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Etude de Problemes de Stefan dans le cadre des Espaces de Sobolev
avec poids

Résumé. L'objectif de ce travail est I’étude de divers problemes d’équations aux
dérivées partielles non linéaires du type elliptique-parabolique faisant intervenir
un opérateur en forme divergentielle du type Leray-Lions avec des données peu
régulieres. Ces équations sont d'une facon générale mal posées dans le cadre de
solutions faibles (i.e. au sens des distributions), car en général on n’a pas I'unicité.
Des formulations plus appropriées ont alors vu le jour : les solutions appelées SOLA,
les solutions entropiques et les solutions renormalisées. Cette these est divisée en
deux parties principales, présente des résultats d’existence et d’unicité de solutions
renormalisées pour trois problemes non linéaires du type mentionnés ci-dessous.
Ces types regroupent des problemes dont les solutions se trouvent dans des espaces
dépendants de la variable d’espace : il s’agit des espaces de Sobolev avec poids et
Sobolev avec poids a exposant variable.

Dans la premiere partie, apres un bref exposé de définitions et résultats nécessaires
a la suite du travail, nous prouvons au chapitre 2 I'existence de solutions renorma-
lisées pour un probleme elliptique du type diffusion-convection avec des conditions
non linéaires sur le bord f(u) — div(a(z, Du) + F(u)) > f avec une donnée L>°(€2).
Dans le méme axe, au chapitre 3, nous allons prouver l'existence et I'unicité de
solutions renormalisées de méme probléme précédant dans le cas L1(().

Le chapitre 4 a pour but de présenter un résultat d’existence de solutions renorma-
lisées pour un probleme parabolique de Stefan non linéaire dans I’espace de Sobolev
avec poids f(u); — div(a(x, Du) + F(u)) > f.

La seconde partie de cette these est constituée de deux chapitres. Dans Le premier
chapitre, nous traitons le méme probleme elliptique de chapitre 2 dans les espaces
de Sobolev & exposants variables avec poids W, ” (x)(Q, w) , apreés avoir élaboré un
cadre fonctionnel adéquat pour 1’étude de ce dernier, nous allons prouver 1’exis-
tence et 1'unicité de solutions renormalisées.

Le dernier résultat présenté au deuxieme chapitre, est l'existence et 'unicité de
solutions renormalisées dans l'espace de Sobolev avec poids a exposant variable
pour le probleme parabolique associé a 1’équation : % — div(a(x,t,u, Vu)) +
H(z,t,u,Vu) = f.

Mots clés : Espaces de Sobolev & exposant variable avec poids, Espaces de Sobo-
lev avec poids , Inégalité de Young, Probémes Elliptiques, Probémes Paraboliques,
semigroupes non linéaires, opérateur accrétif, integration par parties, Solutions Re-
normalisées.

AMS Classification : 35J15, 35J70, 35J85,35K45, 35K61, 35K65,A7TA15, A6A32,
47D20.



Study the Stefan Problems in the framework of weighted Sobolev
spaces

Abstract. The objective of this study was the study of various problems of
nonlinear partial differential equations elliptic-parabolic type involving a diver-
gentielle form operator of Leray-Lions type with regular data. These equations
are generally are badly posed within the framework of weak solutions (i.e. the
sense of distributions) because in general there is no uniqueness. More appropriate
formulations were then born :the solutions called SOLA, entropic solutions and
renormalized solutions. This thesis is divided into two main parts, presents the
results of existence and uniqueness of renormalized solutions for three nonlinear
problems of the type mentioned above, these types regroup the problems whose
solutions are in spaces depending on the variable of space : it’s about the Weighted
Sobolev spaces and weighted Sobolev exponent variable.

In the first part, after a brief presentation of definitions and results needed further
work, we prove in Chapter 2 the existence of renormalized solution for an elliptic
problem type diffusion-convection with nonlinear terms on the board.

In the same axis, in Chapter 3, we will prove the existence and uniqueness of
renormalized solution of the same problem preceding in the case L().

The objective of Chapter 4 is to have a result of the existence of renormalized
solutions to a parabolic problem of Nonlinear Stefan in the weighted Sobolev
space. B(u); — div(a(x, Du) + F(u)) > f.

The second part of this thesis consists of two chapters. In the first chapter we dis-
cuss the same elliptic problem of Chapter 2 in weighted variable exponent Sobolev
space W, (Q,w) after having drawn up a adequate functional framework for
the study of this last, we will prove the existence and uniqueness of renormalized
solution.

The last result presented to the second chapter, is the existence and uni-
queness of renormalized solutions in the weighted variable exponent So-

bolev space of for the parabolic problem associated with the equation
—%(aﬁ’u) — div(a(z,t,u, Vu)) + H(z,t,u, Vu) = f.

Key Words : Weighted variable exponent Sobolev space, Weighted Sobolev
spaces , Young’s Inequality, elliptic problems, Parabolic problems,Nonlinear semi-
group, Integration by parties, Renomalized Solution,

AMS Classification 35J15, 35J70, 35J85,35K45, 35K61, 35K65,A7A15, A6A32,
47D20.



NOTATION

Q) : Ouvert de RY avec (N > 1) .

0f) : Frontiére topologique de ().

r = (21, T, ...... xy) : Point génriéque de RV,

dr = dridxs....... dxy :Mesure de Lebesgue sur ().

Vu : Gradient de u.

Q : Qx(0,7),t variable du temps, T > 0.

supp(f) : Support d'une fonction f.

[t f max(f,0), min(f,0).

T}, : Fonction troncature de niveau k > 0.

D(Q),D(Q)... : Espace des fonctions différentiables et & support compact dans

Q,Q...

D.(Q), D (Q) :Espace des fonctions positives de D(2), D(Q) .

CO(Q) C’Q(Q) :Espace des fonctions continues nulles au bord de €2, Q.

C*(Q), C*(Q) : Espace des fonctions k-fois continuement différentiables dans 2, Q.
)

LP(§2) :Espace des fonctions de puissance p éme intégrables sur {2 pour la mesure
dx.

A= (X0 Jo 14 o) )
WP (Q,w) : Adherence de C5°(Q2) dans WP(Q,w).
WL (Q, w*) : Espace dual de W,P(Q,w) .
Si X est un espace de Banach
LP(0,T; X)={f : (0,T) — Xmesurable : fOT | f (1) |5 dt < oo}
L>(0,T;X) = {u : (0, T) — X measurable, 3C >0 [||u(t)||x < C a.e.}.
C([0,T]; X) : Espace des fonctions continuement différentiables de [0,7] — X.
D(]0,T]; X) : Espace des fonctions continuement différentiablesd support compact
dans [0, 7.
Soit p(+) : 2 — (1,00) est une fonction mesurable.
LPO(Q)={u € P(Q) [, |u(x) <oo}
[l oo () =Inf{A > 0 : fQ’ P (z)de < 1}
WO(Q, w)={u € LP")(Q) and Vu| € LPO(Q, w)}.
[[ullwrso @y =lull o + [ VUl o ow)y,  Vu e WisO(q).
Wol’p< )(Q ) Fermeture de Cg° (Q)dansz’p('>(Q,w).
)=Jq w( dx Yu € LPY(Q,w) : Module convexe.
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Introduction Générale

Les équations aux dérivées partielles sont un outil essentiel de modélisation, et
leur étude occupe les mathématiciens depuis le 18 eme siecle, avec les travaux
d’Euler, de d’Alembert, de Lagrange et de Laplace etc (voir [50]). Elles permettent
d’aborder d’un point de vue mathématique des phénomenes observés, par exemple
dans les domaines de la physique et de la chimie. Les situations dépendant du temps
se traduisent plus particulierement par des équations d’évolution tenant compte
d’éventuelles interactions entre objets et événements. La préoccupation premiere
du mathématicien confronté a une équation aux dérivées partielles est de lui don-
ner un sens dans des espaces fonctionnels appropriés et d’y démontrer I'existence
et 'unicité de la solution. Ces équations modélisent de nombreux phénomenes phy-
siques comme 1’élasticité non linéaire, les fluides electrorhéologiques (I'interaction
entre les fluides et les champs électromagnétiques) et termorhéologiques, le traite-
ment d’image, la propagation a travers les milieux poreux et le calcul de variations
avec des conditions de croissance non standard [28, 57, 65].

L’objectif de ce travail est I’étude de divers problemes d’équations aux dérivées
partielles non linéaires de type elliptiques et de type paraboliques faisant interve-
nir un opérateur du type Leray- Lions avec des données peu régulieres. Nous avons
étudié trois types de problemes. Ces types regroupent des problemes dont les solu-
tions se trouvent dans des espaces dépendant de la variable d’espace : il s’agit des
espaces de Lebesgue et de Sobolev avec poids et les espaces de Sobolev a exposants
variables, avec poids.

Notre étude est portée sur le cas oit les données sont dans L>(2), L1(Q) ou L}(Q).
Cette these, représente des résultats d’existence et d’unicité de solutions renormali-
sées pour trois problemes non linéaires du type mentionnés ci-dessous. Nous allons
présenter ici d’'une maniere détaillée le contenu de chaque partie.
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Notre these est composée de deux parties principales :

- La premiere comporte quatre chapitres.

Le premier chapitre est naturellement dévolu aux notations, aux définitions et pro-
prietes des espaces fonctionnels et aux resultats fondamentaux sur lesquels nous
nous appuyons dans la suite. Des propriétés sur les opérateurs multivoques et les
bonnes solutions sont également rappelées en ce chapitre. On verra régulierement,
dans cette these, des liens entre la théorie des opérateurs, accrétifs en particulier,
I’approche par les bonnes solutions et ’approche par les solutions renormalisées.
Tous ces resultats sont donnes sans démonstration et nous renvoyons a la biblio-
graphie pour les détails. De plus, nous allons introduire quelques notations et les
fonctions qui seront utilisées fréquemment.

Nous établirons dans le chapitre 2 des résultats d’existence de solutions renorma-
lisée de problemes :

B(u) — div(a(x, Du) + F(u)) > f in Q,
(0.0.1)
u=0 on 0f,
dans le cadre des espaces de Sobolev avec poids, avec f € L™ et F' est localement
lipschitzienne et S est un graphe maximal monotone.

On a supposé que 'operateur de Carathéodory af(.,.) vérifiant les hypotheses du
type Leray-Lions suivantes :

(A1) Il existe une constante positive A tels que
N
a(z,£) - £ =X wil&l
i=1
pour tout & € RY et presque tout x € ().

L -7
(Ag) |ai(z,8)| < aw!(z)[k(z) + Z?f:lw;f (z)[&]P~!]  pour presque tout z € Q,
Vi=1,...,N , V¢ € RV ot k(z) est une fonction non négative dans LPI(Q),
p =p/p—1,eta>0.
(A3s) (a(z,&) —a(z,n)) - (£ —n) > 0 pour presque tout = € ) et pour tout
¢&,neRY.

Le concept de solutions renormalisées a été introduit par Diperna et P.-L. Lions
[56] dans leur étude de 1’équation de Boltzmann. Cette notion a ensuite été adapté
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a une version elliptique (0.0.1)) par L. Boccardo et al. [38] lorsque le coté droit
est en W17(Q), par J.-M. Rakotoson [83] lorsque le coté droit est en L'(Q), et
enfin par G. Dal Maso, F. Murat, L.Orsina et A. Prignet [54] pour le cas du coté
droit sont des données générales de mesure. La notion équivalente de solution
d’entropie a été introduite par Bénilan et al. dans [38]. Pour obtenir des résultats
sur l'existence de solutions renormalisées de problemes elliptiques de type (0.0.1))
avec un af.,.) satisfaisant une condition de croissance variable, nous renvoyons a
[89, 49, [62] et [25] (pour les résultats associées voir aussi [33] 34, 91]).

Dans le chapitre 3, nous étudierons le méme probleme (0.0.1)) avec f € L}(Q) en

utilisant des techniques de troncature et la méthode de monotonicité généralisée
dans l’espace de Sobolev avec poids, en aboutissant a des résultats d’existence
de solutions renormalisés. Sous une hypothese supplémentaire de monotonicité
stricte I'unicité de la solution renormalisée est établie . On ajoutant le tereme
7arctan” dans le probleme aproché et on utilise la Remarque pour bien
montrer 'unicité de la solution a travers un principe de comparaison qui sera jouer
un role important dans le rapprochement des solutions renormalisées.
Notez que dans le cas avec des exposants variables et des espaces Orlicz les
probleme a été étudié par Wittbold et al. [62], 89]. D’autres travaux dans ce sens
peut étre trouvée dans [5, B3, B5]. Effets anisotropes ont été considérés comme
des problemes de type (0.0.1)) avec des exposants constants dans [31, 48] et avec
des exposants variables dans [78] (voir aussi [71]), ou l'existence d’une solution
renormalisée a été fourni avec g =0, F' = 0.

Le chapitre 4 présente un résultat d’existence de solutions renormalisées dans
I’espace de Sobolev avec poids pour le probleme parabolique de Stefan :

B(u); — div(a(z, Du) + F(u)) > f in Qr (0.0.2)

ou a(, ) vérifiant les hypotheses (A1) — (As) et u est assujettie a vérifier la condition
initiale B(u(0,.)) > by sur € et la condition de Dirichlet : u = 0 sur 3. Ici § est
un graphe maximal monotone avec 0 € 5(0), f € L'(Q) et by € L*(2). Nombreux
travaux ont été dédiés aux questions d’existence et d’unicité de solutions faibles ou

renormalisées pour ce type de problemes, citons par exemple les travaux de de H.W.
Alt et S. Luckhaus [90], X. Xu [93], D. Blanchard et G. Francfort [45], D. Berda [40],
N. Igbida et J.M. Urbano [67], K. Ammar et P. Wittbold [23], D. Blanchard et A.
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Porretta [46] et N. Igbida et P. Wittbold [68], etc... On notera au passage le travail
de F. Andreu et al [25, 27] sur le probléeme de Stefan avec des conditions dynamiques
au bord. Dans le troisieme chapitre, nous allons étudier 'existence et 1'unicité des
solutions renormalisées au probleme elliptique (0.0.1]), ces résultats nous servira
de base pour I’étude du probleme de l’évolution associée a le méme opérateur
convection-diffusion : Plus précisément, a partir de ces résultats on en déduit qu’il
existe une bonne solution du probleme de Cauchy abstrait correspondant a (0.0.2))
dans le sens de la théorie des semi-groupe non linéaire. La théorie des semi-groupe
non linéaire donne une idée générale de la solution, appelée ” bonne” solution pour
les problemes de Cauchy abstraits de la forme :

du

dt
correspondant au probleme ((0.0.2)), ot A est un opérateur non linéaire multivoque
dans un espace de Banach X et f € LY(0,T, X).

+Au> f

On commence en un premier temps par prouver, grace a la théorie des semi-
groupes non linéaires, 1’existence de solutions faibles du probleme

B(u)e + Y(u) — div(a(x, Du) + F(u)) > f in  Qrp,

(P7¢7fab()) u=20 on 2T7
B(u(0,.)) > by in 0,
ou ¢ : R — RjH(0) = 0 est une fonction continu strictement monotone. La

méthode de dédoublement de variables de S.N. Kruzhkov [74] combinée avec les
techniques de D. Blanchard et A. Porretta [41] permet d’obtenir des estimations
a priori sur la suite de solutions (ug), du probleme précédent et de passer a la
limite avec k vers l'infini. En un deuxieme temps, nous choisissons une suite de
perturbations (¢, n)mn, croissante en m et décroissante en n, nous approchons
également les données f et by par des approximations bi-monotones et nous
montrons que les solutions faibles du probleme (P, ¢y, 5, fin, by"") convergent
lorsque m,n — oo vers des solutions de (P, f,by) que 'on appellera renormalisées.
Un lemme de comparaison de solutions ( cf. Lemme ) jouera un role clef
lors de ce passage a la limite.
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L’équation ((0.0.2) peut étre considérée comme une généralisation de 1’équa-
tion parabolique de la p(z) -Laplacian

w, — div(|DulP®2Du) = f in Qr
(L, f,up) =S u=00n Xr
u(0,.) = up(.) in Q.

Dans [33] 'existence et I'unicité des solutions renormalisées a (L, f,ug) a été
montré pour le données L.

- La deuxieme partie de cette these concerne 1'étude de deux problemes el-
liptique et parabolique dans les espaces de Soblev a exposants variables et avec
poids, elle est constituée de deux chapitres.

Dans le chapitre 5 nous étudierons le méme probléme (0.0.1)) ott Q@ C R est un
domaine borné, f appartient a L>(Q) ou LY(Q), et a(z, &) est 'opérateur de type
p(z) -Laplacian pondérée. Sous certaines hypotheses sur F' et (3, l'existence de
solutions renormalisées a été prouvé. La preuve suit plutot une procédure normale
(mais non trivial) : Premiere f est estimée par la fonction L pour lesquels
I’existence faible est connu. Ensuite, en utilisant la définition d’une solution faible,
on montre que la suite de solutions formant une suite de Cauchy dans une norme
appropriée (qui passe a une sous-séquence si nécessaire). Toutefois, cela ne suffit
pas pour passer a une limite sous le signe de l'intégrale de solutions renormalisées
mais plus d’information est nécessaire sur les gradients de troncatures : la pro-
chaine étape est de montrer par un argument de compacité que les gradients de
troncatures convergent fortement. La derniere étape est de valider que la limite
est une solution renormalisée. Lorsque p (.) est une fonction constante, 'existence
et 'unicité de solutions renormalisées de (0.0.1) a été obtenu. Ce chapitre peut
étre considéré comme une extension naturelle de [10] pour le cas de 'exposant
variable. Compte tenu de certaines nouvelles propriétés pour ’exposant variables
espaces de Lebesgue-Sobolev avec poids développés dans [70] et les techniques de
troncature, nous avons obtenu des résultats d’existence similaires.

Un exemple de modele de ce type est le probleme homogene de valeur de
Dirichlet pour le p-Laplacian A,(u) = —div(|Vu[P~2Vu), i.e. the equation
Bz, u) — Ap(u) — divFy(u) > f.
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L’équation (0.0.1]) peut étre considérée comme généralisation de la p (x) -Laplacian
équation

—div(|DulP™2Du) = f in Q
O
u=0 ondfQ

Dans [34], V'existence et l'unicité des solutions renormalisées a (L, f) a été
montré pour les fonctions continues p : Q — (1, 00) telle que 2 — % < mingeq p(x).
Il est bien connu, méme dans ce cas particulier, que pour les L'-données une
solution faible peut ne pas exister en général ou peut ne pas étre unique.

Une des motivations pour 'étude (0.0.1)) et (0.0.2)) provient d’applications fluides

électro-rhéologiques (voir [85], [64] pour plus de détails) comme classe importante
de fluides non-newtoniens. D’autres applications importantes sont liés au traite-
ment et a 'élasticité image (voir [53], [99]).

Dans le chapitre 6, nous étudierons le probleme non linéaire p(x)- parabolique
suivant :
ob
% — div(a(x,t,u, Vu)) + H(xz,t,u,Vu) = fin Q = Q x (0,7T),
b(x,u) |t=o= b(x,up) in (0.0.3)

u=0 ondQ x(0,7T),

avec second membre f est dans L'(Q) et b(z,ug) € L'(Q2). Nous montrons un
résultat d’existence de solution renormalisée dans les espaces de Sobolev avec poids
a exposent variable pour ce probléme sans aucune condition de signe supposée sur
le terme fortement non linéaires H mais vérifié la condition de croissance :

[H(z,t,5,)| < v(2,1) + g(s)w|¢[" (0.0.4)

avec g : R — RT est une fonction bornée continue et positive tel que g € L'(R) et
v € LY(Q). Lorsque le second membre f est dans le dual L¥ (0, T, W1 (Q,w*))
ce probleme a été traité dans [3].

Pour montrer que T (u,) est bornée par une constante indépendante de n, on
montre d’abord :

/Qg(un)|Vun\p($)w(x) exp(G(uy))dzdt < C
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Up, 0
par les choix de fonctions tests suivant : / 9(s)xgs>01ds et / 9(8) X {s<01ds.
0 Up,

On peut consulter aussi les travaux de Porretta [79] ou la condition de signe a été
supprimée. On peut se référer aux travaux de A. El-Mahi et D. Meskine [60, 61]
dans le cadre des espace d’Orlicz-Sobolev et avec b(z, u) = u. Dans le cas dégénéré
(c.a.d. dans les espaces de Sobolev avec poids ) et b(x,u) = u, L. Aharouch, E.
Azroul et M. Rhoudaf [2], 3, 4] ont montré I'existence des solutions faibles dans le
cas variationel et ont supposé la condition de signe et la condition de croissance, sur
H. Pour le cas ou f € L' ils ont montrés I’existence de solutions entropiques . Le cas
d'une donnée L' et H vérifée la condition ((0.0.4]) (sans condition de signe) est traité
par Y. Akdim, J. Bennouna, M. Mekkour [7] et Y. Akdim, C.Allaou, N. elgourch
and M. Mekkour [16] avec b(x,u) = u en utilisant des solutions renormalisées. Ce
meéme probleme a éte étudier par Y. Akdim, N. Elgorch and M. Mekkour [1§] dans
les espaces de Sobolev a exposent variable avec seconde membre f — divF, avec
feLiQ) et F e (LPOQ)Y.

Notons que le contenu de cette these est 'objet de quelques travaux [10] 1], 12
13), 14] publiés.
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This part is constituted of the following chapters :

CHAPTER 1

Preliminaries.

CHAPTER 11

Existence of Renormalized solution of nonlinear degenerate problems elliptic.

CHAPTER I11

Existence and uniqueness of Renormalized Solution of Nonlinear Degenerated El-
liptic Problems.

CHAPTER IV

Renormalized Solutions of Stefan Degenerated Parabolic Nonlinear Problems.
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Chapitre 1

Preliminaries

This chapter will be devoted to introduce too the notion of Weighted Sobolev
Spaces (see Subsection 1) and weighted variable exponent Lebesgue—Sobolev spaces
(see Subsection 2), and some interesting definitions and properties, which are es-
sential to prove some results of existence for solutions of the Elliptic-Parabolic

nonlinear problems studied in this thesis.

1.1 Weighted Sobolev spaces

Let Q be a bounded open set of RY (N > 1) p be a real number such that 1 <
p<oo and w = {w;(x), 0 <i < N} be a vector of weight functions, i.e., every
component w;(x) is a measurable function which is positive a.e. in . Further,
we suppose in all our considerations that

wi € Li. (), (1.1.1)
Wi € L, (9), (1.1.2)

for any 0 < i < N. We denote by W?(Q, w) the space of all real-valued functions
u € LP(£,wp) such that the derivatives in the sense of distributions fulfill

ou
8%-

Which is a Banach space under the norm

Bu( 1/
l|1 s = /\u )P ( dx+Z/| wz dx} g (1.1.3)

The condition 1)) implies that C§°(Q) is a subspace of W1?(Q, w) and conse-
quently, we can introduce the subspace X = I/VO1 P(Q,w) of WHP(Q, w) as the closure

€ LP(Quw;) fori=1,... N.
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of C§°(§2) with respect to the norm (1.1.3). Moreover, condition 2)) implies that
WLP(Q,w) as well as W, ?(Q,w) are reflexive Banach Spaces

We recall that the dual space of Welghted Sobolev spaces W P(Q,w) is equivalent to
W=7(Q, w*), Where w* = {w' =w; P i=0,...,N} and where p' is the conjugate
of p;ie., p' = L5 .(for more details we refer to [72])

1.1.1 Basic assumptions in weighted Sobolev spaces

Assumption (H1)

The expression

Ifulllx = Z / oD pua)ar) (1.14)

is a norm defined on X and is equivalent to the norm ([1.1.3)).
There exist a weight function o on €2 and a parameter ¢, 1 < g < oo, such that

ol=7 e LY(Q), (1.1.5)

with ¢' = q/(q — 1). The Hardy inequality,

/\u o dr) " < c Z/P“ () dr) o (1.1.6)

holds for every u € X with a constant ¢ > 0 independent of u, and moreover, the

imbedding
X —— L1(Q,0), (1.1.7)

expressed by the inequality ((1.1.6]) is compact. Note that (X, |||.|||x) is a uniformly
convex (and thus reflexive) Banach space.

Remark 1.1.1 If we assume that wy(z) = 1 and in addition the integrability
condition : There exists v E]%, +oo[ﬂ]p%1, +o0o[ such that

_N
w;” € LYQ) and w" € LL.(Q), for alli = 1.....N. (1.1.8)
Note that the assumptions (m and (-) imply that,

i = (32 [ 15 ata) az) ™ (119)
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which is a norm defined on I/VO1 P(Q,w) and its equivalent to ((1.1.5) and that, the
imbedding

W, P(Q,w) = LUQ), (1.1.10)

is compact for all 1 < g <pjif pr < N(N+1) and for all ¢ > 1 if pv > N(v + 1)
where py = pv/v + 1 and pj is the Sobolev conjugate of py [see [58] ,pp.30-31].

1.1.2 Some technical results in weighted Sobolev spaces

Some weighted embedding and compactness results
In this subsection we establish some imbedding and compactness results in weighted
Sobolev Spaces which allow in particular to extend in the settings of weighted
Sobolev spaces.
Let X = WyP(Q,w), H = L*(Q,0) and let X* = W17 (Q,w*),with (2 < p < o0).
Let V = LP(0,T, X) the dual space of V is V* = L” (0, T, X*) where %—F}% =1 and
denoting the space W(0,T, X, H) = {v € V : v/ € V*} endowed with the norm

lullwy = lullv + [l flv-, (1.1.11)

is a Banach space. Here v’ stands for the generalized derivative of u; i.e.,

/OT U (t)p(t)dt = — /OT u(t)¢' (t)dt forall ¢ € C§°(0,T).

Lemma 1.1.2 ([95])

1) The evolution triple X C H C X* is verified.

2) The imbedding W, (0,T, X, H) € C(0,T, H) is continuous.
3) The imbedding Wpl(O, T,X,H) C LP(Q,0) is compact.

Characterization of the time mollification of a function u

In order to deal with time derivative, we introduce a time mollification of a function
u belonging to a some weighted Lebesgue space. For all g > 0 and all (z,t) € Qr,
we denote this time regularized function by (7} (u)), : @7 — R defined by

t

(T (w))u(t, x) == ,u/ exp(u(s —t))Tx(u(s, x))ds (1.1.12)

—0o0

where, for s < 0 and g > 0 we extend u(s,z) by a function v} € W,*(Q,w) N
L>(€) such that (1)), is a sequence of functions with |||~ < k for all g >
0, %HI/SLHWOI,p(Q w — 0as p— o0, vy — Ti(ug) almost everywhere in 2 as p — oo
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and ug : 2 — R is a measurable function such that by € /3 (ug) almost everywhere
in Q. We can easily check that (Tj,(u)), € LP(0,T, Wy (Q,w)) N L®(Qr) is the
unique solution of the equation

OT(w)), + n((Th(w)) = Tr(w),) =0

in D'(Qr) satisfying the initial condition (T} (u)),(0,z) = v{ almost everywhere
in . In particular, (T;(u)), is differentiable for almost every t € (0,7") with
O (Tr(w))y = p(Tr(uw) — (Tr(w),) € LP(0,T, W, P(Q,w)) N L®(Qr). Moreover, we
have D(T,(u)),) = (DTk(u)), in D'([0,T) x Q), [[(Th(w)) ull o(Qr) < K for all g > 0,
(Ty(w)), — T(u) almost everywhere in Qr , weak-* in L>(Q7) and strongly in
LP(0, T, Wy "(Q,w)) as . — oo (for more details we refer to [3]).

1.2 Weighted variable exponent Sobolev spaces

In this section, we state some elementary properties for the Weighted Variable
Exponent Lebesgue-Sobolev spaces LP®)(Q,w) which will be used in the next
sections. The basic properties of the variable exponent Lebesgue—Sobolev spaces
WP (Q, w), that is, when w(z) = 1 can be found from [59, [75].

Let Q2 be a bounded open subsect of RN (N > 2).

Set
C(Q) = {p € C(Q) : minp(z) > 1}.
xe
For any p € C'(Q), we define
p" =maxp(z), p =minp(x).
xefd xef

For any p € C.(2), we introduce the weighted variable exponent Lebesgue space
LP®)(Q), w) that consists of all measurable real-valued functions u such that

LP9(Q,w) = {u : Q — R, measurable, / u(z) P w(z)de < o).
Q
Then, LP®)(Q, w) endowed with the Luxemburg norm
oo = 60 > 05 [ Sty < 1)
0

becomes a normed space. When w(z) = 1, we have LP®)(Q,w) = LP@)(Q) and

we use the notation |u|se) ) instead of |u|pw(q.). The following Hélder type
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inequality is useful for the next sections. The weighted variable exponent Sobolev
space W@ (Q, w) is defined by

W (Q,w) = {u € LP(Q); |Vu] € L'(Q,w)},

where the norm is given by

1wl e @w) = (U] @) + VUl e 00 (1.2.13)
or, equivalently by
[ul[ s @p) = If{A >0 / |— (x)’—Vl;($) |p(x)d:c <1}

for all u € WHP)(Q, w).

It should be emphasised that smooth functions are not dense in W7 (Q) without
additional assumptions on the exponent p(x). This feature was observed by Zhikov
[98] in connection with the Lavrentiev phenomenon. However, if the exponent p(z)
is log-Holder continuous, i.e., there is a constant C' such that

C
—log |z — ¥

p(z) —p(y)| < (1.2.14)
for every z, y with |z —y| < %, then smooth functions are dense in variable exponent
Sobolev spaces and there is no confusion in defining the Sobolev space with zero
boundary values I/VO1 P (z)(Q), as the completion of C§°(2) with respect to the norm
[ullyyr1.n () (seel6E]).

The space VVO1 P (x)(Q, w) is defined as the completion of C§°(£2) with respect to the
norm [ u|y1pe (00

Lemma 1.2.1 (Generalised Hdolder inequality,See [59, [75]).
i) For any functions u € L") (Q) and v € LP®(Q), we have
| Jouvdz| < G+ o)l vl ey < 2llullpe vy
i) For all p, q € C(QQ) such that p(z) < q(z) a.e. in Q, we have
L1 s [P@) gnd the embedding is continuous.

