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Abstract

Generalized eigenvectors are key tools in the theory of rigged Hilbert spaces. Let H be a Hilbert space and
let Φ be a dense subspace of H . Let A be a densely defined linear operator in H such that Φ ⊂ D(A) and
AΦ ⊂ Φ. The generalized eigenvectors of A are the eigenvectors of the algebraic dual of : Φ→ Φ. In the case
where Φ is endowed with a topology τ finer than the norm topology inherited from H , generalized eigenvectors
that are τ-continuous may be of great interest. We discuss conditions which ensure the existence of representations
associated to generalized eigenvectors of A. As an application, we review and refine Böhm’s study of the algebra
of the quantum harmonic oscillator. We also discuss canonical rigged Hilbert space constructions. We focus on
cyclic self adjoint operators and use the one-dimensional free Hamiltonian on the half line as a model. We propose
a nonstandard construction that can be generalized to many quantum systems. Our construction is motivated by the
Stone-von Neumann uniqueness theorem.

0Key Words. ; Rigged Hilbert space; nuclearity; representation; cyclic self-adjoint operators; Stone von Neumann theorem.
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Résumé

Les vecteurs propres généralisés sont des outils clés dans la théorie des triplets de Gelfand. Soit H un espace de
Hilbert et soit Φ un sous-espace dense de H . Soit A : D(A)→H un opérateur linéaire non borné a domaine dense
défini dans H tel que Φ ⊂ D(A) et AΦ ⊂ Φ. Les vecteurs propres généralisés de A sont les vecteurs propres du
dual algébrique de A : Φ→ Φ. Dans le cas où Φ est muni d’une topologie τ plus fine que la topologie induite par
celle de H , les vecteurs propres généralisés qui sont τ-continus peuvent être d’un grand intérêt. Nous discutons
des conditions qui garantissent l’existence de représentations associées aux vecteurs propres généralisés de A. À
titre d’application, nous passons en revue et affinons l’étude de Böhm sur l’algèbre de l’oscillateur harmonique
quantique. Nous discutons également des constructions canoniques de triplets de Gelfand. Nous nous concen-
trons sur les opérateurs cycliques auto-adjoints et utilisons l’Hamiltonien libre unidimensionnel sur la demi-droite
comme modèle. Nous proposons une construction non standard qui peut être généralisée à de nombreux systèmes
quantiques. Notre construction est motivée par le théorème d’unicité de Stone-von Neumann.

0Mots cles ; Triplet de Gelfand; nuclearité; representation; opérateurs autoadjoint cycliques; Théorème de Stone-von Neumann
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Résumé étendu

Dans cette thèse, nous abordons des problèmes liés aux triplets de Gelfand en mécanique quantique non relativiste,
en nous concentrant sur le cas simple du mouvement unidimensionnel d’une particule sans spin sous l’influence de
quelques potentiels d’énergie basiques. Ces modèles servent de modèles simplifiés et fondamentaux pour compren-
dre le comportement des systèmes quantiques généraux. Nous mettons l’accent sur l’utilisation des vecteurs propres
généralisés algébriques et tentons d’explorer les conditions garantissant l’existence de représentations associées à
ces vecteurs propres généralisés pour un observable. Nous établissons rigoureusement la signification des bases
orthonormales utilisées par les physiciens ainsi que les formules de changement de base de Dirac, qui, avec une
légère modification, acquièrent une signification rigoureuse sans recourir aux fonctions généralisées. Nous traitons
les opérateurs fondamentaux sur un pied d’égalité en utilisant les vecteurs propres généralisés, et nous explorons
leurs propriétés de type cohérent. Trois exemples physiques clés - la particule libre, l’oscillateur harmonique quan-
tique et le potentiel de barrière carrée - sont étudiés de manière rigoureuse. Ces exemples sont considérés comme
des pierres angulaires de la mécanique quantique et de la théorie quantique des champs. Nous utilisons un langage
aussi élémentaire que possible. En particulier, nous identifions clairement les questions mathématiques ouvertes.
Nous nous concentrons sur les opérateurs auto-adjoints cycliques et utilisons l’hamiltonien libre comme modèle,
pour lequel nous passons en revue une diagonalisation en utilisant des vecteurs propres généralisés algébriques
d’une restriction spécifique. Pour plus de commodité, nous rappelons également la construction théorique d’une
famille complète de vecteurs propres généralisés d’opérateurs auto-adjoints cycliques qui sont continus sur le triplet
de Gelfand considéré. Enfin, nous discutons des constructions canoniques des espaces de triplet de Gelfand et pro-
posons une construction non-standard qui peut être généralisée à de nombreux systèmes quantiques.

0Mots cles ; Triplet de Gelfand; nuclearité; representation; opérateurs autoadjoint cycliques; Théorème de Stone-von Neumann
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Introduction
Quantum Mechanics (QM) as we know it now was born in a period of a few years, roughly between 1924 and
1927, invented by Heisenberg and Schrödinger, with important contributions by Born, Pauli, Dirac and many
others. Immediately after this, the mathematical foundations were laid by von Neumann. It has been roughly
one hundred years since physicists began to realize that classical mechanics is fundamentally wrong at the atomic
scale and hence cannot form a correct description of nature. A breakthrough was the paper of Heisenberg on the
so-called matrix mechanics (1925). In 1926, Schrödinger proposed a wave equation for a quantum particle in
a potential energy field, which also led to a successful description of atoms and other microscopic systems. In
the two years following Heisenberg’s matrix mechanics paper, the combined efforts of Born, Jordan, Schrödinger
and Dirac led to a refinement of classical mechanics called QM. Next, in the late 1920’s, Dirac proposed a new
mathematical model of QM based on a remarkably elegant abstract algebra of linear operators defined on an infinite
dimensional complex vector space equipped with an inner product which is proven to be of a significant heuristic
value in the subsequent years, especially in dealing with Hamiltonians having a continuous spectrum. However,
there was serious difficulties in finding a mathematical image making a precise sense of these linear algebra-
type manipulations such as treating operators with continuous spectra as if they had actual eigenvectors, integral
expansion formulas over those eigenvectors and so on.

Greatly inspired by Dirac transfomation theory, in his book [1], von-Neumann proposed the first rigorous math-
ematical formulation of QM. It consisted in the use of the language of Hilbert Space (HS) with states being rep-
resented by unit vectors and observables (for instance the Hamiltonian of the system) by unbounded self-adjoint
operators. More precisely, the basic properties of quantum mechanics can be expressed by a set of mathematical
statements, axioms, together with their consequences. This is the so-called Hilbert Space (or, the standard) For-
malism (HSF) of QM. Although some attempts to implement Dirac model within the HSF, serious mathematical
difficulties were faced, especially in giving a sense to some singular objects such as Dirac delta function or to justify
some expansions over continuous bases in Dirac model. Indeed, when the spectrum of an operator has a continuous
component, the expansion formulas used in Dirac formalism are no longer valid since there are no vectors in the
Hilbert space that are eigenvectors corresponding to points in the continuous component of the spectrum.

In 1939, Dirac published a paper [2] in which he introduced notations called bras and kets. These are special
notations for linear algebra-type manipulations, vectors and operators in his mathematical model of QM. This is
the so-called bra-ket formalism. For most physicits, the latter is considered to be simpler and more intuitive. It
is consequentely the one that is still used in standard textbooks. It is recalled that this formalism has been used
with great success for quite some time by physicits and shown to be highly accurate in many practical applications.
It is also worth to mention that Dirac was fully aware that his delta function for example is not a well-defined
mathematical object. However, he was convinced that, as long as one follows the rules used in its definition,
i.e. using it only under the integral sign and not asking for single point evaluations, no inconsistencies will arise.
Moreover, the delta function can be replaced with well-defined mathematical expressions. However, according to
Dirac, the drawback is that the latter substitution will lead to a more cumbersome expressions that will obscure the
argument and thus a decrease of the understanding [3].

The HSF, with the spectral theorem for self-adjoint operators as a cornerstone, was fully appreciated by math-
ematicians. However, physicits considered it as difficult and not practical [4, 5, 6] and found the non-rigorous
Dirac bra-ket formalism much more formally powerful for practical manipulations. This let think that the Hilbert
space framework for the spectral analysis might lack the flexibility making it possible to give a precise meaning
to some singular objects (but of practical impotance) such as Dirac bras and kets, delta function or Dirac basis
vector expansions. These are essential key tools for physicits, especially when dealing with a continuous spec-
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Introduction

trum. There were several attemps to provide a rigorous mathematical justification of using state vectors that do not
belong to the Hilbert space [7]. The most widely known among these approaches (and also the one that has led
to the largest number of applications in QM) is the so-called rigged Hilbert space (RHS) structure. The general
idea was to go beyond Hilbert space and provide an extension space Φ× of the Hilbert space H which should
contain generalized eigenvectors associated to the points of the continuous spectrum of a self-adjoint operator A
and thus replace the Hilbert space structure by a triplet Φ⊂H ⊂Φ× where Φ is a dense subspace equiped with a
topology τ finer than the one induced by the Hilbert space structure and where Φ× denotes its topological antidual
linear space (i.e., the space of continuous anti-linear functionals on Φ). The RHS theory was developed in the
1950’s, mainly by Gelfand, Kostutchenko, Vilenkin, Shilov and Maurin [8, 9, 10]. Starting with the RHS structure,
together with von-Neumann’s direct integral decomposition, they were able to prove the so-called nuclear spectral
theorem, which provides more informations on the spectral properties of an observable forming an attempt to treat
the discrete and the continuous spectrum on the same footing. Somewhat later, the use of the RHS for a rigorous
mathematical formulation of Dirac’s formalism was suggested and investigated by several authors in many papers.
Among them we mention the work of Foias [11], Roberts [12, 13], Böhm [14] and Antoine [15]. In particular,
the nuclear spectral theorem allows to justify some formulas that physicits use on expansions over bras and kets.
For more details on the rigged Hilbert space formalism see for instance [7, 16, 17, 14, 18, 19, 20] and references
therein. The basic tools of the theory are generalized eigenvectors of A that leave Φ invariant : eigenvectors of the
dual operator A× : Φ×→Φ×. We refer the reader to [21, 22] for conditions that ensure tight rigging of the operator
A, where the spectrum of the operator A coincides with an adequate set built from generalized eigenvalues of A. For
the study of other constructions that generalize the RHS, see, e.g., [7, 23, 24]. Finally, let us mention the work of
Bergeron [25], where another explanation of Dirac’s formalism is proposed.

The RHS approach requires more mathematical hypotheses. It has the reputation of being much more delicate
to rigorously handle, than the von-Neumann Hilbert space formulation. At this point, one might contend that
physicists are not interested in that rigorous reformulation of something already evident for them. However, let
us mention that Dirac’s classic monograph, being advocated in the majority of modern treatises of QM, contains
a fair amount of statements which are bare ambiguous or incorrect from the mathematical point of view. Or, in
the formulation of a physical theory, a present lack of mathematical rigor can often and readily lead to apparent
contradictions and forms a potential source of many surprises that is harder, if not impossible, to clarify all the
inconsistencies within it [26]. These contradictions can only be descarded by making appeal to a more careful
mathematical formulation of the problems under investigation, which will eventually allow to handle them in a
more efficient manner. We believe that this should convey the idea that the use of the RHSF rather than just the
HSF for the description of a quantum system will not only justify the mathematical undefined operations physicits
have been accustomed to in their calculations, but also provide powerful means to solve certain mathematical
problems of QM and thus lead to new results and deeper understanding of the behavior of the quantum system
under study.

In this thesis, we discuss some problems related to the RHSF of non-relativistic QM, where we restrict our
attention to the simple case of a one-dimensional motion of a non-relativistic spinless particle under the influence
of some basic energy potentials. These serve as simplified and fundamental models for understanding the behavior
of general quantum systems and grasping the fundamental principles before moving to higher dimensions. We
focus on the role of using the language of algebraic generalized eigenvectors and try to investigate conditions which
ensure the existence of representations associated to generalized eigenvectors of an observable (or, more generally,
a fundamental operator in the case of the Quantum Harmonic Oscillator (QHO)) and provide the exact connection
between generalized eigenvectors and the Hamiltonian eigenstates in different representations with a discussion
of the important concept of change of representation. We define rigorously the meaning of orthonormal bases
used by physicits and Dirac change of bases formulas, which, modulo a slight change, have a rigorous meaning
without the use of generalized functions. We get that Dirac notations correspond to change of bases formulas. We
treat fundamental operators on the same footing using generalized eigenvectors (for which we also discuss some
coherent-like properties in the sense of Klauder-Skagerstam [27] ) of suitable duals and use that to rigorously study
three basic and generic physical examples : the free particle, the QHO and the square barrier potential. These are
considered by physicists as cornerstones of QM and quantum field theory [4, 5, 6]. We also use an elementary
language as much as possible. In particular, the open mathematical questions are clearly stated. We focus on
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cyclic self-adjoint operators and use the free Hamiltonian as a model for which we review a diagonalization by
using algebraic generalized eigenvectors of a specific restriction. For convenience, we also recall the theoretical
construction of a complete family of generalized eigenvectors of cyclic self-adjoint operators that are continuous on
the RHS. Finally, we discuss canonical rigged Hilbert space constructions and propose a non-standard construction
that can be generalized to many quantum systems.

Next, we outline the content of the thesis :
– Chapter 1 : we briefly review some points in the most basic formulation of one-dimensional Newtonian mechanics
and we present a brief study (as presented in standard textbooks, i.e., by solving the time-independent Schrödinger
equation) of the three basic systems we worked on along this thesis, which form simple and illustrative examples
that are used in many theoritical studies. Next, for convenience, we provide a short recap of some essential aspects
of Dirac bra-ket formalism and state some of the most important axioms in von-Neumann HS formalism. We finish
by some remarks and motivations towards the RHSF.
– Chapter 2 : we start with some mathematical preliminaries used in the HSF and the RHSF of QM such as spec-
tral theory of unbounded self-adjoint operators in HS, locally convex topological vector spaces, the RHS structure
and the nuclear spectral theorem. Next we review some of the material we will need on second-order Sturm-
Liouville differential equations. We then finish by a section on some basics on orthogonal polynomials and the
one-dimensional moment theory.
– Chapter 3 : we review the nuclear spectral theorem and we examine more closely the role of generalized eigen-
vectors (for which we also discuss some coherent-like conditions) of a fondamental operator and the exact link
with the associated representations together with a discussion of the problems of change of representation and the
change of basis formulas.
– Chapter 4 : a first part of this chapter is devoted to apply the material devolopped in chapter 3 to the three case
studies we considered : the free particle, the QHO and the square barrier potential. We examine in it more closely
the use of generalized eigenvectors and the construction of suitable representations. Moreover, we review the al-
gebraic diagonalization of some suitable operators using the key tool of generalized eigenvectors of some suitbale
restrictions. Next we discuss some canonical RHS constructions for a self-adjoint restriction of the Hamiltonian
by taking into consideration the fact that the initially considered Hilbert space may not be the best representation
for the physical system and by adopting the point of view that the construction must be built and centered around
a family of basic states of the system. We focus on cyclic self-adjoint operators and use the one-dimensional
free Hamiltonianin on the half-line as a model. Next, based on some suitable extension maps, we propose a non-
standard construction that can be generalized to many quantum systems. To conduct our study, we first examine the
one-dimensional free Hamiltonian and next treat in detail an analogue construction for the square barrier potential.
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CHAPTER 1

THREE BASIC PHYSICAL EXAMPLES AND THE MATHEMATICAL
FORMALISM OF QUANTUM MECHANICS

1.1 A brief survey of basic one-dimensional Newtonian mechanics
In Newtonian mechanics, a system refers to a finite collection of particles that are of interest for analysis (we say
that Newtonian mechanics is a particle mechanics). Studying a given system means to identify and analyze the
forces acting on each object within it and then apply Newton’s second law to write equations of motion for each
object within the system. These equations describe how the motion of the objects changes in response to the applied
forces. The solutions determine the positions, velocities, and accelerations of the objects as functions of time. This
allows to compute the value of any given observable at any given subsequent time and to make predictions about
the future behavior of the system.

Suppose that a particle of mass m is moving in a straight line under the action of a conservative force F . The
position of the particle is a function of time x(t) ∈ R. The velocity is v(t) = ẋ(t), and the speed v(t) of the particle
is equal to the magnitude of its velocity. The acceleration is a = ẍ(t). We often write x,a, ... instead of x(t),a(t), ....
Newton’s second law states that F = mẍ. Frequently the force F depends only on the position and can be expressed
in the form F(x) = −V ′(x), where V is the potential energy and V ′ is its derivative with respect to the position x.
So that the equation of motion takes the form mẍ =−V ′(x). i.e. ṗ =−V ′(x) where p = mv is the momentum of the
particle.

In its most basic form, Newtonian mechanics is formulated as follows :
The set Γ⊂R of all possible pairs (x, p) is called the phase space and observables such as position, momentum

or total energy are represented by smooth real-valued functions f : Γ→ R.
The total energy observable, also called the Hamiltonian of the system, is often of the form

H =
p2

2m
+V (x)

Where the first term refers to the kinetic energy and the second to the potential energy.
The (often implicite) time-dependence of a given observable f is expressed by

d f
dt

= { f ,H}

where {., .} is the so-called Poisson bracket, defined for any given smooth functions f1(x, p), f2(x, p) on R2, by

{ f1, f2}=
∂ f1

∂x
∂ f2

∂ p
− ∂ f1

∂ p
∂ f2

∂x

In particular, taking f = H, we see that dH
dt = 0, so that the total energy is conserved.
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1.2. THE FREE PARTICLE

1.2 The free particle
The one-dimensional free particle is the simplest quantum mechanical system which allows to introduce and study
the basic principles of quantum mechanics with neither the complexities of external forces or potential energy bar-
riers nor internal degrees of freedom. It provides a foundational starting point for learning quantum mechanics and
forms the simplest quantum system for which one can solve analytically the associated time-dependent Schrödinger
equation. Also, understanding the behavior of a free particle is crucial for analyzing further the formalism of quan-
tum mechanics.

The newtonian analysis of a free particle moving along a straight line parametrized by x ∈ R is straighforward.
Let x0 and v0 be respectively the initial position and velocity. Applying Newton’s second law, we see that for a
subsequent time t we have x(t) = v0t + x0.

In most physics textbooks, the quantum mechanical analysis starts with the time-dependent Schrödinger equa-
tion

− h̄2

2m
∂ 2ψ

∂x2 = ih̄
∂ψ

∂ t
.

A separation of variables ψ(x, t) = ϕ(x) f (t) yields that ψ is a solution if and only if there is a constant E such
that f (t) = e−i Et

h̄ and ϕ is a solution of the so-called time-independent Schrödinger equation

− h̄2

2m
d2ϕ

dx2 = Eϕ.

Using a system of units for which h̄ = 1 and m = 1/2, we have f (t) = e−iEt and the above equation takes the
form

ϕ
′′+Eϕ = 0. (?)

We see that for each E ∈ [0,∞) the space of solutions of (?) is two-dimensional and for which a basis is given by
the two linearly independent eigenfunctions

ϕ
±
E (x) = e±i

√
Ex , if E 6= 0,

and
ϕ
−
0 : x 7→ 1 , ϕ

+
0 : x 7→ x , if E = 0.

So that each energy level E > 0 is doubly degenerate, with the two solutions ϕ
±
E representing respectively

particles travelling to the right and to the left. It is easy to see that the two eigenfunctions are also eigenfunctions
of the momentum operators and therefore correspond to states with momentum ±

√
E.

For E < 0, the solutions of (?) are not bounded on the whole real axis and hence do not represent physical states
(a wave function is, in particular, supposed to be a bounded function [4, 28]). Remark that this is also the case for
ϕ
+
0 .

For the values E ∈ [0,∞), we can rewrite the associated bounded eigenfunctions above in the following form
(ϕk(x) = eikx)k∈R. So that, for each k ∈ R, the function ϕk is an eigenfunction with energy E = k2.

For all k ∈ R, by using the eigenfunction ϕk, define the stationnary state ψk(x, t) := e−ik2tϕk(x). These are
non-normalizable ( i.e., not belonging to the space L2(R,dx)) energy eigenstates with energy E = k2 ∈ [0,∞). Non-
normalizable eigenfunctions do not have a direct physical interpretation in the sense that they do not represent
physically realizable states.

The following result constructs square integrable solutions from the stationnary states ψk for sufficiently nice
initial conditions.

Theorem 1.2.1. Let ψ0 ∈S (R) and put ψ(x, t) =
∫
R ψ̂0(k)ψk(x, t)dk. Then ψ(x, t) is an L2(R,dx)-solution of the

Schrödinger equation with initial condition ψ0. Moreover, ||ψ(., t)||L2(R) = ||ψ0||L2(R).

Proof. See [29, p. 93].
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CHAPTER 1. THREE BASIC PHYSICAL EXAMPLES AND THE MATHEMATICAL FORMALISM OF
QUANTUM MECHANINCS

1.3 The harmonic oscillator
In classical mechanics, it is well known and easy to see (by using Taylor formula) that many potentials look basically
like a simple harmonic oscillator if we are close to a local minimum. In quantum mechanics, the quantum harmonic
oscillator (QHO) may approximate many physical phenomena. Dirac pointed out that the harmonic oscillator is
an important example because it forms a cornerstone in the theory of radiation. The QHO is considered as a basic
example in many studies concerning the formalism of quantum theory. It is a simple system for which one can
solve analytically the associated Schrödinger equation. For instance, in his long paper about the rigged Hilbert
space formalism, A. Bohm dealed only with the simple QHO as a basic example.

Consider a one dimensional particle, that is a particle constrained to move in one dimension, under the influence
of a quadratic potential V (x) = 1

2 kx2, where the spring constant k is positive and x represents the position of the
particle. The force acting on the particle is F = −∇V = −kx, and serves to restore the particle to its equilibrium
position x = 0.

The newtonian analysis of the harmonic oscillator is straightforward : From Newton’s second law, the equation
of motion of the harmonic oscillator is given by

m
dx2

dt2 + kx = 0,

where m is the mass of the particle and x = x(t) is position at time t. The solution to the equation of motion is given
by

x(t) = acos(ωt)+bsin(ωt)

where the characteristic frequency is ω =
√

k
m and the initial conditions are x(0) = a and x(0) = ωb.

The total energy is a constant of the motion with well-defined contributions at each instant in time, the kinetic
energy from the particle’s speed and the potential energy from the particle’s position in the potential well.

Often, the quantum mechanical analysis starts with the Schrödinger equation for the quantum harmonic oscil-
lator

− h̄2

2m
∂ 2ψ

∂x2 +
1
2

mω
2x2

ψ = ih̄
∂ψ

∂ t
,

which operates on a suitable complex-valued function ψ(x, t) to give the quantum mechanical equation of motion.
The primary problem is to find the eigenvectors and eigenvalues of the differential operator H defined by

Hϕ :=− h̄2

2m
∂ 2ϕ

∂x2 +
1
2

mω
2x2

ϕ,

that is to solve the so-called time-independent Schrödinger equation

Hϕ = Eϕ.

The solutions are known to have the form

ϕn(x) = Hn(
√

ωx)e−
ωx2

2 , n ∈ N,

where Hn(x) is the nth Hermite polynomial and with each eigenfunction ϕn corresponding to the eigenvalue

(n+ 1
2 )ω . It is well-known that the system of functions hn(x) := 1√

2nn!
Hn(x)e−

x2
2 form an orthonormal basis of

L2(R,dx). In particular, every square-integrable wavefunction ψ(x, t) is a superposition of the eigenfunctions
(ϕn)n∈N

ψ(x, t) =
∞

∑
n=0
〈ϕn,ψ〉L2(R,dx)ϕn(x),

where the the convergence of the sum is that in L2(R,dx).
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1.4. THE SQUARE BARRIER POTENTIAL

1.4 The square barrier potential
The square barrier potential illustrates the behavior of a quantum particle encountering a potential energy barrier.
It allows us to study the reflection and transmission of the particle’s wave function at the barrier, which is a crucial
concept in QM. It is also one of the very few problems in QM that can be solved analytically (i.e. without approx-
imations) using elementary methods and which form an invaluable tool in the understanding of some fundamental
concepts in QM. Moreover, it gives insights into how quantum particles can be bound or scattered by potential
energy fields that can be obtained by considering models based on square wells and square barriers [30].

Consider a particle of mass m that is constrained to move on a half-line parametrized by R+. Let a,b ∈ (0,∞)
such that a < b and consider on R+ a the potential barrier V of height V0 > 0 given by V (x) := V0.χ(a,b). In
classical mechanics, if for example the particle were to approach this barrier from the left, it would be reflected
if its energy is below V0 and it would be transmitted if its energy is above V0. However, in quantum mechanics,
the outcome is uncertain ; it may be reflected or it may be transmitted. Most remarkably, the particle may be
transmitted even when its energy is below the potential height V0 and continuing its travel as a wave on the other
side and probability for this can be computed.

Often, the quantum mechanical behavior of a particle encountering such a potential energy barrier is described
by a complex-valued function ψ (the wave function) which is a solution of the time-dependent Schroedinger equa-
tion

Hψ(x) := [− h̄
2m

∂ 2

∂x2 +V (x)]ψ(x) = ih̄
∂ψ

∂ t
and which satisfies the Dirichlet boundary condition at x = 0, i.e. ψ(0, t) = 0.

