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ABSTRACT

In this thesis, we study the behavior of the singular values of Hankel operators on weighted
Bergman spaces Aiv, where w, = 7% and ¢ is a subharmonic function. We consider compact
Hankel operators Hg, with anti-analytic symbols ¢, and give estimates of the trace of h(|Hg|)
for any convex function h. This allows us to give asymptotic estimates of the singular values
(8n(H5))n in terms of a nonincreasing rearrangement of [¢'|/v/Ay with respect to an adequate
measure. For radial weights, we first prove that the critical decay of (s, (H3)), is achieved by
(8n(Hz))n. Namely, we establish that if s,(Hg) = o(s,(Hz)), then Hz = 0. Hence, we show
that if Ap(z) =< W with 8 > 0, then s, (Hy) = O(s,(Hz)) if and only if ¢’ belongs to
the Hardy space H?, where p = 2(217%}) Next, we compute the asymptotics of sn(Hg) whenever
¢ € HP.

In the second part, we study weighted Bergman spaces that satistfy Hardy-Littlewood Theorem.
That is

AP < \f(k)(o)!“r/ PP = [2])Pw(2)dA(z),  fe AL, n>1.
k=0 D

We improve and extend results obtained in [2,|10] to a large class of weights. We prove that
polynomials are dense in A? for weights w belonging to this class. Then we prove several
properties on the behavior of the kernel of A2 which allows us to study Toeplitz and Integration
operators on these spaces.

keywords— Bergman spaces, Hankel operator, Toeplitz operator, Volterra operator, singular

values, 0-L2 minimal solution, Hardy-Littlewood theorem.
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RESUME

Dans cette these, on étudie le comportement des valeurs singulieres de 1’opérateur de Hankel sur
des espaces de Bergman a poids. On considere des opérateurs de Hankel compact a symbole
anti-analytique et on donne une estimation de la trace pour toute fonction convexe h. Ceci nous
permet de donner une estimation du comportement asymptotique des valeurs singulieres. Pour
les poids radiaux, on montre a quel moment la décroissance critique est achevée. Ensuite, on
donne une condition nécessaire et suffisante pour que les valeurs singulieres soient un grand O
de la décroissance critique. Quand cette condition est vérifiée, on donne les asymptotiques des
valeurs singulieres. On étudie aussi des espaces de Bergman a poids qui vérifient le théoreme
de Hardy-Littlewood. On étend des résultats existants a une large classe de poids. On montre
que les polyndmes sont denses dans les espaces de Bergman a poids pour des poids dans cette
classe. Ensuite on démontre plusieurs propri€tés sur le comportement des noyaux reproduisant
des espaces de Bergman a poids, ce qui nous permet d’étudier les opérateurs de Toeplitz et

d’intégration sur ces espaces.

III



RESUME

Dans cette these, on s’intéresse a deux sujets. Le premier concerne les valeurs singulieres de
I’opérateur de Hankel sur des espaces de Bergman et le second concerne les espaces de Bergman
vérifiant le théoreme de Hardy-Littlewood.

Dans le premier sujet, on étudie le comportement des valeurs singulieres des operateurs de Han-
kel sur des espaces de Bergman a poids Ai¢ ol w, = e~ ¥ et p est une fonction sous-harmonique.
On considere des opérateurs de Hankel /75 a symboles anti-analytiques ¢ et on donne des estimés

de la trace de h(| Hg|) pour toutes fonction convexe h. C’est I’objet du théoreme suivant :

Théoreme .1. Soit w € W* et soit ¢ € By. Soit h : [0, +oo[— [0, +00[ une fonction convexe
croissante telle que h(0) = 0. Alors il exist B > 0 ne dépendent que de w, tel que

/Dh (%Tw<z)|¢'(z)|) d\,(2) < Tr (h(|Hy))) < /H)h(BTw(z)!eé’(z)I)dAw(z)-

Ce résultat permet de donner des estimations asymptotiques des valeurs singulieres (s, (Hg))n
en termes du réarrangement décroissant de |¢'|/+/Ay par rapport a une mesure adéquate.
Pour les poids radiaux, on montre que la décroissance critique de (s,(Hg)), est obtenue par

(s (Hz)), dans le théoréme suivant :

Théoreme .2. Soit w € W* tel que 7, soit équivalent a une fonction radiale et soit ¢ € B.
Alors

1. Sn(H$> = o(sn(Hz))

.
2. s,(Hyz) = o(R},(n)) = Hz=0.

v



Pour les différentes notations, on réfere le lecteur au reste de la these.

On montre ensuite que si Ap(z) =< W avec 3 > 0, alors s,(Hg) = O(s,(Hz)) si et

seulement si ¢ appartient a 1’espace de Hardy H?, ou p = 2(21T+Bﬂ) Lorsque ¢’ € HP, on calcul

les asymptotes de s, (Hz). C’est ce que donne le théoréme suivant avec lequel on conclut la
premiere partie de la these :

2(1+8)

213 et soit

Théoreme .3. Soit w € W* tel que 72(2) < (1 — |2])**? avec 8 > 0. Soit p =
peB;. Ona

su(Hz) = O(1/n'7) <= ¢ € H”.

De plus, si w est radiale et s, (Hz) ~ 'y/n% pour un certain v € (0, 00), alors

Y
Su(Hg) ~ ¢ ||lrp—, ¢ € HP.
np

Dans le deuxieme sujet de cette these, on étudie les espaces de Bergman vérifiant le théoreme
de Hardy-Littlewood. On dit que w vérifie le théoreme de Hardy-Littlewood et on note w € HL,
si pour tout p > 0, f € Hol(D) et n € N*, on a

1£1% = Z\f(’“’(O)I“r/D\f(”)(Z)\p(l = [2")"Pw(2)dA(2).

On commence par introduire certains poids vérifiant le théoreme de Hardy-Littlewood et on
montre le théoréme suivant qui donne une caractérisation des poids vérifiant le théoreme de

Hardy-Littlewood, lorsque ces derniers sont dans une certaine classe C,.

Théoreme .4. On suppose que w € C,, pour un certain py > 1. Les assertions suivantes sont

équivalentes.
(1) we HL.
(2) w e HL.
(3) wor S @ for somet > 0.

On remarque que si G—m5 € By, (n) pour un certain py > letunn > —1, alors w € C,, et
wor S W pour tout ¢ > po(n + 2) — 2. Cette remarque nous permet de définir une nouvelle classe

de poids.

Définition .1. Soit p > 1 et soit t > 0. On dit qu’un poid w appartient a la classe Cp; si w € C,

et woy S W.



On donne une preuve simple pour la densité des polynomes dans A? pour tout poid w dans
laclasse C,; avecp > lett > 0.
Ensuite on montre que le noyau reproduisant de A? vérifie certaines conditions lorsque le poid
est dans la classe C,,; avec p > 1 ett > 0. Ceci nous permet d’étudier 1’opérateur de Toeplitz et

I’opérateur d’intégration sur A2,

VI
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INTRODUCTION

In this thesis we are interested in two major subjects. The first one concerns the singular values
of Hankel operators with anti-analytic symbol acting on some weighted Bergman spaces and the
second one concerns Bergman spaces satisfying a Hardy-Littlewood theorem. These subjects lie

in the intersection of functional analysis, operator theory and complex analysis.

Hankel operators are one of the most important classes of bounded linear operators acting
on spaces of analytic functions. They have many connections with function theory, harmonic
analysis, approximation theory, moment problems, spectral theory, orthogonal polynomials, sta-
tionary Gaussian processes, 0-operator ...etc. The book of V. Peller [42] is an acknowledged
reference in the classical theory of Hankel operators and their various applications. We are inter-
ested in the behavior of the singular values of Hankel operators with anti-analytic symbols acting
on Bergman spaces. The first work in this subject is due to Axler [9] who described boundedness
and compactness of such operators in the classical Bergman space. Right after, Arazy, Fischer
and Peetre [[7] studied the membership for such operators in Schatten classes. They highlighted
the existence of a cut-off by proving that these operators can not be of finite trace. In [23]], En-
¢li§ and Rochberg described, using the Boutet de Monvel-Guillemin theory, all Hankel operators
with anti-analytic symbols that belongs to the Dixmier class and gave an explicit formula for
Dixmier Trace in this case. Several authors considered the same problems in other spaces of
analytic functions [13,28,33,36,37,46,52]. In this work, we give the asymptotic behavior of
the singular values of compact Hankel operators, we describe the class of symbols for which
the associated Hankel operators have the critical decay and compute the asymptotics of singular
values of Hankel operators associated with this class of symbols.

Throughout this thesis, w will denote a function from D into |0, co[ which is integrable with



respect to the Lebesgue measure. The associated Bergman space will be denoted by A2 and is

given by

A2 = {f € Hol(D) Hwa.:(/\f )2dA, (2 ) < oo}, dA, = wdA.

We will also assume that w is bounded below by a positive constant on each compact set of D.
This implies that A2 is a reproducing kernel Hilbert space.
Let €2 be any set on the complex plane C and let (, ||.||) be a Hilbert space of complex-

valued functions on {2 endowed with an inner product (., .) such that the point evaluation
ew : H — C
[ fw)

is bounded at each point w in ). Then, by Riesz representation theorem, for each w € (2, there

exists a unique function K, = K (., w) in H such that

fw)={f,Kv), feN (D)

Definition 0.1. Suppose () is any set on C and 'H is a Hilbert space of complex-valued functions
on §). We say that ‘H is a Reproducing kernel Hilbert space if, for each z € ), there exists a
function K, (.) in H satisfying ().

The function K,,(2) = K(z,w), with (z,w) € Q x €, is called the reproducing kernel of
H.

The reproducing kernel of A% will be denoted by K.
The orthogonal projection from L? := L*(D,dA,,) onto A2 will be designated by P,,. It can be

represented as follows

- / FQOK(: QdAC),  fe L2,

Therefore, the domain of P, can be extended to all functions f such that fK, € L. :=
LY(D,dA,) for all z € D. Let g € L? such that gK, € L2 for all z € D. The (big) Han-
kel operator H, with symbol g is the densely defined operator on A? given by

Hyf =gf — P.(9f),
where f = Z ¢ K., withc; € Cand z; € D.

1<i<n
The explicit formula for H is given by

H,f() = [ (912) = o)) f(w)K (2. w)dAu(w), = €D.

2



We are interested in anti-analytic symbols on ID, ¢ = ¢ where ¢ is an analytic function.

We refer for the notations to the rest of the thesis.
We impose some conditions on the weight w that allow us to characterize many proprieties sat-
isfied by the Hankel operator, such as the boundedness, the compactness and the membership to
Schatten classes. We also use in the proofs tools such as subharmonicity and Cauchy formula.
We will need estimates of solutions of the J equation. Then we a result on Toeplitz operators to

prove one of the main results of our thesis which is the following trace estimates :

Theorem 0.1. Let w € W* and let ¢ € BY. Let h : [0, +o0c0[— [0, +00[ be an increasing convex
function such that h(0) = 0. Then there exists B > 0, which depends only on w, such that

[ (%Tw<z>|¢'<z>|) Dule) < T (W) < [ BRI ) d(2)

The previous theorem allows us to show the following results :

Theorem 0.2. Let w € W* be such that 7,, is equivalent to a radial function and let ¢ € By.
Then

1. s,(Hg) = o(sn(Hz)) = Hz=0.

2. s,(Hyz) = o(Rf,(n)) = Hz=0.

This theorem gives a cut-off for the singular values of Hankel operator, wich means that when
the decay of the singular values of Hankel operator is faster than a certain rate then the Hankel
operator is null.

The following result is also proven by using the trace estimates and the non-tangential maxi-

mal function :



Theorem 0.3. Let w € W* be a weight such that 72(z) < (1 — |2|?)>*Pv?(log(+—3)), where

1—[2]2

B > 0 and v is a monotone function such that v(2t) < v(t). Let ¢ € Bf and let p = 2%?; ). Then

Sn(Hg) =0 (%) <~ ¢/ c H?.

nrv1+5 (logn)

In this case we have .
uly) § 2
nrr1+8 (logn)

where the involved constant doesn’t depend on ¢.

Now we introduce some tools that will be useful in the proof of the theorem on asymptotics.
Let T' be a compact operator between two complex Hilbert spaces. The decreasing sequence
of singular values of 7" will be denoted by (s,,(7)),,.-The counting function of the singular values
of T" is denoted by
n(s, T)=#{n: s,(T) > s}, s>0.

We denote C, the class of increasing continuous function ¢ : (0, +00) — (0, 4+00) satisfying
Ylat) ~ aPP(t), (t—07),
The quantities D, (7") and d(7T") are given by

Dy(T) :=limsupy(s)n(s,T) and dy(T) := liminf(s)n(s,T).

s—0+ s—0%

Let us denote
Yy ={T€Sx: oY(s)n(s, T)=0(1)}

and
S0, ={T € S (s)n(s,T) = o(1)}.

Now we state the Theorem of A. Pushnitski [[45], Theorem 2.2} in the following form

Theorem 0.4. Let T, 75, ..., T,, be a compact operators such that

Ty € By, . and TT; €Ty, ., Vi#j.



Then

n

D, <Z Tk> = limsup¢(s) » n(s,Tx) and dy (Z Tk> = liminf(s) Y n(s, Tk).
k=1 iU k=1 k=1
In particular, if for all s > 0, we have n(s,Ty) = n(s,T1), k = 1,2, ..., n, then

D¢ (i Tk> = TLD¢ (Tl) and dw (

k=1

Now we state our main result which is a theorem on the asymptotics of the singular values of

Hankel operator.

Theorem 0.5. Let w € W* be a radial weight such that 72(z) < (1 — |2]?)*#1?(log(—3)),

1—|z]?

where 3 > 0 and v is a monotone function such that v(2t) < v(t). Suppose that

~
Sn(Hg) ~J T 1 5
nrv1+8 (logn)
where v > 0 and p = 2(21T+Bﬁ) Then, for ¢' € HP, we have
gl
Sn(Ha) ~ Tlldllp-

nryi+s (logn)

Next, we give an example. For a radial weight w, the sequence of the singular values of the

Hankel operator H on A2 is the nonincreasing rearrangement of the sequence
(Ilz"“W [l ) v
1 | i |
n

w(z) = exp (—L> , a, 5>0.

(log 1;12)°

We consider the weight

We obtain after computation



(aB)t/1+h

where v = 75

Now we get to the second part of the thesis in which we are interested in Bergman spaces
satisfying a Hardy-Littewood theorem. The weighted Bergman space A?, p > 0, associated with
a weight w is defined by

A2 = {f € Hol(D) : | f|%, == / F()Pw(z)dA(2) < 0o},

We say that w satisfies Hardy-Littlewood theorem, and we write w € HL, if for all p > 0,
f € Hol(D), and n € N*, we have

1£1% = i\f(k)(O)PD—i—/D\f(”)(z)\p(l — [2*)"Pw(2)dA(2).

