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Résumé 

 

Cette thèse est basée sur la correspondance reliant les modèles intégrables 

en deux dimensions à la théorie de jauge de Chern-Simons à quatre dimensions. 

En se concentrant sur les systèmes de chaînes de spin, on montre que leurs 

solutions caractéristiques peuvent être réalisées dans le cadre de la théorie de 

jauge duale en termes de croisement de défauts linéaires en 4D. En particulier, 

les opérateurs de Lax sont calculés à partir du comportement des faisceaux de 

champs de Jauge, et comparés aux résultats connus des chaînes de spin de types 

𝐴𝑛, 𝐵𝑛, 𝐶𝑛 et 𝐷𝑛. 

En profitant de la puissance de cette correspondance, on génère aussi des 

solutions concernant les chaînes de spin ayant des symétries de Lie 

exceptionnelles 𝑒6 et 𝑒7. Pour l’ensemble de ces opérateurs de Lax oscillatoires 

de la liste ABCDE, on associe des diagrammes de Quiver topologiques permettant 

d'interpréter le comportement intrinsèque des états quantiques. 

Ensuite, on étend la correspondance pour les super-symétries de Jauge, et on 

élabore une formule de super opérateurs de Lax, qui nous permet de dériver des 

nouvelles solutions pour les chaînes de superspin ayant les symétries internes 

A(m|n), B(m|n), C(n) et D(m|n). 

On finit par réaliser la chaîne de superspin en termes de branes dans les 

cordes de type IIA et la théorie-M en se concentrant sur la symétrie sl(m|n). Ceci 

motive un super analogue de la correspondance Algèbre/ Homologie où on étend 

les géométries Du val pour la super singularité. 
 

Mots-clefs : Chaines de spin, Opérateur de Lax, Théorie de Chern-Simons, Défauts 

topologiques linéaires, Théorie des cordes. 
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Abstract  

 

This thesis is based on the correspondence linking two-dimensional integrable 

models to four-dimensional Chern Simons gauge theory. By focusing on the spin 

chain, we show that their characterizing solutions can be realized in the 

framework of a dual gauge theory in terms of line defects crossing in 4D. In 

particular, Lax operators are calculated from the behavior of gauge field bundles, 

and compared with known results for spin chains of types 𝐴𝑛, 𝐵𝑛, 𝐶𝑛 and 𝐷𝑛. 

By taking advantage of the power of this correspondence, we also generate 

solutions for spin chains with exceptional Lie symmetries 𝑒6 and 𝑒7. For this set 

of oscillator Lax operators in the ABCDE list, we associate topological Quiver 

diagrams allowing to interpret the intrinsic behavior of quantum states. 

After that, we extend the correspondence for Gauge super symmetries, and 

work out a formula of super Lax operators, that allow us to derive new solutions 

for superspin chains with internal symmetries described by A(m|n), B(m|n), C(n) 

and D(m|n). 

We end up by realizing the superspin chain in terms of branes in Type IIA 

strings and M-theory by focusing on the sl(m|n) symmetry. This motivates a super 

analog of the Algebra/ Homology correspondence where we extend Du val 

geometries to super singularity. 
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CHAPTER 1

INTRODUCTION

Integrability and gauge theories represent two distinct areas of modern physics, with major
success in both experiment and theory. The ability to bridge their mathematical formula-
tions represents a meaningful and exciting step towards the uni�cation of the di�erent, yet
equivalent descriptions of the physical reality. The fascinating discovery of the appearance of
two-dimensional integrable lattice models in the framework of four-dimensional Chern-Simons
gauge theory [1]- [3], which can be termed as the Integrability/ 4D CS Correspondence, lead
to promising �ndings and a better understanding of both sides of the correspondence [4]- [10],
and opened the door for a larger network of dualities with connections to other theories living
on di�erent dimensions, especially supersymmetric quiver gauge and string theories [11]- [27].

On one side, a quantum gauge �eld theory consists of gauge connections and vector bundles
constrained by the non-redundancy (or locality) in space-time, which results in a symmetry-rich
con�guration allowing to model elementary particles as well as their interactions in terms of
�elds equations. The gauge theory we are interested in here is given by a four-dimensional Chern
Simons originally formulated by Costello as a deformation of the well-known three-dimensional
Chern-Simons theory [28],[29]. This special four-dimensional formulation is characterized by a
mixed topological-holomorphic nature; it is de�ned on the product of a two dimensional real
manifold interpreted as space-time, and a one-dimensional complex manifold representing the
spectral parameter.

On the other side, an integrable model is a system of particles or atoms, that is exactly solv-
able on a non-perturbative level thanks to an in�nite number of non trivial conserved quantities.
A simple way to put it is that an integrable model is a "nice" or "ordered" system in space-time
that enjoys rich symmetries and o�ers enough information allowing to comprehend its evolution
throughout time, and generate explicit solutions describing its dynamics [30]-[40]. Examples of
integrable systems include the famous Heisenberg spin chain, the eight-vertex model and multi-
dimensional harmonic oscillators. The interesting broad of the experimental manifestations of
these systems comprehends many problems of condensed matter physics such as ice, ferromag-
netic solids... etc [41]. An important fraction of these models are theoretically represented by
two-dimensional lattices in space-time, with lines standing for particles' worldlines [42]-[47]. In
this picture, the crossing of two lines describes the scattering of the two particles, yielding the
R-matrix. This quantity plays the role of the main macroscopic observable appearing in the
Yang Baxter equation of integrability; it characterizes these integrable models and classi�es
them into sub-families corresponding to rational, elliptic and trigonometric types of solutions.

For integrable spin chain systems, consisting of nodes (particles) aligned following one di-
rection and carrying spin states, the analog of the R-matrix is given by the Lax operator, the
main ingredient of the present study. This quantity can be de�ned at each node of the chain
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as a solution to the RLL equation equivalent to the Yang Baxter. In practice, it is used as a
building block for the construction of the transfer matrix and therefore the family of commut-
ing operators that allow to diagonalize the Hamiltonian and solve the system on quantum level
[48]- [84]. The mathematical hunt for these solutions has entailed tremendous e�orts since the
60s for the various sppin chain systems with various internal symmetries. Even lattice models
that aren't yet experimentally realizable, such as superspin chains with Z2 graded spin values,
are extensively studied in theoretical high energy physics [85],[86]. The �rst reason for this in-
terest is their surprising appearance in the framework of other �eld theories such as the weekly
coupled N=4 Yang-Mills where they can be used to provide scattering amplitudes [87]-[98]; or
the AdS/CFT in string theory where essential non-perturbative calculations allow to verify the
duality on �rst order [99], as well as other applications [100]-[113]. The second reason is simply
why not? Since they provide a rich and elegant mathematical underlying structure that can be
used as an elementary pilar for the understanding of more complicated (non integrable) physical
problems, they represent a promising research direction and continue on yielding connections
with other study areas.

In the integrability literature, these solvable systems are approached by means of algebraic
techniques like the Bethe ansatz and the Quantum Inverse Scattering Method where solutions
such as the R-matrix or the Lax operator are realized as representations of Yangian algebras.
These large extended symmetries are given by deformations of Lie algebras where the role of
the deformation parameter is played by the spectral parameter z. However, these "traditional"
techniques can be cumbersome and limited for some symmetries due to the complexity of their
algebraic structures and the non existence of a Yangian uplifting for some representations of Lie
algebras. This becomes even more intricate for Lie superalgebras where calculations of explicit
solutions were only possible for linear superspin chains. To overcome this shortage and classify
more exactly solvable models, research is directed towards new mathematical techniques and
even new rationales.

In the present study, we take advantage of a recently discovered correspondence unveil-
ing that integrable two-dimensional lattice systems are linked to, or come from, a higher-
dimensional Chern-Simons gauge theory in 4D. The latter (4D CS theory) is de�ned on the
product of a real plane Σ and a holomorphic curve C, by the �eld action [1]

S4DCS =

∫
Σ×C

dz ∧ tr(A ∧ dA+
2

3
A ∧A ∧A) (1.1)

and carries a complexi�ed gauge symmetry G. This special topological-holomorphic theory
provides a shortcut towards the investigation of lowed- dimensional integrable systems. By
endowing it with crossing line defects that appear as curves in Σ, and points in C, one can
build the two-dimensional lattice model in Σ, and compute integrability solutions and important
quantities of without recourse to the conventional integrability literature methods [114]-[121].

The leading successful prove to this duality was the recovery of the scattering R-matrix by
Feynmann diagrams calculations of the crossing of two Wilson lines in the 4D CS. These line
defects are characterized by electrical charges given by highest weights of G, such that their
associated curves in Σ carry internal quantum states valued in a representation of g (the Lie
algebra of G), and therefore are assimilated to worldlines of electrically charged particles. More
astonishingly, the additional complex dimension C plays a crucial role in this interpretation.
The positions of line defects in the complex C correspond to the spectral parameters zi appear-
ing in the of Yangian representations realizations of the Yang Baxter equation, and the latter
is directly veri�ed by the line defects construction thanks to the di�eomorphism invariance in
the four-dimensional space.

In the same spirit, the integrable XXX spin chain which we are interested in here, can be
realized in the dual 4D CS with symmetry G, by a set of parallel Wilson lines placed at the chain
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sites and carrying degrees of freedom of identical particles with spins in a representation of g.
The magnetic interaction between these spins is modelled by a 't Hooft line defect characterized
by a magnetic charge equivalent to a coweight µ of G, and perpendicularly crossing the Wilson
lines [123],[124]. This image yields a Lax operator solving the RLL equation at each node
of the chain as the crossing of a Wilson line with the 't Hooft line. Using this gauge �elds
construction, the oscillator realization of the Lax operator can be obtained by simply identifying
the dispersion of gauge �eld bundles due to the presence of the singular magnetic 't Hooft line,
to the decomposition of elements of the Lie algebra g due to the action of the magnetic coweight
µ. This idea was behind the factorized Lax operator formula Lµ (z) = eXzµeY given in [123] for
any gauge group G. The µ represents the adjoint action of a minuscule coweight, and X and
Y are determined from the Levi decomposition of g with respect to µ. This general expression
was proven by building explicit oscillator realizations of RLL solutions for slN and so2N -type
spin chains, in agreement with literature results.

In this thesis work, we study integrable XXX spin chain systems characterized by RLL
equations, and realized by means of line defects in dual 4D Chern-Simons gauge theories in
order to:

• Recover the list of oscillator Lax operators for spin chains with An, Bn, Cn and Dn bosonic
symmetries and compare them to results of the spin chain literature to further reinforce the
correspondence.

• Construct novel solutions concerning spin chains with exceptional e6 and e7 symmetries
to enrich the spin chain literature by using the correspondence.

• Give an interpretation of the internal transport of quantum data of the Lax operators
calculated in 4D CS in terms of gauge quiver diagrams and topological matter.

• Extend the correspondence in order to realize superspin chains in dual 4D CS theories
with super gauge symmetries.

• Build explicit super Lax operators as solutions for superspin chains with linear as well as
ortho-symplectic internal symmetries.

These results are presented in the present thesis after the �rst introduction chapter, and the
second literature review chapter introducing spin chains as integrable lattice systems, the 4D
Chern-Simons gauge theory and its line defects, as well as the correspondence linking these two
theories. The third chapter is then dedicated to the investigation of bosonic spin chains with
symmetries An, Bn, Cn, Dn, E6 and E7 respectively. For each of these integrable systems, we
yield the oscillator realizations of Lax operators associated to minuscule coweights, and then
the associated Quiver diagrams. In the fourth chapter we treat superspin chains in dual 4D CS
theories; we explicitly compute super Lax matrices corresponding to the basic Lie superalgebras
A(m|n), B(m|n), C(n) and D(m|n). The �fth chapter takes a slightly di�erent direction from
the others, its main objective is focused on:

• Embedding superspin chains in superstring theory as a �rst step towards the realization
and veri�cation of the correspondence in a higher dimensional unifying viewpoint.

In that chapter, we closely analyse the degrees of freedom and symmetries of the sl(m|n)
superspin chain to motivate its realization in terms of branes in Type IIA Strings and M-theory.
We also motivate a super analog of complex manifolds with ADE singularities to justify brane
compacti�cations. We end by a conclusion chapter where we recall main results, give others,
and discuss possible extensions of this work.

Finally, notice that the present thesis is based on the following papers list:

� Y. Boujakhrout, E.H Saidi, R. Ahl Laamara, L.B Drissi, 't Hooft lines of ADE-type and
Topological Quivers, DOI : 10.21468/SciPostPhys.15.3.078, arXiv:2303.13879 [hep-th].

� Y. Boujakhrout, E.H Saidi, R. Ahl Laamara, L.B Drissi, Embedding Integrable Superspin
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Chain in String Theory, DOI: 10.1016/j.nuclphysb.2023.116156, arXiv:2304.03152v1 [hep-
th].

� Y. Boujakhrout, E.H Saidi, R. Ahl Laamara, L.B Drissi, Lax Operator and superspin
chains from 4D CS gauge theory, J.Phys.A 55 (2022) 41, 415402, DOI: 10.1088/1751-
8121/ac9355, arXiv:2209.07117 [hep-th].

� Y. Boujakhrout, E.H Saidi, Minuscule ABCDE Lax Operators from 4D Chern-Simons
Theory, Nucl.Phys.B 981 (2022) 115859, DOI: 10.1016/j.nuclphysb.2022.115859, arXiv:2207.14777
[hep-th].

� Y. Boujakhrout, E.H Saidi, On Exceptional 't Hooft Lines in 4D-Chern-Simons Theory,
Nucl.Phys.B 980 (2022) 115795, DOI: 10.1016/j.nuclphysb.2022.115795, arXiv:2204.12424
[hep-th].

� Y. Boujakhrout, E.H Saidi, R. Ahl Laamara, L.B Drissi, Superspin Chains Solutions from
4D Chern Simons Theory, arXiv:2209.07117 [hep-th].

4



CHAPTER 2

INTEGRABILITY IN 4D CHERN-SIMONS

THEORY

This chapter is dedicated to a background review where we give a very brief introduction to
the basic notions of this study, in particular the Integrability/ 4D CS correspondence and its
results which we'll build on in the next chapters. We begin by de�ning ingredients of the two-
dimensional integrable lattice systems, by focusing on spin chains and the Lax operator. Then,
we recall the mathematical formulation of the four-dimensional Chern-Simons gauge theory,
and the interpretation of its main line defects and their crossings, in order to set the connection
between the two sides of the correspondence.

2.1 Introduction to Integrability

Classically, a system is said to be integrable if it possesses a number of conserved quantities
(motion integrables) at least equal to the number of its degrees of freedom; thus allowing for its
complete solvability [125]-[129]. Quantum mechanically, the integrability of a physical system
is translated by the ability to explicitly determine the hamiltonian eigenvalues [130]-[135]. This
can be achieved by means of di�erent mathematical approaches such as the Algebraic Bethe
Ansatz (ABA) [136]-[144], or the Quantum Inverse Scattering Method (QISM) [145]-[159]. The
latter represents the main method used for the study of lattice models that we will focus on here.
We will begin here by brie�y recalling the rationale behind the Quantum Inverse Scattering
Method. Then, we focus our attention on integrable spin chains as one-dimensional lattice
models, where we represent their basic solving steps that will be relevant for the dual gauge
theory construction.

2.1.1 Quantum Inverse Scattering Method

As the name indicates, the Quantum Inverse Scattering Method investigates the solvability of a
system based on the dynamics of the system particles' scattering. The main observable for this
approach is the R-matrix which describes the scattering of two particles P1 and P2 modeled
as one-dimensional quantum systems [160],[161]. This matrix acts on the tensor product of the
two vector spaces V1, V2 carrying the quantum states of the incoming particles, and maps it
onto itself

R12(z1 − z2) : V1 ⊗ V2 → V1 ⊗ V2 (2.1)
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This is a function of the di�erence z1 − z2 of the complex spectral parameters interpreted in
terms of rapidities of the particles. It is graphically sketched as a vertex of two intersecting
straight lines representing two worldlines of P1 and P2 in space-time (Figure 2.1).

𝑅12 =
𝑧1

𝑧2

Figure 2.1: Graphical representation of the scattering R-matrix as a two-lines vertex.

The idea behind the QISM is that for an integrable quantum system, every multi-particles
scattering process can be factorized into "two to two" scatterings such that their ordering
doesn't matter. In general, this can be reproduced from the following three particles crossing
image, where the particles P1 and P2 can intersect with each other before or after intersecting
with the third P3, See Figure 2.2.

𝑧3

𝑧1

𝑧2

𝑧1

𝑧3

𝑧2

Figure 2.2: Graphical representation of the Yang Baxter equation in 2D space-time. Time is
given by the vertical direction.

Mathematically, this is translated by the famous Yang Baxter Equation including three
R-matrices

R12(z1 − z2)R13(z1 − z3)R23(z2 − z3) = R23(z2 − z3)R13(z1 − z3)R12(z1 − z2) (2.2)

where the matrix Rij with i, j = 1, 2, 3 acts on the spaces tensor Vi⊗Vj ⊗Vk with trivial action
on Vk like

Rij(zi − zj) = Rij ⊗ I (2.3)

The Yang Baxter equation (2.2) represents a powerful su�cient integrability condition cos-
training two-dimensional quantum �eld theories [162],[163]. It was proven to admit three types
of solutions, refered to as the rational, elliptic and trigonometric R-matrices [164]-[171]. In
general, solutions to the Yang Baxter are determined up to an overall factor of z, which is �xed
by means of the unitarity condition

R12(z1 − z2)R13(z1 − z3) = I (2.4)

The simplest solution is written for two particles with identical internal vector spaces of dimen-
sion n

Vi = Vj = Cn (2.5)
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in terms of their spectral parameters di�erence z = zi − zj as

R(z) = z + P (2.6)

The permutation tensor P is given by an n2 × n2 matrix acting on the product of vectors
vi ⊗ vj ∈ Cn ⊗ Cn like

P (vi ⊗ vj) = vj ⊗ vi (2.7)

2.1.2 Spin Chains and the Lax operator

In the present study, we are mainly interested in integrable rational XXX spin chain systems.
These can be thought of as a simple one-dimensional lattice since they are formed by a set
of identical particles aligned following one direction [172]-[186]. These particles sit on equally
distanced nodes of the chain and carry spins valued in a representation R of a lie algebra g
which de�nes the internal symmetry of the spin chain; we say that the spin chain is of type
g. Superspin chains that will be treated later on, are constructed in the same way, such that
their internal symmetries are given by Lie superalgebras. The simplest and most studied model
corresponds to the Heisenberg chain with magnetic spins 1

2
(sl2 internal symmetry). It is de�ned

by the nearest neighbor interactions Hamiltonian [187]

HHeisenberg = J
L∑
i=1

(
S⃗iS⃗i+1

)
(2.8)

where S⃗i =
1
2
σ⃗i and σ⃗i being the Pauli matrix at node i of the chain. Such spin chain with

L nodes is said to be of length L; it can be either open, or closed with boundary condition
reading as

S⃗L+1 = S⃗1 (2.9)

Since each of the L particles has an internal vector space Vi equal for the case of internal
symmetry sl2 to C2, the total Hilbert space of the system on which the Hamiltonian acts is
given by the tensor product

(C2)⊗L (2.10)

Unlike other lattice models , particles of a spin chain system do not scatter since they are
placed on chain nodes. However, the nearest spins interactions create a magnetic �eld along
all the chain. This is theoretically modeled as a �ctional magnetically charged particle, which
carries an unconstrained auxiliary space A, in contrast to vector spaces carried by the spins.
The analog of the scattering R-matrix in this model is given by the Lax operator which appears
at each node and acts on the vector space of that node

Li : Vi → Vi (2.11)

with operational entries acting on A. This special R-matrix can be interpreted as describing
the coupling of an electrically charged particle with the total magnetic �eld. By taking one
of the three spaces in 2.2 as arbitrary, say V3, the Yang Baxter equation turns into the RLL
equation, which de�nes the integrability of a spin chain system

R12(z1 − z2)L13(z1)L23(z2) = L23(z2)L13(z1)R12(z1 − z2) (2.12)

This relation is de�ned on V1 ⊗V2 ⊗A and uniquely de�nes the Lax matrix as a characterizing
solution of the integrable spin chain. This operator serves as a building block of the monodromy
matrix transporting information (the auxiliary magnetic space) along all the chain [188]. We
write

M(z) = L1(z − z1)L2(z − z2)...LL(z − zL) (2.13)
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where the product is ordered following the L nodes of the chain. For a closed spin chain with
boundary conditions, we obtain the transfer matrix by tracing out the auxiliary space aux = A
[189]-[192]

T (z) = trauxM(z) (2.14)

Following from the RLL relations satis�ed by the Lax operators, the transfer (or equivalently
the monodromy) matrix obeys the RTT equation

R12(z1 − z2)T13(z1)T23(z2) = T23(z2)T13(z1)R12(z1 − z2) (2.15)

meaning that for di�erent spectral parameters z1 and z2, one has a family of commuting oper-
ators

[T (z1), T (z2)] = 0 (2.16)

These commuting operators provide the key for the system solving; they are used to simul-
taneously diagonalize the Hamiltonian matrix using Bethe ansatz methods and generate its
eigenvalues [193]-[196].

2.2 Four dimensional Chern-Simons and line defects

In the gauge side of the Integrability/ Gauge correspondence we are employing here, we have a
particular four-dimensional Chern-Simons gauge �eld theory. It was �rst introduced by Costello
in [28], and further elaborated by establishing its line and surface defects in [1]-[3] and [123]. We
brie�y present in this section the main elements and observables of motion of this gauge theory
that allow for the realization of degrees of freedom of lower-dimensional integrable models. We
focus on the construction of the Wilson line and the 't Hooft line defects since they will play a
major role in calculating the R-matrix and Lax operator.

To begin, the 4D Chern-Simons theory lives on the four-dimensional manifold M 4 which is
given by the product of a topological real plane Σ and a holomorphic curve C

M 4 = Σ× C (2.17)

In general, we can consider Σ = R2 parameterised by the real (x, y), and the complex C, that we
will mainly take as C, parameterized by a complex parameter z. The 4D CS (four-dimensional
Chern-Simons) is de�ned on M 4 by the �eld action

S4DCS =

∫
M4

dz ∧ A ∧ dA+
2

3
A ∧A ∧A (2.18)

where the 1-form gauge potential A is invariant by the gauge symmetry G that should be
complex; it expands in terms of generators ta of the complex Lie algebra g of G as

A = taAa (2.19)

with the gauge connection Aa expanding in the four-dimensional space as

Aa = dxAa
x + dyAa

y + dz̄Aa
z̄ (2.20)

This is a partial one-form connection because its lacks the contribution of the component dzAa
z

as justi�ed in [1]. The dynamics of this theory are described by the equation of motion such
that the gauge curvature vanishes in absence of external sources

F2 = dA+A ∧A = 0 (2.21)

This ground state is deformed by implementing the line or surface defects, which are the only
observables that can be de�ned on this topological- holomorphic theory. We will introduce here
below two types of line defects that allow to de�ne electric and magnetic charges in the 4D CS.
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2.2.1 Wilson line and the R-matrix

The Wilson line defect is an electrically charged line operator on which travel gauge �eld vectors
A in a representation R of g. It is sketched in four dimensions as a curve ξz expanding in the
topological plan R2 and sitting in a position z of the complex C. Its associated observable is
denoted as WR

ξz
, and is given by the trace over a representation R of g of the exponential of

the gauge transport along ξz

WR
ξz = TrR

[
P exp

(∫
ξz

A
)]

(2.22)

with P expressing the ordering operator. Notice that each Wilson line is labeled by a repre-
sentation R, or equivalently its highest weight state λR which describes the vector electrical
charge. This allows to interpret the WR

ξz
as an electrically charges particle such that :

• The curve ξz represents the worldline of the particle in space-time.
• The internal quantum states of the particle are valued in the representation R acting as a
vector space V .
• The position in C describes the spectral parameter z, interpreted in terms of the rapidity of
the particle.

As a result of this interpretation, the R-matrix measuring the amplitude of the scattering
of two particles with vector spaces V = R and V ′ = R′ and spectral parameters z and z′ is
realized in the dual 4D Chern-Simons gauge theory as the crossing of two Wilson lines WR

ξz
and

WR′

ξ′
z′
. This crossing is depicted in the two-dimensional R2 in Figure 2.3.

𝜉𝑧
𝐑

𝐑′

𝜉𝑧′

Figure 2.3: Graphical representation of the R-matrix in terms of Wilson lines crossing in the
four-dimensional Chern-Simons.

Notice however that these lines do not actually intersect in four dimensions, since they
sit in di�erent positions z and z′ in the complex dimension, which provides the theory with a
di�eomorphism invariance. In fact, having a set of line defects with distinct spectral parameters,
one can freely move one line past other lines or their crossing without discontinuity. This
property leads to the veri�cation of the Yang Baxter equation 2.2 of integrability on the graphic
level, which is given by the Wilson lines image in Figure 2.4.

Hence, integrable 2D quantum lattice models can be realized in terms of crossing line defects
in the four-dimensional Chern-Simons theory. In this context, the Yang Baxter solutions can
be easily generated by Feynman diagrams calculations of the vertices amplitudes. This was
demonstrated in [1, 2] by recovering the �rst order expansions of the three known solutions of
the Yang Baxter equation: the rational, elliptic and trigonometric R-matrices which correspond
to the three possible choices of the complex space C. Here, we consider the case C = C which
yields integrable systems of rational type.
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𝜉𝑧1

𝜉𝑧2

𝜉𝑧3

𝜉𝑧2

𝜉𝑧1

𝜉𝑧3

𝐑𝟏

𝐑𝟑

𝐑𝟐 𝐑𝟐

𝐑𝟑

𝐑𝟏

Figure 2.4: Graphical representation of the Yang Baxter equation veri�ed by means of Wilson
lines in the 4D CS.

2.2.2 't Hooft line and the Lax operator

The analog of a magnetically charged hypothetic particle, or a Dirac monopole, is given in the
framework of the four-dimensional Chern Simons by the 't Hooft line operator. Similarly to a
Wilson line, this line defect tHλ̃

γz is also implemented as a curve γz ∈ R2 and a point z ∈ C.
However, it is particular in the sense that it's a disorder operator. It carries a magnetic charge
which is given by a coweight λ̃ of he gauge group G; and when implemented into the theory,
it creates a Dirac-like singularity in the neighbouring gauge �eld con�guration. Thus 't Hooft
lines do not carry gauge �elds travelling along them, they are mathematically de�ned by the
measure of the parallel transport of gauge bundles past them, i.e. perpendicularly to γz) :

L[λ̃] (z) = P exp

(∫
⊥γz

A[λ̃]
)

(2.23)

In order to exploit this expression, we consider in what follows the particular 't Hooft line
tHλ̃=µ

γ0
. This line it is placed on the curve γ0 = {y = 0, z = 0} dividing the real plane into two

patches
R2 = R2

y≤0 ∪ R2
y≥0 , γ0 = R2

y≤0 ∩ R2
y≥0 (2.24)

Therefore, the transport (2.23) is measured perpendicularly to γ0 from R2
y≤0 to R2

y≥0

L[λ̃] (z) = P exp

(∫
y

dyA[λ̃]
y

)
(2.25)

Moreover, the magnetic charge of tHλ̃=µ
γ0

is given by a minuscule coweight µ of G. Such coweight
acts on elements of the Lie algebra g by only three eigenvalues 0,±1 [197], and therefore divides
g into three subspaces. This is referred to as the Levi decomposition of g with respect to µ
which reads as

g = n− ⊕ lµ ⊕ n+ (2.26)

The lµ is called the Levi subalegbra of g and contains elements with vanishing charge with
respect to µ, and n± are nilpotent subspaces carrying charges ±1 of µ. This algebra splitting
plays a very important role in the evaluation of the L-operator (2.23) valuation. In [123], the
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gauge �eld bundles dispersed into regions R2
y≤0 and R2

y≥0 due to the 't Hooft singularity were
identi�ed with the nilpotent subspaces n− and n+ of (2.26); while the local Dirac singularity
(at the 't hooft line) acting as an isomorphism between the two bundles was associated to lµ.
For visualization, the gauge con�guration A[µ] can be written as

A[µ] ∼ An− +Alµ +An+ (2.27)

and the L-operator takes the factorized form

L[µ] (z) = g1z
µg2 (2.28)

The g1 (z) and g2 (z) are gauge transformations with values in en+ and en− , and the zµ ∈ elµ

is given by the operator exp(log(z)µ) where µ is the adjoint action of the minuscule coweight.
We will see in what follows, that in practice, the L-operator is explicitly calculated by placing
a Wilson line perpendicularly to the 't Hooft line such that the operators in (4.164) act on the
representation carried by the Wilson.

