Pz + pas)* — (P11 + P55 + p33)?) - Therfore, the corresponding ex-
pression of the quantum discord (3.148)) is obtained as

Qo (P3g2) = chog2 Zf log, &, +Zuklog2uk 32 (p) (3.166)

where (; (resp, £;) denotes the eigenvalues of the density matrix p,(resp, pg). They are given
as

Ci = putre C=0ps5+Ps (3= P33t Pass (3.167)
§& = putpsst s (3.168)
§1 = Po6 T Pas Tt oz (3.169)

and the non-zero eigenvalues 11, of the density matrix psg, (2.70)) are

f12 = p1a(Pes); (3.170)
1

Paa = 5 [(PQQ + p33) £ \/(022 — pa3)” + 4’023@ ; (3.171)
1

Hoe = 5 [(P55 + pas) £ \/(P55 — pu)’ + 4’P45|2} : (3.172)

6 Measurement induced disturbance

Another quantum correlation metric considered is the measurement-induced disturbance (MID).
This measure was proposed by Luo in Ref. [40] to find the level of quantumness of correlations
between sub-systems within a given bipartite system. This method rely upon the notion that a
local state remains undisturbed by classical measurements, and the degree of quantumness in
a state is related to how much the state under scrutiny changes after local measurements are
performed. In this respect, this quantifier is similar in spirit but not identical to the original
quantum discord. As we have seen in the definition of QD (see Eq.(3.8))), the maximization
procedure over local measurements are made on one sub-system of the global system. For this
metric, the local measurements are taken on both sub-systems. Assume {II'}({II7}) are com-
plete projective measurements, namely IL;II; = 6;; and ), II; = 1, consisting of 1-directional
orthogonal projections on subsystem A(B). Accordingly, the state p,p5 after measurement will
have the following form

M(pap) = Y (I @ T1%)p,p (I @ IIP). (3.173)
ij

We note that if I1(p,5) remains unchanged and satisfies the condition I1(p,5) = p4p, then the
state p,p can be considered as a classical state. This is because it remains unperturbed with
respect to the local measurement. Unless p,p definitely accounts for being a quantum state
possessing quantum correlations. Moreover, the set of measurements have been shown that
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preserve the reduced density matrices is the same as the spectral resolutions of the marginal
state, expressed as: p, = >..pilI# and pgy = >, pPIIP. Such measurement maintains the
invariance of the marginal information and is in a certain sense the least perturbing. Hence,
the measure of quantum correlations quantified by the MID is given by

MID(pap) = I(pap) = I(M(pap))- (3.174)

where J(.) is the quantum mutual information given in the Eq.(L.64). It is noteworthy that the
MID reduces for pure states to the von Neumann entropy of the marginal states and disappears
for the classically correlated states [40]. Moreover, one can easily compute this metric for
arbitrary bipartite and multipartite quantum systems in contrast to the von Neumann entropy-
based quantum discord [32,53,192]. This is, however, a much easier process compared with the
complicated optimization procedure over parameters due to the local measurements and local
unitaries [40,/193]. The corresponding drawback is that when the spectrum of the marginal
states either p, or pg is degenerate, the MID measure is not necessarily well-defined, as the
choice of local eigenbases is no longer unique. As in the previous measure of QCs, we take the
qutrit-qubit state psg, as a concrete example to illustrate these results. To do this, we
need first to determine the state after measurement and the resulting marginal states of
the state pyg, (2.70), namely p, and pp. Taking ITI# = |i) (i| (i = 1,0,—1) and II? = |j) (j|
(j = 1,0), and using Eq.(3.173)), one obtains

pp 0 0 O 0 O

0 pyp O 0O 0 O

_ 0 0 ps3 0 0 O
Mpse2) = | o 0 0 p, 0 0 | (3.175)

0O 0 0 0 p5 O

0 0 0 0 0 pg

and correspondingly

P11t P22 0 0

(pa) = pa = 0 P33t Paa 0 ; (3.176)
0 0 Pe6 T Ps5
P11 T P33 T Pss 0 )

I = = ) 3.177
(pB) Ps < 0 Pe6 t+ Paa T P22 ( )

According to the expression (3.174) and (3.175)), the MID for the state psg, (2.70) takes the

following from

MID(P3®2) = S(H(P3®2))_S(/)3®2) (3.178)

6 6
= Z vy logy vy, — Z 11y, 108y puy.,
k=1 k=1

with p;, are the non-vanishing eigenvalues of the state ps;o,. They are read as

p1 =P, M2 = Pes (3.179)
1 9 )

Haa =75 (Pag + p33) £ A/ (P22 — ps3)” + 4lpasl?| (3.180)
1 9 )

Ho6 =5 (Pag + Ps55) A/ (Pag — Ps5)” + 4lpasl?]| - (3.181)

Analogously, the non-zero eigenvalues v, of the state II(ps,) are given as
6
vi= > pi (3.182)
i=1
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7 Conclusion

In quantum information, non-classical correlations including quantum entanglement, are crucial
resources for improving information processing implementations beyond their classical counter-
parts. It is necessary to emphasize that the expressions of quantum correlation measures are
based on bipartite systems. In this sense, we are interested in quantifying quantum correla-
tions of bipartite systems that are the most used in quantum information processing. However,
there are various measures of quantum correlations, each capturing different aspects of these
correlations, making it challenging to compare them. The choice of measure can depend on
the specific task, and different measures can be more or less useful for different applications.
Therefore, the study of quantum correlations in a bipartite system is an important area of
quantum information research.

In this chapter, we have mainly discussed quantum discord as a reliable metric of non-
classical correlations, allowing the classification of states according to their degrees of entangle-
ment. With this inspiration, we derived the analytical expression for the entropic quantum dis-
cord, as well as the geometric variants of quantum discord, using the Hilbert-Schmidt distance
and Schatten 1-norm for some particular quantum states. Due to the complexity of optimizing
this function, we have studied another reliable method for evaluating the entopic quantum
discord based on linear entropy for arbitrary qudit-qubit quantum systems. However, a fully
rigorous algorithm for calculating quantum discord for an arbitrary bipartite quantum system
is still lacking. In this regard, we will examine in detail in the next chapter some discord-like
measures of non-classical correlations and their application in quantum teleportation.
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CHAPTER 4

RETHINKING QUANTUM CORRELATIONGS
AND THE POTENTIAL OF QUANTUM
TELEPORTATION

Non-classical correlation is an essential tool for implementing quantum protocols, as it of-
fers several advantages over classical information technology [5|. To enable quantum informa-
tion processing, a quantum system with non-classical correlations is a necessary requirement.
Characterizing and quantifying non-classical correlations beyond entanglement in bipartite and
multipartite quantum systems have attracted attention in various applications of quantum in-
formation science [27,32,171]. To understand the role of non-classical correlations in quantum
information processing, several quantum correlation witnesses have been investigated, including
quantum discord (QD) [23.]24]. This quantity can capture all the quantumness of correlations
that exist in various kinds of quantum systems more effectively than quantum entanglement.
Despite many efforts by the scientific society, a general analytical algorithm for computing
this function is only possible for some specific classes of qubit-qubit states, and the situation
is somewhat complex specifically for the case of general quantum states [33-35]. The reason
behind this is the optimization procedure on all local generalized measurements |30,31]. The
difficulty in calculating this function led to the introduction of an alternative approach of QD,
known as geometric quantum discord [36]. It is determined as the shortest distance between
the state under study and the set of zero-discord states [36]. From the analytical point of
view, calculating this geometric variant evolves a minimization process much simpler than en-
tropic quantum discord. Although its advantage, this metric cannot be a suitable indicator for
estimating non-classical correlations [172].

Nevertheless, a local measurement made on one part of a composite system can disturb
the entire system and thus induces uncertainty. This finding resulted in the investigation of
the local quantum uncertainty (LQU) and uncertainty-induced non-locality (UIN) as faithful
tools to estimate the amount of non-classical correlations in bipartite and multipartite quantum
systems [41,/42]. These prominent discord-like correlation measures are based on the concept of
Wigner Yanase skew information (WYSI) [194,195]. Indeed, the LQU is employed to quantify
the minimum skew information achievable in a given quantum state and a local non-commuting
observable, while UIN serves to assess the maximal skew information between a given quantum
state and a local commuting observable. These two related WYSI quantifiers, namely LQU and
UIN;, are designed to be easier to compute than the original quantum discord. For an arbitrary
qubit-qudit system, the closed analytical formulae of LQU [196] and UIN [42] have been derived.
Moreover, they meet all the requirements needed for a proper indicator of quantum correlations
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[41].

The Wigner-Yanase skew information is closely connected to the notion of quantum coher-
ence [197,/198]. The latter arises from quantum state superposition and it is a fundamental
concept in quantum information processing [199]. Quantum coherence is widely used as a cru-
cial resource for quantum technology [200L201], with relevant applications including quantum
optics [199], quantum information science [202], thermodynamics [203] and so on [204,205].
Moreover, it can be linked to the concept of quantum entanglement [206], entropic uncertainty
relations [207,208|, and discord-like correlations [44,68]. Based on this connection, researchers
have proposed a variety of quantum coherence measures, and their properties have been exten-
sively investigated over the years [44,(198|. In this respect, Baumgratz et al. [198] formulated
a rigorous resource framework for quantifying quantum coherence using the relative entropy of
coherence and the [;-norm quantum coherence as proper quantifiers that are easy to evaluate
analytically. Hu et al. [44] examined the relationship between discord-like quantum correla-
tions and quantum coherence measures for bipartite and multipartite systems as well in various
settings. They reviewed also the resource theory about these correlations and coherence, which
are defined based on different distance measures of states.

Surprisingly, the LQU is also closely connected to the concept of quantum Fisher Informa-
tion (QFI). This connection provides a crucial relation between quantum information theory
and quantum estimation theory [195,209]. Besides, the QFI is a measure of the amount of in-
formation that can be extracted from a quantum state about a certain relevant parameter and
it is also a measure of the sensitivity of a quantum state to changes in that parameter. It has
been also argued that the QFT offers a measure to quantify and characterize the entanglement
between the components of multipartite quantum systems [210]. On the other hand, the LQFT
is considered as a promising approach to understanding the role of non-classical correlations
other than entanglement in enhancing the accuracy and effectiveness of quantum metrology
protocols and understanding the role of non-classical correlations in quantum information pro-
cessing tasks [43,211,[212]. Mathematically, it is determined as the maximum amount of QFT
that can be achieved via employing local measurements on one sub-system of the composite
system. Indeed, the evaluation of LQFI can be carried out by optimizing on all the observables
of a part of the whole composite system [211,212]. Since both functions namely, LQU and
LQFI, depend on the notion of quantum uncertainty, thus, the LQFI can be used as good
non-classical correlations metrics that meet all the requirements required to be a reliable mea-
sure of quantum correlations [213]. Overall, the connections between the Wigner-Yanase skew
information, quantum coherence, and related concepts have led to a wealth of research on this
important topic.

It is commonly accepted that non-classical correlations including quantum entanglement
are widely recognized as a crucial resource for implementing various quantum protocols in
quantum information science. These protocols include quantum cryptography [107], quantum
sensing [49], quantum states merging [214] and quantum teleportation [45/46,/68]. The latter
will be also the subject of interest in this chapter. Quantum teleportation, first proposed by
Bennett et al. in 1993 [45], allows for the transfer of a quantum state from one particle to
another without physically moving the particle itself. Over the years, this concept has been ex-
perimentally demonstrated in various settings [57,59,215]. Typically, these experiments involve
using two entangled photons created through parametric down conversion to form the quantum
channel. The polarization state of one of the photons is then teleported from one place to an-
other. The use of quantum teleportation has great potential in quantum communication, where
it can be used to transmit quantum cryptographic keys securely [216]. Recently, researchers
have explored the use of quantum teleportation in quantum computing, where it can be used
to transfer quantum states between qubits. The success of quantum teleportation experiments
has led to significant progress in the field of quantum information processing. For instance,
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researchers have demonstrated the successful teleportation of complex quantum states, such as
multi-photon entangled states, which has the potential to lead to advances in quantum informa-
tion processing and quantum computing [217]. In 2017, long-distance quantum teleportation
was demonstrated with the successful teleportation of a photon from a ground-based telescope
in Tibet to a satellite in orbit, over a distance of more than 1,400 kilometers above the Earth’s
surface [218]. All these mentioned applications need a strong theoretical background, which
is why many attempts have been made to develop rigorous definitions of an entangled state,
separability criteria [6], various entanglement measures [153| and several quantum correlations
metrics [23,1321|364/197].

In this chapter, we will explore the concept of quantum uncertainty, discussing its definition
and properties. Inspired by this concept, we will introduce the LQU as a good indicator
of quantum correlations. At the same step, we provide its closed analytical expression for
an arbitrary qubit—qudit quantum system. We will also investigate how this metric can be
extended to multipartite quantum systems. Moreover, the analytical presentation of this non-
classical correlation measure is explicitly given in the particular case of qubit-qutrit as well as
three-qubit quantum systems. In addition, we will study another faithful indicator of quantum
correlations related to the notion of the skew information known as uncertainty-induced non-
locality, where we provide a general algorithm for computing it for general bipartite qubit-qudit
quantum systems. We also discuss the notion of quantum coherence in terms of the [;-norm,
as well as the quantum Fisher information and its role in quantum metrology and quantum
correlations. Moving on, we will study quantum teleportation as a direct application of quantum
correlations, where we discuss the standard protocol and its implementation. Specifically, we
will focus on how quantum entanglement plays a crucial role in the successful implementation
of quantum teleportation.

1 Skew information

Scientists investigate the universe by performing measurements and predicting their outcomes.
The error bars in the classical regime are mainly due to technological limits. Therefore, the
measurements of a given pair of observables can be made with arbitrary precision. However,
this is not always possible in the quantum regime due to the fundamental principle of quantum
physics, which states that two incompatible observables cannot be simultaneously measured
with arbitrary accuracy, even with a flawless measuring device [219,220]. Moreover, measuring
a quantum system differs significantly from measuring a classical system since not only the result
obtained is uncertain, but even the system’s state is modified over all the process. The point is
to identify the result of this measurement more accurately and the idea of accuracy is directly
linked to the uncertainty associated with the result of this measurement. The uncertainty
relation gives the statistical nature of the errors in this kind of measurement.

1.1 Definition

In standard practice and within the framework of quantum mechanical formalism, the total
uncertainty resulting from the action of a single observable K with a state p is generally
quantified by a quantity called the variance. It is provided as [221]

Var(p, K) = Tr (pKg) = Tr (pK?) — Tr (pK)?, (4.1)

with Ko = K — Tr (pK). In particular, in the case of pure states such that: p = |¢) (|, the
expression (4.1)) reduces to

Var(|v) (¥], K) = (| K* [) — (| K |)*. (4.2)
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For pure states, the variance-based description of uncertainty is well-suited. However, the
scenario gets more complicated and even more subtle for mixed states since the total uncer-
tainty incorporates both the classical ignorances resulting from the mixedness of state and a
genuinely quantum portion due to the non-commutativity between the state under scrutiny
and the measured observable. Thus, the variance combines both classical and quantum
uncertainty, i.e., Var(p, K') =Var,(p, K)+Var.(p, K). Moroever, the degree of uncertainty can
be determined using several methods, such as ones based on entropic quantities [219,222]. In
the theory of quantum information, this class of measures is commonly employed as indicators
of uncertainty. However, these quantifiers are always affected by state mixedness, which makes
this kind of measure inefficient and restricted.

In the field of quantum information theory, it is indeed extremely important to discriminate
quantum contributions from the classical ones. To isolate the quantum contribution of the
variance , Wigner and Yanase established the formalism of the so-called skew information
as an effective measure of this uncertainty [194,195]. It is given as

1, K) =~ { [V, K} (13

in which the brackets [.,.] in the last expression represent the commutator, while I(p, K) refers
to the skew information associated with the density operator p. Unlike the variance , the
Wigner—Yanase skew information (WYSI) is unaffected by classical mixing and reduces to the
variance when the state p is pure. Moreover, it vanishes only when the state under scrutiny p
and K commute. The WYSI determines the non-commutativity degree between the quantum
state p and an observable K, which can be regarded as a Hamiltonian or any other conserved
quantity. Besides, it provides an alternative metric of the information content of the quantum
state p with respect to the non-commutative observables with the conserved quantity K. In
particular, it represents the amount of information encoded in the quantum state p that is not
accessible by the measurement of observable K. Thus, the WYSI provided by Eq. can be

rewritten in a more concise form as

0. K) = —5Te{ (/oK — Kp)'}
_ —%Tr LPEE — JPK2/p — KpK + K\/pK/7)

= (T (VR VAK) — Tr (VAKV) — Tr (KpK) + T (K /5K /7))
I(p,K) = Tr(pK?) —Tr(y/pK\/pK). (4.4)

1.2 Skew information properties

As reported in Ref. [194], the following statements denote the main properties of the skew
information:

e The skew information is a non-negative quantity, I(p, K) > 0, due to the minus sign in
Eq.(4.3) and it reduces to the variance when the state p is pure, i.e.,

I(|) (W1, K) = Var(|¢) (0], K) = (Y| K2 o) = (0| K [¢)°. (4.5)

e For mixed states, I(p, K) is always a small function compared to the variance of the
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observable K. We have

I(p, K) Tr (pK?) — Tr (vpK/pK)
Tr (pK?) — Tr (pK)?

Var(p, K). (4.6)

IA

I(p, K) represents a convex function with respect to the quantum state p, meaning that
it does not increase under classical mixing. That is to say

L2 Aipi, ) < 325 Ml (py, K), (4.7)

where ); is the probability distribution satisfying the conditions >, \; = land 0 < \; < 1,
for any quantum states p,. In contrast, the variance Var(p, K) is a concave quantity in
the state p.

It remains unchanged under the action of unitary operations. This holds true only when
U commutes with the measured observable K, i.e., [U, K] = 0. In such cases, we shall

have
UKUfl:K, \/UpU—le\/ﬁUfl. (4.8)

Thus, we can show that:

[UpU"L UKU™Y) = —%Tr{ \/WUKU } }
_ _% {[vypu vk
= —% r{U 1}
R
).

[(UpU UKU™Y) = I(p.K (4.9)

Consider a bipartite state p*? defined in the Hilbert space H 4 ® Hp and p? being the
reduced density matrix associated with subsystem A. The skew information between the
density matrix p“fand the reduced density matrix p? satisfies the following relation:

[(p"P, Ka®1p) > 1(p", Ka), (4.10)
for any local observables K 4 that acts on the Hilbert space H 4.

It is an additive quantity, that is, the amount of information content of a quantum system
consisting of two independent parts is equivalent to the sum of the information of the
parts.

Local quantum uncertainty for arbitrary qubit-qudit sys-
tems

Giromali and co-workers recently introduced local quantum uncertainty (LQU, in short) [41].
The latter is considered a promising and faithful discord-like metric for non-classical correlations
in any given bipartite non-local states. The reason behind this is the easy computation in
comparison and reliability. This metric measures the smallest amount of quantum uncertainty
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produced in a quantum state. Based on the notion of Winger-Yanase skew information [194],
the LQU quantifies the minimum skew information attainable in the considered quantum state
via performing classical von Neumann measurements on a part of the global quantum state.
More precisely, let pAZ denote a state of a bipartite quantum system and K* = K4 ® I stands
for a classical observable, while K4 being a Hermitian operator performing on sub-system A
with spectrum A. We assume A to be non-degenerate, which refers to maximally informative
observables on part A. Moreover, Ip refers to the identity matrix that operates on sub-system
B. Then, the LQU with respect to sub-system A and optimized on all local observables on part
A with non-degenerate spectrum A is given by

uy (p*7) = I%IAH I(p*8, KM). (4.11)

As reported in Ref. [41], LQU satisfies all the physical requirements for a "bona fide” metric of
non-classical correlations stated in Sec[2] For instance, it reduces to a monotonic entanglement
defined by the marginal entropy of sub-system A, for any bipartite pure states. It becomes
zero when the observable and the considered quantum state commute, reflecting the non-
existence of any kind of non-classical correlations between the constituents of the quantum
bipartite system. Moreover, it remains consistent under the influence of any local unitary
operations and does not becoems increase when any classical reversible operations is performed
on the non-measured sub-system B. Besides, LQU is inherently an asymmetric function, i.e.,
us (pAB) £ UL (pAB), concerning the sub-system exchange since it is dependent on the part
on which the local measurements are made. To simplify notation, one can use the simple form
U (p*P) instead of UYL (p*P). Therfore, the local quantum uncertainty provides a reliable
discord-type measure, that is, vanishes for all zero-discord (classical-quantum correlated) states.

The expression describes a set of A-dependent parameters that minimize the skew
information for each equivalence class of local A-spectral observables. In order to determine
the minimum in Eq.(£.11]), an essential requirement must be met for optimizing observables on
part A. It is necessary for these observables to have a fixed, non-degenerate spectrum. In fact,
observables with this spectrum that operate on sub-system A can be parameterized as follows:

K= V4AV], (4.12)

where V), indicates the measurement basis on the special unitary group on part A that can
be arbitrarily modified. The non-degenerate fixed-spectrum observables K4 on the first sub-
system, i.e., qubit, can be parametrized by choosing K, = VAazAVj = 77 4, where HWH =1
and o; (i = x,y,z) are the Pauli matrices, describing also the generators of SU(2) group.
This is accurate if we focus our analysis on the case of hybrid bipartite qubit-qudit (2 ® d)
quantum systems. Thus, we remove the superscript A for the sake of brevity in the expression
. Consequently, the local quantum uncertainty is normalized to the unity for maximally
entangled pure states by choosing this spectrum. In this respect, the expression of the LQU

(4.11)) becomes
U(p??) = mﬁin I(p"8, 7T 4@ 1)
= mﬁin Zz’j n;n; |:TI" {pABUiO'j -V pAB (O’z‘ & Id) vV pAB (O’j ® Id)}i|
= 1—min}_ ;;nn; [Tr {\/pAB (0: @ Ig) V/ pAB (0; ® Id)H

= 1—max[7AW71]. (4.13)

Here, W refers to the 3 x 3-symmetric matrix whose components are given as the following
W =[] = Tr {3/p7 (03 1) /07 (050 1) } (4.14)
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where 01 = 0, 02 = 0y, 03 = 0, and I denotes the identity matrix for the qudit sub-system.
Nevertheless, in order to minimize the skew information derived in Eq., it is required to
maximize the amount of 70 T W7 in the expression on all unit vectors 77. In this
inspiration, the largest value on all unit vectors 7 coincides with the highest eigenvalues of the
matrix W . Accordingly, the closed expression of the local quantum uncertainty, which
quantifies the amount of non-classical correlation for any given bipartite 2 ® d quantum state,
gives the following

U (p*) =1 = Aax (W), (4.15)

where the quantity Apax (W) in Eq.((4.15)) designs the greatest eigenvalue of W (£.14)). Unlike
the von Neumann entropy-quantum discord, it is clear that by possessing the matrix W, we can
straightforwardly and efficiently compute the local quantum uncertainty for hybrid qubit-qudit
quantum systems [69]. This is a relatively simple procedure when compared to the complex
optimizations over parameters corresponding to the classical measurements [26,32]. It is crucial
to state that for some quantum states, QD and LQU capture the same amount of quantum
correlations, although they are two different metrics for other states [224]. Moreover, in the
case of pure quantum states, p*? = 1)) (|, LQU coincides with the linear entropy S5 (p) of the
marginal state of sub-system A, i.e., U(|¥)) (¢]) = S5 (p*F) = 2[1 — Tr {p%}]. This intriguing
coincidence arises exclusively for hybrid qubit-qudit quantum systems. However, the expression
of LQU for general qubit-qudit quantum systems, as stated in Eq.(4.15), also holds true for the
case of arbitrary qudit-qubit (d ® 2) quantum systems, provided that the local measurements
are carried out on part B (qubit) [225]. Another interesting point to discuss here is the fact
that LQU has a geometrical understanding in the case of Hellinger distance Dy, although
this only holds to any given 2 ® d quantum system. This can be geometrically interpreted
as the smallest square of Hellinger distance between the state under scrutiny and its least
disturbed counterpart after performing a local root-of-unity unitary operation on sub-system
A (qubit) [41,[226]. Specifically, the squared Hellinger distance between the states p and y is
given by [226]

DY (o) = 5T { (V7 — VR } =1 - Te {/7x). (4.16)

Thus, LQU is re-expressed in terms of Dy as follows

U, Ka) = 1= T { Vo PR/ K, Y = 1= T { AP K PR

= D%{ (pAB7 KAPABKA> ) (417)

where Ky = 10 4 represents root of unity operation on sub-system A, which means K 4 f (pAB) Ky=
f(K4p*PK ) for an arbitrary function f. Moreover, as mentioned in Ref. [41], the trace dis-
tance discord (TDD) QDl(pABJJCq)(pAB) defined in Eq. is always greater or equal to the
square Hellinger distance, i.e., Qp,(,,, 5. (p"") = D3 (p*P) [227]. Hence, one can conclude
that the TDD is always greater or equal to the LQU. When the quantum system is described
by the two-qubit X-state py (2.56), the non-vanishing elements of the 3 x 3 matrix W
can be expressed in terms of the Fano-Bloch components R,z associated with the matrix py

B50) as
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_ L LRE — Ryp) + (R — Ry
Wy = ( ) <\/_+ \/_) . \/(tl NIV ) (4.18)
_ 1 (R3, — RYy) + (Rg; — R3,)
Wy = ( ><\/_+\/_) 4\/t1+2¢_ oD (4.19)
Wiz = <\/_+\/_ (\/)\_2+\/)\_3>>+

Ol — DN

(Ros + Rzo) (R — R22) (Ro3 — R30)2 — (B + R22>2 (4.20)
(t + 2v/d)) (t2 +2V/d>) -

with R.p = Tr (pxaa ® 05) are explicitly given in Eqs. . While \;(7 = 1,...,4)
represents the eigenvalues of the state py that can be re-expressed as

11 11

Moo= st oy —dd A= St oy[t3 - ddy, (4.21)
1, 1 1, 1

)\3 = 5752—5 t%_4d2, )\4:§t1_§ t%—4d1, (422)

where
1
e = 3 (Roo £ Ros) (4.23)
1
d172 = E [(Roo + R33)2 — (Rg() + R03)2 — (RH + RQQ)Q] . (424)

Given that Wiy = Wy = Whs = W3y = W3 = W31 = 0, it is a simplest process to verify that
the matrix W (4.14)) in this situation becomes diagonal. This means that we can express its
eigenvalues in terms of the diagonal elements W;; (i = 1,2,3). Accordingly, the non-classical

correlation in termd of LQU (4.15) can be expressed for state py (2.56) as

U(pX) =1- maX(WH, ng, ng). (425)

It is worth noting that for the state py (2.56) with non-negative entries, we always have
Ry1 > Ry, which implies that Wy; > Way. In this case, the local quantum uncertainty (4.25)
reduces simply to

U(px) = 1 — max(Wq1, Wag). (4.26)

Therefore, in order to determine the quantum correlations using LQU, we only need to consider
separately the following situations: Wy > Wiz or Wy < Was.

Another concrete example to illustrate these results, let us consider a qutrit-qubit quantum
state p,g3 written in the standard basis {|ij), i = 0,1 and j = —1,0,1} as follows [69]

pn 0 0 0 O O
0 P 0 py 0 0
0 0 p3 0 p3s O
= 4.27
P203 0 pi 0 py O 0 ( )
0 0 psz 0 pss O
0O 0 0 0 0 pg
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In order to obtain derive a closed expression of the LQU (4.15), it is required to compute the
eigenvalues of the matrix W (4.14)). To do this, we need first to obtain the eigenvalues and the
corresponding eigenvectors of the density matrix p,g4 (4.27). They are given as

1 1
Mo = §(t1 £V —4dy), Aoz = Q(tz F Vi2? — 4dy),

1
M = §(t3 F V3% — 4dy), (4.28)

with t; and d; are

1 = P11t Pee t2=pPat Paas 3= P33+ P55 (4.29)
di = pupes; A2 = PoaPas — P2sPa2, A3 = P33Ps5 — P35Ps53 (4-30)

and the corresponding eigenvectors are, respectively, provided by

S
\/1+|P¢‘2
Mis) = (5 01) +]10)),  [Ag) = |00) (4.32)

V1t |’

A = 12), A = (14 102) + [11)), (4.31)

where
1 9 5
He = _<P22 — py T[4 ‘P24| + (022 - P44) )> (4-33)
2049
1
Ne = 2 (P33 — pss £ \/4 |035]” + (P33 — Ps5)?)- (4.34)
42

Moreover, in terms of the related computational basis, the squared root density matrix pygs3
(4.27) takes the following form

a0 0 0 0 0
0 929 0 [0 DY) 0 0
. 0 0 33 0 0 0
vV p2®3 - 0 o 0 o 0 0 ) (435)
0 0 0 0 (0731 0
0 0 0 0 0 Qg
where
1
oy = 5(\/1514—2\/ d1—|—\/t1 — 24/ dl), (436)
1
Qg — 5(\/t1 + 2\/ d1 - \/tl - 2\/ dl), (437)
T Paz + Vdz gy — P24 (g3 = P33 +Vd3 (4.38)
Vit +2v/dy Vits +2/dy Vits+2/ds
P35 P42 pas +Vdy
35 = —F—, Ay = —F—7—77 s, Ay = —F——7ms (439)
ts +2v/d3 ty + 2v/dy Vs +2v/dy
d
- N P+ Vs (4.40)
t3 4+ 2v/d3 ts + 2v/dy
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Thus, the eigenvalues of the matrix W (4.14]) are given as

Wii = Wi = 2(a11044 + 2055 + aizz0e), (4.41)
Was = D0, 0 — 2(a0un + assass). (4.42)

Using the formula (4.15)), the LQU quantifying the non-classical correlation in the system
represented by the state p,g4 (4.27) takes the following form

U(pags) = 1 — max(Wii, Wag). (4.43)

3  Local quantum uncertainty for multipartite quantum
systems

In addition to the N-qubit negativity (see Sec., the local multi-particle quantum uncertainty
is also viewed as a significant metric for capturing the strength of non-local correlations in
multi-qubit quantum systems. However, deriving the LQU for mixed multi-qubit states is a
challenging task, since it involves a complicated optimization process that is difficult to solve
accurately. For this reason, Ali Mazhar proposed a generalization of the notion of LQU for
multi-qubit systems [224]. This was achieved with zero technical consequences since one can
always consider the multi-qubit system as a 2 ® d system, where d =2 ®2R®2RQ2® - - ® 2
denotes the remaining (N — 1)-qubit as a d-dimensional quantum system [79,224]. A multi-
qubit system exhibits a richer structure compared to a bipartite quantum system. It is possible
that certain bipartitions display quantum correlations, although others may possess classical
correlations. Hence, we perform the local measurements on each bipartition to investigate only
the total non-classical correlation of the whole multi-qubit system. To do this, we assume an
arbitrary density operator, denoted as p,, which describes the N-qubit system. We apply local
measurements for each qubit (A, B,---,N) with respect to all other qubits. We repeat the
same algorithm for each bipartition, and according to the definition given in Eq., one can
derive the matrix components related to the N symmetric matrices, namely 3 x 3 symmetric
matrices W. Indeed, we gained the following results [224]:

WA = <17\7> :Tr(w/pN(Oi(X)]g®[2®...®]2)‘/pN(Uj®]2®]2®...®12)>,

-

~ ~\ B
WB = (W) = <\/;0N([2®O-7,®12®®[2)\/pN([2®U]®IQ®®[2)>7

o=

~ ~\ C
WC = (W): (w/,ON<]2®]2®O-Z‘®....®12)w/pN(IQ®IQ®O-j®....®IQ)>7

~ ' ~\ N
WN = (W) :Tr(,/pN([2®[2®[2®®0Z),/pN([2®[2®[2®®0])),(444)

ij

where o; (i =0, x,y, z) denotes the Pauli matrices. The corresponding eigenvalues of the 3 x 3

symmetric matrices W? can be obtained via a straightforward calculation. Therefore, the LQU
belonging to each bipartition turns out to be
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Y

Ua/pe..nv (py) = 1—max {Spectrum of WA

J
Upjac.n (py) = 1—max {Spectrum ofVVB} ,
J

Ue/pe..v (py) = 1—max {Spectrum OfVVC

Un/ge..n—1(py) = 1—max {Spectrum of \/NVN} ) (4.45)

Finally, the LQU for the N-qubit system can be defined as the expectation value of the LQU
for each bipartition. This gives

N
1
Ulpw) = > Ui (4.46)
=1

Now, in order to verify our findings, we shall investigate a concrete paradigm consisting of
a three-qubit system [79]. The density operator p describing the mentioned system is given in
the computational basis {|000), |001),]010),|011),|100), |101), |110),|111)} as follows:

pn 0 0 O O O O O
O pa Pz 0 pps 0 0 0
0 p32 psz 0 pys O 0 0
0O 0 0 pu O pyg par O
P 0 ps2 ps3 0 pss 0 0 0 (447)

0 0 0 pes O pes psz O
0 0 0 pu O pr prr O

0O 0 0 0 0 0 0 pg

Furthermore, similar process has been stated above, the matrix components corresponding to
each bipartition A|BC, B|AC and C|AB are, respectively, obtained as follows

(Vv)’j - Tr<\/,5 (0@ L& L) /oo, ® L ) ) (4.48)
(V\?)Ej - Tr<\/,5 (L@ o ® L) /p(L®o;® L) ) (4.49)
(Vv)(j - Tr<\/ﬁ (Lo L®o)/p(LehLeo) ) (4.50)

Thus, the non-zero components of the matrices, namely (4.48), (4.49) and (4.50)), are given by

(), = (W)= i (2v% (oA V)

+3 (3v% (V6 +3VA7) +2V/A1 (3v% + VA7 + 20/ ))
n <\/)\_4+2\//\_5) (3\/A_6+ \/A_7+8\/A_8> ) (4.51)

(V\?)A L (9 (M + Ao+ Ag) A+ 164/ Aghg + A5+ (2\/A_7+ \/A_8>2+6\/A_6 <\/>\_7+ 2\/)\_8> )

33 - §
(4.52)
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(W) = (W), =~ (Gf(3f+¢—+zf)+3m+6m+z5m
+2\/W+6\/_1(3\/_6+\/_7+2\/_8>+3\/_3<3\/_6+\/_7+2\/_8)
+2 <\/)\_4+ 8\/)\_5> \/)\_8) (4.53)

(Vv)i _ 1( O (0 + o)+ (2030 + V) 6V (Vi 2v/s) + (2v + V)
6/ N6 (\/_7+ 2\//\_8> ) (4.54)

(W)C — ( )22 (6\/_(3\/_+\/—+2\/_)+27\/W+24 Aor +
VA + 8\/)\5)\7 43¢ (3\/_6+ Vi + 2\/_8>
2/ \s (6\/)\_2+ Vo 8\/>\_5> ) (4.55)

(V\?); ;(9 A+ o)+ (2\/_+\/—5) +6\/_<\/_+2\/_>+9A6+A7+16\/TA8+A8>
(4.56)

where \;(i = 1,...,8) stands for the eigenvalues of the density operator p (4.47) that are explic-
itly provided as following

Al = P, A2 = P33 — Pss, (4-57)
1 9 9

Agq = 5 (P22 P33 T P35 F \/8923 + (P33 + P35 — P22)” | (4.58)

As = Pes — Per> (4.59)
1 9 2

Xer = 5 | P + Pes + Pe7 F \/ 8046 T (Pec T Por — Paa)” | (4.60)

N = pes. (4.61)

Therefore, the local quantum uncertainties associated with each bipartition have the following
form

Uaspe(p) = 1= max { Wi, Wik } (4.62)
Upjac(p) =1 — max {Wﬁ, ng} ; (4.63)
Ucyan(p) = 1 — max {Wﬁ va‘g} . (4.64)

Hence, the total LQU describing the three-qubit quantum state p (4.47) is expressed as

Uasse(p) +Upjac(p) + Ucsas(p)

U(p) = 3

(4.65)
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4 Uncertainty-induced quantum nonlocality

Inspired by the concept of the WYSI (4.3)), the so-called uncertainty-induced quantum non-
locality is another prominent discord-like correlation metric (UIN). This reliable non-classical
correlation quantifier was recently proposed as an alternative approach to reveal the degree of
quantumness in a bipartite quantum system. It is defined as the maximum skew information
achievable in a given quantum state due to a single local observable action [42,/69]. The UIN
with regard to sub-system A for any given bipartite quantum state p, 5 can be described in a
rigorous way in terms of WYSI as [42]

Ue (p*F) = 121011 I(p*B, KY), (4.66)
where the maximum in Eq. is chosen across the set of all observables, K¢ = K§ ® Ip,
which commutes with the reduced density matrix p*. While K¢ stands for a Hermitian operator
acting on part A admitting a nondegenerate spectrum A’. Besides, Iz is the identity operator
acting on part B and I(p?P K©) is the skew information associated with the density matrix
pP which is defined via Eq.. For a bipartite qubit-qudit (2 ® d) quantum system described
by the state pAZ, the marginal state of part A can be represented by

A

pt=-(I+r.c?). (4.67)

N | —

Here, r =[r;] stands for the Bloch vector of the state under scrutiny p? whose components
are provided by r; = Tr (pAB (af‘ ® 1 B)). Similarly to the local traceless observable adopted
in the minimization procedure employed in the derivation of the LQU, we directly choose the
considered observable K§ = n.o*, where ||n| = 1 and o; (i = 7,9, ) are the Pauli matrices.
Hence, [Kg, ,OA] = 0 will lead to

rxn=0. (4.68)

From the above equation (4.68), two distinct possibilities have to be separately investigated:
e The first possibility corresponds to the case when r = 0. In this situation the marginal
state of part A reduces to the identity operator, that is, p* = %I, which always commute

with any given operator. Accordingly, n can be any given normalized vector, and the
UIN for the case when r = 0 is provided as follows

Ue (pAB) = max [1 — anT] ,
= 1— Auin (W). (4.69)

Here, Amin (W) denotes the least eigenvalue of 3 x 3-symmetric matrix W (4.14)).

e The second possibility corresponds to the situation when r # 0. This case will directly
lead to n = cr, where c € R. Thus, we can obtain

Ue (pAB) = 1—nWn"
1

I [1”

=1 rWr’, (4.70)

where the second equality sign ” = ” is due to the fact that ||n||* = 1, that is, ||c||* = W,

while the superscript 1" refers to the transposition operation.
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Thus, from Eq.(4.69) and Eq.(4.70)), the closed form of UIN for any arbitrary 2 ® d dimen-
sional quantum state p4? is given by

1_)\min(w)a r=0
Ue (") = { 1— H;W?W?T. r#0

Similarly to the LQU, the UIN also satisfies all physical requirements for a genuine indicator of
non-classical correlations reported in Sec2l In the following, we shed light on the main intrigu-
ing properties of UIN. In fact, it remains unchanged under any local unitary operations U4 ®Upg
and non-increasing (contractive) under local operations performed on the unmeasured part B.
Besides, UIN vanishes for states with zero quantum discord and it reduces to entanglement
monotone for (2 ® d)-dimension pure states. Nevertheless, UIN has a geometrical meaning in
terms of Hellinger distance [42]. This can be geometrically interpreted as the maximal squared
Hellinger distance between the state under scrutiny p? and K¢ pAB K¢ [42]. For the qubit-
qudit density matrix pygs represented in , the analytical expression of UIN is obtained
as [69]
1

U(pygs) =1 — WT3W337’§, r#0 (4.71)
3

where r3 = Rgo = p11 + P2 + P33 — Pas — P55 — Pos-

5 Quantum coherence

Quantum coherence is a fundamental property that is essential for quantum information pro-
cessing. Although it is related to quantum correlations in multipartite states, coherence is an
intrinsic quantum trait that underlies all correlations. Therefore, coherence represents a unique
quantum resource that is distinct from entanglement and discord-like correlations [44]. Regard-
ing the latter, the amount of non-classical correlations can be estimated using coherence, since
the coherence of sub-systems provides an upper bound for the quantum discord-like correlation
of the bipartite system. Similar to the method proposed for quantum entanglement, where it
can be characterized via the distance between the state under study p and a set of states closed
under local operations and classical communication (separable states) [6,44,198|. In this sense,
Baumgratz et al. [198] introduced a mathematical framework for quantifying the degree of quan-
tum coherence in an arbitrary quantum system. Let us consider a d-dimensional Hilbert space,
where the coherence can be determined by measuring the shortest distance D (p, o) between

the quantum state p and a set of incoherent states {a = S0 |E) (k| € J}. The reference basis

{1k} }4—1... 4 can be suitably defined based on the problem under study or the task that necessi-
tates this quantum resource [198,202},228]|. In this respect, as the non-zero off-diagonal elements
of the density operator p represent the superposition of the chosen reference basis [44198]|, the
authors proposed an accurate measure of quantum coherence using the [y trace norm [198]. It
is given as

€ (p) = minlp — o, = > Il pli)]- (4.72)

i#]
It has been demonstrated by Streltsov et al. [229] that quantum coherence can serve as a re-
source for the generation of quantum entanglement. The [;-norm of coherence serves as an im-
portant connection between different measures of coherence and entanglement [230]. However,
while quantum coherence can capture quantumness more effectively compared to discord-like

measures of quantum correlations, the latter represents an exact basis-independent measure of
the former [198].
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6 Quantum Fisher information

In the framework of quantum estimation and quantum metrology theory, the concept of quan-
tum Fisher information (QFI) is one of the most crucial resources in the field of quantum
information [231]. QFI is considered to be the quantum counterpart of Fisher information in
the classical regime [47,1232,233]. The major goal behind the concept of QFI is to estimate
various relevant parameters resulting from the quantum state under consideration, providing
a good perspective on parameter estimation settings [47]. It has been argued that the high-
est degree of Fisher information leads to robust estimation degrees and vice versa, from the
viewpoint of quantum estimation theory. It is used to determine the accuracy of a parameter
related to a physical quantity encoded in the quantum state. Several attempts have recently
been devoted to explore the evolution of QFT in order to identify the intrinsic connection be-
tween quantum entanglement and quantum metrology [235]. Entanglement has been shown to
enhance the accuracy and efficiency of parameter estimation in unitary processes [236]. From
this perspective, it is reasonable to wonder whether quantum correlations beyond entanglement
can be related to accuracy in quantum metrology protocols. Let us suppose that p_is an N-
dimensional quantum state, where ¢ = {¢,} such that 4 =1,--- ,n, is an arbitrary parameter
to be estimated. In order to reveal the amount of information about the parameter ¢ from the
state p_, a set of POVM measurements is performed, namely P, = MkM,I satisfying >, P, = 1.
Then, QFI is defined as follows [237]

1
Fean(pe) = §Tr (pe{L,. L, }) (4.73)
where the notation {-,-} stands for the anti-commutator, while the symbols L, (L., ) denote
the symmetric logarithmic derivative (SLD) operators associated with the parameters <, (s,).
Moreover, the SLD operator associated with the parameter ¢, and the state p obeys the following
relation:

1
O =5 (peLe, + Le,p.) - (4.74)
Here, O, represents the partial derivative with respect to the parameter ¢,. Moreover, it should
be noted that the symmetric logarithmic derivative (SLD) operator is hermitian. Therefore,
the expression given in Eq.(4.73)) turns out to be:

Foulpd) = T (poL2,) = Tr (%Lgu) . (4.75)
Sp

By employing the spectral decomposition of the two-qubit state, namely p = p. = >, Ai | Ai) (A,
where \; and |);) such that i = 1,--- 4 represents, respectively, the eigenvalues and eigenvec-
tors of the state p. Then, the QFI of the estimated parameter ¢ can be then expressed for a
given bipartite two-qubit quantum state as follows [238|

F(p) = Felp) + Fg(p) — Fi(p). (4.76)

The expression of QFI given in Eq.(4.76) is clearly divided into three parts: the first part on the
right-hand side of Eq. describes the quantum counterpart of classical Fisher information
since the probability distributions are simply replaced by the associated eigenvalues of the
corresponding state p. The second term is regarded as a weighted average of quantum Fisher
information on all pure states. The last part always results from the mixture of the first two
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terms and therefore reduces the total amount of the QFI. These terms are explicitly written as:

s = 3O (477

Tolo) = 4D NUONIIN) — [(MIONI), (4.78)

Tal)) = 30 o) P (4.79)
it Y

It is interesting to note that for pure quantum states, the QFI reduces namely to the first two
parts of the expression (4.73), namely F.(p) and F,(p), while for mixed quantum states, the
third term F,,(p) needs to be subtracted. From the aforementioned discussion, it is obvious to
see that the QFI of pure states is often larger than that of mixed states.

On the other hand, it has recently been established that the concept of QFI can be gener-
alized for N-dimensional quantum states. Specifically, it is given in the following form [79/239]

Y0N)? & ) 8AN;
Flp)=Fe,(p) = iy +4) N[O — [(AilocA)]?] — Y !<A |0
¢ i=1 it

=1

(4.80)
From a mathematical perspective, the QFT for both arbitrary 4-dimensinal and N-dimensional
quantum systems satisfies some useful properties. Among them we can note the following
feature: it is an additive function and remains unchanged under the action of unitary trans-
formations [240]. However, the primary goal of evaluating the QFI is to exhibit an elevated
and robust estimation accuracy of the relevant parameter of the state under scrutiny. Based
on this, as an application of QFI, we have independently estimated the temperature param-
eters and the external magnetic field, namely T and B, respectively, encoded in the spin-1/2
Heisenberg trimer system described by a thermal quantum state [79]. Roughly speaking, it
has been shown that the concept QFI becomes a crucial resource in several area of quantum
information theory, in particular, quantum correlation [47|. In this context, we will study a
new metric of non-classical correlations based on the concept of QFI, namely local quantum
Fisher information (LQFT).

6.1 Local quantum Fisher information

Another concept related to the QFI, known as local quantum Fisher Information (LQFT), has
recently attracted a great deal of interest. LQFT defines a discord-type metric of non-classical
correlation through performing local measurements on one sub-system of the total quantum
state. This metric allows us to gain a better understanding of how quantum correlations are
instrumental in setting metrological accuracy. Let us suppose that the initial density matrix
p¢(0) can be evolved via a unitary evolution transformation namely, U, = e that depends on
the parameter ¢ and is generated by the Hamiltonian operator K such as such that p. = Ul pU..
Using the Hermitian operator K, the QFI is therefore given as [232]

7. k) = 30 S AT k) e (181
’ 24 NN Y
i#£]
As already pointed out, the dynamics are regulated by a local transformation, namely U, =
etfas of a local Hamiltonian K4 = K,® Ig. In this case, QFI reduces to LQFI via the following

expression

93



20\,

Flp, Ka) = Tr [pK3) =} =
i#j

W [KalA) . (4.82)

However, the primary advantage of using LQFT is its efficiency as a trustworthy witness of the
quantumness of correlations. Specifically, the non-classical correlation captured via employing
LQFT is defined as the minimum of QFT on all local observables K 4 acting on part A [43]. It
is provided by

LF(p) = r?(lAn F(p, Ka). (4.83)

We note that the local observable K 4 is expressed using the standard Pauli matrices, i.e. 0% =
(o', 02, 03), and the local observable is set as K4 = o®.r®, with Bloch vector r* (o = z,y, 2)
such that [r®| = 1 [43]. In this case, the first part on the right-hand side of Eq.(4.82) corresponds

to the unity, meaning Tr [pK3] = 1, whereas the second part leads to [80]

20\,

Nt i#]

i zi

#j a
— o a,@rﬁ
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where o' = 0%, 0% = 0¥ and ¢® = o*. While S = [S,;] refers to a 3 x 3-symmetric matrix whose
components are given as the following

2Am A

o Amle®® I An) Al o @ I[Am)- (4.85)
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However, in order to minimize the quantity F(p, K4) obtained from Eq.([{£.73)), it is required to
maximize the term r7.S.7 in the expression on all unit vectors r®. Here, the largest value
on all unit vectors r® coincides with the highest eigenvalues of the matrix S . Therefore,
the closed expression of the LQFT, which quantifies the degree of non-classical correlation in
any given bipartite 2 ® d quantum state, gives the following

LF(p) =1 = Mer (4.86)

where the quantity > in Eq. designs the greatest eigenvalue of .S . This metric
also satisfies desirable requirements that any genuine indicator of non-classical correlations
should meet. Tt remains unchanged under any local transformation, non-negative and vanishes
for states with zero quantum discord, that is, classically correlated states. Furthermore, it
coincides with the geometric quantum discord for pure quantum states [43]. This allows us to
consider this tool as a reliable metric for non-classical correlations. Thus, measuring only the
QFT of local observables can provide a way to detect and quantify the amount of non-classical
correlations exist in a quantum system.

After some straightforward algebra and by using the eigenvalues and eigenvectors computed
in Egs.([4.28) and (.31), the closed formula for LQFI of the bipartite 2 ® 3 quantum state pyg;
(4.27) is obtained as [69]
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LF(pags) = 1 — max(Pr1, P, Ps3), (4.87)
where P,,(a = 1,2,3) are analytically computed from Eq.(4.85). They are explicitly given by
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where \; (i = 1,..4), vy and 1, are given in Eq. and Eq., respectively. Moreover,
we have Py = Py = Pos = Py = Pi3 = P3; = 0. On the other hand, the aforementioned
discord-like metric of non-classical correlations has a close connection with the notion of LQU,
which is defined in Eq.(4.15). Therefore, it is intriguing to determine how these two metrics
interplay with one another since they are both related to the concept of quantum uncertainty.
This was the main topic that we developed in our contributions [69,80]. To further elucidate
this relationship, we will provide in the next section a detailed analysis of the link and interplay

between the LQU (4.15) and the LQFI (4.86]) for arbitrary qubit-qudit quantum systems.

