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ABSTRACT

Our goal in this thesis is to study some nonlinear elliptic inclusion problems with
L!'—data in a bounded domain with boundary conditions of the Dirichlet type in the
setting of Sobolev Spaces, Sobolev spaces with variable exponent or Orlicz-Sobolev
spaces.

This work, composed of six chapters, present results of existence (uniqueness and
regularity) of weak, entropy or renormalized solutions for the nonlinear problems of
the type mentioned below.

After a brief presentation of definitions and results needed for the work, we prove
in chapter 2 the existence of weak solutions for a strongly nonlinear elliptic problem of
the form

B(u) —div (a(x,u, Vu)) + g(x,u, Vu) > f.

In chapter 3, we study the existence and regularity of solution for nonlinear elliptic
inclusion problems with degenerate coercivity of the type

_ a(x,Vu)
B(u) —div ((1 n ’u‘)e(pl)) > f.

Next, in chapter 4, we establish some existence results for the nonlinear multivalued

elliptic problems having unbounded coefficients whose prototype is
. (|VulP=2Vu
bl —aie (G5t 21

In chapter 5, we study the problem of chapter 3 in the functional framework involv-
ing Sobolev spaces with variable exponent.

The last results presented in chapter 6, are the existence and uniqueness of renormal-
ized solutions in the Orlicz-Sobolev space for nonlinear multivalued elliptic problems

of type
B(u) —div(a(x, Vu) + F(u)) > f.

Keywords: Elliptic equation, Leray-Lions operator, Weak solution, Entropy solution,
Renormalized solution, Inclusion problems, Maximal monotone graph, Sobolev spaces
with variable exponent, Orlicz-Sobolev spaces, Degenerate coercivity, Unbounded
coefficients, Regularity.
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RESUME

Notre objectif dans cette thése est d’étudier certains problemes d’inclusion elliptique
non linéaire avec données L! dans un domaine borné avec des conditions aux limites de
type Dirichlet dans le cadre des espaces de Sobolev, des espaces de Sobolev a exposant
variable ou des espaces d’Orlicz-Sobolev.

Ce travail, composé de six chapitres, présente des résultats d’existence (unicité et
régularité) de solutions faibles, entropiques ou renormalisées pour les problemes non
linéaires du type mentionné ci-dessous.

Apres une bréve présentation des définitions et des résultats nécessaires au travail,
nous prouvons au chapitre 2 I'existence de solutions faibles pour un probleme elliptique

fortement non linéaire de la forme
B(u) —div (a(x,u, Vu)) +g(x,u, Vu) > f.

Dans le chapitre 3, nous étudions l'existence et la régularité de solution pour des
problemes d’inclusion elliptique non linéaire avec coercitivité dégénérée du type
, a(x, Vu) )
u) —div ENE
plo) —ai () >
Ensuite, dans le chapitre 4, nous établissons quelques résultats d’existence pour des

problemes elliptiques multivoques non linéaires ayant des coefficients non bornés dont
le prototype est )
. (|VulP~*Vu
bl = (Tt = 1

Dans le chapitre 5, nous étudions les problemes du chapitre 3 dans le cadre fonc-
tionnel impliquant des espaces de Sobolev a exposant variable.

Les derniers résultats présentés dans le chapitre 6, sont I'existence et 1'unicité de
solutions renormalisées dans ’espace d’Orlicz-Sobolev pour des problemes elliptiques

multivoques non linéaires de type

B(u) —div(a(x, Vu) + F(u)) > f.

Mots clés: Equation elliptique, Opérateur de Leray-Lions, Solution faible, Solution
entropique, Solution renormalisée, Probléemes d’inclusion, Graphe maximal mono-
tone, Espaces de Sobolev a exposant variable, Espaces d’Orlicz-Sobolev, Coercitivité
dégénérée, Coefficients non bornés, Régularité.

v



LIST OF PUBLICATIONS

The publications that constitute the basis of the PhD thesis can be found in
Published works and works to appear

1. Y. Akdim, M. Belayachi and M. Ouboufettal, Existence of solution for nonlinear
elliptic inclusion problems with degenerate coercivity and L'-data, J. Elliptic
Parabol. Equ., 8(1), 2022, 127-150.

DOI: https://doi.org/10.1007 /s41808-022-00145-0
2. Y. Akdim and M. Ouboufettal, Existence of solution for a general class of strongly

nonlinear elliptic problems having natural growth terms and L!-data, Anal.
Theory Appl., 39(1), 2023,53-68.

DOI: https://doi.org/10.4208 /ata.OA-2020-0049

3. Y. Akdim and M. Ouboufettal, Solvability of nonlinear elliptic inclusion problems
in Orlicz spaces and L!-data, Rend. Circ. Mat. Palermo., 73(1), 2024, 489-511.

DOI https:/ /doi.org/10.1007 /s12215-023-00929-w.

4. Y. Akdim, M. Belayachi and M. Ouboufettal, Solvability of nonlinear multivalued
elliptic problems involving degenerate coercivity with variable exponents and
L'—data, Filomat, 2024.

5. Y. Akdim and M. Ouboufettal, Existence of Solution for a General Class of
Strongly Nonlinear Elliptic Problems, Nonlinear Dyn. Syst. Theory., 2024.

Submitted works

1. Y. Akdim, M. Belayachi and M. Ouboufettal, Existence results for nonlinear
multivalued elliptic problems involving unbounded coefficients and L!-data.

Vi



LIST OF SYMBOLS

Bounded domain of RN for N > 1

Boundary of ()

Point in RN for N > 1

Lebesgue measure in ()

Gradient of a function u

Domain of a multivalued mapping B

Truncation function k > 0

Support of a function u

max(u,0), max(—u,0)

Strong convergence

Weak convergence

Weak-* convergence

Test functions in ()

{u:Q — R | u measurable, [ [u(x)|Pdx < oo} forl<p < oo

{u:Q — R | u measurable, ess sup, ., [u(x)]| < oo}

{u: 0= RJuerLr(),Vue (L))"} for1 < p< +oo

Closure of D(Q) in WP (Q) for 1 < p < +o0

Dual space of WS’V(Q)

Variable exponent Lebesgue space

Variable exponent Sobolev space

Closure of D(Q) in W() (Q))

Orlicz space

Orlicz-Sobolev space

Closure of D(Q) in WLy (Q)

vii




Contents

Dedication ii
Acknowledgments iii
Abstract iv
Résumé v
List of publications vi
List of symbols vii
Contents viii
Introduction 1
1 Some preliminary tools and basic results 12
1.1 Standard Lebesgue and Sobolev spaces . . . .. ... ........... 12

1.2 Variable exponent Lebesguespaces . . . . .. ... ............. 15

1.3 Orlicz-Sobolevspaces . . . . . ... ... .. .. ............ 17

1.4 Notations and functions . . . . . ... ... ... oL 20

1.5 Maximal monotone graphs . . . ... .. ... ... ... . L. 22
1.5.1 Definitions and fundamental results . . . . . ... ... ... ... 22

1.5.2 Maximal monotone graphsinIR%. . . ... ............. 24

1.5.3 The Yosida approximation . . . . .. ... ... .. ... ... .. 26

1.6 Surjectivity theorems . . . . ... ... ... . o o o Lo 27

viii



2 On a general class of strongly nonlinear elliptic prob-

lems having natural growth terms 29
2.1 Settingoftheproblem . ... .. ... .. ... .. .. .. .. ..... 29
22 Existencefor L®-data . . . .. ... ... .. .. Lo oo 30
221 Approximation problem for L*-data . . . . .. ... ... ... .. 30
222 Aprioriestimates . . . ... ... L0 Lo 31
223 Basicconvergenceresults . . ... ... ... . ... ........ 32
224 Passingtothelimit . .. ... .... ... . ... . ... ..... 34
2.2.5 Subdifferential argument . . . . ... ... 0oL 35
2.3 Existencefor Ll-data . .. .......... ... .. ... .. ... ... 36
23.1 Approximation problem for L'-data . . . ... ........... 36
232 Aprioriestimates . . . ... ... Lo o oo 36
233 Basicconvergenceresults . . ... ... ... .. .......... 38
234 Conclusion of the proof of Theorem23.1 . ... ... ....... 40
24 Example . .. ... 42
3 Existence of solution for nonlinear elliptic inclusion
problems with degenerate coercivity 43
3.1 Problem formulation and mainresult . . ... ... ............ 43
3.2 Existence of bounded weak solutions for L*-data . . . .. .. ... ... 45
3.2.1 Approximate problems for L*-data . . . ... ........... 46
322 Aprioriestimates . . . . ... ... . oo Lo 48
3.23 Basicconvergenceresults . .. ... ..... ... ... ... .. 51
324 Proof of Theorem32.1 ... ... ... ..... ... ... ..... 52
3.2.5 Subdifferential argument . . . . ... ... 53
3.3 Existence and regularity of entropy solutions for L'-data . . .. ... .. 53
3.3.1 Approximation problem for L!-data and a priori estimates . . . . 53
3.3.2  Weak convergence of Ty(u,) in Wé’p (Q) .o oo 54
333 Someregularityresults. . . . ... ... ... oo L L 56
3.3.4 Almost everywhere convergence of gradients . . . .. ... ... 59
3.3.5 Conclusion of the proof of Theorem3.1.5 . . ... ... ...... 60
34 Example . ... ... ... 62

ix



4 Some results to nonlinear multivalued elliptic prob-

lems involving unbounded coefficients 63
41 Assumptions on the data and statementofresult . . . . . ... ... ... 63
42 Existence of bounded weak solutions for L*-data . . ... ... ... .. 65
421 Approximate solution for L*-data . . . . ... ... ... ..... 65
422 Aprioriestimates . . . .. ... .. L0 Lo 66
423 Basicconvergenceresults . . ... ... ... .. .. ........ 69
424 Proof of Theorem4.2.1 . . . .. ... ... .. ... . ... ..... 72
425 Subdifferential argument . . . ... ... o 0L 73
43 Existence of entropy solutions for Ll-data . . ... ............. 73
43.1 Approximation problem for L!-data and a priori estimates . . . . 73
43.2 Basicconvergenceresults . . ... .. ... ... . ... ..., 74
433 Conclusion of the proof of Theorem4.1.4 . . ... ......... 74
44 Example . ... ... ... 76

5 Solvability of nonlinear multivalued elliptic prob-
lems involving degenerate coercivity with variable

exponents 77
5.1 Essential assumptions and statementsof result . . . . .. ... ... ... 77
5.2 Existence of bounded weak solutions for L*-data . . . . ... ... ... 79
52.1 Approximate problems for L*-data . . . ... ........... 80
522 Awprioriestimates . . . . ... ... o o Lo 82
523 Basicconvergenceresults . . ... ... ... ... ... ... .. 84
524 Proof of Theorem52.1 . . . ... ... ................ 86
5.2.5 Subdifferential argument . . . .. ... ... 87
5.3 Existence and regularity of entropy solutions for L'-data . . .. ... .. 87
5.3.1 Approximation problems for L!-data and a priori estimates . . . 87
5.3.2  Weak convergence of Ty(u,) in Wé’p(x) (Q) ..o 88
53.3 Someregularityresults. . . . ... ... ... o 0L 91
5.3.4 Almost everywhere convergence of gradients . . . ... ... .. 95
5.3.5 Conclusion of the proof of Theorem5.1.5 . ... ... ... .. .. 97



6 Existence and uniqueness of renormalized solution
of a nonlinear elliptic inclusion problems in Orlicz-

Sobolev space 99
6.1 Essential assumptions and statements of results . . . . .. ... ... .. 99

6.2 Existence and uniqueness of solutions in the case of f € L*(Q)) . . . .. 101
6.2.1 Approximate problems for L*-data . . ... ... ... ...... 102

6.22 Aprioriestimates . . . . ... ... .o oo Lo 103

6.2.3 Basicconvergenceresults . ... ... ... ... ... .. .. ... 104

6.24 Proofofexistence . . . ... ... ... ... .. oL 108

6.2.5 Subdifferential argument . . . ... ... ... oL 110

6.2.6 Weak solutions forL*®-data . . . ... ................ 111

6.3 Existence and uniqueness of solutions in the case of f € L'(Q)) . . . . . . 111
6.3.1 Proof of the existenceresult . . . . . ... ... ... ... ..... 111

6.3.1.1 Approximation problem for L!-data and a priori estimates111

6.3.1.2 Convergenceresults . . . . .. ... ... .. ....... 112

6.3.1.3  Conclusion of the proof of Theorem6.1.5 . . . . . . . .. 115

6.3.2 Proof of the uniquenessresult. . . . ... ... .. .. ....... 117
Conclusion and further perspectives 121
References 123

xi



Introduction

The phenomena of melting and solidification occurs in a multitude of natural and
industrial situations, from the melting of the polar ice caps or the solidification of
lava from a volcano to the manufacture of ice cream or the production of steel. For a
material to undergo a solid-liquid phase change, thermal energy has to be delivered
to the solid to break the bonds that maintain its molecules or atoms in an organized
lattice structure. For the opposite process, energy must be taken from the liquid phase
to slow down the motion of its molecules and organize them back into a stable lattice
structure. The mathematical formulation describing this intuitively simple physical
process is known as the Stefan problem, named after the Slovene physicist Josef Stefan.
It is one of the most important free boundary problems for the heat-diffusion equation.
A complete bibliography may be found in [103].

Partial differential equations (PDEs) are in fact involved in many models of physics,
engineering or biology, such as the propagation of heat or sound, the flow of fluids,
electrodynamics, the propagation of epidemics. They are also used for weather fore-
casting models and for climate models [51, 54, 78, 83, 84, 99, 101, ]. PDEs came into
being after the work of Leibniz and Newton on infinitesimals in the early 18th century;
it was Euler who in 1757 formulated the first PDE system (known as Euler’s equations)
to describe the motion of an incompressible fluid. PDEs can be linear, as is the case
with the heat equation for example, or nonlinear, such as the Euler or Navier-Stokes
equations which describe the motion of a fluid.

The mathematician’s primary concern when confronted with a partial differential
equation is to make sense of the partial differential equation in appropriate functional
spaces and to demonstrate the existence and uniqueness of the solution. During this
process, various difficulties linked to the type of equation of the equation (elliptic,



parabolic, hyperbolic, degenerate, ...), to the regularity of the data and also to the
definition of appropriate spaces.

This work is devoted to study, develop and deeply understand a set of problems,
tools, or simply questions framed in the huge field of PDEs. In particular, we focus on
the study of a class of nonlinear elliptic inclusion problem in a bounded domain with
boundary conditions of the Dirichlet type, of the form

B(u)+ A(u) +g(x,u,Vu) > f in Q,

(S, f)
u=20 on 0Q),

where Q is a bounded domain in RV, B:R — 2R is a set valued, maximal monotone
mapping such that 0 € B(0), A is a monotone operator of divergence form, while
¢(x,s,¢) is a nonlinear term which has a growth condition with respect to ¢ and no
growth with respect to s but it satisfies a sign-condition on s. The right hand side f is
assumed to belong to L!(Q).

Note that, since f may be multivalued, problems of type (S, f) appear in various
phenomena with changes of state like multiphase Stefan problem (cf. [43, 55, 69, 88, 89,

]) and in the weak formulation of the mathematical model of the so called Hele-Shaw

problem (cf. [60] and [66]).

Many works have been dedicated to the questions of existence, uniqueness and
regularity of solutions for this type of problem (S, f). Let us describe their results in
some detail:

The equation (S, f) can be viewed as generalization of the p—Laplacian equation

—div(|Vu|f=2Vu) = f inQ,

(L, f)
u=2~0 ond(),

Incaseof 1 < p < oand f € W' (Q) it follows from Minty-Browder Theorem
that there exists a unique solution u € Wg’p (Q) to (L, f) in the sense of distributions
(cf. [82] and [86]).

For 1 < p < N and right-hand side f € L(Q) we can not expect solutions
u € Wé’p (Q). Indeed, supposing that for each f € L'(Q) there exists a solution
u e Wé’p(()) of (L, f), as —div(|Vu|P=2Vu) € WP (Q), it follows that L}(Q)) C



W17 (Q). By duality, this implies Wol’p (Q) C L*(Q). From Sobolev embedding
theorems we know that this is not true in general if 1 < p < N.
Supposing 1 < p < 2 and that there exists a solution u & WS’l(Q) of (L, f),

N
as |VulP~2Vu € (Ll/(f’*l)(ﬂ)> we get —div(|Vu|P~2Vu) € W-1/(r-1(Q) and
therefore L' (Q)) ¢ W1/ (r=1)(Q). By duality, this implies Wg’l/(z_P)(Q) C L®(Q).

By Sobolev embedding theoremes, this is true if p > 2 — % Therefore we can not even
expect solutions u € W&’l(Q) of (L, f)forp <2— % and f € L1(Q). In the case of
p>2— % the existence of a distributional solution u of (L, f) in the space

N W)

N(p—1
‘1<T(\Jp—1)

has been shown in [37].

As it has been shown in [100] and [96], the distributional solution u is in general
not unique. In order to get well-posedness for L!(Q))—data, the notion of an entropy
solution for problem (L, f) was introduced by Bénilan et al. in [25]. Moreover, existence
and uniqueness of an entropy solution of (L, f) has been established for 1 < p < N.

An equivalent notion of solution for problem (L, f) is called renormalized solution.
The concept of renormalized solutions was introduced by DiPerna and Lions in [64].
This notion was then extended to the study of various problems of partial differential
equations of parabolic, elliptic-parabolic and hyperbolic type, we refer to [14, 15, 19, 26,

, 52, 97] and the references therein for more details.

In the absence of the nonlinearity term f = 0 and in the case where Au :=

—div (a(x,u, Vu)) such that a(x,s, &) : Q x RN x RN — RY is a Carathéodory func-

tion satisfying the classical Leray-Lions-type conditions, our equation becomes:

—div (a(x,u, Vu)) + g(x,u,Vu) = f inQ,

(G, f)
u=20 on oQ).

We found in the variational case (ie. f € W17 (Q)), the work of Bensoussan,
Boccardo and Murat [29], where the existence of a weak solution of the strongly
nonlinear problem associated to (G, f) was given by using the strong convergence of
the positive (resp. negative) part of the sequence u; of the approached problem.

The same problem was studied by Boccardo, Gallouét and Murat [39] by using the

strong convergence of truncations.



The extension of these results when f € L!(Q)) was treated in particular in [38], but

under a coercivity condition on the nonlinearity of type:
1g(x,s,8)| > v|G|F for |s| > o where o > 0and ¢ > 0. (1)

The use of (1) appears in particularly at level of u € Wg Q).

Next, Porretta [94] deleted the condition (1) and proved the existence of solution
of the strongly nonlinear problem associated to (G, f) with u € Wé’q(Q) forall g <
N(p—1)

N-1
More recently, the same author [95] studied the problem (G, f) without assuming
the sign condition, but by changing the classical growth condition of the nonlinearity g
by
1g(x,5,&)| < h(x)+p(s)|&|F, where p € L1(Q)) and p > 0.
On the other side, for ¢ = 0 and Au := —div (a(x, u, Vu)), our problem (S, f) is

written:
B(u) —div (a(x,u,Vu)) > f inQ,

(D, f)
u=20 on 0Q).

Although doubly nonlinear equations of the type (D, f) are of mathematical interest
in their own right, they arise as a model for a variety of diffusion problems. In particular,
they comprise in a unifying scheme, free-boundary problems of different natures. An
example situation is nonstationary saturated-unsaturated flow of an incompressible
fluid through a porous medium in the case of time-dependent water levels. A weak
formulation of this problem leads to equations of the type (D, f); see [12].

However, a large held of application for our results is the diffusion problem involv-
ing a solid-liquid phase change of the Stefan type. An architypical example is heat
transfer during solidification in a nonhomogeneous medium with heat capacity and
thermal conductivities dependent on temperature and convection in the liquid phase
[30].

There is a wide literature in which one can find existence results for problem (D, f).
Let us mention some parallel developments. First, The work of Bénilan, Crandall and
Sacks [27] was pioneer in this kind of problems. They study problem (D, f) for the

Laplacian operator, i.e., for a(x,s,§) = ¢.



In the case of nonlinear operator and f € W—1#'(Q)), it is known (cf. [106]) that the

problem (D, f) has a solution in the standard sense, the so-called weak solution, that is
a couple (u,b) € W&’p(ﬂ) x W=LP' () N LY(Q) such that b € B(u) a.e. in Q) and

/qu)dxnt/oa(x,u,Vu)-Vq)dx:/ﬂfgodx, Vo € W&’p(Q).

However, in the L! —theory for p—Laplacian type equations the important work
is [25]. The authors considered Au := —div (a(x, Vu)) and proved that, for any
f € L1(Q), there exists a unique, named entropy solution, (u,b) € 761”7 (Q) x L1(Q)),
b(x) € B(u(x)) a.e. in Q, such that

/Qka(u—(p)dx—l—/Qa(x,Vu)-VTk(u—q))dxg/Qka(u—qo)dx, Vk >0,

forall ¢ € W&’p(ﬂ) NL®(Q).

Recently, in another important work [105], Wittbold and Zimmermann adapted
the notion of renormalized solution to a new and interesting elliptic problem type
diffusion-convection in the framework of variable exponent Sobolev spaces

B(u) —div (a(x, Vu)+F(u)) > f inQ,

(E f)
u=20 on oQ).

They proved for F locally Lipschitz continuous, f maximal monotone mapping with
0 € B(0), f € L(Q) and a continuous exponent p(-), the existence and uniqueness of
a renormalized solution.

The equations of the form (E, f) have been studied extensively by many authors,
for example, see [2] for the weighted variable exponent case and [&] for the anisotropic
case.

In dealing with nonlinear elliptic inclusion problems, there are several works in this
direction, we refer to [7, 16, 17, 18, 20, 56, 74,76, 77, 87].

On a parallel direction, nonlinear problems with principal part having degenerate
coercivity have been extensively studied in the recent years, see for instance [13, 32, 34,
] for the elliptic case, and [42, 44, 58, 65, 85, , 91] for parabolic case.



In this context, for § = 0 and Au := —div <(1 i(iz ‘T;(lg_ 1)) the problem (S, f) can

be seen as follow

(Eg. f)
u=20 on 0Q).

For different summability of the data f, Alvino et al. in the pioneering paper
[13] have done the existence and regularity of solutions (or entropy solutions) to
problem (Eg , f). More precisely, they proved some existence and regularity results
for all 0 < 6 < 1, and a non-existence result for 6 > 1, even if the datum f € L*(Q)).
Moreover, if f is less regular, then problem (E g , f) admits only distributional or entropy
solutions for 0 < 6 < 1 (for more details, see also [31, 32, 34, 35]). The obstacle
problems governed by degenerate elliptic equations are studied in [3, 33, 110, 111], but
the obtained results concerning the regularity still incomplete.

Recently, Zhang and Fu [105] established a partial generalization of results from the
pioneering paper [13] of Alvino et al. to the variable exponents case. More precisely,
they considered the problems of the form

) a(x,Vu) B ,
—div <(1 T |u|)9(p(x)l)> = f in (),

(E}™, f)
u=20 on o),

where a(x, &) : QO x RN — RN is a Carathéodory function which verifies the natural

extensions of Leray-Lions assumptions to the variable exponents case such that p(-) €

C(Q)) suchthat1 < p~ < p* < Nand f € L") (Q). Based on the theory of variable
N

exponent Sobolev space, if m~ > Tl

they proved the existence of a bounded weak

energy solution to (Eg (x), f)for0 <6< Z ;j While if m~ < Pﬂ” the existence of weak
or entropic solutions is achieved only for 0 < 6 < —

pr-1°
On another hand, we want to mention the important work in [57], Della Pietra and

di Blasio have investigated the existence and regularity of weak or entropy solutions to



the following problem

u=2~0 ond(),

for the data f € L™(Q)) with m > 1.

Each of the above mentioned subjects is a difficult one to handle and it can be quite
challenging to deal with nonlinear multivalued elliptic problems which can enlarge the
scale of the applications.

Therefore, the present thesis generalizes some results as described before. More
precisely, it deals with the existence (uniqueness and regularity results) for weak,
entropy or renormalized solutions of a class of nonlinear elliptic inclusion problem
type (S, f) in the setting of Sobolev Spaces, Sobolev spaces with variable exponent or
Orlicz-Sobolev spaces.

Finally, we briefly summarize the organization of this thesis and the main results
contained in every chapter. The thesis is conformed by six chapters:

In chapter 1, we give some basic notations and necessary results that we will use
in the accomplishment of the work. We start by presenting the standard Lebesgue
and Sobolev spaces, we also recall the variable exponent Lebesgue spaces and the
Orlicz-Sobolev spaces. Moreover, we will introduce some notation and functions which
will be used frequently, we will give the general analytic framework, which is needed
to study multivalued differential equations with maximal monotone drift and at last
we recall an abstract result of surjectivity.

Chapter 2 is devoted to investigate the existence of weak solutions for the following
strongly nonlinear elliptic problem

B(u) —div (a(x,u, Vu)) +g(x,u,Vu) = f inQ,

(S, f)
u=20 on o),

where B : R — 2R is a set valued, maximal monotone mapping such that 0 € (0),
a(x,s,&) : QxRN x RN — RN is a Carathéodory function satisfying the classical
Leray-Lions-type conditions, ¢(x, s, ¢) is a nonlinear term which has a growth condition
with respect to ¢ and no growth with respect to s but it satisfies a sign-condition on
s, while the right-hand side f is assumed to belong either to L*(Q) or to L!(Q)). The
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work presented can be seen as a generalization of [39] and [106]. Furthermore, the
results are obtained using a classic theorem of J. L. Lions [56] through utilizing the
Yosida approximation of the graph and via the strong convergence of the truncations.
The results of this chapter are based on the papers [9] and [10].