2.3 Spin chains and the Lax operator in 4D CS

In the framework of a 4D Chern-Simons gauge theory with complex gauge symmetry G living
in R2 × C, a rational integrable XXX spin chain of length L and internal symmetry described
by g, the Lie algebra of G, is realized by means of:

• L Wilson lines WR
ξiz

placed in parallel in positions xi in the topological plane R2, and the
same position z in C, such that each Wilson line represents a node of the spin chain with spin
given by the representation R.

• A 't Hooft line tHµ
γ0
sitting at a distinct z = 0, and extanding along the x-axis of the plane

R2, perpendicularly crossing all the Wilson lines. This line plays the role of the monodromy
matrix of the chain.
This construction is represented in Figure 2.5 where the Wilson lines are drawn vertically in
blue, and the 't Hooft horizontally in red.

𝝁

𝜉𝒁
𝟏

𝑹

𝜸𝟎

𝜉𝒁
𝟐 𝜉𝒁

𝟓𝜉𝒁
𝟑 𝜉𝒁

𝟒 𝜉𝒁
𝑵

𝑹𝑹𝑹𝑹 𝑹

Figure 2.5: The spin chain realization in the Chern-Simons theory: L Wilson lines represented
by the blue vertical lines crossed by a 'tHµ

γ represented by the red horizontal line.

To each node of this spin chain, we associate a Lax operator equal to the crossing of a
Wilson line WR

ξz
characterised by (ξz;R) with the 't Hooft tHµ

γ0
characterized by (γ0;µ). This

lines' crossing operator is de�ned by the coupling of this data (Figure 2.6). We say that this
Lax operator (or L-operator) acts on the representation R of g, and corresponds to the coweight
µ, or equivalently a node of the Dynkin diagram of G.

Lµ
R (γ0, ξz) =

〈
tHµ

γ0
,WR

ξz

〉
(2.29)
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For a minuscule magnetic charge µ, we can take advantage of (2.28) to write the Lax operator

R

|𝑖ۦ

ۧ|𝑗

𝛿𝑖
𝑗𝝁

Figure 2.6: Line defects in the real plane R2. On the left, a horizontal 't Hooft line with
magnetic charge µ expanding along the x-axis (y = 0) at z = 0. On the right, a vertical Wilson
line expanding along the y-axis (x = 0) at z ̸= 0 with electric charge in some representation R.
Notice that the 't Hooft line is in fact paired to a similar one located at z = ∞ with magnetic
charge −µ, see [123, 124].

as the factorization [123]
Lµ

R (z) = eXRzµReYR (2.30)

with XR and YR being nilpotent matrices contained in n+ and n− respectively, and acting on
state vectors in the representation R. The µR is the adjoint action of the coweight µ on states
of the representation R. These operators verify the following commutation relations indicating
their charges emerging from the Levi decomposition

[zµR , XR] = +XR , [zµR , YR] = −YR (2.31)

As shown in Figure 2.6, the Wilson line carries quantum states |i⟩ belonging to the R and
propagating along it and. The incoming particle states vector is denoted by the bra ⟨i| and the
outgoing states vector by the ket |j⟩ with

⟨i|j⟩ = δji (2.32)

The L-operator (Figure 2.7 -a) acts as the typical matrix operator〈
i|L(µ)

R (z)|j
〉
= Lj

i (z) (2.33)

with representative matrix Lj
i valued in the algebra A of functions on the phase space of tHµ

γz .
We write

Lµ
R ∈ A⊗ End (R) (2.34)

This operator veri�es the RLL equation encoding the commutation relations between two
L-operators at z and z′

Lr
j (z)R

ik
rs (z − z′)Ls

l (z
′) = Li

r (z)R
rs
jl (z − z′)Lk

s (z
′) (2.35)

This equivalence is interpreted in terms of line defects as in Figure 2.7 -b, where the red 't
Hooft line crosses two Wilson lines in di�erent orders with equivalent con�gurations thanks to
the di�eomorphism invariance of the 4D Chern-Simons.
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Figure 2.7: (a) The operator L (z) encoding the coupling between a 't Hooft line at z=0 (in red)
and a Wilson line at z (in blue) with incoming ⟨i| and out going |j⟩ states. (b) RLL relations
encoding the commutation relations between two L-operators at z and z'.

2.3.1 Oscillator Realization from a Dynkin diagram

Thanks to the power of the Integrability/ 4D CS correspondence, the Lax operator character-
izing the integrability of an XXX spin chain system with internal symmetry g, can be explicitly
computed in the framework of the dual 4D CS theory by using the Levi decomposition of g with
respect to a minuscule coweight of G. In fact, the Levi decomposition has a simple interpre-
tation in terms of nodes' cutting in the Dynkin diagram description of the symmetry algebra.
We will take advantage of this property to present here a direct method allowing to explicitly
realize minuscule L-operators of oscillator type, from Dynkin diagrams with minuscule nodes.

The diagrammatic description of a Lie algebra g of rank N is given by a Dynkin diagram
containing N nodes representing the N simple roots of g such that each simple root α is dual
to a fundamental coweight λ̃. If the node α is associated to a minuscule representation of g
[197], or equivalently to a minuscule coweight µ, than the cutting of that node from the Dynkin
diagram yields two or three Dynkin sub-diagrams depending on wether the node is extremal
or non-extremal. These sub-diagrams correspond to sub-algebras of g including the sl2 ≃ so2
of the isolated cut node. The sum of these sub-algebras form the Levi-subalgebra lµ of g with
respect to the considered minuscule coweight. We can write

g = n− ⊕ lµ ⊕ n+ (2.36)

The n± appear in this decomposition as subspaces with equal dimensions, and can be identi�ed
as irreducible bi-representations of the lµ, acting as links between its sub-algebras. Follow-
ing from this decomposition (2.36), the minuscule Lax operator associated to the minuscule
coweight µ is given by the general formula

Lµ
RG

= eXzµeY (2.37)

where X and Y ∈ n+ and n−. However, in order to explicitly realize this Lax matrix, one needs
to determine the representation R of g on which Lµ

RG
acts. In this regard, notice that as the

minuscule µ induces a Levi-decomposition of g, it also splits a representation Rg into a sum of
irreducible representations Rlµ

a of the sub-algebras of lµ. We write

Rg = ⊕aR
lµ
a (2.38)
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This is referred to in literature as the branching rules [198]-[202] where each subspace Ra carries
a fractional Levi charge m

Ra
. The action of the charge operator µ is given by the sum of actions

on these representations. It explicitly reads in terms of projectors ϱ
Ra

on these subspaces as
follows

µ =
∑
Ra

m
Ra
ϱ

Ra
(2.39)

where ∑
Ra

ϱ
Ra

= 1R , ϱ
Ra
ϱ

Rb
= δabϱRa

(2.40)

Since µ ∈ lµ, the trace of its action on the representation R is equal to zero

TrR (µ) =
∑

miTr (ϱi) = 0 (2.41)

yielding the following constraint relation on Levi-charges∑
Ra

m
Ra

= 0 (2.42)

which can be used to determine the charges Rlµ
a .

Regarding the operators X and Y , they expand in the generators basis Xi of n+ and Y i of n−,
in terms of parameters bi, ci with i = 1, . . . , dimn+ = dimn− as follows

X = biXi ; Y = ciY
i (2.43)

The action of the basis matrices on the representation R, can be realized by identifying the
root subsystem corresponding to the nilpotents. In fact, the n± contain roots of g that depend
on the minuscule cut root, say β. We write

ΦN± =

{
±α ∈ Φg,

∂α

∂β
̸= 0

}
(2.44)

Φlµ =

{
±α ∈ Φg,

∂α

∂β
= 0

}
(2.45)

The distinction between the roots and therefore generators of n+ and n− is done by solving the
Levi-conditions

[µ,Xi] = +Xi

[µ, Y i] = −Y i (2.46)

such that Xi should carry a positive unit charge +1 and Y i carries a negative unit charge −1.
Moreover, we have [

Xi, Y
j
]
= δjiµ (2.47)

and [
bi, cj

]
= δij (2.48)

thus the parameters of the L-operator act as Weyl oscillators of the auxiliary phase space of
the 't Hooft line. We say that the constructed spin chain solutions are of oscillator nature.

2.3.2 Topological quivers

As we will see in the next chapter, the Lax operator construction elaborated above yields several
solutions for spin chains with di�erent internal symmetries having minuscule coweights. These
Lax matrices constructed from the algebraic analysis of Levi decompositions have a similar
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general structure that can be uni�ed and encoded into descriptive diagrams. We introduce
here what we refer to as "toplogical quiver diagrams" that we associate to each minuscule
oscillator Lax operator calculated in the 4D CS theory. These are named quiver diagrams
due to their formal similarity with the well known diagrams of supersymmetric quiver gauge
theories [203]-[211]. This similarity will allow us to interpret the internal data and gauge �elds
behavior carried by the L-operators in terms of adjoint and bi-fundamental matter of the gauge
symmetry of the 4D CS theory.
To begin, recall that for a supersymmetric quiver gauge theory having a unitary gauge symmetry
G factorised as

G =

n0∏
i=1

U (Mi) (2.49)

and Lie algebra as,
g = ⊕n0

i=1u (Mi) (2.50)

one can draw a gauge quiver denoted like Qsusy
gauge illustrating the matter content of the gauge

theory. This diagram is constructed of :
• A number n0 of nodes N1, ...,Nn0 in one to one with the gauge group factors G1, ..., Gn0

that describe �adjoint matter� transforming in the adjoint representations of the symmetry

adjU (Mi) = M i × M̄ i (2.51)

• A number nlink of links Lij connecting the nodes (Ni,Nj) and describing bi-fundamental
matter of the gauge symmetry transforming in representations of the form

M i × M̄ j ∈ U (Mi)× U (Mj) (2.52)

In our case, we will use this dictionary to give interpretations to the content of the Lax
operators constructed in 4D CS. This interpretation will turn out to be useful especially for
examples constructed in the next chapter. For now, we consider in the general case a Lax
operator characterized by (G;R;µ) where µ is a minuscule coweight decomposing the Lie
algebra g of the gauge symmetry G as in (2.36), and where the representation R splits into p
irreducible representations Rmi

like,

R =

p∑
i=1

Rmi
=

p∑
i=1

Ri

These p irreps correspond to sub-algebras of lµ, i.e. of the Lie algebra g in analogy to (2.50).
Moreover, these di�erent subspaces carry di�erent charges mi with respect to the adjoint action
of the so(2) of µ

µ =

p∑
i=1

miϱi,

p∑
i=1

ϱi = 1R

The gauge symmetry con�guration resulting from this particular decomposition can be associ-
ated to a quiver diagram Qµ

R formed by p nodes Ni, such that each node is labeled by the data
Rmi

≡ (Ri,mi) where the charge is denoted as a subscript of the irrep, and 2(p− 1) oriented
links Li→j and Lj→i connecting Ni and Nj. In order to circulate the Levi-charges in the quiver,
the links carry charges that agree with the di�erence between the nodes charges

mi −mi+1 = ±1, mi −mj = ±k

Here k = 1, ..., p− 1 is an integer, and thus we can predict that the quantities carried by these
links should be polynomials of the Weyl oscillators b = (bα) and c = (cα), since these carry
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unit charges ∓1 with respect to µ. This can be seen from the neutral global charge of the
exponentials below with the nilpotents n± carrying charges ±1.

eX = eb
α
(−1)

Xα(+1) , eY = ecα(+1)Y
α
(−1)

Hence, given two nodes Ni and Nj with Levi-charges verifying mj − mi = k, the link Li→j,
carrying the charge +k, is generated by polynomials of the form ck+lbl with leading element
given by ck. Similarly, the link Lj→i, carrying a Levi charge −k should be generated by bk+lcl

with leading monomial bk. The arrows should be added to distinguish these links according to
the proper circulation of the Levi charge.
In the associated Lax matrix L, the explicit contributions of these nodes and links can be
determined by using the resolution of the identity operator (

∑
Πi = 1R). We write

L = 1RL1R

=
∑
i

ϱiLϱi +
∑
i>j

ϱiLϱj +
∑
i<j

ϱiLϱj

where we can deduce that the nodesNi are associated to the diagonal sub-blocks ϱiLϱi acting on
adjoint representationsRi×Ri, while the links correspond to the o�-diagonal blocks Lij = ϱiLϱj
acting on bi-representations Ri ×Rj. We will see in explicit examples that this interpretation
agrees with the sub-blocks of the minuscule Lax operators built in the next chapter.
Finally, concerning the topological naming of these quivers, it is due to the topological nature
of the basic parameters of the Lax operators, i.e. the phase space coordinates ba and ca of the
topological 't Hooft line defects of 4D CS. Using the killing form of the Lie algebra to write
ba = tr (XY a) and substitute by X = log

(
Lµke−Y z−µk

)
, we can directly express the ba and ca

in terms of the topological line defect

ba = tr
(
log
(
Lµke−Y z−µk

)
Y a
)

, ca = tr
(
log
(
z−µke−XLµk

)
Xa

)
(2.53)
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CHAPTER 3

MINUSCULE LAX OPERATORS FOR

ABCDE SPIN CHAINS AND TOPOLOGICAL

QUIVERS

In this chapter, we study integrable spin chain systems with bosonic ABCDE internal symme-
tries in the framework of their dual 4D Chern-Simons gauge theories. By exploiting the Lax
operator formula elaborated before (2.37), we yield explicit oscillator realizations of minuscule
Lax matrices as solutions to RLL equations, based only on Levi decompositions of the Lie
algebras. Notice that for the in�nite An, Bn, Cn and Dn symmetries, the minuscule oscillator
L-matrices were already computed in the integrability side by using Yangian representations
-based methods. These results will be compared here with our solutions calculated in the dual
gauge theory side for reference. Concerning exceptional symmetries E6 and E7, they are still
lacking in the spin chain literature, thus this de�ciency will be covered thanks to the correspon-
dence. We we will also associate to each minuscule Lax matrix calculated in this chapter, a
gauge quiver diagram illustrating its internal data, in order to understand the uni�ed behaviour
of these observables, and predict the form of other L-matrices without explicit computations.

3.1 A-type spin chain

The �rs spin chain system we will treat is of of A-type, meaning that its spins take values
in a representation of the linear slN Lie symmetry. This integrable system can be realized in
the framework of a four dimensional Chern-Simons theory with SL (N) gauge symmetry by
considering Wilson lines in a representation R of slN , and a 't Hooft line with magnetic charge
given by a coweight of SL (N). We will focus here on the fundamental R = N for simplicity,
and we will take the magnetic charge as a minuscule coweight µ in order to calculate minuscule
L-operators Lµ

N using (2.37). However, for this A-type symmetry, all fundamental coweights
are of minuscule type. As depicted in Figure 3.1, the Dynkin diagram of the slN Lie algebra
has N − 1 simple roots reading in terms of space vectors as

αi = ϵi − ϵi+1; 1 ≤ i ≤ N − 1 (3.1)

These are dual to N − 1 minuscule fundamental coweights µi such that

αiµj = δij; 1 ≤ i, j ≤ N − 1 (3.2)
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𝛂𝟏 𝛂𝟐 𝛂𝟑 𝛂𝐍−𝟐 𝛂𝐍−𝟏

Figure 3.1: The Dynkin diagram for the slN family, it has N−1 simple roots, all corresponding
to minuscule coweights

This means that we can de�ne in the SL (N) Chern-Simons gauge theory N − 1 minuscule 't
Hooft lines with distinct magnetic charges. Their di�erent couplings with the Wilson WR=N

ξz

leads to N − 1 families of minuscule Lax operators labeled by the coweights µi. These L-
operators will be casted here into two sets. The �rst one concerns the extremal nodes µ1 and
µN−1 of the Dynkin diagram that can be treated on the same footing, while non-extremal nodes
are classi�ed by the integer 2 ≤ k ≤ N − 2 and are associated to a generic coweight µk. This
discrimination is due to the fact that for a �xed representation R, the form of the L-operator
is based on the Levi decomposition emerging from the action of the minuscule coweight. As we
will see for the A-type Dynkin diagram, this action depends on wether the associated node is
extremal or not.
We begin here below by studying the Levi decomposition in the �rst case and constructing the
associated solutions Lµ1

N and LµN−1

N ; then, we turn to the family Lµk

N in the second subsection.

3.1.1 L-operator for extremal nodes of slN

We consider the Dynkin diagram Figure 3.1 of slN , and cut an extremal node corresponding
to the simple root α1 or αN−1. As depicted in Figures 3.2 and 3.3, we obtain in the two
cases an isolated extremal node representing the A1 algebra, and a Dynkin sub-diagram of type
AN−2. This graphical splitting is written as

DDAN−1
→ DDA1 +DDAN−2

(3.3)

𝛂𝟏 𝛂𝟐 𝛂𝟑 𝛂𝐍−𝟐 𝛂𝐍−𝟏

Figure 3.2: If we cut the �rst node from the Dynkin diagram for the slN family, we obtain the
two sub-Dynkin diagrams corresponding to sl1 and slN−1.

On the level of the Lie algebra, this node cutting operation leads to a Levi decomposition
of slN which reads for the two cases as

sl(N) → n− ⊕ sl(1)⊕ sl(N − 1)⊕ n+ (3.4)

where the Levi subalgebra is

lµ1 = lµN−1
= sl(1)⊕ sl(N − 1) (3.5)
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𝛂𝟏 𝛂𝟐 𝛂𝟑 𝛂𝐍−𝟐 𝛂𝐍−𝟏

Figure 3.3: If we cut the last node from the Dynkin diagram for the slN family, we obtain the
two sub-Dynkin diagrams corresponding to slN−1 and sl1.

and the nilpotents are given by representations of the sl(N − 1) such that

dimn+ = dimn− = N − 1 (3.6)

One can deduce from this similarity that the corresponding minuscule L-operators are equivalent
up to a basis change.

Lµ1

R=N (z) ∼ LµN−1

R=N (z) (3.7)

We can choose to focus here on the coupling of the Wilson line WR=N
ξz

with the 't Hooft line
tHµ1

γ0
in order to detail the construction of Lµ1

N (z). In this case, the branching rule of the
fundamental representation N following from the decomposition (3.4) reads as [198]

N → 1N−1
N

⊕ (N− 1)− 1
N

(3.8)

This is visualized in Figure 3.4 as the splitting of gauge �elds carried by the line defects in the
4D CS theory. Notice that the charges in (3.8) verify the vanishing trace condition

Figure 3.4: (a) Magnetic 't Hooft with charge µ1 from the point of view of global slN symmetry.
(b) The same line from the point of view of internal sl1 ⊕ slN−1. Here, the line µ splits into
two sub-lines µϱ1 and µϱN−1 as described in eq.(3.8).

N − 1

N
+N − 1×− 1

N
= 0 (3.9)

which leads to the following basis choice for the space N

{|1⟩ , |a⟩ ; 2 ≤ a ≤ N} (3.10)

The adjoint action of the minuscule coweight µ1 is written in this basis as

µ1 =
N − 1

N
|1⟩ ⟨1| − 1

N

N∑
a=2

|a⟩ ⟨a| (3.11)
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and the operator
zµ1 = z

N−1
N ϱ1 + z−

1
N ϱ1̄ (3.12)

where we have set

ϱ1 = |1⟩ ⟨1| ; ϱ1̄ =
N∑
a=2

|a⟩ ⟨a| (3.13)

as the projectors on 1 and N− 1 respectively with ϱ1 + ϱ1̄ = IN.
Now concerning the other operators X ∈ n+ and Y ∈ n− appearing in the Lax operator

formula, they can be realized by specifying the associated roots action. We make use of the
following table giving the explicit splitting of the root system of the slN algebra resulting from
the Levi decomposition (3.4)

slN sl(1) sl(N − 1) n+ ⊕ n−
Rank N − 1 1 N − 2 −
Roots ±αij; 1 ≤ i ̸= j ≤ N − ±αij; 2 ≤ i ̸= j ≤ n ±α1i; 2 ≤ i ≤ N
Number of roots N(N − 1) − (N − 1) (N − 2) N − 1
Generators hi;E±αij

; 1 ≤ i ̸= j ≤ N h1 hi;E±αij
; 2 ≤ i ̸= j ≤ N E±α1i

; 2 ≤ i ≤ N

Dimension N2 − 1 1 (N − 1)2 − 1 2 (N − 1)
(3.14)

In this table, the roots read as αij = εi − εj, while the hi are Cartan generators and E±αij
are

root generators corresponding to the ±αij such that E+αij
= E−αij

. Notice that the nilpotents
n± are formed by positive (negative) roots of sl(n) that depend on α1. Their distinction is
insured by the Levi conditions

[µ1, n±] = ±n± (3.15)

This allows to realize the operators Xa and Y a of n± as known root generators. In the basis
(3.10), these are given by the N ×N triangular matrices

Xa = |1⟩ ⟨a|
Y a = |a⟩ ⟨1| (3.16)

Eventually, we can write the elements of n± as the combinations

X =
N−1∑
a=1

ba |1⟩ ⟨a| , Y =
N−1∑
a=1

ca |a⟩ ⟨1| (3.17)

where the parameters ba and ca play the role of oscillators of the phase space of the 't Hooft
line with the poisson bracket

{ba, cb}PB = δab (3.18)

The matrices (3.17) verify the nilpotency property because X2 = Y 2 = 0; their exponentials
simply expand as

eX = I +X ; eY = I + Y (3.19)

We �nally replace into the L-operator formula

Lµ1

N (z) = (I +X) zµ1 (I + Y ) (3.20)

which is simpli�ed by using special properties of the realization (3.17); mainly

Xaϱ1 = = 0 , ϱ1Y
a = 0

Xaϱ1̄ = Xa , ϱ1̄Y
a = Y a (3.21)
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We write in terms of the projectors (4.67)

Lµ1

N = z
N−1
N ϱ1 + z−

1
N ϱ1̄ + z−

1
N ϱ1Xϱ1̄ + z−

1
N ϱ1̄Y ϱ1 + z−

1
N ϱ1XY ϱ1 (3.22)

which allows to represent the L-operator in the basis (3.10) as a four sub-blocks matrix

Lµ1

N =

(
ϱ1Lµ1

N ϱ1 ϱ1Lµ1

N ϱ1̄
ϱ1̄Lµ1

N ϱ1 ϱ̄1Lµ1

N ϱ1̄

)
(3.23)

which is equal to

Lµ1

N =

(
z

N−1
N +XY z−

1
N X

z−
1
N Y z−

1
N IN−1

)
(3.24)

In terms of the oscillators of the auxiliary phase space, we have

Lµ1

N =

(
z

N−1
N + z−

1
N baca z−

1
N ba

z−
1
N ca z−

1
N IN−1

)
(3.25)

Here, the ba and ca are respectively row and column vectors of N−1 dimensions, and the quan-
tity baca is scalar. Concerning the Lax operator LµN−1

N (z) associated to the last extremal node
of the Dynkin diagram, it is simply recovered from the matrix (3.25) by a basis change, where
the states of the fundamental representation would be ordered as {|a⟩ , |N⟩ ; 1 ≤ a ≤ N − 1} .

3.1.2 L-operator for non-extremal nodes of slN

The second family of the minuscule L-operators that we can construct from the Chern Simons
theory concerns the non-extremal nodes of the Dynkin diagram, i.e. 't Hooft lines with magnetic
charge given by minuscule coweights µk with 2 ≤ k ≤ N−2. Following the same steps as before,
we begin by studying the Levi decompositions of the slN algebra generated by the cutting of
non-extremal nodes of the Dynkin diagram of slN . In fact, for a generic node labeled by k with
2 ≤ k ≤ N − 2, the cutting operation (Figure 3.5) leaves us with three sub-Dynkin diagrams
of A-type

DDAN−1
→ DDAk−1

+DDA1 +DDAN−k−1
(3.26)

The sl(N) Lie algebra decomposes in this case as

𝛂𝟏 𝛂𝟐 𝛂𝐤−𝟏 𝛂𝐍−𝟐 𝛂𝐍−𝟏𝛂𝐤 𝛂𝐤+𝟏

Figure 3.5: If we cut a non extremal node from the Dynkin diagram for the slN family, we
obtain two sub-Dynkin diagrams of A-type in addition to the cut node.

sl(N) → nk
−lµk

⊕ nk
+ (3.27)

lµk
= sl(k)⊕ sl(1)⊕ sl(N − k) (3.28)

nk
± = k (N− k)± (3.29)

This Levi decomposition is behind the construction of the Lax operator Lµk

N (z) describing the
coupling of a 't Hooft line tHµk

γ0
with a Wilson line WN

ξz
in the fundamental representation.
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Notice that the Levi decomposition (3.4) cannot be recovered from (4.169) by taking k = 1,
hence why we study them separately here.
Following the action of a µk (4.169), the fundamental representation also splits into irreducible
representations of the lµk

like
N → kN−k

N
⊕ (N− k)− k

N
(3.30)

This splitting gives us a prediction of the behaviour of the gauge states at the line defects'
coupling as depicted in Figure 3.6. The vector states of N are therefore represented in the basis

Figure 3.6: (a) A horizontal minuscule 't Hooft line with magnetic charge µk crossing a vertical
Wilson line with electric charge R = N. The green dot describes the coupling given by the Lax
operator ⟨A|Lµk

R |B⟩. (b) Intrinsic structure of the Lax operator taking into account the Levi
decomposition of slN with respect to µk.

as
{|i⟩ , |a⟩ ; 1 ≤ i ≤ k; k + 1 ≤ a ≤ N} (3.31)

We can de�ne the projectors on these subspaces as

Πk = |i⟩ ⟨i| , Πk̄ = |a⟩ ⟨a| , Πk +Πk̄ = IN (3.32)

The µk acts on the states of N with the sl1 charges like

µk =
N − k

N
Πk −

k

N
Πk̄ (3.33)

The X and Y are realized in terms of the k (N − k) couples of oscillators (biα, ciα)

X = biα |i⟩ ⟨k + α| , 1 ≤ i ≤ k
Y = ciα |k + α⟩ ⟨i| , 1 ≤ α ≤ N − k

(3.34)

These verify the Levi constraints as well as the nilpotency features

[µk, X] =
(
N−l
N

+ l
N

)
X = X , XX = 0

[µk, Y ] =
(
− l

N
− N−l

N

)
Y = −Y , Y Y = 0

(3.35)

in addition to other properties like

XΠk = 0 , ΠkY = 0
XΠk̄ = X , Πk̄Y = Y

(3.36)

The L-operator for a generic node k, in the fundamental representation expands as

Lµk

N = (I +X) zµk (I + Y )
= zµkI +Xzµk + zµkY +XzµkY

(3.37)
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with
zµk = z

N−k
N Πk + z−

k
N Πk̄ (3.38)

and X and Y as in (3.34). The matrix form in the basis (4.155) reads as

Lµk

N =

( (
z

N−k
N + z−

k
N biαciα

)
Ik z−

k
N biα

z−
k
N ciα z−

k
N IN−k

)
(3.39)

One can observe that the Lµ1

N of (3.25) can be obtained from (3.39) by taking k = 1, and
similarly the LµN−1

N is obtained with k = N − 1. Hence, this matrix (3.39) represents the
general expression of the L-matrix for any node k of slN with 1 ≤ k ≤ N − 1. Notice that this
result was already obtained using the 4D CS theory in [123]. It also agrees perfectly with the
L-operators calculated in the spin chain literature in [55].

