
UNIVERSITE SIDI MOHAMED BEN ABDELLAH 

FACULTE DES SCIENCES ET TECHNIQUES - FES 
 

Centre d’Etudes Doctorales : Sciences et Techniques de l’Ingénieur 
 

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

Centre d’Etudes Doctorales Sciences et Techniques de l’Ingénieur 

 Faculté des Sciences et Techniques - Fès ; Route d’Immouzer, B.P. 2202 Fès-, Maroc –  

Tél. : (212) 5 35 60 80 14 ; Tél. : (212) 5 35 60 29 53 ;    Fax : (212) 5 35 60 82  14 ;    Site web : www.fst-usmba.ac.ma 

 

Fès, le 03 décembre 2016 

N° d’ordre 39/2016 
 

THESE DE DOCTORAT 

Dans le cadre d’une cotutelle entre l’Université Sidi Mohamed Ben Abdellah 

& 

l’Université de Lyon 

Présentée par 

Mr. ZERGOUNE Zakaria 

Spécialité : Mécanique 

 

Sujet de la thèse : Approche méso-macro pour la modélisation de la transmission acoustique 

des sandwiches 

  

Thèse présentée et soutenue le samedi 03 décembre 2016 à 9h devant le jury composé de : 

Nom & Prénom Titre Etablissement  

EL KADIRI Mounia Professeur d’enseignement supérieur EMI - Rabat Présidente 

ABOUTAJEDDINE Ahmed 

BOJJI Chakib 

BOUHADDI Noureddine  

Professeur d’enseignement supérieur 

Professeur d’enseignement supérieur 

Professeur des universités 

FST - Fès 

ENSET - Rabat 

FEMTO-ST - France 

Rapporteurs 

ZINE Abdelmalek Maître de conférences ECL - France Examinateur 

BAREILLE Olivier 

BENAMAR Rhali 

Maître de conférences 

Professeur d’enseignement supérieur 

ECL - France 

EMI - Rabat 
Co-directeurs 

HARRAS Bilal 

ICHCHOU Mohamed  

Professeur d’enseignement supérieur 

Professeur des universités 

FST - Fès 

ECL - France 
Directeurs de thèse 

 

Laboratoires d’accueil : Laboratoire de Génie mécanique 

 Laboratoire de Tribologie et Dynamique des Systèmes 

 

 

Etablissements : Faculté des Sciences et Techniques de Fès 

École centrale de Lyon         

 



Acknowledgment

Firstly, I would like to express my sincere gratitude to my advisors Professor BILAL

HARRAS and Professor MOHAMED NAJIB ICHCHOU for the continuous support of my

Ph.D study and related research, for their patience, motivation, and immense knowl-

edge. Their guidance helped me in all the time of research and writing of this project

thesis. I could not have imagined having better advisors and mentors for my Ph.D study.

I would like also to take this as an opportunity in expressing sincere gratitude for

my co-advisors, Professor RHALI BENAMAR and Professor OLIVIER BAREILLE for

their support and insightful suggestions which are invaluable. I would like to thank all

the members of the jury, especially the three reviewers, for their precious advice on the

correction of this dissertation.

I would like to thank all the members of the jury, Professor MOUNIA EL KADIRI

and especially the three reviewers, Professor ABOUTAJEDDINE AHMED, Professor BO-
JJI CHAKIB and Professor BOUHADDI NOUREDDINE for their precious advice on the

correction of this dissertation.

My sincere appreciation also goes to my colleagues that I worked with, OMAR BAHO,
JEAN-LOUP CHRITIEN, CHRISTOPHE DROZ, CHANGWEI ZHOU, for the particularly

useful discussions and the pleasant moments we spent together during all these years.

Most of all, I would like to thank my family for their unconditional love and en-

couragement. I am truly grateful to my father, mother and brothers for their supports,

sacrifices and motivation to pursue my education. I am indebted to them for being by

my side throughout my life, without whose support I would not have achieved anything

in my education.



 وتقديرشكر

رحمةالمبعوثعلىوالسلاموالصلاةلميناالعربللهالحمد

أجمعينوصحبهلهآوعلىمحمدسيدناللعالمين

تعالىبقولهعملا

 

ومنها  نعمه التي لا تقدر ولا تحصى جل علىوعز  الله نشكر

نتقدم بجزيل الشكر  .العملتعالى على إتمام هذا  توفيقه

 ينالأستاذ إلىوالتقدير ن االعرفن وخالص اوالامتن

 يناشرف نالذي ،إيشو نجيب محمدو بلال الهراس ينالمؤطر

 ماوعلى دعمهالدكتوراه ة رسال على الإشراف مابقبوله

 .الجزاء الله خير مافجزاه وتوجيهاتهما القيمة

 إلىوالعرفان كما يسرنا أن نوجه أسمى آيات التقدير 

 بالذكروأراءهم ونخص  إرشاداتهمأساتذتنا الكرام على 

 الأستاذو أليفيي باغي الأستاذو بن عمراالرحال الأستاذ 

 .عبدالمالك الزين

لجنة  أعضاء باقي إلى ناوالعرفكما نتقدم بخالص الشكر 

أبو أحمد الأستاذ  الكرام:ذة المكونة من الأسات التحكيم

 ،منية القادريالأستاذة  ،شكيب البوجي، الأستاذ تاجدين

 كذلك إلىالخالص  بالشكرنتقدم و نور الدين بوهد ِّيذ الأستا

 .نجاز هذا العملإ ساعدنا في كل من

 

 والأخيرولى الأ في ولله الحمدلله  وبعد فالشكربل قو

...................................

.. 



Dedication

I dedicate my dissertation work to my whole family. First of all, A special feeling of grat-

itude to my lovely parents, Mohamed Zergoune and Chama El Ouardi whose words

of encouragement and push for tenacity ring in my ears. My brother and my sisters

have never left my side and are very special.

I also dedicate this dissertation to my friends and my colleagues who have supported

me throughout the process.

i





ABSTRACT

P
Rediction of the flexural vibroacoustic behavior of honeycomb sandwich struc-
tures in the low-mid frequency is nowadays becoming of high interest in
different industrial sectors. This trend is mainly owing to the advantageous

mechanical properties of the sandwich structures. One of the main advantages of this
kind of structures lies principally in the high stiffness-to-weight ratio. Even though,
acoustically the decrease of the panel mass with a high stiffness leads to an unsuitable
acoustic comfort. For this reason, there is an increasing demand for approaches model-
ing the vibroacoustic behavior of the sandwich structures with a maximum accuracy.

The present thesis deals with a meso-macro approach based on a numerical method
for modeling the vibroacoustic behavior of sandwich structures. The modeling descrip-
tion is mainly used to address the acoustic insulation problem considered in the thesis.
The presented work focuses on the topology of the sandwich core to treat the addressed
problem. The main advantage of the proposed model is that it takes into account the
core shear and panel orthotropic effects.

The modeling approach suggested here is based on the wave finite element method
(WFE method), which combines the standard finite element method and the periodic
structure theory. The sandwich structure has been modeled as a tridimensional waveg-
uide which holds absolutely the meso-scale information of the modeled panel. The tran-
sition frequency, which indicates the frequency at which the core shear becomes impor-
tant, was identified via two different numerical methods. An expression of the acoustic
transmission for an equivalent isotropic sandwich panel was also derived. A parametric
study was then conducted with a goal of revealing the effect of the geometric parame-
ters of the sandwich core on the vibroacoustic indicators.

Keywords : Sandwich panels, Honeycomb, Vibro-acoustic behavior, Transition fre-
quency, Sound transmission loss.
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RÉSUMÉ

L
A modélisation du comportement vibroacoustique en flexion des structures
sandwich est devenue aujourd’hui de plus en plus d’un grand intérêt dans
les différents secteurs industriels. Cette tendance est principalement due

aux propriétés mécaniques avantageuses des structures sandwich. L’un des principaux
avantages de ce type de structures réside principalement dans le rapport rigidité-poids
élevé. En revanche, acoustiquement la diminution de la masse du panneau avec une
rigidité élevée conduit à un confort acoustique insatisfait. Pour cette raison, il y a une
demande croissante pour des approches de modélisation du comportement vibroacous-
tique des structures sandwich avec une précision maximale.

La présente thèse propose une approche méso-macro basée sur une méthode numéri-
que pour la prédiction des caractéristiques dynamiques des structures sandwich. La
méthode est principalement utilisée pour résoudre le problème de transparence acous-
tique considéré dans ce projet de thèse. Le travail présenté porte principalement sur la
topologie du coeur du sandwich pour traiter le problème abordé. Le principal avantage
du modèle proposé réside dans les effets du coeur prises en compte telle que l’effet du
cisaillement et celle de l’orthotropie du panneau sandwich.

L’approche de modélisation proposée est basée sur la méthode des éléments finis
ondulatoire, qui combine la méthode des éléments finis classique et la théorie des struc-
tures périodiques. La structure sandwich a été modélisée comme un guide des ondes
tridimensionnelles qui garde absolument les informations à l’échelle mésoscopique du
panneau modélisé. La fréquence de transition définie la fréquence à laquelle le cisaille-
ment du coeur devient important. Cette fréquence spéciale a été identifié via deux méth-
odes numériques. Une expression de transmission acoustique à travers un panneau
sandwich a également été dérivée. Ensuite, une étude paramétrique a été menée dans
le but de révéler l’effet des différents paramètres géométriques sur les indicateurs vi-
broacoustiques.

Mots-clés : Panneaux sandwichs, Nid d’abeille, Comportement vibro-acoustique, Frè-
quence de transition, Indice d’affaiblissement acoustique.
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INTRODUCTION

] t Industrial and scientific context
Over the last few decades, the acoustic comfort issue has become a topical subject of

great interest to scientific and industrial communities. Noise pollution caused by road

or air traffic, for example, are less and less tolerated by society and subject to more strin-

gent European standards. Furthermore, the acoustic comfort in transportation means

(cars, trains, planes, launchers, etc.) is considered currently an important quality cri-

terion. Faced with these challenges, the relevant mechanical industries must develop

reliable vibroacoustic analysis means even at the preliminary project stage.

Figure 0.1: Honeycomb sandwich panels.

The honeycomb sandwich structures represent a special interest in the industry,

due to their very low mass for very high equivalent stiffness, especially in compression.

They are commonly used in automotive manufacturing, aerospace and so on. Specifically,

most modern transportation means (cars, planes,...) use the sandwiches because they

provide real benefits in terms of dynamic behavior vibration and weight. The sandwich

material consists of a lightweight, thick core bonded by a pair of stiff, thin facesheets

which offers an extremely high stiffness-to-mass ratio. However, from the vibroacous-

tic point of view, increasing stiffness-weight ratio could have a harmful effect on the

vibroacoustic performance of the structure. this drawback can be often avoided with

1



X Introduction

a weight-increasing solution which is considered as an undesirable idea for the trans-

portation engineering.

Figure 0.2: Noise level over time in the bottom of the launcher [144].

In the space industry, the launch vehicle and its payload, made of sandwich struc-

tures, have to endure at the launch and lift-off stage a harmful acoustic environment

induced by the engine exhaust noise and its reverberation on the launch pad which can

exceed 160 decibels. As shown in figure 0.2, the lift-off is the stage at which the launcher

should be sized to support the generated noise characterized by a diffuse field. The pay-

load may be, for instance, an electronics system, a person, or some other suitable object

that should be carried into outer space. In general, there are mainly three source types

of aero-acoustic excitation [37, 143, 144] that the payload may be exposed to during the

flight of the launch vehicle:

# The diffuse noise due to the interaction of sound waves generated by the super-

sonic jet engine rocket on the launch pad during the lift-off phase;

# The noise of supersonic jet rocket engine due to the transformation of kinetic en-

ergy of the jet into sound energy propagating along the launcher via the ambient

air;

# The noise of aerodynamic origin due to the cruise speed of the launch which

reaches 8000 km/h during atmospheric flight phase;

These noise types can generate vibration and noise inside the launcher which might

damage the fragile structures and components, including the electronics on-board equip-

ment whose the first vibration modes are at mid-high frequencies. For this reason, it is

h h[YnabX
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X

necessary to create a predictive model of induced vibrations in order to avoid damages

of the structure and transporting equipment.

Many noise control treatments were proposed and attached to the fairing to reduce

the noise inside of the fairing at which the payload is located. Among them, it can be

found sound-absorbing materials placed on the walls of the fairing. These sound absorb-

ing materials can be insulating sandwich panels. Additionally, some fairings can involve

multiple layers of shells in which damping materials are located between the shells of

the fairing. Furthermore, foam blankets can also be used within the fairing.

On the other hand, these types of noise control treatments require space and in-

crease the weight of the launch vehicle. As a result, the size and/or weight of the payload

should be reduced. Moreover, these components can also increase the manufacturing

cost of a launch vehicle. Therefore, it would be advantageous to have other innovative

alternatives and methods that take into account one or more of the issues discussed

above, as well as possibly other issues.

] t Research Objectives
The research conducted in this thesis has been aimed to propose a modeling process

with a goal of improving the acoustic insulation performance of the sandwich panel. The

enhancement is conditioned by keeping the key benefit of the sandwich structure, the

high stiffness with a low mass. So, the whole work can be related to three main axes :

# Conduct a systematic literature review including the theoretical and experimental

approaches developed to treat the insulation performance of the sandwich panel;

# Implement a numerical vibroacoustic model which can consider all the variety of

scales and materials of the sandwich structures;

# Perform an experimental test to validate the developed models and the obtained

and deduced results;

] t Thesis outline
Throughout the present thesis, the analysis of the wave propagation and the sound

insulation performance of the sandwich structures have been modeled using a meso-

macro approach based mainly on the 2D wave finite element method. The main part of

the project thesis consists of six chapters dealing with increasing complexity problems.

XcamZ\g g
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In view of consistency, each of these chapters can be treated at full length and can be

considered, to a certain extent, as a separate, self-contained account.

Chapter 1 has been devoted entirely to present the theoretical published develop-

ments carried out to model the vibroacoustic behavior of the sandwich panels. Then,

experimental attempts have been cited showing the performed work to enhance the

acoustic performance of the sandwich structures. After that, experimental techniques

to measure the vibroacoustic indicators have been described.

In chapter 2, the meso-macro approach proposed to describe the wave propagation

through the sandwich panel has been developed with a reduction strategy. An extension

of the developed approach for curved sandwich structures has been given.

Chapter 3 addresses the identification of the transition frequency which separating

the global bending panel and the core shear. Two numerical methods have been pro-

posed which are accounted the orthotrapic effect of the sandwich panel. The obtained

results have been validated and compared with analytical methods presented in the

first chapter.

Chapter 4 has been devoted to evaluate the effects of different core shapes on the

bending-shear transition and on the modal density. The transition frequency was iden-

tified by the bisection method presented in chapter 3. Parametric analyses of different

core configurations have been provided.

Throughout chapter 5, a proposed modeling strategy has been applied to investi-

gate the acoustic performance of the sandwich panels. The proposed strategy was based

on the meso-macro approach developed in the second chapter. The validation of the ob-

tained results and a parametric study have been given.

Chapter 6 presents the Inhomogeneous Wave Correlation (IWC) method applied to

identify experimentally the transition frequency of two sandwich panels with different

cell size. The obtained results have been compared to bring out the effect of the cell size

on the transition frequency.

Chapter 7 has been devoted to investigate the nonlinear free vibration of symmet-

h h[YnabX
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rical rectangular composite plates with C-C-SS-SS boundaries.

Finally, conclusions and discussions related to the perspective work were drawn

after chapter 6.
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T
He first chapter summarizes the most important methods found out at the

beginning stage of the project’s thesis (state of the art) concerning the vi-

broacoustic behavior of the sandwich structures. On the whole, this chapter

starts with a general review of works published about theoretical models predicting the

dynamic behavior of the sandwich panels. It is followed by a definition of the transition

frequencies for a typical sandwich panel and then a literature review of existing studies

employed to identify these transitions. A particular attention is paid throughout this

survey to the transition frequency separating the global panel bending and the core

shear. Afterward, some studies discussing the development of the sound transmission

loss for sandwich panels are briefly presented. Finally, the last section of the chapter

was devoted to introducing the experimental methods existing in the literature for de-

termining the dispersion characteristics.

1.1 Introduction

In the last decades, Several applications using composite structures are steadily increas-

ing. This trend is dictated by the requirements of the industrial manufacturers looking

for more performances. These latter results in a higher load capacity as well as reduced

fuel consumption.
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1.1. Introduction X

Sandwich panel refers here to a structure consisting of two thin face-sheets of high

stiffness material surrounding a lightweight, low-stiffness and thick core. The face-

sheets are made typically of a composite laminate or aluminum, have good stretch prop-

erties and carry the tensile and compressive stresses in the sandwich. The central layer

of the sandwich panel called the core can be made of a light foam or a honeycomb struc-

ture or another configuration (see figure 1.1) with good compression properties. The core

has several important functions, in particular, it keeps a constant distance between the

top and bottom face-sheets and also avoids that, during the panel bending, the face-

sheets slide over each other.

Figure 1.1: Different core configurations of a sandwich panel

The investigation of the vibroacoustic behavior issue for the plates goes back to the

early eighteenth century. The German physicist Ernst Chladni (1787) is the founder

of the modern acoustics, labeled as the father of acoustics. He was the first to observe

experimentally the modes of a square thin plate. Since then, there has been a consider-

able interest among researchers for the plate vibration. Among the published studies,

it can be cited the early works of Kirchhoff [75], Rayleigh [137], love [87], performed

in the late nineteenth century, which involved the study of thin plates. They were fol-

lowed by the works of Reissner [120], Uflyand [145] Mindlin [99] in the mid-twentieth

century, adapted to moderately thick homogeneous plate. Simultaneously, the behavior

of multilayer anisotropic plates was studied by Lekhnitskii [81] and Ambartsumyan [7].

After World War II, the sandwich structures have become an important element in

the aircraft construction. Therefore, several studies have focused on the dynamic behav-

ior of composite plates with the bending behavior. Among this research, we can point

out the study Kerwin [73] who analyzed the damping of flexural waves in composites

with viscoelastic layers and the work of Rao and Nakra [127] who analyzed the vibra-

tions sandwiches asymmetric beams with a particular attention to the effects of inertia.
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In the next sections, a literature review of the most relevant studies published

throughout the previous decades are briefly introduced. The review presents theoretical

models able to predict the dynamic characteristics and the vibroacoustic performance of

sandwich panels. Afterwards, some of interesting experimental attempts dealing with

the improvement of the acoustic performance of sandwich panels are presented.

1.2 Overview of wave propagation models for
sandwich panels

1.2.1 Classical 2D approximation models

The classical 2D approximation models are based mainly on the development in Tay-

lor series of the displacement field. The approximation allows determining the global

response of the layered structure. They are involved, for instance, the critical buckling

loads, the fundamental vibration frequencies and the associated mode. The global be-

havior can often be determined relatively via simple laminated theories, especially for

very thin layered structures.

1.2.1.1 Equivalent single layer (ESL)

The ESL theories reduced the laminated structure to an equivalent single layer. These

theories are obtained from the 3D elasticity theory by making appropriate assump-

tions concerning the kinematics of the strain or the stress field through the thickness

of the laminate. These assumptions reduce the three-dimensional problem to a two-

dimensional problem.

The ESL theories are developed assuming that the shape of the displacement or

stress field is a linear combination of unknown functions of the thickness coordinate

[75, 99, 120]. The partial differential equations result from this development are re-

solved by the principle of virtual displacement (PVD) [117]. So, it is supposed that the

displacement or stress field is expressed as:

φi (x, y, z, t)=
N∑

j=0
(z) jφ

j
i (x, y, t), (1.1)

h h[YnabX
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1.2. Overview of wave propagation models for sandwich panels X

where ϕi is the i th component of displacement or stress field and ϕ
j
i are functions of x,

y and t to determine.

The application of ESL models is limited to the analysis of the global response of

the laminate [107, 118]. In general, these models often provide a sufficiently accurate

description of the global response of thin to moderately thick laminates. However, mod-

els of equivalent single layer (ESL) have several serious limitations that prevent them

from being used to solve all the problems related to laminated composites. First, the

accuracy of the global response predicted by these models deteriorates as the laminate

becomes thick. Second, these models are often unable to describe accurately the state of

stress or strain near intense loading areas which are needed most. Finally, these models

can not represent the kinematics of delamination [118].

X Classical laminated plate theory (CLPT)

The most simple theory of equivalent single layer (ESL) for laminated plates is called

the classical theory of laminated plates theory (CLPT) [39, 121, 135, 156, 160] is an ex-

tension of the classical theory for isotropic thin plate developed by Kirchhoff [75] in

1850. It is based on the Kirchhoff-Love assumptions for the displacement field where

the bending deformation are assumed linear and all transverse deformation effects are

neglected [76].

The assumptions of Kirchhoff-Love are the following:

# The plate assumes to be thin. However, this theory does not cover the thick plates

for which the effects of the shear deformation are more important;

# The deformation of transverse shear is neglected (γxz = γyz = 0);

# The in-plane displacement varies linearly through the thickness of the plate;

U =U0+ z.ϕx and V =V0+ z.ϕy

# The thickness of the laminate does not change during the deformation (ϵzz = 0);

# The transverse normal stress is very low compared to other constraints (it was

neglected : σz ≈ 0);
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# The adopted stress state is a state of plane stress (2D).

To take into account the previous assumptions, the displacement field is formulated as

follows:


U(x, y, z, t)=U0(x, y, t)− z

∂W0(x, y, t)
∂x

V (x, y, z, t)=V0(x, y, t)− z
∂W0(x, y, t)

∂y
W(x, y, z, t)=W0(x, y, t)

(1.2)

where U0,V0, and W0 are respectively the components of displacements field along the

x-, y- and z-directions of a current point in the mid-plane (i.e. z = 0).

U, V, and W are the components of the displacements field of any point of the plate

in the x, y, and z directions respectively. x and y are two local coordinates tangents to

the mid-plane, while z is the coordinate normal to the surface of the plate, measured

from the mid-surface.

So, the displacement field (eq. 1.2) implies that the straight lines perpendicular to

the xy plane before deformation remain straight and perpendicular to the mid-plane

after deformation (see figure 1.2).

The deformation field is then deduced simply from the expression of the displace-

ment field (eq. 1.2) by the classical linear theory of continuous media, its expression

is:

ϵ= ϵm +ϵ f = ϵm + zk(x, y)=


ϵ0

xx

ϵ0
yy

γ0
xy

+ z


kx

ky

kxy

=


∂U0
∂x
∂V0
∂y

∂U0
∂y + ∂V0

∂x

+ z


−∂2W0

∂x2

−∂2W0
∂y2

−2∂2W0
∂x∂y

 , (1.3)
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1.2. Overview of wave propagation models for sandwich panels X

Figure 1.2: Undeformed and deformed shape of a plate edge under the Kirchhoff-Love
assumptions.

where ϵm is the membrane deformation. ϵ f is the deformation in bending and torsion.

k(x,y) is the matrix of the curvatures of the plate subject to bending.
U0

V0

W0

=


U
V
W

 .e j(kxx+ky y−ωt). (1.4)

By developing the equation of motion determined using Hamilton’s principle, taking

into account the assumptions of this theory and considering the harmonic displacement

field (eq. 1.4), the following system is obtained:



[
(A11.(i.cosθ)2 +2.A16.(i.cosθ).(i.sinθ)+ A66.(i.sinθ)2).k2 −ρs.(−i.ω)2] .U
+[

(A16.(i.cosθ)2 + (A12 + A66).(i.cosθ).(i.sinθ)+ A26.(i.sinθ)2).k2] .V
−[

(B11.(i.cosθ)3+3.B16.(i.cosθ)2.(i.sinθ)+ (B12 +2.B66).(i.cosθ).(i.sinθ)2

+B26.(i.sinθ)3).k3] .W = 0

[
(A16.(i.cosθ)2 + (A12 + A66).(i.cosθ).(i.sinθ)+ A26.(i.sinθ)2).k2] .U
+[

(A66.(i.cosθ)2 +2.A26.(i.cosθ).(i.sinθ)+ A22.(i.sinθ)2).k2 −ρs.(−i.ω)2] .V
−[

(B16.(i.cosθ)3+ (B12 +2.B66).(i.cosθ)2.(i.sinθ)+3.B26.(i.cosθ).(i.sinθ)2

+B22.(i.sinθ)3).k3] .W = 0

(1.5)

The dispersion relation is achieved by computing the roots of the determinant of the

previous system (1.5).
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∣∣∣∣∣∣∣∣
a1.k2 +a2 a3.k2 a4.k3

a3.k2 a5.k2 +a2 a6.k3

a4.k3 a6.k3 a7.k4−a2

∣∣∣∣∣∣∣∣= 0. (1.6)

The development of the above equation (1.6) gives the following dispersion relation:

ζ1.k8 +ζ2.k6 +ζ3.k4+ζ4.k2 +ζ5 = 0 (1.7)

in which the coefficients ζi (i = 1, ...,5) are written as follows:



ζ1 = a1.a5.a7−a1.a2
6 −a2

3.a7 +2.a3.a4.a6−a2
4.a5

ζ2 = a2.a5.a7+a1.a2.a7−a2.a2
6 −a2.a2

4

ζ3 = a2
2.a7+a2

3.a2 −a1.a5.a2

ζ4 =−a2
2.a5 −a1.a2

2

ζ5 =−a3
2

(1.8)

where the previous coefficients ai (with i = 1, ,7) are defined in appendix A.

