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ABSTRACT

Fractional calculus offers a robust mathematical framework for modeling systems with memory
effects, enabling a deeper understanding of dynamic processes that exhibit non-local behaviors
over time. This thesis investigates the impact of memory effects through fractional calculus
across diverse dynamic systems, with a particular focus on vesicle dynamics, microswimmers in
shear flows, and drug transmission in epidemiological models. Vesicle dynamics and microswim-
mer behavior are analyzed using fractional models, specifically the Caputo and Jumarie’s modi-
fied Riemann-Liouville derivatives, revealing novel tank-treading modes and the role of memory
effects in vesicle deformation. Analytical and numerical methods, such as solutions based on the
Mittag-Leffler function, provide precise results for the orientation and deformation of vesicles
and red blood cells. Furthermore, the transition from flipping to stationary motion in red blood
cells under varying viscosity ratios is explored using the modified Riemann-Liouville derivative,
advancing the understanding of particle behavior in complex fluid environments. Additionally,
a compartmental drug transmission model, formulated using the Caputo fractional derivative,
evaluates the influence of family and public health education on reducing drug transmission,
incorporates sensitivity analysis to evaluate how variations in model parameters affect drug
transmission outcomes. This work significantly contributes to applied mathematics by offer-
ing novel insights into both vesicle dynamics and epidemiological modeling through the lens of

fractional derivatives, with implications for future research in these fields.

Keywords: Fractional calculus, Caputo fractionnal derivative, Jumarie’s modified Riemann-
Liouville fractional derivative, Memory effects, Vesicle dynamics, Red Blood Cells, Microswim-

mers, Drug transmission, Epidemiological models.



RESUME

Le calcul fractionnaire offre un cadre mathématique puissant pour modéliser des systémes avec
effets de mémoire, permettant une compréhension plus approfondie des processus dynamiques
présentant des comportements non locaux au fil du temps. Cette thése explore I'impact des effets
de mémoire via le calcul fractionnaire a travers divers systémes dynamiques, en se concentrant
notamment sur la dynamique des vésicules, les microswimmers dans des flux cisaillants, et la
transmission de drogues dans des modeles épidémiologiques. La dynamique des vésicules et le
comportement des microswimmers sont analysés a ’aide de modéles fractionnaires, en partic-
ulier les dérivées de Caputo et la dérivée modifiée de Riemann-Liouville de Jumarie, révélant
de nouveaux modes de tank-treading et I'influence des effets de mémoire sur la déformation
des vésicules. Des méthodes analytiques et numériques, telles que les solutions basées sur la
fonction de Mittag-Leffler, fournissent des résultats précis sur l'orientation et la déformation des
vésicules et des globules rouges. De plus, la transition entre les mouvements de basculement et
stationnaire des globules rouges sous différents rapports de viscosité est étudiée a I’aide de la
dérivée modifiée de Riemann-Liouville, améliorant ainsi la compréhension du comportement des
particules dans des environnements fluides complexes. Parallelement, un modele compartimen-
tal de transmission de drogues, formulé a l'aide de la dérivée fractionnaire de Caputo, évalue
I'influence de ’éducation familiale et de santé publique sur la réduction de la transmission de
drogues, integre une analyse de sensibilité pour évaluer comment les variations des parametres
du modele affectent les résultats de transmission de drogues. Ce travail apporte une contribu-
tion significative aux mathématiques appliquées en offrant de nouvelles perspectives tant sur la
dynamique des vésicules que sur la modélisation épidémiologique a travers I'usage des dérivées

fractionnaires, avec des implications pour la recherche future dans ces domaines.
Mot clés: Calcul fractionnaire, La dérivée fractionnaire de Caputo, La dérivée fractionnaire

modifiée de Riemann-Liouville, L'effets de mémoire, Globules rouges, La dynamique des vésicules,

micro-nageur, La transmission de drogues, Les modéles épidémiologiques.
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GENERAL INTRODUCTION: CONTEXT, CHALLENGES, AND
OBJECTIVES

Fractional calculus, an advanced extension of classical calculus, introduces integrals and deriva-
tives of non-integer orders, offering a robust framework for modeling complex systems with
memory effects. Although its theoretical origins can be traced back to early mathematicians such
as Leibniz and Riemann, fractional calculus has seen significant advancements and applications
in contemporary science and engineering.

This chapter provides a comprehensive overview of fractional calculus, detailing its historical
development and its growing significance in various research domains. From its early conceptu-
alization to its modern applications, fractional calculus has emerged as a crucial tool for under-
standing dynamic systems that exhibit non-local behavior over time.

A major focus of this thesis is the application of fractional calculus to the study of deformable
particles, including red blood cells and vesicles. By utilizing fractional derivatives, particularly
Jumarie’s modified Riemann-Liouville and Caputo derivatives, we explore complex behaviors
such as tank-treading and Tumbling motions under shear flows. These investigations shed light
on the intricate dynamics of these particles, enhancing our understanding of their behavior in
fluid environments.

In addition to particle dynamics, this thesis extends the application of fractional calculus to
epidemiological modeling, specifically in analyzing drug transmission. By developing a compart-
mental model using the Caputo fractional derivative, we examine the impact of family and public
health education on drug spread. This model reveals how educational interventions can influence
the basic reproduction number, %, and thus affect drug transmission dynamics.

The subsequent sections of this chapter will elaborate on the historical evolution of fractional cal-
culus, introduce the theoretical concepts relevant to both deformable and rigid particles, as well
as epidemiological models, and outline the specific objectives and scope of this thesis. This inte-
grated approach highlights the versatility of fractional calculus in addressing both fundamental

scientific questions and practical challenges in medical and epidemiological contexts.
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Fractional Calculus: History and Significance

The origins of fractional calculus are intertwined with the development of classical calculus by

Newton and Leibniz. The initial question that sparked in fractional calculus was whether the
n

nt" order derivative could be defined when n is a fraction. In a landmark correspondence

n

in 1695, Leibniz, in a letter to the Marquis de I'Ho6pital, pondered the meaning of the half-order

1

derivative This query marked the beginning of formal exploration into fractional calculus

.
dt?

and captivated the mathematical community, including luminaries such as Euler and Lagrange

in the 18" century, and later Liouville, Riemann, Griinwald, and Letnikov in the 19? century.

The contributions of these researchers established a robust foundation for the field.

Leibniz’s formula:

form = n,n € N

n,m _ d"x™ _ _m! ,.m-n
D™ = “m = =i ®

Leibniz’s answer:

"This is an apparent

L’Hoépital (1695):
What could be the
result if n=1/2?

paradox from which,
one day, useful con-
sequences will be
drawn...”

Lacroix (1819):
1 4 1

D2 x% = d?g{a — F(a+})xa—§.
dx? T(a+3)

Y

In particular for f(x) = x,
1
D2x = 2Vx/m.

Fractional calculus has a rich history, marked by the contributions of many prominent mathe-
maticians over the centuries. This diagram provides a visual timeline of key figures who have
significantly influenced the development of fractional calculus from the mid-17th century to the
mid-20th century. Each of these mathematicians brought unique insights and advancements to
the field, laying the groundwork for the modern applications of fractional calculus in various
scientific and engineering disciplines. The timeline highlights their contributions and helps us
appreciate the evolution of this mathematical domain.

Furthermore, fractional calculus distinguishes itself by its inherent "memory effect", where
the history of a process influences its future behavior. This characteristic makes fractional deriva-
tives particularly useful in modeling physical and natural systems that exhibit memory and
hereditary properties. However, the non-local nature of fractional derivatives presents challenges,
including significant computational demands and the need for extensive information storage.
Fractional derivatives are particularly effective in capturing the memory effect of different mate-
Mg e =
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1646-1716

Isaac Newton 1
1643-1727
Guillaume

de 'Hopital
1661-1704
Joseph Fourier
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Leonhard Euler 1
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Joseph-Louis
Lagrange
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Bernhard Riemann
[ 1826-1866
‘ [ Anton Grinwald }
( 1838-1920
Q Joseph Liouville
.\ﬂ' 1809-1882
Marecel Riesz 1
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" Magnus
g Mittag-Leffler
s 1846-1927

Figure 0.1: Timeline of Fractional Calculus during 1640-1930

rials and processes, as highlighted by [76]. This is the primary advantage of fractional calculus
over classical integer-order systems, which essentially disregard these effects. The benefits of
fractional derivatives have become evident in various areas of modeling. Today, fractional calcu-
lus is considered a mature field with a wide range of applications and continues to be an active
area of research and development including epidemiological models [8, 59, 83], image processing
[7, 16, 36, 69, 90], and more. In contrast, mathematical modeling using integer-order derivatives
has been instrumental in understanding, predicting, and unraveling numerous real-world phe-
nomena across various fields, including physics and biology. However, these models often fail to
account for the memory effects inherent in many systems, highlighting the unique and valuable
contributions of fractional calculus in modern scientific research.

Motivated by these considerations, this thesis utilizes fractional derivatives to investigate the
memory effect on various models, including the behavior of rigid and deformable particles (such
as red blood cells, vesicles, and microswimmers), as well as an epidemiological model of drug

abuse. Before delving into these models, the following sections of this introduction will provide
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a detailed overview of the characteristics of red blood cells, vesicles, and the drug abuse model,
highlighting their significance and the advantages of applying fractional derivatives to each of

these areas.

Deformable particles

Blood is a complex and vital fluid that plays a critical role in sustaining life by transporting
oxygen and nutrients throughout the body. Among its key components, red blood cells are partic-
ularly important for ensuring that oxygen reaches all tissues and organs, making them central
to the body’s overall functioning. Understanding the behavior of blood flow requires careful at-
tention to both the red blood cells and the surrounding fluids that facilitate their movement. By
modeling these two elements the cells themselves and the fluids within and around them, we
can gain valuable insights into the dynamics of blood flow. The following sections will provide
an overview of the biological characteristics of these components, along with the models used to

describe their behavior.

Red Blood Cells

The red blood cell (RBC), or erythrocyte, is among the most numerous and specialized cells in
the body. Lacking a nucleus, it represents 99% of the blood’s formed elements and, thanks to the
hemoglobin it contains, ensures the transport and distribution of oxygen and iron to cells, as well

as the elimination of carbon dioxide produced by these cells.

Figure 0.2: Red blood cells observed under an electron microscope, distinctly showing their char-
acteristic biconcave shape [1].

When observed under an electron microscope, the red blood cell (RBC) reveals a very
particular shape at rest: that of a biconcave disk, or discocyte (see Figure 0.2). This shape
confers numerous properties, particularly significant elasticity, allowing it to optimally perform
its function of transporting oxygen to the body’s cells, capable of squeezing through capillaries
with diameters up to half its resting diameter. As illustrated in Figure 0.3, understanding
the structure of the RBC in detail is crucial. The 3D model of the RBC demonstrates its

biconcave shape, which is essential for appreciating the cell’s complex geometry and flexibility.
XEFS Ve <
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The cross-sectional view emphasizes the cell’s unique geometry, particularly its thin central
region, which enhances its deformability. Furthermore, the surface mesh depicted is vital for
computational modeling and simulations, offering detailed insights into how the RBC interacts
with its environment and deforms under various forces. These detailed visualizations are
indispensable for accurate computational studies and for predicting RBC behavior in different

physiological conditions. The cell membrane of the RBC, as shown in the magnified section

(a) 3D RBC model (b) Cross section (c) Surface mesh

Figure 0.3: (a) 3D model of a red blood cell (RBC), highlighting its biconcave shape. (b) Cross-
sectional view of an RBC, emphasizing its geometry. (¢) Surface mesh of an RBC, crucial for
computational modeling and simulations [10].

of Figure 0.2, consists of a lipid bilayer interspersed with various protein molecules, which

contribute to the cell’s structural integrity and functionality. Erythrocytes’ propensity to deform

Plasma |l =1.2cP

protein molecule .,

Lipid molecule

Lipid bilayer ",

spectrin filament «eeeseemeee

Figure 0.4: Diagram of a red blood cell (RBC) illustrating its dimensions along with the standard
viscosities of hemoglobin and plasma. A section of the RBC is enlarged to highlight the composi-
tion of the lipid bilayer in the RBC membrane [93].

when passing through capillaries smaller than their own effectively identifies them, stressing
the need to study their deformation; analysis of the deformation of healthy RBCs provides an
insight into diseases characterized by RBC malformation, which can lead to a loss of elasticity

properties and consequently inadequate oxygen transport in the body.

0
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Vesicles

Vesicles, illustrated in Figures 0.5 and 0.6, are closed phospholipid membranes in an aqueous
medium. They share the fundamental structural component of the lipid bilayer with RBCs. In
Figure 0.5, the bilayer structure is clearly visible, showing how it encapsulates and separates

the internal environment of the vesicle from the external environment. Figure 0.6 provides a

Figure 0.5: Tllustration of vesicles showing the detailed structure of the lipid bilayer and its
organization [43].

more detailed view of the vesicle membrane, highlighting the various proteins embedded in

the lipid bilayer, which facilitate transport and communication processes. Understanding and

% i
"""rt%}{ L:}l'bji}ﬂ; m" M} W‘
4 Y
12

Figure 0.6: Detailed representation of a vesicle membrane, emphasizing the embedded proteins
and their arrangement within the lipid bilayer [43].

analyzing their dynamical behaviors represents a watershed from several perspectives in non-
equilibrium sciences due to their link to biological cells. The classical example is the Red blood
cell (RBC). Furthermore, vesicles have been demonstrated to imitate some features of RBCs;
hence, they are the focus of this thesis. In this context, an important challenge is to develop
accurate mathematical models that can clearly explain vesicle motion in multiple dimensions,

which will be discussed in the next section.

Dynamics of Red Blood Cells and Vesicles in Shear Flow

Throughout this thesis, we assume that the vesicle is exposed to a linear shear flow defined
by ugp = (yy,0,0), where y represents the shear rate. It is essential to highlight that the fluid
dynamics, both inside and outside the vesicle, are the primary focus of our study and occur under
conditions of low Reynolds number. Under these conditions, the hydrodynamics are effectively

governed by the Stokes equations [64].

KBTS oo =
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Structure and Properties of Deformable Particles

In shear flow, it has been discovered that vesicles exhibit three fundamental movement regimes
[48, 64]: the tank-treading (TT) regime, where the vesicle maintains a constant angle relative
to the flow direction while its membrane undergoes a tank-treading motion; the tumbling (TB)
regime, characterized by the vesicle’s membrane flipping back and forth like a rigid body; and the
vacillating breathing (VB) regime, which acts as a transitional phase TT-mode and TB-mode [64].
In the VB regime, the vesicle’s primary axis oscillates around the flow direction, and the vesicle’s

shape undergoes a breathlike motion. Figure 0.7 illustrates an insight into these regimes. Three

a)

Figure 0.7: Tank-treading (a), tumbling (b), and vacillating-breathing (c) regimes of a vesicle in
a shear flow, according to [26].

primary control parameters influence the presence of these regimes:

. A-4nR2
1. **Excess Area**: Given by A = RZ 2
0

, where A represents the vesicle’s surface area and

1
R is the radius of a sphere with the same volume as the vesicle, calculated as R = (%) 2.

2. **Viscosity Ratio**: The ratio of internal to external fluid viscosities, denoted as A = %

3. **Capillary Number**: defined as 6y = T'e"t,ZRg, where v is the shear rate and % repre-
sents the membrane’s bending rigidity.
The Keller-Skalak (KS) theory [48] explores the TT regime and the transition between TT and
TB movements. It reveals that a high value of 1 leads to the TB regime, whereas a low value
results in the TT regime. Through three-dimensional numerical simulations, these findings were
later corroborated by karaus in [51].
Misbah’s research [64] introduced the VB mode, also known as trembling or swinging, by apply-
ing small deformation approximation theory to the most spherical vesicles. This extension of the
KS model incorporated two dynamic variables: the shape deformation (%) and the orientation
angle (y). It demonstrated that the capillary number %, could be excluded from the evolution
equation, leaving only A and A as significant factors.
Additional studies showed that the vesicle problem in shear flow could be mapped to a rigid
spherical problem in five dimensions [2]. This approach demonstrated that the governing equa-
tions for both rigid spherical particles and deformable vesicles [37] are analogous, enabling exact

analytical solutions for the rigid sphere problem and extending these solutions to scenarios out-
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side the shear plane. Figure 0.8 illustrates the out-of-plane angle 9 orientation. Furthermore,

po”

Figure 0.8: Diagram depicting the vesicle’s configuration [2].

beyond the three primary modes of motion, an additional type of movement has been identified:
kayaking (K), also known as spinning. In this regime, the vesicle’s principal axis traces a cone
outside the shear plane. Jeffery previously described this motion for rigid ellipsoids [42], where
the principal axis forms a cone around the perpendicular to the shear plane. In [93], it is noted

that the kayaking motion corresponds to a tumbling motion outside the shear plane.

The orientation equations for vesicles

For the convenience of the readers, we provide a brief explanation of the vesicle model in small
deformation theory. The description that follows is based on the articles [2, 26, 64]. As high-
lighted above, vesicles exhibit similarities to real cells, particularly red blood cells. Thus, our
investigation into vesicles serves as a means to understand the dynamic behavior of red cells
and their deformation characteristics.

The vesicle deformation is described by the radial position r of the vesicle interface, which can

be parametrized by
(1) r=roll+£(0,¢,t)],

where f is the deviation of the vesicle shape.

In the small deformation theory, the deviation of the shape from a sphere is parametrized by

ro=1

(2) r=1+7(0,¢,?.

KBTI e <
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One of the most powerful methods in investigating the vesicle deformation is the spherical
harmonic parametrization.

The function f is expanded into series of scalar spherical harmonics

3) F=Y Y Fun®Z0,0),
n=0m=-n

where the function %" are the usual spherical harmonics and F,,,, are unknown time-dependent

amplitudes. The constraint on the fixed total area serves to relate the amplitude of the shape

perturbation,
m=n (n+2)(n-1)
4@ A=Y Y |an(t)|ZT.
n m=—n

Under the linear shear flow only the second-order spherical harmonics functions survive, then
we obtain,

m=2
(5) f= ) Fan)2576,9),

m=-2

and the area conservation constraint reads

A
(6) 3= 2 Foml?,
|m|<2
finally,
(7 r=1+ Y Fou%om,
|m|<2

where %,,,|m|=0,1,2 are the usual spherical harmonics of order two. The evolution equations

for Fy,, are given by

dFZm

® 7z

.m .m 4h
:')/{—1552|m|h+ l§F2m + Klm(F22)F2m},

where i%2 = -1,|m| =0,1,2, and h = 60v27/15/(32 + 237).

— This evolution in time of the vesicle shape configuration in the shear plane is given by the
dynamics of Foo.

— Foz1 and Fgg modes describ deformations out of the shear plane.

— The out-of-plane deformation along the vorticity direction is described by the Fyy mode. Usu-
ally, F'o+1 modes are ignored for simplicity.

Misbah in [64] described the three classical regimes (TT, TB, and VB) using a two-dimensional
model satisfied by the vesicle deformation amplitude 2 and the orientation angle w. Misbah [64]

from

9) Fag = R(t)e 21V,
XETS e <
# Page9
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obtained the following coupled real non-linear ordinary differential equations,

2
d—%=h 1—4% sin(2y),
dt A
(10) d 1
ay __ 1.
dr = 3 T ag C@V)

where y coincides with the vesicle’s orientation angle and verify —§ <y < § and % the amplitude
of deformation of the vesicle, 0 < % < 1, the first equation describes the shape evolution, and the
second one define the orientation of the vesicle in the flow.

Subsequently, the authors in [2] explored the mapping of vesicle equations onto those of a rigid
sphere problem in five dimensions. To derive the mapped equations, they employed the method

of splitting the complex amplitudes into their real and imaginary components.
(11) Foo=fao—ifaz, For1=fo1+ife1, Fao=V2fa.

They obtained the following mapped equation

d
(12) ‘ld—l; =Q-p+yx t(es—e2-pp),
Where,
2 ~ -
(13) p= ¢—K(f22,f22,f20,f21,f21),

e2=1(0,1,0,0,0),y = VA/2h and a vorticity tensor Q by,

0 100 0
-1 000 0
(14) Q= 0 00 0 ©
0 000
0 001 o0

Thus the vesicle dynamics are completely determined by that of the unit vector p in R5. Moreover,
the system (10) represents the vesicle’s orientation and deformability. It was proving that the
dynamics of deformable vesicle was hiding in that of a rigid sphere [2]; the projection into the

shear plane gives a system similar to (10),[2],

ZRcos
(15) PL= . .
Zsing

For a rigid sphere, the angle ¢ is twice the angle between the vesicle’s long axis and the shear

direction. Thus, it provides the same information as v for a deformable vesicle, which explains

the correspondence between the vesicle and the rigid sphere.

Equation (12) has also been utilized to model microswimmers [75] in the presence of an external

KBTS oo =
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flow field. The orientation of the microswimmer is represented by a unit vector p, which follows
the same dynamics described by Eq. (12), with an appropriate value of y. Additionally, the

swimmer’s motility is introduced by considering its position x € R?, governed by the equation

d
(16) d—}; =up(x) + Vs,

where vg = vgp represents the swimmer’s velocity relative to the fluid. The magnitude v = |vg|
is taken as constant. This equation (5.40) indicates that the velocity of the microswimmer is the
sum of the fluid velocity at its position, ugy, and the swimming velocity vsp, where the direction
of swimming, p, is governed by Eq. (12).

The dynamics of the swimming direction closely resemble those of vesicle orientation, as both
systems are described by similar equations. Based on established results for vesicles [2, 37], if
1 > 1, the swimmer’s projection in the xyz-space (i.e., the vector p) undergoes tumbling motion,
which corresponds to periodic solutions. In contrast, when y < 1, the vector p stabilizes at a fixed
orientation, meaning the swimmer aligns along this final orientation. Thus, Eqgs. (12) and (5.40)
capture the run-and-tumble behavior of the swimming particle, depending on the value of the
parameter y.

Historically, run-and-tumble dynamics were introduced to describe the motion of certain
self-propelled particles, such as *E. coli* bacteria [18], which alternate between straight-line
runs and reorientation events, known as tumbles, where the bacterium momentarily stops
moving. Interestingly, Eq. (12) inherently models run-and-tumble dynamics via the parameter y.
Consequently, an alternative way to reproduce this behavior would be to randomly assign values
greater than or less than unity to y.

Microorganisms often exhibit responses to both fluid flow and various external stimuli, such
as gravity (gyrotaxis), magnetic fields (magnetotaxis), and light (phototaxis). The interplay
between fluid flow and these external forces results in a range of complex movements. To date,
most trajectories of these microswimmers have been determined through numerical methods,
in the presence of both flow and an external field [19, 19, 39]. However, none of these studies
presented analytical solutions for the orientation angle in the tumbling regime or the trajectory
of the particle. Nevertheless, in [38], several cases involving linear flows and external fields with
varying orientations were investigated. It was demonstrated that explicit analytical solutions

can be derived for both the particle orientation and trajectories in nearly all the cases considered.

Epidemiologic Modeling of Drug Transmission with Memory
Effects

In recent years, drug addiction has emerged as a significant public health crisis, akin to an epi-

demic, affecting millions of individuals and communities worldwide. The complexities surround-
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ing drug abuse are multifaceted, involving health, social, economic, and political dimensions. As
drug dependence continues to escalate, understanding its dynamics becomes crucial for develop-
ing effective intervention strategies. Epidemiology, the study of how diseases spread and impact
populations, plays a pivotal role in addressing this issue by identifying patterns, causes, and
effects of drug-related health conditions within communities. Drug abuse is considered as a new
epidemic, it has similar features with classical epidemics (SIR, SEIR,...) [22, 34, 35]. Epidemio-
logical models serve as essential tools in this endeavor, providing insights into the transmission

and control of drug abuse.

Historical Development of Epidemiologic Models

In 1911, Sir Ronald Ross (Nobel Prize in Medicine 1902, 1857-1932) [79] introduced the first
mathematical model of malaria transmission, which revealed a threshold phenomenon. This
model is one of the earliest examples of compartmental models and established Ross as a pioneer-
ing figure in mathematical epidemiology. In 1927, W.O. Kermack and A.G. McKendrick [49] built
upon Ross’s ideas and proposed the SIR model to study the transmission of infectious diseases

among humans.

Figure 0.9: Schematic diagram for SIR model.

The SIR model, for example, divides the population into three compartments: susceptible
individuals who can contact the disease, infected individuals who are currently ill, and recovered
individuals who have overcome the illness. This model helps in understanding how individuals
transition between these states and the factors influencing these transitions. The SIR model is

described by the following system of differential equations

SI
S'=—r—
rN,
SI
,_ ——
) I —rN al,
R'=al,
N=S+I+R,

with initial conditions:
S0)=Sy, I(0)=1Ip, R(0)=R,.
NXEFF o= <
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We observe that the total population N =S+ +R remains constant. This is confirmed by the fact

that S’ +I' + R’ = 0. Furthermore, to find the equilibrium points, we solve the following system

ST
0=-r—

rN,

SI .
O=rﬁ—al,
0=al.

From the third equation, we get I = 0, which is the only solution. Thus, we expect that the
number of infected individuals should approach zero to achieve equilibrium. However, this does
not provide information about the total number of individuals who have been infected, which

corresponds to the final number in the R compartment.

SI
S'=—-r—
TN
ST
I'=rﬁ—al,
R'=al.

The question posed here is : Given r, a, Sg, and Iy, can we determine if an epidemic will occur?
We evaluate I'(0) as follows: g
r'oy=1I ( 29 ) .
0)=1Ip|r N ¢

1. If rSp <aN, then I'(0) < 0. Since S’ < 0, it follows that I'(¢) < 0 for all ¢. Hence, the number

of infected individuals I will decrease until it reaches extinction.
2. If rS¢ > aN, then I'(0) > 0. The number of infected individuals will start to increase.

This threshold phenomenon was first identified by Sir Ronald Ross [79], who was awarded the
Nobel Prize in Medicine in 1902. We define the basic reproduction number as:

rSo
=

Similarly, the SEIR model introduces an additional compartment for exposed individuals, who

Ry

have been in contact with the disease but are not yet infected. This distinction is particularly
relevant in the context of understanding how exposure to a disease can lead to subsequent

infection, mirroring the dynamics of infectious diseases [52, 61].