3.1.3 topological quiver of A-type

In this subsection, we give the �rst examples of topological quiver diagrams corresponding to L-
operators of the slN spin chain. As mentioned above, the general Lax operator for an arbitrary
node k; 1 ≤ k ≤ N − 1 is given by the matrix Lµk

N . This matrix represents the internal splitting
of the quantum states of the fundamental representation of the Wilson line when coupling to
a 't Hooft line with a magnetic charge µk. This general behaviour can be actually directly
deduced from the decomposition as explained in Figure 3.6.

N → kN−k
N

⊕ (N− k)− k
N

(3.40)

Interestingly, it can be moreover interpreted into adjoint and bi-fundamental matter like those
of a quiver gauge diagram. The expression of the matrix (3.39) in the projectors basis describes
this explicit action of µk on the subspaces k of slk and N− k of slN−k. The four sub-blocks
of are translated into two nodes Nk,Nk̄ and two links Lkk̄, Lk̄k of the topological gauge quiver
Qµk

N . The nodes correspond to diagonal blocks on the representations k and N− k

Nk ≃ Πk̄L
µk

N Πk , N(N−k) ≃ Πk̄L
µk

N Πk̄ (3.41)

which are interpreted as topological self-dual matter of the gauge groups SLk and SLN−k. The
o�-diagonal blocks describe bi-fundamental matter of SLk × SLN−k linking between the two
nodes

Lkk̄ = Lk→(N−k) ≃ ΠkLµk

N Πk̄ , Lk̄k = L(N−k)→k ≃ Πk̄L
µk

N Πk (3.42)

This interpretation is illustrated in Figure 3.7 where the charges under µk are depicted.
Notice that indeed, the total charges of the quantities carried by the nodes and the links

are in agreement with the conservation of the exchange in the quiver. Moreover, by using the
Killing form, the bα and cα can be related to the links Lkk̄ and Lk̄k as

bia = z
k
N Tr

(
Lkk̄Y

ia
)

, cia = z
k
N Tr (Lk̄kXia) (3.43)

We can take advantage of this quiver diagram interpretation of the minuscule Lax matrix in
the framework of the four-dimensional gauge theory in order to predict the structure of other
solutions of the model, without going through explicit calculations. For instance, Lax matrices
corresponding to higher dimensional representations of the A-type symmetry are cumbersome to
calculate, and still missing in the literature. By application of the quiver diagram's construction
steps provided in the previous chapter, we give here quiver graphs describing the inner structure
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N N

Figure 3.7: The topological quiver representing Lµk

N of slN . It has 2 nodes and 2 links. The
nodes describe self-dual topological matter and the links describe bi-matter.

of such solutions. We start by listing the branching rules of di�erent representations of slN with
respect to µ1 [198]. Notice that these splittings all follow from the Levi decomposition (3.4).

slN sl1 ⊕ slN−1

N∧k
(
F ∧(k−1)

)
1− k

N

⊕
(
F ∧k)

− k
N

N ∨N 12− 2
N
⊕ F 1− 2

N
⊕ (F ∨ F )− 2

N

N × N̄ 11− 1
N
⊗ 1 1

N
−1 + 11− 1

N
⊗ F 1

N
+ F− 1

N
⊗ 1 1

N
−1 + F− 1

N
⊗ F 1

N

adj (slN) F−1 ⊕ [10 ⊕ adj (slN−1)0]⊕ F+1

(3.44)

Here, the representation F = N − 1 refers to the fundamental of slN−1. The gauge quivers
resulting from these decompositions are drawn in Figures 3.8, 3.9, 3.10 and 3.11.

(N-k)^
𝒌−𝟏

1 −
𝑘

𝑁
−
𝑘

𝑁

𝒄(+1)

𝒃(−1)

(N-1)^
𝒌

Figure 3.8: The topological quiver Qµ1

R for the representation R = N∧k.

1
𝒃(−2)
2

𝒄(+2)
2

𝒄(+1)𝒄(+1)

𝒃(+1)
𝒃(+1)

2 −
2

𝑁

(N-1)˅
𝟐

−
2

𝑁

N−1
1 −

2

𝑁

Figure 3.9: The topological quiver Qµ1

R for the representation R = N∨2.
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N

ꓦN N ꓦ

Figure 3.10: The topological quiver Qµ1

R for the representation R = N ∨ N ∨ N . This quiver
has four nodes and 12 links.

k(N-k) k(N-k)

𝒍𝝁𝒌

+1 -1

0

𝒃(−2)
2

𝒄(+2)
2

𝒄(+1)𝒄(+1)

𝒃(+1)
𝒃(+1)

Figure 3.11: The topological quiver Qµk

adj(slN ) for the adjoint representation of slN . It has
three nodes in one to one with the Levi subalgebra N0 = lµk

and the nilpotent subspaces
n± = k (N − k)±.

3.2 B type spin chains

In the present section, we study the class of spin chains with B-type internal symmetry. In a
similar fashion to the precedent section, we realize this integrable system using Wilson and 't
Hooft line defects habiting a 4D Chern-Simons theory endowed with the orthogonal SO(2N+1)
gauge symmetry. By analyzing the algebraic properties of the so2N+1 symmetry, we recover
the minuscule Lax operators LµSO(2N+1)

R as the coupling of a Wilson line in the fundamental
representation with a 't Hooft line having a minuscule magnetic charge. We show that this
L-operator agrees with matrices obtained from anti-shifted Yangians.

3.2.1 Minuscule L-operator of B-type

Unlike the A-type symmetry, the so2N+1 Lie algebra actually has only one minuscule coweight
and therefore one possible Levi decomposition for which we will calculate the associated Lax
operator. For that purpose, recall that the BN Lie algebra is of rank N and dimension N(2N +
1). Its Dynkin diagram is given in Figure 3.12 with N simple roots reading as

αi = ei − ei+1; 1 ≤ i ≤ N − 1 , αN = eN−1 + eN (3.45)
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𝛂𝟏 𝛂𝟐 𝛂𝟑 𝛂𝐍−𝟏 𝛂𝐍

Figure 3.12: The Dynkin diagram associated to the BN Lie algebra, it has N nodes.

The minuscule coweight µ1 = e1 corresponds to the �rst node of the Dynkin diagram and is
dual to the root α1 = e1 − e2, i.e. it veri�es µ1.αi = δ1i. If we cutt this node from the Dynkin
diagram as visualized in Figure 3.13, we can read the splitting

DDBN
→ DDA1 +DDBN−1

(3.46)

𝛂𝟏 𝛂𝟐 𝛂𝟑 𝛂𝐍−𝟏 𝛂𝐍

Figure 3.13: If we cut the minuscule node from the Dynkin diagram for the BN Lie algebra,
we obtain two sub-Dynkin diagrams corresponding to A1 and BN−1.

On the Lie algebra level, this corresponds to

so2N+1 → so2 ⊕ so2N−1 ⊕ n± (3.47)

lµ1 = so2 ⊕ so2N−1 (3.48)

n± = (2N − 1)±1 (3.49)

which can be veri�ed by the dimensions splitting

dim : N (2N + 1) = 1 + (2N − 1) (N − 1) + 2 (2N − 1) (3.50)

The branching rules describe the decomposition on the level of the fundamental representation
2N+ 1 which yields a direct sum of representations of lµ1 = so2 ⊕ so2N−1

2N+ 1 = 20 ⊕ (2N− 1)0 (3.51)

where the zero label refers to the charge under the group SO (2) . By using the isomorphism
SO (2) ∼ U(1), we can moreover substitute with 20 = 1+1 ⊕ 1−1 to obtain the decomposition

2N+ 1 = 1+1 ⊕ (2N− 1)0 ⊕ 1−1 (3.52a)

This indicates, we can conveniently represent the operator Lµ1

2N+1 using the basis kets

|2N+ 1⟩ =


|+⟩
|i⟩
|−⟩

 (3.53)
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where i = 1, ..., 2N − 1 describes the states of the 2N− 1, while |±⟩ refer to the two complex
singlets 1±1. This basis veri�es the orthogonality relations ⟨+|−⟩ = ⟨+|i⟩ = ⟨i|−⟩ = 0, as well
⟨+|+⟩ = ⟨−|−⟩ = 1 and ⟨i|j⟩ = δij. The minuscule coweight acts in this basis as

µ1 = ϱ+ + qΠ− ϱ− (3.54)

with vanishing charge q, and projectors

ϱ+ = |1+⟩ ⟨1+| , Π =
∑
i

|i⟩ ⟨i| , ϱ− = |1−⟩ ⟨1−| (3.55)

The X = biXi and Y = ciY
i are realized by (2N + 1) × (2N + 1) matrices verifying the

Levi conditions
[µ,X] = +X , [µ, Y ] = −Y (3.56)

These contain 2(2N − 1) oscillators in one to one with generators

Xi = |+⟩ ⟨i| − |i⟩ ⟨−|
Y i = |i⟩ ⟨+| − |−⟩ ⟨i| (3.57)

The nilpotency of these generators is of order 3 because we have

XiXj = − |+⟩ δij ⟨−|
Y iY j = − |−⟩ δij ⟨+| ,

XiXjXk = 0
Y iY jY k = 0

(3.58)

We calculate the quantities

X2 = −b2 |+⟩ ⟨−| , b2 = biδijb
j

Y 2 = −c2 |−⟩ ⟨+| , c2 = ciδ
ijcj

(3.59)

and
eX = 1 +X +X2/2
eY = 1 + Y + Y 2/2

(3.60)

as well as
zµ = zϱ+ +Π+ z−1ϱ− (3.61)

and then replace to the L-operator

Lµ1

2N+1 =

(
1 +X +

1

2
X2

)
zµ1

(
1 + Y +

1

2
Y 2

)
(3.62)

The expansion of this quantity can be simpli�ed with help of the relations

Xϱ+ = 0 , ϱ+Y = 0
X2ϱ+ = 0 , ϱ+Y

2 = 0
X2Π = 0 , ΠY 2 = 0

(3.63)

which lead to

Lµ1

2N+1 = zϱ+ +Π+ z−1ϱ− +X
(
Π+ z−1ϱ−

)
+
(
Π+ z−1ϱ−

)
Y (3.64)

+X
(
Π+ z−1ϱ−

)
Y +

1

2
z−1X2ϱ− +

1

2
z−1ϱ−Y

2

+
1

2
z−1X2ϱ−Y +

1

2
z−1Xϱ−Y

2 +
1

4
z−1X2ϱ−Y

2

After calculation, the minuscule L-matrix of the so2N spin chain in the fundamental represen-
tation reads as

Lµ1

2N+1 =

 z + bc+1
4
z−1b2c2 bi + 1

2
z−1bibc −1

2
z−1b2

ci+
1
2
z−1cicb (1 + z−1bc) I2N−1 −z−1bi

−1
2
z−1c2 −z−1ci z−1

 (3.65)

where bc = bici and b2c2 are scalars, and bi and ci are vectors. It agrees with the matrix
calculated in the spin chain litterature using anti-dominant shifted Yangians based realisations
[59].
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3.2.2 Topological Quiver of B- type

Following the quiver diagrams construction introduced in the previous chapter, we translate the
internal data carried by the L-operator (3.65) into the topological quiver Qµ1

2N+1. This quiver
describes the behaviour of internal states in the fundamental representation of so2N+1, under
the action of the minuscule vector coweight µ1 = e1. The matrix (3.65) contains nine sub-blocks
in result of the three subspaces of 2N+ 1. The three diagonal blocks are in one to one with
three nodes of Qµ1

2N+1, each one carrying the dimension and the charge of the corresponding
irrepresentation

N1+ ≃ ϱ+Lµ1

2N+1ϱ+ , N2N−10
≃ ΠLµ1

2N+1Π , N1− ≃ ϱ−Lµ1

2N+1ϱ− (3.66)

These nodes are linked by six directed links that are given by the o�-diagonal blocks, we have

L1+→2N−10
≃ ϱ+Lµ1

2N+1Π , L2N−10→1+ ≃ ΠLµ1

2N+1ϱ+
L1+→1− ≃ ϱ+Lµ1

2N+1ϱ− , L1−→1+ ≃ ϱ−Lµ1

2N+1ϱ+
L1−→2N−10

≃ ϱ−Lµ1

2N+1Π , L2N−10→1− ≃ ΠLµ1

2N+1ϱ−

(3.67)

The resulting diagram is depicted below where we can see that the oscillators content of every
link allows the circulation of SO(2) chagres between the states spaces.

1

2N-1

+

0

𝒃(−2)
2

𝒄(+2)
2

𝒄(+1)𝒄(+1)

𝒃(+1)
𝒃(+1)

1 -

Figure 3.14: The topological quiver Qµ1

2N representing Lµ1

2N of so2N .

3.3 C type spin chains

This chapter aims to study the spin chains of C-type characterized by sp2N internal symmetry,
by employing the Integrability/ Gauge correspondence. We are interested here in the four-
dimensional Chern-Simons theory with symplectic gauge symmetry, embedded with Wilson
and 't Hooft lines. The crossing of these line defects serves as a bridge towards the oscillator
realization of minuscule Lax operators solving the RLL relations of integrability. This quantity
is to be compared with the L-matrix computed in the spin chain literature. We end by building
the associated quiver diagram representation labeled as QCN

.

3.3.1 minuscule L-matrix of C-type

To begin, we recall the diagrammatic description of the CN Lie algebra ofN(2N+1) dimensions.
It is given in Figure 3.15, where we have N nodes in one to one with the N simple roots

αi = ei − ei+1; 1 ≤ i ≤ N − 1 , αN = 2eN (3.68)
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𝛂𝟏 𝛂𝟐 𝛂𝟑 𝛂𝐍−𝟏 𝛂𝐍

Figure 3.15: The Dynkin diagram associated to the CN Lie algebra.

The last node associated to the simple root αN = 2eN is in fact associated to the only minuscule
coweight of the symplectic Sp (2N) group. This coweight correponds to the cospinor represen-
tation and is obtained using the condition µN .αi = δNi with simple roots αi for 1 ≤ i ≤ N − 1.
We write in terms of the vector space basis

µN =
1

2
(e1 + ...+ eN) (3.69)

The cutting of this minuscule spinor-like node from the Dynkin diagram of Figure 3.15 is
visualised in Figure 3.16.
It leads to a Levi ddecomposition of the form

𝛂𝟏 𝛂𝟐 𝛂𝟑 𝛂𝐍−𝟏 𝛂𝐍

Figure 3.16: If we cut the minuscule (last) node from the Dynkin diagram for the CN Lie
algebra, we obtain the Dynkin diagram corresponding to slN in addition to the node A1.

sp2N = so2 ⊕ slN ⊕ n+ ⊕ n−
lµ = so2 ⊕ slN

dimn± = N(N+1)
2

(3.70)

where the Levi subalgebra contains the linear slN as can be noticed from the Dynkin diagram
splitting, and veri�ed by the dimensions sum

dim : N (2N + 1) = 1 + (N2 − 1) + 2
(

N(N+1)
2

)
rank : N = 1 + (N − 1)

(3.71)

Eventually, the fundamental vector representation of sp2N also decomposes into irrepresenta-
tions of slN

2N = N+1/2 ⊕N−1/2 (3.72a)

In fact, N+1/2 and N−1/2 are the fundamental and anti-fundamental of slN carrying opposite
charges ±1/2 with respect to the SO(2) of the cutted minuscule node. This decomposition
will lead to the calculation of the L-operator LµN

2N associated to the last node of the Dynkin
diagram, in the fundamental representation 2N. This matrix will be represented in a basis of
the form {

|i⟩ , |̄ı⟩ ; i = 1, ..., N ; ı̄ = N̄ , ..., 1̄
}

(3.73)
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with the property ı̄ = 2N +1− i. This choice allows us to simply write the following quantities

µ = 1
2
Π− 1

2
Π̄ , zµ = z

1
2Π+ z−

1
2 Π̄

Π = Π
N+1/2

=
∑N

i=1 |i⟩ ⟨i| , Π̄ = Π
N−1/2

=
∑N̄

ı̄=1̄ |̄ı⟩ ⟨̄ı|
(3.74)

Concerning the matricesX and Y , notice that each of the nilpotents n± of dimension 1
2
N (N + 1)

which is nothing but the symmetric representation of slN . Its generators are realized by N ×N
matrices such that

X = b{ij̄}X{ij̄} , X{ij̄} = |i⟩ ⟨j̄|+ |j⟩ ⟨̄ı|
Y = c{ı̄j}Y

{ı̄j} , Y {ı̄j} = |̄ı⟩ ⟨j|+ |j̄⟩ ⟨i| (3.75)

The Levi constraints are veri�ed appropriately such that the N (N + 1) oscillators verify{
b{ij̄}, c{k̄l}

}
PB

= δik̄δ
j̄
l (3.76)

We directly use the following relations

XΠ = 0 , ΠY = 0
XΠ̄ = X , Π̄Y = Y
X2 = 0 , eX = I2N +X
Y 2 = 0 , eY = I2N + Y

(3.77)

to give the matrix form of the L-operator in question in the basis (3.73) as

LµN

2N =

(
z

1
2 IN + z−

1
2XY z−

1
2X

z−
1
2Y z−

1
2 IN

)
(3.78)

where the involved N ×N matrices read explicitly like

X =

 b11̄ · · · b1N̄

...
. . .

...
bN 1̄ · · · bNN̄

 , Y =

 c1̄1 · · · c1̄N
...

. . .
...

cN̄1 · · · cN̄N

 (3.79)

and

XY =

 b1ı̄cı̄1 · · · b1ı̄cı̄N
...

. . .
...

bNı̄cı̄1 · · · bNı̄cı̄N

 (3.80)

with the symmetry property bij̄ = bjı̄, and similarly cı̄j = cj̄i. This solution is equivalent, up
to multiplication by z, to the Lax-matrix of C-type obtained by using anti-dominant shifted
Yangians in [59].

3.3.2 Topological Quiver of C-type

In a similar fashion to the exmples of topological gauge quivers build before to describe minus-
cule L-operators in the four-dimensional Chern-Simons gauge theory, we can now exploit the
matrix (3.78) to build the QµN

2N. Notice that this quiver concerns the states of the fundamental
representation 2N of the symmetry CN , and the minuscule coweight µN of spinor nature. This
quiver will have two nodes

NN+1/2
≃ ΠLµN

2NΠ , NN−1/2
≃ Π̄LµN

2NΠ̄ (3.81)

and two links relating them as

LN+1/2→ ≃ ΠLµN

2NΠ̄ , LN−1/2→ ≃ Π̄LµN

2NΠ (3.82)

Its content is depicted in Figure 3.17 given here below.
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N
+1/2 𝒄(+1)

𝒃(+1)

N
-1/2

Figure 3.17: The topological quiver QµN

2N representing LµN

2N of sp2N .

3.4 D type spin chains

We turn our attention now to the orthogonal D-type spin chains family as the second most
studied integrable spin chain in the literature along with the A-type, thanks to their simply laced
symmetries. Oscillator L-operators for these orthogonal spin chains were constructed before
for extremal nodes by generalizing the automorphism A3 ∼ D3 to larger ranks. Following
the work of [123], we will show how these results can be recovered more simply by taking
advantage of the dual SO(2N) 4D CS theory. We focus here on a Wilson line W in the
fundamental 2N representation, and evaluate its crossing with minuscule 't Hooft lines of the
theory. Interestingly, the so2N Lie algebra has three di�erent minuscule coweights refered to as
µ1, µN−1 and µN . These respectively correspond to the extremal nodes 1, N − 1 and N in the
Dynkin diagram of Figure3.18. The set of simple roots for this symmetry is written as

αi = ei − ei+1; i ∈ [1, N − 1] , αN = eN−1 + eN (3.83)

𝛂𝟏 𝛂𝟐 𝛂𝟑 𝛂𝐍−𝟐

𝛂𝐍

𝛂𝐍−𝟏

Figure 3.18: The Dynkin diagram associated to the DN Lie algebras where the N simple roots
αi are exhibited.

We have three possible minuscule magnetic charges carried by three types of 't Hooft lines
in the SO2N 4D CS

tHµ1
γ0

, tHµN−1
γ0

, tHµN
γ0

(3.84)

and hence, three families of minuscule Lax matrices that we will calculate here below using the
general factorized formula of the L-operator.

Lµ1

2N , LµN−1

2N , LµN

2N (3.85)

Notice that for the three cases we will be focusing on the fundamental representation 2N of
the DN symmetry.

3.4.1 L-operator for the vectorial node of so2N

The �rst minuscule L-operator for the DN spin chain will be referred to as the vectorial Lax
operator. This is because it is associated to coweight µ1, dual to the simple root α1 which is
related to the vectorial representation of the so2N Lie algebra. We have

µ1αi = δi1 → µ1 = e1 (3.86)
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We can deduce the action of this minuscule coweight on the elements of the so2N Lie algebra
directly from the Dynkin Diagram's node cutting depicted in Figure 3.19

𝛂𝟏 𝛂𝟐 𝛂𝟑 𝛂𝐍−𝟐

𝛂𝐍

𝛂𝐍−𝟏

Figure 3.19: By cutting the vectorial like node α1 from the Dynkin diagram associated of the
DN Lie algebra, we obtain two sub-Dynkin diagrams associated to DN−1 and A1.

DDDN
→ DDA1 ⊕DDDN−1

(3.87)

with A1 ∼ D1. On the Lie algebra level, this Levi decomposition reads us

so2N → so2 ⊕ so2N−2 ⊕ n+ ⊕ n− (3.88)

where the Levi-subalgebra is lµ1 = so2⊕so2N−2 and the nilpotents are given by the fundamental
and anti-fundamental representations of so2N−2

n± = (2N− 2)± (3.89)

These resulting sub-algebras can be veri�ed from the following explicit splitting of the root
system of so2N and its dimensions due to the Levi decomposition (3.88).

so2N so(2) so2N−2 n+ ⊕ n−
Rank N 1 N − 2 −
Roots ±αij; 1 ≤ i ̸= j ≤ N − ±αij; 2 ≤ i ̸= j ≤ n ±α1i; 2 ≤ i ≤ N
Number of roots N(N − 1) − (N − 1) (N − 2) N − 1
Generators hi;E±αij

; 1 ≤ i ̸= j ≤ N h1 hi;E±αij
; 2 ≤ i ̸= j ≤ N E±α1i

; 2 ≤ i ≤ N

Dimension N2 − 1 1 (N − 1)2 − 1 2 (N − 1)
(3.90)

Recall that the Wilson line considered here in the orthogonal Chern-Simons theory carries
states in the fundamental vectorial representation 2N and the 't Hooft line is associated to the
minuscule vectorial coweight. Hence, we need to determine the action of µ1 on this representa-
tion.

2N → 1+ ⊕ (2N− 2)0 ⊕ 1− (3.91)

This splitting is visualized in Figure 3.20. Hence, the crossing of these line defects in question

Figure 3.20: A graphic representation of the splitting of the vector 2N representation under
the vectorial Levi decomposition. The projectors on these three blocks are ϱ+ = |+⟩ ⟨+| ,∑

ϱi =
∑

|i⟩ ⟨i| and ϱ− = |−⟩ ⟨−| .

can be understood as in Figure 3.21, where the internal behaviour of the gauge �elds provides
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Figure 3.21: (a) A horizontal vector-like 't Hooft line with magnetic charge µ1 crossing an
electrically charged vertical Wilson line. The green dot refers to the coupling between the two
lines; it is given by the Lax operator Lµ1

R . (b) Intrinsic structure of the Lax operator interpreted
in terms of a topological gauge quiver with three nodes and 6 links.

a glimpse of the structure of the quiver diagram to be constructed later. . One can also
notice at this point that this minuscule coweight acts in a very similar fashion to the minuscule
coweight of the so2N+1 Lie algebra which is also of vector nature and also reads as µ1 = e1.
Their realizations are also analogous; in te present basis

|2N⟩ =


|+⟩

|i⟩1≤i≤2N−2

|−⟩

 , (3.92)

with projectors
ϱ+ = |+⟩ ⟨+| , Π =

∑
i

|i⟩ ⟨i| , ϱ− = |−⟩ ⟨−| , (3.93)

we write
µ1 = ϱ+ + qΠ− ϱ− (3.94)

Here, q = 0 is the charge of the states |i⟩1≤i≤2N−2 with respect to the SO (2) of the cutted node.
The other operators appearing in the L-operator formula are conveniently realized as

zµ1 = z +Π0 + z−1ϱ− (3.95)

and
X = biXi ∈ n+ , Y = ciY

i ∈ n− (3.96)

with generators
Xi = |+⟩ ⟨i| − |i⟩ ⟨−| , Y i = |i⟩ ⟨+| − |−⟩ ⟨i| (3.97)

The exponential expansions are written as

eX = eX = I +X + 1
2
X2 , eY = 1 + Y + 1

2
Y 2 (3.98)

where
X2 = −b2 |+⟩ ⟨−| , Y 2 = −c2 |+⟩ ⟨−|
b2 = biδijb

j , c2 = ciδ
ijcj

(3.99)

By substituting in (2.37), the resulting L-matrix Lµ1

2N corresponding to the �rst node reads in
terms of the 4N − 4 oscillators (bi, ci) of the phase space as

Lµ1

2N = z−1

 z2 + zbici +
1
4
b2c2 zbi + 1

2
b2ci −1

2
b2

zci+
1
2
bic2 (z + bici) I2N−2 −bi

−1
2
c2 −ci 1

 (3.100)
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As expected, the structure of this matrix is to be compared with the minuscule L-operator
of the type BN spin chain; the only di�erence concerns the size of the middle block. This
resemblance can be directly justi�ed from the Dynkin diagrams features because the Dynkin
Diagram of the BN Lie algebra can actually be obtained from the Dynkin diagram of DN+1 by
folding the two spinorial-like nodes. Notice that the vectorial minuscule coweight stays intact
in this process and its action is similar on elements of the two Lie algebras.

3.4.2 L-operator for the spinorial nodes of so2N

Besides the vector minuscule node µ1, the spinor and co-spinor nodes of the Dynkin diagram
3.18 are also associated to minuscule coweights µN and µN−1 respectively. They serve as
magnetic charges for the minuscule 't Hooft lines tHµN

γ0
and tHµN−1

γ0 . In this section, we will
focus on these line defects and study their coupling to the Wilson W 2N

ξz
in the SO (2N) 4D CS

(Figure 3.22) in order to calculate the minuscule L-operators LµN−1

2N and LµN

2N. In these regards,

Figure 3.22: A horizontal 't Hooft line of D- type with spinor-like magnetic charge given
by the minuscule coweight µN of SO2N couples to a vertical Wilson line characterized by a
representation R of so2N .

remark that the Dynkin diagram 3.18 of the DN Lie algebra has a Z2 symmetry allowing to
exchange the two spinorial like nodes αN−1 and αN . The cutting any of these two nodes leads
to the same Levi decomposition as depicted in Figure 3.23.

𝛂𝟏 𝛂𝟐 𝛂𝟑 𝛂𝐍−𝟐

𝛂𝐍

𝛂𝐍−𝟏

𝛂𝟏 𝛂𝟐 𝛂𝟑 𝛂𝐍−𝟐

𝛂𝐍

𝛂𝐍−𝟏

Figure 3.23: By cutting a spinorial like node αN−1 or αN from the Dynkin diagram associated
of the DN Lie algebra, we obtain a Dynkin diagram associated to slN and the node A1.

so2N → sl1 ⊕ slN ⊕ n± (3.101)
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The nilpotent subspaces are given by

n± =
N (N − 1)

2 ±
(3.102)

while the fundamental representation splits as

2N → N+1
2
⊕N− 1

2
(3.103)

This indicates the equivalence of the two L-opertors

LµN

2N ≃ LµN−1

2N (3.104)

In what follows, we will focus our attention on the computation of the spinor-like L-operator
corresponding to the minuscule coweight µN . This coweight is dual to αN = eN−1 + eN and
reads in terms of the weight vector basis ei as

µN =
1

2
(e1 + ...+ eN−1 + eN) (3.105)

Its action on the 2N representation is visualized in Figure 3.24.
For convenience, we work in the basis

Figure 3.24: On the left, a horizontal spinorial like 't Hooft line crossing a vertical Wilson line
carrying a current JA the representation 2N . On the right, The splitting of the current into
two currents ui and v̄i traveling along the vertical lines.

