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Résumé de la thèse

La modélisation mathématique est un outil essentiel pour les décideurs politiques dans la
conception d'interventions efficaces et aide les gestionnaires de la santé à développer des
programmes de santé publique ciblés. Au cours des dernières années, l'utilisation des équations
différentielles d'ordre fractionnaire dans les modèles biologiques, en particulier dans les modèles
épidémiologiques a considérablement augmenté. Cette thèse exploite le calcul fractionnaire pour
explorer les modèles épidémiologiques et éco-épidémiologiques.

Tout d'abord, nous développons un modèle du VIH qui capture la dynamique complexe de
l'épidémie, en intégrant les effets de la migration à l'aide des opérateurs Caputo et
Atangana-Baleanu (ABC). En utilisant des équations différentielles d'ordre fractionnaire, ce modèle
offre une représentation plus détaillée et précise des processus biologiques par rapport aux
modèles d'ordre entier classiques, en tenant compte des interactions à long terme, des périodes de
latence et des temps de récupération, qui sont essentiels pour modéliser la progression et le
contrôle de la maladie.

Ensuite, nous analysons la dynamique de transmission des parasites marins en utilisant les
dérivées de Caputo et ABC. Cette approche offre des perspectives plus approfondies que les
méthodes traditionnelles, en soulignant le rôle crucial des effets de mémoire dans la détermination
des dynamiques de transmission des parasites marins.

Enfin, nous présentons un nouveau modèle de transmission du COVID-19 utilisant la dérivée ABC.
Nos résultats soulignent l'importance de classer les individus infectés en deux groupes : détectés et
non détectés, et de mettre en œuvre une stratégie de contrôle optimal, telle que des campagnes de
sensibilisation, pour gérer efficacement la propagation du COVID-19.

Cette recherche fournit une analyse approfondie des propriétés mathématiques des modèles, y compris
l'existence et l'unicité des solutions, ainsi que leur positivité et leur bornitude. De plus, la stabilité des
points d'équilibre et la sensibilité des paramètres utilisés dans ces modèles sont établies. L'étude
intègre également des analyses numériques utilisant diverses méthodes. En capturant les effets de
mémoire et les interactions non-locales qui caractérisent les systèmes épidémiologiques et
éco-épidémiologiques complexes, cette recherche améliore notre compréhension des dynamiques des
maladies infectieuses.

Mots clés : Calcul fractionnaire, effets de mémoire, modèles épidémiologiques, modèles

éco-épidémiologiques, VIH/SIDA, parasites marins, dynamique de la COVID-19, analyse numérique,

méthodes numériques.
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L I S T O F S Y M B O L S A N D A B B R E V I AT I O N S

Mathematical Notations
N The set of natural numbers.

C The complex plane.

R The set of real numbers.

R+ = [0,+∞) The set of non-negative real numbers.

ez Exponential function

Re(z) The real part of the complex number z.

H1(a,b) Sobolev space W2,1.

C(Ω) Banach space of all real-valued, continuous functions on Ω.

Dα
t Non-integer derivative of order α with respect to t.

RLDα
a+ Riemann-Liouville left-sided derivative.

RLDα
b− Riemann-Liouville right-sided derivative.

CDα
t Caputo derivative.

ABCDα
t Atangana-Baleanu derivative in Caputo sense.

ABRDα
t Atangana-Baleanu derivative in Riemann-Liouville sense.

List of Abbreviations
RL Riemann-Liouville

FDEs Fractional Differential Equations

ODEs Ordinary Differential Equations

ABC Atangana-Baleanu-Caputo

ABR Atangana-Baleanu-Riemann-Liouville

HIV Human Immunodeficiency Virus

AIDS Acquired Immunodeficiency Syndrome

COVID-19 Coronavirus Disease of 2019
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A B S T R A C T

Mathematical modeling is a critical tool for policymakers in designing effective inter-
ventions and supports health managers in developing targeted public health programs.
In recent years, the application of fractional-order differential equations, particularly in
epidemiological models, has grown significantly. This thesis leverages fractional calculus
to explore both epidemiological and eco-epidemiological models.

Firstly, we develop an HIV model that captures the complex dynamics of the epidemic,
incorporating migration effects through both the Caputo and Atangana-Baleanu (ABC)
operators. By utilizing fractional-order differential equations, this model provides a more
detailed and accurate representation of biological processes compared to conventional
integer-order models, accounting for long-term interactions, latency periods, and recovery
times, which are essential for modeling disease progression and control.

Secondly, we analyze the transmission dynamics of marine parasites using the Ca-
puto and ABC derivatives. This approach offers deeper insights than traditional methods,
emphasizing the critical role of memory effects in shaping the transmission dynamics of
marine parasites.

Finally, we present a new model for COVID-19 transmission using the ABC deriva-
tive. Our findings underscore the importance of categorizing infected individuals into
two groups: detected and undetected, and implementing an optimal control strategy,
such as public awareness campaigns, to effectively manage the spread of COVID-19.

This research provides a thorough analysis of the mathematical properties of the
models, including the existence and uniqueness of solutions, as well as their positivity
and boundedness. Furthermore, the stability of equilibrium points and the sensitivity
of the parameters used in these models are established. The study also incorporates nu-
merical analyses using various schemes. By capturing the memory effects and non-local
interactions that characterize complex epidemiological and eco-epidemiological systems,
this research enhances our understanding of diverse infectious disease dynamics.

Keywords: Fractional Calculus, Memory Effects., Epidemiological Models, Eco-
Epidemiological Models, HIV/AIDS, Marine Parasites, COVID-19 Dynamics, Numerical
Analysis, Numerical Methods.
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R É S U M É

La modélisation mathématique est un outil essentiel pour les décideurs politiques dans
la conception d’interventions efficaces et aide les gestionnaires de la santé à développer
des programmes de santé publique ciblés. Au cours des dernières années, l’utilisation
des équations différentielles d’ordre fractionnaire dans les modèles biologiques, en
particulier dans les modèles épidémiologiques a considérablement augmenté. Cette
thèse exploite le calcul fractionnaire pour explorer les modèles épidémiologiques et éco-
épidémiologiques.

Tout d’abord, nous développons un modèle du VIH qui capture la dynamique com-
plexe de l’épidémie, en intégrant les effets de la migration à l’aide des opérateurs Ca-
puto et Atangana-Baleanu (ABC). En utilisant des équations différentielles d’ordre frac-
tionnaire, ce modèle offre une représentation plus détaillée et précise des processus
biologiques par rapport aux modèles d’ordre entier classiques, en tenant compte des
interactions à long terme, des périodes de latence et des temps de récupération, qui sont
essentiels pour modéliser la progression et le contrôle de la maladie.

Ensuite, nous analysons la dynamique de transmission des parasites marins en
utilisant les dérivées de Caputo et ABC. Cette approche offre des perspectives plus
approfondies que les méthodes traditionnelles, en soulignant le rôle crucial des effets de
mémoire dans la détermination des dynamiques de transmission des parasites marins.

Enfin, nous présentons un nouveau modèle de transmission du COVID-19 utilisant
la dérivée ABC. Nos résultats soulignent l’importance de classer les individus infectés
en deux groupes : détectés et non détectés, et de mettre en œuvre une stratégie de
contrôle optimal, telle que des campagnes de sensibilisation, pour gérer efficacement la
propagation du COVID-19.

Cette recherche fournit une analyse approfondie des propriétés mathématiques des
modèles, y compris l’existence et l’unicité des solutions, ainsi que leur positivité et leur
bornitude. De plus, la stabilité des points d’équilibre et la sensibilité des paramètres util-
isés dans ces modèles sont établies. L’étude intègre également des analyses numériques
utilisant diverses méthodes. En capturant les effets de mémoire et les interactions non-
locales qui caractérisent les systèmes épidémiologiques et éco-épidémiologiques com-
plexes, cette recherche améliore notre compréhension des dynamiques des maladies
infectieuses

Mots clés : Calcul Fractionnaire, Effets de Mémoire, Modèles Épidémiologiques,
Modèle Éco-Épidémiologiques, VIH/SIDA, COVID-19, Parasites Marins, Méthodes
Numériques, Analyse Numériques.
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G E N E R A L I N T R O D U C T I O N

Brief historical overview of fractional calculus

Fractional calculus is an extension of classical calculus in which the concepts of deriva-

tives and integrals are generalized to non-integer (fractional) orders. Unlike traditional

derivatives, which are limited to integer orders (α = 1, . . . ,n,n ∈ N), fractional deriva-

tives provide a more flexible approach to differentiation and integration. This flexibility

makes fractional calculus a powerful tool for modeling processes that exhibit memory

effects and hereditary properties, allowing a system’s past states to influence its present

and future behavior [72]. An additional benefit of using fractional derivatives in mathe-

matical models is the expansion of the stability region, as demonstrated in Matignon’s

work from 1996 [63].

Moreover, there are numerous definitions of fractional derivatives, each developed at

different points in history to suit various applications. The most well-known definitions

include:

• The Grunwald-Letnikov derivative, developed by Letnikov in 1868 [55].

• The Riemann-Liouville derivative, proposed in 1876 [74].

• The Hadamard derivative, introduced by Hadamard in 1892 [60].

• The Weyl derivative, proposed by Weyl in 1917 [91].

• The Caputo derivative, introduced by Caputo in 1967 [22].

• More recent definitions include the Caputo–Fabrizio derivative [23] and the

Atangana–Baleanu derivative, introduced in 2016 [14, 16].

These definitions offer different perspectives on fractional calculus, enabling its ap-

plication in a wide variety of fields, including the modeling of complex systems in epi-

demiology. They accommodate various modeling requirements, particularly for systems

1
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exhibiting non-local behaviors, such as long-term memory or delayed responses. The

applications of fractional calculus are rapidly expanding across numerous disciplines,

such as mechanics [13], electrochemistry [28], biophysics [68], science and engineering

[80], economics [77], and others [6, 24]. In many of these cases, traditional integer-order

derivatives prove insufficient for accurately representing such phenomena.

Fractional calculus is often seen as a contemporary and innovative topic, but its

origins can be traced back to a letter from Gottfried Wilhelm Leibniz to the Marquis

de L’Hôpital in 1695, where he answered a question about the implications of taking a

derivative of order α= 1
2 , expressed as dα

dxα . Although this question remained largely the-

oretical for many years, it laid the groundwork for future inquiry. Later, L. Euler (1738),
renowned for his vast contributions to mathematics, made significant progress by gen-

eralizing the concept of factorials, which led to the development of the gamma function.

This work also laid the foundation for fractional integrals. Euler further provided the

following definition for the fractional derivative [35]:

(1) Dα
a+ f (x)= Γ(1−β)

Γ(1−α−β)
1

(x−a)β+α
.

Lagrange (1772) made an indirect contribution to the law of exponents for differential

operators of integer order through the formulation of the following expression [53]:

(2)
dm

dxm · dn

dxn y= dm+n

dxm+n y,

which holds for integer-order derivatives. This concept was later extended to fractional

calculus, as demonstrated by A.V. Letnikov in 1868 [55].

Laplace (1812) was the first to introduce the concept of fractional derivatives using

an integral-based approach [54]. However, it was Lacroix who provided the fractional

derivative of arbitrary order for dnxa/dxn, specifically for n = 1 andα= 1
2 . Lacroix applied

Euler’s method, described in (1), and derived the following expression [52]:

(3)
d

1
2

dx
1
2

x = 2
p

xp
π

.

Joseph B. J. Fourier (1822) was the first mathematician to propose a fractional

derivative for trigonometric functions, which he expressed as follows [37].

(4)
dα f (x)

dxα
= 1

2π

∫ +∞

−∞
λαdλ

∫ +∞

−∞
f (t)cos(λx− tx+ pπ/2)dt.

Niels Henrik Abel (1823) was the pioneer in applying fractional calculus to address an

integral equation known as the Tautochrone problem, which remained one of the few

examples of fractional calculus applications for an extended period [41].
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A pivotal development took place with I. Liouville (1835), who provided a rigorous

definition of fractional derivatives and integrals, thereby strengthening the theoretical

framework of the discipline [64]. B. Riemann (1847) built upon these concepts by cre-

ating the Riemann-Liouville integral, which became essential to the study of fractional

calculus [41].

(5) D−α f (x)= 1
Γ(α)

∫ x

c
(x− t)α−1 f (t)dt.

I. Hadamard (1892) made significant contributions by defining what are now known

as Hadamard fractional derivatives, expressed as follows [62].

(6) D(α)
a f (x)= 1

Γ(1−α)
x

d
dx

∫ x

0

f (t)(
ln x

t
)α dt

t
,0<α< 1,

H. Weyl (1917) significantly advanced fractional calculus by investigating the rela-

tionships between fractional integrals and complex analysis, which enhanced the under-

standing of mathematical structures in this domain, expressed as follows[91].

(7)
Iα+ f (x)= 1

Γ(α)

∫ x

−∞
f (t)

(x− t)1−α dt,

Iα− f (x)= 1
Γ(α)

∫ ∞ f (t)
(x− t)1−α dt.

P. Lévy (1923) expanded the application of fractional calculus to probability theory,

significantly influencing its development and uses in areas such as stochastic processes

and anomalous diffusion. More recently, significant contributions to fractional calculus

have been made by mathematicians such as Caputo, Jumarie, Caputo-Fabrizio, and

Atangana. While these are just a few notable examples, their work, along with that of

many others, has laid a robust foundation for this rapidly advancing field.

Over the last few decades, the use of fractional calculus has expanded significantly,

particularly in systems where memory and hereditary properties are crucial, such as

viscoelastic materials [61], anomalous diffusion [79], and biological processes [17]. The

growing interest in fractional calculus within epidemiology also stems from its ability

to model the spread of infectious diseases more realistically by accounting for time

delays, latent periods, and the long-term impact of past infections on future dynamics.

This thesis is devoted to the application of fractional calculus to classical mathematical

models, with a specific focus on its use in epidemiology and eco-epidemiology. In the

following section, we will explore the theoretical aspects of compartmental models in

epidemiology and discuss their key properties relevant to this field.
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Mathematical modeling in epidemiology: a historical
and conceptual overview

Mathematical modeling has become a well-established and rapidly expanding interdisci-

plinary field. It is widely regarded as one of the most exciting applications of mathemat-

ics due to the inherent complexity of biological systems. This complexity necessitates

collaboration across disciplines. For mathematicians, biology presents new challenges

and opportunities to develop innovative mathematical approaches, while for biologists,

mathematical modeling offers a powerful tool to gain deeper insights into biological

phenomena.

In this thesis, we focus on the study of epidemiological and eco-epidemiological mod-

els. Both types of models play crucial roles in understanding the dynamics of diseases

and their impact on populations. Epidemiology, which investigates disease dynamics

within populations, has long relied on mathematical models as essential tools for ana-

lyzing, predicting, and controlling the spread of infectious diseases. These models allow

researchers to simulate various scenarios, such as disease transmission and intervention

strategies, providing valuable insights into potential outcomes. Over the past century,

epidemiological models have evolved from basic deterministic frameworks into more

sophisticated systems that incorporate stochastic elements and biological complexities.

While epidemiology focuses on disease transmission within human populations, eco-

epidemiology extends this scope to encompass the interactions between diseases and

ecological systems. By bridging the fields of ecology and epidemiology, eco-epidemiology

examines how infections affect ecological populations and contribute to regulating their

sizes. It is well recognized that many ecological communities are influenced by infectious

diseases, making this interaction a significant area of research. The mathematical study

of eco-epidemiological models has provided new insights into previously unexplored

aspects of these complex systems.

The development of epidemiological models has a rich history, with its origins dating

back to 1760, when Daniel Bernoulli used differential equations to model the effects of

smallpox inoculation [20]. The foundations of mathematical epidemiology, particularly

the compartmental approach, were laid not by mathematicians but by physicians at the

start of the twentieth century. Sir Ronald Ross was awarded the Nobel Prize in Medicine

in 1902 for demonstrating the dynamics of malaria transmission between mosquitoes

and humans [75]. Modern epidemiological modeling is largely credited to William Ogilvy

Kermack and Anderson Gray McKendrick, who introduced the influential SIR model in
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1927 [47]. Building on their work, compartmental models divide the population studied

into distinct groups based on the dynamics of disease transmission. These models as-

sume specific movement patterns between compartments over time. Diseases that confer

immunity have a different compartmental structure compared to non-immune or vector-

borne diseases. The transitions between compartments are mathematically expressed

through time derivatives of compartment sizes, with the models initially formulated as

differential equations.

The SIR model is often visualized using a compartmental diagram, as depicted in

Figure 0.1. In this model, the population is categorized into three distinct compartments:

Susceptible (S), Infected (I), and Recovered (R). Individuals transition between these

compartments based on the dynamics of disease spread. Susceptible individuals (S),

who are at risk of contracting the disease, may become Infected (I) through contact

with infected individuals, as denoted by the arrow labeled new infections. Once infected,

individuals either recover and move into the Recovered (R) compartment, as shown by

the recovery arrow, or are removed through death or other factors. Recovered individuals

gain immunity, but in certain cases, they can lose this immunity and return to the

susceptible group, as illustrated by the loss of immunity feedback loop. Additionally,

each compartment has a removal flow, which represents the natural departure from

the population due to reasons like death. The system captures how new susceptible

individuals enter the population, the progression of infection, and the recovery process,

providing insights into the dynamics of disease transmission over time. It is important

to note that the number of compartments in these models depends on the nature of the

disease and its historical context. Therefore, we can represent various models such as

SI, SIR, or SEIR, depending on the specific characteristics of the disease.

Building upon the foundational concepts discussed earlier, we can illustrate the

dynamics of disease transmission through a simple example: the SIR model, proposed

by Kermack and McKendrick in 1927. In this model, the total population N is divided

into three compartments: Susceptible (S), Infected (I), and Recovered (R), as illustrated

in Figure 0.2. We make the following assumptions:

• Susceptible individuals can contract the disease and become infected at a rate

proportional to the number of susceptible individuals and the number of infected

individuals, denoted as rSI.

• Infected individuals can recover from the disease and move to the recovered cate-

gory at a rate aI.
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Susceptible Infected Recoverednew infection recovered

removal

loss of immunity

removal removal

Figure 0.1: Schematic representation of transitions in an SIR compartment model.

• Recovered individuals gain immunity and cannot return to the susceptible state.

S I Rr S I a I

Figure 0.2: Compartmental diagram of the SIR model.

Based on these assumptions, we can describe the dynamics of the model using the

following ordinary differential equations (ODEs):

dS
dt

=−rSI,(8)

dI
dt

= rSI −aI,(9)

dR
dt

= aI.(10)
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Where S0 ≥ 0, I0 ≥ 0, and R0 ≥ 0 represent the initial numbers of susceptible individuals,

infected individuals, and recovered individuals, respectively.

The equation (8) represents the rate at which susceptible individuals become infected.

The negative sign indicates a decrease in the susceptible population as individuals

contract the disease. The infection rate is proportional to both the susceptible population

S and the infected population I, with r being the infection rate constant.

In equation (9), the infected population increases as susceptible individuals become

infected (rSI) and decreases as infected individuals recover at a rate of aI, where a is

the recovery rate constant.

Finally, in equation (10), the recovered population increases as infected individuals

recover at the rate of aI. There is no loss from this compartment, as we assume that

recovered individuals remain immune.

It is crucial to understand that the model described in (8)-(10) is valid only while S(t)
and I(t) and R(t) remain nonnegative. Therefore, if either S(t) or I(t) drops to zero, we

interpret this as the end of the model. We find that dS
dt < 0 at all times, and dI

dt > 0 occurs

only when S > a
r . This indicates that I will increase as long as S exceeds a

r . However,

because S consistently declines over time, I will eventually decrease and approach zero.

In cases where S0 < a
r , I will decrease to zero, indicating no epidemic. Conversely, when

S0 > a
r , I will rise to a peak that occurs when S = a

r before ultimately declining to zero,

indicating an epidemic.

Understanding these dynamics is essential for determining the conditions under which

an epidemic can occur. The value rS0
a acts as a critical threshold known as the basic re-

production number R0 [31], which determines the potential for an epidemic outbreak.

If R0 < 1, the infection will eventually die out, whereas if R0 > 1, an epidemic is likely to

occur. The basic reproduction number R0 represents the expected number of secondary
infections generated by a single infected individual introduced into a fully susceptible
population. In subsequent sections of this thesis, we will explore the computation of this

threshold for more complex epidemic models.

Objective, framework, and outline of the thesis

The objective of this thesis is to apply fractional calculus to epidemiological modeling,

focusing on the development of models that incorporate memory effects and non-local

interactions within populations. This approach aims to provide a deeper understanding

of the transmission dynamics of infectious diseases, leading to more accurate predictions
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and improved strategies for controlling outbreaks.

In particular, this work seeks to:

• Introduce fractional-order derivatives in the formulation of epidemiological and

eco-epidemiological models.

• Analyze the existence, uniqueness, and stability of solutions within these models.

• Conduct numerical simulations to study the behavior of fractional models and

compare their predictions to those of classical models.

• Investigate the impact of fractional-order derivatives on the effectiveness of disease

control measures.

The first chapter provides a review of some fundamental concepts. It introduces the

theory of fractional calculus, focusing on key definitions and foundational results essen-

tial for the development of this study. Then, some elements of the theory of dynamical

systems are presented, which allow us to analyze the stability of equilibrium points as

well as the existence and uniqueness of solutions for fractional differential equations, in-

cluding a sensitivity analysis. We conclude Chapter 1 by presenting several numerical

methods that will be used throughout our study. To keep this chapter concise, we refer

the reader to relevant reference works for more detailed explanations.

In Chapter 2, we present the analysis of a fractional-order mathematical model

for HIV/AIDS infection, with a particular focus on the influence of migration on the

dynamics of the model. We detail the modeling framework, which incorporates both

the Caputo derivative and the Atangana–Baleanu–Caputo (ABC) derivative approach,

allowing for a comparative study. First, we demonstrate that the solutions of the corre-

sponding fractional differential equations are positive and bounded. We then compute

the basic reproduction number R0 using the next-generation matrix method and conduct

a sensitivity analysis of the model parameters in the absence of migration. We proceed

by examining the equilibrium points of the system, analyzing their local and global sta-

bility. Finally, we validate our theoretical findings through numerical simulations for

various values of the fractional order.

In Chapter 3, we shift our focus to diseases caused by marine parasites and propose

a fractional-order mathematical model to investigate the effects of both the Caputo and

ABC derivatives on parasite dynamics. The chapter provides a comprehensive math-

ematical analysis, including the existence and uniqueness of solutions, non-negativity

of the state variables, and the characterization of the biologically feasible region. We
8CAM:<K K
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also conduct a sensitivity analysis of the model parameters and study the stability of

the equilibrium points. Finally, numerical simulations are performed for both models to

illustrate the impact of the different fractional derivatives on the dynamics of marine

parasite infections.

Chapter 4 examines a fractional-order model for the COVID-19 pandemic using

the Atangana–Baleanu derivative in the Caputo sense, emphasizing its implications for

public health. We employ the Banach fixed-point theorem to demonstrate the existence

and uniqueness of solutions. Furthermore, we establish the positivity and boundedness

of the solutions, as well as analyze the local stability of equilibrium points. A central

focus of this chapter is a sensitivity analysis that identifies key parameters, particularly

the transmission coefficient βu, which reflects transmission rates in isolation settings

and has the greatest impact on the basic reproduction number R0. Numerical simu-

lations, conducted using the Taoufik–Atangana scheme, validate the robustness of the

model, highlighting the significance of the fractional-order parameter in delaying conver-

gence and capturing unique peak behaviors not observed with integer-order derivative.

Additionally, we propose an optimal control strategy aimed at reducing infection rates

through increased public awareness, resulting in a significant reduction in both the

exposed and infected populations, whether detected or undetected. Our findings under-

score the potential of the ABC derivative in capturing complex epidemic trends, offering

valuable insights for effective public health interventions and disease control.

The thesis concludes with a summary of the key findings and outlines future research

directions.
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This chapter does not aim to provide an exhaustive theory of fractional calculus but

rather to present the essential definitions and foundational concepts necessary for the

discussions in subsequent chapters. In the previous section, we introduced key mathe-

matical functions, such as the Gamma and Mittag-Leffler functions, which play a central

role in fractional calculus. Here, we focus on the most widely used definitions of frac-

tional integrals and derivatives and summarize the main results associated with these

operators. Additionally, we address important topics, including the existence, uniqueness,

and stability of solutions to fractional differential equations, as well as the numerical

schemes and methods applied across various models. Furthermore, we introduce an

important technique in mathematical biology: sensitivity analysis.

1.1 Special Functions in Fractional Calculus

1.1.1 Gamma Function

The Gamma function, also known as Euler’s Gamma function, extends the concept of

the factorial to real and complex numbers. In fractional calculus, it is typically defined

using Euler’s integral of the second kind, providing a foundation for its application in

more advanced mathematical contexts

Definition 1.1. ([51, 72] For any real or complex number z such that Re(z)> 0, the Euler

10
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1.1 - Special Functions in Fractional Calculus

gamma function Γ(z) is defined by the improper integral:

(1.1) Γ(z)=
∫ ∞

0
tz−1e−t dt.

The gamma function satisfies key properties:

• Γ(n+1)= n! for integer value n.

• Γ(z+1)= zΓ(z) for Re(z)> 0.

The first assertion can be deduced using (1.1), and the second property can be established

using integration by parts. For further details regarding these properties, see [51, 72].

