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Abstract

The purpose of this thesis is to improve image reconstruction in DOT of the main
optical properties of tissues with some novel mathematical methods. We have used
the Adaptive moment (Adam) optimizer, the Nesterov-Adaptive moment (Nadam)
optimizer and its improved AmsGrad optimizer for single image reconstructions
of the absorption coefficient. In the first instance , we will compare the behavior
of three gradient descent-based optimizers on solving DOT inverse problem by
running randomized simulation and analyzing the generated data in order to shed
light on any significant difference in performance among these optimizers in our
specific context of DOT. The major practical problems when selecting or using
an optimization algorithm in a production context for a DOT system is to be
confident that the algorithm will have a high convergence rate to the true solu-
tion, reasonably fast speed and high quality of the reconstructed image in terms
of good localization of the inclusions and good agreement with the true image. In
this work we harnessed a carefully designed randomized simulations to tackle the
practical problem of choosing the right optimizer with the right parameters in the
context of practical DOT applications, and derived statistical results concerning
rate of convergence, speed and quality of image reconstruction. The statistical
analysis performed on the generated data and the main results for convergence
rate, reconstruction speed and quality between three optimization algorithms are
presented. Then,we will explore a different way to construct optimizer algorithms
for solving the inverse problem of Diffuse Optical Tomography by using diversifica-
tion of two stochastic gradient-based algorithms, namely NADAM and AMSGrad.
We will study the speed of convergence of the proposed new breed of algorithms,
also we will discuss the quality of reconstructed images in both cases of free of
noise and noisy measurement data. For analysis and exploration of the potential
of the proposed algorithm, we use statistical simulations and analysis approach.
Whereas most of the approaches for solving the nonlinear problem of DOT make
use of the diffusion approximation (DA) to the radiative transfer equation (RTE)
to model the propagation of the light in tissue. Therefore, we have solved the in-
verse problem in DOT by the more accurate continuous wave Diffusion equation.
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Résumé

Le but de cette thèse est d’améliorer la reconstruction d’image en TOD des pro-
priétés optiques du tissu avec de nouvelles méthodes mathématiques. on a utilisé
l’algorithme de moment adaptatif (Adam), l’algorithme de moment adaptatif Nes-
terov (Nadam) et son variant algorithme AmsGrad amélioré pour reconstruire le
coefficient d’absorption. Dans un premier temps, on a compareré le comporte-
ment de trois algorithmes basés sur la méthode de gradient lors de la résolution
du problème inverse TOD en exécutant une simulation aléatoire et en analysant
les données générées afin de mettre en lumière toute différence significative de
performance entre ces algorithmes dans le cas du TOD. Les principaux problèmes
lors de la sélection ou de l’utilisation d’un algorithme d’optimisation pour un sys-
tème TOD est d’être certain que l’algorithme aura un taux de convergence élevé
vers la solution, une vitesse rapide et une haute qualité de l’image reconstruite
en termes de bonne localisation des inclusions et bon accord avec l’image réelle.
On a exploité des simulations aléatoires soigneusement conçues pour résoudre le
problème du TOD en choisissant l’algorithme adéquat avec les bons paramètres,
et on a obtenu des résultats statistiques concernant le taux de convergence, la
vitesse et la qualité de la reconstruction d’image. L’analyse statistique effectuée
sur les données générées et les principaux résultats pour le taux de convergence,
la vitesse de reconstruction et la qualité entre les trois algorithmes d’optimisation
sont présentés. Ensuite, on a exploré une manière différente de construire des
algorithmes d’optimisation pour résoudre le problème inverse de la tomographie
optique diffuse en utilisant la diversification de deux algorithmes basés sur le gra-
dient stochastique, à savoir NADAM et AMSGrad. On a étudié également la
vitesse de convergence de la nouvelle génération d’algorithmes proposée, et on a
discuté la qualité des images reconstruites dans les deux cas de données de mesure
sans bruit et bruitées. Pour l’analyse et l’exploration du potentiel de l’algorithme
proposé, on a utilisé des simulations statistiques et une approche d’analyse. La
plupart des approches pour résoudre le problème non linéaire de TOD utilisent
l’approximation de diffusion (AD) à l’équation de transfert radiatif (ETR) pour
modéliser la propagation de la lumière dans les tissus. Par conséquent, on a résolu
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le problème inverse en TOD en utilisant l’équation de diffusion dans le cas du
régime stationnaire.
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Chapter 1

Introduction

1.1 Motivation
One of the earliest medical imaging techniques to find broad popularity was the use
of X-rays. Long before the invention of the digital computer, imaging modalities
including X-ray Computed Tomography (X-ray CT), Magnetic Resonance Imaging
(MRI), and Ultrasound were developed thanks to the widespread use of methods
like projection radiography and fluoroscopy. Based on the various susceptibil-
ity characteristics of tissue, radio-frequency waves utilized in magnetic resonance
imaging (MRI) are used to generate anatomical images. MRI uses non-ionizing
radiation instead of the dangerous ionizing radiation used in X-ray imaging, which
has the downside of eliminating patients with pacemakers or metal items.