Chapter 3 is based on the paper [6], in which we have motivated by the two works
[13] and [25], we study the existence of entropy solution to nonlinear elliptic inclusion
problems with degenerate coercivity for any maximal monotone graph g with L! —data.

More precisely we deal with problem of the form

a(x, Vu)
(1+ [ul)o=1)

[S(u)—div( ) >5f inQ,

(P, f)
u=>0 on oQ).

a(x, Vu)
(14 [ul)?tr—1)
such that 1 < p < N, where a(x,&) : Q x RN — RN is a Carathéodory function
satisfying the classical Leray-Lions-type conditions.

Here Au := —div ( ) is a monotone operator acting on Wé’p(Q)

For 0 < 6 < 1, the item A(u) degenerates, hence, a slow diffusion effect may appear
as soon as the solution u becomes large. The lack of coercivity implies that the standard
Leray-Lions surjectivity theorem can not be used even in the case f € W1 (Q).
However, by cutting the nonlinearity and using the technique of approximation, a
pseudo-monotone and coercive differential operator on W&’p (Q) can be applied to
establish a priori estimates on approximating solutions. As a result, the existence of
weak or entropy solutions to problems (P, f), can be obtained by taking limitation (see,
e.g., [13]).

If f € L*(Q)), we proved the existence and uniqueness of a bounded weak energy
solution of the problem (P, f). While if f € L'(Q), we established the existence
and some regularity results for the so-called entropy solution of the problem (P, f)

only for0 < f(p—1) < %__11) — 1. Moreover, we showed that u € Wé’q(Q), with

N(p—1)(1-0
1c (1’ N(—pl—g((;ﬂ%;)'

In chapter 4, we analyze the existence results to nonlinear multivalued elliptic
problems involving unbounded coefficients and L' — data. More precisely, we will deal

with the following nonlinear multivalued elliptic problem with Dirichlet boundary



conditions: | | )
Vul|lP~=Vu
y(u) —div (—) > in (),
(®) a—Tupe ) 27

u=20 on d(),

(U, f)

where 7 : R — 2R is a set valued, maximal monotone mapping such that 0 € ~(0)

. (|VulP=2Vu
and Au = le (—
(1= [ul)f

> is a monotone operator from W&’p(Q) into its dual
WL (Q).

For the data f € L™(Q)) with m > 1, and in the case where v = 0, Della Pietra and
di Blasio have investigated the existence and regularity of weak or entropy solutions to
problems (U, f) in [57].

For p > 0, it is obvious that the differential operator A(u) is defined on WS P(Q), but
that it may not be coercive on the same space as u near to +=1. On account of this lack
of coercivity, the standard Leray-Lions surjectivity theorem can not be applied even
in the case f € W~1F' (). Nevertheless, by cutting the nonlinearity near the critical
value 1 and applying the technique of approximation, a coercive and pseudo-monotone
differential operator on WO1 P(Q) give a meaning to the equation when the solutions
near to =1 and can be applied to establish a priori estimates on approximating solutions
also to manage the set {x € O : |u(x)| = 1}. As a result, the existence of weak or
entropy solutions to problems (U, f), can be obtained. The results presented in this
chapter are contained in [4].

In chapter 5, we established a partial generalization of results from [6] to the variable
exponents case. More precisely, we will deal with the following nonlinear multivalued
elliptic problem with Dirichlet boundary conditions:

. a(x,Vu) .
v(u) — div ((1 n |u|)9(p(x)_1)> > f inQ,

u=0 ond(),

(P*, f)

where 7 is a maximal monotone graph such that 0 € 7(0) and a(x,&) : QO x RN —
RY is a Carathéodory function which verifies the natural extensions of Leray-Lions
assumptions to the variable exponents case such that p(-) satisfies the log-Holder
continuity condition (see (1.1) below) such that 1 < p~ < p™ < N. As well as the
right-hand side f € L1(Q).



We will study the existence and some q(x)-regularity results of entropy solution to
the nonlinear multivalued elliptic problem (P*, f) with L! —data and for any maximal
monotone graph <y where the functional setting involves Sobolev spaces with variable
exponents.

We want to mention that there are some difficulties associated with these kinds of

problems:

Firstly, Au := —div ( ax, Vu)

(1+ |u|)9(P(X)—1)
into its dual. However, when 0 < 6 < 1, the term A(u) becomes degenerate, which can

) is a monotone operator from Wg’p ) (Q)

result in a slow diffusion effect when the solution 1 becomes large. As a result of this
degeneracy, classical methods for elliptic equations are not applicable, even when the
datum f is regular.

The second difficulty arises when a variable exponential growth condition is given
for a(-,-) in the equation. In this case, the operator A exhibits a more complex nonlin-
earity, making some techniques used in the constant exponent case inapplicable.

We utilize the approximation procedure to obtain the results. Specifically, we focus
on a sequence of nondegenerate Dirichlet problems, which ensures the existence of so-
lutions. By obtaining a priori estimates on the approximate solutions and subsequently
taking the limit, we are able to find a solution for (P*, f). The results of this chapter are
based on the paper [5].

The last results presented in chapter 6 are based on the paper [11], we establish the
existence and uniqueness of renormalized solutions in the Orlicz-Sobolev space to the
nonlinear multivalued elliptic problem (E, f).

As mentioned above, the function a is supposed to satisfy a polynomial growth and
coerciveness condition. When trying to generalize this restriction on 4 i.e. in the case
where 7 satisfies a more general growth condition with respect to Vu (such growth
to relax the coefficients of the operator A), the adequate space in which (E, f) can be
studied is the Orlicz-Sobolev spaces W3 Ly (Q) where the N—function M is related to
the actual growth of a.

Nevertheless, there is no literature has considered the problem (E, f) in the setting
of Orlicz-Sobolev spaces WiLy(Q). It is our purpose to prove an existence theorem
for (E, f) under the assumption that the N—function M conjugate to M satisfies the
A, condition and it is not clear whether the present proof can be further adapted to

obtain the same result for general N—functions. In this case, existence of approximate

10



solutions follows from the theory of monotone operators in Orlicz-Sobolev spaces
as developed by Gossez and Mustonen in [73]. The arguments used to prove the
convergence of such approximate solutions to a renormalized solution of (E, f) are
based on an approximation property in Orlicz-Sobolev spaces proved by Gossez in [71,
Theorem 4].

We want to mention that in this chapter, we extend the recent works [2, §, ] by
using some ideas developed in [53, 74, 105]. The main difficulties we encounter are
how to establish the a priori estimates and the convergence results.

This thesis ends with a conclusion and further perspectives of our works.
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Chapter 1

Some preliminary tools and basic results

In this chapter, we present the functional setting and some auxiliary results that
will play an important role throughout this thesis.

Unless otherwise required, in this chapter, Q € RY is a regular bounded open set
equipped with N-dimensional Lebesgue measure. We denote by D(Q}) the space of

functions of class C* with compact support in ().

1.1 Standard Lebesgue and Sobolev spaces

In this section, we recall some basic facts on classical Lebesgue and Sobolev spaces
with constant exponent that we will use in the remainder of this thesis. For further
details on this topic, we refer to [1, 47,79, 80].

Let1 < p < oo, the Lebesgue space L”(QQ) is the space of all measurable functions

u:Q — R, for which )
1/p
Il = (o7

The space L*(Q)) consists all Lebesgue measurable functions that are essentially

is finite.
bounded on Q). The norm of u in L®(Q)) is its essential supremum, i.e.
[ul[ o) = inf{c > 0: u(x)| < cae x € QF.

Endowed with the norm ||.||» (), the space LF(Q2), 1 < p < oo, is a Banach space,
separable for 1 < p < oo and reflexive for 1 < p < oo.

12



Forall 1 < p < oo, the topological dual space of LV(Q)) is isometrically identi-
fied with L¥' (Q) where p’ is the Holder conjugate exponent, i.e., % + % = 1 (being
(LP(Q))’ = L¥' (Q)). On the other hand, (L*(Q2))" is strictly bigger than L'((}).

Let us just recall Holder’s inequality stating that, if u € LP(Q) and v € LP' (Q)), then

< ||u||LF’(Q)||v||LP'(Q)'

'/Q u(x)o(x)dx

For 1 < p < oo, we define the Sobolev space
WY (Q) = {u € LP(Q) : Vu € (LP(Q))N},

which is a Banach space for the norm

1
llwioay = (110 + 178117y q)) " i1 < p < oo,

or

ullwree(y = max ([ull (), [ Vull () i p = oo,

while WS P(Q)) will denote the closure of D(Q) with respect to this norm.

The space W'P(Q) is separable for 1 < p < oo and reflexive for 1 < p < oo.
Note that if O is sufficiently smooth, then W (Q) identifies with the space of locally
Lipschitz functions.

For1 < p < oo, we designate by W—1#'(Q) the dual space of W&’p(Q), by a well-
known result, each element T in W~1#'(Q) can be written in the form T = div(F)
where F belongs to (L”/ (Q)) N

For functions in Sobolev spaces we will often use Sobolev’s theorem stating that,
ifl1 <p <N, W&’p(ﬂ) continuously injects into LP" (Q) with p* = NN—_’;; if p =N,
Wé’p (Q)) continuously injects into L7(Q)) for every p < g < co, whileif p > N, W&’p(ﬂ)
continuously injects into L*(Q)). In particular, for every u € Wg 7(Q), there exists a
positive constant S depending only on N and p such that

HuHLP*(Q) < S[|Vul[Lr(q).

this inequality is called Sobolev’s inequality.
Let us also recall Rellich’s theorem stating that, if 1 < p < N, the injection of
Wg’p (Q)) into L1(Q)) is compact for every 1 < g < p*, and Poincaré’s inequality

13



declaring that, for every u € W&’p (Q)), there exists a positive constant C depending
only on (2 and p such that
[ullrr ) < ClIVullLeq)-

So that || Vul[1r(q) can be used as an equivalent norm in W&’p (Q).

Moreover, we will use several times the following result due to G. Stampacchia
(see [80]): Let G : R — R be a Lipschitz function such that G(0) = 0. Then for every
ue W&’p(ﬂ) we have G(u) € Wé’p(Q) and VG(u) = G'(u)Vu almost everywhere in
Q.

We recall here some results on the convergence of sequences of measurable func-

tions.

Theorem 1.1.1. (Vitali’s convergence theorem [45]) Let (uy) be a sequence of functions in
LP(Q) with 1 < p < oo such that

* u, —ua.e in Q.

* (uy) is equi-integrable, that is, for every € > 0, there exists § > 0 such that

/ luy|Pdx <,
E

for all n and for every measurable set E C Q) with meas(E) < 0.
Then u, — uin LP(Q)).

Proposition 1.1.2. (Weak compactness [48]) Assume that 1 < p < co and the sequence (i)
is bounded in LF (Q)). Then there exists a subsequence (uy, ) and a function u € LP(Q) such
that u, — u weakly in LP(Q)), i.e.,

/ Up, vdx — / uvdx ask — oo, forallv € L”/(Q).
Q O

Similarly, if (u,) is bounded in L*(Q)). Then there exists a subsequence (uy,) and a
function u € L*(Q) such that u,, — u weakly-*in L*(Q)), i.e.,

/ Uy vdx — / uvdx as k — oo, forallv € L'(Q).
Q Q
It is important to note that the above theorem is false when p = 1, since a bounded

sequence in L!(Q) has in general no weak convergence property.

Theorem 1.1.3. (Dunford—Pettis [45]) Let (u,) be a bounded sequence of L' (Q)) functions.
Assume that for every measurable subset E C ), one has [ |u,| — 0, as meas(E) — 0,

uniformly with respect to n. Then (u,) has a subsequence weakly converging to some u €
L'(Q).
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1.2 Variable exponent Lebesgue spaces

In the following, we will briefly review some definitions and fundamental properties
of Lebesgue and Sobolev spaces with variable exponents for the reader’s convenience.
We suggest the reader to [61, 62, 63, 68,67, 75, ] and the references therein for more
background about these spaces.

Let Q) be abounded open subset of RN (N > 2), we say that a real-valued continuous
function p(-) is log-Holder continuous on () if

C
lp(x) —p(y)| < Toglx — ]
where C is a constant.

We denote

— 1
forall x,y € Qsuch that0 < |x —y| < 5 (1.1)

C+(Q) = {log-Hélder continuous function p : QO — Rwith1 < p~ < p™ < N},
where p~ = min p(x) and p™ = max p(x).

xe€Q) xeQ)
We define the variable exponent Lebesgue space for p(-) € C,(Q) by

P (Q) = {u : ) — R measurable : /Q () [P dx < oo} .

The space LP(¥)(Q) under the norm

_ p(x)
ull () = inf A>O:/Q dx <1

is a uniformly convex Banach space and therefore reflexive. The conjugate space of

(x) i (%) 1,1
LPY(Q)) will be denoted by L7 *)(Q)) where oo T = b

u(x)
A

Proposition 1.2.1 (See [67], [109]).

i) Forany u € L™ (Q) and v € LV’ ) (Q)), we have the Holder type inequality

11
/qudx < (;T—*T) ]l piay 11l ) -

p
ii) Forall p1(-), p2(+) € C+(Q) such that p1(x) < pa(x), we have

L2 (Q) < LPl(x)(Q)
and the embedding is continuous.
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Proposition 1.2.2 (See [67], [109]). If we denote
p(u) = / u(x)[PXdx forall u € LPY)(Q),
0
then, the following assertions hold
i) |lullpxy <1(resp. =1,>1) < p(u) <1(resp. =1,> 1).
.o - +
i) Nl > 1= ully < plu) < ull’g,,
vee + -
i) ullyy < 1= Jull ) < pu) < a7,
iv) [[ull,x) = 0 p(u) — 0and ||u||p(x) — 00 < p(u) — oo.
Now, we define the Sobolev space with variable exponent by
WP () = {u € LP(Q) : |Vu| € Lr’(x)(ﬂ)}
and it can be equipped with the norm
Hqu,p(x) = Hqu(x) + HVqu(x) (1.2)
By W&’p(x) (Q), we denote the subspace of W'?(*)(Q), which is the closure of CP(Q)
with respect to the norm (1.2).
Np(x)

N—p(x)
dual space of Wg’p(x) (Q) will be denoted by W17 (%) ((3).

The critical Sobolev exponent is defined as p*(x) = for p(x) < N, and the

Proposition 1.2.3 (See [67], [109]).
i) The spaces WP (Q)) and WS’P(X) (Q)) are separable and reflexive Banach spaces.
ii) Ifg(+) € C+(Q)) and q(x) < p*(x) for evey x € Q, then the embedding
WP (Q) e LI0(Q)
is continuous and compact.
iii) Poincaré’s inequality: there exists a constant C > 0, such that

11t ) < ClIVul| ) for every u € Wy (). (1.3)
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iv) Sobolev’s inequality: there exists another constant C > 0, such that

ltlly < ClIVull ) for every u € Wy ().

Remark 1.2.4. The log-Holder continuous condition (1.1) is used to obtain several

regularity results for Sobolev spaces with variable exponents; specially, C*(Q}) is dense
in WP () and Wé’p(x)(ﬂ) = Wr(Q)n Wg’l(Q). Furthermore, the Sobolev
embedding also holds (see [61]) for g(x) = p*(x), i.e, W-PH)(Q) c LF" ) (Q).

Remark 1.2.5. By (1.3), we deduce that ||ul[; ,(,) and ||Vul| () are equivalent norms
on WS P () (Q)). Note that the following inequality

P(X) gy < p(x)
[ pax < ¢ [ [Vupa

in general does not hold (see [65]). But by Proposition 1.2.2 and (1.3), we have

S
Jo I < Cmax {17l 19l

1.3 Orlicz-Sobolev spaces

In this section, we briefly review some basic facts about Sobolev-Orlicz space which
we will need in our analysis in chapter 6. A comprehensive presentation of Sobolev-
Orlicz space can be found in [1, 51].

M(t)

Let M : RT™ — R™ be an N—function, i.e. M is continuous, convex, with — -0

M(t)

ast—>0andT—>—|—ooast—>—|—oo.

t
Equivalently, M admits the representation M(t) = / a(s)ds, where a : Rt — R™

is nondecreasing, right continuous, with a(0) = 0, a(t) O> Ofort > 0anda(t) — +oo
ast — +oo. ,

The N—function M conjugate to M is defined by M(t) = /0 a(s)ds, where 7 :
Rt — R is given by a(t) = sup{s : a(s) < t} (see [81]).

s>0
The N—function M is said to satisfy the A, condition if for some k > 0

M(2t) < kM(t) forall t > 0, (1.4)
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when (1.4) holds only for t > t; for some ty > 0 then M is said to satisfy the A,
condition near infinity.

We will extend these N —functions into even functions on all IR.

Let Q) be an open subset of RYN. The Orlicz class K (Q) (resp. the Orlicz space
Lp(€))) is defined as the set of (equivalence classes of) real valued measurable functions
u on () such that

/QM(\u(x)Ddx < foo <resp. /QM ("‘(A—x)') dx < oo for some A > o) .

The set Ly;(Q) is Banach space under the norm

14l :inf{)\ > O/QM(W(A—XH) dx < 1}

and Kj1(Q)) is a convex subset of Ly(Q)). The closure in Ly (Q) of the set of bounded
measurable functions with compact support in Q) is denoted by Ep((Q).

The equality Ep(Q2) = Ly (Q) holds if and only if M satisfies the A condition, for
all t or for t large according to whether () has an infinite measure or not.

The dual space of Ep(Q) can be identified with L;;(Q)) by means of the pairing
Jq uvdx and the dual norm of Ly;(Q)) is equivalent to |[|.||3;.

The space Ly (Q) is reflexive if and only if M and M satisfy the A, condition, for all
t or for t large according to whether () has an infinite measure or not (see [1]).

We now turn to the Orlicz-Sobolev space, WLy (Q)) (resp. WEp;(Q)) is the space
of all functions u such that u and its distributional derivatives up to order 1 lie in

L (Q)) (resp. Epr(Q)). It is a Banach space under the norm

ullim =) [ID*ullm.

| <1
Thus, W!'Ly(Q) and W'Ex;(Q) can be identified with subspaces of product of
N + 1 copies of Ly;(Q). Denoting this product by I1Ly; we will use the weak topolo-
gies o (I1Ly, I1E5;) and o(I1Lyg, I1L;). The space W3 Em(Q) is defined as the (norm)
closure of the Schwartz space D(Q) in W'Ep(Q)) and the space WiLy(Q) as the
o (I1Lp, IEzz) closure of D(Q) in WLy (D).
We say that u, converges to u for the modular convergence in W!Ly(Q) if for some

A > 0itholds Do Do
/ M (#) dx — 0 forall |a| < 1.
Q
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This implies convergence for o (ITLys, I1Ly;).

If M satisfies the A, condition on R™ (near infinity only if () has finite measure),
then modular convergence coincides with norm convergence.

Let W™ L;(Q) (resp. W™1E;(Q)) denote the space of distributions on () which
can be written as sums of derivatives of order < 1 of functions in L3;(Q)) (resp. E57(Q)).

It is a Banach space under the norm

1A= sap [(fu)l.
UeEWILm(Q)
lully <1
If the open Q) has the segment property then the space D(Q) is dense in W'Ly;(Q)
for the modular convergence and thus for the topology o (I1Ly, I1Ly;). Consequently,
the action of a distribution S in W'L;;(Q) on an element u of WLy (Q) is well

defined. It will be denoted by (S, u) (for more details see [1]).

Lemma 1.3.1. Let G : R — R be uniformly Lipschitzian, with G(0) = 0. Let M be an
N—function and let u € WLy (Q) (resp. WIEp(Q)). Then G(u) € WLy (Q) (resp.
WLEp(Q)). Moreover, if the set D of discontinuity points of G’ is finite, we have

iG(u) B {G’(u)a%u a.e. z:n {xeQ:u(x) ¢ D},
0x; 0 ae.in{x € Q:u(x) € D}.

Proof. It is easily adapted from that given in [72] in the case W' Ly;(Q), by Theorem 1
of [71] instead of Theorem 4 of [71] (see also Remark 5 of [72]). H

Lemma 1.3.2. Let G : R — R be uniformly Lipschitzian, with G(0) = 0. Suppose that
the set D of discontinuity points of G’ is finite. Let M be an N—function. Then the mapping
G : WLy (Q) — WLy (Q) is sequentially continuous with respect to the weak* topology
o(T1Ly, TIE ).
Proof. We have by the last Lemma that G(u) € WLy (Q) for all u € W'Ly(Q) and
that

NG [m < [lullm,
which easily gives the result. O
Lemma 1.3.3. ([71, Theorem 4]) Let () have the segment property. Then for each v €
W3 Lym(Q), there exists a sequence (vj); C D(Q) which converges to v for the modular
convergence in W3 Lpi(Q).
Furthermore, if v € Wy La(Q2) N L®(QY), then [|vj]|o < (N + 1)]|0]|co-
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Proposition 1.3.4. ([98, Corollary 5]) Let M be an N-function such that M satisfies the Ay
condition. Then there exist c > 0 and p > 1 such that

M(G) = clc]? (1.5)

forall & € RN such that |&| > |&|.

1.4 Notations and functions

Throughout the thesis, we will use the following notations. Giving E C () a
Lebesgue measurable set, we will denote its characteristic function by xr and its
Lebesgue measure by |E|.

Foranyj > 0and v : Q — R, theset {x € Q : [v(x)| > (>, <, <, =)j} will be
written by {|v] > (>, <, <, =)/}

For any given | > 0, let i : R — R be the function defined by

0 if |s|>1+1,
h(s)=<1+1—|s| if I<|s|<Il+1,
1 if |s| <.
hi(s)
1
/ \ :
—1-1 - I 141
=1

For k > 0, the standard truncation function Tj : R — IR is defined as

k if s>k,
Te(s) = <s if |s| <k,
—k if s < —k.
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and Gy : R — R is defined by

r—k if r>k,
Gr(r) =<0 if |r] <k,

r+k if r<—k.

+

Let s > 0 and S(;r : R — R be defined by

1 if s>,
Sy (s) = % if 0<s<§,
0 if s<0.

AN
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Obviously, S is an approximation of the function signj : R — R defined as

1 if s>0
. + o y
signy (s) = {0 if s<0.

signo(s)

A

1

1.5 Maximal monotone graphs

In this section, we introduce the general analytic framework, which is needed to
study multivalued differential equations with maximal monotone drift. For a detailed

overview on the theory of maximal monotone operators, we refer to [21, 22, 46, 50, 59,

7 ]'

1.5.1 Definitions and fundamental results

Let H and H' be two vector spaces and A a mapping from H into the power set 21’
of H'. The mapping A is called a multivalued mapping or multivalued operator from H
to H'. In this case, from A(x;) = x; and A(x;) = y; it does not follow that x, = y;, as
happens with single-valued functions.

Considering A as a subset of H x H', we can write

A(x)={y e H;(x,y) € A}
The subset

D(A) ={x € H; A(x) # @}
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is called the domain of A. Unless otherwise noted the domain of A is assumed to be
non-empty. We write A : D(A) C H — 2H' and say A is a multivalued mapping on H
if H' = H.

As usual, the range R(A) C H’ is defined by

R(A) = ] A).

xeH

By convention, we identify the multivalued mapping A : H — 2! with its graph in
H x H’, denoted

G(A)={(x,y) e Hx H;x € D(A),y € A(x)},

by writing (x,y) € A fory € A(x). Then G(A1) C G(Ay) if and only if A1(x) C Az(x)
forall x € H.

Suppose further that H and H' are placed in separating duality by means of the
duality pairing (y,x) forx € Hand y € H'.

The multivalued mapping A : H — 2H' is said to be monotone if

y—y,x=x) =0,
V(x,x") € D(A),Vy € A(x),Vy' € A(x').
Definition 1.5.1. Let f : H — R. The vector y € H’, for which
f() = f(x) = (g, —x), V¥ € H (16)

holds, where f(x) is finite at x € H, is called the subgradient of f at x. The set of all
y € H' satisfying (1.6) is called the subdifferential of f at x and is denoted by of of (x).
We then write y € df(x).

Proposition 1.5.2. ([92, Proposition 2.6.1.])
Let f be a convex proper functional on H. Then df is a monotone multivalued mapping
from H into 21"

A monotone operator A : H — 2/ is called maximal monotone if and only if
G(A) C G(B) implies that A = B, where B : H — 2H is an arbitrary monotone
operator, i.e., if and only if G(A) is not properly contained in any other monotone
subset of H x H'.
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The operator A~! is defined by its graph: (x,y) € A~!if, and only if, (y,x) € A.
Observe that if A is monotone (resp. maximal monotone) then so are A~! and A A if
A > 0.

Suppose that A : H — H, where H is a Hilbert space, and let I : H — H be the
identity operator.

Proposition 1.5.3. ([92, Proposition 2.6.2.])
If A + I is surjective, i.e., R(A+ 1) = H, and A is monotone, then A is maximal monotone.

The converse is also true [46]. For the generalization of this result, see [23].