7 Interplay between local quantum Fisher information and
local quantum uncertainty

Before we can establish the connection between the LQU and the LQFI, we need first to pro-
vide the relationship between the skew information defined via Eq.([£.3) and the QFI given in
Eq.([4.75)) for any given qubit-qudit quantum systems [209]. To do this, let p = >" A [1h,,) (¥,,,]
be a mixed quantum state, where \,, and |¢,,) are, respectively, the eigenvalues and eigen-

vectors of the density matrix p. The set of [¢,,) forms an orthonormal basis such that
Yo [0m) (Y| = 1. One can easily check that

Tr (pK?) = X, (Yl pK? [1h,,)
o A (] K20,
A

{
m Am Q| K2, [0n) (| K (80,
=1

= Y A (U K [,) (0, K [2,,)
= Y A [ (| K 0,07 (4.90)

2
2
2

The above formula (2.50) can also be rewritten in the symmetric form since Tr(pK?) =
> A (| K |90,)]7 as follows

Am + A\
T (pK?) = X 202 1 B 180,) (191)
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Likewise, the second part of Eq.(4.4)) is given by

T (K\pKp) = 3, (Wl KVPK/plib,)
= o VA (Wl K /DK [1),,)
= Yo VA (Gl K /B [0,) (] K [,,)
= Y VA (| K [00,) (00, K [2,,)
= Y VA (W K [0,)] (4.92)

Thus, using the formulae (4.92) and (4.91)), the explicit expression of the skew information
takes the following form

10 K) = 5 S (Vi = V) [0 K ) (1.9

Now, we link the QFT (4.75)) to the notion of skew information (4.3). To begin, it is obvious
that the density operator p_ fulfills the von Neumann-Landau equation (we take h = 1) [209]:

0p
<K, (4.94)

By employing the formula (4.74]), one obtains
1 .
5 (L§p§ + ng§) =1 (pgK - Kpg) . (495)

Under the unitary transformation, the SLD operator L, is then independent of the estimated
parameter ¢ if and only if the observable K and the state p are assumed to be fixed, that is,
L = exp (isK) L. exp (—icK'), meaning

% (Lp+ pL) =i (pK — Kp) . (4.96)

Based on the expression (4.75)), it is straightforward to verify that
Tr(p.L?) = Tr(exp(—icK)pexp (isK)L?) = Tr (pexp (isK) L* exp (—icK))

= Tr (pL2) . (4.97)
Using the spectral decomposition of the state p one gets
1 :
therefore it is simple to demonstrate that
1 .
In this inspiration, the QFT (4.75)) is given as follows

T, K) = T (o)

S Wl PP )

1

= 1 Zmn (Ul Lln) (] L)

1

= 7 Zon | Wl L1,

1

= 1 e (Wl L) (4.100)
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In terms of the eigenvalues and eigenvectors of the state p, the above formula (4.100) can be
written as follows

Am + An
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Then, the QFI is then majorized by the WYSKI, yielding the following results
Ip, K) < F(p, K) < 20(p, K). (4.103)

By minimizing the above inequalities (4.103)) under a local observable K4, we show that the
LQFT is bounded by LQU as follows [195]209)]

U(p) < LF(p) < 2U(p).

This also means
U(p) < I(p, K) < F(p, K), (4.104)

where U(p) and LF(p) are, respectively, the LQU and LQFT defined in Egs.(4.15) and (4.86).
Therfore, we can conclude that the LQU and the LQFI are both useful functions for under-
standing the effect of non-classical correlations, other than the entanglement, in enhancing
the precision and efficiency of quantum metrology protocols. Moreover, they are useful under-
standing the role of non-classical correlations in quantum information processing tasks, such as
quantum cryptography and quantum teleportation. The latter will be the subject of interest
in the next section.

8 Quantum teleportation

Quantum correlations is a valuable resource for building quantum technologies, including quan-
tum communication. One such technology is quantum teleportation, which allows for the
transfer of the exact properties of a particle encoded in a quantum state between two distant
locations without physically transporting the particle itself. This is achieved by destroying the
quantum state of a qubit in one location, followed by recreating it on another qubit located at
a distance using shared entanglement between the qubits. The concept of quantum entangle-
ment is fundamental to the quantum teleportation protocol. It allows two or more particles to
share a single quantum state, regardless of their separation distance. The protocol involves the
transmission of quantum information between a sender and a receiver via a pair of entangled
particles, local unitary operations and classical communication channels. Bennett and his col-
leagues first proposed the idea of quantum teleportation in 1993 [45]. The first experimental
demonstration of quantum teleportation was conducted in 1997 by Bouwmeester et al. in [57].
The experiment used four photons generated through spontaneous parametric down-conversion
(SPDC) and teleported the polarization state of the photons. Since then, numerous experi-
ments have been conducted to demonstrate the feasibility and potential applications of this
process. In this section, we will provide a full study of quantum teleportation.
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8.1 Standard quantum teleportation protocol

In the field of quantum information science, several quantum teleportation protocols have been
proposed in the literature. Each protocol has its own strengths and weaknesses and the choice
of protocol depends on the specific application and resources available. One such protocol is
the "controlled teleportation” protocol, which was proposed by Gottesman and Chuang [55].
This protocol involves the use of an additional qubit, which is used to control the teleportation
process and can be useful for implementing quantum gates. Another protocol, proposed by
Vaidman, is called "counterfactual teleportation” [241|. This protocol allows for the transfer of
quantum information without any physical particles being transmitted between the sender and
receiver, making it an interesting tool for quantum communication with security benefits. There
are also protocols that use different types of resources, such as continuous-variable teleportation,
which uses continuous variables such as amplitude and phase to represent quantum states
[242|, and hybrid teleportation, which combines discrete and continuous variables to transfer
quantum information [243|. This type of teleportation is essential for quantum communication
over continuous channels, such as fiber optics. Hybrid teleportation combines discrete and
continuous variables, offering the best of both worlds for transferring quantum information.
Despite the differences between these protocols, they all rely on the fundamental principles of
quantum entanglement and quantum measurement to transfer quantum information without
physically sending the particle itself. In our studies, we were only focused on the standard
quantum teleportation protocol provided by Bennett et al. in [45]. It is a widely-used and well-
studied protocol for quantum teleportation. It is often used as a benchmark for other quantum
teleportation protocols due to its simplicity and effectiveness.

Let us consider the scenario where the sender, Alice, wants to transmit an unknown qubit
state denoted by |1);) to the receiver, Bob, who is spatially distant from her. However, they
can only communicate through classical channels such as phone calls, email and so on. The
qubit state, |1,), can be written as a linear combination of two basis states, namely |0) and
1), with complex coefficients, a and $3, satisfying the condition |a|* + |8]> = 1. Such that

1), = a|0), + 51), . (4.105)

It is important to note that the state [¢), is arbitrary and not necessarily known by either Alice
or Bob. A diagram or schematic illustration of the standard quantum teleportation protocol is

presented in Figl.1]
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Figure 4.1: A schematic illustration of the standard quantum teleportation protocol
Here, we will provide a brief overview of the main steps involved in this protocol:
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e Initialization: Alice and Bob each have their own qubit and they share an entangled pair
of qubits known as the Bell pair. It is given by
1
1Boo)2s = ﬁ

where qubit 2 belongs to Alice, while qubit 3 belongs to Bob. This state serves as the
quantum channel for the teleportation protocol.

(100)g5 + [11)53) € Fag = Fo @ I, (4.106)

e Preparation: This step involves preparing a single particle of the unknown state. This
qubit is denoted as 71”7 and is located in the Hilbert space H;. Alice has then the qubit
that she wants to send and her constituent of the Bell pair, while Bob has only the second
constituent. Since Alice cannot send the state of her qubit directly to Bob, she combines
it with her half of the entangled pair. The joint state of the three qubits is given as the
tensor product below:

1
|p) = |¢>1 |500>23 = E (a |0>1 + |1>1) (’OO>23 + |11>23) ) (4.107)

where the total Hilbert space of the whole system 123 is Hoz = H; @Hy®H3. Distributing
terms gives the following equality:

1
|p) = ﬁ (a |000>123 + |100>123 +a ‘011>123 + |111>123) : (4.108)

Using the Bell states (2.6H2.9)), we can represent Alice’s qubits in Bell basis as:

1 1
Bood1a = E(\00>+|11>), |BOI>12:E(|01>+|10>>’ (4.109)
1

1
V2

The combined state can be expressed in the Bell basis {|849) 12 801012+ 1510012 > 1B11) 12}
as:

B10)12 = ﬂ(\00>—\11>)7 B11)1e = —=(101) = [10)). (4.110)

9) = 5 [1Boodea (@10)y + BI0)) + o)y (@0}~ A1) (4110)

+1B10) 12 (| 1)5 + B10)3) + [B11) 15 (1) 5 — B10)5) |- (4.112)

e Measurement: Alice performs a joint Bell-state measurement (BSM) on the two qubits
she possesses, namely the qubit [¢)), and the first qubit of the entangled pair |5yg)qs-
According to the decomposition (4.111]), the outcome of the measurement will be one of
the four states composing the Bell base: [8q9)15, [801)12 5 1810)12 OF |B11) 19, €ach with the
same probability of 1/4. Since the quantum channel was initially made of two entangled
qubits, the qubit 3 of Bob will instantaneously be projected into one of the pure states

appearing in Eq.(4.111)) parameterized by o and f.

e Classical communication: Alice then communicates the result of her measurement to Bob
using classical communication channel. This communication requires two bits of classical
information to be transmitted since there are four possible measurement outcomes:

00 for |Boo) 1y,
01 for [Bg; )15,

10 for |B10) 1,
and 11 for [5,,),, -
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e Correction: Based on the two classical bits received from Alice, Bob performs a cor-
responding quantum unitary operation on his qubit of the shared entangled pair. The
operation depends on the outcome of Alice’s measurement as follows:

If Alice measures |3,),,, Bob applies the identity operation (I) to his qubit.
If Alice measures |(,),,, Bob applies the Pauli-X (c) operation to his qubit.
If Alice measures |(,),,, Bob applies the Pauli-Z (¢*) operation to his qubit.

If Alice measures |3,,),,, Bob applies the Pauli-X (¢%) and Pauli-Z (0*) operations to

his qubit.

12

e Reconstruction: After Bob applies the correction, his qubit is now in the same state as
the unknown quantum state [¢), that Alice wanted to teleport.

Note that the key feature of this protocol is the use of entanglement to teleport the unknown
quantum state from Alice to Bob without physically transmitting it. This protocol is secure
against eavesdropping because any attempt to measure or copy the unknown quantum state
would disturb the entanglement and be detected by Alice and Bob. Based on the protocol
described above, we propose a scheme of quantum teleportation using a partial entangled state
as the resource for the quantum teleportation process instead of the Bell maximally entangled
state given in Eq.(4.106)). The advantage of using a partial entangled state is that it requires less
entanglement and is easier to implement experimentally compared to a Bell state. However,
using a partial entangled state also has drawbacks, including a lower success probability of
teleportation and the possibility of a teleported state that is not an exact replica of the original
state. In the next part, we will present a scheme for the quantum teleportation process using
an arbitrary entangled mixed state as the quantum channel.

8.2 Scheme of quantum teleportation

Bowen et al. in Ref. [244], proposed a scheme for implementing quantum teleportation using an
entangled mixed state as a resource. This scheme can be interpreted as a general depolarizing
quantum channel, allowing the teleportation of any given two-qubit mixed states. One of the
significant outcomes of this work is its ability to account for mixed teleported states, except in
the case of a maximally entangled channel. As in the standard teleportation protocol, the input
entangled state p;, in the mixed channel is destroyed as depicted in Fig[d.T] and its output state
Pous aDPears on the other side after implementing a local measurement in the form of linear
operators. However, it should be noted that the output state p,,, for the mixed channel differs
from that of a maximally entangled channel. The degree of difference between the input and
output states depends on the degree of entanglement of the mixed state used as a resource. Let
us consider an arbitrary two-qubit pure state as the input state, such as

|1;,) = cos (g) 10) + €™ sin (g) 01) . (4.113)

Here, 6 € [0,7] and ¢ € [0,2n] denote, respectively, the amplitude and the phase of the
input state. Using the density operator formalism, the concurrence Cj, of the input state
Pin = |1;) (¥;,|can be expressed as follows

Cin = 2[e sin (g) Cos (g) | = |sin(0)]. (4.114)

Mathematically speaking, a mixed quantum channel can be represented as a completely pos-
itive and trace-preserving operator (CPTP). This mechanism maps an input density operator
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Figure 4.2: A schematic illustration of the quantum teleportation protocol using a mixed
quantum state py as a quantum resource.

to an output density operator p,,, via the function ® [244], which can be expressed as

Pout = P [pin] . (4115)

The concept of CPTP maps will be further elaborated in Chapter 5] When a quantum state is
teleported through a mixed channel p,, the resulting output replica state p,, can be derived
by applying simultaneously joint measurements and the local unitary transformations on the
input state p;, = |¥y,) (¢¥5,|. This process can be expressed mathematically as follows:

Pour = @ [P = Z Pap(0" @ 0") piy (0" @ 07, (4.116)

n,v=0

where 0¥ = I is the 2 x 2 identity operator and o’ (i = x,y, z) stands for the familiar Pauli
matrices. While p,,, = p,p, represents the joint probabilites with p, = Tr (E*p(t)) satisfy the
following condition ) o P = 1. Here, the projective measurements F7 are defined using the
well-known Bell states as follows:

E° = |500> <500| ) E' = |/601> <501|7 (4~117)
E?* = |510> <510‘ ) E® = |511> <511’> (4~118)

with [5y0), |Bo1) s |B10) and |B1;) are given explicitly in Eqgs.(2.652.9). In order to provide a
general overview, we consider an arbitrary two-qubit quantum system described by the density
operator in the form of the X-state given in Eq.(2.56) as a quantum channel, i.e., p4, = px. In
this case, the output density operator p,,, takes the form:

pu 0 0 py

0 P22 523 0
out = , 4.119
Pout 0 P23 P33 0 ( )

f/\f{4 0 0 544
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where the non-zero teleported matrix elements are expressed as

P = Paa= (P11 + Paa) P2z + P33), (4.120)
Pra = Pra= (pra+ P1a) (P23 + p33) sin () cos (), (4.121)
~ ) 0

Pay = (P11 + pag)? cos” < ) (pag + ps3)” sin® (5) ) (4.122)
_ L (0

sz = (P11 + pag)”sin’ + (P2 + p33)? cos 5 (4.123)
-~ 1 * 7 . * —1 .

e [(p23 + p33)%e ?sin 6 + (pry + piy)’e ¥ sin 0] . (4.124)

By knowing the output state, we can characterize the quality of the teleported state p,, by
calculating several quantum corelations quantifiers such as concurrence, quantum discord and
SO on.

8.3 Fidelity of Entanglement Teleportation

In order to assess the effectiveness of the teleportation process, it is useful to examine the
fidelity between the input and the output states. This allows us to evaluate the credibility
and reliability of the secure information transmitted between Alice and Bob. For a pure input
state, fidelity can be regarded as an effective indicator for evaluating the performance of a
quantum channel as it provides information about the closeness of the teleported state to the
input state [68./69,245.[246]. Tt is defined as the overlap between the input and the output state,
ie., 3]

F= |<¢m| wout>|2 : (4125)

Here, |1,,) is the input state that Alice wants to teleport, and |¢,,,) is the state received by
Bob after the teleportation process. However, for a mixed input state p;,, the fidelity is defined
as

2
‘ff = <¢zn’ pout |wout> = <TI‘ \/IO_inpout\/E) . (4126)

This quantity ranges from 0 to 1, where & = 0 means the input and output states are orthogonal,
indicating that the information is completely destroyed during the transmission process and the
teleportation fails. Conversely, a fidelity of unity indicates that the input and output states are
identical, which is perfect teleportation. When 0 < F < 1, the quantum information is subject
to distortions to some extent. However, in practice, fidelity can be affected by factors such as
the quality of the quantum channel, the efficiency of the measurements, and the presence of
noise or errors, causing the fidelity to be less than 1. Therefore, it is important to optimize these
factors to achieve high-fidelity teleportation and reliable transmission of quantum information.

On the other hand, the concept of average fidelity provides a more comprehensive measure
of the overall quality of teleportation performance, since it considers both the probability of
success and the quality of the teleportation process. It quantifies how well the teleportation
protocol can transfer the state of a qubit from one location to another on average. Since the
parameters 6 and ¢ are unknown, the average fidelity &, is calculated over all the points of the
Bloch sphere using the formula:

Fa=— dgb/ dOF sin 6, (4.127)
47T
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by integrating the above formula (4.127)), the average fidelity F4 for our case can be hence
written as

1 *
Fa= g[(ﬂn + paa)? + (Pog + Pa3)” + 2(pas + ps3)°]. (4.128)

It is clear that the average fidelity ¥4 depends mainly on the quantum channel parameters.
To transmit the input quantum state F, with better fidelity than any classical communication
protocol, the average fidelity 4 must exceed £, which is the maximum achievable for classical
communication.

Considering the above quantum teleportation scheme, we have studied in Ref. [80], quantum
teleportation using a two-qubit Heisenberg XXZ spin-1/2 chain model as a quantum resource.
During this study, we considered the influence of intrinsic decoherence on the transmission of
information between the two parties involved in the teleportation process. We have shown that
different parameters encoded in the two-qubit Heisenberg XXZ model are efficient to control
parameters of quantum communications. Our research has demonstrated that the introduc-
tion of decoherence can degrade the quality of teleportation, making it crucial to consider the
effects of decoherence when developing quantum communication protocols. In another con-
tribution [68|, we have studied the possibility of using a four-qubit square compound on the
spin-1/2 Heisenberg XXZ model as a quantum channel for teleportation. Specifically, we have
investigated the use of a thermal pairwise quantum state as a resource for quantum teleporta-
tion. We examined the impact of various parameters on the quality of the teleported state, such
as the temperature, the strength of the magnetic field, and the coupling constants. We found
that increasing the strength of the anisotropy parameter can enhance the quality of teleporta-
tion. This is because a stronger anisotropy parameter can increase the degree of entanglement
between the qubits in the compound, which can lead to a more reliable transfer of quantum
information. Overall, our studies contribute to the exploration of the effects of decoherence
and thermal noise on quantum teleportation and could potentially lead to the development of
more robust and reliable methods for quantum information processing.

8.4 Quantum teleportation via three-qubit system

Based on the standard teleportation process, we will provide an overview of quantum telepor-
tation via the three-qubit quantum system using a given three-qubit mixed state p, - as a
quantum resource [79|. This protocol aims to transmit the information encoded in an unknown
one-qubit state from Alice, the sender, to two receivers, Bob and Cindy. For successful trans-
mission, Alice possesses two qubits, where the first qubit represents the state to be teleported,
namely [1),, while the second qubit represents one of the three proposed qubits. On the other
hand, Bob and Cindy hold the remaining two qubits. Bearing this in mind, the overall density
operator of the system can be expressed as a compact form:

PuABC = PuPABC: (4-129)

whereby the unknown density matrix is defined as p,, = [1),(¢],. In the following, we suppose
that the unknown density operator has the following matrix form |79):

1-— 27’1 1+ 2T1

0)(0] + 2 5 (IL(0] + [0){1]) +

Pu = 1) (L. (4.130)
Here, 0 < 7; <1 and ro = /1 — 7?2 > 0. To transmit this input state to Cindy and Bob, Alice
performs a joint Bell basis measurement on her two qubits. This measurement can be described
by the following operators M! , ® Ipc, where Ipo stands for the identity operator that acts on
the combined system BC'. The operators M , are given by
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M;A = |ﬁoo>uA<500|a M5A2|501>uA<501|a
|510>uA<510|7 M3A2|511>uA<511|7 (4~131)

<
=
|

where {|Boo) 5 18o1) 5 |810) , |B11)} are the well-known Bell states, which are given explicitly in
Eqgs.(2.612.9). Once Alice obtains her measurement outcome ¢, she communicates with Bob and
Cindy via a classical channel. Then, the combined state of Bob and Cindy’s target system BC'
determined based on Alice’s measurement outcomes is given as the following form [247,248]|

. 1 .
Ppc = — Trua[(Mya @ Ipc)puapc); (4.132)

)

where p; is the probability for Alice to obtain the measurement outcome 7. It turns out to be

pi = Truape|(Mys ® Ipc)puapc)- (4.133)

At this stage, in order to successfully complete this process, Bob and Cindy need perform -
dependent unitary operations U* = Ul = U/, on their own qubits B and C, respectively. Then,
the output state is given by

Pl = U7 p' U7, (4.134)

where U? is defined as U = 0%, U? = 0¥, U? = ¢°, U* = 0%, while p' = Tr¢ (pge) = Trp (p0)-
In order to evaluate the quality of the state shared by Cindy and Bob, namely p! ,, at the end
of the process of quantum teleportation, compared to the input state p,, one can evaluate the
average fidelity. This is done by evaluating the fidelity over all possible Alice’s measurement
outcomes ¢ and for all unknown states p, on the Bloch sphere. It can be readily proved that
the average fidelity can be expressed using a specific formula.

1 2m ™ 4 o
Fo=— in 0dfd N 4.135
e A D e (4.135)

where F' = Tr(p! ,p,). Based on these results, we have studied in detail in Ref. [79] the
quantum teleportation via the three-qubit system using a three-qubits mixed quantum state at
thermal equilibrium as a quantum channel resource.

9 Conclusion

Due to the complex maximization process involved in the definition of entropic quantum dis-
cord, a fully rigorous algorithm for calculating this metric for a general bipartite quantum
system, even for a simpler two-qubit quantum system, is still lacking. However, in this chapter,
we have investigated alternative metrics of non-classical correlations based on the concept of
quantum uncertainty, namely LQU and UIN. Their analytical expressions have been derived
explicitly for arbitrary qubit-qudit systems. In the same respect, we have also studied the
possibility of generalizing the definition of LQU for multipartite quantum systems. Moving
on, we have studied another discord-like metric of non-classical correlation based on quantum
coherence. Another concept that has been studied in this chapter is quantum Fisher infor-
mation, where we have established its role in quantum metrology and quantum correlations.
This connection makes it useful in building a bridge between quantum estimation theory and
quantum correlations.
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This chapter also explores the implications of quantum correlations in quantum information
processing. Specifically, we have studied the concept of quantum teleportation, which relies
on quantum correlations to transmit information between distant locations without actually
physically moving the particles. Our analysis of quantum teleportation has mainly focused
on the standard protocol. Despite its limitations in terms of transmission fidelity, quantum
teleportation represents a key application of entanglement in modern quantum technologies,
and further research in this area may lead to significant advances in quantum communication
and computation.

All this makes the characterization and quantification of non-classical correlations in quan-
tum systems an important task in quantum information processing. This is important to
understand the decoherence effect. This approach will be the main subject of interest in the
next chapter.
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CHAPTER 5
DYNAMICS OF OPEN QUANTUM SYSTEMS

Open quantum systems (OQS) dynamics remained a hotspot for physicists and researchers in
the case of quantum theory [72|. This field provides a complete and realistic description of
a system that interacts with its surrounding environments, where such interaction can lead
to undesirable effects such as dissipation and decoherence. These effects can have an impact
on various research topics, including quantum information [5|, quantum transport [249] and
quantum optics [250]. The link connecting system and environment are inevitable and can lead
to the deterioration of quantum information, which presents a significant challenge to practical
quantum information processing. However, the theory of OQS provides mathematical and
practical frameworks that consider the effects of the environment and describe the dynamics of
such systems, addressing the challenges posed by these effects.

Decoherence is a significant challenge in understanding the dynamics of OQS [65]. It arises
from system-environment correlations and refers to the process by which a quantum system
loses coherence due to interactions with its environment [5,/66]. This results in a loss of the
ability to observe quantum interference and leads to the appearance of classical behavior. In
other words, it provides a mechanism by which quantum information stored in the system
gets lost or becomes corrupted due to interactions with the environment [5]. Moreover, it is a
major obstacle to the implementation of quantum information processing, as it limits the ability
to maintain coherence over long timescales, which is necessary for many quantum computing
tasks [5].

Recent advances in open quantum systems have enabled significant progress in the quantum
processing, despite the challenges posed by decoherence [5,[72]. One such advance is the de-
velopment of quantum error correction codes that can protect quantum states from the effects
of decoherence [251]. Another important development is the use of quantum feedback con-
trol, which actively manipulates quantum systems to mitigate the effects of decoherence [252].
Furthermore, experimental studies of OQS and decoherence have also played a crucial role
in advancing our understanding of these phenomena [253|. In particular, the development of
quantum computers has provided a testbed for studying the effects of decoherence and iden-
tifying strategies for mitigating its effects [254|. By studying the sources of decoherence in
quantum computers, researchers have been able to develop new techniques for improving their
performance and enhancing their computational capabilities [255]. Overall, these advances have
opened up exciting new possibilities for quantum information processing and promise to have
a significant impact on a wide range of scientific and technological fields.

Dynamics of OQS remains a challenging task, as its linkage with the environment breaks
the system’s isolation as well as quantum characteristics, and are not definable using time
unitary operations. In general, making the solution of motion’s equation for such a system is
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a challenging task [72] and the dynamics of OQS could be further assumed into the categories
of Markovian or non-Markovian, depending on the nature of the system-environment coupling.
In the Markovian process, an inevitable and permanent loss of information occurs from the
original system to the linked environment. This loss of information makes the evolution of the
system memoryless and independent of its initial state. On the other hand, if the condition of
the Markovian process is violated, it leads to a non-Markovian process. In a non-Markovian
dynamical maps, an information exchange between the linked environment and relative system
occurs where this kind of dynamical maps might have a significant impact on the recovery of
information and previous states of the open quantum systems [72,256].

This chapter provides the readers the fundamental concepts and techniques regarding the
dynamics of OQS. This chapter is organized as follows: Sec[l] introduces the relative mathe-
matical as well as physical axioms required for describing closed quantum systems. In Secf2]
we study the framework of the theory of OQS, providing the necessary mathematical tools for
a comparative study between the two, including the difference between Markovian and non-
Markovian regimes. Further, the universal dynamical maps and their relative relationship with
the evolution of open quantum systems are disscussed in Sec[3] Sec[] presents the microscopic
derivation of the Markovian quantum master equation, while Sec[5| defines the Lindblad master
equation in non-Markovian dynamics. Finally, Sec[f] derives the time dynamics of the density
matrices using the Milburn decoherence scheme.

1 Closed quantum systems

The time-dynamics of a system in the classical framework are typically controlled by several dif-
ferential equations, including Hamilton’s equations, Liouville equation, Euler-Lagrange’s equa-
tions and so on. However, these methods can exhibit different properties based on the physical
system they belong to. In quantum information, the primary subject is to determine the
quantum counterpart of these classical approaches using quantum laws. In this inspiration,
Erwin Schrodinger provided the initial quantum approach to characterize the time evolution
of a quantum closed system with Markovian regime, such as energy and/or matter, with its
surroundings [257,258].

1.1 For pure states

According to the postulate (see Sec[2.2), the dynamics of a quantum state |k(¢)) € H represent-
ing a closed physical system at any given time ¢, defined by the Schrodinger equation, where
H is the Hilbert space of the total system. It is defined as

. d

th— |k(t)) = H(t) [s(2)) . (5.1)
Here, H(t) denotes the total Hermitian Hamiltonian operator of the given system with HT(t) =
H(t). For the remainder of this thesis, we consider i as an energy unit (h = 1). Moreover,
the Schrodinger equation has an important characteristic of maintaining the norm of quantum

states. Indeed, we have

& el w(e)) = (%) 50 + (5(0) (_d“;fj»)
() HE) I8()) — i ((8) HLQE) [(2)) = 0. 5.2

Due to the linearity of the Schrédinger equation (5.1), its solution can be expressed in terms
of the time unitary operation U(t,ty) as

k(t)) = Ul(t, to) |k(to)) , (5.3)
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with |k(tp)) being the initial state. Let us notice that U(t, o) is the evolution/propagator/time
shift operator, evolves or changes the original state |k(to)) to the quantum state |x(t)). More-
over, this operator depends only on the time intervals, ¢o(t) initial(later) times. By substituting
the state back into Eq.(5.1)), it therefore follows that the unitary operator U(t,t,) satisfies
the following differential equation:

. d

with U(to, tg) = I. The Hermiticity of H(t) ensures the unitarity of U(t, ). In fact, the Hamil-
tonian generates the time evolution through Eq. and completely determines everything re-
lated to the dynamics of non-open quantum systems with time. By using Dyson expansion 72|,
one can formally obtain U(¢, ) acting on |k(t)) from the expression (5.4) as follows:

Ult,tg) = T exp {—z’/tH <t> dt/} , (5.5)

to

where T in Eq.(5.5)) is the chronological operator for time ordering and is used to make the
time-dependent operators in order to increase from the right to the left. However, for the
time-independent function H(t) = H, U(t,ty) (5.5) can be simply written as

Ut to) = exp [—i (t — to) H]. (5.6)

The above formula reveals that the time-evolution of |k()) in the time-independent Hamiltonian
system is simply a unitary rotation governed by the Hamiltonian H and the time interval

(t —to)-

1.2 For mixed states

To discuss the time-evolution of a non-local statistical mixture, a varying approach is required as
compared to the previous situation where a pure quantum state was considered. The ensemble
of a statistical mixture cannot be characterized by a state vector alone. Instead, we use the
density matrix formalism, as described in Sec[2.2] to represent the statistical mixture. To derive
the time-dynamics of the closed system’s density operator p (t), we start with the original state
p (to) represented as [259]

p(to) = > wilki(to)) (kilto)], (5.7)

where w; are the non-negative weights and |k;(fo)) denotes the associated initial state vec-
tors. Since these states are time-dependent in accordance with the unitary evolution stated in
Eq.(5.3), then the evolved state p(t) is expressed by the following formula:

p(t) = Y, wil(t to) |ri(te)) (mi(to)| UT(t, o)
= Ult,to)p (to) U'(t, o). (5.8)

The above expression (5.8]) takes the form

p(t) =V(t,to)[p(to)], (5.9)

with V(¢,t0) is referred to as the linear operator which acts as
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with X is an arbitrary operator that acts on the Hilbert space . Therefore, the time derivation
of the state p (t) leads to the so-called Liouville-von Neumann equation, which is given as follows

dz—g) = —i[H(t),p )] (5.11)

This formula is reformulated using for the Liouville operator £ (t) as

PO _ cwow, (5.12)
where £ (X) = —i [H (t),X]. The formula shows the time-evolution under study for
the density operator and provides a resourceful way to study the dynamical map/behavior of
quantum systems. Moreover, the Eq. represents the Banach space element regarding the
class of traceable self-adjoint operators, namely B. Whilst V(¢,ty) in Eq. is the linear
operator that acts over this space B [257,[258]. Therefore, one can study that the evolution

operator of pure states projected into the evolution operator for mixed states. Thus, the general
solution of Eq.(5.12)) is determined as follows

pm:vmmmmmzvumﬂlswm@pw» (5.13)

and by taking the derivative we can immediately arrive at Eq.(5.11]).

1.3 Interaction picture

So far, the Liouville-von Neumann equation has been derived using the Schrodinger picture. In
this representation, the quantum state evolves in time whilst the operators remain invariant.
However, the opposite situation can also be discussed, which corresponds to the Heisenberg
picture. In this situation, the quantum state remains fixed and the operators evolve in time.
Dividing the total Hamiltonian into two parts, a free part and an interaction part allows for
a clear distinction between the evolution of the system caused by the free Hamiltonian and
the evolution due to the interaction. This gives rise to another formulation known as the
interaction picture or Dirac representation, where both states and operators evolve in time.
The characteristics of these three pictures and their interconnection are summarized in tablds.1]
It is important to emphasize that the Schrodinger and Heisenberg pictures are both limited
and do not provide a general description of physical systems (see tabl. An alternative
representation that should be considered is the interaction picture. This approach reflects a
more comprehensive description as it takes into account not only the closed system of the
Hamiltonian Hy but also includes the interaction of Hamiltonian H; between two or more
sub-systems, that is,

H(t) = Hy + Hy(t). (5.14)

This split provides a powerful tool for the study of quantum mechanics as it facilitates the
analysis and comprehension of the effect of interactions on the system under study. Moreover,
it enables the determination of the expectation value of any given Schrédinger observable O(t).
Such that

(O(t)) = Tr [O(W)U(t,to)p (o) UT(t,0)] - (5.15)
Here, O(t) is assumed to be time-dependent and the operator U(t,ty) turns out to be

Ult,to) = Uy(t, to)Us(t, to), (5.16)
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Pictures Schrodinger Heisenberg Interaction

Time-evolution | Usc(t, o) = | Une(t, to) = | Urn(t, to) =
operator T exp { i ft Hs,(t)dt w T_ exp {—i JZJ HHe(t’)dt’-‘ exp [—i (t — to) Hpy)
State vector k(1)) 5. k(t = |k(t 15(0) 1
USc(t tO) ‘ ( )) | ( )>He ’ ( 0)> U}Ln(t, 0) |H(t)>sc
: : Psc (t) = _ Prn (t) =
Density mabrix | 1704 1), (to) Ul (8, tg) | P1e = Pse (10 US (1, to)ps, (1) Una(t, t)
_ OHe (t) = Oln ( ) =
Observables | Ose = O (fo) Utyne (1,6)0 (t0) Unne 1 t0)| Ufs (1, 6) OsoUna(t, o)
Ti derivati dpfi—c(t) — dOzf—e(t) _ deI—H(t) _
ime derivative dt a at
—? [HSC (t) » PSec (t)] —? [HHe (t) , OHe (t)] —? [Hln (t) )y PIn (t)]

Table 5.1: The basic characteristics of the three pictures, namely Schrodinger, Heisenberg, and
interaction pictures as well as the connection between them.

with
Up(t,tg) = exp[—i (t — tg) Hy). (5.17)

The expectation value provided by Eq.(5.15) can be then expressed using Uy(t, t) and U;(t, to)
as follows

O1) = Tr [U}(t 1) O Uo(t, t)Us(t, to)p (t) U} (¢, to)|
= T [O(t)p; ()], (5.18)

where Oy (t) and p, (t) are, respectively, the time-dependent observable and the density operator
in the interaction representation. They can be expressed as follows

O;(t) = UT(t, 1) O(1)U(t, ty), (5.19)

pr(t) = UL, to)p (to) UT(t, to). (5.20)

The interesting point to make here is that the interaction picture is regarded as a useful tool
in quantum mechanics, since it provides a bridge between the Heisenberg and Schrédinger
pictures in different circumstances. When the Hamiltonian is only represented by the free
Hamiltonian part, i.e. H;(t) = 0, such that U(t,to) = Uy(t,t0) (Ur(t,to) = I). In this case, the
interaction and Heisenberg representations are both equivalent. Conversely, if the Hamiltonian
comprises only the interaction part, H(t) = H;(t), that is, U(t,to) = U(t, o) (Uo(t,to) = 1),
the interaction picture becomes identical to the Schrédinger picture. The evolution operator
Ur(t,tp) in the interaction representation is the solution of the time-dependent differential
equation. This gives

0 ~
lEU[(t,to) = H[(f)U](t,to), U](to,to) = I, (521)

where H 7(t) refers to the interaction Hamiltonian in the interaction picture. It takes the
following form R
Hi(t) = Ul (t, to) Hi (1)U (t, to). (5.22)

Therefore, the corresponding Liouville-von Neumann equation associated with the density op-
erator in the interaction picture p;(t) is given by

d”g—f” — i [ﬁ](t), o (t)] . (5.23)
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The above equation of motion (5.23) may be formally integrated to obtain

o0 = pyti0)—i [t [ 100 (7)), (521

to

where p; (ty) denotes the initial state of the quantum system at time ¢, in the interaction picture.
Moreover, Eq.(5.24) provides a way to study the time evolution of the density matrix in the
interaction representation and it is used in quantum mechanics as well as quantum information
theory to study the dynamics of open quantum systems. This will be the main topic of the
following section.

2 Open quantum systems

A closed quantum system is an ideal quantum system that is completely isolated from its
surrounding environments, meaning that it is unaffected by any external interactions or distur-
bances. In such circumstances, the quantum state evolves following unitary dynamics, ensuring
that the total probability is conserved over time and the state remains pure. The unitary
evolution is described by a unitary operator, which can be represented mathematically by
Eq.. In contrast, an open quantum system S is coupled to the environment FE, leading
to a non-unitary evolution of the system state. This non-unitary evolution is caused by the
loss of information and the degradation of quantum coherences due to the interaction with the
environment. Although the combined system, including both the system and environment, can
be considered a closed system and the reduced dynamics of sub-system S alone are non-unitary
due to the interaction with the environment [72]. The total state of the system and envi-
ronment (S + E) can be described using the tensor product of their respective Hilbert spaces
Hsp = Hs @ Hp and the dimension of the whole space is dim(Hgg) = dim(Hg).dim(Hg).

2.1 Description of open quantum systems

In general, the total Hamiltonian H(t) of the combined system (S + E) can be considered to
be of the following form in time evolution as

H(t) = Hs @ Ip + Is ® Hp + Hsp(t), (5.25)

where Hg stands for the self-Hamiltonian of the system, Hgr denotes the Hamiltonian of the
environment and Hgg(t) is the Hamiltonian describing the interaction between both. While
Is (Ig) is the identity operator in the Hilbert space Hg (Hg). For the sake of simplicity, we
omit the tensor product symbol ” ® 7 and instead we rewrite the total Hamiltonian as

H(t)=Hs+ Hg + Hggp(t). (5.26)

Moreover, the interaction between these two parts can lead to the generation of correlations
between them. A schematic representation is illustrated in Fig[5.1] It is crucial to note that the
specific forms of Hg, Hr and Hgg(t) depend in the first place on the system and environment
under consideration, as well as the nature of the interaction between them. In many physical
situations, solving a complete mathematical model of the dynamics of a coupled system can be
extremely complex. This complexity is compounded by the presence of the environment, which
can be a reservoir or a heat bath with infinitely many degrees of freedom [72]. Solving this type
of problem requires an infinite hierarchy of coupled equations of motion, making it challenging to
accurately predict the behavior of the system and understand the underlying physical processes.
To simplify the problem, researchers often isolate the relevant physical quantities by taking
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Figure 5.1: A schematic representation of the interaction between the system and its environ-
ment.

averages over the remaining, irrelevant degrees of freedom of the environment. However, this
task can be complicated when the modes of the environment are unknown or uncontrollable. To
address this challenge, researchers develop simpler descriptions of the system in a reduced state
space formed by a restricted set of physically relevant variables. This approach is achieved by
using various analytical methods and approximation techniques [260]. All observables related
to an open system, denoted by S, can be expressed using the form of Og ® Ig. Here, Og is
referred to as an arbitrary observable acting on the Hilbert space Hg. The expectation value of
any observable that acts on the open system’s Hilbert space can be obtained via the following
expression:

(Os) = Tr[Ospg], (5.27)

where pg stands for the reduced density matrix of the sub-system .S, which is derived via the
standard technique of tracing out only the degrees of freedom of the environment E from the
total state p. This gives [72]

ps = Trep] . (5.28)

The formula mentioned above provides a crucial tool for describing the dynamical behavior
of open quantum systems. It allows us to derive the time-dependent reduced density matrix
pg (t) that describes the open system S at any given time ¢ from the total state p (t) of the
entire system. Since the state of the combined system (S + E) evolves according to a unitary
evolution, we have

Ps = TrE [U(t7 tO)p (tO) UT<t7 tO)] ’ (529)

where p (t) is the initial state of the total system, while U(t, ;) denotes the time-evolution
operator of the total system. Similarly, the partial trace over the environment on both sides
of the Liouville-von Neumann equation yields the following equation of motion for the reduced
density matrix in the Schrédinger picture:

%Ps (t) = —iTrg [Hs + Hg + Hsp(t), p (1)) . (5.30)

In the following, we aim to provide a full description of the most important equations of
motion for the reduced density matrix used to explain the dynamical behaviors of open quantum
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systems. These equations are employed to reduce the complexity of the exact reduced Liouville-
von Neumann equation above while still preserving all of its key features.

2.2 Markovian and non-Markovian dynamics

Open quantum systems (OQS) are classified into two main categories based on how they en-
code and lose information, namely Markovian and non-Markovian, as illustrated in Fig[5.2] In
the Markovian regime (see Fig..a), the interaction between the system and its surrounding
environment causes a one-way flow of information, resulting in the loss of coherence and in-
formation from the system to the environment [53,54,257]. This kind of information loss is
irreversible and the environment does not retain any information that can be used to recover
the lost coherence or information later on. Therefore, this regime is known as "memoryless”.
The evolution of the OQS in this case is solely determined by its current state. Conversely,
non-Markovian regimes allow for the partial or complete recovery of lost information during
the evolution of OQS (see Figl5.2|b). This recovery occurs due to the interaction between the
system and its environment, which allows the environment to maintain information about the
system, leading to a temporary increase in the OQS information known as a "backflow of in-
formation”. In non-Markovian regimes, the system’s past evolution in addition to its present
state affects its evolution, making it distinct from Markovian dynamics where the present state
is sufficient to predict the system’s future evolution. The ability to recover lost information is
essential for applications such as quantum computing, where preserving quantum coherence is
necessary for implementing quantum algorithms. Non-Markovian dynamics are characterized
by non-monotonic changes in the quantifiers of encoded information, such as entropy or fidelity.
These changes reflect the intricate interplay between the system and its environment [54,69,/72].

To distinguish between the two dynamics, a mathematical framework is employed which
relies on the divisibility property of the maps that describe the OQS dynamics. Markovian
evolutions possess divisible maps that can be decomposed into smaller maps that describe
shorter time intervals [261]. This property enables the interaction between the system and its
environment to be treated as a sequence of shorter interactions, resulting in the irreversibility of
information flow. Moreover, in Markovian regimes, the dynamical map describes the system’s
evolution when it is weakly coupled to the environment, meaning that the environment does not
significantly affect the system’s evolution. This enables us to divide the evolution of the system
into smaller, independent steps and describe it using a time-local master equation, which is a
differential equation governing the evolution of the system density matrix [72]. On the other
hand, in the non-Markovian regime, the dynamical map does not fulfill the divisibility property
since the system’s evolution is affected by its past states and its interaction history with the
environment. Therefore, it cannot be divided into smaller, independent steps. As a result, the
system may exhibit memory effects, where lost information is temporarily recovered at one or
more time intervals during the evolution. The evolution of the system cannot be described
using a time-local master equation, and more general approaches such as integrodifferential
equations or non-Markovian quantum stochastic processes are needed to describe the evolution
of the system [258].

Understanding Markovian and non-Markovian regimes is critical to the advancement of
quantum technologies, including quantum computing and quantum communication. In quan-
tum computing, preserving quantum coherence is essential for implementing quantum al-
gorithms, making it crucial to comprehend the distinctions between Markovian and non-
Markovian dynamics |72|. This knowledge is fundamental to developing quantum error cor-
rection codes that can safeguard against coherence loss [258]. In quantum communication,
non-Markovian dynamics can enhance the security of communication protocols by enabling the
recovery of lost information resulting from eavesdropping [262].
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(a) Markovian (b) Non-Markovian

Flow of Flow of
information information

Environment Environment

Figure 5.2: In Markovian dynamics (a), there is only a one-way information flow from system
S to environment F, and any encoded information in the system cannot be recovered during
its evolution. On the other hand, in non-Markovian dynamics (b), the system can experience
information backflow, where the flow of information reverses from environment E to system S
for one or more time intervals. This is a unique feature of non-Markovian dynamics.

3 Deriving the evolution of open quantum systems using

Kraus operators and dynamical maps

Assuming the initial density operator of an open quantum system is represented by pg (0), its
evolution over time can be described mathematically as a map from a set of density operators
to itself. This map is denoted by ® (¢,0) and corresponds to time t. To obtain the density
operator of the system at any given time ¢, denoted by pg (t), the map is applied to the initial
density operator as follows [72]:

ps (0) = @ (t,0) ps (0) = pg (1) (5.31)

The quantum dynamical map ® (¢,0) can be fully characterized using operators that are as-
sociated with the open system within the Hilbert space Hg, and it maps the set of density
operators 8(Hs) acting on the Hilbert space Hg to itself (see Fig)s.3)). That is

O (1,0) : $(Hs) — S(%s). (5.32)

Here, 8(Hs) denotes the standard notation for the algebra of bounded linear operators on a
Hilbert space Hg. Moroever, the dynamical map describes a physical process that conserves
the properties of the system under evolution. However, this map is called a dynamical map
since it describes the change in the state of the system over time [72].

nitary evolution g
p(0) = ps(0) ® py ey VMINVCOD 1y = Ut 0)[p5(0) ® pi]UT(E, 0)

TFE l l TI"E

ps(0) ps(t) = @ [ps(0)]

v

v

Dynamical map @,
Figure 5.3: Schematic illustration showing the action of the quantum dynamical map.

Assuming that the system and its surrounding environment are initially uncorrelated, i.e.,
they are separable. The initial state of the entire system in this case (S + F) can be written
as a tensor product of the individual states of the system and environment, which is referred
to as an uncorrelated product state. This gives

p(0) = py(0) @ pg, (5.33)
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where p,(0) represents the initial state of the system S, while p; = Trg [p] stands for the state
of the environment; which is assumed to be fixed during the evolution. In order to obtain the
reduced open system state, one can take the partial trace of the total system-environment state
over the degrees of freedom of the environment after evolving the composite system using the
unitary time-evolution operator from initial time O to time ¢. This operation is mathematically
expressed as:

ps (t) = Trg [U(t, 10) (p,(0) © pg) U'(t,t0)] - (5.34)

The above expression (5.34) allows us to calculate the reduced open system state at any time ¢,
given the initial state of the system and the unitary time-evolution operator of the composite
system. It can be rewritten in the following form

ps () =@ (£,0) ps (0) = Trg [U(L, to) (ps(0) ® pg) UT(t, t0)] (5.35)

with @ (¢,0) depends only on the unitary time-evolution operator U(t,ty) and the fixed state
of the environment pg. Since the state of the environment pj is both positive and normalized,
it can be decomposed spectrally on an orthonormal basis consisting of positive eigenvalues.
Hence, it follows that

Pe =22 M [0,) (W, ] (5.36)

Here, )\, stands for the eigenvalues of pp, which satisfy the condition ) A, = 1, while [¢,)
represents the associated orthonormal eigenvectors. By substituting Eq.(5.36) into expression

(65-35)), we thus obtain [5]
@ (1,0) pg (0) = Trg [U(t,to) (p,(0) @ 30, A [9,) (0, ]) UT(t, 10)]
= Z ‘1/} >[ t,t0) (ps(0) @D, A 1, ><¢V|)UT(tvt0)} <¢u‘
= Yo VA Ut 0) [9) 0,00V A (0, | UT(E t0) [0,) . (5.37)

The above formula (5.37) yields the following representation

ps () = @ (t,0) ps (0) = 32, , K (1) p(0) K, (1), (5.38)
where K, (t) represents the Kraus operators acting on the state pg (0). They are expressed

as [260]

Ko (8) = VA (0, | Ut 1) [,) (5.39)

Thus, Eq.(5.38) describes the evolution of the system in terms of Kraus operators [260]. How-
ever, it is necessary to ensures the normalization of the system state during its evolution. This
condition requires that

T [pos (0] = T [, Ko (0 pu (0K, (O] = Tr [, Kl K (0 p,(0)] = 1. (5.40)

It is easy to verify that the system state remains normalized if the Kraus operators satisfy the
following identity given as follows

> KK (8) = 1. (5.41)
The above requirement can easily verified by using the definition of Kraus operators given by
Eq.(5.39), which leads to
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S KL K () = 3, A (0, Ut t0) |4,,) (0, Ut to) 1b,) (5.42)
- T, |U*tto>(z,t\wu><wu|) (t.to) 11,)

= S A (W, | Ut ) Ut t0) [4,)
= S MW le) = =1. (5.43)

The references [54,69] appear to describe the use of Kraus operators to study the evolution of
a qubit-qutrit system under random dephasing telegraphic noise. The noise can induce both
Markovian and non-Markovian evolutions, and the Kraus operators are employed to describe
the corresponding dynamics. Now, let us consider the case where the unitary operator takes
the form following form U(t,ty) = Us(t,t9) ® Ug(t,ty), where Ug(t, o) acts on the system S
and Ug(t,to) acts on the environment E. In this case, the Kraus operators can be expressed as

K () = \/)\_u<¢u| Us(t, to) @ Ur(t, to) [¥,)

= US(t’ tO)\//\_V <¢;¢| UE<t7 tU) |1/)z/>
Ut to) Ko (1), (5.44)

where K, (t) = VA, (¢,| Up(t, ) [t,) represents the Kraus operators of the environment E.
Using the expression (5.44)), one can writes the normalization condition as:

S KLy (6 K (1) = Z (Ustt. 1)V M, U0, 10)19,)) (U, 10/, Ut 10) )
= ZV)‘ AU, [UR(t, o) Us(t,t0)TUs (¢, to)Ug(t, to) [1),,). (5.45)

W,V

Since U(t,ty) = Us(t,t9) @ Ug(t, ty) is a unitary operator, we have

Ug(t, to) Us(t, o) Ug(t, to)Ug(t, o) = I, (5.46)

Therefore, the normalization condition simplifies to:

> K = VAN =D A =1, (5.47)

W,V

where we have used the fact that the states [¢,) form an orthonormal basis for the Hilbert space
of the environment Hg. Hence, the normalization condition in this case is simply that the sum of
the eigenvalues of the quantum channel is equal to 1, which in turn gives 3 X, () K (t) =
1. Therfore, the state that describes the evolution of the system S is given by

ps(t) = 3. K (1) Us(t, to)ps (0)KL, () U ts (t,to)
= 2w Us(t: t0)p,(0)U 15 (t,to) (5.48)

The above formula represents the evolution of a closed quantum system. Thus, the
Kraus operators provide a more general framework for describing the evolution of a quantum
system, which includes the Schrodinger equation as a special case. This equation applies to
closed quantum systems, where there is no interaction with an external environment. When
there is such interaction, the evolution of the system is described by the more general Lindblad
equation, which we will discuss later.
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3.1 Properties of quantum channels with Kraus operators

A linear map ® that admits a Kraus representation has to possess the following set of axiomatic
properties [5,1260]:

e Linearity: The map ® is linear, meaning that it obeys the superposition principle. That
is, for any two input states, namely p; and p,, and complex numbers a and b, we have

D (ap, +apy) = Y, Tr(Keap,K)) + 3, Tr (Kabp,K)
ad, Tr (Kap KL) + 03, Tt (Kap, KL
= a® (p,) + b2 (p,) - (5.49)

e Hermiticity preservation: The quantum channel ® preserves the property of hermiticity,
which means that if the input state is hermitian, then the output state is also hermitian.
That is

(@ ()} = (o Kapkd) =3, (KD (0)f (Ka)f = 3, KapKlL = ®(p).  (5.50)

This is an important property for quantum channels that are used in quantum information
processing, as it ensures that certain important physical quantities are preserved when
the state is passed through the channel. For example, the expectation values of observ-
ables that correspond to hermitian operators are preserved under hermiticity-preserving
channels.

e Trace preservation: For any input quantum state p, a quantum channel ® is said to be
trace-preserving if it satisfies the following condition:

Tr (@ (p)] = Tr [, KapKl] =Tt |3, KiKap| = Tr[p] = L. (5.51)
N ——

1

Therefore, we see that Tr[® (p)] = Tr[p], which means that the quantum channel &
preserves the trace of the input state p. This shows that ® is a trace-preserving map,
which is an important property of a quantum channel as it ensures that probabilities are
conserved under the quantum evolution described by the channel.

e Positivity preservation: The quantum channel ® preserves the property of positivity,
which means that if the input state is positive semidefinite, then the output state is also
positive semidefinite. That is, if p > 0 = ® (p) > 0. This is a crucial requirement for
any physical process, as negative eigenvalues in a density matrix correspond to unphysical
states. This property ensures that the output density matrix of a quantum channel will
always be positive semidefinite, provided the input density matrix is positive semidefinite.

e Complete positivity: The quantum channel ® is completely positive, which means for
any extension Hp of the initial state space Hg, we require that Hg @ Hg > pgp >
0 = [®s5® Ig] (pgg), independent of the particular dimension of Hpg. This condition
is physically reasonable since we require not only the local evolution py = @ (pg) of
some subsystem S to be positivity-preserving but also any combined evolution pyy, =
[®s ® Ig] (pgr) which acts trivially on Hpg. Otherwise, such a combined evolution could
lead to a joint state psp that is not positive and, hence, not a valid density matrix.
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A concrete example of a map that is positive but not completely positive is the transpose
map. Let us suppose a two-qubit entangled Bell state

V) ap = % (100) o + 111) 4p5) - (5.52)

By applying the partial transpose with respect to the first qubit, then the partial trans-
posed density matrix, p 5 = }¢+>AB <¢+‘, becomes

1 0 0 0
110 0 10

[ — —
0 0 01

where T4 is partial transposition operator on sub-system A. The eigenvalues of this
operator are 1/2,1/2,1/2,—1/2. Since it has a negative eigenvalue, it is not positive
definite and therefore not a valid density matrix. This shows that the transpose map is
not completely positive.