1.1.2 Mittag-Leffler Function

The Mittag-Leffler function is a generalization of ez, denoted as Eα(z) for α> 0, and is

named in honor of the mathematician Magnus Gustaf Mittag-Leffler, who introduced

it in the early 19th century. Subsequently, Agrawal extended these functions to include

two parameters, (α> 0 and β ∈C), referring to them as the two-parameter Mittag-Leffler

functions noted by Eα,β(z). These functions play a crucial role in fractional-order differ-

ential equations.

Definition 1.2. ([72]). The one-parameter Mittag-Leffler function is defined as:

(1.2) Eα(z)=
∞∑

k=0

zk

Γ(αk+1)
, z ∈C, α> 0.

To further generalize the Mittag-Leffler function, an additional parameter β is intro-

duced, leading to the two-parameter Mittag-Leffler function:

Definition 1.3. ([72]). A two-parameter Mittag-Leffler function is expressed through the
following series expansion:

(1.3) Eα,β(z)=
∞∑

k=0

zk

Γ(αk+β)
, (α> 0, β> 0).

The additional parameter β allows the function to model more complex behaviors

than the one-parameter version. The parameter β provides more control over the shape

of the function, influencing the decay or growth rate in the series. When β= 1, the two-

parameter function reduces to the one-parameter version: Eα,1(z) = Eα(z). In general,

the Mittag-Leffler function E1,β(z) can be expressed as:

E1,m(z)= 1
zm−1

(
exp(z)−

∞∑
k=0

zk

k!

)
.
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1.2 - Fundamental concepts of fractional integration and differentiation

Additionally, the hyperbolic cosh and sinh functions are specific cases of the Mittag-

Leffler function:

E2,1(z2)=
∞∑

k=0

z2k

(2k)!
= cosh(z), since Γ(2k+1)= (2k)!,

and E2,2(z2)= 1
z

∞∑
k=0

z2k+1

(2k+1)!
= sinh(z)

z
.

The Mittag-Leffler function also satisfies the following equation, as presented in [50]:

(1.4) Eα,β(z)= zEα,α+β(z)+ 1
Γ(β)

.

This relationship highlights the versatility of the Mittag-Leffler function, showcasing

its importance in various mathematical contexts, including its connection to fractional

calculus and its applications in modeling dynamic systems.

1.2 Fundamental concepts of fractional integration
and differentiation

In this part, we examine key properties of fractional integrals and derivatives that will

be essential for the later analysis of our specific problems. The content presented here

is drawn from a range of books and research papers[51, 72, 94].

1.2.1 Riemann–Liouville fractional integral and derivative

There are many definitions of the fractional derivative operator, and in this section,

we will present the most commonly used ones. According to the Riemann-Liouville ap-

proach to fractional calculus, the concept of a fractional integral naturally arises from

the well-known Cauchy formula, which simplifies the calculation of the n-th primitive

of a function f (t) to a single integral.

(1.5) In
a f (t)=

∫ t

a

∫ un

a

∫ un−1

a
. . .

∫ u3

a

∫ u2

a
f (u1)du1du2 . . .dun−1dun, ∀t ∈ [a,b].

Using Fubini’s theorem, we obtain

(1.6) In
a f (t)= 1

(n−1)!

∫ t

a
(t−u)n−1 f (u)du, ∀t ∈ [a,b].

Utilizing the Gamma function (Γ(n)= (n−1)! ), Cauchy’s formula can be generalized to

a fractional order α(where α is not necessarily an integer) in the following manner.
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1.2 - Fundamental concepts of fractional integration and differentiation

Definition 1.4. ([51, 72]) Let α> 0. The right-sided Riemann-Liouville fractional inte-
gral, denoted by Iαa f (t) and the left-sided one by Iαb f (t), for a given function f , are defined
as:

(1.7) Iαa f (t)= 1
Γ(α)

∫ t

a
(t−u)α−1 f (u)du, ∀t ∈ [a,b].

(1.8) Iαb f (t)= 1
Γ(α)

∫ b

t
(u− t)α−1 f (u)du, ∀t ∈ [a,b].

By convention, if α= 0, we define I0
a f (t)= I0

b f (t)= f (t).

Definition 1.5. [51, 72] Let α> 0 and n = [α]+1, where [α] means the integer part of α.
The Riemann-Liouville fractional derivatives Dα

a+ f and Dα
b− f of order α are defined by

(1.9)

(
Dα

a+ f
)
(t) :=

(
d
dt

)n (
In−α

a f
)
(t)

= 1
Γ(n−α)

(
d
dt

)n ∫ t

a

f (t)dt
(t− t)α−n+1 (t > a)

and

(1.10)

(
Dα

b− f
)
(t) :=

(
− d

dt

)n (
In−α

b− f
)
(t)

= 1
Γ(n−α)

(
− d

dt

)n ∫ b

t

f (t)dt
(t− t)α−n+1 (t < b)

In particular, when α = 0, then
(
D0

a+ f
)
(t) = (

D0
b− f

)
(t) = f (t) ; and or α = n ∈

N
(
Dn

a f
)
(t)= f (n)(t)

The Riemann-Liouville fractional derivative has played a crucial role in the develop-

ment of fractional calculus, but it has certain limitations, especially in applications to

physical or real-world problems [25]. In biological models, it results in initial conditions

that are often challenging to interpret and does not assign a zero derivative to constants,

which poses issues for consistency. Therefore, a revision of this approach is necessary to

bridge the gap between theoretical mathematics and practical applications.

1.2.2 Caputo derivative

In this section, we focus on the Caputo fractional derivative, which was first introduced

by Michele Caputo in 1967 [22]. This derivative has several advantages over the tra-

ditional Riemann-Liouville approach, particularly for modeling real-world phenomena.
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1.2 - Fundamental concepts of fractional integration and differentiation

One key benefit is its treatment of initial conditions, which are more intuitively ap-

plicable in physical or biological contexts. Unlike the Riemann-Liouville operator, the

Caputo-type operator sets the derivative of a constant function to zero, making it more

suitable for physical models where this property is expected. This feature simplifies the

formulation of initial value problems, which is especially important in epidemiological

models, as it allows the direct application of classical initial conditions (e.g., population

size).

Definition 1.6. ([22, 72, 76]). Let α > 0 and n = ⌊α⌋+1, where ⌊α⌋ denotes the integer
part of α. If f (x) ∈ Cn[a,b], the Caputo fractional derivatives, denoted by

(CDα
a+ f

)
(x) and(CDα

b− f
)
(x), are expressed as follows:

(1.11)
(
CDα

a+ f
)
(x)= 1

Γ(n−α)

∫ x

a

f (n)(t)
(x− t)α−n+1 dt = (

In−α
a+ Dn f

)
(x),

and

(1.12)
(
CDα

b− f
)
(x)= (−1)n

Γ(n−α)

∫ b

x

f (n)(t)
(t− x)α−n+1 dt = (−1)n (

In−α
b− Dn f

)
(x),

where D = d
dx .

Specifically, for 0<α< 1, we have the following result

(1.13)
(
CDα

a+ f
)
(x)= 1

Γ(1−α)

∫ x

a

f ′(t)dt
(x− t)α

=:
(
I1−α

a+ D f
)
(x),

(1.14)
(
CDα

b− f
)
(x)=− 1

Γ(1−α)

∫ b

x

f ′(t)dt
(t− x)α

=:−(
I1−α

b− D f
)
(x).

We observe that most studies in this field predominantly employ the left-sided def-

initions, whereas the right-sided definitions are rarely used due to their anti-causal

nature (they depend on the future values of the function when x exceeds t). For sim-

plicity, throughout this thesis, we will adopt the left-sided Caputo derivative, denoted

by CDα
a+ = CDα

t . In the following sections, we will introduce several key properties of

the Caputo fractional derivative that will be fundamental for the subsequent chapters,

particularly for values of α between 0 and 1.

Properties 1.1. ([51, 72]).

• Derivative of a constant: The Caputo fractional derivative of a constant function
f (t)= C equals zero, i.e.,

CDα
t C = 0.
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1.2 - Fundamental concepts of fractional integration and differentiation

• Linearity property: The Caputo derivative preserves linearity, meaning that the
derivative of a linear combination of functions is equal to the linear combination of
their respective derivatives. For any constants a and b, and functions f (x) and g(x),
the following holds:

CDα
t (af (x)+bg(x))= aCDα

t f (x)+bCDα
t g(x).

Having established the key properties of the Caputo fractional derivative, we now

introduce the following lemmas and corollary, which further elucidate its behavior under

specific conditions.

Lemma 1.1. ([4, 88]). Let f (t) ∈ R+ be a differentiable function and let x̄ ≥ 0. Then, for
all t ≥ 0 and 0<α< 1, the following inequalities hold:

CDα
a

[
f (t)− x̄− x̄ ln

f (t)
x̄

]
≤

(
1− x̄

f (t)

)
CDα

a f (t),(1.15)

CDα
a f 2(t) ≤ 2 f (t)CDα

a f (t).(1.16)

Lemma 1.2. (Generalized Mean Value Theorem [70] ) Suppose that f ∈C [a,b] and
CDα

t f (t) ∈C (a,b], for 0<α≤ 1. Then,

f (t)= f (0)+ 1
Γ(α)

(
CDα

t f
)
(ξ)(t−a)α,

where 0≤ ξ≤ t,∀t ∈ (a,b].

Corollary 1.1. [70] Suppose that f ∈C [a,b], and CDα
t f (t) ∈C (a,b] for 0<α≤ 1.

1. If CDα
t f (t)≥ 0, ∀t ∈ (a,b], then f (t) is non-decreasing.

2. If CDα
t f (t)≤ 0, ∀t ∈ (a,b], then f (t) is non-increasing.

The fractional Caputo derivative has a singular kernel. This singularity appears in

the formulation of the Caputo derivative, which can make it difficult to accurately model

certain physical phenomena, particularly in cases where the behavior of the function at

the boundary is crucial or when the domain extends to singular points. The Atangana-

Baleanu-Caputo (ABC) fractional derivative was introduced specifically to mitigate or

eliminate this singularity.
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1.3 - Fractional Laplace transform

1.2.3 Atangana–Baleanu Fractional Derivative and Integral

The ABC fractional derivative, introduced by Atangana and Baleanu in 2016 [14], ex-

tends the classical Caputo derivative by using a generalized kernel that allows for a

broader range of applications. This extension facilitates the modeling of systems with

memory, offering a more accurate representation of dynamic processes.

Definition 1.7. ([14]). Let f ∈ H1(a,b),b > a,α ∈ (0,1) then, the definition of the
Atangana-Baleanu fractional derivative in the sense of Caputo is given as follows:

(1.17) ABC
b Dα

t ( f (t))= M(α)
1−α

∫ t

b
f ′(x)Eα

[
−α (t− x)α

1−α
]

dx.

where M(α) represents a normalization function that satisfies M(0)= M(1)= 1.

Following the definition of the Atangana-Baleanu fractional derivative in the sense

of Caputo, we now extend our discussion to its formulation in the Riemann-Liouville

framework, which allows for a broader understanding of fractional calculus applications.

Definition 1.8. ([14]). Let f ∈ H1(a,b),b > a,α ∈ (0,1) then, the definition of Atangana-
Baleanu fractional derivative in the sense of Riemann-Liouville is given as follows:

(1.18) ABR
b Dα

t ( f (t))= M(α)
1−α

d
dt

∫ t

b
f (x)Eα

[
−α (t− x)α

1−α
]

dx.

where M(α) denotes a normalization function obeying M(0)= M(1)= 1.

Remark 1. The Atangana-Baleanu derivative in the sense of Caputo satisfies the property
that the derivative of a constant is equal to zero. Additionally, the two definitions described
in equations (1.18) and (1.17) feature a non-local kernel.

Definition 1.9. ([14]). The fractional integral corresponding to the ABC fractional
derivative with a non-local kernel is expressed as

(1.19) ABC
b Iαt { f (t)}= 1−α

M(α)
f (t)+ α

M(α)Γ(α)

∫ t

b
f (y)(t− y)α−1d y,

when α = 0, the original function is restored, and when α = 1 , we obtain the ordinary
integral.

1.3 Fractional Laplace transform

The Laplace transform is a powerful tool in fractional calculus, offering a method to

convert complex fractional differential equations into algebraic forms, making them
8CAM:<K K
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1.3 - Fractional Laplace transform

easier to solve and analyze. This approach is particularly useful in various fields like

control theory, physics, and epidemiology. In this section, we will discuss the Laplace

transforms of key fractional operators, including the Riemann–Liouville, Caputo, Mittag-

Leffler functions, and the Atangana–Baleanu–Caputo (ABC) derivative. Understanding

these transforms is essential for applying fractional calculus in both theoretical and

practical problem-solving contexts.

Definition 1.10. ([51, 71]). Consider a function f (t) dependent on the variable t, where
the product e−st f (t) is integrable over the interval [0,∞) for a certain range of values of
s. The Laplace transform of f (t) is defined within this range of s, and is represented as

(1.20) L { f (t)}=
∫ ∞

0
e−st f (t)dt.

For the specific case where f (t)= tα, and α is a non-integer such that n−1<α≤ n, the
Laplace transform is given by:

(1.21) L
{
tα

}= Γ(α+1)
sα+1 .

Now, we present the Laplace transform for some basic fractional operators (for more

details on the Laplace transform, please refer to [72]). Suppose s > 0 and F(s) is the

Laplace transform of f (t), then the following statements hold:

• Laplace transform of the two-parameter Mittag-Leffler function: The

Laplace transform of the function tb−1Ea,b
(±µtb)

is given by

(1.22) L
(
tb−1Ea,b(±µta)

)
= sa−b

sa ∓µ , for µ ∈R and a,b > 0.

• Laplace transform of the Riemann–Liouville fractional derivative of order

α is expressed as:

L
{

RL
0 Dα

t f (t)
}

(s)= sαF(s)−
n−1∑
k=0

sk
[

RL
0 Dα−k−1 f (t)

]
t=0

, n−1≤α< n, n ∈N.

• Laplace transform of the Caputo fractional derivative is written as:

L
{

C
0 Dα

t f (t)
}

(s)= sαF(s)−
n−1∑
k=0

sα−k−1 f (k)(0), n−1<α≤ n, n ∈N.
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1.4 - Analysis of existence, uniqueness, and stability for fractional differential systems

• Laplace transform of the Atangana–Baleanu (ABC) fractional derivatives
are as follows[14]:

(1.23) L
{

ABR
0 Dα

t ( f (t))
}

(s)= B(α)
1−α

sαL { f (t)}(s)
sα+ α

1−α
,

and

(1.24) L
{

ABC
0 Dα

t ( f (t))
}

(s)= B(α)
1−α

sαL { f (t)}(s)− sα−1 f (0)
sα+ α

1−α
.

1.4 Analysis of existence, uniqueness, and stability
for fractional differential systems

This section discusses specific findings related to the behavior of dynamical systems

with fractional order. We will examine the stability of fractional systems in a way that

parallels the theory of ordinary differential equations.

1.4.1 Temporal System Equilibria

Consider the following system of fractional differential equations (FDEs):

(1.25)

{
Dα

t X (t) = f (X (t)), for all t ≥ 0

X (0) = X0.

where 0<α≤ 1, f :R+×D →Rn with D ⊆Rn, and Dα
t denotes the fractional derivative.

Definition 1.11. ([32]). The constant e∗ is an equilibrium point of the fractional dynam-
ical system (1.25) when f (e∗(t))= 0.

Remark 2. Note that when the fractional order is between 0 and 1, the fractional system
shares the same equilibrium points as the integer-order system.

1.4.2 Existence and uniqueness of solution

Theorem 1.1. ([57]). Assume that f (X (t)) satisfies the following:

1. f is a continuous function with respect to t for all X (t) ∈Rn,

2. f and ∂ f
∂X are continuous functions with respect to X (t) ∈Rn,

3. ∥ f ∥ ≤ c1 + c2∥X∥ for all X ∈Rn, and all c1, c2 > 0.

Then, the system (1.25) with the Caputo fractional derivative has a unique solution on
[0,+∞).
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1.4 - Analysis of existence, uniqueness, and stability for fractional differential systems

1.4.3 Stability of equilibrium points

Consider e(t) as any solution of the general system (1.25). The solution e(t) is called

stable if any solution that begins "near" e(t) at a certain time stays near e(t) for all sub-

sequent times. Furthermore, e(t) is asymptotically stable if nearby solutions approach

e(t) as t → ∞. If a solution does not meet the stability criterion, it is referred to as

unstable [63].

Theorem 1.2. ([56, 63]). If all the eigenvalues λk of the Jacobian matrix f (X (t)) at
equilibrium point satisfy

(1.26) |arg(λk)| > απ

2
,

then the equilibrium point of system (1.25) is locally asymptotically stable.

The subsequent result by [44] extends the classical findings for ordinary differential

equations to the fractional-order context, offering sufficient conditions for the global

asymptotic stability of fractional-order dynamical systems.

Definition 1.12. [44] A set M is said to be an invariant set with respect to (1.25) if
x(0) ∈ M implies x(t) ∈ M, for all t ∈ R. A set M is said to be a positively invariant set if
x(0) ∈ D implies x(t) ∈ M, for all t ≥ 0.

We will now present the Fractional version of LaSalle’s invariance principle.

Lemma 1.3. [44] Suppose D is a bounded closed set. Every solution of (1.25) starts from
a point in D and remains in D for all time. If ∃V (x) : D → R with continuous first partial
derivatives satisfies following condition:

DαV
∣∣
(1.25) ≤ 0.

Let E = {
x |DαV |(1.25) = 0

}
and M be the largest invariant set of E. Then every solution

x(t) originating in D tends to M as t →∞. Particularly, when M = {0}, then x → 0, t →∞.

1.4.4 Sensitivity analysis

Sensitivity indices measure how sensitively a state variable responds to variations in

a given parameter. Specifically, the normalized forward sensitivity index of a variable

with respect to a parameter is defined as the ratio of the relative change in the variable

to that in the parameter. When the variable depends smoothly on the parameter, this

index can also be expressed in terms of partial derivatives. To reduce disease prevalence,

we apply this sensitivity index as defined in [26].
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Definition 1.13. [26] The normalized forward sensitivity index of a variable, V , that
depends differentiably on a parameter p is defined as:

(1.27) ΥV
p := ∂V

∂p
× p

V
.

Highly sensitive parameters should be estimated with precision, as small changes

in these parameters can lead to significant variations in key outcomes. Conversely, less

sensitive parameters require less exact estimation, as minor adjustments in these values

have minimal impact on the variables of interest.

1.5 Numerical approximation of FDEs

Finding an exact solution for fractional differential equation systems with initial con-

ditions is complex and challenging. Therefore, numerical simulation is the preferred

approach for understanding the dynamic behavior of these systems. The literature has

introduced and developed several numerical schemes, including the fractional Euler

method, Adams-Bashforth-Moulton method, and the Laplace-Adomian decomposition

method [15, 33, 69, 82]. This section presents the various numerical schemes that will

be utilized throughout the thesis.

1.5.1 Adams-Bashforth-Moulton fractional technique

In this part, we focus on the Adams-Bashforth-Moulton fractional numerical technique,

which we will use to simulate fractional-order equations of the Caputo type. This tech-

nique was introduced and discussed by K.Diethelm and A. D. Freed [33].

To be specific, we first consider the fractional differential equation.

(1.28)

{
CDα

t (y(x))= f (x, y(x)), 0<α< 1,

y(0)(0)= y0.

Equation (1.28) is equivalent to the Volterra integral equation in the Caputo sense.

(1.29) y(x)=
⌈α⌉−1∑
k=0

y(k)
0

xk

k!
+ 1
Γ(α)

∫ x

0
(x− t)α−1 f (t, y(t))dt.

Note that in the case of the classic one-step Adams-Bashforth-Moulton algorithm (α= 1),

to obtain the approximation of yn+1, the integration range starts at xn. In the case of the

Volterra integral equation, on the other hand, it starts at 0, demonstrating the non-local

structure of fractional differential equations.
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1.5 - Numerical approximation of FDEs

The method is explained in the following manner.

Let x ∈ [0,T], xk = jh, j = 0,1,2, . . . ,n+1, and h = T
m̂ .

To obtain the corrector formula for Adams Bashforth’s fractional method, approxi-

mate the right-hand side of (1.29) by Lagrange’s method and we find

(1.30) yn+1 =
⌈α⌉−1∑
k=0

tk
n+1

k!
y(k)

0 + hα

Γ(α+2)

n∑
j=0

a j,k+1 f
(
x j, yj

)+ hα

Γ(α+2)
f
(
xk+1, yp

k+1

)
,

where

(1.31) a j,n+1 =


nα+1 − (n−α)(n+1)α, if j = 0,

(n− j+2)α+1 + (n− j)α+1 −2(n− j+1)α+1, if 0< j ≤ n,

1, if j = n+1.

Predictor formulae for yP
h (tn+1) is given by the Adams Bashforth fractional method

(1.32) yP
n+1 =

⌈α⌉−1∑
k=0

tk
n+1

k!
y(k)

0 + 1
Γ(α)

n∑
j=0

b j,n+1 f
(
x j, yj

)
,

where

(1.33) b j,n+1 = hα

α

[
(n+1− j)α− (n− j)α

]
, 0≤ j ≤ n.

Based on the analysis presented in [46], the order of convergence of the Adams

method is found to be 1+α, where α represents the fractional order of the derivative.

Consequently, the error can be expressed as

Based on the analysis presented in [46], the order of convergence of the Adams

method is found to be 1+α, where α represents the fractional order of the derivative.

Consequently, the error can be expressed as

|y (xn)− yn| =O
(
h1+α)

.

This method allows for accurate numerical solutions and has been widely used in

various applications of fractional calculus due to its stability and efficiency.

1.5.2 Taoufik–Atangana scheme: two-step Lagrange polynomial
approximation

We will now provide a brief overview of the scheme employed for the ABC fractional

derivative.
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1.5 - Numerical approximation of FDEs

Let us start by considering the fractional differential equation

(1.34)

{
ABCDα

t (y(t))= f (t, y(t)),0<α< 1,

y(0)(0)= y0.

We first apply the ABC integral to both sides of Equation (1.34) to obtain:

(1.35) y(t)− y(0)= 1−α
M(α)

f (t, y(t))+ α

M(α)Γ(α)

∫ t

0
f (x, y(x))(t− x)α−1 dx.

At a specific point tn+1, this becomes:

y(tn+1)− y(0)= 1−α
M(α)

f (tn, y(tn))

+ α

M(α)Γ(α)

[∫ tn+1

0
f (x, y(x))(tn+1 − x)α−1 dx

]
,

= 1−α
M(α)

f (tn, y(tn))

+ α

M(α)Γ(α)

[
n∑

k=0

∫ tk+1

tk

f (x, y(x))(tn+1 − x)α−1 dx

]
.(1.36)

We approximate f (x, y(x)) using a two-step Lagrange polynomial:

(1.37) f (x, y(x))≈Pk(x)= f (tk, y(tk))
h

(x− tk−1)− f (tk−1, y(tk−1))
h

(x− tk).

Substituting this approximation into Equation (1.36) yields:

(1.38)

yn+1 = y0 + 1−α
M(α)

f (tn, yn)

+ α

M(α)Γ(α)

n∑
k=0

[
f (tk, yk)

h

∫ tk+1

tk

(x− tk−1)(tn+1 − x)α−1 dx

− f (tk−1, yk−1)
h

∫ tk+1

tk

(x− tk)(tn+1 − x)α−1 dx
]

.

Simplifying the integral expressions, we obtain:

(1.39)

yn+1 = y0 + 1−α
M(α)

f (tn, y(tn))

+ α

M(α)

n∑
k=0

[
hα f (tk, yk)
Γ(α+2)

(
(n+1−k)α(n−k+2+α)− (n−k)α(n−k+2+2α)

)
−hα f (tk−1, yk−1)

Γ(α+2)
(
(n+1−k)α+1 − (n−k)α(n−k+1+α)

)]
.
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T R A N S M I S S I O N O F H I V / A I D S U S I N G A

F R A C T I O N A L M O D E L : L O C A L A N D G L O B A L

D Y N A M I C S A N D N U M E R I C A L S I M U L AT I O N S

AIDS, caused by the human immunodeficiency virus (HIV), leads to a progressive de-

cline in the immune system’s functionality [66, 67]. This deterioration renders the body

susceptible to opportunistic infections, and without intervention, often results in death.

The first reported cases of HIV were identified in 1981 among five young men in Cal-

ifornia who were diagnosed with Pneumocystis carinii pneumonia [38]. Since then, the

virus has spread globally, becoming a major public health crisis. According to the World

Health Organization (WHO), approximately 20 million people have died due to acquired

immunodeficiency syndrome (AIDS), with an estimated 38.4 million individuals living

with the virus as of 2021. Of these, 25.6 million are in Africa. HIV primarily attacks CD4+

T cells, weakening the immune system and leaving it vulnerable to cancer and other

infections. Importantly, not all individuals with HIV will develop AIDS immediately; it

may take years before the virus severely compromises the immune system. Over the

years, a variety of mathematical models have been created to analyze and forecast the

spread of HIV/AIDS, aiming to provide insights for effective responses([1, 44, 65, 78, 81]).

Several studies have examined the evolution of the HIV/AIDS pandemic and strate-

gies for its prevention. For instance, [43] explored the impact of treatment on HIV pro-

gression by incorporating a compartment for treated individuals in their epidemiological
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model. Hsieh and Sheu [42] proposed a model that examines HIV transmission through

heterosexual relationships, incorporating community-based testing and care. In another

study, Joshi et al. [45] developed a model to analyze the effect of awareness and education

campaigns on the spread of HIV.

Migration is another significant factor in the global spread of HIV. Several studies

have explored the link between migration and HIV transmission [29, 34, 86]. In this

chapter, we introduce a fractional-order system to model HIV/AIDS progression, both

with and without population movement (migration).