When the particle has a definite energy E, the associated wave function has the form

ψ(x, t) = e−iEt/h̄
ψE(x)

where ψE(x) is an eigenfunction of H with respect to E satisfying the Dirichlet boundary condition ψE(0) = 0.
By solving this eigenvalue equation in the three distinct regions (0,a),(a,b) and (b,∞), we find that for every

E ∈ [0,∞)\{0,V0}, a solution ψE(x) of Hψ = Eψ has the form
α1eikx +α2e−ikx 0 < x < a

β1eiQx +β2e−iQx a < x < b

γ1eikx + γ2e−ikx x > b

If E = 0, then ψE(x) has the form 
α1 +α2x 0 < x < a

β1eiQx +β2e−iQx a < x < b

γ1 + γ2x x > b

and if E =V0, then ψE(x) has the form 
α1eikx +α2e−ikx 0 < x < a

β1 +β2x a < x < b

γ1eikx + γ2e−ikx x > b

for appropriate coefficeints α1,α2,β1,β2,γ1,γ2 and where

k =

√
2m
h̄2 E and Q =

√
2m
h̄2 (E−V0)

One can see that, for all E ∈ [0,∞), the equation Hψ = Eψ has no square integrable solutions. See [31].
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CHAPTER 1. THREE BASIC PHYSICAL EXAMPLES AND THE MATHEMATICAL FORMALISM OF
QUANTUM MECHANINCS

The continuity of ψE and ψ ′E at x = a and x = b implies that, for every E ∈ [0,∞), the space of solutions of
Hψ = Eψ has dimension two. In particular, every solution ψE if completely determined by α1 and γ1. Moreover,
the boundary condition implies

α1 +α2 = 0 if E > 0

and
α1 = 0 for E = 0.

For E ∈ (0,∞), denote by ψ l
E and ψr

E the two linearly-independent solutions induced respectively by (α1,γ1) =
(1,0) and (α1,γ1) = (0,1) and denote by ψ0 the solution of Hψ = 0 for which α2 = 1. Consider the functions
(ϕk)k∈R given by

ϕk =


ψ0 if k = 0

ψ
l
k if k ∈ (0,∞)

ψ
r
−k if k ∈ (−∞,0).

Using the functions ϕk, define the stationnary states ψk(x, t) = e−i|k|xϕk(x). These are non-normalizable energy
eigenstates with energy E = |k| ∈ [0,∞). Again, as in the example of the free particle, we can ask if, using those
eigenstates, we can construct normalizable eigenfunctions that can represent the state of the particle by considering
solutions ψ(x, t) of the form

ψ(x, t) =
∫
R

ϕ(k)ψk(x, t)dk

for some suitable functions ϕ(k).

1.5 On Dirac braket formalism
By the time Dirac started his investigations on the formal framework of quantum mechanics, this theory already ex-
isted in two distinct mathematial formulations : the Heisenberg-Born-Jordan ”matrix mechanics” and Schrödinger’s
”wave mechanics” and for which a mathematical equivalence has been claimed by Schrödinger. These two ap-
proaches had been embedded as special cases in a more general formalism, often called ”transformation theory”,
developed by Dirac and Jordan. In what follows, we present a description of some main ideas from Dirac’s formal-
ism, which are related to our work, as presented in his book [32].

Among the major principles in Quantum Mechanics and which are derived from experimental observations [32],
there are the superposition principle and the intrinsic statistical nature of Quantum mechanics. The superposition
principle suggests the mathematical formalisation of states as elements of a complex vector space Ψ [32]. A state
vector ψ ∈ Ψ is then called a ket and denoted by |ψ〉. More precisely, a state is formalized as a ket |ψ〉 ∈ Ψ\{0}
up to a numerical factor. It is also assumed that some more general processes are allowed such as the addition of an
infinite sequence of kets or the integration of ket vectors |x〉 parametrized by a variable x taking values in a ’range’
X (a real interval for example). The result of the latter process is assumed to be a ket |s〉=

∫
X |x〉dx. A set of kets is

called independent if no one of them can be linearly expressed as a finite sum, a series or an integral of the others.
It is called dependent otherwise.

An element ϕ of the dual space Ψ∗ is called a bra and it is denoted by 〈ϕ|. Dirac assumed a one-to-one antilinear
correspondance |ϕ〉 ↔ 〈ϕ| between bras and kets (in particular, a bra do also corespond to a state of the system)
and the existence of a ’scalar product’ (the braket) (〈ϕ|, |ψ〉) 7→ 〈ϕ|ψ〉.

Let A : Ψ→ Ψ be a linear operator. The concept of the adjoint operator A∗ is defined in the usual way. By
the identity 〈ϕ|A|ψ〉, the operator A can also be seen as acting to the left on the bra 〈ϕ| according to the relation
〈ϕ|A = 〈A∗ϕ|.

Linear operators correspond to dynamical variables of the quantum system (i.e. quantites such as the positon, the
momentum, the total energy etc. and complex-valued functions of these quantities) whereas self-adjoint operators
correspond to real dynamical variables. Since we only measure real numbers, we restrict our attention to this class
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1.5. ON DIRAC BRAKET FORMALISM

of operators. However, not every real dynamical variable can be measured. The physical interpretation of the theory
will in fact lead to further restrictions.

Let λ ∈ C and consider the eigenvalue equation

A|λ 〉= λ |λ 〉.

If |λ 〉 ∈Ψ is an eigenket with eigenvalue λ of A, observe that its conjugate 〈λ | satisfies 〈λ |A = λ 〈λ |. In this case,
〈λ | is said to be an eigenbra of A with eigenvalue λ . Similarly, if the latter equation holds true for a bra 〈λ | 6= 0,
the associated ket |λ 〉 is an eigenket of A with eigenvalue λ . The corresponding state is then called an eigenstate of
the system. The set of all eigenvalues is called the spectrum of A and it is denoted by σ(A) and which is real in the
case of a self-adjoint operator.

Next, we list three essential postulates of the braket formalism :
1) If the quantum system is in a state |λ 〉 which is an eigenket of a real dynamical variable A with respect to an

eigenvalue λ ∈R, a measurement of A will yield, with certainty, the value λ as a result. Conversely, if the system is
in a state |ψ〉 such that the measurement of a real dynamical variable A is certain to give the particular result λ ∈R,
then the state |ψ〉 ≡ |λ 〉 is an eigenket of A with the corresponding eigenvalue λ .

2) If a real dynamical variable A is measurable, the possible outcomes of a mesurement are the numbers in its
spectrum σ(A).

3) If the system is in a particular state and a real dynamical variable is measured, then, immediately after the
measurement, the possible states in which the system can be, are such that the original state is linearly dependent
of them.

In particular, any state in which the system can be is linearly dependent of the eigenkets of A and hence the
eigenstates of a measurable real dynamical variable should form a complete set of states. An observable is therefore
defined to be a self-adjoint operator whose eigenkets form a complete set.

Let A be an observable. The spectrum σ(A) may consist of a (finite or infinite) discrete set of numbers, or,
alternatiely, of all numbers in a certain ’range’ (an interval for example), or both together. That is to say, the
spectrum of A may have the continum cardinality. The condition for the eigenkets of A to form a complete set can
be formulated as follows : Denote by |λd〉 the eigenkets corresponding to the discrete part of the spectrum and |λc〉
the ones corresponding to the continum part. Then, any ket |ψ〉 can be expressed in the following form

|ψ〉= ∑ |λd〉+
∫
|λc〉dλc.

where λd in the (possibly infinite) sum runs over the discrete part of the spectrum and λc in the integral runs over the
whole continum range of the spectrum. Next, Dirac concluded that the eigenkets whose corresponding eigenvalues
belong to the continum range of the spectrum cannot have a finite length by arguing as follows : since, for two such
kets |ψ〉 and |ϕ〉 such that

|ψ〉=
∫
|λc〉dλ and |ϕ〉=

∫
|λ ′c〉dλ

′

one has
〈ψ|ϕ〉=

∫ ∫
〈λc|λ ′c〉dλdλ

′,

considering the single integral ∫
〈λc|λ ′c〉dλ

′,

by orthogonality, the integrand must be zero for the whole range of integration except for the point λ ′c = λc. This
entails that if the braket takes only finite values, we get 〈ψ|ϕ〉= 0, which is not the case in general. So the quantity
〈λc|λc〉 ( i.e. the ’length’ of |λc〉) ”must be infinitely great in such a way as to make the integral non-vanishing
and finite”. To reconsiliate to this, the form of infinity was expressed by what he called the δ function. This is ”a
quantity δ (x) depending on a parameter x satisfying the conditions

∫
∞

−∞
δ (x)dx = 1 and δ (x) = 0 for every x 6= 0”.

The most important property of δ being ∫
∞

−∞

f (x)δ (x)dx = f (0),
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where f (x) is any continuous function of x. Moreover, for a real number a and with a change of variable, the
following formula is deduiced ∫

∞

−∞

f (x)δ (x−a)dx = f (a).

Next, let (〈λ |)λ∈Λ be a complete set of bra vectors. By completness, each ket |ψ〉 is characterized (i.e. com-
pletely determined) by the the scalar products 〈λ |ψ〉 (λ ∈ Λ). That is, by the complex-valued function ψ on Λ

defined by ψ(λ ) := 〈λ |ψ〉. We say that the complete set (〈λ |)λ∈Λ induces a representation of the ket vectors ( as
complex-valued functions on Λ, which we would call wavefunctions). Elements of (〈λ |)λ∈Λ are called the basic
bras of this representation. Although the basic bras of a representation do not have to be all independent, in most
representation used in practice, they will satisfy the even more strong condition of being mutually orthogonal. In
this case, the corresponding representation is called an orthogonal representation. The kets |λ 〉 (λ ∈Λ) correspond-
ing to the basic bras of a representation are said to be the basic kets of that representation. Given an observable A for
which each eigenvalue is of multiplicity one and using a complete set of corresponding eigenkets (|λ 〉)λ∈σ(A), one
can construct an orthogonal representation with those eigenkets as basic kets. Such an orthogonal representation is
said to be induced by the observable A.

Given a complet set of orthogonal kets (|λ 〉)λ∈Λ, one can construct a one-to-one linear map |ψ〉 ∈Ψ 7→ψ(λ ) :=
〈λ |ψ〉. In particular, for a free particle moving along a straight line parametrized by x ∈ R, and considering the
position observable X , since the particle can occupy any position, the spectrum should be given by the range formed
by all real numbers. Suppose moreover that for each eigenvalue x ∈ σ(X), there is a unique associated normalized
eigenket |x〉. Given a complete orthogonal set (|x〉)x∈R of eigenkets of X , the induced orthogonal representation
|ψ〉 7→ ψ(x) := 〈x|ψ〉 is called the position representation. The latter representation has a special privilige since
physical phenomena essentially concern the configuration space paramatrized by x ∈ R and boundary conditions
directly concern the ”wave function” ψ(x). Similarly one can get the so-called momentum representation using a
complete set (|p〉)p∈R of eigenkets of the momentum operator P. The induced complex-valued functions ψ(p) are
called the momentum wavefunctions.

Dealing with an orthonormal representation, it is natural to have some normalization convention for the associ-
ated basic kets ( bras). In the following, we assume this convention in the special case of an observable A for which
each eigenvalue is of multiplicity one. In this case, with two eigenvalues λd and λ ′d belonging to the discrete part
of the spectrum of A, we assume the following normalization condition

〈λd |λ ′d〉= δλd ,λ
′
d
,

where δλd ,λ
′
d

is the Kronecker delta symbol. Additionally, if λc and λ ′c are two eigenvalues of A belonging to a range,
the corresponding eigenkets |λc〉 and |λ ′c〉 are supposed to be of an infinite length. The orthonormality condition is
now assumed to be as follows

〈λd |λ ′d〉= δ (λc−λ
′
d),

where δ (.) denotes the δ function.
Labeling by a real parameter λd (resp. λc) the eigenvalues of A in the discrete (resp. the range) part σ(A), to

each λd (resp. λc ) is associated a unique normalized eigenket |λd〉 (resp. |λc〉). Next, let |λ ′d〉 and |λ ′c〉 be fixed. It
then follows that

|λ ′d〉= ∑
λd

〈λd |λ ′d〉|λd〉 , |λ ′c〉=
∫

dλc〈λc|λ ′c〉|λc〉.

Using the fact that the eigenkets |λd〉 and |λc〉 form a complete set of states, the following form of the identity
operator (called the closure relation) is derived

I = ∑
λd

|λd〉〈λd |+
∫

dλc|λc〉〈λc|,

and which, by means of it, any ket vector |ψ〉 can be linearly expanded in terms of the basic kets of the orthonormal
representation induced by A as

|ψ〉= ∑
λd

〈λd |ψ〉|λd〉+
∫

dλc〈λc|ψ〉|λc〉.
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1.6. THE HILBERT SPACE FORMALISM OF QUANTUM MECHANICS

Similarly for any bra vector 〈ψ| as

〈ψ|= ∑
λd

〈ψ|λd〉〈λd |+
∫

dλc〈ψ|λc〉〈λc|.

Also, with a ket |ψ〉 and a bra 〈ϕ| one gets

〈ϕ|ψ〉= ∑
λd

〈ϕ|λd〉〈λd |ψ〉+
∫

dλc〈ϕ|λc〉〈λc|ψ〉.

1.6 The Hilbert space formalism of quantum mechanics
Greatly inspired by Dirac transformation theory formulation of QM, von Neuman proposed in 1932 a mathemat-
ically precise formulation of QM based on Hilbert space and linear operators. In his book, in which in fact the
term ’Hilbert space’ was first introduced and some of the important theorems in this area were first proved, von
Neumann acknowledged that Dirac formalism provides a very elegant and powerful formal framework for quantum
mechanics. He stated however that Dirac formulation in no way satisfies the necessary mathematical rigor due to
the present and the central role of some improper objects with self-contradictory properties such as Dirac delta
function and which von Neumann qualified as mathematical fictions.

In this section we shall present a brief introduction to some of the main postulates (or axioms) of Quantum Me-
chanics and its main ingredients : states, observables, measurement and quantum dynamics following von Neumann
Hilbert space formalism. Mathematically, this was essentially handeled by the general theory of operators, spec-
tral theory and functional calculus for self-adjoint operators. The postulates were built through many efforts over
several years, by many physicists. Mainly, Bohr, Born, De Broglie, Dirac, Heisenberg, Jordan, Schrödinger, von
Neumann, to name but a few. About these postulates, we quote from [29] These axioms are not to be understood
in the mathematical sense as rules from which all other results are derived in a strictly deductive fashion. Rather,
the axioms are the main principles of how quantum mechanics works. They are the only ingredients necessary for
being able to compute in QM.

We refer the reader to Section 2.3 for the needed material on unbounded operators.
Postulate 1. (States )
The set of all possible physical states of a quantum system is represented by a Hilbert space H . More precisely
the states of a quantum system are represented by unite rays in a Hilbert space. These are equivalence classes of
vectors that differ by a non-zero scalar multiplication. The states of the system are usually identified as normalized
representatives of theses classes. A state ψ contains all the physial information one can have about the system.

The above notion of states is called a pure state and it corresponds to the case where our knowledge of the system
is complete. In the case where our knowledge is incomplete, but we know the statistical ensemble associated to
the system, we have a more general notion of states called a mixed state and which is represented by a positive
trace-class operator ρ : H →H for which tr (ρ) = 1.
Postulate 2. (Observables)
Physical quantities that could be observed by taking a measurement of the system such as position, velocity, total
energy, spin etc are represented by selfadjoint operators in H . These are called observables of the system.
The set of possible outcomes for the measurement of an observable A coincides with its spectrum σ(A) (which is
real). In particular, for some quantum systems, the energy of the system may take values only in a given discrete
set. This was in fact the origin of the name “Quantum Mechanics”.
Postulate 3. (Measurements)
The result of the measurement belongs to the set σ(A) but in general it cannot be predicted a priori. The only pos-
sible information one can be sure of is the probability distribution of the measurement outcome. This is described
by the following :
Denote by PA be the spectral measure associated to A.
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If the the system is in a pure state ψ , then the probability µA
ψ(Ω) of measuring, for the observable A, a value

which lies in the Borel set Ω⊂ R may be computed using the formula

µ
A
ψ(Ω) = 〈ψ,PA(Ω)ψ〉= ||PA(Ω)ψ||2

Furthermore, immediately after the measurement, the state of the system is changed and becomes

ψ
′ =

PA(Ω)ψ

||PA(Ω)ψ||

This is the so-called reduction of the wave packet.
More generally, if the system is in a mixed state ρ , and we measure the observable A, then the probability

µA
ρ (Ω) of measuring, for the observable A, a value which lies in the Borel set Ω ⊂ R may be computed using the

formula
µ

A
ρ (Ω) = tr (PA(Ω)ρ).

Furthermore, immediately after the measurement, the state of the system is changed and becomes

ρ
′ =

PA(Ω)ρPA(Ω)

tr(PA(Ω)ρPA(Ω))

In particular, if the observable satisfies σ(A) = σp(A), and if the result of the measurement yields λ , then immedi-
ately after the measurement, the system will be in the state ρ ′, such that

ρ
′ =

PA
λ

ρPA
λ

tr (PA
λ

ρ1PA
λ
)
,

where PA
λ

is the projection onto the λ -eigenspace of A.
Note also the important fact that, when measuring successively with respect to two different observables of a

quantum system H , the order in which the measurements are made is of importance in general.
Postulate 4. (Dynamics)
One observable of the system H has a particular status: the total energy H of the system. It is called the Hamiltonian
of the system and it controls the way the system would evolve with time when no exterior intervention is present.

Suppose that the quantum system is isolated between times t1 and t2 and let H be the Hamiltonian of the system.
Then, if the system is in a pure state ψ(t1), we have

ψ(t2) =U(t2− t1)ψ(t1).

where U(t) = e
−

i
}

tH
can be computed using functinal calculus. Note that the probability of measuring an observ-

able A to be in a set Ω at time t is thus equal to

〈ψ(t),PA(Ω)ψ(t)〉= 〈U(t)ψ(0),PA(Ω)U(t)ψ(0)〉= 〈ψ(0),U(t)∗PA(Ω)U(t)ψ(0)〉

More generally, if the system is in a mixed state ρ(t1), we have

ρ(t2) =U(t1)ρU(t1)∗

In the dynamics postulate above, the time dependence is carried by the states of the system whereas observables
are supposed to be time-independent. This is the so-called Shroedinger picture. An alternative point of view is to
suppose that the time dependence is instead carried by observables and that states stay time-independent. In this
case the dynamics of an observable A(t) is supposed to be given by

A(t2) =U(t2− t1)∗A(t1)U(t2− t1)

where H(t)≡ H is the Hamiltonian observable and which is in this case a constant of motion. This is the so-called
Heisenberg picture.
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1.7. INTRODUCTION TO THE RIGGED HILBERT SPACE FORMALISM

1.7 Introduction to the rigged Hilbert space formalism
Till nowadays, most physicists and standard textbooks adopte the simpler and more intuitive braket formalism of
Dirac within the framwork of the von Neumann Hilbert space formalism by, for example, using state vectors that
do not belong to the considered Hilbert space (but which are of practical importance) such as plane waves or Dirac
delta functions, although it is not mentionned that the Hilbert space methods cannot encorporate such concepts and
manipulations. The original motivation for introducing the RHS structure in quantum mechanics was with the aim
of reconciling the two approaches by providing a structure built around that of Hilbert space. It was obtained in the
60’s, independently by Roberts [13], Antoine [15] and Bohm [14]. The use of the RHS for a rigorous mathematical
formulation of Dirac’s formalism was suggested and investigated by several authors, in many papers. Among them
we mention the works of Foias [11], Roberts [12, 13], Bohm [14] and Antoine [15].

The rigged Hilbert space construction appeared in [8] and was motivated by the observation that many unitary or
self-adjoint operators defined in L2(R,dx) have some ”natural eigenvectors”, which does not belong to L2(R,dx).
For instance the map ϕ defined by x 7→ eiλx satisfies ϕ(x+a) = eiλaϕ(x). However, it cannot be a usual eigenvector
of the translation operator

Ta : L2(R,dx)→ L2(R,dx), ψ(x) 7→ ψ(x+a),

since ϕ does not lie in L2(R,dx). Other examples are given by the position and the momentum operators in the
Schrödinger representation L2(R,dx)

Q : D(Q)→ L2(R,dx), ψ(x) 7→ xψ(x).

P : D(P)→ L2(R,dx), ψ(x) 7→ −ih̄
dψ

dx
(x).

For each λ ∈ R, the differential equation
−ih̄ψ

′(x) = λψ(x)

is solved by scalar multiples of ψλ (x) := e−i λ

h̄ x /∈ L2(R,dx). Hence P does not admit any eigenvalue. On the other
hand, formally written, we have Qδ (λ − x) = xδ (λ − x) = λδ (λ − x) where δ denotes the Dirac delta ”function”.
Moreover, the authors in [8] observed that these natural eigenvectors satisfy a kind of completeness property. For
example, using the Fourier transform, we have that

∀ψ ∈S (R), (
∫
R

ψ(x)eiλxdx = 0, ∀λ ∈ R)⇒ ψ ≡ 0

In order to handle these natural eigenvectors in a rigorous way, the idea was to extend the Hilbert space L2(R,dx)
to a larger space of functions or distributions where the eigenvectors will lie and then somehow extend the action
of the considered operator to that bigger space. This can be formalized within the framework of Gelfand triples.
These are structures of the form Φ⊂H ⊂Φ× where Φ is a dense subspace of H endowed with a locally convex
topology τΦ finer than the one induced by the Hilbert space structure and where Φ× denotes its topological antidual.
By duality, each space in the latter structure is dense in the next one and all embedings are lineaire and continuous.
A standard example of a Gelfand triplet is given by S (R) ⊂ L2(R,dx) ⊂S ×(R) where S ×(R) is the space of
tempered distributions.

It turns out that there are subdomains Φ of the Hilbert space that can be endowed with topologies that make
observables of interest continuous [33]. Moreover, using the basic tools of the theory, namely the generalized
eigenvectors of self-adjoint operators leaving the space Φ invariant, the nuclear spectral theorem yields a rigourous
formulation of many aspects of Dirac braket formalism which is routinely used by physicists but which cannot be
justified solely within the Hilbert space strucutre, especially when a continuous spectrum is present. In this case,
the RHS structure provide a natural mathematical framwork that give a precise sense to some main features of Dirac
braket formalism such as the existence of eigenvectors corresponding to points in the continuous spectrum, the ex-
istence of sufficient eigenvectors ensuring some expansion formulas or the continuity of the algebra of observables.
To some extent, this seems to be ensured by the nuclear spectral theorem for a continuous observable A : Φ→ Φ

with a self-adjoint extension of H [13]. Moreover, once the space Φ is constructed, all physical quantities of
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CHAPTER 1. THREE BASIC PHYSICAL EXAMPLES AND THE MATHEMATICAL FORMALISM OF
QUANTUM MECHANINCS

interest (such as expectation values, uncertainties, and commutators etc.) can be computed without having to worry
about domain subtelties as in the von-Neumann Hilbert space formulation. In this regard, Φ maybe interpreted as
the space of states that are physically preparable [15] and it is sometimes called the space of wavefunctions [33].
In practice, most of the operators that one wants to use have a common dense and invariant domain Φ. Elements
of Φ are most of the time represented by a set of well-behaved functions, in contrast to the elements of the Hilbert
space, which are usually represented by sets of equivalent classes of functions. In this case, as a first impression,
the space Φ might seem too small to be of much use, but this will be somehow compensated by the fact that it will
have a very large dual space and which will make precise sense of some singular objects of practical importance as
elements of some special classes of distributions to which the operators of interest will be extended.

Consider the example of a non-relativistic one-dimensional spinless particle moving on a straight line parametrized
by x ∈ R. The spectrum of the position observable coincides with the set of all real numbers. For each x ∈ R, the
eigenkets |x〉 of the position operator Q are not elements of the Hilbert space and thus somehow a larger linear
space is needed to accommodate them. The RHS structure Φ ⊂H ⊂ Φ×, with a good choice of Φ ⊂ D(Q), can
rigorously hundle these eigenkets as generalized eigenvectors of the restriction Q|Φ. In general, the space Φ will be
such that, in particular, its antidual space Φ× contains the eigenkets associated to the continuous spectrum of the
observables of interest.

A main shortcoming of the RHS formalism is that it does not provide a prescription to construct the space Φ

nor the eigenkets associated to the continous spectrum. The general statement of the nuclear spectral theorem [8]
just assures the existence of a complete family of such eigenkets and assumes the spaces Φ to be given a priori.
Therefore, a systematic procedure to construct the RHS for a given quantum system is needed. As for standard
constructions for nonrelativistic quantum systems, a prominent role is played by Robert’s canonical construction
for the algebra A of observables in Schrödinger’s representation associated to n interacting particles such that
the position and momentum observables of the particles belong to A, and the potential energy V (x) is almost
everywhere infinitely differentiable [12, 13]. We sketch his construction as follows : Suppose given a Hilbert
space H with a collection of operators O = {Ai}i∈I of relevence ( called ”labeled” observables ) which should be
sufficient to describe the system (in particular, all the system’s observables) and which are to be made continuous.
We suppose that O admits a common dense invariant domain. Denote by Φ the maximal invariant domain for O
and consider the algebra with unite A generated by O◦ ≡ {Ai|Φ}i∈I . This domain Φ is given by Φ = ∩A∈A D(A).
Now to enable analytical methods, we equip Φ with a topology τΦ making into a topological vector space and
making O◦ into an algebra of continous operators on Φ. This topology is taken to be the initial topology on Φ

relatively to O◦ and it is uniquely determined by the following facts : it is the coarsest topology on Φ making O◦

continous and which is finer than the induced Hilbert space topology. It is in fact a locally convex topology that
can also be seen as induced by the following family {‖A◦φ‖}A◦∈O◦ of seminorms. This topology makes Φ into a
complete topological vector space ( and a reflexive Frechet space once O is countable ). Thus, from the so-called
labelled Hilbert space (H ,O), we derive (up to some identifications) a canonical triplet of spaces Φ⊂H ⊂Φ×.
It is also worth pointing out that in [reference], the authors provided basis dependent RHS constructions on the half
line by using generalized Laguerre polynomials.

