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Abstract

Algebraic coding theory deals with the design of error-correcting and error-detecting
codes for the reliable transmission of information across noisy channel. Maximum dis-
tance separable (MDS) codes have the highest possible error-correcting capability among
codes of given length and size. Thus it is of great interest to study and find MDS codes

with respect to various distances (e.g. Hamming distance, symbol-pair distance, etfc.).

Constacyclic codes over finite chain rings are an important class of codes from both
a theoretical and practical viewpoint. The case when the code length n is divisible by the
characteristic p of the residue field of a finite chain ring yields the so-called repeated-
root codes. The classification of codes plays an important role in studying their struc-
tures. However, only some codes of special lengths over certain finite chain rings are
classified. Let p be a prime number, s, m be positive integers, Fyn be the finite field of
order p™, and let R = Fpm[u]/<u3> be the finite commutative chain ring with unity.

In this thesis, we study algebraic structures of repeated-root y-constacyclic codes
of length p® over R, that is, ideals of the ring R[x1/(x"°-y), where y is a nonzero element
of the field Fyn. First, we classify all y-constacyclic codes of length p* over R into 8
distinct types and obtain the number of codewords in each of those constacyclic codes.
Furthermore, using their algebraic structures, the Hamming and symbol-pair distance
distributions of all such codes are completely determined. As an application of these
results, we identify all MDS Hamming and MDS symbol-pair codes within this class of

constacyclic codes.

Keywords: Finite chain rings, constacyclic codes, repeated-root codes, Hamming dis-

tance, symbol-pair distance, MDS codes



Résumeé

La théorie du codage est I'étude des méthodes permettant le transfert de |'information
de fagon efficace et précise. Les codes constacycliques sont une famille importante des
codes linéaires. La particularité de ces codes est que leur étude se raméne a la recherche
des idéaux d'un certain type d'anneaux. En effet, construire des codes constacycliques
de longueur n sur un anneau fini R reviendrait a trouver les idéaux de I'anneau R[x]/(x"-1),

ou ) est un élément inversible de R.

De plus la nature des idéaux trouvés jouent un réle déterminant dans I'étude de cer-
taines propriétés du code telles que la distance minimale. Cette distance minimale pos-
sede une borne, appelée borne de Singleton, qui dépend de la longueur et de la dimension
du code. Les codes dont la distance minimale atteint cette borne, appelés des codes
MDS, pour Maximum Distance Separable, possédent une capacité de correction opti-
male. Soient p un nombre premier, s et m deux entiers positifs. Soit R = Fpm[u]/(u3) un

anneau a chdine fini, de corps résiduel le corps fini a p™ éléments noté Fpym.

Dans cette these, nous nous sommes intéressés a |I'étude des codes y-constacycliques
d racines multiples de longueur p® sur R, autrement dit, I'étude porte sur les idéaux de
R[x1/(xP° -7}, ol ¥ est un élément inversible de Fpm. Tout d'abord, nous classifions tous
les codes y-constacycliques de longueur p® sur R en 8 types distincts et nous obtenons le
nombre de mots du code dans chacun de ces codes constacycliques. De plus, en utilisant
leurs structures algébriques, les distances de Hamming et paire de symboles de tous ces
codes sont complétement déterminées. En application, nous identifions tous les codes

MDS et de paire de symboles MDS au sein de cette classe de codes constacycliques.

Mots clés: Anneaux a chdine finis, codes constacycliques, codes a racines multiples,

distance de Hamming, distance de paire de symboles, codes MDS
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Chapter 1

Introduction

In the early history of coding theory, codes over finite fields were studied. Codes
over finite rings have been intensively studied since 1990s due to their new role in cod-
ing theory and their successful applications. A commutative ring with identity is called
a chain ring if all its ideals form a chain under inclusion. Calderbank et al. [10], Ham-
mons et al. [31] and Nechaev [45] related several binary non-linear codes to linear codes
over the ring Z4 of integers modulo 4 with the help of a Gray map. This motivated many
researchers to study linear codes over Z4 in particular and to study linear codes over fi-
nite commutative chain rings in general. Theoretically, constacyclic codes are the pivotal
and profound part of linear codes. Constacyclic codes are generalization of cyclic codes,
which form the most important and well studied class of error-correcting codes. Due
to their encoding with shift registers, these codes have numerous practical applications.
In recent years, there has been a great interest in study about the algebraic structure

of constacyclic codes and apply to construct good codes.

Let A be a unit of a finite commutative chain ring R. A A-constacyclic code of length
n over R can be classified as an ideal in R[x]/(x"-1). Thus the study of A-constacyclic
codes of length n over R is equivalent to the study of ideals of the ring R[x]/(x" - A). Par-
ticularly, in the case A =1, those A-constacyclic codes are called cyclic codes, and when
A = -1, such A-constacyclic codes are called negacyclic codes. When the code length n
is divisible by the characteristic p of the residue field of R, the constacyclic codes are
called repeated-root constacyclic codes. Otherwise, the constacyclic codes are called
single-root constacyclic codes. Despite all the efforts, the algebraic structure of con-
stacyclic codes is known only for some special lengths and over certain special classes of
finite commutative chain rings. Below we summarize some of the recent results known

in this direction.
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The structure of constacyclic codes of length n, gcd(n,p) = 1, over finite chain rings
are well-known [19, 34]. However, when p divides n, the situation is quite different
and classification of the corresponding codes is still incomplete. From 2003 on, spe-
cial classes of repeated-root codes over certain classes of finite chain rings have been
, 49]). Kiah et al. [36]
determined all repeated-root cyclic codes of length p* over Galois rings GR(p? m) (a spe-

studied by numerous authors (see, for example, [1, 7, 11, 21,

cial finite chain ring). Inarelated work, Batoul et al. [6] determined the conditions that

a constacyclic code is equivalent to a cyclic code.

Another type of finite chain rings is the class of finite chain rings Fyn[u]/(u®). This
class of rings has been of interest because of a successful application in connections
between modular lattices and linear codes over Fy, +ulF, [4]. For example, the structure
of F, +uF; is interesting, because it is lying between F4 and Z4 in the sense that it is
additively analogous to IF4 and multiplicatively analogous to Z4. Linear codes over F; +ulF,
have been studied by a lot of researchers (see, for example, [2, 5, 8, 32, 48, 55]). The
classification of codes plays animportant role in studying their structures, but in general,
it is very difficult. All constacyclic codes of length 2° over the Galois extension rings of
F,+ulF, are classified and their detailed structures are also established in [23]. Then in
2010, Dinh [18] classified all constacyclic codes of length p® over Fpm [u]/(u?). Inarelated
work, Sobhani et al. [52] determined all (y +au2)-cons‘racyclic codes of length p° over
Fpm[u]/<u3> and their dual codes, where y and a are nonzero elements in Fyn. Recently,
Sharma and Sidana [50] studied repeated-root constacyclic codes of arbitrary lengths
over ]Fpm[u]/<u3>. From this point of view, describing the structure of y-constacyclic
codes over Fpm[u]/<u3> might be of interest.

In Chapter 3, we investigate repeated-root y-constacyclic codes of length p° over
R = ]Fpm[u]/(u3), that is, ideals of the ring R, = R[x]/(xps-y), where y is a nonzero
element of the field Fyn. The algebraic structures of such codes are classified by cate-
gorizing the ideals of the local ring R,, into 8 distinct types. The detailed structures of
ideals in each type are provided. As an application, we obtain the number of codewords

in each type of those constacyclic codes.

The metrics of constacyclic codes have very significant role in error-correcting cod-
ing theory. The most studied distance in coding theory is the Hamming distance, which
is suitable for orthogonal modulated channels. Singleton [51] derived the upper bound

(called the Singleton bound) on the size of an arbitrary block code with respect to the

Thesis FSDM-Fez-Morocco Jamal Laaouine



3 Chapter 1. Introduction

Hamming distance. Linear codes that attain the Singleton bound are called maximum
distance separable (MDS) Hamming codes. However, till now very little amount of works
on computation of the Hamming distances have been done due to computational complex-
ity. In [22] Dinh computed the Hamming distance of cyclic codes of p° length over Fyn.
Later, in [18], Dinh determined Hamming distances of all (« +up)-constacyclic codes of
length of prime power over IE‘pm[u]/<u2> using the results of [42]. In [26, 39], the Ham-
ming distances of all y-constacyclic codes of prime power length over Fpm[u]/(uz) are
completely determined. Later, in [50], the Hamming distances of some repeated-root
constacyclic codes of any length over ]Fpm[u]/(u3> are obtained. However, the complete
Hamming distance distribution of all y-constacyclic codes of length p® over IFpm[u]/(u3>
was still left open. That motivates us to complete that task in this thesis.

In Chapter 4, using algebraic structures of y-constacyclic codes of length p° over
R = Fpm[u]/<u3>, we explicitly determine their Hamming distances. As an application of

these results, we identify all MDS Hamming codes within this class of constacyclic codes.

In[12,13], Cassuto and Blaum established a new coding framework for channels whose
outputs are overlapping pairs of symbols. Such channels are called symbol-pair read chan-
nels and the corresponding distance is called the symbol-pair distance. These channels
are more suitable for high density data storage systems in which the spatial resolution
of the reader is insufficient to isolate adjacent symbols. Recently, Chee et al. [15]
derived a Singleton-type bound for symbol-pair codes and constructed many maximum
distance separable (MDS) symbol-pair codes, i.e., the codes attaining the Singleton-type
bound with respect to the symbol-pair distance. In 2012, lower bound on the symbol-pair
distances for binary cyclic codes are considered by Yaakobi et al. [56]. Later, Kai et al.
[35] constructed three hew MDS symbol-pair codes over finite fields with symbol-pair
distance either 6 or 7 through repeated-root constacyclic codes of some special non
prime power lengths. Dinh et al. [20] and Sun et al. [53] simultaneously determined
symbol-pair distances of all repeated-root constacyclic codes of prime power lengths
over finite fields. Later, in [26, 39], the symbol-pair distances of all repeated-root
constacyclic codes of prime power length over Fpm[u]/<u2> are completely determined.
In [27, 40], all MDS symbol-pair constacyclic codes of length p° over Fpm[u]/<u2> are
obtained. Symbol-pair distances of y-constacyclic codes of length p* over IFpm[u]/(u3>
have remained open, where y € Fn. Motivated by that, we solved this problem in this

thesis.

Thesis FSDM-Fez-Morocco Jamal Laaouine



4 Chapter 1. Introduction

In Chapter 5, we obtain symbol-pair distances of all repeated-root y-constacyclic
codes of prime power lengths over R = Fpyn [ul/(u3). Applying these results, we identify
all MDS symbol-pair codes within this class of constacyclic codes.

In Chapter 6, we mention a brief conclusion and discuss some interesting open prob-
lems.

Thesis FSDM-Fez-Morocco Jamal Laaouine



Chapter 2

Preliminary concepts

In this chapter we give some notations and recall some known definitions and results

required for the following chapters.

2.1 Finite commutative chain ring

Rings are one of the fundamental objects of abstract algebra. They have numerous
applications in number theory, cryptography, algebraic coding theory, and many other

branches of mathematics.

All rings are commutative rings. An ideal I of a ring R is called principal if it is
generated by a single element. A ring R is a principal ideal ring if all of its ideals are
principal. R is called a local ring if R has a unique maximal ideal (consisting of all the
non-units of R). Finally, a ring R is called a chain ring if all the ideals of R form a chain
with respect to the inclusion relation. Typical examples of finite chain rings are the
finite field Fym of order p™, the integer residue ring Z, the Galois ring GR(pY,m), i.e.
the Galois extension of degree m of Lk (cf.[33], [44]), where p is a prime and m, k are

positive integers.

The following equivalence conditions are known for the class of finite commutative

rings (see [19]).

Proposition 2.1 Let R be a finite ring, the following conditions are equivalent:
(i) Ris alocal ring and the maximal ideal of R is principal,
(ii) R is a local principal ideal ring,

(iii) R is a chain ring.
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Let u be a fixed generator of the maximal ideal m of a finite commutative chain ring
R, i.e., m = (u). Then u is nilpotent and we denote its nilpotency index by e. The ideals of
R form a chain:
O =) WhHe - cweu)=R

Let R = R/m be the residue field of R modulo its maximal ideal m. By ~: R[x] — R[x], we
denote the natural ring homomorphism that maps r — = r+m and the variable x to x.

The following is a well known fact about finite commutative chain ring (cf. [44]).

Proposition 2.2 Let R be a finite commutative chain ring, with maximal ideal m = (u), and
let e be the nilpotency u. Then

(a) For some prime p and positive integers k, m (k > m), |R| = pk, IR| = p™, the char-

acteristic of R is p, and the characteristic of R is a power of p. (|A| denotes the
cardinality of the set A).

(b) There is an element C of the multiplicative group of units of R with multiplicative

order p™-1 such that any element r € R can be uniquely expressed as

P=rg+riu+rou?+- - +r,qu®l

wherer; €7, ={0,1,¢,...,CP"?} for 0 <i < e-1. Moreover, r is a unit in R if and only
if rg=0.
The set 7, ={0,1,C,...,CP"?} is called the Teichmiiller set of R.

(c) Fori=0,1,...,e, |(u')| = [R|®". In particular, [R| = [R|®, i.e., k= me.

The ring R is called a finite commutative chain ring with nilpotency index e. As R is a
finite field, let us suppose that R = Fym, where Fym is the finite field of order p™. If R
is of characteristic p, then R ~ Fpyn[u]/(u®) (see [16], [54]).

The ring R = Fpn[ul/(u®) is a local ring with maximal ideal uk = (u)y. That means, in
light of Proposition 2.1, R is a chain ring. R can be viewed as R = Fym + uFpm +...+ue‘llﬁ‘pm,
u® = 0. It consists of all polynomials in Fyn[u] of degree less than or equal fo e-1in
indeterminate u. It is closed under p™-ary polynomial addition and multiplication modulo

u®. The set R\(u)y, is the set of all units of R, it consists of elements of the form
Ao+Uuly+ U2/\2 +..- 4+ Ue-lx\e_l,

where Ao, Ay,..., Ae-1 € Fpm and Ao = 0.
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More precisely, we get the following:

Proposition 2.3 ([24]) Let R = Fym[u]/(u®) = Fon + UFpn +... + ¢ Fym. Then
(i) R is a chain ring with maximal ideal (u)y, and residue field Fyn.
(ii) The ideals of R are (u)y =u'R, 0 <i<e, each ideal (u)y contains p™&) elements.
(iii) R has (p™-1)p™& D units, they are of the form

Ao*+ulg+ully+--+usln

where Ao, Ay,..., Ae-1 € Fpm and Ao = 0.

2.2 Constacyclic codes over finite commutative rings with

unity

The constacyclic codes play a very significant role in the theory of error-correcting
codes as they are a direct generalization of the important family of cyclic codes. Codes
over finite rings have been intensively studied since 1990s due to their new role in coding

theory and their successful applications.

Let R be a finite commutative ring with unity, n be a positive integer, and let R" be
the R-module consisting of all n-tuples over R. A code C of length n over R is a nonempty
subset of R", and the ring R is referred to as the alphabet of the code. If this subset
is also an R-submodule of R", then C is called linear. For a unit A of R, the A-constacyclic
shift t, on R" is the shift

(X0, X1, -+ - » Xn-1) = (AXp-1, X0» X1, - - - » Xp=2)-

A code Cis said to be A-constacyclicif 7,(C) = C, i.e., if Cis closed under the A-constacyclic
shift 7). In the case that A =1, those A-constacyclic codes are called cyclic codes, and

when A = -1, such A-constacyclic codes are called negacyclic codes.

Each codeword ¢ = (co,Cy,...,¢p-1) € C is customarily identified with its polynomial
representation c(x) = Co+Cix+--+cn1X™!, and the code C is in turn identified with the
set of all polynomial representations of its codewords. Then in the ring R[x]/(x"- 1),

xc(x) corresponds to a A-constacyclic shift of c(x).

Thesis FSDM-Fez-Morocco Jamal Laaouine



8 Chapter 2. Preliminary concepts

From that, the following fact is well known (cf. [33, 43]) and straightforward:

Proposition 2.4 A linear code C of length nis A-constacyclic over R if and only if C is an
ideal of R[x]/(x"- ).

In the light of this, the study of A-constacyclic codes of length n over R is equivalent to
the study of ideals of the quotient ring R[x]/(x" - 1).

Definition 2.1 If a,b are ideals of aring A, then their ideal quotient is
(a:b)={xeA:xbCa}

which is also an ideal. In particular, if b is a principal ideal (77), we shall write (a: n) in

place of (a: (7)).

Proposition 2.5 ([3]) If a,b and ¢ are ideals of a ring A. Then we have the followings:
(1) ac(a:b).
(2) (@a:p)pCa.
(3) ((@:b):c)=(arbc)=((a:c):D).
(4) (anc:b)=(a:b)N(c: D).

The following lemma will play an important role in studying the algebraic structures of

constacyclic codes of length p° over the ring IFpm[u]/(u3>.

Lemma 2.1 Let A and B be two commutative rings. Let ¢ : A— B be a surjective ring
homomorphism. Assume that B is a principal ideal ring and ker(¢) is a principal ideal
() = wA. Let I be an ideal of the ring A. Then there exists an a € I such that

I=-aA+nd,

where J=(I:n)={reA:rnel}.

Proof Let b € B such that ¢(I)=Bb. Let a € I such that ¢(a) = b. If x € I then there
exists an w € B such that ¢(x) = bw = ¢(a)p(v), where v € A and ¢(v) = w. This implies
that y = x-av € ker(¢), which also implies that x = av+y with y € ker(p)NI. Hence, we
get I C Aa+ker(¢)NI, which means that I =aA+ker(¢)NI. Since ker(p)=mA, we have
ker(p)NI=nJ, where J=(I:n). Therefore, the desired result follows. O

Thesis FSDM-Fez-Morocco Jamal Laaouine



9 Chapter 2. Preliminary concepts

The notion of dual codes is one of the most interesting topics in coding theory. For

a linear code C over R, its dual code C* is defined as
Ct={aeR": a-c=0, forall ce(},

where a- ¢ =agcg+aiC1+---+an-1¢n-1, for a=(ag,ay,...,an-1) € R" and ¢ = (¢o,¢1,...,¢p-1) € C.
A code C is called self-orthogonal if CC C*, and it is called self-dual if C=C*.

The following result can be found in [18].
Proposition 2.6 The dual of a A-constacyclic code is a A™!-constacyclic code.

The following proposition relates the number of codewords in a linear code of length

n over R with that of its dual code.

Proposition 2.7 ([17]) Let p be a prime number and R be a finite chain ring of size p“.
The number of codewords in any linear code C of length n over R is p¥, for some integer
k € {0,1,...,an}. Moreover, the dual code C* has pl codewords, where k+1 = an, ie.,
ICl-1C+] = IR|".

2.3 Hamming and symbol-pair distances

To study error-detecting and error-correcting properties of a code with respect to
various communication channels, several distances (e.g. Hamming distance, symbol-pair
distance, etc.) have been infroduced and studied in coding theory. The most studied
distance in coding theory is the Hamming distance, which is suitable for orthogonal mod-
ulated channels. Let R be a finite commutative ring with unity, n be a positive integer,

and let R" be the R-module consisting of all n-tuples over R.

2.3.1 Hamming distance

For a codeword x = (X, X1,...,X,-1) € R", the Hamming weight of x, denoted by wty(x),
is the number of nonzero components of x. The Hamming distance dy(x,y) of two code-
words x and y equals the number of components in which they differ, which is the Ham-
ming weight wty(x-y) of x-vy.
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10 Chapter 2. Preliminary concepts

For a nonzero linear code C, the Hamming weight wty(C) and the Hamming distance
dy(C) are the same and defined as the smallest Hamming weight of nonzero codewords
of C:

dy(C) = min{wty(x) | 0 = x € C}.

The zero code is conventionally said o have Hamming distance O.

Let Cbe alinear code of length n over R with Hamming distance dy(C). In[46], Norton
et al. discussed the Singleton bound for R with respect to the Hamming distance dy(C)
and is given as |C| < |R|("HED  Maximum Distance Separable (MDS) codes, which are
classified as an important class of linear codes that meet the Singleton bound. They
have high error correction capability as compared to non MDS codes. Then, C is said to
be MDS code with respect to the Hamming distance if it attains the Singleton bound,
ie.,

|Cl = |R|(maH(©D), (2.1)

2.3.2 Symbol-pair distance

In 2010, Cassuto and Blaum [12] introduced a new distance, called the symbol-pair

distance, which is suitable for a channel whose outputs are overlapping pairs of symbols.

Let R be the code alphabet consisting of q elements. Then each element c e R is
called a symbol. In symbol-pair read channels, a codeword (co,cy,...,Cp-1) is read as
((co,c1),(c1,¢2),-.-,(Cn-1,€0)). A g-ary code of length n is a nonempty subset C C R". Sup-
pose that x = (Xg,X1,...,Xp-1) i a vector in R". The symbol-pair vector of x is defined
as

TI(X) = ((XO: xl)r (Xl, XZ)’ ceey (xn—ll XO)) € (Rz)n-

Hence, each vector has a unique symbol-pair vector 7(x) € (R,R)". An important parame-

ter of symbol-pair codes is the symbol-pair distance.

Now the natural question arises: Does there exist a relation between the symbol-pair
distance of a code and its Hamming distance? Towards this, Cassuto and Blaum [12] de-
rived such a relation and gave the definition of the symbol-pair distance as the Hamming
distance over the alphabet (R,R).
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11 Chapter 2. Preliminary concepts

Given x = (X0, X1,..-,Xn-1), Y = (Yo, Y1r---»¥n-1). the symbol-pair distance between x and

y is defined as

dsp(x,y) = du(re(x), 72(y)) = I{i € Zn | (xi, Xie1) = (yir yin )},

where Z, denotes the ring Z/nZ. The symbol-pair distance of a symbol-pair code C is
defined as

dsp(C) = min{dsp(x,y) | X,y € C,x = y}.
The symbol-pair weight of a vector x is defined as the Hamming weight of its symbol-pair

vector 7t(x):
Wtsp(x) = wip(r(x)) = [{i € Zp | (x;, xi1) # (0,0)}.

If the code C is linear, its symbol-pair distance is equal to the minimum symbol-pair

weight of nonzero codewords of C:

dsp(C) = min{wtsp(x) | 0= x € C}.

MDS symbol-pair code has the largest minimum distance, i.e., they have the best
possible error-correction capability. Hence, constructing MDS symbol-pair codes is sig-
nificant in theory and practice. Singleton bound for symbol-pair code C of length n
over R with symbol-pair distance dsp(C) is as follows: |C| < |R|(dsp(€)2) (gee [15]). A
symbol-pair code C is called an MDS symbol-pair code if it attains the singleton bound
for symbol-pair codes, i.e.,

|C| = [R| ()2, (2.2)

2.4 Constacyclic codes over [Fpn

Let p be a prime, s, m be positive integers. Let Fym be a finite field of order p™. In

this section, we consider all constacyclic codes of length p® with alphabet Fyn.

2.4.1 Structure of constacyclic codes

As discussed in Section 2.2, for any invertible element y of Fym, y-constacyclic codes

of length p® over a finite field Fym are precisely the ideals of the ring

Fon[X]/(XP" - ).
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12 Chapter 2. Preliminary concepts

Since y € Fyn, we have ypm = y for any positive integer t. By applying the Division
Algorithm, there exist nonnegative integers yg, y» such that s = y;m+y. withO < y. <m-1.