{|i⟩ , |̄ı⟩ ; 1 ≤ i ≤ N, ı̄ = 2N + 1− i} (3.106)

The adjoint action of the coweight (3.105) is written in terms of the projectors

µN =
1

2

∑
i

|i⟩ ⟨i| − 1

2

∑
ı̄

|̄ı⟩ ⟨̄ı| (3.107)

and the generators of the nilpotents n± = N± 1
2
∧N± 1

2
are given by the anti-symmetric 2N×2N

matrices
Xij̄ = |i⟩ ⟨j̄| − |j⟩ ⟨j̄|
Y ı̄j = |̄ı⟩ ⟨j| − |j̄⟩ ⟨i| (3.108)

The Levi constraints are veri�ed as follows

[µN , X] = X , [µN , Y ] = −Y (3.109)
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where
X = bij̄Xij̄ Y = cij̄Y

ı̄j (3.110)

involvingN(N−1) oscillators of the phase space of the 't Hooft line, or equivalently the auxiliary
space of the spin chain. The L-operator is directly calculated by substituting in (4.49). Notice
that we have X2 = Y 2 = 0 leading to

LµN

2N = LµN−1

2N =

(
z

1
2 + z−

1
2BC z−

1
2B

z−
1
2C z−

1
2

)
(3.111)

The matrices B and C are anti-symmetric

X =

 b11̄ · · · b1N̄

...
. . .

...
bN 1̄ · · · bNN̄

 , Y =

 c1̄1 · · · c1̄N
...

. . .
...

cN̄1 · · · cN̄N

 (3.112)

This matrix is similar to the minuscule spinorial like L-matrix (3.78) of the C-type spin chain,
the latter also has four sub-blocks of dimension N ×N .

3.4.3 Topological gauge quivers of D-type

As expected from the resemblance of the structure of the vectorial Lax matrix of the DN spin
chain with the vectorial Lax matrix of BN type, as well as between the spinorial Lax matrix
of DN type with the spinorial of the CN spin chain, we will show that their associated quiver
diagrams are also much alike and exhibit similar intrinsic behaviour. We begin by constructing
the topological quiver Qµ1

2N associated to vector-like Lµ1

2N (3.100) of the so2N spin chain. This
diagram illustrates the singular action of the magnetic charge µ1 on quantum states in the
representation 2N, see (3.25).

N N

N2N-2

Figure 3.25: The topological quiver representing Lvect
so2N

. It has three nodes and 6 links. The
nodes describe self-dual topological matter and the links describe topological bi-matter.

It is formed by three nodes and six links in analogy to the quiver of B-type. The nodes are in
one to one with irreducible presentations 1+, 2N− 20 and 1−.

N1+ ≃ ϱ+Lµ1

2N+1ϱ+ , N2N−20
≃ ΠLµ1

2N+1Π , N1− ≃ ϱ−Lµ1

2N+1ϱ− (3.113)

They are interpreted as adjoint matter, while bi-fundamental matter is given by the six links

L1+→2N−20
≃ ϱ+Lµ1

2NΠ , L2N−20→1+ ≃ ΠLµ1

2Nϱ+
L1+→1− ≃ ϱ+Lµ1

2Nϱ− , L1−→1+ ≃ ϱ−Lµ1

2Nϱ+
L1−→2N−20

≃ ϱ−Lµ1

2NΠ , L2N−20→1− ≃ ΠLµ1

2Nϱ−

(3.114)
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We move now to the spinor minuscule Lax operator LµN

2N, that we translate into the topological
gauge quiver QµN

2N = which is equivalent to QµN

2N because of (3.104). Following from the matrix
(3.111), or equivalently from the Lie algebra decomposition 3.103, we obtain the diagrammatic
representation of Figure 3.26 given here below. This quiver unveils the similarity with the

N N

Figure 3.26: The topological quiver QµN

Rv
representing the operator LµN

Rv
. It has 2 nodes N1,

N2; and 2 links L12, L21. The nodes describe self-dual topological matter and the links describe
topological bi-matter.

diagram of Figure 3.17 regarding the CN type spin chain. It also has two nodes with the same
dimensions and charges

NN+1/2
≃ ΠLµN

2NΠ , NN−1/2
≃ Π̄LµN

2NΠ̄ (3.115)

and therefore two links relating them as

LN+1/2→ ≃ ΠLµN

2NΠ̄ , LN−1/2→ ≃ Π̄LµN

2NΠ (3.116)

3.5 E6 type

After the study of the spin chains systems with ABCD symmetries and the characterization
of their RLL solutions, we move now to the investigation of the integrable spin chains with
exceptional symmetries. These lattice systems are insu�ciently studied in the spin chain lit-
erature due to the complexity of their algebraic structure. With the purpose of constructing
explicit solutions for these systems, we rely on the power of the correspondence with the 4D
Chern-Simons. In particular, we exploit gauge symmetries that admit minuscule coweights, i.e.
the E6 and E7 families. The E8 and G2 symmetries don't have minuscule representations, and
corresponding Lax matrices can't be generated in the present study using the formula (4.49). In
this section, we put our attention on the e6 symmetry which is characterized by two minuscule
coweights µ1 and µ5 that can be treated equivalently thanks to Z2 symmetry. We will construct
the corresponding Lax operators, as well as the topological gauge quiver.

3.5.1 Minuscule L-operators of E6 type

The �nite dimensional exceptional Lie algebra e6 is of rank 6 and 78 dimensions. Its Dynkin
diagram is depicted in Figure 3.27
with simple roots reading as

E6 : α1 = 1
2
(ϵ1 − ϵ2 − ϵ3 − ϵ4 − ϵ5 − ϵ6 − ϵ7 + ϵ8)

αi = ϵi − ϵi−1 , i = 1, 2, 3, 4, 5
α6 = ϵ1 + ϵ2

(3.117)
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𝛂𝟏 𝛂𝟐

𝛂𝟑

𝛂𝟓𝛂𝟒

𝛂𝟔

Figure 3.27: The Dynkin Diagram of e6 Lie algebra having six nodes labeled by the simple
roots αi.

Their intersections are described by the Cartan matrix

Ke6 =


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 −1
0 0 −1 2 −1 0
0 0 0 −1 2 0
0 0 −1 0 0 2

 (3.118)

The other 72 roots of the root system Φe6 is divided to 36 positive root α ∈ Φ+
e6
, and 36 negative

−α ∈ Φ−
e6
. They are all realized in the Euclidean R8 with basis generators {ϵi}1≤i≤8. Explicitly,

we have
root realisation labels number

β+
ij +ϵi + ϵj 1 ≤ j < i ≤ 5 20

β−
ij −ϵi − ϵj 2 ≤ j < i ≤ 5 20

γ+
qi

+1
2
(qiϵi − ϵ6 − ϵ7 + ϵ8) Π5

i=1qi = 1 16

γ−
qi

−1
2
(qiϵi − ϵ6 − ϵ7 + ϵ8) Π5

i=1qi = 1 16

(3.119)

where qi ± 1 with the condition Πqi = 1. The fundamental coweights dual to the six simple
roots (3.117) read like

fund- ωi in terms of roots height Repres

ω1
4
3
α1 +

5
3
α2 + 2α3 +

4
3
α4 +

2
3
α5 + α6 8 27+

ω2
5
3
α1 +

10
3
α2 + 4α3 +

8
3
α4 +

4
3
α5 + 2α6 15 351+

ω3 2α1 + 4α2 + 6α3 + 4α4 + 2α5 + 3α6 21 29250
ω4

4
3
α1 +

8
3
α2 + 4α3 +

10
3
α4 +

5
3
α5 + 2α6 15 351−

ω5
2
3
α1 +

4
3
α2 + 2α3 +

5
3
α4 +

4
3
α5 + α6 8 27−

ω6 α1 + 2α2 + 3α3 + 2α4 + α5 + 2α6 11 780

(3.120)

In what concerns us here, the two minuscule coweights µ1 and µ5 allow us to de�ne two fam-
ilies of minuscule 't Hooft lines in the framework of the 4D Chern-Simons theory with gauge
symmetry given by the E6 gauge group, they are labeled as

tHµ1 , tHµ5 (3.121)

These minuscule nodes correspond to the fundamental 27 and anti-fundamental 2̄7 minuscule
representations, and are exchangeable by the Z2 Zaut

2 outer- automorphism symmetry acting
like αi → α6−i with i = 1, ..., 5. In permutation symmetry language, the Zaut

2 is generated by
the double transposition (15) (24), i.e:

Zaut
2 = {Iid, (15) (24)} (3.122)
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We will focus in what follows on the construction of the minuscule L-operator corresponding
to µ1, and show that the other minuscule L-operator can be easily deduced. In fact, the Levi
decomposition of the e6 Lie algebra with respect to these minuscule coweights is the same, as
presented in Figure 3.28.

𝛂𝟏 𝛂𝟐

𝛂𝟑

𝛂𝟓𝛂𝟒

𝛂𝟔

𝛂𝟏 𝛂𝟐

𝛂𝟑

𝛂𝟓𝛂𝟒

𝛂𝟔

Figure 3.28: If we cut the node α1 or α5 from the Dynkin diagram of the e6 Lie algebra, we
obtain in both cases sub-Dynkin diagrams corresponding to the D5 and A1 algebras.

The cutting of the α1 or α5 node yields the splitting

DDE6 → DDD1 ⊕DDD5 (3.123)

revealing the orthogonal so10 as a subalgebra of the exceptional e6

e6 → so2 ⊕ so10 ⊕ n± (3.124)

lµ1 = so(2)⊕ so(10)

with the nilpotents given by the spinor representations of so10, i.e.

n± = 16± (3.125)

We can justify this interesting decomposition by tracking each root in Φe6 . As remarked from
(3.117), the simple root α1 is the only one of exceptional nature, its cutting leaves us with the
usual simple roots of a D-type Dynkin diagram. Regarding the rest of the root system, it is
divided by the Levi decomposition into 40 roots that don't depend on α1

δβso10

δα1

= 0 (3.126)

and correspond to the subalgebra so10; and 32 one belonging to n± and verifying

δβso10

δα1

̸= 0 (3.127)
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These are respectively given by

± (ϵi ± ϵj) 1 ≤ j < i ≤ 5 40
±1

2
(qiϵi − ϵ6 − ϵ7 + ϵ8) qi = ±1;Π5

i=1qi = 1 32
(3.128)

Now regarding the fundamental representation 27 which is characterizes the Wilson line taken
here, its branching yields three irrepresentations: the singlet of so2, the vector 10 and the
spinor 16 of so10 as illustrated in Figure 3.29.

Figure 3.29: A graphical illustration of the Levi decomposition of the representation 27 of e6
in terms of representations of so10.

Their charges verify the trace condition as

27 = 1− 4
3
⊕ 10+ 2

3
⊕ 16− 1

3
(3.129)

We can deduce that the L-operator Lµ1

27 (z) will be a 27 × 27 matrix with three sub-blocks in
one to one with the representations (4.160). The states of the fundamental 27 are actually as
represented in the weight diagram of Figure 3.30.

1

6

5

432

7

1
0

9

8

1
3

1
2

1
1

1
5

1
4

1
6

1
7

2
5

2
4

2
3

2
2

2
1

2
0

1
9

1
8

2
6

2
7

Figure 3.30: The weight diagram of the representation 27 of the exceptional Lie algebra e6 where
every state |ξA⟩ is simply represented by the node carrying its number. The states 1+16+10 of
the SO10 sub-representations of e6 are represented by di�erent colors.

We label these states as |ξA⟩ such that

|1⟩ |ξ1⟩−4/3 = |ω1⟩
↓
|i⟩2≤i≤17 |ξα⟩+1/3

↓
|β⟩18≤β≤27 |ξi⟩−2/3

(3.130)
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This basis veri�es the orthogonality ⟨0|i⟩ = ⟨0|β⟩ = ⟨i|β⟩ = 0, in addition to the closure
ϱ1 + ϱ10 + ϱ16 = I27 where

ϱ1 = |1⟩ ⟨1| , ϱ10 =
11∑
l=2

|i⟩ ⟨i| , ϱ16 =
27∑

β=12

|β⟩ ⟨β| (3.131)

From (4.160), we write the adjoint action of µ1 as

µ1 = −4

3
ϱ1 +

2

3
ϱ10 −

1

3
ϱ16 (3.132)

The generators of the nilpotents n± can be read from the weight diagram 3.30 such that they
link the three subspaces by help of tensors Gamma allowing to transit between the vector and
spinor labels of the orthogonal subalgebra. In fact, since we have dimn+ = dimn− = 16, one
can deduce that the expansions of X ∈ n+ and Y ∈ n− depend on the label β

X =
16∑
β=1

b
β

Xβ, Y =
16∑
β=1

cβY
β (3.133)

The expression 3.133 involves 16 couples of oscillator degrees of freedom {bγ, cβ} = δγβ , and the
generators

Xβ =
(
Γi
)
βγ

|i⟩ ⟨γ|+ |β⟩ ⟨1| , Y β = |1⟩ ⟨β|+ (Γi)
βγ |γ⟩ ⟨i| (3.134)

The 10 Gammas Γ are 16× 16 matrices characterizing the orthogonal so10 algebraic structure,
they satisfy the Cli�ord algebra

ΓiΓj + ΓjΓi = 2δij (3.135)

The Levi constraints are veri�ed

[µ,Xβ] = (−1

3
+

4

3
) |β⟩ ⟨1|+ (

2

3
+

1

3
)
(
Γi
)
βγ

|i⟩ ⟨γ| = Xβ (3.136)[
µ, Y β

]
= −Y β

and we have
X2 = V i |i⟩ ⟨1| , Y 2 = Wi |1⟩ ⟨i|
V i = bα (Γi)αβ b

β , Wi = cα (Γi)
αβ cβ

X3 = 0 , Y 3 = 0

(3.137)

We moreover de�ne the tensors

Bi
β = bγΓi

γβ , Cα
i = cγΓ

γα
i (3.138)

in order to simplify the expressions

eX = I +X + 1
2
X2 = I +Bi

γ |i⟩ ⟨γ|+ bβ |β⟩ ⟨1|+ 1
2
V i |i⟩ ⟨1|

eY = I + Y + 1
2
Y 2 = I + cβ |1⟩ ⟨β|+ Cγ

i |γ⟩ ⟨i|+ 1
2
Wi |1⟩ ⟨i|

(3.139)

The three factors appearing in the L-operator formula Lµ1

27(z) = eXzµ1eY are represented in the
basis (3.130) as

eX =

 1 0 0
V i δij Bi

β

bα 0 δαβ

 , zµ =

 z−
4
3 0 0

0 z
2
3 δij 0

0 0 z−
1
3 δαβ

 , eY =

 1 Wj cβ
0 δij 0
0 Cα

j δαβ


(3.140)
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Thus leading to the Lax matrix

Lµ1

27 =

 z−
4
3 z−

4
3Wj z−

4
3 cβ

z−
4
3V i z

2
3 δij + z−

4
3V iWj + z−

1
3Bi

αC
α
j z−

4
3V icβ + z−

1
3Bi

β

z−
4
3 bα z−

4
3 bαWj + z−

1
3Cα

j z−
1
3 δαβ + z−

4
3 bαcβ

 (3.141)

Concerning the minuscule L-operator Lµ5

27 corresponding to the magnetic coweight µ5, it can be
deduced by taking advantage of the result (3.141). As mentioned before, these two coweights
are linked in the DDE6 to the fundamental 27+ and anti-fundamental 27− minuscule represen-
tations, and are exchanged by a Z2 symmetry. On the level of the Lie algebra, their associated
Levi decompositions read the same 3.124, but their actions on the fundamental representation
are opposed since we have µ5 = −µ1. From 3.132, one can directly write

µ5 =
4

3
ϱ1 −

2

3
ϱ10 +

1

3
ϱ16 (3.142)

For the nilpotents elements, we use the notations X̄ ∈ n+ and Ȳ ∈ n− to avoid confusion.
These matrices are realized as by a simple sign change of (3.134) to verify[

µ5, X̄β

]
= X̄β ;

[
µ5, Ȳ

β
]
= −Ȳ β (3.143)

We obtain

X̄ =
16∑
β=1

b
β

X̄β, Ȳ =
16∑
β=1

cβȲ
β (3.144)

X̄β = |1⟩ ⟨β|+ (Γi)
βγ |γ⟩ ⟨i| , Ȳ β =

(
Γi
)
βγ

|i⟩ ⟨γ|+ |β⟩ ⟨1|

The L-operator reads in this case as

Lµ5

27 =

 z
4
3 z−

4
3Wj z

4
3 cβ

z
4
3V i z−

2
3 δij + z

4
3V iWj + z

1
3Bi

αC
α
j z

4
3V icβ + z

1
3Bi

β

z
4
3 bα z

4
3 bαWj + z

1
3Cα

j z−
1
3 δαβ + z

4
3 bαcβ

 (3.145)

3.5.2 Topological quiver of E6 type

Now, we build the topological gauge quivers associated to the L-matrices (3.141) and (3.145).
We begin by thinking of these matrices in the projector basis as

Lµ1,5

27 =

 ϱ1L
µ1,5

27 ϱ1 ϱ1L
µ1,5

27 ϱ10 ϱ1L
µ1,5

27 ϱ16
ϱ10L

µ1,5

27 ϱ1 ϱ10L
µ1,5

27 ϱ10 ϱ10L
µ1,5

27 ϱ16
ϱ16L

µ1,5

27 ϱ1 ϱ16L
µ1,5

27 ϱ10 ϱ16L
µ1,5

27 ϱ16

 (3.146)

We can associate to their sub-blocks elements of topological quiver diagrams representing the
behaviour of internal gauge �eld bundles in the subspaces 1,10 and 16. These quivers are
denoted as Qµ1,5

27 , and are formed by three nodes describing self-dual topological matter of
SO(2)× SO (10)

N1∓4/3
∼ ϱ1L

µ1,5

27 ϱ1 , N10±2/3
∼ ϱ10L

µ1,5

27 ϱ10 , N16∓1/3
∼ ϱ16L

µ1,5

27 ϱ16 (3.147)

The connection between these three nodes is guaranteed by six oriented links giving by the
o�-diagonal blocks and carrying bi-fundamental matter in terms of the oscillators b,c.

link Repres bi-matter link Repres bi-matter

L1→2 16− 1
3
× 10− 2

3
b, b2c L2→1 10 2

3
× 16 1

3
c, bc2

L2→3 1− 4
3
× 16+ 1

3
b L2→1 16− 1

3
× 1 4

3
c

L1→3 1− 4
3
× 10− 2

3
b2 L3→1 10 2

3
× 1+ 4

3
c2

(3.148)
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Figure 3.31: Lµ
27 as a topological quiver with 3 nodes and 6 links. The nodes are given by the

self-dual Ri ⊗ R̄i and the links by bi-matter Ri ⊗ R̄j. In addition to SO10 representations, the
Darboux coordinates bα, cα carry SO2 charges given by q = ±1. The fundamental vector-like
matter V i and Wi carry −2 and +2.

We begin by drawing the quiver Qµ1

27 in the Figure 3.31.
Regarding the Qµ5

27 drawn in Figure 3.32, it has similar nodes with opposite charges to Qµ1

27; to
preserve the charges circulation, the links should be oriented oppositely to the �rst quiver.

N N

N

Figure 3.32: Lµ
27 as a topological quiver with 3 nodes and 6 links. The nodes are given by the

self-dual Ri ⊗ R̄i and the links by bi-matter Ri ⊗ R̄j. In addition to SO10 representations, the
Darboux coordinates bα, cα carry SO2 charges given by q = ±1. The fundamental vector-like
matter V i and Wi carry −2 and +2.

3.6 E7 type

To conclude the list of minuscule L-operators concerning bosonic spin chains, we treat now the
integrable spin chain with exceptional e7 Lie algebra. We take advantage of its only minuscule
coweight µ1 to explicitly build an RLL solution missing in the spin chain literature, in the
framework of the 4D Chern-Simons theory. This concerns the minuscule L-operator Lµ1

56 realized
in the fundamental representation 56 and corresponding to the minuscule magnetic charge µ1.
We will see that this particular L-matrix reveals interesting internal structure involving 54
oscillators of the phase space, that we translate into the topological quiver Qµ1

56.

3.6.1 L-operator of E7 type

We begin by recalling some general aspects of the rich structure of the the exceptional e7
symmetry. As a Lie algebra of rank 7, its Dynkin diagram drawn in Figure 3.33 contains 7
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simple roots reading in terms of the R8 basis vectors as

α1 =
1

2
(ϵ1 − ϵ2 − ϵ3 − ϵ4 − ϵ5 − ϵ6 − ϵ7 + ϵ8) (3.149)

αi = ϵi − ϵi−1 2 ≤ i ≤ 6

These are in one to one with 7 Cartan generators Hi with 1 ≤ i ≤ 7. The remaining 126

𝛂𝟕

𝛂𝟐 𝛂𝟑 𝛂𝟓

𝛂𝟒

𝛂𝟔𝛂𝟏

Figure 3.33: The Dynkin Diagram of E7 having seven nodes labeled by the simple roots αi. The
cross (×) indicates the roots used in the Levi decomposition with Levi subgroup SO(2)× E6.

from the total 133 dimensions are divided into two subsets consisting of 63 positive and 63
negative step roots. The latter are realized as combinations of simple roots 3.149 and de�ne
step operators Eα.
This e7 Lie algebra admits only one minuscule coweight µ1 corresponding to the fundamental
representation 56 and verifying µ1.αi = δi1 with 1 ≤ i ≤ 7. The Levi decomposition with
respect to this coweight reads as

e7 → so(2)⊕ e6 ⊕ n± (3.150)

It can be deduced from the DDE7 by omitting the node α1 as depicted in Figure 3.34.

𝛂𝟕

𝛂𝟐 𝛂𝟑 𝛂𝟓

𝛂𝟒

𝛂𝟔𝛂𝟏

Figure 3.34: If we cut the node α1 from the Dynkin Diagram of the e7 Lie algebra, we obtain
two sub-Dynkin diagrams corresponding to the algebra e6 and the node so2.

The Levi subalgebra is given by
lµ6 = so(2)⊕ e6 (3.151)

where the exceptional e6 is generated by the simple roots α2, α3, α4, α5, α6 and α7. The nilpo-
tents corresponding to the root sub-system Φe7\Φe6) are given by the fundamental and anti-
fundamental representations of the e6, i.e.

n± = 27± (3.152)

The simplest electric-magnetic crossing to be considered in the E7 Chern Simons theory involves
a minuscule 't Hooft with magnetic charge µ1 and a Wilson line carrying the fundamental
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representation 56. This representation splits following the Levi decomposition 3.151 as

56→ 28 + ⊕ 28− (3.153)

28±1 = 1±3/2 ⊕ 27±1/2

generating two singlets 1±3/2 corresponding to so2 and the 27±1/2 of e6. We can therefore
assimilate to 56 the basis 

|1+⟩
|β+⟩2+≤β+≤28+

|β−⟩28−≤β+≤2−

|1−⟩

 (3.154)

The states
{
|l+⟩1+≤l+≤28+

}
belong to 28+ and

{
|l−⟩28−≤l−≤1−

}
to 28− with l− = 56 + 1 − l

which manifests the self-duality and pseudo-reality properties of 56. This states splitting is
visualized in Figure 3.35 In this basis, the adjoint action of µ6 reads in terms of projectors as

Figure 3.35: The decomposition of the 56 representation of E7 in terms of representations of
E6. We have 56 = 28+q ⊕ 28−q with 28±q reducible like 1±3/2 ⊕ 27±1/2.

µ =
3

2
ϱ1+ +

1

2
ϱ27+ − 1

2
ϱ27− − 3

2
ϱ1− (3.155)

where
ϱ1+ = |1+⟩ ⟨1+| , ϱ1− = |1−⟩ ⟨1−|

ϱ27+ =
28+∑

l+=2+

|β+⟩ ⟨β+| , ϱ27− =
2−∑

l+=28−

|β−⟩ ⟨β−|
(3.156)

Now concerning the realization of the nilpotents, it can be built following a similar rationale to
the e6 case. Here, we have 27 couples of oscillators that should be labeled by the β

X = bβXβ ∈ 27+ , Y = cβY
β ∈ 27− (3.157)

Moreover, the four subspaces that should be connected by the generators of Xβ and Y β, which
demands the introduction of tensor matrices transporting from the space 27+ to 27− such that

Xβ = |1+⟩ ⟨β+|+ |δ+⟩Γδ+γ−
β ⟨γ−|+ |β−⟩ ⟨1−|

Y β = |1−⟩ ⟨β−|+ |γ−⟩Γβ
γ−δ+

⟨δ+|+ |β+⟩ ⟨1+|
(3.158)

These realizations can be checked by veri�cation of the Levi commutation conditions. The
tensors Γ

δ+γ−
β and Γβ

γ−δ+
are coupling tensors of three 27 representations of E6. They are

respectively given by 〈
ωδ+ |Xβ|ωγ−

〉
(3.159)

and 〈
ωγ−|Y β|ωδ+

〉
(3.160)

They also verify

Γ
δ+γ−
β Γβ

γ−η+
=

4

3
δ
δ+
β δβη+ (3.161)
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Computing the powers of the X and Y indicates a particular structure for the Lax operator
Lµ6

56 because of the nilpotency of n± of order 4, i.e. X4 = Y 4 = 0. We have

X2 = 2Sβ−
∣∣ω0+

〉 〈
ωβ−

∣∣+ 2Sβ+
∣∣ωβ+

〉 〈
ω0−

∣∣
Y 2 = 2Rα+

∣∣ω0−

〉
⟨ωα+|+ 2Rα− |ωα−⟩

〈
ω0+

∣∣ (3.162)

with
Sβ− = 1

2
bγΓ

β−
γ+δb

δ , Rα− = 1
2
cγΓ

γδ+
α− cδ

Sβ+ = 1
2
bγΓ

β+

γδ−
bδ , Rα+ = 1

2
cγΓ

γ−δ
α+

cδ
(3.163)

and
X3 = 6E

∣∣ω0+

〉 〈
ω0−

∣∣ , E = 1
3
bβ+S

β+

Y 3 = 6F
∣∣ω0−

〉 〈
ω0+

∣∣ , F = 1
3
Rα−c

α− (3.164)

By combining these relations, we can begin by representing the exponentials eX and eY in the
basis 3.154

eX =


1 bβ+ Sβ− E
0 δβ+

α+
T β−
α+

Sα+

0 0 δβ−
α− bα−

0 0 0 1

 , eY =


1 0 0 0

z
1
2 cα+ δβ+

α+
0 0

z−
1
2Sα− z−

1
2Jβ+

α− δβ−
α− 0

z−
3
2F z−

3
2Rβ+ z−

3
2 cβ− 1

 (3.165)

with zµ6 as

zµ6 =


z

3
2 0 0 0

0 z
1
2 0 0

0 0 z−
1
2 0

0 0 0 z−
3
2

 (3.166)

The resulting L-operator is represented by a 56× 56 matrix in the projector basis

Lµ6

56 =


L
0+
0+

L
β+

0+
L
β−
0+

z−
3
2E

L0+
α+

Lβ+
α+

Lβ−
α+

z−
3
2Sα+

L0+
α− Lβ+

α− Lβ−
α− z−

3
2 bα−

z−
3
2F z−

3
2Rβ+ z−

3
2 cβ− z−

3
2

 (3.167)

Its characterized by a rich content as given below

L
0+
0+

= z
3
2 + z

1
2 bβ+cα+ + z−

1
2Sα−Sα− + z−

3
2EF

Lβ+
α+

= z
1
2 δβ+

α+
+ z−

1
2T γ−

α+
Jβ+
γ− + z−

3
2Sα+R

β+

Lβ−
α− = z−

1
2 δβ−

α− + z−
3
2 bα−c

β−

(3.168)

L
β+

0+
= z

1
2 bβ++z−

1
2Sα−Jβ+

α−+z−
3
2ERβ+ , L0+

α− = z−
1
2Sα− + z−

3
2 bα−F

L
β−
0+

= z−
1
2Sβ− + z−

3
2Ecβ− , Lβ−

α+
= z−

1
2T β−

α+
+ z−

3
2Sα+c

β−

L0+
α+

= z
1
2 cα+ + z−

1
2T γ−

α+
Sγ− + z−

3
2Sα+F , Lβ+

α− = z−
1
2Jβ+

α− + z−
3
2 bα−R

β+

(3.169)

3.6.2 Topological quiver of E7 type

The minuscule L-matrix (3.167) concerning the e7 spin chain system manifests a special and
rich inner structure. It is divided by four sub-blocks corresponding to 1+3/2, 27+1/2, 27−1/2

and 1−3/2. Hence quiver diagram Qµ6

56 has four nodes in one to one with the subspaces carrying
charges ±1/2 and ±3/2.