X First-order shear deformation theory (FSDT)

The FSDT is also known under the name of Mindlin theory. It is considered as an

extension of the classical laminated plates theory (CLPT) obtained by including the

transverse shear deformation (γxz and γyz) in the kinematic assumption (the transverse

shear deformation is assumed to be constant with respect to the thickness coordinate).

Figure 1.3: Undeformed and deformed shape of a plate edge under the Mindlin-Reissner
assumptions.

h h[YnabX

Page 14 [ Ph.D thesis at FST in Fez u



1.2. Overview of wave propagation models for sandwich panels X

This theory is based on a kinematics model originally proposed by Reissner and

Mindlin [99, 120] which states that straight lines perpendicular to the undeformed mid-

plane remain straight but not necessarily perpendicular to the deformed mid-plane (see

figure 1.3).

The displacement field based on the present theory is defined by the following relation-

ships:


U(x, y, z, t)=U0(x, y, t)+ zϕx(x, y, t)
V (x, y, z, t)=V0(x, y, t)+ zϕy(x, y, t)
W(x, y, z, t)=W0(x, y, t)

(1.9)

where ϕx and ϕy functions to be determined.

This theory gives good results for the prediction of the global response for a layered

structure (bending load, buckling and natural frequencies). However, it is unable to

predict with reasonable accuracy the stresses across the thickness, especially in areas

of discontinuity such as the boundaries of layers. In 1970, Pipes and Pagano showed

that near the borders of laminated structures, transverse stresses increase dramati-

cally. This was referred to as "the boundary layer effect". Therefore, a model that can

accurately predict the transverse shear stress is necessary to detect the causes of de-

lamination. Later, higher order theories have been developed to overcome this problem.

X High-order Shear Deformation Theory (HSDT)

The second-order and higher-order laminated plates use higher order polynomials

(i.e. N > 1 in equation (1.1) to develop the displacements field components as a function

of the thickness coordinate of the laminate (see [86, 101, 102, 139])). the higher-order

theories introduce additional unknowns that are often difficult for a physical interpre-

tation.

For instance, there are many papers on the third-order theories [40, 84, 138] and

their applications [20, 74, 85, 130]. So, the displacement field based on third-order shear

deformation theory (TSDT) is defined by the following relationships:
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
U(x, y, z, t)=U0(x, y, t)+ zϕx(x, y, t)+ z3 −4

3h2

(
ϕx + ∂W0

∂x

)
V (x, y, z, t)=V0(x, y, t)+ zϕy(x, y, t)+ z3 −4

3h2

(
ϕy + ∂W0

∂y

)
W(x, y, z, t)=W0(x, y, t)

(1.10)

where ϕx and ϕy are respectively the rotations of a vector normal to the surface around

the x- and y-axes. h is the total thickness of the laminated plate.

It is clear that the higher-order theories for laminated plates provide a better repre-

sentation of transverse shear stresses with respect to the CLPT and the FSDT. However,

they involve stress resultants of a higher-order which are difficult to give a physical in-

terpretation and they require significantly more computational effort. Therefore, these

theories should be used only when necessary.

1.2.1.2 Layer-wise theory

Unlike ESL theories, the layer-wise theories (LW) are developed on the assumption that

the displacement field is only continuous across the thickness of the laminate C0 [107].

The layer-wise theories provide a more accurate representation of the moderate to hard

cross section warping associated with the thick laminate deformation. The layer-wise

theories can be divided into two classes:

# The partial layer-wise theories at which an approximation for the in-plane dis-

placements (U and V) of the laminate is used only. This formulation provides dis-

crete deformations of transverse shear (γxz and γyz) through the different layers;

# The full layer-wise theories that use an approximation development for all the

three components of the displacement field;

Comparing with the ESL theories, the partial layer-wise theories provide a more re-

alistic description of the kinematic laminated composites by introducing discrete trans-

verse shear effects of the layer through the assumed displacement field.

The displacement field of the kth layer using the layer-wise assumptions can be written

as follows:

h h[YnabX
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1.2. Overview of wave propagation models for sandwich panels X


Uk(x, y, z, t)=∑n

j=1Uk
j (x, y, t)ϕk

j (z)

V k(x, y, z, t)=∑n
j=1 V k

j (x, y, t)ϕk
j (z)

Wk(x, y, z, t)=∑m
j=1 Wk

j (x, y, t)ϕk
j (z)

(1.11)

where Uk, V k and Wk are respectively the components of the total displacement in the

x-, y- and z-directions. Uk
j ,V k

j and Wk
j are the displacement components at the node

j computed from the interpolation of displacements in the xy plane. φk
j (z) and ϕk

j (z)

are the continuous functions of the thickness coordinate. They may be chosen as one-

dimensional interpolation Lagrange functions of the thickness coordinate. n represents

the number of nodes used in the in-plane displacement discretization. m represents the

number of nodes used in the out-of-plane displacement discretization.

However, it has been noticed that the final results contain parasitic shear modes when

using the layer-wise theories for the thin structures.

1.2.2 Kurtz & Watters’ model

Kurtz & Watters’ model [77], based on the impedance method, permits to predict the

dynamic propagation characteristics across the sandwich panel. The developed model

can consider the behavior cases of the sandwich core (a) and (b) illustrated in figure 1.4.

It is assumed that the bending of the core has a negligible contribution to the bending

stiffness of the global composite plate. This is due to the Young’s modulus of the core

material, which is most of the time so much smaller than that of the face-sheet material.

Figure 1.4: Bending of a sandwich plate by (a) bending and (b) shearing of the core layer
[77].
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The wave impedance ZB for bending waves, in the present model, is expressed as fol-

lows:

ZB = jωρp + Dω3

jc4 . (1.12)

where ρp is the total mass per unit area. D = E f I(
1−ν2

f

) is the bending stiffness of the

panel with I is the moment inertia of the cross section, E f and ν f are respectively the

Young’s modulus and Poisson’s ratio of the sandwich face-sheets. While, the shear wave

impedance ZS for sandwich panel with equal face-sheets is then expressed as follows:

ZS = jω
(
2ρ f +ρc

)+ 2D f ω
3

jc4 + Sω

jc2 , (1.13)

where ρ f and ρc are respectively the face-sheet and core mass per unit area. S is the

transverse shear stiffness. D f = E f h f(
1−ν2

f

) is the bending stiffness of the sandwich face-

sheet with h f is the thickness of the top and bottom face-sheet.

Thus, the total impedance for the sandwich panel is obtained by using the equivalent

electric circuit shown in figure 1.6. Where L = ρp, C1 = X2

D
, C2 = X2

2D f
and C3 = X

S
with

X = c2

ω2 . So that, the total impedance is given by :

ZT = jωρp + D
jωX2

2D f

jωX2 + S
jωX

D
jωX2 + 2D f

jωX2 + S
jωX

. (1.14)

The below dispersion relation (eq. 1.15) is found by assuming the absence of energy

dissipation (e.g. The total impedance ZT 1.14 equal to zero). The relation is expressed

in terms of the speed c of the exciting wave.

c2
S

c4
b

c6 + c2
S c4− c4

S c2 − c4
D c2

S = 0, (1.15)

where
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

cb = 4

√
ω2 D

ρp
; The full panel flexural wave speed.

cS =
√

S
ρp

; The core shear wave speed.

cD = 4

√
2D f ω

2

ρp
; The face-sheet bending wave speed.

(1.16)

Figure 1.5: Equivalent electric circuit of the total impedence [77].

The present model is among the first models which concluded that the shear wave

propagation in such structures is possible if the Young’s modulus of the sandwich core is

smaller than that of the sandwich face-sheets, which is the case of the most industrial

sandwich panel.

1.2.3 Ford, Lord & Walker’s model

The model proposed by Ford, Lord and Walker [53] is restricted to sinusoidal deforma-

tions that are flexible enough to describe accurately all modes of vibration may occur.

L1 and L2 is considered as the dimensions of the panel as shown in figure 1.6. The

displacement field using the present model for the sandwich core is written as follows:



U .sin(ωt)=
{

(B1+B2)
2

+ (B1−B2).z
d

+D1.cos
πz
d

}
cos(k1x).sin(k2 y).sin(ωt)

V .sin(ωt)=
{

(C1+C2)
2

+ (C1 −C2).z
d

+D1.cos
πz
d

}
sin(k1x).cos(k2 y).sin(ωt)

W.sin(ωt)=
{

(A1 + A2)
2

+ (A1 − A2).z
d

}
sin(k1x).sin(k2 y).sin(ωt)

(1.17)
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where A1, A2,B1,B2,C1,C2,D1 and D2 are the generalized coordinates.

Figure 1.6: Coordinate system [53].

The displacement field for the top face-sheet of the sandwich panel is described as fol-

lows:


UT .sin(ωt)= B1 cos(k1x).sin(k2 y).sin(ωt)−η1

∂W1

∂x
sin(ωt)

VT .sin(ωt)= C1 sin(k1x).cos(k2 y).sin(ωt)−η1
∂W1

∂y
sin(ωt)

W .sin(ωt)= A1 sin(k1x).sin(k2 y).sin(ωt)

(1.18)

Whilst, the displacement field of the bottom face-sheet of is expressed as follows :


UB.sin(ωt)= B2 cos(k1x).sin(k2 y).sin(ωt)−η2

∂W2

∂x
sin(ωt)

VB.sin(ωt)= C2 sin(k1x).cos(k2 y).sin(ωt)−η2
∂W2

∂y
sin(ωt)

W .sin(ωt)= A2 sin(k1x).sin(k2 y).sin(ωt)

(1.19)

Applying the Rayleigh-Ritz method [149] to minimize the energy and using the pre-

vious displacement field assumptions, the following derivatives must be zero:

∂(U −T)
∂A1

;
∂(U −T)

∂A2
;
∂(U −T)

∂B1
; etc.= 0 (1.20)

The desired dispersion relation achieves then by solving eight equations. These eight

equations are gotten By developing the previous equations (1.20).

1.2.4 Small-deflection theory

The small-deflection theory [47, 83, 136] is developed to consider the orthotropic plate

and the deflexions due to the shear in the elastic behavior. The sandwich panel defor-

mation is described in this theory by means of seven known physical constants:
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1.2. Overview of wave propagation models for sandwich panels X

# The flexural stiffness Dx =− Mx

∂2W/∂x2 and D y−
My

∂2W/∂y2 along x- and y-directions

respectively;

# The cross-bending stiffness Dxy =
Mxy

∂2W/∂x∂y
;

# The transverse shear stiffness Sx = Qx

γx
and Sy

Q y

γy
along x- and y-directions res-

pectively;

# The Poisson ratios νx = ∂2W /∂y2

∂2W /∂x2 and νy = ∂2W /∂x2

∂2W /∂y2 ;

From reference [83], the corresponding relations between resultant moments and

curvatures and twist are written as follows :



Mx =− Dx

1−νxνy

[
∂

∂x

(
∂W
∂x

− Qx

Sx

)
+νy

∂

∂y

(
∂W
∂y

− Q y

Sy

)]

My =− D y

1−νxνy

[
∂

∂y

(
∂W
∂y

− Q y

Sy

)
+νx

∂

∂x

(
∂W
∂x

− Qx

Sx

)]

Mxy =−1
2

Dxy

[
∂

∂x

(
∂W
∂y

− Q y

Sy

)
+ ∂

∂y

(
∂W
∂x

− Qx

Sx

)]
(1.21)

The differential equations 1.22 governing the panel behavior is obtained by sub-

stituting the previous relations 1.21 into the last three moment equilibrium equation

presented in [136].



∂Qx

∂x
+ ∂Q y

∂y
−ρp

∂2W
∂t2 = 0

− ∂3W
∂x∂y2 − ∂3W

∂x3 − Qx

D
+ 1

Sx

(
∂2Qx

∂x2 + (1−ν)
2

∂2Qx

∂y2

)
+ 1

Sy

(1+ν)
2

∂2Q y

∂x∂y
+ I

D
∂2

∂t2

(
∂w
∂x

− Qx

Sx

)
= 0

− ∂3W
∂x2∂y

− ∂3W
∂y3 − Q y

D
+ 1

Sy

(
∂2Q y

∂y2 + (1−ν)
2

∂2Q y

∂x2

)
+ 1

Sx

(1+ν)
2

∂2Qx

∂x∂y
+ I

D
∂2

∂t2

(
∂w
∂y

− Q y

Sy

)
= 0

(1.22)

So that, the dispersion relation for the sandwich panel is determined by solving the

differential equations 1.22 and assuming harmonic solutions.
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1.2.5 Renji’s model

The model developed by Renji et al. [123] is an improved model of the classical plate the-

ory [70] in which the transverse shear core of the sandwich panel is not considered. So,

the differential equation, in which the shear effect is included, was derived as follows:

D11
∂4w
∂x4 +2(D12 +2D66)

∂4w
∂x2∂y2 +D22

∂4w
∂y4 =−ρp

S
∂2

∂t2

(
D11

∂2w
∂x2 +D22

∂2w
∂y2

)
−ρp

∂2w
∂t2 .

(1.23)

where D11, D22, D12 and D66 are the coefficients of the bending stiffness matrix of

the sandwich panel. ρp is the mass per unit area of the sandwich panel and S is the

equivalent shear modulus defined as: S = Gchc

(
1+ h f

hc

)2

with Gc is the effective shear

modulus of the sandwich core, h f and hc are respectively the face-sheet and core thick-

nesses.

After solving the differential equation 1.23, the dispersion relation obtained using the

present model can then be written as:

D11k4
x +2(D12 +2D66)k2

xk2
y +D22k4

y −
ωρp

S
(
D11k2

x +D22k2
y
)= ρpω

2. (1.24)

Supposing r cosθ = 4
√

D11kx and rsinθ = 4√D22ky , The dispersion relation 1.24 can

then be expressed in terms of the polar system in the following form:

f1(θ)r4−
(
ρω2

S

)
4
√

D11D22 f2(θ)r2 −ρω2 = 0, (1.25)

where



f1(θ)= 1− 1
2

{
1− (D12 +2D66)p

D11D22

}
sin2(2θ)

f2(θ)= 4

√
D11

D22
cos2θ+ 4

√
D22

D11
sin2θ

(1.26)

For a typical sandwich panel, Renji et al. have pointed out in their work [123] that

neglecting the transverse shear effect or considering the sandwich panel to be isotropic

can lead to large errors in the vibroacoustic behavior prediction.

h h[YnabX

Page 22 [ Ph.D thesis at FST in Fez u



1.2. Overview of wave propagation models for sandwich panels X

1.2.6 Improved ordinary sandwich panel theory (IOSPT)

The improved ordinary sandwich panel theory [61, 62] is an improved version of the

full layer-wise theory presented in subsection 1.2.1.2. The improvement brought in the

present model with respect to the original theory [114] lies in the fact that the in-plan

rigidity of the sandwich core is accounted and also the orthotropic effect of the core and

face-sheet materials is considered.

Figure 1.7: A symmetric sandwich panel [61].

The assumptions of the IOSPT can be summarized as the following:

# The sandwich panel is symmetric about the mid-plane of the sandwich panel;

# Since the face-sheet is thin with respect to the core, the classical thin plate theory

is used for face-sheets;

# The normal stress in the thickness direction can be neglected. Thus, the anti-

symmetric deformation is only considered;

# The panel core is assumed to be relatively soft. So, the transverse shear deforma-

tion and the in-plan rigidity are not neglected;

# The mass of the adhesive at the face-core interface are ignored;

According to the above assumptions, the displacement field along x- and y-directions for

the top face-sheet is written as :
Ut (x, y, z, t)= c+d

2
Φx −

(
z+ c+d

2

)
∂W
∂x

Vt (x, y, z, t)= c+d
2

Φy −
(
z+ c+d

2

)
∂W
∂y

(1.27)

Similarly, the displacement field along x- and y-directions for the bottom face-sheet is

written as :
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
Ub (x, y, z, t)=− c+d

2
Φx −

(
z− c+d

2

)
∂W
∂x

Vb (x, y, z, t)= c+d
2

Φy −
(
z− c+d

2

)
∂W
∂y

(1.28)

While, the displacements field of any point at the face/core interface along x- and y-

directions was shown as:


U

(
x, y, z =± c

2
, t

)
=± c+d

2
Φx ∓ d

2
∂W
∂x

V
(
x, y, z =± c

2
, t

)
=± c+d

2
Φy ∓ d

2
∂W
∂y

(1.29)

Assumed that the displacement field along x- and y-directions of the panel core are

linear along the thickness direction, the in-plane displacement field of the panel core is

written as:


Uc (x, y, z, t)=−z

(
c+d

c
Φx − d

c
∂W
∂x

)
Vc (x, y, z, t)=−z

(
c+d

c
Φy − d

c
∂W
∂y

) (1.30)

The characteristic wave-number equation is obtained by substituting the previous dis-

placement fields in the total kinetic and strain energies and using the Hamilton’s prin-

ciple.

b4r8 +b3r6 +b2r4+b1r2+b0 = 0, (1.31)

in which bi (with i = 0, ...,4) are functions in terms of the angular frequency ω and

the heading angle θ. r represents the polar wave-number of the sandwich panel with

kx = r cosθ and ky = rsinθ.

1.2.7 Discrete laminate model (DLM)

The discrete laminate model [56] allows modeling the dynamic behavior for thick lami-

nates and sandwich panels. The displacement field of ith layer of the panel is controlled

by the Mindlin assumptions:


U i(x, y, z)=U i

0(x, y)+ zφi
x(x, y)

V i(x, y, z)=V i
0 (x, y)+ zφi

y(x, y)

W i(x, y, z)=W i
0(x, y)

(1.32)
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The Flüge theory is used to describe the displacement-constraint relationships. In

each layer, The rotational inertia, the in-plane, bending displacements as well as the

transverse shear are taken into account in this model. In addition, the orthotropic ply’s

direction is considered for any lamina composing a layer.

Figure 1.8: The interlayer forces considred in the DLM.

For the sandwich panel case, the discrete laminate model is based on the following

assumptions [55]:

# The core thickness is considered higher than of the face-sheets;

# The sandwich core contributes only by transversal shear stresses;

# The transversal shear stresses are neglected in the face-sheets;

# The sandwich core and face-sheets are assumed incompressible through the panel

thickness;

The dynamic equilibrium equations of the sandwich panel is expressed in the form

of a polynomial complex eigenvalue problem, in terms of an in-plane and bending dis-

placementrotation vector {e} :

k2
c[A2] {e}− ikc[A1] {e}− [A0] {e}= 0, (1.33)

where kc =
√

k2
x +k2

y , {e} = {
U , V , W, φx, φy

}
and [A0], [A1], [A2] are real matrices of

dimension 5X5 defined in detail in the appendix of reference [55].

1.2.8 Wave spectral finite element model (WSFEM)

The wave spectral finite element model (WSFEM) [97] recently developed by Mejdi et

al. is an improvement of the discrete laminate model presented previously. The present

XcamZ\g g

t Zergoune Zakaria [ Page 25



X Chapter 1. Literature survey : Theoretical models and experimental methods

model can predict the symmetric and anti-symmetric motion with either thin or thick

face-sheets and a stiff or soft core.

The governing equation described the vibroacoustic behavior of the sandwich panel

along the thickness direction, assuming kx and ky are known, is given by the following:

(
k2

z[K2]+kz[K1]+ [K0]−ω2[M]
)
{e}= {0} , (1.34)

in which {e} = {U , V , W}T is the displacement field with T stands for the vector trans-

pose operator. [K2], [K1], [K0] and [M] are 3x3 matrices given in [97].

1.2.9 Wave finite element method (WFE)

A large number of structures in the industrial and scientific fields are periodic along

certain or all directions. The Floquet theory [22], which is considered as one of the basic

theories of wave propagation in periodic structures, is recommended to analyze these

kind of structures. The theory considers that the wave propagation properties in a peri-

odic structure can be obtained from the propagation constant.

Knowing the wave propagation characteristics in periodic structures, such as the

dispersion curve and the propagation speed, are of great interest to simplify the vibroa-

coustic behavior analysis of a such structure. Theoretically, the understanding of wave

propagation provides the necessary basis for a successful implementation of numerous

scientific and industrial techniques (e.g. the Statistical Energy Analysis (SEA)).

Among the methods very used in the literature for identifying the expressions of

wave propagation characteristics, there are the wave finite element method (WFE method).

The stated method combines the theory of periodic structures (PST) introduced by Mead

[96] and the classical finite element method (FEM). The method was chosen due primar-

ily to the fact that it is simple to implement and can predict the structure behavior over

a wide frequency band particularly at mid and high frequencies where the size of the

structure is large compared to the length of wave.
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1.3 Transition frequency for sandwich panels

The transition frequency is an important vibroacoutic indicator among others which can

provide information about the macro behavior of the structure. It is by definition the fre-

quency at which the structure switches its current behavior type to an other behavior

one.

Figure 1.9: Typical dispersion curves for a sandwich panel [50].

As shown in figure 1.9 quoted from [50], a typical dispersion curve for a sandwich

panel shows three dominant behavior regions. The first region (red zone) is controlled

by the total section bending stiffness of the sandwich panel which is carried out in the

low frequency range. The whole panel is acting in this region as a homogeneous panel.

The second region (green zone) is controlled by the core shear stiffness at mid frequen-

cies. Whilst in the last region (blue zone), the vibroacoustic behavior is controlled by the

individual face-sheet bending stiffness at very high frequencies.

The first two regions are separated by the first transition frequency f t1 which has

great interest in this project’s thesis due to the fact that this spacial frequency defines

the frequency at which the core shear becomes important with respect to the panel bend-
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ing. While, the second transition frequency f t2 represents the switch of shearing core to

the individual bending face-sheets.

X Rindel’s survey

Rindel, in his work [126], has pointed out three analytic expressions of the transi-

tion frequencies, called in his work cross-over frequency. The values of the transition

frequencies depend on the dispersion characteristics chosen to define them. These three

expressions describe the shift from the global bending of the thick plate to the core

shear.

Based on the dispersion equation 1.15 set up by Kurtz and Walter, the transition

frequency f s
t is identified by equating the expression of the face-sheets bending wave

speed and the core shear wave speed.

f s
t = fc

( cs

c

)2
. (1.35)

where fc = c2

2π

√
ρp

D
is the critical frequency which is the frequency at which the effective

phase speed CDef f equals the speed of sound in the surrounding media. The effective

phase speed is expressed as the following form:

CDef f =
c2

D

cS

√√√√−1
2
+ 1

2

√
1+4

(
cS

cD

)4
. (1.36)

with the expressions of cD and cS are presented in subsection 1.2.2 in equation 1.16.

It is shown from the development of the modal density expression that the modal

density is constant in the low frequency range, but increases with frequency above the

transition frequency f n
t . It is noticed that the transition frequency f n

t obtained using

the modal density is the half of the one f s
t obtained using the dispersion relation devel-

oped by Kurtz and watter
(
f n

t = f s
t

2

)
.

X Evan’s work

Evan has developed in his work [48] two formulations of the transition frequencies

which separate the three regions previously mentioned. As has been stated, the first one
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f t1 presents the transition from the plate bending to core shear. The other f t2 defines

the shift from the shear core to the individual face-sheets bending.



f t1 = 1
π

(
h f +hc

)
√√√√ (

ρchc
)2

2ρ f h f ρp

(
G
ρc

√
ρ f

(
1−ν2)
E f

)

f t2 =
p

3
πh f

√√√√ (
ρchc

)2

2ρ f h f ρp

(
G
ρc

√
ρ f

(
1−ν2)
E f

) (1.37)

where ρc and ρ f are respectively the mass density of the panel core and face-sheets.

G is the shear modulus of the core.

It should be noted that the development of the two transitions in Evan’s study is

based on Krutze and watters presented in subsection 1.2.2.

X Guillaumie’s work

Guillaumie’s work [59] is based on Renji’s model presented in subsection 1.2.5. The

analytical expression of the transition frequency is developed using the inverse infinite

mechanical impedance of the sandwich panel.

Z−1
∞ = n(ω)

4ρp A
= ω

8S

1+
(
ρpω

2+ 2S2

D

)√
ρ2

pω
4 + 4ρpω

2S2

D

 . (1.38)

The global bending and shear impedances are then deduced from the above formu-

lation of the mechanical impedance.


(
ZD∞

)−1 = 1
8
√

Dρp(
ZS∞

)−1 = ω

4S

(1.39)

where (ZD∞)−1 and (ZS∞)−1 represent respectively the inverse infinite mechanical impedances

below and above transition frequency. So, the first transition frequency is given by

equating the two equations:

f t = S
4π

√
1

ρpD
. (1.40)
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The developed expression of the transition frequency separates the classical isotropic

behavior of the sandwich panel and the out-of-plane shear core. It is worth mentioning

that the previous transition formulation is the same as the one developed by Rindel

using the modal density.

1.4 Modal density for sandwich panels

The modal density is by definition the distribution of the modal natural frequencies in

the frequency domain. It should be mentioned that there are two alternative forms of

the modal density; a modal density in terms of frequency n( f ) and another in terms

of angular frequency n(ω) which are related by n(ω) = 2πn( f ). So, the mathematical

definition of the modal density is the differentiation of the mode count N(ω) with respect

to the frequency.

n(ω)= dN(ω)
dω

, (1.41)

For a panel with dimension a×b, the mode counts can be expressed by:

N(ω)= ab
2π2

∫ π
2

0

r2dθ, (1.42)

The first analytical development of modal density for honeycomb sandwich panels

or shells was carried out by Wilkinson [157]. It is assumed that the face-sheets have the

same thickness and are much thinner than the sandwich core; the face-sheets have a

negligible bending stiffness about their mid-plane; the sandwich core makes a negligible

contribution to the bending stiffness and it is considered to be isotropic. So, the modal

density expression presented in the Wilkinson’s work for a flat plate is given as follows:

n( f )= ab
πSh2

c

Ω2

f

1+ Ω2+2
(
1−ν2)S2√

Ω4 +4
(
1−ν2

)
S2Ω2

 , (1.43)

where S = Ghc

2E f h f
and Ω2 = h2

cπ
2

h f E f
f 2

{
rhochc

2
+ρ f h f

}
. a, b are the panel dimensions.