The main conventional imaging methods still in use today are now briefly
introduced.

X-rays were first employed in biological imaging in the early 1970s after be-
ing discovered by Roentgen in 1895 [1]. In X-ray mammography, high intensity
X-rays are utilized to probe biological mediums. When X-rays are focused on bio-
logical tissue, they either absorb or scatter the tissue [2, 3, 4]. The performance of
biomedical imaging systems is measured by its sensitivity. In biomedical imaging,
sensitivity is calculated by dividing the number of positive breast cancer cases
detected by the total sum of those that were detected plus those that were missed
and then multiplied by 100 [5]. Another important measure in biomedical imaging
techniques is specificity. The specificity is given by dividing the number of negative
breast cancer cases detected by the total sum of those that were truly negative
and were detected as negative breast cancer cases plus those that were incorrectly
detected to be positive and then multiplied by 100 [5]. Although X-ray mammog-
raphy is the current biomedical imaging method of choice for finding breast cancer
tumors, its use has been questioned because the specificity of mammography varies
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from 90 to 98 percent [2, 3, 4] and because a high percentage of expensive biopsies
based on suspicious mammograms result in negative results [6, 7, 8]. In addition,
the sensitivity of mammography has been reported to be between 80 and 95 per-
cent [2, 4], whereas the X-ray scan may not be able to identify 15 to 30 percent of
tumors. Therefore, its usage leads to false-positive and false-negative diagnoses.
The relative lack of contrast between sick and healthy tissues in mammograms is
the cause of these inaccurate diagnosis. Ionizing radiation, which is unpleasant
and distressing for patients, is another downside of mammography. Another imag-
ing method for tumor diagnosis is X-ray computed tomography (CT). Although
X-ray CT has a higher accuracy than mammography, it misdiagnoses early-stage
tumors and necessitates large radiation doses [8, 10]. Additionally, mammography
is ineffective for finding male breast cancer [11].

Permanent magnets with strengths between 0.25 and 3.9 Tesla are used in MRI
scanning. In a 1.5 Tesla magnetic field, hydrogen atoms, which make up the bulk
of the atoms in biological tissue, can absorb wave energy at a resonance frequency
of 60 MHz [12]. Depending on the magnetic characteristics of the tissue, these
hydrogen atoms eventually release the energy they have absorbed. This process is
slow since the signal is recorded and transformed one point at a time in a plane’s
k-space data. Then, the k-space data is subjected to a Fourier transform in order
to recreate the magnetic characteristics of tissue [12]. The slowness, high cost, and
importability of MRI are all disadvantages [13]. Furthermore, patients who have
had metallic components implanted after previous surgical operations are unable
to be imaged with MRI. The low specificity of MRI is another problem. The fact
that MRI is non-ionizing and has a high sensitivity are two of its advantages [14].
Another advantage is that it has a good prediction of residual disease [15].

In ultrasonic modality imaging methods, sound waves with a frequency of 1 to
10 MHz are employed. Using ultrasonic transducers, sound waves are sent through
the tissue, and the reflected sound waves, also known as echoes, are gathered. Res-
olution and imaging depth can be traded off, and this trade-off is dependent on the
frequency of the sound waves being utilized [12]. Non-ionizing US is used to scan
pregnant mothers. According to several research, US gives only fair information
for classifying particular solid breast masses; its sensitivity and specificity values
are 97% and 85%, respectively [15, 5]. Mammography and US are comparatively
ineffective at detecting the presence or severity of residual illness [17]. Deep tissue
imaging with US has a very low resolution, which is one of its key limitations. Its
operator dependence is another. Additionally, due to the closeness of the lungs
and ribs, US is unsuitable for the diagnosis of male breast cancer [11]. Over the
past few decades, hybrid imaging modalities including photoacoustic tomography
and ultrasound modulated optical tomography have become more prevalent.

