Université Sidi Mohammed Ben Abdellah
Faculté des Sciences Dhar El Mahraz- Fes

Centre d’Etudes Doctorales
"Sciences et Technologies"

Formation Doctorale : Mathématiques et Applications

Discipline : Mathématiques

Spécialité : Equations aux Dérivées Partielles (EDP)

Laboratoire : LAMA

THESE DE DOCTORAT

Présentée par

M’hamed ELMASSOUDI

Etude de quelques problémes non linéaires dans les espaces
d’Orlicz et de Musielak-Orlicz

Soutenue le 22 Juin 2019 devant le jury composé de :

Pr. Abdelfattah TOUZANI FSDM, USMBA

Pr. Jaouad BENNOUNA FSDM, USMBA

Pr. Abdelmoujib BENKIRANE FSDM, USMBA

Pr. Mohamed SEAID DURHAM UNIVERSITY
Pr. Najib TSOULI FSO, UMP

Pr. Ahmed ADDOU FSO, UMP

Pr. Elhoussine AZROUL FSDM, USMBA

Pr. Ahmed YOUSSFI ENSA, USMBA

Pr. Youssef AKDIM FSDM, USMBA

Pr. Ahmed ABERQI ENSA, USMBA

Président
Directeur de these
Rapporteur
Rapporteur
Rapporteur
Examinateur
Examinateur
Examinateur
Examinateur

Invité

Année universitaire : 2018-2019




Dédicace

Je dédie cette these

a la mémoire de ma mere Aicha et de ma tante Aicha.

Qui ont été toujours dans mon esprit et dans mon coeur.
Je vous dédie aujourd’hui ma réussite.

Que Dieu ait vos dmes dans sa sainte miséricorde.



Remerciements

Je tiens a exprimer ma grande reconnaissance et gratitude a toute personne qui m’a aidée a
mener a bien ce modeste travail. Ces personnes ont éclairé mon chemin et ont rendu facile toutes
difficultés.

Qu’il me soit tout d’abord permis de remercier Monsieur le Professeur Jaouad BENNOUNA
de m’avoir proposé ce sujet de travail et d’en avoir assuré la direction. Je tiens a lui exprimer
toute ma reconnaissance et ma gratitude tant pour ses qualités humaines que scientifiques . Son
encouragement et sa compétence m’ont permis de mener a bien cette These. Je n’oublierais jamais
la confiance qu’il m’a accordée durant ces années, mais aussi pour sa disponibilité et ses conseils
promulgués.

Je tiens a remercier vivement Monsieur le Professeur Abdelfattah TOUZANI d’avoir accepté
de présider mon jury. Mes remerciement vont aussi aux professeurs Abdelmoujib BENKIRANE,
Mohamed SEAID et Najib TSOULI qui ont bien voulu étre rapporteurs de cette these. Je suis tres
sensible a I’effort, la patience et I’intérét qu’ils ont porté a ce travail. Je tiens a remercier également
les professeurs Ahmed ADDOU, Elhoussine AZROUL, Ahmed YOUSSFI et Youssef AKDIM
pour m’avoir fait I’honneur d’étre membre de mon jury. Leurs témoignages m’ont permis de com-
pléter mes travaux de maniere scientifique et pédagogique.

C’est avec une immense joie que j’exprime ma reconnaissance et ma gratitude envers Monsieur
le Professeur Ahmed ABERQI pour I’aide précieuse qu’il m’a apportée durant ce travail, pour ses
conseils avisés, les nombreuses discussions et les échanges enrichissants qui ont accompagnés nos
conversations. Il m’a encouragé a participer a plusieurs conférences afin découvrir d’autres points
de vue, de nouvelles reconnaissances et expériences.

Je porte une attention toute particuliere au laboratoire de Mathématiques LAMA au nom de tous
ses membres qui m’ont permis de travailler dans de treés bonnes conditions. J’adresse mes sinceres
remerciement en particulier a tous mes professeurs du master Mathématiques, Informatique et Ap-
plications (MIA) a la faculté des sciences Dhar El Mahraz de Fés et a tous mes professeurs de
licence a la faculté des sciences My Ismail de Meknes.

Plus largement, j’aimerais exprimer ma gratitude a tous mes amis docteurs et doctorants: Sidi
Mohamed DOURI, Mohamed BOUKHRIJ, Benali AHAROUCH, Abdesamad ALAMI et Ibtisam
BRAHIMI.

Enfin un grand merci a tous les membres de ma famille qui m’ont pousser et aider a réaliser ce
réve d’obtention de doctorat en mathématiques.

A tous ces intervenants, je représente encore une fois mes remerciements, mon respect et ma
gratitude.



Contents

Introduction générale . . . . . . . . ... 8
Outilsdebase . . . . . . . . . . e e 13
I Some nonlinear problems in Orlicz-Sobolev spaces 15
0.1 Preliminaries of Orlicz-Sobolevspaces . . . . . . ... ... ... ... ...... 16
1 Nonlinear elliptic equations with measure data 20
1.1 Introduction . . . . . . . . . . . . . e 20
1.2 Mainresult . . . . . .. 21

2 Existence and Uniqueness of a renormalized Solution of parabolic problems in Orlicz

Spaces 38
2.1 Introduction . . . . . . . .. e 38
2.2 Essential assumptions . . . . . . . . .. ... e 39
2.3 Theexistenceresult . . . . . . . . ... Lo 40
2.4 The stages of the proof of theorem2.3.1 . . . . . ... ... ... ......... 40
2.5 Uniquenessresult . . . . . . . . . . .. e 47

II Existence results for some nonlinear problems in the Musielak-Orlicz

spaces 56

3 Nonlinear elliptic equations with some measure data in Musielak-Orlicz spaces 64
3.1 Technical Lemmas . . . . ... .. ... .. .. .. ... 65
3.2 Essential Assumptions . . . . . . . ... e e e 67
33 MainResults . . . . . ... 68

4 Existence of Entropy Solutions in Musielak-Orlicz Spaces Via a Sequence of Penalized
Equations 76
4.1 Essential assumptions . . . . . . . .. ... Lo e 77



42 Mainresult . . . . . .. e e e 78
III Applications 97
5 Existence and uniqueness of discrete solution of parabolic equations with lower term

in Orlicz Spaces 98

5.0.1 Statementof theproblem . . . . . . ... ... ... oL 98

5.1 Technical Lemmas . . . . . . ... ... .. ... 99

5.2 Assumptions and full discretization . . . . . . .. .. ... L L. 100

5.3 Existence and stabilityresult . . . . . ... ... Lo 101

5.3.1 Solvability . . . . . .. . e 101
532 Apriori estimates . . . . . ... ... e e e e e 102

5.4 Convergence of the numerical solution . . . . . . ... .. ... ... ....... 103

5.5 Error estimate for the temporal semidiscretization . . . . . . . ... ... ... .. 111

5.6 Numerical illustration . . . . . . . .. . ... L L 113



Q
Or
oQ
x=(X1,X2,...,XN)

dx =dxidxy...dxy
Vu = ( Ju Jdu Ju

- 8x1 ’ 8)627“" 8xN

lullp =
Whr(Q):

el 1,p =

W, 7 (Q) :
W—LP’(Q).
dlvu—Z, 1ax

(D) :

)

Notations

Ouvert de RN, N € IN*

Qx[0,T],T € R

Frontiere topologique de

Point générique de R"

Mesure de Lebesgue sur €2

Gradient de u

max(f,0)

max(—f,0)

Espace des fonctions indéfiniments différentiables dans Q
Espace des fonctions différentiables et a support compact
dans Q

La restriction de Z(R") sur Q

{u:Q— R|u mesurable,/ lu(x)|Pdx < oo}, 1 < p<oo
Q

{u : Q@ = R| u mesurableet 3C > 0 tel que |u(x)| <
C dans p.p. x € Q}

/ |u(x ]pdx

{ucLP(Q); Vue (LP(Q))V}

1
(et +11veal)”
Adhérence de 2(Q) dans WP (Q)
Espace dual de WO1 P(Q)
Divergence de u

Espace des mesures de Radon
Fonction troncature de niveau k > 0



Résumé

Ce travail porte sur des résultats d’existence et parfois d’unicité pour des problemes non linéaires
de type Dirichlet dans des espaces modulaires non réflexifs a savoir les espaces d’Orlicz-Sobolev
et les espaces de Musielak-Sobolev. La these se décompose en trois parties:

Dans la premiere partie, nous donnons brievement quelques rappels sur les espaces d’Orlicz-
Sobolev, puis on étudie 1’existence de solutions entropiques pour des problemes unilatéraux asso-
ciés a I’équation elliptique non linéaire de type

—div(a(x,u,Vu)) + K(x,u,Vu) = p +div®(x,u) dans Q,

ou diva(x,u, Vu) est un opérateur du type Leray-Lions, K (x,u, Vu) est un terme non linéaire d’ordre
inférieur vérifiant seulement la condition de croissance et ® est une fonction de Carathéodory qui
ne satisfait pas la condition de coercivité. Le probleme est traité dans le cas non variationnel ou le
terme source (U est une mesure de la forme = f —div(F) avec f € L}(Q), F € (Ez(Q))N et M
est la fonction complémentaire de la N-fonction M.

Nous nous intéressons aussi aux équations paraboliques non linéaires de type

ob(u)
ot

—div(a(x,t,u,Vu)) —div(®(x,t,u)) = f dans Qr,

ol1 b est une fonction strictement croissante tel que b € €' (IR, R) et le terme source f appartient 2
L (Q). On démontre d’abord 1I’existence de la solution renormalisée de I’équation, puis en imposant
des conditions appropriées sur les termes b, a, et & on démontre I’unicité de cette solution.

Dans la seconde partie, on donne un préliminaire concernant les espaces de Musielak-Orlicz-
Sobolev ainsi que des Lemmes et Théoremes utiles pour la suite de la partie. Puis on cherche a
établir des résultats d’existence de solutions des problemes elliptiques non linéaires de type

—div(a(x,u,Vu)) + K(x,u,Vu) = u,

ou u est une mesure de Radon bornée. On introduit deux Lemmes principales, afin de prouver que
pour toute fonction P de .o7); (voir Définition 3.1.1), la solution u de I’équation appartient a I’espace
de Musielak W, Lp(Q).

On finit cette partie par un chapitre qui serait dédi€ a I’étude des problemes paraboliques non
linéaires avec obstacle de type

u>¢ dans QOr,

% +div(a(x,t,u,Vu)) + K(x,t,u,Vu) = f +div(®(x,t,u)) dans Qr,

u(x,t) =0 sur  dQx (0,T),
u(x,t =0) = up(x) dans Q.

La donnée f est un élément de L'(Q), le terme & vérifie une condition de croissance non
polynomiale. Nous prouvons I’existence de solutions en utilisant la technique de troncature, des
fonctions tests adéquats et la méthode de pénalisation.



Enfin, dans la derniere partie, nous retournons au cadre des espaces d’Orlicz-Sobolev pour
étudier I’existence et I'unicité de la solution numérique des problémes paraboliques non linéaires
associés au schéma numérique suivant:

n n—1
/Q [(b(u ) Tb@‘ ))v—f—a(Vu")Vv—i—CI)(un)Vv} dx = /Qf(.,t,,)vdx wev. (1)
ou {uV_ cV={vel*Q):Vve (En(Q)), v =0}

On prouve d’abord I’existence d’une solution unique de 1’équation sous certaines conditions
sur ces termes, puis on démontre la convergence de la solution numérique vers la solution exacte
de I’équation:

db(u)
at

Ensuite on détermine I’estimation de 1’erreur de la semi-discrétisation temporelle et on finit par
une simulation numérique d’un exemple.

Rappelons que tous ces résultats ne font pas recours ni au condition de croissance pour le terme
d’ordre inférieur, ni au condition de 2\, pour la N-fonction M et son complémentaire M.

Mots clés : Espace d’Orlicz-Sobolev, espace de Musielak-Sobolev, non réflexive, non coercive,
donnée mesure, probleme elliptique et parabolique, solution entropique et renormalisée, pénalisa-
tion, troncature, solution numérique, existence, unicité, illustration numérique.

—div(a(Vu) +P(u)) = f. (2)



Abstract

This work focuses on the results of existence and sometimes uniqueness for non-linear Dirichlet-
type problems in non-reflective modular spaces, namely the Orlicz-Sobolev spaces and the Musielak-
Sobolev. The thesis is divided into three parts:

In the first part, we briefly give some reminders about the spaces of Orlicz-Sobolev, and then
the existence of entropic solutions for associated unilateral problems is studied to the non-linear
elliptical equation of the type

—div(a(x,u,Vu)) + K(x,u,Vu) = u +div®(x,u) in Q,

where diva(x,u,Vu) is an operator of the Leray-Lions type, K(x,u,Vu) is a non-linear term of
order checking only the growth condition and & is a Carathéodory function that does not meet
the condition of coercivity. The problem is addressed in the non-changing case where the source
term g is a measure of the form u = f —div(F) with f € L'(Q), F € (E(Q))" and M is the
complementary function of the N-function M.

We are also interested in non-linear parabolic equations of the type

ob(u)
ot

—div(a(x,t,u,Vu)) — div(®(x,t,u)) = f in Qr,

where b is a strictly increasing function such that b € ! (IR, R) and the source term f belong to
L'(Q). First, the existence of the renormalized solution of the equation is proved, then by imposing
appropriate conditions on terms b, a, and ®, we attest the uniqueness of this solution .

In the second part, we give a preliminary overview of the Musielak-Orlicz-Sobolev spaces as
well as useful Lemmas and Theorems for the rest of this part. Then seeks to establish the results of
the existence of solutions to nonlinear elliptic problems of the type

—div(a(x,u,Vu)) + K(x,u,Vu) = u,

wherell is a bounded Radon measure. We introduce two main Lemmas and their demonstrations,
which will make it easier to prove that for any function P of .o7); function (see definition 3.1.1), the
solution u of equation belongs to the Musielak space Wole(Q).

We end this part with a chapter that would be dedicated to the study of non-linear parabolic
problems with obstacles of type

u>g in Qr,

% +div(a(x,t,u,Vu)) + K(x,t,u,Vu) = f +div(®(x,t,u)) in Qr,

u(x,t) =0 on dQx(0,7T),
u(x,t =0) = up(x) in Q.

The data f is an element of L'(Q), the term & verifies a non-polynomial growth condition. We
prove the existence of solutions using the truncation technique, appropriate test functions and the
penalty method.



Finally, in the last part, we return to the framework of the Orlicz-Sobolev spaces to study the
existence and uniqueness of the numerical solution of nonlinear parabolic problems associated with
the following numerical scheme:

n n—1
/Q [<b(u ) —Tb@‘ ))v—i-a(Vu”)Vv-l—d)(u")Vv} dx = /Qf(.,tn)vdx Wwev,
where {u"}Y_ | CV ={ve*(Q):Vve (Eu(Q)), wv=0}

First, we prove the existence of an unique solution of equation under certain conditions on its
terms, then we demonstrate the convergence of the numerical solution towards the exact solution
of the equation:

db(u)
o

Then we determine the estimate of the error of the temporal semi-discretization and we end up
with a numerical simulation of an example. It should be recalled that all these results do not use
either the growth condition for the term of lower order nor to the condition of A; for the N-function
M and its complementary M.

Key words: Orlicz-Sobolev space, Musielak-Sobolev space, non-reflective, non-coercive, measure
data, elliptical and parabolic problem, entropy and renormalized solution, penalization, truncation,
numerical solution, existence, uniqueness, numerical illustration.

—div(a(Vu) +P(u)) = f.



Introduction générale

La premicre véritable théorie des équations aux dérivées partielles (EDP) a été introduite par
D’ Alembert dans ses Réflexions sur la Cause des Vents (1746) et dans ses recherches sur les cordes
vibrantes de (1747) qui I’'implique dans une querelle (des cordes vibrantes) avec Euler et Daniel
Bernoulli, sachant qu’a cet époque la notion de fonction n’est pas encore définie avec rigueur. Bien
qu’Euler presentait, pour la mécanique des fluides, la notion de solution faible, 1’étude systéma-
tique des EDP n’a commencé qu’au 20°™ siécle avec I’intégrale de Lebesgue et les distributions de
Schwartz. Et depuis, 1’étude des EDP n’a cessé d’évoluer et d’intervenir dans plusieurs domaines
tels que les sciences, I’économie, 1’aéronotique, la syntheése d’image, la météorologie....

On peut plus ou moins les classer en catégories elliptique, parabolique et hyperbolique mais
la difficulté confrontée a ces équations est de leur donner un sens dans des espaces fonctionnels
appropriés et d’y démontrer I’existence et parfois I'unicité de la solution en introduisant les déf-
initions des solutions entropiques et renormalisées. En effet un probléme non linéaire avec des
conditions aux limites de Dirichlet assez réguliers admet des solutions classiques, mais dans le
cas contraire, on ne peut chercher que les solutions dites faibles au sens des distributions, et na-
turellement, les chercheurs ont été obligé de réfléchir a ces solutions faibles qui sont trés proche
aux solutions physiques d’une part et d’assurer I’existence et I’unicité d’une autre part. Cela les a
amenés a adopter trois types de solutions:

1. Solutions Entropiques ont ét€ developpées pour les équations elliptiques par P. Bénilan et al.
[37] et également pour les equations paraboliques [94] par A. Prignet.

2. Solutions Renormalisées qui ont été€ introduites par R. Di Perna et P. L. Lions [58] pour
I’étude des équations de Boltzmann et ensuite la notion a été adaptée pour des équations
elliptiques et paraboliques.

3. Solutions appellés SOLA (Solution Obtenue comme Limite d’ Approximations) adoptés par
Dall’ Aglio [53, 54].

Dans ce travail, les espaces modulaires non réflexifs, choisis pour étudier les équations aux dérivées
partielles (EDP) sont respectivement les espaces d’Orlicz Ly (€2) ou M est une N-fonction et les
espaces de Musielak-Orlicz, dit aussi les espaces d’Orlicz généralisés. Ces espaces sont semblables
aux espaces d’Orlicz, mais ils sont définis par une fonction plus générale M(x,r) qui peut varier

avec la localisation dans I’espace, la norme est définie au moyen de I’intégrale [ M(x,|f(x)|)dx.
Q

Ces espaces incluent plusieurs d’autres espaces comme les espaces de Lebesgue, les espaces de
Lebesgue avec poids, les espaces d’Orlicz et les espaces de Lebesgue-Sobolev a exposant vari-
ables.

Historiquement, les espaces de Musielak-Orlicz ont été étudié dans les années quarantes du
siécle dernier et depuis ils ont connu un développement assez considérable, d’abord 1’analyse fonc-
tionnelle dans ces espaces est donnée dans la monographie de celui qui porte leur nom J. Musielak
et aussi par W. Orlicz, H. Hudzik dans [83, 92] puis entre autres par des travaux récents de notre
laboratoire LAMA, qui ont traité avec soin plusieurs résultats d’approximations [17, 35, 36] et
également par P. Gwiazda et al dans [78].

De nombreux phénomenes physiques sont des motivations des problémes non linéaires dans
ces espaces, a savoir les problemes li€s aux fluides non newtoniens de comportement fortement
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inhomogene avec une grande capacité a augmenter leur viscosité dans des conditions différentes.
Alors que les problemes modeles considérés sont de type elliptique-parabolique non linéaires suiv-
ant:

W) 1 A(u) + K (x,t,u,Vit) = f+div(®(x,t,u)) dans Or,
(EP) < u(x,1)=0 sur  dQx (0,7), 3)
b(u)(x,0) = up(x) dans Q.

faisant intervenir I’opérateur divergentiel A(u) = diva(x,t,u, Vi) otta : Q7 x R x RY — RN est un
opérateur de Leray-Lions qui vérifie les conditions de croissance, de monotonie et de coercivité.
K : Q1 x R x RY — R est une fonction de Carathéodory qui ne vérifie pas la condition de signe mais
elle satisfait la condition de croissance, @ : Q7 X R — IRV est aussi une fonction de Carathéodory
qui vérifie juste la condition de croissance non plyndmiale mais pas la condition de coercivité. La
donnée f est une mesure de Radon ou elle est plus restrictive si on prend f € L' (Q).

Dans la suite I’équation (EP) sera notée par (E) dans le cas elliptique.

On rappelle que ce type de problemes a été longuement étudié dans le contexte des espaces clas-
siques de Lebesgue-Sobolev. Dans le cas elliptique (E) et variationnel, on remonte aux premieres
études de Leray-Lions [87] avec K = ® = ( ensuite F. E. Browder [52] et P. Hess [82] qui ont abordé
le cas K = K(x,u) dans le cas non variationnel. De méme dans [45], L. Boccardo et T. Gallouet
ont généralisé le cas linéaire de (E) avec (f € .#(Q) ou f € L'(Q)). Dans le cas parabolique, on
renvoit 2 R. Landes et V. Mustonen [86] ou b = u,® = 0,K = K (x,t,u) et f € L' (0,T,W =1 (Q))
et aussi [45] ou f est une mesure.

Peu a peu, les travaux scientifiques ont commencé a apparaitre et a traiter tous les aspects de
I’équation (EP), soit en écartant ou en intervenant 1’'un ou plus des termes b, K et ® ou en y asso-
ciant certaines conditions. Mais toutes ces solutions aux sens de distribution ne suffisent pas pour
répondre aux exigences physiques puisqu’elles ne sont pas uniques et donc ne sont pas réalistes. On
peut citer les deux fameux contre-exemples, I’un de J. Serrin [99] dans le cas elliptique et 1’autre
une équation parabolique issue de la mécanique de fluide dite Equation de Burgers, qui montrent
clairement la non unicité de la solution. Retenons aussi que la résolution numérique de ce type
d’équation nécessite d’avoir une stabilité de la solution.

C’est au début des années 90 du dernier siecle que R. Di Perna et P. L. Lions ont introduit la
notion de la solution renormalisée qui a été ensuite appliqué au type (E) dans [91]ou K =P =0
et dans le cas parabolique on peut consulter [38, 39]. Apres, un grand nombre d’articles ont été
consacrés a I’étude de I’existence de cette solution (on peut citer [4, 7]). On se réfere aux articles
traitant 1’unicité de la solution renormalisée [41, 65]. Parallclement d’autres chercheurs étaient
intéréssés par la solution entropique du probléme (EP) ( on renvoie a [43, 94]).

Dans le cas des espaces d’Orlicz, la condition de croissance polyndmiale de 1’opérateur de
Leray-Lions et du terme non linéaire inférieur, sera remplacée par une condition associée a une
N-fonction. L’étude des problemes elliptiques de type (E) avec ® = 0 dans ce cadre fonction-
nel, a vu le jour avec les premiers travaux de J. P. Gossez [77] et A. Benkirane et J. P. Gossez
[33] ol le second membre f est un élement de 1’espace dual W ~""E;;(Q) et ensuite L. Boccardo
et T. Gallouét [44] dans le cas ot f € L'(Q) (ou f est une mesure dans . (Q)). Des théoremes
d’approximation impliquant la convergence modulaire sont prouvés par J. P. Gossez [74] et dans
[33] par A. Benkirane et J. P. Gossez, qui améliorent les résultats de densité souvent utilisés dans



la théorie d’existence de la solution faible du probleme (E) ( on consulte aussi [31, 32]).

Dans le cas des problemes paraboliques, A. Elmahi et D. Meskine dans [62] ont traité les ré-
sultats d’approximation et de compacité dans le cadre des espaces de Orlicz-Sobolev inhomogene
WLy (Qr) qui généralisent ceux de [100] et [86]. Pour I’étude du probléme (EP), on renvoie
entre autres aux travaux de R. Aboulaich et al dans [8] avec b =u, K =® =0et f € W *Ez;(Qr).
D. Meskine dans [89] avec la donnée mesure, b = u, et K = ® = 0 et H. Redwane dans [96] avec
K =0,® € €(R;R"). Et dans le cas non variationnel dans [29].

Concernant les espaces de Musielak, les membres de notre Laboratoire LAMA ont contribué
par plusieurs travaux. En effet, ils ont enrichi ce cadre fonctionnel par plusieurs théoremes d’approx-
imation et aussi par des résultats d’existence de solution des problemes fortement non linéaires (
voir [15, 35, 36, 17]) et on renvoie aux travaux de P. Gwiazda et al. dans le cas ol I’espace de
Musielak est anisotropique ([78, 79, 101]).

A notre connaissance, les seuls travaux qui ont étudiés 1’existence de la solution faible dans le
cas variationnel de (E) et (EP) ont traité seulement le cas ot @ =0, K =0 et b(u) = u , on se
réfere a [101, 15], a[19] si K # 0 et il vérifie la condition de signe et a [13] dans le cas ol la donnée
est une mesure. Dans les mémes conditions les résultats d’existence de la solution entropique ou
renormalisée ainsi que 1’unicité n’ont été abordés que récemment (voir [24]).

Les travaux présentés dans ce travail sont basés sur certains des articles cités. Leur analyse
et interprétation nous ont inspiré des idées et nous ont motivé a ajouter des résultats d’existence
ou d’unicité de solutions entropiques ou renormalisées pour des problemes non linéaires du type
mentionnés ci-dessus, en surmontant les difficultés rencontrées dans les travaux précédents et qui
ne sont pas encore traitées. Ainsi, cette these comporte trois parties et elle est présentée comme
suit.

On débute la 1°™ partie, par quelques préliminaires concernant les espaces d’Orlicz et les es-
paces d’Orlicz-Sobolev inhomogene qui seront nécessaires pour aborder les chapitres 1, 2 et 5.

Le chapitre 1 est consacré a I’étude des problemes elliptiques unilatérales non linéaires suivant:

u>¢ p.p.dans Q,
(E)uq —div(a(x,u,Vu)) —div(®(x,u)) + K(x,u,Vu) =y dans Q, 4)
u=0 sur 0Q,

ol it € L1(Q) + W E;(Q).

Le premier terme non linéaire ® ne vérifie pas la condition de coercivité, le deuxieéme terme
d’ordre inférieur K est contr6lé par une croissance non polyémiale qui dépend de |Vu| et au-
cune condition de signe n’y est supposée et 1’espace d’Orlicz-Sobolev WLy (Q) n’est pas réflexif
puisque La N-fonction M ne satisfait pas la condition A,. Ce sont ces obstacles et autres auxquels
nous avons été confrontés pendant 1’étude de (E),. Pour contourner ces diffucltés, on a construit
une suite de solutions d’un probleme approché et avec des fonctions tests bien choisies, on a prouvé
I’existence d’une solution entropique unilatérale de (E),.

Le contenu de ce chapitre est I’objet d’un article soumis [68] qui est I’étendue de [11, 31, 42].

Le chapitre 2, qui est I’objet du papier accepté [65], est consacré a 1’étude des problemes de
type (EP) ot K =0eta: Qr x R x RN — RN est un champ vérifiant la condition de la monotonie
stricte de Leray-Lions ainsi que :

- La condition de croissance

10



il existe v > 0 tel que pour x € Q p.p. et pour toutes s € Ret E € RV, on a
la(x,t,5,8)| < v(ao(x,t) +M "P(|s|) +M 'M(|E])) avec ao(.,.) € Ey(Qr)etP < M,

- La condition de coercivité

a(x,,5,6).6 > aM([&]).

® : Qr x R — RY est une fonction de Caratheodory telle que
B,t,9)| < e, )M ML b)),
Enfin la fonction b : IR — IR est strictement croissante et %' (IR)-function, b(0) = 0,
p 1
bo <b'(s)<b;, Vsc€R suchthat b < o

Premierement, on aborde 1’existence d’au moins une solution renormalisée de 1’équation puis
deuxiemement, on étudie 1’unicité de la solution de ce probleme en régularisant les données.
L’importance de nos résultats réside dans la généralisation de quelques travaux qui ont été con-
sacrés ces derniéres décénnies a 1’étude de 1’unicité surtout si la donnée f € L (Q) ou f € .#(Q)
dans le cas des espaces d’Orlicz (voir 3, 9, 39, 90]).

La deuxieme partie est consacrée a I’étude des problemes de type elliptique-parabolique dans le
cadre des espaces de Musielak définit par une fonction de Musielak-Orlicz. On entame cette partie
par des préliminaires a propos des espaces de Musielak-Orlicz et des espaces Musielak-Sobolev
inhomogenes. Ensuite on introduit quelques Lemmes utiles pour la suite.

Le chapitre 3 est consacré aux résultats de I’article de A. Aberqi, J. Bennouna et M. Elmas-
soudi dans [67] qui est la généralisation de [57] dans le cas des espaces d’Orlicz. En effet dans ce
travail, on a prouvé I’existence des solutions au sens des distributions dans les espaces de Musielak-
Sobolev du probleme elliptique fortement non linéaire, avec second membre qui est une mesure de
Radon bornée, de type:

A(u) +K(x,u,Vu) = , 5)

ot A(u) = —div(a(x,u,Vu)) est un opérateur de Leray-Lions, la fonction K est supposée avoir la
condition de croissance suivante

K (x,u, Vu)| < b(x) +p () @ (x, [Vuul),

mais ne satisfait ni la condition de coercivité ni la condition de signe. Le second membre u €
A (Q). D’autre part, on montre que chaque solution u du probléeme (5), appartient a WOILP(Q)
pour tout fonction de Musielak P de .7 ou

P:QxR" — R" estune fonction de Musielak-Orlicz tel que

1 1
P < Met / P(x,BH! (x,l—))dr < oo p.p. dans Q, VB > 1.
0 T

1
r'°N

Ay =

et H(x,r) :M,reﬂ?f

Pour parvenir a surmonter cette diffuclté, on a introduit et démontré deux Lemmes techniques.

11



L’objectif du chapitre 4 est d’étudier quelques résultats d’existence des solutions entropiques
unilatérales pour des problemes paraboliques de type

u>"¢ dans Qr,

(EP); % +A(u)+ K(x,t,u,Vu) = f+div(®(x,t,u)) dans Qr,
u(x,t) =0 sur  dQx (0,T),
u(x,t =0) = up(x) dans Q.