14



CHAPTER 2

MATHEMATICAL TOOLS OF THE FORMALISM

2.1 Preliminaries on some basic function spaces
We recall in the following some basic function spaces that play an important role in the mathematical formulation
of quantum mechanics.

Let X be a subset of C. We denote by B(X) the Borel σ−algebra on X . Let µ be a positive regular Borel
measure on X . Our Borel measures are supposed to be finite on compact sets. As usual, χX denotes the characteristic
function of X and L 2(X ,σ) denotes the function space

L 2(X ,dµ) := {ψ : X → C,ψ measurable and
∫

X
|ψ(x)|2dσ < ∞},

while L2(X ,dµ) denotes the corresponding Hilbert space. It consists of equivalence classes of measurables func-
tions in L 2(X ,σ) which are equal almost everywhere. Since there is no risk of ambiguity, we shall use the same
notation for ψ ∈L 2(X ,σ) and its corresponding equivalence class. For an everywhere defined function ψ , supp(ψ)
denotes its support. Its essential image is defined by

ess.im(ψ) = {z ∈ C : ∀ε > 0, µ{x ∈ X : |ψ(x)− z|< ε}> 0}.

Let I ⊆R be an interval. A function ψ : I→C is said to be absolutely continuous on I if there exists a Lebesgue
integrable function ϕ : I→ C such that

ψ(x) = ψ(a)+
∫ x

a
ϕ(y)dy

for all compact intervals [a,x] ⊂ I. In this case ψ is a.e. differentiable with ψ ′ = ϕ . We denote by AC(I) the set
of such functions. The subset of functions ψ ∈ AC(I) whose derivative is absolutely continuous on I is denoted by
AC2(I).

Let a < b be in R. The usual Sobolev spaces are defined by

Hm(a,b) := {ψ ∈ L2(a,b) : ψ
( j) ∈ AC(a,b), ψ

(m) ∈ L2(a,b), 0≤ j ≤ m−1}

where ψ( j) is the j-th derivative of ψ .
The space of test functions is

D(R) = {ψ ∈ C ∞(R) : supp(ψ) is compact},
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CHAPTER 2. MATHEMATICAL TOOLS OF THE FORMALISM

The Schwartz space S (R) is defined as the set of infinitly differentiable functions on R for which

|||ψ|||m,n := supx∈R|xm
ψ

(n)(x)|< ∞ , ∀m,n ∈ N

The (|||.|||m,n)m,n above is a family of seminorms on S (R). The induced locally convex topology is called the
Schwartz topology on S (R) and will be denoted by τS .
An equivalent countable family of seminorms (in fact norms) on S (R) is given by

||ψ||m,n := supx∈R|(1+ |x|)m
ψ

(n)(x)|< ∞ , ∀m,n ∈ N

The Schwartz topology is hence a metric topology on S (R) and such a metric could be taken as

d(ψ,ϕ) = ∑
m,n∈N

2−m−n ||ψ−ϕ||m,n

1+ ||ψ−ϕ||m,n
ψ,ϕ ∈S (R)

Moreover, one can show that (S (R),d) is a complete metric space.
Recall also that the Fourier transform F is the unitary map defined on L2(R,dx) as a completion of the follow-

ing map on the Schwartz space

F{ f}(λ )≡ f̂ (λ ) = (2π)−1/2
∫
R

e−iλx f (x)dx, f ∈S (R).

The Bargmann-Fock space is defined by

F = {ψ : C→ C : ψ is analytic and ,
∫
C
|ψ(z)|2e−|z|

2
dz < ∞}

It is well known that F is a Hilbert space for the usual L2 inner product with respect to the measure e−|z|
2
dz and

that ( zn
√

n!
)n forms an orthonormal basis. In this basis, for ϕ = ∑n ϕnzn, ψ = ∑n ψnzn ∈F , the inner product reads

〈ϕ,ψ〉=
∞

∑
n=0

n!ϕnψn

For ω,z ∈ C, by puting eω(z) = eωz we have for each ψ ∈F that

ψ(z) = 〈ez,ψ〉

Additionally, by denoting K(ω,z) = eωz = 〈eω ,ez〉, we have

ψ(ω) =
∫
C

K(ω,z)ψ(z)e−|z|
2
dz

2.2 The completion of a metric space
In this thesis, we will only be interested in the case of t.v.s. whose topologies are generated by a countable collection
of norms. These spaces are in fact metric spaces. The so-called standard completion procedure, which generalizes
the Cantor construction of the reals, enables to construct for any metric space a complete metric space in which the
original space can be isometrically identified as a dense subset.

Definition 2.2.1. Let (E,d) be a metric space. A complete metric space (F,δ ) is called a completion of (E,d) if
there is an isometry i : E→ F such that the set i(E) is dense in F.

Theorem 2.2.1. Every metric space has a completion.
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2.2. THE COMPLETION OF A METRIC SPACE

Proof. Let E be a metric space. Denote by C [E] the set of all Cauchy sequences in E and define on it the following
equivalence relation :

(xn)∼ (yn)⇔ limnd(xn,yn) = 0

Let E be the set of equivalence classes for ∼ :

E = {[(xn)] : (xn)n ∈ C [E]}

For x,y ∈ E and (xn)n,(yn)n ∈ C [E] such that x = [(xn)n] and y = [(yn)n], we put

d(x,y) := limnd(xn,yn).

The reverse triangle inequality implies that (d(xn,yn)) is a Cauchy sequence in R and that the limit does not depend
on the chosen representatives (xn)n and (yn)n. On the other hand, using the fact that d is a metric on E, we show
that d satisfies the triangle inequality. Moreover, d(x,y) = 0 clearly induces x = y. This shows that d is well-defined
metric on E.

Let i : E→ E be defined by x 7→ [(x)n]. It is easy to see that i is an isometry. Moreover, the set i(E) is dense in
(E,d). Indeed : Let ε > 0 and x = [(xn)n] ∈ E. There exists then m > 0 such that for n≥m, d(xn,xm)< ε . We then
have limnd(xn,xm)< ε , i.e. d(x, [(xm)n])< ε , where [(xm)n] = i(xm) ∈ i(E).

The metric space (E,d) is complete : let (yn)n be a Cauchy sequence in E. By density of i(E), there exists
(xn)n ⊂ E such that d(i(xn),yn) <

1
n for each n. We then see that the sequences (i(xn))n and (yn) either both

converges or both diverges. On the other hand we have that (xn)n ⊂ E is a Cauchy sequence (see [34] ). We thus
have [(xn)n]∈ E. Now observing that limnd(i(xn), [(xn)n]) = limnlimmd(xn,xm) = 0 gives that the sequence (i(xn))n
converges to [(xn)n] in the metric space E. The construction of the points xn implies that the given Cauchy sequence
too converges to [(xn)n]. This finishes the proof.

Remark 2.2.1. It follows easily from Definition 2.2.1 that if (Ê, d̂) is another completion of (E,d), then there is an
isometry j : E→ Ê such that j(x) = x for all x ∈ E. (E being identified with i(E))

Proposition 2.2.1. Let V be a normed linear space. Then V is complete if and only if every absolutely convergent
series with terms in V is convergent.

Exemple 2.2.1. 1. Let X be a locally compact topological space, µ a positive Borel measure on X and consider
on the space Cc(X) of continuous functions on X with compact support the following scalar product

〈 f ,g〉=
∫

X
f (x)g(x)dµ(x)

Then L2(X ,dµ) is a completion of (Cc(X),〈., .〉).
In the particular case where X is an open set of R, L2(X ,dµ) is a completion of (C ∞

c (X),〈., .〉) where C ∞
c (X)

is the space of infinitely differentiable functions with compact supports.

2. Consider on the space C ∞
c (R) of infinitely differentiable functions with compact supports the family (||.||m,n)m,n∈N

of semi-norms given by || f ||m,n := supx∈R|xm f (n)(x)|. Denote by d the distance on C ∞
c (R) defined by

d( f ,g) = ∑α,β 2−m−n || f−g||m,n
1+|| f−g||m,n

. The Schwartz space S (R) is then a completion of (C ∞
c (R),d). Put

Λ = span{hn : n ∈ N} where (hn)n is the family of Hermite functions. Since (hn)n forms a Schauder ba-
sis of the Schwartz space S (R), the latter can also be seen as a completion of the metric space (Λ,d).

On Initial topologies
Let E be a set and let {Sα}α∈A be a family of subsets of E. Recall that the topology on E generated by the collection
of subsets Sα where α runs through A is the intersection of all the topologies on E containing all the subsets Sα . It
is then the coarsest topology on E for which all the subsets Sα are open. We denote it by τi. Recall also that open
sets for τi are of the form ∪I ∩J f inite Sα .
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Definition 2.2.2. Let Tα : E→ Eα be mappings of E into topological spaces Eα ; then the coarsest topology on E
making the mappings Tα (α ∈ A) continuous is called the initial topology with respect to the mappings Tα .

Exemple 2.2.2. 1. The product topology on a product of topological spaces Πi∈IEi is the initial topology with
respect to the elementary projectors p j : ΠEi → E j

2. The induced topology on a susbet F of a set E is the initial topology with respect to the canonical embeding
i : F → E.

3. The weak topology on a locally convex vector space is nothing else but the initial topology with respect to the
topological dual.

The following are some basic properties of the initial topology

Proposition 2.2.2. Let E have the initial topology with respect to the mappings Tα : E → Eα (α ∈ A) and let
S : F → E be a mapping from a topological space F into E. Then S is continuous if and only if Tα S : F → Eα is
continuous for all α ∈ A.

Proof. Suppose that every Tα S : F → Eα is continuous and let Oi ⊂ Ei be an open subset. Then S−1(T−1
i (Oi)) is

open in F and thus the same thing for any finite intersection ∩i∈IS−1(T−1
i (Oi)) = S−1(∩i∈IT−1

i (Oi)). Hence, by
taking unions, reverse image of an open subset of E (which is necessarly of the form ∪J ∩i∈I T−1

i (Oi)) is an open
subset of F

One can also prove the following

Proposition 2.2.3. Let (xn)n be a sequence of elemetns of E. Then xn→ x ∈ E in (E,τi) if and only if Tα(xn)→
Tα(x) in (Eα ,τα) for each α ∈ A.

Another interesting property is the following

Proposition 2.2.4. Let {Tα}α∈A be a semi-group of operators on a topological space E. If F denotes the space
E with the initial topology with respect to the mappings Tα : E → E (α ∈ A), then each Tα induces a continuous
mapping Tα : F → F.

Proof. A mapping Tβ : F → F is continuous if and only if Tα Tβ : F → E is continuous, for all α ∈ A. As Tα Tβ ∈
{Tγ}γ∈A, so the conclusion follows from Proposition 2.2.2.

Remark 2.2.2. Let E be a vector space and let {||.||i}i∈I be a family of norms on E. The topology on E generated
by the family {||.||i}i∈I is the initial topology on E with respect to the family of mappings ϕ 7→ ||ϕ||i, (i ∈ I).

2.3 Unbounded operators in Hilbert space

2.3.1 Closed operators
Let H be a Hilbert space. An unbounded operator A in H is any linear map A : D(A)→H where D(A) is a
subspace of H called the domain of A and which is usually assumed to be dense in H . In this case we say that A
is densely defined.

Let A,B be densely defined operators in H . If D(A)⊂ D(B) and if for all ψ ∈ D(A) it holds Bψ = Aψ , then B
is called an extension of A and we write A⊂ B.

The graph of A is the linear space

Γ(A) = {(ψ,Aψ) : ψ ∈ D(A)} ⊂H ×H
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If Γ(A) is closed in H ×H , then A is called a closed operator. The operator A is said to be closable if there exists
a linear operator Ā in H such that Γ(Ā) = Γ(A). In this case, Ā is called the closure of A. It is easy to see that A
is closable if and only if for any sequence (ψn)n ⊆ D(A) such that lim

n→∞
ψn = 0 and lim

n→∞
Aψn→ ϕ , where ϕ ∈H , it

follows that ϕ = 0. Moreover, the operator A is closable if and only if it has a closed extension B. In this case, we
have Ā⊆ B.

Let A be a closed operator and D a subspace of D(A). We say that D is a core of A if A |D = A.

2.3.2 Symmetry and self-adjointness
Let A be a densely defined linear operator. The adjoint operator A∗ is defined by:

D(A∗) = {ψ ∈H : ∃δ ∈H ,∀ϕ ∈ D(A),〈ψ,Aϕ〉= 〈δ ,ϕ〉}

and
A∗ψ = δ

It is staightforward that A∗ is well defined and that it is a closed operator.
The operator A is said to be self-adjoint if A = A∗. It is said to be symmetric if

〈ϕ,Aψ〉= 〈Aϕ,ψ〉, ∀ ϕ,ψ ∈ D(A).

That is, A⊆ A∗.
By Hellinger-Toeplitz theorem, an everywhere defined symmetric operator is necessarly bounded. The proof

follows immediately from the closed graph theorem.
A symmetric linear operator A is said to be essentially self-adjoint if A is self-adjoint. That is, A can be

rendered self-adjoint in a unique manner by extending its domain in a natural way. Clearly, a self-adjoint operator
is essentially self-adjoint, but the converse is not true.

Let A be a symmetric operator. The deficiency indices d+, d− are defined by d±(A) := dimKer(A∗± i) where
we used the shorthand notation i to denote the operator iIdH . The following criterion by von Neumann provides a
sufficient condition for symmetric operators to admit self-adjoint extensions [36].

Proposition 2.3.1. A symmetric operator A has a self-adjoint extension if and only if its deficiency indices are
equal.

In practice, it is usually much easier to check that a given operator is symmetric than to show that it is self-
adjoint or essentially self-djoint, since the latter questions involve additional domain considerations. Next we give
a criterion which determines whether a symmetric operator is essentially self-adjoint

Proposition 2.3.2. Let A be a symmetric linear operator. Then the following properties are equivalent

(1) A is essentially self-adjoint.

(2) d±(A) = 0.

(3) Ran(A+ i) = Ran(A− i) = H .

Let µ be a Borel measure on R and denote by Q the multiplication operator in L2(R,dµ) defined by Q f (x) :=
x f (x) for f ∈ D(Q) = { f ∈ L2(R,dµ) : x f ∈ L2(R,dµ)}.

Theorem 2.3.1. The operator Q in L2(R,dµ) is self-adjoint.
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Proof. Let f ∈ L2(R,dµ), n ∈ N. It follows from dominated convergence theorem that the sequence (χ[−n,n] f )n ⊂
D(Q) converges to f in L2(R,dµ) and thus Q is densely defined. On the other hand, the operator Q is clearly
symmetric and thus D(Q)⊂ D(Q∗). Let f ∈ D(Q∗). Then∫

R
(Q∗ f − x f )gdµ = 0 , ∀g ∈ D(Q). (?)

Now observe that for or all n∈N we have χ[−n,n](Q∗ f −x f )∈D(Q). Thus, using (?) and the fact that χ[−n,n](Q∗ f −
x f )∈D(Q) for all n∈N (by local integrability), we see that Q∗ f = x f µ-almost everywhere in [−n,n] for all n∈N
and therefore µ−almost everywhere in R. This implies that f ∈ D(Q) and hence the self-adjointness of Q.

More generally, given a real-valued Borel function f , similar arguments show that, on its usual domain, the
multiplication operator M f is self-adjoint. Such a multiplication operator will simply be denoted by f .

Let A : D(A)→H be a self-adjoint (respectively essentially self-adjoint) operator. It is clear that any unitary
equivalent operator to A is self-adjoint (respectively essentially self-adjoint). In particular, using the Fourier trans-
form, we see that the momentum operator P = −FQF−1 is self-adjoint in L2(R,dx). In particular, recall that
P|S (R) = −i d

dx . Similarly, we see that, on its maximal domain H2(R), the Laplacian d2

dx2 is self-adjoint. We have
the following general result on the self-adjointness of some Schrödinger operators [37].

Theorem 2.3.2. Let v(x) be a continuous and bounded function on R satisfying v(x)≥ 0 and v(x)→ 0 as |x| → 0.
Then, considered on the domain H2(R), the Schrödinger operator H =− h̄2

2m
d2

dx2 + v is self-adjoint.

2.3.3 The spectrum
Let A be a closed operator. The spectrum of A is defined by

σ(A) := {λ ∈ C : A−λ : D(A)→H is not bijective}

The resolvent set of A is defined by ρ(A) := C\σ(A). Remark that via the closed graph theorem, if λ ∈ ρ(A), the
operator (A−λ )−1 : H → D(A) is bounded. The function RA : ρ(A)→B(H ) defined by RA(z) = (A− z)−1 is
called the resolvent of A.

In the case of a self-adjoint operator A, it is well known that

σ(A) = {λ ∈ C : (A−λ )D(A) 6= H }

and that σ(A)⊂ R.
Finally, a self-adjoint operator A is said to be positive if it satisfies

〈ψ,Aψ〉 ≥ 0 , ∀ψ ∈ D(A)

In this case we have σ(A)⊂ R+.

Definition 2.3.1. Let A be a closed operator in H .

1. The point spectrum of A is the set of eigenvalues of A. That is

σp(A) = {λ ∈ C : A−λ is not one to one}

2. The continuous spectrum of A is defined by

σc(A) = {λ ∈ C : λ /∈ σp(A),(A−λ )D(A) = H ,(A−λ )−1is not bounded}

3. The residual spectrum of A is defined by

σr(A) = {λ ∈ C : λ /∈ σp(A),(A−λ )D(A) 6= H }

20



2.3. UNBOUNDED OPERATORS IN HILBERT SPACE

It is clear that all these spectrum components are invariant under unitary transformations. Next let f be a
complex-valued Borel function on R. It can be shown that the spectrum of the usual multiplication operator M f
concides with the essential image ess.im( f ) of the function f . Moreover, in the case where f is continuous, we
have σ(M f ) = σc(M f ) = ess.im( f ). In particular we have σ(Q) = σc(Q) = σ(P) = σc(P) = R. and σ(−∆) =
σc(−∆) = [0,∞).

In case of a self-adjoint operator A, it can be inferred that σr(A) = /0 and that, for λ ∈ R , we have λ ∈ σ(A) if
and only if there exists a sequence (ψn)n ⊆ D(A) of normalized vectors such that limn→∞(A−λ )ψn→ 0.

2.3.4 The projection-valued measure spectral theorem
Denote by P(H ) the set of projections on H . A map P : B(R)→P(H ) is called a projection-valued measure
(PVM) if the following properties are satified.

(1) P(R) = idH .

(2) If {Ω j} j is a finite or a countable collection of pairwise disjoint measurable sets in B(R), then

P(∪Ω j)ψ = ∑P(Ω j)ψ , ∀ ψ ∈H .

Let P : B(R)→P(H ) be a PVM. We have the following basic properties :

Proposition 2.3.3. Let Ω1,Ω2 ∈B(R). Then :

1. P( /0) = 0 and P(R\Ω1) = idH −P(Ω1).

2. P(Ω1∪Ω2) = P(Ω1)+P(Ω2)−P(Ω1∩Ω2).

3. P(Ω1∩Ω2) = P(Ω1)P(Ω2).

4. P(Ω1)≤ P(Ω2) if Ω1 ⊂Ω2.

Given two vectors ψ,ϕ ∈H , we define a finite complex Borel measure by Pϕ,ψ(Ω) := 〈ϕ,P(Ω)ψ〉. In particu-
lar, for every ψ ∈H we have a finite positive Borel measure Pψ := Pψ,ψ . Moreover, Pψ is the unique finite positive
Borel measure on R that satisfies

〈ψ,(A− z)−1
ψ〉=

∫
σ(A)

(λ − z)−1dPA
ψ , z ∈ C\R.

Let f be a complex-valued measurable function. The set

D( f ) = {ψ ∈H : f ∈ L2(R,Pψ)}

is a dense subspace of H on which we define an operator
∫
R f dP via the identity

〈ψ,(
∫
R

f dP)ψ〉=
∫
R

f (λ )Pψ(dλ )

In the case of a real-valued function f , the operator
∫
R f dP is self-adjoint. Next we state the projection-valued

version of the spectral theorem.

Theorem 2.3.3. Let A : D(A)→H be a self-adjoint linear operator in H . Then there exists a unique projection-
valued measure PA : B(R)→P(H ) such that

A =
∫
R

λ dPA

Moreover,
D(A) = {ψ ∈H :

∫
R

λ
2 dPA

ψ (λ ) < ∞}.
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Let λ be a real number. One can check the following

Proposition 2.3.4. 1. λ ∈ σ(A) if and only if, for every ε > 0, PA(]λ − ε,λ + ε[) 6= 0. In particular we have
PA(σ(A)) = idH .

2. λ ∈ σp(A) if and only if PA({λ}) 6= 0.

Exemple 2.3.1. The projection valued measure associated with the self-adjoint operator Q in L2(R,dx) is given by
PQ(Ω) f = χΩ f for all Ω ∈B(R) and f ∈ L2(R,dx).

For a self-adjoint operator A in H and f : R→ C a measurable function we put

f (A) :=
∫
R

f (λ )dPA

Recall that a strongly continuous one-parameter unitary group is a group homomorphism

U : R→U (H ), t 7→U(t)

where U (H ) is the group of unitary operators on H and such that the family (U(t))t∈R is strongly continous
(i.e., for each ψ ∈H , the map t 7→U(t)ψ is continuous). Its infinitesimal generator is the linear operator A in H
defined by

iAψ = limt→0
1
t
(U(t)ψ−ψ)

with domain D(A) = {ψ ∈H : limt→0
1
t (U(t)ψ−ψ)exists}

Let A be a self-adjoint operator and put U(t) = eitA. Then one can show that (U(t))t∈R is a strongly continuous
one-parameter unitary group with infinitesimal generator A. Moreover,

U(t)D(A) = D(A) and AU(t) =U(t)A, ∀ t ∈ R.

Conversely, all strongly continuous one-parameter unitary groups are of this form.

Theorem 2.3.4 (Stone). Let {U(t)}t be a strongly continous one-parameter unitary group and let A be its infinites-
imal generator. Then A is self-adjoint and U(t) = eitA.

2.3.5 Orthogonal decompositons
Let H1 and H2 be two Hilbert spaces, A1 : D(A1) ⊂H1→H1 and A2 : D(A2) ⊂H2→H2 two densely defined
operators. We denote by A1⊕A2 the operator with domain D(A1⊕A2) = D(A1)⊕D(A2) and whose action is given
by

A1⊕A2(ψ,ϕ) := (A1ψ,A2ϕ)

Let A be a linear operator on a Hilbert space H and let H0 be a closed subspace of H . We say that H0 is invariant
for A if A maps D(A0) := D(A)∩H0 into H0. In this case the operator A0 := A|D(A0) is called the part of A on
H0. The subspace H0 is said to be reducing for A if it is invariant and if moreover the orthogonal projector P0 onto
the subspace H0 maps the domain D(A) into itself. Thus a closed subspace H0 is reducing for A if and only if it
satisfies P0ψ ∈ D(A) and AP0ψ ∈H0 for all ψ ∈ D(A). Both conditions can be expressed through the condition
that AP0 is an extension of the operator P0A. Moreover, if H0 reduces A, then one can check easily that H1 :=H ⊥

0
reduces A as well.
Suppose that H = H0⊕H1 with each H j reduces A. Then A = A0⊕A1 where, for each ψ ∈ D(A), A jψ = APjψ

and D(A j) = PjD(A) (for j = 0,1). Moreover, if A is self-adjoint we have that A0 and A1 are self-adjoint too and,
for every Ω ∈B(R), their respective spectral measures satisfy PA j(Ω) = PA(Ω)|H j (for j = 0,1). We also have in
this case that RA(z) = RA0(z)⊕RA1(z) and σ(A) = σ(A0)∪σ(A1).

The construction above generelizes straightforwardly to the case of a finitely many Hilbert spaces (H j)
n
j=1 and

densely defined operators (A j)
n
j=1. [36].
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Let A : D(A)⊂H →H be a self-adjoint operator. We define the following subspaces

Hac := {ψ ∈H : PA
ψ is absolutely continuous},

Hsc := {ψ ∈H : PA
ψ is is singularly continuous},

and
Hpp := {ψ ∈H : PA

ψ is pure point}

Each of those subspaces is reducing for A and one can show the following orthogonal decomposition

H = Hac⊕Hsc⊕Hpp

The absolutely continuous, singularly continuous, and pure point spectrum of A are defined by

σac(A) := σ(A|D(A)∩Hac), σsc(A) := σ(A|D(A)∩Hsc) and σpp(A) := σ(A|D(A)∩Hpp)

In the case where σ(A) = σac(A) (resp. σ(A) = σsc(A)) we say that A has an absolutely continuous (resp. singular)
spectrum. One can easily check that if, for every ψ ∈H , the spectral measure PA

ψ is absolutely continuous with
respect to Lebesgue measure, then A has an absolutely continuous spectrum.

2.3.6 Cyclic vectors and spectral bases
Cyclic vectors

Let ψ ∈H , The subspace Hψ := { f (A)ψ : f ∈ L2(R,PA
ψ )} is a closed subspace of H called the cyclic subspace

generated by ψ . We collect in the following some key properties of theses subspaces.

Proposition 2.3.5. 1. Hψ = span{PA(Ω)ψ : Ω ∈B(R)}.

2. Hψ is a reducing subspace for A.

3. Let ψ ∈ D∞(A) := ∩n∈ND(An). Then span{Anψ : n ∈ N} ⊂Hψ .

4. ϕ ⊥ ψ ⇔Hϕ ⊥Hψ .

5. { f (A)ψ : f bounded} is dense in Hψ .