N1+3/2
≃ ϱ1+L

µ6

56ϱ1+ , N27+1/2
≃ ϱ27+L

µ6

56ϱ27+

N1−3/2
≃ ϱ1−L

µ6

56ϱ1− , N27−1/2
≃ ϱ27−L

µ6

56ϱ27−
(3.170)
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The other sub-blocks are translated into 12 links representing fundamental bi-matter carrying
integer SO(2) charges with value up to 3; these provide transition between the N1+3/2

and
N1−3/2

for example. In general, the links are given by polynomials of the oscillators bβ and
cβ extracted from the o�-diagonal blocks of Lµ6

56. In particular, the upper triangle contains
negatively charged links

Link Bi-matter Charge link bi-matter Charge

L1+3/2→27−1/2
bα −1 L27+1/2→27−1/2

bα −1

L1+3/2→1−3/2
Bα −2 L27+1/2→1−3/2

Bα −2

L1+3/2→27+1/2
Bαb

α −3 L27−1/2→1−3/2
bα −1

(3.171)

while the lower blocks carry positive SO(2) charges

Link Bi-matter Charge link bi-matter Charge

L27−1/2→1+3/2
cα +1 L27−1/2→27+1/2

cα +1

L1−3/2→1+3/2
Cα +2 L1−3/2→27+1/2

Cα +2

L27+1/2→1+3/2
cαCα +3 L1−3/2→27−1/2

cα +1

(3.172)

This quiver diagram is drawn in Figure 3.36.

-

+ +

-

Figure 3.36: The topological quiver Qµ
56 representing Lµ

56. It has 4 nodes and 12 links. The
nodes describe self-dual topological matter. The links describe bi-matter in

(
Ri, R̄j

)
of E6

charged under SO (2) with charges ±1,±2, ±3.
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CHAPTER 4

MINUSCULE SUPER LAX OPERATORS

FOR ABCD SUPERSPIN CHAINS

In the last chapter, we investigated integrable spin chain systems of bosonic nature, i.e. with
spins valued in a Lie algebra representation. We showed that the correspondence with a 4D
Chern-Simons theory having the gauge symmetry Gbos allows to construct minuscule Lax op-
erators solving the RLL equations of a spin chain system with internal symmetry gbos. One
may wonder if we can extend the power of this duality to obtain solutions for superspin chain
systems. These are de�ned similarly to bosonic spin chains but with spins valued in representa-
tions of Lie superalgebras [212]; their study is of great interest in theoretical physics [213]-[218]
because they allow to understand dynamics of complicated models of condensed matter physics
[219]-[222], and make interesting appearances in di�erent contexts such as six-dimensional su-
persymmetric gauge and string theories [223]-[226].

However, due to the complexity of their internal symmetry structure, the study and charac-
terization of superspin chain systems is still challenging by relying on "traditional" techniques
of the integrability literature such as the Algebraic Bethe Ansatz, and graded Yangian realiza-
tions of the Yang Baxter Equation. In the present study, we will take a shortcut by generalizing
the 4D CS/ Integrability correspondence to the case of super symmetries. We will �rst show
that a superspin system associated to the super Lie algebra gBF can be realized in the frame-
work of a four dimensional Chern-Simons theory equipped with the super gauge group GBF

corresponding to gBF . This is done in analogy to the bosonic case [123], by assimilating the
one-dimensional integrable super lattice to a super line defects lattice in 4D CS. We then pro-
pose a general super Lax operator formula as the crossing of a super Wilson line with a super
't Hooft line defect. For that purpose, we use the diagrammatic interpretation of Levi decom-
positions presented before, in order to generalize of the notion of minuscule coweight and Levi
decompositions to super symmetries.

We focus in the �rst section on the simple linear sl(m|n) super symmetry to introduce the
super analog of the 4D CS theory and properties of its super line defects, and show that they
allow to recover degrees of freedom of integrable superspin chain systems. Based on this model,
we set up a general demarche for the realization of minuscule-like super Lax operators, by
direct exploitation of special Levi-like decompositions of any Lie superalgebra. We �rst check
this demarche in the second section for the linear A(m − 1|n − 1) symmetry whose solutions
are computed in superspin chain literature. Then, we apply the same rationale to give new
solutions concerning orthosymplectic superspin chains with internal B(m|n), C(n) and D(m|n)
symmetries.

48



4.1 Super Integrability/ 4D CS Correspondence

In order to extend the power of the Integrability/ Gauge correspondence to super symmetries,
we need to �rst build a 4D Chern-Simons theory with gauge symmetry given by a super group,
and hosting super electric and magnetic line defects that carry bosonic, as well as fermioinc
degrees of freedom. A lattice construction of these lines in the four dimensions should serve as
a higher dimensional realization of a one dimensional chain system of superspins evaluated in a
representation of a Lie superalgebra g̃ of G̃. This interpretation o�ers a general formula to be
used to compute super oscillator Lax operators for Lie superalgebras with special 3-gradings.

4.1.1 Super 4D CS gauge theory with SL(m|n) symmetry
As a starting point, we can begin by considering a super gauge potential valued in a Lie
superalgebra de�ned on a Z2 -graded space Rm|n. This �eld connexion expands in terms of
graded generators Eab labeled by vectors of the Rm|n as

A =
∑
ab

AabEab (4.1)

such that vectors of this graded space can be either bosonic or fermioinc depending on their
even or odd Z2 degree.

bosonic → dega = |a| = 0̄
a =

fermioinc → dega = |a| = 1̄
(4.2)

and hence, the degree of the generators Eab is de�ned as

|Eab| ≡ deg Eab = |a|+ |b| (4.3)

By taking the Lie superalgebra as the linear sl(m|n), the generators should verify super com-
mutation relations

[Eab, Ecd} = δbcEad − (−)|Eab||Ecd| δdaEcb (4.4)

that boil down to the usual commutators

[Eab, Ecd] = EabEcd − EcdEab (4.5)

if Eab and Ecd have of the same Z2 degree, or to the anti-commutators

{Eab, Ecd} = EabEcd + EcdEab (4.6)

if else. The Z2 graduation reads for the Lie superalgebra sl(m|n) as

sl(m|n) = sl(m|n)0̄ ⊕ sl(m|n)1̄ (4.7)

where the even subspace is given by the adjoint representations of sl(m) and sl(n), and the
odd subspace is given by bi-fundamental of sl(m)⊕ sl(n)

sl(m|n)0̄ = (m, m̄)⊕ (n, n̄)

sl(m|n)1̄ = (m, n̄)⊕ (m̄,n)

We can moreover distinguish the labels (4.2) of Rm|n into bosonic labels a,b∈ Rm (|a| = |b| = 0̄),
and fermioinc ones i,j∈ Rn with |i| = |j| = 1̄, the development (4.1) becomes

A = AabEab + A′ijE ′
ij + ÃaiẼai + Ã′iaẼ ′

ia (4.8)
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This is represented by the (m+ n)× (m+ n) matrix

A =

(
AabEab ÃaiẼai

Ã′iaẼ ′
ia A′ijẼij

)
(4.9)

where the diagonal Aab = tr
(
EabA

)
and A′ij = −tr

(
E ′ijA

)
are of bosonic nature and are

respectively contained in the adjoints of sl(m) and sl(n) in agreement with the Z2 graduation

of the sl(m|n) Lie superalgebra; while the components Ãai = tr
(
ẼaiA

)
and Ã′ia = −tr

(
Ẽ ′iaA

)
are fermioinc potentials with mixed labels, corresponding to the bi-representations.
Finally, notice that for such graded matrix (4.9), the supertrace is de�ned by

str

(
Aab Ãai

Ã′ia A′ij

)
= tr(Aab)− tr(A′ij) (4.10)

We de�ne here the super 4D Chern-Simons theory with SL (m|n) gauge symmetry by the
following action describing the con�guration of the gauge �eld (4.1) in the manifoldM4 = Σ×C

S
SL(m|n)
4DCS =

∫
M4

dz ∧ str

[
A ∧ dA+

2

3
A ∧A ∧A

]
(4.11)

Similarly to (2.18), this action is obtained from the Chern-Simons 3-form whose trace is lifted
here to the supertrace expanding as

str

(
A ∧ dA+

2

3
A ∧A ∧A

)
= gabcdA

abdAcd +
2

3
fabcdefA

abAcdAef (4.12)

The constant structures read in terms of graded generators as

gabcd = str(EabEcd) , fabcdef = str(EabEcdEef) (4.13)

The partial gauge connexion Aab expands in space as

Aab = dxAab
x + dyAab

y + dz̄Aab
z̄ (4.14)

The equation of the �elds motion in absence of external sources is given by δS [A] = 0, i.e.

F = dA+A ∧A = 0 (4.15)

To introduce charges to this theory, we implement line defects and their observables in analogy
to the bosonic theory. We will name these as super lines to refer to their super internal symmetry
properties. Their de�nition can be simply motivated by the lifting from the bosonic Wilson
line Wm

ξz
of the SL (m) theory by using the embedding properties

sl (m) ⊂ sl(m|n)0̄ ⊂ sl(m|n) (4.16)

repslm ⊂ repsl(m|n)0̄ ⊂ repsl(m|n)

This extension is performed as follows

gauge symmetry SL(m) → SL(m|n)
fund representation R = m → R = m|n
Wilson line Wm

ξz
→ W

m|n
ξz

Observable tr → str

(4.17)

50



where m|n is the fundamental representation of sl(m|n) and where the extrinsic properties stay
intact. A super Wilson line is therefore associated to a curve ξz in the 4D CS expanding in R2,
and located at the point z ∈ C similarly to the bosonic case. Its formal observable is given by

W
m|n
ξz

= strm|n

[
P exp

(∮
ξz

A
)]

(4.18)

In general, the electrical charge of a super Wilson line is given by a highest weight ωR of a
super gauge group; it carries bosonic and fermionic states valued in the representation R.
On the other hand , magnetically charged 't Hooft line defects are characterized by coweights of
the super gauge group. We denote a super 't Hooft line in the SL (m|n) 4D CS as tHµ

γz′
where

γz′ in a curve of R2 sitting in the point z′ of CP1, and µ its magnetic charge whch is given by a
coweight of the super SL (m|n) symmetry. This magnetic super line defect is de�ned such that
its presence in the SL (m|n) 4D CS creates a Dirac like singularity in the �eld con�guration
and the gauge curvature (4.15) takes the form of a Dirac monopole of 4D Yang Mills theory.
And so this singularity leads to the dispersion of the surrounding �eld bundles in the super 4D
CS, exactly like the action of a bosonic magnetic line on bosonic gauge �elds (2.24).
This disorder observable is described by the L-operator which by taking γz′ = {y = 0, z′ = 0},
reads as

Lµ(z) = P exp

(∫ y>0

y<0

Ay(z)

)
(4.19)

Recall that in the bosonic case, the explicit calculation of this operator in the framework of 4D
CS theory was worked out by choosing the magnetic charge as a minuscule coweight µ, and then
identifying the splitting of gauge �elds (2.27) with the Levi decomposition of the Lie algebra
with respect to µ. The complication for the case of super line defects is the that minuscule
coweights and Levi decompositions are not known for Lie superalgebras. Our purpose for the
next subsection is to generalize these notions to graded symmetries, and elaborate a formula
allowing to construct super L-operators in 4D CS for generic superalgebras.

4.1.2 Super L-operators from 4D Chern-Simons

To �x ideas, we consider a superspin chain of sl(m|n) type and of lenght L. The internal
symmetry of each super atom Υl with 1 ≤ l ≤ L can be described by a highest weight vector
λl associated to the representation Rl

(
λl
)
of sl(m|n) in which the superspins take values. This

weight vector expands in the basis of unit weight vectors ϵa of Rm|n as

λl =
m+n∑
a=1

λl
aϵa (4.20)

This graded basis is de�ned with the inner product ⟨ϵA, ϵB⟩ = (−)|A| δAB with |A| = {0̄, 1̄}.
Notice here that for the full superspin chain, the total quantum state transforms in a tensor
product representation with highesst weight Λ, where we have

R (Λ) =
L∏
l=1

Rl , Λ =
L∑
l=1

λl (4.21)

Λ =
m+n∑
a=1

Λaϵa , Λa =
L∑
l=1

λl
a (4.22)

These degrees of freedom will be realized in the framework of a 4D Chern-Simons with a super
gauge group SL(m|n), such that the internal symmetry of a super atom Υl is encoded in the
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gauge �elds carried by a super Wilson line with electric charge λl.
By taking the super atoms in the same fundamental representationm|n of sl(m|n), we illustrate
in Figure 4.1 the associated XXX superspin chain by placing L super Wilson lines W

m|n
ξlz

in
positions xl ∈ R of the chain nodes, and in the same position z in C. We have

ξlz = {xl = cte, zl = z} (4.23)

These neighboring electrically charged super atoms create a magnetic �eld modeled by the
super 't Hooft line tHµ

γ0
at

γ0 = {y = 0, z′ = 0} (4.24)

The 't Hooft line acts as a transfer matrix carrying the auxiliary space of the spin chain, hence
each Wilson /'t Hooft coupling in this Figure is interpreted as a super Lax operator which is
nothing but the L-operator measuring the transport of gauge �elds carried by the Wilson past
the 't Hooft. Notice that the lines intersect in R2 but are distinct in C, and so can be freely

𝑊
𝛏𝐳
𝐋
𝒎|𝒏

𝑊
𝛏𝐳
𝟏
𝒎|𝒏

tH𝜸𝟎
𝝁

Figure 4.1: Realization of an sl(m|n) superspin chain of L nodes in the fundamental represen-
tation using super line defects in the 4D Chern Simons.

moved in four dimensions.
This di�eomorphism invariance allows to draw the equivalence of Figure 4.2 where two electric
Wilson lines and a magnetic 't Hooft line cross each other in di�erent orders. This image is

𝐦|𝐧 𝐦|𝐧 𝐦|𝐧 𝐦|𝐧

𝛍

𝛍

Figure 4.2: Graphic representation of the RLL equation in terms of intersecting line defects in
SL(m|n) 4D CS theory.

equivalent to the RLL equation of integrability reading as

Rik
rs (z − w)Lr

j (z)L
s
l (w) = Li

r (w)L
k
s (z)R

rs
jl (z − w) (4.25)
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Note here that the R-matrix Rik
rs veri�es the Yang Baxter equation and refers to the crossing

of two Wilson lines with incoming graded sates |r⟩ and |s⟩ and outgoing graded states |i⟩ and
|k⟩. Just like in the bosonic case, these "super" R-matrices can be directly calculated in dual
4D CS from Feynman diagrams amplitudes of lines' crossing.
In general, a superspin chain system characterised by superspin representations of a graded Lie
superalgebra denoted as,

gbf ≡ gbose/fermi , gbf = g0̄ ⊕ g1̄ (4.26)

with g0̄ its even part and g1̄ its odd part, is realized as a lattice of Wilson and 't Hooft super
line defects in the dual four-dimensional Chern-Simons theory with the graded gauge symmetry

Gbf ≡ Gbose/fermi , Gbf = G0̄ ⊕G1̄ (4.27)

In the present thesis, we will use this dulaity to study the integrable superspin chain systems
de�ned by the basic Lie superalgebras as given in the following table [227, 229]

gbf even part g0̄ odd part g1̄
A(m|n) Am ⊕ An ⊕ U(1) (m̄, n)⊕ (m, n̄)
B(m|n) Bm ⊕ Cn (2m+ 1, 2n)
C(n) Cn−1 ⊕ U(1) (2n− 2)⊕ (2n− 2)

D(m|n) Dm ⊕ Cn (2m, 2n)

(4.28)

However, notice that for a superalgebra gbf, one has di�erent varieties of superspin chains that
can be labeled by the distinct super Dynkin diagrams D[gbf]

(κ) of gbf. This is due to the
grading of the vector space Rm|n leading to di�erent possible choices of the ordering of the
unit basis in which the weight λl is de�ned as in (4.20). In what follows, we will label the
two kinds of fundamental unit weight vectors ϵa as εi for the bosonic unit vectors having the
metric ⟨εi, εj⟩ = δij, and δa for the fermionic ones with ⟨δa, δb⟩ = −δab. This leads to di�erent
graduations of the graded simple roots of gbf, which for the example of sl(m|n) can be of three
types: fermionic simple roots of the form

αa = δa − εa+1 or αa = εa − δa+1 , α2
a = 0 (4.29)

or bosonic simple roots with two possible forms

αa = εi − εi+1 , α2
a = +2

αa = δa − δa+1 , α2
a = −2

(4.30)

Thus, in contrary to bosonic Lie algebras gbose, a superalgebra gbf admits several realizations
of the set of simple roots, and hence several di�erent Dynkin super diagrams D[gbf]

(κ) labeled
by κ

D[gbf]
(1), D[gbf]

(2), D[gbf]
(3), .... , D[gbf]

(nbf) (4.31)

where nbf is the number of these possibilities. As an illustration, we give in Figure 4.3 examples
of super Dynkin diagrams D[sl(3|4)]

(κ) concerning the sl(3|4) superalgebra that actually has

nsl(3|4) =
7!

4!× 3!
= 35 (4.32)

possible Dynkin representations. In this Figure, the fermionic simple roots are represented by
green nodes, the bosonic simple roots with α2 = −2 are represented in blue, and the bosonic
simple roots with α2 = 2 in red.
The simplest basis choice, and the most studied in the literature of Lie superalgebras, is called
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𝜹𝟐 − 𝜺𝟐𝜹𝟏 − 𝜺𝟏 𝜺𝟏 − 𝜹𝟐 𝜺𝟐 − 𝜹𝟑 𝜹𝟑 − 𝜺𝟑 𝜺𝟑 − 𝜹𝟒

𝜺𝟏 − 𝜺𝟐𝜹𝟏 − 𝜹𝟐 𝜹𝟐 − 𝜺𝟏 𝜺𝟐 − 𝜺𝟑 𝜺𝟑 − 𝜹𝟑 𝜹𝟑 − 𝜹𝟒

𝜺𝟏 − 𝜹𝟑𝜹𝟏 − 𝜹𝟐 𝜹𝟐 − 𝜺𝟏 𝜹𝟑 − 𝜹𝟒 𝜹𝟒 − 𝜺𝟐 𝜺𝟐 − 𝜺𝟑

𝜺𝟏 − 𝜹𝟑𝜹𝟏 − 𝜹𝟐 𝜹𝟐 − 𝜺𝟏 𝜹𝟑 − 𝜺𝟐 𝜹𝟑 − 𝜹𝟒𝜺𝟐 −𝜹𝟑

Figure 4.3: Graded Dynkin diagrams of the sl(3|4) superalgebra. The green nodes represent
fermionic simple roots, blue nodes represent bosonic roots with α2 = −2 and red nodes represent
bosonic roots with α2 = 2.

the distinguished basis. In this case, the basis vectors of Rm|n are ordered such that the m
bosonic weight vectors are distinguished from the n fermionic ones like

ϵa=1,...,m+n = {δ1, . . . , δn, ε1, . . . , εm} (4.33)

The super Dynkin diagram associated to such basis is referred to as the distinguished Dynkin
diagram, and has only one fermionic simple root with the rest of bosonic type. The distinguished
Dynkin diagram of the sl(m|n) Lie superalgebra is depicted in Figure 4.4. For simplicity, we
will mainly choose this type of basis for the study of basic superspin chains, especially the
orthosymplectic families.
Now in order to realize solutions for these superspin chain systems, we need to generalize

𝜹𝒏 − 𝜺𝟏𝜹𝟏 − 𝜹𝟐 𝜺𝟏 − 𝜺𝟐
𝜺𝒎−𝟏 − 𝜺𝒎

n−𝟏 m−𝟏

sl(m,n) 

𝜹𝒏−𝟏 − 𝜹𝒏

Figure 4.4: Distinguished Dynkin diagrams for the sl(m|n) superalgebra. The green node
represents the only fermionic node, blue and red nodes are bosonic.

the L-operator formula (4.49) for super symmetries, which requires the generalization of the
Levi decomposition to super Lie algebras. However, since this type of decompositions, as well
as minuscule coweights, are not known in the literature of superalgebras, we propose here to
exploit their graphical interpretation on the level of super Dynkin diagrams. In general, the
cutting (or deletion) of nodes from the Dynkin diagrams of a Lie algebras allows to classify
their regular subalgebras [230] and decompositions as studied in [231]-[233]. In the special case
where the cut node corresponds to a minuscule coweight, one obtains a Levi decomposition of
the Lie algebra, which can be directly read from the Dynkin diagram, and exploited to calculate
a minuscule Lax operator associated to a minuscule magnetic charge.
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The same rationale can be applied to Lie superalgebras to investigate their di�erent possible
decompositions. In fact, the nodes' cutting operation in a super Dynkin diagram of the Lie
superalgebra gbf leads in general to a 5-grading of the form [234]- [236]

gbf = g−2 ⊕ g−1 ⊕ g0 ⊕ g+1 ⊕ g+2 (4.34)

The g0 here is a regular subalgebra of gbf, and g±1,2 are g0-modules such that

gj+k = [gj,gk} (4.35)

and
w(g+k) = g−k (4.36)

where j, k = 0,±1, 2 and w is the standard antilinear anti-involutive mapping of the Lie super-
algebra gbf. The particular decompositions that interest us verify g±2 = 0, i.e.

gbf = g−1 ⊕ g0 ⊕ g+1 (4.37)

These 3-gradings are equivalent to Levi decompositions with subspaces g±1 of oscillator nature.
They will be exploited here to build super minuscule Lax operators by interpreting the indices
carried by subspaces g0,±1 as Levi charges with respect to the cut node acting as a minuscule
coweight. For the families of basic Lie superalgebras of table (4.28), the possible 3-gradings of
the form (4.37) read as follows

gbf g0 dimg−1 = dimg+1

A(m− 1|n− 1) sl(k|l)⊕ sl(m− k|n− l)⊕ U(1) (k + l)(m− k + n− l)
B(m|n) B(m− 1|n)⊕ U(1) 2m+ 2n− 1
C(n) Cn−1 ⊕ U(1) 2 (n− 1)

sl(1|n− 1)⊕ U(1) n(n+1)
2

− 1
D(m|n) D(m− 1|n)⊕ U(1) 2 (m+ n− 1)

sl(m|n)⊕ U(1) (m+n)(m+n+1)
2

−m

(4.38)

with 0 ≤ k ≤ m and 0 ≤ l ≤ n. For each of these 3-gradings, we will build an associated
oscillator super Lax operator by extending the Levi decomposition -based formula (2.37). This
general construction is described as follows

A) 3-grading of the superalgebra gbf
We consider the Lie superalgebra gbf with a 3-grading of the type (4.37) that we can write for
convenience as

gbf = N+ ⊕ lµ ⊕N− (4.39)

The three algebraic subspaces are interpreted as described below:
• The lµ is a regular Lie sub-(super)algebra of gbf with elements carrying charge 0 with

respect to the coweight µ. It plays the role of a Levi subalgebra

[µ,lµ] = 0 (4.40)

which is actually given by a direct sum

lµ = lµ ⊕ Cµ (4.41)

of a subalgebra lµ with the Cµ associated to the cut node acting as a minuscule coweight.
• The remaining elements of the decomposition (N = gbf\lµ) are nilpotent. They are given

by lµ-modules that carry charges ±1 with respect to the µ.[
µ,N±

]
= ±N± (4.42)
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The two graded subspaces N± mutually super-commute

[N+,N+} = 0 , [N−,N−} = 0 (4.43)

and verify the generalized Levi-like constraint[
N+,N−

}
⊂ lµ (4.44)

B) Branching of representations of gbf
Following from the decomposition (4.39), a representation R of the gbf splits into a direct sum
of irreducible representations Rqi of the superalgebras in lµ = lµ + Cµ. These subspaces Rqi

carry charges qi with respect to µ,

R =
∑
i

Rqi , [µ,Rqi ] = qiRqi (4.45)

The adjoint action of the coweight µ on the representation R can be therefore written as

µ =
∑
i

qiΠi ,
∑
i

Πi = Iid (4.46)

where Πi is the projector on the subspace Rqi and qi is represents the Levi-charge carried
by super states in Rqi . In the superalgebra case, these charges are identi�ed, in absence of
branching rules, by the condition

qi − qi+1 = ±1 (4.47)

in addition to the vanishing of the super-trace,

str (µ) =
∑
i

qistr (Πi) = 0 (4.48)

C) Super Lax operator Lµ
R

The super L-operator describing the coupling of the representation R with the magnetic
coweight µ leading to the superalgebra decomposition (4.39), is calculated by the formula

Lµ
R = eXzµeY (4.49)

In what follows, we will simply label it as Lµ, since we will take R as the fundamental represen-
tation for every ABCD superalgebra. In (4.49), the operator zµ is calculated from the action
of µ on R as in (4.46), while operators X and Y are nilpotent matrices belonging to N+ and
N− and expanding as

X =

dimN+∑
i=1

biXi , Y =

dimN−∑
i=1

ciY
i (4.50)

The graded basis generators Xi and Y i are determined as corresponding to graded roots of gbf
that are not contained in the lµ = lµ⊕Cµ. In analogy to the bosnic case (2.45), by cutting the
node corresponding to the graded simple root β, the root system Φgbf splits as

Φgbf = {±β} ∪ Φlµ ∪ ΦN± , Φ′
gbf = Φlµ ∪ ΦN± (4.51)

where ΦN± contains graded roots in Φ′
gbf that depend on β, i.e.

ΦN± =

{
±αbf ∈ Φ′

gbf ,
∂αbf

∂β
̸= 0

}
(4.52)

Φlµ =

{
±αbf ∈ Φ′

gbf ,
∂αbf

∂β
= 0

}
(4.53)
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The sign of roots in each of the nilpotent subspaces is de�ned by the condition (4.42), such that
µ acts on roots of N± with ±1. The (bi, ci) are graded Darboux coordinates of the phase space
of the L-operator. They are given by bosonic and fermionic oscillators with Poisson bracket as{

bi, cj
}
PB

= δij (4.54)

which lifts to the super-commutator in the quantum level[
bi, cj

}
= δij (4.55)

4.2 Super L-operators for all sl(m|n) superspin chains

In this section, we will apply the general super Lax operator construction based on the formula
(4.49) for the case of the linear sl(m|n) superspin chain. We will compute its RLL solutions
based on Levi-like decompositions generated from the Dynkin diagrams of sl(m|n), and compare
them to graded Lax matrices of the superspin chain literature. Thanks to the simplicity of this
linear supersymmetry and its resemblance with the bosonic A-type symmetry, we will be able
to generate all RLL solutions for all superspin chains associated to the

nsl(m|n) =
(m+ n)!