The set of axiomatic properties represents all necessary conditions for a quantum operation
to be completely positive and trace-preserving (CPTP). This means that any dynamical map ®
satisfying these properties represents a valid transformation of quantum states and can be used
in various quantum information processing tasks such as quantum error correction, quantum
communication, and quantum computation. The Kraus representation is a powerful tool for
constructing CPTP quantum operations, and it allows for the systematic design and analysis of
quantum information protocols. When the time parameter t is allowed to vary over an interval
[0, T] where T can be either finite or infinite, this results in a one-parameter family of quantum
dynamical maps denoted by [263]

O={0(t0)[0<t<T, &(0,0)=1I}. (5.54)

Here, ® (0,0) = I represents the unit map or identity map and the density operator p; remains
fixed throughout the evolution. The family ® provides a description of the time evolution of
the open system over the interval [0,7] and contains all the necessary information regarding
the future evolution of all possible initial states of the system. By applying ® to the initial
state of the system, one can determine the state of the system at any time in the future. This
makes the family ® crucial for studying open quantum systems.

3.2 Kraus representation for general initial conditions

3.2.1 For separable states

Let us consider the case where the initial state is separable and examine how the output state
can be expressed using the Kraus representation. Indeed, the separable state can be written as
follows

p(0) = pipls @ ply, (5.55)

where p% and pi; are, respectively, the states of the system and the environment. The initial
state of the system is given as

ps (0) =Trg [p(0)] = meis- (5.56)
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The spectral decomposition of the density matrix of the environment can be written as

Po =D Colvi) (vl (5.57)

where ¢, and |v;) are the eigenvalues and eigenvectors of the state of the environment P,
respectively. By performing the partial trace over the degrees of freedom of the environment,
one obtains the reduced density matrix of the system as

ps(t) = Z iy, (W U (¢, to)p's @ i) (vil UT(t, o) |10)

V4

= Y G (ul Ut to) [vi) pipls (vil U (8, 80) |11) - (5.58)

V4

If we assume that the states p% commute, meaning that they are diagonal on the same basis

so that v; = v, (,, = ¢, and piy = 3, ¢, [v) (v, then Eq. (5:58) yields
ps (1) = ¢, (Ut t0) [1v) Y pipls (V| U (t,t0) |12) (5.59)
"% A

and this can be represented as a map acting on the state pg (0) = Y. pipk, which brings us back
to Eq. (5.39) once again. However, this is only valid when the environment states are identical,

i.e., pb = pp. In the general case, where the environment states are different p% # pg, we

cannot express the evolution state of the system using the Kraus representation.

3.2.2 For general initial quantum states

By using a general orthonormal basis for the joint Hilbert space Hg,p, we can express the
bipartite initial state as follows

p(0) = &yuli) Gl @ (k) (1] (5.60)
ikl
By performing the trace over the environment F, the initial state of the system S is given by
ps (0) =Trglp(0)] = > & li) (il (5.61)
ijk
The time-evolved state of the system S is then derived using the same procedure as in the
derivation of Kraus operators. The result is given by the following formula

ps(t) = > (ulU(t to)ps (0) UT(t, to) |n)

= 3 o (Wl Ut ) i) il @ ) (1T (2, o) |12

= (U t0) ) (S & 1) 1) R1UT (1) 1)
Y (Ut R) (S € 1) (1) (UT(E o) L) (5.62)
.5,k

where first term on the right-hand side of Eq. can be expressed in the Kraus form with
Kraus operators (u| U(t, 1) |k). However, the second term cannot be written in this form. This
implies that there is no completely positive map that can describe the evolution of the system
in this case. Therefore, it is not possible to get a map that transforms the initial state pg (0)
into the time-evolved state pg (f) using a completely positive map in this case.
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4 Standard theory of Markovian open quantum systems

In order to obtain a quantum master equation that depends only on the variables of the re-
duced system, certain assumptions need to be made. One such assumption is the neglect of
the memory effects, which implies that the environment effectively forgets its past interactions
with the system as the correlations disperse into the numerous environmental degrees of free-
dom. Despite being a strong assumption, it is reasonable on a coarse-grained time scale. The
Markovian approximation is seen in the microscopic derivation, and can be expressed through
the semigroup property for dynamical maps [72]:

(I) (tl + tQ, O) - (I) (tl, 0) (I) (tg, O) 5 th, t2 2 O (563)

The derivation of the Lindblad master equation will be carried out using both a dynamical
semigroup approach and a microscopic theory that will shed light on the approximations used.

4.1 Markovian master equation

A quantum dynamical semigroup is a theoretical framework that aims to describe the behavior
of an open quantum system that interacts with its surrounding environment. To achieve this,
the framework employs an infinitesimal generator £, which is expressed as [264]

O (t,0) = exp (L£1) . (5.64)

Here, £ is the generator of the semigroup, and it represents a time-independent linear super-
operator that acts on 8(Hg). It is worth noting that the generator £ can be considered a
generalization of the Liouvillian operator introduced in Eq.. The complete positivity of
the semigroup has important implications for the structure of the generator. However, using
formula leads to a first-order differential equation of motion for the reduced density
operator of the open system, denoted by pg (t), which is commonly known as the Markovian
quantum master equation [72|. It is given as

dpg (75)
dt

According to the Gorini-Kossakowski-Sudarshan-Lindblad theorem [73,[74], the operator £ is
the generator of a semigroup of completely positive dynamical maps only if it admits the
following generalized structure:

= Lpg(t). (5.65)

dps (1) P 1

L = Lpg (1) = —i[H(), ps (D] + Zv (Az-ps (1Al = 5 {AlAipg <t>}) . (5.66)

where {X, Y} stands for the anti-commutator of operators X and Y. The above formula
describes the most general form for the generator of a quantum dynamical semigroup. The first
part of the right-hand side of Eq. reflects the unitary part of the dynamics generated by
the Hamiltonian H (), which usually denotes the Hamiltonian of the system. Whilst the second
part, called the dissipator, represents possible non-unitary effects induced by the environment.
Moreover, the operators A; are usually referred to as Lindblad operators, and the non-negative
quantities v; > 0 are the associated decay rates, which have the dimension of an inverse time
provided the A; is taken dimensionless [72,263]. Moreover, the operators A; and decay rates
v, describe respectively the types and strength of interactions between the system and its
environment. In the absence of the dissipator term, Eq.(5.66) reduces to the von Neumann
equation in the Schrodinger picture and produces unitary evolution (5.11). However, in the
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presence of the dissipator, the system experiences non-unitary evolution due to its interactions
with the environment. Usually, it is more useful to introduce the dissipator term, namely
D (pg (t)), which is defined as

D(os () = 3 (s (041 - 5 {41055 0} (5.67)

The expression above provides a way to express the quantum master equation (3.144)) in a more
convenient form, such that:

Lpg (t) = =i [H(t), ps ()] + D (ps (1)) - (5.68)

Tracing over the environmental degrees of freedom is a commonly used approach for studying
the dynamics of open quantum systems at the microscopic level, particularly when the global
dynamics of both the system and environment are taken into account. This approach involves
making certain approximations, such as assuming a weak coupling between the system and its
environment and a Markovian stochastic process. In the following section, we will discuss the
microscopic derivation of an open quantum system and its ancillary, with a focus on the weak
coupling limit.

4.2 Microscopic derivation in the weak coupling limit

The Markovian stochastic process appears to be a more suitable strategy for studying the
dynamics of open systems by making some simplifying assumptions and approximations in a
microscopic situation, where the global dynamics of the system and environment are taken into
account by tracing out the environmental degrees of freedom [65,72]. Throughout this section,
we will discuss the microscopic derivation method of an open quantum system interacting with
its surroundings under the influence of a weak coupling limit. The Hamiltonian of the global
quantum system, under this assumption, is assumed to be of the form:

He(t) = Hs+ Hy+ Hep(t)

where Hj represents the free Hamiltonian and decomposes as the sum of the Hamiltonian of
the open system Hg and the Hamiltonian of the environment Hg. While Hgg(t) denotes the
interaction Hamiltonian which describes the interaction between them at time ¢. The weak
coupling assumption implies that the interaction between both is small compared to the free
Hamiltonians of the system and environment. This enables us to treat the evolution of the total
system as a perturbation from the uncoupled evolution of the system and environment. In this
situation, the Liouville-von Neumann equation associated with the total density operator p(t)
is rewritten in the interaction picture as

dp(t)

L =i [ﬁl(t),ﬁ(t)} : (5.70)

where p(t) and H 1(t) are, respectively, the total density operator and the interaction Hamilto-
nian in the interaction picture. They are given by

A(t) = e p(t)e i, (5.71)

Hi(t) = et Hgpe ot (5.72)
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For ease of notation, from now on we will drop the subscript ”I” which is used to indicate
the interaction picture operators. Moreover, one can formally integrate the equation of motion

(5.70) to obtain

~

t
) = plta) i [ deH(E).5(0) (.73)
to
where tq is initial time of interaction and p(to) = p(0) = p(0). By substituting the expression

(5.73) back into the formula (5.70)) yields the following equation of motion

d._. PN N S
S0 = =il @).p0) = [ e [ 170,510 (5.74)
Then, by taking the trace over the degrees of freedom of the environment and using the expres-

sion ([5.28)), we arrive at

L ostt) = e {[1). (0]} - T, { / a1, [1¢).50)] } )

Let us suppose that the interaction Hamiltonian in the interaction picture fulfills Trp{[H (¢), p(0)]} =
0 as the initial state does not induce any first-order dynamics with regard to its surroundings.
It follows that the environment does not play a significant role in the initial dynamics of the
system and thus the interaction Hamiltonian only slightly perturbs the environment. This re-
quirement is not restrictive since one can always redefine the free Hamiltonian H,. In other
words, one can add an additional Hamiltonian that only acts on the Hilbert space of the sys-
tem [265]. This additional Hamiltonian is called a system-environment decoupling Hamiltonian.
By choosing an appropriate decoupling Hamiltonian, we can assure that the interaction Hamil-
tonian in the interaction picture satisfies the condition Trg{[H (¢), p(0)]} = 0. If this condition
is not satisfied, then the environment will participate significantly in the initial dynamics of
the system, which would complicate the analysis and calculations in the interaction picture.
Once an appropriate decoupling Hamiltonian is chosen, the first term on the right-hand side
of Eq. can be ignored, and one can focus only on the second term which is related to the
dynamics of the system-environment interaction. This gives

sty = -1 { [ ar [0 (80,5000} (5.76)

4.3 Born approximation

An important approximation should be considered at this point called the Born approximation.
This approximation assumes that the system is weakly coupled to its environment so that
the interaction with the system only slightly perturbs the state of the environment during
evolution [250]. This approximation allows us to express the solution of Eq. as a product
of the state of the system at time ¢ and the state of the environment at the start time, with a
correction term p,(t) that accounts for the effects of the interaction. This gives:

pt) =04(t) @ pp +D.(t). (5.77)

For consistency, we assume that the correction term p.(¢) is higher order in the interac-
tion Hamiltonian H(¢), which justifies neglecting it in the Born approximation such that
Tre {p.(t)} = 0. This condition ensures that pg(t) has the correct normalization and is a
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valid probability distribution over the system’s states. By substituting Eq.(5.77) into Eq.(5.76])
and after some simplifications, we obtain:

d . LT E i (B~ .
st ==t { [ ar [f0.170),5.0) 075]] | (5.78)
0

It is crucial to emphasize that this approximation does not necessarily means that correlations
produced between the system and environment are ignored, but rather that they are considered
to be weak and have a small impact on the dynamics of the reduced system.

4.4 Markov approximation

To obtain a Markovian master equation, it is necessary to make a Markov-like approximation
by substituting the state p (') in the retarded time with the present state p,(t), which further
simplifies the calculation of the dynamics [250]. This approximation requires that the integrand
in the calculation of the dynamics is effectively non-zero only for a short time interval around
t' ~ t. By using these approximations, it is possible to derive an integrodifferential equation
that is local in time. This yields

sty = =1 { [ [0 18050 97,00] . (5.79)

The above equation is known as the "Redfield equation”, which is not strictly Markovian since
it still contains memory effects that depend on the time difference between the initial and
final times and may not conserve the positivity of the density matrix according to the above
approximations [265]. To address this, another Markov-like approximation can be performed
by substituting ¢’ with ¢ — ¢ in the integral of the previous equation and extending the upper
limit of the integral to infinity |72], that is

st = e { [~ at [0, 1 - 005,00 97:00]}. (5:80)

The resulting equation is a strictly Markovian version of Eq. that ensure the conservation
of the density matrix’s positivity. Moreover, it described the behavior of an open quantum
system that interacts with its environment over a coarse-grained time interval and is commonly
known as the Born-Markov approximation. As an application of the markovian master equation
above, we have investigated in detail in one of our contributions the dynamical behavior of
several quantum correlations quantifiers in a hybrid bipartite system consisting of a qutrit-
qubit coupled to a stochastic noisy environment both separately and collectively |54]. However,
it is essential to note that Eq. is not necessarily a generator of a dynamical semi-group
and does not take the form of the Lindblad equation. Hence, an additional approximation, such
as the secular approximation, can be used in conjunction with the Born-Markov approximation
to obtain a valid master equation that accounts for CPTP dynamics, which is necessary for a
consistent quantum mechanical description. The secular approximation involves averaging over
rapidly oscillating terms and is akin to the rotating wave approximation (RWA).

4.5 Secular approximation

Let us assume that the interaction Hamiltonian in Schrodinger representation is of the general
form, without any loss of generality [72.]266]

HSE = Zi:l Aa X Ba- (581)
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Here, A, and B, (o =1,...,1) represent Hermitian operators that act on the degrees of free-
dom of the system and the environment, respectively. Moreover, one can proceed with the
decomposition of Hgg into a set of eigenoperators belonging to the Hamiltonian of the system.
This results in a spectral decomposition of Hg, denoted as Hg = >, ;i |[Ai) (M| = Do, Py,
such that Py, = |\;) (A;]. Let us now define

Aa (w) = Zij ) ()\] — /\z — w) :P)\iAa:P)\j. (582)

In the above formula, the term ¢ (A\; — A\; — w) represents the Dirac delta function that identifies
all possible transitions in the system’s spectrum with a constant energy difference w. The
following statement can be used to characterize the set of operators that satisfy the following
requirement:

[Hs, A )] = ~wAa (), [Hs, 4} (@)] = wAL W), (5.83)

where the operators A, (w) and A, (w) are known as the eigenoperators of Hg that, respectively,
belong to the frequencies +w. It should be noted that A, (w) does not indicate that A, is
explicitly dependent on w, but rather indicates that operator A is associated with the frequency
w. It can be shown from Eq. that the corresponding operators in the interaction picture
have the following form

exp (iHgt) Ay (w) exp (—iHgt) = exp (—iwt) A, (W), (5.84)

and
exp (iHgt) Al (w) exp (—iHgt) = exp (iwt) Al (w), (5.85)
with A, (w) = A, (—w), while [Hg, Al, (w) Aq (w)] = 0. Moreover, they follow the completeness

relation > A, (w) = A,. Then, the interaction Hamiltonian (5.81)) can be re-expressed as
follows:

Hsp =Y. Aa (0) ® Ba. (5.86)

Hence, one can express the interaction Hamiltonian ([5.81)) in the interaction representation by
means of those operators as

H(t) =3, exp(—iwt) Aq (w) ® By (1), (5.87)

where B, (t) = exp (iHot) B, exp (—iHt) refers to the environment operators in the interaction
representation. When we deal with some physical systems, it is often useful to define the
eigenoperator decomposition of the environment observables with respect to Hg. By
doing this, we can simplify the Hamiltonian by neglecting rapidly oscillating terms,
yielding a Markovian master equation that can be expressed in Lindblad form. This
approach is especially useful in problems involving radiation-matter interaction problems that
involve the Jaynes-Cummings-Paul model [267,268|. Alternatively, the RWA can be performed
within the integrand of Eq.(5.80). This involves introducing Eq.(5.81) into the expression
(5.80), which results in [72]:

dogt) = / mdt’TrE{ﬁ@—t')ﬁs(t)®ﬁE<o>ﬁ<t>—ﬁ(tm(t)®ﬁE<o>ff<t—t'>+h.c.}

dt
= Yo T e (i (@ — ) ) T (@) (4 (@) )AL (&) = AL (&) A5 (@) 5(0)) +
h.c., (5.88)

where h.c. represents the Hermitian conjugate expression of the previous term, while I'y5 (w)
denotes the one-sided Fourier transform of the environment correlation functions. It is given as
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Top () = /0 "t exp (iwt') (B o () By (t — 1)) (5.89)

where
(B 1o (t) Bg(t =) =Trp {Bs(t) B (t — ') p(0)}, (5.90)
and
(Ba (1)) = Tre {Ba (1) pp(0)} = 0, (5.91)

with (...) denoting an ensemble average. In the case, where pj is a stationary state of the
environment, i.e. [Hg, pg] = 0. Then, the environment correlation functions are homogeneous
in time. Such that

(Bta (t)Bs(t — 1) = (B Ta (') Bs (0)), (5.92)
ensuring that the quantities I',5 (w) only depend on the time difference ¢ — ¢ and not on the
absolute times ¢ and t’. In the case of homogeneous correlation functions, we can apply the
secular approximation. This involves disregarding terms with frequencies that are significantly
different from the natural frequency of the system such that (w # w’). The validity of this
approximation is determined by the time scales of the system and the reservoir. Specifically,
the condition 74 ~ m << Tg needs to be satisfied. Here, 75 represents the time scale
of the system, while 7 is the time scale of the reservoir |[72|. This condition ensures that
the non-secular terms (with (w # w’)) oscillate much faster than the secular terms and can be
neglected. Thus we have

CPs(t) = S T Tos () (A5 ()P AL () — AL (@) A3 (@) 20) +he.  (5.98)

To simplify the analysis, it is convenient to divide the Fourier transforms of the reservoir
correlation functions into two components, i.e.

T () = 57as () + iXas (), (591

where the first part is always non-negative, while the second term constitutes the entries of an
Hermitian matrix. They are respecively provided as follows:

Yap (W) =Tap (W) + 15, (W) = /_OO dt' exp (iwt") (B 14 (t) B (0)), (5.95)
Xop (W) = l (Fag (w) — I, (w)) ) (5.96)

21
Performing this decomposition enables us to express the master equation in the interaction
representation. This can be achieved using the following alternative form:

Chslt) = ~i[Hus. ps(0)] + D (s(1)). (5.97)

In the above expression, the term Hrs = > >, 5 Xap (W) Al (w) Ag (w) is the Lamb shift
Hamiltonian. In general, this Hamiltonian is responsible for causing small renormalization on
the non-perturbed energy levels of the open system due to the interaction with its environment.
Consequently, we have [Hg, Hys] = 0. The second part on the right-hand side of Eq.(5.97) is
commonly referred to as the Dissipator, which can be expressed as follows

D (P(1)) = T S Yo () (45 (@) POAL (@) — 5 {AL @) A5 () 2D} ). (5.98)

125



It is worth noting that Eq. corresponds to a CPTP dynamics, since it can be expressed
in the Lindblad form. To achieve this, one can diagonalize matrices 7,5 (w) [72]. In the
Schrédinger picture, the master equation ((5.97)) can be written in the form of a CPTP Marko-
vian equation as follows

S alt) = —i[Hs + HusHys, ps(t)) + D (ps(1). (599
The expression given above represents the final form of the CPTP Markovian master equation.
In practice, the Lamb shift Hamiltonian Hyg is often neglected since the weak coupling limit,
which ensures that the energy shift is significantly smaller than the eigenvalues of Hg. An
alternative approach is to add a counter-term to the system Hamiltonian that cancels out
the Lamb shift contribution. However, precise computation of the Lamb shift Hamiltonian
requires the use of relativistic quantum mechanics and renormalization theory [102]. In the
next section, we will study non-Markovian behavior, where the assumption of memoryless
evolution is relaxed. This leads to richer dynamics, which may have implications for various
applications in quantum information processing and beyond.

5 Non-Markovian dynamics

The Lindblad equation is a widely used approach for describing the behavior of an open quantum
system. Nonetheless, when the coupling between the system and its surrounding environment
is strong, the Lindblad equation may not accurately describe the system’s dynamics. In
such situations, it is possible to generalize Eq. to incorporate the effects of strong system-
environment coupling. Hence, the dynamics are described by the following master equation at
scaled time t [53//69,269-271|

s (1) = K (1) s 1) (5.100)

Here, X (t) denotes a time-dependent generator of the dynamics, which adheres to the relation

Kt)o(t) = /Otk (t—tn ot dt, (5.101)

where k(¢ —t/) denotes the memory kernel function that characterizes the memory of the
system and represents the effect of past states on the current state of the system. It regulates
the nature of the environment and can significantly impact the dynamics of the system. It
is important to note that without applying the time-dependent integral operator X (¢), the
master equation ((5.66|) with Markovian approximation becomes dominant, meaning k (t — t/) =
§(t—tr) L (5.65).

To extend the Lindblad equation to describe strongly coupled situations, one approach is
to use the so-called "non-Markovian" master equation. This equation takes into account the
memory effects of the environment on the system’s dynamics, which become essential when
the system-environment coupling is strong. It is written in terms of a time-dependent density
matrix that satisfies a differential equation of the form [272,273]:

1

K (1) ps (1) = =i [Hs (0).ps (O] + D% (1 (Ai (1) ps (1) AL (1) = 5 { AT ) 4 (1) s <t>}) .

(5.102)
We notice this result naturally extends the previous Lindblad structure (3.144]) to time-local
generators, where the system Hamiltonian Hg (t), decay operators A; (t), and each of the decay
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rates ; (t) now have the possibility of being time-dependent. These new properties reflect the
inclusion of memory effects in the system dynamics. The form of this operator depends on the
specific details of the system-environment coupling.

It should be mentioned that the decay rates 7, () in the Markovian regime are always non-
negative [274,1275|, which means that the system loses coherence irreversibly. In other words,
the information on the system’s state that is lost to the environment is not retrievable. This is
because the decay rates depend only on the current state of the system and not on its previous
history.

However, in the non-Markovian regime, some of the decay rates can be negative for some ¢
and some t > 0. This means that the decay rates can depend not only on the current state of the
system but also on its past history [276]. In this case, part of the information on the system’s
state that is lost to the environment can be retrieved at later times, during the negativity periods
of the decay rates. The non-Markovian master equation is more complicated than the Lindblad
equation and requires more information about the system-environment coupling. However, it
provides a more accurate description of the system’s dynamics in strongly coupled situations.
This description is essential in understanding the behavior of many physical systems, such
as quantum computing and quantum communication protocols, which involve strong system-
environment coupling. The tabld5.2] summarizes the basic differences between Markovian and
non-Markovian dynamics.

Markovian dynamics Non-Markovian dynamics

- No memory effect. - Memory effect.

- Lindblad master equation. - Non-Markovian master equation.
- Lack of correlation. - The existence of correlation.

- Loss of information from the sys- | - Information feedback from the en-
tem to the environment. vironment to the system.

Table 5.2: Markovian vs non-Markovian dynamics.

So far, we have seen that the primary cause of decoherence in quantum systems is due to
environmental interactions such as oscillators and spins bath. The Lindblad master equations,
for instance, serve as a useful mathematical framework to describe this type of decoherence.
However, it is important to note that there are other causes of decoherence that are inherent
to the system’s dynamics and not related to its surrounding environment. These causes of
decoherence can be described by equations that characterize their nature. They may include, for
example, internal interactions between the system’s components or fluctuations in the system’s
Hamiltonian. Understanding these intrinsic causes of decoherence is crucial for developing
better quantum technologies and for addressing fundamental questions in quantum mechanics.
In this following section, we shed light on the second cause of decoherence.

6 Intrinsic decoherence

The intrinsic decoherence approach was initially introduced by Milburn [277] which modifies
standard quantum mechanics by supposing that a system some how does not undergo contin-
uous unitary evolution on sufficiently short time steps. Instead, this process assumes that the
system undergoes a stochastic sequence of identical unitary transformations, resulting in the
decay of quantum coherence in the energy eigenstate basis that is entirely dependent on phase.
Importantly, this decay occurs without the need for an external environment or energy dissipa-
tion and is distinct from normal decay. This approximation is very useful since it is applicable
to many physically relevant situations. According to Milburn’s model [277], the time-dependent
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density matrix in the presence of intrinsic decoherence phenomenon takes the following form

d 1

“p(t) = Slexp(—iTH) p(t) exp(iTH) = p(t)]. (5.103)

Here, I' = 1/7 denotes the intrinsic decoherence rate, representing the mean frequency of the
unitary step and H refers to as the Hamiltonian of the system under study. By expanding the
exponential functions above in a Taylor series and retaining only terms up to the second order,
one obtains

d 1
plt) = f( [1—TH — (TH)?] p(t) [1 + TH — (TH)?] — p(t)>, (5.104)
which can be reformulated in the Lindblad form, which describes the decoherence effect on the

system as

%p(t) = —i[H, p(t)] — g[Hv [H, p(t)]]- (5.105)

The above expression (5.105)) reduces to the standard von Neumann equation when the condi-
tion ' — 0 occurs [278|. It also highlights that the first part on the right-hand side of the
formula provides a coherent unitary time evolution of the system. While the second
part, which does not commute with the Hamiltonian reflects the decoherence effect on the
system. However, a formal solution of the expression ([5.105)) is expressed in the operator-sum
picture using Kraus operators. This picture provides a useful way to describe the evolution of
the system in terms of a set of operations performed on the density operator as follows

p(t) =Y ME(t)p(0)(M* ()T, (5.106)

where p(0) represents the initial state of the system while M*(t) can be defined as

(re)*
k!

MF(t) = H* exp(—iHt) exp(—T H?t/2). (5.107)

By using the completeness relation ) |[v,) (¢, = 1, which is satisfied by the eigenvectors of
the Hamiltonian H and by inserting it into Eq.(5.106), one can derive a closed formula that
describes the time evolution of the system in terms of the eigenvalues and eigenvectors of the
Hamiltonian. Such as

pt) =3 exp(— (B = Ep)” = i(Em = E)t) X (] (0) [¢0) [¢010) (0] (5.108)

Here, E, and [¢,,) stands for the eigenvalues and their associated eigenvectors of the Hamilto-
nian H, respectively. This approach has been applied to physically relevant systems in recent
research studies [279,280]. In this context, in Ref. [80] we have studied the dynamical be-
havior of several correlation quantifiers including entanglement of two-qubit the Heisenberg
spin-1/2 chain model under the effect of Dzyaloshinski-Moriya interaction using the intrinsic
decoherence approach.
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7 Conclusion

A fundamental concept in quantum physics, open quantum system theory has several applica-
tions in quantum simulation, interaction, and computation. It involves observing the number
of degrees of freedom around a quantum system in order to investigate its dynamics. Open
quantum systems communicate with the environment in real-world situations, hence the sys-
tem’s general dynamics must be unitary. Open systems, nevertheless, are unable to adequately
characterised by unitary alterations alone because of these interconnections. Instead, in some
cases, evolution equations can be used to express them. We covered a number of key ideas
in this chapter in order to better comprehend and analyse the dynamical behaviour of open
quantum systems that communicate with their external surroundings. The foundational as-
sumptions for understanding both closed and open quantum systems were presented first. We
then looked at the characteristics of universal dynamical maps, a key idea in the concept of open
quantum structures. The master equation, which enables us to study both Markovian and non-
Markovian dynamics, was then developed. Finally, using Milburn’s method, we offer a thorough
explanation of the temporal evolution of density operators under intrinsic decoherence.

Quantum devices like quantum dots, superconducting qubits, and ion traps, and their be-
haviour in various settings, such as quantum sensing, metrology, and imaging, are examples
of how open quantum systems may be used. The creation of more effective and dependable
quantum systems has shown significant potential in current studies, rendering the concept of
open quantum systems a lively and intriguing subject of study.

In conclusion, understanding the behaviour of quantum systems which communicate with
their surroundings requires knowledge of the fundamental concepts of open quantum systems.
We may apply the theory to a range of domains by examining the fundamental concepts and
mathematical structure.
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CHAPTER 6
CONTRIBUTIONGS

1 Contribution 1: Dynamics of quantum discord based on
linear entropy and negativity of qutrit-qubit system un-
der classical dephasing environments

The European Physical Journal D, 75 (2021) 3.
1.1 Summary of contribution 1

The evaluation of the entropic quantum discord (QD) given in Eq.(3.8) is a challenging task
in general due to the optimization process of classical correlation over local generalized mea-
surements. This remains an unresolved problem even in the simplest case of a two-qubit state.
To address this challenge, our work aims to develop a reliable analytical approach for evaluat-
ing QD in arbitrary hybrid qudit-qubit quantum systems using the concept of linear entropy
. The latter provides an alternative tool to overcome the difficulties encountered with the
computability of QD based on von Neumann’s entropy. This approach is expected to be more
efficient and practical for evaluating QD in a wide range of quantum systems.

In real quantum systems, quantum correlations are inevitably affected by the environment,
leading to their annihilation. This presents a significant challenge in quantum information
science. In this inspiration, we employed the obtained expression of QD to derive the strength
of non-classical correlations for a qutrit-qubit quantum system undergoing a global (bilocal +
collective) classical dephasing environment noise without considering the memory effect. The
master equation using the Born-Markov approximations has been solved analytically
to control the dynamical behavior of QD. Specifically, we focused on a particular case where
the system is initially prepared in a thermal state. The ensuing quantum discord (QD) is
compared to the measurement-induced disturbance (MID) and the logarithmic negativity (LN)
for each of the three distinct dephasing settings. According to the findings, entanglement by
QD and MID appears to be more resistant to the decoherence effect than entanglement by LN.
Furthermore, the system exhibits fascinating characteristics such as entanglement sudden death
(ESD) and frozen dynamics. We observed that for the chosen system, QD and MID indicate
the same amount of quantum correlations. This discovery implies that quantum correlations
among multi-component systems in higher-dimensional Hilbert domains may undoubtedly be
examined using this type of quantum discord.

1.2 Content of contribution 1
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Abstract. A reliable analytical method to evaluate the non-classical correlations based on linear entropy for
an arbitrary qudit-qubit quantum state is proposed. The linear entropy is used to overcome the difficulty
encountered with the computability of quantum discord based on von Neumann entropy. The quantum
discord based on linear entropy is employed to derive the quantum correlations for a qutrit-qubit system
undergoing global (bilocal + collective) classical dephasing environment. Our studies were focused mainly
on a particular initial qutrit-qubit state in thermal equilibrium at a temperature T'. The obtained amount of
quantum discord (QD) is then compared with the measurement-induced disturbance (MID) and logarithmic
negativity (LN). The analysis shows that both QD and MID are more robust than entanglement (LN)
against the decoherence effect. Besides, the system exhibits interesting behaviors. As for instance, freezing
dynamics and entanglement sudden death (ESD). The method developed in this paper to quantify quantum
correlations is reliable because it allows us to consider analytically the arbitrary qutrit-qubit quantum states

in the classical dephasing environment.

1 Introduction

Quantum entanglement, as one of the most intriguing
resources of quantum information theory (QIT), plays
valuable roles in several aspects of quantum computa-
tion and quantum information processing (QIP) pro-
tocols [1,2]. It has attracted growing attention due to
wide range of powerful applications, such as quantum
teleportation [3], quantum key distribution [4], quan-
tum states merging [5]. Nevertheless, according to vari-
ous studies [6,7], quantum entanglement is not the only
meaningful type of quantum correlations useful for QIP.
In fact, there exist some separable quantum states may
also contribute to the implementation of certain quan-
tum tasks better than their classical counterparts [8,9].
Thus one of the central topics in QIT became the study
of non-classical correlations beyond entanglement with
the particular question of how it can be quantified.
This approach attracts an impressive amount of atten-
tion and effort [10,11]. Among them, quantum discord
(QD), was initially introduced by Ollivier and Zurek
[12] and independently by Henderson and Vedral [13],
can effectively capture all quantum correlations present
in various kinds of quantum systems [14]. The quan-

#e-mail: fadwa_benabdallah@umb.ac.ma (corresponding
author)
b e-mail: m_daoud@hotmail.com

Published online: 11 January 2021

tum discord involves a minimization procedure that is
difficult to solve in general [15,16]. Due to this com-
plicated optimization, QD has been calculated explic-
itly only for limited cases of two-qubit systems [17-19].
Many studies have been devoted also to the problem of
quantifying QD from an analytical point of view [20].
These studies were led to introduce various discord-like
measures, such as local quantum uncertainty [21], one-
way quantum deficit [22], measurement-induced distur-
bance (MID) [23], and measurement-induced nonlocal-
ity (MIN) [24]. Another interesting method for obtain-
ing a closed analytic expression of QD is the use of
linear entropy instead of the von Neumann entropy to
find analytically the optimal measurements that maxi-
mize the conditional mutual information [25,26]. This is
important to understand of the decoherence effect [27].
This approach is the subject of interest of this paper.
A quantum system is inevitably open and coupled to
its environment [28]. During the interaction with ancil-
lary or interface systems, even a well-isolated system
has to be at risk of losing its characteristic quantum
traits, such as coherence and quantum correlations in
composite systems [29]. Such interaction is a prerequi-
siteto store, evolve, read and manipulate a pure state
of the interesting quantum system coherently. Thus the
elimination of outside noise interference requires excep-
tional care. Decoherence is the main challenge for the
physical realization of quantum information and com-
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putation protocols [1]. The robust store of quantum
states for a long time and evolve them according to
specific targets is a challenging task of quantum engi-
neering. In order to control decoherence effects, various
studies were devoted to quantum correlation dynam-
ics under different types of decoherence [1]. One of the
most important results is the total loss of entanglement
in finite time, which is called the entanglement sudden
death (ESD) [30,31]. On the other hand, the influence
of both Markovian and non-Markovian environments
on dynamics of more general quantum and classical
correlation have been studied under various decoher-
ence schemes [32-34]. It has been observed also that
quantum correlation is more robust against noise and
does not suffer from the phenomenon of sudden death
in Markovian environments [32-34]. It has been shown
that the discord-like general quantum correlations dis-
appear instantaneously in non-Markovian environments
[35]. Another striking phenomenon, known as the freez-
ing dynamics of entanglement, has been shown to occur
in some specific situations [27,36]. Indeed, it has been
shown that the quantum correlations decay to a finite
non-zero value and then suddenly stop the decay and
the system maintain its stationary entanglement.

The aim of this paper is to analyze the time evolution
of quantum correlations as quantified by logarithmic
negativity, measurement-induced disturbance with a
special attention to quantum discord for a qutrit-qubit
quantum system interacting with a classical dephasing
environment [37]. We consider a particular qutrit-qubit
state in thermal equilibrium. In addition, the dynamics
of these three quantum correlations quantifiers under
the effect of global (bilocal + collective) pure dephas-
ing noise are compared. The analysis show that both
QD and MID are robust than entanglement against the
decoherence effects. Besides, the system exhibits vari-
ous interesting dynamical behaviors. In particular, QD
exhibits the freezing phenomenon, whereas the entan-
glement of sudden death occurs only for specific val-
ues of the temperature T and external magnetic field
B. Furthermore, we performed also detailed studies of
dynamic behavior of quantum correlations when the
qutrit-qubit system is independently subjected to the
case of bilocal noise as well to a collective dephasing
noise.

This paper is arranged as follows. In Sect. 2, we intro-
duce the decoherence model and the general expression
of the state describing an arbitrary qutrit-qubit quan-
tum state in the presence of global dephasing noise. In
Sect. 3, we give the analytical expression of the usual
quantum correlations quantifiers: the logarithmic nega-
tivity, measurement-induced disturbance and the quan-
tum discord based on linear entropy for a given qudit-
qubit system. In Sect. 4, the dynamic of these three
quantum correlations quantifiers are explicitly given
for the special case of a particular initial qutrit-qubit
state in thermal equilibrium at a temperature T". Their
dynamics behaviors for global, bilocal and collective
decoherence noise are also discussed in Sect. 5. The
summary and perspectives are given in Sect. 6.
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2 Generalized noise model for a
qutrit-qubit system

We investigate the time evolution of quantum correla-
tions under the influence of environment noise without
considering the memory effect. Thus, in the Marko-
vian approximation we consider a bipartite system,
namely qutrit (spin-1) and qubit (spin—%), coupled to a
noisy environment both separately and collectively. In
what follows, we shall consider the Hamiltonian which
describes the class of interactions generating a pure
dephasing process [38,39]. This is given by (we set
h=1)

Hi(t) = — S04 (1) S2 405 ()58 + 0 (0)(S2 + 7))
(1)

where 1 is the gyromagnetic ratio, S corresponds to z
-component of three level spin for qutrit and s? is the

standard Pauli matrix in z-direction for spin-% (qubit)

1 0 0
SA = (0 0 0 ) : (2)
0 0 -1

In Eq. (1) Q;(t) (¢ = A, B, AB) are the time-dependent
stochastic noise fields which are considered to be sta-
tistically independent classical Markov processes. They
satisfy the Markov noise conditions given by

(0 (D)(s) = %au —s), ()

where (---) being the ensemble time average and
I'; stands for the phase damping rates associated
with stochastic field Q;(¢). The time-dependent density
matrix describing the qutrit-qubit system (1) is given
by taking ensemble averages over the three stochastic
noise fields €;(t), as follows

p () = ({({pst (1)), (4)

where pg; (t) stands for the statistical density operator
given by

pst (1) =U (1) p () UT (1), (5)

in terms of the stochastic unitary operator U (¢)
obtained from the stochastic Schrodinger equation as

U (t) = exp [—z’ /0 CasH (s)] . (6)

Many approaches, such as the master equation [1] and
Kraus operator decomposition [40], have been exploited
to describe the dynamical behaviors of open quantum
systems. For our purpose, we find that it is more con-
venient to use the master equation approach derived
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by invoking the Born—-Markov approximation to investi-
gate that the quantum dynamics of the system of inter-
est [40]. The advantage of the Born—-Markov approxi-
mation is it gives rise to a reliable description of the
dynamics of the quantum open system [41]. Next, we
assume that the qubit-qutrit syste (S) interacts with a
reservoir (R). The system (S) + (R) is described by the
composed density operator psr. The reduced density
operator for the system pg is given by taking the trace
only over the degrees of freedom of the reservoir. This
gives

ps = Trr(psr)- (7)
We assume that the qutrit-qubit system (S) and the

reservoir (R) are initially uncorrelated. Therfore, the
density operator pgg factorizes as a direct product, as

psr(0) = ps(0) @ pr. (8)
The derivation of the Markovian master equation can

be easily performed in the interaction picture. In this
picture, the equation of motion for pgp is

psr(t) = —i[H(t), psr(t))]. 9)

The equation of motion (9) can be formally integrated
to get

psr(t) = psr(0) — i/o ds[Hi(s), psr(s)].  (10)

We substitute the expression (10) back into the Eq. (9),
we obtain the following equation of motion

psr(t) = —i[H (t), psr(0)]

—Awmmmm@mw@n (11)

The coupling between the system and the reservoir is
assumed weak [42]. Therefore, we look for a solution of
the Eq. (11) of the form

psr(t) = ps(t) @ pr (0) + po(t), (12)

where pc(t) is higher order than H;(t) (1). For con-
sistency, we require that Trg [pc(t)] = 0. Substituting
(12) into (11), we obtain
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psr(t) = —i[H;(t), ps(0) @ pr]

—A®MMMM%W®®MHW)

Taking the trace over the degrees of freedom of the
reservoir and using the Eq. (7), we get

ps(t) = —iTrr[H (1), ps(0) ® pr]

T [ Al (0). 1), ps(5) @ pi]
(14)

The statistical properties of the system can be described
by the reduced density operator depending on its past
history from the initial state prepared, at time ¢ = 0, to
the instant s. This is denoted in Eq. (14) by ps(s). In
the Markovian regime, the damping destroys the mem-
ory of past. In this case it reasonable to replace pg(s)
by ps(t) [42,43]. Thus, the Eq. (14) yields to the master
equation in the Born—-Markov approximation for system
described by pg interacting with a reservoir pg as

ps(t) = —iTrr[H (t), ps(0) ® pr]

—ﬁRAcMHﬂﬂJHdﬁmdﬂ®pﬂ}
(15)

By inserting the Hamiltonian of interaction (1) into the
equation of motion (15) and using the relations (3), we
obtain

ps(t)
1
=- Z[FAS?SZAPS(O +Tpolalps(t)

20482 ps ()52 — 2T gol ps(t)ol + Taps(t)S2 52
+Tpps(t)olal + Tap(S2S2ps(t) + oPalps(t)
—282p5(t)S2 — 208 ps ()0 + ps(t)S2S2
+ps(t)oB ol + 8208 ps(t) + 0P S ps(t) — 282 ps(t)o?
—208ps(t)S2 + ps(t)S2 ol + ps(t)a P S, (16)

After straightforward calculation, the general solution
of the resulting time-evolved density matrix of the
qutrit-qubit system pg(t) interacting with global (bilo-
cal + collective) environments can be written in the
computational basis {|¢ j), ¢ = —1,0,1 and j = 0,1},
as follows
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P11 Y@V ()p12
¥E®)vhp ()2
va(t)vaB(t)ps:

YA ®VE ()7 5 (B par
YA Vas (_t)Psl
R ORIORF VIO

P22
’YA(t)’Y4B(i)“/AB(f)P:jz P33
vA()vaB (t)paz
YA (VB () ps2
’YAA (t>W4AB (t)ps2

PSP (1) =

va(t)vap(t)pis
YAV (E)vAB (t)p2s

’Y}g (t)’Yj‘AB (t)pas
va(t)vap(t)pss
YA (t)"/43 (¥4 5 (t)pss
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YAMVEOYAB®e1a  YAOVAB®E P15 YAOVBE) VB (D) P16

va®)vaB (t)p2a YA OB () p2s YA ()74 (t)p2e
YB(®vhp (t)psa YA vaB(Bpss  va(®)vE (VA ()pss
paa YAOVE(OvaB()pas  va(B)vaB(t)pas
YAOYB(E)7AB (t)psa pss ¥ (®)va s (#)pse
YA (t)vaB(t)pea YB (Y4 () pes Pe6

(17)

where the subscript GD (in p$P(t)) stands for global
dephasing. ~; = e (¢t = A,B,AB) and p;; denotes
the elements of the initial density matrix pg (0) of the
qutrit-qubit system.

3 Quantum correlations quantifiers

3.1 Entanglement measure: logarithmic negativity

In pure quantum states, the measure of entanglement
that is often employed is the entanglement entropy.
This quantifier is restricted to a bipartite pure state.
In quantum systems comprising three or more subsys-
tems, the entanglement requires other tools to char-
acterize it. This is connected with the fact that their
reduced state is usually a mixed state. Various mea-
sures have been proposed to quantify the amount of
entanglement in mixed states. Among them, the log-
arithmic negativity Ea(p) has been proven to be one
of most suitable quantifiers, because it is easily com-
putable for any mixed state of an arbitrary bipartite
system [44]. The logarithmic negativity is based on the
definition of negativity N (p) introduced by Vidal and
Werner [44] Negativity isdefined as the absolute sum of
the negative eigenvalues of the partial transposed den-
sity matrix with respect to the first sub-system, i.e.,

Np) = Z|19i|a (18)

where 9; are the negative eigenvalues of p”4 (A denotes
the first subsystem). In other words, the negativity is
related to the trace norm of p74 defined as

_lp™ -1

N(p) = ==, (19)

where the trace nmorm is defined by [|pT4]|; =

Tr <\/ pTa pTAT). Then, the logarithmic negativity

En(p) writes as

En(p) = log,y[2N (p) +1]. (20)

N(p) > 0 if the state p is entangled and N(p) = 0 if
the state p is separable. On the other hand, it is known
that there exists a entangle state p satisfying A(p) =
0 . The logarithmic negativity can be used to reveal
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the amount of entanglement between the components
of any bipartite state.