In many imaging scenarios, it’s essential to noninvasively gather some perti-
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nent data about an object’s interior without cutting or taking sections of an object
or organism, which could be dangerous or be more expensive. Instead, we want
to gather crucial data on interior anatomical or physiological values. Image re-
construction has a wide range of uses, including the detection and reconstruction
of images of objects in luggage at airports, the localization and characterization
of oil reservoirs, the satellite recognition of objects in space, the monitoring of
industrial processes, and non-invasive biomedical imaging techniques [16]. Breast
cancer and brain imaging research in particular have grown in popularity over the
past several decades in the field of biomedical imaging. The most common ma-
lignancy in women is breast cancer and has one of the worst mortality rates in
the world today. In order to reduce unnecessary biopsies and mortality rates, it is
crucial to develop better methods for early detection in order to prevent tumors
and to obtain an accurate diagnosis of cancer treatment, visualizing small tumors,
classifying metabolism illnesses, and differentiating between benign and malignant
lesions at a low cost [16, 17]. Medical institutions all across the world are very
interested in brain diseases. Anxiety disorders, panic disorders, phobias, addic-
tions, post-traumatic stress disorder, schizophrenia, mood disorders , attention
deficit/hyperactivity disorder, insomnia, and novel disorders are examples of men-
tal illnesses. Multiple sclerosis and epilepsy are neurological conditions. Health
research has to be done on various levels in order to help with this dilemma. One
of these levels relates to getting high-contrast images of the inside of the body,
and the technology should be portable, reasonably affordable, and secure.

The models used to describe light propagation and the methods used to recon-
struct it are dependent on the application; for example, the Diffusion Approxima-
tion is not suggested for small samples because it cannot forecast light propagation
on those mediums. Despite the fact that the answer is likely to be difficult and
time-consuming, there are some situations where Monte-Carlo models and the Ra-
diative Transfer Equation are advocated. To get beyond the restrictions imposed
by each DOI reconstruction technique, hybrid techniques have been developed,
such as the radiative-diffusion models shown in [18].

An overview of the mathematical models employed by the software program
NIRFAST, which simulates light propagation and provide image reconstructions,
is given in [19]. TOAST++, is an alternative program of NIRFAST, which is
presented in [20]. Both packages provide with a selection of libraries for Finite
Element computation as well as several inverse solvers for image reconstruction.
The visualisation of light tissue interactions through scattering, absorption, and
fluorescence from endogenous and foreign tissue elements is possible thanks to the
great number of current Diffuse Optical Imaging technologies and reconstruction
methodologies. The structure, molecular activity, physiology, and biochemistry
of tissue are revealed by these optical qualities [21]. It’s worth noting that near-
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infrared light is greatly dispersed in biological tissue, therefore light does not prop-
agate in a straight path from sources to detectors. As a result, typical computed
tomography back-projection algorithms have limited utility. Furthermore, image
reconstruction is known to be non-linear and ill-posed, necessitating the use of
complex reconstruction methods [22].

1.2 Aims of the thesis
The reconstruction of optical characteristics of biological tissues using information
from the exterior boundary was initially stated as an inverse problem in the 1990s
[1]. Although the theory and application of regularization methods have advanced
quickly since then [23], including the development of hybrid imaging methods in
DOT [16, 24], significant advancements must still be made to the current methods
as well as the creation of new ones in order to address the significant practical
challenges that this modality faces. This is due to a number of factors, including
the inverse problem’s nonlinearity in DOT, its poor poseability, and its high degree
of unpredictability. In order to confirm the inherent potential of DOT as a future
imaging modality in several of the above-mentioned applications, this thesis aims to
combine some contemporary gradient-based techniques (such as adaptive moment
type optimizers) with advanced and precise forward modeling techniques (here, the
Diffusion approximation). We are very confident that all of our techniques and
numerical simulations generalize with the appropriate modifications to real-world
3D situations because all of the algorithms and ideas provided in these techniques
are kept at a very general level using formulations involving PDEs rather than
specific discretisations [23, 25]. Such broad generalizations within this thesis.

Adaptive moment type optimizers, so far, are the methods of choice for per-
forming the image reconstruction in DOT. Recent work has shown that applying
these new type of optimizers in DOT based on the diffusion equation shows a
promising improvement on denoising and helps to address the lack of sharp fea-
tures. Therefore, we have implemented Adam-type methods with different cases
to deal with this problem. In contrast to most approaches taken so far, our work is
based on the Diffusion equation, which is the most basic model for the propagation
of light in tissue. Notice that the diffusion equation (DE) provides a reasonable
model in medical imaging not only for Diffuse optical tomography (DOT), but also
for fluorescence diffuse tomography (FDOT). Therefore, the results of this thesis
should also be of interest to those modalities and applications. For more infor-
mation about FDOT we refer to [1, 26], bioluminiscence tomography see [27,28].
Other applications of inverse transport theory outside of medical imaging include
geophysics and atmospheric physics.

