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et à ma soeur Safaa. Je leur exprime tout mon amour et toute ma gratitude. Je ne saurais les

remercier assez pour tout le support qu’ils m’ont apporté tout au long de ces années de doctorat.
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il a fait preuve tout au long de ce travail. Aussi j’exprime ma fierté d’avoir travaillé sous sa
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qui a accepté de faire un rapport sur ma thèse.
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ABSTRACT

In this thesis, we study the behavior of the singular values of Hankel operators on weighted

Bergman spaces A2
ωφ

, where ωφ = e−φ and φ is a subharmonic function. We consider compact

Hankel operators Hϕ, with anti-analytic symbols ϕ, and give estimates of the trace of h(|Hϕ|)
for any convex function h. This allows us to give asymptotic estimates of the singular values

(sn(Hϕ))n in terms of a nonincreasing rearrangement of |ϕ′|/
√
∆φ with respect to an adequate

measure. For radial weights, we first prove that the critical decay of (sn(Hϕ))n is achieved by

(sn(Hz))n. Namely, we establish that if sn(Hϕ) = o(sn(Hz)), then Hϕ = 0. Hence, we show

that if ∆φ(z) ≍ 1
(1−|z|2)2+β with β ≥ 0, then sn(Hϕ) = O(sn(Hz)) if and only if ϕ′ belongs to

the Hardy space Hp, where p = 2(1+β)
2+β

. Next, we compute the asymptotics of sn(Hϕ) whenever

ϕ′ ∈ Hp.

In the second part, we study weighted Bergman spaces that satistfy Hardy-Littlewood Theorem.

That is

∥f∥p
Ap

ω
≍

n−1∑
k=0

|f (k)(0)|p +
∫
D
|f (n)(z)|p(1− |z|2)npω(z)dA(z), f ∈ Apω, n ≥ 1.

We improve and extend results obtained in [2, 10] to a large class of weights. We prove that

polynomials are dense in Apω for weights ω belonging to this class. Then we prove several

properties on the behavior of the kernel of A2
ω which allows us to study Toeplitz and Integration

operators on these spaces.

keywords— Bergman spaces, Hankel operator, Toeplitz operator, Volterra operator, singular

values, ∂̄-L2 minimal solution, Hardy–Littlewood theorem.
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RÉSUMÉ

Dans cette thèse, on étudie le comportement des valeurs singulières de l’opérateur de Hankel sur

des espaces de Bergman à poids. On considère des opérateurs de Hankel compact à symbole

anti-analytique et on donne une estimation de la trace pour toute fonction convexe h. Ceci nous

permet de donner une estimation du comportement asymptotique des valeurs singulières. Pour

les poids radiaux, on montre à quel moment la décroissance critique est achevée. Ensuite, on

donne une condition nécessaire et suffisante pour que les valeurs singulières soient un grand O

de la décroissance critique. Quand cette condition est vérifiée, on donne les asymptotiques des

valeurs singulières. On étudie aussi des espaces de Bergman à poids qui vérifient le théorème

de Hardy-Littlewood. On étend des résultats existants à une large classe de poids. On montre

que les polynômes sont denses dans les espaces de Bergman à poids pour des poids dans cette

classe. Ensuite on démontre plusieurs propriétés sur le comportement des noyaux reproduisant

des espaces de Bergman à poids, ce qui nous permet d’étudier les opérateurs de Toeplitz et

d’intégration sur ces espaces.
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RÉSUMÉ

Dans cette thèse, on s’intéresse à deux sujets. Le premier concerne les valeurs singulières de

l’opérateur de Hankel sur des espaces de Bergman et le second concerne les espaces de Bergman

vérifiant le théorème de Hardy-Littlewood.

Dans le premier sujet, on étudie le comportement des valeurs singulières des operateurs de Han-

kel sur des espaces de Bergman à poidsA2
ωφ

où ωφ = e−φ et φ est une fonction sous-harmonique.

On considère des opérateurs de HankelHϕ à symboles anti-analytiques ϕ et on donne des estimés

de la trace de h(|Hϕ|) pour toutes fonction convexe h. C’est l’objet du théorème suivant :

Théorème .1. Soit ω ∈ W∗ et soit ϕ ∈ Bω0 . Soit h : [0,+∞[→ [0,+∞[ une fonction convexe

croissante telle que h(0) = 0. Alors il exist B > 0 ne dépendent que de ω, tel que∫
D
h

(
1

B
τω(z)|ϕ′(z)|

)
dλω(z) ≤ Tr (h(|Hϕ|)) ≤

∫
D
h (Bτω(z)|ϕ′(z)|) dλω(z).

Ce résultat permet de donner des estimations asymptotiques des valeurs singulières (sn(Hϕ))n

en termes du réarrangement décroissant de |ϕ′|/
√
∆φ par rapport à une mesure adéquate.

Pour les poids radiaux, on montre que la décroissance critique de (sn(Hϕ))n est obtenue par

(sn(Hz))n dans le théorème suivant :

Théorème .2. Soit ω ∈ W∗ tel que τω soit équivalent à une fonction radiale et soit ϕ ∈ Bω0 .

Alors

1. sn(Hϕ) = o(sn(Hz)) =⇒ Hϕ = 0.

2. sn(Hϕ) = o(R+
z,ω(n)) =⇒ Hϕ = 0.
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Pour les différentes notations, on réfère le lecteur au reste de la thèse.

On montre ensuite que si ∆φ(z) ≍ 1
(1−|z|2)2+β avec β ≥ 0, alors sn(Hϕ) = O(sn(Hz)) si et

seulement si ϕ′ appartient à l’espace de Hardy Hp, où p = 2(1+β)
2+β

. Lorsque ϕ′ ∈ Hp, on calcul

les asymptotes de sn(Hϕ). C’est ce que donne le théorème suivant avec lequel on conclut la

première partie de la thèse :

Théorème .3. Soit ω ∈ W∗ tel que τ 2ω(z) ≍ (1 − |z|)2+β avec β ≥ 0. Soit p = 2(1+β)
2+β

et soit

ϕ ∈ Bω0 . On a

sn(Hϕ) = O(1/n1/p) ⇐⇒ ϕ′ ∈ Hp.

De plus, si ω est radiale et sn(Hz) ∼ γ/n
1
p pour un certain γ ∈ (0,∞), alors

sn(Hϕ) ∼ ∥ϕ′∥Hp

γ

n
1
p

, ϕ′ ∈ Hp.

Dans le deuxième sujet de cette thèse, on étudie les espaces de Bergman vérifiant le théorème

de Hardy-Littlewood. On dit que ω vérifie le théorème de Hardy-Littlewood et on note ω ∈ HL,

si pour tout p > 0, f ∈ Hol(D) et n ∈ N∗, on a

∥f∥p
Ap

ω
≍

n−1∑
k=0

|f (k)(0)|p +
∫
D
|f (n)(z)|p(1− |z|2)npω(z)dA(z).

On commence par introduire certains poids vérifiant le théorème de Hardy-Littlewood et on

montre le théorème suivant qui donne une caractérisation des poids vérifiant le théorème de

Hardy-Littlewood, lorsque ces derniers sont dans une certaine classe Cp.

Théorème .4. On suppose que ω ∈ Cp0 pour un certain p0 > 1. Les assertions suivantes sont

équivalentes.

(1) ω ∈ HL.

(2) ω̃ ∈ HL.

(3) ω0,t ≲ ω̃ for some t > 0.

On remarque que si ω
(1−|z|2)η ∈ Bp0(η) pour un certain p0 > 1 et un η > −1, alors ω ∈ Cp0 et

ω0,t ≲ ω̃ pour tout t ≥ p0(η+2)− 2. Cette remarque nous permet de définir une nouvelle classe

de poids.

Définition .1. Soit p > 1 et soit t ≥ 0. On dit qu’un poid ω appartient à la classe Cp,t si ω ∈ Cp
et ω0,t ≲ ω̃.
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On donne une preuve simple pour la densité des polynômes dans Apω pour tout poid ω dans

la classe Cp,t avec p > 1 et t ≥ 0.

Ensuite on montre que le noyau reproduisant de A2
ω vérifie certaines conditions lorsque le poid

est dans la classe Cp,t avec p > 1 et t ≥ 0. Ceci nous permet d’étudier l’opérateur de Toeplitz et

l’opérateur d’intégration sur A2
ω.
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INTRODUCTION

In this thesis we are interested in two major subjects. The first one concerns the singular values

of Hankel operators with anti-analytic symbol acting on some weighted Bergman spaces and the

second one concerns Bergman spaces satisfying a Hardy-Littlewood theorem. These subjects lie

in the intersection of functional analysis, operator theory and complex analysis.

Hankel operators are one of the most important classes of bounded linear operators acting

on spaces of analytic functions. They have many connections with function theory, harmonic

analysis, approximation theory, moment problems, spectral theory, orthogonal polynomials, sta-

tionary Gaussian processes, ∂-operator . . . etc. The book of V. Peller [42] is an acknowledged

reference in the classical theory of Hankel operators and their various applications. We are inter-

ested in the behavior of the singular values of Hankel operators with anti-analytic symbols acting

on Bergman spaces. The first work in this subject is due to Axler [9] who described boundedness

and compactness of such operators in the classical Bergman space. Right after, Arazy, Fischer

and Peetre [7] studied the membership for such operators in Schatten classes. They highlighted

the existence of a cut-off by proving that these operators can not be of finite trace. In [23], En-

gliš and Rochberg described, using the Boutet de Monvel-Guillemin theory, all Hankel operators

with anti-analytic symbols that belongs to the Dixmier class and gave an explicit formula for

Dixmier Trace in this case. Several authors considered the same problems in other spaces of

analytic functions [13, 28, 33, 36, 37, 46, 52]. In this work, we give the asymptotic behavior of

the singular values of compact Hankel operators, we describe the class of symbols for which

the associated Hankel operators have the critical decay and compute the asymptotics of singular

values of Hankel operators associated with this class of symbols.

Throughout this thesis, ω will denote a function from D into ]0,∞[ which is integrable with
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respect to the Lebesgue measure. The associated Bergman space will be denoted by A2
ω and is

given by

A2
ω =

{
f ∈ Hol(D) : ∥f∥ω :=

(∫
D
|f(z)|2dAω(z)

)1/2

<∞
}
, dAω := ωdA.

We will also assume that ω is bounded below by a positive constant on each compact set of D.

This implies that A2
ω is a reproducing kernel Hilbert space.

Let Ω be any set on the complex plane C and let (H, ∥.∥) be a Hilbert space of complex-

valued functions on Ω endowed with an inner product ⟨., .⟩ such that the point evaluation

ew : H → C
f 7→ f(w)

is bounded at each point w in Ω. Then, by Riesz representation theorem, for each w ∈ Ω, there

exists a unique function Kw = K(., w) in H such that

f(w) = ⟨f,Kw⟩, f ∈ H. (1)

Definition 0.1. Suppose Ω is any set on C and H is a Hilbert space of complex-valued functions

on Ω. We say that H is a Reproducing kernel Hilbert space if, for each z ∈ Ω, there exists a

function Kz(.) in H satisfying (1).

The function Kw(z) = K(z, w), with (z, w) ∈ Ω × Ω, is called the reproducing kernel of

H.

The reproducing kernel of A2
ω will be denoted by K.

The orthogonal projection from L2
ω := L2(D, dAω) onto A2

ω will be designated by Pω. It can be

represented as follows

Pω(f)(z) =

∫
D
f(ζ)K(z, ζ)dAω(ζ), f ∈ L2

ω.

Therefore, the domain of Pω can be extended to all functions f such that fKz ∈ L1
ω :=

L1(D, dAω) for all z ∈ D. Let g ∈ L2
ω such that gKz ∈ L2

ω for all z ∈ D. The (big) Han-

kel operator Hg with symbol g is the densely defined operator on A2
ω given by

Hgf = gf − Pω(gf),

where f =
∑

1≤i≤n

ciKzi , with ci ∈ C and zi ∈ D.

The explicit formula for Hg is given by

Hgf(z) =

∫
D
(g(z)− g(w))f(w)K(z, w)dAω(w), z ∈ D.

2



We are interested in anti-analytic symbols on D, g = ϕ where ϕ is an analytic function.

We refer for the notations to the rest of the thesis.

We impose some conditions on the weight ω that allow us to characterize many proprieties sat-

isfied by the Hankel operator, such as the boundedness, the compactness and the membership to

Schatten classes. We also use in the proofs tools such as subharmonicity and Cauchy formula.

We will need estimates of solutions of the ∂ equation. Then we a result on Toeplitz operators to

prove one of the main results of our thesis which is the following trace estimates :

Theorem 0.1. Let ω ∈ W∗ and let ϕ ∈ Bω0 . Let h : [0,+∞[→ [0,+∞[ be an increasing convex

function such that h(0) = 0. Then there exists B > 0, which depends only on ω, such that∫
D
h

(
1

B
τω(z)|ϕ′(z)|

)
dλω(z) ≤ Tr (h(|Hϕ|)) ≤

∫
D
h (Bτω(z)|ϕ′(z)|) dλω(z).

The previous theorem allows us to show the following results :

Theorem 0.2. Let ω ∈ W∗ be such that τω is equivalent to a radial function and let ϕ ∈ Bω0 .

Then

1. sn(Hϕ) = o(sn(Hz)) =⇒ Hϕ = 0.

2. sn(Hϕ) = o(R+
z,ω(n)) =⇒ Hϕ = 0.

This theorem gives a cut-off for the singular values of Hankel operator, wich means that when

the decay of the singular values of Hankel operator is faster than a certain rate then the Hankel

operator is null.

The following result is also proven by using the trace estimates and the non-tangential maxi-

mal function :

3



Theorem 0.3. Let ω ∈ W∗ be a weight such that τ 2ω(z) ≍ (1 − |z|2)2+βν2(log( 1
1−|z|2 )), where

β > 0 and ν is a monotone function such that ν(2t) ≍ ν(t). Let ϕ ∈ Bω0 and let p = 2(1+β)
2+β

. Then

sn(Hϕ) = O

(
1

n
1
pν

1
1+β (log n)

)
⇐⇒ ϕ′ ∈ Hp.

In this case we have

sn(Hϕ) ≲
∥ϕ′∥p

n
1
pν

1
1+β (log n)

,

where the involved constant doesn’t depend on ϕ.

Now we introduce some tools that will be useful in the proof of the theorem on asymptotics.

Let T be a compact operator between two complex Hilbert spaces. The decreasing sequence

of singular values of T will be denoted by (sn(T ))n.The counting function of the singular values

of T is denoted by

n(s, T ) = #{n : sn(T ) ≥ s}, s > 0.

We denote Cp the class of increasing continuous function ψ : (0,+∞) → (0,+∞) satisfying

ψ(αt) ∼ αpψ(t), (t→ 0+),

The quantities Dψ(T ) and dψ(T ) are given by

Dψ(T ) := lim sup
s→0+

ψ(s)n(s, T ) and dψ(T ) := lim inf
s→0+

ψ(s)n(s, T ).

Let us denote

Σψ := {T ∈ S∞ : ψ(s)n(s, T ) = O(1)}

and

Σ0
ψ := {T ∈ S∞ : ψ(s)n(s, T ) = o(1)} .

Now we state the Theorem of A. Pushnitski
[
[45], Theorem 2.2

]
in the following form

Theorem 0.4. Let T1, T2, ..., Tn be a compact operators such that

T ∗
i Tj ∈ Σ0

ψ◦√. and TiT
∗
j ∈ Σ0

ψ◦√., ∀i ̸= j.

4



Then

Dψ

(
n∑
k=1

Tk

)
= lim sup

s→0+
ψ(s)

n∑
k=1

n(s, Tk) and dψ

(
n∑
k=1

Tk

)
= lim inf

s→0+
ψ(s)

n∑
k=1

n(s, Tk).

In particular, if for all s > 0, we have n(s, Tk) = n(s, T1), k = 1, 2, ..., n, then

Dψ

(
n∑
k=1

Tk

)
= nDψ (T1) and dψ

(
n∑
k=1

Tk

)
= ndψ (T1) .

Now we state our main result which is a theorem on the asymptotics of the singular values of

Hankel operator.

Theorem 0.5. Let ω ∈ W∗ be a radial weight such that τ 2ω(z) ≍ (1 − |z|2)2+βν2(log( 1
1−|z|2 )),

where β > 0 and ν is a monotone function such that ν(2t) ≍ ν(t). Suppose that

sn(Hz) ∼
γ

n
1
pν

1
1+β (log n)

,

where γ > 0 and p = 2(1+β)
2+β

. Then, for ϕ′ ∈ Hp, we have

sn(Hϕ) ∼
γ

n
1
pν

1
1+β (log n)

∥ϕ′∥p.

Next, we give an example. For a radial weight ω, the sequence of the singular values of the

Hankel operator Hz on A2
ω is the nonincreasing rearrangement of the sequence((

||zn+1||2

||zn||2
− ||zn||2

||zn−1||2

)1/2
)
n

.

We consider the weight

ω(z) = exp

(
− α

(log 1
|z|2 )

β

)
, α, β > 0.

We obtain after computation

sn(Hz) ∼
γ

n
β+2

2(β+1)

.

5



where γ =
√

(αβ)1/1+β

1+β
.

Now we get to the second part of the thesis in which we are interested in Bergman spaces

satisfying a Hardy-Littewood theorem. The weighted Bergman space Apω, p > 0, associated with

a weight ω is defined by

Apω := {f ∈ Hol(D) : ∥f∥p
Ap

ω
:=

∫
D
|f(z)|pω(z)dA(z) <∞},

We say that ω satisfies Hardy-Littlewood theorem, and we write ω ∈ HL, if for all p > 0,

f ∈ Hol(D), and n ∈ N∗, we have

∥f∥p
Ap

ω
≍

n−1∑
k=0

|f (k)(0)|p +
∫
D
|f (n)(z)|p(1− |z|2)npω(z)dA(z).

A weight ω is said to be in the class of Bekollé-Bonami weights Bp(η), for p ∈ (1,∞) and

η > −1, if (∫
S(θ,h)

ωdAη

)(∫
S(θ,h)

ω−p′/pdAη

)p/p′
≲ (Aη(S(θ, h)))

p

for any Carleson square

S(θ, h) =
{
reiα : 1− h < r < 1, |θ − α| < h/2

}
, θ ∈ [0, 2π], h ∈ (0, 1).

Where 1/p+ 1/p′ = 1 and dAη(z) = (η + 1)(1− |z|2)ηdA(z).
In [2], Aleman and Constantin proved that if ω

(1−|z|2)η ∈ Bp0(η), for some p0 > 1 and η > −1,

then ω ∈ HL. Conversely, if ω ∈ HL is such that

ω(z) ≍ ω(w), |z − w| < δ(1− |z|2), (2)

for some δ ∈ (0, 1) then ω
(1−|z|2)η ∈ Bp0(η), for some p0 > 1 and η > −1 [3].

Recently, G. Bao, Wulan and K. Zhu have introduced in [10] a new class of weights which satisfy

(2.1). For s > −1 and t ≥ 0, we say that ω ∈ W(s, t) if

ωs,t(z) :=

∫
D

ω(w)(1− |w|2)s(1− |z|2)t

|1− wz|2+s+t
dA(w) ≲ ω(z), z ∈ D.

It is proved in [10] that if there exist s0 ∈ (−1, 0) and t0 > 0 such that ω ∈ W(s, t) for all s > s0

and all t > t0 and there exists δ ∈ (0, 1) such that ω satisfies (2.1) then ω ∈ HL.

We have the following result:
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Proposition 0.1. Let ω be a weight such that ω ∈ W(s, t) for some s ∈ (−1, 0] and some t ≥ 0.

Then ω ∈ HL.

We will consider the class Cp (p > 1) of weights ω such that(∫
∆(z,α)

ωdA

)(∫
∆(z,α)

ω−p′/pdA

)p/p′
≲ Ap(∆(z, α)),

for all α ∈ (0, 1). Where

∆(z, r) := {w ∈ D : |z − w| < r(1− |z|)}; z ∈ D and 0 < r < 1.

Let

ω̃(z) :=
1

(1− |z|2)2
∫
∆(z,1/2)

ω(ζ)dA(ζ), z ∈ D.

We prove the following theorem which is a variant of the results in [2, 3] in this subject.