A weight w is said to be in the class of Bekollé-Bonami weights B, (n), for p € (1,00) and

n>—1,if
/ p/v
([ waa) ([ wmaa ) scase.my
5(0,h) 5(6,h)

for any Carleson square
SO,h)={re*:1—h<r<1,0—al<h/2}, 6€[0,2n], he(0,1).

Where 1/p+1/p = 1and dA4,(z) = (n+ 1)(1 — |z|?)7dA(2).

In [2], Aleman and Constantin proved that if m € B,,(n), for some py > 1 and n > —1,

then w € HL. Conversely, if w € HL is such that
w(z) xw(w), |z—w| <81 —|z%), (2)

for some 6 € (0,1) then =75 € By, (1), for some pg > 1 and > —1[3].
Recently, G. Bao, Wulan and K. Zhu have introduced in [[10] a new class of weights which satisfy
(2.1). For s > —1 and ¢t > 0, we say that w € W(s, t) if
1 — 2\s 1 — 2\t
wsi(z) 1= / wlw)( = Jwl)*(1 = [2]) dA(w) Sw(z), ze€D.
D

|1 — mz|2+8+t

It is proved in [[10] that if there exist so € (—1,0) and ty > 0 such thatw € W(s, t) forall s > s
and all ¢ > t, and there exists 6 € (0, 1) such that w satisfies (2.1)) then w € HL.

We have the following result:



Proposition 0.1. Let w be a weight such that w € W(s, t) for some s € (—1,0] and some t > 0.
Then w € HL.

We will consider the class C,, (p > 1) of weights w such that

p/p’
( / wdA) ( / w—p’/pdA> < AP(A(z, @),
A(z,a) A(z,a)

forall & € (0,1). Where
Alz,r) ={weD:|z—w|<r(l1—|z])}; 2€Dand0<r < 1.

Let
1

w(z) = —— w(()dA((), zeD.
)= i Lo, “OHO, 2

We prove the following theorem which is a variant of the results in [2,[3] in this subject.

Theorem 0.6. Suppose that w € C,, for some py > 1. The following assertions are equivalent.
1. weHL.
2. weHL.

3. wor S wfor somet > 0.

For a radial weights let

Then we get the following results:

Theorem 0.7. Let w be a radial weight. The following assertions are equivalent.
1. weHL.
2. wis aweight and w,,(r) S w(r), r € [0,1), for some s € |—1,0[ and t > 0.

In this case we have A, = AL, with || f||az =< || fllaz_, forall f € Hol(D) and p > 0.

Ws,t



We get also the following result:

Theorem 0.8. Ler w be a radial weight such that &(r) < w(r) for all r € [0,1). Then, the

following are equivalent.
1. w e HL (or equivalently w € D).
2. weD.
3. w e W(s,t) for some s € (—1,0) and t > 0.
4. w/(1 — |z|*)" € By(n) for some n > 0 and for all p > 1.

5. w/(1—|z]*)" € By(n) for some n > 0 and some p > 1.

We consider the following class of weights.

Definition 0.2. Let p > 1 and t > 0. We say that a weight w (not necessarily radial) belongs to
the class C,; if

weC, and wy; S w.

Next we consider Toeplitz and Integration operators on A2 for w belonging to C,, ; for some
po > 1landt > 0.
Recall that the Toeplitz operator on A2 associated with a positive Borel measure ; on D is the

transformation

T,f(z) = / FOK (2, Qw(Q)du(C), (2 D).

We denote by pi, the measure dj,(2) := w(z)du(z), z € D. We have the following theorem

Theorem 0.9. Let 11 be a positive finite Borel measure on 1. The following assertions are

equivalent
1. The Toeplitz operator T, is bounded (resp. compact) on A2,

2. pu(Ay) =0 (AL(Ay)) (resp. 0 (Au(Ay))), n — oo.



We also have the following theorem which improves and extends the result of Constantion in
[16].

Theorem 0.10. Suppose that w € Cp, ; for some py > 1 andt > 0. Let pu be a positive finite Borel
measure on D such that that T}, is compact on A% and let p > 0. Then T}, belongs to S,(A2) if

> (et} <o

n=0

and only if

The previous theorem ends our discussion on Toeplitz operators. Now we are going to put
our interest in the generalized Volterra integration operator. For analytic functions f and g on D,

the generalized Volterra integration operator V is defined by

Vo f(2) = / T HOF(Ode.

The boundedness, compactness and membership to Schatten classes of V,, are the goals of several
papers on various spaces of analytic functions. For instance, see [1,4,/5,51]. A. Aleman and A.
Siskakis characterized in [5] the boundedness and compactness of V;; on the standard Bergman
space A2. They proved that V is bounded (resp. compact) on A2 if and only if g belongs to the
Bloch space B (resp. to the little Bloch space B,). Recall that

B := {g € Hol(DD), ilelg(l —12%)lg'(2)] < oo},

and
By := {g € Hol(D), limsup(l — |z|*)|¢/(z)| = 0}.
|z|—1

2

w?

The following result describes the boundedness of 1, on A
[2,/16].

improving that obtained in

Theorem 0.11. The Volterra operator V,, is bounded (resp. compact) on A% if and only if g € B
(resp. By).



Also, they characterized the membership of V; to S,(A2): V, € S,(A2), for p > 1 if and
only if g belong to the Besov space

B, := {g € Hol(D), / 1 ()P(L— |2 2dA(2) < 00},

And V, € §;(A2) if and only if g is constant. If TE € B,(n), Constantin prove in [16] that,

for p > 2, the operator V, belongs to S,(A2) if and only if g belongs to 15,. We improve and

extend that in the following theorem.

Theorem 0.12. Suppose that w € C,, ; for some py > 1 andt > 0. Let g be an analytic function

on D such that that V,; is a compact operator on A%. Then we have
1. If p > 1 then V, belongs to S,(A2) if and only if g belongs to B,.

2. If p < 1 then V, belongs to S,(A2) if and only if ¢ = 0 on D.

It is known that if w is any radial weight on [D then the polynomials are dense on the Bergman
space A2. for the non-radial case, it is also known that the fact that polynomials are dense on A2
is not always true. It is so interesting to find the weights for which the polynomials are dense on

weighted Bergman spaces. We have the following result.

Theorem 0.13. Suppose that w € C,, , for some py > 1 andt > 0. Then

[frllag < C@)fllaz,  f e AL

And, the polynomials are dense in AP for all p > 0.
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CHAPTER 1

ON SINGULAR VALUES OF HANKEL OPERATORS ON
BERGMAN SPACES

1.1 Introduction

The space of all holomorphic functions on the unit disc D in the complex plane C will be denoted
by Hol(DD). The Lebesgue measure on C is denoted by dA. The standard Bergman space A? with

a > —1, consists of holomorphic functions f on D such that

WM:AU@W&@<m7

where dA,(z) = (1 — |2]2)2d A(z).

™

Recall that A2 is a reproducing kernel Hilbert space with the kernel

1

W, Z,’UJED.

K(z,w) =

The orthogonal projection of L2 := L?*(dA,) onto A% will be denoted by P,. Given g €

L'(dA,), the linear transformation

Hyf =gf — Pa(gf)

is a densely defined operator of A2 into L? & A2. The operator H, is called the (big) Hankel
operator with symbol g. For general facts concerning Hankel operators on Bergman spaces we

refer to [7,52]. In this chapter we are interested in Hankel operator H with anti-analytic symbol

11



¢. First, recall that the Bloch space 13 and the little Bloch space B, are given by

B ={¢ € Hol(D), sup(l—[z*)|¢(2)| < oo}

By= {0 € Hol(D),  lim (1— |2)l¢'(:)| < o}

In [7], J. Arazy, S. Fisher and J. Peetre proved that Hj is bounded (resp. compact) on A% if
and only if ¢ belongs to the Bloch space B (resp. ¢ belongs to the little Bloch space By). This
result was first proved by S. Axler [9]] in the case o = 0. The membership in Schatten classes of
Hankel operators Hy was also studied by J. Arazy, S. Fisher and J. Peetre in [[7]. They proved

that Hy € S,(A2), for p > 1, if and only if ¢ belongs to the Besov space B, defined by

B, = {¢ € Hol(D), /chb/(Z)lp(l — [2*)P?dA(2) < oo}

For p < 1, they proved that H; € S,(A?) if and only if H; = 0 (which means that ¢ is
a constant). These results were extended by Galanopoulos and Pau in [26] to large Bergman
spaces associated with radial weights.

Let w =: e~ ¥ be a weight on I such that ¢ is a regular subharmonic function and let A% be

the weighted Bergman space given by

— {femo): Il = ([ 1rP ) <o), dA, = widA.

As before, the Hankel operator with anti-analytic symbol ¢ is the operator Hy : L*(dAy,) —
L*(dA,) & A2 given by
Hyf = ¢f — P.(of),

where P, is the orthogonal projection from L?(dA,,) onto A2.

For a class of radial rapidily decreasing weights w(z) = e~#(*l), Galanopoulos and Pau proved

/ 2 / 2
in [26] that H is bounded (resp. compact) if and only if ——— il is bounded (resp. lim |¢ (2)l
Ay fl1- Ap(z)

|¢/|2 p/2
€ LP°(ApdA).

Note that for we(z) =: e %) = (1 — |2]?)*,a > 0, we have Aga = 7= | B

conditions given by Galanopoulos and Pau are the same as those given by Arazy, Fisher and

0). They also prove, for p > 1, that H; € .5, if and only if ——

——— and thus the

Peetre in this case.
Our goal in this paper is to study the asymptotic behavior of the singular values of Hz. We will

consider the class of weights W* which includes weights considered in [7,26] (see the first and

12



the third examples given in Section [I.2.1)). In order to state our main results, we introduce some

notations. The reproducing kernel of A2 is denoted by K,

1
Tw(Z) = m and d)\w = 7_—3

It should be noted that in several, but not all, situations Tﬁ is comparable to 1/A¢. For more
information, see the examples given in Section[1.2.1]

By analogy with the standard case, we write B“ (resp. Bf) for the space of analytic functions ¢
on D such that sup,p, 7,,(2)|¢'(2)| < oo (resp. N hm 7.(2)|¢' (2)] = 0).

The following theorem will play an important role in the sequel.

Theorem 1.1. Let w € W* and let ¢ € BY. Let h : [0, +o00[— [0, +-00[ be an increasing convex
function such that h(0) = 0. Then there exists B > 0, which depends only on w, such that

[ 1 (306 ) < 7 008D < [ HBREISED DA

It should be noted that theorem is new even in the A2 case.

Let us denote by R;jw the nonincreasing rearrangement of the function 7,,|¢'| with respect to
d),. Namely,

R (@) i=sup{t € (0, [7¢/[lsc] : Rou(t) =},
where R, is the distribution function given by
Ropw(t) = A({z €D 7,(2)|0'(2)| > t}).

As a first consequence of Theorem [2.4] we prove that if p is an increasing function such that

p(x)/z7 is decreasing for some v < 1, then

sa(Hz) < 1/p(n) <= R ,(n) < 1/p(n).

The next result is motivated by a problem raised in [6,/7] . We prove in the following theorem

that the critical decay of (s, (Hg)), is achieved by the symbol ¢ = 2.

13



Theorem 1.2. Let w € W* be such that 7, is equivalent to a radial function and let ¢ € By.
Then

1. s,(Hg) = o(sn(Hz)) = Hg=0.

2. sp(Hz) = o(Rf,(n)) = Hz=0.

Note that, in general, it is not difficult to estimate R, (n). For example, if 72(z) < (1 —|z[?)***
with 5 > 0, then Rj’w(n) =n 2<21++ﬂﬂ>. Thus, Theorem [1.2[implies that

sn(Hgz) =0 (n_Q(Ql—:%)> = H; =0.

Now our goal is to describe the class of functions ¢ € B such that (Sn(Hg))n has the critical
decay. For simplicity, we state our result only in the case 72(z) < (1 — |z|)?*7.
As usual, the Hardy space H?, p > 1, consists of analytic functions f on ID such that

21

1 7
I = sup o= [ [f(re?)[Pdf < oo.
0<r<1 4T Jo

Before stating our result, recall that in the setting of the classical Bergman space A> = A2 M.

Engli$ and R. Rochberg proved in [23] that Z sj(Hz) = O (1/n) if and only if ¢' € H"'. Next,
j=1

R. Tytgat [48,49] extended this result to A2, o > —1. We would also like to point out that

M. Dostanic [[17] has shown for the classical Bergman space A? that if ¢ is analytic in some

neighborhood of D then sn(Hg) ~ W% The following theorem improves and extends all

these results.

Theorem 1.3. Let w € W* be such that 72(z) < (1 — |2])*™P with 3 > 0. Set p = 2(21:5) and let
¢ € Bg. We have

su(Hz) = O(1/n'7) <= ¢ € H”.

Furthermore, if w is radial and s,,(Hz) ~ v/n% for some y € (0, 00), then

2
Su(Hg) ~ ¢ |lgp—, ¢ € HP.
np
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In wath follows we study this problem in more general situations. It should be noted that if
72(2) < (1= |2])**Flog™*(2/(1 — |2[?)) with a > 0, then R ,(n) = 108" P(1) We prove in

w nl/P

Theorem [[.9]that if 3 > 0, then

a/1+p8
sn(Hg) = O <M> — ¢ € H".

nl/p

However, if 5 = 0 and o > 0, curiously, the previous result is not valid. This is the subject of
Proposition [I.3]

For the standard Bergman spaces A2 we have 72 (2) < (1 — |z])% It is known, and can be

Way

easily seen, that s,,(Hz) ~ ¥:t% Hence, TheoremH says that if ¢ € By then

n+1 °

sn(Hz) =O(1/n) < ¢’ € H'.

And in this case s, (Hg) ~ ﬁ ||| 1. Another example is given in Section

In Section 2 we introduce definitions and notations that are used in the rest of the thesis. In
section 3, we give a description of boundedness and compactness of Hankel operators Hz on A2,
We establish, in Section 4, an upper and a lower estimates of the Trace of h(|Hg|). The upper
estimate is obtained from Hormander type L? estimates for - equation and from recent esti-
mates obtained by El-Fallah and El Ibbaoui for Toeplitz operators [19,[20]. The lower estimate
is obtained through a sort of local Berezin transform of Hj. Two direct consequences of trace
estimates are obtained by a suitable choice of the convex function h. The first one gives a sharp
asymptotic estimates of the singular values of compact operators of /. The second, presented
in Section 5, shows that the critical decay of the sequence (s, (Hg)), is achieved by the symbol
¢ = z. In Section 6, we prove the first assertion of Theorem The proof is based on Theorem
[2.4]and on estimates of some maximal non-tangential functions. The second part of Theorem I.3]
is given in Section 7. The proof of this result is based on the first part of Theorem[I.3]and on a
result on asymptotic orthogonality due to A. Pushnitski (see Appendix). Section 8 is devoted to

an explicit example.