Building on the work of [12], where the authors developed a classical model incor-

porating population migration and concluded that migration plays a crucial role in the

spread of HIV/AIDS, we extend this model by employing fractional derivatives to high-

light the advantages of fractional differential equations. Initially, we utilized the Caputo

derivative due to its well-established mathematical properties and its suitability for ini-

tial value problems, which are commonly encountered in epidemiological modeling. The

Caputo derivative is widely favored for its capacity to generalize the classical derivative

while preserving a straightforward physical interpretation, making it more straightfor-

ward to implement in many applications.

On the other hand, we opted for the ABC derivative due to its distinct features, includ-

ing non-locality and non-singularity, which are particularly advantageous for modeling

the memory effects intrinsic to biological systems.

This comparative analysis examines the effectiveness of both derivatives in modeling

the dynamics of HIV and AIDS, especially in the context of migration. The goal is to

provide deeper insights into infectious disease modeling, enhancing our understanding

of transmission patterns and informing effective control strategies.

This chapter is organized as follows: Section 2.1 covers the fundamental properties of

the fractional models with and without migration, employing the Caputo derivative and

highlighting the key characteristics of both approaches. In Section 2.2, we present the

HIV and AIDS model developed with the ABC fractional derivative and discuss its key

mathematical properties. Section 2.3 features a comparative numerical analysis of the

Caputo and ABC fractional derivatives, focusing on their influence on HIV transmission

dynamics. Finally, the chapter concludes with a summary of the main findings and

explores their implications for future research in fractional HIV modeling.
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2.1 - Caputo fractional model of HIV and AIDS: with and without migration

2.1 Caputo fractional model of HIV and AIDS: with
and without migration

In this section, we investigate the dynamics of HIV and AIDS using the Caputo fractional

derivative, examining both models with and without migration.

2.1.1 Formulation of a fractional model of HIV/AIDS without
migration

In this model, we divide the host population N(t) into three compartments: susceptible

individuals (S), those infected with HIV (I), and those with AIDS (A), such that N(t)= S+
I+A. Susceptible individuals can be infected at a rate of βIS, where β is the transmission

rate of HIV. Individuals infected with HIV develop AIDS at a rate of γ.

Additionally, µ represents the natural mortality rate, Λ is the recruitment birth rate,

and δ1 and δ2 denote the HIV-related and AIDS-related mortality rates, respectively.

The flow diagram of HIV transmission without migration is shown in Figure 2.1.

S I A
βIS γI

µ µ+δ2 µ+δ1

Λ

Figure 2.1: Schematic diagram of HIV and AIDS transmission.

Based on the assumptions outlined above, we can express the classical formula (the

ordinary differential equations) for this model as follows:

(2.1)



dS
dt =Λ−βIS−µS,

dI
dt =βIS− (µ+δ1 +γ)I,

dA
dt = γI − (µ+δ2)A.

8CAM:<K K

F Page 25



J;9NAB8CAM:<K
2.1 - Caputo fractional model of HIV and AIDS: with and without migration

Fractional Model

Now, by changing the classical derivative in model (2.1) to the fractional derivative in

the sense of Caputo, we obtain the following system of fractional ODEs.

(2.2)



CDρ
t S =Λ−βIS−µS,

CDρ
t I =βIS− (µ+δ1 +γ)I,

CDρ
t A = γI − (µ+δ2)A,

with non-negative initial conditions S(0) = S0 ≥ 0, I(0) = I0 ≥ 0, A(0) = A0 ≥ 0 and the

operator CDρ
t is the Caputo fractional derivatives of order ρ ∈ (0,1]. We assume that

the functions S(t), I(t), A(t) and their fractional Caputo derivatives of order 0 < ρ ≤ 1

are continuous functions. The parameters Λ,β,µ,δ1,δ2, andγ of the fractional-order SIA

epidemic model (2.2) are taken as positive values, as shown in Table 2.1.

Parameters Value Source

β 9.7847e-08 Assumed

γ 7.7416e-02 [12]

µ 3.9060e-01 [12]

Λ 4.2249e-10 [12]

δ1 1.7396e-12 [12]

δ2 4.8233e-07 [12]

Table 2.1: The parameter values used in the SIA model without migration.

2.1.1.1 Positivity and boundedness of solution

In this subsection, we establish the non-negativity and boundedness of the solutions to

the system (2.2). To accomplish this, we utilize lemma 1.2 and corollary 1.1 presented in

Chapter 1.

Theorem 2.1. The region Θ+ = {(S, I, A) ∈ R3;S ≥ 0, I ≥ 0, A ≥ 0 } is positively invariant
for the Caputo fractional system (2.2).
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Proof. Now, we demonstrate the positivity of the solution.

CDρ
t S\S=0 =Λ≥ 0,

CDρ
t I\I=0 = 0,

CDρ
t A\A=0 = γI ≥ 0.

By using Corollary 1.1, we conclude that the solution will stay in R4+ and hence,

Θ+ = {(S, I, A) ∈R+;S ≥ 0, I ≥ 0, A ≥ 0 } is positivity invariant set for the system (2.2). ■

Next, we study the boundedness of the solution using the following theorem.

Theorem 2.2. The region Θ= {(S, I, A) ∈R3;S ≥ 0, I ≥ 0, A ≥ 0,

0 ≤ N(t) ≤ Λ
µ

, where N(t) = S(t)+ I(t)+ A(t) } is a positivity invariant set for the system

(2.2).

Proof. Summing all the equations of system (2.2), we have

CDρ
t N(t)= Λ−µN(t)−δ1I(t)−δ2A(t),

≤ Λ−µN(t).(2.3)

By applying the Laplace transform to equation (2.3), we obtain

(2.4) sρL (N(t))− sρ−1N(0)⩽
λ

s
−µL (N(t)).

It can be written as follows

(2.5) L (N(t))≤Λ sρ−(1+ρ)

sρ+µ + sρ−1

sρ+µN(0).

Utilizing formula (1.22) on the preceding inequality, followed by the application of the

inverse Laplace transform, results in

N(t)≤ Λ tρ Eρ,ρ+1
(−µ tρ

)+Eρ,1
(−µ tρ

)
N(0).(2.6)

We can deduce from Equation (1.4) that if 0≤ N(0)≤ Λ
µ

, then

N(t)≤ Λ
µ

[
Eρ,1(−µ tρ)+µ tρ Eρ,ρ+1(−µ tρ)

]= Λ
µ

.(2.7)

Then, the feasible region Θ is positively invariant. This implies the boundedness of the

solution. ■
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2.1.1.2 Existence and uniqueness

The study of the existence and uniqueness of solutions for fractional differential equa-

tions or systems requires the application of various mathematical methods, such as

the successive iterative technique and limit points [48], as well as fixed point theory

[8, 18, 49]. In our model, we adopt the following approach based on Theorem 1.1 pre-

sented in Chapter 1.

Theorem 2.3. The fractional system (2.2) attains an unique solution in Θ, for any given
initial conditions satisfying S(0)= S0 ≥ 0, I(0)= I0 ≥ 0, A(0)= A0 ≥ 0.

Proof. We verify the existence and uniqueness of the solution by reformulating the

model (2.2) as follows.

CDρ
t X (t)= f (X (t)), for t ≥ 0, with X (0)= X0 ∈R3

+,

with

X (t)=


S(t)
I(t)
A(t)

 , f (X (t))=


Λ−βSI −µS
βSI − (µ+δ1 +γ)I
γI − (µ+δ2)A

 , X0 =


S0

I0

A0

 .

The vector function f clearly satisfies the first and second assertions of Theorem 1.1,

and now we need to demonstrate that f also meets the third requirement. We have

∥ f (X (t))∥ ≤ ∥ν∥+ (∥A∥+∥B∥∥S(t)∥)∥X (t)∥ ,

where

ν=


Λ

0

0

 , A =


−µ 0 0

0 −(µ+δ1 +γ) 0

0 γ −(µ+δ2)

 , B =


0 −β 0

0 β 0

0 0 0


From Theorem 1.1, the solution of system (2.2) exist and is unique. ■

2.1.1.3 Equilibrium and basic reproduction number

To calculate the equilibrium points of model (2.2), we solve the following equations

(2.8) CDρ
t S(t)= CDρ

t I(t)= CDρ
t A(t)= 0.

Then, we obtain the disease-free equilibrium (DFE) where I ≡ 0 and A ≡ 0, given by
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(2.9) E0 = (S0, I0, A0),

where S0 = Λ
µ

, I0 = 0, and A0 = 0.

If I ̸≡ 0 and A ̸≡ 0, we can identify the endemic equilibrium E1 of model (2.2). To

determine the existence and uniqueness of this equilibrium point, we first compute the

basic reproduction number R0. This value serves as a critical threshold for evaluat-

ing the potential spread of the disease: when R0 > 1, the infection is likely to become

widespread; whereas if R0 < 1, the disease is expected to decline and eventually dis-

appear. In our model, R0 is derived using the next-generation matrix method, which

utilizes the transmission matrix T and the transition matrices Σ as defined below:

T =
(
βS0 0

0 0

)
, Σ=

(
−(µ+δ1 +γ) 0

γ −(µ+δ2)

)
.

Ultimately, the basic reproduction number for the SIA model (2.2) is obtained from

the spectral radius of the matrix −TΣ−1 and can be expressed as follows:

(2.10) R0 = ϱ
(−TΣ−1)= βS0

(µ+δ1 +γ)
= βΛ

µ(µ+δ1 +γ)
.

Hence, if R0 > 1, the model (2.2) has a unique endemic equilibrium (positive endemic),

denoted by E1 = (S∗, I∗, A∗) with

S∗ = µ+δ1 +γ
β

, I∗ = µ

β
(R0 −1) , A∗ = γ I∗

µ+δ2
.(2.11)

2.1.1.4 Stability analysis

First, we establish the local asymptotic stability of system (2.2) by applying Theorem

1.2. In order to achieve this, we linearize system (2.2) around each equilibrium point.

Theorem 2.4. If R0 < 1, then the disease free equilibrium E0 of system (2.2) is locally
asymptotically stable. If R0 > 1, then E0 is unstable.

Proof. The Jacobian matrix of system (2.2) at E0 is

J (E0)=


−µ −β 0

0 βS0 − (µ+δ1 +γ) 0

0 γ −(µ+δ2)

 .
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Through certain calculations, we determine that the characteristic roots of J (E0) are

λ1 =−µ, λ2 =−(µ+δ2), λ3 =βΛ
µ
− (µ+δ1 +γ).

It is evident that λ1 < 0 and λ2 < 0. If R0 < 1, then λ3 < 0. Thus, we have |arg(λi)| =π> ρπ

2

for i = 1,2,3. Therefore, according to Theorem 1.2, the disease-free equilibrium E0 is

locally asymptotically stable. ■

Theorem 2.5. If R0 > 1, then the endemic equilibrium E1 of system (2.2) is locally
asymptotically stable. If R0 < 1, then E1 is unstable.

Proof. The Jacobian matrix of system (2.2) at E1 is

J (E1)=


−βI∗−µ −βS∗ 0

βI∗ βS∗− (µ+δ1 +γ) 0

0 γ −(µ+δ2)

 .

When we replace I∗ and S∗ with their respective values, we obtain

J (E1)=


−µR0 −(µ+δ1 +γ) 0

µ (R0 −1) 0 0

0 γ −(µ+δ2)

 .

To determine the eigenvalues, we solve the equation

det(J (E1)−λI3)= 0,

which implies,

(µ+δ2 +λ)
(
λ2 +µR0λ+µ(µ+δ1 +γ) (R0 −1)

)= 0.(2.12)

It’s easy to see that the equation (2.12) has a real root λ1 = −(µ+ δ2). To solve the

solutions of equation
(
λ2 +µR0λ+µ(µ+δ1 +γ)(R0 −1)

)= 0, consider the following cases.

We will set ∆= (µR0)2 −4µ(µ+δ1+γ)(R0 −1).

1. If ∆> 0, the equation has two distinct real roots

λ2 = −(µR0)−p
∆

2
, λ3 = −(µR0)+p

∆

2
.

Then, λ2 < 0, and if R0 > 1, λ3 < 0.
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2. If ∆< 0, the equation has two complex roots (where j2 =−1).

λ2 = −(µR0)− j
p|∆|

2
, λ3 = −(µR0)+ j

p|∆|
2

Clearly, the eigenvalues λ2 and λ3 have negative real parts.

Since λ1 < 0, all eigenvalues have negative real parts(all cases). This implies that

|arg(λi)| =π> ρπ

2 for i = 1,2,3. Hence the endemic equilibrium of system (2.2) is locally

asymptotically stable for all ρ ∈ (0,1]. ■

Next, we will present the global equilibrium stability results in the following theorems,

utilizing the generalized LaSalle Invariance Principle, as indicated in Lemma 1.3.

As A does not appear in the first two equations, we can express system (2.2) as

follows:

(2.13)


CDρ

t S =Λ−βIS−µS,

CDρ
t I =βIS− (µ+δ1 +γ)I.

Theorem 2.6. The disease-free equilibrium E0 = (S0, I0), of the fractional model (2.13) is
globally asymptotically stable when R0 < 1.

Proof. Consider the Lyapunov function L0(t) defined as follows

L0(t)=
(
S(t)−S0 +S0 ln

S(t)
S0

)
+ I(t).

The function L0(t) is continous and positive for all t ≥ 0.

Now, according to the linearity property of the fractional derivative in the sense of

Caputo, we can calculate the derivative of L0 along the solution of model (2.13). We find

that
CDρ

t L0(t)=CDρ
t

(
S(t)−S0 +S0 ln

S(t)
S0

)
+ CDρ

t I(t).

Using Lemma 1.1, we obtain the following inequality

CDρ
t L0(t)≤

(
1− S0

S(t)

)
CDρ

t S(t)+ CDρ
t I(t),

=
(
1− S0

S(t)

)(
Λ−µS(t)−βS(t)I(t)

)
+ (
βS(t)I(t)− (

µ+δ1 +γ
)
I(t)

)
.
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By using the endemic condition Λ=µS0 and considering the expressions for R0 and S0,

we obtain
CDρ

t L0(t)=−µ (S(t)−S0)2

S(t)
+ (µ+δ1 +γ) (R0 −1) I(t).

If R0 < 1, then we get
CDρ

t L0(t)≤ 0, ∀t ≥ 0.

Moreover, it easy to see that CDρ
t L0(t)= 0 if and only if S(t)= S0 and I(t)= 0. Then, the

largest invariant set for

E =
{
(S(t), I(t)) ∈Θ′

+ : CDρ
t L0(t)= 0

}
is {E0}, where Θ

′
+ = {(S, I) ∈ R2;S ≥ 0, I ≥ 0}. However, Lyapunov’s stability Lemma 1.3

implies that all solutions in Θ
′
+ converge to E0. Therefore, if R0 < 1, the disease-free

equilibrium of model (2.13) is globally asymptotically stable. This completes the proof.

■

Theorem 2.7. The endemic equilibrium E1 = (S∗, I∗) of the fractional model (2.13) is
globally asymptotically stable when R0 > 1.

Proof. We define the Lyapunov function as follows

L1(t)=
(
S−S∗−S∗ ln

S
S∗

)
+

(
I − I∗− I∗ ln

I
I∗

)
It’s clear that the function L1(t) is continous and positive for all t ≥ 0. In addition,

L1(t)= 0, if and only if S(t)= S∗, I(t)= I∗, and A(t)= A∗.

Using Lemma 1.1, we find

CDρ
t L1(t)≤

(
1− S∗

S(t)

)
CDρ

t S(t)+
(
1− I∗

I(t)

)
CDρ

t I(t),

=
(
1− S∗

S(t)

)(
Λ−µS(t)−βS(t)I(t)

)
+

(
1− I∗

I(t)

)(
βS(t)I(t)− (

µ+δ1 +γ
)
I(t)

)
.

We have Λ=µS∗+βS∗I∗ and βS∗I∗ = (
µ+δ1 +γ

)
I∗ , we get

CDρ
t L1(t)≤ −µ (S(t)−S∗)2

S(t)
+β (S(t)−S∗)

(
S∗I∗

S(t)
− I(t)

)
+β(S−S∗)(I(t)− I∗)

≤ − (S(t)−S∗)2

S(t)
(
µ+βI∗

)
.
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Then,
CDρ

t L1(t)≤ 0, for all t ≥ 0.

In addition, we can see that CDρ
t L1(t) = 0 if and only if S(t) = S∗ and I(t) = I∗. Thus,

the largest invariant set of E =
{
(S(t), I(t)) ∈Θ′

+ : CDρ
t L1(t)= 0

}
is {E1}. By LaSalle’s

invariance principle Lemma 1.3, E1 is globally asymptotically stable on Θ
′
+ when R0 > 1.

■

2.1.1.5 Sensitivity analysis

In this section, we perform a sensitivity analysis of R0 with respect to the parameters

of model (2.2), using the definition provided in Equation (1.27). The sensitivity indices

for the parameters β, Λ, µ, δ1, and γ are given as follows:

ΥR0
β

:= ∂R0

∂β
× β

R0
= Λβ

µ (µ+δ1 +γ)
× 1

R0
= 1,

ΥR0
λ

:= ∂R0

∂Λ
× Λ

R0
= Λβ

µ (µ+δ1 +γ)
× 1

R0
= 1,

ΥR0
µ := ∂R0

∂µ
× µ

R0
=−2µ+δ1 +γ

µ+δ1 +γ
,

ΥR0
δ1

:= ∂R0

∂δ1
× δ1

R0
=− δ1

µ+δ1 +γ
,

ΥR0
γ := ∂R0

∂γ
× γ

R0
=− γ

µ+δ1 +γ
.

Parameters Sensitivity index

β +1

γ -0.9182

µ -1.0818

Λ +1

δ1 -2.0632e-11

δ2 0

Table 2.2: Sensitivity analysis of R0 concerning the parameters of model SIA

Based on the information presented in Table 2.2, the most sensitive parameters are

the HIV transmission rate β, and the birth rate Λ. Specifically, since ΥR0
β

= 1, a slight

increase in β or Λ will lead to a decrease of 10% in R0. Similarly, a small decrease in β

or Λ will result in an increase of 10% in R0. The situation is the same when the HIV
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mortality rate δ1, the rate at which HIV progresses to AIDS γ, or the rate at which

people die naturally µ are high; consequently, the reproduction rate is low. Our analysis

shows that the γ, δ2, δ1 and µ parameters do not affect the transmission of HIV, whereas

the β and Λ parameters have a more significant effect.

2.1.2 Formulation of a fractional model of HIV/AIDS with
migration

In many regions around the world, a significant portion of the population has relocated

from various areas. While some regions conduct health screenings, this practice is not

universal. Consequently, some migrating individuals may unknowingly carry infectious

diseases. In this section, we explore the impact of migration on infectious diseases such

as HIV and AIDS, utilizing the SIA model. To reflect this impact, the HIV/AIDS model

is extended in this part to account for migration, as shown in the following Figure 2.2.

S I AΛ

σM

µ

βIS

µ+δ1

γ

µ+δ2

qM

m mm

pM

Figure 2.2: HIV/AIDS transmission pattern with migration.

We use the same parameters as in the previous model and add the following:

• M: immigration of people into the host country,

• σ: rate of migrants engaged in S,

• p: rate of migrants enrolled in I,

• q: rate of migrants enrolled in A,

• m: migration rate at which the population leaves.
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We assume that the proportions σ, p, and q are recruited from the populations S(t),
I(t), and A(t), respectively, where p+q+σ= 1. Additionally, we assume that immigrants

in populations S(t), I(t), and A(t) leave the host country at a rate of m.

Under these assumptions, we present the model described below.

(2.14)



CDρ
t S =σM+Λ−βIS− (µ+m)S,

CDρ
t I = pM+βIS− (µ+m+δ1 +γ)I,

CDρ
t A = qM+γI − (µ+m+δ2)A,

where S(0)= S0 ≥ 0, I(0)= I0 ≥ 0, A(0)= A0 ≥ 0.

Parameters Value Source

ρ 6.0792e-08 Assumed

γ 7.4165e-02 [12]

µ 3.0475e-01 [12]

Λ 4.2249e-10 Assumed

δ1 3.9684e-05 [12]

δ2 4.3603e-05 [12]

σ 1.5572e-01 [12]

p 6.3773e-04 [12]

q 1.6611e-08 [12]

m 2.5e-01 Assumed

Table 2.3: The parameter values used in the SIA model with migration.

2.1.2.1 Positivity and boundedness of solution

Theorem 2.8. The region Θ2 = {(S, I, A) ∈R3;S ≥ 0, I ≥ 0, A ≥ 0,

0≤ N(t)≤ Λ+M
µ+m

, where N(t)= S(t)+ I(t)+ A(t) } is positivity invariant set for the system

(2.14).

Proof. Firstly, we verify the existence and uniqueness of the solution to system (2.14)

using Theorem 1.1. We find that

(2.15) CDρ
t X (t)= f2(X (t)), for t ≥ 0, with X (0)= X0 ∈R3

+,
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with

X (t)=


S(t)
I(t)
A(t)

 , f2(X (t))=


σM+Λ−βSI − (µ+m)S
pM+βSI − (µ+m+δ1 +γ)I
qM+γI − (µ+m+δ2)A

 , X0 =


S0

I0

A0

 .

The vector function f2 clearly fulfills the initial and second conditions outlined in The-

orem 1.1. Our next task is to demonstrate that f also satisfies the third criterion. We

have

∥ f2 (X (t))∥ ≤ ∥ν∥+ (∥A∥+∥B∥∥S(t)∥)∥X (t)∥ ,

where

ν=


σM+Λ
pM
qM

 , A =


−(µ+m) 0 0

0 −(µ+m+δ1 +γ) 0

0 γ −(µ+m+δ2)

 ,

B =


0 −β 0

0 β 0

0 0 0

 .

Hence, the fractional SIA system (2.14) has a unique solution in R3+.

Secondly, we prove the nonnegative of solution. Since, CDρ
t S\S=0 = σM +Λ ≥ 0,

CDρ
t I\I=0 = pM ≥ 0, and CDρ

t A\A=0 = qM +γI ≥ 0. By using Corollary (1.1), we con-

clude that the solution will remain in R3+.

Next, we show that the solutions are bounded

CDρ
t N(t)= Λ+ (p+ q+σ)M− (µ+m)N(t)−δ1I(t)−δ2A(t),

≤ Λ+M− (µ+m)N(t).(2.16)

By applying the Laplace transform to inequality (2.16) using formula (1.22), we obtain:

N(t)≤ Λ tρ Eρ,ρ+1
(−µ tρ

)+Eρ,1
(−µ tρ

)
N(0).(2.17)

According to the formula (1.4), and if 0≤ N(0)≤ Λ+M
µ

, then

N(t)≤ Λ+M
µ

[
Eρ,1(−µ tρ)+µ tρ Eρ,ρ+1(−µ tρ)

]= Λ

µ+M
.

As a result, the solutions are bounded within specific limits. ■
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2.1.2.2 The steady states

Theorem 2.9. When p ̸= 0 , q ̸= 0 and if β(Λ+σM)−(µ+δ1+m+γ)(µ+m)> 0, the model
(2.14) admits a unique endemic equilibrium, denoted by E∗ = (S∗, I∗, A∗), where

(2.18)



S∗ = (p+σ)M+Λ− (µ+δ1 +m+γ)I∗

µ+m
,

I∗ = (µ+δ1 +m+γ)(µ+m)(B−1)+β p m+p
C

2β (µ+δ1 +m+γ)
,

A∗ = qM+γI∗

µ+m+δ2
.

with

B = β(Λ+σM)
(µ+δ1 +m+γ)(µ+m)

,

C = (β(Λ+ (p+σ)m)− (µ+δ1 +m+γ)(µ+m))2 +4βpm(µ+δ1 +m+γ)(µ+m).

Proof. To determine the equilibrium points of the model in equation (2.14), the following

procedure can be applied:

(2.19)

σM+Λ−βI∗S∗− (µ+m)S∗ = 0,

pM+βI∗S∗− (µ+m+δ1 +γ)I∗ = 0,

qM+γI∗− (µ+m+δ2)A∗ = 0.

It is evident that none of the solutions to the equation (2.19) can have I = 0 and A = 0 due

to the conditions p ̸= 0 and q ̸= 0. This implies that the model (2.14) lacks a disease-free

equilibrium but does admit an endemic equilibrium, denoted by E∗ = (S∗, I∗, A∗).

We add the first two equations from system (2.19) and determine the value of S∗ in

the following manner

S∗ = (p+σ)M+Λ− (µ+δ1 +m+γ)I∗

µ+m
.

After some calculations, we find

aI∗
2 +bI∗+ c = 0,(2.20)

where

a =−β(µ+δ1 +m+γ),

b = (β(Λ+ (σ+ p)m)− (µ+δ1 +m+γ)(µ+m)),

c = 4βp m(µ+δ1 +m+γ)(µ+m).
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If β(Λ+σM)− (µ+δ1+m+γ)(µ+m)> 0, the equation (4.18) admits one positive solution

I∗. ■

2.1.2.3 The local stability analysis of the equilibrium points

The following theorem allows to study the local stability of the endemic equilibrium of

model (2.14) in the case when p ̸= 0 and q ̸= 0.

Theorem 2.10. When p ̸= 0 , q ̸= 0, and if β(Λ+σM)− (µ+δ1 +m+γ)(µ+m) > 0, the
endemic equilibrium E∗ = (S∗, I∗, A∗) of model (2.14) is locally asymptotically stable.