Proof. Let us prove (4) for example :
⇐: Trivial.
⇒: Let f be a bounded funcion. We have f (A)ψ ⊥Hϕ . Indeed, for g∈ L2(PA

ϕ ), we have that 〈 f (A)ψ,g(A)ϕ〉=
〈ψ,( f̄ g(A))ϕ〉= 0. We conclude using the density of { f (A)ψ : f bounded} in Hψ .

Theorem 2.3.5. Let A be a self-adjoint operator and ψ ∈H . Then the map Uψ : Hψ → L2(R,PA
ψ ) defined by

f (A)ψ 7→ f is a unitary operator which satisfies

Uψ A|D(A)∩Hψ
U∗ψ = Q

where Q is the usual multiplication operator in L2(R,PA
ψ ).

A vector ψ ∈H is said to be a cyclic vector for A if Hψ = H . In this case A is said to be cyclic and we have
a full diagonalization of our operator in the sense that the unitary operator Uψ : H → L2(R,PA

ψ ) above satisfies

Uψ AUψ = Q

In particular, we see that, for a self-adjoint operator A, the operator A|Hψ
is cyclic.

Let ϕ ∈ L2(R,dµ) and put Λϕ = span{PQ(Ω)ϕ : Ω ∈ B(R)}. We have the following
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Proposition 2.3.6. The function ϕ is a cyclic vector for Q if and only if µ({ϕ = 0}) = 0.

Proof. Let ϕ ∈ L2(R,dµ).
⇒: Suppose that ϕ is a cyclic vector for Q and that µ({ϕ = 0}) > 0. Let (ϕn)n be a sequence of elements in Λϕ

such that ϕn→ χ{ϕ=0} in L2(R,dµ) and consider a subsequence (ϕα(n))n that converges µ−almost everywhere to
χ{ϕ=0}. Since ϕα(n) vanishes on {ϕ = 0} we see that χ{ϕ=0} vanishes µ−almost everywhere on {ϕ = 0}, which is
not the case.
⇐: Suppose that µ({ϕ = 0}) = 0 and let f ∈ Λ⊥ϕ . Put Ω+ = { f ≥ 0}. Then f vanishes on Ω+ ∩{ϕ > 0} and
Ω+∩{ϕ < 0} and hence on Ω+. A similar argument shows that f vanishes on Ω− too and thus everywhere. This
implies that ϕ is a cyclic vector for Q.

Remark 2.3.1. 1. It is not difficult to see that a cyclic vector for Q in L2(R,dµ) is given by ψ(x)=∑
+∞
−∞ 2−|k|µ([k,k+

1])−
1
2 χ[k,k+1](x).

2. If µ is a finite Borel measure, the constant function x 7→ 1 is a cyclic vector for Q. Indeed, using the notations
above, the subspace Λ1 coincides with the subspace of simple functions, which is dense in L2(R,dµ).

3. For Q in L2(R,dµ), a scalar λ ∈ R is an eigenvalue for Q if and only if µ({λ}) 6= 0. In this case λ has
multiplicity one. In particular, we see that for a cyclic self-adjoint operator, each eigenvalue has multiplicity
one.

For a detailed study of cyclic operators see [38, p. 83].

Spectral bases

A family (ψ j) j∈J of vectors of H is said to be a spectral basis of H associated to A if it satisfies the following
conditions

1. ||ψ j||= 1, ∀ j ∈ J

2. ∀i, j ∈ J, i 6= j⇒Hψi ⊥Hψ j

3. H =⊕ j∈JHψ j

Theorem 2.3.6. Let A be a self-adjoint operator in a separable Hilbert space H . Then A admits a spectral basis
(ψ j) j∈J where the index set J is at most countable.

Proof. See [36].

In contradistinction to ordinary bases of the Hilbert space H , two spectral bases of H may have different
cardinalities [36]. However, the cardinality of a spectral basis is at most equal to the cardinality of an ordinary
Hilbert basis.

Theorem 2.3.7. (The multiplication spectral theorem) Let A be a self-adjoint operator in a separable Hilbert space
H . Then there exists a spectral basis (ψ j) j∈J associated to A and a corresponding unitary operator

U =⊕nUψn : H →⊕nL2(R,PA
ψn)

such that
UAU∗ = Q

where Q is the usual multiplication operator.

24



2.3. UNBOUNDED OPERATORS IN HILBERT SPACE

Analyticity and Nelson theorem

Let A be a cyclic self-adjoint operator. A vector ψ ∈ D∞(A) is said to be an analytic vector for A if

∞

∑
n=0

‖Anψ‖
n!

tn < ∞ f or some t > 0.

We denote by Da(A) the set of analytic vectors of A.
The following theorem proves self-adjointness by means of growth estimates of ||Anψ||.

Theorem 2.3.8. (Nelson’s theorem) Let A be a symmetric operator on H . If the space Da(A) of analytic vectors
is dense, then A is essentially self-adjoint. If moreover A is closed, then A is self-adjoint if and only if Da(A) = H .

Proposition 2.3.7. Let A be a cyclic self-adjoint operator, ψ ∈H and α > 0. Then e−αA2
ψ is an analytic vector

for A.

Proof. see [39].

Proposition 2.3.8. Let A be a closed symmetric operator on H . Let D0 be a dense subspace of a closed subspace
H0 of H such that D0 ⊂ D(A), AD0 ⊂ H0 and let P0 denotes the orthogonal projection onto H0. Suppose
moreover that A0 := A|D0 is essentially self-adjoint on H0. Then H0 is a reducing subspace for A and A0 is the
part of A on H0.

We have the following result [39] :

Theorem 2.3.9. Let A be a cyclic self-adjoint operator and ψ a cyclic vector. Then e−A2
ψ is a cyclic vector of A

which belongs to D∞(A).

Proof. Put ϕ = e−A2
ψ . Observe that by the results above, ϕ is an analytic vector for A. Next put D0 = span{Anϕ :

n ∈ N}, H0 = D0 and set Pn(t) = ∑
n
k=0

t2k

k! and fn(t) = Pn(t)e−t2
. Then fn(t) converges monotonically to 1 on R.

Therefore, using functional calculus properties, we have that fn(A)ψ = Pn(A)ϕ converges to ψ and hence ψ ∈H0.
On the other hand, as a restriction of a symmetric operator, A0 := A|D0 is a symmetric operator on H0 and which
satisfies A0D0 ⊂ D0. Remark that by construction we have D0 ⊂ Da(A) and hence D0 = Da(A0). Since A0 has a
dense subset of analytic vectors, A0 is self-adjoint via Nelson’s theorem and thus A decomposes as A = A0⊕A1
with respect to the orthogonal direct sum H = H0⊕H ⊥

0 . In particular we have

PA0(Ω) = PA(Ω)|H0 , ∀Ω ∈B(R)

Now since ψ ∈H0, we get PA(Ω)ψ = PA0(Ω)ψ ∈H0 and hence, using the fact that ψ is a cyclic vector for A, the
span of vectors PA(Ω)ψ is dense in H . Hence H ⊂H0 and therefore H = H0. In particular ϕ is a cyclic vector
as desired.

Theorem 2.3.10. A self-adjoint operator A always admits a spectral basis (ϕn)n formed by vectors of D∞(A).

Proof. Let (ψn)n be a spectral basis associated to A. For every restriction A|Hψn
, one can pick a vector ϕn ∈

D∞(A)∩Hψn such that Hψn = span{Akϕn : k ∈ N}. The family (ϕn)n ⊆ D∞(A) is a spectral basis of A. Indeed :
we have ϕn ∈Hψn and the subspaces Hψn are pairwise orthogonal, so that the subspaces Hϕn are also pairwise
orthogonal. On the other hand we have Hψn = span{Akϕn} ⊂Hϕn and which gives H = ⊕nHψn ⊂ ⊕nHϕn .
Remark that one can normalize the vectors ϕn if needed (since for every ψ ∈H , one has Hαψ =Hψ , ∀α 6= 0).
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2.3.7 The direct integral spectral theorem
The concept of direct integral of hilbert spaces extends that of a direct sum of a countably many Hilbert spaces by
relaxing the assumption of a countable number of terms. Consider a set X on which is defined a positive measure
and suppose that to each point x ∈ X is associated a separable Hilbert space Hx of dimension n(x) ∈ N∗ ∪∞.
suppose moreover that the map x 7→ n(x) is measurable with respect to the measure µ .

Consider first the particular case where all the spaces Hx have the same dimension and thus can be identified to
a single Hilbert space H . Denote by h the space of equivalent classes (with respect to the equivalence relation of
being equal µ-almost everywhere on X) of vector-valued functions h : x ∈ X 7→ h(x) ∈H such that

1. for each h ∈H , the numerical function x 7→ 〈h(x),h〉 is measurable with respect to µ .

2. The numerical function x 7→ ||h(x)|| is square integrable with respect to µ .

On the space h we introduce a scalar product by setting [8, p. 115]

〈h(x),g(x)〉h =
∫

X
〈h(x),g(x)〉dµ(x).

Equipped with the scalar product 〈., .〉h, The space h is a Hilbert space called the direct integral of the Hilbert spaces
Hx with respect to the measure µ and it is denoted by

∫ ⊕
X Hxdµ(x).

Now for the general case, for each n ∈ N+ ∪{∞}, put Xn := {x ∈ X : dim(Hx) = n}, hn :=
∫ ⊕

Xn
Hxdµ(x) and

denote by h the orthogonal direct sum of the Hilbert spaces hn

h :=⊕∞
n=1hn.

Definition 2.3.2. The Hilbert space h is called the direct integral of the hilbert spaces Hx with respect to the
mesure µ and it is denoted by

∫ ⊕
X Hxdµ(x).

Remark 2.3.2. In the particular case where Hx = C for every x ∈ X, the obtained direct integral coincides with
L2(X ,dµ). Remark also that if for every x,x′ ∈ X we have Hx =Hx′ ≡H , the obtained direct integral of the Hx’s
is nothing else but the space L2(X ,H ,dµ) of square integrable H -valued functions on X. The general direct
integral is an extention of this that allows the Hilbert space to depend on the point x ∈ X. In this sense, a direct
integral can be taught of as a more general version of a usual L2 space.

Next we recall some details from the construction of such a direct integral representation [8, p. 130] and some
notations :

Let {ϕ j} j∈J be a spectral basis of H associated to A. By vertue of Theorem 2.3.10, we may suppose that
H =⊕ jH j, where H j = span{Akϕ j}. Consider the representation H ∼=⊕ j∈JL2(σ(A),PA

ϕ j
) associated to A and,

for every Borel set Ω, put µ(Ω) = ∑
1
2 j PA

ϕ j
(Ω). One can check that µ is a well-defined positive measure on σ(A)

and that for each j ∈ J we have PA
ϕ j

<< µ . Moreover, we have H j ∼= L2(X j,dµ) where X j ⊂ σ(A). In particular
H ∼= ⊕ j∈JL2(X j,dµ). For every x ∈ σ(A), denote by n(x) the cardinality of Jx := { j ∈ J : x ∈ X j}. Then n(x) ∈
N∪{∞}. For every j ∈ J, denote by U j : H j → L2(X j,dµ) the unitary map satisfying U j(Akϕ j) = xkϕ j(x) and
put Hx = {((U i1ψi1)(x), . . . ,(U

in(x)ψin(x))(x)), where i1 < i2 . . . < in(x) and ψ j(.)∈ L2(X j,dµ)}. The map Û : H 7→∫
σ(A)Hxdµ(x) defined by ψ 7→ ξψ where ξψ : σ(A)→∪x∈σ(A)Hx is defined by x 7→ (ψi1(x), ...,ψin(x)(x)) ∈Hx, is

a unitary operator that sends A to the multiplication operator in
∫ ⊕

σ(A)Hxdµ(x). See [8, p. 133] for more details.

Theorem 2.3.11. (The spectral theorem (Direct integral form)) Let A be a self-adjoint operator in H . Then there
exists a positive measure µ on σ(A), a direct integral∫ ⊕

σ(A)
Hx dµ(x)
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and a unitary map

U : H →
∫ ⊕

σ(A)
Hx dµ(x)

, such that
(UAU∗(h))(x) = xh(x), ∀ h ∈U(D(A)).

2.3.8 The Stone-von Neumann uniqueness theorem
Let H be a Hilbert space and A and B two self-adjoint operators in H . If there is a commun, dense and invariant
subdomain D ⊂ D(A)∩D(B) on which it holds

[A,B] := AB−BA =−i1,

the operators A and B are said to satisfy the canonical commutation relation (CCR).
It it well-known that there is no realization of the canonical commutation relation by bounded operators. On the

other hand, remark that for the usual position and momentum operators in the Schrödinger representation L2(R,dx),
on the Schwartz space S (R) for example, one has

[P,Q] =−ih̄1.

We are asking about possible realizations of the canonical commutation relation. Using the spectral theorem, we
associate to the position operators Q and the momentum operators P in the Schrödinger representation the following
unitary operators

U(t) = eitQ V (t) = eitP. (?)

That is
U(t)ψ(x) = eitx

ψ(x) V (t)ψ(x) = ψ(x+ t), ∀ψ ∈ L2(R,dx).

Then (U(t))t∈R and (V (t))t∈R are strongly continuous one-parameter unitary groups on H . These are known
as the associated Weyl operators. One can also deduce the so-called Weyl form of the canonical commutation
relations (or Weyl relations)

[U(s),U(t)] = [V (s),V (t)] = 0 , U(s)V (t) = eistV (t)U(s)

for all s, t ∈ R.
Let us mention that the Weyl relations imply the CCR, but the opposite is not true [40, p. 275].
A pair (U(t),V (s))t,s∈R of strongly continuous one-parameter unitary groups on H that satisfy the relation

above is called a representation of the Weyl relations. The above cited representation (?) of Weyl relations is called
the Schrödinger representation.

We say that a family of unitary operators A acts irreducibly on H if every nonzero closed subspace of H
which is invariant under A is equal to H . We have the following

Proposition 2.3.9. The Schrödinger representation of the Weyl relations on the Hilbert space L2(R,dx) is irre-
ducible.

The importance of the Schrödinger representation is highlighted by the well-known Stone-von Neumann theo-
rem.

Theorem 2.3.12. (Stone-von Neumann)
Any irreducible representation of the Weyl relation is unitarily equivalent to the Schrödinger representation.
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2.4 Basics on Sturm-Liouville differential equations

2.4.1 Basic existence and uniqueness results
Let I =(a,b) be an interval of R, v(x)∈ L1

loc(I,dx) and consider the following differential operator τy=−y′′+v(x)y
on AC2(I). The left endpoint a is said to be regular if it is finite and if x 7→ v(x) is summable on every interval of
the form [a,β ]. Otherwise it is said to be singular. We define the regularity and singularity for the right endpoint in
a similar way. The differential operator τ is said to be regular if both endpoints are regular.
For a given function f , a solution y of τy = f is supposed to be an element of AC2(a,b).

Consider on I a linear system of differential equations

Y ′ = A(x)Y + f (x), (E)

where Y = (y1(x), ...,yN(x)), A(x) = (ai, j(x))1≤i, j≤N and f (x) = ( f1(x), ..., fN(x)). We suppose that x 7→ A(x) and
x 7→ f (x) are locally integrable on I.
A solution of (E) is by definition an absolutely continuous function Y : (a,b)→ CN satisfying (E).

We recall the fundamental theorem on existence and uniqueness. We provide a sketch of proof for completeness.

Theorem 2.4.1. Let x0 ∈ I and Y0 be an arbitrary vector in Cn. The initial value problem

(P)
{

Y ′(x) = A(x)Y (x)+ f (x)
Y (x0) = Y0

has a unique solution on I.

Proof. It is clear that an absolutely continuous function Y : I→Cn is a solution of (P) if and only if it is a solution
of the following integral equation

Y = Y0 +
∫ x

x0

[A(t)Y (t)+ f (t)]dt., (F)

To construct a solution of (F), we use the well-known method of succuessive approximations:
Consider the sequence (Yn(x))n of (vector-valued) functions defined by

Y0(x) = Y0, Yn(t) = Y0 +
∫ x

x0

A(t)Yn−1(t)dt.

One can check that the sequence of functions (Yn(x))n converges uniformly to a limit function Y (x) in every
compact interval of I. Such a limit function is then clearly a solution of (F). Hence the existence part of the
theorem.

The uniqueness of the solution is easy to see using the integral equation (F).

We get the following existence and uniqueness result.

Theorem 2.4.2. Let f be in L1
loc(I) and x0 ∈ I. Then for every α,β ∈ C, the equation τy = f has in the interval I

a unique solution y(x) which satisfies the conditions y(x0) = α, y′(x0) = β .

Proof. Denote the following

Y = (y,y′), f̄ = (0, f ), Y0 = (α,β ), A(x) =
[

0 1
v(x) 0

]
.

We then have that τy = f is equivalent to Y ′ = A(x)Y + f̄ . The functions x 7→ A(x) and x 7→ F(x) do satisfy the
conditions in the above theorem. Therefore the equation τy = f has in I one and only one solution y(x) satisfying
the initial condition

y(x0) = α, y′(x0) = β .

28



2.4. BASICS ON STURM-LIOUVILLE DIFFERENTIAL EQUATIONS

Let c,d ∈ I and f ,g ∈ AC2(I). A twice integration by parts gives the so-called Lagrange identity∫ d

c
[g(x)(τ f )(x)− f (x)(τg)(x)]dx =W ( f ,g)(d)−W ( f ,g)(c) , (?),

where
W ( f ,g)(x) = ( f g′− f ′g)(x)

is the Wronskian.
It is an absolutely continuous function with derivative

W ( f ,g)(x)′ = g(x)(τ f )(x)− f (x)(τg)(x) , x ∈ I.

In particular we see that two solutions y1 and y2 of the homogenuous equation τy = 0 are linearly independent
if and only if their Wronkian vanishes in the interval I. Moreover, for two solutions y1 and y2 of τy = 0, W (y1,y2)
is constant. It is then denoted by W (y1,y2) from now on.

We thus at least have two linearly independent solutions y1 and y2 of τy = 0. Indeed, it suffices to take (α,β ) 6=
(α ′,β ′) in the existence theorem above. A linearly independent system of solutions {y1,y2} is called a fundamental
system for the equation τy = 0.

Theorem 2.4.3. The linear space of solutions of τy = 0 is two-dimensional.

Proof. Let {y1,y2} be a fundamental system for the equation τy = 0 and let y be a solution. Let c1,c2 ∈ C such
that, at a point x0 ∈ (a,b), we have

(S)
{

y(x0) = c1y1(x0)+ c2y2(x0)
y′(x0) = c1y′1(x0)+ c2y′2(x0)

This is possible since the determinant of the above system is not zero.
The system (S) implies that the functions y and c1y1 + c2y2 are solutions of τy = 0 and that they satisfy the same
initial conditions. Hence, since such a solution is unique, we neccessarly have y≡ c1y1 + c2y2.

Now for the inhomogenous case, let {y1,y2} be a fundamental system of solution of the homogeneous equation
τy = 0. Let

y(x) = c1(x)y1(x)+ c2(x)y2(x)

with c1(x),c2(x) satisfying the equation

c′1(x)y1(x)+ c′2(x)y2(x) = 0.

For each fixed x ∈ (a,b), we hence get the system{
c′1(x)y1(x)+ c′2(x)y2(x) = 0
c′1(x)y

′
1(x)+ c′2(x)y

′
2(x) = f (x)

Solving for c′1(x) and c′2(x) gives us the following result

Theorem 2.4.4. The general solution of the equation τy = f has the form

y(x) = [α−
∫ x

x0

y2(t)
W (y1,y2)

f (t)dt]y1(x)+ [β +
∫ x

x0

y1(t)
W (y1,y2)

f (t)dt]y2(x)

where {y1,y2} is a fundamental system of solutions of τy = f and α,β ∈ C are arbitrary constants.

We say that a function f : (a,b)→C is L2 near a if it is square integrable on (a,c) for some c∈ (a,b). Similarly
we say that f is L2 near b is it is square integrable on (c,b) for some c ∈ (a,b). If τ is regular at a and f is L2 near
a, then we can chose x0 = a.
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Definition 2.4.1. The differential operator τ is said to be in the limit circle case (l.c.c.) at a if for all z ∈ C, all the
solutions of (τ− z)y = 0 are L2 near a. Otherwise it is said to be limit point (l.p.c.) at a. Similarly for the endpoint
b.

Proposition 2.4.1. (Weyl alternative) At each of the endpoints, τ is on the l.c. case if and only if for one z0 ∈ C all
solutions of (τ− z0)y = 0 are L2 near that endpoint.

Thus, if τ is regular at some endpoint, it is limit circle at this endpoint. Indeed, in this case each solution of
(τ− z0)y = 0 has a continuous extension to this endpoint [41, p. 90] :

Lemma 2.4.1. Let τ be regular at a, z ∈ C and g summable on (a,c) for every c ∈ (a,b). Then for every solution
f of (τ− z) f = g, The limits limx→a+ f (x) and limx→a+ f ′(x) exist and are finite.

2.4.2 The resolvent as an integral operator
Let I = (0,∞) and denote by Amax the restriction of τ to the following domain

Dmax = { f ∈ L2(I,dx) : f , f ′ ∈ AC(I),τ f ∈ L2(I,dx)}

Denote by Ac the symmetric operator given by the restriction of Amax to compactly supported functions of Dmax.
One can check that Amin := Ac is a symmetric operator that satisfies A∗min = Amax and that, if A is a self-adjoint
extension of Amin, we have Amin ⊂ A⊂ Amax. Suppose moreover that 0 is a regular endpoint and that τ is in the limit
point case at ∞. In this case Amin has deficiency indices (1,1) or (2,2) and its self-adjoint extensions are given by
the one parameter family (Aα)α∈[0,π) of the restrictions of Amax to the domains

Dα := { f ∈Dmax : f (0)cos(α)− f ′(0)sin(α) = 0}

See [42, p.137].
Denote by A the self-adjoint extension of Amin given by the Dirichlet boundary condition, i.e. A = A0. We have

the following result expressing the resolvent of A as an integral operator [36].

Theorem 2.4.5. Let z ∈ ρ(A) and g ∈ L2(0,∞). Then there exists a solution y0 of τy = zy which is L2 near 0 and
satisfying the Dirichlet boundary condition y0(0) = 0 and there exists y∞ a solution of τy = zy which is L2 near ∞.
The resolvent of A is given by

(A− z)−1g(x) =
∫

∞

0
G(z,x,y)g(y)dy

where

G(z,x,y) =
1

W (y0,y∞)

{
y∞(z,x)y0(z,y) , x≥ y
y0(z,x)y∞(z,y) , x≤ y

Proof. Given g supported in some [c,d] ⊂ (0,∞) and {y1,y2} a fundamental system of solutions of the equation
(τ− z)y = 0, we put f = (A− z)−1g. We then have (τ− z) f = g and thus f is of the form

f = y1[α +
∫ x

0

y2

W (y1,y2)
g]+ y2[β +

∫
∞

x

y1

W (y1,y2)
g]

for some α,β ∈ C.
Thus, near 0, we have f = αy1 + β̃y2 and near ∞ we have f = α̃y1 + βy2 where α̃ = α +

∫
∞

0 y2g and β̃ =
β +

∫
∞

0 y1g. Now suppose that f vanishes identically both near 0 and near ∞. We then necessarly have α = β =

α̃ = β̃ = 0. In particular we have λi :=
∫

∞

0 yi(t)g(t)dt = 0 for i = 1,2. So if g is chosen so that (λ1,λ2) 6= (0,0),
the function f is not vanishing identically at least near one endpoint and thus we get either y∞ or y0 by putting it
equal to f near to that endpoint and then extending it using the differential equation. Suppose we get y∞. (i.e. a
non-trivial solution of (τ− z)u = 0 which is L2 near ∞.). Now choose y1 = y∞ and consider the behavior near ∞ : if
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y2 is not L2 near ∞, since βy2 = f − α̃y∞ is L2 near ∞, we must have β = 0. If y2 is L2 near ∞, we get that τ is l.c.
at ∞ and 0 = lim∞W (y∞, f )(x) = lim∞W (y∞, α̃y∞ +βy2)(x) = βW (y∞,y2). Thus β = 0 in both cases and we have

f (x) = y∞[α +
∫ x

0
y2g]+ y2

∫
∞

x
y∞g

Hence, near 0, we get f = αy∞ + β̃y2. If f vanishes identically near a we get in particular that β̃ =
∫

∞

0 y∞g = 0.
Thus, by choosing g such that

∫
∞

0 y∞g 6= 0, we necessarly have that f is not identically zero near 0 and thus we can
get y0. Now, choosing y2 = y0 and considering the behavior near 0, by a similar reasoning we infer that α = 0 and
thus, for any compactly supported g, we have

(A− z)−1g(x) = f (x) = y∞

∫ x

0
y0g+ y0

∫
∞

x
y∞g =

∫
∞

0
G(x,y)g(y)dy

where G is of the form above. Since L2
loc(0,∞) is dense in L2(0,∞) and by the L2−continuity of the resolvent

operator we have the result

Let H be a Hilbert space and T a cyclic self-adjoint operator on H . Recall that by the multiplicative spectral
theorem, there exists a finite Borel measure µ on R and a unitary operator U : H → L2(R,dµ) such that U
transforms T to the usual multiplication operator Q in L2(R,dµ).

Suppose in the following that the potential function x 7→ v(x) is so that A is a cyclic self-adjoint operator. We
then have the following result :

Theorem 2.4.6. Let U : L2(0,∞)→ L2(R,dµ) be a unitary operator such that UAU∗ = Q where Q is the usual
multiplication operator in L2(R,dµ). Then U can be expressed in the following form

U( f )(λ ) =
∫

∞

0
uλ (x) f (x)dx

where, for µ−a.e. λ , uλ (.) is a solution of τu = λu satisfying u(0) = 0. Furthermore, the inverse is given by

(U−1F)(x) =
∫
R

uλ (x)F(λ )µ(dλ )

.

