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Résumé

Dans cette these, nous étudions quelques systemes aux dérivées partielles
non linéaires de type elliptiques faisant intervenir des opérateurs non homogenes.
L’une des difficultés majeures qui apparaissent lors de ’étude de ces systemes
est la perte de compacité dans les inclusions de Sobolev car ou le systéme est
défini sur lespace RY tout entier ou bien il contient des exposants critiques.
Une seconde difficulté concerne le choix des nonlinéarités, qui doivent satisfaire
des conditions de croissance. Ces conditions garantissent la différentiabilité, la
coercivité et la semicontinuité la fonctionnelle d’énergie associée au systeme.
Enfin, la derniére difficulté est liée a la construction des espaces fonctionnels
a poids pour assurer la structure d’espaces de Banach reflexifs ainsi que les
différentes inclusions de Sobolev.

Mots-clefs: Solutions faibles, unicité, solutions multiples, espaces a ex-
posants variables , exposants critiques de Sobolev, p(x)-Laplacien, problemes
de type Kirchhoff, principe de criticité symétrique, principe de concentration-
compacité, condition de Palais-Smale, théoreme du col de la montagne, théorie
des points critiques.
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Abstract

We study some nonlinear partial differential elliptic systems involving nonho-
mogeneous operators. One of the major difficulties which appear while we study
these systems is the loss of compactness in the Sobolev inclusions because the
system is either defined on the entire space RY or contains critical exponents. A
second difficulty concerns the choice of nonlinearities, which must satisfy growth
conditions. These conditions guarantee the differentiability, coercivity and semi-
continuity of the energy functional associated with the system. Finally, the last
difficulty is linked to the construction of functional spaces with weight to ensure
the structure of reflexive Banach spaces as well as the different Sobolev inclusions.

keywords: Weak solutions, uniqueness, multiple solutions, Variable expo-
nents spaces,critical Sobolev exponents, p(z)-Laplacian, Kirchhoff-type problems,
principle of symmetric criticality, concentration-compactness principle, Palais-
Smale condition, Mountain Pass theorem, critical points theory.



Résumé de these

Dans ce travail, nous étudions des problemes elliptiques non-linéaires faisant inter-
venir I'opérateur p(x)-Laplacien. La non homogénéité de I'opérateur rend 1’étude
délicate et fait appel a des espaces fonctionnels non classiques. Ces espaces sont
des cas particuliers des espaces d’Orlicz dits espaces de Sobolev généralisés et
notés W, dont la topologie est induite par une norme de manipulation ardue,
appelée norme du Luxemburg.

Dans Le chapitre I, nous commencons par donner un bref exposé des
définitions et résultats nécessaires a la suite de ce travail. Nous introduisons
les espaces de Lebesgue a poids généralisés et de Sobolev a poids généralisés, en
faisant remarquer que la quasi-totalité des propriétés classiques surtout les im-
mersions, demeurent vraies. Enfin nous nous sommes efforcés de reprendre les
résultats relatifs a la théorie des points critiques pour rendre la lecture plus aisée.

Le chapitre II, nous traitons les questions d’existence et d’unicité des solu-
tions de certains (p(x),q(x))-systemes elliptiques de type potentiel de la forme

—Ap)u = g—i(x,u, v) dans €,
AV OUES %—f(m,u, v) dans €,
u=v=>0 sur 0€;

ot Q est un domaine borné de RV, A,,yu = div(|Vul[P®~2Vu) est I'opérateur
p(z)-Laplacian, p(z) et g(z) sont des fonctions réelles continues telles que 1 <
p(z),q(x) < N (N > 2)Vx € RY et la fonction F appartient & C1(2 x R?). Le
résultat d’existence est obtenu dans le cas {2 quelconque mais le résultat d’unicité
conccerne uniquement le cas des solutons radiales lorsque €2 est une boule.
Dans Le chapitre 3, pour A appartenant a un certain intervalle défini au
préalable, nous montrons que le systeme suivant admet trois solutions faibles :

i(x)—2 . N
Pi@=2y = \F, (2, u1, ug, ..., u,) in RY.

Pour cela nous utilisons un recent résultat abstrait en théorie des points cri-
tiques établi par G. Bonanno et S. A. Marano.

Dans Le chapitre 4, nous étudions les questions d’existence et de multiplicité
des solutions pour le systeme elliptique quasilinéaire nonlocal dde type potontiel
suivant :

—Ap, ()i + a;(x)|u;



— M (Ly(u)) (Apyu — a(z)|uP@=2u) = AF, (2, u, v) dans RY,
— My (Ly(v) (Agyv — b(z) 0|1 ~20) = AF,(x, u,v) dans RY;

avec N > 2 les exposants p and ¢ € C.(RY) := {r € CRY) : 1 <
r~ = infyepnvr(z) < r(z) < 77 = sup,pyr(x) < N,Vz € RN} X un
paramétre positif réel et a, b € L®(RY) vérifient a := essinfcpnv a(z) > 0
et b:= essinf,cpn b(z) > 0.

M, et M, sont des fonctions continues et bornées, F' € C1(RN x R?) vérifie
des conditions de croissance convenables, A, u et L,(u) sont donnés par

1
Apyu = div (|Vu P2 vy), L.(u)= /RN R ) (IVu["™ + a(z)[ul"™)) da.

Les resultats obtenus au chapitre 4 généralisent ceux obtenus au chapitre 3 au
cas d’operateurs nonlocaux de type kirchhoff et utilisent les mémes techniques de
démonstration.

Dans le cinquiéme chapitre, nous montrons l'existence de solutions
non trivials v = (uq,...,u,) pour la classe suivante de systemes elliptiques
quasilinéaires nonlocaux a exposants variables critiques :

1 "
—M; (/Q pi(z) |V P )) Ap, (i = |ui
u; =0 sur 0f€);

4@ =2y, + \NF, (2, uy, U, ..., Uy,) dans (2,

ott 2 est un domaine borné de RN (N > 2), a frontiere 00 suffisamment réguliere
s D@yt = div |V, Pi#)=27q;) pour 1 < i < n, A est un parametre réel positif
et p;(z) and ¢;(z) sont des fonctions réelles de Lipschitz telles que

Np;
1< py = inf pi(e) < @) <pf =suppi(e) < N, 1< qu(a) < pile) = 2
z€eS) zeQ) N_pl(m)

A, ={z € Q,qi(z) = pi(z)} # 0.

La fonction F appartient & C'(Q2xR™) et M; : RS — R™ est une fonction continue
croissante, vérifiant certaines condition de croissance.

La démonstration des résultats de ce chapitre est essentiellement basée sur le
principe de concentration-compacité du initialement a P. L. Lions.

Finalement, dans le chapitre 6 , nous étendons les résultats du chapitre
5 au cas de systemes elliptiques quasilinéaires nonlocaux a exposants variables
critiques du type :

—M; (A;i(u;)) div (BAVUJ) = |u; si(®)=2y,. 4 AFy,(z,u) in Q,
u; =0 on 0f);



pour 1 <i <n (n € N), avec Q est un domaine borné de RV (N > 2), a frontiere
0f) suffisamment réguliére et A est un paramétre positif.

Les opérateurs B; : X; — R" et A; : X; — R, étant respectivement définies
par :

Bi(us) = ay(| Vs @) | Vs 02V, and Ai () — / AV da,
sz(x)

ou X; est un espace de Banach

X, = Wolmi(x)(Q) N Wolm(f)(Q)’
t
A;(.) est la fonction A;(t) = a;(k)dk, avec a;(.) une fonction de classe C?

encadrée par deux fonctions con(\)/enables. Comme au chapitre 5, nous montrons
I’existence de solutions non triviales dans le cas ou les exposants variables sont cri-
tiques en utilisant les mémes techniques de démonstration appliquées au chapitre
5.

L’une des difficultés majeures qui apparaissent lors de I’étude de ces systemes
est la perte de compacité dans les inclusions de Sobolev car le systeme est défini
sur 'espace RY tout entier. En guise de compensation, la pondération par des
fonctions poids s’avere incontournable. Une seconde difficulté concerne le choix
des nonlinéarités, qui doivent satisfaire des conditions de croissance. Ces con-
ditons garantissent la différentiabilité, la coercivité et la semicontinuité la fonc-
tionnelle d’énergie associée au systeme. Enfin la derniere difficulté est liée a la
construction des espaces fonctionnels a poids pour assurer la structure d’espaces
de Banach reflexif ainsi que les différentes inclusions de Sobolev.



Contents

Acknowledgements ii
Introduction 6
1 Functional framework 13
1.1 The generalized Lebesgue and Sobolev spaces . . . . . . ... .. 13
1.2 The generalized weighted Lebesgue-Sobolev spaces . . . . . . .. 16
1.3 A few reminders on the theory of critical points . . . . . . . . .. 17
1.4 Mountain pass theorem . . . . .. . ... ... ... .. 19
1.5 The concentration-compactness principle . . . . . . . . . ... .. 21

Existence and Uniqueness Results for the (p(x),¢(x))-Laplacian

potential-type system 22
2.1 Introduction : . . . . . . . . . . ... 22
2.2 Mainresults . . . . . . . ... 25
2.3 Proofsof mainresults . . . . .. . ... ... ... ... 26

Multiple Solutions to a (p;(z),...,p,(z))-Laplacian-type Systems

in Unbounded Domain 35
3.1 Introduction . . . . . .. .. ... ... 35
3.2 Hypotheses . . . . . . . . . . 36
3.3 Mainresults . . . . ... 37
34 Example . . .. .o 44
Multiple Solutions for elliptic (p(z), ¢(x))-Kirchhoff type poten-
tial Systems in Unbounded Domains 45
4.1 Introduction . . . . . . . .. ... 45
4.2 Hypotheses . . . . . . . .. A7
4.3 Mainresults . . . . ... 48
Existence of Solutions for a critical (pi(z),...,p.(2))-
KIRCHHOFF TYPE POTENTIAL SYSTEMS 53
5.1 Introduction . . . . . .. ... ... 53
5.2  Hypotheses and main results . . . . . . .. .. ... ... .... 55



5.3 Main results . . . . . . 57

6 Existence and Multiplicity of Solutions for Kirchhoff-type po-

tential systems With Variable Critical Growth Exponent 66
6.1 Introduction . . . . . . ... ... 66
6.2 Hypotheses and main results . . . . . . .. ... ... ... ... 70
6.3 Proof of mainresults. . . . .. .. ... ..o 72
Bibliography 85



Introduction

Partial differential equations are a precise, elegant, rich, and captivating subject,
which is quite old, and its history is broad and deep. Elliptic partial differential
equations are startling due to their elegance and clarity. One progresses very
rapidly from the basics of the linear Laplace, Poisson, and Helmholtz equations
to profound results concerning nonlinear elliptic problems and the qualitative
analysis of their solutions. The study of physical models has remained up to the
present one of the fundamental concerns of the development of partial differen-
tial equations. The idea of using analytic methods to study partial differential
equations has its foundations in the ideas of Poincaré. This modern approach
provides a new way to view the analysis of linear or nonlinear partial differential
equations. As stated by Brezis and Browder [15], "Poincaré emphasized that
a wide variety of physically significant problems arising in very different areas
(such as electricity, hydrodynamics, heat flow, magnetism, optics, elasticity, etc.)
have a family resemblance-un air de famille in Poincaré’s words-and should be
treated by common methods”.

Historically, variable exponent Lebesgue spaces appeared in the literature in
1931 in the paper by Orlicz [68]. He was interested in the study of function spaces
that contain all measurable functions u : {2 — R such that

p(hu) / (M Ju(z) )dz,

for some A > 0 and ¢ satisfying some natural assumptions, where {2 is an open set
in RYV. This space is denoted by L¥ and it is now called Orlicz space. However, we
point out that in [65] the case |u(z)["® corresponding to variable exponents was
not included. In the 1950’s these problems were systematically studied by Nakano
[67], who developed the theory of modular function spaces. Nakano explicitly
mentioned variable exponent Lebesgue spaces as an example of more general
spaces he considered, see Nakano ([07], p. 284). Later, Polish mathematicians
investigated the modular function spaces, see Musielak [06]. Variable exponent
Lebesgue spaces on the real line have been independently developed by Russian
researchers. In that context, we refer to the work of Tsenov [31] and Sharapudinov
[79]. They were interested in the minimization of functionals like



[ 1uta) = o) e

where u is a fixed function and v varies over a finite dimensional subspace of
LP@)([a,b]). Zhikov [30] started a new direction of investigation, which created
the relationship between spaces with variable exponent and variational integrals
with nonstandard growth conditions. We also point out the contributions of
Marcellini [62], who studied minimization problems with (p, ¢)-growth, namely

inf/ F(z,|Vul)dz,
Q

where 7 < F(z,t) <t?7+4 1 for all £ > 0. The case corresponding to the variable
exponent corresponds to F(z,t) = ) where p : Q — (1,00) is a bounded
function.

In 1991, Kovacik and Rakosnik [53] established several basic properties of
spaces LP®) and WP with variable exponents. Their results were extended
by Fan and Zhao [38] in the framework of Sobolev spaces W™P®) . Pioneering
regularity results for functionals with nonstandard growth are due to Acerbi and
Mingione [2]. Density of smooth functions in W™ (Q) and related Sobolev em-
bedding properties are due to Edmunds and Rakosnik [36, 37]. We also point out
the important contributions of the Finnish research group on variable exponent
spaces and image processing, whose main goal was to study nonlinear potential
theory in variable exponents Sobolev spaces. The abstract theory of Lebesgue
and Sobolev spaces with variable exponents was developed in the monograph by
Diening, Harjulehto, Hast6 and Ruzicka; [31].

The study of differential equations and variational problems involving p(x)-
growth conditions is a consequence of their applications. In 1920 Bingham was
surprised to discover that some paints do not run like honey. He studied such a
behavior and described a strange phenomenon. There are fluids that first flow,
then stop spontaneously (Bingham fluids). Inside them, the forces that create the
flows reach a threshold. As this threshold is not reached, the fluid flow deforms as
a solid. Invented in the 17th century, the ”Flemish medium” makes painting oil
thixotropic: it flows under pressure of the brush, but freezes as soon as you leave
it to rest. While the exact composition of the Flemish medium remains unknown,
it is known that the bonds form gradually between its components, which is why
the picture freezes in a few minutes. Thanks to this wonderful medium, Rubens
was able to paint La Kermesse in only 24 hours.

Recent systematic study of partial differential equations with variable expo-
nents was motivated by the description of several relevant models in electrorhe-
ological and thermorheological fluids, image processing, or robotics. In what
follows, we give two relevant examples that justify the mathematical study of
models involving variable exponents. The first example is due to Chen, Levine,



Rao [17] and it concerns applications to image restoration. Let us consider an
input I that corresponds to shades of gray in a domain € C R?. We assume that
I is made up of the true image corrupted by the noise. Suppose that the noise is
additive, that is, I = T+ 7 where T is the true image and 7 is a random variable
with zero mean. Thus, the effect of the noise can be eliminated by smoothing the
input, since this will cause the effect of the zeromean random variables at nearby
locations to cancel. Smoothing corresponds to minimizing the energy

£1(u) = / (V) + u(x) — I(2)]?)dz.

Unfortunately, smoothing destroys the small details of the image, so this
procedure is not useful. A better approach is the total variation smoothing.
Since an edge in the image gives rise to a very large gradient, the level sets
around the edge are very distinct, so this method does a good job of preserving
edges. Total variation smoothing corresponds to minimizing the energy

& (u) = /Q(\VU(%“)I +Ju(x) — I(x)*)dz.

Unfortunately, total variation smoothing not only preserves edges, but it also
creates edges where there were none in the original image. This is called the
staircase effect.

Looking at & and &, Chen, Levine and Rao suggested that an appropriate
energy is

£(u) = / (V)P + [u(z) — I(z)?)d.

where 1 < p(x) < 2.

This function should be close to 1 where there are likely to be no edges, and
close to 2 where there are likely to be no edges. The approximate location of the
edges can be determined by just smoothing the input data and looking where the
gradient is large.

The diffusion resulting from the model proposed by Chen, Levine and Rao is
a combination of the Gaussian smoothing and regularization based on the total
variation. More exactly, the following adaptive model was proposed

1 2
T=utv ngBr\l/mm(Q) /Q ('D(x’ Vu)dx + A ||u||L2(Q) ) (0.0.1)
where 0 C R? is an open domain,
o(x,r) = ]ﬁhﬂp(x)’ o) for [r|<p
7 rl — —5'p(?(;)ﬁ ,  for |r| > p,



where 5 > 0 is fixed and 1 < a < p(x) < 2. the function p(z) nvolved here
depends on the location of x in the model. For instance, it can be

1
14 k|VG, * I|?’
where VG, (7) = L exp(—|z|?/(40?)) is the Gaussian filter and k > 0 and ¢ > 0

are fixed parametcerrs. For problem (0.0.1), Chen, Levine and Rao established
the existence and uniqueness of the solution and the long-time behavior of the
associated flow of the proposed model. The effectiveness of the model in image
restoration is illustrated by some experimental results included in their paper.
The next example is related to electrorheological fluids. The constitutive

equation for the motion of an electrorheological fluid is

p(z) =1+

up + divS(u) + (u.V)u+ Vr = F, (0.0.2)

where u : R*' — R? is the velocity of the fluid at a point in space-time, 7 :
R*! — R represents external forces, and the stress tensor S : Wb! — R3! is of
the form

S()(z) = p(z) [1+ |Du(z)] 7 Du(x),

where Du(Vu + Vul)/2 is the symmetric part of the gradient of u.
We observe that the highest order differential term in (0.0.2) is

div( (1+ |Du(x|2))% Du(m))

In what follows, we describe a model that takes into account the delicate in-
teraction between the electromagnetic fields and the moving fluids. In particular,
in the context of continuum mechanics, these fluids are treated as non-Newtonian
fluids. The system modeling the phenomenon arising from this study is

div £ =0,curl £ =0
% — divS(z, E,E(v)) + |Vvlv + V7 = g(z, E)
div v =0,

where F(z) is the electromagnetic field, v : Q C R®> — R3is the velocity of the
field, £(v) is the symmetric part of the gradient, S is the extra stress tensor and
7 the pressure.
The constitutive relation for the extra stress tensor S' is
-

S(x,E,z) =v(E)(1+ |z|2)722 + terms of the same growth

for all symmetric 3 x 3 matrices z and where p = p(|E|*). The structure of the
system allows to determine E so that it depends on = and thus p = p(x).

9



The extra stress tensor S is chosen so that it is a monotone vector field satis-
fying the ellipticity condition

D.S(x, B, 2)A @ A > v(E)(1 + |2[) 5 |A]

where v(E) > v > 0 for any 3 x 3 symmetric matrices z, A with null trace.
For the system described above, Rajagopal and Ruzicka [90] established an
existence theory, which works particularly in the stationary case

—divS(z,E(v)) + |[Vv|v + Vr = g(x).