On va essayer de démontrer quelques théoremes d’approximation dans les espaces de Musielak-
Sobolev Inhomogenes, ensuite on va donner une définition de la solution entropique du probleme
(EP)¢ pour aborder les résultats d’existence.

La condition de coercivité de 1’opérateur A(u) = a(x,t,u, Vu) est remplacée par

lax.t,u, V)| > oM (x, [Vul) + M (x,]s)),

afin de surmonter la difficulté causée par I’élimination de la condition de signe de K. Ajoutant aussi
qu’aucune hypothese de régularité n’etait supposée &tre vérifié par la fonction obstacle {.

Loriginalité de cette étude réside dans le cadre fonctionnel qui est compliqué vu la dépendance
de la fonction de Musielak de deux variables et aussi le manque de travaux qui ont traité ce type de
problemes. Enfin, on propose une méthode de pénalisation pour répondre a la difficuté de 1’ obstacle
qui doit respecter la solution trouvée.

Signalons que ce chapitre est I’objet de 1’article accepté [64].

Enfin, dans la derniere partie de ce travail qui est constituée du chapitre 5, on propose une autre
approche de solutions a savoir la solution numérique. En effet partons du probleme suivant:

W) _ div(a(Vu) +D(u)) = f,
u=0 on 9dQx(0,T), (0)
b(u(.,0)) =b(up(x)) in JQ.

ou I’opérateur de gouvernance a(Vu) est décrit par une non-linéarité dont la croissance isotrope
et non polynomiale en termes de N-fonction M qui ne satisfait pas la condition /A\;, le terme non
linéaire ® est une fonction de carathéodory non coercive qui satisfait la condition de croissance et
feL([0,T];L*(Q)).

On étudie I’existence et 1’unicité de solution du probleme (6) dans le sens des distributions
via une méthode numérique qui combine le schéma de Backward-Euler pour la discrétisation tem-
porelle avec un schéma d’approximation interne généralisé pour la discrétisation spatiale. A partir
de la condition initiale ug, on construit une sous-suite de solutions numériques qui converge vers
la solution théorique, puis on fournie une estimation a priori de I’erreur pour la semi-discrétisation
temporelle et on termine par une illustration numérique pour un exemple simple en utilisant le logi-
ciel MATLAB. Notons que, ces approximations numériques utilisent les méthodes des éléments
finis dans I’espace et la méthode d’Euler dans le temps.

Le contenu de cette partie fait I’objet de 1’article soumis [69].

Tout au long de ce tarvail, les conditions aux limites sont de type de Dirichlet et les tech-
niques utilisées pendant la résolution des problémes traités sont en premier lieu, une recherche
d’estimation a priori puis utilisation des fonctions tests et des molifications adéquates pour les
transformer (ces estimations) en des résultats d’existence de solutions.
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Outils de base

Les résultats qu’on va présenter ici restent vrais dans un cadre général et on va s’en servir dans
les trois parties. Les démonstrations des théoremes et lemmes se trouvent dans plusieurs ouvrages.
Dans la suite Q est un ouvert borné de R" muni de la mesure de Lebesgue usuelle et N est un entier
naturel non nul.

Notons que |E| ou meas(E) désignera la mesure (de Lebesgue) du sous-ensemble E C IR.

Theorem 0.0.1. (Théoréeme de convergence dominée)
Soit (f,,) une suite de fonctions dans L' (Q) telle que

i) fu — f p.p. dans Q,

ii) il existe g € L' (Q) tel que pour tout n,

| < g p.p. dans Q.

Alors, ona f € L'(Q) et lim / fudx = / fdx.
n—e JQ Q

Lemma 0.0.1. (Lemme de Fatou)
Soit (f,) une suite de fonctions mesurables positives. Alors

/Q (liminf f,)dx < liminf / Sudx.

n—yoo n—yoo
Lemma 0.0.2. Soit f,,, f € L' (Q) tels que
i) f, > 0p.p. dans Q,

ii) f, — f p.p. dans Q,
iii) lim / Jndx = / fdx.
n—e JQ Q
Alors f, — f fortement dans L' (Q).

Theorem 0.0.2. (Théoreme de Vitali)
Soit (f,) une suite de fonctions dans L' (Q) telle que

(i) fu — f ppdans Q,

(i) Ve >0, 36>0/|E|<6:>/|fn|dx<8, Vi,
E
(iii) Ve >0, IF C Q avec \F]<ooet/\ | fuldx < €, Vn.
Q\F

Alors f € LY(Q) et f, — f fortement dans L' (Q).

Theorem 0.0.3. (Banach-Alaoglu-Bourbaki)([51])
Soit E un espace de Banach et E' son espace dual.
Alors U'ensemble Bgr = {f € E'; || f|| < 1} est compact pour la topologie faible-* c(E' E).
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Definition 0.0.1. (Suite équi-integrable)
On dit qu’une suite f, € L'(Q) est équi-integrable si pour tout € > 0 il existe ) > 0 et un ensemble
mesurable A C Q de mesure finie (|A| < o) tels que

i) vnzl,/ fuldx < &,
QA

il) VE C Q,

E|<n— / fuldx < .
Q\E

Definition 0.0.2. (Fonction de Carathéodory)
Une fonction réelle f = f(x,s), définie sur Q x R™, est dite de Carathéodory si on a

i) la fonction f(x,.) est continue pour presque tout x € Q,
ii) la fonction f(.,s) est mesurable sur Q pour tout s € IR.

Definition 0.0.3. (Fonction troncature)
Soit k > 0, la fonction tronquante Ty, : R — R est définie par Ti(s) = max(—k, min(k,s)).

Ti(s) = max(—k, min(k, s)) .

tThis)
L — —

el
i

Notation On utilise la notation suivante.
Désignant par €(n,n, j,m) toute quantité telle que

lim Iim Ilim lim &(n im) =0.
n—+o00 1| —>—-00 j—3 400 M—>—o00 ( 7n7]7 )

Si la quantité que nous considérons ne dépend pas d’un parametre parmi n, 1, j ou m, nous
omettons la dépendance du parametre correspondant.
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Part I

Some nonlinear problems in Orlicz-Sobolev
spaces
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0.1 Preliminaries of Orlicz-Sobolev spaces

We recall here some standard notations, properties and results which will be used through this
thesis. Let  be a bounded open set of RN and Q1 = Q x (0,T), T is a positive real number.
Let M : R™ — R* be an N-function, that is, M is continuous, convex, with M(¢) > 0 for ¢t > 0,
M(t)/t - 0ast— 0, and M(t)/t — +o0 as t — +oo. Equivalently, M admits the representation
t

M(t) = / a(s)ds, where a: R" — R" is non-decreasing, right continuous, with a(0) =0, a(t) > 0
O — —
for t > 0, and a(t) — +oo as t — +oo. The N-function M conjugate to M is defined by M(t) =
t
a(s)ds, where @: R" — R is given by a(t) = sup{s : a(s) <t}.

We will extend these N-functions into even functions on all R.
Let P and Q be two N-functions. P < Q means that P grows essentially less rapidly than Q,

P(t B (;
that is, for each € > 0, lim ®) = 0. This is the case if and only if lim 0 =0.
A o e PI(D)
Proposition 0.1.1.
P < M if and only if, for all € > 0 there exists a constant cg such that,
P(t) < M(et)+ce,Vt > 0. (7)

Examples 0.1.1. We give some example for a N-functions

M(t) = %|t|p and M(n) = %|t|q where %—F% =1;

M(t) = (jt] = V)exp(|e]) + 1 and M(n) = (|t(n)]*> = [t(n)] + 1) exp(|t(n)]) — 1 where t(n) is the
solution of equation |t(n)|exp(|t(n)|) =n.

The Orlicz space Ly (Q) is defined as

Ly(Q)={u:Q—R: / M(@)dx < +e  forsome A >0}.
Q
The set Ly () is Banach space under the norm ||u|[y;.o = inf{A > 0: / M(@)dx <1}.
’ Q

The closure in Ly;(€) of the set of bounded measurable functions with compact support in Q
is denoted by Ej(Q). It is a separable space and (Epy(Q))* = Ly;(Q). The dual Ep () can be

identified with Ly;(Q) by means of the pairing / uvdx, and the dual norm of Ly;(Q) is equivalent
Q

o [[ull37 q-

Now we turn to the Orlicz-Sobolev space, W1Ly (Q) (resp. W'Ey(Q)) is the space of all
functions u such that « and its distributional derivatives up to order 1 lie in Ly () (resp. Ep(2)).
It is a Banach space under the norm

lullipe =Y. ID%u|m.0.

lor| <1
We recall the following lemmas:

Lemma 0.1.1. (Dominated convergence) Let fi, f in Ly (Q).
If fr = fae and |fi| < |g|ae. and/ M(A|g|)dx < oo for every A > 0, then fi — f in Ly (Q).
Q
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Lemma 0.1.2. (see [77], [84, p.132]) If a sequence g, € Ly (Q) converges a.e. to g and g, remains
bounded in Ly (Q), then g € Ly () and g, — g in 6(Ly, Ezp).

Lemma 0.1.3. Let F : R — R be uniformly Lipschitzian, with F(0) = 0. Let u € WLy (Q). Then
F(u) e WLy (Q).
Moreover if the set D of discontinuity points of F' is finite, then

d B F’(u)a—)’:l a.e. in {x€Q;u(x) D}
8_xlF(u) B { 0 ’ a.e. in {x € Q;u(x) € D}.

Proof. Tt is easily adapted from that given in [76] in the case W'Ly;(Q), by Theorem 1 of [74]
instead of Theorem 4 of [74] (see also Remark 5 of [76]). OJ

Lemma 0.1.4. (see [61]) Let F : R — IR be uniformly Lipschitzian, with F(0) = 0. We sup-
pose that the set of discontinuity points of F' is finite. Let M be an N-function. Then the map-
ping F : W'Ly (Q) — WLy (Q) is sequentially continuous with respect to the weak-* topology

Lemma 0.1.5. [74]

Let Q has the segment property. For each v € WolLM(Q), there exists a sequence v, € Z(Q) such
that v,, converges to v for the modular convergence in WO1 Ly(Q).

Furthermore, if v € Wy Ly (Q) NL*(Q) then Vallz=(@) < (N + 1) |V][=(@)-

Lemma 0.1.6. (See [74])
For all u € W Ly (Q) with meas(Q) < +oo one has

|ul
/Q M(hdx < /Q M(|Vu|)dx, @®)

where 6 = diam(Q) is the diameter of Q.

Inhomogeneous Orlicz-Sobolev spaces

For each o € INV, denote by V¢ the distributional derivative on Q7 of order & with respect to
the variable x € NV,

The inhomogeneous Orlicz-Sobolev spaces are defined as follows,

WLy (Q7) = {u € Ly (Qr) : V¥u € Ly (Qr), Yoo € NN | || < 1},

W Eyn(Or) = {u € Ey(Qr) : V¥ € Ey(Q7), Vo € NV || < 1}.

We can easily show that they form a complementary system when Q satisfies the segment
property. These spaces are considered as subspaces of the product space 1Ly, (Qr) which have as
many copies as there is oc-order derivatives, || < 1. We shall also consider the weak topologies
o (T11Ly, T1E3;) and o (ILy, TLgz). If u € WLy (Qr) then the function : £ +— u(t) = u(t,.) is de-
fined on (0,7) with values W'Ly;(Q). If, further, u € W'*Ey;(Qr), then the concerned function
is a W!Ejy;(Qr)-valued and is strongly measurable. Furthermore the following imbedding holds:

WIEM(QT) - Ll (07 T7W1EM(Q))

17



The space W!*Ly;(Qr) is not in general separable, if W!*Ly;(Qr), we can not conclude
that the function () is measurable on (0,7’). However, the scalar function ¢ — |[u(t) ||y q, is in
L'(0,T). The space WO1 “Epn(Qr) is defined as the (norm) closure W!'~Ey;(Qr) of 2(Qr). We can
easily show as in [29] that when Q has the segment property, then each element u of the closure
of Z2(Qr) with respect of the weak* topology o (I1Lys,I1E3;) is a limit, in Wo] “Epm(Qr), of some
subsequence (u;) C 2(Qr) for the modular convergence; i.e. there exists A > 0 such that for all
o] <1

M( Vou;—Veu
Or A
This implies that (u;) converge to u in WLy (Qr) for the weak topology o (I1Ly, 1L;).
Furthermore, WO1 “Em(Qr) = WO1 "Ly (Qr) NTIEy.
We have then the following complementary system

Ydxdt -0 as i—co.

W, "Lu(Qr) F
W, “En(Qr) Fo

F being the dual space of WO1 “Epm(Qr). It is also, except for an isomorphism, the quotient of I1Lz;
by the polar set WO1 “Ep(Qr)*, and will be denoted by F = W*LXLM(QT) and it is show that,

WLy (QT { Z VO‘foc Ja ELM(QT)}-
la|<1

This space will be equipped with the usual quotient norm || f|| = inf ¥ 4|<1 || fa|l5z7 o, » Where the
infimum is taken on all possible decompositions f =Y <1 Vi fa, fo € Lz7(Qr). The space Fy is

then given by, Fy = {f =Yja<1 Vifa: fa € EM(QT)}, and is denoted by Fy = W 1~E5(Qr).

Remark 0.1.1. We can easily check, using Lemma 0.1.3, that each uniformly Lipschitzian mapping
F, with F(0) = 0, acts in inhomogeneous Orlicz-Sobolev spaces of order 1: WLy (Qr) and

WOI’XLM(QT>.

Lemma 0.1.7. Let {u,} be a bounded sequence in W' Ly (Qr) such that a“" =a,+ B, in 2'(0r),
— u weakly in WLy (Qr) for o(T1Ly, TEz;), with {04} and {[3,,} rwo bounded sequences

respectively in W Lez(Or) and in 4 (Qr). Then uy, — uin L} (Qr).

Furthermore, if u, € Wo1 “Ly(Qr), then u, — u strongly in L'(Qr).

Lemma 0.1.8. (see [57]) For all u € WOILM(QT) with meas(Qr) < oo one has

|ul
/Q M dxde < / M(|Vu|)dxdt )

Or
where A = diam(Qr), is the diameter of Q.
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Nonlinear elliptic equations with measure data

In this chapter we consider the following equation
Au—div(®(x,u)) + K(x,u,Vu) = u,

where Au = —div(a(x,u, Vu)) is a Leray—Lions operator defined on D(A) C WiLy(Q), u €
L'(Q) + W E(Q), and M and M are two complementary N-functions. we will be concerned
with the existence result of the unilateral problem in Orlicz spaces, such that the first and the sec-
ond lower terms & and K satisfies only the growth condition and any sign condition is assumed and
u > ¢ where { is a measurable function. The modular functions M and M do not require M € /\».

1.1 Introduction

Let Q be a bounded open domain in RY, (N > 2) and consider the following strongly nonlinear
Dirichlet problem with obstacle

u>{¢ ae.in Q,
—div(a(x,u,Vu)) —div(®(x,u)) + K(x,u,Vu) =u on Q, (1.1)
u=0 on JQ,

where 1 € L'(Q) + W 1E(Q).

Under our assumptions, the problem (1.1) does not admit, in general, a weak solution since the
term &® may not belong to (L'(Q))" and a lack of coercivity for the two terms @ and K. Thus, to
overcome this difficulty we use in this chapter the framework of an entropy solution, which needs
less regularity than the usual weak solutions. Knowing that the notion of entropy solutions have
been developed by P. Bénilan et al. [37] for the study of nonlinear elliptic problems.

In [42], L. Boccardo et al. has study the existence and uniqueness of entropy solutions for the
problem

—div(a(x,u,Vu))+K(x,u,Vu) = on Q,
{ u=0 on JQ,

in the Classical Sobolev space WO1 P(Q), where K is a polynomial growth and g is measure in
AMp(Q), L. Boccardo et al. proved the existence results and in [47] have demonstrated that u €
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A (Q) if only if u € L1(Q)+ W17 (Q).

To our knowledge, it is not yet possible to decompose the Radon measure in setting Orlicz
space, therefore the authors studied the problem (1.1) with the second member as the sum of an
element of W~ 'Ez;(Q) and of a function of L'(Q). In the first J. P. Gossez and Mustonen in
[75] proved Existence of entropy solutions for nonlinear problem (1.1) where u € W’lEM(Q) and
K satisfies the sign condition. A. Benkirane and J. Bennouna in [32] proved the existence and
uniqueness of solutions of unilateral problem where ® = K = 0 and u € L!(Q), L. Aharouch and
M. Rhoudaf in [10] with @ = 0 and K satisfied the sign condition and L. Aharouch et al. in [11]
have proved the existence results where K = 0, ® € €°(R,RV) and p € L' (Q) + W Ez(Q).

In this chapter, we are interested in proving the existence of entropy solution for unilateral
problem associated to (1.1) where ® depends on x,u and satisfies only the growth condition and K
is a nonlinear lower-order term having natural growth with respect to |Vu|. the second member of
(1.1) as u = f —div(F) with f € L'(Q) and F € W1 Eg(Q).

The main difficulties of this problem are in the first the lack of coercivity lower order term &
that makes the operator that governs the equation, non coercive. The second lower order term K is
controlled by a non-polynomial growth (see (1.6)) and no sign condition is assumed.

Note that Our result generalizes that of [11, 31, 32, 42] to the case of Orlicz Sobolev spaces.

1.2 Main result

Let M and P be two N-functions such that P < M.
a: QxR xRN — RV is Caratheodory function such that fora.e. x € Qand foralls € R, £, E* € RV,

§#&"

la(x,s,&)| < Blao(x) +M ' Pki|s]) + M 'M(ka|E])), (1.2)

where B > 0,a0(.) € E;(Q).
(a(xvsvé)_a(x7sa§*)(§_é*) >07 (13)
alx,s,E).€ > aM(|E]) +M(]s)). (1.4)

®: QxR — RY is a Carathéodory function such that
——1
[@(x,5)| < c(x)M M(aols]), (1.5)

where ¢(.) € L*(Q). [le(.) 1@y < & and 0 < ap < min(1, }).
K :Q xR xRN — R is a Carathéodory function such that

K (x,5,8)| < h(x)+p(s)M(|S]), (1.6)

p : R — R™ is a continuous positive function which belongs to L' (R) N L®(R) and k(.) € L' (Q).
Let u € L1(Q) + W Ez(Q), such that

p=f—div(F) with feL'(Q) and F ¢ (EQ))". (1.7)
Given a measurable obstacle function § : Q — R,
Ke={ue WiLy(Q):u>¢ ae. in Q}, (1.8)
and we suppose that Ky N L™(Q) # 0.
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Definition 1.2.1. A measurable function u defined on Q is a entropy solution of problem (1.1), if it
satisfies the following conditions:

(

uc D(A) ﬂWOILM<Q)7 u Z Cu
a(x,u, Vu)VTi(u—v)dx+ | ®(x,u)VTi(u—v)dx
Q

Q
—|—/K(x,u,Vu)VTk(u—v)de/ka(u—v)dx—f—/FVTk(u—v)dx
Q Q Q
| WeKNL*(Q), Vk>0.

(1.9)

Theorem 1.2.1. Assume that (1.2) — (1.8) hold true.Then there exists at least one solution of the
unilateral problem (1.1) in the sense of the Definition 1.2.1.

Remark 1.2.1. e The condition (1.4) can be replaced by the weaker one
a(x,s,8)& = aM([&]) +M(ls|) — b(x),
where b(x) is in L'-function.

o The result obtained in Theorem 1.2.1, remains true if we replace (1.5) by the following growth

condition
1®(x,5)| < c(x)P'P(s]), (1.10)

where c(.) € Ep(Q) and P < M.

e Foranys € Rand o' > 0, we have

Iriyes)

—Hpuaﬂ) < exp(£G(s)) < exp(— ) (1.11)

exp(

SMdr

where G(s) = p
0

Remark 1.2.2. o The explicit dependence in x of the functions a, ® and K will be omitted so
that a(x,u,Vu) = a(u,Vu), ®(x,u) = ®(u) and K (x,u,Vu) = K(u,Vu).

o We will denote by C; with i = 1,2, ... any constant which depends on the various quantities of
the problem but not on n.

Proof of Theorem 1.2.1:
Step 1: Existence for the problem Galerkin approximation.
For each n > 0, we define the following approximations

an(s,E) = a(Tp(s),E) ae.xcQ VscR,VEERY,
D,(s) =P(Tu(s)) aexeQ, VseR,

,VseR, VEeRN.
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Let (f,), be a sequence of smooth functions such that f,, — f strongly in L' (Q).
Let us now consider the approximate problem :

u, € Kz ND(A)
n nav n \% n— d +/ (I) n V n— d
/Qa (tt, Vun )V (up — v)dx (t4)V (up — v)dx (1.12)

—|—/K up, Vuy)(u dx</fn v)dx—l—/FV(un—v)dx Vv e Ke.
Q

Since K;, is bounded for any fixed n > 0, there exists at least one solution u, € WOlLM(Q) of (1.12)
(see [75)).
Step 2: A priori estimates.

Lemma 1.2.1.
Let {uyn}, be a solution of the approximate problem (1.12). Then for all k > 0, there exists a two
constants C| and Cy such that

| MOVT() Ddx < kCy +Co. (1.13)

Proof. Let vy € Ky NL™ (L) Wy Ep(Q) and fix k > 0.
Let u, —exp(G(un)) Tx(un —vo) ™ as a test function in problem (1.12), where G(s / plr d r and

o/ > 0 is a parameter to be specified later. We get
/Q (1, VitV (exp(G (1)) T (1t — vo)* ) lx
+ / (1) V (exp(G (1)) Tt — vo) )l + / Ko (i1, Vitn) xp(G(16)) T (0 — vo) +dlx
Q

< kexp(1I) 1y + [ F9 (exp(Glan) T v0) ). (1.14)

* In the second term of the left-hand side of (1.14), we use (1.5), (2.5.8) and Young inequality to
get

”c(')”L‘”(Q)

/ D, (1) (exp(G (1)) Tt — v0) ")l < ==
o) o

+ [ (V1] 1) exp(G ) Tt — v0) * ]
+2[|e( )]z M(|un|) exp(G(un))dx
|un—vo|<k
+ HC(')HL""(Q)/ M(|Vuy|) exp(G(un))dx+cy.
{Oﬁun*VOSk}
* For the third term of the left-hand side of (1.14), we have

] Kl Vi) exp(G ) Tt ) < kexp( 2L ]

+/QP uy) exp(G(un) )M(|Vun|) Ty (uy, — vo) tdx.
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(

* For the second term of the right-hand side of (1.14), we have

k — |F
L PV (explGlan) T = v0) ) < - expL2I oo [ (D
&
-5 / P () exp(G(u,,))M(|Vun|)Tk(un o)t dx
HPIIL1
M dx+ ¢ exp(G(uy) )M (|Vuy|)dx+ c;.
{0<up—vo)* <k}
Finally, using the above and (1.4) in (1.14) we get

1= ollc()ll=

o ) /QM (lun])p (1tn) exp(G () Tic(uy — vo) " dx
+[2- % 1= 5] | ) exp (Gl M|Vt ity = v0)

n /Q (it, Vitn) xp(G(10) )V (Tt (1 — vo) + )dx
<2l imaen [ M) exp(Glun)d
+(lle0)llz=a +81)/ M(|Viup|) exp(Glun) )dx + c3k + ca.
{0<u,—vo<k}

where c4 = ¢1 + 3.
(04 .
If we choose o and €, such that o’ = 7 & <o o' —|lc(.)||1=(q), we obtain

/ a(uy, Vuy,)exp(G(uy)) Vuydx
{0<up—vo<k}

&1+ le() =)
<( ) [06006 M([un|) exp(G(un))dx+a M(|Vitn]) exp(G(un))dx
o {0<u,, —vo<k} {0<u,, —vo<k}
+/ a(uy, Vuy)exp(G(un))Vvodx + c3k + ca.
{0<up—vo<k}
Since g < 1 and using (1.4) we get
e+ [le()llz=
[1—( ( ))]/ a(x,un, Vuy) exp(G(uy))Vu,dx
(01 {0<up—vo<k}
S/ a(un, Vuy) exp(G(uy))Vvodx + c3k + ca,
{0<u,—vo<k}
By using (1.3), we get for any o; > 0 ( ¢ is a parameter to be specified later).
\%
a | a1t Vit exp(Giuy))
{0<u,, —vo<k}
Vv() VV()
<al it Vity) exp(Gluy) Vitgdx— | (-2 ) exp(Glan)) (Vitn — )]
{0<u, —vo<k} {0<u,—vo<k} o aq
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then

c'/ a(x,up, Vuy) exp(G(uy,))Vu,dx
{0<uy,—vo<k}

VVO Vv Vv

= g ) 1exp(G ) [Vinld 0 | exp(Glun))| 2 |dx|
< 1[ /{o<un_vo<k}|“(”" o |G Vunldrt [ (<o Sl exp(Glun))|

&l &1+ [lc()l
Takingc/:[l—(l Ll (Q))—Ozl] suchthat061<l—(l leC)llz=(0)

o
Using (1.2), (7) and Young inequality, we have
Vv
a(un, 5 ) €xB(Glan) Vit
IPlli@), , 1~ |4 / [V
< exp(+ 7 B [M(a(0) + M(Tg1) +C o Mlka= )+ 3M (V)] (1.16)
and
VV() VVO
|a(un, ” )| exp(G(un))] o
p _ 0 , \Y %
gexp(w)ﬁ M(a(x) + M)y 4 +M(kzﬂ)+3M(m)]. (1.17)
o 0 o o

Since Y0 ¢ (Ep())N, one pass to the integral in (1.16), (1.17) and using (2.5.8), (1.11) and by

(23]

(1.15), we get

c// a(x,uy, Vuy) exp(G(uy,))Vu,dx
{0<up,—vo<k}

Pl e

<4aypexp( o

)/ M(|Vitn])dx + csk+ ce.
{0<u, —vo<k}

/

el ¢ ol
4) < EeXP(—4

M(|Vuy,|)dx < c7k+ cg. (1.18)

Taking also a; such that 4a; 3 exp( ) and using (1.4), we obtain

AO<un—vo<k}
Similarly, taking u, +exp(—G(u,))T}(un — vo)~ as a test function in problem (1.12), we get

c'/ a(x,up, Vuy) exp(—G(u,))Vu,dx
{—k<up—vo<0}

/
gc—/ exp(—G (1) M(|Vitn|)dx + cok +c1o.  (1.19)
2 J{—k<up—vo<0}

and
/ M(|Vin|)dx < e1ik+c1a. (1.20)
{—k<up—vp<0}
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Combining now (1.18) and (1.20), we deduce (1.13).
Since {x € Q;|u,| <k} C {x € Q;|u, —vo| < k+||vol|=}, we obtain

| MOV Ddx = [ M(VTiG)
|un | <k

<

/ M(|VTi(u)|)dx
|ttn—vo<| <k=+]|vo]|co
<KCy +Co.

We conclude that {7} (1)}, is bounded in W, Ly (Q) independently of n and for any k > 0, so there
exists a subsequence still denoted by u,, such that

Ti(un) — &  weaklyin -~ Wy Ly(Q). (1.21)

On the other hand, using (2.5.8), we have

k
ad <
M (s meas{lu] > K} < /{|un>k}M( .

g/M(|VTk(u,,)|)dx§kC1+C2.
Q

kCi1+C,

Then meas{|uy| > k} < ———— for all n and for all k.
M(5)
Thus, we get
lim meas{|u,| >k} =0.
k—yo0
O
Step 3:

Now we turn to prove the almost every convergence of u, and convergence of a, (T (un), VI (uy)).

Proposition 1.2.1. Let u, be a solution of the approximate problem, then there exists a measurable
function u such that
u, —»u a.ein L, (1.22)

and

an(Ti(un), VTi(uy)) — @ in (LM(Q))N, for 6 (TI1Ly;,I1Ey), and for some @y € (LM(Q))N.
(1.23)

Proof.
Proof of (1.22):
Letn > 0 and € > 0 then

meas{|u, — up| > N} < meas{|u,| > k} +meas{|u,| > k} +meas{| Ty (u,) — Ti(um)| > N}

By (4.43), we can assume that {7 (u,)}, is a Cauchy sequence in measure in Q.
Thus, there exists k(&) > 0 such that meas{ |7} (u,) — T (u)| > N} < € for all n,m > ny. Then {u, },
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is a Cauchy sequence in measure in 2 and then converges almost everywhere to some measurable
function u.

Proof of (1.23):

We shall prove that {a(Ty (), VTj(u,)) }n is bounded in (LM(Q))N.

Let w € (Ep(Q))" be arbitrary. By condition (1.3) we have

(a(up, Vuyp) — a(un,w))(Vuy, —w) > 0.
Then

/ a(uy, Vi, )wdx < / a(uy, Vuy)Vupdx + a(uy,w)(w— Vuy,)dx.
{[un| <k} {[un| <k} {[un| <k}

By (1.2) we have for v > 3,

_ a(un,%) B o
/{|un<k}M( 3B s 5[/QM(“O(X))‘Z”/QP(kl|Tk(un)|)dX+M(\W\)dx]

< 3’%[ /Q M(ao(x))dx+ /Q P(kik)dx+M(|w))dx].