Proposition 1.5.4. ([92, Proposition 2.6.3.])
The subdifferential df of a convex, L.s.c., proper functional f on X, where X is a Banach
space, is a maximal monotone operator.

1.5.2 Maximal monotone graphs in R%.

In this thesis, we consider the class of the monotone operators g : R — 2R. Tt is
well known (cf. [59, p. 253]), that any m.m.g. B of IR? can be characterized through
a nondecreasing real function b to which some vertical segments are added at every

jump of b, i.e.

[b(r7),b(rt)] if —oo<b(r7) <b(r") < +oo,
B(r) =< (=00, b(rM)]  if —oco=b(r7) <b(rt) < +oo,
[b(r~),+o0) if —oo<b(r7) <b(rt) = +oo.

+

The following property of a maximal monotone graph in IR? can be found, e.g. in

[46, 59, 92].

Proposition 1.5.5. Let B : R — 2R be any maximal monotone graph. Then, there exists a
convex, lower semi-continuous and proper function j : R — (—o0,+o0| such that B is the
subdifferential of j, i.e.

B =dj.
The function j is uniquely determined up to an additive constant and it is superpositionally
measurable.
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Note that the proof of Proposition 1.5.5 provides a method for the determination of
j, when B is given.

In the following simple example, yet another method is illustrated:
Let B be given for x € R by

%) if x < —1,
(—00,0] if x=-1,

0 if —1<x<1,
[1,400) if x =1,

%) if x> 1.

Blx) =

It is obvious that B is maximal monotone. For the determination of f, we define
a continuous and single-valued function . (called a regularized operator), which

depends on € > 0. One possible form of B, is

XT“ if x < —1,
55(9(): 0 lf —1<x<1,
=1 x> 1.

Be(s)

i.e., Be € C°(R). We can also apply another regularization procedure such that g, €
C!(R), etc. For ¢ — 07 the graph G(B.) ”coincides” with the graph G(B) and f; results
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from B, through integration:

2
(x ;1) if x <-1,
fe(x) =<0 if —1<x<1,

. 2

(x 251) if x> 1.
fe(s)
f S
-1 1

From f, we obtain f for ¢ — 0. Thus

) = {o if |x| <1,

+oo if |x| > 1.

f(s)

The method of regularization is closely related to Yosida’s approximation of maximal

monotone operators (see [46]).

1.5.3 The Yosida approximation

Let I be the identity mapping on H. For A > 0, the resolvent of A is the operator
Jd = (1+2AA)7L
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The Yosida approximation of A is the single-valued maximal monotone operator A,

A > 0, defined by

1
Ay = X(I —J.
We recall the definition of the main section A® of A

the element of minimal absolute value of A(s) if A(s) # O,
A%s) = { 400 if [s,400)ND(A) = Q,
—o if (—00,5]ND(A) = @.

Ifs € D(A), |Ay(s)| < |A%s)|and Ay(s) — A%s)as A — 0F, and if s ¢ D(A),
|A)(s)] — +o0asA — 0F.
To regularize A, we consider

N 2
jg(s)—%%l{z—s|s | +](r)},forallsE]Randanye>0.

Thanks to [46, Proposition 2.11], we have the next results:

Proposition 1.5.6.

i) D(A) C D(j) € D(j) € D(A).
ii) je(s) = %]Ag(s)|2 +7(Je(s)) where J; := (I +eA)~L.
iii) je is a convex, Frechet-differentiable function and A, = 9dj,.

iv) je(s) Tj(s)ase ] Oforalls € R.

Moreover, for any € > 0, A, is a nondecreasing and Lipschitz-continuous function.

1.6 Surjectivity theorems

In this section, we recall an abstract result of surjectivity which allows to prove an
existence result for nonlinear problems involving pseudo-monotone operators.

Throughout this section, let A : V' — V' be a nonlinear, possibly multivalued
operator, where V will is a separable reflexive Banach space and V’ its dual space.

27



Definition 1.6.1.

i) A is called bounded if it maps bounded sets in V into bounded sets in V'.
ii) A is hemi-continuous if for any u, v, w € V, the mapping
t— (A(u+ to), w)
is continuous.

iii) A is coercive if
(A(u),u)

— +oo when ||u||y — +o0.
lullv

Theorem 1.6.2. [50]

Any A bounded, monotone, hemi-continuous and coercive is surjective; this means, for any
f € V', there is at least one solution u € V to the equation A(u) > f.

Moreover, if A is strictly monotone, then u is unique.

Definition 1.6.3. [34, 45, 86]
The mapping A is said to be pseudo-monotone if A is bounded and if whenever

U, —uinVask — oo,

limsup,_, o (A(ug), ux —u) <0,

it follows that, forallv € V,

lHminf (A(ug), ux —v) > (A(u),u —v).

k—o0

Proposition 1.6.4. [50]

If A is bounded, monotone and hemi-continuous, then A is pseudo-monotone.

The following theorem stemming from [45], provides a surjectivity result for pseudo-
monotone operators.

Theorem 1.6.5. [50]
Any A pseudo-monotone and coercive is surjective.
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Chapter 2

On a general class of strongly nonlinear elliptic problems
having natural growth terms

In this chapter, we mainly study a strongly nonlinear elliptic inclusion problem
with L® or L! —data. We obtain the existence of weak solutions in appropriate Sobolev
spaces by using the approximation method and via the strong convergence of the

truncations. The results of this chapter are based on the papers [9] and [10].

2.1 Setting of the problem

Let Q) be a bounded domain in RN (N > 1). Our aim is to show existence of solution
for the following strongly nonlinear elliptic inclusion problem with Dirichlet boundary

conditions
B(u)+ A(u) + g(x,u,Vu) > f in D'(QQ),

(S, f)
u e WyP(Q), g(x,u,Vu) € LY(Q),
with right-hand side f is assumed to belong either to L*(Q) or to L'(Q), A is a
nonlinear operator from Wg P(Q) into its dual, defined by A(u) = —div(a(x,u, Vu)),
where a : O x R x RN — RY is a Carathéodory function satisfies the following

assumptions:
a(x,s,¢)-& > AlE|P whereA >0,p>1, (2.1)
la(x,s,&)| < Co(ag(x) + |s|P~* + |&|P~") whereag € L' (Q),a9 > 0,Co >0, (2.2)
(a(x,s,&) —a(x,s,1))- (E—n) >0 for& #n € RY. (2.3)

Moreover, g : (3 X R x RN — Ris Carathéodory function such that
g(x,8,8)s >0, (2.4)
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18(x,5,8)[ < h([s])(c(x) +[2]7), (2.5)
there exist ¢ > 0 and 7 > 0 such that |g(x,s, )| > v|E|F when |s| > o, (2.6)

where 1 : RT — R is a continuous increasing function and ¢(x) a positive function
wich is in L}(Q)).
The nonlinearity B : R — 2R is a set valued, maximal monotone mapping such that

0 € B(0).

Definition 2.1.1. A weak solution of the problem (S, f) is a couple of functions (u,b) €
Wo? (Q) x L1(Q) such that b(x) € B(u(x)) a.e in Q, g(x,u, Vu) € L(Q) and

b — div(a(x,u, Vu)) + g(x,u, Vi) = f in D' (Q).

2.2 Existence for L*°-data

Our first aim in this chapter is to prove the following existence Theorem:

Theorem 2.2.1. Under the assumptions (2.1)-(2.5) and for f € L®(Q). There exists at least
one solution of (S, f) in the sens of Definition 2.1.1. Moreover, g(x,u, Vu)u € L1(Q).

The proof of Theorem 2.2.1 will be divided into several steps.

2.2.1 Approximation problem for L*-data

First, we introduce the approximate problem

,BE(T%(uE)) —div(a(x, ue, V) + ge(x, tte, Vitg) = f,
(Se, f)
e € Wyt (Q),

where for each € €]0;1], B¢ : R — R is the Yosida approximation of  and

__ 8xs¢)
) =1 s ]

satisfies

8e(x,5,8)s 2 0, [ge(x,5,8)| < [g(x,5,8)| and |ge(x,5,¢)] <

™M | =
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See that, for any u € WS P(Q) the function B, (-) satisfies the following conditions:

(Be(u), ) > 0, |Be(u)] < - Ju] and Limp(u) = p(u).

We recommend that the reader consult the section 1.5, for additional information
on the maximal monotone mapping.

For any fixed € > 0, since B.0T: and g, are bounded, there exists at least one solution

ug of (Se, f) (cf.[82], [86]), i.e: foreach0 < e <land f € W_l'l’/(Q) there exists at least
one solution u, € W&’p (Q) such that

/Qﬁg(Ti(uS))godx—k/Qa(x,ug,Vug)~V(pdx+/0gg(x,u£,Vu5)godx: (f, o) (2.7)

holds for all ¢ € Wé’p (Q)), where (.,.) denotes the duality pairing between Wg’p(())
and W17 (Q).
2.2.2 A priori estimates

Taking u, as a test function in (2.7), we obtain

/Qﬁg(Tl(ug))ugdx + /Q a(x,ue, Vig) - Vuedx + /Qgg(x, Ue, Vile ) Ugdx = /qugdx.
(2.8)
As the first term on the left hand side is nonnegative and since g verifies the sign
condition, by (2.1) we have

p < -
Ml By < LAl o

where C is a positve constant coming from the Holder’s and Poincaré’s inequalities.
Then

‘ |u€ ’ ‘Wé'p(ﬂ) S Cl' (29)

Moreover, from (2.8) and (2.9), we infer that
0< /Qgg(x, e, Dug)uedx < Co. (2.10)

On the other hand, using S} (B¢(T: (u¢)) — k) as a test function in (2.7). Since B is
monotone increasing with B¢(0) = 0 and by (2.1), we get

[ 2l e, Tue) (57) (Be(T (1)) = K)BL(T (1)) - Vit > 0.
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Since g verifies the sign condition, then

8ttt TS (BelTs (1)) ~ Kyx > 0,

Consequently, we obatin

[ (Be(Te (1)) =S} (Be(Ty (ue)) = R)dx < | (£ = k)8 (Be(T: (ue)) — K)x.

Taking 6 — 0 yields
| BTy () =k tax < [ (F— k)
0 e 0
Similarly, one can show

| BelTate) +R)7dx < [ ().

Combinining (2.11) and (2.12) gives

[ Beau| =Ryt < [ (1f1 - ) dx

Choosing k > || f||c, we obtain
[1Be(T1 (1)) [|oo <[] f]oo-
2.2.3 Basic convergence results
By (2.14), there exists b € L*(Q}) such that

Be(Ti (1)) = bin L™(Q)).

€

2.11)

(2.12)

(2.13)

(2.14)

(2.15)

Since u, remains bounded in Wé 7(Q)), we can extract a subsequence, still denoted

by u, such that

ue — u weakly in Wé’p(Q) and u, — u a.e. in Q.

We already know that for any fixed k € R**,
Ti(1e) — Ti(u) weakly in Wy ().

Our objective is to prove that
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Ty (1e) — Ty (u) strongly in W&’p(Q).
We shall use in (2.7) the test function
Ve = ¢(2¢)
where
ze = Te(ue) — Te(u) and @(s) = se*s”.

We get

/Q,Bg(Tl(uS))dex—k/Qa(x,ug,VuS)-vadx—k/ngg(x,ug,VuS)vgdx:/vagdx.

From now on, we denote by 77! (e), 1% (¢), ... various sequences of real numbers which
converge to zero when ¢ tends to zero.

Since v, converges to zero weakly* in L®((2), we have

/vagdx —0

this implies that

771(8) = /QlBg(Tl(ue))vgdx—l— /Qa(x, ue, Vitg) - Voedx + /Qgg(x,ug,VuS)vgdx.

Note that

LﬁS(Ti(uS))Ude = /{ Be(T1(1e))vedx + Be(T1(ue))vedx.

|ue| <k} € {lue| >k} €
The second term on the right hand is nonnegative. Also x|, <k Be(T1 (1)) is

uniformly bounded, together with the Lebesgue Dominated Convergence Theorem
provides that

/{wgk} Be(T1(ue))vedx — 0.

€

This implies that

/Qa(x, e, Vite) - Vuedx + /Qgg(x, ue, Vite)vedx < 52 (e).

Using the same arguments as in [39], we can find that
0< /Q[ﬂ(x, Ti(te), VTi(tte)) — a(x, Tic(ue), VTi(u))] - V(Ti(ue) — Tie(u))dx < 17 (e).
Finally, a result in [41] (see also [49]) implies
Ti(ue) — Ty (u) strongly in W&’p(Q). (2.16)
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2.24 Passing to the limit

In vertue of (2.16), we have for a subsequence
Vu. — Vuae. in Q)
which with
U — u a.e. in ()
yields, since a(x, ue, Vi) is bounded in (LV' (Q))N,
a(x, ug, Vie) — a(x,u, Vi) weakly in (L¥ (Q))N (2.17)

as well as
Qe(x,ue, Vue) — g(x,u, Vu) a.e. in Q. (2.18)

We now use the classical trick in order to prove that g.(x, ue, Vi) is uniformly
equi-integrable.

For any measurable subset E of () and for any m € R", we have

/E |ge(x, ue, Vg) |dx = /Eﬂ{ug|<m} |ge(x, ue, Vg ) |dx + |ge(x, ue, Vg ) |dx

En{|ue|>m}
1
S/E!ge(X,Tm(ue),VTm(us)de-I-E/Egg(x,ug,Vug)ugdx.

Using (2.5) and (2.10), we obtain

C
/E 82 (2, e, Vte)|dx < h(m) /E(C(x) + VT () ") + 2.

Since the sequence (V Ty, (1)) converge strongly in (LP(Q)))"N the above inequality
implies the equi-integrability of . (x, ug, V).
In view of (2.18), we thus have

ge(x, ue, Vue) — g(x,u, Vu) strongly in L'(Q). (2.19)

From (2.15), (2.17) and (2.19), we can pass to the limit in (2.7), we obtain

bpdx + [ alx,u, V) Vodx+ | g(xu, Vu)pdx = [ fod
/qux—{— Qa(xu u) - Veodx + Qg(xu u)pdx qu)x

holds for any ¢ € Wg’p(ﬂ) NL*(Q).
Moreover, since g¢(x, te, Viig)ue > 0 a.e. in ), by (2.10), (2.18) and Fatou’s lemma,
we have

g(x,u, Vu)u € L1(Q).
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2.2.5 Subdifferential argument

It remains to prove that u(x) € D(B(x)) and b(x) € B(u(x)) for almost all x € Q.
In view of Proposition 1.5.5, since B : R — 2R is a maximal monotone graph, then,
there exists a convex, l.s.c. and proper function j : R — [0, co] such that

B(r) = dj(r) forallr € R.

According to the Proposition 1.5.6, for 0 < ¢ < 1, : R — R defined by j¢(r) =
[, Be(s)ds has the following properties:

i) je is convex and differentiable for all » € IR, such that
jL(r) = Be(r) forally € Rand any 0 < e < 1.
ii) je(r) = j(r) forallr € Rase — 0.

From i) it follows that forany 0 < ¢ <'1

Je(r) > ].E(T% (ue)) + (r — T% (”8)),38(T% (ue)) (2.20)

holds for all » € R and almost everywhere in ().
Let E C () be an arbitrary measurable set. We fix g > 0, multiplying (2.20) by
hy(ue) x £, integrating over ) and using ii), we obtain

i) [ e = [ e (i (o) () + (r = T ) Vo) Be( Ty (1)) )
(2.21)

1
forall € Rand all 0 < &€ < min { &, T) . As ¢ — 0, taking into account that E

arbitrary, we obtain from (2.21),

j(r) (1) = fieg (Tya () )y (u) + bhy (u) (r = Tiq () (222)

for all ¥ € R and almost everywhere in ().
Passing to the limit with | — oo and then with ¢y — 0 in (2.22), finally yields

j(r) = j(u(x)) + b(x)(r — u(x))

for all r € R and almost everywhere in (), hence u € D(B) and b € B(u) for almost
everywhere in ().

With this last step the proof of Theorem 2.2.1 is concluded.
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2.3 Existence for Ll-data

Our second aim in this chapter is to prove the following existence Theorem:

Theorem 2.3.1. Under the assumptions (2.1)-(2.6) and for f € L'(Q). There exists at least
one solution of (S, f) in the sens of Definition 2.1.1.

Remark 2.3.2. We shall prove the existence of a solution in WS P(Q)), but it should be
emphasized that for = 0 and v = 0 in condition (2.6), the existence of u in such a

space cannot expected, if p < N. In [38] the existence of a solution has been proved
only in Wg’q(Q) forallg < (N(p—1))/(N—1).

The proof of Theorem 2.3.1 will be divided into several steps.

2.3.1 Approximation problem for L!-data

Consider the sequence of approximate equations

B(uy) — div(a(x, un, Vuy)) + g(x, un, Viy) 3 fa,

(S, fu)
u, € WP (Q),

where f, is a sequence of L*—functions which converges strongly to f in L!(Q) and

ful < I£I-
From Theorem 2.2.1, there exists a solution (u,, b,) € Wg’p(Q) x L®(Q) of (E, fn)

such that
/()bnqodx+/()a(x,un,Vun)~Vg0dx—|—/ﬂg(x,un,Vun)qodx: /angodx (2.23)

holds foralln € N and ¢ € Wg’p(Q) NL®(Q).

2.3.2 A priori estimates

Lemma 2.3.3. Forn € N, let (uy, b,) € W&’p(Q) x L®(Q)) be a solution of (S, f). Then,
there exists a constant C, not depending on n, such that

and

ull 11y < MIfllL1(a)- (2.25)
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Indeed, taking Ty (u,) as a test funtion in (2.23), we obtain

/anTk(un)dx+/Qa(x,un,VTk(un))-VTk(un)dx
+ [ 8o, V) Ty = [ fiT(w)dz,  (226)

as the first term on the left hand side is nonnegative, g verifies the sign condition and
by (2.1), we have

/\/Q [V Ti(un)|Pix < /Qf”Tk(””)dx < KklIfll ) (2.27)
and
o 8w Vel < [ 1lTlds <Kiflng- @29)

Hence from (2.6), (2.27), (2.28) and for k > ¢, we obtain

/|Vun|pdx:/ |Vun|pdx—|—/ |V Ty () |Pdx
Q {un| >k} Q

1 k
< — ’ n/v n d + =
< o I, V)l + Sl

1  k
< (; + X)”fHLl(Q)'

Then

||uﬂ||wé'l’(0) <C.

We neglect in (2.26) the positive terms
a(x,up, VTi(uy)) - VTi(uy) and g(x, uy, Vi) T (),

and keep
/anTk(un)dxg/anundx.

Since b, € B(uy) a.e. in Q

buldx < | |fldx.
S g el < 11

Passing the limit as k | 0 and using the Fatou’s Lemma, we find

| Tenldx < I1fll13(0.
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2.3.3 Basic convergence results

Lemma 2.3.4. For n € N, let (u,,by) € W&’p(ﬂ) x L®(Q)) be a solution of (S, fn). We

have
b, — b weakly in L'(QQ). (2.29)
U, — u weakly in W&’p(Q) and u, — u a.e. in Q. (2.30)
Ti(1n) — Ti(u) strongly in Wy (Q). (2.31)
Proof.

Let (u$, b%,) be a solution for the problem

Be(T1(uy)) — div(a(x, uy, Viuy)) + e (x, u, Vi) = fu,

u, € WP (Q).
By (2.13), we have

[ UBe(Ty | —kyax < [ (1]~ ).

Using the fact that ,Bg(T% (1)) = by in L®(Q), we get

[ (el =0 dx < [ (1fl k) *ax (232)

The sequence b, is weakly sequentialy compact in L!(Q)). This follows from the
following creterion for weak sequential compactness of subset F of L' (i) where 1 is a

finite measure

limsup/Q(|f| —k)Tdu =0.

k—oco F

Indeed, this condition is easily seen to be equivalent to the uniform integrability of
the family F (that is, for every ¢ > 0 thereisa é > O such that [, |f|du < eif u(A) < 6)
and this implies the weak sequential compactness.

Since we have (2.32) and f,, convergent in L(Q)) by assumption, implies that by, is
weakly precompact in L!(Q)).

Then

b, — b weakly in L1(Q)).

From (2.24) we deduce that for a subsequence still indexed by 7, (2.30) hold as
n — oo, where u is a mesurable function defined on Q).

We already know that for any fixed k € R**
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Ti(itn) — Ti(u) weakly in W7 (Q)).
Our objective is to prove that

Ti(un) — Ti(u) strongly in W&’p(ﬂ).
We shall use in (2.23) the test function

Un = ¢(zn)
where

zn = Tx(un) — Tx(u) and ¢(s) = sets’,

We get
/anvndx + /Qa(x, un, Vuy) - Voudx + /Qg(x, Up, Vi) v,dx = /anvndx.

From now on, we denote by €1 (1), e2(n), ... various sequences of real numbers which
converge to zero when n — co.

Since v, converges to zero weakly* in L*(Q)), f, converges strongly to f in L'(Q)),
we get

/ fnondx — 0.
Q
In the other hand, We have

/ bnvndx:/ bnvndx+/ b,v,dx.
Q {lun|<k} {lun|>k}

Since by, € B(uy), the second term on the right hand is nonnegative. Also x|, <k bn
is uniformly bounded, together with the Lebesgue Dominated Convergence Theorem

/ b,v,dx — 0.
{{un|<k}

provides that

This implies that
/Q a(x,un, Vuy) - Voydx + /Qg(x, Up, Vi) vdx < e1(n).
Using same arguments as in [39], we obtain
0= [ [a Tilwa), VTi(wa)) = aCx, Tetn), VTe())] - V(Tiltn) = Tylu))dx < ea().
Then
/Q[a(x, Ti(un), VTi(un)) —a(x, Tx(un), VTi(1))] - V(Ti(uy) — T(u))dx — 0 as n — oo.
Finally, a result in [41] (see also [49]) implies

Ti(tn) — Ti(u) strongly in Wé’p(Q).
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2.3.4 Conclusion of the proof of Theorem 2.3.1
In vertue of (2.31), we have for a subsequence
Vu, - Vua.e. in Q)

which with

Uy, — ua.e. in Q)
yields, since a(x, u,, Vu,) is bounded in (L¥' (Q))V,

a(x,uy, Vi) — a(x,u, Vu) weakly in (L”/(Q))N (2.33)

as well as

Q(x,upy, Vuy) — g(x,u, Vu) a.e. in Q. (2.34)

We now use the classical trick in order to prove that g(x, u,, Vu,) is uniformly
equi-integrable.
For any measurable subset E of () and for any m € R", we have
/ \g(x, tun, Vuy)|dx :/ \g(x, un, Vuy)|dx + \g(x, tn, Vi )|dx
E En{|un|<m}

EN{|un|>m}

< /E 19(x, Ty (ttn), ¥ Ty (14)) | dx + 19(x, tt, Vity)|dx.

{lun|>m}

Using (2.5), we obtain

/ g (x, 1, Vuy,)|dx < h(m) / (c(x) + |V T (un)|P)dx + |g(x, un, Vuy,)|dx.
E E {lun|>m}
(2.35)
For fixed m, the first integral of the right hand side of (2.35) is small uniformly in n
when the measure of E is small (due to VT, (u,) converges strongly in L”(Q2)).
We now discuss the behaviour of the second integral of the right hand side of (2.35).
We use in (2.23) the test function ¢y, (1, ), where for m > 1

Pu(s) =0 if |s|<m—1,
s if |s| > m,
() =1 if m—1<]s| <m.
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This yields
[ b+ [ 0, D) - Vit (1)

—I—/Qg(x,un,Vun)le(un)dxz/anlpm(un)dx‘

Wich implies
i, Vity)|dx < dx,
/[|un|>m} 00t VIS J oy 1
and thus
limsu x,u,, Vu dxg/ dx
msup [ gl Vulax< [

We have proved that the seconde terme of the right hand side of (2.35) is small,
uniformly in n and in E, when p is sufficiently large. This completes the proof of the
uniforme equi-integrability of g(x, u,, Vuy).

In view of (2.34), we thus have

g(x, ty, Viy) — g(x,u, Vu) strongly in L}(QQ). (2.36)

From (2.29), (2.33) and (2.36), we can pass to the limit in (2.23), we obtain
bod / 1, Vi) - Vd / Y d:/d 2.37
[ bodx+ [ a(x,u,Vu) - Vodx+ [ glou Vupdx= [ foix 237

holds for any ¢ € W&’p(Q) NL*(Q).

Next, we plug Ti(u) as a test function in (2.37) neglecting nonnegative terms, we
obtain

bldx < dx. 2.38
J oy e < [ 1l 2.38)

Passing the limit as k | 0 in (2.38) and using the Fatou’s Lemma, we find

| Ieldx < 11fll130y

and b € L'(Q).

With this last step the proof of Theorem 2.3.1 is concluded.
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24 Example

Let Q be a bounded domain of RN(N > 1). Let us consider the Carathéodory

functions

a(x,s,é) = ’€|P—2€,
g(x,s,8) = psls|"[¢]P, p>0, r >0,

and p the maximal monotone graph defined by

% if r<Q,
B(r) =< (—o0,0] if r=0,
0 if »>0.

It is easy to show that the Carathéodory function a(x,s, ) satisfies the growth
condition (2.2), the coercivity (2.1) and the strict monotonie condition (2.3). Also
the Carathéodory function g(x, s, §) satisfies the conditions (2.4), (2.5) and (2.6) with
|s| >0 =1andy = p.