The elliptic systems involving p(x)-Kirchhoff are a generalizations of the fol-
lowing Kirchhoff equation, introduced by Kirchhof in [51]

2 L 2 2
Ou _ <p° bo[]ou dx) 0u_y, (0.0.3)

Pore = \n "2L ), |ox da?

where p, po, I/ and L are constants. This equation extends the classical
D’Alembert’s wave equation by considering the effects of the changes in the length

of the strings during the vibrations. A distinguishing feature of equation (0.0.3)
2

. . . . po . E [F]ou .
is that the equation contains a nonlocal coefficient — + — —| dx which
h ~ 2LJ, |0z
1 [Eloul? .
depends on the average Y7 e dx, and hence the equation is no longer a
0 T

pointwise equation. The parameters in equation (0.0.3) have the following mean-
ings: F is the Young modulus of the material (also referred to as the elastic
modulus, it measures the strings resistance to being deformed elastically), p is
the mass density, L is the length of the string, h is the area of cross-section,
and pg is the initial tension. Almost one century later, Jacques-Louis Lions [58]
returned to the equation and proposed a general Kirchhoff equation in arbitrary
dimension with external force term which was written as

(0.0.4)

% - (a + be |Vu|2dx) Au = f(x,u) in €,
u=>0 on 0f);

this problem is often called a nonlocal problem because it contains an integral
over ). This causes some mathematical difficulties which make the study of
such a problem particularly interesting. The nonlocal problem models several
physical and biological systems, where u describes a process which depends on
the average of itself, such as the population density,see [23] and its references
therein. For a more detailed reference on this subject we refer the interested
reader to [D,

Y ? Y ) Y ) ] :

10



For more applications, we refer to the pioneering work by Halsey [15] and
the monograph by Ruzicka [78]. A survey of recent contributions to the study
of partial differential equations with variable exponents is contained in the paper
by Radulescu [73].

The objective of this work is the study of elliptic systems of partial differential
equations involving an operator in divergent form of the type p(x)—Laplacian
defined of WHP@(RY) in W—1P@(RN). These problems are generally not
integrable (i.e. we cannot determine the explicit form). For that we are satisfied
to show the existence of weak solutions (i.e. in the sense of distributions), which
are precisely the critical points of the Euler-Lagrange functional.

In certain works authors show that this solution is unique [30, 33, 37]. Other
works ensure the existence of two solutions [52], three solutions [57, 75, 70],
multiple solutions [9, &3], and even an infinity of solutions [(5]; based respectively
on recent results from Bonnano and Marano [10]; and Ricceri in [76].

This thesis is structured as follows, The first chapter is naturally devoted
to notations, to the definitions and properties of functional spaces and to the
fundamental results on which we rely in the following. All these results are given
without proof and we refer to the bibliography for details.

In the second chapter, we establish two results on the existence and uniqueness
of solutions for (p(x), ¢(x))-Laplacian potential-type system such as

—Apyu = 9E(z,u,v)  inQ,
Dy = Gz u,0)  inQ, (0.0.5)
u=v= on 012,

the first result concerns the case where g—i(m, u,v) and %—f(w, u,v) are decreasing

in both u and v and the proof is made using the Browder-Minty Theorem. The
second deals with the radial case and assumes that 25 (r,u, v) and 25 (r, u, v) are
nondecreasing in both v and v and the method of proof is based on a comparison
principle and the use of critical points theory.

In the third chapter, we deal with the multiplicity of weak solutions to a
class of a parametric problem for doubly eigenvalue elliptic systems involving the
(p1(x), ..., pn(x))-Laplacian operator of the form:

pi(x)—2ui = )\Fuz <x7ulau2a ,Un) in RN’ (006)

— Ay @)ti + ai(x)|u;

for 1 < ¢ < n. Our technical approach is based on variational methods and
recent three critical points theorem obtained by Bonanno and Marano.

In the fourth chapter, we extend the result of the previous chapter for a para-
metric doubly eigenvalue quasilinear elliptic (p(z), ¢(z))-Kirchhoff type system of

11



the form :

{_Ml (Lp(w) (Bpyu = a(@)[ul"™2u) = AFu(z,u,0) - mRY, (0.0.7)

—Ms (Lg(v)) (Agyv — b(z)|v|9®)"20) = AF,(z,u,v) in RV,

Our approch is based on a variational method and the three critical points
theorem obtained by Bonano and Marano.

In the fifth chapter, by using the concentration-compactness principle of
Lions for variable exponents and variational arguments, we obtain the existence
of solutions for a class of (pi(z),...,pn(z))-Kirchhoff-Type Potential Systems
type with critical exponents.

In sixth and final chapter, by using the concentration-compactness principle
of P. L. Lions for variable exponents spaces found in [I1] and the Mountain
Pass Theorem without the Palais-Smale condition given in [72], we obtain the
existence and multiplicity of solutions u = (uy, ug, ....u,), for a class of Kirchhoff-
type potential systems with critical exponent, namely

si(@)=2q. 4 AF,, (z,u) in Q,
on 0f);

{—MZ- (.Ai(ui))div (BAVU,)) = |u;
u =0

where ) is a bounded smooth domain in RV (N > 2), and

The functions M;, A;, a; and a;, (1 < i < n), are given functions, whose properties
will be introduced hereafter, A is positive parameter, and the real function F
belongs to C*(2 x R™), F,. denotes the partial derivative of F' with respect to u;.
Our result extend, complement and complete in several ways some of many works
in particular those in [21]. We want to emphasize that a difference by respect
to some previous research is that the conditions on a;(.) are general enough to
incorporate some differential operators of great interest. In particular, we can
cover a general class of nonlocal operators for p;(x) > 1 for all z € Q.
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Chapter 1

Functional framework

1.1 The generalized Lebesgue and Sobolev
spaces

We recall in this part some definitions and properties of Lebesgue-Sobolev spaces
with variable exponents commonly known as generalized Sobolev spaces. We
refer the book [31], and the papers by O. Kovacik and J. Rékosni [53],and by X.
Fan and D. Zhao [38], for more detailed properties.

Let’s pose
Cy(RY) ={h € C(RY): inf h(x)>1}.

zERN

and

LYRY) = {h e L*R"Y): inf h(z)>1}.

zCRN

For any h € C, (RY), define

h* = sup h(z) and h~ = inf h(z).

z€RN z€RN

For any p € C, (RY), define the variable exponent Lebesgue space as

LPO(RN) = {u: uis a measurable real-valued function and / lu(x) PP dz < oo},
RN

endowed with the Luxemburg norm

|ulp) = |u|ppe = inf {,LL > 0;/
RN

u(z)
L

p(z)
de <1 3.

13



On the other hand, the variable exponent Sobolev space WP (R") is defined
by
W@ (RN) = {y € LPORY) : |[Vu| € LFD(RM)},

and is endoweded with the norm
[l p@) = llullwrve @y = [l + [Vulpe),  Yu € WHPE(RY),

The space W, (=) (RY) is defined as the closure of C3°(RY) in W@ (RY) and
is equipped with the norm

1,p(x
ullp@@) = |V, Yu € Wy (RY).

It is well known that the spaces L@ (RN), W@ (RN) and W™ (RV) are
separable and reflexive Banach spaces.

Proposition 1.1.1 (see [31, 38]). The conjugate space of LP@® (RN) is LP' @) (RN),

where
1 1

_|_
p(z)  p'(x)
Moreover, for any (u,v) € LP@(RN) x L@ (RN) we have

1 1
[ [, wdel < (= + W)\U!pu)!vlpf(w) < 2lulp@) V] (2)-
Definition 1.1.2. We call modulus of u the quantity
plu) = / luP@dz, for all u € LP@(RY).
RN

Proposition 1.1.3 (see [31, 38]). Let u and v be two measurable functions on
Q, and let o and B be two positive constants such that o+ 8 =1 then :

plaw + Bu) < ap(u) + Bp(v).

The relation between the Luzembourg norm and the modulus of u can be
summed up in the following properties:

. + - -
min{[ul} ., [ulp)} < plw) < max{|ul) ., [ul} .}

p(x) p(z

(i) |ulp@y <1 (resp. =1,>1) & p(u) <1 (resp. =1,>1);
g - +

(ii) [ulp@) > 1 = lulyg) < plu) < July,);

+ -
(i) [ulpw) <1 = [uly,) < plu) <fuly,);

14



(i) p<|“| <w>>

Proposition 1.1.4 (see [37]). Let p(x) and q(x) be measurable functions such that
p € L¥RN) and 1 < p(x),q(x) < oo almost everywhere in Q. If u € L@ (RN),
u Z 0. Then, we have

T +
|ulp@)g@) <1 = \u| a:)q(x Hu|p( )‘q(z) = |u’§($)t](w)’
In particular, ifp(x) = p is constant, then
Pl = el
Proposition 1.1.5 (see [31, 38)). If u,u, € LP@(RN), n = 1,2,..., then the

following statements are equivalent to each other:
(1) Ty, o0 [t — tpy = 0,
(2) Vit (it — 0) = 0,
(3) un, — w in measure in Q and lim, o p(u,) = p(u).
Definition 1.1.6. We define the critical Sobolev exponent of p(x) by
() = {]\],V_p—z% for p(z) < N .
+oo  forp(z) > N

Proposition 1.1.7 (see [31, 37]). Let p € C?r’l(]RN), the space of Lipschitz-
continuous functions defined on RY. We have continuous inclusion

WP@)(RN) —y LP"@(RN),
That is to say, there exists a positive constant ¢ such that

@) < llullpe),  Yu € WHE(RN),

Proposition 1.1.8 (see [31, 37]). Let us denote q(x) < p*(x) when
inf,cq(p*(z) — q(z)) > 0.
(1) If ¢ € LT (RY) and p(z) < q(z) < p*(x), for all x € RN, then the embedding
WLr@)(RN) < LI@(RN) is continuous but not compact.

(2) if we replace RN by a bounded domain Q2 and if p is continuous on Q and
q is a measurable function on Q, with p(x) < q(x) < p*(z) for all x € §2, then the
embedding WP (Q) — LI1=)(Q) is compact.

Proposition 1.1.9 (see [31, 37]). There is a constant C > 0 such that
1,p(x
ey < ell Vel Ve € Wo™ ().

| pz) = [[VUllpa) and ||ull1pe) are equivalent norms on Wol’p(m)(Q).

15



1.2 The generalized weighted Lebesgue-
Sobolev spaces

There is a rich literature on weighted Lebesgue spaces. In a similar way, we define
the generalized weighted Lebesgue spaces (see [(]) by

L Ei; (RY) = {u : u is a measurable real-valued function and /
RN

a(z)|u(z) PP dr < oo} )
a being a locally integrable positive function. In other words a € L} (RY). for
example

a(x) = (1+]a]?)2.
We endow LA™ (RY) with the norm

u(z)

x
i

p(z)
de <15.

This space has the same properties as the Lebesgue space with variable ex-
ponent. In a similar way we define the weight modulus

[lp@)a@) = [ul ) vy = inf {M >0: /RN a(z)

Pa(z) = / a(x) |u(a:)|p(x) dx, Yu € Lg;(””)(RN).
RN

The link between weighted Lebesgue space with variable exponent L@ (RM)
and Lebesgue space with variable exponent LP(®)(R") is summarized in the fol-
lowing proposition

Proposition 1.2.1. When there is C > 0 such that a(x) > C, then we have the
continuous inclusion L2 (RN) s LP@(RN). In other words we have

c / (@) da < / ala) [u()"® d,
RN RN
and
¢ ||U||Lp<z)(RN) < ||u||LZE:3(RN) :

In the same way, we define the generalized weighted Sobolev space, when the
1
conditions 1 < p~ < p(z) < p* < oo et a r@-1 € L (RY) are verified, by

War (®Y) = {u € LG RY) : [Vul € L) (RY)),

endowed with the norm
[ullp@),ate) = lulp@)a@) + [Vtlpw)-

16



From Proposition (1.1.3), we have:

2 < [ (9@ +a@) [u@P) de < Jule” it Jula> 1 (1:2.)
RN

mMsAAwwwmﬂmm@Wﬂmgwfifmmgwmm

We also note that C$°(RY) is dense in WJ(Z gx) (RM) (see [0]).

1.3 A few reminders on the theory of critical
points

The main purpose of this section is to present a few reminders on the theory of
critical points of C'-functionals on a Banach space.

A number of problems in the theory of differential equations can be expressed
in the form of an equation

Au =0, (1.3.1)

where A : X — Y is a mapping between Banach spaces X and Y. The interesting
case is the situation where this equation has a variational structure, that is, there
exists a functional ¢ : X — R such that

t _
(A(u),v) = lim dluttv) qﬁ(u)’
t—0 t
where Y = X* (.,.) is a duality pairing between X and its dual X*. In this
case we can write A = ¢’ and equation (1.3.1) becomes

(¢'(u),v) =0 for each v € X. (1.3.2)

Equation (1.3.2) says that solutions of (1.3.1) are critical points of the functional
¢. By writing equation (1.3.2) we have expressed equation (1.3.1) in a weak
(distributional)form. The problem that we have to solve is to find critical points

of ¢.

Definition 1.3.1. We say that ¢ : X — R is lower semi-continuous (in abbrevi-
ated L.S.C) at point u € X, si p(u) = —o0 orif at all « < p(u) we can associate
a neighborhood V,, of u such that o < o(u) for uw € V,, (or again, o' (Ja, +00[)is
a neighborhood of u ). In terms of sequence, if u, — u then

o(u) < liminf @(u,).

n—0o0

The function ¢ is said to be L.S.C on X if it is so at any point of X.

17



Definition 1.3.2. Let X and Y be real Banach spaces and let A : X — X* be
an operator. Then
i) A is called coercive, iff

lim [(Au, w)| _ oo,
a0 ||ul]

it) A is called monotone iff
(Au — Av,u —v) >0 for all (u,v) € X*.
iii) A is called strictly monotone, iff
(Au — Av,u —v) > 0 for all (u,v) € X* with u # v.
iv) A is called uniformly monotone iff

(Au — Av,u —v) > a(|lu —v|) [|u —v]|. for all u,v € X
where the continuous function a : Ry, — Ry s strictly monotone increasing
with a(0) =0 and a(t) — 400 as t — +00.
For example, we may choose a(t) = c|t|’”", with ¢ > 0 and p > 1. In this
case, We obtain

(Au— Av,u —v) > cllu — ||’ for allu,v € . X

Moreover, when p = 2, the operator A is said to be strongly monotone, and
we have the following implications (see [25.3 of [5/]]).

A is strongly monotone = A is uniformly monotone =
A is strictly monotone = A is monotone.

Finally, if A is uniformly monotone then is A is coercive.
iv) We say that A is semi-continuous, if the function

0,1 — R
t = (Au+tv),w)

is continuous on [0,1] for all u,v,w € X.

Theorem 1.3.3. (see [5/]) Let E be a functional on X a reflexive Banach space.
If E is weakly lower semi-continuous and coercive then it admits a global mini-
mum.

let us recall the Browder-Minty Theorem.
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Theorem 1.3.4 (cf. [76]). Let X be a reflexive Banach real space. Moreover, let
T : X — X* be a bounded, semi-continuous, coercive and monotone operator on
the space X. Then, the equation T(u) = f has at least one solution u € X for
each f € X*. If moreover, T s strictly monotone, then for every f € X*, the
equation T'(u) = f has exactly one solution u € X.

Theorem 1.3.5. (see [26: A of [8/]]]) (Browder (1963); Minty (1963))
If the operator A is uniformly monotone, coercive and semi-continuous on a real
reflerive Banach space X, then A admits a continuous inverse on X.

Now we state Theorem A due to G. Bonanno and S. A. Marano [10]; which
ensures the existence of the three critical points, which is a more precise version
of Theorem 3.2 of [4].

Theorem 1.3.6 (see [10, Theorem 3.6]). Let X a reflexive real Banach space; ® :
X — R be a coercive, continuously Gateaux differentiable and sequentially weakly
lower semicontinuous functional whose Gateaux derivative admits a continuous
wnverse on X*; U : X = R a continuously Gateauz differentiable functional whose
Gateaux derivative is compact such that

Assume that there exist e > 0 and T € X, with e < ®(T), such that

SUDg (z)<e W (x) U(T) .
(ar) —= < 3@

(ag) for each A € A, :=] igg’ SuP@(w)Tﬁe\I’(x) [, the functional ® — AV is coercive.
Then, for each X € A, the functional ® — AV has at least three distinct critical
points in X.

1.4 Mountain pass theorem

The mountain pass theorem was established by Ambrosetti and Rabinowitz [].
Their original proof relies on some deep deformation techniques developed by
Palais and Smale [69], [70], who put the main ideas of the Morse theory into
the framework of differential topology on infinite dimensional manifolds. In this
way, Palais and Smale replaced the finite dimensionality assumption with an
appropriate compactness hypothesisl. As pointed out by Brezis and Browder
[15], the mountain pass theorem ”extends ideas already presented by Poincaré
and Birkhoff”.
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Definition 1.4.1. (Palais-Smale sequences). Let X be a Banach space and
E:X—>R

a C'—functional. We call a sequence u, € X a Palais-Smale sequence (PS-
sequence) on X if E(uy,) is bounded and E'(u,) — 0. If it happens that E(u,) — ¢
for some ¢ € R the PS-sequence will be called a PSc-sequence.

We can now with the help of the above definition define what is meant by the
Palais-Smale condition.

Definition 1.4.2. (The Palais-Smale condition). Let E and X be as above (defi-
nition (1.4.1)), We say that the functional E satisfies the Palais-Smale condition
on X denoted by (PS), if every PS-sequence has a converging subsequence.

Definition 1.4.3. ((PS)c). For X, E and c as in definition (1.4.1), we say that
E satisfies the (local) Palais-Smale condition at the level ¢ denoted by (PS)c if
every PSc-sequence has a converging subsequence.

Remark 1.4.4. The condition (PS) is stronger than (PS)c in the sense that
if (PS) holds, then (PS)c is satisfied for all ¢ € R while the converse is not
necessarily true.

Observe that if E € C'(X, R) satisfies the condition (PS)c, any accumulation
point u of a sequence u, of (PS)c is a critical point of E. We have implicitly

FE'(u) =0 and E(u) = c.

For a functional £ which is not bounded, looking for its critical points amounts
to looking for saddle points. These points are determined by a min-max argu-
ment, which brings us back to the use of the mountain pass theorem.

Theorem 1.4.5 (see [1]). Let X be a real infinite dimensional Banach space and
E € CYX,R) such that E(0x) = 0 and satisfying the (PS) condition. Suppose
that

(Z,) There are R,p > 0 such that E(u) > R and for alluw € 0B, N X;
(Zy) There exists e € X with |le|| > p such that E(e) < 0.

Then E possesses a critical value ¢ > R, which can be characterized as

c:=inf sup E,(&()),

€€l 40,1
where

I'={¢:1]0,1] — X, continuous and £(0) = 0x, E(£(1)) < 0}.
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We state the Zs-symmetric mountain pass version (that is, for even function-
als).

Theorem 1.4.6 (see [72]). Let X be a real infinite dimensional Banach space
and E € C'(X,R) be even, satisfying the Palais-Smale condition and E(0x) = 0.
Suppose that condition (Z,) holds in addition to the following:

(Zi) For each finite dimensional subspace X1 C X, the set S; = {u € X :
E(u) > 0} is bounded in X.

Then, E has has an unbounded sequence of critical values.