Thus, {a(Ti(un),7;)} is bounded in (Lz())N. By (1.13), (1.19) and by the Theorem of Banach-

Steinhaus, the sequence {a(Ty(uy), VT (1))} remains bounded in (Lz;(Q))" and we conclude
(1.23). [

Step 4: Almost everywhere convergence of the gradients.
To have that the gradient converges almost everywhere, we need to prove this proposition

Proposition 1.2.2. Let {uy}, be a solution of the approximate problem (1.12), then

lim limsup/ a(uy, Vi, )Vupdx = 0. (1.24)
{m<|uy|<m+1}

M= p oo

For a subsequence as n — o
Vu, - Vu ae in Q. (1.25)

Proof.
Taking the function Z,,(u,) = u, +exp(—G(un)) W (un)~, where Wy, (u,) = Ty (uy — T (un))-
Multiplying the approximating equation (1.12) by the test function Z,,(u;,,), we get

| 102, V10)V(exp(—Gun) i (1))l
+/(I)n(un)V(exp(—G(un))I//m(un))dx+/QK,,(un,Vun)exp(—G(un))l//m(un)dx (1.26)
> [ Frexp(=Glun) Yin{u) ™ dx-+ | FV(exp(=Gun) Yo () )l
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* In the second term of the left-hand side of (1.26), we use (1.5), (2.5.8) and Young inequality to
get

a9 exp~ ) i) Nt < I [ [ ) ) exp - Gn) i)l

+ | M) p 1) exp(~G10) Yinlts) ]
HleOll@oo [ Ml exp(—Glu)dx

+ () Hm(g)/QM(IVWm(un)_I)GXp(—G(un))dx.

* For the second term of the right-hand side of (1.26), we have

L F9 (exp(-Glun) wintun) ) < LU exp 121 [ gy )
=7 p(un>exp(—G(un»M(rwnr>wm<un>-dx
ol = |F| )
rexp(lEL) /{ oty MO V€1 [ exp(=Glun))M (Vi) ).

Using the same argument in step 2, we obtain
/Qan(un,Vun)V(l//m(un)_)dxgex HPHL /fn (un dx—l—/ up)dx
|

”p”L /M dx—I—/ (—|)dx]. (1.27)
(m+1)<up,<—m} &1

where é =i (e ()”L; e exp(—%).

Passing to limit as n — oo, since the pointwise convergence of u, and strongly convergence in
L'(Q) of f, we get

lim [ an(ttn, Vitn)V (W) " )elx < /fn dx+/ h(x)Z
n—+oo JO

||p||L°°/M IFl\z. +/ 371 i
& (m+1)<u<—-m} &l

Using Lebesgue’s theorem and passing to limit as m — oo, in the all term of the right-hand side,
we get

lim lim an(ttn, Vity)Viydx = 0.

m=rFoon=+o0 J{—(m+1)<up<—m}
In the same way we take Z,(u,) = u, — exp(G(u,))Wm(u,)* and multiplying the approximating
equation (1.12) by the test function Z,,(u,) and we also obtain

lim lim an(Up, Vi,)Vuydx = 0.
m——~+oo n—r—+-o0 {mgungm_l’-]}
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On the above we get (1.24).
To show that Vu,, — Vu a.e. in Q where {u,}, is the solution of the approximate problem
(1.12), we first call the following Lemma,

Lemma 1.2.2. (/29])
Under assumptions (1.2)-(1.7) and let (z,) be a sequence in WOILM(Q) such that:

zn—2z for o(IlLy,I1Ey;), (1.28)
(a(zn,Vzy))  is bounded in (Lz(Q))Y, (1.29)
/Q[a(zn, Vi) — a(zn, Vzxs)]|[Vzn — Vzxsldx — 0, (1.30)

as n and s tend to +o0 and where X is the characteristic function of Q° = {x € Q;|Vz| < s} then,

Vz, = Vz a.e inQ, (1.31)

lim a(zn,Vzn)Vzndx:/a(z,Vz)Vzdx, (1.32)
n—-+ JO Q

M(|Vz,|) = M(|Vz]) in LY(Q). (1.33)

Let v; € Z(Q) be a sequence such that v; — u in W Ly (Q) for the modular convergence.
We introduce a sequence of increasing C!(R)-functions S,, such that for any m > 1

Sm(r)=1 for |r| <m,
Sm(r)=m+1—|r| form<|r|<m+1,
Sm(r)=0 lr| >m+1.

And we denote by €(n,1n, j,m) all quantities (possibly different) such that

lim lim lim lim lim &(n,n,j,m)=0.
m—>+00 j—p+o0 ) —>+00 [l — 00 n—r o0

For fixed k > 0, let Wi/ = Ty (Ti(un) — T (v;)) " and Wij = Ty (Ti(e) — T (0;))
Multiplying the approximating equation by u, — exp(G(u,))Wy' Sy () and using (1.4) and (1.6)
we obtain

(

/Qan(un,Vun)exp(G(un))V(ngf)Sm(un)dx+/Qan(un,Vun)Vu,,exp(G(un))Wﬁ7J'S;1(un)dx
_ / D, (1) €xp(G 1))V (W) Sy (1) dlx — /Q D, (1) Vit €xp(G 1) Wi S (1) dx
< fnexp(G(un))W,;”jSm(un)dx+/Qh(x)exp(G(un))W,’;ijm(un)dx

+ [ Fexp(G(un)) V(Wi ) S (1) dx + / FVu,exp(G(uy) )Wy Sh, (uy)dx.
. Q Q

(1.34)
Now we pass to the limit in (1.34) for k real number fixed.
In order to perform this task we prove below the following results for any fixed £ > O:
/ D (1) S (1) exp(G 1))V (W) dx = £(n, j) for any m > 1, (1.35)
Q
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/Q O (1) Vit Sl (1) exp(Glun) Wi dx = £(n, j)  forany m > 1, (1.36)

|t V1) Vi, () exp(G 1) Wy i < e, m), (137)

[ i, Vi) xp GV (Wi < € -2, m), (138)

/f,, (un) exp(G(uy)) ’]dx+/ x)exp(G un))W,’,”Sm(un)dxgcn +e(n,m), (1.39)
/Q F exp(Glitn))V (Wi ) S (1t) dx + /Q FV it exp(Gun) WS, (un)dx < €(n,m, 1), (1.40)

/Q (a(Ty (1), VT (1)) — (T (), VT (10))][V T (1) — VT ()] dx s 0. (141)

Proof of (1.35):
If we take n > m+ 1, we get

Dy (1) exp(G (1)) S (tn) = (1 (1)) eXP(G (T 1 (1)) S (T 1 ()

then &, (u,)exp(G(uy))Sm(u,) is bounded in Lz;(€2), thus, by using the pointwise convergence
of u, and Lebesgue’s theorem we obtain @, (u, ) exp(G(uy))Sm(un) — P(u) exp(G(u))S,(u), with
the modular convergence as n — oo, then

D (u4n) exp(G (un)) S (un) — P (ut) exp(G(u))Sm(u) for o(I1Lyz, [TLn)-

In the other hand VWN’{I = VTi(un) = V(Ti(v;)) y for |Ti(un) — (Ti(v)))u| <M converge to VTi(u) —
V(Ti(v;))u weakly in (Ly (Q))", then

/Q D, (1) exp(G (1)) Sy (1) VW, dx — /Q D (1) Sy (1) exp(G(u)) VW p dx as 1 — +o.

Using the modular convergence of Wl{m as j — oo and letting u tends to infinity, we get (1.35).
Proof of (1.36):

For n > m+1 > k, we have Vu,S,, (u,) = VT,,11(u,) ae. in Q. By the almost every where
convergence of u, we have exp(G(u,))W,’}, — exp(G(u))WP{’n in L*(Q) weak-* and since the
sequence (P, (Tn41(un)))n converge strongly in E3;(Q), then

Dy (T 1 (tn)) exp(Gun)) Wyt — ®(Tri1 (1)) exp(G(u))W,, y, converge strongly in Egz(€2),

as n — +oo. By virtue of VT, 1(uy) — VTy1 () weakly in (Ly (Q))Y as n — +o0 we have

/ Dy (Tt 1 (1)) Vit Shy (1) exp(G (1) ) Wi dx — D (u)Vuexp(G(u) )W, , dx
m<|up|<m+1

m<|u|<m-+1

as n — oo with the modular convergence of WL{J] as j — oo and letting 4 — 4o we get (1.36).
Proof of (1.37):
For (1.37), we have

/Q (1, Vit Sty (1) Vit exp(G 1)) exp(G (1) W dix

_ (1, Vitn)Shy (1) Vit exp(G (1) Wy dx

m<|u,|<m+1
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/ n(ttn, Vg )Vuy, dx.
u,,|<m+1

Using (1.24), we get
/ an(un, Vup)S, (u,)Vuy, exp(G(un))W,j:,% dx < e(n,u,m).
Q

Proof of (1.39): '
Since Sy (r) <1 and Wy <1 we get

/Q FuSm(1tn) exp(Glun)W(Ih dx < (n, ) and /Q (%) exp(Gu ) W,ih S (1) dx < .

Proof of (1.40):

/Q F exp(Gun))V (W) Sy (1) dx + /Q FV i exp(Glun) WS} (1 )dx = Kry + Kra.
For the first integral we have

KFJ < exp(M / FVW ’de < 8(71)

Since T;(u,) and Ti(v;) converge weakly in Wy Ly (Q), we deduce
Kry <&(n,j,n).
For the first integral we know that Vu,S/, (u,) = T,,+1(u,) and using (1.4) we get

Kpp <ex HLI / M(— ’]dx+€m an(un,Vun)Vundx]
m<|u,|<m+1
<ée(n,mj,mn).
Proof of (1.38):
/Qan(un,Vu,,)Sm(un)exp(G(un))VW[f,’,édx

an (T (uy), VI (1)) Sy (1) exp(G(uy,) ) (VI (uy) — VI (V) y ) dx
/{|un<k}m{0<n(un)Tk(vj)m} (Ti(tn), VT (1)) S (160 €xp(G (1)) (VT (1) — VTi(0),0)

- an(Un, Vity) S (un) exp(G(un) ) VT (V) y dx. (1.42)
/{Iun>k}ﬂ{0<Tk(un)Tk(Uj)u)<n} o

Since ay(Tiin (Un), VIiin (un)) is bounded in (Ly;(Q))N, there exist some @y € (Ly7(2))Y such
that a,(Tiern (), VIiin (un)) = Oy weakly in (Lyz(Q))". Consequently,

an(Un, Vity) S (un) exp(G(un) ) VT (V) udx
/{Iun>k}ﬂ{0§Tk(un)—Tk(v./)u)én} H

- S (1) exp(G(u) )VTi (V) u Oy dx + €(n), (1.43)
{lu|>k}N{O<Ti (1)~ Ti(v;)u)<n } () exp(G(u)) VT (V) u Brtn (n)
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where we have used the fact that
S (un) €xp(G(un))VTi(V)) 1) X{ |5k} N {O<Ti (1)~ Te(0;)) <11}

— S (1) exp(G(u))VTi(V)) ) X{u >k} {0<Ti (1) Ty (v))) <1}

strongly in (Ep (Q))V.
Letting j — 4o, we obtain

Sm(u) exp(G(u))VTi (V) y Oprmy dx
(U >k}N{O<Ti ()T (v))) <} SR

= S(u) exp(G(u))VTi(u) y @i n dx+ €(n, j).
{lu|>k}N{0<T} (u) = Ti (u) ) <N} ( ) ( ( )) k( ),u k+n ( )

One easily has

Sm(u)exp(G(u))VTi(u)y@irndx = €(n, j,1).
/{u>k}ﬂ{0<Tk<u>—Tk<u>u><n} (1) exp(G () VTi(#)u B ( )

By (1.34)-(1.39), (1.42) and (1.43) we obtain

ay(Ti(uyn), VTi(un))Sm(uy) exp(G(uy) ) (VT (uy) — VT (V) ) dx
L o it oy i) V) S n) exp(G ) (VT i) — V(07

<Cn+en, j,u,m),
we know that exp(G(u,)) > 1 and Sy, (u,) = 1 for |u,| < k, then

an (Te(1tr). VT (100)) (VTit) — VT3 (07)) e < €+, . m).
(1.44)

/{IunSk}ﬂ{OSTk(un)—Tk(vj)u)Sn}

Proof of (1.41):

Setting for s > 0, Q° = {x € Q: |[VT}(u)| < s} and Q} = {x € Q: |[VT}(v;)| < s} and denoting by
x® and )(j the characteristic functions of Q° and Q“} respectively, we deduce that letting 0 < 6 < 1,
define

Ok = (a(Ti(un), VTi(n)) — a(Ti(un), VIr () (VTr (ttn) — VTi ().

For s > 0, we have

) [ 19
0< | Onpdr= /Q Ok X{ [T (1)~ Ti (7)< } A%+ /Q O kX | T (1)~ Ty (v}) |51} AX-

The first term of the right-side hand, with the Holder inequality,
e° dx<(| © dx)°( [ dx)'7°
Os n XA T (1) =T (0)) | < } 9K = Qs n kXA | T () =T (0 ) <} Qs

1)
<Ci( /Q Ok X{ T, ()~ T (v, <} 4%) -

Also using the Holder inequality, the second term of the right-side hand is

/Qs O {7 u) T (vy) >} 4% < /Q ®,, xdx)’( dx)' =,

/{|Tk(un)—Tk(Uj)u>ﬂ}
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since a(Ty(un), VTi(uy)) is bounded in (Lz;(Q))Y, while VT;(u,) is bounded in (Ly(Q))"N then

/QY ®s7k%{|Tk(un)—Tk(vj)”\>n}dx < szeas{x e Q: |Tk(l/ln) — Tk(vj)u’ > T[}l_s.

We obtain
/QS G),ikdx <y (/QS ®n7kx{|Tk(un)—Tk(Uj)u|S7‘l}dx)5 +C2meas{x e Q: \Tk(un) — Tk(l)j)”| > 1’[}176.

On the other hand
o On kT, ) T (0)) ] <} 4%

<

/ (@(Ti(un), VTi(un)) — a(Tiun), V() %)) (V Tic(un) = VTi(u) 15) dx.
{IT () =Ti(0j)l<n}

For each s > r,r > 0, one has

0<

/Q (a(Ti(tn), VT (un)) — a(Ti(un), VTi (1)) ) (VTi (up) — VT (1)) dx
'O Tk (un) = Ti (V)| <M}

<

/Q (a(Tic(un), VTi(un)) — a(Ti(un), VIi(u))) (Vi (un) — VTi (1)) dx
SO Tk (un) = Ti (0 <M}

=/, (@(Ti(un), VTi(utn)) — a(Ti(utn), V() x5) ) (Vi () = VT (1) X5) dx
O Tk (un) =Tie(vj)ul<n}

< /Q (@(Tic(un), VTi(un)) = a(Teun), VIi () 2°)) (VTi(ttn) = VTi(u) x°) dx
AT ) ~Tie (0| <1}

= 1oy ) VTh(0)) = (T ) VT (07 2) (V) = VI (0,2

AN

+ a(Ti(un), VTic(un)) (Vi (V) 27 — VTi(u) x*) dx
{1 T (n) —Tic(vj) | <M}

+ [ (@Tk ). VIL(0))15) — a(Tetn) YTy 1)) V)
{ITic(un) =Tie(vj) <M}

- a(Ti(un), VIi(0)) 25 VTi(0) x5) dx
/{|Tk(un)Tk(Uj)“§Tl} JIr JIAj

+ a(Ti(un), VTl 2 Vi)
{5 (un) =T (vj)u|<n}

=1Ii(n,j,s)+DL(n,j)+L(n,j)+1(n, j,u) +Is(n,u).

We go to the limit as n, j, it and s — +oo

I:/ a(Ty (1), VT, (1)) (VT (uy) — VTi(V;) y ) dx
1 {UTe(un) = Tic(vj)u <M} (Tiatn), VTilatn) ) (VT (1) (V)

- a(Tic(un), VTie(un)) (VI (0)) 25 — VT(0)) ) dx
/{Tk(”n)—Tk(Uj)ulﬁn} (Ticwn), VT (100) ) (Vi) 2 K(Vj)u)
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N a(Ti(un), VIi(07) %)) (VTic(un) — VTi(0;) %)) dx.
/{Tk(un)Tk(Uj)uén} (Telun), VI(07)2))) (VTi(tn) (v))x;))

Using (1.44), the first term of the right-hand side, we get

a(Ti(uy), VI (u,)) (VI (u,) — VI (Vi) ) dx
/{iTk(un>—Tk<vj>p<n} (Tie(utn), Vi(ttn) ) (V1) = VIi(0}) 1)

<cn +£(n,m,j,s)—/ a(Tu(u),0)V Ty (v;) o dx
Q>0 ~Te(w)al<n} S

<Cn+e(nm, j,u).
The second term of the right-hand side tends to

O (VT (v) x5 — VTi(v)),) dx,
/{Tk(u)—Tk(Uj)“Kn} JIAg ju

since a (T (un), VT () is bounded in (Lz7(Q))V, there exist some @y, € (Lz7(Q))N such that (for
a subsequence still denoted by u,

a(Ti(un), VTi(uy)) = @ in  (Ly(Q))N for o (MLy;, TEy).
In view of the fact that
(VIi(v)x; — V() ) X1 ()~ Te(op) 1<y = (VTk(03) 25 = VT(07) ) X{1 73 ()T (0)) <1}

strongly in (Ep (Q))Y as n — oo,
The third term of the right-hand side tends to

/{Tk(u)Tk(Uj)MST[} a(Tk(M) ) VTk(Uj))(;)) (VTk(u) — VTk(Uj)X;-)) dx.

Since
a(Tic(un), VIR(V7) X)) X4 Te(tn) T (vl <y — @(Tk(u), VIR(03) 25) X {173 0) T (0)) <1}

in (EM(Q))N while (VT (u,) —VTk(vj)xj.)) — (VT (u) —VTk(vj)x}‘.)), in (Ly (Q))N for o (T1Ly;, T1EN).
Passing to limit as j — 4o and 4 — 4o and using Lebesgue’s theorem, we have

I <Cn+en,j,s,1).

For what concerns I, by letting n — 4o, we have

L— o (VTi(v) 2 — VI(u)x’) dx.
{17 ()~ Tie(0))a| <1} 7

Since a(Ty(un), VTi(uy)) — @ in (Lzz(Q))N, for o (ML, IEy),
while

(VT (0j) 25 = V() X)X 7)1 (o) <y — (VT(0) 25 = VT() X)X 7(0) T (0| <1}
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strongly in (Ep (Q))V.
Passing to limit j — oo and using Lebesgue’s theorem, we have

L= 8(1’1,j).
Similar ways as above give
13 = S(I’l,j).
Iy = a(Tk(u),VTk(u))VTk(u)dx—l—s(n,j,[.t,s,m).

{T () =T (u)u| <M}
5= | a(T(u), VT () VT (1) dx + €(n, j, . 5,m).
{UT ()= Ti(w)u|<m}

Finally, we obtain
/QS ®n,kdx < Cl (Cn + 8(”7“5 nvm))s +C2(8(n7.u7 ))175'
Which yields, by passing to the limit sup overn, j, i, s and n

(a(x, Ty (un), VT (un)) —a(x, Ti(un), Vi (1)) ) (VT (up) — VTi (1) )dx = €(n).
(1.45)

/{Tn(Tk(un)Tk(vj))ZO}ﬂQ’
On the other hand, taking the functions
Wi! = Ty (Tic(ua) — Te(v;)) ™~ and Wiy = Ty (Te(w) — Tic(0)))

Multiplying the approximating equation by u, +exp(—G(u,))Wy o Sm(uy,), we obtain

/ (a(Tic(un), VTie(1n)) = a(Te(un), V() (VTi(tn) = V(1) dx = £(n),
{Tn (T (un) —Tic(0;)) <O}NQY’

(1.46)
by (1.45) and (1.46) we get
/ (a(Ti(un), Vi (n)) — a(Ti(un), VTr (1)) (Vi (un) = VTi(u))dx = €(n)
Thus, passing to a subsequence if necessary, Vu,, — Vu a.e. in Q" and since r is arbitrary,
Vu, —Vu ae.in Q.
[

Step 5: Compactness of the nonlinearities
We shall prove that K, (u,,, Vu,) — K(u, Vu) strongly in L' (Q).
u

Consider go(u,) = / ' P () X{s>nyds and multiply (1.12) by u, —exp(G(un))go(un), we get after
0
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using the same technique in step 2,

n n7V n n u V l’ld
oy VP ) sy Vit

e ||P||L

<c([ pls)ds)exp(

h

lolli=m®) [ —, F
) [y + 10l + == [ T2

1ol (m) _F
+ R s " M(—)dx.
exp( o 213 (R) /{un>h} (81) X

e+ lle( =)

where é = [1 —( )] exp(— Hp”Ll ) and by (1.4), we have

/ p (un)M(Vuy,)dx
{up>h}
C, [+ Il - _F
< C [ ps1as ex (P B [l ) + 1 sy + e [ 5 E ]

1ol () _F
—_— o M(—)dx.
rexp (g el [ MO

Since p € L' (R), we get

lim sup/ p (up)M(Vu,)dx = 0.
{up>h}

h—eopeN

0
Similarly, let go(u,) = / P () X{s<—nydx and multiply (1.12) by u,, +exp(—G(un))go(un), we have
Un

also
lim sup p (un)M(Vuy,)dx =0,

h%mnEN {Mn< h}
and we conclude that
lim sup/ p (un)M(Vu,)dx = 0. (1.47)
{|un|>h}

h—re0 N
Let D C Q then

/ P (un)M(Viy)dx < max (p(x)) / M(Vup)dx + p ()M (Vity)dx.
{un|<h} D {un|<h} DO 1}

Consequently, p (1, )M (Vuy,) is equi-integrable. Then p (u, )M (Vu,) converge to p (u)M(Vu) strongly
in L'(R). By (1.6), we get our result.
Step 6: We show that u satisfies (1.9)

Letv € Ky NL™(Q), then by Lemma 0.1.5 there exists v; € Z(Q) such thatv; — vin Wy Ly ()
for the modular convergence in W Ly (Q), with ||v;| =(@) < (N+ 1)||v||=(q) and we can take
Vi€ KC‘

Pointwise multiplication of the approximate equation (1.12) by u, — Ti(u, — v;), we get

/an(un,Vun)VTk(un—vj)dx—f—/ D, (1n)VTi(ttn — v;j)dx
Q Q
+/QK,,(un)VTk(un—vj)dx:/anTk(un—vj)dx—/QFVTk(un—vj)a’x.

We pass to the limit as in (1.48), n tend to +o0 and j tend to +oo:

(1.48)
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e We follow the same way in [32] to prove that

liminfliminf [ a(u,, Vu,)VTi(up—v;j)dxds > / a(u, Vu)VTi(u—v)dxds.
Q

Joree n—oe JO
e Forn>k+(N+1)|v|i=q)
D, () VTi(tn —v;j) = ¢(Tk+(N+1)Hv||Lw(Q) (un))VTi(up —vj).
The pointwise convergence of u,, to u as n tends to +ooand (1.10), then
D (Tt (-4 1) 1]l vy W) ) VT (1t = v ) = T (N 1) o oo ) () Ve (1 = )
weakly for o (I1Ly, I1Ly;).

e In a similar way, we obtain

lim, Q‘I’(Tk+(1v+1)v|Lm(Q>(M))VTk(“—Vj)dx=/Q‘I’(Tk+(zv+1)v|Lm(Q>(M))VTk(M—V)dX

— / ®(u)VTi (1 — v)dx.
Q

e Limit of K, (1, Vitn) Ty (un — v;): Since Ky, (uy, Vi) converge strongly to K (u, Vi) in L (Q)
and and the pointwise convergence of u,, to u as n — oo, it is possible to prove that K, (u,,, Vi, ) Ty, (up, —
v;) converge to K (u, Vu)Ti(u—v;) in L' (Q) and

lim K(u,Vu)Tk(u—vj)dx:/K(u,Vu)Tk(u—v)dx.
J7°JQ | Q

e Since f, converge strongly to fin L!(Q) and Ty (u, —v;) — Ti(u—v;) weakly* in L=(Q),

we have / T (up —vj)dx — / fTi(u—v;j)dx as n — oo and also we have
Q Q

/ka(u—vj)dx%/ka(u—v)dx as j— oo.
Q Q

e [t easy to get
lim lim | FVTi(u,—v;j)dx = / FVT(u—v)dx.
Q

As a conclusion, the proof of Theorem 1.2.1 is complete.

Example 1.2.1. As an example of equations to which the present result renormalized solutions can
log(1+|Vul)

be applied, we give For M(t) = tlog(1+1) and a(x,u, Vu) = (1 + |u|)*Vu Val ,F=0and
u
c(.) € (L) n 1
—div(a(x,u, V) — div(c(x) exp(HxH +1>M_ M(oolu)=f in Q,
u=0 on .
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Existence and Uniqueness of a renormalized Solution
of parabolic problems in Orlicz Spaces

We will first focus on the existence of the result of the non-linear parabolic prototype equations

T v (14 DB ) (el (b)) = £ in .
u(x,1) =0 on dQx(0,T),
b(u)(t =0) = b(up) in Q,

where ¢ € (L*(Qr))N, M(t) =tlog(e+t) is an N-function, and the data f € L' (Q7), b(ug) € L1(Q).
While there are many mathematically correct solutions to this problem, we have difficulty deter-
mining who meets the physical conditions and who should be eliminated. In the second part of this
chapter we will impose additional conditions on the terms of the problem that will allow us to show
the uniqueness.

2.1 Introduction

Let Q be a bounded open set of RY (N >2), T is a positive real number, and Q7 = Q x (0,7T).
Consider the following nonlinear Dirichlet equation:

db
8( “) —diV(a(x,t,u,Vu)) —div(®(x,t,u))=f in Qr,
u(x,t) = on JdQx(0,T), 2.1
b(u)(t ) b(uo) in Q,
where A(u) = —div(a(x,,u, Vu)) is a Leary-Lions operator defined on the inhomogeneous Orlicz-

Sobolev space WO1 “Ly(Qr), M is an N-function related to the growth of A(u) (see assumptions
(2.5)-(2.7)), and to the growth of the lower order Carathéodory function ®(x,,u) (see assumption
(2.8)). b: R — IR is a strictly increasing C'-function, the second term f in L'(Q7).

In the classical Lebesgue spaces L”(0,T, WO1 7(Q)), D. Blanchard, F. Murat and H. Redwane
were adapted the renormalized solution to parabolic equations with L'-data in [38], [39] where they
treated the existence and uniqueness with b(u) a linear function (b(u) = u) and a(x,t,u, Vu) + D(u)
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with ® € €°(R), u € L*(0,T,L'(Q)) and the source data is a measure g = f — div(G). Recently,
A. Aberqi, J. Bennouna and M. Hammoumi in [3] where b is a general strictly increasing ¢! (IR)-
function. L. Aharouch and J. Bennouna in [9] have proved the existence and uniqueness of entropy
solutions in the framework of Orlicz-Sobolev spaces WO1 Ly(Q) assuming the A;-condition on the
N-function M. Recently, F. KH. Mukminov in [90] proved the uniqueness of renormalized solutions
to the Cauchy problem for parabolic equation using Kruzhkovis method of doubling the variable.
In the generalized-Orlicz spaces, the work [24] is a continuation of [9] where M. M. Al-Hawmi
A. Benkirane H. Hjiaj and A. Touzani proved the existence and uniqueness of entropy solution for

{—div(a(x,u,VM))Zf in Q, (2.2)

u(x)=0 on dQ,

where @ = 0 and M satisfy the /\,-condition. In [27] S. Antontsev and S. Shmarev proved the-
orems of existence and uniqueness of weak solutions of Dirichlet problem for a class of nonlin-
ear parabolic equations with nonstandard anisotropic growth conditions in the variable exponent
Lebesgue spaces. Equations of this class generalize the evolution p(x,)-Laplacian of the type

du
ot
u(x,t) =0 on dQ x (0,7T),
u(x,0) = up(x) in Q.

- Z%[a,-<x,t,u>|Diu|"f<x’”‘2Diu+bz-<xvf’u>1 =0 in0r,
~ 0x; (2.3)

2.2 Essential assumptions

Let M and P be two N-functions such that P < M.
b: R — R is a strictly increasing ¢! (R)-function, b(0) = 0,

1
by <b'(s) <by;, Vs€R suchthat b < o (2.4)

where @ is the constant appearing in (2.8).
a:Qr x Rx RN — RY is Carathéodory function and there exists a constant v > 0 such that for
ae.x€Qandforalls € R, §,E* € RN, & # &

la(x,t,5,E)| < v(ao(x,t)+ M P(|s|) + M M(IE])), ao(.,.) € Ezz(Qr), (2.5)
(a(x=t7sv >_a(x7tvs7é*))(§_é*) >07 (26)
a(x,t,s,E).E > aM(|&)). (2.7)

®: Q7 x R — RV is a Carathéodory function such that
=1, 0
|P(x,2,5)| < c(x,t)M M(T\b(s)\), (2.8)

o

where 4 = diam(Qr), [lc(-,)||=(0r) < min(m;m) and 0 < op < 1.

feL'(Qr), (2.9)
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ug € L'(Q) such that b(ug) € L1(Q). (2.10)

Note that (,) means for either the pairing between WO1 “Ly(Qr)NL=(Qr) and W1 Lz(07) +

L'(Qr) or between Wy Ly (Qr) and W~ ¥ Li7(Qr).
The definition of a renormalized solution of problem (2.1) can be stated as follows.

Definition 2.2.1. A measurable function u defined on Qr is a renormalized solution of problem
(2.1), if it satisfies the following conditions:

b(u) € L™(0,T; L' (Q)), (2.11)
Ti(b(u)) € Wy "Ly (Qr), Vk >0, (2.12)
lim a(x,t,u,Vu)Vudxdt =0, (2.13)

m=r+e0 J{(x,)€Qrm<|u|<m+1}

and if, for every function S € W>*(IR) which is piecewise C' and such that S' has a compact
support, we have in the sense of distributions

w —div (S'(b(u))(a(x,t, w0, Vi) +D(x,1, u)))
+S"(b(u))(a(x,z,u,Vu)+<1>(x,;,u)>:fs/(b(u)) in 2(0r), (2.14)

S(b(u))(t = 0) = S(b(uo)) in Q. (2.15)

2.3 The existence result

In this chapter we purpose to study the problem in the framework of renormalized solutions is
motivated by the lack of regularity of the distributional formulation (it’s not enough to assure the
uniqueness, for more detail see [94] and the counterexample in [99]).