Theorem 0.6. Suppose that ω ∈ Cp0 for some p0 > 1. The following assertions are equivalent.

1. ω ∈ HL.

2. ω̃ ∈ HL.

3. ω0,t ≲ ω̃ for some t ≥ 0.

For a radial weights let

ω̌(r) =
1

1− r

∫ 1

r

ω(s)ds.

Then we get the following results:

Theorem 0.7. Let ω be a radial weight. The following assertions are equivalent.

1. ω ∈ HL.

2. ω̌ is a weight and ωs,t(r) ≲ ω̌(r), r ∈ [0, 1), for some s ∈ ]−1, 0[ and t ≥ 0.

In this case we have Apω = Apωs,t
with ∥f∥Ap

ω
≍ ∥f∥Ap

ωs,t
for all f ∈ Hol(D) and p > 0.
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We get also the following result:

Theorem 0.8. Let ω be a radial weight such that ω̌(r) ≲ ω(r) for all r ∈ [0, 1). Then, the

following are equivalent.

1. ω ∈ HL (or equivalently ω ∈ D).

2. ω ∈ D̂.

3. ω ∈ W(s, t) for some s ∈ (−1, 0) and t ≥ 0.

4. ω/(1− |z|2)η ∈ Bp(η) for some η ≥ 0 and for all p > 1.

5. ω/(1− |z|2)η ∈ Bp(η) for some η ≥ 0 and some p > 1.

We consider the following class of weights.

Definition 0.2. Let p > 1 and t ≥ 0. We say that a weight ω (not necessarily radial) belongs to

the class Cp,t if

ω ∈ Cp and ω0,t ≲ ω̃.

Next we consider Toeplitz and Integration operators on A2
ω for ω belonging to Cp0,t for some

p0 > 1 and t ≥ 0.

Recall that the Toeplitz operator on A2
ω associated with a positive Borel measure µ on D is the

transformation

Tµf(z) :=

∫
D
f(ζ)Kω(z, ζ)ω(ζ)dµ(ζ), (z ∈ D).

We denote by µω the measure dµω(z) := ω(z)dµ(z), z ∈ D. We have the following theorem

:

Theorem 0.9. Let µ be a positive finite Borel measure on D. The following assertions are

equivalent

1. The Toeplitz operator Tµ is bounded (resp. compact) on A2
ω.

2. µω(∆n) = O (Aω(∆n)) (resp. o (Aω(∆n))), n→ ∞.
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We also have the following theorem which improves and extends the result of Constantion in

[16].

Theorem 0.10. Suppose that ω ∈ Cp0,t for some p0 > 1 and t ≥ 0. Let µ be a positive finite Borel

measure on D such that that Tµ is compact on A2
ω and let p > 0. Then Tµ belongs to Sp(A2

ω) if

and only if
∞∑
n=0

(
µω(∆n)

Aω(∆n)

)p
<∞.

The previous theorem ends our discussion on Toeplitz operators. Now we are going to put

our interest in the generalized Volterra integration operator. For analytic functions f and g on D,

the generalized Volterra integration operator Vg is defined by

Vgf(z) :=

∫ z

0

f(ζ)g′(ζ)dζ.

The boundedness, compactness and membership to Schatten classes of Vg are the goals of several

papers on various spaces of analytic functions. For instance, see [1, 4, 5, 51]. A. Aleman and A.

Siskakis characterized in [5] the boundedness and compactness of Vg on the standard Bergman

space A2
α. They proved that Vg is bounded (resp. compact) on A2

α if and only if g belongs to the

Bloch space B (resp. to the little Bloch space B0). Recall that

B := {g ∈ Hol(D), sup
z∈D

(1− |z|2)|g′(z)| <∞},

and

B0 := {g ∈ Hol(D), lim sup
|z|→1

(1− |z|2)|g′(z)| = 0}.

The following result describes the boundedness of Vg on A2
ω, improving that obtained in

[2, 16].

Theorem 0.11. The Volterra operator Vg is bounded (resp. compact) on A2
ω if and only if g ∈ B

(resp. B0).
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Also, they characterized the membership of Vg to Sp(A2
α): Vg ∈ Sp(A2

α), for p > 1 if and

only if g belong to the Besov space

Bp := {g ∈ Hol(D),
∫
D
|g′(z)|p(1− |z|2)p−2dA(z) <∞}.

And Vg ∈ S1(A
2
α) if and only if g is constant. If ω

(1−|z|2)η ∈ Bp(η), Constantin prove in [16] that,

for p ≥ 2, the operator Vg belongs to Sp(A2
ω) if and only if g belongs to Bp. We improve and

extend that in the following theorem.

Theorem 0.12. Suppose that ω ∈ Cp0,t for some p0 > 1 and t ≥ 0. Let g be an analytic function

on D such that that Vg is a compact operator on A2
ω. Then we have

1. If p > 1 then Vg belongs to Sp(A2
ω) if and only if g belongs to Bp.

2. If p ≤ 1 then Vg belongs to Sp(A2
ω) if and only if g′ = 0 on D.

It is known that if ω is any radial weight on D then the polynomials are dense on the Bergman

space A2
ω. for the non-radial case, it is also known that the fact that polynomials are dense on A2

ω

is not always true. It is so interesting to find the weights for which the polynomials are dense on

weighted Bergman spaces. We have the following result.

Theorem 0.13. Suppose that ω ∈ Cp0,t for some p0 > 1 and t ≥ 0. Then

∥fr∥Ap
ω
≤ C(ω)∥f∥Ap

ω
, f ∈ Apω.

And, the polynomials are dense in Apω for all p > 0.
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CHAPTER 1

ON SINGULAR VALUES OF HANKEL OPERATORS ON
BERGMAN SPACES

1.1 Introduction

The space of all holomorphic functions on the unit disc D in the complex plane C will be denoted

by Hol(D). The Lebesgue measure on C is denoted by dA. The standard Bergman spaceA2
α with

α > −1, consists of holomorphic functions f on D such that

∥f∥2α :=

∫
D
|f(z)|2dAα(z) <∞,

where dAα(z) :=
(α+1)
π

(1− |z|2)αdA(z).
Recall that A2

α is a reproducing kernel Hilbert space with the kernel

K(z, w) =
1

(1− wz)α+2
, z, w ∈ D.

The orthogonal projection of L2
α := L2(dAα) onto A2

α will be denoted by Pα. Given g ∈
L1(dAα), the linear transformation

Hgf = gf − Pα(gf)

is a densely defined operator of A2
α into L2

α ⊖ A2
α. The operator Hg is called the (big) Hankel

operator with symbol g. For general facts concerning Hankel operators on Bergman spaces we

refer to [7,52]. In this chapter we are interested in Hankel operator Hϕ with anti-analytic symbol
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ϕ. First, recall that the Bloch space B and the little Bloch space B0 are given by

B = {ϕ ∈ Hol(D), sup(1− |z|2)|ϕ′(z)| <∞}

B0 = {ϕ ∈ Hol(D), lim
|z|→1−

(1− |z|2)|ϕ′(z)| <∞}

In [7], J. Arazy, S. Fisher and J. Peetre proved that Hϕ is bounded (resp. compact) on A2
α if

and only if ϕ belongs to the Bloch space B (resp. ϕ belongs to the little Bloch space B0). This

result was first proved by S. Axler [9] in the case α = 0. The membership in Schatten classes of

Hankel operators Hϕ was also studied by J. Arazy, S. Fisher and J. Peetre in [7]. They proved

that Hϕ ∈ Sp(A2
α), for p > 1, if and only if ϕ belongs to the Besov space Bp defined by

Bp = {ϕ ∈ Hol(D),
∫
D
|ϕ′(z)|p(1− |z|2)p−2dA(z) <∞}.

For p ≤ 1, they proved that Hϕ ∈ Sp(A2
α) if and only if Hϕ = 0 (which means that ϕ is

a constant). These results were extended by Galanopoulos and Pau in [26] to large Bergman

spaces associated with radial weights.

Let ω =: e−φ be a weight on D such that φ is a regular subharmonic function and let A2
ω be

the weighted Bergman space given by

A2
ω =

{
f ∈ Hol(D) : ∥f∥ω :=

(∫
D
|f(z)|2dAω(z)

)1/2

<∞
}
, dAω := ωdA.

As before, the Hankel operator with anti-analytic symbol ϕ is the operator Hϕ : L2(dAω) →
L2(dAω)⊖ A2

ω given by

Hϕf = ϕf − Pω(ϕf),

where Pω is the orthogonal projection from L2(dAω) onto A2
ω.

For a class of radial rapidily decreasing weights ω(z) = e−φ(|z|), Galanopoulos and Pau proved

in [26] thatHϕ is bounded (resp. compact) if and only if
|ϕ′|2

∆φ
is bounded (resp. lim

|z|→1−

|ϕ′(z)|2

∆φ(z)
=

0). They also prove, for p > 1, that Hϕ ∈ Sp if and only if
|ϕ′|2

∆φ
∈ Lp/2(∆φdA).

Note that for ωα(z) =: e−φα(z) = (1 − |z|2)α, α > 0, we have ∆ϕα ≍ 1
(1−|z|2)2 and thus the

conditions given by Galanopoulos and Pau are the same as those given by Arazy, Fisher and

Peetre in this case.

Our goal in this paper is to study the asymptotic behavior of the singular values of Hϕ. We will

consider the class of weights W∗ which includes weights considered in [7, 26] (see the first and
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the third examples given in Section 1.2.1). In order to state our main results, we introduce some

notations. The reproducing kernel of A2
ω is denoted by K,

τω(z) =
1

ω1/2(z)∥Kz∥
and dλω =

dA

τ 2ω
.

It should be noted that in several, but not all, situations τ 2ω is comparable to 1/∆φ. For more

information, see the examples given in Section 1.2.1.

By analogy with the standard case, we write Bω (resp. Bω0 ) for the space of analytic functions ϕ

on D such that supz∈D τω(z)|ϕ′(z)| <∞ (resp. lim
|z|→1−

τω(z)|ϕ′(z)| = 0).

The following theorem will play an important role in the sequel.

Theorem 1.1. Let ω ∈ W∗ and let ϕ ∈ Bω0 . Let h : [0,+∞[→ [0,+∞[ be an increasing convex

function such that h(0) = 0. Then there exists B > 0, which depends only on ω, such that∫
D
h

(
1

B
τω(z)|ϕ′(z)|

)
dλω(z) ≤ Tr (h(|Hϕ|)) ≤

∫
D
h (Bτω(z)|ϕ′(z)|) dλω(z).

It should be noted that theorem 2.4 is new even in the A2
α case.

Let us denote by R+
ϕ,ω the nonincreasing rearrangement of the function τω|ϕ′| with respect to

dλω. Namely,

R+
ϕ,ω(x) := sup{t ∈ (0, ∥τϕ′∥∞] : Rϕ,ω(t) ≥ x},

where Rϕ,ω is the distribution function given by

Rϕ,ω(t) := λω({z ∈ D : τω(z)|ϕ′(z)| > t}).

As a first consequence of Theorem 2.4, we prove that if ρ is an increasing function such that

ρ(x)/xγ is decreasing for some γ < 1, then

sn(Hϕ) ≍ 1/ρ(n) ⇐⇒ R+
ϕ,ω(n) ≍ 1/ρ(n).

The next result is motivated by a problem raised in [6, 7] . We prove in the following theorem

that the critical decay of (sn(Hϕ))n is achieved by the symbol ϕ = z.
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Theorem 1.2. Let ω ∈ W∗ be such that τω is equivalent to a radial function and let ϕ ∈ Bω0 .

Then

1. sn(Hϕ) = o(sn(Hz)) =⇒ Hϕ = 0.

2. sn(Hϕ) = o(R+
z,ω(n)) =⇒ Hϕ = 0.

Note that, in general, it is not difficult to estimate R+
z,ω(n). For example, if τ 2ω(z) ≍ (1−|z|2)2+β

with β ≥ 0, then R+
z,ω(n) ≍ n− 2+β

2(1+β) . Thus, Theorem 1.2 implies that

sn(Hϕ) = o
(
n− 2+β

2(1+β)

)
=⇒ Hϕ = 0.

Now our goal is to describe the class of functions ϕ ∈ Bω0 such that
(
sn(Hϕ)

)
n

has the critical

decay. For simplicity, we state our result only in the case τ 2ω(z) ≍ (1− |z|)2+β .

As usual, the Hardy space Hp, p ≥ 1, consists of analytic functions f on D such that

∥f∥pHp := sup
0≤r<1

1

2π

∫ 2π

0

|f(reiθ)|pdθ <∞.

Before stating our result, recall that in the setting of the classical Bergman space A2 = A2
0 M.

Engliš and R. Rochberg proved in [23] that
n∑
j=1

sj(Hϕ) = O (1/n) if and only if ϕ′ ∈ H1. Next,

R. Tytgat [48, 49] extended this result to A2
α, α > −1. We would also like to point out that

M. Dostanic [17] has shown for the classical Bergman space A2 that if ϕ is analytic in some

neighborhood of D then sn(Hϕ) ∼ ∥ϕ′∥H1

n
. The following theorem improves and extends all

these results.

Theorem 1.3. Let ω ∈ W∗ be such that τ 2ω(z) ≍ (1− |z|)2+β with β ≥ 0. Set p = 2(1+β)
2+β

and let

ϕ ∈ Bω0 . We have

sn(Hϕ) = O(1/n1/p) ⇐⇒ ϕ′ ∈ Hp.

Furthermore, if ω is radial and sn(Hz) ∼ γ/n
1
p for some γ ∈ (0,∞), then

sn(Hϕ) ∼ ∥ϕ′∥Hp

γ

n
1
p

, ϕ′ ∈ Hp.
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In wath follows we study this problem in more general situations. It should be noted that if

τ 2ω(z) ≍ (1 − |z|)2+β log−α(2/(1 − |z|2)) with α ≥ 0, then R+
z,ω(n) ≍

logα/1+β(n)

n1/p . We prove in

Theorem 1.9 that if β > 0, then

sn(Hϕ) = O

(
logα/1+β(n)

n1/p

)
⇐⇒ ϕ′ ∈ Hp.

However, if β = 0 and α > 0, curiously, the previous result is not valid. This is the subject of

Proposition 1.3.

For the standard Bergman spaces A2
α we have τ 2ωα

(z) ≍ (1 − |z|)2. It is known, and can be

easily seen, that sn(Hz) ∼
√
1+α
n+1

. Hence, Theorem 1.3 says that if ϕ ∈ B0 then

sn(Hϕ) = O(1/n) ⇐⇒ ϕ′ ∈ H1.

And in this case sn(Hϕ) ∼
√
1+α
n+1

∥ϕ′∥H1 . Another example is given in Section 1.8.

In Section 2 we introduce definitions and notations that are used in the rest of the thesis. In

section 3, we give a description of boundedness and compactness of Hankel operators Hϕ on A2
ω.

We establish, in Section 4, an upper and a lower estimates of the Trace of h(|Hϕ|). The upper

estimate is obtained from Hörmander type L2
ω estimates for ∂̄- equation and from recent esti-

mates obtained by El-Fallah and El Ibbaoui for Toeplitz operators [19, 20]. The lower estimate

is obtained through a sort of local Berezin transform of Hϕ. Two direct consequences of trace

estimates are obtained by a suitable choice of the convex function h. The first one gives a sharp

asymptotic estimates of the singular values of compact operators of Hϕ. The second, presented

in Section 5, shows that the critical decay of the sequence (sn(Hϕ))n is achieved by the symbol

ϕ = z. In Section 6, we prove the first assertion of Theorem 1.3. The proof is based on Theorem

2.4 and on estimates of some maximal non-tangential functions. The second part of Theorem 1.3

is given in Section 7. The proof of this result is based on the first part of Theorem 1.3 and on a

result on asymptotic orthogonality due to A. Pushnitski (see Appendix). Section 8 is devoted to

an explicit example.

Throughout this thesis, the notation A ≲ B means that there is a constant c independent of

the relevant variables such that A ≤ cB. We write A ≍ B if both A ≲ B and B ≲ A. As usual,

the notation un ∼ vn means that lim
n→∞

un/vn = 1. The letter C will denote an absolute constant

whose value may change at different occurrences.
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1.2 Preliminaries

1.2.1 The class of weights W∗

Throughout this paper, ω will denote a function from D into ]0,∞[ which is integrable with

respect to the Lebesgue measure. The associated Bergman space will be denoted by A2
ω. We

will also assume that ω is bounded below by a positive constant on each compact set of D. This

implies that A2
ω is a reproducing kernel Hilbert space. The kernel of A2

ω will be denoted by K.

The orthogonal projection from L2
ω := L2(D, dAω) onto A2

ω will be designated by Pω. It can be

represented as follows

Pω(f)(z) =

∫
D
f(ζ)K(z, ζ)dAω(ζ), f ∈ L2

ω.

So, the domain of Pω can be extended to all functions f such that fKz ∈ L1
ω := L1(D, dAω), for

all z ∈ D. Let g ∈ L2
ω such that gKz ∈ L2

ω, for all z ∈ D. The (big) Hankel operator Hg with

symbol g is the densely defined operator on A2
ω defined by

Hgf = gf − Pω(gf),

where f =
∑

1≤i≤n

ciKzi , with ci ∈ C and zi ∈ D.

The explicit formula for Hg is

Hgf(z) =

∫
D
(g(z)− g(w))f(w)K(z, w)dAω(w), z ∈ D.

We are interested in this paper in anti-analytic symbols on D, g = ϕ. In this case a direct

computation gives the following useful formula

(HϕKa)(z) = (ϕ(z)− ϕ(a))Ka(z), z, a ∈ D. (1.1)

First, we recall the definition of the class of weights W introduced in [21]. Let

τω(z) =
1

ω1/2(z) ∥Kz∥ω
, z ∈ D.

Suppose that the reproducing kernel K satisfies the following conditions

lim
|z|→1−

∥Kz∥ = ∞ and for every ζ ∈ D, |K(ζ, z)| = o(∥Kz∥), |z| → 1−. (1.2)

We will suppose that τω is such that

τω(z) = O (1− |z|) , z ∈ D, (1.3)
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and that there exists constant η > 0 such that for z, ζ ∈ D satisfying |z − ζ| ≤ ητω(z), we have

τω(z) ≍ τω(ζ) and ∥Kz∥ω∥Kζ∥ω ≲ |K(ζ, z)|. (1.4)

If the weight ω satisfies all the previous conditions, we shall say that the weight ω belongs to the

class W . Note that W contains all standard weights. For more information, see the examples

listed in [21].

The Laplace operator ∆ is given by ∆ = ∂∂̄, with

∂ :=
1

2
(
∂

∂x
− i

∂

∂y
), ∂ :=

1

2
(
∂

∂x
+ i

∂

∂y
).

Let ω = e−φ ∈ W such that φ ∈ C2(D). We shall suppose that

τ 2ω(z)∆φ(z) ≳ 1, z ∈ D, (1.5)

or, there exist a subharmonic function ψ : D → R+ and constants δ > 0 and t ∈ (−1, 0) such

that for all z ∈ D we have

τ 2ω(z)∆ψ(z) ≥ δ, ∆φ(z) ≥ t∆ψ(z) and |∂ψ(z)|2 ≤ ∆ψ(z). (1.6)

Definition 1.1. We say that ω ∈ W∗ if ω ∈ W and satisfies (1.5) or (1.6).

Examples

In this subsection, we give three examples which will be our references throughout this paper.

• Standard Bergman spaces A2
α: These spaces are associated with ωα(z) =

(α+1)
π

(1− |z|2)α,

with α > −1. The reproducing kernel of A2
α is K(z, w) = 1

(1−wz)α+2 . Then

τωα(z) =

√
π

α + 1
(1− |z|2).

Clearly, ωα ∈ W . Note that if α > 0, then τωα(z) ≍ 1/
√
∆φ, where φ = log 1/ωα. Then

ωα satisfies (1.5) and ωα ∈ W∗. It is also clear that if α ∈ (−1, 0], then ωα satisfies (1.6)

with t = α and ψ(z) = log(1/(1− |z|2)). Then ωα ∈ W∗.