(m!n!)
(4.56)

Dynkin diagrams of sl(m|n). These solutions Lµ are labeled by magnetic charges µ given by
coweights of SL(m|n). These coweights correspond to di�erent nodes of di�erent Dynkin dia-
grams D[sl(m|n)](κ) of sl(m|n). Therefore, we will be considering here the general 3-grading
of A(m − 1|n − 1) as given in table (4.38). For the detailed analysis of decompositions ob-
tained by nodes cutting in the distinguished Dynkin diagram 4.4, see [237] where the same
approach is used to construct minuscule super Lax operators for the nodes of the distinguished
sl(m|n) superspin chain from the 4D CS, and where the purely fermionic super Lax operator
corresponding to the fermionic node is also studied. Note that those particular solutions are
included among those built here for an arbitrary minuscule coweight of sl(m|n).
We begin by recalling that the Lie superalgebra A(m − 1|n − 1) = sl(m|n) with n ̸= m is of
rank m+ n− 1 and (m+ n)2 − 1 dimensions. Its even sector reads as

sl(m|n)0̄ = sl(m)⊕ sl(n) (4.57)

and its odd sector sl(m|n)1̄ is given by the module m|n̄ ⊕ m̄|n that can be simply denoted
below as 2mn.
If we consider an arbitrary super Dynkin diagram of this superalgebra of linear type like those
of Figures 4.3,4.4, and cut one of the nodes that can correspond to a fermionic or a bosonic
simple root, we will always end up with subalgebras also of linear type in addition to sl(1)

standing for the isolated node. In fact, all the (m+n−1)× (m+n)!
(m!n!)

act like minuscule coweights
a lead to a 3-grading of sl(m|n) that reads in the general case as

sl(m|n) → lµ ⊕ sl(1)⊕N+ ⊕N−
lµ = sl(k|l)⊕ sl(m− k|n− l)

(4.58)

with nilpotents
dimN+ = dimN− = (k + l) (m− k + n− l) (4.59)

and 0 ≤ k ≤ m, 0 ≤ l ≤ n. This means that every 't Hooft line de�ned with a magnetic charge
µ of SL(m|n) allows to calculate a minuscule super Lax operator Lµ by �xing the representation
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carried by the Wilson super line. We will consider here the fundamental m|n of sl(m|n) which
under the action of µ splits into irreducible representations of sl(k|l) and sl(m− k|n− l) like

m|n → k|l1+ l−k
m−n

⊕ (m− k|n− l) l−k
m−n

(4.60)

These representations carry four types of states that we will represent as follows :
(i) Bosonic states in the basis |a⟩ with 1 ≤ a ≤ k of the fundamental k of sl(k) with the
projector Πk,
(ii) Fermionic states in the basis |i⟩ with k + 1 ≤ i ≤ m of the fundamental l of sl(l) with the
projector Πl,
(iii) Bosonic states in the basis |α⟩ with m + 1 ≤ α ≤ m + l of the fundamental m− k of
sl(m− k) with projector Πm−k,
(iv) Fermionic states in the basis |λ⟩ with m+ l + 1 ≤ λ ≤ m+ n of the fundamental n− l of
sl(n− l) with projector Πn−l.
Working in the basis {|a⟩ , |i⟩ , |α⟩ , |λ⟩} of m|n, we can write the adjoint action of the coweight
µ as

µ =

(
1 +

l − k

m− n

)
(Πk +Πl) +

(
l − k

m− n

)
(Πm−k +Πn−l) (4.61)

The vanishing of the super trace justifying the charges of the subspaces appearing in (4.61)
reads as

str (µ) =

(
m− n+ l − k

m− n

)
(k − l) +

l − k

m− n
(m− n+ l − k) = 0 (4.62)

The generators of the nilpotents (4.59) are realised as elements of the bi-representations k ×
m− k, k× n− l, l×m− k and l× n− l. We write

X = bai |a⟩ ⟨i|+ βaλ |a⟩ ⟨λ|+ βαi |α⟩ ⟨i|+ bαλ |α⟩ ⟨λ| (4.63)

Y = cia |i⟩ ⟨a|+ γλa |λ⟩ ⟨a|+ γiα |i⟩ ⟨α|+ cλα |λ⟩ ⟨α| (4.64)

in terms of coordinates that form couples of oscillators such that (bai, cia) and
(
bαλ, cλα

)
are of

bosonic nature and
(
βaλ, γλa

)
and (βαi, γiα) are fermioinc, thus the resulting super Lax matrices

will carry graded oscillatory phase spaces.
By replacing in the formula (4.49), and using the following properties of the nilpotent operators

X2 = 0 , Y 2 = 0
XΠk = XΠl = 0 , ΠkY = ΠlY = 0
XΠm−k = XΠn−l = X , Πm−kY = Πn−lY = Y

(4.65)

we �nd

Lµ = z1+
l−k
m−nΠk + z1+

l−k
m−nΠl + z

l−k
m−nΠm−k + z

l−k
m−nΠn−l (4.66)

+X
(
z

l−k
m−nΠm−k + z

l−k
m−nΠn−l

)
+
(
z

l−k
m−nΠm−k + z

l−k
m−nΠn−l

)
Y

+X
(
z

l−k
m−nΠm−k + z

l−k
m−nΠn−l

)
Y

In matrix language, we have

Lµ
slm|n

= z
l−k
m−n


zδab +

(
baicib + βaλγλb

) (
baiγiα + βaλcλα

)
bajδji βaρδρλ(

βαicib + bαλγλb
)

zδαη +
(
βαiγiη + bαλcλη

)
βαjδji bαρδρλ

cia γiα δji 0
γλa cλα 0 δρλ

 (4.67)

By comparing with matrices obtained in [61] based on degenerate solutions of the graded Yang
Baxter equation, the approach proposed here is proven to yield the desired RLL solutions of
oscillator type.
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4.3 Super L-operators of B(m|n) type
Now, we will rely on the strength of the super Lax operator construction proposed in 4.1.2
and tested in 4.2, in order to build novel graded Lax matrices that are still missing in the
superspin chain literature. These concern the orthosymplectic superspin chain systems with
internal symmetry given by the basic Lie superalgebra

B(m|n) = osp(2m+ 1|2n), m, n > 0 (4.68)

of rank m+ n, and dimension equal to 2(m+ n)2 +m+ 3n. Its even subspace

B(m|n)0̄ = Bm ⊕ Cn

≃ so(2m+ 1)⊕ sp (2n)
(4.69)

is formed of 2m2 + 2n2 roots realized as

Φ0̄ : ± (εi ± εj) , ±εi , i ̸= j = 1, ...,m
± (δa ± δb) , ±2δa , a ̸= b = 1, ..., n

(4.70)

and its odd subspace is given by the bi-fundamental representation of so(2m+ 1)⊕ sp (2n)

B(m|n)1̄ = (2m+ 1, 2n) (4.71)

with 2n+ 2mn elements like

Φ1̄ : ±δa , ± (εi ± δa) (4.72)

The total root system ΦBm|n = Φ0̄ ⊕ Φ1̄ sums up to 2(m+ n)2 + 2n graded root.
Such orthosymplectic chain system can be realized in the framework of a four-dimensional
Chern-Simons theory with gauge symmetry OSP (2m+1|2n) by means of super Wilson and 't
Hooft lines. This line defects construction will not be detailed for this case since it is similar
to the case of the SL(m|n) super symmetry. We will directly exploit the 3-grading of table
(4.38) in order to compute the associated super Lax operator Lµ

Bm|n
by using the formula

(4.49). However, notice that this 3-grading is obtained from the distinguished Dynkin diagram
of B(m|n), i.e. we will be focusing on the distinguished superspin chain of B(m|n) type de�ned
on the particular basis of unit weight vectors reading as in (4.20)

δ1, δ2, ... δn−1, δn, ε1, ε2, ... εm−1, εm (4.73)

The simple roots generated in this weight vectors basis contain only one fermionic node γ with
length γ2 = 0, and m+ n− 1 fermionic root.

δa − δa+1 , γ = δn − ε1 , εi − εi+1 , εm (4.74)

The associated super Cartan matrix reads in this case as

αA.αB =



−2 1 · · ·
1 −2 1

. . . . . .
1 −2 1

1 0 −1
· · · −1 2 −1

. . . . . . . . .
−1 2 −1

−1 1


(4.75)
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𝜹𝒏 − 𝜺𝟏𝜹𝟏 − 𝜹𝟐 𝜺𝟏 − 𝜺𝟐
𝜺𝒎−𝟏 − 𝜺𝒎 𝜺𝒎

n−𝟏 m−𝟏

B(m,n) 

𝜹𝒏−𝟏 − 𝜹𝒏

Figure 4.5: The distinguished super Dynkin diagram of the B(m|n) superalgebra having one
fermionic simple root represented in Green color. Notice that the B(m|n) superalgebra has
(n+m−1)!
n!×(m−1)!

possible super Dynkin diagrams

and allows to draw the distinguished super Dynkin diagram given in Figure 4.5. We recall
now the only possible 3-grading of this superalgebra (4.38)

B(m|n) → A1 ⊕B(m− 1|n)⊕N+ ⊕N− (4.76)

or also
osp(2m+ 1|2n) → so(2)⊕ osp(2m− 1|2n)⊕N+ ⊕N− (4.77)

where
N± = 2m+ 2n− 1 (4.78)

Thus, we have one minuscule super L-operator that we realize in the fundamental representation
splitting as

(2m+ 1|2n)0 → 1+ ⊕ (2m− 1|2n)0 ⊕ 1− (4.79)

We will represent the two singlets 1± by the states |±⟩, the bosonic states of the fundamental
2m− 1 of so(2m+ 1) as |i⟩, and the fermionic states of the fundamental 2n of sp(2n) by |α⟩.
Thus we have the basis

{|+⟩ , |i⟩ , |−⟩ , |α⟩} (4.80)

We write the adjoint action of the minuscule coweight µn+1 associated to the decomposition
(4.77) is written as in terms of the projectors on the basis (4.80)

ϱ± = |±⟩ ⟨±| , Π1 =
2m+1∑
i=1

|i⟩ ⟨i| , Π2 =
2n∑
α=1

|α⟩ ⟨α| (4.81)

as follows
µn+1 = ϱ+ + q1Π1 − ϱ− + q2Π2 (4.82)

with charges q1 = q2 = 0. This means we have

zµn+1 = zϱ+ +Π1 + z−1ϱ− +Π2 (4.83)

Concerning the operators X and Y , they are be generated by antisymmetric matrices as

Xi = |+⟩ ⟨i| − |i⟩ ⟨−| ; Xα = |+⟩ ⟨α| − |α⟩ ⟨−| (4.84)

Y i = |i⟩ ⟨+| − |−⟩ ⟨i| ; Yα = |α⟩ ⟨+| − |−⟩ ⟨α|

verifying the Levi -like conditions (4.42) such that

[µ,Xi] = Xi, [µ,Xα] = Xα,
[
µ,Y i

]
= −Y i, [µ,Y α] = −Y α (4.85)

in addition to [
Xi,Y

i
]
= [Xα,Yα] = µ (4.86)
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The X and Y also expand in terms of coordinates of the phase space of the L-operator as

X = biXi + βαXα , Y = ciY
i + γαY

α (4.87)

These 2(2m + 2n − 1) parameters form couples of oscillators such that (bi, ci) are bosonic
oscillators and (βα, γα) are fermionic oscillators.
We calculate the quantities

X2 = −b2 |+⟩ ⟨−| − β2 |+⟩ ⟨−|
Y 2 = −c2 |−⟩ ⟨+| − γ2 |−⟩ ⟨+| (4.88)

where we have set
b2 = biδijb

j

c2 = ciδ
ijcj

β2 = βαδαββ
β

γ2 = γαδ
αβγβ

(4.89)

and
X3 = 0 , Y 3 = 0 (4.90)

leading to

eX = 1 +X +
1

2
X2 , eY = 1 + Y +

1

2
Y 2 (4.91)

We also have
Xϱ+ = ϱ+Y = 0
X2ϱ+ = X2Π1 = 0
ϱ+Y

2 = Π1Y
2 = 0

X2Π2 = Π2Y
2 = 0

(4.92)

Thus the super L-operator

Lµn+1 =

(
1 +X +

1

2
X2

)
zµn+1

(
1 + Y +

1

2
Y 2

)
(4.93)

expands like

Lµn+1 = zϱ+ +Π1 + z−1ϱ− +Π2 +X (Π1 + z−1ϱ− +Π2)+
(Π1 + z−1ϱ− +Π2)Y +X (Π1 + z−1ϱ− +Π2)Y
+1

2
X2z−1ϱ− + 1

2
z−1ϱ−Y

2 + 1
2
X2z−1ϱ−Y

+1
2
Xz−1ϱ−Y

2 + 1
4
X2z−1ϱ−Y

2

(4.94)

In matrix language we �nally have

Lµn+1

Bm|n
=


ϱ+Lϱ+ ϱ+LΠ1 ϱ+Lϱ− ϱ+LΠ2

Π1Lϱ+ Π1LΠ1 Π1Lϱ− Π1LΠ2

ϱ−Lϱ+ ϱ−LΠ1 ϱ−Lϱ− ϱ−LΠ2

Π2Lϱ+ Π2LΠ1 Π2Lϱ− Π2LΠ2

 (4.95)

with blocks reading explicitly as

ϱ+Lϱ+ = z + (biδji cj + βαδβαγβ) +
1
4
z−1 (b2 + β2) (c2 + γ2)

ϱ+LΠ1 = bi + 1
2
z−1 (b2 + β2) ci

ϱ+Lϱ− = −1
2
z−1 (b2 + β2)

ϱ+LΠ2 = bα + 1
2
z−1 (b2 + β2) γα

(4.96)
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and
Π1Lϱ+ = ci +

1
2
z−1bi (c2 + γ2)

Π1LΠ1 = δij + z−1bicj
Π1Lϱ− = −z−1bi

Π1LΠ2 = z−1biγβ

(4.97)

and
ϱ−Lϱ+ = −1

2
z−1 (c2 + γ2)

ϱ−LΠ1 = −z−1ci
ϱ−Lϱ− = z−1

ϱ−LΠ2 = −z−1γα

(4.98)

and
Π2Lϱ+ = γα + 1

2
z−1βα (c2 + γ2)

Π2LΠ1 = z−1βαcj
Π2Lϱ− = −z−1βα

Π2LΠ2 = δβα + βαδβαγβ

(4.99)

4.4 Super L-operators of C(n) type

We focus in this section on the family of integrable superspin chain systems de�ned by spins in
representations of the basic orthosymplectic superalgebra

C(n) = D(1|n− 1) = osp(2|2n− 2) (4.100)

with n > 1. This graded algebra of rank n and dimension 2n2 + n − 2 splits into an even
subalgebra reading as

C(n)0̄ = u(1)⊕ Cn−1 = so(2)⊕ sp(2n− 2) (4.101)

and an odd graded subspace

C(n)1̄ = (2n− 2)⊕ (2n− 2) (4.102)

Similarly to the previous orthosymplectic superspin system, we will focus here on the particular
distinguished superspin chain system that emerges in the framework of 4D Chern-Simons gauge
theory with OSP (2|2n− 2) gauge supersymmetry as a super line defects lattice. To calculate
the RLL solutions, we will use the possible 3-gradings reported in table (4.38). These two
decompositions are obtained by nodes' cutting from the distinguished super Dynkin diagram
of the C(n) superalgebra depicted in Figure 4.6. The associated super Cartan matrix is

𝜺 − 𝜹𝟏 𝜹𝟏 − 𝜹𝟐

n−𝟐

C(n) 

𝜹𝒏−𝟐 − 𝜹𝒏−𝟏 𝟐𝜹𝒏−𝟏

Figure 4.6: Distinguished Dynkin diagram of the C(n) superalgebra, the only fermionic node
is represented in green.

αA.αB =


0 −1
−1 2 −1

. . . . . . . . .
−1 2 −2

−2 4

 (4.103)
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where we have only one fermionic simple root of length α2
1 = 0.

4.4.1 The super L-operator Lµ1

C(n)

By considering the distinguished super Dynkin diagram of Figure 4.6, and cutting the fermionic
node α1 = δ− ε1, one obtains the following 3-grading of the C(n) superalgebra with respect to
µ1 acting as a minuscule coweight

osp(2|2n− 2) → so(2)⊕ sp(2n− 2)⊕N+ ⊕N− (4.104)

with nilpotent subspaces of dimensions

N± = 2 (n− 1) (4.105)

To draw the di�erence with the other possible 3-grading, notice here that the 2n2 + n − 2
dimensions are decomposed like

2n2 + n− 2 → 1 ⊕ (n− 1) [2(n− 1) + 1] ⊕
N+ ⊕ N−

(4.106)

and the fundamental representation 2|2n− 2 splits as

(2|2n− 2) → 1+ ⊕ (2n− 2)0 ⊕ 1− (4.107)

The two singlets 1± correspond to the so(2) of the cut node with projectors ϱ± = |±⟩ ⟨±|,
while the subspace 2n− 2 corresponds to the fundamental of sp(2n − 2) with projector Π =∑2n−2

i=1 |i⟩ ⟨i|. For convenience, we denote the basis states as

|2n⟩ → |+⟩ ⊕ |i⟩ ⊕ |−⟩ (4.108)

with 1 ≤ i ≤ 2n−2 labeling the bosonic states carrying charge 0 with respect to µ1. We deduce

µ1 = ϱ+ + qΠ− ϱ− (4.109)

with q = 0, and therefore
zµ1 = zϱ+ +Π+ z−1ϱ− (4.110)

The nilpotents are generated by the antisymmetric matrices

Xi = |+⟩ ⟨i| − |i⟩ ⟨−|
Y i = |i⟩ ⟨+| − |−⟩ ⟨i| (4.111)

that are all of bosonic nature and verify

[µ1,Xi] = Xi,
[
µ1,Y

i
]
= −Y i,

[
Xi,Y

j
]
= δjiµ1 (4.112)

Thus, the oscillator coordinates appearing in the expansions of X and Y

X = biXi ∈ N+

Y = ciY
i ∈ N−

(4.113)

are also bosonic, and verify the Poisson bracket{
bi, cj

}
PB

= δij (4.114)
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To substitute into the super Lax operator formula (4.49), we moreover calculate the quantities

X2 = −b2 |+⟩ ⟨−| , b2 = biδijb
j

Y 2 = −c2 |−⟩ ⟨+| , c2 = ciδ
ijcj

(4.115)

and
X3 = 0 , Y 3 = 0 (4.116)

to write

eX = 1 +X +
1

2
X2 , eY = 1 + Y +

1

2
Y 2 (4.117)

leading to

Lµ1 =

(
1 +X +

1

2
X2

)(
zϱ+ +Π+ z−1ϱ−

)(
1 + Y +

1

2
Y 2

)
(4.118)

This factorized formula expands in terms of the projectors basis as

Lµ1 = zϱ+ +Π+ z−1ϱ− +X (Π + z−1ϱ−)+
(Π + z−1ϱ−)Y +X (Π + z−1ϱ−)Y+
1
2
X2z−1ϱ− + 1

2
z−1ϱ−Y

2 + 1
2
X2z−1ϱ−Y+

1
2
Xz−1ϱ−Y

2 + 1
4
X2z−1ϱ−Y

2

(4.119)

In matrix form, the super L-operator associated to the node µ1 of C(n) reads in terms of bosonic
oscillator coordinates as

Lµ1 =

 z + bici +
1
4
z−1b2c2 bi + 1

2
z−1b2ci −1

2
z−1b2

ci +
1
2
z−1c2bi δij + z−1bici −z−1bi

−1
2
z−1c2 −z−1ci z−1

 (4.120)

4.4.2 The super L-operator Lµn

C(n)

The second 3-grading of the Lie superalgebra C(n) is associated to the minuscule -like coweight
µn which is dual to αn. We can read this speci�c decomposition by cutting the bosonic node
2δn−1 from the distinguished super Dynkin diagram of Figure 4.6. This yields

osp(2|2n− 2) → A1 ⊕ sl(1|n− 1)⊕N+ ⊕N− (4.121)

with

N± =
n(n+ 1)

2
− 1 (4.122)

In this case, the fundamental representation of osp(2|2n − 2) splits into the fundamental and
anti-fundamental of sl(1|n− 1) with opposite charges

(2|2n− 2) → (1|n− 1)+ 1
2
⊕ (1|n− 1)− 1

2
(4.123)

To distinguish the bosonic and fermionic states, we can moreover write (2|2n− 2) as the sum
of four subspaces

(2|2n− 2) → (1|0)+ 1
2
⊕ (0|n− 1)+ 1

2
⊕ (0|n− 1)− 1

2
⊕ (1|0)− 1

2
(4.124)

corresponding to the following decomposed basis

|2n⟩ → |0⟩ ⊕ |i⟩ ⊕ |̄ı⟩ ⊕ |0̄⟩ (4.125)

64



with 1 ≤ i ≤ n− 1 and n− 1 ≤ ı̄ ≤ 1̄; ı̄ = 2n− 1− i labeling fermionic states, and the singlets
of bosonic nature. In this basis, we realize the adjoint action of the µn as

µn=
1

2
ϱ+

1

2
Π− 1

2
Π̄− 1

2
ϱ̄ (4.126)

with

ϱ = |0⟩ ⟨0| , Π =
n−1∑
i=1

|i⟩ ⟨i| , Π̄ =
n∑

ı̄=2n−2

|̄ı⟩ ⟨̄ı| , ϱ̄ = |0̄⟩ ⟨0̄| (4.127)

The elements of the nilpotents N± = (n − 1) + (n−1)n
2

are realized by means of two types of
generators like

X = biXi + b{ij̄}X{ij̄}
Y = cı̄Y

ı̄ + c{ı̄j}Y
{ı̄j} (4.128)

where
Xi = |0⟩ ⟨̄ı| − |i⟩ ⟨0̄|
Y ı̄ = |0̄⟩ ⟨i| − |̄ı⟩ ⟨0| (4.129)

are of fermionic nature, while

X{ij̄} = |i⟩ ⟨j̄| − |j⟩ ⟨̄ı|
Y {ı̄j} = |̄ı⟩ ⟨j| − |j̄⟩ ⟨i| (4.130)

are bosonic. These generators verify

[µn,Xi] = Xi , [µn,Y
ı̄] = Y ı̄[

µn,X{ij̄}
]
= X{ij̄} ,

[
µn,Y

{ı̄j}] = Y {ı̄j} (4.131)

Using properties of this realisation such as X2 = Y 2 = 0 and

XΠ = Xϱ = 0 , ϱY = ΠY = 0, (4.132)

the L-operator Lµn is simpli�ed as

Lµn = (1 +X)
(
z

1
2ϱ+ z

1
2Π+ z−

1
2 Π̄ + z−

1
2 ϱ̄
)
(1 + Y )

= z
1
2ϱ+ z−

1
2Π+ z

1
2 Π̄ + z−

1
2 ϱ̄+ z−

1
2X
(
ϱ̄+ Π̄

)
+

z−
1
2

(
ϱ̄+ Π̄

)
Y + z−

1
2XΠ̄Y

(4.133)

where we have also used
zµn = z

1
2ϱ+ z

1
2Π+ z−

1
2 Π̄ + z−

1
2 ϱ̄ (4.134)

The matrix representation reads as

Lµn =


z

1
2 − z−

1
2 bici z−

1
2 bicij z−

1
2 bi 0

−z−
1
2 bijci z

1
21n−1 + z−

1
2ΦΨ z−

1
2Φ −z−

1
2 bi

z−
1
2 ci z−

1
2Ψ z−

1
21n−1 0

0 −z−
1
2 ci 0 z−

1
2

 (4.135)

where (bi, ci) are couples of fermionic oscillators and Φ = b{ij̄}X{ij̄} and Ψ = c{ı̄j}Y
{ı̄j}

are
symmetric (n− 1)(n− 1) matrices carrying bosonic oscillator coordinates as

Φ =

 b11̄ . . . b1(n−1)

...
. . .

...
b(n−1)1̄ . . . b(n−1)(n−1)

 (4.136)
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and

Ψ =

 c1̄1 . . . c1̄(n−1)
...

. . .
...

c(n−1)1 . . . c(n−1)(n−1)

 (4.137)

Their product is given by

ΦΨ =

 b1ı̄cı̄1 . . . b1ı̄cı̄(n−1)
...

. . .
...

b(n−1)ı̄cı̄1 . . . b(n−1)ı̄cı̄(n−1)

 (4.138)

4.5 Super L-operators of D-type

To complete the list of orthosymplectic minuscule super Lax operators, we investigate in this
section solutions for the family of superspin chains de�ned by the internal symmetry of type

D(m|n) = osp(2m|2n), m ≥ 3, n ≥ 1 (4.139)

Recall that this Lie superalgebra is characterized by a rank equal tom+n and 2(m+n)2−m+n
dimensions that split into even dimensions of the subalgebra

D(m|n)0̄ = Dm ⊕ Cn = so(2m)⊕ sp(2n) (4.140)

and odd dimensions of the bi-representation

D(m|n)1̄ = (2m, 2n) (4.141)

Among the di�erent varieties of superspin chains of D(m|n) type in one to one with the

nD(m|n) =
(n+m)!

n!×m!
(4.142)

possible super Dynkin diagrams
{
D[D(m|n)](κ), κ = 1, ...,nD(m|n)

}
of this superalgebra, we fo-

cus here on the distinguished superspin chain associated to the simple roots

δa−δa+1, a = 1, ..., n−1 ; γ = δn−ε1 ; εi−εi+1, i = 1, ...,m−1 ; εm−1+εm (4.143)

This roots set containing one only fermionic root γ, emerges from the choice of the weight basis
as in (4.20). The distinguished super Dynkin diagram depicted in Figure 4.7 is behind the
3-gradings reported in Table (4.38) where we have three minuscule -like coweights

µn+1 , µn+m−1 , µn+m (4.144)

By considering in the four-dimensional Chern-Simons theory with OSP (2m|2n) super gauge
symmetry the crossing of a super Wilson line is in the fundamental representation R = 2m|2n,
and a 't Hooft line having one of the minuscule magnetic charges (4.144), we can calculate three
families of minuscule super Lax operators as solutions to the RLL equations for the D(m|n)
superspin chain system. We will begin here below by applying the nodes' cutting based approach
for the node αn+1 to compute Lµn+1

Dm|n
. Than, we will see that the two last nodes µn+m−1 and

µn+m act similarly on the level of the Lie superalgebra, and the solutions Lµm+n−1

Dm|n
,Lµm+n

Dm|n
can

be treated collectively.
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𝜹𝒏 − 𝜺𝟏𝜹𝟏 − 𝜹𝟐 𝜺𝟏 − 𝜺𝟐 𝜺𝒎−𝟏 − 𝜺𝒎

n−𝟏 m−𝟐

D(m,n) 

𝜹𝒏−𝟏 − 𝜹𝒏

𝜺𝒎−𝟏 + 𝜺𝒎

𝜺𝒎−𝟐 + 𝜺𝒎−𝟏

Figure 4.7: Distinguished Dynkin diagram of the D(m|n) superalgebra having one fermionic
simple root in Green color. Here, we have ε2i = 1 and δ2a = −1.