Lemma 1.2.2 (See [59].) Denote p(u) = [,w( dr for all u €
LP@)(Q, w).
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Then,

Ul 0wy < U= 15> 1) if and Only if p(u) < 1(: ;> 1), (1.2.15)
Zf |U|LP(*) (Q.w) > 1then |U|LP(I) ( ) < ‘u‘ Qw)’ (1216)
if |ulpper ) < 1then |u|L;v(m) < p(u) < fu ‘Lp(x) W)’ (1.2.17)

Remark 1.2.3 (See [70].) If we set
= / u(2) ") + w(z)|Vu(z) [P dx
0

then, following the same argument, we have

min{”u”wlp(r)( |\U|\W1p<z ’w)} <I(u) < maX{”“”Wm(r( Hunlp(r)(Q )}-
(1.2.18)
Let w be a weight function satisfying the conditions :
(W1) we Lj,.(Q) and w “TT € L,.();
(Wy) w=*@) € LY(Q,w) with s(z) € (Z%,oo) N [Zﬁ,oo).
The reasons that we assume (IW7) and (W) can be found in [70].

Remark 1.2.4 ([70].)
(i) If w is a positive measurable and finite function, then LP%)(Q,w) is a reflexive
Banach space.
(i1) Moreover, if (W1) holds, then W'P®)(Q, w) is a reflexive Banach space.
For p,s € C.(Q), denote p,(x) := p;g)siﬁ) < p(x), where s(z) is given in (W5).
Assume that we fix the variable exponent restrictions
$() (z)s(x) N :

(@) = Gan—penm N > pal@),

pi(z) arbitrary if N < py(z)
for almost all x € 2. These definitions play a key role in our thesis. We shall

frequently make use of the following (compact) imbedding theorem for the weighted
variable exponent Lebesgue—Sobolev space in the next sections.

Lemma 1.2.5 ([70].) Let p, s € C(Q) satisfy the log-Hélder continuity condition
(1.2.14) and let (Wy) and (W) be satisfied. If r € C(Q) and 1 < r(z) < pi(x)

then, we obtain the continuous tmbedding
WPO(Q, w) — L'@(Q).

Moreover, we have the compact imbedding
WhE(Qw) — L"@(Q),

provided that 1 < r(z) < pi(x) for all x € Q.
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From Lemma [1.2.5, we have the Poincaré-type inequality immediately.

Corollary 1.2.6 ([70].) Let p € C(Q2) satisfy the log—Holder continuity condition
1.2.14). If (Wh) and (Ws) hold, then the estimate

[w]] Loy < ClIVUl| oo 9,0

holds, for every uw € C3°(Q2) with a positive constant C independent of u.

Throughout this the thesis, let p € C(2) satisfy the log-Holder continuity condi-
tion (1.2.14) and X := I/VO1 () (Q,w) be the weighted variable exponent Sobolev
space that consists of all real valued functions u from W'P(*)(Q, w) which vanish

on the boundary 02, endowed with the norm

ul|x = inf{\ > 0: /Q ’Vu)\(x)

which is equivalent to the norm due to Corollary [I.2.6l The following
proposition gives the characterization of the dual space (WE"'")(Q,w))*, which is
analogous to [[75], Theorem 3.16]. We recall that the dual space of the weighted
Sobolev spaces Wol’p(x)(Q, w) is equivalent to W1 @) (Q, w*), where w* = w7,

Proposition 1.2.7 Let p € C.(2) and a be a multi-index with |a| < k. Further,
let w be a given family {w,(x) : |a] < k} of weight functions w,(x), z €

p()

w(x)dx < 1},

satisfying (W7). Then for every G € (I/Véf P (x)(Q, w))*, there exists a unique system
of functions {g, € L¥(Q, ws ” (x)) . |a] < k} such that
G(f) =% D* dz, for all f e W™ (Q

(f) || <k fQ f(ﬂf)ga(SE) T, Ior a fe 0 ( ,LU).
Lemma 1.2.8 ([3]].) Let ¢ € L[PP(Q,w) and let g, € LP(Q,w), with
gnllro ) < ¢, 1 < r(z) < oo, If gu(x) — g(z) a.e. in Q, then g, — g in
Lp(“”)(Q,w), where — denotes weak convergence and w is a weight function on Q).

We will also use the standard notation for Bochner spaces, i.e, if ¢ > 1 and X
is a Banach space then L4(0,7;X) denotes the space of strongly measurable
function u : (0,7) — X for which t — ||u(t)||x € L%(0,T) Morever, C([0; T]; X)
denotes the space of continuous function u : [0;7] — X endowed with the norm

HUHC([O;T];X) = maxte[O;T]Hu”Xa
L7 (0, T: Wi (Q,w)) = {u: (0,T) — Wy (Q, w) measurable;

T o 1/p~
([ Ig,) <o)
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and we define the space
L>*(0,T; X) ={u:(0,T) — X measurable; AC > 0/||u(t)||x < C a.e.}
where the norm is defined by :
|| o 0.7 x) = Inf{C > 0; |lu(t)||x < C a.e.}.
We introduce the functional space see [34]
V={f el 0.T:W," Q) VS € P(Q.w)} (1.2.19)
which endowed with the norm

1fllv = IV fll ) (@)

or, the equivalent norm

H|fH|V = HfHLp_(QT;WOLP(f)(Q’w)) + HVfHLp(m)(Q,w)y

is a separable and reflexive Banach space. The equivalence of the two norms is
an easy consequence of the continuous embedding LP®)(Q) — LP (0, T; L") (Q))
and the Poincaré inequality. We state some further properties of V' in the following

lemma.
Lemma 1.2.9 Let V be defined as in and its dual space be denote by V*.
Then,

(i) We have the following continuous dense embeddings :
L7 (0, T; Wy P (Q,w)) < V= LP (0, T; Wy P, w).

In particular, since D(Q) is dense in L' (0, T; Wol’p(x)(Q,w) it is dense in'V and
for the corresponding dual spaces, we have

LE (0,13 (W "(Q,w))") = Vs L0 (0,75 (Wg ™ (@, ))).
Note that, we have the following continuous dense embeddings
L7 (0,75 L7(Q,w)) > LH(Q,w) < L (0,T; L7902, ))

(ii) One can represent the elements of V* as follows : if T € V* ; then there exists
F = (fi, ..., fv) € (LP@(Q)N such that T = divx F and

T
<T, £>V*,V :/ /Fvgdxdt
0 Jo
for any & € V.. Moreover, we have
HTHV* - maX{HfiHLP(')(Q,w)a 1= 17 7”}
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Remark 1.2.10 The space V N L>®(Q), is endowed with the norm definie by the
formula :

[ollvars) = max { vy, lollr<g) }, v € VN L¥(Q).

Is a Banach space. In fact, it is the dual space of the Banach space V* + L(Q)
endowed with the norm :

HUHV*—&—Ll(Q) = 1nf{|\vl| v + HU2HL1(Q)}; V= 1U1 + Vg,V € V*,’Uz - Ll(Q)

1.3 Multivalued operators and theory of mild solutions

An mapping A : X — P(X) is called multivalued operator, its domain effective
is given by
D(A) ={z € X; A(z) # 0}
and its range is defined by
R(A)={ye X;dz € X,y € A(x)}.

If for all x € D(A), A(x) is reduced to an element, we talk about the single valued
operator. By convention, identifies the operator A with its graph in X x X,

note G(A) = {(z,y) € X x X;y € A(x)}.

Given 28 = {X: X C R} and a mapping 4 : R — 28 where A(x) = [0, |z|] for
every x € R. We know that for every x € R, A(x) is a closed interval. Hence, range
of A is a set of closed intervals. It is one example of multivalued mappings.

Let us particular classes of non-linear operators.

Definition 1.3.1 Let A be a multivalued operator to X.
¢ A is accretive in X if

(Va>0),¥(z,y),(7,9) € A |z -7 <z -2 +aly —g)|.

In other words, A is accretive if the (I +aA)™! : R(I +«aA) — X is a contraction.
¢ A is m- accretive in X if

A is accretive and wverifies R(I + aA) = X Va > 0.
¢ A is T-accretive in X if
Vo> 0;V (2, 3), (y,9) € 4; [l(z - 2)"[lx < lz =+ aly —§)"|x.
¢ A is m— T-accretive in X if
AisT — accretive and wverifies R(I +aA) =X Va > 0.
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Proposition 1.3.2 Let A be an operator in L'(2) such that

o A is T-accretive

o R(I + aA) is dense in L*(Q) Va > 0.

Then the closure A of A in LY(Q) is m-t-accretive operator in L*(€).

Mild solutions
Consider the following Cauchy problem :

uy + Au > f

CP)(uo,
(P, ) {U(O) e

where A is a multivalued nonlinear operator in X, ug and f € LY(0,T, X).

A notion of solutions for the problem (CP)(ug, f) is the one introduced by
Ph.Bénilan [36].

Let € > 0,one chooses a subdivision (¢;);;i =1, ....,1 of (0,T) satisfying

O=tg<t1...<t; <T
ti—tig<eVi=1,..1
T—1t <e.

On approach the function f by the function f. piecewise constant, defined by
fé(t) = ffon [tioy, t;[ fori=1,...,1, or ff € X and verify

l ti
LF) = fillx <e.

This set of data is called a e-discrétisation the problem (C'P)(uq, f), and notes
D% (to, ..., ti; fi1, -, f1;u0). We consider the Cauchy problem discretized in time

Ui Uiy + Ayt > f¢
(Pg) ti—ti—1 t fl
u(0) = ug

Definition 1.3.3 We call mild solution of the Cauchy problem (CP)(ug, f) any
function v € C([0,T]; X) with u(0) = ug and satisfying for all e > 0 ,there ezists a
e-discrétisation D5(to, ..., 15 f1, ..., fi;uo) and a solution e-approchée u® the problem
(P.) such that sup ||u®(t) —u(t)||x < e.

0<t<t;

Theorem 1.3.4 Let A be a m-accretive operator in X ,then for all uy € D(A)Ilx
and any function f € LY0,T;X), there exists a unique mild solution u of
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the problem (C'P)(ug, f). Specifically, for every e > 0 and any e-discrétisation
D% (to, ..., ti; f1, -, fi;u0), the solution e-approchée u® of the problem (P¢) exists
and we sup ||u(t) —u(t)||x < e when e — 0.

0<t<t,

Remark 1.3.5 Let A be an accretive operator in X such that R(I +aA) = X.

A7l

Then for all uy € D(A) and any function f € LY(0,T;X), there is a unique
mild solution of the Cauchy problem (C'P)(uy, f).

For a exposed of the mild solutions, the reader may consult the work of Ph. Bénilan
[36, [37].

The following notations will be used throughout the paper : for £ > 0, the trunca-
tion at heigth k is defined by

—k, ifr<-—k,
Ti(r) ==, if || <k,
k, ifr>k,

and let h; : R — R be defined by
hi(r) := min ((l +1— |, 1> for each r € R.

For r € R: Let r — r* := max(r,0), r — Signg(r) the usual sign function which
is equal to -1 on | — 00, 0], to 1 on |0, +00] and to 0 for r = 0,

T%Signar(r):—{l Z,fr>0.
0 ifr<o0
For § > 0, we define H;” : R — R by
0 f r<0
Hi(r):=q3r if0<r <6
1 ifr>9
and Hs : R — R by
-1 ifr<—=9
Hs(r)=q3r if —6<r<$é
1 ifr>9
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Chapitre 2

Existence of Renormalized solution of nonlinear
degenerate elliptic problems

[l In this chapter, we study a general class of nonlinear elliptic problems asso-
ciated with the differential inclusion

f(u) — div(a(x, Du) + F(u)) > f in €,
u=0 on O0f)

where f € L>(2). The vector field af(., .) is a Carathéodory function.

2.1 Introduction

Let Q2 be a bounded open set of RY (N > 1) with Lipschitz boundary if N > 2,
p be a real number such that 1 < p < oo and w = {w;(x), 0 < i < N} be a vector of
weight functions on 2,(i.e, every component w;(x) is a measurable function which
is positive a.e. in Q). Let W, ?(Q,w) be the weighted Sobolev space associated
with the vector w. Our aim is to show existence of renormalized solutions to the

following nonlinear elliptic equation

(E. f) {5(ﬁ)0 div(a(z, Du) + F(u)) > f ;r; %Q

with a right-hand side f € L*(2) for (£, f). Furthermore, F' and 8 are two func-
tions satisfying the following assumption :
(Ag) F: R — RY is locally lipschitz continuous and B:R — 28 a set

1. APPLICATIONES MATHEMATICAE. (Warsaw)41,2-3 (2014),131-140.
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valued, maximal monotone mapping such that 0 € 5(0), Moreover, we assume that

BY(1) € LY(9). (2.1.1)
for each | € R, where 3° denotes the minimal selection of the graph of 5. Namely
Bo(l) is the minimal in the norm element of §(I), that is, [y(l) = inf{|r|/r €
R and r € B(1)}.

Moreover, a: 2 x RY — RY is a Carathéodory function satisfying the follo-
wing assumptions :
(A1) There existe a positive constant A such that

N
o(r:6) €2 XD wief

for all ¢ € RN and almost every € Q.
(AﬂI%@§H<&w()[(%+ZF1j(ﬂéwﬂﬂﬂﬂmwtwmyxéﬁ

all i = 1,...., N , and every £ € RY, where k(.) is a nonnegative function
in L? (Q), p = p/p — 1, for a.e. and a > 0.

(A3) (a(z,€) —a(z,n)) - (€ —n) > 0 for almost every = € 2 and every &, € RV,

Basic assumption

Assumption (H1)

1/
dx) g is a norm defined on X

The expression |||ul||lx = ( s 1fQ
and is equivalent to the norm -.There exist a weight function o on Q and a
parameter ¢, 1 < q¢ < 0o, such that

ol e LY(Q), (2.1.2)

with ¢ = q_il. The Hardy inequality,

(/Q!u(x)lqadaz)l/q Z/ |8u i(z) dz ) o (2.1.3)

holds for every u € X with a constant ¢ > 0 independent of u, and moreover, the

imbedding
X <= L1Q,0), (2.1.4)

expressed by the inequality (2.1.3)) is compact. Note that (X, |||.|||x) is a uniformly
convex (and thus reflexive) Banach space.
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2.2 Notion of solutions and Existence results

2.2.1 Renormalized solutions
Definition 2.2.1 A renormalized solution to (F, f) is a pair of functions (u,b)
satisfying the following conditions :

(R1) u : Q — R is measurable, b € LYQ),u(xr) € D(B(x)) and b(x) €
B(u(x)) for a.e. x € Q.

(R2) For each k > 0, Ty(u) € Wy?(Q,w) and

/Q b- h(u)p + /Q (a(e, Du) + F(u)) - D(h(u)g) = /Q fhlw)e  (2.25)
holds for all h € C{R) and all ¢ € WyP(Q,w) N L¥(Q), where Ti(.) is a
truncation at heigth k.

(R3) f{k§|u\§k+1} a(x,Du) - Du — 0 as k — oc.

2.2.2 Existence results

Theorem 2.2.2 Under assumptions (Hy), (Ao)—(A3) and f € L>®(Q)) there exists

at least one renormalized solution (u,b) to (E, f).

2.3 Proof of Theorem

The proof of Theorem will be divided into several steps.

2.3.1 Approximate Problem :

At first we approximate (F, f) for f € L*(Q2) by problems for which exis-
tence can be proved by standard variational arguments. For 0 < ¢ < 1, let
B :R — R be the Yosida approximation of 8 (see [51]). We introduce the
operators
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A WP (Q,w) — WP (Q, w*) o
u — B(Ti(u)) — div a(x, Du)
Ape WI(Quw) — W (Q,w)

u — —div F(T1(u))

Because of (A2) and (A3), A, is well-defined and monotone (see [76], p.157).
Since 5.0 T:1 are bounded and continuous and thanks to the growth condition (A2)
on a, it follows that A ., is hemicontinuous (see [76], p.157). From the continuity
and boundedness of F'o T it follows that A, is strongly continuous. Therefore
the operator A. := A;. + EAZE is pseudomonotone. Using the monotonicity of .,
the Gauss-Green Theorem for Sobolev functions and the boundary condition on
the convection term [, F(T1(u)) - Du , we show with similar arguments as in [33]
that A. is coercive and bounded. Then it follows from [76], Theorem 2.7, that A.
is surjective, i.e., for each 0 < e <1 and f € W_l’p/(Q,w*) there exists at least
one solution u. € Wy”(Q,w) to the problem

@%ﬂ{&ay%»mm¢%D%)+MQ@@»:f n Q
Ue = 0 om 8{27

such that
[ 5@wpe+ [ (oo, D)+ PO ) Do =< fip > (230)
Q Q

for all ¢ € WP (Q,w).

2.3.2 A priori estimates

Lemma 2.3.1 For 0 < e <1 and f € L™(Q) let u. € WyP(Q,w) be a solution of
(E-, f). Then,
i) there ezists a constant Cy = C1(||fllso; A, p, V) > 0, not depending on e, such

that

[uell] < Cy. (2.3.7)
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ii)
1B (T (u) oo < | floo- (2.3.8)

iii) For all I,k > 0 we have

/ a(x, Du.) - Du. < k/ |l (2.3.9)
{I<|uc | <I+k} {lue|>1}

Proof : i) Taking u. as a test function in (2.3.6) we obtain

/Qﬁg(T;(ug))ugdx—l— /Qa(x,Dug) - Du.dx + / F(Té(ug))) - Du.dx = /qugd:c

Q
As the first term on the left-hand side is nonnegative and the integral over the
convection term vanishes by (A1) we have :

)\XN:/ |8u€\pw~(x)dx < ZN:/ a;(x, Du,) - Oue /fu dx
 J o, i = 2 Jq i\ 9 =/, 3
al ou (SE’) 1 / L
< ZENTTD, . P 1—q q 1.
< C'Hf”oo(;/g\ . | wl(x)dx) (/Qa d:ﬁ) (due to(|1.1.6))

Then |||u|||” < Csll|ucl||| where Cy a positive constant. Hence we can deduce that
u. remains bounded in W, ?(Q, w)i.e.; ||ucl]| < Ci.

ii) Taking %[Tkﬂg(ﬁg(Té (ue))) = Th(B-(T1(u)))] as a test function in (2.3.6), letting
d — 0 and choosing k > || ||« we obtain (ii).

iii) For k,1 > 0 fixed we take Tj(u. —Tj(u.)) as a test function in (2.3.6). Using
Jqa(z, Du.) - DTy (u. — Ty(u.))dx = f{l<|u8|<l+k} a(z, Du.) - Du.dx, and as the first
term on the left-hand side is nonnegative and the convection term vanishes, we get

/ a(x, Du.) - Du.dx < / fTe(ue — Ti(ue))de < k‘/ |fldz.
{I<|uc|<l+k} Q {luc|>1}

Remark 2.3.2 For k > 0, since

{Jue] > 1} < ZCI, (2.3.10)

from Lemma (111) we deduce that

Cy(k)
i

/ a(x, Du.) - Due < k| flool{|ue| > 1}] < (2.3.11)
{I<ue | <I4-k}
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2.3.3 Basic convergence results

Lemma 2.3.3 For 0 <& <1 and f € L®(Q) let u. € W,"(Q,w) be the solution
of (E., f). There exist u € W, ?(Q,w) and b € L>(Q) such that for a not relabeled

subsequence of (u:)p<e<1 ase |0 :

u. —u  inWyP(Qw) andae in Q, (2.3.12)
Ty (us) — Tr(u) in W, ?(Q,w) and strongly in L4(Q, o), (2.3.13)
Bo(Ti(us)) = b  in L™(Q), (2.3.14)

Moreover, for any k >0
DTi(u.) = DT(u)  in IIYV LP(Q, w;), (2.3.15)
a(z, DTiy(u.)) — a(w, DTp(u)) in IV, L7 (Q,w). (2.3.16)

Proof : (2.3.14)) follow directly from Lemma and Remark 2.3.2| From ([2.3.10)),

(2.3.7) and (1.1.7)) we deduce with classical argument (see,e.g.,[1]) that for a subse-
quence still indexed by ¢, (2.3.12)-(2.3.13)) and (2.3.15]) hold as € tend to 0, where

u is a measurable function defined on Q. It is left to prove (2.3.16)). For this, by
(A2) and it follows that given any subsequence of (a(x, DT} (u.)):), there
exists a subsequence, still denoted by (a(x, DTj(u.)):) such that a(x, DTy(u.)) —
;. in 1Y L7 (Q,w}). We will prove that & = a(z, DTj(u)) a.e. of Q. The proof
consists in three steps.

Step i : For every function h € WH*(R), h > 0 with supp(h) compact, we will
prove that,

lim sup/ a(x, DTi(uz)) - DIh(u)(Ty(u:) — T (w))]dx < 0. (2.3.17)
e—0 Q

Taking h(u.)(Ti(u:) — Ti(u)) as test function in ([2.3.6) we have
/Q BT () (e (Ti () — Ti(w) + / a(z, Duz) - D{(us)(Th(uz) — Ti(u)
T / F(T4 () - DIh(uc) (Ty(ws) — Ti(w))] = / Fh(us) (Ti(us) — Te(w)  (2.3.18)
Q QO
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Using |h(u:)(Tp(us) — Tp(u))] < 2k||h||s, by Lebesgue’s Dominated Conver-
gence Theorem we find that lim.g [, fh(us)(Th(us) — Ti(uw)) = 0 and
lim. 0 [ F(T1(ue)) - DIh(us)(T(u:) — Tr(u))] = 0. By using the same arguments
in [25] we caneprove that

limsup/ﬁg T1 (ue)) - [h(ue) (T (ue) — Ti(u))]de > 0.

e—0

Passing to the limit in (2.3.18)) and using the above results we obtain the (2.3.17)).
Step ii : We now prove that for every k > 0,

lim Sup/Qa(:c, DTy (u.)) - [DTi(ue) — DTy (u)]dz <0 (2.3.19)

e—0

Indeed, for k > [, take hy(u.)(Ti(u:) —Ti(u)) as a test function in (2.3.6]). Letting
e} 0 and then [ — oo, we obtain

[ ot D)) - DI (Tiw) — Tyl
= /[| o hi(us)a(x, DTy(u.)) - [DTx(us) — DTy (u)]dx
+/ hi(us)a(z, DT (ue)) - (—DTy(u))dz
[[ue[>E]

+/mmﬁnmg—nmmwunm@yp%w
Q
— By + By + By,

Since | >k, on the set [Ju.| < k] we have h;(u.) = 1 so that we can write
limsup £y = lim sup/ a(x, DT (uz)) - (DT (ue) — DTy (u))dz.
e—0 e—0 Q
For E», using Lebesgue’s dominated convergence theorem we get

lim Eg = —/ hl(u)CI)lH . DTk(u>dSU = 0.
[lu[>]

e—0

For E3 , we have
—(f, Py (ue) (Ti (ue) — Tip(u))a(z, DTy, (uz)) Ducda) < 2k f[l<|u5
Using m, we deduce that

|<i+1] CL(:E, Dus)Duz—:de

lim sup lim sup(— /Q hy(ue) (Ty (ue) — Ti(w))a(x, DTi(u.)) - Dudz < 0

=+ e—0
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Applying (2.3.17) whit h replaced by h; , 1>k we get

lim sup /Q a(x, DTy (u.)) - (DTy(us) — DTy (u))dx

e—0

< lim sup(— /Q hy(u) (Ti(ue) — Ty(w))a(z, DTy(u.)) - Ducdz,

e—0

Now letting | — +o0 yields (2.3.19).

Step iii : In this step we prove by monotonicity arguments that for &k > 0,
¢, = a(z, DT;(u)) for almost every x € Q. Let ¢ € D(Q2) and & € R. Using
(2.3.19)), we have

&lirr(l) a(x, DTy (u.)) - Dpdx > 64/ a(x, D(Ti(u) — ayp)) - Depdzx.
E— 0 0

Dividing by & > 0 and by & < 0, and letting & — 0 we obtain

lim | a(z, DTi(u.)) - Dodx = / a(x, DTy(u)) - Dodz.
e—0 QO QO

This means that for all & > 0, [, ® - Dedx = [,a(z, DT;(u)) - Dpdr and so
¢ = a(, DTi(u)) i D'(Q) for all k > 0 . Hence @y = a(z, DTj(u)) a.e. in Q
and so a(z, DTy (u.)) — a(z, DTi(u)) weakly in ITY 1Lp (Q,w}).

2.3.4 Proof of Existence.

Let h € CH(R) and ¢ € W, ?(Q,w) N L>(Q). Taking hy(u.)h(u) as a test func-
tion in ([2.3.6]), we obtain

L+ 2+ 12, =12, (2.3.20)
where

1= [ BT (e
2, = /Q alz, Duz) - D(hu(u)h(w)o),
P = / P(T3(u2)) - D(hu(u:)h()g),

l—/fhlue
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Step i : Letting ¢ | 0 using the convergence results (2.3.12)), (2.3.14) from
Lemma we can immediately calculate the following limits :

lii%];l:/gbhl(u)h(u)qﬁ, (2.3.21)
g%lgl:/thl(u)h(u)gb. (2.3.22)

We 152,5 = If”ll + [37’12 where
13;} = [, Ij(u)a(x, Dug) - Duch(u)o, Jf;f = [, lu(u)a(z, Du.) - D(h(u)g).
Using ([2.3.11]) we get the estimate

m 12| < [|hlloc][ oo - Col ™00, (2.3.23)

| 1i
e—=0
By Lebesgue’s Dominated Convergence Theorem it follows that for any ¢ €
{1,..., N} we have
0 0
- (h()9) > b
Keeping in mind that Iff = fQ hi(us)a(x, DTi11(ue)) - D(h(u)), by (2.3.16]), we
get

hl (ug)

-(h(u)g) in LP(Q,0)ase 0.

lim 122 — /Q hi(wa(z, DT (w)) - D(h(1)6). (2.3.24)

e—0 el

: 3,1 2
Let us write ]531 =17 + If’l , Where

2 = [ b (T () - Ducb(u)s
17 = | M) Py (w0) - Dib(we)
For any [ € N; there exists £¢() such that for all ¢ < g¢(1),

2 = [ BT ) F(Ti()) - Db, (2325)

Using Gauss-Green Theorem for Sobolev functions in (2.3.25)) we get

T‘lJrl(ua)
i / / BV F(r)dr - D(h(w)d). (2.3.26)
’ Jo
Now, using ([2.3.12)) and the Gauss-Green Theorem, after letting € | 0 we get

lim 1%! — /Q B(u) F(u) - Du h(u)o. (2.3.27)
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Choosing € small enough, we can write

@f-lfhm%ﬂwnﬁu%»-Dw@o@ (2.3.28)
Q
and conclude

23%133 _./qu(u)FXU)-z)(h(u)¢). (2.3.29)

Step ii : We let | — oo. Combining ([2.3.20)) and (3.3.33))- (2.3.29) we find

ﬁ+ﬁ+ﬁ+ﬁ+ﬁ:ﬁ (2.3.30)
where [} = fQ bhi(u)h(u)o, = [o(u)a(z, DTj41(w)) - D(h(u)d),
|13| < Col ™) th\oo\lcbl\oo, = Jo hu(u ( ) - D(h(u)9),
= Ju M) F(u) - Du h(u), ﬁzﬁﬁmwmww
Obv1ously, we have
lhm I} =0. (2.3.31)

Choosing m > 0 such that supp h C [—m,m], we can replace u by T,,(u)
in I}, 17, ..., I?, and

hy(u) = hy(T(u) = 0if I +1>m, h(u) = hi(Tn(u ))zlifl>m.

Therefore, letting | — oo and combining (2.3.30) with we obtain

/ bh(u)p + /(a(az, Du) + F(u)) - D(h(u)¢) = / fh(u)o, (2.3.32)
0 0 0

for all b € C}(R) and all ¢ € Wy (Q,w) N L=(Q).
Step iii : Subdifferential argument : It is left to prove that u(x) € D(5(x))
and b(z) € B(u(z)) for almost all x € €. Since [ a is maximal monotone graph,
there exists a convex, l.s.c., and proper function j: R — [0, oo] such that 8(r) =
8]'( ) for all r € R. According to [51], for 0 < ¢ < 1, j. : R — R defined by
= [y B:(s)ds has the following properties : [see [89]]. Using the same argument
in [89] we can prove that for all 7 € R and almost every x € Q, u € D() and b €
B(u) almost everywhere in 2. With this last step the proof of Theorem [2.2.2] is
completed.
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Chapitre 3

Existence and uniqueness of Renormalized

solution of nonlinear degenerated elliptic problems

[l In this chapter, we study a general class of nonlinear degenerated elliptic
problems associated with the differential inclusion §(u) — div(a(z, Du)+ F(u)) 3 f
in Q where f € LYQ). A vector field a(.,.) is a Carathéodory function. Using
truncation techniques and the generalized monotonicity method in the functional
spaces we prove existence of renormalized solutions for general L'-data. Under an
additional strict monotonicity assumption uniqueness of the renormalized solution
is established.

3.1 Introduction

Let © be a bounded open set of RY (N > 1) with Lipschitz boundary if N > 2,
p be a real number such that 1 < p < co and w = {w;(z), 0 < i < N} be a
vector of weight functions on €, i.e. each w;(x) is a measurable a.e. positive on .
Let VVO1 P(Q,w) be the weighted Sobolev space associated with the vector w. Our
aim is to show existence and uniqueness of renormalized solutions to the following
nonlinear elliptic equation

B(u) — div(a(x, Du) + F(u)) > f in Q

(Ea, /) {u =0 on Of).