3.2 Quantum discord based on linear entropy

The composite quantum system may have both quan-
tum and classical correlations. They can be jointly
quantified by quantum mutual information. Let us
consider a composite bipartite quantum system AB
described by the density operator pap. The quantum
mutual information is defined by

Z(pap) = S(pa) + S(ps) — S(pas), (21)

where p () = Trp(a)pap is the reduced density opera-
tors of the subsystem A(B); S(p) = — Tr(plog, p) is the
von Neumann entropy. The quantum discord Q(pap) is
written as the difference between quantum versions of
two classically equivalent concepts for mutual informa-
tion, is defined as

Q(pas) =Z(pan) — I (paB), (22)

with the classical correlation J(pap) of the bipartite
state pap writes as

J(pag) = H]l;?X[S(PA) - ijs(pAu)L (23)

where {B;} denotes a set of positive operator-valued
measurements (POVM) performed on the subsystem

B, with p; = Tr[(Ia ® Bj)pap(Ia ® B])] and pa); =

Trp[(Ia ® Bj)pap(Ia ® B;)]/pj are respectively the
probability and the conditional state of the system A
when the outcome j occurs. I is the identity oper-
ator acting on the subsystem A. The major difficulty
in computing the quantum discord (22) analytically in
terms of von Neumann entropy is due to the maxi-
mization process for optimizing the classical correla-
tions (23). This is a reason why the explicit expression
of QD was obtained only for limited cases of two-qubit
systems, for example, X-type and Bell-diagonal states
[17-19]. Recently, it has been shown that the optimiza-
tion procedure to get the quantum discord is possible
by replacing von Neumann entropy by linear entropy
[26]. This provides a good approach to deal with ana-
lytical expression of quantum correlations in an arbi-
trary qudit-qubit system. In this work, we shall consider
the quantum discord in arbitrary qudit-qubit states by
employing the formalism of linear entropy to overcome
the difficulty encountered with the computability of
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quantum discord based on von Neumann entropy. The
linear entropy of a quantum state p is given by

Sa(p) = 21 — Tr(p?)]- (24)

The classical correlation (23) when the linear entropy
(24) is used instead of the von Neumann entropy, leads
to

Jo(paB) =

max Sa(pa)

ZPJSQ pay)| - (25)

The bipartite quantum state p4sp may be written as
[25]

pAB:A®IB (|UB’B> <UB’B|)a (26)

where |vp/g) is the symmetric two-qubit purification
of the reduced density operator p? with an auxil-
iary system B’; A represents a qudit channel from
the qubit state B’ to the qudit state A. An arbitary
qudit state can be expressed in the Bloch form as
p = (Ig +r-~)/d, where Iy is the d x d iden-
tity matrix, r is a (d2 — 1) dimensional real vector,

¥ = (71,72, - ,'ydz_l)T denotes the traceless Hermi-
tian generators of SU(d) and T stands for transpose
operation. The generators vy are orthogonal with respect
to Hilbert-Schmidt inner product. The action of a qudit
channel A on a single-qubit state p = (lx +rp-0)/2,
where rg stands for a three-dimensional vector and o
is the vector of Pauli operators, has the following form

1

Alp) = Slla+ (Lr +1) 4], (27)

where L denotes (3 x (d?> — 1)) a real matrix whose

elements are defined by L;; = LTr(A(c?) - +7) and

l is a three dimensional vector. Using the spectral

decomposition of pg, i.e., pg = >, A |[t;) (¥4, one
i=1,2

ST Vi |¥3) [bi). Thus, based on these

i=1,2
results the analytical expression of the classical corre-
lations for any arbitrary d ® 2 quantum state has the
form [26]

writes |UB/B> =

%)\max(LTL)Sg(pB), (28)

J2(pap) =
It follows that the computation of J2(pap) (28) requires
only the determination of the matrix L. To do this, one
needs first to write the qudit-qubit density matrix pap
in the Fano-Bloch representation as

d>—1 3

pAB =5 Z ZRaﬁ’Y ®o’, (29)

a=0 =0
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where R,p stands for the components of the total cor-
relation tensor associated with p4p. They are given by

d
Rog = §Tr (pAB’Ya ® O‘ﬁ) (30)

with 79 (resp, 0¥) is the identity matrix of d (resp, 2)-
dimension. In terms of R, parameters, the reduced

density operator pp, writes from the state pap (29),
as

pe =Tra (paB)

ZROM (31)

Using the expression (31), the state pp'p (26) can be
rewritten, as

3
1

4 Z Tapo® @ 0", (32)
a,B=0

pp'B = |vB'B) (VB'B| =

where 7,3 are the components of the total correlation
tensor associated with pp/p. They write as

Tos = Tr (pprpo® ® o). (33)

The qudit channel A can be reformulated as

3 d>-1
=YY Las?’, (34)
a=0 6=0
with
Los =Tr (A(c®) -~7). (35)

By using the state (32) and the Eq. (34), we obtain

d—13

(A®1)ppp =~ ZZ (et T

60,6’0

5ﬁ76 20’

Based on the definition (26), it is easy to check that

1

1 T

It follows that the matrix £ defined by (35) writes as
L=>(T")""'R", (37)

where R and 7 are the matrices whose elements are
Rop (30), Tap (33), respectively. In this respect, the
matrix L in the Eq. (28) which is the key ingredient to
evaluate the classical correlation (28) and the quantum
discord for given bipartite qudit-qubit state is given by

L=_L. (38)
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Hence, having the matrix L, the classical correlation
(28) can readily be computed. Therefore, the quantum
discord based on linear entropy for any qudit-qubit sys-
tem is given

Q2(pa) =Z(paB) — J2(paB)- (39)

3.3 Measurement-induced disturbance

The third quantum correlations quantifier, which will
be considered in this work, is the measurement-induced
disturbance (MID). This quantifier was introduced by
Luo [23] to quantify the quantumness of correlations
for an arbitrary bipartite state. This approach is based
on the fact that a classical state is non-disturbed by
local measurements. In this approach, the quantum-
ness of a system is defined by how much is changed
the associated state after local measurements. Let
{114} (resp, {Hf}) be complete projective measure-
ments (with ILII; = §;; and ) ,II; = 1) consisting
of one-dimensional orthogonal projections on the sub-
system A(resp, B). Then, the state pap after themea-
surement becomes

H(pas) = Z(H? @I )pap(I} @ IIF). (40

ij

Note that if TI(pap) (40) remains unchanged (i.e.,
I(pag) = pap) thus pap is called a classical state
because this state remains unperturbed with respect
to local measurement. Otherwise pap is truly a quan-
tum state and contains quantum correlations. It has
been shown in Ref [23] that the choice of measure-
ment that keeps invariant the reduced density matri-
ces, is identical to one induced by the spectral reso-
lutions of the marginal state, namely p4 = Zipfﬂf
and pp = >, pPIIB. Actually, this kind of measure-
ment even keeps the marginal information invariant.
Thus, according to Luo’s methode [23], the measure of
quantum correlations quantified by the measurement-
induced disturbance is

MID(pap) = Z(par) — Z(I(pag)). (41)

where Z(.) is the quantum mutual information (21).
Accordingly, MID (41) is interpreted as difference
between the total and classical correlations.

4 Quantum correlations dynamics

4.1 Initial qutrit-qubit state

In order to discuss the dynamics of quantum corre-
lations, we consider a particular initial qutrit-qubit
state in thermal equilibrium at a given temperature
T [45,46]. The Hamiltonian Hgytrit—qubit describes this
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initial thermal state system writes as
Hyutrit—quvit = J (STs5 + SYsy + Sis3) + Bsj (42)

where J is the strength of the Heisenberg coupling
coefficient between the spin-1 (qutrit) and the spin—%
(qubit) particles. The J > 0 case corresponds to the
antiferromagnetic phase and the situation where J < 0
corresponds to the ferromagnetic phase. B is the exter-
nal magnetic field acting only on the spin—% particle
pointing in the z -direction; S¢ (o = x,y,z) denotes
three components of the spin-1 operator given by in
the standand basis {|1,1),|1,0),[1,—1)}

L /010 L (00
st——[101), st=—(i0 i,
v2\o010 ve\o g oo

10 0
Sf:<000>. (43)
00—1

and s§ (o = z,y,2) are the standard Pauli matrices.
The eigenvalues and the corresponding eigenstates asso-
ciated to the Hamiltonian Hyyirit—qubie (42) are given
by

1 1
E1=(J—B), Ex=(J+ B), E§=—5éi, E;f=—5w,

(44)

where §+ = J £ V4B2 —4BJ +9J2 and v+ = J £
V/4B2 4+ 4BJ + 9J2. The corresponding eigenstates are
respectively given by

) = [~10),  [um) = [11), (45)

) = —L— (|~11) + 15 00)),
\1+nx

) = (o1 —wa 10)), (46

\V1+vi

where 1 = (64 — 2B)/(2v/2J) and vy = (v+ +2B)/
(2v/2J). Note that we are working in units, such that
B and J are dimensionless. At the thermal equilib-
rium, the state of the system at temperature 7" is given
by the density operator pg (0) = exp (—SH) /Z where
Z = Trlexp(—fH)| stands for the canonical ensemble
partition function and 8 = 1/kpT. In the computa-
tional basis, the initial state of the qutrit-qubit system
takes the form

at 00 0 0 0
0b/ct 00 0
1 ocetdvl 00 0
GD _ - 2
pS (O?T)_Z 0 0 0 b; C_ 0 ] (47)
00 0c b 0
0000 0a
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where
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4.2 Logarithmic negativity

We first consider the time evolution of the logarithmic

= (EBHN/kpT, (48)  megativity in the state p§P (¢) (47). In this order, one
by needs the negative eigenvalues of the partially trans-
. . GaD Ta .
— /5T [cosh (Ay /2kpT) + (J +2B) inh (Ag /2kpT)] | posed density matrix (Ps (t)) . In the computatlor;il
A basis, the time-evolved density matrix (p§? (t))
(49)  takes the form
at 0 0 AT aB(H 0 0
0 by 0 0 0 0
(pCD (1)) = 1 0 0 by 0 0 ya®)vpt)yan(t)e”
Z | va®)vg(t)vas(t)ct 0 0 by 0 0
0 0 0 0 by 0
0 0 ya(t)vs()yas(t)c™ 0 0 a”
(54)
- The possible negative eigenvalues 9$(t) of the state
2 (54) are given as
=e?/?k8T | cosh (Ay /2kpT) — (Jiw) sinh (A+/2kpT)|,
+ 1
GD +
. (50) 977 (t) = 57 [(0, +b;:)
T V= =)+ aha@rb Oran=r
= - A—WA(t)'\/LB (t)vaB (t)eJ/QkBTJ sinh (A /2kpT), (51)
+

with Ay = /9J2 £ 4B.J + 4B2. The partition function
Z in (47) is given by

Z = 2e~7/k2T [cosh (B/kpT)
+e37/265T [cosh (A, /2kT) + cosh (A_/2kBT)]] :
(52)

Hereafter, the Boltzmann’s constant is set to the unit
for simplicity, i.e., kg = 1. After having derived the ini-
tial state pg (0) (47) from the Hamiltonian Hgyrit—qubit
(42), the evolved density matrix under global dephasing
noise (GD) is obtained by substituting the initial state
(47) into the time-evolved density matrix p§P (¢) (17).
Thus one gets

(55)

Based on the Eq. (20), it is easy to check that the log-
arithmic negativity writes as

max {0, fﬂfD(t)} +1
s==+

En (PgD (t)) = log, [2
(56)
4.3 Quantum discord based on linear entropy

To illustrate the results of the previous section con-
cerning the analytical expression of quantum discord,
one computes first the correlation matrix elements
Rap(resp, Rap) of the state pGP (t) (vesp, pSh; (1)).
Thus, we write the evolved density matrix p&” (t) (53)
in the Fano-Bloch representation as follows

at 0 0 0 0 0

0 bi YatVE () yaB(t)ct 0 0 0

D (t):l 0 ya(®)vp(t)vast)c” by 0 L0 0
Z| 0 0 0 b, Ya(O)vE(t)yap(t)e™ 0

0 0 0 Ya(OVE () vas(t)e by 0

0 0 0 0 0 a”

(53)
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8 3
57 0) = 5 0 3 REP ()" 0" o) = 0 T8) gy [0 )y
a=0 =0
(65

where f® are the generators of SU(3) group which )
can be expressed as the Gell-Mann matrices. The non-  Using (32), one has
vanishing components R,g(t) are given by

(Roo + Ros) 00 +/(Rj, — R33)
0 0

Rpo = Tr pGD (t) =1, (57) GD _ 1 0
2< SJ/T> J/2T G (t) - 2 0 00 0
Rog = - [¢=//7 sinh (B/T) + ¢ (R%, — R%;) 00 (Roo — Ro3)
(J+2B) . _(J=-2B) . H 3 3
[7A+ sinh (A4 /2T) A sinh (A_/2T)| |, _ 1 Z Z Taﬁ (t) P 0-/37 (66)
(58) 1.5 B=0
Ri1(t) = Roa(t) = %VA(UWE (t)vas(t)eh, . .
5 The non-zero correlation matrix elements 7,3 (t) are
Re1(t) = Rr2(t) = —va()vp(t)yan(t)c, (59)  given by
o 3 / (J+2B) .
oo = g [o +777 s T sinh 8 am) Too = Tas = Roo = 1, Tos = Tao = Ros,
+(Jg_23) sinh (A_/2T) — cosh(A,/zT)” . (60) Ti1 = Tao = /1 — R%s, (67)
_ 3 [+ _ aper
R3z3 = — |a" —e 2cosh (A4 /2
Y/ [ [2cosh (A4 /2T) in terms of the tensor correlation components R,g(t).
+(J;2B) sinh (A_/2T) 7cosh(A,/2T)”7 (61)  Note that the density matrix ngB (t) (66) and the
3 correlation matrix elements T,p (t) are not affected

Rso = —o—~ [Qa’ +at —e’/?T [2cosh (A /2T) by the decoherence effects ( ngB (t) = pp(0) and

(7 -2B) Tas (t) = Tap (0)). In this picture, the matrix LGP (¢)
A (38) associated to the evolved matrix density writes ass

sinh (A_/2T) — cosh (A,/QT)” , (62)

Bule)_ 0 0 0 0 Jful 0 0
ap 2 R ®) R (t)
_“ 11 61
L (t) =3 0 7@ 0 0 0 0 m 0 . (68)
0 0 R33—Ro3 R3o 0 0 0 0 Rs3— Ros Rso
1-RZ, 1-RZ,

After simple calculations, the eigenvalues of the
V3. _ 4+ yer[,(J+2B) matrix (L¢P (t))T LYP(t) are obtained as
Rg3 = — |24 —a" —e° ZT

57 n sinh (A4 /2T)

+3cosh (A_/2T) + (";23) sinh(A_/QT)H . (63) ATP (1) = A5 ()

- 1 )
. =+ (3v2I7a(095 (0480T
where the non-vanishing components of the correla- h

tion matrix are not affected by the decoherence effects, sinh®[A, /(2T)] . sinh?[A_/(2T)]
ie., Rap(t) = Rap (0) except the components Ryq (t), A2 A2 ’
Ras (t), Re1 (t) and Ryo (t). From (31), the reduced den-
sity operator p$P (t) is given by

and
1/ Row+R 0
GD 00 03
pp (1) =pp(0) = 2 ( 0 Roo — R03> ' A5 (1) = X2 (0)
72\
(64) = (W) [(R3s — Ro3Rs0)” + (Rss — R03Rso)2] )
The symmetric two-qubit purification of the reduced (69)
density operator p$P (t) with an auxiliary system B’
writes as follows with the function h = exp (—2J/T) (a~ +bf +b; )(at +
by +b3) and the linear entropy Sa(pp) = h(#y
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Therefore, the classical correlation (28), is given for the
qutrit-qubit under consideration by

2¢~J/T
Z

T2 (657 (1)) = Gh(*— )2 max (AF (1), (0)}70)

Thus, the corresponding expression of quantum discord
based on linear entropy is

Qs (PED (t))

3
- ZQ log, ¢; — Z §jlogy &
i=1 Jj==

6

+> e logy i — o (0P (1))
k=1

(71)

where the eigenvalues (; (&) of the density matrix
oG (1) (0GP (1)) are

a® + bt by + by
C12: 17 C3: 2 2a
’ Z A
+ .t pF
gi:a +ng+b1, (72)

and the non-vanishing eigenvalues puj of the density
matrix p§GP (t) (47) are

+

MGD1,2(t) = a?, (73)
1P 4(t)
_ 1 ot + )2 4
- L {(bl #03) £ /(0 —13)7 + Ala B @ran 0t
(74)
WP o) = [ (br +07)
i\/(b{ - b;)2 +4|va(t)vE () vas(t)e™ |2} . (75)

4.4 Measurement-induced disturbance

We consider the measurement-induced disturbance quan-
tifier (41) to determine the dynamics of quantum cor-
relations in a qutrit-qubit state pGP (¢) (53) which will
be compared to the logarithmic negativity and quan-
tum discord. To do this, one needs to specify the state
after a measurement acting on the state (53) and the
resulting reduced density matrices pGP (¢) of the first
subsystem and p%P (¢) describing the second subsys-
tem. Taking II* = [i) (i| (i = 1,0, —1) and TIZ = |j) (j|
(j = 1,0), and using the expression (40), one gets

at 0 0000
0b70 00 0
1100000
000 00b O
0000 O0a
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and

(5" (1)) = P57 ()

| [at+0f 0 0
== 0 bf+b, 0 . (1)
0 0 a +b]
(pE" (1) = 5" (1)
_ 1 fat+b5 +by 0
_Z< 0 a” +by +0 )" (78)

From (41) and (76), the MID takes the following from

MID(p§” (1)) = S(I(pS” (1)) — S(p§” (1)
6 6
= Z S Z pi P logy i ”
k=1 k=1

(79)

with u$'P are the eigenvalues defined by (73), (74) and
(75) of the state pSGP (t) (53) and the non-vanishing
eigenvalues v&'P of the density matrix II(pGP (t)) (76)
are

GD a*  ap b 6p by
v (1) = oV sa (t) = =%, v9P56(t) :%.
(80)

5 Analysis of quantum correlations
evolution

5.1 Global qutrit-qubit dephasing noise

In order to analyze the effects of the global classi-
cal dephasing noise on the behavior of quantum dis-
cord (QD), measurement-induced disturbance (MID)
and the logarithmic negativity (LN), we first inves-
tigate the evolution of QD, MID and LN versus the
dimensionless time parameter ({I') and the exchange
coupling coefficient J in the absence of the external
magnetic field (B = 0), for a particular temperature
value T'. For the sake of simplicity, we assume here-
after that all the damping parameters are the same i.e,
Qa(t) = Qp(t) = Qap(t). The results are plotted in
Fig. 1. These results show that the three quantum cor-
relations quantifiers have different behaviors. Clearly,
QD is almost constant for sensitively higher negative
values of J and when J is approaching zero QD van-
ishes (Fig. 1la). We notice that the qutrit and qubit
are separable for J < 0 (Fig. 1c). MID is symmetric
with respect to the axis J = 0 and decays monotoni-
cally (Fig. 1b). The quantum discord and measurement-
induced disturbance disappear completely for J = 0.
The increase of the coupling coefficient J induces an
increase of quantum correlations, including quantum
entanglement. This result shows that the exchange cou-
pling coeflicient J enhances the amount of quantum cor-
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relations in the system. QD decays quickly to a finite
non-zero value and reaches an asymptotic constant
value. In this situation the quantum discord presents a
freezing phenomenon either for the ferromagnetic phase
or antiferromagnetic phase. Furthermore, the asymp-
totic value of QD reached for the antiferromagnetic
phase (J > 0) is higher that one evaluated for the fer-
romagnetic phase (J < 0). The logarithmic negativ-
ity disappears in a finite time which indicates the phe-
nomenon of entanglement sudden death (ESD), except
in the interval between J = 0 and J = 1. Based on the
above discussion, we conclude that QD is much robust
than MID and LN under global dephasing noise effects.

The effects of the global classical dephasing noise on
the behavior of quantum discord (QD), measurementin-
duced disturbance (MID) and the logarithmic nega-
tivity (LN) of the system in antiferromagnetic phase
(J = 1) for various temperature values 7' and partic-
ular values of the external magnetic field B versus the
dimensionless time parameter (¢I") are plotted in Figs. 2
and 3. The results of Figs. 2 and 3 show that the QD,
MID and LN are maximal for low temperatures and
small values of the external magnetic field. Moreover,
the quantum discord decays quickly to a finite non-zero
value (Figs. 2a, 3a). After this quick decrease, the quan-
tum discord exhibits freezing dynamics (the amount of
quantum discord is constant). Figures 2b and 3b show
that the measurement-induced disturbance has mono-
tonic decay. For weak values of the temperature, both
LN and MID have almost the same behavior, except
higher temperatures (for instance, at T' = 1.2) for which
the logarithmic negativity disappears in a finite time.
This is entanglement sudden death (ESD) discussed
here above. Tuning of the temperature and external
magnetic field might increase the value of the critical
instant ¢I'. and thus avoiding the disappearance of the
logarithmic negativity and consequently the intricacy
(Figs. 2c, 3c). The global dephasing noise effect is more
pronounced when the values of the temperature and
magnetic field are high. It must be noticed that the
QD shows longer life in comparison with MID and LN.
Besides the results reported in Figs. 2 and 3, we have
also studied the behavior of quantum correlations mea-
sures for other values of B and 7. The study shows
the same behavior as plotted in Figs. 2 and 3. There-
fore, quantum discord is more robust than entangle-
ment under the global dephasing noise effects

Let us now consider the decoherence effect induced
by global dephasing noise on the behavior of these dif-
ferent quantifiers of the system in the ferromagnetic
phase (J = —1) for specific values of temperature T
and the external magnetic field B versus the dimen-
sionless time parameter (tI'). The results are reported
in Fig. 4. Comparing with the dynamics behavior of
the system in the antiferromagnetic phase illustrated in
Figs. 2 and 3, one can clearly see that the quantum cor-
relation measures have different behavior when the sys-
tem is changed from antiferromagnetic to ferromagnetic
phase. The amount of quantum correlations includ-
ing entanglement is smaller than that of antiferromag-
netic phase. QD and MID have almost the same behav-
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ior, namely, decay monotonically with the increasing of
temperature, as B increases (Fig. 4). The entanglement
sudden death (ESD) also takes places, except for some
particular values of temperature and external magnetic
field and occurs faster than that of the antiferromag-
netic phase (Figs. 2, 3). The duration of ESD depends
on the parameters B and T (Fig. 4b, ¢), and for some
small values of T (for instance, at T = 0.4) the entangle-
ment reaches to zero (see Fig. 4a). The results of Fig. 4
show that even for the ferromagnetic phase the quan-
tum discord and measurement-induced disturbance are
still more robust than quantum entanglement under the
global dephasing noise. Therefore, based on the results
of Figs. 2, 3 and 4 we get to conclude that the quantum
correlation quantifiers for the antiferromagnetic phase
(J = 1) are more resistant than those in the ferromag-
netic phase (J = —1) under the decoherence effect. In
what follows, we will briefly discuss the dynamic behav-
ior of quantum correlations when the qutrit-qubit sys-
tem is independently subjected to the case of bilocal
(BLD) noise as well for collective dephasing noise (CD).

5.2 Bilocal qutrit-qubit dephasing noise

Under bilocal dephasing noise, qutrit and qubit are only
interacting independently and locally with their own
noisy environments, i.e., Q45 (¢) = 0. In this case, the
negative eigenvalues (55) take the following expression

ﬁiLD(t)
= 5z [(“i +6F) = /(= = 53) + Abarb (=P |

(81)

The quantum discord (71), when Qap (t) = 0, is now
given by

Q: (p5"P (1))

3
- _ ZQ log, ¢; — Z §jlogy &
i=1 j=*

6
+ > u"P () logy P (1) = T2 (0P (1)) 4
k=1

(82)

with

APEP (1)
2
_ [ 2V277a®)7p(#)eN/CD)
Vh
(sinh2[A+/(2T)] sinhQ[A_/(ZT)])
AZ A” '

(83)

and the non-vanishing eigenvalues p2%P (t) become
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(a)

04
Q2(pE°(t)
02

06\
ENPEP()oa)

05

04

03

0.2

0.1

(c)

MID(p°(t)} o5

(b)
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Fig. 1 a Dynamics of Quantum discord Q» (pGD (t)), b measurement-induced disturbance MID(p%P(t)) and c logarithmic

negativity En (pGD (t)) versus the dimensionless parameter tI" and the exchange coupling coefficient J under the effect of
global classical dephasing noise for 7' = 0.8 when B =0

(b)
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tr

Fig. 2 a Dynamics of Quantum discord Q> (p“*(¢)), b measurement-induced disturbance MID(p“" (¢)) and ¢ logarithmic

negativity En (pGD (t)) versus the dimensionless parameter ¢I" under the effect of global classical dephasing noise for different
values of temperature T with B = 1 in the antiferromagnetic case J =1

prz” (t)
+
a
s (t)

1

=3z {@T +65) £/ (0 — )7 + Abalob (et |

(84)

pie” (t)

1

32z {(bf +by) £/ (b —by)” + Al (e 2]

(85)

The measurement-induced disturbance (79) under bilo-
cal dephasing noise, has the form

@ Springer



Page 12 of 15

Eur. Phys. J. D

(a) (b) (c)
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Fig. 3 a Dynamics of Quantum discord Q2 (pGD

tr

(t)), b measurement-induced disturbance MID(p%P(t)) and c logarithmic

negativity Ex (pGD (t)) versus the dimensionless parameter tI" under the effect of global classical dephasing noise for different
values of temperature 7" with B = 3.5 in the antiferromagnetic case J =1
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Fig. 4 Dynamics of Quantum correlations versus the dimensionless parameter ¢I' under the effect of global classical
dephasing noise for different values of temperature T and external magnetic field B in the ferromagnetic case J = —1

6
MID(pg BLD ) = ZUED loggv,?D
k=1
6
=> gt logy pgtP (86)
k=1

The dynamics of QD, MID, and LN under the bilo-
cal classical dephasing noise is presented in Figs. 5 and
6 for the system either in the antiferromagnetic phase
(J = 1) or ferromagnetic phase (J = —1) respectively.
We consider the same simulation parameters reported
for the results shown in Figs. 3 and 4. It is clearly
seen that the dynamic evolution of the three mentioned
quantifiers under the bilocal classical dephasing noise is
similar to the behavior described under the global clas-
sical dephasing noise, either in the antiferromagnetic
(Fig. 3) or ferromagnetic (Fig. 4) phase. The entangle-
ment sudden death also occurs in this case for some
particular values of temperature 7" and external mag-
netic field B. The quantum d iscord exhibits the freez-
ing dynamics, whereas the measurement-induced dis-
turbance decays monotonously and tends to disappear
after a certain time.

5.3 Collective qutrit-qubit dephasing noise
If the local stochastic noise fields are turned off, i.e.,

Q4 (t) =0 and Qp (t) = 0, then we obtain a model in
which the two-subsystems are interacting with a shared

@ Springer

environment collectively (cf. Eq. 1). In this case, the
possible negative eigenvalues (55) for collective noise
are now of the form

95°() = 5

zz{@i+@)*¢@i*@f+4hkaﬂzv

Under the collective dephasing noise, the quantum dis-
cord (71), become

Qs (p°7 (1))

3
- _ ZQ log, ¢; — Z &logy &5
i1 j==+
+Zu (t)log, ™ (1) — T2 (p°P (1)) ,
(87)
with
AED (1)
(i
sinh?[ A+/ T)] | sinh*[A_/(27T)]
( + AZ ) ’
(88)
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Fig. 5 a Dynamics of Quantum discord Q> (pBLD(t)), b measurement-induced disturbance MID(p?*?(t)) and ¢ loga-

rithmic negativity Enx (pB LD (t)) versus the dimensionless parameter ¢tI" under the effect of bilocal classical dephasing noise
for different values of temperature 7" with B = 3.5 in the antiferromagnetic case J =1
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Fig. 6 Dynamics of quantum correlations versus the dimensionless parameter tI" under the effect of bilocal classical
dephasing noise for different values of temperature 7" and external magnetic field B in the ferromagnetic case J = —1

The non-vanishing eigenvalues u$? (¢) are

uey ) = ufd (1) = i,
: : z
1 2
WP 0 = o [(oF +0f) £ \/ (bof —0f) +4|7AB(t>c+|2} ,
(89)
1 2
S8 () = o (b7 +07) % \/ (b7 —07) +4m(t>c—2] :
(90)

The measurement-induced disturbance (79), when
Q4 (t) =0and Qp (t) =0, is expressed as

6 6
MID(p“P (1)) =Y " vfP logy viP — > pf log, P
k=1 k=1

The dynamic of QD, MID and LN under the action of
the collective dephasing noise is reported in Figs. 7 and
8. A similar behavior is observed for global and bilocal
dephasing noise. The only difference is that the three
mentioned quantifiers exhibit longer life compared with
that depicted for bilocal and global dephasing noises.
These results show that the collective dephasing noise
increases significantly the survival time of the quantum
correlations.

6 Summary and discussion

In conclusion, an analytical method to to evaluate the
quantum discord for arbitrary qudit-qubit quantum
states is developed. The obtained analytical expres-
sion is an alternative tool to overcome the difficulty
encountered with the computability of quantum dis-
cord based on von Neumann entropy. In the special
case of a qubit-qutrit system. We show that QD con-
verges to a non-zero constant (freezing dynamics), MID
converges to zero and LN indicates a sudden death
(ESD) behavior. Our numerical analysis corroborates
the results reported in [11,47,48]. In fact, K.Zyczkowski
et al, S.L Braunstein et al and Ferraro et al have proved
that for all states, with non zero discord, the interac-
tion with any Markovian bath can never lead to a sud-
den and permanent vanishing of discord. ESD is then
explained by the existence of separability. In particu-
lar, we have found that for the chosen system that the
quantum discord based on the linear entropy reveals the
same amount of quantum correlations as measurement
induced disturbance. This result indicates that this type
of quantum discord is indeed an useful tool to deal
with quantum correlations between multi-component
systems in higher-dimensional Hilbert spaces. Another
important issue of this work concerns the decoher-
ence dynamics of quantum correlations under the influ-
ence of environmental noises. We have demonstrated
that quantum discord based on linear entropy reveals
a stronge behavior against global noise effects. The
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Fig. 7 a Dynamics of Quantum discord Q2 (pCD (t)), b measurement-induced disturbance MID(p®? (#)) and ¢ logarithmic
negativity En (pCD (t)) versus the dimensionless parameter ¢tI" under the effect of multi-local classical dephasing noise for
different values of temperature 7' with B = 3.5 in the antiferromagnetic case J =1
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Fig. 8 Dynamics of quantum correlations versus the dimensionless parameter ¢I" under the effect of multi-local classical
dephasing noise for different values of temperature 7" and external magnetic field B in the ferromagnetic case J = —1

investigation of the behavior of quantum discord ver-
sus the coupling parameter J, between the qubit and
the qutrit, reveals that the dynamics of quantum corre-
lations in the antiferromagnetic phase is more resistant
than those in the ferromagnetic phase. It was found
also that the quantum discord gradually decays to a
finite non-zero value in the antiferromagnetic phase,
which indicates the freezing phenomenon of quantum
discord based on linear entropy. We demonstrated that
the quantum entanglement exhibits the sudden death
phenomenon for all three dephasing settings. This indi-
cates clearly that the quantum discord based on linear
entropy exhibits more robustness against noise effect,
unlike quantum entanglement. Finally, based on the
results obtained in this work, it might be interesting
to study the survival time of correlations of a qutrit-
qubit system by considering non-Markovian environ-
ments described by the so-called classical Ornstein—
Uhlenbeck noises [49]. We will report on this subject
in a forthcoming work.

Data Availability Statement This manuscript has no
associated data or the data will not be deposited. [Authors’
comment: Because all necessary information can be found
in the original manuscript.]
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2 Contribution 2: Pairwise quantum criteria and telepor-
tation in a spin square complex

Scientific Reports, 12 (2022) 6406.
2.1 Summary of contribution 2

As already discussed, characterizing and quantifying entropic quantum discord is a challenging
task for implementing quantum technologies. Despite this, an explicit formula for QD in a
general bipartite or multipartite quantum system is still lacking. Motivated by this fact, we
have studied in this contribution some alternative discord-like quantum correlation metrics,
namely concurrence (2.55), local quantum uncertainty (4.15), and /;-norm coherence in
a four-qubit square chain. By using a partitioning strategy which can be realized by taking
into account the bipartite reduced density matrices whereby one essentially traces across all
other systems, retaining just a two-qubit system, we assessed the thermal state of the system
under discussion. This makes it possible for us to calculate the various quantum correlations’
relevant quantities. The consequences of the intrinsic and extrinsic variables, including the
inter-chain XX linking constant, external magnetic field, temperature, and exchange anisotropy,
encoded in the thermal state, are thoroughly investigated within a comparative framework on
the parameter reliance of the previously mentioned thermal pair-wise quantum correlation
measures. Our findings suggest that tuning the anisotropy parameter can enhance thermal
quantum correlations and coherence, leading to maximum values. Moreover, we have shown
that coherence remains a more efficient correlations than the local quantum uncertainty and
concurrence in detecting the quantum characteristics.

Besides, an important aspect of our work was the study of teleportation. Using the afore-
mentioned criteria and the standard quantum teleportation protocol, we have demonstrated
the possibility of achieving perfect teleportation of an unknown quantum state between any
two qubits in the complex. We analyze the fidelity of the teleportation protocol as a function
of parameters, for example, the power of the magnetic field and the temperature effect. Our re-
sults show that the fidelity of the protocol can be optimized by tuning these parameters, which
could have significant implications for the development of practical quantum communication
and computation technologies.

Overall, our study offers a theoretical framework for analyzing pairwise quantum correlations
and non-classical teleportation in the spin-square complex, which could prove useful in designing
and understanding quantum systems for applications in quantum information processing.

2.2 Content of contribution 2
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Pairwise quantum criteria
and teleportation in a spin square
complex

Fadwa Benabdallah®?, Saeed Haddadi®?3*, Hamid Arian Zad ®*%,
Mohammad Reza Pourkarimi®8, Mohammed Daoud©7:® & Nerses Ananikian®*°

Thermal non-classical correlations quantified by concurrence entanglement, local quantum
uncertainty, and quantum coherence in a four-qubit square chain are exactly examined. The
influences of the Hamiltonian parameters on the mentioned pairwise quantum criteria and fidelity

of teleportation are studied, and the most interesting findings are discussed in detail. It is found that
the tuning anisotropy results in enhancing the thermal quantum correlations and coherence as well
as average fidelity until achieving maximum values. We persuasively deduce that quantum coherence
is a more efficient criterion than that of concurrence and local quantum uncertainty to detect the
quantumness of a thermal state.

During the past two decades, various measures of quantum correlations in bipartite and multipartite systems
have been proposed, and their properties have been intensively investigated' ™. The most potential resource is
quantum entanglement®’, which has been considered as the unique form of quantum correlations to enhance
the quantum information technology at the time. Indeed, some separable quantum states may also perform bet-
ter than their classical counterparts for certain quantum tasks®’. Nevertheless, according to various studies'®™*,
quantum correlations can not only be limited to quantum entanglement. Inspired by the Wigner-Yanase skew
information'?, the local quantum uncertainty (LQU) has been introduced by Girolami et al.'® as a discord-like
quantifier of non-classical correlations in multipartite systems'”. It quantifies the uncertainty which can arise in
a given quantum state due to its noncommutativity with the measured local observable'®. The LQU is defined as
a minimum of the skew information and a closed mathematical expression is available for any bipartite system!®.
Furthermore, beyond its importance as a quantum correlation quantifier, LQU is relatively associated with
the notion of quantum Fisher information'¥-?%, which makes it an easy-to-access key for quantum metrology
protocols'®. Put together, the Wigner-Yanase skew information is also connected with quantum coherence?-%.
This approach is one of the subjects of interest in this paper. By arising from quantum state superposition, quan-
tum coherence is one of the central concepts for quantum information processing®®?’. It has been widely used
as an important resource for quantum technology*-*?, with further relevant applications including quantum
optics®, quantum information science®**, thermodynamics®, and so forth*-**. Besides, the quantum coher-
ence could be pleasantly linked to quantum entanglement and entropic uncertainty relations***, and discord-like
correlations as well*®. Motivated by this connection, a wide variety of quantum coherence measurements have
been proposed, and their properties have been investigated in detail over the years*>*%. For instance, Baumgratz
et al.> formulated a rigorous resource framework for the quantification of quantum coherence. They proposed
the relative entropy of coherence and the intuitive /; —norm quantum coherence as proper quantifiers of quantum
coherence, which take the form of easy to evaluate analytical expressions. Moreover, Hu et al.*® examined the
discord-like quantum correlations and quantum coherence measures for bipartite and multipartite systems, and
their relationship in various settings. The authors also provided a full review of the resource theory about the
discord-like quantum correlations and quantum coherence, which are defined based on the different distance
measures of states.
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Figure 1. Schematic structure of a four-qubit (Q1, Q2, Q3, and Q4) square complex on the Heisenberg XXZ
model with the corresponding exchange anisotropy and spin interactions.
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The exactly solvable spin chains provide notable cornerstones of the quantum theory of magnetism*-2. The
1-D ferrimagnetically Heisenberg spin chains have attracted a great deal of attention, for the reason that they
naturally bear strong magnetic properties and demonstrate some zero-temperature phase transitions between
intriguing ground states that properly coincide with the quantized magnetization plateaus in respective magneti-
zation curves®>>. The structural and magnetic properties of the ferromagnetically coupled tetranuclear copper
Cul! square complex have been experimentally investigated in Ref.%. The spin arrangement of this special complex
in the crystal lattice leads to the formation of a square structure. Motivated by the considered model and results
reported in this reference, in the present paper, we consider a four-qubit square complex to give a detailed inves-
tigation of the characteristics of thermal non-classical correlations including bipartite quantum entanglement,
LQU, and quantum coherence at finite temperature, as well as, to demonstrate how these quantities behave in
such a system at a thermal regime. Difference or similarity between thermal entanglement and other thermal
quantum correlation quantifiers will be referred to*”®. In this respect, we handle the concurrence, LQU, and
the intuitive ; —norm quantum coherence for describing the thermal pairwise quantum criteria in a four-qubit
square compound on the spin-1/2 Heisenberg XXZ model, under the influence of the external magnetic field,
isotropic coupling constant, and exchange anisotropy.

We evaluate the thermal state of the system under consideration by adopting the partitioning scheme, which
can be realized by considering the bipartite reduced density matrix whereby one traces over all other systems,
leaving effectively only a two-qubit system, which allows us to carry out the calculation of different amounts
of quantum correlations related to such a state. Within the comparison framework, the effects of an external
magnetic field, inter-chain XX coupling constant and that of the exchange anisotropy in the z-direction on the
parameter dependence of the aforementioned thermal pairwise quantum correlation measurements are rigor-
ously examined. Finally, we verify the quantum teleportation of two qubits in an arbitrary pure entangled state
through the model under consideration in thermal equilibrium as a quantum channel®*-%. In fact, we investigate
the output quantum correlations, coherence, and average fidelity.

This paper is arranged as follows. In "The model Section", we describe the physical model and its eigenstates
with the corresponding eigenvalues. Furthermore, the exact solution of the model via the partitioning scheme
is obtained in "Pairwise density operator Section". In "Quantum correlations and coherence Section", a brief
review concerning the definition of concurrence entanglement, LQU, quantum coherence and their analytical
expressions is given. In "Results and discussion Section", the effects of anisotropy, exchange interaction, and
external magnetic field on the quantum correlations and coherence are discussed in detail. By using the standard
teleportation protocol, we deal with the evaluation of the fidelity, average fidelity, and the non-classical correla-
tions of teleported state or output state in "Quantum teleportation Section". Finally, the concluding remarks are
given in "Concluding remarks and outlook Section".

The model. In this section, let us consider the Hamiltonian of a four-qubit Heisenberg XXZ model as a
cluster system, which is under the influence of an external magnetic field (see Fig. 1). The Hamiltonian of the
model can be expressed as follows®*%

4 4
H= Z RACE RS S{S{-H) + ASES ] — /LBgBZS?> (1)
i i

where J; with i = {1,2, 3,4} describes the strength of the spin interaction, being ferromagnetic when J; > 0.
B is the external magnetic field, which is only applied to the z-direction, while A is the exchange anisotropy
parameter. Moreover, g is the Landé g-factor with the assumption ¢ = 2, and S¥ (« = x, y, z) are the spin-1/2
operators. For convenience, we set i = 1and Bohr magneton j1p was absorbed into a definition of the magnetic
field term. Let us notify that for simplicity, in the forthcoming analytical expressions and simulations, we consider

Scientific Reports |

(2022) 12:6406 | https://doi.org/10.1038/s41598-022-10248-2 nature portfolio



www.nature.com/scientificreports/

J» = J3 = J4 = J and uniform anisotropy A; = A, = A3 = A4 = A, assuming J; = las energy unit for all other
parameters with {B, J, A, T} being dimensionless parameters. In the next sections, we will assume both pure
ferromagnetic interactions (J > 0) and mixed ferromagnetic-antiferromagnetic interactions between nearest-
neighbor spins by adopting J < 0 that means J,J3,J4 < Obut J; = 1 > 0. Regarding previous reports, some real
magnetic compounds can be plausibly characterized in terms of our modeled spin-1/2 system®.

By straightforward calculations, one can find the eigenvalues and corresponding eigenstates of the mentioned
Hamiltonian (1) in terms of the standard basis, as reported in Methods.

Pairwise density operator. For a system in thermal equilibrium at a temperature T (canonical ensemble),
the state of the system is given by the density operator pyoa1(T) = exp (—SH)/Z, with Z = Tr [exp(—ﬁH )]
being the partition function of system and B = 1/kgT. Hereafter, the Boltzmann’s constant is set to the unit for
simplicity, i.e., kg = 1. Hence, the total density operator p o) (T) of the described system can be characterized
in terms of the eigenstates and eigenvalues of the Hamiltonian (1) as

1 16
proal(T) = — > exp (—BEDIV (Y1, @)

I=1

where Ej and |y;) are the eigenvalues and eigenstates of the Hamiltonian, respectively, as given in Meth-
ods. The whole system can be partitioned by considering the bipartite reduced density matrix of two-qubit
pii(T) = Try [p,-jkl(T)} with ik (T)=protal (T), which obtained by tracing over all other systems except subsystems
or modes i and j. In total, there are six different density matrices for our considered system. However, we find
that the thermal state of p12(T) has the highest amount of quantum correlations and coherence. Therefore, from
now on, let us consider only this state for analysis. In the standard basis of {|00), |01), |10), |11)}, the reduced
density matrix is given by

P11 . .
P22 P23

T = =
p12(T) = pr 023 p3

, (3)
P44

with the dots which are placed instead of zero entries. Since the components of the above matrix are too long to
work with conveniently, let us eschew reporting them here.

Quantum correlations and coherence. In this section, let us discuss the main results obtained from the
theoretical studies of pairwise density matrix and three described quantum criteria such as entaglement concur-
rence, LQU, and /; —norm of quantum coherence.

Entaglement concurrence. In order to describe the thermal quantum entanglement in the reduced density
matrix pr, we employ the most widely accepted measure for a two-qubit system p called concurrence C(p),
which has been described by Wootters’. The case C(p) = 0 happens when the system state is separable, whereas
C(p) = 1 reveals maximally entangled state. A straightforward definition of concurrence can be expressed as
follow

C(p) = max{0, /21 — /22 — /23 — \/74), (4)

where 4;(i = 1,2, 3,4) are the eigenvalues in the decreasing order of the 4x4 matrix R = p (0, ® 0,)p* (0} ® 0y),
in which p*and oy are, respectively, the complex conjugate of p in the standard basis and the y—component Pauli
matrix. Ultimately, the concurrence for our thermal state (3) can be achieved by

C(pr) = 2max{0,]023] — /011044}. (5)

Local quantum uncertainty. The LQU was recently proposed as a discord-like measure of quantum correlations
based on the principle of skew information'®. It is written as

U (p) = min S (p,Ka ® Ip), 6)
where Ky is a Hermitian operator (local observable) on the subsystem A admitting a non-degenerate spectrum.

Iz being the identity operator acting on the subsystem B, while .7 is the Wigner-Yanase skew information associ-
ated to the density matrix p and defined as'®

1
7 (0K @ Ip) = = Trl(/p. K @ )%, 7)

Here, .# is non-negative and non-increasing under classical mixing'”'®. For a2 ® d (qubit-qudit) bipartite quan-
tum systems'®!8, the closed-form of the LQU is given by
U (p) =1 — Amax(¥ aB) (8)

where Amayx stands for the largest eigenvalue of the 3 x 3 matrix # ap whose elements are given by®”%
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W an)i = Trl/p(0h ® Is) /p(oh ® In)], )
i(j)

where 0,”" with i(j) = {x, y, z} represent the Pauli operators of the subsystem A. The LQU provides a reliable
quantifier of quantum correlations and it has a geometrical significance in terms of Hellinger distance'®'8. It is
clear that having the matrix # g, one can easily evaluate the LQU for qubit-qudit quantum systems contrarily
to quantum discord". This is quite an easy task compared with the complicated minimization process over
parameters due to the local measurements'*>!'®'®, We notice that for a two-qubit pure state, the LQU coincides
with the concurrence and vanishes for classically correlated states. Moreover, it is invariant under local unitary
operations'®18,

In the Fano-Bloch representation®°, our thermal state pr (3) can be written as follows
i
= — ﬂ Ga U/S 5
or 4(%;0 (07 ®0P) (10)

where Z 45 = Tr [,OT( o?®cP )} are the components of the total correlation tensor occurring in the Fano-Bloch
decomposition associated with bipartite density matrix pr. The non-vanishing components # o4 are given as

Roo =Trlpr] =1, Aoz =1—2(p22 + p44)s P11 = A2 = 223,
PR30 =1 — 2(033 + paa), R33 =1 —2(p22 + p33).

Therefore, in terms of the Fano-Bloch components %4 associated with the matrix o7, the eigenvalues of (¥ ap);j
can be expressed as

1 RE — R 2)
w] =wy = \/(l’1 + 2@) <t2 + 2\/@) + 1 \/(tl +(2\0/3a) (t23(i|— 2\@) i 12)

(11)

1 1| (%03 + %30)2 (%03 — 9?30)2 — 43
=—|1+4+2 d d - >
@ 2[ * (‘ﬁ+ﬁ)]+8 (h+2vd) | (b+2vd) 19
with
1
t12 =£(1:i:%03>, (14)
1 7 2 g I 2 17 )/ 2

diz T [(1 + R33)” — (K30 = ZRo3)” — (%11 F %22) } (15)

Hence, the LQU for the considered thermal state o7 is gained from
# (pr) =1 — max{w;, w3}. (16)

Quantum coherence. Quantum coherence is an indisputable physical resource of quantum information pro-
cessing protocols. Even though quantum coherence in multipartite states is somehow related to quantum cor-
relations, it is a quantum property behind any correlation. Thus, coherence is a quantum resource different from
entanglement and discord-like correlations*. Regarding the latter, the amount of non-classical correlations is
estimated in terms of the coherence, in the sense that coherence of subsystems could act as an upper bound for
the quantum discord-like correlation of the total bipartite system.

Herein, we use the intuitive ; —norm of coherence measure?, defined as the sum of the absolute off-diagonal
elements of a quantum state p in the reference basis {|i)}. It can be calculated as”*

Cu(p) =>_ il 17
i
Thus, the corresponding /; —norm of quantum coherence of the our system described by the reduced thermal
state pr (3) is given by

Cy (p1) = 2|p23. (18)

It has been proved by Streltsov et al.”? that quantum coherence can be used as a resource for quantum entan-
glement creation. The ; —norm of coherence is a crucial link between various coherence measurements and
entanglement’®. Although, quantum coherence may capture quantumness more than discord-like measures of
quantum correlations, the later is exactly basis-independent measure of the former*7*.

Results and discussion

To get an insight into the pairwise entanglement, we have plotted the concurrence (5) as a function of the tem-
perature T for several values of the magnetic field B and fixed A = 1as well as J] = 0.02 in Fig. 2a. It is observed
that the concurrence is a decreasing function of T from its maximum value C(pr) = 1 for weak values of B, but its
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Figure 2. (a) Concurrence versus temperature for several fixed values of the magnetic field, taking ] = 0.02 and
A = 1. (b) Concurrence versus temperature for several fixed values of the exchange anisotropy, taking / = 0.02
and B = 0.6. (c) The same function against magnetic field for various values of the exchange anisotropy at low
temperature T = 0.02 and fixed J = 0.02. (d) The exchange coupling dependence of the concurrence at low
temperature T = 0.02 and fixed A = 1, where different values of the magnetic field are assumed.

behavior is different for stronger magnetic fields. Besides, it undergoes substantial changes upon the anisotropy
alterations, as seen in Fig. 2b. As a matter of fact, an increase in the A strengthens the entanglement. The field
dependence of the concurrence is depicted in Fig. 2¢ at low temperature T = 0.02 and low coupling constant
J = 0.02, where several fixed values of the A are considered. One sees that for the finite values of parameters B, ],
and T, the concurrence does not reach its maximum as soon as the anisotropy A enhances from zero. For A > 0,
the concurrence remains steady at low magnetic fields, then sharply increases nearby the critical magnetic field
and reaches its maximum instantly. Eventually, this quantity shows a steep decrease close to the second critical
magnetic field. Fig. 2d displays the concurrence against the exchange coupling J at low temperature T = 0.02 and
A = 1for various fixed values of the magnetic field. Here, it is evident that the concurrence has an anomalous
behavior in the vicinity of some critical points. A sudden death of this measure of entanglement happens nearby
the critical point ] = —1.

Figure 3 illustrates the thermal LQU (16) of the model in different planes. Two plots (a) and (b) depict the
temperature dependence of this function for fixed J = 0.02, such that Fig. 3a corresponds to the several values
of the magnetic field and A = 1, whereas the other one corresponds to the case when several values of the ani-
sotropy are assumed at fixed B = 0.6. Some differences are evident between LQU and concurrence. For example,
the latter reaches its maximum value of 1 at finite low temperatures while the former, under the same conditions,
does not. In addition, the concurrence vanishes at a critical temperature, while upon heating, LQU tends to zero
but does not vanish. This particular behavior indicates the robustness of LQU against the concurrence at higher
temperatures. Fig. 3¢ displays the LQU as a function of the magnetic field for several values of the exchange
anisotropy, supposing low temperature T = 0.02 and ] = 0.02. With the increase of the magnetic field, this func-
tion sharply decreases and ultimately vanishes nearby the same critical magnetic point to the concurrence. It is
worth mentioning that another notable difference between the magnetic behavior of LQU and concurrence is
that, the former behaves anomalously when drops down in height to ¢/ (o) = 1/2. This phenomenon indicated
by a horizontal dotted line, however, it was not observed in the concurrence behavior. This is in fact the well-
known sudden change behavior for the discord-like quantum correlations, which is caused by the optimization
procedure in their respective definitions”>’®. As a result, the LQU is more sensitive than the concurrence to
demonstrate thermal fluctuations or discontinuous phase spectra.

Last but not least, let us also emphasize another important consequence of the LQU analysis with respect to
the coupling constant J. Fig. 3d illustrates the LQU versus the coupling constant J at low temperature T' = 0.02
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Figure 3. LQU with respect to the same parameter sets in Fig. 2.

and A = 1, where four different values of the magnetic field have been taken. For mixed ferromagnetic-antifer-
romagnetic case ] < 0, we see that this function does not vanish but tends to U/ (pr) = 0.1 as J decreases further
than critical point ] = —1. On the other hand, for the ferromagnetic coupling J > 0, the LQU falls down close
to the critical exchange and it shows a discontinuous alteration at low magnetic field B = 0.4 (blue line). Hence,
the LQU could be a good witness of the discontinuous thermal behaviors of the model that is more efficient than

the concurrence in this medium.