Throughout this thesis, the notation A < B means that there is a constant ¢ independent of
the relevant variables such that A < ¢B. We write A < Bifboth A < B and B < A. As usual,
the notation w,, ~ v, means that lim wu, /v, = 1. The letter C' will denote an absolute constant

n—oo
whose value may change at different occurrences.
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1.2 Preliminaries

1.2.1 The class of weights VV*

Throughout this paper, w will denote a function from D into |0, oo[ which is integrable with
respect to the Lebesgue measure. The associated Bergman space will be denoted by A%. We
will also assume that w is bounded below by a positive constant on each compact set of ). This
implies that A2 is a reproducing kernel Hilbert space. The kernel of A2 will be denoted by K.

The orthogonal projection from L? := L*(D,dA,,) onto A% will be designated by P,,. It can be

represented as follows

Py(f)(2) = / FOK (= QdALQ), | e L2,

So, the domain of P, can be extended to all functions f such that fK, € L} := L'(D, dA,,), for
all z € D. Let g € L2 such that gK, € L2, for all z € D. The (big) Hankel operator H, with
symbol g is the densely defined operator on A2 defined by

Hyf =gf — P.(gf),
where f = Z ¢; K., withc; € Cand z; € D.

1<i<n
The explicit formula for H is

) = [ (66) = s() S @)K G w)dAuw), = €D

We are interested in this paper in anti-analytic symbols on D, ¢ = ¢. In this case a direct

computation gives the following useful formula
(HzK.)(z) = (p(2) — ¢(a))Kq(2), z,a€D. (1.1)

First, we recall the definition of the class of weights V introduced in [21]. Let

1

()= D.
) = G R (€

Suppose that the reproducing kernel K satisfies the following conditions

lim ||K,| = ooandforevery ( € D, |K((,2)| = o(||K.|]), |z] = 17. (1.2)

|z| =1~

We will suppose that 7, is such that

Tw(2) =01 —|z]), ze€D, (1.3)
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and that there exists constant 17 > 0 such that for z, ( € D satisfying |z — (| < n7,(z), we have
Tu(2) X 70,(C) and || K[| [ Kl S [K(C, 2)]- (1.4)

If the weight w satisfies all the previous conditions, we shall say that the weight w belongs to the
class W. Note that W contains all standard weights. For more information, see the examples
listed in [21]].

The Laplace operator A is given by A = 90, with

1 0 0 — 1 0 e,

Letw = e~¥ € W such that ¢ € C*(ID). We shall suppose that
To(2)Ap(2) 21, z€D, (1.5)

or, there exist a subharmonic function ¢ : D — R* and constants 6 > 0 and t € (—1,0) such
that for all z € D we have

2(2) A (2) > 6, Ap(z) > tAY(z) and |0 (2)]* < A(z). (1.6)

Definition 1.1. We say that w € W* if w € W and satisfies or ({1.6).

Examples

In this subsection, we give three examples which will be our references throughout this paper.

* Standard Bergman spaces A2: These spaces are associated with w,(z) = @(1 —[z2)e,
with o > —1. The reproducing kernel of A? is K (z,w) = W Then
s
o (2) = 1—[z]?).
roa() = |/ (1= [2P)

Clearly, w, € W. Note that if o > 0, then 7, (2) < 1/1/A¢p, where ¢ = log 1/w,. Then
w, satisfies (1.5) and w, € W*. Itis also clear that if « € (—1, 0], then w,, satisfies (1.06)
with ¢ = avand ¢(2) = log(1/(1 — |z|?)). Then w, € W*.

* Harmonically weighted Bergman spaces: In this case we suppose that w is a positive har-
monic weight. It is proved in [22], that 7,(z) =< 1 — |2]? and w € W. One can easily
see that ¢ = log(1/w) is subharmonic and that w satisfies (L.6), with ¢ € (—1,0) and
(z) = log(1/(1 — |z|%)). It should be noted that in general 72 and 1/A are not compa-

rable.

17



» Large Bergman spaces: The following class of weights was introduced by Hu, Lv and
Schuster in [27]. It includes the classes considered in [14,30,34]]. Let £, be the class
of functions 7 € lip(D, R) such that | lim 7(z) = 0. We denote W, the set of weights

z|l—>1—
w = e~¥, where ¢ € C? is strictly subharmonic and for which there exists 7 € £, such

that 7 < 1/4/Awp. One can directly see, from [27], that if w = e~¥ € W), then w € W*
and 7, < 1/\/Aep.

1.2.2 Some inequalities involving convex functions.

The following elementary lemma is proved in [20].

Lemma 1.1. Let (a,,)n>1, (bn)n>1 be two decreasing sequences such that lim a,, = lim b, =0
= = n—oo n—oo

and suppose that there exists v € (0, 1) such that (n"b,,) is increasing. Suppose that there exists

B > 0 such that
> h(by/B) <Y h(ay) < h(Bb,),

n>1 n>1 n>1

for all increasing convex function h. Then a,, < b,,.
We also need the following elementary result. For completness, we include the proof.

Lemma 1.2. Let A, p be two real numbers such that 0 < A < p. Let p be an increasing function

such that p(x) /z* is decreasing and let (ay,),, be a decreasing sequence such that,

S han) < 3 h(1/pn)),

n>1 n>1
for all increasing function h such that h(t?) is convex. Then
an < C(p, A)/p(n).

Proof. Let § > 0 and consider h(t) = (t'/7 — §'/)". By hypothesis,

S (ar =) < (1M (n) = 617)"

n>1 n>1

Then we have

cp) Y alP< > 1/p7(n).

an>20 p(n)<1/6

Using the fact that n/?/p'/?(n) is increasing and the fact that A/p < 1, we obtain
6YPCard{n : a, > 26} < C(p, A)§"PCard{n : p(n) < 1/6}.

This implies the result. []
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The following elementary lemma will be useful in the proof of Theorem [2.4]

Lemma 1.3. Let H, K be two Hilbert spaces and let T' : H — K be a compact operator.
Suppose there exist (Uy)n>1 C H, (v,)n>1 C K such that ||u,|| = ||v,|| = 1 and

Sl )P < ClulP and 3 (v, 0) P < Clel® - (ue Hyv e K),

for some C > 0. Then for any increasing convex function h such that h(0) = 0, we have
D ([ Tun,va)]) <O h(sa(T)).

Proof. Let (e,)n>1 and (f,)n>1 be the two orthonormal systems in H and K respectively such

+o0
that Tf = Z sk(T) (f,ex) fr, forall f € H. By Holder’s inequality we have
k=1

1/2 1/2
Z\<un,ek><fk,vn>rs(Zuun,em?) (Zufk,vm) < Jualllloall = 1, V0 > 1.

k>1 k>1 k>1
And
1/2 1/2
D 1 {unsen) (fryvn) | < (Z [ (Un, €x) |2) (Z | (fi> n) |2> < Cllexlllifell = €, k= 1.
n>1 n>1 n>1

Since h is convex and /(0) = 0 we obtain

Zh ([ (Tun, vn) |) < Z h (Z k()| (tn, ex) (fis vn) |>

1 n=1 \kx1
< 35 Hu )] o )
_ Z A(su(T)) o )|
<c > A(se(T).
-
The proof is complete. -

1.3 Boundedness and compactness of Hankel operators on A?

We need the following L>-estimates of solutions of the d-equation due to B. Berndtsson ([[11],
Theorem 3.1).
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Theorem 1.4 (B. Berndtsson). Let 2 be a domain in C and let ¢ and 1) be subharmonic func-

tions in §). Assume that 1 satisfies
00(2)* < Ay(z), ze€Q (1.7)

Let s € (0,1). Then, for any function g on ), there exists a solution u to the equation Ou, = g

such that )
/ lu|?e™#TVdA < / Me_“DJ“Sq’/’dA.
Q o A

Lemma 1.4. Let w € W*. There exists C' > 0 such that for any function g on D, there exists a

solution u to the equation Ou = g such that

/D u(z) Pwlz)dA(z) < © / 2(2)]g(2) Pl 2)dA(2).

Proof. Note that if w satisfies (1.5), then the result comes directly from —Hoérmander’s theorem.
On the other hand, suppose that w satisfies condition (1.6), that is there exist a subharmonic
function ¢ : D — R* and constant ¢ € (—1,0) such that for all z € D we have

1
Ay(z)

Then by Theorem applied to the couple of subharmonic functions (¢ — ¢, 1)) with s = —

there exists a solution v to the equation du = ¢ such that

2,—¢ < @w
/D|u|e dAN/ﬂ)A¢6 dA.
/|u ) Peo(2)dA(z /|g P72 (2)eo(2)dA(2).

will denote the normalized reproducing kernel of A%. The following

S 70(2), tAP(2) < Ap(z) and |99 (2)]* < Av(2).

Then, we get

]

In the sequel &k, = |K H

result describes the boundedness of H; on A% when w € W*.
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Theorem 1.5. Let w € W*. Then, the Hankel operator Hy is bounded on A2 if and only if
¢ € B¥. In this case | Hg|| < sup 7,(2)|¢'(2)],
zeD

Proof. Suppose that H is bounded on A%, Fix a in D and let 6 < 7 (7 is the constant which
appears in (1.4)). By the formula (1.1}, we have

[ () Ptz)dae) = [ 166:) = (0 Plka(o) P21 A
> [ ol = o)) ) AG),
D(a,67(a))

Using the fact that |k,(2)|? < K(z, z) and the fact that 7,(2) < 7,,(a) when z € D(a,é7,(a)),

we have

[ o) = d@P Ik PeldAe) = s [ 00 - ola)PaA(:).
(a,07w(a)) D(a,674(a))

Then we obtain

J kPR 2 s [ et @A)

By Cauchy’s representation formula, we get

1
@@ S ey [ 16 —o@ldAr)

w

It follows that

2@l @ 5 - 1 Il oA
/ | Hha(2) P (2)dA(2)
— | Hoka
< || HylP?

Hence, ¢ € B“.
Suppose now that sup,.p, 7.,(2)|¢/(z)| < oo and let f € A%. By Lemma[1.4] there exists a

solution w to the equation

ou=df (1.8)
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satisfying
/D!u(Z)\Qw(Z)dA(Z)S/D75(2)W(Z)\2!f(Z)IQW(2)dA(Z)-

Therefore, since Hf is the L7 —minimal solution to the equation (1.8)), we have

/D Hf (2)Pw(2)dA(2) < / NS (2) P () Pw(2)dA(2). (1.9)

Hence
I Hzll S sup Tu(2)|¢'(2)] < o0
S

Note that from equation (1.9)), if ( f,,),, is an orthonormal basis of A2 then

dOIHEfNP S Z/D!fn(Z)\273(2)!¢’(2)\QW(2)dA(2)

= /HKz!\273(2)!¢’(2)IZW(2)CZA(Z)
= | [¢'(2)[*dA(z).
Consequently, if ¢ € B, then Hy € S;. We will see in the next paragraph that the converse is

also true.

We have the following description of the compactness of Hankel operators.

Theorem 1.6. Let w € W*. Then, the Hankel operator Hy is compact on A2 if and only if
¢ € By.

Proof. Suppose that 7 is compact. Since w € W*, k, = ”[Ig—i” converges weakly to 0 when

|z| = 17. Then lim |[|Hgzk.|| = 0. By the proof of Theorem we have
|z|]—1—

7(2)[¢'(2)] S [ Hgk]|

This implies that ¢ € Bf.
Conversely, let ¢ € By and let ¢,(z) = ¢(rz). Clearly, ¢, converges to ¢ in B as r — 1-.
Then by Theorem Hj converges to Hy. Now since ¢, € B, Hj is compact. Hence, Hj is

compact. ]
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1.4 Trace estimates for Hankel operators.

This section is devoted to the proof of Theorem 2.4 Before starting the proof, we recall the

following covering lemma.

Lemma 1.5. ([21]) Let X be a subset of C and let T : X — (0,00) be a bounded function.
Suppose that there are two constants vy, C' > 0 such that, for every z,w € X with |z — w| <
~v7(z), we have T(CZ) < 7(w) < C7(2). Set B=C+ 1 andlet § < ~/B. There exists a sequence
(2n)n>1 C X such that

1. X CUp>1D(2p,07(20)).

2. D(zp,67(2,)/2C) N D(2n, 07 (21m) /2C) = 0 for n # m.

3. For z € D(z,,07(2,)) we have D(z,07(z)) C D(zy, BIT(2,)).

4. (D(zpn, BOT(21)))n is a covering of X of finite multiplicity.
Such sequences will be called a (1, 6)— lattice of X.

We say that (R,,), € L, if (R,)n = (D(zn, 07, (2,)))n and satisfies the conditions (1) — (4)
of the above lemma. In the sequel we fix (R,,),, = (D(zn,07,(2n)))n € L, and b > 1 such that
(bRy,)n =: (D(2n, b07,(2,)))n is a covering of D of finite multiplicity.

For a positive Borel measure y on I, the Toeplitz operator associated with  and defined on A?
is given by

T,f(z) = /Df(w)K(z,w)w(w)du(w)7 z € D.

It is easy to verify that 7}, satisfies the following remarkable formula

(Tuf. f) = / (@) Pw(=)duz).

For more properties of Toeplitz operators we refer to [19-21,32]].

The following lemma will be used in the proof of the lower estimate of Tr h(| Hg).

Lemma 1.6. Let w € W* and let ¢ € B“. For any increasing convex function h such that
h(0) = 0, we have
>~ hllxom, Hakoo ) S 3 h(sa(Hy)),

where the implied constant depends only on (bR,,), and w.
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Hyke, :
Proof. Let u, = k,,, v, = szzm and remark that ||xur, Hgk.,|| = (Hzun,v,). So, it

suffices to prove that the conditions of Lemma are satisfied. Indeed, let f € A2 and let
1
dy = ; mdézn. Since w € W, T}, is bounded [21]]. Then we have

3 [ )] Z’”K = (T 1) < TR

Now let g € L?*(wdA). By Holder inequality, we have

Xor, H kzn
Z |<Unag Z| || ¢ 7XbRng>|2 < Z ||XbRng||2 Sz ||gH2

This completes the proof. O

Proof of Theorem[2.4} First, we prove that Z h (sn(Hg)) < / h(Cl¢'(2)|7.(2)) dXo(z). The
- D

equation (1.9)) implies that
H%Hgg Ty (1.10)

Then, by the monotonicity Weyl’s lemma, we have

sn(Hz) = M(H3Hz) S Aa(T,)- (1.11)

n

Let h(t) = h(v/t). By Theorem 4.5 of [20], we have

Zh Sn(H Zh
< Zh C)\n

-3 ( [ e erae)

Ry

<Zh( / (2)[2dA( ))

By subharmonicity, we have for all z € R,

1 /
A L 191

/()] S

Then,

[ werae s s ([ wao) = ([ womono)
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Since h is convex we obtain

i (C/n |¢’(z)|2dA(z)) <h (C (/b ] |¢/(C)|TW(C)d)\w(C))2)

<h (o | |¢'<om<¢>dAw<o)
< / B (C16()]7(C)) dAu(C).
bRy,

Combining these inequalities and the fact that (bR,,),, is of finite multiplicity, we get

S hisa(Hy)) < / B (C16/(2) [l 2)) dA(2).