(yq*Dm-s (yq+Dm

Let Y0 = yp = ypm-yr‘ Then )/OS = yp =y

In 2008, Dinh [22] determined all y-constacyclic codes of length p* over Fpn and
their sizes, by showing that Fyn [x]/(xP° -} is a chain ring and by applying Proposition
2.1

Theorem 2.1 (cf. [22, 3.1, 3.2, 3.3]) Let y = ygs € Fpn, where y = 0. Then we have
the following:
(a) The polynomial x-yyq is nilpotent in IB“pm[x]/(xIDS -y) with nilpotency index p®.
(b) Thering Fyn [x)/(xP° - y) is a finite commutative chain ring with the unique maximal
ideal as (x-y0).
(c) All the distinct y-constacyclic codes of length p® over Fyn are precisely the ideals
((x-10)) C Fpm[x]/<xps -y), where 0 <i < p*, which forms the strictly inclusive

chain

(0) = ((x=70)") S {(x= 7)) &+ C (x=y0) S (1) = Fym[X}/(xP" - ).

Moreover, for 0 <i < p®, the code ((x-y0)') has pm(ps") codewords.

Now, consider the dual codes of y-constacyclic codes of length p® over Fyn. By Propo-
sition 2.6, for a y-constacyclic code C of length p® over Fyn, C = ((x=y0)) € Fpm [X]/(xP° - VY,
its dual C* is a y™!-constacyclic code of length p° over Fon. That means C* is an ideal
of the chain ring ]Fpm[x]/(xps-y‘l). However, in light of Proposition 2.7 and because
Ic| = p"®*D, then |ct| = p™. Hence, C* = ((x- y[)l)PS") C IFpm[x]/<xPS-7/'1). Thus, we

summarize that in the following theorem about the dual codes of y-constacyclic codes.

Theorem 2.2 (cf. [20]) For each y-constacyclic code of length p* over Fym, C = ((x -
o)) C ]Fpm[x]/<xps—7/>, where O < i < p®, its dual C* is the y~1-constacyclic code C* =

((x= 75 )Py C Fpn[x1/(xP" - »™1), which contains p™ codewords.

Thesis FSDM-Fez-Morocco Jamal Laaouine



13 Chapter 2. Preliminary concepts

2.4.2 Hamming distance

[22], [18] proved that the Hamming distance of each y-constacyclic code of length
p® over Fyn is completely determined which is not depend on m. The Hamming distance

of all y-constacyclic code depends on the characteristic of Fyn and length of the code.

Theorem 2.3 (cf. [18, 22]) Let C be a y-constacyclic code of length p® over Fyn. Then
C=((x-10)) C Fpm[X]/<XPS -y), fori€{0,1,...,p°}, and its Hamming distance H; := dy(C)
is completely determined by:

ol ifi=0,
o(n+1)pX, if pS-pr+(n-1r+1<i<ps-pr+nr,

where r=pS*! 1<n<p-land 0<k<s-1,
0, if i=p°.

Let C = ((x-)0)') be a y-constacyclic code of length p* over Fym, where 0 <i <p®. Itis
well known that |C| = p™®*). So the dimension of code C is p*-i. By the Singleton bound
(2.1), C is an MDS code if and only if p*-i=p*-dy(C)+1,i.e.,i=dy(C)-1. In[25], Dinh et
al. identified all the MDS constacyclic codes of length p* over Fpn.

Theorem 2.4 (cf. [25]) Let C = ((x-y0)") C Fpm [x]/(xP’ -y} be a y-constacyclic code of
length p® over Fym, where i €{0,1,...,p}. Then C is an MDS code if and only if one of the
following conditions holds:
— Ifs=1,theni=p for1<p<p-1,insuch case, dy(C)=p+1.
— Ifs>2, then
+ 1=0, in such case, dy(C)=2,
+ i=1,insuch case, dy(C) = 2,

+ i=p*-1, in such case, dy(C) = p°.
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2.4.3 Symbol-pair distance

The symbol-pair distance distribution of all constacyclic code of length p* over Fym

is established in [20].

Theorem 2.5 (cf. [20]) Let C = ((x-0)"),0 <i<p®, be a y-constacyclic code of length
p® over Fyn. Then the symbol-pair distance S; := dgy(C) of C is completely determined by:

.2, 'f i:O;
o 3p, ifi=pS-p*+1, where 0<k<s-2,
04pk, if ps _ ps-k+ 2<i< ps _ ps-k+ Ps_k_l,

where 0 <k<s-2,
Si={ e2(c+2)pk, if pS-pr+or+l<i<p®-pr+(o+1)r,
where r=ps*! 0<k<s-2and1<o<p-2,
o(0+2)p%!, ifiz=pS-p+o,where0<o <p-2,
op®, ifi=p°-1,
o0, if i=p°.

By Singletonbound (2.2), C is an MDS symbol-pair code if and only if p*-i = p5-ds,(C)+2,
i.e.,i=dg(C)-2. In[20], Dinh et al. identified all the MDS symbol-pair constacyclic codes
of length p® over Fyn.

Theorem 2.6 (cf. [20]) Let C = ((x-y0)') be a y-constacyclic code of length ps over Fpm,
forie{0,1,...,p°}. Then C is an MDS symbol-pair constacyclic code if and only if one of
the following conditions holds:
— If s=1,theni=7 for0<#n<p-2,insuch case, ds,(C) =1 +2.
— Ifs>2, then
o i=0,insuch case, dsp(C) = 2,
o i=1,insuch case, dg(C) = 3,
o i=2,in such case, dsp(C) =4,
0o s=2,p=3,i=4,insuch case, dgs,(C) = 6,

o

i=p°-2, in such case, dsp(C) = p°.
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Chapter 3

Repeated-root y-constacyclic codes

over the chain ring Fy.[u]/(u’)

3.1 Introduction

In this chapter, we shall determine all repeated-root y-constacyclic codes of length

p® over Fyn [u]/(u®). We shall also determine the number of codewords in each code.
For this, throughout this chapter, let p be a prime, s, m be positive integers, Fyn be
the finite field of order p™, and denote

R = Iﬁ‘pm[u]/<u3>.

The ring R can be expressed as R = Fym + U pn + UZ]Fpm ={a+bu+cu® | a,b,ce Fon}, where
u3 = 0. It is known that R is a local ring with maximal ideal (uy = uR. Therefore, by
Proposition 2.1, it is a chain ring. As discussed in Section 2.2, the y-constacyclic codes

of length p° over R are ideals of the ring
Ry = R[X]/(xP’ - )

where y is a nonzero element of the field Fpn.

This chapter is organized as follows: In Section 3.2, we classify all y-constacyclic
codes of length p° over R into 8 distinct types and obtain the number of codewords in
each of those constacyclic codes. To illustrate the results, Section 3.3 contains some

examples of constacyclic codes for different values of p and s.

15



16 Chapter 3. Repeated-root y-constacyclic codes over the chain ring Fpm[u]/(u3)

3.2 Algebraic structures of repeated-root y-constacyclic

codes of length p° over R

Recall that for any invertible element y of Fpm, a y-constacyclic code of length p®
over R is an ideal of the quotient ring R,.. Since y is a nonzero element of the field Fyn,

there exists yg € Fyn such that yos = y.

In this section, we will determine all y-constacyclic codes of length p* over R and
the number of codewords in each code. The following fact will play an important role in

our consideration later:

Lemma 3.1 The polynomial x - yq is nilpotent in R, with nilpotency index p®.

pS

Proof For1<i<p®-1,p divides ( : ) Since the characteristic of R is p, we have

(x=70)P" = X7 = y§ =xP -y

The computation in R, gives (x- 7o) = 0. Hence x - g is nilpotent of nilpotency index
<p®. Since (x- vo)P Lis of degree < p®, (x- 7o) cannot be zero in R, . Therefore, the

nilpotency index of x-yyq is p®. O

Lemma 3.2 Let f(x) € R,. Then f(x) can be written uniquely as:

p-t p-1 p-1

f(x)= ) ailx=y0) +u) bilx-y0) +u? ) ci(x-7o)
i=0 i=0 i=z0

p-1 p-1 p-1

=ag+(x=70))_ai(x=y0) T +u) bi(x-yo) +u? ) ci(x-yo),
i=1 i=0 i=0

where a;,b; and ¢; are elements of Fpn. Furthermore, f(x) is invertible if and only if

C(oio.

Proof The representation of f(x) follows from the fact that it can be viewed as a
polynomial of degree less than p® over R. Each coefficient d; of f(x) is an element of R,
that can be expressed uniquely by a;, b, ¢; € Fyn as d; = a; +ub; + u?c;. Expressing f(x) in
this representation, the last assertion follows from the fact that u and x-yg are both

nilpotent in R,,. O
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Proposition 3.1 The ring R, is a local ring with maximal ideal (x - yo,u), but it is not a

chain ring.

Proof By Lemma 3.2, the ideal (x-yq,u) is precisely the set of non-invertible elements
of R,. Hence, R, is a local ring with the maximal ideal (x-yo,u). Here we will show that
the ideal (x - y0,u) is not principal, for which it is enough to show that u ¢ (x-yq) and
(x=v0) € (u). For, if ue(x-yo), then there exist polynomials fi(x) and f,(x) € R[x] such
that u= (x-y0)f1(x)+ (xP° -y)f2(x) in R[x]. However, this is impossible because plugging
in X = yg yields u=0. On the other hand, (x-y9) ¢ (u), because x-yg has nilpotency index
pS and u® = 0. Thus, (x-y0,u) is not a principal ideal of R, implying that R, is not a chain

ring according to Proposition 2.1. O

Let ju be the map from R, = R[XJ/(xP" - y) to Fyn[x]1/(xP" - ) given by u(f(x)) = f(x) mod u.

Clearly, u is a surjective ring homomorphism.

Theorem 3.1 ([37]) The y-constacyclic codes of length p’ over R, i.e., ideals of the ring

R, are
Typel(Cy):
(0), ().
Type2(C2):
Co = (U3(x-10)7), where 0 <7 <p°-1.
Type3(C3):

C3 = (u(x - 10)° +u?(x - yo) h(x)),

where 0 <L <6 <p°-1,0<t<L, either h(x) is 0 or h(x) is a unit in R,, of the form
L-t-1
) hi(x=y0)" with h € Fyn and hg = 0. Here L is the smallest integer satisfying
i=0
UZ(X = 7/0)" € Cs.
Typed(Ca):
Ca = (u(x - 70)° +U?(x - 70)"h(x), U*(x - 10)*),
where 0<w<L<6<p®-1,0<t<w,either h(x) is 0 or h(x) is a unit in R, of the
w-1-1
form Z hi(x - 7o) with h;j e Fpm, ho # 0 and L is the smallest integer satisfying
i=0
UZ(X = 7/0)" € Cs.
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Type5(Cs):
Cs = {(x = Y0)* + u(x - o) thy (x) + u?(x - 10)"2h2 (X)),

where 0<V<U<a<p®-1,0<t;<U,0<ty<V, hy(x) is either O or aunit in R, of

U-11-1
the form Z aj(x- 7o) with aj € Fpm, ag # 0 and hp(x) is either O or a unit in R,
i0
V-tp-1 .
of the form Z bj(x - o) with bj € Fym, bg # 0. Here U is the smallest integer
i0

satisfying u(x-yo)" +u?g(x) € Cs, for some g(x) R, and V is the smallest integer
such that u?(x- )V € Cs.
Type6(Ce):

Ce = {(x=70) + u(x - y0)th1(x) + u?(x - y0)"2h,(x), u?(x - 70)°),

where 0 <c<«V<U<a<p’-1,0<t;<U,0< 1, <c, hi(x) is either O or a unit in
U-1¢-1

R, of the form Z aj(x-yo)J with aj € Fyn, ag # 0, ha(x) is either O or a unit in
0
c-t,-1 '
R, of the form Z b;(x - o) with bj € Fyn, bg # 0 and U is the smallest integer
i=0

satisfying u(x-yo)" +ug(x) € Cs, for some g(x) € R, .V is the smallest integer such
that UZ(X - yo)v € Cs.
Type7(C7):

C7 = {(x - 70)* + u(x - 1) Thy(x) + u?(x - ¥0)"2h2(x), u(x - 10)° + U?(x - y0)"3h3(x)),

where 0 <W<b<U<a<p’-1,0<t;<b,0<t<W,0<1t3<W, hy(x) is either O
b-141-1

or a unit in R, of the form Z aj(x-yo)J with aj € Fpn, ag # 0, hz(x) is either O
=0
W-t,-1 )
or aunitin R, of the form Z bj(x-yo) with bj € Fpm, bg # 0 and h3(x) is either
J=0
W-t3-1 .
0 or a unit in R,, of the form Z cj(x-yo) with ¢j € Fym, o # 0. Here W is the
=0
smallest integer satisfying u?(x-y0)"Y € C7 and U is the smallest integer satisfying
u(x-y0)" +u?g(x) € Cs, for some g(x) € R,.
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Type8(Cg):

Cg = {(X-70)+u(X=0)Th (x)+u?(x-10)"2h2 (), u(x=y0)P+u? (x-70) 3 h3(x), U (x-10)°),

where 0<c<W<L;<b<U<a<p’-1,0<t<b,0<ty<c,0<t3<c, hy(x)is
b-t1-1

either O or a unit in R, of the form Z aj(x - yol with aj € Fym, ag = 0, ha(x) is
j0
c-t,-1 .
either 0 or a unit in R, of the form Z bj(x - 70)' with bj € Fym, bo = 0 and h3(x)
i0

c-t3-1
is either O or a unit in R, of the form Z cj(x- yol with Cj € Fpm, co % 0. Here
j:
L, is the smallest integer such that u?(x-g)" € (u(x-0)P+u?(x-10)3h3(x)), U is
the smallest integer satisfying u(x-o)" +u?g(x) € Cs, for some g(x) € R, and W is

the smallest integer such that u?(x- )" € Cy.

Proof First of all, it is obvious to see that ideals of Typel (C1) are trivial ideals. Let I be
an arbitrary nontrivial ideal of R,. We proceed by establishing all possible forms that

ideal I can have.

e Case 1. TC(u). Let J1={f(x)e R, : f(x)ue I}=(I:u). Then, by Lemma 2.1,

I=uJd;.

+ Case la. If J1 C(u). Then, by Lemma 2.1, J1 = uJ,, where J, = (J;:u)=((T:u):
u)= (I:u?), then I = uJ,. Note that u(J2) is a nonzero ideal of the ring Fyn[x]/(xP" - ).
Then according to Theorem 2.1, we have pu(J2) = ((x-y0)*) for some 7, 0 <7 <p°-1.
Further, by Lemma 2.1, there exists f(x) € R,, such that J, = ((x-y0)" + uf(x)). This
gives

I=(ul(x-yo)) withO<t<ps-1,

which is of Type2 (C>).

+ Case 1b. If J1 & (u). Obviously, u(J1) is a nonzero ideal of the ring Fym [X]/(xP° - V).
Then p(J1) = ((x-70)°) for some 5, 0 <& <p°-1. By Lemma 2.1, there exists fi(x) e R,
such that Jq = ((x-90)° + uf1(x)) +uJ 2, where J> = (J1: u) = (T : u?). Then I = (u(x-yp)’+
u?f1(x)) +u?J,. We see that J> ¢ (u) (because J; C J7), implying that u(J2) = {(x-y0)*),
for some w, 0 < w <6 <p°-1 (because u(J1) C u(J2)).
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Also, by Lemma 2.1, there exists f,(x) € R,,, such that J = ((x-0)” +uf2(x)), which
implies that u?J, = (U?(x-0)”). Then

I = (u(x - y0)° +u?f1(x), ud(x - 10)?).

f1(x) can be expressed as

ps_l ps_l Ps‘l
f1(x)= ) aj(x-yol+u) bi(x-y0)+u?) cj(x- o),
J:O J:O J:O

where q;,b; and c; are elements of Fyn, then

w-1 pS-w-1
u(x = yo)° + WHF1(x) = u(x = 70)° + W) aj(x = pol + UB(X = 30)” ) @jeu(X - o).
0 i0

w-1

Since u(x-10)°+u?f1(x) € T and u?(x-70)“ € I, it follows that u(x-y)° +u? Zaj(x—yo)J el
=

w-1
Thus, I = (u(x-yg)? +u? Zaj(x— yo),u?(x-10)”). From this, I can be expressed as
0

I = (u(x-70)° +u?(x-0)th(x), u?(x - 0)*),

where 0 < w <6 <p°-1,0<t<w and either h(x) is 0 or h(x) is a unit in R, of the form
w-t-1

Z hi(x - y0) with h; € Fyn, hg = 0.

i=0

Let L be the smallest integer such that u?(x-y0)" € (u(x-10)° +u?(x- ) h(x)). Since
w2 (x - 10)° € (U(x - 10)° + U?(x - 70)'h(x)), we get L < 6. Note that (x- o) € T2, which
further implies that u?(x-o)" € (U?(x-0)*), then w < L.

o Case 1bl. If w =L, then
I = (u(x-0)° +u?(x-0)"h(x)),

which is an ideal of Type3 (C3).

o Case 1b2. If w<L, then
I = (u(x-70)° +u?(x- y0) h(x), u*(x - 70)“),

which means that I is of Type4 (C4).
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o Case 2. If I Z (u). Then u(I) is a nonzero ideal of the ring IFpn\[x]/(xF’s -7). Hence
there is aninteger a€{0,1,...,p°-1} such that u(I) = ((x-70)*). Next by Lemma 2.1, there
exists f(x) € R, such that I = ((x-y0)*+uf(x))+uJy, where J; = (I :u). We have uJ C(u)
and we see that (uJq:u)=((uyNI:u)=(T:u)=J; € (u) (because I C Jy ). This, by Case 1b,
implies that

uJy = (U(x - 10)° + U?(x - 0) B h3(x), u?(x - 70)°),

where 0 <c<L; <b<p®-1,0< 13 <c, either h3(x) is O or h3(x) is a unit in R, of the
c-t-1

form Z ¢j(x-yo) with ¢j € Fym, ¢g % 0 and u?J5 := u?((udy tu) : u) = u¥(JTq : u) = u¥(T : u?) =
70

(W¥(x-10)°). Here L; is the smallest integer satisfying u?(x - )" € (u(x - yo)b +u?(x -

10)"3h3(x)). Therefore, we have
L= ((x-0)+ uf(x), u(x - y0)° + U (x~ 0)"*h3(x), U*(x - 0)°).

Let us write
ps-1 ps-1 ps-1

f(x)= ZaJ(x 7/0)“+UZb (x=yo} +u? ch(x yol,

where aj, bJ- and cj are elemem‘s of Fpm, ‘rhen

ps-1 ps-1

(x=70)°+uf(x) = (x- yo)°+uZaJ<x yo) +u? Zb(x yo)

j=0 J=0

ps-1 ps-1

= (x- 7/0)°+UZGJ(X Vo)J+UZGJ(X 7/0)J+UZZb (x- o)

b-1 ps-1 _
= (x-y0)*+u ZC‘J(X - 7o)+ [u(x = 70)° + u?(x - 70) 2 h3(x)] ZGJ(X -yo)®
=0 j=b

ps-1 ps-1

+U Zb (X 7/0)‘] (X 70)T3h3(X)ZqJ(x 7/O)Jb

=0 J=b

Since (x-y0)*+uf(x) € I and u(x- yo)b +U8(x-10)3h3(x) e I, it follows that

ps-1 pS-1

(x = 7o) + uZaJ(x - 7o + Zb(X’VO)J (x- yo)*shs(x)ZaJ<x yolP| e I

J=0 J=0 J=b
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Next we write

p-1 ps-1 p-1

W[ by(x-70) - (x-70)*h3(x) ) a(x- ol |=u? ) dj(x-y0),
=0 j=b j=0

where d; € Fyn. Further, for all j > c, we see that w2 (x - ol = u(x-10)(x -yl eI,
which implies that

b-1 c-1
I=((x-y0)**+u) aj(x=yol+u? ) dj(x=yod,u(x-y0)°+u*(x-70)"*hs(x),u*(x~ 70)°)
j=0 j=0

From this, it follows that

I = ((x=y0)* +u(x=70)"h1(x) * u*(x = 70)2ha(x), u(x - y0)° + u(x = 70)"3h3(x), U (X - 70)°)

b-t1-1
where 0 <t;<b, 0 <1, <c, hy(x) is either O or a unit in R,, of the form Z aj(x- 7o)
0
c-1>-1 .
with aj € Fym, ag # 0 and hp(x) is either O or a unit in R, of the form Z dj(x-70) with

70
dJ EIFPI'T\, do io.

Let U be the smallest integer such that u(x- o)V +u?g(x) € ((x-70)* +u(x-10)thy (x)+
u?(x - 0)2ha(x)), for some g(x) € R,,. Since u(x - o) +u?(x - 70)"hy(x) € ((x - 70)* + u(x -
v0)thi(x) + u?(x - 70)2ha(x)), we get U < a. As u?(x-y0)Y € (u(x-10)°) with the reason
that (x-70)Y +ug(x) € (T:u)=J1 = (uJ; : u), we have b < U.

« Case 2a. If b= U, then I = ((x-70)® + u(x - 0)thy(x)+ u?(x - y0)"2ha(x), u?(x - y0)°).

Let V be the smallest integer such that u(x- o)V € ((x-70)®+ u(x - y0)thy(x) + u?(x -
70)'2ha(x)). Since u?(x-70)" € ((x-10)*+u(x - 0)"hy(x) +u?(x - 10)"2hz(x)), we get V < U.
As u2(x-y0)V € (U3(x~-0)°) with the reason that (x-10)Y € J2 := (I: u?), we have c < V.

o Case 2al. If c=V, then

I = ((x-70)*+u(x-70)"hy(x) + u?(x - y0)"2ha(x)),
which is an ideal of Type 5 (C5).

o Case 2a2. If c<V, then
I = ((x-0)"+u(x - y0)thy(x) + u?(x - ¥0)"2ha(x), u?(x - 10)°),

which means that I is of Type 6 (Cg).
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+ Case 2b. If b< U, then

I = ((x-10)*+u(x-y0)"th1(x)+u?(x-70)"2ha(x), u(x - 70)° +u?(x - 0) "2 h3(x), u(x - 10)°).
Let W be the smallest integer such that u?(x-y0)" € ((x - 70)* + u(x - y0)thy(x) + u?(x -
70)"2ha(x), u(x=70)° +u?(x-0)"h3(x)). Since u(x-y0)" € ((x=10)**+u(x~y0)"hy(x)*+u?(x-
10)2ha(x)) and u(x - )" € (u(x - 10)P + u?(x - 15)"3h3(x)), we get W<V and W < L;. As

u?(x-y0)V € (U¥(x-0)°) with the reason that (x-0)V € T, := (I : u?), we have c <W.

o Case 2bl. If c=W, then
T = ((x - 70)%+ u(x - y0)thy(x) + U3 (x - 10)2ha(x), u(x - 10)° + u?(x - 0)'3h3(x)),

which means that I is of Type7 (C7).

o Case 2b2. If c<W, then

T = ((x-0)®+u(x - y0)thy(})+ U2(x - y0) 22 (x), u(x - 70)P + u?(x- 1) 3 h3(x), u3(x - 10)°),

which is an ideal of Type8 (Cg). This completes the proof of the theorem. O

Remark 3.1 In the case that y =1, those y-constacyclic codes are called cyclic codes.
Actually, cyclic codes of length p® over R had already been studied in [41, Theorem 4.3],
but their classification of the structures of such codes is incomplete, i.e., their are
some intersections between their types. We illustrate some of the intersections in the

following.