Proof. The Jacobian matrix at the endemic equilibrium E∗ of model (2.14) is given by

J (E∗)=


−βI∗− (µ+m) −βS∗ 0

βI∗ βS∗− (µ+δ1 +m+γ) 0

0 γ −(µ+m+δ2)

 .

We find the eigenvalues of the Jacobian matrix J (E∗) as follows

(2.21) det(λ−J (E∗∗))= 0.

Morever, the equation (2.21) is expressed as follows

(λ+µ+m+δ2)(λ2 +a1λ+a2)= 0,

where,

a1 =βI∗+µ+m+ (µ+δ1 +m+γ)−βS∗,

a2 = (βI∗+µ+m)(µ+δ1 +m+γ−βS∗)+β2S∗I∗.

It is evident that λ1 =−(µ+m+δ2)< 0, and we will now calculate the other eigenvalues.

Let ∆1 = a2
1 −4a2,

Case 1. If ∆1 > 0, then we have

λ2 = −a1 −
p
∆1

2
, λ3 = −a1 +

p
∆1

2
.

If β(Λ+σM)− (µ+δ1 +m+γ)(µ+m)> 0, then λ2 < 0 and λ3 < 0.

Case 2. If ∆1 < 0, then we have two roots complex ( j2 =−1)

λ2 = −a1 − j
p|∆1 |

2
, λ3 = −a1 + j

p|∆1 |
2

.

If β(Λ+σM)−(µ+δ1+m+γ)(µ+m)> 0, then a1 > 0. So, the real parts of the eigenvalues

λ1 and λ2 are negative.

Hence, we have |arg(λi)| > ρπ

2 for i = 1,2,3 in both previous cases. Consequently, the

local stability of the endemic equilibrium E∗ is established. ■
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2.1.2.4 The global stability analysis of the equilibrium point

We will follow the same procedure as in Section 2.1.1.4, where we focused the study on

the following system

(2.22)


CDρ

t S =σM+Λ−βIS− (µ+m)S,

CDρ
t I = pM+βIS− (µ+m+δ1 +γ)I.

Theorem 2.11. When p ̸= , q ̸= 0, and if β(Λ+σM)−(µ+δ1+m+γ)(µ+m)> 0, the endemic
equilibrium E∗ = (S∗, I∗) of model (2.22) is globally asymptotically stable.

Proof. We define the Lyapunov function as follows

L2(t)=
(
S−S∗−S∗ ln

S
S∗

)
+

(
I − I∗− I∗ ln

I
I∗

)
.

Using Lemma 1.1, we have

CDρ
t L2(t)≤

(
1− S∗

S(t)

)
CDρ

t S(t)+
(
1− I∗

I(t)

)
CDρ

t I(t),

=
(
1− S∗

S(t)

)(
σM+Λ− (µ+m)S−βS(t)I(t)

)
+

(
1− I∗

I(t)

)[
pM+βS(t)I(t)− (µ+m+δ1 +γ)I(t)

]
,

=− (µ+m)
(S(t)−S∗)2

S(t)
+βS∗I∗

(
S(t)I(t)
S∗I∗

− I
I∗

)
+ pM

(
1− I∗

I(t)

)(
1− I(t)

I∗

)
+βS∗I∗

(
1− I∗

I(t)

)(
S(t)I(t)
S∗I∗

− I(t)
I∗

)
,

=− (µ+m)
(S(t)−S∗)2

S(t)
− pM

(I(t)− I∗)2

I∗I(t)
+βS∗I∗

(
2− S∗

S(t)
− S(t)

S∗

)
.

It is clear that
(
2− S∗

S(t) − S(t)
S∗

)
≤ 0, hence

CDρ
t L2(t)≤ 0, for all t ≥ 0.

Therefore, E∗ = (S∗, I∗) is globally asymptotically stable . ■

Remark 3. Crucially, when p=q=0, system (2.14) has two equilibrium points: disease-free
equilibrium E0 =

(
Λ+σM
µ+m ,0,0

)
, and the endemic equilibrium E1 = (S∗∗, I∗∗, A∗∗), with the

values of S∗, I∗, and A∗ given as follows.

S∗∗ = µ+m+δ1 +γ
β

, I∗∗ = (µ+m)(R0 −1)
β (µ+m+δ1 +γ)

, A∗∗ = γI∗∗

µ+m+δ2
,
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with R0 = β (Λ+σM)
(µ+m)(µ+m+δ1 +γ)

, is the basic reproduction number obtained by the next

generation matrix [87].

As a result, we obtain the following theorems.

Theorem 2.12. When p = q = 0, we have

1. If R0 < 1, then the fractional SIA model (2.14) has a unique disease-free equilibrium
E0.

2. If R0 > 1, then the fractional SIA model (2.14) also has a unique endemic equilib-
rium E1 = (S∗, I∗, A∗).

Theorem 2.13. For model SIA fractional with p = 0 and q = 0, we get

1. The disease-free equilibrium E0 is locally asymptotically stable when R0 < 1, and
it is unstable when R0 > 1.

2. The unique endemic equilibrium E1 = (S∗, I∗, A∗) is locally asymptotically stable
when R0 > 1.

Proof. 1. Analysis for Disease-Free Equilibrium E0

The Jacobian matrix at equilibrium E0 of fractional model (2.14) can be presented

as

J (E0)=


−(µ+m) −β 0

0 (R0 −1)(µ+m+δ1 +γ) 0

0 γ −(µ+m+δ2)

 .

The eigenvalues of the matrix can be easily obtained

λ1 =−(µ+m+δ2), λ2 =−(µ+m), λ3 = (R0 −1)(µ+m+δ1 +γ).

Since, R0 < 1, the eigenvalues are all less than zero. This suggests that |arg(λi)| =
π > ρπ

2 (i = 1,2,3). We can conclude, in accordance with Theorem 1.2, that E0 is

locally asymptotically stable.

2. Analysis for Endemic Equilibrium E1.
For the endemic equilibrium E1, the Jacobian matrix is given by

J (E1)=


−(µ+m)R0 −(µ+m+δ1 +γ) 0

(µ+m) (R0 −1) 0 0

0 γ −(µ+m+δ2)

 .
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The eigenvalues are found by solving the following characteristic equation

det
(
J (E1)−λI3

)= 0.

Two cases are examined based on the value of the discriminant. ∆= ((µ+m)R0)2−
4(µ+m)(µ+m+δ1 +γ)(R0 −1)

• If ∆> 0, we have obtained real solutions

λ1 = −((µ+m)R0)−p
∆

2
, λ2 = −((µ+m)R0)+p

∆

2
, λ3 =−(µ+m+δ2).

We have λ3 < 0, and if R0 > 1, then λ1< 0 and λ2 < 0 as well.

• If ∆< 0, we obtained complex conjugate solutions

λ1 = −((µ+m)R0)− j
p
∆

2
; λ2 = −((µ+m)R0)+ j

p
∆

2
; λ3 =−(µ+m+δ2).

Evident, Thus all eigenvalues have negative real parts.

Therefore, in both cases the eigenvalues verify condition 1.26, confirming the local

stability of the endemic equilibrium of system (2.14) when p = q = 0.

■

Theorem 2.14. when p = q = 0, we have

1. If R0 < 1, the disease-free equilibrium E0 =
(
σM+Λ
µ+m ,0

)
, of the model (2.22) is globally

asymptotically stable.

2. if R0 > 1, the endemic equilibrium E1 = (S∗∗, I∗∗) of the model (2.22) exhibits global
asymptotic stability.

Proof. 1. Consider the following Lyapunov function:

L0(t)=
(
S(t)−S0 +S0 ln

S(t)
S0

)
+ I(t).

where S0 = σM+Λ
µ+m

Following a series of calculations, we find

CDρ
t L0(t)≤

(
1− S0

S(t)

)
CDρ

t S(t)+ CDρ
t I(t),

=
(
1− S0

S(t)

)(
σM+Λ−µS(t)−βS(t)I(t)

)
+ (
βS(t)I(t)− (

µ+δ1 +γ
)
I(t)

)
,

≤−µ (S(t)−S0)2

S(t)
+ (µ+δ1 +γ) (R0 −1) I(t).
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We have R0 < 1, then CDρ
t L0(t)< 0 ∀t ≥ 0.

Consequently, the disease-free equilibrium is globally asymptotically stable.

2. We use the Lyapunov function mentioned in Theorem 2.1.2.4 and follow the same

procedures to obtain our results.

L2(t)=
(
S−S∗∗−S∗∗ ln

S
S∗∗

)
+

(
I − I∗∗− I∗∗ ln

I
I∗∗

)
.

CDρ
t L2(t)≤

(
1− S∗∗

S(t)

)
CDρ

t S(t)+
(
1− I∗∗

I(t)

)
CDρ

t I(t),

=
(
1− S∗∗

S(t)

)(
σM+Λ− (µ+m)S−βS(t)I(t)

)
+

(
1− I∗∗

I(t)

)[
βS(t)I(t)− (µ+m+δ1 +γ)I(t)

]
,

=− (µ+m)
(S(t)−S∗∗)2

S(t)
+βS∗I∗

(
2− S∗∗

S(t)
− S

S∗∗

)
.

We have
(
2− S

S(t) − S
S∗∗

)
≤ 0, which gives

CDρ
t L2(t)< 0, for all t ≥ 0.

Therefore, E1 = (S∗∗, I∗∗) is globally asymptotically stable .

■

2.1.3 Numerical Solutions of FDEs using the
Adams-Bashforth-Moulton fractional Technique

In this section, we outline the numerical approach used to solve the fractional differen-

tial equations (FDEs) governing the dynamics of the HIV and AIDS models. Specifically,

we employ the Adams-Bashforth-Moulton fractional technique, which is well-regarded

for its accuracy and efficiency in capturing the non-local behaviors of fractional deriva-

tives. The general formulation of this method was discussed in the previous chapter. We

begin by presenting the specific numerical schemes used for our models, highlighting

the advantages of this approach, followed by a discussion of the numerical results.

2.1.3.1 Numerical schemes for the model without migration

In this subsection, we discuss the algorithm used to obtain the numerical solution of

the fractional-order SIA model without migration. We employ the Adams-Bashforth-

Moulton predictor-corrector scheme outlined in Section 1.5.1, which is applied to our
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model (2.2). The details of the algorithm are presented as follows.

(2.23)

Sn+1 =S0 + hρ

Γ(ρ+2)
(
Λ−βSp

n+1I p
n+1 −µSp

n+1
)+ hρ

Γ(ρ+2)

n∑
j=0

a j,n+1
(
Λ−βS j I j −µS j

)
,

In+1 =I0 + hρ

Γ(ρ+2)
(
βSp

n+1I p
n+1 −

(
µ+δ1 +γ

)
I p

n+1
)+ hρ

Γ(ρ+2)

n∑
j=0

a j,n+1
(
βS j I j −

(
µ+δ1 +γ

)
I j

)
,

An+1 =A0 + hρ

Γ(ρ+2)
(
γI p

n+1 −
(
µ+δ2

)
Ap

n+1
)+ hρ

Γ(ρ+2)

n∑
j=0

a j,n+1
(
γI j −

(
µ+δ2

)
A j

)
,

where

(2.24)

Sp
n+1 = S0 + 1

Γ(ρ)

n∑
j=0

b j,n+1
(
Λ−βS j I j −µS j

)
,

I p
n+1 = I0 + 1

Γ(ρ)

n∑
j=0

b j,n+1
(
βS j I j −

(
µ+δ1 +γ

)
I j

)
,

Ap
n+1 = A0 + 1

Γ(ρ)

n∑
j=0

b j,n+1
(
γI j −

(
µ+δ2

)
A j

)
,

and a j,n+1 and b j,n+1 are described in 1.31 and 1.33.

2.1.3.2 Numerical schemes for the model with migration dynamics

We use the Adams-Bashforth-Moulton predictor-corrector scheme, and with the same

notations from the previous section, we derive the numerical schemes for the SIA model

with migration.

(2.25)

Sn+1 =S0 + hρ

Γ(ρ+2)
(
Λ+σM−βSp

n+1I p
n+1 − (µ+m)Sp

n+1
)

+ hρ

Γ(ρ+2)

n∑
j=0

(
Λ+σM−βS j I j − (µ+m)S j

)
,

In+1 =I0 + hρ

Γ(ρ+2)
(
pM+βSp

n+1I p
n+1 −

(
µ+m+δ1 +γ

)
I p

n+1
)

+ hρ

Γ(ρ+2)

n∑
j=0

a j,n+1
(
pM+βS j I j −

(
µ+m+δ1 +γ

)
I j

)
,

An+1 =A0 + hρ

Γ(ρ+2)
(
qM+γI p

n+1 −
(
µ+m+δ2

)
Ap

n+1
)

+ hρ

Γ(ρ+2)

n∑
j=0

a j,n+1
(
qM+γI j −

(
µ+m+δ2

)
A j

)
,
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with

(2.26)

Sp
n+1 = S0 + 1

Γ(ρ)

n∑
j=0

b j,n+1
(
Λ+σM−βS j I j − (µ+m)S j

)
,

I p
n+1 = I0 + 1

Γ(ρ)

n∑
j=0

b j,n+1
(
pM+βS j I j −

(
µ+m+δ1 +γ

)
I j

)
,

Ap
n+1 = A0 + 1

Γ(ρ)

n∑
j=0

b j,n+1
(
qM+γI j −

(
µ+m+δ2

)
A j

)
,

and a j,n+1 and b j,n+1 are described in 1.31 and 1.33.

2.1.3.3 Numerical simulations and discussions

In this part, we perform numerical simulations to evaluate and validate the theoretical

results of the two models presented in (2.2) and (2.14). Using the schemes outlined in

(2.25) and (2.23), we demonstrate the influence of the fractional order. The initial values

are taken as N = 16,329,400, S(0) = 16,329,396, I(0) = 3, A(0) = 1, and M = 435,408

[12], with the parameter values provided in Tables 2.1 and 2.3. The graphs in Figures

2.3(a), 2.3(b), and 2.3(c) display the solution curves for S(t), I(t), and A(t) for different

values of the fractional order ρ.

As illustrated in Figures 2.3(a) and 2.3(c), when ρ is near 1, both the number of sus-

ceptible individuals and those infected with AIDS increase. Figure 2.3(c) reveals that

higher values of the fractional order result in a larger disease peak, with a maximum

value higher than cases where ρ is less than 1. These graphical representations indicate

that fractional derivatives are crucial for capturing the dynamics of the model. Specif-

ically, for ρ = 0.99,0.85,0.75, convergence is faster compared to classical derivatives

(ρ = 1).

Therefore, differential equations with fractional-order derivatives capture richer dy-

namics and more accurately reflect the behavior of biological systems compared to con-

ventional integer-order models. The fractional derivative is particularly suitable for mod-

eling the dynamics of HIV and AIDS, as it accounts for long-term interactions, latency

periods, and recovery times. This approach aligns well with the reality of the progression

from HIV to AIDS, as it more accurately represents the time required for this transition.

In model (2.2), we have R0 < 1, and the equilibrium point is E0 = (1.0816×10−9,0,0).

Figure 2.3 shows that the solution of model (2.2) converges to its equilibrium point

for all fractional-order derivative. Moreover, the disease-free equilibrium E0 is globally

asymptotically stable, which confirms the theoretical results.
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Figure 2.3: Dynamic behavior of the SIA model without migration as a function of Time
(years) for different ρ values using the Adams-Bashforth-Moulton fractional method

In Figure 2.4, the subplots illustrate the populations of susceptible individuals, HIV-

infected individuals, and individuals with AIDS in the presence of migration. As the

value of ρ decreases (i.e., ρ < 1), the populations of HIV-infected and AIDS-infected

individuals increase, while the susceptible population decreases.

We computed the stability condition as specified in Theorem 2.10 for the model

with migration. The result, β(Λ+σM)− (µ+δ1 +m+γ)(µ+m) =−0.0867 < 0, indicates

that the endemic equilibrium is unstable. As shown in Figures 2.4(a), 2.4(c), and 2.4(b),

model (2.14) does not converge to the expected equilibrium, validating the theoretical

predictions.

The illustrations demonstrate that, for different values of ρ, the solution curves

converge to distinct points, denoted as Em = (1.0355×105,384.2372,43.5316), rather than

the equilibrium point. This observation is consistent with and supports our analytical

findings.

In our analysis of the system dynamics, we specifically examined the effects of the
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Figure 2.4: Dynamic Behavior of the SIP model with migration as a function of time
(Years) for different ρ values using the Adams-Bashforth-Moulton fractional method

migration rates of infectious individuals (p) and AIDS-infected individuals (q). Figures

2.5(a) and 2.5(b) illustrate the system’s behavior for various values of these parameters.

We observed significant changes in the dynamics, highlighting the influence of migration

rates on the system. For instance, varying the migration rate of infectious individuals,

with values of p = 0.0063773, p = 0.035075, and p = 0.063773, led to a notable increase

in the number of infectious individuals. This suggests a positive correlation between the

number of infectious individuals and the migration rate (p).

These findings highlight the critical role that migration rates play in shaping the

overall dynamics of the system. The graphs clearly illustrate how migration influences

the spread of infectious diseases within the studied population.
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Figure 2.5: System behavior with migration for different values of p and q.

2.2 Dynamic analysis of the ABC fractional approach
to HIV and AIDS with migration

In the previous section, we employed the Caputo fractional derivative to analyze the

impact of migration on the dynamics of the epidemic. In this section, we explore the

advantages of using the ABC fractional derivative to investigate the model’s behavior

specifically in the context of migration, as this aspect provides valuable insights. The

system is defined as follows:

(2.27)



ABCDρ
t S =σM+Λ−βIS− (µ+m)S,

ABCDρ
t I = pM+βIS− (µ+m+δ1 +γ)I,

ABCDρ
t A = qM+γI − (µ+m+δ2)A,

with initial conditions S(0) = S0 ≥ 0, I(0) = I0 ≥ 0, and A(0) = A0 ≥ 0, where ABCDρ
t

denotes the Atangana-Baleanu-Caputo fractional derivative of order ρ ∈ (0,1].

2.2.1 ABC-Fractional equations: existence and uniqueness

In this section, we demonstrate the existence and uniqueness of solutions using the

fixed point theorem and the Picard operator. Consider C
(
[0,T],R3) as a Banach space
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consisting of continuous functions on [0,T] with the norm defined by

∥(S, I, A)∥ = ∥S∥∞+∥I∥∞+∥A∥∞,

where ∥ ·∥∞ represents the supremum norm over R.

We put

(2.28)


ϕ1(t,S(t))=σM+Λ−βIS− (µ+m)S,

ϕ2(t, I(t))= pM+βIS− (µ+m+δ1 +γ)I,

ϕ3(t, A(t))= qM+γI − (µ+m+δ2)A.

Thus, the fractional model (2.27) can be reformulated as follows

(2.29)


ABCDρ

t (S(t))=ϕ1(t,S(t)),
ABCDρ

t (I(t))=ϕ2(t, I(t)),
ABCDρ

t (A(t))=ϕ3(t, A(t)).

Using the fractional ABC integral over each equation in the system (2.29), we derive

S(t)−S(0)= 1−ρ
M(ρ)

+ ρ

M(ρ)Γ(ρ)

∫ t

0
(t− z)ρ−1ϕ1(z,S)dz,

I(t)− I(0)= 1−ρ
M(ρ)

+ ρ

M(ρ)Γ(ρ)

∫ t

0
(t− z)ρ−1ϕ2(z, I)dz,

A(t)− A(0)= 1−ρ
M(ρ)

+ ρ

M(ρ)Γ(ρ)

∫ t

0
(t− z)ρ−1ϕ3(z,P)dz.

The following theorems will be established under the assumptions that ∥S(t)∥ ≤ C1,

∥I(t)∥ ≤ C2, and ∥A(t)∥ ≤ C3, where the constants Ci are positive for all i = 1, . . . ,3.

we set

K1 =βC2 +µ+m, K2 =µ+m+δ1 +γ+βC1,

K3 =µ+m+δ2.
(2.30)

Theorem 2.15. Assume the following condition holds:

(2.31) 0<max {K i}< 1, i ∈ {1, . . . ,3}

Under this condition, the kernels ϕ1, ϕ2, and ϕ3 are contraction mappings.

Proof. Let S1 and S2 be two functions,∥∥ϕ1 (t,S1)−ϕ1 (t,S2)
∥∥≤ ∥∥(

βI + (
µ+m

))
(S1 −S2)

∥∥ ,

≤ ∥∥(
βC2 +µ+m

)
(S1 −S2)

∥∥ ,

≤ K1 ∥S1 −S2∥ .
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Using the same process for ϕ2 and ϕ3, we find that∥∥ϕ2 (t, I1)−ϕ2 (t, I2)
∥∥≤ K2 ∥I1 − I2∥ ,∥∥ϕ3 (t, A1)−ϕ3 (t, A2)
∥∥≤ K3 ∥A1 − A2∥ .

Then, according to condition (2.31), ϕ1, ϕ2, and ϕ3 are contraction mappings. ■

Theorem 2.16. Suppose the following condition holds:

(2.32) 0<Γ=
(

1−ρ
M(ρ)

+ tρ

M(ρ)Γ(ρ)

)
max

i=1,...,3
{K i}< 1,

under which the HIV/AIDS model with the fractional ABC derivative has a unique
solution.

Proof. We consider

X (t)=


S(t)
I(t)
A(t)

 , X0 =


S0

I0

A0

 , F (t, X (t))=


ϕ1(t,S)

ϕ2(t, I)

ϕ3(t, A)

 .

J= [−T,T] and B =∏3
i=1

[
X0

i −ϵ, X0
i +ϵ].

Consider C (J,B) as a metric space, equipped with the norm:

(2.33) ∥Φ1 −Φ2∥∞ = sup
t∈J

|Φ1(t)−Φ2(t)|.

We now introduce the following Picard operator:

f : C (J,B)→C (J,B)

f (X (t))=X0(t)+ 1−ρ
M(ρ)

F (t, X (t))

+ ρ

M(ρ)Γ(ρ)

∫ t

0
(t− z)ρ−1F (z, X (z))dz.

To complete the proof of this theorem, we will demonstrate that the operator f defined

above is a contraction mapping. Given (X1, X2) ∈C (J,B), we have the following:

∥ f (X1(t))− f (X2(t))∥⩽ 1−ρ
M(ρ)

∥F (t, X1(t))−F (t, X2(t))∥

+ ρ

M(ρ)Γ(ρ)

∫ t

0
(t− z)ρ−1 ∥F (z, X1(z))−F (z, X2(z))∥dz.

Since the function F is a contraction mapping (as established in Theorem 2.15), we

obtain:
∥ f (X1(t))− f (X2(t))∥⩽Γ∥X1(t)− X2(t)∥ .
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If the condition given in (2.32) is met, then f acts as a contraction on C (J,B). As a

result, the Banach fixed-point theorem ensures the existence and uniqueness of a fixed

point for the operator f . Thus, the SIA model with the ABC fractional derivative (2.27)

has a unique solution. ■

2.2.2 Non-negativity and boundedness of solutions

In this section, we establish the positivity and boundedness of the fractional model (2.27),

starting with a proof of the non-negativity of its solutions.

Consider the following set:

Θ1 =
{
(S, I, A) ∈R3;S(t)≥ 0, I(t)≥ 0, A(t)≥ 0

}
.

Theorem 2.17. The solutions (S, I, A) of the model (2.27) are all positive for all t ≥ 0 and
belong to Θ1.

Proof. We begin with the first equation in the system (2.27), which is expressed as

follows:

ABCDρ
t S(t)=σM+Λ−βIS− (µ+m)S,

≥−(
β+µ+m

)
S(t).

Then,

(2.34) ABCDρ
t S(t)≥−(

β+µ+m
)
S(t).

By employing the Laplace transform of the ABC operator on the inequality (2.34), we

obtain

L {S(t)} (s)≥ M(ρ)S(0)
M(ρ)+ (

ρ+µ+m
)
(1−ρ)

· sρ−1

sρ+ (ρ+µ+m)ρ
M(ρ)+(ρ+µ+m)(1−ρ)

.

By utilizing the inverse Laplace transform and referring to formula (1.22), we derive

S(t)≥ M(ρ)S(0)
M(ρ)+ (

β+µ)
(1−ρ)

Eρ,1

(
−tρ

(
β+µ+m

)
ρ

M(ρ)+ (
β+µ+m

)
(1−ρ)

)
.

Given that S(0)≥ 0 and 0< Eρ,1

(
−tρ (β+µ+m)ρ

M(ρ)+(β+µ+m)(1−ρ)

)
≤ 1, it follows that S(t)≥ 0.

Similarly, by proving that S(t) ≥ 0, I(t) ≥ 0, and A(t) ≥ 0, we can conclude that the

solution remains within R3+. ■

Next, we demonstrate that the solutions are bounded.
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Theorem 2.18. The biologically relevant region for the ABC fractional model (2.27) is
defined as follows

Θ :=
{

(S(t), I(t), A(t)) ∈R3
+ | 0≤ N(t)≤ M+Λ

µ+m

}
,

where N(t)= S(t)+ I(t)+ A(t).

Proof. By adding all the equations of the model (2.27), we obtain

(2.35) ABCDρ
t N(t)= M+Λ− (µ+m)N(t)− (δ1 +γ)I(t)−δ2 A(t).

When there are no infections I = 0 and A = 0, we find

(2.36) ABCDρ
t N(t)≤ M+Λ− (µ+m)N(t).

Applying the Laplace transform of the ABC fractional derivative to inequality (2.36)

gives:

M(ρ) sρL {N(t)}(s)
ρ+ (1−ρ)sρ

+ (µ+m)L {N(t)}(s)≤ (M+Λ) sρ−(ρ+1) + M(ρ)N(0)sρ−1

ρ+ (1−ρ)sρ
.