1.5 The concentration-compactness principle

This method introduced by P.L. Lions in [59] and [60] is one of the most powerful
methods to deal with variational problems posed in unbounded domains,
for example R™ or under the existence of critical exponents or non-compact
injections.

Now, we recall an important version of concentration compactness principle
of Lions for variable exponents found in [11], which will be used in the proof of
our main results in chapters 5 and 6.

Theorem 1.5.1 (see [L1]). Let g(x) and p(z) be two continuous functions such
that

1< in'gfzp(x) <supp(z) <N and 1<gq(z)<p*(x) inS.
re z€Q

Let {uy, }nen be a weakly convergent sequence in Wol’p(x)(Q) with weak limit u, and
such that:

o |Vu,|P® — 1 weakly-* in the sense of measures.

o |u,|"® — v weakly-* in the sense of measures.

Also assume that A = {x € Q: q(x) = p*(x)} is nonempty. Then, for some
countable index set J, we have:

V= |u’q(z) + ZI/J(Swj vj >0 (151)
jel

p> | VulP® Zﬂjéxj pi >0 (1.5.2)
jel

Sy 7)< ) e (1.5.3)

where {x;}je; C A, 6, is the Dirac mass at x; € Q and S is the best constant
in the Gagliardo-Nirenberg-Sobolev inequality for variable exponents, namely

Vol oo
§=5,(Q):= inf IVolllro @

(1.5.4)
deCe () ||¢||L‘1(“')(Q)
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Chapter 2

Existence and Uniqueness
Results for the

(p(x)a C](Jf))-Laplacian
potential-type system

2.1 Introduction :

The aim of this chapter is to investigate existence and uniqueness questions for
solutions of the following boundary value problem

Ayt = FE(z,u,0)  inQ,
—Agayv = E(z,u,0)  inQ, (2.1.1)
u=v=0 on 0§

where (2 is a bounded domain in RV, A, u = div(|Vu[P®~2Vu) is the so-called
p(z)-Laplacian operator, p(z) and ¢(x) are continuous real-valued functions such
that 1 < p(x),q(z) < N (N > 2) for all z € RY and the real-valued function F
belongs to C*'(Q x R?).

The existence and multiplicty of the solutions for (2.1.1) have been studied

by many authors [50, 80, 83], where the nonlinear potential F' has different mixed
growth conditions.
When © = RV, and p and q are constants, the authors show in [33] the

existence of nontrivial solutions for the following (p, ¢)-Laplacian system

—Apu=%(z,u,v) inRY

(2.1.2)
—Ag =2(z,u,0) inRY
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where the potential function F' satisfies mixed and subcritical growth conditions
and, in addition, is supposed to be intimately connected with the first eigenvalue
of the (A,,A,) operator. In that work, the authors apply the Mountain Pass
theorem to get existence of nontrivial solutions for system (2.1.1).

On the other hand, existence of nontrivial solutions for system (2.1.2), when
(p,q) € [CRM)]2 (N > 2) and F € C'(RY x R% R) verifies some mixed growth
conditions, has been shown by the authors in [32], also by using critical points
theory.

For general bounded domain  of RY with sufficiently smooth boundary 0%,
N > 2, (p,q) € [C(Q)]? and F € CHRY x R%R), the authors obtain in [37]
existence and multiplicity of the solutions for system (2.1.1). By introducing
natural growth hypotheses on the right-hand side of the system to ensure the
mountain pass geometry and Palais-Smale condition for the corresponding Euler-
Lagrange functional of the system, the authors focuses on subcritical case for
function F' to obtain existence and multiplicity results for the solutions of (2.1.1).

Our study is a continuation of these works. Actually, under certain growth
conditions on the potential, we show the existence and uniqueness of solutions
for problem (2.1.1) by using Browder-Minty Theorem in case where 2£(z,u, v)

and 8F 5o (7, u,v) are nonincreasing in both u and v, and by using a comparison
pr1nc1ple and critical points theory tools in case g—F(x u,v) and 4 (z,u,v) are
nondecreasing in both v and v.

In comparison with the study of uniqueness of the solutions of problem (2.1.1)
in general form, the study of the radial solutions of problem (2.1.1) in the radi-
ally symmetric case is easier since the corresponding differential system becomes
ordinary.

A positive radial solution for (2.1.1) is of the form (u(|x|), v(]z|)) and satisfies

N (O ()) = 5V (1w, 0) im0, L
— (PN () |92 () = %—F(r u,v) in |0, R, (2.1.3)
w(0) =u(R)=0 ,'(0) = U(R) = 0;

with r = |z| and R is the radius of the ball. We shall therefore be concerned
with existence and uniqueness of the solutions for problem (2.1.3).

Consider the product space
Waa)a(a) () = Wo ™ (Q) x Wy (@)
equipped with the norm
(e, )| := max { [l Vil }  V(uv) € Wi g ()

Denote by W/ () () (Q) the topological dual of W (4) 4(2)(€2) equipped with the
usual dual norm.
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Definition 2.1.1. (u,v) is called a weak solution of the system (2.1.1) if

/qu]p(x)QVqudx—l—/\Vv\q(x)QVszdx:/a—F(x,u,v)(w) d:v—i—/ a—F(:c,u,v)(z) dr,
0 0 0

ou q Ov

for all (w, z) € Wy(a) g(x)-
For every (u,v) in W) q), let us define the functional ¥ by

U(u, 0) = / Pz, ulz), v(z))dz,
Q
Then, U e Cl(Wp(x%q(x),R) and

V' (u,v)(w, 2) = D1V (u,v)(w) + Da¥(u,v)(2),

where

Dl\IJ(u,v)(w):/Qg—i(x,u,v)(w)dx,

and

DoV (u,v)(z) = a—F(a:,u, v)(z) dx.
Q ov
Also, define ® by

1 1
D (u,v :/—Vup(x)dxqt/—Vv 1)y,
(o) = J o o)V

We recall that ® is a C'—functional, weakly lower semi-continuous and its
derivative is given by

O (u,v)(w, 2) = D1P(u,v)(w) + Da®(u,v)(2)
where
D1®(u,v)(w) = / |VulP @ 2VuVw dx
Q
and
Dy®(u,v)(w) = / |Vo|1®=2VuV 2 da
Q
The Euler-Lagrange functional associated to the system (2.1.1) is defined by
E(u,v) = ®(u,v) — VU(u,v).
According to [32], we have E € CH(Wy(2),q2), R) and for all (w, z) € Wy(z) q(x)

E'(u,v)(w, 2) = ' (u,v)(w, 2) — V' (u,v)(w, 2).
Consequently, (u,v) in Wy(z) 4@ (€2) is a weak solution of (2.1.1) if and only
if (u,v) is a critical point of E.
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2.2 Main results

In this section we state the main results. Theorem (2.2.1) shows that the system
(2.1.1) has a unique weak solution in the case that 25 (z, u,v) and 25 (z, u,v) are
decreasing in both u and v. Theorem (2.2.2) shows that the system (2.1.1) has at
most one positive radial solution in the case that 2£(z, u,v) and % (z, u, v) are
nondecreasing in both u and v, and finally, T heorem (2.2.3) yields the existence
of at least a positive radial soluton to the system (2.1.1)

Theorem 2.2.1. Suppose that F' satisfies the following conditions
(F1) FeC'Y(QxRxRR),
(Fy)  There exist positive functions a;,b;(i = 1,2), such that
|(9F
ou
OF _ Vo
‘%(Jf,u,’l})‘ < b1<x>’u‘yl ! + bz(l’)"l}‘ : 17
where 1 < py, pio, 1, o < inf(p(x),q(x)) for all x € Q and the weight-functions

ay, by (resp as, by ), belong to the generalized Lebesque spaces L (Q) (resp LP(Q)),
with

(z,u,0)] < ax(@)ul" ™ + ax(@)[o> 7,

_ple) ey al@) 2 — P ()q (2)
o) -1 =1 PO e —r ) @)

(F3) g—F(I u,v) and %F(x u,v) are decreasing with respect to both u and v.
(F2)2E(2,0,0) £ 0 or 92(2,0,0) 2 0.
(

Then, (2.1.1) has a unique weak solution.

Theorem 2.2.2. Let Q = By be the ball in RN centered at the origin and of
radius R. Suppose that F satisfies the following conditions

(F5) FeCY QxR xR R)

(Fs) Vre[0,R] F(r,0,0)=0, and ZE(r,u,v) > 0, ZE(r,u,v) > 0, for any
rel0,R], u>0andv>0.

(F7)  %5(r,u,v) and 9 (r,u,v) are nondecreasing with respect to both u and

ap(z) =

V.
1 oF

—Tg, (ryu,v)

(Fs) #gﬁ (r,u,v) is strictly decreasing in u €)0, 400 and
is strictly decreasing in v €0, +o0|.

Then, (2.1.3) has at most one positive solution.

Theorem 2.2.3. Let ) = Br. Suppose that F' satisfies (Fy) — (Fy), (F5) — (F3)
and
(Fy)  There exist constants M > 0,0 < 6 < 1 and a positive function
H: QxR xR — R such that for v € Q, 0 < u,v < M and sufficiently small
t > 0, we have
F(a, Y7 u, ¢4 0) > t'H (2, u, v).

Then, (2.1.1) has a unique positive radial solution.
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Remark

Assumption (Fy) implies that the potential function F' is positive in a neighbor-
hood of zero.

2.3 Proofs of main results

Proof. (of Theorem (2.2.1)) By definition (u, v) is a weak solution of (2.1.1) if and
only if F'(u,v) = 0 in Wzi(w): q(x)(Q). In order to apply Browder-Minty theorem,
we split the proof in several steps.
step 1 We prove that £ is bounded and continuous on W) qz)(£2).
Since E € CY(Wy(2),q2)(€2),R). Then E’ are bounded and continuous.
step 2 We prove that E’ is strictly monotone. We recall the elementary
inequality for any o, f € RY

(2.3.1)

la — B[ <27 (Ja]"?a —|B]"26) - (a — B) if v > 2
< (el + 18D (la2a = BP726) - (= ) if 1<y <2

o = B2

where - denotes the standard inner product in RY. from which we deduce that
' is strictly monotone. Also, we get

oF

au (27, Uz, U2)> (ul - U2)+ dx S 0.

(D10 (ur,v1) — D1W(us, va), (ug — ug)t) = / (z,u1,v1) —

Similarly, we obtain

OF OF
<D2\I/(U1,’U1) — DQQ(UQ,UQ), (U1 — ?}2)+> = /Q (%(x,ul,vl) — %(JI,'LLQ,UQ)) (Ul - 1)2)+ dx S 0.

Thus we get,

(W' (ur,v1) — W' (ug, v2), (u1,v1) — (uz,v2)) = (D1 (ur,v1) — D1W(ug, va), us — usa)
+ <D2\IJ(U1, Ul) — DQ\I/(UQ,UQ),’Ul — U2>
<0.

Consequently, E’ is strictly monotone.

step 3 We prove that E’ is is coercive,
for all (uy,v1) # (0,0) € Wy(a),q) We have,
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1

(E'(u,v), (u,v)) = /]Vu|p(x) dx+/ V|1 dz dx
Q

[, )| 1w, U@H ;
F F
. Ju —(x,u,v)udr — o —(x,u,v)v dx)
> m(mvw T p(V)

~ [l + st uds
- [ @ b ).
Q

By applying Propositions 1.1.3, 1.1.4, 1.1.7 and the Young inequality, we obtain

1
[, 0]

(B (). (0,0) 2 o )H(mm{nunpu gy b -+ mim {loll e, ol §

-~ (ra1|a1<x>\|urm oy + ol o

’U‘p*(w)

+ |b1|5($)"u ’U *(x) + |b2‘o¢2 H11|V2|q(m >
| N , N
> p } . { q q }
2 a0l <m1n {Hu”p(x [ully gy ¢ +min g [0l Vil

—1 1
lvllgc + EHUH&Z))

2
—c (!aﬂm(w)\IUI“l lp(x) + 2] pa)(

Vl—]_

1 1% 1%
lellpte) + S l10llgtay) + [B2layo1o] 2|q<$>)

1 N . N
g o o . 15
R TORDI] <m1n {HUHP(I [l ¢+ min 0], (101150

= e(larleuolullyty +larlswlvlig, +

+ 1011 g) (

aslawllull2, +

+ 101l s@) [[ullyizy + 101l s@ 0]l o) + |bz\a2(z)HUHZ§x>)7

p(z)
which yields the coercivity of E’, because 1 < iy, pio, 1, Vo < inf(p(z), q(x)).

The previous steps imply the existence of solutions for the problem since,
by the Browder-Minty theorem (Proposition (1.3.4)), the operator E from X to
X' is surjective; while the uniqueness of the solution is guarranted by the strict
monotonicity of E.

Note that the unique solution cannot be trivial according to hypothesis (F'4).
O

Before proving theorem (2.2.3) we shall give some preliminaries.
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First, We recall the Principle of Symmetric Criticality of Krawcewicz and
Marzantowicz [[54], p.1045], which will be crucial in the proof of Theorem (2.2.3).
Let GG be a compact Lie group which acts linear isometrically on the real Banach
space (X, ||.|]), i-e., the action G x X — X : [g,u] — gu is continuous, 1.u = u,
(9192)u = g1(gou) for every g1, 92 € G, and the map u — gu is linear such thath
|lgu|| = ||u|| for every g € G and u € X

A function h : X — R is G-invariant if h(gu) = h(u) for all g € G. Let

Xeg={ueX:gu=u forall geG}.

Lemma 2.3.1 (cf. [51]). Assume that a compact Lie group G acts linearly iso-
metrically on a Banach space X. If h : X — R s G-invariant, locally lipshitz
function and if u € X is a critical point of h restricted to Xq, then u is a critical
point of h.

Let Wiy(2),q()(£2) be the Cartesian product Wol’p(m)(Q) X W&’Q(m)(Q) with the
norm ||(u,v)|| = max {[|ulpw) |Vl } V(u,v) € Wya)q@) (). Then G acts
linearly isometrically on Wy q)(§2), where the action G X Wy q@)(2) —
W(a).q(z) (2) is defined by

9(u,v) = (gu, gv)
for all g € G and u, v € Wy (g) 4(2)(€2). Moreover,

(Q) = (Wy P (Q) x W,y 1) ())¢
= {(U,U) € W])C(T'x),q(m)(Q) : g(U, ’U) = (gu7gv) for all g€ G}u
_ (Wolm(x)(Q)G > WOLQ(I)(Q)G‘

G
W)

()

In the following, we assume G = O(N) be the group of orthogonal linear
transformations in RY and take sz(;m), o) () = Wi 4 (€1), where

W) 0 (§1) = {(u,v) € Wp(a)q(x)() : w and v are radially symmetric } .

It is immediate that E is O(N)-invariant. Then, by the principle of symmet-
ric criticality of Krawcewicz and Marzantowicz (2.3.1), we know that (ug,vg)
is a critical point of F if and only if (ug, vy) is a critical point of E, = E‘ng,q(z)(m

The next result we need, in order to prove theorem (2.2.2), concerns a
compara- ison principle for some unidimensional operators associated with the
equations in problem (2.1.3).

Denote ¢, (r, ) = |2[P" =22 for € R and r € [0, R]. Then for each r € [0, R],
the function ¢,(r,.) is a strictly increasing homeomorphism from R to R. The
inverse function of ¢,(r,.) is denoted by ¢, }(.). It is easy to see that ¢,(r,.) and
¢, (.) are odd, and that ¢, }(y) = ypTIH for y > 0.
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Let C([0, R]) be the Banach space of all continuous real functions defined on
[0, R] with the maximum norm. Set

C*([0,R]) ={u e C([0,R]) : u(r) >0 forr € [0, R]}.
Denote wi(r) = p,(r, ') = [u/|PO 20 wy(r) = p,(r,v") = [0'|9 20" hy(r) =
gﬁ(r u(r),v(r)) and hs(r) = 685( u(r),v(r)); then the system
(P Ly (1)) = o)

{<rN—1w2<r>>' Ny (r) (232

is equivalent to
wi(r) = = o N a(t)dt, 0 <71 <R,
wa(r) = = [y tV T ho(t)dt, 0<r<R. (2.3.3)
w1 (0) = wy(0) = 0.

For every h € C([0, R]), define T,(h) by

T,(h)(s) = / o7 M w(r))dr

R r
= / 90;,7{ (TNI—1/ tN_lh(t)dt) dr for s € [0,R]. (2.3.4)
E 0
It is easy to see that (T,(h1), Ty(h2)) € C'([0, R]) x C*([0, R]) and satisfies :

/

= (T (h)) () PO (T (1)) (1)) = v 1’11(7’ in [0, R,

= (YT (ha)) ()| 2( ( ))'(7‘))/2 ha(r) in 0, R[, (2:3.5)
Tp(h1)(0) = Ty(h2)(0) = 0, Ty(ha)(R) = Ty(ho)(R) =
Note that when h € C*([0, R]), then

T,(h)(s) = /SR (TNl_l /O tN—lh(t)dt) o dr for s € [0, R], (2.3.6)

and for any K > 0, we have

K= T, (h) < T,(Kh) < K= T,(h)  if K> 1, (2.3.7)

and ) )
Km==T,(h) < T,(Kh) < K= T,(h) if K <1, (2.3.8)
It is also clear that, (u,v) is a solution of system (2.1.3) if and only if (u,v) =

(T( G (ryulr), v(?‘))%Tq(%—F(T u(r),v(r)))); that is

(=r [0 N "1hy (1)dt) 7 dr - for s € [0, R],

) L (2.3.9)
v(s) = [07 (5= [y tN T ho(t)dt) =T dr - for s € [0, R].

——
I~y
—
w
~—
I
e
3

29



Lemma 2.3.2. (see [[79]]) We have the following properties:

1. The mapping T, is continuous and bounded from C([0, R]) to C'(]0, R]),
and compact from C([0, R]) into itself.

2. If hy < hy then T,(hy) < T,(hy) and if hi(s) < hs(s) for some s €]0, R|,
then T,(h1)(s) < T,(h2)(s).

3. If h € C*([0,R]), then T,(h) € C*([0,R]) and (T,(h))(s) < 0 for any
s €]0, R]. Moreover, if h(s) # 0, then (T,(h))(s) > 0 for any s € [0, R[ and
(Tp(h))'(R) <0.

Proof. (of Theorem (2.2.2))

Let (F1) hold. Suppose that (uy,v;) and (ug,vs) are two positive solutions of
(2.1.2). In order to show that (u1,v;) = (us, vs), we shall only prove that u; > us
and v; > g, since the proof of u; < us and vy < vy is similar.

Define

D={A>0 ; ui(s) > Aua(s) and v1(s) > Avg(s) for s € [0, R]}.

From Lemma 2.3.2, we know that uy,us € C'([0, R]); ui(s) > 0 and ug(s) > 0
for s € [0,R[; u1(R) = 0, and uz(R) = 0 ; and u'(R) < 0 and uy'(R) < 0.
Hence, it follows that there exist positive constants 1y, Ay, As, By and By with
0<m < R, Ay < Ay and B; < B; such that

—Ay <ui(s) < —A; ; —Ay<uy(s) <—A; |, Vs€[R—mn,R)
and
By <wui(s) < By ;B <uy(s)<By , Vsel[0,R—mnl
For any \ €]0, ﬁ—;] and s € [R —n, R] , we have
uy(s) < —A; < —XAy < \ub(s)

and, consequently

wi(s) = — /SR u(t)dt > — /SR iy ()t = Aus(s).