Finally, the hypotheses of Theorem 2.3.1 are satisfied, therefore for all f € L}(Q)
the following problem

B(u) — Ap(u) +g(x,u, Vu) > f in D'(Q)),

(E, f)
ue Wyt(Q), glx,u, Vu) € L(Q),

has at least one solution.
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Chapter 3

Existence of solution for nonlinear elliptic inclusion
problems with degenerate coercivity

This chapter is devoted to the study of a nonlinear elliptic inclusion problems with
degenerate coercivity and L!'— data. First, we introduce and solve approximating
problems for any L*-data by using the Yosida approximation of the graph and cutting
the nonlinearity, a pseudo-monotone and coercive differential operator on Wg 7(Q) can
be applied to establish the existence of bounded weak solutions. Next we prove the
existence of entropy solutions for data in L! and finally, we derive some properties of
these solutions. The results of this chapter are based on the paper [6].

3.1 Problem formulation and main result

Let Q) be a bounded domain in RN (N > 2) with sufficiently smooth boundary 9Q
and let us consider the nonlinear elliptic inclusion problem with Dirichlet boundary

conditions:

a(x, Vu)
(4 ]P0

o B(u) — div ( ) >f in Q,
u=2~0 on d(),

where a(x,&) : QO x RN — RN is a Carathéodory function (i.e. measurable with respect
to x in Q for every ¢ in RN and continuous with respect to ¢ in RY for almost every x
in Q)) such that
Assumption (Hj)
a(x,&) - & > )", (3.1)
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ja(x, )| < Colao(x) + [EIP71), (32)

(a(x, &) —alx,1))- (& —1n) >0, (3.3)

for almost every x € Q) and every &, 77 € RN with & # 7, where & > 0, Cg > 0 and ag is
a nonnegative function in L” (Q)) with p’ =

Assumption (H;)

The nonlinearity 8 : R — 2R is a set valued, maximal monotone mapping such that
0 € B(0).

Throughout this paper, without special statements, we always assume that

Assumption (H3)

N(p—-1)

1
2—— < -1
<p<Nand0<6(p—1) < N1

< —1. (3.4)

Definition 3.1.1. Let f € L*(Q)). A pair of functions (1, b) is a weak solution of the
problem (P, ) if u € Wy* (Q) N L®(Q), b € B(u) a.e. in Q with b € L®(Q)) and

/ bdx + / (x v” - Vodx = / fodx holds for all ¢ € WP (Q).
(14 |ul)o o)

In this chapter, since the problem (P, f) involves data f € L'(Q), it is natural

to consider the notion of entropy solution, which will be introduce in the following

definition.

Definition 3.1.2. Let f € L(Q). An entropy solution to (P, f) is a pair of functions
(1, b) satisfying the following conditions

(C1) u : QO — R is measurable and b € L'(Q) such that u(x) € D(B(x)) and
b(x) € B(u(x)) for a.e. x in Q.

(C2) Foreachk >0, Ty(u) € W&’p(Q) and

/ bTi(u— ¢ dx—l—/ (x, Vu VTk(u—(p)dx§ / fTr(u —¢@)dx  (3.5)
(1+ |ul) O

holds for all ¢ € W&’p(ﬂ) NL®(Q).
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Remark 3.1.3. We recall that a function u such that Ty (1) € W& P(Q), for all k > 0, does
not necessarily belong to W&’l (Q)). However, it is possible to define its generalized
gradient (still denoted by V) as the unique measurable function v : Q — RY such
that

VTi(1) = 0X{juj<k)

for a.e. x € Q) and for all kK > 0, Moreover, if u € W&’l (Q), then v coincides with the
standard distributional gradient of u (See [25] for more details).

Remark 3.1.4. We can easily check that all the terms in (C2) make sense. Indeed, the
second integral in the left-hand side is well defined since the integral is only on the set
ju — ¢| <k, and on this set [u| <k + |[¢]| =) = M, so that we have

a(x, Vu) _ a(x, VTp(u)) . o\
/Q At )P -VTi(u— ¢)dx = /Q T [T ()P VTi( @)dx,

which is finite by the growth assumptions (3.2) on a.
Our aim in this chapter is to prove the following existence Theorem:

Theorem 3.1.5. Under the assumptions (Hy)-(Hz) and for f € L'(Q). There exists at least
one entropy solution (u,b) of the problem (P, f) in the sens of Definition 3.1.2. Moreover,

u € Wy(Q), with q € (1&):—6;((;:%) .

3.2 Existence of bounded weak solutions for L*°-data

To prove Theorem 3.1.5, we will introduce and solve approximating problems
defined in the subsection 3.2.1. For f € L'(Q) and m,n € N we define f;, , : O — R
by fmn(x) = max(—n, min(f(x),m)) for almost every x € Q. Clearly, fiun € L*(Q)
foreach m,n € N, |fmn(x)| < |f(x)] a.e. in (), hence 1711_1}}0 nlglgofmn = fin L}(Q)) and

a.e. in ). The next Theorem will give us existence of weak solutions (U, n, by,n) of
(P, fmn) for each m,n € N:

Theorem 3.2.1. Under the assumptions (Hy)-(Hz) and for f € L®(Q)). There exists at least
one weak solution (u,b) of the problem (P, f).

Remark 3.2.2. Note that the assumption on f given in the preceding theorem yields

L*(Q)) solutions for nonlinear coercive elliptic inclusion problem. The result (which
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is independent of 6) is not surprising, since if one looks for bounded solutions then
the lack of coercivity of the operator A(u) (which is created by unbounded functions)
“disappears”.

The proof of Theorem 3.2.1 will be divided into several steps.

3.2.1 Approximate problems for L*-data

Let 0 < e <1, we consider the sequence of approximate equations

(Be(T1(ue)) + earctan(ue) + Ae(ue) = f  in Q,

(Pe, f)

(Uue =0 on d(),
a(x, Vu)

(1+[Tw (u)])00— 1)

mation of B(-). Note that, for any u € Wé’p(Q) we have

(Be(u), ) > 0, |Be(u)| < ~Ju] and Limp(u) = plu).

We refer the reader to [46] for more details about the maximal monotone mapping.
We introduce the operator B; : Wg’p(Q) — W1 (Q), defined by

where A (u) = —div > and B¢(-) : R — R is the Yosida approxi-

(Beu,v) = /Q </3£(T%(u)) + earctan(u) + Ag(u)> vdx, forany u,v € Wol’p(()).

Lemma 3.2.3. The operator B : W&’p(Q) — WY (Q) is bounded, coercive and pseudo-
monotone.

Proof. Because of (3.2) and (3.3), B; is well-defined and monotone. Since B¢ o T1 and
arctan are bounded and continuous, also by the growth condition (3.2), it follows that
B is pseudo-monotone (see [56], p.157).

For any u € W&’p(Q) we have

(Beu, u) :/ o —|—(|XT1V(Z£ —|—/ Be( T1 +€arctan(u)) udx,

as the second term on the right hand side is nonnegative, by (3.1) we obtain

14
<Bgu,u> Z m/{% |Vu|pdx

: : 1,
Hence, B; is coercive on W7 (Q). O
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In view of Lemma 3.2.3, for any fixed ¢ > 0, there exists at least one solution u, of
(Ee, f) (cf.[82], [86]), i.e: foreach 0 < e < 1and f € W_l'p/(Q) there exists at least one
solution u, € Wg’p (Q)) such that

(x,Vue)- Vo
d _
DG

/Q (,B (T (ue)) +sarctan(us)) qodx+/ i+ (f, o) (3.6)

holds for all ¢ € Wé’p (Q)), where (.,.) denotes the duality pairing between Wg’p (Q)
and WP (QQ).

In the next proposition, we discuss uniqueness of solutions u, of (P, f) with right-
hand side f € L*(Q2) through a comparison principle that will play an important role
in the approximation of solutions to (P, f) with f € L1(Q).

Proposition 3.2.4. For 0 < e < 1 fixed and f, f € L®(Q) let ue, il € W&’p(Q) be solutions
of (P, f) and (P, f), respectively. Then, the following comparison principle holds

s/ﬂ (arctan(ue) — arctan(iie)) " dx < /Q (f — f)signg (ue — ile)dx. (3.7)

Proof. We use the test function S; (ue — ile) in the weak formulation (3.6) for u, and ..

Subtracting the resulting inequalities, we obtain
1 2 3 4
I g0 + I g0 + Ig 5 — I

where

s = [ (Be(Ts () — Be(Ts (1)) SF (e — ),

25 = e/ (arctan(ue) — arctan(ile)) Si (e — i) dx,
0

, Vi) a(x, Vi) )
13 :/ a(x ¢ B VS+ ) ) |
&0 0 ((1 + | T1 (ue))OP=1 (14 | T (i) ])P—D) s (ue — fig)dx

_ /Q (f = F)SF (ue — 1) dx.
Note that, for b > a > 0 and A > 0, we have the inequality

1 1

Alb—a)
h1+mA_(r+@A

- ‘ (1 +c)A+

< Alb — al for some ¢ € [a, D). (3.8)
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By using (3.2) and (3.8), we have

1 1 1
I3>_/ — ’V~ -V _~+d
Y ((1+|T1(ug)|)9(r’—1) (1+|T1(ﬁ8)|)9(r7—1))a(x fle) - V (e — fle) Tdx
N —C5/
T 0 J{(ue—iie)t <8}

> —C/Q (ao(x) + !Vﬁg|”*1) |V (ue — 1) TIX (4e—tie) - <0} 9%

(a0(x) + [VizeP~1) - |V (ue — i) |dx

then li%ni{)lf I g’ 5 = 0.
4) 4
Passing to the limit with ¢ | 0, (3.7) follows.
O

Remark 3.2.5. Let f, f € L*(Q) besuch that f < fa.e. inQ, e > 0and u, i € Wé’p(ﬂ)
be solutions of (P, f) and (P, f), respectively. Then it is an immediate consequence of
Proposition 3.2.4 that u, < il a.e. in (). Furthermore, from the monotonicity of B¢ o T1
it follows that also IBS(T% (ue) < IBS(T% (i) a.e. in Q. g

3.2.2 A priori estimates

In this step, we will give some estimates on weak solutions of approximate problems.

By taking G (H (1)) as a test function in (3.6), where

S dt
H(S):/O m,

we obtain

/X (ﬁs(T%(ug)) +sarctan(u£)> Gy (H (1g))dx + a(x, Vi) - Vue

e (LT () )PP

dx

= [ SO ()i

where X = {|H(u)| > k}.
As the first term on the left hand side is nonnegative, by (3.1) we have

o [ IVH@) P < [ 1f]1Ge(H(we))ldx. (3.9)

Inequality (3.9) is exactly the starting point of Stampacchia’s L*-regularity proof
(see [102, Lemma 4.1]), so that there exists a constant C such that

[[H (ue) [ L2 () < C-
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Indeed, using the Sobolev embedding Wg P(Q) c LP"(Q) and Holder’s inequality,
we have

P
¥

([t Pax) " <5 [ V() pas

< 2 [ IFI1GH(H ()

Then

([ 1o ax) ™ < cixf
X
Let k' > k, using the fact that Xy C X; and
|Gi(H (ue))| = K —k
on the set X}/ , we obtain
/ -1 L_*l 1——%
(K" = k)P~ | X | 77 < CIX| 7

Hence

*_

14
| Xi| 77T

C
X | < [
We have £— = ! > 1, 50 that by Satmpacchia’s Lemma H (1) is uniformly bounded.
The properties of the function H (in particular the fact that lgn H(s) = o0) yield a
S—00

bound for 1, in L®(Q)), that is
|[tte| [ (1) < Coo (3.10)

with Cy is a constant that don’t depend on e.

Now, we choose u; as a test function in (3.6), we obtain

/ (ﬁs(Tl (“e))—i-earctan(us)) ugdx+/ 1+X|TT(MS Vug /fugdx

as the first term on the left hand side is nonnegative, by (3.1) we have

|Vue|? /
< .
ST < o Mldd
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Since the norm of u, in L*(Q)) is bounded, which implies

/Q Ve |Pdx < C. (3.11)

On the other hand, for § > 0, we use ;. = } (Tk+5(ﬁg(Tl(ug))) - Tk(IBS(Tl(uS))))
as a test function in (3.6), we obtain

x vus) Vq05 £
+1Ts (ue)[)0(P

/</3€(T1(ug))+earctan(u5)> Pg dx +/ a /f(P(sgdx

Since |@s¢| < 1, Be monotone increasing with B:(0) = 0 and by (3.1), we obtain

/

1 a(x, Vug) - VT (ue) ]
5 i T (ue > 0.
8 Jikslpu(ry () Iskrs) (1+ ]Tl(ug”)e(p_l)ﬁs( 1 (ue) )dox

Then
1

5 /m@ oy P06 (Tas(BlTy (46))) = Tu(BlTy () ) < ldx.

{1Be(Ty (ue) [ 2k}

Having in mind that ¢;, has the same sign as u, and using the monotonicity of the
opertaor B, we conclude that

k|{|ﬁs(T%(us))| > k+5}|
: /{ﬁs(T}(”s))zkH} |ﬁ£(T%(u£))|dx

1
S 5 {|[3s(T%(ug))\2k} ﬁe(T% (ue)) (Tk—s—é(ﬁs(T% (ue))) — Tk(ﬁg(T% (us))))dx

< / f|dx
{1Be(Ty (ue)) |2k} /
< 1 flloo[ {1Be(T1 (ue))| = k3.
Choosing k > ||f||e and passing to the limit with 6 — 0, we obtain
[{1Be(T1(ue))| = k}| = O for any k > [|f||co-
Therefore

[1Be(T1 (#1e))[|oo <[] f]oo- (3.12)
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3.2.3 Basic convergence results

By (3.12), there exist b € L*(Q)) such that

Be(Ti (ue)) = bin L(€0). (3.13)

Thanks to (3.11), u, remains bounded in Wol’p (Q)), we can extract a subsequence,
still denoted by u,, such that

ue — u weakly in Wg’p(Q) and a.e. in Q). (3.14)

We shall prove that
ue — u strongly in W&’p(ﬂ). (3.15)

. .. : 1
Using u, — u as test function in (3.6), we obtain for - > Ceo

/Q (,BE(T%(uS)) -+ sarctan(ug) —u)dx +/ T TuVus - (Vite — Vit)dx

= /Qf ue — u)dx. (3.16)

For the first term on the left-hand side of (3.16). In view of (3.14) we have u; — u in
L'(Q) and thanks to (3.13), then

lim A (ﬁg(T%(ug)) + sarctan(ug)> (ue —u)dx = 0. (3.17)

e—0

Similarly, we have f belongs to L*(Q}), then

fim / Flite — u)dx = 0. (3.18)

e—0.J0O

On the other hand, by (3.17) and (3.18) one has

) a(x, Vi) B
lﬁ%/g (1 [1e] )01 (Vite = Vuydx = 0.

Using (3.2) and Vitali’s Theorem, we obtain that

a(x, Vu) R a(x,Vu)
(L e (T u) 7D

strongly in (LP' (Q0))N.
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It follows by (3.14) that

: a(x, Vu) B
15%/0 A e (Ve = Viydx =0.

Therefore, we obtain
. a(x, Vi) a(x,Vu)
_ . — =0. 1
lﬂ%/o<(1+|ug|)9<r’—1> (T gy ) (Ve Ve =0 649

Thanks to (3.3), the integrand function in the left-hand side in (3.19) is nonnegative,

therefore
a(x, Vi) a(x,Vu) o
((1 )PP =D (14 [ue)0r—D) (Vue — Vu) — 0 strongly in L™ (Q)).
Thus, up to a subsequence still indexed by ¢, one has

a(x, Vie(x)) a(x, Vu(x)) .
<(1 ¥ lue(x))0D (14 \ug(x)\)e(pl)) - (Vue(x) — Vu(x)) — O fora.e. xin Q.

There exists a subset Z of () of zero measure, such that for all x in Q\Z we have

B a(x, Vue(x))  a(x,Vu(x)) . B
De(x) = ((1+|u£(x)\)9(P—1) (1+|us(x)’)9(P_1)> (Vie(x) — Vu(x)) — 0,

lu(x)| < oo, |[Vu(x)| < oo, [k(x)| < coand us(x) — u(x).
Then, by (3.2), (3.1) and (3.10) we can write

D(x) >

«
(1+|Cool)
where c(x) is a constant which depends on x but does not depend on ¢, which shows,

thanks to (3.20), that the sequence |Vu,(x)| is uniformly bounded in RY with respect
to . We argue similarly as in Lemma 5 in [41], to obtain

oy Vel = (@) (1 -+ [Vae(w)| + [Vue(m)P ), (3:20)

1e — u strongly in W, (Q).

3.2.4 Proof of Theorem 3.2.1

We can now pass to the limit going back to the equation (3.6). To do this, let
1
pE Wg’p(()). For every P Co One has

a(x,Vug)-Vo ,
/Q (,Bg(T%(ug)) + earctan(%)) pdx + /Q 1+ |u£|)9(P—1)dx = /Qfgodx. (3.21)

In vertue of (3.15), we have for a subsequence
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Vu., — Vuae. in (),
which with

Ue — u a.e. in Q)

a(x, Vug)
(1+ [uel) 7D

yields, since is bounded in (L¥' (Q))Y,

a(x,Vug) a(x,Vu)
(1+ ue )P0 (1 fu])?P—1)

weakly in (L” (Q))N.

Then, passing to the limit in (3.21), we obtain

/bqo +/ Hx vi) V¢dX=/f(def0rany 9 € Wy” (Q).
Q

Jul)?

3.2.5 Subdifferential argument

Using the same arguments as in the subsection 2.2.5, we can find that u € D(p) and

b € B(u) for almost everywhere in Q).

With this last step the proof of Theorem 3.2.1 is concluded.

3.3 Existence and regularity of entropy solutions for L!-
data

3.3.1 Approximation problem for L!-data and a priori estimates

For f € LY(Q) and m,n € N let fu,, € L*(Q) be defined as in the beginning of
Section 3.2.

From Theorem 3.2.1, there exists a solution (., bmn) € W&’p (Q) N L®(Q) x
L= (Q) of (P, fm,n) such that

/ bmn(pdx+/ (x Vumn) 7 Vdx = / Fnnpdx (3.22)
(1 + [ty ] )0

holds for all m,n € N and ¢ € Wg’p(()).
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Lemma 3.3.1. Suppose (Umn, b n) is a solution of (P, fyn). Then, for k > 0, there exists a
constant C(k) > 0, not depending on m,n € IN, such that

HTk(“m,n)ng,v(Q) < C(k), (3.23)

||bm,n||L1(Q) < Hf”Ll(Q)' (3.24)

Proof. By taking Ty (um,») as a test function in (3.22), we have

\Y
T+ | ST Ty ) = [ fua ). (325)
(1 + [t ] )0 Q

Since by, , has the same sign as 1y, , and thanks to (3.1), we obtain
[ 19 T(utmn) P < (140K |fl 3 gy
To prove (3.24), we neglect in (3.25) the positive term and keep

[ BTt < [ o Tilutnn)dz < K[l

Since by € B(Umy) a.e. in Q), we get

| by n|dx < |
AWWM} ldx < [[fllp1(0

Passing the limit as k | 0 and using the Fatou’s Lemma, we find

[ el < 11flc

[
3.3.2 Weak convergence of Ty(u,) in Wg’p (Q)
By definition, fy, » is a bi-monotone approximation of f in L'(Q),
fimn < fmr1n and fune1 < fun
From Proposition 3.2.4 it follows that
Uy < Uy g @0 13, g <1ty (3.26)
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almost everywhere in () for any m,n € IN and all ¢ > 0.
Hence passing to the limit with ¢ | 0 in (3.26) yields

Uppn < Um+1,n and U, n+1 < Umpn (3.27)

almost everywhere in Q) for any m,n € IN.
Setting b° := B¢(T1(uc)), using (3.26), Remark 3.2.5, the fact that by, , X by in
L*(Q)) and this convergence preserves order, we get

bm,n < bm+1,n and bm,n+1 < bm,n (3.28)

almost everywhere in Q) for any m,n € IN.
By (3.24) and (3.28), we obtain

bm,n Tm b" In bin Ll(ﬂ)/

where b",b : () — R are measurable functions, finite a.e. in (). Here, we use the
notation 1, respectively |, to denote convergence of a sequence which is monotone
increasing, respectively decreasing, in m.

By (3.27), we get

Ump Tm u" 1y u almost everywhere in (),

where 1", u : Q) — R are measurable functions.
In order to show that u is finite almost everywhere, we will give an estimate on the

level sets of u,, ,, in the next Lemma 3.3.2.

Lemma 3.3.2. For m,n € IN, let (Umn, byn) be a solution of (P, fm,n). Then, there exist a
constant C > 0, not depending on m,n € IN such that

{|ttmn] >k} < Ch=P=DO=0O forallp > 1. (3.29)

Proof. Note that, as (1, )m is pointwise increasing with respect to m, we have

Jim {0 > Y| = (s > 1} 3:30)
and
Tim [t < ~h}| = | (" < ~h}]. (331)
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Combining (3.29) with (3.30) and (3.31), we get
{u" < —h}| + [{u" > h}| < Ch~(P~1(1=0) (3.32)

for all h > 1, hence u" is finite almost everywhere for any n € IN.
By the same arguments, we get

{u < —h}| + |{u > h}| < Ch~(P~1)(1-0) (3.33)

from (3.32), hence u is finite almost everywhere.
Now, since by, € B(tm,n) almost everywhere in Q) it follows by a subdifferential
argument that b” € B(u") and b € B(u) almost everywhere in Q).
[

In the rest of this section, for m,n € N, let (tyn, bmn) be a solution of (P, fun).
Applying the diagonal principle in L!(Q)), we may assume that, for some sequence

(m(n))n, we have (with fu := fo, ) 0 Un = byy(n),n and ty 1= tyy() )
fa — fin L1(QQ),

by — bin L}Y(Q)

and
U, — u a.e. in Q. (3.34)

Combining (3.23) with (3.34) we get for any k > 0

Ti (1) — Ti(u) in W, (Q). (3.35)

3.3.3 Some regularity results

Lemma 3.3.3. There exists a subsequence of u, such that, for each q € <1, I;ﬁf{j—M), we

have

[ltnlly1aer) < C- (3.36)
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Proof. Let k > 0. Define Dy = {|uy| < k} and By = {k < |un| < k+ 1}. By taking
T (1) as a test function in (3.22), we have

(x, Vun B
/ bn Ty (uy dx+/ 3 el Y - VTi(uy)dx = /anTk(un)dx

since b, has the same sign as u, and thanks to (3.1), we obtain

Vi)l
x <k . 3.37
o T < kllfllu o 337)

)t
Taking the function T (u,, — T (uy,)) as a test function in (3.22), we obtain
) -

a(x, Vuy) - VTi(uy — T (uy))
b Ty (1t — Ty (1) )d / n
/ 1( i (uy))dx + A+ |un])? =y

dx = /Q FuT1 (1t — Tie(1a) ),

as the first term on the left hand side is nonnegative, by (3.1) we have

|V, |P
a/Bk @ e < Wl (3.38)

Letg € (1,1&5_1—6)((1[1,:3) and r = Mp_l). Noting that g < p and % < q*.

For all k > 0, we estimate / |Vu,|7dx. By using Holder’s inequality and (3.38),
By

we have

Viu,|1
Vu, |d :/ AVl
/Bk‘ Ul = o T ey L [l

P—q

q
[Vt P )” (/ pr )p
= d 1+ |uyl|)rd
- (/Bk At a0\ g, (1 al)77dx

pg o N\
< C|Bg| # +C</ |un|7"idx)
By

r

r

qF pP—q_ r
< il '™ e (f lmtrax) Bl 7

> 1, we have

1

Si By| £ —

ince |By| < P
pP—q

P—1q
1 N\ 5
/B yvunwdxgc( q*/ ity |7 dx) P R (/ 11| dx) ;
k P *
P r (/ |Mn‘q d'x>
(=)
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Summing up from k = kg to k = K and using Holder’s inequality, we have

K Pl NG
2/ ]Vun|qu<C(Z . r)p> (2/ |14, |7 dx) . (3.39)
k=ko k=k A k=Ko * Bk
Note that

K
/ |Vun|‘7dx:/ |Vu,|Tdx + 2/ |Vuy,|Tdx.
{lun|<K} Dy, k=ko * Br

By using Holder’s inequality and (3.37), we obtain

Jo

P—q

7 p=q

Vi, |P : - y
Viu,|9dx < / Vit d / 1 P=id
[Vi[fdx < ( Dy, (1+|1/ln|)6(P_1) x) ( Dko( ) *

< C. (3.40)

ko

Note that Z s
k=kg kq (7 17*)'1

and (3.40), for kg large enough, we get

/ \vun|qu§c+c</
{Jual <K} (| <K)

Using the Sobolev embedding Wg 9(Q) C L1 (Q), we have

q*
/ ]un|’7*dx <C </ |Vun]‘7dx) ! . (3.42)
{{un| <K} {[un| <K}

From (3.41) and (3.42) we obtain

converges since q*(% - q%)g > 1. Combining (3.39)

p=q

) s (3.41)

*p—q

T
/ Vity|idx < C +C (/ |Vun|‘7dx)
{Jun|<K) (| <K)

Since p < N one has %M < 1. Consequently, we conclude that, for ko large

p

enough, (i <K) |Vu,|7dx is bounded independently of n and K.
u, | <K
Letting K — oo, we deduce that || V||, is uniformly bounded independently of 7.