1. Anal.Theory Appl, Vol. 30,N0.3(2014),pp.318-343.
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with a right-hand side f is assumed to belong either to L>®(€) or to L'(€),
for (Eq,f) Furthermore, F: R — RY is locally lipschitz continuous and
B:R — 2% a set valued, maximal monotone mapping such that 0 € 3(0), Mo-
reover, we assume that

B(1) € L'<), (3.1.1)

for each | € R, where 3° denotes the minimal selection of the graph of 5. Namely
Bo(l) is the minimal in the norm element of 5(I)

Bo(l) = inf{|r| /reRandr e B(l)}

a: QxRY — RY isa Carathéodory function satisfying to following assump-
tions :(A41), (A2), (As) set out General Introduction

We use in this chapter the the framework of renormalized solutions. This notion
was introduced by Diperna and P.-L. Lions [56] in their study of the Boltzmann
equation. This notion was then adapted to an elliptic version of (Eq, f) by L. Boc-
cardo et al. [38] when the right hand side is in W~'#(Q), by J.-M. Rakotoson [83]
when the right hand side is in L'(2), and finally by G. Dal Maso, F. Murat, L.
Orsina and A. Prignet [54] for the case of right hand side is general measure data.
The equivalent notion of entropy solution has been introduced by Bénilan et al.
in [38]. For results on existence of renormalized solutions of elliptic problems of
type (Eq, f) with a(,) satisfying a variable growth condition we refer to [[89],[62]]
and [25]. One of the motivations for studying (Eq, f) comes from applications to
electrorheological fluids (see [85] for more details) as an important class of non-
Newtonian fluids.

The plan of the chapter is as follows. In Section 2 we make precise all the assump-
tions on a, B, F, f and we introduce the notions of weak and also renormalized
solution for problem (Eq, f). Our first main result, existence of a renormalized so-
lution to (Eq, f) for any L>™ - data f, are collected in Section 3. Our second main
result, existence of a renormalized solution to (Eq, f) for any L' - data f , and the
results on uniqueness of renormalized solutions are collected in Section 4. Section
5 is devoted to an example for illustrating our abstract result.
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3.2 Basic assumptions and notion of solutions

3.2.1 Basic assumptions
Assumption (H1)

The expression

lull = (3 [ 15 bty as) (322)

is a norm defined on X and is equivalent to the norm (1.1.3)).
There exist a weight function ¢ on €2 and a parameter ¢, 1 < ¢ < oo, such that

o=7 ¢ LY(Q), (3.2.3)

with ¢ = q_il. The Hardy inequality,

( /Q \u(x)|q0daz Y Z / |a“ d:c) o (3.2.4)

holds for every u € X with a constant ¢ > 0 independent of u, and moreover, the

imbedding
X —— LI1(Q,0), (3.2.5)

expressed by the inequality (3.2.4]) is compact. Note that (X, |||.|||x) is a uniformly
convex (and thus reflexive) Banach space.

Assumption (H2)

jai(w, &)] < aw;"(x)[k(x) + Zw”p )&, (3.2.6)
la(z, &) — a(z,n)](§ —n) >0 for all (€,m) € RN x RY, (3.2.7)
N
a(z,£).6 > N wil&l, (3.2.8)
=1

where k(z) is a positive function in L (Q) and a, A are positive constants.
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Assumption (H3)

Let 3, F' such that

B:R — 2% set wvalued, mazimal monotone mapping (3.2.9)
such that 0 € 5(0) and satisfying (3.1.1)),
F:R — RY is locally lipschitz continuous. (3.2.10)

Remark 3.2.1 The lipschitz character of F' and Stokes formula together with the

boundary condition (u = 0 on 99) of problem give [, F'(u)DT(u)dx = 0(seec[8Y)).

3.2.2 Notions of solutions

Definition 3.2.2 A weak solution to (FEq, f) is a pair of functions (u,b) €

W, P(Q,w) x LYQ) satisfying F(u) € (L}

loc

()N, b € B(u) almost everywhere

i €2 and
b — div(a(z, Du) + F(u)) = f in D'(Q). (3.2.11)
Definition 3.2.3 A renormalized solution to (FEq, f) is a pair of functions (u,b)

satisfying the following conditions :

(R1) u : Q — R is measurable, b € LY(Q), u(z) € D(B(x)) and b(z) € B(u(x))

for a.e. x € Q.

(R2) For eachk >0, Ti(u) € WyP(Q,w) and

/Qb ~h(u)p + /Q(a(::r;,Du) + F(u))-D /fh (3.2.12)
holds for allh € CH(R) and all p € WyP(Q,w) N L>(Q)

(R3) a(x,Du) - Du—0 as k— oc.

f{k<|u\<k+1}
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Remark 3.2.4 Forp € (1,00), T&’p(Q,w) is defined as the set of measurable func-
tions u : Q — R such that for k > 0 the truncated functions Ty(u) € Wy(Q,w)

and for every u € Tol’p(Q, w) there exists a unique measurable function

v: Q= RN such that VT (u) = vxqu<ny (see[l],[38]) for more details.

Remark 3.2.5 Note that if (u,b) is a renormalized solution to (Eq, f) such that
u e WyP(Q,w) , then (u,b) in general is not a weak solution in the sense of Defi-
nition[3.2.4, since we did not assume a growth condition on F and therefore F(u)
in general may fail to be locally integrable. If (u,b) is a renormalized solution of
(Eq, ) such that w € L*(R2), it is a direct consequence of Definition that u
is in Wy P(Q,w) and since holds with the formal choice h = 1, (u,b) is a
weak solution. Indeed, let us choose ¢ € D(Q2) and plug hi(u)e as a test function
in (3.2.12))). Since uw € L®(2), we can pass to the limit with | — oo and find that

u solves (Eq, f) in the sense of distributions.

3.3 Case where f € L™(2) -data

3.3.1 Resultat d’existence

In this subsection we will state existence of renormalized solutions to (Eq, f) in
Theorem |3.3.1]. In the next subsections we will present the proof.

Theorem 3.3.1 Under assumptions (Hy) — (H3) and f € L*®(QQ) there exists at

least one renormalized solution (u,b) to (Eq, f).

Remark 3.3.2 The problem on the renormalized solution to the degenerated pro-
blem (Eq, f) for right-hand side f € L*(Q2) to be a weak solution is still open.
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3.3.2 Proof of Theorem [3.3.1]

The proof of Theorem [3.3.1] will be divided into several steps.

Approximate problem

At first we approximate (Eq, f) for f € L*(Q) by problems for which exis-
tence can be proved by standard variational arguments. For 0 < ¢ < 1, let
B :R — R be the Yosida approximation (see [51]) of . We introduce the
operators

A W (Qw) — WLe (Q, w)
u — Be(T1(u)) + e arctan(u) — div a(z, Du),

and /

Age WP (Qw) — WP (Qw),

u — —div F(T1(u)).

Because of (A2) and (A3), A; ., is well-defined and monotone (see [76], p.157). Since
B o Th and arctan are bounded and continuous and thanks to the growth condi-
tion (EAZ) on a, it follows that A; ., is hemicontinuous (see [76], p.157). From the
continuity and boundedness of F'o T it follows that A,. is strongly continuous.
Therefore the operator A, := A175+A27€5 is pseudomonotone. Using the monotonicity
of 5., the Gauss-Green Theorem for Sobolev functions and the boundary condition
on the convection term [, F(T1(u)) - Du , we show with similar arguments as in
[33] that A. is coercive and bounded. Then it follows from [76], Theorem 2.7, that
A is surjective, i.e., foreach 0 <e <1 and f € W‘Lp/(Q, w*) there exists at least
one solution u. € W,”(Q,w) to the problem

BE(T% (u.)) + e arctan(u.) — div(a(x, Du.) + F(T%(ug))) =f in €,

(Eq., f)
u, =0 on 0,
such that
/Q (ﬁg(Ti (ue)) + earctan(u5)>g0 + /Q (a(z, Du.) + F(Té(ug))) Do =< f,p>
(3.3.13)

holds for all ¢ € I/VO1 P(Q,w) , where < .,. > denotes the duality pairing between
W, P(Q,w) and W (Q, w*).
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In the next remark, we establish uniqueness of solutions u. of (Eq., f) with right-
hand sides f € L*(£2) through a comparison principle that will play an important
role in the approximation of renormalized solutions to (Eq, f) with f € L*(Q).

Remark 3.3.3 For 0 < ¢ < 1 fixed and f, f € L™(Q) let u., @i € W,P(Q,w)
be solutions of (Eq_, f) and (Eq,, f) respectively. Then, the following comparison

principle holds :

S/Q(arctan(ug) — arctan(a.))" < /(f — f)signg (us — ). (3.3.14)

Q

Proof : We use the test function ¢ = H; (u.—t.) in the weak formulation (3.3.13))
for u. and u.. Subtracting the resulting inequalities, we obtain

L+ Es+ L+ 15= 15,
where
= [ (BT ) = BT (0 = )
152,5 = /Q(g arctan(u.) — € arctan(ﬂg))ng(ug — ),
j. /Q (a(z, Du.) — alz, Dit.)) - DH; (us — i),

ﬁfaéwuy%»—nnmm»Daﬂ%—m»

P, = /Q(f ) H (e — i),

Passing to the limit with ¢ | 0, (3.3.14) follows.

Remark 3.3.4 Let f, f € L™(Q) be such that f < f almost everywhere in €,

e > 0 and u., 4. € W,"(Q,w) solutions to (Eq., f) and (Eq., f) respectively. Then
it is an immediate consequence of Remark that u. < 4. almost everywhere in
Q2. Furthermore, from the monotonicity of . o Ty it follows that also B.(T' 1 (ue)) <

B-(T: (u.)) almost everywhere in 2.
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A priori estimates

Lemma 3.3.5 For 0 < ¢ < 1 and f € L™(Q) let u. € W, ?(Q,w) be a solution of
(Eq, f). Then,
i) There exists a constant C1 = C1(]| f]|loo, Ay 0, N) > 0, not depending on e, such

that

[ul] < Ch. (3.3.15)
it) The expression

18 (T (ue)) loe < [[flloc- (3.3.16)

holds.

iii) For all 1,k > 0, we have

/ a(x, Du;) - Du. < k/ | f]. (3.3.17)
{I<|uc|<l+k} {luc|>1}

Proof : i) Taking u. as a test function in (3.3.13]), we obtain

/Q <ﬁ€(Ti (ue)) + sarctan(u€)>u€d:c + / a(z, Du.) - Du.dx

+ /Q F(Ty(w.)) - Du.dz = /Z fuzdz.

As the first term on the left-hand side is nonnegative and the integral over the
convection term vanishes by (13.2.8]), we have

AEN:/ |6u5 Pwi(z)dr < iv:/ a;(x, Du.) - au&daj
= Ja Oz T = Ox;
S/fugda:
0
< e fudrorda) - ( / 4 )’

< CO|lfl Z/ |a“€ )dx) (/Qalq'dx)q (due to(3:24)).

1
7
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Then |||uc|||P < Cyoll|ue||| where Cj a positive constant. Then, we can deduce that
u. remains bounded in W, ”(Q,w)i.e.,

[[[uell] < C1.

i) Taking +([Tpts(B:-(T1(us))) — Te(B-(T1(uz)))] as a test function in (3.3.13), pas-
sing to the limit with 6 — 0 and choosing k > || f||~c we obtain (ii).
iii) For &, > 0 fixed we take T} (u. —Tj(u.)) as a test function in (3.3.13)), we obtain

/(@(T;(ug)))Tk(u5 — Ti(u.))dx + 5/ arctan (ug )Ty (u. — Tj(u.))dx
0

Q

+/(a(x Du.) - DTy (u. Tl(ug))dx+/F(Ti(u5)))-D(Tk(ug—Tl(ug)))dx
Q Q

= . fTi(u. — Ti(u.))dx,

using / a(x, Du.) - DTy (u. — Ti(u.))dz = / a(x, Du.) - Du.dz.
QO {I<]ue|<l+k}
As the first term and the second on the left-hand side is nonnegative and the

convection term vanishes we get

/ a(x, Du.) - Du.dx < / fTi(us — Ti(u:))de < k/ | f|dx.
{I<|uc|<l+k} 0

{luc|>1}

Remark 3.3.6 For k£ > 0, from Lemma iii) we deduce

p

C
{lue| > 1}] < le. (3.3.18)

Cy (k)

= (3.3.19)

/ oz, Dus) - Due < K| fllucl{ue] > 1}] <
{I<|uc|<l+k}

Indeed, let [ > 0 large enough we have :

el > 1] = / Ty(us) oo bda
{luc|>1}

/\Tl ue)|%odx) (/ - qda:)%

Z/ |37;xu5 Pwidz)r < Colr (Due to (3.2.8))
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which implies [{|u.| > }| < Cylp . So we have
: SN —o.
T (el > 1} =0

Hence (2.3.10) provides (3.3.19).

Basic convergence results

In the following it is always understood that e takes values in a sequence in
(0,1) tending to zero. The a priori estimates in Lemma and Remark
imply the following basic convergences :

Lemma 3.3.7 For 0 < ¢ <1 and f € L®(Q), let u. € W,"(Q,w) be the solution

of (Eq., f). There exist u € WyP(Q,w), b € L®(Q) such that for a not relabeled

subsequence of (uz)o<e<1 ase 40 :

u. —u in WyP(Quw) and a.e in Q, (3.3.20)
Ti(u.) — Ti(u) in W,P(Q,w) and strongly in LY(Q, o), (3.3.21)
Be(Ti(us)) = b in  L™(0Q). (3.3.22)

Moreover, for any k > 0,
DT (u.) — DTj(u) in TIY,LP(Q,w), (3.3.23)
a(z, DTy(u)) — az, DTp(w)) in TV, LP (Q, ). (3.3.24)

Proof : Since (3.3.22)) follow directly from Lemma and Remark (3.3.6]
From (3.3.18)),(3.3.15)) and (3.2.5]), we deduce with classical argument (see,e.g.,[1])

that for a subsequence still indexed by e (3.3.20])-(3.3.21)) and as ¢ tend
to 0, where u is a measurable function defined on 2 which is function a.e. in (2,
is left to prove .

To this end By (A2) and it follows that given any subsequence of

a(x, DTy (u.))e, there exists a subsequence, still denoted by a(x, DTy (u:)). such
that

a(z, DTy(u)) — @, in Y, L7 (Q,w)).
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Let us prove that ®; = a(z, DTi(u)) a.e. of 2. The proof consists in three steps.
Step1l : For every function h € Wh*(R), h > 0 with supp(h) compact, we prove
that,

lim sup/Qa(x, DTy (ue)) - D[h(ue)(T(us) — T(u))]dx < 0. (3.3.25)

e—0

Taking h(u.)(T;(u:) — Tk(u)) as test function in (3.3.13)), we have

/Q (ﬁg(Ti(ug) +e arctan(ug)) h(ue)(Ty(us) — Tr(u))
+LQMJMJ+HQW&)IMWMEWJ—HWW
= [ () (Tt = Tiw), (3.3.26)

Using
[A(ue) (Th(ue) — Ti ()] < 2k([A]]oc.

Since by the generalized dominated convergence theorem we have

e—0

mgLMWMﬂwa—nwnzo

In addition we see that h(u.)(Ti(ue) — Tp(u)) — 0 weakly in W, ?(€,w). Indeed
the sequence (h(u.)(Ty(u:) — Tk(u)))€>0 is bounded in W,”(Q,w) and converge to
zero almost everywhere on (2. This implie that

tim | F(T (ue)) - DIA(u) (Ti(u) — Te(u))] = 0

By using the same arguments in [25] we can prove that

imasup | (T4 (w2)) - [b(0e) (Th() = Ti)) o = 0.

e—0

Passing the limit in (3.3.26]) and using the above results, we obtain the inequality

(3.3.25).

Step2 : We prove that for every k > 0,

nmngq@Dnmm-wnmg—pnmmmga (3.3.27)

e—0
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Indeed : For k >, and take h;(u:)(Tx(u:) — Tx(u)) as a test function in ((3.3.13))
and passing to the limit whit € | 0 and then with [ — oo, we obtain

/Q a(z, DTy(u2)) - Dlhu(us) (T (u2) — Ti(u)da

= hi(ue)a(x, DTy(u.)) - [DTx(us) — DTy (u)]dx

[luc|<K]

+/ hi(ue)a(z, DTi(u.)) - (—DTy(u))dx
[luc|>F]

+ / hy(ue)(Te(ue) — Tr(w))a(x, DTi(u.)) - Ducds
Q
= E1 -+ E2 + E3.

Since | >k, on the set [Ju.| < k] we have h;(u.) = 1 so that we can write F; as

E, = / hi(ue)a(z, DTg(u.)) - [DTy(ue) — DTj(u)]dx
[luc|<k]

= / a(x, DTy(u.)) - (DTy(u:) — DTy (u))dx,
Q
hence we obtain

limsup £; = lim sup/ a(x, DTy(u.)) - (DTx(us) — DTk (u))dx.
0

e—0 e—0

Let us write the term FE», as

Ey— - /[  Jutuae, D)) - DT
U |>k

Using Lebesgue dominated convergence theorem we get

e—0

lim By = —/ hi(u)®y4q - DTy (u)dx = 0,
(lul>F]
For the term FEs5, we have
~( [ Bi(w) (Bu(u) = Tiw))aler, DTiw.)) - D)
< |/ hy(u — Tr(w))a(x, Du.) - Du.dz|

< 2/43/ a(x, Du.) - Du.dz.
[[<|ue|<l+1]
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Using (3.3.19)), we deduce that

lim sup lim sup(— /Q hy(ue)(Tr(ue) — Tp(w))a(x, DTj(uz)) - Ducda < 0.

l—+o0 e—0

Applying (3.3.25)) whit h replaced by h;, [ > k we get

lim sup /Q o(z, DTy(u2)) - (DTw(us) — DTy(u))dz

e—0

< lim sup(— /Q hy(ue) (Tp (ue) — Ti(uw))a(z, DT (ue)) - Ducda.,

e—0

So that [ — +oo yields the inequality (3.3.27]).
Step3 : In this step we prove by monotonicity arguments that for k& > 0,

¢, = a(x, DT;(u)) for almost every x € Q. Let ¢ € D(Q2) and & € R. Using
(3.3.27)), we have

alim [ a(x, DTy (u.)) - Dodx
e—0 O

> lim sup/Qa(x, DTy (u.)) - [DTi(u:) — DTi(u) + D(ayp)]dz

e—0

> lim sup /Q CL(ZE, D(Tk(u) - 5490)) ) [DTk(ue) - DTkJ(u) + D(@SO)]CZ%

e—0

> Tim sup /Q o(z, D(Th(u) — G)) - D(Gp)]da

e—0

> &/Qa(x, D(Ty(u) — ap)) - Dedzx.

Dividing by a > 0 and by a < 0, pasing the limit with a — 0 we obtain

lim | a(z, DTi(u.)) - Dodx = / a(x, DTy(u)) - Dodz.
e—0 0 O

This means that Vk > 0, [, ®) - Dedx = [, a(x, DTy (u)) - Dpdx and then
®;, = a(z, DTi(u)) in D(Q)

for all k& > 0 . Hence &, = a(x, DT}(u)) a.e. in Q and so a(x, DTj(u.)) —
a(x, DT} (u)) weakly in TIY, LP (Q, w?).

(Aad)
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Remark 3.3.8 As immediate consequence of (3.3.27) and (A3) we obtain

?i% Qa(w, DTy(u.)) — a(x, DTi(u)) - (DTy(u:) — DTi(u)) = 0. (3.3.28)

Lemma 3.3.9 The limit u of the approximate solution u. of (Eq., f) satisfies

lim a(x, Du) - Dudx = 0. (3.3.29)

=00 Jli<|u|<i+1}
Proof : To this end, observe that for any fixed [ > 0, one has

/ a(x, Du.) - Du.dx = / a(x, Du.) - (DT111(us) — DTj(u.))dx
{I<|us|<l+1} 0

~ [ ale. DTia(w)) - DTis(u)ds = [ ala, DTi(w)) - DTuc))ds,
Q Q

According ((3.3.28)) is at liberty passing the limit as ¢ — 0 for fixed [ > 0 and to
obtain

lim a(x, Du.) - Du.dx
e20 Jhi<uc|<i+1}

_ /Q a(z, Doy (u)) - DTy (u)da — /Q o(z, DTy(u)) - DTi(w))da

= / a(x, Du) - Dudz. (3.3.30)
{I<]u|<i+1}

Taking the limit as [ — 400 in (3.3.30) and using the estimate (3.3.19)) show that
u satisfies (R3) and the proof of the lemma is complete.

Conclusion of the proof of Theorem (3.3.1

Now, we are able to conclude the proof of Theorem [3.3.1]
Proof : Leth € C/R)and¢ € W,"(Q,w) N L®(Q) be arbitrary. Taking
hi(ue)h(u)@ as a test function in (3.3.13), we obtain

I+ 1371 + 137, + I;{l =1, (3.3.31)
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where
1= [ BT )b,
12, = ¢ | arctan(u.)hu(u)hlu)o,
12, = | a(e. Du) - Ditu(uc)h(w)),
= [ F(Tw) - Dl h(w)o)

z—/fhzug

Step 1 : Passing to the limit as € | 0 obviously,

lim IZ, = 0. (3.3.32)

e—0

Using the convergence results (3.3.20)), (3.3.22) from Lemma we can imme-
diately calculate the following limits :

lim I}, = / bhy(uw)h(u)e, (3.3.33)
e—0 9}
lim I?, = / Fhi(w)h(u)e. (3.3.34)
e—0 QO
We write
Ig,z - Ig ' 13127
where

2 = [ bt ate, D) - Duchtwe,
rf = /Q hi(uz)a(z, Duz) - D(h(u)g).

Using (3.3.19) we get the estimate
\11m131| < |hllso|||loo - Cal ). (3.3.35)

By Lebesgue’s Dominated Convergence Theorem it follows that for any ¢ €
{1,..., N}, we have

hl(ug)aii(h(u)gb) — hy(u) 8?1% (h(w)o) in LP(Q,0) ase | 0.
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Keeping in mind that

by (3.3.24]), we get
lim 177 = / hi(w)a(z, DT (w)) - D(h(u)). (3.3.36)
Q

Let us write

where

For any [ € N, there exists €y(l) ; such that for all € < gy(1),

1 = [ B ) FTia ) - Db, (3331)

Using Gauss-Green Theorem for Sobolev functions in (3.3.37)) we get

i Tyy1(ue) ,
e /Q /O B F(r)dr - D(h(u)o). (3.3.38)

Now, using (13.3.20)) and the Gauss-Green Theorem, after the passing the limit as
el 0 we get

lim 14! = /Q hy(w)F(u) - Du h(u)o. (3.3.39)

en0 &

Choosing ¢ small enough, we can write

1 = [ )P0 0) - D)o (3:3.40)
and conclude
lim 77 = /Q hy(u) F(u) - D(h(w)0). (3.3.41)



Step 2 : Passing to the limit as [ — co. Combining ([3.3.31)) and (3.3.32)- (3.3.41))

we find
D+ R+ 4+ L+ 17 =10,
where
ﬁ=[}MMMMQ
7 = [ m(wale, DTia(w) - Dib(w)o)
117 < Co ™0 o1

Q=LMWﬂmﬂwwm
17 = [ ) Fw) - Du by,

1= [ £ o

lim I} = 0.

[—00

Obviously, we have

(3.3.42)

(3.3.43)

Choosing m > 0 such that supp h C [—m,m|, we can replace u by T,,(u) in

]ll,IZQ, ...,116 and hj(u) = hy(Tn(u)) =0if [ +1 > m and hy(u) = hy(

[ > m. Therefore, it follows that

lim I} = / bh(u)o,
Q

l—00

lim I} = /Qa(x,DU) - D(h(u)o),

l—00

lim I} _/F(u)-D(h(u)cb),
=00 9

hm [l = 0,

lim I} = /fh

=00

Combining (3.3.42))) with (3.3.43))) - (3.3.48)) we obtain

AM@W+L@@D@+Fwwaww=[ymw¢
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for all h € CH(R) and all ¢ € W, ?(Q,w) N L=(Q).

Step3 : Subdifferential argument

It remains to prove that u(z) € D(f(x)) and b(x) € S(u(zx)) for almost all x € Q.
Since B a is maximal monotone graph, there exists a convex; l.s.c. and proper
function j: R — [0, 0o], such that

B(r) = 0j(r) forallr € R.

According to [51], for 0 < e <1, j.: R — Rdefined by j.(r) = [, B:(s)ds has
the following properties :

i) For any 0 < e <1, j. is convex and differentiable for all € R, such that

Ji(r) = B.(r) for allr e R and any 0 <e < 1.

ii) jo(r) 1 j(r) pointwise in R ase — 0
from i) it follows that for any 0 <e <1
() 2 G2 (02)) (= Ti(w) (T3 ) (3:3.50

holds for allr € R and almost everywhere in 2. Let E C ) be an arbitrary
measurable set and xg its characteristic function. We fix g5 > 0. Multiplying

3.3.00) by h;(u:)xE, iIntegrating over {2 and using ii), we obtain
( by h Q and b
3(r) / hi(ue)dx = / Jeo (Tir (ue) Y hu(ue) + (r = Tiga (ue)) hu(ue) B (T (ue) )do
E E
(3.3.51)

for all 7 € R and all 0 < & < min(ep, 7). As € — 0, taking into account that £ is
arbitrary we obtain from ((3.3.51])

Jr)hi(u) = Jeo(Trsa (w)) huu) + bhi(u) (r — Ti1(u)) (3.3.52)

for all » € R almost everywhere in (). Passing to the limit with [ — oo and then

with g — 0 in (3.3.52)) finally yields
Jj(r) = j(u(z)) + b(z)(r — u(z)) (3.3.53)

for all » € R and almost every z € ), hence u € D(f8) and b € [(u) almost
everywhere in €2.With this last step the prof of Thoerem is concluded.
Next, we plug %Tk(ug)hl(ug) as a test function into (Eq,, f.). Applying Remark|3.3.6
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on the diffusion term, the Stokes Theorem on the convection term and neglecting
nonnegative terms we can pass the limit as € — 0 and obtain :

/Q b%Tk(u)hld:p < /Q (f|da. (3.3.54)

Thanks to (3.3.53) a.e. in © for [ — oo therefore, passing the limit as k£ | 0 in
(3.3.54)) and using the Fatou Lemma we find

/Q\b|dx < [ fllzr (3.3.55)

and b € L'(Q).

3.4 Case where f € L'(2) -data

In this section we establish the existence and uniqueness of renormalized solution
to the degenerated problem (Eq, f) with f € L1().

3.4.1 Results of existence and uniqueness

Theorem 3.4.1 Under the assumptions (Hy) — (H3) and f € L'(Q) there exists

at least one renormalized solution (u,b) to the degenerated problem (Eq, f).

Theorem 3.4.2 Let the assumptions of Theorem be satisfied. Moreover, let
B:R — 2% be such that is strictly monotone for almost every x € Q, for f € LY(Q)

let (u,b), (4,b) be renormalized solution to (Eq, f), then u = @ and b = b.

3.4.2 Proof of theorem [3.4.1]

Approximate problem and a priori estimates

To prove Theorem |3.4.1|, we will introduce and solve approximating problems.
To this end, for f € L'(Q2), and n,m € N we define f,,,, : & — R by

fm,n = max(min(f(:(:), m)? _n)
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for almost every x € Q , clearly f,,, € L>(Q2) for each m,n € N,
|fm,n<x)‘ < ‘f(ilf)’ a.e. in ) hence

lim lim f,,, = fin L*(Q) for almost everywhere in Q.

n—o0 Mm—0o0

The comparison principle from Remark will be the main tool in the second
approximation procedure. For f € L'(Q2) and m,n € N, let f,,, € L>(Q) be
defined as above. From Theorem it follows that for any m,n € N there exists
Umn € VVO1 P(Q,w), by € L°(2) such that (w,p, byy) is a renormalized solution
of (Eq, fm.n). Therefore

/Qbm7nh(um7n)¢+/9(a(x;Dum,n)+F(um,n))' A0 ) /fmn Up.) O
(3.4.56)

holds for all m,n € N,h € CL{(R), ¢ € Wy (Q,w) N L=(Q).
In the next Lemma, we give a priori estimates that will be important in the follo-
wing :

Lemma 3.4.3 For m,n € N let (Uppn,bmn) be a renormalized solution of
(Eq, fmn). Then,

i) For any k > 0 we have

N

8Tk(umn) p k

— 2 Pudr < — : 4.
> [ 1F g e < 51l (3.4.57)

it) For k > 0, there exists a constant C3(k) > 0, not depending on m,n € N, such

that

T ()
Z/‘ k@xz Pw;de < Cs(k). (3.4.58)

ii1) For allm,n € N, we have

[bmanlly < [[f1]1- (3.4.59)

Proof : For [,k > 0, we plug hj(wm )Tk (umn) as a test function in (3.4.56)). Then
i) and ii) follow with similar arguments as used in the proof of Lemma3.3.5. To
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prove iii), we neglect the positive term [, a(z, DT (up,n)) DT)(tmn) and keep

/ b Tt < / Fontionn (3.4.60)
Q Q

Since by, € B(Um,y) a.e. in Q, from (3.4.60) it follows that

/ D] < / £l (3.4.61)
{Jum n|>k} Q

and we find iii) by passing the limit as k | 0.
By definition we have

fm,n S fm+1,n and fm,n+1 S fm,n- (3462)
From Remark B.3.3] it follows that

Unpin < U1 A0 U g <0G, (3.4.63)

almost everywhere in 2 for any m,n € N and all ¢ > 0, hence passing the limit
as € | 0 in (3.4.63)) yields

Um.n < Um+1,n and Um,n+1 < Um,n (3464)

almost everywhere in ) for any m,n € N. Setting b. = B.(T1(u.)) using (3.4.63)),
Remark 3.3.4 and the fact that by, — by, in L°°(Q2) and this convergence pre-

serves order we get
bm,n S berl’n and bm’n+1 S bm,n (3465)

almost everywhere in € for any m,n € N. By (3.4.65|) and (3.4.59), for any n € N
there exists b" € L'(Q) such that b,,,, — 0" as m — ooin L'(Q) and almost

everywhere in Q and b € L'(Q2), such that " — b asn — oo in L'(Q) and
almost everywhere in 2. By , the sequence () is monotone increasing,
hence, for any n € Nyu,,,, = «" almost everywhere in 2, where " : 2 — R is a
measurable function. Using again, we conclude that the sequence (u"), is
monotone decreasing, hence u” — u almost everywhere in ), where u : Q — R is
a measurable function.