4.5.1 The super L-operator Lµn+1

Dm|n

The �rst Levi -like decomposition of the Lie superalgebra osp(2m|2n) given in Table (4.38)
reads as

osp(2m|2n) → N+ ⊕ so(2)⊕ osp(2m− 2|2n)⊕N− (4.145)

with nilpotent -like subspaces

dimN± = [2 (m+ n− 1)]±

Following from this 3-grading, the representation 2m|2n should also split like

(2m|2n) → (1|0)+ ⊕ (2m− 2|2n)0 ⊕ (1|0)− (4.146)

Accordingly, we will choose the basis states as follows

|A⟩ → |+⟩ ⊕ |i⟩ ⊕ |α⟩ ⊕ |−⟩ (4.147a)

where i = 1, . . . , 2m − 2 labels bosonic the states of 2m− 2, and α = 1, . . . , 2n labels the
fermionic states of 2n; the |±⟩ concern singlets of the so(2). The adjoint action of the minuscule
coweight reads as

µn+1 = Π+ + q (Πi +Πα)− Π− (4.147b)

with q = 0, and the projectors

Π+ = |+⟩ ⟨+| ; Π− = |−⟩ ⟨−|

Πi =
2m−2∑
i=1

|i⟩ ⟨i| ; Πα =
2n∑
α=1

|α⟩ ⟨α| (4.148)

Hence, we have
zµn+1 = zΠ+ +Πi +Πα + z−1Π− (4.149)

The operatorsX and Y expand in terms of two types of matrix generators and space coordinates
as

X = BaXa = biXi + βαXα ∈ N+

Y = CaY a = ciY
i + γαYα ∈ N−

(4.150)

where the (bi, ci) form 2m − 2 couples of bosonic oscillators and (βα, γα) form 2n fermionic
oscillators because we have

Xi = |+⟩ ⟨i| − |i⟩ ⟨−|
Y i = |i⟩ ⟨+| − |−⟩ ⟨i| ,

Xα = |+⟩ ⟨α| − |α⟩ ⟨−|
Yα = |α⟩ ⟨+| − |−⟩ ⟨α| (4.151)

In order to substitute to the formula Lµn+1 = eXzµn+1eY (4.49), we de�ne the quantities

X2 = −B2 |+⟩ ⟨−|
Y 2 = −C2 |−⟩ ⟨+| ,

B2 = (b2 + β2)
C2 = (c2 + γ2)

(4.152)
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with
b2 = biδijb

j , β2 = βαδαββ
β

c2 = ciδ
ijcj , γ2 = γαδ

αβγβ
(4.153)

Thus we have

Lµ1 = (1 +X +
X2

2
)
(
zΠ+ +Π0 + z−1Π−

)
(1 + Y +

Y 2

2
) (4.154)

which yields the graded matrix solution (4.155) where we have multiplied by the factor z. Recall
that the Yang Baxter as well as the RLL equations are invariant by the multiplication by a
function of the spectral parameter z [1].

Lµn+1

Dm|n
=


z2+z(bici + bαcα)+

(b2+β2)(c2+γ2)
4

zbi+ci
b2+β2

2
zβα+

(b2+β2)
2

γα
−(b2+β2)

2

zci +
(c2+γ2)

2
bi zδij + bicj biγβ −bi

zγα + (c2+γ2)
2

βα βαcj zδαβ + βαγβ −βα

− (c2+γ2)
2

−ci −γα 1


(4.155)

4.5.2 The super L-operator Lµm+n

Dm|n

The super Lax operator Lµn+1

Dm|n
calculated in the previous subsection can be referred to as a

vectorial solution in analogy to the bosonic Lµ1

DN
having a similar matrix structure emerging

from a similar action of the minuscule coweight. The minuscule coweights µm+n−1 and µm+n

of D(m|n) that we will be focusing on here are of spinorial nature as can be observed in the
distinguished Dynkin diagram Figure 4.7. These are exchanged by a Z2 automorphism on
graphical level and their associated coweights have equivalent actions on elements of the Lie
superalgebra osp(2m|2n). In fact, if we cut any of these two nodes, we obtain a sub-diagram
corresponding to the sl(m|n) sub- superalgebra. This is the 3-grading given in Table (4.38) as
follows

osp(2m|2n) −→ so (2)⊕ sl(m|n)⊕N+ ⊕N− (4.156)

with

dimN+ = dimN− =
(m+ n)2 + n−m

2
(4.157)

Since these coweights lead to the same Levi-like decomposition, the resulting minuscule super
Lax operators are equivalent

Lµm+n−1

Dm|n
≃ Lµm+n

Dm|n
(4.158)

We can focus in what follows on the explicit computation of the solution Lµm+n

Dm|n
, i.e. by consider-

ing the super 't Hooft line with magnetic charge µm+n acting on the representation R = 2m|2n
of a super Wilson line as

(2m|2n) = (m|n)+ 1
2
⊕ (m̄|n̄)− 1

2
(4.159)

where (m|n)± 1
2
represent the fundamnetal and anti-fundamental of sl(m|n), we will associate

to their states the following basis vectors

|i⟩ 1 ≤ i ≤ m
|α⟩ m+ 1 ≤ α ≤ m+ n
|̄ı⟩ n+m+ 1 ≤ ı̄ ≤ n+ 2m
|ᾱ⟩ 2m+ n+ 1 ≤ ᾱ ≤ 2n+ 2m

(4.160)

In this basis, the adjoint action of µm+n is

µm+n=
1

2

[
m∑
i=1

|i⟩ ⟨i|+
m+n∑

α=m+1

|α⟩ ⟨α|

]
− 1

2

[
n+2m∑

ı̄=n+m+1

|̄ı⟩ ⟨̄ı|+
2m+2n+1∑
ᾱ=n+2m+1

|ᾱ⟩ ⟨ᾱ|

]
(4.161)
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Now for the realization of X and Y as elements of N+ and N−, one can see that their dimensions
split as

dimN± =
m(m− 1)

2
+

n(n+ 1)

2
+mn (4.162)

and are thus generated by three types of matrices that we denote as

X[ij̄] = |i⟩ ⟨j̄| − |j⟩ ⟨̄ı| ; Y [j̄i] = |j̄⟩ ⟨i| − |̄ı⟩ ⟨j|
X(αβ̄) = |α⟩

〈
β̄
∣∣+ |β⟩ ⟨ᾱ| ; Y (β̄α) =

∣∣β̄〉 ⟨α|+ |ᾱ⟩ ⟨β|
Xiᾱ = |i⟩ ⟨ᾱ| ; Y ᾱi = |ᾱ⟩ ⟨i|

(4.163)

We introduce 2[m(m− 1)/2+ n(n+1)/2] bosonic oscillators (b[ij], c[j̄i]), (f(
αβ̄), g(β̄α)) and 2mn

fermionic ones (βiᾱ, γᾱi) in order to write the expansions

X = b[ij̄]X[ij̄] + f(αβ̄)X(αβ̄) + βiᾱXiᾱ (4.164)

and
Y = c[j̄i]Y

[j̄i] + g(β̄α)Y
(αβ̄) + γᾱiY ᾱi (4.165)

In this case we have X2 = Y 2 = 0 and thus ex = I +X and eY = I + Y which simpli�es the
super Lax operator formula (4.49) to

Lµm+n = zµm+n + zµm+nY +Xzµm+n +Xzµm+nY (4.166)

where

zµm+n = z
1
2

[
m∑
i=1

|i⟩ ⟨i|+
m+n∑

α=m+1

|α⟩ ⟨α|

]
+ z−

1
2

[
n+2m∑

ı̄=n+m+1

|̄ı⟩ ⟨̄ı|+
2m+2n+1∑
ᾱ=n+2m+1

|ᾱ⟩ ⟨ᾱ|

]
(4.167)

We obtain after calculations

Lµm+n = zµm+n + z−
1
2X + z−

1
2Y

+z−
1
2 (ΦΨ + ΛΓ + f(αβ̄)γᾱiX(αβ̄)Y

ᾱi + βiᾱg(β̄α)XiᾱY
(β̄α))

+z−
1
2βiᾱγᾱiXiᾱY ᾱi

we de�ne the matrices

Φ = b[ij̄]X[ij̄] , Ψ = c[j̄i]Y
[j̄i]

Λ = f(αβ̄)X(αβ̄) , Γ = g(β̄α)Y
(β̄α) (4.168)

IN matrix language, this is equivalent, after multiplication by an overall factor z
1
2 , to

Lµm+n

D(m|n) =


z + ΦΨ+ βiᾱγᾱi βiᾱc{β̄α} βiᾱ Φ

b(αβ̄)γᾱi z + ΛΓ Λ 0
γᾱi Γ z 0
Ψ 0 0 z

 (4.169)

with

Φ =

 0 . . . b1m

...
. . .

...
bm1̄ . . . 0

 ; Ψ =

 0 . . . c1̄m
...

. . .
...

cm1 . . . 0

 (4.170)

and

Λ =

 b11̄ . . . b1n

...
. . .

...
bn1̄ . . . bnn

 ; Γ =

 c1̄1 . . . c1̄n
...

. . .
...

cn1 . . . cnn

 (4.171)
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CHAPTER 5

BRANE REALISATION OF SUPERSPIN

CHAINS

For the last chapter, we refuge to string theory for a better scope and understanding of the
Gauge/ Integrability correspondence. We show how the lower-dimensional superspin chain
system can be represented in brane language by taking advantage of dualities. We focus on the
sl(m|n) Lie superalgebra and show how its Z2-grading leads to exotic features of the associated
superspin chain, and how it a�ects the brane realization in Type IIA strings and M-theory.
We begin by recalling some basic features and of these integrable systems translated into an
algebraic setup. Then, we give a generalization of the Algebra/ Homology correspondence to
the super case in order to motivate and justify the brane realization given later on.

5.1 Superspin Chain : Algebraic setup

As a �rst step towards the string realization, we �rst need to determine the degrees of freedom
and symmetries characterizing a superspin chain system, that should be translated in terms of
branes. We begin by giving an overview of these features for a general superspin chain with
internal symmetry gBF , then we closely examine the sl(3|2) model of A-type superspin chains
that we will focus on for the rest of this chapter.

5.1.1 Degrees of freedom and symmetries

We recall that a closed XXX Heisenberg superspin chain of length L and internal symmetry
gBF is de�ned by :

� A set of L nodes labeled by 1 ≤ l ≤ L positioned along one space direction.

� A set of L identical "Super" atoms Υl sitting on chain nodes, in the sense that their
internal quantum states are valued in the same representation R of a Lie superalgebra
gBF . This is what distinguishes a superspin chain from a bosonic spin chain system.

� A twisted boundary condition ΥL+1 ≡ Υ1 leading to a closed chain with a space dimension
that can be identi�ed with the circle S1

θ = {Υl}1≤l≤L.

In this image, each super atom is characterized by :

� The extrinsic degree of freedom ξ given by its position in the real space space S1
θ.
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� Internal quantum states characterized by the highest weight vector λA of the representa-
tion R of g. Here, the label A corresponds to the graded space of the Lie superalgebra

� The spectral parameter z appearing as the parameter of the Yangian, also interpreted as
the rapidity of the super atom.

We can therefore write the quantum state of a super atom |Υ⟩ using these parameters as

|ΨA⟩ = |ξ;λA, z⟩ (5.1)

which denotes the ground state of Υ. For the full superspin chain of super atoms Υ1,Υ2, ...,ΥL,
we should have L copy of the parameters (5.1), we add the label l such that 1 ≤ l ≤ L in order
to write the ground state or the pseudo-vacuum of the chain as the combination

|Ψ [ϱ]⟩ =
∑
A,l

ϱAl
∣∣Ψl

A

〉
(5.2)

with ∣∣Ψl
A

〉
=
∣∣ξl;λl

A, z
l
〉

(5.3)

Here as well, the ξl play the role of extrinsic degrees of freedom of the chain while the intrinsic
ones are given by the spectral parameters zl, and the weight vectors λl

A as introduced in (4.22).
These elements as well as their associated symmetries are analyzed here below. In fact, we have
two types of symmetries

A) Flavour symmetry
The classical variable position ξl can be replaced by a unitary symmetry parameter allowing to
distinguish between the L di�erent positions and therefore super atoms. This is achieved by
the �avour symmetry group

U (L) = U (1)× SU (L) (5.4)

This symmetry has weight vectors {el} in one to one with the parameters {ξl}. Equation (5.3)
therefore becomes ∣∣Ψl

A

〉
=
∣∣el;λl

A, zl
〉

(5.5)

B) Internal super symmetry
Concerning the internal superspin states of the chain, we will chooseto focus here as well as in
the rest of this study on the simple example of states in the fundamental representation m|n
of the linear sl(m|n) Lie superalgebra. The internal characteristics linked to such superspin
chain are as introduced in the previous chapter, see (4.22). We will further analyze here some
relevant internal symmetry properties for the brane realization. In these regards, notice that
the weight vectors λA of m|n are identi�ed with the unit weight vectors ϵA as

λA = ϵA , A = 1, ...,m+ n (5.6)

where the fundamental m|n corresponds to R (ϵ1) . In terms of this basis vectors, the m+n−1
simple roots

α1, ..., αm+n−1 (5.7)

are written like
αA,A+1 = ϵA − ϵA+1 (5.8)

These roots can be bosonic or fermioinc depending on the grading of the labels, where we have
in general

|αA,A+1| = |ϵA|+ |ϵA+1| = |A|+ |A+ 1| (5.9)
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In total, the symmetry of the superspin chain system is given by the product of the internal
and external symmetries

U (L)× g (5.10)

The quantum representation of the pseudo-vacuum (5.5) can be written as the factorization∣∣Ψl
A

〉
= |el⟩ ⊗

∣∣λl
A

〉
(5.11)

Notice here that the |zl⟩ in fact correspond to the YSL(m|n), but are linked here to sl (m|n) for
simplicity.

5.1.2 Varieties of the A- type Superspin Chain

We exploit now the simple sl(3|2) model as a representative of the sl(m|n) family with m > n
(or equivalently m ̸= n), we focus on the Lie super algebraic properties of sl(3|2) to explain the
nature of such superspin chains and the existence of di�erent varieties due to the Z2-grading of
the internal space. For the sl(3|2) superspin chain, one has 10 varieties in one to one with the
possible Dynkin diagrams. This diversity emerges from the graded nature of the vector space
which is given for the sl(3|2) Lie superalgebra by the space R3|2 generated by the weight sates

ϵ1, ϵ2, ϵ3, ϵ4, ϵ5 (5.12)

This basis contains three even-graded weight vectors and two odd-graded, it di�ers depending
on the ordering of these weight vectors. We have here 10 possible permutations of the (5.12),
and therefore 10 basis for the fundamental 3|2. These are listed in 5.13a where we labeled the
three bosonic as εi (i = 1, 2, 3) and the two fermioinic as δa (a = 1, 2)

basis I (ε1, ε2, ε3, δ1, δ2) basis VI (δ1, ε1, ε2, δ2, ε3)
basis II (ε1, ε2, δ1, δ2, ε3) basis VII (δ1, δ2, ε1, ε2, ε3)
basis III (δ1, ε1, ε2, ε3, δ2) basis VIII (ε1, δ1, δ2, ε2, ε3)
basis IV (ε1, ε2, δ1, ε3, δ2) basis IX (δ1, ε1, δ2, ε2, ε3)
basis V (ε1, δ1, ε2, δ2, ε3) basis X (ε1, δ1, ε2, ε3, δ2)

(5.13a)

As a result, the four simple roots of the sl(3|2) Lie superalgebras can be of one of three types

αA = ϵA − ϵA+1 Degree Length
εi − εi+1 0 2
εi − δa 1 0
δa − δa+1 0 -2

(5.14)

The length here is linked to the super Cartan matrices

Ksl3|2
AB = αA.αB (5.15)

which take exotic values that do not occur for bosonic Lie algebras; in particular the negative -2
length. In consequence, the Cartan matrix for a Lie superalgebra is not unique; it depends on
the basis choice (5.13a). Moreover, in order to distinguish these di�erent types of simple roots
in the Dynkin diagram description of any superalgebra, we will have to introduce "colored"
Dynkin super diagrams. These are characterised by a number of fermioinc nodes and a number
of bosonic nodes that can be associated to roots with vanishing or non-vanishing length. As
these Dynkin diagrams will play a major role in the brane realisation of the internal symmetry,
we will draw them here below for the di�erent possible non-redundant cases of the sl(3|2)
superalgebra. We will also give the list of Cartan matrices that allow to directly read the
lengths for the four simple roots.
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� Basis I :
For the basis I of (5.13a), the four simple roots read like

α1 = ε1 − ε2, α2 = ε2 − ε3, α3 = ε3 − δ1, α4 = δ1 − δ2 (5.16)

The associated super Cartan matrix denoted as KI
sl3|2

is given by the following

KI
sl3|2

=


2 −1 0 0
−1 2 −1 0
0 −1 0 +1
0 0 +1 −2

 (5.17)

from which we can deduce that the corresponding Dynkin super diagram DSD I has three
bosonic simple roots α1, α2, α4 and one fermionic α3 as
(a) Two bosonic simple roots with length α2

1 = α2
2 = 2 given by red nodes in the Dynkin

diagram description.
(b) One bosonic simple root with α2

4 = −2 given by the blue node.
(c) One fermionic simple root remarkably having the property α2

3 = 0, and represented
by the green node.
The corresponding Dynkin super diagram is given in Figure 5.1.

Figure 5.1: The Dynkin super diagram corresponding to the basis I of sl(3|2).

� Basis II :
The four simple roots are given by

α1 = ε1 − ε2, α2 = ε2 − δ1, α3 = δ1 − δ2, α4 = δ2 − ε3 (5.18)

The Cartan matrix KII
sl3|2

corresponding to the second basis reads as

KII
sl3|2

=


2 −1 0 0
−1 0 +1 0
0 +1 −2 +1
0 0 +1 0

 (5.19)

The associated Dynkin super diagram has four nodes: two bosonic and two fermionic.
The two bosonic roots obey α2

1 = 2 and α2
3 = −2, while the fermionic one obeys α2

1 = 0.
These are represented in Figure 5.2

Figure 5.2: The Dynkin super diagram corresponding to the basis II of sl(3|2).
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� Basis III :
The simple roots are realised by

α1 = δ1 − ε1, α2 = ε1 − ε2, α3 = ε2 − ε3, α4 = ε3 − δ2 (5.20)

such that the Cartan matrix KIII
sl3|2

reads as

KIII
sl3|2

=


0 −1 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −1 0

 (5.21)

The Dynkin super diagram for this basis is given by Figure 5.3.

Figure 5.3: The Dynkin super diagram corresponding to the basis III of sl(3|2).

� Basis IV :
In this case, we have

α1 = ε1 − ε2, α2 = ε2 − δ1, α3 = δ1 − ε3, α4 = ε3 − δ2 (5.22)

with the Cartan matrix KIV
sl3|2

KIV
sl3|2

=


2 −1 0 0
−1 0 +1 0
0 +1 0 −1
0 0 −1 0

 (5.23)

and the Dynkin super diagram as in Figure 5.4

Figure 5.4: The Dynkin super diagram corresponding to the basis IV of sl(3|2).

� Basis V :
We have for the �fth basis

α1 = δ1 − ε1, α2 = ε1 − ε2, α3 = ε2 − δ2, α4 = δ2 − ε3 (5.24)

meaning that the Cartan matrix KV
sl3|2

reads as

KV
sl3|2

=


0 −1 0 0
−1 2 −1 0
0 −1 0 +1
0 0 +1 0

 (5.25)

and the corresponding Dynkin super diagram is as drawn in Figure 5.5.
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Figure 5.5: The Dynkin super diagram corresponding to the basis V of sl(3|2).

� Basis VI :
This case is very special, it corresponds to the distinguished basis. In particular, all its
weight vectors are arranged in such a way that all the four simple roots are fermionic

α1 = ε1 − δ1, α2 = δ1 − ε2, α3 = ε2 − δ2, α4 = δ2 − ε3 (5.26)

Its associated super Cartan matrix also has a unique form where all the diagonal values
vanish.

KV I
sl3|2

=


0 +1 0 0
+1 0 −1 0
0 −1 0 +1
0 0 +1 0

 (5.27)

The distinguished Dynkin super diagram (DDSD for short) has all nodes in green as
depicted in Figure 5.6.

Figure 5.6: The distinguished Dynkin super diagram corresponding to the basis VI of sl(3|2).

Regarding the other basis VII, VIII, IX and X, they are actually equivalent to I, II, III and IV
due to the mirror symmetry associated with the re�ection

r : αA → −α5−A , r2 = Iid (5.28)

This property also manifests in the Dynkin super diagrams of these basis that are re�ections
of the ones given here. Their associated Cartan matrices should also have the same values of
diagonal entries, but in opposite order.

5.2 Super Algebra/ Homology

In this section, we make a further step towards the brane realization of the systems symmetries
by focusing on the super internal symmetry. We take advantage of the known results on
complex surfaces with ADE singularities, and investigate their extension to complex manifolds
with super singularity given by sl(m|n), that will be useful for the string compacti�cation in
the the brane theory. Mainly, we will exploit here the exotic properties of the colored Dynkin
super diagrams in order to translate simple roots to 2-cycles of the complex manifolds.

5.2.1 Bosonic geometry

By comparing algebraic properties of the bosonic sl(5) and the super sl(3|2) symmetry, we
begin here by constructing the 2-cycle homology for singularity related to superalgebras, and
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Figure 5.7: On the left, the Dynkin super diagram of the distinguished sl(3|2). On the right,
the Dynkin diagram of sl(5).

propose a complex super geometry. Starting from the graphical descriptions of sl(5) and sl(3|2)
(Figure 5.7) that look similar due to their linear form, we observe that the the superalgebra
is characterized by colored roots verifying

α2
3 = 0 , α2

4 = −2 , α3.α4 = +1 (5.29)

in contrast to the sl (5) roots that obey

α̃2
a = +2 , α̃a.α̃a+1 < 0 (5.30)

These values allow to interpret the complex ALE surfaces S̃ with sl (5) geometry in terms of
intersecting 2-cycles C̃a, with the intersection matrix reading as

Isl5
ab = C̃a.C̃b (5.31)

This is actually the opposite of the Cartan

Isl5
ab = −Asl5

ab


−2 1 0 0
1 −2 1 0
0 1 −2 1
0 0 1 −2

 (5.32)

The 2-cycles hence verify
C̃2
a = −2 , C̃a.C̃a+1 = 1 (5.33)

and we deduce that they are given by complex projective lines CP1
a (2-spheres) that intersect

transversally according to the bosonic Dynkin diagram of sl(5). The four simple roots α̃a =
ε̃a − ε̃a+1 (a = 1, 2, 3, 4) of sl (5) are in one to one with four 2-cycles C̃a in the resolved ALE
surface S̃sl5 . The Algebra/Homology correspondence used here is represented by

Lie algebra sl(5) homology of ALE surfaces S̃sl5

α̃2
a = 2 C̃2

a = −2

ε̃2a = 1 Ẽ2
a = −1

(5.34)

This bosonic correspondence is used �rst to geometrize the superspin chain bosonic �avor
symmetry, and then to generalize to the super internal symmetry by analogy. The corresponding
cycles realizations are given by:

Flavor symmetry U (L) = U (1)× SU (L)
For the bosonic su (L) Lie algebra contained in the sl (L), the Algebra/ Homology correspon-
dence is directly applied and yields L − 1 intersecting 2-spheres C̃a with a = 1, ..., L − 1, and
self intersection

C̃2
a = −2 (5.35)
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These should have large volumes, since they are associated with a �avor symmetry and not a
gauge invariance.

Graded SL(3|2) invariance
As a generalization of the Algebra/ Homology correspondence, we propose here a Super Alge-
bra/Homology that should have the form

Lie superalgebra sl(3|2) graded surfaces Ssl3|2

graded roots αA graded cycles CA

graded weights ϵA graded divisors EA

(5.36)

To de�ne these graded geometries for the super symmetry, we begin by recalling here below
the singular surfaces associated to the bosonic case and then turn to treating the SL(m|n)
super symmetry by focusing on the SL(3|2) case. In general, the complex surfaces with Du Val
singularities, regarding complex surfaces V/Γ with orbifold symmetry given by �nite groups Γ
contained in GL (2), can be de�ned by local equations

f (x, y, z) = 0 (5.37)

These singularity equations are embedded in C3 with local coordinates (x, y, z). They are
resolved according to Dynkin diagrams of the simply laced ADE symmetries as classi�es in
Table 5.1

Geometry f (x, y, z) Γ Cartan Resolution graph and 2-cycles

An−1 x2 + y2 + zn Zn A[An−1]
1 2 3 n-1

Dn x2 + y2z + zn−1 BD4n−8 A[Dn]

1
n-1

n

n-2n-3

E6 x2 + y3 + z4 BT24 A[E6]
1 2 4 5

3

6

E7 x2 + y3 + yz3 BO A[E7]
2 4 53 61

7

E8 x2 + y3 + z5 BIcosa A[E8]
2 4 53 61 7

8

Table 5.1: The de�ning equations of the complex surfaces with ADE geometries. The 2-cycle
homology of the surface is given by the ADE Dynkin diagrams with roots describing the 2-
cycles.

Here, BD4n−8 refers to the Binary- Dihedral group, BT24 to the Binary-Tetrahedral group, BO
is the Binary-Octahedral group and BIcosa represents the Binary Icosahedral. For the simplest
example of A1, (5.37) is written as

x2 + y2 + z2 = 0 (5.38)

which describes a sphere vanishing at (x, y, z) = (0, 0, 0) .Moreover, by writing u = i (x+ iy) , v =
i (x− iy), this singularity simply becomes

uv = z2 (5.39)
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For the larger SU (n) family, we have
uv = zn (5.40)

In terms of weights ε̃a and roots α̃a = ε̃a − ε̃a+1, the resolution of the SU (n) singularity is
described by

ε̃1 − ε̃N =
∑

α̃a (5.41)

For the sl (5) singularity, we write

ε̃1 − ε̃5 = α̃1 + α̃2 + α̃3 + α̃4 (5.42)

which by using the Algebra /Homology correspondence, is equivalent to

Ẽ1 − Ẽ5 = C̃1 + C̃2 + C̃3 + C̃4 (5.43)

For the other ADE singularities, the homology of their resolved singularities involves 2-spheres
intersecting according to the shape of their Dynkin diagrams.

5.2.2 Super sl (3|2) geometry
Now, we exploit the Algebra/ Homology correspondence in order to propose surfaces with
super symmetry, by focusing on the SL(3|2) as the leading model of the SL(m|n). We begin
by writing the weights in terms of super roots as

ϵ1 − ϵ5 = α1 + α2 + α3 + α4 (5.44)

where we have used the expressions of ϵ2, ϵ3 and ϵ4

ϵ1 − ϵ5 = (ϵ1 − ϵ2) + (ϵ2 − ϵ3) + (ϵ3 − ϵ4) + (ϵ4 − ϵ5) (5.45)

By interpreting this as a blowing up of the singularity, we can translate (5.44) in terms of the
graded divisors EA and cycles CA

E1 − E5 = C1 + C2 + C3 + C4 (5.46)

such that the intersections of these graded cycles in the graded surface Ssl3|2 having an SL(3|2)
geometry is described by

Isl3|2
AB = CA.CB (5.47)

and
CA = EA − EA+1 (5.48)

Moreover, by using
EA.EB = −gAB (5.49)

we �nd that

Isl3|2
AB =


−2 1 0 0
1 −2 1 0
0 1 0 −1
0 0 −1 2

 (5.50)

meaning that the self intersections of the 2-cycles of the graded Ssl3|2 take the values

C2
1 = C2

2 = −2 , C2
3 = 0 , C2

4 = 2 (5.51)
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We think of these as closed Rieman surfaces Σg without boundary such that their topology is
given by the Euler characteristics

χg = 2g − 2 (5.52)

Here, the positive integer g is the genus of Σg, and the topological χg has an inde�nite sign
in agreement with the values of (5.51). The value g = 0 yields to the 2-sphere χ0 = 2, g = 1
yields a 2-torus, while for g = 2 we obtain the double 2-torus with χ2 = −2 which characterizes
these graded surfaces having higher genus Rieman surfaces Σg. These 2-cycles associated to the
graded surface Ssl3|2 are depicted in Figure 5.8.

Figure 5.8: Rieman surfaces with genus g and Euler characteristics 2 − 2g. The g = 0 corre-
sponds to the 2-sphere. The g = 1 gives the 2-torus. The g = 2 describes the genus 2 Rieman
surface.

5.3 Superspin chain realization in superstring theory

Thanks to the algebraic features of the symmetries of the superspin chain investigated above, we
can embed this integrable system in superstring theory. We will consider here the distinguished
sl(3|2) superspin chain, and yield the type II strings realization and then uplift to M-theory.
But before that, we begin by listing the relevant symmetry elements, in particular the weight
vectors and the roots that will play a major role in the brane interpretations.