In the very high frequency range, the approximate model needs to include the bending

of the face-sheets and the bending and shear of the sandwich core.
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The effect of orthotropic sandwich core has then been accounted by Erickson [47].

The bending stiffness of the sandwich core is ignored but its shear effect was included

in the analytic model via the insertion of the shear modulus Gx and G y. The model has

included the bending stiffness of the face-sheets and the rotary inertia of the sandwich

panel.

Clarkson and Ranky [31] present in their paper an analytical development of the

modal density for honeycomb sandwich plates. The development is based on the Erick-

son’s model but the rotary inertia and the bending stiffness of the core are neglected.

The proposed formula is expressed as follows:

n( f )= π2

2ω0

a
b


r
(
ω

ω0

)
+

1+ 1
2

r2
(
ω

ω0

)
√

1+ 1
4

r2
(
ω

ω0

)


, (1.44)

in which ω0 =
(π

b

)2
√

D
ρp

and r
(
ω

ω0

)
= 2π f

√
Dρp

DQxDQ y
with D =

E f h f h2
c

(
1+ h f

hc

)2

2
(
1−ν2

) is the

bending stiffness of the sandwich panel, DQx =Gxhc

(
1+ h f

hc

)2

and DQ y =G yhc

(
1+ h f

hc

)2

are the shear stiffness of the sandwich panel.

Afterwords, Renji [123] has developed an analytical formulation of the modal density

of the sandwich panel in which the orthotropic effect of the sandwich panel as well as

the shear core and the stiffness bending of the face-sheets are included. The modal

density in the Renji’s model is expressed in the following form:

n( f )= 2abρp f
S

∫ π
2

0

 f2(θ)
f1(θ)

+ 1
f1(θ)

(
ρ2

pω
4 f 2

2 (θ)+ 4ρpω
2S2√

DxxD yy
f1(θ)

)− 1
2

(
ρpω

2 f 2
2 (θ)+ 2S2√

DxxD yy
f1(θ)

)}
dθ,

(1.45)

where the coefficients f1(θ) and f2(θ) are defined in section 1.2.5 equation 1.26.

In recent times, Han et al. [61, 62] have developed a modal density expression of

sandwich panels with composite face-sheets and orthotropic sandwich core based on
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the improved ordinary sandwich panel theory (IOSPT) presented in subsection 1.2.6.

The modal density was expressed in the Han’s work with considering the effects of the

boundary condition as follows:



NCC(ω)= ab
2π2

∫ π
2

0

r2dθ−
(
r|θ=0

a
π
+ r|θ=π

2

b
π

)
+1,

NFF (ω)= ab
2π2

∫ π
2

0

r2dθ+
(
r|θ=0

a
π
+ r|θ=π

2

b
π

)
+1,

(1.46)

where NCC and NFF are respectively the mode counts under clamped and free bound-

ary conditions. r2, r|θ=0 and r|θ=π
2

can be obtained by the governing equation 1.31 of

the sandwich panel. Subsequently, the modal density of the sandwich panel can be com-

puted via the definition of the modal density (eq. 1.42), as long as the mode counts are

given.

1.5 Sound transmission loss through sandwich
panels

The control the noise level and vibration is of great interest in either scientific or in-

dustrial field for a in-depth understanding of the way in which the sound waves are

produced or transmitted through a plate. In general, when a sound wave strikes a plate,

a part of its energy is reflected, another part is absorbed and the rest of the power energy

is transmitted (see figure 1.10). The sound level of the reflected, absorbed or transmit-

ted part depend directly on the mechanical properties of the plate.

Due to a wide variety of sandwich panels, in terms of configurations of the core, there

is a lack of theories which can describe their sound transmission, absorption and reflec-

tion characteristics.
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Figure 1.10: Reflection, absorption and transmission of a sound wave strikes a sandwich
panel.

The sound transmission loss (TL) is an acoustic indicator used to describe the reduc-

tion of sound transmitted through the structure. This indicator [21, 108] is defined as

the common logarithm of the ratio between the incident and transmitted powers.

TL (ω)= 10.log10

(
1

τ (ω)

)
, (1.47)

where τ (ω) = WT

WI
is the transmission coefficient, WI is the incident power, WT is the

transmitted power. The sound transmission loss of a diffuse field for an infinite plate is

obtained by averaging the transmission coefficient τ
(
ω,θ,φ

)
over all the incident angles

θ and the propagation angle φ.

τ(ω)=
∫ 2π

0
∫ π/2

0 τ(ω,θ,φ)sinθ cosθ dθ dφ∫ 2π
0

∫ π/2
0 sinθ cosθ dθ dφ

. (1.48)

As it can be shown in figure 1.11, the TL characteristics for a typical plate can be

divided into four distinct regions based on the frequency range under analysis. At very

low frequencies, the TL is controlled by the panels stiffness and damping [72]. At lower

frequency, the sound transmission loss of the panel is primarily governed by its mass

in what is known as the mass controlled region. In this range, the TL expression can be

predicted by the mass law :

TL = 10.log10

[
1+

(
ρsπ f cosθ

ρ0c0

)2]
, (1.49)
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in which ρs is the mass per unit surface area of the panel, f is the frequency, θ is

the angle of incidence, ρ0 and c0 are the density and the sound speed of in the acous-

tic medium. For normal incident waves, θ = 0°, the mass law simplifies to the normal

incidence mass law which expressed as the following:

TL(θ=0) ≈ 20.log10
(
ρs f

)−42.5 [dB], (1.50)

Figure 1.11: Sound transmission regions of a finite panel controlled by stiffness, reso-
nance, mass, and coincidence [58].

For the diffuse field of the mass law, the TL expressed as follows :

TL = 10.log10



0.978
(
ρsπ f
ρ0c0

)2

ln

(
1+ ρsπ f

ρ0c0

)2

1+
(
0.208

ρsπ f
ρ0c0

)2


, (1.51)

The mass law is validated up to the region controlled by the coincidence effect. The

critical or coincidence frequency fc is the frequency at which the speed of bending waves
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traveling into the structure equals the speed of sound in the air c0. Around this fre-

quency, the sound reduction performance is dramatically reduced. After the coincidence

region, the TL still increases, but at 9 dB per doubling of frequency. More details about

critical and coincidence frequencies are available in Renji et al. work [124].

1.5.1 Statistical Energy Analysis (SEA)

The Statistical Energy Analysis (SEA) method [33, 34, 82, 89] is an approach for mod-

eling the acoustic transmission through a multilayer structure using the relationships

of power flow based on the statistical coupling of dynamic modes of the system response.

The SEA approach provides a basis for predicting the average noise especially in

the high frequency range where the modal density is high. This method has been devel-

oped for the aerospace industry and has been evolved over the last two decades. Lyon,

Maidanik [88, 90] and Smith [134] are among the first researchers developing the SEA

method where the problem of energy flow between slightly coupled linear oscillators

was processed. After this early work, several articles [91, 105, 129, 146] appeared in

which improvements and generalizations of this method were presented and discussed.

Figure 1.12: Power flow between the three sub-systems of a double composite panel
quoted from [133].

The method divides the whole system into subsystems (see figure 1.12) that can ei-

ther receive, store, or dispel the energy. The energy equilibrium for each subsystem is

based on energy conservation. The power flowing from a subsystem to another is as-

sumed to be proportional to the difference in their modal energy, or the vibrational en-
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ergy per mode. This is the same principle as that of heat transfer, energy is discharged

in a hot subsystem into a cooler subsystem until the temperature difference is equal to

zero. In the SEA method, the modal energy is the temperature. If the vibrational energy

per mode is equal in the two subsystems, the flow of energy between them is zero. This

assumption is called the proportional power coupling.

1.5.2 Transfer matrix method (TMM)

The method of transfer matrices (TMM) [6, 23] allows modeling the acoustic propaga-

tion of plane waves in the plies of a layered medium. The media can be of different types:

solid, elastic, thin plate, fluid, solid or porous and so on . Each layer is represented by

a vector V whose components are the speeds, stresses (solid, porous) or the pressure

(fluid) caused by the wave propagating in the medium under consideration.

Figure 1.13 illustrates an incident plane wave with an incident angle θ on a struc-

ture having a thickness d. The plate is infinite in x1 and x2 directions. The incident

wave results in a wave field in a finite media, where the wavenumber along the x1 di-

rection is equal to the wavenumber in the air following the same direction. The acoustic

propagation in the plate is represented by a transfer matrix [T].

V (M)= [T]V (M′). (1.52)

The transfer matrix method (TMM) can be generalized to be applied to other media

such as thick plates, orthotropic plates, sandwich panels and porous materials trans-

versely isotropic [6]. A different excitation field can be modeled (e.g. the plane waves,

the point forces,...).
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Figure 1.13: Incident plane wave on a plate thickness d, with an incident angle θ.

The acoustic indicators which can obtained via this method are the surface impedance,

the coefficients of reflection, absorption and transmission and the loss factor. The classic

TMM method assumes a structure with infinite lateral dimensions. This assumption

can cause bad results in the low frequencies, especially for the panels of a small size.

However, the results can be corrected in order to consider the finite size of the structure

[6, 125, 147].

1.5.3 Finite transfer matrix method (FTMM)

Allard and Atalla [6] give an extension of the transfer matrix method, called the finite

transfer matrix method (FTMM), similar to the spatial window technique which takes

into account the finite size of the structure. The radiation efficiency in this method is

calculated differently, but gives similar results to those of the art of spatial window [6].

In the FTMM method, a single spatial window is only used in the incident media side.

Allard and Atalla indicate that the use of a dual spatial window to calculate the sound

transmission coefficient is contrary to its definition. They have recommended to apply

the correction only for the transmitted power. This correction may be necessary to take

into account the diffusion of the incident field.

1.5.4 Wang & Lu’s approach

This approach developed by Wang and Lu et al. [132, 148, 159] allows predicting the

sound transmission loss (TL) for finite sandwich structures with corrugated core that
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have been widely used in hull construction of passenger trains. This model is based pri-

marily on replacing the heart with springs of translation and rotation evenly (see figure

1.13) distributed between the two face-sheets of the sandwich structure.

The transmission coefficient of sound power is expressed in this analytical approach

as a function of the incident angle θ as follows:

τ(θ)=
∑∞

m=1 |Tm|2∑∞
m=1 |Im +Rm|2 , (1.53)

Figure 1.14: (a) Simply-supported sandwich structure with corrugated core; (b) equiva-
lent structure [132].

where Tm and Rm are the amplitude of the transmitted and the reflected acoustic with

their expressions are expressed in terms of the amplitude of the incident waves Im.

Tm = −2 jω2ρ0Q12Ime jkyl

ky(Q11Q22 −Q12Q21)
, Rm = Im − 2 jω2ρ0Q22Im

ky(Q11Q22 −Q12Q21)
, (1.54)

with Q i j are coefficients given in reference [132].
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1.6 Experimental methods for dispersion analysis

1.6.1 Identification of the wavenumber

Several experimental techniques are available for evaluating the dispersion character-

istics. In this subsection, a classical method of spectrum analysis is presented and a

promising spectrum estimation approach is then shortly described.

1.6.1.1 Correlation method

The correlation method was developed by Ferguson et al.[51, 69] which deals with win-

dowing the measured normal displacement of a plate for identifying the propagation

constants. The method is based on a 2D discrete spatial Fourier transformation.

Similar to the temporal Fourier transform, which allows connecting the time and the

frequency, the spatial Fourier transform connects the spatial and wavenumber domain.

The formulation of the SFT can be defined as:

F(k)=
∫ ∞

−∞
f (x)e− jkxxdx. (1.55)

Also, the inverse spatial Fourier transform is defined as:

f (x)=
∫ ∞

−∞
F(kx)e− jkxxdkx. (1.56)

Windowing the field allows avoiding the effect of the near field which is caused prin-

cipally by the sources and the boundary conditions.

1.6.1.2 Inhomogeneous wave correlation (IWC) method

The inhomogeneous wave correlation method was proposed by Berthaut et al. [19] to

identify the dispersion characteristics from experimental data. The IWC method not

only allows determining the k-space at each frequency but it is also able to identify the

corresponding loss factor (i.e. the inhomogeneous wave parts as the near fields induced

by the boundary conditions or sources). The main idea behind the IWC method was the

computation of the correlation coefficient between the experimental wave field and an

inhomogeneous reference wave. Unlike the standard DFT technique, the IWC method is

more suitable for real measurements because it requests neither equidistant data grids

nor the resolution.
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1.6.2 Identification of the sound transmission loss

1.6.2.1 Standard test method

The standard test method [45] is developed by the international standards and testing

organization (ASTM) to measure the airborne sound transmission through a partition

or partition element in a laboratory. The experimental set-up of this standard method

is shown in figure 1.15.

Figure 1.15: Experimental set-up of the sound transmission loss measurement [45].

In the present method, the sound pressure levels in the source and receiving rooms,

the sound absorption in the receiving room and the area of the panel are used to deter-

mine the sound transmission loss. Different values of the measured sound transmission

loss may be expected . So to compensate for this, It is recommended to repeat the whole

measurement with reversing the source and receiving rooms and then averaging the

final results.

The below equation is used in the experimental method to determine the sound trans-

mission loss (TL) at each frequency f :

TL( f )= LS ( f )−LR ( f )+10log
(

S
AR ( f )

)
, (1.57)

where LS ( f ) and LR ( f ) are respectively the average sound pressure level in the source

and receiving rooms. S is the area of the tested panel that is exposed in the receiving

room. AR ( f )=
3
p

V 2

3
is the sound absorption coefficient of the receiving room with V is

the receiving room volume. The sound absorption coefficient should be low to achieve the

h h[YnabX

Page 40 [ Ph.D thesis at FST in Fez u



1.7. Experimental attempts for improving the transmission loss X

best possible simulation of the ideal diffuse field condition and to minimize the region

dominated by the direct field of the tested panel.

1.6.2.2 Impedance tubes method

The impedance tube method is an experimental method widely used for determining the

sound absorption and the acoustic impedance coefficients of the material [1]. This exper-

imental method is exploited by Jung et al. [71] to determine the sound transmission loss

of the material.

Figure 1.16: Impedance tube for measuring the sound transmission loss [71].

The sound transmission loss of the material can be determined by utilizing the sound

pressure measured via the microphones placed at position 1, 2, 3 and 4 (see figure 1.16).

The equation used in this method to predict the sound transmission loss experimentally

is expressed as the following form:

TL = 20log
∣∣∣∣ e jks −H12

e jks −H34

∣∣∣∣−20log |Ht| , (1.58)

in which H12 = p1

p2
and H34 = p4

p3
are the transfer function with p1, p2, p3 and p4

are the Fourier-transform component of the sound pressures at positions 1, 2, 3 and 4

respectively. Ht =
√∣∣∣∣Sd

Su

∣∣∣∣ is the square root of the ratio between the auto-spectrums in

the downstream tube Sd and the upstream tube Su.

1.7 Experimental attempts for improving the
transmission loss

Over the last decades, many published papers are suggesting different techniques for

improving the vibroacoustic performance of the sandwich panel. In this section, it is
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tried to present some of the important works published recently.

1.7.1 Palumbo & Klos’s work

Palumbo and Klos [110] have established a series of experimental works to improve

the sound transmission loss (TL) of the honeycomb sandwich panel while trying at the

same time to keep the advantages of this kind of a structure (very high stiffness with

low weight). These sandwich structures provide a reasonable alternative to panels stiff-

ened aluminum used currently in most aircraft fuselages and launchers.

Figure 1.17: Components of full (a), voided (b) and recessed (c) sandwich core [110].

Palumbo et al. have conducted a series of experiments to enhance the vibroacous-

tic indicator (TL). These experiments are based on creating of reduced stiffness areas

(see figure 1.17), which are considered as acoustic damping at the sandwich panel. The

reduced stiffness areas were made by creating voids and recesses to the core of the sand-

wich panel. These areas have resulted in an increase of the sound transmission loss (TL)

up to 11 dB in the mid frequency range (see figure 1.18).

Figure 1.18: Transmission loss curves for (a) voided (b) and recessed sandwich core [110].
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Nonetheless, the creation of these acoustic damping areas results in a reduced plate

stiffness about 10%. The decrease in the bending stiffness of the modified sandwich

panel is still present despite the increase of the core thickness and the improvement of

the shape of the voids and recesses in order to avoid the stress concentration.

1.7.2 Attempt of Peters & Nutt

The experimental study carried out by Peters and Nutt [111] aims to identify the influ-

ence of different mechanical and geometric parameters (cell size, mass density of the

core, shear modulus of the core and so on) on the wave propagation speeds across the

honeycomb sandwich structures particularly the shear wave propagation speed.

Figure 1.19: Shematic of experimental set-up [111].

The experimental set-up of this study is illustrated in figure 1.19. The experiment

measures the bending wave speeds fo the honeycomb sandwich panels with different de-

sign parameters and then distinguishes the transition between the panel bending and

the shear wave motion . The meseared wave speeds for the honeycomb structure are

compared to the TL measurements published [36, 77] for identical structures.

Figure 1.20: Wave speed mesearements [111] and sound transmission loss [124] of car-
bon fiber laminate face-sheets and a honeycomb core.
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X Chapter 1. Literature survey : Theoretical models and experimental methods

Figure 1.21: Wave speed mesearements [111] and sound transmission loss [124] of glass
fiber laminate face-sheets and a honeycomb core.

On the whole, It is shown in the obtained results that the shear modulus of the

sandwich core has a significant influence on the waves speed of the tested panels (see

figure 1.20 and 1.21), while the cell size has been a negligible effect on either the wave

speed or the sound transmission loss (TL).

1.7.3 Attempt of Naify and his co-workers

Naify et al. [103] have proposed a noise reduction strategy by exploiting the difference in

acoustic impedance different gasses. The concept of using helium as the gas layers has

been studied in many published papers [9, 12, 100, 115] but it has not implemented in

an industrial application. As shown in figure 1.22, the concept is based on the impedance

mismatch between the air media and the gas layer.

Figure 1.22: Reflection and transmission of sound waves incident on a layered gas panel
[103].
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The recent paper of Naify et al. [103] is an extension of the impedance mismatch

described in figure 1.22. The paper suggests to attach multiple gas layers on the source

and receiver sides of the sandwich panel. Figure 1.23 exhibits a comparison of the mea-

sured and theoretical sound transmission loss curves between a sandwich panel alone

and a sandwich panel with gas layers attaching on the source side or on both source and

receiver sides.

Figure 1.23: (a) Panel with helium layers on the source and receiver sides; (b) Panel
with helium on the source side and argon and helium on the receiver side of the panel
[103].

Although it is shown in figure 1.23 that the proposed concept for the noise reduc-

tion is an effective means to increase the sound transmission loss through a sandwich

panel, it should be noted that the concept has some drawbacks. Among them, it can be

mentioned that the added layers increase the weight of the reference sandwich panel.

Also, after adding the gas layers, the thickness of the sandwich panel is much thicker

than the reference panel which can complicate the work of the designers to set a smaller

diameter for a cylindrical structure for instance.

1.8 Concluding remarks

Theoretical models and analyses of the vibroacoustic response of sandwich panels are

among the central issues of the current engineering research, which are trying to better

investigate and reduce the principal drawbacks of such configuration.
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In the previous sections and subsections, an overview of the most relevant models

able to predict the dynamic characteristics and the vibroacoustic performance of sand-

wich panels have been cited. Furthermore, some of interesting experimental attempts

for improving the acoustic performance of sandwich panels have been presented.

The increasing attention paid to the topic of vibroacoustic models is due to the large

variety of core configurations of sandwich panels, arising from different materials and

geometrical combinations. This trend spread the research lines rather than focusing on

a specific view. This emerges clearly from the presented review in terms of both theoret-

ical modeling and experimental measurements and investigations. In the next chapter,

a numerical approach is suggested which can take into account most of the varieties

mentioned previously.

h h[YnabX

Page 46 [ Ph.D thesis at FST in Fez u



C
H

A
P

T
E

R

2
IMPLEMENTATION OF THE MESO-MACRO APPROACH

Contents
2.1 Development of the meso-macro approach . . . . . . . . . . . . . . . . . . 48

2.1.1 2D formulation of the WFE method . . . . . . . . . . . . . . . . . 48

2.1.2 Component mode synthesis (CMS) . . . . . . . . . . . . . . . . . . 54

2.1.3 Model order reduction (MOR) . . . . . . . . . . . . . . . . . . . . . 55

2.2 Validation of the proposed approach . . . . . . . . . . . . . . . . . . . . . . 56

2.3 Extension for curved sandwich structures . . . . . . . . . . . . . . . . . . 59

2.4 Concluding remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

I
N this chapter, the development of the meso-macro approach and its results

are presented in detail. In general, the suggested approach is able to model

the dispersion characteristics for the free wave propagation through com-

plex two-dimensional periodic structures. These characteristics can facilitate the pre-

diction of different vibroacoustic indicators such as the modal density (n), the transi-

tion frequency ( f t) and the sound transmission loss (TL). The prediction of the stated

indicators allows for a deeper understanding of the vibroacoustic behavior of sandwich
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X Chapter 2. Implementation of the meso-macro approach

structures by revealing the influence of different geometric parameters of the modeled

unit cell via a parametric study, for instance.

2.1 Development of the meso-macro approach

The meso-macro approach, developed in this section, is based on the wave finite element

(WFE) method presented in chapter 1, subsection 1.2.9. The WFE method has been pre-

sented as a numerical method able to model the vibroacoustic behavior of a periodic

structure. This method is then applied here to predict the dynamic behavior of a sand-

wich panel. It includes the reformulation of the motion equation of a representative

elementary cell by introducing the notion of the dynamic stiffness matrix (DSM). This

matrix (DSM) involves the mass and stiffness matrices of the two-dimensional periodic

cell of the modeled structure. The structural wave motion of the sandwich structure is

expressed in terms of the eigenvalues and the eigenvectors of the rewritten dynamic

stiffness matrix. The eigenvalues and eigenvectors of the problem formulation repre-

sent the wavenumbers and the wavemodes of the studied sandwich panel, respectively.

There are two types of formulation, one- and two-dimensional WFE formulations.

The both formulations give the same results for 2D periodic structures. However, the 1D

formulation is well recommended for 1D periodic structures. The 2D WFE formulation

and a reduction process were further detailed and clarified through the next subsec-

tions. The approach, reported here, does not require any homogenization techniques of

the sandwich panel. Consequently, the applied approach save up totally the meso-scale

information of the considered core.

2.1.1 2D formulation of the WFE method

A rectangular or parallelogram periodic cell of the honeycomb sandwich panel is hereby

considered (see figure 2.1) with length Lx and width L y. Thanks to the structure pe-

riodicity, it is sufficient to model just the unit cell representing the periodicity of the

sandwich panel by a conventional finite element method [11, 113], instead of the whole

structure. The 2D WFE formulation for homogeneous honeycomb sandwich structures

was validated and given in many published papers (e.g. Chronopoulos’ work [28]). In

the present study, the honeycomb sandwich panel was modeled as 3D geometric archi-

tecture without using any homogenized values.
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2.1. Development of the meso-macro approach X

According to the 2D WFE method, the motion equation for periodic structural waveg-

uides can be expressed as follows:

(
Dd

bdI Dd
bdbd

Dd
Ibd Dd

II

)(
Ubd

UI

)
=

(
fbd

0

)
, (2.1)

where Dd
bdI , Dd

bdbd, Dd
Ibd, and Dd

II are the block matrices of the dynamic stiffness

matrix Dd = K̃(1+ jη)−ω2M̃ of the modeled sandwich panel. K̃ and M̃ are respectively

the reduced stiffness and mass matrices. η is the damping coefficient. Ubd and fbd are

respectively the displacement and force vectors of the boundary nodes. UI represents

the displacement vector of internal nodes (see figure 2.2).

Figure 2.1: Waveguide periodic cell of the honeycomb sandwich panel.

The degrees of freedom (dofs) of the displacement vector related to interior nodes

UI are condensed to the dofs of the displacement vector related to boundary nodes by

injecting the bellow expression (2.2) into equation (2.1).

UI =−(Dd
II)−1Dd

IbdUbd. (2.2)

The dofs of the boundary nodes Ubd are composed by the dofs of the edge nodes (UB,

UL, UR , UT) and the corner nodes (U1, U2, U3, U4) (see figure 2.2). In the present numer-
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ical approach, it is assumed that each opposite edge and corner nodes must have exactly

the same number of dofs. However, there are no mesh constraints for the interior nodes

of the periodic cell. Therefore, the FEM mesh inside the waveguide periodic cell can be

applied arbitrary.

By using the Floquet-Bloch theory for a periodic rectangular cell and assuming a

time harmonic response, the displacements at each edge and corner can be written res-

pectively as a function of the displacements at one single corner U1 and edges, UL and

UB.