Figure 0.10: Schematic diagram for SEIR model.
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Where the parameters are § rate of infection, p transition rate from exposed to infected, and
A recovery rate.
These models categorize the population into distinct compartments based on their disease status,
allowing researchers to quantify the dynamics of disease transmission and evaluate the impact of
various public health interventions. Mathematics serves as a fundamental tool in epidemiology,
offering a systematic approach to analyze and predict the behavior of disease spread. Mathemati-
cal models can range from simple compartmental models to complex stochastic simulations, each
providing valuable insights into how diseases propagate through populations. These models often
incorporate variables such as transmission rates, recovery rates, and population demographics
to simulate disease dynamics and forecast potential outcomes [24, 84].
However, traditional compartmental models may not fully capture the complexities of disease
transmission, particularly the memory effects associated with past infections and the delayed
responses to interventions. This is where fractional calculus comes into play. Fractional calculus,
an advanced branch of mathematics dealing with non-integer order derivatives and integrals,
has gained attention in epidemiology for its ability to model complex systems with memory ef-
fects. By incorporating fractional derivatives into epidemiological models, researchers can more
accurately represent the dynamics of disease transmission, capturing the nuanced behavior of
infections and the impact of public health measures.
The integration of fractional calculus into transmission models allows for a more comprehensive
understanding of how past infections influence current behavior and how educational efforts
can shape future trends. For instance, the effects of public health campaigns and educational
programs can be modeled to assess their impact on reducing disease transmission. This approach
not only enhances the understanding of transmission dynamics but also informs public health
policy and intervention strategies.
Moreover, the application of sophisticated mathematical techniques, such as the modified trape-
zoidal rule [72] and the fractional Euler method [5], can provide numerical support for analytical
findings, demonstrating the effectiveness of interventions over time. By analyzing the basic re-
production number 2, which serves as a threshold quantity for the extinction or spread of a
disease, researchers can evaluate the potential success of various public health strategies. In
this thesis, we have chosen to focus on the specific case of drug addiction within the broader
context of epidemiology. The reason for this choice will be explored in detail in the following
section, where we will discuss the historical development of epidemiological models and their
relevance to understanding drug addiction. By examining the evolution of these models and their
applications, we aim to highlight the importance of sophisticated mathematical techniques, such

as fractional calculus, in addressing the complexities of drug addiction as an epidemic.
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Fractional Derivatives in Drug Abuse Modeling

Several mathematical models for drugs have been developed and studied as well as many studies
mentioned how drug use spreads as an infectious disease [21, 40, 62, 66, 70]. Different math-
ematical models enable us to better understanding of drug transmission mechanisms and the
presentation of effective countermeasures. See for example [67, 88], as well as a recent article
[3, 30, 87]. A heroin model was presented in [88], along with the basic reproduction number
Z. They concluded that prevention was preferable to treatment. In [60], they used distributed
delays to develop a heroin model. The authors showed that the stability of equilibrium is related
to Zy. The authors in [67], presented a SIRS model taking into account both light and heavy
drugs, and they analysed the global stability using the Lyapunov function method. A large part of
the epidemic models includes classical treatments such as vaccination, isolation, treatment, and
so on, but some models also include public health education. In [65], they examined the impact
of health education initiatives on the spread of HIV/AIDS. They showed that these campaigns
might reduce the epidemic’s spread. The authors in [89], found that educating the public about
the dangers of drinking was one of the most efficient methods for reducing excessive drinking;
they investigated a drinking model with public health educational campaigns and discovered
that these campaigns can reveal drinking dynamics by comparing the basic reproductive number
R for the model with the basic reproductive number 21 in the absence of public health educa-
tional campaigns. Motivated by this work, in [54], they introduced a six-dimensional drug model
of family and public health education for controlling drug transmission. They found that family
and public health education have a considerable impact on the spread of drug transmission.
Recently, the authors in [78] showed that increasing the rate of education may reduce the rate of
spread of drug addicts, resulting in a slower spread of drug addicts who will eventually disappear
from society. Very recently, the authors in [6] used a fractional SIR epidemic model with the
Caputo fractional derivative (as defined in Chapter 1) and an awareness campaign strategy to
demonstrate the role of awareness programmes in presenting disease spread during an outbreak,
epidemic, or pandemic.

In the literature, several epidemiological models have evolved a fractional derivative instead
of a classical derivative. The fractional order derivative is a non-local operator that takes into
account the memory effect (all the history) [76, 80]. [27] has examined integer order model and
the numerical solutions of fractional-order model and found that the fractional order system
model provides more relevant interpretation than integer order model. In fact, there are many
phenomena which are related to memory and affected by heredity cannot be represented by
integer order model [31].

Understanding drug addiction through the lens of epidemiological models offers valuable in-
sights into the dynamics of substance abuse and the effectiveness of intervention strategies. The
integration of fractional calculus into these models provides a more nuanced perspective on how

past drug use influences current behavior and how public health education can shape future
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trends. This approach contributes to a deeper understanding of drug addiction and informs the
development of targeted and effective public health policies.

In conclusion, the intersection of epidemiology, mathematical modeling, and fractional calculus
presents a promising avenue for addressing the challenges posed by drug addiction. By leverag-
ing these tools, researchers and policymakers can develop more effective measures to control and
prevent substance abuse, ultimately contributing to better health outcomes and more resilient
healthcare systems. The fight against drug addiction requires a multifaceted approach, and the
insights gained from mathematical modeling can play a crucial role in shaping effective public
health strategies.

In this Thesis, motivated by previous research we examine the six-dimensional drug model that

incorporates family education and public health education introduced by [54].

Thesis Objectives and Scope

This thesis aims to explore and advance the application of fractional calculus across a range of
dynamic systems, with a particular focus on the interplay between memory effects and particle
dynamics. The primary objective is to provide a comprehensive analysis of how fractional calculus
can enhance our understanding of complex behaviors in various contexts.

The structure of this thesis is organized as follows:

chapter 1: In this chapter, we will present some fundamental tools used throughout this
thesis, including: special functions (namely, the Gamma function, the Beta function, and the
Mittag-Leffler function), the Laplace transform, fractional integrals and derivatives, as well as
foundational theorems and lemmas for fractional differential equations.

Chapter 2: In this chapter, we explore the dynamics of vesicles and red blood cells in shear
flow through the application of fractional calculus. We begin by presenting a fractional ordinary
differential system that investigates vesicle motion and deformation, revealing three distinct
states: the classical Tank Treading (TT), an over-damped tank-treading (OD-TT) mode, and an
under-damped tank-treading (UD-TT) mode. The chapter further bridges the gap between ana-
Iytical and numerical approaches by comparing the insights gained from the Caputo derivative
with those obtained using the Jumarie fractional derivative, enhancing our understanding of
vesicle behavior in complex fluid systems. Finally, we extend the Keller and Skalak (KS) the-
ory by incorporating the modified Riemann-Liouville fractional derivative to investigate the
transition of red blood cells from flipping to stationary motion, highlighting the importance of
memory effects in capturing the intricate dynamics of these particles. Collectively, these studies
underscore the significance of fractional derivatives in advancing mathematical modeling and
our comprehension of fluid dynamics.

Chapter 3: In this chapter, we investigate a fractional rigid sphere model in five dimensions

that utilizes the Caputo operator to map the dynamics of a vesicle. This model provides new in-
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sights into the mechanisms behind the memory effect, revealing the emergence of two additional
motion types in addition to the classical tank-treading mode, where the vesicle rotates about its
axis while maintaining a constant shape.

Chapter 4: In this chapter, we explore the solution of fractional differential equations. This
study presents an innovative exploration of vesicle dynamics using Jumarie’s modified Rie-
mann-Liouville fractional derivative within a five-dimensional fractional rigid sphere model.
We reveal an exact solution through the Mittag-Leffler function, which provides a deeper un-
derstanding of intricate vesicle dynamics. Additionally, a comparative analysis with Caputo’s
derivative emphasizes the effectiveness of these fractional derivatives, contributing not only to
theoretical insights but also to practical implications in applied mathematics and biophysical
systems. The findings advance our understanding of complex vesicle behaviors, particularly in
mimicking real cell-like dynamics, and pave the way for further research and applications in the
field.

Chapter 5: In this chapter, we investigate the captivating dynamics of spherical microswim-
mers in a 1D shear flow, revealing the intricate interplay between memory effects and fluid
mechanics through the lens of fractional calculus. By deriving exact solutions for the orienta-
tion and trajectory of these microswimmers, we uncover a rich tapestry of motion patterns that
challenge traditional models. Our findings not only enhance the theoretical understanding of
microswimmer behavior but also hold significant implications for practical applications in bio-
physics and targeted drug delivery. This research underscores the power of fractional calculus
as a transformative tool in unraveling the complexities of biological systems, paving the way for
innovative approaches in the study of fluid dynamics.

Chapter 6: In this chapter, we examine a critical problem of both theoretical and numer-
ical significance within standard epidemiological models. Our investigation focuses on a drug
transmission model grounded in compartmental dynamic frameworks, paralleling those used in
infectious disease epidemiology. To facilitate a thorough analysis and obtain a comprehensive
range of results, we utilize a fractional time-Caputo derivative in place of the classical time
derivative. Our analytical and numerical results including the existence and uniqueness of so-
lutions, stability analysis of equilibrium points, sensitivity of parameters, trapezoidal rule, and
fractional Euler method demonstrate that the interplay between family education and public
health efforts significantly influences the dynamics of drug transmission.

Overall, this thesis concludes with a comprehensive synthesis of the key contributions made
throughout the research, highlighting their significance in the broader context of scientific inquiry.
Additionally, it presents a discussion of potential avenues for future research, offering suggestions

for extending and building upon the work presented.
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1.1 Background of non-integer calculus

1.1.1 Introduction

Fractional derivatives represent an innovative extension of the classical concept of differentia-
tion, introducing a continuous generalization of the derivative operation to non-integer orders.
The introduction of fractional derivatives has been motivated by the need to accurately model
complex and non-stationary phenomena, including anomalous diffusion, stochastic processes,
and fractal dynamical systems.

Here, we will explore the theoretical aspects of fractional derivatives, their remarkable proper-
ties, and their implications in specific domains of our study.

The ultimate goal is to provide an in-depth understanding of this extension of classical differ-
entiation and to investigate its potential applications for solving complex, and interdisciplinary

problems.

1.1.2 Special Functions

In this part, we present fundamental concepts related to special functions, which find application
in subsequent chapters. Specifically, we provide insights into the Gamma, Beta, and Mittag-
Leffler functions, all pivotal roles in the realms, and the theory of fractional differential equations.
These special functions, enriched by their intricate properties, lay the groundwork for a deeper

understanding of advanced Mathematical concepts.

1.1.2.1 The Gamma-Function

The Gamma Function was introduced by the Swiss mathematician Leonard Euler (1707-1783)
to generalize the factorial for non-integer values. Later, due to its importance, it was studied by

other mathematicians.

Definition 1.1.1. [76] The Gamma function, denoted as I'(z), is one of the fundamental functions
in fractional calculus. It is defined by the following integral

+00
(1.1) I'(2) :f t# le7tdt.
0

Properties 1.1.1.

e An important property of the Gamma function, is the following recurrence relation
(1.2) I'(z+1)=2zI(2),

which can be demonstrated by through integration by parts.

e The Euler Gamma function generalizes the factorial, as

(1.3) I'h+1)=n!.
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1.1.2.2 The Beta-Function

In many cases, it is more convenient to use the Beta function instead of a specific combination of

values of the Gamma function.

Definition 1.1.2. The Beta function, which is a type of Euler integral similar to the Gamma

function is a function defined by

1
(1.4) B(p,q) :f P Y1 -1 dr,
0
such that p >0 and g > 0.

Properties 1.1.2.
e In its integral definition, the change of variable S = 1 — 1 demonstrates that this function is

symetric,

(1.5) B(p,q) = P(q,p).

o It is sufficient to perform integration by parts to prove that
(1.6) pBp,qg+1)=qp(p+1,9).

1.1.2.3 The relationship between the Gamma function and the Beta function

The Beta function is connected to the Gamma function by the following equation

_IT@I(g)

1.7 = .
(1.7 hp,q) I'(p+q)

Remark 1.1.1. If p and q are integers, we obtain

(p—Dlg - 1)!
1.8 =
a9 b0 == -y

1.1.2.4 The Mittag-Leffler Function

The Mittag-Leffler function, is a special function that generalizes the exponential function. It

was introduced by the swedish mathematician Gosta Mittag-Leffler in 1903.

Definition 1.1.3. [76] The function is defined as an infinite series as follows

+00 Zk
(1.9) Ea(Z):k;)m,

where z is the variable, a is the parameter, and I represents the Gamma function.
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In order to express some solutions obtained in this thesis, we need to introduce the following

generalized trigonometry functions defined by the Mittag-Leffler function
E (itY)+E4(—it%)

cosy (t) = 5 ,
(110) Slna(t): E(X(lt )_Ea(_lt ),
21
tang (£) = sina ()
cosq (1)

The Mittag-Leffler function has various applications in different branches of mathematics,
physics, and engineering. It is particularly useful in fractional calculus, a field that extends

the concepts of differentiation and integration to non-integer orders.

Definition 1.1.4. [76] The two-parameter Mittag-Leffler function plays a very important role
in the theory of fractional calculus. This function was introduced by Agrawal and Endelyi in

1953-1954 and is defined by a series expansion as follows

+00 k

V4
1.11 E = -
(1.11) ww@= Y feaes,

from formula (1.11), it follows that,

(1.12) Eal,ag(z): ZE(lLle(Z)’

—+
I'(ag)
1.1.3 Elements on Laplace Transform

Operational calculus is a tool often used for solving engineering problems. It proves powerful
and indispensable, especially in the study of fractional systems. Therefore, in this paragraph, we
will review some basic elements of Laplace transform in the integer case before extending it to

the fractional case.

Definition 1.1.5. [17] Let f : R, — R. If the integral f0+°°e_3t f(#)dt exists, then it is called the

Laplace transform of the function f, denoted as

+o00o
(1.13) F(s)= LU @) s} = LIfI(s) = fo e F(D)dt.
The function f(t) is called the original function.

Definition 1.1.6. [17] The original function f(t) can be reconstructed from the Laplace transform

F(s) using the inverse Laplace transform

c+ioco

(1.14) Ft)=L YHF(s): 8} = i ‘ eS'F(s)ds, c=Re(s).
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» Essential Laplace Transforms: A Quick Summary

Y(s)=L{y@®)} | yt) =L HY (s}

1 -1
s@ F%a)
1 2
—at
(s +a)® T@)°
- t* 1 E g alat®)
S SEG/
a
—s(s“—a) E (-at%)
a
m 1 —Ea(_ata)
1
5% —a) t*E1,q+1(at)
a=p
—— tP-1E , p(at®)

Definition 1.1.7. [76] When the product f(x—t)g(t) is integrable over R, the convolution of f and
g is defined as

+00
(1.15) (f % g)(x) := f Flx—1)g()dL.

Properties 1.1.3.

e The Laplace Transform of an n-th order derivative of the function f is given by

n—1
(1.16) LU WNs) =s"F(s)- Y. s" F1FR)(0).
k=0

This can be obtained from Definition 1.1.5 by integration by parts under the assumption that the
corresponding integrals exist.
o If the Laplace transforms of [ and g exist, then the Laplace transform of the convolution product

satisfies

1.17) LAf * g}(s) = L{fHs)ZL{g}(s).

1.1.4 Fractional Integrals and Derivatives

In this part, we mention some definitions and results of fractional calculus. Fractional calcu-
lus was initially explored by great mathematicians such as Fourier, Euler, and Laplace, each
with their own notation and methodology for defining non-integer order derivatives or integrals.
However, the most well-known definitions today are those of Riemann-Liouville, Caputo, and
Jumarie.
A few years earlier, S.F. Lacroix succeeded in introducing the non-integer order derivative for
the function f(x) = xP. The idea is as follows: We know that the n!”* derivative of the function
f(x)=x", where n,m € N and n < m, is given by:

D™ = m! x™",
“ (m—-n)!
XETS e <
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By using the Gamma function (see Section 1.1), we can generalize the result for n € R,.. So Lacroix
defined the non-integer order derivative as

FB+1) 40

Do%F = ——
YT TG oar

where a < f+1and > —1.

Examples 1.1.1.
L OT@ 1«2

X

[ ] 7x 5 :2 —_

r@’ v V=
3

Dig? o F(3)xg:2 X2 :8_x x
r(3) qgvm 3V

eD%1 = ') x %= i .
T(1-a) T(1-a)
ra

pli= M. * . poot
RONEEI®)

Dir= 1

o 2] = .
VITX

1.1.4.1 Riemann-Liouville Fractional Integral

Let f be a continuous function on the interval [a,b]. A primitive of f is given by the expression:

1D ()= f " Fdt

For a second primitive, we have:

x t
1‘2>f(x)=f dt[ fwdu

By using Fubini’s theorem, we can write:

IPf(x) = f x(x —tf (t)dt

a

More generally, the nt” iterate of the operator I can be written as:

(1.18) 1™ () = f " dy f Y dxg... f xn_lf(xn)dxn— f (- f()dt,

-1)!
for any integer n [76].

This formula is called the Cauchy formula, and since the generalization of factorial by the Gamma
function: (n — 1)! = I'(n), Riemann realized that the second term of (2.3) could have meaning even
when n takes a non-integer value. So it was natural to define the fractional integration operator

as follows

Definition 1.1.8. [76] Let f € C([a,b]), @ € R,. The Riemann-Liouville integral of f is defined by
the following formula

(1.19) (I¢F) @) = — @ f (-1 f(2)dr.
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Remark 1.1.2. The formula (1.19) is a generalization of the n* primitive with a non-integer

order of primitive a.

Remark 1.1.3. The fractional Riemann-Liouville integral can notably be written as a convolution

product of the power function hy(t) = % and f(t) as follows

t
(1.20) If(t) = f ha(t =D (1)dT = (ha % ).

Properties 1.1.4. The Laplace Transform of the Riemann-Liouville fractional integral for a =0

of a function f is formulated as follows

(1.21) L(IEF)(s) =5~ L(f)s).

1.1.4.2 Riemann-Liouville Fractional Derivatives

Definition 1.1.9. [76] The Riemann-Liouville fractional derivative of order a of the function f is

given by
dn
(1.22) ALDIf(t) = prm (I27(F@)).
In other words
(1.23) ZLDYF(t) = 4 [#ft(t— el r(n)d
: =T Ta—a ), 7 Daerys

where, % is an integer order derivative n = [a]+ 1.

Properties 1.1.5. If f € L'[a,b] where b > 0, the Laplace transform of the Riemann-Liouville

fractional derivative of f is given by

n—1
(1.24) 2(*Dif) ) =s" L)) - ¥ s [*LDgH o),
k=0 -

wheren—1<a<n.

1.1.4.3 Caputo Fractional Derivatives

In the realm of fractional calculus and its applications in both theoretical and applied mathemat-
ics, the Caputo derivative has emerged as a pivotal concept. Much like the Riemann-Liouville
definition, the Caputo derivative plays a crucial role in extending classical calculus to non-integer
orders. Its significance lies in its ability to capture and represent fractional-order dynamics in
various mathematical models, making it an indispensable tool in the study of complex phenom-
ena. However, as with any mathematical framework, its applications and implications evolve,
prompting ongoing exploration and refinement, particularly in areas such as physics, engineering,
and other scientific disciplines where the Caputo derivative proves instrumental in enhancing

our understanding of intricate physical systems.
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Definition 1.1.10. /46, 76] The fractional derivative in the Caputo sense of a given function f(t)
on the interval [a,b] is defined by the following relation:

Cna _ n—aﬁ _ 1 /t _o\r—a—1r(n)
(1.25) D,ft)=1, dt”f(t)_—l"(n—a) a(t s) f(s)ds.

with neNet n =[al+1, where [a] is the integer part of a.

Properties 1.1.6. Suppose that F(s) is the Laplace transform of f(t). Then, the Laplace transform

of the Caputo fractional derivative operator of order a, where n—1 < a <n, is given by
n-1

(1.26) 5e{cpgf}w):saﬁwg-}:s“—k4f%koy
k=0

Remark 1.1.4. Let a >0 with n—1< a <n where n € N*. Suppose that [ is a function such that
both CDZ‘ f(t) and %< D f(t) exist. Then, the relation between the Riemann-Liouville fractional
derivative CDgf(t) and the Caputo fractional derivative DS f(t) is given by

n-1 (t _ a)k—a

’DIfBO="*Dift)- ).

(k)
LTG-arn @

oeThe main advantage of the Caputo approach is that the initial conditions of fractional differen-
tial equations with Caputo derivatives take the same form as those for integer-order differential
equations.

e Graphically, it can be said that the path followed to arrive at the Caputo fractional derivative
is also the reverse when following the other approach (Riemann-Liouville). That is, to find the
fractional derivative of order a where n — 1 < a < n through the Riemann-Liouville approach, one
starts by first fractionally integrating of order (n —a) for the function f(x), and then differentiat-
ing the obtained result to the integer order n. However, to find the fractional derivative of order a
where n—1 < a <n through the Caputo approach, one begins by taking the integer-order derivative

n of the function f(x) and then fractionally integrates of order (n —a).

1.1.4.4 Modified Riemann-Liouville Fractional Derivatives

In the realm of fractional calculus, Jumarie’s modified Riemann-Liouville fractional derivative
has also gained significant importance. Similar to the Caputo derivative, Jumarie’s derivative
extends the classical calculus to non-integer orders, providing a powerful tool for describing
fractional-order dynamics in various mathematical models.

Just like the Caputo, Jumarie’s modified Riemann-Liouville fractional derivative finds applica-
tions in diverse fields such as physics, engineering, and other scientific disciplines. Its versatility
and effectiveness make it an indispensable tool for understanding and modeling complex phe-

nomena.
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Definition 1.1.11. [44, 45] Let f and g be continuous and differentiable functions, Jumarie

derivative of order « of the function g is expressed as

IDIgt) = i % [t -1 g(r) - g(0)dT, 0<a<l,
(1.27)

(n)

ZDeg(t) = (g'*™) n<a<n+l, n>1.

As a result, the following properties hold

Properties 1.1.7.

I'lag+1
(1.28) S DI = ﬁt“rm,@ >0,azz a1, ZD{C=0,

(1.29) IDIfW)g®)]=gt)” DEf(t)+ () Dig(t)

(1.30)  “DIflg®)]= (j—gf[g(t)])fD?g(t) =/D*flg(®)] (%g(t)) ,

with C is constant and % is the ordinary derivative with respect to the variable t.

This derivative provides a robust framework for accurately capturing the intricate dynam-
ics of systems displaying fractional-order behaviour by addressing challenges such as defining
derivatives of constants and handling the product or composition of two functions. This new
tool has many interesting properties when compared with other definitions and has proven in-
strumental in computing exact solutions for some fractional equations [44]. However, the quest
for exact solutions of fractional differential equations remains challenging, requiring significant
effort and further research to advance in this field. While several questions have been raised in
the literature, it has been noted that there are counterexamples to Jumarie’s basic formulae for
non-differentiable functions [57, 58]. However, in other works, the use of the Jumarie derivative
for differentiable functions has yielded pertinent results [33, 81]. Since our study specifically
focuses on differentiable functions, the concerns raised regarding non-differentiable functions do
not apply to our investigation. This further motivated our decision to employ the basic properties

of the modified Riemann-Liouville derivative for determining an exact analytical solution.

1.2 Foundational Theorems and Lemmas for Fractional

Differential Equations

In this section, we present several fundamental results that underpin our study of fractional
differential equations and their applications in various contexts, including epidemiology. These

results, based on existing literature, will serve as a foundation for the subsequent analysis and
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discussion.

Let f :R” — R"” where n = 1, consider the following fractional order system

DEX(t) =X @),

(1.31) {
X(0) = X,

with CD? is the Caputo fractional derivative, 0 < @ < 1, and X € R™.
To verify the positivity of the fractional model solutions (1.31), we will first recall some of the

prerequisites for this suggested study.

Lemma 1.2.1. [74]
Suppose that f(t) € Cla,bl and CDf‘f(t) € C(a,b], for 0<a <1, where CD;" represents the Caputo
derivative, then we have

— 1 Cpa a
(132) F0=f@)+ 5o (“DEF) @~ a),

with a<{<t,Vte(a,bl

Lemma 1.2.2. [74]

Suppose that f(t) € Cla,b] and CD?f(t) € C(a,b], for 0 < a < 1. The following requirements are
then verified:

If Cfo(t) =0,VYt€(a,b) then f(t) is non-decreasing Vt € [a,b].

If CD{?‘f(t) <0,Vte(a,b), then f(t) is non-increasing Vt € [a,b].

Lemma 1.2.3. [56]

Assume that f fulfills the following criteria:

(i) f(t) and % are continuous for all t € R™.

@) | fOI <1+ |vEll VteR?, where T and v are two positive constants.

Then, the initial value problem (1.31) has a unique solution on [0, +00).

The following theorems ensure the existence and the uniqueness of the solution to the initial

value problem (1.31), provided that the function f satisfies the Lipschitz condition.

Theorem 1.2.1. (Existence[28)]).

Assume that G :=[0,T1] x xf)o) —e,xg)) +€] with some T > 0 and some € > 0, and let the function
f : G — R be continuous. In addition, let h := min{T,—» (el'(a + 1)/||f||oo)é}. Then, there exists a
function x :[0,h] — R solving the initial value problem (1.31).

Theorem 1.2.2. (Uniqueness[28]).

Assume that G :=[0,T] x xgo)—e,xgo)+e] with some T > 0 and some € > 0. Moreover, let the
function f :G — R be bounded on G and satisfy a Lipschitz condition with respect to the second
variable i.e |f(t,x)— f(t,y)|< Al|x — y|, with some constant A > 0 independent of t,x and y. Then,

denoting h as in theorem 2.1, there exists at most one function x :[0,h] — R solving (1.31).
KBTI e <
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Furthermore, this theorem now provides criteria for stability and asymptotic stability of
the equilibrium points of the system (1.31), which is essential for understanding the long-term

behavior of the solutions.

Theorem 1.2.3. /63, 91].
o The equilibrium of the system (1.31) is stable if and only if all eigenvalues /~1j, Jj=1,...,nof the

Jacobian matrix calculated at the equilibrium point fulfill the requirement |arg(1;)|= S5 V.

J
o The equilibrium of the system (1.31) is asymptotically stable if and only if |arg (/1]) |> &F, V.
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2.1 Introduction

From a biological viewpoint [32], at the molecular level, red blood cell dynamics, specifically
their deformation and orientation, affect blood fluidity and mass transport. Which motivates
us to further analyse the behaviour of the vesicle as a simplified model of the red blood cell.
In this chapter, we delve into the intricate dynamics of vesicles, red blood cells, and ellipsoidal
particles in shear flows, using the advanced mathematical tools of fractional calculus, as intro-
duced in Chapter 1, to gain deeper insights into their motion and deformation. The application
of fractional derivatives, specifically the Jumarie and Caputo formulations, enables us to model
and investigate the complex, memory-driven behaviors of these entities in ways that classical
methods cannot fully capture. By providing both exact analytical and numerical solutions and
through a detailed comparative analysis of the Jumarie and Caputo derivatives, we uncover new,
previously unobserved phenomena.

The integration of fractional calculus into our modeling framework reveals subtle transi-
tions between various dynamic states, such as classical behaviors like tank-treading, vacillating
breathing, and tumbling, alongside new motions driven by fractional order effects. These transi-
tions are strongly influenced by memory effects and non-local interactions, which are uniquely
captured by fractional derivatives, highlighting their significance in fluid-structure interactions.
Moreover, we expand upon the theoretical work of Keller and Skalak [48], who predicted an
increase in the period of flipping and eventual alignment with the flow, resulting in a stationary
orientation. Despite these predictions, the finer details of this transition remain elusive and
largely unexplored. By incorporating fractional derivatives into their framework, we aim to shed
light on this process, examining how memory effects influence the flipping period and the red
blood cell’s alignment with the flow a phenomenon yet to be fully understood.

Overall, this chapter advances our understanding of vesicles, red blood cells, and ellipsoidal
particles under shear flow, bridging the gap between classical fluid dynamics and modern frac-
tional calculus approaches. The insights gained not only enhance our comprehension of fluid-
structure interactions but also open new avenues for future research and practical applications
in biophysics, biomedical engineering, and the study of complex fluid systems. Te chapter is or-
ganized as follows: Section 2.2 presents analytical solutions for vesicle motion and deformation,
highlighting the discovery of new tank-treading modes in shear flow. Section 2.3 investigates
how the Caputo fractional derivative impacts vesicle dynamics, providing deeper insights into
the time-dependent behavior of vesicles. Section 2.4 offers a comparison between the Caputo
and Modified Riemann—Liouville fractional derivatives, analyzing their effects on vesicle motion.
Section 2.5 focuses on the motion of an ellipsoidal particle in shear flow, examining how memory
effects influence its orientation and trajectory through exact solutions. The chapter concludes
by summarizing key findings and their implications for future research in fractional vesicle and

particle dynamics. The results of this chapter are based on the papers [11, 13, 14].

KBTS oo =
# Page 31




Chapter 2 - Fractional Dynamics and Memory Effects: Insights into Vesicle and Ellipsoidal
Particle Behavior in Shear Flow

AN ETIRBIG Ao
2.2 Analytical solutions and classification of vesicle motion and

deformation in shear flow: Uncovering new tank-treading

modes

In this section, we examine the dynamics of vesicles in shear flow using Jumarie’s fractional
derivative to capture memory effects. The study focuses on the classical regimes of vesicle motion,
such as tank-treading, tumbling, and vacillating-breathing, while incorporating this fractional
derivative to extend traditional models. By leveraging the properties of Jumarie’s derivative,
as described in Chapter 1, we were able to find exact solutions something not achievable with
other types of fractional derivatives. We will present the exact analytical solutions for vesicle
shape deformation and orientation, highlighting how the fractional derivative influences these
regimes. Important factors, such as the evolution of vesicle shape and the memory effect on

vesicle behavior, will be thoroughly analyzed.