In order to show that u is finite almost everywhere we will give an estimate on the
level sets of w,,,, in the next lemma :
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Lemma 3.4.4 For m,n € Nlet (upnn,bnn) be a renormalized solution of
(Eq, fmn). Then, there exist a constant Cy > 0, not depending on m,n € N,

such that
{[ttm] > 1] < Culv™ (3.4.66)

for all 1 > 1.
Proof : With the same arguments as in Remark we obtain

Il > 1Y) < O Z/ |8Tlaz7:‘” 7 idx>’1”(/ﬂal—q'>5’ (3.4.67)

for all m,n € N where C' is the constant from embedding (1.1.7). Now, we plug

(3.4.57) into (3.4.67)) to obtain (3.4.66)). Note that, as (tmn)m 1S pointwise increa-

sing with respect to m,

Tim [{Jua| > 1}] = [{Ju"] = 1), (3.4.68)
and
Tim [{[ug,n| > =1} = [{[u"] = =1} (3.4.69)

Combining (3.4.66|) with (3.4.68) and (3.4.69)), we get

{|u"| > U] + [{|u"] > =1} < Cylr ! (3.4.70)

for any [ > 1, hence u" is finite almost everywhere for any n € N. By the same
arguments we get

{lu] > 1+ [{|u| > =1} < Culv! (3.4.71)

from (3.4.70), hence u is finite almost everywhere. Now, since by, € B(umn)
almost everywhere in € it follows by a subdifferential argument that " € B(u")
and b € f(u) almost everywhere in €.

Remark 3.4.5 The expression

/ ol D) D < ([ A+ [ 1) ear)
{I<]umn|<l+k} {lumn>0N{[ f1<d} {1f[>d}
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for any k,1,6 > 0. Now, applying (3.4.66) to (3.4.72)) , we find that

/ a(z, Dupp) - D, < k6Cy e k:/ |f) (3.4.73)
{1< |t | <I+K} {If[>d}

holds for any k,0 > 0, > 1 uniformly in m,n € N.
Basic convergence

Lemma 3.4.6 For m,n € N let (umn,bmn) be a renormalized solution of
(Eq, fmn)- There exists a subsequence (m(n)), such that setting fr, := fon)n, bn =

Din(n)ns Un i= Upm(n)n, WE have
u, = u  almost everywhere in (). (3.4.74)

Moreover, for any k > 0,

Ti(un) = Ti(w)  in WP (Q,w), (3.4.75)
DTy(un) = DTy(u) in [ L7(Qw), (3.4.76)
¥
a(z, DTy(uy)) — a(x, DTi(u))  in H LP (Q,w)). (3.4.77)

asm — 0o,
Proof : We construct a subsequence (m(n)),, such that
arctan (U, (,)n) — arctan(u), b, := bymyn — b, fu == fomyn — f

asn — oo in L'(Q) and almost everywhere in €. It follows that (3.4.74) and ([3.4.75))
hold. Combining (3.4.75) with (3.4.58)), we get Ti.(u) € W, P(Q, w), Ti(un) — Th(u)

in Wy (Q,w) and (B8.4.76)) holds for any & > 0. From (3.4.57) and (A2) it follows

that, for fixed k > 0, given any subsequence of (a(x, DTi(uy)))n, there exists a

subsequence, still denoted by a(x, DTy (uy))n, such that

N
a(z, DTy(un)))n — Ppin [ L7 ().

i=1
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as n — oo. Since hy(uy,)(Tk(u,) — Txk(w)) is an admissible test function in (3.4.56)),
we obtain

lim sup/ﬂa(x, DTy.(uy)) - D(Tp(upn) — Te(u)) <0 (3.4.78)

n—oo

holds. Then, (3.4.77) follows with the same arguments as in the proof of Lemma
B3.3.7 .

Remark 3.4.7 With the same arguments as in Remark and Lemma [3.3.9,

we have

n—oo

lim | (a(x, DTi(un)) — afx, DTk(u))) D(Ty(un) — Te(w)) = 0. (3.4.79)

lim a(x, Du) - Du = 0. (3.4.80)

=00 Jli<|ul<l+1}

Conclusion of the proof of Theorem (3.4.1

It is left to prove that (u,b) satisfies
/ bh(u)p + / (a(r, Du) + F(u)) - D(h(u)@) = / Fh(u)s. (3.4.81)
Q Q 0

for allh € CYR), ¢ € W,P(Q,w) N L>®(Q). To this end, we take h € C'(R)
¢ € WP (Q,w) N L®(Q) arbitrary and plug hy(u,)h(u)¢ into (3.4.56) to obtain

L+ 12, + 1, =1, (3.4.82)

where

12, = /Q a(z, Duy) - D(hy(un)h(1)6).
- /Q Fluy) - D(hu(un)h(u)9).
It = /Q Fhi(un)h(u)6,
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Step 1 : Passing the limit as n — oo, applying the convergence results from

Lemma (3.4.6 we get,

lim Iy, = / bhy(u)h(u)e, (3.4.83)
Q
7&g;1§l::52fhxu)h@o¢. (3.4.84)
Let us write
2,1 2,2
121 = [n,l + In,l’

where

With similar arguments as in the proof of ([3.3.36)) it follows that

muﬁ:/mmm%mqu@@. (3.4.85)
n—oo ’ QO
By (13.4.73)), we get the estimate
i 2221 < bllléll (50 4 [ 1), (3.4.86)
oo {10}
forallmeN and alll > 1, 6 > 0.
Next, we write
L, = ]2311 + 123127
where
MM%:/MWWWMMMWW (3.4.87)
n—oo ’ 9]
MHﬁfz/VﬂMmeLthw, (3.4.88)
n—oo ’ QO

follows with the same arguments as in (3.3.37))-(3.3.41)).
Step 2 : Passing to the limit as [ — co. Combining (3.4.82)) with (3.4.83)-((3.4.88)),
we get for all 6 > 0 and all [ > 1

I+ D+ +L+ 1 =1, (3.4.89)

69



and
ﬁ=£mmmm¢
-Q:LMWM@DEMw%Dme%

11 < Ihlllollo (sCa ™+ [ 111),
{If1>4}

for any 0 > 0 and

ﬁ:A%memmwm
n—/ \(u)F(u) - D((u)$)

1= | fuun

Choosing m > 0 such that supp h C [-m, m], we can replace u by T),(u) in I},...
17, hence

lim I = /Q bh(u)o, (3.4.90)
lim I} —/a(x,Du)-D(h(u)gb), (3.4.91)
[—00 0

i 7] < elleliéle [ 151 (3.4.92)

{If[>0}

lim 7 = 0, (3.4.93)
lim I = / u) - D(h(u)o), (3.4.94)
hm 17| = / fh(u (3.4.95)

for all § > 0. Combining (3.4.89) with (3.4.90) - (3.4.95)), we finally obtain that
3.4.56) holds for all h € C(R) and all ¢ € Wy (Q,w) N L=(Q).
Hence (u,b) satisfies (R1), (R2) and (R3) and proof of theorem is completed.
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3.4.3 Proof of Theorem (Uniqueness)

Lemma 3.4.8 For f,f € L'(Q) let (u,b), (4,b) be the renormalized solutions to

(Eq, f) and (Eq, f) respectively, then

/ (b— B)Signg (u — @)dz < / (f — )Signd (u — @)da. (3.4.96)
Q Q

Proof : For 6 > 0 let H; be a Lipschitz approximation of the signg -function. Since
(u, b), (1, b) are renormalized solutions, it follows that Tj,1(u), Tj41(@) € X NL>®(R)
for all [ > 0. Hence Hj (T}41(u) — Tiq(@)) is in X N L>®(Q) for 1,6 > 0. Now, we
choose H (Ti11(u) — Ti41(w)) as a test function in the renormalized formulation
with h = hy for (u, b) and for (@, b) respectively. Subtracting the resulting equalities,
we obtain

Lis+ Its + IDs + Iy + IDs = I, (3.4.97)
where K = {0 < Tj41(u) — Tj41 < 0} and

1y = [ (st = B0 1 (Thia () = T @),

1% = /Q (h;(u)a(x, Du) - Du — hy(@)a(z, D) - Dﬂ) H (Thr (1) — Tiy (@) de,
I} = % /K <hl(u)a(m, Du) — hi(@)a(z, D&)) D(Ti(w) — Ty (@))de,

It = / (hi(w) F(w) - Du— W@ F (@) - DB H (T () = Tria (@) d,
1

=3 [ (m@F@ = m@F@) - DT ) = (@),

1y = [ (i) = Fi@)) By (Thss () = T (0)) o

Using the same arguments as in [89] i.e., neglecting the nonnegative part of [ 55 and
using that F' is locally Lipschitz continuous, we can pass to the limit as 6 — 0 .
Using the energy dissipation condition (R3) we can pass the limit as [ — oo and

obtain (3.4.96)).

Now, we are in the position to give the proof of Theorem [3.4.2,

Assuming f = f , from Lemma we get
/ (b —b)Signg (u — @)dz < 0, (3.4.98)
)
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hence (b — b) Signg (v — @) = 0 almost everywhere in Q. Now, let us write Q =
Q1 U Qy, where Q) = {Sign] (u(x) — @(z)) = 0}, Qo = {(b(z) — b(z)) = 0}. Since
r — [(r) is strictly increasing for z € Q; we can define the function 37! : R — R
such that 371(r) = s. For all (s, r) € R? satisfying r € 3(s) for a.e. x € Oy, we have
b(z) = b(x), hence u(z) = B~1(b(z)) = B (b(x)) = @(z). Therefore, u(z) = u(x)
a.e. in Qy and signf (u — @) = 0 a.e in Q . Interchanging the roles of u and @ and
repeating the arguments, we get signg (@ — u) = 0 a.e in  and we finally arrive at
u = @ a.e. in . Now, we write the renormalized formulation for (u,b) and (i, )
respectively. Subtracting the resulting equalities, we obtain,

/(b — b)h(u)pdr =0
0

for all h € C}(R) and all p € D(2) choosing h(u) = h;(u) and passing to the limit
as [ — oo, we obtain b = b a.e. in Q.

3.5 Example

Let us consider the special case :

Br)y=r-D"=@r—-1)",F:R— (F})i-

.....

where F' is locally lipschitz continuous function, and
ai(x,€) = wi(z) - |&G[Psen(&) i=1,... N,
with w;(x) is a weight function (i = 1, ..., N'). For simplicity, we shall suppose that
wo =1, wi(r) =w(x), fori=1,.... N — 1, and wy(x) =0

it is easy to show that the a;(z, £) are Caracthéodory function satisfying the growth
condition and the coercivity (3.2.8). On the other hand the monotonicity
condition is verified. In fact
N ~ N
> (ai(%f) - az‘(fﬁaf)) (& — &)
N-1 .

(16" sen(&:) — &1 sen(&) ) (& — &) = 0

=1
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for almost all x € 2 and for all £ ,é € RY. This last inequality can not be strict,
since for & # éWith EN # éN and £ = é,i = 1,...,N — 1. The corresponding
expression is zero. In particular, let us use special weight functions w expressed
in terms of the distance to the bounded 9. Denote d(z) = dist(x,00) and set
w(z) = d°(x), such that,

§ < min (£.p - 1). (3.5.99)

Remark 3.5.1 The condition (3.5.99) is sufficient for (1.1.8)). Finally, the hypo-
theses of Theorem are satisfied. Therefore, for all f € LY(Q), the following

problem :

p

Ty (u) € Wol’p(Q,w),for(k > 0) ;b€ LYQ) and b(z) € B(u(x)),

lim; oo f{l<\u|<z+1} a(x, Du) - Dudx = 0,

fQ bh(u)pdx + fQ h(u) Zf\il W %\p_lsgn(%) - ggf dx
< 1 K3 K3
+ Jo B () oy wil 24P sgn(8) - Prodr + [o, F(u) - D(h(u)p)d,
= Jo - D(h(u)p),

Yo € WP (Q,w) N L®(Q) and h € CL(R),

has at least one renormalized solution.
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Chapitre I

Renormalized Solutions of Stefan Degenerat

Parabolic Nonlinear problems

H In this chapter, We study a general class of nonlinear parabolic problems asso-
ciated with the differential inclusion 8(u); — div(a(x, Du) + F(u)) 2 f in €2, where
f € LYQr). A vector field a(., .) is a Carathéodory function. Using truncation tech-
niques and a generalized Minty method in the functional spaces we prove existence
of weak solution and existence of renormalized solutions for general L!-data.

4.1 Introduction

Let Q be a bounded open set of RY (N > 1) with Lipschitz boundary if N > 2,
p be a real number such that 1 < p < co and w = {w;(z), 0 < i < N} be a vector
of weight functions on €, i.e. each w;(x) is a measurable a.e. positive on (). Let
I/VO1 P(Q,w) be the weighted Sobolev space associated with the vector w. Our aim
is to show existence of renormalized solutions to the following nonlinear parabolic
equation
Bu)i = div(a(z, Du) + F(u)) 3 f in Qr
(P, f,bo)Su=0 on X,
ﬁ(u((), )) > by in (,

with a right-hand side f € L1(Qr), for (P, f,by) Furthermore, F': R — RY is
locally lipschitz continuous and B:R — 2R a set-valued, maximal monotone

1. International Journal of Evolution Equations , .Vol. 9, No. 3, Month Sept 2015, 1-29
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mapping such that 0 € §(0), Moreover, we assume that
B € L(9). (4.1.1)

for each | € R, where 3° denotes the minimal selection of the graph of 5. Namely
Bo(l) is the minimal in the norm element of 5(I)

Bo(l) = inf{|r| /r € Rand r € (1)}

a: QxRY — RY isa Carathéodory function satisfying to following assump-
tions : (A1), (Az), (As) set out General Introduction.

We use in this chapter the the framework of renormalized solutions. This notion
was introduced by Diperna and P.-L. Lions [56] in their study of the Boltzmann
equation. This notion was then adapted to an elliptic version of (Eq, f) by L. Boc-
cardo et al. [47] when the right hand side is in W= (Q), by J.-M. Rakotoson [83]
when the right hand side is in L'(€2), and finally by G. Dal Maso, F. Murat, L.
Orsina and A. Prignet [54] for the case of right hand side is general measure data.
Note that in the case with variable exponent the problem is studied by Wittbold
and al. in [89]. Let us point out that other work in this direction can be found in
[52, [86].

In chapter III, existence and uniqueness of renormalized solutions to (Eq, f) has
been shown for the weighted Sobolev space, from these results we deduce that there
exists a mild solution of the abstract Cauchy problem corresponding to (P, f,by)
in the sense of nonlinear semigroup theory. The nonlinear semigroup theory gives
a general notion of solution, called ‘mild’ solution for abstract Cauchy problems of
the form

du

—+ A
dt+ u>df

where A is (a possibly multivalued) operator in a Banach space X and f €
LY(0,T; X). The mild solution is, roughly speaking, the uniform limit of piecewise
constant approximate solutions of time-discretized equations given by an implicit
Euler scheme. This result will lead us to the appropriate energy space for weak and
renormalized solutions of (P, f,by) in Weighted Sobolev spaces.

One of the motivations for studying (P, f,by) comes from applications to electro-
rheological fluids (see [85] for more details) as an important class of non-Newtonian
fluids.

The plan of the chapter is as follows. In Section 2 we make precise all the assump-
tions on a, F', f and uy, and we give some technical results, we give the definition
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of a renormalized solution and weak solution of (P, f, by), and main results. Section
3 Proof of theorem [4.2.9. In Section 4 Proof of theorem [4.2.10]

4.2 Basic assumptions and Main results

4.2.1 Basic assumptions
Assumption (H1)

The expression

lfulllx = Z >/ oy ) (122)

is a norm defined on X and is equwalent to the norm ([1.1.3)).
There exist a weight function o on €2 and a parameter g, 1 < g < oo, such that

ol e LY(Q), (4.2.3)
with ¢ = ¢/(¢ — 1). The Hardy inequality,

/yu |q0da: "< Z/|a“ da:) o (4.2.4)

holds for every u € X with a constant ¢ > 0 independent of u, and moreover, the

imbedding
X —— L1Q,0), (4.2.5)

expressed by the inequality (4.2.4)) is compact. Note that (X, |||.|||x) is a uniformly
convex (and thus reflexive) Banach space.

Assumption (H2)

We assume that

jai(x,€)| < aw} " () [k(x) + Zw”p &P, (4.2.6)
la(z, &) — a(z,n)](§ —n) >0 fOI‘ all (€,m) € RY x RY, (4.2.7)
N
a(2,6)-£ 2 NY_wilél (4.2.8)
=1

where k() is a positive function in L (Q) and «, A are positive constants.

7



Assumption (H3)

Let 3, F' such that

B :R — 2% set valued, maximal monotone mapping, such that

0 € B(0) and satisfying (4.1.1)),

F:R — RY is locally lipschitz continuous.

4.2.2 Some technical results

a) Mild solution
It follows from Theorem of the previous chapter that for all f € L}(€), there
exists a renormalized solution (u,b) to (Eq, f). For f,f € L'(Q) let (u,b), and
(2,b) be renormalized solutions of (Eq, f), (Eq, f) respectively. Writing |b — b| =

(b—b)*t + (b—b)* and applying the comparison principle from Lemma [3.4.8| we
find that

b= bl < IIf = Fllrro- (4.2.9)
In terms of nonlinear operators the preceeding results read as follows : if Ag is the
nonlinear operator defined in L'(2) by :
Corollary 4.2.1 Assume that (H1) — (H3) are satisfied. Then, the operator
Ag = {(b,w) € L) x L}(Q) : Fu: Q© — R measurable, u € W, (2, w) N L=(Q),

b e f(u)a.ein Q,uis arenormalized solution of — div(a(x, Du) + F(u)) = w}

verifies the following properties :
i) Ag is m-accretive in L'(),
i) R(I 4+ MAg) = LY(Q), A >0,

iii) D(Aﬁ)”'”m(m ={be LYQ): be R(B) a.ein N}.

Proof : As is m-accretive in L'(2), i.e., the resolvent mapping
FeLY Q) — (I+MAp) 1f:= Jﬁﬁ(f) is a contraction in the L'-norm (because of
(4.2.9) and the range condition

R(I + \Ap) = L'(Q). (4.2.10)
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Indeed, for any f € L'(Q2), A > 0 there exists (b,w) € Az such that
b+ w=f (4.2.11)

almost everywhere in  : If (u, b) is the renormalized solution to (Eq, f), then we
have b € B(u) almost everywhere in €2 and u is the renormalized solution to

—Adiv(a(z, Du) + F(u)) = f —b.
Therefore (b, %) € Ap and (4.2.11)) holds with w = %

For iii) see Proposition 4.1.1 [89].

Remark 4.2.2 By the general theory of nonlinear semigroups (see [30], [37]), we

conclude that the abstract Cauchy problem corresponding to (P, f, bo)

d 4 Agh n (0,T
oy 40 TSmO

admits a unique mild solution b € C([0,T]; LY(Q)) for any initial datum by €
D(Ag)”'”Ll(Q) and any right-hand side f € L'(0,T; LY(Q)) ~ LY(Q7).
Roughly speaking, a mild solution 1s a continuous abstract function b €

C([0,T]; LY(2)) which is the uniform limit of piecewise constant functions.

Lemma 4.2.3 For f € L'(Qr), by € D(Ag)HHLl(Q), 0<e<1,N(¢e) e Nand

2

0=0<t] <. <ty =T,

€ 00 N . N(e) rt; €
fEeLx(Q), j=1,...N): S35 [2 (1) = Fillmodt < e

bg S LOO(Q) : Hb(g) — bOHLl(Q) <e.

\
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Let (b5, u5); (1) be a solution of the discretized problem

’

b5 € LN(Q), u§ : Q = R measurable, Tj,(u5) € W, P(Q,w), Yk > 0,
f{n<|u5|<n+1} a(a:, Du;) ) DU; — 0 asn — oo,

(DF.)

7\

O ta é 1h( Jo + [o(a(z Duj) +F(u§)) : D(h(uj)gp) = [, f;h(u

] 1

Vo € WyT(Q,w) N L¥(Q), h € CHR),

\b; € B(u;) ae inQ, for allj=1,..,N(e).

For k > 0, we define the piecewise constant functions f. : (0,T] — L*(Q),b. :
[0,7] — LY(Q), and Ty(u.) : (0,T] — WyP(Q,w) as follows : f-(t) = f5, b-(0) = b5,
be(t) = b}, and Ty(uc(t)) = Ti(u) fort € (&5, 15_1) and j =1,..., N(e). If tiy. ) < T,
fes b and uc are extended by setting f-(1) = f; <6), Ti(u=(t)) = Tk(uﬁv(g)) and
b-(t) = b1 for all t € (129, 1],

Then the following estimates hold true for allk >0 and 0 <e <1 :
i)There exists a constant Ci(, A, || f|lz1@y), |bollLr), K, T) > 0 not depending on

e >0, such that

[ 155

ii) There exists a constant Co(X, || f|l 11, 1bollzi), k,) > 0 not depending on

drdt < Cy(M | f 1Lz o 1ol k). (4.2.12)

e >0, such that
T3 (ue) | Logo,rwiv 0wy < Co(A L ll2r@n): 10oll ), F). (4.2.13)

i1) There exists a constant Cs(\, || f||L1@q), 1boll 21 () > 0 not depending on € > 0,
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such that

N T
}:AUéM@DﬂWMV@pWﬁS@QNNw@M%MWW (4.2.14)
=1

Proof : For j € {1,..., N(e)} we take Tj(u5)hi(u3), k,I > 0, as a test function in
(DP.) to obtain I + Iy + I3 = I4 where

Ilz/ﬂhl( us) Ty (u3), Igz/a(a:,Du;T)-D(hl(ui)Tk(ui)),

1 — ¢ Q
I — /Q F(5) - DINTL), L= [ i) Tt

By Gauss-Green Theorem, it follows that I3 = 0 for all [ > k. Applying (4.2.8) in
I5, we can pass to the limit with [ — oo and find

b5~ 0Ty (u

If we define the convex, l.s.c., proper function ¢p, : R — R U {400} by

¢ﬂw){ﬁfuw>w»m;wreRw>

wilz) < k/Q|fj5|. (4.2.15)

+o0 otherwise
then, Ty (u5) C O¢r, (b5) for all j =1,..., N(¢) and
6 (05) — om(551) < (6 — b5 )T (1) (42.16)
holds almost everywhere in €2. Therefore from (4.2.15) and (4.2.16) it follows that

/Cka té‘_f’:‘Tk - 1) /\2/| o ’p )de’f/Q\fﬂ- (4.2.17)

Integrating (4.2.17)) over (¢;-1,1,], and taking the sum over j = 1, ..., N(¢) yields

/chcpk(bg(T))dxH/o /\87;% wi(z)dzdt < /Q¢k(b5(0))-|—k;/0T/Q|f5|dxdt_

(4.2.18)

According to (D.), b.(0) = b converges to by and f. converges to f in
LY0,T,LY(Q)) as € | 0. Therefore, the right-hand side of (4.2.18) is bounded
by a constant C1(||f]|L*(Qr), ||bol| (), k) > 0 that does not depend on €. Now, i)
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and ii) follows from (4.2.18]) if we neglect the positive term and use (4.2.8)).

To prove iii :), we use (4.2.6) and the same arguments as above.

b) Integration-by-parts-formula

In the next Lemma, we prove an integration-by-parts-formula that will be crucial
in the following. The idea of the proof is the same as in [21] and the generalisations
considered in [77].

Lemma 4.2.4 Let 3 C R x R be a maximal monotone graph, u € V, b € LY(Qr)
such that b € B(u) almost everywhere in Qr, by € L' () with b(0,z) = by almost
everywhere in Q and ug : Q — R be a measurable function such that by € B(up)
almost everywhere in Q. Furthermore, we assume that there exists G € V + LY(Qr)

satisfying

/ (b —bo)& = (G, ¢€) (4.2.19)

for all £ € D([0,T) x Q) where < .,. > denotes the duality pairing between V' +

LYQr) and V N L>®(Qr). Then,

/ g /b " (0))do = (G, h(u)é) (4.2.20)

for all h € CHR) and & € D([0,T) x Q).

Proof : The proof of following Lemma [4.2.4] will be omitted since it is very similar
to that Lemma 4.2.11, p.63-67 in [89]. The a priori estimates in Lemma [4.2.3]
naturally lead to an appropriate notion of a renormalized solution to (P, f, by).

4.2.3 Notions of solutions

Definition 4.2.5 For f € L'(Qr),by € L'(Q) a weak solution to (P, f,by) is a pair

of function (u,b) € LP(0, T, Wy (Q,w)) x LNQr) satisfying F(u) € (I”(Qr))",
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b € B(u) almost everywhere in Qr, b(0,x) = by almost everywhere in 2 such that

—/ (b—bo)& + / (a(x, Du) + F(u)) - D(&)dxdt = fédxdt, (4.2.21)

T T QT

holds for all € € D(]0,T) x ).

Definition 4.2.6 For f € L'(Qr), by € L*(Q) a renormalized solution to (P, f, by)

is a pair of function (u,b) satisfying the following conditions :

(P1) u : Qr — R is measurable, b € LY(Qr),u(t,z) € D(B(t,x)) and b(t,x) €
B(u(t,z)) for a.e. (t,x) € Qr.

(P2) b(0,x) = by(x) a.e. in €,

(P3) For each k > 0,Tj,(u) € LP(0,T, Wy (Q,w)) and DTy (u) € [TV, L*(Qr,w;),

(Pa) — [, & [ ho(B~1)0(r)drdxdt + [, (a(x,Du) +F(u)> . D(h(w)€)dzdt

= fh(u)édxdt,
Qr

holds for all h € C(R) and all £ € D([0,T) x Q)

(P5) fQTﬁ{kS\uISkH} a(x, Du) - Dudxdt — 0 as k — oc.

Remark 4.2.7 Note that if (u,b) is a renormalized solution to (P, f,by) such that
u € L>®(Qr) then (u,b) is a weak solution to (P, f,by).

Indeed, as an immediate consequence from (P1), and (P3) we get u €
LP(0, T, Wy P(Q,w)). Now we fix & € D([0,T) x Q) and choose hj(u)é as a test
function in (P4). As usual, we apply the Gauss-Green Theorem and the boun-
dary condition on the convection term fQT hj(w)éF (u) - Du and (P5) to estimate
Jo, M(w)éa(z, Du) - Du. Passing to the limit with | — oo, we find [{.2.21)). The

remaining conditions for being a weak solution follow from (P1) and (P2).
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Proposition 4.2.8 For f € LY(Qr), by € L*(Q)) such that there exists a measu-
rable function ugy : Q — R with by € B(ug) almost everywhere in 0 let (u,b) be a

weak solution to (P, f,by). Then (u,b) is a renormalized solution to (P, f,bg).

Proof : Clearly, (u,b) satisfies (P1), (P2) and (P5). By assumption we have u €
LP(0,T, VVO1 P(Q,w)) , hence u is finite almost everywhere in Q7 and it follows that
{k < |u] <k+1} — 0 as k — oo. In particular, |[Du|? € L'(Qr, o) and therefore
(P3) holds. From (4.2.13), we get that (b—by); € L¥ (0, T, W= (Q,w?)) + L Q7).
Now, (P4) follows from the integration-by parts- formula in Lemma [4.2.4]

The main result of this section is the following theorem :

4.2.4 Main results.

Theorem 4.2.9 For f € L>®(Qr) and by € D(Az )” i@ L>(82). Assume that
(H1) — (H3), there exists a weak solution (u,b) to (P, f,by). In particular, b is the

mild solution of (ACP)(f,by).

Theorem 4.2.10 For each f € L'(Qr) andby € D(Ag) "', Assume that (H1)—

(H3), there exists a renormalized solution to (P, f, by).

To prove Theorem |4.2.10, we will use several approximation procedures. First, we
prove existence of weak solutions for L*°-data in Theorem [4.2.9]

4.3 Proof of Theorem [4.2.9]

4.3.1 Auxiliary problem

Stepl : Approximate problems.
In a first step, for bounded data f € L>(Qr), by € D(Ap )H i1 NL>($), we prove
existence of a weak solution to our elliptic-parabolic problem with an additional
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strictly monotone and continuous perturbation ¢ : R — R, ¥(0) =0, i.e.,

B(u)e + Y(u) — div(a(x, Du) + F(u)) > f in  Qrp,
(P7¢7f7b()) u=20 on ZT,
B(u(0,.)) 3 by in €,

To this end, we define the nonlinear operator

Agy = {(b,w) € LYQ) x LY(Q) : Fu : Q — R measurable, b € f(u) a.e in 2,
w is a renormalized solution of — div(a(z, Du) + F(u)) + ¢¥(u) = w}

where a definition of a renormalized solution to the above problem is obtained from
Definition 3.2.3| upon setting f = w — 1)(u) — by. Using the same arguments as in

Corollary |4.2.1] it follows that Ag, is m-accretive in L'(Q) and D(Ag)@”"lﬂ(m =
D(Aﬂ)”'”Ll(m , i.e., to each (f,by) € L} (Qr) x D(A@w)u'”“m) there exists a unique
mild solution b € C([0,T]; L'(Q2)) of the abstract Cauchy problem

% + Aﬁﬂpb > f n (O, T)

(ACP)(f, 6, ) { o

corresponding to (P, v, f,by). Moreover, for f € L*(Qr), by € D(Ag)H’HLl(Q) N
L>®(Q), b is the uniform limit of piecewise constant functions b. : (0,7) — L*(Q)
define by b. = b5 on |t 4¢3, 7 = 1,...,N(¢), b-(0) = by where (uj,bj)j\f:(i) is a
solution of the discretized problem (see [10])

(b2 e LY(Q), uS € WyP(Qw)N L),

f{n<|u¢|<n+1} CL(Z‘, Du;) : DU; — 0 asn — oo,

b—be_, ] ) 6 6
(DPey) 4 Jo =0+ Jolalz, Du5) + F(u5)) - Dy + o v(w5)e = Jo fie,
| e e WP (9, w),
b € B(u5) ae. inQ,

j=1,...,N(e),

given by an equidistant time discretisation of the form
(t5=0<t;<..<ty,=T

t:—t: =6 Vj=1,...,N(e),

e L™(Q), j=1,...N@E) : T2 [ £ = fi ot < e
05 € L>(Q) :[|bg — boll ) < €.