This simplifies to:

L {N(t)}(s)≤ 1
M(ρ)+ (µ+m)(1−ρ)

× (M+Λ)(1−ρ)sρ−1 + (M+Λ)ρ sρ−(ρ+1) +N(0)M(ρ)sρ−1

sρ+ ρ(µ+m)
M(ρ)+(µ+m)(1−ρ)

.

From here, using formula (1.22), we arrive at the following expression:

N(t)≤ (M+Λ)ρ tρ

(1−ρ)(µ+m)+M(ρ)
Eρ,ρ+1

(−ξtρ
)

+
[

(M+Λ)(1−ρ)
(1−ρ)(µ+m)+M(ρ)

+ M(ρ)N(0)
M(ρ)+ (1−ρ)(µ+m)

]
Eρ,1

(−ξtρ
)
,

where ξ= (µ+m)ρ
M(ρ)+(µ+m)(1−ρ) . We find that lim

t→∞N ≤ M+Λ
µ+m . This indicates that N(t), S(t), I(t),

and A(t) are constrained within Θ. ■

2.2.3 Numerical schemes for FDEs using the Atangana–Taoufik
fractional method

In this subsection, we analyze the behavior of the SIA fractional epidemiological model

(2.27) using the ABC derivative to illustrate how the memory index affects disease in-

cidence. This analysis is conducted through the application of the two-step Lagrange
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polynomial approximation, as detailed in Section 1.5.2. We then apply the scheme de-

scribed in equation (1.5.1) to our model (2.27).

(2.37)

S (tn+1)=S (0)+ 1−ρ
M(ρ)

φ1 (tn,S (tn))+ ρ

M(ρ)

n∑
j=0

[
hρφ1 (tk, z (tk))

Γ(ρ+2)
×

{
(n−k+2+ρ)(n+1−k)ρ(n−k+2+2ρ)(n−k)ρ

}
−hρφ1 (tk−1, z (tk−1))

Γ(ρ+2)
{
(n+1−k)ρ+1 − (n−k+1+ρ)(n−k)ρ

}]
,

I (tn+1)=I (0)+ 1−ρ
M(ρ)

φ2 (tn, z (tn))+ ρ

M(ρ)

n∑
k=0

[
hρφ2 (tk, z (tk))

Γ(ρ+2)
×{

(n−k+2+ρ)(n+1−k)ρ(n−k+2+2ρ)(n−k)ρ
}

−hρφ1 (tk−1, z (tk−1))
Γ(ρ+2)

{
(n+1−k)ρ+1 − (n−k+1+ρ)(n−k)ρ

}]
,

A (tn+1)=A (0)+ 1−ρ
M(ρ)

φ3 (tn, z (tn))+ ρ

M(ρ)

n∑
k=0

[
hρφ3 (tk, z (tk))

Γ(ρ+2)
×{

(n−k+2+ρ)(n+1−k)ρ(n−k+2+2ρ)(n−k)ρ
}]

,

where ϕ1,ϕ2 and ϕ3 are desribed in 2.28.

2.2.4 Numerical sumulations and discussions

This section examines the behavior of the SIA fractional model using the

Taoufik–Atangana numerical scheme, as detailed in Section 1.5.2. The parameters and

initial values for the numerical simulations are consistent with those used for the Ca-

puto fractional derivatives (see Table 2.3). We apply the ABC fractional derivative with

varying values of the order ρ to assess its impact on the model’s dynamics, as shown

in Figure 2.6. From this figure, we observe that as ρ decreases, the infection peak of

the disease decline, emphasizing the role of fractional derivatives particularly the ABC

fractional derivative in shaping disease transmission and management.

The fractional parameter ρ is key to capturing the long-term behavior of HIV, in-

cluding its slow progression and chronic nature. Compared to the integer-order case

(ρ = 1), the fractional model introduces a "memory effect," which better reflects HIV’s

prolonged latency period and slows the spread of infection. This indicates that fractional

derivatives offer a more nuanced approach to controlling HIV transmission, providing

potential advantages over traditional integer-order models in epidemic management.
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Figure 2.6: Dynamics of the SIA model over time (in years) for various values of ρ using
the Taoufik–Atangana scheme

2.3 Comparison of ABC and Caputo fractional
derivatives in HIV and AIDS dynamics

To tackle the persistent challenge of selecting the appropriate fractional derivative, this

section presents a comparative analysis between the Atangana–Baleanu-Caputo (ABC)

and Caputo derivatives within the context of HIV and AIDS models, particularly in cases

involving migration. The Caputo derivative is approximated using the Adams-Bashforth

method, as shown in equation (2.25), while the ABC derivative is approximated using

the Taoufik-Atangana scheme, as detailed in equation (2.37).

Figures 2.7 to 2.9 illustrate the trajectories of the susceptible population, the infected

population with HIV I(t), and the AIDS population for both the fractional ABC and Ca-

puto derivatives, with values of ρ = 0.95, 0.75, and 0.60. Our objective is to determine

which derivative more accurately models the spread of HIV, considering their distinct
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mathematical properties and implications for modeling real-world phenomena. The re-

sults reveal that the ABC derivative leads to slower convergence compared to the Caputo

derivative, suggesting a more pronounced impact on HIV transmission and highlighting

the significance of incorporating memory effects. Furthermore, as ρ deviates further

from 1, the differences between the two derivatives become increasingly significant.
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Figure 2.7: Comparison of the ABC and Caputo fractional derivatives in the dynamics
of the SIA model with ρ = 0.95.
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Figure 2.8: Comparison of the ABC and Caputo fractional derivatives in the dynamics
of the SIA model with ρ = 0.75.
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Figure 2.9: Comparison of the ABC and Caputo fractional derivatives in the dynamics
of the SIA model with ρ = 0.60.
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2.4 Conclusion

In this chapter, we presented two fractional models of HIV/AIDS, one including migra-

tion and the other without, and applied two fractional operators: Caputo and ABC. We

demonstrated that both models are well-posed, establishing their local stability by ana-

lyzing the equilibria. Additionally, we computed the basic reproduction number for both

models and proved their global stability using appropriate Lyapunov functions. The the-

oretical results were corroborated by numerical simulations, which showed that while

the fractional order derivative ρ did not affect the stability of the equilibrium, it had a

significant impact on the time required to reach a stable state. Specifically, we observed

that convergence to stable states was slower with fractional values of ρ, consistent with

the slow progression characteristic of HIV. These findings highlight the robustness and

consistency of the models, confirming that the results are valid across different fractional

derivative approaches.

Furthermore, our comparative analysis of the Caputo and ABC fractional derivatives

revealed that the ABC derivative captures more intricate dynamics, offering a richer

understanding of the system’s behavior. This increased detail enables a more accurate

representation of HIV/AIDS transmission dynamics. Based on these findings, we con-

clude that fractional derivatives, particularly the ABC fractional derivative, provide a

more flexible and detailed framework for modeling the disease dynamics. The results

emphasize the critical importance of selecting an optimal value for ρ, as it significantly

influences the model’s predictive capacity and can enhance the effectiveness of disease

control strategies.
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M E M O R Y E F F E C T

The growing global demand for marine resources, driven by changes in food preferences

and technological advances in fisheries and aquaculture, highlights the critical impor-

tance of marine ecosystems. These ecosystems play a vital role in human nutrition and

economic stability, particularly in developing countries, where marine resources serve as

a primary source of dietary protein and livelihoods [36, 59]. However, marine ecosystems

face significant challenges, including the rise of parasitic infections that affect both the

health of marine organisms and the human populations that rely on them [2, 10].

Despite the importance of addressing marine diseases, the development of mathemat-

ical models to understand the dynamics of infectious diseases in marine environments

remains limited [21]. This limitation is largely due to the complexity and vastness of

marine ecosystems, the diversity of marine life, and the unique challenges of conduct-

ing research in these environments [40]. Building on previous research, this chapter

explores the application of fractional calculus to model disease dynamics in marine

ecosystems. Specifically, it presents the SIP model with a general incidence rate using

the Caputo fractional derivative, while also extending the analysis by incorporating the

Atangana-Baleanu-Caputo (ABC) derivative to further capture the memory and com-

plexity inherent in marine systems. The Caputo fractional derivative, as highlighted in

the introduction, is particularly suited for models with conventional initial conditions,
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while the ABC derivative offers a more generalized approach. Together, these fractional

derivatives enhance the model’s ability to account for non-local effects and memory prop-

erties in disease transmission dynamics.

In eco-epidemiological models, the choice of incidence rate is crucial for accurately

analyzing disease transmission dynamics, as it defines how infections spread among

populations over time. Researchers have investigated various incidence rates to enhance

their models, including the bilinear incidence rate [89], the saturated incidence rate

[3, 58], the Beddington-DeAngelis incidence rate [30], and specific nonlinear functions

[83]. By integrating these incidence rates, models can better reflect the complexities of

disease spread in marine ecosystems.

The remainder of this chapter is organized as follows: The classical model is for-

mulated in Section 3.1. In Section 3.2, we analyze the dynamics of diseases caused by

marine parasites using the Caputo derivative. In Section 3.3, we conduct a sensitivity

analysis of the model parameters. In Section 3.4, we examine the primary findings from

the numerical simulations in the context of the Caputo derivative. In Section 3.5, we

investigate the dynamics of diseases produced by marine parasites through the ABC

fractional derivative. Finally, the chapter concludes with a summary of the results.

3.1 Model formulation

In this section, we consider a compartmental SIP model, proposed by [19], for model-

ing the transmission of marine parasites. The host population N(t) is divided into two

categories (N(t)= S(t)+ I(t)): the susceptible class (S), representing the uninfected indi-

viduals, and the infected class (I), comprising individuals infected with a parasite. This

model assumes that both susceptible and infected hosts come into contact with parasite

stages (P) present in their local environment. The interaction between hosts and para-

sites is characterized by the coefficient c, which measures the rate at which hosts contact

parasites per unit of time. The parasitic states (P) within the environment interact with

the host population, leading to an additional disease-induced mortality rate δ. In the

marine environment, susceptible individuals become infected at a rate β ( the transmis-

sion rate). The parameters of our model include: B, the rate of recruitment of the marine

population into the local environment; λ, the rate of parasite multiplication in infected

hosts; b, representing local host production; and µp, the rate at which parasite stages

exit the local environment through inactivation and export. Additionally, µ is the rate

of natural mortality, with µ > b. The dynamics of this model can be described by the
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following linked differential equations

(3.1)



dS
dt = B+b(S+ I)−µS−βSP,

dI
dt =βSP − (µ+δ)I,

dP
dt =λI −µpP − c(S+ I)P,

with the following initial conditions

S(0)= S0 ≥ 0, I(0)= I0 ≥ 0, P(0)= P0 ≥ 0.(3.2)

Parameters Value Source

B 2 Assumed

β 0.02 − 0.009 [95]

µ 0.1 Assumed

c 0.01 Assumed

b 0.001 Assumed

δ 1 [95]

µp 1 [95]

λ 5.252 [95]

Table 3.1: The parameter values used in the fractional order SIP model.

3.2 Analyzing the dynamics of marine parasite
diseases using the Caputo derivative

Fractional derivatives offer many advantages over classical derivatives, as integer-order

derivatives are limited in accounting for memory effects and complex biological processes.

Therefore, in this part, we replace the integer order derivative in (3.1) with fractional

Caputo derivative CDα, where α represents the orde derivative. As P represents the

marine parasites, which is the key variable in the SIP model, we have generalized it

with a function F (P) that can take many forms. For all β> 0 and k1 > 0 we have

F (P)=βP, F (P)= βP
1+k1P

.(3.3)
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These forms will be studied further in this chapter. The SIP fractional model is subse-

quently defined as follows:

(3.4)



CDα
t S = B+b(S+ I)−µS−SF (P),

CDα
t I = SF (P)− (µ+δ)I,

CDα
t P =λI −µpP − c(S+ I)F (P),

with the non-negative initial conditions described in (3.2), α ∈ (0,1], and the parameters

in system (3.4) being the same as those of the classical model, the parasite transmission

diagram is shown in Figure 3.1.

For the purpose of our study, we assume that the function F : R+ → R+, meets the

following hypothesis

(H 1) F (0)= 0,

(H 2) ∂F (P)
∂P > 0, for all P > 0,

(H 3) ∂( f (P)S)
∂P is bounded for all S > 0 and P ≥ 0.

We have made these assumptions for biological reasons. Hypothesis (H 1) implies that

the disease cannot spread in the absence of parasitic individuals, while hypothesis (H 2)

indicates that the incidence rate increases as the number of parasites increases. Hypo-

thesis (H 3) ensures that the response of the incidence function to changes in the number

of parasites remains controlled and does not become unbounded. This reflects a realistic

scenario where the rate at which new infections occur cannot increase indefinitely with

the number of parasites, which helps in maintaining the stability and feasibility of the

model.

3.2.1 Existence and uniqueness of solution and non-negativity

Since model (3.4) represents a total population (specifically, a marine population), it is

essential for all variables to remain positive. To guarantee this, we present the following

theorem.

Theorem 3.1. The region D+ = {(S, I,P) ∈ R3;S ≥ 0, I ≥ 0,P ≥ 0} is positively invariant
for Caputo’s fractional model (3.4).
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S I

P

SF (P)B µ+δ

µpP

λI

c(S+ I)F (P)

µS

Figure 3.1: Schematic diagram representing the SIP model.

Proof. We first show the existence and uniqueness of the solution to the problem (3.4).

The system (3.4) can be rewritten as follows:

(3.5) CDα
t X (t)= f (X (t)), t ≥ 0.

where

(3.6) f (X (t))=


B+b(S+ I)−µS−SF (P)

SF (P)− (µ+δ)I
λI −µpP − c(S+ I)F (P)

 , X (t)=


S(t)
I(t)
P(t)

 .

It’s evident that the function f fulfills the initial condition stated in Theorem 1.1.

Therefore, our task is to demonstrate that f satisfies the second condition. According to

hypothesis (H 3), therefore, there exists a positive constant a1 such that F (P)S ≤ a1S.

Then, we have

(3.7) ∥ f (t,S(t))∥ ≤ ∥ϵ∥+ (∥M0∥+∥M1∥)∥X (t)∥ ,
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where

(3.8) ϵ=


B
0

0

 , M0 =


b−µ b 0

0 −(µ+δ) 0

0 λ −µp

 , M1 =


0 0 −a1

0 0 a1

0 0 −c a1

 .

Theorem 1.1 ensures that there is a unique solution to system (3.4) within the interval

[0,+∞). Now, we prove that the solutions are non-negative.

We have

CDα
t S/S=0 = B+b I ≥ 0,

CDα
t I/I=0 = SF (P)≥ 0,(3.9)

CDα
t P/P=0 =λ I ≥ 0.

Applying Lemma 1.2 and Corollary 1.1, we conclude that the solution remains in R3+. ■

3.2.2 Biologically feasible region of the solution

Next, we establish that the solutions are bounded by constructing the biologically feasi-

ble region. The comprehension and control of disease transmission in marine population

can be facilitated by applying the concept of a biologically viable area. It helps us pin-

point the circumstances under which a disease can endure and proliferate and create

efficient countermeasures to stop its spread.

Theorem 3.2. The feasible domain for solutions of the fractional model (3.4) is given by

Θ=
{

(S, I,P) ∈R3
+ : N(t)≤max

(
B
µ−b , N(0)

)
,and P(t)≤λmax

(
B

µ−b
, N(0)

)}
,

where, N(t)= S(t)+ I(t).

Proof. By adding the two equations of the system (3.4), we obtain

(3.10) CDα
t N(t)≤ B− (µ−b)N(t).

Applying the Laplace transform to the inequality (3.10), we obtain

(3.11) sαL (N(t))− sα−1N(0)⩽
B
s
− (µ−b)L (N(t)).

Then

(3.12) L (N(t))≤ B
sα−(1+α)

sα+ (µ−b)
+ sα−1

sα+ (µ−b)
N(0).
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The expression in formula (1.22) provides the inequality

N(t)≤ B tαEα,α+1
(−(µ−b) tα

)+Eα,1
(−(µ−b) tα

)
N(0).(3.13)

According to the property of the Mittag Leffer function (1.4), we obtain

N(t)≤max
(

B
µ−b

, N(0)
)(

Eα,1(−(µ−b) tα)+ (µ−b) tαEα,α+1(−(µ−b) tα)
)

≤max
(

B
µ−b

, N(0)
)
.(3.14)

This suggests that S(t) and I(t) are bounded. ■

3.2.3 Basic reproduction number and equilibrium

In this section, we focus on a crucial concept in epidemiology essential for understand-

ing the transmission dynamics of infectious diseases: the basic reproduction rate, R0.

As indicated in the introduction, R0 represents the expected number of secondary in-

fections when an infected marine host, along with its associated parasitic stages, en-

counters a population of fully susceptible marine hosts. This rate is derived using the

next-generation method [87], which involves calculating the transmission matrix T for

newly infected cases and the transition infection matrix Σ related to the model (3.4).

T =
(

0 S0 F ′(0)

λ 0

)
, Σ=

( −(µ+δ) 0

0 −
(
µP + cB

µ−bF ′(0)
) )

.

Then, the basic reproduction number for the SIP model is given by

(3.15) R0 = ρ
(−TΣ−1)=√

λB F ′(0)
(µp(µ−b)+ cB F ′(0))(µ+δ)

,

where ρ represents the spectral radius.

Disease-Free and Endemic Equilibria

To calculate the equilibrium of the proposed model (3.4), we need to solve the following

equations 

0= B+b(S∗+ I∗)−µS∗−S∗F (P∗),

0= SF (P∗)− (µ+δ)I∗,

0=λI∗−µpP∗− c(S∗+ I∗)F (P∗).

(3.16)
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First, we determine the disease-free equilibrium, which represents the absence of infec-

tion within the marine population, where all individuals are susceptible to the disease.

This equilibrium is expressed as:

(3.17) E0 = (S0, I0,P0)=
(

B
µ−b

, 0, 0
)
.

Next, we determine the endemic equilibrium of fractional model (3.4).

If (I ̸≡ 0 and P ̸≡ 0), then we have

S∗ = B− (µ−b+δ)I∗

µ−b
, I∗ = BF (P∗)

(µ−b+δ)F (P∗)+ (µ−b)(µ+δ)
.(3.18)

We replace in the third equation of system (3.16) the values of I∗ and S∗ found in (3.18),

we get

−B c(µ−b)
(
F (P∗)

)2 + (µ−b)
(
λB− cB(µ+δ)

)
F (P∗)

−µp(µ−b)(µ−b+δ)F (P∗)P∗−µp(µ−b)2(µ+δ)P∗ = 0.(3.19)

Since P∗ ̸= 0, then

−B c(µ−b)P∗
(
F (P∗)

P∗

)2
+ (µ−b)

(
λB− cB(µ+δ)

)(F (P∗)
P∗

)
−µp(µ−b)(µ−b+δ)F (P∗)−µp(µ−b)2(µ+δ)= 0.(3.20)

To establish the existence and uniqueness of the solution to equation (3.20), we consider

the specific cases of incidence rates given in equation (3.3).

1. If F (P)=βP and R0 > 1, then there exists a unique positive solution to equation

(3.20)

(3.21) P∗ = λBβ− (µp(µ−b)+βBc)(µ+δ)
β(Bcβ+µp)(µ−b+δ)

.

Consequently, there is only one endemic equilibrium point for model (3.4).

2. If F (P)= βP
1+k1P , and R0 =

√
λβB

(µp(µ−b)+ cBβ)(µ+δ)
Equation (3.20) becomes

(3.22) −A1P2 + A2P + A3 = 0,

8CAM:<K K

F Page 65



J;9NAB8CAM:<K
3.2 - Analyzing the dynamics of marine parasite diseases using the Caputo derivative

where,

A1 = µp(µ−b)2k1β+µp(µ−b)δk1β+µp(µ−b)2(µ+δ)k2
1,

A2 = βBλ(µ−b)k1 −µp(µ−b)(µ−b+δ)β

−2µp(µ−b)2(µ+δ)k1 − cBβ2(µ−b)− cBβ(µ+δ)(µ−b)k1,

= βBλ(µ−b)k1 −µp(µ−b)2β−µp(µ−b)δβ−µp(µ−b)2(µ+δ)k1

−(µ+δ)(µ−b)k1(µp(µ−b)+ cBβ)− cBβ2(µ−b),

= (µ−b)k1

(
βBλ

(µ+δ)(µp(µ−b)+ cBβ)
−1

)
−µp(µ−b)2β−µp(µ−b)δβ(3.23)

−µp(µ−b)2(µ+δ)k1 − cBβ2(µ−b),

= (µ−b)k1
(
R2

0 −1
)−µp(µ−b)2β−µp(µ−b)δβ−µp(µ−b)2(µ+δ)k1 − cBβ2(µ−b)

A3 = (µ−b)
[
βBλ−µp(µ−b)(µ+δ)− cBβ(µ+δ)

]
,

= (µp(µ−b)+ cBβ)(µ+δ)(µ−b)
(

βBλ

(µp(µ−b)+ cBβ)(µ+δ)
−1

)
,

= (µp(µ−b)+ cBβ)(µ+δ)(µ−b)
(
R2

0 −1
)
.

We have A1 > 0, and if R0 > 1 and A3 > 0, then A2
2 +4A1A3 > 0. Therefore, there

exists a unique positive solution for equation (3.20) depending on the sign of A2.

❶ If A2 > 0, then A2
2 +4A1A3 > A2

2 =⇒−A2 +
√

A2
2 +4A1A3 > 0. This shows the

existence of two roots of equation (3.20)

P1 =
−A2 +

√
A2

2 +4A1A3

−2A1
< 0, P2 =

−A2 −
√

A2
2 +4A1A3

−2A1
> 0.

Then, we choose the positive root:

(3.24) P∗ =
A2 +

√
A2

2 +4A1A3

2A1
.

❷ If A2 < 0, then
√

A2
2 +4A1A3 > A2

2 =⇒
√

A2
2 +4A1A3 >−A2.

This implies that the roots of the equation (3.20) are:

P1 =
−A2 +

√
A2

2 +4A1A3

−2A1
< 0, P2 =

−A2 −
√

A2
2 +4A1A3

−2A1
> 0.

Therefore, we choose the positive root:

(3.25) P∗ =
A2 +

√
A2

2 +4A1A3

2A1
.
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Based on the above results, we establish the following theorem.

Theorem 3.3. The disease produced by the marine parasites transmission model (3.4)

admits a unique endemic equilibrium when R0 > 1, given by E1 = (S∗, I∗,P∗), where,
S∗ = B− (µ−b+δ)I∗

µ−b
,

I∗ = BF (P∗)
(µ−b+δ)F (P∗)+ (µ−b)(µ+δ)

,

and P∗ is defined depending on the form of the incidence rate:

• In the case of bilinear incidence rate, we have

P∗ = λBβ− (µp(µ−b)+βBc)(µ+δ)
β(Bcβ+µp)(µ−b+δ)

.

• In the case of saturated incidence rate, we have

P∗ =
A2 +

√
A2

2 +4A1A3

2A1
,

where A1, A2 and A3 are defined in equation (3.23).

3.2.4 Analysis of local stability for the fractional model

In this subsection, we prove the local stability of disease-free and endemic equilibrium

by linearizing the model (3.4) around each equilibrium point.

Theorem 3.4. If R0 < 1, then the disease free equilibrium E0 = (S0, I0,P0) of system (3.4)

is locally asymptotically stable. If R0 > 1, then E0 is unstable.

Proof. The Jacobian matrix of system (3.4) at E0 is

J (E0)=


b−µ b −S0 F ′(0)

0 −(µ+δ) S0 F ′(0)

0 λ −(µp + c S0 F ′(0))

 .

By some calculations, we obtain the characteristic roots are:

λ1 = b−µ, λ2,3 =
−(µ+δ+µp + c S0 F ′(0))∓

√
(µp + c S0 F ′(0)− (µ+δ))2 +4λS0 F ′(0)

2
.

Evident, λ1 < 0 and λ3 < 0. If R0 < 1, then λ2 < 0. Thus, we have |arg(λi)| > απ
2 (i =

1,2,3), for anyα ∈ (0,1]. According to Theorem 1.2, the disease-free equilibrium E0 is

locally asymptotically stable. ■
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Theorem 3.5. If R0 > 1, then the endemic equilibrium E1 = (S∗, I∗,P∗) of system (3.4) is
locally asymptotically stable.

Proof. The Jacobian matrix of system (3.4) at E1 is

J (E1)=


b−µ− F (P∗) b −S∗F ′(P∗)

F (P∗) −(µ+δ) S∗F ′(P∗)

−cF (P∗) λ− cF (P∗) −(µp + c (S∗+ I∗)F ′(P∗))

 .

Then the characteristic equation of J (E1) is

(3.26) λ3 +a1λ
2 +a2λ +a3 = 0.

Where

a1 =µp + c (S∗ + I∗)F ′(P∗)+ µ+δ + (µ−b) + F ′(P∗)> 0,

a2 = (µ−b)(µ+δ)+ (µ−b+δ)F (P∗)+
(
µp + c(S∗+ I∗)F

′
(P∗)

)(
µ−b

)
+ (µ+δ)

(
µp + c(S∗+ I∗)F

′
(P∗)

)
+

(
µp + c(S∗+ I∗)F

′
(P∗)

)
F (P∗)−λS∗F

′
(P∗),

a3 = (µ−b+δ)cS∗F
′
(P∗)F (P∗)+ (µ−b)(µ+δ)

(
µp + c(S∗+ I∗)F

′
(P∗)

)
+ cS∗(µ−b)F

′
(P∗)F (P∗)+ (µ−b+δ)

(
µp + c(S∗+ I∗)F

′
(P∗)

)
−λ(µ−b)S∗F

′
(P∗).