• Harmonically weighted Bergman spaces: In this case we suppose that ω is a positive har-

monic weight. It is proved in [22], that τω(z) ≍ 1 − |z|2 and ω ∈ W . One can easily

see that φ = log(1/ω) is subharmonic and that ω satisfies (1.6), with t ∈ (−1, 0) and

ψ(z) = log(1/(1− |z|2)). It should be noted that in general τ 2ω and 1/∆φ are not compa-

rable.
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• Large Bergman spaces: The following class of weights was introduced by Hu, Lv and

Schuster in [27]. It includes the classes considered in [14, 30, 34]. Let L0 be the class

of functions τ ∈ lip(D,R) such that lim
|z|→1−

τ(z) = 0. We denote W0 the set of weights

ω = e−φ, where φ ∈ C2 is strictly subharmonic and for which there exists τ ∈ L0 such

that τ ≍ 1/
√
∆φ. One can directly see, from [27], that if ω = e−φ ∈ W0, then ω ∈ W∗

and τω ≍ 1/
√
∆φ.

1.2.2 Some inequalities involving convex functions.

The following elementary lemma is proved in [20].

Lemma 1.1. Let (an)n≥1, (bn)n≥1 be two decreasing sequences such that lim
n→∞

an = lim
n→∞

bn = 0

and suppose that there exists γ ∈ (0, 1) such that (nγbn) is increasing. Suppose that there exists

B > 0 such that ∑
n≥1

h (bn/B) ≤
∑
n≥1

h(an) ≤
∑
n≥1

h(Bbn),

for all increasing convex function h. Then an ≍ bn.

We also need the following elementary result. For completness, we include the proof.

Lemma 1.2. Let A, p be two real numbers such that 0 < A < p. Let ρ be an increasing function

such that ρ(x)/xA is decreasing and let (an)n be a decreasing sequence such that,∑
n≥1

h(an) ≤
∑
n≥1

h(1/ρ(n)),

for all increasing function h such that h(tp) is convex. Then

an ≤ C(p,A)/ρ(n).

Proof. Let δ > 0 and consider h(t) =
(
t1/p − δ1/p

)+. By hypothesis,∑
n≥1

(
a1/pn − δ1/p

)+ ≤
∑
n≥1

(
1/ρ1/p(n)− δ1/p

)+
.

Then we have

c(p)
∑
an≥2δ

a1/pn ≤
∑

ρ(n)≤1/δ

1/ρ1/p(n).

Using the fact that nA/p/ρ1/p(n) is increasing and the fact that A/p < 1, we obtain

δ1/pCard{n : an ≥ 2δ} ≤ C(p,A)δ1/pCard{n : ρ(n) ≤ 1/δ}.

This implies the result.
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The following elementary lemma will be useful in the proof of Theorem 2.4.

Lemma 1.3. Let H, K be two Hilbert spaces and let T : H → K be a compact operator.

Suppose there exist (un)n≥1 ⊂ H , (vn)n≥1 ⊂ K such that ∥un∥ = ∥vn∥ = 1 and∑
n

|⟨un, u⟩|2 ≤ C∥u∥2 and
∑
n

|⟨vn, v⟩|2 ≤ C∥v∥2 (u ∈ H, v ∈ K),

for some C > 0. Then for any increasing convex function h such that h(0) = 0, we have∑
n

h(|⟨Tun, vn⟩|) ≤ C
∑
n

h(sn(T )).

Proof. Let (en)n≥1 and (fn)n≥1 be the two orthonormal systems in H and K respectively such

that Tf =
+∞∑
k=1

sk(T ) ⟨f, ek⟩ fk, for all f ∈ H. By Hölder’s inequality we have

∑
k≥1

| ⟨un, ek⟩ ⟨fk, vn⟩ | ≤

(∑
k≥1

| ⟨un, ek⟩ |2
)1/2(∑

k≥1

| ⟨fk, vn⟩ |2
)1/2

≤ ∥un∥∥vn∥ = 1, ∀n ≥ 1.

And

∑
n≥1

| ⟨un, ek⟩ ⟨fk, vn⟩ | ≤

(∑
n≥1

| ⟨un, ek⟩ |2
)1/2(∑

n≥1

| ⟨fk, vn⟩ |2
)1/2

≤ C∥ek∥∥fk∥ = C, ∀k ≥ 1.

Since h is convex and h(0) = 0 we obtain

∑
n≥1

h (| ⟨Tun, vn⟩ |) ≤
∑
n≥1

h

(∑
k≥1

sk(T )| ⟨un, ek⟩ ⟨fk, vn⟩ |

)
≤
∑
n≥1

∑
k≥1

h(sk(T ))| ⟨un, ek⟩ ⟨fk, vn⟩ |

=
∑
k≥1

h(sk(T ))
∑
n≥1

| ⟨un, ek⟩ ⟨fk, vn⟩ |

≤ C
∑
k≥1

h(sk(T )).

The proof is complete.

1.3 Boundedness and compactness of Hankel operators onA2
ω

We need the following L2-estimates of solutions of the ∂-equation due to B. Berndtsson ([11],

Theorem 3.1).
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Theorem 1.4 (B. Berndtsson). Let Ω be a domain in C and let φ and ψ be subharmonic func-

tions in Ω. Assume that ψ satisfies

|∂ψ(z)|2 ≤ ∆ψ(z), z ∈ Ω. (1.7)

Let s ∈ (0, 1). Then, for any function g on Ω, there exists a solution u to the equation ∂u = g

such that ∫
Ω

|u|2e−φ+sψdA ≲
∫
Ω

|g|2

∆ψ
e−φ+sψdA.

Lemma 1.4. Let ω ∈ W∗. There exists C > 0 such that for any function g on D, there exists a

solution u to the equation ∂u = g such that∫
D
|u(z)|2ω(z)dA(z) ≤ C

∫
D
τ 2(z)|g(z)|2ω(z)dA(z).

Proof. Note that if ω satisfies (1.5), then the result comes directly from ∂−Hörmander’s theorem.

On the other hand, suppose that ω satisfies condition (1.6), that is there exist a subharmonic

function ψ : D → R+ and constant t ∈ (−1, 0) such that for all z ∈ D we have

1

∆ψ(z)
≲ τ 2ω(z), t∆ψ(z) ≤ ∆φ(z) and |∂ψ(z)|2 ≤ ∆ψ(z).

Then by Theorem 1.4, applied to the couple of subharmonic functions (φ− tψ, ψ) with s = −t,
there exists a solution u to the equation ∂u = g such that∫

D
|u|2e−φdA ≲

∫
D

|g|2

∆ψ
e−φdA.

Then, we get ∫
D
|u(z)|2ω(z)dA(z) ≲

∫
D
|g(z)|2τ 2ω(z)ω(z)dA(z).

In the sequel kz = Kz

∥Kz∥ will denote the normalized reproducing kernel of A2
ω. The following

result describes the boundedness of Hϕ on A2
ω when ω ∈ W∗.
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Theorem 1.5. Let ω ∈ W∗. Then, the Hankel operator Hϕ is bounded on A2
ω if and only if

ϕ ∈ Bω. In this case ∥Hϕ∥ ≍ sup
z∈D

τω(z)|ϕ′(z)|, where the implied constants depend only on ω.

Proof. Suppose that Hϕ is bounded on A2
ω. Fix a in D and let δ ≤ η (η is the constant which

appears in (1.4)). By the formula (1.1), we have∫
D
|Hϕka(z)|2ω(z)dA(z) =

∫
D
|ϕ(z)− ϕ(a)|2|ka(z)|2ω(z)dA(z)

≥
∫
D(a,δτω(a))

|ϕ(z)− ϕ(a)|2|ka(z)|2ω(z)dA(z).

Using the fact that |ka(z)|2 ≍ K(z, z) and the fact that τω(z) ≍ τω(a) when z ∈ D(a, δτω(a)),

we have∫
D(a,δτω(a))

|ϕ(z)− ϕ(a)|2∥kz∥2ω(z)dA(z) ≍
1

τ 2ω(a)

∫
D(a,δτω(a))

|ϕ(z)− ϕ(a)|2dA(z).

Then we obtain∫
D
|Hϕka(z)|2ω(z)dA(z) ≳

1

τ 2ω(a)

∫
D(a,δτω(a))

|ϕ(z)− ϕ(a)|2dA(z).

By Cauchy’s representation formula, we get

τω(a)|ϕ′(a)| ≲ 1

τ 2ω(a)

∫
D(a,δτω(a))

|ϕ(z)− ϕ(a)|dA(z).

It follows that

τ 2ω(a)|ϕ′(a)|2 ≲ 1

τ 2ω(a)

∫
D(a,δτω(a))

|ϕ(z)− ϕ(a)|2dA(z)

≲
∫
D
|Hϕka(z)|2ω(z)dA(z)

= ∥Hϕka∥2

≤ ∥Hϕ∥2.

Hence, ϕ ∈ Bω.

Suppose now that supz∈D τω(z)|ϕ′(z)| < ∞ and let f ∈ A2
ω. By Lemma 1.4, there exists a

solution u to the equation

∂u = ϕ′f (1.8)
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satisfying ∫
D
|u(z)|2ω(z)dA(z) ≲

∫
D
τ 2ω(z)|ϕ′(z)|2|f(z)|2ω(z)dA(z).

Therefore, since Hϕf is the L2
ω−minimal solution to the equation (1.8), we have∫

D
|Hϕf(z)|2ω(z)dA(z) ≲

∫
D
τ 2ω(z)|ϕ′(z)|2|f(z)|2ω(z)dA(z). (1.9)

Hence

∥Hϕ∥ ≲ sup
z∈Ω

τω(z)|ϕ′(z)| <∞.

Note that from equation (1.9), if (fn)n is an orthonormal basis of A2
ω then

∑
n

∥Hϕfn∥2 ≲
∑
n

∫
D
|fn(z)|2τ 2ω(z)|ϕ′(z)|2ω(z)dA(z)

≍
∫
D
∥Kz∥2τ 2ω(z)|ϕ′(z)|2ω(z)dA(z)

=

∫
D
|ϕ′(z)|2dA(z).

Consequently, if ϕ ∈ B2 then Hϕ ∈ S2. We will see in the next paragraph that the converse is

also true.

We have the following description of the compactness of Hankel operators.

Theorem 1.6. Let ω ∈ W∗. Then, the Hankel operator Hϕ is compact on A2
ω if and only if

ϕ ∈ Bω0 .

Proof. Suppose that Hϕ is compact. Since ω ∈ W∗, kz = Kz

∥Kz∥ converges weakly to 0 when

|z| → 1−. Then lim
|z|→1−

∥Hϕkz∥ = 0. By the proof of Theorem 2.8, we have

τ(z)|ϕ′(z)| ≲ ∥Hϕkz∥.

This implies that ϕ ∈ Bω0 .

Conversely, let ϕ ∈ Bω0 and let ϕr(z) = ϕ(rz). Clearly, ϕr converges to ϕ in Bω as r → 1−.

Then by Theorem 2.8 Hϕr
converges to Hϕ. Now since ϕr ∈ B2, Hϕr

is compact. Hence, Hϕ is

compact.
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1.4 Trace estimates for Hankel operators.

This section is devoted to the proof of Theorem 2.4. Before starting the proof, we recall the

following covering lemma.

Lemma 1.5. ([21]) Let X be a subset of C and let τ : X → (0,∞) be a bounded function.

Suppose that there are two constants γ, C > 0 such that, for every z, w ∈ X with |z − w| <
γτ(z), we have τ(z)

C
≤ τ(w) ≤ Cτ(z). Set B = C +1 and let δ ≤ γ/B. There exists a sequence

(zn)n≥1 ⊂ X such that

1. X ⊂ ∪n≥1D(zn, δτ(zn)).

2. D(zn, δτ(zn)/2C) ∩D(zm, δτ(zm)/2C) = ∅ for n ̸= m.

3. For z ∈ D(zn, δτ(zn)) we have D(z, δτ(z)) ⊂ D(zn, Bδτ(zn)).

4. (D(zn, Bδτ(zn)))n is a covering of X of finite multiplicity.

Such sequences will be called a (τ, δ)− lattice of X .

We say that (Rn)n ∈ Lω if (Rn)n = (D(zn, δτω(zn)))n and satisfies the conditions (1)− (4)

of the above lemma. In the sequel we fix (Rn)n = (D(zn, δτω(zn)))n ∈ Lω and b > 1 such that

(bRn)n =: (D(zn, bδτω(zn)))n is a covering of D of finite multiplicity.

For a positive Borel measure µ on D, the Toeplitz operator associated with µ and defined on A2
ω

is given by

Tµf(z) =

∫
D
f(w)K(z, w)ω(w)dµ(w), z ∈ D.

It is easy to verify that Tµ satisfies the following remarkable formula

⟨Tµf, f⟩ =
∫
D
|f(z)|2ω(z)dµ(z).

For more properties of Toeplitz operators we refer to [19–21, 32].

The following lemma will be used in the proof of the lower estimate of Tr h(|Hϕ|).

Lemma 1.6. Let ω ∈ W∗ and let ϕ ∈ Bω. For any increasing convex function h such that

h(0) = 0, we have ∑
n

h(∥χbRnHϕkzn∥) ≲
∑
n

h(sn(Hϕ)),

where the implied constant depends only on (bRn)n and ω.

23



Proof. Let un = kzn , vn =
χbRnHϕkzn

∥χbRnHϕkzn∥
and remark that ∥χbRnHϕkzn∥ = ⟨Hϕun, vn⟩. So, it

suffices to prove that the conditions of Lemma 1.3 are satisfied. Indeed, let f ∈ A2
ω and let

dµ =
∑
n

1

∥Kzn∥2ω(zn)
dδzn . Since ω ∈ W , Tµ is bounded [21]. Then we have

∑
n

|⟨un, f⟩|2 =
∑
n

|f(zn)|2

∥Kzn∥2
= ⟨Tµf, f⟩ ≤ ∥Tµ∥∥f∥2.

Now let g ∈ L2(ωdA). By Hölder inequality, we have∑
n

|⟨vn, g⟩|2 =
∑
n

|⟨
χbRnHϕkzn

∥χbRnHϕkzn∥
, χbRng⟩|2 ≤

∑
n

∥χbRng∥2 ≲ ∥g∥2.

This completes the proof.

Proof of Theorem 2.4. First, we prove that
∑
n

h
(
sn(Hϕ)

)
≤
∫
D
h (C|ϕ′(z)|τω(z)) dλω(z). The

equation (1.9) implies that

H∗
ϕ
Hϕ ≲ Tµϕ . (1.10)

Then, by the monotonicity Weyl’s lemma, we have

s2n(Hϕ) = λn(H
∗
ϕ
Hϕ) ≲ λn(Tµϕ). (1.11)

Let h̃(t) = h(
√
t). By Theorem 4.5 of [20], we have∑

h(sn(Hϕ)) =
∑

h̃(s2n(Hϕ))

≤
∑

h̃(Cλn(Tµϕ))

≤
∑

h̃(C
µϕ(Rn)

A(Rn)
)

=
∑

h̃

(
C

1

A(Rn)

∫
Rn

τ 2ω(z)|ϕ′(z)|2dA(z)
)

≤
∑

h̃

(
C

∫
Rn

|ϕ′(z)|2dA(z)
)
.

By subharmonicity, we have for all z ∈ Rn

|ϕ′(z)| ≲ 1

A(Rn)

∫
bRn

|ϕ′(ζ)|dA(ζ).

Then,∫
Rn

|ϕ′(z)|2dA(z) ≲ 1

A(Rn)

(∫
bRn

|ϕ′(ζ)|dA(ζ)
)2

≍
(∫

bRn

|ϕ′(ζ)|τω(ζ)dλω(ζ)
)2

.
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Since h is convex we obtain

h̃

(
C

∫
Rn

|ϕ′(z)|2dA(z)
)

≤ h̃

(
C

(∫
bRn

|ϕ′(ζ)|τω(ζ)dλω(ζ)
)2
)

≤ h

(
C

∫
bRn

|ϕ′(ζ)|τω(ζ)dλω(ζ)
)

≤
∫
bRn

h (C|ϕ′(ζ)|τω(ζ)) dλω(ζ).

Combining these inequalities and the fact that (bRn)n is of finite multiplicity, we get∑
h(sn(Hϕ)) ≤

∫
D
h (C|ϕ′(z)|τω(z)) dλω(z).

Now we prove the lower inequality by using Lemma 2. We have

∥χbRnHϕkzn∥ ≍
(∫

bRn

|ϕ(z)− ϕ(zn)|2∥Kz∥2ω(z)dA(z)
)1/2

≍
(∫

bRn

|ϕ(z)− ϕ(zn)|2dλω(z)
)1/2

.

By Cauchy’s formula we have

τω(z)|ϕ′(z)| ≲
(∫

bRn

|ϕ(ζ)− ϕ(zn)|2dλω(ζ)
)1/2

≍ ∥χbRnHϕkzn∥, z ∈ Rn.

Then∫
D
h(τω(z)|ϕ′(z)|dλω(z) ≍

∑
n

∫
Rn

h(τω(z)|ϕ′(z)|dλω(z) ≤
∑
n

h(C∥χbRnHϕkzn∥).

By Lemma 2, we obtain the desired result.

Let us denote by

Bω,p = {ϕ ∈ Bω :

∫
D
(|ϕ′(z)|τω(z))p dλω(z) <∞} (p > 0).

Note that Bω,2 = B2 is the classical Dirichlet space and it doesn’t depend on the weight ω. Note

that since τω(z) = O((1 − |z|2)), Bω,p = {0} whenever p ≤ 1. Using standard arguments, one

can easily prove that an analytic function f on D belongs to Bω,p if and only if∑
n

(
µ(Rn)

A(Rn)

)p
<∞, where dµ(z) = τω(z)|f ′(z)|dA(z) and (Rn)n ∈ Lω.

In particular, this implies that the family (Bω,p)p is increasing.

The following result, which extends the main results in [7, 26], is a direct consequence of Theo-

rem 2.4.
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Corollary 1.1. Let p ≥ 1 and let ω ∈ W∗. Let ϕ ∈ Bω0 . Then

Hϕ ∈ Sp(A2
ω) ⇐⇒ ϕ ∈ Bω,p.

As a consequence of Theorem 2.4, we give some estimates of the singular values of compact

Hankel operators. To this end, let us recall that Rϕ,ω(t) := λω({z ∈ D : τω(z)|ϕ′(z)| > t}) and

let R+
ϕ,ω be the nonincreasing rearrangement of the function τω|ϕ′| with respect to λω. For any

increasing function h, by a standard computation, we have∫
D
h (τω(z)|ϕ′(z)|) dλω(z) =

∫ ∞

0

Rϕ,ω(t)dh(t).

Then, there exists B > 0 which depends only on ω such that∑
n≥0

h

(
1

B
R+
ϕ,ω(n)

)
≤
∫
D
h (τω(z)|ϕ′(z)|) dλω(z) ≤

∑
n≥0

h(BR+
ϕ,ω(n)). (1.12)

As a consequence of Theorem 2.4, we obtain the following result.

Theorem 1.7. Let ω ∈ W∗ and let ϕ ∈ Bω0 . Let ρ be an increasing function such ρ(x)/xγ is

decreasing for some γ ∈ (0, 1). Then

sn(Hϕ) ≍ 1/ρ(n) ⇐⇒ R+
ϕ,ω(n) ≍ 1/ρ(n).

Proof. By Theorem 2.4 and inequalities (1.12), there exists B > 0 such that for every increasing

convex function h we have∑
n≥0

h

(
1

B
R+
ϕ,ω(n)

)
≤
∑
n≥0

h(sn(Hϕ)) ≤
∑
n≥0

h(BR+
ϕ,ω(n)).

By Lemma 1.1, we obtain the desired result.

Theorem 1.8. Let ω ∈ W∗ and let ϕ ∈ Bω0 . Let ρ be an increasing function such that ρ(x)/xA is

decreasing for some A > 0. Suppose that R+
ϕ,ω(x) = O(1/ρ(x)), as x→ ∞. Then

sn(Hϕ) = O(1/ρ(n)), n→ ∞.
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Proof. First, recall that dµϕ(z) = τ 2ω(z)|ϕ′(z)|2dA(z) and fix (Rn)n ∈ Lω. By Inequality (1.11)

it suffices to prove that λn(Tµϕ) = O(1/ρ2(n)). By [20], for any p > 0 there exists B > 0 such

that, for any increasing function h such that h(tp) is convex and h(0) = 0, we have∑
h(λn(Tµϕ)) ≤

∑
h(Bµϕ(Rn)/A(Rn)).