Our novelty is to give an existence and uniqueness result of renormalized solution of (2.1) in the
general framework of inohomogeneous Orlicz spaces with a lower order term & which depends on
x,t and u, that is with a(x,7,u, Vu) replaced by a(x,t,u, Vu) + ®(x,t,u). The difficulty encountered
during the proof of the existence of the solution is that the term & does not satisfy the coercivity
condition. Nonlinearities are characterized by N-functions M, for which A;-conditions are not
imposed, losing the reflexivity of the spaces Ly (Qr) and Wy Ly (Qr).

Theorem 2.3.1. Assume that (2.4)—(2.10) hold true. Then there exists at least one renormalized
solution u of the problem (2.1) in the sense of the Definition 2.2.1.

2.4 The stages of the proof of theorem 2.3.1

Truncated problem.
For each n > 0, we define the following approximations:

bu(s) = b(Ty(s)), Vs € R, (2.16)

an(x,1,5,E) = a(x,t,T,(s),E) ae.(x,t)€Qr,Vsc R, VEERY, (2.17)
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D, (x,t,5) = P(x,t,T,(s)) ae.(x,t)€Qr,VsER, (2.18)

Let f,, be a smooth function such that f,, — f strongly in L (Or) (2.19)
and
o, € €5 (Q) such that by, (ug,) — b(ug) strongly in L' (Q). (2.20)
Consider the approximate problem:
ob
,é(turJ —div(ay(x,t,uy, Vuy) + Dy (x,t,u,)) = fn in QOr,
Uy (x,1) =0 on dQx (0,T), (2.21)
by (un)(t =0) = by(x,up,) in Q.

Letu, € WO1 *Ly(Qr), then for any fixed n > 0, there exists at least one solution u,, € WOl “Ly(Or)
of (2.21), (see [85]).
Note that by Lemma 0.1.3 and Remark 0.1.1, we have Tj(u,) € WO1 "Ly (Qr), and by (2.4),

(2.7), (2.8) and Young inequality, the quantity / (|VTi(uy)|)dxdt is finite for all k > 0.
Remark 2.4.1. The explicit dependence in x and t of the functions a and ® will be omitted so that
a(x,t,u,Vu) = a(u,Vu) and ®(x,t,u) = ®(u).

Step 1: A priori estimates.

Lemma 2.4.1.
Let u,, be a solution of the approximate problem (2.21), then for all k > 0, there exists a constant C
and for a subsequence, still indexed by n we have

/ M(|VTi(uy)|)dxdt < kC, (2.22)

or

u, — u a.e in Qr, where u is a measurable function on Qr, (2.23)
bu(uy) = b(u) aein Qr, b(u)eL=(0,T,L'(Q)), (2.24)
an(Ti(un), VTi(un)) is bounded in  (Ly(Q1))Y, (2.25)

Proof. Fixk>0and 7€ (0,T). Let Ty (un) X (0,r) @ test function in problem (2.21). Using the Young
inequality we get

/ B (i (7))dx + / (it Vit VT (1 )dxdlt + / B, (10,)V Ty (1) et
Q Or Or

< k[l fallLrop) + 16(u0)ll 105 (2.26)

" dby (S)

Cds
By definition, we have / Bu(un(t))dx > 0 and / By (14 (0))dx < kb1 [b(10) 110y
By (2.8), (2.4) and Younsg-g2 inequality we have “

where B, (r) = T (s)ds.
0

/ (1) VT (1) dxdt < [c(.,.) | (0, [Cobr / M(|Tk(f" Vdxdi + / (VT () |)dxdt],
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thanks to Lemma 0.1.8, we obtain

/ (1) VT (1t )dxdlt < [|c(.,.) | =0y (o1 +1) /Q M(|VTi(uy)|)dxdt,

T T

return to (2.26) and using (2.7) we get

bi+ 1
|, o Vi Vi < L, 0 VT Gttt K1 s+ ) )
thus (b1 + 1)
b +
1 - P D e _)||LM(QT)]/Q (1, Vit )V T () dxdt < ke
T

1 oob +1

wetake - =1 - PP ED ey,

2
By (2.8) we have ¢, > 0 and we obtain

/ a(uy, Vi )VT(uy)dxdt < kC,
where C = c1c;. And by (2.7) we have (2.22).

We conclude that (7 (u,)) is bounded in WO1 “Ly(Qr) independently of n. Since (Ez(Qr)) =
Ly (Qr) then by Theorem 0.0.3, the set { (7 (u,)) } is compact for the weak topology o (I1Lys, I1Ey;)
so there exists a subsequence still denoted by u,, and there exists a measurable function & such that
Ti(un) — & for the weak topology o (I1Ly, I1E;;).

On the other hand, using Lemma 0.1.8, we have

wEmensi > 0y = [ aa( T

— dxdt
l) {[4a| >} A Jax

< / M(|VTi(uy)|)dxdt < kC,
Or

then meas{|u,| > k} < (5 for all n and for all .

Thus, we get klim meas{|u,| >k} = 0. O
—soo0

Proof of (2.23) and (2.24):

For k < n, let gy € W»*(R), such that g, has a compact support supp(g;) C [—k,k]. We
multiply the equation (2.21) by g} (u,), to obtain in Z'(Qr),

JB" (u,
% = div(g;((un) (an(”na V”n) + Cpn(”n)) - g;cl(”n) (an(”na V”n) + q)n(”n))vun + fng;c(”n)
(2.27)
where By, (r) = /0 g.(s) 8bans(s) ds.
Then, we show that
<ng(un)> is bounded in WO1 “Lu(Qr), (2.28)
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and ;
<83gk(un)

L ) isboundedin L'(Qr) + W~ "¥Ly;(0r) (2.29)

independently of n.

Indeed, first we have |VB} ()| < b1|VTi(un)||8}|lz=(r) a-€. in Or, and using (2.22) we obtain
(2.28). To show that (2.29) holds true, since supp(g;) and supp(gy) are both included in [—k, k], uy,
may be replaced by T (u,) in each of these terms. As a consequence, each term in the right hand
side of (2.27) is bounded either in W‘l’xLM(QT) orin L'(Qr) which shows that (2.29) holds true.
Arguing again as in [40] estimates (2.28), (2.29) and the following remark, imply that, for a sub-
sequence, still indexed by n, we have u, — u a.e in Q7 and b(u) € L*(0,T,L' (Q)), where u is a
measurable function defined on Q7.

Remark 2.4.2.
For every g € W>*(IR), nondecreasing function such that supp(g') C [—k, k| and (2.4), we have
bolg(r) —g(r')| < |Bg(r) = Bg(r')| < bilg(r) —g(r')|  forevery in R. (2.30)
Proof of (2.25) :

As in [21], we may deduce that a, (T (), VTi (1)) is a bounded sequence in (Lz7(Qr))", and
we obtain (2.25).

Step 2: Almost everywhere convergence of the gradients.
In order to show that the gradient converges almost everywhere, we need to prove the next
proposition.

Proposition 2.4.1. Let u, be a solution of the approximate problem (2.21), then

lim limsup a(uy, Vuy,)Vuudxdt =0, (2.31)

m—o0  p_seo /{mg |up | <m+1}

lim lim sup/ D (uy,)Vupdxdt = 0. (2.32)
{m<|u,|<m+1}

M= p_seo

Foranyr>0and0 < 6 < 1, we have

lim [ [(a(Ti(un), VTi(un)) — a(Ti(un), V() X v, () <k})

n=+eJOor
X (VT (tn) = V(1) 2w ) <k )] dxdt = 0, (2.33)
Vu, - Vu ae in OQOr. (2.34)

Proof.
Taking Z,,(u,) = T1(un — Tn(uy)) as a test function in the approximate equation (2.21) we get

an(ty, Vun)Vuydxdt < C[/ JnZm(uy) dxdt —|—/ |bn (o) |dxdt],
Or {

|uop|>m}

/{msmsm}
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oob +1
(P e )] > .

Passing to the limit as n — +oo, using the pointwise convergence of u, and strongly conver-
gence in L!(Qr) of f, we get

1
where — = [1 —

lim an(tn, Vity)Vuydxdt < C[ | fZn(u)dxdt + |b(up)|dxdt].
Or

==+ JIm<|u,|<m+1} {Jug|>m}
Owning to Lebesgue’s theorem and passing to the limit as m — oo, in the all terms of the
right-hand side, we get (2.31).
From (2.7), we deduce also

lim lim M(|VZy (1)) dxdt = 0. (2.35)

m——~+oon—r o0 {’n§|un‘§’n+l}

On the other hand, we have

lim lim D, (uy)VZy(up)dxdt < lim lim M(|VZ,(uy,)|)dxdt,

m—r+eon—+o Jo. m—+oon—+oo [0
+ lim lim M(|D,(uy)|)dxdt.

Using the pointwise convergence of u, and by Lebegue’s theorem, in the second term of the
right side of this last expression, we get

lim M(|®,(u dxdt:/ M(|®(u)|)dxdt,
w1} (1@ (un)]) el 1) (I (u)])
and also, by Lebesgue’s theorem
lim M(|®(u)|)dxdt = 0. 2.36
Jim | HRG) 236

Thus with (2.35) and (2.36), we get the (2.32).

The proof of (2.33) is the same as the corresponding result in ([63], [96]).

Finally, for the almost everywhere convergence of the gradients we use the following lemma
and same techniques as in [21] and [63].

Lemma 2.4.2. (see [29])
Under the assumptions (2.4)—(2.10), let (z,) be a sequence in WO1 “Ly(Qr) such that:

zn—2z for o(IlLy,I1Ey;), (2.37)
(a(x,t,24,Vzn)) is bounded in (Ly;(Qr))", (2.38)
/ [a(x,t,20,Vzn) — a(x,t,20, VZxs)][Vzn — Vaxsldxdt — 0 (2.39)
or

as n and s tend to +oo, and where ) is the characteristic function of Q° = {x € Qr;|Vz| < s}. Then,
Vz, = Vz a.e. inQr, (2.40)
lim a(x,t,zn, Vzn)Vzpdxdt = / a(x,t,z,Vz)Vzdxdt, (2.41)

n—teJor Or
M(|Vzu|) = M(|Vz|) in L'(Or). (2.42)
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Step 3: We show that u satisfies the conditions of Definition 2.2.1
For this, let show that (2.13) holds.
We have for any m > 0,

/ a(uy, Vu,)Vupdxdt = / a(tty, Vi) [V Ty (un) — VT (uy)|dxdt
{m<|uy|<m+1}

—/ Tt (), Vi1 () ) VTt (un)dxdt

_ /Q (T (u), V(1)) VT2l

According to (2.41), we pass to the limit as n tends to +oo for fixed m > 0 and we obtain
lim a(up, Vun)Vuudxdt = / a(Tp1 (1), Vi1 (1)) VT (u)dxdt
Or

oo J{m< up|<m-+1}

_ /QT a(Ty (), VTy(u)) VT, (u)dxdt

= / a(u, Vu)Vudxdt,
{m<|u|<m-+1}

with (2.31), we easily obtain (2.13).
Similarly we deduce

lim @ () Vudxdt = 0. (2.43)

Mmoo J{m<u|<m+1}

Let S € W2>(IR) which is a piecewise C'-function and such that S’ has a compact support, Let
K > 0 such that supp(S’) C [—K,K]. Pointwise multiplication of the approximate problem (2.21)
by 8’ (uy,), we get

W—i—div@’(b(un))( (o, tn, Vitn) + P (x, 1, up) )

(2.44)
—i—S"(b(un))<a(x,t,un,Vun)+CI>(x,t,un)>Vb(un) 78 (b(up)).

Now we will pass to the limit as n — oo of each term of (2.44),

e Limit of —”)) since S is bounded, and S(b( n)) converges to S(b(u)) a.e. in Qr and
weakly in L™ (QT), then W converges to ( ( D in 7'(0r).

o Limit of S'(b(u,))a(u,, Vuy,) since supp(S’) C [—K,K] and (2.4) we have
§'(b(un))a(un, Vitn) = 8'(b(un))a(T i (), VT i (un)) ace.in Qr.

Owing to the pointwise convergence of u, to u, the bounded character of §’, and by Lemma
2.4.2 and Proposition 2.4.1, we conclude a(TbL (), VT;;L (u,)) converges to a(TbL (), VTbL (tn))
0 0 0 0

weakly in (Lz7(Qr))N. This allows us to obtain S’ (b(uy))a(T I (un),VT i« (uy)) converges to
S"(b(u))a(T« (u), VTk (u)) weakly for o (I1Ly;,I1Ey), and ' '
S'"(b(u))a(T« (u), VTk (u) =S'(b(u))a(u,Vu) ae.in Qr.

>~

5‘\» 5‘\
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e Limit of S" (b(uy))a(uy, Vu,)Vb(uy) since supp(S’) C [—K, K] and (2.4), we get
S"(b(un))a(un, Vu,)Vb(u,) = " (b(uy))a (Tk (u ),VTbL(un))Vb(un) a.e. in Qr. Owing to
0
the pointwise convergence of S” (b(uy)) to S” (b(uy)) as n tends to +oo, the bounded charac-
ter of $” and by Lemma 2.4.2 and Proposition 2.4.1, we conclude

S”(b(un))a(TbL( n)s VT« (u ))Vb(un)AS”(b(u))a(Thk( u), VTk( ))Vb(u) weaklyin L'(Qr)

%n%+%M&W((S( (%v%ymvmm:ywmn(uwmwm>aam or.

T
bo
o Limit of S'(b(uy))®(uy,) since supp(S’) C [—K,K]| and (2.4) we have S'(b(u,))®(u,) =
S"(b(u ))CID(Tk (un)) a.e. in Qr. In a similar way, we obtain S’ (b(u,) )P (u,) — S’ (b(u))D(u)
weakly for G(HLM,HEM)
o Limit of S" (b(uy))®(x,t,u,)Vb(uy,)
Also we have S”(b(uy))®(un)Vb(uy) = S”(b(un))CID(TbL (un))VTbL(un)b’(un),
using the weakly convergence of truncation, it is possib(ie to proveo that,

S"(b(uy))® () V(1) — " (b(u))®(u)Vh(u) strongly in L' (Qr).

Limit of f,S'(b(u,)) we have u,, — u a.e. in Qr, S’ and b are piecewise C!. It is enough to
use (2.19) to get that £,8' (b(u,)) — £S'(b(u)) strongly in L' (Q7).

Finally, to show (2.15), remark that S being bounded, S(b(u,)) is bounded in L*(Q7). the equation
(2.44) allows to show that W is bounded in W~ *L-(Qr) + L' (Qr). By Lemma 5 in [62]
this implies that S(b(u,)) lies in a compact set of C°([0,T];L=(Q)). It follows that, on one hand,
S(b(u,)(t =0)) converges to S(b(u)(t = 0)) strongly in L' (Q7). On the other hand, the smoothness
of S imply that S(b(u)(r = 0)) = S(b(up)) in Q. This complete the proof of the existence result.

Example 2.4.1.
As an example of equations to which the present result on the existence of renormalized solu-
tions can be applied, we give:

1. For M(t) = ]u\p, b(u) = |ulPu, a(x,t,u, V”) = [VulP7>Vu
p

(
and (x,1,u) = exp (= ) B()T[ul
<

¥l ++2 “p>0
(92— aiv(enp ()R ) s o,
(x,t) =0 on dQx(0,T),
b(u(x,0)) = b(up)(x) in Q.
2. For—Ay = —div(m‘qvvub(|> .Vu) where m is the derivative of M, b(u) = u andc € (L*(Qr))N.
% — Ay —div(c (x,t)]\_/l_]M(%\b(u)\)) =f in OQOr,
u(x,t)=0 on dQx(0,T),
u(x,0) = up(x) in Q.
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log(1+ |Vul)

3. For M(t) =tlog(1+1), a(x,t,u,Vu) = (1 + |u|)*V Val andc € (L*(Qr))N.
ob(u) . log(1+|Vul) . 1, O .
3, —div(1+ |u|)2VuT —div(c(x,t)M IM(Tb(M))) =f in Or,
u(x,t)=0 on dQ x (0,7T),
b(u(x,0)) = b(up)(x) in Q.

2.5 Uniqueness result

Before showing the uniqueness of the solution of the problem (2.1), we will give the following
technical lemma.

Let u and v be two renormalized solutions of the problem (2.1) and let us define for any 0 <
k <s,

(u,v,s,k) /{b _ k< b(u) < b(s)+k} b (u) (a(u,Vu)Vu—I— ]CID(u)||Vu|>dxdt
U{b(—s) —k < b(u) < b(—s)+k}

+/{b k< b(v) < b(s) 4K} b (v) <a(v, Vi)V 4 \cI>(v)||Vv|)dxdt. (2.45)
U{b(—s) —k <b(v) < b(—s)+k}
Lemma 2.5.1. Assume that (2.4)—(2.10) hold. Then for any r > 0 we have
1
lsigJirgloflirknj(l)lp %F(u,v,s,k) =0. (2.46)

Proof of Lemma 2.5.1
Define the functions

Li(s) = / (a(u,vu)vu+ |q>(u)|\vu|>dxdt+ (a(v, Vi)V 4 \CI)(v)|]Vv|)dxdt,
{0<b(u)<s}

(2.47)

{0<b(v)<s}

and

La(s) = / (e, Vi) V-t || V] ) i + / (a2 7) Vv + @) V) dxdr.
{—s<b(u)<0}
(2.48)
Due to (2.6) the functions L; and L; are monotone increasing. L; and L, are differentiable

almost everywhere ( see [98]), with L| and L} measurable and so we have for any s > 1 > 0

s<b(v)<0}

LI(S)—LI /Ll dé and L2 /L2 (249)

and for almost any s > 0

1 1
L (s) = - limsup - | <a(u,Vu)Vu+|<I>(u)||Vu|)dxdt
2 po0 kT J{s—k<blu)<s+k}

+ / (v, 99) v+ ()] |V ) dxat], (2.50)
{s—k<b(v)<s+k}
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and

1 1
L5(s) = = limsup —

a(u,Vu)Vu—+ |®(u)||Vu )dxdt
2 k—0 k {5k<b(u)<s+k}<( ) | ()H |

+ / (v, 79) 99+ ()] V] ) ] (2.51)
{—s—k<b(v)<—s+k}

If the thesis of the lemma is not true, let & > 0 and let ny > 0 be a real number such that for
every real number s > ng we have

1
limsup —T'(u,v,s,k) > &. (2.52)
k-0 k

Since b’ is a continuous and positive function, we have for almost & > ny,

1 1
limsup T, v,5,k) < b'(s) limsup | (a(u,Vu)Vu—i— \cp(u)uvuy)dxdt

k—0 k—0 /{b( )—k<b(u)<b(s)+k}

(b(s)—k<b(v)<b(s)+k} <a(v v)IVv+ |D(v)|| v|> xdt]

b (—s) limsup | (alut V) V-t [0(0) |V ) s

k—0 k /{b(—s)—k<b( )<b(—s)+k}

+/ Vo)V + | 0()| |V ) daxd]. 2.53

) kst (a(v, V) Vv (1) Vo] ) dxar] (253)
From (2.50), (2.52) and (2.51) it follows that

PENL(B(E)) + b (~E)Lh(~b(~E)) > 2.

In view of (2.49), we deduce that for any s > 1 > ny we have

Li(b(s)) —Li(b(n)) + Lo(—=b(—s)) — Lo(—b(—7)) > 3(s— n). (2.54)
Taking s = n+1 and N = n with n > ng we have

/{n<|u|<n+1} (a(u,Vu)Vu+ ]CID(u)||Vu|>dxdt+ (a(v, Vv)Vv+ ]CID(v)||Vv|>dxdt > %.

{n<|v|<n+1}
The last inequality contradicts (2.13) and (2.43).

Theorem 2.5.1. Assume that assumptions (2.4)—(2.10) hold true and moreover that for any com-
pact set D C IR, there exists Lp € Ey;(Qr) and pp > 0 such that Vs,s € D,

la(x,,5,E) —a(x,1,5,8)| < (LD(x,t) +pDTD‘1P(|§|)) s —3], (2.55)
|P(x,t,5) — P(x,1,5)| < Lp(x,t)|s —5], (2.56)
|6’ (s) —b'(5)| < Bpls -5, (2.57)

for almost every (x,t) € Qr and for every & € RN. Then the problem (2.1) has a unique renormal-
ized solution.
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Proof. We define a smooth approximation of 7,,(r) = min(b(n), max(r,b(—n))) by T,° where T (0) =
0 and )
0 for r>b(n)+o,

(TO)(r) = 1 for b(—n) <r<b(n), (2.58)

rtobn)  for  b(—n)—o < r < b(—n),

0 for r<b(—n)—o.

For a fixed n > 0, we have for any z € L'(Qr),

lim (7,7) (b(2)) = X<y 2. Or, (2.59)
and B B
lim 77(b(2)) = To(b(2)) ae.in Qr. (2.60)

Consider now two renormalized solutions u and v of (2.11)- (2.14) for the data f and b(uy).
Since 7° € W2=(R) and supp((T°)) C [b(—n) — 6,b(n) + 6] , then we take S = T, and we use
1Tk(T"(b( )) —TC(b(v))) as a test function in the difference of equations (2.14) for u and v, we

get
k/ / Ta(b(m))2Tk(fn"(b(u))—ij’(b(v)))dsd;
+11,n A, S+ L, =15, 2.61)
where
1= k/ / / (L) (b(w))a(u, Vi) = (T,7) (b(v))a(v, VW) VT (T,7 (b(w)) — T,7 (b(v)) dxdsd,
0= k/ / / (T,2)" (b(w))a(u, Vu)Vb(u) — (T,7)" (b(v))a(v, Vv) VO (W) Ti(T,7 (b(w)) — T,7 (b(v)) dxdsdt,
=4 [ [ 0100w~ T 00D @IV RES (30~ 7 (00) st
lin = k/ / / [(T2)" (b()) () V(1) — (T)" (b(v)) @ () VW) Tk (TF (b(w)) — T (b(v)))dxdsd,

o= [ [ A @) - EY ONTTS (o) ~ T (00 s,

forany k >0,n >0, c > 0.
The following lemma will be useful in the sequel,

Lemma 2.5.2.

—T.2(b(v)) _ _
lim_im lim / / >;Tk(Tn"(b(u))—Tn"(b(v))))dsdt

n—+ok—00—0
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= [ |b(u) — b(v)|dxdt. (2.62)

Proof.
Notice that

and

=1 L e (b)) =T b)),

.
where T (r) = /0 Ti(z)dz.

Passing to the limit we obtain

1 — o~ ~ ~ ~
lim lim — [ Tx(T°(b(u)) -T2 (b(v)))dxdt = T, (b(u)) — T, (b(v))|dxdt,
k—00—0k Jor or
and letting n — +oo in this last equality, we deduce (2.62). U

Now, we analyze the limit of Iﬁn,lzn,lgn,lzn and Iscfn one by one.

The limit of I?,:  Notice that

1 (T t 1
Iﬁnz—/ //dixdsdt:—/ (T —1)Q9 dxdt,
kJo Jo Ja kJor

where QF = (7,7) (b(u))a(u, V) = (T,7) (b(v))a(v, VW]V TL(T,? (b(1)) — T,7 (b(¥))).
Shince supp((T.?)) C [b(—n) — 0,b(n) + o],
then
(T,7) (b(w))a(u, Vu) = (T,7) (b(u))a(Tys1 (), Vi1 (1))
and
(T7) (b(v))a(v, Vv) = (T,7) (b(w))a(T1(v), VTs1 (v)).
Then by (2.59), (2.60) and (2.58) one has N N
07 converges 1o [¥(uj<njalu, Vi) ~ gy <nya(v, YY) VI(T, (b(u)) — Tu(b(v))).
071 < Cabi[la(T1 (1), Vg1 ()| + a(T 1 (v), VT (0)) ]
X(IVT1 (@) + Vi1 (v) |)x{m(b(u))—ﬁ,(b(v))\§k} =Ry

where C, = max(|b(—n) — o|,b(n) + o).
Since R, € L'(Q7) we use the Lebesgue dominated convergence theorem to have

1
limI7, = lim — [ (T —t)Q% dxdt

c—0 ' c—0K JOr

B %/QT(T — DX <mya(u, Vie) = 2o <y a(v, VO [VT(To(b(w)) — T (b(v)) )dxdt
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=Ji+h+J3+J4+ s, (2.63)

where
1
Ji=— a(u,Vu) —a(u,Vv) ) (Vu— Vv)b' (u)dxdt,
K J{lb(u)—b(v) <k Jul<n, |v|<n} ( )
1
=— a(u,Vv) —a(v,Vv) ) (Vu— Vv)b' (u)dxdt,
k J{1b(u)~b(v)| <k Jul<n, |v|<n} ( )
1
J3 =~ a(u,Vu) —a(v,Vv) ) Vv(b' (u) — b’ (v))dxdt,
{Ib(u)=b(v)|<k,|u|<n, VI<n} < )
/ (T = )a(v, Vv)Vb(v)dxdt,
k {1 Ta(b () =T (b(v))| <k, |u[>n,[v|<n}
Js = (T —t)a(u,Vu)Vb(u)dxdr.

{17 (b() =T (b(v)| <k u|<n,[v|>n}
Since a(u, Vu) satisfies the condition (2.7), one has
J; > 0. (2.64)

On the other hand by (2.55) we have
by —1
2| < ?T/Q X{|b(u)fb(v)|Sk},\u\§n,|v|§n}|u_v’(LD(xvt)+pDP P(M)) X (|Vul +[Vv])dxdt.
T
Using (2.4), one has |u —v| < bi0|b(u) —b(v)| < -, then

——1
J <—T Lp(x,t)+ppP P(|v Vul|+|Vv|)dxdt.
B GT  (Epln) +poP ™ P ) (Vul+ 9v)

Since Lp(x,t) € Ez(Or), u and v in W'*Ly,(Qr) and using (??), one has

-1
(Lo(x,1)+ppP~ P(Iv)(|Vul +|Vv]) € L'(Qr)
The Lebesgue dominated convergence theorem allows us to conclude that for all n > 1

limsupJ; = 0. (2.65)
k—0

We denote by C, the compact subset [—n — 1,n+ 1]. Due to (2.57), there exists a positive
number S, such that |6’ (r1) — b'(r2)| < Bu|r1 — r2| for all r; and r, lying in C,. Using (2.4) and
Rolle’s theorem, we get

(1)~ (r2)| < P2 1) — b))
0
Then |b'(r1) —b'(ry)| < k o on {|b(u) —b(v)| < k,|u| <n,|v| <n} and we get
Bn
bo

3| < — /Q (a(Tn(u)»VTn(u)) —a(Tn(V)aVTn(V))) IVVIX {1 () () | < Ju| <, [v] <muzvy dXAE.
T
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k—0
(T(), VT, () —a(T(v), VI (v))[[ VT (v)] € L'(Qr),

we use the Lebesgue dominated convergence theorem to conclude that, for all n > 1,

Si Ce{ | lim%{lb(u)—b(‘})|§k7|u|§n7‘v‘§n7u#v} =0 ae.in Or,
a

lim J3 = 0.
k—0
In view of the definition of YN’,,, we have

(n)} (T —1t)a(v,Vv)Vb(v)dxdt,

and using (2.7) we deduce

liminflimsupJs > 0.
nEe k0

Similarly we have

Tk /{b —k<b(u) <b(n)} (T —t)a(u,Vu)Vb(u)dxdt,
U{b(—n) <b(u) <b

and

liminflimsupJs > 0.
=t k0

Now from (2.63)-(2.68) we obtain
liminflimsup lim I{ = 0.
n—+e 1 9 060
The limit of I, and I : Now we claim that
O (o3 T
’127n’ + |I4,n| < gr(u,v,n, G)'

From a simple derivation of the function (7.°)’ it yields that for any ¢ > 0 and k > 0

13 ,] < g/{b(n) — 6 < b(u) < b(n)} a(u,Vu))Vb(u)dxdt
)

b(n)} a(v,Vv))Vb(v)dxdt.

19, < g [ b <vw <y @b
)

(2.66)

(2.67)

(2.68)

(2.69)

(2.70)

(2.71)



i / {b(n) — 06 < b(v) <b(n)} D(v)Vb(v)dxdt. (2.72)
U{b(=n) <b(v) <b(—n)+c}

By combining (2.71) and (2.72) we readily deduce (2.70).
The limit of I ,: There we prove that

T
limsup|f7,| < Er(u,v,n,k) +e(k), (2.73)

c—0

where €(k) is a positive function such that limy_,o€(k) = 0.
For n > 0 we have

imsup 19,1 = | (7 1) Ctguca ®(0) = 20 ®(0)) VI (T (bla) =Ty b(0) |

<Ki+K,+Kj,

where T
= E/Q Xilul<nv|>ny | P@) |V (Tu(b(u)) — b(n. sgn(v))|dxdt,
T

- %/QT %{\M\>H7IVI§n}|CI)<V)||VTk(Tn(b(V)) — b(n. sgn(u))|dxdt,

a % /QT X{jul<n,vi<n} | @) = W)V T(T (b(w)) — T (b(v))) | dxdr.

We estimate K and K, by (2.8) we have

T
< Z/QT%{u§n7|v|>n}X{|b( )—b(n. sgn(v))|<k}| P()||Vb(u)|dxdt

<4 /{b kb <py  PIVb@dr, (2.74)
U{b(—n) < b(u) < b(—n)+k}
and similarly
K; < %/{b(n) —k< b(v) (n)} |¢(V)||Vb(v)|dxdt. (2.75)

On the other hand, by (2.57) one have since Lp € Ly;(QOr),

K< L)l =V VT(Ta(b(w) — T (b(v))|dxar
{IT(b(w)) =T (b(v))|<k}N{ |u] <n,|v|<n}

by (2.4) we obtain

=7 /{|T( b(u))— T (b(v)) | kYO {|ul < |v|<n) blOLD(x 1)|b(u) — b)||VT(Tu(b(w)) — T(b(v)))|dxdt
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T

T ~ ~ ~ ~
_ _ —Lp(x,1)|Tu(b(u)) — T (b(v)) || VTi(To (b (1)) — T, (b(v)) ) | dxdt
k /{anw))—n(b(v»Sk}m{usfwgn} bo
T
s—/N i
bo J{|T,(b(u)~ T (b(v)| <k} [u| <n,|v|<n}

Since Lp in Ly;(Qr) and due to (2.12), the function Lp(x,7)(|VT,(b(u))| + [VT,(b(v))]) €
L'(Qr). Using the Lebesgue dominated convergence theorem we obtain limy_,o €(k) = 0 and

Lp(x,0) (VT (b()| + VT (b(v))|)dxdr = (k).

lim |[K3| = 0. 2.76
lim | K| (2.76)

Estimates (2.74)-(2.76) imply (2.73).
The limit of I?  : Using the Lebesgue theorem and (2.59) and (2.60), we obtain

. T ~ ~
tim 19,1 < ¢ | T (000 = T )| L1 20) — 2o .