For the dofs of the corner nodes :

U2 =λxU1, U3 =λyU1, U4 =λxλyU1. (2.3)

For the dofs of the edge nodes :

UR =λyUL; UT =λyUB, (2.4)

with λx = eiµx ,λy = eiµy . µx = kxLx and µy = kyL y being respectively the propagation

constants of a plane harmonic wave in the x- and y-directions, while kx and ky are the

wavenumbers along the x- and y-directions, respectively. Hence, the total dofs of the

boundary and interior nodes can be written in matrix form as follows:

(
U1 U2 U3 U4 UB UL UR UT UI

)T =ΛR


U1

UB

UL

UI

 , (2.5)

where ΛR(λx,λy) is expressed as :
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2.1. Development of the meso-macro approach X

ΛR(λx,λy)=



In1 0 0 0

λx.In1 0 0 0

λy.In1 0 0 0

λx.λy.In1 0 0 0

0 InB 0 0

0 0 InL 0

0 0 λx.InL 0

0 λy.InB 0 0

0 0 0 InI



. (2.6)

Figure 2.2: Nodes definition of the rectangular unit cell in the 2D WFE method.
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It should be mentioned that the propagation constant λy has to be replaced in the

case of the parallegram cell by λy′ =λ

Lx
L y cosα
y λsinα

x with α= π

6
which represents the prop-

agation constant in the y’-direction.

In the absence of any external excitation applied to the sandwich panel, the bound-

ary forces equilibrium fbd of the periodic cell for the edges and corner dofs can be ex-

pressed as follows:

ΛL(λx,λy)


f1

fB

fL

= 0, (2.7)

with f1, fB and fL being respectively the applied boundary forces of the periodic cell

at the corner node 1, the bottom edge and the left edge, whilst the matrix ΛL(λx,λy) is

written in the following form :

ΛL(λx,λy)=


In1 λ−1

x .In1 λ−1
y .In1 λ−1

x .λ−1
y .In1 0 0 0 0 0

0 0 0 0 InB 0 0 λ−1
y .InB 0

0 0 0 0 0 InL λ−1
x .InL 0 0

0 0 0 0 0 0 0 0 InI

 .

(2.8)

Hence, by substituting equation (2.5) into equation (2.1) and multiplying both sides

of equation (2.1) by the matrix ΛL(λx,λy), the motion equation of the sandwich panel

takes the following form:

ΛL(λx,λy)DdΛR(λx,λy)


U1

UL

UB

= 0. (2.9)

Many techniques are extensively discussed concerning the solution of the eigenvalue

problem developed in equation (2.9) in many published works (e.g. Manconi’s work [92]).

To calculate the wave propagation along the x-direction, the frequency range ω and the

wavenumber ky across the y-direction are given. So, the non-linear eigenvalue problem

of equation (2.9) can be reduced to the following equation:

A j(ω,λy).λ j
x.


U1

UL

UB

=


0

0

0

 , (2.10)
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2.1. Development of the meso-macro approach X

where j = 0, ...,2 for the rectangular unit cell and j = 0, ...,6 for the parallelogram

unit cell while the matrices A j are given in detail in appendix A. Once the matrices A j

are determined, the eigenvalue problem developed in equation 2.10 can be solved using

the polyeig function in Matlab.

The propagating wavenumbers kx and ky through the honeycomb sandwich panel

in the principal directions, x and y, are then given by:

kx = log(λx)
iLx

, ky =
log(λy)

iL y
. (2.11)

The above eigenvalues kx and ky, which stand for the wavenumbers propagating

along the x- and y-directions, are complex values. Their real parts ℜ(kx) and ℜ(ky)

present the change in phase with respect to the distance, whereas the imaginary parts

ℑ(kx) and ℑ(ky) present the decay of the flexural wave amplitude across the sandwich

panel.

Reduced computation processes for 1D and 2D WFE formulations were proposed by

C. Droz et al. in [41, 43]. The proposed strategy develops a suitable numerical technique

to reduce the computation of the wave dispersion in 2D periodic systems by combining

the Component Mode Synthesis (CMS) approach and the model order reduction (MOR).

the both reduced methods, CMS and MOR, will be presented in detail in the next sub-

sections 2.1.2 and 2.1.3. The total strategy enables us to reduce the simulation time of

the modeled structure from a couple of days to just few minutes or even few seconds.

The identification of the flexural wave type of sandwich structural has been realized

by using the MAC matrix (Modal Assurance Criterion matrix) which allows distinguish-

ing between different types of waves by comparing the wave shapes Φ of the honeycomb

structure.

MAC =
(
ΦT

i Φ j

)(
ΦT

j Φi

)
(
ΦT

i Φi

)(
ΦT

j Φ j

) . (2.12)

The symbol T stands for the transpose and the overbar for the conjugate of the

displacement vectors. The correlation coefficient for the MAC criterion with regard to

orthotropic structures is typically between 0.4 and 0.8, whilst for isotropic case it can
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be reached up to 0.9.

In the two next subsection, the reduction strategy adopted in the present work to

reduce the computation cost of the meso-macro approach is presented in detail. The

reduction process is based on two reduction methods, the component mode synthesis

(CMS) and the model order reduction (MOR). It is worth mentioning that before ap-

plying the stated two methods, the execution time of the meso-macro approach was in

terms of days.

2.1.2 Component mode synthesis (CMS)

The modal synthesis method (CMS) [32, 60, 162] is a standard method to reduce the size

of a large finite element model describing the global response in terms of components

for different modes of local substructures. This method is widely used in the aerospace

industry to reduce the degrees of freedom of large finite element models. The CMS is

considered as an extension approach of CraigBampton procedure [60] in a wave context

since the aim here is to capture the local deformed wave shape of the unit cell. The CMS

consists of transforming the internal physical dofs of the unit cell into modal internal

dofs Pc (see Figure 2.3).

Figure 2.3: Reduction of the internal dofs by using CMS technique.

The reduction method CMS consists of getting the two reduced mass M̃ and stiffness

K̃ matrices by multiplying the full matrices, M and K , by a matrix contains two block

matrices B and ϕ.
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(
Ubd

UI

)
=

(
B ϕ

)(
UR

qm

)
,with m < L (2.13)

The subscript bd and I denote the boundary and internal independent elastic nodes

of the unit periodic cell. B and ϕ are given as :

(
B

)
=

(
I
ϕR

)
,

(
ϕ

)
=

(
0

ϕL

)
, (2.14)

in which ϕR and ϕL can be obtained by solving the following equations :

{
[ϕR]=−[KLL]−1[KLR]{
KLL −ω2

oMLL
}
[ϕL]= 0

(2.15)

By introducing the reduction matrices B and ϕ in the motion equation and develop-

ing the obtained equation, the motion equation becomes then as follows:

(
MBB MBm

MmB Mmm

)(
ÜR

q̈m

)
+

(
KBB 0

0 Kmm

)
=

(
Ubd

qm

)
=

(
Fbd +ϕT

RFI

ϕT
I FI

)
, (2.16)

where the coefficients of the mass and stiffness matrices were given in appendix A.

2.1.3 Model order reduction (MOR)

The reduction technique (MOR) proposed by Droz et al. [41, 43] studies the free wave

propagation in 1D and 2D composite structures. The main purpose of the stated method

is to reduce the matrices A i developed in equation 2.10 using a subset of eigen-solutions.

The main idea of the proposed reduction technique is that a waveguide cross-sectional

deformed shape at frequency ωi can be used to describe the motion of the periodic cell

for the same wave in a large frequency range around ωi.

The first step in the MOR approach is to determine a reduced frequency sample for

the wave shape interpolation. The main idea is that a cross-sectional deformed wave

shape for a given wave type at a given frequency can be used to model the periodic cell

motion for the same wave in a large frequency range around this given frequency. As

it is known that in such structures the real wavenumbers remain between k = 0 and

k = π

L
(see reference [95]). At the mid frequencies, the wave shapes are then defined by

the wavenumber: k = π

2L
. Therefore, the frequency subset can be determined by using
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the
(
kx,ky

)
formulation given in [43].

The reduced wave basis can be identified using the obtained frequency subset Ω̃ as

described in the system of the following equations:



S
(
λx,λy,ω̃1

)
Ψ= 0;

...

S
(
λx,λy,ω̃ j

)
Ψ= 0; with ω̃ j ∈ Ω̃

...

S
(
λx,λy,ω̃n

)
Ψ= 0;

(2.17)

S
(
λx,λy,ω̃ j

)
Ψ= 0; with ω̃ j ∈ Ω̃ (2.18)

where S
(
λx,λy,ω

)
Ψ = 0 is denoted for the spectral problem equation 2.10 with the

solution Ψ is the wave shape on the condensed dofs defined as:

Ψ=


U1

UL

UB

 (2.19)

So, the final reduced mass M̃ and stiffness K̃ matrices introducing in the spectral

problem equation and leading to a computation reduction can be written as:

{
K̃Ψ = BT

ΨK̃BΨ;

M̃Ψ = BT
ΨM̃BΨ;

(2.20)

in which the reduced wave basis BΨ is defined as function of the obtained wave

shape Ψ as presented in appendix A in detail.

2.2 Validation of the proposed approach

The accuracy of the meso-macro approach and the reduction process presented in the

previous section have been checked by a comparison with two published analytical meth-

ods presented in the first chapter in subsections 1.2.4 and 1.2.5. The sandwich panel

used to check the accuracy of the proposed meso-macro approach is constituted by a

honeycomb core made of a Nomex material and isotropic facesheets made of an Alu-

minum material. The basic mechanical properties of the Nomex material are as follows

: Young’s modulus Ec = 3 GPa; density ρc = 1380 kg/m3; Poisson ratio νc = 0.33. Whilst
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the mechanical properties for the facesheet are : Young’s modulus E f = 72.5 GPa; den-

sity ρ f = 2800 kg/m3; Poisson ratio ν f = 0.343.

The effective mechanical properties injected into the two analytical methods are

obtained by applying Malek et al. formulations [93] for a honeycomb sandwich core

with single and double walls, which have been summarized in appendix A. The effective

mechanical properties are then:

ρ = 57.637 kg/m3, Ex = 0.165 MPa, E y = 0.165 MPa, Ez = 0.125 GPa;

Gxy = 0.0379 MPa, Gxz = 17.85 MPa, G yz = 30 MPa;

νxy = 0.975; νxz = 0.00042, νyz = 0.00043.
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Figure 2.4: Validation of the dispersion curve of the proposed approach.

The averaged equivalent wavenumber over the principal directions, x and y, can be

expressed as mentioned in reference [42]:

⟨
k f

⟩=√
k2

x +k2
y . (2.21)
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As shown in figure 2.4, the comparison of the dispersion result obtained by the meso-

macro approach and the ones obtained by the analytical methods, Renji and Erickson

models, shows clearly a good agreement either in the low or mid frequency range.

The modal density with refined angular dispersion sampling k(θ,ω) can be expressed

[42] as the following form:

n(ω)=
∫ π

0
n(θ,ω)dθ, (2.22)

where n(θ,ω) stands for the angular distribution of the modal density which is given

as follows :

n(θ,ω)= A
2π2

k(θ,ω)
|cg(θ,ω)| , (2.23)

in which A is the surface area and cg(θ,ω) = ∂ω

∂k
is the group velocity along the

direction θ. So, the modal density with the averaged equivalent wavenumber
⟨
k f (ω)

⟩
can be written as:

n(ω)= A
2π

⟨
k f (ω)

⟩ ∂ω

∂
⟨
k f (ω)

⟩ . (2.24)
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Figure 2.5: Validation of the modal density of the proposed approach.
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The result obtained by the previous equation of the modal density has been com-

pared with the formula of the density modal developed and published by Renji in [123].

As shown in figure 2.5, the comparison of the both modal density curves shows generally

a good matching in the different frequency ranges.

2.3 Extension for curved sandwich structures

The 2D WFE method has been adapted to model a curved sandwich panel by applying

the formulation proposed in references [29, 94]. A curved axisymmetric structure is con-

sidered (see figure 2.6) with y, r, and θ the cylindrical coordinates. R is the mean radius

and ht = hc +2h f is the total thickness of the curved sandwich panel.

Figure 2.6: Curved structure with cylindrical coordinates and small rectangular pris-
matic cell [94].

The curved unit cell of the sandwich structure, as illustrated in figure 2.7, is mod-

eled in the classical finite element software as a trapezoid unit cell. A time-harmonic

disturbance at a given angular frequency ω is assumed to propagate through a curved

structure with a helical pattern so that:

w (r,θ, y, t)=W (r) e−i(kθθ+ky y−ωt), (2.25)
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Figure 2.7: FE model of the trapezoid unit cell corresponding to the curved sandwich
panel.

in which W (r) being the complex wave amplitude, kθ and ky are respectively the

wavenumber along the circumferential and axial directions.

Thereafter, the local coordinates have to be rotated for the sake of modeling the

desired curvature. A transformation matrix R is then defined so that the mass and stiff-

ness matrices M and K of the curved modeled unit cell are rewritten as the following:

{
M = R

T
MLR

K = R
T

KLR
, (2.26)

with ML and KL are respectively the mass and stiffness matrices extracted using

the trapezoid FE model in the local coordinates. The transformation matrix R allows

rotating nodes surrounding the mid nodes around y axis through an angle α. The matrix

R contains, at the diagonal elements, sub-matrices R of the following form :

# In the case of the trapezoid unit cell modeled by a 3D structural solid element

(Solid185 in ANSYS) with three degrees of freedom, the sub-matrix R is expressed

as follows :
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R =


cosα 0 ∓sinα

0 1 0

±sinα 0 cosα

 (2.27)

# On the other side the sub-matrix R is expressed in the case of the trapezoid unit

cell modeled by a 2D structural shell element (Shell181 in ANSYS) with six de-

grees of freedom as follows :

R =



cosα 0 ∓sinα 0 0 0

0 1 0 0 0 0

±sinα 0 cosα 0 0 0

0 0 0 cosα 0 ∓sinα

0 0 0 0 1 0

0 0 0 ±sinα 0 cosα


(2.28)

The results obtained by the presented extension of the meso-macro approach have

been compared with the discrete laminate model (DLM) results published in [54]. The

curved sandwich panel has a 2 m radius of curvature and 2.43 m×2.03 m a projected

area of the modeled structure. The thickness of the face-sheet is 1.2 mm and that of the

core is 12.7 mm. The curved panel is made up of Graphite/Epoxy face-sheets and of a

rigid foam core; the panel orthotropic layout is [0,0,0].

The effective mechanical properties of the sandwich face-sheets are :

Ex = 0.48x1011 Pa, E y = 0.48x1011 Pa, Gxy = 0.181x1011 Pa, Gxz = 0.2757x1010 Pa,

G yz = 0.2757x1010 Pa, νxy = 0.3 and , ρ = 1550 kg/m3.

The effective mechanical properties of the sandwich core are :

Ex = 0.1448x109 Pa, E y = 0.1448x109 Pa, Gxy = 0.5x108 Pa, Gxz = 0.5x108 Pa,

G yz = 0.5x108 Pa, νxy = 0.2 and , ρ = 110.44 kg/m3.
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Figure 2.8: Validation of the dispersion curves along the direction θ.
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Figure 2.9: Validation of the dispersion curves along the y-direction.
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As shown figures 2.8 and 2.9, the comparisons of the dispersion curves for a curved

sandwich panel along the circumferential and axial directions show a good agreement

regarding to the shear and compression wavenumbers. However, the comparisons for

the flexural wavenumber along the both directions exhibit some different features. The

gap between the flexural curve obtained by the developed approach and DLM results is

due to the lack information concerning the mechanical properties.

2.4 Concluding remarks

In this chapter, an efficient numerical model called the meso-macro approach, based

on the wave finite element method, has been proposed to investigate the vibroacoustic

behavior for complex 2D periodic structures. A reduction computation process has been

also applied to reduce the computation cost. Afterwards, an extension of the developed

approach for a curved sandwich panel has been given.

The accuracy of the obtained results for either a flat or curved sandwich panel has

been checked by comparisons with different published analytical methods. The compar-

isons have shown generally a good matching for the different wave types. The devel-

oped approach will be used in the next chapters to define the different vibroacoustic

responses.
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T
He present chapter investigates the vibroacoustics of honeycomb sandwich

panels numerical approaches. In a typical sandwich structure, the acoustic

transmission in the low and mid frequency ranges is is generally controlled

by global bending waves and by core shear effects. This behavior defines two frequency

bands of great interest for the vibroacoustic signature. The transition frequency is then

an important parameter to predict. In the present work, transition frequency expres-

sions of honeycomb sandwich panels are derived using both a homogenized analytical

method and a three-dimensional numerical approach. The expressions obtained show

the panel geometry and the core properties influence. Also, they take into account the
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X Chapter 3. Bending-shear core transition for sandwich structures

orthotropic effect of the entire panel and the transverse shear effect of the sandwich

core. The accuracy of the predictions based on the two approaches has been verified by

comparing the results obtained with previously published analytical models, showing a

good agreement as far as the sandwich panel exhibits an isotropic behavior. However,

when the orthotropic behavior of the sandwich panel becomes important, corrections

are needed and provided.

3.1 Introduction

The increasing interest devoted recently to sandwich panels in transportation and civil

engineering, among other sectors, has led to a growing demand for engineers concerned

by the advanced sandwich structures design. This is due to the main advantage of these

structures which is the high stiffness-to-weight ratio. Principally, the sandwich struc-

tures are made of a moderately thick, lightweight core bonded to a thin isotropic or to

an orthotropic face-sheets. Apart from their considerably low ratio of weight to strength,

composite sandwich structures benefit from other desirable properties, such as corrosion

and thermal resistance and so on. However, a decrease in the panel mass while the stiff-

ness is kept at a high level may have a negative influence on the panel vibroacoustic

performance and may lead to unsatisfactory noise transmission.

To clarify the question, researchers have attempted to understand the influence

of the structural properties on the sandwich panel vibroacoustic. The modal density,

among other vibroacoustic indicators, was often employed to meet this objective. Many

authors showed that the vibroacoustic weakness of the honeycomb sandwich structures

lies in the effect of the shear core in the mid frequency range [1-4]. For instance, Erick-

son [47] and Clarkson [31] carried out a study showing the influence of the anisotropy

of the core on the modal density. The panel was described by an equivalent shear core

and bending face-sheet modulus. In the same way, Renji et al. [123] showed the effect

of the transverse shear flexibility on the modal density of a honeycomb sandwich panel

wherein the core was characterized by an equivalent transverse shearing. In a more re-

cent work, a study was conducted by Han et al. [61] to investigate the effect of the fiber

face-sheet angle, the core shear parameters and the boundary conditions on the modal

density.

It seems also relevant to mention different attempts to improve the vibroacoustics
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3.1. Introduction X

of sandwich panels. For instance, Palumbo et al. [110] conducted an experimental study

to improve the honeycomb vibroacoustic behavior by adding voids and recesses to the

core in order to create areas of reduced stiffness. This leaded to a notable benefit in the

sound transmission loss either in both the low-mid or in the high frequency ranges but

to a significant decrease in the panel stiffness. Soon afterwards, Naify et al. [103] per-

formed a theoretical and experimental work to reduce the amount of the sound energy

transmitted through the honeycomb panel by attaching additional gas layers.

In this study, the target was aerospace and automotive applications of sandwich

structures. The main concern in this case appears in the low-to-mid frequency ranges

(up to 1KHz typically). Consequently, the bending and shear effects were examined fur-

ther in depth. The primary purpose was to predict the transition frequency separating

the panel global bending and the shear core effects through analytical and numerical

approaches. Optimization of the transition frequency can lead to design rule of the sand-

wich structure from the vibroacoustic point of view. More precisely, for a typical sand-

wich panel, there are three dominants wave zones [50]. In the first zone, global bending

occurs at a low frequency range. In the second zone, the core shear behavior becomes im-

portant, which defines a mid frequency range like behavior. In the last frequency zone,

corresponding to higher frequencies, the sandwich panel face-sheets bending is domi-

nant. Expressions of the global bending to shear effect frequency transition for honey-

comb sandwich panels are derived in this work. These expressions are controlled by the

panel geometry, mass, and the elastic properties of the honeycomb core. In this chapter

both analytical and numerical methods are employed. Looking at the open literature,

different works using analytical investigations can be mentioned. For instance, Rindel

[126] identified the expressions for the transition frequency of a thick plate, called the

cross-over frequency. The conclusions of this model were that the cross-over frequency

corresponding to the phase speed is twice the cross-over frequency corresponding to the

modal density and four times that of the group speed. Evan [48] has determined the

transition frequencies of the different zones mentioned in [50] for honeycomb panels us-

ing the Kurtze and Waters model [77]. More recently, Guillaumie [59] gave the expres-

sion for the transition frequency of symmetric honeycomb sandwich panels with com-

posite faces using the inverse of the mechanical impedance without taking into account

the orthotropic effect of the honeycomb panel. In this chapter, the numerical prediction

of the transition frequency will be achieved through the Wave Finite Element method

(WFE). Several papers, based on the WFE have been published in the last few years to
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X Chapter 3. Bending-shear core transition for sandwich structures

model the dynamic behavior of one- and two-dimensional periodic structures [13, 32].

The 2D WFE formulation was applied and validated in several works [28, 43, 131] to

predict the wave propagation in thin orthotropic structures. In the present work, the 2D

WFE method was used to predict the transition frequency of honeycomb sandwich pan-

els with isotropic and orthotropic face-sheets. The main advantage of the last approach

is that it models 3D sandwich panels without using any homogenization procedure.

3.2 Analytical identification of the transition
frequency

In addition to the transition frequency expression presented in the first chapter, Baho et

al. [10] have recently developed an improved analytical expression based on the Renji

model [123]. The proposed expression has taken into account the shear effect of the

sandwich core as well as the orthotropic effect of the sandwich panel.

Acorrding to reference [10], the transition frequency expression of the sandwich

panel developed using the flexural wavenumber is expressed in the following:

f w
t = Ks

2πpρp
P, (3.1)

with

P =
 2π∫

0

χ1(θ)−
1
2 dθ

 2π∫
0

χ2 (θ)
χ1 (θ)

dθ

−1

.

P characterizes the orthotropic properties of a symmetric honeycomb sandwich panel.

The developed expression of the transition frequency f w
t determines the shift from the

panel pure bending to the core shear regime for a symmetric honeycomb sandwich

panel.

Similarly to the previous development 3.1, the expression of transition frequency f g
t

can be deduced using the group velocity, which indicates the way how the energy flows

into the considered structure, as follows:

f g
t = Ks

8πpρp
P = 1

4
f w

t . (3.2)
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3.3. Numerical identification of the transition frequency X

It is noteworthy to mention that the above expression of the transition frequency f g
t

provided by the group velocity analysis is one fourth the one given by the wavenumber

domain treatment f w
t .

It may be deduced from the modal density developed in Renji work the transition

frequency f m
t , which represents the intersection frequency between the asymptotical

pure bending modal density and the pure shear modal density. It can be expressed as

follows:

f m
t = Ks

4πpρp
T, (3.3)

where T presents the sandwich panel orthotropic effect on the modal density, given

by:

T =


π
2∫

0

χ1(θ)−
1
2 dθ




π
2∫

0

χ2 (θ)
χ1 (θ)

dθ


−1

. (3.4)

For a symmetric sandwich with regular honeycomb core, we have T = P. So, the

transition frequency obtained using the modal density equals twice transition frequency

found by asymptotical analysis of the wavenumber.

3.3 Numerical identification of the transition
frequency

In this section, the transition frequency is predicted using a three dimensional numer-

ical approach called the Wave Finite Element method (WFE). The WFE method com-

bines the periodic structure theory and the classical finite element method (FEM). The

present method is applied to predict the dynamic behavior of a periodic structure. It

includes the reformulation of the equation of motion by using the dynamic stiffness

matrix (DSM). This matrix involves the mass and stiffness matrices of the two dimen-

sional periodic cell of the structure (see figure 3.1). The structural wave motion of the

sandwich structure is expressed in terms of the eigenvalues and the eigenvectors of the

rewritten dynamic stiffness matrix. The eigenvalues and eigenvectors of the problem

formulation represent respectively the wavenumbers and the wavemodes of the honey-

comb sandwich panel.
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X Chapter 3. Bending-shear core transition for sandwich structures

Figure 3.1: Waveguide periodic cell of the honeycomb sandwich panel.

There are two types of formulation, one- and two-dimensional WFE formulations.

Referring to the 2D WFE method, the transition frequency is determined by two tech-

niques, namely the bisection and the wavemode energy methods. The both methods do

not require any homogenization techniques of the sandwich core. Consequently, the ap-

plied techniques save up totally the meso-scale information of the sandwich core. Both

techniques were further detailed and clarified through the next subsections.

3.3.1 Transition frequency prediction through the bisection
method

The bisection method consists of identifying the transition frequency in the wavenum-

ber, group velocity, and modal density [42] domain by post-treating numerically the

output results of the 2D WFE simulation. The equivalent bending and shear properties

of the sandwich panel were investigated by applying a non-linear regression.

Once the flexural propagating wave across the honeycomb sandwich panel has been

selected by applying the MAC criterion, the asymptotic wavenumbers kB and kS were

determined and substituted into the group velocity and the modal density expressions.

kB(ω)= 4

√
ω2ms

B
; cgB (ω)= dω

dkB
; nB(ω)= ab

2π

⟨
kB(ω)

⟩
|cgB (ω)| . (3.5)

kS(ω)=ω

√
ms

D
; cgS (ω)= dω

dkS
; nS(ω)= ab

2π

⟨
kS(ω)

⟩
|cgS (ω)| . (3.6)

Where a and b are respectively the length and width of the honeycomb sandwich

panel.
⟨
kB(ω)

⟩
and

⟨
kS(ω)

⟩
are the averaged bending and the shear wavenumbers of

the sandwich panel. cgB (ω) and cgS (ω) are respectively the bending and shear group
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3.3. Numerical identification of the transition frequency X

velocity of the honeycomb panel.