Proof. See [36, p.238].

2.5 The rigged Hilbert space structure

2.5.1 On locally convex topological vector spaces
Let Φ be a vector space endowed with a family (||.||i)i∈I of seminorms. The sets of the form Bx,i1,...,in,r := {y ∈Φ :
||y−x||ik < r;k = 1,2, ...,n} where x ∈Φ,r > 0 and {i1, i2, ..., in} ⊆ I, form a basis of a topology τ . It is easy to see
that τ is the weakest topology on Φ making all the seminorms ||.||i continuous. This topology is metrizable if and
only if the set I is at most countable. A topological vector space (Φ,τ) is said to be locally convex if its topology
can be generated by a family of seminorms (||.||i)i∈I . In this case τ is said to be a locally convex topology on Φ.
Let (Φ,(||.||i)i∈I) be a locally convex topological vector space. The topological space Φ is Hausdorff if and only if
for every x ∈Φ\{0} there exists i ∈ I such that ||x||i 6= 0.

In this thesis, we will only deal with locally convex topological vector spaces for which the topology is induced
by a countable family of seminorms (||.||n)n. These are in fact metrizable spaces and in this case the locally convex
topology can be seen as induced by the following metric

d(ϕ,ψ) =
∞

∑
k=0

2k ||ϕ−ψ||k
1+ ||ϕ−ψ||k
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Given a locally convex topological space (Φ,(||.||n)n), we may define an alternative system (pn(.))n of semi-
norms on Φ , by

pn(.) =
k=n

∑
k=0
||.||k

One can easily check that the system (pn(.))n induces the same locally convex topology on Φ. Moreover, it has the
advantage of satisfying the following increasing property

p0(ϕ)≤ p2(ϕ)≤ p3(ϕ)≤ ...

For all ϕ ∈Φ.
Thus, we may, and always will, suppose without loss of generality that our system (||.||n)n of seminorms

satisfies this increasing property.
Recall the following result on continuity

Proposition 2.5.1. Let (Φ,(||.||n)n) and (Ψ,(pn)n) be locally convex topological vector spaces and A : Φ→Ψ be
a linear operator. Then A is continuous if and only if for each n ∈ N there exists m ∈ N and C ≥ 0 such that for
every ϕ ∈Φ we have

pn(Aϕ)≤C||ϕ||m

2.5.2 The rigged Hilbert space structure
Recall that a Frechet space is a vector space Φ endowed with a countable family of semi-norms (||.||n)n such that
Φ is complete with respect to the associated locally convex topology.

Definition 2.5.1. A Frechet space (Φ,(||.||n)n∈N∗) for which each seminorm ||.||n is actually a norm which is
defined by a scalar product (., .)n is called a countably Hilbert space.

Let Φ be a countably Hilbert space. Denote by Φn the ‖.‖n-completion of Φ. We then see that the spaces {Φn}n
form a decreasing chain

. . .Φn+1 ⊂Φn · · · ⊂Φ2 ⊂Φ1

and Φ = ∩n∈N∗Φn [8].
Denote by Φ

′
and Φ

′
n the topological dual spaces of Φ and Φn,(i.e., the spaces of continuous linear functionals

resp. on Φ and Φn ). Usually, Φ′ and Φ′n are equiped with the weak∗-topology. It is then easy to see that the spaces
{Φ′n}n form an increasing chain

Φ
′
1 ⊂Φ

′
2 ⊂ . . .⊂Φ

′
n ⊂Φ

′
n+1 . . .

and Φ
′
= ∪n∈N∗Φ

′
n.

Further, consider additionally a Hilbert space (H ,(., .)) together with a continuous linear embeding i : Φ→H
with dense range. The latter induces a continuous linear embeding i∗ : H →Φ′ given by x 7→ (x, i(.)). The induced

structure Φ
i

↪−→H
i∗
↪−→Φ

′
is called a Gelfand triple. If moreover, Φ is nuclear, that is for every n, there exists m > n

such that the canonical injection
ιmn : Φm→Φn, u 7→ u

is trace class, the triple Φ ↪−→H ↪−→ Φ
′

is called a rigged Hilbert space (RHS). Next we recall the concept of a
trace-class operator by using canonical decompositions.

Let H and K be two complex separable Hilbert spaces and let A : H →K be a linear operator. Then A is
compact if and only if there exists a null sequence (λk)k of positive numbers and orthonormal families (uk)k ⊂H
and (vk)k ⊂K such that

A = ∑λk〈uk, .〉vk.

The numbers (λk)k correspond to the singular values of A (i.e., the non-zero eigenvalues of |A|). If ∑
∞
1 λ 2

k < ∞, A is
called a trace-class (or nuclear) operator. Recall that every nuclear operator is the product of two Hilbert-Schmidt
operators. In particular, every nuclear operator is Hilbert-Schmidt.
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Perhaps the most important example of a rigged Hilbert space is the following

S (R) i
↪−→ L2(R,dx)

i∗
↪−→S ′(R)

where i is the natural inclusion and i∗( f )(ϕ)=
∫
R f (x)ϕ(x)dx. The Schwartz topology τS (R) can be seen as induced

by the following family of inner products

( f ,g)n =
∫
R
(1+ x2)2n

∑
0≤k≤n

f (k)(x)g(n)(x)dx , n ∈ N∗ , ( f ,g ∈S (R))

Observe that if U : H →K is a unitary map between Hilbert spaces H and K , then any RHS structure on
H induces an equivalent RHS structure on K . In this thesis we shall sometimes use the notation Φ without further
specification to refer to a RHS Φ ↪−→H ↪−→Φ

′
and we shall use the symbol τ to refer to its topology.

2.6 Generalized eigenvectors and the nuclear spectral theorem
Definition 2.6.1. Let A be a self-adjoint operator A in H . We say that A is a self-adjoint operator in a RHS
Φ ↪−→ H ↪−→ Φ

′
(or that the latter is a RHS for A) if Φ ⊂ D(A), AΦ ⊂ Φ, A |Φ is essentially self-adjoint and

A : Φ→Φ is τ-continuous.

Let A be a linear operator in H and Λ ⊂ A a dense linear subspace of H . Suppose moreover that AΛ ⊂ Λ.
A generalized eigenvector of A : Λ→ Λ with respect to a generalized eigenvalue λ ∈ C is a linear functional F ∈
Λ′\{0} such that F(Aϕ) = λF(ϕ) for every ϕ ∈ Λ. That is, F is an eigenvector for the dual operator A′ : Λ′→ Λ′,
defined by A′F = FA, with associated λ as an eigenvalue. A family G of generalized eigenvectors of A : Λ→ Λ is
said to be complete if for every ϕ ∈ Λ,

(Fϕ = 0, ∀ F ∈ G )⇒ ϕ = 0.

Now going back to the example of the momentum operator P in the Schrödinger representation L2(R,dx)
and considering the RHS S (R) ⊂ L2(R,dx) ⊂ S ×(R), it is well-known that P is a self-adjoint operator in the
latter RHS . For each λ ∈ R, denote by Tλ the regular distribution associated with the locally integrable function
e−iλx. One can then easily check that (Tλ )λ∈R forms a complete family of generalized eigenvectors of P in S (R).
Similarly, with the Dirac delta tempered distribution δ , one can check that (δ (x−λ ))λ∈R forms a complete family
of generalized eigenvectors of the position operator Q on S (R).

Let A be a self-adjoint operator in a RHS Φ ↪−→H ↪−→Φ
′
. The nuclear spectral theorem [8, 9] says that one can

always find a complete system of generalized eigenvectors for A|Φ. For the convenience, we provide in this section
a proof for cyclic self-adjoint operators, obtained via a closer look at the arguments in [8] and [43]. In particular, the
proof describes how to construct generalized eigenvectors by using nuclearity. Remark that the spectral theorem
implies that the study of many properties of cyclic self-adjoint operators on a RHS may be conducted in RHS
structures of the form Φ ↪−→ L2(R,dµ) ↪−→Φ′, such that QΦ⊂Φ and Q |Φ is essentially self-adjoint.

Theorem 2.6.1. Let Φ⊂H = L2(R,σ)⊂Φ′ be a RHS for Q. Then for every s≥ n in N∗ such that ιs,n is nuclear
and Q : (Φ,‖.‖s)→ (Φ,‖.‖n) is continuous, there exists a family of linear functionals {Fx}x∈R⊂Φ′s and a negligible
subset Y of R such that for ϕ̃ ∈Φs, ϕ̃(x) = Fx(ϕ̃) a.e., and for every x ∈ R\Y and ϕ ∈Φ, Fx(Qϕ) = xFx(ϕ).

Proof. Let {λk}k ⊂ R+, such that
ιs,n = ∑

k
λk〈uk, .〉svk, ∑

k
λk < ∞,

where {uk}k is an orthonormal basis of Φs, {vk}k is a family of everywhere defined functions such that {vk}k is an
orthonormal basis of Φn.
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It follows from [8, Lemma 1, p. 111] that the set X of real values x for which the series ∑k λk|vk(x)| does not
converge is σ -negligible. Put

Fx = ∑
k

λkvk(x)〈uk, .〉s, if x ∈ R\X , Fx = 0 if x ∈ X .

Since the functional 〈uk, .〉s has norm 1, we check easily that Fx ∈Φ′s for every x ∈ R. Let ψ ∈Φs. Then

ψ = ιs,n(ψ) = ∑
k

λk〈uk,ψ〉svk.

On the other hand,
Fx(ψ) = ∑

k
λkvk(x)〈uk,ψ〉s, x ∈ R\X .

Thus ψ(x) = Fx(ψ) a.e.
Next choose t ≥ s such that Q : (Φ,‖.‖t)→ (Φ,‖.‖s) is continuous and let {gk}k ⊂ Φ such that Λ = span{gk}k is
dense in Φt . Then Qgk ∈Φ and

(Qgk)(x) = Fx(Qgk) a.e., gk(x) = Fx(gk) a.e.

Hence there exists a negligible subset Yk of R such that

Fx(Qgk) = xFx(gk), x ∈ R\Yk.

Put Y = X ∪ (∪kYk). Let ψ ∈ Φ. Choose {hk}k ⊂ Λ such that ψ = limk hk for ‖.‖t . Then ψ = limk hk for ‖.‖s. We
have Qψ ∈Φ and

Qψ = Q(
‖.‖t
lim

k
hk) =

‖.‖s
lim

k
Qhk.

Fix x ∈ R\Y . Then

Fx(Qψ) = Fx(
‖.‖s
lim

k
Qhk) = lim

k
Fx(Qhk) = lim

k
xFx(hk) = xFx(ψ).

By using unitary equivalence and the spectral theorem for cyclic self-adjoint operators, we deduce the following
version of the nuclear spectral theorem in the cyclic case.

Corollary 2.6.1. Let A be a cyclic self-adjoint operator in a RHS Φ ⊂H ⊂ Φ′. Then A|Φ has a complete family
of generalized eigenvectors.

2.7 On the one-dimensional moment problem

2.7.1 Statement of the problem and the basic criteria
Consider the follolwing problem (P) : Given a closed subset K of R and a sequence s = (sn)n∈R ⊂ R, provide
creteria that ensure the existence of a positive Borel measure µ on R such that supp(µ)⊂ K and∫

R
xndµ = sn

If such a Borel measure exists, (sn)n∈N is said to be a K−moment sequence. We say that (sn)n is a Humburger
( resp. Stieltjes) moment sequence if moreover K = R (resp. K = [0,∞)). The problem is said to be determinate if
the measure is unique. Otherwise, the problem is said to be indeterminate. The two basic questions in the theory of
moments are existence and determinacy.
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Given a linear functional F on R[X ], we associate to F the sequence (sn)n∈N of moments defined by sn = F(xn)
for all n∈N (we identify a polynomial with its associated polynomial function). We also associate to F a symmetric
bilinear form defined on R[X ] by 〈P,Q〉F := F(PQ). It is clear that a linear functional F on R[X ] is uniquely
determined by its sequence of moments.

Let K be a closed set of R. We say that a polynomial P is positive on K if P(x) ≥ 0 for all x ∈ K. A linear
functional F is said to be positive on K if F(P)≥ 0 whenever P is positive on K. If moreover we have that F(P)> 0
for every positive polynomial P∈R[X ]\{0}, we say that F is positive definite on K. A real sequence (sn)n∈N is said
to be positive (resp. positive definite) on K if the linear functional Fs defined on R[X ] by Fs(xn) := sn is positive
(resp. positive definite) on K. In the case of K = R, we simply say that (sn)n and Fs are positive (positive definite).
Remark that the sequence (sn)n is positive if and only if we have

∑
0≤i, j≤m

si+ jxix j ≥ 0, xi ∈ R, m ∈ N.

We have the follwing basic criteria of existence.

Theorem 2.7.1. A real sequence (sn)n is a K−moment sequence if and only if the linear functional Fs is positive
on K.

Proof. See [39].

In particular we get the following

Corollary 2.7.1. 1. A real sequence (sn)n is a Hamburger-moment sequence if and only if it is positive.

2. A real sequence (sn)n is a Stieltjes-moment sequence if and only if (sn)n and (sn+1)n are positive.

2.7.2 Orthogonal polynomials and three-terms recurrence relations
Let s = (sn)n be a positive definite sequence. In this case (sn)n generates a scalar product on R[X ] given by
〈xm,xn〉s = sm+n. Now, applying the Gram-Schmidt process on the canonical polynomial basis, we get the so-
called orthonormall family of polynomials (Pn)n associated to s and which then forms an orthonormal basis for the
pre-Hilbert space (R[X ],〈., .〉s). Moreover, we have deg(Pn) = n.

We also associate to s the sequence of Hankel matricies (Hn)n and Hankel determinants (Dn)n defined by

Hn =


s0 ... sn
s1 ... sn+1
...

...
...

sn ... s2n

 Dn = det(Hn) , ∀n ∈ N

The sequence s is said to be normalized if s0 = 1. We suppose that s is normalized form now on.

Proposition 2.7.1. We have that P0(x) = 1 and the leading coefficient of Pn(x) is

an =

√
Dn−1

Dn

Moreover, the Pn’s are given by the explicit formula

Pn(x) =
1√

Dn−1Dn

∣∣∣∣∣∣∣∣∣
s0 s1 ... sn
...

...
...

...
sn−1 sn ... s2n−1

1 x ... xn

∣∣∣∣∣∣∣∣∣ , (n ∈ N∗)
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Proposition 2.7.2. The orthonormal polynomials (Pn(x))n∈N associated to s satisfy the following three-terms rela-
tion

xPn(x) = dnPn+1(x)+ cnPn(x)+dn−1Pn−1(x), d−1 = 0, n ∈ N

where

cn = Fs(xPn(x)2), dn =

√
Dn−1Dn+1

Dn

Moreover, the leading coefficient of Pn is (d0d1...dn−1)
−1.

For each n ∈ N, denote by pn the monic polynomial associated to Pn.

Corollary 2.7.2. The monic orthonormal polynomials (pn(x))n∈N associated to s satisfy a three-terms relation of
the form

pn+1(x) = (x− cn)pn(x)−d2
n−1 pn−1(x), p0(x) = 1, p−1(x) = 0, n ∈ N

where cn and dn−1 are as in the above proposition.

Conversely, we have the following

Proposition 2.7.3. (Favard’s theorem) Let (dn)n be a stricly positives real sequence, (cn)n be a real sequence and
(Pn)n a family of polynomials defined by the induction relation in the proposition 2.7.2 with P−1 = 0,P0 = 1 and
d−1 = 0. Then there exists a positive definite real sequence s= (sn)n such that (Pn) are the orthonormal polynomials
associated to s.

2.7.3 Self-adjoint operators and the Hamburger moments problem
Let (sn)n be a positive definite sequence and consider the complex scalar product 〈., .〉 which extends the real scalar
product 〈., .〉s induced by (sn)n on R[X ]. Hence the family (Pn(x))n is orthonormal for this scalar product. Denote by
H the Hilbert space completion of (C[X ],〈., .〉) and consider the linear operator defined on C[X ] by A f (x) = x f (x).
It is easy to see that A is symmetric. Moreover, using the conjugation criterion, we infer that A admits self-adjoint
extensions.

Theorem 2.7.2. Every self-adjoint extension B of A in H provides a solution µ = PB
1 of the moment problem (P).

Conversely, let µ be a solution of the moment problem (P), then A⊂Q and µ = PQ
1 , where Q is the usual position

operator in L2(R,dµ).

We have the following result on determinacy

Theorem 2.7.3. The moment problem associated to (sn)n is determinate if and only if Q :C[X ]→H , P(x) 7→ xP(x)
is essentially self-adjoint. In this case, if µ denotes such a unique positive measure on R, C[X ] is dense in L2(R,dµ).

Proof. See [39].

2.8 On Hermite and Laguerre polynomials

2.8.1 Hermite polynomials
We shall use the following form of the real and complex Hermite polynomials (see [44] and [45] for the complex
case)

Hn(x) = (−1)nex2 dn

dxn e−x2

We have the following recurrence relation

Hn(x) = 2xHn−1(x)−H ′n(x) (?)
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which allows one to compute Hn by induction on n. In particular, Hn is a polynomial of degree n whose leading
term is (2x)n. Moreover, Hn is even or odd depending on wheither n is even or odd.

Remark that

Hn(x) =
[n/2]

∑
k=0

n!(−1)k

k!(n−2k)!
(2x)n−2k (2.1)

We now investigate orthogonality properties of the Hermite polynomials. We shall be working with the spaces
L2(R,dx) and L2(R,e−x2

dx)

Theorem 2.8.1. The family (Hn)n forms an orthonormal basis for L2(R,e−x2
dx).

We have the following

Theorem 2.8.2. For any x ∈ R and z ∈ C we have

∞

∑
0

Hn(x)
zn

n!
= e2xz−z2

Differentiating the identity above with respect to x yealds

∞

∑
0

H ′n(x)
zn

n!
= 2ze−2xz−z2

= 2
∞

∑
0

Hn(x)
zn+1

n!
= 2

∞

∑
1

Hn−1(x)
zn

(n−1)!

Now polynomial identification yealds

H ′0 = 0, H ′n = 2nHn−1 for n > 0.

Combining this with (?), one gets the recurrence formula

Hn(x) = 2xHn−1(x)−2(n−1)Hn−2(x)

as well as the differential equation
H ′′n (x)−2xH ′n(x)+2nHn(x) = 0

We awill also use the following result called Mehler’s formula

Proposition 2.8.1. Let r ∈ (−1,1) and x,y ∈ R. We have

∞

∑
n=0

rn Hn(x)Hn(y)
2nn!

= (1− r2)−1/2exp(
2xyr− r2(x2 + y2)

1− r2 ).

For many purposes it is preferable to replace the Hermite polynomials by the Hermite functions defined by

hn(x) = e−x2
Hn(x)

The Hermite functions (hn)n form an orthonormal basis for L2(R,dx) and they satisfy

xhn(x)+h′n(x) = 2nhn−1(x)

xhn(x)−h′n(x) = hn+1(x)

h′′n(x)− x2hn(x)+(2n+1)hn(x) = 0

Definition 2.8.1. (Schauder basis) Let E be a topological vector space. A family (en)n of elements of E is said to
be a Schauder basis of E if for all x ∈ E, there exists a unique sequence (an)n of scalars such that x = ∑

∞
n=0 anen,

where the convergence of the infinite sum is in the sense of the topology of E.

Theorem 2.8.3. The Hermite functions (hn)n form a Shauder basis of the Schwartz space S (R).
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2.8.2 Laguerre polynomials
Let α be a real number such that α > −1. The nth Laguerre polynomial Lα

n corresponding to the parameter α is
defined by

Lα
n (x) =

x−α ex

n!
dn

dxn (x
α+ne−x)

We have

Lα
n (x) = xα ex

n

∑
k=0

1
k!(n− k)!

dk

dxk
dn−kxα+n

dxn−k =
n

∑
k=0

(n+α)(n−1+α)...(k+1−α)

k!(n− k)!
(−x)k

Thus Lα
n is a polynomial of degree n and its leading coefficient is given by (−1)n

n! .
The family (Lα

n )n forms an orhtogonal basis of the Hilbert space L2(R+,xα e−x). Moreover

||Lα
n ||L2(R+,xα ex) =

Γ(n+1+α)

n!

We now derive the generating function for the Laguerre polynomials

Theorem 2.8.4. For x > 0 and and |z|< 1,

∞

∑
n=0

Lα
n (x)z

n =
e−xz/(1−z)

(1− z)α+1

Recall the following formulas connecting Hermite and Laguerre polynomials (see for instance [46])

H2n(x) = (−1)n22nn!L−1/2
n (x2), H2n+1(x) = (−1)n22n+1n!xL1/2

n (x2).
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CHAPTER 3

GENERALIZED EIGENVECTORS AND THE ASSOCIATED
REPRESENTATIONS

3.1 Some algebraic preliminaries
Let Λ be a complex vector space and let T : Λ→ Λ be a linear map. The spectrum of T is

σ(T,Λ) = {λ ∈ C : T −λ is not bijective}.

We denote by Λ∗ the dual space of Λ, elements of Λ∗ are the linear functionals F : Λ→C. Denote by T ◦ : Λ∗→Λ∗

the dual of T , which is defined by T ◦F = FT . It is easy to see that if the range of T has finite codimension n,
then the dimension of KerT ◦ is equal to n. If F is an eigenvector of T ◦ with respect to the eigenvalue λ , we say
that (F,λ ) (or F) is an algebraic generalized eigenvector of T and λ is an algebraic generalized eigenvalue of T .
Suppose that Λ is endowed with a linear topology τ . Suppose moreover that Λ is endowed with a scalar product
which is τ-continuous in each variable. Then Λ⊆Λ′ via u 7→ 〈u, .〉 (we assume that our scalar products are antilinear
in the first argument). Denote by H the Hilbert space completion of (Λ,〈., .〉). Clearly we have H ⊆ Λ′. Since
we want to deal with linear embeddings, we shall also deal with antidual spaces. We denote by Λ∗ the algebraic
antidual space of Λ (i.e., the space of antilinear functionals on Λ), and by Λ× the topological antidual space (with
respect to τ). Clearly, elements of Λ∗ (resp. Λ×) are of the form F where F ∈ Λ∗ (resp. Λ′) and Fu = Fu for every
u. Analogously, we define Tn : Λ∗→ Λ∗ by TnF = FT and T× : Λ×→ Λ× by T×F = FT . We have

Λ⊂H ⊂ Λ
× ⊂ Λ∗.

Moreover, let T ∗ be the Hilbert adjoint of T , then it is easy to see that

D(T ∗) = {u ∈H : Tnu ∈H }= (Tn)−1(H )∩H , T ∗ = Tn |DT∗ .

For F ∈ Λ∗ and ϕ ∈ Λ, we shall use the notations F(|ϕ)) = (ϕ,F〉 = 〈F |ϕ). We shall deal with topological,
algebraic, linear or antilinear generalized eigenvectors. The words ”linear, antilinear, topological and algebraic”
can be omitted when there is no risk of ambiguity.

Let Λ,Ω be complex linear spaces and let T : Λ→ Ω be a bijective linear map. Then it is clear that Ω∗ =
{FT−1 : F ∈ Λ∗}. In particular, if Λ and Ω are linear topological spaces and if T is a topological isomorphism,
then Ω′ = {FT−1 : F ∈ Λ′}.
For any linear map T defined on a linear space having a countable basis {en}n, we denote by M(T,{en}n) the matrix
of T with respect to the basis {en}n

Finally, given a set of functions Λ defined on the real line, we denote by Z (Λ) its zero set, that is

Z (Λ) = {x ∈ R : g(x) = 0 ∀ g ∈ Λ}.
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3.2 Generalized eigenvectors and associated representations
Throughout this section, X is a subset of C and H is a Hilbert space. To deal freely with evaluation maps, we first
consider general spaces of functions. We shall say that a complex linear space Ω is a space of functions on X if all
elements of Ω are functions f : X→C; in particular, f = 0 if and only if f (x) = 0 for every x ∈ X . In the following,
for all x ∈ X , we denote by δx the evaluation map on Ω defined by δx : f 7→ f (x).
Our discussion is based on the following elementary lemma.

Lemma 3.2.1. Let Ω be a space of functions on X, f : X → C a function, and A : Ω→Ω be a linear map. Then A
is defined by Aψ = f ψ for all ψ ∈Ω if and only if for every x ∈ X, either δx is a generalized eigenvector for A with
respect to f (x) or δx = 0.

Proof. This is straightforward. Just observe that for every ψ ∈Ω and x ∈ X ,

Aψ(x) = f (x)ψ(x)⇔ δx(Aψ) = f (x)δx(ψ)⇔ (A◦δx)(ψ) = f (x)δx(ψ).

3.2.1 Completeness
From now on, in this section we suppose that A is a linear operator in H , Λ is a dense linear subspace of H such
that Λ⊂ D(A) and AΛ⊂ Λ. Let {(Fx, f (x))}x∈X be a family of generalized eigenvectors of A |Λ. For every ϕ ∈ Λ,
consider the function ϕ̃ defined on X by ϕ̃(x) = Fx(ϕ) and put Ω = {ϕ̃ : ϕ ∈ Λ}. Then it is easy to see that Ω is
a space of functions on X and that for every x ∈ X , δx 6= 0. Moreover, the map T : Λ→ Ω defined by T ϕ = ϕ̃ is
linear and surjective by construction.
Here and subsequently, we suppose that δx 6= 0 for all x ∈ X in every considered space of functions on X . Let us
consider the following general definition of completeness (see [8, p.120]). A family {Fλ}λ of elements of Λ∗ (or
Λ∗) is said to be complete if for every ϕ ∈ Λ, Fλ (ϕ) = 0 for every λ implies that ϕ = 0.