5.3.1 Ground state of the superspin chain

The system we will focus on here concerns the distinguished sl(3|2) superspin chain of L nodes
characterized by the total symmetry U(L)× SL(3|2), and the atomic states∣∣Ψl

A

〉
= |ϵA⟩sl3|2 ⊗

∣∣el〉
uL

(5.53)

Notice that this factorisation of the wave function is permitted thanks to the commutation of
the SL(3|2) and U (L) gauge symmetries. We write for the elements g ∈ sl(3|2) and g̃ ∈ u (L)

[g̃, g] = 0 (5.54)

The superspin states (5.53) are expressed in terms of the following elements

algebra simple roots weight basis vectors

sl(3|2) α1, ..., α4 ϵ1, ..., ϵ5
su(L) α̃1, ..., α̃L e1, ..., eL

(5.55)

where the quantum states |ϵA⟩ correspond to the vector basis of the fundamental representation
R (ω1) of 3|2. They obey the sl(3|2) super-traceless condition

5∑
A=1

(−)|A| ϵA = 0 , |ϵA| ≡ |A| (5.56)
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and are linked to the simple roots αA. Concerning the roots, notice that the transition from
|ϵA⟩ to its neighbour |ϵA+1⟩ is generated by the step operator E−αA

of sl(3|2)

|ϵA+1⟩ = E−αA
|ϵA⟩ (5.57)

which can also be represented in terms of roots as |ϵA − αA⟩ . Moreover, by using E−αA
=

|ϵA+1⟩ ⟨ϵA| and the formal identi�cation E−αA
∼ αA, we can think about αA as

αA ∼ |ϵA+1⟩ ⟨ϵA| (5.58)

For a generic transition |ϵA⟩ → |ϵB⟩ , the needed root is given by αAB = ϵA − ϵB.
Concerning the states |el⟩ associated to the �avor symmetry, the Highest Weight vector of

U (L) = U (1)× SU (L) is given by e1, and the traceless condition for SU (L) by

Nf∑
l=1

el = 0 (5.59)

Similarly to the internal symmetry, we can write the roots of the �avor symmetry sector such
that

|el+1⟩ = Ẽ−α̃l
|el⟩

α̃l ∼ |el+1⟩ ⟨el|
Finally, the transition from a quantum state |ϵA⟩ ⊗ |el⟩ of the superspin chain to the state
|ϵB⟩ ⊗ |el′⟩ is generated by the tensor product E−αAB

⊗ Ẽ−α̃ll′
. For neighbors, the transition

from |ϵA⟩ ⊗ |el⟩ to |ϵA+1⟩ ⊗ |el+1⟩ is given by

E−αA
⊗ Ẽ−α̃l

∼ αA ⊗ α̃l (5.60)

5.3.2 Embedding in Type IIA branes

We give now the brane construction of the superspin chain quantum state in the framework of
type II superstrings. Notice that this construction follows the approach of [122] which treated
the Type IIB realization in the same context by taking advantage of the correspondence with
4D Chern Simons and line defects.
First of all, recall that the type IIA superstring theory is de�ned on a 10 dimensional space-time
that we denote as M1,9, it contains three pairs of p-branes given by :

• F1 strings associated NS5
• Electric D0 and magnetic D6.
• Electric D2 and its dual D4.

The weight vectors and roots of (5.55) are translated in terms of these branes following Table
(5.2) which describes the dictionary of the quantum state symmetries in the context of type
IIA strings.
Since the sl(3|2) weight vectors are of graded nature, we have the following brane intersections
where KAB is the distinguished sl (3|2) Cartan matrix.

αA.ϵA = (−)|A|

αA.ϵA+1 = − (−)|A+1|

αA.αB = KAB

(5.61)

Similar relations hold for the �avor sector but with bosonic Cartan matrix values. We deduce
that the realization of the

∣∣Ψl
A

〉
states of the distinguished sl(3|2) superspin chain in terms of

type IIA branes includes two stacks of branes : The �rst one given by {NS5A} labeled by the
subscript A = 1, ..., 5, and the second one by the {D6l} with upperscript l = 1, ..., L. These are
transversed by four types of transitions as described below:
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super chain type IIA brane

|ϵA⟩ NS5ϵA ≡ NS5A
αA D2αA

≡ D2AA+1∣∣el〉 D6el ≡ D6l

α̃l D2α̃l ≡ D2ll+1∣∣ϵA, el〉 D4ϵA,el ≡ D4lA

Table 5.2: Lie superalgebra/Type IIA brane correspondence: Basic weight vectors are associ-
ated with NS5 and D4 branes. Simple roots are associated with D2 branes.

� The transition between two neighboring NS5A and NS5A+1 is insured by the D2AA+1

brane between them. Hence, for a generic transition between NS5A and NS5B, the medi-
ator is D2AB

� The transition between the D6l and its neighbor D6l+1 is mediated by the �avored D2l,l+1

brane, meaning that D6l and D6l
′
are mediated by a �avored D2ll

′
.

� For the neighboring D4lA and D4lA+1, they are mediated by a D2AA+1. At the same time,
we have between a D4lA and a D4l+1

A a D2ll+1. Eventually, the transition between D4lA
and D4l+1

A+1 is obtained by two steps given by D2AA+1D2ll+1.

� The last type of transitions emerges between the gauge NS5A and the �avored D6l, it is
realized by the D4lA brane.

The full type IIA branes included in this realization intersect in the 10D space-time as
represented in Table 5.62.

10D R0 R1 C23 R4 R5 R̃4

NS5A x x x {ξ4A} {ξ5A} R̃2
|A|

D2AA+1 x x {zA} [ξ4A, ξ
4
A+1] {ξ5A} 04

D4lA x x {wl
A} {ξ4A} [ξ5A, ϱ

5
l ] R̃2

|A|
D6l x x {ul} x {ϱ5l } R̃4

(5.62)

Concerning this representation, notice the following features :

� The cross (x) means that the dimension of type IIA is �lled while the other boxes generate
the transverse spaces of the branes; they give the precise positions of the branes which
can be interpreted as scalar �elds in super QFT at low energies.

� The four dimension euclidian R̃4 with coordinates (X6, X7, X8, X9) factorises like R̃2
0̄×R̃2

1̄

where 0̄ and 1̄ refer to the Z2-degree of |A|.

� The singleton {ξ4A} (resp. {ϱ5l }) means that the NS5A brane (resp. D6l) is located on
the fourth-axis at the point X4 = ξ4A (resp. the �fth-axis {X5 = ϱ5l }).

� The positions are ordered like ξ4A < ξ4A+1 and ξ5A < ϱ5l as well as ϱ
5
l < ϱ

5
l+1.

� The interval [ξ4A, ξ
4
A+1] belongs to the fourth-axis, it is �lled byD2AA+1 stretching between

NS5A and NS5A+1. The lengths |ξ4A − ξ4A′| give the masses of the propagating quantum
states between the NS5 branes.
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� The interval [ξ5A, ϱ
5
l ] belongs to the �fth-axis, and is �lled by D4lA stretching between

NS5A and D6l.

� The positions of the ϱ5l 's must be pushed far away (say to in�nity) from the ξ4As since the
D6ls are �avor branes with symmetry U(Nf ) containing the diagonal U (1)Nf . Therefore,
the intervals [ξ5A, ϱ

5
l ] of the D4lA branes should be thought of as [ξ5A,+∞[ as required by

the �avor symmetry and the realisation given in [122].

We can moreover distinguish the bosonic and fermionic sectors underlying the SL(3|2) gauge
symmetry in the brane realization 5.62. In particular, the �ve states dispatch like

|ϵA⟩ = |εa⟩ 2
5
⊕ |δi⟩ 3

5
, |εa| = 0, |δi| = 1 (5.63)

where the even graded states |εa⟩ carry charge 2
5
with respect to sl (1) , and the odd graded |δi⟩

carry the charge 3
5
. This is due to the form of the even part of the sl(3|2) Lie superalgebra

sl(3|2)0̄ = sl(3)⊕ sl (1)⊕ sl(2) (5.64)

such that |εa⟩ is a triplet of sl(3), and |δi⟩ is a doublet of sl(2). This Z2-grading is manifested
on the level of the p-branes NS5A, D2AA+1, D6l and D4lA by distinguishing the label A to
|a| = 0̄ and |i| = 1̄ leading to two sectors :

� The sl(3) sector :
It includes three bosonic weight vectors εa in addition to the bosonic simple roots α1, α2.
Their corresponding type IIA branes are given by : (i) three bosonic like NS5a expanding
in R0 × R1, C = R2 + iR3 and R6 × R7, (ii) two D2a,a+1 branes with a = 1, 2 stretching
along R0×R1 and in the one-dimensional space [ξ4a, ξ

4
a+1] between NS5a and NS5a+1, and

(iii) 3L bosonic D4la expanding in R0 × R1 × [ξ5a,∞[ × R6 × R7. This con�guration is
collected in Table (5.65)

10D R0 R1 C23 R4 R5 R6 R7 R8 R9

NS5a x x x {ξ4a} {ξ5a} x x 0 0

D2a,a+1 x x {za} [ξ4a, ξ
4
a+1] {ξ5a} 0 0 0 0

D4la x x {wl
a} {ξ4a} [ξ5a,∞[ x x 0 0

(5.65)

� The sl(2) sector :
This sector corresponds to the two odd-graded weight vectors δ1 and δ2 and the bosonic-
like simple root α4. It involves the branes listed below in Table (5.66), where the D2 and
D4 branes have similar con�gurations as before but we can see that the fermionic like
NS53+i with i = 1, 2 di�er than the NS5a in the sense that they expand in R8 × R9

instead of R6 × R7.

10D R0 R1 C23 R4 R5 R6 R7 R8 R9

NS53+i x x x {ξ43+i} {ξ53+i} 0 0 x x

D245 x x {z4} [ξ44 , ξ
4
6] {ξ54} 0 0 0 0

D4l3+i x x {wl
3+i}

{
ξ43+i

}
[ξ53+i,∞[ 0 0 x x

(5.66)

� The sl(1) sector :
This one links the previous sl(3) and sl(2) sectors by means of the fermionic-like D234
brane, it stretches between the bosonic NS53 and the fermionic NS54 as described below.

10D R0 R1 C23 R4 R5 R6 R7 R8 R9

D234 x x {z3} [ξ43 , ξ
4
4] {ξ53} 0 0 0 0

(5.67)
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5.3.3 Embedding in M- theory

The distinguished sl(3|2) superspin chain system studied here can be realized in the 11-
dimensional M-theory by direct uplifting of the of type IIA string realization described before.
In particular, the 11-dimensional space-time is obtained from the ten dimensional M1,9 by
means of the circle S1

M ∼ RMeiϑ such that

M1,10 = M1,9 × S1
M (5.68)

As a result of this compacti�cation, the NS5 and D4 branes of type IIA both become M5-branes
of M-theory, while the D2 merges into an M2 brane. We have the equivalence

M1,10 M1,9

i) M5 NS5
ii) M5 M5/S1

M ∼ D4
,

M1,10 M1,9

i) M2 D2
ii) M2 M2/S1

M ∼ F1
(5.69)

The worlvolumes in 11D are such

11D : 10D S1
M

M5A : NS5A
M5lA : D4lA x

,

11D : 10D S1
M

M2AA+1 : D2AA+1

M2 : F1 x
(5.70)

with the cross (x) indicating that the M5 merging from the D4 �lls the direction of the com-
pacti�cation circle. The same holds for the M2 brane merging from the one-dimensional F1.

Concerning the geometrical singularity description, for example the AL−1 ALE singularity
distinguishing the L coincident D6-branes with the �avour symmetry U(L), it can be understood
in the framework of M-theory in terms of the orbifold C2/ZNf

with discrete group ZNf
acting

on complex parameters z and z′ in C23 as

z → e
2iπ
N z , z′ → e−

2iπ
N z′ (5.71)

Or, it can be represented in C3[u, v, w] by the equation

uv = wN (5.72)

or more particularly by

uv =
∏N

l=1
(w − ζl) (5.73)

involving L complex parameters ζl. In the language of 2-cycle homology, the AN−1 topology is
thought of in terms of the �bration SN = ΣN×C with ΣN being a complex curve (2-cycle) given
by the intersection of generating 2-cycles Cl with complexi�ed Kahler moduli tl = ζl − ζl+1.
The algorithm of the M-theory realizations for the superspin chain symmetries is given in this
case by Table (5.3.3)

super chain type IIA M-branes

|ϵA⟩ NS5ϵA M5ϵA ≡ M5A
αA D2αA

M2αA
≡ M2AA+1∣∣el〉 D6el C2/ZNf∣∣ϵA, el〉 D4ϵA,el M5ϵA,el ≡ M5lA

Table 5.3: Symmetry/M-brane correspondence.
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The M-branes intersections are written in terms of the Cartan matrix AslL
ll′ of sl (L) as

α̃l.el = +1
α̃l.el+1 = −1

α̃l.α̃l′ = AslL
ll′

(5.74)

Thanks to these promotions, we can directly translate the type IIA con�guration of table (5.62)
into the wanted M-theory realization of the sl(3|2) superspin chain state

11D R0 R1 SN R4 R̃4

M5A x x ΣA {ξ4A} R̃2
|A|

M2AA+1 x x (zA, z
′
A) [ξ4A, ξ

4
A+1] 04

M5lA x x Σl
A {ξ4A} R̃2

|A|

(5.75)

where we have :

� Five M5A branes for the sl3|2 supersymmetry, expanding in the complex surface SN along
the complex line ΣA given by the �bration C× {zA} with zA = X2

A + iX3
A.

� Four M2AA+1 mediating between the M5A and M5A+1 where the complex z′A reads as
eX

5
A+iϑA with X5

A = ξ5A.

� 5L super M5lA stretching along the complex curve Σl
A identi�ed with a half line ending

on left at z′A and on right at ζl = eX
5
l +iϑl with X5

l = ϱ5l and |ζl| → ∞.

This superstring con�guration is illustrated in Figure 5.9 where the intersections of the
M-branes are represented by �ve basic M5A stacks are represented in Figure 5.9

Figure 5.9: Horizontal M2 branes stretching between pairs of vertical M5s located at XA and
XA+1. The M2 and the M5 intersect along an �M-string� (the 1-direction in blue). The positions
XA can be put in correspondence with the unit weights ϵA and the XA+1 −XA with the simple
roots.

Similarly to the type IIA brane realization, we can use here the algebraic properties of the
sl(3|2) superalgebra, in particular the Z2 charges, to split the branes involved in (5.75) into
three sectors. These are in one to one with the algebras appearing in the bosonic part of sl(3|2)
as in (5.64). We have :

� The sl(3) sector given by

11D R0 R1 SN R4 R6 R7 R8 R9

M5a x x Σa {ξ4a} x x 0 0

M2aa+1 x x (za, z
′
a) [ξ4a, ξ

4
a+1] x x 0 0

M5la x x Σl
a {ξ4a} 0 0 0 0

(5.76)
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� The sl (2) sector given by

11D R0 R1 SN R4 R6 R7 R8 R9

M53+i x x Σ3+i {ξ43+i} 0 0 x x

M245 x x (z34, z
′
34) [ξ43 , ξ

4
4] 0 0 x x

M5l3+i x x Σl
3+i

{
ξ43+i

}
0 0 0 0

(5.77)

� The sl(1) sector which only contains the M234 interpolating between a bosonic M53 and
a fermionic M54 with worldvolume

11D R0 R1 SN R4 R6 R7 R8 R9

M234 x x z34 [ξ43 , ξ
4
4] 0 0 0 0

(5.78)
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CHAPTER 6

CONCLUSION

The investigation carried in this thesis represents an extension of the results of the correspon-
dence linking two-dimensional integrable models to four-dimensional Chern-Simons theory. In
particular, we relied on the �nding that an XXX spin chain with internal symmetry g can be re-
alized as a lattice of line defects in the dual 4D CS with gauge symmetry G, and the L-operators
solving its RLL equations of integrability are equivalent to the phase space of magnetic 't Hooft
line defects. This interpretation yields a simple and direct formula for the oscillator realization
of minuscule L-operators based on Levi decompositions of the chain's internal symmetry alge-
bra, which are in turns deduced by nodes cutting from the associated Dynkin diagram. This
general formula allowed us here to explicitly compute Lax operators for spin chains with bosonic
ABCDE symmetries from dual gauge theories, where some of these solutions are missing from
the spin chain literature. The rest are in perfect agreement with the results obtained using
Yangian representations -based techniques, and serve as more evidence to the strength of the
duality in question.

These calculations were carried in the third chapter where we studied the Levi decom-
positions of these ABCDE Lie algebras and applied the general formula (2.37), in order to
calculate the desired Lax matrices for minuscule nodes of the associated Dynkin Diagrams.
These solutions are expressed in matrix form in terms of oscillator degrees of freedom of the
auxiliary phase space, and the spectral parameter z. By manipulating these di�erent families
of matrices, we elaborated what we called "quiver" diagrams as a unifying representation of
the intrinsic data carried by this type of Lax operators. These diagrams also allowed us to
understand the behaviour of the quantum states carried by a Wilson line under the singular
action of a magnetic 't Hooft line.

The list of bosonic minuscule oscillator Lax matrices computed in the framework of 4D
Chern-Simons theories as well as their associated Quiver descriptions are collected in Table (6.1)
for the ABCDE spin chain systems. We also refer for each solution to the Levi decompositions
behind its construction.

Symmetry Levi decompositions L-matrix Quiver
AN−1 slN → slk ⊕ sl1 ⊕ slN−k ⊕ k (N− k)± (3.39) (3.7)
BN so2N+1 → so2 ⊕ so2N−1 ⊕ (2N − 1)± (3.65) (3.14)

CN sp2N → so2 ⊕ slN ⊕
(

N(N+1)
2

)
±

(3.78) (3.17)

DN(vect) so2N → so2 ⊕ so2N−2 ⊕ (2N− 2)± (3.100) (3.25)
DN(spin) so2N → sl1 ⊕ slN ⊕ N(N−1)

2 ± (3.111) (3.26)
E6 e6 → so2 ⊕ so10 ⊕ 16± (3.141) (3.32)
E7 e7 → so(2)⊕ e6 ⊕ 27± (3.167) (3.36)

(6.1)
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The Lax matrices given here above are all realized in the fundamental representation of the cor-
responding Lie algebra. Their associated quiver diagrams allow to observe a unifying property
of the E7 Chern-Simons gauge theory, or equivalently the e7 spin chain. By analyzing minuscule
coweights for the ADE symmetries, one can notice a chain of decompositions starting from the
e7 Lie algebra which leads to e6, and then to so10, which yields so8 or sl5 by di�erent splitting
patterns; these all lead �nally to the linear slN with N ≤ 4. This sequence is straightforwardly
manifested on the level of quiver diagrams, where the QE7 can be thought of as the unifying
quiver for ADE minuscule L-operators. The fundamental states in 56 of QE7 split by giving a
subset in the node 27. This node can be understood as QE6 where the 27 substates of the 56
states, split themself into subsates in the nodes 10 and 16. This means that in the node 27,
we can identify sub-quivers Qvect

SO10
and Qspin

SO10
, which both lead after two decompositions into

QSL4 ≃ QSO6 , where the vector and spinor coweights are equivalent. These breaking patterns
are explained in Figure 6.1. Regarding states of orthogonal B and symplectic C types, they are
equivalent in this chain of decompositions to the vectorial and spinorial D states respectively.
Recall that we have QBN

∼ Qvect
DN

, and QCN
∼ Qspin

DN
.

𝑬𝟕 𝑬𝟔 𝑫𝟓

𝑫𝟒

𝑨𝟒

𝑫𝟑

𝑨𝟑

𝑨𝟑

𝑨𝟏 × 𝑨𝟐

𝝁𝟏 𝝁𝟏~𝝁𝟓

𝝁𝟒~𝝁𝟓

𝝁𝟏
𝝁𝟏

𝝁𝟐~𝝁𝟑

𝝁𝟑~𝝁𝟒

𝝁𝟏~𝝁𝟒

Figure 6.1: Breaking chains of the E7 symmetry by following Levi decompositions with respect
to minuscule coweights. The bold arrows describe the exceptional sequence leading to the
Standard model group. The minuscule coweights µ correspond to the Lie algebra from which
the arrow starts

Moreover, we have stated that the quiver description represented here for minuscule Lax
operators, can o�er a glimpse on the inner structure of solutions without having to make explicit
calculations. By directly using the branching rules of representations beyond the fundamental
with respect to minuscule coweights of the ADE algebras, we give in Figures 6.2,6.3 and 6.4
quiver diagrams describing the general behavior of internal states in Lax matrices for di�erent
representations of the simply laced bosonic symmetries.

The positive results obtained by exploiting this Integrability/ 4D CS correspondence have
prompted us to extend this duality into the super symmetries case in order to study integrable
superspin chain systems and their graded solutions in Chapter 4. In analogy to the bosonic
construction, we realized the super Lax operators solving the graded RLL equations by ana-
lyzing Levi-like decompositions of Lie superalgebras. Following this approach, we built a list
of super Lax matrices for superspin chains with internal symmetries given by the basic ABCD
Lie superalgebras. These solutions are to our knowledge, still missing in the superspin chain
literature, except for the solutions of the linear sl(m|n) models that were recovered from the 4D
Chern-Simons with SL(m|n) symmetry and compared with those constructed using degenerate
solutions of the graded Yang-Baxter equation. For this linear symmetry, all simple nodes are
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(b)
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Figure 6.2: Leading elements of topological quiver diagrams for the L-operators of A- type.
These quivers are classi�ed by the magnetic charge µk of the 't Hooft line and the representation
R. (a) Wilson line with charge R = N. (b) Wilson line with R = N∧k. (c) Wilson line with
R = N∨2. (d) Wilson line with R = N∨3. (e) Wilson line with charge R = adjslN .
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Figure 6.3: Leading elements of topological quiver diagrams for the L-operators of D- type. The
�rst two quivers correspond to the Levi decomposition with respect to the (vectorial) minuscule
coweight µ1: (a) Wilson line with charge R = 2N. (b) Wilson line with R = adjso2N . The
other two quivers correspond to the Levi decomposition with respect to the (spinorial) minuscule
coweight µN : (c) Wilson line with R = 2N−1. (d) Wilson line with R = adjso2N .
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Figure 6.4: Leading elements of topological quiver diagrams for the L-operators of E- type.
The �rst two quivers for the E6 gauge theory. (a) for the fundamental 27 of E6; and (b) for
the adjoint representation. The last two quivers regard the E7 Chern-Simons theory. (c) for
the fundamental 56 of E7 and (d) for the adjoint representation.
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associated to minuscule-like coweights, and lead to Levi-like decompositions. We therefore gave
a more general expression for super Lax matrices for any node of any super Dynkin diagram of
sl(m|n). Notice that the bosonic L-operators of the sl(m) spin chain [123] can be recovered as
a special case of the graded distinguished solutions by simply taking n = 0.

For the B (m|n), C(n) and D(m|n) superspin chains, we focus on the distinguished super
Dynkin diagrams, and in particular on nodes leading to Levi-like decompositions. For the
B(m|n) superalgebra, we �nd one super Lax operator which is similar the bosonic minuscule
Lax operator of the B-type spin chain. This can be justi�ed by the fact that the coweight leading
to the Levi-like decomposition of osp(2m+1|2n) coincides with the vector-like minuscule node
in the Bm part of the distinguished Dynkin diagram of B (m|n). For C(n), we calculated two
graded Lax operators; the �rst corresponds to the fermionic node, and the second is equivalent
to the minuscule Lax matrix of the bosonic Cn algebra. Regarding theD(m|n) Lie superalgebra,
we had three possible minuscule-like nodes equivalent to the minuscule node of the bosonic DN

algebra. We calculated their associated super Lax operators that also appear of vector, spinor
and cospinor nature in analogy to the DN Lax operators.

The expressions of these graded solutions are collected in the Table (6.2) below, where we
mention the superalgebras' decompositions associated to each solution such that g = lµ⊕N+⊕
N−. Notice also that all these graded matrices are given in fundamental representations of the
corresponding super Lie algebra.

Superalgebra Subalgebra lµ Nilpotent N+ L-operators Equations

slm|n slk|l ⊕ slm−k|n−l ⊕ gl1 (k + l)c(m− k + n− l) Lµ
sl(m|n) (4.67)

osp2m+1|2n osp2m−1|2n ⊕ gl1 2m+ 2n− 1 Lµn+1

Bm|n
(4.95)-(4.99)

osp2|2n−2
sp2n−2 ⊕ gl1
sl1|n−1 ⊕ gl1

2 (n− 1)
n(n+1)

2
− 1

Lµ1

C(n)

Lµn

C(n)

(4.120)

(4.135)-(4.138)

osp2m|2n
osp2m−2|2n ⊕ gl1

slm|n ⊕ gl1

2 (m+ n− 1)
(m+n)(m+n+1)

2
−m

Lµm+n

Dm|n

Lµn+1

Dm|n

(4.169)-(4.171)

(4.155)

(6.2)
Finally, in Chapter 5, we studied the embedding of integrable superspin chains in M-theory

and type II strings, by focusing on the linear sl(m|n) model, and by using the rich dualities
within string theory to justify the brane realization of such integrable system. Steps and out-
comes of this investigation can be summarized in the following points:
(i) The determination of degrees of freedom and symmetries of the integrable superspin chain
system in general, and the linear sl(m|n) with superspins in the fundamental m|n in particular.
(ii) The translation of elements of these symmetries in terms of brane systems by using relation-
ships between the triad: root and weight systems of Lie algebras, homology cycles of complex
manifolds with singularities and branes in type II strings and M-theory.
(iii) Linking the exotic features of the superspin states of the super chain to the exotic proper-
ties of colored Dynkin super diagrams of Lie superalgebras.
(iv) Extending the Algebra/ Homology correspondence in the so-called ADE geometries of Du
Val to super groups (Super Algebra/ Homology) with super singularity.
(v) Construction of the brane system realizing the sl(3|2) superspin chain in the type IIA string
theory, by involving varieties of NS5-, D2- and �avored D4-branes as well as F1 strings.
(vi) Lifting the Type IIA brane realization to the 11-dimensional M-theory, where the sl(3|2)
emerges from M5 and M2 branes. (vii) Linking the grading of the internal space of the super-
spin chain that manifests on brane realization, to the super geometry emerging from graded
roots.

To end this conclusion, we stress the main perspectives of the present work, in particular by
relying on the very interesting discovery of the Integrability/ 4D CS Correspondence, as well
as its extensions. Future research directions may involve:
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• Working out a generalized Lax operator formula allowing to generate oscillator Lax op-
erators even for non minuscule coweights, i.e. for all nodes of a Dynkin diagram. This would
include the interpretation of algebras' 5-gradings, like those listed in [231]-[233], in terms of
singular gauge con�guration.

• Linking the quiver description elaborated here to a supersymmetric Quiver gauge the-
ory, dual to the four-dimensional Chern-Simons and the two-dimensional integrable models.
A strong candidate is the N = 4 quiver gauge theory whose quantum Coulomb branches are
identi�ed with the phase space of 't Hooft lines in [123].

• Exploiting the general super Lax operator formula for superspin chains with exceptional
Lie super symmetries F (4), G(3) andD(1, 2;α). Such calculation should be based on 3-gradings
generated by nodes cutting from the Dynkin diagrams of these Lie superalgebras.

• Investigating the derivation of RLL solutions in the string theory, by relying on the brane
realization of spin chain systems and their dual line defects constructions.

• Deepening the brane realization of superspin chains by studying the embedding of or-
thosymplectic chains, in particular with osp(2m|2n) symmetry.

• Connecting the present correspondence to other well known theories and dualities in
theoretical physics, such as the AdS/ CFT. This would allow to enlarge the network of dualities
in the framework of string theory.
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