Therefore, there exists a subsequence of 1, and a function v € Wg () such that
u, — v weakly in Wg’q(ﬂ).
By (3.34), uy, — u a.e in (), we conclude that u = vand u € W&’q(ﬂ). O
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3.3.4 Almost everywhere convergence of gradients

Lemma 3.3.4. There exist a subsequence of u, and a measurable function u such that
Vu, — Vua.e. in Q. (3.43)

Proof. The proof of this Lemma is essentially the same as the proof of [13, Theorem 4.1].
Here we sketch only the main steps due to slight modifications.
Fors > 1,let A = % < 1, where g is the same as in Lemma 3.3.3. We Define

i _a(x9)
a(x,u,g) _ (1+|u|)9(p 1)
and

(for simplicity, we omit the dependence of i(x, u, ) on x)

b= [ (@, Ft) = 810y, V1)) - 9 (1t = ) .
We split I,, on the sets {|u| > k} and {|u| < k}, obtaining
L, = L(n, k) + L(n,k),

where
I(n, k) = /{|”|>k} (@(ttn, Vitn) — @(1tn, Vi) - V (1t — 1)) dx
and

— a —dlu u)- Uy, — U A X.
Blnk) = [ (@, an) = an, V1)) ¥ (s~ )
For I;(n, k), we have
L(nk) < Is(n,k) = /Q (@1, Vit) — @(1tn, VT (1)) - V (it — T (u))) dx.
Fix h > 0 and split I3(n, k) on the sets {|u, — Ty (u)| > h} and {|u, — T (u)| < h},

obtaining

Iy(n, k,h) = ((@(un, Vuy) — a(uy, VT (1)) - V(uy — Tk(u))))‘dx

/{lun—Tk(u)>h}

and

Is(n,k,h) = (@1t Vity) — @(t, V(1)) - V (0 — Tie(u))) dx

/{Iun Ti(u)|<h}
= [ (@10, Vi) = (105, VT(w))) - 9T (0 = Te(w)))

A
< o ( [ @0, Vi) — 2, VT(0))) - VT - Tk<u>>dx)

=[O (s (n, k, )™
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For Is(n, k, 1), we can split it as the difference I;(n,k, h) — Is(n, k, h), where

I (1, k, h) :/Q&(un,Vun)-VTh(un—Tk(u))dx

and
Is(n, k) = /Q (i, To(10)) - VT (it — To(1t) )dx.

Note that |Vu,| is bounded in L7(Q)) and Aps = 4. Due to (3.34), (3.35), (3.36) and
in the same way as Theorem 4.1 in [13], we can get that

lim limsup I1(n, k) =0,

k—=eo 0

lim limsup limsup I4(n,k,h) =0,

h—e0 k—o0 n—00

lim Ig(n,k,h) =0.

n—o00
For I;(n, k, h), taking the function Tj,(u, — Tx(u)) as a test function in (3.22), we
obtain

/ by, Th —Tk dx+/ x VM;+‘VL1T’;1)(M: 1 k(u))dx = /anTh(un - Tk(u))dx.

Using the strong convergence of f, and by, in L'(Q)), we have

lim Ir(n, k, h) = /Q FT(u — Ty(u))dx — /Q BT,y (1 — Te(u))dx.

n—o0

It follows that
lim lim Ir(n,k h) = 0.

k—o00 n—00

Putting together all the limitations and noting that I,, > 0, we have

lim I, = 0.
n—00
The same arguments as in [13] give that Vu,(x) — Vu(x) a.e. in Q. O

3.3.5 Conclusion of the proof of Theorem 3.1.5

Let k > 0 be fixed, ¢ € Wol’p(Q) N L*(Q) and choose Ty (1, — ¢) as a test function
in (3.22), we have

(x, Vuy) - VTk(un — )
/Q (it X 1+|un| X Qf K (u ¢)dx ( )
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Since b, and f, are strongly convergent in L!(Q)), while Ty (u, — ¢) converges both
weakly* in L*(Q)) and almost everywhere to Ty(u — ¢), we have

n—o0

1i an—d:/bT—d
im | buTi(un —@)dx = | bTi(u—g)dx

and

lim /anTk(un —@)dx = /Qka(u — ¢)dx.

n—o0

Finally, we focus our attention on the second term of (3.44), we split it as the sum

a(x, Vi) - Vund a(x,Vu,)-Ve¢
/ _ 1 0(p—1) x_/ _ 1 0(p—1)
{lun—gl<k} (14 [un]) {lun—gl <k} (14 [un])

Taking into account the fact that the second integral is on a subset of the set where

un| < k+[|@l|i=) = M, we can rewrite it as

/ a(x,VTy(un)) Ve .
{ua—g|<k} (14 | Toap(uy)|)0P—1)

a(x, VTy(un))

N
P A [T () )P

is bounded in (LF’/ (Q))N. Thus, by (3.34) and (3.43), we
obtain

a(x, VTp(un)) a(x, VTy(u))
(14 | T () NEP=D (14 | Tar(u)])8P—1)

Hence, the second integral converges, as n tends to infinity, to

/ a(x,VTp(u)) Ve _/ a(x,Vu)-Ve
{ {lu—g|<k}

lu—p|<k} (14 |Tar(u)])o(r—1) - (1+ [u])P-1)

Thanks to (3.1), the integrand function of the first is nonnegative, by Fatou’s Lemma
(3.34) and (3.43), we get

weakly in(LP (Q))V.

/ a(x, Vu)e- V? dx < liminf a(x, Vun)é Vbin
{Ju—g|<k} (1 + Jul)?(P—1) =0 J{juy—gl<k} (14 |u,])0P—1

Putting all the terms together, we obtain

a(x,Vu)-V(u— @)
{u=gl<k} (14 |u])?P=1

/Q bTi(u — ¢@)dx +

which is (3.5).

Hence, (u,b) is an entropy solution of the problem. The regularity of the entropy

dx < /Qka(u — @)dx.

solution u is guaranteed by Lemma 3.3.3.
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3.4 Example

Let Q) be a bounded domain of RN (N > 2),2 — % < p < Nand

oge(p—1)<%—1.

Let us consider the Carathéodory function
a(x,¢) = [gP%¢,

it is easy to show that a satisfies the coercivity (3.1), the growth condition (3.2) and the
strict monotonie condition (3.3).

Let B the maximal monotone graph defined by

Bis)=(s—1)" = (s+1)7,

or
%) if <O,

B(r) =< (—o0,0] if r=0,

0 if > 0.

Finally, the hypotheses of Theorem 3.1.5 are satisfied, therefore for all f € L'(Q)
the following problem

|Vu|P=2Vu
(1+ Jul])?p=1)

ﬁ(u)—div( )9f inQ,

(P, f)
u=2~0 ond(),

has at least one entropy solution (u, b).
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Chapter 4

Some results to nonlinear multivalued elliptic problems
involving unbounded coefficients

This chapter is devoted to the study of a nonlinear elliptic inclusion problems in-
volving unbounded coefficients and L! —data. First, we study the existence of solutions
of approximated problems, next we prove the existence of weak solutions for data
in L* and finally the existence of entropy solutions for data in L'. The results of this

chapter are based on the paper [4].

4.1 Assumptions on the data and statement of result

In the present chapter, we consider the following nonlinear multivalued elliptic

problem with Dirichlet boundary conditions:

y(u) —div(a(x,u, Vu)) > f inQ,

(U, f)
u=2~0 ond(),

where Q) is a bounded domain in RN, N > 2, with sufficiently smooth boundary
0Q), and 7 is a maximal monotone graph such that 0 € ¢(0) and a(x,s,¢) : Q X
(—m,m) x RN — RN, with m > 0, is a Carathéodory function satisfying the following
assumptions:

There exists a positive function I € C%([0,m)) such that

S
lim I(s) = +coand Lim [ I(r)P1dr = +oo, 4.1)
s—m~ s—m~ JO
a(x,s,¢)-¢ > 1([s|)[c]?, (4.2)
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|a(x,s,8)| < Colao(x) +1(Is])5[P1), (4.3)

(a(x,s,8) —a(x,s,1)) - (& —n) >0, (44)

for almost every x € (), foralls € (—m,m) and all ¢,y € RN with ¢ # 1, where
1<p<N,Cy>0andag € LV (Q) with p’ = 5.

Let us now turn to our main result. We start with some classes of solutions.

Definition 4.1.1. Let f € L®(Q)). We say that a couple of functions (1, w) € W&’p (Q) x
L*(Q)) is a weak solution of the problem (U, f) if w € y(u) a.e. in Q) and

/ wodx +/ a(x,u,Vu) - Vodx = / fodx holds forall v € Wé’p(Q).
Q Q Q

In this chapter, our assumptions on the problem (U, f) do not guarantee that a weak
solution exists. So, it is reasonable to work with the concept of an entropy solution,
which will be presented in the next Definition 4.1.2. In this way, we will obtain existence

results for solutions that can achieve the critical values +m.

Definition 4.1.2. Let f € L'(Q). We say that a couple of measurables functions (1, w)
is an entropy solution of (U, f) if

(Cl) u e W&’p(ﬂ) and w € L'(Q) such that |u| < m, u(x) € D(y(x)) and w(x) €
y(u(x)) for a.e. x in ), and

(C2) forall0 < k < m,

/Q wTi(u —v)dx + /Qa(x, u,Vu) - VT (u —v)dx < /Qka(u —v)dx  (4.5)

holds for any v € Wl’p O)NL®(QO) such that ||v||ee < m — k.
y 0

Remark 4.1.3. Observe that the use of Ty(u# — v) as a test function gives a meaning to
all the terms in (C2). Indeed, the second integral in the left-hand side is only on the set
\u — v| <k, then, the integral is well defined, and on this set |u| < k+ ||[v]|eo = M < m,

as a consequence, we get
/ a(x,u,Vu) - VTi(u —v)dx = / a(x, Tpe(u), VTa (1)) - VT (4 — v)dx,
Q Q
which is finite by the growth assumptions (4.3) on a.
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We investigate in this work to demonstrate the following existence theorem:

Theorem 4.1.4. Let us assume that the assumptions (4.1)-(4.4) hold, and for f € L} (Q). Then
there exists at least one entropy solution (u, w) of the problem (U, f) in the sense of Definition
4.1.2 and |{|u| = m}| = 0.

To demonstrate Theorem 4.1.4, we will present and solve approximating problems.
In order to achieve this, let f,; be a sequence of L* —functions which converges strongly
to f in L'(Q)) and | f,| < |f|. The following Theorem 4.2.1 shows the existence of weak
solutions (u,, wy) of (U, f,) for each n € IN.

4.2 Existence of bounded weak solutions for L*°-data

Theorem 4.2.1. Let f € L®(Q) and let us assume the assumptions (4.1)-(4.4) hold. Then
there exists at least one weak solution (u,w) of the problem (U, f) such that ||u||e < m.

Proof. We will divide our proof of the above Theorem 4.2.1 in five steps and we will
use standard techniques.
4.2.1 Approximate solution for L*-data

Let f € L*(Q)), we consider the approximate problem of (U, f), for0 < ¢ < 1, by

'ye(T%(ug)) —div(as(x,ue, Vue)) = f in (),

(Ue, f)
ue =20 ond(),

where a¢(x, ue, Vite) = a(x, Tyy—e(ue), Vite) and y¢(-) : R — R is the Yosida approxima-
tion of y(-).
See that, for any u € Wg P(Q) the function 7,(-) satisfies the following conditions:

(ve(u), ) 2 0, J7e(w)] < ~Jul and. limye(u) = ().

We recommend that the reader consult [46], for additional information on the
maximal monotone mapping.
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1
Since |’yg(T% (ue))| < 2 according to the standard Leray-Lions surjectivity theorem
(cf.[82], [86]), there exists at least one solution u, of (U, f), i.e: foreach 0 < e < 1 and
f e WP (Q) there exists at least one solution u, € W&’p (Q) such that

/Q'ye(Tl(ug))vdx + /Qae(x,ug,VuS) -Vodx = (f,v) (4.6)

holds for all v € W&’p (Q)), where (.,.) denotes the duality pairing between Wé’p(Q)
and W17 (Q).

4.2.2 A priori estimates

Next, we will provide some estimates on weak solutions of approximate problems.
We define

Le(s) = /0 L (r) 7T dr

where
le(s) = 1(Ty—e(s)) forall s € [0, +00).

In (4.6), if Gx(L¢(|ue|))sign(u,) is used as a test function, we get

/Xk ’Ys(Ti(‘“s|))Gk(Ls(|”e|))dx+/Xk a(x, |ue|, Vue|) - VLe(|ue|)dx
= [, SO (Lelluclsign )i,

where X = {L¢(|u.|) > k}.
Since ,(+) verifies the sign condition, by (4.2) we get

Jo VLelluc) P < [ 1f11Ge(Le(uel) . @7)

Inequality (4.7) is exactly the starting point of Stampacchia’s L*-regularity proof

(see [102, Lemma 4.1]), consequently, there exists a constant C f such that

ILe(fe])|loo < C- (4.8)
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Indeed, from the Sobolev embedding Wg P(Q) ¢ LP'(Q) and Holder’s inequality,
we get

r
¥

([ 16uttelluylrax) ™ <57 [ 19 Lqul) i
<" [ IF1IGHLe(lue)Idx

< c/Xk|ck<Ls<|us|>>|dx

_1 * P
<l ([ 16uLaiudnpar) "
k

Then

p—1

* p* 1—L
de) <clx | (4.9)

(/. 16zetiud)
X
Let k < K/, regarding that Xj» C X} and

|Gr(Le([ue]))| = K —k

on the set X, we get

p-1 _1
(K — k)P Xp| 7 < Clxi| 77 (4.10)
Therefore C ‘1
e
| Xp| < m|xk| . (4.11)

We have % > 1, consequently that by Satmpacchia’s Lemma L, (|u|) is uniformly
bounded. ) )

We can take Coo = L™!(Cy) because L(s) := / I(r)P~1dr is unbounded in [0, m),
and then we choose ¢y > 0 such that I(s) < I(m — go) for any s € [0, Coo].

According to the definitions /. and L, we have, for any ¢ < gy,

Le(s) = L(s), s€[0,Col.
Moreover, being L increasing, we have, for any € < g,
Lg(S) S Cf = S [0/ COO]/

so by (4.8), we obtain
|tte]| o < Coo < m. (4.12)
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Now, by choosing i, as a test function in (4.6), we get

/Q%(Ti(ug))ugdx—k/Qag(x,ug,VuE).Vugdx:/gfuedx,

since the first term on the left hand side is nonnegative, by (4.2) and since the norm of

ug in L*(Q)) is bounded, we get

/\/Q|Vug|f’dx§/0|f||ug|dx,

where A = min I(s). In order to obtain that
s€[0,Co0]

/ Vi |Pdx < C. (4.13)
(@)

In the other hand, taking (T s(7e(T1(ute))) — Tk(7e(T1(1e)))) as a test function
in (4.6), passing to the limit with 6 — 0 and choosing k > || ||, we get

[7e(T1(ue)) oo < | flleo- (4.14)

Indeed, for § > 0, we use @5 = (T s(Ye(T1(ue))) — Tie(7e(T1(ue)))) as a test
function in (4.6), we get

/Q'yg(Tl(ug))q)(glgdx+/Qag(x,ug,VLtg)-quglsdx:/ﬂfq)g,gdx.

As |@s| <1, v, is monotone increasing with ,(0) = 0 and by (4.2), we get
1 !

5 a xlulvu VT u Ti(u dx>0
) {k<|7e(Ty (ue)) | <k+6} 8( € E) %( 8)78( %( S)) =

Then
1

8 Jle(Ty (w0 2K} 7el(Ty (1)) <Tk+5(%<T%(“e))) = Tk(ve(T%(ug))))dx <

Taking into account that ¢; . has the same sign as u, and the fact that -, is nonde-

dx.
/{I%(Té(us)>k} /1

creasing with 7,(0) = 0, we deduce that
{Ie(Ts (40)] > k+ 5}

< 7T () ldx

/{h/E(T% (ue))|>k+6}

1
S 5 (T (o) 28 ’)’E(T%(”e)) (Tk+(5(’)’£(T%(U£))) — Tk(’Ys(T%(uS))))dx

dx
/{I%(T% (ue))| >k} d

< [ flloo[ {17e(T1(ue) )| = k3.

<
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which gives, if we pass to the limit with § — 0 and choose k > || f/||co,
[{17e(T1(ue))| = k}| = O forall k > || f|co.

Consequently, we obtain the result (4.14).

4.2.3 Basic convergence results

This step’s goal is to present the convergence results that are required for the proof
that solutions exist.
Taking into account (4.14), there exists w € L®(Q)) such that

Ye(T1(1te)) = win L®(Q), (4.15)

€

According to (4.13), ue remains bounded in W(} P(Q)), we deduce that, there exists a
function u and a subsequence, still denoted by ., such that

ue — u weakly in Wg’p(ﬂ) and a.e. in Q. (4.16)
We shall demonstrate that
Viu, — Vuae. in {|u| < m}. (4.17)

In order to prove (4.17), we will use the following result (see [37]):

Lemma 4.2.2. Let (X, T, u) a measurable space, such that u(X) < oo. Let ® be a measurable
function ® : X — [0, +00) such that u({x € X : &(x) = 0}) = 0. Then for any o > 0 there
exists 6 > 0 such that:

/ACIDdy§(5:>y(A)§U.

First, by (4.16), we obtain
U; — U in measure. (4.18)
We will demonstrate that

Vu, — Vu in measure on {|u| < m}. (4.19)
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LetA >0andj > 0. For0 < k <mand M > 0, we set

Ay ={lu| <m} N ({|Vue| > M} U{|Vu| > M} U {[ue| >k} U{|u| > k}),
Ay ={|u| <m} N {|ue —ul > j},
Az ={|u| <m}nN{|ue—u| <j,|Vue| <M, |Vu| <M, |ue| <k, |u| <k |V(u—u)| > A}

Observe that
{lu] <m}N{|V(ue —u)| > A} C AU A, U As.

Since u, and Vug are bounded in L!(Q)), for any ¢ > 0 we can fix M and k < m
such that [A;| < = mdependently of e.

By the monoton1c1ty assumption (4.4), there exists a real-valued function ® such
that

{@(x) = 0}| = 0
and

(a(x, S, C) - a(x, S, C,)) ’ (C - gl) > CD(X),

forany s € (—m,m),&, & € RN, |s| <k, |&,|¢'| < M,and |& — &'| > A.

Denoting by x; the characteristic function of [0, j], we deduce that
/ x)dx < / [ae(x, ue, Vue) — ag(x, ue, Vu)] - V(e — u) dx
Az
< / (ae(x, ue, Vi) — ag(x,ue, VIi(u))) - V(e — Ti(u) ) xj(Jue — Tie(u)|)dx
{lue| <k |u <k}

< /Q(as(x, e, Vire) — ae(x, e, VTi(4))) - V (ue — Tie(u)) x(|e — Ti(u)[)dx

< /Q ae(x, e, Vi) - VTj(ue — Ti(u))dx — /Q ae(x,ue, VTi(u)) - VTi(ue — Ti(u))dx
= 11 - Iz.

For the term I, taking T;(ue — Ty (1)) as a test function in (4.6), we have
/Q%(Ti(%))T]( — Ti(u))dx +/ ae(x, e, Vi) - VT (1t — Ty(1))dx

= [ FTj(0te = Te(u))dx
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For the first term on the left-hand side, from (4.16), we have u, — u in L! (Q)) and

thanks to (4.15), we get

lim lim 'ys(T%(ug))Tj(ug — Ty (u))dx = 0.

j—0e—=0J0

Similarly, since f belongs to L*((2), we obtain

limlim/Qij(ug — Ty(u))dx = 0.

j—0e—0

Then,

limlim I; = 0.
j—0e—0

In view to evaluate the other term I,, we see that

{lue = Te(u)| < j} € {Jue] <k +j},

(4.20)

(4.21)

(4.22)

hence, we choose j > 0 such that k + j < m, there exists g > 0 such that for all ¢ < ¢y,

ag(x,ue, VTi(u)) = a(x,ue, VT (1)) in {|u, — Te(u)| < j}.

Therefore

L= /Qa(x, e, VTi(u)) - VTj(ue — Ty (u)) dx

= [ e Ty 100, V() - ¥ Tie e = Ti) e = Tion) ) .

By (4.16), we get that
Tiyj(ue) = Tiyj(u) weakly in Wé’P(Q),

on the other hand

|a(x, Tiyj(ute), VTi())| < Colao(x) + b(| Twj (1) DIV Tigj (u) [P71),

using Vitali’s Theorem, we get

a(x, Ty j(tte), VT (1)) — a(x, Tep(u), VTi(u)) strongly in (L¥ (Q))N.

Then, pass to the limit with ¢ — 0 and next j — 0 in I; in order to obtain

limlim I, = 0.
j—0e—0
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From (4.22) and (4.23), it follow that

/A P (x)dx < 9.

Then, by Lemma 4.2.2, we can conclude that |E3| < g independently of ¢.

Lastly, fixing j < 7 and thanks to the fact that U, — u in measure, we can choose ¢
such that |Ay| < jforanye < ¢’
So, we deduce that (4.19), consequently

Vu, — Vu ae.in {|u| <m}.

4.2.4 Proof of Theorem 4.2.1

Now, we can show that (1, w) satisfies (4.5). To do this, coming back to (4.6) and let
v E Wé’p(()). There exists €1 < ¢ for every e < g1 such that m — & > Cs one has

/ Ye(T1 (ue))vdx —{—/ a(x,ue, Vue) - Vodx = / fodx. (4.24)
o) E o) Q

Thanks to (4.15), we have

/ Ye(T1(ue))vdx — / wodx. (4.25)
o) e 0
From (4.3) and (4.12), we obtain that
a(x, ue, Vig) is bounded in (L (Q))N,
in virtue of (4.17), which with (4.16) yields
a(x, ug, Vitg) — a(x,u, Vi) weakly in (L7 (Q))N.
Thus, by letting e goes to zero in (4.24), we get that
/ wodx +/ a(x,u,Vu) - Vodx = / fodx forany v € W&’p(ﬂ).
¢ 0 0

Moreover,
[]|oo < m.
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4.2.5 Subdifferential argument
To prove that u(x) € D(y(x)) and w(x) € v(u(x)) for almost all x € (), we use the

same arguments as in the subsection 2.2.5.

We therefore complete the proof of Theorem 4.2.1 with this final step. O

4.3 Existence of entropy solutions for L!-data

4.3.1 Approximation problem for L!-data and a priori estimates

Let f, be a sequence of L®—functions which converges strongly to f in L!(Q)
and |f,| < |f|.- Through Theorem 4.2.1, there exists a solution (u,, w,) € Wol’p Q)N
L®(Q) x L*(Q) of (U, fy) such that

[1t][c0 < m (4.26)

and

/wnvdx—i—/ a(x,un, Vuy) - Vodx = / fnvdx (4.27)
o) 0 Q

holds forany n € N and v € W&’p(ﬂ).
First we show that w,, is bounded in Ll(Q). In view of wy, € v(u,), we deduce

X{|un|<m}Wn is uniformly bounded, then we obtain
[wnl[ 1) < Ci. (4.28)

Next, taking u, as a test function in (4.27), as w,, has the same sign as u,, from (4.2)
and (4.26), we get

/\/Q Vi |Pdx < ml|f]l 11

where A = min [(s). We conclude
s€[0,m)

ltnllyyir ) < Co- (4.29)
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4.3.2 Basic convergence results

We start to prove that w, is weakly compact in L'(Q). Since x {[itn| <m)Wn 1S uni-
formly bounded, hence it is uniformly integrable. There exists 6 > 0 such that for every
E C Qwith |E| <  we have

/E)(“un<m}|wn|dx < &

We estimate

/\wn]dx:/ |wn|dx+/ |wy |dx
E En{|uu|<m} En{|uy|>m}

S/EX{|un|<m}|wn|dx
< E.

According to Dunford-Pettis Theorem, we get
w, — w weakly in L} (Q). (4.30)

Now, thanks to (4.29), u,, remains bounded in Wg’p(()), we can extract a subse-

quence, still denoted by u,, such that
u, — u weakly in Wol’p(()) and a.e. in Q. (4.31)
By using the same arguments as in the proof of (4.17), also we obtain
Vu, — Vuae. in {|u| < m}. (4.32)

Next, since wy, € y(u,) almost everywhere in (), we conclude by a subdifferential

argument that w € (1) almost everywhere in Q).