From the hypothesis (H 2), we have a1 > 0,a2 > 0,a3 > 0, and a1a2 > a3. According to

the Routh-Hurwitz stability criterion [90], the E1 endemic equilibrium will be locally

asymptotically stable if a1, a2, a3, and a1a2 > a3 are positive.

■

3.3 Sensitivity analysis

To mitigate the spread of disease, we identify the parameters that influence the increase

and decrease of the basic reproduction number, R0, and perform a parameter sensitivity

analysis. The sensitivity indices of R0 with respect to the SIP model parameters were
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computed using the values provided in Table 3.1 and are summarized in Table 3.2.

ζ
R0
B := ∂R0

∂B
× B

R0
= 1

2
× µp(µ−b)
µp(µ−b)+ cβB

,

ζ
R0
β

:= ∂R0

∂β
× β

R0
= 1

2
× µp(µ−b)
µp(µ−b)+ cβB

,

ζ
R0
µ := ∂R0

∂µ
× µ

R0
=−1

2
× µµp (µ−b+δ)

(µ+δ)(µp(µ−b)+ cβB)
,

ζ
R0
c := ∂R0

∂c
× c

R0
=−1

2
× cβB
µp(µ−b)+ cβB

,(3.27)

ζ
R0
b := ∂R0

∂b
× b

R0
= 1

2
× bµp

µp(µ−b)+ cβB
,

ζ
R0
δ

:= ∂R0

∂δ
× δ

R0
=−1

2
× δ

µ+δ ,

ζ
R0
µp := ∂R0

∂µp
× µp

R0
=−µp(µ−b)

2
,

ζ
R0
λ

:= ∂R0

∂λ
× λ

R0
= 1

2
.

In Figure 3.2, the graphical illustration of sensitivity indices for the parameters of the

fractional SIP model is presented.

Parameters Sensitivity index

B +0.4980

β +0.4980

µ -0.5026

c -0.0020

b +0.0050

δ -0.4545

µp -0.0495

λ +0.5000

Table 3.2: Sensitivity index results for the SIP model parameters.

Considering the information in Table 3.2 and Figure 3.2, the parameters showing

high sensitivity are B, δ, β, λ, and µ as R0 exhibits significant sensitivity indices, either

positive or negative. If the value is positive, it means that the parameter positively

affects R0, indicating that an increase in this parameter leads to an increase in R0,

resulting in the spread of the disease. For instance, among the parameters in our model

(3.4) that positively affect R0 are the rate of recruitment of the marine population into
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Figure 3.2: Histogram showing sensitivity indices of R0 with respect to the parameters
of the fractional SIP model.

the local environment B, the rate of parasite production from infected hosts λ, and the

rate of transmission β. On the other hand, increasing µ, δ, and µp reduces R0, and

decreases the degree of infection.

3.4 Numerical simulations and discussion of Caputo
fractional derivative

In this section, we validate our theoretical results by applying the Adams-Bashforth-

Moulton predictor-corrector scheme to the proposed model (3.4). Furthermore, we exam-

ine the impact of fractional derivatives in the Caputo sense on the model and analyze

how the parameters influence the system’s dynamics.

3.4.1 The impact of memory effect and incidence function on
population dynamics

To conduct the numerical simulation and analyze the impact of Caputo-type fractional

derivatives and the incidence function on disease dynamics, we apply various incidence

rates to the generalized incidence function F and simulate the model using various

values of the fractional order derivative α (specifically, α= 1,0.95,0.90,0.85). The values
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of the parameters used are presented in Table 3.1. The initial conditions are set as

S(0)= 100, I(0)= 1, and P(0)= 1, covering a simulation duration of 100 days.

• We begin by examining the incidence function F defined as a bilinear function,

given by F (P) = βP. From this formulation, we derive the graphical results pre-

sented in Figures 3.3 and 3.4. Additionally, the phase portrait of the SIP model for

this case is illustrated in Figure 3.5. In Figure 3.3, with β = 0.009, we find that

the basic reproduction number is R0 = 0.8876 < 1, indicating the absence of par-

asites in the marine population. Here, all three compartments S(t), I(t), and P(t)
converge toward the disease-free equilibrium point E0 = (20.2020,0,0) at various

fractional order values α, confirming the local stability of this equilibrium.

Conversely, in Figure 3.4, where β= 0.02, the basic reproduction number is calcu-

lated as R0 = 1.3861> 1, indicating that the disease persists. The solution of model

(3.4) converges toward the endemic equilibrium E1 = (10.4962,0.8743,4.5814),

which is locally asymptotically stable for R0 > 1, signifying that the disease be-

comes endemic.

Moreover, Figure 3.4 shows that varying the value of α results in a decrease in

the susceptible population while the infected and parasite populations increase

until reaching their maximum values (peaks) before declining. Notably, as α ap-

proaches 1, the curves converge more rapidly than when α exceeds one, highlight-

ing the memory effect of the fractional derivative. This behavior indicates that the

fractional-order derivative captures more information compared to the classical

case (α= 1). This aligns with real-world observations, as diseases caused by marine

parasites typically take a considerable amount of time to stabilize. Understand-

ing the memory effect enhances our comprehension of the long-term transmission

dynamics, since fractional calculus integrates historical data from 0 to t (t > 0),

providing valuable insights into the disease’s trajectory.

• In the second case, we examine the saturated incidence function, expressed as

F(P)= βP
1+k1P with k1 = 0.002, as shown in Figures 3.6 and 3.7. The phase portrait

for this scenario is depicted in Figure 3.8. To obtain these graphical representa-

tions, we employ the same parameter values used in the bilinear incidence function

analysis.

On the other hand, when β = 0.02, we find R0 = 1.3861 > 1, which leads to a

unique endemic equilibrium, E1 = (10.1621,0.9044,4.8949). Figure 3.7 shows that

all curves converge to this endemic steady state for various values of the fractional
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(a) Dynamics of susceptible hosts.
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(b) Dynamics of infected hosts.
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(c) Parasite population dynamics.

Figure 3.3: The illustration of the numerical solution of the SIP fractional model at
different fractional order α, with F (P)=βP and R0 = 0.9309< 1.

order α, reinforcing the local stability of the endemic equilibrium and supporting

the theoretical findings discussed in the "Analysis of local stability for the frac-

tional model" section. Furthermore, we observe that convergence to the steady

state occurs more rapidly as α approaches 1, highlighting the memory effect asso-

ciated with fractional derivatives.

Generally, when there is a high concentration of parasites in the environment, a satu-

rated incidence rate is chosen. However, for our purposes, we set the initial number of

marine parasites to P(0)= 1 in order to clearly illustrate the differences between bilinear

and saturated incidence rates. Figure 3.4(c) shows that the parasite population persists

for R0 > 1 as with F(P)=βP, but the degree of severity decreases. In the bilinear case,

the peak parasite population reaches 127.2925 parasites, whereas in the saturated case,

it reaches 121.3573 parasites. This means that the peak of the parasite curve is smaller

at the saturated infection rate, indicating that transmission is suppressed at higher
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(a) Dynamics of susceptible hosts.
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(b) Dynamics of infected hosts.
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(c) Parasite population dynamics.

Figure 3.4: The illustration of the numerical solution of the SIP fractional model at
different fractional order α, with F (P)=βP and R0 = 1.3861> 1.

(a) Dynamics of solutions with R0 < 1. (b) Dynamics of solutions with R0 > 1.

Figure 3.5: Variations in solution trajectories: three-dimensional model SIP with differ-
ent α values and F (P)=βP.
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infection levels. This makes sense in biological systems where an epidemic is naturally

contained by an immune response, depletion of susceptibility, or limiting environmental

interactions.

3.4.2 The influence of the model parameters

To illustrate the impact of model parameters on the basic reproduction number, R0, we

plot R0 as a function of two key parameters. From Figure 3.9(a), it is clear that the values

of R0(β,λ) exceed 1 as we increase the values of β and λ. This suggests a proportional

relationship between the function R0(β,λ) and the parameters β and λ. Figure 3.9(b)

shows that the R0(λ,µp) function is less than 1 as λ increases and µp decreases. Finally,

in Figure 3.9(c), we have investigated the impact of the disease transmission rate β and

the parasite dilution rate µp on the behavior of R0. We observe that R0 is greater than

1 when µp increases and β increases. This implies that β is a more influential parameter

than µp.
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(a) Dynamics of susceptible hosts.
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(b) Dynamics of infected hosts.
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(c) Parasite population dynamics.

Figure 3.6: The illustration of the numerical solution of the SIP fractional model at
different fractional order α, with F (P)=βP/(1+k1P) and R0 = 0.9309< 1.
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(b) Dynamics of infected hosts.
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(c) Parasite population dynamics.

Figure 3.7: The illustration of the numerical solution of the SIP fractional model at
different fractional orders α, with F (P)=βP/(1+k1P) and R0 = 1.3861> 1

(a) Dynamics of solutions with R0 < 1. (b) Dynamics of solutions with R0 > 1.

Figure 3.8: Variations in solution trajectories: three-dimensional model SIP with differ-
ent α values and F (P)=βP/(1+k1P).
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(a) R0 versus λ and β. (b) R0 versus λ and µp.

(c) R0 versus β and µp.

Figure 3.9: Variation of R0 as a function of the most influential parameters.
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3.5 Investigating the SIP model through the ABC
derivative

In this section, we explore the dynamics of the model (3.1) using the ABC derivative,

highlighting any differences and advancements over the Caputo derivative. The model is

defined as follows: we replace the integer-order derivative with the fractional derivative

in the sense of the ABC operator. The model we consider, under the ABC operator with

fractional order 0<α< 1, is as follows:

(3.28)



ABCDα
t S = B+b(S+ I)−µS−βSP,

ABCDα
t I =βSP − (µ+δ)I,

ABCDα
t P =λI −µpP −βc(S+ I)P,

under initial conditions

S(0)= S0 ≥ 0, I(0)= I0 ≥ 0, P(0)= P0 ≥ 0.(3.29)

Next, we examine some basic properties of the ABC disease model for marine para-

sites, noting that the stability and equilibrium are similar to those of the model with the

Caputo derivative.

3.5.1 Existence and uniqueness of solution

In this section, we establish the existence and uniqueness of the ABC fractional model

(3.28) by employing the fixed-point method. Consider C
(
[0,T],R3) as a Banach space

comprising continuous functions on [0,T], equipped with the norm defined by

∥(S, I,P)∥ = ∥S∥∞+∥I∥∞+∥P∥∞,

where ∥ ·∥∞ denotes the supremum norm over R.

The fractional system (3.28)can be reformulated as:

(3.30)


ABCDα

t (S(t))=F1(t,S(t)),
ABCDα

t (I(t))=F2(t, I(t)),
ABCDα

t (P(t))=F3(t,P(t)).
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Where

(3.31)


F1(t,S(t))= B+b(S+ I)−µS−βSP,

F2(t, I(t))=βSP − (µ+δ)I,

F3(t,P(t))=λI −µpP −βc(S+ I)P.

By applying the ABC fractional integral to each equation in the system (3.30), we obtain

S(t)−S(0)= 1−α
M(α)

+ α

M(α)Γ(α)

∫ t

0
(t− z)α−1F1(z,S)dz,

I(t)− I(0)= 1−α
M(α)

+ α

M(α)Γ(α)

∫ t

0
(t− z)α−1F2(z, I)dz,

P(t)−P(0)= 1−α
M(α)

+ α

M(α)Γ(α)

∫ t

0
(t− z)α−1F3(z,P)dz.

To establish the subsequent theorems, we will assume that ∥S(t)∥ ≤ C1,∥I(t)∥ ≤ C2 and

∥P(t)∥ ≤ C3, with Ci(i = 1, . . . ,3) representing positive constants. Denote

L1 = (µ−b)+βC1, L2 =µ+δ, L3 = cβC2 +µp.(3.32)

Theorem 3.6. Suppose the following condition is satisfied:

(3.33) 0<max {L i}< 1, i ∈ {1, . . . ,3}

then the kernels F1, F2, and F3 are contraction mappings.

Proof. Let S1 and S2 be two functions,

∥F1 (t,S1)−F1 (t,S2)∥ =
∥∥(−βP + (

µ−b
))

(S1 −S2)
∥∥ ,

= ∥∥(
βC1 + (µ−b)

)
(S1 −S2)

∥∥ ,

≤ L1 ∥S1 −S2∥ .

We follow the same procedure for F2 and F3, we obtain

∥F2 (t, I1)−F2 (t, I2)∥ ≤ L2 ∥I1 − I2∥ ,

∥F3 (t,P1)−F3 (t,P2)∥ ≤ L3 ∥P1 −P2∥ .

Then, if the condition in (3.33) is satisfied, F1, F2, and F3 are contraction mappings. ■

Theorem 3.7. Assume that the following condition is satisfied:

(3.34) 0<Γ=
(

1−α
M(α)

+ tα

M(α)Γ(α)

)
max

i=1,...,3
{L i}< 1,

then the marine parasite model with fractional derivative ABC has a unique solution.
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Proof. We consider

X (t)=


S(t)
I(t)
P(t)

 , X0 =


S0

I0

P0

 and F (t, X (t))=


F1(t,S)

F2(t, I)

F3(t,P)

 .

We define J= [−T,T], B =∏3
i=1

[
X0

i −ϵ, X0
i +ϵ] .

Let C (J,B) be a metric space defined by the norm given as:

(3.35) ∥Ψ1 −Ψ2∥∞ = sup
t∈J

|Ψ1(t)−Ψ2(t)|

We defined the following Picard operator:

f : C (J,B)→C (J,B)

f (X (t))= X0(t)+ 1−α
M(α)

F (t, X (t))+ α

M(α)Γ(α)

∫ t

0
(t− z)α−1F (z, X (z))dz.

To complete the proof of this theorem, we will show that the operator f defined above is

a contraction mapping. Let (X1, X2) ∈C (J,B), we have:

∥ f (X1(t))− f (X2(t))∥⩽ 1−α
M(α)

∥F (t, X1(t))−F (t, X2(t))∥

+ α

M(α)Γ(α)

∫ t

0
(t− z)α−1 ∥F (z, X1(z))−F (z, X2(z))∥dz,

since the function F is a contraction mapping (according to Theorem 3.6), we find:

∥ f (X1(t))− f (X2(t))∥⩽Γ∥X1(t)− X2(t)∥ .

If the condition described in (3.34) is satisfied, then f is a contraction on C (J,B). Conse-

quently, the Banach fixed-point Theorem guarantees the existence and uniqueness of a

fixed point for the operator f . Therefore, the marine parasite model with ABC fractional

derivative (3.28)has a unique solution. ■

3.5.2 Nonnegativity of the solutions

Consider the following set:

Θ1 =
{
(S, I,P) ∈R3;S(t)≥ 0, I(t)≥ 0,P(t)≥ 0

}
.

Theorem 3.8. The solutions (S, I,P) of the model (3.28)are all positive for all t ≥ 0 and
belong to Θ1.
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Proof. Now, we prove that the solutions are non-negative. We begin with the first equa-

tion of the system (3.28), which is as follows:

ABCDα
t S(t)= B+b(S+ I)−µS−βSP,

≥−(
β+µ)

S(t).

Then,

(3.36) ABCDα
t S(t)≥−(

β+µ)
S(t).

By applying the Laplace transform to the inequality (3.36), we obtain

(3.37) L {S(t)} (p)≥ M(α)S(0)
M(α)+ (

β+µ)
(1−α)

· pα−1

pα+ (β+µ)α
M(α)+(β+µ)(1−α)

.

Applying the inverse Laplace transform and using formula (1.22), we obtain

(3.38) S(t)≥ M(α)S(0)
M(α)+ (

β+µ)
(1−α)

Eα,1

(
−tα

(
β+µ)

α

M(α)+ (
β+µ)

(1−α)

)
.

As S(0)≥ 0 and 0< Eα,1

(
−tα (β+µ)α

M(α)+(β+µ)(1−α)

)
≤ 1, therefore S(t)≥ 0.

Likewise, we prove S(t) ≥ 0, I ≥ 0, and P(t) ≥ 0, we conclude that the solution will

remain in R3+.

■

3.5.3 Biologically feasible region of the solution

Next, we establish that the solutions are bounded.

Theorem 3.9. The biologically feasible domain for the ABC fractional model (3.28)is
given by

Θ2 :=Ω2 =
{

(S, I,P) ∈R3
+ : N(t)≤max

(
B
µ−b , N(0)

)
,and P(t)≤λmax

(
B

µ−b
, N(0)

)}
,

where N(t)= S(t)+ I(t).

Proof. By summing the first two equations of the model (3.28), we find

(3.39) ABCDα
t N(t)= B− (µ−b)N(t)−δI.

When there are no parasites present in the marine population (I = 0), we have

(3.40) ABCDα
t N(t)≤ B− (µ−b)N(t)
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Applying the Laplace transform to inequality (3.40), we obtain

(3.41)
M(α)pαL {N(t)}(p)

α+ (1−α)pα
+ (µ−b)L {N(t)}(p)≤ B pα−(α+1) + M(α)N(0)pα−1

α+ (1−α)pα
.

Then

L {N(t)}(p)≤ 1
M(α)+ (µ−b)(1−α)

.
B(1−α)pα−1 +Bα pα−(α+1) +N(0)M(α)pα−1

pα+ α(µ−b)
M(α)+(µ−b)(1−α)

.

From the Formula (1.22), we find

N(t)≤ Bαtα

(1−α)(µ−b)+M(α)
Eα,α+1

(−ξtα
)

+
[

B(1−α)
(1−α)(µ−b)+M(α)

+ M(α)N(0)
M(α)+ (1−α)(µ−b)

]
Eα,1

(−ξtα
)
,

where ξ= (µ−b)α
M(α+(µ−b)(1−α)) .

We obtain that limt→∞ N ≤ B
µ−b . This implies that N(t),S(t) and I(t) are bounded in Θ2.

■

3.5.4 Numerical results and discussion

In this section, we present the numerical results using the Taoufik–Atangana scheme, as

described in Chapter 1. The temporal evolution of model (3.28) is illustrated in Figures

3.10 to 3.11, using the initial conditions S(0)= 100, I(0)= 1, and P(0)= 1. The parameter

values for these simulations are provided in Table 3.1.

Figure 3.10 shows that the trajectories of S(t), I(t), and P(t) converge to the disease-

free equilibrium E0 = (20,0,0) for various fractional orders α (α= 1,0.97,0.90,0.87) when

R0 = 0.93087< 1, confirming the local stability of the disease-free equilibrium under the

ABC fractional derivative.

As α approaches 1, the number of susceptible hosts decreases, while the infected

hosts and parasites initially rise to a peak before declining. This behavior suggests that

a lower α value leads to higher populations of both infected hosts and parasites. These

results highlight the significant role of α in the system’s dynamics, demonstrating the

importance of considering different fractional orders when analyzing the behavior of the

susceptible and infected populations.

In Figure 3.11, the curves for the three compartments converge to the endemic equi-

librium E1 = (10.496,0.87432,4.5814), confirming its local stability when R0 = 1.3861> 1.

Furthermore, it is observed that for α= 1 (representing the ordinary derivative), the sys-

tem converges more rapidly than for 0 < α < 1 (under the ABC fractional derivative),

illustrating the memory effect inherent to fractional derivatives.
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(a) Behavior of susceptible hosts.
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(b) Behavior of infected hosts.
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(c) Parasite population behavior.

Figure 3.10: Numerical solution of the SIP fractional ABC model at different fractional
orders α, with R0 = 0.93087.
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(a) Dynamics of susceptible hosts.
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(b) Dynamics of infected hosts.
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(c) Parasite population dynamics.

Figure 3.11: Numerical solution of the SIP fractional ABC model at different fractional
orders α, with R0 = 1.3861.
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3.6 Conclusion

In this chapter, we investigated the dynamics of the SIP model, which examines a dis-

ease caused by marine parasites, using two fractional derivatives: Caputo and Atangana-

Baleanu-Caputo (ABC). We analyzed key properties such as positivity, existence, and

uniqueness of solutions under both derivatives. However, the local stability was exam-

ined only for the Caputo derivative, as the calculations are analogous to those of the

ABC case. Similarly, the equilibrium points and sensitivity analysis were also carried

out for the Caputo derivative.

For the numerical simulations, the Adams-Bashforth-Moulton method was applied

to the Caputo derivative, while the Taoufik-Atangana scheme was used for the ABC

derivative. The numerical results demonstrated that the curves for S(t), I(t), and P(t)
converge towards the equilibrium points for both R0 > 1 and R0 < 1, thereby validating

our theoretical findings. Additionally, as observed in the figures, the convergence of

fractional derivatives (both Caputo and ABC) is slower compared to the integer-order

derivative (α = 1), highlighting the memory effect inherent in fractional derivatives,

which is absent in the classical case.

In conclusion, both the Caputo and ABC derivatives proved to be suitable tools for

studying the dynamics of the SIP model.
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In December 2019, the city of Wuhan in China became the epicenter of an outbreak

of COVID-19, a novel coronavirus caused by the SARS-CoV-2 virus, which is related

to the SARS epidemic that emerged in 2002 [92]. This outbreak quickly escalated into

a global pandemic, officially declared by the World Health Organization on March 11,

2020, severely disrupting the global economy. The pandemic had far-reaching effects, not

only on economies worldwide but also on healthcare systems, particularly during the

first wave of the disease. It also profoundly impacted health, education, social capital,

social vulnerability, relationships, and freedom of movement [7, 27]. Despite the rollout

of vaccines in late 2020 and the gradual return to normalcy, including the reopening of

airspaces and economic recovery, concerns about the emergence of new variants persisted

[85].

Despite the initial emergence of COVID-19 in late 2019, the pandemic’s effects con-

tinue to resonate globally. New variants of the virus regularly emerge, posing challenges

to existing public health measures and vaccination efforts. The persistent nature of the

epidemic necessitates further investigation into its dynamics to inform effective control

strategies. Numerous studies have utilized ordinary differential equations (ODEs) to

research the transmission of this epidemic [9, 11, 84, 93]. However, understanding the
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complexities of COVID-19 transmission through innovative mathematical models, such

as fractional calculus approaches, provides valuable insights into disease behavior and

management. By integrating fractional calculus into our analysis, we aim to provide a

more comprehensive understanding of COVID-19 dynamics and contribute to effective

control strategies. This study aims to contribute to the existing body of research by

applying a fractional SEIuIdR model using the Atangana–Baleanu–Caputo derivative,

offering a fresh perspective on COVID-19 dynamics that may aid public health responses

and improve outcomes.

The structure of this chapter is as follows: Section 4.1 outlines the mathematical

formulation of the COVID-19 model. In Section 4.2, we conduct a detailed mathematical

analysis of the fractional model. Section 4.3 addresses the sensitivity analysis of the

parameters of the model SEIuIdR and the formulation of the fractional control problem.

Section 4.4 presents the numerical solution of the ABC fractional model for COVID-19

using the Taoufik–Atangana scheme and focuses on the analysis and interpretation of

the numerical findings. Finally, the manuscript concludes in Section 4.5 with a summary

of the main findings.

4.1 Model formulation

In this section, we present a fractional model utilizing an ABC fractional derivative

to depict the transmission of COVID-19 in Morocco. This model is developed based on

the research outlined in [39], where the population is divided into five compartments,

respectively. Susceptible individuals are denoted by S(t), who have not been infected

with COVID-19 and are susceptible to contracting the virus if exposed to it. Exposed

individuals are denoted by E(t), who have been exposed to the virus but are not yet

infectious. They are in the incubation period, during which they may develop symptoms

and become infectious. Infected Detected Individuals are denoted by Id(t), who have

tested positive for COVID-19 and are either isolated or hospitalized, depending on the

severity of their symptoms. Infected Undetected Individuals are denoted by Iu(t), who

are infected with COVID-19 but have not been detected through testing. They may be

asymptomatic or have mild symptoms and thus may not seek testing or medical care.

Recovered individuals are denoted by R(t), who have recovered from COVID-19 and

are no longer infectious. They may have developed immunity to the virus, at least for a

certain period.

The parameters within our model are outlined as follows: Λ signifies the recruitment
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rate of the population, while βu denotes the transmission rate within the community, and

βd represents the transmission rate within hospital settings or any location designated

for isolating patients. The parameter 1/σ indicates the duration of the incubation period

for COVID-19, applicable to both detected and undetected cases. τ corresponds to the

proportion of individuals exposed to the virus who become infected and undetected.

Similarly, the infectious periods for detected and undetected cases are represented by

1/γd and 1/γu, respectively. Rates of mortality for detected and undetected cases are

denoted by µd and µu, respectively. Some undetected cases may be confirmed through

PCR tests and transition to the detected category at a rate δ. Finally, we indicate the

natural mortality rate per d in all compartments.The transmission diagram for covid-19

is shown in Figure 4.1.

To formulate the SEId IuR fractional model, we employ the Atangana-Baleanu-

Caputo fractional operator ABCD. The fractional SEId IuR model is therefore defined as

follows

(4.1)



ABCDα
t S(t)=Λ−

(
βuIu+βdId)

S
N −dS,

ABCDα
t E(t)=

(
βuIu+βdId)

S
N − (σ+d)E,

ABCDα
t Iu(t)= τσE− (

µu +δ+γu +d
)
Iu,

ABCDα
t Id(t)= (1−τ)σE+δIu − (

µd +γd +d
)
Id,

ABCDα
t R(t)= γuIu +γdId −dR.

with S(0)= S0 ≥ 0,E(0)= E0 ≥ 0, Iu(0)= Iu
0 ≥ 0, Id(0)= Id

0 ≥ 0,R(0)= R0 ≥ 0 and α ∈ (0,1].
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Figure 4.1: Diagram of the SEIuIdR model of COVID-19.