The transition frequency has been numerically estimated by identifying the inter-

section between the asymptotic bending wavenumber kB(ω) at the low frequencies and

the asymptotic shear wavenumber kS(ω) in the mid frequency range. The intersection

frequency represents, for each vibroacoustic properties, the frequency at which the core

shear effect becomes more importance with respect to the panel global bending.

However, the developed technique is too sensitive to the selected frequency band

with regard to the WFE simulation. As shown in figure (3.2), in order to obtain the best

predicted value of the transition frequency, the WFE frequency range has to belong to

the pure bending and shear zone of the sandwich panel. Also, the frequency step in the

first zone has to be smaller in comparison to the second zone for the sake of capturing

more information in low frequency range.
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Figure 3.2: Effect of the selected frequency range on the predicted transition frequency.
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X Chapter 3. Bending-shear core transition for sandwich structures

3.3.2 Transition frequency prediction through the wavemode
energy method

The prediction of the transition frequency using the wavemode energy method relies

mainly on calculating independently the strain energy of the cell core Ec and the cell

face-sheets Ep along the principal directions x and y. Both strain energies were normal-

ized by the total strain energy ET of the waveguide periodic cell. So, the strain energies

Ec and Ep have been calculated by the following expressions:

Ec = ΦTKcΦ

ET
and Ep = ΦTKpΦ

ET
. (3.7)

Where Kc and Kp are the full stiffness matrices of the cell core and face-sheets

extracted using a classical FE package. The vector Φ represents the full dofs of the dis-

placement obtained by the 2D WFE simulation. It should be noted that the full dofs

of the displacement was obtained by applying the inverse form of the 2D WFE method

presented in the development of the meso-macro approach in chapter 2.

The transition frequency has been then determined by identifying the frequency at

which the core strain energy Ec becomes more important than the face-sheet strain

energy Ep of the sandwich panel along both of the principal directions.

f t = min( f tx, f ty), (3.8)

with f tx and f ty being the transition frequencies along the x- and y-directions res-

pectively.

The prediction accuracy depends neither on the mesh size of the periodic unit cell

nor on the frequency step of the numerical simulation. Per contra, it extremely depends

on the element type (solid or shell element). In view of the thickness of the honeycomb

walls (t = 76.2 ţm), the use of the solid element to model the core walls gives incorrect

predictions of the transition frequency. To avoid these inaccurate predictions, the honey-

comb walls have to be well meshed with a very small element size which consequently

will increase considerably the simulation time of the periodic cell. CMS and MOR are

then of great interest for time consumption reduction.
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3.4. Final results and discussions X

3.4 Final results and discussions

The numerical and analytical approaches, developed in section 3.2 and 3.3, have been

applied to two regular symmetric honeycomb panels (see figure 3.3). The first panel,

called model A, is constituted by a Nomex material with isotropic face-sheets, whereas

the second one, called model B, is composed also of a Nomex material with orthotropic

face-sheets (see table 3.1). The orthotropic face-sheets comprise eight plies with the

following angular arrangement [0°,30°,90°,−30°]S. The rectangular sandwich panels A

and B have the same dimensions of the area : 2.15(x)×1.8(y) m2.

Figure 3.3: Geometric parameters of the unit honeycomb cell.

Honeycomb core Sandwich facesheets
Nomex material Aluminum material

Model A ρ = 1380 kg/m3 ρ = 2800 kg/m3

E = 3 GPa E = 72.5 GPa
ν= 0.33 ν= 0.343

Nomex material Epoxy resin with carbon yarn
ρ = 1240 kg/m3 ρ = 1550 kg/m3

Model B E = 5.5 GPa E1 = 133.6 GPa; E2 = E3 = 7.7 GPa
ν= 0.33 ν12 = ν13 = 0.29

G = 2.07 GPa G23 = 2.6 GPa; G13 =G12 = 3,1 GPa

Table 3.1: Mechanical properties of the honeycomb sandwich models A and B.

The effective elastic properties of honeycomb core have been calculated analytically
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X Chapter 3. Bending-shear core transition for sandwich structures

using the homogenized formulations recently developed by Malek et al. [93]. This ho-

mogenization technique is an improved version of the work carried out by Gibson and

Ashby [57] in 1999. The improvement allows more accurate estimation of the nine elas-

tic constants of the unit cell especially the transverse shear constants. The formulas of

these nine elastic were presented in appendix A. The global mechanical properties of the

honeycomb core for the models A and B have been summarized in table (3.1), whilst the

computed effective elastic constants of the honeycomb cores A and B are summarized

in table (3.2).

Model A Model B
Ex = 0.16 MPa; E y = 0.165 MPa Ex = 0.293 MPa; E y = 0.303 MPa

Ez = 0.125 GPa; Gxy = 0.0379 MPa Ez = 0.229 GPa; Gxy = 0.069 MPa
Gxz = 17.85 MPa; G yz = 30 MPa Gxz = 32.75 MPa; G yz = 55.04 MPa

νxy = 0.975; νxz = 0.00042 νxy = 0.975; νxz = 0.00042
νyz = 0.00043; ρ = 57.637 kg/m3 νyz = 0.00043; ρ = 51.82 kg/m3

Table 3.2: Effective elastic properties of the honeycomb core for the models A and B.

The geometrical parameters of the both honeycomb panels A and B are given in fig-

ure (3.3) and the corresponding dimensions of the periodic cell are summarized in table

3.3.

Model A Model B
l = h = 2.75 mm l = h = 2.75 mm

h f = 0.6 mm; hc = 20 mm h f = 1.0 mm; hc = 12 mm
t = 76.2 ţm; α= π

6
t = 76.2 ţm; α= π

6
a = 2.15 m; b = 1.8 m tlayer = h f /8= 0.125 mm

[0 30 90 −30]s (8 layers)
a = 2.15 m; b = 1.8 m

Table 3.3: Geometric properties of the honeycomb sandwich models A and B.

The rectangular unit cell was meshed using the shell structural elements (Shell181).

This element type is a four-noded element with six degrees of freedom at each node. It

includes the effect of transverse shear deformation. Also, it allows modeling a layered

plate which is the face-sheet case in the model B. In the latter-stated model, the individ-

ual composite face-sheets was created as a single layer with 2D elements. The thickness,

the layup and the orientation of the face-sheet plies were specified by using the SEC-

TYPE property box in the ANSYS package. The cell nodes were then merged to ensure
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the connectivity between the sandwich core and the face-sheets.
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Figure 3.4: Comparison of the numerical and analytical wavenumbers.

In the generation mesh step, the quadrilateral element shape was used with 1086

degrees of freedom (dofs) for the model A (546 internal dofs UI and 540 boundary dofs

Ubd) and 3125 dofs for the model B (2274 internal dofs UI and 876 boundary dofs Ubd).

After applying the reduce strategy described in subsections 2.1.2 and 2.1.3, the total cell

dofs was reduced to 88 dofs for the model A and 96 dof for the model B. Thus, the total

computation time spent simultaneously on getting the transition frequency for the both

methods was 30 seconds for the model A and 101 seconds for the model B.

The numerical and analytical results, corresponding to the honeycomb panels A and

B, are compared in figure (3.4). The comparison of the two sandwich structures, with

isotropic face-sheets A and composite face-sheets B, shows clearly a good agreement

either in the low or mid frequency range.
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Figure 3.5: Transition frequency using wavenumber curves for the model A.
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Figure 3.6: Transition frequency using wavenumber curves for the model B.

Figure (3.6) exhibits the flexural wavenumber curves of the honeycomb panels A and

B computing by bisection technique based on the 2D WFE method. Likewise, the pure

shear curves kS and the pure bending curves kB for both models are presented. The

predicted transition frequency for the model A is f A
t = 358.40 Hz, whilst for the model

B is f B
t = 676.46 Hz.
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Figure 3.7: Modal density curves of the honeycomb sandwich models A.
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Figure 3.8: Modal density curves of the honeycomb sandwich models B.

The transition frequency based on the modal density of the honeycomb panels A
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X Chapter 3. Bending-shear core transition for sandwich structures

and B, obtained by using the proposed methods in sections 3.2 and 3.3, are presented

in figure 3.8. Both of the numerical and analytical approaches were given the same

predicted transition frequency, which is approximately for the model A f A
t = 179.78 Hz

and f B
t = 340.17 Hz for the model B.
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Figure 3.9: Strain energies of the honeycomb sandwich models A.
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Figure 3.11: Group velocities of the honeycomb sandwich models A and B.

In table 3.4, a comparison is made between the transition frequencies of honeycomb
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Pane A Panel B
ΓA = 1 ΓB = 0.8

Baho’s method [10] 359.56 Hz 680.08 Hz
Wavenumber Evan’s method [48] 339.08 Hz –

Rindel’s method [126] 359.25 Hz –
Bisection method 358.40 Hz 676.46 Hz
Baho’s method [10] 179.78 Hz 340.17 Hz

Modal density Guillaumie’s method [59] 179.78 Hz 354.40 Hz
Bisection method 179.04 Hz 338.69 Hz
Energy method 179.06 Hz 344.48 Hz

Group velocity Baho’s method [10] 89.89 Hz 170.08 Hz
Bisection method 89.02 Hz 167.08 Hz

Table 3.4: Summary of the obtained transition frequency using different methods.

panels A and B identified by the different methods presented in the present work and

those previously published [48, 59]. As illustrated in the table and as stated in sec-

tions 3.1 and 3.2, it is noticed practically that the transition frequency predicted by the

wavenumber of the honeycomb panels A and B is approximately twice the transition

frequency obtained using the modal density of the structures, while in group velocity is

roughly four time the transition frequency estimated by the wavenumber domain. More-

over, when the honeycomb panel with composite face-sheets presents an orthotropic co-

efficient Γ (e.g. Γ> 1 or Γ< 1), the published methods are less accurate than the methods

proposed here because of the orthotropic effect which is not taken into account in Evan’s

and Guillaumie’s models.

On the other hand, it is noticed that, in table 3.4, there is a noteworthy difference

between the transition frequency predicted using Evan’s method [48] f A
t = 339.08 Hz

and the obtained one using the others methods f A
t = 359.56 Hz (the difference is ap-

proximately 20 Hz). The prediction error is due to mainly the shear stiffness formula

used in the shear wave speed expression cms.

3.5 Concluding remarks

In the present study, analytical and numerical approaches are proposed for predict-

ing the transition frequency of the honeycomb sandwich panel with either isotropic or

orthotropic face-sheets. In general, the transition frequency exists, if and only if, the

shearing effect of the sandwich core cannot be neglected, which actually is the case for
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X Chapter 3. Bending-shear core transition for sandwich structures

honeycomb sandwich panel. By definition, the transition frequency separates two main

domains. The first domain is controlled by the total panel pure bending at the low fre-

quencies, whilst the second regime is controlled by the sandwich core shear in the mid

frequency range.

With respect to the sandwich panel modal density, the transition frequency is the

frequency at which the number of modes begins to increase dramatically with the fre-

quency. From this special frequency, the sandwich panel becomes gradually less stiff,

compared to what it was at the previous frequencies, due to the core shear effect, which

enters into play. It is noticed that the predicted transition frequency, based on use of

the dispersion relation of the sandwich panel, is approximately twice the transition

frequency corresponding to the modal density, while it is four times the transition fre-

quency corresponding to the group speed.

In view of the results obtained and the expressions developed, it may be noticed that

the transition frequency is very much dependent to mechanical and geometric proper-

ties of honeycomb sandwich panel. Also, and as mentioned before, it is shown that the

orthotropic behavior of the honeycomb sandwich panel has a significant influence on

the predicted transition frequency which increases with increasing the orthotropic co-

efficient Γ of the sandwich panel. Therefore, the assumption often adopted in the liter-

ature (i.e. an equivalent isotropic plate) for predicting the transition frequency for an

orthotropic plate may lead to large errors.

Finally, the numerical results obtained by the bisection and wavemode energy tech-

niques are in agreement with the transition frequency predicted using the analytical

approach. As the main advantage of the numerical techniques is that they are not based

on any homogenization procedure, they may be very useful in the 3D modeling of any

strange architecture of the sandwich core.
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EVALUATION OF THE EFFECTS OF DIFFERENT SHAPED

SANDWICH CORES ON THE TRANSITION FREQUENCY
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T
He present chapter evaluates the influence of the core geometry on the tran-

sition frequency of a sandwich panel involving orthotropic composite face-

sheets. The bending-shear transition occurs when the transverse shear stiff-

ness has a significant influence on the flexural motion, compared to the bending stiff-

ness of a sandwich panel. It should be noted that the modal density and the acoustic

radiation increase considerably above the transition. The periodic waveguide is mod-

eled at the meso-scale as a 3D finite element model of the unit cell. Consequently, the
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X Chapter 4. Effects of different shaped sandwich cores on the transition frequency

used approach does not require any homogenization of the core to provide the wave

dispersion characteristics. Although, the core shapes compared, in this chapter, share

the same stiffness-to-mass ratio, a significant alteration of the transition frequency and

modal density can be observed compared to honeycomb cores. A periodic octagonal core

is designed, providing up to 70 % increase of the transition frequency and a significant

reduction of the modal density.

4.1 Introduction

Sandwich panels are widely used in automotive, naval and aerospace industry. These

structures have a high stiffness-to-weight ratio and are usually made of a moderately

thick, lightweight core surrounded by glass or carbon-fibre composite skins. The core

can be made of polymer foam or more complex structures involving aluminum or resin

honeycomb constructions. Although the material and geometrical properties of the panel

are usually designed to provide specific stiffness and density characteristics, structural

optimization also concerns acoustic radiation efficiency in order to improve the acoustic

comfort. Therefore, there is an increasing need for reliable optimization tools for design

engineers, providing a fast vibroacoustic evaluation of large-scaled structures involving

composite components.

In this context, the knowledge of accurate wave dispersion characteristics in two

laminated orthotropic skins connected by 3D cellular honeycomb core is a key infor-

mation for the prediction of the acoustic transmission parameters. Numerical methods

for analysing the vibrational behaviour of complex composite or periodic panels in a

broadband frequency range were extensively investigated in the last decade. Honey-

comb sandwich panels were usually modelled using classical laminate plate (CPLT)

of Reissner–Mindlin (FSDT) theories involving three homogeneous layers. An exten-

sive number of analytical formula for analysing wave dispersion characteristics in two-

dimensional waveguides can be found in the literature (see Reddy [116]), starting with

the asymptotic model for analysing wave dispersion in thick symmetric sandwich panels

developed by Kurtze and Watters [77], then later in the classic work of Wilkinson [157]

and Erickson [47]. The prediction of wave propagation characteristics of structurally ad-

vanced structures using analytical models has been a subject of intense research over

the past years. Renji et al. [123] introduced a new analytical formulation providing a

core transverse shear stiffness and bending matrices in both directions for orthotropic
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honeycomb sandwich panels. Ghinet and Atalla [54] also used an analytical model based

on Discrete Laminate Theory (DLT) to compute the dispersion characteristics of layered

structures and obtain their acoustic parameters.

Recently, Guillaumie [59] proposed an analytical solution for the eigenmodes and

modal densities of symmetric sandwich panels involving composite skins and honey-

comb core. This model was found to be effective in the low- and medium-frequency range

for moderately thick sandwich structures and was confirmed by experiments. Florence

and Renji [52] also derived explicit solutions for the modal density of composite cylin-

ders.

However, these analytical solutions require a homogenisation of the hexagonal cells

of the core based on Gibson and Ashby formulations [57]. These analytical approaches

therefore suffer some drawbacks in the medium-frequency range, since they cannot han-

dle arbitrarily shaped 3D cells for the core. Besides, these models are often inaccurate

when compared to experimental characterizations in higher frequency range, especially

when dealing with complex industrial products involving thick, multi-layered construc-

tions made of anisotropic glass or carbon fibres skins.

Therefore, numerical methods were recently developed to perform wave analysis

in complex periodic waveguides defined using classical finite element packages (FEM).

Among others, the wave finite element method (WFEM) [92, 98] has been successfully

applied to predict the radiation efficiency of numerous thick layered structures. Never-

theless, these models involve homogeneous orthotropic layers for the honeycomb con-

struction, and may become inaccurate when the wavelengths are reaching the periodic

cells dimensions. Although the design optimisation of honeycomb cells has received a

lot of attention recently [5, 25], the dispersion characteristics of sandwich panels involv-

ing realistic composite skins and arbitrarily shaped cores was not investigated to the

author’s knowledge.

This chpter focuses on the influence of the meso-scale parameters of the core’s con-

struction on the vibroacoustic response of the sandwich panel. A special interest is given

to the modal density, a typical vibroacoustic parameter and the transition frequency, as-

sociated with the passage from a behaviour where the flexural wave is ruled by the

skins stiffness to a behaviour where the core’s transverse shear parameters governs the
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flexural motion. First, finite element models are developed for the periodic cells. The

WFEM, which combines FEM and the Periodic Structures Theory (PST) is applied to

evaluate the wave dispersion characteristics. Since numerous degrees of freedom are

usually involved to ensure accuracy in a broadband frequency range, reduced order

modelling (ROM) was recently investigated for periodic [24, 163] and large-scaled [41]

waveguides. A hybrid wave-mode ROM is therefore applied to provide suitable computa-

tional efficiency. When dealing wit hexagonal cores, the equivalent orthotropic material

can be described using Gibson and Ashby formulations, and the analytical expression

of the wavenumber can be derived for the symmetric sandwich. The possibility to use

a regression on the wavenumber function is therefore examined for various core’s con-

figurations, in order to derive an analytical expression of the transition frequency from

the equivalent bending and shear parameters. Finally, the effects of several geometrical

parameters of the core on the modal density and the transition frequency are investi-

gated.

4.2 Evaluation of the transition frequency of
sandwich structures

The dynamic characteristics used to identify the bending-shear transition have been

determined the meso-macro approach presented in chapter 2. In sandwich structures,

one can discriminate between three frequency domains associated with different kinetic

energy distributions. In low frequency, the structure has a classical isotropic plate be-

havior. The asymptotic wavenumber modulus k( f → 0) and modal density n( f → 0) are

written:

k( f → 0)=
(ρs

D

)1/4p
ω ; n( f → 0)= A

2

√
ρs

D
, (4.1)

where A, D, ρs denote the area, equivalent bending rigidity and mass per unit area

of the plate, respectively.

In a medium frequency (usually acoustic) range, the transverse vertical shear rigid-

ity S, increases and influences the dynamical behaviour. The asymptotic solutions for

the orthotropic plate are:

k( f )M.F. ≃ω

√
ρs

S
; n( f )M.F. ≃ A

(ρs

S

)
ω (4.2)
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4.2. Evaluation of the transition frequency of sandwich structures X

In terms of waves, higher frequencies are associated with fully localised propagation,

meaning that flexural waves can propagate independently in both skins. The transition

frequency considered here refers specifically to the passage from the isotropic plate be-

haviour to a motion governed by the out-of-plane shear rigidity. In Guillaumie [59],

this frequency is calculated as the intersection between the asymptotic wavenumbers:

k( f → 0) and k( f )M.F.. The influence of a core’s shear rigidity on the modal density and

transition frequency of a sandwich plate was well analysed by Renji et al. [123]. Above

the transition frequency the modal density increases linearly with frequency and pro-

duces higher levels of acoustic radiation. In the following, the possibility to shift the

transition frequency by using different cores geometries is investigated.

The modal density can be written using classical Statistical Energy Analysis (SEA)

expression [82]:

n(ω)=
∫ π

0
n(θ,ω)dθ, (4.3)

where n(θ,ω) denotes the angular distribution of the modal density:

n(θ,ω)= A
2π2

k(θ,ω)
|cg(θ,ω)| . (4.4)

A is the surface area and cg(θ,ω) = ∂ω

∂k
is the group velocity in the direction θ. An

equivalent wavenumber
⟨
k f (ω)

⟩
is defined so that the modal density can be written:

n(ω)= A
2π

⟨
k f (ω)

⟩ ∂ω

∂
⟨
k f (ω)

⟩ . (4.5)

This expression enables the comparison of scalar solutions of the dispersion relation

while ensuring the accurate computation of the modal density in the 2D structure, since

the directivity is taken into account. The averaged wavenumber can be expressed in

terms of the angular wavenumber:

⟨
k f (ω)

⟩=
√

1
2π

∫ 2π

0
k2

f (θ,ω)dθ . (4.6)

The modal density can be also determined by the area integration of the wavenum-

ber space (see Langley [78]). In case of an elliptic orthotropy along x- and y-directions,

the equivalent wavenumber can be defined so that the k-space areas remain the same:

πkxky =π
⟨
k f

⟩2. It yields
⟨
k f

⟩=√
kxky .
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For a sake of clarity, the equivalent flexural wavenumber
⟨
k f (ω)

⟩
and group velocity

∂ω

∂
⟨
k f (ω)

⟩ are simply denoted k and cg in the following.

4.3 Dispersion characteristics in different shaped
sandwich panels

4.3.1 Core geometry and material properties

A symmetric sandwich plate involving composite face-sheets made of carbon reinforced

epoxy resin is considered here. The core is assumed isotropic made of Nomex paper

(aramid fibre and phenolic resin) of thickness 76.2µm. The skins are made with two

plies of transverse isotropic, 0.25 mm-thick, unidirectional composite (UD) with the

staking sequence [0o, 90o]. The thickness of the core is hT = 25 mm and the material

properties are detailed in Table 4.1.

Material Nomex core UD laminate
Density (kg/m3) ρc = 1240 ρ f = 1550
Young modulus (×109 Pa) Ec = 5.5 E1 = 133.6

E2 = 7.7
E3 = 7.7

Shear modulus (×109 Pa) Gc = 2.7 G23 = 2.6
G13 = 3.1
G12 = 3.1

Poisson ratio νc = 0.33 ν23 = 0.49
ν13 = 0.29
ν12 = 0.29

Table 4.1: Mechanical properties of Nomex paper and UD fibre.

The influence of a core’s geometry on the transition frequency and modal density is

the concern of this chapter. Consequently, the mechanical properties and thicknesses of

the skins, core and Nomex paper are identical in all the models. The sandwich panels

developed below only differ in the geometry of their cores and the dimensions Lx, L y of

their unit-cells.

The cores are created from the parametrized models shown in figure 4.1. The rect-

angular boxes describe the periodic cell’s dimensions, while the inner lines describe the
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4.3. Dispersion characteristics in different shaped sandwich panels X

top-view position of the Nomex paper in the core. A parametrized hexagonal core is pro-

posed in figure 4.1.a. The core construction is designed using the three points M, P1,

P2 and the corner parameters Ax, A y, Bx and By. The other parameters are imposed

by the compatibility requirement between the unit-cells. It can be seen that triangular,

squares and pentagonal geometries can be obtained by setting coincident points M = P1,

P1 = P2 or Ax = Bx and A y = By.

M

P1

P2

Ax

Ay

By

Bx

M

P1 P2

Ax

Ay

By

Bx

P'1

P'2

Figure 4.1: Top view of the 2D parametrized cores. Hexagonal (a) and octagonal (b)
constructions.

In figure 4.1b, two additional points P ′
1 and P ′

2 are used for the construction of oc-

tagonal cores. Although this model can be easily generalized to create more complex

shapes, it is reminded that the computational cost associated with optimization proce-

dures depends on the number of design parameters.

The finite element model of five unit-cells obtained using the first parametrized

model is shown in figure 4.2. These models involve linear block elements having 3 de-
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grees of freedom per node. Case (a) is a classical hexagonal model (honeycomb). Case

(b) is a rectangular, Case (c) is triangular, Case (d) is a pentagonal core and Case (e)

is a parallelogram. An finely meshed octagonal core was also designed in figure 4.3. It

should be noted that all the models are converged in the considered frequency range,

but refined meshes such as in figure 4.3 would be necessary in higher frequencies to

describe the local dynamics at the cell’s scale.

Figure 4.2: 3D Finite element models of the considered periodic cells.

Figure 4.3: 3D Finite element model of the octagonal construction.
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4.3. Dispersion characteristics in different shaped sandwich panels X

Besides, the geometry of the core has a noticeable influence on the Nomex distribu-

tion, hence on the surface density of the sandwich panel. For this reason, the dimensions

of the cellular core is chosen so that the overall bending stiffness-to-mass ratio remains

constant in the sandwich. It means that the modal density is expected to be identical

for all the considered models at low frequency. The size of the unit-cells, Lx and L y are

detailed in table 4.2.

Case a b c d e f
Lx (mm) 6.93 8 4.29 6.93 13.85 20
L y (mm) 12 8 14.48 10.53 8 20

Table 4.2: Size of the rectangular unit-cells in the six cases.

4.3.2 Effects of the core geometry on the transition frequency

The wave dispersion characteristics of the periodic waveguides defined by unit-cells (a)-

(f) are obtained using the method described in section 4.2. The flexural wavenumbers

k are compared in figure 4.4. It is seen that the core geometry has a significant influ-

ence on the wavenumbers of the sandwich panel. More precisely, the flexural behaviours

remain similar due to the constant bending rigidity and differ above the transition fre-

quency. A 95% difference can then be observed between the (c) and (f) wavenumbers at

1800 Hz.

The transition frequency is located at the intersection between the asymptotic shear

and bending curves. The method is shown in figure 4.5 for the core geometry (b), where

the bending kb and shear ks wavenumbers are both derived from the WFEM solution.