Let b > 1 such that ((bRn)n) ∈ Lω. By subharmonicity of |ϕ′|2/p, we have

τ 2ω(z)|ϕ′(z)|2 ≤
(
C(b, p, ω)

A(Rn)

∫
bRn

τ 2/pω (ζ)|ϕ′(ζ)|2/pdA(ζ)
)p

, for all z ∈ Rn.

We obtain from the convexity of hp(t) =: h(tp) that∑
h(Bµϕ(Rn)/A(Rn)) ≤

∑
hp

(
C(b, p, ω)

A(Rn)

∫
bRn

τ 2/pω (ζ)|ϕ′(ζ)|2/pdA(ζ)
)

≤
∑ 1

A(Rn)

∫
bRn

h(C(b, p, ω)τ 2ω(ζ)|ϕ′(ζ)|2)dA(ζ)

≲
∫
D
h(C(b, p, ω)τ 2ω(ζ)|ϕ′(ζ)|2)dλω(ζ).

Combining these inequalities with (1.12) and the hypothesis that R+
ϕ,ω(n) ≲ 1/ρ(n) we obtain∑

h(λn((Tµϕ)) ≤
∑
n≥0

h(B
(
R+
ϕ,ω(n)

)2
) ≤

∑
n≥0

h(B/ρ2(n)),

where B depends on ω, b, p and A. The result comes from Lemma 1.2.

1.5 The cut-off

In this section we consider weights ω ∈ W∗ such that τω is equivalent to a radial function. We

cite as examples, radial weights ω ∈ W∗, positive harmonic weights and weights ω = e−φ ∈ W0

such that ∆φ is equivalent to a radial function.

Proof of Theorem 1.2. Suppose that sn(Hϕ) = o(sn(Hz)). Let δ ∈ (0, 1) and let hδ(t) = (t −
δ)+. By Theorem 2.4 we have∫

D
hδ

(
1

B
τω(z)|ϕ′(z)|

)
dλω(z) ≤

∑
n≥1

hδ(sn(Hϕ)).
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Let ρ ∈ (1/2, 1) and put K =

∫ 2π

0

|ϕ′(ρeit)| dt
2π

. By Jensen’s inequality we have∫
D
hδ

(
1

B
τω(z)|ϕ′(z)|

)
dλω(z) ≥ 2

∫ 1

0

hδ

(
1

B
τω(r)

∫ 2π

0

|ϕ′(reit)| dt
2π

)
rdr

τ 2ω(r)

≥
∫ 1

ρ

hδ

(
1

B
τω(r)

∫ 2π

0

|ϕ′(ρeit)| dt
2π

)
dr

τ 2ω(r)

=

∫ 1

ρ

(
K

B
τω(r)− δ

)+
dr

τ 2ω(r)
.

Suppose that ϕ′ ̸= 0, then K > 0. For τω(r) ≥ 2B
K
δ, we have

(
K
B
τω(r)− δ

)+ ≥ K
2B
τω(r). Then

we obtain ∫
D
hδ

(
1

B
τω(z)|ϕ′(z)|

)
dλω(z) ≥

K

2B

∫
{r∈(ρ,1): τω(r)≥ 2B

K
δ}

dr

τω(r)
. (1.13)

Let ε ∈ (0, K/4B2) and let N be such that for n ≥ N we have sn(Hϕ) ≤ εsn(Hz). Using

Theorem 2.4, we have∑
n≥1

hδ(sn(Hϕ)) ≤
∑
n<N

hδ(sn(Hϕ)) +
∑
n≥1

hδ(εsn(Hz))

≤ N∥Hϕ∥+
∫
D
hδ(εBτω(z))dλω(z)

≤ N∥Hϕ∥+ 2εB

∫
{r∈(0,1): τω(r)≥ δ

εB
}

dr

τω(r)
.

Since 1/εB > 2B/K, we obtain∑
n≥1

hδ(sn(Hϕ)) ≤ N∥Hϕ∥+ 2εB

∫
{r∈(0,1): τω(r)≥ 2B

K
δ}

dr

τω(r)
. (1.14)

Combining inequalities (1.13) and (1.14), we obtain

K

2B

∫
{r∈(ρ,1): τω(r)≥ 2B

K
δ}

dr

τω(r)
≤ N∥Hϕ∥+ 2εB

∫
{r: τω(r)≥ 2B

K
δ}

dr

τω(r)
.

Since
∫ 1 dr

τω(r)
= ∞, when δ goes to 0, we obtain K

2B
≤ 2εB. This gives a contradiction.

The second assertion is obtained by using the same argument.

Corollary 1.2. Let ω ∈ W∗ be such that τ 2ω(z) ≍ (1− |z|2)2+βν2(log( 1
1−|z|2 )), where β ≥ 0 and

ν is a monotone function such that ν(2t) ≍ ν(t). Let ϕ ∈ Bω0 and let p = 2(1+β)
2+β

. If

sn(Hϕ) = o

(
1

n
1
pν

1
1+β (log n)

)
,
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then ϕ′ = 0.

Proof. It is not difficult to verify that∫ 1

δ

dt

t2+βν2(log 1/t)
≍ 1

δ1+βν2(log 1/δ)
.

Then, since τ 2ω(z) ≍ (1− |z|2)2+βν2(log( 1
(1−|z|2)), we have

Rz,ω(t) =

∫
{z∈D: τω(z)≥t}

dA(z)

(1− |z|2)2+βν2(log 1/(1− |z|2))

≍ 1

t
2(1+β)
2+β ν

2
2+β (log 1/t)

.

This implies that R+
z,ω(n) ≍ 1

n
1
p ν

1
1+β (logn)

. By the second assertion of Theorem 1.2, we get

ϕ′ = 0.

Note that if ω is radial then

H∗
zHz

(
zn

∥zn∥

)
=

(
∥zn+1∥2

∥zn∥2
− ∥zn∥2

∥zn−1∥2

)
zn

∥zn∥
=: m2

ω(n)
zn

∥zn∥
, n ≥ 1.

So, the sequence of the singular values of Hz is the nonincreasing rearrangement of the sequence

(mω(n))n≥1.

For the standard Bergman spaces A2
α, it is easy to see that

∥zn∥2 = Γ(n+ 1)Γ(α + 2)

Γ(n+ α + 2)
and m2

ωα
(n) =

α + 1

(n+ α + 1)(n+ α + 2)
.

where Γ(x) =

∫ ∞

0

tx−1e−tdt denotes the Gamma function. Then

sn(Hz) ∼
√
α + 1

n+ 1
.

For larger Bergman spaces we have the following result.

Proposition 1.1. Let ω ∈ W∗ and let β > 0. Suppose that τ 2ω(z) ≍ (1− |z|2)2+βν2(log( 1
1−|z|2 )),

where ν is a monotone function which satisfies ν(2t) ≍ ν(t). Then

sn(Hz̄) ≍
1

n
1
pν

1
1+β (log n)

, where p =
2(1 + β)

2 + β
.
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Proof. From the hypothesis, we have R+
z,ω(n) ≍ 1

n
1
p ν

1
1+β (logn)

. By Theorem 1.7, we obtain the

result.

1.6 Critical decay

In this section we describe the class of functions ϕ ∈ Bω0 such that sn(Hϕ) = O(sn(Hz)). This

kind of problem was first examined by Arazy, Fisher and Peetre for standard Bergman spaces

[7]. They proved that if ϕ belongs to the Besov space B1 given by

B1 := {f ∈ Hol(D),
∫
D
|f ′′(z)|dA(z) <∞},

then

σn(Hϕ) = O (log(n+ 1)) , where σn(Hϕ) :=
n∑
j=1

sj(Hϕ).

They also proved, in the same paper, that the converse is false. In [23], M. Engliš and R. Rochberg

gave a complete answer to this problem for the classical Bergman space. They proved, by using

Boutet de Monvel-Guillemin theory, that σn(Hϕ) = O (1/n) if and only if ϕ′ ∈ H1. This result

was extended by R. Tytgat [48, 49] to standard Bergman spaces A2
α. In what follows we study

this problem in more general situations. Our approach is based on Theorem 2.4.

Proposition 1.2. Let ω ∈ W∗ be a weight such that τ 2ω(z) ≍ (1− |z|2)2+βν2(log( 1
1−|z|2 )) where

β ≥ 0 and ν is a monotone function such that ν(2t) ≍ ν(t). Let ϕ ∈ Bω0 and let p = 2(1+β)
2+β

.

Then

sn(Hϕ) = O

(
1

n
1
pν

1
1+β (log n)

)
=⇒ ϕ′ ∈ Hp.

Proof. Suppose that sn(Hϕ) ≤ C

n
1
p ν

1
1+β (logn)

. Since τ 2ω(z) ≍ (1 − |z|2)2+βν2(log( 1
1−|z|2 )), we

have

Rz,ω(t) ≍
1

tpν
2

2+β (log(1/t))
and R+

z,ω(n) ≍
1

n
1
pν

1
1+β (log(n))

.

Then for every increasing function h, we have

∞∑
n=1

h

(
1

B1n
1
pν

1
1+β (log(n))

)
≤
∫
D
h(τω(z))dλω(z) ≤

∞∑
n=1

h

(
B1

n
1
pν

1
1+β (log(n))

)
.
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where B1 doesn’t depend on h. If in addition h is convex and h(0) = 0, then by Theorem2.4 we

obtain ∫
D
h (τω(z)|ϕ′(z)|) dλω(z) ≲

∞∑
n=1

h
(
Bsn(Hϕ)

)
≲

∞∑
n=1

h
(
BCR+

z,ω(n)
)

≲
∫
D
h (B1BCτω(z)) dλω(z).

Let ε ∈ (0, 1) and put pε = (1− ε)p+ ε. Note that if β = 0 (i.e. p = 1) then pε = 1 and if β > 0

then 1 < pε < p. Note that in the two cases we have∫ 1 dr

τ 2−pεω (r)
= ∞.

The last inequality, with h(t) = hδ(t
pε), becomes∫

D
hδ (τ

pε
ω (z)|ϕ′(z)|pε) dλω(z) ≲

∫
D
hδ (K

pετ pεω (z)) dλω(z), where K = CBB1.

Using the convexity of hδ, we get∫ 1

0

hδ

(
τ pεω (r)

∫ 2π

0

|ϕ′(reit)|pε dt
2π

)
dr

τ 2ω(r)
≤
∫
D
hδ (τ

pε
ω (z)|ϕ′(z)|pε) dλω(z) ≲

∫
D
hδ (K

pετ pεω (z)) dλω(z).

Suppose that there exists ρ ∈ (0, 1) such that ∥ϕ′
ρ∥pε ≥ 2K. We have∫ 1

ρ

hδ
(
τ pεω (r)∥ϕ′

ρ∥pεpε
) dr

τ 2ω(r)
≲
∫
D
hδ (K

pετ pεω (z)) dλω(z).

Now, using the fact that hδ(t) ≥ t/2 if t ≥ 2δ, we get

∥ϕ′
ρ∥pεpε

∫
{r∈(ρ,1): τpεω (r)∥ϕ′ρ∥

pε
pε≥2δ}

dr

τ 2−pεω (r)
≲ Kpε

∫
{r∈(0,1): τpεω (r)Kpε≥δ}

dr

τ 2−pεω (r)
.

Since ∥ϕ′
ρ∥pε ≥ 2K, {r ∈ (ρ, 1) : τ pεω (r)Kpε ≥ δ} ⊂ {r ∈ (ρ, 1) : τ pεω (r)∥ϕ′

ρ∥pεpε ≥ 2δ}. Then

∥ϕ′
ρ∥pεpε

∫
{r∈(ρ,1): τpεω (r)Kpε≥δ}

dr

τ 2−pεω (r)
≲ Kpε

∫
{r∈(0,1): τpεω (r)Kpε≥δ}

dr

τ 2−pεω (r)
.

Recall that
∫ 1 dr

τ 2−pεω (r)
= ∞. We obtain, when δ goes to 0+, that ∥ϕ′

ρ∥pε ≲ K. When ε goes to

0, we get ∥ϕ′
ρ∥p ≲ K. This proves that ϕ′ ∈ Hp.
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Proof of the first assertion of Theorem 1.3. Let p = pβ(:=
2(1+β)
2+β

). Suppose that sn(Hϕ) =

O(1/n1/p). By Proposition 1.2, with ν = 1, we have ϕ′ ∈ Hp.

For the converse, by Theorem 1.8, it suffices to prove that R+
ϕ,ω(x) = O(1/x1/p), whenever

ϕ′ ∈ Hp. To this end, let U be the non-tangential maximal function of ϕ′. Since ϕ′ ∈ Hp we

have U ∈ Lp and ∥U∥p ≲ ∥ϕ′∥p (even if p = 1). We have

Rϕ,ω(t) = λω ({z ∈ D : τω(z)|ϕ′(z)| ≥ t})

≤ λω
({
reiθ ∈ D : τω(r)U(e

iθ) ≥ t
})

≍
∫
{reiθ∈D:τω(r)U(eiθ)≥t}

drdθ

π(1− r2)2+β

≲ 1
tp

∫ 2π

0

Up(eiθ)
dθ

2π

≲ 1
tp
∥ϕ′∥pp.

This is equivalent to R+
ϕ,ω(x) ≲

∥ϕ′∥p
x1/p

. The proof is complete.

Now, we study the converse of Proposition 1.2, when τ 2ω(z) ≍ (1 − |z|2)2+βν2(log( 1
1−|z|2 )).

In the following result we consider the case β > 0. The case β = 0, will be discussed right after.

Theorem 1.9. Let ω ∈ W∗ be a weight such that τ 2ω(z) ≍ (1 − |z|2)2+βν2(log( 1
1−|z|2 )), where

β > 0 and ν is a monotone function such that ν(2t) ≍ ν(t). Let ϕ ∈ Bω0 and let p = 2(1+β)
2+β

. Then

sn(Hϕ) = O

(
1

n
1
pν

1
1+β (log n)

)
⇐⇒ ϕ′ ∈ Hp.

In this case we have

sn(Hϕ) ≲
∥ϕ′∥p

n
1
pν

1
1+β (log n)

,

where the involved constant doesn’t depend on ϕ.

Proof. By Proposition 1.2, It remains to prove that if ϕ′ ∈ Hp then sn(Hϕ) = O

(
1

n
1
p ν

1
1+β (logn)

)
.

We will proceed as in the proof of Theorem 1.3. Without loss of generality, suppose that ∥ϕ′∥p =
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1. Our goal is to show that

Rϕ,ω(t) = O

(
1

tpν
2

2+β (log(1/t))

)
,

where the implied constant doesn’t depend on ϕ.

We have

|ϕ′(rζ)| ≤ 1

(1− r)
1
p

=
1

(1− r)
2+β

2(1+β)

, r ∈ (0, 1) and ζ ∈ T. (1.15)

This implies that

|ϕ′(rζ)|τω(r) ≲ (1− r)
(2+β)β
2(1+β) ν(log(1/(1− r)).

Then there exists r0 ∈ (0, 1), which depends only on ω, such that

|ϕ′(rζ)|τω(r) ≤ (1− r)
(2+β)β
4(1+β) , r ∈ (r0, 1).

So, if |ϕ′(rζ)|τω(r) ≥ t then r ≤ rt where rt is given by (1− rt)
(2+β)β
4(1+β) = t.

Let Ut be the non-tangential maximal function associated with z ∈ D → ϕ′(rtz). By inequality

(1.15), we have

|ϕ′(rζ)| ≤ Ut(ζ) ≤
1

(1− rt)1/p
=

1

t2/β
, r ≤ rt. (1.16)

For t small enough, we have

Rϕ,ω(t) = λω({reiθ ∈ D : τω(r)|ϕ′(reiθ)| ≥ t})

≲
∫
{reiθ:r∈(0,rt), τω(r)Ut(eiθ)≥t}

dr

τ 2ω(r)
dθ

≲
∫ 2π

0

∫
{r∈(0,rt):τω(r)≥ t

Ut(e
iθ)

}

dr

τ 2ω(r)
dθ

≲
∫ 2π

0

Rz,ω

(
t

Ut(eiθ)

)
dθ.

Since τ 2ω ≍ (1 − r2)2+βν2 (log(1/(1− r2)), we have Rz,ω(t) ≍ 1

tpν
2

2+β (log 1/t)
. First, note that if

Ut(e
iθ) ≤ t1/2 then Rz,ω

(
t

Ut(eiθ)

)
≤ Rz,ω(t

1/2) ≤ Rz,ω(t). Otherwise, from equation (1.16), we

get

Rz,ω

(
t

Ut(eiθ)

)
≍ Up

t (e
iθ)

tpν
2

2+β (logUt(eiθ)/t)
≲

Up
t (e

iθ)

tpν
2

2+β (log 1/t)
.

Combining these inequalities we obtain

Rϕ,ω(t) ≲
∥Ut∥pp

tpν
2

2+β (log 1/t)
≲

1

tpν
2

2+β (log 1/t)
,
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where the involved constant doesn’t depend on ϕ′. By Theorem 1.8, we obtain the desired result.

Now, we will prove that the previous result is not true when β = 0 which is somewhat

unexpected.

Proposition 1.3. Let ω ∈ W∗ such that τω(z) ≍ (1−|z|2)
logα(1/(1−|z|2)) with α > 0. Then for ν ∈] α+1

2α+1
, 1[,

there exists ϕ ∈ Bω0 such that ϕ′ ∈ H1 and

sn(Hϕ) ≍
1

nν
.

Proof. Let γ ∈ (1, α+ 1) be such that ν = α+γ
2α+1

. Let ϕ be such that

ϕ′(z) =
1

(1− z) logγ( e
1−z )

, z ∈ D.

Since γ > 1, ϕ′ ∈ H1. Write Rϕ,ω = R1 +R2, where

R1(t) = λω({reiθ ∈ D : 1− r > |θ| and τω(r)|ϕ′(reiθ)| ≥ t})

and

R2(t) = λω({reiθ ∈ D : 1− r ≤ |θ| and τω(r)|ϕ′(reiθ)| ≥ t}).

Clearly, we have

R1(t) ≍ λω({reiθ ∈ D : 1− r > |θ| and
1

logα+γ(e/(1− r))
≥ t}) ≍ 1

t
2α+1
α+γ

.

Similarly,

R2(t) ≍ λω({reiθ ∈ D : 1− r ≤ |θ| and
1− r

logα(1/(1− r))

1

|θ| logγ(e/|θ|)
≥ t}) ≍ 1

t
2α+1
α+γ

.

Then, Rϕ,ω(t) ≍ 1

t
2α+1
α+γ

. By Theorem 1.7, we obtain that sn(Hϕ) ≍ 1
nν . The proof is complete.

34



1.7 Asymptotics

Now, we will precise the results obtained in Section 1.6 when sn(Hz) is regular. The main result

of this section is the following theorem.

Theorem 1.10. Let ω ∈ W∗ be a radial weight such that τ 2ω(z) ≍ (1 − |z|2)2+βν2(log( 1
1−|z|2 )),

where β > 0 and ν is a monotone function such that ν(2t) ≍ ν(t). Suppose that

sn(Hz) ∼
γ

n
1
pν

1
1+β (log n)

,

where γ > 0 and p = 2(1+β)
2+β

. Then, for ϕ′ ∈ Hp, we have

sn(Hϕ) ∼
γ

n
1
pν

1
1+β (log n)

∥ϕ′∥p.

To prove this result, we will introduce the following functionals (see [12, 45]). Let T be

a compact operator between two Hilbert spaces. Let n(s, T ) be the singular values counting

function given by

n(s, T ) = #{n : sn(T ) ≥ s}, s > 0.

The class of strictly increasing continuous functions ψ : (0,+∞) → (0,+∞) such that ψ(0) = 0

and such that

ψ(αt) ∼ αpψ(t), (t→ 0+),

for some p > 0, will be denoted by Cp. Let

Dψ(T ) := lim sup
s→0+

ψ(s)n(s, T ) and dψ(T ) := lim inf
s→0+

ψ(s)n(s, T ).

From these definitions it is easy to see that if ψ ∈ Cp, then

dψ(T ) = Dψ(T ) ∈ (0,∞) =⇒ sn(T ) ∼ Dψ(T )
1/pψ−1(1/n).

For more definitions and properties of these functionals see Section 1.8.