1. If C is of the Type 8, i.e,
) i-1 . n-1 .
C= <(x- Di+u) aix=1)+u? ) by(x-1),u?(x- 1)'7>
70 70

= ((x= 1) + u(x - 1)thy (x) + V¥ (x - 1)T2hp(x), u*(x - 1)),
where a;j,bj € Fpm, 0 <i < p°-1,7<i,0<ty<i, 0<t, <1y and either hy(x), h,(x) are
0 or hy(x), h2(x) are units, with deg(h;(x)) <i-t1-1and deg(h>(x)) <7-t2-1. Then

S
(@) When hy(x) = 0, hy(x) 0, P ‘;2

<i<p’-land n=p°-i+t,<i, we have
u(x-1)"

= u?(x - 1P+t

= (ha () [0x - 1)+ u? (x - 1)72ha () 1(x - 1P

€ ((x- 1) + P (x-1)2ha(x)),

which means that C = ((x-1)' +u?(x - 1)2h,(x)) is of the Type 5.
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P+t

(b) When hy(x) =0, >

<i<p*-land n=p°-i+ty<i, we have

u?(x-1)"

= 12 (x- )Pt

= u(hy () 1[(x - 1)+ u(x - 1)thy(x) + u?(x - 1)2h, (x)](x - )P
€ ((x=1)" +u(x-1)"hy(x)+u?(x - 1)"2hy(x)),

which implies that € = ((x-1)' +u(x - 1)"h;(x)+u?(x - 1)'2h,(x)) is of the Type 5.
2. Let C be of the Type 6, i.e,

q-1 q-1 q-1
C= <(x-1)i+uZaJ-(x-1)J+u2 ) bj0x=1),u(x-1)T+u? ch(x—l)i>

50 50 j0
= ((x- 1) + u(x - 1)"thy (x) + u? (x - 1)T2hp(x), u(x - 1)7 + u?(x - 1)T*h3(x)),

where aj,bj,cj € Fpn, 0 <i<p-1,q<i, 0<t;<q, 0<t2<q, 0<t3<qand either
hi1(x), h2(x), h3(x) are 0 or hy(x), ha(x), h3(x) are units, with deg(h;(x)) <q-t;1-1,
deg(hz(x)) <q-t,-1and deg(h3(x)) <q-t3-1.

S
When hs(x) = h2(x) = 0, hy(x) =0, P ;“

<i<p’-land q=p°-i+t1<i, we have

u(x-1)9 = u(x - 1)P*h
= (h (<)) (x - 1) + u(x - 1)Tthy (x)1(x - )P
e ((x- 1) +u(x- 1)'thy(x)),

which means that C = ((x-1)'+u(x - 1)'thy(x)) is of the Type 5.

3. If Cis of the Type 7, i.e,

q-1 o-1 o-1
C={((x-1)+u Zaj(x - 1)+ 2 ij(x - 1), u(x - 1)9 + u? ch(x - 1), u?(x - 1)%)

0 i0 i

= ((x- 1) + u(x - 1)thy(x) + u?(x - 1)72ha(x), u(x - 1)9 + u?(x - 1)T3h3(x), U3 (x - 1)°),

where aJ-,bJ-,cJ- € Fpm, 0<i<p’-1,0<q<i,0<t;<q,0<t,<0,0<t3<o0, either
hi(x), h2(x), h3(x) are O or hy(x), ha(x), h3(x) are units, with deg(hi(x)) <q-t;-1,
q, if h3(X):O,

deg(ha(x)) < o-12-1,deg(h3(x)) < o-t3-land o < T =
9hax)) < o=tz 9hs()) < o=t ’ {min{q,ps_q+f3}, if h3(x)=0.

Thesis FSDM-Fez-Morocco Jamal Laaouine



25 Chapter 3. Repeated-root y-constacyclic codes over the chain ring Fpm[u]/(u3)

Then

(@) When hy(x) = h3(x) = 0,hp(x) 0, p°-q+t,<i<p’-land o = p°-i+t, <q, (or
h1(x) = 0,ha(x) =0, h3(x) =0, max{p*-q+1,,q+t,-t3}<i<p’-land o = p-i+1, <
min{q,p° - q +t3}), we have

u(x-1)7 = ud(x - 1)P*itte
= (h2(x)) ™ [(x - 1) + uB(x - 1)T2hp(x)](x - 1)P*
€ ((x- 1)+ u?(x - 1)2hp(x)),

which means that C = ((x-1)' +ué(x-1)"2h,(x),u(x-1)9) (respectively C = ((x-1)'+
u?(x - 1)"2hy(x), u(x - 1)7 + u?(x - 1)3h3(x))) is of the Type 6.

S
(b) When h3(x)=hy(x)=0, hi(x) =0, P ;Tl <i<p’-land q=p°-i+t;<i, we have

u(x-1)9 = u(x - 1)P°
= (hy ()Y [(x - 1) + u(x - 1)thy (x))(x - 1)
€ ((x~ 1) +u(x - 1)1thy(x)),

which means that C = ((x-1)'+u(x - 1)Tthy(x),u?(x-1)°) is of the Type 8.

By the above theorem, we see that L, L; are the smallest integers such that
u?(x-y0)" € C3 = (u(x- 7o)’ +u?(x - y0)"h(x)),
u?(x- 1)t € (u(x - 70)P + UB(x - 0)'*h3(x)).

In the following proposition, we determine L and L;.

Proposition 3.2 Let L and L; be as above, then we have

- 5, if h(x)=0,
min{o,p*-6+1}, if h(x)=0.

L. = b, if h3(X):O,
"7 minb,pS-b+ts), if h3(x)=0.
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Proof As u?(x-10)° = ulu(x-70)’+ué(x-70) h(x)] € C3, we have L < &. Further, u?(x-yo)" €
C3 can be written as

ps-1 ps-1 ps-1

u?(x-y0)" = ZGJ(X Vo)J+UZb(X 7/0)J+U22CJ(X yo) |Lu(x = y0) + U (x- 70)"h(x)],

where aj, bJ~ and cj are elements of Fom.

As (x-10)” =0in R, and u?(x- )" € (u?), u3(x- )" can be rewritten as

pS-6-1 pS-6-1
W(x=70)"=u(x=y0)" ) aj(x-yol+u¥(x-0)’ ) bj(x-yo)
i=0 i=0
ps-6-1 ps-1
+u?(x-0)"h(x) Z aj(x = yo + u?(x = y0)"h(x) Z aj(x = 7o)
J=ps-o

ps-o-1 ‘ .. 5-1 ’

=W8(x=70)" ) bj(x=y0) +u?(x=y0)" " Th(x) ) ags-ssj (X~ 70).
i=0 i=0

From this, we get L > 6 when h(x) = 0 and L > min{,p® - 6 + t} when h(x) = 0. Moreover,

when h(x) = 0 then h(x) is a unit, so
u?(x = yo)P """ = (h(x)) [u(x - y0)° + u*(x - 0) h(x)](x - y0) € 3,
then we get L < p°-6+1. Therefore, L = min{5,p° -6 +t}. The proof of L, is similar. O
According to the classification in Theorem 3.1, we see that U is the smallest non-
negative integer satisfying
u(x-70)" + u?g(x) € Cs5 = ((x~ 70)* * u(x - 70)"thy(x) + u? (x - 70)"2h2(x)),

for some g(x) € R,. As u(x - 0)* + u?(x = 70)"thy(x) € ((x = 70)* + u(x - y0)"hy(x) + u?(x -

10)'2h2(x)), we have U <a.

In the following proposition, we determine the integer U.

Proposition 3.3 Let U be as above, then we have

q, if hi(x)=0,
min{a,p°-a+ty}, if hy(x)=0.

U=
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Proof Since u(x-y0)"+u?g(x) € Cs = ((x-70)*+u(x-y0)thi(x)+u?(x-10)2hs(x)), for some
g(x) € R,, there is a polynomial f(x) € R,, satisfying u(x-yo)U+u29(x) = F(X)[(x-y0)*+u(x-
70)thi(x) + u?(x - 70)"2ha(X)].

p-1 p-1 p-1
f(x) can be written as f(x) = Zaj(x-yo)hu ij(x-yo)HuZ ch(x-yo)J, where a;, b;
=0 0 =0

and c; are elements of Fyn. Then u?(x - o)V can be expressed as

ps-1 ps-1 ps-1
W¥(x=70)" = u(x=70)" ) aj(x=yol+u?(x-y0)* ) bj(x-y0)+u?(x=10)ths(x) ) _aj(x-y0).
70 70 0

As (x- o) =0in R, and u(x- )" € (U?), U¥(x-y0)" can be rewritten as

pS-a-1 pS-a-1
W(x=70)" =ulx-70)* ) aj(x=y0) +uP(x=y0)* ) by(x-o)
j:o J:O
ps-a-1 ps-1
+U0x=y0)thi(x) ) aj(x= ol +u?(x=70)Thi(x) )  aj(x-yo)
j:o j:pS'Cl
ps-a-1 a-1
=WP(x=70)" ) bj(x=70) + P (x=70)P " hy(x) ) ps-asj(X~ o).
=0 j=0

From this, we get U > a when hy(x) = 0 and U > min{a, p° - a+ 11} when h;y(x) = 0. More-
over, when hy(x) =0 then hy(x) is a unit, so u(x - )P 1 +u2(x - 0P 2hy(x)(hy(x)) ! =
(h1 () [(x-70)+u(x=y0)th (x)+u? (x-70)"2h2(x)1(x-)0)P @ € C5. Hence, we get U < pS-a+t;.
From this, the desired result follows. O

In light of Theorem 3.1, we have V is the smallest integer such that
u?(x - 70)" € C5 = ((x = y0)* + u(x = 70)"h1(x) + u*(x = y0)"2ha(x)).

We observe that V < a with the reason that u2(x—yo)° = uz[(x—yo)°+u(x—yo)“h1(x)+ u?(x-
70)2ha(x)] € Cs.

In the following proposition, we determine the integer V.

Proposition 3.4 Let V be as above, then we have
q, if hi(x)=h(x)=0,
V=4 min{a,pS-a+t,}, if hi(x)=0 and hy(x)=0,
min{a,p°-a+t1}, if hy(x)=0.
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Proof Since u?(x-1)V € Cs, then u?(x-1)V can be written as

p-t p-1 p-1

Y aix=yol+u) bix=yol +u? ) ci0x=yo) |[(x-yo)*+u(x-y0)thi (x)+u? (x-y0)"ha(x)],
j=0 §=0 §=0

where aj, b; and cj are elements of Fpm.

As (x-10)l =0in R, u?(x-1o)V can be rewritten as
)4 y )4

pS-a-1 ps-a-1
W(x=70)" = (x=70)* ) aj(x=yol +u(x-70)* ) bj(x-yo}
i=0 i=0
ps-a-1 . p3-a-1 '
+u?(x=70)" ) cj(x=yol +ulx-y0)Thi(x) ) aj(x-7o)
j=0 j=0
pS-1 . pS-a-1 .
+u(x=70)Thi(x) ) aj0x=yol +u¥(x-=70)thi(x) ) bj(x-yo)
jps-a 0
ps-1 ' pS-a-1 '
+u?0x=90)thi(x) ) bj(x=yoN +u?(x-70)ha(x) )  aj(x~ o)
Jp*-a j70
p-1 .
+U(x=10)"%ha(x) ) aj(x-yo).
j=p*-a

+ Case 1. If hi(x)=0. Then

ps-a-1 a-1
u¥(x - 70)¥ = u?(x - y0)° Z ¢j(x = 7o) + ui(x - yo)P '°+T2h2(><)zap5-a+j(x - o).
70 70

o Case la. If hy(x)=0. Then, we have V > a, which means that V = a.

o Case 1b. If hy(x) = 0. Then, we have V > min{a,p®-a+1,}. Hence,

uZ(x = y0)P 02 = (ho(x)) (X - 10)% + UB(x - 0)2h2 (X)1(x - y0)P ™ € Cs.

Thus, V < p’-a+t,, which means that V = min{a, p*-a+1,}.
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+ Case 2. If hy(x) = 0. Then

ps-a-1 a-1
W(x = 70) = W - 70) ) cix = 7o) + WP(x = o) Tthi(x) ) bps-aui(x - yo).
j=0 j=0

So, V > min{a,p*-a+t1}. Hence,
uB(x - 70)P "M = u(hy(x)) (X - y0)* + u(x - 0) hy (x) + U3 (x - 0)2ha(x) (X - 70)P ™ € Cs.

Thus, V < p®-a+1t1, which means that V = min{a, p*-a+tq}. O

Note that W is the smallest integer such that W (x-1D)W € C7 = ((x-70)+u(x-70)thy (x)+
u2(x - 10)2ha(x), u(x - 10)° + U?(x - 0)"3h3(x)), as determined in Theorem 3.1.

We now proceed to determine W.

Proposition 3.5 Let W be as above, then we have

b, if hi(x)=hy(x)=h3(x)=0
or hi(x) =0 and h3(x) =0,
W= min{b, p*-a+1,}, if hi(x)=h3(x)=0,hy(x)=0,
min{b, p*-b + 13}, if hi(x)=ha(x)=0,h3(x)=0
or hi(x) =0 and h3(x) =0,
min{b,p5-a+1,,p°-b+13}, if hi(x)=0,hy(x)=0,h3(x)=0.

Proof First of all, as u?(x-0)P = ufu(x-y0)° +u?(x - y9)3h3(x)] € C7, we have W < b. Now,
since u?(x- o) is an element of C7, then there exist fi(x) and f2(x) in R, such that
u?(x - y0)" = F10)I(x - 70)* + u(x = 70)thy(x) + U?(x - y0)"2ha(x)] + F2(x)[u(x - 0)° + u?(x -
10)"3h3(x)]. Write f1(x) and f(x) as:

pS_1 ps_1 Ps‘l
f1(x)= ) aj(x-yol+u) bi(x-y0)+u?) cj(x-yo)
JZO J:O J:o
and
ps-1 oopt s .
fa(x)= ) di(x-70)+u) ej(x-yol +u? ) fi(x-yo),
J:O J:O J:O

where aj,bj,cj,dj,ej and fJ- are elements of Fpm.
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As (x-10)° =0in R, then u?(x-y0)" can be expressed as follows:

pS-a-1 pS-a-1
W(x=70)" = (x=70)* ) aj(x=yo) +ulx-70)* ) bj(x-yo)
j:o J:O
ps-a-1 . ps-a-1 ‘
+u?(x=30)° ) ¢j(x=yo) +ulx-70)hi(x) ) aj(x- o)
j:O J:O
ps-1 . ps-a-1 .
+u(x=70)thi(x) ) aj(x= ol +u?(x=y0)thi(x) ) bj(x~yo)
j7ps-a 0
ps-1 ' ps-a-1 '
+U(x=70)Thi(x) ) bj0x=yol +u?(x-10)"?ha(x) ) aj(x-yo)
j7ps-a 0
ps-1 . pS-b-1 .
+UP(x=0)"%h2(x) ) aj(x=yo) +ulx-y0)° ) dj(x-yo)
Jp*-a j0
ps-b-1 ' ps-b-1 .
+u?(x=10)° ) ej(x-y0) +uP(x-y0)%hs(x) ) dj(x-yo)
j:o J:O
p-1 ,
+U2(x=y0)h3(x) ) dj(x-yo).
J=ps-b

e Case 1. If hy(x)=0. Then,

p°-a-1 a-1
W(x=70)" = P(x=70)" ) ¢j(x=0) +uP(x=y0)" ¥ 2ha(x) ) " aps-aej(x-y0)
j=0 j=0
ps-b-1 . b-1 .
+u2(x=70)° ) ej(x= ol +uP(x= ol P Th3(x) ) " dps-psj(x-y0).
j=0 j=0

+ Case la. When hy(x) = 0. We divide into two subcases.
o Case 1al. If h3(x)=0. Then, W > min{a, b} =b, which means that W = b.

o Case 1a2. If h3(x)=0. Then, W > min{a,p®-b +t3,b}, but a > b and hence W >
min{p®-b+13,b}. As,

W2 (x = 70)P "3 = (h3(x)) " [u(x - y0)° + P (x - 70)"*h3 (x))(x - o )P ® € C7,

we get W < p°-b+t3, which means that W = min{b, p*-b +t3}.
g P P
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+ Case 1b. When h,(x) = 0. We have two subcases.

o Case 1bl. If h3(x)=0. Then, W > min{a,p°-a+1t,,b}, but a > b and hence W >

min{b,p*-a+1t,}. Moreover,

uB(x - y0)P "2 = (ho (X)) (% - y0)° + uP(x - 70)"2h2(x)1(x - o )P ™ € C7.

So, W < p®-a+1t;,, which means that W = min{b, p*-a+1;}.

o Case 1b2. If h3(x)=0. Then, W > min{a, p*-a+t,,b,p°-b+13}, but a > b and hence
W > min{b,p*-a+t,,p°-b+13}. Then W =min{b,p°-a+1,,p°-b+t3}.

o Case 2. If hi(x) = 0. Then,

ps-a-1 a-1
W(x=70)" = B(x=70)* ) ¢j(x=y0) +uP(x= 1P Tthy(x) ) bps guj(x = o)
=0 =0
pS-b-1 . b-1 .
+W(x=70)° ) ej(x=70) + P (x=70)P P h3(x) ) dpsbi (X~ 0}
j=0 j=0

+ Case 2a. If h3(x)=0. Then, W > min{a, p°-a+ty, b}, but min{a, p°-a+t;} > b and hence
W > b, which means that W = b.

+ Case 2b. If h3(x)=0. Then, W > min{a,p*-a+t;,b,p°-b+t3}, but min{a,p*-a+t} >b
and hence W > min{b, p* - b + 3}, which means that W = min{b, p*-b +t3}. O

The following definition is indeed Definition 6.1 in [30] and Definition 2.1 in [36], for

our case.

Definition 3.1 Let C be a y-constacyclic code of length p* over R, (i.e., an ideal of the
ring R, ). For any 0 <i <2 define

Tori(C) = u{f(x) e R, : f(x)u' € C}),

which is an ideal of the ring JFIDm[x]/<xps -¥). Tori(C) is called the i-th torsion code of C
and u(C) = Torg(C) = Res(C) is called the residue code of C.

Clearly, v € Tori(C) if and only if u'(v+uz) € C for some z in R,. Moreover, it is clear
that Tor;(C) C Tor;1(C).
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The following theorem presents some results and facts about forsion codes of a code

Theorem 3.2 For 0 <i <2, Tori(C) is a y-constacyclic code of length p® over Fpn. Fur-
thermore, we have Tor(C) = ((x - y0)"'), where T; is an integer satisfying 0 < T; < p* for
each i. Moreover, we have the followings:

(@) |Tori(C)l = (p™)P"T".

(b) If u'[(x-y0)"i +ug(x)] € C, where g(x) € R, . then we must have ;> T;.

() p°=2To=2T; =T, >0.

(d) Ic] = (pryP o TeTD)

Proof Its proof is similar to that of Theorem 2.2 of Kiah et al. [36]. O

Definition 3.2 Let C be a y-constacyclic code of length p° over R. For each 0 <i< 2,
the integer T; is called the i-th torsional degree of C and is denoted by T;(C).

By the above Theorem, Definition 3.1 and our classification in Theorem 3.1, T;(C) can

be readily obtained.

Lemma 3.3 Let C be a y-constacyclic code of length p® over R, as classified in Theorem
3.1. Then, for 0<i <2, the i-th ftorsional degree T;(C) of C is determined as follows:
+ When C = (0), then To(C) = T1(C) = To(C) = p°.
When C = (1), then To(C) = T1(C) = T»(C) = 0.
When C = (U3(x-0)") with 0 < 7 <p°-1, then

¥

*

To(C)=T1(C)=p® and To(C) = 7.

*

When C = (u(x - 10)° + u?(x - y0)'h(x)) is of the Type 3, then
To(C)=pS, T1(C)=6 and T»(C) = L.

When C = (u(x - 10)° + u?(x - y0)Th(x), ué(x - 10)*) is of the Type 4, then

*

To(C)=p% T1(C)=6 and T,(C) = w.

When C = ((x - 70)% + u(x - 7o) thy(x) + u?(x - 10)2h2(x)) is of the Type5, then

*

To(C)=a, T1(C)=U and T,L(C)=V.
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+ When C = ((x - 70)® + u(x - 10)"th1(x) + u?(x - 70)"2ha(x), u*(x - 10)°) is of the Type 6,
then

To(C)=a, T;(C)=Uand T,(C)=c.
+ When C = ((x=70)* +u(x-=70)"thy(x)+ u? (x = 70)2ha(x), u(x - 70)° + u*(x = y0)"h3(x)) is
of the Type 7, then
To(C)=a, T1(C)=band T,(C)=W.

+ When C = ((x=)0)*+u(x-y0)"hy (x)*+u?(x=70)"2ha(x), u(x-0)P+u? (x-70) 3h3(x), u®(x-
v0)°) is of the Type 8, then

To(C)=a, T1(C)=b and T,(C)=c.

By the above Lemma and in light of Theorem 3.2(d), now we can determine the cardi-

nalities of all y-constacyclic code of length p° over R.

Theorem 3.3 Let C be a y-constacyclic code of length p° over R. Then following the
same notations as in Theorem 3.1, we have the following results:
— If C=(0), then
IC|=1.
— If C=(1), then
| = p*™".

— If C = (W¥(x-y0)") with 0 < T <p°-1, then

e = pme),

— If C = (u(x-0)° +u(x-y0)h(x)) is of the Type3, then

|C| - pm(ZpS—é—L)

pe+t

p2m(P-2) " if either h(x)=0 or h(x)20and 0 < § < 5

S
p™P* Y if h(x) =0 and P 2+T <o6<p-1

— If C=(u(x-70)°+ u?(x - yo)Th(x),uz(x- v0)“) is of the Type 4, then

|C I - pm(2p5-6-w).
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— If C={(x-y0)* +u(x- yo)*lhl(x)+ u?(x - 10)"2h2(x)) is of the Type 5, then

|C| - Pm(3p~"-a-U-V)

p>™(P"2), if hy(x) = ha(x)=0
pe+t2
orhi(x)=0, hp(x)0and O<a<
PP+t
= or hi(x)0and O<a < ,
. ps+11 :
pm(zp -a_tl), if hi(x)=0 and 5 <a< PS -1,
S
pm@P-at2) if hy(x)= 0, ha(x) =0 and ;Tz <a<p®-1

— If C = ((x-y0)* +u(x - y0)th1(x)+ u(x - 10)2ha(x), u(x - 7)) is of the Type 6, then

|C | - I:)m(3p5—cx—U—c)

S
pmGP*22S) if hy(x)= 0 or hy(x)= 0 and O<a < P ;h’
- S
pMPt=e) - if hy(x) =0 and P ;Tl <a<p’-1.

— If C= {(x-70)% +u(x - 0) thy(x)+ u?(x - ¥0)2ha(x), u(x - y0)° + U(x - 1) 3h3(x)) is of
the Type 7, then

|C | - pm(3p5—a-b-W)

pm(P™72720),if hy(x) = ha(x) = h3(x) = 0,
or hi(x) 0 and h3(x)=0,
or hi(x)=h3(x)=0, ho(x)z0and 0 <b <p5-a+t,,
or hi(x)=hp(x)=0, h3(x)0and 0 <b < pS+TT3
orhi(x)=0, h3(x)0and 0<b < pS+T‘r3

© s ps+13
or hi(x)=0,ha(x) =20, h3(x) 20,0 < b <min{p*-a+t,, > },

pmP ) if hy(x) = h3(x) =0, hp(x) 20, pS-a+t<b<ps-1,
or hi(x)=0,ha(x) =0, h3(x)=0and p*-a+t,<b<a+t3-1,,

S
om@Pat3) if h(x) = ha(x) = O, hs(x) =0 and ;*3
S
or hy(x) =0, hs(x)=0, and P ;*3

or hi(x)=0,ha(x) #0,h3(x) = 0,max{a+t3-t5,

<bx< ps—l,

<b<p®-1,
pe+13
2

}<b<ps-1.

— If C = ((x-p0) +u(x=70) "t hy (x}+u?(x-0)2h2(x), u(x=70)P+u?(x-y0) 3 h3(x), u? (X-70)°)
is of the Type 8, then
|C| - pm(3ps—a—b—c).
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3.3 Some examples

In this section, we present some examples of constacyclic codes of length p* over
R = Fpm + U]Fpm + UZFpm(U3 = O)

Example 3.1 y-constacyclic codes of length 3 over the chain ring R = F3+uF3+u®F3 are
precisely the ideals of R[x]/(x3-7), where y €{1,2}.