We depict typical thermal variations of the I; —norm of coherence of our model in Fig. 4. Plots (a) and (b)
manifest the temperature dependence of the quantum coherence for the fixed J = 0.02 and various values of
other parameters. It is evident that Cj, (o7) experiences its maximum at low temperature such as the concur-
rence. On the other hand, when the temperature increases, at low magnetic fields and low anisotropies such
a function gradually decreases and tends to zero but does not vanish neither at higher magnetic fields nor for
stronger exchange anisotropies. Returning to Fig. 3, it is observable that the /; — norm of coherence and LQU

have somehow similar behavior to each other at high temperatures.

Figure 4c displays the coherence as a function of the magnetic field at low temperature T = 0.02 and low
exchange coupling J = 0.02, where several fixed values of the anisotropy A are assumed. Compared to previ-
ous figures, the same behavior to the coherence is evident close to the critical magnetic fields. The /; —norm of
coherence Cj, versus the coupling constant J at low temperature is plotted in Fig. 4d, where fixed value A =1
and four different magnetic fields are selected. It is visible a quite different behavior of this function compared
with the LQU and the concurrence. Namely, for the case when J < 0, by decreasing the exchange coupling J
further than the critical point J] = —1, the quantum coherence not only does not vanish but also increases nota-
bly. Generally speaking, one can deduce from our observations that the [; — norm of coherence is more efficient
than both concurrence and LQU to predict the quantumness of the thermal state even at high temperatures and

high magnetic fields.

Quantum teleportation.

In this section, we study quantum teleportation for an entangled mixed state as a
resource, acts as a generalized depolarizing channel”””°. Next, we investigate the effects of the anisotropy and the
magnetic field on the possibility of teleportation through the model under verification. Let us assume the input

state being an arbitrary unknown two-qubit pure state |1, ), such as

From the mathematical point of view, the quantum channel is known as a completely positive and trace-preserv-
ing operator. Via this mechanism, an input density operator is mapped to an output density operator”’. Generally,

[¥in) = cos(8/2)|10) + € sin(6/2)|01), V

0<0<m 0=<¢<2m
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Figure 4. Quantum coherence with respect to the same parameter sets in Figs. 2 and 3.

when the quantum state is teleported through the mixed channel p.y,, the output replica state pout can be obtained
by applying joint measurements and the local unitary transformations on the input state pin, = |¥in ) {(¥inl, hence
Pout = Z Pin(Ui ®O'j)pin(o'i ®Uj)>

20
i,je{0,x,y,2} ( )

where oy = I (I 1s the 2 x 2 1dent1ty matrrx) and p; = Tr(E’pch) satisfies the condltlon ;

‘\IJ |CI> W@ {\IJ+ \I/+| and E3 = 5} stand
for the well known Bell states. In thrs paper, we consider the quantum channel as Pch = PT- Therefore, The output
density operator poyt takes the form

Pu .
_ P22 P23
Pout = 02 P33 . (21)
P11
where
P11 =(p11 + paa) (P22 + p33),
P22 =(p11 + paa)? cos*(6/2) + (p22 + p33)* sin*(0/2), )
~ . 22
P33 =(p11 + pas)’ sin®(0/2) + (p22 + p33)* cos* (6/2),
,523 =2€i¢p223 sin 6.

To describe the quality of the process of teleportation, it is often quite useful to study the fidelity between pi,
and poyt to characterize the teleported state. When the input state is a pure state, one can apply the concept of
fidelity as a useful indicator of the teleportation performance of a quantum channel quantifier®®®!. The fidelity
is defined as®

2
F = (TI‘ A/ Pin Pout~/ Pin> . (23)
The fidelity is near zero if the input and output states are orthogonal, which means the information is fully
destroyed during the transmission process, so the teleportation fails. While it is close to unity, it signifies that
the input state is identical to the output state. In the situation when 0 < % < 1, the quantum information is
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Figure 5. (a) The average fidelity 7 4 versus temperature, assuming /] = 0.02, A = 1, and several fixed values of
the magnetic field. (b) 7 4 as a function of anisotropy A for fixed ] = 0.02, B = 0.6, and different values of the
temperature. (c) Field dependence of # 4 for various temperatures, where other parameters have been taken as

J =0.02and A = 1. (d) the same function at low temperature T = 0.02 against the coupling constant ] when
different fixed values of the magnetic field are considered such that A = 1. Dotted lines indicate the classical

limit of fidelity 2/3.
subjected to distortions after transmitting to some extent. Through a straightforward calculation for our case,
one finds

, _ sin’0 2 2 2 2

F = 3 [(o11 + 044)° + 4033 — (022 + p33)°] + (022 + p33)°. (24)

The average fidelity of teleportation Z 4 can be formulated as®>#

1 2w T
Fp=— d(b/ doF sinb, (25)
4 0 0

by integrating Eq. (25), the average fidelity 7 4 for our case can be thus expressed as

1
Fa =31+ pa)” +4p35 + 2002 + p33)*l. (26)

It is obvious that the average fidelity # 4 depends on the quantum channel (thermal state) parameters in
this case. In order to transmit a quantum state better than the classical communication protocols, 7 4 must be
greater than 2 which is the best fidelity in the classical world. In Fig. 5a, the average fidelity as a function of the
temperature for the weak coupling J = 0.02 and fixed A = 1is shown, where several fixed values of the mag-
netic field have been assumed. It is clear from this plot, that # 4 does not reach the limit of quantum fidelities
for B 2 0.8, hence the teleportation of information happens for the magnetic field rage B < 0.8. An increase in
the temperature leads to a decrease in the possibility of teleportation. With looking to Figs. 2a, 3a and 4a, one
realizes that for the parameter sets that situation % 4 < 2/3 occurs, three functions, i.e., concurrence, LQU, and
coherence show a sharp decrease until they vanish at low temperatures and never reach their maximum values
under cooling condition. On the other hand, in the parameter regions which % 4 > 2/3, all three functions
gradually tend towards maximum value under cooling.

In Fig. 5b, we depict the average fidelity versus the anisotropy A for several fixed temperatures and param-
eter sets ] = 0.02 and B = 0.6. A reentrance point is evident in this plot at which a sharp change in the average
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Figure 6. (a) Three quantum criteria for the output state versus temperature T and parameter sets J] = 0.02,
A = 1, and B = 0.6. (b) The same quantifiers as functions of the coupling constant J at low temperature
T = 0.02, assuming A = land B = 0.6.

fidelity behavior happens and this quantity immediately reaches its maximum % 4 = 1 within the anisotropy
interval 0.8 < A < 1.5at extremely low temperatures, accompanying with the achieving maximum value of the
concurrence, LQU, and coherence. Generally, the average fidelity tends to limit value 2/3 with increasing the
anisotropy. The relevant field dependence of the average fidelity at ] = 0.02 and A = 1shown in Fig. 5¢ has also
similar behavior. It can be seen from this plot a steep decrease as well as line accumulation in the average fidelity
function at low temperatures regime in the vicinity of critical magnetic field. Under heating, 7 4 decreases at low
magnetic fields. Accordingly, the possibility of teleportation through this model is restricted.

The most interesting finding from the fidelity investigations is manifested in Fig. 5d by which we illustrate
the average fidelity with respect to the exchange coupling J at low temperature T = 0.02 and A = 1. Similar
to the other three functions, # 4 anomalously behaves nearby the critical exchange couplings. Surprisingly,
in the antiferromagnetic region of J, close to the critical point ] = —1, the average fidelity sharply drops to its
minimum. Consequently, the average fidelity could be an eligible candidate to trace the thermal fluctuations
of a typical Heisenberg spin-1/2 square compound possessing either ferromagnetic or mixed ferromagnetic-
antiferromagnetic exchange couplings.

Finally, we present our results concerning with the temperature dependence of three discussed quantities
for the output state pout, i.e., C(Pout)> % (Pout)> and Cy, (pout) for fixed J = 0.02, A = 1, and B = 0.6 in Fig. 6a.
All functions decrease from a typical maximum when the temperature increases. The concurrence suddenly
vanishes at a critical temperature, while other two functions monotonically decreases. The notable difference
between % (pout) and Cj, (pout) is that, the former vanishes at a specific critical temperature while the latter does
not reach zero even at high temperatures. Moreover, we plot in Fig. 6b the aforementioned quantities as func-
tions of the exchange coupling J at low temperature T = 0.02 and fixed B = 0.6 and A = 1. By assuming mixed
ferromagnetic-antiferromagnetic case (J < 0), all three functions sharply decrease and vanish nearby the criti-
cal point ] = —1, reminding the same thermal behaviors of these criteria as well as fidelity at this point. With
decrease of the J further than ] = —1, the concurrence remains zero, while the LQU and quantum coherence
arise from zero and reach the non-zero values. On the other side, within the ferromagnetic region (J > 0), one
can observe the entanglement sudden death at J & 0.5, whereas the LQU and coherence show a sudden decline
at this point, but remain alive even for higher values of J. According to our observations, we generally claim
that the /; —norm of coherence could reveal more quantum information about the system under study, which is
consistent with previous results.

Concluding remarks and outlook
We have considered a four-qubit cluster complex on a spin-1/2 Heisenberg XXZ model involving an exchange
anisotropy in the presence of a magnetic field along the z-axis. Both pure ferromagnetic and mixed ferro-
magnetic-antiferromagnetic exchange couplings between nearest-neighbor spins have been verified. We then
studied three quantum criteria such as concurrence, local quantum uncertainty, and quantum coherence for
a pair of spins. Consequently, we have demonstrated that all three functions behave anomalously close to the
critical points. At low temperature and weak coupling constant, we could observe maximum entanglement
between selected pair of spins. According to our observations, we convincingly concluded that the quantum
coherence is generally more sensitive than the other ones to witnessing the thermal fluctuations in different
Hamiltonian parameter sets. We also understood that by tuning the strength of the anisotropy parameter, a sig-
nificant enhancement on the entanglement and various thermal non-classical correlations and coherence can be
achieved. Finally, we have examined the possibility of teleportation through the model under consideration. We
found that within a special interval of assumed exchange anisotropy, the average fidelity significantly enhances.
However, the average fidelity tends to limit value 2/3 with further increase of the anisotropy. The average fidelity
also represented different behaviors such as line accumulation and sharp dropping nearby the critical points.
Investigating aforementioned quantum correlations quantifiers, coherence, and the fidelity of teleportation
for similar classes of small spin clusters might enlighten the quantum nature of them that would be applicable
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in different subjects such as quantum information processing, quantum communication, and spintronics. Fur-
thermore, we think that our model can pleasantly bring insight into the ground-state phase diagram and several
important magnetic and quantum features of some real materials with similar square-shaped structures. Our
future activity will concern with this direction.

Methods

Eigenvalues and eigenstates of the Hamiltonian. In this section, we give the eigenval-
ues and the corresponding eigenstates of Hamiltonian (1) in terms of the standard computational basis
% = {]000),]001),|010),]011), |100),]101), |110),|111)}. The eigenvalues of the Hamiltonian are

Ey=-2B—3] -1+ 1VK, E2=-2B—}]-1-1VK, Es=E =0,
Es=2B—1]—1+ivK, Es=2B—1]—1—-1VK,

E;=2B+J+3+3VK, Eg=2B+ 3]+ ;- VK

Ey=A—4B, Epo=-2B+1J+1+1VK, 27)
En=-2B+ 4]+ —1vK, En=A-+4B,

E13=—%A+%m, E14=—%A—%\/m,
Eis=—-3A+3/A24+524+2]+1, Eg=-1A-L1/A24+572+2]+1,

with K = 5J% — 2] + 1. The corresponding eigenstates are given, respectively, by

[¥1) = a,|0001) + b.0010) + [0100) + [1000),
[¥2) = a_|0001) + b_|0010) + [0100) + |1000),
[¥3) = —|0011) + [1100),

[¥4) = «|0011) + [0101) + |1010),

[¥s5) = c4|0111) + d4|1011) + |1101) + |1110),
[¥) = c_|0111) +d_|1011) + |1101) + |1110),
[¥7) = c_|0111) — d_|1011) — |1101) + |1110),
[¥s) = c;|0111) — d|1011) — |1101) + |1110),

[re) = |0000), (28)
[¥10) = a—]0001) — b_|0010) — |0100) + [1000),

[Y¥11) = a4.]0001) — b|0010) — |0100) + |1000),

[Yr12) = [1111),

[¥13) = —[0101) + e, |0110) — e, |1001) + |1010),

[Y14) = —|0101) + e_]0110) — e_|1001) + |1010),

[¥15) = |0011) 4 B|0101) + £,[0110) + £, [1001) + 8]1010) + |1100),

[¥16) = [0011) 4+ B]0101) 4 £_|0110) + f-|1001) 4+ B]1010) 4 |1100),

where the following notations are adopted

wy - YOPFIVK-JEJK-1) wo Sl g LIHL
P+ EVE-1)(+15VE+1)’ o2
by — J(J -3+ VK) o = 22(? FJVK +2] £ VK - 3)
@P+7£VK-1) (PFPE]E£DVEK+1)(T+1FVK+1)
_ _JeP-yFVR-D J-1 29)
C (BF@REIEDVE+1)] i_(A:I: A242—2] +1)
1 5242/ +1

fiz_EJ(Ai A +52+2]+1)
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3 Contribution 3: Thermal non-classical correlation via
skew information, quantum Fisher information, and quan-
tum teleportation of a spin-1/2 Heisenberg trimer sys-
tem

The European Physical Journal Plus, 137 (2022) 1096.
3.1 Summary of contribution 3

According to recent findings, bipartite systems may not be as effective at comprehending and
communicating quantum information as larger quantum systems. These results motivated us
to carry out a comprehensive study of non-classical correlations within pure and mixed states
of a spin-1/2 Heisenberg trimer, a tripartite quantum system, in the presence and absence
of temperature, as well as under the influence of an external magnetic field. Our findings
demonstrate that non-classical correlations measured by local quantum uncertainty and
entanglement measured by negativity are strongly influenced by intrinsic parameters
such as exchange anisotropy and cyclic three-spin interaction parameters as well as extrinsic
parameters such as temperature and magnetic field. Large values of the anisotropy parameter,
for instance, greatly enhance the tripartite quantum connections of the proposed system. The
statistics also imply that temperature has far stronger adverse impact on negativity than it
does on LQU. This demonstrated the LQU’s resistance to the effects of temperature. It was
shown that LQU is a useful metric for capturing the non-classical linkages in tripartite systems
as a consequence.

In the aftermath of this result, we have studied a variety of applications of this model in
quantum information theory and quantum estimation using quantum Fisher information and
quantum teleportation. Based on the standard quantum teleportation protocol, we investigated
the possibility of quantum teleportation using the state under research as a quantum channel.

In fact, we found that at low enough temperatures and coupling constants, the tripartite
quantum channel may transport the unknown state. We also concentrated on recognising
the generated tripartite magnetic Cull 3 complex system’s quantum Fisher information as a
quantum metrology application.

This research highlights the importance of studying tripartite quantum systems for quantum
communication and information processing. It also sheds light on how intrinsic and extrinsic
properties affect non-classical correlations and their potential applications in quantum tech-
nologies.

3.2 Content of contribution 3
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Abstract In the present work, we carry out a description of multi-qubit quantum correlations because of their distinguished physical
prominence in quantum information processing and quantum communication. To this end, we have studied quantum correlations
within pure and mixed states of a tripartite quantum system which can be referred to as a spin-1/2 Heisenberg trimer with the exchange
anisotropy and cyclic three-spin interaction in the presence of the external magnetic field at zero as well as nonzero temperature. Our
study reveals that the non-classical correlations quantified by means of local quantum uncertainty and the entanglement quantified
in terms of negativity depend decisively on the intrinsic parameters as for instance the exchange anisotropy and cyclic three-spin
interaction parameters in addition to extrinsic parameters such as temperature and magnetic field. A variety of applications of this
model in quantum information theory and quantum estimation are also studied by means of quantum Fisher information and quantum
teleportation. It has been shown that the average fidelity and quantum Fisher information measures are basically enhanced when the
temperature and magnetic field parameters vanish.

1 Introduction

Quantum correlations beyond entanglement are a prominent concept in quantum information theory and are of fundamental impor-
tance in a modern science. Indeed, since their birth, quantum correlation and entanglement have created an important debate and
attracted a great deal of attention in the scientific community for the last decade [1]. For example, the quantum discord is considered
as a significant quantifier used to quantify the amount of quantum correlations and it originally arrived from the discrepancy between
two different quantities that are classically identical, but from the point of view of quantum mechanics, they are inequivalent [2].
However, the minimization process restrains because of its complexity the computation of quantum discord for all quantum states
and it is simply defined only for a few restricted families of states [3, 4]. Indeed, it has been shown that an analytical expression of
bipartite quantum discord is obtained for a specific family of states [5]. Moreover, in the case of multi-qubit systems, the quantum
discord is also computable [6, 7], and the general formula that is easy to calculate was proposed for 2 ® d systems [6, 8, 9]. However,
for a composite quantum system bipartite, tripartite or multipartite subsystems may be entangled, whereby the entanglement is not the
only quantum correlation present in these states. Indeed, there exist some quantum separable states that are quantum-mechanically
correlated, i.e., when their quantum discord does not vanish. Recently, multipartite entanglement has been extensively studied and
given remarkable attention because, in general, it has a richer structure than the bipartite entanglement. In fact, the need to study the
separability of its components has triggered interest in non-classical aspects of multipartite quantum systems [10]. The entanglement
as a consequence of the quantum correlations between many quantum parties represents one of the most popular tools used to quan-
tify the non-separability between quantum systems [11]. Various non-classical correlation and entanglement quantifiers have been
proposed in the last two decades, which have played a significant role in expanding our appreciation and knowledge of the quantum
world [12]. For bipartite and tripartite quantum systems, for example, the negativity is proposed as a good measure of entanglement
[13, 14]. Moreover, the local quantum uncertainty (LQU) is known as a very active quantifier of non-classical correlations [15].
Interestingly enough, M. Ali improves an explicit formula of LQU for multipartite quantum systems, where he evaluates the LQU
of various three- and four-qubit quantum states, namely W, Dicke, GHZ, singlet and cluster states [16].

Recently, it has been evidenced that the measures of quantum correlations not only touch upon some fundamental tasks in quantum
information theory [17], but they are also crucial to many issues in quantum estimation theory [18-20], quantum information pro-
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cessing and modern communications, etc [21-26]. Moreover, it has been demonstrated that the so-called quantum Fisher information
(QF]I) is considered as a useful measure in quantum estimation theory, which can detect the entanglement of a composite quantum
system [27, 28]. Another concept referred to as the local quantum Fisher information (LQFI), which is founded basically on the QFI,
has been investigated as a prominent quantifier of quantum correlations for bipartite quantum states [29, 30]. The idea behind QFI
and LQFI starts from the fact that the information encoded in a quantum state is often represented in the form of a set of parameters.
Identifying different states through estimating the encoded parameters and by performing measurements allows us to extract the
physical information carried by a parameter in the state that exactly defines the QFI. One of the important advantages of studying
QFI in this context concerns with its ability to physically guarantee a measure of non-classical correlations, namely LQFI when the
dynamics is governed by a local transformation [31]. Inspired by this fact, several quantum spin systems have been suggested in
order to study QFI and LQFI under various circumstances. For example, Obada et al. made a comparative study between QFI and
the entanglement, where he has showed that the Fisher information may be used as evidence of entanglement [28]. However, A.B.A.
Mohamed studied different quantifiers of non-classical correlations, including; QFI and Bures Distance correlations for an open
quantum system interacting with its surrounding environment, i.e., a coupled two charge-qubits inside of a coherent cavity in the
presence of intrinsic decoherence [32]. Alternatively, in Ref. [31], the authors study the LQU and LQFI in a two-qubit Heisenberg
XYZ chain with Dzyaloshinski-Moriya interactions. They showed that LQU and LQFI depend on the temperature and the coupling
parameter in the anisotropic XY model.

Asitis obvious from the above discussion, the most pronounced features of the aforementioned measures, namely LQU negativity
and QFI, are their simplicity and computability. Indeed, the substantial purpose of this paper is to investigate the measures of LQU
and the negativity within pure and mixed states of a spin-1/2 Heisenberg trimer with the exchange anisotropy and cyclic three-spin
interaction in the presence of a non-uniform magnetic field. In fact, the unconventional enhancement of the tripartite quantum
correlations due to the magnetic field can be related to Zeeman’s splitting of energy levels, which results in an unexpected abrupt
rise of quantum correlations in the spin-1/2 Heisenberg trimer model. The present theoretical study is motivated by the coupled
trinuclear Cu13I triplesalacen complex as a magnetic system [33]. The structural and magnetic properties of this model have been
experimentally investigated in Ref. [33]. The spin arrangement of this special complex in the crystal lattice leads to the formation
of a pyramid structure. Our results show that large values of the anisotropy parameter A strengthen basically the tripartite quantum
correlations of the proposed system. Moreover, the outcomes prove that the destructive effects of the temperature are much stronger
for the negativity than for the LQU. This emphasizes that the LQU is more robust with respect to temperature effects. This shows that
LQU is an appropriate measure capturing the non-classical correlations in tripartite systems. Roughly speaking, in our model, the
entanglement sudden death phenomenon does not occur in the tripartite model in contrast of bipartite systems [34-36]. Hence, we
can conclude that increasing the size of a quantum system can be superior with respect to bipartite systems in quantum technologies.
On the other hand, once the tripartite correlated state is found, one can investigate the quantum teleportation protocol via using
this state as a quantum channel during this process. Indeed, we observe that the tripartite quantum channel becomes useful for
teleportation of the unknown state for small enough values of the temperature and exchange coupling parameters. Furthermore,
as a quantum metrology application, we will concentrate on determining the quantum Fisher information of the obtained tripartite
magnetic CugI complex system.

The paper is structured as follows. In Sect.2, we introduce the Hamiltonian describing the proposed model, in which the thermal
density operator is investigated. Section 3 contains some preliminaries about negativity and LQU. Their behaviors versus the
parameters characterizing the proposed system are analyzed in Sect.4. In Sect.5, a variety of applications in quantum information
theory and quantum estimation are also examined by means of quantum Fisher information and quantum teleportation within this
model. Finally, a summary of our results and concluding remarks are given in Sect.6.

2 Model and method

Let us consider a spin-1/2 Heisenberg trimer (three-qubit) model developed for the trinuclear copper(Il) complex abbreviated by the
simple notation CugI [33] (see Fig. 1). This system is represented as a magnetic system with cyclic three-spin interaction under the
influence of the external magnetic field. Therefore, the Hamiltonian of the spin-1/2 Heisenberg trimer can be expressed as follows:

H = [-2J1(5] S5 + 57 53) + A1S7S5] + [—272(S5 S5 + 85 83) + A2 8555]
+[—2J3(S5 57 + S357) + A3S; ST + upgB(S + S5 + S5) + K S7S5.85. )

The coupling constant J; with i = {1, 2, 3} describes the strength of the exchange interaction within a spin triangle, which is
ferromagnetic for J; > 0 and antiferromagnetic and J; < 0. Moreover, B denotes the external magnetic field which is only applied
to the z-direction, while the parameter A; with i = {1, 2, 3} determines the XXZ exchange anisotropy in the exchange interaction.
However, the parameter K is the cyclic three-spin interaction. Finally, the parameter g represents the gyromagnetic Landé g-factor
with assumption g = 2.045 [33], and up is the Bohr magneton. In such definition, the symbols S* = ho?/2 (@ = x,y,2)
correspond to spatial components of the spin- 1/2 operators. For the sake of simplicity, we set h = 1 and up = 1.
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Fig. 1 A schematic structure of
the trinuclear Cul3I complex

represented by the spin-1/2 XXZ ,
Heisenberg trimer (three-qubit) .
model with the corresponding

magnetic exchange interactions as
indicated in the figure » %

o——9

1
_ §i=
S_z

In contrast, we assume that the spatially isotropic exchange interaction satisfies the constraint J; = J, = J3 = J and the unique
value of the XXZ exchange anisotropy is considered A} = Ay = Az = A in all forthcoming analytical expressions and simulations.
In the standard basis formed by the eigenvectors |¢;) € { |000), |001), |010), |011), |100), [101), |110), |[111)} of z-components of
the spin-1/2 operators, the matrix representation of the Hamiltonian (1) turns out to be

H; 0 0 0 0 0 O O
0O Hp H3 0 Hys 0O 0 O
0 Hx Hyz 0 Hys 0 0 O
' N 0 O O Hyg O Hys Hy7 O
iz |H|(p]> “ |1 0 HppHs3 0 Hss 0 0 0 |’ 2)
0 0 0 Hea O Hee He7 O
0 0 0 Hrpy 0 H76 H7; 0
0 0 0 0 0O O O Hg
where the diagonal elements are computed as given bellow
H —3A+3 B+1K Hy; = H3z3 = Hss = 1A+1 B 1K
n=y 28 gy Hn=Mn=Ms=—7 28 g5
Hip = Heg = Hiy = —SA — S B+ K, Hyg—>A—>gB— 1k A3)
44 = oo = 77 = —7 58 g 8= 7 58 g
while the off-diagonal elements read
Hy3 = Hys = H3p = H3s = Hae = Hug = —J,
Hsy = Hs3 = Hes = He7 = H74 = H76 = —J. 4)

The Hamiltonian (2) has a relatively simple block-diagonal form that allows us to obtain a complete set of eigenvalues using an
exact analytical diagonalization. Indeed, the eigenvalues of the Hamiltonian (2) are obtained as follows

3A _3gB K gB A K
Eiw="7F 5 Fg E2=Es="—-_+/-—, (5)
g§B A K gB A K
Es=FEg=—2>———+J+— Eyg=4+>———-2JF —, , 6
TTHT T Ty g o =E T2 Fy ©)

whereas the corresponding eigenvectors are given as follows

1 1
[¥1) = 1000), [42) = ﬁ(—lllo) +[011)), [¥3) = E(—Illo) +[101)), )
1 1
[Ya) = [111), [¢hs) = ﬁ(—HOO) +1001)), [v6) = ﬁ(—HOO) +1001)), ®)
1 1
ly7) = ﬁ(lll()) +[101) +1011)), [v8) = %(HOO) +1010) +1001)) . €))
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2.1 Density operator

To gain an overall insight into the quantum properties of the magnetic CugI complex such as thermal entanglement and local quantum
uncertainty, it is necessary to obtain the density operator of the system, which can be easily calculated from the eigenvalues (5-6)
and the respective eigenvectors (7-9) according to the following formula

p(T)=

1 8
~ D exp(=BEI) (il

=1

10)

which is expressed in terms of the partition function Z = Tr[exp(— BH )] with B = 1/(kpT), T is the absolute temperature and kp
is the Boltzmann’s constant further to be set to unity. Therefore, in the computational basis, the density matrix corresponding to the

density operator (10) at thermal equilibrium (canonical ensemble) has a matrix structure similar to the Hamiltonian matrix (2)

p(T) = -

ja—

OOOOOOOE

P2 p23 0 pp5 0 O
P32 33 0 p35s 0 O

ps2 p53 0 pss 0 0

0 0 0 0 0 O

0 0 pag O pa6 pa7

[eNeBoBoNele)

0 0 pss O ps6 p67
0 0 pa 0 p76p77 O
0 0 0 0 O 0 pss

For the sake of brevity, the elements of the density matrix p;; are explicitly given by

P11 = eXP(— 8T

12g B+K —6A
5~ ] P88 = E€Xp| —

1
P22—6
1 <4gB+16J K+2A>
P23 = 7 €Xp )
3
1
,025—6
1 <4gB+81+K 2A>(
P44 = — €Xp
6
1 ( —4gB+8J+K 2A>
P55 = 5 €Xp
3
1 ( 4gB—8]+K+2A>(
P47 = — €xp
6
1 4gB—8]+K+2A
/077=§6XP

with

P22 = P33, P23 =

P32, P47 =

12g B+ K +6A
8T ’

—4gB+8]+K 2A 3J
exp 3+2exp|l =—= ) ),
2T

_—4gB+8J/+K-2A 3J
exp g —3+2exp|l =—= ) ),
2T

) 3J 1 —4gB+16J +K +2A
ex , = —ex
p 3T P46 3 p 8T
3J
+2 — 1),
exp<2T>>
3J
+2 — ),
eXp<2T>>
5 3J
expl — | ),
P\ar

P14, P25 = P52 = P35 = P53, P47 = P14,

The partition function Z emergent (11) can be explicitly written as

12g B+8J + K +6A J 12Bg + K
Z =exp| — 8T exp 2T 1 +exp —ar

<Bg +A
texp| =

)ero

7)) (o (7)) +oo((7)))

)

an

The entanglement is called the thermal entanglement because the density operator p(7) (11) represents a thermal state. It should be
mentioned that the size of the antiferromagnetic exchange interaction J > 0 is taken as an energy unit. As a result, in our analysis,
the quantities measuring the relative strength of the cyclic three-spin interaction K/J, the magnetic field it g B/ J, and the temperature

kpT/J could be considered as dimensionless parameters. From now on, we consider the simple form p instead of p(T).
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3 Multi-qubit quantum correlations

In this section, let us restrict our attention to some non-classical correlations quantifiers, namely LQU and entanglement expressed
by means of negativity for multi-qubit systems.

3.1 Quantum entanglement: multi-qubit negativity

Apart from bipartite pure states [37, 38] and two-qubit systems in the mixed states [39, 40], an analytical formula required to quantify
the entanglement inherent in a multi-qubit system is still lacking. The average of bipartite entanglement measures over all possible
bipartitions of the N-qubit system is one of the most popular computable measures used to quantify the global amount of genuine
entanglement of an arbitrary N-qubit entangled system in a mixed state p [14]. Indeed, the explicit formula of negativity of any
multi-qubit system turns out to be [13]

(k)
N/2 1 nbiparl

N =2 3| g D2 NN H) | (12)

N
k=1 nbipart pP=1

where k| N — k denotes the bipartitions of the N-qubit system, with k qubits in one block and the remaining N — k ones in another
block. In the bipartition, k| N —k, P[k|N — k] is used to specify an exact combination of k and N —k qubits. On the other hand, ngz} art
represents the total possible non-equivalent concrete bipartitions P[k|N — k] with N"PIKIN=Kl(5)) being the negativity associated

with each given bipartition of P[k|N — k] defined as
NFENE ) =3 “as00™) ~ 1. (13)
J

In above, A;(p'7) are the negative eigenvalues of the partially transposed density matrix p”/ of the composite system with respect
to subsystem / which is constituted by the k qubits of the given bipartition P[k|N — k]. In other words, the negativity is related to
the trace norm of p”’ as

T
NPEIN=K 5y — ”P '” —1 (14)
S
where the trace norm is defined by || Tl H = Tr(y/pT1 pT1T). We notice that the zero negativity, namely N’ = 0, corresponds to the
completely separable (factorizable) states, while it becomes nonzero, A # 0, for entangled (non-separable) states. As a concrete

example, let us consider the case of the three-qubit system p(7") (11). Therefore, the negativity (12) turns out to be
N(3)(p):\3/NA\BC_N’B\ACNC|AB. (15)

3.2 Local quantum uncertainty

Recently, Giromali et al. [41] have introduced the notion of the local quantum uncertainty (LQU) as a prominent discord-like measure
of a non-classical correlation in bipartite quantum systems. This measure quantifies the uncertainty in a quantum state which can
arise due to its non-commutativity with the measured local observable. Based on the definition of Winger-Yanase skew information
[42], the LQU is defined as the minimum uncertainty induced by applying measurements on a part of a quantum state as follows

Ua(p) = HI}inZ(p, KA ® Ip), (16)
A

where K, is a hermitian operator (local observable) on subsystem A admitting a non-degenerate spectrum. Moreover, Ip is the
identity operator acting on subsystem B, while 7 is the skew information associated with the density matrix p and it is defined as

1
L, K) = =5Tr(l/p, K1), (17)

where [., .] is the commutator. It is worth noticing that the Wigner-Yanase skew information (WYSI) is unaffected by classical
mixing and it reduces to the variance for pure states. Note that, Z is non-negative and non-increasing under classical mixing [16].
The local quantum uncertainty provides a reliable measure of quantum correlations and it has a geometrical significance in terms
of Hellinger distance. Furthermore, it is an asymmetric quantity that remains invariant under local unitary operations and does not
increase under local reversible operations on unmeasured part [41]. Moreover, the local quantum uncertainty vanishes for all states
with zero discord. It reduces to the linear entropy of the reduced densities of the subsystems for pure bipartite states. From now on,
we consider the simple form ¢/(p) instead of /4 (p). For a 2 ® d (qubit-qudit) bipartite quantum systems [41], the compact formula
of the local quantum uncertainty turns out to be

Up) =1 = kmax(WV), (18)
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where Amax stands for the largest eigenvalue of the 3 x 3 matrix W of the following elements:
Wap = Tr(/p(0* ® I)/p(0” & Ig)). (19)

where 0%® with «(8) = {x, v, z} represents the Pauli operators of subsystem A. It is clear that having the matrix W, one can
easily evaluate the local quantum uncertainty for qubit-qudit quantum systems contrarily to the quantum discord based on von
Neumann entropy [16]. This is quite an easy task compared with the complicated minimization process over parameters due to
the local measurements [34, 41, 43]. It is important to note that for some quantum states, quantum discord and local quantum
uncertainty capture the same correlations, whereas they are different measures for others states [16]. Besides, the genuine N-qubit
negativity, multi-qubit local quantum uncertainty is another useful indicator of non-classical correlations in multi-qubit systems.
However, unlike the genuine N-qubit negativity, its calculation for multi-qubit mixed states is a challenging task since it involves
a difficult optimization process, which is very hard to solve exactly. For this purpose, in the ref. [16], Ali Mazhar generalized the
concept of LQU for the multi-qubit systems since we can regard the multi-qubit system as a qubit-qudit (2 ® d) system such as
d=2Q02R®2®2Q ... Q2 representing the remaining N — 1 qubits as d dimensional quantum system. In comparison with
bipartite quantum systems, multi-qubit systems have a richer structure. It is possible that some bipartitions are quantum correlated,
whereas the others are classically correlated. In order to capture only the purely correlations of quantum nature, we apply the local
measurements across each bipartition. To do this, one assumes that py is an arbitrary density matrix described by N-qubits. For
each qubit namely A, B, ....N, we apply the local measurements with respect to the rest of the qubits [16]. Thus, according to Eq.
(19), the matrix elements corresponding to the N symmetric matrices belong to each bipartition as

W =Tr(/pN @i @ h® L ®..® h)/pN(0; @ h® L ®...® L)),
(W)S =Tr(/on(L®0i L Q.. ® 12)\/,0_1\/(12 R®oi®Lh®..Q® 12)),
(W)icj =Tr(/onL®L®0i ®....® 12)\/,0_1\/(12 Qh®o;j®...Q 12))»

W) =Te(/oN( @ L ® 1 ® .0 0)/oN(L®L® L ® ... ® o). (20
Therefore, the local quantum uncertainty associated with each bipartition is given as follows [16]

Uaspc..n(pn) = 1 —max{Spectrum of WA},
Ug/ac..n(pn) = 1 — max{Spectrum OfWB},
Ucpc..n(pn) = 1 — max{Spectrum of WEY,

Un/pe..N-1(pN) = 1 — max{Spectrum of WN}. 1)

Thus, for a given N-qubits quantum system, the local quantum uncertainty may be defined by
|
U =— > Uyn,. 22
(pv) = ;‘ N (22)

We apply this measure to derive the amount of quantum correlations in a three-qubit Heisenberg spin system (1) in thermal equilibrium
at temperature p (11). The matrix elements associated with each bipartition AIBC, BIAC and CIAB are calculated, respectively,
using the formulas

WA =Tr(/p(0i ® b ® 1) /p(0j ® I ® 1)), (23)
WE =Tr(/p(L ® 0; ® 1) /p(lh ® 0; ® 1)), (24)
W) =Tr((/p(h ® b ® 01)/p(lh ® L ® 67)), (25)

where ,/p is given in Appendix 1 (VII A). The non-vanishing matrix elements (23), (24) and (25) are given by
1
OV = W) = 212300V ha +Vis) + 36V A3 (Vhe +3V07) + 2V BVie + /A7 +21/39))
+ (VAa +2V/05)3 06 + Va7 +8v/28)), (26)
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W = 5(9@1 + A2 +A3) + Ag + 16y/Aghs + A5 + (2y/A7 + V/Ag)? + 6(v/A6(v/A7 + 2¢/28)), (27)
WE =g, = 118(6\/5(3\@ +/hg +2y/15) + 3y Aakg + 63/ Ashe + 25v/Agh7 + 2/ Ashs+
+6v/113 6 + V11 +2/48) + 31233V ke + Vi + 2¢/h8) + 2(//ha +8V/h5)V s, (28)
V) = 5001+ 22+ VT 4 Va5 + 6/ + 23 + 0V + VI + 6667 #2430, (29)
s, =mw)§, = %8(6\/72(3@ + /A4 +2V/05) + 27/ hake + 24V M1 A7 + v/ hahg + 8y Ash +
+3v233V6 + /A7 +2V/28) + 2/hs(6V/A1 +v/ha +8V/2s), (30)
W5, = é(ml +22) + 2V + V/A35)2 + 6/A3(v/Ag +2y/A5) + 96 + A7 + 16\/A7Ag + Ag). 31)

where A;(i = 1, ..., 4) are the eigenvalues of the density matrix p (11) explicitly given in the Appendix 1 (VII A). Hence, the local
quantum uncertainties related to each bipartition take the following form:

Up/pc(p) = 1 — max{Wii, Wi}, (32)
Ug/ac(p) = | —max{Wh, Wi}, (33)
Uc/ap(p) = 1 — max{Wi;, Wi3). (34

Therefore, the total local quantum uncertainty describing the three qubits system would be defined as

Uaspc(p) +Upjac(p) +Ucyap(p)

Up) = 3

4 The behavior of quantum correlations

To examine the influence of the cyclic three-spin interaction on the non-classical correlation including the quantum entanglement,
some density plots of the negativity A and LQU are depicted in Fig. 2 in the temperature-field plane by assuming the value of
Landé factor g = 2.045, two representative values of cyclic three-spin interaction and fixed value of the exchange anisotropy,
A/J = 0.5and A/J = 1.0. It follows from the displayed density plots that the strongest quantum correlations can be detected
simultaneously at low temperature and magnetic field, which gives rise to the highest possible value of the negativity and local
quantum uncertainty in the zero-temperature limit. Upon further increase in the temperature and the magnetic field, the quantum
correlations decrease, and the state of the model p(7") (11) loses its maximum entanglement property. As a matter of fact, an increase
in A /J significantly strengthens the tripartite quantum correlations in the thermal state p(7') (11). For instance, the negativity and
LQU are reinforced when A /J switches to the unit value (Fig. 2c—d and 2g-h). Moreover, it follows from Fig. 2 that in the absence
of the cyclic three-spin interaction K/J = 0, both quantum correlations quantifiers are symmetric with respect to zero magnetic
field (upB/J = 0). Besides, the cyclic three-spin interaction parameter K/J is responsible for the time-reversal symmetry breaking
and the magnetization would not be an odd function of the magnetic field [35]. However, with K/J increase, the symmetry with
respect to (upB/J = 0) axis reduces between the three-spin-1/2 particles. In addition, the local quantum uncertainty detects the
amount of quantum correlations in the tripartite system (1) much better than the negativity but this last predominate over LQU at
some threshold value of the external magnetic field. Moreover, the quantum correlations amounts, regardless of ugB/J = 0, are
strengthened upon decrease in temperature kg7 /J. The difference between both measures is that the negativity vanishes at a certain
threshold temperature, above which LQU remains nonzero and it tends to zero just at higher values of temperature (see Fig. 2).
Therefore, the destructive effects of the temperature are much stronger for the negativity than the local quantum uncertainty. This
confirms a greater robustness of LQU in comparison with thermal entanglement against the temperature effects. This shows that
LQU is more suitable to capture the non-classical correlations in tripartite systems.

Now, let us investigate in detail how the tripartite quantum correlations of the spin—1/2 XXZ Heisenberg trimer are resistant
with respect to thermal fluctuations. The temperature dependence of the negativity (upper panels) and local quantum uncertainty
(lower panels) is illustrated in Fig. 3 for specific values of the cyclic three-spin interaction K/J, where the anisotropy parameter
A/J is assumed to be a tunable term. It is shown that for the zero value of the cyclic three-spin parameter (K /J = 0), a maximum
of the amount of quantum correlations including negativity is achieved, and the three-qubit system is maximally correlated in
contrast the particular case with nonzero K/J. This is explained by the fact that when K/J = 0 for both cases ( A/J = 0.5
and A/J = 1), the system is then at zero temperature in the ground state |1r7), which means that the ground state |¢r7) contains
more entanglement. For stronger values of K/J (for instance K/J = 5.5 and A/J = 0.5), the negativity and LQU are null at
sufficiently low temperatures (M = &/ = 0). This is due to the fact that the ground state is a separable (unentangled) state |v/4).
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Fig. 2 Upper panels: Density plots of the negativity N'(o(T)) inthe kg T/J — ug B/ J plane for different values of cyclic three-spin interaction K/J specified
in the panels and two different values of the exchange anisotropy, A/J = 0.5 and A/J = 1 with the Landé-g factor fixed to g = 2.045. Lower panels:
Density plots of the local quantum uncertainty U(p(7')) in the kT /J — pup B/J plane for different values of cyclic three-spin interaction K/J specified in
the panels and two different values of the exchange anisotropy, A/J = 0.5 and A/J = 1 with the Landé-g factor fixed to g = 2.045
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Fig. 3 Upper panels: The thermal dependence of the negativity N'(p(T)) for several values of the cyclic three-spin interaction K/J with two different values
of the exchange anisotropy A/J = 0.5and A/J =1 at ugpB/J = 0.8 when g = 2.045. Lower panels: The thermal dependence of the local quantum
uncertainty U (p(T')) for several values of the cyclic three-spin interaction K/J with two different values of the exchange anisotropy A/J =0.5and A/J =1
at upB/J = 0.8 when g = 2.045
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Fig. 4 Upper panels: The thermal dependence of the negativity N'(o(T)) for several values of the magnetic field u g B/J specified in the panels with different
values of the exchange anisotropy (A/J = 0.5 and A/J = 1) and the cyclic three-spin interaction K/J when the gyromagnetic g-factor g = 2.045 is
adopted according to Ref. [33]. Lower panels: The thermal dependence of the local quantum uncertainty U/(p(T')) for several values of the magnetic field
np B/ J specified in the panels with different values of the exchange anisotropy (A/J = 0.5 and A/J = 1) and the cyclic three-spin interaction K/J when
the gyromagnetic g-factor g = 2.045 is adopted according to Ref. [33]

However, with the temperature increasing, we have a sudden birth of quantum correlations until the maximum value of quantum
correlations is achieved by converting the entangled states into the untangled state |4). Then, they decrease monotonically as soon
as the temperature increases. After this decrease, the negativity and LQU exhibit a freezing phenomenon, in which the amount of
negativity and local quantum uncertainty are constant during the evolution process. Therefore, the behavior of the negativity and
LQU are more robust in the absence of the cyclic three-spin parameter. It should be noticed that the cyclic three-spin interaction
reduces the quantum correlations in the tripartite magnetic CugI complex system. It is interesting to notice that the negativity and
LQU have the same behavior at low temperatures, but when the temperature increases, the local quantum uncertainty happens
to predominate over the thermal entanglement. Besides, when the anisotropy parameter switches to A/J = 1, the amount of
quantum correlations is enhanced quantitatively by comparing it with the case of easy-plane (A /J = 0.5 ). However, the anisotropy
parameter A /J enhances the tripartite quantum correlations in the system and thus avoids the sudden birth of quantum correlations
at a zero-temperature limit.

The negativity (upper panels) and local quantum uncertainty (lower panels) of the tripartite spin—1/2 XXZ Heisenberg trimer
with the cyclic three-spin interaction and the gyromagnetic g-factor g = 2.045 at a fixed value of the exchange anisotropy A /J = 0.5
are plotted in Fig. 4 as a function of temperature for a few selected values of the external magnetic field upB/J. It can be seen
from Fig. 4 that both quantum correlation measures show qualitatively similar behavior, except that the LQU is larger than the
negativity (LQU captures more information between the subsystems). In the absence of the cyclic three-spin interaction K /J = 0
( Fig. 4a and d) at zero magnetic field (wp B/J = 0), the model is partially entangled in a zero-temperature limit kg7 /J — 0. The
reason is that when upB/J = 0, the system’s ground state at zero temperature is a superposition of the entangled states |17) and
[Yrg) (o(T =0) = %(IW) (Y71 + |¥g) (¥g])). In fact, the entanglement in a superposition of entangled state is usually less than, or
at most equal to the average of the quantum entanglement of the superposed states [34]. For intermediate values of the magnetic
field (0 < upB/J < 1), the system captures more quantum correlations in the model (2). This is due to the fact that the system
will be in a ground state |Y7) (o(T = 0) = [¥7)(¥7]), which means that the ground state |1r7) contains more entanglement. For
upB/J = 1.2, the ground state is a classical mixture of separable state |/4) and entangled state |yr7) with equal probabilities
(o(T =0) = %(I¢4)(1ﬁ4| + [Yr7)(¥71])). For higher values of the magnetic field upB/J > 1.5, no thermal quantum correlations
occur at the temperature kg7 /J which is very near to zero, even for LQU. This is due to the separable ground state |4). One
can observe that, a sudden birth of the thermal entanglement occurs upon increasing of temperature and the quantifiers reach the
maximum amount of quantum correlations achieved (see Fig. 4). We note that with a further increase in the temperature, the amount
of quantum correlations captured by the negativity and LQU between the subsystems in the tripartite state decrease asymptotically
until the system reaches a steady state (Fig. 4).This is due to the fact that thermal fluctuations only affect quantum correlations at
temperatures above the characteristic temperature set by the energy gap, which is nonzero for a finite-sized system [31]. It is obvious
from Fig. 4 that the steady-state values are N'(p(c0)) = 0.022 and U(p(0c0)) = 0.024. We mention that the steady-state value does
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Fig. 5 Upper panels: The behavior of negativity A/ (p(T)) as a function of the external magnetic field ug B/J for different values of temperature and the
cyclic three-spin interaction K/J with two selected values of the exchange anisotropy (A/J = 0.5 and A/J = 1) when g = 2.045. Lower panels: The
behavior of the local quantum uncertainty U/(o(7')) as a function of the external magnetic field up B/J for different values of temperature and the cyclic
three-spin interaction K/J with two selected values of the exchange anisotropy (A/J = 0.5and A/J = 1) when g = 2.045

not depend on parameters that characterize the system. In the presence of the cyclic three-spin interaction K /J # 0, the quantum
correlations show similar behavior as in the absence of K /J = 0, the difference is that the system at zero temperature and magnetic
field will be in the entangled ground state |i3) (Werner state). This explains the fact that the system is more correlated than in
the absence of K/J = 0 without the influence of the external magnetic field (upB/J = 0). As the cyclic three-spin interaction
increases, the ground state reduces to the separable ground state |1/4) even for low values of the magnetic field. This is mainly due
to the fact that an increase in the cyclic three-spin interaction produces separable states, which decreases, therefore, the thermal
quantum correlations amounts (Fig. 4). As a result, the intervention of the magnetic field and the cyclic three-spin interaction result
in a decrease in the entanglement as well as the quantum correlations between the spins of the system. The decrease in LQU and
negativity with the increase in the magnetic field implies that the system loses the quantum signature and becomes more classical.
On the other hand, the phenomenon of entanglement sudden death does not occur in the tripartite model in comparison with the
bipartite system [34, 36]. This indicates that increasing size of the system may be more optimal and robust in comparison with
bipartite systems for modern quantum technologies. This confirms the similar conclusions results reported in Ref. [44].

The magnetic field dependence of the tripartite quantum correlations captured by the negativity and LQU are shown in Fig. 5
at a few selected values of the temperature and different values of the cyclic three-spin interaction with fixed values of g = 2.045
and A/J = 1. In the absence of the cyclic three-spin interaction (K /J = 0), both quantifiers are remarkably strengthened when
the magnetic field is increased at low temperatures, as indicated by a considerable round maximum of the negativity and LQU
observable for sufficiently low temperatures (Fig. 5a,d). The unconventional enhancement of the tripartite quantum correlations due
to the magnetic field at sufficiently low but nonzero magnetic fields can be again related to Zeeman’s splitting of energy levels,
which results in an unexpected abrupt rise of quantum correlations in the spin-1/2 Heisenberg trimer model. This behavior is in
agreement with results reported in ref.[45] and it is in contrast with the naive expectation that the magnetic field suppresses the
non-classical correlations [34]. However, for higher temperatures, the negativity and LQU show the monotonous variation with
respect to the magnetic field up B/J. Upon further increase in the magnetic field ip B/J, both quantifiers decrease gradually to
zero. In the presence of the cyclic three-spin interaction, a sudden drop of the tripartite quantum correlations can be observed below
the saturation field due to the thermal activation of the excited states into the ground state (Fig. 5 b,c,e,f). The relevant field-driven
quantum phase transition is manifested at low enough temperature as a sharp narrow minimum of the negativity and LQU that
become rounder and wider upon increasing temperature. On the other hand, LQU and negativity disappear in a finite period of time
which indicates the phenomenon of entanglement sudden death (ESD). Tuning the temperature and the external magnetic field might
increase the value of the critical instant and thus avoiding the disappearance of the quantum correlation measures and consequently
the intricacy in the tripartite system (see Fig. 5). This given finding confirms the results obtained in Fig. 4. The temperature effects
reduce the quantum correlation in the three-qubit system. Besides, the sudden change of LQU is because of the optimal procedure
for choosing the measurement operators [46]. This is in fact the well-known sudden change behavior for the discord-like procedure
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in their respective definitions [47, 48]. In fact, from Fig. (5) one can see a sudden change of quantum correlations from separable to
bound and free entangled states.