(D:)
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If we define the piecewise constant function w. : (0,7) — Wy (Q,w) by

us(t) = uj for t € (t;_1,¢;] and j = 1,..., N(¢g), the following a priori estimates
hold :

Step2 : A priori estimates.

Lemma 4.3.1 Let u. be defined as above. Then, the following results hold for all
e>0:

i)There exists a constant Ci(]| f||=r), |boll =) > 0 not depending on ¢ > 0,

such that

|9 (ue) || Lo (@) < CLllfllzo(@n)s 100 Lo (@))- (4.3.22)

i) There exists a constant Co(|| f||z(qy), [|boll (), %) > 0 not depending on e > 0,

such that

el L= @r) < Collf (@), Dol L), ¥)- (4.3.23)

i11) There exists a constant C3(\, || f||z=(@z), [|boll () > 0 not depending on e > 0,

such that

35
0 J9—

Proof : For j = 1,..., N(g) we choose p(u$) as a test function in (DP.,) where

drdt < C3(A, |||z @n)» 1ol e (@))- (4.3.24)

pEPy={peC®R);0<p <1, supp p' compact, 0 ¢ supp p}. Upon integrating
over (tj_i,t;) and summing over j = 1,..., N(¢) as in [22],[39], we obtain i) and
from i) we deduce ii) since 1) is strictly increasing and continuous.

To prove iii), for j = 1,..., N(g) we plug u; a test function in (DF. ) to obtain

Il+]2+[3+[4:]5
5 77

]’ fﬂ j?
= Jov(5)u, I = Jo f;

Applymg - in .[2. The Llpschitz character of F' and stokes formula together

Where 11 be Uiye IQ fQ a(x Du)
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with the boundary condition 2 of problem give we find

/ng ‘71€+A/Z dx+/¢ u</66 (4.3.25)

If we define the convex, l.s.c., proper function ¢;; : R — R U {+0c} by
o)do, if r € R(S
¢zd< ) {fo ( )

+00 otherwise
then u$ € d¢;q(b3) for all j =1,..., N(¢) and
Gia(05) — Gia(b5_1) < (05 — 05_1)u; (4.3.26)
holds almost everywhere in 2. Therefore from (4.3.25)) and (4.3.26)) it follows that

/Q%i(b — ¢ia(b5_1) /Z‘axz

Integrating (4.3.27)) over (¢;_1,t;], and taking the sum over j = 1,..., N(e) yields

[oatarna [ [ Z@f Puadadt < [ 0 0)  (1329)

1
7

Ou, _
+C| fell (@) / /Z| gx d:cdt) (/ o' qd:c)" (due to(L.1.6)).

T

wi(z dx</f;§ (4.3.27)

According to (D.), b-(0) = bf converges to by and f. converges to f in
LY0,T, LY(€)) as e | 0 Therefore, the right-hand side of (4.3.28)) is bounded by a
constant Cy (|| f||z<@y), [[boll1 (@) > 0 that does not depend on e. Now, (iii) follows

from (4.3.28)) if we neglect the positive term .

4.3.2 Cas where [ continuous, non-decreasing

Lemma 4.3.2 Let 8 be a continuous and non-decreasing function, f € L*(Qr),

by € D(Az )” @) L>®(Q). Fore, § > 0 let (D.),(D;s) be equidistant time dis-

cretisations and (u5,b3); (1), (u?,b?)jj\i(f) solutions of the corresponding discreti-

sed problems (DP. ) and (DPFj,). Assume that the piecewise constant functions
bs : [0,T] — LY(Q) defined by b-(0) = b, bs(0) = b)), b.(t) = b5, bs(t) = b? for
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t e (t5 1, 8] and t € (t]_,19] respectively, i = 1,...,N(e),j = 1,..., M(8) converge

to a function b € C([0,T]; L'(R)) as &,8 L 0 in L>(0,T; L*(Q)).

Then, lim/ /Q\@/J(ug) — (us)| =0 (4.3.29)

E,&LO 0
holds for the piecewise constant functions u.,us : (0,T) — WyP(Q,w) defined

by u-(t) = u§ for t € (5 1,85] and i = 1,..,N(e), us(t) = uj for (£5_,,}] and

Jj—=b

Proof : Use analogous arguments (see [89]).
The a priori estimates of Lemma and Lemma [4.3.2]imply the following conver-
gence results for the approximate solutions of (DP. ) for e L 0 :

Lemma 4.3.3 Let ¢ > 0 take values in a sequence in (0, 1) tending to 0. For
[ € L¥(Qr), by € D(Ag )H i@ L>®(Q) let ue, b be the piecewise constant
functions defined by (DP.,). Then there exist functions b € C([0,T]; L*(Q)),
u e LP(0,T; WP (Q,w)) N L®(Qr) and ® € Hf\il LPI(QT,w;»") such that for a not

relabeled subsequence of (u:)-. we have the following convergence results for e | 0 :

i) u.: — u almost everywhere in Qp, weak-x in L>®(Qr) and weak in

L2 (0, T; Wo (9, w)),
ii) b. — b in L0, T, LY () and b = S(u) almost everywhere in Qr,
iii) Du. — Du in [[, L*(Qr, w;),

iv) a(z, Du.) — ® in [, Lp/(QT,w;‘).

Proof : If (¢,), C (0,1) is a sequence tending to 0 as n — oo, applying Lemma
4.3.2) with u. = u., , us = u. for m,n € N yields that (passing to a subsequence if
necessary)

[ (ue,) — (e, )| =0
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almost everywhere in Q1 as m,n — oo. Hence, (u,, ), is a Cauchy sequence almost
everywhere in ()7 and there exists a measurable function v : () — R such that
u., — w almost everywhere in Qr as n — oo. By (4.3.23) and (4.3.24) it follows
that v € VN L*(Qr) and 1), iii) hold. By definition of the operator Ag, , assuming
B to be a continuous, non-decreasing function it follows that b.(t) = B(u(t)) a.e.
in (0,7) for all € > 0. Keeping in mind that by nonlinear semigroup theory, (b.).
converges to the mild solution b € C([0,T]; L1(Q)) of (ACP)(f,,by) as € | 0 and

using i) and the continuity of 3, ii) holds. Applying (4.3.24) and (4.2.6)) (and passing
to a subsequence if necessary), we find that a(z, Du.) — ® in Hf\il LP(Qr,w?) for

some ® € [V, L7 (Qr,w;).
Using the convergence results of the preceeding Lemma, we have the following
existence result.

Proposition 4.3.4 If 3 : R — R s a continuous and non-decreasing function,
then there exists a weak solution (in the sense of Definition [4.2.5) (u,b = B(u)) to
(P, f,b0) for any f € L®(Qr) and by € D(Ag) '@ A L=(Q).

Proof Let b : [0,T] — L'(Q) be the piecewise linear function defined by b.(t) =
b5, o l(bE i) fort € t; 1, t3],j=1,..., N(g). For arbitrary £ € D([0,T’) x
Q) and t € [0,7) the function Q > x — £(¢,x) is in D(2), hence we can use it as
a test function each equation of (DPF. ;). Integrating over (¢5_;,t°) and summing

=17y
over j =1,...,N(¢) we find

[ [+ (0t 0w+ F)) Dt vt - [0, = [ [ re

(4.3.30)

Since b. — b in C([0,T]; LY(Q)) as € | 0 using the convergence results of Lemma
we can pass to the limit in (4.3.30]) to obtain

—/OT/Q(b—bo)&Jr(chrF(u)).D§+¢(u)§: /OT/Qfg, (4.3.31)

for all £ € D([0,7) x Q2), where b = (u). It is left to prove that ® = a(z, Du).
To this end let xk be a non-negative function in C°([0,77)). We discretise « with
respect to (DF. ) by setting k.(0) = £(0) and k.(t) = x(t;) for t € (¢;_;,¢;] and
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j=1,.....,N(e). Taking (t5)u; as a test function in (DF. ;) yields :

be =
K (t5) /Q —Jluj + (a(z, Du5) + F(u3)) - Duj + (uf)u; = /fo/-ﬁ;(tj)u;

£
(4.3.32)
for all j =1,..., N(e). If we define ¢;3 : R - RU {+o0} by
IK o)do, if r € R(S)
o 4.3.33
bualr) = {—l—oo otherwise, ( )
since b5 = B(u3) for all j =1, ..., N(¢e) it follows that
b? B bj U 1 b§ —1\0 1 € €
S = 2 (7 o) = Z(6ult) - dults ) (43.34)

7j—1
a.e. in 2. Now, integration over (¢ ;,t;) in (4.3.32) and summation over j =
1,...,N(e) yields :

N(e)
Z:/Q (Cbzd(b;) — qbid(b;l))/i(t;)

+ / be((a(x, Du.) + F(u.)) - Du. + (u)u) < | fowere,  (43.35)
T Qr

where u. : (0,T) — W, ?(€,w) is the piecewise constant function defined by u.(t) =
us, for t € (t5_1,t], j = 1,...,N(¢) and f. : (0,7) — L*>(f) is the piecewise

j=175
constant function defined by f.(t) = f; for t € (t;_,t], j = 1,...,N(¢). Using

=17
summation by parts in the first term of (4.3.35) and setting b.(t) = 05 for ¢ €
(t5 1,15, = 1,..., N(g), be(t) = b for t € (—¢,0] it follows that

[ wates 0wy D [ [ ater outoa s+ [ autino
—/;@ﬂ%»0%+wwa—m%> (4.3.36)

Using the convergence results of Lemma [4.3.3 there is no problem to pass to the
limit with € | 0 on the right-hand side of (4.3.36)). Moreover,

lim sup/ kea(x, Du.) - Du,
el0 T

> lim sup/ ka(x, Du.) - Du. + lim inf/ (ke — k)a(x, Du.) - Du.  (4.3.37)

el0 el0 .
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where the second term on the right hand side of (4.3.37)) is 0 by (A2), (4.3.24)) and

since ||k. — K|y — 0. Combining (4.3.36) with (4.3.37) and passing to the
limit with € | 0, we find

limsup/ ka(x, Du.) - Du,
€l0

< / lBoult / ba(bo) / R(F(u) - Du+ d(u)u— fu).  (4.3.38)

Since (4.3.31]) holds, we can apply the integration-by-parts formula of Lemma[1.2.4]
with h(u) = v and £ = Kxq to obtain

/ /ﬁ:t/b tw o)do = / K(F(u) - Du+ ® - Du+(u)u — fu) (4.3.39)
for all k € C2°([0,T)), x> 0. Combining and (4.3.39), we finally get
limﬁ)up/ ka(z, Dug) - Du, < / kP - Du. (4.3.40)
Therefore it follows that
limisoup/ k(a(x, Du.) — a(x, Du)) - (Du. — Du) <0 (4.3.41)

for all kK € C°([0,T)), k > 0. Using and Minty’s monotonicity argument
we get ® = a(x, Du) from ([4.3.40) and (4.3.41). Moreover, choosing k = X(o.)
for 0 < 7 < T, from we obtain a(x, Du.) - Du. — a(x, Du) - Du weak in
LY((0,7) x Q).

4.3.3 The general case of multivalued f

Now, let B C R x R be a maximal monotone graph. To continue the proof of
Theorem [4.2.10 we proceed as in [86] (see also [87]) in the case of a constant ex-
ponent and combine the techniques developed in [41] with the approach from [22]
so that we do not need the additional assumption that 3~' is continuous and defi-
ned on R if we accept one more approximation procedure. Once we have found the
appriopriate energy space LF(0,T; VVO1 P(Q,w)). For the first approximation proce-
dure let us regularize 8 by [ := 5 + %] , k > 0. Clearly the results of Subsection
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still apply to the nonlinear operator
Ag, = {(bp,wi) € L(Q) x L) : Juy : Q — R measurable, by € B(uy)

a.e. in ) and uy is a renormalized solution of

—div(a(x, Dug) + F(ur)) + ¥ (ug) = wi}

and therefore there exists a unique mild solution ¥* € C([0, T]; L*(Q)) of the abs-
tract Cauchy problem

dd—b: + Aﬁkﬂpbk > f n (0, T)

corresponding to (P, v, f,bE) for any given f € LY(Qr), b§ € D(Az4) " and
k > 0. Moreover, it follows from the results for the elliptic case (see Theorem [3.3.1])
that for any f € LY(Q)

Jim [|(7 + Ape) T = (I + App) " fllzre) = 0. (4.3.42)

Applying the a priori estimates of Lemma [4.3.1], we get the following convergence
results for the solutions of the discretized problems (DPE%) ;

Lemma 4.3.5 For f € L*(Qr), b} € D(Agmw)ll'”“(m N L>®(Q) and ¢,k > 0,
let (bjk,ujk)jvz(i) be a solution of the discretized problem (DPF,). For k > 0,
let b € C([0,T]; LY(Q)) be the L>*(0,T;L'(Q)) -limit of the sequence of pie-
cewise constant functions (bF). defined by b = (0,T) — LYQ), bF(0) = 5",
VE(t) = b?k fort € (t;4,t5] and j = 1,...,N(e). If we define uf o (0, T) —

Wy P(Q,w) No(Q) by ub(t) = ujk fort € (54,85, j = 1,...,N(e), there exists

ub e LP(0,T; WP (Q,w)) N L®(Qr) and a subsequence of (uF). such that, ase | 0,
i) u¥ — u* almost everywhere in Qr, weak-+ in L®(Qr) and weak in

LP(0, T, Wy ?(Q,w)),
ii) bF — b* in L>(0,T; LY(Q)), in LY(Qr) and almost everywhere in Qr . Moreover,

bk e Bk(uk) almost everywhere in Qr,
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iii) Du* — DuF in Hf\il LP(Qr,w;),

iv) a(z, Duf) — a(z, Dub) in T[, L” (Qr, w}).

Proof : Using the a priori estimates (4.3.22), (4.3.23) and (4.3.24), it follows im-
mediately that there exists u* € LP(0,T; Wy "(Q,w)) N L™(Qr) such that, passing
to a subsequence if necessary, iii) holds and u* — u* weak-* in L>(Qr) and weak
in LP(0,T; Wy(Q,w)). The convergence of b* to b* in L>(0,T; L'(2)) follows im-
mediately from nonlinear semigroup theory and this implies the other convergence

results for a subsequence of (b*).. By (DPEIfw), we have b* € ;. (uF) almost everyw-
here in Qp .

Since 3 is a maximal monotone graph, (8++1)"" = k(k8-+1)"" is single-valued and
Lipschitz continuous in R, hence u* := (5 + %])’11)5 converges to uf = (3+ %])flbk
almost everywhere in Q7. Therefore i) and ii) hold. Finally, iv) follows with the
same arguments as in the proof of Lemma and Proposition [4.3.4] Using the
convergence results of Lemma we can prove the following result :

Proposition 4.3.6 For any k >0, f € L™(Q7) and b € D(A5k7¢)‘|'||L1(Q) NL>(Q)
there exists a weak solution (u*,b*) to (Py, 1, f,b). In particular, b* is the mild

solution of (ACP)(, f,bF).

Proof : The assertion follows according to the convergence results of Lemma
4.3.5] and by similar arguments as in the proof of Proposition 4.3.4. Next we
want to obtain a weak solution (u,b) of (P, f,by) for f € L*(Qr) and by €

D(ABh,l/,)”"lLl(Q) N L>(Q2) by passing to the limit with £ — oo in the approximate

equations (P, %, f,by). The convergence of the sequence (b*); is an immediate
consequence of nonlinear semigroup theory.

Lemma 4.3.7 If by is in D(Ag,z/,)”'HLl(Q) such that there exists (bf),. C LY() with
bk € D(A5 ) "™ for all k > 0 and B — by in L'(Q) as k — oo, then ¥
converges in C([0,T]; L*(Q)) to the mild solution b of (ACP) (1, f,by) as k — .

Proof : From (4.3.42) it follows that Ag, C liminf;_,., Ag, , and therefore the
assertion follows according to nonlinear semigroup theory (see, e.g. [37]). The fol-
lowing comparison principle is a corresponding result for multivalued g and was
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proved in [41] and [86] in the constant exponent case.
Lemma 4.3.8 For f € LY(Qr), I,k > 0,5, b}, € LY(Q) such that

lim ||6F — L7100y =
k711Em|‘0 OHL(Q) 0

let (u*,b%), (ul, b)) be the weak solution of (Py, 1, f,bF), (P, f, b)) respectively.

Then,

i 9 | 1ot) — vl =0 (4.3.43)

k,l—o00

holds for all0 <7 <6 <T.

Proof : The proof of this lemma follows the same lines as the proof of the corres-
ponding result in the case of a constant exponent p as stated in [86], Proposition
4.2.2., and (see also [41], Proposition 4.2) and is omitted here in detail. It is based
on Kruzhkov’s doubling of variable technique (see e.g. [73]) that has been adapted
by other authors (see [86, 41]) to prove uniqueness results and comparison prin-
ciples for elliptic-parabolic problems. In our particular case, we only have to double
the time variables : Let ¢, s denote two variables in [0, T]. We write the ¢ variable
in the weak formulation of (P, 1, f,bf) and the s variable in the weak formula-
tion of (P, 1, f,b}). For 6 > 0, and » € R we define the function r — ns(r) by

ns(r) == 3T5(r). According to the integration-by-parts formula of Lemma {41.2.4] we

choose 7; (u(;(t, x) —w(s,x)+ 57r(x))¢(t)pn(t —s) as a test function in (Py, ¥, f, bF)
and (P, 1, f,b)) where 7 € D(2) such that 0 < 7 < 1, ¢ € D([0,T)) such that
¢ > 0 and (p,), is a sequence of mollifiers in R. There is no problem to pass to the

limit with ¢ | 0 in the diffusion and the convection term because F' is assumed to
be locally Lipschitz continuous.
Using this result, we can prove the following :

Proposition 4.3.9 For any f € L>(Qr) and by € m”~||mm N L>(Y) there
exists u € LP(0,T; Wy P (Q,w)) N L®(Qr) and b € C([0,T); L}(Q)) such that
(u,b) is a weak solution to (P, f,by). In particular, b is the mild solution of
(ACP)(¥, [, bo).
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Proof : According to Corollar (iii), we have
mllﬂu(m - m\l-llu@

for all k > 0. Therefore, if by is in D(Azg) " =@ A L®(Q) it is in D(Azq) “@ N
L>(R2) for all &k > 0 and by Proposition 4.3.6, (P, v, by, f) has a weak solution
(uf, b*) C (LP(O,T; Wy P(Q,w)) N L®(Qr)) x C([0,T); L'()) for all k& > 0. In
particular,

/ —(b" = bo)& + (a(x, Du¥) + F(u¥)) - D€+ (u*)¢ = ; & (4.3.44)

holds for any ¢ € D([0,T) x Q). By Lemma 4.3.7, 0¥ — b as k — oo in
C([0,T); LY(Q)), where b € C([0,T]; L'(£2)) is the mild solution of (ACP)(v, f, by)
and therefore b(0) = by almost everywhere in 2. From Lemma it follows with
the same arguments as in the proof of Lemma that there exists a measurable
function u : Q7 — R and a (not relabeled) subsequence of (u*); such that u* — u
almost everywhere as k — oo. Since the a priori estimates of Lemma still hold
for u*, independently of k > 0, it follows that, as k — oo and up to a non-relabeled
subsequence, u¥ converges to u weak-* in L®(Qr) and weak in L(0, T'; W, " (Q, w)),
Du* — Du in [[Y, LP(Qr,w;), hence w is in LP(0,T; Wy (Q,w)) N L2(Qr).
Moreover, there exists & € Hf\;l L7 (Qr,w?) such that a(z, Du*) — ® weak in

(3
Hf\; LY (Qr,w?) as k — oo. Using these convergence results we can pass to the

limit in (4.3.44))) and find that

- / (b= bo)é: + / @+ F)-De+ | wwe= [ ge (a9

holds for all £ € D([0,T) x ). Next, we prove a(z, Du) = ®. To this end, we fix
s D([O T)), o > 0 and [ > 0. Since (4.3.44)) holds, by Lemma we can use
oTj(u*) as a test function and obtain

/ at/b T o 6+ I~ 1(s)ds%—/ oa(z, Duf) - DTj(u")
. / o(F(uh) - DTi(b) + () — HITIWY).  (4.3.46)

T

There is no problem to pass to the limit with £ — oo on the right-hand side of
(4.3.46)). To pass to the limit in the first term on the left-hand side, we write

bk
/ Tyo (B + %1)—1<3)ds — L+ (4.3.47)

bo

95



where, since b* € (8 + %I )Ju¥ almost everywhere in Q7 ,

b Ti(u®)
I = /O Tyo (B + %1)—1(5)@ _ Ty (k) — /O (8 + %1)(5)613 (4.3.48)

(see [26] [77]) almost everywhere in Q)7 and

bo
IL=— /0 Tyo(8+ %1)—1(3)@ (4.3.49)

Now, setting ug := (871)°(by) we have (by + 1uo) € (8 + 11 )ug, hence

T (uo) bo+ % uo
Iy = —boTi(ug) + /0 (8°+ 1) (s)ds /b Tyo (54 11)  (s)ds (43.50)

almost everywhere in €2. Passing to the limit with £ — oo we find :

k—oo

Ti(u) b
lim I, — —bT}(u) + /0 (8%)(s)ds = — /O Tio (5)(s)ds  (4.3.51)

almost everywhere in ()7 and

Ty (uo) bo
lim Iy = —byTj(uy) +/O (BY)(s)ds = —/0 Ty o (8710 (s)ds (4.3.52)

k—o0

almost everywhere in 2. Now, thanks to Lebesgue Dominated Convergence Theo-
rem it follows that

lim — /at/ Tio (B + I /Jt/Tl O(s)ds (4.3.53)
k—o00 T bk T bO

and therefore

limsup/ oa(z, Du") - DTj(u*) =

k—o00
/Uylﬂ %—/UGWNHMM+WW—ﬂMW)(M@D

Now, we use oTj(u) as a test function in (4.3.45)). By Lemma we get

/U(I)DTl /at/Tl s)ds
T T bo

- [ oPlw)- DTw) + (wlw) - NT).  (43.55)
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Subtracting (4.3.55) from (4.3.54) and choosing I = ||u| z=(q,) it follows that

lim sup/ oa(z, DuF) - Du* < / o® - Du (4.3.56)
k—o0 T T
for all 0 € D([0,7")), o > 0. Furthermore, using (4.3.56|) we have
klim o(a(z, Du") — a(z, Du)) - (Du* — Du) =0 (4.3.57)
— 00 QT

for all o € D([0,T)), o > 0. Now, ® = a(z, Du) follows from by the
Minty monotonicity argument. It is left to prove that b € §(u) almost everywhere
in Q7 . Since we have b* € S (u”) almost everywhere in Qr , for any k£ > 0 there
exists B¥ € B(u¥) such that b* = B* + 1u* and since Bk — b for £ — oo almost

everywhere in Q7 . If we define j : R — Rl_l{Jroo} by j(r) = [, 8°(0)do ifr € D(B)
and j(r) = 400 otherwise, it is easy to see that j is a convex, L.s.c, proper function
such that § = @j. Therefore,

J(r) > j(u®) + B (r — u¥) (4.3.58)
holds for any r € R and almost everywhere in Q)7 . Now, by the almost everywhere

convergence of B to b and u* to u, from (4.3.58)) it follows that b € B(u) almost
everywhere in Q7.

4.3.4 L' -contraction and uniqueness of renormalized solutions

Proposition 4.3.10 For fi, fo € LY (Qr), b}, b3 € LY(Q), let (u1,by), (ua, bs) be

renormalized solutions of (P, f1,b5), (P, f2,b3) respectively. Then

[ o= e / L=+ [ @ -y (4.3.50)

holds for almost all t € (0,T).

Proof : We can copy the proof in [41], Theorem 4.1 for the case of a constant
exponent with slight modifications such as exchanging the space LP(0, T; W, * ©) ()
by LP(0,T; Wy (Q,w)).

Remark 4.3.11 The result of Proposition |4.3.1() still holds if we replace (P, f;, b))
y (P, f;, %), where 1; : R — R is a continuous, non-decreasing function for
1=1,2.

97



Remark 4.3.12 Uniqueness of renormalized solutions is a direct consequence of

Proposition|{.3.1( : If (u,b) is a renormalized solution to (P, f,by) for f € L} (Qr)

and by € D(Ag)H'HLl(Q), then b is unique. We cannot expect uniqueness of the func-

tion u without additional assumptions on 3 .

4.3.5 A comparison principle and weak solutions for L!-data

Lemma 4.3.13 Let by, by be in LY(Q) f, f € LYQr), 1,0 : R — R be strictly
increasing, continuous functions and (u,b), (@, l~)) be weak solutions to (P,1, f, by)
and (P,@Z,f, BO) respectively. If we have by < 50 almost everywhere in , f < f
almost everywhere in Qp and P(r) < ¢(r) for all v € R, then w < @  holds

almost everywhere in Q.

Proof :As in the proof of the corresponding result in the case of a constant ex-
ponent ([86], Lemma 4.3.1., p. 120 and [41], Proposition 4.2.).

4.3.6 Conclusion of the proof of Theorem [4.2.9

For n € N, we define the continuous, strictly increasing function ,, : R — R by

Y (r) = %(arctan(r) + g), r € R.

Then, by Proposition [£.3.9, there exists a weak solution (un,b,) €
(LP(0.T5 Wi P(2,0)) N L¥(Q1)) x C(I0. TT: LAQ1)) 0 (P . . by) for any n € .
Since Apg C liminf, , Agy, and b, is the mild solution of (ACP) (¢, f,bo) , it
follows that b, converges in C([0,T]; L}(€2)) to the mild solution b of (ACP)(f,bg)
as n — 0o. Since ¥, > 1,1 in R for all n € N, from Lemma it follows that
Up < upyq almost everywhere in Q) for all n € N, hence there exists a measu-
rable function « : Q7 — R such that u, 1 u almost everywhere in Q7. Moreover,
arctan(r) — § < 4, < arctan(r) 4 7 for all » € R and all n € N and from Lemma
it follows that us < u, < u_z almost everywhere in Qr for all n € N where
(uz,bz), (u_z,b_z) € (LP(0, T; WyP(Q,w)) N L¥(Qr)) x C([0,T], L'(R)) are the

2
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weak solutions to (P, arctan +7, f,by) and (P, arctan —7, f, by) respectively. There-
fore u € L>®(Qr) and u,, — u weak-* in L>°(Qr) for a not relabeled subsequence of
(un)n. For § > 0 we define ¢ : [0,7] — R by ¢s(¢) := min(5 max(T — 6 — ¢,0),1).
Thanks to the integration-by-parts formula of Lemma , can use ¢sTi(u,) as a
test function and obtain for k = |||z~ :

/ﬂ%//‘mwa o (B~ cwi//%mmm)g (o) do

+/QT gb(g(((a(x,Dun) + F(uy)) - Duy) + ﬁarctan(un) un) = Cbaun(f - _)
(4.3.60)

We neglect positive terms and use (4.2.8)), pass to the limit with ¢ | 0 and obtain

2l

where C' > 0 is a positive constant not depending on n € N. From (4.3.61)) we
get u € LP(0,T;W,"(Q,w)) and there exists a (not relabeled) subsequence of
(Un)n, such that Du, — Du weak in vale(QT,wl) and a(z, Du,) — ® weak
in Hf\il L7 (Qr,w;) for a function ® € HZ LY (Qr,w?). Now we can pass to the
limit with n — oo in the weak formulation for (P, f,,,by) and obtain

T
dedt < Cllullixn (171 + Sloen + loll)), (4361

- [ b=+ (@4 Flw) - Dt - R (43.62)

for all £ € D([0,T) x £2). With the same arguments as in the proof of Proposition
it follows that ® = a(x, Du) (by Minty monotonicity argument) and b € (u)
(by a subdifferential argument).

To prove Theorem [£.2.10 we will use several approximation procedures.

4.4 Proof of Theorem [4.2.10]

As in the proof of Theorem for the elliptic case, we will construct mo-
notone sequences of weak solutions for L*>*-data and show convergence (up to a
subsequence) to a renormalized solution. The comparison principles from Lemma
4.3.13] and Lemma |4.3.10] will be a main tool in this approximation procedure.
Stepl : Approximate solutions and a priori estimates
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Let f be in LY (Qr) and by € D(Aﬁ)”'HLl(m. For m,n € N, let f,, =
max(min(f, m), —n), by"" := max(min(by, m), —n). Furthermore, we define 1, , :
R = R by tpn(r) =-Lmax(r,0) — L max(-r,0) forreR.