Since limy_ T"T(Z) = sgn(z) in R and weakly-* in L™ then

lim lim lim [/ | <T lim ( / |fldxdt + / |fldxdt) = 0.
’ {lu|>n} {Iv[>n}

k—0n—+0c—0 n—r+oo

Then
lim liminf lim I;n =0. 2.77)

k—0 n—+o0 6—0

Finally, going back to (2.61) and using Lemma 2.5.1, one may deduce thatu =va.e. inQr. [
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Part 11

Existence results for some nonlinear
problems in the Musielak-Orlicz spaces
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Preliminaries of Musielak-Sobolev spaces

Let M be a real-valued function defined in €2 x IR and satisfying conditions:

e M(x,.) is a N-function for all x € Q, (i.e. convex, non-decreasing, continuous, M(x,0) = 0,
M(x,0) > 0 fort > 0, lim;_,osup,cq M(x N — M(x N _ o).

= 0 and lim; e inf,cq —
e M(.,t) is a measurable function for all 7 > 0.

A function M which satisfies the above conditions is called a Musielak-Orlicz function.

Let M,(t) = M(x,t), we associate its non-negative reciprocal function M !, with respect to ¢,
that is M ' (M(x,t)) = M(x,M'(t)) =1.

Let M and P be two Musielak-Orlicz functions, we say that M dominates P, and we write
P < M, near infinity (resp.globally) if there exist two positive constants ¢ and 7y such that
fora.e. x € Q,
P(x,t) < M(x,ct) for all t >t (resp. for all # > 0 ). We say that M and P are equivalents, and we
write M ~ P, if M dominates P and P dominates M. Finally, we say that P grows essentially less
rapidly than M at O (resp. near infinity), and we write P < M, for every positive constant ¢, we
have lim (sup Plx, Ct)) = 0 (respectively, lim (sup Plx, ct)) = 0).

=0 " xeQ M(xat) 1= " xeQ M(xvl)

Remark 2.5.1. [36] If P < M near infinity, then V€ > O there exists k(&) > 0 such that for almost
all x € Q we have

P(x,t) <k(e)M(x,et) Vt>0.

Proposition 2.5.1. ([64]) Let P < M near infinity and ¥t > 0, sup,.q P(x,t) < oo, then V& > 0,
dCe > 0 such that
P(x,t) < M(x,et)+Ce,Vt > 0. (2.78)

The Musielak-Orlicz space Ly(Q) is define as

Ly(Q)={u:Q — IR mesurable: pM’Q(%) < oo, forsome A >0}.

where py o (u / M(x |)dx, equipped with the Luxemburg norm

Jullpg =inf{A > 0: pya(5) <1}

/”L

Denote M(x,s) = sup,(st —M(x,s)) the conjugate Musielak-Orlicz function of M.
We define Ej(Q) as the subset of Ly (Q) of all measurable functions u : Q — IR such that

pM7g(%) < eofor all A > 0. It is a separable space and (Ey (Q))* = Ly;(Q).

For two complementary Musielak-Orlicz functions M and M, we have [35].

e The Young inequality:
st < M(x,s)+M(x,t) forall s,t >0, x € Q.
e The Holder inequality:
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| utapvias] <

We define the Musielak-Orlicz-Sobolev space as
WLy (Q) = {u e Ly(Q) : D*u € Ly(Q), V|a| <1},

endowed with the norm

| [V|ll37 o for all u € Ly (Q),v € Lyz(Q).

o

. D
lullir o =int{A >0: Y pua(5-) <1

<1

Lemma 2.5.3. ([18])(Approximation theorem) Let Q be a bounded Lipschitz domain in RN and let
M and M be two complementary Musielak-Orlicz functions which satisfy the following conditions:

1. There exists a constant ¢ > 0 such that inf,eq M(x,1) > c,

2. There exists a constant A > 0 such that for all x,y € Q with |x —y| < %, we have

(1Og(l))
b= forall t>1,

M(x,t)
1)

3. / M(y,A)dx < oo, YA >0 and forevery compact K C Q,
K

< |

<

4. There exists a constant C >0 suchthat M(y,t) <C ae. in Q.

Under this assumptions Z(Q) is dense in Ly, (Q) with respect to the modular topology, Z(Q) is
dense in W, Ly (Q) for the modular convergence and Z(Q) is dense in Wy Ly (Q) for the modular
convergence. Consequently, the action of a distribution S in in W_lLM(Q) on an element u of
W, Ly (Q) is well defined. It will be denoted by < S,u >.

Example 2.5.1. We give some example for a Musielak-Orlicz functions of approximation theorem

o My(x,1) = [t|P™) with p : Q — [1,e0) a measurable function with Log-Hélder continuite

A
Mi(xt) _ £[PO-P0) < t(l°g<ﬁ>>
Ml(yat) B

o Ma(x,1) = () (exp(li]) — 1+ [t]), 0 < a(x) € L=(<).

Remark that My € [\, if p* := esssup p(x) < oo while My & /.
xeQ

forall t>1.

We say that a sequence of functions u,, converges to u for the modular convergence in WLy, (Q)
(resp. in Wy Ly (Q)) if, for some A > 0, lim_sc0 Puo(*t) =0.
The following spaces of distributions will also be used

WL (@) ={fe 2 (Q):f=Y (-1)°D%f, where fq< Ly(Q)},

a<l

and
WlEHQ) ={fe 2 (Q):f=Y (-1)*D%fa where fq€ Ey(Q)}.

o<l

The following abstract lemmas will be applied to the truncation operators.
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Lemma 2.5.4. [36] Let F : R — R be uniformly lipschitzian,with F (0) = 0. Let M be an Musielak-
Orlicz function and let u € Wy Ly (Q)(resp.u € W'Ey(Q)). Then F(u) € WLy (Q)(resp.u €
Wol Ey(Q)). Moreover; if the set of discontinuity points D of F' is finite, then

iF(u) _ { F’(x)g—)’:i a.e. l:l’l {x € Q; u(x) & D},
dx; 0 a.e. in {x € Q;u(x) € D}.

Lemma 2.5.5. [35] Suppose that Q satisfies the segment property and let u € WO1 Ly (Q). Then,
there exists a sequence u, € 9(Q) such that

uy — u for modular convergence in Wy Ly (Q).
Furthermore, if u € Wy Ly (Q) NL™(Q) then ||un]|o0 < (N + 1) ]|1t]|oo-

Corollary 2.5.1. [17] Let Q be a bounded Lipschitz domain and let M be a Musielak-Orlicz func-
tion satisfying the conditions of lemma (2.5.3), then Wy Ly (Q) < Ly (Q).

Lemma 2.5.6. [36] If a sequence un u,, € Ly(Q) converges a.e. to u and if u, remains bounded in
Ly (Q), then u € Ly () and u, — u for 6(Ly (), Ez;(Q)).

Lemma 2.5.7. Let uy,,u € Ly (Q). If uy, — u with respect to the modular convergence, then u, — u
Jor o (Ly(€2), Lyz(2)).

Uy — U

Proof. Let A > 0 such that / M (x, T)dx — 0. Thus, for a subsequence, u, — u a.e. in Q.
Q

Take v € Lj;(Q) and multiplying v by a suitable constant, we can assume Av € Z5;(Q).
By Young’s inequality, we have |(u, — u)v| < M(x, =) + M(x, Av) which implies, by Vitali’s

theorem, that / |(up — u)v|dx — 0. O
Q

Lemma 2.5.8. ([16])(Modular Poincaré inequality) Under the assumptions of lemma 2.5.3, and
by assuming that M(x,.) decreases with respect to one of coordinate of x, there exists a constant
0 > 0 which depends only on Q such that

/ M (x, |u])dx < / M(x,8|Vul)dx forall uecWyLy(Q). (2.79)
Q Q

Theorem 2.5.2.
Let M be a Musielak function and define the function py as

pulf) = [ M(x|f(x)dx

1. If f, — [ almost everywhere in Q, then pp(f) < liminfy, e pps(fy). (Fatou’s lemma).
2. If f — f weakly in Ly (Q), then pp(f) < liminf,_e par(fn). (Lower semicontinuity).

3. If |fu|l A/ |f| almost everywhere in Q, then py(f) = liminf, e ppr(f). (Monotone conver-
gence).

4. If fn — f almost everywhere in Q, |f,| < |g| almost everywhere, and py(Ag) < oo for every
A >0, then f, — f in Ly(Q). (Dominated convergence).
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Inhomogeneous Musielak-Orlicz-Sobolev spaces

Let Q an bounded open subset RY and let Q7 = Qx]0, T| with some given T > 0. Let M be an
Musielak-Orlicz function, for each o € INV, denote by V? the distributional derivative on Q7 of
order o with respect to the variable x € INV. The inhomogeneous Musielak-Orlicz-Sobolev spaces
are defined as follows,

WLy (0r) = {u € Lyr(Qr) : V%u € Ly (Qr),Ya € NV, |at| < 1},
WI’XEM<QT) = {Lt - EM(QT) : Vfu - EM(QT),VOC € WN, |OC| < 1}

The last space is a subspace of the first one, and both are Banach spaces under the norm

lull =} [IV¥ullsr.or-

o[ <m

We can easily show that they form a complementary system when Q satisfies the Lipschitz
domain [35]. These spaces are considered as subspaces of the product space 1Ly (Q7) which have

o (TlLy, 11Ez;) and o(I1Ly,MLz;). If u € WLy (Qr) then the function : ¢t — u(t) = u(t,.) is
defined on (0,7) with values WLy (Q). If, further, u € W'*Ey;(Qr) then the concerned function
is a W*Ey;(Q)-valued and is strongly measurable. Furthermore the following imbedding holds
WISEy(Q) C LY(0,T,W'*Ey(Q)).

The space W!~Ly(Qr) is not in general separable, if W!~Ly(Qr), we can not conclude
that the function u(t) is measurable on (0,7). However, the scalar function ¢ — ||u(t)||m ., is in
L'(0,T). The space WO1 “Ep(Qr) is defined as the (norm) closure W!*Ey,(Qr) of 2(Qr). We can
easily show as in [35], that when Q has the segment property, then each element u of the closure
of Z(Qr) with respect of the weak* topology o (I1Ly,I1Ey;) is a limit, in WO1 “Eym(Qr), of some
subsequence (u;) C Z(Qr) for the modular convergence, i.e. there exists A > 0 such that for all
o] <1

04 04
/ M, STV s 0 as i co.
or A
This implies that (u;) converge to u in WLy (Qr) for the topology o (T1Ly, I1L;;) .

Consequently,

o (TLy, TE;; o (TLy TLy;)

2(0r)° 7(0r)°
This space will be denoted by W, Ly (Qr). Furthermore, W, “Ey(Qr) = Wy Lyr(Qr) N
I1E,,.
Wo Lu(Qr) F
WOI’XEM(QT) K
of WO1 “Em(Qr). It is also, except for an isomorphism, the quotient of I1Lj; by the polar set
WO1 “Ep(Qr)*, and will be denoted by F = W‘l’xLM(QT) and it is show that,

We have the following complementary system ( > , F' being the dual space

L (0r) = { Y Vifa: faeLM(Qr)}-

la|<1

This space will be equipped with the usual quotient norm || || = inf Z | fall3z.0p
|af<1
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where the infimum is taken on all possible decompositions f = Z Vefa, fa €Ly (Or).
la|<1

The space F, is then given by, Fy = { f= Z V% u: fa € EM(QT)}, and is denoted by

la|<1
Fo=W~"Ey(0r).
Definition 2.5.1. We say that u, — u in W1*Ly;(Qr) + L1 (Q7) for the modular convergence if
we can write uy = Y|q|<) DY uy + ud and u = Y o<1 DY u + u®
with u% — u® in Lyz(Qr) for modular convergence for all || < 1, and u — u® strongly in L' (Qr).

Lemma 2.5.9. Let {u,} be a bounded sequence in W'*Ly;(Qr) such that

du,

5 =0y —I—ﬁn in .@,(QT),

u, —u, weaklyin W]’XLM(QT), for o(IlLy, T1Ey;),

with {04, } and {B,} two bounded sequences respectively in W ~'*Ly7(Qr) and in # (Qr). Then
Uy — U in L}OC(QT). Furthermore, if u, € WOI’XLM(QT), then u, — u strongly in L' (Qr).

Proof. It is easily adapted from that given in [46] by using Theorem 4.4 and Remark 4.3 instead of
Lemma 8 of [100]. ]

Theorem 2.5.3. if u € WLy (Qr) N LY (Qr) (resp. W, “La(Qr) NL'(Qr))
and S* a” e WL (0r) + LY (0r), then there exists a sequence (v;) in 2(Qr) (resp. 2(1,2(0r)))

such that vi —uin WLy (Qr) and ° ’ — G a” in W= Lez(0r) + L' (Qr) for the modular con-
vergence.

Proof. Letu € WLy (Qr)NL'(Qr) and % € W L:(0r) + L' (Qr), then for any € > 0. Writ-
ing % = Y|a|<1 DFu* +u®, where u® € Lz(Qr) for all |a| < 1 and u® € L'(Qr), we will show
that there exits A > 0 (dependmg Only on u and N) and there exists v € Z(Qy) for which we can
write 8t =Y|a|<1 DIV* + v with v* 10 € 2(Qy) such that

D% — D%
M(x, 222 vdr < e,V|a| < 1, (2.80)
Or A
v —ullio,) <&, (2.81)
1V =]l o) < € (2.82)
a0
M(x, Ydxdt < e, V|a|<1. (2.83)
Or

The equation (2.80) flows from a slight adaptation of the arguments [35], the equations (2.81)-
(2.82) flows also from classical approximation results.
For The equation (2.83) we know that Z(Qr) is dense in Lz;(Qr) for the modular convergence.
The case where u € WO1 “Ly(Qr)NL' (Qr)) can be handled similarly without essential difficulty
as it mentioned [35]. U]
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Remark 2.5.2. The assumption u € L' (Qr) in theorem (2.5.3) is needed only when Qr has infinite
measure, since else, we have Ly (Qr) C L'(Qr) and so WLy (Qr) NL' (Q1) = WLy (O7).

Remark 2.5.3. If in the statement of theorem (2.5.3) above, one takes I = R, we have that 2(Q X
R) is dense in {u € Wy™Ly(Q x R)NL'(Q x R) : 2 € WLy (Q x R) + L' (Q x R)} for the
modular convergence. This trivially follows from the fact that 7 (IR, 2 (Q)) = 2(Q X R).

Lemma 2.5.10. Let a < b € R and Q be a bounded open subset of RN with the segment property,
d

then {u € W, *Ly(Q x (a,b)) NL'(Q x (a,b)) : a_? €W L (Q x (a,b)) + L' (Q x (a,b))} C

© ([a,b],L'(Q)).

Proof. Letu € Wy "Ly (Q x (a,b)) and 2 € W="Liz(Q x (a,b)) + L' (Q x (a,b)).
After two consecutive reflections first with respect to t = b and then with respect to t = a,

ﬁ(xvt) = u(xvt)}c(a,b) + u(x, 2b _I)X(b,Zb—a) in Q% (bazb - a)7
and
ﬂ(xat) = ﬁ(xat)X(aQb—a) +I’A‘(x72a_t)X(3a—2b,a) in Q x (361—2[),2[9—61).

We get function i € W, "Ly (Q x (3a —2b,2b — a)) with 9% € W="Ly;(Q x (3a — 2b,2b —
a)) +L'(Q x (3a—2b,2b —a)). Now by letting a function n € Z(IR) with n = 1 on [a,b] and
supp(n) C (3a —2b,2b — a), we set = Nii, therefore, by standard arguments (see [51]), we have
a=uon (Qx(a,b)), 7€ W, Ly(Qx R)NL' (2 x R) and 2 € Wy "“Liz(Q x R) + L' (Q X R).
Let now v; the sequence given by theorem (2.5.3) corresponding to #, that is,

vi—a in W, ' Ly(QxR),
and
dv j . ou
ot ot
for the modular convergence.
S
If we denote Si(s) = / Ty (¢)dt the primitive of 7. We have,
0

in W, "Ly (Qx R)+ L' (Q % R),

r 8v,~ 8vj ..
/Qsl(v,—v,)(r)dx_/Q/_Mrl(vl—vjxa—W)ddeo as  i,j—0,

from which, one deduces that v; is a Cauchy sequence in C(RR;L!(Q)) and hence z € C(RR,L!(Q)).
Consequently, u € C([a;b]; L (Q)). O
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Nonlinear elliptic equations with some measure data
in Musielak-Orlicz spaces

Consider the following nonlinear Dirichlet problem:
A(u)+K(x,u,Vu) = f, (3.1)

on a Lipschitz bounded domain Q in RY. A(u) = —div(a(x,u,Vu)) is a Leary-Lions operator
defined on D(A) C W)Ly (Q) — W~ 1L;(Q) where M and M are two complementary Musielak-
Orlicz functions and K is a nonlinear lower term which satisfies the growth condition and without
the sign condition. In the framework of Sobolev spaces with variable exponents (the Musielak-
Orlicz-function is M (x,1) = [¢|P")), a series of papers on nonlinear elliptic and parabolic equations
without sign condition in the nonlinearity studied ( see [22], [28]).

On the Orlicz spaces, many papers were devoted to the existence of solutions of (3.1). In fact,
Gossez J.P. [76] solved the problem in the variational case, Elmahi A. et al. [60] proved the ex-
istence results for the unilateral problem of (3.1), where K satisfies the growth condition and the
right-hand side belongs to L!(Q). Recently, Dong G. et al. in [57] have taken the source term as a
bounded nonnegative Radon measure on Q.

The study of nonlinear partial differential equations is motivated by numerous phenomena of
physics, namely, the electrorheological fluids, the flow thought the porous media (see the mono-
graph of A. Antsenov [26]).

As an example of operator for which the present result can be applied, we give

Vul).V
—div(%) +uM(x,[Vul) = f,

where m(x,s) is the derivative of M(x,s) with respect to s.

The aim of this chapter is the study of the problem (3.1) in the setting of Musielak-Orlicz spaces
overcoming two difficulties. Firstly, we do not assume the sign condition on the nonlinearity K,
after we prove that there exist at least one solution for approximate equations. Secondly we show
that solutions belongs to the Musielak-Sobolev spaces W01L¢(Q) where ¢ is in a special class of
Musielak-Orlicz functions of 27 (see Definition 3.1.1).
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3.1 Technical Lemmas

Throughout this chapter, we assume also that every Musielak-Orlicz function M(.,.) is decreas-
ing in x in the following sense.
For any x € Q, let Q, = {s € Q/||x|| > ||s||} and

M(x,t) =M(s,t) if s€Q\Q,, (3.2)

{ M(x,t) <M(s,t) if s€Q,,
for any t € R.
Definition 3.1.1. Let M be a Musielak-Orlicz function. We define the following set:
O:Q xR, — Ry isaMusielak-Orlicz function such that

1 1
o <M and /¢>(x,[3H_l(x,]—))dr<oo a.e. in Q
0 -

1
rioN

dly =

M
for all constant B > 1, where H(x,r) = x, r)‘

The following lemma generalizes Lemma 2 in [102].

Lemma 3.1.1. Let Q be a open subset of RN with finite measure.
Let M be a Musielak-Orlicz function under assumption (3.2) and the assumptions of Lemma 2.5.3.

For any u € Wy Ly (Q) such that / M (x,|Vu|)dx < e, we have for all x € Q,
Q

—1 d

—

Cu'

fora.e. t > 0. Here L is the distribution function of u, and the function C(.,.) is defined by C(x,t) =
with H(x,t) = A@ Cy is the measure of the unit ball of RV, and u(t) = meas{|u| > t}.

! % 1_%
—ut' (1) > NCY () C(x, /{|u|>[}M(s, |Vu|)ds) (3.3)

S
H'(xt)
Proof. By definition of the Musielak-Orlicz function, M is an increasing convex function in ¢, then

H is an increasing convex function in #, and C(.,.) is a decreasing convex function in .
Fix x € Q. Jensen’s inequality for a convex function gives

/ M(s, [Vul) ds / H(s,|Vul)|Vuds
C(x, {t<|u|<t+h} )zC(x, {t<|u|<t+h} )

|Vu|ds |Vu|ds
{t<|u|<t+h} {t<|u|<t+h}

/ C(x,H(s,|Vu) ) |Vulds
< {t<|u|<t+n}
- / |Vul|ds
{t<|u|<t+h}
/ C(x,H(s, \Vu\)) |Vul|ds
< {t<|u|<t+h}NQy

- / |Vu|ds
{t<|u|<t+h}
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/ C(x H(s,|Vu))) |Vulds
| J<ldsirmn@)

/ \Vu|ds
{t<|u|<t+h}

By (3.2) and for all > 0 we have

fors € Q. , H(x,|Vu|) < H(s,|Vu|) and |Vu| < H_'(H(s,|Vu|)) then
ClwH (s, [Vu))) = pergisroan; < War

for s € Q\Qy, H(s,|Vu|) = H(x,|Vul|) and C(x,H(s,|Vu|)) = VL‘
Hence

o MR +u()

Clx >~ )
/ |Vul|ds
{t<|u|<t+h}

/ M(s, |Vu) ds
{t<|u|<t+h} )

/ |Vul|ds
{t<|u|<t+h}

letting &7 — 0, we have

d
(—)/ M(s,|Vul)ds ,
dt u t
(5,4 iz >§ 0 G
(—)/ Vulds (—)/ Vulds
dt” J{jul>1} dt” J{jul>r}
for all ¢t > 0.
On the other hand we can follow [71] to prove that
d 1
4 \Vu|dx > NCY pu(r)' =~ (3.5)
L J{Jul>1}
for a.e. t > 0. Finally, combining (3.4), (3.5) and monotony of C(.,.) we get (3.3). H

Lemma 3.1.2. Let M be a Musielak-Orlicz function under assumption (3.2) and the assumptions
of Lemma 2.5.3 and ¢ € <ty with ¢ ~ M, there exists a constant 3 > 1 such that

d , » 1 d
E/{MN}‘P(S; |Vul)ds < —p (t)¢ (%BHX <W5/{|u|>t}M(& |Vu\)ds)>

for each x € Q, and for any u € Wy Ly (Q) such that /QM(x, |Vu|)dx < oo.

t
: , then C(x,t) =

Proof. Forx € Q,let C(x,1) = — — .
Hy (x,1) MoHy (x,t)

By (3.3), we have

/ 1 —1
02N A [ (s |Val)as ).
NCY p(r)! = 91 >t}

then

' omon | ————5 [ M(s|Va)a
NCE ()~ sy

>NCN,LL N( d / (s,|Vu])ds>
NCN {lu|>1}
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—1

d d
. M(s,|Vu|)ds) > ——/ M(s,|Vul|)ds,
i /{M (5,|Vul)ds) =~ o M [V ds

oMo (—
NCyu(t)

and also
1 d

— = _— M(s,|Vul|)ds |,
w(t)dt NC]&LL(I)I*% dt /{|u|>t}
using the monotony of the function M_ !, we obtain
M_l(%i/ M(s,|Vu ds) SH_1<—11/ M(s,|Vu ds).
x 0 dt (>t} ( | |) X NCN%[J(t)lf% dt {Ju>1} ( | D
Let ¢ € @y and let D(x,t) = M(x, ¢ '(¢)), then D is convex and by Jensen’s inequality we have

Vul)d / D(x.6(s.|Vu|) ) d
D(x /{z<u<t+h}¢<s| u|) S)< {t<|u|<t+h} (x ¢(S| u|)> S'

— e+ h) () —p(t+h)+ 1)
Since ¢ ~ M, there exists a constant A > 0 such that M (x,7) < A¢(x,1).
Then for every ¢ € .o/ with A < 1 and by the monotony of the functions M, and ¢! for any x and
sin Q, we have

—1 d
/ M(s,|Vu|)ds < MoH, !
{lu[>r}

D<x,¢<s,|w|>) = M (3,9 (6 (5. [u]))) < 9(s.[Vur),

and by Remark 2.5.1, there exists 8 > 0 such that D(x, o (s, \Vu\)) < BM(s,|Vul),

then
/ o(s.[Vudsy B [ M (5,Vu))) ds
D (x, {t<|u|<t+h} ) < {t<|u|<t+h}

Y

—H(r+h)+ (1) —H(r+h)+ (1)

using the definition of D(.,.) and the monotony of M ! we have

o 1 4 o 1 o4
0. (x,“,—(t)E/{|u|>[}¢(s,|Vu|)ds> < BM; (x,u,—(t)a/ﬂubz}M(s,WuDds),

—1
<put ([ MG, [Vu)ds ).
Claa(ey' =k 4 =)

which gives our result. O

3.2 Essential Assumptions

Let M and ¥ be two Musielak-Orlicz functions such that M and its complementary M satisfy
the previous conditions and y < M.

A :D(A) C WiLy(Q) — W L(Q) is defined by A(u) = —div(a(x,u, Vu)), where a : Q x
R x RN — R" is a Carathéodory function such that for a.e. x € Q and for all s € R, £,E* € RV,

E#E"
a(x,,&)| < Ble(x) + M, (v(x,vils])) + My (M(x,v2|€]))), B > 0,¢(x) € Eyf(Q),  (3.6)
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(a(x,s,6) —a(x,s,67))(§ — &) >0, 3.7)
a(x,s,6).5 = aM(x,[&)), (3.8)
K(x,5,&): QxR x RN — R" is a Carathéodory function such that
K (x,5,8)| < b(x) +p ()M (x,|G]), (3.9)
p : R — R* is a continuous positive function which belongs to L' (IR) and b(x) belongs to L' (Q).
W€ Ap(Q), (3.10)
assume that there exists ¢ € %%y such that

@goH ~! is a Musielak-Orlicz function. (3.11)

3.3 Main Results

Let Q be an open bounded subset of RY (N > 2), and let M and M be two complementary
Musielak Orlicz functions. Define the set

%I’M(Q) ={u:Q— R is measurableand Ty (u) € D(A)}.

Theorem 3.3.1. Assume that (3.6) — (3.10) hold true with </yy # 0. Then there exists at least one
solution of the following problem:

ue Ty M(QNWILy(Q), Vo € iy,
< A(u),v> —l—/ K(x,u,Vu)vdx =< ,v>, Yve 2(Q). (3.12)
Q

Example 3.3.1.
We give an example of equations to which the present result can be applied

1. We give an example of the Musielak-Orlicz-functions M for which the set <y is not empty.
Let a(.),b(.) be two functions in L (Q) such that a(.),b(.) are decreasing strict positive and

there exist two constants Ay > 0,4, > 0 such that A < % < A. Take now M(x,t) = a(x)|t|P
and ¢ (x,t) = b(x)|t|P such that p > N, then ¢ € ).

2. Let us take the functions mentioned above and consider the following problem:

div(a(x)|VulP=2Vu) + b(x) + p(u)M(x, |Vu|) = u, inQ,
u=20 on Q.

Here a(x,u,Vu) = a(x)|Vu|P~>Vu satifies the hypotheses (3.6)-(3.8), K (x,u,Vu) = b(x) +
p (u)M(x,|Vul|), where p : R — R is a continuous positive function which belongs to L' (IR)
and 1 € Mp(Q).

Proof of theorem.
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Step 1: Existence of weak solutions for approximate problems.
We consider the following approximate equation for any n € IV,

/[a(x,u,Vu)Vv+Kn(x,u,Vu)v]dx:/,unvdx, Vv € Wy Ly (Q), (3.13)
Q Q

K(x,u,Vu)

where K, (x,u, Vu) = .
I+ 5K (x,u, V)|

,and (U,)n € Z(Q) is a sequence such that

U, — 1 1in the sense of the distributions. (3.14)

We will prove that, for every n, there exists at least one bounded solution u,, of (3.13) with
un € Wy En(Q).

Proposition 3.3.1. Let M and M be two complementary Musielak Orlicz functions satisfying the
conditions of Lemma 2.5.3, assume that (3.6)-(3.10) hold, then, for any n € IN*, there exists at least
one solution u, € Wy Ey(Q) of (3.13).

Proof. See [57]. ]

Step 2:  Consider the following approximate problems:

up € Ty M (Q) W) En(Q)

< A(uyp),v > +/ Ky (X, ty, Vuy )vdx =< lp,v >, Vv e WOILM(-Q)~ (3.15)
Q

By proposition 3.3.1, there exists at least one solution u,, of (3.15).
Lemma 3.3.1. Let u, be a solution of the approximate problem (3.13), then

1. for all k > 0, there exists a constant C;, (i = 1,2) (which does not depend on n and k) such
that

/Q a(x, T (), VTi (1)) V T (1) dx < KC, (3.16)

and
/ M(x, |VTi(uy)|)dx < kCo. (3.17)
Q

2. There exists a measurable function u such that

U, —u a.e.in K. (3.18)

a(x, Ti(un),VTi(uy)) — @,  weakly in (LM(Q))N for o(IlLy;, I1Ey). (3.19)
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Proof of lemma 3.3.1
(1) Let vg € W Ly (Q) NL=(Q) with v > 0.