It should be noted that an accurate bending wavenumber requires a refined frequency

sampling in the lower frequencies. For the considered models, it can be seen that a clear

bending behaviour is observed below 200 Hz, while the shear behavior occurs above

600 Hz except for case (f).
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Figure 4.4: Flexural wavenumbers for the five core configurations.

Frequency (Hz)
0 200 400 600 800 1000 1200 1400 1600 1800

W
av

en
um

be
r 

(r
ad

.m
-1

)

0

5

10

15

20

25

30

35

k
t

k
b

k
s

Transition

Figure 4.5: Definition of the transition frequency : intersection between asymptotic
shear and bending waves in the case (b).

For the honeycomb core (a), an exact analytical expression can be derived for the

h h[YnabX

Page 94 [ Ph.D thesis at FST in Fez u



4.3. Dispersion characteristics in different shaped sandwich panels X

transition frequency. The dispersion relation in the sandwich can be written in terms

of the mass per unit area ms, the equivalent transverse shear stiffness S and bending

rigidity D of the plate [59]:

k2 = mS

2S

ω2+ω

√
ω2+ 4S2

mSD

 (4.7)

Therefore, equalizing the asymptotic solutions defined equations (4.1) and (4.2) yields:

ωT = S√
mSD

(4.8)

The transition frequency ωT can therefore be expressed analytically in terms of the

equivalent bending, shear and mass parameters.

For other cores’ geometries, it should be noted that the transition frequency can be

only approximated using equations (4.1) and (4.2), since Gibson and Ashby homogeni-

sation is no longer valid. The equivalent parameters m̃S ,D̃ and S̃ are obtained from

equation(4.7) and the numerical solution kt(ω) evaluated using non-linear least-square

regression. The error on the regression function is written:

εreg(ω)=
∣∣∣∣∣kt(ω)−kreg(ω, D̃, m̃S, S̃)

kt(ω)

∣∣∣∣∣ (4.9)

The values of εreg are compared in figure 4.6. The regression appears in very good

agreement with the WFEM solutions, except for Case (c) which exhibits up to 3% error

in the considered frequency range. On the other hand Case (d) and (f) fit very well with

the honeycomb model described in equation (4.7). It should be noted that the regression

accuracy may depends on the chosen frequency range for freg.
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Figure 4.6: Difference between WFEM solutions and approximated wavenumbers.

To summarize, the transition frequency can be determined from the asymptotic

wavenumbers ks and kb derived from the WFEM solutions. In order to reduce the sensi-

tivity to sampling for the determination of kb(ω→ 0), the equivalent shear, bending and

mass parameters can be obtained through a regression model. An analytical expression

can therefore be derived for ωT with a good accuracy, except for case (c).

4.3.3 Effects of the core geometry on the modal density

The transition can be observed on the averaged group velocity cg, as the passage from a

square to linear function. The velocities are compared in figure 4.7. It can be seen that

the cores have a significant influence on the energy velocity in the panel, and the waves

are still dispersive above the transition frequency. Noteworthy, the maximal group ve-

locity is obtained around the transition, meaning that reduced wave attenuations are

expected in this frequency range.
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Figure 4.7: Averaged energy velocity in the sandwich waveguide.

The transition frequencies are detailed in table 4.3 and compared with the honey-

comb model (a). Case (c), associated with triangular construction has the lowest shear

rigidity. The rectangular and parallelogram cores, cases (b) and (e) are associated with

reduced transition frequencies compared to the hexagonal (a) core. The pentagonal core

(d), produces a slight increase (9.11 %) of the transition frequency compared with honey-

comb. On the other hand, the octagonal core (f) provides a considerable increase (70 %)

of the transition frequency. Therefore, this geometry can postpone the transition fre-

quency while maintaining the stiffness-to-mass ratio.

Cases Transition frequency (Hz) Variation with honeycomb
a 765.79 �
b 624.03 - 18.5 %
c 244.64 - 68 %
d 835.54 + 9.11 %
e 570.29 - 25.5 %
f 1302.5 + 70.05 %

Table 4.3: Transition frequency in the panel for different cores geometries.
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Figure 4.8: Modal density in the sandwich panels with different cores.

The modal density in the sandwich panel is calculated from the propagating wavenum-

bers and group velocities as mentioned above. The WFEM solutions are compared in

figure 4.8 for a surface S=1 m2, although it is reminded that the transition frequency

does not depend on the panel’s surface. The scaling procedure to preserve the mass-to-

stiffness ratios is validated since the modal densities n(ω→ 0) are the same for the six

models. It can be seen that n(ω) critically increases above ωT for each model. It should

be noted that the influence of the core’s geometry on the overall flexural behavior will

increase if the ratio between the core hT and the skins hs increases.

4.4 Concluding remarks

This chapter is concerned with the design of sandwich panels with improved vibroa-

coustic parameters. Although honeycomb constructions provide excellent compressional

strength to density ratio, other types of periodic cores can be used to increase the tran-

sition frequency and reduce the modal density in a given frequency range.
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In this work, the meso-macro approach presented in chapters 2 and 3 was employed

to compare various types of core constructions for a given sandwich panel. This ap-

proach does not suffer the limitations associated with core homogenization and provides

accurate wave dispersion characteristics with a reasonable computational cost. It was

shown that a 70 % increase of the transition frequency can be obtained by using an

octagonal core geometry, while maintaining the same bending stiffness-to-mass ratio,

as well as the skin and core materials. As a consequence of the increased equivalent

shear modulus, the octagonal core also produces significantly higher group velocity and

reduced modal density.

This transition frequency can be used as a relevant output for optimization proce-

dures oriented toward improving vibroacoustic parameters. It should be noted that the

proposed application is restrained to 2D geometric parameters (the core is unchanged

along its thickness), since a reduced number of design parameters is required for sensi-

tivity of optimization procedures. An interesting development would be to understand

how 3D cores could be designed in order to significantly postpone the bending to shear

transition to higher frequencies.
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T
He current chapter presents a parametric analysis on the sound transmis-

sion loss. An expression of the latter indicator was derived wherein the

shear core effect of the sandwich panel are taken into account. The devel-

oped expression is based on a two-scale approach described in detail in chapter 1. The

vibroacoustic indicators of interest, in this study, are primarily the sound transmission

loss (TL) and the bending-shear transition frequency presented in chapter 3. The stated

indicators depend mainly on the geometrical and mechanical parameters of the stud-

ied case. The proposed parametric survey, therefore, reveals the effects of the different
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X Chapter 5. Transmission loss through sandwich structures

meso-scale parameters on the macro-scale responses of the sandwich panels by perform-

ing three-dimensional model of a representative elementary cell. The obtained results

were compared with different analytical methods and an experimental result to check

the accuracy of the prediction and showed a good agreement.

5.1 Introduction

Most industrial applications are seeking for innovative structures, which are character-

ized by high mechanical and chemical performances as well as they could be as light as

possible. Nowadays, the most suitable structure that can combine all these properties is

known as a sandwich structure. This kind of structure is widely used in several sectors

especially in the high-speed transportation industries such as launcher, plans, trains

and so on and so forth. This trend is thanks to their great global mechanical properties

with respect to their micro mechanical properties [57, 93, 161]. Nevertheless, from the

vibroacoustic side, increasing stiffness to weight ratio could have a harmful effect on

the vibroacoustic performance of the structure which then might lead to unsatisfactory

sound insulation performance.

Theoretically, the root cause of the poor acoustic transparency of sandwich panels is

due mainly to the shear core effect of sandwich panels at the mid frequencies. Fahy et al.

[50] defined three dominant zones for a typical sandwich panel: global panel bending,

core shear and individual face-sheet bending. The frequency separating the first two

zones, known as the transition frequency, is of great interest [10, 42]. The main idea of

the latter papers was to increase the transition frequency of a sandwich panel with a

goal of shifting the shear core effect to the high-frequency range wherein the acoustic

transparency can be easily controlled by adding a porous material for instance. Many

published papers [10, 36, 59, 126] propose developments of the transition frequency ex-

pression. In the present study, a survey has been carried out to reveal the influence

of an increasing transition frequency on the sound transmission loss (TL) of sandwich

panel with orthoropic face-sheets.

Over the past several decades, Various methods have been proposed for predicting

the sound transmission loss (TL) across composite sandwich structure. In the Kurtze

and Watters study [77], it has been proved that TL is controlled by three physical

characteristics, the mass per unit area, the dynamic bending stiffness and the internal
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damping of the structure. The latter model was improved by Ford [53] by introducing

compressible core and dilatational motions which enables to study foam sandwich core

panels. Few years later, Statistical Energy Analysis (SEA) has been used by Crocker

[35] to predict the sound transmission loss, the radiation resistance and the vibration

amplitude of a partition. In 2005, Renji [122] has derived an analytical transmission

loss expression in terms of the coincidence frequency considering also the shear core

flexibility. Griese et al. [58] carried out a parametric study on the transmission loss and

the vibration properties of in-plane loaded honeycomb sandwich panels using structural

acoustic finite element method by varying the honeycomb cellular core geometries. Re-

cently, Mejdi et al. [97] has developed a semi-analytical approach, called a wave spectral

finite element model, that can capture the stretch information through the thickness of

the sandwich core.

On the other hand, many experimental attempts have been performed to under-

stand and enhance the vibroacoustic flexural behavior of the honeycomb sandwich panel.

Palumbo and his co-workers [110] carried out an experimental analysis by creating dif-

ferent forms and size of areas with reduced stiffness in the honeycomb core. The created

areas led to a notable benefit on the sound transmission loss either in the low-mid fre-

quency or in the high frequency ranges but to a significant decrease in the panel stiff-

ness as well. A year later, Peters and Nutt [112] established an experimental parametric

study using a sturcture-borne excitation. The main purpose was to validate the influ-

ence of the shear wave speeds on the sound transmission loss revealed analytically by

Kurtze and Watters in [77] and Davis in [36]. Similarly, Naify et al. [103] has performed

theoretical and experimental surveys to reduce the amount of sound energy transmitted

through the honeycomb panel by attaching additional gas layers. Impedance mismatch

of gasses was shown to be an efficient means to relatively decrease the noise transmit-

ted across a honeycomb sandwich panel.

The main purpose of this study is to investigate the shear core and the transition

frequency effects of the sandwich panel on the sound transmission loss (TL) through a

multi-scale like numerical method. A parametric analysis was then conducted to reveal

the influence of the increasing transition frequency. The proposed two-scale approach is

based on a numerical method known as the Wave Finite Element Method (WFE). The

WFE method combines the classical finite element method (FEM) and the periodic struc-

ture theory (PST) developed in [109]. The main advantage of the developed approach is
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that it keeps into consideration the periodicity of the structure, which allows to model

typically just one elementary cell instead of the whole structure. Accordingly, the cal-

culations cost is hugely reduced. Moreover, this numerical model keeps the meso-scale

parameters of the periodic cell.

5.2 Sound transmission loss expression through
sandwich panels

We consider here a sandwich panel of infinite boundary, separating two semi-infinite

incident and transmitted medium (see figure 5.1).

The external excitation of the incident sound wave strikes the sandwich panel’s sur-

face causing it to vibrate and radiate sound to the transmitted side. The flexural vibroa-

coustic behavior of the full structure are governed by Renji’s model [123]

DX
∂4W
∂x4 +2DXY

∂4W
∂x2∂y2 +DY

∂4W
∂y4 +ρp

∂2

∂t2

(
DX

Nx

∂2W
∂x2 + DY

Ny

∂2W
∂y2

)
+ρp

∂2W
∂t2 = q, (5.1)

with DX and DY are the bending stiffness along the x- and y-directions. DXY ∼=p
DX DY is the cross-bending stiffness of the sandwich panel.

Figure 5.1: Transmetted and reflected plane wave at an infinite sandwich panel
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5.2. Sound transmission loss expression through sandwich panels X

It is assumed that the variation of the sound pressure through the sandwich panel

is only along the z-direction. So, the vertical displacement W(x, y, z, t) of the sandwich

panel is only considered.

W(x, y, z, t)=Wo.e−(kxx+ky y±kz z−ωt) (5.2)

kx = kosinθcosφ, ky = kosinθsinφ, kz = kocosφ,

where ko = ω

co
is the acoustic wavenumber with co is the sound speed in air.

A harmonic motion is assumed in the present study. Thus, the plane acoustic pres-

sure incident on the sandwich panel at an heading angle θ and at a wave heading direc-

tion φ is represented by :

pi(x, y, z, t)= pio.e−i(kxx+ky y+kz z−ωt) (5.3)

While the corresponding expressions for the reflected and transmitted waves are :

{
pr(x, y, z, t)= pro.e−i(kxx+ky y−kz z−ωt),

pt(x, y, z, t)= pto.e−i(kxx+ky y+kz z−ωt) (5.4)

By considering the continuity of the acoustic pressure and the acoustic velocity at

the sandwich panel and by applying Newton’s third law, we obtain :

pio + pro − pto =∆p = iωρsvo,

vo = (pio − pro)
cosθ
ρoco

= pto
cosθ
ρoco

,
(5.5)

where ρs is the mass per unit area of the sandwich panel, ρo and co are respectively

the density and the speed of sound in the surrounding medium which is in our case

the air. By combining equations (5.1 - 5.5), the transmission coefficient τ(ω,θ,φ) for

sandwich panels takes the following form :

τ(ω,θ,φ)=
∣∣∣∣ pto

pio

∣∣∣∣2 =
{[

1+η
ρsωcosθ
2ρ0C0

(
k4

0sin4θ

k4
eq1

+ k2
0sin2θ

k2
eq2

)]2

+
[
ρsωcosθ
2ρ0C0

(
1− k4

0sin4θ

k4
eq1

−k2
0sin2θ

k2
eq2

)]2}−1

,

(5.6)
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where keq1 and keq2 are the equivalent wave-numbers of the sandwich panel which

can be expressed as the following form:


1

k2
eq1

= sin2φ

k2
bx

+ cos2φ

k2
by

.

1
k2

eq2
= sin2φ

k4
bx

k2
sx +

cos2φ

k4
by

k2
sy.

The sound transmission loss (TL) through a sandwich panel is then given by the

following expression :

TL = 10log10

(
1

τ(ω)

)
= 10log10

(∣∣∣∣ pio

pto

∣∣∣∣2) , (5.7)

where, the acoustic diffuse field transparency τ(ω) is calculated by averaging all the

possible incidents θ and the wave heading directions φ.

τ(ω)=
∫ 2π

0
∫ π/2

0 τ(ω,θ,φ)sinθ cosθ dθ dφ∫ 2π
0

∫ π/2
0 sinθ cosθ dθ dφ

. (5.8)

The proposed modeling strategy for sandwich panels is generally illustrated in figure

5.2. The procedure can be summarized as follows :

# Extract, reorder and reduce the size of the mass and stiffness matrices for the

periodic sandwich cell.

# Solve the non-linear polynomial equation 2.10 depending on the chosen unit sand-

wich cell.

# Compute the vibroacoustic indicators of the sandwich panel which are, in the cur-

rent paper, the sound transmission loss (TL) and the transmission frequency f t.
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Figure 5.2: Procedure of the proposed parametric analysis for sandwich panels
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5.3 Validation and parametric survey

The prediction accuracy of the meso-macro approach, described in the previous sections,

was assessed by checking the obtained result against two semi-analytical models (the

discrete laminate model (DLM) [54] and the wave spectral finite element model (WS-

FEM) [97]) and an experimental data [44] as shown in Figure 5.3. The measurement

data and the semi-analytical results were digitalized from figure 2 in reference [97].

Figure 5.3: Comparison of the sound transmison loss of the sandwich panel
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Figure 5.4: Comparison of the sound transmison loss of the sandwich panel
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5.3. Validation and parametric survey X

The effective mechanical properties and the geometric dimensions of the sandwich

panel used to check the accuracy are given in [97] (case 2). As clearly noticed in figure

5.4, the results obtained using the proposed approach is in good agreement with the

semi-analytical models and the experimental measurement.

Sandwich core Sandwich face-sheets
Nomex material Epoxy resin with carbon yarn
ρ = 1240 kg/m3 ρ = 1550 kg/m3

E = 5.5 GPa E1 = 133.6 GPa; E2 = E3 = 7.7 GPa
ν= 0.33 ν12 = ν13 = 0.29

G = 2.07 GPa G12 = 3.1 GPa; G13 =G12 = 3,1 GPa

Table 5.1: Mechanical properties of the sandwich panel.

In the next subsections, parametric analyses have been performed to quantify the ef-

fect of the geometric parameters and the architecture of the sandwich core on the sound

transmission loss as well as on the transition frequency. The used sandwich structures

are symmetric panels made up of Nomex (paper of aramid fiber with phenolic resin) in

the center layer and epoxy resin with carbon yarn in the sandwich face-sheets. The refer-

ence sandwich panel has a core thickness hc = 0.012 m and a total face-sheet thickness

h f = 0.001 m with angular arrangement [0,45,90,−45]S. The typical geometric para-

meters utilized to define the unit periodic cell topology are described in figure 3.2. In

the parametric analyses, it is tried to keep the unit cell mass constant by changing two

geometric parameters at the same time. The finite element software used for extracting

the full mass and stiffness matrices of the unit periodic cell was Ansys software with

shell elements. It should be also noted that the damping loss factor used throughout the

parametric analyses is η= 0.01.

A useful representation proposed by De Rosa and his co-workers in [38] was used for

the obtained curves with a dimensionless frequency axis. The proposed representation

allows removing the mass effect for more efficient analyses. This frequency f ∗ is defined

as follows:

f ∗ = f
ρs

ρ0c0
, (5.9)

in which ρs is the equivalent mass per unit area of the sandwich panel. ρ = 1.164 kg/m3

and c0 = 349.2 m/s are the air density and the sound speed in the air, respectively.
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5.3.1 Honeycomb core case

In the first subsection, a parametric survey was carried out for a hexagonal cell by

changing the conventional geometric parameters described in figure 5.3 and using the

same core and face-sheets materials.

The transmission loss curves for a symmetric sandwich panel with different cell an-

gle values α are presented in figure 5.5. It is noticed from the stated figure that there

is a negligible improvement on the sound transmission loss (TL) in the mid frequency

range. However, the bending stiffness value D of the sandwich panel, in the present

case, is maximal at the cell angle α= 28 ◦.

α Transition frequency f t Bending stiffness D mass per unit area ρs
20 ◦ 346.7 Hz 4664.7 N.m 3.7 kg/m2

24 ◦ 320.9 Hz 4674.9 N.m 3.7 kg/m2

28 ◦ 292.7 Hz 4777.8 N.m 3.7 kg/m2

33 ◦ 276.4 Hz 4629.7 N.m 3.7 kg/m2

37 ◦ 250.7 Hz 4678.9 N.m 3.7 kg/m2

Figure 5.5: Effect of the sandwich core angle α

The effect of the ratio R = t/hc (the wall hexagonal thickness t and the core thickness
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hc) on the sound transmission loss is illustrated in figure 5.6. As it has been shown, the

increase of the ratio R = t/hc has led to a notable improvement of the sound transmis-

sion loss in the mid frequency range. The enhancement observed on the TL indicator

was arrived up approximately to 6 dB. On the contrary, it is noticed that this increase

of the ratio R = t/hc has led to a significant decreasing of the equivalent bending stiff-

ness D of the sandwich panel as well. It is also noticed a decrease of the TL indicator in

the high frequency range.

R = t/hc Transition frequency f t Bending stiffness D mass per unit area ρs
0.0028 193.3 Hz 9728.1 N.m 3.72 kg/m2

0.0057 271.7 Hz 5196.6 N.m 3.71 kg/m2

0.0096 364.0 Hz 3208.8 N.m 3.71 kg/m2

0.0145 671.9 Hz 2307.0 N.m 3.70 kg/m2

0.0203 812.6 Hz 1712.5 N.m 3.70 kg/m2

Figure 5.6: Effect of the wall and panel thicknesses t and hc

The effect of the ratio R = t/l, the wall thickness t and the angled member length l
on the sound transmission loss is presented in Figure 5.8. It is shown that the increase

of the ratio R = t/h leads to an improvement of TL and to a raise of the frequency tran-

sition f t in the mid frequency. However, the improvement, in the low frequency, is due
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to the increase the mass per unit area ρs (approximately 15%). The bending stiffness D
of the sandwich dropped by approximately 4%.

Figure 5.7 illustrates the effect of the ratio R = t/h (the wall thickness t and the

vertical member length h) on the sound transmission loss (TL). In the mid frequency, it

is observed that the increase of the wall thickness t with respect to the vertical member

length h has led to a moderate improvement in the TL curves (roughly 4 dB) and to a

rise of the frequency transition f t as well. It is also noticed that the equivalent bending

stiffness D of the sandwich panel was dropped by approximately 4%.

R = t/h Transition frequency f t Bending stiffness D mass per unit area ρs
0.0441 398.9 Hz 4674.8 N.m 3.84 kg/m2

0.0279 293.3 Hz 4629.2 N.m 3.71 kg/m2

0.0194 227.6 Hz 4617.9 N.m 3.62 kg/m2

0.0143 178.6 Hz 4792.5 N.m 3.55 kg/m2

0.0110 150.5 Hz 4656.5 N.m 3.50 kg/m2

Figure 5.7: Effect of the wall thickness t and the vertical member length h

The effect of the ratio R = t/l (the wall thickness t and the angled member length l)
on the sound transmission loss is presented in figure 5.8. It is shown that the increase
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of the ratio R = t/h has led to an improvement of TL and to a rise of the frequency tran-

sition f t in the mid frequency. However, a slump of the equivalent bending stiffness D
of the sandwich (about 4%) is noticed.

R = t/l Transition frequency f t Bending stiffness D mass per unit area ρs
0.0441 354.6 Hz 4614.5 N.m 4.01 kg/m2

0.0279 285.4 Hz 4732.3 N.m 3.71 kg/m2

0.0194 245.3 Hz 4619.5 N.m 3.55 kg/m2

0.0143 208.9 Hz 4612.6 N.m 3.44 kg/m2

0.0110 169.0 Hz 4802.4 N.m 3.37 kg/m2

Figure 5.8: Effect of the wall thickness t and the angled member length l

Figure 5.9 shows in general a slight improvement of the sound transmission loss

and the transition frequency f t in the mid frequency range. This slight improvement is

due to the increase of the vertical member length h with respect to the pane thickness

hc. However, a significant slump of the equivalent bending stiffness D (about 60%) is

observed.
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R = h/hc Transition frequency f t Bending stiffness D mass per unit area ρs
0.1440 341.3 Hz 6066.6 N.m 3.85 kg/m2

0.2275 291.1 Hz 4668.3 N.m 3.71 kg/m2

0.3275 262.8 Hz 3645.8 N.m 3.62 kg/m2

0.4438 240.3 Hz 2960.4 N.m 3.55 kg/m2

0.5767 229.0 Hz 2432.2 N.m 3.50 kg/m2

Figure 5.9: Effect of the panel thickness hc and the vertical member length h

R = l/hc Transition frequency f t Bending stiffness D mass per unit area ρs
0.1440 300.1 Hz 6082.2 N.m 4.01 kg/m2

0.2275 288.1 Hz 4696.0 N.m 3.72 kg/m2

0.3275 285.1 Hz 3681.1 N.m 3.55 kg/m2

0.4438 270.2 Hz 3000.6 N.m 3.44 kg/m2

0.5767 246.0 Hz 2486.5 N.m 3.37 kg/m2

Figure 5.10: Effect of the panel thickness hc and the angled member length l
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R = h/l Transition frequency f t Bending stiffness D mass per unit area ρs
0.4285 161.0 Hz 4735.5 N.m 3.38 kg/m2

0.5702 184.2 Hz 4590.8 N.m 3.39 kg/m2

0.7431 187.8 Hz 4606.9 N.m 3.41 kg/m2

0.9587 177.3 Hz 4585.4 N.m 3.43 kg/m2

1.2352 172.3 Hz 4548.3 N.m 3.46 kg/m2

Figure 5.11: Effect of the vertical member length h and the angled member length l

On the other hand, the increase of the ratio R = l/hc in figure 5.10 has not led to

any important improvement of the sound transmission loss. While it is shown that the

equivalent bending stiffness D was dropped considerably.

The effect of the ratio R = h/l on the transmission loss is presented in figure 5.11.

The increase of the angled member length l (about 25%) with respect to the vertical

member length h has led to a slight improvement on the TL indicator at the mid fre-

quencies. Whilst there is a slight decrease of the equivalent bending stiffness D of the

sandwich panel.
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5.3.2 Other forms for the sandwich core

In the second subsection, other forms for the sandwich core were examined and com-

pared with the hexagonal core. The topologies of the sandwich core presented in figure

5.13 were obtained by introducing other geometric core parameters as shown in figure

5.12.

Figure 5.12: Geometric parameters of periodic unit cell of the sandwich panel

Figure 5.13: Studied core forms of the sandwich panels
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Cases Transition frequency f t Bending stiffness D mass per unit area ρs
a 280.9 Hz 4708.1 N.m 3.72 kg/m2

b 274.9 Hz 4462.0 N.m 3.72 kg/m2

c 092.1 Hz 4232.9 N.m 3.60 kg/m2

d 344.0 Hz 4693.6 N.m 3.79 kg/m2

e 139.3 Hz 4953.8 N.m 3.56 kg/m2

Figure 5.14: Effect of changing topology for the unit cell on TL

Figure 5.14 presents the comparison in terms of TL for the different topologies pre-

sented in figure 5.13. According to figure 5.14, the best topologies among the presented

cases in terms of TL are the cases a, b and d. On the other hand, the bending stiffness

D of the sandwich panel remain approximately constant.