By Proposition [4.3.9), (P, ¥mn, fmn by ") has a weak solution (wy,n,bp,,) for all
m,n € N. We have ¢y,, > ¥pi1, for all n € N and ¢y, < ¢, 41 on R. By
Lemma [4.3.13] it follows that

Umnp < Umt1n AN Up i1 < U, almost everywhere in QQp for any m,n € N.
Hence, there exist measurable functions u" : Q7 — R U {400}, u : Q7 — R such
that wp,, T u" as m — oo and u" | uw as n — oo almost everywhere in Q7.
By Lemma [4.3.10] it follows that by, < byi1n and by pi1 < by, almost eve-
rywhere in Qp for any n,m € N. Note that we have also ¢, ,(r) | ¥"(r) =
—<max(—r,0) as m — oo and ¢"(r) T 0 as n — oo for all » € R. Therefore,
Ay, p C liminf,, 0 Ay, s and Ag C liminf, ,o Ay, 5. By nonlinear semigroupe
theory it follows that by, ,, 10" as m — oo in C([0, T]; L*(€2)), where b" is the mild
solution of (ACP) (¢", f*,bf) with ¢"(r) := — max(—r,0), f" := max(f, —n),
and b := max(byg, —n) for n € N. Moreover, b" | b as n — oo in C([0,T]; L}(Q))
where b is the mild solution of (ACP)(f,by). In the next steps, we will prove that
(u,b) is a renormalized solution to (P, f,by). Therefore we need the following a
priori estimate :

Lemma 4.4.1 Form,n € N, f € LY(Qr) and by € D(Az )H i@ joy (U D) be
the weak solution to (P, wm’n,fm’n,bgb’n). Then there exists a constant C' > 0 not

depending on m,n € N such that

6Tk umn
/ / Z‘ o | widrdt < CE([f]lry@r) + llboll o) (4.4.63)

holds for any k > 0 and all m,n € N,

Proof : We fix & > 0. For § > 0 we define ¢5 : [0, 7] — R

by ¢s(t) = min(3 max(T' — § —¢,0), 1). Using the integration -by parts formula of
Lemma and density arguments, we plug ¢sT%(unm.) as a test function into
(P, Ymmy frm, b)) Then, for § > 0 small enough, we find

L+ 1L+ I3+ 1, = Is, (4.4.64)
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where

/ / ool / T o (37 0o
/ //m” Tio (5 (U)d"—/ﬂfobom,nTkO(B‘l)o(a)da. (4.4.65)

By (4.2.8) we get

_ N
Iy = [ sa(z, DT (umn)) - DTi(umpn) > /\/T 25/ > |M|pwid$dt-
Qr 0 R Ox;

(4.4.66)
Note that applying Gauss-Green Theorem and the boundary condition

/Q F(T(tn(8))) - DTt (1)) = 0

for almost all ¢t € (0,7). Hence,

I3 = / gb(;/ (T (tumn)) - DTx(tpm.n) = 0. (4.4.67)
Moreover, by monotonicity of 1, , we have
[4 = wm,n(um,n)Tk(um,n)¢5 > 07
Qr
]5 = 0 fm,nTk(Um,n)¢5 S ||f||L1(QT)k' (4.4.68)

Now, plugging (4.4.65)-(4.4.68]) into (4.4.64]) and neglecting non-negative terms we
arrive at

bmn

/ 25/2\(9%527” i <kl fllzqn // Ty o (B71"(0)do

< k(I 1z @n + Ibollziey) (4.4.69)
for all k > and all m,n € N. For ¢ | 0, the assertion follows.

Remark 4.4.2 There exists a constant C' > 0, not depending on n, | € R such

that

{|tmn| > 1} < €170, (4.4.70)
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and from (4.4.70) it follows that

lim [{[u] > [}] = 0. (4.4.71)
[—o0

Proof : Let £ > 0 large enough

T
El{|wmn| >k} x [0,T]) :/ / T3 (wp, | dxdt
0 {|tm,n|>k}

T 1 T / 1
< (/ /|Tk(um,n|p0dl‘dt)p</ /O’l_p dl‘dt)p
0 Q 0 0
N T () )\
kE\Ym.n P 1
< MNP, . < >
_TC</Q;| o Fui)” < Ck
which implies that,
{[ttmn] > K} x [0,T)] < Ckv ", Wk > 1.
So, we have

lim |{[umn] >k} x [0,7]] = 0.

k—+o00

Since by, € B(um,) almost everywhere in Qr, it follows with subdifferential ar-
guments as in the proof of Proposition that b" € B(u") and b € S(u) almost
everywhere in Q7.

Step2 : Convergence results

Now applying the diagonal principle and lemma we get the following convergence
results :

Lemma 4.4.3 Form,n € N, f € LY(Qr) and by € D(Az )H @) o (Um.ny bin.m) De
the weak solution to (P, U, fmn, by ). Then, there exists a subsequence (m(n)),

such that setting V" := Yuyn, fn = finm)ms bon = bgl(n)’n, b := bpny s Un =

Up(n),n we have the following convergence results for n — oo :

i) fo— [ in LYQr),
i) u, — u almost everywhere in Qr,
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ii1) by, — b in LY(Q), b, — b in C([0,T], LY(Q)), and b € B(u) almost everywhere

i Qr, and the uniform renormalized condition

lim Sup/ a(x, Duy,) - Du, =0 (4.4.72)
{I<|un| <41}

l—oon

holds true. Moreover, for any k > 0, we have
) Ti(up) — Ti(u) in LP(0,T, W, ?(Q,w)),
v) DTy(u,) = DTi(u) in [[, LP(Qr,wi),
vi) a(z, DTi(un)) — a(a, DTi(w)) in [, LV (Qr, w),

vii) a(z, DTy(u,)) - DTy (u,) — a(z, DT).(u)) - DTy(u) weak in LY((0,7) x Q) for
any 0 <71 <T.

i) — v) are direct consequences of the approximation procedure, Lemma and
Remark . To prove the uniform renormalized condition, we take Tj(u,)@s,
¢s(t) = min (% max(T — 0 — t,0), 1) as a test function and apply Lemma [4.2.4

in the weak formulation for (P,¢", f,,b;). By Gauss-Green Theorem for sobolev
function and the boundary condition, we have

/Q F(Tx(un(£))) - DTi(un(t)) = 0

for almost all t € (0,7"), Hence the convection terms vanishes Then we set k = [+1
and after k = [. Subtracting the corresponding equalities and neglecting positive
terms we obtain

|bo|
Duy) - Duy < Gi(BH)) (s)ds  (4.4.73
S @D D [ [T e @

where G; = T;.1 — 1; and the uniform renormalized condition follows applying
in (4.4.73)). It is left to show that vi) and vii) hold.

From Lemma and it follows that for any k > 0 there exists ®; €
1Y, L7 (Qr,w?) such that a(z, DTy(u,)) — ®p weak in [[\, L¥ (Qr,w?) as n —
oo. To prove that ®; = a(x, DT)(u)), we proceed as in as in [86] for the case of a
constant exponent (see also [33] for variable exponent and [41], Theorem 3.6, [22],
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[26],[43] for constant exponent) and using a special time regularisation of T (u) by
the regularisation method of Landes ,see subsection 4.2.2| Now, for k € D*([0,T))

we show that

lim sup lim sup/ ka(x, DTy (uy)) - <Tk(un) — (Tk(u))ﬂ) <0. (4.4.74)

U—00 n—00 T

We use the sequence (T} (u)), of approximations of Tj(u), and plug the test function
whi(un)(Ti(un) — (Ti(w)),) (for > 0) in (P, ¢, f,, by) and obtain

L+L+ I3+ Ii+ 15 = I (4.4.75)
where
Iy = ((bn = b)), £ha () (T (un) — (11 (w)) ) (4.4.76)

and (.,.) denotes the duality pairing between L¥ (0,7, W' (Qr,w*)) + LY(Qr)
and LP(0, T, W, (Q,w)) N L®(Qr),

I = / wha(un)ale, Duy) - D(Ti(un) — (Tk(w)),),

I3

[ i) Tin) = (@), ale, D) - D,

T

I, = / KF (1) - D () (T () — (Tk(1)),0)),

T

= [ )" ) (Talun) — (Tifa),),

T

Iy = / b Fua (1) (T (ttn) — (Ti(1))):

Now we want to pass to the limit with n — oo and then with p — oco. To handle
I5, we choose [ > k and apply the uniform renormalized condition. It is easy to see
that Ig, I5 and I tend to 0 as n — oo, u — oo. Using the uniform renormalized

condition (4.4.72)), it follows that I3 < w(l, k) and w(l, k) — 0 as | — oo. To handle
the parabolic term I;, we need the following :

Lemma 4.4.4

lim inf lim inf ((b,, — 0f )¢, khi(wn) (T (wy) — (Th(w)),)) > 0 (4.4.77)

n—00  —+00
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The proof is similar to the proof of the corresponding result in the case of a constant
exponent (see [33] for the case of a variable exponent and [86], [41], 26], 43],for the
case of a constant exponent). If (4.4.74)) holds, then, by (4.2.7) it follows that

lim sup / ka(z, DTy(w,)) - D(Th(1) — (Te(w))) < 0 (4.4.78)

n—oo T

and vi) follows from by the standard Minty-Browder argument. vii) follows
from by choosing x to be a smooth approximation of x o r) for 0 <7 <7
Step3 : Conclusion of the proof of Theorem [4.2.10

Now, we are able to conclude the proof of Theorem : By Remark and
Lemma it follows immediately that (P1), (P2) and (P3) hold for all £ > 0.
For h € CHR) and ¢ € D([0,T) x Q) we can plug h(u,)¢ into (P,4", fu, b)) by
integration-by parts formula of Lemma and obtain

L+ 1L+ 13+ 1, =1Is, (4.4.79)

where

L= Jo, & Jy ho (B7)0(s)ds, I = [, a(x, Duy) - D(h(u)g),

I3 = fQT F(un) ) D(h(un)g)v Iy = fQT W‘ Un) (un)§7 Is = fQT fnh(un)€ Thanks
to the convergence results of Lemma , we can pass to limit with n — oo in
I, ..., I5 : It follows immediately that

b
nlggo]l:/ gt/b ho (871)(s)ds. (4.4.80)

Now we choose m > 0 such that supp h C [—m,m]. Next, we write
Iy =11+ I, (4.4.81)

where

Iy = / B (T ())€a(, DT, (1)) - DT (1),
(0,7)xQ

for 0 < 7 < T is such that supp¢ C [0,7) x Q). By Lemma vii),
a(x, DTy (u,)) - DTn(u,) — a(x, DT, (uw)) - DT, (u) weak in L([0, T) Q).
Since h'(u,){ — h'(u)§ almost everywhere in Qr and ||A(un)€]|z=(0rx0) <
12\l (@) 1] 22 (@r)> We may pass to the limit in 5 and obtain

lim Iy; = / h'(u)éa(x, Du) - Du. (4.4.82)

n—oo
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By Lebesgue Dominated Convergence Theorem it follows that h(T),(u,)) —
h(T,,(u)) as n — oo in LP(Qp,0) . Using Lemma vi) , we can pass to the
limit in

Iy = / (T, (uy))a(z, DTy, (uy)) - DE, (4.4.83)
and find nh_g)lolgg :/ h(u)a(x, Du) - DE. (4.4.84)

Next we write I3 = I3 + I32 where

I3, = fQT h/(Tm(un))éF(Tm(un)) : DTm(un)a

I39 = fQT ML (un)) F (Tn (un)) - DE.

Since B/ (T (tn))F(Tp(uy)) converge to h' (T, (uw))F (T, (w)) in [, L” (Qr, w}) as
n — oo using Lemma [4.4.3] v) we have

lim I3, = / h'(uw)éF (u) - Du, (4.4.85)
n—o0
and moreover lim I3 :/ h(u)F(u) - DE. (4.4.86)
n—oo
T
m
Note that |I4’ < EHh”LOO(QT)HgnLOO(QT) — 0 (4.4.87)
for n — oco. Finally, we have
lim I5 = fh(u)é (4.4.88)
n—0o0 QT

and from (4.4.79))44.4.88)it follows that (u,b) satisfies the renormalized formulation
(P4). (P5) follows from the uniform renormalized condition (4.4.72)) and Lemma
143, vii).
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This part is constituted of the following chapters :

CHAPTER V

Existence of Renormalized Solutions of Nonlinear Elliptic Problems in Weighted
Variable -Exponent Space.

CHAPTER VI

Renormalized solutions of nonlinear parabolic problems in Weighted variable ex-

ponent Sobolev spaces.
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Chapitre 5

Existence of Renormalized Solutions of Nonlinear

Elliptic Problems in Weighted Variable -Exponent

Space

[l In this chapter, we study a general class of nonlinear degenerated elliptic
problems associated with the differential inclusion §(u) — div(a(x, Du)+ F(u)) > f
in Q where f € LY(Q). A vector field af(.,.) is a Carathéodory function. Using
truncation techniques and the generalized monotonicity method in the framework
of weighted variable exponent Sobolev spaces, we prove existence of renormalized
solutions for general L'-data.

5.1 Introduction

Let Q be a bounded open set of RY (N > 1) with Lipschitz boundary if N > 2,
where the variable exponent p : Q@ — (1,00) is a continuous function, and w
be a weight functions on €2, i.e. each w is a measurable a.e. positive on (). Let
VVO1 P (')(Q, w) be the weighted variable exponent Sobolev space associated with the
vector w. We are intersted in existence of renormalized solutions to the following
nonlinear elliptic equation

(E. f) {5(@0 div(a(z, Du) + F(u)) > f :Ill %Q

1. J. Math. Study, Vol. 48, No. 4 (2015), pp. 375-397..

109



with a right-hand side f which is assumed to belong either L>®(Q2) or to L(Q)
for Eq. (E, f). Furthermore, F' and 3 are two functions satisfying the following
assumption :

(Co) F: R — RY is locally lipschitz continuous and B:R — 2% a set va-
lued, maximal monotone mapping such that 0 € 3(0), Moreover, we assume that

B(1) € L'<), (5.1.1)

for each | € R, where 3° denotes the minimal selection of the graph of 5. Namely
Bo(l) is the minimal in the norm element of 5(I)

Bo(l) = inf{|r| /r e Rand r € 5(I)}.
Moreover, a: Q2 xRY — RV is a Carathéodory function satisfying the follo-
wing assumptions :
(C1) There existe a positive constant A such that a(x, ) - € > dw(z)|€[P®) holds
for all £ € RY and almost every z € €.
(Cy)  ai(z,6)] < awP @ (2)[k(z) + w7 @ (2)|€]P®)~1 for almost every z € €,
all i = 1,...., N, every £ € RV, where k() is a nonnegative function in LP'*)(Q),
p'(z) == p(z)/(p(z) — 1), and a > 0.
(C3)  (a(z,€&) —a(z,n))- (£ —n) >0 for almost every x € Q and every £, € RY.

We use in this chapter the framework of renormalized solutions. This notion was
introduced by Diperna and P.-L. Lions [56] in their study of the Boltzmann equa-
tion. This notion was then adapted to an elliptic version of (£, f) by L. Boccardo et
al. [38] when the right hand side is in W~#'(Q), by J.-M. Rakotoson [83] when the
right hand side is in L}(€), and finally by G. Dal Maso, F. Murat, L. Orsina and A.
Prignet [54] for the case of right hand side is general measure data. The equivalent
notion of entropy solution has been introduced by Bénilan et al. in [38]. For results
on existence of renormalized solutions of elliptic problems of type (£, f) with a(,)
satisfying a variable growth condition, we refer to [89],[62], [25] and [10]. One of
the motivations for studying (F, f) comes from applications to electrorheological
fluids (see [85] for more details) as an important class of non-Newtonian fluids.
For the convenience of the readers, we recall some definitions and basic properties
of the weighted variable exponent Lebesgue spaces Lp(x)(Q,w) and the weighted
variable exponent Sobolev spaces W@ (Q, w). Set

Ci(Q) = {p € C(Q) : minp(z) > 1}.

xef)
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For any p € C,(Q), we define

pT =maxp(z), p = minp(z).
e zel)

For any p € C, (), we introduce the weighted variable exponent Lebesgue space
LP®)(Q, w) that consists of all measurable real-valued functions u such that

LP9(Q,w) = {u : Q = R, measurable, / () |P@w(z)dz < o).
Q
Then, LP*)(Q, w) endowed with the Luxemburg norm
o = 60 > 05 [ Bty < 1)
0

becomes a normed space. When w(x) = 1, we have LP®)(Q,w) = LP@)(Q) and we
use the notation |u|pyw (o) instead of |u|pw (q). The weighted variable exponent
Sobolev space W'P(#)(Q, w) is defined by

WH(Q,w) = {u € /(Q); [Vu] € IP(Q,w)},

where the norm is

[ullwrre @uw) = [l e @) + VUl e @w) (5.1.2)
or equivalently
[ul[ s @w) = Inf{A >0 / | ——~ (LC)]VUT(:C)P(I)CZ:U <1}

for all u € WH)(Q, w).

It should be emphasised that smooth functions are not dense in W) (Q) without
additional assumptions on the exponent p(z). This feature was observed by Zhikov
[98] in connection with the Lavrentiev phenomenon. However, if the exponent p(z)
is log-Holder continuous, i.e., there is a constant C' such that

C
—log |z — ¥

p(z) — p(y)] < (5.1.3)

for every z,y with |z — y| < %, then smooth functions are dense in variable ex-

ponent Sobolev spaces and there is no confusion in defining the Sobolev space with
zero boundary values, W, "' (Q), as the completion of CZ(€) in W1#()(Q, w) with
respect to the norm |Jul]y1.e)q) (see [66]).
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The space VVO1 P (x)(Q, w) is defined as the completion of C§°(£2) with respect to the
norm [ u|y1pe (00

Throughout the chapter, we assume that p € C'.(Q2) and w is a measurable positive
and a.e. finite function in 2.

The plan of the chapter is as follows. In section 2, we give some preliminaries
of the weighted variable exponent Lebesgue-Sobolev spaces which is given in [70]
and we introduce the notions of weak and also renormalized solution for problem
(E, f). Our first main result, existence of a renormalized solution to (F, f) for any
L> - data f, are collected in section 3. Our second main result, existence of a
renormalized solution to (£, f) for any L' - data f is collected in section 4.

5.1.1 Notions of solutions

Definition 5.1.1 A weak solution to (E, f) is a pair of functions (u,b) €

Wol’p(')(Q,w) x LY(Q) satisfying F(u) € (L]

loc

()N, b e B(u) almost everywhere in

b — div(a(z, Du) + F(u)) = f in D'(Q). (5.1.4)

Definition 5.1.2 A renormalized solution to (E, f) is a pair of functions (u,b)

satisfying the following conditions :

(R1) u:Q — Ris measurable, b € L'(Q), u(x) € D(B(x)) and b(z) € B(u(x))
for a.e.x €.
(R2) For each k >0, T)(u) € Wol’p(’)(Q,w) and
/Q b h(u)p + /Q (a(z, Du) + F(u)) - D / Fhu (5.1.5)
holds for all h € C1(R) and all ¢ € Wi (Q,w) N L=(Q).

(R3) f{k<|u|<k+1} a(x,Du) - Du — 0 as k — oo.
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Remark 5.1.3 Forp € (1,00), 7 © () is defined as the set of measurable functions
u : 2 — R such that for £ > 0 the truncated functions Ty (u) € Wol’p(')(Q,w) and
for every u € 73 (')(Q) there exists a unique measurable function v :Q — RN such

that VI'x(u) = vx{u<k for a.e. z € €, [see [96], [38] for more details].

Remark 5.1.4 Note that if (u,b) is a renormalized solution to (E, f) such that
u € VVO1 P (')(Q,w) , then (u,b) in general is not a weak solution in the sense of
Definition (5.1.1)), since we did not assume a growth condition on ' and therefore
F(u) in general may fail to be locally integrable. If (u, b) is a renormalized solution
of (E,f) such that u € L>(Q), it is a direct consequence of

Definition that u is in W,"” Y(Q,w) and since holds with the formal
choice h = 1, (u,b) is a weak solution.

Indeed, let us choose ¢ € D(2) and plug h(u)p as a test function in (5.1.5)). Since
u € L>(§2), we can pass to the limit with [ — oo and find that u solves (E, f) in

the sense of distributions.

5.2 Case where f € L>(2) -data

5.2.1 Resultat d’existence

In this subsection we will state existence of renormalized solutions to (F, f) in
Theorem [5.2.1] In the next subsections we will present the proof.

Theorem 5.2.1 Under assuptions (W;)—(Ws), (Cy)—(Cs) and f € L>*(Q2). There,

exists at least one renormalized solution (u,b) to (E, f).
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5.2.2 Proof of Theorem [5.2.1]

Approximate problem

First we approximate (E, f) for f € L*>(€Q) by problems for which existence
can be proved by standard variational arguments. For 0 <e <1,let .:R— R
be the Yosida approximation (see [51]) of 5 . We introduce the operators

A Wol’p(')(Q,w) — WP O(Q, w*)

u — Be(T1(u)) + e arctan(u) — div a(z, Du),
Age = WiPN(Q w) — W IPO(Qw*), u — —div F(T1(u)).
Because of (Cy) and (Cs), Aj., is well-defined and monotone (see [76], p.157).
Since . o Th and arctan are bounded and continuous and thanks to the growth
condition (52) on a, it follows that A;.,is hemicontinuous (see [76], p.157).
From the continuity and boundedness of F' o T: it follows that As. is strongly
continuous. Therefore the operator A. = A, —ii As . is pseudomonotone. Using
the monotonicity of 5., the Gauss-Green Theorem for Sobolev functions and
the boundary condition on the convection term [, F'(Ti(u)) - Du, we show by
similar arguments as in [70] that A. is coercive and bounded. Then it follows
from [[76], Theorem 2.7|, that A. is surjective, i.e., for each 0 < ¢ < 1 and
f e WU(Q,w*) there exists at least one solution u. € Wol’p(')(Q,w) to the
problem

(E., f) {@;(Ti(ug)) + e arctan(u.) — div(a(z, Du.) + F(Té (u:)))=f in Q

u: = 0 on Of).
such that
/ (ﬁg(Ti (ue)) + Sarctan(ug))cp +/ (a(z, Du.) + F(Té(ug))) Do =< f,p>
0 Q

(5.2.6)

holds for all ¢ € Y/VO1 P (')(Q,w), where < .,. > denotes the duality pairing between
W (Q,w) and W170(Q, w*).

In the next remark, we establish uniqueness of solutions u. of (E., f) with right-
hand sides f € L*(£2) through a comparison principle that will play an important
role in the approximation of renormalized solutions to (E, f) with f € L1(Q).

Remark 5.2.2 For 0 < e < 1 fixed and f, f € L>(Q) let u., 1. € Wol’p(')(Q,w)

be solutions of (E., f) and (FE., f) respectively. Then, the following comparison
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principle holds :

5/9(arctan(u5) — arctan(a.))" < /Q(f — f)signg (ue — 1.). (5.2.7)

Proof 5.2.3 We use the test function ¢ = H{ (u. — @.) in the weak formulation

for u. and u.. Subtracting the resulting inequalities, we obtain
L+ 2+ s+ I25= 125

Where
1= [ (BT (w)) = BT @) H (0~ ),
25 = /Q(g arctan(u.) — € arctan(a.)) Hy (u. — @.),
£ = [ (ale, Duc) = ae. D)) - DI .~ ),
= [ (F(Ty(0) = F(TL(@)) - DI (. = ),
= [ ) a = )

Passing to the limait with 6 | 0, follows.

Remark 5.2.4 Let f, f € L™(Q) be such that f < f almost everywhere in €,

e >0 and wu.,u. € Wol’p(‘)(Q,w) solutions to (FE., f), (Ex, f) respectively. Then it
is an immediate consequence of Remark that u. < u. almost everywhere in
Q. Furthermore, from the monotonicity of 5. o T Lt follows that also B.(T 1 (ue)) <

B:(T1(@.)) almost everywhere in €.

A priori estimates

Lemma 5.2.5 For 0 < ¢ <1 and f € L*(Q) let u. € Wol’p(’)(Q,w) be a solution

of (E., f). Then,
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i) There exists a constant C1 = C1(||f]|cs A 2(.), N) > 0, not depending on &,
such that
[ D] o) (00) < Ch- (5.2.8)
i)
[1B(Tx (ue)) oo < [I.floo- (5.2.9)

iii) For all I,k > 0, we have

/ a(x, Du.) - Du, < k/ |l (5.2.10)
{I<|uc|<l+k} {Juc[>1}

Proof 5.2.6 i) Tuking u. as a test function in[5.2.6, we obtain

/Q <55(T; (ue)) + 8arctan(ug)>u€dx + / a(z, Du.) - Du.dz

Q

—|—/QF(Ti(u5))-Dugdx: /qugdw.

As the first term on the left-hand side is nonnegative and the integral over the

convection term vanishes by (Cy), we have :
)\/ | DuPYw(z)de < / a(x, Du.) - Du.dx
0

< /fugda:—/fu w/P@) = 1/P) gy

< N[ fllool Dt | o e, (5.2.11)

where C'(p(.), N) > 0 is a constant coming from the Hélder and Poincaré inequa-

lities. From and (5.2.11)) it follows that either

1 p——1
|Dulo@ < (FCG0, Nl
or

Dl o < (FEE) NIl )



Setting Cy := max ((3C((), N)Ifll )™ (3CEO), N fllc) ™), we get i)
i) Taking %[T;H(;(&(T%(ug)))—Tk(ﬂE(Té(ug)))] as a test function in (5.2.6), passing
to the limit with 6 — 0 and choosing k > || f||~, we obtain (ii).

iit) For k,l > 0 fized, we take Ty(u. — Ti(u:)) as a test function in (5.2.6)).
Using [ a(x, Du.) - DTy (u: — Ti(ue))de = f{l<|u5|<l+k} a(x, Du.) - Du.dz, and as
the first term and the second on the left-hand side is nonnegative and the convection

term vanishes, we get

/ a(x, Du.) - Du.dx < / fTi(ue — Ti(ue))dz
{I<]ue|<l+k} Q

<k / |f|da.
{luc|>1}
Remark 5.2.7 For k > 0, from Lemma (iii), we deduce

{luel = 13 < 7% C(p(.),p, A, Cy) (5.2.12)

/ a(z, Duz) - Due < k|| f]loo|{|ue| > 1} < Co(k)1~ W)™ (5.2.13)
{I<|ue|<l+Ek}

Indeed, we have the following continuous embeddings

WP, w) < LF(Q) < L0 (9),

where (pi(x))” = (s——fl_)i\f_i\][)—s"

It follows from Remark that for every [ > 1,

Hﬂ(u)HL(p*s‘)_(Q) < OHDI}<U/)HLP(1)(97W) < C(/Qw(gj)‘Dle(u)lp(x)dx>

where
L {pi if DT || rer 0wy 2> 1
o if IDT(w) || o < 1.
Noting that {|u.| > I} = {|Ti(u:)| > [}, we have
(e > ) < ()

< )" (0( /Q w(a:)|D1}(u)]p(x)dx)y) v (5.2.14)
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Combining ((5.2.11)), (5.2.8) and (5.2.14]), setting

C(p(.), (pﬁ)*, A, Cl) _ C(p:)(C(p(-)?iV)Hf”oocl)l/(P:) >0,

we obtain
[{lue| > 1} < Cp(.), ()", A, CL)I- P (5.2.15)

]. 1 > Z —“.

Hence (5.2.15)) provides (5.2.13)) with C5(k) := C(p(.), (#) ", A CL)E[ f |-

Basic convergence results

Lemma 5.2.8 For 0 < ¢ < land f € L™(9), let u. € Wol’p(')(Q,w) be the
solution of (E., f). There exist u € Wol’p(')(ﬂ,w) and b € L>*(Q2) such that for a

not relabeled subsequence of (u.)y<.<1 ase ] 0:

u. —u in LPY(Q,w) and ae in Q (5.2.16)
Du. — Du in (LPV(Q,w))N (5.2.17)
and  B.(Ti(u:)) = b in  L*(Q). (5.2.18)

Moreover, for any k >0,
DTy(u.) = DTp(u) in  (LPO(Q,w))N (5.2.19)

a(z, DTi(u.)) = a(x, DTi(u)) in  (LPO(Q,w)V. (5.2.20)

Proof 5.2.9 Since (5.2.16)-(5.2.19) follow directly from Lemmal[5.2.5 and Remark

[5.2.7
It is left to prove (5.2.20)). For this end by (Cs) and (5.2.8) it follows that given

any subsequence of (a(x, DTy (uc)):), there exists a subsequence, still denoted by
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(a(x, DT}(u.))e), such that a(x, DTy(u.)) — &5 in (LP'O(Q,w*))V.

We will we prove that ®, = a(x, DTy(u)) a.e. of Q. The proof consists in three
assertions.

Assertion i : For every function h € WH*(R), h > 0 with supp(h) compact, we

will prove that,

lim sup/Qa(x, DTy (u.)) - D[h(us)(Ti(u:) — Tr(w))]dz < 0. (5.2.21)

e—0

Taking h(u:)(Ty(us) — Ti(uw)) as test function in (5.2.6), we have
/Q (B-(T: (o) + e aretan(u.) ) h(uwe) (Ti (1) — T(u))
—I—/Q (a(m, Duc) + F(T: (ug))) - D[h(uz) (T (ue) — T(w))]
= /th(ug)(Tk(ug) — Tr(u)). (5.2.22)

Using  |h(ue)(Th(us) — Ti(w))| < 2k[|h| s,

by Lebesque’s dominated convergence theorem, we find that

e—0

ing [ Fh(uc) () = Th(a) =0
and  lim.o [ F'(Ta(u)) - D[h(u:)(Ti(us) — Ti(u))] = 0.

By using the same arguments in [25], we can prove that

imasup | (T4 (w2)) - [b(0e) (Th(u) = Ti)) e = 0.

e—0

Passage to limit in (5.2.22) and using the above results, we obtain (5.2.21)).

assertion 11 : We prove that for every k > 0,

lim sup /Q a(z, DTy(u.)) - [DTh(us) — DTe(u)ldz < 0. (5.2.23)

e—0

Indeed : See [10)].

Assertion it : In this step, we prove by monotonicity arguments that for k > 0,
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¢, = a(x, DTi(u)) for almost every x € §2. Let ¢ € D(Q2) and & € R. Using

(5.2.23)), we have

alim [ a(x, DTy(u.)) - Dpdx
e—0 O

> Tim sup /Q o(w, DTh(u.)) - [DTh(1.) — DTy(u) + D(a)|da

e—0

> lim sup /Q a(z, D(Ty(u) — ayp)) - [DTy(u:) — DT (u) + D(ayp)|dz

e—0

> lim sup/Qa(x, D(Ty(u) — ap)) - D(ap)]dx

e—0
> 07/ a(z, D(Tx(u) — ap)) - Dedx.
9)
Dividing by & > 0 and by & < 0, passing the limit with & — 0, we obtain
lim [ a(x, DTi(u:)) - Dpdr = / a(z, DT (u)) - Dedzx.
e—0 Q QO

This means that Yk > 0, [, @k - Dodr = [ a(x, DT} (u)) - Dpdz and so
&), = a(z, DT(u)) in D(Q)

for all k > 0 . Hence ®; = a(x, DTi(u)) a.e. in Q and so a(x, DTi(u:)) —

a(x, DT (u)) weakly in (LP0)(Q, w*))V.