First, we need some results on the operator HzPωMg, where Mg denotes the multiplication

operator defined on L2(dAω).
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For an arc δ = {eiθ : θ1 ≤ θ < θ2} ⊂ T , Rδ
N will denote

Rδ
N = {z = reiθ : 0 < 1− r ≤ 2π/N, θ1 ≤ θ < θ2}, N = 1, 2, ...

The proof of the following results is similar to that one given by A. Pushnitski in [45].

Lemma 1.7. Let ω ∈ W∗ be a radial weight. Let ψ ∈ Cp such that Dψ(Hz) is finite. The

following are true

1. Let g be a bounded function on D. We have

Dψ(HzPωMg) ≤ ∥g∥p∞Dψ(Hz).

2. Let δ1, δ2 be two arcs of T such that δ1 ∩ δ2 = ∅. Then(
HzPωMχ

R
δ1
N

)∗(
HzPωMχ

R
δ2
N

)
∈ ∩p>0Sp.

3. Let δ ⊂ ∂D be an arc such that |δ| < 2π. Then

Dψ(HzPωχRδ
N
) ≤ |δ|Dψ(Hz).

4. Let δ1, δ2 be two arcs of T such that δ1 ∩ δ2 is reduced to one point. Then(
HzPωMχ

R
δ1
N

)∗(
HzPωMχ

R
δ2
N

)
∈ Σ0

ψ◦√.

Proof. Since g is bounded, Mg is bounded on L2
ω and ∥Mg∥ = ∥g∥∞. Then n(s,HzPωMg) ≤

n(s, ∥Mg∥Hz) = n(s, ∥g∥∞Hz), for all s > 0. Hence, by Proposition 1.5, we get

Dψ(HzPωMg) ≤ Dψ(∥g∥∞Hz) = ∥g∥p∞Dψ(Hz).

This proves the first assertion.

The same proof as that proposed by Pushnitski in [45], gives the second assertion.

To prove the third assertion, let N ∈ N∗ such that 2π
N+1

≤ |δ| < 2π
N

and let

δn := e2πin/Nδ, n = 1, 2..., N.

Let Rn
N := Rδn

N . Since g :=
N∑
n=1

χRn
N
≤ 1, we have

Dψ(Hz) ≥ Dψ(HzPωMg) = Dψ

(
N∑
n=1

HzPωMχRn
N

)
.
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For i ̸= j we have
(
HzPωMχ

Ri
N

)(
HzPωMχ

R
j
N

)∗

= 0. Since the closures of Ri
N and Rj

N are

disjoint, we have (
HzPωMχ

Ri
N

)∗(
HzPωMχ

R
j
N

)
∈ Σ0

ψ◦√..

Further, since ω is radial, the operators HzPωMχ
R
j
N

are unitarily equivalent. It follows from

Theorem 1.12 that

Dψ(Hz) ≥ Dψ

(
N∑
n=1

HzPωMχRn
N

)
= NDψ(HzPωMχ

Rδ
N

).

Therefore, Dψ(HzPωMχ
Rδ
N

) ≤ 1/NDψ(Hz) ≤ |δ|Dψ(Hz).

The last assertion is a consequence of the second and the third assertion. Indeed, let ε > 0 small

enough. Suppose that δ1 = {eiθ : θ1 ≤ θ < θ2} and δ2 = {eiθ : θ2 ≤ θ < θ3} and let

δ1(ε) = {eiθ : θ1 ≤ θ < θ2 − ε}. By (2),
(
HzPωMχ

R
δ1(ε)
N

)∗(
HzPωMχ

R
δ2
N

)
∈ ∩p>0Sp. By

Corollary 1.3, we get

Dψ◦√.

((
HzPωMχ

R
δ1
N

)∗(
HzPωMχ

R
δ2
N

))
= Dψ◦√.

((
HzPωMχ

R
δ1
N \Rδ1(ε)

N

)∗(
HzPωMχ

R
δ2
N

))
.

Applying Proposition 1.5, we have

Dψ◦√.

((
HzPωMχ

R
δ1
N \Rδ1(ε)

N

)∗(
HzPωMχ

R
δ2
N

))
≤ 2Dψ(HzPωMχ

R
δ1
N \Rδ1(ε)

N

)Dψ(HzPωMχ
R
δ2
N

)

≲ εD2
ψ(Hz).

Letting ε to 0, we obtain Dψ◦√.

((
HzPωMχ

R
δ1
N

)∗(
HzPωMχ

R
δ2
N

))
= 0, as required.

Proposition 1.4. Let ω ∈ W∗ be a radial weight. Let ψ ∈ Cp such that 0 < dψ(Hz) ≤ Dψ(Hz) <

∞.

• Let δ ⊂ ∂D be an arc such that |δ| = 2π
N

, where N ∈ N∗. Then

Dψ(HzPωMχ
Rδ
N

) =
1

N
Dψ(Hz) and dψ(HzPωMχ

Rδ
N

) =
1

N
dψ(Hz).

• Let g be a continuous function on D. We have

∥g∥ppdψ(Hz) ≤ dψ(HzPωMg) ≤ Dψ(HzPωMg) ≤ ∥g∥ppDψ(Hz).
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Proof. Let

RN = {z = reiθ ∈ D : r > 1− 1/N},

Rk
N = {z = reiθ ∈ RN :

2πk

N
≤ θ <

2π(k + 1)

N
}, k = 0, 1..., N − 1.

And let

h :=
N−1∑
k=0

χRk
N
= 1− χD\RN

.

Hence, by Corollary 1.3, Lemma 1.7 and Theorem 1.12, we have

Dψ(Hz) = Dψ(HzPωMh)

= Dψ

(
N−1∑
k=0

HzPωMχ
Rk
N

)

=
N−1∑
k=0

Dψ(HzPωMχ
Rk
N

)

= NDψ(HzPωMχ
Rδ
N

).

Then Dψ(HzPωMχ
Rδ
N

) = 1
N
Dψ(Hz). Similarly, we obtain dψ(HzPωMχ

Rδ
N

) = 1
N
dψ(Hz).

Let ξk be the center of the arc Rk
N ∩ ∂D and let

gN =
N−1∑
k=0

g(ξk)χRk
N
.

By Proposition 1.5, we have

D
1

p+1

ψ (HzPωMg) ≤ D
1

p+1

ψ (HzPωMgN ) +D
1

p+1

ψ (HzPωMg−gN )

On one hand, by Lemma 1.7, we have

Dψ(HzPωMg−gN ) ≤ ∥g − gN∥p∞Dψ(Hz).

On the other hand, by Lemma 1.7, Theorem 1.12 and the first assertion of this proposition, we

obtain

Dψ(HzPωMgN ) ≤
N−1∑
k=0

Dψ(g(ξk)HzPωMχ
Rk
N

)

=
N−1∑
k=0

|g(ξk)|pDψ(HzPωMχ
Rk
N

)

= 1
N

N−1∑
k=0

|g(ξk)|pDψ(Hz).
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Combining these inequalities and letting N going to ∞, we obtain

Dψ(HzPωMg) ≤ ∥g∥ppDψ(Hz).

The lower estimates can be obtained by the same arguments.

Let Φ : RD × RD → C be an analytic function, where R > 1. Let AΦ : A2
ω → L2

ω be the

operator defined by

AΦf(z) =

∫
D
(z − ξ)2K(z, ξ)Φ(z, ξ)f(ξ)ω(ξ)dA(ξ), z ∈ D. (1.17)

And let A be the operator given by

Af(z) =

∫
D
(z − ξ)2K(z, ξ)f(ξ)ω(ξ)dA(ξ), z ∈ D. (1.18)

Now, we introduce notations which will be used in the proof of the next lemma. Let r ∈ (0, 1)

and let Jr be the embedding operator from A2
ω to L2(ωχrDdA). Note that Tr := J∗

r Jr is the

Toeplitz operator with symbol χrD. Namely,

Trf =

∫
rD
f(ζ)K(., ζ)ω(ζ)dA(ζ).

By [20], there exists C = C(ω) such that∑
n≥1

λpn(Tr) ≤
C

p

∫ r

0

dρ

τ 2ω(ρ)
, p ∈ (0, 1).

This implies that

λn(Tr) ≤ inf
p∈(0,1)

(
C

pn

∫ r

0

dρ

τ 2ω(ρ)

) 1
p

= exp

− e−1

C

∫ r

0

dρ

τ 2ω(ρ)

n

 .

If we suppose that τ 2ω(z) ≍ (1− |z|2)2+βν2(log(1/(1− |z|2))), then

λn(Tr) ≤ exp
(
−C(ω)(1− r)1+βν2(log(1/(1− r))n

)
.

In particular we have

λn(Tr) = O
(
exp

(
−C(ω, ε)(1− r)1+β−εn

))
, ∀ε > 0. (1.19)
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Lemma 1.8. Let ω ∈ W∗ be a radial weight such that τ 2ω(z) ≍ (1 − |z|2)2+βν2(log( 1
1−|z|2 )),

where β ≥ 0 and ν is a monotone function such that ν(2t) ≍ ν(t). Then, for all ε > 0, we have

sn(AΦ) = O

(
1

n2/p−ε

)
, p =

2(1 + β)

2 + β
.

Proof. First, we prove the result for A which corresponds to Φ = 1. Remark that

Af = Hz̄2f − 2Hz̄Pωz̄f ∈ A2⊥
ω .

Then Af is the L2
ω-minimal solution of ∂̄u = 2Hz̄f . Applying Lemma 1.4 twice, we get

∥Af∥2 ≲
∫
D
|2Hz̄f(z)|2τ 2ω(z)ω(z)dA(z)

≲
∫
rD

|Hz̄f(z)|2ω(z)dA(z) + τ 2ω(r)

∫
D\rD

|Hz̄f(z)|2ω(z)dA(z)

≲
∫
rD

|f(z)|2ω(z)dA(z) +
∫
rD

|Pωz̄f(z)|2ω(z)dA(z) + τ 2ω(r)

∫
D
|f(z)|2τ 2ω(z)ω(z)dA(z)

≲ ∥Jrf∥2 + ∥JrPωz̄f∥2 + τ 2ω(r)⟨Tτ2ωf, f⟩.

Then we obtain

A∗A ≲ Tr + (Pωz̄)
∗TrPωz̄ + τ 2ω(r)Tτ2ω

This implies that

s23n(A) ≲ λn(Tr) + τ 2ω(r)λn(Tτ2ω). (1.20)

Since
∫ 1 dr

τ 2−p−εω (r)
<∞, by [20], Tτ2ω ∈ S p

2
+ε for every ε > 0. Then,

λn(Tτ2ω) = O

(
1

n
2
p
−ε

)
, for all ε > 0. (1.21)

Combining inequalities (1.19), (1.20) and (1.21), we obtain

s23n(A) ≲ inf
r∈(0,1)

(
exp

(
−C(ω, ε)(1− r)1+β−εn

)
+
τ 2ω(r)

n
2
p
−ε

)
, for all ε > 0.

For a suitable choice of r, we obtain the result for A.

To complete the proof of the Lemma we use the argument given by M. Dostanic in [17]. Suppose

that Φ is analytic and bounded by M on RD×RD. Clearly, we have

Φ(z, ζ) =
∑
k≥0

Φ(k)(z, 0)

k !
ζk and

|Φ(k)(z, 0)|
k !

≤ M

Rk
.
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And since AΦf =
∑
k≥0

Φ(k)(z, 0)

k !
APω ζ̄

kf , we obtain

s(N+2)m(AΦ) ≤
N∑
k≥0

|Φ(k)(z, 0)|
k !

sm(A) +
∑
k>N

|Φ(k)(z, 0)|
k !

∥A∥ ≤ M

R− 1
(sm(A) + ∥A∥) .

Now for Nm = n and m ∼ n1−ε, we get the result.

Proof of Theorem 1.10. Letψ(t) = 1
γp
tpνp/1+β(log 1/t). Since sn(Hz) ∼ γ

n
1
p ν

1
1+β (logn)

,Dψ(Hz) =

dψ(Hz) = 1. Note that

sn(Hϕ̄) ∼ sn(Hz)∥ϕ′∥p ⇐⇒ Dψ(Hϕ̄) = dψ(Hϕ̄) = ∥ϕ′∥pp.

First, suppose that ϕ is analytic in a neighborhood of D. Then there exist R > 1 and an analytic

bounded function Φ on RD×RD such that

ϕ(z)− ϕ(w) = (z − w)ϕ′(w) + (z − w)2Φ(z, w), z, w ∈ RD.

We have

HϕPω = HzPωϕ̄′ + AΦPω.

By Lemma 1.8

sn(AΦPω) = o (sn(HzPω)) , n→ ∞.

So,

Dψ(AΦPω) = 0.

By Corollary 1.3, we deduce that

Dψ(Hϕ) = Dψ(HzPωϕ̄′) and dψ(Hϕ) = dψ(HzPωϕ̄′).

We obtain, by Proposition 1.4, that

dψ(Hz)∥ϕ′∥pp ≤ dψ(Hϕ) ≤ Dψ(Hϕ) ≤ Dψ(Hz)∥ϕ′∥pp.

Since Dψ(Hz) = dψ(Hz) = 1, we obtain

dψ(Hϕ) = Dψ(Hϕ) = ∥ϕ′∥pp.

Now, suppose that ϕ′ ∈ Hp. By Theorem 1.9, we have

sn(Hϕ̄−ϕ̄r) ≤ C∥ϕ′ − ϕ′
r∥psn(Hz), n ≥ 1.
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This implies that Dψ(Hϕ̄−ϕ̄r) ≤ Cp∥ϕ′ − ϕ′
r∥ppDψ(Hz). Then we have

|Dψ(Hϕ)
1

p+1 −
(
Dψ(Hz)∥ϕ′

r∥pp
) 1

p+1 | = |Dψ(Hϕ)
1

p+1 −Dψ(Hϕr
)

1
p+1 |

≤ Dψ(Hϕ−ϕr)
1

p+1

≤
(
Cp∥ϕ′ − ϕ′

r∥ppDψ(Hz)
) 1

p+1 .

When r → 1−, we obtain Dψ(Hϕ) = Dψ(Hz)∥ϕ′∥pp = ∥ϕ′∥pp. With the same arguments we have

dψ(Hϕ) = dψ(Hz)∥ϕ′∥pp. The proof is complete.

Similarly, one can prove the following result which corresponds to the situation β = 0 and

ν ≍ 1 in Theorem 1.10.

Theorem 1.11. Let ω ∈ W∗ be a radial weight such that τ 2ω(z) ≍ (1− |z|2)2. Suppose that

sn(Hz) ∼
γ

n
,

where γ > 0. Then, for ϕ′ ∈ H1, we have

sn(Hϕ) ∼
γ

n
∥ϕ′∥1.

Proof of the second assertion of Theorem 1.3. The case β = 0 comes from Theorem 1.11 while

the case β > 0 is a consequence of Theorem 7.1 with ν = 1.

1.8 An example

For a radial weight ω, the sequence of the singular values of the Hankel operator Hz on A2
ω is the

nonincreasing rearrangement of the sequence((
||zn+1||2

||zn||2
− ||zn||2

||zn−1||2

)1/2
)
n

.

Recall that for the standard case ωα(z) = (α + 1)(1 − |z|2)α, we have sn(Hz) ∼
√
α+1
n

. In this

section, we consider the weight

ω(z) = exp

(
− α

(log 1
|z|2 )

β

)
, α, β > 0.
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We have

||zn||2 =
∫
D
|z|2n exp

(
− α

(log 1
|z|2 )

β

)
dA(z)

=

∫ 1

0

r2n exp

(
− α

(log 1
r2
)β

)
2rdr

=

∫ +∞

0

exp
(
−(n+ 1)x− α

xβ

)
dx.

Let xn :=
(
αβ
n+1

)1/1+β
be the minimum of the function (n+1)x+ α

xβ
. After the change of variable

u = x−xn
xn

, we get

||zn||2 = xn exp

(
−(n+ 1)xn −

α

xβn

)∫ +∞

−1

exp

(
− α

xβn
h(u)

)
du,

where h(u) = βu+ 1
(1+u)β

− 1.

In the sequel, we will use Laplace method [24] to get an expansion of ||zn||2. By Laplace

Theorem, we have

H(t) =

√
th′′(0)

2π

∫ +∞

−1

exp (−th(u)) du ∼ 1, t→ +∞.

Let η > 0. We have√
th′′(0)

2π

∫
[−1,−η]∪[η,+∞[

exp (−th(u)) du = O(e−c(η)t), t→ +∞.

Let

H+
η (t) =

√
th′′(0)

2π

∫
0<u<η

exp (−th(u)) du,

H−
η (t) =

√
th′′(0)

2π

∫
−η<u<0

exp (−th(u)) du.

Using the change of variable v = h(u), when η is small enough, one can write

H+
η (t) =

2N∑
j=0

cj
tj/2

+ o

(
1

tN

)
,

where c0, .., c2N ∈ R. The same is also true for H−
η . Then

H(t) =
2N∑
j=0

dj
tj/2

+ o

(
1

tN

)
,
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where d0 = 1 and d1, .., d2N ∈ R. Let An =
√

2π
h′′(0)

x
1+β

2
n exp

(
−(n+ 1)xn − α

xβn

)
. We have

||zn||2 = AnH

(
α

xβn

)
.

By a direct calculation, we get

||zn||2

||zn−1||2
= 1− a

n1/1+β
+
b

n
+

c

n1+1/1+β
+ o(1/n1+ 1

β+1 ),

where a = (αβ)1/1+β . Then, we have

||zn+1||2

||zn||2
− ||zn||2

||zn−1||2
∼ γ2

n
β+2
β+1

,

where γ =
√

(αβ)1/1+β

1+β
. Finally, we obtain

sn(Hz) ∼
γ

n
β+2

2(β+1)

.

Appendix: Asymptotic Orthogonality

Let T be a compact operator between two complex Hilbert spaces. The decreasing sequence of

singular values of T will be denoted by (sn(T ))n.The counting function of the singular values of

T is denoted by

n(s, T ) = #{n : sn(T ) ≥ s}, s > 0.

Recall that Cp denotes the class of increasing continuous function ψ : (0,+∞) → (0,+∞)

satisfying

ψ(αt) ∼ αpψ(t), (t→ 0+),

As before, Dψ(T ), dψ(T ) are given by

Dψ(T ) := lim sup
s→0+

ψ(s)n(s, T ) and dψ(T ) := lim inf
s→0+

ψ(s)n(s, T ).

The goal of this appendix is to extend the results obtained for ψ(t) = tp, [12,45,50], to the class

Cp. We give here the proof for completeness.

Proposition 1.5. Let T and V be compact operators and λ ∈ C. We have
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1. Dψ(λT ) = |λ|pDψ(T ) and dψ(λT ) = |λ|pdψ(T ).

2. Dψ(T + V )
1

p+1 ≤ Dψ(T )
1

p+1 +Dψ(V )
1

p+1 .

3. dψ(T + V )
1

p+1 ≤ dψ(T )
1

p+1 +Dψ(V )
1

p+1 .

4. Dψ(TV ) ≤ 2Dψ◦t2(T )Dψ◦t2(V ).

Proof. 1. For λ ̸= 0, we have

Dψ(λT ) = lim sup
s→0+

ψ(s)n(s, λT ) = lim sup
s→0+

ψ(s)n(s/|λ|, T )

= lim sup
s→0+

ψ(|λ|s)n(s, T )

= |λ|p lim sup
s→0+

ψ(s)n(s, T )

= |λ|pDψ(T ).

Similarly, we have dψ(λT ) = |λ|pdψ(T ), ∀λ ∈ C.

2. Let x ∈ (0, 1). For all s > 0, we have

n(s, T + V ) = n(xs+ (1− x)s, T + V ) ≤ n(xs, T ) + n((1− x)s, V )

= n

(
s,

1

x
T

)
+ n

(
s,

1

1− x
V

)
.

Hence, Dψ(T + V ) ≤ Dψ

(
1
x
T
)
+Dψ

(
1

1−xV
)
. By the first assertion we obtain

Dψ(T + V ) ≤ x−pDψ(T ) + (1− x)−pDψ(V ).

It follows that

Dψ(T + V ) ≤ min
x∈(0,1)

{
x−pDψ(T ) + (1− x)−pDψ(V )

}
,

and 2. is obtained.

By the same way we obtain also the third assertion.