In the following, we list all distinct y-constacyclic codes of length 3 over the chain ring
F3+uF3+u?F3. There are 82 distinct y-constacyclic codes listed below. In all codes we
have hg,ag,bg, cg €{1,2} and b; €{0,1, 3}.

+ Type1(C1): 0), (D).
+ Type2(Cp):

— 720 (u?),

> =1 (U¥(x-7)),

— 7= 2: (U¥(x-7)?).
*+ Type3(C3):

— h(x)=0and 6=0: (u),

— h(x)=0and 6=1: (u(x-y)),

— h(x)=0and 6= 2: (<u(x-7/)2>,

— h(x)#0, 5=1and +=0: (u(x-7y)+hou?),

— h(x)20, 56=2and t=0: (u(x-y)?+hou?)

— h(x)20,5=2and t=1: (u(x-y)+houé(x-y)).
+ Typed(Cy):

— h(x)=0, 5=1and w = 0: (u(x-y),u?),

— h(x)=0,5=2and w=0: (u(x-7y)? u?),

— h(x)=0,8=2and w = 1: (u(x-y)% u?(x-y)).
+ Type5(Cs):

— hi(x)=hz(x)=0and a=1: ((x-y)),

— hy(x)=ha(x)=0and a=2: ((x-y)?),
hi(x)= 0, ho(x) =0, a=1and t, = 0: ((x-7)+bgu?),
hi(x)= 0, ha(x) =0, a=2 and t, = 0: ((x-7)?+bgu?),
hi(x)= 0, ha(x) 20, a=2 and t, = 1: {(x-7)?+bou?(x-)),
hi(x)#0, ho(x)=0,a=1and t;=0: {(x-y)+agu),
hi(x) =0, ha(x)=0,a=2 and t; = 0: ((x-7)? +agu),

Ll
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hi(x)=0, ha(x)=0,a=2 and t; = 1: {(x-7)?+agu(x-7)),
hi(x) =0, ha(x) =0, a=1and t1 = t, = 0: {(x-)+agu+bgu?),
hi(x) =0, ha(x) =0, a=2 and t1 =t = 0: ((x-7)?+agu+bgu?),
hi(x) =0, ha(x) = 0,a=2, t; = Land 15 = 0: ((x-7)?+agu(x-y)+boué+bju?(x-7)),
hi(x) =0, ha(x) =0, a=2 and 11 = T = 1: {(x-7)?+agu(x - 1)+ bou?(x - )).
ype6(Ce):
hi(x)= ha(x)=0,a=1and c=0: ((x-y),u?),
hi(x)= ha(x)=0,a=2and c= 0: ((x-7)? u?),
h1(x) = h2(x)= 0, a= 2 and ¢ = 1: {(x- )%, u?(x~7)),
hi(x)=0, ha(x)=0,a=1,+;=0and c=0: ((x-7)+agu,u?),
hi(x)=0, ha(x)=0,a=2, t; =0 and ¢ = 0: {(x-y)?+agu,u?),
hi(x) =0, ha(x)=0,a=2,t;=1and c = 0: ((x-y)?+agu(x-y)u?),
hi(x)=0, ha(x)=0,a=2, t;=1and c=1: ((x-y)?+agu(x- ), u?(x- 7)),
hi(x)£0, ha(x)=0,a=2,+;=1,c=1and + = 0: {(x-y)?+agu(x-y)+bou?,u’(x-
7).
+ Type7(C7):
hi(x)=ha(x)=h3(x)=0,a=1and b=0: ((x-y),u),
hi(x) = ha(x) = h3(x)=0,a=2 and b= 0: ((x-y)? u),
hi(x) = ha(x)= h3(x)=0,a= 2 and b = 1: ((x-),u(x-y)),
h1(x) = ha(x)= 0, h3(x) =0,a=2, b=1and 3= 0: {(x-7)% u(x-y)+cou),
hi(x)= 0, ha(x) 20, h3(x)=0,a=2,b=1and t, = 0: ((x-y)%+bgu? u(x-7)),
h1(x)= 0, ha(x) 20, h3(x)#0,a=2,b=1,t,=0and 3 = 0: {(x-y)2+bou? u(x-
y)+cod?).
* Type8(Cs):
— hi(x) = ha(x)=h3(x)=0,a=2,b=1and c=0: ((x-y)% u(x-y),u?).

A

*

N A A A

Lol Ll

The following Table 3.1 shows the representation of all y-constacyclic codes C of
length 3 over the chain ring F3 + uF3 + u?F3, together with the number of codewords |C|

in each of of those constacyclic codes.

Example 3.2 Consider the ring R = F7+uF;+uF;. Here p=7, m= 1. The units in the ring
R of the form y are 1,2,3,4,5,6. y-constacyclic codes of length 49 over R has eight
types of generator. Table 3.2 shows the representation of some y-constacyclic codes C
of length 49 over the chain ring R, together with the number of codewords |C| in each

of those constacyclic codes.
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Table 3.1 - y-constacyclic codes of length 3 over the chain ring F3 +uF3 + u?F3

Type Ideal (C) IC|
Type 1 (0) 1
(1) 19683
(u?) 27
Type 2 (WP (x=7)) 9
(WP (x-7)%) 3
() 729
Type 3 (u(x=7)):(u(x=y)+hou?) 81
(u(x=y)2): (u(x=»)? +hou?(x =) 9
(u(x- y)z +hou?) 27
u(x-),u%) 243
Type 4 (u(x—y)z,uz) 81
(u(x- )%, u?(x-y)) 27
((x=):{(x=y)+aguy: {(x =)+ bou?): ((x - ) + agu+ bou?) 729
Type5  ((x=9)2):{(x=y)? +aou(x=y)): ((x-y)? +bou?(x=y)):((x - ¥)? + apu(x - ) + bou®) 27
((x=y)? +aou(x-y)+bou?(x-7)) 27
((x=y)? +agu); ((x= )%+ bou?): ((x - ¥)? + agu+bou?): ((x - ¥)? + agu + bou?(x - )) 81
((x=y)u®):{(x=y)+agu,u?) 2187
Type 6 ((x=y)%,u%):((x=y)? +aou(x-7),u%) 243
((x= )2 WP (x =y ) {(x = ¥)? + agu(x - ), U (x =y )): {(x - ¥)? + agu(x - ) + bou®, u’(x- )y 81
((x-7)?+agu,u?) 729
(x=y)u) 6561
Type 7 ((x-7)%,u) 2187
((x=y)2,u(x= 7)) {(x=y)2, u(x =)+ cou?): {(x = ) + bou?, u(x - ) 243
((x=7)? +bgu?,u(x- ) +cou?) 243
Type 8 ((x-y)z,u(x-y),uz) 729
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Table 3.2 - Some y-constacyclic codes of length 49 over the chain ring Fz + uF7 + u?F5.

Type Ideal (C) IC|
Type 1 (0) 1
<1> 7147
(Ui (x-7)%) 7
Type 2 (WP (x-9)"") 7%
(W?(x-7)*®) 7
<L|> 798
Type 3 (u(x=7)*°+hot?(x-7)?7 + hju?(x - y)?8 + hou?(x - )%%) 738
(u(x-7)* +hou?(x-7)*? + hyu?(x - y)*) 710
(u(x-p)* +hou?(x- )" + hyu?(x - y)*) 74
(u(x-y)’,u?(x-)) 788
Type 4 (u(x-y)* +hou?(x-7)*2 + hju? (x- )*, u?(x- )*) 78
(u(x-7)*,u?(x-y)*) 73
((x-7)+agu+bou?) 7144
((x-y)?+agu+asu(x-y)+bou? + bju(x-y)) 7'
Type 5 ((x= )" +agu(x-y)?® +aqu(x - y)?* + bou?(x - )% 7°0
((x=p)* +agu(x - )* + bou?(x - )* + byu?(x - y)*) 7
((x=y)"+agu(x-y)??,u?(x-7)?®) 74
Type 6 ((x- )" +bou?(x- )", u?(x-y)*) 7
((x-y)* +agu(x-)* +bou?(x- )2 +biu?(x- )3, u?(x-p)* 77
((x- )8, ul(x-9)") 7
((x=7)%%u(x-7)%) 7190
((x=7)*!+agu(x-»)8 +agu(x- )", u(x- )% 776
Type 7 ((x=7)8,u(x-)* + coul(x- ) + c1u®(x - y)*) 7°
((x=7)*,u(x-7)") 713
(=) +bou?(x- )" +byu?(x- )", u(x- y)*) 7°
((x=7)*°+aou(x- )", u(x- )", u%) 7102
((x=7)?7 +bou?,u(x - )13 + cou?, u(x - »)) 7108
Type 8 ((x-7)% +aou(x-7)"8+au(x- ), u(x-»)?%+cou?(x- ), u?(x-»)8) 7%
((x= )% u(x =) + coul(x = 7)?* + cgu®(x - )%, u? (x - )?°) 7°8
(=), u(x =), e (x-7)*) 7°
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Chapter 4

Hamming distance distributions of
repeated-root y-constacyclic codes of

length p* over Fa[u)/(u’)

4.1 Introduction

Throughout this chapter, let p be a prime, s, m be positive integers, y be a nonzero
element of the finite field Fym, and let R = IE‘pm+uIFpm+u21Fpm, u3 = 0 be a finite commutative

ring with p3™ elements.

In this chapter, using generator polynomial structures of y-constacyclic codes of
length p° over R, the Hamming distance distributions of all such codes are completely
determined. Apart from this, we derive necessary and sufficient conditions under which
a y-constacyclic code of length p° over R is maximum distance separable (MDS) with

respect to the Hamming distance.

This chapter is structured as follows: In Section 4.2, we obtain Hamming distances of
all y-constacyclic codes of length p® over R. As applications, in Section 4.3, we identify
all maximum distance saparable codes (i.e., optimal codes with respect to the Single-
ton bound) among them. Section 4.4 contains some examples in which we discuss the

parameter of some MDS constacyclic Hamming codes for different values of p and s.
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40 length p* over IFPm[u]/<u3)

4.2 Hamming distance

In this section, we will determine Hamming distances of all y-constacyclic codes of
length p® over R. Note that Fyn is a subring of R, for a code C over R, we denote dy(Cr)

as the Hamming distance of Cly .

As we mentioned in Section 3.2 the y-constacyclic codes of length p° over R are
precisely the ideals of the ring R,. In order to compute the Hamming distances of all
y-constacyclic codes of length p® over R, we count the Hamming distance of the ideals
of the ring R, as classified into 8 types in Theorem 3.1. The following results can be
found in [28].

Obviously, the trivial ideals (0), (1) reside in Typel, and hence, their Hamming dis-

tances are given by O and 1, respectively.

The Hamming distance of Type2 y-constacyclic codes can be determined as follows:

Theorem 4.1 Let Cs = (U¥(x - y0)") be a y-constacyclic codes of length pS over R of
Type 2 (as classified in Theorem 3.1), where O < t < p*-1. Then the Hamming distance of

C, is given by

dn(C2) = du({(x-70)")r)
= H,
ol if 7=0,
={ o(n+1)pX, if pS-pr+(n-1r+1<t<p’-pr+nr,

where r=pSk1 1<n<p-landO0<k<s-1.

Proof Foracode Cy = (u3(x-70)") of Type2,0< 7 < p°-1, the codewords of C; are precisely
the codewords of the y-constacyclic codes ((x-70)") in Fpm [X]/(xP° =) multiplied by u?.
Therefore dy(C2) = du({(x - v0)")r), which are given in Theorem 2.3. O

Inorder to compute the Hamming distances of those codes for the rest cases (Type3,
4,5,6,7 and 8), we first observe that

wty(a(x)) > wty(ua(x)), where a(x)eR,. 4.1)
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Now, we discuss the Hamming distance of Type 3 y-constacyclic codes of length p®.

Theorem 4.2 Let C3 = (u(x - 10)° + U?(x - 70)"h(x)) be a y-constacyclic codes of length
p% over R of Type 3 (as classified in Theorem 3.1). Then the Hamming distance of C3 is
given by
dn(C3) = du(((x = 70)")r)
= H,
ol, if L=0,
={ o(n+1)pK, ifpS-pr+(n-1r+1<L<pS-pr+nr,

where r=pSk1 1<n<p-landO0<k<s-1.

Proof Let C3 = (u(x-0)° +ué(x - 10)'h(x)) be of Type3. And let c(x) be an arbitrary

nonzero element of C3. That means there exist fo(x), fy(x), f 2(x) € Fym[x] such that
c(x) = [fo(x) + ufy(x) + P F 2 ()T[u(x - 70)° + u? (x - 70) h(x)].
Thus, uc(x) = ufo(x)(x - 10)°. By (4.1), we obtain that
wi(c(x)) > whp(uc(x))
= wh(U?Fo(<)(x- 70)°)

> d((u?(x-70)%))
= du({(x - 70)")r).

Since, ((x-70)°) € ((x-70)"). we have dp({(x-70)")r) = dn({(x~70)")r). From this, we get
wtp(c(x)) = du({(x - y0)")r) for each c(x) nonzero element of C3. This implies that

du(C3) > du({(x - 70)")r). (4.2)
On the other hand we have that
(WP(x-70)") C€C3,
which implies that
du(((x - 70)")r) = du((Ue(x - 70)")) > du(C3). (4.3)
Now by (4.2) and (4.3), we get
du(C3) = du({(x - 70)")r).

Now by applying Theorem 2.3, we get the desired result. O
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Next, we compute the Hamming distance of Type 4 y-constacyclic codes as follows:

Theorem 4.3 Let Cs = (u(x - 70)? + u?(x - 70)Th(x),ué(x - 70)*) be a y-constacyclic codes
of length p* over R of Type 4 (as classified in Theorem 3.1). Then the Hamming distance
of C4 is given by
du(Cq) = du({(x-70)“)r)
=H,
ol if w=0,

=3 o(n+1)pX, if p*-pr+(n-Dr+1<w<p*-pr+nr,

where r=pSk1 1<n<p-landO0<k<s-1.

Proof As u?(x-y0)” € C4, we have

d(Ca) < du((u?(x = 70)*)) = du({(X - 70))r)-
Now, consider an arbitrary polynomial c(x) € C4 \ (U?(x-70)”). Thus, by (4.1), we see that
wtp(c(x)) > whp(uc(x))
> du((u?(x-70)")
= du(((x-0)")r)
> dy({(x - 70)")r)-
From this, we obtain dy({(x - 0)*)r) < du(C4), which implies that
du(Ca) = du({(x = 70)*)r).

Now by applying Theorem 2.3, we get the desired result. O

The Hamming distance of Type5 y-constacyclic codes can be determined as follows:

Theorem 4.4 Let Cs = (X - 70)® + u(x - 10)thy(x) + u(x - 0)"2h2(x)) be a y-constacyclic
codes of length p° over R of Type 5 (as classified in Theorem 3.1). Then the Hamming

distance of Cs is given by
dH(Cs) = du(((x = 70)")r)
= Hy
= (n+1)pX,

where pS-pr+(n-1r+1<V<pS-pr+nr,r=pS*! 1<n<p-landO0<k<s-1.
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Proof First of all, since (u3(x-y0)V) CCs, it follows that

dr(Cs) < du((u?(x=70)")) = du({(x = 70)")r).
Now, let c(x) be an arbitrary nonzero element of Cs. Thus, by (4.1), we obtain that

win(c(x)) = wiy(u?c(x))
> dy((uB(x-70)%))
= dp({(x-70)")r).

Since, ((x-10)%) C ((x-y0)"), we have

dH{{(x - 70)M)F) = du({(x - 70)V)F).

Hence, dy(((x-70)")r) < du(Cs). This implies that

dn(Cs) = du(((X - 70))r).

Finally, by the above assertion and by applying Theorem 2.3, we get the desired result.

O

Now, we discuss the Hamming distance of Type6 y-constacyclic codes of length p®.

Theorem 4.5 Let Cq = (X - 70)® + u(X - 70)thy(x) + u(x - y0)"2ha(x), u?(x - 0)°) be a -
constacyclic codes of length p® over R of Type 6 (as classified in Theorem 3.1). Then the
Hamming distance of Cq is given by

dn(Ce) = dH({(X = 0))rF)
= HC
ol if c=0,

=3 o(n+1)pX, if pS-pr+(n-r+1<c<p’-pr+nr,

where r=pSk1 1<n<p-landO0<k<s-1.

Proof As u(x-yg)° €Cq, we have

dn(Ce) < du((UB(X - 70)%)) = dn({(X - 10)°)x).
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Now, let us take an arbitrary polynomial c(x) € C¢ \(u?(x-90)°). Thus, by (4.1), we see
that

wp(c(x)) = wp(u?e(x))
> du((u?(x-70))
= du{(x-70)")r)
> dp(((x=70))r)-

From this, we get dy({(Xx-70)°)r) < du(Ce), which implies that

dH(Ce) = du({(X-=70) k).

The rest of the proof follows from Theorem 2.3 and the discussion above. O

The Hamming distance of Type7 y-constacyclic codes can be determined as follows:

Theorem 4.6 Let C7 = ((x-y0)"+u(x-y0)"hy(x)+u?(x-y0)2ha(x), u(x-y0)*+u?(x-70)"*h3(x))
be a y-constacyclic codes of length p* over R of Type 7 (as classified in Theorem 3.1).
Then the Hamming distance of C7 is given by

dH(C7) = dn(((x = 70)")r)
= Hyy
ol if W=0,
=3 o(n+1)pX, if pS-pr+(n-r+1<W<pS-pr+nr,

where r=p**! 1<n<p-land0<k<s-1.

Proof Since u?(x-yo)" € Cy, we have

du(C7) < du(ue(x-10)")) = du({(x - 70)"V)r)-

Now, let c(x) be an arbitrary nonzero element of C;. We consider two cases.
+Casel: c(x) € (u). In this case, by (4.1). We have

win(c(x)) > wtp(uc(x))
> dy((WB(x-70)°))
= dp(((x - 70)P)r).

Thesis FSDM-Fez-Morocco Jamal Laaouine



Chapter 4. Hamming distance distributions of repeated-root y-constacyclic codes of
45 length p* over IFPm[u]/<u3)

+Case 2 ¢(x) & (u). In this case, by (4.1). We have

wip(c(x)) = wip(u?c(x))
> dy((UB(x - 10)%))
= du(((X - 70)")r).

Since, {(x-0)% C ((x-70)P) C ((x- y0)"), we have

dn(((x - 70)x) = dr({(X = 70)P)x) = dn (X = 7o) ).

Hence, du({(x - 70)V)r) < dn(C7), forcing

dn(C7) = du({(x - yo)")p).

Now by applying Theorem 2.3, we get the desired result. O

Next, we compute the Hamming distance of Type8 y-constacyclic codes as follows:

Theorem 4.7 Let Cg = ((x-0)*+u(X-0)"hy (x}+u? (x-0)"2ha(x), u(x-0)°+u? (x-y0) " h3(x), u? (x-
10)°) be a y-constacyclic codes of length pS over R of Type 8 (as classified in Theorem
3.1). Then the Hamming distance of Cg is given by

dn(Cg) = du({(x - y0))r)
= H,
ol if c=0,
=3 o(n+1)pX, if pS-pr+(n-Dr+l<c<ps-pr+nr,

where r=pSk1 1<n<p-landO0<k<s-1.

Proof As u?(x-p)° € Cg, we have

dn(Cs) < dp({u?(x - 10)%)) = du({(X - ¥0))r).

Now, consider an arbitrary polynomial c(x) € Cg \ (U?(x-70)°). We consider two cases.
«Casel: ¢(x) € (u). In this case, by (4.1). We have

wth(c(x)) = wip(uc(x))
> dy((ue(x-70)"))
= d({(x=70)°)r)
> dp(((x-70))F).
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+Case 2 ¢(x) & (u). In this case, by (4.1). We have

wp(c(x)) = wip(u®c(x))
> dy((u?(x-0)%)
= du({(x-70)")r)
> dp(((x-70))r)-
Hence, by combining both the cases, we get dy({(X-70)°)r) < du(Cg), which implies that

di(Ce) = du({(x - 70))r).
Finally, by the above assertion and by applying Theorem 2.3, we get the desired result.

O

4.3 MDS codes with respect to Hamming distance

In this Section, we identify the MDS codes for each type of y-constacyclic codes

one by one. First, we consider the y-constacyclic codes of length p° of Typel.

Theorem 4.8 Let C; be a y-constacyclic code of length p* over R of Typel (as classified
in Theorem 3.1), then the only MDS code is (1).

Proof Casel: If C;=(0), then the Hamming distance is di(C1) = 0. Thus by (2.1), we see
that the code C; is an MDS code if and only if |Cy| = p3™P*-dHCD) g 1= p3MP™D e

p%+1=0, which is not true for any p and s.

Case 2: If C;=(1), then dy(Cq) = 1. Thus by (2.1), C; is an MDS code if and only if
|Cy| = p3MP*=du(CD) g p3MP° = p3MB*1D) \which is true for all p and s. Thus, the code C;

is MDS in this case. O

Now we examine the MDS condition for Type2 y-constacyclic codes.

Theorem 4.9 Let C5 = (U(x-10)") be a y-constacyclic codes of length p* over R of
Type?2 (as classified in Theorem 3.1), where O < 7 < p°-1. Then no MDS codes exist.

Proof To prove the result, we note, by Theorem 3.3, that |C;| = p"‘(PS’T). From this and
by (2.1), we see that the code C; is an MDS code if and only if pm(P*™ = p3m(p-dn(C2)1),

i.e., T = 3dy(C2) - 2p° - 3. We consider two cases as follows:
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Case 1: If 7 =0, then dy(C2) = 1. For C, o be MDS we must have, p° = 0, which is not
true for any p and s. Thus, C; is not MDS for 7= 0.

Case2: If pS-pr+(n-1)r+1 <t <pS-pr+nr,wherer=p*! 1<n<p-land0<k<s-1.

Then we have Hamming distance dy(C2) = (n+ 1)pk.

Now,

7> pS-pS K+ (n-1)psl+1
= pTH@BpH-1)-2p°+ (n-1)p=H T + 1
> p(3p*-1)-2p°+(n-1)+1
> (n+1)(3p*-1)-2pS+n
=3(n+1)p*-2p°-1
>3(n+1)p*-2p°-3
= 3dy(C2)-2p° - 3.

Since, 7 > 3dy(C2)-2p° - 3, no MDS code exists in this case. O

Here, we consider the y-constacyclic codes of Type3 to verify the MDS condition for
these codes. We note, by Theorem 3.3, that |C3| = p™@P*"D) From this and by (2.1), we
see that the code C3 is an MDS code if and only if p™@P*-0-L) = p3m(p*-dn(Cs)) which holds
if and only if L =3dy(C3)-p°-6-3. Hence, follows the theorem.

Theorem 4.10 Let C3 = (u(x - 10)° + u?(x - 70)"h(x)) be a y-constacyclic codes of length
p° over R of Type3 (as classified in Theorem 3.1). Then, there is no MDS code.

Proof We consider two cases as follows:

Case1: If L=0, then dy(C3) = 1. For C3 to be MDS we must have, 6 = -p*, which is not
true for any p and s. Thus, C3 is hot MDS for L=0.

Case 2: If pS-pr+(n-1)r+1<L <p-pr+nr,wherer=ps*! 1<n<p-landO0<k<s-1.

Then we have Hamming distance dy(C3) = (n+ 1)pk.
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Now,

L>pS-pk+(n-1)pshlet
=P EP - 1)-2p+ (n-1)p*H T 41
> p(3pK-1)-2p°+(n-1)+1
x (equality when k=s-1,0r s=1)
> (n+1)(3p*-1)-2p°+n
x (equality when n=p-1)
= 3(n+1)pk-2ps-1
= 3dn(C3)-2p°-1.