For any A €]0, g—;] and s € [0, R — ] , we have

Ul(S) Z B1 Z )\BQ Z )\UQ(S).
Thus, for any A with 0 < A < A\ = min{ﬁ—;,g—;}, we have uy(s) > Aug(s) for
all s € [0, R], and similarly, for any A with 0 < A < Ay = min{i—i, g—i}, we have
v1(s) > Avg(s) for all s € [0, R], then for any 0 < A < min{\;, \2}, we have
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u1(s) > Aug(s) and v1(s) > Ava(s), and this shows that D # (). On the other
hand, it is obvious that the set D C R is bounded from above.
Setting A, = sup,cp A, we have A; €]0, +o00[; and from the continuity of uy,us,vs
and vy we can see that A\, € D; that is A\, is the maximum of all A € D (that is
D =|0, \]).

Now, we have u; > A us and v1 > A\vo. To prove uy > us and vy > A v9, it is
sufficient to prove that A, > 1. To this end, arguing by contradiction, we assume
Ax < 1. Then, it follows from (F3) that

g—i(t,ul(t),vl(t) > g—i(t, Aua(t), va(t)) > )\f‘lg—i(t,ug(t),vg(t)) , for t €]0, R.
(2.3.10)
Denote z = T, ()\i)_ilg—i((t,’lt2<t>,l}2(t))>. Note that u; = Tp(g—f(t,ul(t),vl(t))
and us = T),(%E (¢, us(t), v2(t))). By (2.3.10) and Lemma 2.3.2, we have :
ui(s) > z(s) , for s €]0, R|.
Moreover, it follows from (2.3.10) and (2.3.6) that
—uj(R) > —2'(R) > 0.
By the continuity of v} and 2" at R, there exists 7o €]0, R[ such that
—u'(s) > —2'(s) >0 ,Vs€[R—m,R)

By the compactness of [R—1s, R], there exists oy such that for any o €]0, o],
we have

—uy(s) > —0Z'(s) >0 ,Vs€[R—m, R]

and consequently

s () = —/ o (D)t > —/ o2/ (t)dt = o=(s) Vs € [R -y, R].

Since uy(s) > z(s) for s € [0, R — 1] and [0, R — 12] C R is a compact set,
then there exists oy > 1 such that for any o €]0, 0],

ur(s) > oz(s) ,Vse[0,R—ny.

Thus, by setting o = min{oy, 02}, we have ¢ > 1 and u;(s) > ous(s), for all
s € [0, R]. On the other hand, by (2.3.10) and (2.3.8), we have
OF

2> (-t Ty (b ur(6), 01 (1)) = Az

Hence, we get u; > oA us which contradicts with the definition of \,. Therfore,
we obtain u; > us and the proof of v; > wy is also similar. The proof is now
complete.

O
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Proof. (of Theorem (2.2.3))
Define F* : [0, R] x R x R — R by

F(ryu,v) if w,v>0, ,re]0,R)]

F*(r,u,v) = .
0 if u<0 or v<0,re€l0,R]

It is well-known that the functional ¥, defined on Wy (g)4(2)(€2) by
U, (u,v) = / F*(z,u,v)dz
Q

belongs to CH (W2 4(2) () , in virtue of (F}) and (F3). In addition, the operator
U’ defined from W ),a(@) (£2) 10 (Wi q2)(£2))" by

V! (u,v)(w, 2) = /Q (a;; (2, u,v)w + a;; (:B,u,v)z)dx,
is compact (see [10]).
Define
E(u,v) = ®(u,v) — U, (u,v),

for any (u,v) € Wy(z),q(2)(€2)-
Hereafter, we write p(z) = p(|z|) = p(r), F*(|z|, u,v) = F*(r,u,v).
From (F}) and (F3) we can see that E € CY (W) 4)(22),R). Define

W) a() (§1) = {(u,v) € Wp(a)q(x)() : u and v are radially symmetric }

and E, = Ewr (@) Then W) () is a closed linear subspace of
Wo@),a@) (€2), Wiy o) () s also reflexive and E, € C'(W(a)q2) (), R). Let us
prove that E, has a nontrivial critical point.

The functional ®(u,v) is continuous and convex on W) 4x)(€2), and hence
it is sequentially weakly lower semicontinuous on W) q()(£2). Once again, from

(Fy) and (F3), we have the following Sobolev compact imbedding
Watw)a@)(Q) = L"O(Q) x L™(Q),

for all (n,m) € [p(x), p*(z)[x[q(z),¢*(z)[. Moreover, one can obviously see that
the functional W, is weakly lower semi-continuous on Wyz) 4(x)(€2).

The functional E,. : W], x)(Q) — Ris also sequentlally weakly lower semi-
continuous . Let us show that it 1s coercive.

For (u,0) € W, o (2) with [ullye), o]l > 1. we have
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Ewo)= | @ i

1
- plz) o~ a@) ) g
o )|Vu| + q(x)|Vv| ) T

u F* v F*
( i aa—s(x,s,v)der/o aa—s(a:,()7 s)ds+F*(:v,0,0)) dx
1
+

S— S—

1
(—|Vu|” v 4 —|Vv|q — F*(z,u v)) dx

.
A
J

1
ARV CORY (N[

1
|Vu[P®) + q—+ywq(~’v>> dx

(ar(@)[ul" + az(@)|v]"*~ |u] + ba(x)[v]"?)dz

1020 1012 g 0y + B0 o)

1 1 -
> :Ilullp(z) + e = (Iallal 1K e
H2 — 1 ,U2 1
+ |zl s - ol + 2 Nly) + lbzlasts lolzz,)

1
>l + ol —c(\amm Ml

+ oo 101122 + L]l + Bslasco 10122, )

This shows that F,(u,v) — +o00 as ||(u,v)|| — oo, since 1 < py, po, 1,9 <
inf(p(z), q(z)); that is , E, is coercive on WJ ., . (€2). Consequently, E,
has a global minimizer (w,v) € W, (). On the other hand, E is
Cl(W;’(m ).a(@) (Q), R). Hence this minimum is necessarily characterized by a crit-
ical point of E,, which is a weak solution of (2.1.1). Furthermore, this solution
is nontrivial. Indeed, as F(0,0) = 0, it is sufficient to show that there exists
(u,v) € Wi g (€2) such that E,(u,v) < 0. Let M > 0,0 < # < 1 and
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(p, 1) € C§(Q) x C3°(Q) with 0 < p, 1 < M. According to (F'9), one has

B, (Y77, #1177 4p)
= (7, 1 ) — W(P o, £19" )

1 1
<t / (—_|Vso|p<w>+—_|w|q<w>) dz — / F*(a, 17 0, 61/ ) d
Q \P q Q

IN

1 1
t <—p<w> ¥ —p<w>) 0 [ He s
p q Q
<2 VolP Vol ! Vol [ Vaple
= 1? maX{‘ w’p(x)’ ‘ @’p(z)} + qt maX{' Q/}‘q(x)’ ‘ w|q(m)}
—ﬁ/Hm%wm
Q
<2 Vol Vol ! Vo4 V|9
< I;max{ll lIP s | sollp(x)}+q—_max{ll Dlays VN0
—ta/H(l',(p7’gD)diC<0,
Q

for t > 0 sufficiently small.
This shows that there exists (@,v) € W, ,,y(€2) such that E,(@,7) <0 and
hence (@, v) # (0,0), because E(0,0) = 0. Thus, (w,v) is a nontrivial critical

point of E,.

By the principle of symmetric criticality due to Krawcewicz and Marzantowicz
[54] (see lemma (2.3.1) ), every critical point of E, is also a critical point of E.
Thus (@, ) is also a critical point of E, and hence (@, v) is a weak solution of the
following problem

—Ap)t = aaz«;* (x,u,v) in Q,
Ay = B (w,u,0)  in 0, (2.3.11)
u=v=0 on 99

From the definition of F**| we can see that (u,v) is positive, thus F*(z,w,v) =
F(z,w,v) and consequently, (u,v) is a weak solution of problem (2.1.1). Since
(U, 0) € W) a(e) ($1), (1, V) is radially symmetric, and so (%, ) is a radial solution
of (2.1.1), i.e., a solution of (2.1.3). By item (3) of Lemma (2.3.2), (u(t),v(t))
is strictly positive for ¢ € [0, R). So (@, ) is a positive solution of (2.1.3). By
Theorem (2.2.2), the positive solution of (2.1.3) is unique. The proof is now

complete.
m
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Chapter 3

Multiple Solutions to a

(p1(x), ..., pn(x))-Laplacian-type
Systems in Unbounded Domain

3.1 Introduction

In this work, we deal with the multiplicity of weak solutions for nonlinear elliptic
system:

pi(m)izui == )\Fuz (ZIZ’,Ul,UQ, 7un) in RN? (311>

— Ay @)ti + a;(2)|u;

for 1 < i < n, where Ay,yu; = div (|Vu;[P/®=2Vy,) is the p;(z)-Laplacian
operator for all 1 < i < n, p;(x) are continuous real-valued functions such that
1 < p; = infepn pi(z) < pi(z) < pf = sup,epy pi(r) < N(N > 2) for all z €
RN, X is a positive parameter, a; € L>(RY) such that a; := essinf g~ a;(x) > 0,
the real function F' belongs to C1(RY x R"), F,. denotes the partial derivative
of F' with respect to u;.

The goal of this work is to establish the existence of some interval which
includes A, where the system (3.1.1) admits at least three weak solutions, by
means of a very recent abstract critical points result of G. Bonanno and S.A.
Marano [10], which is a more precise version of Theorem 3.2 of [8]. For other
basic notations and definitions we refer to [31].

In the following discussions, we will use the product space

X =[] war @Y,
i=1
which is equipped with the norm

n
lull = Jlu
1=1

ars Vu = (ug, ug, ..., up) € X,
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where ||ull,, is the norm of War (RN ). The space X* denotes the dual space
of X equipped with the usual dual norm.

Definition 3.1.1. u = (uy, ug, ..., u,) € X is called a weak solution of the system

(3.1.1) if

> / (lW(x) POV Vo, + ay() g
i—1 /RN

pi(z)=2 uivi> dr—

-\ Z Fo,(z,uy,...up)v;de =0

for all v = (vy,v9,...,v,) € X.
We denote by E) the energy functional associated with the problem (3.1.1)
E\(.):==®(.) — AU(L),

where &, ¥ : X — R are defined as follows:

= Z /RN pl(la:) (Vi ()P Dd + a;(x)|u () [P'®)) da,
U(u) = /RN F(z,ui(z), ..., up(x))dx.

for any u = (uq, ..., u,) in X.
It is well known that Fy € C'(X,R) and that a critical point of E\ corresponds
to a weak solution of problem (3.1.1).

3.2 Hypotheses
We assume the following conditions:
(H1) F e CYRY x R*,R) and F(z,0,...,0) = 0.

(H2) There exist positive functions b;; (1 <i,5 < n), such that

me )|,

where 1 < p;; < inf cpn pi(2), and p;(z) > %, for all z € RY and for all
i € {1,2,...,n}. The weight-functions b; (resp b;; if i # j) belong to the
generalized Lebesgue spaces LY (RY) (resp L% (RY)), with

i) 0 () = i (x)p; ()
pi(z)—1" Y p; (@)ps(x) — pi(x) — pi(z)
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(H3) Assume that there exist » > 0 and w = (wy,...,w,) € X such that the
following conditions are satisfied:

. min{llwiﬂg;,\\wiﬂgj}
(c1) X =T

=1 pj—
(02) fRN Sup yo-bn)EK (s1) (‘7: 517 . £n)dm < fRN F T, Wy, ... wn)da:

’ Siey max { s s

¥

where K(t) := {(51, LK) ERN ST 1m1n{|§z|p (@) \le ))} < t} with

t>0 e
and s = min {p:r min {cz(f E;) ,c](f: Ei) }} , such that ¢, ;) represent the con-

stants associated with Proposition (1.1.7).

3.3 Main results

We will use the three critical points theorem obtained by Bonanno and Marano
together with the following lemmas, to get our main results.

Lemma 3.3.1. The functional ® is continuously Gateauz differentiable and se-
quentially weakly lower semicontinuous, coercive, whose Gateauz derivative ad-
mits a continuous inverse on X*.

Proof. 1t is well-known that the functional ® is well defined and is continuously
Gateaux differentiable functional whose derivative at the point u = (uq, ..., u,) €
X is the functional ® (u) given by

¥ = [ 3 (Vulo)

for every v = (vq,...,v,) € X.
Let us show that it is coercive. By using (1.2.1) and (1.2.2), we have for all
u=(up,...,u,) € X

u):/RNZﬁ(\Vui(x)
>sz/ (IVus ()@ da + ay(2) s ()P dae

;}7 in {2 e}

This shows that ®(u) — +oo as ||u|| — oo; that is , ® is coercive on X.

pi(x)*QVui(q;)Vvi(x) + al(x)lu@(x) pi(x)ui(x>vi<x>) dz,

P dr + a;(x) Jus (2)|P)) da,

a”L Y ||u’L
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Now let us show that the operator ® : X — X* is strictly monotone, it

suffices to prove that ® is strictly convex
Consider the functional ®,, : WaPio) (RY) — R defined by

1
0 () = [ L (TP 4 a )l ) e for al € WO R
gy Di(T)

)
whose Gateaux derivative at point u; € W™ (RN ) is given by

(@), (us), i) = /RN <|Vuz(x)

Taking into account the inequality (see, e.g., Chapter I in [29]) for v > 1 there
exists a positive constant C, such that

POETUNV ;4 ai(w) |u;

pi()=2 qu‘) dz for all ¢; € Wc}{pi(z) GRN)‘

B - Cla— Bl ify>2
047 204—57 267a_6 Z v B2 . 33].
(Ja~%a — 8 D2\ Cl e () £ 00) i1 <y EPD

for any o, 8 € RY. Therefore,

<q);i(u“) - (I);i (win), uin — Ui2> > 0,

for all u; # up € Wa ™ (RY) which means that @/ is strictly monotone. So by
[[81], Prop.25.10], ®,, is strictly convex. Hence ® is a strictly convex in X, and
so @ = 37" @ is strictly monotone.

It is clear that @’ is an injection since ®’ is a strictly monotone operator in
X. Since

(@(u),uw) _ 1; Sy (Jaw (IVuP® + a;() u

lu=(u1,uzrun) =400 ||ul| oo ||

d’ is coercive (see inequality (1.2.1) chapter 1), thus ¢’ is a surjection. Now, since
®’ is hemicontinuous in X, then by applying Minty-Browder theorem (Theorem
26.A of [31]) we deduce that ®" admits a continuous inverse on X*. Moreover, the
monotonicity of &' on X* ensures that ® is sequentially lower-semicontinuousl on
X (see [31], proposition 25. 20).

< 0

Lemma 3.3.2. Under the assumptions (H1) and (H2), the functional V is well
defined, and it is of class C* on X. Moreover, its derivative is

u)h = Z/N e (z,ur(x), ..., up(z)hi(x) do
YVu = (uy, ..., up),h = (h,..., h,) € X.
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Proof. For all u = (uq,...,u,) € X, under the assumptions (H1) and (H2), we
can write

F(z,uq,...,u, Z/ (T, U1y ey Sy ooy uy) ds + F(x,0,...,0),

F(z,up,...,uy)

Z (wa ) () 19~ i (2 )I)]. (3.3.2)

Then,
/]RN F(z,uq, ... uy)de < ¢y [Z (/]RN wa(,f)’uj(x) Mg = g ()| dx)] :
o (3.3.3)

If we consider the fact that W@ (RN) < Lr@)(RN), for p(z) > 1, then there
exists ¢ > 0 such that

[[ul|pe) = [ullpy < cllullbe

and if we apply Propositions 1.1.1, 1.1.4 and 1.1.5 and take b; € L*®@ b, €
Li5(®) if § = j. then we have

/IRN F(z,uy,...;u,) < 03_2 <Z|bl]
<c3 Z (Z'bl]

1=

SCB_Z(ZM@J

=1 7j=1

@ )] (3.3.4)

aij(z ||U’]|M” 1|p |Uz

zj_l
i) | (3.35)

azg ’ ]

e )}<oo. (3.3.6)

1
ij(z HUJ‘M” | s

Hence, W is well defined. Moreover, one can easily see that W’ is also well defined
on X. Indeed, using (F2) for all h = (hq, ..., h,) € X, we have

u)h = Z/ S (z, Uy, ..., up ) by da
ST
=1 7j=1

Following Holder inequality, we obtain

w—l) () |dz.

n

V' (u)h < c4[z (i 1bs;

i=1

Hl ’zﬁ(r) |hi

i pf(f))]'

aij(z) ‘ ‘uj
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The above propositions yield

W (u h<c[z (Zm

1=

i—1
85 5] ;;J(x [hi

)] <29

Now let us show that W is differentiable in the sense of Frechet, that is, for
fixed u = (uq,...,u,) € X and given € > 0, there must be a § = 0. ;.. u, > 0
such that

.....

’

[0 (g + s ooy i+ P = W (g, i) = O (g ey ) (s oy )| €3 (i)

for all h = (hy, ..., hy) € X with Y7 ([hillps)) < 0.

Let Bp, be the ball of radius R which is centered at the origin of R"Y and denote
Bj, = R — Bp. Morcover, let us define the functional Uz on [[7, Wa")(Bp)
as follows:

Vew) = [ Fn) i) do
Br
If we consider (H1) and (H2), it is easy to see that Up € CY([]r, Wa” ") (Bg)),
and in addition for all h = (hy, ..., hy) € [y Wa")(Bg), we have

Up(u)h = Z/B g—i(x, ur (), .oy up () hi(z) de.

Also as we know, the operator W, : X — X* is compact [10]. Then, for all
u= (U1, ..., tp),h = (hy, ..., h,) € X, we can write
(W (ug + By ooy U+ hy) = (s oy ) — W (g, ey ) (B oy )|

<Ry + By ooty 4 hy) — Ui, ooy tn) — Wy, ooy i) (b, ooy )|

—|—/ (F(x,ul—i—hl,...,un—l—hn)—F(m,ul,...,un)—
B/

R

_Z/B 7 (x ul,...,un)hi> dx|.

According to a classical theorem, there exist &, ..., &, €]0, 1] such that

// (F(x,ul + hiy ety + hy) — F(x,uy, ...,un)>—
B

R

— vy Up ) Dy d
Z/B Ouzxul’ ,Up ) h; dx
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( gF (g, ooy Uy + Ehyy oy g ) By — Z 8F (x,uq, ...,un)hi> dzx| .

/,

R

Using the condition (H2), we have

F(x,ui+hy,...,up,+h,)—F(x,u,...,u (T, U1, ..., Up hidx‘
1, (i eb=Fm )55 [,

st fug 5 adr ).