N 1
On the one hand, taking exp(G(u,))vo as a test function in 3.13, where G(s) = / ap(r)dr, we
0

obtain

P (un)
o

/a(x,un,Vun)exp(G(un)) Vunvodx+/a(x,un,Vun)exp(G(un))Vvodx
Q Q

+ Kt Vi) exp(Glan) odx = [ pnexp(Glun) o
Q Q
by (3.8) and (3.9) we simplify by the term / p (un)M (x,|Vuy|)vodx and we have
Q

/ a(x,up, Vuy,) exp(G(u,))Vvodx < / Un exp(G(un))vodx—f—/ b(x)exp(G(uy))vodx. (3.20)
Q Q Q
On the other hand, taking exp(—G(uy))vo as a test function in (3.13), we deduce also
/ a(x, un,Vun)exp(—G(un))Vvodx—l—/ b(x)exp(—G(uy,))vodx > / Wy exp(—G(uy))vodx.
Q Q Q

(3.21)
By choosing vy = Ty (u,) ™" in (3.20), we otain

/ (%, 1, Vitn) exp(G (1)) VT (1)l < / i exp(G (1)) Ti (1) o+ / b(x) exp(G (1)) T (1) * .
Q Q Q

Since p € L(R), we see that G(—) < G(s) < G(+) and |G(Ze0)| < L[|l 11 (R)» then we have

oMz
| @ i) VT () VT (1) < exp (<Kl 0 + D] ) = KCo,
and using (3.8) we get
/ M(x, VT ()t )dx < kCa.
Q

Choosing again vy = Tj(u,)~ in (3.21) we get

- a(x,up, Vuy)exp(—G(up)))Vu,dx + / b(x)exp(—G(uy)))Ti(un)~ dx
{—k<u,<0} Q

> [ o exp(—G () Ty (1)
Similarly we obtain
[ e i) V)i < exp (OB 1) bl )
(—k<up<0} ’ = o My Q)

= kCs.
and by (3.8) we have
/ M(x, |VT; (1) | )dx < kCs.
Q
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We deduce respectively the results (3.17) and (3.16).

(2) Using (2.79) we have
k T
inf M(x, <)meas{|u,| >k} < M(x, | Tic(un)| )dx
x€Q 6 | >k 5
< / M(x,|VTi(uy,)])dx < kCs.
Q
Then o
meas{|u,| >k} < %
infreqM(x,5)
for all n and for all k.

Assume that there exists a positive function ¥ such that lim;_, & = —+oo and
Y(r) < essinfycq M(x,t), ¥t > 0. Thus, we get

lim meas{|u,| >k} =0.
k—ro0
By the property (1) of Lemma 3.3.1, we deduce that T (u,) is bounded in W Ly (Q) and then
there exists some 7 € WLy (Q) such that Ty (u,) — 7 weakly in Wy Ly (Q) for o(T1Ly,11E;),
strongly in Ej(Q) and a.e. in Q And by (2) of Lemma 3.3.1, the sequence (u,), converges almost

everywhere to some measurable function u.
Then we have

Ti(un) — Ti(u) weaklyin WyLy(Q) for o(TILy,T1E;;),
strongly in  Ep(Q) andae.in Q.

(3) We shall prove that {a(x, T;.(u,), VT}(u,))}, is bounded in (LM(Q))N for all k > 0.
Let w € (Ep(Q))V be arbitrary. By (3.7) we have

(a(x,un, Vuy) —a(x,up,w))(Vu, —w) > 0.
Then

/ a(x,up, Vuy )wdx < / a(x,up, Vun)Vu,dx + a(x,up,w)(w—Vu,)dx.
{lun| <k} {un|<k} {lun| <k}

By (3.6) and according to Remark 2.5.1 there exists K > 0 such that y(x, v;k) < k M(x, 1) and for
A > 0 being large enough

3p

Thus {a(x, Ti(un), ;) } is bounded in (Lzz())Y, by (3.22), (3.16) and in view of the Banach-

Steinhaus theorem, the sequence {a(x, Ty (un), VT (uy))} remains bounded in (L37(€))" and for a
subsequence

alrun ) 1 |
/{un|§k}M(—)dx§ g[/QM(c(x))dx+/QkM(x,1)dx+/QM(x,w)dx] <Cs. (322

N

a(x, Te(un), VTi(un)) = @  weakly in  (Ly(Q))" for o(IlLy;, IIEy).
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Step 3:Almost everywhere convergence of the gradients.
To have that the gradient converges almost everywhere, we need to prove the following propo-
sition.

Proposition 3.3.2. Let {uy}, be a solution of the approximate problem 3.13, then

1.
lim limsup/ a(x,u, Vuy)Vupdx = 0, (3.23)
{=(m+1)<u,<—m}

m—oo 5 oo

2. for a subsequence as n — oo
Vu, - Vu ae in Q. (3.24)

Proof.

(1) Take the function vo = T} (up — T,n(u,))~ in (3.21), this function is admissible since vy €
Wy Ly (Q) NL=(Q), and v > 0, then we have
- /Q (%, tn, Vi) exp(—G (1)) VT (it — Ton(ut))~dlx < /Q b(x) exp(—G ()T (ttn — Ty (1))~ dlx,
since U is nonnegative. We get

/{—(m+l)<u,,<—m} a(x,un, V) exp(—G(up))) Vndx < /Qb(x) exp(—G(ux))) T (up — T (uy)) ~dx

1ol
(04

< exp(

) [ B0OITs T ).

By Lebesgue’s theorem, we conclude the result (3.23).
(2) To show that Vu, — Vu a.e. in Q is true, simply adapt the proof from the chapter 1 and
follow the same steps by taking ® =0 and u = f € L' (Q).

Step 4: Equi-integrability of the nonlinearity sequence.
We shall prove that

K, (x,un,Vu,) = K(x,u,Vu) stronglyin L'(Q). (3.25)

Consider vy = / ' P (5)Xs>ndx in (3.20), we get
0

/ a(x,up, Vi) exp(G(uy,))Vvodx < / Uy exp(G(un))vodx—l—/ b(x)exp(G(uy))vodx.
Q Q Q
Then using (3.8) and (3.9) we have

HpHLl(R))

—+oo
@ P Vads < ([ pls)dnex Il + 1013 )

then
~+o0

/ p ()M (x,Vudx < 2 ([ p(s)dx).
{up>h} o Jn

Since p € L' (RR), we get

lim su / uy )M (x,Vu,)dx = 0.
h%+°°neﬂl31 {u,1>h}p( n)M( n)
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0
Similarly, let vy = / P (8)X{s<—nydx in (3.21), we have also
Up

lim sup/ p (un)M(x,Vuy,)dx = 0.
{un<—h}

h—>+°°n61\l
We conclude that
lim sup/ p (un)M(x,Vu,)dx = 0. (3.26)
h—=+eopeN {|“n‘>h}
Let D C Q, then
/ p (un)M(x, Vity)dx < max (p(x)) / M(x, Vi )dx + 0 (1n)M(x, Vity )dx.
D {|un|<h} DOV [un| <h} DO jun|>h)

Consequently, p (u, )M (x, Vu,) is equi-integrable, and since p (u, )M (x, Vu, ) converges to p (u)M (x, Vu)
strongly in L' (IR), we get our result.

Step 5: We show that u satisfies (0.1).
o {u,} is bounded W, Ly () and converges to u strongly in Ly (), where ¢ € .

Firstly, we can take T¢ (u, — T;(uy)),€ > 0, > 0 as a test function in (3.15), from (3.9) and (4.72)
we have

/ a(x,un, Vup)Vupdx < €C7.
{t<|un|<t+€}
The constant C7 is independent of n, € and 7, then

1 C
—/ M(x,Vu,)dx < ety
€ J{t<|uy|<t+e} (07

d C
= M(x, Vuy,)dx < —. (3.27)

U< |unl} o
Secondly, let ¢ € @7 and ¢ ~ M. Using Lemma 3.1.1, Lemma 3.1.2, the equation (3.27) and
the same techniques as in [31], we deduce that Vu,, is bounded in Ly (Q) for each ¢ € o)y, then u,

is bounded in W Ly (Q) for each ¢ € <.

Let now € — 0, we have

o a(x,un, Vun) — a(x,u,Vu) weakly for o(IlLy.p-1,11Eg),
where @ and ¢ o H~! are two complementary Musielak-Orlicz functions.
The first time, using (3.6) and Remark 2.5.1, we have

[ oo (U TN d < [ g0 mt (et + kML, (M1 )
(M (e, val Vi ))]

Since ¢ o H; ! is a Musielak-Orlicz function, we get

+M,

X

[ ot (TN ge < 2 [ gt (Gel)+ o (KM, (MG )
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tpom! (%M;l (M(x, va| Vi |)))dx. (3.28)

On the other hand, due to the definition of Musielak-Orlicz function, we can easily deduce

by definition of H we have

and hence, by Remark 2.5.1,

¢OH;1(% () < M, B (D)) < kM, (), (3.29)

also we have

“(la; ~1 1 1M 7k Vuy
0o (M, (M, un)))) < 90 H (M, M(x ko)) < 90 H; 1(W),

X

where k» = max(1,k(v;)), then

11—
9o H™! (SM, (k(vi)M(x; |unl))) < ksM (x, i), (3.30)
" 1 M 2| Vit )
151 _ X,Va|Vu
9oH, ' (M, (M (x,v2|Vin]))) < ¢ o H, I(W)
= ¢ (x, v2|Vuy|).
Using the remark 2.5.1 we get
1——1,1
oo, (M, (M(x.v2|Vua)))) < kaM (x, [V, (3.31)

applying (3.29), (3.30) and (3.31) in (3.28) we obtain
n vV =
/ L0oH; |a X, u un>|) /Q k1M (x, c(x) )dx+ksM (x, |up|) + kaM (x, |Viun| )] dx < Cs.

6p
Consequently, a(x, u, Vuy) — a(x,u, Vu) weakly for 6(IlLy.5-1,11Eg).

Take now v € Z(Q) as a test function in approximate equation (3.13), one has
/ a(x,uy, Vun)vdx-l—/ K (x,uy, Vu,)vdx = / Wy vdx,
Q Q Q

since we have u, — u strongly in (E¢(Q))", for every ¢ < ¢, V¢ € ).
Using (3.25), (3.14) and passing to the limit as n — 4-co to end the proof of Theorem 3.3.1.

O
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Existence of Entropy Solutions in Musielak-Orlicz
Spaces Via a Sequence of Penalized Equations

This chapter is devoted to an existence result of entropy unilateral solutions for the nonlinear
parabolic problems with obstacle in Musielak- Orlicz—spaces:

du+A(u)+K(x,t,u,Vu) = f +div(®(x,t,u)),

and
u>{ae. in Qr.

Where A is a pseudomonotone operator of Leray-Lions type defined in the inhomogeneous
Musielak-Orlicz space WO1 “Ly(Qr), K and @ are only assumed to be Crathéodory’s functions
satisfying only the growth conditions prescribed by Musielak-Orlicz functions M and M which
inhomogeneous and does not satisfies Ap-condition. The data f and ug are still taken in L'(Qr)
and L'(Q).

Statement of the problem: Consider the following nonlinear Dirichlet equation:

u>_¢ in QOr,

%+ A(u) +K(x,t,u,Vu) = f+div(®(x,t,u)) in O, (4.1)
u(x,t) =0 on dQx(0,T), '
u(x,t =0) = up(x) in Q,

where A(u) = —div(a(x,t,u,Vu)) is a Leary-Lions operator defined on the inhomogeneous Musielak-
Orlicz-Sobolev space WOl "Ly (Qr), M is a Musielak-Orlicz-function related to the growths of the
Carathéodory functions a(x,t,u, Vu), ® and K (see assumptions (4.2), (4.5) and (4.6). The data f
and ug in L' (Q7) and L!(Q) respectively, and uy > ¢.

The first prototype is taken from the Classical Sobolev spaces, having the following form:

du_

dt AI’<”)+div(c<'at)’u‘Y7lu)+b|vu|6:f7 in QT~

Porzio et al. in [93] have proved the existence of weak solutions, with ¢(.,.) = 0. For ¢(.,.) €
L?(Qr) and p = 2, Boccardo et al. in [48] have proved the existence of entropy solutions, recently
R. Di-Nardo et al. in [55] have proved an existence results of renormalized solutions in the case
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where p > 2 and ¢(.,.) € L"(Qr) with r = %, and by Aberqi et al. in [6] for more general
parabolic term. For the elliptic version of the problem (4.1), more results are obtained see e.g.
[49, 50].

In the degenerate Sobolev-spaces an existence results is shown in [22] without sign condition
in K.

In the Orlicz-Sobolev spaces, Rhoudaf et al. in [88] proved the existence of entropy solutions of
the problem (4.1) where K = 0 and the growth of the first lower order ® prescribed by an isotropic
N-function M defining space does not satisty the /\,-condition.

To our knowledge, differential equations in general Musielak—Sobolev spaces have been studied
rarely see [16, 36, 17, 92], then our aim in this chapter is to overcome some difficulties encountered
in these spaces and to generalize the result of [6, 21, 66, 88], and we prove an existence result of
entropy solutions for the obstacle parabolic problem (4.1), with less restrictive growth, and no coer-
civity condition in the first lower order term @, and without sign condition in the second lower order
K, in the general framework of inhomogeneous Musielak-Orlicz-Sobolev spaces WO1 Ly (Qr), and
the anisotropic N-function M, defining space does not satisfy the /\,-condition.

Let us give an example of equations to which the present result can be applied:

uz C in QT7
du - )
=~ B () FuM(x, V) = f+ (e, )M, M(x.0olul) in Qr,
u(x,t) =0 on dQx(0,T),
where —Ay(u) = —div(m(féz‘”‘) .Vu), m(x,s) is the derivative of M(x,s) with respect to s, { is an

admissible obstacle function.

4.1 Essential assumptions

Let Q be an open subset of R (N > 2) satisfying the segment property, and let M and y be two
Musielak-Orlicz functions such that M and its complementary M satisfies conditions of Lemma
2.5.3 and Lemma 2.5.8 and y < M.

A :D(A) C WyLu(Qr) — W 'Liz(Qr) defined by A(u) = —diva(x,u,Vu), where a : Q7 x R x
RY — RV is Carathéodory function such that for a.e. x € Q and for all s € R,E,E* € RN & £ &¥,

la(x,t,5,&)] < Blao(x,t) + M, y(x,ki|s|) + My M(x,ki|E])), 4.2)
with ao(.) € Eg;(Qr),and B >0,
(a<x’t7sa§)_a(x7tvs7‘§*))<§_é*)>07 (43)

a(x,1,s,8).6 = aM(x,||) +M(x,|s]). (4.4)
®: Qr x R — RY is a Carathéodory function such that

D (x,1,5)| < c(x,)M, M(x,0ls]), 4.5)
1
where [|c(.,.)l|=(o;) <@ and 0 < 0 <min(l;—).
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K : QOr x R x RY — R is a Carathéodory function such that

K (x,1,5,6)| < h(x,0) +p(s)M(x,[&]), (4.6)

p : R — R* is continuous positive function which belongs to L' (IR) and A(_, .) belongs to L' (Qr).

feL(0r), 4.7)

up € L'(Q). (4.8)

Let { a measurable function with values in R such that

e W()lEM(QT) ﬂLm(QT), % el (QT) such that ug > C,

and let Ky = {u S WOI’XLM(QT) cu>Cae. in QT}.
Note that <, > means for either the pairing between WO1 “Ly(Qr)NL=(Qr) and WLz (Or) +

L'(Qr) or between Wy Ly (Qr) and W~"*Li7(Qr).
The definition of a entropy solution of Problem (4.1) can be stated as follows.

Definition 4.1.1. A measurable function u defined on Qr is a entropy solution of Problem (4.1), if
it satisfies the following conditions:

dv
/ S (T)dx+ [ D T(s - v(x,0))dxdt
or Ot
a(x,t,u, Vu)VTi(u—v)dxdt
T
—I—/Q D (x,t,u)VTi(u—v)dxdt+ | K(x,t,u,Vu)Ti(u—v)dxdt (4.9)
T Or

ka(u—v)dde-/ Sk (up —v(x,0))dx,
Or
Vk>0, and Vve&KyNL*(Qr) suchthat % € Ly (0, T; W Liz(Q)).

\

4.2 Main result

Theorem 4.2.1. Assume that (4.2) — (4.8) hold true . Then there exists at least one entropy solution
u of the problem (4.1) in the sense of definition 4.1.1.

Remark 4.2.1. The results obtained in Theorem 4.2.1, remains true if we replace (4.5) by the
growth condition |®(x,,s)| < c(x)7; ' y(x,|s]), where c(.) € Ey(Q) and y < M.

Remark 4.2.2. Condition (4.4) can be replaced by the weaker one

a(xvsvé)g > (XM(X, |§|) _b(x)v

where b(x) is in L'-function.
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Proof.
Step 1: Approximate problem.
For each n > 0, we define the following approximations

an(x,t,5,E) = a(x,t,T,(s),E) ae. (x,t)€Qr,VscR, VEcRY, (4.10)
D, (x,t,5) = P(x,1,T,(s)) ae. (x,7) € Qr, Vs € R, 4.11)
K(x,t
Ko(t1,8.8) = —bulne) (4.12)
1+E|K(x7t7saé)|
Let (f,)n be a sequence of smooth functions such that f, — f strongly in L'(Q), (4.13)
and
ugn € €5 (Q) such that ug, — ug strongly in L (Q). (4.14)

We define sg,(s) = T"T(S)

Let us now consider the approximate problem :

u,

; —div(ay(x,t,uy, Vuy)) + Ky (x,t,u,, Vuy,)
+nTn(un— C)_Sg%(urﬂ = fa +div(CI>n(x,t,un)) in QOr, (4.15)
up(x,2) =0 on dQx(0,7T),
un(x7 O) = UQn in Q.

Since K, is bounded for any fixed n > 0, there exists at last one solution u,, € WO1 ’XLM(QT) of
(4.15)(see [85]).
Step 2: A priori estimates.

Lemma 4.2.1. Let {u,}, be a solution of the approximate problem (4.15), then for all k > 0, there
exists a constants C; and C such that

/ a(x,1, Ty (1), VT (1) )V T () dx < kC, (4.16)
Or

and

M(x,|VTi(uy)|)dx < kCy, (4.17)
Or

where C1 and C, does not depend on the n and k.

Proof. Fixed k > 0,
Let T € (0,7) and using exp(G(un)) Tk (un) " X(0,r) as a test function in problem (4.15), where G(s) =

\)
/ p(? dr, and o > 0 is a parameter to be specified later. We get
0

o
al/tn +
0. 91 exp(G (un)) Ty (un) "dxdt (4.18)
+/ an(x,1, 1, Vi)V (exp(G(un)) T (un) ") dxdt (4.19)

T
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+/QTq)"(x’t’”")V(eXp(G(”n))Tk(un)+)dxdt
+ | K(x,t,un, Vi) exp(G(up)) Ty (un) T dxdt

QT
+ / BTyt — €)1 (1) exp(G(1tn) ) Ti (1) dxclt
QT n

(i

< kexp( o

N falleror)-
* For the (4.18), we take
Tilr) = [ exp(GUs)Ti(s) " s
0

then
Ol (G atn)) i (1) it = / Ty (un () dx — / T (10(0))dx.
Or ot Q Q
By definition we have / T (1n(7))dx > 0 and / T"k(u,,(O))dxgkexp(“pol’,“)||u0||L1(Q).
Q Q

* For the (4.20) we use (4.5) and Young inequality, we get
@, (x,t,u,)V(exp(G(un)) T (u,) ") dxdt

T

- (s )=o)

o [O‘O/ M (x,u,)p () exp(G (un)) Ty () T dxdt

+ | M(x,Vun)p (un) exp(G(uy)) Tr (uy) T dxdt
Jr||C(-»-)||L°°(QT)060/Q M (x,u,) exp(G(uy,) ) dxdt

e Mirion) | MO VT () ) exp(Glu) s

T

* For the (4.21) we have,
/ K(x,1, tt, Vitn) exp(G ) Ty (1) *dxdt < kexp(%) / \h(x,1)|dxdt
Or Or

+/Q p (un) exp(G(up) )M (x, Vi) Ti (uy) " dxdt.
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Finally using the previous inequalities and (4.4), we obtain

( % 0 M(x,un)p(un)exp(G(un))Tk(u,,)+dxdt—I—% QTM(X,Vun)p(un)eXp(G(un))Tk(un)+dxdt
—l—/ a(x,t,un,Vun)exp(G(un))VTk(un)+dxdt+/ nTn(un—C)_sg%(un)exp(G(un))Tk(un)+dxdt

T O

< ”(l‘w [0 | M) ) exP(G 1) i) * i

+ / M (5, Vitg)p (t) exp (G 1tn) i) * ]
QT

taolel e [ M) exp(Glun)dx

e+ Mle=(on) /Q M (x, V() ) exp(Glun) )t

T

+ / M(x, Vitn)p (1) exp(G () ) Ti (1)

T p |
+[exp 1l + sy + | henlaar],
T
(4.25)
Using again (4.4) in (4.25) we get

1—oplle(.; )=o)
[ o
o — e, )llz=(oy) — @
al

} ; M(x, 1) (i) exp(Gutp ) ) Ty () * dxdit

+[ }/ M (x,Vun)p (un) exp(G(un)) Ti(un) " dxdt

T

+/ a(x,t,un,Vun)exp(G(un))VTk(un)+dxdt+/ nT,(un— &)~ sg1 (un) exp(G(un)) Ty (un) * dxdt
0 O "

leCs Ilz=or)
(04

< [ / M (3, 4y) exp(G{a) s + @M (x, VTi(tn) ) exp(Giutr) )l |
{0<u, <k}

—HCC1.

If we choose &’ such that &’ < o —|[|c(.,.)[|=(o,) and using again (4.4) we get

[1 — W] /Ta(X,l,Mn,Vbln)CXP(G(un))VTk(un)+dth

+ / 1Ty (1t — £) 51 (1) exp(G (1)) Ta(un) " dixdt < k. (4.26)
O n

e(--) HL‘”(QT)]
o

1
Taking — = [1 — . Thus,
(69)

a(x,t,un, Vi) exp(G(uy))VTi(u,) " dxdt
Q1

+02/ nTy(uy, — &)~ sg 1 (un) exp(G(up)) Ty (uy) " dxdt < kcycy.
O n
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It follow that
dxdt < cq,

0 | nli(u=E)"sg, () exp(Glw) Tt

by Fatou’s lemma as k — 0 we have
0< / nTy(uy — &) sg1(un) exp(G(uy))dxdt < c;.
{u,>0} n
Return to (4.26), we deduce easily
/ a(x,t,uy, Vi) exp(G(un))VTi(un)dxdt < kcicy.
{0<u, <k}
And as one has exp(G(uy)) > 1 for 0 < u, <k, then
/ a(x,t,uy, Vi, )VTi(uy)dxdt < kcycy,
{0<u, <k}

by ((4.4)) .
C1€2

/ M(x,|VTi(up)*|)dxdt <

and
0< / nT,(un, — €) " sg1(uy)dxdt < c;.
{u,>0} "

Similarly, taking exp(—G(u»))Ti(un)~ X(0,r) as @ test function in problem ((4.15)), we get

du,,
0. Ot

exp(—G(uy)) Ty (uy) ~ dxdt

+ / (5,1, 1, Vit )V (€Xp(— G (10)) VT (1)~ )t
+ / ®, (.1, 1)V (eXp( — G 1))V Ti (1) )dlxdlt
+ / (6ot 0, Vit exp(— G 1)) T ()~ dxdt

Tl =€) 5. () exp(—Glu) )

> / Foexp(—G () Ti (1) ~doxdt.
QT

We take also B .
Tilr) = | exp(=Gls)Te(s) ds,

then
du,

0. 9s

exp(—G (1)) T (1)~ dxdt — /Q T (1)) dx — /Q Ty (1 (0))dx,
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(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)



and using same techniques, we obtain also
/a(x,t,u,,,Vun)exp(—G(un))VTk(un)dxa’t

te / nTy(u— £) 521 (1) exp(—Gun) ) Ti(un)~ dxdt < kerc.
Oz n
It follow that

0< —/ nT, (u, — C)_sgl(un)exp(—G(un))dedt <c,
Or n

we deduce by Fatou’s lemma as k — 0O that
0< —/ nT(un — &)~ sg1(uy) exp(—G(uy))dxdt < ¢y,
{u, <0} "
And as one has exp(—G(u,)) > 1 since —k < u, <0, then
/ a(x,t,uy, Vi )VTi(uy)dxdt < kcycy,
{—k<u,<0}

k
/ M(x,| VT () |)dxdi < C&"’z,

T

and
0< —/ nT,(up — &)~ sg1(up)dxdt < cy.
{un§0} n

Combining now (4.27) and (4.38) we get,
/ a(x,t,uy, Vi, ) VT (uy)dxdt < kCj.
Oor
Of the same with (4.28) and (4.39) we get,

/ M(x, |VTi ()| )dxdt < kCo.
Or

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

we conclude that 7j((uy)) is bounded in WO1 “Ly(Qr) independently of n and for any k > 0, so

there exists a subsequence still denoted by u,, such that
Ti(up) — & weaklyin W, “Ly/(Or).
On the other hand, using (4.42), we have

k T
inf M (x, < )meas{|u,| > k} S/ M(x, | T (un)|
xEQ 6 |un|>k o

)dxdt

< / M(x, | VT ()| dxdi < KC.
or
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(4.43)



Then
kCy

meas{|u,| >k} < ————,
e }‘infxegmx,%)

for all n and for all k.
Assuming that there exists a positive function M such that lim;_, A@ = tooand M(t) < essinfyco M(x,1),
Vvt > 0. Thus, we get

klgn meas{|u,| >k} = 0. (4.44)

O]

Step 3:
Now we turn to prove the almost every convergence of u, and convergence of a, (x,t, Ty (uy), VI (uy)).

Proposition 4.2.1. Let u, be a solution of the approximate problem, then
u, > u aein Qr, (4.45)

an(x,t, Ti(un), Vi () = @ in (Li(Q))N, for o (ML, TIEy), (4.46)
for some @, € (Lz7(Q))".

Proof.
Proof of (4.45) : Let A > 0 then

meas{|upm — uy| > A} < meas{|up| >k} + meas{|u,| > k} + meas{| Ty (um) — Ty (un)| > A}.

By (4.43), we can assume that Tj(u,) is a Cauchy sequence in measure in Qr and using (4.44)
we deduce that for any € > 0 there exists some k(€) > 0 such that

meas{|um —uy| > A} <& forall n,m> Ny

Which means that u, is a Cauchy sequence in measure in Q7, thus converge almost every where
to some measurable function u. N
Proof of (4.46) : We shall prove that {a(x,t, T(un), VTi(tn)) }n is bounded in (Lz(Q))" for all
k> 0.

Let w € (Ep(Q))" be arbitrary. By condition (4.3) we have,

(a(x,t,up, Vuy) —a(x,t,uy,w))(Vu, —w) >0,
then

/ a(x,t,uy, Vu,)wdxdt §/ a(x,t,uy, Vuy)Vuydxdt + a(x,t,u,,w)(w—Vu,)dxdt,
{|un| <k} {lun| <k} {lun| <k}

by (4.2) we have for v >

— o a(xtun, ) B __
/ M, (x, ———2)dxdt < — [M(x,ao(x,t)) + v(x, k| T (un)|) + M (x, |w|) | dxdt
{lun| <k} 3v 3V Jor
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B
—3vJor

Thus {a(x,, T (un), kz)} is bounded in (Lz;(Q))V.
2

By (4.47),(4.16) and by the theorem of Banach—Steinhaus, the sequence {a(x,?, Ti (1), VT (u,)) }
remains bounded in (L7(Q))" and we conclude (4.46). O

[A_/I(x, ao(x,1)) + v(x,kik) +M(x,|w| )] dxdt. (4.47)

Lemma 4.2.2. If the subsequence u,, satisfies (4.15), then
lim limsup a(x,t,uy, Vi, )Vupdxdt = 0. (4.48)

M= p—ytoo J{m<|up|<m+1}

Proof. Taking the function Z,,(u, ) = T} (1, — T, (u,) )~ and multiplying the approximating equation
(4.15) by the test function exp(—G(uy))Zy (1) we get

( /T (x,u, (T) dx—l—/QTan(x,t,un,Vun)V(exp(—G(un))Zm(un))dxdt

+ n(X,,un)V(exp(—G(un)) Zm(uy) )dxdt + | Ky (x,t,un, Vi) exp(—G(un) ) Zim (un)dx dt
or

anT( — &) 7581 (un) exp(=G(un))Zn(up) dxdt
FoXP(— G (1)) Zon () dxdlt + /Q Too (1t d,

\ B Or
where Toy(r) = /0 " exp(—G(5))Zom(s)ds.

we know that / Ty (x, 1 (T))dx > 0,
Q

and [ nT,(up—C) sg1(un) exp(—G(uy))Zm(un) dxdt > 0.
QT n

Then, using the same argument in step 2 to remove the term / p (un) exp(—G(up))VupZm(uy)dxdt,
Or

(4.49)

we obtain,

/ an(x,t,uy, Vuy ) Vupdxdt + | Pp(x,t,u,) exp(—G(uy))VZy(uy)dxdt
{=(m+1)<u,<- m} Or

<ex (”p”L)UQ |fn|Zm(un)dxa’t/Q (6, | Zon (1) dxlt + onla].

|ugn|>m

(4.50)
Thanks to the (4.5) and (4.50) we obtain,

/Q M(x,|VZm(un)\)exp(—G(un))dxdt§Qexp(m) / FuZon () dxdt

+/ Ih(x,1)|Zon () dxdt+/ |u0n\dx),
Or

Passing to limit as n — 4o, since the pointwise convergence of u, and strongly convergence
in L'(Qr) of f, and ug, we get

Tim / M3, |92 () ) xp(—Glotn) )t < C( [ fZp(u)dixas
n—+e JOr or

{Jugn|>m}

[ h(et) [ Zon () dxdt + / o).
Or {luo|>m}

85



By using Lebesgue’s theorem and passing to limit as m — 4o, in the all term of the right-hand
side, we get

lim lim M(x,|VZy(uy)|) exp(—G(up))dxdt = 0. 4.51)

m—toon—+teo Jo.
On the other hand, we have
lim lim D, (x,t,u,) exp(—G(un))VZy(uy,)dxdt

m—r+eon—+oo [0,

< lim lim M (x,|VZy(un)|) exp(—G(uy,))dxdt

T m—+eon—+oeo [

+ lim lim M (x,| Dy (x,t,u,)|) exp(—G(u,) )dxdt.