Lemma 3.2.2. The following assertions are equivalent:

(i) The family {Fx}x∈X is complete.

(ii) The map T : Λ→Ω defined by T ϕ = ϕ̃ is injective.
In this case, for every ψ ∈Ω, we have TAT−1(ψ(x)) = f (x)ψ(x). Moreover, if Λ is a linear topological space, and
Ω is endowed with the final topology induced by T , then for every x, the evaluation map on Ω is continuous if and
only if Fx is continuous.

Proof. The implication (ii)⇒ (i) is obvious. Let us show that (i)⇒ (ii): Suppose that for some ϕ ∈ Λ, T ϕ = 0.
Then ϕ̃(x) = 0 for every x. That is, Fx(ϕ) = 0 for every x. By completeness of the family {Fx}x, we get ϕ = 0.
Hence T is injective.
Next suppose that Λ is a topological space and that Ω is equipped with the topology induced by T . Then the map
T is continuous. Since δx = FxT−1, we obtain the desired conclusion.

3.2.2 Coherence-like conditions
In [27], Klauder and Skagerstam observed that coherent states share two basic properties : strong continuity and
completeness. Next we generalise those two properties to the case of a family of generalized eigenvectors. We
shall say that {Fx}x∈X is strongly continuous if for every sequence {xn} ⊆ X satisfying limn xn = x where x ∈ X ,
we have limn Fxn(ϕ) = Fx(ϕ) for every ϕ ∈ Λ. On the other hand we shall say that {Fx}x∈X is measure-complete if
there exists a positive measure µ on X , a closed subspace K of L2(X ,dµ) and a unitary map U : H →K such
that (Uϕ)(x) = Fx(ϕ) for every ϕ ∈ Λ. Observe that this is equivalent to the fact that there exists a Hilbertian basis
{en}n of H contained in Λ and a positive measure µ such that the functions {Fx(en)}n form an orthonormal family
of L2(X ,dµ). In the case where Fx ∈H for every x ∈ X , we recover Klauder-Skagerstam’s conditions.

The next proposition provides a criterion of completeness for a family of generalized eigenvectors of A. It may
be used to construct new representations using generalized eigenvectors of certain operators.
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Proposition 3.2.1. Suppose that {Fx}x∈X is measure-complete. Then it is complete. Suppose moreover that Λ

is endowed with a metrizable linear topology τ finer than that of the norm of H such that the maps Fx are τ-
continuous, and let Λ′ be the completion of (Λ,τ). Then the family {F̃x}x∈X is complete, where F̃x is the continuous
extension of Fx to Λ′.

Proof. Let ϕ be an element of Λ and suppose that for every x, Fx(ϕ) = 0. Let µ be a positive measure on X
associated to the measure-complete family {Fx}x and let K be a closed subspace of L2(X ,µ) such that there exists
a unitary map U : H →K satisfying (Uψ)(x) = Fx(ψ) for every ψ ∈ Λ. Then (Uϕ)(x) = 0 for every x. That is,
Uϕ = 0. Since U is unitary, we get ϕ = 0. Next let us prove the second assertion. Let ϕ ∈ Λ′ and suppose that for
every x, F̃x(ϕ) = 0. In the case that ϕ ∈ Λ, we have F̃x(ϕ) = Fx(ϕ) and we are done. Next suppose that ϕ ∈ Λ′ \Λ

and consider a sequence {ϕn}n ⊆ Λ such that limn ϕn = ϕ for the topology τ . Since τ is finer than the topology
induced by the norm ‖.‖ on Λ, the sequence {ϕn}n converges to ϕ in H . We have (Uϕn)(x) = Fx(ϕn) for every x
and the sequence {Uϕn}n converges to Uϕ in L2(X ,µ). In particular, a subsequence of {Uϕn} converges pointwise
almost everywhere on X to Uϕ . On the other hand, since the maps Fx are continuous, limn Fx(ϕn) = F̃x(ϕ) = 0.
This entails that the map (Uϕ)(x) = 0 almost everywhere, that is Uϕ = 0. Finally, we infer that ϕ = 0.

3.2.3 Construction of the representation
Let A be a linear operator in H and suppose that Λ is a dense linear subspace of H such that Λ ⊂ D(A) and
AΛ⊆Λ. Suppose moreover that there exists a hilbertian basis {en}n of H contained in Λ such that AΛ′ ⊂Λ′ where
Λ′ = span{en : n ∈ N}. Let {(Fx, f (x))}x∈X be a measure complete family of antilinear generalized eigenvectors
of A |Λ′ . Denote by µ the corresponding measure. Put Fx(en) = ψn(x). It follows from Lemma 3.2.2 that the
linear map U : Λ′ → span{ψn(x) : n ∈ N} defined by U(en) = ψn(x) is bijective. Consider the abstract set K =
{∑n cnψn(x) : ∑n |cn|2 < ∞}. Then K may be seen as a Hilbert space, where the scalar product is the completion
of

(ϕ,ψ) =
∫

X
ϕ(x)ψ(x)dµ(x), ϕ,ψ ∈UΛ

′, (3.1)

and the map U can be extended to a unitary map U : H →K . We have Fx = δxU |Λ′ for every x ∈ X , which
entails that UAU∗ψ(x) = f (x)ψ(x) for every ψ(x) ∈UΛ′. We shall say that the representation K is realized with
the family of antilinear generalized eigenvectors {(Fx, f (x))}x∈X . Moreover, K is the completion of the space
of functions UΛ′ = span{ψn(x) : n ∈ N}. Since UΛ′ ⊆L 2(X ,dµ), by using classical arguments, we can either
suppose that the completion K of UΛ′ is contained in L 2(X ,dµ), and K is a function space (see for instance [47,
Proof of Theorem 3.4.1]), or we may suppose that K \UΛ′ ⊆ L2(X ,dµ). In particular, in the first case, evaluation
maps are defined on K , but certainly, they are not in general continuous on K . Put FxU∗ = |x〉. Then

(ϕ,ψ) =
∫

X
dµ FxU∗(ϕ)FxU∗(ψ) =

∫
X

dµ (ϕ|x〉〈x|ψ), ϕ,ψ ∈UΛ
′. (3.2)

Hence the notation
I |UΛ′ ≡

∫
X

dµ |x〉〈x|.

On the other hand, we may put as a notation, ψ(x) = 〈x|ψ) for every ψ ∈K . Then the equality (3.2) has a meaning
in K and we may also use the notation I ≡

∫
dµ |x〉〈x| on the space K .

Next suppose that we endow Λ′ with a metric topology τ finer than the one induced by the norm of H that makes
the maps Fx continuous and such that Λ coincides with the completion of (Λ′,τ), then by Lemma 3.2.2, evaluation
maps are continuous on UΛ with respect to the topology Uτ induced by τ . On the other hand, observe that for
every measurable function g : X → C which does not vanish, (g(x)Fx, f (x)) is a generalized eigenvector of A |Λ′
and the representation realized with respect to the family {g(x)|x〉}x corresponds to a Hilbert space contained in
L2(X , |g(x)|−2dµ).
Finally, we distinguish three particular cases:
(1) All the maps Fx are continuous with respect to the norm of H , hence |x〉 can be seen as an element of K and
evaluation maps are continuous on K . That is, K is a reproducing kernel Hilbert space (RKHS). Put δx = 〈kx, .〉,

41



CHAPTER 3. GENERALIZED EIGENVECTORS AND THE ASSOCIATED REPRESENTATIONS

then its reproducing kernel is K(y,x) = 〈ky,kx〉.
(2) For every x, Fx is continuous with respect to τ . Hence evaluation maps are continuous on UΛ with respect to
Uτ .
(3) For every x, Fx is not continuous with respect to τ . Hence evaluation maps are not continuous on UΛ with
respect to Uτ .
We shall use the notation Fx ≡ |x〉, when there is no risk of ambiguity.

3.2.4 Change of bases formulas
Recall that if T : K1 → K2 is a unitary map, where K1 and K2 are two finite-dimensional Hilbert spaces of
dimension n, and if {u j

i }i is an orthonormal basis of K j, then for every u ∈K1, we have

|u〉=
n

∑
k=1
〈u1

k |u〉|u1
k〉, |u1

i 〉= ∑
k

δik|u1
k〉.

Hence we may write I =∑
n
i=0 |u1

i 〉〈u1
i | and 〈u1

i |u1
k〉= δik. On the other hand, we have |Tu〉=∑i,k〈u1

k |u〉 〈u2
i |Tu1

k〉|u2
i 〉,

hence we have
〈u2

i |Tu〉= ∑
k
〈u1

k |u〉〈u2
i |Tu1

k〉.

Analogously, we get
〈u1

k |T−1v〉= ∑
i
〈u2

i |v〉〈u1
k |T−1u2

i 〉.

In particular, observe that 〈u2
i |Tu1

k〉 = 〈u1
k |T−1u2

i 〉. In Dirac’s formalism, analogous formulas are used for the so
called continuous bases, the symbol sum is replaced by the integral [35]. Next we explain a rigorous form. let
K1,K2 be two infinite dimensional Hilbert spaces, where K j is a closed subspace of L2(X j,dµ j). Suppose that
K j is realized with a measure complete family of antilinear generalized eigenvectors {(|x j〉, f j(x j))}x∈X j of the
operator A j : Λ→ Λ, where Λ is a dense linear subspace of H . Let U j : H →K j be the corresponding unitary
map, that is, U jA jU∗j ψ(.) = f j(.)ψ(.), for ψ(.) ∈U jΛ. Put V =U2U∗1 .
Let x,x′ ∈ X j. If the evaluation maps lie in K j, then we may put 〈x′,x〉 = K(x′,x), the reproducing kernel of K j.
In the general case, observe that if we put as in the finite case 〈x,x〉 = 1 and 〈x,x′〉 = 0 if x 6= x′, then the formula
ψ(.) = ∑x′∈X j〈.,x

′〉ψ(x′) has a rigorous meaning. Here the sum is trivial. For a general definition of the sum (over
an uncountable set) in a normed space see for instance [48, p. 113].
Now for the change of bases formulas between (K1,{|x1〉}x1∈X1

) and (K2,{|x2〉}x2∈X2
), we can ask the following

question:
Question : Is there a family of scalars 〈x1,x2〉 such that

V Ψ(x2) =
∫

X1

dµ1 〈x2,x1〉 ψ(x1), ψ ∈U1Λ,

In other words, is V |U1Λ an integral transform? What about V ∗ and if V ∗ |U2Φ is an integral transform, do we have
〈x2,x1〉= 〈x1,x2〉?
Observe that if an integral transform exists between (K1,{|x1〉}) and (K2,{|x2〉}), then we can use it to deduce an
integral transform between (K1,{g1(x)|x1〉}) and (K2,{g2(x)|x2〉}), where g j : X j → C is a measurable function
which does not vanish.
Let {en}n be a Hilbertian basis of H contained in Λ. Let F ∈ Λ∗. We shall say that F is continuous with respect to
{en}n if for every ϕ ∈ Λ, F(ϕ) = limk ∑

k
n=0 F(en)(ϕ|en). In this case, we write F = ∑F(en)|en). Next we provide

a result which is in the same spirit of the construction of integral transforms described in [49, ch. 5].

Lemma 3.2.3. Suppose that there exists an Hilbertian basis {en}n of H contained in Λ such that for every x j,
|x j〉 is continuous with respect to {en}n, ( j = 1,2). Suppose moreover that for every x2, the sum ∑n |(en|x1〉〈x2|en)|
converges in L2(X1,dµ1). Then for every ψ(x1) ∈U1Λ

(V Ψ(.))(x2) =
∫

X1

dµ1(x1) 〈x2,x1〉ψ(x1),
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where 〈x2|x1〉= ∑n(en|x1〉〈x2|en) ∈ L2(X1,dµ1).

Proof. Fix x2 ∈X2. Put Gk =∑
k
n=0(en|x2〉|en). Then Gk ∈Λ. Let ψ ∈Λ. Then [U2ψ](x2)= 〈x2|ψ)= limk(Gk,ψ)=

limk(U1Gk,U1ψ). Since I |U1Λ=
∫

X1
dµ1(x1)|x1〉〈x1|, we get

[U2ψ](x2) = [V ψ(x1)](x2) = lim
k

∫
X1

dµ1(x1)(Gk|x1〉〈x1|ψ).

On the other hand, it follows from our assumption on the sum that ∑n |(en|x1〉〈x2|en)〈x1|ψ)| lies in L1(X1,dµ1).
Hence we can interchange the integral and the sum in the above equality and we get

[V ψ(.)](x2) =
∫

X1

dµ1(x1)〈x2|x1〉〈x1|ψ),

where 〈x2|x1〉= ∑n(en|x1〉〈x2|en), as desired.

At this stage, let us mention that Antoine and Grossmann initiated the study of vector spaces with an inner
product defined partially, see for instance [7, 50, 23].

3.2.5 The spectral theorem and generalized eigenvectors
The nuclear spectral theorem asserts that any unitary or self-adjoint operator of the RHS Φ ⊂H ⊂ Φ× admits a
complete family of continuous generalized eigenvectors (see the proof in [8] and a revised and corrected version
in [43]). Next we provide an elementary construction of a complete family of algebraic generalized eigenvectors
for unitary or self-adjoint operators which are cyclic in a Hilbert space. In the case of a RHS Φ ⊂H ⊂ Φ×, our
construction is suitable for cyclic unitary or self-adjoint operators having a cyclic vector lying in Φ. Observe that
this is the case for many physical operators (see the next chapter).

Theorem 3.2.1. Let A be a cyclic linear operator in H . Suppose that there exists a set X ⊆ C, a positive measure
µ on X and a unitary map U : H → L2(X ,dµ) such that UAU∗(ψ(x)) = xψ(x) for every ψ(x) ∈UD(A). Let ϕ be
a cyclic vector of A and put Λ = span{Anϕ : n ∈ N}. Then there exists a complete family {Fx}x∈X of generalized
eigenvectors of A |Λ such that (Uψ)(x) = Fx(ψ) for every ψ ∈ Λ and x ∈ X.

Proof. The linear operator UAU∗ is cyclic and it is easy to see that Uϕ is a cyclic vector. Hence L2(X ,µ) =
span{xn(Uϕ)(x) : n ∈ N}. This entails that for every non-negligible subset Y of X , we must have Uϕ |Y 6= 0. Hence
we can choose a true function, ψ0 : X → C representative of Uϕ such that ψ0(x) 6= 0 for every x ∈ X . Consider the
functions ψn : X → C defined by ψn(x) = xnψ0(x). We have UAU∗(ψn(x)) = ψn+1(x). We distinguish two cases,
either H is infinite-dimensional, hence the set {Akϕ : k ∈ N} is linearly independent; or H has finite dimension,
hence there exists N ∈ N such that {Akϕ : 0 ≤ k ≤ N} is a basis of H and dimH = N + 1. For every x ∈ X ,
consider the linear form Fx ∈ Λ∗ defined by Fx(Anϕ) = ψn(x). Then Fx 6= 0 and FxA |Λ= xFx. Next let us show
that the family {Fx}x∈X is complete. Let ψ = ∑

l
n=0 cnAnϕ ∈ Λ, where l ∈ N and suppose that Fx(ψ) = 0 for every

x ∈ X . Since ψ0 does not vanish on X , we infer that ∑cnxn = 0 for every x ∈ X . Consider the complex polynomial
P = ∑

l
k=0 ckXk. Either P = 0, or it has at most l roots. Suppose for a moment that P 6= 0 and has degree l. Then

X must be finite, with cardinality at most l. This implies that dimH ≤ l. On the other hand, N ≥ l, that is
dimH ≥ l +1, a contradiction. This completes the proof.

Remark 3.2.1. Using the notations of the above proposition, let N ∈ N∪{∞} be maximal such that {Anϕ}0≤n≤N
is linearly independent. Then it is easy to see that the norm defined on Λ by ‖∑

N
n=0 cnAnϕ‖= ∑ |cn|(n+1)n makes

all the functionals Fx continuous.

For the general case of a self-adjoint operator, we have the following : using the notations in Section 2.3.7, we
denote by Λ = Λ({ϕ j} j) the linear span of Akϕ j, where k ∈ N and j ∈ J and let π j : Λ→ span{Akϕ j : k ∈ N} be
the natural projection. .
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Theorem 3.2.2. Let A be a self-adjoint linear operator in H and let Φ be a dense linear subspace of H such
that AΦ ⊆ Φ. Let U : H →K =

∫ ⊕
X Hx dµ(x) be the direct integral representation associated to A, such that

UAU∗ψ(x) = xψ(x) for every ψ(x)∈UD(A). Then there exists a dense linear subspace Λ of H with Λ⊆Φ, AΛ⊂
Λ, and a family {Fx}x∈σ(A) of generalized eigenvectors of A |Λ such that (Uψ)(x) = (Fx(πi1ψ), . . . ,Fx(πin(x)ψ))

for every ψ ∈ Λ. Moreover, for every x and j ∈ Jx, Fxπ j is a generalized eigenvector of A |Λ and the family
{Fxπ j : x ∈ σ(A), j ∈ Jx} is complete.

Proof. Since Φ is dense in H , it contains a spectral basis {ϕ j} j∈J , where J ⊆ N. Consider the representation of
H defined by K1 = ⊕ j∈JL2(X j,dµ) where X j ⊆ σ(A), L2(X j,dµ) is associated to ϕ j as described above. As in
the proof of Theorem 3.2.1, for every j, choose a true function ϕ

j
0(x) : X j → C which does not vanish and such

that ϕ
j

0(x) = ϕ j(x) in L2(X j,dµ). Fix x ∈ σ(A) and j. Consider the linear functional Fx defined on Λ = Λ({ϕ j} j)

by Fx(Akϕ j) = 0 if x 6∈ X j and Fx(Akϕ j) = xkϕ
j

0(x) if x ∈ X j. Since the family {Akϕ j : k ∈ N, j ∈ J} is linearly
independent, then Fx is well defined. Fix j ∈ J and let ψ ∈ span{Akϕ j : k ∈ N}. Then (U jψ)(x) = Fx(ψ) for every
x ∈ X j. Let ψ ∈ Λ, then ψ = ∑ j π jψ , and

(Uψ)(x) = (Fx(πi1ψ), . . . ,Fx(πin(x)ψ)).

Next let us check that the family {Fxπ j}x, j is complete. Let ψ ∈ Λ and suppose that Fxπ jψ = 0 for every x and j.
Then, by the above result, for every j, π jψ = 0. Thus, ψ = 0 as desired.

3.3 True vectors for a self-adjoint operator
Let A be a self-adjoint operator in a Hilbert space H . We shall see that there exist spectral bases based on
polynomials of A instead of the resolvent. Let ψ ∈H . Remark that PA

ψ has finite moments if and only if ψ ∈D∞(A).
In this case, we have ∫

R
λ

n dPA
ψ = 〈ψ,An

ψ〉, (n ∈ N).

Put Λψ = span{PA(Λ)ψ : Λ interval }, so that Hψ =Λψ . Suppose next that ψ ∈D∞(A) and set T Λψ = span{Anψ :
n ∈ N}. We shall say that ψ is a true vector for A if Hψ = T Λψ . Hence ψ is a true vector for A if and only if
polynomials are dense in L2(R,PA

ψ ). If moreover the moment sequence {〈ψ,Anψ〉}n is determinate, we shall say
that ψ is a fundamental vector for A. In this case, PA

ψ is the unique associated moment measure. Now suppose
that the sequence {〈ψ,Anψ〉}n is positive definite. This is equivalent to the fact that the family {Anψ : n ∈ N} is
linearly independent. Then the family {〈ψ,Anψ〉}n is determinate if and only if the operator A |T Λψ

is essentially
self-adjoint. On the other hand, if {〈ψ,Anψ〉}n is not determinate, then A |Hψ

has a singular spectrum.
Remark that via Theorem 2.3.9, every cyclic self-adjoint operator A has a true vector ψ which is a cyclic

vector. In particular, every self-adjoint operator A admits a spectral basis formed by true vectors. If moreover A has
absolutely continuous spectrum, then it admits a spectral basis formed by fundamental vectors.
Observe that if µ1 and µ2 are two positive regular Borel measures with finite moments and U : L2(R,dµ1)→
L2(R,dµ2) is a unitary map such that UQU∗ = Q, then it may be that µ1 is determinate but µ2 is not. Next we
provide an elementary concrete example.

Exemple 3.3.1. Consider the pair of operators (Ps,Q) in the one dimensional Schrödinger representation Hs =
L2(R,dx), where Ps is the momentum operator. Both Ps and Q are cyclic, a common fundamental cyclic vector is the
Hermite function h0 = e−x2/2. More generally, observe that if ψ is a true vector for Ps, then supp ψ = supp Fψ =R.
In particular, ψ and Fψ are cyclic vectors for Q. On the other hand, elements of C ∞

c (R) are cyclic vectors for
Ps but are not true vectors. Fix g ∈ C ∞

c (R), then PPs
g = |ĝ(x)|2dx. Since ĥ0 = h0, then PPs

h0
= e−x2

dx. With no loss

of generality, we suppose that ĝ(x) 6= 0 for every x. Let V : L2(R,e−x2
dx)→ L2(R, |ĝ(x)|2dx) be the unitary map

defined by V f = e−x2/2(ĝ(x))−1 f (x) for every f ∈ C[X ], then 1 is a fundamental vector for Q in L2(R,e−x2
dx),

while polynomials are not dense in L2(R, |ĝ(x)|2dx).
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Remark 3.3.1. 1. A true cyclic vector ϕ for Q in L2(R,dµ) do necessarly satisfy supp(µ)⊂ supp(ϕ).

2. Recall that in the case of a finite Borel measure µ , the constant function x 7→ 1 is a cyclic vector for Q
in L2(R,dµ). However, it is not a true cyclic vector in general. Indeed, this is equivalent to the fact that
polynomials are dense in L2(R,dµ) which is not always the case. It is however the case for example if dµ is
finite and with a distribution function which decays faster than polynomials at infinity (the Gaussian measure
dµ = e−x2

dx for example). This is the case in particular if dµ is finite and compactly supported.
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CHAPTER 4

CASE STUDIES

4.1 The algebra of the Harmonic oscillator
We describe in this section the number representation and the associated RHS. Let Ψ be a complex linear space and
let P, Q :Ψ→Ψ be linear operators satisfying the canonical commutation rule (CCR), that is [P,Q] =−ih̄I. Put

H =
1

2m
P2 +

mω2

2
Q2, a =

√
mω

2h̄
Q+

i√
2mω h̄

P,

a+ =

√
mω

2h̄
Q− i√

2mω h̄
P, N = a+a.

The following properties, which are well known, are easy to prove

Lemma 4.1.1. (1) H = h̄ω(N + 1
2 I) = h̄ω

2 (a+a+aa+), [a,a+] = I and [a,(a+)n] = n(a+)n−1.

(2) If α is an eigenvalue of N and v is an α-eigenvector, then Na+v = (α +1)a+v and Nav = (α−1)av.

Remark 4.1.1. Suppose that a scalar product is defined on Ψ. Then P and Q are symmetric if and only if a∗+ = a.

Next we state the basic properties of irreducible algebraic representations of the Heisenberg algebra generated
by I,P,Q, such that the Hamiltonian has a minimal real eigenvalue. This is slightly more general than [14] (see also
[33]), since we do not suppose that Ψ is endowed with a scalar product (., .). We provide a proof for completeness.

Theorem 4.1.1. Suppose that H admits a minimal real eigenvalue λ . Let u be a λ -eigenvector and suppose that Ψ

coincides with the minimal complex linear subspace containing u and invariant under P and Q. Then

(1) λ = ω h̄
2 and 0 is the minimal eigenvalue of N. Set ϕ0 = u and for every k ≥ 1, set ϕk := (a+)kϕ0. Then ϕk 6= 0

and Nϕk = kϕk.

(2) Ψ coincides with span{ϕ0,ϕ1, ..} and σ(N,Ψ) = N.

(3) There exists a unique scalar product (., .) on Ψ for which P and Q are symmetric and ‖ϕ0‖ = 1. In this case,
the states {ϕk}k are orthogonal.

(4) For all k ≥ 0 let φk =
1√
k!

ϕk. Then the family {φk}k is an orthonormal basis of Ψ. Moreover, aφ0 = 0 and we
have

a+φk =
√

k+1φk+1, aφl =
√

lφl−1, Nφk = kφk, k ∈ N, l ∈ N∗.
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Proof. For (1), let α be the corresponding minimal real eigenvalue of N. Then, α−1 is not an eigenvalue of N and
it follows from Lemma 4.1.1 that au = 0. Therefore αu = Nu = 0, hence α = 0. Now for the second assertion it is
easy to check, using once again Lemma 4.1.1, that for every k, Nϕk = kϕk. Suppose that for some k ≥ 0, ϕk 6= 0,
then since

ϕk = [a,a+]ϕk = aϕk+1−Nϕk = aϕk+1− kϕk,

we infer that ϕk+1 6= 0. Thus by induction, ϕk 6= 0 for all k ≥ 0.
Next to prove (2), set V = span{ϕ0,ϕ1, ...}. Then V ⊆Ψ and u ∈V . On the other hand, we show by induction on k
that aϕk = kϕk−1 for every k≥ 1. Thus V is invariant under a and a+, hence it is invariant under P and Q. Moreover
we get V = Ψ. For the second assertion, we already know that N⊂ σ(N,Ψ). If λ /∈ N, we check easily that N−λ

is bijective and hence λ /∈ σ(N,Ψ).
For (3), suppose that there is a scalar product (., .) on Ψ for which P and Q are symmetric. We have for every k ∈N
and l ∈ N∗,

(ϕk+1,ϕl) = (ϕk,aϕl) =
l

k+1
(aϕk+1,ϕl−1) =

l
k+1

(ϕk+1,ϕl).