Now we prove the lower inequality by using Lemma[2] We have

1/2
Iom, Higho, || = ( / \¢<z>—¢<zn>12uKzu%<z>dA<z>>

(1, —oterari) ™

1/2
m<z>|¢'<z>|s(/b |¢<<>—¢<zn>|2dxw<<>) = o, b ||, = € R

X

By Cauchy’s formula we have

Then

/Dh(Tw(z)|gb ) dA(2 Z/ (T (2)]'(2)]d A (2 <Zh0||xbRnHkrznll)

By Lemma |2, we obtain the desired result. O]

Let us denote by
Br = {$e B / (16/(2)|7ul(2))? dAu(2) < 00} (p > 0).

Note that B*%2 = B, is the classical Dirichlet space and it doesn’t depend on the weight w. Note
that since 7,(z) = O((1 — |2]?)), B*? = {0} whenever p < 1. Using standard arguments, one

can easily prove that an analytic function f on ID belongs to B“** if and only if

Z (ZEZ:))) < o0, where du(z) = 7,(2)|f'(2)|dA(z) and (R,,), € L.

In particular, this implies that the family (B“”?), is increasing.

The following result, which extends the main results in [7,[26], is a direct consequence of Theo-

rem 2.4]
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Corollary 1.1. Let p > 1 and let w € W*. Let ¢ € By. Then

Hz e Sy(Al) << ¢ebB?

As a consequence of Theorem we give some estimates of the singular values of compact
Hankel operators. To this end, let us recall that R, (t) :== A\, ({z € D : 7,(2)|¢/(2)| > t}) and
let R;;w be the nonincreasing rearrangement of the function 7,,|¢’| with respect to A,,. For any

increasing function h, by a standard computation, we have

[ reEEn i = [ Roano,

Then, there exists B > 0 which depends only on w such that

> h (%R;&w(n)) S/D (1.(2)|¢'(2) ) <> h(BR],( (1.12)

n>0 n>0

As a consequence of Theorem we obtain the following result.

Theorem 1.7. Let w € W* and let ¢ € By. Let p be an increasing function such p(x)/x" is
decreasing for some vy € (0,1). Then

sul(H5) = 1/p(n) <= R, (n) = 1/p(n).

Proof. By Theorem [2.4]and inequalities (1.12)), there exists B > 0 such that for every increasing

convex function h we have

Zh(%R ) > " h(sa(Hy)) <> h(BRS,(n

n>0 n>0 n>0

By Lemma we obtain the desired result. O

Theorem 1.8. Let w € W* and let ¢ € BY. Let p be an increasing function such that p(x) /x4
decreasing for some A > 0. Suppose that R} (v) = O(1/p(x)), as x — oo. Then

sn(Hgz) = O(1/p(n)), n — oo.
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Proof. First, recall that dp,(z) = 72(2)|¢'(2)|*dA(z) and fix (R,), € L. By Inequality (1.11)
it suffices to prove that \,(7,,) = O(1/p*(n)). By [20], for any p > 0 there exists B > 0 such

that, for any increasing function & such that h(#?) is convex and h(0) = 0, we have

D2 h(T)) < 3 h(BpiolRa) [A(Ry)).
Let b > 1 such that ((bR,,),) € L,,. By subharmonicity of |¢'|*/?, we have

el < (TP [ mmopopriao) . foranze g,

We obtain from the convexity of h,(t) =: h(t?) that

SR < Yon (G [ r@ie@rriac)
< Yt L HEG RO ORIA)

< /Dmc(bp, W)2(0)[6 () )N ©).

Combining these inequalities with (1.12) and the hypothesis that R ,(n) < 1/p(n) we obtain

S hO((T,)) < 3B (RE,(0)°) <D h(B/p*(n)

n>0 n>0

where B depends on w, b, p and A. The result comes from Lemma ]

1.5 The cut-off

In this section we consider weights w € W* such that 7, is equivalent to a radial function. We
cite as examples, radial weights w € W*, positive harmonic weights and weights w = e € W,

such that Ay is equivalent to a radial function.

Proof of Theorem[I.2} Suppose that s,,(Hg) = o(s,(Hz)). Let 0 € (0,1) and let hs(t) = (t —
§)". By Theorem[2.4] we have

/ m(l AN Do) < 3 halonl 85

n>1
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2w
G dt
Letp € (1/2,1) and put K = / |¢’(pe”)|2— . By Jensen’s inequality we have
0 T

/D hs (ém(z)w(z)y) Do(z) > 2 /O ha (%m(r) /0 g (e >§—;) Tgc(i:)
[ s (50 [C10enige )
_ /p 1 (%Tw(r)—(s):fg).

Suppose that ¢ # 0, then K > 0. For 7,,(r) > 224, we have (57, (r )—5) > K7,(r). Then

we obtain

v

[ s () a2 5 ar_ (113)

~ 2B {re(p,1): Tw(’l‘)>235} Tw( )
Let ¢ € (0, K/4B%) and let N be such that for n > N we have s,(Hj) < es,(Hz). Using
Theorem 2.4, we have

D hs(sa(Hg)) <Y hs(su(Hg)) + Y hslesn(Hz))

n>1 n<N n>1

< N||H| + / (2 B7,(2))dN(2)

dr
N| B +253/ |
{re(0,1): mu(r)>25} Tu(r)

IN

Since 1/eB > 2B/ K, we obtain
dr

hs(sn(Hs)) < N|Hs | + 253/ (1.14)
; ? ¢ {re(0,1): Tw(r)z%é} Tw(r>
Combining inequalities (I.13)) and (1.14)), we obtain

K dr dr

< N|Hy +25B/

2B Jire(pa): nu(r)>285) Tu(r) {72285y Tw(r)

1
. T
Since / ) = 00, when 4 goes to 0, we obtaln 5 < 2¢B. This gives a contradiction.
Tw\T

The second assertion is obtained by using the same argument. ]

Corollary 1.2. Let w € W* be such that 72(z) < (1 — |2[*)**#1*(log(+—» |Z‘2)) where 3 > 0 and
v is a monotone function such that v(2t) < v(t). Let ¢ € By and let p = 2L5) gy

248
1
sn(Hg) =0 | ———— |,
nrv 1+ (logn)



then ¢' = 0.

Proof. 1t is not difficult to verify that

/1 dt . 1

s t2H82(log1/t) = 0MAL2(log1/6)
Then, since 75(2) < (1 — |2[*)**71*(log({7—1;777), we have

dA(z)

Rou(t) = /
O =)o osn T P2 (10 L1 = [2F))

This implies that R}, (n) < ————. By the second assertion of Theorem [1.2, we get
¢ =0.

Note that if w is radial then

on ||Zn+1||2 ||Zn||2 L on
H*H( ) = ( — = m2(n)—, n>1.
AN EY et O (A | AN EA | R | EA

So, the sequence of the singular values of > is the nonincreasing rearrangement of the sequence

(Mmw(n))n>1-

For the standard Bergman spaces A2, it is easy to see that

F'(n+DHI'a+2)
'n+a+2)

a+1
n+a+)(n+a+2)

12" = and m;; (n) =

where I'(z) = / t*e~tdt denotes the Gamma function. Then
0

a+1
n+1"
For larger Bergman spaces we have the following result.

Sn(HE) ~

Proposition 1.1. Let w € W* and let 3 > 0. Suppose that 72(2) < (1 — |2]?)2P1%(log(+—=2)),

1—[2[?

where v is a monotone function which satisfies v(2t) < v(t). Then

1 2(1
Sp(Hz) X ——————, wherep = 21+5)

nivm(logn) 2+8
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nP v 148 (logn)
result. =

Proof. From the hypothesis, we have R} (n) < ————. By Theorem , we obtain the

1.6 Critical decay

In this section we describe the class of functions ¢ € By such that s,,(Hg) = O(sn(Hz)). This
kind of problem was first examined by Arazy, Fisher and Peetre for standard Bergman spaces

[7]. They proved that if ¢ belongs to the Besov space 3; given by

B, == {f € Hol(D), / F(2)dA(z) < oo},

then

n

on(Hy) = O (log(n + 1)), where 0,,(Hz) := Y _ s;(Hy).
j=1
They also proved, in the same paper, that the converse is false. In [23], M. EngliS and R. Rochberg
gave a complete answer to this problem for the classical Bergman space. They proved, by using
Boutet de Monvel-Guillemin theory, that o,,(Hg) = O (1/n) if and only if ¢/ € H'. This result
was extended by R. Tytgat [48,49] to standard Bergman spaces A%. In what follows we study

this problem in more general situations. Our approach is based on Theorem

Proposition 1.2. Let w € W* be a weight such that 72(z) < (1 — |z|2)2+ﬁy2(log(ﬁ)) where

p > 0 and v is a monotone function such that v(2t) < v(t). Let ¢ € BY and let p = 2(2IT+B5)
Then
1
sn(Hz) =0 | ————— = ¢’ € H".
nrv1+5 (log n)
Proof. Suppose that s,,(Hz) < ———“——. Since 72(z) =< (1 — |z|2)2+51/2(10g(1_1z‘2)), we
nPvI+B (logn)
have
1 s 1
R.u(t) < 5 and R}, (n) < —— :
trr2+5 (log(1/1)) ’ nrv i+ (log(n))

Then for every increasing function h, we have

h h(7(2))dA (2) < 1 :
S ) = L <5 ()
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where B doesn’t depend on h. If in addition % is convex and h(0) = 0, then by Theorem2.4] we

obtain

Ah@mmﬁ@DwA@:SEZhw%“W)

< / h (B1BCT,(2)) d\o(2).
D

Lete € (0,1) and put p. = (1 —&)p+¢. Note thatif 5 =0 (i.e. p = 1) thenp. = L and if § > 0

then 1 < p. < p. Note that in the two cases we have

/1 dr

———— = 0.
757 (1)

The last inequality, with h(t) = hs(t?<), becomes

AMWWW%WMMMSA%M%&@MMA where K — CBB,.

Using the convexity of hg, we get

[ s () [Tisenpe ) S < [ @R ) 5 [ b ) i)

Suppose that there exists p € (0, 1) such that ||¢/ ||,, > 2/. We have

[ b (IR =5 5 [ ho Gz () dge)

Now, using the fact that hs(t) > t/2if t > 25, we get

dr dr
oz [ swe | S
{re(p1): 72 ()¢ Be>26} T o (T) {re(0,1): 78 (r)Kve>6} Too | (T)

Since [|¢)||,. > 2K, {r € (p,1) : 75:(r)KP= > 6} C{r € (p,1): 75(r)||¢,l[b: > 25}. Then

dr dr
ol | Rl _—
{re(p,1): 758 (r)KPe>§} Tw (T) {re(0,1): 758 (r)KPe >§} Tw (T)
Yodr _ ,
Recall that ?() = 0o. We obtain, when § goes to 07, that ||#/|[,. < /K. When ¢ goes to
Tw (T
0, we get ||¢) |, < K. This proves that ¢’ € H?. O
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Proof of the first assertion of Theorem[[.3] Let p = ps(:= 2(21++65 )). Suppose that s,,(Hz) =
O(1/n'/?). By Proposition with v = 1, we have ¢’ € H”.

For the converse, by Theorem it suffices to prove that R} (z) = O(1/ x'/?), whenever
¢’ € HP. To this end, let U be the non-tangential maximal function of ¢'. Since ¢/ € H? we

have U € L? and ||U|, < [|¢']|, (even if p = 1). We have

Row(t) = A({zeD:7(2)|¢'(2)] = t})

IN

Ao ({re? €D 7,(r)U(e") > t})

/ drdf
{re?eD:r, (r)U(et?) >t} ﬂ-(l - T2)2+B

2
i 0. db
1 0
S w /O UP(e™) 5
S sl
This is equivalent to R*M (x) < ”fl//lL” The proof is complete. O

Now, we study the converse of Proposition when 72(2) < (1 — |2/*)*P12(log(+—=3)).

1—]z[?

In the following result we consider the case 5 > 0. The case = 0, will be discussed right after.

Theorem 1.9. Let w € W* be a weight such that 72(z) < (1 — |2|?)*"1?(log(—3)), where

1—|z]?
B > 0 and v is a monotone function such that v(2t) < v(t). Let ¢ € Bg and let p = 2(21T+ﬁﬁ) Then

1

NPT (logn)

sn@,):o( ) - dem

In this case we have 1
sn(Hg) S 4——=——,
nryi+s (logn)

where the involved constant doesn’t depend on ¢.

Proof. By Proposition _ It remains to prove thatif ¢’ € HP then s,,(Hy) = O (1+) .

nPv 1+ (logn)

We will proceed as in the proof of Theorem Without loss of generality, suppose that ||¢'[|, =
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1. Our goal is to show that

1
Roult) = O [ —— ’
g () (tpyw(log(l/t))>

where the implied constant doesn’t depend on ¢.

We have . .
19’ (r¢)| < = s 7€(0,1)and¢ €T, (1.15)

(1 —r)% (1 —r)20m

This implies that
(2+8)8
[¢/(rQ) 7 (r) S (1 = 1) v(log(1/(1 = 1))
Then there exists 7o € (0, 1), which depends only on w, such that
/ 2+8)8
0" (rQ)7(r) < (1 —7)5@ 5, 1€ (ro, 1).
. .. (2+8)8
So, if |¢'(r¢)|7,(r) > t then r < r, where r; is given by (1 — r,) 405 = ¢.
Let U, be the non-tangential maximal function associated with z € D — ¢'(r;z). By inequality

(1.15]), we have . .

(1—r)/r 128’

[/ (rO)l < U(Q) <

For ¢ small enough, we have

r <71y, (1.16)

Row(t) = Ao({re” € D - 7,(r)|¢/ (re)| > t})
dr
{rei?:re(0,rt), 7w (r)Us (i) >t} 72(7”)

2 d
/ / = _as
{re(0,r¢):mw(r 1} Tw(r)

9)

t
< R.w . do.
~ /0 ’ (Ut(629)>

Since 72 =< (1 — r2)**P1% (log(1/(1 — r?)), we have R, (t) < ——1——. First, note that if
tPy 248 (log 1/t)

) < R..(t"Y?) < R.,(t). Otherwise, from equation (1.16), we

do

N

Ui(e?) < t'/2 then R, <
get

Ut(e™®)

p P (10
RZM( tz‘e>x QU( ). S L)
U(€®)) ~ wyae5 (log Uy(ei?) /t) ~ trw7i5 (log 1/t)
Combining these inequalities we obtain

HUth 1
R¢w( ) < 3 )
tpy7is (log1/t) — trv2+s(log1/t)
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where the involved constant doesn’t depend on ¢’. By Theorem |1.8] we obtain the desired result.
[

Now, we will prove that the previous result is not true when 5 = 0 which is somewhat

unexpected.