<[ (3 [ bttt

Using the elementary inequality |a + b|* < 2571(|a|® + |b|*) for a,b € RY, we

can write . .
< (S (@ =0 [ byl e
i=1  j=1 B

+(€j2)w—1// bij($)|hj|“”_1|hz‘|d‘”>>'
BR

Then, applying Propositions 1.1.1, 1.1.4, and 1.1.5, we have

< Z (Z (1b35() Bslles ) )ik

and by the fact that

aij UJHM” @ T i (%) o pi(z)s

1bii ()] Lo g1y — 0,
103 ()| o (B — 0

for 1 <i,5 <n,as R — oo, and for R sufficiently large, we obtain the estimate

/ (F(x,ul + hiy Uy + hy) — F(x,ug, . uy,)—
B/

R
...,un)hi> dz

n a n
5 <= (0
i=1 =1

It remains only to show that ¥ is continuous on X. Let v™ = (u}",...,u™) be
such that ©™ — u as m — oco. Then, for h = (hy, ..., h,) € X, we have

pi(z))

O (@")h = W (u)h| < [Wr(u™)h — U (u)h]

- oOF  oF
+ Z/B;;% ‘(a_uz(x;ul y vees Upy )h/z - a_m<x,'u1,...7un)hi) dxl.
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Since W is continuous on [[}_, War (BR)(see [10]), we have
[ Wr(w")h — Wg(u)h| — 0,

as m — oco. Now, using (H2) once again and taking into account that the other
terms on the right-hand side of the above inequality tend to zero, we conclude
that ¥’ is continuous on X. <« O

Lemma 3.3.3. Under the assumptions (H1) and (H2), V' is compact from X

to X*.
Proof. Let u™ = (u}",...,u") be a bounded sequence in X. Then, there exists
a subsequence (we denote it also as u™ = (u]",...,u!") ) which converges weakly

in X towu = (uy,...,u,) € X. Then, if we use the same arguments as above, we
have

T (@™ — U ()R] < (W™ — T ( )h|
OF
+Z/ (x,ul®, .. u)h; — a_w<xau17"-aun)hi)d$|

Since the restriction operator is continuous, we have u™ — w in [}, Wa" () (BR).
Because of the compactness of U’ the first expression on the right-hand side of
the inequality tends to 0, as m — o0, and, as above, for sufficiently large R we
obtain

oF
Z/ aul s ,unm)hz—a—%(a:,ul,,un)hz> dx‘ — 0.
This implies ¥ is compact from X to X*. < O

Theorem 3.3.4. Under the assumptions (H1) — (H3), for each

+
ol lmax{nwz» i ,

Jev F(z,01(2), o wn(2)da” [on suDe, e yer(sr F (@& &n)da |

Zi? ||wz

A€

the system (4.1.1) admits at least three distinct weak solutions in X .

Proof. By Lemma (5.3.1), ® is coercive and ®(0) = ¥(0) = 0. Also, we see that
the required hypothesis ®(Z) > r follows from (c¢;) and the definition of ® by
choosing T = w = (wy,...,w,). Moreover, by applying Proposition 4, for each
u; € W;_vpz‘(l")

a;»

|uilpe < cf|ug
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with 1 < i <n, we have for each v = (u1, ..., u,) € X

1 o - +
: P P
B Zlmln {|ui|p; , |ui\p; } Z — mln{ lw;
with s = min {p:r min {c;fa)_,cga;}} . From (4.3.2), for each r > 0 we obtain
§+} < 7’}

_ . : Py Py
u=(ug,..,u,) € X : Zmln ‘ui|p$ , |ui|p; <srop.

A (3:3.7)

(] —oo, 7)) ={u= (u1,...,un) € X : ®(u) <71}

U= (U1, ..., u,) € X : Z—mm{\ui

o

I
—N

-
Then,
sup U(u) = sup / F(z,uq,...,u,)dx,
u€P@ 1 (]—o0,r() u€P~1(]—o0,r[)
S/ sSup F<m7§17"'7£n)d'r’
RN (£1,...6n) €K (s7)

Therefore, from the condition (¢3), we have

sup  U(u) < fRN T w(@), s Wn (;c))dx’

S 27:1 maX{sz o s [lwille }
< r—\ll(w>~
— P(w)

from which (a;) of Lemma 1 follows.
To show that the functional & — AW is coercive, we use the inequallity (9).
Then for all u € X, we have by virtue of (H1) and (H2)

00 =300 =3 [ (TP () )

- )\/RN F(z,ui(z), ..., up(x))dx,

>3 = [ (1vu

zlpl

_03[g<;|bij

pi )) dx

rio) |

pi x)dx—i—az( )|ui(z)

i—1
C!ij(w) Huj ’ 5”(33 H
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n

Using Young’s inequality, we obtain
~ 1 - i
R() = XU(w) 2 3 ulls s (Z e G "y
i=1 1 =1 j=
1 i
o lullit))
"1 -
> il - [Z ( (’bij
i=1 Pi i=1  j=1
aw@luillt )]

3

Y T

Hij
pj(z)

This shows that =AU — +o00 as |Ju||x — +o0, since 1 < p;; < inf,cpn pi(2);
that is, ® — AW is coercive on X for every parameter ), in particular, for every
A €A, =] (w) - [. Then, condition (ag) also holds. Now all the

w)’ SUPP (w)<r ‘1/(( )

hypotheses of Lemma 1 are satisfied. Also note that the solutions of the equation

®'(u) — AV’ (u) = 0 are exactly the weak solutions of (4.1.1). Thus for each

+
Sy ma { |, i ,

Z{a ||wz

A€

Jev F(z,01(2), oy wn (2))da” [on suDe, e verc(sr F (2,61, o §n)da

the system (4.1.1) admits at least three weak solutions in X. <«

3.4 Example

Let
F(z,u,v) = a(x)u*™ v,

where ﬁ(—i) + Z(—;f)) < 1 and a is a positive function in L*® (R") such that
(@) ()
p g

—

for each xz € RV,

S\T) =
)= I = B — @

We can easily verify that F(z,u,v) satisfies the conditions (H;) and (H
Moreover, by using Young inequality we easily check that the condition (H3) is

also satisfied, and then the conclusion of Theorem 1 holds true.
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Chapter 4

Multiple Solutions for elliptic
(p(x), q(x))-Kirchhoff type
potential Systems in Unbounded
Domains

4.1 Introduction

The aim of this chapter is to show the existence of at least three weak solutions
for the following class of nonlocal quasilinear elliptic systems in RY

{_Ml (Lp() (Dpyu = a(@)lul™™2u) = Au(w,wv) - inRY, )

— M, (Ly(v)) (Dgayv — (@) |[v|*®)20) = AF, (2, u,v) in RY;

where N > 2, p and ¢ € C,(RY) := {r € C(RY) : 1 < r~ = infgnr(z) <
r(r) < rt = sup,epnvr(z) < N,Vz € RM}, X is a positive real parame-
ter and a, b € L®(RY) are such that a := essinf,cgnva(xr) > 0 and b =
essinf cpn b(x) > 0. M; and M, are bounded continuous functions, F' belongs
to CH(RY x R?) and satisfies adequate growth assumptions and F,(resp.F,) de-
notes the partial derivative of F' with respect to u (resp. wv). Here, we de-
note by Ayu = div (|Vu[P™®~2Vu) the so-called p(z)-Laplacian operator and

1

Lo (u) = /R i (90 4 a(w)lul ) da

The existence and multiplicty of solutions for the elliptic systems involving
p(z)-Kirchhoff model have been studied by many authors, where the nonlinear
source F' has different mixed growth conditions. We refer the reader to [28, 19, (3]
and the references therein for an overview on this subject. In connexion to our
context, the author obtained in [27] the existence and multiplicity of solutions
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for the vector valued elliptic system

fRN ‘U’p > div (|VulP®—2Vu) = g—u(x,u, v) in Q,
fRN |U|q ) div (|VU|Q(96)*2vU) _ g_F(%u’ U) in Q, (4.1.2)
v
w=v=_0 in 0€2;

where  is a bounded domain in RY, with smooth boundary 0, p and ¢q €
Ci() ={reC(Q):1<r =infyeqr(z) <r(x) <rt =sup,cqr(z) < N,V €
0}, Mi(t) and Ms(t) are continuous functions such that M (t) = My(t). The
author apply a direct variational approach and the theory of variable exponents
Sobolev spaces.

On the contrary, by using the Mountain Pass theorem the authors in [1],
showed the existence of nontrivial solutions for the system (4.1.1), when (p,q) €
[C(RM)]? (N > 2), M(t) and My(t) are continuous functions such that M;(t) =
My(t), a(z) = b(x) = 0, A = 1 and F € C'(RY x R?% R) verifies some mixed
growth conditions.

The goal of this work is to establish the existence of a definite interval in
which A lies such that the system (4.1.1) admits at least three weak solutions, by
applying the following very recent abstract critical points result of G. Bonanno
and S.A. Marano [10], which is a more precise version of Theorem 3.2 of [3].

In the following, we shall use the product space

X = WP (RY) x Wy (RY),
which is equipped with the norm

I, )| = max {ullo, ol } - V(w,0) € X

where |.||a (resp., ||.|ls) is the norm in Wo ™ (RN) (resp., W, " (RY)), defined
above. We denote by X™* the dual space of X equipped with the usual dual norm.

Definition 4.1.1. (u,v) € X is called a weak solution of the system (4.1.1) if

p(z) p(z)
M, (/ [Vl + alw)lul da:) / (|Vu(x)]p(x)*2VuV<p + a(x) [uP™) 2 ugo) dx
RN RN

p(x)

q(z) q(z)
M, ( / [Vol™ + bla)l] da:) / (|W(x)|q<x>-2ww+b(x)|v|q<z>*2w)dx
RN Q(ﬂf) RN

—)\/ F,(z,u,v)pdr — )\/ F,(z,u,v)dx =0,
RN RN

for all (p,v) € X
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We denote by E) the energy functional associated with the problem (4.1.1)
E\(.):==®(.) — AU(L),
where @, ¥ : X — R are defined as follows

— p(x) p(z) — a(z) 4 p q(x)
O(u, v) = I, (/ [Vl + a(z)|ul dx) LIk (/ Vo) + b(x)|v] dm) |
RN RN

N _p@) ()
= Mi(Ly(w)) + Mz(Ly(v))
= Oy (Ly(u)) + Po(Ly(v)),

W(u,v) = /RN F(z,u,v)dz.

for any w = (u,v) in X, with
t

i (1) ;_/ Mi(s)ds, forall ¢ >0, (i =1,2).
0

Note that we have following formula

“OF v OF
F(x,u,v)—/o g(m,s,v)dsqL/o g(x,(),s)ds—l—F(x,0,0).

It is well know that Ey € C'(X,R) and that critical points of E) correspond to
weak solutions of problem (4.1.1).

4.2 Hypotheses

In this chapter, we use the following assumptions

(H1) F € C*RY x R%R) and F(x,0,0) = 0.

(H2)  There exist positive functions a; and b; (i = 1,2) such that
OF

o) < @+ o,
F
o (o u,0) < @)+ bafa)o]

where 1 < p1, fis, 11,10 < inf(p(z), q(z)) and p(z), ¢(z) > §, for all z €
RY, and the weight-functions ay, by (resp as,b;), belong to the generalized
Lebesgue spaces L% (RY) (resp L?(RY)), with

p(z) _ql=) o) — p(x)q"(x)
w10 1
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(H3) M; : RT — R are continuous and increasing functions such that 0 < mg <
Mz<t) < my, for all ¢ > 0, (Z = 1, 2)

(H4) There exist r > 0 and (wq,ws) € X such that the following conditions are
satisfied

mo . _ mo . - +
(1) 2 min {llanlg”, onllg”} + 75 min {7 ol >,

1
[ s Faged
RN (&1,82

r JEK ()
1

o (mass {2 o 2§ + mews { leall ezl ) Je

<

F(z,wy,ws)dx,

where

. *)— *)+ . *)— *\+
K(t) = {(6,6) € R :min { || %0 |6l %0 b+ min {J& /00 &l } <t}
. . *\— *\+ . *)— *\+
s = min { p min {cgzx)) , ngz)) } , ¢ min {cé%mg ,cé%x)) }} ,

with ¢ > 0 and ¢p(,) and ¢y, representing the constants defined in propo-
sition (1.1.7).

4.3 Main results

We will use the three critical points theorem obtained by Bonano and Marano
together with the following lemmas to get our main results.

Lemma 4.3.1. The functional ® is continuously Gateauzr differentiable and se-
quentially weakly lower semicontinuous, coercive whose Gateauz derivative admits
a continuous inverse on X*.

Proof. 1t is well-known that the functional ® is well defined and is continuously
Gateaux differentiable functionals whose derivative at the point (u,v) € X is the
functional ®'(u,v) given by

(@ (,0), (0,0)) = My (Lyfa) [

RN

+ M (L) [

R

= (®1(u), ) + (P5(v), ).

(|Vu(:c)]p(z)*2VuV<p + a(x) [uP™) 2 ug0> dx

(|VU($)|‘7($)_2VUV@D + b(z) |v] 12 v¢> dr,
N
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where
(D (1), @) = / IVu(z)[PD2VuVe + a(z) |u]p(m)_2ugp)dx,
]RN
@(0),0) = Ma (Lyfa)) [ (I96(@[ 29070 4 ) o o) da
]RN

1

) (IVu|"® + a(x)|u|"™)) dz, for

for every (p,¢v) € X and L,(u) = /
RN
re C,(RY) .

Let us show that @ is coercive. By using (1.2.1) and (1.2.2), we have for all
(u,v) € X

- p(x) p(x) — q(z) q(x)
o) = 1 ([ [T ) (] [T Ml
RN p(ZE) RN q()

> % (]Vu(;c)]p(‘”)dx + a(x)|u(a;)\p(x))

+ q_+ (|Vv(x)|‘m)dx + b(x)|v(x)|q(z)) dz,

- + mo . - +
> p—+mm{r|u||z " 4+ min Lol el

This shows that ®(u,v) — 400 as ||(u,v)|| = +oo; that is , @ is coercive on X.

Now let us show that the operator ' : X — X* is strictly monotone, it
suffices to prove that ® is strictly convex
Consider the functional L, : Wa ™™ (RY) — R defined by

1
Ly(u) = / —— (|Vul'™) + a(z)|u["™) dz for all u € W P (RN)
ry P(2)

)
whose Gateaux derivative at point u € Wa™"™ (RV) is given by

(Lo (u), ) = /RN <|Vu(x)|p($)_2VuV90 + a(z) |2 ugp) dx for all ¢ € WIP@(RY),

Taking into account the inequality (see, e.g., Chapter I in [29]) for v > 1 there
exists a positive constant C, such that

C — Bl > 9
(o=~ 70— 5) 2101 0L 1122 )
Cy itz (0, B) # (0,0)  if 1<y <32

for any a, 8 € RY. Therefore,
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(L1 (u) — L (ug), ur — ug) > 0,

for all uy # uy € Wa™ (RY) which means that L/ is strictly monotone. So by
[[84], Prop.25.10], L, is strictly convex. Moreover, since the Kirchhoff function

M; is nondecreasing, M, is convex in [0, +oo| Thus, for every uy, uy € Wa?™ (RY)
with u; # us, and every s,t €]0, 1[ with s +¢ = 1, on has

Mi(L(suy + tus)) < M ((sL(uy) + tL(uz))) < sM;(L(uy)) + tMi(L(us)).

This shows that ® is strictly convex in W, @) (RY), Similarly, we have that
®, is strictly convex in Wbl’p @) (RM). Hence ® is a strictly convex in X, and so
¢’ = & + P}, is strictly monotone.

It is clear that @’ is an injection since @' is a strictly monotone operator in
X. Since

(®'(u, v), (u, v))

lim
lwo)ll=+o0  |(u, V)|
mo (fo (V0P + ala)|uP®) do + o (19017 + b@)lol ) dz)
)0 1ol ’

' is coercive (see (1.2.1)), thus @’ is a surjection. Now, since @’ is hemicontin-
uous in X, then by applying Minty-Browder theorem (Theorem 26.A of [31]) we
deduce that &' admits a continuous inverse on X*. Moreover, the monotonicity
of ® on X* ensures that @ is sequentially lower-semicontinuousl on X (see [31],
proposition 25. 20). ]

Lemma 4.3.2 (see [31]). Under the assumptions (H1) and (H2), the functional
U is well defined and is of class C* on X. Moreover, its derivative is given by

/ OF OF
V(oo = [ Gel@ue+ Golauoids, Vo) (o) € X.

Moreover, U' is compact from X to X*.

Theorem 4.3.3. Under the assumptions (H1)— (H4), the system (4.1.1) admits
at least three distinct weak solutions in X for each

- + - +
ma (mase {127 a2+ mae { ozl fwa )y }) .
,

[ e w1 @), wi(@)de N sup  F(e,€1,€)de
/R RN (€1,862) €K (sT/mo)

A€

Proof. by Lemma (4.3.1), ® is coercive and by the definitions of ® and ¥ and
from hypothesis (H;), we have ®(0,0) = ¥(0,0) = 0. Moreover, the required
hypothesis ®(Z) > r follows form condition (C1) and the defnition of ® by
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choosing T = (wy,ws). On the other hand, by applying Proposition (1.1.5) for
(u,v) € X, we have

s

1 . - + . - + 1 . - + 1 . - +
(i {Jul?e  ful?) )+ min {[ol2l0l2 }) gpjmm{nunz Ml }+q—+mm{||v||z Aol b, (43.2)

with s = min { pT min {cl(f(’;))f, c&?ﬁ} ,q" min {cé%;)i, cé‘f*); }} , where ¢,(,) and

) x
Cq(z) Tepresent the constants defined in proposition (1.1.7). Now, from (4.3.2) we
obtain for each r > 0
(] —o0o,7[) = {z = (u,v) € X : ®(u,v) <7}

mo . — + mo . - +
c {(u,w € X« Pmin {JJully Jully” o+ T min ol ol < }

L} )= n(i).
0 0

C {(u,v) € X : min {\uygj, \u|gf} + min {\v

Then,
sup U(u) = sup / F(z,u,v)dz
(u,0)€P—1(]—00,r[) (u,0)e®~1(]—00,r]) JRN
S/ sup F(x,&,&)d.
RN (€1,62) €K (5)

Therefore, from the condition (C2) we have

[, Flau@) @)

sup U(u) <r . — — =
(u)="(=oc.r) i (e {an 77, w17 + mase {7 Jaeallf} )
T\Il(wl, wg) )
- @(wl,wg)’

from which condition (a;) of Lemma (1.3.6) follows.
To show that the functional £\ = ®— AW is coercive, we use inequality (3.3.6).
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For all (u,v) € X, we have in virtue of (H1) and (H2)

Ey(u,0) = 1\71 (/RN |Vu|p(x) ]_:(g)(x”mp(x) d:c) N J\/fg (/RN |vv|q(x) ;_(xb)(x)|v|q(x) da:)
— A/RN F(z,u(z),v(x))dz

> Zif . (IVu(2) " dz + a(z)[u(z) ")

+ﬁf/ (IVu(2)| " da + b(x)|v(2)[1)) da,
qa" Jry

“OF VOF
— )\ e o
/RN (/{) ds (17, 5 U)dS + /0 ds (.Z'7 07 S)dS + F(ZE; O, 0)) dx

mo Mo -1 v
> T2 pulw) + T p(v) ~ A / (@@l + ax@)lol T ul + b)) do

mo mo _
= pTPa(U) + q_+Pb(v) —)‘<|a1\a1(r>|\UI“1\p<z> + |az| s 1012 g (@) [t pe ()

o Balaso) 1012 o) )
Using Young’s inequality, we obtain

mo -, Mo -
Extwv) = Flula + vl —A(Iallal lulli)

1 1 .
ol + - llz2,) + oo o1, )

Mo
Z—+|| ulle + IIUIIb —C<|a1|a1 o llullhi)

Mo —
+ [az] ) (

+ Iaz|5<x>||v|!‘;€x) + lazls@l[ullyly) + 1b2las 0156 >

This shows that ® — AW — 400 as |[(u,v)||x — o0, since we have 1 <
1, po, V1, v < inf(p(z), q(z)); that is @— AW is coercive on X, for every parameter

A; in particular, for every A\ € A, :=] igzizz;, . U)ZT \Ij((um)[. Then, condition

(az) in lemma (1.3.6) also holds . Now, all the hypotheses of Lemma(1.3.6) are
satisfied. Note that the solutions of the equation: ®'(u,v) — AW (u,v) = 0, are
exactly the weak solutions of(4.1.1). Thus, for each

. ma (max {8 w157} + max {lwallf w2l }) .
/ F(z,wi(z),wi(x))dz ,/ sup F(z,81,8&2)dx
RN RN (£1,62)€K(35)
system (4.1.1) admits at least three weak solutions in X. O
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Chapter 5

Existence of Solutions for a
critical

(p1(x), ..., pn(z))-KIRCHHOFF
TYPE POTENTIAL SYSTEMS

5.1 Introduction

The aim of this chapter is to show the existence of non-trivial solutions for the
following class of nonlocal quasilinear elliptic systems
4@ =2 + \F, (2, u1, Uy, ..., Up) in Q,

1
( Qpi(x)| i)t = | (5.1.1)
u; =0 on 0f);

for 1 < ¢ < n, where Q is a bounded domain in RY(N > 2), with smooth
boundary 99, A, u; := div (|Vu;[P"@~2Vu;) is the p;(z)-Laplacian operator for
all 1 <4 < n, A is positive parameter, p;(z) and ¢;(x) are Lipschitz continuous
real-valued functions such that

Np;
1 <p; == inf pi(z) < pi(z) <pf =suppi(z) < N, 1<q(x)<pi(z) = ﬂj
€2 e N—pi(x)

Ap = {z € Q,qi(x) = pi(x)} # 0.
The real function F belongs to C'(Q2 x R"), F,,. denotes the partial derivative of
F' with respect to u;.