4.3.3 Conclusion of the proof of Theorem 4.1.4
From (4.31), u;, — u a.e. in (), we have that
L(|un|) — L(Ju|) a.e. in Q.

By using L(|uy|))sign(u,) as a test function in (4.27), as b, has the same sign as uy,
and from (4.2), we get

L VL(uaDlax < [ ALl ldx. (4.33)
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Then, L(|uy,|) is bounded in Wé’p(Q), so that
L(|un]) = L(Ju|) weakly in Wy (Q0).
As a result L(|u|) is bounded in L' (Q) and
[{[u = m}| = 0.
Now, let 0 < k < m be fixed, v € Wé’p(ﬂ) N L®(Q) such that ||v]|eo < m —k and
choose Ty (u, — v) as a test function in (4.27), we have

/Q wy Ty (Uy — v)dx + /Q a(x, un, Vuy) - VTi(uy —v)dx = /anTk(un —ov)dx. (4.34)

Since f; is strongly convergent in L' (Q) to f and Ty (u, — v) converges weaklyx in
L*(Q) to Ty(u — v), we obtain

lim /anTk(un —0)dx = /Qka(u —v)dx.

n—oo
On the other hand, since wy, is weakly covergent in L'(Q) to b, Tj(u, — v) converges

a.e. to Ty(u —v) and || Ty (uy — v)||eo < k, then

lim [ w,T(u, —v)dx = / wTi(u — v)dx.
0

n—oo O

At last, we concentrate on the second term of (4.34), we divide it as the sum

/ a(x,un, Viy) - Vidx — / a(x,un, Vuy) - Vodx.
{[un—v|<k} {[un—v|<k}

By regarding that the second integral is on a subset of the set where |u,| < k+
[0]lo(q) = M < m, then, it can be written as

/ a(x, Tp(un), VTap(uy)) - Vodx.
{lu—v|<k}

Since a(x, Tp(uy), VTar(1t,)) is bounded in (LY (Q))N. Thus, by (4.31) and (4.32),
we obtain

a(x, Tnr(1n), VTar (1)) — a(x, Typ(1), VTar (1)) weakly in (LY (Q))N.
Therefore, the second integral converges, as n tends to infinity, to

a(x, Tap(u), VT (u 'Vvdx:/ a(x,u,Vu) - Vodx.
Sy 00 Taa(w), 9 Taa () P20
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From (4.2), the integrand function of the first integral is nonnegative, using Fatou’s
Lemma, (4.31) and (4.32), we obtain that

/ a(x,u, Vu) - Vudx < liminf a(x,un, Vuy) - Viydx.
{Jlu—v|<k}

100"y —o| <k}

Putting all the terms together, we get that

/QwTk(u—v)dx+ a(x,u,Vu)-V(u—v)dx < /Qka(u—v)dx,

{lu—o|<k}

which leads to (4.5). As a consequence, the proof of the existence of entropy solutions
(u, w) to the problem (U, f) is then complete.

4.4 Example

Let Q) be a bounded domain of RN (N > 2) with sufficiently smooth boundary 9Q
and let A(u) = —div(a(x,u, Vu)) where a(x,s,&) : Q x (—=1,1) x RN — RN is the
Carathéodory function defined by

a(x,s,8) = 1(s)[Z1"7%,

such that1 < p < Nand I(s) = So it is easy to show that (4.1)-(4.4) hold

;
(1 =1s[)r~

Let y be the maximal monotone graph given by

true.

@ if r<Q,
y(r) =4 (—o0,0] if r=0,
0 if »>0.

Finally, by Theorem 4.1.4, for all f € L!(Q) there exists an entropy solution based
on the Definition 4.1.2 to the following problem

A(u) =f in{u >0},
u) f in{u =0},
=0 on dQ).
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Chapter 5

Solvability of nonlinear multivalued elliptic problems
involving degenerate coercivity with variable exponents

The results of this chapter, which have been published in [5], generalize the corre-
sponding ones given in chapter 3 to the functional framework involves Sobolev spaces
with variable exponent.

5.1 Essential assumptions and statements of result

In this chapter, we deal with the following nonlinear multivalued elliptic problem
with Dirichlet boundary conditions:

. a(x,Vu) .
vy(u) —div ((1 - ‘u’)g(p(x)l)) 5f inQ,

u=20 ond(),

(P*, f)

where Q) is a bounded domain of RN, N > 2, with sufficiently smooth boundary
denoted by 9Q), p € C(Q) and a(x, &) : Q x RN — RN is a Carathéodory function
(i-e. a(x,¢) is continuous in ¢ for a.e. x € ) and measurable in x for every & € RY)
such that

Assumption (H)

a(x,8) ¢ = afg|Pt, (5.1)
a(x,8)| < Co (a0(x) + g1V 1), (5:2)
(a(x,8) —a(x,) - (G = &) >0, (53)

77



for almost every x € Q and all &, & € RN with ¢ # &, wherea > 0, Cy > 0 and g is a
nonnegative function in LP () ((}).
Assumption (H;)
The nonlinearity ¢ : R — 2R is a set valued, maximal monotone graph such that
0 € y(0).
Assumption (H3)
Throughout this chapter, if not otherwise specified, we always assume that
N(p~ -1
N-1
Let us now turn to our main result. In the same spirit of [6], we introduce the

2—%<p_§p(x)§p+<NandO§9(p+—1)< —-1. (54
following classes of solutions for the problem (P¥, f).

Definition 5.1.1. Let f € L®°(Q)). A weak solution of the problem (P*, f) is a couple of
functions (1, w) € Wl’p(Q) x L®(Q) such that w € y(u) a.e. in Q and

/ wodx + / 1+"‘| Vi) 5+ Vodx = /Q Fodx holds for all v € Wi (Q). (5.5)

In this chapter, our assumption on the data f € L!(Q)) does not assure the existence

of a weak solution. This forces us to use the notion of an entropy solution, which will
be presented in the definition that follows:

Definition 5.1.2. Let f € L!(Q). A couple of measurable functions (u, w) is called
entropy solution of (P*, f) if this couple satisfies the two conditions:

(C1) u : QO — R is measurable and w € L'(Q) such that u(x) € D(y(x)) and
w(x) € y(u(x)) for a.e. x in Q.

(C2) Foreachk >0, Ti(u) € Wl’P(x)(Q) and

/ wTi(u—v dx+/ (x, Vu -VTi(u—v)dx < / fTi(u—ov)dx  (5.6)
1+ |u|)0p(x)-1) 0

holds for all v € Wy"™ (Q) N L=(00).

Remark 5.1.3. We recall that the gradient of u which appears in (5.6) is defined as in
Lemma 2.1 in [25] to be the unique measurable function ¢ : () — RN such that

VTi(u) = X {ju|<k)

for a.e. x € () and for any k > 0.
Furthermore, if u € Wé’l (Q), then ¢ = Vu in the usual weak sense.
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Remark 5.1.4. Observe that the use of Ty(u — v) as a test function gives meaning to
all the terms in (C2). Indeed, the second integral in the left-hand side is only on
the set {|u —v| < k}, then, the integral is well defined, and on this set, we have
lu| < k+ ||v]| = M, as a consequence, we get
a(x,Vu a(x, VT (u
N r(u|>9<v<1>—1> VI o= [ r(TM<u>1>g<p)<1>—1> Vol
which is finite by the growth condition (5.2) on a.

The aim of this paper is to prove the following result stated bellow:

Theorem 5.1.5. Assume that (Hy)-(Hz) hold true and f € L1(Q), there exists at least one

entropy solution (1, w) of the problem (P*, f) in the sense of Definition 5.1.2. Furthermore,

v e W&,q(x)(g), with q(x) € (1, (p(xN):ll:g((ﬁill)))N> '

5.2 Existence of bounded weak solutions for L*°-data

We shall introduce and resolve the approximate problems listed in the subsection
5.2.1 before establishing the aforementioned Theorem 5.1.5.

For any f € L'(Q) and m,n € N, let f,,, : Q — R be the function defined by
fmn(x) = max(—n, min(f(x),m)) for almost every x € Q. Evidently, one has fy,, €
L*(Q) for every m,n € N and | fi,n(x)| < |f(x)] a.e. in ), as a result n%l_rgo nlgl;\ofmn =
fin L'(Q) and a.e. in Q.

The following theorem will give us an existence of weak solutions (i, Wy n) of
(P*, fmn) for every fixed m,n € IN:

Theorem 5.2.1. Assume that (Hy)-(Hs) hold true and f € L®(Q)), there exists at least one
weak solution (1, w) of the problem (P*, f).

Remark 5.2.2. Observe that the assumption on f given in the above theorem yields
L*(Q)) solutions for nonlinear multivalued elliptic problems involving degenerate
coercivity with variable exponents. The result (which is not depending on 6) is not

surprising, since if one looks for bounded solutions then the lack of coercivity of the op-

. a(x, Vu)
erator A(u) := —div ((1 + |u|)9(p(X)—1)

) (which is created by unbounded functions)
“disappears”.
We will divide our proof of the above Theorem 5.2.1 in several steps and we will

use standard techniques.
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5.2.1 Approximate problems for L*-data
Let f € L*(Q)), we consider the approximate problem of (P*, f), for 0 < ¢ < 1, by

'yg(T%(ug)) + earctan(ue) + Ae(ue) = f inQ),
(P, f)
U =0 ond(),
a(x, Vu)
1+ | Ts ()] )PP =1

where A¢(u) = —div (( ) and 7.(-) : R — R is the Yosida regu-

larization of y(-). Observe that, for every u € Wé’p(x) (Q)), we obviously have

7)) < Sl (relu), ) > Oand Limye(u) = y(u).

For a deeper treatment about the maximal monotone graph, we recommend that
reader consult [46].
We introduce the operator B; : W&’p(x) (Q) - W' ()(Q), defined by

(Beu,v) = / (fyg(Tl(u)) + earctan(u) + Ag(u)> vdx, forany u,v € W&’p(X)(Q).
0O €
Lemma 5.2.3. The operator B; : Wg’p(x) (Q) = WL W)(Q) is bounded, coercive and

pseudo-monotone.

Proof. Due to (5.2) and (5.3), B¢ is monotone and well-defined. As arctan and . o T
are continuous and bounded, again by the growth assumption (5.2), we conclude that
B is pseudo-monotone (see [56], p.157).

Next, forall u € Wé’p(x) (Q)), one has

(Beu,u) = /Q @ +a|(;1/(zu))‘ )'GZ?X)_l)dx + /Q <75(T%(u)) +sarctan(u)> udx,

since the second term on the right hand side is nonnegative, from (5.1), we get

o
> p(x)
(Beu,u) > (1+%)9(p+_1) /Q | VulPdx

> D‘/HVL‘H:;(X)I

with
_ P if Hqup(x) >1,
p+ if Hqup(x) <1
Hence, B; is coercive on Wé’p ) (Q). O
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In light of Lemma 5.2.3, for evey fixed ¢ > 0, the problem (S, f) has at least one
solution u, (see [82], [86]). In other word, forany 0 < e < 1land f € W_LP'(")(Q) there
exists at least one solution u, € Wg’p (=) (Q)) such that

(x, Viee) - W) Sdx = (f0)  (57)

/ (’)/S(Tl (ue)) +sarctan(ug)> vdx +/ i+ ]Tl TAIREGE

holds forallv € WS P () (Q), where (., .) denotes the duality pairing between Wg P () (Q)
and W17 () ().

The following proposition gives the uniqueness of solutions u, of (P, f) with the
right-hand side f € L®(Q) through a comparison principle that will play an important
role in the approximation of solutions to (P*, f) with f € L'(Q).

Proposition 5.2.4. For 0 < ¢ < 1 fixed and f,f € L®(Q), let ue, il € Wé’p(x)(()) be
solutions of (P, f) and (P}, f), respectively. Then, the following comparison principle holds

E/Q (arctan(ue) — arctan(ii¢)) " dx < /Q (f — f)signg (ue — ile)dx. (5.8)

Proof. By taking S(‘;(u€ — 1l;) as a test function in (5.7) for u, and ii,. Subtracting the

resulting inequalities, we get
1 2 3 4
Ie,(S + Is,(S + Is,é = Ie,(S

where

= [ (7e(Ta(u)) = 7e(To (1)) ) §F (1 — 1),

25 = / (arctan(ue) — arctan(il)) S (ue — ile)dx,
0

/vuél) a(x, Vﬁg) 3
I3 - / a(x o .v5+ _ dx,
“ o <(1 + T (ue) )PPO-1 (14 Ty (i) o= F (e — 1) dx

_ /Q (f — IS (tte — 1) dx.
It is easy to see that, for T > 0 and b > a > 0, the following inequality holds

| t(a—D)
- (1 + C)T+1

‘ ! 1 < 7|a — b| for some ¢ € [a, b]. (5.9)

1+a)7 (1+b)T
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By using (5.2) and (5.9), we have

a(x, Vi) a(x, Vi) o
N ’ e He d
5 =5 / { (ue—ile) T <0} ((1 + ’Tl( )))? (p(x)-1) (1+ ‘Tl(ﬁg)De(P(x)*l) V (ue — ile) Tdx

—C(5
> — (ag(x) + | Vitel? 1) - |V (e — 1) *|dx

{(ug—iig)* <6}

> —C/ ao —|— ’Vug|p B > : |v(”£ _ﬁ£)+’X{(ug—ﬁ€)+<(5}dx

then li{snirc)lf IS 5 = 0.
L0 e
By letting J | 0, we deduce (5.8). O
Remark 5.2.5. Let u,, i, € Wé’p(x) (Q) be solutions of (P, f) and (P, f), respectively,
where f,f € L*(Q) be such that f < f a.e. in Q and € > 0. So, it is a direct result of

Proposition 5.2.4 that u, < i, a.e. in ). Moreover, by the monotonicity of 7, o T it
follows that also ¢ (T1 (1)) < ve(T1(ile)) a.e. in Q.

Next, we need a priori estimates on the weak solution u, of approximate problems
(P¥, f) and show that the solution has the regularity needed to give sense to the weak
formulation and that it is possible to pass to the limit in the part with the differential
operator.

5.2.2 A priori estimates

If we choose the test function G (H (u,)) in the weak formulation (5.7), where

s dt
H(S):/o m,

we obtain

a(x,Vug) - Vug
Jr, (e earctanuo)) GG+ [ : |Tg<u)g>|>ep<x> '

- /kackm(ue))dx,

such that Xy = {|H(u¢)| > k}.

By using (5.1) and the fact that v, is nondecreasing with ,(0) = 0, it follows that
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« [ IVG(Hwe)"Mx < | |fl1Ge(H(ue)) dx. (5.10)

In view of the Sobolev inequality, we have
2

[ VG @) > ¢ ( /. |Gk<H<ug>>|P*<x>dx) " (5.11)

where

. p*t i Ge(H (ue)) o) = 1, on = p™if [[VG(H(ue))llpx) < 1,
p*if [[Gr(H(ue)) || ey <1 p~ if [VGr(H(ue)) px) > 1.

By (5.10) and (5.11), we obtain

P2

x P1
(J, 16k )" < Callg | GotH )
1
*(x 1
< Clvs g (16 P D)™

Thus

p2-1

o 1
< C3| X | P3

(, I6utH G )

where N
*/ :

_ {P if |Ixxllpr) <1
103 - Y .

p if HXXka*’(x) > 1.

Let k' > k, it is clear that X, C X} and

|Gi(H (ue))| = K —k

on the set X;,. Hence

C Pl
- - |Xk| (o2—1e3
(k' — k)P

We have (pzf—ll)% > 1, as a result, by Stampacchia’s Lemma, H (1) is uniformly

bounded (see [102, Lemma 4.1]).
The properties of the function H (especially the fact that lim H(s) = o) give a

S— 00
bound for u, in L*(Q)), that is

| Xp| <

|[tte| [0 (2) < Coos (5.12)
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with Cy is a constant that don’t depend on e.

Next, by choosing i, as a test function in (5.7), we get

/ (’yg(T1 (ue)) + 8arctan(ug)> Uedx +/ n |§“17:$)| Vus / Fugds,

since the first term on the left hand side is non-negative, from (5.1), we obtain

Ve [P /
< dx.
a/ O (14 fue|)?r =1 = Q|f||u8|x

As the norm of u, in L*(Q)) is bounded, we conclude that

P4 p(x)
IVullft, < [ 1Vl < € (5.13)

where

_ P if Hqup(x) >1,
p4 - + .
p if ||VM||p(x) <1

Now, arguing as in the same way as in [6], i.e. taking F(Tiys(7e(T1(1e))) —
Ti(7:(T1(ue)))) as a test function in (5.7), passing to the limit with § — 0 and choosing
k > || fl|eo, we oObtain

17e(Ta (ue)) oo < [1fl]eo- (5.14)
5.2.3 Basic convergence results

This step’s goal is to present the convergence results that are required for the proof
that solutions exist.
Taking into account (5.14), there exists w € L®(Q)) such that

Ye(T1(ue)) = win L*(Q). (5.15)

€

According to (5.13), ue remains bounded in W& p(x) (Q)), we deduce that, there exist
a subsequence (not relabeled) and a function u such that

ue — u weakly in W&’p(x)(Q) and a.e. in Q. (5.16)
We will demonstrate that
ue — u strongly in Wé’p(x)(()). (5.17)
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1
By choosing u, — u as test function in (5.7), we get that, for — > Coo,

/Q (%(T%(ug)) + sarctan(ug) — u)dx +/ o l; , Vi) ) (Vite — Vir)dx

= /Qf Ue — u)dx. (5.18)

Concerning the first term on the left-hand side of (5.18). In virtue of (5.16), we get
ue — uin L'(Q) and by (5.15), we obtain

lim ('yg(Tl(ug)) + sarctan(ug)) (ue —u)dx = 0. (5.19)

e—=0J0O

Likewise, since f belongs to L*(Q)), we have

lim / Flite — u)dx = 0. (5.20)

e—=0.J0

On the other hand, by (5.19) and (5.20) one has

) a(x, Vi) B
?35/0 (1 + |ue)PP -1 (Ve = Vu)dx =0.

By using (5.2) and Vitali’s Theorem, we get that
a(x, Vu) R a(x, Vu)
(14 Jue)0PE)=1) (1 4 |u|)0p(x)-1)
We deduce, by (5.16), that

strongly in (LP'(¥) (Q))N.

, a(x, Vu) B
liy [ e (Ve = Vadx 0.

Then, we obtain

. a(x, Vi) B a(x,Vu) . B B
?L%/Q<(1+|u€;)e<p<x>1> A5 upfomn ) (Ve = Vidx=0. (521

According to (5.3), the integrand function in the left-hand side in (5.21) is nonnega-

tive, so,

a(x, V) a(x, Vu) o
((1 + [ )PP (14 Jue)or@-1) ) (Ve = Vu) = 0in L(€0).
So, up to a subsequence still indexed by ¢, we have

a(x, Vie(x)) a(x, Vu(x))
((1 + |ue(x)])0p(x)=1) B (1+ |u£(x)|)9(p(x)—1)) +(Vue(x) = Vu(x)) =0
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for almost every x in .

Consequently, there exists a subset I' of () of zero measure, such that for every x in
O\T, one has

B a(x, Vue(x)) a(x, Vu(x))
Delx) = ((1 e NPT (1 g () )P ) (V) = ux) =0,

lu(x)| < oo, |Vu(x)| < oo, |ap(x)| < coand ug(x) — u(x).

As a result, from (5.2), (5.1) and (5.12) we can write

D) 2 i e |Vl = e (L V)| + V)P, 652

where c(x) is a constant which depends on x but does not depend on ¢, which shows,

in view of (5.22), that the sequence |V, (x)| is uniformly bounded in RY with respect

to e. Now, arguing as in the same way as in Lemma 3.4. in [24], we get

ug — u strongly in Wg’p(x)(()).

5.2.4 Proof of Theorem 5.2.1

Now, we can show that (1, w) satisfies (5.5). To do this, coming back to (5.7) and let
1
v E W;’p(()). For every — > Coo One has

/ <’Ys(T1 (ue)) + earctan(u€)> vdx +/ 7 +X|Z|b;s) )

In view of (5.17), we have for a subsequence

dx—/ fodx.  (5.23)

Vu, — Vua.e. in Q),

which with
U, — u a.e. in )
a(x, Vi)
(1+ |u€|)9(P(x)—1)
a(x, Vi) N a(x, Vu)
(1+ |u£|)9(P(x)—1) (14 |u|)9(lﬂ(x)—1)
Then, passing to the limit in (5.23), we get

yields, since is bounded in (LF'(¥) ()N,

weakly in (L”' ) (Q))N.

xVu 1p(x)
d+/ 5 Vodx = [ fodx e W@ ().
/wvx A )P vdx vax or any v 0 ()
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5.2.5 Subdifferential argument
To demonstrate that u(x) € D(y(x)) and w(x) € y(u(x)) for almost all x € ), we

use the same arguments as in the subsection 2.2.5.

We therefore complete the proof of Theorem 5.2.1 with this final step.

5.3 Existence and regularity of entropy solutions for L!-
data

5.3.1 Approximation problems for L!-data and a priori estimates

For m,n € N and f € LY(Q), let f,, € L®(Q) be defined as in the beginning of
section 5.2. In view of Theorem 5.2.1, there exists a solution (4, n, Wmn) of (P*, fun)
such that uy, , € Wé’p(x)(()) NL®(Q)), wmn € L*(Q) and

xVumn)
d +/ - Vod :/ d 5.24
/ Wiy nodx (EaTECGED vdx Qfm,nv X (5.24)

holds for all v € Wé’p(x)(()) and m,n € IN.

Claim 5.3.1. Suppose (Un,n, Wm,n) is a solution of (P*, fy,,). Then, for k > 0, there
exists a constant C(k) > 0, not depending on m, n € IN, such that

< C(k), (5.25)

| ‘Tk(um,n) | ’W&’Mx) (Q)

and
Hwmnllpy < N1 fll1a)- (5.26)

Proof. By taking Ty (um,») as a test function in (5.24), we obtain

(x,Vu
/ Wi T (U n ) dx ‘l'/ mn) - VT (i )dx = / finn Tk (U, ) dx.
(1+ |um n[ -1) Q
(5.27)
Since wy, , has the same sign as u,, , and from (5.1), we get
o 19 Tylatn) PO < (1407 VK] 1 g (528)
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Now, to obtain (5.26), we drop in (5.27) the positive term and keep

/me,nTk(“m,n)dx < /Qfm,nTk(”m,n)dx < kaHLl(Q)r

since Wy, € yY(Umn) a.e. in O, it follows that

/ |wm,n
{lwmn| >k}

by passing to the limit with k | 0 and applying the Fatou’s Lemma, one has

dx < [|f[lp1 ()
| lewmaldx < 11fll11 0.

5.3.2 Weak convergence of Ti(u,) in Wg’p(x) (Q)
By definition, f,, , is a bi-monotone approximation of f in L'(Q),
fin < fmsin and frni1 < fn
According to Proposition 5.2.4 it follows that
U < Uiy 1, AN Uy g <ty (5.29)

a.e.in Q) forall m,n € IN and any ¢ > 0.

Then, passing the limit as € | 0 in (5.29) yields
Upn < Um+1,n and Umn+1 < Umn (5-30)

a.e. in Q) for all m,n € IN.

Setting w® := y¢(T1(ue)), using (5.29), Remark 5.2.5, the fact that wy, , 2 Wy, in
L*(Q)) and this convergence preserves order, we obtain

Wi < Win+1,n and Wi,n+1 < W (5.31)

a.e. in () for all m,n € IN.
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From (5.26) and (5.31), we get
Wi Tm w" |, win Ll(Q)z

where w",w : () — R are measurable functions, finite a.e. in (). Here, we use the
notation |, respectively 1, to denote convergence of a sequence which is monotone

decreasing, respectively increasing, in n.

In view of (5.30), we conclude that
Ump Tm u" Ly nae inQ,

where 1", u : Q) — R are measurable functions.

So as to prove that u is finite almost everywhere, we will give an estimate on the

level sets of 1y, , in the following Claim 5.3.2.

Claim 5.3.2. For m,n € N, let (t4ys,n, W ) be a solution of (P*, f, ). Then, there exists
a constant C > 0, not depending on m,n € IN such that

{|tmpu| > 1} < CI7°  foralll >1, (5.32)

where @ = (p™ — 1) (g;:i-@)

Proof. By Chebyshev’s inequality and Poincaré’s inequality in Wg’p (Q), also by (5.28),

we have
" il 2 < [ Tyt I
{|”m,n|21}
<C (/ N T (st |7 dx +/ |VTl(um,n)|”(x)dx>
{IVT ()| <1} {IVTi(umn)|>1}
<C (|Q| +/ |VTl(um,n)|"’(x)dx>
Q
Then, we obtain (5.32). [
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Clearly (5.4) in particular implies © > 0. Note that, as (1, )m is pointwise increas-

ing with respect to m, we get

dim [t > 1Y = [{u" > 1} 539)
and
1im [{un < —1}] = |{u" < -1} 534

Combining (5.32) with (5.33) and (5.34), we obtain
{u" < =1} + [{u" > 1} <CI7® (5.35)

forall I > 1, thus u" is finite a.e. for any n € IN.

Using similar justifications, we conclude that
{u < -0} +[{u>1} <cCr® (5.36)

from (5.35), it follows that u is finite a.e. in Q). Next, since Wy, € ¥(Um,) almost
everywhere in () we deduce, by a subdifferential argument, that w" € (u") and

w e vy(u)ae in Q.