Most techniques for solving the nonlinear problem of DOT in biomedical imag-
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ing, as well as many of the above-mentioned related techniques, apply the diffusion
approximation (DA) to the RTE to represent light propagation in tissue [20]. As
a result, in the continuous wave domain, we have solved the inverse problem in
DOT using the more accurate (DA), in 2D.

In this thesis we have implemented three types of adaptive moment optimizers
to solve the inverse problem of DOT based on the diffusion approximation of
the RTE. As already mentioned above, we want to emphasis once again that all
techniques proposed and tested in this thesis can be applied with only few changes
to other imaging systems.

1.3 Structure of thesis
The thesis contains seven chapters whose content is outlined in the following.

Chapter 2 describes broad methods to medical imaging and provides an overview
of the state-of-the-art of conventional biomedical imaging techniques, highlighting
some of their advantages and disadvantages. Then, a more detailed introduction
of DOT is provided, along with its benefits and drawbacks.

Chapter 3 presents the formulation of the forward problem and outlines an
overview of the analytical methods used to model the light propagation in tissue.

Chapter 4 presents and summarizes some mathematical background which is
needed in later chapters of this thesis. The fundamentals of the Radiative Transfer
Equation and its related diffusion equation to RTE are covered, and then a brief
proof of the well possedness of the forward problem in DOT will be presented.

In chapter 5, the inverse and shape reconstruction problems in DOT are for-
mulated. The convergence behavior of Adam, Nadam and AmsGrad optimizers,
will be examined, when applied to the problem of DOT. A comparison between
these optimizers will be investigated and discussed. We will characterize the per-
formance of these algorithms with respect to the choice of some hyper parameters
and the initial guess error. Finally, numerical results are presented using these
methods.

In chapter 6, we present a new approach to improve optimizers performance
by using a Diversified Algorithm to boost the performance and the accuracy of
adaptive moment optimizers in the case of image reconstruction in diffuse optical
tomography.

Finally, in chapter 7, some conclusion and directions for future work are given.
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Chapter 2

Diffuse Optical Imaging
equipments

In this chapter we outline general approaches to the medical imaging and overview
of the state-of-the-art of conventional biomedical imaging techniques, highlighting
some of their advantages and disadvantages. Then, a more detailed introduction
of DOT is provided, along with its benefits and drawbacks.

2.1 Introduction
Richard Bright presented the first clinical investigations utilizing light transillumi-
nation in 1831 for hydrocephalus and intraventricular haemorrhage studies. Cutler
also conducted transillumination tests in 1929, where he evaluated breast lesions
by projecting light from an electric lamp onto the breast [29]. Despite the fact that
light imaging has been demonstrated to be an effective tool for clinical diagnosis,
this method was eventually abandoned because it was challenging to interpret
and overheated the patient’s skin [25]. In the 1970s, technical breakthroughs and
the use of near-infrared illumination allowed for the creation of light scanning for
optical mammography research [30]. Jobsis published a paper in 1977 that de-
scribed the use of near infrared spectroscopy to examine the hemodynamics and
oxygenation of the brain [31], which paved the way for the creation of a number of
diffuse optical imaging techniques that covered everything from analysis to whole
tissue examinations. During the 1990s, a number of optical devices began to be
employed for research and diagnostic purposes [32]. These provided non-invasive,
simple inspection, and cost-effective hardware, but they were unable to be used
in clinical research because to technological issues, insufficient resolution, and the
absence of physical models to define and quantify light propagation. The ma-
jor areas of interest for the developing research community were mammography
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[33] and brain imaging [34], but those restrictions did not deter them from trying
to apply optical imaging technology to therapeutic applications. Although clin-
ical applications were severely constrained, advances in both computational and
near-infrared (NIR) technology were developed throughout this decade [35]. Im-
proved light sources and detectors enhanced the process of light generation and
measurement. Researchers were also able to construct more difficult algorithms
because to better computers [36, 37]. Additionally, by understanding the physics
governing the path taken by photons, researchers proposed alternate solutions to
simplify light propagation models. These researchers proposed a set of coupled
diffusion equations to model fluorescence-tissue interaction, which neglected the
fluorescence that a highly scattered medium presents [38], thereby reducing the
complexity of the light propagation model. The aforementioned advancements in
data collection, coupled with computers equipped with cutting-edge mathemat-
ics and algorithms, have led to significant advancements in diffuse optical imaging
(DOI) techniques like functional NIR spectroscopy (fNIRS), which improves tissue
characterization by enhancing the analysis wavelength, diffuse optical tomography
(DOT), which enables the study of more complex mediums, and fluorescence dif-
fuse optical tomography (FDOT), which creates new fluorophores.