Proposition 1.3. Let w € W* such that 7,,(z) < % with a > 0. Then for v €524 1],

there exists ¢ € BY such that ¢’ € H' and

Proof. Let~y € (1,a + 1) be such that v = 35 Let ¢ be such that

1
(1—2)log" (%)

Since v > 1, ¢/ € H'. Write Ry, = R1 + Ro, where

z e D.

¢'(2) =

Ri(t) = A\({re? €D : 1 —r > |0 and 7,(r)|¢ (re)| > t})

and
Ro(t) = M({re?? €D : 1 —r < |0 and 7,(r)|¢ (re?)| > t}).

Clearly, we have

Ri(t) < A({re? €D : 1 —r > |6] and I —
1( ) ({7"6 r | | an loga—i-'y(e/(l _ ’T‘)) = }) t%
Similarly,
, 1—7r 1 1
Ro(t) < A({re? €D : 1 —r < |0| and = >t} <X 5.
() = A Pland oy =) onog (efion) = ) = 2
Then, Ry, (t) < —arr. By Theorem (1.7, we obtain that sn(Hg) =< # The proof is complete.

t ety

]
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1.7 Asymptotics

Now, we will precise the results obtained in Section 1.6/ when s,,( H>) is regular. The main result

of this section is the following theorem.

Theorem 1.10. Let w € W* be a radial weight such that 72(z) < (1 — |z\2)2+5y2(log(1_1z|2)),

where 5 > 0 and v is a monotone function such that v(2t) < v(t). Suppose that

5
Sn(Hg) Y T 1 5
nrv1+8 (logn)
where v > 0 and p = 2(21T+ﬁﬁ) Then, for ¢’ € HP, we have

v
Sn(HE) ~ T 1 HQS/HP
nryi+s (logn)

To prove this result, we will introduce the following functionals (see [[12,45]]). Let 7" be
a compact operator between two Hilbert spaces. Let n(s,T) be the singular values counting

function given by
n(s, T)=#{n: s,(T) > s}, s>0.

The class of strictly increasing continuous functions ¢ : (0, +00) — (0, +00) such that )(0) = 0
and such that

Plat) ~ aPP(t), (t—01),
for some p > 0, will be denoted by C,,. Let
Dy(T) :=limsup¢(s)n(s,T) and dy(T) :=liminf(s)n(s,T).

s—0t s—0t

From these definitions it is easy to see that if ¢ € C,, then

dy(T) = Dy(T) € (0,00) = 5,(T) ~ Dy(T)P4 " (1/n).

For more definitions and properties of these functionals see Section [I.8]

First, we need some results on the operator Hz P, M,, where M, denotes the multiplication
operator defined on L?(dA,,).
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Foranarcd = {e?: 0, <0< 6,} C T, RS will denote
Ry={z=re: 0<1—r<27/N, 6, <0<6)}, N=12, ..

The proof of the following results is similar to that one given by A. Pushnitski in [45].

Lemma 1.7. Let w € W* be a radial weight. Let 1) € C, such that D,(H3) is finite. The

following are true
1. Let g be a bounded function on D. We have

Dy(HzP,M,) < ||g|% Dy (Hz).
2. Let 8y, 65 be two arcs of T such that 6, N 65 = 0. Then
(HZPMMX s ) (HZPMMX s ) € Np=0S,.
R R

3. Let 6 C 0D be an arc such that |§| < 2. Then
Du(H=Paxzs,) < 01Dl )
4. Let 61,09 be two arcs of T such that 01 N 8 is reduced to one point. Then
<HZPMMXR§V1 ) (HZPMMXR}SVQ ) € Zho -
Proof. Since g is bounded, M, is bounded on L? and ||M,|| = ||¢|l. Then n(s, HzP,M,) <
n(s, || Mgy||Hz) = n(s, ||g|lHz), for all s > 0. Hence, by Proposition[I.3] we get
Dy (HzBuMy) < Dy(ll9lloo Hz) = llgll% Dy (Hz).

This proves the first assertion.
The same proof as that proposed by Pushnitski in [45], gives the second assertion.

To prove the third assertion, let N' € N* such that 27 < [4| < 37 and let

6y = e™Ng  n=1,2.,N.
N
Let R = R?{;. Since g := ZXRFV < 1, we have

n=1

N
Dy(Hz) > Dy(H-P,M,) = D, (Z HZPwaRnN> .
n=1
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For i # j we have (HQPWMXRZ. ) (HszMij ) = 0. Since the closures of R%; and RfV are
N N

disjoint, we have
- 0
(HngMXR}J (HZPwMXRgJ €, -

Further, since w is radial, the operators H?PwaRj are unitarily equivalent. It follows from
N
Theorem [1.12] that

N
Dw(Hg) Z .Dd) <Z HZPMMXRRI) == N.DQZJ(HZPUJMXR?V)

n=1
Therefore, Dw(HngMXR%) < 1/NDy(Hz) < |0|Dy(Hz).

The last assertion is a consequence of the second and the third assertion. Indeed, let € > 0 small
enough. Suppose that §; = {e? : 6, < 6§ < 65} and &, = {e : 0, < 6 < 63} and let
61(e) = {e? : 6, <0 <0y —c}. By (2), <HZPWMXR?\}(€)> (HZPL«)MXR(;\%> € Np=0S,. By
Corollary we get

Dwo\[ ((HZP"JMXR?\}) (HZP"JMXR?\?)) == Dwo\[ (<HZPUJMXR(]S\}\R?\]1<E)) (HZPWMXR‘;\?)) .

Applying Proposition we have

D'(/;o\[ ((HZPwaR%\R%@) (HZPwMXng)) < 2Dw(HngMXR§V1\R§V1<E))D¢(HngMXR§V2)
< 5Di(Hg).
Letting € to 0, we obtain Dm\/ ((HszMX 51) (HZPWMX 5 )) = 0, as required. ]
Ry Ry

Proposition 1.4. Let w € W* be a radial weight. Let ) € C, suchthat0 < d,(Hz) < Dy(Hz) <

Q.

* Let § C OD be an arc such that |6| = 3%, where N € N*. Then

| 1
Dy(HzPuMy, ) = 2-Dy(Hz) and  dy(H:P,My, ) = +

N dy(Hz).

o Let g be a continuous function on D. We have

lgll5dy (Hz) < dy(HzP,My) < Dy(HzP,Mg) < ||gll5Dy(Hz).
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Proof. Let

Ry={z=re?cD: r>1-1/N},

2m(k+1)
N

2mk
L§9<

=y
Z?‘
I
—~—
NS
I

re’? € Ry : }, k=0,1.,N—1.

And let
N-1
h = ZXR% =1— XD\Ry-
k=0
Hence, by Corollary [I.3] Lemma/[l.7|and Theorem[I.12] we have

Dy(Hz) = Dy(HzF,My)

N-1
D, (Z HZPUJMXRO

k=0

N—-1
> Dw(HngMXR,fV )
k=0

= NDy(H:P.M,, ).

Then Dy (HzP, My, ) = ~ Dy (Hz). Similarly, we obtain dy(HzP My, ) = ~dy(Hz).
N N
Let &, be the center of the arc R%, N 0D and let

_1
DI (HzP,M,) < D" (H-P,M,,) + D} (H-P, M,

9—an)
On one hand, by Lemma([I.7] we have
Dw(HEPwMg—gN) < ||9 - 9N||§oDw(Hz)-

On the other hand, by Lemma [I.7] Theorem [I.12] and the first assertion of this proposition, we
obtain

=z

-1

Dy(HzP,Myy) < Dzb(g(gk)HEPwaR;&)

i
Ll

= |g(€k)|pD¢(HEPwMXR?V)

i
=0
—

|9(&x)[P Dy (Hz).

2=
i



Combining these inequalities and letting /N going to oo, we obtain
Dy (HzP,M,) < gDy (Hz).
The lower estimates can be obtained by the same arguments. ]

Let ® : RD x RD — C be an analytic function, where R > 1. Let Ag : A2 — L2 be the
operator defined by

Aof(z) = / (z - E°K (2 O3( O/ (Ew(©)dA(E), =€ D. (1.17)

And let A be the operator given by

Af(z) = / (2 - E2K (2 O [ (€w(€)dA(E), €D, (1.18)

Now, we introduce notations which will be used in the proof of the next lemma. Let r € (0, 1)
and let J,. be the embedding operator from Ai to L?*(wx,pdA). Note that T, := J'J, is the
Toeplitz operator with symbol x,p. Namely,

T.f = /Dﬂc)K(.,Ow(odA(o.

By [20], there exists C' = C'(w) such that

D (T <

n>1

= Q
N
\]

N
S|
S~—

b~

m
—~
=
=

This implies that

r d » —1
M(T,) < inf (Q/ 2—p) = exp —c;—n
pe)) \pn Jo 72(p) C’/ _dp
0

If we suppose that 72(z) =< (1 — |2|?)2*#v2(log(1/(1 — |2]?))), then
(1) < exp (—C(w)(1 — ) P (log(1/(1 — r)n).
In particular we have

(1) = O (exp (—C(w,e)(1 — 7“)1+5_5n)) , Ve>0. (1.19)
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Lemma 1.8. Let w € W* be a radial weight such that 72(z) =< (1 — |z*)**/v%(log(— 7))

where 5 > 0 and v is a monotone function such that v(2t) < v(t). Then, for all € > 0, we have

1 2(1+0)
e e e

Proof. First, we prove the result for A which corresponds to ® = 1. Remark that

Af = Hof —2H;P,2f € A",

Then Af is the L?-minimal solution of du = 2H f. Applying Lemmatwice, we get

IAfIP S [2Hf ()P 75(2)w(2)dA(2)

< fw |2()dA()+T()/D\D|Hf()\2()dA(
§/|f ) Puo(2)dA(2 /|sz )Puw(2)dA(z) + 72 /|f P72 (2)w(2)dA(2)
< NI+ I PfIP + 22 () (Ta s ).

Then we obtain
A*AST, + (P2)'T, Pz + 12(r)Ty2

This implies that

$30(A) S A(T) + 72(r)An(Ty2). (1.20)
1
d
Since/ %5() < 00, by [20], T2 € Sg+5 for every € > 0. Then,
Tw

1
M(Tr2) = O ( 25) , foralle > 0. (1.21)

nre

Combining inequalities (1.19)), (1.20) and (1.21)), we obtain

2

sa,(A) < inf (exp (—C(w,e)(1 —r)"*F=n) + T“Q—(r)> , foralle > 0.

re(0,1)

ne
For a suitable choice of r, we obtain the result for A.

To complete the proof of the Lemma we use the argument given by M. Dostanic in [17]. Suppose
that ® is analytic and bounded by M on RD x RD. Clearly, we have

O0(:,0) , 80(,0) _ M
Dz 0) =) ¢ and T <

k>0
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P (k) _
And since Ag f = Z %APWC k£, we obtain

E>0
[0 (2 |‘I> ®)(z,0)|
S s (As) < ZT () + 3 A < 2 (s(4) 4 A
E>0 k>N
Now for Nm = n and m ~ n'~¢, we get the result.
O
Proof of Theorem[I.10} Let)(t) = Wlptpup/lw(log 1/t). Since s,,(Hz) ~ ——+——, Dy(H3) =
nP v 1+6 (logn)

dy(Hz) = 1. Note that
sn(Hg) ~ sn(H) ||l == Dy(Hg) = dy(Hz) = [|¢'][5-

First, suppose that ¢ is analytic in a neighborhood of D. Then there exist R > 1 and an analytic
bounded function ® on RD x RD such that

P(2) — p(w) = (z — w)d' (w) + (2 — w)*®(z,w), z,w € RD.

We have
HP, = H:P,d/ + AP,
By Lemma [[.§]
sn(AeP,) = o(s,(HzP,)), n — 0.
So,

Dy(AeP,) = 0.
By Corollary [1.3] we deduce that

Dw(Hg) = Dw(Hng(5/> and dw(Hg) = dd,(Hnggg,).
We obtain, by Proposition[I.4] that
dy(Hz)|| ¢} < dy(Hg) < Dy(Hgz) < Dy(Hz)l|¢'13-
Since Dy (H>) = dy(Hz) = 1, we obtain
dy(Hz) = Dy(Hg) = ||¢']5.
Now, suppose that ¢' € H?. By Theorem [1.9] we have
sn(Hg_g,) < Cll¢' — @lllpsa(Hz), n>1.
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This implies that Dy (Hjz_5. ) < C?||¢' — ¢.|[? D,y (H=). Then we have

1 1 1 1

|Dy(Hg) 71 = (Dy(Hz)||9)|15) 77 | = |Dy(Hg)m = Dy(Hz) |
< Dy(Hg_g)r+

1

< (CPN|¢' = @B Dy (Hz)) "

When r — 17, we obtain D,,(Hg) = Dy(Hz)||¢'||5 = ||¢'||5. With the same arguments we have
dy(Hgz) = dy(Hz)||¢'||h. The proof is complete. O

Similarly, one can prove the following result which corresponds to the situation 5 = 0 and
v =< 1 in Theorem [L.I0l

Theorem 1.11. Let w € W* be a radial weight such that 72(z) =< (1 — |2|?)% Suppose that

~
Sn(HE) ~ ﬁa

where v > 0. Then, for ¢’ € H', we have

Y
sn(Hg) ~ ﬁ||¢/||1-

Proof of the second assertion of Theorem The case § = 0 comes from Theorem while

the case § > 0 is a consequence of Theorem 7.1 with v = 1. ]

1.8 An example

For a radial weight w, the sequence of the singular values of the Hankel operator H; on A2 is the

nonincreasing rearrangement of the sequence

(IIz"“W il )”2
1EA [ E .
Recall that for the standard case w,(2) = (a + 1)(1 — [2[*)%, we have s,,(Hz) ~ Y%L In this

section, we consider the weight

w(z) = exp (—L) , a, B>0.

(log )7
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We have

e = | |z|2"exp( ﬁ) )dA<z>
_ / on exp( m) ordr

=/0+Ooexp( (0t 1)r — %) da.

) Y18 b the minimum of the function (n+1)z+ 5. After the change of variable

Letz, := (;‘—fl

. IT—Tn
u = e we get

+00
12" = x, exp (—(n + Dz, — %) / exp (——h( )) du,
xn —1 xTL

where h(u) = Bu+ - 1+u) — 1.

In the sequel, we will use Laplace method [24] to get an expansion of ||z"||?

. By Laplace
Theorem, we have

H ):\/w/:mexp(—th(u))duwl, t — +o00.

Letn > 0. We have

1
th”(0) / exp (—th(u)) du = O(e™*™),  t — +oo0.
21 Ji-1,—aluln, ool

*‘t)::\/%E§£§5J4<u<nexp(—¢h(u))du,
) = \/@ / P (—th(u)) du.