2.2.1 The vesicle model formulation and Fractional vesicle model

As indicated in the introduction, the evolution dynamics in linear shear flow are determined by
the three amplitudes Fa.9 and Fyy. The evolution of the amplitude Fao gives the evolution in
time of the vesicle shape deformation in the shear plane. Foo mode describes the deformation
out of the shear plane.

The implementation of (9), clarifies the role of the amplitude Fog, where w(¢) represents the
vesicle’s orientation angle and £ is the vesicle’s amplitude of deformation, then we get the

following system
2

R
D% =h [1 ~ 4= | sin2y),

(2.1)

1 h
Dy = 5t cos(2y),

In the classical case (i.e, when a = 1), it is demonstrated in [64], that the above system qualita-
tively describes the three classical regimes (T'T,TB and VB).

The system (2.1) seems difficult at first sight. Therefore, the basic principle for finding exact
analytical solutions is to introduce new coordinates in which the system (2.1) simplifies. The
authors of [37] discover that the real and imaginary parts of Foo = ¢ —i{ can be used to describe
vesicle motion alternatively to ¥ and %, where ¢ and { are related to the orientation angle ¥ and

the shape deviation £ by the following relations obtained using (9)
(2.2) §(t) = R(t)cos2y(t)], ((t) = R(t)sin[2y(2)].

Consequently, the shape deformation &% and the orientation angle y are defined with respect to

the coordinates (¢,({) as follows

(2.3) R(t)=1\/E2+(2, w(t)=%tan‘1(g),
KBV =
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where tan~! is the inverse Tangent function.

We obtain the fractional vesicle model by applying the modified Riemann-Liouville fractional

derivative to equation (2.3) and employing system (2.1). The resulting model is described as

follows

pge=¢[1- L),

(2.4) A
IDit=h-¢- 0%,

where # DY, denotes the modified Riemann-Liouville fractional operator of order 0 < @ < 1. The
classical vesicle system have been analytically [37] and numerically [64] studied.
Clearly, from (9) and by considering Fo.1 = 0 for simplicity the constraint area (6) is formulated

as,
(2.5) AR% +2F2, = A,

where A is the excess area relative to a sphere.
Moreover, we can determine the dynamics of Fgp using the evolution equation (8), and applying

the Jumarie fractional derivative we get
—4h
(2.6) ZD{Fa0(t) = — Fa.

Using the system (2.4), when a = 1, the authors in [37] were able to describe the different motions
of vesicles in the shear plane. In addition, they examined the TB and VB modes, as well as the
transition between them, which are affected by the initial conditions as functions of a control
parameter that may be designated as a TB-VB parameter.

The main objective of this research is to first employ the modified Riemann-Liouville fractional
derivative [44], which was described above, in order to illustrate the shape of the vesicle and
explore its deformation in a thoughtful way. It is well known that fractional calculus shines when
dealing with non-integer order differential equations, which permits a more precise representa-

tion of reality to be obtained.

2.2.2 Stability analysis

As in the theory of integer order differential systems, the study on stability of equilibrium states
of fractional differential systems is a central work. In the literature, some stability theorems has
been investigated and developed for a rang of non-integer order systems [77]. In this section we

discuss the equilibrium’s local asymptotic stability of system (2.4) with the help of a fractional

process.
A
System (2.4) has three real equilibrium, ({1,{1) = (h,0) and (¢9,{2) = 7 iE\/w -1]if w>1,
4h?
with w = T
P TeL W =
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Remark 2.2.1. When w =1, the equilibrium points coincide (¢,{) = (h,0).

The Jacobian matrix associated to system (2.4) is given by

4h 4h
o 1= =
A ¢ A d
2.7 J (¢, 0)=
8h
-1 -
A ¢
For (¢1,¢1) = (h,0) we obtain,
0 l-w
(2.8) J1(¢1,¢1) = ;
-1 0
this implies,
(2.9) PA)=1+1-o,
subsequently, we have
1. o>1
(2.10) P(A)=0gives A+ =+Vw -1,

one can see |arg(1.)| =0< %,for all @ >0 and |arg(A1-)| =7 > % forO<a<1.

2. w<1
(2.11) P(1)=0gives 1, =+iVl-w,
in this case we have |arg(1:)|= g > % and |arg(1-)| = 377[ > % forO<a<1.

Using theorem 1.2.3 we deduce that the equilibrium state (4,0) is unstable for w > 1 and asymp-
totically stable for w < 1.

It is worth noting that; in the classical system, when w < 1 the eigenvalues are purely imagi-
nary, no conclusion can be drawn about the stability of (2,0). However, the fractional approach

removed the doubt about this case and we have deduced the asymptotic stability.

A
For (§2,02) = wEmves 1’| we have,

(2.12) J2(§2,02) = ,

which result in

~ ~ A A
A1 =vw-1 and Ay =2vw—1 with respect to E’_va_l , then

KBTS oo =
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larg(1;)| =0,/ ={1,2}.
A1 =-vVw-1 and 13 = -2vw —1 with respect to (E E\/T) then
larg(A;)| =m,j ={1,2}.

We conclude from theorem (1.2.3) that (

A A
w —E\/w —1 ] is unstable.

e 4h\/ - ) is asymptotically stable but

2.2.3 Exact solutions and vesicle dynamics

This part’s objective is to find all physical solutions so that the constraint area (2.5) holds.

For that, we introduce the function ¢, which verifies
(2.13) E=Cp+h.

Finding explicit formulas for ¢ allows one to solve system (2.4) and perform an analytical analysis
of the previously described various regimes.

Using system (2.4), we get the following fractional Riccati equation
(2.14) DY =¢?+1-w,

with 7 DY, denotes the the modified Riemann-Liouville fractional operator of order 0 < @ <1, and

4h2
w=—

Five solutions to equation (2.14) were first proposed by Zang and al. in [92] witch depend on the

sign of 1—w, the following expressions on the solution are specially interesting to our investigation

E (AtY)+ K1 E o (—AtY)
Eo(At%)— K1E o(—At?)’

(2.15) pt)=—-A

forw>1(G.e.,, h>h.),and for w <1 (G.e.,h <h.)with h, = ‘/TE,
(2.16) o) = Atanq(As +K}),

where K1 and K ’1 are constants that depend on initial conditions , and A = /|1 —w]|.
We now have explicit expressions for ¢, which we can use to solve system (2.4), to compare and
contrast the several regimes mentioned.

From (2.13) and system (2.4), we get the following fractional equation that can be solved exactly
4h
(2.17) DI = —wc—K(?

Next, by employing (2.17) and the properties of the Jumarie derivative, we will unveil the an-
alytical solutions for ¢ and { to investigate the exact expressions of R and w. We will further
illustrate their behavior using the MATLAB software.

KBTS oo =
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2.2.4 Tank-treading mode (h > h.)

In [37], the authors have presented exact solutions to the classical model (2.1). Now, the goal
of our research is to find exact analytical solutions for the fractional model (2.4), which is an
extension of system (2.1).
In this case, the expression of { using (2.17), (2.15) and the properties mentioned in section 1, as
well as calculating techniques for solving fractional equations, is found to be

Eo(At%) - K1E o (- At%)
Ko +E o(At*) + K1E o (- At®)’

(2.18) ()= Aho™t

this leads to the expression of ¢ in the following form by combining (2.13) and (2.15)

K,
Ko+ E (At + K1E ,(—At®)’

(2.19) &) =ho ' +ho

From (2.6) and (2.18) we can determine the expression of Fyg

K3
Ko+ E(At®) + K1E ((—At®)’

(2.20) Foo(t) =

where the constants K9 and K3 depend on initial conditions.

Consequently, the inclination angle and the shape deformation in this case employing (2.3) are
defined by

1 E o(AtY) = K1E o (- At%)
2.21 t)= = arctan|A
(2.21) w(t) 5 arctan oKy + E (A + KiE (A’
and
AZ(E o(AtY) — K1E (= AtY))? + (wKs + E (AtY) + K1 E o (= A£9))?
(2.22) #2(0) = - 2p2 N Bt KB o At + (0K + Eo(At) + K1 Ea(-A19)"

(K3 + E o(At®) + K1 E o(— At%))?
Figure 2.1 depicts the dynamics of ¢, { and Fy that tend toward a stable point. We also notice

A
that as ¢ approaches infinity, Z tends to > and the orientation angle, v, tends monotonically
to

(2.23) W(oo) = %tan_l(A),

which means that the orientation angle is always less than 7/4. Figure 2.2 shows an instance of
shape deviation and orientation angle for various values of a to support the theoretical results.
Furthermore, the solutions reveal that the v orientation angle of the vesicle remains constant

for different values of @. This means that the vesicle in this case predicts a pure TT mode.

2.2.5 The damped oscillatory modes (h < h.)

Now, we will concentrate on time-dependent solutions (which exist when w < 1 ). Misbah [64]

provided numerical solutions to system (2.1), indicating that the VB mode coexists with the TB

KBTS oo =
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((c)) The time evolution of Fgg for Jumarie oper-
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Figure 2.1: The representation of the solutions of the fractional model obtained for the compo-
nents {,¢ and Fgq for four arbitrary values of fractional order. Parameters are : A=4and h=2.

mode, and the mode selection is dependent on initial conditions, as described previously. The
authors of [37] used this information to identify the specific initial conditions and parameters
that correspond to the TB or VB regime.

As before, we only need to solve the fractional differential equation below
4
(2.24) /D = —wc—thz-

Using the exact expression (2.16) of ¢ and several features of the Mittag-Leffler function as well
as the Jumarie fractional derivative’s properties, we have found that coordinates {, £, and Foq

are determined by
cosa(Aét+K'1)
K, + sina(A%t +K£),
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# Page 37

(2.25) ()= Aho™!




Chapter 2 - Fractional Dynamics and Memory Effects: Insights into Vesicle and Ellipsoidal
Particle Behavior in Shear Flow

AN ETIRBIG Voo

=09 a=0.9
:=07 1 0.95 [} a=0.7 |

a=0.5

02 J 0.9

0.175 - 0.65
0.17 1 b 0.6

L L L L L L L L L L L L L L
5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
t t

((a)) Dynamics of the orientation angle. ((b)) The amplitude Z.

Figure 2.2: The behaviour of the orientation angle 1 and the amplitude £ for four arbitrary
values of fractional order. Parameters are : A=4and h=2.

_, T4sing(Aet+K))

(2.26) &) = ho - ,
Ké +sing(Aat +K’1)
and, from (2.6) and (2.25) we get
KI
(2.27) Foo(t) = i .
Ké +sing(Aat +K’1)

The expression of the constant K, is given by
i ()
VO +[E0) -
it results from (6) that IKéI >vVo T , and subsequently IKél > 1 since w < 1. Therefore the above

solutions exist for all times.

(2.28) K,=+

Figure 2.3 illustrates a cosine form that varies depending on the order of the fractional
derivative a, which is shown by Equations (2.25) and (2.26). The amplitude is seen to decrease
as a decreases. Let us examine this more thoroughly to explain how the order of fractional
derivative affects the dynamics of a deformable particle.

Using equation (2.3), we get that the shape deformation is represented by
{Az cos? (Aét+K’l) + [F+ sing (A}xt+K’l)]2}
(2.29) Z*(t) = hPw ™2

J

[Ké +8sing (A%t+K’1)]2

and the angle of inclination by

cosa(AétJrK’l)
[+sing (Ase+K}) |

KBTS oo <
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Figure 2.3: The representation of the solutions of the fractional model obtained for the classical
components (,¢ and Fyq for four arbitrary values of fractional order. Parameters are : A=4 and
h=038.

where, I' = wKj,.
The expression of ¥ shows that the vesicle can describe a Vacillating-Breathing motion and

no Tumbling motion can pointed out. Indeed, we have

(2.31) eyt

» Vi,
4

7
therefore, the expression of ¥ can be sophisticated once see that y + 3 is also a solution.
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Thus, for a valid mathematical and physical argument, we can express v as follows

1 cosa(A% t+Ki) .
sarctan | A\————F— |, if &¢>0,
F+sina(AEt+K’1)
1 o
(2.32) wt)={ —Z+larctan A“’S“(A—“f”{l) ,if £<0,0<0,
22 T+sing (A t+Kj
1 cosa[A%HK’l) .
+%+§arctan A———L], if E<0,(>0.
T+sing (A@ ¢+Kj

As of system (2.32), we can have more than one trajectory. In [37] the authors has shown that
the evolution of v is affected by the value of T'.
We get oscillatory solutions for the classical case (i.e, @ = 1). In this case, it is known that the
system (2.4) provides a description of the two regimes, TB and VB. Furthermore, the TB and
VB regimes do not distinguish from the equations (2.25) and (2.26). The parameter I' has a
significant impact on both the inclination angle and the shape deviation, which allows us to
differentiate between the two regimes. It was explored as a control parameter for the VB and
TB regimes in [37], where it was discovered that if I < 1, the inclination angle 1 would oscillate
between ig, which is indicative of a TB mode. If I' > 1, the inclination angle predicts a periodic
VB regime, and the transition between TB and VB modes occurs when I' = 1.
Therefore, we have framed the following question: while utilizing a variety of values for a, does
the control parameter TB-VB still impact the behavior of the vesicle? In order to provide an
answer to this question, we have plotted in figures 2.4 and 2.5 the time evolution of the angle
between the main axis and the direction of the shear plane, as well as, the shape deviation for
each value of @ and different values of I'.
To investigate the effect of I' on mode selection, we fixed w and plotted in Figure 2.4 an example
of the time evolution of the inclination angle ¥ for the same parameters 2 and A with three
different values of I' for each a. Herein we have considered four arbitrary values of fractional
order.
Figure 2.4(a) depicts that for the classical derivative (that is, a = 1), we have a TB mode in which
the orientation angle jumps discontinuously from —7n/2 to 7/2 for I' < 1. However, for I' > 1, the
evolution is continuous and this represents a VB mode. Consequently, the parameter I', which
depends on the initial shape, may be defined here as the TB or VB parameter, as was previously
highlighted in [37]. Consequently, when a = 1, the fractional and classical results are identical.
We now turn to the crux of this chapter, when 0 < @ < 1. The graphical representation above
shows that we have oscillations with decreasing amplitudes regardless of the value of I', which
means that as a decreases, the initial conditions (the I' parameter) has entirely lost its influence
on types of movements selected.
In fact, it is obvious from the definition of the modified Riemann-Liouville derivative given in
section 1 that the values of the fractional derivative in ¢ are affected by the historical values of
v (at each time before #). As a result, the fractional derivative takes into account not only the

initial shape but also the entirety of the instant 7 between 0 and ¢, during which it is expected

KBTS oo =
# Page 40




Chapter 2 - Fractional Dynamics and Memory Effects: Insights into Vesicle and Ellipsoidal
Particle Behavior in Shear Flow

AN ETIRBIG Ao

0.5

L r=2 2
04 r=1.05 K 0.08 r=1.05 |-

0.3

0.2

N N N S N \ /\
TN N N N E /N A —

| VA

02

03

04l ] 0.06 |

05 L L L L L L L 20,08 L L L L L L L
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40

t t

((a)) Dynamics of the orientation angle v when ((b)) Dynamics of the orientation angle v when
a=1. a=0.9.

0.1 T T T . . T T 01

r=0.9
r=2 0.09
Ir'=1.05

L L L L L _ il L L L
0 5 10 15 20 25 30 35 40 15 20 25 30 35 40

((c)) Dynamics of the orientation angle ¥ when ((d)) Dynamics of the orientation angle ¢ when
a=0.17. a=0.5.

Figure 2.4: The behaviour of the orientation angle v for four arbitrary values of fractional order.
Parameters are: A=4and h=0.8 withI'=0.9, ' =2 and I' = 1.05.

that some degree of memory would be preserved. In Figure 2.5, we show how the amplitude %
behaves for three different values of I" for each of the four different values of a. We observe that
in figure 2.5(a), when a = 1, the regime is accompanied by an oscillation of Z.

Furthermore, the figure 2.5 reveals that % remains constant over time and tends to A~ when
0 < a < 1, implying that 2 never reaches its maximum value v'A/2, involves that Fao(¢) # 0 at all

times due to the area conservation constraint. In fact,

(2.33) Foo(t) = 1\12—2%2(15).

It is evident that Foy(¢) = 0 only if F90(0) = 0, which indicates the suppression of deformation in
the vorticity’s direction, according to equation (2.27). In this case, (2.33) implies that £ is equal
to its maximum value v/A/2, which reflects the shape preservation behavior, that Keller and

Skalak (KS) used in their theory, in which the vesicle is assumed to have a fixed shape (rigid
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Figure 2.5: The dynamic of the amplitude £ for four arbitrary values of fractional order. Param-
etersare :A=4and h=0.8withI'=0.9, ' =2 and I' = 1.05.

particles) and in this case the TT and TB regimes and their transition are described in [48].
However, in this case, it is clear that when 0 < a < 1, the influence of I is removed due to the
stability of the equilibrium point, which was not the case in the classical derivative system (2.4),
where nothing can be deduced, and these results can be considered one of the most essential
results of this investigation. Therefore, for a given value of A, the regimes will depend on the
parameter A, moreover our TB regime solution corresponds with the KS one only when & = vA/2
(i.e, if w = 1, shape-preservation regime). This indicates that when w < 1, the deformation along
the vorticity direction will always occur.

As aresult of using the fractional Jumarie derivative, the vesicle exhibits small oscillations rather
than the pure TT, TB, or VB motion. Figure 2.4(d) and figure 2.4(c) indicate that as a increases,
we tend more slowly toward equilibrium, in other meaning the orientation angle y aligns along
the flow, by executing non-asymmetric oscillations, which decreases over time and tends towards
the attractive angle (1// = 0), this motion can be represented by TT with over-damped (OD-TT)
vesicle oscillations. Moreover, figure 2.4(b) and figure 2.4(a) demonstrate that when a approaches
KBTS oo =
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1, there are oscillations about the equilibrium state with increasing amplitudes, giving birth to
the VB and TB modes. These can be identified as under-damped TT oscillations (UD-TT). This
means that the TT regime is on the verge of losing stability to the VB and TB modes with respect

to the parameter I'.

2.3 Dynamic Insights on the Caputo Derivative’s Impact in

Unraveling Vesicle Behavior

Now, we turn our attention to the Caputo fractional derivative. This section will focus on how
the Caputo derivative enhances our modeling of vesicle behavior in shear flow by incorporating
a different perspective on memory effects. We will discuss the formulation of the vesicle model
using the Caputo derivative, and how this approach offers a refined understanding of vesicle

dynamics, including deformation and orientation under various conditions.

2.3.1 Formulation of the Vesicle Model and the Caputo Fractional Vesicle
Model

We incorporate the memory effect into the system of 2 and y by substituting the classical
derivative in (10) with the Caputo operator, as discussed in Section 1, to derive a generalized

model. The resulting system of Caputo-fractional differential equations is then defined as follows

%2
°Di¢g=h 1-4- |sin2y),

(2.34)

1 A
CD?,U/ = —5 + E COS(2W),

where CD;‘ represents the Caputo fractional derivative of order a. In the classical case (i.e.,
when «a = 1), it is demonstrated in [64] that this system qualitatively describes the three classical
regimes: tank-treading (T'T), tumbling (TB), and vacillating-breathing (VB).

To derive the fractional vesicle model, we substitute the classical derivative with the Caputo
operator in the system governing &, {, and Fyo, analogous to the use of the Jumarie derivative in

2.2.1. The resulting model is described as follows
4h
Cna
D¥¢=¢(1-—
¢ 6 (( A 5),
(2.35) Cchzh—ﬁ—%(z,
4h
CD¢Fa = — 5 F2o,

where CD;’ represents the Caputo fractional operator of order 0 < a < 1. The classical vesicle

system has been studied both analytically [37] and numerically [64].
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2.3.2 Analysis of Existence and Uniqueness of Solutions in Caputo-Fractional

Equations

In this section, we study the existence of solutions for the system by applying Theorems 1.2.1
and 1.2.2. We define the right-hand side functions of the fractional system (2.35) as:

4h
g1(t,c@)=¢— K{{,
4h
gat, () =h—-&—- K{{
4h
g3(t,F2O(t)) = —K(on.

Theorem 2.3.1. The initial value problem for the Caputo-fractional system (2.35) can be formu-

lated as:
CD%x(t) =V + Myx(t) + L) Mox(t), x(0) = xg,
0 1 4h
where 0<t =T, x = (&(,Fao)" €®, x0 = (é0.0.Fan,) s #1=| =1 0 0 | V=(0,—,0)", and
0 O
4h . .
Mo = N x I, for some constant T > 0. The system has a unique solution.
81(t,¢(2)
Proof. Consider G(¢,x(¢)) = go(t,{(8)) |, which is continuous and bounded over the interval

g3(t,Fa0(?))
[x9 —€,x0 + €] for any € > 0. Moreover, we have:

|Gt 2(0) = G (1,5 (®))| = |ty (x(8) = /(1)) + L) Ma(t) - { (&) Mo (B)|
< |(tt + ) tp) (x(D) — &' B)) + o) ((() - (1))

Since |C(t)—('(t)| < |x(t)—x’(t)|, we obtain:

|Gt x(0) - G (8,5 (®))] < (I4]) + 142l (16D)] + s (D)])) |(8) — 2'®)

b

which simplifies to:

|G(t,x() - G (¢, )| < (I + |42 ]| 2 x0] + ) |x(®) — &'(D)],

and finally:

|G(t,x(8)) - G (t,x'(®))| = A |x(t) - %' B)],
where 4 = |41 + || Ao (2|x9]l +€) > 0, and ||.|| and |.| denote the matrix and vector norms,
respectively.

Therefore, the Lipschitz condition is satisfied, and by Theorems 1.2.1 and 1.2.2, the Caputo-

fractional system (2.35) has a unique solution. ]
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2.3.3 Equilibrium and Local Stability Analysis of the Fractional Model

In fractional differential systems, analyzing the stability of equilibrium points is a fundamental
aspect, similar to the analysis performed in integer-order differential systems. The literature
has established various stability theorems for non-integer order systems [23]. Considering that

Fy does not appear in the first and second equations, we can simplify system (2.36) as follows:

4h
CDie=¢- ~ %6
(2.36)
°Dir= ——6——(2

To study the stability of this fractional system, we examine the equilibrium points and the corre-
sponding eigenvalues of the Jacobian matrix, as detailed in 2.2.1. For h < v/A/2, the equilibrium
point (k,0) is stable. In contrast, when A > v/A72, this point becomes unstable. It is important
to highlight that in the classical case, when h < v/A/2, the eigenvalues are purely imaginary,
making it impossible to draw any definitive conclusions about the stability of the point (4,0).
However, by employing the fractional approach, this ambiguity is resolved, and we are able to
deduce the stability.

Moreover, for A > v/A7/2, the equilibrium points are (Ah Ah \V & 42 _q ) , Where

A A 4h -1
4h> 4h

local stablhty of the fractional system solutions, as analyzed using Theorem 1.2.3, indicates that

2
24

) is asymptotically stable and ( e ﬁ ), is completely unstable. The

stability can be conclusively determined in this context, unlike classical derivatives where such

determinations are not feasible.

2.3.4 Numerical Computation Method

In this part, we apply an algorithm based on the Adams-Bashforth-Moulton predictor-corrector
scheme, commonly referred to as the fractional Adams method [29], to compute the numerical
solution of the fractional differential equation. We use the same notation as in Section 2.3.2.

Consider the Caputo fractional differential equation:

{CDgx(t) =G(tx(t), 0<as<l,
(2.37)

x(0) = x9,

where x¢ = (£0,0,F20,) represents the initial condition vector. Using the Riemann-Liouville

integral, we obtain
(2.38) x(t) = x(0) + I5(G(t,x(1))),

which simplifies to

(2.39) x(t) = x(0)+m f (t-1)""tg(r)dr.
MBS Aro= =
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We discretize the interval [0, 7] uniformly into NV + 1 points, denoted by ¢ =0<t1 <...<{fp <
.. <ty=T,with At = % as the step size.
To approximate the fractional integral, we use the fractional Adams method [29]. At the point

tn+1 = (n+ 1)At with At = t,,1 —t,, the Caputo-fractional model is approximated by

(Ap)”
2 (tns1) =20+ 5= Gt (b))
(240) (At)a’ n
+ T(@t2) };:()ak,nHG(tk,x(tk)),
where
n®*l_(n-a)n+1)°, if =0,
(2.41) Arn+1=3 (n—k+2) 1+ (n-k)* 1 —2(n-k+1)* ifl<k<n,

1 ifk=n+1.

b

The predictor approximation x” (¢,41) is defined by:

1 n
(2.42) P (tn11) = 2(0) + m};)bk,n+lG(tkax(tk)),
where
At)*
(2.43) brn+1 _ (&9 (n+1-R)"—(n-Rk)%).

2.3.5 Tank-treading mode (h > h.)

Figure 2.6 illustrates the behavior of &, {, and Fyy as they converge towards a stable point.
Additionally, it is observed that as ¢ approaches infinity, % tends towards vA/2, and the orien-
tation angle v steadily approaches a constant value, remaining consistently below n/4. Figure
2.7 presents examples of shape deviations and orientation angles for various values of a, pro-
viding empirical support for the theoretical predictions. The solutions further indicate that the
orientation angle i of the vesicle stabilizes across different a values, suggesting that the vesicle

predominantly exhibits a pure tank-treading (T'T) mode.

2.3.6 Damping tank-treading mode (2 <h.)

We now turn our attention to time-dependent solutions, which are central to our research, espe-
cially in the scenario where A < v/A/2. In previous work [11], we provided analytical solutions
to system (2.36), revealing the emergence of a novel motion termed the damped tank-treading
mode using the Jumarie derivative. In this study, we propose utilizing the Caputo derivative to
explore whether it yields similar results and to assess its effectiveness in capturing the dynamics

of mode selection influenced by initial conditions, as previously discussed.
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((c)) The time evolution of Fy for the Caputo
operator.

Figure 2.6: The representation of the solutions of the fractional model obtained for the classical
components {,¢ and Fyq for four arbitrary values of fractional order. Parameters are : A =4 and
h=2.

This approach is particularly valuable because the Caputo derivative offers a different perspec-
tive on the system’s memory effects and can potentially provide deeper insights into the behavior
of deformable particles. The comparison between the two derivatives could reveal the extent to
which the Caputo derivative enhances our understanding of the transition dynamics and sta-
bility of these modes. Figure 2.8 illustrates a cosine function that varies with the order of the
fractional derivative a. Notably, the amplitude decreases as a decreases. We will delve into this
further to clarify how the order of the fractional derivative impacts the dynamics of a deformable
particle, highlighting the unique contributions of the Caputo derivative to this analysis.

To examine the impact of @ on mode selection, we fixed A and A, then we plotted the time evo-
lution of the inclination angle ¥ for three different values of I' in Figure 2.9, considering four

arbitrary values of fractional order a.
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((a)) Dynamics of the orientation angle. ((b)) The amplitude 2.

Figure 2.7: The behaviour of the orientation angle v and the amplitude £ for four arbitrary
values of fractional order. Parameters are : A=4and h=2.

Figure 2.9(a) illustrates that with the classical derivative (i.e., @ = 1), the system exhibits a tum-
bling (TB) mode, where the orientation angle undergoes a discontinuous jump from —n/2 to /2
for I' < 1. For I' > 1, the evolution becomes continuous, representing a vacillating-bending (VB)
mode. Thus, the parameter I', which depends on the initial shape, can be defined here as the TB
or VB parameter, as previously discussed in [37]. Consequently, when a = 1, the results for the
fractional and classical derivatives are identical. Turning to the core of this study, when 0 < a < 1,
the graphical representation reveals oscillations with decreasing amplitudes regardless of the
value of I'. This indicates that as a decreases, the influence of initial conditions (represented by
A) on the selected modes decreases.