M; : Rf — RT is a nondecreasing and continuous function, Let us assume
throughout this paper that

(M) There exists 9? > 0, such that
M;(t) >, VteRS, (i=1,2,..,n).
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(My) There exists o; € (i%, 1] such that

7

—~

M; (t) > o;M,(t)t, VteRS;

where M, (t) := [ M;(s)ds.

We can see that there are many functions satisfying conditions (M;y) — (My),
for example M () = MO + bte with o < 1, 9M° > 0 and b > 0.

The system (5.1.1) is a generalization of the following Kirchhoff equation,
introduced by Kirchhof in [51]

0%u < oo E [F

Porr ~ \'n 2L J;

@
ox

2 2
dx) Ou _y, (5.1.2)

da?

where p, py, E and L are constants. This equation extends the classical
D’Alembert’s wave equation by considering the effects of the changes in the length
of the strings during the vibrations. A distinguishing feature of equation (5.1.2)
L 2
Lo E ou

is that the equation contains a nonlocal coefficient — + — —| dx which
h 2L )J, |0x

2
dz, and hence the equation is no longer a

ou
ox
pointwise equation. The parameters in equation (0.0.3) have the following mean-
ings: F is the Young modulus of the material (also referred to as the elastic
modulus, it measures the strings resistance to being deformed elastically), p is
the mass density, L is the length of the string, h is the area of cross-section,
and py is the initial tension. Almost one century later, Jacques-Louis Lions [58]
returned to the equation and proposed a general Kirchhoff equation in arbitrary
dimension with external force term which was written as

1 (L
d d th —
epends on the average - /0

(5.1.3)
u=20 on 0f);

{%— (a+be]Vu|2d:U) Au = f(x,u) in €,
this problem is often called a nonlocal problem because it contains an integral
over (). This causes some mathematical difficulties which make the study of
such a problem particularly interesting. The nonlocal problem models several
physical and biological systems, where u describes a process which depends on
the average of itself, such as the population density,see [23] and its references
therein. For a more detailed reference on this subject we refer the interested
reader to [0, 16, 24, 25, 26, 48, 64, 71].

Moreover, elliptic problems involving critical nonlinearities have received great
attention since the seminal work of Brezis and Nirenberg [13], in the case p = 2.
The difficulty in problems involving critical nonlinearities is due to the lack of
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compactness of the embedding W, (')(Q) — LP"0)(Q). To overcome this diffi-
culty, we use a Concentration-Compactness Principle for variable exponent space
proved by Bonder and Silva in [11], which is slightly more general than the result
proved in [11].

In the present work, we will show the existence of solutions for the nonlocal
problem 5.1.1. The main theorems extend in several directions previous results
recently appeared in the literature, see for example [3, 16, 55, 82, 85],and ref-
erences therein. The difficulty in this case, is due to the lack of compactness
of the embedding W, (')(Q) — LP")(Q) and the Palais-Smale condition for the
corresponding energy functional could not be checked directly. To deal with this
difficulty, we use a version of the concentration-compactness lemma due to Lions
for variable exponents [11].

5.2 Hypotheses and main results

In the following discussions, we will use the product space

X =[] (@),

=1

which is equipped with the norm

Jul == max {||uillp)}, Vo= (ur,u,...,u,) € X,

where [[u;]],(z) is the norm of Wy* “)(Q). The space X* denotes the dual space
of X and equipped with the usual dual norm.

Definition 5.2.1. u = (uy, ug, ..., u,) € X is called a weak solution of the system

(5.1.1) if

é;ﬂh(émaMVWM@>lﬂvm@)

4@ =2,0; d

Pi@) =274, Vv, d — Z/ |u;
i=1
—A Z F,(z,uy,..up)v; de = 0,
i=1

for all v = (vy, v, ...,v,) € X.
We denote by E) the energy functional associated with the problem (5.1.1)

Ex() = ®() — O() — AU(),
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where @, ©, U : X — R are defined as follows

ZM (L™
Y- Z/ el
¥ (u) :/QF(J;,ul(x),...,un@))dx,

pi( dx) ,

for any u = (uq, ..., u,) in X.

In order to ensure that the function F' satisfies the topological conditions and
the geometric conditions of the mountain pass theorem (see [12]), we assume
some growth conditions.

Hypotheses.

(H1) F e CY(QxR",R) and F(z,0,..,0) =0

(H2)  There exist positive functions b;; (1 <i,5 < n), such that

me )|,

where 1 < p;; < inf cpn pi(2z) for all z € Q and for all ¢ € {1,2,...,n}. The
weight-functions b;; (resp b;; if i # j) belong to the generalized Lebesgue
spaces L () (resp L™ (£2)), with

or
(9ui

Mij—

(x, Uy, ey Uy

pir) (2) = p; (x)p; (x)
pi(x) =1 pi(x)pi(x) — pi(x) — pi(x)

a;(z) =

(H3) Assume that there exist K > 0 and 36; € (p;,q;) for all (z,uy,...,u,) €
Q x R where |u;|% > K

0 < F(x,up,...yuy) < %f(x,ul, ey Uy )

(H4) Fe > 0 such that

|F (2,01, .. un)| < C<Z|u

where 7; € C(Q) and pf <7 <rf <<q <gqg" VI<i<n.

" $)> UL, .y Uy) € QX R
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Note that according to the above hypothesis, we have Ey € C*(X,R) and for

all v = (vy, v, ...,v,) € X
E\(u U—ZM (/ )|Vuzpl )/[VuZ
@@ =2 0 dr — Z Fo,(z,uq,...u)v; d.

—Z/m

Consequently, u = (uy, us, ..., u,) in X is a weak solution of (5.1.1) if and only
if u is a critical point of E).
We end this section by stating the following existence result.

Pi(®) =274, Vv, dz

Theorem 5.2.2. suppose that (M;) — (My) and (H1) — (H4) hold. Then, there
exists Ay > 0, such that problem (4.1.1) has at least one nontrivial solution in X

for all X > \,.

5.3 Main results

To prove the main result of this paper which is given in form of Theorem 2.2.1,
we need to first prove few lemmas related to the mountain pass theorem and
Palais-Smale condition.

Lemma 5.3.1. Under the assumptions (H1) and (H2), the functional ¥ is well
defined, lower weakly semicontinuous and it is of class C* on X. Moreover, the
operator W' is compact from X to X*.

The proof of the above Lemma follows the very same arguments as in [22].

Lemma 5.3.2. Let {u,, = (Uim, Usm, - Unm) } be a Palais-Smale sequence for
the Euler-Lagrange functional Ey. If (H3) is satisfied, then {u,,} is bounded.

Proof. Let {u;, = (tim, Uom, -, Unm)} be a Palais-Smale sequence for the Euler-
Lagrange functional E), we have

ZM (/ |Vuzm( |p1(‘”)dx) Z/qu )% dy

—/\/QF(x,ulm(x),UQm(x)...,unm(x))dx
= C+ on(1).
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On the other hand for all v = (vq, vy, ..., v,) € X, we have

EX (upm)v = E:JWZ (/ —p )|Vuzm|p1 “c)da:) / |V i |PF 2V 1040, Vv d
i=1 !

n
=3 o
i=1 /9

@@ =2 v dr — \ Z Fou, (2, Ui, Uy ey Up )V AT = 01y (1).

(5.3.1)
Then
"L o) oy 1
E\(uy,) — B\ (uy, (u_m> > (02 L — ’) / |V, [P @ dx
i) Altem) 4 121 i 0 Q Pz@)’
11 1
() / |
i=1 07' i ( )
" Ui OF
+/\/ (2, Uy Uiy ooy Up) — (T, Uty U -
0 [; 0. ou, 1 2 1 2
Using (H3), we obtain
" oMY Y 1
Ex(up) — B\ (tum <u_m> > (L — —Z> / — |V [P @ dz.
A(t) (1) 0 121 p;r 0; Q pz($)|
Proposition 1.1.3 gives us
Uy i 0293? sm +
i=1 @ i

thus

C'+op(1) > Z (Ufﬁo 9?0) min { i 7
i=1 i ’

o }
pi(z) [

pi(z) = ||Unm||pn(z),w £ n.

Now, without loss of generality, we have may ||u;n
Therefore, for m large enough, we get

0193?0 My pF
¢+ om(l) 2 Z (5 6 ) min { sl o ]}
=1 ¢
hence, {u,,} is bounded in X. O

o8
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Lemma 5.3.3. Let {up, = (Uim, Uam, s Unm) frney € X be a Palais-Smale se-
quence with energy level Cly, if

C\ < inf {(91 — i) Sg(m?)N/pi(l’j)} ’

1<i<n i q;

then there exists a subsequence strongly convergent in X. S, are the best Sobolev
constants corresponding to the embedding W'Pi(®) (Q) « [a(®),

Proof. Let {tm},,cy be a bounded Palais-Smale sequence for the functional E).
Then there is a subsequence still denoted by {u, },,. which converges weakly in
X. So there exists positive and bounded measures p;, v; € 2 such that

Vi,
Hence by Proposition 1.5.1, if J; = () then w, — u; in L%®)(Q) withi = 1,2, ....n
Let us show that if Cy < inf<icy { (; - —> SN (9M0)N/pi(a >} and {u,,}, _ is

a Palais-Smale sequence with energy level Cy then J; = (). Suppose that J; is
nonempty, let us consider ¢ € Cg°(R”, [0, 1]) with |[V¢|_ < 2 and

1 it o] <1,
oz) = {0, i |z] > 2.

pilT qi(x
’L( —\ /’1/17 ’uzm ’L( ) —\ VZ'

We define, for any € > 0 and j € J;, the function

xr —

(bj,s = ¢<
5
Note that ¢;. € Cg°(RY,[0,1]), [Vjcloo < 2 and

1, z € B(zj,¢),
¢j7a($> = N ! .
0, ze€RY\ B(z;,2e);

xj), vz € RY.

where z; € Q belongs to the support of ;. Since  {uimpjc}
is bounded in the space W'P{®) it then follows from ?? that
E (Waims <oy Wimns <oy Ui ) (0, ooy Wi @jey .., 0) — 0 as m — 400, that is, we
obtain

Ei\(um)(o,...uim¢j75,...,0) = M, (/p( )\Vulm| dx) / |V i (2)
- / g |20 (i)
Q

PO =205, V (Ui 5. ) dae

— )\/ Fou (@, Wims ooy Wiy ooy U ) Ui @j.c Az — 0 a8 m — +00.
Q
Because of the compactness of F;,,and Proposition 1.5.1, we obtain
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|Vu;

;ﬂ pi(x) dx)

P20, V b i d = — M ( /

M, (/ T V" @dx)/lw Qpiéx)

/Qsjﬁdul / ¢]5d7/z+>\/ (37 u1m7"'auim7"'7unm)uim¢j,a dx+0m(1)
(5.3.2)

Now, we will prove that

lim {lim sup M; (/ @ )|Vuzm|pl(x)dx) / |Vt [P~ Vi V @ Uin d:p} =0.
pil®

20 [ m—too

First, using the Holder inequality, we obtain

pi(x)—1

|V¢j,auim|pi(w) )

pi(z)
pi(x)—1

/ | Vuzm |pi @) _Zvuim v¢j,auim dx
Q

. ~1 .
pi(z) is also

since {u;y,} is bounded, the real-valued sequence ‘|Vuim b
Pi(a)—1

bounded, then there is a positive constant C', such that

Q

Moreover {u;y,} is bounded in W'Pi(®)(B(x;,2¢)), then there exists a subse-
quence denoted again {u;,} weakly convergente to u; in LP/®)(B(x;,2¢)). Hence

P24, V b i, A

< O|v¢j,6uim ‘pi(l‘)

pi(x)_Qvuimv¢j,suim dx

< CIVjeu

lim sup
m——+00

|Vul-m
Q

pi(z)

pi(z)

. . pl(x) " .
< QCIII?jélp“V¢],g’ !(Lm)ljB(ija)Huz

pi(@) p (=)’

pi(w) |

B(xj 72‘5)

pi(w)

|p‘L,B(xj,25) | |u2|

7,(1) B((E]',2E)'

< 2Climsup ||V, . N
e—0 N-pi(z)’

Note that

(BL@) N 2\ N
/ (V[P ) 2 d :/ Ve da < <_> meas(B(x;,2¢)) = —wn,
B(x;,2) B(xj,2¢) € N

where wy is the surface area of an N-dimensional unit sphere. As

py (x)
fB(x_Qa)ﬂui Pi@))m@ dr — 0 when e — 0, we obtain that |V, ulpm) — 0,
g

which implies
/ Vi
Q

PO 2 11, V B Ui, d

} = 0. (5.3.3)

lim {lim sup

=0 ([ no4oo
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Since {ujn} is bounded in WWP@(Q)  we may assume that

1
/ ( )|Vuim|p"($)dx — t; > 0 as m — +oo. Observing that M;(t) is is
o Pbi\T

continuous, we then have

Mz(/ |Vt |7 x)dx> — M;(t;) > MY >0, asm — +oo.
sz( )

pi(z) dx>/|Vum

Hence, by 6.3.7, we obtain

lim {lim sup M; </ |V,
=0 | m—+oo pz( )

Similarly, we can also get

pilz QVuszgbjsuzmdx}:O.
(5.3.4)

oF
lim/ 5 (@, Wiy vy Wiy -y U ) D cUWimdx = 0, as m — +00. (5.3.5)
Ui

e—0 0

Indeed, using Hélder’s inequality with (72) and since 0 < ¢;. < 1 we obtain

OF
lim o — (@, Uty oy Wiy vy Upn ) P e Wi AT < hm (Z bij(x)|uym|i~ ) Gjelim

e—0
= (Zbu e~ )m,gumdw
<t (S0

a;j(x) | |Ujm|mj_1 |p§ () |¢j,euim |pf (x)> '

7j=1
The above propositions yield
i | 2E i ot o 1 )0 il < Tim (iw 5. (|| H”j_1>Hu [
u Qaul y Ulmy «+os Wimys ++ s Unm ) P e Uim =220 1 - i3 185 (z) | Ujm im||p;(x),B(x;,2€)-
j=

and this last goes to zero because of

> 1by
j=1

Since ¢;. has compact support, going to the limit m — 400 in 5.3.2, from
5.3.4 and 5.3.5,we obtain

M) /Q by + 0:(1) < /Q byl

61

-1
Bij(l‘)Huj gj( )y <00




Letting ¢ — 0, and using the standard theory of Radon measures, we conclude
that Sﬁ?um S Mz(tz)/ﬁm S Vij. USiIlg (153) we have

1
1 1 pi(z;)
py(zj) pi(x;) Vij

which implies that v;; = 0 or vy; > SN ()P for all j € J.
On the other hand, from the conditions (M), (Ms) and (H3), we get

Urm Uim Upm )

/
C(/\ = E)\(ulmu oy Uiy +ovy U’nm) - E,\(u1m7 2oy Ui, 7unm) <_7 R
0 0 On

= ZM (/ \Vulm pi( dx) Z/Q ql ’uzm
pi(z)

[ Pt (o).t dx—ZM (/ [V dm)/M
+Z/|u”” dx+Z / i (23 Ut (2), oy U () i AT + Oy (1)

>ZO-Z /|Vulm pl Z /|u2m
— L Vuam (@)@ + ) " — / Uim (T
;91/9‘ ) ;eiQ‘ .
A
+29_/Fu1(x7u1m77unm)ulmdx+0m(1)
>Zsm° %—— / |um|p@<x>dw+2 i / |
=1 pi

im aF
/ [Z (T, Uiy ooy Unn ) — F (T, Uiy ooy Unim)

1 ’L

qi(x

dx

Jjoo) /Q F(@, i), oo (@)

¢i(z)

dx + 0y, (1),

hence

() dg 4 om(1)

C,\Zg(e%—%)/ﬂ‘uzm

When m — 400 we obtain
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n

C\ > 2 (9% - %) (/Q ;|9 ®) ds +j%;il/ij5xj>
> Xn: (9l - qi_) (/ | @ d + Sﬁ(ﬂﬁ?)N/pi(xf)CardJi>

=1

suppose that U™, J; # () and thus

. 1 1 .
ov> i {( - L)y

HZ- qz

Therefore, if C\ < infi<;<, { <0i - q%) Sﬁ(mg)N/Pi(ij)}J the set U}, J; is embty,
which means that |wim|g ) — |[tilg @) for all i = 1,2, ...,n. Taking this together
with the fact that (w1, ..., Unm) — (U1, ..., u,) in X, we have u;, — u; strongly

in L%(®)(Q) for all s € {1,2,...,n}. On the other hand

(E\(Wimy ey Unm) — B\ (Uiky ooy Unk)s (Ui — Uik, 0, ..., 0)) =
(D (Ui, ey U ) — D (Urkey oovy Une)y (U1 — U1, O, ..., 0))
— (O (Ut ooy Unn) — O (Urpey ooy Ui ), Uiy — U1, 0, ..., 0))
= AU Uiy oo Upn) — W (Wi ooy Un)s (Ui — U1k, 0, ..., 0))

thus ' (Ui, ..., Unm) — 0, 1.6 D' (Ut ..., Upm) is & Cauchy sequence in X*. More-
over, by Holder’s inequality

<q)/(u1m7 [AES) unm) - q)l(ulka ceey Unk), <U1m — U1k, 07 L) 0)>
= / <|u1m|ql(x)_2u1m - |U1k|q1(m)_2ulk> (Ui — i) da
Q

< et g — Juael Pl g i, — Uk par ) () -
La@-1(Q)

Since {u1,,} is a Cauchy sequence in L™ (Q), W' (Ui, ..., Upm) is a Cauchy
sequence in X*. The compactness of 8 gives

(Wimy ooy Upm ) = (Ut ooy U) = O (Wt ooy Ungn) = O (Un, oy wy).
Therefore, according to the elementary inequalities (see, e.g., Chapter T in [29])

for any o, 3 € RV

2(2=7) 1 (5 36)

la — 8" < {27 (la[""2a = [B]7728) - (o — B) ify>2
~ al=1[8)"=" (Ja"?a—|8]728) - (a — B) ifl<y<?2
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where - denotes the standard inner product in RY. Replacing o and 8 by Vuy,,
and Vuy, respectively and integrating over €2, we obtain

Hulm_ulknpl_ S ‘ <¢),(u1m7 ceey un’m) - Q/(ulk‘a "'7un/€)7 (Ulm — Uk, 07 ceey 0)> ) 1f pl(x) 2 2

and if 1 < py(x) < 2, we get

||U1m - U1k||2 < ‘ <(I>/(U1m, 7unm) - (I)/<u1k7 oo Unk), (ulm — Uik, 0, ..., 0))

py =)
2

-
(TP [
Taking into account the fact that {uy,,} is bounded in W'P1(®)((Q)

(D (Ui, ooy Unm ) — D (Uigey ooy Unke)s (Ui — U1k, 0,...,0)) = 0 as m, k — oo,

we find that {uim} is a Cauchy sequence in
W) (). We  proceed  similarly  for  {u;,}  with
(D' (Ui, ooy Wimny ooy Upn ) — P (Uiky ooy Wikey ooy Uk ), (0, ooy Uiy, — Ui, 0, ..., 0)) for
alli € {2,3,...,n}. O

Now we are in position to prove Theorem 1.