4. For all α, s > 0, we have

n(s, TV ) = n(α
√
s α−1

√
s, TV ) ≤ n(α

√
s, T ) + n(α−1

√
s, V )

= n(
√
s,

1

α
T ) + n(

√
s, αV ).
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Hence

ψ(s)n(s, TV ) ≤ ψ(s)n(
√
s,

1

α
T ) + ψ(s)n(

√
s, αV )

= ψ̃(
√
s)n(

√
s,

1

α
T ) + ψ̃(

√
s)n(

√
s, αV ),

with ψ̃ = ψ(t2). Then

Dψ(TV ) ≤ Dψ̃

(
1

α
T

)
+Dψ̃(αV )

= α−2pDψ̃(T ) + α2pDψ̃(V ).

It follows that

Dψ(TV ) ≤ min
α>0

{
α−2pDψ̃(T ) + α2pDψ̃(V )

}
≤ 2Dψ̃(T )Dψ̃(V ).

Let us denote

Σψ := {T ∈ S∞ : ψ(s)n(s, T ) = O(1)}

and

and Σ0
ψ := {T ∈ S∞ : ψ(s)n(s, T ) = o(1)} .

The second and the third assertions of the Proposition 1.5 imply the following corollary.

Corollary 1.3. Let T and V be compact operators. Suppose that V ∈ Σ0
ψ, then

Dψ(T + V ) = Dψ(T ) and dψ(T + V ) = dψ(T ).

Once we have that, we can state the Theorem of A. Pushnitski
[
[45], Theorem 2.2

]
in the

following form
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Theorem 1.12. Let T1, T2, ..., Tn be a compact operators such that

T ∗
i Tj ∈ Σ0

ψ◦√. and TiT
∗
j ∈ Σ0

ψ◦√., ∀i ̸= j.

Then

Dψ

(
n∑
k=1

Tk

)
= lim sup

s→0+
ψ(s)

n∑
k=1

n(s, Tk) and dψ

(
n∑
k=1

Tk

)
= lim inf

s→0+
ψ(s)

n∑
k=1

n(s, Tk).

In particular, if for all s > 0, we have n(s, Tk) = n(s, T1), k = 1, 2, ..., n, then

Dψ

(
n∑
k=1

Tk

)
= nDψ (T1) and dψ

(
n∑
k=1

Tk

)
= ndψ (T1) .

Proof. Let T =
n∑
k=1

Tk. Since

TT ∗ =
n∑
i=1

TiT
∗
i +

n∑
i,j=1,i ̸=j

TiT
∗
j ,

and TiT ∗
j ∈ Σ0

ψ◦√., for i ̸= j, we have

Dψ(T ) = Dψ◦√.(TT
∗) = Dψ◦√.

(
n∑
i=1

TiT
∗
i

)
= Dψ◦√. ((JA)(JA)

∗)

= Dψ◦√. ((JA)
∗(JA)) .

Where

J : Hn −→ H

(f1, ..., fn) −→
n∑
i=1

fi
and

A : Hn −→ Hn

(f1, ..., fn) −→ (T1f1, T2f2, ..., Tnfn)

The matrix of (JA)∗(JA) is
T ∗
1 T1 T ∗

1 T2 . . . T ∗
1 Tn

T ∗
2 T1 T ∗

2 T2 . . . T ∗
2 Tn

...
... . . . ...

T ∗
nT1 T ∗

nT2 . . . T ∗
nTn

 =


T ∗
1 T1 0

T ∗
2 T2

. . .

0 T ∗
nTn

+


O T ∗

1 T2 . . . T ∗
1 Tn

T ∗
2 T1 0 . . . T ∗

2 Tn
...

... . . . ...

T ∗
nT1 T ∗

nT2 . . . 0

 =: T ′ + T ′′.

47



Since T ∗
i Tj ∈ Σ0

ψ◦√., for i ̸= j, we deduce that

Dψ(T ) = Dψ◦√.(T
′ + T ′′) = Dψ◦√.(T

′)

= Dψ◦√.(T
∗
1 T1, T

∗
2 T2, ..., T

∗
nTn).

Let now T0 the operator

T0 :=


T1 0

T2
. . .

0 Tn


We have

Dψ(T ) = Dψ◦√.(T
∗
1 T1, T

∗
2 T2, ..., T

∗
nTn) = Dψ◦√.(T

∗
0 T0)

= Dψ(T0)

= lim sup
s→0+

ψ(s)
n∑
k=1

n(s, Tk).

In the same way we prove that

dψ

(
n∑
k=1

Tk

)
= lim inf

s→0+
ψ(s)

n∑
k=1

n(s, Tk).
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CHAPTER 2

BERGMAN SPACES SATISFYING
HARDY-LITTLEWOOD THEOREM

2.1 Introduction

A weight on the open unit disk D of the complex plane C is a function ω : D →]0,+∞[ which

is integrable with respect to Lebesgue measure dA(z) := dxdy/π on D. The weighted Bergman

space Apω, p > 0, associated with a weight ω is defined by

Apω := {f ∈ Hol(D) : ∥f∥p
Ap

ω
:=

∫
D
|f(z)|pω(z)dA(z) <∞},

where Hol(D) is the set of holomorphic functions on D. For α > −1, the standard Bergman

space Apωα
, where ωα(z) = (α + 1)(1 − |z|2)α, will be denoted by Apα. We say that ω satisfies

Hardy-Littlewood theorem, and we write ω ∈ HL, if for all p > 0, f ∈ Hol(D), and n ∈ N∗, we

have

∥f∥p
Ap

ω
≍

n−1∑
k=0

|f (k)(0)|p +
∫
D
|f (n)(z)|p(1− |z|2)npω(z)dA(z).

Throughout this thesis, we write A ≲ B if there exists a positive constant C such that A ≤ CB.

Moreover, if A ≲ B and B ≲ A, then we write A ≍ B.

It is well-known that ωα ∈ HL for all α > −1. A weight ω is said to be in the class of

Bekollé-Bonami weights Bp(η), for p ∈ (1,∞) and η > −1, if(∫
S(θ,h)

ωdAη

)(∫
S(θ,h)

ω−p′/pdAη

)p/p′
≲ (Aη(S(θ, h)))

p ,
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for any Carleson square

S(θ, h) =
{
reiα : 1− h < r < 1, |θ − α| < h/2

}
, θ ∈ [0, 2π], h ∈ (0, 1),

where 1/p+ 1/p′ = 1 and dAη = ωηdA.

Aleman and Constantin [2] proved that if ω
(1−|z|2)η ∈ Bp0(η), for some p0 > 1 and η > −1,

then ω ∈ HL. Conversely, if ω is in HL and satisfies

ω(z) ≍ ω(w), |z − w| < δ(1− |z|2), (2.1)

for some δ ∈ (0, 1), then ω
(1−|z|2)η ∈ Bp0(η) for some p0 > 1 and η > −1, see [3]. Recently, Bao,

Wulan, and Zhu [10] have introduced a new class of weights which satisfy Hardy-Littlewood

theorem. For s > −1 and t ≥ 0, the class W(s, t) is the set of weights ω satisfying

ωs,t(z) :=

∫
D

ω(w)(1− |w|2)s(1− |z|2)t

|1− wz|2+s+t
dA(w) ≲ ω(z), z ∈ D.

It is proved in [10] that if there exist s0 ∈ [−1, 0) and t0 ≥ 0 such that ω ∈ W(s, t) for all

s > s0 and for all t > t0, and if there exists δ ∈ (0, 1) such that ω satisfies (2.1), then ω ∈ HL.

In Section 2.2, we prove that the existence of s ∈ (−1, 0] and t ≥ 0 such that ω ∈ W(s, t) is

enough to get ω ∈ HL. Next, we consider the following class appeared in the literature before,

usually denoted by Cp, see for instance [2, 16, 31]. For p > 1, a weight ω belongs to the class Cp
if (∫

∆(z,α)

ωdA

)(∫
∆(z,α)

ω−p′/pdA

)p/p′
≲ Ap(∆(z, α)), z ∈ D,

for some α ∈ (0, 1) (or equivalently for all α ∈ (0, 1), see [31]). Throughout this paper, ∆(z, r)

is the disk given by

∆(z, r) := {w ∈ D : |z − w| < r(1− |z|)}, z ∈ D, 0 < r < 1.

Let

ω̃(z) :=
1

(1− |z|2)2
∫
∆(z,1/2)

ω(ζ)dA(ζ), z ∈ D.

In Section 2.2, we prove the following theorem which is a variant of results given in [2, 3, 10].

Theorem 2.1. Suppose that ω ∈ Cp0 for some p0 > 1. The following assertions are equivalent.

(1) ω ∈ HL.

(2) ω̃ ∈ HL.

(3) ω0,t ≲ ω̃ for some t > 0.
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Note that if ω satisfies (2.1), then ω ∈ Cp for all p > 1. Moreover, if ω
(1−|z|2)η ∈ Bp0(η) for

some p0 > 1 and η > −1, then ω ∈ Cp0 and ω0,t ≲ ω̃ for all t ≥ p0(η + 2) − 2, see [2, Lemma

2.1].

As a direct consequence of the previous theorem, if ω ∈ Cp0 for some p0 > 1, then the

condition ∫
D
ω(z) log

1

1− |z|2
dA(z) <∞

is necessary to have ω ∈ HL (Corollary 2.1).

Motivated by Theorem 2.1, we consider the following class of weights.

Definition 2.1. Let p > 1 and let t ≥ 0. We say that a weight ω belongs to the class Cp,t if ω ∈ Cp
and ω0,t ≲ ω̃.

In Section 2.3, we prove that if ω ∈ Cp0,t for some p0 > 1 and t ≥ 0, then the dilation

fr(z) = f(rz) of each function f in Apω satisfies

∥fr∥Ap
ω
≤ C(ω)∥f∥Ap

ω
, f ∈ Apω,

for all r ∈ [0, 1). Moreover, we prove that polynomials are dense in Apω for all p > 0.

Concerning radial weights, various generalizations of the fact that ωα ∈ HL, α > −1, are

obtained for different classes of weights, see [5, 38, 47] and references therein. Recently, Peláez

and Rättyä [44] gave a complete description of radial weights belonging to HL. Using their

result (Theorem 2.5 below), we will prove the following theorem. In the sequel, ω̌ is the function

defined by

ω̌(r) :=
1

1− r

∫ 1

r

ω(s)ds, r ∈ [0, 1).

Theorem 2.2. Let ω be a radial weight. The following assertions are equivalent.

(1) ω ∈ HL.

(2) ω̌ is a weight and ωs,t(r) ≲ ω̌(r), r ∈ [0, 1), for some s ∈ (−1, 0) and some t > 0.

(3) ω̌ ∈ W(0, t) for some t > 0.

Note that, contrary to ω̃, ω̌ can be non-integrable. Note also that in Theorem 2.2, the condition

ωs,t ≲ ω̌ for some s ∈ (−1, 0) and t > 0 cannot be replaced by ω0,t ≲ ω̌ for some t > 0, even
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for weights that satisfy (2.1). Indeed, let ω be the weight given by

ω(r) =
1

(1− r)
(
ln e

1−r

)γ , γ > 1.

A direct calculation shows that, for all t > 0, we have

ω0,t(r) ≍ ln

(
e

1− r

)
ω(r), r ∈ [0, 1).

By Theorem 2.1, ω /∈ HL. Now, for all γ > 1, we have

ω̌(r) ≍ 1

(1− r)
(
ln e

1−r

)γ−1 .

Thus ω̌ is non-integrable for 1 < γ ≤ 2. While for γ > 2, ω̌ is integrable and ω0,t ≍ ω̌ for all

t > 0.

In the last section, we consider Toeplitz and integration operators on A2
ω for ω in Cp0,t for

some p0 > 1 and t ≥ 0. We give a complete description of the boundedness, compactness, and

membership of such operators to Schatten classes, extending results obtained in [2, 16].

Recall that Toeplitz operator Tµ on A2
ω associated with a positive Borel measure µ on D is

the transformation defined by

Tµf(z) :=

∫
D
f(ζ)Kω(z, ζ)ω(ζ)dµ(ζ), z ∈ D.

The study of Tµ has received an important attention from several authors. The boundedness,

compactness, and membership to p-Schatten ideals of the operator Tµ on A2
ω have been stud-

ied for different weights. For example, Luecking [?] considered standard Bergman spaces A2
α.

Oleinik-Perel’man weights were studied by Oleinik and Perel’man [35], and later by Arroussi

and Pau [8]. Constantin [16] characterized the boundedness, compactness, and membership of

Tµ to Schatten class Sp(A2
ω) for p ≥ 1, where ω

(1−|z|2)η ∈ Bp0(η) for some p0 > 1 and η > −1.

In [21], El-Fallah, Mahzouli, Marrhich, and Naqos studied the operator Tµ on A2
ω for a large

class of weights ω by imposing conditions on the reproducing kernel Kω. Peláez and Rättyä [39]

studied Toeplitz operators on Bergman spaces associated with radial weights, see also [41] and

references therein.

Recall that, for p > 0, the p-Schatten ideal of a separable Hilbert space H, denoted by Sp(H),

consists of compact operators T on H for which the sequence of the singular numbers (sn(T ))n;

that is, the sequence of the square root of the eigenvalues of the positive operator T ∗T , belongs

to ℓp.
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We will use results from [21] and [20] to obtain a complete description of the boundedness,

compactness, and membership of Tµ to Sp(A2
ω) for all p > 0 and for any weight ω ∈ Cp0,t

for some p0 > 1 and t ≥ 0. Throughout this paper, we decompose D using the sets ∆(z, r),

0 < r < 1. The Lebesgue measure of a Borel set ∆ of D will be denoted by |∆|. Let z0 ∈ D.

For z ∈ ∆(z0, r), we have

• |∆(z, r)| ≍ (1− |z0|2)2.

• |1− zw| ≍ 1− |z|2 ≍ 1− |w|2, w ∈ ∆(z0, r).

• |1− zw| ≍ |1− zζ|, w, ζ ∈ ∆(z0, r).

In the terminology of [21], the sets ∆(z, r) give a (ρ, δ)−lattice of D for ρ(z) = (1 − |z|2)/2
and for some choice of δ. Let ∆(zn, δ) be the corresponding (ρ, δ)−lattice of D and let (∆n)n

be an enumeration of ∆(zn, δ). Let b > 1 such that b∆n = ∆(zn, bδ) is a covering of D of

finite multiplicity, see [21] for more details. We prove the following theorem which improves

Constantin’s result. In the sequel, for a positive measure µ on D, we denote by µω the measure

dµω(z) := ω(z)dµ(z), z ∈ D.

Theorem 2.3. Let p > 0 and let ω be a weight in Cp0,t for some p0 > 1 and t ≥ 0. Let µ be a

positive Borel measure on D such that Tµ is compact on A2
ω. Then Tµ belongs to Sp(A2

ω) if and

only if
∞∑
n=0

(
µω(∆n)

Aω(∆n)

)p
<∞.

Let g ∈ Hol(D), the generalized Volterra integration operator Vg associated with g is defined

by

Vgf(z) :=

∫ z

0

f(ζ)g′(ζ)dζ, f ∈ Hol(D).

The boundedness, compactness, and membership to Schatten classes of Vg have been the object

of several papers on various spaces of analytic functions, see for instance [1, 4, 5, 51]. Aleman

and Siskakis [5] characterized the boundedness and compactness of Vg on the standard Bergman

space A2
α. They proved that Vg is bounded (resp., compact) on A2

α if and only if g belongs to the

Bloch space B (resp., little Bloch space B0). Recall that

B := {g ∈ Hol(D), sup
z∈D

(1− |z|2)|g′(z)| <∞},
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and

B0 := {g ∈ Hol(D), lim sup
|z|→1

(1− |z|2)|g′(z)| = 0}.

They also characterized the membership of Vg to Sp(A2
α). More precisely, they showed that

Vg ∈ Sp(A2
α), for p > 1, if and only if g belong to the Besov space

Bp := {g ∈ Hol(D),
∫
D
|g′(z)|p(1− |z|2)p−2dA(z) <∞},

and Vg ∈ S1(A
2
α) if and only if g is constant. If ω

(1−|z|2)η ∈ Bp(η), Constantin [16] proved that, for

p ≥ 2, the operator Vg belongs to Sp(A2
ω) if and only if g belongs to Bp. We have the following

Theorem 2.4. Suppose that ω ∈ Cp0,t for some p0 > 1 and t ≥ 0. Let p > 0 and let g be an

analytic function on D such that Vg is a compact operator on A2
ω. Then the following assertions

hold.

(1) If p > 1, then Vg belongs to Sp(A2
ω) if and only if g belongs to Bp.

(2) If p ≤ 1, then Vg belongs to Sp(A2
ω) if and only if g′ ≡ 0 on D.

Our proofs of Theorem 2.3 and Theorem 2.4 avoid the complex interpolation method used in

[16]. Our approach is based on the paper [20].

2.2 Hardy–Littlewood theorem

This section contains the proofs of Theorem 2.1 and Theorem 2.2. We start by giving some

properties of the class Ws,t.

Lemma 2.1. Let s > −1, t ≥ 0, and let ω be a weight on D. Then the following assertions hold.

(1) For all s′ ≥ s and t′ ≥ t we have ωs′,t′ ≲ ωs,t. In particular, W(s, t) ⊂ W(s′, t′) for all

s′ ≥ s and t′ ≥ t.

(2) If t > 0, then for all s′ ∈ (−1, s) and t′ ∈ (0, t) such that ωs′,t′ is a weight we have

ωs′,t′ ∈ W(s, t).

To prove Lemma 2.1, we need the following useful inequality [25, Lemma 2.5].
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Lemma 2.2. Let α > −1, β, γ > 0 such that β + γ − α > 2 and β < 2 + α < γ. Then∫
D

(1− |z|2)α

|1− zζ|β|1− zw|γ
dA(z) ≲

1

|1− wζ|β(1− |w|2)γ−α−2
, w, ζ ∈ D.

Proof of Lemma 2.1. For s′ ≥ s and t′ ≥ t we have∫
D

ω(w)(1− |w|2)s′(1− |z|2)t′

|1− wz|2+s′+t′
dA(w)

=

∫
D

ω(w)(1− |w|2)s(1− |z|2)t

|1− wz|2+s+t

(
1− |z|2

|1− wz|

)t′−t(
1− |w|2

|1− wz|

)s′−s
dA(w)

≲
∫
D

ω(w)(1− |w|2)s(1− |z|2)t

|1− wz|2+s+t
dA(w).

Therefore ωs′,t′ ≲ ωs,t.

To prove the assertion (2), let s′ ∈ (−1, s) and t′ ∈ (0, t). By Fubini’s theorem we have

(ωs′,t′)s,t (z)

=

∫
D

(1− |w|2)s(1− |z|2)t

|1− wz|2+s+t

∫
D

ω(ζ)(1− |ζ|2)s′(1− |w|2)t′dA(ζ)
|1− wζ|2+s′+t′

dA(w)

=

∫
D
ω(ζ)(1− |ζ|2)s′(1− |z|2)t

∫
D

(1− |w|2)s+t′dA(w)
|1− wz|2+s+t|1− wζ|2+s′+t′

dA(ζ).

Since t > t′ and s > s′, by Lemma 2.2, we get∫
D

(1− |w|2)s+t′

|1− wz|2+s+t|1− wζ|2+s′+t′
dA(w) ≲

1

(1− |z|2)t−t′|1− zζ|2+s′+t′
.

We obtain

(ωs′,t′)s,t (z) ≲
∫
D

ω(ζ)(1− |ζ|2)s′(1− |z|2)t

(1− |z|2)t−t′|1− zζ|2+s′+t′
dA(ζ) = ωs′,t′(z).

For r in (0, 1), let αr be any real number in (0, r/(1 + r)) such that

χ∆(w,αr)(z) ≤ χ∆(z,r)(w), z, w ∈ D.

This inequality will be frequently used from here on.

Lemma 2.3. Let ω be a weight. Let s > −1, t ≥ 0, and p > 0. Then ∥f∥
A
p
ω
≲ ∥f∥

A
p
ωs,t

for all

f ∈ Apωs,t
.
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Proof. Let r in (0, 1). We have

∥f∥p
A
p
ωs,t

=

∫
D
|f(z)|p

∫
D

ω(w)(1− |w|2)s(1− |z|2)t

|1− wz|2+s+t
dA(w)dA(z)

≥
∫
D
|f(z)|p

∫
∆(z,r)

ω(w)

(1− |w|2)2
dA(w)dA(z)

≥
∫
D

ω(w)

(1− |w|2)2
∫
∆(w,αr)

|f(z)|pdA(z)dA(w)

≳ ∥f∥p
A
p
ω

.