This observation aligns with the definition of the modified Riemann—Liouville derivative dis-
cussed in Section 1 which indicates that the fractional derivative in time is influenced by his-
torical values of y (at each moment before ¢). As a result, the fractional derivative accounts not
only for the initial shape but also for the entire interval during which some degree of memory
is preserved. Figure 2.10 shows the behavior of the amplitude £ for three different values of I’
across the four fractional orders a. In Figure 2.10(a), when a = 1, the regime is characterized
by oscillations in Z. Conversely, Figure 2.10(c) reveals that when 0 < a < 1, # remains constant
over time and approaches &, suggesting that % does not reach its maximum value of v/A/2. This

behavior indicates that Foo(¢) # 0 at all times due to the conservation of area constraint (6).
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Figure 2.8: The representation of the solutions of the fractional model obtained for the classical
components {,¢ and Fyq for four arbitrary values of fractional order. Parameters are : A =4 and
h=0.8.
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((d)) Dynamics of the orientation angle v when
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Figure 2.9: The behaviour of the orientation angle v for four arbitrary values of fractional order.
Parametersare : A=4and h=0.8withI'=0.9, =1 and I'=1.2.
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Figure 2.10: The dynamic of the amplitude £ for four arbitrary values of fractional order. Pa-
rameters are : A=4and h=08withI'=0.9,'=1and I'=1.2.
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2.4 Comparison of Caputo and the Modified Riemann-Liouville

Fractional Derivatives in Vesicle Dynamics

To address the ongoing question of selecting the appropriate fractional derivative, this section
conducts a comparative analysis between the Jumarie and Caputo fractional derivatives within
the context of vesicle dynamics, particularly in the intriguing case where A < v'A/2 (Damping
mode). The goal is to determine which derivative is more suitable for this specific study. Notably,
the Caputo derivative was approximated using the Adams—Bashforth method due to its inherent

limitations as detailed in 2.3. In contrast, the Jumarie derivative was selected for its potential

to facilitate the derivation of exact solutions, as demonstrated in 2.2.

0 ;) 1‘0 1‘5 2‘0 2‘5 3‘0 3‘5 40 0 5‘ 1‘0 \‘5 2‘0 2‘5 3‘0 3‘5 40
time t time t

((a)) The orientation angle ¢ when a =0.9 and ((b)) The orientation angle ¢ when a =0.9 and

r=0.9. r=1.

0.08

Jumarie derivattive
Caputo derivative

. . . . . . .
0 5 10 15 20 25 30 35 40
time t

((c)) The orientation angle ¢ when a =0.9 and
r=1.2.

Figure 2.11: The orientation angle dynamics v for @ = 0.9 with Caputo and Modified Riemann-
Liouville Fractional Derivatives and Three Different I' Values at A =4 and 2 =0.8.

To further explore this observation, we have illustrated the dynamics of the orientation angle

in Figures 2.11, 2.12, and 2.13 for three distinct initial conditions (different I" values) and various
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((a)) The orientation angle ¢ when a = 0.7 and ((b)) The orientation angle ¢ when a =0.7 and
r=0.9. r=1.
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((c)) The orientation angle ¢ when a = 0.7 and
r=1.2.

Figure 2.12: The orientation angle dynamics ¢ for a = 0.7 with Caputo and Modified Riemann-
Liouville Fractional Derivatives and Three Different I Values at A =4 and A =0.8.

a values, with & consistently set at # < v/A/2. The corresponding shape deformation is shown in
Figures 2.14, 2.15, and 2.16.

Upon closer examination, it becomes apparent that as a decreases, the Caputo derivative
yields more pertinent results, with faster convergence in this scenario. The oscillations quickly
diminish, leading to stabilization at the equilibrium point and the development of a new damping
motion.

This comparison highlights the difference between the speed of convergence and the relevance of
results, emphasizing the sensitivity of the vesicle’s behavior to the choice of fractional derivative.
In this case, as @ moves further from 1, the vesicle’s behavior predicts damping-TT for both
types of derivatives. However, the Caputo derivative converges more swiftly, allowing us to
discern the time difference in achieving convergence or stability between the two derivatives.

This phenomenon demonstrates the Caputo derivative’s ability to capture and highlight the
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((a)) The orientation angle ¢ when a@ = 0.5 and ((b)) The orientation angle ¢ when a =0.5 and
r=0.9. r=1.
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((c)) The orientation angle ¢ when a = 0.5 and
r=1.2.

Figure 2.13: The orientation angle dynamics ¢ for a = 0.5 with Caputo and Modified Riemann-
Liouville Fractional Derivatives and Three Different I' Values at A =4 and 2 =0.8.

system’s intrinsic characteristics, particularly during the transition from oscillatory behavior
to stabilization. These observations emphasize the difficulty in determining which derivative is

better suited for this type of system.
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Figure 2.14: The dynamics of the shape deformation % for a = 0.9 with Caputo and Modified
Riemann-Liouville Fractional Derivatives and Three Different I Values at A=4 and 2 =0.8.
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Figure 2.15: The dynamics of the shape deformation % for a = 0.7 with Caputo and Modified
Riemann-Liouville Fractional Derivatives and Three Different I" Values at A =4 and h =0.8.
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Figure 2.16: The dynamics of the shape deformation % for a = 0.5 with Caputo and Modified
Riemann-Liouville Fractional Derivatives and Three Different I" Values at A =4 and h =0.8.
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2.5 Motion of an Ellipsoidal Particle in Shear Flow: Analyzing

Memory Effect Influence Through Exact Solutions

Investigation

Here we extend Keller and Skalak’s foundational KS theory, which initially focused on the motion
of ellipsoidal particles under shear flow conditions. The following section will delve into the spe-
cific contributions of this study, outlining the objectives, methodology, results, and implications
in further detail. This investigation aims to reveal the extent of the memory effect’s impact on
the mobility of ellipsoidal particles.

The incorporation of fractional calculus, specifically the modified Riemann-Liouville fractional
derivative, promises a more nuanced modeling framework for complex particle dynamics. This
approach not only enhances our understanding of particle motion but also explores how temporal
memory effects influence the transition from flipping to stationary motion in shear flows.

Based on the theoretical framework laid down by Keller and Skalak, and the subsequent ex-
pansion using fractional derivatives, this study seeks to address a pivotal question: How does
the incorporation of fractional calculus, specifically the modified Riemann-Liouville fractional
derivative, offer insights into the transition from flipping to stationary motion in red blood cells
under varying viscosity ratios in shear flows? By disregarding the memory effect inherent in
classical derivatives, there is a risk of overlooking the true dynamics of this transition. Therefore,
the adoption of fractional derivatives holds the potential to enable us to observe and verify Keller
and Skalak’s prediction regarding the increased period of motion during this critical transition
phase.

In this study, our aim is to specifically focus on the dynamics of ellipsoidal particles using the
shape-preserving theory (% = %) and incorporating fractional derivatives. In the classical case,
subsequent research by Misbah [64] explored deformable vesicles and introduced the vacillating-
breathing (VB) mode as a transitional state between tank-treading and tumbling as mentioned in
the Introduction . However, following this study, researchers have primarily considered the case
where the particle is deformable (i.e., vesicle) [2, 37] and have neglected the scenario where it
could be a rigid particle. This has prompted us to explore this case, given that fractional calculus
has already been utilized in the vesicle scenario in 2.2 and 2.3, as mentioned in the introduction,
where another motion was identified, considered as the transition between TT and VB. Here,
we aim to investigate if we can approach the prediction given by KS, where they studied an
ellipsoidal particle while preserving its shape, providing a deeper understanding of ellipsoidal
particle motion in shear flows. Then, the system (2.1) is reduced to the generalization of the

Jeffery equation [42]

-1 A
(2.44) ID%y = — + ——cos(2w),
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the particle dynamic is exclusively characterised by the variation of the angle v, this simplifies
the dynamics. Keller and Skalak [48] thoroughly explored equation (2.44) in the classical case
(i.e., « = 1) and the purpose of this section is to derive exact solutions for the fractional equation
(2.44) by using the properties of the modified Riemann-Liouville fractional derivative describe
above in Chapter 1, aiming to quantify the influence of both the parameters 2~ and A and the
fractional derivative a on the mobility of the ellipsoidal particle. This choice enabled us to delve
deeper into the influence of fractional-order derivatives on the dynamics of ellipsoidal particles
and their associated memory effects. Moreover, our utilization of Jumarie’s modified Riemann-
Liouville derivative unveiled a spectrum of behaviors consistent with the predictions of Keller
and Skalak, including an increase in period duration that was not evident in their theory when
employing classical derivatives. To provide a more comprehensive analysis of our findings and

their practical implications, we will now examine these aspects through a set of subsections.

2.5.1 TT-mode

In this section, we investigate the tank-treading mode (TT-mode), a distinct behavior observed in
specific fluid dynamics scenarios. This behavior is analyzed using Jumarie’s modified Riemann-
Liouville fractional derivative and its properties to determine the expression of y. The resulting

expression reveals the manifestation of the tank-treading mode.

vV 2-1
1 —Kexp (%(t - t())a)

-1
(2.45) w(t) = arctan [ - > . - ],
vie-11 +Kexp( 'F"’(};’Jrz)l (t- to)“)
tan(yg) + 1l
2h NI
where y = \/_K’ K= ;_1 ! and wo = w(to), where ¢t is the initial value.
tan(yg) — oy

Figures 2.17 illustrate the orientation angle v for different values of @. The solutions demon-
strate that 1 remains constant for various a values, indicating that the solution tends to a stable
equilibrium independently of the initial orientation. This observation confirms that the particle
exhibits tank-treading (TT) motion. Additionally, the orientation lies in the shear plane, corre-
sponding to the TT motion for the vesicle.

From the above figure, it is evident that the order of the fractional derivative has no impact on
the stability of the equilibrium. Therefore, increasing the value of @ enables the solutions to
converge to the steady state more rapidly. The strength of memory effects, governed by «a, signifi-
cantly influences the dynamics of rigid particles. Consequently, the dynamics of the ellipsoidal
particle are influenced by both the current time and the time history, which can be effectively

captured using fractional calculus concepts.
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Figure 2.17: The orientation angle v of the ellipsoidal particle for four different fractional order
values when the parameter y > 1.

2.5.2 TB-mode

Embarking on the pivotal segment of our research, we now pivot our attention to the oscillatory
solution where y < 1, previously elucidated and explored in the classical context by the authors
in [42, 48]. They noted that the details of the transition from flipping motion to stationary
orientation have not yet been experimentally investigated [48].

This prompted us to consider that neglecting the memory effect might have prevented us from
theoretically observing it, hence the idea of taking the memory effect into account, which led
us to add the Jumarie fractional derivative. Advancing our inquiry in the present chapter, we
delve into the computation of exact solutions, considering the memory effect exemplified by the
fractional derivative of Jumarie. Similarly to the case where y > 1, our aim is to solve equation
(2.44) utilizing the fundamental properties of the Jumarie derivative delineated in section 1.
Following meticulous calculations, we unveil the subsequent expressions.

1-x V1-y? —v/1-y2

i (2F(a T 1oy tan(yo)| )

where wo = y(to), where £ is the initial value.

(2.46) w(t) = arctan [ - (t—to)* +arctan (

Figure 2.18 illustrates the orientation angle y for four different a values when y < 1. In the
classical case (@ = 1), we observed that the particle flips increasingly like a rigid ellipsoid, as
shown in [48], where the authors noted that as the viscosity ratio increases, the particle’s motion
converges towards Jeffery’s solution [42]. However, the prediction made by K-S indicates that

an increased viscosity ratio results in a longer flipping period and greater alignment with the
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((c)) The orientation angle v when a =0.8. ((d)) The orientation angle 1 when a =0.7.

Figure 2.18: The particle’s orientation angle psi for four different fractional order values when
the parameter y < 1.

flow, ultimately leading to a stationary orientation. This highlights the significant impact of the
viscosity ratio on red blood cell dynamics in shear flow. Additionally, we show that the memory
effect also influences the flipping period.

Notably, in the case where 0 < a < 1, the introduction of the modified Riemann-Liouville frac-
tional derivatives increases the period of the 1 angle, leading to several important conclusions.
Understanding these observations becomes critical, particularly in the context of introducing
the memory effect to substantiate Keller and Skalak’s predictions, which represent unexplored
aspects.

The memory effect is crucial for how particles react and orient over time. Fractional-order deriva-
tives allow particles to respond based on recent history, influencing current orientation and
dynamically adapting to environmental changes. The increase in motion period as the fractional
derivative order decreases suggests that lower-order derivatives introduce more pronounced
memory effects into the system, where motion is influenced by a wider range of historical infor-
mation or past states, resulting in slower motion evolution. The relationship between fractional
XEFS Ve <
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derivative order of the modified Riemann-Liouville fractional derivative and motion period un-
derscores the complexity of system dynamics.

Our utilization of the Jumarie derivative unveild a spectrum of behaviors consistent with the
predictions of KS, including an increase in period duration that was not evident in the KS-theory
when employing classical derivative.

The flipping period significantly affects particle dynamics, with variations impacting motion
types. Changes in the flipping period due to alterations in the viscosity ratio between inner and
outer liquids can shift the particle’s behaviour between steady stationary-orientation and un-
steady flipping motion. Moreover, the flipping period can indicate transitions between different
motion modes exhibited by the ellipsoidal particle, particularly as the viscosity ratio approaches
critical threshold values. By studying the flipping period and its correlation with viscosity ratio,
researchers gain insights into ellipsoidal particle dynamics in shear flows, emphasizing the pa-
rameter’s importance in understanding particle motion in complex fluid environments.

This can be explained by the fact that, when considering the memory effect (the entire time
history), the period of the flipping motion and the time spent aligned with the flow will increase,
eventually leading the particle to assume a stationary orientation. In summary, the increase in
the ¥ angle period with the introduction of fractional-order derivatives signifies more complex
and adaptive system dynamics, with notable memory effects and emergent properties. Under-
standing and interpreting these changes are vital for accurately modeling and predicting system
behavior. By incorporating Jumarie’s modified Riemann-Liouville derivative, we present a more

realistic and comprehensive model.

2.6 Conclusion

In conclusion, this chapter demonstrates the substantial advancements made by applying frac-
tional calculus to the study of vesicles, red blood cells, and ellipsoidal particles in shear flows.
Utilizing both the Jumarie and Caputo fractional derivatives has deepened our understanding
of the complex behaviors and memory effects in these systems.

The Caputo fractional derivative, in particular, has proven effective in capturing the intricate
dynamics of vesicles, offering a more accurate depiction of their behavior over time compared to
traditional methods. This approach has shown improved stability and convergence, especially in
scenarios with significant memory effects. The comparative analysis with the Jumarie deriva-
tive further underscores the Caputo approach’s strengths in modeling long-term memory and
stability.

Additionally, our study has introduced new motion modes, such as over-damped and under-
damped tank-treading, which enhance our understanding of vesicle dynamics. These findings
reveal novel behaviors and transitions that were previously unexplored, providing valuable in-

sights into complex fluid dynamics.
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By extending Keller and Skalak’s theory with fractional derivatives, we have also shed light

on the transition from flipping to stationary motion in red blood cells, offering a more detailed
understanding of particle behavior in fluid environments. This work highlights the relevance of
fractional calculus in modeling real-world complexities and opens avenues for future research

and practical applications in biomedical and fluid dynamics.
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3.1 Introduction

In this chapter, we delve into the intricate dynamics of vesicles, particularly focusing on the
memory effects observed in these systems. This study employs a fractional rigid sphere model
in five dimensions, utilizing the Caputo operator to map the dynamics of vesicles. By exploring
this model, we gain a deeper understanding of the mechanisms behind the memory effect and
identify three distinct modes of vesicle motion: tank-treading with underdamped oscillations,
tank-treading with overdamped oscillations, and the standard tank-treading mode where the
vesicle rotates while maintaining its shape.

The findings presented in this chapter represent a significant advancement in the field of vesicle
dynamics and have important implications for our understanding of RBC behavior. Through
this exploration, we aim to shed light on the complex interplay between memory effects and
vesicle dynamics, contributing to the broader knowledge in the field of biophysics and applied
mathematics.

The present chapter is structured as follows: In the following section, we begin by presenting the
fractional differential equations. Section 3.3 details the main outcomes of this work, including
proofs of existence and uniqueness of the solution for these equations, as well as an analysis of
the local stability of the equilibrium points. Additionally, we support our analytical findings using
the Adams—Bashforth—Moulton predictor—corrector scheme. Section 3.4 illustrates our principal
results with graphs and discusses the memory effect and the various regimes observed. Finally,
Section 3.5 provides the conclusions of the study. The results of this chapter are based on the

paper [15].

3.2 Fractional model

The mapped equation (12) whose corresponds to dynamics out and in the shear plane has been
solved analytically [2]. Its solutions do not depend on the previous instant due to the no memory
of the classical models of ordinary differential equations. Fractional calculus is a great way to
describe real-life, as well as, phenomena with the memory effect [16]. The mapped equation (12)

can be described as:

dp, -1

= =Y(p2—x "P2p1),

dp _ _
3.1) — 2= -p1-17'pY),

dps _ -1

di —Y( X P2P3),

dpy -1 1

T_Y =X P2P4—§P5 )
(3.2)

aps _ (1 1 )
. di Y 21’4 X P2Ps5| -
PLREARMOV 2 <
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The system (3.1) corresponds for the vesicles, to the dynamics in the shear plane (i.eF 971 =0),

and the system (3.2) corresponds to the dynamics out of the plane (i.e Foz1 #0).
We introduce the memory effect [16] into the mapped equation by replacing the order of the
derivative of the classical model with the Caputo operator mentioned in Chapter 1 to obtain a

generalized model. Finally, the system of Caputo-fractional ODEs is defined as follows

CDfpl =y(py— X_lpzpl) ,
(3.3) °Dipy=y(x ' -p1-1x"'P2),
°Dip; ZY(_X_1P2P3)a

) 1
°Dip,=y (—x 1pop,— 51)5) ,
1

°Dips=y (§p4 - x‘lpzp5) :

(3.4)

The system (3.3) corresponds for the vesicles, to the dynamics in the shear plane (i.e Foz1 =0),
and the system (3.4) corresponds to the dynamics out of the plane (i.eF 971 # 0 ). The mapped
equation (12) has been solved exactly in [2].

Thus, the fractional mapped equation is given by,
(3.5) Yy XDip=Q-p+yt(ez—e2 pp),

where, p = (pl,pz,p3,p4,p5)T ,CD;" is the Caputo fractional operator of order 0 < a < 1.

3.3 Results

3.3.1 Existence and uniqueness of solutions of the Caputo-fractional model

In this section, we prove the existence of the system of solutions by applying theorem 2.1 and
theorem 2.2. We prove the existence of the case when the vesicle is allowed to move outside the

shear plane Foz1 #0 (i.e py, #0 and p5#0).

We have,
CDCZ _ _
tP1=YP2—PP2P1,
°Dfpy,=B-yp1- P35,
C
(3.6) D{p3=-fpaps,
Y
CD?P4 =—pfpopys— 51’5,
Y
“Dip5=5ps~P2ps.
NXEFF o= <
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where CD? is the Caputo-fractional operator of order 0 <a <1 and f=yy !

We use the following notations for the right side of the fractional system (3.6),

f1(t,p1(®)) =Py~ BP2p1,

f2(t,po@®) = B—yP1 - B3,

f3(t,p3(®)) = -Bp2ps,

fa (t’P4(t)) =—PpapPs— gp5,

f5(t,p5(®) = —p4 Bp2ps.
Theorem 3.3.1. The initial value problem of Caputo-fractional order system (3.6) can be given
as follows:

“Dip(®)=V +A1p(®)+ Po()A2p(®), p(0)= Py,

where

T T
0 <t<T,p = (pP1,P2.Ps3,PsP5) € R°, po = (p1(0),p5(0),p3(0),p4(0),p5(0)", V =
(O,ﬁ,O,O,O)T, A1 =yxQ, Ag=-BxIs, for some constant T > 0, then it has a unique solu-

tion.
fi1(t,p1(®),
fz( ,pz(t))
Proof. Consider F(¢,p(t)=| f3 ( , p3(t)) which is continuous and bounded on the interval
f1(t,p4®)
f5(t,p5(®)

[pO —€,po+ e] for any € > 0. Moreover, we have

IF(¢,p())—F (¢,p' (1)) |=|A1 (p(@) - p'®)) + Pa()Aap(¢) — p5(t)Asp'(2)]
<|(A1+py()A2) (p(t) - P'()) + A2p(t) (Po(t) — PH(D)) .

Since, |po(t) — po(t)l< |p(t) - p'(2)],

we get,

IF(¢,p())—F (¢,p' () |< (1A 11 + I A2l (Ip(®)+Ip5@)])) Ip@) - p' )],
thus,

\F(¢,p()) - F (¢,p' () |< (1A 1] + A2l (2Ipol+€)) IP() — P ()],
finally,

IF(¢,p()—F (t,p'(®)) I Alp(t)—p'(?)],

where we set A = ||[A1|l + [|Asll (2|p0|+€) >0,|.l and |.| represent matrix and vector norm respec-

tively.

Hence, the Lipschitz condition is satisfied, and according to Theorems 1.2.1 and 1.2.2 the Caputo-
fractional system (3.6) has a unique solution. [ ]
Mg e =
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3.3.2 Existence of equilibrium and Stability analysis

In this section, we will determine the equilibrium points of the system of Caputo-fractional ODEs
and we will study the local asymptotic stability of the equilibrium.

First, we determine the equilibria of the case when the vesicle is allowed to move outside the
shear plane (i.e Foz1 # 0 ) models.

We have in this case p, # 0 and p5 # 0 then we solve:

P2— X 'Pep1=0,
x1-pi-x'p3=0,
3.7 ~X"'P2p3 =0,

. 1
~X "P2P1=5P5 = 0,
1

oP4 X 'paps=0.

The first and second equilibriums are: (7(, +/1—y2 ,0,0,0) if y < 1.
The third and forth equilibriums are : ()(_1,0, +y/1—y2 ,0,0) if y > 1.

Remark 3.3.1. If y = 1 the equilibrium points coincide in (1,0,0,0,0).

To study the local asymptotic stability of the equilibrium when the vesicle is allowed to move

outside the shear plane (i.e Foz1 # 0 ) we write the fractional mapped equation (3.5) as

°Dipy=py— 1 'Pop1,
C -1 -1_2
Dipy=x""—-P1—X P35,

3.9) “Dips=-1"psps,

1

“Dipy=-1"'Pps~ 5P,

1 .
“Dips=5ps— 1 'Pops.

We can linearise the system and apply the theorem 1.2.3 to study the local stability of the

solutions of the fractional system. The Jacobian Matrix:

-1 'p2 1-x7'py 0 0 0
-1 —2171py 0 0 0
(3.9  J(p1,p2,P3,P4,P5) = 0 -x'ps -x'p2 O 0
0 -1 'py 0  -xlpy -3
0 -1 'ps 0 % -1 'p2
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For the first and second equilibrium: y <1,

(3.10)
FVyr2-1 0 0 0
-1 2/ 2-1 0 0 0
J()(,i\/l—xz,0,0,0): 0 0 FVr2-1 0 0
0 0 0 FV/y2-1 -1
0 0 0 3 FVx2-1

We find the eigenvalues by solving the following characteristic equation

det(J ()(,i\/l—)(2 ,0,0,0) —115) =

Hence, the eigenvalues associated to the first equilibrium are :

Az, =F\/x 72 1+—z Ao, =F\/x 2 1__L

It is clear that for the eigenvalues

—\/x2-1 and Ay, =-2\/y"

we have

larg(A;,)|=m > S an’
2 2

~ 1 1
A3, =—\/x2-1+=i, 4 =—\/y2-1-=i
3+ X 2l’ 4+ X 2l’

larg(1;, ) |= larctan (2

j=1,2.

We have also

that means;

Then, from the theorem 1.2.3 one can easily see that the equilibrium (}(,+\/ 1-y2 ,0,0,0) is
asymptotically stable. Thus the equilibrium ()(, —/1—y2 ,0,0,0) incompletely unstable for the

reason that,
Mo=vVy?-1, A =2Vx?2-1,
larg(1; )I=0< %, for O<a<l, j=1.2.

For the third and forth equilibrium:

0 1—y72 00 0

-1 0 00 0

(3.11) J(X_I,O,i\/l—)(‘2,0,0): 0 ¥y Wx2-1 00 0
0 00 -1

0 01 0

0
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By solving the following characteristic equation

det (J (X_I,O,i\/ 1—y2 ,0,0) —;115) =0,

we obtain the following eigenvalues

» » . . 1
A1=0, Ag, ==i 1—)(_2, /13i=il§,
Iarg(iji)lzg>%, j=2,3 for O<a<l.

Consequently, the third and forth equilibrium ()(1, 0,+v1-%x72,0, 0) are stable but not asymp-
totically stable [77].

3.3.3 Numerical method

In this section, we will use an algorithm based on the Adams-Bashforth-Moulton predictor-
corrector scheme (often called the fractional Adams method) [29], to present numerical solution
of the fractional mapped equation.

For this purpose we use the same notation of section 3.3.1. Consider the Caputo fractional

differential equation :

(3.12)

°Dipt)=F&,p®), O0<a<l,
p(0)=py,

where po = (P10, P20, P30, P40>Pso) is the initial condition vector.

Using the Riemann-Liouville integral, we get,
pt)=p(0)+I5(F(t,p(1))),

this implies,

_ 1 t a—-1
PO =pO)+ > fo (t—1)* L f()dr,

we consider tg =0<t1 <...tp...<tny =T an uniform discretization of interval [0,T] in N +1
points. Let A = % be the step size.

We will use the fractional Adams method [29] to approximate the fractional integral.

Thus, at the point ¢,,1 = (n + 1)h with A = ¢,,.1 — t,,, we obtain the desired approach for the

Caputo-fractional model,

(3.13) P (tns1) = p(0)+ r(a—zz)F (tns1, PP (tns1) + l"(oc—j-Z) ki_oak,n+lF(tk,P (),
where,
n® 1 —(n-a)n+1)%, ifk=0,
Apn1=3(n-k+2) 4+ (n-k)* 1 -2(n-k+ 1%, ifl<k<n,
1, ifk=n+1.
XEFS Ve <
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The approximation p? (¢,+1) is called predictor and is defined by,

1 n
(3.14) P tns1) = PO+ = Y by i1 F (. p (1)),
@ /5
where,
ha a a
(3.15) bini1=—((n+1-R)* = (=K.

3.4 Discussion

3.4.1 Tank-treading mode

Figure 3.2 shows an instance of the dynamics of Fo.; modes (components p, and p5 ), which
oscillate and reach 0 asymptotically for ¢ — oco.
The outcome acquired from Figure 3.1 and Figure 3.2 reveals that the approximation of p for

Caputo operator predicts a run motion equivalent to the tank-treading mode for vesicles [2].
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Figure 3.1: The representation of the numerical solutions of the fractional model obtained for the
classical components p{, ps and ps for four arbitrary values of fractional order. Parameters are :
¥r=04v5,y=1,a=c=0.2v5 and b =210.1.

Since p; and p4 are connected to the shape deformation and the orientation angle for a rigid
sphere, respectively, Z and ¢ (10), thus at the point ¢,+1 = (n + 1)h with A =¢,,.1 - ¢,, we get the

following approximations,

‘ "
(3.16) R (tns1) = \/P3tns 1)+ P3(tns1), (P(tn+1):tan_1(p—2( +1)),

D1 (tn+1)
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Figure 3.2: The representation of the numerical solutions of the fractional model obtained for the
dynamics of the components of F9; for four arbitrary values of fractional order. Parameters are :

¥=04v5,y=1,a=c=0.2v5 and b =2/0.1.
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04v5,y=1,a=c=0.2v5 and b =2v0.1
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Figure 3.4: The orientation angle ¢ of

the particle for four arbitrary values of

fractional order. Parameters are : y =

0.4v5,y=1,a=c=0.2v5 and b=2v0.1

Figures 3.3 and 3.4 depict an instance of the shape deviation &% and the orientation angle v

for different values of a. Moreover, the solutions show that &% tends to 1 and ¥ remains constant

for various a values, demonstrating that the unit vector p, which represents the projection of a

rigid sphere [2], exhibits run motion.

Figure 3.1 and 3.2 confirm that p tends to ( 1, +v1-y2 ,0,0,0) independently of the initial orien-

tation, which is in perfect accord with our theoretical finding about the stability of this equilib-

rium. Further, the terminal vector lies in the shear plane, which corresponds to the tank-treading

for the vesicle.

In this case, it is apparent from the above figures that the order of the fractional derivative
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has no influence on the stability of the equilibrium. Therefore, increasing the value of a, which

represents the longer memory time, allows the solutions to converge to the steady state more
quickly. That is, the strength of memory effects, which are controlled by a, has a strong influence
on the dynamics of rigid particles. As an outcome, the dynamics of the vesicle depends on the
current time as well as the time history, which may be efficiently represented using the notions
of fractional calculus. By incorporating the Caputo fractional derivative, we present a much more

realistic model.