Proof. The proof is an immediate consequence of the mountain pass theorem,
Lemma 5.3.2 and Lemma 5.3.3. Precisely, it suffices to verify that F\ has the
mountain pass geometry and that E)(tuy, ..., tu,) < 0 for some ¢ > 0.

From (M), we can obtain for ¢ > ¢,

—~ ]\//Et 1 =
M;(t) < (O)m < et

ty'

About the latter condition, we have
- 1
pi(z dx) _ / |u; %@ g
iz o %)

ZM (L™ :
—)\/QF(x,ul(x),...,un(x))dx.

Then, because of [, F(x,ui(z),...,un(z))dz > 0, it’s clear that for
(21, ..., 2n) € X/{(0,...,0)} and any t > 1

E\(tzy, ..., tz,) < ZCZ</ pz(z)dx Z/ |tz,|ql(x
Q Qz
N [ ()
< Czt i (/ |VZz|pl > - tdi / |Zz|q’ * d!L‘,
Z @) PO e
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+
which tends to —oo as t — 400 since o; > f]i_.

On the other hand, for ||(uy,...,u,)|| = R is small enough and from from (#4),

we get

Pi(®) g — Z / lu;

Ex(uq,...,u >Zgl /|Vu % w)dm—)\c/(zwi

i=1
> Zn:(j U |Vu-pi+ _2”: || % Z)\c|u‘ ri(®)
= + tpi(z) g e (z tri()
i=1 1% i=1 i=1
- g m - r.
2 Z = Nl oy = 2 Acllull o
i=1 i i=1 4 i=1
>y ( Ll — Aclhul)-
= Z(;p — 7 2 (z)
N g i "
So, it easy to check that f;(R) >a > 0,i =1,2,...,n, where
filt) = ?HVM ii(x) . ||Uz’|ql(x) )\CHUzH ()
since r; ,q; > p; . That means the existence of an element (u?,...,u2) of X such
that Fy(u?,...,u) < 0. Consequentely, the critical value is

Cx = inf sup E)\(¢(1)),

€L ¢e(0,1]

where
I'={¢:[0,1] — X, continuous and £(0) = (0, ...,0),£(1) = (uf, ..., u)) }

That concludes the proof. O]
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Chapter 6

Existence and Multiplicity of
Solutions for Kirchhoff-type
potential systems With Variable
Critical Growth Exponent

6.1 Introduction

The aim of this chapter is to show the existence and multiplicity of solutions for
the following class of nonlocal quasilinear elliptic systems

{—Mi (Ai(uy)) div (Bi(wi)) = @720 + AF, (v,0)  in Q, (6.1.1)

u; =0 on 082,
for 1 <i < n (n € N), where Q is a bounded domain in RY (N > 2), with smooth

boundary 02, A is a positive parameter, p;(x), ¢;(z), r;(z) and s;(x) are Lipschitz
continuous real-valued functions such that

1L<p; <pi(x) <pf <g <aqr)<qg <N, (6.1.2)
and

v <) <o < <) <o <sy <sila) < s <) < oo, (6.103)

v — T —

for all x € Q, where p; = inf g pi(z), pi = sup,.qpi(z), and analogously
tory g, a8 and T with yi(x) = (1= H(E))pi(x) + H(ED) ()
where £} is given in (H3) and
N (x)
' +00 for v;(x) > N,
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for all z € Q, where H : R — {0, 1} is given by

Y lo o ifk <.

Moreover, we consider the set K., := {z € Q, s;(x) =7/ (x)} # 0.
The operator B; : X; — R"™, and the operator A; : X; — R, are respectively
defined by

Ai(|Vu; [P d,

1
Bi(u;) = a;(|Vu|P@) [V [P @2V, and A;(uy) —/
Q M

pi(z)

where X is the Banach space
X, = Wolvpi(x)(Q) N WOL%(JU)(Q>’

t
A;(.) is the function A;(t) = / a;(k)dk, and the function a;(.) is described in
0

the hypothesis (H).
In this article, we consider the function a; : R™ — R™ satisfying the following
hypotheses for all 1 <7 < n :

(H;) The function a;(.) is of class C*.

(H3) There exist positive constants £, k}, k? and &} for all 1 < < n, such that

17771

i (x)—p; (@) g4 (x)—pi(z)
k 4+ HE KT 70 <ai(r) < kj +klr m@

for all 7 > 0 and for almost every z € Q.

(H3) There exists ¢ > 0 such that

a(aw@»rm@”)} R

min {ai(Tpi(ﬂﬁ))Tpi(ﬂﬂ)—?’ ai<7-Pi($))7-Pi($)—2 + 7 5
-

for almost every z € 2 and for all 7 > 0.

(H4) There exists positive constants ;, 0; and o; for all i € {1,2,...,n} such that

Bz gz
A; —a;(7)T with 7 < 0, <s; and < —,
i(7) =2 @() o M <. -

for all 7 > 0 and o; satisfy (My).

The real function F belongs to C''(Q x R") and F,, denotes the partial deriva-
tive of F' with respect to u;.
M; : R — RT is a nondecreasing and continuous function, satisfying

67



(M) There exists 9? > 0, such that
M;(t) >, VteRS, (i=1,2,..,n).

(Myz) There exists o; € (Z%f, 1] such that

(3

—

where M; (t) := fot

M;(s)ds.

We can see that there are many functions satisfying conditions (M;) — (M),
for example M (t) = MO + bt+ with o < 1, 9M° > 0 and b > 0.

The system (6.1.1) is related (in the case of a single equation) to the following
Kirchhoff equation, introduced by Kirchhof in [51]

2 L 2 2
Ou _ <p° b o[]ou dx) Ou (6.1.4)

Pore = \'n "2L ), |ox da?

where p, py, E and L are constants. This equation extends the classical
D’Alembert’s wave equation by considering the effects of the changes in the length
of the strings during the vibrations. A distinguishing feature of equation (6.1.4)

Lo E L ou 2
is that the equation contains a nonlocal coefficient — + — —| dx which
h ~ 2LJ, |0z
1 [oul .
depends on the average Y7 e dx, and hence the equation is no longer a
0 |0x

pointwise equation. The parameters in equation (6.1.4) have the following mean-
ings: F is the Young modulus of the material (also referred to as the elastic
modulus, it measures the strings resistance to being deformed elastically), p is
the mass density, L is the length of the string, h is the area of cross-section,
and py is the initial tension. Almost one century later, Jacques-Louis Lions [58]
returned to the equation and proposed a general Kirchhoff equation in arbitrary
dimension with external force term which was written as

{% —(a+0 [, |Vu|? dz) Au = f(z,u) in Q, (6.1.5)

u=>0 on 0f);

this problem is often called a nonlocal problem because it contains an integral
over ). This causes some mathematical difficulties which make the study of
such a problem particularly interesting. The nonlocal problem models several
physical and biological systems, where u describes a process which depends on
the average of itself, such as the population density,see [23] and its references
therein. For a more detailed reference on this subject we refer the interested
reader to [D,

Y ? Y ) Y ) ] :
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Moreover, elliptic problems involving critical nonlinearities have received great
attention since the seminal work of Brezis and Nirenberg [13], in the case p =
2. The difficulty in problems involving critical nonlinearities is due to the lack
of compactness of the embedding Wy?™(Q) < L"@)(€). To overcome this
difficulty, we use a Concentration-Compactness Principle for variable exponent
space proved by Bonder and Silva in [1 1], which is slightly more general than the
result proved in [11].

The motivation to study these types of problems comes from the fact that
they arise in many applications in different fields of research. We note that the
pi(x)-Laplacian operator is a special case of the divergence form operator

div (a(| V)| V-2V ),

for which the natural functional framework is described by the Sobolev space
with variable exponent WP (®)  We recall that, in the last two decades, particu-
lar attention has been given to variable exponent Lebesgue and Sobolev spaces,
LP@) and W@ where p(z) is a real function. With the apparition of non-
linear problems in applied sciences and engineering, Lebesgue spaces LP and
Sobolev spaces WP with p constant, has shown its limitations in applications.
The variable exponent Lebesgue spaces and Sobolev spaces has been used in the
last decades to model phenomena concerning nonhomogeneus materials, this is,
a new field research and reflects a new type of physical phenomena, for exam-
ple electrorheological fluids (sometimes referred to as ”smart fluid”). In these
fields, the exponent p must be allowed to vary. In fact, electrorehological fluids
are fluids that dramatically change their mechanical properties at the presence
of an electromagnetic field, which have been used in robotics and space tech-
nology. Another field of application of these spaces is in image restoration and
image processing. Moreover, other applications have emerged in thermorheolog-
ical fluids, mathematical biology, flow in porous media, polycrystal plasticity,
the growth of heterogeneous sand piles, and fluid dynamics, for more details see
(7, 2,2, 43, A4, A7, 74, 77, 78] and the references therein.

Now, we will illustrate the class of problems that the general divergence op-
erator wraps. Let’s set beforehand some examples which are interesting from
the mathematical point of view, and, also, of great physical interest due to
applications in different areas. The following operators satisfy the hypotheses
(Hy) — (Hs3):

Example I. If a; = 1, we have the p(z)-Laplacian:

—div (ai(|Vu|p($))|Vu|p(””)_2Vu> = div (|Vu[f@2Vu),

which coincides with the usual p-Laplacian when p(z) = p, and with the Laplacian
when p(z) = 2.
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q(z)—p(z)

Example II. If a;(t) = 1+t @ | we have the p&g-Laplacian:
div (ai(\Vu\p(I))\Vu\p(”)_QVu) = —div (|Vu['®2Vu) — div (|Vu|"@2Va),

Example III. If a;(t) = 1 + \/ﬁ, we obtain the operator p(z)-Laplacian
like:

—div (a;(|ul )| Va9 2Va ) = —div ((1+ V™ )IVuo2vu).

1+ [VuP@

In the present work, we will show the existence and multiplicity of solutions
for the nonlocal problem 6.1.1. The main theorems extend in several directions
previous results recently appeared in the literature, see for example [3, 21, 10,

, 82, 85],and references therein. The difficulty in this case, is due to the lack
of compactness of the embedding W, ’W(')(Q) — L7O(Q) and the Palais-Smale
condition for the corresponding energy functional could not be checked directly.
To deal with this difficulty, we use a version of the concentration-compactness
lemma due to Lions for variable exponents [11].

The rest of the chapter is organized as follows: in section 2 we state the main
results; while section 3 is dedicated to prove the main results.

6.2 Hypotheses and main results

In the following discussions, we will use the product space
X = [T (e @) nwg (),
i=1

which is equipped with the norm
Jull :=max {|lulli},  Vu=(ur,uz..,un) € X,

where |willi == [[VUillpi@) + HED)|Vuillg) is the norm of Wol’pi(x)(Q) N
VVO1 ’%(x)(Q). The space X* denotes the dual space of X and equipped with the
usual dual norm.

Definition 6.2.1. Let X be a Banach space, an element u = (uy, g, ..., u,) € X
is called a weak solution of the system (6.1.1) if

> M, (Ai(ui))/ai(|vui|pi($))|vui|pi(m)_2vuivvi d$—2/ s 2w, d
i=1 0 i=1 79

—/\Z/ Fy,(z,uq,..up)v; de = 0,
i=1

for all v = (v1, v, ..., v,) € X =[], (W™ (Q) 0 Wy ().
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We denote by E) the energy functional associated with the problem (6.1.1)
Ey() = 0() — ©() - A¥(.),
where @, © and ¥ : X — R are defined as follows

ZM 7).

Z/Q e |ul 5@ dg,
U(u) = /QF(a:,ul(x), vy Up (7)) d,

for any u = (uq, ..., u,) in X.

In order to ensure that the function F' satisfies the topological conditions and
the geometric conditions of the mountain pass theorem (see [72]), we assume
some growth conditions.

Hypotheses.

(F1) FeCYQxR"R)and F(z,0,...,0) =0

(F2)  There exist positive functions b;; (1 <1,j < n), such that

me )|,

where 1 < py; < infueqq;(x) for all z € Q and for all (i,5) € {1,2,...,n}".
The weight-functions b; (resp b;; if i # j) belong to the generalized
Lebesgue spaces L*(Q2) (resp L% (f2)), with

gi(z) q; (7)q; (z)

a;(z) = ala) -1 () = g (2)q;(z) — ¢ (z) — ¢ ()

(F3) There exist K > 0 and 36; € (v;7,s; ) for all (z,uy, ..., u,) € 2 x R" where
ui% > K

oF oF
ou;

Hij—

T, Uy, ..., U

Y

“ u; oF

0< F ey Uy) <
(xuub ,U) 0 aul

— (U, ey Uy).
(F4) There exists ¢ > 0 such that

|F (2,01, ..y un)| < C(Z|U

where 7, € C(Q) and ¢ <r; <rf <<s <si VI<i<n.

i ’“")) TyUL, .y Uy) € QX R
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Note that according to the above hypothesis, we have Ey € C*(X,R) and for
all v = (vy, v, ...,v,) € X

By(u)o = 3 M (A(u) /ﬂ o (Vs

n
AL
i=1 /@

Consequently, u = (uy, us, ..., u,) in X is a weak solution of (6.1.1) if and only
if u is a critical point of E).
We end this section by stating the following existence and multiplicity results.

si(z)*Zuivi dr — \ Z/ Ful(x> Uy, un)vl dx.
i=1 v

Theorem 6.2.2. suppose that (M;) — (My) and (H1) — (H4) hold. Then, there
exists A\, > 0, such that problem (6.1.1) has at least one nontrivial solution in X

for all X > \,.

Theorem 6.2.3. Assume (M;) — (Ms), (H1) — (H4), and F(uq, ..., uy) is even
inu; for alli € {1,2,...,n}. Then, there exists A, > 0, such that problem (6.1.1)
has infinitely many weak solutions for for all X > A,.

6.3 Proof of main results

To prove the main result of this paper which is given in Theorem 2.2.1, we need
to first prove few lemmas related to the mountain pass theorem and Palais-Smale
condition.

Lemma 6.3.1. Under the assumptions (H1) and (H2), the functional ¥V is well
defined, lower weakly semicontinuous and it is of class C* on X. Moreover, the
operator W' is compact from X to X*.

The proof of the above Lemma follows the very same arguments as in [22].

Lemma 6.3.2. Let {u,;, = (Uim, Uom, -y Unm) } be a Palais-Smale sequence for
the Euler-Lagrange functional Ey. If (H3) is satisfied, then {u,,} is bounded.

Proof. Let {um, = (tim, Uzm, ..., Unm) } be a Palais-Smale sequence for the Euler-
Lagrange functional E, we have

Bxtn) = 32N (Aiin(@) = 3 [ (@)

- /\/QF(a:,ulm(ac),uzm(x)...,unm(x))dx
= C 4+ on(1).

5i()
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On the other hand for all v = (vq, vy, ..., v,) € X, we have

(U U—ZM i(Wim) / (| Vi,
Q
—z / tim

Pi(®)=2x7y, v, da

pi(e )|Vu

si@) =20 vy da — \ g /Fui(:c,ulm,um, ooy Up ) U; AT = 01y (1).
, Q
(6.3.1)
Then

B tm) = Bxlan) (%5%) 2 3 (Vs (Astin) = M (Astain)) [ (19150 ) D
i=1 '
Zn o1 (sita)
! i=1 <9i 3¢_> /Q i i

+)\/ [ ue 7u. — (T, Uiy Yoy vey Upim) —F(x,ulm,ugm,...,unm)] dzx.
Q

m(z))

Using (H4), (M;) — (My) and (F3), we obtain

1
Ex(um) = E)(um ( ) Z&RO( - Ai(|vuim pi(x)>dl' - a/gai(’vuim pi(w))‘vuim

>Z<0gm0 g;)/g%qwm

Therefore, by using (H ), there are positive constants C;; and Cjs such that

n)) 4 Com () ( /Q Vi)
(6.3.2)

pi(w)dx)

pi(x )dx

PO)| Vi,

n

Bxnn) — By ) (“22) 2 3 [ /Q Vit

i=1

Suppose, by contradiction, that there exists a subsequence, still denoted by {w;, },
such that ||w;n/; = +o0.
If k? = 0, proposition 1.1.3 gives us

Bx(tn) = B (uwn) () = Zcuulmu
thus

C + on(1)

7
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which is a contradiction because p; > 1. Thus, we conclude that {u,,} is
bounded in X.
On the other hand, if &? > 0, we will need to analyze the following cases :

(9) lwimll () = 00 and [[win | ;) — +00 as m — +o0;
(42) [ wimll () — 00 and [[uin,, () is bounded;
(412) [[wimll oy 18 Dounded and [[wiml|,, () — +o0.

gi(x) > || wiml|? , Hence, by (6.3.2),

In the case (i), for m large enough, ||wn vl

we get

C ot on(1) 2 D |Cilluim Iy + CHUED i 2|
=1

pi
>3 [Cilluin o)

i=1

n
> ZOzHuzm
i=1

oy T CHED) ([t

P;
i

which is absurd.
In the case (ii), by (6.3.2), we have

Pi
€t 0,(1) 2 3l
i=1
Thence, since p; > 1, taking limit as m — 400, we obtain a contradiction.
The case (i4) is similar to case (it).
Therefore, we conclude that {u,,} is bounded in X.
[

Lemma 6.3.3. Let {up, = (Uim, Uam, s Unm) frney € X be a Palais-Smale se-
quence with energy level Cy, if

. 1 L\ N (om0 2.0 3 3y 724y ) NV (30)
Ch < &ni (9_ - T) S; <5mz (k7 (1 = H(K7) + H(E7)k; ))) ;
then there exists a subsequence strongly convergent in X. S; are the best positive
constants of the Gagliardo-Nirenberg-Sobolev embedding, see 1.5.4.