Using the change of variable v = h(u), when 7 is small enough, one can write

Let

where cg, .., cony € R. The same is also true for Hn*. Then
2N
d; 1
H(t) :Zm—FO(t—N) y
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8
where dy = 1l and dy, ..,doy € R. Let A, = h?,—?o) x711+2 exp (—(n + Dz, — %) We have

2P =AH (ﬁ)
| 5

a b c

Tt = L~ manws + o T s+

By a direct calculation, we get
1
L/n"m),

where a = (a3)'/1*#. Then, we have

[l N e
et O | A | Y =<
where v = (O‘ﬁl)i/;ﬁ. Finally, we obtain
sn(Hz) ~ —2.
1 2(B+1)

Appendix: Asymptotic Orthogonality

Let 7" be a compact operator between two complex Hilbert spaces. The decreasing sequence of
singular values of 7" will be denoted by (s,,(7")),.The counting function of the singular values of
T is denoted by

n(s,T)=#{n: s,(T) >s}, s>0.

Recall that C, denotes the class of increasing continuous function ¢ : (0, +00) — (0, +00)
satisfying
Y(at) ~aPip(t), (t—07),
As before, D,(T), d(T") are given by
Dy(T) :=limsupy(s)n(s,T) and dy(T) :=liminf(s)n(s,T).

s—07t s—07F

The goal of this appendix is to extend the results obtained for ¢(t) = 7, [12,45.50], to the class

C,. We give here the proof for completeness.

Proposition 1.5. Let T and V' be compact operators and A € C. We have
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1. Dy(NT) = |\PD(T) and dy(AT) = |\PPdy(T).

2. Dy(T + V)51 < Dy(T) 77 + Dy (V).
1

3. dy(T + V)51 < dy(T) 7+ + Dy(V)wer.

4. .Dz/)(TV) S 2D1/10t2(T>D1/Jot2(V)'

Proof. 1. For A # 0, we have

Dy (AT) = limsup ¢(s)n(s, \T) = limsup ¢ (s)n(s/|\|,T)

s—0t s—0t

= limsup ¢ (|A|s)n(s, T')

s—0t

= [A\Plimsup ¢ (s)n(s,T)

s—0t

= [APDy(T).

Similarly, we have dy(A\T") = |A[Pdy(T), VA € C.
2.Letz € (0,1). Forall s > 0, we have

n(s, T+V)=n(zs+ (1 —x)s, T+ V) <n(zxs,T) +n((1l —x)s,V)

:n<s,lT)+n(s, L V).
x l1—2

V). By the first assertion we obtain

Hence, Dy, (T + V) < Dy (3T) + Dy (

D¢,(T + V) é (’Eipr(T> + (1 — .Z')ide,(V).

It follows that
Dy(T+V) < min) {27PDy(T) + (1 — ) "Dy(V)},

z€(0,1
and 2. is obtained.
By the same way we obtain also the third assertion.

4. For all a, s > 0, we have

n(s, TV) = n(av's a Vs, TV) < n(av/s, T) +n(a™'V/s, V)
=n(V's, éT) + (s, al).
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Hence
Y(5)nls, TV) < g{s)n(v/3, ~T) + (s)n(v/5,aV)
VIV, ~T) + Ds)(V5,aV),

with ¢) = 1(t?). Then
1
Dy(TV)< D; (=T )+ D;(aV
o1v) < D (57) + Dylav)
= a PDy(T) +a*Dy(V).
It follows that
Dy(TV) <min {a *Dy(T) + a**Dy(V)}

a>0

< 2D4(T)Dy(V).

Let us denote
Yy ={T € Sx: oY(s)n(s, T)=0(1)}

and
and X)) :={T€S.: v(s)n(s,T)=0(1)}.

The second and the third assertions of the Proposition[I.5]imply the following corollary.

Corollary 1.3. Let T and V' be compact operators. Suppose that V' € X9, then

Once we have that, we can state the Theorem of A. Pushnitski [[45], Theorem 2.2] in the

following form
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Theorem 1.12. Let Ty, T5, ..., T, be a compact operators such that

T €Y, . and TI; €Y, . Vi

Then

Dy, (Z Tk> = limsup(s) » n(s,Tx) and dy (Z Tk> = liminf(s) Y n(s,Tx).

—0t
k=1 s—=0% k=1 k=1 s

In particular, if for all s > 0, we have n(s,Ty,) = n(s,T1), k = 1,2, ...,n, then

D¢ (i Tk> = an (Tl) and dw (

k=1

3

Tk) = ndw (T1> 5
k=1

Proof. LetT = Tj. Since
k=1

TT* = zn:TT + zn: Ty,
=1 1,j=1,i#j

and T;T; € X, -, fori # j, we have

o/
Dy(T) = Dyo.(TT") = Dyo.. (Z Tﬂ}*)
i=1
= Dy ((JA)(JA))
— Dy (JAY ().
Where
J H" H
. O H"
an
(flu'~7fn) — Zfl (fla---afn) — (T1f17T2f27"'7Tnfn)
i=1
The matrix of (JA)*(JA) is
Ty, TiTy ... TiT), TiT, 0 O T, ... TiT,
T T ... TiT, TiT, n0 ... TUT,
. ) . ) = . + ) . .
T, T, ... T'T, 0 T*T, T*°T, TTy ... O

47

— T +T".



Since T;'T; € X9, - fori # j, we deduce that

DU(T) = Do T+ T7) = D (T

Let now 7 the operator
Ty 0

T
T() = ?

0 T,
We have

Dy(T) = Dyo f(T; Ty, Ty T, ..., TiTo) = Dyo f(T5Ty)
= Dy(Tp)

n

= limsup®(s) » n(s, Ty).

s—0t 1

In the same way we prove that
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CHAPTER 2

BERGMAN SPACES SATISFYING
HARDY-LITTLEWOOD THEOREM

2.1 Introduction

A weight on the open unit disk D of the complex plane C is a function w : D —|0, +oo[ which
is integrable with respect to Lebesgue measure dA(z) := dxdy/m on D. The weighted Bergman
space AP, p > 0, associated with a weight w is defined by

A2 = {f € Hol(D) : || |2 = / F(Pw(z)dA(z) < oo},

where Hol(ID) is the set of holomorphic functions on D. For o > —1, the standard Bergman
space AP, where w,(2) = (a + 1)(1 — |2[*)®, will be denoted by A?. We say that w satisfies
Hardy-Littlewood theorem, and we write w € HL, if forall p > 0, f € Hol(D), and n € N*, we

have »
11, = 3 1o + / FO ()P~ |22) (=) dA(2).
k=0 D

Throughout this thesis, we write A < B if there exists a positive constant C' such that A < C'B.
Moreover, if A < Band B < A, then we write A < B.

It is well-known that w, € HL for all « > —1. A weight w is said to be in the class of
Bekollé-Bonami weights B,(n), forp € (1,00) and n > —1, if

p/p
( / wdAn) ( / wp’/pdAn) < (A, (S(6, 1)),
S(6,h) S(0,h)
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for any Carleson square
SO,h)={re:1—h<r<1,|0—al<h/2},0€cl0,2a], he(0,1),

where 1/p+1/p" = 1 and dA,, = w,dA.
Aleman and Constantin [2] proved that if 7%=y € By, (n), for some py > 1and n > —1,
then w € HL. Conversely, if w is in HL and satisfies

w(z) X w(w), |2 —w| <d(1—[2]*), 2.1)

for some § € (0, 1), then m € B,,(n) for some py > 1 and > —1, see [3]]. Recently, Bao,
Wulan, and Zhu [10] have introduced a new class of weights which satisfy Hardy-Littlewood
theorem. For s > —1 and ¢ > 0, the class W(s, t) is the set of weights w satisfying
2)s 2\t
wei(2) = /D “(7“")(1'1 _’%L,)QSH =) a(w) < wz), e D,
It is proved in [10] that if there exist sp € [—1,0) and ¢, > 0 such that w € W(s,t) for all
s > s and for all ¢ > to, and if there exists § € (0, 1) such that w satisfies (2.1), then w € HL.
In Section we prove that the existence of s € (—1,0] and ¢ > 0 such that w € W(s,t) is
enough to get w € HL. Next, we consider the following class appeared in the literature before,

usually denoted by C,, see for instance [2,|16,31]]. For p > 1, a weight w belongs to the class C,

if
! ) p/p
(/ wdA> (/ wP /pdA> S AP(A(z, @), z €D,
A(z,a) A(z,a)

for some v € (0, 1) (or equivalently for all a € (0, 1), see [31]]). Throughout this paper, A(z, )
is the disk given by

Alz,r)={weD:|z—w|<r(l-|z))}, zeD, 0<r <1

Let
1

olz) = ——— N A . |
) (1—|22)? /Am/z) (C)dA(C), =€ D

In Section 2.2 we prove the following theorem which is a variant of results given in [2}[3}[10].

Theorem 2.1. Suppose that w € Cy, for some py > 1. The following assertions are equivalent.

(1) we HL.
(2) w e HL.

(3) wor S @ for somet > 0.
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Note that if w satisfies (2.1), then w € C, for all p > 1. Moreover, if TP € B, (n) for

< @ forall t > po(n+2) — 2, see [2, Lemma

Y

some py > 1 and n > —1, then w € C,,, and wy
2.1].
As a direct consequence of the previous theorem, if w € C,, for some py > 1, then the

condition

1
/Dw(z) log T |z|2dA<Z) < 00

is necessary to have w € HL (Corollary [2.1)).
Motivated by Theorem 2.1} we consider the following class of weights.

Definition 2.1. Letp > 1 and lett > 0. We say that a weight w belongs to the class C,; if w € C,

and wyt S @.

In Section 2.3 we prove that if w € Cp,, for some py > 1and ¢ > 0, then the dilation
fr(z) = f(rz) of each function f in AP satisfies

[frllaz < C@)ISfllaz, € AL

for all € [0, 1). Moreover, we prove that polynomials are dense in A for all p > 0.

Concerning radial weights, various generalizations of the fact that w, € HL, o > —1, are
obtained for different classes of weights, see [5,[38,47] and references therein. Recently, Peldez
and Rittyd [44] gave a complete description of radial weights belonging to HL. Using their
result (Theorem 2.5|below), we will prove the following theorem. In the sequel, w is the function
defined by

w(r) = 1i7’

/le(s)ds, rel0,1).

Theorem 2.2. Let w be a radial weight. The following assertions are equivalent.
(1) we HL.
(2) wis aweight and ws(r) S w(r), r € [0,1), for some s € (—1,0) and some t > 0.

(3) w € W(0,t) for some t > 0.

Note that, contrary to @, w can be non-integrable. Note also that in Theorem[2.2] the condition

wst S w for some s € (—1,0) and ¢ > 0 cannot be replaced by wy; < w for some ¢ > 0, even
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for weights that satisfy (2.1). Indeed, let w be the weight given by
1
(1—r) (ln ﬁ)

A direct calculation shows that, for all ¢ > 0, we have

w(r) = 5, 7> L

e

wou(r) = In < ) w(r), r € [0,1).

1—r
By Theorem w ¢ HL. Now, for all v > 1, we have

1
(1—7)(In ﬁ)%l'

Thus w is non-integrable for 1 < v < 2. While for v > 2, & is integrable and w,; < w for all
t>0.

In the last section, we consider Toeplitz and integration operators on A2 for w in C,, ; for

w(r) <

some py > 1 and t > 0. We give a complete description of the boundedness, compactness, and
membership of such operators to Schatten classes, extending results obtained in [2,/16].
Recall that Toeplitz operator 7}, on A? associated with a positive Borel measure x on D is

the transformation defined by

15 = [ FOK(:,0w(C)aulc), = €D.

The study of 7, has received an important attention from several authors. The boundedness,
compactness, and membership to p-Schatten ideals of the operator 7, on A% have been stud-
ied for different weights. For example, Luecking [?] considered standard Bergman spaces A2.
Oleinik-Perel’man weights were studied by Oleinik and Perel’man [35], and later by Arroussi
and Pau [8]. Constantin [16] characterized the boundedness, compactness, and membership of
T,, to Schatten class S,(A2) for p > 1, where T € Bro (n) for some py > 1 andn > —1.
In [21], El-Fallah, Mahzouli, Marrhich, and Naqos studied the operator 7,, on Af) for a large
class of weights w by imposing conditions on the reproducing kernel K. Peldez and Rittya [39]]
studied Toeplitz operators on Bergman spaces associated with radial weights, see also [41] and
references therein.

Recall that, for p > 0, the p-Schatten ideal of a separable Hilbert space H, denoted by SP(H),
consists of compact operators 7" on H for which the sequence of the singular numbers (s,,(7)),;
that is, the sequence of the square root of the eigenvalues of the positive operator 7™71’, belongs
to (P.
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We will use results from [21]] and [20]] to obtain a complete description of the boundedness,
compactness, and membership of 7}, to S,(A2) for all p > 0 and for any weight w € C,,,
for some py > 1 and ¢ > 0. Throughout this paper, we decompose D using the sets A(z,r),
0 < r < 1. The Lebesgue measure of a Borel set A of D will be denoted by |A|. Let z, € D.

For z € A(zp,7), we have
Az )] = (1= |20/
e 1—Zw| x1—|22=<1—|w* we Az, 7).
o |1 —zw| < |1 —2z(|, w,( € Az, 7).

In the terminology of [21], the sets A(z,r) give a (p, §)—lattice of D for p(z) = (1 — |z|*)/2
and for some choice of 6. Let A(z,,J) be the corresponding (p, §)—lattice of D and let (A,,),,
be an enumeration of A(z,,d). Let b > 1 such that bA,, = A(z,,bd) is a covering of D of
finite multiplicity, see [21] for more details. We prove the following theorem which improves

Constantin’s result. In the sequel, for a positive measure 1 on D, we denote by i, the measure

dp,(z) == w(z)dp(z), z € D.

Theorem 2.3. Let p > 0 and let w be a weight in C,, , for some py > 1 andt > 0. Let 1 be a

positive Borel measure on D such that T), is compact on A%. Then T, belongs to S,(A2) if and

only if . o
2 (ZZEA:D =

n=0

Let g € Hol(ID), the generalized Volterra integration operator V; associated with g is defined
by
Vif(2) = [ £(O(OdC. 1 € Hol(D),
0
The boundedness, compactness, and membership to Schatten classes of V;, have been the object
of several papers on various spaces of analytic functions, see for instance [1,/4,5,51]]. Aleman
and Siskakis [5]] characterized the boundedness and compactness of V;; on the standard Bergman

space A2. They proved that V, is bounded (resp., compact) on A2 if and only if g belongs to the
Bloch space B (resp., little Bloch space Bj). Recall that

B := {g € Hol(D), Szlelg(l —[2[*)lg'(2)] < oo},
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and
Bo := {g € Hol(D), limsup(1 — |2[?)|¢'(z)| = 0}.

|z]—1
They also characterized the membership of V, to S,(A2%). More precisely, they showed that
V, € S,(A2), for p > 1, if and only if g belong to the Besov space

B, = {g € Hol(®), [ [5(:)P(1 = sV 2dA() < o0}

and V, € §;(A2) if and only if ¢ is constant. If T € Bp(n), Constantin [16] proved that, for

p > 2, the operator V, belongs to S,(A2) if and only if g belongs to B,. We have the following

Theorem 2.4. Suppose that w € Cp,  for some py > 1 andt > 0. Let p > 0 and let g be an
analytic function on D such that V,, is a compact operator on A2 Then the following assertions
hold.