The last inequality follows from the subharmonicity of |f |p.

Proposition 2.1. Let ω be a weight such that ω ∈ W(s, t) for some s ∈ (−1, 0] and t ≥ 0. Then

ω ∈ HL.

Proof. If ω ∈ W(s, t) for some s ∈ (−1, 0] and some t ≥ 0 then, by the first assertion of

Lemma 2.1, ω ∈ W(0, t). Hence ω
(1−|z|2)t ∈ Bp0(t) for all p0 > 1 (see the proof of (c) ⇒ (b) in

[3, Corollary 4.4]). Therefore, by Theorem 3.1 in [2], ω ∈ HL.

Note that the sufficient condition, ω ∈ W(s, t) for some s ∈ (−1, 0] and some t ≥ 0, to have

ω ∈ HL is optimal in the sense that there is a weight ω such that for all s > 0 and for some t > 0

we have ωs,t ≲ ω and ω /∈ HL. Indeed, for σ ≥ 2, Bao, Wulan, and Zhu [10] proved that there

exists a positive measure µ such that

ωσ(z) :=

∫
D

(
(1− |z|2)(1− |w|2)

|1− zw|2

)σ
dµ(w)

is a weight and ωσ /∈ HL. Now, for σ = 2, let s > 0 and t > 2. By Fubini’s theorem and Lemma

2.2, we have

(ω2)s,t (ζ) = (1− |ζ|2)t
∫
D
(1− |w|2)2

∫
D

(1− |z|2)s+2

|1− ζz|2+s+t|1− zw|4
dA(z)dµ(w)

≲ ω2(ζ).

Throughout, for a weight ω on D and for r ∈ (0, 1), let

ω̃r(z) :=
1

(1− |z|2)2
∫
∆(z,r)

ω(ζ)dA(ζ), z ∈ D.

56



Recall that ω̃ = ω̃1/2. Note that if ω ∈ Cp for some p > 1 then, for all β and r in (0, 1), we have

ω̃β ≍ ω̃ and ω̃β(ζ) ≍ ω̃(z) if ζ ∈ ∆(z, r), (2.2)

see Lemma 2.2 in [16]. In order to prove Theorem 2.1, we first establish the following lemma.

Lemma 2.4. Let p > 0, r ∈ (0, 1) and ω ∈ Cp0 for some p0 > 1. Then ω̃r is a weight and

Apω = Apω̃r
. Moreover, we have

∥f∥Ap
ω
≍ ∥f∥Ap

ω̃r
, f ∈ Hol(D).

Proof. Let r be in (0, 1). By (2.2) and Fubini’s theorem, we have∫
D
ω̃r(z)dA(z) ≍

∫
D
ω̃αr(z)dA(z)

=

∫
D

1

(1− |z|2)

∫
D
χ∆(z,αr)(ζ)ω(ζ)dA(ζ)dA(z)

≤
∫
D
ω(ζ)

∫
D

1

(1− |z|2)
χ∆(ζ,r)(z)dA(z)dA(ζ)

≍
∫
D
ω(ζ)dA(ζ).

It follows that ω̃r is a weight. If f ∈ Apω̃r
then, as in the proof of Lemma 2.3, we have

∥f∥p
A
p
ω̃r

≳ ∥f∥p
A
p
ω

.

On the other hand, for f ∈ Apω, by the subharmonicity of |f |p and Holder’s inequality, we have

[2]

|f(z)|p ≲ 1∫
∆(z,r)

ω(w)dA(w)

∫
∆(z,αr)

|f(ζ)|pω(ζ)dA(ζ), z ∈ D. (2.3)

Equivalently, we have

|f(z)|pω̃r(z) ≲
1

(1− |z|2)2

∫
∆(z,αr)

|f(ζ)|pω(ζ)dA(ζ), z ∈ D.

Therefore

∥f∥p
A
p
ω̃r

≲
∫
D

1

(1− |z|2)2

∫
D
χ∆(z,αr)(ζ)|f(ζ)|pω(ζ)dA(ζ)dA(z)

≤
∫
D

1

(1− |z|2)2

∫
D
χ∆(ζ,r)(z)|f(ζ)|pω(ζ)dA(ζ)dA(z)

=

∫
D
|f(ζ)|pω(ζ)

∫
∆(ζ,r)

1

(1− |z|2)2
dA(z)dA(ζ)

≍ ∥f∥p
A
p
ω

.

The desired result is obtained.
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Proof of Theorem 2.1. Since ω ∈ Cp0 , the weight ω[np] := (1−|z|2)npω belongs to Cp0 . Moreover

ω̃[np] ≍ (1− |z|2)npω̃.

By applying Lemma 2.4 to ω and ω[np], respectively, we deduce that ω ∈ HL if and only if

ω̃ ∈ HL. Since ω̃ satisfies (2.2), by Corollary 4.4 in [3], we have ω̃ ∈ HL if and only if

(ω̃)0,t ≲ ω̃ for some t > 0 . Now, we have

ω0,t(z) =

∫
D

ω(w)(1− |z|2)t

|1− wz|2+t
dA(w)

≍
∫
D
ω(w)(1− |z|2)t

∫
D

χ∆(w,αr)(ζ)

(1− |ζ|2)2|1− ζz|2+t
dA(ζ)dA(w)

≲
∫
D

ω̃r(ζ)(1− |z|2)t

|1− ζz|2+t
dA(ζ)

≍
∫
D

ω̃(ζ)(1− |z|2)t

|1− ζz|2+t
dA(ζ)

= (ω̃)0,t(z).

In a similar manner we also have ω0,t ≳ (ω̃)0,t, and hence (ω̃)0,t ≍ ω0,t, which completes the

proof.

Corollary 2.1. Suppose that ω ∈ Cp0 for some p0 > 1. If ω ∈ HL, then∫
D
ω(z) log

1

1− |z|2
dA(z) <∞.

Proof. By Theorem 2.1, if ω ∈ HL, then there exists t > 0 such that ω0,t is a weight on D. Using

Fubini’s theorem, we have

∞ >

∫
D
ω0,t(ζ)dA(ζ) =

∫
D

∫
D

(1− |ζ|2)t

|1− ζz|2+t
dA(ζ)ω(z)dA(z)

≍
∫
D
ω(z) log

1

1− |z|2
dA(z).

As an example to illustrate the previous corollary, let ω be the function given by

ω(z) =
∞∑
n=0

1

|1− zan|4(n+ 1)3 log2(n+ 1)
, an = n/(n+ 1).
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ω is a weight satisfying (2.1) and then ω ∈ Cp for all p > 1. Since∫
D
ω(z) log

1

1− |z|2
dA(z)

=
∞∑
n=0

1

(n+ 1)3 log2(n+ 1)

∫
D

1

|1− zan|4
log

1

1− |z|2
dA(z)

≥
∞∑
n=0

1

(n+ 1)3 log2(n+ 1)

∫
∆(an,1/2)

1

|1− zan|4
log

1

1− |z|2
dA(z)

≍
∞∑
n=0

1

(n+ 1) log2(n+ 1)
log

1

1− |an|2

≳
∞∑
n=0

1

(n+ 1) log(n+ 1)

= ∞,

it follows that ω /∈ HL.

Now we are going to prove Theorem 2.2. For a radial weight ω on D, let ω̂(r) :=
∫ 1

r
ω(s)ds,

r ∈ [0, 1). We say that ω belongs to D̂ if ω̂(r) ≲ ω̂

(
1 + r

2

)
for all r ∈ [0, 1), and ω belongs to

Ď if there exist K = K(ω) > 1 and C = C(ω) > 1 such that ω̂(r) ≥ Cω̂

(
1− 1− r

K

)
for all

r ∈ [0, 1). Peláez and Rättyä [44] proved the following result.

Theorem 2.5. Let ω be a radial weight, 0 < p <∞, and n ∈ N∗. Then

∥f∥p
Ap

ω
≍

n−1∑
k=0

|f (k)(0)|+
∫
D
|f (n)(z)|p(1− |z|2)npω(z)dA(z), f ∈ Hol(D),

if and only if ω ∈ D := D̂ ∩ Ď.

Note that ω ∈ D̂ if and only if [43] there is a constant α > 0 such that

ω̂(r) ≲

(
1− r

1− t

)α
ω̂(t) (2.4)

for all 0 ≤ r ≤ t < 1. By similar arguments given in [43], ω ∈ Ď if and only if there is a

constant β > 0 such that

ω̂(t) ≲

(
1− t

1− r

)β
ω̂(r) (2.5)
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for all 0 ≤ r ≤ t < 1 (see also [44]).

Recall that

ω̌(r) =
1

1− r
ω̂(r), r ∈ [0, 1).

Proof of Theorem 2.2. Suppose that ω ∈ HL. By (2.5) we have∫ 1

0

ω̌(t)dt ≲ ω̂(0)

∫ 1

0

(1− t)β−1 dt ≲ ω̂(0) =

∫ 1

0

ω(s)ds.

It follows that ω̌ is a weight. Now fix ρ in [0, 1). By Theorem 2.5, the weight ω is in D. Note

that the constant β in (2.5) can be assumed in (0, 1). Let s ∈ (−β, 0) and t > α, where α is the

constant in (2.4). We have

ωs,t(ρ) ≍
∫ 2π

0

∫ 1

0

ω(r)(1− r)s(1− ρ)t

|1− rρeiθ|2+s+t
rdrdθ

≍
∫ 1

0

ω(r)(1− r)s(1− ρ)t

(1− rρ)1+s+t
dr

=

∫ ρ

0

ω(r)(1− r)s(1− ρ)t

(1− rρ)1+s+t
dr +

∫ 1

ρ

ω(r)(1− r)s(1− ρ)t

(1− rρ)1+s+t
dr

≤
∫ ρ

0

ω(r)(1− ρ)t

(1− r)1+t
dr +

∫ 1

ρ

ω(r)(1− r)s

(1− ρ)1+s
dr.

Let u > 1 and N ∈ N∗ such that uN(1− ρ) = 1. Let

ρj := 1− uj(1− ρ), j = 0, 1, . . . N.

We have ∫ ρ

0

ω(r)(1− ρ)t

(1− r)1+t
dr =

N−1∑
j=0

∫ ρj

ρj+1

ω(r)(1− ρ)t

(1− r)1+t
dr

≤ (1− ρ)t
N−1∑
j=0

1

(1− ρj)1+t
ω̂(ρj+1).

By (2.4), we obtain∫ ρ

0

ω(r)(1− ρ)t

(1− r)1+t
dr ≲

1

1− ρ

N−1∑
j=0

1

uj(1+t)

(
1− ρj+1

1− ρ

)α
ω̂(ρ)

≲ ω̌(ρ)
∞∑
j=0

1

uj(t−α)
.
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Hence ∫ ρ

0

ω(r)(1− ρ)t

(1− r)1+t
dr ≲ ω̌(ρ). (2.6)

On the other hand, for k > 1, let

ρ̃j := 1− (1− ρ)/kj, j ∈ N.

We have ∫ 1

ρ

ω(r)(1− r)s

(1− ρ)1+s
dr =

∞∑
j=0

∫ ρ̃j+1

ρ̃j

ω(r)(1− r)s

(1− ρ)1+s
dr

≲
∞∑
j=0

(1− ρ̃j)
s

(1− ρ)1+s

∫ 1

ρ̃j

ω(r)dr.

By (2.5), we obtain ∫ 1

ρ

ω(r)(1− r)s

(1− ρ)1+s
dr ≲ ω̌(ρ)

∞∑
j=0

1

kj(β+s)
≤ ω̌(ρ).

Therefore ωs,t(ρ) ≲ ω̌(ρ). Hence (1) ⇒ (2).

Assume next that ω̌ is a weight and ωs,t ≲ ω̌ for some s ∈ (−1, 0) and t ≥ 0. It follows that

ωs,t ≍ ω̌ since we always have ωs,t ≳ ω̌. Indeed

ωs,t(ρ) ≍
∫ 1

0

ω(r)(1− r)s(1− ρ)t

(1− rρ)1+s+t
dr

≥
∫ 1

0

ω(r)(1− ρ)t

(1− rρ)1+t
dr

≥
∫ 1

ρ

ω(r)(1− ρ)t

(1− rρ)1+t
dr

≳ ω̌(ρ).

Now, ωs,t is a weight because ω̌ is a weight, and for any t′ > t we have

(ω̌)0,t′ ≍ (ωs,t)0,t′ ≲ ωs,t ≍ ω̌,

by the second assertion of Lemma 2.1. We deduce that ω̌ ∈ W(0, t′) for all t′ > t. Thus (3) is

satisfied.

Finally, assume that (3) holds, that is, ω̌ ∈ W(0, t) for some t > 0. By Proposition 2.1, ω̌

belongs to HL. Therefore, by [40, Theorem 9], ω belongs to HL .
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We end this section by the following

Corollary 2.2. Let ω be a radial weight such that ω̌(r) ≲ ω(r) for all r ∈ [0, 1). The following

assertions are equivalent.

(1) ω ∈ HL (or equivalently ω ∈ D).

(2) ω ∈ D̂.

(3) ω ∈ W(s, t) for some s ∈ (−1, 0) and t ≥ 0.

(4) ω/(1− |z|2)η ∈ Bp(η) for some η ≥ 0 and for all p > 1.

(5) ω/(1− |z|2)η ∈ Bp(η) for some η ≥ 0 and some p > 1.

Proof. The implications (1) ⇒ (2) and (4) ⇒ (5) are trivial. The implication (3) ⇒ (4) is

contained in the proof of Proposition 2.1. If (5) holds, then ω ∈ HL by Theorem 3.1 in [2].

If ω ∈ HL then, by Theorem 2.2, ω ∈ W(s, t) for some s ∈ (−1, 0) and t ≥ 0, and hence

(1) ⇒ (3). Suppose now that ω ∈ D̂. Let α be the constant in (2.4) and let t > α. We have∫ 1

ρ

ω(r)(1− ρ)t

(1− rρ)1+t
dr ≲

1

1− ρ

∫ 1

ρ

ω(r)dr = ω̌(ρ), ρ ∈ (0, 1).

This together with (2.6), we get∫ 1

0

ω(r)(1− ρ)t

(1− rρ)1+t
dr ≲ ω̌(ρ), ρ ∈ (0, 1).

Equivalently, we have

ω0,t(z) ≲ ω̌(z), z ∈ D.

Therefore

∥f∥Ap
ω0,t

≲ ∥f∥Ap
ω̌
≲ ∥f∥Ap

ω
, f ∈ Apω.

On the other hand, by Lemma 2.3, we have

∥f∥
A
p
ω0,t

≳ ∥f∥
A
p
ω
, f ∈ Apω0,t

.

We deduce thatApω̌ = Apω and therefore, by Theorem 9 in [40], ω ∈ D. The proof is achieved.
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2.3 Density of polynomials and properties of reproducing ker-
nels

2.3.1 Density of polynomials in Ap
ω.

It is well-known that if ω is a radial weight on D then polynomials are dense in Apω, see [29, p.

343] for example. For the non-radial case, it is also known that the fact that polynomials are

dense in Apω is not always true, see [18, p. 138]. The density of polynomials in Bergman spaces

associated with Bekollé-Bonami weights can be deduced from atomic decomposition for the

functions in such spaces in terms of kernel functions of the standard weighted Bergman spaces

[2, 15, 31]. Combining this fact, Theorem 2.1, and Lemma 2.4, we obtain the density of the

polynomials in Apω for all p > 0 if ω ∈ Cp0,t for some p0 > 1 and t ≥ 0. Indeed, in this

case we have ω̃ ∈ HL and ω̃ satisfies (2.1). Therefore, ω̃
(1−|z|2)η belongs to Bq(η) for some

q > 1 and η > −1. We deduce that the polynomials are dense in Apω̃. Hence, by Lemma 2.4,

the polynomials are dense in Apω. In fact, we prove in the following theorem that the weights

considered in this paper have the important property that the family of dilates fr(z) := f(rz),

r ∈ [0, 1), of each function f in Apω is uniformly bounded, and polynomials are dense in Apω.

Theorem 2.6. Let p > 0 and suppose that ω ∈ Cp0,t for some p0 > 1 and t ≥ 0. Let f ∈ Apω.

Then

∥fr∥Ap
ω
≤ C(ω)∥f∥Ap

ω
, r ∈ [0, 1),

and the polynomials are dense in Apω.

Proof. Since ω0,t ≲ ω̃ for some t ≥ 0 and since we always have ω0,t ≳ ω̃, we get ω0,t ≍ ω̃.

Therefore, by Lemma 2.4, we have ∥f∥Ap
ω
≍ ∥f∥Ap

ω0,t
, for all f ∈ Hol(D). On the other hand,
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for any r in (0, 1), we have

(ω0,t)0,t(z) ≍ (ω̃αr)0,t(z)

=

∫
D

(1− |z|2)t

|1− ζz|2+t(1− |ζ|2)2

∫
D
χ∆(ζ,αr)(w)ω(w)dA(w)dA(ζ)

≤
∫
D

(1− |z|2)t

|1− ζz|2+t(1− |ζ|2)2

∫
D
χ∆(w,r)(ζ)ω(w)dA(w)dA(ζ)

=

∫
D
ω(w)(1− |z|2)t

∫
∆(w,r)

1

|1− ζz|2+t(1− |ζ|2)2
dA(ζ)dA(w)

≍
∫
D

ω(w)(1− |z|2)t

|1− wz|2+t
dA(w)

= ω0,t(z).

We deduce that ω0,t belongs to W(0, t). Now, fix f in Apω0,t
. For all ζ ∈ D we have

|f(ζ)|p ≲
∫
∆(ζ,1/2)

|f(z)|p

|1− zζ|2
dA(z)

≍
∫
∆(ζ,1/2)

|f(z)|p (1− |z|2)t

|1− zζ|2+t
dA(z).

Therefore

|f(ζ)|p ≲
∫
D
|f(z)|p (1− |z|2)t

|1− zζ|2+t
dA(z), ζ ∈ D. (2.7)

Let r0 ∈ (0, 1) close enough to 1 so that |1− zζ| ≲ |1− rzζ| for all r ≥ r0 and for all z, ζ ∈ D.

It is not hard to see that ∥fr∥Ap
ω
≲ ∥f∥Ap

ω
for all f ∈ Apω and for all r < r0. For r ≥ r0, the

Inequality (2.7) gives

|f(rζ)|p ≲
∫
D
|f(z)|p (1− |z|2)t

|1− rzζ|2+t
dA(z)

≲
∫
D
|f(z)|p (1− |z|2)t

|1− zζ|2+t
dA(z), ζ ∈ D.

Let h be the function given by

h(ζ) =:

∫
D
|f(z)|p (1− |z|2)t

|1− zζ|2+t
dA(z), ζ ∈ D.
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By Fubini’s theorem, we have∫
D
h(ζ)ω0,t(ζ)dA(ζ)

=

∫
D

∫
D
|f(z)|p (1− |z|2)t

|1− zζ|2+t
dA(z)

∫
D

ω(w)(1− |ζ|2)t

|1− ζw|2+t
dA(w)dA(ζ)

=

∫
D
|f(z)|p

(∫
D

∫
D

ω(w)(1− |ζ|2)tdA(w)
|1− ζw|2+t

(1− |z|2)t

|1− zζ|2+t
dA(ζ)

)
dA(z)

=

∫
D
|f(z)|p(ω0,t)0,t(z)dA(z)

≲
∫
D
|f(z)|pω0,t(z)dA(z) <∞.

We obtain

∥fr∥Ap
ω0,t

≲ ∥f∥Ap
ω0,t
, f ∈ Apω0,t

, r ≥ r0.

Equivalently, we have ∥fr∥Ap
ω
≲ ∥f∥Ap

ω
for all f ∈ Apω and for all r ≥ r0. Also, by Lebesgue’s

convergence theorem we have lim
r→1−

∥fr − f∥Ap
ω
= 0, and hence polynomials are dense in Apω.

The proof is complete.