Using the pointwise convergence of u, and Lebegue’s theorem in the second term of the right
side, we get

lim M (x,|®,(x,t,u,)|) exp(—G(uy))dxdt :/m<|u|<m+lﬂ(x, |P(x,t,u)|)exp(—G(u))dxdt,

==+ Jm<|u, | <m+1

and also, by Lebesgue’s theorem

lim x, |®(x,t,u)|)dxdt = 0. (4.52)

m—r+oo u|<m+1

Then, we deduce

lim lim D, (x,t,un) exp(—G(uy))VZy(uy)dxdt = 0.

Mm——+o0 n—y—+o0 or

Finally passing to the limit in (4.50), we get

lim lim an(x,t,tn, Vity ) Vuydxdt = 0.

Moo n e J{—(m+ 1) Sun< —m}

In the same way we take Z,,(u,) = T1(u, — T, (1)) and multiplying the approximating equa-
tion (4.15) by the test function exp(G(u,))Z,(u,) and we also obtain

lim lim an(x,t,uy, Vi) Vupdxdt = 0.
m—>—+oon—+o0 {m<u,<m-+1}

On the above we get (4.48). U

Step 4: Convergence of the gradients Vu,,.
This step is devoted to introduce a time regularization of the 7T;(u) for k > 0 in order to
perform the monotonicity method.

Lemma 4.2.3. Under assumptions (4.2)-(4.8), and let (z,) be a sequence in Wol “Ly(Qr) such that:

zn—2z for o(IlLy(Qr),I1E3(O7)), (4.53)

(a(x,t,20,V2n)) is bounded in (Ly;(Qr)", (4.54)
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/Q (a(x,1, 2, Van) — a1, 20 V2xs)] [Van — Vegsdxdi — 0, (4.55)
T

as n and s tend to +oo, and where X is the characteristic function of Qy = {(x,t) € Qr;|Vz| < s}
then,

Vz, — Vz a.e inQr, (4.56)
lim a(x,t,2,,Vzn)Vzudxdt = / a(x,t,z,Vz)Vzdxdt, (4.57)
n=teJor Or
M(x,|Vzu|) = M(x,|Vz|) in L'(Qr). (4.58)
Proof. Itis easily adapted from that given in [29]. [l

Let v; € Z(Qr) be a sequence such that v; — u in WO1 "Ly (Qr) for the modular convergence.
This specific time regularization of Ti(v;) (for fixed k > 0) is defined as follows.
Let (Ot(’)i )u be a sequence of functions defined on Q such that

oy € L™(Q)NWyLy(Q) forall u >0, (4.59)
o) llz=(q) < k, forall p >0,
and

1
o convergesto  Ti(up) ae.in Q and HHQ(’;'HM’Q convergesto 0 U — +oo

For k > 0 and u > 0, let us consider the unique solution (7;(v;)), € L*(Q)N WO1 "Ly (Q) of the
monotone problem:

9(Ti(v)))

3 + 1 ((Ti(v))p — Ti(vj)) = 0in D'(Q),

(Ti(v;)u(t=0) = o) in Q.

Remark that due to

A(T(v; )

We recall that,
(Ti(Vj))u — Ti(u) ae.in Qr, weakly—x* in L7(Qr)

(Ti(v)))p = (Ti(u))y in Wol’xLM(QT) for the modular convergence as j — +oo.
(Ti(u))u — Ti(u) in WO1 "Ly (Qr) for the modular convergence as [t — oo

1(Te(0))ulle=(or) < max((Te()ll=(or), 10§ lli=(@)) <k, ¥ >0, ¥ k>0.

We introduce a sequence of increasing C!(R)-functions S,, such that

Sm(r)=1for |r| <m, Spu(r)=m+1—|r|, form <|r| <m+1, S,(r) =0for |r| >m+1
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forany m > 1. . '
For fixed k > 0, let Wy = Ty (Ti(un) — Te(0) )t and W 5 = Ty (Tic(u) — Ti(0))p) T
Multiplying the approximating equation by exp(G(uy)))Wy '} Sm(u,) and using the same tech-
nique in step 2 we obtain:

4 8 .
/ < 20 (G ) W, Sy (1)
Or ot ’

4 / (3.1t Vi) €XP(G 1))V (W ) S 1) dx
T
—|—f an(%,1,tn, Vitn) Vi exp(G (1) )W, 4 Sy, (1) dx dt
T . (4.60)
— [ Du(x,t,un) exp(G(un))V(Wy 1)) S (un) dxdt
T
- /Q D, (x, 1, tt) Vit exp(G () )W, 1 Sy (1) dx it
T
< f Fuexp(G(un) YWyt S () dxdt + | h(x,1) exp(G(uy) )W, S () dxdr.
\ Or Or
Now we pass to the limit in (4.60) for k real number fixed.
In order to perform this task we prove below the following results for any fixed £ > 0:
J .
/ %exp(G(un))Wﬁ”{]Sm(un)dxdt >e(n,u,m,j) for any m > 1, (4.61)
Or
D (X, 1, 1) S () exp(G 1) )V (W, ) dxdt = €(n, j, ) for any m > 1, (4.62)
Or
Cbn(x,t,un)VunS:n(un)exp(G(un))Wﬁj', dxdt =¢€(n,j,u)  foranym>1, (4.63)
Or
/ i (5,1, Vit Vit Sy (1) exp(G )WL dixdlt < &(n,m), (4.64)
Or
/ an(xata”naV”n)Sm(”n)eXp(G(un))V(W[.’Z:%)dxa’t <Cn+ 8(’%]3147"1), (4.65)
Or

/ FuSm(tt) exp(G(un) )Wyt dxdt + | h(x,1)exp(G(un) )W, Sm(un) dxdr < Cn +€(n,m),
o or (4.66)
/Q [a(x,t, Ty (), VT (1)) — a(x, 1, Te(itn), VTk(u))] [VTk(un) - VTk<u)] dxdi —0.  (4.67)

Proof of (4.61):
Lemma 4.2.4.
duy ~
a—”texp(c;(un))wg;{,sm(un)dxdt > e(n,pw,m,m,j) m>1. (4.68)
Or
Proof. Ts a particular case of the proof in [20], with b(x,u) = u. [l
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Proof of (4.62): If we take n > m+ 1, we get

Dy, (x, 2, 1n) exp(G(utn) ) S (un) = P(x, 1, Ty1 (un)) €xp(G(Tin41(un)) ) S (T (1)),

then @, (x,,u,) exp(G(un))Sm(u,) is bounded in Ly;(Q), thus, by using the pointwise convergence
of u, and Lebesgue’s theorem we obtain

D, (x,t,u,) exp(G(un))Sm(un) — P(x,t,u)exp(G(u))Sm(u),
with the modular convergence as n — +oo,
then @, (x, 1, up) exp(G(un))Sm(un) — P(x,1,u) exp(G(u))Sm(u) for o(ITLyz, ITLm).
In the other hand VW’ {1 = VTi(up) —V(Ti(v;)) u for |Ti(un) — (Ti(v)))u| <M converge to VT (u) —
V(Ti(v;))u weakly in (Ly (Qr))N, then

D, (x,t,u,) exp(G(uy))Sm (un)VWu’,J7 dxdt — [ D(x,t,u)S(u )exp(G(u))VWl{,n dxdt
Or Or
asn — oo,

By using the modular convergence of W‘{m as j — oo and letting ( tends to infinity, we get
(4.62).
Proof of (4.63):

Forn >m+1 > k, we have Vu, S/, (u,) = VT,,11(u,) ae. in Q7. By the almost every where
convergence of u, we have exp(G(u,))W,,}, = exp(G(u))Wj n in L”(Qr) weak-* and since the
sequence (D, (x,t, Tyy1(un)))n converge strongly in Eq;(Qr) then

Dy (5,1, Tyt 1 (un)) exp(Glun)) Wi = @1, Tovs1 (w)) exp(Gu)) Wi,

converge strongly in Eyz(Qr) as n — —+oo. By virtue of V7,41 (uy) — VTy41 (1) weakly in (Lay(Q1))Y
as n — oo we have

/ D, (5,1, Ty (1)) Vit Sy (1) exp(G ) Wit vt
m<|uy|<m-+1 ’
— D(x,1,u))Vuexp(G(u) )W), dxdr
m<|u|<m+1

as n — oo with the modular convergence of Wl{,n as j — +oo and letting it — +oo we get (4.63).
Proof of (4.64):
For (4.64), we have

an(x,t, 1, Vuun)S, (un) Vuy exp(G(uy)) exp(G(un))Wﬁj',é dxdt

T

= an(x,t,un,Vun)S;n(un)VuneXp(G(un))Wﬁ”{, dxdt

m<|up|<m+1

/ an(x,t,uy, Vi) Vu, dxdt.
m< u,,|<m—0—1

Using (4.48), we get

/ an(x,t, 1y, Viun)S, () Vi exp(G(un))W;Z:% dxds < g(n,p,m).
Oor
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Proof of (4.66): '
Since S, (r) <1 and Wy7, <1 we get

/ FuSon(ttn) exp(Gu) )W) dxdr < £(n,m),
Or

/ (6,2) exp(G un) Wik Sy () dxdls < €.
Or

Proof of (4.65):

/ an(x,t,upn, Vitg) Sy (up) exp(G(un))VW;fjé dxdt
Or

an(x,t, Ty (un), VT (un))Sm(un) exp(G(un)) (VT (un) — VT (V) ) dxdt
/{|un<k}ﬂ{0<Tk(un)Tk(vj)ll)<n} H

- an(x,t, tp, Vitg) Sy (1) exp(G(uy) ) VT (V) y dxdt. (4.69)
/{|“n>k}m{0§Tk(”n)Tk(vj)ll)gn} s

Since a, (x,1, Ty n (tn), Vi (un)) is bounded in (Ly;(Qr))", there exist some @iy € (Lyz(Or))Y
such that a, (x, 1, Tign (n), Viin (un)) — @yq weakly in (Ly;(Qr))N. Consequently,

an(x,t un, Vitg) Sy (un) exp(G(un) ) VTi (V) y dxdt
/{|”n>k}ﬂ{0§Tk(“ﬂ)_Tk(Uj)ﬂ)ﬁn} i

= Sm(u)exp(G(u))VTi (V) y Oy dxdt + €(n), (4.70)
(000 Tpzn ) PNV Bk (m)

where we have used the fact that
S (ttn) €xp(G (1)) V T (V1) 1) X { |5k} {O< Ty (1) — Ty (0})) <1}

— Sy () exp(G(u))VTi (V) 1) X{|u[>k} N {0<Ti (u)~Te(v;)) <}

strongly in (Ey (Qr))V.
Letting j — 4o, we obtain

Jut> 0 0<Ti )~ Ti(v)) <y S (1) €xp(G (1)) VT () u B dx it

= Sm(u)exp(G(u))VTi(u)y O p dxdt + €(n, j).
{lul >k} {O<Ti (1) ~Tic () ) <1} (1) exp(G () ) V(1) Dy (n,J)

One easily has,

Sm(u) exp(G(u))VTi(u)y @pyndxdt = €(n, j,1).
/{|u|>k}m{o<Tk<u>—Tk<u>#)<n} e

By (4.60)-(4.66), (4.69) and (4.70) we obtain

an(x,t, Ty (un), VT (un))Sm(un) exp(G(upn) ) (VT (un) — VT (V) y ) dxdt
/{|un§k}ﬂ{0§Tk(un)Tk(vj)ll)gn} H

<Cn+en,j,u,m),
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we know that exp(G(u,)) > 1 and S, (u,) = 1 for |u,| < k then

an(x,t, Tie(t0), Vi (1)) (VT (up) — VT (V) ) dxdt
/{|un§k}m{0§Tk(un)Tk(vj)u”sn} H

<Cn+e(n, j,p,m). @.71)

Proof of (4.67):

Setting for s > 0, Q° = {(x,7) € Q: [VT}(u)| < s} and Q% = {(x,1) € O : [VTi(v;)| < s} and
denoting by x* and x; the characteristic functions of Q* and Q7 respectively, we deduce that
letting 0 < 0 < 1, define

O = (a(x,t, Ti(un), VT (un)) — a(x,t, Ti(un), VIi () ) (VTi (un) — VTi(u)).
For s > 0, we have
1) 1) 1)
0= ), Onidxdt = /QS O X [T (n) ~ T (v <) dX A + /Qs O[T (1)~ Ti (0| >m) dX L
The first term of the right-side hand, with the Holder inequality,

/ Ok )13 vyl <m) Al < /Qs O k1)~ vy <) 4 ) o dxdr)'™°

=@ (/Qs O kT 1) ~Ti (v <) dxdr)®.

Also using the Holder inequality, the second term of the right-side hand is

®° o dxdt < (] © dxdt‘s/ dxdr)' S,
/QS e X Ty (1)~ T (0) | > 1) < o O H\Tk(un)—r,((v,-)mn) )

since a(x,t, Ty (uy), VTi(uy)) is bounded in (Lz7(Qr))Y, while VT (uy) is bounded in (Ly(Qr))Y
then

/QS ®g,kx|Tk(Mn)*Tk(Uj)p|>TI)dth < szeas{(x,t) eQr: |Tk(u,,) — Tk(l)j)“| > n}l—é.

We obtain,

 Onidrdi <G (/Qs O 1)~ Ti (v <) 421

+Comeas{(x,t) € O * | Ti(un) — Ti(v)u| >} 2.
On the other hand,
QS ®n,kX|Tk(un)—Tk(vj)ﬂ‘ST]) dth

<

/ (., Ty (1), VT (10)) — (5,1, Ti (1), VT (1)) X (VT () — VT (1) 1) et
i) ~Ti))ul <)
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For each s > r,r > 0, one has
0< / (a(x,t, Ti(uy), VTi(un)) — a(x,t, Ti(un), VT (1)) X (VTi(un) — VT (1)) dxdt
O"{|Tic(un)—Tic(vj)ul<n)}

< / (a(x,t, Tie(uy), VTi(un)) — a(x,t, Tie(un), VT (1)) X (Vi () — VT (1)) dx dt
O | Ty (un) —Ti ()| <m) }

/‘ﬂ{lTk () —Tu(0) |<n)}(a(x,t,Tk(”n)»VTk(l/lrL)) —a(x,t, Ti(un), VT (1) xs)) % (Vi (un) — V(1) xs) dxdt

<l (e, i), VTila) = (ot Tian), V(1) 2°)) (Vi) = Vi) ") el
ON{ [T (un) =Tic(v))u|<M)}

= 0 Tl Vi) =, i) VI (07)2) (Vi) = VT2

/ ~Ti(v)u| <N a(x,t, Ti(un), VTi(un)) (VT (0)) xj — VTi(u) x°) dxdt

/ ~T(v;) |<n (a(x,2, Teun), VI(0) 27) — a(x,t, Ti(un), VI () 2°)) Vi (un ) dxdt

/ ol a(x,t, Ti(un), VI (0,) ) VTi(0)) x}) dxdt

/T (u Jul<n a(x,t, Ti(un), VT (u) x*)VTi(u) ") dxdt

_Il(n,],s)+12(n,])+13(n,j)—|—14(n,j,,l,t)+15(n,,u).

We go to the limit as n, j, 4, and s — o0
L= / a(x,t, T ), VT (1)) (VT (1) — V()0 ) dicdt
(i) ~Te (vl <

_ a(x,t, Ti(un), VT (un)) (VT () x5 — VTi(V;) ) dxdt
/|Tk(un)Tk(Uj)u|<n ( (), VIi(un))(VTi(v;) J K(Vj)u)

— / a(x,t,Ti(uy), VTk(vj)xj-)) (VTi(un) — VTk(vj)xj-)) dxdt.
T (un) =T ()| <1

Using (4.71), the first term of the right-hand side, we get

/ a(x,t, T, V(1)) (VT (1) — V()0 ) vt
| T (140) = Tic (V) |[<M

SCT}—}—S(n,m,j,s)—/ a(x,t, T (u),0)VTi(v)) dxdt
|u >k Tje(u) =Tie(vj) | <7

<Cn+e(n,m,j,pm).

The second term of the right-hand side tends to

(V1032 — Vi)
/|Tk(u)Tk(vj)u§n JIAj jlu
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since a(x,t, Ty (un), VTi(uy)) is bounded in (Lz7(Qr))", there exist some @; € (Lz(Qr))N such
that (for a subsequence still denoted by u,

a(x,t, Ti(un),VTi(up)) = @ in (L (Qr))N for o (ILy;, TIEy).
In view of the fact that
(VTi(0)) 25 = VT(0) 1) X\ 7)1 (o)< = (YTR(0) 2] — VI(0)) ) X7 ()~ T (0;) )<
strongly in (Ey(Qr))N as n — oo

The third term of the right-hand side tends to

/ a(x,t, Ti(u), VTi(v) ) (VTi(u) — VTi(v)) x})) dxdt.
|Ti(u)—=Ti(v)ul<n

Since

a(x, 1, Ti(un), VI (V) X7)) X T3 ()T ()< — @061, Tie(), VI(0) X)) X\ T ()— Ti (v | <>
in (E57(Qr))N while

(VTk(tn) —~ VT(0)2)) = (VTr(u) — VTi(0)22)),

in (LM(QT))N for G(HLM, HEM).

Passing to limit as j — 4o and 4 — 4o and using Lebesgue’s theorem, we have

Il S Cn —I—S(n,j,s,/.l).
For what concerns I, by letting n — 4o, we have

L — (D'k(VTk(Uj)){;-—VTk(u)Xs)dxdl.
|Tic(u) = Tie(vj)u<M)

Since a(x,t, Ty (tn), VT (uy)) = @ in (Lz(Qr))N, for o (MlLs7,T1Ey),
while
(VI(v)x; — V() X)X\ T (1) T (0;) <1
= (VI(v) x; — V() X) X7 ()T (0)) <1

strongly in (Ep (Q71))V.
Passing to limit j — oo, and using Lebesgue’s theorem, we have

L= S(H,j).
Similar ways as above give
L= 8(71,]).
Iy = a(x,t, Ti(u),VTi(u))VTi(u)dxdt + €(n, j,l1L,s,m).
| Tie () = Tic(u) | <)
Is = a(x,t, T (u), VT (u))VTi(u) dxdt + €(n, j, i1, s,m).

| Tie () = Tie () | <1)
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Finally, we obtain,
/Q ®n,kdth S Cl (Cn + 8(”7“7 nam))6 +C2(8(n7.u7 ))1_6'

Which yields, by passing to the limit sup over n, j, i, s and n
1)
/r [(a(x,t, Ti(un),VTi(un)) — a(x,t, Ti(un), VT () (VT (uy) — VT (w)) | dxdt = €(n).

Thus, passing to a subsequence if necessary, Vu,, — Vu a.e. in Q’, and since r is arbitrary,
Vu, - Vu, ae.in QOr.

Step 5: Equi-integrability of the nonlinearity sequence

We shall prove that K, (x,t,u,, Vu,) — K(x,t,u, Vu) strongly in L' (Q).

Un
Consider go(uy,) = / P () X{s>nyds and multiply (4.15) by exp(G(un))go(un), we get
0
/Q Tj (1) (T )dx + 0 a(x,uy, Vu,)V(exp(G(uy))go(un) )dxdt
T

+ D, (x,up, Vu,)V(exp(G(upn))go(un))dxdt + Ky (x,t,u,, Vuy) exp(G(uy))go(uy))dxdt
Or Or

oo Pl (r)

<( A p(s)dx)exp (T)[||f”L1(QT)+||”0||L1(Q)+||h(-v-)||L1(QT) :

~ r
where Tj,(r) = / go(s)exp(G(s))ds > 0,
0
then using same technique in step 2 we can have
~+oo
/ p ()M (x, Viiy)dxdt < C( [ p(s)dx).
{up>h} h
Since p € L' (IR), we get

lim sup/ p (un)M (x,Vuy,)dxdt = 0.
{up>h}

h—eope v

0
Similarly, let go(u,) = / P (8)X{s<—nydx in (4.15), we have also
Up

lim sup/ P (un)M (x,Vuy,)dxdt = 0.
{un<—nh}

h—e0pe N
We conclude that
lim sup / p ()M (x, Vity)dxdi = 0. 4.72)
h=ree ne N J{|un| >}
Let D C Q then
/ p(un)M(x,Vu,)dxdt < max (p (x))/ M (x,Vu,)dxdt + P (un)M (x,Vuy,)dxdt.
D {Jun|<h} D{|uy|<h} DNY{|up|>h}
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Consequently p (u,)M(x,Vu,) is equi-integrable. Then p (u, )M (x, Vu,) converge to p(u)M (x,Vu)
strongly in L' (IR). By ((4.6)), we get our result.
Step 6: We show that u satisfies (4.9)
Firstly show that u > § a.e. in Qr.
Tn fact, from (4.29) and (4.40) we get 0 < / T ( — )~ dxdr < .
n

Or

Let n tends to 4oo we obtain / (u— &) dxdt =0, then (u— )~ =0a.e. in Qr;
Or
thus u >  a.e. in Q7.

Secondly passing Now to the limit in (4.73) to show that u satisfies the equation (4.9).
Let v € WLy (Qr)NL*(Qr) such that % € W L2(0r) + L' (Qr), then by theorem (2.5.3) we
takeT=v on Qr,7€ W' Ly(QxR)NL'(Qx R)NL*(Qx R), 9’ € W~ *Lyz(0r) +L'(Q7),
and there exists v; € Z(Q x R) such that
8v,~ av

Vj — 9V in WOLXLM(QXR) and W — E € W_l’XLM(QT)‘i‘L](QT)a

Pointwise multiplication of the approximate equation (4.15) by T;(u, —v;), we get

for the modular convergence in Wy Ly (Qr) , with 1Vill=(0r) < (N+2) IVl =(07)-

(T
/ < %, Ti(up —v;j) > ds+/ an(x, 8,1, Vi) ) VTi(uy — v;j)dxds
0 § Or
+/ D, (x,8,un) Vi (1 —v;)dxds +/ To(un — §) 581 (un) T (un — vj)dxds (4.73)
T (0] n
+ [ Ku(x,8,un, Vi) VT (uy — vj)dxds = JnTi(un —vj)dxds.
\ Or or

We pass to the limit as in (4.73), n tend to 4o and j tend to +oo.

e Limit of the first term of (4.73):
The first term can be written

T Ju, T I(un—vy) T dv;
/0 <W’Tk(un_vj)>ds_/o <T,Tk(un—v1)>ds—|— A <E,Tk(un—v1)>ds
T 8vj
= Sk(un(T) —VJ(T» —Sk(un(O) —Vj(())) +/0 < x,Tk(un —Vj) > ds.

We pass to the limit as n — 40 and j — 4o we can easily deduce

T Ju, T 9y
/0 <W,Tk(un—vj)>ds—>/QSk(Mn(T)—v(T))dx—/QSk(un(O)—v(O))dx+/O <2 Tl —v) > ds.

e We can follow same way in [31] to prove that

liminfliminf | a(x,s,u,, Vi, )VTi (4, —v;)dxds > / a(x,s,u, Vu)VT(u—v)dxds.

Jmreo = JOr or
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e Forn>k+(N+2)||v|r=0p)
D (%, 8, tn) VI (tn = V) = P, 8, T (N42) 0] 1= g, (1)) V Tk (1t = v,).
The pointwise convergence of u,, to u as n tends to +ooand (4.5), then
DX, 8, T (N-+2) vl =0, (Un)) VT (1t = V) = P(X, 8, T (N42) o) 1= 0, (1)) VT (0 = ),

weakly for o (I1L,,I1Ly;).
In a similar way, we obtain

im [ D(x, 5, T (v42) o] o, () VT (= v ) dxds

J=JOr

=y DX, 8, T (N+2)| vl = (1)) V Tk (= v)dxds
T

= [ O(x,5,u)VT(u—v)dxds.
Or

o Limit of K, (x,s, un, Vity) Ty (up — v;):
Since K;,(x,s,u,, Vu,) converge strongly to K(x,t,u,Vu) in L'(Qr) and and the pointwise
convergence of u, to u as n — oo, it is possible to prove that K, (x,s,u,, Vit,) Ty (up — v;)
converge to K (x,s,u, Vu)Ti(u—v;) in L' (Qr) and

lim | K(x,s,u,Vu)Ti(u—vj)dxds= [ K(x,s,u,Vu)Ti(u—v)dxds.
J=rJ Qr Or

e Since f, converge strongly to fin L' (Qr), and Ty (un, —v;) — Ti(u—v;) weakly* in L=(Qr),
we have / foT(up—vj)dxds — / fTi(u—vj)dxds asn — oo
T T

and also we have/ fTi(u—v;)dxds —>/ fTi(u—v)dxds as j — oo.
Or Or

Finally we know that / T (un— &) 581 () Ti(tn — v;)dxds > 0.
Q n

As a conclusion, the proof of Theorem 4.2.1 is complete. 0

Remark 4.2.3. we generated this result by replacing % by abg;’”) in [63] and thus we achieved the

same result.
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Part 111

Applications

97



Existence and uniqueness of discrete solution of
parabolic equations with lower term in Orlicz Spaces

In this chapter, we consider the weak formulation of

) _ div(a(Vu) +D(u)) = f,
u=0 on JdQx(0,7T), (5.1
b(u(.,0)) =b(up(x)) in JIQ.

We propose a convergent full discretization combining a piecewise constant finite element ap-
proximation with the backward Euler scheme.Then we construct an approximation solution se-
quence for problem (5.1) and establish a priori estimates. Our study is done on the isotropic case
and generalizes [70] and [97] where the authors studied only the case b(u) = u and & = 0.

5.0.1 Statement of the problem

Beginning with the nonlinear Dirichlet equation (5.1) where A(u) = —div(a(Vu)) is a Leray-
Lions operator defined on the inhomogeneous Orlicz-Sobolev space W!~Ly;(Q), M is a N-function
related to the growth of A(u) (see assumptions (5.3)-(5.5)), and to the growth of the lower order
Carathéodory function ®(u) (see assumptions (5.6)-(5.7)), b a strictly increasing C !_function, the
data f and b(ug) in L' ([0, T];L*(Q)) and L?(Q) respectively.

In classical spaces, starting with [54], the authors proved an existence result of a weak solu-
tions for the non coercive problem (5.1) in the stationary case b(u#) = 0 using the symmetrization
method. More later R. Di Nardo et al. [55] have shown the existence of renormalized solution
for the parabolic version, more precisely in the linear case b(u) = u, and the uniqueness for such
solution in [39], A. Aberqi et al. [4] have proved the existence of a renormalized solutions for (5.1)
with more general parabolic terms b(x,s).

In the Orlicz spaces we refer to [9] where L. Aharouch, J. Bennouna have proved the exis-
tence and uniqueness of entropy solutions in the framework of Orlicz Sobolev spaces WO1 Ly (Q)
assuming the A\j-condition on the N — function M. Recently, EKH. Mukminov in [90] proved
the uniqueness of renormalized solutions to the Cauchy problem for anisotrpic parabolic equation
using Kruzhkovis method of doubling the variable.
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In our case, the diffculty encountered during the proof of the existence and uniqueness of dis-
crete solution, is that the fact the Orlicz spaces Ly, (Q) is not isometrically isomorphic to the Orlicz
space Ly (0,T;Ly (L)), the term @ does not satisfy the coercivity condition and the nonlinearities
are characterized by N-function M, for which A,-condition not imposed, will lose the reflexivity
of the space Ly (Q) and W) Ly(Q).

5.1 Technical Lemmas

Let define the Orlicz class £y (Q) as the set of real-valued measurable functions u on Q such
that / M(u(x,1))dxd < o
0

Lemma 5.1.1. [72]
For some R > 0, let h: B(0,R) — IR™ be continuous, where B(0,R) C R™ denotes the closed ball
with respect to some norm ||.||gm on R™. If

h(v)v>0 forall vC R with ||v|gn =R,
then there exists v € B(0,R) such that h(v) = 0.

Lemma 5.1.2. [70]
Let {&} € 2u(Q) and there exists C > 0 such that / M(|&|)dxdt < C for all ] € IN. Then there
Q

exists & € Ly (Q) and a subsequence, denoted by I', such that Ey — & weakly in L' (Q) and
/ M(|€|)dxdt < liminf / M(|Ey|)dxdt.
0 = Jo

Lemma 5.1.3. [70]
Letwe W ={weWh'(0,T;L2(Q)) : Vw € (L (0)), 1o (w(.,t)) = O for almost t € (0,T)}.
For any € > 0 there is then a smooth function we witch vanishes in dQ x (0,T) such that

€
we =wllwiio.r:20)) < 3
and for all m € Ly;(Q)
| / wnduxdi] < ¢

Notation:
Let X be a Banach space, by € ([0,7];X), we denote the usual space of continuous functions
u:[0,T] — X, and %,,(]0,T];X) denotes the space of demicontinuous functions (i.e., continuous
with respect to the weak topology in X).
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5.2 Assumptions and full discretization

Let Throughout this chapter, we assume that the following assumptions hold true.
Let Q C R" is a bounded domain with Lipschitz boundary. Let M is a .#” — function and both M
and M are locally integrable.
b: R — R is a strictly increasing %' (IR)-function, b(0) = 0,

0<by<b(s)<b =2by Vs€R, (5.2)
a:RY — RV is a continuous function such that for all &,&* € RV
——1
a(§) <M " M([E]), (5.3)
(a(¢)—a(&"))(E—E&") >0, (5.4)
a(§)E > vM(&E)) suchthat v >0, (5.5)
®: R — RV is a continuous function such that
D (s)| < voll_[lM(%) forall s in R, (5.6)
|®(s) —D(s")| < L(x)|s—s'| forall seR, xe€Q, (5.7)
where L(.) € E(Q).
and
feL'([0.T]:L3(Q)). (5.8)

A full discretization:
I)ForNeIN(N>1),lett= 1% andt, =nt (n=0,1,...,N). Moreover, we consider a gener-
alized internal approximation (V,;)en of space

V={ve LZ(Q) Vv e (EM(Q))d,}/Ov =0}, |vilv =1V +IIVVme

and restriction operators R, : V — V,,, such that for any sequence {m; };cy with m; — 0 as [ — oo
there holds

Ryv—v in V as [—+o veV. (5.9)

Since V is separable Banach space, there exits a Galerkin basis and an internal approximation
scheme for V.
2) the Galerkin scheme :
According to Taylor-Young’s formula
b(u(x,t,)) —b(u(x,t,—1)) = o:b(u(x,t,—1))t+te€(T) suchthat lime(r) =0,

7—0

then we seek to find a {u" N CVysuchthatforn=1,2,...,.N

n=1

/ [(b(””)_b(”"_l)>v+a(vu")vv+d>(u”>w]dx: / f(sta)vdx Vv E€Vy.  (5.10)
Q T Q

Here, u’ €V, denotes a suitable approximation of the initial uy € L>(Q) and we can also take

= % " f(,t)dt, (n=1,2,..,N).