(1) Ifp > 1, then V,, belongs to S,(A2) if and only if g belongs to B,,.

(2) If p < 1, then V, belongs to S,(A2) if and only if ¢ = 0 on D.

Our proofs of Theorem [2.3]and Theorem [2.4]avoid the complex interpolation method used in
[16]. Our approach is based on the paper [20].

2.2 Hardy-Littlewood theorem

This section contains the proofs of Theorem [2.1] and Theorem [2.2] We start by giving some
properties of the class Wi ;.

Lemma 2.1. Let s > —1,t > 0, and let w be a weight on D. Then the following assertions hold.

(1) Forall s > sandt' > t we have wy y S wgy. In particular, W(s,t) C W(s',t') for all
s> sandt > 1.

(2) Ift > O, then for all s € (—1,s) and t' € (0,t) such that wy y is a weight we have
W ¢ S W(S,t)

To prove Lemma (2.1}, we need the following useful inequality [25, Lemma 2.5].
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Lemma 2.2, Leta > —1, 8,7 > 0suchthat f+~v—a >2and f <2+ o < . Then

(1 |2P) 1
dA(z) < D.
LTS ) S e

Proof of Lemma[2.1] For s’ > sandt’ > t we have

JECE TSR

|1 — wz|?+s'+t
- [ () () o
SN0 gy,

~ |1 _ EZ|2+S+t

Therefore wy y < ws .

To prove the assertion (2), let s € (—1,s) and ¢’ € (0,¢). By Fubini’s theorem we have

(@), (2)
_ [Uslebra MW/mmﬂ—MW% [P A 4 4

|1_wz|2+s+t |1_w<'|2+8 +t

(1 — |w]?)* dA(w)
1— 1 — dA(C).
/ w(C)( [ 21%) / |1 — wz|2rs+t|1 — w2+ (€)
Since t > ¢’ and s > &/, by Lemma[2.2] we get

(= )™ dA(w) < 1
w .
p |1 — Wz |2rstt|1 — w( |2+ ~ (1= |21 — =R

‘We obtain

w(Q( = ¢ (1 — =) _
(ws’,t’)s,t (Z) S /]D) (1 — |Z’2)t7t/‘1 _ EC‘2+S/+t/ dA(C) - ws’,t’(z)' O

For r in (0, 1), let o, be any real number in (0,7/(1 + r)) such that

XA(IU,O(T)(Z) S XA(Z,T’) (w>, Z, w E D
This inequality will be frequently used from here on.

Lemma 2.3. Let w be a weight. Let s > —1,t > 0, and p > 0. Then HfHAp < A L Jorall
feA . "
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Proof. Letrin (0, 1). We have

11, :/|f(z)|p/w(w)(1—\u_J\2>s<1—\z|2)tdA(w)dA(z)

’1 _ U}Z’2+S+t

> [uer [ A

— 2)|PdA(z)dA(w
> [0 /A(Ww PaA(z)dAw)
2 1112,

The last inequality follows from the subharmonicity of | f|7. [

Proposition 2.1. Let w be a weight such that w € W(s, t) for some s € (—1,0] andt > 0. Then
w e HL.

Proof. If w € W(s,t) for some s € (—1,0] and some ¢ > 0 then, by the first assertion of
Lemma w € W(0, ). Hence =y € Byy(t) for all py > 1 (see the proof of (c) = (b) in
[3 Corollary 4.4]). Therefore, by Theorem 3.1 in [2], w € HL. O

Note that the sufficient condition, w € W(s, t) for some s € (—1,0] and some ¢ > 0, to have
w € HL is optimal in the sense that there is a weight w such that for all s > 0 and for some ¢ > 0
wand w ¢ ‘HL. Indeed, for o > 2, Bao, Wulan, and Zhu [10] proved that there

exists a positive measure j such that

wa(z) = /D ((1 - :i|2_)(51w_|2|W|2))0d”(w)

is a weight and w, ¢ HL. Now, for 0 = 2, let s > 0 and ¢t > 2. By Fubini’s theorem and Lemma

2.2 we have
(@, = =1 1=y [ Lt

Cz|?+s+t|1 — Zwl4

we have wy; <

~Y

< UJ2<C)-
Throughout, for a weight w on D and for r € (0, 1), let
5 (2) T [ wlOdA(), zeD
o (2) = ——M W , 2 )
(1= 2)* Jaen
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Recall that @ = @y ». Note that if w € C,, for some p > 1 then, for all 5 and r in (0, 1), we have
Wg =< wand ws(C) < 0(z)if ¢ € A(z, 1), (2.2)
see Lemma 2.2 in [[16]. In order to prove Theorem 2.1} we first establish the following lemma.

Lemma 24. Letp > 0, r € (0,1) and w € Cp, for some py > 1. Then &, is a weight and

AP = AY . Moreover, we have

Lz = 1L, . f € Hol(D).

Proof. Let r bein (0, 1). By (2.2)) and Fubini’s theorem, we have

/D o (2)dA(2) = / Ga (2)dA(2)

D

- | 7= | et O(OdA)AC)
< [w@f T e (JAGNAK)
= [ w(0aa).

It follows that &, is a weight. If f € AY, then, as in the proof of Lemmal[2.3] we have
LA, =2 AT, -

On the other hand, for f € AP, by the subharmonicity of | f|? and Holder’s inequality, we have

2]
1

|f(2)|p 5 fA(Z,r) w(w)dA(w)

Equivalently, we have

/A QPO <D 2.3)

P 1 p
FOPE ) S o [, OPEQIAQ), = <D
Therefore
1
11, S [ e [ acan QUOP(OaAQIAR)
1
< | = [ e EI@OPsOAAG)
» 1
= [rore@ [ A
= 1717,
The desired result is obtained. [
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Proof of Theorem 2.1} Since w € C,,, the weight wy,,) := (1—|z|*)""w belongs to C,,,. Moreover
Wi = (1 = [2]*)"Pi.

By applying Lemma to w and w[np], respectively, we deduce that w € HL if and only if
w € HL. Since w satisfies ), by Corollary 4.4 in [3]], we have w € HL if and only if
(@)or S w forsomet > 0. Now we have

WO,t(Z) _ /D w(w)(l__ |Z|2)tdA(w)

11— wz[2H

_ _152) XA(w,aT)(C) w
< Jut = 2P [ G A

5 / (:}T(C)(l_— |Z|2)tdA(C)

LG
[ #O0 |y
<), g 40

= (@)o.(2).

In a similar manner we also have wg; 2 (@), and hence (&0)p: < wo, Which completes the

proof. []

Corollary 2.1. Suppose that w € C,, for some py > 1. If w € HL, then

1

Proof. By Theorem|2.1] if w € HL, then there exists ¢ > 0 such that wy ; is a weight on D. Using
Fubini’s theorem, we have

o> [wn0aao = [ [ \1—23% AQw(2)dA(:)
A/D (2 )logl—WdA(z). O

As an example to illustrate the previous corollary, let w be the function given by

Z : 4y =/ 1)
|1 —Za,|[*(n + 1)3log?(n + 1)
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w is a weight satisfying (2.1)) and then w € C, for all p > 1. Since

/D w(2) log 1_—1|Z|2dA(z)

[
NE

1 1 1
1 dA
“ (n+ 1)3log?(n + 1) /D 11— Za,|* e |2]? (2)

3
Il

WE

1 / 1 1
— log dA(z)
< (n+1)3log’(n+1) Jag@,a2) 1 —Zaa|* 71— [2?

3
Il

= 1 1
= lo
2 G Do ) E T
1

Y
NE

(n+1)log(n + 1)

3
Il
o

= 00,

it follows that w ¢ HL.

Now we are going to prove Theorem For a radial weight w on D, let &(r) := f: w(s)ds,

- 1
r € [0,1). We say that w belongs to D if w(r) S @ (%) forall r € [0, 1), and w belongs to

. 1—
D if there exist K = K(w) > 1 and C' = C(w) > 1 such that w(r) > Cw (1 — TT) for all

r € [0,1). Peldez and Riittyi [44] proved the following result.

Theorem 2.5. Let w be a radial weight, 0 < p < oo, and n € N*. Then
n—1
1£1% = > 1F®(0)] + /D IF™(2)P(1 = |2*)"w(z)dA(2), f € Hol(D),
k=0

ifand only if w € D := DnD.

Note that w € D if and only if [43]] there is a constant o > 0 such that

) S G:Z)a@(t) (2.4)

forall 0 < r < t < 1. By similar arguments given in [43], w € D if and only if there is a
constant # > 0 such that

o(t) < <i:;>ﬁ@(r) (2.5)
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forall 0 < r <t < 1 (see also [44]).

Recall that .

1—r
Proof of Theorem[2.2] Suppose that w € HL. By ([2.3) we have

/Olw(t)dt S «(0) /01 (1—t)""dt S @(0) = /Olw@)d&

It follows that w is a weight. Now fix p in [0, 1). By Theorem the weight w is in D. Note
that the constant (3 in (2.3) can be assumed in (0,1). Let s € (—/,0) and ¢ > «, where « is the
constant in (2.4). We have

(1 —7r)*(1—p)
Ws t / / 1 _ T.pew’2+s+t rdrdf

oY (EGIELET
0 (1 Tp)1+s+t
w(r)d —r)*(1—p) fw(r)(1 =)L —p)
—/0 1= dr+/p - dr
)

Tp)1+s+t ( )1+s+t
p)

w(r)(1—p)t Lw(r)(1 —r)
</ i+ [ S

Letu > 1 and N € N* such that u™¥ (1 — p) = 1. Let

w(r) =

o(r), r e 0,1).

pji=1—u(1—-p), j=0,1,...N.

We have
N-1 .
JIE L S LT
o —n T ) T
N-1 1
<(1-p) ©(pjt1)
; (1—pytt "
By (2.4), we obtain
N-1 o
0 (1 _ r)l-i—t ~1—p = ud (1+t) 1—p
=1
< ~
~ W(p) ZO wit—a)
j:



Hence

P w(r)d —p)' .
/0 Wdr < w(p). (2.6)

On the other hand, for k > 1, let
ﬁj = 1_<1_p)/k]7 JEN.

We have

[, $ s,
L= p) [w(r)dr.

N T

By (2.5)), we obtain

1 e
w(r)(l—r)* 5 1 s
L dr <
/p (1—p)i+s dr < w(p) Z ki (B+s) < w(p).
Therefore w, +(p) < w(p). Hence (1) = (2).
Assume next that @ is a weight and w; S @ for some s € (—1,0) and ¢ > 0. It follows that

wst < w since we always have w;; 2 w. Indeed

Now, w;; is a weight because & is a weight, and for any ¢’ > ¢ we have
(D)o <X (Wot)op S wWsy X @,

by the second assertion of Lemma 2.1l We deduce that & € W(0,t') for all ¢ > ¢. Thus (3) is
satisfied.

Finally, assume that (3) holds, that is, @ € W(0,¢) for some ¢t > 0. By Proposition 2.1, @
belongs to HL. Therefore, by [40, Theorem 9], w belongs to HL . O
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We end this section by the following

Corollary 2.2. Let w be a radial weight such that &(r) S w(r) for all v € [0, 1). The following

assertions are equivalent.
(1) w € HL (or equivalently w € D).
(2) weD.
(3) w e W(s,t) for some s € (—1,0) and t > 0.
(4) w/(1—|z*)" € B,(n) for somen > 0 and for all p > 1.

(5) w/(1—|z[*)" € By(n) for somen > 0 and some p > 1.

Proof. The implications (1) = (2) and (4) = (5) are trivial. The implication (3) = (4) is
contained in the proof of Proposition If (5) holds, then w € HL by Theorem 3.1 in [2].
If w € HL then, by Theorem 2.2] w € W(s,t) for some s € (—1,0) and ¢ > 0, and hence
(1) = (3). Suppose now that w € D. Let o be the constant in (Z.4) and let ¢ > . We have

/ Ligr)_(i,/;fztdr < 1%'0/ w(r)dr = w(p), p € (0,1).

This together with (2.6)), we get

AE%ngé%”SQWLpemJ)

Equivalently, we have
wO,t(z) 5 LZ)(Z), z € D.

Therefore

1llaz,, S 1 FlLag < 1 flLags £ € AZ.

On the other hand, by Lemma we have
1FlLy 2l f € AL,
We deduce that A? = AP and therefore, by Theorem 9 in [40], w € D. The proof is achieved. [

62



2.3 Density of polynomials and properties of reproducing ker-

nels

2.3.1 Density of polynomials in A”.

It is well-known that if w is a radial weight on I then polynomials are dense in A?, see [29, p.
343] for example. For the non-radial case, it is also known that the fact that polynomials are
dense in AP is not always true, see [[18, p. 138]. The density of polynomials in Bergman spaces
associated with Bekollé-Bonami weights can be deduced from atomic decomposition for the
functions in such spaces in terms of kernel functions of the standard weighted Bergman spaces
[2,(15,31]. Combining this fact, Theorem and Lemma @ we obtain the density of the
polynomials in AP for all p > 0 if w € C,, for some py > 1 and ¢ > 0. Indeed, in this
case we have @ € HL and @ satisfies (2.1). Therefore, m belongs to B,(n) for some
q > 1land n > —1. We deduce that the polynomials are dense in A?. Hence, by Lemma
the polynomials are dense in AP. In fact, we prove in the following theorem that the weights
considered in this paper have the important property that the family of dilates f,.(z) := f(rz),

r € [0, 1), of each function f in AP is uniformly bounded, and polynomials are dense in A?.

Theorem 2.6. Let p > 0 and suppose that w € C,, , for some py > 1 andt > 0. Let f € AP.
Then

Ifrllaz < C@)lfllaz, m€[0,1),

and the polynomials are dense in AP.

Proof. Since wy; < @ for some ¢t > 0 and since we always have wy; 2 @, we get wp; < @.

~Y

Therefore, by Lemma we have || fllan < || fllaz, , for all f € Hol(D). On the other hand,
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for any 7 in (0, 1), we have

(wo,)o.1(2) = (Way Jo,t(2)

- L |Z’2)t w)w(w w
_/ |1—52|2+t( |C|2)2/[D)XA(C7QT)( Jw(w)dA(w)dA(C)

t

p |1 —CZ!Q” 1 — [¢?)?

1
- / w1y [ e A0
Sy ECIEIER

11— wz [+

/ Xt (Qw(w)dA@w)dAQ)

= wp(2).