In the sequel of this section, for m,n € IN, let (ty,n, Wm,n) be a solution of (P*, fin).
We construct a subsequence (m(n)),, by applying the diagonal principle in L}(Q)),
such that

Wy = Wyy(p),n — W iN L'Q) and a.e. in O,

fn = fumyn — fin L'0O) and a.e. in O,

it follows that
Un = Up(y),, — U CcONverges a.e. in (). (5.37)

Using (5.25) and (5.37) together, for any k > 0, we obtain

Te(un) — Te(u) in W™ (). (5.38)
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5.3.3 Some regularity results

Claim 5.3.3. There exists a subsequence of u, such that, for each

q(x) € (1, (P(xN):llig((gj:ll)))N), (5.39)

we have

Proof. Take k > 0 and denote By = {k < |u,| < k+ 1}. We choose the test function
T1(un — Ti(uy)) in the weak formulation (5.24), to obtain

B (x, Vi) - VTl(Hn Ti(un)) , _
/wnTl Ty (1) dx+/ A+ gD dx—/anTl(un Ti(un))dx,

using (5.1) and the fact that -y, is nondecreasing with 7,(0) = 0, we get

|Vun |p(x)
“A%(1+¢uﬂ)wmn_ndxfiHpr«n

particularly, there exists C; > 0 such that

[ Vun|P-
< (1. .
/Bk (1+‘l/l D p+ 1)dx_cl (541)

In a first step, let g+ be a constant such that

(p"—1-6(p" —1))N

1<gt 42

ST STN 1o -1 (542)

Note that (5.42) in particular implies g7 < p~ and p:rq — < g where r =
9 0(pT —1)
P :

Next, we will estimate / |V, |7 dx for all k > 0. According to (5.41) and Holder’s
By
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inequality, we conclude that

- |Vit,| 7
Yu,|T d :/ I L) NS d

gt p~—qt

|v1/ln|p7 7 / 7_p_r
< d 1+ A |
‘</Bk<1+|u T ||y, (U e
p_—q
p_—q" pr -
<GlB| T +GC /yun|pq+dx
By
gt

p——q e qJ%* P_%‘I_%
<GIB| 7 +C /B|un|‘7 ax )" B T
k

Clearly |B| < > 1, one has
1 Pt 1 P
/ Vi T dx < cz( / Pl dx) S (/ 1|7 dx) ’
k1" JB, ﬁ*(M_%) B,
k P~ qt
C P
< 4 (/ |un|’4+ dx) S (5.43)
qu*(pi__EleiL*) Bk
k p gt
Now note that
N ko—1
/Q|Vun|‘7 dx— / V1, |7 dx + Z/ Vi, |1 dx. (5.44)

From (5.41) and Hoélder’s inequality, we deduce

/|Vun|’7+dx§Ck0+ Z/ Vit |7 dx
QO k:ko Bk

oo 1 o0 %
< Gk, +C4 Z ) — (kzk /Bk |un|q+ dX>
=ko

= T = L
k=ko k‘i < T )T
/
00 1 P (" —q")
<C C .
S Gy +C4 Zk e _q+ N [u n||Lq+
= kq T ) T
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- + oo
Since g+~ (P 1 _ 7 ) P > 1 yields Z ! converges.

_ +* + , - ; _
T o v (52 )
Then
q“(p*—q*)
/ [Vl < Coy + Gl (5.45)

Applying the Sobolev embedding W, L7 (Q) C L7 (Q), one gets

(/ 10T dx) " <C6/ Vi, |7 dx

gt (r—=q")
< Ciy + Crllual, )

In other words,

+
- ) < Crg+ Gl

()
. Since p~ < N one has ¢ < q" and as a result, we get that

Q)

a7 (p~—q")

where ¢ := =

(@)

for some constant C > 0. As a consequence, there exists a constant C’ > 0 such that

Hu"|lwé'q+ <C,

Junlliagay < € (5.46)

Now let us consider a continuous variable exponent g on Q verifying the pointwise
estimate (5.39). According to the continuity of g(+) and p(-) on Q, there exists a constant
0 > 0 such that

. (ply) —1-0(p" —1))N
max < min for all x € Q). 5.47
yGB(xlé)ﬂQq(y) yeBxona N-—1-0(pt —1) (5:47)

Note that Q) is compact and therefore we can cover it with a finite number of balls

|IB;NQ| >pforalli=1,..k. (5.48)

We denote by g; and g;" (respectively p;” and p;") the local minimum and the local
maximum of g on B; N () (respectively the local minimum and the local maximum of p
on B; N ().
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Using now the same reasoning as before locally, we get that inequalities (5.43) and
(5.44) hold on B; N By and B; N (), respectively. In particular, it is easy to check that,
instead of the global estimate (5.45), we find

o
/ |Vun|’ﬁdx < Cry+ Y, / |Vun|qfdx
B.NO) V=, JBinBy

i
N P
ad 1 > q+ d i
S Cko + C4 Z % pf—q% r P Z /BﬁB ‘un’ 1 *
Bt a)) B
k i i i
0
- ) P g (p7 —ah)
< Cr, + Cy u J, (5.49)
’ k—zko ‘li+*<piqz'+— Z*)pl* H nHLq;r (BiNQY)
k P; q; q;
Fo(p —1
where r; = w
i
Denote by 1, the average of u,, over B; N ():
1
Uy, = ———— Undx.
BNl Jena "
In view of (5.46) and (5.48), we deduce that
C/
|1y, < s (5.50)
By Poincaré-Wirtinger’s inequality, we obtain
— Uy, x < .
ltn =l g gy = GBIVl i (5.51)

for some constant Cg > 0.

Keeping in mind (5.47), from (5.50), (5.51) and (5.49), we conclude that

+ .
[ < Co+ Crollun||* .. ,
i 0) L% (B;nQ)

i

for some constants Cy, C19 > 0, where ¢; :=

o~ 4
9 (p —aq) +
- < qi :

1
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Clearly, this gives that, for some constant Cq1, depending on p(-), 4(-) and Cy,
g
[un ] - < Cn (5.52)
L% (B;nO)
foralli =1,..., k.

Finally, since 4" > g*(x) > g(x) and ;" > q(x) for all x € B; N Q and for all
i=1,...,.k, we deduce from (5.49) and (5.52) that

||un||L’7*()(Q) + HuﬂHW(}/q()(Q) S C12/

for some constant C1, depending on p(+), 4(-) and Q. So, the proof of the Claim 5.3.3 is
concluded. 0

In order to pass to the limit in the weak formulation (5.24), the almost everywhere
of the Vu,, to Vu is required.

5.3.4 Almost everywhere convergence of gradients

Claim 5.3.4. There exist a measurable function u and a subsequence of u;, still denoted
by uy, such that
Vu, — Vua.e. in Q. (5.53)

Proof. The proof for this claim is practically similar to that establishing in [108, Lemma
4.1]. Due to small modifications, we simply outline the main processes in this proof.
Let A be a real number between 0 and 1 which will be determined later, define

a(x,§)
(1+ yu|)9(r'(x)*1)

a(x,u,) =

and
En:/Q((a(x,un,wn)—a(x,un,w))-V(un—u))%zx.

It is clear that E, is well defined and E,, > 0 thanks to (5.3). We fix k > 0 and split
E, on the sets {|u| < k} and {|u| > k}, we obtain

E, = El(i’l,k) + Ez(]’l,k),
where

_ ~ - A
Ei(n, k) = /{|u|>k} ((a(x, un, Vuy) —a(x, uy, Vu)) - V(u, —u)) dx
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and

Ex(n, k) = /{u|<k} ((x, 1, Vitg) — 3(x, 10, Vit)) - V (1 — 1)) dx.
For E;(n, k), we have
Ex(n, k) < Es(n, k) = /Q (@(x, 14, Vity) — 3(x, 11, V(1)) - V (1t — Tie())) .

For h > k+ 1, we split E3(n, k) on the sets {|u, — T (u)| < h} and {|u, — Ty (u)| >
h}, we get

Ealbl) = [ (@, Vi) = 5, VIL(0)) - V00— Ty(w))
and

= a —d(x,u u . Uy, — u A X
E5(n,k,h)—/{un iy (@ 0, F00) =250, VT(10) - ¥ it = Ty(w)))

—/ (%, 1, Vity) — G(x, tt, VT (1)) - VT (1 — Ty (1)) dx

< QA (/Q (@(x, 1, Vi) — 8(x, 1, V(1)) - VT (1t — Te(ut ))azx)A
= 0" (Eo(n,k,1))"
The term Eg (1, k, h) can be written as the difference Ey(n,k, h) — Eg(n, k, h) such that
Es(n, k, 1) = /Q G(%, thn, Vity) - VT (1n — Ty (10))dx
and
Eg(n,k, 1) = /Q 3(x, i, VT (1)) - VT (1t — Tie(1))dx.
Now we choose A < 1 such that Ap™ < g~ where g is the same as in Claim 5.3.3.
Due to (5.37), (5.38), (5.40) and in similar fashion as Lemma 4.1. in [108], it yields that
lim limsup E;(n,k) =0,

k—eo p o0

lim lim limsup E4(n,k, k) =0,

k—ooh—00 500

lgn Es(n,k,h) = 0.
n—oo
For E;(n,k,h), let us take, for h > 0, Ty, (1, — Tr(1)) as a test function in (5.24), to

x Vun VTh( Tk
/w n( K (u))dx + CENPRILEEEY . n( k(u))dx
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By the strong convergence of f, and wy, in L} (Q)), we conclude that

lim E7(n, k, 1) = /QfTh(u — To(u))dx — /QwTh(u ~ To(u))dx.

n—o00

As a result,
lim lim Ey(n,k,h) = 0.

k—o00 n—00

Putting together all the limitations, one thus has

lim E, = 0.

n—oo

So, in the similar way as in [108], we obtain that

Viu,(x) — Vu(x) a.e. in Q.

5.3.5 Conclusion of the proof of Theorem 5.1.5

We are now able to prove the result of existence of entropy solution of the problem
(P*, f) announced in Theorem 5.1.5.

Letv € Wé’p(x)(ﬂ) N L*(Q) and k > 0 be fixed, by taking Ty(u, — v) as a test
function in (5.24), one has

(x, Vuy) - VTk( Uy —
/wnTk -0 dx+/ (1 F [P /fnTk —ov)dx. (5.54)

As w, and f, are strongly convergent in L' (Q), while Ty (u, — v) converges both
weakly* in L*(Q)) and a.e. to Tx(# — v), we obtain

lim [ w,T(u, —v)dx = / wTi(u — v)dx
0

n—oo JO
and

lim /anTk(un —0)dx = /Qka(u —v)dx

n—oo

Lastly, let us examine the second term of (5.54), we split it as the sum

/ a(x,vun)-Vun dx—/ a(x’Vun) -Vo i
{Jun—o|<k} (1 + |uy)0(P)=1) (un—ol<k} (1 + |uy])ePO-1 7
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Observe that the second integral is on a subset of the set where |uy,| < k+ [[0]| () =
M, thus, it can be written as

/ a(x, VTa(uy)) - Vo
dx.
{Jun—o|<k} (14 |Tpg(uy)|)0P(0)-1)

a(x, VTyp(uy))
(14 | Tap(uy)|)0P-1)
we obtain

a(x, VTm(ua)) a(x,VTyu(u))
(14 | Tar ()| )0 (PO-1) (14 | T (u)])0p(x)=1)

is bounded in (L' (¥) (Q2))N. Thus, by (5.37) and (5.53),

Since

weakly in (LP' ) (Q))N.

Then, the second integral converges, as n goes to infinity, to

/ a(x, VTp(u)) - Vo dx—/ a(x,Vu)-V i
{lu—ol<k} (14 [Ty () )OPE=D"" 7 Jijuol<ky (14 [u)opC)-1D7"

Due to (5.1), the integrand function of the first integral is nonnegative, so, using
Fatou’s Lemma, (5.37) and (5.53), we obtain that

a(x,Vu)-Vu Lo a(x, Vuy) - Vuy,
dx <1 f
/{|uv§k} (1 + [u)PG D = TS f i, ofiy (14 [, ]) 0G0

Finally, putting all the terms together, we get

a(x,Vu)-V(u—0o)
< - .
{u—ol<k} (1 + |u])?P®-D) dx < /Qka(u v)dx

/ wTi(u —v)dx +
0

which is (5.6). As a result, (1, w) is an entropy solution of the problem (P*, f). Claim

5.3.3 ensures the regularity of the entropy solution u.

So that the proof of the Theorem 5.1.5 is now completed.
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Chapter 6

Existence and uniqueness of renormalized solution of a
nonlinear elliptic inclusion problems in Orlicz-Sobolev
space

In this chapter, we study a nonlinear elliptic inclusion problems with L!-data in the
setting of Orlicz Sobolev space. We obtain the existence of the renormalized solutions by
using truncation techniques and a generalized Minty method in the functional spaces.
Under an additional strict monotonicity assumption uniqueness of the renormalized
solution is established. The results of this chapter, which have been published in [11],

generalize the corresponding ones given in [105].

6.1 Essential assumptions and statements of results

Let Q be a bounded open subset of RN, N > 1, with the segment property. Let M
be an N-function such that M satisfies the A, condition.
Our aim is to show the existence and uniqueness of renormalized solutions to the

following nonlinear multivalued elliptic problem with Dirichlet boundary conditions

B(u) —div(a(x,Vu)+F(u)) > f in Q,

(E, f)
u=20 on 0(),

with right-hand side f € L'(Q), F : R — RY is locally Lipschitz continuous and the
nonlinearity B : R — 2R a set valued, maximal monotone graph such that 0 € 5(0).
Furthermore, a : QO x RN — RY is Carathéodory function satisfying for a.e. x € Q and
all &, € RN the following assumptions:
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la(x,&)| < c(x) + kM M(ka|g]), 6.1)
(a(x,€) —a(x, 7)) - (& —1) >0, 6.2)

a(x,8) & > aM (@) , (63)
where ¢(x) € E5;(Q), ¢ >0,ki, kp > 0and a, A > 0.
Remark 6.1.1. The following argument will be frequently used to treat the ”convection”

term F(u) - Vu in (E, f). Observe that for u € WiLy(Q) and F = (F, ..., Fy) €
L®(R,RN) such that F(0) = 0, we have

/ F(u) - Vudx = 0. (6.4)
0

S S S
Proof. Let us define/ F(t)dt := (/ Fl(r)dr,...,/ FN(T)dT) and ¥ : R — RV,
0 0 0

S
Y(s):= / F(t)dt fors € R.
0
Note that ¥ is a Lipschitz continuous function such that ¥(0) = 0 and therefore
You e (WiLy(Q))N by Lemma 1.3.1. Furthermore

aixi(TO u) = F(u)aiXiu in D'(Q) foranyi=1,..., N.

As a consequence,

_div (/Ou F(r)dr> — F(u)- Vuin D'(Q). 6.5)

Then, (6.4) follows by using (6.5) and the Gauss-Green Theorem for Sobolev func-
tions from u = 0 almost everywhere on 0Q). O

Definition 6.1.2. Let f € L*(Q)). A weak solution to (E, f) is a couple of functions
(u,b) € WiLm(Q) x L}, (Q) satisfying F(u) € (L, .(Q))N, b € B(u) almost every-
where in () and

b—div(a(x,Vu)+ F(u)) = f in D'(Q).
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Remark 6.1.3. Note that no growth hypothesis is assumed on the function F, which
implies that for a solution u € W} Ly (Q) the term div F(u) may be meaningless, even
as a distribution. As in [40] we shall use the following definition of renormalized

solutions for problem (E, f) in the following sense:

Definition 6.1.4. Let f € L!(Q). A couple of measurable functions (u,b) is called a
renormalized solution of (E, f) if

(Ry) u:Q — Ris measurable, b € L'(Q) and b(x) € B(u(x)) for a.e. x € Q.

N

(Ry) Foreachk >0, Ty(u) € WJLpm(Q), a(x, VT (u)) € (Lz(Q))" and

/Qbh(u)(pder/Q(a(x,Vu) +F(u)) - V(h(u)p)dx = /th(u)(pdx, (6.6)
holds for all 1 € C}(R) and all ¢ € WiLp(Q) N L2(QY).

(Rs)
/ a(x,Vu)-Vudx —0asl — oco.
{I<|ul<I+1}

Our main results in this chapter are the following Theorems:
Theorem 6.1.5. For f € L'(Q), there exists at least one renormalized solution (u,b) to (E, f).

Theorem 6.1.6. Let B be a strictly increasing, continuous function. For f € L(Q) let (u,b)
and (i1, b) be renormalized solutions to (E, f). Then u = @i and b = b.

6.2 Existence and uniqueness of solutions in the case of
fer(Q)

To prove Theorem 6.1.5, we will introduce and solve approximating problems. For
f e LY(Q) and m,n € N we define fy, : Q — Rby fi . (x) = max(—n, min(f(x),m))
for almost every x € Q. Clearly, fy,, € L*(Q) for each m,n € N, |fun(x)| < [f(x)|
a.e. in ), hence lim lim f,,, = f in L}(Q) and a.e. in Q. The next Theorem will give

mM—00 N—00
us existence of renormalized solutions (i, n, by,n) Of (E, fn) for each m,n € IN:

Theorem 6.2.1. For f € L*(Q), there exists at least one renormalized solution (u,b) to
(E, f)-

We will divide our proof of the above Theorem 6.2.1 in several steps.
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6.2.1 Approximate problems for L*-data

For 0 < € <1, let us consider the following approximate problem

,BE(T%(uE)) + earctan(u,) — div (a(x, Vue) + F(T%(ug))> =f inD'(Q),
(Ee, f)
ue € WiLp(Q),

where B:(-) : R — R is the Yosida approximation of B(-). Note that, for any u €
W3 Ly (Q) we have

(o)) >0, [Bew)] < ~lul and limpe(u) = p(u),

we refer the reader to [46] for more details.

As Ty (u)] < % we have |B(T: (ue))] < 812 and [F(T; (u))] < C since F is contin-
uous. From Proposition 1 and Remark 2 due to [73], the problem (E,, f) has at least
one solution u,. i.e., foreach0 < e < land f € W’lLE(Q) there exists a solution
e € WiLp(Q) to the problem (E,, f) such that

/Q <,Bg(T%(ug)) + sarctan(u€)> pdx + /Q <a(x,Vug) + F(T%(ug))> -Veodx = (f,¢)

(6.7)

holds for all ¢ € W} Ly (Q), where (.,.) denotes the duality pairing between W Ly (€2)

and W L(Q).

In the following proposition, we discuss uniqueness of solutions u. of (E., f) with

right-hand side f € L*(Q)) through a comparison principle that will play an important

role in the approximation of solutions to (E, f) with f € L}(Q).

Proposition 6.2.2. For 0 < ¢ < 1 fixed and f, f € L*(Q) let u,, il € W&’p(ﬂ) be solutions

of (Ee, f) and (E;, f), respectively. Then, the following comparison principle holds

s/Q (arctan(ue) — arctan(iie)) " dx < /Q (f — f)signg (ue — ile)dx. (6.8)

Proof. We use the test function p; (e — il¢) in the weak formulation (6.7) for 1, and
ile. Subtracting the resulting inequalities and passing to the limit with § | 0, (6.8)
follows. 0
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Remark 6.2.3. Let f, f € L*(Q) besuch that f < fa.e. inQ, e > 0and u, i € W&’p(ﬂ)
be solutions of (Eg, f) and (E, f), respectively. Then it is an immediate consequence of
Proposition 6.2.2 that u, < i, a.e. in (2. Moreover, from the monotonicity of B¢ o T it

follows that also Be(T1(ue)) < Be(T1(ile)) a.e. in Q.

6.2.2 A priori estimates

Lemma 6.2.4. For 0 < ¢ < land f € L®(Q) let u, € WLy (Q) be a solution of (Ee, f).
Then there exist two constants Cy and Cy, not depending on €, such that

/ M (M)dx < Cq for some A > 1, (6.9)
Q A

(a(x, Viug))eso is bounded in (LM(Q))N , (6.10)

|| V||, < Cy for some p > 1, (6.11)

[1Be(T1 (1e)) |0 < [ f]eo, (6.12)

[{l<u£<l+1} a(x, Vug) - Vuedx < /{|u£|>l} | f|dx (6.13)

holds for all | > 0.

Proof. Taking u, as a test function in (6.7), we have

/Q (ﬁg(T%(uS)) —i—sarctan(u£)> ugdx—i—/ﬂa(x,vug) Viedx

-|—/QF(Ti(ug))-Vugdx:/ﬂfugdx.

As the first term on the left-hand side is nonnegative and the integral over the

convection term vanishes, we get

/Qa(x,Vug)-Vugdxg/qude.

By (6.3) and Young’s inequality we get (6.9) and then [ a(x, Vi) - Vuedx < C, so
one has by Proposition 5 of [73] that (6.10). By Proposition 1.3.4, we obtain (6.11).
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Using the same arguments as in [0], i.e. taking ¢;c = 3(Tiys(Be(T1(1e))) —
Ti(Be(T1(ue)))) as a test function in (6.7), passing to the limit with § — 0 andschoosing
k > [|f]]oo, we get (6.12).

Finally, for I > 0 fixed, by taking Tj(u, — T;(u¢)) as a test function in (6.7) we
conclude (6.13). O]

Remark 6.2.5. By the Chebyshev, the Poincarée inequality, (1.5) and (6.9), we get
[T (ue) |7
I > 1] < [ S5

< C(p, NP [ 9T () P
< C(p, N, )I"P.

Then from Lemma 6.2.4, we deduce

/ a(x, Vite) - Viedx < ||[flleo| {ute] > I} < C(p, N, /)IP. (614
{I<|ue| <141}

6.2.3 Basic convergence results

Lemma 6.2.6. For 0 < ¢ < land f € L™(Q) let uc € Wi Ly (Q) be a solution of (Ee, f).
There exist u € W3 Ly (Q), b € L®(Q) such that for a not relabeled subsequence of (11¢)e=0
ase — 0

ue — u in W)Ly (Q) for o(T1Lpg, TTE;), (6.15)
ue — uin Ep(Q) and a.e. in O, (6.16)

Ueg — U in W&’p(Q)for some p > 1, (6.17)

ue — uin LP(Q)), (6.18)

Be(T: (1)) X bin L®(Q). (6.19)

Moreover, for any k > 0,

a(x, VTi(ue)) = a(x, VTi(1)) in (Lyr(Q))N for o(TTLzy, TIEy). (6.20)
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Proof. (6.15)-(6.19) follows directly from Lemma 6.2.4. It is left to prove (6.20). First,
since (a(x, Vi) )eso is bounded in (LM(Q))N, there exists ®y € (L37(Q))" such that

a(x, VTi(ue)) — @ in (Liz(Q))Y for o(TTLyz, TIE ).
We intend to show now that
P =a(x, VTi(u)) a.e. in Q.

By Lemma 1.3.3 there exists a sequence (v;); C D(Q) which converges to u for the
modular convergence in W} Ly (Q).
For | > k, taking ¢ = hy(ue)(Ti(ue) — T(v;)) as test function in (6.7), we get

Lo+ B+ L+ I, + 1, =10, (6.21)

where
Lo = [ (Be(Ty(ue)) + earctan () )y (ae) (Te(ne) — Te(2)))
2= /Q a(x, Vue) - (VTi(ue) — V(o)) (e )dx,

3= /Q a(x, Vi) - Vueh (1) (Te(ue) — T(v;))dx,

= /Q F(T1 (1)) - (VTi(t) — Vi) (1),

13 = [ F(Ty(e)) - Vueh(ue) (Te(ue) = Ti(oy))x,

19 = [ flu(ae)(Te(we) = Tioy) ).

We will deal with each term. In view of (6.16) and (6.19) from Lemma 6.2.6, we
have I (ue) (Ti(ute) — Tie(v))) — () (Tie(u) = Tie(vy)) in L'(Q2) and Be(T1 (ue)) —
bin L®(Q)) as ¢ — 0. Then
lim1!;, = / by (u ~ T (0;))dx.

e—0
Since hy(u)(T(u) — Ti(v})) 20in L®(Q) as j — oo, we get

lim lim I =0.

j—o0e—0 ejl

Similarly, we have

lim lim Ig ;1 =0.
j—ooe—0 oL

105



For ¢ > 0 small enough, we can write
= [ F(Tia(ue) - (TT(e) = V(o)) (),
therefore by (6.17), since VT (1) — VTi(u) weakly in (LP(Q))V, it follows that
hmﬁﬂ_AfﬂhﬂwyGHMW—Vﬂ@mmwwx

e—0

Then

lim lim I =0.

j—coe—0 el =

Now, for ¢ > 0 sufficiently small, we can write

g, = o ([ ) (Tt~ iGeppa,

hence from the Gauss—Green Theorem for Sobolev functions, it follows that

//%”% \(1)dr - (VTi(ue) — VTi(07))dx,

therefore we also get

lim lim I 5. =0.

j—o0e—0 ejl =

Moreover, in view of Remark 6.2.5, from (6.14), i.e.

/ a(x, Vig).Vuedx < CI7P,
{l§|”s|§l+1}

we infer
sup sup |13, = sup sup | a5, Vi (1)) - 9Ty ) (Tine) — Ti(oy)) |
i e€(01] i ee(0,1] MHI< uel <41}
< sup sup 2k a(x, VTiiq(ue)) - VT (ue)dx
joee(01] ISl <I+1}

< 2kCI7P,

therefore
lim sup sup | .l =0.