Now, L > 3dy(C3)-p*-6-3 if and only if 6 > p°-2, i.e., equality when 6 = p*-2. Thus,
equality occurs whenn=p-1k=s-1,6=p°-2,i.e., L= p°-1, which is a contradiction, since
L < 6. Thus, there is no MDS code in this case. d

Now we examine the MDS condition for Type4 y-constacyclic codes.

Theorem 4.11 Let C4 = (u(x-10)° +u?(x-0)"h(x),u?(x-10)”) be a y-constacyclic codes
of length p* over R of Type4 (as classified in Theorem 3.1). Then, there is no MDS code.

Proof Here, by Theorem 3.3, we have |C4| = p™@P*0-). S0, by (2.1), C4 is an MDS code
if and only if pm(@P°-0-0) = p3mP*-du(CaD) i o ) = 3d(Cq)-pS-3-6. We consider two cases

as follows:

Casel: If w =0, then dy(C4) = 1. For C4 to be MDS we must have, 6 = -p°, which is a
contradiction, since 1 <6 <p*-1. Thus, C4 is not MDS for w = 0.

Case 2: If pS-pr+(n-1)r+1<w <pS-pr+nr,wherer=ps*! 1<n<p-landO0<k<s-1.
Then we have Hamming distance dy(Cs) = (n+ 1)pk. For C4 to be MDS we must have
w = 3dy(Cs)-p°-3-6. Let 6= p*-m, where 1 <m < p*-1. Thus, the condition for C4 o be
an MDS constacyclic code becomes w = 3dy(C4)-2p°-3+m.
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Now,

w2 p-p*re (-1 41

= psK(3pk-1)-2p+ (n-1)ps* 1+ 1
> p(3pK-1)-2pS +(n-1)+1

x (equality when k=s-1,0or s=1)
> (n+1)(3p*-1)-2pS+n

x (equality when n=p-1)
=3(n+1)pk-2ps-1
= 3dy(Cq)-2p° - 1.

Now, w > 3dy(C4)-2p°-3+m if and only if 2 >m, i.e., equality when m = 2. Thus, equality
occurs whenn=p-1k=s-1m=2,ie, 6=p°-2 and w = p°-1, which is a contradiction,

since w < 6. Thus, there is no MDS code in this case. d

Now we examine the MDS condition for Type5 y-constacyclic codes. By Theorem 3.3,
we have |C5| = p"CP*-aUV) From this and by (2.1), we see that the code Cs is an MDS code
if and only if pm(3p*-a-U-V) = p3m(pP*=dn(Cs)) which holds if and only if V = 3dy(Cs)-a-U-3.

Thus, we get the following cases:

Casel: When hi(x) = hp(x) =0 then, V=U=a. For C5 to be MDS we must have a =
dn(Cs)-1. Hence, the MDS codes for Type5 ideals are similar to the MDS y-constacyclic

codes over Fyn (see Theorem 2.4). Hence, we have the following theorem:

Theorem 4.12 Let C5 = ((x-70)°) be a y-constacyclic codes of length p* over R of Typeb
(as classified in Theorem 3.1). Then Cs is an MDS constacyclic code if and only if one of
the following conditions holds:
— If s=1thena=nfor1<n<p-1,insuch case, d4(C5)=n+1.
— If s>2, then
+ a=1,in such case, dy(Cs) = 2,

+ a=p°-1,in such case, dy(Cs) = p°.
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S
Case2: When hi(x)=0,h,(x)20and 1 <a< P ;Tz then, V=U =a. For Cs to be

MDS we must have a = dy(Cs) - 1, which is similar to the result in case 1. But we have
P+t
2

1<acx<

and O < 1, <a, which implies that max{2a-p°,0} < t, < a. Hence, we conclude

the following theorem.

Theorem 4.13 Let C5 = ((x-70)® +u?(x-y0)2h,(x)) be a y-constacyclic codes of length
pe+te

p° over R of Type5 (as classified in Theorem 3.1), where hy(x) 0 and 1 <a <
Then Cs is an MDS constacyclic code if and only if one of the following conditions holds:
— Ifs=1,a=n,1<n<p-1and max{2n-p,0} <t, <n, then dy(Cs)=n+1.
— Ifs>2,
+ a=1and t, =0, then dy(C5) = 2,
+ a=pS-1and 1, =p5-2, then dy(Cs) = p°.

Case3: When hy(x)0and1<a<

then, V=U=a. For C5 to be MDS we must
P+t
2

pe+t
2

have a=dy(Cs)-1, which is similar to the result in case 1. But we have 1 <a < and
0 < t; < a, which implies that max{2a-p®,0} < t; < a. Hence, we conclude the following

theorem.

Theorem 4.14 Let Cs = (X~ 70)® +u(X - 0)Th1(x) + u?(x - 10) 2h,(x)) be a y-constacyclic

codes of length p® over R of Type 5 (as classified in Theorem 3.1), where h;(x) = 0 and
P+t
2

l<acx< . Then Cs is an MDS constacyclic code if and only if one of the following
conditions holds:
— Ifs=1,a=n,1<n<p-1and max{2n-p,0} < t;<n, then dy(C5)=n+1.
— Ifs>2,
+ a=1and t;=0, then dy(Cs) = 2,

+ a=p°-1and t;=p5-2, then dy(Cs) = p°.

S
Case4: When hy(x) =0 and p%ﬁ <a<p®-1then, V=U=p°-a+t;. For C5 to be MDS
we must have a = 2p°-3dy(Cs) + 21 + 3. Hence, follows the theorem.

Theorem 4.15 Let C5 = ((x-0)® +u(x - y0)thi(x) + u?(x - 7)'2h2(x)) be a y-constacyclic

codes of length p° over R of Type5 (as classified in Theorem 3.1), where h;(x) = O and
pS+ 11

<a<p®-1. Then, there is no MDS code.
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P+t
Proof When hy(x) = 0 and 5

pS-a+t <pS-pr+nr,ie, ty+pr-nr<a<ti+pr-(n-1r-1, wherer=ps*! 1<n<p-1

<a<p®-1,thenV=p3-a+t;. If p°-pr+(n-1)r+1<

and 0 <k <s-1. Then we have Hamming distance dy(Cs5) = (n+ l)p". We get MDS code
fora= ZPS - 3dH(C5)+ 21’1 +3.
Now,

a>tg+ ps-k _ r‘Ps—k-l

=t1+p**(p-n)
>t1+(p-n)
x (equality when k=s-1,0r s=1)
>t +1
x (equality when n=p-1)
=-3(n+ l)pk +11+1+3(n+ l)pk
> —3(n+1)pk+‘r1+1+3(n+1)
x (equality when k = 0)
>-3(n+ l)pk+‘rl +7
x (equality when n=1)
=-3du(Cs) + 11 +7.
Now, a > 2p*-3dy(Cs)+2t1+3 if and only if -2p°+4 > 11, i.e., equality when t; = -2p5+4. Thus,

equality occurs whenn=1k=0,s=1p=2and t; =0, i.e., a=1, which is a contradiction,
1,

> <a. Thus, there is no MDS code in this case. O

since 1=

S
Case5: When hy(x) = 0,h,(x) = 0 and P ;TZ

For Cs to be MDS we must have a = 3dy(Cs)-p° - 12 - 3. Hence, follows the theorem.

<a<p®-1then, V=p°-a+t, and U =a.

Theorem 4.16 Let C5 = ((x-10)® +u?(x-y0)2ha(x)) be a y-constacyclic codes of length

S
p5 over R of Type5 (as classified in Theorem 3.1), where h,(x) = 0 and P™+ T

Then, there is no MDS code.

<a<p-1

S
Proof When hy(x) = 0, hs(x) = 0 and P ;*2

pS-a+t, <pS-pr+nr,ie, tr+pr-nr<a<t,+pr-(n-1)r-1, wherer=ps*! 1<n<p-1
and 0 < k < s-1. Then we have Hamming distance dy(Cs) = (n+1)p*. We get MDS code
for a=3dy(Cs)-p°-12-3.

<a<ps-1,thenV = pS-a+t,. If pS-pr+(n-1)r+1 <
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Now,

a> 1.2 + pS"k - nps-'k-l

= 12+p"(p-n)

>to+1

=3(n+ 1)pk+T2 +1-3(n+ 1)pk
> 3(n+1)p"+‘r2+1—3pS

= 3dy(Cs) + T2 +1-3p°.

Now, a > 3dy(Cs)-p°-t2 -3 if and only if t, > p°-2, i.e., equality when t, = p5-2, i.e,,

S 5_2
% <a<p®-1,ie., p°-1<a<p®-1, which is a contradiction. Thus, there is no MDS

code in this case. O

Here, we consider the y-constacyclic codes of Type6 to verify the MDS condition for
these codes.

Theorem 4.17 Let Cé = <(X - )/o)a + U(X - yo)flhl(X) + UZ(X - 7/0)T2h2(X),U2(X - )/o)c> be a V-
constacyclic codes of length p° over R of Type6 (as classified in Theorem 3.1). Then,
there is no MDS code.

Proof To prove the result, we note, by Theorem 3.3, that |Cg| = p"‘(3ps'°"U"C). From
this and by (2.1), we see that the code C¢ is an MDS code if and only if pm(3P*-a-U-c) -

psm(PS‘dH(Cé)"l), i.e., c=3dy(Cg)-U-a-3. We consider two cases as follows:

Casel: If ¢ =0, then dy(C¢) = 1. For C¢ to be MDS we must have, a = -U, which is

contradiction, since 0<U <a.

Case 2: If pS-pr+(n-1)r+1<c<ps-pr+nr,wherer=p*! 1<n<p-landO0<k<s-1.

Then we have Hamming distance dy(Cg) = (n+ 1)pk. We have the following subcases:
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P+t
2

Subcase 2.1: When hi(x)=0or hi(x)20and O<a <
code if and only if c=3dy(Ce)-2a-3. Now,

,then U=a. So, C¢ is MDS

c>ps-pShe(n-1)pskt+1

= pH(3p*-1)-2p° + (n- Dps ! + 1
> p(3pK-1)-2p+(n-1)+1

x (equality when k=s-1,0r s=1)
> (n+ 1)(3pk- 1)-2p°+n

x (equality when n=p-1)
=3(n+1)p*-2p°-1
= 3dy(Ce)-2p° - 1.

Now, ¢ > 3dy(Cg)-2a-3 if and only if a > p°-1, i.e., equality when a = p*-1. Thus, equality
occurs whenn=p-1k=s-1a=p°-1, i.e, c = p°-1, which is a contradiction, since c < a.

Thus, there is no MDS code in this case.

S
Subcase 2.2: When hy(x) = 0 and P11

code if and only if ¢ = 3dn(Ce)-p°-11- 3.

<a<p’-1,thenU=p°-a+t;. So,Ce isan MDS

Now,

c2ps-pS+(n-1)pshT+1
= pSK(3pk-1)-2p° + (n-1)ps 1+ 1
>p(3p*-1)-2p°+(n-1)+1
x (equality when k=s-1,0r s=1)
> (n+1)(3p*-1)-2p°+n
x (equality when n=p-1)
= 3(n+1)pk-2ps-1
= 3dp(Ce) - 2p° - 1.

Now, ¢ > 3dy(Ce)-p°-11-3 if and only if t1 > p°-2, i.e., equality when t; = p*-2, i.e.,

S 5_2
% <a<p®-1,ie., p°-1<a<p®-1, which is a contradiction. Thus, there is no MDS

code in this case. O
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Now we examine the MDS condition for Type7 y-constacyclic codes. By Theorem 3.3,
we have |C7| = p™GPab-W) From this and by (2.1), we see that the code C; is an MDS code
if and only if pmGP-abW) = p3m(p*=dn(C7)3*) which holds if and only if W = 3dy(C7)-b-a-3.

Theorem 4.18 Let C7 = (X - y0)° + u(x - 10)hi(x) + u?(x - y0)2ha(x), u(x - o) + u?(x -
10)"3h3(x)) be a y-constacyclic codes of length pS over R of Type7 (as classified in The-
orem 3.1). Then, there is no MDS code.

Proof Casel: If W=0, then d4(C7)=1. For C7 to be MDS we must have, a = -b, which is
contradiction, since O <b<a. Thus, C7 is hot MDS for W=0.

Case 2: If pS-pr+(n-1)r+1<W <pS-pr+nr,wherer=ps*! 1<n<p-land0<k<s-1.

Then we have Hamming distance dy(C7) = (n+ 1)pk.

Now,

W > p* =¥ (n-1)p= +1

= p=(Ep*-1)-2p% + (n-p* 41
> p(3p*-1)-2pS+(n-1)+1

x (equality when k=s-1,0or s=1)
> (n+ 1)(3pk- 1)-2p°+n

x (equality when n=p-1)
=3(n+1)pk-2ps-1
= 3dy(C7)-2p°-1.

Now, W > 3dy(C7)-b-a-3 if and only if a+b > 2p°-2, i.e., equality when a+b = 2p*-2. Thus,
equality occurs whenn=p-1k=s-1,a+b=2p°-2,i.e.,, W=p*-1, which is a contradiction,
since W< p®-1. Thus, there is no MDS code in this case. m
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Finally, we explore the MDS y-constacyclic codes of Types8.

Theorem 4.19 Let Cg = (X - 70)® + u(X - 10)thy(x) + u?(x - y0)2ha(x), u(x - 70)° + u?(x -
v0)2h3(x), u?(x-10)°) be a y-constacyclic codes of length p* over R of Type8 (as classi-
fied in Theorem 3.1). Then, there is no MDS code.

Proof To prove the result, we note, by Theorem 3.3, that |Cg| = p”‘(3ps‘°’b'c). From
this and by (2.1), we see that the code Cg is an MDS code if and only if p™GP-a-b=c) -

p3m(PS'dH(CS)*1), i.e., c=3dy(Cg)-b-a-3. We consider two cases as follows:

Casel: If ¢ =0, then dy(Cg) = 1. For Cg to be MDS we must have a = -b, which is
contradiction, since 0 <b<a. Thus, Cg is not MDS for c=0.
Case 2: If pS-pr+(n-1r+1<c<ps-pr+nr, wherer=ps*! 1<n<p-land0<k<s-1.

Then we have Hamming distance dy(Cg) = (n+ 1)pk. Now,

¢ 2 p®-p¥e(n-1)p= +1

= p=(3pH-1)-2p°+ (n-1)p** 41

> p(3p*-1)-2pS+(n-1)+1
x (equality when k=s-1,0r s=1)

> (n+ 1)(3pk- 1)-2p°+n
x (equality when n=p-1)

=3(n+1)pk-2ps-1

= 3dy(Cg)-2p°-1.

Now, ¢ > 3dy(Cg)-b-a-3 if and only if a+b > 2p°-2, i.e., equality when a+b = 2p°-2. Thus,

equality occurs whenn=p-1k=s-1,a+b=2p°-2, i.e., c=p°-1, which is a contradiction,

since c<p®-1. Thus, there is no MDS code in this case. O
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4.4 Some examples

In this section, we present some examples of Hamming distance distributions of con-

stacyclic codes of length p® over R = Fym + UFpn + UZIFPm(u3 =0).

Example 4.1 Using the results in Sections 4.2 and 4.3, we list all Hamming distances
dy of all y-constacyclic codes C of length 3 over the chain ring F3 + uF3 + uF3, where
y €{1,2}. We also give all MDS and non-MDS codes (Table 4.1). Among these 82 codes,
31 of them are MDS codes. In all codes we have hg,ag, bg,co €{1,2} and by €{0,1, 3}.

Example 4.2 Let R = Fy + uF; + u?F7, where u® = 0. Recall that for a y € F7, a y-
constacyclic code of length of length 49 over the chain ring R is an ideal of the quotient
ring R[x)/(x* -y). Different generators of the constacyclic codes and their corre-

sponding conditions fo be MDS codes are given as follows:

— Typel(Cy) : (0), (1). For these codes the condition for MDS code are given by
3 =dy(€C1) and 1=dy(Cy).

As mentioned in Section 4.3, the only MDS constacyclic codes in this case is (1).

— Type2: Cp = (U3(x-y)), where 0 < r < 48. The condition for MDS code is given by
T = 3dy(C2)-101. MDS constacyclic codes are non-existent in this case.

— Type3: C3 = (u(x-7)° +u?(x-9)'h(x)), where 0 < 5 < 48,0 <t <5, either h(x) is O or
a unit in R,.. The condition for MDS code is given by L = 3d(C3)-6-52. No MDS
constacyclic code can be obtained in this case.

— Typed: Cq = (U(x-y)°+u?(x-y) h(x),u?(x-y)*), where 0 < w < 5 < 48,0 < t < w, either
h(x) is O or aunitinR,. The condition for MDS code is given by w = 3d(C4)-0-52.
No MDS constacyclic code can be obtained in this case.

— Type5: Cs = ((x- ) +u(x - »)thi(x)+u?(x - )2h,(x)), where 1<a<48,0<t;<a,
0 <tz <a, either hy(x), h2(x) are O or are units in R,,.. The condition for MDS code
is given by V = 3dy(C5)-a-U-3 and all the distinct MDS codes are given by:

o ((x=7))

o ((x-7)*),

o ((x-y)+bou?),

o ((x=y)*¥+bou?(x-7)*),
o ((x-y)+agu),

o ((x-y)+agu+bou?),
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o {(x-p)*¥+agu(x-)*),
47-1'2

o ((x=yY*®+agu(x-y)7+ WP (x-y)"2 ) b(x-7)),
j=0

where 0 <1, <47, ag,bg€{l,...,6} and b €{0,1,...,6}.

We present y-constacyclic codes of Type5 {hi(x) = ho(x) = 0} in Table 4.2, together
with the Hamming distances dy of such codes. We also give all MDS and non-MDS
codes.

Type6: Ce = ((X-7)+u(x-y)thy(x)+u?(x-y)2hy(x), u?(x- 7)), where 0 < c <a < 48,
0 <t1<a, 0 <1, <c, either hi(x) hz(x) are O or are units in R,. The condition
for MDS code is given by ¢ = 3dy(Cg)-a-U-3. No MDS constacyclic code can be
obtained in this case.

TypeT: C7 = ((x-7)*+u(x-)"hy(x)+u?(x-y)"2ho(x), u(x-7)°P+u?(x-y)"*h3(x)), where
O0<b<a<48,0<t1<b,0<t<b,0<t3<b, either hi(x), ha(x),h3(x) are O or are
units in R,,. The condition for MDS code is given by W = 3dy(C7)-b-a-3. No MDS
constacyclic code can be obtained in this case.

Type8: Cg = ((x-y)*+u(x-y)thy(x)+u?(x-y)2ha(x), u(x-y)°+u?(x- ) *h3(x), u?(x-
1)), where0<c<b<a<48,0<t;<b,0<1,<c,0<t3<c,either hi(x), ha(x), hz(x)
are O orare unitsinR,. The condition for MDS code is given by ¢ = 3dy(Cg)-b-a-3.

No MDS constacyclic code can be obtained in this case.
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Table 4.1 - Hamming distance of y-constacyclic codes over F3 +uF3 +uF3

Ideal (C) dy |MDS
— Typel:

+(0) 0 No
#(1) 1 Yes
— Type2:

«(u?) 1 [No
{2 (x= 7)) 2 |No
(WP (x-7)%) 3 |No
— Type3:

+(U) 1 No
#(u(x =)y «(u(x-y)+hou?); «(u(x-y)?+hou?) 2 |No
#(u(x=7)?)(u(x - 7)% + hou? (x - ) 3 |No
— Type4d:

u(x=y),u%); «u(x-y)?,u?) 1 |No
+(u(x- )%, ue(x-)) 2 [No
— Typeb:

#((x= 7)) (X~ ) +bou?); ((x~y)+aou); «((x~y)+agu+bou?) 2 |Yes
#((x=7)2); «((x= )2 +bou?(x =) +((x - ¥)? + agu(x - )+ bou? (x - )) 3 |Yes
#((x=7)? +agu(x - ) +bou? + bu?(x - y)): «((x - y)? +agu(x-7)) 3 |Yes
#((x= )% +bou?); +((x-y)? +agu); +((x-y)? +agu+bou®) 2 |No
— Typeb6:

(x=y),u%); ((x= )%, uP); «((x=y)+aou,u?); «((x~=7)? +aou, u?); «((x~7)* +aou(x-y),u?y |1 |No

H{((x= )2 U (x= )y ((x - y)2 +agu(x-y) uP(x- ) «(x- )2 +agu(x-y) +bou?,ué(x-»)y[2  |[No
— Type7:

(x=y) ) «(x-y)°,u) 1 |No
#((x=y)2,u(x=p)): {(x=7)?,u(x-y)+cou®) 2 [No
#((x=y)? +bou?, u(x - y)); «((x= )% +bou?,u(x - )+ cou?) 2 [No
— Type8:

«((x=y)%,u(x-y) u?) 1 |No
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Table 4.2 - Hamming distance of y-constacyclic codes of Type5 over Fz + uFy + u?F5.
Ideal (C) dy |MDS
(x=7)) 2 |Yes
H{((x=1)2): #((x= 1)) ((x =)D ((x= 7)) {(x=9)°): (x=7)) 2 [No
#{((x=7)8); ((x=7)7): ((x= )10 (=) #((x=9)12): ((x= )2y (x = )1 3 [No
(0= )2y (= )10y w((x= 7)) (=1 )1B): #((x = )2 #((x = 9)?0): (%= 7)?h) 4 |No

5

6

7

(6= 7)22): K((x=p)23): #((x= 7 )24 w((x - p)P2); #((x = 7)26): w((x - p)PT); #((x - 7)?8) No

H{((x= )2y #((x= 130 +((x =y )Py «((x=1)32): ((x =) ((x- 7)) (x-7)*?) No
#{((x= 7)) w((x= P37 ((x=1)28); #((x= )3y (=)0 ((x =) #((x - )*) No
{(x=1)®) 14 |No
+((x-7)*) 21 |No
«((x-7)*") 28 |No
(x=7)*) 35 | No
{(x-1Y) 42 |No
*((x—y)48) 49 |Yes
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Chapter 5

Symbol-pair distance distributions of
repeated-root y-constacyclic codes of

prime power lengths over F,.[u]/(u’)

5.1 Introduction

In this chapter, using generator polynomial structures of y-constacyclic codes of
length p* over R = Fyn [u]/(u®), the symbol-pair distance distributions of all such codes
are completely determined. Apart from this, we derive necessary and sufficient condi-
tions under which a y-constacyclic code of length p° over R is maximum distance sepa-

rable (MDS) with respect to the symbol-pair distance.

For this, throughout this chapter, let p be a prime, s, m be positive integers, y be a
nonzero element of the finite field Fym, and let R = Fyn [u]/{u®) be the finite commutative
chain ring with unity.

This chapter is structured as follows: In Section 5.2, we obtain symbol-pair distances
of all y-constacyclic codes of length p° over R. Using these results, in Section 5.3, we
shall identify all MDS symbol-pair codes within this class of codes. Section 5.4 contains
some examples in which we discuss the parameter of some MDS constacyclic symbol-pair

codes for different values of p and s.
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5.2 Symbol-pair distance

In this section, we aim to determine the symbol-pair distances of all y-constacyclic
codes of length p® over R. Obviously, we know that Fpm is a subring of R. From now, we
will denote dsp(Crr) as the symbol-pair distance of the code C over Fpn.

Our technique in Section 4.2 can also be extended to compute the symbol-pair dis-
tance of the ideals of the ring R,,. Now, we determine the symbol-pair distance for each

type of y-constacyclic codes of length p® one by one. The following results can be found
in [14].

Typel consists of the trivial ideals. It is easy to see that dg,(C1) = O when C; = {0},
while dgsp(C1) = 2 when Cy = {1}.