We deduce that wy; belongs to W(0,¢). Now, fix f in A%, . Forall ¢ € D we have

FOP S / M 4y

A1) |1 —ZC?
(1—z]*)*
= P T JA(2).
/A(<,1/2) 7l 1=z )

Therefore ey
o s [ 1 If”|1 —prdAR), CeD. @7

Let ro € (0,1) close enough to 1 so that |1 — Z(| < |1 — rZ(| for all » > r( and for all z,{ € D.
It is not hard to see that || f, || s» < || f]laz for all f € AP and for all r < ro. For r > rg, the

Inequality (2.7) gives

1 —
reors [ 1) |p%cm<z>

/|f |p|1 _C‘QL A(z), (€ D.

Let h be the function given by

I
0= [ 1P I=dA). Ce.
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By Fubini’s theorem, we have
| rcrani(©aac)
- [ [ueri=Ek _'E:QL aGe) [ B dawyial
- [irr([ [ ,1_'5531‘?(1”) ol a0 aac)
~ [ 1P Ei(dAE)
S [ EPen)A() < o0

‘We obtain

fr[laz

wo,t

S [ 1laz
Equivalently, we have || f, || sz < || f]|a» for all f € AP and for all r > r(. Also, by Lebesgue’s

, feAl

Doyt th,TZTO.

convergence theorem we have lim || f, — f||4» = 0, and hence polynomials are dense in AP.
r—1-

The proof is complete. O

2.3.2 Reproducing kernel of A?

Notice that, by (2.3)), if w € C, for some p > 1 then for all f € A? we have

1
NfAzl/z w(w)dA(w)

Therefore, A2 is a reproducing kernel Hilbert space with kernel K and we have

f(2)I” < £

A2’

1
K215 S , VzeD.
B sy wW)dA(w)
Also, by Lemma A2 has a reproducing kernel K* with
5 1 1
|| K¢ HA2 = Vz € D. (2.8)

~ fA(z 1/2) % w(w)dA(w) (1 —|2[?)?@(z)’

We have the following proposition.
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Proposition 2.2. Suppose that w € C,, ; for some py > 1 and t > 0. The reproducing kernel K*
of A2 satisfies

Zl_l)rgD 1K ]| 42 = oo0. (2.9)
Moreover, for every ( € D, we have
KOl =0 (I1KZ L), 2 — 0D, (2.10)

Proof. Since, by Theorem 2.1 & belongs to 7L and since
(1= Po() S [ w(OdAQ) S 1. 2 €D,
we have
1 SUOF + [ 17GPAG)
It follows that the classical Dirichlet space
Do == {f € Hol(D) : || £, :== [£(0)]" + /D |f'(2)]*dA(z) < oo}

is contained in A2 with || f||x2 < || f[lp,, for all f € Dy. Let R be the reproducing kernel of D.

It is will-known that

1
—, z,w € D.
w

R,(w) =1+ log .

By the properties of reproducing kernels, for all z in D we have

[R5, = |R=(2)] = [(Re, K2) o | < [1R:llaz K2 ]l az

S RNl K2 g

Therefore lim [|K%| 42 = oc.
z—0D w B
To prove (2:10)), it suffices to show that the normalized reproducing kernel k% := HKIEW of
z A<

A2 converges to zero weakly as z — 9. Let p be an analytic polynomial. We have

; p(2)] 1210
| k. p | = 5 < 5 .
ERONE K az — K2 a2

It follows that (k2,p) ,, — 0, as z — 0. By Theorem 2.6/ and Lemma 2.4, polynomials are
dense in A?J. Hence, we obtain the desired result. ]
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The next proposition gives estimates of the reproducing kernel of A% near diagonal.

Proposition 2.3. Suppose that w € C,, ; for some po > 1 and t > 0. The reproducing kernel K*

of A2 satisfies the following estimates.
(1) Forall z € D, we have ||K*|? L

A2 = TP

(2) There exists 5 € (0,1) such that for all z € D we have

K2 (w)] < [ KS az [ Ko llaz, w € Az, B).

Proof. For a € D, let g, be the function defined by
Ga(2) :=1/(1 —az)/*", 2 e D.
By the first assertion of Lemma 2.1 we have

wo¢(a) w(a)
a2 = / pdA() = T s O
[1—az[+ az| (1 —lal?)* ™~ (1 —lal?)
Hence, by Lemma 2.4, g, belongs to A2 with

2, < ﬂ v D
||ga||A& ~ (1 o |a|2)t7 a <
Now, By duality we have
2
@ g.(z 1
|KZ )% = supllf (2, 1Ly = 1} = B0 >

lg:=1%e = (1 = [21*)*@(2)
Taking into account (2.8), the first assertion is obtained.

Since @ satisfies (2.1)), it follows from the first assertion that
Il 4z = 1K N4z, w € Alz,1/2).

The proof of the second assertion of the theorem is then similar to the proof of Lemma 3.3 in
[22]]. ]

Note that (2.9) can be recovered from the first assertion of the previous proposition since we

have

(1 - 22)20(z) = / XA (OW(OdAQ) = 0, [2] = 1,
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by Lebesgue’s convergence theorem. We also note that from the previous proposition, Lemma
and the properties of reproducing kernels, if w € C,, ; for some py > 1 and ¢ > 0, then

} 1
K912, = K92, = , 2z €D.
B g = 152 1 A2 (1—2P2a(z) ~

Therefore, for all » € (0,1), we have
1
fA(z,r) w(C)dA(C)

This estimate was obtained by Constantin in [[16] for w such that (1_‘% € B,,(n) for some

||K§J||2A3 = , 2 €D.

po > 1and n > —1. Also, notice that since || K|l 42 < [|[K¥| a2 if w € A(z,1/2), there exists
B € (0,1) such that for all z € D we have

K2 (w)] < K2 [ az [ Kz, w € Alz, ).

The proof is similar again to the proof of Lemma 3.3 in [22].

2.4 Toeplitz and Volterra operators on Bergman spaces

In all this section, we suppose that w € C,, ; for some py > 1 and ¢ > 0.

2.4.1 Toeplitz operators on AZ.

The following result describes the boundedness and compactness of Toeplitz operators 7), on AZ.
As mentioned in the introduction, the case of Bekollé-Bonami weights is considered in [[16]]. Our
proofs are based on Lemma and [21]]. Notice that the Toeplitz operator T}, on A2 associated

with a positive Borel measure y satisfies

(Tof ) = / FOP(Qdu(Q),  fe A2, @.11)

Recall also that y,, is the measure dy,,(2) := w(2)du(z), z € D.

Theorem 2.7. Let ju be a positive Borel measure on D. Then
(1) T, is bounded on A2 if and only if j1,(A,) = O (Au(An)).

(2) T, is compact on A2 if and only if 11,(A,) = 0 (AuL(Ay)), n — oc.
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Proof. Let v be the measure defined on D by dv = £dp. For all f € AZ(= A2) we have

Tt Pz = [P = [ RS = Tf. £
It follows that 7}, is bounded on A2 if and only if 7}, is bounded on A%. Hence, by Proposition
and Proposition T, is bounded on A2 if and only if (see [21])

1 w(z)
[An] Ja, ()
and, by (2.2), this is equivalent to

/An“<z)du(2) S /A nw(z)dA(z),

Similarly, we prove the second assertion of the theorem. [

du(z) = O(1).

An alternative way to prove Theorem [2.7]is by using Theorem 2.1} Lemma|[2.4] and [[16, The-
orems 3.1, 3.3, 4.1, and 4.2] concerning the boundedness and compactness of Toeplitz operators
on the weighted Bergman spaces associated with Bekollé-Bonami weights.

Using Proposition [2.2] and Proposition we will now prove Theorem [2.3] which describes
the membership of T, to S,(A2), p > 0.

Proof of Theorem[2.3] Recall that, for all f € A2(= AZ2), we have (T,.f, f), = (T.f. )5,
where T}, is the Toeplitz operator acting on A2 which is associated with the measure dv = zdy.
By Lemma the operator X : Ai — Af-}, X f = f, is bounded and invertible. It follows that
X*, the adjoint of X defined by

<X*f7g>Aa = <f7Xg>Ab%7

1s bounded and invertible on A%, moreover

(XTXS )y = (LXS X )z = (Tof fhaz = (Tuf f)az > € AL

In particular, X*7, X is positive and so X*T, X = T,. Therefore, by Weyl’s monotonicity

principle for compact positive operators, we have
M(T,) = (X'T,X) < \(T)), n=0,1,2,...

Hence, as a direct consequence of Proposition 2.2} Proposition 2.3} and [20, Theorem 4.5], T}, €
S,(A2) if and only if
— (Vv (An) ) g
< 0.
> (s:

69




Equivalently, 7, € S,(A2) if and only if

A”))>p<oo. O

> (el

n=0

2.4.2 Volterra operators on A2,

In order to study Volterra operators on A2, we give in the following lemma a connection between

these operators and Toeplitz operators on A2,

Lemma 2.5. For all f in A2, we have (V;Vyf, f) a2 < (Ty, f, f) a2, where

dpg = (1= |2*)*|g'(2)[?dA(2).
Proof. Indeed, by Theorem 2.1, we have
(VoVof, £az = VeIl = / (Vo) (2)P(1 = |2]*)*w(2)dA(2)
/ FEPI P~ 2P w()dA)
Ty f: f)az O

The following result describes the boundedness and compactness of V, on A2.

Theorem 2.8. Let g be an analytic function on D. Then, V,, is bounded (resp. compact) on A2, if
and only if g € B (resp. g € By).

Proof. 1f g € B then, by (2.11), T}, is bounded on A2, and hence V} is bounded on A2 by the
previous lemma.

Suppose now that V; is bounded on A2. Then, by the previous lemma, T,, is bounded on
A%, By Lemma we deduce that T}, is bounded on AZ. Therefore, by Theorem 5.1 in [21],

we have

|A A — 2°)°lg'(2)]PdA(z) = O(1).

The result follows by the subharmon1c1ty of |¢'(2)
A2 if and only if g € By. O

2. Similarly, we prove that V; is compact on
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We need the following lemma for the proof of Theorem [2.4]

Lemma 2.6. Let du = (1 — |2[*)*|h|*dA with h € Hol(D) and o > 0. If T,, is compact on A2,
then T, belongs to S,(A2), p > 0, if and only if

> (432) <

n=0

Proof. By applying Lemma|2.4|for the weight (1 — |2|?)%w, for all f € A2, we have
Tuf £y = [ 1FGIP PP b PAG)
/ FEP 2P B PAAC:)
(Tfs ) a2

Taking into account Proposition [2.2] and Proposition [2.3] the desired result is obtained from
Theorem 4.5 in [20]. ]

Proof of Theorem 2.4 Note first that, since V; is compact on A2, T,, is compact on A2 by
Lemma To obtain the first assertion, it is enough to prove that for all p > 1/2 we have

S (5a(Vy) " = / ()P (1~ |22 2dA().

From Lemma [2.5|and Weyl’s monotonicity principle for compact positive operators, we have

sa(Vy) = M\(Ty,), n=1,2,3,... (2.12)

n
where A, (7},,) is the n'" eigenvalue of 7, ,- Hence, it suffices to show that

3 ((T,) = / ()P (1~ [2P)2dA(2).

n=0

Using Lemma we have

ST =3 (e [ 0 FRRS PG ) > o

Since

(L= R S 57 [ (= KPIOWAQ), for = € A,
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we get

A(A,)

[ = kR ePaac) 5 (5 [ a-1ePl©a )

Therefore, since 2p > 1, we obtain

> (L) £ Y g

n=0

,LfﬂM%@WM)

n

sémwmww%mw

On the other hand, we have

Since (bA,,), =

[1gGIpra = pyaac)
Z/IUW - s 2aA ()

/wr% ~epydA(z)

\/ (my 21— [¢?)? ())pdA(z)
||/ mwmﬁ
AZ(/ O)PdA(C ))p.

(A(zp, bd)),, is a covering of D of finite multiplicity, there is N € N* such that

8

¢

24\
||M8 HM8 ||M8 I

bA,, C U{CVZIAW for all n. Hence

/W@Mms/wm%mx
bA, Ay

Tk

where 7, is such that

AI(Mﬂ%meMmMM)

1<k<N
n;c k
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We deduce that

[l pyac £ 3 ( /[ mommo)p
> ([ :g'<<>2dA<<>)p
=3 (g [, w0 - praae)
<3 (T

where the last equivalence is obtained by Lemma [2.6] This completes the proof of the first

assertion of the theorem.
If V, belongs to S;(A2), then T, belongs to S;/2(A2) by (2:12) and hence, by Lemma

we obtain

0 i (%ﬁﬁ))m

i (A(lAn) /A lg"(OI*(1 - |C!2)2dA(Q>1/2

23 qay [ €10 - iePaac)

- Z/ i 1|g—(|<2|‘2 44(0)

_ [ gl
SEE

This implies that ¢ = 0 on D. The proof is achieved. []

dA(Q).
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Résumé -

Dans cette thése, on étudie le comportement des valeurs singulieres de
["opérateur de Hankel sur des espaces de Bergman a poids. On considere des
opérateurs de Hankel compact a symbole anti-analytique et on donne une
estimation de la trace pour toute fonction convexe h. Ceci nous permet de
donner une estimation du comportement asymptotique des valeurs singuliéres.
Pour les poids radiaux, on montre a quel moment la décroissance critique est
achevée. Ensuite, on donne une condition nécessaire et suffisante pour que les
valeurs singuliéres soient un grand O de la décroissance critique. Quand cette
condition est vérifiée, on donne les asymptotiques des valeurs singulieres. On
étudie aussi des espaces de Bergman a poids qui vérifient le théoréme de Hardy-
Littlewood. On étend des résultats existants a une large classe de poids. On
montre que les polyndmes sont denses dans les espaces de Bergman a poids
pour des poids dans cette classe. Ensuite on démontre plusieurs propriétés sur
le comportement des noyaux reproduisant des espaces de Bergman a poids, ce
qui nous permet d’étudier les opérateurs de Toeplitz et d’intégration sur ces
espaces

Mots-clefs (5): Espaces de Bergman, opérateurs de Hankel, opérateurs de Toeplitz,
opérateurs Volterra, valeurs singuliéres

Abstract :

In this thesis, we study the behavior of the singular values of Hankel
operators on weighted Bergman spaces. We consider compact Hankel operators
with anti-analytic symbols, and give a trace estimates for any convex function h.
This allows us to give asymptotic estimates of the singular values. For the radial
weights, we show when the critical decay is achieved. Then we give a necessary
and sufficient condition for the singular values to be big O of this critical decay.
When this condition is satisfied, we give asymptotics of the singular values. We
also study weighted Bergman spaces that satisfies Hardy-Littlewood theorem.
We extend some existing results to a large class of weights. We prove that
polynomials are dense in weighted Bergman spaces for weights belonging to
this class. Then we prove several proprieties on the behavior of the kernel of the
weighted Bergman spaces which allows us to study Toeplitz and Integration
operators on these spaces.

Key Words (5): Bergman spaces, Hankel operator, Toeplitz operator, Volterra operator,
singular values
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