3.4.2 Tumbling and Vacillating-breathing modes

Now, we move to the most interesting case y > 1.

Let us see how the fractional-order parameter a when y > 1 can affect the dynamics of the vector
p of the rigid particle problem and how it influences the three modes (TT,VB, and TB).

In this case, our theoretical findings reveal that the fractional order derivative a has a strong
influence on the stability of the equilibrium, while in the classical order (that is, @ = 1), nothing
can be deduced concerning the stability. Further, the following graphical representations are in

agreement with our theoretical results.
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Figure 3.5: The representation of the numerical solutions of the fractional model obtained for the
classical components p{, ps and p5 for four arbitrary values of fractional order. Parameters are :

¥=2/vV3,y=1,a=2V(11)/3, =113 and b=c=1.

In Figure 3.5, we have plotted the time evolution of the p{, py, and p3 amplitudes for the
Caputo operator for y = 2/v/3 and with four different values of a.
Moreover, these graphics depict a cosine form that varies depending on the order of the fractional
derivative a. We can clearly observe that when a = 1, we have oscillations of the Fg9 and Foq
modes (equivalently p;, py, and p3). However, for 0 < a < 1, which is the crux of this investigation,

the amplitude is seen to decrease as a decreases.

KETs Vo=

0

# Page 75



Chapter 3 - Exploring the interplay between memory effects and vesicle dynamics: A
five-dimensional numerical analysis using rigid sphere models and mapping techniques

AN ETIRBIG Voo

a=1
0.3 a=0.9 Q 0.2F

a=0.75
a=0.55 | 0.1

0.4

of

-0.1

S 02

Amplitude p4
o
Amplitude p5

03t
04t

03 7 -0.5

0.4

. . . . . . . . . 06 . . . . . . . . .
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
time t time t

((a)) The time evolution of p, for Caputo opera- ((b)) The time evolution of p5 for Caputo opera-
tor. tor.

Figure 3.6: The representation of the numerical solutions of the fractional model obtained for the
dynamics of the components of Fo; for four arbitrary values of fractional order. Parameters are :
y=2/vV3,y=1,a=2V(11)/3, T =/(A1)/3 and b=c=1.

Let’s move to the case where the main axis of the vesicle does not go back to the shear plane
(i.e Fo11 #0). Figure 3.6 depicts the behaviour of Fo.1 modes for four different a values. When
a =1, the components p, and p5 predict an oscillation mode that can be represented by TB or
VB; however, when 0 < a < 1, the amplitudes decrease, indicating that the rigid particles predict
another regime instead of the pure TB or VB.

[2] demonstrated that for y < 1, each initial condition tends to the same end point, as opposed to
the case where y > 1 where the choice of initial conditions, particularly I', has an effect on the
type of motion. In the next part, we are going to see how the choice of initial conditions and the

fractional order influence the dynamics of the particle.

3.4.3 The effect of initial conditions and fractional order on dynamics

Let’s analyse this more deeply to see how the order of the derivative can influence the three
regimes. It is known that the initial conditions I' has a big impact on the two types of motions
selected (TB and VB) [2]. Herein, we have plotted in Figure 3.7 the dynamic of the orientation
angle for three distinct I values, as well as several a values and when the parameter y is fixed.
When a =1 (i.e., the classical derivative), the orientation angle of the rigid sphere reveals a
periodic regime [2], which corresponds to the TB or VB regime depending on the value of I'.
However, when 0 < a < 1, it is obvious that the parameter I' has completely lost its impact on
the two types of motion where the curves predict oscillations with decreasing amplitudes as «
decreases. Whatever the value of I', which is the same thing for the shape deviation, which also
represents a cosine form with decreasing amplitudes as a decreases, as illustrated in Figure 3.8
with three different values of I' and varied a values.

As a result, the fractional derivative considers not only the initial shape but also the entirety of
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the instant, during which it is expected that some degree of memory would be conserved. Further,

these graphics indicate that when a increases, we tend more slowly toward equilibrium.
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Figure 3.7: The behavior of the orientation angle ¢ for four arbitrary values of fractional order.
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Figure 3.8: The dynamic of the particle contour for four arbitrary values of fractional order.
Parameters are : y =2/v/3,y=1with[=0.9,T=1and '=1.2.

Figures 3.7 and 3.8 indicate that the orientation angle and shape deformation represent
cosine forms with decreasing amplitude as a decreases for any value of I (whatever the beginning
conditions). In other words, these regimes can be described by TT with over-damped vesicle
oscillations (TT-OD) and TT with under-damped vesicle oscillations (TT-UD). Moreover, Figures
3.8(b) and 3.7(b) reveal that when a approaches 1, there are oscillations through the equilibrium
that indicate TT-UD oscillations, which signifies that the TT mode is on the verge of losing its
stability to the VB mode.

3.5 Conclusion

Given that vesicle dynamics involve memory, in this work we provide an analysis based on the
memory effect specifically on fractional-order derivatives of mapping vesicle dynamics onto rigid
particles in five dimensions using the Caputo fractional operator. We have adopted the Adams-
Bashforth-Moulton predictor-corrector scheme (often called the fractional Adams method) to
B ns -
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demonstrate numerically that the fractional model gives more interesting and accurate out-

comes.
We demonstrated that when y < 1, the fractional order a has no effect on the stability of the equi-
libria, but it does affect the time required to reach the steady states. Therefore, the analytical
and numerical results demonstrate that, for increasing values of «, the solution converges more
quickly to its stationary state. Herein, the vesicle predicts a TT regime. On the other hand, when
x > 1, we have proved the stability of the two equilibrium points, which was not obtained in the
case of the classical order (i.e., a = 1), where nothing can be deduced about the stability.

Moreover, as a result of using the fractional Caputo derivative, the vesicle exhibits small oscil-
lations instead of the pure TT, VB, or TB motion that we have represented here by the tank-
treading with over-damped (TT-OD) and under-damped (TT-UD) vesicle oscillations, depending
on the value of a, which influences the two regimes regardless of the value of I" (i.e., the initial
conditions). This proves the existence of intermediate regimes between TT and VB that cannot

be observed using the classical derivative.
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4,1 Introduction

In the previous chapter, we utilized the Caputo derivative to approximate solutions for vesicle
dynamics under shear flow. This approach provided valuable insights into the behavior of vesi-
cles, particularly in understanding their deformation and orientation in the presence of memory
effects. While the Caputo derivative offered a robust framework for these approximations, it
was not sufficient to capture the full complexity of the system, especially when aiming for exact
analytical solutions.

In this chapter, we advance our analysis by employing the modified Riemann-Liouville derivative,
which enables us to derive exact solutions for the vesicle’s motion. This method not only enhances
the mathematical rigor of our model but also allows for a detailed comparison with the previously
obtained approximate results. By contrasting these two approaches Caputo’s approximation and
the exact solutions provided by the Riemann-Liouville derivative we aim to shed light on the
impact of memory effects on vesicle dynamics and assess the suitability of fractional calculus in
accurately describing these complex physical systems.

Moreover, this comparative analysis between the Caputo and modified Riemann-Liouville deriva-
tives serves as a critical step in determining the most effective mathematical tool for modeling
vesicle behavior. The Caputo derivative, widely used for its ability to handle initial conditions in
a physically meaningful way, provided approximate solutions that were insightful for capturing
general trends. However, the modified Riemann-Liouville derivative, with its distinct properties,
offers a more precise and comprehensive representation of systems with memory effects, enabling
us to resolve the vesicle’s orientation and shape dynamics exactly.

Through this chapter, we not only aim to highlight the advantages of achieving exact solutions
but also to explore the implications of using different fractional operators in modeling complex
biological systems. This comparative framework will deepen our understanding of the underlying
mechanisms governing vesicle dynamics, offering clearer insights into the role of memory and
non-local effects in such systems.

This chapter is organized as follows: Section 4.2 presents the formulation of the fractional evo-
lution equation and the mapped fractional equation, alongside an analysis of the local stability
of equilibrium points. Section 4.3, which constitutes the central part of our study, focuses on the
computation of exact solutions and an in-depth discussion of the dynamic modes observed. Sec-
tion 4.4 offers a comparative analysis of the modified Riemann-Liouville and Caputo fractional
derivatives within the framework of vesicle dynamics. Finally, Section 4.5 concludes the study,
summarizing key insights from the preceding sections. The results of this chapter are based on
the paper [12].
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4.2 From fractional general orientation equations to fractional

five-dimensional mapping

For the reader’s convenience, in this section, we will offer a detailed overview of the fractional
vesicle model within the scope of small deformation theory. This comprehensive overview aims to
facilitate a deeper understanding of the model central to this chapter. The objective is to replace
the classical derivative in the evolution equation (8) with Jumarie’s fractional derivative, and

this substitution leads to
m .m 6 _
(4.1) ZDFop, = y{—zaégmh +1%Fam = hy / =% 1(6+00)F2m},

where 7/ D¢ is the Jumarie’s modified Riemann-Liouville derivative, 0 <a < 1.
Using the fixed total area constraint (6) and the basic properties of the Jumarie derivative, the

expression for g is derived as follows,

L 107
4.2) o0 =iA 1‘6,4/ = (Fag —F3_2)—6.

Therefore, by substituting o into the fractional evolution equation (4.1), we observe that the

equation remains independent of the bending parameter, %,

(4.3) 7 DEFy,, = y{—i%&zwh + i%Fgm + % (F3, — Foz) Fom } ,

where F, is the complex conjugate of Fgg. It describes the evolution of quasi-spherical vesicle
shapes, a topic that has been previously explored in references [2, 37, 64] within a classical
framework.

Additionally, the evolution of the vesicle shape over time in the shear plane is described by the
dynamics of Fog. It is obvious that the vesicle can deviate from the shear plane, the Fog and Fg;
modes describe the out of shear plane. Furthermore, we find from the evolution equation that
Fy1 can be determined through the information provided by Fgo, which is an efficient property

confirmed from equation (4.3). Indeed, F9; fulfil the following expression:
Zna Ly a 4h Ly a
(4.4) D; Ea(—gt )Fa1| =y KIm(FZZ)FZlE“(_Et )e-

It is evident that the Fop mode and the function E ,(—iy/2t*)F9; satisfy the identical equation.
This specifically implies that:

(4.5) 7D} (Ea(—%t“)Fsz‘Ol) = 0.
As a consequence, there is a complex parameter, denoted as C, which verifies

(4.6) Foy = C.Ea(%t“)Fgo.
BTG e -
# Page 82




Chapter 4 - Analytical investigation of vesicle dynamics via the modified Riemann—Liouville
fractional derivative

AN ETIRBIG Ao

In this context, we explore the transformation of the vesicle problem into that of a rigid sphere.

To derive the transformed equation, the approach involves decomposing complex amplitudes into
their real and imaginary parts, as detailed in (11), this decomposition results in the following

fractional mapped equation,
4.7) ’Dip=y{Q-p+A ' (ez—e2-pp)}.

Here, p is defined as p = % (fa2, f22, f20, 21, f21) ,e2 = (0,1,0,0,0), A = VA/(2h), incorporating
all the physical parameters, and a vorticity tensor Q2 is expressed as (14) which is antisymmetric,
ensuring that for every vector p, we have p.Q.p = 0. When discussing vesicle behaviour under
the small deformation approach, we observe that vesicle behaviour is entirely determined by the
vector p in R® (p is a unit vector from the constraint (6)). Moreover, the preservation of its norm
is assured; by using (4.7), we automatically get p.” D¢p=0.

To enable a quality discussion regarding the various motions, it is more practical to transform

the equation that has been mapped into the subsequent two systems

fD?Pl = Y(Pz —A_1P2P1),
(4.8) fop2=y(A_l—p1—A_lpg),

IDips=y(-A"'pap3),

) 1
IDipy= Y(—A 1pop,— §p5) ,
4.9)

1 _
’Dips=v (51’4 - A 1p2p5) :
System (4.8) describes dynamics within the shear plane, where Fo31 = 0, while system (4.9)
describes dynamics outside the plane, with Foz1 # 0. The equation (4.7), which has been mapped,
was exactly solved in Reference [2] using the classical derivative. Furthermore, the fractional
mapped equation, utilising the Caputo fractional derivative. It is worth noting that the system

above has equilibrium points that depend on the parameter A:
(A,£v1-42,0,0,0),
for A <1 where (A,\/ 1- A2 ,0,0,0), is asymptotically stable and (A,—\/ 1-A2 ,0,0,0) is com-

pletely unstable, and for A > 1,
(A7%,0,+v1-472,0,0),

which are stable. We have investigated the local stability of fractional system solutions using
the Theorem 1.2.3, where we have demonstrated that in this case we can deduce the stability in

contrast to the classical derivative, where nothing can be deduced 3.
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4.3 Exact Solutions and Interpretation of Fractional Mapping

Equations

The purpose of this part is to find all solutions that ensure the physical constraints (??), which
means finding all physical solutions. Therefore, in this part, we provide exact solutions to systems
(4.8), as well as system (4.9) by using the fundamental properties of the modified Riemann-
Liouville fractional derivative outlined in Chapter 1. Our objective is to evaluate the influence
not only of the parameter A but also of the fractional derivative a, aiming to elucidate the effects
of the memory phenomenon on the vesicle’s mobility.

We will next introduce the function

—A1
D2
from (4.8) and (4.10), we deduce that,
(4.11) IDip=y(p*+1-A"%),

With D} representing the Jumarie’s modified Riemann-Liouville fractional operator of order
O<a<1l,and A = ‘2/—5, our research centers on the precise instance where y = 1. Zang et al.
initially proposed five solutions to equation (4.10) in [92], depending on the sign of 1 — A~2. The

following expressions for the solution are particularly intriguing for our investigation:

E,BtY)+C1E,(-Bt%)

(4.12) PO =By B0 C1E, (Bto)’

for A<1,and for A>1,
1 '
(4.13) ¢(t) = Btan, (B#t+C}),

where, C1 and C’1 are constant that depend on initial conditions , and B = /|1 - A~2]|.

After obtaining explicit formulations for ¢, the subsequent step involves solving system (4.8)
and undertaking a comprehensive analytical exploration of the distinct regimes, which were
investigated numerically in [15]. The incorporation of expressions (4.12) and (4.13) into system

(4.8) results once more in the formulation of a fractional differential equation.
(4.14) Dipy=—¢pt)py— A p3.

As mentioned in the introduction, the system (12) was initially solved analytically, employing
the classical derivative [2, 37]. In this context, we aim to extend the order of the derivative using
the modified Riemann-Liouville fractional derivative in order to provide the analytical solution

in cases where Fo.1 # 0, utilising the modified Riemann-Liouville fractional operator.
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4.3.1 TT-mode

In this part, we delve into the intriguing tank-treading mode (TT-mode), a distinctive behaviour
that emerges in specific scenarios. This behaviour is explored through the utilisation of the key
function of the fractional derivative, Mittag-Leffler, known for its significance in fractional calcu-
lus. With the combined insights from the Mittag-Leffler and the Jumarie fractional derivatives,
the ensuing expressions indicate the emergence of the tank-treading mode,

. CoA1+E o (Bt%) + C1E o(-Bt®)

4.15 = )
(4.15) P1 Cs +Eo(Bt®) + C1E o(-Bt%)
E,(Bt*)-C1E ,(-Bt”

4.16) o, —5A_ FaBIO—CiECBI)

Co+E (Bt*)+ C1E (—Bt%)

BCj

4.17 = ,
@17 P3 = 0y + Eo(Bt%) + C1E o(—Bt®)
((a)) The time evolution of p; for the Modified ((b)) The time evolution of py for the Modified

Riemann-Liouville operator. Riemann-Liouville operator.

—a=1
—a=09

a=0.7 ||
—— =05

L T L L
0 5 10 15 20 25 30 35 40
t

((c)) The time evolution of pg for the Modified
Riemann-Liouville operator.

Figure 4.1: The depiction of the exact solutions for the fractional mapped equation acquired for

P1,P9 and ps is presented for four distinct values of @ , denoting the fractional order.
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Moreover, through the introduction of the novel function
(4.18) g=Py+ips,

which satisfies the following equation

i
(4.19) ’Dig=(-A"py+3)e,

by employing the properties of the Jumarie’s modified Riemann-Liouville derivative and the

formulation of py , we can determine the expressions for p, and ps,

Cacosa((3)*?)

4.2 _
(4.20) P4 0o E (Bt + C1E 4 (—Bt?)’

Casina((3)*?)

4.21 _ '
4.21) P5= 0, Y E, (Bt%)+ C,E (—Bt%)

a=0.9 a=0.9
a=0.7 a=0.7

L L L L L L L L L L L L L
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
t t

((a)) The time evolution of p4 for the Modified ((b)) The time evolution of p5 for the Modified
Riemann-Liouville operator. Riemann-Liouville operator.

Figure 4.2: The depiction of the exact solutions for the fractional mapped equation acquired for
Fy1 modes is presented for four distinct values of a , denoting the fractional order.

Figure 4.1 illustrates the dynamics of p;,ps, and p5 converging toward a stable point. In con-
trast, Figure 4.2 demonstrates the dynamics of p, and p5, which exhibit oscillations approaching
zero asymptotically as ¢ tends to co. The insights derived from Figures 4.1 and 4.2 indicate that
the Jumarie operator’s of p predicts the tank-treading regime for vesicles.

As highlighted above, the orientation angle characterizes the different motions of vesicles. The
first motion, TT, involves ¥ converging towards a constant value over an extended period. The
second motion, TB, entails the vesicle completing a full rotation, where the angle oscillates be-
tween ' and 7. In this context, a rotation through an angle of 7 is considered a full rotation, as

the vesicle remains unchanged under such rotation. The third motion, VB, ¢ oscillates within
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two values in [, Z1.

To clarify how the dynamics of a rigid body translate into the dynamics of a deformable particle,
we raise the following question:If the behavior of a deformed object, such as a vesicle, is depicted
on a rigid body (rigid sphere), where does the deformation remain concealed? This question will
be examined in more detail during the upcoming discussions.

To answer this question, we represent the two-dimensional projection p, of p in the (e1,e9) plane,
which is given by (15) with ¢ is the angle formed by the vector p, and the e; axis, represents

the orientation angle, as illustrated in Figure 4.3, where ¢ € [-7, 7].

Figure 4.3: The projection of p onto the plane is denoted as p,, forming an angle ¢ with the e;
axis [2].

Therefore, the deformation amplitude () and the orientation angle (¢) satisfy a system

analogous to (2.1)

I DER =y {A sin(p) (1- %)},
(4.22) 1
thO‘(p = )/{—1 + Agcos((p)} ,

Subsequently, the projection p, of the polarisation vector p from the rigid body allows for an
understanding of the connection between the two systems. Moreover, the norm of p, is equal to
%, while ¢ represents twice the angle formed by the vesicle’s principal axis with the direction of
the flow. When the projection p; maintains a constant orientation in the plane (e1,e9), it implies
that ¢ is constant. Furthermore, the norm of p, remains fixed, indicating a constant deformation
of the shape Z. If the angle ¢ and £ remain constant, it signifies that the vector p retains a
constant orientation.

Our results show that the run mode is connected to Fa.1 mode oscillations, even without defor-
mation along the vorticity axis. Specifically, p, and p5 (or equivalently, the Fo.1 modes) undergo
an infinite number of oscillations through 0 and asymptotically approach 0.

Now, let’s examine how the dynamics of p in the rigid sphere problem can be linked with the
M@ unes =
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tank-treading mode for vesicles, particularly when A < 1.

The shape deformation fulfils

5 (CaA™1 + E(BtY) + C1E o(~BtY))” + B2(E o(Bt*) - C1E o(~Bt%))?

(4.23) () = A 5
(C2 +E 4(Bt®) + C1E o(—Bt%))

b

and the inclination angle can be expressed in the following form

E (Bt*)-C1E4(-Bt%) )

(4.24) ¢(t) = arctan (BACQA—l + E o(Bt%) — C1E o(-Bt%)

To achieve this goal, we define ¢ = arctan( z—f) and Z =,/ p% + pg . These definitions provide exact
expressions corresponding to the angle that p, makes with the e; axis. While System (??) may
initially appear intricate for vesicles, the primary objective is to simplify it. We aim for an exact
analytical solution by introducing innovative coordinates, thereby transforming System (??) into

a more straightforward form. From (??) and (11), we deduce
(4.25) P1=Rcos2y), po=Rsin2y).

This relationship is expressed in terms of % and y providing a clearer representation of the
system. Expanding on this, the angle ¢ for a rigid particle conveys the identical information
as ¥ does for the vesicle. This insight enables us to comprehend the relationship between the
behaviour of a rigid sphere and a vesicle. Specifically for vesicles, the angle between the main

axis and the fluid flow direction is expressed as follows

E ,(Bt*)-C1E (—-Bt%) )

1
4.96 £)= = arctan (BA
(4.26) (e =5 arc an( CoA1+E o (Bt%)— C1E o(—B1%)

These formulas provide a clear understanding of the link between the rigid particle and vesicle
behaviours, highlighting the intricate relationship between the angles ¢ and v in the given
context.

Moreover, it is observed that as ¢ approaches infinity, Z converges to v/A/2, and the orientation

angle ¢ monotonically tends towards w(oco) = 3 arctan(B), which means that ¢ the orientation

7
angle is always less than rE These findings imply that the orientation angle of the vesicle is

constant across different values of @ which corresponds to the TT regime in vesicle language.
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Figure 4.4: The particle’s orientation angle Figure 4.5: The particle’s shape deforma-
@ for four different fractional order values. tion # for four different fractional order
values.

Furthermore, to strengthen these theoretical findings, we have illustrated in Figures 4.4 and
4.5 the orientation angle and the shape deviation for various values of a. In these figures, it
becomes clear that % approaches 1, while ¢ remains constant across different @ values. This
indicates that the vector p exhibits a running motion equivalent to the pure TT regime for
vesicles.
In this context, it is evident from the figures discussed above that the fractional order does not
impact the stability of the equilibrium. Consequently, an increase in the value of a, representing
a longer memory time, facilitates a quicker convergence of solutions to the steady state. This
implies that the dynamics of rigid particles are significantly influenced by the strength of a-
controlled memory effects. As a result, the vesicle’s dynamics depend on both the current time
and the time history, and these aspects can be effectively captured using fractional calculus
concepts. By including the adapted Modified Riemann-Liouville fractional derivative, a more

realistic model is introduced.

4.3.2 Damping-TT modes

Embarking on the most crucial part of our research, we now turn our focus to the oscillatory
solution, described and studied in the classical case by the authors in [2, 37], where A > 1. In
their investigation, oscillatory solutions were uncovered, delineating the TB and VB modes.
Their findings also underscored the significant impact of initial conditions on the discerned
motion types. Taking our exploration a step further in the present chapter, we delve into the
computation of exact solutions, accounting for the memory effect manifested by the fractional
derivative of Jumarie. Just as in the case where A < 1, our goal is to solve equation (4.14) using

the expression of ¢ in (4.13). Following rigorous calculations, we reveal the following expressions
T +singBat+C})

(4.27) p1=A. - T )
C,+sing(Bat+C")
PLREARMOV 2 <
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1
cosq(Bat+C)
(4.28) ps=BA. ,
Cly+sing(Bet+C})
C/
(4.29) p3=BA% - :
C,+sing(Bat+C})

which are in relation to the distinct fractional cos, and sin, functions defined in (1.10) and where
r= C’2A‘2. The incorporation of these well-established functions provides a novel perspective,
emphasising the intricate nature of the oscillatory phenomena under examination. Through
rigorous mathematical analysis and compelling calculations, we unveil the derived expressions,
therefore giving our work a significant and valuable contribution to the understanding of these

complex dynamics.

1 0.3

T T T T T T T T T T T T T T
a= —a=1
a=( —a=09
L a= a=0.7
. A o 02 ——a=05] |
0.1 \
- o
o o b o I A \ ~—
15 20 25 30
t

((a)) The time evolution of p; for the Modified ((b)) The time evolution of py for the Modified
Riemann-Liouville operator. Riemann-Liouville operator.

o
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——a=1
——a=09

a=07
0.45 - ——a=05

((c)) The time evolution of pg for the Modified

Riemann-Liouville operator.

Figure 4.6: The depiction of the exact solutions for the fractional mapped equation acquired for
D1,P9 and ps is presented for four distinct values of @ , denoting the fractional order.
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Meanwhile, to align with our theoretical findings, we have visually depicted an instance of

the evolution in time of the amplitudes p;, ps, and pj for the Jumarie operator in Figure 4.6,
with the parameter A set to 2/v/3, considering four distinct values of a.

These figures illustrate a cosine form which varies based on the fractional derivative order,
a. It is noteworthy that when a = 1, there are oscillations in the p, py, and ps components
(corresponding to the F9g and Fog modes). However, a crucial aspect of this investigation is that,
for values of 0 < @ < 1, we observe a decline in amplitude as « decreases.

For components p, and ps, it is sufficient to solve the following system

1
cosg(Bat+C") 1
JD?IM:Y(—B ; a 1 L ; P4—§P5,
Cy+sing(Bet+C7)
(4.30) Blrech )
cosq(Ba
fD?p5=Y(—B — Ps5+ 5P
C,+sing(Bat+C")

Furthermore, by integrating (4.19) using the fractional Riemann-Liouville integral and applying
the properties of the Jumarie derivative and the Mittag-Leffler function as outlined in Chapter

1, we obtain the expressions for p, and ps:

1 1
cos 5ot
(4.31) pa=CyA%B. “((2)1 ) ,
C,+sing(Bat+C})
ina((3)71)
sin 5)¢
(4.32) ps =C,A%B. 2 .
C,+sing(Bat+C)

By elucidating the expression in (4.31) and (4.32), it becomes apparent that Fo.1(¢) # 0 through-
out its temporal evolution depends on an initial of F941(0) # 0. This revelation holds significance
as it signifies that if the vesicle’s main axis is initially situated outside the shear plane, it does
not return to the shear plane. This crucial insight directly answers the pivotal inquiry raised in
the introduction. Consequently, our attention is now directed towards cases where the principal

axis of the vesicle does not return to the plane, signifying Fa.1 #0.
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Figure 4.7: The depiction of the exact solutions for the fractional mapped equation acquired for
F51 modes is presented for four distinct values of a , denoting the fractional order.

Figure 4.7 illustrates the Fg,1 modes for four distinct values of . When a =1, the p, and p5
components predict an oscillation mode corresponding to VB or TB. However, for 0 < @ < 1, the
amplitudes decrease, revealing that the rigid particle exhibits a different motion distinct from
pure VB or TB. The idea is to distinguish the type of regime that the rigid particle predicts in this
case. To achieve this, a deeper understanding of the movement and deformation of the particle
is needed. Specifically, we must now find expressions for %, the deformation of the shape, and
@, the orientation angle defined in (15). As previously explained, considering the relationship

between pq, py, Z, and ¢, we can easily determine that

B2cos (Bt +C))+ (T +sing(Bet+C)))

(4.33) R2(t) = N2 - 5
(Ch+sing(Bat+CY))
cosq(Bet+C")
(4.34) ¢(t) = arctan (B. 1 )
['+singBet+Ch)

Furthermore, for vesicles, the angle representing the orientation between the principal axis and

the shear flow direction, as defined in (4.25), is expressed as follows

cosa(Bé t+C7) )
)

1
(4.35) w(t) = — arctan (B. -
2 T +sing(Bat+C)

where C;, depends on the initial conditions. Through a straightforward algebraic manipulation

of (4.27) and (4.28) when ¢ = 0, the expression is expressed as follows

N A-p,(0)

VBDAO) +[p,(0)- A-112
KRG o= -
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Subsequently, by using equations (12) and (51), it becomes apparent that |C’2| = A, and conse-
quently, |C’2| > 1 given that A > 1. Thus, the components p{, p, and p3 remain finite for all times,
and the parameter I fulfils to the condition |T'| = A~1.