For a code Cp = (U?(x-0)") of Type2,0<t < p°-1, the codewords of C; are precisely

the codewords of the y-constacyclic codes ((x-70)") in Fpm [X]/(xP’ - y) multiplied by u®.
Therefore dg,(C2) = dsp ((x - 70)")r), which are given in Theorem 2.5.

Theorem 5.1 Let C, = (U3(x - 70)") be a y-constacyclic codes of length p* over R of
Type 2 (as classified in Theorem 3.1), where O < 7 < p°-1. Then the symbol-pair distance
dsp(C2) of the code C; is given by

dsp(C2) = dsp({(X - y0) "))

=S,
.2, ifT:OI
o 3p, if t=pS-pSK+1, where 0<k<s-2,
.4pk’ if ps_ps—k+2 <7< ps_ps—k+ps—k—1]

where 0 <k<s-2,
02(c+2)pX, if pS-preor+l<t<ps-pr+(c+1)r,
where r=psk1 0<k<s-2and1<o<p-2,

o(c+2)p%!, if t=p5-p+o,where0<o <p-2,

ops, if’[ZpS-l.

Now, we are going to determine the symbol-pair distance distribution of those codes
for the rest cases (Type3, 4, 5, 6, 7 and 8). We first observe that

wtsp(a(x)) = wtsp(ua(x)), for each a(x)eR,,. (6.1)
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The symbol-pair distance of Type3 y-constacyclic codes can be determined as follows:

Theorem 5.2 Let C3 = (u(x-0)° +u?(x-0)'h(x)) be a y-constacyclic codes of length p°
over R of Type3 (as classified in Theorem 3.1). Then the symbol-pair distance dsp(C3) of
C3 is given by

dsp(C3) = dsp(((x - VO)L>]F)

=S5
o2, if L=0,
o 3p, if L=pS-pSk+1, where 0<k<s-2,
.4pk, if ps - ps-k+ 2<L< ps - ps—k+ ps-k-l,

where 0 <k<s-2,
02(c+2)pX, if pS-preor+l<L<pS-pr+(o+1)r,

where rzps‘k’l,Oskss-Z and1<o<p-2,
o(c+2)p%!, if L=pS-p+o,where0<o <p-2,
op°, if L=p°-1.

Proof Let C3 = (u(x-y0)° +u?(x - 10)'h(x)) be of Type3. And let c(x) be an arbitrary
nonzero element of C3. Thus, by (5.1), we obtain that

wisp(c(x)) = wigp(uc(x))
> dgp((U2(X - 70)"))
= dsp((X = 70))r).

Since, ((x-70)°) € ((x-y0)"), we have
dsp(((x - 7/0)6 )r) > dsp(((x - VO)L>IE‘)-

From this, we get wtgp(c(x)) > dsp(<(x-7/o)L>F) for each c(x) nonzero element of C3. This
implies that

dsp(C3) = dsp({(x = 70)")r)- (5.2)
On the other hand we have that

(UP(x- o))y CC3,

which implies that

dep({(X=70)")r) = dsp((UZ(X = 70)")) > dgp(C3). (5.3)

Thesis FSDM-Fez-Morocco Jamal Laaouine



Chapter 5. Symbol-pair distance distributions of repeated-root y-constacyclic codes
63 of prime power lengths over Fym[u]/(u®)

Now by (5.2) and (5.3), we get

dsp(c3) = dsp(((x - 70)L>IF)-
Finally, by the above assertion and by applying Theorem 2.5, we get the desired result.

O

Now, we discuss the symbol-pair distance of Type4 y-constacyclic codes of length p®.

Theorem 5.3 Let C4 = (u(x-10)° +u?(x-10)"h(x), u(x-0)*) be a y-constacyclic codes of
length p* over R of Type4 (as classified in Theorem 3.1). Then the symbol-pair distance
dsp(C4) of C4 is given by

dsp(C4) = dsp(<(x - 70)“)F)

=S,
o2, if w=0,
o 3p, if 0=pS-pSK+1, where 0<k<s-2,
«4p if p-pHe2 <0 <pt-pThepil,

= where 0<k<s-2,
o2(c+2)pk, if p-pr+or+l<w<pS-pr+(c+1)r,

where r=ps*! 0<k<s-2andl<o <p-2

o(c+2)p%, if w=pS-p+o,where 0<o <p-2.

Proof Let C4 = (u(X - 10)° + u?(x - 10) h(x),u?(x - 10)”) be of Type4. And consider an
arbitrary polynomial c(x) € C4 \ (U3(x - 10)*). Here by (4.1), we note that

wtsp(c(x)) = wigp(uc(x))
> dgp((U®(x = 70)"))
= dsp({(x = 70)°)r)
> dgp({(X = 70)")r).
From this, we get dgp({((x - 70)“)r) < dsp(Ca).
Since
(U?(x-70)") S Ca,

we have dgp(C4) < dep((U3(x - 10))) = dsp({(X - 10)“)r). This implies that dsp(Ca) = dep(((X -
70)*)r). The rest of the proof follows from Theorem 2.3 and the discussion above. [
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Next, we compute the symbol-pair distance of Type5 y-constacyclic codes as follows:

Theorem 5.4 Let Cs5 = ((x - 70)® + u(x - y0)thy(x) + u(x - 0)"2h»(x)) be a y-constacyclic
codes of length p° over R of Type5 (as classified in Theorem 3.1). Then the symbol-pair
distance dsp(Cs) of Cs is given by

dsp(C5) = dsp({(X = 70)")r)
= Sy
o 3p, if V=p*-pSk+1, where 0<k<s-2,
o 4pK, if pS-pSK+2 <V <pS-pSKepshl
where 0 <k<s-2,
= o2(c+2)pk, if pS-pr+or+1<V<pS-pr+(o+1)r,
where r=ps*! 0<k<s-2and1<o <p-2,
o(0+2)p%!, if V=pS-p+o,where 0<o<p-2,
op°, if V=p°-1.

Proof Let Cs5 = ((x-70)%+u(x- o) hy(x)+u?(x - 10)2hs(x)) be of Type5. Now for each

nonzero c(x) € Cs, by (4.1), we see that

Wigp(c(x)) > wgp(u?c(x))
> dgp (U2 (x = 70)%))
= dsp({(X=70)")r).

Since, ((x-10)%) C ((x-y0)"), we have
dsp(<(x -70))r) > dsp(((x - 70)V>IE‘)-

This implies that
dsp({(x - y0))r) < dsp(Cs).

On the other hand we have that
u?(x-y0)V €Cs,

then dgp(Cs) < dsp((U(x = 70)")) = dsp({(x = 70)")x) and we get dsp(Cs) = dsp({(x = 70)")r)-
Now by applying Theorem 2.5, we get the desired result. O
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The symbol-pair distance of Type6 y-constacyclic codes can be determined as follows:

Theorem 5.5 Let Cq = (X - 70)® + u(x - 70) thy(x) + u(x - y0)"2ha(x), u?(x - 0)°) be a -
constacyclic codes of length p° over R of Type6 (as classified in Theorem 3.1). Then the
symbol-pair distance ds,(Ce) of Cg is given by

dsp(Ce) = dsp({(x = 70))r)

:SC
o2, if c=0,
3p¥, if c=pS-p5+1, where 0<k<s-2,
.4ka if PS‘PS-k"' 2<c< ps_ps—k+ps-k-1’

= where 0 <k<s-2,
e2(c+2)p¥, if pS-prror+l<c<ps-pr+(o+1)r,

where r=ps*! 0<k<s-2and1<o <p-2,

o(0+2)p%!, if c=pS-p+o, where0<o <p-2.

Proof Let Cg = ((X-70)% +u(x-10)hi(x)+u?(x - 0)2ha(x),u(x - 70)°) be of Type6. For
each c(x) € Ce \ (U?(x-10)°), by (5.1), we obtain that
Wigp(c(x)) > wgp(u?c(x))
> dgp((U? (X~ 70)%))
= dsp({(x=0)"r)
> dsp({(X = 70))r)-

This implies that
dsp(((x =70))r) < dsp(cé)-

On the other hand, as

UZ(X - YO)C € C()y

we have dgp(Ce) < dgp((U2(X - 70))) = dsp({(X - 70)*)r), which implies that

dsp(Cs) = dsp({(x = 10))r).

From this and by Theorem 2.5, the desired result follows. O
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Now, we discuss the symbol-pair distance of Type7 y-constacyclic codes of length p°.

Theorem 5.6 Let C7 = ((x-70)"+u(x-y0)"thy(x)+u?(x-y0)"2ha(x), u(x-y0)*+u?(x-y0)"*h3(x))
be a y-constacyclic codes of length p° over R of Type7 (as classified in Theorem 3.1).

Then the symbol-pair distance dsp(C7) of C7 is given by

dsp(C7) = dsp(((x - VO)W>IF)

= Sw
o2, if W=0,
o 3p, if W=pS-pSk+1, where 0<k<s-2,
.4pk’ if ps_ps—k+ 2<W< PS'PS—k"'PS—k—IJ

= where0<k<s-2,
02(c+2)pX, if pS-pr+or+1<W<ps-pr+(oc+1)r,

where r=psk1 0<k<s-2and1<o<p-2,

o(c+2)p%!, if W=p5-p+o, whereO0<o <p-2.

Proof Let C7 = ((x-70)%+u(x-10)thy(x)+ u?(x - 0)2h2(x), u(x - ¥0)° +u2(x - o) 3h3(x)) be
of Type7. First of all, since u(x-y)" € Cy, it follows that

dsp(C7) < dsp«uz(x‘ VO)W» = dsp(((x - VO)W>IF)-

Now, let c(x) be an arbitrary nonzero element of C;. We consider two cases.
+Case 1: ¢(x) € (u). In this case, by (4.1). We have

wtsp(c(x)) > wigp(uc(x))
> dgp((U3(X - 70)°))
= dgp({(x - VO)b>IF)~

+Case 2: ¢(x) € (u). In this case, by (5.1). We have

wtgp(c(x)) = wTSp(uzc(x))
2 dsp«uz(x -70)M)
= dsp({(X = 70)M)E).

Since, ((x-70)% € ((x-70)°) € ((x- o)), we have

dsp({(x = 70))r) > dsp({(X = 70)°)r) > dsp({ (X - 70)")r).
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Hence, dsp(((x - 70)")x) < dsp(C7), forcing
dsp(C7) = dsp(((x - VO)W>IF)-

The rest of the proof follows from Theorem 2.5 and the discussion above. O

Next, we compute the symbol-pair distance of Type8 y-constacyclic codes as follows:

Theorem 5.7 Let Cg = ((x-y0)™+u(x-)0)"h1 (x)}+u?(x-70)"2ha(x), u(x-70)P+u?(x-)0) *h3(x), u%(x-
v0)°) be a y-constacyclic codes of length p° over R of Type 8 (as classified in Theorem
3.1). Then the symbol-pair distance dsp(Cg) of Cg is given by

dsp(Ce) = dsp({(x = 70))r)

=S¢
o2, if c=0,
3p¥, if c=pS-p*+1, where 0<k<s-2,
04Pk, if |:)s_ps-k+ 2<c< ps_ps—k+ps-k-1’

= where 0 <k<s-2,
o2(c+2)p%, if pS-pr+or+l<c<pS-pr+(o+1)r,

where r=ps*! 0<k<s-2andl<o <p-2,

o(0+2)p%!, if c=pS-p+o, where0<o <p-2.

Proof Let Cg = ((x=y0)*+u(x-y0)"thy(x)*u?(x=y0)"2ha(x), u(x-70)P+u?(x~y0)"*h3(x), u®(x-
70)°) be of Type8. And consider an arbitrary polynomial c(x) € Cg \ (W?(x-70)%). Now, we
consider two cases as follows:

+Case 1: ¢(x) € (u). In this case, by (5.1). We have

wtsp(c(x)) > wigp(uc(x))
> dsp((u?(x - 70)*)
= dsp (- 70)°)r)
> dgp({(x = 70)r).
+Case 2: ¢(x) & (u). In this case, by (5.1). We have

wtsp(c(x)) 2 w’rsp(uzc(x))
> dsp((u(x- 70))
= dsp({(X = 70)%)r)
> dgp(((x = 70))r).
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This implies that dg,(((X - 70)°)r) < dsp(Cs).
On the other hand we have that
(u?(x-y0)°) C Cs,

then dsp(CS) < dsp(<uz(x'7’0)c>) = dsp(((x'VO)c>IF) and we get dsp(CS) = dsp(((x'VO)c>IF)- Now
by applying Theorem 2.5, we get the desired result. O

Now, let us consider an example of symbol-pair constacyclic codes of length p° over

Fpm + UFPm + UZFPm.

Example 5.1 Consider the ring R = F7 +uFy +u?F;, where p=7, m=1and y € 7. We
will determine the symbol-pair distance of all y-constacyclic codes of length n = p° = 49.
y-constacyclic codes of length 49 over R has eight types of generator. The symbol-pair
distances corresponding to different generators are given as follows:
> Typel (1) : (0), (1), dsp((0) = 0, dep((1))= 2.
> Type2: Cp = (U3(X-y)7), where 0 < 7 < 48, then the symbol-pair distance, dg,(C2),
is determined in Table 5.1.
> Type3: C3 = (u(x-7)°+ué(x-7)"h(x)), where 0 < 5 <48, 0 <t <, either h(x) is 0 or
aunitin®k,, and then symbol-pair distance, dsp(C3), is given in Table 5.2.
> Typed: C4 = (U(x-7)°+u?(x-7)h(x), u?(x-7)*), where 0 < w < 5 < 48,0 < t < w, either
h(x) is O or a unit in R,,, then the symbol-pair distance, ds,(C4), is determined in
Table 5.3.
> Type5: Cs = ((x-7)+u(x-7)hi(x)+u?(x-7)2hs(x)), where 1 <a<48,0<t;<a,0 <
T2 <q, either hy(x), hz(x) are O or are units in R,,. Then the symbol-pair distance,
dsp(Cs), is given in Table 5.4.
> Type6: Co = ((X-7)2+u(x-7)thy(x)+ué(x-9)2h,(x), u?(x- 7)), where 0 < c <a < 48,
0<ti<a,0< 1z <c, either hy(x) ha(x) are O or are units in R, then the symbol-pair
distance, ds,(Cg), is determined in Table 5.5.
> Type7: C7 = (x-7)*+u(x-7)thy(x)+u?(x-y)2ha(x), u(x-y)P+u?(x-7)"3h3(x)), where
0<b<a<48,0<t1<b,0<t,<b, 0<t3<b, either hi(x), ha(x),h3(x) are O or are
units in R,,. Then the symbol-pair distance, ds,(C7), is given in Table 5.6.
> Type8: Cg = ((x-7)?+u(x-y)thy(x)+u?(x-y)"2ha(x), u(x-7)° +u?(x-y)'*h3(x), u?(x-
1)), where0<c<b<a<48,0<t;<b,0<1,<c,0<t3<c,either hi(x), ha(x), hz(x)
are O or are units in R,,, then the symbol-pair distance, dsp(Cg), is determined in
Table 5.7.
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Table 5.1 - Symbol-pair distance of y-

constacyclic codes of Type2 over Fy +

uFy + u?F.

Range of © dsp(C2)
=0 2
=1 3
2<t<7 4
8<t<14 6
15<r<21 8
22<1<28 10
29<1<35 12
36<t<42 14
=43 21
T=44 28
=45 35
T=46 42
=47 49
=48 49

Table 5.3 - Symbol-pair distance of y-

constacyclic codes of Type4 over F7 +

ufz + U2F7.

Table 5.2 - Symbol-pair distance of y-

constacyclic codes of Type3 over Fy +

Range of L ds,(C3)
L=0 2
L=1 3
2<L<7 4
8<L<14 6
15<L<21 8
22<L<28 10
29<L<35 12
36<L<42 14
L=43 21
L=44 28
L=45 35
L=46 42
L=47 49
L=48 49

Table 5.4 - Symbol-pair distance of y-

constacyclic codes of Type5 over Fz +

uFy + u?F5. uF7 + uF5.
Range of w dsp(Ca) Range of V dsp(Cs)
w=0 2 V=1 3
w=1 3 2<V<7 4
2<w<7 4 8<V<i14 6
8<w<l14 6 15<v<al 8
5<w<?2l 8 22<V <28 10
22<w<28 10 29<v<35 12
29<w<35 12 36<V<42 14
36<w<42 14 V=43 21
w=43 21 V=44 28
w=44 28 V=45 35
w=45 35 V=46 42
w=46 42 V=47 49
w =47 49 V=48 49
Thesis FSDM-Fez-Morocco Jamal Laaouine



Chapter 5. Symbol-pair distance distributions of repeated-root y-constacyclic codes
of prime power lengths over Fpm[u]/<u3)

70

Table 5.5 - Symbol-pair distance of y-

constacyclic codes of Type6 over F7 +

ufF< +uZIE<‘7.

Range of ¢ dsp(Ce)
c=0 2
c=1 3
2<c<7 4
8<c<14 6
15<c<21 8
22<c<28 10
29<c<35 12
36<c<42 14
c=43 21
c=44 28
c=45 35
c=46 42
c=47 49

Table 5.6 - Symbol-pair distance of y-

constacyclic codes of Type7 over F7 +

uF7+u2F7.
Range of W dsp(C7)
W=0 2
w=1 3
2<W<7 4
8<wWc<14 6
15b<wx?2l 8
22<W<28 10
29<W<35 12
36<W<42 14
W =43 21
W =44 28
W =45 35
W =46 42
W =47 49

Table 5.7 - Symbol-pair distance of y-constacyclic codes of Type8 over Fz +uF; + u?Fy.

Range of ¢ dsp(Cg)
c=0 2
c=1 3
2<c<7 4
8<c<14 6
15<c<21 8
22<c<28 10
29<c<35 |12
36<c<42 14
c=43 21
c=44 28
c=45 35
c=46 42
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5.3 Determination of MDS symbol-pair codes

All the MDS symbol-pair y-constacyclic codes are identified in this Section by uti-
lizing the symbol-pair distance obtained in Section 5.2 of all symbol-pair constacyclic

codes of prime power length over R.

A.Typel(Cy):

If C1=(0), then |C1] = 1 and dg,(¢0)) = 0. Thus by (2.2), C; is a symbol-pair MDS code
if and only if |Cq| = p3m(Ps'dSP(Cl)+2), ie., 1= p3m(p5+2), i.e., p* = -2, which is not true for any

p and s.

Again, if C; = (1), then |Cy| = p3™° and dsp((1)) = 2. Thus by (2.2), C1 is a symbol-pair
MDS code if and only if |Cy| = p3mP*ds(C1)+2) j g  p3MP® = p3M(P*2+2) which is true for all

p and s. Thus, the code C; is MDS symbol-pair code in this case.

Thus, MDS symbol-pair codes for frivial ideals is (1).

B. Type2(C,):

Here, we have C, = (u?(x - 10)"), where 0 <t < p’-1. We note, by Theorem 3.3, that
Cal = &™),

From this and by (2.2), we see that the code C; is a symbol-pair MDS code if and only if
pM(P*-7) = p3M(P*dsp(C2)2) hich holds if and only if

7 = 3dgp(C2)-2p° - 6.
Hence, follows the theorem.
Theorem 5.8 Let C, = (u?(x-p)") be a y-constacyclic codes of length p® over R of Type2

(as classified in Theorem 3.1), where O < t < p*-1. Then no MDS symbol-pair constacyclic

code exists.
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Proof We get MDS code for 7 = 3ds,(C2) - 2p® - 6. The symbol-pair distance dsp(C2) of
Type2 y-constacyclic code is established in Theorem 5.1. Now, we consider the cases

according to the range of 7.

Casel: 7 =0, then dgp(C2) = 2, and 7 = 3dg,(C2) - 6 > 3ds,(C2) - 2p° - 6. Thus, no MDS

symbol-pair constacyclic code exists in this case.

Case2: 7= pS-pSK+1, where 0 <k<s-2. Then dsp(C2) = 3pK, and

r=pS-pSK+1
= p*(3p*-1)-2p°+1
> p?(3pk-1)-2pS+1
x (equality when k=s-2,0r s=2)
> 4(3pk-1)-2p°+1 (equality when p = 2)
= 3dgy(C2)- 2pS + 3pk-3
> 3dsp(C2)-2p° (equality when k=0)
>3dg,(C2)-2p° - 6.

Since, > 3dg,(C2)-2p° -6, no MDS symbol-pair constacyclic code exists in this case.

Case3: pS-pSK+2 <1 <pS-pSK+pSk? where 0 <k <s-2. Then d,(C2) = 4p¥, and

r=pS-pSK+2
= p*Ep - 1)-2p°+2
> p?(3p*-1)-2p+2
x (equality when k=s-2,0r s=2)
> 4(3pk-1)-2p°+2 (equality when p = 2)
= 3dgp(C2)-2p° -2
>3dgp(C2) - 2p° - 6.

Since, T >3dg,(C2)-2p° -6, no MDS symbol-pair constacyclic code exists in this case.
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Cased: pS-pr+or+l<t<pS-pr+(c+1)r,wherer=p*10<k<s-2and1<o <p-2,
Then dgy(C2) = 2(0 +2)p¥, and
T2 pS-pSKeopslet
= p¥*(3p*-1)-2pS + opsH 1+ 1
> p?(3p*-1)-2p°+op+1
x (equality when k=s-2,0r s = 2)
> (0 +2)?(3pK-1)-2pS +o(0+2)+1
x (equality when ¢ = p-2)
=3(0 +1)(o +2)p*-2p° + (0 +2)(3p*-2)+1
> 6(0 +2)pk-2pS+3(3pK-2)+1
x (equality when o = 1)
> 3dsp(C2)-2p° +4 (equality when k=0)
>3dsp(C2) - 2p° - 6.
Since, t>3dg,(C2)-2p° -6, no MDS symbol-pair constacyclic code exists in this case.
Case5: T=p°-p+0o, where 0< o <p-2. Then dgy(C2) = (0 +2)p*, and
t=pS-p+o
=p3p*'-1)-2p°+0
> (0 +2)3p*t-1)-2p°+0o
x (equality when o = p-2)
=3(c+2)pst-2p°-2
= 3dgp(C2)-2p°-2
>3dsp(C2)-2p° - 6.

Since, T >3dg,(C2)-2p° -6, no MDS symbol-pair constacyclic code exists in this case.

Case6: T = p°-1. Thendgy(C2) = p°, and 7 = 3p°-2p®-1= 3dsy(C2)-2p°-1> 3dgsp(C2)-2p°-6.

Thus, no MDS symbol-pair constacyclic code exists in this case.

Hence, MDS symbol-pair code does not exist for y-constacyclic codes of Type2. This

completes the proof. O
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C. Type3(C3):

Here, we have C3 = (u(x - y0)° + u?(x - 10)Th(x)), where 0 <6 < p5-1, 0 < t< 9, either
h(x) is O or a unit in R,.. By Theorem 3.3, we see that |C3| = p™#P*"Y) From this and
by (2.2), the code C3 is a symbol-pair MDS code if and only if p™@P*-oL) = p3m(p*-dsp(C3)+2),
i.e., L=3dsp(C3)- ps-6-6. Let 6= p°-p, where 1 < p <p°. Thus, the condition for C3 to
be a MDS symbol-pair constacyclic code becomes L = 3dg,(C3)-2p°-6+p. Hence, follows
the theorem.

Theorem 5.9 Let C3 = (u(x-0)°+u?(x-0)h(x)) be a y-constacyclic codes of length p*
over R of Type3 (as classified in Theorem 3.1). Then no MDS symbol-pair constacyclic

code exists.

Proof We get MDS code for L = 3dg,(C3)-2p°-6+p. The symbol-pair distance dg,(C3)
of Type3 y-constacyclic code is established in Theorem 5.2. Now, we consider the cases

according to the range of L.
Casel: L =0, then ds,(C3) = 2. Thus C3 is a symbol-pair MDS code if and only if
p=2p°, i.e., 5=-p°, which is not possible.