5 Applications in quantum metrology and quantum information theories
5.1 Quantum Fisher information of tripartite quantum systems

The concept of quantum Fisher information known in quantum metrology and quantum estimation theory becomes also a major
notion in the field of quantum information [49, 50]. It appears as the quantum version of classical Fisher information. Indeed, the
main subject of quantum Fisher information is to estimate different relevant parameters included in a proposed quantum state via
extending a view of the parameter estimation settings. Moreover, in the point of view of quantum estimation theory, it has been
shown that robust estimation degrees are obtained for large values of Fisher information and vice versa. For the sake of definition,
the amount of QFI for a bipartite state, namely p;, depending on a parameter ¢ is defined as [51]

ap
Fl = TrlpL7]= Tr [8—;@], (35)

where ¢ is the parameter to be estimated, while £, denotes the Symmetric Logarithmic Derivative (SLD) operator satisfying the
condition: dp; /08 = (L pr + pr L¢)/2. On the other hand, if one makes the spectral decomposition of the bipartite state, then the
QFI is defined as given below [52]

4 2 4
o (9zKcv) ) 8yt 2
Fl=Y e +4 7 kl(Dekuldeicn) = icolderu) P = 3 e ol . (36)
v=I v=1 vt M
where 0; = 0/0¢. Moreover, k, and |«,) such that v = 1, ..., 4 denote the eigenvalues and eigenvectors of p; respectively.

Interestingly, it has been recently shown that one can generalize this formula for quantum states of N dimension. Indeed, it is defined
as the following form [53]

N 2 N
(OgKv) 8ryk
FL=) 1y ke [(0kldcky) — [(koldgry) 21— Y~ |(ky|0cku) %, (37)

K K, +K
v=I1 v v=1 UFEK w v

From the mathematical point of view, the amount of QFI either for 4 -dimension or for N-dimension is an additive function [54].
Moreover, under the action of a unitary operation, the QFI is still invariant [55]. On the other hand, the main idea behind studying
QFI is to illustrate an elevated estimation precision of the relevant parameter of a quantum state. Based on this, we shall estimate
the temperature parameters as well as the external magnetic field, namely 7" and B, respectively, encoded in the tripartite magnetic
Cugl complex system. Roughly speaking, it has been shown that QFI becomes an important resource in different aspects of quantum
information theory, in particular, quantum correlation [56]. In this context, we show how much the tripartite correlated state is
sensitive to changes in some parameters encoded in it.

In the light of the previous discussion, we plot in Fig. 6 the amount of QFI via estimating the temperature parameter encoded
in the tripartite system. It is clear that the state is sensitive with respect to changes in the temperature 7', where in general, robust
estimation degree of this parameter is obtained for a small interval of kg7 /J as exactly obtained for the logarithmic negativity
and local quantum uncertainty. Again as obtained for entanglement and quantum correlation measures, the large values of the
temperature allow decreasing the amount of QFI gradually until it completely vanishes for a large interval of T. On the other hand,
it is obvious that when the interaction parameters acquire the values K /J = 0 and up B/J = —0.5, then, the amount of QFI takes a
large amplitude for small numbers of the anisotropy parameter A /J. Similarly, as this parameter increases, we lost the possibility to
estimate the temperature parameter (see Fig.6 a, b and d), except the zero-field case when pp B/J one obtains a different behavior
where small numbers of the three-spin coupling K/J allow small bounds of QFI as illustrated in Fig. 6c.

The quantification and manipulation of QFI via estimating the external magnetic field parameter, namely B, are displayed in
Fig. 7 for different initial settings of K/J, kpT/J and A/J. Indeed, Fig. 7a displays the amount of QFI when K/J = 0 and
kpT/J = 0.5. We observe a close similarity of QFI behavior for all the considered values of upB/J; including positive and
negative values. Moreover, it is clear that we can estimate the parameter wp B/J with large bounds in particular for the interval
upB/J € [-3,3], while when both parameters K/J and A/J vanish then we obtain the maximum possible of the ugB/J's
estimation. On the other hand, once we increase the cyclic three-spin interaction parameter, namely K/J, a non-symmetric behavior
of QFI clearly appears in Fig. 7b and c. In this situation, the robust estimation degree, i.e., large bounds of QFI becomes significant
around the interval ugB/J € [0, 1]. Interestingly, as we have already explained in the behavior of the negativity measure and local
quantum uncertainty quantifier, these quantities take large numbers around the same interval, namely up B/J € [0, 1], which makes
our results substantial since the QFI as a measure of information via estimating the relevant parameters known in quantum estimation
theory and the quantum correlation measures known in quantum information theory follows qualitatively the same behavior. One can
conclude from Figs. 6 and 7 that one can estimate successfully the tripartite magnetic CugI complex system with robust estimation
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Fig. 6 The amount of QFI with respect to changes the temperature kg 7'/ J for a few values of A /J and K/J and the magnetic fields:(a, b) ug B/J = —0.5,
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Fig. 7 The amount of QFI with respect to changes of the magnetic field up B/ J for a few different values of A /J and K/J and temperatures:akg7/J = 0.5
andb,ckpT/J =1.5

for some specific intervals of kg7 /J and up B/J. However, our results show that the amount QFI follows the same behavior as
the negativity measure and local quantum uncertainty, which allow us to conclude that QFI can detect entanglement for tripartite
quantum systems.

5.2 Quantum teleportation via three-qubit system

Before investigating the effect of changing the interaction parameters encoded in the suggested three-qubit system and their impact
on transmitting the information between individual partitions, let us give an overview of quantum teleportation via the three-qubit
system. First, let focus our attention to the standard teleportation process [57, 58] using the proposed tripartite state at thermal
equilibrium, namely p(7) in Eq. (11) as a quantum resource. The main goal of the protocol of quantum teleportation via a three-
qubit channel is to transmit the information encoded in an unknown one-qubit state from a sender called Alice and two receivers
labeled for example by Bob and Cindy. To achieve this purpose, Alice should hold two qubits. The first qubit is the state to be
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teleported, namely |y),, while the other qubit represents one of the three proposed qubits. Meanwhile, Bob and Cindy have the
other two qubits. Bearing this in mind, the overall density operator could be given in the following compact form:

PuABC = PuPABC, (38)
whereby the unknown density matrix is defined as p, = |¥),(¥|,. In what follows, we will assume that the unknown density
operator is given by the following matrix form:

1—-2n r 1+2r
Pu=—> |0)(0|+5(|1>(0|+|0)(1|)+ 5 1) (11, (39)

where0 <ri <landrm =,/1— rl2 > 0. So as to transmit this state to Cindy and Bob, Alice should perform a mutual measurement

on her two own qubits. This measurement can be represented by the operators Mli 4 ® Ipc, where Ipc denotes the identity operator
acting on the joint system BC.

My =B} )ua(Bfl, M2, =B ua(By |,
M3, =1B3)ua(Bil. Mty =By )ua(B; . (40)

where |Bf—;2))u 4 are the well-known Bell states defined as follows:

1
BEYua = —(00),4 £ [11)44),
| B )ua ﬂ(l Yua = [11),4)
1
B Yua = —(01)ua £ [10)44). 41
|B3 ua ﬁ(l Jua £ 110)u4) (41)

At this stage, Alice gets her outcome measurement i and then connects with her partners, namely Cindy and Bob using a classical
channel. Therefore, at the end of this process, the teleported state is given as the following form [59, 60]

. 1 .
Pour = " Trual(M,, 4 ® Ipc)puasc], (42)
1
where the probability to get the measurement i turns out to be

pi = Tryapcl(M! , ® Ipc)puasc)- (43)

Now, in order to investigate the quality of Cindy and Bob’s state, namely p,,, at the end of the process of quantum teleportation
compared to the input state p,, one can evaluate the fidelity averaged over all possible outcomes i and also over all unknown states
pu on the Bloch sphere. It can be readily proved that the average fidelity is given by

1 2 pm 4 )
Fa=— / sin 0d0d¢ piR', (44)
4 0 0 ; '
where R! = Tr (pém pu)- Based on this definition and after some straightforward calculations, the average fidelity in our model is

calculated as follows:
1
Fa = 5[911 — 4V12,011 + 022 + 033 + P44 + P55 + P66 + 077

+4r3(—paa + P33 + P55 + Pe6 — P77 — Pss) + Pssls (45)

where p;; are the elements of the three-qubit matrix given in Eq. (11).

As we have already mentioned, the average fidelity is a very successful tool exceedingly used for quantifying the quality of the
teleportation process even via the three-qubit system. The average fidelity of the quantum teleportation protocol can be obtained
by averaging the input and output states defined in Eqs.(39) and (42), respectively, over all possible initial states. Bearing this in
mind, we first plot in Fig. 8 the teleportation average fidelities against temperature kg7 /J by considering various initial settings of
the external magnetic field up B/J and the interaction parameters K/J and A /J. It is clear that the average fidelity is sensitive to
changes in all aforementioned parameters, where in general, the average fidelity takes large bounds for small intervals of kg7 /J
and for small values of g B/J in particular when g B/J = 0. Indeed, for these specific conditions, the average fidelity exceeds
the classical limit of fidelity, namely F4 = 2/3, which means that we have succeeded to implement successfully the scheme of a
quantum teleportation with robust fidelity by means of the tripartite thermal state defined through Eq. (11) as a quantum channel. In
contrast, the teleportation average fidelity is substantially reduced upon increasing temperature.

So far, we have separately considered the evolution of fidelity against the temperature parameter kg7 /J when various con-
siderations of the magnetic field wp B/J are taken into account. Let us now plot the average fidelity versus the temperature in
Fig. 10 by considering different values of the cyclic three-spin interaction parameter K/J. It is clear that when the parameters K
and T vanish, then, the amount of average fidelity reaches the maximum bound and it is F4 > 0.9, which means that the output
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Fig. 8 Upper panels: The average fidelity F4 as a function of temperature for several fixed values of the external magnetic field up B/J and parameter set
aK/J=0,bK/J =3.5assuming A/J = 0.5 and g = 2.045. Lower panels: The average fidelity F4 as a function of temperature for several fixed values
of the external magnetic field up B/J and parameter set ¢ K/J = 0,d K/J = 3.5 assuming A/J = 1 and g = 2.045. Dotted lines indicate the classical

limit of fidelity 2/3
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Fig. 9 The average fidelity F4 as a function of temperature for several values of the cyclic three-spin interaction K/J and parameter set a A/J = 0.5,
b A/J = 1assuming ugB/J = 0.8 and g = 2.045. Dotted lines indicate the classical limit of fidelity 2/3

state is nearly equal to the input state. Moreover, as the temperature increases and when it is restricted to a relatively small values,
namely kpT/J € [0, 1.0], the average fidelity still exceeds the bound 2/3 for some particular values of the interaction constants
K/J and A /J, which means that the input state p, was transmitted with much more robust fidelity in comparison with any classical
communication protocol. Again this property is lost at higher temperatures.

In Fig. 10, we plot the average fidelity between input and output states for the quantum teleportation, namely F4 as a function
of temperature for several fixed values of the exchange anisotropy A /J for fixed numbers of K/J and ug B/J. Again, the classical
limit is indicated by the horizontal dotted line in the figure. Indeed, we observe again that our quantum channel becomes useful for
the teleportation of the unknown state for small enough values of the temperature and exchange coupling parameters. Once these
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Fig. 10 Upper panels: The average fidelity /4 as a function of temperature for several fixed values of the exchange coupling coefficient A /J and parameter
seta K/J =0,b K/J = 3.5 assuming ugB/J = 0.8 and g = 2.045. Lower panels: The average fidelity F 4 as a function of temperature for several
fixed values of the exchange coupling coefficient A /J and parameter seta K/J = 0,b K/J = 3.5 assuming upB/J = 1.5 and g = 2.045. Dotted lines
indicate the classical limit of fidelity 2/3

parameters increase, then the fidelity measure substantially decreases. Remarkably, in the case of K /J = 0, the amount of fidelity
does not vanish, which can be considered a good choice for the proposed tripartite quantum channel.

One can conclude from Figs. (8, 9, 10) that the average fidelity of quantum teleportation using the tripartite state given by Eq.
(11) as a quantum channel gives some important results in particular when the temperature takes small enough value and when the
other system’s parameters K and B vanish. Indeed, it has been shown that the average fidelity is neatly related to the magnetic CugI
system used as the quantum channel for the teleportation process.

6 Conclusion

In the present paper, we have examined at a thermal equilibrium the behavior of non-classical correlations by means of local quantum
uncertainty along with the thermal entanglement measured by the negativity of the spin-1/2 Heisenberg trimer in the presence of
the cyclic three-spin coupling interaction along the z -axis. In this regard, by controlling various parameters; including temperature,
magnetic field, etc., the quantum correlations within pure and mixed states of the three-qubit quantum spin system are highlighted. By
making a comparative study between the negativity and LQU, we have obtained some interesting outcomes. In particular, it has been
shown that both negativity and LQU basically depend on the intrinsic and extrinsic parameters including the exchange anisotropy,
cyclic three-spin coupling, magnetic field, and temperature, respectively. On the other hand, the influence of the cyclic three-spin
interaction within the quantum correlations has been extensively discussed. Interestingly enough, it has been shown that the robust
coupling parameter K/J reduces the amount of non-classical correlations. In contrast, the exchange anisotropy parameter can protect
and eventually enhance the quantum correlations in the tripartite magnetic CugI complex system. Hence, we have concluded that
the negativity and LQU are sensitive with respect to changes in the cyclic three-spin interaction, which gives rise to breaking of the
time-reversal symmetry.

The strongest quantum correlations at zero temperature and zero magnetic fields have been found for the particular case without
the cyclic three-spin parameter in A/J = 1. The rising magnetic field remarkably reinforces the tripartite quantum correlations
due to the Zeeman splitting of energy levels. Hence, the results show that the LQU quantifiers reveal the non-classical correlations
in the tripartite system even in absence of the entanglement. This implies that the vanishing of entanglement does not necessarily
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mean absence of the quantum correlations. For various initial settings, several phenomena such that sudden death, sudden birth,
oscillations, and frozen correlations appear distinctly. In the second part of this paper, we have applied this model to a quantum
metrology in order to investigate the sensitivity of the proposed tripartite system with respect to changes in various intrinsic and
extrinsic parameters. It is found that it is possible to estimate successfully the temperature and external magnetic field parameters
encoded in the tripartite magnetic CugI complex system with robust estimation for some specific intervals. Roughly speaking, the
relation between the estimation precisions and the quantum correlations has been pointed out. Moreover, a scheme of quantum
teleportation process by using the tripartite state as a quantum channel is also suggested. In this process, we have shown that for
sufficiently low temperatures and for a specific value of the magnetic field and cyclic three-spin interaction, in most cases, the
corresponding average fidelity is larger than 2/3, which corroborates the success of the teleportation. Therefore, one can conclude

that different parameters contained in the tripartite model are efficient to control parameters of quantum communications.
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Appendices

1. Appendix I

In this appendix, we provide the parameters needed to compute the local quantum uncertainty for the three-qubit state p(7") (11).
First, let us introduce the eigenvalues of the density matrix in Eq. (11) as

’

exp( IZBgI;:J+K )
M= exp(%)(l + exp( 123g+K>) + exp(Bng )(2 + exp(%)) (exp(%) + exp(%)) ,
Ay = exp(7) ,
exp(%)(l + exp( 123g+K>> + exp(i)(z +exp(32)) (exp(%) + exp(%))
)\3 _ eXp(2Bg+A) |
2<exp(%)<1 + exp<123g+K)) veop(%72) (2 +exp(%))(exp<%) +exp(£)))
e — 3exp(28+2)
2(exp(£) (1+exp( 2555 ) ) + exp( 2552 ) 2+ exp(34)) (exp( 5 ) +exp(£:) ) )
exp(2EE348,)
" o) (o)) v exp( 255 ) 2+ exn(30)) (ox0 () + o)
exp(1E83K1L,)
" 2{on(P) (1 exn( )Y exp( 552 2+ exp(BE)) (ex0 () + o))
3exp(stiHin)
1 2(on() (1 exn( )Y exp( 552 2+ exn () (exp () + o))
. exp(4Bg+12J+K+4A)

while the corresponding eigenvectors turn out to be
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1 1
A3) = —=(—1001) +[010)), [A4) = —=(—[001) — |010) +2|100)), 55
1A3) ¢§I ) +1010)), |24) \@(I ) — 1010) +2[100)) (55)

1 1
As) = —=(1001) +1010) + |100)), [x¢) = —=(—[011) +[101)), 56
|A5) J§|>+I>+I 1) 126) ¢§I ) +1101)) (56)
A7) = i(—|011> —[101) +2[110)), |Ag) = i(|011) +]101) +2[110)). (57)

V6 V3

In the computational basis, the square root of the density matrix p(7) (11) can be written as follows

i 0 0 0 0 0 0 0
0 loviz+vig+2yis) L30aG+ Vs +20%s) 0 L /g +%5) 0 0 0
0 $(-3/R3+VAg+20%5) $(3vI3 + /25 +24753) 0 (V7 +V73) 0 0 0
/o = 0 1 0 1 0 L3R + VA7 +2V73) 1 0 L3R+ VAT +2V0) L(—VRT+VAg) 0
0 L vig+ V5 L vig+ V5 0 Leviz+ vis) 0 0 0
0 0 0 $ (3R + V27 +2/7g) 0 L3R+ VAT +2VRg) LA+ VA 0
0 0 0 $(=V/A7 +/7p) 0 VAT HVRD)  3QURT VAR O
0 0 0 0 0 0 0 Vi
(58)
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4 Contribution 4: Toward the relationship between local
quantum Fisher information and local quantum uncer-
tainty in the presence of intrinsic decoherence
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4.1 Summary of contribution 4

Local quantum Fisher information, which is closely connected to the idea of local quantum
uncertainty , has been described as a useful tool in the investigation of quantum corre-
lations. This work has looked at the complex relationships between the ideas of concurrence
(2.55)), local quantum uncertainty (4.15)), and local quantum Fisher information (4.86). In order
to do this, a two-qubit XXZ Heisenberg spin chain system operating in the presence of an ex-
ternal magnetic field is observed for non-classical correlations. By resolving the time-dependent
Milburn equation (4.47), we explored a variety of initial states, such as pure, Werner, mixed,
and maximally entangled ones.

We were able to investigate a number of phenomena, including sudden death, sudden birth,
oscillations, and frozen correlations using local quantum uncertainty, local quantum Fisher in-
formation, and concurrence. We discovered that the non-classical quantifiers and entanglement
witness fluctuate roughly similarly between their maximum and minimum bounds. We really
discovered that these characteristics depend on the system’s interaction qualities by altering
various interaction parameters that are recorded in the system. Werner and mixed states show
a quick, mostly interaction-driven dynamical development of these variables.

Using the conventional quantum teleportation methods, we have also examined the idea
of quantum teleportation. In order to carry out this procedure, we examined entanglement
in terms of the concurrence of the ultimate teleported state, as well as quantum correlations
utilizing LQU and LQFI. The development and examination of quantum connections between
the suggested open system and its surroundings offered one of the largest problems in this effort.
In light of this, we looked at how the decoherence phenomena affected the quantum teleportation
mechanism. In order to demonstrate the believability of communicating the unknown condition,
we then looked at faithfulness.

Overall, our study provides valuable insights into the relationship between quantum uncer-
tainty, quantum Fisher information, and entanglement, and how they relate to non-classical
correlations in a two-qubit XXZ Heisenberg spin chain system. Our investigation of quantum
teleportation protocols also sheds light on the potential impact of decoherence on quantum
information processing.

4.2 Content of contribution 4
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Abstract The delicate relationship between the concepts of local quantum uncertainty, local quantum Fisher information and
concurrence is investigated. This is analyzed by quantifying the non-classical correlations inherent in a two-qubit XXZ open system
interacting with its surrounding environment in the presence of an external magnetic field. The second part of this work investigates
different kinds of states, namely pure, Werner, mixed, and maximally entangled states via solving the time-dependent Milburn
equation. Indeed, by controlling various interaction parameters, it is shown that the non-classical quantifiers and entanglement witness
by means of local quantum uncertainty, local quantum Fisher information, and concurrence, respectively, fluctuate approximately
similarly between their maximum and minimum bounds, where in general the sudden death, sudden birth, oscillations, and frozen
correlations phenomena appear in the case of Werner and maximally entangled states. Finally, a scheme of quantum teleportation
protocol is proposed in order to make a comparative study between teleported non-classical correlations and entanglement under
the influence of the intrinsic decoherence phenomenon.

1 Introduction

The characterization as well as the quantification of quantum correlations in composite quantum systems have been considered in
different areas of quantum information science [1-3] as for instance in quantum computation and quantum estimation theory and
stimulated interesting works [4—8]. Now, it is commonly accepted that quantum correlations constitute a key resource in the process
of the implementation of various quantum protocols, including: quantum teleportation [8—10], quantum cryptography [11], quantum
sensing [12], etc. In this sense, tools were developed in the last two decades to quantify the entanglement rate inherent in a quantum
state [13—16]. The most popular one is the concept of the concurrence introduced by Wootters [4,13,17]. Another tool recently
introduced in the literature is the concept of the so-called Local Quantum Uncertainty (LQU) that is now considered a reliable tool
to quantify quantum correlations in multipartite quantum systems [18, 19]. Roughly speaking LQU is investigated as a non-classical
correlations quantifier of a multipartite quantum system [19]. It was introduced first time by Girolami et al [18] using the information
of the Wigner Yanase Skew information [20]. Indeed, the LQU is originally defined as the minimum of skew information and it is
another type of discord-like quantifiers of the uncertainty presented in a quantum state according to its non-commutativity using local
observables [18,19,21]. Interestingly enough, the LQU is related directly to the notion of quantum Fisher Information (QFI) and
Local quantum Fisher Information (LQFI) and gives an important link between quantum information theory and quantum estimation
theory [22-24]. Indeed, it has been shown that quantum Fisher information provides a measure to investigate the entanglement for
multipartite entangled systems [25]. Recently, LQFI has been suggested as a very successful tool to quantify quantum correlations
in a composite quantum system [26,27]. In fact, the investigation and characterization of LQFI is performed using the optimization
over all the observables of one of the subsystems of the whole composite system [26,27]. However, since both quantities, namely
LQU and LQFI basically, depend on the quantum uncertainty concept, it might be used as good non-classical correlations quantifiers
that satisfy all the conditions needed to be a reliable a measure of quantum correlations [28].

In recent years, the open quantum systems theory have acquired growing importance within the field of quantum information.
Indeed, it is at the heart of many physical concepts used to understand and manipulate the interaction between a quantum system and its
environment. On the other hand, the interaction of an open quantum system with its surrounding environment as a single composite
system can be approached using concurrence, LQU, and LQFI as non-classical quantifiers in order to examine the correlations
between its components. Indeed, an open quantum system exhibits the decoherence phenomenon which has been examined for
different types of interaction in the literature [29-31]. Indeed, many works paid attention to study non-classical correlations by
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means of LQU and QFI and examined the dynamics of open systems interact with their environments [27,32-35]. For example, L-P.
Chen et al [36] examined the dynamics of LQU and LQFI for a two-qubit system driven by a classical phase noisy laser and they
showed that for an open quantum system, the LQU is bounded by LQFI. Similar analyses were reported by B-L. Ye who examined
the LQFI as a non-classical correlations quantifier in order to study the quantum phase transition in a spin-1/2 XX Heisenberg chain
with three spin interactions [37]. Moreover, M. Ali studied the LQU for a multipartite system and proposed an analytical formula to
derive the LQU in multipartite case [19]. Finally, V. Abhignan et al studied a two-qubit spin squeezing model in order to compare
the LQU with other quantifiers of quantum correlations, namely trace distance discord and uncertainty-induced quantum nonlocality
[33]. They concluded that the entanglement suffers from intrinsic decoherence and exhibits a sudden death phenomenon, while the
non-classical quantifiers are more robust against intrinsic decoherence.

The spin-chain frameworks are exemplary systems used to investigate a wide range of physical systems, and various potential
applications in quantum information, including: quantum phases, quantum communication, phase transitions, etc. Recently, a par-
ticular interest has been devoted to physically understand the Heisenberg spin chain models with Dzyaloshinski—-Moriya interaction.
For example, in Ref. [38], the authors have used this coupling as a good marker of quantum phase transitions. Moreover, this model
is successfully appointed to generate entangled network from partially entangled states, thermal entanglement, teleportation fidelity,
and dense coding [39,40]. In particular, the spin chains have acquired an attractive attention within the area of quantum information
processing. Indeed, such spin chain has been devoted to investigate quantum data transmission through microscopic distances via
considering them as a powerful states used to transfer information between two sites that ensure the building of quantum buses
used to connect different computer components [41]. The core idea underlying the first part of this work is to study the dynamics
of quantum correlations under intrinsic decoherence [42]. We consider a two-qubit XXZ Heisenberg spin chain subjected to an
inhomogeneous magnetic field. We shall employ LQU and LQFI to quantify the quantum correlations in the quantum system, and
we shall also use the concurrence as a witness tool to discuss the non-separability. In particular, we examine four different kinds of
states, namely pure, mixed, maximally entangled, and Werner states [43]. The last class of states are significant in quantum informa-
tion and computation processing because they are able to ensure the separability of mixed states since they have been classified as
the generalized maximally entangled mixed states [43]. We shall evaluate the joint qubit—qubit state quantum correlations by means
of concurrence, local quantum uncertainty, and local quantum Fisher information under the intrinsic decoherence effect. It is shown
that these quantities fluctuate approximately in the same manner between their maximum and minimum amplitudes, where we have
studied different phenomena, including sudden death, sudden birth, oscillations, and frozen correlations phenomena. The dynamical
evolution of these quantities depends basically on the interaction parameters and appears fast in the case of Werner and mixed
states. In the second part of this work, we shall focus our attention to quantum teleportation process which is the transmission of the
information encoded in an unknown state from a sender named conventionally Alice to another located receiver, Bob using classical
and quantum channels [8] . To implement this process of quantum teleportation, we evaluate quantum correlations, by means of
LQU and LQFI and entanglement in terms of the concurrence of the final teleported state. Indeed, one of the most challenges of
this work is given in the possibility to create and examine local quantum correlations between the proposed open system and its
environment. According to this, we shall investigate the impact of the decoherence phenomenon on quantum teleportation protocol.
Finally, we examine the fidelity in order to exhibit the credibility of transmitting the unknown state.

The paper is organized as follows. In Sec.2 , we give the Hamiltonian proposed two-qubit Heisenberg XXZ model and the
corresponding density operator derived from the exact solution of time-dependent Milburn equation. In Sec.3, we review the
definitions and the properties of concurrence, LQU, and LQFI. Their dynamics behaviors versus the interaction parameters for
different proposed initial quantum states are considered in Sec.4. By using the standard teleportation protocol, the output state of the
two-qubit entangled state is investigated in Sec.5. The evaluation of the fidelity, average fidelity, and the non-classical correlations
of teleported state or output state is given in Sec.6 . Finally in Sec.7, we conclude with a summary and some future directions.

2 Theoretical model

2.1 Two-qubit Heisenberg XXZ model

Consider a bipartite quantum system, namely a Heisenberg XXZ spin-1/2 chain interacting with an external magnetic field, B with
only nearest-neighbor interactions. The Hamiltonian of this system is given as below

H = J(s{sy +s{s3) + Asis5 + (B — b)s] + (B + b)s5. (1

The coupling J describes the spin interaction strength, being anti-ferromagnetic when J > 0 while is ferromagnetic when J < 0. B
is the external magnetic field applied in the z-direction, while b denotes the degree of inhomogeneity of the field. A is the exchange
anisotropy parameter. For A = 0, the model reduces to the isotropic XX, while for A = J, the model is simply the isotropic
Heisenberg XXX model. The Heisenberg spin-1/2 operators s (¢ = x, y, z) are expressed in terms of the familiar Pauli matrices
ai"‘, acting on qubit 7, as sf‘ = hal."‘ /2. For sake of simplicity, we set iz = 1 so that {B, J, A, b} are dimensionless parameters. In
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the standard basis, B ={ |00), |01), |10), [11)}, the Hamiltonian (1) takes the following matrix form

IA+B 0 0 0
0 —ia-b LJ 0
H = 4 2 2
0 I —iA+b 0 @
0 0 0 ia-B
By straightforward calculations, one can obtain the eigenvalues of Hamiltonian H as below
E—lA—i—B Ey3 = lAjzl E—IA B 3)
1=y s B23= 7y X Ba=g )
with x = +/J2 4 4b2. The corresponding eigenstates by means of the above standard basis are given as follows
ly1) = 100),  [¥23) = (110) +n+ [01)),  [ya) = [11), “

1
J1+nk

is the inhomogeneity parameter [44].

here =
W = o 4

2.2 Intrinsic decoherence

In general, any quantum system can be seen as an inevitably open system coupled to its surrounding environment. During the
interaction with ancillary or interface systems, even a well-isolated system has to be at risk of losing its characteristic quantum
traits, including coherence and quantum correlations. To describe this, Milburn amended the Schrédinger equation by incorporating
a decay factor and presented a decoherence model, which is entirely of phase decoherence in the Markovian regime. According
to Milburn’s model [42], the time-dependent density matrix in the presence of intrinsic decoherence phenomenon is expressed as
follows

d 1
ap(t) = F[GXP(—iFH)p(t)eXP(iFH)—/O(t)], (&)

where I' is the intrinsic decoherence parameter and H being the Hamiltonian of the system. It must be noticed that the master
equation describing the intrinsic decoherence effect under Markovian approach writes as

d r
3P = —ilH. p(O)] = Z[H. [H, p(D)]]. 6)

which can be derived from (5) for I' — 0. Equation (6) corresponds to the standard von Neumann equation [45]. The formal
solution of the master equation (6) can be written as

o (CHF Kyt
p@) = E 0 M= @)p0)(M" (1)), @)
k=0

where p(0) being the initial state of the system and M k(#) is defined by

MK (t) = H* exp(—i Ht) exp(=T H?t/2). )
By inserting the complete relation ), [[¥,)) ((¥,|| = 1 satisfied by the eigenvectors of the Hamiltonian (1) into Eq.(7), we obtain
the following time-dependent density matrix

It -
p(t) = ZeXP(_j(Em — En)” —i(Em — Et) X ((Yml| pO) [[¥n)) [1¥m)) ((nll. )

Here, E, and ||v,,)) denote the eigenvalues and eigenvectors of the Hamiltonian (1) given by Eq. (3) and (4), respectively.

2.3 Density operator

In this section, we shall examine the non-classical correlations by means of the so-called local quantum uncertainty and local Fisher
information and entanglement measure in terms of concurrence inherent in a two-qubit system using the Heisenberg XXZ model
in the presence of intrinsic decoherence phenomenon [42]. Indeed, let us assume that that the qubits are initially prepared in the
extended Werner-like state as below [43]:

1
p0) =rl¢) (o] +

—r
14, 10
R (10)
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where r being the purity of the initial state 0 < » < 1 while 7 is the (4 x 4) identity matrix and |¢) is the well-known Bell-like state

given by

l¢) = pl01) +/1 — p*|10),
with p is the degree of entanglement. In the standard basis, p(0) can be written as

pi© 0 0 0

0 200 p23(00 O
PO=1 0 pu©ps0 o |°

0 0 0 pu®

where

1 —r y 1=r 2 1—r
P11(0) = p44(0) = ——, p22(0) =rp°+ ——, p33(0) =r(1 — p°) + 7 p23(0) =rp

4 4

From the equation (9), the time evolution of the density matrix can be written as

i@ 0 0 0
0 @) p3@) O

0 p3() p33@®) O
0 0 0 paal®)

p(t) =

where the density matrix elements are given by

—r
4 ’

1
p11() = p11(0) =

1 1
P2 (t) = W“sz + 7% 022(0) + 4bJ p23(0) + J? p33(0) + J exp(—5 x210)(Jp22(0) — 4bp3(0) — Jp33(0)) cos(x 1)),

V1= p2

an

12)

(13)

(14)

1 1
p33(t) = W(szzz(o) — 4bJp23(0) + (86 + J*)p33(0) + J GXP(—EXZIF)(—J,OM(O) + 4bp23(0) + Jp33(0)) cos(x1)),

1 (21 exp(5x21T) (bp22(0) + Jp23(0) — bp33(0)) + 2b(—J p22(0) + 4bp23(0)

) =507 +Jp33(0)) cos(x1) + i x (Jp22(0) — 4bp23(0) — Jp33(0)) sin(x1)
—r

4

1
pa4(t) = pa4(0) =

1 2
exp(—5 x"tI),

15)

Note that p11(¢) and p44(¢) are not affected by the decoherence phenomenon since p11(¢) = p11(0) and p44(t) = pa4(0). Moreover,

the eigenvalues of the density matrix in Eq.(14) are calculated as below:
A =22 = p11(t),

1
23 = 5len() + p33(1) =/ (p22(1) — p33(1))% + 423 (1) 2],

1
Ay = E[,Ozz(t) + p33(0) + V(P22 (1) — p33(1)* + 423 (D) 2],

while the corresponding eigenvectors turn out to be:

A1) = [11),
[A2) = |00},
1
A3) = —— 01) + [10)),
[A3) m(wl ) +110))
1
Ay = ———(2|01) + |10)),
[A4) 1+Ix|2(%| )+ [10))
where
w = [p22(1) — p32(t) — v/ (p22(t) — p33(1))% + 4|23 (1) 2],
2p23(1)
1
% = ————[p2(t) — p3a(t) + v (p22(6) — p33())% + 41023 (1)[2].

20+23(1)
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3 Quantum correlations

We begin in this section by introducing some non-classical correlations quantifiers, namely LQU and LQFI and the concurrence.

3.1 Quantum entanglement: concurrence

Various measures have been proposed to quantify the amount of entanglement in bipartite and multipartite quantum systems. The
concurrence C introduced by W.K. Wootters has been proven to be particularly useful and it is the most popular computable measure
for arbitrary two-qubit mixed states. This simple approach was developed to distinguish quantum entangled states from separable
states qualitatively and quantitatively. Indeed the case reflects C = 0 happens when the system is unentangled (separable), whereas
C = 1 reveals a maximally entangled state. The concurrence is given by [17]

C =max{0, /81 — /82 — /83 — /84), (19)

where §; (i = 1,2, 3, 4) are the eigenvalues in the decreasing order of the 4 x 4 matrix R = p(0¥ ® 0”)p*(0” ® ), in which
p* and o7 are, respectively, the complex conjugate of p in the standard basis and the y—component Pauli matrix. For the density
matrix (14), the concurrence is given by

Cp(1))=2max{0, |p23(1)| — v/ p11(1) paa(1)}. (20)
The concurrence of the initial state p(0) (10) can be derived from (20). It writes as
1 1
0))=2 0, 1—p24+-)—-) 21
C(p(0)=2max{0, r(py/1—p +4) 4} (21

Hence, the initial state o (0) (10) is entangled when r > rg = 1/(1+4p+/1 — p%). However, for r < rg, the concurrence (21) is zero
and the entanglement vanishes and the initial state p(0) (10) becomes separable. For example, when the state of Eq.(11) becomes

the Bell state for the value p = =, then, in this case p(0) is simply the Werner-like state. It is entangled when r > 1.

7 3

3.2 Local quantum uncertainty

Due to the probabilistic character of quantum mechanics, two incompatible observables cannot be measured simultaneously with
arbitrary precision. The uncertainty principle imposes a fundamental bound on the precision. The total uncertainty due to a single
observable K measurement on a quantum state p is usually defined by the following variance

Var(p, K) = Tr(pK?) — (Tr(pK))*. (22)

This uncertainty has purely quantum nature for pure states. However, it may include both classical ignorance due to the state
mixedness and genuinely quantum part arising by the non-commutativity of a state with an acting observable. In the theory of
quantum information, it is essential to distinguish between classical and quantum components. In order to deal only with quantum
part of the variance, Wigner and Yanase introduced the notion of the so-called skew information as a good quantifier of this uncertainty
[20]. It is defined as follows

1
Z(p, K) = =5 TV, K1), (23)

where [., .] is the commutator, while Z is the skew information associated to the density matrix p. It is worth nothing that, unlike
variance, Wigner—Yanase skew information (WY SI) is unaffected by classical mixing and it reduces to the variance for pure states.
Based on the notion of skew information, a discord-like measure of quantum correlations was recently proposed by Girolami et
al for arbitrary bipartite quantum systems [18]. This measure called local quantum uncertainty and defined as the minimum skew
information achievable with a single local measurement. It is given by

Ua(p) = nI}inI(p, KA ® Ip), (24)
A

where K is a Hermitian operator (local observable) on the subsystem A admitting a non-degenerate spectrum. Moreover, /g being
the identity operator acting on the subsystem B. Note that, Z is non-negative and non-increasing under classical mixing [19]. Besides,
LQU quantifies the minimum amount of uncertainty in a quantum state and is inherently an asymmetric quantity with respect to
subsystem exchange because they depend on which subsystem the measurements are made on [18,21]. From now on, we consider
the simple form U/(p) instead of U4 (p). For a 2 ® d (qubit—qudit) bipartite quantum systems [18], the closed-form of the local
quantum uncertainty turns out to be,

Z/l(p) =1- maX(é‘l, ;27 ;3)7 (25)
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where ¢; (i = 1, 2, 3) are the eigenvalue of the 3 x 3 matrix W of the following elements:
Was =Tr(/p (0% ® Is) /o (oF ® I)), (26)

where o%(0?) with a(8) = {x, v, z} represent the Pauli operators of the subsystem A. The local quantum uncertainty provides a
reliable quantifier of quantum correlations and it has a geometrical significance in terms of Hellinger distance [18]. It is clear that
having the matrix W, one can easily evaluate the local quantum uncertainty for qubit—-qudit quantum systems contrarily to quantum
discord based on von Neumann entropy [19,46]. This is a quite an easy task compared with the complicated minimization process
over parameters due to the local measurements [18,29]. It is important to note that for some quantum states, quantum discord and
local quantum uncertainty capture the same correlations, whereas, they are different measures for others states [19]. However, for
the pure bipartite states, the local quantum uncertainty reduces to the linear entropy of the reduced densities of the subsystems and
vanishes for classically correlated state [18]. Moreover, it is invariant under local unitary operations [18].

In the Fano—Bloch representation, the density matrix p(#) (14 ) can be written as follows:

1 3
PO =7 ;;o%m (c"'®0"), 27)

where R, (1) = Tr (p(t)(c#®0c")) are the total correlation tensor components occurring in the Fano-Bloch decomposition asso-
ciated with bipartite density matrix p(t) with o*(c") = {69, 0% (0 P)}. The non-vanishing components R, () are calculated
as

Roo() = Trp(t)=1, Ro3(t) = 1 — 2(p22(t) + p44(1)), R11(t) = Raa(t) = |p23(1)],
R30(t) = 1 —2(p33(t) + p4a(t)), R33(t) =1 — 2(p22(t) + p33(1)). (28)

Therefore, in terms of the Fano—Bloch components R ., (t) associated with the matrix o (¢) (14), the eigenvalues of the 3 x 3 matrix
(W(1))qp (26) can be expressed as

1 R (1) — R3
Wi (1) = Wn(0) = \/ (10 +2/a®) () +2V00) + (B @) ~ R ) : 29)
J @)+ 208@) (2) +2JBH0)

Wi (1) = % (1 +2 (W+ \/W))

L Re® +Rao®)? = Ru® =R )® | Roa®) = Rao®)? = (Rua(1) + Raa()? 30)
8 (1) +24/d1 () (2(t) + 2J/dr (D)) ’
where
1
f12() = 5 (Roo(#) = Ro3(1)) , (31)

1
dia() = [(Roo(1) £ R33(1))* — (R3o(t) £ Ro3(1))* — (R11(1) F Raa(1))?] .

Hence, in this case, it is easy to check that the matrix OV(#))ypg (26) is diagonal Wi2(f) = Wai (1) = Was(t) = Wia(t) =
Wi3(t) = W31 (t) = 0). Thus, its eigenvalues are simply reduced to diagonal elements Wj; (t) (i = 1,2, 3). Therefore, the LQU
associated with quantum correlation in the system described by p(¢) (14) takes the form

U(p () = 1 —max(Wq (1), Wa(t), Wi3(1)). (32)

3.3 Local quantum Fisher information

Quantum Fisher Information has been shown to be an useful concept in quantum estimation theory. It is employed to determine the
precision of a parameter associated with a physical quantity encoded in the quantum state. Assume that p is an arbitrary quantum
state, where € is the parameter to be estimated, the QFI is defined as follows [47,48]

1
F(p) = JTrlpe L], (33)
where L, denotes the symmetric logarithmic derivative operator that satisfies the following equation :
00¢ 1
— = =(Lepe + peLe). G4
de 2
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Now, suppose that the initial density operator, namely p(0) evolves unitarily and the corresponding unitary operation is U/, = ¢'€

such as p. = Z/l: p(0)U,. In this case, the QFI can be expressed in terms of the Hamiltonian H (1) governing the evolution of the
system [49]

I (i —2))? 5

F(p,H) == —— (M |H|X )7, 35
(. H) =33 o, | IH D) (35)
i#]
where p = ), An|Ay)(Ay| . It follows when the dynamics is governed by a local transformation, namely e"'€Ha of a local

Hamiltonian Hy = H, ® Ip, the so-called local quantum Fisher information turns out to be:
20
Ai + )»j

F(p, Ha) = TrlpH31 = ) (il Halxj) 1. (36)

i#]
The main motivation behind the use LQFI is its ability to serve as good witness of quantum correlations. The quantum quantum
correlations measured by means of LQFI correspond to the minimum of QFI over all local Hamiltonians H4 acting on the part A

[50]. It is given by
Q(p@) = Igin F(p, Hy). (37
A
We notice that the local Hamiltonian can be expressed in terms of the Pauli matrices, namely o and Bloch vector r* (o = x, y, z)

as Hy = o“.r%, such that [r¢| = 1 [50]. It follows that the first term on the right-hand side of Eq.(36) is equal to one, while the
second term leads to:

2hihj ) 20k
Mi|HaglAi)|" = MilHalAi) (M| Halli
;MH,-“" AlA) inﬂjm Al%) (A1 Hali)

20N
=> > 0% ® Il ) (41 (P o) @ Tsn)
e A+ A
i#j a=p=1

(Milo® ® Iglxj) (hjlo? @ Iplni)rP

Il
!
=3
™
™
=R
S

2 aspe M T

=r Sw,gr’3
=rT.Sr (38)
where 0! = 0%, 02 = ¢ and 03 = o%. Moreover, S denotes a 3 x 3 symmetric matrix with the following elements
2AmAn o 8
(Sap =Y T (hm|o® @ Ip|hn) (hnlo? @ Ig|hm). (39)
Am + An
m#n
The minimum over all unit of vectors r* which coincide with the maximum eigenvalues of S and the LQFI is obtained as [50]
Q(p(1) = 1 = Appax- (40)

This quantity is invariant under any local unitary operation, non-negative and vanishes for any kind of classically correlated states.
Moreover, it coincides the geometric discord for pure quantum states [5S0]. After some straightforward calculations and using the
eigenvalues and eigenvectors calculated in Egs. (16) and (17), the analytical expression of LQFI is obtained as

Q(p(t)) =1 — max(Si1, S22, $33), 41)
where Syo (o = 1, 2, 3) are calculated analytically from Eq. (39). They are given by
AA3 AMAg AMA3 Ay
Sii = Sy =4———|ol* +4———|x|" + 4 o,
A+ A3 A+ Ag A2+A3 A+ Ag
A3Ag 5

S33 =4 e — 17, 42
33 Py | | (42)
where A; (i = 1,...,4), wand x are given in Egs. ( 16) and (18), respectively. Moreover, we have Sj2 = S21 = S23 = S32 = S13 =

S31 = 0. Interestingly enough, one of the most important properties of LQU in relation with LQFI is: given any unitary evolution,
the LQU is majorized by LQFI as follows [22,23]

Up() = Z(p(1), H) = Q(p(1)), (43)

where U(p(t)) and Q(p(t)) are the LQU and LQFI defined in Egs.(25) and (40) , respectively. Moreover, Z(p(¢), H) denotes the
skew information defined in Eq.(23).
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Fig. 1 Dynamics of quantum correlations versus time parameter ¢ for several fixed values of purity parameter p and degree of entanglement r, assuming
fixed J =1

4 Analysis of quantum correlations evolution

To get an insight into the dynamics of the bipartite quantum correlations for the model under intrinsic decoherence, we have plotted
in Fig. 1 the temporal evolution of the concurrence C and local quantum uncertainty (LQU) for several values of the purity r and
the entanglement degree parameter p and we considered the following value of J = 1. Figure 1a, b depicts the behaviors when
r=1and p =1/ V2 corresponding to the case where the system is initially prepared in the maximally entangled pure state;
) = % (|01) +[10)). In this case, for t = 0, both measures C and LQU are maximal C = 1 and/ = 1, which means that two-qubit
are maximally entangled. Moreover, both quantum correlations quantifiers decrease during the decoherence process. When I' = 0.05
(Fig. 1a), the LQU shows a set of damping oscillations with series of revival and collapse phenomena over time with an asymptotic
limit. All measures reach a steady-state value, which means that the amount of quantum correlation is frozen for specific intervals
of time. Note that the time variations for the concurrence C show large amplitudes compared to those displayed for LQU. Figure
1b shows also that large numbers of the intrinsic decoherence rate (I" = 0.50) accelerate the stabilization of correlations at the
same steady-state values. Further, the two-qubit state exhibits frozen dynamics for both measures. On the other hand, the oscillatory
behavior of parameters is almost disappeared due to the intrinsic decoherence effect. The increment of the decoherence intrinsic
rate I causes fast correlations measures decay and shows that the intrinsic decoherence plays a destructive effect on the quantum
correlations. As we mentioned, the steady-state value does not depend on I", but it depends on the system’s initial state.

Figure 1c shows the evolution of parameters C and LQU when the system is initially in a pure Bell-shaped state (r = 1) with
p= l/«/§. This case corresponds to the state p(0) = [¢) (¢| with |¢p) = % (101) ++/2110)). Figure 1c shows that the LQU reaches
its maximum value at t = 0, whereas the concurrence has a minimum value at which the time parameter ¢ is close to absolute zero.
Besides, we can also see that the concurrence has a sharp maximum positioned around ¢ &~ 1. However, the maximum bound of
the concurrence is higher than LQU. When the dynamic is switched on, both quantifiers decrease following the same behaviors as
plotted in Fig. 1a, b but with many oscillations frequencies of the amount of quantum correlations between the two-qubit. It is clear,
the robust value of the amplitude of those functions asymptotically decreases. Moreover, the frozen phenomenon appears also in
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Fig. 2 Dynamics of local Fisher information versus the time parameter ¢ for several fixed values of purity parameter p and degree of entanglement r,
assuming fixed J = 1

this pure state. Figure 1d shows the evolution of C and LQU versus the time, when the system is initially separable p = 1 (i.e.,
p(0) = |01) (01]), at ¢+ = O there are no quantum correlations between the qubits. However, with time increasing, the quantum
correlations between two spin-1/2 qubits can be generated by the time evolution of the state under the Hamiltonian (1), implying
that the spin—spin interaction is responsible for the induced correlation between the qubits by a series of entanglement revival
and collapse phenomena. This conclusion is also similar to the results reported in Ref. [51] where the generation of non-classical
correlations is due to the coupling parameter between an atomic system interacting with a single mode of radiation field inside
a quantum electrodynamics cavity, in such a way large numbers of the coupling parameter allow in general to increase gradually
quantum correlations. Further, the dynamics of concurrence differ from the LQU. The amplitudes of the concurrence C are always
larger than those obtained for LQU. Moreover, the LQU stabilizes for a particular time interval, which means that the LQU is frozen.
The LQU correlations are more stable than the concurrence (the LQU stabilizes at a steady-state value lower than the concurrence).
By fixing the degree of entanglement at the value p = 1/+/2, the state (10) turns out to be the Werner state. From equation (21), one
can see that when the purity r is ranging between 0.3 and 1, the system is initially entangled, otherwise it is disentangled. We notice
that even if the system is separable (C = 0 for 0 < r < 1/3), the LQU remains nonzero. It implies that quantum entanglement is
only a special kind of quantum correlation and even separable states possess the quantum correlations.