Equation (4.34) indicates that the time evolution of the angle ¢ is controlled by the parameter
I'. Now, we will explore the impact of I' (|| = A™1), while keeping the parameters A fixed. As
discussed earlier, for A < 1, every initial condition converges to the same endpoint, in contrast to
the case where A > 1. In this case, the selection of initial conditions, particularly I', influences
the nature of the motion. Within this context, we will examine how the dynamics of the particle

are influenced by the choice of initial conditions and the fractional order.

1 . . . . . T i 02 ,
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0.8
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30 N ~ ] 5 A~
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t t

((a)) The orientation angle ¢ when a = 1. ((b)) The orientation angle ¢ when a =0.9.
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((¢)) The orientation angle ¢ when a =0.7. ((d)) The orientation angle ¢ when a = 0.5.

Figure 4.8: The particle’s orientation angle ¢ for four different fractional order values with
r=09,'=1andI'=1.2.

If the vector undergoes precession around a specific axis, its projected norm will exhibit
temporal oscillations, signifying either vesicle vacillating breathing (VB) or tumbling (TB) phe-
nomena within the vesicle dynamics. It’s important to note that Gamma can be either positive
or negative (i.e., I'=+\/A"2+ Céz + Cf ) but for convenience, and without loss of generality, we

assume I to be positive. Figure 4.8 illustrates the behaviour of the orientation angle ¢ (Where
KBTI e <
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v, representing the angle between the main axis and the direction of the fluid flow, is equal to
half of ¢).
Specifically, Figure 4.8(a) provides a diagram of the angle ¢ under different regimes when a = 1.

In this case, the shear flow induces the rotation of vector p around a particular axis, leading
to two distinct cases based on the constant I" (the initial conditions). As depicted in Figure 4.6,
the projection of the vector p into the (e1,e2) plane signifies the oscillation of the deformation
amplitude in the vesicle problem over time. Simultaneously, the angle ¢ varies within [-5, 5],
corresponding to the initially discussed Vesicle Vacillating-Breathing regime in [64]. The second
case arises when the angle ¢ varies within [—m, 7] with oscillations in the norm p, , representing
Tumbling regime.
This indicates that the prevalence of vesicle vacillating breathing or tumbling depends on initial
conditions. It is evident from Figure 4.8(a) that when I' < 1, the particle exhibits the tumbling
mode, characterised by sudden discontinuous jumps of the angle ¢ over time. Conversely, in the
VB regime, represented by I' > 1, the evolution is continuous. An interesting case arises when the
principal axis of the vesicle is initially positioned outside the plane for I' < 1, referred to as the
Kayaking-TB (KTB) mode. Similar to classical TB mode, the KTB regime involves the particle’s
contour oscillation in the shear plane if I' # A™1, as indicated by
(4.37) %% =(N"2-T?) B 5 +1.

[TA2 +sing(Bat+C})

This motion is accompanied by %’s oscillation. The time-dependent behaviour of % for three
different values of I is illustrated in Figure 4.9, demonstrating a periodic regime similar to the

classical VB mode for deformable particles when projected into the shear plane.
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Figure 4.9: The particle’s shape deformation 2 for four different fractional order values with
r=09,Ir=1andI'=1.2.

Moreover ,the angle ¢ undergoes continuous evolution, as shown in Figure 4.8. In cases where
initially F9.1(0) # 0, the dynamics correspond to Kayaking-VB (KVB). Thus, for I' > 1, the KTB
regime transforms into the KVB regime. However, when 0 < a < 1, oscillations with decreasing
amplitudes occur, whatever the initial conditions, indicating the presence of a different regime
distinct from pure TB or VB. Notably, the parameter I loses its impact on both types of motion,
leading to oscillations with decreasing amplitudes as a decreases. This behaviour is apparent in
Figure 4.9, which shows three different values of I and varying values of a.

Therefore, the fractional derivative takes into account not only the initial shape but also the
entirety of the entire instant, preserving a certain degree of memory. Additionally, these graphical
representations suggest that as a increases, the approach to equilibrium becomes slower. Figures
4.8 and 4.9 illustrate that both the orientation angle and shape deformation follow cosine forms
with decreasing amplitude as a decreases for any value of I.

These regimes can be described as tank-treading with under-damped vesicle oscillations (TT-UD)
and tank-treading with over-damped vesicle oscillations (TT-OD). Furthermore, Figures 4.8(a)
XEFS Ve <
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and 4.9(a) show that as a approaches 1, oscillations through the equilibrium indicate TT-UD

motion, signifying that the tank-treading mode (TT) is on the verge of losing stability to the
vacillating-breathing mode (VB).

4.4 Comparative Analysis of the Modified Riemann-Liouville

and Caputo Fractional Derivatives in Vesicle Dynamics

In investigating the persistent question of the choice of fractional derivative, this section con-
ducts a comparative analysis between the Jumarie and Caputo fractional derivatives in the study
of vesicle dynamics. The objective is to discern, within this context, which derivative proves more
pertinent for this study. Notably, when employing the Caputo derivative, the solution was ap-
proximated using the Adams-Bashforth method [15] due to its limited properties. In contrast,
the selection of the Jumarie derivative in this instance is motivated by the prospect of using its
properties to obtain the exact solution, as demonstrated in the preceding section.

As previously mentioned, whether in the case of vesicles or rigid particle motion, the most rel-
evant aspect is the examination of the orientation angle ¢ and shape deviation £. Thus, this
comparison focuses on evaluating these two functions for different values of a (the fractional

order) and for both types of derivatives.
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((a)) The orientation angle ¢ when a =0.9. ((b)) The orientation angle ¢ when a =0.7.
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((c)) The orientation angle ¢ when a =0.5.

Figure 4.10: The dynamics of the Orientation Angle ¢ for three arbitrary values of fractional
order using Caputo and Modified Riemann-Liouville Fractional Derivatives. Parameters are :
A=04V5y=1.

In Figures 4.10 and 4.11, we illustrate the dynamics of the orientation angle (¢) and shape
deformation (%) for three arbitrarily chosen fractional derivatives, employing both the Caputo
derivative and the Modified Riemann-Liouville fractional derivative with respect to the parame-
ter A.

When A < 1, our previous discussions elucidate the vesicle’s motion in this case, characterized by
the tank-treading mode. Both derivatives demonstrate convergence of the orientation angle and
amplitude to a stable point. However, a comparative analysis between the two derivatives, as
depicted in Figures 4.10 and 4.11, reveals that the Jumarie derivative exhibits a faster conver-
gence towards equilibrium than its Caputo counterpart. This observation suggests that, in this
context, the Jumarie derivative proves to be the more advantageous choice, facilitating quicker
convergence and, consequently, time efficiency to reach stability. In this way of thought, we be-
lieve that the so-called Caputo derivative is not quite always suitable, and this is the reason why

we have used the modified Riemann-Liouville derivative.
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Figure 4.11: The dynamics of the particle contour % for three arbitrary values of fractional

order using Caputo and Modified Riemann-Liouville Fractional Derivatives. Parameters are :
A=04V5,y=1.

Furthermore, it is noteworthy that the use of the modified Riemann-Liouville derivative
contributes not only to achieving faster convergence but also to obtaining the exact solution
as opposed to providing a simple approximation. The Exact solution is expressed in terms of
the Mittag-Leffler function, a generalisation of the exponential function, along with generalised
trigonometric functions. This approach provides a more comprehensive understanding of the
system dynamics, offering a solution that encompasses a broader class of mathematical functions.
We will now turn our attention to the most crucial case, which involves oscillations or periodic
behaviour (A > 1), particularly in the classical case (i.e., @ = 1). Using the classical derivative, we
can identify the regime based on initial conditions, and we have observed damping tank-treading
for 0 < a < 1, where we demonstrated that initial conditions no longer influence the types of
motion. Instead, only @ impacts the motion exhibited by the vesicle for both the Jumarie and

Caputo derivatives.
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Figure 4.12: The orientation angle dynamics ¢ for a = 0.9 with Caputo and Modified Riemann-

Liouville Fractional Derivatives and Three Different I’ Values at A = 2/v/3.

0

KETs Vo=

# Page 99



Chapter 4 - Analytical investigation of vesicle dynamics via the modified Riemann—Liouville
fractional derivative

AN ETIRBIG Voo

0.16 T

T
Jumarie derivattive
Caputo derivative

Jumarie derivattive
Caputo derivative

-0.05

L L L L L L L L L L L L L L
5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40

time t time t
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((c)) The orientation angle ¢ when a =0.7 and
r=1.2.

Figure 4.13: The orientation angle dynamics ¢ for a = 0.7 with Caputo and Modified Riemann-
Liouville Fractional Derivatives and Three Different I Values at A = 2/v/3.
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((c)) The orientation angle ¢ when a = 0.5 and
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Figure 4.14: The orientation angle dynamics ¢ for a = 0.5 with Caputo and Modified Riemann-
Liouville Fractional Derivatives and Three Different I Values at A = 2/v/3.

To delve deeper into this observation, we have presented the dynamics of the orientation
angle in Figures 4.12, 4.13, and 4.14 for three different initial conditions (I" values) and various
a values while keeping A fixed at A > 1. The shape deformation is depicted in Figures 4.15, 4.16,
and 4.17.
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Figure 4.15: The dynamics of the shape deformation % for a = 0.9 with Caputo and Modified
Riemann-Liouville Fractional Derivatives and Three Different I' Values at A = 2/v/3.
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Figure 4.16: The dynamics of the shape deformation % for a = 0.7 with Caputo and Modified
Riemann-Liouville Fractional Derivatives and Three Different I' Values at A = 2/v/3.
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Figure 4.17: The dynamics of the shape deformation & for a = 0.5 with Caputo and Modified
Riemann-Liouville Fractional Derivatives and Three Different I' Values at A = 2/v/3.

Upon closer examination, it becomes evident that, as a decreases, Caputo yields more rele-
vant results, and convergence is faster in this context. Oscillations decrease rapidly, leading to
stabilisation towards the equilibrium point and the emergence of a new damping movement.

It is worth noting that this comparison highlights the difference between the speed of conver-
gence and the relevance of results, emphasising the sensitivity of the vesicle’s behaviour to the
choice of fractional derivative.

In this case, as a get away from 1, the vesicle’s behaviour predicts damping-TT for both types
of derivatives. However, the Caputo derivative converges more rapidly, allowing us to discern
the time difference in achieving convergence or stability between the two derivatives. This phe-
nomenon is indicative of the Caputo derivative’s ability to capture and highlight the system’s
intrinsic characteristics, especially during the transition from oscillatory behaviour to stabiliza-
tion.

These observations underscore the challenge of determining which derivative is better suited
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for this type of system; For A <1, we have observed that the Jumarie derivative enhances time
efficiency, while for A > 1, the emergence of the new motion (damping-TT) is noticeable more
rapidly with Caputo. Each derivative exhibits distinctive characteristics, and notably, one feature
of the Jumarie derivative that has captured our attention is its capability to obtain the exact

expression as opposed to providing a simple approximation.

4.5 Conclusion

Overall, thischapter serves as a significant step forward in the study of vesicle dynamics, offer-
ing a valuable tool that can be used to gain deeper insights into the behaviour of vesicles in
multi-dimensional spaces, thereby advancing our knowledge of essential biological processes and
their practical applications. especially those that involve real cell-like behaviours, such as those
exhibited by red blood cells, and their relevance in the low Reynolds number, viscous-dominated
Stokes regime.

Thechapter presents a comprehensive analytical exploration of vesicle dynamics, employing Ju-
marie’s Modified Riemann-Liouville Fractional Derivative as a novel mathematical framework.
The study includes a detailed examination of the memory effect observed in lipid vesicles, which
undergo persistent shape changes resembling real cells, especially red blood cells.

Grounded in a five-dimensional fractional rigid sphere model, our analytical analysis, employing
Jumarie’s fractional derivative, produces an exact solution using the key function Mittag-Leffler
of fractional calculus. This solution enables a comprehensive understanding of the intricate dy-
namics and enduring shape alterations in lipid vesicles. It reveals alternative regimes, namely,
tank-treading with over-damped and under-damped (respectively, TT-OD and TT-UD), depend-
ing on the order of the derivative, representing intermediary regimes between TT and VB that
classical derivatives are unable to detect.

Furthermore, thechapter features a rigorous comparative analysis with Caputo’s derivative, aim-
ing to discern the relative efficacy of the two fractional derivatives in capturing the essential
features of vesicle dynamics. This comparative study contributes not only to the theoretical un-
derstanding of vesicle behaviour but also has practical implications in the broader context of
applied mathematics, particularly in the field of biophysical systems.

The findings presented herein contribute to the growing body of knowledge in fractional calcu-
lus applications, specifically within the realm of biophysical systems. The insights gained from
this analytical investigation offer a valuable foundation for future research and applications in

understanding the complex dynamics exhibited by vesicles and related biological structures.
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5.1 Introduction

As mentioned in the introduction, microswimmers, microscopic entities capable of navigating
fluid environments are of significant interest due to their applications in fields such as biophysics
and targeted drug delivery. These microswimmers, often modeled after biological organisms like
bacteria and algae, exhibit complex dynamic behaviors when interacting with their surrounding
fluids. Understanding their trajectories and orientations is essential for optimizing practical
applications and advancing our knowledge of transport phenomena in microfluidics and environ-
mental science.

Microorganisms often exhibit responses to both fluid flow and various external stimuli, such as
gravity (gyrotaxis), magnetic fields (magnetotaxis), and light (phototaxis). The interplay between
fluid flow and these external forces results in a range of complex movements. To date, most tra-
jectories of these microswimmers have been determined through numerical methods, as detailed
below. In the presence of both flow and an external field, the dynamics of a spherical microswim-
mer are described by the following equations for the orientation vector p and the position vector

X

d 1
d_lt’ = 5wxp+x[e*—(p-e*)p],
(5.1)

X —up(x) +
— =uy(x) +vg,
dt 0 s

where w represents the fluid vorticity vector, and e* denotes the applied external field, with y
characterizing its strength (where y = 0 indicates no external field). The parameter y is often
associated with external forces such as gravity for a particle with a non-coincident center of mass,
such as a heavy-bottom particle (i.e., when the center of mass is offset from the center of the
sphere) [19, 39].

Building on this foundational overview, this chapter explores the dynamics of spherical mi-
croswimmers subjected to one-dimensional shear flow. We employ fractional calculus, specifi-
cally Jumarie’s fractional derivative, to account for memory effects that influence microswimmer
behavior. This approach allows us to derive exact analytical solutions for both the orientation
and trajectory of microswimmers, providing a more detailed understanding of their motion un-
der shear forces. By extending Bretherton’s method, we aim to improve the accuracy of mi-
croswimmer models and offer deeper insights into their interactions with fluid environments.
This methodological advancement not only bridges the gap between classical and fractional cal-
culus but also underscores the transformative potential of fractional derivatives in modeling
complex biological systems.

The results presented in this chapter have important implications for the design and application
of microswimmers in biophysics and medical technologies. By examining the interplay between
microswimmers and their trajectories through a fractional calculus framework, we contribute
to the development of more effective strategies for manipulating and utilizing these microscopic
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#  Page 107




Chapter 5 - Unveiling Memory-Driven Dynamics: Fractional Calculus and Microswimmer
Trajectories in 1D Shear Flow

AP EFTEHE GG Voo
entities in various practical applications.

The structure of this chapter is as follows: Section 5.2 focuses on the formulation of the fractional
model and includes a detailed stability analysis. In Section 5.3, we extend Bretherton’s approach
to the fractional orientation evolution equation, introducing a new framework for studying parti-
cle dynamics. Section 5.4 examines the impact of memory effects on swimming trajectories in a
1D shear flow, highlighting the complex behaviors of microswimmer motion under these condi-

tions. Finally, Section 5.5 offers concluding remarks and suggests avenues for future research.

5.2 Fractional Model and Stability Analysis

In this section, we present the fractional model by substituting the fractional derivative with
an integer-order derivative. This approach allows us to analyze the system’s dynamics while
maintaining the essential characteristics of the original model (5.1). Let us consider the dynamics
of an isolated rigid spherical microswimmer in a 1D shear flow. The swimmer moves with a
velocity vy = vgp, where p is the unit orientation vector and v, is the constant magnitude of the
swimming velocity. Using Faxén’s second law and considering the equilibrium of torques while
assuming negligible inertial forces, we modify the system (5.1) by replacing the integer-order
derivative with Jumarie’s modified Riemann-Liouville fractional derivative.

Moreover w x p can be replaced by Q- p

1
IDp==[Q-p+y(e*—(e*- ,
. fp=5(0pry(e (e p)p)

fox =up(x)+ v,
where # DY denotes Jumarie’ fractional derivative of order a,Q is the vorticity tensor defined as

0 —w3 W2
(53) Q= w3 0 —w1 )

—wy W1 0

e* is an arbitrary unit vector, ug(x) is the fluid velocity, and w = (w1, w2, w3) is the fluid vorticity

vector.

The introduction of fractional derivatives in the equations above allows us to model the memory

effect, where the system’s current state depends on its past states. This modification leads to a

generalized model that can capture more complex and realistic behaviors of microswimmers in

fluid flows.

This equation has been analytically solved when a = 1, as shown in [38]. The solution of this

classical model of ordinary differential equations (ODEs) does not depend on past instants due

to the lack of memory effect. Fractional calculus, however, is effective in describing real-life phe-

nomena with memory effects.

We can easily observe that the first equation in system (5.1) is similar to equation (12), which
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we previously used in Chapters 3 and 4 to study the mapping equation for vesicles to study
the dynamics of quasi-spherical vesicles under shear flow using Caputo and modified Riemann-
Liouville fractional derivatives. It was demonstrated that, similar to the classical case, the shape
evolution equation in the fractional case can also be mapped onto that of a rigid sphere, similar
to the equation above, with an appropriate y in five dimensions and a corresponding fictitious
vorticity Q.

Based on this mapping and our previous exact analytical solutions for vesicles, we can solve the
equation (5.2). Here, instead of the method used in Chapter 4, we provide a more general analyt-
ical approach that can be extended to other physical situations, such as arbitrary orientations of
external fields.

To analyze the stability of the system described by these fractional equations, we examine the
equilibrium points and the corresponding eigenvalues of the Jacobian matrix derived from the
system. The stability conditions can be summarized as follows:

It is noteworthy that the system above possesses equilibrium points dependent on the parameter

X_ X
(X‘l,i\/l—i‘z,o),

¥, where y = = = — =,
* X Y w3

for ¥ > 1, where ()Z‘l, V1-772 ,O) is asymptotically stable and ()Z‘l, —V1-j72 ,0) is completely
unstable. For ¥ < 1, the equilibrium points are:

()z,i\/l—;z2,0),

which are stable. We have examined the local stability of the solutions to the fractional system
using Lemma 1.2.3, demonstrating that stability can be inferred in this case, unlike with classical
derivatives where stability conclusions are not as straightforward.

This stability analysis is crucial for understanding the behavior of the microswimmers under
various external influences, as it reveals how the memory effects captured by the fractional
derivative impact the system’s dynamics. The insights gained from this assessment pave the
way for further exploration of the intricate interactions between microswimmers and their fluid

environments.

5.3 Extending Bretherton’s Approach to the Fractional

Orientation Evolution Equation

The authors in [38] presented a comprehensive analytical approach based on the Bretherton
method [20]. However, their analysis did not account for the time history or memory effect.
Motivated by these studies, we propose extending this approach using the modified Riemann-

Liouville fractional derivative. This extension can be readily applied to various physical scenarios,
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such as arbitrary orientations of external fields. The primary objective of this chapter is to

analytically solve a family of equations of the form
Fna 1 * *
(5.4) Dtng[ﬂ-p+)((e -e*-pp)],

where 7 DY is the Jumarie’s modified Riemann-Liouville derivative, 0 < @ < 1. Our aim is to trans-
form this equation into a form conducive to straightforward analysis, inspired by the Bretherton
method [20] as discussed in [38]. However, it is not immediately evident how to directly apply

this method to our fractional equation. To solve (5.4), we use the following approach

(5.5) P=pot B(t)q,

which necessitates the decomposition into three fundamental equations for comprehensive anal-
ysis.

First, we have
(5.6) Q-po+ye* —ye* popy =0,

The solution provided by the authors in [38] offers further insights into this equation by eluci-
dating the relationship between the orientation dynamics of the microswimmer and the external
flow conditions. Specifically, they derived explicit analytical expressions for the orientation vector
Do- In this chapter, we focus on the swimming direction in 1D linear shear flow. Based on the
results presented in [38], we obtain a one-parameter family of solutions for the orientation vector

given by
(5.7 po=¢k+ 7,

It can be verified that, in this context, the parameter ¢ does not affect (5.7) and can be set to zero.

Consequently, the exact expression for the orientation vector simplifies to:

This formulation allows us to analyze the fundamental dynamics of the swimming direction in

1D linear shear flow. We now turn to the second equation, which is given by
1
(5.9) B/ Diq= Q- pt)g - xe* - ft)gp.
To simplify this equation, we divide each term by (), yielding
Ina 1 *
(5.10) Diq=5Q-q-xe" qpo.

In this simplified form, we can now address the resolution of equation (5.10). The equation is

more manageable, with 7 D q representing the fractional derivative of q. To solve this, we utilize
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the Laplace Transform of the modified Riemann-Liouville fractional derivative, as outlined in

(5.13), along with the properties detailed in Section 1. Specifically, we have
(5.11) /Diq(t)=Aq,

where the operator A is given by

(5.12) A= %(Q —ypoe*T).

Applying the Laplace Transform to equation (5.10) and using the definition of the modified

Riemann-Liouville fractional derivative (5.13), we obtain
(5.13) LI DYq1))s) = s"Q(s) — s 1q(0),

where Q(s) is the Laplace transform ofq(¢) and ¢(0) is the initial condition.
By performing the inverse Laplace Transform as described in Definition 1.1.6, we find the solu-

tion to be
(5.14) q(t) = E o (At")q(0).

where E, denotes the Mittag-Leffler function of order a.
Having addressed the second equation, we now turn our attention to the third equation. The

third equation is given by
(5.15) fo,B(t):—%[,Be*-po+ﬁ2e*-q],

For the third equation (5.15), we can utilize the properties of the modified Riemann-Liouville
fractional derivative described in Chapter 1 to find a solution. Specifically, by applying these

properties, we obtain the following result

1,y _ p-1 X % ay , X X % ayra X % an) ..k
(5.16) g @®=p (O)Ea(ée -Pot )+§Ea(§e -Pot )IO(Ea(—§e ‘potH))e” -q.
From (5.5), we can finally derive the expression for p

q(0)E (At?)
-1 X * a X X * ayra X * a)a*x ’
ﬁ (O)Ea(ge -Pot )+ §Ea(§e -Pot )IO (Ea(—ge -Pot e Q)

(5.17) pPE)=po+

For the particular and interesting case in which e* and p, are perpendicular. The general

solution of (5.4) can be written as,
q(0)E o (At%)
B0+ 215 (e* - Ea(At*)q(0))

(5.18) p)=po+

As mentioned in the introduction, we will focus on a specific case where the imposed fluid velocity

is given by

(5.19) uo = (yy,0,0),
MBI e =
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where y represents the steady rate of shear. For this case, we assume that the external field is

aligned with e, meaning e* = j. Consequently, the fluid vorticity is w = —)fié .

Additionally, we define A = \/I)Z‘z——ll .

Furthermore, after obtaining the exact analytical solutions to the system (5.5), which incorpo-
rates run and tumble dynamics, our objective is to quantify the effects of the parameter y and
the fractional order derivative a on heavy bottom particle regimes at leading order in the frac-
tional case. Building on these results and the properties of the Jumarie derivative, the following
sections will derive the analytical solutions for p,, p,, and p, as functions of the parameters y
and a for both the run and tumble modes. Additionally, we propose an alternative approach to
generating these motions by assigning random values, either greater or less than unity, to these
parameters. This analysis will enable us to explore the exact expressions for ¢. The behavior of
these solutions will be illustrated using MATLAB software.

5.3.1 run mode

Notably, we explore the intriguing run mode, a distinct behavior that emerges under specific
conditions, similar to the TT-mode observed in vesicles, where the orientation angle remains
constant. Through the combined insights of the Mittag-Leffler function and Jumarie fractional

derivative, the resulting expressions indicate the emergence of the run mode.

A2 Ea()//;ta) +02Ea(— )/Ata)

(5.20) . 2 _ .
e LGl PO .Gl
A Ea(Y/;ta)—C2Ea(_Y[;ta)
(5.21) py=7 AT AT
61+Ea( ) 2Ea(_ B )
A c3
(5.22) =—= ,
TR e m ) e (- 1A

where c3 = +/4cs —)ch%.
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((a)) The time evolution of p, for the Modified ((b)) The time evolution of p, for the Modified
Riemann-Liouville operator. Riemann-Liouville operator.
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((c)) The time evolution of p, for the Modified
Riemann-Liouville operator.

Figure 5.1: The depiction of the exact solutions for the fractional mapped equation acquired for
P., P, and p, is presented for four distinct values of « , denoting the fractional order.

Figure 5.1 illustrates the dynamics of p,, p,, and p, as they converge toward the stable
point ( 7 LV/1-772 ,0), regardless of the initial orientation. This behavior aligns perfectly with
our theoretical findings regarding the stability of this equilibrium, confirming that the terminal
vector lies within the shear plane. This corresponds to the pure run regime, showing that the
particle orientation tends to the unique stable orientation.

As discussed earlier, the orientation angle ¢ characterizes the particle’s motion, and since p,

and p,, are related to the orientation angle ¢ within the shear plane, we have:

(5.23) @(t) = tan™? (&) ,

X
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leading to the following analytical expression of ¢
YAE® YA®
Ef 5 )+ oBaf )

,gzcﬁEa(Y/;_t“)wEa(_M))’

(5.24) o) =tan”*(A

From this, we observe that the alignment angle 0 < ¢ < % between the microswimmer’s orien-
tation p and the external force j confirms that the unit vector p exhibits run motion, which is

characteristic of the run phase.
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Figure 5.2: The particle’s orientation angle ¢ for four different fractional order values.

Figure 5.2 further illustrates this relationship by presenting the orientation angle ¢ for
various values of a. The solutions indicate that ¢ remains constant across different a values.
During the run motion, the alignment angle 0 < ¢ <  between the microswimmer’s orientation

p and the external force j demonstrates that the unit vector p exhibits run motion.

5.3.2 Damping mode

Considering the most essential part of our research, we direct our focus to the oscillatory solution,
previously analyzed in the classical framework by the authors in [38] for the case where ¥ <
1. Their study identified oscillatory solutions that delineate the TB mode. Building on this
foundation, our work advances to the computation of exact solutions, incorporating the memory
effect captured by the fractional derivative of the modified Riemann-Liouville. Through rigorous
calculations, we derive the following expressions

/
(5.25) pe=g+ Sina ((%)1 )

b

¢} +sing ((?)Mxt + c'2)
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A cose(2) ey
(5.26) =— )
Y ¢} +sing ((%)lmt + c’z)
(5.27) D= % 0,3

1la
¢ +sing ((?) t+ 0’2)

These expressions are connected to the distinct fractional cos, and sin, functions introduced in
Definition 1.10, where cj = +/%2¢| — 1. The incorporation of these well-established functions
offers a novel perspective, highlighting the intricate nature of the oscillatory phenomena under
study. Through rigorous mathematical analysis and detailed calculations, we present the derived
expressions, thus providing a significant and valuable contribution to the understanding of these
complex dynamics.

Our theoretical findings demonstrate that the fractional-order derivative a has a substantial
impact on the stability of the equilibrium. In contrast, in the classical case (a = 1), no conclusions
can be drawn regarding stability.

To further illustrate our findings, we present a visual depiction of the time evolution of the
amplitudes p,,p,, and p, for the Jumarie operator in Fig. 5.3, considering four distinct values

of a. The subsequent graphical representations align with our theoretical results.
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Figure 5.3: The depiction of the exact solutions for the fractional mapped equation acquired for
P., P, and p, is presented for four distinct values of « , denoting the fractional order.

These figures depict a cosine form that varies with the fractional derivative order a. Notably,
when a = 1, oscillations are present in the p, p,, and p, components. However, for 0 <a <1
there is a noticeable reduction in amplitude as a decreases, indicating that the microswimmer
motion diverges from pure TB. This highlights the need to identify the specific regime predicted
by the rigid particle in these conditions. To achieve this, a more in-depth analysis of the specific
movement and deformation is necessary. In particular, we need to derive expression for ¢ (the
orientation angle defined in (5.23)). Therefore, utilizing the relationship between p,,p,, and ¢

will enable us to determine these characteristics

COSg ((%)I/at + c’z)

I' +sing ((%)l/at + 0'2)
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Figure 5.4: The particle’s orientation angle ¢ for four different fractional order values with four
different values of a.