Case2: L=pS-pSk+1, where 0 <k<s-2. Then dsp(C3) = 3pK, and

L=pS-pSk+1
= pTH(3pH-1)-2p°+1
> p?(3pk-1)-2pS+1
x (equality when k=s-2,0r s=2)
> 4(3pk-1)-2p°+1 (equality when p = 2)
= 3dgp(C3)- 2pS + 3pk-3
> 3dsp(C3)-2p° (equality when k= 0)
Now, L > 3ds,(C3)- 2p*-6+p if and only if 6 > p, i.e., equality when p = 6. Thus, equality

occurs whenp=2,k=0,s=2,0=6, i.e., L=1and 6 = -2, which is a contradiction, since

0 <L <. Thus, no MDS symbol-pair constacyclic code exists in this case.

Thesis FSDM-Fez-Morocco Jamal Laaouine



Chapter 5. Symbol-pair distance distributions of repeated-root y-constacyclic codes
75 of prime power lengths over Fym[u]/(u®)

Case3: pS-pSK+2 <L <ps-psk+psk! where 0 <k <s-2. Then dgy(C3) = 4p¥, and

L=p-p*k+2
= p¥H(3pH-1)-2p°+2
> p?(3pH-1)-2p+2
x (equality when k=s-2,0r s = 2)
> 4(3pk-1)-2p°+2 (equality when p = 2)
= 3dsp(C3)-2p° - 2.

Now, L > 3dsp(C3)- 2p*-6+p if and only if 4 > p, i.e., equality when p = 4. Thus, equality
occurs whenp=2,k=s-2,p=4,ie., L=2°-2 and 6 = 2°-4, which is a contradiction, since

L < 6. Thus, no MDS symbol-pair constacyclic code exists in this case.

Cased: pS-pr+or+1<L <pS-pr+(o+1)r,wherer=pS*10<k<s-2and1<o <p-2.
Then dsp(C3) = 2(0 + 2)pk, and

L>pS-pSkeopshlel
= p¥K3pk-1)-2p ropH el
> p2(3pk-1)-2p°+op+1
x (equality when k=s-2,0r s = 2)
> (0 +2)?(3pK-1)-2pS+o(0+2)+1
x (equality when ¢ = p-2)
=3(c+1)(0 +2)p*-2p°+ (0 +2)(3pK-2)+1
> (o +2)pk-2pS+3(3pK-2)+1
x (equality when o = 1)
> 3dsp(C3)-2p° +4 (equality when k= 0).
Now, L > 3dsp(C3)-2p°-6+p if and only if 10 > p, i.e., equality when ¢ = 10. Thus, equality

occurs when 0 =1,p=3,k=0,s=2,p=10, i.e.,, L=4 and 6 = -1, which is a contradiction,

since 0 <L < 6. Thus, no MDS symbol-pair constacyclic code exists in this case.
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Caseb: L=p*-p+0o, where 0<o <p-2. Then ds,(C3)= (o + 2)p*!, and

L=p°-p+o
=p(3p~t-1)-2p+o
> (0+2)3p*'-1)-2p°+0
x (equality when o = p-2)
=3(c+2)p5t-2p%-2
= 3dgp(C3)-2p° - 2.

Now, L > 3dsp(C3)- 2p*-6+p if and only if 4 > p, i.e., equality when p = 4. Thus, equality
occurs when o =p-2,p=4,i.e.,L=p°-2 and 6 = p°-4, which is a contradiction, since L <.
Thus, no MDS symbol-pair constacyclic code exists in this case.

Case6: L=p°-1. Then ds(C3)=p°, and L= 3p°-2p°-1= 3ds,(C3)-2p°-1.
Now, L > 3dsp(C3)-2p5-6+p if and only if 5> p, i.e., equality when p = 5. Thus, 6 = p*-5 <L,

which is a contradiction. Thus, no MDS symbol-pair constacyclic code exists in this case.

Hence, MDS symbol-pair code does not exist for y-constacyclic codes of Type3. This
completes the proof. O

D. Type4(C4):

Here, we have C4 = (u(x - y0)° + u?(x - v0)th(x), u?(x - y0)*), where 0 < w < 6 < p-1,
0 <t<w, either h(x) is O or a unit in R,. And [C4] = pm(ZPs'é“"). Thus by (2.2), C4 is a
symbol-pair MDS code if and only if |C4| = p3mP°-dsp(Ca)2) o pM(2p*-0-0) = n3m(p°-dsp(Ca)2)
i.e., w=3dsy(Cq)-p°-0-6. Let 6 =p°-p, where 1 < p <p°. Thus, the condition for C4 to

be a MDS symbol-pair constacyclic code becomes
@ = 3dgp(C4)-2p° -6+ 0.
Hence, follows the theorem.
Theorem 5.10 Let C4 = (u(x-10)° +u?(x-0)"h(x), u?(x-10)”) be a y-constacyclic codes

of length p° over R of Type4 (as classified in Theorem 3.1). Then no MDS symbol-pair

constacyclic code exists.
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Proof We get MDS code for w = 3dg,(C4)-2p°-6+p. The symbol-pair distance d,(C4)
of Type4 y-constacyclic code is established in Theorem 5.3. Now, we consider the cases

according to the range of w.
Casel: w =0, then dgy(C4) = 2. Thus C4 is a symbol-pair MDS code if and only if
0 =2p°, i.e., 6=-p°, which is not possible.

Case2: w=p°-p*K+1, where 0 <k<s-2. Then dsp(C4) = 3pK, and

w=p*-pH+1
=pKEpK-1)-2p°+1
> p?(3p*-1)-2p°+1
x (equality when k=s-2,0r s = 2)
> 4(3pk-1)-2p°+1 (equality when p = 2)
= 3dgp(C4)- 2pS + 3p*-3
> 3dsp(Ca)-2p° (equality when k=0)

Now, @ > 3dsp(Cs)- 2p°-6+p if and only if 6 > p, i.e., equality when p = 6. Thus, equality
occurs whenp=2,k=0,s=2,p=6, i.e., w=1and 6 = -2, which is a contradiction, since

0 <w< 4. Thus, no MDS symbol-pair constacyclic code exists in this case.

Case3: pS-pSK+2 < w <ps-pK+pS*! where 0 <k <s-2. Then dg,(C4) = 4p¥, and

w=p*-pH+2
= p P -1)-2p°+2
> p?(3p*-1)-2p°+2
x (equality when k=s-2,0r s = 2)
> 4(3pk-1)-2p°+2 (equality when p = 2)
= 3dgp(Ca)-2p°- 2.
Now, w > 3ds,(C4)-2p°-6+0 if and only if 4 > p, i.e., equality when o = 4. Thus, equality

occurs whenp=2,k=s-2,0=4,ie.,w=2%-2and 6 = 2°-4, which is a contradiction, since

w < 6. Thus, no MDS symbol-pair constacyclic code exists in this case.
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Cased: pS-pr+or+l<w<pS-pr+(c+1)r, wherer=pS*10<k<s-2and1<o <p-2,
Then dgy(C4) = 2(0 +2)p¥, and

w> ps _ ps-k + Ops-k-l +1

= pSK(3pk-1)-2p* + opH 41
> p2(3pk-1)-2pS+op+1
x (equality when k=s-2,0r s=2)
> (0 +2)?(3p*-1)-2pS+o(o +2)+1
x (equality when ¢ = p-2)
=3(o +1)(0 +2)p*-2p°+ (0 +2)(3p*-2)+1
> 6(0 +2)pK-2pS+3(3p*-2)+1
x (equality when ¢ = 1)
> 3dsp(C4)-2p° +4 (equality when k = 0).

Now, w > 3dgp(C4)-2p°-6+p if and only if 10> o, i.e., equality when ¢ = 10. Thus, equality
occurs when 0 =1,p=3,k=0,s=2,p=10, i.e,, w =4 and 6 = -1, which is a contradiction,

since 0 < w <. Thus, no MDS symbol-pair constacyclic code exists in this case.

Case5: w=p°-p+c, where 0< o <p-2. Thends(Cs)= (o + 2)p5'1, and

w=pS-p+o
=p(3p*t-1)-2p°+o
> (0+2)(3p°1-1)-2p°+0
x (equality when ¢ = p-2)
=3(0+2)p*t-2p%-2
= 3dsp(C4)-2p°-2.

Now, w > 3ds,(C4)-2p°-6+p if and only if 4 > p, i.e., equality when o = 4. Thus, equality
occurs when o =p-2,p=4,i.e., w = p°-2 and § = p*-4, which is a contradiction, since w < 6.

Thus, no MDS symbol-pair constacyclic code exists in this case.

Hence, MDS symbol-pair code does not exist for y-constacyclic codes of Type4. This

completes the proof. O
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E. Type5(Cs):

Here, we have Cs = ((X - 70)® + u(x - 70) hy(x) + u?(x - y0)"2h»(x)), where 1 < a < p*-1,
0<t1<a,0<1z<aq, either hy(x), ha(x) are O or are units in R,,. We note, by Theorem 3.3,
that |C5| = p™GPUV) From this and by (2.2), we see that the code Cs is a symbol-pair
MDS code if and only if pm3P*-a-U-V) = p3m(p*-dsp(C53+2) \hich holds if and only if

V= 3dgy(Cs)-a-U-6.

Thus, we get the following cases:

Casel: When hi(x) = hy(x) = 0 then, V= U =a. For C5 to be MDS we must have
a = dgp(Cs) - 2. Hence, the MDS symbol-pair codes for Type5 ideals are similar to the
MDS y-constacyclic symbol-pair codes over Fyn (see Theorem 2.6). Hence, we have the

following theorem:

Theorem 5.11 Let Cs = ((x-70)®) be a y-constacyclic codes of length p* over R of Type 5
(as classified in Theorem 3.1). Then Cs5 is an MDS symbol-pair constacyclic code if and
only if one of the following conditions holds:
e If s=1,thena=nfor1<n<p-2,insuch case, dgs(Cs) = n+2.
o If s>2, then
+ a=1,in such case, dsp(Cs) = 3,
+ a=2,insuch case, ds,(C5) = 4,
+ s=2,p=3,a=4,in such case, dsp(C5) =6,

+ a=p°-2,in such case, ds,(Cs) = p°.

S
Case2: When hi(x)=0,h,(x)#0and 1 <a < P ;Tz then, V= U =a. For C5 to be
MDS we must have a = dgp(Cs) - 2, which is similar to the result in case 1. But we have
P+t
2

1<acx<

and O < t, < a, which implies that max{2a-p®,0} <t; <a.
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Hence, we conclude the following theorem.

Theorem 5.12 Let Cs = ((x-10)*+u?(x-10)2h,(x)) be a y-constacyclic codes of length p®

over R of Type 5 (as classified in Theorem 3.1), where h,(x)20and 1 <a < P ;TZ. Then
Cs is an MDS symbol-pair constacyclic code if and only if one of the following conditions
holds:
e Ifs=1,a=n,1<n<p-2and max{2n-p,0} <tz <n, then dsp(C5) = n+2.
o Ifs>2,
a=1,1,=0, then dgsp(Cs) = 3,
a=2,0<1; <1, thends(Cs) =4,
s=2,p=3,a=4,0<1, <3, thendg,(C5)=6,
a=p°-2,p°-4 <t <p°-3, then ds(Cs) = p°.

*

*

*

*

S
Case3: When hi(x)#0and 1<a< P ;Tl then, V=U=a. For C5 to be MDS we must

PP+t
2
and O < t; < a, which implies that max{2a-p®,0} < t; <a. Hence, we conclude the following

have a = dgp(Cs) - 2, which is similar to the result in case 1. But we have 1 <a<

theorem.

Theorem 5.13 Let C5 = (X~ 70)® +u(x - 0)thi(x) + u?(x - 7)"2h2(x)) be a y-constacyclic

codes of length p° over R of Type 5 (as classified in Theorem 3.1), where h;(x) = O and
ps+ 11
2

1<ax< . Then Cs is an MDS symbol-pair constacyclic code if and only if one of the
following conditions holds:
e If s=1,a=n,1<n<p-2and max{2n-p,0} < t; <n, then ds(C5) = n+2.
o Ifs>2,
+a=1,11=0, thends,(C5) = 3,
+a=2,0<t1<1, then dsp(C5) =4,
+$=22,p=3,a=4,0<11 <3, then dsp(Cs) = 6,

+a=p°-2,p°-4 <11 <p°-3, then dgy(Cs) = p°.

S
Case4: When h;(x) =0 and P ;Tl <a<p’-1then,V=U=p’-a+t;. For C5 to be MDS

we must have a = 2p* - 3ds,(Cs) + 2t1 + 6. Hence, follows the theorem.

Theorem 5.14 Let C5 = ((x-70)® +u(x - y0)thi(x) + u?(x - 7)'2h2(x)) be a y-constacyclic

codes of length p° over R of Typeb (as classified in Theorem 3.1), where h;y(x) = 0 and
P+t

<a<p®-1. Then no MDS symbol-pair constacyclic code exists.
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Proof We get MDS code for a = 2p®-3dg,(C5)+ 211+ 6. The symbol-pair distance dg,(C5)
of Type5 y-constacyclic code is established in Theorem 5.4. Now, we consider the cases

according to the range of a.

Casel: V=pS-pSk+1,ie., pS-a+t;=p5-p5*+1,ie,a=p"K+t;-1, where 0 <k <s-2.
Then dg,(C5) = 3p¥, and

a= ps'k +11-1
>pZ+ty-1
x (equality when k=s-2,0r s = 2)
=-9pK+p?+11-1+9pK
> -9pK+p2+1,+8 (equality when k = 0)
> -9pK+1t;+12 (equality when p = 2)
= -3dgp(C5) + 11+ 12

Now, a > 2p® - 3ds,(Cs) + 211 + 6 if and only if -2p°+6 > 1, i.e., equality when t; = -2p° +6.
Thus, equality occurs when p=2,k=0,s=2,1;=-2p°+6, i.e., t; =-2 and a =1, which is
a contradiction, since O < ;. Thus, no MDS symbol-pair constacyclic code exists in this
case.

s-k-1 s-k-1

Case2: pS-pSK+2 <V <pS-psK+pshl e pS-pSK+2 <pS-a+t) <pS-psk+psh,

ie., t1+p k-pkl<a<t;+pk-2, where 0 <k <s-2. Then dgy(Cs) = 4p*, and

a= 1.1 + pS"k - pS-k-l
=t1+pT(p-1)
> t1+p(p-1)

x (equality when k=s-2,0r s=2)
> t1+2 (equality when p = 2)
= -12pK+t;+ 2 +12pK
> -12pk+1,+ 14 (equality when k = 0)
= -3dgp(C5) + 11+ 14.

Now, a > 2p® - 3ds,(Cs) + 211 + 6 if and only if -2p°+8 > 1, i.e., equality when t; = -2p° +8.

Thus, equality occurs whenp=2,k=0,s=2,t;=-2p°+8, i.e., t;=0and a= 2, which is a
2+

2

. : 2¢+0 : . o
contradiction, since 2 = <a. Thus, ho MDS symbol-pair constacyclic code exists in

this case.
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Case3: p*-pr+or+1<V <p’-pr+(oc+1)r,ie., p*-pr+or+l<p’-a+t; <p°-pr+(c+1r,
e, t1+pr-(c+1)r<a<ti+pr-or-1,wherer=p*10<k<s-2and 1<o <p-2. Then
dsp(C5) = 2(0 + 2)p¥, and

a>t;+pSK- (o +1)psHt
=t1+p*(p-o-1)
2t +p(p-o-1)
x (equality when k=s-2,0r s = 2)
>t +p (equality when o =p-2)
=-6(0 +2)p*+t1+p+6(0 +2)p
>-6(0 +2)pk+1, +p+18pK
x (equality when ¢ = 1)
> -3dsp(Cs)+ 11+ p+18 (equality when k= 0).

Now, a > 2p°-3ds,(C5)+2t1+6 if and only if ~2p°+p+12 > 11, i.e., equality when t1 = -2pS+p+12.
Thus, equality occurs when 0 =1,p=3,k=0,s=2,1; =-2p°+p+12,ie., t1=-3 and a=0,
which is a contradiction, since O < t; < a. Thus, no MDS symbol-pair constacyclic code

exists in this case.

Cased: V=p°-p+o,ie., p°-a+t;=p°-p+o,ie,a=t;+p-o,where0<o <p-2. Then
dsp(Cs5) = (o +2)p!, and

a=ti+p-o
>t1+2
x (equality when ¢ = p-2)
=-3(c+2)p*t+11+2+3(0 +2)p"!
>-3(c+2)pS T+t +2+6p5?
x (equality when ¢ = 0)
= -3dgp(C5)+t1+ 2+ 6p°.

Now, a > 2p° - 3dg,(C5) + 211 + 6 if and only if -2p° + 6pSl-4 > t, ie., equality when
1y = -2pS+6pS1-4. Thus, equality occurs when o = 0,p=2,t; = -2p5+6p°1-4, ie., t;= 25-4

S4+(2S-
22+ (274 o Thus, no MDS symbol-

and a = 25-2, which is a contradiction, since 25-2 = 5

pair constacyclic code exists in this case.
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Caseb: V=p°-1 ie, p*-a+t;=p°-1 ie,a=1t;+1 Then ds(C5) = p°, and a =
-3p°+3pS +11+1=-3ds,(C5) + 3p° + t1+ 1.
Now, a > 2p® - 3dg,(C5) + 211 + 6 if and only if p*-5>ty, i.e., equality when ;= p°-5, ie,

. _— . ps+(p5-5) ,
a=p°-4, which is a contradiction, since p*-4 < —s—«a. Thus, ho MDS symbol-pair
constacyclic code exists in this case. This completes the proof. O

pS+t2

Caseb5: When hi(x) = 0,hy(x) = 0 and >
For C5 to be MDS we must have a = 3ds,(C5)-p°-t2-6. Hence, follows the theorem.

<a<p®-1then, V=p°-a+t; and U=a.

Theorem 5.15 Let C5 = ((x-70)° + U?(x - 0)"2h»(x)) be a y-constacyclic codes of length
P+t

p° over R of Type5 (as classified in Theorem 3.1), where h,(x) = 0 and <a<p’-1.

Then no MDS symbol-pair constacyclic code exists.

Proof We get MDS code for a = 3ds,(C5)-p°-t2-6. The symbol-pair distance dg,(Cs)
of Type5 y-constacyclic code is established in Theorem 5.4. Now, we consider the cases
according to the range of a.

Casel: V=ps-pSK+l, ie., pS-a+to =p°-pS+1,ie,a=p ™ +1,-1, where 0 <k <s-2.
Then ds(C5) = 3pk, and

azpSket,-1
>pl+ty-1
x (equality when k=s-2,0r s=2)
>t, +3 (equality when p = 2)
= 3dgp(C5) + 12+ 3-9p~.

Now, a > 3ds,(C5)-p°-t2-6 if and only if 21, > 9pk-ps-9, i.e., equality when 21, = 9pK-ps-9.
Thus, equality occurs when p = 2,k = s-2,2t, = 9p¥-p*-9, ie., 2t = 5x252-9 and
4q =10 x 252 - 6, which is a contradiction, since 10x252-6 <2 x25+(5x 25%-9) < 4a.

Thus, no MDS symbol-pair constacyclic code exists in this case.
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Case 2: ps_ps—k+2 <V< ps_ps—k_,_ps-k—l, ie. ps_ps—k,,_z <p’-a+ty < ps_ps—k,,_ps—k—ll

ie., to+pK-p*l<a<t,+pk-2, where 0 <k <s-2. Then dg,(Cs) = 4p, and

a=t,+ ps-k _ |:)s-k-l
=t +p*(p-1)
>t2+p(p-1)

x (equality when k=s-2,0r s=2)
>t, +2 (equality when p = 2)
= 3dgy(C5)+ T2 +2-12pK,

Now, a > 3dg,(C5) - p° - t2 - 6 if and only if 2t; > 12pk - p*- 8, i.e., equality when 2t =

12pk-p-8. Thus, equality occurs when p=2,k=s-2,2t, = 12pk-p*-8, i.e., t, = 25-4 and
25+ (25-4)

a=25-2, which is a contradiction, since 25-2 = 5

<a. Thus, no MDS symbol-pair
constacyclic code exists in this case.

Case3: pS-pr+or+1<V<p’-pr+(c+1)r, ie., p’-pr+or+l<p-a+t, <p*-pr+(o+1)r,
ie., ta+pr-(oc+Dr<a<t,+pr-or-1,wherer=p*1,0<k<s-2and1<o <p-2. Then

dsp(Cs) = 2(0 + 2)pK, and

a>t,+ ps-k _ (G + l)ps-k-l

= t2+p" H(p-o-1)
>tz +p(p-o-1)

x (equality when k=s-2,0r s=2)
>1t,+p (equality when o =p-2)
>t, +3 (equality when p = 3)
= 3dgy(C5)+ T2+ 3-6(0 + 2)pk,

Now, a > 3ds,(Cs) - p° - t2- 6 if and only if 2t, > 6(0 + 2)p-p°-9, i.e., equality when
2t, = 6(o+2)pk-p*-9. Thus, equality occurs whenk=s-2,p=3, 0 = 1, 21, = 6(c+2)p*-p°-9,
i.e., 2t = 3°-9 and 4a = 2x3%-6, which is a contradiction, since 2x3%-6 < 2x35+(3%-9) < 4a.

Thus, no MDS symbol-pair constacyclic code exists in this case.
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Case4: V=p°-p+o,ie., p’-a+t, =p°-p+o,ie.,a=t,+p-o,where 0 <o <p-2. Then
dsp(Cs5) = (o +2)p%?, and

a=t+p-o
=3(0+2)p* +12+p-0-3(0 +2)p™!
>3(0+2)p*+1,+2-3p°
x (equality when ¢ = p-2)
= 3dg(Cs) + 12+ 2 - 3p°.

Now, a > 3ds,(C5)-p*-12-6 if and only if t; > p°-4, i.e., equality when t; = p*-4. Thus,
equality occurs when o = p-2,1, = p°-4, i.e,, a= p°-2, which is a contradiction, since

. ps+(pS-4) . . . . .
p°-2= s <a. Thus, no MDS symbol-pair constacyclic code exists in this case.

Case5: V=p°-1, ie, p-a+t,=p°-1, ie,a=1t+1 Then ds(Cs) = p°, and a =
3pS-3p°+12+1=3dsp(C5)-3p° + 12+ 1.
Now, a > 3dg,(Cs5)-p°-12-6 if and only if 2t, > 2p°-7, i.e., equality when 21, = 2p*-7, i.e,
4a = 4p° - 10, which is a contradiction, since 4p°-10 < 2p° +(2p°-7) < 4a. Thus, no MDS

symbol-pair constacyclic code exists in this case. This completes the proof. O

F. Type6(Cs):

Here, we have Cg = (X - 70)® + u(x - 70)"hy(x) + u(x - y0)"2ha(x), u?(x - 10)°), where
O<c<a<p®-1,0<t;<a 0< 1<, either hi(x) hy(x) are O or are units in R,. And
|Ce| = p"CGP*-a-U=C) From this and by (2.2), we see that the code Cq is a symbol-pair MDS

code if and only if p™3pTa-U-c) = p3M(p*dsp(Ce)2) o
¢ = 3dgp(Ce)-U-a-6.

Hence, follows the theorem.

Theorem 5.16 Let Cg = ((x - 70)® + u(X - o) thy(x) + u(x - 10)2ha(x), u(x - 10)°) be a -
constacyclic codes of length p* over R of Type6 (as classified in Theorem 3.1). Then no

MDS symbol-pair constacyclic code exists.