Moreover, (a+ϕk,ϕ0) = 0 = (ϕk+1,ϕ0). Thus, the family {ϕk}k is orthogonal. On the other hand, we have

(a+ϕk,ϕk+1) = (ϕk+1,ϕk+1), (ϕk,aϕk+1) = (k+1)(ϕk,ϕk).

Hence we must have (ϕk+1,ϕk+1) = (k + 1)(ϕk,ϕk). Suppose that ‖ϕ0‖ = 1. Then, by induction, we see that
‖ϕk+1‖=

√
k+1‖ϕk‖ for all k ≥ 0. Finally, it is clear that the formulas

(ϕk,ϕl) = δkl‖ϕk‖2, ‖ϕk+1‖=
√

k+1‖ϕk‖, ‖ϕ0‖= 1,

define a scalar product on Ψ for which a∗+ = a.
For (4), we prove easily that the family {φk} is orthonormal and the last assertion is easy to check.

Remark 4.1.2. It is easy to see (from the proof) that the condition H admits a minimal real eigenvalue in the above
theorem may be replaced by the condition there exists u ∈Ψ\{0} such that au = 0.

From now on, we suppose that Ψ is endowed with the scalar product described in the above theorem. Denote
by H the Hilbert space completion of (Ψ,(., .)). We shall use the notation φn = |n).
Let us now turn to the algebraic relation of symmetry between P and Q. Put |− 1) = 0. Then we have for every
n ∈ N

Q|n) =
√

h̄
2mω

(
√

n|n−1)+
√

n+1|n+1)), (4.1)

P|n) =−i

√
h̄mω

2
(
√

n|n−1)−
√

n+1|n+1)). (4.2)

Put {n〉= in|n). Then

P{n〉=
√

h̄mω

2
(
√

n{n−1〉+
√

n+1{n+1〉).

That is, if c = 1
mω

, then M(cP,{{n〉}n) = M(Q,{|n)}n). Analogously, if c′ = −mω , then M(c′Q,{{n〉}n) =
M(P,{|n)}n). Let Γ : H →H be the unitary operator that satisfies Γ(|n)) = {n〉, then cΓ∗PΓ = Q.
Now for completeness, we provide an elementary proof of the fact that the operators P,Q,H are essentially self-
adjoint.

Proposition 4.1.1. The operators P,Q,H : Ψ⊂H →H are essentially self-adjoint.

Proof. Let us first calculate N∗. Let ψ = ∑
∞
0 ck|k) ∈D(N∗) and put η = N∗ψ = ∑

∞
0 dk|k). Then it follows from the

equality (η ,n) = (ψ|N|n) for every |n) that dn = ncn. Hence

D(N∗) = {
∞

∑
0

ck|k) ∈H :
∞

∑
0

k2|ck|2 < ∞}, N∗
∞

∑
0

ck|k) =
∞

∑
0

kck|k).
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Now it is clear that N∗ coincides with the closure N of H , hence N is essentially self-adjoint.
Next, for Q, we assume that h̄

2mω
= 1. Let ψ = ∑

∞
0 ck|k) ∈ D(Q∗) and put η = Q∗ψ . Put c−1 = 0. It follows from

equation (4.1) that

(η ,n) = (ψ|Q|n) =
√

n cn−1 +
√

n+1 cn+1 (n≥ 1), (ψ|Q|0) = c1.

Hence

η =
∞

∑
0
(n|η)|n) =

∞

∑
0
(
√

ncn−1 +
√

n+1cn+1) |n).

Observe that
k

∑
0

cnQ|n) =
k−1

∑
0
[
√

ncn−1 +
√

n+1cn+1]|n)+
√

kck−1|k)+
√

k+1ck|k+1).

On the other hand, since ∑n |cn|2 < ∞, we can choose a subsequence {cnk}k of {cn}n such that limk
√

nkcnk−1 = 0.
But ∑n |

√
ncn−1 +

√
n+1cn+1|2 < ∞, hence

lim
k

√
nk +1cnk = 0.

This entails that limk ∑
nk
0 cnQ|n) = η in H . That is, D(Q) = D(Q∗) and Q is essentially self-adjoint. Finally,

P = c−1ΓQΓ∗ is essentially self adjoint.

Since H is essentially self-adjoint, it follows from [51, Theorem 5] that the realization of the (CCR) associated
to Ψ is integrable (see also [52]).
Next we endow the linear space Ψ with a topology that makes all the powers of H continuous. Let τ be the topology
defined on Ψ by the family of scalar products {〈., .〉n}n∈N∗ where for every n, the norm ‖.‖n associated to 〈., .〉n is
defined by ‖ϕ‖n = ‖(N + I)n/2ϕ‖ for every ϕ ∈Ψ. Then it is easy to see that N,a+ and a are continuous on Ψ and
if S ∈ {N,a,a+}, then

‖Sϕ‖n ≤ ‖ϕ‖n+2, (n ∈ N∗),

Denote by Φ the completion of Ψ with respect to the topology τ , then

Φ = {∑
n

cn|n) ∈H : ∑
n

cn(N + I)k/2|n) ∈H , ∀ k ∈ N}. (4.3)

In particular, the τ topology defines a metric on Φ [8]. Denote by A (Ψ) the unital associative complex algebra of
operators on Ψ generated by a, a+ and the relation [a,a+] = I. Then A (ψ) is the first Weyl algebra (also called the
Heisenberg-Weyl algebra), it was introduced by Weyl and a systematic study was initiated in [53]. Clearly, every
element A ∈ A (Ψ) can be extended to a continuous operator on Φ. Moreover, if A is symmetric, its extension
remains symmetric. Denote by A (Φ) the algebra formed by all those extensions. We shall keep the same notations
for A ∈ A (Ψ) and its continuous extension, and we shall write the symbol A for either A (Φ) or A (Ψ), when
there is no risk of ambiguity.
Denote by ‖.‖0 = ‖.‖ the initial norm of Ψ. Then ‖.‖n ≤ ‖.‖m for all n ≤ m in N. For every n, denote by Φn the
completion of Φ with respect to ‖.‖n. It is easy to see that

Φn = {∑
k

ckφk ∈H : ∑
k
|ck|2(k+1)n < ∞} and Φ = ∩n∈NΦn.

The assumption of nuclearity is crucial in the proof of the nuclear spectral theorem, see the proofs of the theorem in
[8, 43]. As it was pointed out by Roberts [13, p. 107], it is not difficult to prove nuclearity for this system. Though
we shall not use explicitely the nuclear spectral theorem, we provide here an elementary proof of the nuclearity of
Φ. Indeed, we have a stronger property

Lemma 4.1.2. Let n,m ∈ N∗ such that m≤ n and let i : Φn→ Φm be the natural injection. Then if n−m > 2, i is
a trace-class operator. In particular, Φ is nuclear.
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Proof. Let ϕ = ∑
∞
j=0 c j| j) be an element of Φn. For all j ≥ 0, put λ j =

1

( j+1)
n−m

2
. Then ϕ = ∑

∞
j=0 λ j( j+1)

n
2 c j| j)m

and (k|ϕ)n = (k+1)
n
2 ck for every k ∈N. This entails that ϕ = ∑

∞
j=0 λ j( j|ϕ)n| j)m. Now it is clear that if n−m > 2,

i is of trace-class.

Let Φ× be the topological antidual space of Φ. It is now easy to conclude that Φ⊂H ⊂Φ× is a RHS [8].

4.2 Eigenstates of the Hamiltonian in function spaces
Next we pursue our study of the algebra of the quantum harmonic oscillator, and we see how the three other funda-
mental representations (position, momentum and Bargmann-Fock) arise naturally, using fundamental operators of
the system and their generalized eigenvectors. The three spaces are spaces of functions, associated to pairs (A,B)
of operators in the first Weyl algebra that satisfy [A,B] = I, Aψ(x) = xψ(x) and Bψ(x) = − dψ(x)

dx . At this stage, a
natural question presents itself: Are there other important examples of representations overlooked? In other words,
can we, by using the generalized eigenvectors and associated representations, find new important representations
physically? From our study, it seems that the first step to finding an answer is the characterization of A ∈ A that
admits a pair B such that [A,B] = I? This condition was partially investigated in [54]. The authors here showed
that in this case the centralizer of A is C[A]. Other necessary conditions were given in [55]. But it seems that this
question is still open [56].

Let z ∈ C. It is easy to see that |0) 6∈ (Q− z)Ψ and (Q− z)Ψ+C|0〉= Ψ. Hence z is a generalized eigenvalue
and the associated space of generalized eigenvectors has dimension one. With respect to the Hilbert space H ,
Hermite polynomials correspond to the algebraic generalized eigenvectors of Q and P. Indeed, more exactly every
solution |F〉 of the equation QnF = zF in Ψ∗ is defined by the relations FQ|n) = zF |n) for every n. By solving the
associated recurrence relations, see for instance [57] or [14], we get

(n,Fz〉=
1√
2nn!

(0|Fz〉 Hn(
√

mω/h̄ z). (4.4)

On the other hand, for G ∈Ψ∗,

PnG = zG⇔ GΓQ = czGΓ⇔ G = FczΓ
∗.

Thus every solution of the equation PnG = zG in Ψ∗ is defined by

(n,Gz〉=
in√
2nn!

(0|Gz〉 Hn(
√

1/h̄mω z).

Next we use properties of Hermite polynomials to show the continuity of Fx and Gx, for x ∈ R.

Lemma 4.2.1. Let x ∈ R and let |F〉 be the element of Ψ∗ defined by (n|F〉= 1√
2nn!

Hn(x). Then |F〉 is continuous
for the topology induced by the norm ‖.‖n, for every n ∈ N∗. In particular F ∈Ψ×.

Proof. First observe that if |F〉 is continuous for ‖.‖n and n≤m, then |F〉 is continuous for ‖.‖m. Let ϕ =∑
l
n=0 cn|n〉

be an element of Ψ and let k ∈ N∗. Then

(ϕ|F〉=
l

∑
n=0

cn(n+1)k/2 1√
2nn!(n+1)k

Hn(x).

Thus

|(ϕ|F〉| ≤ [
l

∑
n=0
|cn|2(n+1)k]1/2[

l

∑
n=0

1
2nn!(n+1)k Hn(x)2]1/2

≤ ‖ϕ‖k[
∞

∑
n=0

1
2nn!(n+1)k Hn(x)2]1/2,
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where the convergence of the second series can be deduced by using for instance the following inequality (see [?])

H2
n (x)≤

Cex2
2nn!√

2n+1− x2
, |x|<

√
2n+1.

for some positive constant C.

Thus, for every x ∈ R, by considering the continuous extensions, we may suppose that Fx and Gx lie in Φ×.
Moreover, observe that Fx and Gx are continuous with respect to {|n)}n. In particular, we shall write

|Fx〉=
∞

∑
n=0

1√
2nn!

(0|Fx〉 Hn(
√

mω/h̄ x)|n),

|Gx〉=
∞

∑
n=0

in√
2nn!

(0|Gx〉 Hn(
√

1/h̄mω x)|n).

Proposition 4.2.1. Suppose that the map x 7→ (0|Fx〉 is continuous on R, then the family {Fx}x∈R is strongly
continuous. Analogously, if the map x 7→ (0|Gx〉 is continuous on R, then the family {Gx}x∈R is strongly continuous.

Proof. Put f (x) = (0|Fx〉 for every x ∈ R. Let {xn}n be a sequence of real numbers converging to x ∈ R and let
φ = ∑n cn|n〉 ∈Φ. Put α =

√
µω/h̄. Then, since the map f is continuous, we get

lim
k
(φ |Fxk〉= f (x) lim

k
lim

N

N

∑
n=0

cn√
2nn!

Hn(αxk).

But the series ∑n
cn√
2nn!

Hn(αx) converges uniformly in a neighborhood of x, thus

lim
k
(φ |Fxk〉= f (x) lim

N
lim

k

N

∑
n=0

cn√
2nn!

Hn(αxk) = (φ |Fx〉,

as desired.

Now from the well known orthogonality relation satisfied by Hermite polynomials, we deduce the following
relation for every α ∈ R

α

2nn!
√

π

∫
R

Hn(αx)Hm(αx)e−α2x2
dx = δnm, ∀ n ∈ N. (4.5)

Put α =
√

mω

h̄ . Next observe that for every function g : R→ C which does not vanish, the family {g(x)|Fx〉}x∈R is
measure-complete with respect to the measure

dµ =
α√
π

e−α2x2 |g(x)|−2 dx.

Hence it is complete by Proposition 3.2 and the family {g(x)〈Fx|n)〉}x∈R is orthonormal. By using the well known
fact that Hermite functions constitute an orthogonal basis of L2(R,dx), we conclude that { g(x)√

2nn!
Hn(αx)} is an

orthonormal basis of L2(R,dµ).
Next we see that Hermite functions are associated to the pairs of operators (Q,P) and (P,Q).

Proposition 4.2.2. Let K be a Hilbert space, and let U : H →K be unitary such that UΨ is a space of C ∞-
functions on R. Then UQU∗ψ(x) = xψ(x) and UPU∗ψ(x) = −ih̄ψ ′(x) for every ψ(x) ∈UΨ if and only if there
exists λ ∈ C such that

U |n) = λ
1√
2nn!

hn(

√
mω

h̄
x).

Moreover, for λ = (mω/h̄π)1/4, the representation K is isomorphic to L2(R,dx).
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Proof. Suppose that UQU∗ψ(x) = xψ(x) and UPU∗ψ(x) =−ih̄ψ ′(x) for every ψ(x) ∈UΨ. Let x ∈ R. It follows
from Lemma 3.2.1 and the equality (4.4) that

δxU |n〉=
1√
2nn!

f (x)Hn(

√
mω

h̄
x),

where f : X → C is a map which does not vanish. Put U |n) = ψn. Then ψ0(x) = f (x), ψ1(x) =
√

2mω

h̄ x f (x), and
UPU∗ψ0(x) = imωx f (x). On the other hand, observe that

UPU∗ψ0(x) =−ih̄ψ
′
0(x)⇔−ih̄ f ′(x) = imω x f (x).

Hence there exists λ ∈ C such that f (x) = λe−
mω

2h̄ x2
. Now for the converse, it is enough to calculate UPU∗ψn(x)

for every n. With no loss of generality, we may put λ = 1. Recall the following recurrence formula satisfied by
Hermite functions [58, p. 187]

h′n(x) = nhn−1(x)−
1
2

hn+1(x).

Substituting hn with its expression in terms of ψn gives

−ih̄ψ
′
n(x) =−i

√
h̄mω

2
(
√

n ψn−1(x)−
√

n+1 ψn+1(x)),

as desired.
Now for the last assertion, we apply once again the fact that Hermite functions form an orthogonal basis of
L2(R,dx). Since the vector U |n) must be unitary, we use equation (4.5) and we deduce the exact value of λ .

Denote by U : H → L2(R,dx) the unitary map between the number representation and position space which
is described in the above proposition. By using the induced topology from Φ, and the fact that Hermite functions
lie in the Schwartz space S (R), we check easily that UΦ coincides with S (R). Now we may use the position
representation to check that σ(Q,H ) = σ(UQU∗,L2(R,dx)) = R. A detailed study can be found in [38, p. 54],
or we can check it directly. Indeed, observe first observe that

D(UQU∗) = {ψ(x) ∈ L2(R,dx) : xψ(x) ∈ L2(R,dx)}.

On the other hand, let λ ∈R and set θn(x) =
√

n/2 1[λ−1/n,λ+1/n], then ‖θn‖2 = 1, while limn ‖(UQU∗−λ )θn‖2 =

0. Hence (UQU∗−λ )−1 cannot be bounded. Consider the trivial (true) function ελ defined on R by ελ (λ ) = 1 and
ελ (x) = 0 if x 6= λ . It is clear that ελ is a λ -eigenvector of the operator ψ(x) 7→ xψ(x) defined on the linear space
of functions on R. Moreover, observe that the family of maps {

√
2/n θn(x)}n converges simply to ελ . Finally, let

z ∈C\R. It is well known and easy to see that by basic distribution theory, FzU∗ cannot be a tempered distribution.
Thus, the functional Fz is not continuous on Φ.
Analogously to the position space, we obtain the following characterization of the momentum space

Proposition 4.2.3. Let K be a Hilbert space, and let U : H →K be unitary such that UΨ is a space of C ∞-
functions on R. Then UPU∗ψ(x) = xψ(x) and UQU∗ψ(x) = ih̄ψ ′(x) for every ψ(x) ∈ UΨ if and only if there
exists λ ∈ C such that

U |n) = λ
(−i)n
√

2nn!
hn(
√

1/h̄mω x).

Moreover, for λ = (1/h̄mωπ)1/4, the representation K is isomorphic to L2(R,dx).

Put

|x〉= (
mω

h̄π
)1/4

∑
n

1√
2nn!

hn(

√
mω

h̄
x)|n),
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and
|p〉= (

1
h̄mωπ

)1/4
∑
n

in√
2nn!

hn(1/
√

h̄mω x)|n).

To find 〈p,x〉, one may use the fact that F (hn(x)) = (−i)nhn(p) (see for instance [?]), where F is the unitary map
defined on L2(R,dx) as a completion of the Fourier transform on the Schwartz space

F{ f}(p) = (2π)−1/2
∫
R

e−ipx f (x)dx, f ∈S (R).

By rescaling, one gets the desired formulas (see [14]). Here we shall use Lemma 3.2.3. Observe that all the
maps |x〉 and |p〉 are continuous with respect to the basis {|n)}n, and it follows from Mehler’s formula for Hermite
polynomials that

∑
n
(en|x〉〈p|en) =

1√
2π h̄

e−ipx/h̄ = 〈p,x〉.

Arguing analogously, we show that 〈x, p〉= 〈p,x〉.
The canonical coherent states, eigenvectors of the annihilation operator are well known and easy to compute. If
z ∈ C, every solution Bz of the equation an+B = zB in Ψ∗ has the form Bz = ∑

∞
n=0(0|Bz〉 zn

√
n!
|n), and Bz ∈H . It

is well known that { zn
√

n!
}n is an orthonormal family with respect to the measure e−|z|

2
dz, the closed subspace of

L2(C,e−|z|2dz) generated by this family is the Bargmann-Fock space

F = {ψ : C→ C, ψ is analytic and
∫
|ψ(z)|2e−|z|

2
dz < ∞},

In particular, the family {Bz}z∈C is measure-complete. By Section 3.2, for every measurable map g : C→C which
does not vanish, we can associate a representation to the family of generalized eigenvectors {g(z)|Bz〉}z∈C. Next
we see that to get a unitary representation associated to the pair (a,a+), the map g must be a constant. In particular,
the representation must be isomorphic to F .

Proposition 4.2.4. Let K be a Hilbert space and let U : H →K be unitary such that UΨ is a space of holomor-
phic functions on C. Then Ua+U∗ψ(z) = zψ(z) and UaU∗ψ(z) = ∂zψ(z) for every ψ(z) ∈UΨ if and only if there
exists λ ∈ C such that

(U |n))(z) = λ
zn
√

n!
.

Furthermore, H can be seen as a RKHS, its reproducing kernel is K(z′,z) = λez′z and for λ = 1, the representation
K is isomorphic to F .

Proof. Put ψn(z) = (U |n))(z). Since Ua+U∗ψ(z) = zψ(z) for every ψ(z) ∈ UΨ, by Lemma 3.2.1, δz is a gen-
eralized eigenvector for a+ with respect to z, that is, δz = Bz. Hence ψn(z) = 〈Bz|n) = 〈Bz|0) zn

√
n!

. On the other
hand, it follows from the equality UaU∗ψ0 = ∂zψ0 = 0 that ∂z〈Bz|0) = 0 for all z ∈ C. Thus the map z 7→ 〈Bz|0)
is a constant λ . The converse is immediate. Now it is clear that we can assume that the completion K of UΨ is
constructed with holomorphic functions.
For the rest of the proof, we suppose that λ = 1. To get the reproducing kernel, we use the fact that evaluation maps
are continuous with respect to the norm on UΦ. Hence for every ψ(.) ∈UΦ,

δzψ(.) = δz(∑
n
〈ψn(.),ψ(.)〉ψn(.)) = ∑

n
〈ψn(.),ψ(.)〉 zn

√
n!
.

Hence δz = 〈∑n
zn
√

n!
ψn(.), .〉. This implies that K(z,z′) = ∑n

zn
√

n!
ψn(z′), as desired. The rest of the proof is immedi-

ate.

52



4.3. DIAGONALIZING THE FREE HAMILTONIAN BY USING ALGEBRAIC GENERALIZED
EIGENVECTORS

Put |z〉= ∑n
zn
√

n!
|n). Then |z〉 ∈Φ and the generalized eigenvector |x〉 is well defined on |z〉. Moreover, we have

〈z|x〉= (
mω

h̄π
)1/4e−mωx2/2h̄

∑
n

1
n!
(

z√
2
)nHn(

√
mω/h̄ x)

By using the exponential generating function of the Hermite polynomials, we get

〈z|x〉= (
mω

h̄π
)1/4exp(

√
2mω/h̄xz− 1

2
(z2 +mω/h̄ x2)).

Now it follows from Lemma 3.2.3 that the unitary map corresponding to the change from position space to F is
given by

ϒ : L2(R,dx)→F , ϒ(ψ(x))(z) =
∫
R

dx 〈z,x〉ψ(x).

This corresponds to the well known Bargmann transform [59].

On the other hand, since a|0) = 0, there is no Hilbert space K , completion of a space of functions and unitary
map U : H →K such that UaU∗ψ(x) = xψ(x). This can be also deduced from the fact that the operator a does
not admit an algebraic generalized eigenvector.

4.3 Diagonalizing The free Hamiltonian by using algebraic generalized
eigenvectors

4.3.1 The Hilbert spaces Ha,Hs,Hb and ι : Hb→Hs

Denote by (Ha,Pa,Qa) the Heisenberg representation of quantum states for a point particle of mass m moving on
the real line under the potential 1

2 mω2x2, where Ha = l2(N), Pa is the momentum operator and Qa is the position
operator, both are self-adjoint. Let {φn : n ∈ N} be the Hilbertian basis of Ha formed by the eigenvectors of the
Hamiltonian 1

2m P2
a + mω2

2 Q2
a, then for every n ∈ N we have (see for instance [60, 61])

Qaφn =

√
h̄

2mω

(√
nφn−1 +

√
n+1φn+1

)
, (4.6)

Paφn =−i

√
h̄mω

2

(√
nφn−1−

√
n+1φn+1

)
. (4.7)

Let (Hs,Ps,Qs) be Schrödinger’s representation for the particle, then

Hs = L2(R,dx), Qsψ(x) = xψ(x), Ps =−FQsF
−1, (ψ ∈ DQs).

Denote by Ds the domain of definition of P2
s and by U0 the unitary map which connects the two representations and

diagonalizes Qa,

U0 : Ha→Hs, φn 7→
(mω

h̄

)1/4 1
π1/4
√

2nn!
hn

(√
mω

h̄
x
)
.

In particular, we have
Qs =U0QaU−1

0 , Ps =U0PaU−1
0 .

Next let Hb = L2((0,∞),dx) and P2
b =−h̄2 d2

dx2 , the self-adjoint operator in Hb with domain

Db = { f ∈ AC(0,∞) : f ′ ∈ AC(0,∞), f , f ” ∈ L2(0,∞), f (0) = 0}.
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Put α =
√

mω

h̄ , β ′ =
√

h̄mω

2 . Consider the normalized hermite functions of Hs

h̃n(x) =
√

α

π1/4
√

2nn!
hn(αx) =U0φn,

and put h̆n(x) = χ(0,∞)(x)h̃n(x). The family {
√

2 h̆2n+1}n∈N forms an orthonormal basis of Hb. We consider the
following extension of elements of Hb

ι : Hb→Hs, ∑
n

αnh̆2n+1 7→∑
n

αnh̃2n+1.

Then ι is linear and for every f ∈Hb, we have ‖ f‖Hb =
1√
2
‖ι( f )‖Hs . Denote by H o

s (resp. H e
s ) the odd (resp.

even) part of Hs. Then

H o
s = span{h̃2n+1(x) : n ∈ N}, H e

s = span{h̃2n(x) : n ∈ N},

and the map

ι
′ : Hb→H o

s , ψ 7→ 1√
2

ι(ψ),

is unitary. Put Ψa = span{φn : n∈N}, Ψs = span{h̃n : n∈N} and Ψb = span{h̆n : n∈N}. Then Ψs =U0Ψa. Since
for every n ∈ N we have

P2
a φn =−β

′2(
√

n(n−1)φn−2− (2n+1)φn +
√

(n+1)(n+2)φn+2),

where φ−2 = 0, then
M(P2

a |Ψa ,{φn}n) = M(P2
s |Ψs ,{h̃n}n) = M(P2

b |Ψb ,{h̆n}n) (4.8)

In particular, observe that ι ′P2
b ι ′−1 = P2

s |H o
s .

4.3.2 A basis of generalized eigenvectors of P2
a |Ψa

Let z ∈ C and let Fz ∈Ψ∗a. Then Fz is a solution of the eigenvalue equation (P2
a )
◦Fz = zFz if and only if

(z−3β
′2)Fzφ1 =−

√
6β
′2Fzφ3, (z−β

′2)Fzφ0 =−
√

2β
′2Fzφ2,

and for every n≥ 2

(z−β
′2(2n+1))Fzφn =−β

′2[
√

n(n−1)Fzφn−2 +
√
(n+2)(n+1)Fzφn+2].