Figure 5.4 presents the orientation angle ¢ for four distinct values of @ under the condition j < 1.
In the classical case where a = 1, the particle exhibits tumbling behavior, consistent with the
observations reported in [38]. However, for 0 < a < 1, the application of the modified Riemann-
Liouville fractional derivative introduces an extended damping period and greater alignment
with the flow as a decreases, eventually leading to a stationary orientation. This observation
yields several significant conclusions, particularly in the context of incorporating the memory
effect and the transition of the particle from tumbling to stationary motion within shear flows.
This innovative approach not only illuminates the nuanced behavior exhibited by microswim-
mers in fluid environments but also advances the broader discourse on fluid-particle dynamics,
highlighting the intricate interplay between particle shape, motion, and environmental factors.
The memory effect is pivotal in determining how particles respond and orient themselves over
time, as fractional-order derivatives allow us to study how particles react based on their recent
history, thereby influencing their current orientation and enabling them to adapt dynamically to
environmental changes.

In summary, the damping of the orientation angle with the introduction of fractional-order deriva-
tives reveals a more complex and adaptive system dynamic, characterized by significant memory
effects and emergent properties. Understanding and interpreting these changes are essential
for accurately modeling and predicting system behavior. By incorporating Jumarie’s modified
Riemann-Liouville derivative, we present a more realistic and comprehensive model. In the fol-
lowing section, we will examine the influence of memory effects on swimming trajectories in

one-dimensional shear flow.
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5.3.3 Special Case: No Preferred Swimming Direction (y = 0)

To transition from the general case to a specific scenario, we consider the situation where there
is no preferred swimming direction, represented by y. This condition can arise in two distinct
circumstances: either due to strong rotational motion that prevents a defined swimming direction
or because there is no external torque acting on the microswimmer. In this particular case, the
dynamics differ significantly, as the absence of a preferred direction leads to distinct behavioural
patterns that must be examined separately from the general analysis. As a result, we obtain the

following expressions for the components of the swimming trajectory

(5.29) Py :C'cosa((g)l/at+C),

(5.30) p,=C'sing (1) “t+c),

(5.31) p,=+V1-C72.

These expressions take into account the fractional derivative order a, which incorporates the
memory effect, influencing the oscillatory motion of the system. In this fractional context, the
memory effect modifies the swimming trajectories, reflecting the system’s dependence on past
states, thus providing a more comprehensive understanding of the particle’s behavior under
these specific conditions. These graphs will visualize the impact of the fractional derivative order
@ on the components p,,p,, and p,, enabling a more detailed analysis of the system’s oscillatory
behavior in this specific scenario.
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Figure 5.5: The time evolution p, for the Figure 5.6: The time evolution p, for the
Modified Riemann-Liouville operator (y = Modified Riemann-Liouville operator (y =
0). 0).

Figures 5.5 and 5.6 illustrate the time evolution of the amplitudes p, and p,, for the modified
RiemannLiouville operator under the condition y = 0, analyzed for four distinct values of the frac-

tional order a. The results reveal a cosine-like behavior dependent on the order of the derivative
XEFS Ve <
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@, analogous to the general case where y # 0. Notably, when « =1, the p, and p, components
exhibit sustained oscillations. In contrast, for 0 < @ < 1, which is central to this investigation,
the amplitudes decrease progressively as a is reduced. This pattern suggests that in the specific
scenario where y = 0, corresponding to the absence of external torque, the spherical particle

exhibits a damped motion within the shear plane.

5.4 Memory Effects on Swimming Trajectories in 1D Shear Flow

The aim of this section is to explore the long-term particle transport in simple shear flow within
the framework of fractional calculus. As previously explained, the time evolution of the center of

mass position is governed by
(5.32) 7 D% = uy(x) + Vs,

where vs = v;p denotes the swimming velocity vector relative to the fluid, and vs = |vs| is as-
sumed constant. Various physical forces can influence particle trajectories. For instance, as
mentioned earlier, a gyrotactic cell may maintain a fixed orientation or tumble [38, 50, 75]. By
utilizing explicit expressions for the orientation vector p, we derive exact expressions here for

the swimmer’s position x = (x,y,z) by solving the system of equations
(5.33) IDixt)=yy+vsp,, “Diyt)=vsp,, 7Dizt)=v,p,.

We will explore three distinct cases: the trajectories under the run regime, the damping regime,
and a specific instance with y = 0. For the latter, we have plotted the trajectory to facilitate the

reader’s understanding of how memory effects influence the swimmer’s position.

5.4.1 Trajectories in the run regime

In the general run regime, we perform a comprehensive analysis using the properties of the
modified Riemann-Liouville fractional derivative. This approach yields exact solutions for the

swimmer’s position relative to its initial coordinates. Specifically, we have

() — x(0) [ 0+ B 10y 0ot | 1
x(t) —x(0) = = -
Y1y 7 7 1 2 Ta+D
2 At® —At?
+ Yf’szgln(cﬁEa( > )+02Ea( : ))
(5.34) A e
A 2 Ea + 5 ]_+ﬂ
- f} s% arctan (2—)22 —arctan 2 .
Y e (%) c2— (%) c2— (%)

This reflects how the shear rate, swimming speed, and memory effect collectively shape the

longitudinal motion of the swimmer. Similarly, for the lateral displacement y(¢), the solution is
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given by
C1+Es (25| + CoE [-A5
2v; 1 2( 2 ) 2 1( 2 )
5.35 H—-y(0)=—1
( ) y(t) - y(0) 7 Ci+Cyt1 )

This expression highlights the memory effect, evident here, indicates that past movements sig-
nificantly influence the present position, making the path of the swimmer more intricate over

time. Finally, the vertical position z(¢) is described by

ACZ
(5.36) (t)—2(0) = — 220 ¢ Bo('f) v ¢ ( l+a )
. VA A = ——V0 arctan| ————— | —arctan | —— ,
FV1-a? ’ 1-a? V1-a?

where a and b depend on the constant ci,co and c3. The z(f) expression shows a dependence
on the arctangent of Mittag-Leffler functions, revealing how the swimmer’s vertical motion is
modulated by the fractional dynamics and the memory effect. This results in a more complex
vertical trajectory, where the cumulative history of motion plays a critical role.

For the classical case where a = 1, these expressions simplify to those of a spherical gyrotactic
particle, as studied in [38, 82]. In this scenario, the trajectories are determined solely by the
current forces acting on the particle, with no memory effect. However, when 0 < a < 1, the solu-
tions reveal a significant departure from classical behavior. The fractional derivative introduces
a memory effect, meaning the particle’s current position is influenced not only by the present
forces but also by the entire history of the system’s dynamics. This results in more complex
trajectories in the x, y, and z directions, where past movements affect the present, showcasing
the non-local and cumulative nature of the memory effect. These exact solutions provide deep
insight into the dynamics of particles under the influence of memory effects, even though the

complexity of the expressions precludes simple graphical representation.

5.4.2 Trajectories in the Tumbling regime

Let us now return to the central focus of our study. For a general damping trajectory, by employing
the Riemann-Liouville fractional integral, we derive the following exact expressions for the
particle’s position. While these solutions are complex, and plotting the corresponding curves was
not feasible, the derivation of these exact forms is a noteworthy achievement, providing valuable
insights into the particle dynamics governed by fractional calculus.

For the x-component of the position, the expression is given by

2vug U t® 205 . (yA)l/“
t)—x(0) = 0)—y—1In(c})+— +—IfIn|c} + —| t
x(t) — x(0) [Yy( )=y 7 n(c}) 7@t 7 D0 n|cy +sing| |5
(5.37) / yA\ Ve ]
vy 4c’1A cltana(( 4) t|+1 1
— ————— |arctan —arctan
X c’lz—l 0’12—1 c’lz—l
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For the y-component, the expression is
’ . MVa ’
2 ¢y +sing (g) t+cy
(5.38) y(®) - y(0)=—"1In ( ; ) s
X c1

The z-component of the position is given by

1/
¢y 4 ¢ tang ((4)"¢) +1 !
(5.39) z(t)—2z(0) =vg—=———— | arctan —arctan| ——
¢'?-1 \/0’2—1 ¢'?-1
1 1 1

The resulting equations, though challenging to visualize, are essential for understanding the

full scope of fractional dynamics, paving the way for future studies that may explore numerical
methods or approximations to better capture these complex trajectories visually. Unlike classical
systems where the future trajectory depends only on the current state, these fractional systems
encapsulate a rich history of past states. These results demonstrate, as anticipated, that the
y and z components exhibit periodic behavior with amplitudes that decrease as a decreases,
while the x component remains unbounded over time. This historical dependence is reflected in
the mathematical complexity of the expressions, highlighting how each infinitesimal moment
contributes to the evolving state of the particle.

These findings emphasize the importance of considering fractional models in describing systems
where memory and hereditary properties are significant. As we continue to unravel these in-
tricate dynamics, the mathematical formulations we develop not only enhance our theoretical
understanding but also provide a foundation for practical applications in fields ranging from

physics to biology and beyond.

5.4.3 Trajectories in the special case y =0

We now examine the specific case where we assume y = 0, indicating the absence of external
forces acting on the system. By solving the set of equations in (5.33) using the properties outlined
in Chapter 1, we derive exact expressions for the swimmer’s position X = (x, y,2). These exact
solutions are crucial for understanding how the swimmer behaves when only internal dynamics,
such as gyrotaxis and self-propulsion, influence its movement without any external perturba-
tions.

For the x-component of the position, we have

ZC’US [ )l/a

(5.40)  x()—x(0) = yy(O)+2C'vscosa(C)]r(;+1)+ sina(C)—sina((% t+c)].

The y-component is given by

2C"v,
(5.41) y(®) - y(0) = =

[cosa(C) —C08q ((g)yat + C)]
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For the z-component, we derive
(5.42) 2(t)—2(0)=+tv,V1-C"?2 L

T'(a+1)
By focusing on these exact solutions, we uncover the detailed trajectory behavior under the in-
fluence of memory. The expressions for x(¢), y(¢), and z(#) reveal how the swimmer’s position
evolves over time, not just due to instantaneous forces, but as a result of all prior motions. This
emphasizes the importance of memory effects in accurately describing the system’s dynamics,
making fractional calculus an essential tool for modeling such systems. Unlike classical systems,
where motion is purely a function of the immediate instant, the fractional dynamics encapsulate
a memory effect, meaning the swimmer’s current position is a cumulative result of its entire path
history. This makes the system more realistic in capturing phenomena where past states play a
significant role, such as in biological systems or complex fluids.
The trajectories reveal how the system’s dynamics, characterized by fractional calculus, lead to
unique motion patterns. They provide a tangible means to explore and interpret the influence of
memory on the swimmer’s behavior. This visual representation not only confirms the theoretical
predictions but also offers valuable insights into the dynamics of fractional-order systems. By
illustrating these trajectories, we gain a deeper understanding of how fractional dynamics shape
the system’s behavior, paving the way for further exploration and application of fractional calcu-

lus in various scientific and engineering fields. Figure 5.7 shows an instance of the trajectories
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Figure 5.7: Example of a trajectory for the fractional case in the absence of external torque (Eqs.
(5.40)-(5.42)) with four arbitrary values of @. The parameters are C = %, C'=05,vs=1,and y=2.

for large ¢ of a swimmer in the absence of external torque. In the case where « = 1, corresponding

to the classical scenario, the swimmer’s trajectory exhibits a periodic helical structure, with the
KBTI e <
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helix pitch oriented along the z-axis. This configuration results in a well-ordered and repetitive
motion, indicative of a stable trajectory in the absence of external torques.

As a decreases, entering the fractional regime where 0 < a < 1, the previously tight helical trajec-
tory begins to expand. The influence of memory effects inherent in fractional derivatives disrupts
the periodic nature of the motion. Notably, in this fractional case, the radius of the helical trajec-
tory decreases over time, progressively shrinking as the swimmer moves forward. This reduction
in radius eventually leads the trajectory to approach a linear path. As a approaches zero, the
trajectory deviates increasingly from the initial helical form, with the radius decreases until the
motion becomes nearly straight. This behavior implies that the swimmer oscillates infinitely

around the rotation axis, ultimately converging towards this axis as ¢ — co. In the second sce-
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Figure 5.8: Example of a trajectory for the fractional case in the absence of external torque (Egs.
(5.40)-(5.42)) with four arbitrary values of @. The parameters are C = %,C’ =0.5,vs=1,and y =2.

Yy(0)+2C"vs cosq(C)

nario where o #0, the swimmer’s trajectory becomes unbounded in both the
x and z directions (see Figure 5.8). In conclusion, the decrease in @ fundamentally alters the
nature of the trajectory, transitioning it from a regular, tightly coiled swirl to a more open and
eventually linear motion, thereby illustrating the growing influence of memory effects within the
system.

For the particular case where y = 0, indicating the absence of external torque, the spherical parti-
cle exhibits a tumbling motion. When a = 1, the resulting trajectory is a cycloid within the shear
plane. In contrast, for the fractional case where 0 < a < 1, the particle predicts a damping effect,
leading the cycloidal trajectory to gradually decrease in radius over time, eventually evolving
into a linear path.

In the context of dynamical systems, such behavior is analogous to the effects of damping, which
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typically lead to a reduction in oscillatory energy, resulting in diminished amplitude or altered
motion over time. The memory effects introduced by the fractional order act similarly to a dissi-
pative force, modifying the swimmer’s trajectory. The resulting motion transitions from a helical
structure to a more linear path, akin to the effect of damping on a classical oscillator where
oscillations progressively decrease.

Understanding the influence of memory effects on microswimmer trajectories has significant
implications for the design and optimization of these systems. This knowledge is particularly
vital for applications such as targeted drug delivery, where precise control over microswimmer
motion is critical. Our findings establish a foundation for optimizing microswimmer designs
tailored to specific applications, thereby enhancing their efficiency and effectiveness. Notably, in
the presence of memory effects, the final trajectory depends not only on the initial conditions but

also on the value of a.

5.5 Conclusion and Future Perspectives

This chapter highlights the transformative potential of fractional calculus in unraveling the
complex dynamics of spherical microswimmers within a 1D shear flow. The exact solutions we
have derived not only deepen our understanding of the memory effects that shape microswimmer
trajectories but also provide a robust framework for analyzing their behavior under varying con-
ditions. While the intricate nature of these solutions poses visualization challenges, our targeted
approach has yielded practical insights that can be readily applied in real-world scenarios.

As we look to the future, exciting opportunities await in the exploration of microswimmers in
external fluids. We plan to investigate their dynamics in more complex flow environments, in-
cluding turbulent and non-Newtonian fluids, which will enhance our comprehension of their
performance in realistic settings. This exploration will be crucial for optimizing microswimmer
designs for applications in targeted drug delivery, environmental remediation, and advanced
micro-robotics.

Moreover, expanding our research to encompass a diverse array of microswimmer types, including
nonspherical and biologically inspired models, will broaden the scope and impact of our findings.
By integrating fractional calculus with a variety of fluid dynamics scenarios, we aim to push
the boundaries of current knowledge and foster innovations that can revolutionize the field of
microswimmer research. Ultimately, this work not only contributes to theoretical advancements
but also holds the promise of significant practical applications that can benefit society at large.
In conclusion, the use of fractional calculus in the study of microswimmer dynamics opens up
new avenues for research and technological advancements. The incorporation of memory effects
through fractional derivatives provides a more accurate and comprehensive description of these

systems, paving the way for innovative approaches in biophysics and fluid dynamics.

KBTS oo =
# Page 124




EFFECT OF FAMILY AND PUBLIC HEALTH EDUCATION IN
DRUG TRANSMISSION: AN EPIDEMIOLOGICAL MODEL WITH

CHAPTER

MEMORY
Contents

6.1 Introduction . .. ... ... .. ... 126
6.2 Formulation of the fractional order model . . . . . ... ... ... .. .. ... .. 127
6.3 Results . . ... .. . 129

6.3.1 The existence, positivity and boundedness of solutions of the fractional
model . . . ... 129
6.3.2  The basic reproduction number, existence, and stability of equilibrium 130
6.3.3 Numerical method for Caputo-fractional derivative . .. ... ... ... 137

6.3.4 Model parameter sensitivity analysis in relation to the basic reproduc-
tionnumber . . . ... L 141
6.4 Discussion . . .. ... ... 146
6.4.1 Memoryeffect . . ... ... ... ... . 146
6.4.2 The influence of model parameters . . ... ................. 147
6.4.3  Sensitivity analysis of model parameters . ... .............. 148
6.5 Conclusion . . . . . . ... 148

125



Chapter 6 - Effect of family and public health education in drug transmission: an
epidemiological model with memory

AN ETIRBIG Ao

6.1 Introduction

Having studied the complex dynamics of vesicles and red blood cells in shear flows in the previous
chapters, we now shift focus to a macroscopic phenomenon: drug abuse in populations. The same
fractional calculus models, which capture memory effects in cellular systems, can be applied to
epidemiology. This chapter explores how these tools help us understand the spread of drug abuse
by incorporating memory into epidemiological models.

Drug abuse, also known as drug addiction, is a major health and social problem globally, with
complex impacts on health, public safety, crime, economics, and politics. Drug use contributes to
the spread of contagious diseases like AIDS and hepatitis [68, 71]. Recognized as a new epidemic,
drug abuse shares characteristics with classical epidemics (SIR, SEIR, etc. [22, 34, 35]. Various
mathematical models have been developed to understand the mechanisms of drug transmission
and to design effective countermeasures [21, 40, 62, 66, 70]. For example, in [88] they presented a
heroin model highlighting the importance of prevention over treatment, while the authors in [60],
used distributed delays in their model to show the relation between stability of equilibrium and
the basic reproduction number Z. [67] analyzed the global stability of a SIRS model considering
both light and heavy drugs.

Some epidemic models also incorporate public health education alongside classical treat-
ments like vaccination and isolation. Studies have shown that health education initiatives can
significantly reduce the spread of diseases [6, 54, 65, 78, 89]. Recently, fractional derivatives
have been used in epidemiological models to account for memory effects, offering more accurate
interpretations than integer-order models [27, 31, 76, 80].

In this chapter, we examine the six-dimensional drug model incorporating family and public
health education introduced by [54], studying the effect of memory using the Caputo fractional
derivative order. The Caputo fractional derivative, as discussed in the Introduction, is frequently
used for modeling real-world problems due to its ability to incorporate traditional initial condi-
tions and its similarity to ordinary derivatives.

The current chapter is organized as follows: We investigate the dynamical transmission process
of the drug spread by utilizing Caputo operator. In the following section we introduce the clas-
sical and fractional models. “Results” section contains the main findings of this chapter, where
we have proved the existence and uniqueness of the solution for the fractional drug mode, as
well as the local stability of the disease-free and endemic equilibrium points. Moreover, with the
help of Lyapunov functions, the global stability of the two equilibrium points is proven according
to the basic reproduction number %(. The modified trapezoidal rule and the fractional Euler’s
method are employed to support our analytical findings. Further, the parameter’s sensitivity was
examined. In “Discussion” section, we depict our principal results with graphical representations
and discuss the memory effect, the influence of model parameters, and the sensitivity analysis of
model parameters. The conclusions are given in “Conclusion” section. The results of this chapter
are based on the paper [9].
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6.2 Formulation of the fractional order model

We consider in this section that the drug transmission model combines public health education
and family education [54]. Individuals under the age of 15 receive drug safety education primarily
from their families, while those over the age of 15 receive it from society or school, which could
be referred as public health education.

The total population N is divided into six groups, namely, susceptible drug users who accept
public health education (S), susceptible drug users who accept public health education (C), as
well as individuals who use light drugs (L), individuals who use heavy drugs (H), individuals in
treatment for drug addiction (7'), and individuals who have permanently quit drugs (R).

Therefore, the proposed classical non-linear system of ODEs takes the following form [54],
4 =(1-g)dA-a1SL-asSH-(d +1)8,
€ = gdA+1S — a1eCL — aseCH —(d + y)C,

% =a1SL+a9SH +a1eCL+ ag2eCH —e1 L,
(6.1) 4

%:0L+MT—e2H,

d7 —9H +yL —e3T,

4R — yC+mT -dR.

Figure 6.1 depicts the transfer diagram for this model. A proportion ¢ (0 < g < 1), of the general
population accept the family health education, whereas a proportion 1 — ¢ do not accept family
education. In the meanwhile, a susceptible person easiest to capture by a heavy drug addict; this
presupposes that ag > a;1. Therefore, public health education causes persons who are susceptible

(C) to become light addicts at rate ea; and eag, where € € (0, 1).
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(1—q)dA gdA
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oL +asH el - aneH

T m R

Figure 6.1: Schematic diagram of drug model and parameters with health education according
to [54]

The above ordinary differential system (6.1) was analysed by [54]; it does not depend on the
previous instant. As mentioned above, the non-locality of the fractional operator plays a very
important role in including not only the time instant but also the time history, as drug spreading
dynamics exhibited strong different temporal memories, thus motivating the application of frac-
tional derivative methods. In the next part, the system is further extended to a fractional-order
one.

For our present model, we use as mentioned before the Caputo fractional derivative instead of

the classical one. In this case, we obtain

CDIS(t)=(1-¢q)dA-a1SL—asSH —(d +7)S

CDC(t)= qdA+71S — a1eCL — ageCH - (d + y)C,

CD;‘L(t) =a1SL+a9sSH+ a1eCL+ ageCH —e1L,

CDYH(t)= oL + uT - esH,

’DT(t)=0H +yL —e3T,

CDeR(t)= yC+mT - dR,

KBTI e <
# Page 128

(6.2) 3




Chapter 6 - Effect of family and public health education in drug transmission: an

epidemiological model with memory

AN ETIRBIG Ao

where D%, denotes the Caputo-fractional operator of order 0 < a < 1. System (6.2) will be analysed

under the following initial conditions

S(0)=S¢0>0, C0)=Cp>0, L(0)=Ly>0,

(6.3)
H0)=Hy>0, T0)=Ty>0, R(0)=Ro>0.

Moreover, parameters in system (6.2) are the same as those of the classical model (6.1) (see Table

6.1).

Table 6.1: The parameters used in the
drug transmission model

Parameters Symbol
Natural birth and dead rate d
The total size of new recruits A
popularizing rate of family education q
The rate that susceptible individuals accept public health education T
The effective contact rate that susceptible individuals contact with light drug addicts  a;
The effective contact rate that susceptible individuals contact with heavy drug addicts a2
The factor which results the effective contact rates decrease €
The death rate related the light drug addiction B1
The death rate related the heavy drug addiction Bo
The treatment rate of light drug addicts Y
The transformation rate from light addicts to heavy addicts o
The permanent quit drug rate because of public health education x
The treatment rate of heavy addicts 0
The relapse rate after treatment u
The permanent quit drug rate after treatment m

The total population N(¢) = S(¢) + C(¢) + L(¢) + H(t) + T(t) + R(¢).

It has been shown by [54], that the dynamics of system (6.1), can be studied in the following

biologically feasible region denoted by :

D={S,C,L,H,T,R)|S=0,C=0,L=0,H=0,T=0,R=0,S+C+L+H+T+R<A}.

6.3 Results

6.3.1 The existence, positivity and boundedness of solutions of the fractional

model

Since the variables S(¢),C(¢),L(t),H(¢), and T'(¢) determine the human population, it is critical

to prove that all variables are positive when ¢ = 0.

Theorem 6.3.1.
The initial value problem of Caputo-fractional order (6.2) has a unique solution

x(8) =(S),C(¢),L(t),H(¢), T(t),R(t)) in the positively set D.

DT
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Proof. Using Theorem 3.1 presented in [41] and Lemma 1.2.3, the existence and uniqueness of
the x(¢) = (S(),C(¢),L(t),H(t),T(t),R(t)) corresponding to the system (6.2) is proved.

To show that D for the fractional model (6.2) is positively invariant, we must demonstrated that

any solution trajectory beginning in D persists in D on [0,00).

First, we notice that
“D{Sls=0=(1-q)dA=0,

D&Cle=o=qdA+1S =0,
D¢LIr-0 = asSH +azeCH =0,
°DeH|p—g=0L+uT =0,
CDT\p—g=6H +yL =0,
CDY¥R|g-o=yC+mT =0.
Thus, the vector field points to D in each hyperplane surrounding the non-negativity of the

solutions. The evidence will then be established based on Lemma 1.2.2.
We have,

DEN@)=°DeS®)+°DICt)+ DEL(t) +  DFH(t) + * DT (t) +  DIR (1),
Moreover, to verify the boundedness of the solution components, it can easily be seen that

DIN =dA-dN(t)- p1L(t) - B2 H(t)
<dA—-dN().

We acquire upon figuring out N(¢)
N@)<NOEq(-dt*)+A(1-Eq(-dtY)).

Consequently, if N(0) < A, then the total population N(¢) is bounded between 0 and A. Hence
the boundedness of all the solution components.

Therefore, the set D is positively invariant and the system (6.2) is well-posed. [ ]

6.3.2 The basic reproduction number, existence, and stability of equilibrium

We solve the drug transmission models to identify their equilibrium.

(1-¢q¢)dA—-a1SL—-a3SH—-(d+71)S =0,
qdA+1S —a1eCL—-a2eCH —-(d +y)C =0,
a1SL+asSH + a1eCL +a9eCH —e1L =0,
oL+uT —egH =0,
O0H +vyL —e3T =0,
xC+mT —-dR =0.
B ns =
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The drug-free equilibrium is given by &y = (So,Co,Lo,Ho,To,Ro), where, Lo =Hy=To=Ry =0,

_ (1-q)dA _ (r+qd)dA
So =77 and Co = (7@

The basic reproduction number, indicated by 2, is expressed as follows by using the method

presented in [85],

F
6.4) Ro = (S +£Co) LT T2
elg

_ egeg—ub
where & = a0ty

Furthermore, the system (6.2) admits a unique endemic steady state
&* =(S*,Cc*",L*,H*,T*,R"),

where
(1-q9)dA *:d(A—S*)—elgH* T*_09+e2}/H*

6.5 S* = =
6.5) (1 F +ag)H* +d+1’ d+y e3o + U1y

(6.6) L*=FH*, R*:X(A—S )+ m(‘79+€27’)_ xe1F H
d+y d(eso+uy) d(d+y)

where the value of H* is the positive root of the given algebraic equation
(6.7) AH?+BH+C =0,
with
A= (1 F + a2)2 8619,
B=(a1Z +a2)((d +1)ee1F —(a1F + ag)ed A+ e1F(d +))),
C=d+1)d+y)e1F (1 -Ry).
Theorem 6.3.2. The drug transmission model (6.2) admits a unique drug addiction equilibrium
whenever Xy > 1 given by
&*=(8%,C*,L*,H",T",R"),

where S*, C*, L*, T* and R* are given in (6.5) and (6.6), and
_ —B+VB?-4AC

H*
2A

6.3.2.1 The fractional model’s local stability analysis

In this part, we investigate the local stability of the drug-free and endemic equilibrium points
of the drug transmission model (6.2). Since R(¢) does not appear in the first five equations, the

system (6.2) can be written as

CD¥S(t)=(1-¢q)dA-a1SL—-asSH—(d +1)S

DeC(t)=qdA+71S - a1eCL - ageCH - (d + y)C,

(6.8) 3 DOL(t) = a1SL + asSH + a1eCL + azeCH —e1 L,

CDYH(t)=0L +uT —esH,

DT (t)=60H +yL —e3T,
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where
S(0)=8S¢>0, C0)=Cp>0, L(0)=Ly>0,

H(0)=Hy>0, T0)=Tp>0, R(0)=R(>0.

prove the Caputo model’s local asymptotic stability, prove that all eigenvalues
A1, Ao, A3, A4 and A of the Jacobian matrix calculated at the equilibrium point ver-

ify the requirement
(6.9) larg(A;)] > % i=1,2,3,4,5
this outcome is demonstrated in [91].