Remark 5.2.10 As immediate consequence of ((5.2.23)) and (C3), we obtain

li_r}ré Qa(x, DTy (u.)) — a(x, DTy (u)) - (DTy(us) — DTy(u)) = 0. (5.2.24)

Lemma 5.2.11 The limit u of the approximate solution wu. of (E., f) satisfies

lim a(x, Du) - Dudx = 0. (5.2.25)

=00 J{i<|ul<l+1}

120



Proof 5.2.12 To this end, observe that for any fixed [ > 0, one has

/ a(x, Du.) - Du.dx = / a(x, Du.) - (DT141(us) — DTj(u.))dx
{I<|uc|<l+1} 0

~ [ ale. DTs(w)) - DTis(u)ds ~ [ ol DTi(w)) - DTuc))ds,
Q Q

According (5.2.24])) is at liberty to passe to the limit as ¢ — 0 for fized | > 0 and to

obtain

lim a(x, Du.) - Du.dx

20 Jl<luc|<i+1}

~ [ ale. DTa(w) - DTia(u)de ~ [ ale. DTw) - DTi(w)ds
Q

0
= / a(x, Du) - Dudzx. (5.2.26)
{i<|ul<l+1}

Taking the limit as | — 400 in (5.2.26) and using the estimate ((5.2.13)) show that

u satisfies (R3) and the proof of the lemma is complete.

5.2.3 Concluding the proof of Theorem [5.2.1] .

Let h € C}(R) and ¢ € Wol’p(')(Q,w) N L>°(Q) be arbitrary. Taking
hi(uz)h(u)p as a test function in ((5.2.6]), we obtain
151’14‘]52’[—“]3’[—{‘]31 - ]g,l (5227)

where

1= [ BT (o

I =c¢ /Q arctan(u. )Ry (uz)h(u)o
1= | als, Du) - Ditu(uh(u)o
= [ PT) - Dluuc)hlu)o)

l—/fhlue
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Step i : Passing to the limit with ¢ | 0 obviously,
lim /2, = 0. (5.2.28)

e—0

Using the convergence results (5.2.16)), (5.2.18) from Lemma [5.2.8] we can imme-
diately calculate the following limits :

lii%lel’l:/sﬂhl(u)h(u)qﬁ, (5.2.29)
lii%[gl: /Q fhi(u)h(u)o. (5.2.30)

We write [ g’l =1 5’7’11 +1 g’f where
Iy = [, hi(uoa(x, Dug) - Duch(u)g and 17 = [, hi(ug)a(x, Dug) - D(h(u)g).
Using ((5.2.13]), we get the estimate

[im 25| < [Allsolllss - Co (1) (5.2.31)

Since modular convergence is equivalent to norm convergence in LPU)(,w), by
Lebesgue Dominated Convergence Theorem it follows that for any i € {1,..., N},

we have

0 0
g, (W)9) = hulu)5 -

Keeping in mind that IS”ZQ = [ hi(uc)a(z, DT (us)) - D(h(u)g).
By ((5.2.20]), we get

hy(u.) (h(u)¢) in LPY(Q,w) ase | 0.

e—0

lim 177 = / hi(uw)a(z, DTy 1 (u)) - D(h(u)g). (5.2.32)
Q
Let us write ]él = Ii’ll + Iff, where

5 = [ B P () - Duchw)o

14 = [ () F(Ty 00) - Dib(w)o),
Q

For any [ € N, there exists £¢(1) ; such that for all € < g¢({),

1 = [ B ) FTia ) Db, (5:233)
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Using Gauss-Green Theorem for Sobolev functions in ((5.2.33)), we get

Tl+1(u6)
i /Q / B(r)F(r)dr - D(h(u)®). (5.2.34)
0
Now, using (5.2.16)) and the Gauss-Green Theorem, after letting ¢ | 0, we get
M%ﬁ}_/ﬁx)meDumw¢ (5.2.35)
e—=0 =

Choosing £ small enough, we can write

15 = [ )P0 ) - D)o (5.2.36)
and conclude
EgéﬁiLMWWW%DmWW) (5.2.37)

Step ii : Passing to the limit with [ — oco. Combining (5.2.27) and (5.2.28])-
(5.2.37))), we find

N+ G+ 0+ 10+ =10 (5.2.38)
where
I} = Jo bhu(u)h(u), = Jo(uwa(z, DTys1(u)) - D(h(w)9),
117 < Co(D)I7 P (| Allso | ] I}t = [o (W) F(u) - D(h(u)),
= [ hi(u - Du h(u)o, I} = [o f hi(uw)h(u)o.
Obv1ously, We have
llim I} =0. (5.2.39)

Choosing m > 0 such that supp h C [—=m, m], we can replace u by T, (u)

in I, 12, ... 1P, and hj(u) = B)(T(u)) = 0if L+ 1 > m, h(u) = hy(Tn(u)) = 1, if
[>m.

Therefore, letting | — co and combining with (5.2.39), we obtain

/@mw¢+/%qapm+4wmy1xmw@:i/fm@¢ (5.2.40)
Q Q Q)

for all h € CH(R) and all ¢ € W, "(Q,w) N L¥().
Step iii : Subdifferential argument. It is left to prove that u(x) € D(5(z))
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and b(x) € [(u(z)) for almost all z € Q. Since f a is maximal monotone
graph, exists a convex; l.s.c. and proper function j : R — [0,00], such that
B(r) =0j(r) forall r € R. According to [51], for 0 < e <1, j.: R — R defined
by j.(r) = for B-(s)ds has the properties see chapter 3 page 56. Using the same
argument in [89], we can prove that for all » € R and almost every x € (,
u € D(B) andb € [(u) almost everywhere in 2. With this last step the proof
of Theorem is completed.

5.3 Case where f € L}(Q) -data

In this section we establish the existence and uniqueness of renormalized solution
to the degenerated problem (E, f) with f € L1(Q).

5.3.1 Results of existence

Theorem 5.3.1 Under assuptions (H;) — (Hs), (Co) — (C3) and f € LY(Q), there

exists at least one renormalized solution (u,b) to the degenerated problem (E, f).

5.3.2 Proof of theorem

Approximate problem and a priori estimates

To prove Theorem [5.3.1,, we will introduce and solve approximating problems.
To this end, for f € L'(Q2), and n,m € N, we define f,,, : Q — R by

fmn = max(min(f(x),m), —n)

fOI' almOSt every r € Q ) Cleaﬂy fm,n € LOO(Q) fOl‘ eaCh m,n - N,
| frn(2)| < |f(2)] a.e in © hence

lim lim f,,, = fin L'(Q) for almost everywhere in €.
n—o0 m—00

The comparison principle from Remark will be the main tool in the second
approximation procedure. For f € L'(Q2) and m,n € N, let f,,, € L>(Q) be
defined as above. From Theorem it follows that for any m,n € N, there exists
Um.n € VVO1 () (Q,w), by, € L>(Q) such that (upy, n, bypn) is a renormalized solution
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of (E, fmn). Therefore

/Qbm,nh(um,n)gb—f—/g(a(anum,n)+F(um,n)) ’ Umn /fmn umn
(5.3.41)

holds for all m,n € N, h € CL(R), ¢ € Wy (Q,w) N L=(Q).
In the next Lemma, we give a priori estimates that will be important in the follo-
wing :

Lemma 5.3.2 For m,n € Nlet (uy, n, by.n) be a renormalized solution of (E, fi,,).
Then,

i) For any k > 0, we have

k
[ DT sty < S (5.3.42)
Q

ii) For k > 0, there exists a constant C3(k) > 0, not depending on m,n € N, such

that

”Wol’p(')(Q,w)

iii) For all m,n € N, we have :

[l < N1 F1l1- (5.3.44)
Proof 5.3.3 For I,k > 0, we plug hi(tmn)Tk(umn) as a test function in (5.3.41)).
Then i) and ii) follow with similar arguments as used in the proof of Lemmal5.2.5.
To prove tii), we neglect the positive term [, a(x, DTj(tUpn)) DTk(Um,) and keep
/ binn L (U ) < / fmnlmn- (5.3.45)
Q Q

Since by, € B(Uumn) a.e. in Y, from (5.3.45)) it follows that

/ D S/Ifl (5.3.46)
{|tm,n|>k} Q
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and we find i) by passing to the limit with k | 0.
By definition we have
fm,n S fm+1,n and fm,nJrl S fm,n- (5347)

From Remark [5.2.9 it follows that

U < Ut A0 Uy g < g,y (5.3.48)

almost everywhere in  for any m,n € N and all € > 0, hence passing to the

limit with € | 0 in (5.3.48) yields

U < Umt1n ANA U1 < Uy (5.3.49)

almost everywhere in ) for any m,n € N. Setting b. = B.(T1(u.)) using (5.3.48),

Remark |5.2.4 and the fact that b, — b, in L>(Q) and this convergence pre-

serves order we get
bm,n S bm+1,n and bmm—i—l S bm,n (5350)

almost everywhere in €2 for any m,n € N. By and (5.3.44), for anyn € N
there exists b" € LY(Q) such that by, — b" as m — oo in L'(Q) and almost
everywhere in Q and b € LY(), such that b — b as n — oo in L(Q) and almost
everywhere in (). By , the sequence (Upn)m s monotone increasing, hence,

for any n € Nyuy, — u" almost everywhere in €}, whereu” : Q@ — R is a
measurable function. Using again, we conclude that the sequence (u"),, is
monotone decreasing, hence u™ — u almost everywhere in S, where u: Q — R is
a measurable function. In order to show that u s finite almost everywhere, we will

gwe an estimate on the level sets of uy,, in the next lemma.
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Lemma 5.3.4 For m,n € Nlet (uy, n, by.n) be a renormalized solution of (E, fi,,).

Then, there exist a constant C; > 0, not depending on m,n € N, such that
{[ttmn] > U] < Cyln ! (5.3.51)
forall [ > 1.

Proof 5.3.5 With the same arguments as in Remark[5.2.7], we obtain

ol 20 = [ [ Tina)lda

{tmn>1}

< C|| DT (i) | 1) (00,0)
<o [ o)
Q
< Clx.

Where
p~ if HDTl(um,n)”LP(@(Q,w) <1

p"if  [IDT(umn) |l e 0wy > 1

which implies that,

Cy
1=

K

Vi>1.

(il = 1}] <

Note that, as (Upmn)m S pointwise increasing with respect to m,

T {funal > 23] = [{lu"] > 1}, (535
and
Tim [{fum | > =1} = [{[u"] = =1}]. (5.3.53)
Combining with and (p.3.53), we get
{lu" > 3] + {Ju"| > =1}] < O, (5.3.54)
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for any | > 1, hence u" is finite almost everywhere for any n € N. By the same

arguments we get
{lul = 3 + {Ju| > =1} < Cul=™ (5.3.55)

from (5.3.54)), hence u is finite almost everywhere. Now, since by, , € B(tp.) almost
everywhere in € it follows by a subdifferential argument that b" € B(u™) and b €

B(u) almost everywhere in €.

Remark 5.3.6

/ a(x, Dy p) + Dupp < k(/ | f] +/ |f|) (5.3.56)
{I<fum n|<l+k} {lum n[>130{[ f]<6} {lf1>6}

for any k,1,6 > 0. Now, applying (5.3.51)) to ([5.3.56)), we find that
/ a(z, Dup.p) - Dy, < k0Cy CRLs k‘/ |f] (5.3.57)
(1< thyn | <1} {IfI>0}
holds for any k,0 > 0, > 1 uniformly in m,n € N.

Basic convergence

Lemma 5.3.7 For m,n € N let (upn,bnn) be a renormalized solution of
(E, fmn)- There exists a subsequence (m(n)), such that setting f,, := fn)n, bn =

bm(n),n; Up = Um(n)n, WE have
up, — u almost everywhere in (). (5.3.58)

Moreover, for any k& > 0,

Te(up) = Tp(u) in WP (Q,w) (5.3.59)

DTy(up) = DTi(u) in  (LPO(Q,w))N (5.3.60)
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a(z, DT (un)) — a(z, DTi(u)) in  (LPO(Q,w)V. (5.3.61)
as n — 00.
Proof 5.3.8 We construct a subsequence (m(n)),, such that
arctan (U (n)») — arctan(u), by, := by, — b, fu = fommn — f

as n — oo in LYQ) and almost everywhere in Q. It follows that (5.3.58) and

(5.3.59)) hold. Combining (5.3.59) with (5.3.43)), we get Ty(u) € Wg’p(')(Q,w),

Ti(un) — Tr(u) in Wol’p(')(Q,w) and (5.3.60) holds for any k > 0. From (5.3.42)
and (Cs) it follows that, for fized k > 0, given any subsequence of (a(x, DTy (uy)))n

there exists a subsequence, still denoted by a(x, DTy (uy,))n, such that
a(z, DTi(un)))p = ®p in (LXO(Q,w*)V.

as n — 00. Since hy(u,)(Ty(u,) —Ti(uw)) is an admissible test function in (5.3.41]) ),

we obtain

lim sup /Q a(z, DTy(uy)) - D(Th(un) — To(u)) < 0 (5.3.62)

n—oo

holds. Then, (5.3.61)) follows with the same arguments as in the proof of Lemma

:

Remark 5.3.9 With the same arguments as in Remark|5.2.10} and Lemma|5.2.11],

we have

lim (a(a:, DTi(u)) — afx, DTk(u))) D(Ty(un) — Te(w)) = 0. (5.3.63)

n—oo QO

lim a(x, Du) - Du = 0. (5.3.64)

=00 J{i<|ul<l+1}
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Conclusion of the proof of Theorem [5.3.1

It is left to prove that (u,b) satisfies

/ bh(u)p + / (a(r, D) + F(u)) - D(h(u)@) = / Fh(u)s. (5.3.65)
Q Q Q

for allh € CHR), ¢ € Wol’p(')(Q,w) N L>(Q). To this end, we take h € Cl(R)
¢ € Wol’p(')(Q,w) N L>(Q2) arbitrary and plug h;(u,)h(u)¢ into (5.3.41)) to obtain

Ly + I3+ 1oy = Loy, (5.3.66)
where

I, = / bulu(un)h(w)d, 12, = / a(z, D) - D(hu(un) (1))
B, = /Q Fu,) - D(ha(un)h(u)), I}, = /Q S i) h(u)

Step 1 : Passing to the limit with n — oo, applying the convergence results from
Lemma [5.3.7}, we get

lim I, /bhl(u)h(u)¢ (5.3.67)
n—oo Q

lim I, = [ fh(u)h(u)p. (5.3.68)
n—od Q

Let us write

where

With similar arguments as in the proof of ((5.2.32)) it follows that

h_)m [2; = / hi(uw)a(z, Du) - D(h(u)). (5.3.69)
n—,oo Q
By (5.3.57)), we get the estimate
i 22 < bl el (0 4 [ p1), (53.70)
{l71>4}
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forallneN andall [ >1,0 > 0.
Next, we write

3 131 3,2
=15 +1

n,l

where

tim 12 = [ (@) F(w) - D)o (5.3.71)
Tg&ﬁleyﬂmmeLthm (5.3.72)

follows with the same arguments as in ((5.2.33))-(5.2.37)).

Step 2 : Passing to the limit with [ — oo. Combining ([5.3.66)) with ([5.3.67))-
(5.3.72)), we get for all 6 > 0 and all [ > 1

N+ L+ + L+ =1 (5.3.73)

where,
1= [ (e
.ﬁzﬁmwmenmw»waw>

191 < ol (sCaE [ 1)
{If[>0}

for any 6 > 0 and

ﬁ=L¢wammwm
ﬁzﬁmwwm»mmwm
|ﬁ:[ﬁmwmw¢
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Choosing m > 0 such that supp h C [—m, m], we can replace u by T, (u) in I},...

A l6, hence

fin 1} = | b
lim I} = /Qa(x,Du) - D(h(u)o)

l—00

nmmsmmwm/ /]

{lf[>o}
lim I}' = 0
|—00
lin 17 = [ F(w)- D(u(a)o)
—00

hm \]l\—/fh

(5.3.74)
(5.3.75)

(5.3.76)

(5.3.77)

(5.3.78)

(5.3.79)

for all § > 0. Combining (5.3.73)) with (5.3.74]) - (5.3.79)), we finally obtain that

(5.3.65) holds for all h € CL(R) and all ¢ € Wo""(Q,w) N L¥(Q).

Hence (u, b) satisfies (R1), (R2) and (R3) and proof of theorem is completed.
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Chapitre 6

Renormalized solutions of nonlinear parabolic

problems in Weighted variable exponent Sobolev

spaces

H In this chapter, we study the existence of renormalized solutions for the
nonlinear p(z)-parabolic problem with f € L'(Q) and b(x,ug) € L*(2). The main
contribution of our work is to prove the existence of renormalized solutions of the
weighted variable exponent Soblev spaces and we suppose that H(z,t,u, Vu) is
the non linear term satisfying some growth condition but no sign condition or the
coercivity condition.

6.1 Introduction

Let Q be a bounded domain in R¥(N > 1),T is a positive real number, and
Q = Q x (0,T7). We are interested in existence of renormalized solutions to the
following nonlinear parabolic problem

W) — div(ale, t,u, Vi) + H(x,t,u, V) = f in Q = Q x (0,7)

(P) < b(z,u) |i=0= b(x,up) in
u=0 ondQx(0,7),

1. Electronic Journal of Mathematical Analysis and Applications,Vol. 4(1) Jan. 2016, pp. 42-62.

133



where f € LYQ), b(z,up) € LY(Q) . The operator —div(a(x,t,u, Vu) is a Leray-
Lions operator defined on L* (0,7 Wol’p(')(Q, w)) (see assumption ([6.3.6))-(6.3.8)) of
section 3) which is coercive b(x, u) is an unbounded function of u, H is a non linear

lower order term. The notion of renormalized solutions was introduced by R. J.
Diperna and P. L. Lions [56] for the study of the Boltzmann equation. It was then
used by L. Boccardo and al [47] when the right hand side is in W5 (Q) and by
J. M Rakoston [84] when the right hand side is in L'(£2).
It is our purpose to prove the existence of renormalized solution of weighted variable
exponent Sobolev spaces for the problem (P) setting without the sign condition
and without the coercivity condition, the critical growth condition on H is only
with respect to Vu and not with respect to u (see assumption H2). Where the right
hand side is assumed to satisfy : f belongs to L'(Q). Other work in this direction
can be found in [ [3],[9],[81],[82]].
For the convenience of the readers, we recall some definitions and basic properties
of the weighted variable exponent Lebesgue spaces Lp(x)(Q,w) and the weighted
variable exponent Sobolev spaces W1P(®) (), w). Set

Ci(Q) = {p € C(Q) : minp(x) > 1}.

xeQ
For any p € C(Q), we define p™ = max,gp(z), p = min,gp(z).

For any p € C'.(2), we introduce the weighted variable exponent Lebesgue space
LP7)(Q, w) that consists of all measurable real-valued functions u such that

LP9(Q,w) = {u: Q = R, measurable, / u(z)|P@w(z)dz < o).
0

Then, LP®)(Q, w) endowed with the Luxemburg norm

U] oo () = IDF{A >0 / |— de < 1}
becomes a normed space. When w(z) = 1, we have LP®)(Q,w) = LP@(Q) and
we use the notation |u|sw q) instead of |u|pw(q.). The following Hélder type

inequality is useful for the next sections. The Welghted variable exponent Sobolev
space WP(*)(Q, w) is defined by

W () = fu € L/(Q); [Vul € PI(Q,w)},
where the norm is
HUHWM’(%)(Q,W) = ‘U‘Lpu)(g) + ‘VU‘Lp(w(Q’w) (6.1.1)
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or, equivalently
, u(x) (s
HUHWLP(.T)(QM =inf{\ > 0: /Q \¥\p( ) ¢ w(z)]

for all u € WP)(Q, w).
It is significant that smooth functions are not dense in W' (Q) without additio-

Vu(x)
A

|p(w) dr < 1}

nal assumptions on the exponent p(x). This feature was observed by Zhikov [98]
in connection with the Lavrentiev phenomenon. However, if the exponent p(z) is
log-Holder continuous, i.e., there is a constant C' such that

C
|p(£C) _p(y)’ < —IOg‘EU . y|

for every x,y with |z —y| < %, then smooth functions are dense in variable exponent

(6.1.2)

Sobolev spaces and there is no confusion in defining the Sobolev space with zero
boundary values, I/VO1 () (€2), as the completion of C3°(€2) with respect to the norm
[[u][ 1o ) (see [66]).

The space W, *)(Q, w) is defined as the completion of C5°(€2) in W@ (0, w) with
respect to the norm |[ul]y1pe) ()

Throughout the chapter, we assume that p € C'(€)) and w is a measurable positive
and a.e. finite function in 2.

This chapter is organized as follows. In section 2, we state some basic results for
the weighted variable exponent Lebesgue-Sobolev spaces which is given in [70]. In
section 3, we make precise all the assumption on b, a, H, f and b(x,uy) and
give the definition of a renormalized solution of the problem (P) and main results,
which is proved in section 4.

6.2 Some Technical Results

Lemma 6.2.1 Assume (6.3.6) -(6.3.8) and let (un), be a sequence in

Lr (0,7, Wg’p(')(ﬁ,w)) such that u, — u weakly in LV (0,T, Wol’p(')(ﬂ, w)) and
/ (a(x, t, Uy, Vu,) — a(z, t, uy, Vu)) - V(u, —u)dxdt — 0. (6.2.3)
Q

Then, u, — u strongly in LV (0, T, Wol’p(')(Q, w)).
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Proof.

Let D,, = la(z,t, u,, Vu,) — a(z,t,u,, Vu)|V(u, — u), thanks to (6.3.7), we have
D,, is a positive function, and by , D, — 0in L1(Q) as n — oo.
Extracting a subsequence, still denoted by u,,, we can write u,, — v a.e. in ¢) and

since D,, — 0 a.e. in (). There exists a subset B in () with measure zero such that
for all (t,x) € Q\B,

lu(z,t)] < oo, |Vu(z,t)] <oo, K(z,t)<oo, u,—u, D,—0.
Taking &, = Vu,, and £ = Vu , we have
Dn(.fl?,t) - [a’(x7t7un7€n) - a(x7t7un7€)] ’ (é.n - f)

= CL(.I, L, Un, gn)fn + a(x; L, Un, £>€ - CL(CIZ, t unnfn)g - CL(.I, L, Un, g)fn
> aw(@)[€ ") + aw ()|

= B (@) (k(, ) + 0 (@) g1+ M) ), ) e
— ) () (k(m 1) + ! (@) O MO )P )6
> (@) — Cosl + @), + PO @) 6]

where C,; depending on x, but does not depend on n. (Since u,(z,t) — u(x,t)
then, (u,), is bounded), we obtain

Co Cx,twﬁ C’ac,twﬁ
[ [P [l \fn\p(”‘J

by the standard argument (&), is bounded almost everywhere in . Indeed, if
|€,| = o0 in a measurable subset F € () then,

Dy(a,1) = |6 (aw(x) -

1 1
C Cpw? @ O e
lim [ D,(x,t)dx > hm / £, P ozw T) ot il cad > = 0,

=0 Jo & @ 6] &Pt
which is absurd since D, (z,t) — 0 in L}(Q)). Let ¢* an accumulation point of
(&n)n, we have |£*] < oo and by continuity of af(., ., .,.), we obtain

a(x,t,u(:c,t),f*) - a(x,t,u(x,t),f)] ’ (fn - ‘5) =0,

thanks to ((6.3.7]), we have £* = £, the uniqueness of the accumulation point implies
that Vu,(z,t) — Vu(zx,t) a.e. in Q. Since the sequence a(x, t, u, Vu,) is bounded in
(LP@(Q,w )N and a(z,t,u, Vu,) = a(z,t,u, Vu) a.e. in Q, Lemma|1.2.8| implies

a(x,t, u,, Vu,) — a(z,t,u, Vu) 111(Lp (Q, NV,
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Let us taking 4, = a(x,t, u,, Vu,)Vu, and y = a(z,t,u, Vu)Vu, then g, — 7y in
LY(Q), according to the condition (6.3.8]), we have

aw(z)|Vu, [P < a(z, t, u,, Vi,

~—r

Vu,.

]

Let z, = |Vu,|[P®w, 2 = |Vu|!®w and v, = %", Yy =

we obtain

Then, by Fatou’s Lemma,

o’

n—oo

/ 2udxdt < lim inf/ (Yn +y — |20 — 2|)dxdt,
Q Q

i.e., 0 <limsup,_,o [, |20 — z|dzdt, hence

0< liminf/ |2, — z|dx << limsup/ |z, — z|dx <0,
Q Q

n—00 n—00
this implies
Vu, = Vu in (LP%(Q,w))Y,

we deduce that
= in L2 (0, T, Wy ™ (Q,w)),

which completes our proof.
Let X = Lp_(O,T;WOl’p(x)(Q,w)), the dual space of X is X* =
L7 (0, T; (W ™ (2,w))"),

Lemma 6.2.2 (See[80].)
W= {u eViu € V* + Ll(@)} — ([0, T]; L'()
and

W N LX(Q) = C([0,T]; L*(2)).

Definition 6.2.3 A monotone map T : D(T) — X* is called mazximal monotone
iof its graph
G(T) = {(u,T(u)) € X x X* for alluc D(T)},
1s not a proper subset of any monotone set in X x X*.
Let us consider the operator % which induces a linear map L from the subset
D(L) = {U € X:v e X" v0)= 0} of X into X by
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T
<LU,U>X = / (W'(t),v(t))ydt we D(L), veX.
0
Definition 6.2.4 A mapping S is called pseudo-monotone with u, — u and
Lu, — Lu and lim,,_, sup{S(u,),u, — u) < 0, that we have

lim,, 00 SUP <S(un), Up — u> =0 and S(u,) — S(u) as n — occ.

6.3 Assumption and Main Results

Throughout the paper, we assume that the following assumption hold true.
Assumption (H1)
Let Q be a bounded open subset of RM(N > 1), p € C(Q) and
b: QxR — Risa Carathéodory function such that for every x € €, b(x,.) is a
strictly increasing C'! function with

b(x,0) = 0. (6.3.4)

Next, for any k > 0, there exist A, > 0 and functions A;, € L>®(Q) and B, € LPV)(Q)

such that

ob(x, s)
0s

for almost every x € 2 and every s such that |s| < k, we denote by

D, (0b(x, s) \ 0s) the gradient of 9b(x, s) \ Js defined in the sense of distributions.

Assumption (H2)

We consider a Leray -Lions operator defined by the formula :

Au = —div a(x, t,u, Vu),

A <

< Au(z) and \DQC(%(@‘Z 3))) < By(x), (6.3.5)

where a : Q x [0,7] x R x RY — R is a Caratheodory function i.e., (measurable
with respect to z in Q for every (s,&) in R x RY and continuous with respect to
(5,€) in R x RY, for almost every z in ) which satisfies the following conditions
there exist k € Lp/(')(Q) and a > 0, § > 0 such that for almost every (z,t) € @ all
(5,6) e R x RY,

la(x, t,5,6)| < Bw' P (@) [k(x, t) + !PT QUVPE () [P (6.3.6)
la(z,t,5,6) —alz,t,s,m)] - (E—n) >0 VEF#neRY, (6.3.7)
a(z,t,5,8) - & > awl¢P). (6.3.8)
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Assumption (H3)
Let H:Q x[0,7] x R x RY — R is a Carathéodory function such that for a.e.
(x,t) € Q and for all s € R, £ € RV, the growth condition

[H(z,t,5,8)] < v(z,t) + g(s)w|¢[P™) (6.3.9)

is satisfied, where ¢ : R — R™ is a bounded continuous positive function that
belongs to L'(R), while v € LY(Q).
We recall that, for £ > 0 and s € R, the truncation function Tj(.) defined by

Ti(s) = 1 ° if lsl<k
S) =
) ks if sl k.

Definition 6.3.1 Let f € LY(Q) and b(.,uy) € L'(Q). A real-valued function u

defined on @ is renormalized solutions of problem (P) if :

Typ(u) € LY (0, T: Wo*(Q,w)) for all k > 0, b(z,u) € L0, T; L'(Q)), (6.3.10)

/ a(z,t,u, Vu)Vudrdt — 0 as m — oo, (6.3.11)
{m<|u[<m+1}

0Bgs(x,u)

T div (S’(u)a(w, t,u, Vu)) + S"(w)a(z, t,u, Vu)Vu

+H (z,t,u, Vu)S' (u) = £S5 (u) in D'(Q), (6.3.12)

for all S € W?2>*(R), which are piecewise C* and such that S’ has a compact

support in R, where Bg(x,z) = [ %S’(r)dr and

Bgs(z,u) |i—o= Bg(x,up) in Q. (6.3.13)

Remark 6.3.2 Equation (6.3.12) is formally obtained through pointwise multipli-
cation of problem (P) by S'(u). However, while a(x,t,u, Vu) and H(x,t,u, Vu)
do not in general make sense in (P), all the terms in have a meaning in
D'(Q). Indeed, if M is such that supp S C [-M, M], the following identifications

are made in :

— S(u) belongs to VN L>®(Q). Since S is a bounded function.
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- S'(u) a(z,t,u, Vu) identifies with S'(u) a(x,t, Th(u), VI (u)) a.e. in Q,

for any ¢ € D(Q), using Holder inequality

/ S'(w)a(z, t,u, Vu)Vodrdt = / S'(w)a(z, t, Tar(u), VT (u))Vdrdt

< OIS 1<(g) max / 9T () / VT Pw) Vel o)
where M > 0 is that supp S" C [—M, M]. As D(Q) is dense in V, we deduce that
div(S (w)a(z, t,u, Vu)) € V*.

- S"(u) a(z,t,u, Vu)Vu identifies with S"(u) a(x,u, Ty(uw), VI (w)) VT (w)
and
S"(w)a(x,u, Ty (w), VI (w)) VT (u) € LHQ).
- S'"(u)H (x,t,u, Vu) identifies with S'(u)H (z,t, T (w), VT (1))
a.e. in Q. Since |Ty(u)| < M a.e. in Q and S'(u) € L*(Q),
we see from and that  S"(u)H (x,t, Ths(u), VT (u)) € LN Q).
') f belongs to LMQ).
The above considerations show that equation ) hold in D'(Q) and that

0Bg(z,u)
ot

Due to the properties of S and (6.3.12), 85

e V*+ L'Y(Q).