Figure le, f shows the time evolution of the concurrence and LQU for r = 0.4 and r = 0.5, respectively, when the Werner state
is considered as the initial state. Figure le, f indicates that the LQU takes a maximum bound comparing to the concurrence when
r = 0.4, but when the purity switches to r = 0.5 the concurrence is larger than the LQU. At t = 0, both qubits are partially
entangled. When the dynamics is switched on the quantum correlations decrease until reaching a constant value. From Fig. le, it
is clear that the concurrence vanishes instantly for particular time values. For these particular values, the disentangled two qubits
have non-zero LQU. The amplitudes of the parameter C are always larger than those displayed for the LQU, even if the LQU
predominates over C. By comparing the results of Fig. 1f with Fig. le, we can conclude that the increase of the purity r leads to the
correlations enhancement as well as their robustness against the decoherence. The oscillations frequencies become more prominent
for the two-qubit system as the purity strength r decreases. The time evolution of the concurrence and LQU, when the system is
initially prepared in the mixed state, are shown in Fig. 1g, h, respectively, in the case when 7 = 0.4 and » = 0.5. They show different
behaviors compared to those shown for concurrence and LQU in the previous cases. For the initially mixed state, we observed that the
dynamics under intrinsic decoherence cause entanglement sudden death, while LQU quantity is more robust than entanglement. This
indicates that there exists locality by means of LQU even in the absence of entanglement between the subsystems. The amplitudes
of the concurrence are always larger than those of the LQU. The phenomena of sudden death and growth of entanglement appear
in the behavior of the concurrence entanglement, where the two qubits have a non-zero LQU correlation. Both quantifiers reach a
steady-state demonstrating the frozen phenomenon. Interestingly, when the purity switches to r = 0.4, the entanglement oscillates
at a particular time interval and after some time the entanglement between the qubits remains zero and it is known as the sudden
death of entanglement. On the other hand, the LQU keeps the same behavior as plotted in Fig. 1g. Thus, from Fig. 1, we conclude
that the LQU correlation is more stable than the concurrence. The stability of the generated correlations is enhanced. The frozen
LQU and C show a robust feature against the intrinsic decoherence.
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Fig. 3 Upper panels: dynamics of quantum correlations as a function of the exchange coupling parameter J when the system is initially prepared in the
maximally entangled state (a), in the Werner state (b), and in the mixed state (¢), taking b = 0.20, ¢ = 10 and I" = 0.03. Lower panels: dynamics of quantum
correlations as a function of the inhomogeneous magnetic field » when the system is initially prepared in the maximally entangled state (d), in the Werner
state (e), and in the mixed state (f), taking / = 1,7 =10 and I' = 0.03

Figure 2 displays the dynamical evolution of LQFI versus the time 7 for different initial settings of b, r, p and T'. In the case
whenr = 1l and p = % corresponding to a maximally entangled state, the state p(¢) defined in Eq.(14) is initially maximally

entangled state since the LQFI reaches its maximum for ¢+ = 0. Under decoherence effects, the LQFI decreases gradually to stabilize
for a specific interval of time which means that the LQFI becomes frozen. Moreover, it is clear that for small values of decoherence
parameter I' (Fig. 2a) gives oscillating variation of quantum correlations similar to those displayed for higher values of I (See
Fig. 2b) which allows to enhance the stability of quantum correlations by means of LQFIL. On the other hand, it is clear that even
in the presence of decoherence phenomenon, the sudden death phenomenon does not occur. In Fig. 2c, d, we analyze the LQFI
quantifier for a pure state, namely »r = 1 and p # % As it can be seen, the LQFI follows the same behaviors as in Fig. 2a, b but
with many oscillations frequencies of the quantum correlations between the two-qubit system. Again, it is clear that the presence of
decoherence phenomenon doesn’t possess the sudden death phenomenon but leads to froze the LQFI for large values of . However,
Fig. 2e, f shows the evolution of non-classical correlations by means of LQFI for different values of p. Indeed, for p = % the

state is simply the Werner state. In this case, it is clear that both the oscillation correlations and the sudden death phenomena don’t
occur while the frozen phenomenon appears fast. The entanglement sudden death does not necessarily mean the loss of all quantum
correlations. As separate states nevertheless have an advantage over classical states, thus they are still relevant for protocols that
exploit quantum correlations other than entanglement. However, an efficient information processing protocol based on the local
quantum Fisher information offers more resistance to the effect of intrinsic decoherence and is completely different from that of
entanglement.

From Figs. 1 and 2, it is clear that in most of the above-cited cases, the non-classical correlations quantified by means of LQFI
and LQU and the entanglement measure in terms of concurrence follow the same behavior but different upper bounds and various
oscillations correlations. Moreover, it is obvious that the sudden death and the sudden growth phenomena appear in the LQU and
concurrence behaviors while they don’t occur for LQFIL. On the other hand, the amplitudes of LQFI are always robust than those
displayed for LQU and concurrence. The results discussed above show that the local quantum Fisher information is always greater
than the LQU and the concurrence. This agrees with the results given by the inequality (40).

An interesting topic is to investigate an overall insight into the influence of the inhomogeneous magnetic field and the coupling
coefficients, namely b and J, respectively, on the dynamics of concurrence and local quantum uncertainty. Indeed, in Fig. 3a—c and
Fig. 3e—g, we investigate the evolution of the C and LQU for the system which is initially prepared in the maximally entangled state,
in the Werner state, and in the mixed state as a function of parameters and J, respectively. The time and the intrinsic rate have been
fixed at + = 10 and I' = 0.03. When the system is initially prepared in the maximally entangled state, it is clear from Fig. 3a that
the concurrence and LQU are symmetric with respect to J = 0. As |J| increases, both quantifiers show oscillations until reaching a
maximal asymptotic constant value. This shows that the coupling J enhances the amount of quantum correlations in the system. We
notice that both measures have similar behavior but with different amplitudes; therefore, they can give the same information about
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the correlations of the qubits and they present a freezing phenomenon for higher values of |J| ( the amount of quantum correlations
is constant).

From Fig. 3a, it is quite clear that the concurrence is more robust than LQU when the initial states of qubits are maximally
entangled. For the case of the Werner state Fig. 3b whenr = 0.5and p = 1/ V2, the entanglement quantified by the concurrence
and LQU have similar behavior as shown in Fig. 3a. For particular values of J (|J| = 1.5), the concurrence exhibits the phenomena
of sudden death and growth entanglement, while the two qubits have non-zero LQU. The concurrence and LQU present an unusual
behavior (see Fig. 3c) when the system is initially prepared in the mixed state. First, both measures are not symmetric with respect to
J = 0. Both quantifiers have more oscillations frequencies in the antiferromagnetic phase (J > 0). The concurrence shows the death
and growth phenomena with an increase of coupling constant until it reaches a steady state, while the LQU decreases gradually with
a tendency of stabilization. Note that the maximum values achieved by LQU are larger than those displayed for entanglement. In the
ferromagnetic phase (J < 0), for a particular point, C shows the death and growth phenomenon and then continues to oscillate until it
stabilizes. The asymptotic value reached for the antiferromagnetic phase (J > 0) is higher than one evaluated for the ferromagnetic
phase (J < 0). This is due to the ground-state phase transition in the Heisenberg XXZ spin chain H (1) [3,29]. As a result, the
quantum correlations in the ferromagnetic phase are most robust than those given in the anti-ferromagnetic phase, when the system
is initially prepared in the mixed state. The ferromagnetic property enhances the quantum correlations in the two-qubit system. On
the other hand, introducing J into a constructive domain could generate and improve the quantum correlations in the system. This
result can be understood as follows: the information between two spin-1/2 qubits is controlled by different parameters in Heisenberg
spin chain systems. Some proportionally while some negatively affect the information as well as other correlations between them.
One of the parameters, regulating the exchange coupling, directly increases the information transfer rate between the two qubits.
Thus, the two qubits become more entangled and correlated as the exchange coupling parameter strength increase and vice versa.

Figure 3d presents the effect of the inhomogeneous magnetic field on the concurrence and LQU for » = 1 and p = 1/4/2. It

is clear that the C and LQU reach their maximum (C = 1 and &/ = 1) for b = 0 and the qubits are maximally correlated. Both
quantifiers exhibit sudden revival and collapse phenomena which manifests themselves in increasingly weak peaks as |b| increases.
LQU collapses faster than C, which decreases very slowly. This indicates that the LQU is more sensitive to the inhomogeneous
magnetic field than C when the system is prepared in the maximally entangled state. When the system is prepared in the Werner
state (Fig. 3e), the concurrence and LQU have nearly the same behavior as plotted in Fig. 3d, except that the concurrence collapses
fast for a small period of time which indicates the phenomenon of entanglement sudden death (ESD). This surprising behavior
was reported in [52]. The LQU keeps a non-zero value, decreases with oscillations, and becomes zero with an increase of |b|, but
without any revival. It is attractive that when r = 0.5 and p = 1/ /2 (Werner case), the LQU is more robust than entanglement.
Indeed, our numerical analysis corroborates the results reported in Refs [53—55]. In fact the authors showed that that for all states,
with non zero discord, the interaction with any Markovian bath can never lead to a sudden and permanent vanishing of discord and
the entanglement sudden death phenomenon is then explained by the existence of separability.
Figure 3e shows that the inhomogeneous magnetic files b have a destructive effect on the quantum correlations. When the system
is initially prepared in the mixed state Fig. 3f, the concurrence and LQU are not symmetric relative to » = 0. The height of the
amplitude of these functions considerably decreases as |b| increases. When b > 0, the concurrence exhibits a death and revival
process for a certain interval of b. Then for large values of |b| indicates the phenomenon of entanglement sudden death. In the
negative range of b, the concurrence oscillates gradually as |b| decrease and then suddenly disappears. The LQU continues with
tiny oscillations without death and revival phenomena until the system reaches a steady state at a value very close to zero. Besides,
the bipartite quantum correlations are more robust in the region when b < 0. This is due to the fact that in the negative regimes
of the external inhomogeneous magnetic field, the relative effects will be such that the correlations between the sub-systems of
the composite state are disturbed the least as compared to that in the positive regimes of the field. Thus, the optimal value of the
magnetic field strength where the system remains more correlated is b < 0. This sudden change in quantum correlations behavior
in the two-qubits state can be used to achieve optimal procedure for choosing the measurement operators [56,57] to investigate
specific regions of interest where the system will remain less disturbed and thus more correlated. In the case when the system is
initially prepared in the mixed state, we observed less deformation in quantum correlations in the two-qubits system in the region
b < 0. Therefore, Fig. 3 shows the destructive effect of the inhomogeneous magnetic field b on the correlations of the system. This
behavior is predictable since the dynamics of the concurrence and LQU are severely affected by the inhomogeneous magnetic field
and intrinsic decoherence which play a negative role in inhibiting decoherence. Very particularly, the external degree of freedom
(magnetic field, environment coupling) degrades the property of the quantum system.

In Fig. 4, the LQFI is plotted against the spin interaction strength parameter J including: the anti-ferromagnetic range (J > 0)
and ferromagnetic range (J < 0) and also versus the degree the field inhomogeneity b. Similarly to the LQU and concurrence
behaviors, in the first region (J < 0) the LQFI decreases gradually to reaches its minimum values at / = 0, while in the second
region (J > 0), it increases suddenly to achieve again the maximum value for large numbers of J. However, the oscillating behavior
of quantum correlations appears only for maximally entangled state, namely » = 1 and p = % (See Fig. 4a, d), while for the

Werner state (p = %)’ then the oscillation correlations disappears totally. However, the evolution of LQFI against the parameter b

is given in the plots Fig. 4d—f. Obviously, in the case of a maximally entangled state (Fig. 4d), the plot shows many the oscillations
of correlations. Roughly speaking, in the first region, namely (b < 0) the amount of LQFI are reduced asymptotically from its
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Fig.4 Upper panels: dynamics of local quantum Fisher information as a function of the exchange coupling parameter J when the system is initially prepared
in the maximally entangled state (a), in the Werner state (b), and in the mixed state (c), taking b = 0.20, + = 10 and I' = 0.03. Lower panels: dynamics
of local quantum Fisher information as a function of the inhomogeneous magnetic field b when the system is initially prepared in the maximally entangled
state (d), in the Werner state (e), and in the mixed state (f), taking J/ = 1,7 = 10 and I' = 0.03

Table 1 A comparative study between LQU, LQFI, and concurrence

Initial states Sudden death Sudden birth Oscillations correlations Frozen correlations
Pure state LQU None LQU, C and LQFI LQU, C and LQFI
Werner state LQU and C LQU and C LQU and C LQU, C and LQFI
Maximally entangled state LQU LQU, C and LQFI LQU, C and LQFI LQU, C and LQFI
Mixed state LQU and C LQU and C LQU, C and LQFI LQU, C and LQFI

maximum bound and suddenly increases to achieve again the maximum value for b = 0. In the second region, namely 4 > 0 the
LQFI decreases gradually and achieve the maximum peak for large numbers of the parameter b. Again in the case of Werner state, the
oscillations of the correlations and sudden-death phenomena don’t occur and the maximum correlations are obtained around b = 0.
The frozen LQFI phenomenon occurs for small values of p (See Fig. 4f). As it can be seen from this figure, the LQFI bounds are
always greater than LQU and concurrence. From the discussion above, we conclude that the exchange coupling parameter induces
quantum correlations between two qubits in contrast to the inhomogeneous magnetic field as well as the intrinsic decoherence rate
loss of the quantum correlations. This means that there exists a competition between the Heisenberg exchange coupling coefficient
and the inhomogeneous magnetic field as well as the intrinsic decoherence.

The influences of the initial states, the exchange coupling parameter, inhomogeneous magnetic field, and the intrinsic decoherence
rate on the dynamics of non-classical correlations have been investigated in detail. Our findings show that the dynamics of the
entanglement termed by the concurrence, local quantum uncertainty, and local quantum Fisher information are strongly dependent
on the forms of initial states. Our numerical results corroborate the results reported in [34,58]. When the system is initially prepared
in a Werner-like state (10), the dynamical behaviors of these quantum correlation measures are independent of the external magnetic
field B and the exchange anisotropy parameter A. The dynamical behaviors of the mentioned quantifiers exhibit damped oscillations
with respect to time. While for initial product state (i.e., p(0) = |01) (01]), the concurrence and LQU can be created due to the
spin—spin coupling interaction.

The following Table 1 summarizes the four generated phenomena already pointed out, namely sudden death, sudden birth,
oscillation correlations, and frozen correlations phenomena in the case pure, Werner, maximally entangled, and mixed states.

Finally, since the density operator p(f) is an entangled and maximally entangled state for some critical values of ¢, b and J,
namely + = 0 and large numbers of J and b, then it would be very motivated to consider it as a quantum channel in order to
implement a protocol of quantum teleportation under local-time dynamics and in the presence of intrinsic decoherence effect. In
this sense, we shall examine in the next session the non-classical correlations by means of LQFI and LQU and the entanglement
measure in terms of concurrence of the teleported state, namely p,,; (f) given by Eq.(47).
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Fig. 5 The scheme of quantum Classical channel Pout
teleportation using p(¢) as an 1
entangled partial source, where U -~ \ﬁ \ﬂ \% A G
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5 Quantum teleportation

In this section, we implement a scheme of quantum teleportation using, as a resource, an entangled mixed state. Indeed, according
to Bowen et al [59-61], the scheme of quantum teleportation with arbitrary two-qubit mixed states can be regarded as a general
depolarizing quantum channel. The significant results of this work are shown in the ability to take into account the mixed teleported
states, except in the case of a maximally entangled channel. Next, we investigate the effects of the intrinsic decoherence phenomenon
on the transmission of information shared between a two-partners, namely Alice and Bob using the obtained density operator p ()
in Eq.(14) as a quantum channel (See Fig. 5). Assume that the input state being the following arbitrary unknown two-qubit pure

state |[¥in))

0 o . (0
|¥in)) = cos (5) 1110)) + ¢'? sin <§) 1101)) . (44)
where 6 € [0, 7] and ¢ € [0, 2] denote the amplitude and the phase of the input state, respectively. After some straightforward
calculations, the concurrence of the input state p;, = ||¥in)) ((¥in|| turns out to be
Cin = | sin(6)]. (45)

From the mathematical point of view, the quantum channel is known as a completely positive and trace-preserving operator. Via
this mechanism, an input density operator is mapped to an output density operator [59-61]. When the quantum state is teleported
through the mixed channel pcp,, the output replica state poy can be obtained by applying a joint measurement and local unitary
transformation to the input state pj, [59-62], hence

3

Pt =Y Pap(c" ® ") pin(c" ® o), (46)
=0

where 0¥ = I (I defining 2 x 2 identity matrix). The joint probabilities are Puv = pupv.where p,, = Tr(E*p(t)) satisfy
the condition ), , pv = 1. The projective measurements are defined by; EO = |[w)((w|], E' = ||[o7)((@7I|, E* =
[[w ) ((w]|, and E3 = [|®1))((@F]|, where {||W¥)), ||®F))} are the well-known Bell states. Therefore, the density operator of
the output state poy can be calculated straightforwardly from Eq.(46). Indeed, it takes the following matrix form

pu@®m o0 0 0

0 p2a(r) pa3(r) O
P =10 @ pa@n 0 |

0 0 0 pu

47

where

P11(1) = (p11(t) + paa())(p22(1) + p33(1)),
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Fig. 6 The dynamics of quantum correlation quantifiers for the output state pout versus the inhomogeneous magnetic field b for the parameter set J = 1,
t = 10, and I' = 0.03 when the system is initially prepared in the pure state (a). The exchange coupling dependence of the dynamics of quantum correlation
and fixed b = 0.20. The same quantifiers as a function of the time parameter ¢ by assuming J = 1 and » = 0.20 when I = 0.05 (¢) and I' = 0.5 (d)

~ % . 0
P2 (1) = (p11(t) + paa(r))? cos? (5) + (022(1) + p33(1))* sin’ <5

0 0
P33(t) = (p11(1) + paa(1)) sin’ (5) + (p20(t) + p33(1))* cos® <5> :

P23(1) = 2¢'? pa3 (1) sin 6.

We first consider the dynamical evolution of quantum correlations quantifiers of the output state pgyt, i.€., concurrence C(poyur) and
U (pout) When the system is in the pure entangled state (r = 1 and p = 1/ V/3) for fixed J = 1 and A = 0.5 which are presented
in Fig. 6. We plot in Fig. 6a the above-mentioned quantum correlations quantifiers as functions of the inhomogeneous magnetic
field for + = 10. Both quantifiers have the same behavior, namely, they decrease from a typical maximum with the increase of |b|.
The phenomena of sudden death and growth of entanglement also occur in the behavior of the concurrence and LQU in the output
state. For higher values of the inhomogeneous magnetic field |b|, the output concurrence and LQU vanish indicating that there are
no quantum correlations (the information between two-qubit is destroyed). Thus, in this situation (|b| < 0.5), the concurrence and
LQU of the teleported state reach large amplitudes which are good for the success of the quantum teleportation protocol. However,
for a sufficiently strong inhomogeneous magnetic field, the output concurrence and LQU gradually decrease, and the entangled state
teleportation will not succeed anymore. We plot in Fig. 6b the concurrence and LQU versus the exchange coupling parameter J for
b = 0.20. The quantum correlations in the output state behave like the results shown for the input state in Fig. 3c. Besides, as | /|
increases, both quantifiers oscillate with a tendency to reach a steady state. The frozen phenomenon appears in the output state, which
means that information between two-qubit is secured. The output quantum correlations in the ferromagnetic phase predominate
over the antiferromagnetic phase. From Fig. 6c, d, the effect of intrinsic decoherence rate is clearly seen through the oscillating
behavior of the correlations as a function of time with large amplitudes for LQU. The sudden death phenomenon can be prevented
by increasing I" and at the early times lead to the same steady-state values of the correlations depicted in Fig. 6¢. On the other hand,
these results are compatible with the results in Fig. 1a for the input state, except that for the teleported state the LQU captures more
information than concurrence. Further, we notice that quantum teleportation can be improved by increasing the intrinsic parameter
I' . Thus, we conclude that parameter I is an efficient control parameter of quantum communications. This is illustrated in Fig.
6d. According to our numerical calculations, we conclude that the LQU is more robust than concurrence for either input states or
output states. In general, the LQU is a discord-like measure of quantum correlations this explains the robustness in comparison with
the entanglement (concurrence) [46]. In this sense, LQU has a relevant application in the field of quantum metrology and quantum
information processing. Therefore, it is desirable to investigate, characterize, and quantify quantum correlations more broadly.
Figure 7 examines the LQFI as a measure of non-classical correlations of the teleported state. It is clear that the teleported
LQFI shows many oscillations for various values of b and r and the increase of the decoherence parameter, namely I" allows to
enhance the LQFI of the teleported state. Moreover, the frozen teleported LQFI appears again for some special values of J, b and
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Fig. 7 The dynamics of local fisher information for the output state poyt versus the inhomogeneous magnetic field b for the parameter set J = 1, ¢ = 10,

and I' = 0.03 when the system is initially prepared in the pure state (a). The exchange coupling dependence of the dynamics of LQU and fixed b = 0.20.
The same quantifiers as a function of the time parameter ¢ by assuming J = 1 and » = 0.20 when I" = 0.05 (¢) and I' = 0.5 (d)

t. Moreover, it appears fast in the case when I takes large values (See Fig. 7d) which indicates an emerging future of frozen LQFI
under teleportation protocol in the presence of intrinsic decoherence effects.

6 The fidelity of entanglement teleportation

In order to estimate the quality teleportation process, it is often quite useful to study the fidelity between pj, and p oy to characterize
the transmission credibility of the secure information shared between Alice and Bob. We note that when the input state is a pure
state, we can apply the concept of fidelity as a useful indicator of the teleportation performance of a quantum channel [63]. The
fidelity is determined by

2
F= (Tr w—pw—) , 48)

We note that the fidelity is near zero if the input and the output state are orthogonal which implying that the information is completely
destroyed during the transmission process and the teleportation fails. While it is close to unity if the input state and the output state
are identical. In the case when 0 < F < 1 the quantum information is subjected to distortions after transmitting to some extent.
Using Eq.(47), after a straightforward calculation, the fidelity is given by

sin? 6
2

Since the parameters 6 and ¢ are unknown, we calculate the average of the fidelity F4 over all the points of Bloch sphere. This is
given by

F=

[(p11(t) + paa()? +4p33(1) — (p22(1) + p33(1))*] + (p22(1) + p33(1))*. (49)

1 2 b4
Fp=— d¢>/ dOF sin 6, (50)
47 Jo 0
which gives
1
Fa =310 (@) + paa (1)) + 4p33(1) + 2(p22(1) + p33(1)*]. (51)

Obviously, the average fidelity F4 depends basically on the quantum channel parameters. To transmit the input state |y;,) with
better fidelity than any classical communication protocol, F4 must exceed %, which is the maximum achievable for classical
communication. Figure 8a, b shows the average fidelity against the exchange coupling parameter in the pure state and mixed state,
respectively, for mixed values of b = 0.20, I' = 0.03, and for + = 10 where several fixed values of the purity have been considered.

@ Springer



548 Page 16 of 18 Eur. Phys. J. Plus (2022) 137:548

® o (©) 10

7 T T T T T T T T T T
0.8»vaHH7UUUVVVV°°°°~

0.6 4

(a) 1o

0.8

0.6

< A
B‘ 04l 6=020 —p=020 * 04f 1
| r=003 o 4 =020
~1.00 e r=1.00 —T=003
0.2r ’7100 —p=-"L 1 02} p= L =030 1
1= 10. 7 Vv —TI'=1.00
ol . . | . . . ob o v ol e o
-6 -4 -2 0 2 4 6 -8 6 -4 -2 0 2 4 6 8 0 10 20 30 40 S50 60 70 80 90 100
J t
04F T'=0.03 —p=02 04f T'=0.03 —Pp=020
5=020 —P=F r=1.00 —P=7
02 r=100 —p- L 02F 1=10.0 —p=-L
VT vz
b v o ol . . . . .
0 10 20 30 40 S50 60 70 80 90 100 -3 -2 -l 0 1 2 3
t b

Fig. 8 F4 versus the exchange coupling coefficient, assuming b = 0.20, + = 10, and I' = 0.03 and several fixed values of the degree of entanglement
p, when the system is initially prepared in the pure state (a), in the mixed state (b). The time dependence of the average fidelity for various values of the
intrinsic decoherence parameter (c¢), and the degree of entanglement parameter (d), where other parameters have taken as b = 0.20 and r = 1. F4 against
the inhomogeneous magnetic field b when different fixed values of the magnetic field are considered such that I' = 0.03 and r = 1

In these figures, the horizontal dashed lines at 4 = % denote the limit of quantum fidelities. When the system is initially prepared
in the pure state (r = 1) (Fig. 8a), the average fidelity shows many oscillations as the parameter p decreases. Moreover, all curves
eventually reach a steady state as the exchange coupling parameter increases, which means that the amount of average fidelity is
frozen for a certain time. The inclusion of purity stimulates an increase in the average fidelity until reaching maximum fidelity
(F4 = 1). It is also observed that the quantum communication is enhanced with the increase of |J| ( F4 > 2/3 represented as a
dash-dotted line). In Fig. 8b, the plot shows that the teleportation will not succeed for 74 < 2/3, because the system is initially in
the interphase between the entangled state and the separable state in contrast to the situation when the system is prepared in the pure
state Fig. 8a, the success of the teleportation depends on the purity parameter. For example, when » = 0.80 and p = 0, we have
a dramatic increase of average fidelity and at lower values of the spin coupling, it reaches the maximum value and then decreases
monotonically below 2/3 as soon as | J | increases. The average fidelity F4 remains below 2/3, making it impossible for the existence
of quantum teleportation of the information. In Fig. 8c, the evolution of the average fidelity F4 is plotted for certain values of the
intrinsic decoherence parameter when the system is prepared in the pure state. As we can see, the average fidelity oscillates over
time and reaches a stable value when time ¢ approaches infinity. Larger the parameter I', while the shorter one is the time of reaching
the stable values Fig. 8c. Moreover, the stable value remains always above 2/3, which means that such teleportation through the
two-qubit Heisenberg XXZ model is better than any classical communication protocol. When the system is in the initial pure state,
the behavior of the average fidelity becomes more robust, enabling the teleportation of information in the regions of large value of
intrinsic rate (I' = 1). Therefore, the initial state and the parameters of the model are significant factors to determine what kinds
of systems are suitable as a quantum channel. From these figures, we can see that the fidelity can reach the unity for p = 1/+/2,
which means that the channel is the two-qubit maximally entangled state, namely |¢) = % (101) 4+ 110)), and two-qubit states can
always be teleported with a pair of EPR states which agrees with the results reported in [64]. Figure 8e shows the effects of the
inhomogeneous magnetic field on the average fidelity when the system is initially prepared in a Bell-like state. The average fidelity
achieves the maximum amount at b = 0 then gradually decreases as b increases to a critical value of 2/3. The decay of the average
fidelity as a function of b means that the inhomogeneous magnetic field b has unfortunately a destructive effect on the average
fidelity. As a result, one conclude that the initial-parameters state of the channel plays an important role in the average fidelity of
teleportation. It is found that when the initial state is entangled state |¢) = « |01) + B[10) the corresponding average fidelity is
always larger than 2/3 (a similar behavior was reported by N. Zidan in Ref. [58]).

7 Conclusions

In this work, we have demonstrated a straightforward analysis of the dynamics of a two-qubit system on the Heisenberg XXZ model
under intrinsic decoherence. We first assumed that the system interacts with an external magnetic field, B with only nearest-neighbor
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interactions. After exactly solving the time-independent master equation, we have investigated the dynamics of the concurrence,
local quantum uncertainty and local quantum Fisher information in order to quantify the quantum correlations of this system. We
have concluded that all these quantifiers oscillate similarly between their upper and lower bounds where in general the LQFI is more
stable comparing to the LQU and concurrence. The sudden death, sudden birth, oscillations, and frozen correlations phenomena
appear clearly for different initial settings. By making a comparative study between the dynamics of C, LQU and LQFI, we have
obtained some interesting outcomes. For example, the intrinsic decoherence destroys the oscillations of the correlations between
the qubits. For the initially mixed state, we have concluded that the dynamics under intrinsic decoherence causes the sudden death
phenomenon for some particular initial state settings, while both LQU and LQFI quantities resist the decoherence effect. This implies
that the absence of entanglement does not necessarily mean the absence of non-classical correlations in the quantum states. Besides,
the robustness and the generation of the quantum correlations depend on the physical parameters and the initial state as well. Further,
our investigations emphasize that efficient information processing based on the LQU and LQFI offers more resistance to the effect of
intrinsic decoherence and is completely different from the entanglement. Finally, we have examined the possibility of teleportation
process through the model under consideration. We have showed that when the system is initially prepared in entangled state, the
corresponding average fidelity is always larger than 2 /3, which means the success of the teleportation in contrast to the case when the
system is initially in the interphase between the entangled state and the separable state. Indeed, the initial state of the channel plays
an important role in the fully entangled fraction and the average fidelity of teleportation. In particular, we showed that the average
fidelity achieves the maximum amount when the degree of inhomogeneity of the field vanishes. Moreover, large numbers of the
decoherence parameter allow to enhance different quantities, namely teleported concurrence, LQU, LQFI, and fidelity. Therefore,
one can conclude that different parameters encoded in the two-qubit Heisenberg XXZ model are an efficient control parameter of
quantum communications.

In summary, it is possible to prepare an entangled mixed state arising from the interaction between a two-qubit open systems
interacting with its environments under Markovian dynamics. These results can be used analytically and experimentally in many
areas of secure communication, quantum information theory and quantum estimation theory. Our future perspective will concern
other types of environments in order to investigate the crucial relationship between entanglement, LQU and LQFI in Markovian
and also non-Markovian regimes and to extend the present work higher dimensional. Moreover, it will be motivated for us to take
into account the influence of Dzyaloshinski-Moriya interaction on the dynamics of entanglement and quantum correlations. Indeed,
in this context, Y-n. Guo et al [34] quantifies the quantum correlations by means of LQU of a two-qubit one-dimensional XYZ
Heisenberg chain with Dzyaloshinski-Moriya interaction in thermal equilibrium, where interestingly enough they showed that for
an initial separable state, the quantum correlations by means of LQU can be induced due to the Dzyaloshinski—-Moriya interaction
and Heisenberg anisotropic interaction.
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5 Contribution 5: Long-time protection of thermal corre-
lations in a hybrid-spin system under random telegraph
noise

Physical Review E, 106 (2022) 034122.
5.1 Summary of contribution 5

The properties of the medium that is that carry quantum information and how they affect
different aspects of the quantum system have a significant impact on the success of remote
protocols. Coupling medium dynamics with dynamics of open quantum systems is essential for
good performance. In this study, we investigated the dynamics of quantum correlations in a
hybrid qubit-qutrit thermal state using negativity, uncertainty-induced nonlocality, and local
quantum Fisher information. We explored how the system was affected by a magnetic field and
random telegraph noise while taking into account various system variables in order to ensure
that the qubit-qutrit correlations were preserved for longer periods of time.

Our results demonstrate that the initial levels of negative, uncertainty-induced nonlocality,
and local quantum Fisher information are inversely related to temperature. In addition, when
the magnetic field has different properties, the entanglement, nonlocality, and Fisher informa-
tion provide a range of dynamical maps that highlight their distinctive character. When the
configuration is limited to the non-Markovian regime, qubit-qutrit correlations often reappear.
However, an exponential fall with a single minimum is seen when the linked field is in the
Markovian domain.

Importantly, our research shows that the current coupled fields can be used to produce
quantum dynamical maps with the ideal level of entanglement, nonlocality, and local quantum
Fisher information preservation since they provide a number of benefits. Our findings also
demonstrate the significance of taking into account the characteristics of transmission mediums
when developing nonlocal quantum communication protocols that are more effective and reli-
able. Overall, this research provides insights into the design of more efficient nonlocal protocols
and investigates the impact of transmitting medium properties on the dynamics of quantum
correlations.

5.2 Content of contribution 5
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The engineering features of transmitting mediums and their impact on different characteristics of a quantum
system play a significant role in the efficient performance of nonlocal protocols. For this purpose, the dynamics
of open quantum systems and coupling mediums remain a pathway. In this work, we investigate the dynamics
of quantum correlations using negativity, uncertainty-induced nonlocality, and local quantum Fisher information
in a hybrid qubit-qutrit thermal state when coupled with a magnetic field and influenced by random telegraph
noise. Different features of the system parameters are taken into account while designing longer preservation of
qubit-qutrit correlations. We show that the temperature has an inverse impact on the initial values of negativity,
uncertainty-induced nonlocality, and local quantum Fisher information. When the magnetic field is characterized
by different features, the entanglement, nonlocality, and Fisher information show a variety of dynamical maps,
assuring their distinct nature. In addition, the qubit-qutrit correlations undergo repeated revivals when the
configuration is restricted to the non-Markovian regime. On the other hand, an exponential drop with a single
minimum is observed in the Markovian regime of the coupled field. Most importantly, our findings reveal
that the present coupled fields have several advantages that can be leveraged to generate the optimal degree
of entanglement, nonlocality, and local quantum Fisher information preservation in quantum dynamical maps.

DOI: 10.1103/PhysRevE.106.034122

I. INTRODUCTION

The presence of nonclassical correlations among subcom-
ponents of a quantum state affect the efficacy of its quantum
operations [1-3]. Not only the presence but the amount as
well as the nature of the correlations present between the
submarginal systems of a composite nonlocal system have an
impact on the practical implication of nonclassical protocols.
Therefore, recognition as well as the estimation of nonlocal
correlations have remained a hot topic in quantum information
theory [4,5]. In this regard, quantum systems, in general,
can have both classical and quantum correlations. Quantum
entanglement, the very well known nonclassical occurrence,
has been recognized as a critical resource in several quantum
information and communication procedures [6—8], including
quantum computation [9], teleportation [10], cryptography
[11], entanglement swapping [12], quantum private compar-
ison protocols [13], key distribution [14], and dense coding
[15], to name a few.

Nonclassical correlations of many-body systems are a
rapidly expanding field with a wide range of applications,
including phase transitions [16]. Many researchers have
investigated quantum entanglement in thermally defined equi-
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librium states of spin chains exposed to magnetic fields and
found interesting results [17]. The interactions of quantum
systems with coupled environments usually result in loss of
nonclassical correlations between the subsystems of a com-
posite state in this regard. Realizing such decohering effects
is critical in the field of quantum information and comput-
ing because it allows for efficient information transfer while
avoiding the losses that come with it [18]. Decoherence effects
in bipartite and tripartite qubit and qutrit systems interacting
with various types of environmental strategies have been stud-
ied extensively; for example, see Refs. [19-24]. According
to recent research, hybrid quantum systems, such as qubit-
qutrit studies, have useful properties for preserving quantum
correlations when compared to simple bipartite and tripartite
states. In this case, the bipartite Heisenberg XXX model is one
of the most promising candidates for overcoming decoherence
effects caused by the environment, as it has demonstrated
a high-tolerance capacity for preserving quantum correla-
tions over longer periods [25]. The features of the quantum
mixed spin system are also appealing, in addition to the
conventional spin-1/2 system. In this regard, a quasi-single-
dimensional chain, ACu(pbaOH)(H,0); - 2H,0, with every
subunit carrying two different spins (S, 1/2), has been pro-
duced for an inorganic compound [26]. The ACu compounds
have antiferromagnetic interactions and can be thought of
as a Heisenberg mixed spin (S, 1/2) with antiferromagnetic

©2022 American Physical Society
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interactions. A mixed spin (1, 1/2) model may be used to
represent the bimetallic chain of the NiCu compound [26]. In
the present case, we aim to investigate quantum correlations
encoded in the thermal qubit-qutrit mixed XXZ spin chain
model under the influence of an external magnetic field, the
Dzyaloshinskii-Moriya (DM) interaction, and exchange cou-
pling constant.

The study of spin chains that are coupled to external mag-
netic fields, with a focus on magnetic and other related effects,
has sparked a lot of interest in recent years [27-32]. This
appears to be ideal because the environment in which quantum
systems are coupled is typically made up of various types of
instabilities. Random telegraph (RT) noise could be caused
by charge trapping at the surfaces of thin films; for instance,
see Ref. [33]. Thermal fluctuations in various solid-state and
superconducting substances cause low-frequency noise, also
known as power-law noise [34]. Another instability is frac-
tional Gaussian and Ornstein-Uhlenbeck noises, which are
caused by the random motion of particles in a medium [34].
In this case, we will focus on the dephasing effects caused
by the RT noise because it is prevalent in many quantum
information processing protocols [35,36]. It has also been
extensively researched theoretically to characterize system-
environment interactions [37-39]. Chemical processes such as
molecule fluorescence [39], nonlocal correlation degradation
in the presence of low-frequency noise [40], and frequency
amplifications [41] have all been investigated using noise. In
addition, the experimental study of RT noise revealed de-
phasing effects in the dynamics of open quantum systems,
resulting in rapid nonlocal correlation degradation [42]. In this
case, we consider a hybrid environment in which the dynamics
of quantum correlations in a Heisenberg XXZ spin chain are
influenced by both the unstable effects of external magnetic
fields and the RT noise. This will not only set us apart from
previous research, but it will also lead to more precise results
for real-world quantum protocols, such as dephasing effects.

Quantum correlation measures such as entanglement wit-
nesses [43], concurrence [44], and quantum discord have all
been developed in recent decades [45]. Quantum correlations
between subparticles can be found using any of these metrics
[46]. Updated versions or entirely new quantum correlation
metrics have recently been derived, which can detect quan-
tum correlations beyond quantum entanglement. Geometric
quantum discord [47], local quantum uncertainty [48], local
quantum Fisher information (LQFI) [49], and measurement-
induced nonlocality [50] are examples of quantum correlation
criteria. Recent quantifiers have revealed nonlocal correlations
that were heretofore undetectable by previous measures. As
a result, quantum operations became more efficient and pre-
cise. Thus, in the current study, we aim to include quantum
correlation quantifiers such as negativity [51], uncertainty-
induced nonlocality (UIN) [52], and LQFI [49], which are
more reliable and are easily computable measures. The use
of negativity is motivated by the fact that it is one of the
most successful entanglement monotones [53,54]. The UIN
will help determine the amount of nonlocality in the thermal
state [52]. In addition to providing insight into quantum corre-
lation preservation, LQFI can be used to characterize different
parameters and their role in quantum correlation preservation

[55].

This paper investigates the dynamics of quantum correla-
tions in a hybrid thermal qubit-qutrit system exposed to an
external magnetic field influenced by RT noise, temperature,
and DM interaction [56]. Quantum systems are generally
very sensitive to thermal fluctuations; therefore, the related
quantum correlations will be degraded quickly if temperature
effects are not controlled precisely. Previous research [57] has
mainly focused on the external magnetic field effect and DM
interaction strength. However, in the current study, besides
DM interaction, we include the effects of exchange cou-
pling, and manipulation of the associated Markovianity and
non-Markovianity of the fields to induce longer qubit-qutrit
correlations. To estimate the quantum correlations, we plan
to use negativity, UIN, and LQFI, and a comparison of each
measure to evaluate quantum correlations will also be drawn.

The paper is organized as follows: We describe the physical
model in detail in Sec. II. Section III introduces the quantum
correlation estimators, and Sec. IV presents the main results
and related discussion. We express some final remarks in
Sec. V and the conclusion is given in Sec. VL.

II. PHYSICAL MODEL: THE EXACTLY SOLVABLE CASE

In this section, let us consider a qubit-qutrit mixed spin
(1/2, 1) Heisenberg XXZ chain model under the presence
of an inhomogeneous magnetic field, DM interaction, and
exchange coupling constant. The self-Hamiltonian describing
the mentioned system reads [58]

H = Hyxz = J[(s]S; + 58, + AsiS;) + D:(si$; — ,53) ]
+ 1ugB(s5 + 85) — b(s5 — S3), (1)

where s{ and S5 (a = x, y, z) denote spatial components of
the spin-1/2 (qubit) and spin-1 (qutrit) operators, respectively.
The coupling constant J denotes the Heisenberg exchange
interaction between spin-1/2 and spin-1 particles. Positive
range J > 0 corresponds to the antiferromagnetic interaction
between sites of the model while J < 0 indicates the ferro-
magnetic case. Besides, the parameter A represents the XXZ
exchange anisotropy in this exchange interaction, and the
parameter D, refers to the strength of DM interaction oriented
along the z direction. The parameter B denotes a static external
magnetic field and pp is the Bohr magneton [53,54]. Finally,
b indicates the degree of inhomogeneity of the magnetic field.
By straightforward calculations, the eigenvalues of the bipar-
tite model with self-Hamiltonian (1) are obtained as follows
(setting /i = 1) [58]:

Ei» = S(FbF3usB +JA),
Ess = 1Q2b+2usB—JAF ),
Esg = 3(—2b—2upB—JA F o), 2)

with  w* = /(4b)? +2(2J)2 + 2(2D.J)2 £ 8bJ A + (JA)2.
The corresponding orthogonal eigenstates are respectively
given as follows:

) =111, W) =N ),

1
¥3) = (141} O) + 1)),
) = sy (1411 O) 11
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1
[Y4) = —=O-11 O) + T4,
YT
1
[¥5) = ——=—= @@L M) + 11 O)),
1+ 94|
1
=—(_ + , 3
1) m( M+ 11 O) (3)
where n. = %i and ¥4 = —%i. Moreover,

[1) and ||) represent the eigenbasis of the z component of
spin-1/2 operator s° whereas | 1), |O), and | |} are known
to be the eigenbasis of spin-1 operators S° along the z compo-
nent.

At the equilibrium (canonical ensemble), the initial quan-
tum state of the mixed spin-(1/2, 1) Heisenberg chain (1) can
be represented by the density operator, namely p(0, T) =
exp(—BH)/Z, which is expressed in terms of the partition
function Z = Tr[exp(—BH )], where 8 = 1/kgT is the inverse
of the thermodynamic temperature T, and kp is the Boltz-
mann constant. For the sake of simplicity, the parameter J
is set to be the unit of energy. To investigate the time evo-
lution of temperature-dependent nonclassical correlations, let
us consider the well-known local non-Markovian dephasing
behavior introduced by Daffer et al. [59]. This model has
recently been widely used to study the sudden change in the
dynamics of quantum correlations [60]. Now, we can consider
a colored noise dephasing model with dynamics described by
the following master equation at scaled time ¢ [59-61],

p@t) =KLp), “4)

where K is a time-dependent integral operator, satisfying the
relation

IC¢>=/ k(t —tHe@dt', 5)
0

where k(¢ —t') is the kernel function which regulates the
nature of the environment, £ is the Lindblad superoperator
that describes the dynamics induced via the interaction with
the environment, and p () is the density operator of the prin-
cipal system. It is important to note that without applying the
time-dependent integral operator K, the master equation (4)
with Markovian approximation becomes dominant. Also, the
mentioned master equation can be employed if we consider a
bipartite qubit-qutrit system interacting with a reservoir hav-
ing the properties of RT noise. To this end, we can consider
the stochastic Hamiltonian as [59-62]

SH(t) = Swa(t)sy + Swp(t)S5, (6)

where w, with n = {A, B} are the independent random vari-
ables obeying the statistic of a RT signal defined as w, () =
a,(—1y™®_ where m,(t) has a Poisson distribution with a
mean equal to 7/21,, and a, is known as the switching ampli-
tude taking the values £a,. Here, we assume a4 = ap = a and
74 = 73 = 7. Using the time-dependent stochastic Hamilto-
nian (6), the represented correlation function of the RT signal
using the stochastic variables reads

(@i () = 8, wa® exp(=ylt —1']), (7)

where (- - - ) stands for the ensemble average whereas y = 1/t
is known as the switching rate, which characterizes the spec-
tral width of the coupling with the environment [63]. The
time evolution of the density matrix describing the qubit-qutrit
system (6) is given by taking ensemble averages over the
stochastic noise variables as follows,

p(t, T) = (U@)p(0, THU (1)), ®)

with p(0,T) =exp(—BH)/Z and in terms of the unitary
operator U (t) obtained from the stochastic Schrodinger equa-
tion as

U(t) =T exp [—i/ H(t/)dt/}, 9)
0

where 7 is the time-ordering operator. In general, within
the framework of the classical treatment, the environmental
effects on a quantum system give rise to the stochastic fluctu-
ations in the Hamiltonian of the quantum system as

H(t)=H + 8H(t). (10)

Note that the unitary operator contains both the contributions
from the self-Hamiltonian and the stochastic Hamiltonian.
Many approaches have been devoted to studying the dy-
namical behaviors of a given quantum system such as the
master equation [64,65] and decomposition by Kraus opera-
tors [66]. In the current case, we find that it is more suitable
to use the Kraus operators to probe the quantum dynamics
of the model under consideration [66]. The Kraus operators
describing the RT noise dynamical map and related effects on
the qubit-qutrit system are respectively provided by [60,62]

14+ A 1-A
K = /+—(V)1A, K} = /&Si’ (11)
2 2
d

1+A®W) 1—A() .
Kl =\ —5 I K =\|—F—5;
1+ A
Kb = /%(”)SB,

where K; satisfies the completeness condition guaranteeing
that the evolution is trace-preserving and represents the influ-
ence of statistical noise which can be global or local in scope,
and where the index runs over the number of elements re-
quired for the decomposition. Besides, these operators satisfy
the normalization condition ), K[TK,- = [ with

So = LSS5 + i) — Si55).

an

(12)

13)
and Iy (Ip) is the identity operator acting on the qubit (qutrit)
subspace. The term A(v) is generally called the dephasing
function and has the form [59-61]

A) = ﬁ exp(—v)[sin(uv) + p cos(uv)]l, (14)

in which u = \/(4at)> — 1 and v = /27 is the scaled time.
With no tunneling coupling in the Hamiltonian, the quan-

tum dynamics of a qubit-qutrit system are described by the
dephasing function in the form of Eq. (14), which displays
the non-Markovian behavior in the strong-coupling regime
(t > 2a) and shows Markovian behavior in the weak-coupling
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regime (t < 2a). Herein, the qubit-qutrit system is equally
coupled to all environment frequencies. In the case of RT
noise, our system prefers specific frequencies. Accordingly,
a is the coupling strength of the qubit-qutrit system with
the environment whereas t determines which frequencies the
mentioned system prefers most. Enhancing both @ and y =
1/t corresponds to a more noisy environment. Hence, the
dimensionless quantity at is the significant term that deter-
mines the number of fluctuations [59]. From now on, let us
consider a = 1 for simplicity. As a result, the parameter 7 will
exclusively be the dominant factor to determine the amount of
information exchange between the qubit-qutrit system and the
environment.

Now, we derive the density matrix of the system having ob-
vious entanglement as well as the quantum correlation sudden
death and birth phenomenon. In order to exhibit entanglement
sudden death (ESD) and entanglement sudden birth (ESB) in
the qubit-qutrit class state, we consider dephasing RT noise
alone acting on subsystems that are dynamically isolated from
each other.

The most general time-evolved open-system density matrix
expressible in the operator-sum decomposition has the form
[60-62]

2 3
pt.T) =2 > (K ®K})p(0. T)(K ® K7)

i=1 j=1

5)

Note that only when the stochastic Hamiltonian §H (¢) is
commutative with the self-Hamiltonian H and the stochastic
Hamiltonian is in the energy eigenvalues of the system, the
quantum system undergoes dephasing and the density matrix
can be expressed in terms of the dephasing function A(v).
Otherwise, the density matrix of the system cannot be gener-
ally expressed in the Kraus operator representation in terms of
the dephasing function. After straightforward calculation, the
time and temperature dependencies of our qubit-qutrit density
matrix can be written in the computational basis {| |, {)}, {|{,

O AN ME A YL AT, O {11, 1)} as follows,

P11 0 0 0 0 0
| 0 2 0 o4 O 0
0 0 m3 0 p35 O
PETI=71 0 pP5s 0 pas O 0P
0 0 p35 0 pss O
0 0 0 0 0 6,6
(16)
where

p1,1 = exp(—BE>), pee = exp(—pEy),

In+ I In-I>

p22 = ——— exp(—BE3) + ——— exp(—BEy),
L+ [y )? 1+ n_?

1
P24 = 5[1 + AW)]

N+ -
x | ——— exp(—BE3) + ——— eXp(—ﬁE4)],
[1+|n+|2 L+ n-

|94 |2
1+ o,

2
0|

P33 = exp(—BEs) + exp(—pBEs),

1+ 9|

|
03,5 = 5[1 + AW)]

x[ Pt exp(—BEs) + — ¢ (ﬁE)}
————exp(— —— exp(— ,
Tt o, 2 PP T T Ty P PRe

1
pa4 = ———— eXp(—BE3) + ———— exp(—BEy),
L+ [y ? 1+ n_?
1 1
= ——exp(—BE;) + ———— exp(—BEy), (17
105,5 1+|19+|2 p( ﬂ 5) 1+|1}7|2 p( /3 6) ( )
and the partition function Z is given by
6
Z= Zexp(—ﬁEj). (18)
j=1

Notably, the density matrix of the composite qubit-qutrit
system has been expressed as p(¢, T') given in Eq. (16), imply-
ing that the operators s5 and Sj, in the stochastic Hamiltonian
are in the energy eigenbasis of the self-Hamiltonian of the
qubit and the qutrit subsystems, respectively.

III. QUANTUM CORRELATION INDICATORS
A. Negativity

To investigate the amount of quantum entanglement of a
system with spin § > 1/2, one may employ a quantity known
as negativity N(p) [67]. This quantifier has been proven to
be one of the most suitable quantifiers, which can be easily
computable for any arbitrary pure or mixed state. It is based on
the concept of the Peres and Horodecki separability criterion
[68,69], in which a negative partial transpose is a necessary
condition for the system entanglement. The negativity N(p) is
defined through the absolute sum of all negative eigenvalues
¥, of the partial-transposed density matrix o™ concerning the
spin-1/2 subsystem (A denotes the first subsystem). Gener-
ally, it reads [67]

N(p) =) 10il. (19)

The negativity can also be identified via the Schatten 1-
norm (trace norm) as below [67],

"™ h =1
Y
where the term ||X||; = Tr(+vX7X) presents the trace norm
for any Hermitian operator X. It is worth mentioning that
for maximally entangled states, the negativity is equal to half
[N(p) = 1/2], whereas N(p) = 0 corresponds to completely
separable (factorizable) states. However, let us consider here
a rescaled form of the negativity definition as N'(p) = 2 x
N(p) for our calculations. Therefore, we will have 0 <
N(p) < 1.