Theorem 6.3.3. The drug-free equilibrium &y = (So,Co,Lo,Ho,To,Ro) of the system (6.2) is
locally asymptotically stable if %y < 1.

Proof. At the equilibrium &y, the Jacobian matrix J(&y) for the fractional model provided by
(6.8) is given by:

—(d+71) 0 -a1So 0 0
T —(d+y) —a1eCy —ageCy 0
(6.10) J(&y) = 0 0 a1So+a1eCy—e1 asSo+ageCy 0
0 0 o —eo U
0 0 Y 0 —e3

We get the eigenvalues by solving the following characteristic equation
det(J (&p) —AId) =0.

Therefore, we find the following equation

(6.11) d+T+ )+ + VA2 +r1A2 +r9d+1r3) =0,

where
ri= ei+eg+ez—ai(So+eCy),
re= (egez—pb)—(a1(So+eCo)—e1)ez+e3)—ag20(So+Cy),
rg= —(a1(So+eCo)—eq)eges—ub)—ags(So+eCo)eso + uy).
To determine the stability of the free-drug equilibrium, we employ the Routh-Hurwitz stabil-

ity criterion. It is clear that if Z¢ < 1, then
+ F1-%
ri 2(62+63)+ela2 e1a1 ( 0)>0,
a1 F +ay
e1(eg +ez)a1 F(1-Ro)
rog = (e2e3 —u@) +
a1 F +ay
age N egpy + b +egezo(1— %) .
e
a1 F +ag 3 eso + Uy
r3 =ei(egez—ub)(1-2%o) >0,
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and ( 0) F(1- %)
eilegeg — e1agtera1F(1—-%
—rg=(eg+ +——"% +
rirg=r3=(ez¥es)rs a1F +ag 0%2 a1F +ag )
ei(eg +e3)a1.F(1- %) e1as ezHY+H9+92630(1—%’0)))
+ e3+ >O.
a1 +as a1 +ag es3o +uy

All of the eigenvalues have negative real parts according to the Routh-Hurwitz criterion [53].
Then
T oam
larg(A;)| =m > 3 > 5 1=1,2,3,4,5.

Next, we use the discriminant of the characteristic equation, denoted by
(6.12) A =r2r2+18rirars —4rs —4r3rs —27r2,
and the following lemma to complete the proof of the theorem 6.3.3.

Lemma 6.3.1. Assume that & < 1, then the system’s drug-free equilibrium &° of (6.8) is asymp-
totically stable if one of the following conditions is hold:

(1) A>0,r1>0,ro>0and riro—r3>0,

2) A<0,r120,r220,r3>0and0<as%.

For the proof of this lemma we refer to [4]. As a result, the drug-free equilibrium &y =

(Sy,Co,Lo,Hy,To,R0) is locally asymptotically stable. [ |
Theorem 6.3.4. The drug addiction equilibrium,

&*=(S*,C*",L*",H*,T*,R™)
of the system (6.2) is locally asymptotically stable if %y > 1.

Proof. The Jacobian matrix J(&") for the fractional model at the equilibrium &* provided from

(6.8) is given by :

A1 0 Ay Ag 0
Ay As Ag A7 O
(6.13) J(E")=| As A9 A A1 0 |,
0 0 Ay Az Ay
0 0 A3 A Arr

where,

Ai=-ai1L*—asH* - (d+71), Ag=-a1S", Az =—-asS*,

Ayg=1, As=—-aielL* —ag9eH* —(d+y), Ag=-ai1eC",

A7 =—-ageC* Ag=a1L* +aoH*, Ag=a1eL* + ageH™,

App=a1S*+a1eC* —eq, A11 = a2S* +ageC™, Ag=o0,

A3 =—eg, A=p, Ai5=7,

A=0 A7 =—es.
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By solving the characteristic equation provided below, we may determine the eigenvalues

det(J (6*) - AId) = 0.
Consequently, we obtain the bellow equation
(6.14) A% + w1 At + 0223 + w3 A% + g + w5 =0,

where

w1=-A1-A5-A10-A13—-A17,
w2 =A1(A5+A10)—A2Ag+AsA10—AgAg—A14A16 + A13A17—A11A12
+(A13 +A17)(A1 +A5 +A10),

w3=—-A11(A14A15-A12A17) +(A14A16 — A13A17)(A1 + A5 + Aq0)
+(A13+A17)(AgAg—AsA10+AgAg—A1(A1o +A5s))
—A19(AgA7—AsAq1 +A3Ag)—Ag(AgAs—AsAg)+ A1(A11A12 — AgAsp),

wg=(AgAe—AsA10+A24A8—A1A10-A1A5)(A14A16 — A13A17)
—(AgA7-A5A11+A3Ag—A1A11)(A14A15 — A12A17)
+A3A12(A5A8 —AgAy) — (AgA5Ag— AgAgAy
+A9A1A6 - A1A5A10)(A13+A17) + A1A12(A9A7 — A5A11),

w5 =(A1(A5A11 —AgA7)+ A3(AgAy—A5Ag)(A12A17 —A14A15)
—(A1(A5A10—AgAg)+A(AgAs — A5Ag))A13A17 — A14A16).

The proof of theorem is completed by the following lemma.

Lemma 6.3.2. Assume that %y > 1 and one of the below requirements are met

1- w; >0,i=1,2,3,4,5.

2- wiwawsg > w% + w%w4.

Then by using Lienard-chipart test [565], the equilibrium &* of the drug transmission model with

Caputo derivative is locally asymptotically stable.

6.3.2.2 The fractional model’s global stability analysis

In this part, we study the global stability of our model’s equilibriums and show that the drug-free
&y and drug-addiction &* equilibrium points are globally asymptotically stable under certain

conditions.

Theorem 6.3.5. The drug-free equilibrium &y = (So,Co,Lo,Ho,To,Ro) of the system (6.2) is

globally asymptotically stable if Z¢ < 1.
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Proof. The Lyapunov function is defined as follows:

S C
(6.15) Lo:S—So—Soln§+C—Co—ColnC—+L+e3ZH+yZT,
0 0

_ e1—ai1(So+eCyp)
where % = %
The Caputo fractional derivative of L along the solutions of system (6.2) satisfies
S C
CDILot)=CDZ(So ~Soln=)+ DE(C-Co-Co In )+ DL
0 0
. e1— a1(80 + ECO)CD8H+[J€1 —ai (S() + 8CO)CDgT.
oeg+uy oegtuy

By using the Caputo fractional derivative’s linearity property and [86] we get,

CDELo(1) <(1- i)CD;;‘S +(1- E)"Dgc +°DeL
So Co

el—al(So-i-EC())CD

tes 8‘H+,uel_a1(SO+ECO)CD3‘T,
oes+ Uy oeg+uy
S CoS C So S
=1So(m - 22~ Z 4 1)+ (1-q)dA(2- 2 - 2
T O(SO CSO CO+ )+( q) ( S SO)
C C
+qu(2—FO—C—)+H((a19+a2)(So+£Co)—e135),
0
So CoS C So S
—18p(3- 20 - 202 dSo(2- 22 - 2
TS8-g T8, T o) TS5 g,
Cy C

+qdA(2- 0 = o) +er FH@ - 1),

Therefore, Zy < 1 ensures that, CDgLo(t) <0, forall t=0,C,S >0, and if 2y = 1 then the largest
invariant set of {(S,C,L,H,T,R) € RS,CDgLO(t) = 0} is only the singleton {&y}. By LaSalle invari-
ance principle [41], we conclude that & = (So,Co,Lo,Ho,To,Ro) of the system (6.2) is globally
asymptotically stable. [ ]

Theorem 6.3.6. The drug addiction equilibrium
g)* — (S*,C*,L*’H*,T*,R*)

of the system (6.2) is globally asymptotically stable if Z¢ > 1 and (esoy)dA <-aZ __9d

ezo(d+T1) a1 F +as s

Proof. The Lyapunov function is defined as follows:

Lit)=S-S"-S ln§+C—C -C lnE+L—L -L lnF

as(S* +eC*)
+—

eges — Ul

(6.16)
(eg(H—H —H )+ u(T-T" =T 1nF)),

Then we calculate the Caputo fractional derivative of L1 along the solution of the system (6.2),

S c L
D{L1(1)=D(S ~S™ ~8"In )+ DF(C~C" =~ C*In )+ DL ~L* ~L*In 1)

az(S*+£C*)( H T )
+———— |esDSY(H-H*-H*In—)+uD(T-T*-T"In—
Pv— e3Dg( nH*) uD( nT*),
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by using Lemma 3.1 in [86], we have

Dng(t)s(l—%*)DgS +(1—%*)D3L+e3%(1—§)17311
. as(S* +eC*) (1_ T—*)D(‘)”T,
eges — ud T

=(1- %*)((d +1)S* (1 - ;) +a1S*L” (1— %) +asS*H* (1 - S‘S*’g* ))
+(1- %*)(Ts* (% - 1) +(d+pC” (1 - %) +a1eC*L” (1— Cgi*)
+ageC H” (1— CSZ*)) +(1- Lf*)(eﬂz* (1— Ié +a1S°L” (Sii* - 1)
RTINS e < )
B D o () )

as(S* +eC*) *(H*T LT* CL*H c*)
=—uy L + + +—
eges — Lo HT* L*T C*LH* C

S* SL*H LH* s* sc* ¢
—@eSTH |2+ 2 S [
*2 (S+S*LH*+L*H) v (S+S*C+C*)
( ax(S*+eC) | ¢t CL'H +LH*)
3 eges — ub C ' C*LH*  L*H
c* C)

—aZS*H*)(
%+%)—(qu—a2£C*H*)(
Bag(S*+EC*)H*(H*T+HT*
eges — 1o HT* H*T
as(S* +eC )H*+ye3a2(s +eC )T*.
e2e3—u9 6263—/.t9

- (alL* +d)S*

c "o

)+(r+2d)S* +2(d +yC*

+2e1L* +ezeq

. (eso+py)dA erF qd
Since odin - < mrrm < ay then

as(S™ +£C*)L*

—(qdA—ageC*H*) <0 and —(ega
ege3— Ul

—ags*H*) <0.

Through using the Inequality of arithmetic and geometric means,
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We obtain
S* +eC*
DEL1(t)<2e1L" ~2a16C*L* —2a1L*S* +e30 225 TEC) (e _opre)
eges —/.19
Lao(S*+eC™) as(S* +eC*) _,
oL 22 T Jeso + py) - py———— L
eges — o eges — 1o
S* +eC*
=02 ECT) e VL ey T+ 2erL — LS — g S H
eges —[.l@
—a1eC*L* —ageC*H™)
=0.

Therefore, the largest set of {(S,C,L,H,T,R) € IR6,CD3L1(t) = 0} is only the singleton {§*}. By
LaSalle’s invariance principle [41], {§*} is globally asymptotically stable. [ ]

6.3.3 Numerical method for Caputo-fractional derivative

In this section, we will use an algorithm based on the modified trapezoidal rule and the fractional
Euler’s method [73] to present numerical solution of the fractional drug transmission equation.

For this purpose we use the following notations for the right side of the fractional system (6.2),

f1t,St) =1 -q)dA - a1SL—asSH —(d +1)8,
fo(t,C(t) =qdA+1S —a1eCL —ageCH —(d + y)C,
f3t,L(t)) = a1SL + asSH + a1eCL + a9eCH —e1L,
fa(t,H(@t))= oL +uT —e3H,

f5(t,T(t)=0H +yL —esT,

fe(t,R(t))= yc+mT —dR.

(6.17)

Consider the Caputo fractional differential equation

Dix(t)= F(t,x(t)), 0<a<l,
(6.18)
x(0) = xo,
f1(¢,8(2)
f2(¢,C(@®)
f3(¢,L(2)) . . i
where F(t,x(t)) = and xo = (So,Co,Lo,Ho, To,Ry) is the initial condition vector.
fa(¢,H(?))
15, T(@)
fe (¢, R(2))
Using the Riemann-Liouville integral, we get
(6.19) x(t) = x(0) + I (F(t,x(2))),
XEFS Ve <
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this implies
t
(6.20) x(t) = x(0) + 1 (t-9)*"1f(s)ds,
I'(a) Jo

we consider tg =0<t1 <...tp...<tny =T an uniform discretization of interval [0,T] in N +1
points. Let A = % is the step size. We will use the modified trapezoidal [72] to approximate the

fractional integral
(6.21) I§(F(t,x(t))) = T(F,h,a),

where
h*F(0,x(0)) N h*F(T,x(T))
I'(a+2) I'a+2)

T(F,h,a)= ((N-1D*"'~(N-a-1)NY)

(6.22) N1 .
_ a+l _ _pya+l 3 a+l (g, x(tr))
+}§1((N E+1) 2N -R)* 1+ (N -k -1) )—r(a+2)

We obtain at the point ¢,,1 =(n+ 1)h,h =t,+1 —t,, we have
a

%(tns1) =2(0) + — " (%~ (n - a)n + D) F(0,(0))

I'a+2)
h“ & _ a+l _ _ a+1 _pya+l
(6.23) +F(a+2),§’1((n kE+2) 20—k + D" +(n—R)* ) F (¢, x (L))
ha
+F(a+2)F(tn+1,x(tn+1))-

To illustrate the preceding theoretical results, numerical simulations are provided. We have used
[47, 54] as a reference point for some parameters, with the remainder of the parameters’ values
estimated to meet the model’s numerical requirements. Numerical model simulations for two
cases and four arbitrary fractional order values are carried out using MATLAB software, the
first case to show the stability of the disease-free equilibrium and the second case to show the

stability of the endemic equilibrium point.

et o ast
0=0.95 =095
a=0.75 @=0.75
=065 ] 06 =065 ]

L L L L L L L L L L
0 50 100 150 200 250 300 0 50 100 150 200 250 300
time t time t

((a)) The time evolution of S when %y < 1. ((b)) The time evolution of S when %y > 1.

Figure 6.2: The depiction of the numerical solution of the fractional model produced for the
the susceptible persons who do not accept the public health education S(¢) for four arbitrary
fractional order values.
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T
cast S st

0=0.95 : - 0=0.95
0=0.75 045 - =075 ||
0=0.65 0=0.65

L L L L L L L L L L
0 50 100 150 200 250 300 0 50 100 150 200 250 300
time t time t

((a)) The time evolution of C when % < 1. ((b)) The time evolution of C when % > 1.

Figure 6.3: The depiction of the numerical solution of the fractional model produced for the
susceptible persons who accept the public health education C(¢) for four arbitrary fractional
order values.

T
coas=t o a=t

=0.95 =0.95
=0.75 =0.75
=0.65 [] @=0.65 []

. ) R a— . . . . \
00 50 100 ‘150‘ 200 250 300 00 50 100 ‘150‘ 200 250 300
((a)) The time evolution of L when %y < 1. ((b)) The time evolution of L when %y > 1.

Figure 6.4: The depiction of the numerical solution of the fractional model produced for the light
drug addicts persons L(#) for four arbitrary fractional order values.
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0.07 T T T T T

a=1 o a=t
=095
a=0.75
=0.65 ] 00677

0.05

R = L : L L L L L
0 50 100 150 200 250 300 0 50 100 150 200 250 300
time t time t

((a)) The time evolution of H when % < 1. ((b)) The time evolution of H when %, > 1.

Figure 6.5: The depiction of the numerical solution of the fractional model produced for the heavy
drug addicts persons H(¢) for four arbitrary fractional order values.

T
coa=t o=t

«=0.95 «=0.95
«=0.75 «=0.75
=0.65 || ©=0.65 ||

T
T

——

e L " 0 L L L L L
0 50 100 150 200 250 300 0 50 100 150 200 250 300
time t time t

((a)) The time evolution of T' when % < 1. ((b)) The time evolution of T' when % > 1.

Figure 6.6: The depiction of the numerical solution of the fractional model produced for the drug
users in treatment persons 7T'(¢) for four arbitrary fractional order values.
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08 035
- o=t
«=0.95
0.7 «=0.75
«=0.65

0.3

0.6
-

025
0.5 —
04 |

0.2
03[

0.15
0.2
o ‘ ‘ ‘ ‘ ‘ o ‘ ‘ ‘ ‘ ‘

50 100 150 200 250 300 0 50 100 150 200 250 300
time t time t

((a)) The time evolution of R when %, < 1. ((b)) The time evolution of R when %, > 1.

Figure 6.7: The depiction of the numerical solution of the fractional model produced for the
permanent quit drug persons R(t) for four arbitrary fractional order values.

6.3.4 Model parameter sensitivity analysis in relation to the basic

reproduction number

It is vital to understand the relative relevance of the many components involved in disease
transmission and prevalence in order to investigate viral control parameters, that is, to attempt
to raise or reduce some factors that affect disease transmission.

Sensitivity analysis is one method for assessing the relevance of each parameter in disease
transmission.

To be more explicit, we adopt the concept of the sensitivity index, which represents the relevance
of the variable associated with each parameter of the model in minimizing disease, as established
by [25].

Definition 6.3.1. The normalized forward sensitivity index of variable %, that relies on param-

eter a is formulated as having:

0@0 a
6.24 Y% - 220 —
( ) « oa %0

The sensitivity index for % in relation to the parameters a1, A, as, m, 1, q, 0, &€, ¥, B1, B2,
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and p will be calculated as follow

Y %o _a1(So +¢Co)
ar — -
e1Rg
R (S() +£CO)(0¢1? + ag)
Y\’ = =1,
e1RyF
Y% _a2(So +¢Co)
(77 S ——
e1RyF
Yo _ —asm(So +eCo)lo +ezy)
m - 2 92 ’
Roe1F4(e30 + uy)
Y _ —dAT(a1F +a2)(1—q)(y +d(1-¢))
4 Roe1.F(d + y)(d +1)2 ’
Yo _ —dAq(a1F + az)(y +d(1-¢))
g Roe1F(d + x)(d +71) ’
Y'%() _ —a29(80 + £C0)(e3 - ,u)
e1RoF2(es0 + py)
€ e1RoF
Y% _ —dAey(t +qd)a1F + az)
' e1RoF(d + y)d +1)
%o _ —P1(So +eCo)a1F + ag)
B~ RoF2 ’

R _ —a263ﬁ2(80 + EC())
P2 e1F2Ro(e30 +py)’
Y% :,uocz(So +eCo)m+d)(a6 +ezy)

H RoF2e1(e30 + py)?

The sign per each index indicates whether the parameter raises (positive sign) or lowers

(negative sign) the quantity of %.

Parameters Instance

+0.6081
+1
0.3919
-0.1589
-0.0521
-0.0417
-0.1050
+0.8438
-0.0084
-0.6449
-0.2689
+0.1716

25 =5

=

t@mammaﬂ
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The graphical illustrations of % sensitivity indices for Caputo model parameters are pre-

sented in Figure 6.17.
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Figure 6.8: Graphical illustration of the reproduction number % as a function of m and 6.
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Figure 6.9: Graphical illustration of the reproduction number % as a function of m and y.
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Figure 6.10: Graphical illustration of the reproduction number % as a function of ¢ and y.
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Figure 6.11: Graphical illustration of the reproduction number % as a function of ¢ and m.
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Figure 6.12: Graphical illustration of the reproduction number % as a function of g and 6.
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Figure 6.13: Graphical illustration of the reproduction number % as a function of 7 and y.
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Figure 6.14: Graphical illustration of the reproduction number % as a function of 7 and m.
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Figure 6.15: Graphical illustration of the reproduction number % as a function of 7 and 6.
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Figure 6.16: Graphical illustration of the reproduction number % as a function of 7 and q.
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Figure 6.17: Graphical illustration of % sensitivity indices for Caputo model parameters.

6.4 Discussion

We have introduced the Caputo fractional derivative instead of the classical derivative in or-
der to analyse the effect of family and public health education while taking the memory effect
into account. We calculated the value of the reproductive number 22 and plotted some figures
that show the change of solutions in terms of these variables to understand the effect of some

parameters on drug spread as well as the effect of the fractional order.

6.4.1 Memory effect

As indicated in the introduction, the fractional order of the derivation can be explained by the

memory effect, because the Caputo derivation that we used is non-local. To compare the classical
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model (order one) with several different fractional order models, we solved our model using the

fractional Euler numerical method for different values of the fractional order.

Figure 6.2 for susceptible peoples who do not accept the public health education S(t), Figure 6.3
for susceptible peoples who accept the public health education C(¢), Figure 6.4 for the light drug
addicts peoples L(¢), Figure 6.5 for the heavy drug addicts persons H(t), Figure 6.6 for the drug
users in treatment 7'(¢) and Figure 6.7 for the permanent quit drug persons R().

All the graphs listed above show that the fractional models for any value of the fractional order
converge to the same equilibrium point. Figures 6.2(a)—6.7(a) show that the curves converge to
the drug-free steady state &y, Zo9 = 0.812021 < 1 in this case. Furthermore, when 2y = 1.607399 >
1, we see from Figures 6.2(b)-6.7(b) that the curves converge to the endemic equilibrium &*.
This is in perfect agreement with our theoretical results concerning the stability of & and
&* . It is transparent, from the above illustrations, the order of the fractional derivative «
has no effect on the stability of the equilibrium. However, increasing the value of a, which
describes the long memory time, leads the solutions to converge to the stationary state more
quickly. That is, the dynamics of drug transmission are determined by the strength of memory
effects, which are controlled by the order of fractional derivative a. As a result, the dynamics
of the drug transmission model depend on the time instant and the time history, which can
be effectively modelled using the theory of fractional calculus [80], by considering the Caputo
fractional derivative, we propose a more realistic model, which makes the system more robust
and can be used by public health organisations and authorities in preventing and controlling

drug spread.

6.4.2 The influence of model parameters

To show the influence of the parameters in the variation of the basic reproduction number %,
the latter is considered as a function with two variables and some graphical presentations of
this number are made. The effect of m (the permanent quit drug rate after treatment) and 6 (the
treatment rate of heavy addicts) in Figure 6.8, m and y (the permanent quit drug rate because of
public health education) is shown in Figure 6.9, ¢ (popularizing rate of family education) and y in
Figure 6.10, ¢ and m is shown in Figure 6.11, ¢ and 6 in Figure 6.12, 7 ( the rate that susceptible
individuals accept public health education)and y in Figure 6.13, T and m in Figure 6.14, T and 0
in Figure 6.15 and finally, the effect of T and ¢ is shown in Figure 6.16.

From Figure 6.8, it is clear that 8 and m have a major influence on reducing the spread of drugs.
Since prevention is better than treatment, it is clear from Figure 6.9 that the impact of the
permanent quit drug rate because of public health education (y) also has a considerable impact
on the decrease of the % value, which affirms the impact of education. However, the purpose
of this study is to examine the impact of education on reducing the spread of drugs. In order to
explore and evaluate in detail this influence, we have plotted the following curves of 7 and q.

Figures 6.10-6.15 depict that both 7 and ¢ have a small influence on how drugs spread. In
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contrast, we subsequently deduce from Figure 6.16 that increasing 7 and ¢ simultaneously can

reduce the number of base reproductions % faster than increasing 7 or q alone, which would
help the government fight the spread of drugs more effectively. However, educating families and

the public health is a method for reducing drug transmission.

6.4.3 Sensitivity analysis of model parameters

For further clarification, as already mentioned in Subsection 6.3.4, among the tools that allow
researchers to know the parameters that must be reduced or increased to fight against epidemics,
that is, to reduce the value of the basic reproduction number %, we find the so-called parameter
sensitivity analysis.

In Figure 6.17, we have plotted the illustration of 2% sensitivity indices for Caputo model pa-
rameters to discuss the parameters that control the spread of drugs, which can be counted on to
reduce the effect of drug addiction.

Although, as seen previously, % is influenced by various parameters such as 6, m, and others,
as is obvious from Figure 6.17, here we want to explore in detail how education, whether in the
family, public health, or both, may reduce the value of %y.

It is clear that ¢ and 7 have a small influence in this case compared to the other parameters,
which also explains the results obtained in the previous subsection. This indicates that there is
an influence, but taking into account the memory effect (The Caputo fractional case), it turns out
that the impact of either 7 or g is small, which means that the impact of both family and public
health education should be taken into account because they are both relevant; to fight against
drug transmission, it is important to decrease the number of basic reproductions, and for this it
is necessary to increase both ¢ and 7.

This conclusion will allow us to use different means of education or possibly adapt a new treat-

ment strategy to reduce the drug transmission.

6.5 Conclusion

Drug addiction is a real disease that requires treatment and education to develop healthy atti-
tudes in populations. In this work, taking into account that drug transmission involves memory,
an analysis of the drug transmission dynamics in fractional-order derivatives has been provided,
incorporating public and family health education. We have used the modified trapezoidal rule
and the fractional Euler’s method to demonstrate numerically that the fractional drug model
provides more accurate and exciting results.

Specifically, it has been demonstrated that, while the fractional-order derivative a has no effect
on the stability of the drug-free and endemic equilibrium points, it does affect the time to reach
the steady states for each solution.

Consequently, both the analytical and numerical results indicated that, for higher values of «,
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each solution converges more quickly to its stationary state.

On the other hand, using a sensitivity analysis, we have found that both the rate at which suscep-
tible individuals accept public health education (1) and the popularising rate of family education
(q) have an effect on how drugs spread, which confirmed that an increase in both the family and
public health education parameters may decrease the prevalence of drugs.

This study can be extended to other types of models, for example, to propose other types of
fractional derivatives and compare the results. Space dependence can be added to build a spatio-
temporal model, and random distribution can also be used to transform this model into a stochas-

tic model.
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CONCLUSION AND PERSPECTIVES

This thesis provides a comprehensive study of vesicle deformation, rigid particle dynamics, mi-
croswimmer trajectories, and an epidemiological model, with particular emphasis on drug abuse
transmission. Using fractional derivatives, specifically the Jumarie modified Riemann-Liouville
and Caputo derivatives, this work bridges analytical and numerical analyses to capture the com-
plex memory effects inherent in these systems. The research covers both physical and biological
models, exploring how memory effects influence vesicle dynamics under shear flow, the behav-
ior of rigid particles, and the transmission dynamics in drug epidemiology. By incorporating
fractional calculus, this thesis introduces a more accurate and flexible approach to modeling
time-dependent processes and long-term interactions in both fluid dynamics and epidemiological
contexts.

Several significant findings emerged from this research. First, two new motion types were
identified in vesicle dynamics under shear flow, expanding the classical tank-treading (TT), tum-
bling (TB), and vacillating-breathing (VB) modes. These new modes provide deeper insights into
the behavior of vesicles, particularly in the presence of strong memory effects. Additionally, the
study confirmed Keller and Skalak’s predictions on vesicle flipping behavior, offering analyti-
cal solutions that extend our understanding of these transitions. In the realm of rigid particle
dynamics, the fractional models enabled an accurate mapping of these systems to the vesicle
problem, revealing new motion regimes that can be applied to various biological and synthetic
materials.

Furthermore, the investigation into microswimmer trajectories in 1D shear flow demon-
strated the influence of memory effects on their paths, enriching the current understanding
of fractional-order models in fluid mechanics. Lastly, the epidemiological model focused on drug
transmission dynamics introduced an innovative use of fractional derivatives to model the pro-
gression and control of drug abuse. This model, which integrates public and family health educa-
tion, offers new perspectives on controlling drug-related epidemics by emphasizing the long-term
memory effects of behavioral interventions.

The findings of this thesis open up several promising avenues for future research. One imme-
diate direction is the investigation of spatial diffusion effects on vesicle and rigid particle dynam-
ics, which could provide further insights into their behavior in more complex and heterogeneous
environments. In addition, exploring the impact of external fields, such as electromagnetic or

gravitational fields, on vesicle dynamics and microswimmer trajectories will enhance our under-
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standing of their behavior under more intricate conditions. Another exciting area of exploration

involves expanding this work to nonspherical and biologically inspired models, with potential
applications in understanding cell and microorganism behavior in varying fluid environments.
On the epidemiological front, there is significant potential to further develop fractional models
of drug transmission, particularly by incorporating machine learning techniques to predict and
analyze behavioral trends based on the models derived here. These approaches could lead to
more effective public health strategies and targeted interventions in controlling drug abuse.
The combination of machine learning and fractional calculus offers exciting opportunities to
deepen our understanding of both biological systems and public health challenges, ensuring that
the foundational work presented in this thesis will continue to impact a range of scientific and

engineering disciplines.
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