Figure 5.15: Studied core forms of the sandwich panels
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Figure 5.16: Studied core forms of the sandwich panels

In the second part of the second subsection, we tried to introduce more than one form

in the unit periodic cell in order to compared them with the hexagonal core. The pro-

posed topologies of the sandwich core presented in figure 5.16 were obtained by adding

another geometric core parameters as shown in figure 5.15.

The comparison of the generated topologies presented in figure 5.16 is exhibited in

figure 5.17. As shown in this figure, the preferred topologies among the presented cases

in terms of TL are the cases a1 and d1 with a satisfactory bending stiffness D for the

sandwich panel.
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Cases Transition frequency f t Bending stiffness D mass per unit area ρs
a1 282.0 Hz 4685.6 N.m 3.72 kg/m2

b1 297.5 Hz 4604.7 N.m 3.56 kg/m2

c1 211.5 Hz 4479.1 N.m 3.56 kg/m2
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Figure 5.17: Effect of introducing more than one form in the unit cell on TL.

5.4 Concluding remarks

A parametric analysis has been carried out to reveal the effect of the conventional ge-

ometric parameters of a sandwich panel on the sound transmission loss (TL) and on

the transition frequency f t and also to reveal the relationship between the two latter

indicators. The numerical model was validated with two semi-analytical models (DLM

and WSFE model) and a digitalized measurement result.

As conclusion, it is apparent through the previous parametric analysis that the cell

angle α of the sandwich panel does not have any effect on the transmission loss. It is

also shown that the increase of the panel thickness hc lead to a significant improvement

of the TL and an increase of the transition frequency f t but also to a remarkable drop

of the stiffness-weight ratio of the sandwich panel. Moreover, it is clearly observed that
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X Chapter 5. Transmission loss through sandwich structures

increasing the angled member length l with respect to the vertical member length h
can enhance the transmission loss in the mid frequency range. In addition, it is noticed

that the increased transition frequency reflects generally an improvement on the sound

transmission loss (TL) across the sandwich panel.

Ultimately, the two-scale approach developed herein might be introduced in a numer-

ical optimization process which serves to identify the optimal geometrical parameters,

either for a hexagonal cell or any other form cell, that can enhance the macro vibroacous-

tic responses for the sandwich panel. The optimization process, which can be the next

project paper, allows to treat simultaneously all the geometric parameter combinations

while considering the weight and stiffness constrains.
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T
Hrough the current chapter, the Inhomogeneous Wave Correlation (IWC)

technique developed by Berthaut et al. in [19] has been described in de-

tail. Afterwords, the experimental test allows obtaining the harmonic dis-

placement field of the sandwich panel with white noise excitation was presented. Then,

the validation of the experimental wavenumber space obtained by the IWC technique

has been checked. Finally, the identification of the modal density and the transition

frequency of the test sandwich panels have been presented and compared.
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X Chapter 6. Experimental survey of the transition frequency for sandwich panels

6.1 Development of the IWC method

The inhomogeneous Wave Correlation (IWC) method proposed by Berthaut et al. [19, 30,

66, 67, 164] was developed to identify the dispersion characteristics of complex struc-

tures from experimental data. The IWC method is not only allow the determination

of the k-space but is also able to identify the corresponding loss factor. The loss factor

represents inhomogeneous wave parts which can be as mentioned in subsection 1.6.1.2,

near fields induced by boundary conditions or sources. The key idea behind the IWC

method is to calculate the correlation coefficient between the experimental wave field

ŵ (ω, x, y) and an inhomogeneous reference wave given as :

ô(k,γ,θ) (x, y)= e− jk(θ)(xcosθ+ysinθ)(1+ jγ(θ)), (6.1)

Lyon and Dejong [89] was expressed the relationship between the inhomogeneous

wave attenuation γ and the classical damping loss factor η as the following:

γ= ηcα
2cg

, (6.2)

with cα and cg being respectively the phase and group velocities. The correlation

between the inhomogeneous wave ô(k,γ,θ) and the complete wave field ŵ (ω) on a surface

area A is determined like a Modal Assurance Criterion (MAC) technique [49] which

compares a measured mode shape with a predicted one, using the following expression:

IWC
(
ω,k,γ,θ

)=
∣∣∣∣∣
Ï

A

ŵ (ω, x, y) .ô∗(k,γ,θ) (x, y)dxdy

∣∣∣∣∣√√√√Ï
A

|ŵ (ω, x, y)|2 dxdy.

Ï
A

∣∣∣ô(k,γ,θ) (x, y)
∣∣∣2 dxd y

, (6.3)

with the subscript ∗ stands for the complex conjugate. In practice, it is assumed that

the displacement wave field ŵ (ω, x, y) is known on arbitrary data points. The integrationÎ
A

dxd y over the whole surface area A in equation 6.3 are replaced by a finite weighted

sum
n∑

i=1
κ2

M0,Mi
A i:

IWC
(
ω,k,γ,θ

)=
∣∣∣∣ n∑
i=1

ŵi (ω) .ô∗(k,γ,θ),i.κ
2
M0,Mi

A i

∣∣∣∣√(
n∑

i=1
|ŵ (ω)|2 .κ2

M0,Mi
A i

)(
n∑

i=1

∣∣∣ô(k,γ,θ)
∣∣∣2 .κ2

M0,Mi
A i

) , (6.4)
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6.2. Experimental set-up and post-processing X

with κM0,Mi is the coherence coefficient between the measurement data at point M j

and the excitation point at M0 (if the coherence coefficient is not available, it can be

set to κM0,Mi = 1 ) and A i is the surface area around the point M j. So, the dispersion

characteristics of such structures can then be identified by determining the values ki

and γi at which the value of the IWC method is maximized for a given frequency ω and

an angular direction θ.

6.2 Experimental set-up and post-processing

In addition to the geometrical and mechanical properties of the sandwich panel, the

IWC technique needs additional input information in order to identify the wave prop-

agation. The needed input information are the displacement field of the test sandwich

panel which can be obtained by conducting experiments. There are different ways to ob-

tain the requested information for the IWC technique either in terms of excitement, or

measurement. As has been mensionned in reference [66, 68], the excitation can be made

either by a loudspeaker or a shaker, while for the measurement, either a microphone or

a laser vibrometer can be used.

Figure 6.1: Schema of the experimental set-up.
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X Chapter 6. Experimental survey of the transition frequency for sandwich panels

The experimental set-up used in the present thesis framework is as the same as

that used in reference [19], i.e. a shaker (Brüel & Kjaer type 4810) has been used as the

excitation device and a laser vibrometer (Brüel & Kjaer type 8330) as the measurement

device (see figure 6.1). The stated devices has several advantages as the author men-

tioned in [19]. The used shaker allows exciting the test sandwich panel at frequencies

up to 3.2 kHz. Also, it allows controlling the quality of the generated force thanks to

the force sensor (Brüel & Kjaer type 8001) placed between the shaker and the test sand-

wich panel (see figure 6.1). Similarly for the measurement, the used laser vibrometer

allows measuring the displacement field without any direct contact with the test plate.

In addition, the vibrometer allows the possibility for scanning automatically the whole

of the measurement points, which can be very handy when the test has to be repeated

several times or when the number of the measurement points is important.

Figure 6.2: Testbed realized to measure the displacement field of the sandwich panels.

The testbed used for the IWC technique (see figure 6.2) has also some disadvantages.

First, it is impossible to identify the speeds beyond 3.2 kHz due to the cutoff frequency

of the shaker. So to extend the frequency limit of the testbed, other excitation means

is needed to be tested. Second, the position accuracy of the scanning doppler laser vi-

brometer is very low for the identification at high frequencies. To avoid this, it would
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be better to use a fixed laser vibrometer and move it with a micrometer displacement

system, however, this technique can be expensive to achieve.

6.3 Numerical and experimental investigations on
the sandwich panels

The present section is devoted to study the characteristics of the wave propagation

through two sandwich panels with different cell size. The dimensions of the two sand-

wich panels are summarized and given in table 6.1. Both of the sandwich panels have

carbon epoxy (reference Hexcel 43199) as facesheet material with resin-fibre ratio of 50

% while the sandwich core material is Nida NOMEX.

Panel A Panel B
Surface area A 1×1 m2 1×1,01 m2

Core thickness hc 13 mm 13 mm
Facesheet thickness h f 0.5 mm 0.5 mm

Cell size 3,2 4,8

Table 6.1: Geometrical properties of the panel A and B.

The principle mechanical and geometric properties needed for treating the experi-

mental data extracted from the experimental set-up presented in section 6.2 of the both

sandwich panels A and B have been summarized in table 6.2. Also, additional informa-

tion about the mesh measured points and the excitation position have been shown in

figure 6.3.

Panel A Panel B
Gxz 30e+06 Pa 28e+06 Pa
G yz 40e+06 Pa 40e+06 Pa
Ex 141e+09 Pa 141e+09 Pa

References ECA-3.2-48 (51) ECA-4.8-48 (51)

Table 6.2: Mechanical properties of the panel A and B.

In the next subsections, the experimental data and the available information about

the sandwich panel A and B will be used in the code matlab to identify the k-space, the

averaged wavenumber, the modal density and then the transition frequency.
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Figure 6.3: Mesh of the panels A and B.
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6.3.1 Identification of the k-space

The dispersion results of the sandwich panel A and B obtained via the inhomogeneous

Wave Correlation (IWC) method, presented in the previous sections, have been averaged

using the following expression 6.5.

〈k (ω)〉 = 1
2π

2π∫
0

k (ω,θ)dθ, (6.5)

in which k (ω) is an angular sampling of the wavenumber at defined frequency range.

The angular sampling have to be well refined for the case of orthotropic or anisotropic

structures. These kind of behavior structures can exhibit high directivity. So, figure 6.4

represents the averaged wavenumbers of the sandwich panels A and B obtained by the

expression 6.5.
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Figure 6.4: Dispersion curves for the panels A and B identifying by IWC.

6.3.2 Identification of the modal density

The angular distribution of the modal density of the sandwich panels A and B can be

generally calculated in terms of the ratio of the structural wavenumber k (ω,θ) and the
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group velocity cg (ω,θ) :

n (ω,θ)= A
2π

k (ω,θ)∣∣cg (ω,θ)
∣∣ , (6.6)

with A the surface area of the sandwich panel. k (ω,θ) and cg (ω,θ) have been de-

duced from the experimental data treated by the IWC technique.
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Figure 6.5: Modal density for the panels A and B identifying by IWC.

In general, there are two methods to calculate the modal density, whether we calcu-

late it without the IWC treatment by counting the peaks in each 1/3 Octave Bands or

using the previous formulation 6.6. The both techniques give approximately the same

result.

6.3.3 Experimental identification of the transition frequency

The averaged wavenumbers of the sandwich panels A and B obtained in the previous

sections have been readjusted by an analytical model for the sake of defining the equiv-

alent bending and shear wavenumbers. The stated wavenumbers can then help to iden-

tify the transition frequency of the both sandwich panel.
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6.3. Numerical and experimental investigations on the sandwich panels X

Equivalent shear Equivalent bending Mass per unit
rigidity S stiffness D area ρs

Panel A 5.32e+05 Pa 6.42e+03 N.m 1.93 kg/m2

Panel B 4.69e+05 Pa 6.42e+03 N.m 1.94 kg/m2

Table 6.3: Equivalent mechanical properties of the panel A and B.

The analytical model used for the readjustment of the experimental results is the

Guillaumie model [59]. The equivalent mechanical properties obtained have been given

in table 6.3. The readjusted curves have obtained with prediction errors of 8% for the

panel A and 10% for the panel B with respect to the experimental curves.

As shown in figures 6.6 and 6.7, The cell size change demonstrates clearly the core

geometric effect on the transition frequency which has been already proof theoretically

in chapters 3 and 5. The change lead to a gain of approximately 90 Hz in the transition

frequency ( f A
t = 760,21 Hz and f B

t = 670,44 Hz).
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Figure 6.6: Identification of the transition frequency for the panel A.
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Figure 6.7: Identification of the transition frequency for the panel B.

6.4 Concluding remarks

In this chapter, the inhomogeneous Wave Correlation (IWC) method and its experimen-

tal set-up have been presented in detail. The latter experimental method was applied

on two sandwich panels, A and B, with the same material for the core and facesheets

while their cell sizes are different. The known mechanical properties and the averaged

wavenumbers of the both sandwich panels have been introduced into a non-linear re-

gression model in order to determine the asymptotic wavenumbers.

According to the obtained results, it is shown experimentally via the identified dis-

persion characteristics that the cell size of the honeycomb sandwich core has an effect

on the transition frequency which confirms the results deduced from the parametric

analysis established in chapter 5.
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T
He purpose of this chapter is to apply the theoretical model developed in

references [15–17, 63–65] in order to analyze the geometrically nonlinear
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free dynamic response of C-C-SS-SS rectangular CFRP symmetrically lam-

inated plates so as to investigate the effect of non-linearity on the nonlinear resonance

frequencies, the nonlinear fundamental mode shape and associated bending stress pat-

terns at large vibration amplitudes. Various values of the plate aspect ratio and the

amplitude of vibrations will be considered, and useful numerical data also are provided.

7.1 Introduction

The geometrically nonlinear vibration of structures is of continuing interest, due to the

tendency to build more reliable structures, with high strength, high stiffness, and low

weight such as composites. Such new materials have a more accentuated nonlinear be-

havior [15–17, 63–65], It is then necessary to develop new design concepts, taking into

account the nonlinear behavior induced by large vibration amplitudes, which may occur

for example in severe environments. The large displacement amplitudes induce geo-

metrical nonlinearity that is mainly caused by the development of in-plane membrane

stresses. In such cases, one of the basic assumptions of the linear vibration theory, i.e.

small displacement amplitudes compared to the plate thickness is violated. Therefore,

it is of crucial theoretical and practical interest, to develop new approaches which take

into account the membrane stress effect, neglected in the classical treatment of plate

vibrations. Even though the vibration of plates overall has interested researchers for a

long time, the exact linear solutions are known only for the six cases having two opposite

edges simply supported corresponding to a square plate or a rectangular plate [79, 80].

Also, as has been mentioned in the study made by Leissa in 1973 [80], it was pointed

out that until 1954, when Warburton derived his formulae based on a single-term rep-

resentation of the deflection shapes for the natural frequencies of plates with various

boundary conditions, no solution, even approximate, was known for six boundary con-

dition cases. The general accuracy of Warburtons formulae is discussed in references

[79, 80].

A great deal of studies and a wide program of experimental work carried out by

White and his co-workers [14, 18, 106, 150–155, 158] has been developed in order to un-

derstand the dynamic behavior of homogeneous and CFRP beams and plates. In Chias

book [26], an extensive information is given on the nonlinear analysis of plates, with

presentation of a variety of geometrically nonlinear static and dynamic problems. Also,

a survey was presented of the literature on the geometrical nonlinear analysis of lami-

nated composite elastic plates in reference [27]. In Sathyamoorthys work [128], a review
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was presented which deals with analytical, numerical and experimental methods used

in the geometrically nonlinear dynamic analysis of plates.

In recent published carried out by F. Alijani and M. Amabili [3, 4] in 2013, nonlinear

vibrations of completely free laminated and sandwich rectangular plates are investi-

gated using multimodal energy approach based on Lagrange equations and by using

classical and higher-order shear deformation theories [119] with von Karman type non-

linearities [104].

In several engineering applications, large vibration amplitudes of plate-type struc-

tures are encountered especially in the aerospace sector. The plates are assumed to be

whether fully or partially free, simply supported, or clamped. The clamped boundary

conditions assume that both displacements and rotations are prevented. In exchange,

the simply supported boundary conditions assume that displacements are al-lowed, but

rotations are not. In practice, it is extremely hard to achieve both cases [2]. Because

of the real plate boundaries are neither completely clamped nor simply supported. So,

in most cases, the real boundary conditions are a combination of clamped, simply sup-

ported, or free conditions. As a real illustration example of combination boundary con-

ditions, aircraft wing panels [140].

The purpose of this chapter is to apply the theoretical model developed in references

[15, 16] in order to analyze the geometrically nonlinear free dynamic response of C-C-SS-

SS rectangular CFRP symmetrically laminated plates so as to investigate the effect of

non-linearity on the nonlinear resonance frequencies, the nonlinear fundamental mode

shape and associated bending stress patterns at large vibration amplitudes. Various

values of the plate aspect ratio and the amplitude of vibrations will be considered, and

useful numerical data will be provided.

7.2 General formulation of the geometrically
nonlinear free vibration of C-C-SS-SS
symmetrically laminated rectangular composite
plates

7.2.1 Constitutive equation at large deflections

Consider the transverse vibration W of the plate of dimensions a, b and H shown in

figure 7.1 with a coordinate system taken such that the xy plane coincides with the mid-
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plane of the plate.

FIGURE 7.1. The plate notation.

The strain-displacement relationship for large deflections, considering the classical

plate laminated theory [8], are given by the expression taken from the reference [141]

which assume that the plate is thin (the thickness H is much smaller than the typical

plate dimension, H << a, b) and the magnitude of the transverse deflection W is of the

same order as the thickness of plate as well as the in-plane displacements U and V are

a linear function of the z-coordinate :

{ϵ}= {
ϵ0}+ z {k}+{

λ0} (7.1)

Where
{
ϵ0} , {k}, and

{
λ0} are given by [15–17, 63, 64]:

{
ϵ0}=


ϵ0

x

ϵ0
y

ϵ0
z

=


∂U
∂x
∂V
∂y

∂U
∂y

+ ∂V
∂x

 , {k}=


kx

ky

kxy

=



−∂2W
∂x2

−∂2W
∂y2

∂2W
∂xy

 , and {λ}=


λ0

x

λ0
y

λ0
z

=



1
2

(
∂W
∂x

)
1
2

(
∂W
∂y

)
∂W
∂x

∂W
∂y

 . (7.2)

Where U, V, and W are the displacements of the plate mid-plane, in the x, y and

z directions respectively. In the development of the nonlinear energy expression, the

transverse displacement W of the plate mid-plane has been taken into consideration

while the in-plane displacements U and V have been neglected. Therefore, the strain

energy (eq. 7.3 and 7.4) of an elastic solid is written in Cartesian coordinates as follows

[15–17, 63, 64]:
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Vb = 1
2

Ï [
D11

(
∂2W
∂x2

)2

+2D12
∂2W
∂x2

∂2W
∂y2 +D22

(
∂2W
∂y2

)2

+4D16
∂2W
∂x2

∂2W
∂xy

+4D26
∂2W
∂x2

∂2W
∂xy

+ 4D66

(
∂2W
∂xy

)2]
dxdy .

(7.3)

Va = 1
2

Ï [
A11

4

(
∂W
∂x

)4
+ A22

4

(
∂W
∂y

)4
+

(
A22

2
+A66

)(
∂W
∂y

)2(∂W
∂x

)2
A16

(
∂W
∂x

)3∂W
∂y

+ A26

(
∂W
∂y

)3∂W
∂x

]
dxdy.

(7.4)

The kinetic energy of a structure may be written as [15–17, 63, 64]:

T = 1
2
ρH

Ï (
∂W
∂t

)2
dxdy. (7.5)

In which the in-plane and rotary inertia terms are neglected.

7.2.2 Numerical model for the nonlinear mode shapes and
resonance frequencies of C-C-SS-SS rectangular CFRP
symmetrically laminated plates

The transverse displacement function W may be written as in references [141, 142] in

the form of a double series as follows:

W (x, y, t)= w (x, y)sinωt =
N∑

i=1

N∑
j=1

ai jwi j (x, y)sinωt. (7.6)

Where ij is the contribution coefficient of the function obtained as product of the ith

clamped simply-supported beam mode shape in the x-direction, with the jth clamped

simply-supported beam mode shape in the y-direction for the case of CCSSSS rectangu-

lar plates, and vice versa.

The discretization of the strain and kinetic energy expressions (eq. 7.3, 7.4, 7.5) can

be carried out leading to [15–17, 63, 64]:
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
Vb =

1
2

aia jki j sin2ωt,

Va = 1
2

aia jbi jkl sin4ωt,

T = 1
2

aia jω
2mi j cos2ωt.

(7.7)

Where mi j, ki j, and bi jkl are respectively the mass tensor, the rigidity tensor and ge-

ometrical non-linearity tensor. The expressions for these tensors are defined as follows:
mi j = ρH5abm∗

i j,

ki j = aH5E
b3 k∗

i j,

bi jkl =
aH5E

b3 b∗
i jkl .

(7.8)

Where the non-dimensional tensors m∗
i j, k∗

i j, and b∗
i jkl have the below form:

m*
ij =

Ï
w*

i w*
j dx*dy* (7.9)

k∗
i j =

Ï [
D∗

11α
4

(
∂2w∗

i

∂x∗2

∂2w∗
j

∂x∗2

)
+D∗

12α
2

(
∂2w∗

i

∂x∗2

∂2w∗
j

∂y∗2 + ∂2w∗
i

∂y∗2

∂2w∗
j

∂x∗2

)
+D∗

22

(
∂2W∗

i

∂y∗2

∂2W∗
j

∂y∗2

)

+ 2D∗
16α

3

(
∂2w∗

i

∂x∗2

∂2w∗
j

∂x∗y∗
+ ∂2w∗

i

∂x∗y∗
∂2w∗

j

∂x∗2

)
+2D∗

26α

(
∂2w∗

i

∂y∗2

∂2w∗
j

∂x∗y∗
+ ∂2w∗

i

∂x∗y∗
∂2w∗

j

∂y∗2

)

+ 4D∗
66α

2

(
∂2w∗

i

∂x∗y∗
∂2w∗

j

∂x∗y∗

)2dx∗dy∗.

(7.10)

b∗
i jkl =

Ï [
A∗

11

4
α4

(
∂w∗

i

∂x∗
∂w∗

j

∂x∗
∂w∗

k

∂x∗
∂w∗

l

∂x∗

)
+ A∗

22

4

(
∂w∗

i

∂y∗
∂w∗

j

∂y∗
∂w∗

k

∂y∗
∂w∗

l

∂y∗

)
+

( A∗
12

4
+ A∗

66

2

)
α2
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∂y∗
∂w∗
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∂x∗
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)
+
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k
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∂w∗

l

∂y∗

)}
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2
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∂x∗
∂w∗

l

∂y∗
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+
(
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∂w∗

j

∂x∗
∂w∗

k

∂y∗
∂w∗

l

∂x∗

)}
+ A∗

26

2
α

{(
∂w∗

i

∂x∗
∂w∗

j

∂y∗
∂w∗

k

∂y∗
∂w∗

l

∂y∗

)
+

(
∂w∗

i

∂y∗
∂w∗

j

∂x∗
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k

∂y∗
∂w∗

l

∂y∗

)}]
dxd y

(7.11)

Applying Hamiltons principle to the vibration problem gives:

3aia jakb∗
i jkr +2aik∗

ir −2ω∗2aim∗
ir = 0, r = 1, . . . ,n. (7.12)
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In matrix form, the above expression (18) is rewritten as the following form:

3
[
B∗ (A)

]
{A}+2

[
K∗]

{A}−2ω∗2
[
M∗]

{A}= {0} , (7.13)

where ω∗ is the non-dimensional nonlinear frequency parameter, the expression of

which can be obtained by pre-multiplying equation (7.12) by [A]T from the left-hand

side, which leads to the following equation:

ω∗2 =
aia jk∗

i j + 3
2 aia jakalb∗

i jkl

aia jm∗
i j

(7.14)

The set of nonlinear algebraic equations (7.14), in which the parameters b∗
i jkl , k∗

i j

and m∗
i j were computed numerically by using Simpsons rule, has been solved numer-

ically by using the Harwell library routine NS01A. This routine is based on a hybrid

method combining the steepest descent and Newtons methods, to obtain the numerical

results presented for the first nonlinear mode of a C-C-SS-SS anisotropic rectangular

plate.

7.3 Applications to C-C-SS-SS rectangular laminated
CFRP composite panels

The following table 1 shows the geometric and material properties of the CFRP rectan-

gular composite plates, they have been taken from the reference [46], which are treated

here in this work.

In the present work, the set of admissible functions concerning C-C-SS-SS anisotropic

rectangular plates are obtained as products of linear clamped simply-supported beam

mode shapes in the x- and y-directions beam functions, corresponding to clamped clamped

end conditions have been used and shown to be ap-propriate in previous studies on lin-

ear and nonlinear vibrations [17, 64].

Number of layers Orientation of principal axes a (mm) b (mm) H (mm)
8 [90,45,−45,0]S 480 320 1

Ex(Gpa) E y(G pa) Gxy(G pa) νxy ρ(kg/m3)
120.5 9.63 3.58 0.32 1540

Table 7.1: Geometric and material properties of the rectangular plate.
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X Chapter 7. Nonlinear free vibrations of composite plates

The beam functions used, whose analytical expressions are given in Appendix, in

the present work satisfy all of the C-C-SS-SS theoretical boundary conditions, i.e. zero

displacement along the four edges, zero slope along the two clamped edges, and zero

moment with respect to x and y along the two simply sup-ported edges.

7.3.1 Linear analysis

In order to verify the accuracy of the results obtained in the present work corresponding

to the C-C-SS-SS rectangular plate, we will compare the solution of the equation (7.15),

that is considered as an eigenproblem which will be solved by using MATLAB software,

with the previous published results.

a jk∗
ir = aiω

∗2m∗
ir, r = 1, . . . ,n. (7.15)

The calculation was made by using 36 basic functions obtained as products of the

first six clamped simply-supported beam functions, leading to square mass and rigidity

matrices of dimension 25.