In order to evaluate the time and temperature dependencies
of the negativity of a qubit-qutrit system p(z, T) given in
Eq. (16), one needs first to obtain the negative eigenvalues of
the partial-transposed density matrix of the total system. To do
this, a partial transposition with respect to states of the spin-
1/2 gives the partially transposed density matrix [p(z, T)]™.
In the computational basis, the thermal-time evolved partial

N(p) = (20)
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transposed density matrix [p(z, T)]™ takes the form

11 O 0 0 o4 O
| 0 po O 0 0  p35
0 0 P33 0 0 0
[o(z, T)]TA = 2 0 0 0 044 0 0
Pse 00 0 pss O
0 p3s 0 0 0 pes
(21)

Now, the possible negative eigenvalues of the state [o(¢, T)]™
(21) are gained as

(p1,1 + p5,5) — \/(,01,1 — ps5)* +41p2al?],
(22)

1
h.T)= I

1 5 5
D2t T) = 5 1(p22 + pes) = \/(,02,2 — Pe.6)” +4lp3sl7],
(23)
and therefore, the negativity of our state can be expressed as

N(p(t, T)) = 2[max{0, =9 (¢, T)} + max{0, —, (¢, T)}].
(24)

B. Uncertainty-induced quantum nonlocality

The UIN is a promising discord-like quantifier linked to the
Wigner-Yanase skew information (WYSI) concept [70]. This
nonclassical correlation quantifier is defined as the maximal
skew information achievable between a given bipartite quan-
tum state p and local commuting observable K¢ = K ® Ip.
The UIN with respect to subsystem A can be expressed in
terms of WYSI for a given state p as [71,72]

Uc(p) = max Z(p, K ® Ip), (25)
K£®IB

where the maximum is taken over the set of all observables,
K€ = K ® Iy, that commutes with the reduced density ma-
trix p*, where K is a Hermitian operator acting on subsystem
A with a nondegenerate spectrum A. Moreover, Iz is the
identity operator acting on subsystem B, while Z is the skew
information associated with the density matrix and defined as

I(p. K*) = —3Te([/p. K1), (26)

which is a measure of the noncommutativity between the state
o and the observable K* . Note that Z is non-negative and non-
increasing under classical mixing [73]. For a 2 ® d (qubit-
qudit) bipartite quantum system, the compact formula of UIN
turns out to be

-

I — Onin(Wag), 7 =0,

1 = ST = 2
I—WrWABr ,F#0,

Uc(p) = { (27)
where 7 = [r;] is the Bloch vector of the density matrix p,
whose elements are calculated by r; = Tr(p[o; ® I]). The su-
perscript T stands for the transpose operation and wmin (VWag)
stands for the least eigenvalue of the 3 x 3 symmetric matrix
Wag whose elements are given by

Wab)ap = Tt[ VD (0f ® Is) /o (0f ® Is)], (28)

where crz(ﬁ ) with o(B) = {x, y, z} represent the Pauli opera-

tors of the subsystem A. The UIN is a reliable quantifier of

quantum correlations and it has been demonstrated that this
measure satisfies the full physical requirements of a measure
of quantum correlations [71,72]. It is clear that having the
matrix Wag, one can easily evaluate the UIN for qubit-qutrit
quantum systems contrarily to the quantum discord based
on von Neumann entropy [73]. This is quite an easy task
compared with the complicated minimization process over pa-
rameters due to the local measurements [48,65]. However, for
the pure bipartite states, the UIN reduces to the linear entropy
of the reduced densities of the subsystems and vanishes for
classically correlated state [48]. Moreover, it is invariant under
local unitary operations and nonincreasing under the local
operation on the unmeasured subsystem B [48]. To determine
the analytical expression of the UIN (27), it is necessary to
compute the eigenvalues of the matrix Wag (28). For that, one
needs to determine both the eigenvalues and the correspond-
ing eigenvectors associated with the density matrix p(z, T') in
Eq. (16), viz.,

3 (& £ /6 —4d)),
M =136 F 6 —4d), hs=13(&F VE — 4d3),

(29)

A6

where

&1 = p11 + pess &2 = P22 + paa, &3 = p33 + pss,
di = p11pess dr = Prpas — |paal’
ds = p33pss — |p3s)?, (30)

and the associated eigenvectors are

(A1) = 111), |Ae) = ),
1
[A23) = ——== (V4] )+ A,
2.3 Jiaoif vt O) + I
1
[Aa5) = ——=I?) + 1L O)), (3D
P TP
where
1
ve = o (022 — paa=£ \/(Pz,z — paa)? + 4124l
P24
(32)
1
N+ [p33 — pss £ \/(,03,3 — ps.5)2 +41p351°1.

N 203 s
(33)

The square root of the density matrix can be written in the
computational basis as follows,

. (34

SO O OO

o]
0
10 0 a3 0 a3
Ve, T)=| ¥ 0
0
0
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where

1

an =5 (& +2d +& — 2/,
1

0166=§(\/$1 +2\/E—\/§1 —2V/dy).

P2+ +/d> 024
A =—F/———, Ay = —F———o,
V& +24dy V& +2d
033 + A/d3 035
(133 = — = —

;o )
VE +2Vds V& +2Vds

pas + Ndy pss + /d3
Uy = —F——————, 055 = —F———.
& +2/dy £ +24/dy

After some straightforward calculations, the eigenvalues of
the matrix Wxp (28) are given as

(35)

Wit = W = 2(a1104s + apass + a33ces),  (36)

6
Wi = Zaﬁ — 2(laoa|* + lazs|?).

i=1

(37

By using Eq. (27), the UIN for the density matrix p(¢, T) in
Eq. (16) turns out to be (since 7 # 6)

1
Up,T)) =1— —rWsr;,

BE G8

with r3 = p11 + 022 + 033 — P44 — P55 — P66

C. Local quantum Fisher information

Assume a qubit-qutrit quantum state, namely p,, which
depends basically on an arbitrary parameter «. Now, in order
to illustrate the information about x from p,, it is enough
to perform a set of generalized quantum measurements, that
is, positive-operator-valued measures M = {My|My > 0}, sat-
isfying )", My = I;. Mathematically, the QFI is defined as
[74,75]

Fpo) = 1Tr[pe L7],

where £, denotes the symmetric logarithmic derivative oper-
ator such that

(39

00, 1
= _(‘CKJOK + IOK[’K)- (40)

oK 2
Let us assume that the initial density operator p,(0) can
be evolved through a unitary evolution, namely U, = e~* as

P = U Py (O)Z/{K+ . Therefore, the QFI employing the Hermi-
tian operator H is defined as [76]

Floe iy =23 G =2l 1 e @
ST ity Pt
¢ J

Ay

where p. = Y ; Ai|A;)(X;|. Recently, another concept, i.e., the
LQFI, has been examined based on QFI and it has attracted a
great deal of attention since it defines a quantifier of nonclassi-
cal correlation using some local measurements applied on one
part of the quantum state. Indeed, assume that the dynamics
already mentioned is ruled now by a local transformation, that
is, e M1 of a local Hamiltonian Hy = H, ® I. Therefore,
the LQFI is defined as [77]

2hahp
A + A

Flpe, Hy) = Tr[pHF] = | (el Hal2p) P, (42)

atp

As we have already pointed out the central idea behind
using the LQFT is to consider it a good quantifier of nonclassi-
cal correlations. The LQFI is defined as the minimum of QFI
overall local Hamiltonian Hy4 acting on the part A as

Q=ngn}"(pk,HA)- (43)

Obviously, if one rewrites the local Hamiltonian in terms
of Pauli matrices, that is, & = (o1, 02, 03), and choosing the
local observable H, = & - 7 with | 7| = 1, then the first term
on the right-hand side of Eq. (42) is exactly corresponding to
the unity, while the second term turns out to be [77-80]

2Aa A
3 S G | Halhg)

= Ao + g
3
2ha)g
=y > (halow ® I5|hp) (Aplor ® Ip k)
Ao + Ap
a#p k=I=1
=7".P 7, (44)
where the elements of the symmetric matrix P are given by
2hg A
Por =" L (il @ Iglag) (Aplor ® Iplhe).  (45)
Ao + )ng

a#p

Hence, the minimum over all unit of vectors 7 coincides
with the maximum eigenvalues of P, A . Finally, the LQFI

for qubit-qutrit systems is obtained in the following form
[49,78-80],

Qp)=1— b,

Notice that the above formula is non-negative, invariant
under any local unitary operation, and vanishes for classically
correlated states. In addition, in the case of pure quantum
states, the LQFI coincides with the geometric discord [49].
After some straightforward calculations and using the eigen-
values and eigenvectors calculated in Eqgs. (29) and (31), the
analytical expression of LQFI for our qubit-qutrit state (16) is
obtained as

(46)

Q(pt,T)) =1 —max{Py, Py, P;3},

where P;(i =1,2,3) are calculated analytically from
Eq. (45). They are given by

47)

A1A3

Py =Py =4|:

Aakgln|?

Or i+ e

(A1 +A3)(1 + Ju_]?)
Asheln—|?

(ha + 26)(1 + 0417

(hs +26)(1 + In-1%)
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FIG. 1. Dynamics of the negativity versus time parameter ¢ for a = 1 by considering a few different values of 7 at different values of the
temperature k3T /J, assuming fixed uzB/J = 0.5, D,/J =6, A/J = 0.5 when b/J = 0.

Maluy|? ( N As )
I+ v\ G + 2D+ 042 T Ga+As)A + [n-?)

and

Aszlu_|? ( + As )] 48)
A+ v-PH\N A3 +2)A + 047 Gs+2a5)(1 4+ [n-1?)
A2d3 luiv — 12 Aghs Inin— — 11 ]
, (49)
(A2 +23) A+ o HA 4+ [v?) (g +As) (1 + [ne1HA + [n-1?)

Ps; :4|:

where vy and n4 are given in Eqgs. (32) and (33), respectively.
AISO, we have P =P = P23 = P32 = P]3 = P3] =0.

IV. ANALYSIS OF QUANTUM CORRELATION DYNAMICS

In this section, we begin by studying the dynamics of quan-
tum correlations characterized by negativity (24), UIN (38),
and LQFI (47) for our qubit-qutrit mixed spin chain model
under the local dephasing channels exhibiting Markovianity
and non-Markovianity.

In Fig. 1, we show the temporal evolution of the nega-
tivity for several values of 7 and different fixed values of
the temperature kg7 in the absence of the inhomogeneous
magnetic field (b/J = 0). Note that we have set parameter
a = 1 which acts as a system-environment coupling constant.
So, the parameter T > 2 denotes the non-Markovian regime,
whereas T < 2 corresponds to the Markovian regime. It can
be seen that at a low-temperature regime (kg7 = 0.01), quan-
tum entanglement estimated by the negativity is maximal
[M(p(t, T)) = 1] at t = O [see Fig. 1(a)], which means that
the qubit-qutrit state is maximally entangled at the initial

(

moment of interaction. Moreover, the entanglement decreases
during the decoherence process until it reaches a steady-state
value, which implies that the entanglement is frozen after a
specific interval of time. For a smaller value of t (r =0.5
here), the negativity decreases asymptotically with tiny os-
cillations at a range of time. It is interesting to know that
in the Markovian regime t < 2, we observe tiny revivals in
entanglement evolution. As mentioned earlier, the parameter
T regulates the amount of information exchange between the
system and the environment. Hence, the oscillations in the
dynamical behavior of negativity are mostly controlled by 7.
However, the Markovian regime accelerates the stabilization
of the negativity. The decrement of the parameter t causes the
negativity to decay faster. With an increase in the temperature
(kgT = 2) [see Fig. 1(b)], the phenomena of ESD and ESB
appear in the behavior of the negativity with a particular lower
damped amplitude and reach a steady state, demonstrating
the entanglement freezing phenomenon. Figure 1(c) shows
that the dynamics of negativity do not exhibit rebirth for
T < 2 when the temperature kg7 = 3.5 is assumed, showing
that the system is in the Markovian regime. In this situation,
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FIG. 2. Dynamics of the UIN versus ¢ by considering a few different values of parameter t at different values of the temperature kg7 /J,

assuming fixed ugB/J =0.5,D./J =6, A/J = 0.5 when b/J = 0.

the entanglement between the qubit and qutrit becomes zero
after a while, known as the ESD. For t > 2, the existence
of ESD and ESB in the dynamical map of negativity indi-
cates that the qubit-qutrit system and environment exchange
information. In addition, such entanglement revivals indicate
the usefulness of the parameter T to convert free states or
less entangled states to a more resourceful state (with a high
degree of entanglement). In Fig. 1(d), we see that at a higher
temperature kT = 4, for all considered values of 7, the ESD
phenomenon appears. It must be noticed that as temperature
increases, the entanglement saturates at lower values; specifi-
cally when kzT > 2, the state becomes completely separable
for the increasing interaction time. Further, we have shown
that the lowest temperature values have a significant impact on
the maximization of quantum entanglement. The temperature
influences not only the initial entanglement of the system but
also the non-Markovianity behavior. Lower values of the tem-
perature allow the system to show non-Markovian effects and
the entanglement decays with revival character. The presence
of ESD and ESB in the current dynamical map of the entan-
glement estimator reveals that the system and the environment
are highly interacting, exhibiting information exchange be-
tween them. In addition, practical transmitting channels can
be fully fledged by exploiting the parameter t to design longer
entanglement preservation. As can be seen that when t gets
higher, the state’s entanglement final saturation levels take
time to diminish, hence preventing the state from the sepa-
rability, in particular, for higher values of kT . It is noticeable
that the magnetic field imposed on the dynamics of quantum
systems without environmental noise is not equivalent to the
current case with dephasing RT noise [58]. For example, it is
intriguing to find that the total time of entanglement negativity

becomes extended when injecting the RT noise. As seen in
Ref. [58] without RT noise, the entanglement decays in a very
short time as compared to that observed under the influence
of RT noise. Besides, we observed the monotonic decay in
the mentioned paper whereas, in the current case, the entan-
glement suffers repeated revivals due to the RT environmental
dephasing effects, therefore completely contradicting the pre-
vious study of the similar system. Physically, this means that
the current configuration is best suited for avoiding complete
entanglement freezing by the conversion of free states to en-
tangled resource states. However, the dynamics of the thermal
entangled state in a qutrit-qubit mixed spin XXZ model when
coupled to an external magnetic field have been in good agree-
ment with current results by showing longer entanglement
preservation along with oscillatory behavior [81].

Figure 2 depicts the dynamics of the mixed qubit-qutrit
state using the UIN measure under the presence of an external
magnetic field influenced by the RT noise. In the current
case, we repeat the parameter values given in Fig. 1. In com-
parison, the dynamical behavior of UIN seems completely
different from the negativity given in Fig. 1, specifically for
higher values of the temperature kg7 . However, for a higher
temperature regime, the UIN shows a set of damping os-
cillations with a series of revival and collapse phenomena
over time with an asymptotic limit. Under the decoherence
effects, the UIN decreases gradually to stabilize for a specific
interval of time which means that the UIN becomes frozen.
On the other hand, it is clear that even under the presence
of the decoherence phenomenon, the monotonic decay does
not occur in the behavior of UIN even in a high-temperature
regime. This indicates the presence of nonlocality even in
the absence of entanglement between the qubit and qutrit.
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FIG. 3. Dynamics of the LQFI versus ¢ by considering a few different values of parameter t at different values of the temperature kz7'/J,

assuming fixed ugB/J =0.5,D,/J =6, A/J = 0.5 when b/J = 0.

This also implies that the ESD does not necessarily mean the
loss of all quantum correlations. However, the fact remains
the same and agrees with Fig. 1(a) that for low-temperature
values kgT = 0.01, the state becomes maximally correlated
att = 0 [see Fig. 2(a)]. Besides, the nonlocality measured via
UIN shows strong resistance to any changes with temperature
and nearly remains the same for all temperatures, except in
the initial moments of interaction. The revival phenomenon
is regulated by the parameter v and not by any other param-
eter of the magnetic field in the current setup of parameters.
However, slight revivals in the Markovian regime still exist
due to the parameter t which forces the environment to return
the information to the system, making some revivals in the
dynamical map of UIN. Furthermore, the revival character in
the non-Markovian regime ensures the successful exchange of
the attributes between the hybrid qubit-qutrit system and envi-
ronment, which remains the reason to recover the nonlocality
after the corresponding loss. The final saturation levels of the
UIN measure completely depend upon the relevant tempera-
ture, and as temperature increases, the UIN tends to achieve
the least values of the saturation levels, suggesting greater loss
and vice versa. This is because temperature causes the state to
be mixed and increases the entropy of the state, which finally
results in greater nonlocality loss. Note that the dynamical
maps of quantum correlations investigated under dephasing
environments in Refs. [82,83] do not match with our results
obtained by UIN, strong evidence of revivals and longer re-
tention of quantum correlations. Besides, the final density
matrices of the qubit-qutrit systems obtained in Refs. [82,83]
have different structures as compared to that given in Eq. (16),
indicating that the comparative configurations have a different
amount of quantum correlations.

In Fig. 3, we address the dynamics of quantum correlation
in terms of LQFI for a system of qubit-qutrit mixed spin chain
coupled with an external magnetic field and superimposed
by RT noise. For the current dynamical setup, we repeat the
setting of the parameters used to obtain Fig. 1, but for LQFIL.
The qualitative dynamical outlook of the LQFI measure seems
similar to that of the UIN criterion, however, with few slight
changes. Namely, the maximum amount of quantum correla-
tion captured by UIN for ¢ = 0 is larger than that captured by
LQFI. Not only the initial values of the quantum correlations,
but the final saturation levels of the LQFI and UIN also do
not match. Hence, this ensures that the nonlocality in terms
of UIN differs from the quantum correlations quantified by
LQFIL In comparison, the UIN and LQFI remain unfrozen
and partially lost, which means that these two quantifiers
go beyond quantum entanglement captured by negativity. In
agreement with UIN, the related revival rate of LQFI increases
for the increasing values of t. Interestingly, the nonmono-
tonic decay of the LQFI occurs at the least values of t; for
instance, see the orange curves for T = 0.5. We notice a small
revival of quantum correlation, which denotes the presence
of feedback phenomenon in the environment causing a frac-
tion of the lost information to flow back to the system at
7 = 0.5. Thus, as mentioned before, the low value of T can
also contribute to the behavioral dynamical maps of quantum
correlations. The resultant decay in the current case resembles
that obtained in the qubit-qutrit system when coupled to the
magnetic field in Ref. [58] under the absence of environ-
mental dephasing, where a shorter-lived and monotonic loss
has been observed. However, we noticed that certain studies,
such as Refs. [17,82,83], indicate that under the environmental
dephasing, the decay observed is monotonic which again con-
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FIG. 4. Upper panels: The dynamics of quantum correlations versus ¢ for several values of DM interaction at T = 5 when uzB/J = 0.5,
kgT/J =1.75, A/J = 0.5, and b/J = 0. Lower panels: Same as upper panels but for r = 0.5.

trasts with the current results. Therefore, the longer quantum
correlations and the presence of feedback phenomenon in
the current system influenced by RT noise remained a more
favorable resource for the quantum correlation transmission
and preservation. Similarly, the study carried out in Ref. [81]
resembles the current results where longer quantum correla-
tion preservation in a qubit-qutrit system is modeled in two
bosonic reservoirs regulated by temperature. For the increased
efficiency of the quantum mechanical channels, one should
increase t, as it not only controls the revival’s character but
also regulates the preservation capacity of the system. As seen
for higher values of 7, LQFI seems longer preserved. Note that
the temperature variations strongly cause the initial quantum
correlations to regulate and the two have been witnessed with
an inverse relation. Furthermore, for each fixed value of tem-
perature, the saturation level occurs at the same point even for
different values of t.

Figure 4 analyzes the dynamics of quantum correlations
using negativity, UIN, and LQFI given in Egs. (24), (38), and
(47) in a mixed hybrid qubit-qutrit state exposed to an external
magnetic field with reinforced RT noise. The external mag-
netic field here is described for different fixed values of DM
interaction D, when kgT = 1.75, non-Markovian regime (t =
5) upper panel, Markovian regime (r = 0.5) lower panel,
along with the absence of the inhomogeneity (b = 0). Because
of the interplay of the DM interaction strength, the whole
outlook of the comparative dynamics of negativity, UIN, and
LQFI became changed. However, the impacts of the non-
Markovianity and Markovianity as well as the temperature
agree with Figs. 1-3. We observed that in the non-Markovian
regime, the coupled fields allowed the quantum correlation
quantifiers to decay in an oscillatory manner. Besides, the
curves for high 7 values took a longer time to saturate than
for low values of the same parameter. In the Markovian

regime, there occurs a single minimum of negativity, UIN,
and LQFI for each parameter setting which then achieves its
final saturation level. Also, because of no revivals of quan-
tum phenomena, the loss of information and other attributes
of the states will be assumed permanent, as no backflow of
information occurs from the environment toward the system.
For minimum temperature values, let kg7 = 0.01, we witness
the state to be maximally correlated and vice versa, as seen
in Figs. 1-3. In close connection with previous results, for the
high value of temperature kg7 = 1.75, we detected the state
to be partially entangled. We find the role of DM interaction
strength opposite to that of the temperature, where the first
one regulates the final saturation levels and the latter one,
the initially encoded nonclassical correlations in the qubit-
qutrit state. As seen for high values of D,, the negativity
and UIN remains highly preserved; however, for the least
values, the forenamed quantities saturate at low values. Note
that for D,/J = 0.0, the state becomes completely classical
and disentangled at the final interaction times. In contrast,
with the LQFI, in the range 0 < D,/J < 3.0, we witness a
contradicting behavior, where quantum correlations by means
of LQFI show lesser loss at low values of D, as compared to
when D,/J = 3.0. Note that for each value of D, interaction
strength, the LQFI initially as well as at final notes remains
highly preserved and is not completely lost. This means that
the LQFI is more resourceful to resist the dephasing effects
of the RT noise and external magnetic field than entangle-
ment and nonlocality, which were easily lost. Indeed, the DM
interaction significantly enhances the amount of quantum cor-
relations in the systems. This confirms the results reported in
Ref. [62], in which the state become separable at lower values
of the temperature in contrast to when the DM interaction is
included in the system. Notably, the lower temperature and
higher DM interaction strength also contributed to a single
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FIG. 5. Upper panels: The dynamics of quantum correlations versus ¢ for several values of the external magnetic field at T = 5 when
D./J =6,kgT/J =1.75, A/J = 0.5, and b/J = 0. Lower panels: Same as upper panels but for t = 0.5.

ESB, nonlocality, and LQFI even in the Markovian regime.
We see that the negativity and UIN show a single revival after
the first death.

Figure 5 illustrates the dynamics of negativity, UIN, and
LQFI in a qubit-qutrit mixed entangled state when subjected
to an external magnetic field and dephasing RT noise. We
repeat the parameter settings shown in Fig. 4; however, we
mainly focus on the effects of different fixed values of the
magnetic field ugB/J on qubit-qutrit correlations retention
in the state. The dynamical outlook of the negativity, UIN,
and LQFI against increasing values of B seems opposed to
that encountered against increasing D, and t values. For
low values of ugB/J, all quantifiers seemed better preserved.
However, as the magnetic field strength increases, the correla-
tions between the qubit-qutrit state become more suppressed.
For instance, see the shifting of the red-lined curves to black
end for increasing wgB/J values. Not only this, but the re-
lated revival rate of the correlation functions is also slightly
decreased for the increasing values of B. Moreover, the max-
imums of the correlation functions against low values of
upB/J remain higher comparatively. We noticed a stronger
revival rate in the dynamics of negativity, UIN, and LQFI for
the higher values of t in the non-Markovian regime. A faster
decline of the quantum correlations has been witnessed in the
Markovian regimes with a single minimum, as one can see
that the negativity, UIN, and LQFI achieve the final satura-
tion values quicker compared to that in the non-Markovian
regime. Because of the revival phenomenon, the correlations
in the system remain preserved for longer intervals in the
non-Markovian regime. As compared to the negativity and
UIN measures, the LQFI has been found highly impacted
by the external magnetic field. The statement is followed by
the fact that the revival character of the LQFI vanishes faster
compared to that observed for negativity and UIN. Notably, in
the Markovian regime, the LQFI fully exhibits an exponential

decay before saturating at a constant value, which is compa-
rable to the results of the negativity and UIN. However, it is
still noticeable that the LQFI estimator encounters quantum
correlations with larger initial values, which are followed by
negativity and then UIN. Thus, one can conclude that the
current hybrid state has greater initially encoded LQFI than
entanglement and nonlocality. Remarkably, in the Markovian
regime, a smaller revival character of the entanglement, non-
locality, and LQFI is observed. This is due to the fact that
the parameter t supports a single exchange of information
between the system and the environment.

Figure 6 explores the dynamics of nonclassical correlations
in a qubit-qutrit hybrid mixed thermal entangled state when
an inhomogeneous magnetic field is applied along with RT
noise either with Markovian or non-Markovian character. We
primarily focus on the impact prevailed by the degree of
inhomogeneity on preservation and behavioral dynamics of
negativity, UIN, and LQFI. The overall dynamical map of the
negativity and LQFI seems opposite in the current case as
compared to that observed against B except for UIN. The fact
that the increase in homogeneity increases the decay followed
the statement. However, the inhomogeneity helps to avoid
greater losses and the decay levels become lesser as the related
parameter b is increased. In addition, we noticed that the in-
homogeneity causes no changes to the revival character of the
qubit-qutrit correlations and remained ineffective. The revival
character depends upon the parameter t and the related tem-
perature of the reservoir and agrees with Figs. 1-5. The final
decay levels for each inhomogeneous magnetic field strength
parameter b are varied and as it increases, the decay levels
indicate lesser degradation of the current qubit-qutrit correla-
tions. Nevertheless, UIN remains susceptible to the strength of
parameter b and as it grows, the related decay also increases,
demonstrating the contradicting behavior to negativity and
LQFI. Therefore, we conclude that not all the qubit-qutrit
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FIG. 6. Upper panels: The dynamics of quantum correlations versus ¢ for several values of an inhomogeneous magnetic field at T =5
when D, /J = 6, kgT /J = 1.75, A/J = 0.5, and ugB/J = 0.5. Lower panels: Same as upper panels but for r = 0.5.

correlations are equivalent, ensuring their different nature and
that similar features of the magnetic field can differently affect
them. In the Markovian regime, we notice that for the increas-
ing values of b, the amplitude of the single observed minima
increases for the case of negativity and LQFI; however, the
opposite occurs in the case of UIN. Note that the mixed
entangled state does not become fully separable and attains
a final saturation level. The only reason behind this is setting
the DM interaction and exchange parameter J to high values
which avoid the full separability of the state. The existence of
the revival character in the non-Markovian regime indicates
the exchange of attributes between the hybrid-spin system and
the environment, resulting in temporary information decay for
a definite interval. Nonetheless, in the Markovian regime, we
witness no revivals which will cause permanent information
decay. However, the existence of slight revivals in the Marko-
vian regime is due to the parameter 7, as the width of the
Markovian regime is defined by the dimensionless product at
(with @ = 1). Therefore, there are still signs of the revivals in
the regime where T < 2, causing the backflow of information
from the environment to the system.

In Fig. 7, we address the time evolution of negativity, UIN,
and LQFI for a system of hybrid-spin structure including a
qubit-qutrit mixed entangled thermal state coupled with an
external magnetic field. In the current case, we mainly focus
on the temperature influence on the qubit-qutrit system dy-
namics. Temperature greatly influenced the initial negativity,
UNI, and LQFI values and for the increasing values of T, the
initially encoded correlations in the state become suppressed.
This means that the rise in temperature makes the system
more and more mixed rather than entangled. It is important
to note that the initial negativity, UIN, and LQFI varies in
magnitudes. In comparison, the initial qubit-qutrit correla-
tions remain more resistant to the temperature effects. More
explicitly, the higher values of temperature have negatively

influenced the entanglement and it becomes easily lost at
high-temperature values. On the other hand, the nonlocality is
not completely lost even for the higher values of the temper-
ature. In the case of LQFI, the related final saturation levels
show comparatively the least decay because of the higher
as well as the lower values of temperature. The results for
non-Markovian and Markovian regimes remain in agreement
with those defined in Figs. 4-6 and suggest strong revivals
in the former and monotonic pattern decay in the latter. In
light of the above results, we conclude that characterizing the
Hamiltonian parameters by different features can be usefully
utilized for practical quantum information processing. In addi-
tion, we find the least temperature values more resourceful to
induce maximum qubit-qutrit correlations initially. Not only
this, but the low-temperature values also contribute to longer
quantum correlations preservation in the system. It can be
seen that at low temperatures, the non-Markovian behavior is
more obvious as compared to that at higher values. Therefore,
besides parameter t, the temperature also severally affects
the non-Markovian dynamical maps of quantum correlations.
However, some revivals exist in the Markovian regime, due
to the system-environment coupling. This causes the infor-
mation to exchange between the qubit-qutrit system and the
environment even in the Markovian regime, implying the non-
monotonic oscillatory behavior in negativity, nonlocality, and
quantum Fisher information.

V. FINAL REMARKS

Now we consider comparing the current dynamical maps
of quantum correlations to that observed for different quan-
tum systems studied previously. In Ref. [84], the dynamics
of entanglement and coherence for a system of three qubits,
when coupled to external local fields, have been shown under
the power-law and RT noises with a higher non-Markovian
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FIG. 7. Upper panels: The dynamics of quantum correlations versus ¢ for several values of the temperature at T = 5 when uzB/J = 0.5,
D.,/J =6,b/J =3.5,and A/J = 0.5. Lower panels: Same as upper panels but for r = 0.5.

behavior and preservation capacity as compared to that ob-
served in the current case. Also, in the case of tripartite
maximally entangled state when exposed to the classical field
and mixed RT and static noise, the resultant exchange capac-
ity and preservation intervals witnessed were comparatively
reduced [85]. In the current case, we encountered a smaller
exchange of information in the Markovian regime, which was
completely absent for different quantum systems under the
influence of RT noise in Refs. [38,84,85]. The Markovian
and non-Markovian characteristics in the current case were
exploited by the different aspects of the magnetic field and the
resultant effects were completely changed. For example, in the
non-Markovian regime, when the temperature is raised, the
oscillatory behavior vanishes, whereas, when the Markovian
regime is employed with low temperature, we observed some
revivals in quantum correlations. This means that the Marko-
vian and non-Markovian properties can be exploited and can
be traced back to the similar results obtained in Ref. [86] for
a system of two qubits exposed to mixed dephasing noises.
It is important to note that the current qubit-qutrit system
performed better at showing greater preservation of quantum
correlations as compared to the two-qubit, three-qubit, free,
and bound two-qutrit systems studied in Refs. [38,85-88].

In addition, it is also important to note that the current
results obtained for negativity, UIN, and LQFI are found
matching with other quantum phenomena. For instance, in
Ref. [89], the generation of entropic uncertainty is found
inversely dependent upon the existence of quantum correla-
tions between the subquantum systems of the neutrino-flavor
state. We observed repeated revivals of quantum correlations;
therefore, in agreement with Ref. [89], there is a probability
of generation of quantum memory in the current qubit-qutrit
entangled state also. In Ref. [90], the authors proposed a
trade-off scheme that revealed the complementarity rela-
tion between first-order coherence and intrinsic concurrence.

Hence, providing a theoretical basis for reliable quantum in-
formation processing and preservation resources is valuable.
Compared to the current case, there is a direct relation be-
tween entanglement, nonlocality, and LQFI. Accordingly, it
is also a prospect of the current study to demonstrate the
relations between first-order coherence and intrinsic concur-
rence in the qubit-qutrit systems. Furthermore, we find several
other quantum criteria influencing each other directly or indi-
rectly. These include the relation of coherence with entropic
uncertainty, decoherence effects raised by the rising quantum
memory generation values, and the influence of spin chains
and related field parameters on the generation of quantum
memory in quantum systems [91-93]. In light of these refer-
ences, we find that the currently studied quantum correlations
and related dynamical maps will strengthen bonds with the
emerging values of quantum memory assisted entropic uncer-
tainty and coherence [94,95]. Thereby, we believe that all of
these studies are strong candidates for the future prospects
of the current qubit-qutrit states and might yield interesting
results.

VI. CONCLUSION

Quantum information processing and computing require
longer preservation of the resources like entanglement, nonlo-
cality, and other quantum correlations. This could be done by
investigating different types of external transmitting mediums,
related manipulation, and characterization of the parameters.
In this study, we are motivated to investigate a thermal hybrid
qubit-qutrit mixed entangled state coupled with an external
magnetic field and dephasing RT noise. Using negativity,
uncertainty-induced nonlocality, and local quantum Fisher
information, we analyzed the dynamics and preservation of
quantum correlations. With the optimal values of parameters,
one can design longer preservation as well as the optimal
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dynamical map of quantum correlations in a nonlocal setup.
Therefore, we aim to provide optimal values of the related
parameters to induce higher preservation of quantum correla-
tions and optimal dynamical behavior.

Our findings show that when characterized by RT de-
phasing noise, the characteristic behavior of the external
magnetic field towards the preservation and dynamics of the
qubit-qutrit correlations changes. The characterization of the
applied magnetic field by RT noise enables us to induce easy
non-Markovian or Markovian dynamics, which seem com-
pletely different from conventional magnetic fields and related
effects. Moreover, for certain parameters, for example, at
high values of DM interaction strength, the non-Markovianity
remained the only reason for the entanglement, nonlocality,
and quantum correlation preservation in the state. However,
this non-Markovianity is detected fragile to the temperature
and is suppressed by the related action. Besides this, the
temperature has been recorded to regulate the initial quantum
correlations in the state and the two have been found in an in-
direct relation. In particular, characterizing the magnetic field
by different parameters affects the qubit-qutrit correlations
differently. For instance, the quantum correlations computed
by local quantum Fisher information stand as the most ef-
fective one and showed the least decay when influenced by
DM interaction, magnetic field strength, and temperature. The
entanglement and nonlocality measured by negativity and
uncertainty-induced nonlocality both remained weaker when

exposed to the magnetic field, temperature, and even when
DM interaction comes into interplay. According to our results,
the optimal parameters which can boost the initial quantum
correlations and can preserve them for longer are when the
external magnetic field is characterized by the higher DM
interaction and inhomogeneity strength at low temperatures.
Finally, we found that the current transmitting and preserva-
tion channels, i.e., the magnetic field superimposed with RT
noise, are vital resources for inducing larger quantum cor-
relation preservation. Most importantly, the current coupled
fields have many advantages, which can be used to produce
the optimally required kind of dynamical maps of the quantum
phenomena.

All data generated or analyzed during this study are in-
cluded in this paper.
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GENERAL CONCLUSION AND OUTLOOK

The field of quantum information offers a potential revolution in communication and data
processing with the development of new methods for encoding information in quantum states.
Quantum entanglement is a fundamental and indispensable resource for reliable quantum infor-
mation processing, and understanding its nature and properties is essential for advancing the
field of quantum teleportation. The study of open quantum systems is also crucial for control-
ling and manipulating quantum systems and gaining a deeper understanding of the fundamental
principles of quantum mechanics and the boundary between the classical and quantum worlds.
As technology continues to advance, we can expect to see more applications of quantum in-
formation in various fields, making the quantification, characterization, and measurement of
quantum correlations increasingly important for future research. While focusing on the problem
of transmission and security of quantum information, the present thesis has been structured
around the following axes.

The primary objective of this thesis is to find more reliable and appropriate non-classical
correlation metrics and to understand their behavior in open quantum systems. By achieving
this goal, we can pave the way for the realization of practical quantum protocols in the field of
quantum information science, such as the successful implementation of quantum teleportation.
In this section, we provide a technical summary of the content of the thesis, highlighting the
key findings and insights that have emerged from our research. Additionally, we discuss the
future of this work, outlining potential avenues for further investigation and development.
Finally, we draw general conclusions based on the results we have obtained, summarizing the
key contributions of this thesis to the field of quantum information science. Throughout this
manuscript, we have endeavored to present our work in a concise manner, with a focus on
clarity and accessibility. The thesis is divided into five chapters, each of which builds upon the
previous one to provide a comprehensive and coherent exploration of the topic at hand. The
general introduction sets the stage for the subsequent chapters, providing a clear and concise
overview of the key concepts and ideas that underpin our research.

The first chapter [1] of this thesis provided a comprehensive review of the key introductory
concepts of quantum information theory. We began with an explanation of information from the
physical point of view, exploring the link between randomness and the lack of information. From
there, we delved into the differences between classical and quantum information, providing a
brief overview of the corresponding measurements. To aid in this discussion, we also introduced
the basic mathematical tools used in the description of quantum states, including the density
operator formalism, which is widely useful in both theoretical and experimental levels, the
notion of qubits, quantum measurements, and entropy schemes.

Numerous studies focused on the realization of entanglement in quantum states, and signifi-
cant efforts were dedicated to investigating the dynamics of entanglement, its decoherence, and
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its control in diverse systems. Motivated by this, in our second chapter [2| we delved into the
phenomenon of quantum entanglement. We discussed various separability criteria that allowed
us to qualitatively distinguish quantum entangled states from separable ones, both for pure as
well as mixed states. However, to implement the latest technologies based on the concept of
quantum entanglement, it was crucial to determine the degree of entanglement encoded in a
quantum system. To this end, we delved deeper into different metrics of quantum entangle-
ment in bipartite quantum systems, including concurrence, negativity, logarithmic negativity,
and others, examining their advantages and drawbacks. We demonstrated that selecting the
appropriate measure depends in the first place on the characteristics of the quantum system
under consideration. Moreover, we extended some metrics to multipartite systems, as the latter
is advantageous for developing robust technologies.

However, it was demonstrated that even separable states could play an important role in
the execution of communication and information protocols they perform better than classical
protocols. It was therefore interesting to study the fundamental advantages of quantum cor-
relations beyond entanglement. The third chapter |3| of our study focused on the concept of
quantum discord, a widely accepted measure for quantifying the amount of non-classical cor-
relations in a quantum system. We began by presenting a general procedure for deriving the
amount of quantum discord in two-qubit quantum states and then explored its relationship
between entanglement measures. However, evaluating quantum discord for arbitrary quantum
states is challenging due to the complex optimization procedure involved. To address this, we
introduced geometric quantum discord, a variant of entropic quantum discord that measures
the minimal distance between a quantum state and the closest zero-discord state using the
Hilbert-Schmidt norm and trace norm. Our work provided explicit expressions for the geomet-
ric quantum discord in both two-qubit and qubit-qudit quantum states. We have shown that
the geometric quantum discord is not an appropriate metric of quantumness due to the contrac-
tivity under LOCC maps. In this respect, the optimization problem for conditional entropy,
and consequently for quantum discord, is the reformulation using linear entropy instead of von
Neumann entropy in the classical correlation calculus induced by local measurement. This
process yielded two analytical expressions of quantum discord, one for arbitrary qubit-qubit
states, and the other for bipartite qudit-qubit states. We have also treated another entropic
metric for quantum correlation for a high dimension quantum state known as the measurement
induce disturbance.

Despite considerable efforts devoted to quantifying the amount of quantum correlations
using quantum discord, a direct algorithm for calculating this metric in any given quantum
system remains a challenging task. Motivated by this, we have analytically developed in the
fourth chapter [4] some reliable alternative tools allowing for better detection and quantification
of discord-like correlations. This approach represents an evolutionary step in characterizing
correlations, particularly given the increasing dimension of the Hilbert space as the number
of interacting particles increases. To achieve this, we have derived an explicit formula for the
local quantum uncertainty and the uncertainty-induced non-locality for qubit-qudit systems
using the concept of skew information. We have also extended the definition of local quantum
uncertainty to a multipartite quantum system. Moreover, we have studied another metric of
non-classical correlations using the concept of quantum coherence. Furthermore, we connected
the notion of quantum Fisher information to the analysis of quantum correlations. Specifically,
we investigated the characterization of quantum correlations from the perspective of local Fisher
quantum information, which is a reasonable measure of quantum correlations. This connection
became apparent when we examined the relationship between local quantum Fisher information
and local quantum uncertainty, which are both quantifiers of discord-like quantum correlations
through quantum uncertainty. This insight was particularly valuable for understanding the
role of quantum correlations in determining the high precision of estimated parameters. In the
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second part of this chapter, we delved into the topic of quantum teleportation, starting with an
investigation of the standard protocol. We then explored the use of a maximally mixed state
as a quantum resource to teleport a two-qubit state between two senders, namely Alice and
Bob. Additionally, we studied the standard teleportation protocol using a three-qubit state
as a quantum resource. Throughout our analysis, we examined the credibility of the quantum
teleportation process, mainly by using the concepts of quantum fidelity and average fidelity.

When a quantum system interacts with its surrounding environment, coherence, and quan-
tum characteristics are often destroyed during evolution. However, preserving coherence and
quantum correlations is essential for quantum information processing. Therefore, understand-
ing the mechanism of decoherence is crucial for the development of quantum technologies. To
design robust protocols against the harmful effects of decoherence, it is important to precisely
characterize the noise acting on a quantum system. While the usual approach to studying deco-
herence is to describe the environment as a quantum reservoir, this description may be difficult
or inappropriate in some situations. To address these issues, the fifth chapter [5| of this thesis
provides a comprehensive description of the theory of open quantum systems. Specifically, we
discussed universal dynamical maps and their relationship with the evolution of open quantum
systems. Moreover, we have shown that the dynamics of the reduced system can be obtained
from the Liouville-Von Neumann equation. Additionally, we presented Lindblad’s master equa-
tion, which is derived using the Born-Markov approximations. This master equation is used
to study and control decoherence due to the interaction between a quantum system and its
environment using Markovian approaches and techniques. We also explore the master equation
in the non-Markovian regime and investigate another cause of decoherence that arises from the
system’s dynamics, rather than its surrounding environment, using the Milburn scheme. By
providing a more nuanced understanding of decoherence and its effects on quantum systems,
this chapter contributes to the development of more robust and efficient quantum technologies.

In the sixth chapter [f, we have inserted our contributions dedicated to these different
significant axes.

e The first contribution [1| of our study focused on optimizing the entropic quantum discord
by proposing a reliable approach for computing this metric in an arbitrary qudit-qubit
quantum system. This approach involves using linear entropy instead of von Neumann
entropy to maximize the classical correlations. To demonstrate the usefulness of this
approach, we applied it to a qutrit-qubit system experiencing global classical dephasing
environmental noise under the Markovian regime. In order to obtain the time-dependent
density matrix, we used the master equation approach via the Born-Markov approxima-
tions. Our studies mainly centered on a particular initial qutrit-qubit state in thermal
equilibrium at a temperature. We compared the obtained quantum discord (QD) with
measurement-induced disturbance (MID) and logarithmic negativity (LN). Our findings
revealed that both functions, namely QD and MID, are more robust than entanglement
(LN) against the decoherence effect. Additionally, the dynamics of QD exhibited an
intriguing behavior known as the freezing phenomenon, confirming that QD is an ap-
propriate metric of non-classical correlation for implementing robust quantum protocols
based on the notion of quantum correlations.

e The second contribution [2|is devoted to understanding the relationship between quantum
correlation and quantum coherence in quantum systems. In particular, we investigated
the evolution of quantum coherence captured via the [;-norm coherence, quantum correla-
tions based on the local quantum uncertainty and entanglement in terms of concurrence
in a pairwise quantum state under thermal conditions. This thermal state is used as
a quantum resource to implement quantum teleportation using the standard protocol.
Our study examined the effects of various parameters encoded in the quantum system
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to enhance both thermal quantum correlations and average fidelity. Our findings demon-
strated that quantum coherence is a more efficient metric than concurrence and local
quantum uncertainty for detecting the quantumness of the thermal state. Furthermore,
by adjusting the anisotropy parameter’s strength, we achieved significant enhancements
in entanglement, local quantum uncertainty, and coherence. Notably, we observed that
within a specific interval of assumed exchange anisotropy, the average fidelity significantly
improved. These findings suggest that quantum coherence is an essential aspect of quan-
tum correlation and that it can be used to enhance the performance of quantum protocols
such as quantum teleportation.

Our third contribution 3| presented a comparative study of non-classical correlation met-
rics, namely the notion of local quantum uncertainty and entanglement in terms of neg-
ativity, in a the tripartite magnetic CuéI complex system. Our study reveals that both
metrics are significantly influenced by the intrinsic parameters, namely the exchange
anisotropy and cyclic three-spin interaction parameters, as well as extrinsic parameters
such as temperature and magnetic field. Besides, the three-qubit local quantum un-
certainty is a good estimator of quantum correlations in this thermal state. We have
applied this model to quantum metrology to assess the sensitivity of the proposed tri-
partite system with respect to changes in various parameters contained in the tripartite
model. Our results reveal that it is possible to estimate successfully the temperature
and external magnetic field parameters encoded in the mentioned with robust estimation
for some specific intervals. Moreover, the relationship between the estimation precisions
and the non-classical correlations has been established. Moreover, a scheme of quantum
teleportation process by using the tripartite state as a quantum channel is also suggested.
Our results showed that, for sufficiently low temperatures and a specific value of the
magnetic field and cyclic three-spin interaction, the average fidelity of the corresponding
teleportation is greater than 2/3, indicating successful teleportation.

Our fourth contribution {] involves analyzing the behavior of several discord-like metrics
of quantum correlations, namely local quantum uncertainty (LQU) and local Fisher infor-
mation (LQFI), and entanglement in terms of concurrence in a Heisenberg XXZ spin-1/2
chain that is affected by intrinsic decoherence. The dynamics are controlled via the Mil-
burn equation. We have studied the behaviors of those metrics for three particular initial
states. We investigated the delicate connection between local quantum uncertainty, local
quantum Fisher information, and concurrence. We have shown that the generation and
robustness of quantum correlations depend on both physical parameters contained in the
system and initial states. Our research uncovers that LQU and LQFT are more resistant
to intrinsic decoherence and differ from entanglement in terms of information processing.
Additionally, we explore the potential for teleportation within this model, as the various
parameters of the two-qubit Heisenberg XXZ model serve as effective control parameters
for quantum communications.

The fifth contribution 5| focused on exploring the dynamics of quantum correlations in a
hybrid qubit-qutrit thermal state. We used the negativity, uncertainty-induced nonlocal-
ity, and local quantum Fisher information to investigate the system’s behavior under dif-
ferent conditions. Specifically, we established a connection between uncertainty-induced
nonlocality and local quantum Fisher information and examine the impact of magnetic
field and random telegraph noise on the qubit-qutrit correlations. We also considered
various system parameters to ensure that the correlations are preserved for longer peri-
ods. Our results showed that temperature inversely affects the initial values of negativity,
uncertainty-induced nonlocality, and local quantum Fisher information. We observed
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that entanglement, nonlocality, and Fisher information display distinct dynamics when
the magnetic field is characterized by different features. Furthermore, we found that the
qubit-qutrit correlations undergo repeated revivals when the configuration is restricted to
the non-Markovian regime. However, when the coupled field is in the Markovian regime,
we observe an exponential drop with a single minimum.

Overall, we believe that this thesis represents a significant contribution to the field of quan-
tum information science, and we look forward to seeing how our findings and insights will be
applied in future research and practical applications. Moving forward, we believe that there
are several key areas where future research can build on this work and further advance our
understanding of quantum systems. One important area of focus will be further developing
and exploring more suitable metrics for capturing the amount of non-classical correlations in
higher dimensions quantum systems. This is important because quantum systems with more
dimensions are necessary for achieving robust quantum protocols. For example, in quantum
communication, higher dimensional systems can increase the amount of information that can be
transmitted securely. Furthermore, our future research will focus on understanding the role of
quantum correlations under destructive effects, such as decoherence in different environments
and temperatures. Specifically, we are interested in exploring the use of more sophisticated
quantum systems, such as Heisenberg models and quantum dots, in order to preserve and
maintain quantum correlations over longer periods. We aim to gain a deeper understanding
of the mechanisms that drive quantum correlations in these systems, and how they can be
leveraged to develop more robust and efficient quantum protocols.
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Résumé

Le domaine multidisciplinaire de I'informatique quantique et du traitement de I'information vise
a comprendre comment I'information peut étre traitée selon les lois de la physique quantique.
Des ressources non classiques telles que l'intrication, la corrélation quantique et la cohérence
sont utilisées dans le calcul, ce qui rend les protocoles d'informatique quantique supérieurs a
Iinformatique classique traditionnelle. Cependant, des defis subsistent pour améliorer
I'efficacité et vaincre les échecs associés a la technologie quantique. Ainsi, I'exploitation de ces
ressources dans les systémes quantiques composites est cruciale pour optimiser et assurer la
transmission sécurisée ainsi que la préservation de I'information quantique. Cette thése propose
une étude approfondie sur la théorie des ressources quantiques des corrélations quantiques, y
compris le concept d'intrication et les corrélations non classiques au-dela de l'intrication. Il
présente divers outils théoriques de quantification de ces ressources et explore les relations
intrinséques entre elles. Une application directe de ces ressources, a savoir la mise en ceuvre
des protocoles de téléportation quantique est également évoquée. La thése comprend également
des contributions a la dynamique exacte de ces ressources quantiques dans différents modéles
de systémes quantiques ouverts et des stratégies pour éliminer les effets de décohérence et
préserver les corrélations quantiques pour améliorer I'information quantique et les protocoles
informatiques.

Mots-clefs: Intrication quantique, corrélation quantique, cohérence quantique, information de
Fisher quantique, téléportation quantique, systemes quantiques ouverts.

Abstract

The multidisciplinary field of quantum computing and information processing aims to
understand how information can be processed according to the laws of quantum physics. Non-
classical resources such as entanglement, quantum correlation, and coherence are used in
computation, making quantum computing protocols superior to traditional classical computing.
However, challenges remain in improving the efficiency and overcoming failures associated
with quantum technology. Thus, exploiting these resources in composite quantum systems is
crucial to optimize and ensure the secure transmission as well as preservation of quantum
information. This thesis proposes a deeper investigation into the quantum resource theory of
quantum correlations, including the concept of entanglement and non-classical correlations
beyond entanglement. It presents various theoretical tools for quantifying these resources and
explores the intrinsic relationships between them. A direct application of these resources,
namely the implementation of quantum teleportation protocols is also discussed. The thesis also
includes contributions to the exact dynamics of these quantum resources in different models of
open quantum systems and strategies to eliminate decoherence effects and preserve quantum
correlations to improve quantum information and computing protocols.

Key Words: Quantum entanglement, quantum correlation, quantum uncertainty, quantum
coherence, quantum Fisher information, quantum teleportation, open quantum systems.
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