Ih—1
Our main results consist to prove that there is a unique solution to the problem (5.10), then

show the convergence of the numerical solution and finally obtain the estimation of the error for
the temporal semidiscretization.
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5.3 Existence and stability result

5.3.1 Solvability

Theorem 5.3.1. Letu® €V, and f € L'([0,T]; L*(Q)). Then there exists a unique solution {u"}"_, C
Vin to (5.10).

Proof. Assume that u"~! € L?(Q) is given and let is show the existence of a unique u" € V,, satis-
fying (5.10).

In fact, since V,, is finite dimensional, we can have V,, = span{ @i, ¢, ..., ¢, }.We construct a one-
to-one mapping between V,, and IR" as

m
v=[v1,v2,..vm] ER" & Vi 3v=Y v0,
=1

and ||v||gm := ||v||2,q defines a norm on R™. We define the mapping & by

hi(v) = /Q [(”(V)_—i’(”‘nl))@-+a(vv)w,~+q>(v)v(p,}dx— /Q F(t) @idx.

Remark that, any solution u" € V,, corresponds to a zero u" of h and vice versa and the function
h: IR™ — IR™ is continuous since b, a and @ are continuous.

h(v).v:/g[(b(v)_—ﬁlz(m_l))v—ka(Vv)Vv—i—d)(v)Vv]dx—/Qf(.,tn)vdx

t

Firstly taking ®(1) — / ®(s)ds then B(0) = 0 and & € (%' (R))V.
0

By divergence theorem we obtain

/ & (u)Viudx — / div(®(u))dx = | B(0)7dx =0, (5.11)
Q Q Q

since u = 0 on Q with ® = (591,532, ...,&Dd) such that 77 is the normal vector on Q.
Secondly the Cauchy-Schwartz inequality, the coercivity assumption (5.5) and (5.2) imply that

20—bilu" o — T||f||Ll([o,T];L2(Q))>

1
h(v).w = —|Ivl20 (bl

1
= —Ivll2@bo(v]2.0—R) =0
where R > 3L (bi]|u" ! |l2.0 + Tl 11 (0.17:22(0)))-
By Lemma 5.1.1, there exists " such that 2(x"*) = 0 and u” solves (5.10) at level n.
Return to uniqueness and let v and w are two solutions of (5.10) and taking %Tk(v —w) as a test
function, thus

%/Q(M)Tk(v—w)dx:—% Q(a(Vv)—a(Vw))VTk(v—w)dx
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_l (q)(v) —(I)(W>)VTk(V—W)dx.

kJo
We have
%%%A(M)Tk(v—w)dx:/Q%(Lrb(w))sgn(v—w)dxzl?/g|v—w|dx.

1
By (5.4) we have — / (a(VV) — a(Vw)) VTi(v— w)dx < 0
Q
Using (5.7) we get

2 @0 @) VR wiax <L [ L@l el VT(r—w) e

k [v—w|<k

< /|V_W|§kL(x)]V(v—w)\dx.

1
Since L(x)|V(v —w)| € L'(Q) then Ilirr(l) A (P(v) —P(w))VTi(v—w)dx = 0.
— Q
Thus 5
—0/ lv—w|dx <0.
T JQ

This implies that v = w. O

5.3.2 A priori estimates

Theorem 5.3.2. Let u® € V,, and f € L'([0,T];L*(Q)). Let {u"}_, C V;, be the solution to (5.10).
Let T < 19 < 1. Then there exits a positif constants cy, ¢, c3 and c4 depends on by, by, v, T and 7
such that for all (n=1,2,...,N)

n n
b5 0+c1 Y b)) bW |50+ Y /QM(Vu’)dx
j=1 j=1

< C3||f||i1([()_‘T];L2(Q)) +c1 ||b(”0)||%,97 (5.12)

and i
Y =20 < ca. (5.13)

j=1

Proof. Taking v = b(u") in (5.10) for the discrete time derivative, we have

2

()30 = 6@ D50+ 16(") = b3 0

+2‘L'/Q[b'(u”)a(Vu")Vu”+b'(u”)CI>(Vu”)Vu"]dx§2T/Q|fn(x)||b(u”)|dx

Using the assumptions (5.5), (5.6), (9) and using the Young inequality, we obtain
o) I3.0 = 116" 3.0+ 15(u") = b~ ")II3 o +2vTho /QM(VM”)CIX
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n

<27 /Q )1 dx + 2y /Q M) +M(Vu)Jdx

<21 /Q (0|16 () |dx + 4Tby v /Q M(Vu)dx

Choosing Vg such that v > 2b_z:)1vO = 4vy, and summation for all (n =1,2,...,N) implies

n n
16" Bo+ Y b)) — b3 o +27(vbo —2b1v0) Y /Q M(Vul)dx
J=1 j=1

2 y (|16 dx + || b(u®) |3 6.
< rj;/ﬂ|f<>||< Ydx+ () 3.

Taking [|b(u")||2.0 = maxj=1..~ [6@)l20, TZi IFallfs o 1120 < 17121 o,y 20d
using Holder inequality, we obtain

I3 .0+ ), Hb(uj)—b(uf1)|!%,g+21(vbo—2b1\’o)Z/QM(Vu’)dx
j=1 j=1

1 n
< IR o myaziay + €16 Ba + 1B B

for any 0 < € < 1. From where we have (5.12).
For the second inequality we use only (5.2) to get bolu" — u" | < |b(u") — b(u"~ )| and by
(5.12) we deduce (5.13). ]

5.4 Convergence of the numerical solution

Let consider a sequences {m;, N; };cpy such that m; — oo, N; — oo as [ — oo and suppose that
T1<t9<1foralll € IN.
We consider a sequence {u?} 1ev of approximation of the initial value such that u? €V, and

W —uy in L*(Q) as [ — oo, (5.14)

N

From the discrete solution {«"})"_, corresponding to the time step size 7; = 1%, we construct

approximate solutions on the whole time interval as follows: Let u; denote the piecewise constant
function such that

w(,)=u" if t€(t_1,t)(n=1,2,...N)), w(.,0)=u'
and let 7y denote the linear spline interpolating (fo, b(u®)), (t1,b(u')), ..., (tn,, b(u™)), i.e.

b(u") — b(u”_l)

m(t) =b(u"™ ") + .

(t—ty—1) for t€ty_1,tn)(n=1,2,...,N)).

We also use the piecewise constant in time approximation f; defined by
filt) = f(tn) if t€ (o1 tn](n=1,2,...,N;), f1(-,0) = f(.,11).
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Theorem 5.4.1. Let uy € L*(Q) and f € L'([0,T);L*(Q)). Consider the numerical solution of
(5.1) by the scheme (5.10) on a sequence of finite dimensional subspaces such that (5.9) is satisfied,
and time step sizes which tend to zero and are bounded away from one. For the approximation of
the initial value, assume (5.14).

Then there is a subsequences, denoted by {uy} and {uy} of piecewise constant in time and piece-
wise linear in time prolongations, respectively, of the numerical solutions converges weakly* in
L>(0,T;L*(Q)) to an exact solution u € %,,([0,T);L*(Q)) to (5.1) and to b(u) respectively. More-
over and

b(uy(,T)) =0y(.,T) = b(u(.,T)) weaklyin L*(Q), (5.15)
Vuy —Vu  weakly*in (Ly(Q))¢ and Vue (Lu(0))?, (5.16)
a(Vup) — a(Vu)  weakly*in (Lz(Q))? and a(Vu) € (Z;(0Q))?, (5.17)

Lemma 5.4.1. Let the assumptions of theorem 5.4.1, there is a subsequence, denoted by l', and
elements u € L=(0,T;L*(Q)) with Vu € (ZLy(Q))? and yu(.,t) = 0 for almost all t € (0,T),
7€ L2(Q), o € (L7(0))%, such that, as | — o,

b(w)—ip—0 in L*Q); b(uy),iy —b(u) in L”(0,T;L*(Q)), (5.18)
ap(T)=bluy(,T)) = b(z) in L*Q); Vuy—Vu in (Ly(Q))%, (5.19)
D(up) — D) weakly*in (L(0))%  a(Vuy) = a  weakly*in (Lz;(Q))?.  (5.20)
Proof of Lemma 5.4.1
1. By (5.14), the sequence {u!} is bounded in L?(€2).Using the definition of ; and & we obtain

|b(u;) — ”l||2 0= Z [b(u" ) %,Q
and by (5.12), we have limy_,.. [|b(u;) — 413 5 = 0.
Also the definition of the approximate solutions allows to get
— n o _ n
1) || =0,7:22(02)) = max 16 l2,0: Uil =0,712(0) = ,max [b(u”)

and the inequality (5.12) shows the boundedness of {b(u;)} and {#;} in L*(0,T;L*(Q)).We
thus have weak* convergence of a subsequence in L=(0,7;L*(Q)).

Since the difference of both the sequences tends to zero in L?(Q) Their limits must coincide
and denoted @. The condition (5.2) allows you to write @ in the form @ = b(u). That is
b(up),b(ty) — b(u) in L=(0,T;L*(Q)).

2. Since ||u;(.,T) (ur)(.,T) (uM)]|2.q, the a priori estimate in (5.12) also
proves the asserted weak convergence of a subsequence of {i;(.,7)} in L?(Q) and also its
limit can be written as b(z) where z € L*(Q).

In view of the discrete a priori estimate of gradients of {u;}, we observe that

N
/M(Vul)dxdt:’cZ/M(Vu")dx
0 n=1/9
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is uniformly bounded (see (5.12)). However, from the boundedness of the modular bounded-
ness of the Luxemburg norm follows. Therefore, {Vu;} C (Z(Q))¢ € (Ly(Q))¢ is bounded
with respect to ||||s,¢- Since (Ly (Q))* = E3;(Q) is separable Banach space, we obtain weak*
convergence of a subsequence in (Ly;(Q))? to an element & € (Ly;(Q))¢ such that Vi —* €.
On the other hand we know that €.°(Q) ® €.°(0;T) C E5;(Q), then for all g € €.°(Q) and
all y € €°(0;T)

gydxdt = lim | Vupgwdxdt = lim | upVgydxdt = | uVgydxdt
y y y

Q ! 30 Q I 300 Q Q

since uy — u weakly in L=(0,T;L*(Q)), thus § = Vu.

In view of Lemma 5.1.2, we finally get Vu € (%(Q))“.
Since the trace of uy is zero and since, in particular,

/ Vuyzdxdt — / Vuzdxdt, / wy Vedxdt — / uVzdxdt
0 0 0 0

for all z € L=(0,T;W'4(Q)) with ¢ > 2 as [ — oo, also the limit  must have vanishing trace
forallr € (0,T).

. Finally in view of (5.12) and (5.3) we have

_ N
/QM(a(Vul))dxdtS/QM(Vul)dxdt:T’;/QM(Vu )dx

and by (5.6) and (9) we have

_ u Ni
/Q V(| ()| )dxdr < /Q M (3t < fcn; /Q M(Vi"))dx

are uniformly bounded. We deduce that there exists o and 8 in (Lys(Q))? such that a(Vuy ) —
a and ®(uy) — B weakly in (Ly(Q))¢ for a subsequence. And by Lemma 5.1.2, « €
(-Z1(Q))" and B € (Zu(Q)).
On the other hand using (5.7) we get |®(u;) — ®(u)| < L(x)|u; — u| and as we have u; — u
a.e. in Q, we obtain ff = ®(u).

Remark 5.4.1.

We omit writing I’ for the sequence from Lemma 5.4.1.

Proof of theorem 5.4.1:
Step 1:
Remark that by definition of #;, the numerical scheme (5.10) can be written as

/ [0ty + (@(Va) + (1)) Vv dx = / fvdx forall v e Vy,. (5.21)
Q Q

This equation holds almost everywhere in (0,7) as well as in the weak sense. This implies

_ / iRy v dxdlt + / (s T) Ry (T dx — / (., 0) Ry v (0)dx
o Q Q

105



+/ (a(Vuy) +@(u;)) VR, vydxdt = / fiRmvwdxdt forall veV,yec@([0,T]).
Q o
where (., T) = b(u™') and (.,0) = b(u)) and by (5.2) we have

1b(u)) — b(ug)| < by |uf — ug|

then using Lemma 5.4.1 and (5.14) we obtain respectively u;(.,7) — b(z) and u;(.,0) — b(up)
strongly in L2(Q) and also f; — f strongly L'(0,T;L*(Q)).
Let now tends / to o for the others terms, we get

Ruvy' — vy’ in LY(0,T:L*(Q)),
Ryv—v in L*(Q),
VRyvy — Vvy in (Em(Q))?,
Ryvw — vy in LY0,T;L%(Q)).

(5.22)

Apply Lemma 5.4.1 and (5.22), we obtain as [ — oo
—/b( )vt//dxdt+/ vy(T)dx — /b o)y (0)dx
o

+/ (a+D(u))Vvydxdt = / fvwdxdt forall veV,ye%(0,T)). (5.23)
0 0
This follows from (5.9) and the definition of the norm in V. Observe that

- 0, 0,7] MAX(1, T) [ VR v — V| a1, 0 and V = WHH(Q) N L2 (Q).
Relation (5.23) implies, by density arguments,

—/Qb(u)atwdxdt—f—/Qb(Z)W(-,T)dX—/Qb(MO)W< 0)dx

—I—/(Oé—i—CID(u))dexdt:/fwdxdt forall we¥?. (5.24)
Q Q

Now, remark that the tensor product V ® ¢1([0,T]) C #, which shows that (5.23) is a par-
ticular case of (5.24). The function wg that exists in view of Lemma 5.1.3 for any w € # can
be approximated, with respect to the strong convergence in %!(Q), by a polynomial vanishing
at dQ x [0,T], which possesses a tensor structure and thus belongs to V ® €!([0,T]). For any
u € L*(0,T;L2(Q)), z,up € L*(Q), o € (L7(0))4, f € €(0,T;L*(Q)), any € > 0 w € ¥/, there
is hence (recalling also the continuous embedding of W'!(0,7;L*(Q)) into %'(0,T;L*(Q)) an
element we € V ®%1([0,T]) such that

\/Qb(u)a,(wg—w)dxdt]+\/Qb(z)(wg(.,T)—w(.,T))dx\+|/Qb(u0)(wg(.,0)—w(.,O))dx]

+|/Q(OH—CI)(u))V( dxdt|+|/f w)dxdi| < ¢,

On the other hand, since u € L=(0,T;L*(Q)), with Vu € (L (Q))¢ € L1(0,T;Ly(Q)), o €
(Z7(0)* € L0, T; Li7(Q)), and f € €(0,T;L*(Q)), we see that for any v € V the functions

t|—>/ ))vdx, tr—>/ 1)Vvdx, tr—>/<I> 1) Vvdx, tr—>/f(.,t)vdx,
Q
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are in L'(0,T) and with (5.23), we get

%/Qb(u(.,t))vdx:/Q(f(.,t)vdx—/g(a(.,t)+CI>(u)(.,t))Vv)dx (5.25)

holds true in the weak sense.
Thus, the function ¢ — / b(u(.,t))vdx is absolutely continuous and since V is dense in L*(Q)
Q

with respect to the strong convergence in L?(Q), we obtain b(u) € €,,(0,T;L*(Q)).
Step 2: Initial and final values

e We now prove b(u(.,0)) = b(up) € L*(Q).
For any v € V, we have with (5.21)

A . t—T1T
/u(l)levdx: [/ uy(.,t) R, vdx }
Q Q T

= / / O Ry, vdx

:/0 ([/Qfllevdx—/Q(a(Vul)—FCD(ul))Vlevdx]

t=0

-l—/ullevdx )dt

t—T

N 1
+ /Q ullevde> dt

Pass to the limit, we obtain with integration by parts and using (5.25)

/Qb(uo)vdx:/oT ([/vadx—/Q(OH—d)( u)) Vvdx +/b va’x

/ b(u vdx / b(u ))vdx.

e Changing now the function t — - by t— T and using the same argumentation as above
provides that the limit b(z) of (., T) b(u;(.,T)) weakly in L?(Q) , is exactly b(u(.,T)),

(., T) = b(z) =bu(.,T)) € L*(Q) as [— oo,
Step 3:

e For the convergence of the term / D (u;)Vb(u;)dxdt we use (5.7) and Lemma 5.4.1, to de-
Q

duce that ®(u;) converges to ®(u) in (Lz7(Q))? and/ D(u;)Vb(u;)dxdt —>/ D (u)Vb(u)dxdt.
0o 0
e For the source term, we know that

/flb(ul)dxdl%/fb(u)dxdt as [ —oo.
Q 0
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We now show that o = a(Vu).

For proving this, we employ a variant of Minty’s monotony trick.
Using (a—b)a > 3(a*> — b?), we find

2

(163,016 113.0)

| =

~ l 1
/Q a,ub<u,)dxdt=n; /Q (b(u") — b "))b(u")dx >

= 2 (b 7)) B~ 66 Ba).

which implies, because of the weak lower semicontinuity of the norm, the weak convergence
of u;(.,T) to z = u(T) in L?(Q) and the strong convergence (5.14),

%(Hb(u(.,T))H%Q — 6|3 o) < lilminf/ O, 1ib (uy)dxdt. (5.26)
) ’ —3yo0 Q
For all n € (L™(Q))? with (5.5) and (5.2),
/ a(Viuy)V(uy)dxdt > by / a(Vu)ndxdi + by / a(n) (Vi — )dxdt.
0 ) )

Remark that a(n) € (E(Q))¢ since n € (L=(Q))“ and a is continuous. In the limit, we thus
obtain (see again Lemma 5.4.1)

timinf | a(Vuy)Viudxdt > by / andxdt + by / a(n)(Vu—n)dxdt. (5.27)
—e JQ ) 0

Now taking v = u(.,1) € Vi, 10 (5.21) and using (5.26) and (5.27), we thus come up with

3 6(T)) 2= 166 20) +bo | omdsai-+bo [ a(m)(Vas =)

—|—/ D(u)Vb(u)dxdr < / fb(u)dxdt (5.28)
0 0
We therefore consider the centered Steklov average of u, given by

1 tth

S =5; |

u(.,s))ds, tel0,T],

where i > 0 and where u is extended by zero outside [0, T']. The properties of b and u imply
that Spu € #. It is know that

lim / FSpudxdt = / Fb(u)dxdt.
h—0.JQ [0)
On the other hand, we find with (5.24)

/fShudxdt:—/ b(u)atShudxdt+/ b(u(.,T))Spu(.,T)dx
Q 0 Q
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- / b(u(.,0))Syu(,0)dx + / (0 + D (u))V Spudxd,
Q )

where 9,Sju(.,t) = 2t ’+h>) b( (1=1) and thus

/b ), Syudxdt — h/ /bu (i +h)) —b(u(.t —h)))dxdt

Zh/T h/ (-,2+h) dxdr——/ / Lt—h))dxdt =0 (5.29)

MOfeOVer, we have
b T))S T)dx = —1 ! b T))b dxd
/Q (u(7 )) h”('a ) 2% Th/Q (I/t(, )) (M(.,S)) S

2/ de_—ub(( kg as h—0. (5.30)

Recall here that u € %,,([0,7];L*(Q)) and thus s = T is a Lebesgue point of the mapping
0,7] Bs'—>/ b(u(., T))b(u(.,s))dx.
Q

Similarly, we have

1
[ B 0)Suu(.0)dx = S [b(uo) B as b 0.
Q )

Finally, we observe that
/ oVSyudxdt — / oVb(u)dxdt
0

t+h
2/ /t / (.,)) = b(u(.,1)))dxdsds
2/ / / ( i+ k) —b(u(.,1)))dxdrdt — 0 as h—0.  (531)
Similarly we have
/CID(M)VShudxdt—/@(M)Vb(u)dxdt—>0 as h—0. (5.32)
0 0

since the translation of a function in the Orlicz space Ly(Q) is continuous with respect to the
weak convergence in Ey(Q) (see [77]).
Finally we obtain as 4 — 0

1
SUB(T) 0~ 16 0) + bo [ aVh(uydxai+ [ @) b(u)dxds = [ foluda
) ) )
(5.33)
and from (5.28), (5.33) and (5.2), we get for all € (L=(Q))¢

0< / lboa(n) — (b1 — bo)at] (1 — Vie)dxdt = by / (a(n) — &)(n — Vu)dxd.
) o
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Following the modification of Minty’s trick in [79], we set O = {(x,?) : [Vu(x,t)| > k} for
any k € IN. For arbitrary i, j € IN with j < i, arbitrary A > 0, and arbitrary & € (L*(Q)¢, we

take
0 in @
N = Vuxpo, +Alxo\0, = Vu in Q;\Q;,
Vu+Al in Q\Q;.
Thus

0<— / (a(0)— @) Vudxdi+ A | (a(Vu+AE) — a)Cdxdt.
i 0\Q;

Since (a(0) — &) Vu € L'(Q), we have
/ (a(0) — a)Vudxdt -0 as i— o0

Then

0<A (a(Vu+A8)— a)Cdxdr.
0\Q;

On the other hand « is monotone, such that for A € [0, 1]

a(Vu+A8)¢ <a(Vu+8)¢ € LY(Q),

a is continuous, then by dominated convergence theorem we get

/ (a(Vu+2A0) — o) Cdxdt — / Q)Cdxdt as A —0
o

J
and thus
0< / (a(Vi) — ) Edxd
0\Q;

for any j € IN and any & € (L*(Q))“.

{=-— |ZE§Z o if a(Vu) #0,

)—a
The choice )— '
=0, otherwise.

allows us to get

/ (Vi) — aldxdi <0
0\Q;

and thus o = a(Vu) almost everywhere in Q\Q;. Since j was arbitrary, this proves the
equality almost everywhere in Q, which complete the proof.

Step 4:Uniqueness
Let u and v be two solutions to the problem with the same data (ug, /). From the proof above,
we have

/ (b(u) — b(v))Jywexdi + / (b(u(.,T)) = b(v(., T)))w(., T)dx+ / (a(Vie) — a(V))Vwdxdi
o Q 0
+/ ))Vwdxdt =0 forall we¥. (5.34)
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Thus
/ o (b ))wdxdt < — / (a(Vu) —a(Vv))Vwdxdt
0

- / (@(u) — D(v))Vwdxdi =0 forall we #. (5.35)
Q
For all 7 € [0; T], taking wy, = %Tk(b(u) —b(v))we ; where
1 if 0<tr<r—e¢,

wer(t)=4¢ =L if F-e<t <7,
0 otherwise.

In the same way as the above
limy o /Q (@(u) — D(v))Viwydxds = 0
and by the monotonicity of a we obtain
/ (b v))sgn(b(u) — b(v))we sdxdt = limy_o /Q O (b(u) — b(v))weduxdt < 0.

On the other hand, we have

/8; v))sgn(b(u) —b(v))w, sdxdt = /t 8/ o, (b v))sgn(b(u) —b(v))dxdt

/t t_t/af v))sgn(b(u) —b(v))dxdt.

Employing dominated convergence theorem, as € — 0 we get

0= [ [ 260w~ b()sen(pia) ~ b)) = [ Dot b0y gy,

and thus
Hb(u(.,f))—b(v(.,f))HLl(Q):O forall 7€ (0;T],

and thus the uniqueness.

5.5 Error estimate for the temporal semidiscretization

We just give the error estimate in the temporal semidiscretization case since in the complete
discretization is far from being easy to make. Let " = u(.,1,) — u" be the error between the exact
solution and numerical solution.

Theorem 5.5.1. Let up,u’ € L*(Q), f € L'([0,T];L*(Q)), u,du,d2u € L'([0,T];L (Q)) with
u(,t) eV ={ve*>(Q): Vve (Lu)? you =0}, a(Vu(., t)) D(u(.,1)) € (L7(Q))? for all
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t €[0,T). Let u" € ¥ with a(Vu"),®u") € (L7(Q))? be an approximation of u(.,t,) such that
n=172..N,

/ (b(”")—b<”n1)v+a(vu”)Vv+CI>(u")VV>dx:/f(wtn)"dx forall vevV.
Q T Q

Then forn=1,2,...,N,
le 110 < Cllluo =l () + ll7ull L o,r1:220) + I = Fllzn @) (5.36)

where f denotes the piecewise constant in time interpolation of f with respect (tn)]::1

Proof. Let R* = b(u(.,t,)) — b(u") then

R'—R"  rb(u(.,ty) = b(u(.,t,1)) b(u") —b(u"")
/Q —vdx = /Q vdx — /Q vdx.

T T T

By integrate par parts and (5.10) we have

R _Rn—l 1 [
/ TN k= / b (u(. 1) v — / / (t — tn1)dub(ul., 1) vdxds
Q T Q TJi, )

_/ b(u") —b(u" 1)
Q

T

vdx

:/Q(f(.,tn)—fn)vdx—/g(a(Vu(.,tn))—a(Vu"))vdx—/(dD(u(.,tn))—CD(u”))vdx

Q
In
! / / (t = tn_ )b (u(.,1))vdxds (5.37)
T tho1JQ
Taking vi = %Tk(R") and using (5.4) we have
|t = fvd] < 1 Cotn) = fallr ey
- / (a(Vu(.. 1)) —a(Vil"))Vvdx < —by / (a(Vu(., 1)) — a(Vid"))
o {W|<k}
xV(u(., u")dx <0
In
1/ [ (6=t )Rl )t < / / £ =ty 1)|2b(u(.,1))|dxdt
T th—1 Q Ih—1
and
b
\/(q>(u(.,tn))—q>(u”))vdx| < ;0 L) [u(.,tn)) —u"||Vu(.,1n)) — Vu'"|dx
Q {|R"|<k}
<@ L(x)|Vu(.,t,) — Vu"|dx
k J{jre<iy .
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Since L(x)|Vu(.,t,)) — Vu"'| € L'(Q) we pass to the limit as k — -0, and we have
lim [ (P(u(.,1,)) —P("))vdx =0
k—4o0 JQ

and also

R}’l _Rl’l—l Rn _ Rn—l
hm —dex == / —Sgn(Rn)dx
k—+o JQ T Q T

Recalling (5.37) we obtain

IR") _ L NPRPP
e < =yt [ eI 0)laxar + |

Thus summation n = 1,..., N and using (5.2)

Rn—l
R,
T

N T
bl s < © Y 1 ote) = Fll 425 | 1ORD(C1) sy + br 1o
n=1

Thus, together with the estimate TY_, || £ (., %) — fallpa) < c|]7—f||L1(Q), we deduce (5.36).
Remark that L' (0, T;1%(Q)) c L'(0,T; L (Q)) O

5.6 Numerical illustration

we will apply these results on this following simple example.
To simplify and without losing any generality we take

o Q=[0;1]x[0;1],0 =Qx [0;1]

o M(t)=|t|P +t|P2, p1>2,pr>2and M(t) = uy|t|9" + Up|t|% such that pll+% =1 and
P2 92 ’
e b(s)=s.

o (€)= (iEP 2+ & [P 2)E, where = 225k and i = 225t
o () = (= palu P>~ Y g |1 o> )

we choose f such that u(x,y,t) = e *(x — x*)(y — y?) is the solution exact of the equation
(5.1).

It is easy to show that all the terms b, a, @ and f verify the conditions (5.4)-(5.7).

We preferred the finite element method rather than the finite difference method or the finite
volume method, because we are looking for a weak solution that requires an integration of the
problem (5.10).

We use a particular conforming finite element approximation in the double-dimensional case
where p; =4, p» = 5 and the time step size is taken as the square of the spatial mesh size. Each
time step solves a nonlinear problem (5.10) using the Backward Euler method. We give The table
of convergence errors measured (Table 1), also we give the exact solution (Fig. 1), the numerical
solution (Fig. 2) and the difference between the exact solution and the numerical solution (Fig. 3)
as 3D plots . Finally we take u%(x,y) = ¢~/ (x —x%)(y —»*) (1 + 1)
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h T | " —wll=0.1,0200)

1/2 1/4 0.04

1/3 1/9 0.025

1/5 1/25 0.0011

1/9 1/81 3.4358E-04
1/10 | 1/100 2.7966E-04

1/15 | 1/225 1.2573E-04
1/20 | 1/400 7.1008E-05
1/25 | 1/900 4.5529E-05

Table 5.1 — The table of convergence errors measured as ||u" — uy{| ;= (o 7,12 ()) Where & is the mesh
size and 7 is the time step.

Figure 5.1 — Exact solution t, = 57T Figure 5.2 — Numerical solution at t, = 57
where h =1/15 and T = 1/225. where h=1/15 and T = 1/225.

Figure 5.3 — The difference |u" (x,y) —u(t,,x,y)|
att, =5t where h=1/15 and ©v = 1/225.
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