+ LYQ), using Lemma |1.2.9

which implies that S(u) € C°([0,T); Ll(Q)). So that the initial condition ([6.3.13))

makes sense since, due to the properties of S (increasing) and (6.3.5)), we have

(Bs(z,r) — Bs(,1') (6.3.14)

< Aul@)|S(r) - ()

Theorem 6.3.3 Let f € LY(Q), p(-) € C.(Q) and assume that ug is a measurable

function such that b(.,ug) € L'(). Assume that (H1) — (H3) hold true. Then
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there, ezists a renormalized solution u of problem (P) in the sense of Definition

0.5, 1.

6.4 Proof of Main Results.

6.4.1 Approximate problem

For n > 0, we define approximations of b, H, f and ug. First set
1
bo(z,7) = b(x, T,(1)) + e (6.4.15)

b, is a Carathéodory function and satisfies (6.3.5)). There exist \,, > 0 and functions
A, € L>®(Q) and B,, € L*)(Q) such that

A, < M < A,(x) and ‘Dw (M)‘ < By(x) a.e.in Q, s € R.
0s 0s
Next, set
H(x,t

Hn(gj,t,S,S) — 1(37, 7575) )

1+H‘H(x7t757€)|

Note that |H,(z,t,s,£)| < |H(x,t,s,§)|
and |H,(z,t,5,6)| < nforall(s,&) € RxRY

and select f,, ug, and b,. So that

fo€ P"O(Q) and f, — f a.e. in Q, strongly in L'(Q) as n — oo, (6.4.16)
o € D(Q), ba(@.wo) o < || ey, (6417)
b (2, Uon) — b(x, up) a.e. in Q and strongly in L'(Q).  (6.4.18)

Let us now consider the approximate problem

W — div(a(x, t,up, Vuy)) + Hy(z, t,up, Vu,) = f,  in D'(Q),
(Pn) bn(.CE, un) |t:0: bn(l', uOn) in Q)

u, =0 on 00 x (0,7T).

Theorem 6.4.1 Let f, € LP (0,T;W=0(Q,w*), p(-) € CL(Q) for fived
n, the approzimate problem (P,) has at least one weak solution wu, €
L2 (0, T; WP (, w)).
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Proof.

We define the operator L, : LP (0,7} Wol’p(m)(Q,w)) — LP(0,T; W=7 0(Q, w*))
by

<Lnu, v> fQ Obn af“ vdxdt = fQ %“gi’“)%—?vd:ﬁdt Yu,v € LP (0,T; W&’p(')(Q,w)),
then,

‘<Lnu,v>‘ < ‘/ / dxdt‘ = ‘/ / —w ~ 3w dadt
0

1
< (_ > Ap LOO/ P’ (@) (0w dt
L)l 0 12 o ;
1
1 1

< Cijv HLp— 0,7, Wy "™ (Qw))"

We define the operator G,, : LP (0, T Wol’p(')(ﬂ,w)) — L7 (0,7, W=7 0)(Q, w*))

by, <Gnu,v> = / H,(z,t,u, Vu)vdzdt Yu,ve LP (0,T; Wol’p(')(Q,w)).
Q
Thanks to the Holder inequality, we have that for u,v € L (0,7} Wol’p(')(Q, w))
T
/ H,(z,t,u, Vu)vdzdt < ‘ / / H,(x,t,u, Vu)vdxdt‘
Q 0 Jo

T
< ‘/ /Hn(a:,t,u,Vu)wW(lw)vaé)dxdt‘

§(1 / /‘H :UtuVu

p

<0( +i) " ( W d ) 0]l dt
- v/ J 0 Wy ()

p'(z) _r@ 0
W 4w ) (0] oyt

1/p~ 1 H,(x,t,u,V > 1
with 4 — /pl+ Z_f | Hy (2, t,u, V) || 1)
1/p if HHn(ZU,t,U,VU)HLI(Q) < 1.

Lemma 6.4.2 Let B, : L' (0, T; W, *Y(Q,w)) — LY~ (0, T, W 170(Q, w)).
The operator B, = A+ G, is
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a) coercive
b) pseudo-monotone

¢) bounded and demi continuous.

Proof. a) For the coercivity, we have for any v € L? (0, T} Wol’p(')(ﬂ,w))

(B = (Gunn) + (A
= (Bt~ (G = (Au

then, <Bnu,u> — <Gnu,u> = / a(z,t,u, Vu)Vudzdt
Q

T
= / / a(x,t,u, Vu)Vudxdt
0o Jo

2/ a(/ IVuPWw(z)dr)dt  (using (6.3.5))

5
> af|Vull7, OO (Qw) = BHUH (0.1, PO (Qw))’

which is due to Poincaré inequality with

p~ if |[Vul L OO (@) ~
p" if IVull - o gy < 1

hence, <Bnu,u> — <Gnu U> > 5HU|| (07w (Q,0))

then, we have

—CQ—>—|—OO

(B ) > flul’!

HUHLP_ 0,7;W3 "9 (Qw))

<Bnu, u>

HuHLV (0,7;Wy "™ (Qw))

0,7;We " (Qw))

= — +00 — 400

as HUHLf 0,1;W3 "9 (Qw))

then, B,, is coercive.
b)It remains to show that B, is pseudo-monotone.
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Let (uy)r a sequence in LP (0,7} Wol’p(')(Q,w)) such that
we —u in LY (0,T; Wy (Q,w))

Lyup — Lyu in LP (0, T; W™0(Q, w") (6.4.21)
lim sup <Bnuk, up — u> <0
k—o0

that, we have prove that
Byuy = Byu in L (0,T; W&’p(')(ﬂ,w)) and (Bpug, ug) — (Bpu, u).

By the definition of the operator L, defined in definition [6.2.3] we obtain that
uy is bounded in Wol’p(')(Q,w) and since Wg’p(')(Q,w) — LP0(Q) then up — u
in L (0,T; I/Vol’p(')(Q,w))7 then the growth condition (6.3.6) (a(z,t, ux, Vug))x is
bounded in (L”)(Q,w*))" therefore, there exists a function ¢ € (LP0)(Q,w*))V
such that

a(x,t,ug, Vug) = ¢ as k — +oo. (6.4.22)

Similarly, using condition (/6.3.9)), <Hn(x,t,uk, Vuk))k is bounded in L'(Q), then
there exists a function 1, € L'(Q) such that :

H,(x,t,up, Vug) — ¢, in L'(Q) as k — +o00. (6.4.23)

lim <Bnuk,uk> = limkﬁw[<G”uk’uk> T <Auk’uk>}

k—o0

k—o0

= lim {/ a(x,t,uk,Vuk)Vukdxdt—F/H(x,t,uk,Vuk)ukdxdt}
Q Q

= /@Vukda:dt—F/wnukdajdt (6.4.24)
Q Q

using (6.4.21]) and ((6.4.24]), we obtain
lim sup <Bnuk,uk> = lim sup{/a(x,t,uk,Vuk)Vukdxdt
Q

k—o00 k—o0

+ /H(az,t,uk,Vuk)ukdxdt}
Q

< /@Vudxdt+/¢nuda:dt (6.4.25)
Q Q

thanks to ((6.4.23)), we have :

/Hn(x,t,uk,Vuk)da:dt%/wnda:dt. (6.4.26)
Q Q
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Therefore,

lim sup/ a(x,t, ur, Vug)Vuy, < / eVudzdt (6.4.27)
on the other hand, using ((6.3.7]), we have
/ [a(x, t,ug, Vug) — a(z, t, ug, Vu)] (Vuy, — Vu)dzdt > 0. (6.4.28)
Q

Then,

/a(x,t,uk,Vuk)Vukdxdt > —/a(x,t,uk,Vu)Vudxdt
Q Q

—|—/a(a:,t,uk,Vuk)Vud:z:dt

Q

+/a(x,t,uk,Vu)Vukdxdt
Q

and by (6.4.22)), we get

lim inf/a(:z:,t,uk,Vuk)VukdxdtZ/ngudxdt,
Q

k—oo

Q
this implies, thanks to ((6.4.27)) that
lim a(m,t,uk,Vuk)Vukdxdt:/@Vudxdt. (6.4.29)

Now, by ((6.4.29))), we can obtain

klim a(x,t, ux, Vug) — a(x, t, u, Vu)) (Vup — Vu)dzdt = 0.
—00 Q

In view of the Lemma [6.2.1], we obtain

up — u in Lpf(O,T;WOl’p(')(Q,w)),
Vup, — Vu a.e in Q.

Then,
a(z, t,up, V) — a(z, t,u, Vu) in  (LPO(Q,w*))V,

Hy(x,t,ug, Vug) = Hy(z, t,u, Vu) in Ll(Q),

we deduce that
Aup = Au in (L7 (Q,w)N

145



and

Gour — Guu  in Ll(Q),

which implies
Byouy, — Byu in LV (0, T; Wy PY(Q, w))

<Bnuk,uk> — <Bnu, u>

completing the proof of assertion(b).

and

c) Using Holder's inequality and the growth condition ([6.3.6)), we can show that
the operator A is bounded, and by using ([6.4.20]), we conclude that B,, is bounded.
For to show that B,, is demicontinuous.

Let uy — w in LP (0,7} Wol’p<')(f2,w)) and prove that :

(B, ) = (Baw, ) forall € L7 (0,T; Wy (,w)).

Since a(x,t, ug, Vu) — a(x,t,u, Vu) as k — oo a.e. in ). Then, by the growth
condition ([6.3.6) and Lemma [1.2.§]

a(z, t, uy, V) — a(z, t,u, Vu) in (LP(Q,w*))N

and for all ¢ € LP (0,T; W(}’p(')(Q,w)), (Aug, ) — (Au, p) as k — o0

similarly, G,u, — Gnu as k — oo a.e. in @, then by the (6.3.9) and Lemma [1.2.§
Goup — Guuin  LPO(Q,w*) and for all ¢ € LP (0, T; Wol’p<'>(Q,w)),

<Gnuk, ¢> o <G’nu, ¢> as k — oo which implies B,, is demi continuous.

In view of Theorem [6.4.1 there exists at least one weak solution w, €
Lr (0,7 Wol’p('>(Q,w)) of the problem (P,).( See [70].)

6.4.2 A Priori Estimates

Proposition 6.4.3 Let u,, a solution of the approximate problem (P,). Then, there

exists a constant C'( which does not depend on the n and k) such that

Proof.
Let ¢ € LP (0,7} Wol’p(')(ﬂ,w)) N L>*(Q), with ¢ > 0. Choosing v = exp(G(uy,))y
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as a test function in (P,), where

(the function g appears in (6.3.9)), we have

by, (x, uy)
/QTGXMG(%)WM * /Qa($7tv“n7Vun)v(eXP(G(Un))SO)da:dt

+/Hn(a:,t,un,Vun) eXp(G(un))goda:dt:/fnexp(G(un))god:cdt.
Q Q

In view of (6.3.9), we obtain

ot 0
—i—/a(x,t,un,Vun)exp(G(un))VgodxdtS/'y(:zj,t) exp(G (uy,))pdxdt
Q Q

/ Donl@,tn) (Gl ot + / a(x,t,un,Vun)Vun@exp(G(un))@dmt
Q

+ /Q fnexp(G(uy))pdrdt + /Q g(n) |V, PPw(x) exp(G(uy,) ) dadt.

By using (6.3.8)), we obtain

/—ab"(gt’ tn) exp(G(un))god:Udt+/a(%taun,vun) exp (G (un))Vddt
Q Q

S/fy(x,t) eXp(G(un))godxdt+/fnexp(G(un))goda:dt (6.4.30)
Q Q

for all o € LP (0,T; Wol’p(')(Q,w)) N L*(Q), with ¢ > 0.
On the other hand, taking v = exp(—G(u,))p as a test function in (P,),

we deduce as in (6.4.30]) that

/ %ﬁexp(_a(un))gpdmw / a(, t, tn, V) exp(—=G(un)) Vidrdt
0 Q

+/Q’y(x,t) eXp(—G(un))goda:dtZ/anexp(—G(un))gpdxdt (6.4.31)
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for all p € L7 (0, T; Wo"(Q,w)) N L®(Q), with ¢ > 0.
Letting ¢ = T}.(un)" x(0,r) for every 7 € [0,77, in (6.4.30)), we have

/BZ,G(%Un(T))dan/ a(x, t,u,, Vuy,) exp(G(u,))VTi(u,) " dzdt
Q T

< [ 2o t) exp(Glun) Tulu) dadt + [ 1 exp(Glu) i) i

+/ By o(@, ug,)dz, (6.4.32)
0

where,
" Oby(z,
By oz, r) = /O %Tk(sﬁ exp(G(s))ds.

Due to the definition of By ; and [G(u,)| < exp(%), we have
n 9\ LY(R
0< / Bkg(ﬂf,u()n)d% < kexp <“TU> ”b('aUOHLl(Q)~ (6.4.33)
0
Using (6.4.33), By, ¢(,u,) > 0, we obtain

/T a(z, t, un, VTi(un)") exp(G(un)) VT (u,) " drdt

HgHLl(R)
(8}

< kexp () [l + M@ + 1oae, woal o

Thanks to (6.3.8), we have

x gl
o [ IV Tku)* Pa(o)explG o < e (@) [, 1

+ gy + 15ae, wonllzrey | (6.4.34)

Let us observe that if we take : ¢ = p(u,) = fou" 9(8)x{s>01ds in (6.4.30)
and use ((6.3.8]), we obtain

T
/Q{Bg(x,un)]odx—ka/Q|Vun|p<x)w(:1:)g(un)x{un>o}eXp(G(un))dajdt

> lgllz
< (/O g(s)ds) exp ( - Dl + @]

where

0s
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which implies, using By (x,7) > 0, we obtain
a/ IV, [P () g(u) exp(Guy))dadt
{un>0}
< |lgl|oc exp (%) [H’YHLl(Q) + | fullrQ) + an(%UOnHLl(Q)}
then, /{ . g(n) |V PP w(2) exp(Gluy))dadt < Cs.
>

Similarly, taking ¢ = ff 9(8)X{s<0yds as a test function in (6.4.31)),
we conclude that

/ 9(tn) |Vt |PPw(z) exp(G(uy) )dadt < Cy.
{u,<0}

Consequently,
/ 9(u) |V, PP w(z) exp(Gluy ) )dzdt < Cs. (6.4.35)
Q
Above, (4, ....,C5 are constants independent of n, we deduce that
/ VT () T [P@ w () dzdt < k Cg. (6.4.36)
Q

Similarly to (6.4.36)), we take ¢ = Ty(u,) " x(0,7) in (6.4.31)) to deduce that

/ (VT ()~ PP () dadt < k Ch. (6.4.37)
Q

Combining (6.4.36]), (6.4.37) and Remark [1.2.3] we conclude that

T
. + -
/O min {IITk(un)llﬁvgm(Q,w), HTk(Un)Hivol,p(»(g’w)}dt < p(VTi(un)) < kCs.
1T ()l o o vy < K Cs: (6.4.38)

Where Cg, C7, Cs are constants independent of n. Thus, T;(u,) is bounded in
Ly (0,T; Wol’p<'>(Q,w)) independently of n for any k > 0. Then,
we deduce from (6.4.32)), (6.4.33) and (6.4.38)) that

/BZ’G(x,un(T))de kC. (6.4.39)
Q
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6.4.3 Almost everywhere convergence of the gradients

Now, we turn to proving the almost everywhere convergence of wu, and
bn(x,u,). Consider a non decreasing function g, € C?*(R) such that : gi(s) =

s if]s| <%

Multiplying the approximate equation by g; (u,), we get

0B} n

% — div(a(z, t, un, V) g.(un)) + a(z, t, uy, Vu,)gp (un) Vu,

+H, (2, un, Vun) gh(wn) = frgh(un), (6.4.40)
where - Ob (. 8))
n n\L, S
Bi(z,z) = / 6—91;(5)655-
0 S

As a consequence of (6.4.38)), we deduce that gi(u,,) is bounded in

L7 (0, T: Wg"(Q,w)) and % is bounded in L}(Q)+ V*. Due to the proper-

ties of g and ([6.3.5))), we conclude that agka—(t””) is bounded in L'(Q) + V*, which

implies that gj.(u,) is compact in L(Q).

Due to the choice of g, we conclude that for each k, the sequence T} (u,,) converges
almost everywhere in (), which implies that u,, converges almost everywhere to some
measurable function v in @. Thus by using the same argument as in [42], [43], [44],
we can show the following lemma.

Lemma 6.4.4 Let u, be a solution of the approximate problem (P,) then,

U, — u  a.e. in Q.

bo(x,uy,) — b(z,u) a.e in Q.
We can deduce from (6.4.38))) that
Ti(un) = Ti(u) in L7 (0,13 Wy (Q,w))

which implies, by using (6.3.6), that for all k > 0 there exists ¢}, € (L7 (Q,w*))V,
such that

, N
a(wt, Ty(wn), V() = o in (/0(Q.u"))
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Remark 6.4.5 b(.,u) it belongs to L>(0,T; L*(Q)).

Proof.
Let u,, be a solution of the approximate problem (P,) passing to liminf in (6.4.39)
as n — 00, we obtain

1
E/ Birg(z,u(r))dx < C, for a.e. 7in [0,7].
0

Due to the definition of By ¢(x, s) and the fact that ¢ By, ¢(, s) converge pointwise
to [, sgn(s )ab(x ) exp(G(s))ds > |b(z,u)| as k — oo, it follows that b(., u) belongs
to L>(0,T; LY(Q)).

Lemma 6.4.6 Let u, be a solution of the approximate problem (P,). Then,

m—00 noo

lim lim sup / a(x,t, u,, Vu,)Vu,drdt = 0. (6.4.41)
{m<|uy, |<m+1}

Proof.
Set ¢ = Ty(u, — T, (un)) = au(uy) in (6.4.30), this function is admissible since
pe LV (0,T; Wlp (Q,w)) and ¢ > 0. Then, we have

/Q (gt, ) exp(G ()t (1) ddt

—|—/ a(x,t, u,, Vuy,) exp(G(uy,)) Vu,dxdt
{m<u,<m+1}
< / 17 (z, )| exp(G(un))tm (uy, ) dxdt +/ | ful exp(G (uy))ag, (uy,)dxdt.
Q Q

This gives, by setting

"ob,(x,s

rater) = [ A expGls)an(s)ds,

0 S

and by Young’s Inequality,

/ Z?G(%Un)(T)der/ a(z,t, u,, Vu,) exp(G(u,)) Vu,dzdt
Q

{m<u,<m+1}

<exp () [ [l U o
Uy |>m

«
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Since B)'¢(w,u,)(T) > 0 and use (6.3.8)), we obtain

a/ V) [P exp(Gun)) Vupdadt
{m<u,<m-+1}

gl
p< (R)

«

< ex ) [/{ | Y| + | fuldzdt + ||by(z, uOnHy(Q)] (6.4.42)
Up|>M

Taking ¢ = pp(uy) fo )X {s>m}ds as a test function in (6.4.30]), we obtain

T
[/Bﬂ,n(%un)dﬂl?]o +/a(9:,t,un,Vun) exp(G(un))g(tn) Vi X fu, >mydxdt
Q Q

< ([ omemds) o (DY [y + Ihla)

m

where By (z,7) = [; O ( )pm( ) exp(G(s))ds which implies,
since B (z,7) > 0, by - ) and Young’s Inequality

a/ |V, [P w(z) g (up) exp(Gluy, ) )dzdt <
{up>m}

(/oog(s)ds)eXp(HQHL )[an\lp +\|7|\L1(Q)+|\bn(a:,u0n|\L1(Q)]. (6.4.43)

m

Using (6.4.43) and the strong convergence of f,, in L'(Q2) and b,(x, up,) in L*(Q),
v € LYQ), g € L'(R), by Lebesgue’s theorem, passing to limit in (6.4.42)), we
conclude that

lim lim sup / a(x,t, u,, Vu,)Vu,drdt = 0. (6.4.44)
{m<u,<m+1}

m—o0  noo

On the other hand, taking ¢ = T1(u,, — T),(u,))” as a test function
n (6.4.31)) and reasoning as in the proof ((6.4.44]), we deduce that

lim lim sup / a(x, t, u,, Vu,)Vu,dzdt = 0. (6.4.45)
{=(m+1)<u,<—m}

m—00 n_co

By using ((6.4.44)) and ((6.4.45)), we have

lim lim sup / a(x, t, u,, Vu,)Vu,dedt = 0. (6.4.46)
{m<|u, | <m+1}

m—00  n_0o

To this end, we prove the strong convergence of truncation of Tj(u,) that we will
use the following function of one real variable s, which is define as where m > k,
1 if lsf<m
R (s) =<0 if |s|>m+1
m+ 1+ |s| if m<|s|<m+1.
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Let 1); € D(Q2) be a sequence which converges strongly to wug in L(€).
Set w!, = (Ty(w)), + e " Ti(1;) where (Ty(u)), is the mollification of Ty (u) with
respect to time. Note that wL is a smooth function having the following properties :

ow’

(%“ = p(Tp(u) — wL), wL(O) = Tr(¢y), |wz\ < k, (6.4.47)
wi, = T(u) in LP (0,T; WP (Q,w))  as p — oo (6.4.48)

The very definition of the sequence wL makes it possible to establish the following
lemma.

Lemma 6.4.7 (See[}4, [6].) For k > 0, we have

/ OO0 t0) (G ) (T 1) — 0 (0t > (im0, 1 ).
{Th (un)—wi, >0} ot

Proposition 6.4.8 The subsequence of u, solution of problem (P,) satisfies for

any k > 0 following assertion :

lim [a(Tk(un), V() — a(Th(un), VTk(u))} - [VTk(un) ~VTi(u)] dedt = 0.

n—oo Q

Proof.
For m > k, let ¢ = (Ty(up) — w!,) " hp(uy) € L (0, T; Wol’p(')(Q,w)) N L>(Q) and
© >0 . If we take this function in (6.4.30)), we obtain

/ OO0 ), (1) (T ) — 0] o ()
{7 (un)—w;, =0} ot

+/ a(x,t, uy, Vu,) V(T (u,) — wZ)hm(un)dxdt

(T () —wi, >0}

— / exp(G(un))a(@, t, tn, Vi) Vi (Th(un) — w;,) " dadt
{m<u,<m+1}

< / (fn +7) exp(Gun)) (Ti(un) — w;,) " B () dasclt (6.4.49)
Q
Observe that,
‘ / exp(G(uy))a(x, t, uy, Vu,) Vi, (T (u,) — wz)+dxdt
{m<u, <m+1}

HgHLl(R)
(8}

< 2k exp ( ) / a(x, t, u,, Vu,)Vu,dzdt.
{m<u,<m+1}
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Tanks to (6.4.41) the third and fourth integrals on the right hand side tend to
zero as n and m tend to infinity and by Lebesgue’s theorem, we deduce that
the right hand side converges to zero as n, m and p tend to infinity . Since

NG N
(Tk(un) — wL) B () — (Tk(u) — wL) hp(u) in L®(Q) as n — oo and strongly
in LP (0,7} Wol’p(')(Q,w)) and (T (u,) — w},) " hy(u,) = 0 in L2(Q) and strongly
in L? (0,7 Wol’p(')(ﬂ,w)) as ft — 0o, it follows that the first and second integrals
on the right-hand side of ((6.4.49)) converge to zeros as n, m, p — oo, using [§]

Lemma and Lemma [6.2.1], the proof of Proposition is complete. Thanks
to the Lemma [6.2.1], we have

Ty.(up) — Ty(u) strongly in LP (0,T; Wol’p(')(Q,w)), vk (6.4.50)
and Vu, — Vu a.e. in (), which implies that

a(z, t, Ti(un), VIi(un)) — a(z, t, Ti(u), VIk(w)) in (LPO(Q,w))N.  (6.4.51)

6.4.4 Equi-Integrability of the non Linearity Sequence

Proposition 6.4.9 Let u, be a solution of problem (P,). Then H,(x,t, u,, Vu,) —

H(x,t,u, Vu) strongly in L'(Q).

Proof. By using Vitali’s theorem. Since H,(x,t, u,, Vu,) = H(z,t,u, Vu) a.e. in
(), considering now, ¢ = pp(uy,) fo (5)x{s>nyds as a test function in ((6.4.30)),
we obtain

T
[/ Bg(x’ un)dx} 0 + / CL(ZL‘, b, Un, vun)vung(un)X{un>h} eXp(G(un)>dIdt
Q Q

* Il e
< ([ stsxionds) e ((CED [lla + Il

where Bj!(z,r) = [ %ph(s) exp(G(s))ds,
which implies, in view of Bj'(z,r) > 0 and ((6.3.8))

a/ |Vt PP w(2)g(un) exp(G(uy,))dadt
{u,>h}

< ([ oteras) exp (L) [ + i + ntos vl
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and since g € L'(R), we deduce that

lim Sup/ |V, [P w(2) g (uy,)dadt = 0.
{un>h}

Similarly, taking ¢ = pp(u,) = ffn 9(8)X{s<—nyds as a test function in (6.4.31)),
we conclude that : limp,_ . SUp,,cy f{un<_h} |V, [P®w(x) g (u,)dzdt = 0.
Consequently, limj,_, sup,,cy f{|un|>h} |V, [P®w(x) g (u,)drdt = 0.

Which implies, for A large enough and for a subset E of @,

lim /|Vun\p(x)w(x)g(un)dxdt§HgHOO lim /\VThun\p(x)w(x)da:dt
E measE—0 |

measE—0

+ / \Vun|p<”’)w(x)g(un)d:cdt,
{lun|>h}

s0 g(un) |V, [P®w(x) is equi-integrable. Thus we have shown that
9(w) [V " (@) (z) = g(u) Vul' (2)w(w) stongly in L'(Q).
Consequently, by using (/6.3.9)), we conclude that

H,(x,t,u,, Vu,) — H(x,t,u, Vu) strongly in L'(Q). (6.4.52)

6.4.5 Concluding the proof of Theorem [6.3.3]

a) Proof that u satisfies (6.3.11]). For any fixed m > 0, we have

/ a(x, t, u,, Vu,)Vu,drdt
{m<|un|<m+1}
= / a(x,t, u,, Vuy,) {VTmH(un) — VTm(un)} dxdt
Q
- / a’(x> ta Tm+1(un)a VTm+1(un))VTm+1(un)
Q

— / a(z,t, Tp(up), VI (uy)) VT, (uy,)dxdt.
Q
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According to ((6.4.50) and ([6.4.51]), one can pass to the limit as n — oo for
fixed m > 0 to obtain

lim a(x,t, uy, Vu,)Vu,drdt

00 S m< up | <m+1}

= / a(x,t, Ty 1(w), Vg1 (u)) VT (u)
Q
— / a(x,t, T (u), VT, (w) VT, (u)dxdt
Q
_ / a(z,t,u, Vo) Vudzdt.  (6.4.53)
{m<|u[<m+1}

Taking the limit as m — oo in (6.4.53) and using the estimate ((6.4.41]), shows that

u satisfies (6.3.11]).

b) Proof that u satisfies (6.3.12)
Let S € W2>(R) be such that S’ has a compact support. Let M > 0 such that

supp(S")C [—M, M]. Pointwise multiplication of the approximate problem (P,) by
S’ (uy,), leads to

B¢ n ,
% — div {S'(un)a(:c, ty U, Vun)} + 5" (up)a(z, t, uy, Vuy)Vu,
+ Hy(z,t, wy, Vup)S (uy) = f,5"(u,) in D'(Q). (6.4.54)
In what follows, we pass to the limit in (6.4.54]) as n tends to oo.
c . OBZ(x,uy)
e Limit of —55—.

Since S is bounded and continuous, u, — u a.e. in () implies that B%(x,uy)
converge to Bg(z,u) a.e. in Q and L™ weakly

0B3(x, uy) R 0Bg(z,u)
Ot Ot

Then, in D'(Q), as n — co.

e Limit of —div [S’(un)a(a:,t,un, Vun)}
Since supp(S’)C [-M, M], we have, for n > M
S'(up)a(z, t, wn, Vuy) = S (up)a(z, t, Tyr(un), VT (uy)) ae. in Q.

The pointwise convergence of u,, to u and (6.4.51)) and the boundedness of S’ yied,
as n — oo,

S (up)a(x, t, tn, V) = S'(w)a(z, t, Ty (w), VT (w)) in (LXOQ,w* )N  (6.4.55)
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as n — 0o,

S'(w)a(z,t, Th(u), VI (u)) has been denoted by S'(u)a(x,t,u, Vu) in equation
6.3.12).

e Limit of S"(uy,)a(x, t, u,, Vu,)Vu,.

Consider the "energy” term

S (up)a(x, t, uy, Vuy)Vu, = S"(uy)a(x, t, Tag(un), VT (un)) VT (uy) ae. in Q.
The pointwise convergence of S’(u,) to S’(u) and as n — oo and the
boundedness of S” yield

S (up)a(z, t, Uy, Vi, )V, — S”(u)a(x,t, Tar(u), VT (u)) VT (u) in LNQ).
(6.4.56)
Recall that S”(w)a(z,t, Th(u), VI (w))VTy((w) = S"(w)a(x, t,u, Vu)Vu a.e. in
0.
e Limit of S"(u,)H,(z,t, u,, Vu,). From supp(S’)C [-M, M] and (6.4.52),

we have

S (up)Hy (2, t, Uy, Vuy) — S'(w)H (x, t,u, V) strongly in L'(Q) as n — oo.
(6.4.57)
e Limit of S'(u,) f,. Since u,, — u a.e. in Q,
we have S’(u,)f, — S'(u) f strongly in L(Q), as n — oo.
As a consequence of the above convergence result, we are in a position to pass to
the limit as n — oo in equation and to conclude that u satisfies (6.3.12)).
c) Proof that u satisfies (6.3.13))
S is bounded and Bg(z,u,) is bounded in L>(Q). Secondly by (6.4.54), we have
OBi(rtn) is hounded in LY(Q) + V*.
As a consequence, an Aubin type Lemma (see, e.g, [88] implies that B(x,u,,) lies
in a compact set in CY([0, 7], L}(R)).
It follows that on the hand, Bé(z,u,) |i—o= Bg(x,u) converge to Bg(z,u) |i—o
strongly in L'(Q) implies that : Bs(z,u) |—o= Bs(z,uo) in Q.
As a conclusion, the proof of Theorem [6.3.3]is complete.
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