=00 i ec(0,]

Thus the above considerations of (6.21) provide

lim sup lim sup lim sup Qa(x,VTk(uS)) (VT (ue) — VTi(v;) )y (ue)dx <0, (6.22)

[—o00 j—roo e—0
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since I > k, on the set {|u¢| < k}, we have I;(u;) = 1, as a consequence, we can write
/Qa(x,VTk(ug))  (VTi(e) — VTi(07))y () dx
- /Q a(x, VTi(ue)) - (VTi(ue) — VTi(0)))dx. 6.23)

Using the modular convergence of the sequence (v;);, we can combine (6.23) with
(6.22) and pass to the limit with ¢ = 0 and next with j — oo in order to obtain
limsup [ a(x, VTi(ue)) - VTi(ue)dx < / Dy - VTi(u)dx.
e—0 QO 0

Now, Since a(x, ) is monotone, we have

/Qa(x, VT, (1)) - VT (ite)dx > /Q a(x, VT, (ue)) - Cdx + /Q a(x,0) - (VTi(ute) — )dx
(6.24)
forall € (L®(Q))N.
Note that a(x, {) € (Ez7(Q))N and letting ¢ — 0 in (6.24), we achieve

| (a(x,0) = @) - (£ = VTe(u))dx > 0. (6.25)

Inequality (6.25) is exactly the starting point of monotonicity trick proof (see [70,
Lemma 4.5]). Then, we obtain

D =a(x, VTi(u)) ae. in Q.

Remark 6.2.7. As immediate consequence of (6.22), (6.23) and (6.2), we obtain

lim | (a(x, VTi(ue)) — a(x, VIi(w))) - (VTi(ue) — VTi(u))dx = 0. (6.26)

Lemma 6.2.8. The limit u of the approximate solution u. of (Eg, f) satisfies

/ a(x,Vu) - Vudx — 0as ] — oo.
{I<|u|<I+1}

Proof. Note that for any fixed | > 0, we have

/ a(x, Vi) - Vuedx
{I<|ue|<I+1}

= a(x, Vi) - (VT (ue) — VT (ue) )dx
{I<|ue| <141}

— /Q a(x, VT (1)) - V Ty (i) dx — /Q a(x, VTi(1e)) - VT (ue)dx.
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According to (6.26) is at liberty passing the limit as ¢ — 0 for fixed I > 0 and to
obtain

lim a(x, Vug) - Vuedx
e—=0 J{I<|ue|<I+1}

= [ a(x, VT () - VT (w)dx = [ a(x, VT () - VT (u)dx

= a(x, Vu) - Vudx. (6.27)
{I<|u|<I+1}

Taking the limit as | — oo in (6.27) and using the estimate (6.14) one can show that u
satisfies (R3) and the proof of the Lemma is completed. O

6.2.4 Proof of existence

Now, we are able to conclude the proof of Theorem 6.2.1.

By virtue of Lemma 1.3.3 there exists a sequence (v;); C D(Q) such that
v; = uin WaLai(Q) for the modular convergence and a.e. in Q.

Leth € CH(R) and ¢ € W Ly (Q) NL®(Q). Taking hi(ue)h(vj) @ as a test function
in (6.7), we get

Lo+ L+, =1
where
11]l _/ (IBE(T%(LLE)) +earctan(u£)> hy(ue)h(v;) pdx,
2= /Q a(x, Vi) - V(I (ue)h(v;) @)dx,
By = [ F(Ty(ue)) - ¥ (n(0)h(o) 9,
4= [ fu(ue)h(o) gdx.

Using the convergence results (6.18) and (6.19), we can immediately calculate the
following limit

lim 12 = [ bhy(u)h(oy) pix = 1],

e—0

Applying the Lebesgue Dominated Convergence Theorem

11mll_/ bhy (1)1 (1) pdx = I1.

j—eo I’
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Since h has compact support on RR, there exists a real number m > 0, such that
supph C [—m,m]. For all ] > m, we obtain

I :/Qbh(u)(pdx.

We write I2., = >} + %2

il =L iy where

ISZ/,]%Z - /Qh;(uﬁ)a(x, VMS) . Vush(vj)qodx

and
22 = [ Ii(ue)alx, Vue) - V(h(o) g)dx.
Using (6.14), we get the estimate

|12,1

el S Al[eo][@l[eoCIP.

It follows that
21

lim lim sup lim sup | sjl‘ = 0.

=00 iy e—0

By (6.10) and (6.20), it follows that
a(x, VT4 (1)) — a(x, Vi (u)) in (L1(Q)N.

Moreover, I (ue) — hy(u) a.e. in Q, |1y (ue)| < 1and V(h(vj) ) € (L*(Q))N.
Using the Egorov Theorem to (1 (u,))e>0 and applying the uniform integrability of
the (a(x, Vi1 (ue))hy(ue) - V(h(0)) @), it follows that

lim 122 = [ 0, VT () () - 9 (h(2))g)dx := 172
Since a(x, VT, 1(u))h(u) € (E5£(Q))N, we obtain

lim 12 :/ a(x, V'Tyy1 (1)) (1) - V (1) @)dx := 122,
j—oo I’ o)
For ] > m, we get
Ilz’2 = /Qa(x,Vu)-V(h(u)go)dx.
For ¢ such that % > [ +1, one has
5= [ F(Tiaa (el (100 - VTi (e h(2)) gt

+ /Q F(Tho (1) (1) - ¥ (h (o)) p)ebx 1= I 4 122,
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Since VT 1(ue) — VT1(u) weakly in (L (Q))N, we deduce

31 '
lim 1%, = [ F(Ta () (u) - VT (w)h(0)) gk
By Lebesgue Dominated Convergence Theorem

lim lim I}, = /Q F(Tyy1 (1) )y (1) - Vi (u)h(u) pdx.

j—ooe—=0 =/

For [ > m, we obtain

lim lim I}, = 0.
jooe—0 &l

Since F(T;.1(-))h;(-) is uniformly bounded, the a.e. convergence of u, and the
Vitali Theorem provides that F(Ty 1 (ue))h(ue) — F(Tppq(u))hy(u) in (L7(Q))N for
any r € [1,00), thus

lim 132 = [ F(Tia (1)) - V (h(0) @)

2 el =

As V (h(vj)p) — V(h(u)g) in (Ly(€))N and F is locally Lipschitz continuous, we
conclude that

lim lim 122 = /Q F(Tpaq ()i (1) -V (h(u) ) dx.

j—00e—0

Again, for [ > m, we get

lim lim 132, = /Q F(u) -V (h(u)g)dx.

jmeoe—0 Gl

Applying the Lebesgue Dominated Convergence Theorem, we obtain

=300 j—00£—0

lim lim 1imI4].’Z = /thl(u)h(u)(pdx.
Therefore, we get
/Qbh(u)(pdx—i—/ﬂ(a(x,Vu)+P(u))-V(h(u)qo)dx:/th(u)q)dx

forallh € C}(R) and all p € WLy (Q) NL®(Q).

6.2.5 Subdifferential argument

Using the same arguments as in [105], we can find that u € D(B) and b € B(u) for
almost everywhere in ().
With this last step the proof of Theorem 6.2.1 is concluded.
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6.2.6 Weak solutions for L*-data

Remark 6.2.9. If (1, b) is a renormalized solution of (E, f) such that u € L*(Q)), itisa
direct consequence of Lemma 6.2.6 that u is in Wj Ly(Q2) and since (6.6) holds with the
formal choice h = 1, (u, ) is a weak solution.

Indeed, let us choose ¢ € D(Q) and plug h;(u)¢ as a test function in (6.6). Since
u € L°(Q)), we can pass to the limit with I — oo and find that u solves (E, f) in the
sense of distributions.

In the next proposition we will show that renormalized solutions to (E, f) for
right-hand side f € L*(Q)) are weak solutions.

Proposition 6.2.10. Let (u,b) be a renormalized solution to (E, f) for f € L®(Q)). Then
u € WLy (Q) N L*(Q) and thus, in particular, (u,b) is a weak solution to (E, f).

Proof. By Lemma 6.2.6 it follows that u € WiLp(Q). According to Remark 6.2.9, it
suffices to prove that u € L*(Q)). We choose 1T,(u — T(u)) as a test function in the
renormalized formulation with h = h;. Neglecting positive terms, using Proposition
1.3.4 and passing to the limit with [ — oo, we get

c

VulPd </ dx. 6.28
: /{k<|ul<k+€}\ u|Pdx < |fldx (6.28)

{lul>k}

Inequality (6.28) is exactly the starting point of Lemma L*-regularity proof (see [25,
Lemma 2.5]), which implies that u € L®(Q)). O

6.3 Existence and uniqueness of solutions in the case of
fell(Q)

6.3.1 Proof of the existence result

6.3.1.1 Approximation problem for L'-data and a priori estimates

For f € LY(Q) and m,n € N let fu,, € L*(Q) be defined as in the beginning of
Section 6.2.

From Theorem 6.2.1, there exist u,, , € W& Ly (Q), by € L®(Q) such that (v, 1, by n)

is a renormalized solution of (E, fy,,). On that account

/Qbm,nh(urm)qoclx~|—/Q (a(x, Vign) + Fumn)) - V(h(tn)@)dx = /Qfmnh(umr(lgq;c;;c
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holds for all m,n € N, h € C}(R) and ¢ € Wi Ly (Q) N L®(Q).

Lemma 6.3.1. Suppose (U,n, bm,n) is a renormalized solution of (E, fmn). Then, for k > 0,
there exists a constant C(k) > 0, not depending on m,n € IN, such that

/ M (M)dx < C(k), (6.30)

0 A

|V Tie(tumn)||p < C for somep > 1, (6.31)
||bm,ﬂ||L1(Q) < ||f||L1(Q)° (6.32)

Proof. For I,k > 0, we plug hj(utmn) Ty (tmn) as a test function in (6.29). Then (6.30)
follow with similar arguments as used in the proof of Lemma 6.2.4. By Proposition
1.3.4, we obtain (6.31). To prove (6.32), we neglect the positive term

/Qa(x,VTk(um,n)) - VTi(Umn)dx

and keep
/Qbm,nTk(um,n)dx < /Qfm,nTk(”m,n)dx < k||f||L1(Q)

since by, € B(Umn) a.e. in Q)

bm,n dx < 1 ,
/{Mm,n>k} | | i (Q)

we find (6.32) by passing to the limit with k | 0. ]

6.3.1.2 Convergence results

By definition, f, , is a bi-monotone approximation of f in L!(Q))

fm,n S fm+1,n and fm,n—H S fm,n~

From Remark 6.2.3 it follows that

€ € € €
um,n < um+1,n and um,nJrl < um,n (6-33)

a.e. in Q) for any m,n € IN and all € > 0, hence passing to the limit with e | 0 in (6.33)
yields
Upp < Um+1,n and Um,n+1 < Umn (6.34)
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a.e. in Q) for any m, n € IN. Setting b® := B¢(T1 (1)), using (6.33), Remark 6.2.3 and the

fact that by, ,, X by in L®(Q) and this convergence preserves order we obtain
b < byy1pand by pi1 < by (6.35)
a.e. in () for any m,n € IN. By (6.32) and (6.35)
by T b" L bin L1(Q),

where b",b : () — R are measurable functions, finite a.e. in (). Here, we use the
notation 1, respectively |, to denote convergence of a sequence which is monotone
increasing, respectively decreasing, in m.

By (6.34), we obtain

Umpn Tm u" Ly ua.e in Q.

where 1", u : Q) — R are measurable functions.
In order to show that u is finite a.e., we will give an estimate on the level sets of
U, in the next Lemma.

Lemma 6.3.2. For m,n € IN, let (ttyy,n, bm,n) be a renormalized solution of (E, fin). Then,
there exists a constant C > 0, not depending on m,n € IN such that

{|umn| > h}| < Ch™F forallh > 1. (6.36)

Proof. Using (6.31), we perform the same calculation as in Remark 6.2.5. O
Observe that, as (tm,n)m is pointwise increasing with respect to m,

Tim (s > B}| = [{u" > )| (637)

and
Tim [{u < —h}| = [{u" < ~h}|. (6.39)

Combining (6.36) with (6.37) and (6.38), we obtain
{u" < =h}[+[{u" > h}[ < Ch™P

forall h > 1, hence u" is finite a.e. for any n € IN.

By the same arguments, we conclude that
{u < —h}|+ |{u>h}| <Ch™P.
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Hence u is finite a.e.

Now, since by, n € B(um,n) a.e. in ), it follows by a subdifferential argument that
b" € B(u")and b € B(u) a.e. in Q).

Remark 6.3.3. If (1,11, by, ) is a renormalized solution of (E, fi n), using hy (tty,n ) Ty (thmn —
T;(44m,n)) as a test function in (6.29), neglecting positive terms and passing to the limit
with v — oo, we get

a(x, Vi) - Vi ndx <k (/{

dx + / dx)
/{z<um,,,<z+k} |f] (f>0) |f|

[t |[>TFO{[fI<0}

for any k,I,c > 0. Now, applying (6.36), we find that

/ a(x, Vi) - Vit pdx < ockCl™P +k | fldx (6.39)
{I< um,n| <14k} {IfI>c}

holds for any k,c > 0, > 1 uniformly in m,n € IN.

Lemma 6.3.4. For m,n € IN, let (4, by,n) be a renormalized solution of (E, fi,n). There

exists a subsequence (m(n))n such that setting fu := fuu () nr bn 1= byy(n) p ANA Uy 2= Uy ()

we have

Uy, — uae. in Q. (6.40)
Moreover, for any k > 0,
Ti(un) — Ti(u) in LP(Q)) for p € [1,+00) and a.e. in Q), (6.41)
VTi(un) = VTi(u) in (LF(Q))N, (6.42)
VTi(up) = VTi(u) in (Lpyg(Q))N for o(TILpy, TTE;) (6.43)
and

a(x, VTi(un)) — a(x, VTi(u)) in (Ly(Q))N for o(TTLyz, TIE ). (6.44)

Proof. Applying the diagonal principle in L' (Q), we construct a subsequence (m(n)),,
such that

fn = fm(n),n — f in Ll(Q)/
bn 2= by(n)n — bin LY(Q)

as n — oo in L1 (Q)) and almost everywhere in Q. It follows that u,, := Up(nyn — U Q€.
in () and (6.41) holds. Then this together with (6.31) provides (6.42).
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Combining (6.41) with (6.30) we get Ti(u) € Ly(Q), Te(un) — Ti(u) in Ep(Q)
and (6.43) holds for any k > 0.

From (6.30) and (6.1) it follows, that, for fixed k > 0, given any subsequence of
(a(x, VTi(un)))n, there exists a subsequence, still denoted by (a(x, VTy(uy)))n, such
that

a(x, VTi(un)) — Ppin (Ly;(Q))N for o(T1Ly;, TEy) as n — co.

By virtue of Lemma 1.3.3 there exists a sequence (v;); C D(Q) such that
vj — uin W3 Ly (Q) for the modular convergence and a.e. in Q.

Since hy(un)(Ti(un) — T(v;)) is an admissible test function in (6.29), (6.44) follows
with the same arguments as in the proof of Lemma 6.2.6. O

Remark 6.3.5. With the same arguments as in Remark 6.2.7, we have

lim [ (a(x, VTi(un)) —a(x, VT (1)) - (VTi(un) — VTi(u))dx =0

n—oo /0

and
/ a(x,Vu)-Vudx — 0as ] — oo.
{I<|ul<I+1}

6.3.1.3 Conclusion of the proof of Theorem 6.1.5

It is left to prove that (u, b) satisfies
/Q bh(u) gdx + /Q (a(x, Vi) + F(u)) - V (h(u)@)dx = /Q Fh(u)gdx (6.45)

forall h € C}(R) and all ¢ € WiLy(Q) N L®(Q)).
By virtue of Lemma 1.3.3 there exists a sequence (v;); C D(Q) such that

vj — uin W3 Ly (Q) for the modular convergence and a.e. in Q.

Take h € C}(R) and all ¢ € WyLyi(Q2) N L®(Q)) arbitrary and plug h;(u,)h(v;) ¢ as
a test function in (6.29) to get

1 2 3 4
Loji+ Lo+ L0 = T (6.46)
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where

I;i,j,l :/anhl(un)h(vj)(pdx,

B = [ alx V) - 9 ((u)h(o) @),
2 :/QF(un) N (g ()1 (07) @) b,
In,j,l :/anhl(un)h(vj)q)dx.

Applying the Lebesgue Dominated Convergence Theorem, we obtain

Jim lim Jim 1}, = / bh (1) pdx (6.47)
and
Jim lim lim 1}, = / Fh(u)gdsx.
We write I;%]l = 1211 + 1221 where
2 = / Iy (un)a(x, Vi) - V (h(0;) @) dx
and

12]21 —/ hy(un)a(x, Vuy) - Vugh(v;) pdx.

With similar arguments as in the subsection 6.2.4 it follows that

lim lim lim 15;]{1 = /Q a(x, Vu) - V(h(u)g)dx. (6.48)

[—00 j—00 1—00

By (6.39), we infer

2| < |h]]eo oo(Cal_an dx).
1Ll < ]eo] |l {‘f‘>a}|f|

foralloc >0and ! > 1.
Then,
lim lim lim |12 | < ||h||oo||(p||oo/ If|dx. (6.49)
{If1>o

=00 j—oon—

for all ¢ > 0.

116



Next, we write

B = /Q F(Tys1 (un) )y () - VT () 1 (0)) pdx

With the same arguments as in the subsection 6.2.4, it follows that

lim lim lim 13;}/1 =0 (6.50)

l—00 j—00 N—00

and
lim lim lim 122, = /Q F(u) - V (h(u)g)dx. (6.51)

l—00 j—ro0 N—00

Combining (6.46) with (6.47)-(6.51) and passing to the limit with ¢ — oo, we finally
conclude that

/Qbh(u)godx+/0(a(x,w)+P(u))-V(h(u)(p)dx:/th(u)(pdx

holds for all 1 € C}(R) and all ¢ € WiLp(Q) N L2(QY).
Hence (u,b) satisfies (R1), (Rz) and (R3). Therefore, the proof of Theorem is
completed.

6.3.2 Proof of the uniqueness result

In this subsection, we prove a uniqueness result for renormalized solutions to the
problem (E, f) with f € L1(Q).

Lemma 6.3.6. For f, f € L'(Q) let (u,b) and (i, b) be renormalized solutions to (E, f) and
(E, f), respectively. Then

/Q (b —b)signg (u — #i)dx < /Q (f — f)signg (u — it)dx. (6.52)

Proof. we choose pi (Tj1(u) — Tj11(i1)) as a test function in the renormalized formula-
tion with h = h; for (u,b) and for (i, b) respectively. Subtracting the resulting equalities,
we get

s+ s+ L5+ I + 15 = I
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where

tg = [ (o) = By (@) (Tyya () = Tioa (),

Ifs = / (hy(u)a(x, Vu) - Vu — hy(@)a(x, Vi) - Vi) py (Tjq (1) — Tpq (i) )dx,

By = / (hy()a(x, Vi) — hy(@)a(x, VD)) - V(Tyyq (1) — Tyaq (1)),
It = / (W} (u)F(u) - Vu — W)(@)E(d1) - Vi) pf (T4 (u) — Ty (1)) dx,
=3 [ (na By (@)E (@) - ¥ (Tysr (1) — Ty (),

Iy = [ (F=Dpi (Taw) = T (@),

with K= {0 < Tj4q(u) — Ti4a () < 6}
Step 1: Passing to the limit with ¢ | 0.

By applying the Dominated Convergence Theorem, it is obvious that

1(}{5‘ Is = /Q (bhy(u) — bhy(i))signg (Tipq (#) — Trpa (7))dx = I}

and

tim 1f; = | (f = Psigng (Tea (1) = Tosa () = I,

From the energy dissipation condition (R3), we have

lim a(x,Vu)-Vudx =0
I—oo J{I<|u|<I+1}

(6.53)

(6.54)

and obviously the counterpart of this holds for 7. Hence the integrand of I 12 5 is bounded

in L1(Q). Therefore,

lim I? —I,
gfgla 1

where

(6.55)

I? = /Q (hy(u)a(x, Vu) - Vu — hy(@)a(x, Vit) - Vit) signg (Tj1(u) — Tpy1 () )dx.

Next, we can write 113 5= 13 5+ 13;52 where
B =3 [ Onlu) = (@) ae, FTia () - ¥ (Tiga () = Tyon (1) dn
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and
P2 = / () (a(x, V11 () — a(x, VT141(7))) - V(Tipq (1) — Ty (7).

By the monotonicity assumption (6.2), 113'52 is nonnegative. As ||/|lc = 1, using

Young's inequality, we get

lim 131 =0.
510
Therefore,
lim sup 113,(5 > 0. (6.56)
510
Now, let us write
4 . Ty44 () , N )
he = / div / (OF(t)dt ) ps (T (u) — Trpa (i) )dx
0 Tpyq(u)
Ty (i) , N )
— _/ (/ Z(T)F(T)dr> -V pF (Troq (1) — Ty (7)) dx
QO Tpy1(u)
1 (/Tl+1(ﬁ) /( VF(7)d ) V(Tipq(u) — Typq(i1))d
= T o)dt | - u) — i X
6 Jx \Unywy 1+ 1+1
Hence,
It < / V(T T g
ol max P [ 1V (T (1) = Tioa (@)
It follows that
lim I}'; = 57
arg f1o =0 (6.557)

Concerning 5, we split it as the sum I 15 15 Ly 5;52 where

o= J 1) (B(Tyia (1)) = F(Ty1 (1)) - V(T () = Ty (1)

and
78 = 5 [ (n(0) = (@) B(@) - V(Tyey () = Tiga (@)
Let Ly > 0 be the Lipschitz constant of F. Then,
1< Le [ 9(Toga () = Ty ()l
and
< max O] [ 19T () = Tiaa () v

-1 l—l—l
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As the domain of integration shrink, it follows that
lim I = 0. 6.58
im I (6.58)
Step 2: Passing to the limit with [ — co.
Combining (6.53) with (6.54)-(6.58), we get
Ill + Ilz < Il6, foralll > 1.

We immediately notice that (R3) implies that

lim I? = 0.

[—o0

Finally, since signg (Tj11(u) — Tj41(7)) — signd (u — i) as | — oo a.e. in Q) and
weakly-x in L®(()), we can pass to the limit with I — oo and find (6.52).
U

Remark 6.3.7. Assuming f = f, from Lemma 6.3.6, we obtain

/Q (b—b)signd (u —@)dx < 0.

If B is a strictly increasing, continuous function, we arrive at u = i a.e. in (). Now, we
write the renormalized formulation for (u,b) and (i, b) respectively. Subtracting the
resulting equalities, we get

/Q (b— B)h(u)gdx =0

forallh € C}(R) and all ¢ € W} Ly (Q) N L*(Q)). Choosing h(u) = h(u) and passing
to the limit with I — oo, we find b = D a.e. in Q.
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Conclusion and further perspectives

In this thesis, we focused our attention with the results of existence (uniqueness
and regularity) to a class of nonlinear elliptic inclusion problems in divergence form
within the non-variational framework in different settings, we have been able to prove

the following results:

* We have established the existence of weak solutions for the strongly nonlinear
elliptic problem (S, f) where f € L'(Q) using a classic theorem of J. L. Lions [56]
on operators of the pseudo-monotone type and via strong convergence of the

truncations.

* We have established the existence and regularity results for the nonlinear elliptic
inclusion problem (P, f) with degenerate coercivity for any maximal monotone
graph . Notably, if f € L*(Q)), we proved the existence and uniqueness of a
bounded weak energy solution for the problem (P, f). While if f € L1(Q), we
established the existence of the so-called entropy solution for the problem (P, f)
only for0 < f8(p—1) < % — 1. Moreover, we showed that u € Wé’q(Q),

. N(p—1)(1-6

* We have investigated the existence and regularity of weak or entropy solutions
to problem (U, f) involving unbounded coefficients by cutting the nonlinearity
near the critical value and applying the technique of approximation.

* We have established a partial generalization of results from [6] to the variable
exponents case. More precisely, if f € L®((Q)), we proved the existence and
uniqueness of a bounded weak energy solution for the problem (P*, f). While if
f € L'(Q), we established the existence of an entropy solution for the problem
(P*,f)only for2— & < p~ <p" < Nand0<0(p"—1) < %—1. Fur-

thermore, we showed that u € WS’EI(x) (Q), with g(x) € (1, (p(xN):lljg((lfijll)))N)
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* The last results established are the existence and uniqueness of renormalized
solutions to the nonlinear multivalued elliptic problem (E, f) in the setting of
Orlicz-Sobolev spaces.

This work raises a number of questions that researchers can explore in future
studies:

1. The main point in the proof of the existence results shows that the hypotheses: ()
is a bounded domain in RY, Dirichlet boundary conditions and f is belonging
at least to L!(Q)) allowed us to prove the almost everywhere convergence of the
gradients of the solutions of the approximated problems. What may happens
when () is a unbounded domain? is it possible to deal with general nonlinear
boundary conditions of the form a(x, Vu) - 7 + (1) > ¢? and what could occur
when f is a measure?

2. The problems (S, f) considered in chapter 2, are studied under sign condition
(2.4) on the nonlinear lower order term g. We are convinced that it possible to
achieve some existence results for problems (S, f) without imposing the sign
condition.

3. The problems (E, f) considered in chapter 6, are studied under M satisfies the A,
condition. What may happens without imposing this condition?

4. At present, there are just few studies on nonlinear parabolic inclusion problems
with principal part having degenerate coercivity. It seems that there were difficul-
ties related essentially to the multivalued mapping B and to the dealing with this
kind of degeneracy. Then, future work can be devoted to the generalization of
the result of problems type (P, f) to the parabolic equation

( , a(x, Vu) .

plu), —div ((1 n |u|>9<pl>) >f i (0T)x0,
(P, f, bo) U=0 on (0,T) x 9Q),

kﬁ(u(ol.)) > by in Q).
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