In particular, for z ∈ C fixed, the space of z-generalized eigenvectors has dimension 2, a basis is {F1
z ,F

2
z }, where

F1
z (φ2n+1) = 0, F1

z (φ0) = 1, (4.9)

F2
z (φ2n) = 0, F2

z (φ1) = 1. (4.10)

Put
Pn(z) = F1

−β ′2z(φ2n), Qn(z) = F2
−β ′2z(φ2n+1),

for all n ∈ N and P0(z) = Q0(z) = 1, so that {Pn(z)}n and {Qn(z)}n are two families of polynomial functions with
degPn = degQn = n satisfying :

(z− cn)Pn(z) = dn−1Pn−1(z)+dnPn+1(z) ∀n≥ 0 P−1 ≡ 0.
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(z− c′n)Qn(z) = d′n−1Qn−1(z)+d′nQn+1(z) ∀n≥ 0 Q−1 ≡ 0.

where cn,dn,c′n and d′n are given by :

cn =−(4n+1), dn =
√
(2n+1)(2n+2),

and
c′n =−(4n+3), d′n =

√
(2n+2)(2n+3).

Now by the basic theory of moments there exists a unique measure σ1 (resp. σ2) on R such that {Pn(x)} (resp.
{Qn(x)}) is an orthonormal basis of L2(R,dσ1) (resp. L2(R,dσ2)) (see for instance [39]).

4.3.3 Generalized Laguerre polynomials and the measures σ1,σ2

The space of linear generalized eingenvectors of Pa |Ψa has dimension one and is generated by (Rz,z) with [14]

Rz(φn) =
(−i)n
√

2nn!
Hn(γz), Rz(φ0) = 1, (n ∈ N∗, γ = (h̄mω)−1/2).

Since (P2
a )
◦ = (P◦a )

2, fixing a branch cut for√., we see that, for every z ∈ C with z 6= 0, the relations

G1
z = R√z , G2

z = R−√z

define two linearly independent solutions of the generalized eigenvalue equation (P2
a )
◦Fz = zFz. Thus for every

fixed z ∈ C with z 6= 0, every solution Fz above is of the form

Fz =C1G1
z +C2G2

z , C1,C2 ∈ C.

But Hn(−z) = (−1)nHn(z) for every z ∈ C, hence,

Fz(φn) =
(−i)n
√

2nn!
[C1 +(−1)nC2]Hn(γ

√
z), (z ∈ C, z 6= 0).

By using the defining relations (4.9), we infer that

F1
z (φ2n) =

(−1)n

2n
√
(2n)!

H2n(γ
√

z).

On the other hand, by using the relations (4.10), we infer that

F2
z (φ2n+1) =

(−1)nH2n+1(γ
√

z)

2n+1
√
(2n+1)!γ

√
z
.

Next let λ ∈ R+ with λ 6= 0.
Hence

F1
λ
(φ2n) =

2nn!√
(2n)!

L(−1/2)
n (γ2

λ ), F2
λ
(φ2n+1) =

2nn!√
(2n+1)!

L(1/2)
n (γ2

λ ).

Or, the L(α)
n (λ )’s are orthogonal with respect to the weight function λ α e−λ on the half line (0,∞) and∫

∞

0
(L(α)

n (λ ))2
λ

α e−λ dλ =
Γ(α +n+1)

n!
.
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Thus √
n!√

Γ(n+1/2)
L(−1/2)

n (γ2
λ ) = π

−1/4F1
λ
(φ2n),

and √
n!√

Γ(n+3/2)
L(1/2)

n (γ2
λ ) = π

−1/4
√

2F2
λ
(φ2n+1).

Put

ψ2n(λ ) = F1
λ
(φ2n) =

π1/4
√

n!√
Γ(n+1/2)

L(−1/2)
n (γ2

λ ),

ψ2n+1(λ ) = F2
λ
(φ2n+1) =

π1/4
√

n!√
2
√

Γ(n+3/2)
L(1/2)

n (γ2
λ ).

Set

dσ1(λ ) = χ(0,∞)
γ√
πλ

e−γ2λ dλ , dσ2(λ ) = χ(0,∞)
2γ3
√

λ√
π

e−γ2λ dλ .

Then {ψ2n(λ )}n is an orthonormal basis of L2(R+,dσ1), while {ψ2n+1(λ )}n is an orthonormal basis of L2(R+,dσ2).

4.3.4 Diagonalizing P2
s and P2

b

It is now clear that h̃0 and h̃1 are fundamental vectors for P2
s . Moreover,

(Hs)h̃0
= H e

s , PP2
s

h̃0
= σ1 and (Hs)h̃1

= H o
s , PP2

s
h̃1

= σ2.

In particular, P2
s |Ψs∩H o

s and P2
s |Ψs∩H e

s are essentially self adjoint. Thus the unitary map Us : Hs→ L2(R+,dσ1)⊕
L2(R+,dσ2) defined by Us(h̃2n) = ψ2n and Us(h̃2n+1) = ψ2n+1 diagonalizes P2

s with respect to the spectral basis
{h̃0, h̃1}. More exactly,

UsP2
s U−1

s ψ(λ ) = λψ(λ ), ψ ∈UsDs.

The corresponding spectral decomposition of P2
b is realized by the unitary map Ub =Usι

′ : Hb→ L2((0,∞),σ2(λ )).
Hence

Ub(
√

2h̆2n+1) = ψ2n+1(λ ) = F2
λ
(φ2n+1), n ∈ N.

Moreover, we infer that UbP2
b U−1

b f (λ ) = λ f (λ ) for every f ∈ UbDb. Put F2,b
λ

(
√

2h̆2n+1) = ψ2n+1(λ ). Then
F2,b

λ
= F2

λ
U−1

0 ι ′.

4.4 A RHS construction based on the extension ι : Hb→Hs

4.4.1 The construction

We shall use the classical RHS construction
Φs ⊂Hs ⊂Φ

×
s ,

where Φs coincides with the Schwartz space (see for instance [14, 60, 61, 13]). Its locally convex topology τs,
defined by the family of scalar products {(., .)n}n corresponds to the initial topology with respect to the maps
I,(P2

s +Q2
s ) : Ψs→ (Ψs,‖.‖Hs). It makes continuous the operators Ps,Qs : (Ψs,τ)→ (Ψs,τ). The RHS for P2

b in
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Hb will be inherited from Φs∩H o
s , by using the extension map ι : Hb→Hs. Next we describe this construction.

For ψ = ∑k ck h̆2k+1 and ϕ = ∑k dk h̆2k+1 in Ψb, put

〈ψ,ϕ〉n =
1
2
(ι(ψ), ι(ϕ))n =

1
2 ∑

k
(2k+2)nck dk, n ∈ N.

Set 〈ψ,ψ〉1/2
n ≡ ‖ψ‖n . Then ‖ψ‖0 = ‖ψ‖Hb and ‖.‖n ≤ ‖.‖n+1 for every n. Let Φb,n be the completion of

(Ψb,〈., .〉n) and set Φb = ∩nΦb,n. Then Φb is a countably Hilbert space. Observe that for every n,

‖h̆2s+1‖n =
√

2n−1 (s+1)n/2.

Put

h̆n
2s+1 =

h̆2s+1√
2n−1 (s+1)n

.

Then {h̆n
2s+1} is an orthonormal basis of Φb,n. Moreover, for every n ∈N and k≥ 3, the map ιn+k,n : Φb,n+k→Φb,n

is nuclear. Indeed, we check easily that

ιn+k,n = ∑
s

1
(2s+2)k/2 〈h̆

n+k
2s+1, .〉n+k h̆n

2s+1.

Thus, Φb is a RHS. On the other hand, since P2
b |Ψb is essentially self-adjoint, we infer that Φb is a RHS for P2

b . In
short, Φb = ι ′−1(Φs∩H o

s ) and Φs∩H o
s is a RHS for P2

s |H o
s .

Observe that contrary to known constructions (see [62, 13, 8, 63]), the fundamental vector h̆1 belongs to Φb but Φb
is not invariant under Q. This is not surprising since Hb is not a Hilbert space for the pair (P,Q) (in the usual sense)
because P |C ∞

c (R+) does not admit a self-adjoint extension. In Section 4.4.4, we shall see that calculations may be
conducted in Φs by using the extension map ι .

4.4.2 Continuity and strong continuity of generalized eigenvectors

To use Dirac’s notations on Φs and Φb, we need continuity, and strong continuity of generalized eigenvectors.
In Φa, set ‖∑k ckφk‖2

n,a = ‖∑k ckh̃k‖2
n,s = ∑k(k+1)n|ck|2. Then

Lemma 4.4.1. Let λ ∈R+. The map F2
λ

(resp. F2,b
λ

) is continuous for the norm ‖.‖n,a (resp. ‖.‖n) for every n 6= 0.
Let us keep the same notation for the extension by continuity of F2

λ
(resp. F2,b

λ
) to Φs (resp. Φb). Then, the family

of generalized eigenvectors {F2
λ
}λ∈R+ , (resp. {F2,b

λ
}λ∈R+ ) is strongly continuous.

Proof. Let λ > 0 and let ϕ = ∑
l
k=0 ckφk be an element of Ψa, where l ∈ N. Then we have

F2
λ
(ϕ) = ∑

k

(−1)kc2k+1H2k+1(γ
√

λ )

2k+1
√

(2k+1)! γ
√

λ
. (4.11)

Thus for n 6= 0, we infer that

|F2
λ
(ϕ)| ≤ ||ϕ||n,a

[
∞

∑
k=0

H2k+1(γ
√

λ )2

22k+2(2k+1)!(2k+2)nγ2λ

] 1
2

, (4.12)

where the convergence of the second series can be deduced from the following inequality [?]

H2
k (γ
√

λ )≤ Ceγ2λ 2kk!√
2k+1−λ 2

, |λ | ≤
√

2k+1, (4.13)
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for some positive constant C. We have thereby shown that F2
λ

is continuous on Ψa, hence it can be extended to a
continuous map F2

λ
: Φa→ C.

Next let (λl)l be a sequence of elements of R∗+ such that λl → λ and suppose that ϕ = ∑k ckφk ∈Φa. Observe that
equations (4.11)-(4.13) hold true for ϕ and λl . It follows from (4.12) and (4.13) that the r.h.s. of (4.11) converges
uniformly in a neighborhood of λ . In particular, the family {F2

λ
}λ>0 is strongly continuous on Φa.

Now let {λl}l be a sequence converging to 0. We use (4.12) and (4.13) to see that the sequence of functions
{F2

λl
(ϕ)}l converges uniformly in a neighborhood of ϕ . Set Sϕ = liml Fλl

ϕ . Then S is linear and continuous on
Φa. Moreover, SP2

a ϕ = 0 for every ϕ ∈Φa, Sφ1 = 1 and Sφ2k = 0 for every k. Thus S |Ψa= F2
0 as desired.

Finally, for F2,b
λ

, the desired properties follow from the equality F2,b
λ

= F2
λ

U−1
0 ι ′ for every λ ≥ 0.

4.4.3 Diagonalizing via the regular solution:

Let λ ∈ (0,∞), let χ(λ ,x) be a solution of −h̄2 d2

dx2 f = λ f . Put ϒλ f =
∫

∞

0 χ(λ ,x)) f (x) dx for every f ∈ C ∞
c (0,∞).

Then ϒλ is a generalized eigenvector for (P2
b |C ∞

c (0,∞),λ ).
Suppose from now on that χ(0) = 0 (χ(x) = csin(

√
λx,c ∈ C). It is well known that ϒλ can be extended to a

bounded map on Hb, which corresponds to the Fourier sine transform. Moreover, for every f ∈ Db, we have
ϒλ P2

b f = λϒλ f . Next consider the map Lλ : Ψs→ C defined by

Lλ ( f ) =
∫ +∞

−∞

sin(
√

λx) f (x) dx.

Then it is easy to check that Lλ (P2
s |Ψs) = λLλ and Lλ (h̃2n) = 0 for every n. Hence there exists g(λ ) ∈C such that

LλU0 = g(λ )F2
λ

. But

U0(φ1) =

(
α2

π

)1/4 1√
2

h1(αx), and Lλ (h1(αx)) =
2
√

2πλ

α2 e
−λ

2α2 .

Thus,

g(λ ) = LλU0(φ1) =
2 π1/4

α3/2 ,
√

λ e−
λ

2α2

That is,

LλU0 = 2 π
1/4
(mω

h̄

)−3/4 √
λ e−

λ h̄
2mω F2

λ
.

Put dσs(λ ) = g(λ )−2dσ2(λ ), then the unitary map V : H o
s → L2(R,dσs(λ )), which satisfies V f = Lλ f for every

f ∈Ψs∩H odd
s satisfies V P2

s V−1ψ(λ ) = λψ(λ ) for every ψ ∈V (Ds∩H o
s ). Put

dσ(λ ) = 2dσs(λ ) = χ(0,∞)
1

π h̄3
√

λ
e

h̄2−1
h̄mω

λ dx.

By using the unitary map V ι ′, we infer that the map

U : Hb→ L2(R,dσ(λ )), f (x) 7→
∫ +∞

0
sin(
√

λx) f (x) dx,

is unitary and satisfies UP2
b U−1ψ(λ ) = λψ(λ ) for every ψ ∈UDb.

We argue analogously for λ = 0. Consider

L0 : U0Ψ→ C, f (x) 7→
∫ +∞

−∞

x f (x) dx.

Then
L0

λ
(h1(αx)) = 2

√
2πα

−2, L0(h̃2n) = 0, ∀ n ∈ N.
Hence we get

L1
0U0 = 2 α

−3/2
π

1/4F2
0 .
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4.4.4 Calculations from Φb to Φs

By using the unitary correspondance ι ′, we deduce the following relations

Proposition 4.4.1. Let g ∈Hb. Then P
P2

b
g = 1

2 PP2
s

ιg and for every bounded measurable map f : R→ C, ι f (P2
b ) =

f (P2
s )ι . In particular, for every z ∈ C\R and t ∈ R, we have

ι(P2
b − z)−1 = (P2

s − z)−1
ι , ιe−itP2

b = e−itP2
s ι .

Remark 4.4.1. Consider the extension map

ς : Hb→Hs, ∑
n

αnh̆2n 7→∑
n

αnh̃2n.

Let z ∈ C\R and let k =
√

z with Im k > 0. Then by using the two linearly independent solutions eikx and e−ikx of
the homogeneous equation −u”− zu = 0, we show that for every g ∈Hb,[

(P2
s − z)−1

ς − ς(P2
b − z)−1]g =−4ikeikx

∫ +∞

x
eikyg(y)dy, x ∈ (0,+∞).

Indeed, the extension map ς corresponds to the boundary-value condition f ′(0) = 0.

4.5 A similar RHS construction for the square barrier potential
The RHS construction for P2

b can be generalized to many differential operators. Moreover, the method of construc-
tion may be adapted to different boundary conditions. Next we shall focus on the square barrier potential. Let V0
be a positive real constant and let a,b ∈ R with 0 < a < b. Consider the formal differential operator H defined by

H =− h̄2

2m
d2

dx2 +χ(a,b)V0.

Let Ab be the restriction of H in Hb defined by

D(Ab) = { f ∈Hb : f , f ′ ∈ AC(0,∞), f (0) = 0, f ” ∈Hb}.

Then A∗b = Ab. It is known and straightforward to check that σ(Ab) = R+. Next let

H1 =−
h̄2

2m
d2

dx2 +V (x),

where

V (x) =

{
χ(a,b)V0 if x > 0

χ(−b,−a)V0 if x < 0.

Denote by As the self-adjoint operator in Hs which is a restriction of H1, with domain the Sobolev space

D(As) = { f ∈Hs : f , f ′ ∈ AC(R), f ” ∈Hs}.

One can check that H o
s reduces As and ι ′Abι ′−1 = As |H o

s .

D∞(Ab) = { f ∈ C ∞(R+), f (n)(0) = f (n)(a) = f (n)(b) = 0, f (n) ∈Hb , ∀ n ∈ N}.

As in Section 4.4.4, we see that PAb
g = 1

2 PAs
ιg and for every bounded measurable map f : R→ C, ι f (Ab) = f (As)ι .

Next we recall and describe the standard construction of a RHS for As [8, 13]. Consider the following dense
subspace of Hs

Ψ
sb
s = { f ∈ C ∞

c (R) : f (n)(±a) = f (n)(±b) = 0, n ∈ N)}.
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Then Ψsb
s ⊂ Φs, it is invariant under Ps, Qs and under multiplication by the functions χ(a,b) and χ(−b,−a). Let τ be

the topology of Φs, then τ |
Ψsb

s
makes the maps I,As and Q continuous. Denote by Φsb

s the completion of (Ψsb
s ,τ),

then we may write

Φ
sb
s = { f ∈ D∞(As) :

∫ +∞

−∞

|xn Am
s f (x)|2 dx < ∞,(n,m ∈ N)}.

It follows from the basic theory of singular Sturm-Liouville operators that (As |Φsb
s
)∗ = As. In particular, we infer

that As |Φsb
s

is essentially self-adjoint.
Now for Ab, observe first that Φsb

s ∩H o
s is a RHS in H o

s . Moreover, H o
s reduces As and Φsb

s ∩H o
s is a RHS for

As |H o
s . Put Φsb

b = ι ′−1(Φsb
s ∩H o

s ). Since ι ′ is unitary, we infer that Φsb
b is a RHS construction for Ab. Observe

that Φsb
b is different from the standard constructions [64, 8, 13], and is not invariant under Q. In particular, there are

functions fε ∈Φsb
b such that fε(x) = h̆1(x) for every x ∈ R+ with inf{|x−a|, |x−b|}> ε .

4.6 Algebraic manipulations
Let A be a self-adjoint operator in H and let {ψn}n∈N a Hilbertian basis of H . Put Λ = span{ψn : n ∈ N} and
suppose that AΛ ⊂ Λ. The next result, though elementary, emphasizes the importance of the case where the space
of algebraic generalized eigenvectors of A |Λ has dimension one, since in this case, it may characterize the spectral
representation in a general sense.

Lemma 4.6.1. Let L : H → L2(R,σ(λ )) be a linear map. Suppose that for every ϕ ∈ Λ, Lϕ is a continuous
function and (LAϕ)(λ ) = λ (Lϕ)(λ ). Then for every λ ∈ supp (σ)\Z (LΛ), the linear map δλ L is a generalized
eigenvector for (A |Λ,λ ).

Proof. Straightforward.

It is clear that if A is cyclic and ψ is a true cyclic vector for A, then for Λ = span{Anψ : n ∈ N}, the space
of generalized eigenvectors of A |Λ has dimension one. Next we shall look closely at two examples of Λ in Hb,
constructed by using two observables. In both cases Λ is a dense linear subspace of Hb, having a countable Hamel
basis.

4.6.1 The free Hamiltonian and the position observable in Hb

Denote by Λ the minimal linear subspace of Ψb which contains h̆1 and is invariant under Q. Then Λ⊂ Db but it is
not invariant under P2

b . Let λ ∈ R. Next we shall calculate the dimension of

Eλ = {F ∈Ψ
∗
b : FP2

b |Λ= λF |Λ}.

It follows from (4.8) that we can work in Ψa instead of Ψb. Moreover, the relations (4.6) and (4.7) entail that

Λ = span{φ2n+1 : n ∈ N}+ span{φ2n +αnφ2n+2 : n ∈ N}, αn =

√
(2n+2)
2n+1

.

First, observe that there exists a unique linear map Gλ ∈ Eλ such that Gλ (φ0) = Gλ (φ1) = 0 and Gλ (φ2) = 1. On
the other hand, observe that if F : Ψa→ C is a linear map satisfying FP2

a ψ = λFψ for every ψ ∈ Λ and Fψk = 0
for k = 0,1,2, then F = 0.

Lemma 4.6.2. Eλ has dimension 3 and Eλ = span{F1
λ
,F2

λ
,Gλ}.

Proof. It is clear that F1
λ

and F2
λ

lie in Eλ . Next let F ∈ Eλ and put γ j = Fφ j for j = 0,1,2. We claim that

F = γ0F1
λ
+ γ1F2

λ
+(γ2− γ0F1

λ
φ2)Gλ .
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To prove the claim put
Λ1 = span{φ2n+1 : n ∈ N}, Λ2 = span{φ2n : n ∈ N}

Recall that P2Λ j ⊂ Λ j for j = 1,2. It follows from our former computations in Section ?? that F |Λ1∈ span{F2
λ
},

hence F |Λ1= γ1F2
λ

. On the other hand, it is easy to check that

(F− γ0F1
λ
− γ1F2

λ
− (γ2− γ0F1

λ
φ2)Gλ )φ j = 0, j = 0,1,2

Hence we can conclude.

The above result provides, in our opinion, additional support for calculations in Φs and Hs instead of Φb and
Hb by using the extension map ι .

4.6.2 The SBP and the free Hamiltonian in Hb

Fix f ∈ D∞(Ab). Then χ(a,b) f ∈ D∞(Ab). Denote by Λ the minimal linear subspace of Hb which contains f and is
invariant under Ab and P2

b . Then Λ = Λ1 +Λ2, where

Λ1 = span{ f (2n) : n ∈ N}, Λ2 = span{χ(a,b) f (2n) : n ∈ N}

It is clear that AbΛ2 ⊂ Λ2. In particular, observe that if f is a true cyclic vector for Ab, then Λ is dense in Hb. Next
we conclude with the following result on the dimension of the space of generalized eigenvectors of Ab |Λ.

Proposition 4.6.1. Suppose that f is a true cyclic vector of Ab. Then for every z∈C, the space of solutions Sz ∈Λ∗

of the eigenvalue equation SzAb |Λ= zSz is two dimensional and the family {S1
z ,S

2
z} defined by

S1
z (χ(a,b) f ) = 1, S1

z ( f ) = 0, S1
z Ab |Λ= zS1

z (4.14)

S2
z (χ(a,b) f ) = 0, S2

z ( f ) = 1, S2
z Ab |Λ= zS2

z (4.15)

forms a basis.

Proof. First of all observe that since f is a true cyclic vector of Ab, the family { f ,χ(a,b) f} is linearly independent.
Next Let G be a generalized eigenvector of Ab |Λ. Since AbΛ2 ⊂ Λ2, it is easy to see that G |Λ2 is completely deter-
mined by G(χ(a,b) f ). Now an induction argument shows that G is completely determined by G( f ) and G(χ(a,b) f ).
In particular, S1

z and S2
z are well defined by the relations (4.14) and (4.15), and

G = G(χ(a,b) f )S1
z +G( f )S2

z .

Observe that h̆1 ∈ D(Ab) but Abh̆1 6∈ D(Ab). If we want to keep track of Hermite functions it is legitimate to
question whether the abstract model for the SBP can be refined so that h̆1 (or a slight modification) belongs to
D∞(Ab).
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[16] J.-P. Antoine, R. Bishop, A Böhm and S. Wickramasekara, Rigged Hilbert Spaces in Quantum Physics, in
D. Greenberger, K. Hentschel and F. Weinert, eds., Compendium of Quantum Physics, Springer, Berlin,
Heidelberg (2009).

[17] M. Gadella and F. Gomez, Dirac formulation of quantum mechanics, recent and new results, Rep. Math. Phys.
59, 127–143 (2007).

[18] G. Lindblad and B. Nagel, Continuous bases for unitary irreducible representations of SU(1,1), Ann. Inst. H.
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Résumé  

 
    Les vecteurs propres généralisés sont des outils clés dans la théorie des triplets de Gelfand. Soit ℋ	 un 
espace de Hilbert et soit Φ		un sous-espace dense de ℋ. Soit A : D(A) → ℋ	 un operateur linéaire non-borné 
a domaine dense défini sur ℋ	 tel que  Φ	 ⊂ 	D(A) et AΦ	 ⊂ 	Φ	 . Les vecteurs propres généralisés de A sont 
les vecteurs propres du dual algébrique de A : Φ	→ Φ	. Dans le cas où Φ		est muni d’une topologie 𝜏	 plus 
fine que celle induite par celle de ℋ	, les vecteurs propres généralisés qui sont 𝜏	-continus peuvent être d’un 
grand intérêt. Nous discutons des conditions qui garantissent l’existence d’une représentation associée aux 
vecteurs propres généralisés de A. A titre d’application, nous passons en revue et affinons l’étude de Böhm 
sur l’algèbre de l’oscillateur harmonique quantique. Nous discutons également des constructions 
canoniques de triplets de Gelfand. Nous nous concentrons sur les opérateurs cycliques autoadjoints et 
utilisons l’Hamiltonien libre unidimensionnel sur la demi-droite comme modèle. Nous proposons une 
construction non-standard qui peut être généralisée à de nombreux systèmes quantiques. Notre construction 
est motivée par le théorème d'unicité de Stone-von Neumann. 
 
Mots-clés : Triplet de Gelfand; nucléarité; représentation;  opérateur autoadjoint cyclique; théorème 
d’unicité de Stone-von Neumann. 
 
 

                       Abstract 

 
Generalized eigenvectors are key tools in the theory of rigged Hilbert spaces. Let ℋ	 be a Hilbert space and 
let Φ	be a dense subspace of ℋ	. Let A be a densely defined linear operator in ℋ	such that Φ	 ⊂ 	D(A) and 
AΦ	 ⊂ 	Φ	. The generalized eigenvectors of A are the eigenvectors of the algebraic dual of A: Φ	→ Φ	. In 
the case where Φ	is endowed with a topology 𝜏	finer than the norm topology inherited from ℋ	, generalized 
eigenvectors that are 𝜏	-continuous may be of great interest. We discuss conditions which ensure the 
existence of representations associated to generalized eigenvectors of A. As an application, we review and 
refine Böhm’s study of the algebra of quantum harmonic oscillator. We also discuss canonical rigged 
Hilbert space constructions. We focus on cyclic selfadjoint operators and use the one-dimensional free 
Hamiltonian on the half line as a model. We propose a nonstandard construction that can be generalized to 
many quantum systems. Our construction is motivated by the Stone von-Neumann uniqueness theorem. 

 
 

Keywords: Rigged Hilbert space; nuclearity; representation; cyclic selfadjoint operators; Stone-von 
Neumann uniqueness theorem. 
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