Proof We get MDS code for ¢ = 3dsp(Ce)-U-a-6. The symbol-pair distance dg,(Ce) of
Type6 y-constacyclic code is established in Theorem 5.5. Now, we consider the cases

according to the range of c.
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Casel: ¢ =0, then dsp(Ce) = 2. Thus Cq is a symbol-pair MDS code if and only if a=-U,
which is not possible.

Case2: c=pS- ps‘k+ 1, where 0 <k<s-2. Then dsp(Cé) = 3ka and

c=pS-pSK+1
= pSK@3pk-1)-2ps+1
> p?(3pH-1)-2p°+1
x (equality when k=s-2,0r s=2)
> 4(3pk-1)-2p*+1 (equality when p = 2)
= 3dgp(Cs) - 2p°+3p*-3
> 3dgp(Ce) - 2p° (equality when k= 0)

Now, ¢ > 3dsp(Cs)-U-a-6 if and only if a+U > 2p°-6, i.e., equality when a+U = 2p°-6.
Thus, equality occurs whenp=2,k=0,s=2,a+U=2p°-6,i.e,c=1anda+U=2,ie., a=1
and U = 1 (because 0 < U < a), which is a contradiction, since ¢ < U < a. Thus, no MDS

symbol-pair constacyclic code exists in this case.

Case3: pS-pSK+2 <c<ps-pk+pSk! where 0 <k <s-2. Then dgy(Ce) = 4p¥, and

c=p°-pTH+2
= p*(Bp - 1)-2p°+2
> p?(3pK-1)-2pS+2
x (equality when k=s-2,0r s = 2)
> 4(3pk-1)-2p°+2 (equality when p = 2)
= 3dsp(Ce)-2p°- 2.

Now, ¢ > 3dsp(Ce)-U-a-6 if and only if a+U > 2p°-4, i.e., equality when a+U = 2p°-4.
Thus, equality occurs whenp=2,k=s-2,a+U=2p%-4,ie., c=25-2anda+U=2%1-4 ie,,
a+U=2c. But we have U<aq, i.e, 2U<a+U, i.e., 2U < 2c, which implies that U < ¢, which
is a contradiction, since c < U. Thus, no MDS symbol-pair constacyclic code exists in this

case.
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Case4: pS-pr+or+l<c<pS-pr+(o+1)r,wherer=ps*10<k<s-2and1<o <p-2.

Then dgy(Ce) = 2(0 +2)p¥, and

c>pS-pSheopshlet
= pTHBpH-1)-2p°+ opTH T 41
> p2(3pk-1)-2pS+op+1
x (equality when k=s-2,0r s = 2)
> (0 +2)2(3pK-1)-2pS+ o (o +2)+1
x (equality when o = p-2)
=3(o+1)(o +2)pK-2p° + (0 +2)(3p* - 2) +1
> 6(o +2)pK-2p%+3(3p*-2)+1
x (equality when ¢ = 1)
> 3dsp(Ce)-2p° +4 (equality when k= 0).

Now, ¢ > 3dsp(Cs)-U-a-6 if and only if a+U >2p°-10, i.e., equality when a+U = 2p*-10.
Thus, equality occurs when o =1,p=3,k=0,s=2,a+U=2p*-10,i.e.,,a+U=8andc=4,i.e.,
a+U=2c. But we have U<q, i.e., 2U<a+U, i.e., 2U < 2c, which implies that U < ¢, which
is a contradiction, since c < U. Thus, no MDS symbol-pair constacyclic code exists in this

case.

Case5: c=p°-p+o,where 0<o <p-2. Then ds(Ce)= (o + 2)p*?, and

c=p*-p+o
=p(3p*t-1)-2p°+0
> (0+2)(3p%!-1)-2p°+0
x (equality when o = p-2)
=3(c+2)pSt-2p-2
= 3dsp(Ce) - 2p° - 2.

Now, ¢ > 3dsp(Ce)-U-a-6 if and only if a+U > 2p°-4, i.e., equality when a+U = 2p°-4.
Thus, equality occurs when o = p-2,a+U=2p°-4,ie,c=p°-2and a+U=2p°-4,ie,
a+U=2c. But we have U<aq, i.e, 2U<a+U, i.e., 2U < 2c, which implies that U < ¢, which
is a contradiction, since c < U. Thus, no MDS symbol-pair constacyclic code exists in this
case. Hence, MDS symbol-pair code does not exist for y-constacyclic codes of Type6.

This completes the proof. O
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G. Type7(C7):

Here, we have C7 = ((x-)0)®+u(x-y0)"th1 (x)+u?(x-0)"2h2(x), u(x-y0)P+u?(x-y0) " h3(x)),
where0<b<a<p®-1,0<t;<b,0<t;<b,0<t3<b,either hi(x), ha(x), h3(x) are O or are
units inR,,. We note, by Theorem 3.3, that |C7| = p"®P*ab" W) From this and by (2.2), we

see that the code C7 is a symbol-pair MDS code if and only if pM3P*-a-b-W) = n3m(p-ds,(C7)+2),

which holds if and only if
W = 3ds,(C7)-b-a-6.

Hence, follows the theorem.

Theorem 5.17 Let C7 = (X - y0)® + u(X - 10)thy(x) + u?(x = y0)2ha(x), u(x - 70)P + u?(x -
10)"3h3(x)) be a y-constacyclic codes of length pS over R of Type7 (as classified in The-

orem 3.1). Then no MDS symbol-pair constacyclic code exists.

Proof We get MDS code for W = 3dsp(C7)-b-a-6. The symbol-pair distance dsp(C7) of
Type7 y-constacyclic code is established in Theorem 5.6. Now, we consider the cases

according to the range of W.

Case1: W=0, then dsy(C7) = 2. Thus C7 is a symbol-pair MDS code if and only if a=-b,

which is not possible.

Case2: W=pS- ps'k+ 1, where 0 <k<s-2. Then dsp(c7) = 3pkl and

W=pS-pSk+1
= p¥*(3p*-1)-2p°+1
> p?(3p*-1)-2p°+1
x (equality when k=s-2,0r s = 2)
> 4(3pK-1)-2p*+1 (equality when p = 2)
= 3dg(C7)- 2pS + 3pX-3
> 3dsp(C7)-2p° (equality when k=0)

Now, W > 3ds,(C7)-b-a-6 if and only if a+b > 2p°-6, i.e., equality when a+b = 2p°- 6.
Thus, equality occurs when p=2,k=0,s=2,a+b=2p°-6,ie, W=1anda+b=2, ie,
a=2 and b =0 (because 0 < b <a), which is a contradiction, since W < b. Thus, no MDS

symbol-pair constacyclic code exists in this case.
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Case3: pS-pSK+2 <W < p-psk+pSk! where 0 <k <s-2. Then dg,(C7) = 4p¥, and

W= p®-p=ie2
=p*H(3p*-1)-2p°+2
> p?(3pK-1)-2pS+2
x (equality when k=s-2,0r s = 2)
> 4(3pk -1)-2p°+2 (equality when p = 2)
= 3dgp(C7)-2p° - 2.

Now, W > 3ds,(C7)-b-a-6 if and only if a+b > 2p°-4, i.e., equality when a+b = 2p°-4.
Thus, equality occurs whenp = 2,k=s-2,a+b=2p°-4,ie.,W=25-2 and a+b=251-4,ie,,
a+b=2W. But we have b<aq, i.e.,, 2b<a+b, i.e., 2b<2W, which implies that b < W, which is
a contradiction, since W < b. Thus, no MDS symbol-pair constacyclic code exists in this

case.

Case4: pS-pr+or+1<W < pS-pr+(o+1)r, wherer=ps*10<k<s-2and1<o <p-2.
Then dgy(C7) = 2(0 +2)p¥, and

W > pS-pSkeopshlset
= pTHEpK-1)-2pS+ opTH T 41
> p?(3pk-1)-2pS+op+1
x (equality when k=s-2,0r s = 2)
> (0 +2)?(3pK-1)-2pS+o(o +2)+1
x (equality when o = p-2)
=3(0 +1)(0 +2)p*-2p°+ (0 +2)(3p*-2)+1
> 6(o +2)pK-2p%+3(3p"-2)+1
x (equality when ¢ = 1)
> 3dsp(C7)-2p° +4 (equality when k= 0).

Now, W > 3dg,(C7)-b-a-6 if and only if a+b >2p*-10, i.e., equality when a+b = 2p°-10.
Thus, equality occurs when o =1,p=3,k=0,s=2,a+b=2p°-10,i.e.,a+b=8and W=4,i.e.,
a+b=2W. But we have b<aq, i.e.,, 2b<a+b, i.e., 2b<2W, which implies that b < W, which is
a contradiction, since W <b. Thus, no MDS symbol-pair constacyclic code exists in this

case.
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Caseb5: W=p°-p+0, where 0 <o <p-2. Thendg,(C7)= (o + 2)p%?, and

W=ps-p+o
=p(3pt-1)-2p°+o
> (0+2)3p*!-1)-2p°+0
x (equality when ¢ = p-2)
=3(c+2)p5t-2p%-2
= 3dsp(C7)-2p° - 2.

Now, W > 3ds,(C7)-b-a-6 if and only if a+b > 2p°-4, i.e., equality when a+b = 2p°-4.
Thus, equality occurs when o = p-2,a+b=2p°-4,ie, W=p*-2and a+b=2p°-4, ie,
a+b=2W. But we have b<aq, i.e.,, 2b<a+b, i.e., 2b<2W, which implies that b < W, which is
a contradiction, since W < b. Thus, no MDS symbol-pair constacyclic code exists in this

case.

Hence, MDS symbol-pair code does not exist for y-constacyclic codes of Type7. This

completes the proof. O

H. Type8(Cg):

Here, we have Cg = ((x-y0)"+u(x-y0)"hy (x)}*u? (x-y0)"2h2(x), u(x-70)P+u? (x-y0) " h3(x), u? (x-
10)°), where 0 <c<b<a<p®-1,0<t1<b,0<t,<c, 0<1t3<c, either hi(x), ha(x) h3(x)
are O or are units in R,. And [Cg| = pMBp*-a-b-c) Thys by (2.2), Cg is a symbol-pair MDS

m(3pS-a-b-c) - p3m(p5-dsp(Cs)+2) i

code if and only if p ,ie.,

c=3ds,(Cg)-b-a-6.
Hence, follows the theorem.
Theorem 5.18 Let Cg = ((X - 70)° + u(X - 10)hi(x) + u?(x - 10)2ha(x), u(x - 7o) + u?(x -

v0)3h3(x), ué(x - 10)°) be a y-constacyclic codes of length p* over R of Type8 (as classi-
fied in Theorem 3.1). Then no MDS symbol-pair constacyclic code exists.

Proof We get MDS code for ¢ = 3ds,(Cg)-b-a-6. The symbol-pair distance dg,(Cg) of
Type8 y-constacyclic code is established in Theorem 5.7. Now, we consider the cases

according to the range of c.
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Casel: ¢ =0, then dsy(Cg) = 2. Thus Cg is a symbol-pair MDS code if and only if a=-b,
which is not possible.

Case2: c=pS-p5K+1, where 0<k<s-2. Then dsp(Cs) = 3p%, and

c=p-pTiel
= p*(Bp - 1)-2p° +1
> p?(3pH-1)-2p°+1
x (equality when k=s-2,0r s=2)
> 4(3pk-1)-2p*+1 (equality when p = 2)
= 3dgp(Cg)- 2p% + 3pX-3
> 3dgp(Cg) - 2p° (equality when k=0)

Now, ¢ > 3ds,(Cg)-b-a-6 if and only if a+b > 2p°-6, i.e., equality when a+b = 2p5-6. Thus,
equality occurs whenp=2,k=0,s=2,a+b=2p°-6,i.e,c=1anda+b=2,ie., a=2 and
b =0 (because O < b <a), which is a contradiction, since c<b. Thus, no MDS symbol-pair

constacyclic code exists in this case.

Case3: pS-pSK+2 <c<ps-pk+pSk! where 0 <k <s-2. Then dg,(Cg) = 4p¥, and

c=p°-pTH+2
= p*(Bp - 1)-2p°+2
> p?(3p*-1)-2p°+2
x (equality when k=s-2,0r s = 2)
> 4(3pk-1)-2p°+2 (equality when p = 2)
= 3dsp(Cg)-2p°-2.

Now, ¢ > 3ds,(Cg)-b-a-6 if and only if a+b > 2p°-4, i.e., equality when a+b = 2p°-4.
Thus, equality occurs when p=2,k=s-2,a+b=2p°-4,ie., c=25-2and a+b=251-4, ie,,
a+b=2c. But we have b<a, i.e, 2b<a+b, i.e., 2b<2c, which implies that b < ¢, which is
a contradiction, since c <b. Thus, no MDS symbol-pair constacyclic code exists in this

case.
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Case4: pS-pr+or+l<c<pS-pr+(o+1)r,wherer=ps*10<k<s-2and1<o <p-2.
Then dgy(Cg) = 2(0 +2)p¥, and

c>pS-pSheopshlet
= pTHBpH-1)-2p°+ opTH T 41
> p?(3pK-1)-2pS+op+1
x (equality when k=s-2,0r s = 2)
> (0 +2)2(3pK-1)-2pS+ o (o +2)+1
x (equality when o = p-2)
=3(o+1)(o +2)pK-2p° + (0 +2)(3p* - 2) +1
> 6(o +2)pK-2p%+3(3p*-2)+1
x (equality when ¢ = 1)
> 3dsp(Cs)-2p° +4 (equality when k= 0).

Now, ¢ > 3ds,(Cg)-b-a-6 if and only if a+b >2p°-10, i.e., equality when a+b = 2p*-10.
Thus, equality occurs when o =1,p=3,k=0,s=2,a+b=2p°-10,i.e.,a+b=8and c=4,i.e.,
a+b=2c. But we have b<aq, i.e.,, 2b<a+b, i.e., 2b < 2c, which implies that b < ¢, which is
a contradiction, since c <b. Thus, no MDS symbol-pair constacyclic code exists in this

case.

Case5: c=p°-p+o,where 0<o <p-2. Then ds(Cg)= (o + 2)p*?, and

c=p°-p+o
=p3p*t-1)-2p°+0
> (0 +2)(3p51-1)-2pS+0
x (equality when o = p-2)
=3(c+2)pSt-2ps-2
= 3dsp(Cg)-2p° - 2.

Now, ¢ > 3ds,(Cg)-b-a-6 if and only if a+b > 2p°-4, i.e., equality when a+b = 2p°-4.
Thus, equality occurs when o = p-2,a+b=2p°-4,ie,c=p°-2and a+b=2p°-4,ie,
a+b=2c. But we have b<a, i.e, 2b<a+b, i.e., 2b<2c, which implies that b < ¢, which is
a contradiction, since c < b. Thus, ho MDS symbol-pair constacyclic code exists in this
case. Hence, MDS symbol-pair code does not exist for y-constacyclic codes of Type8.
This completes the proof. O
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5.4 Some examples

In this section, we present some examples of symbol-pair distance distributions of

constacyclic codes of length p® over R = Fym + UFpn + ulepm(u3 =0).

Example 5.2 Using the resultsin Section 5.2, we list the symbol-pair distances d;, of all
y-constacyclic codes C of length 3 over the chain ring F3+uF3+u®F3, where y € {1,2}. We
also give all MDS symbol-pair and non-MDS symbol-pair codes (Table 5.8). In all codes
we have hg,ag,bg, cg €{1,2} and b; €{0,1,3}.

Example 5.3 Let us consider the example 5.1. Here, we consider symbol-pair y-constacyclic
codes of length 49 over the chain ring F7 +uF; +u?F7, where p=7,m=1,s=2and y € F.
In example 5.1, we determined all the symbol-pair distances for all the ranges of =, L,
@, V, W and c. From the values of 7, L, w, V, W, ¢ and dg,(C;), where i €{1,...,8}, we have
the following list of MDS symbol-pair y-constacyclic codes:

o (1),

o ((X-y),

o ((x-y)),

o ((x=-7*),

o ((x-y)+bou?),

o ((x-7)?+bou® +biu?(x-y)),

o ((x-y)? +bou?(x-y)),

o ((x=y)* +bou?(x-»)* +byu?(x-y)*),
o ((x-y)* +bou?(x-7)%*),

o {(x-y)+agu),

o ((x-7)+agu+bou®),

o ((x-7)?+agu+aru(x-7)),

o ((x=7)?+agu+aju(x-y)+bou® +byu?(x-y)),
o ((x-y)?+agu+agu(x-)+bou(x-y)),
o ((x-7)?+agu(x-7)),

o ((x-7)?+agu(x-7)+bou® +biu?(x-7)),
o ((x=7)?+agu(x-7)+bou?(x-y)),

o ((x-y)" +agu(x-y)* +agu(x-7)%*),
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46-1,

o ((x=7)¥ +agu(x- )P +aru(x- ) +uP(x- )2 ) bj(x-y)),
70

o ((x-y)* +agu(x-y)*),
46-t,

o ((x=7)7 +agu(x- ) +uB(x-y)"2 ) bj(x-y)).
§=0
where 0 <t, <46, a9,bpe({l,...,6} and a;,b; €{0,1,...,6}.

~ Table 5.9 shows the representation of some y-constacyclic codes of length 49
over the chain ring F7 +uF; + u’Fy, together with the symbol-pair distances d, of such
codes. We also give all MDS symbol-pair and non-MDS symbol-pair codes.
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Table 5.8 - Symbol-pair distance of y-constacyclic codes over F3 +uF3 + u?F3

Ideal (C) ds, |MDS
— Typel:

+(0) 0 No
+(1) 2 Yes
— Type2:

«(u?) 2 No
(WP (x-7)) 3 |No
«(W?(x-y)%) 3 |No
— Type3:

«(U) 2 |No
«(U(x-p)); #(u(x-7)+hou?); «(u(x-y)?+hou®) 3 |No
#{(u(x = y)?)+(u(x - )% + hou?(x - 7)) 3 |No
— Type4:

#(u(x =) u?); «(u(x-y)?, u?) 2 |No
+(u(x-7)%, u?(x-)) 3 [No
— Typeb:

#((x= 7)) (X~ ) +bou?); ((x~y)+aou); «((x~y)+agu+bou?) 3 |VYes
#((x=1)2): #((x=y)? +bou?(x - »)): «(x~¥)? +agu(x-y)+bou?(x-y)) 3 [No
+((x= )% +agu(x - )+ bou® + b1u?(x - y)): *((x- ) +aou(x - »)) 3 [No
#((x=y)? +bou?); +((x~y)? +agu); «((x-y) +agu+bou?) 3 |No

— Typeb6:
H{((x= ) UB); #((x= )2, u8); =((x-p)+agu,u?); +((x-y)? +agu,u?); «((x-y)? +agu(x-y)u?)|2  |No
H{((x= )2 U (x=p)); #((x - y)? +agu(x- ) ub(x- ) «(x- )2 +agu(x-y) +bou?,ué(x-»))[3  |[No
— TypeT7:

#((x=p)u); «((x=y)?,u) 2 |No
#{((x= )2, u(x-p)): «(x-y)2,u(x-y)+cou?) 3 |No
#((x=7)? +bou?,u(x-p)): +((x-y)? +bou?,u(x - )+ cou?) 3 |No
— Type8:

((x=y)%,u(x-y) u?) 2 |No
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Table 5.9 - Some y-constacyclic codes of length 49 over the chain ring F7 + uFy + u?F5.

Ideal (C) d,, |MDS
3 Typel:

+(0) 0 [No
(1) 2 |Yes
3 Type2:

(WP (x-)%) 12 |No
«(u?(x-y)*) 42 |No
(WP (x-y)*8) 49 | No
3 Type3:

+(u(x- ) 6 |No
(u(x =)0 +hou?(x - )% + hu?(x - )28 + hou?(x - )?°) 12 |No
*(u(x-7)* +hou?(x-y)*) 21 | No
3 Type4:

(u(x- )%, u?(x-»)°) 4 |No
(u(x- )3, u?(x-7)?®) 10 | No
*(u(x-7)* + hou?(x - y)* + hiu?(x - )5, U3 (x - y)*) 28 | No
3 Typeb:

#((x - y)+agu+bou) 3 |Yes
#((x-7)? +agu(x-y)) 4 |Yes
#((x-y)? +agu+au(x-y)+bou? + biu?(x- 7)) 4 |Yes
«((x=y)*) 28 | No
(=) +agu(x-y)* +aru(x-7)* + bou?(x - )*) 49 |Yes
{((x=)¥ +agu(x - 7)* + bou?(x - »)* + byu?(x - )*) 49 | Yes
3 Typeb6:

(=) +bou?(x- )™, u¥(x-7)*) 14 |No
#((x=7)*® +agu(x-y)* +bou?(x - y)* + byu? (x- y)*, u?(x - y)*) 28| No
(=), u8(x-2)*) 49 | No
3 Type7:

((x= 7)1 +agu(x- )18 +aru(x- ), u(x - )%) 8 |No
#((x- )%, u(x- )™ 28| No
(=) +bou?(x- )" + byu?(x- )*, u(x- y)*) 35| No
3> Type8:

((x=7)% +agu(x-7)8 +aru(x-7)P, u(x-7)?%+ cou?(x- )", P (x- )8 6 [No
{((x=)*, u(x- )2 + couP (x - )% + c1u? (x - )72, U2 (x - )?®) 10 |No
#((x= )%, u(x- )" e (x - y)*) 42 |No
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Conclusion and future work

Algebraic codes are of great interest to coding theorists, as they are easy to con-
struct, encode and decode. Classically, algebraic codes have been mainly studied over
finite fields. Codes over finite rings got a serious attention in recent years. This mo-
tivated many researchers to study constacyclic codes over finite chain rings. However,
the algebraic structure of constacyclic codes is known only for some special lengths and

over certain special classes of finite chain rings.

To study error-detecting and error-correcting properties of a code with respect
to various communication channels, several distances (e.g. Hamming distance, symbol-
pair distance, etc.) have been introduced and studied in coding theory. MDS codes are
optimal codes in the sense that these codes have the highest possible error-detecting
and error-correcting capabilities for given code length, code size and alphabet size. Thus

it is of great inferest to study and find MDS codes with respect to various distances.

6.1 Conclusion

Let p be a prime, s, m be positive integers,  be a nonzero element of the finite field
Fpm, and let R = IFpm[u]/<u3> be the finite commutative chain ring with unity.

Below we summarize some of the main results derived in the thesis.

> Algebraic structures of all repeated-root y-constacyclic codes of prime power
lengths over the finite commutative chain ring R = IFpm[u]/<u3> are established, where »

is a honzero element of the field Fpm. Their sizes are also determined.

— Hamming distances of repeated-root y-constacyclic codes of prime power lengths
over R are explicitly determined. Using this result, all MDS Hamming codes belonging
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to this special class of constacyclic codes are listed.

+— Symbol-pair distances of all repeated-root y-constacyclic codes of prime power
lengths over R are obtained. We also identified all MDS constacyclic codes of length p®

over R with respect to symbol-pair distance.

6.2 Future work

Some of the interesting open problems in this research direction are listed below:

+ It would be interesting to determine dual codes of y-constacyclic codes of length

p° over R and to study their duality properties.

« In [29], Ding et al. generalized the symbol-pair codes to b-symbol codes. Thus, it
would be interesting to determine b-symbol distances of y-constacyclic codes of length
p° over R. As a generalization of MDS codes and MDS symbol-pair codes, MDS b-symbol
codes also have the best possible error-correction capability. it would also be interesting

to identify MDS b-symbol codes within this class of constacyclic codes.

+ Another interesting problem would be to study algebraic structures of all y-constacyclic
codes of length N = np® over the ring R, where n is a positive integer with gcd(n,p) = 1. It
would also be interesting to obtain their Hamming distances, symbol-pair distances and
b-symbol distances, and as an application, we will identify all MDS constacyclic codes of
length np® with respect to those distances.
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