Aspect ratio α

0.4 0.5 0.667 1.0 1.5
ω∗

l 9.12141 11.462242 17.89957 46.447142 166.25531
ω∗

nl (a11 = 0.001) 9.121334 11.462156 17.89945 46.446766 166.25356
ω∗

nl (a11 = 0.15) 9.8864237 12.339166 19.123762 49.411693 176.96215

Table 7.2: Comparison of non-dimensional frequency parameters.

In the table 7.2, the nonlinear frequency parameters obtained from the nonlinear

analysis at too small vibration amplitudes (a11 = 0.001 and 0.15) corresponding to var-

ious values of the plate aspect ratio, are com-pared with results obtained from linear

analysis. Consequently, the results are showing the convergence of the nonlinear model

to the linear approach at very small vibration amplitudes.

7.3.2 Nonlinear analysis

Table 7.3 listed the summary of the first nonlinear mode shape of C-C-SS-SS rectangu-

lar plate corresponding to α= 0.667 for a11 = 0.001 and 0.15, which are calculated here

using 25 basic functions.
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7.3. Applications to C-C-SS-SS rectangular laminated CFRP composite panels X

FIGURE 7.2. Comparison of the nonlinear frequency parameters of the first
nonlinear mode of C-C-SS-SS rectangular plate, — present work, - - - with
the linear value taken from [46] corresponding to α= 0.4.

FIGURE 7.3. Comparison of the change frequency of the first mode for α= 0.4,
0.5, 0.667, and 1.5.
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X Chapter 7. Nonlinear free vibrations of composite plates

The comparison in term of quality that is done in the figure 7.2 of the nonlinear

frequency parameters of the first nonlinear mode, between the results obtained here

and those are obtained in the reference [46] for an isotropic square plate at the similar

boundary conditions showed that the curved continuous line of El Bikris work increases

speedily more than the curved dashed one of present work. On the other hand, the com-

parison done with Work of B. Harras et al. in figure 7.4 showed that the fully clamped

anisotropic rectangular plate exhibits less non-linearity than the case of the present

work.

Wmax = 0.11173319E−01 Wmax = 0.26809814
(a) ω∗

l = 17.89957 (b) ω∗
nl = 17.89945 (c) ω∗

nl = 19.123762
a11 1 0.001 0.15
a12 0.034640933 0.34693649E-04 0.71160884E-02
a13 0.007849452 0.78612035E-05 0.10368977E-02
a14 0.002492575 0.24964054E-05 0.61552283E-03
a15 0.000990265 0.99177280E-06 0.21810887E-03
a21 0.040354981 0.40415664E-04 0.62294442E-02
a22 -0.001785123 -0.17877778E-05 -0.14783568E-03
a23 -0.001032162 -0.10337164E-05 -0.14807638E-03
a24 -0.000468162 -0.46886538E-06 -0.63046742E-04
a25 -0.00021805 -0.21837845E-06 -0.32070459E-04
a31 0.009393579 0.94078473E-05 0.18552141E-02
a32 -0.001170972 -0.11727421E-05 -0.18827547E-03
a33 -0.000763724 -0.76482717E-06 0.33978506E-04
a34 -0.000396506 -0.39711893E-06 -0.10327654E-03
a35 -0.000203788 -0.20409761E-06 -0.44565495E-04
a41 0.003032144 0.30366964E-05 0.42418279E-03
a42 -0.000565483 -0.56632875E-06 -0.67252538E-04
a43 -0.000425984 -0.42663248E-06 -0.87193658E-04
a44 -0.000250132 -0.25050635E-06 -0.31356367E-04
a45 -0.000140975 -0.14118626E-06 -0.19236005E-04
a51 0.001214007 0.12158334E-05 0.18055087E-03
a52 -0.000273669 -0.27407930E-06 -0.34861000E-04
a53 -0.000229392 -0.22973835E-06 -0.36839827E-04
a54 -0.000148152 -0.14837451E-06 -0.21774339E-04
a55 -9.01E-05 -0.90258064E-07 -0.13305140E-04

(a) Linear results calculated here; (b) present results obtained from nonlinear analysis for a11 = 0.001; (c)
present results obtained from nonlinear analysis for a11 = 0.15

Table 7.3: Comparison of non-dimensional frequency parameters using 25 basic func-
tions.

In the figure 7.3 are plotted the nonlinear frequency on the maximum non-dimensional
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7.3. Applications to C-C-SS-SS rectangular laminated CFRP composite panels X

amplitude for the first nonlinear mode shape of C-C-SS-SS rectangular plate for vari-

ous values of the plate aspect ratio. All curves are similar to that mentioned in reference

[46, 64].

FIGURE 7.4. Comparison of the nonlinear frequency parameters of the first
nonlinear mode with anisotropic fully clamped rectangular plate [64] cor-
responding to α= 0.667.

FIGURE 7.5. Normalized first nonlinear mode of a C-C-SS-SS rectangular plate
corresponding to X∗

max and α = 1.0. Curve 1, lowest amplitude ; Curve 3,
highest amplitude.
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X Chapter 7. Nonlinear free vibrations of composite plates

FIGURE 7.6. Normalized first nonlinear mode of a C-C-SS-SS rectangular plate
corresponding to X∗

max and α = 1.5. Curve 1, lowest amplitude ; Curve 3,
highest amplitude.

FIGURE 7.7. Non-dimensional bending stress distribution associated with C-C-
SS-SS rectangular plate first nonlinear mode along Y ∗ = 0.5 for α= 0.667.
Curve 1, lowest amplitude ; Curve 4 highest amplitude.
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7.3. Applications to C-C-SS-SS rectangular laminated CFRP composite panels X

The curves in figures 7.5 and 7.6, obtained via the present model, are plotted res-

pectively for the values of the maximum non-dimensional amplitudes W∗
max(α = 1.0) =

0.22321327E−02, 1.3602697, 2.5601464, and W∗
max(α= 1.5)= 0.22250147E−02, 1.3861804,

2.6043763 along the y-direction of the nonlinear fundamental mode shape of a rectangu-

lar plate (α= 1.0 and 0.5) corresponding to X∗
max. They show that the amplitude of the

nonlinear mode shape and an increase of curvatures near to the clamped edges, on the

other hand no changes concerning the simply supported ones, thereby, we suppose that

the flexural stresses will increase non-linearly near to the clamped edges accompanying

increase of the vibration amplitudes.

FIGURE 7.8. Non-dimensional bending stress distribution associated with C-C-
SS-SS rectangular plate first nonlinear mode along Y ∗ = 0.25 for α= 0.667.
Curve 1, lowest amplitude ; Curve 4 highest amplitude.

The figures 7.7 and 7.8 represent the non-dimensional flexural stress distributions

associated to the first non-linear mode shape of a C-C-SS-SS rectangular plate, which

show the effect of large vibration amplitudes along the x and y directions, corresponding

to Y ∗ = 0.5 and X∗ = 0.25 for α= 0.667. Besides, all curves show that the flexural stress

is equal to zero close to the edge where the rectangular plate is simply supported, but

on the other side the flexural stress exhibit a higher increase which has been proved in

the linear vibration approach.
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7.4 Concluding remarks

The nonlinear free vibrations of C-C-SS-SS rectangular symmetrically laminated plates

are studied in this chapter using a theoretical model developed previously in references

[63–65] for geometrically non-linear free vibrations of thin elastic structures. The objec-

tive was to determine the effects of large vibration amplitudes on the first mode shape,

the fundamental natural frequency, and the associated flexural stress distribution. The

model, based on Hamiltons principle, reduces the nonlinear free vibration problem to

solution of a set of nonlinear algebraic equations involving the classical rigidity, mass

tensors and a fourth order tensor due to the geometrical non-linearity.

The study of the first nonlinear mode shape for the CFRP plates considered has

shown that the curvature near the edge increases very rapidly with increase of the vi-

bration amplitude. In addition, the mode shape close to the center of the plate becomes

flatter when the mode amplitude increases as well as it was also noticed that the defor-

mation of the mode shape, for a given value of the normalized amplitude of vibration,

increases as the aspect ratio α increases. The non-dimensional bending stress distribu-

tion associated with the CFRP rectangular plate first nonlinear mode shows an increase

with increasing a11 which is much higher than that obtained for a linear vibration for

CFRP plates of identical aspect ratio. As a consequence of the deformation of the mode

shape, it was shown that the rate of increase in the induced bending stresses in a region

close to the clamped edges. Furthermore, the non-dimensional bending stress distribu-

tion associated with the CFRP rectangular plate first nonlinear mode for different am-

plitudes of vibration show a non-symmetry along the length of the section considered

because of the influence of the fiber orientation. It is worth noting here that further

investigations are needed in order to check the distribution of the nonlinear bending

stresses obtained at very high amplitudes of vibration.

At last, this present work enabled us to find out how the thin elastic structures

behave at the large vibration amplitude by plotting different spectrum analysis. In ad-

dition, as far as quality is concerned, the comparison has been done with the results of

an isotropic rectangular plate at the similar boundary conditions obtained in reference

[46] and which of anisotropic rectangular plate obtained in reference [64] showed good

and satisfactory results.
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NOMENCLATURE:

{ε} Column matrix of total strains{
ε0} Column matrix of strains due to the in-plane displacements u, v, w

x, y, z Point co-ordinates

{K} Column matrix of bending or twisting{
λ0} Column matrix of strains induced by large displacements W

εx, εy, γxy Tensor strain components

σ(k)
x , σ(k)

y , σ(k)
xy Stresses in the kth layer[

Q̄
]

6x6 matrix of transformed stiffness[
Q̄

]
k 6x6 matrix of transformed stiffness for the kth layer

N(k)
x , N(k)

y , N(k)
x,y Force resultant for the kth layer

M(k)
x , M(k)

y , M(k)
x,y Moment resultant for the kth layer

hk Distance from the mid-plane to the layer surface of the kth layer

A i j, Bi j, D i j Extensional, coupling and bending stiffness coefficients for

the laminated plate

A i j
∗, D i j

∗ Non-dimensional extensional and bending stiffness coefficients

{Ak}T Matrix of coefficients corresponding to the kth harmonic

{W}T Basic spatial functions matrix

ai j Contribution coefficient of the plate deflection function as a

product of the i th and jth beam mode shapes in the x and y

directions respectively

a, b Length, width of the plate

E Young’s modulus

H Plate thickness

K i j, mi j, bi jkl General term of the rigidity tensor, the mass tensor and the

non-linearity tensor respectively

K i j
∗, mi j

∗, bi jkl
∗ General term of the non-dimensional rigidity tensor, mass tensor

and non-linearity tensor respectively

U(x, y, t), V(x, y, t) In-plane displacements at point (x, y) of the plate

Vb, Va and V Bending, axial and total strain energy respectively

T Kinetic energy

W(x, y, t) Transverse displacement at point x on the plate

W∗(x, y, t) Non-dimensional transverse displacement at point x on the plate

W∗
max Maximum of the non-dimensional transverse displacement

α Non-dimensional parameter (aspect ratio) given by α= b/a

XcamZ\g g

t Zergoune Zakaria [ Page 145



X Chapter 7. Nonlinear free vibrations of composite plates

νxy Major Poisson’s ratio

Ex Longitudinal modulus

E y Transverse modulus

Gxy Shear modulus

ρ Mass density per unit volume of the plate

ω,ω∗ Frequency and non-dimensional frequency parameter respectively

ωl ,ωnl Linear frequency and non-linear frequency respectively

σxy,σyx Dimensional bending stresses

σxy
∗,σyx

∗ Non-dimensional bending stresses

The clamped simply-supported beam functions P∗
i (x) are defined as follows:

P∗
i (x)=

[
cos

(
λix
a

)
−cosh

(
λix
a

)]
−γi

[
sin

(
λix
a

)
−sinh

(
λix
a

)]
, (7.16)

where

γi = ch (λi)−cos(λi)
sh (λi)−sin(λi)

, (7.17)

In which λi for i = 1,2, . . . are the eigenvalue parameters for a clamped simply-

supported beam. Besides the values of the parameters λi were computed solving nu-

merically the transcendental equation tanhλi − tanλi = 0 by using Newtons method.

w∗
i =

1
G

P∗
αi

(
x∗

)
P∗
βi (x) , (7.18)

where

x∗ = x
a

, y∗ = y
b

, w∗
i
(
x∗, y∗

)= wi

H (x∗, y∗)
.

G is a normalization scaling factor given by:

G =
√Ï (

X∗
αi (x∗)Y ∗

βi (x)
)2

dx∗dy∗ . (7.19)
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i λi i λi

1 3.926990817 9 29.059732046
2 7.068583471 10 32.201324700
3 10.210176124 11 35.342917353
4 13.351768778 12 38.484510006
5 16.493361431 13 41.626102660
6 19.634954085 14 44.767695314
7 22.776546739 15 47.909287967
8 25.918139392 16 51.050880621

Table 7.4: The eigenvalue parameters for a C-C-SS-SS beam.

FIGURE 7.9. Clamped simply-supported beam functions for i=1, 2, 3, 4, 5, and
6.
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CONCLUSION & OUTLOOKS

The main purpose of the project thesis was addressed to develop a modeling strategy

which can be able to take into account the different scale variety of the sandwich struc-

ture. The developed numerical model can help to clarify the effect of the core properties

on the vibroacoustic behavior.

The implement of the proposed numerical approach has been presented in detail

in the first chapter with reduction computation methods. The approach has been vali-

dated by comparing the obtained results with analytical method either for the disper-

sion curve or for the modal density of the sandwich panel. An extension for the predic-

tion of the dispersion characteristics for curved sandwich panel was also validated.

The transition frequency separates the global panel bending and core shear regimes

has been identified by two numerical methods, bisection and wavemode energy methods.

The obtained results have been compared with existing analytical expressions. The com-

parison showed that the transition frequency identified via the two proposed methods

is taken into consideration the orthotropic effect of the sandwich panel.

In chapter 5, a semi-analytical expression of the sound transmission loss has been

developed. The proposed expression was validated with experimental and analytical

data. A parametric study has been Then performed for different core configurations

with a goal of revealing the effect of the geometric core of the vibroacoustic behavior.

Overall, it was shown in the parametric survey that the change of the transition fre-

quency by changing the geometric parameters of the core has influence on the sound

transmission loss in the low-mid frequency range.

Finally, in the last part of the study, experimental analyses have been put in place

to validate the remarks deduced from the developed meso-macro approach. For this rea-

son, the Wave Inhomogeneous correlation (IWC) technique has been applied with a view
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to identifying the transition frequency. So, the obtained results via the IWC method con-

firm the effect of the core cell size on the vibroacoustic behavior of the sandwich struc-

ture.

To finalize the vibroacoustic study starting in this project’s thesis for sandwich struc-

tures, some perspectives have been planned :

# Extend the present numerical model for predicting the sound transmission loss

through curved sandwich panels and determining their corresponding first transi-

tion frequency;

# Identify the second transition frequency which separates the shear core and the

individual face-sheet bending regimes for more efficient control of the vibroacous-

tic behavior for sandwich panels;

# Develop a numerical optimization process which serves to identify the optimal

geometrical parameters, either for a hexagonal cell or other core configurations;

# Extend the Wave Inhomogeneous correlation (IWC) for measuring the wave prop-

agation characteristics through curved sandwich panels.
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X Chapter 1:

The coefficients ai (with i = 1, ...,7) (eq. 1.8) for the dispersion relation (eq. 1.7) ob-

tained using the classical laminated plate theory (CLPT) presented in chapter 1, sub-

section 1.2.1.1 are defined in the following forms:



a1 = (A11.(i.cosθ)2 +2.A16.(i.cosθ).(i.sinθ)+ A66.(i.sinθ)2).k2;

a2 = −ρs.(−i.ω)2;

a3 = A16.(i.cosθ)2 + (A12 + A66).(i.cosθ).(i.sinθ)+ A26.(i.sinθ)2;

a4 = −B11.(i.cosθ)3 −3.B16.(i.cosθ)2.(i.sinθ)− (B12 +2.B66).(i.cosθ).(i.sinθ)2 −B26.(i.sinθ)3;

a5 = A66.(i.cosθ)2 +2.A26.(i.cosθ).(i.sinθ)+ A22.(i.sinθ)2;

a6 = −B16.(i.cosθ)3 − (B12 +2.B66).(i.cosθ)2.(i.sinθ)−3.B26.(i.cosθ).(i.sinθ)2 −B22.(i.sinθ)3;

a7 = D11.(i.cosθ)4+D16.(i.cosθ)3.(i.sinθ)+2.(D12 +2.D66).(i.cosθ)2.(i.sinθ)2;

+4.D26.(i.cosθ).(i.sinθ)3 +D22.(i.sinθ)4;
(A.1)

X Chapter 2:

Matrices A j (with j = 0, ...,6) for the parallelogram unit cell of the sandwich panel

in chapter 2 can be expressed in terms of the matrix block of the dynamic matrix D̃ as

the following form:
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A0 =


D̃41 D̃4B D̃4L

0 0 0

0 0 0

 (A.2)

A1 =


b(D̃21 + D̃43) b(D̃2B + D̃4T) bD̃2L

0 0 0

bD̃R1 bD̃RB bD̃RL

 (A.3)

A2 =


b2D̃23 + (D̃42 + D̃31) b2D̃2T + D̃3B D̃3L + D̃4R

D̃T1 D̃TB D̃TL

b2D̃R3 b2D̃RT 0

 (A.4)

A3 =


b(D̃11 + D̃22 + D̃33 + D̃44) b(D̃B1+ D̃3T) b(D̃1L + D̃2R)

b(D̃B1 + D̃T3) b(D̃BB + D̃TT) bD̃BL

b(D̃L1 + D̃R2) bD̃LB b(D̃LL + D̃RR)

 (A.5)

A4 =


D̃23 +b2(D̃13 + D̃24) b2D̃1T D̃3R

b2D̃B3+ D̃T2 b2D̃BT D̃TR

b2(D̃L3+ D̃R4) b2D̃LT 0

 (A.6)

A5 =


b(D̃12 + D̃34) 0 bD̃1R

b(D̃B2 + D̃T4) 0 bD̃BR

bD̃L2 0 bD̃LR

 (A.7)

A6 =


b2.D̃14 0 0

b2.D̃B4 0 0

b2.D̃L4 0 0

 (A.8)

in which b =λ

Lx
L y cosα
y with α= π

6
.

Matrices A j (with j = 0, ...,2) for the rectangular unit cell of the sandwich panel in

chapter 2 can be expressed in terms of the matrix block of the dynamic stiffness matrix

D̃ as the following form:

# For the constant term A0:
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X


A{0}

11 = D̃21 + D̃43 + D̃41λ
−1
y + D̃23λy;

A{0}
1B = D̃2B + D̃4T + D̃4Bλ

−1
y + D̃2Tλy;

A{0}
1L = D̃2L + D̃4Lλ

−1
y ;


A{0}

B1 = 0;

A{0}
BB = 0;

A{0}
BL = 0;


A{0}

L1 = D̃R1+ D̃R3λy;

A{0}
LB = D̃RB + D̃RTλy;

A{0}
LL = D̃RL;

(A.9)

# For the coefficients of the first order matrix A1:


A{1}

11 = (
D̃11 + D̃22 + D̃33 + D̃44

)+ (
D̃31 + D̃42

)
λ−1

y + (
D̃13 + D̃24

)
λy;

A{1}
1B = D̃1B + D̃3T + D̃3Bλ

−1
y + D̃1Tλy;

A{1}
1L = D̃1L + D̃2R + (

D̃4L + D̃1L
)
λ−1

y ;


A{1}

B1 = D̃B1+ D̃T3 + D̃T1λ
−1
y + D̃B3λy;

A{1}
BB = D̃BB + D̃TT + D̃TBλ

−1
y + D̃BTλy;

A{1}
BL = D̃BL + D̃TLλ

−1
y ;


A{1}

L1 = D̃L1 + D̃R2 +
(
D̃L3 + D̃R4

)
λy;

A{1}
LB = D̃LB + D̃LTλy;

A{1}
LL = D̃LL + D̃RR ;

(A.10)

# For the coefficients of the second order matrix A2:
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
A{2}

11 = D̃12 + D̃34 + D̃32λ
−1
y + D̃14λy;

A{2}
1B = 0;

A{2}
1L = D̃1R + D̃3Rλ

−1
y ;


A{2}

B1 = D̃B2 + D̃T4+ D̃T2λ
−1
y + D̃B4λy;

A{2}
BB = 0;

A{2}
BL = D̃BR + D̃TRλ

−1
y ;


A{2}

L1 = D̃L2 + D̃L4λy;

A{2}
LB = 0;

A{2}
LL = D̃LR ;

(A.11)

The coefficients of the reduced mass and stiffness matrices in equation 2.16 obtained

by developping the CSM are as follows :

MBB ≡ BT MB =
(

I
ϕR

)T (
Mbdbd MbdI

MIbdR MI I

)(
I
ϕR

)
= Mbdbd +MbdIϕR +ϕT

R MIbd +ϕT
R MI IϕR

(A.12)

MBm ≡ BT Mϕ=
(

I
ϕR

)T (
Mbdbd MbdI

MIbd MI I

)(
0

ϕL

)
= [MbdI +ϕT

R MI I]ϕL (A.13)

MmB ≡ϕT MB =
(

0

ϕL

)T (
Mbdbd MbdI

MIbd MI I

)(
I
ϕR

)
=ϕT

L [MIbd +MI IϕR] (A.14)

Mmm ≡ϕT Mϕ=
(

0

ϕL

)T (
Mbdbd MbdI

MIbd MI I

)(
0

ϕL

)
=ϕT

L MI IϕL (A.15)

KBB ≡ BTKB =
(

I
ϕR

)T (
Kbdbd KbdI

K Ibd K I I

)(
I
ϕR

)
= Kbdbd +KbdIϕR +ϕT

R[K Ibd +K I IϕR]

= Kbdbd +KbdIϕR

(A.16)

KBm ≡ BTKϕ=
(

I
ϕR

)T (
Kbdbd KbdI

K Ibd K I I

)(
0

ϕL

)
= [KbdI +ϕT

RK I I]ϕL = 0 (A.17)
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X

KmB ≡ϕTKB =
(

0

ϕL

)T (
Kbdbd KbdI

K Ibd K I I

)(
I
ϕR

)
=ϕT

L [K Ibd +K I IϕR]= 0 (A.18)

Kmm ≡ϕTKϕ=
(

0

ϕL

)T (
Kbdbd KbdI

K Ibd K I I

)(
0

ϕL

)
=ϕT

L K I IϕL (A.19)

The reduced wave basis matrix BΨ is expressed as the following form :

BΨ =
∣∣∣∣∣B̃Ψ 0

0 I

∣∣∣∣∣ , (A.20)

where the matrix B̃Ψ is defined as function of the associated vectors Γ to the global

displacement:

B̃Ψ =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Γ(1)

Γ(2) 0

Γ(3)

Γ(4)

Γ(B)

Γ(L)

0 Γ(T)

Γ(R)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, (A.21)

with Γ= Ψ̃(i)
Ψ(i)

is the normalized vector associated to the global displacement field.

The expressions of the effective mechanical parameters of honeycombs with double

thickness vertical walls, used in chapter 2 and developed in [93], are described as follows

(the geometrical parameters used for developping the formulas are presented in figure

A.1) :

ρ∗ = ρp

(
1− l cosθ (hb + l sinθ)

(l cosθ+ t) (h+ l sinθ)

)
, (A.22)

with the superscript ∗ denotes the effective mechanical properties of the sandwich panel.

lb and hb are expressed as follows:


lb = l− ttan

(
π

4
− θ

2

)
,

hb = h− ttan
(
π

4
− θ

2

)
,

(A.23)
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Figure A.1: Geometrical parameters for honeycombs with double thickness vertical cell
walls as defined in [93].

# The effective Young’s modulus of the sandwich core are given as:



E∗
3 = Ec

(
ρ∗

rhop

)
,

E∗
1 = Ec

(
t
lb

)3 cosθ(
h
l
+sinθ

)
sin2θ

 1

1+ (
2.4+1.5νc +cot2θ

)( t
lb

)2

 ,

E∗
2 = Ec

(
t
lb

)3

(
h
l
+sinθ

)
cos3θ


1

1+

2.4+1.5νc + tan2θ+

(
hb

lb

)
cos2θ

(
t
lb

)2


,

(A.24)

# The effective shear modulus of the sandwich core are given as:
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

G∗
12 = Ec

(
t
lb

)3

(
h
l
+sinθ

)
(

hb

lb

)2
cosθ

(
1
B

)
,

G∗
13 = C

[
cos2θ

(
lb

l

)
+2

(
t
l

)
tan

(
π

4
− θ

2

)]
,

G∗
23 = C

[
sin2θ

(
lb

l

)
+ h

l
+

(
t
l

)
tan

(
π

4
− θ

2

)]
,

(A.25)

with B and C are expressed as follows



B =

1+2
(

hb

lb

)
+

(
t
lb

)2

2.4+1.5νc

hb

lb

(
4+ h

l
+sinθ

)
+

h
l
+sinθ(
hb

lb

)2

[(
h
l
+sinθ

)
tan2θ+sinθ

]
 ,

C = Gc


t
l(

h
l
+sinθ

)(
cosθ+ t

l

)
 ,

(A.26)

X Chapter 5:

The spatial frequency response function (FRF) of the sandwich panel A at different

measured points :
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Figure A.2: Spatial FRF at different point for the panel A.
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