Proof. Let {tm},,cy be a bounded Palais-Smale sequence for the functional E).
Then there is a subsequence still denoted by {up, },,c Which converges weakly in
X. So there exists positive and bounded measures p;, v; € {2 such that
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Hence by Proposition 1.5.1, if J;, = (0 then wu, — wu; Iin
L#@(Q) with ¢ = 1,2,..,n. Let us show that if C, <

N/vi(@;5)
infi<i<n { (el - S%) S (m?(k?(l —H(K) + H(kf’)k?))) ! and  {up,}

is a Palais-Smale sequence with energy level Cy then J; = (). Suppose that .J; is
nonempty, let us consider ¢ € C§°(RY,[0,1]) with |V¢| < 2 and

5(a) = {1, if |z) <1,

0, if |z| > 2.

meN

We define, for any € > 0 and j € J;, the function

(L’—ZL'j

0 =0
13
Note that ¢;. € C3°(RY,[0,1]), [V | < 2 and

x € B(x;
¢j7€<x> _ {17 S ( 375)7

), vz e RY.

0, x€RN\ B(xj,2¢);

where z; € Q belongs to the support of v;. Since {un¢;-} is bounded

in the space WoP™(Q) n W™ (Q), it then follows from 6.3.1 that
B (Wi, ooy Wimns ooy Unm ) (0, ooy Uim P, ..., 0) = 0 as m — +o0, that is, we obtain

E;\ (um)(O, -'-uim¢j,s> ceey O) = Mz (Az(uzm)) / az(|Vuzm pi(:”)_2VuimV(u,;m¢j,5) dl’
Q
= [ Bl 1) o
Q

— )\/ Fou (@, Wims ooy Wiy ooy U ) Ui @j.c Az — 0 a8 m — +00.
Q

that is,
M; (Ai(uim)) / @i (| Vi [P [V i [P 2V 030, V b el di = / |t | dx
Q Q
— M; (Ai(uim)) / a;: (| Vi pi(£))|vuimlpi(1)¢j7s da:—i—)\/ Fou (@, Wimy ooy Wiy ooy U ) Ui @Pj.c dT40p, (1),
Q Q

(6.3.:

Now, we will prove that

pi(x) ) ‘ Y,

liH(l) {limsupMi (Al(ulm>)/az(|vuzm
E—r 0

m——+00

pi(x)_2VuimV¢j75uim dl’} =0.
(6.3.4)
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We remark that, due to the hypotheses (H3) enough to show that

lir% {lim sup M; (Ai(uwim)) / Vi [P D 2NV 0, V b i, dx} =0. (6.3.5)
e—> Q

m——+00

and

lim {hm sup M; (A;(wim)) / |V,
e—0 Q

m—r—+00

G20, Vs i dx} =0.  (6.3.6)

First, using the Holder inequality, we obtain

/ |V i [P 2V 11,V 0 i, d <2‘]Vulm PO IVt
Q pi(z)—1
since {u;,} is bounded, the real-valued sequence ‘|Vuim pi(@)=1 e 18 also
pi(z)—1
bounded, then there is a positive constant C', such that
|vulm pi(x)izvuimVij,suim dx < C’V(bj,euim pi(z)-
Q

Moreover {u;,} is bounded in W1?i(®)(B(z;,2¢)), then there exists a subse-
quence denoted again {u,,, } weakly convergente to u; in LP/®)(B(x;,2¢)). Hence

lim sup / |V, pi(m%zVuiquﬁj,guim dx < CIV @ cilpi ()
m—+00
< 2C'1i \V4 pi(z) x % pi®) ¥
1msup H ¢] E’ |(ZZ<(Z>)) B(x;,2) Hu ZZ((I))’B( j,2¢)
< QC’hmsupHngﬁJ, Pi@)| — %25)||u¢| ' x)|$i(z),3(xj,2e)‘
Note that
P, 2\ N AN
/ (IV ;.- pi(w))(pi(z)) dr = / (V| Ndr < (—) meas(B(x;,2¢)) = NN
B(mj,Q&‘) B(:Cj,26) €

where wy is the surface area of an N-dimensional unit sphere. As

P
/ (JugPi® ))Pz@) dx — 0,
B(ac]-,QE)
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when ¢ — 0, we obtain that |V¢; .u;|p,) — 0, which implies

lim {lim sup

e=0 | no+oo

/ | Vuzm ‘pi @) _2vuimv¢j,euim dx
Q

} = 0. (6.3.7)

Since {ujn} is bounded in W, 7 (Q), we may assume that A;(wm) — t; > 0
as m — +o00. Observing that M;(t;) is is continuous, we then have

M; (Az(uzm)> — M(t;) > M) >0, asm — +oo.

Hence, by 6.3.7, we obtain

=0 ([ m—+oo

lim {lim sup M; (A;(uim)) / |V, pi(x)’ZVuimV¢j75uim dx} = 0. (6.3.8)
Q

Analogously, we verify 6.3.6. Therefore, we conclude the proof of (6.3.4).
Similarly, we can also get

) oF
lim

e=0 Jo Ou;

(@, Wiy vy Wiy -y U ) D cUWimdx = 0, as m — +00. (6.3.9)

Indeed, using Holder’s inequality with (F2) and since 0 < ¢, . < 1 we obtain

Hii ) ¢j,suim

Hia ) | Ui |dx

. oF
lim

(@, Wiy <oy Wiy -y U ) P Ui AT < hm (Z bij(z)|u;m
<1
< ll_% (Z bij(z)|u;
< i y
<t (S0

J=1

qi*(m)>~

iy @) [ " g3 (@)D ethim

The above propositions yield

n

) oF . 1
ll_I}(l)/Q a_ui(xvulmv oy Uiy +ony unm)gbjﬁuimdx < }:1_13(1) Cl(z; |blj|ﬂw($)”ujm|”uj >HuZquz (x),B(z;,2¢)"
J

and this last goes to zero because of

z b

Since ¢; . has compact support, going to the limit m — +o0 and letting e — 0
in 6.3.3, from 6.3.4 and 6.3.9,we obtain

:u"Lj

su@luslly,
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0= —1lim [lim sup <M, (A;i(wim)) / a;(| Vi,
Q

e=0 | m—+too

pi(w))|vuim|pi(m)¢j,s d$>:| + Vij
(6.3.10)

< MY lim [lim sup (/ 5 (| Vi [P/ [V i [P 2, dm)} + v (6.3.11)
Q

e=0 | m—+oo

< -9 lim [lim sup (/(kﬂVUzm Pi®) A (k2)kZ |V i
Q

e=0 | m—+too

qi(m))qu’e d$>:| + Vz'j-
(6.3.12)

Note that, when k3 = 0, we have 7;(z) = p;(z). Hence, by using (1.5.3) we
have

0 < vy — k] li_{%/ﬂﬂsj,s dpi

< vy~ MRy — MR i | [V o

By using Lebesgue Dominated Convergence Theorem, we have
lim / |V [P @ ;. dw = 0
e=0 Jq
Then, we get

MOk 1155 < v (6.3.13)

On the other hand, if k3 > 0, then 7;(z) = ¢i(x) Therefore, follows from
(1.5.4) and (6.3.12) that

—0 m—0

0 < vy — MY lim llim sup (/ H(E) k2| Vi | % ¢ . dx)}
€ Q
< vy~ MO i [ 0 d
e=0 Jq
< vy~ MU 5 — DR i | [V d
E— Q
and by using Lebesgue Dominated Convergence Theorem, we have
lim / |V |%®) ¢, . da = 0
e=0 Jq
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Then, we get

MIH (kD)7 iy < vy (6.3.14)

Then, by combining 6.3.13 and 6.3.14, we get IM((1 — H(E}))KY +
H(E)K? )iy < vij. Using (1.5.4), we have

1 1
* (- (x) V;i
Sl/.wf(wj) < 157.2(%) < Y

which implies that vi; = 0 or vi; > S (MO(KI(L— H(K?) + H(KD)K2))
for all j € J.
On the other hand, from the conditions (M), (Ms) and (H3), we get

N/vi(z;)

Uim Uim Unm >

/
O\ = Ex(Uimy ooy Wimy -ovy Unm) — B3 (Wiimy ooy Wiy +evy Uni) (—, ey oy ey ———
th 0; On

_ZM i(Uim)) Z/ i Zm| ) d

—A/F(x () ooyt (2 dx—ZM (i) /Qai(|Vuim(x)

s, (z)

|V i, () [Pi )

0

pi(m)) dr

—dx + Z / s (T3 Ui ()5 ooy U () )i, A+ 01 (1)
Ozﬂﬁ
> Z al \Vuzm( ) )]Vulm Z /‘uzm
_)\/QF(x,ulm(x),...,unm(x))dx—; 9; /Qai(|Vuim(:B)
—I—Zn:l/m (m)|5i(”)+zn:i/F.(x Ulpny -+ey Upn ) Wirn, AT + 0 (1)
p— 97/ o m — QZ o Uq Y my Y nm m m
- ;1 —~ /1 1
> m? - /ai Vi (2 Pil@) gy 4 — = — /uzm
(5 9i> (Vi) (5,
/ [Z (T, Uiy ey Unm) — F(T, Uiy ooy Unm)
1 Z

hence

pi(z)

pi(x)) IVuim(x)

5i(®) o

Pi(r)) ’ulm

dx + o, (1),




When m — 400 we obtain

Cy > Xn: (01 - Si_) (/ @ s + Zuij5$j>
=1 7 @ je;
G-

suppose that U, .J; # () and thus

N/vi(z;

)C’ardJi>

5) g 4+ SN (smg(k;f(l —H(K) + H(krf’)k?))>

. 1 1 N/vi(z5)
oz it {(5 - 08 (o - o + i)

Therefore, if C\ < infi<;<, { (el — s%)SfV(?Jﬁ?)N/pi(”ﬁf)}, the set Ui, J; is embty,

which means that |t |s,z) — |uils (;) for all i = 1,2,...,n. Taking this together

with the fact that (uim, ..., Unm) — (U1, ..., u,) in X, we have u;, — u; strongly
in L5®(Q) for all i € {1,2,...,n}. On the other hand

(E\(Wimy ooy Unm) — B\ (W1ky ooy Unk)y (U1m — Ui, 0, ..., 0)) =
(D (Ui, ooy Upn) — D (Urkey vy Une)y (U1 — U1k, 0, ..., 0))
— (O (Uimy ey Unm) — O U1y ooy Uni), (Ui — U1, 0, ..., 0))
= A (Ui ooy Upn) — W' (Uky oovs Uni), (Ui — Uk, 0, ..., 0))

thus E (U1m, -y Unm) = 0, 1. B4 (U1, .., Unm ) 1s a Cauchy sequence in X*. More-
over, again by Holder’s inequality, we obtain

<@/(u1m7 ) unm) - @/(u1k7 ceey unk)7 (ulm — U1k, Oa sy 0)>

= / (|u1m|51($)_2u1m - |U1k|sl($)_2ulk> (Ut — Uupg)dx
Q

s1(x)—2

< et 2t — |ug] Ukl @ [ — ikl g )
Ls1@)=1(Q)

Since {uy,,} is a Cauchy sequence in L**®)(Q), ©'(uipy, ..., Unm) is a Cauchy
sequence in X*. The compactness of ¥’ gives

(Ui ooy Ungn) = (UL, ooy Up) = O (Ui ooy Unn) — O (U, oy Un),

i.e. W' (Ui, ..., Unm) is a Cauchy sequence in X*.
Therefore, according to the elementary inequalities (see, e.g., Auxiliary Re-
sults in [16]) for any o, € RY

o= ¢ < ¢y, (Bile) = Bi(0)) - (=) )22 o
o= ¢ < ellol + [C)* @ (Bi(0) = Bi(Q)) - (0= ¢) i1 < pie) <2
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where - denotes the standard inner product in R¥. Replacing ¢ and ¢ by Vuy,
and Vuy, respectively and integrating over €2, we obtain

C/ |U1m - U’lk|p1($)d$ S <(I)/(U1m, 7unm) - q)/<U1k, ceey U’nk); (ulm — Uik, 07 “eey O)> )
Q

if p1(x) > 2, and if 1 < p;(x) < 2, we get

/ O—l(aj)pi(x)_2|ulm_ulk|2d'x S <(I),(ulm7 R3] unm) - q)/<u1k7 L) U’nk)7 (ulm — Uik, 07
Q

where o1(z) = C(|Vuyn| + |Vuig|). Hence by Hélder’s inequality and by
lemma , we get

(@) r1(z)(p1(x)—2) p1(z)(p1(x)—2) (@)
[urm — ug|P*Pde = | oy 2 (O‘l 2 [ U1 — urg [P >dx
Q Q

p1(2)(2=p1(2)) p1(2)(py(x)—2) (@)
SCHUl H(71 2 ’ulm_ulk’pl H

2 _2
L2-r1(®) (Q) Lr1(®) (Q)
[Pl(z)(Pl(CE)—Q)]— [Pl(Z)(Pl(Z)—Q)]+
2 2
< C'max Ho-ll‘LIq(I)(Q) ) H01HLP1(I>(Q) X

Py 2
max{(/afl(x)Q\ulm—ulk\zdaz) ’ ,(/afl(x)Q\ulm—uldex) ’ }
Q Q

Taking into account the fact that {us,,} is bounded in Wy '™ n W ®(qQ)
(D (Uprmy ooy Upn) — D (Uigy ooy Unte)s (Ui — U1k, 0,...,0)) = 0 as m, k — oo,

we find that {uy,} is a Cauchy sequence in W, A

Wy @(Q). We proceed similarly for {wim } with
(D (Urrmy vey Wirny +eos Unn ) — P (Wigey ovy Wik ovvy Unke) 5 (04 ooy Uiy — Ui, 0, ..., 0)) for
all i € {2,3,...,n). 0

Now we are in position to prove Theorem 1.

Proof. (of Theorem (2.2.1)) The proof is an immediate consequence of the moun-
tain pass theorem, Lemma 6.3.2 and Lemma 6.3.3. Precisely, it suffices to verify
that E) has the mountain pass geometry and that F)(tus, ..., tu,) < 0 for some
t>0.

From (M), we can obtain for ¢ > ¢,

— Mi(te) 4
Mi(t) < (f)tci- < it (6.3.16)
to!



About the latter condition, we have

- Z]\//E (Ai(ui)) = Z/Q sz(lx)

Then, because of [, F(x,ui(x), ..., un(z))dz > 0 and 6.3.16, we obtain for
(21, ..., 2n) € X/{(0,...,0)} and any t > 1

’uz‘

Q

LL',

Ex(tzy, ..., tzy) ch i(t2)) Z/ \tzl

n

Y

1

1 z 1

< Ci ——Ay(|V(tz)P@ dw) - /— tz| 5@ da
< i L[tV [P +

_; </Q<pi(x)| | q( )

=1
|ql<x> dm Z/ 1 Itzl ) g,
q Si(7)
n +

<Y et ([ GEwaper+ oz pn ) Zts

=1

Sl(m)dx.

+
which tends to —oco as t — 400 since o; > Z—_

On the other hand, let us fix A > 0. For all u = (ug,...,u,) € X, under the
assumptions (M;) — (My), (H3) and (Fy), we obtain

P d 4 H ()R / 1

>me U o 4:(7)
_;/gl&(x) Vg dw—Ac/Q<;|uz ),

Consider 0 < lul = i llwll; = p < 1 with [Jull; = [Vl +
HED) || V| By Propositons (1.1.1), (1.1.4) and (1.1.5), we have

’vuirh(if) dx:|

qi(x)

n

u>zic(uwznq +HED) Vsl ) =3 = ZAcnuzu
> 3 (el )

Hence, since ¢ < r; < s;, follows that there are 0 < p < 1 small enough
and R > 0 such that

o _ ¢ Hul = )\cHuZ
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Ex(u) >R >0 as|ul =p.

That means the existence of an element (u?,...,u%) of X such that
E\(uf, ...,u?) < 0. Consequentely, the critical value is
Cy = inf sup EA(€(1),
€€l 4e0,1)
where
I'={¢:[0,1] — X, continuous and £(0) = (0, ...,0),£(1) = (u, ..., up) } -
That concludes the proof. O

Next we will prove under some symmetry condition on the function F' that
6.1.1 possesses infinitely many nontrivial solutions.

Proof. (of Theorem (2.2.2)) We will use a Zy-symmetric version of the Mountain
Pass theorem 1.4.6, to accomplish the proof of theorem 2.2.2. By assumption
the function F' is even, the functional F) is even too. Considering the proof of
theorem 2. 2 1 we need only check the condition (Z3). In fact by using 6.3.16 and
Jo F(x,ui(x), ..., un())dz > 0, we obtain

E\(uy,...,;u <ch i(u;))ei _Z/s || Sz(l‘)dx
Sy i) 3

Let u = (uq, ..., u,) € X be arbitrary but fixed. we define
Qe ={z € Q:|u(x)] <1}, and Q> = Q\Q-.

Then we have

si(x

wu; |Pi(® —l— |Vu

E)\(Ul,.. S

k3
q

1
qi(z)>dl.>"7 _ / u;|®
/Q 7 7 Z Qs +|
k; ) k3 (@) ,
Vo, [P + z_Vuﬂ“”)da:) P — / ;|
/Q(pz | q; | Z Q> :_|
qi(w))dm) e / — |w;|* dx

Q‘H

Q‘._.

3

7 %

1
+ i
> / T
; @ . K () o
= Ci(/(—ilwlm +—1lwl‘”)d$>”’— / i
; Q \D; q; Z Qs sh

7
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The functional |.| - : X; — R defined by

_ 1/s;
il = ([l ao)
‘ Q

is a norm in X;. LetX] be a fixed finite dimensional subspace of X;. Then |[.|

s
and |||, are equivalent norms on X, so there exists a positive constant ¢ = ¢(X}")
such that

o< clu

i for all u; € Xil.
S

|| i

Assume ||u; ||, > 1 for convenience. According to proposition 1.1.3 and propo-
sition 1.1.8, for any u € S; we obtain

n
+ o o
0< By(w) < 3 (elull™"™ = el
i=1
since s; > ¢; /o; we conclude thatS; is bounded in X. O
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In this thesis, we study some nonlinear partial differential elliptic systems involving nonhomogeneous operators.
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