4.2 Mathematical analysis of the fractional model:
existence, positivity, and stability

In this section, we prove the existence and uniqueness of the solution for the fractional

model (4.1), as well as its boundedness and positivity. Additionally, we analyze the basic

reproduction number, equilibrium points, and the stability of the system.

4.2.1 Existence and uniqueness of the solution

In this part we prove the existence and uniqueness of solutions of the fractional

SEIuIdR model (4.1) by applying the fixed point theorem, along with the Picard-Lindelof

method.
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Let C
(
[0,T],R5) is the Banach space of continuous real valued functions with the

norm denoted by ∥ . ∥.

We pose

(4.2)



ψ1(t,S(t))= Λ−
(
βuIu+βdId)

S
N −dS,

ψ2(t,E(t))=
(
βuIu+βdId)

S
N − (σ+d)E,

ψ3(t, Iu(t))= τσE− (
µu +δ+γu +d

)
Iu,

ψ4(t, Id(t))= (1−τ)σE+δIu − (
µd +γd +d

)
Id,

ψ5(t,R(t))= γuIu +γdId −dR.

So the system (4.1) becomes

(4.3)



ABCDα
t S(t)=ψ1(t,S(t)); S(0)= S0,

ABCDα
t E(t)=ψ2(t,E(t)); E(0)= E0,

ABCDα
t Iu(t)=ψ3(t, Iu(t)); Iu(0)= Iu

0 ,
ABCDα

t Id(t)=ψ4(t, Iu(t)); Id(0)= Id
0 ,

ABCDα
t R(t)=ψ5(t,R(t)); R(0)= R0.

By applying the fractional integral described in (1.9) to both sides of (4.3), we obtain

S(t)−S(0)= ABC Iαt ψ1(t,S(t))= 1−α
M (α)

ψ1(t,S(t))+ α

M (α)Γ (α)

∫ t

0
(t− x)α−1ψ1(x,S(x))dx,

E(t)−E(0)= ABC Iαt ψ2(t,E(t))= 1−α
M (α)

ψ2(t,E(t))+ α

M (α)Γ (α)

∫ t

0
(t− x)α−1ψ2(x,E(x))dx,

Iu(t)− Iu(0)= ABC Iαt ψ3(t, Iu(t))= 1−α
M (α)

ψ3(t, Iu(t))+ α

M (α)Γ (α)

∫ t

0
(t− x)α−1ψ3(x, Iu(x))dx,

Id(t)− Id(0)= ABC Iαt ψ4(t, Id(t))= 1−α
M (α)

ψ4(t, Id(t))+ α

M (α)Γ (α)

∫ t

0
(t− x)α−1ψ4(x, Id(x))dx,

R(t)−R(0)= ABC Iαt ψ5(t,R(t))= 1−α
M (α)

ψ5(t,R(t))+ α

M (α)Γ (α)

∫ t

0
(t− x)α−1ψ5(x,R(x))dx.(4.4)

Denote

(4.5)



k1 =
(
βu +βd +d

)
,

k2 =σ+d,

k3 =µu +δ+γu +d,

k4 =µd +γd +d,

k5 = d.
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Theorem 4.1. If the following conditions are verified

0≤ k1 < 1,

0≤ k2 < 1,

0≤ k3 < 1,(4.6)

0≤ k4 < 1,

0≤ k5 < 1,

then the kernels ψ1,ψ2ψ3,ψ4 andψ5 satisfy the Lipschitz condition and contractions
mappings.

Proof. Let S1 and S2 be two functions, then

∥ψ1(t,S1)−ψ1(t,S2) ∥ =∥
((
βuIu +βdId)

N
+d

)
(S1(t)−S2(t)) ∥

≤ |(βu +βd +d
)| ∥ S1(t)−S2(t) ∥

≤ k1 ∥ S1(t)−S2(t) ∥
where k1 is defined in (4.5). Therefore,ψ1 satisfy the Lipschitz condition for 0≤ k1 < 1,

then it is a contraction mapping. Similarly, we can prove that ψ1,ψ2,ψ3,ψ4,ψ5 are

contraction mapping.

∥ψ2(t,E1)−ψ2(t,E2) ∥ ≤ k2 ∥ E1 −E2 ∥,

∥ψ3(t, Id1)−ψ2(t, Id
2) ∥ ≤ k3 ∥ Id

1 − Id
2 ∥,

∥ψ4(t, Iu
1)−ψ4(t, Iu

2) ∥ ≤ k4 ∥ Iu
1 − Iu

2 ∥,

∥ψ5(t,R1)−ψ5(t,R2) ∥ ≤ k5 ∥ R1 −R2 ∥,

where k2,k3,k4,k5 are defined in (4.5).

We consider the recursive formula of equation (4.4)

Sn(t)= 1−α
M (α)

ψ1(t,Sn−1(t))+ α

M (α)Γ (α)

∫ t

0
(t− x)α−1ψ1(x,Sn−1(t))dx,

En(t)= 1−α
M (α)

ψ2(t,En−1(t))+ α

M (α)Γ (α)

∫ t

0
(t− x)α−1ψ2(x,En−1(t))dx

Iu
n(t)= 1−α

M (α)
ψ3(t, Iu

n−1(t)+ α

M (α)Γ (α)

∫ t

0
(t− x)α−1ψ3(x, Iu

n−1(t)dx

Id
n(t)= 1−α

M (α)
ψ4(t, Id

n−1(t))+ α

M (α)Γ (α)

∫ t

0
(t− x)α−1ψ4(x, Id

n−1(t))dx

Rn(t)= 1−α
M (α)

ψ5(t,Rn(t))+ α

M (α)Γ (α)

∫ t

0
(t− x)α−1ψ5(x,Rn−1(t))dx(4.7)
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We make the difference between two consecutive terms we find the following expres-
sions:

ωn
1 = Sn(t)−Sn−1(t) = 1−α

M (α)
(
ψ1(t,Sn(t))−ψ1(t,Sn−1(t))

)
+ α

M (α)Γ (α)

∫ t

0
(t− x)α−1[ψ1(x,Sn(t))−ψ1(x,Sn−1(t))]dx(4.8)

ωn
2 = En(t)−En−1(t) = 1−α

M (α)
(
ψ2(t,En(t))−ψ2(t,En(t))

)
+ α

M (α)Γ (α)

∫ t

0
(t− x)α−1[ψ2(x,En(t))−ψ2(x,En−1(t))]dx(4.9)

ωn
3 = Iu

n(t)− Iu
n−1(t) = 1−α

M (α)
(
ψ3(t, Iu

n(t))−ψ3(t, Iu
n−1(t))

)
+ α

M (α)Γ (α)

∫ t

0
(t− x)α−1[ψ3(x, Iu

n(t))−ψ3(x, Iu
n−1(t))]dx(4.10)

ωn
4 = Id

n(t)− Id
n−1(t) = 1−α

M (α)

(
ψ4(t, Id

n(t))−ψ4(t, Id
n−1(t))

)
+ α

M (α)Γ (α)

∫ t

0
(t− x)α−1[ψ4(x, Id

n(t))−ψ4(x, Id
n−1(t))]dx(4.11)

ωn
5 = Rn(t)−Rn−1(t) = 1−α

M (α)
(
ψ5(t,Rn(t))−ψ5(t,Rn−1(t))

)
+ α

M (α)Γ (α)

∫ t

0
(tx)α−1[ψ5(x,Rn(t))−ψ5(x,Rn−1(t))]dx(4.12)

We can see that
n∑

i=1
ωi

1 = Sn(t)−S0,
n∑

i=1
ωi

2 = En(t)−E0,
n∑

i=1
ωi

3 = Id
n(t)− Id

0 ,

n∑
i=1

ωi
4 = Iu

n(t)− Iu
0 ,

n∑
i=1

ωi
5 = Rn(t)−R0.

Apply the norm to equation (4.8) and using the triangular inequality, we obtain

∥ωn
1 ∥ =∥ Sn(t)−Sn−1(t) ∥

≤ 1−α
M (α)

∥ψ1(t,Sn(t))−ψ1(t,Sn−1(t)) ∥

+ α

M (α)Γ (α)

∫ t

0
(t− x)α−1 ∥ψ1(x,Sn(t))−ψ1(x,Sn−1(t)) ∥ dx.(4.13)

Since ψ1 satisfy the Lipschitz condition with corresponding constant k1, we get

∥ωn
1 ∥≤ (1−α)k1

M (α)
∥ Sn −Sn−1 ∥ + αk1

M (α)Γ (α)

∫ t

0
(t− x)α−1 ∥ Sn −Sn−1 ∥ dx,(4.14)

implies that

∥ωn
1 ∥≤ (1−α)k1

M (α)
∥ωn−1

1 ∥ + αk1

M (α)Γ (α)

∫ t

0
(t− x)α−1 ∥ωn−1

1 ∥ dx,(4.15)
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on the similar way, we have

∥ωn
2 ∥≤ (1−α)k2

M (α)
∥ωn−1

2 ∥ + αk2

M(α)Γ(α)

∫ t

0
(t− x)α−1 ∥ωn−1

2 ∥ dx(4.16)

∥ωn
3 ∥≤ (1−α)k3

M (α)
∥ωn−1

3 ∥ + αk3

M(α)Γ(α)

∫ t

0
(t− x)α−1 ∥ωn−1

3 ∥ dx(4.17)

∥ωn
4 ∥≤ (1−α)k4

M (α)
∥ωn−1

4 ∥ + αk4

M(α)Γ(α)

∫ t

0
(t− x)α−1 ∥ωn−1

4 ∥ dx(4.18)

∥ωn
5 ∥≤ (1−α)k5

M (α)
∥ωn−1

5 ∥ + αk5

M(α)Γ(α)

∫ t

0
(t− x)α−1 ∥ωn−1

5 ∥ dx(4.19)

■

Theorem 4.2. If there exists a constant ξ> 0 such that

(1−α)ki

M(α)
+ ki ξ

α

M (α)Γ (α)
< 1, for i = 1, ...,5.(4.20)

Then the system (4.1) admits a unique solution.

Proof. From equations (4.15) to (4.19), we find the following inequalities:

∥ωn
i ∥≤ ∥ω0

i ∥
[

(1−α)ki

M(α)
+ ki τ

α

M (α)Γ (α)

]n
, for i = 1, ...,5.(4.21)

Therefore the existence and continuity of system (4.1). To prove that the above functions

are solutions of system (4.1), we assume that

S(t)−S(0)= Sn(t)−υ1
n,(4.22)

E(t)−E(0)= En(t)−υ2
n,(4.23)

Iu(t)− Iu(0)= Iu
n(t)−υ3

n,(4.24)

Id(t)− Iu(0)= Id
n(t)−υ4

n,(4.25)

R(t)−R(0)= Rn(t)−υ5
n.(4.26)

Then, we have

∥υ1
n∥ = ∥Sn(t)− (S(t)−S(0))∥,(4.27)

∥υ2
n∥ = ∥En(t)− (E(t)−E(0))∥,(4.28)

∥υ3
n∥ = ∥Iu

n(t)− (Iu(t)− Iu(0))∥,(4.29)

∥υ4
n∥ = ∥Id

n(t)− (Id(t)− Id(0))∥,(4.30)

∥υ5
n∥ = ∥Rn(t)− (R(t)−R(0))∥.(4.31)
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From equations (4.4) and (4.7), we have

(4.32)

∥∥υ1
n(t)

∥∥⩽ ∥ 1−α
M(α)

(
ψ1(t,S(t))−ψ1(t,Sn−1

)
+ α

M(α)Γ(α)

∫ t

0
(t− y)α−1 (

ψ1(t,S(t))−ψ1(t,Sn−1)dy∥,∥∥υ1
n(t)

∥∥⩽ 1−α
M(α)

∥∥ψ1(t,S(t))−ψ1(t,Sn−1
∥∥

+ α

M(α)Γ(α)

∫ t

0
(t− y)α−1 ∥∥ψ1(t,S(t))−ψ1(t,Sn−1)

∥∥dy,

⩽
1−α
M(α)

k1 ∥S−Sn−1∥+ tα

M(α)Γ(α)
k1 ∥S−Sn−1∥ .

By recursively repeating the process, we get∥∥υ1
n
∥∥⩽ [

1−α
M(α)

+ ξα

M(α)Γ(α)

]n+1
kn+1

1 N.

So, for ξ> t we get ∥∥υ1
n
∥∥⩽ [

1−α
M(α)

+ ξα

M(α)Γ(α)

]n+1
kn+1

1 N.

We take n →∞ in the previous inequality and find

∥υ1
n∥→ 0.

In the same way, we demonstrate that

∥υ2
n∥→ 0, ∥υ3

n∥→ 0, ∥υ4
n∥→ 0, ∥υ5

n∥→ 0.

Thus, the existence of solutions to the system (4.1) is demonstrated.

For the uniqueness of the solution, we assume that there exist two solutions

(S1,E1, Iu
1 , Id

1 ,R1) and (S2,E2, Iu
2 , Id

2 ,R2) for the system (4.1). Then, we get

As ψ1, ψ2, and ψ3 satisfy the Lipschitz condition, we have:

∥S1 −S2∥ ≤ k1

M(α)Γ(α)
∥S1 −S2∥

∫ t

0
(t− x)α−1 dx+ (1−α)k1

M(α)
∥S1 −S2∥,

∥E1 −E2∥ ≤ k2

M(α)Γ(α)
∥E1 −E2∥

∫ t

0
(t− x)α−1 dx+ (1−α)k2

M(α)
∥E1 −E2∥,

∥Iu
1 − Iu

2∥ ≤
k3

M(α)Γ(α)
∥Iu

1 − Iu
2∥

∫ t

0
(t− x)α−1 dx+ (1−α)k3

M(α)
∥Iu

1 − Iu
2∥,

∥Id
1 − Id

2 ∥ ≤
k4

M(α)Γ(α)
∥Id

1 − Id
2 ∥

∫ t

0
(t− x)α−1 dx+ (1−α)k4

M(α)
∥Id

1 − Id
2 ∥,

∥R1 −R2∥ ≤ k5

M(α)Γ(α)
∥R1 −R2∥

∫ t

0
(t− x)α−1 dx+ (1−α)k5

M(α)
∥R1 −R2∥.
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Then

∥S1 −S2∥
[
1−

(
k1ξ

α

αΓ(α)M(α)
+ (1−α)k1

Γ(α)

)]
≤ 0,

∥E1 −E2∥
[
1−

(
k2ξ

α

αΓ(α)M(α)
+ (1−α)k2

Γ(α)

)]
≤ 0,

∥Iu
1 − Iu

2∥
[
1−

(
k3ξ

α

αΓ(α)M(α)
+ (1−α)k3

Γ(α)

)]
≤ 0,

∥Id
1 − Id

2 ∥
[
1−

(
k4ξ

α

αΓ(α)M(α)
+ (1−α)k4

Γ(α)

)]
≤ 0,

∥R1 −R2∥
[
1−

(
k5ξ

α

αΓ(α)M(α)
+ (1−α)k5

Γ(α)

)]
≤ 0.

Therefore,

S1(t)= S2(t), E1(t)= E2(t), Iu
1 (t)= Iu

2 (t), Id
1 (t)= Id

2 (t), R1(t)= R2(t) for all t⩾ 0.

Hence the uniqueness of the solution. ■

4.2.2 Nonnegativity of solutions

Since the model describes a total population, it is necessary that all variables of the

model (4.1) remain positive for all future times (t ≥ 0)

Theorem 4.3. The solutions (S,E, Iu, Id,R) of the system (4.1) are all positive for all
t ≥ 0, meaning they belong to the set Θ1, where

Θ1 =
{
(S,E, Iu, Id,R) ∈R5 : S(t)≥ 0,E(t)≥ 0, Iu(t)≥ 0, Id(t)≥ 0,R(t)≥ 0

}
.

Proof. Now, we prove that the solutions are non-negative. We begin with the first equa-

tion of the system (4.1), which is as follows:

ABCDα
t S(t)=Λ−

(
βuIu(t)+βdId(t)

)
S(t)

N
−dS(t),

≥−(
βu +βd +d

)
S(t).

Then,

(4.33) ABCDα
t S(t)≥−θS(t),

whith θ =βu +βd +d.
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By applying the Laplace transform to the inequality (4.33), we obtain

(4.34) L {S(t)} (s)≥ M(α)S(0)
M(α)+θ(1−α)

· sα−1

sα+ θα
M(α)+θ(1−α)

.

Applying the inverse Laplace transform and using Formula (1.22), we obtain

(4.35) S(t)≥ M(α)S(0)
M(α)+θ(1−α)

Eα,1

(
−tα

θα

M(α)+θ(1−α)

)
.

As S(0)≥ 0 and 0< Eα,1

(
−tα θα

M(α)+θ(1−α)

)
≤ 1, therefore S(t)≥ 0.

Likewise, we prove E(t) ≥ 0, Iu(t) ≥ 0, Id(t) ≥ 0, and R(t) ≥ 0, we conclude that the

solution will remain in R5+.

■

4.2.3 Biologically feasible region of the solution

Next, we establish that the solutions are bounded.

Theorem 4.4. The biologically feasible domain of the fractional model (4.1) is given by

Θ2 :=
{(

S,E, Iu, Id,R
)
∈R5

+ : 0≤ N(t)≤ Λ
d

}
,

where N(t)= S(t)+E(t)+ Iu(t)+ Id(t)+R(t).

Proof. By summing all the equations of the system (4.1), we obtain

(4.36) ABCDα
t N(t)=Λ−dN(t)−µuIu −µd Id.

When there is no disease present in a population (Iu = Id = 0), we have

(4.37) ABCDα
t N(t)≤Λ−dN(t)

Applying the Laplace transform to inequality (4.37), we obtain

(4.38)
M(α)sαL {N(t)}(s)

α+ (1−α)sα
+dL {N(t)}(s)≤Λ sα−(α+1) + M(α)N(0)sα−1

α+ (1−α)sα
.

Then

(4.39) L {N(t)}(s)≤ 1
M(α)+d(1−α)

.
Λ(1−α)sα−1 +Λα sα−(α+1) +N(0)M(α)sα−1

sα+ αd
M(α)+d(1−α)

.
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From the formula (1.22), we find

(4.40)

N(t)≤ Λαtα

(1−α)d+M(α)
Eα,α+1

(−ξtα
)+[

Λ(1−α)
(1−α)d+M(α)

+ M(α)N(0)
M(α)+ (1−α)d

]
Eα,1

(−ξtα
)
,

where ξ= dα
M(α+d(1−α)) .

We obtain that limt→∞ N ≤ Λ
d . This implies that N(t),S(t),E(t), Iu(t), Id(t) and R(t) are

bounded in Θ2. ■

4.2.4 Basic reproduction number

The basic reproduction number, R0, is obtained using the next-generation method [87],

which involves calculating the transmission matrix of newly infected cases, denoted as T,

and the transition matrix of infections, denoted as Σ, pertaining to the model (4.1). The

basic reproduction number, R0, is then given by R0 = ρ
(−TΣ−1), where ρ represents the

spectral radius. The matrices T and Σ are defined as:

T =


0 βd βd

0 0 0

0 0 0

 , Σ=


−(σ+d) 0 0

τσ −(µu +δ+γu +d) 0

(1−τ)σ δ −(µd +γd +d)


Therefore, the basic reproduction number for our model is

R0 = βuτσ

(σ+d)(µu +δ+γu +d)
+ βd(1−τ)σ

(σ+d)(µd +γd +d)
+ βdτσδ

(σ+d)(µu +δ+γu +d)(µd +γd +d)
.

4.2.5 The Equilibrium points

To find the equilibrium points of the model (4.1), we must solve the following equations

(4.41)



Λ−
(
βuIu+βdId)

S
N −dS = 0,

(
βuIu+βdId)

S
N − (σ+d)E = 0,

τσE− (
µu +δ+γu +d

)
Iu = 0,

(1−τ)σE+δIu − (
µd +γd +d

)
Id = 0,

γuIu +γdId −dR = 0.

First, we determine the disease-free equilibrium E0, which represents a state in which

the entire population is free of infection. The model (4.1) has a disease-free equilibrium
8CAM:<K K

F Page 97



J;9NAB8CAM:<K
4.2 - Mathematical analysis of the fractional model: existence, positivity, and stability

given as follows

(4.42) E0 =
(
S0,E0, Iu

0, Id
0,R0

)
=

(
Λ

d
,0,0,0,0

)
.

Let’s now determine the endemic equilibrium expression for our model (4.1), which

describes the state in which COVID-19 is prevalent among community members(R0 > 1).

Moreover, the model (4.1) has a unique endemic equilibrium, defined as follows

(4.43) E1 =
(
S∗,E∗, Iu∗, Id∗

,R∗
)
,

with

S∗ = Λ− (σ+d)E∗

d
> 0,

E∗ = Λ(R0 −1)

(σ+d)(R0 −1)+d
(
1+ τσ

µu+δ+γu+d
(
1+ γu

d
)+ (1−τ)σ(µu+δ+γu+d)+τσd

µd+γd+d (1+ γd
d )

) > 0,

Iu∗ = τσ

µu +δ+γu +d
E∗ > 0,

Id∗ = σ(1−τ)(µu +δ+γu +d)+τσδ
(µu +δ+γu +d)(µd +γd +d)

E∗ > 0,

R∗ = γdId∗+γuIu∗

d
> 0.

Based on our analysis, we can state the following results:

Theorem 4.5. • If R0 < 1, there exists a unique disease-free equilibrium, denoted by
E0.

• If R0 > 1, there exists a unique endemic equilibrium point, denoted by E1.

4.2.6 Stability analysis

Theorem 4.6. The coronavirus-free equilibrium E0 of model (4.1) is locally asymptoti-
cally stable if R0 ≤ 1. When R0 > 1, E0 is unstable.

Proof. The Jacobian matrix of system (4.1) at E0 is

J (E0)=



−d 0 −βu −βd 0

0 −(σ+d) βu βd 0

0 τσ −(µu +δ+γu +d) 0 0

0 (1−τ)σ δ −(µd +γd +d) 0

0 0 γu γd −d


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The eigenvalues of J (E0) are the scalars λ satisfying :

det
(
J (E0)−λI5

)= 0⇔ (λ+d)2(λ3 +a1λ
2 +a2λ+a3)= 0,

where

a1 =µu +δ+γu +d+σ+d+µd +γd +d > 0,

a2 = (σ+d)(µd +γd +d)+ (σ+d)(µu +δ+γu +d)+ (µd +γd +d)(µu +δ+γu +d)

−βuτσ−βd(1−τ)σ,

a3 = (σ+d)(µu +δ+γu +d)(µd +γd +d)−βuτσ(µd +γd +d)−βdτσδ

−βd(1−τ)σ(µu +δ+γu +d).

It is evident that a1 is positive. Additionally, if R0 ≤ 1, then a2, a3 and a1a2−a3 are also

positive. According to the Routh-Hurwitz stability criterion [90], all eigenvalues have

negative real parts, which verifies the stability condition of fractional models in the ABC

sense, expressed as

(4.44) |arg(λi) |=π> π

2
> ρπ

2
, i = 1,2,3,4.

We define ∆ as follows

∆= a2
1a2

2 +18a1a2a3 −4a3
2 −4a3

1a3 −27a2
3.

To complete the proof, we require the following lemma

Lemma 4.1. [5] Assume that R0 ≤ 1 and one of the following conditions is satisfied:

1. ∆> 0, a1 > 0, a2 > 0, and a1a2 −a3 > 0.

2. ∆< 0, a1 ≥ 0, a2 ≥ 0, a3 > 0, and α ∈ (
0, 2

3

]
.

Then, the coronavirus-free equilibrium E0 of the fractional model (4.1) with ABC

derivative is locally asymptotically stable. ■

Theorem 4.7. The endemic equilibrium E1 of model fractional (4.1) is locally asymptoti-
cally stable if R0 > 1.

Proof. The Jacobian matrix of the model (4.1) at E1 is determined as follows

J (E1)=



C1 C2 C3 C4 C5

C6 C7 C8 C9 C10

0 τσ −(µu +δ+γ+d) 0 0

0 (1−τ)σ δ −(µd +γd +d) 0

0 0 γu γd −d


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Where

C1 =−d− βu Iu∗

N∗

(
1− S∗

N∗

)
− βd Id∗

N∗

(
1− S∗

N∗

)
,

C2 = βuIu∗+βdId∗

(N∗)2 S∗,

C3 = βuIu∗+βdId∗

(N∗)2 S∗− βuS∗

N∗ ,

C4 = βuIu∗+βdId∗

(N∗)2 S∗− βdS∗

N∗ ,

C5 = βuIu∗+βdId∗

(N∗)2 S∗,

C6 = βu Iu∗

N∗

(
1− S∗

N∗

)
+ βd Id∗

N∗

(
1− S∗

N∗

)
,

C7 =−βuIu∗+βdId∗

(N∗)2 S∗− (σ+d),

C8 =−βuIu∗+βdId∗

(N∗)2 S∗+ βuS∗

N∗ ,

C9 =−βuIu∗+βdId∗

(N∗)2 S∗+ βdS∗

N∗ ,

C10 =−βuIu∗+βdId∗

(N∗)2 S∗.