2.3.2 Reproducing kernel of A2
ω

Notice that, by (2.3), if ω ∈ Cp for some p > 1 then for all f ∈ A2
ω we have

|f(z)|2 ≲ 1∫
∆(z,1/2)

ω(w)dA(w)
∥f∥2

A2
ω

, z ∈ D.

Therefore, A2
ω is a reproducing kernel Hilbert space with kernel Kω and we have

∥Kω
z ∥2A2

ω
≲

1∫
∆(z,1/2)

ω(w)dA(w)
, ∀z ∈ D.

Also, by Lemma 2.4, A2
ω̃ has a reproducing kernel K ω̃ with

∥K ω̃
z ∥2A2

ω̃
≲

1∫
∆(z,1/2)

ω(w)dA(w)
=

1

(1− |z|2)2ω̃(z)
, ∀z ∈ D. (2.8)

We have the following proposition.
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Proposition 2.2. Suppose that ω ∈ Cp0,t for some p0 > 1 and t ≥ 0. The reproducing kernel K ω̃

of A2
ω̃ satisfies

lim
z→∂D

∥K ω̃
z ∥A2

ω̃
= ∞. (2.9)

Moreover, for every ζ ∈ D, we have

|K ω̃
z (ζ)| = o

(
∥K ω̃

z ∥A2
ω̃

)
, z → ∂D. (2.10)

Proof. Since, by Theorem 2.1, ω̃ belongs to HL and since

(1− |z|2)2ω̃(z) ≲
∫
D
ω(ζ)dA(ζ) ≲ 1, z ∈ D,

we have

∥f∥2A2
ω̃
≲ |f(0)|2 +

∫
D
|f ′(z)|2dA(z).

It follows that the classical Dirichlet space

D0 := {f ∈ Hol(D) : ∥f∥2D0
:= |f(0)|2 +

∫
D
|f ′(z)|2dA(z) <∞}

is contained in A2
ω̃ with ∥f∥A2

ω̃
≲ ∥f∥D0 , for all f ∈ D0. Let R be the reproducing kernel of D0.

It is will-known that

Rz(w) = 1 + log
1

1− zw
, z, w ∈ D.

By the properties of reproducing kernels, for all z in D we have

∥Rz∥2D0
= |Rz(z)| = |

〈
Rz, K

ω̃
z

〉
A2

ω̃
| ≤ ∥Rz∥A2

ω̃
∥K ω̃

z ∥A2
ω̃

≲ ∥Rz∥D0∥K ω̃
z ∥A2

ω̃
.

Therefore lim
z→∂D

∥K ω̃
z ∥A2

ω̃
= ∞.

To prove (2.10), it suffices to show that the normalized reproducing kernel kω̃z := Kω̃
z

∥Kω̃
z ∥

A2
ω̃

of

A2
ω̃ converges to zero weakly as z → ∂D. Let p be an analytic polynomial. We have

|
〈
kω̃z , p

〉
A2

ω̃
| = |p(z)|

∥K ω̃
z ∥A2

ω̃

≤ ∥p∥∞
∥K ω̃

z ∥A2
ω̃

.

It follows that
〈
kω̃z , p

〉
A2

ω̃
→ 0, as z → ∂D. By Theorem 2.6 and Lemma 2.4, polynomials are

dense in A2
ω̃. Hence, we obtain the desired result.
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The next proposition gives estimates of the reproducing kernel of A2
ω̃ near diagonal.

Proposition 2.3. Suppose that ω ∈ Cp0,t for some p0 > 1 and t ≥ 0. The reproducing kernel K ω̃

of A2
ω̃ satisfies the following estimates.

(1) For all z ∈ D, we have ∥K ω̃
z ∥2A2

ω̃
≍ 1

(1−|z|2)2ω̃(z) .

(2) There exists β ∈ (0, 1) such that for all z ∈ D we have

|K ω̃
z (w)| ≍ ∥K ω̃

z ∥A2
ω̃
∥K ω̃

w∥A2
ω̃
, w ∈ ∆(z, β).

Proof. For a ∈ D, let ga be the function defined by

ga(z) := 1/(1− az)t/2+1, z ∈ D.

By the first assertion of Lemma 2.1, we have

∥ga∥2A2
ω
=

∫
D

ω(z)

|1− az|t+2
dA(z) =

ω0,t(a)

(1− |a|2)t
≲

ω̃(a)

(1− |a|2)t
.

Hence, by Lemma 2.4, ga belongs to A2
ω̃ with

∥ga∥2A2
ω̃
≲

ω̃(a)

(1− |a|2)t
, ∀a ∈ D.

Now, By duality we have

∥K ω̃
z ∥2A2

ω̃
= sup{|f(z)|2, ∥f∥A2

ω̃
= 1} ≥ |gz(z)|2

∥gz∥2A2
ω̃

≳
1

(1− |z|2)2ω̃(z)
.

Taking into account (2.8), the first assertion is obtained.

Since ω̃ satisfies (2.1), it follows from the first assertion that

∥K ω̃
w∥A2

ω̃
≍ ∥K ω̃

z ∥A2
ω̃
, w ∈ ∆(z, 1/2).

The proof of the second assertion of the theorem is then similar to the proof of Lemma 3.3 in

[22].

Note that (2.9) can be recovered from the first assertion of the previous proposition since we

have

(1− |z|2)2ω̃(z) =
∫
D
χ∆(z,1/2)(ζ)ω(ζ)dA(ζ) → 0, |z| → 1−,
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by Lebesgue’s convergence theorem. We also note that from the previous proposition, Lemma

2.4, and the properties of reproducing kernels, if ω ∈ Cp0,t for some p0 > 1 and t ≥ 0, then

∥Kω
z ∥2A2

ω
≍ ∥K ω̃

z ∥2A2
ω̃
≍ 1

(1− |z|2)2ω̃(z)
, z ∈ D.

Therefore, for all r ∈ (0, 1), we have

∥Kω
z ∥2A2

ω
≍ 1∫

∆(z,r)
ω(ζ)dA(ζ)

, z ∈ D.

This estimate was obtained by Constantin in [16] for ω such that ω
(1−|z|2)η ∈ Bp0(η) for some

p0 > 1 and η > −1. Also, notice that since ∥Kω
w∥A2

ω
≍ ∥Kω

z ∥A2
ω

if w ∈ ∆(z, 1/2), there exists

β ∈ (0, 1) such that for all z ∈ D we have

|Kω
z (w)| ≍ ∥Kω

z ∥A2
ω
∥Kω

w∥A2
ω
, w ∈ ∆(z, β).

The proof is similar again to the proof of Lemma 3.3 in [22].

2.4 Toeplitz and Volterra operators on Bergman spaces

In all this section, we suppose that ω ∈ Cp0,t for some p0 > 1 and t ≥ 0.

2.4.1 Toeplitz operators on A2
ω.

The following result describes the boundedness and compactness of Toeplitz operators Tµ onA2
ω.

As mentioned in the introduction, the case of Bekollé-Bonami weights is considered in [16]. Our

proofs are based on Lemma 2.4 and [21]. Notice that the Toeplitz operator Tµ on A2
ω associated

with a positive Borel measure µ satisfies

⟨Tµf, f⟩A2
ω
=

∫
D
|f(ζ)|2ω(ζ)dµ(ζ), f ∈ A2

ω. (2.11)

Recall also that µω is the measure dµω(z) := ω(z)dµ(z), z ∈ D.

Theorem 2.7. Let µ be a positive Borel measure on D. Then

(1) Tµ is bounded on A2
ω if and only if µω(∆n) = O (Aω(∆n)).

(2) Tµ is compact on A2
ω if and only if µω(∆n) = o (Aω(∆n)), n→ ∞.
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Proof. Let ν be the measure defined on D by dν = ω
ω̃
dµ. For all f ∈ A2

ω(= A2
ω̃) we have

⟨Tµf, f⟩A2
ω
=

∫
D
|f(z)|2ω(z)dµ(z) =

∫
D
|f(z)|2ω̃(z)dν(z) = ⟨Tνf, f⟩A2

ω̃
.

It follows that Tµ is bounded on A2
ω if and only if Tν is bounded on A2

ω̃. Hence, by Proposition

2.2 and Proposition 2.3, Tµ is bounded on A2
ω if and only if (see [21])

1

|∆n|

∫
∆n

ω(z)

ω̃(z)
dµ(z) = O(1).

and, by (2.2), this is equivalent to∫
∆n

ω(z)dµ(z) ≲
∫
∆n

ω(z)dA(z).

Similarly, we prove the second assertion of the theorem.

An alternative way to prove Theorem 2.7 is by using Theorem 2.1, Lemma 2.4, and [16, The-

orems 3.1, 3.3, 4.1, and 4.2] concerning the boundedness and compactness of Toeplitz operators

on the weighted Bergman spaces associated with Bekollé-Bonami weights.

Using Proposition 2.2 and Proposition 2.3, we will now prove Theorem 2.3 which describes

the membership of Tµ to Sp(A2
ω), p > 0.

Proof of Theorem 2.3. Recall that, for all f ∈ A2
ω(= A2

ω̃), we have ⟨Tµf, f⟩ω = ⟨Tνf, f⟩ω̃ ,
where Tν is the Toeplitz operator acting on A2

ω̃ which is associated with the measure dν = ω
ω̃
dµ.

By Lemma 2.4, the operator X : A2
ω → A2

ω̃, Xf = f , is bounded and invertible. It follows that

X∗, the adjoint of X defined by

⟨X∗f, g⟩A2
ω
= ⟨f,Xg⟩A2

ω̃
,

is bounded and invertible on A2
ω̃, moreover

⟨X∗TνXf, f⟩A2
ω
= ⟨TνXf,Xf⟩A2

ω̃
= ⟨Tνf, f⟩A2

ω̃
= ⟨Tµf, f⟩A2

ω
, f ∈ A2

ω.

In particular, X∗TνX is positive and so X∗TνX = Tµ. Therefore, by Weyl’s monotonicity

principle for compact positive operators, we have

λn(Tµ) = λn(X
∗TνX) ≍ λn(Tν), n = 0, 1, 2, . . .

Hence, as a direct consequence of Proposition 2.2, Proposition 2.3, and [20, Theorem 4.5], Tµ ∈
Sp(A2

ω) if and only if
∞∑
n=0

(
ν(∆n)

|∆n|

)p
<∞.
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Equivalently, Tµ ∈ Sp(A2
ω) if and only if

∞∑
n=0

(
µω(∆n)

Aω(∆n)

)p
<∞.

.

2.4.2 Volterra operators on A2
ω.

In order to study Volterra operators onA2
ω, we give in the following lemma a connection between

these operators and Toeplitz operators on A2
ω.

Lemma 2.5. For all f in A2
ω we have ⟨V ∗

g Vgf, f⟩A2
ω
≍ ⟨Tµgf, f⟩A2

ω
, where

dµg := (1− |z|2)2|g′(z)|2dA(z).

Proof. Indeed, by Theorem 2.1, we have

⟨V ∗
g Vgf, f⟩A2

ω
= ∥Vgf∥2A2

ω
≍
∫
D
|(Vgf)′(z)|2(1− |z|2)2ω(z)dA(z)

=

∫
D
|f(z)|2|g′(z)|2(1− |z|2)2ω(z)dA(z)

= ⟨Tµgf, f⟩A2
ω
.

The following result describes the boundedness and compactness of Vg on A2
ω.

Theorem 2.8. Let g be an analytic function on D. Then, Vg is bounded (resp. compact) on A2
ω if

and only if g ∈ B (resp. g ∈ B0).

Proof. If g ∈ B then, by (2.11), Tµg is bounded on A2
ω, and hence Vg is bounded on A2

ω by the

previous lemma.

Suppose now that Vg is bounded on A2
ω. Then, by the previous lemma, Tµg is bounded on

A2
ω. By Lemma 2.4, we deduce that Tµg is bounded on A2

ω̃. Therefore, by Theorem 5.1 in [21],

we have
1

|∆n|

∫
∆n

(1− |z|2)2|g′(z)|2dA(z) = O(1).

The result follows by the subharmonicity of |g′(z)|2. Similarly, we prove that Vg is compact on

A2
ω if and only if g ∈ B0.
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We need the following lemma for the proof of Theorem 2.4.

Lemma 2.6. Let dµ = (1− |z|2)α|h|2dA with h ∈ Hol(D) and α ≥ 0. If Tµ is compact on A2
ω,

then Tµ belongs to Sp(A2
ω), p > 0, if and only if

∞∑
n=0

(
µ(∆n)

A(∆n)

)p
<∞.

Proof. By applying Lemma 2.4 for the weight (1− |z|2)αω, for all f ∈ A2
ω, we have

⟨Tµf, f⟩A2
ω
=

∫
D
|f(z)|2(1− |z|2)αω(z)|h(z)|2dA(z)

≍
∫
D
|f(z)|2(1− |z|2)αω̃(z)|h(z)|2dA(z)

= ⟨Tµf, f⟩A2
ω̃

Taking into account Proposition 2.2 and Proposition 2.3, the desired result is obtained from

Theorem 4.5 in [20].

Proof of Theorem 2.4. Note first that, since Vg is compact on A2
ω, Tµg is compact on A2

ω by

Lemma 2.5. To obtain the first assertion, it is enough to prove that for all p > 1/2 we have

∞∑
n=0

(sn(Vg))
2p ≍

∫
D
|g′(z)|2p(1− |z|2)2p−2dA(z).

From Lemma 2.5 and Weyl’s monotonicity principle for compact positive operators, we have

s2n(Vg) ≍ λn(Tµg), n = 1, 2, 3, . . . (2.12)

where λn(Tµg) is the nth eigenvalue of Tµg . Hence, it suffices to show that

∞∑
n=0

(
λn(Tµg)

)p ≍ ∫
D
|g′(z)|2p(1− |z|2)2p−2dA(z).

Using Lemma 2.6, we have

∞∑
n=0

(λn(Tµg))
q ≍

∞∑
n=0

(
1

A(∆n)

∫
∆n

(1− |z|2)2|g′(z)|2dA(z)
)q

, q > 0.

Since

(1− |z|2)|g′(z)| ≲ 1

|∆n|

∫
b∆n

(1− |ζ|2)|g′(ζ)|dA(ζ), for z ∈ ∆n,
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we get

1

A(∆n)

∫
∆n

(1− |z|2)2|g′(z)|2dA(z) ≲
(

1

|∆n|

∫
b∆n

(1− |ζ|2)|g′(ζ)|dA(ζ)
)2

.

Therefore, since 2p > 1, we obtain

∞∑
n=0

(
λn(Tµg)

)p
≲

∞∑
n=0

1

|∆n|

∫
b∆n

(1− |ζ|2)2p|g′(ζ)|2pdA(ζ)

≲
∫
D
|g′(ζ)|2p(1− |ζ|2)2p−2dA(ζ).

On the other hand, we have∫
D
|g′(z)|2p(1− |z|2)2p−2dA(z)

≍
∞∑
n=0

∫
∆n

|g′(z)|2p(1− |z|2)2p−2dA(z)

≍
∞∑
n=0

1

|∆n|

∫
∆n

|g′(z)|2p(1− |z|2)2pdA(z)

≲
∞∑
n=0

1

|∆n|

∫
∆n

(
1

|∆n|

∫
b∆n

|g′(ζ)|2(1− |ζ|2)2dA(ζ)
)p

dA(z)

≍
∞∑
n=0

(
1

|∆n|

∫
b∆n

|g′(ζ)|2(1− |ζ|2)2dA(ζ)
)p

≍
∞∑
n=0

(∫
b∆n

|g′(ζ)|2dA(ζ)
)p

.

Since (b∆n)n = (∆(zn, bδ))n is a covering of D of finite multiplicity, there is N ∈ N∗ such that

b∆n ⊂ ∪Nk=1∆nk
for all n. Hence∫

b∆n

|g′(ζ)|2dA(ζ) ≲
∫
∆n′

k

|g′(ζ)|2dA(ζ),

where n′
k is such that ∫

∆n′
k

|g′(ζ)|2dA(ζ) = max
1≤k≤N

∫
∆nk

|g′(ζ)|2dA(ζ).
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We deduce that∫
D
|g′(z)|2p(1− |z|2)2p−2dA(z) ≲

∞∑
n=0

(∫
∆n′

k

|g′(ζ)|2dA(ζ)

)p

≤
∞∑
n=0

(∫
∆n

|g′(ζ)|2dA(ζ)
)p

≍
∞∑
n=0

(
1

|∆n|

∫
∆n

|g′(ζ)|2(1− |ζ|2)2dA(ζ)
)p

≍
∞∑
n=0

(
λn(Tµg)

)p
,

where the last equivalence is obtained by Lemma 2.6. This completes the proof of the first

assertion of the theorem.

If Vg belongs to S1(A
2
ω), then Tµg belongs to S1/2(A

2
ω) by (2.12) and hence, by Lemma 2.6,

we obtain

∞ >
∞∑
n=0

(
µg(∆n)

A(∆n)

)1/2

=
∞∑
n=0

(
1

A(∆n)

∫
∆n

|g′(ζ)|2(1− |ζ|2)2dA(ζ)
)1/2

≳
∞∑
n=0

1

A(∆n)

∫
∆n

|g′(ζ)|(1− |ζ|2)dA(ζ)

≍
∞∑
n=0

∫
∆n

|g′(ζ)|
1− |ζ|2

dA(ζ)

≍
∫
D

|g′(ζ)|
1− |ζ|2

dA(ζ).

This implies that g′ ≡ 0 on D. The proof is achieved.
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[44] J. A. Peláez, J. Rättyä, Bergman projection induced by radial weight, Advances in Mathematics 391

(2021) 107950.

[45] A. Pushnitski, Spectral asymptotics for Toeplitz operators and an application to banded matrices,

in: The Diversity and Beauty of Applied Operator Theory, Springer International Publishing, Cham,

2018.

[46] K. Seip, E. H. Youssfi, Hankel operators on Fock spaces and related Bergman kernel estimates, J.

Geom. Anal. 23 (1) (2013) 170–201.

[47] A. Siskakis, Weighted integrals of analytic functions, Acta Sci. Math 66 (3-4) (2000) 651–664.
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Résumé : 

Dans cette thèse, on étudie le comportement des valeurs singulières de 

l’opérateur de Hankel sur des espaces de Bergman à poids. On considère des 

opérateurs de Hankel compact à symbole anti-analytique et on donne une 

estimation de la trace pour toute fonction convexe h. Ceci nous permet de 

donner une estimation du comportement asymptotique des valeurs singulières. 

Pour les poids radiaux, on montre à quel moment la décroissance critique est 

achevée. Ensuite, on donne une condition nécessaire et suffisante pour que les 

valeurs singulières soient un grand O de la décroissance critique. Quand cette 

condition est vérifiée, on donne les asymptotiques des valeurs singulières. On 

étudie aussi des espaces de Bergman à poids qui vérifient le théorème de Hardy-

Littlewood. On étend des résultats existants à une large classe de poids. On 

montre que les polynômes sont denses dans les espaces de Bergman à poids 

pour des poids dans cette classe. Ensuite on démontre plusieurs propriétés sur 

le comportement des noyaux reproduisant des espaces de Bergman à poids, ce 

qui nous permet d’étudier les opérateurs de Toeplitz et d’intégration sur ces 

espaces 

 

Mots-clefs (5): Espaces de Bergman, opérateurs de Hankel, opérateurs de Toeplitz,  

opérateurs Volterra, valeurs singulières 

Abstract : 

In this thesis, we study the behavior of the singular values of Hankel 

operators on weighted Bergman spaces. We consider compact Hankel operators 

with anti-analytic symbols, and give a trace estimates for any convex function h. 

This allows us to give asymptotic estimates of the singular values. For the radial 

weights, we show when the critical decay is achieved. Then we give a necessary 

and sufficient condition for the singular values to be big O of this critical decay. 

When this condition is satisfied, we give asymptotics of the singular values. We 

also study weighted Bergman spaces that satisfies Hardy-Littlewood theorem. 

We extend some existing results to a large class of weights. We prove that 

polynomials are dense in weighted Bergman spaces for weights belonging to 

this class. Then we prove several proprieties on the behavior of the kernel of the 

weighted Bergman spaces which allows us to study Toeplitz and Integration 

operators on these spaces. 

 

 
Key Words (5): Bergman spaces, Hankel operator, Toeplitz operator, Volterra operator, 

singular values  
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