Then, the characteristic equation of J (E1) is given by:

λ5 +b1λ
4 +b2λ

3 +b3λ
2 +b4λ+b5 = 0,
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where

b1 =µu +δ+γu +d+µd +γd +d−C7 +C2 +d,

b2 = d(µu +δ+γu +d+µd +γd +d−C7 +C2 +d)+ (µd +γd +d−C7)(µu +δ+γu +d−C1)

+C2 (µd +γd +d)−C7 (µd +γd +d)−C1 (µu +δ+γu +d)

+τσ(C3 −C8)+ (µd +γd +d−C2)C2,

b3 = d (µd +γd +d−C7)(µu +δ+γu +d−C1)+d C2 (µd +γd +d)−d C7 (µd +γd +d)

−d C1 (µu +δ+γu +d)+dτσ(C3 −C8)+d (µd +γd +d−C2)C2

−C10τσγu − (1−τ)σδγdC10 +γuτσC5 + (1−τ)σγdC5

− (µd +γd +d)(µu +δ+γu +d−C1)C7 − (µu +δ+γu +d)(µd +γd +d−C7)C1

− (µd +γd +d−C1)τσC8 + (µd +γd +d−C2)((µd +γd +d)C2 +τσC3)

− (µd +γd +d)C2
2,

b4 =−d (µd +γd +d)(µu +δ+γu +d−C1)C7 −d (µu +δ+γu +d)(µd +γd +d−C7)C1

−d(µd +γd +d−C1)τσC8 +d(µd +γd +d−C2)((µd +γd +d)C2 +τσC3)

−d(µd +γd +d)C2
2

−C10τσγu(µd +γd +d−C1)−C10τσδγd − (1−τ)σγdC10(µu +δ+γu +d−C1)

+C1δγdτσ+γuτσC5(µd +γd +d−C6)+ (1−τ)σγdC5(µu +δ+γu +d−C6)

−C2(µd +γd +d)((µd +γd +d)C2 +C3τσ)+C1C7 (µu +γu +d)(µd +γd +d)

+ (µd +γd +d)C1C8τσ,

b5 =−d C2(µd +γd +d)((µd +γd +d)C2 +C3τσ)+dC1C7 (µu +γu +d)(µd +γd +d)

+d(µd +γd +d)C1C8τσ+C1C10τσδγd +C1C10τσγu(µd +γd +d)

+C1(1−τ)σγdC10(µd +γd +d)−C6δγdτσC5 −C6C5γuτσ(µd +γd +d)

− (1−τ)σγd C5 C6(µu +δ+γu +d).

It is evident that b1 > 0, and if bi > 0 for all i = 2, . . . ,5, and if the following conditions

are verified:

∆1 =
∣∣∣∣∣ b1 1

b3 b2

∣∣∣∣∣> 0, ∆2 =

∣∣∣∣∣∣∣∣
b1 1 0

b3 b2 b1

b5 b4 b3

∣∣∣∣∣∣∣∣> 0, ∆3 =

∣∣∣∣∣∣∣∣∣∣∣

b1 1 0 0

b3 b2 b1 1

b5 b4 b3 b2

0 0 b5 b4

∣∣∣∣∣∣∣∣∣∣∣
> 0,

Then the endemic equilibrium E1 of the fractional model (4.1) is locally asymptotically

stable.

■
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4.3 Fractional control and sensitivity analysis of the
SEIuIdR epidemic model

This section is divided into two subsections. The first focuses on "Sensitivity analysis",

where we examine the responsiveness of model parameters and their impact on system

behavior. The second subsection introduces "Fractional control optimization", where the

fractional calculus approach is applied to optimize the control of the proposed model,

providing a more flexible framework for dynamics and stability improvements.

4.3.1 Sensitivity analysis of R0

The sensitivity indices of R0 with respect to the parameters of the model in (4.1) are as

follows:

ζ
R0
βu

:= ∂R0

∂βu
× βu

R0
= τσβu

(σ+d)(µu +δ+γu +d)R0
,

ζ
R0
βd

:= ∂R0

∂βd
× βd

R0
=

[
(1−τ)+ τδ

µu +δ+γu +d

]
× βdσ

R0(σ+d)(µd +γd +d)
,

ζ
R0
τ := ∂R0

∂τ
× τ

R0
=− βdστ

(σ+d)(µd +γd +d)R0

[
δ

µu +δ+γu +d
−1

]
+ τσβu

R0(µu +δ+γu +d)(σ+d)
,

ζ
R0
σ := ∂R0

∂σ
× σ

R0
= d
σ+d

,

ζ
R0
d := ∂R0

∂d
× d

R0
=− d

σ+d
−

d ·σ ·βd ·
(
1−τ+ τ·δ

µu+δ+γu+d

)
R0 · (σ+d) · (µd +γd +d)2 −

d ·σ ·τ ·
(
βu + βd ·δ

µd+γd+d

)
R0 · (σ+d) · (µu +δ+γu +d)2 ,

ζ
R0
δ

:= ∂R0

∂δ
× δ

R0
= δτσ

R0(σ+d)(µu +δ+γu +d)

×
[

βd

µd +γd +d
− βu

µu +δ+γu +d
− βdδ

(µu +δ+γu +d)(µd +γd +d)

]
,

ζ
R0
µu := ∂R0

∂µu
× µu

R0
=− µuτσ

(σ+d)(µu +δ+γu +d)R0
×

[
βu + βdδ

µd +γd +d

]
,

ζ
R0
µd := ∂R0

∂µd
× µd

R0
=− µdσβd

(σ+d)(µd +γd +d)R0
×

[
(1−τ)+ τδ

µu +δ+γu +d

]
,

ζ
R0
γu := ∂R0

∂γu
× γu

R0
=− γuτσ

(σ+d)(µu +δ+γu +d)R0
×

[
βu + βdδ

µd +γd +d

]
,

ζ
R0
γd := ∂R0

∂γd
× γd

R0
=− γdσβd

(σ+d)(µd +γd +d)R0
×

[
(1−τ)+ τδ

µu +δ+γu +d

]
.

For variables not present in the expression of R0, the sensitivity index is zero. Based on
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Parameters Sensitivity Index
βd 0.0711
βd 0.9289
τ -4.0099
σ 0.0826
d -0.6638
δ 0.5441
µu -0.0020
µd -0.0030
γu -0.3335
γd -0.5591

Table 4.1: Sensitivity indices of various model parameters.
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Figure 4.2: Bar plot representing the sensitivity indices of various model parameters.

the data presented in Table 4.1 and Figure 4.2, the variables with the highest observed

sensitivity are βu, βd, τ, and δ, which show the highest sensitivity indices, whether posi-

tive or negative. A positive sensitivity index indicates that an increase in the parameter

value leads to an increased spread of infection, while a negative sensitivity index indi-

cates that an increase in the parameter value reduces the spread of infection.

For instance, βd, which represents the transmission rate within hospital settings or

locations designated for isolating patients, has a positive sensitivity index. This implies

that an increase in βd leads to a greater spread of the disease within these settings.

Similarly, δ, the rate at which undetected cases are confirmed through PCR tests and
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transition to the detected category, also has a positive sensitivity index. This means that

a higher δ will result in more cases being detected, thereby influencing the system’s

dynamics.

Conversely, parameters such as the proportion of virus-exposed individuals who be-

come infected but remain undetected exhibit negative sensitivity indices. This means

that an increase in this proportion leads to a decrease in the overall infection spread,

as it may slow down the progression by reducing the number of undetected cases tran-

sitioning to the infected state. Similarly, the negative sensitivity indices for γu and γd

suggest that increasing these parameters helps to reduce the spread of the disease.

4.3.2 Formulation of fractional control optimization for the
SEIuIdR model

Based on the sensitivity analysis described in the previous subsection, where βu and βd

were identified as the most sensitive parameters, we chose u1 to represent the control

variable for preventing SEIuIdR transmission within the community. This control vari-

able aims to reduce contact between susceptible individuals and infected individuals,

whether detected or undetected. Furthermore, the fractional SEIuIdR model (4.1), after

incorporating the optimal control u1, is as follows:

(4.45)



ABCDα
t S(t)=Λ− (1−u1)βuIu+βdId

N S−dS,
ABCDα

t E(t)= (1−u1)
(
βuIu+βdId)

S
N − (σ+d)E,

ABCDα
t Iu(t)= τσE− (

µu +δ+γu +d
)
Iu,

ABCDα
t Id(t)= (1−τ)σE+δIu − (

µd +γd +d
)
Id,

ABCDα
t R(t)= γuIu +γdId −dR.

With the initial conditions S(0) = S0 ≥ 0,E(0) = E0 ≥ 0, Iu(0) = Iu
0 ≥ 0, Id(0) = Id

0 ≥
0,R(0)= R0 ≥ 0. The objective function is defined as follows:

min J(u1(t))=
∫ T

0
A1E(t)+ A2Iu(t)+ A3Id(t)+ 1

2
A4u2

1(t)dt,

where A1, A2, A3 and A4 are positive weight coefficients, with A4 ensuring the units of

the integrand are consistent, and T represents the final time.

The associated feasible control domain is

B = {u1(t) | 0≤ u1(t)≤ 1, t ∈ [0,T]}
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The Hamiltonian for our optimal control system (4.45) is defined as

(4.46)

H =A1E+ A2Iu + A3Id + 1
2

(
A4u2

1
)

+λS

[
Λ− (1−u1)

βuIu +βdId

N
S−dS

]
+λE

[
(1−u1)

βuIu +βdId

N
S− (σ+d)E

]
+λu

[
τσE− (

γu +d+δ)
Iu]

+λd

[
(1−τ)σE+δIu − (

γd +d
)
Id

]
+λR

[
γuIu +γdId −dR

]
,

where λS,λE,λd,λu and λR are the adjoint variables. According on Pontryagin’s

minimum principle [73], we can state the following theorem.

Theorem 4.8. The optimal control u∗
1 , along with the corresponding solutions

S∗,E∗, Iu∗ , Id∗ ,R∗, minimize the objective functional J(u1) over the set B. There exist
adjoint variables λS,λE,λu,λd,λR , satisfying transversality conditions λi(T) = 0, such
that

ABCDα
t λS = (1−u1)

(
βuIu∗+βd Id∗

)
(λS −λE)

N∗
+dλS

+ (1−u1)
(
βuIu

∗+βd Id
∗
) (λS −λE)

N2∗
S∗,(4.47)

ABCDα
t λE =−A1 − (1−u1)

(
βuIu

∗+βd Id
∗
) (λS −λE)

N2∗
S∗

+ (σ+d)λE −τσλu − (1−τ)σλd,(4.48)

ABCDα
t λu =−A2 + (1−u1)

(
βuIu

∗+βd Id
∗
)
S

(λE −λS)
N2∗

+ (1−u1)
βuS∗(λE −λS)

N
+ (µu +γu +δ+d)λu −δλd −γuλR ,(4.49)

ABCDα
t λd =−A3 + (1−u1)

(
βuIu

∗+βd Id
∗
)
S

(λE −λS)
N2∗

+ (1−u1)
βdS∗(λE −λS)

N∗
+ (µd +γd +d)λd −γdλR ,(4.50)

ABCDα
t λR = (1−u1)

(
βuIu∗+βd Id∗

)
(λE −λS)S∗

N2∗
−dλR .(4.51)

Additionally, the corresponding optimal control u∗
1 is expressed as

(4.52) u∗
1 =min

{
1,max

(
0,

(βuIu∗+βd Id∗)(λE −λS)S∗
A4N∗

)}
.
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Proof. We apply Pontryagin’s maximum principle [73] to address the COVID-19 optimal

control problem (4.45), which is formulated as follows.

(4.53)

ABC
t Dα

TλS(t)=∂H
∂S

, ABC
t Dα

TλE(t)= ∂H

∂E
, ABC

t Dα
Tλu(t)= ∂H

∂Iu ,

ABC
t Dα

Tλd(t)= ∂H

∂Id , ABC
t Dα

TλR(t)= ∂H

∂R
,

with transversality conditions

λS(T)= 0, λE(T)= 0, λIu (T)= 0, λId (T)= 0, λR(T)= 0.

To derive equation (4.52), we apply the following condition.

∂H

∂u1
= 0.

■

Parameter Value Source
Λ 300.38 Assumed
βu 0.10138 [39]
βd 5.7436 Assumed
d 0.0450 [39]
τ 0.92506 [39]
σ 0.5 [39]
µu 4.2×10−4 [39]
µd 3.7×10−4 [39]
γd 0.06859 [39]
γu 0.07 [39]
δ 1.8110×10−7 [39]

Table 4.2: Parameter values for the fractional model SEIuIdR.

4.4 Numerical simulations

In this section, we apply the Taoufik–Atangana scheme, as previously described, to the

COVID-19 model with the fractional ABC derivative (4.1). The scheme presented in

equation (1.39) is implemented for our model (4.1), leading to the following algorithm.

8CAM:<K K

F Page 106



J;9NAB8CAM:<K
4.4 - Numerical simulations

S (tn+1)= S (0)+ 1−α
M(α)

ψ1 (tn,S (tn))+ α

M(α)

n∑
j=0

[
hαψ1 (tk, z (tk))

Γ(α+2)
×

{
(n−k+2+α)(n+1−k)α(n−k+2+2α)(n−k)α

}
−hαψ1 (tk−1, z (tk−1))

Γ(α+2)
{
(n+1−k)α+1 − (n−k+1+α)(n−k)α

}]
,

E (tn+1)= E (0)+ 1−α
M(α)

ψ2 (tn, z (tn))+ α

M(α)

n∑
k=0

[
hαψ2 (tk, z (tk))

Γ(α+2)
×{

(n−k+2+α)(n+1−k)α(n−k+2+2α)(n−k)α
}

−hαψ1 (tk−1, z (tk−1))
Γ(α+2)

{
(n+1−k)α+1 − (n−k+1+α)(n−k)α

}]
,

Iu (tn+1)=Iu (0)+ 1−α
M(α)

ψ3 (tn, z (tn))+ α

M(α)

n∑
k=0

[
hαψ3 (tk, z (tk))

Γ(α+2)
×{

(n−k+2+α)(n+1−k)α(n−k+2+2α)(n−k)α
}

−hαψ1 (tk−1, z (tk−1))
Γ(α+2)

{
(n+1−k)α+1 − (n−k+1+α)(n−k)α

}]
,

Id (tn+1)= Id (t0)+ 1−α
M(α)

ψ4 (tn, z (tn))+ α

M(α)

n∑
k=0

[
hαψ4 (tk, z (tk))

Γ(α+2)
×{

(n−k+2+α)(n+1−k)α(n−k+2+2α)(n−k)α
}

−hαψ1 (tk−1, z (tk−1))
Γ(α+2)

{
(n+1−k)α+1 − (n−k+1+α)(n−k)α

}]
,

R (tn+1)= R (0)+ 1−α
M(α)

ψ5 (tn, z (tn))+ α

M(α)

n∑
k=0

[
hαψ5 (tk, z (tk))

Γ(α+2)
×{

(n−k+2+α)(n+1−k)α(n−k+2+2α)(n−k)α
}

−hαψ5 (tk−1, z (tk−1))
Γ(α+2)

{
(n+1−k)α+1 − (n−k+1+α)(n−k)α

}]
,

where ψ1,ψ2, ψ3,ψ4 and ψ5 are given in 4.2.

4.4.1 Effect of the ABC derivative on model dynamics

In this section, we explore the dynamics of the SEId IuR model using the

Taoufik–Atangana numerical scheme. The parameter values employed in the simula-

tions are presented in Table 4.2. We incorporate the ABC fractional derivative with

varying orders α= (1,0.95,0.85,0.75) to analyze its impact on the model’s behavior, as

illustrated in Figure 4.3. The trajectories of the compartments S(t), E(t), Iu(t), Id(t),
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and R(t) converge to the equilibrium point E1 = (1.0574× 103,4.6385× 102,9.9784×
102,1.5260×102,1.7848×103) when R0 = 1.9306> 1. This observation indicates that E1

is locally asymptotically stable.

The curves in subfigures 4.3(a)-4.3(e) demonstrate that as the fractional order α

decreases, both the infection rate and the peak incidence of the disease decline. This

highlights the significant impact that fractional derivatives can have on understanding

and managing coronavirus transmission. Unlike the integer-order derivative (α= 1), the

fractional model incorporates a memory effect that deepens our understanding of the

model’s stability and long-term dynamics, which are essential for evaluating outbreak

potential and the effectiveness of control strategies. Larger α values (closer to 1) indicate

weaker memory effects, resulting in faster dynamics, while smaller α values introduce

a stronger memory effect, thereby slowing the progression of the disease over time.

Additionally, to examine how the parameters βu and τ affect the dynamics of the

exposed, detected infected, and undetected infected populations in a COVID-19 model,

we vary these parameters across different rates and present the resulting simulations.

Graphical representations are shown for three values of α= (0.95,0.85,0.75).

Figure 4.4 illustrates that increasing τ (the fraction of individuals who are exposed

to the virus and become infected without being detected) to its baseline value leads to

a substantial reduction in the exposed population. Additionally, for each value of τ, a

decrease in α causes both the peak of the exposed population to drop and its occurrence

to be delayed. This outcome highlights the effect of a stronger memory effect, which

slows the spread and reduces the number of exposed individuals at any given time. The

same behavior is observed in the compartments of infected undetected, as shown in

Figure 4.5, and in the infected detected Figures in 4.6.

Figure 4.7 depicts the progression of the exposed population over time for varying

values of βu (the community transmission rate) and the three indicated α values. We

observe that a higher βu leads to a significantly larger exposed population and faster

dynamics, particularly when α = 0.95. As α decreases, the memory effect slows the

spread, resulting in smaller and more delayed peaks, regardless of the value of βu. The

same behavior is observed in the compartments shown in Figures 4.8 and 4.9.

4.4.2 Numerical simulation of the control problem

This section presents the results of the numerical simulations conducted for the proposed

fractional model, both with and without controls. The Taoufik scheme was applied to

simulate the adjoint variables. The parameter values are listed in Table 4.2. The weights
8CAM:<K K

F Page 108



J;9NAB8CAM:<K
4.4 - Numerical simulations

0 100 200 300 400 500 600

Time(Days)

0

1000

2000

3000

4000

5000

6000

7000

S
u
s
c
e
p
ti
b
le

 P
o
p
u
la

ti
o
n

=1

=0.95

=0.85

=0.75

(a) Susceptible population

0 100 200 300 400 500 600

Time(Days)

100

200

300

400

500

600

700

800

900

1000

1100

E
x
p
o
s
e
d
 P

o
p
u
la

ti
o
n

=1

=0.95

=0.85

=0.75

(b) Exposed population

0 100 200 300 400 500 600

Time(Days)

50

100

150

200

250

In
fe

c
te

d
 P

o
p
u
la

ti
o
n
 (

I d
)

=1

=0.95

=0.85

=0.75

(c) Infected detected population
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(d) Infected undetected population
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Figure 4.3: Dynamics of the SEId IuR model over time (in years) for various values of α
using the Taoufik–Atangana scheme.

and balancing coefficients were set as follows: A1 = 1, A2 = 1, A3 = 1, and A4 = 1000.

The simulation was carried out with a time step of h = 0.01 and a fractional order of

α = 0.85. From the results in Fig. 4.10, we observed that under the optimal control
8CAM:<K K

F Page 109



J;9NAB8CAM:<K
4.4 - Numerical simulations

0 20 40 60 80 100

Time (Days)

0

500

1000

1500

2000

2500

E
x
p
o
s
e
d
 P

o
p
u
la

ti
o
n

 = 0.92502

 = 0.80813

 = 0.69125

 = 0.57436

(a) Exposed population for α= 0.95
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(b) Exposed population for α= 0.85
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(c) Exposed population for α= 0.75

Figure 4.4: The effect of τ on the dynamics of the exposed population.

u1, there is a significant reduction in the number of exposed individuals, as well as a

considerable decrease in both the infected undetected and detected populations, leading

to a substantial reduction in the number of virus carriers. This demonstrates that the

optimal control strategy can effectively mitigate the spread of COVID-19.
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(a) Infected undetected population for α =
0.95
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(b) Infected undetected population for α =
0.85
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(c) Infected undetected population for α =
0.75

Figure 4.5: The effect of τ on the dynamics of the infected undetected population for
different values of α.
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(a) Infected detected population for α= 0.95
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(b) Infected detected population for α= 0.85
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(c) Infected detected population for α= 0.75

Figure 4.6: The effect of τ on the dynamics of the infected detected population for differ-
ent values of α.
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(a) Exposed population for α= 0.95
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(b) Exposed population for α= 0.85
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(c) Exposed population for α= 0.75

Figure 4.7: The effect of the transmission rate within the community βu on the dynamics
of the exposed population for different values of the fractional order α.
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(a) Infected undetected population for α =
0.95
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(b) Infected undetected population for α =
0.85
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(c) Infected undetected population for α =
0.75

Figure 4.8: The effect of the transmission rate within the community βu on the dynamics
of the infected undetected population for different values of α.
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(a) Infected detected population for α= 0.95
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(b) Infected detected population for α= 0.85
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(c) Infected detected population for α= 0.75

Figure 4.9: The effect of the transmission rate within the community βu on the dynamics
of the infected detected population for different values of α.
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(b) Infected undetected population.
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(c) Infected detected population.

Figure 4.10: Comparison of the evolution of COVID-19 dynamics with and without Con-
trol.
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4.5 Conclusion

In this chapter, we developed a fractional SEIuIdR model for COVID-19 using the

ABC fractional derivative to examine the impact of fractional orders on disease dy-

namics. We established the existence and uniqueness of solutions and identified the

biologically feasible region for the model. Our analysis demonstrated that the model is

locally asymptotically stable at the disease-free equilibrium when R0 < 1 and at the en-

demic equilibrium when R0 > 1. Sensitivity analysis revealed that τ and βd are critical

parameters for controlling the disease’s spread. Additionally, we introduced an optimal

control strategy designed to reduce disease transmission by minimizing contact between

susceptible individuals and both undetected and detected infected populations. Numeri-

cal findings indicated that fractional-order models converge more slowly toward stable

states compared to integer-order models, offering a more nuanced perspective on disease

progression. The optimal control strategy was found to significantly reduce the spread of

the pandemic. These findings provide important guidance for policymakers in devising

effective strategies to curb the spread of COVID-19.
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This thesis comprehensively examined the dynamics of various infectious diseases using

compartmental models with fractional derivatives, focusing on both Caputo and ABC

types. Rigorous mathematical analyses were conducted across all models, including

proofs of existence, uniqueness, boundedness, and positivity of the solution, as well as

stability and sensitivity analysis of model parameters used. Additionally, numerical

simulations were used to validate these theoretical results and to explore model behavior

across various fractional orders.

First, the study investigated an SIA model for HIV/AIDS transmission to assess the

influence of migration. Results demonstrated that migration significantly contributes

to epidemic spread, amplifying transmission across regions. By employing fractional

derivatives, the model provided deeper insights into transmission dynamics, capturing

the slow progression of HIV to AIDS more accurately than traditional models. Specif-

ically, we found that the time for individuals affected by AIDS to reach a steady state

is approximately 50 years, aligning well with observed HIV progression timelines. A

key contribution of this thesis is the comparative analysis of the Caputo and ABC ap-

proaches within the HIV model, evaluating each derivative’s impact on convergence and

predictive capacity. Findings showed that the Caputo derivative achieved faster conver-

gence, while the ABC derivative, with its non-local properties, converged more gradually.

This distinction highlights the ABC approach’s potential to capture long-term memory

effects in disease progression, offering an extended perspective on the chronic nature of

HIV/AIDS.

Second, we analyze an SIP model for a marine parasite-induced disease using both

Caputo and ABC derivatives, finding that both exhibit similar numerical trends in this

context. This suggests that the Caputo and ABC kernels shape the model’s behavior in

comparable ways. In contrast, our HIV/AIDS model shows a more noticeable difference

between the derivatives, particularly when the fractional order is reduced to 0.65. This

disparity likely stems from initial conditions and parameters in the marine parasite

model that are less suited to highlighting differences between the derivatives. These
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findings underscore the importance of real-world data in selecting the most suitable

kernel for accurate modeling.

Lastly, this thesis examined a novel COVID-19 model incorporating the ABC deriva-

tive and considering two types of infected classes: detected and non-detected. With an op-

timal control strategy designed to minimize infection rates by raising awareness among

the population. The findings highlight the role of the ABC derivative in capturing the

complex population dynamics over time, showing a delayed convergence compared to

the integer-order derivative. Additionally, varying the fractional order results in distinct

peaks in the dynamics. On the other hand, the control strategy (awareness-raising) leads

to a significant reduction in both the exposed population and the infected individuals,

whether detected or undetected.

Overall, this thesis presents a study on eco-epidemiological and epidemiological mod-

eling using non-integer order derivatives, focusing specifically on the Caputo and ABC

types. Through rigorous mathematical and numerical analysis, along with constructive

proofs, we have illuminated the complex behavior of the systems studied, leading to a

deeper understanding of the role of fractional approaches. However, these findings shed

light on several open questions and future perspectives:

• Extend the application of fractional models to other infectious diseases, such as

emerging influenza strains or zoonotic viruses, which exhibit complex and evolving

dynamics. This would deepen our understanding of diseases with unpredictable

transmission patterns, enhancing preparedness for future outbreaks.

• Integrate fractional calculus with machine learning to improve predictive accuracy,

particularly for real-time parameter estimation and model adaptation. This com-

bination would enable dynamic adjustments based on incoming data, enhancing

the reliability of forecasts for complex disease dynamics.

• Incorporate real-world data to improve the alignment between model predictions

and observed measurements, leading to more accurate and reliable results.

• Introduce spatial diffusion to capture the effects of geographic spread and localized

interactions on disease transmission. Coupling this with optimal control strategies

could enable targeted interventions, improving resource allocation and contain-

ment efforts in specific regions.
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