An illumination source, a detecting unit, an imaging platform, a hardware
controller, and a signal processor system are all components of DOI instrumenta-
tion. The light source, image platform, and detecting unit are all considered to
be separate instruments [39,40,41,42]. The signal processor is a computer-based
system that includes software for measurement filtering, calibration, light propa-
gation modeling, and image reconstruction techniques. The hardware controller
is either a component of the computer or a stand-alone device [43]. If an external
hardware controller or a signal processor is located outside of the main computer,
they will still require signals from the computer to perform the required operation.
Diffuse Optical Imaging instrumentation can be classified in two groups. The first
type, referred as imaging domains, focuses on the type of illumination source and
the corresponding detection method. Geometry measurements is the second class.
In terms of lighting technology, it considers the arrays of sources and detectors
arranged on a target medium [43].

2.2 Types of Diffuse Optical Imaging Systems
Diffuse Optical Imaging instrumentation is grouped into three domains based on
the kind of sources and detectors used to make intensity measurements, as well
as the type of processing done to the data obtained: Continuous Wave (CW),
Time Domain (TD), and Frequency Domain (FD). The obtained instrumentation
is known as a hybrid optical system if it is coupled with another medical imag-
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ing modality or is the result of the combination of two optical systems. This
instrumentation may offer several benefits, but it is also expected to increase the
complexity and costs of such implementation.

2.2.1 Continuous Wave systems
Continuous wave systems, also known as steady-state domain (SSD) systems, il-
luminate a target material with a continuous light source and then measure the
transmitted or reflected light intensity. Absorption and scattering processes within
the medium reduce the measured light, when compared to the other two modali-
ties.

Among DOI systems, continuous wave systems equipment offers the greatest
data recording rate, enabling high temporal resolution real-time investigations of
haemodynamic changes in tissue [44]. Due to its simpler electronics, easier con-
struction, and reduced related cost, it is frequently employed in clinical applications
[45]. The following are some CW intensity measuring’s drawbacks [42]:

• Reconstructing deep tissue is challenging since measurements are more sensi-
tive for tissue close to the surface. For instance, brain image reconstructions
are significantly impacted by skin systemic reactions and also affected by the
thickness of the skull and cerebrospinal fluid (CSF) [46].

• The presence of hair, variations in skin color, changes in position, and pres-
sure from the optode against the target medium all have an impact on inten-
sity measurements [40]. These two statements are also true for the frequency
domain (FD) and time domain (TD), but with more information, it is pos-
sible to lessen these effects [47,48].

• Although Pei et al. [49] conducted experiments and discovered that using
a normalized-constraint algorithm and a priori knowledge is possible to sep-
arate both coefficients using CW measurements, theoretical studies showed
that absorption and scattering parameters cannot be decoupled due to cross-
talk effects [48].

• The difficulty of doing fluorescence lifetime reconstruction with CW appa-
ratus is a severe constraint [50], however numerous options have been pre-
sented, such as normalizing the fluorescence with excitation measurements
[51]. Theoretical demonstrations of the cross-talk effect revealed that recon-
structions of absorption and scattering characteristics using only intensity
data were not possible [48].

Nevertheless, it was illustrated in [49] that a normalized constraint may be
used to get around this restriction. Difference method based on the usage of the
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normalized relative measures in [52]. Since the suggested technique assumes that
the anomalies are small and close to background values, it can only be used for
bigger anomalies. However, it had several benefits when a single parameter was
taken into account. For instance, the reconstruction is less susceptible to the
effects of tissue probes, reduce the effect of erroneous measurements and quality
disparities in measurements model-related issues.

Despite the above-mentioned drawbacks, CW systems have developed into a
potent and popular imaging technique, thanks to developments in computation
and reconstruction algorithms like the use of constrained solutions and the incor-
poration of a priori data through regularization and normalization techniques [49].
Additionally, systems with several sources and detectors may be designed due to
their lower cost and simplicity [53].

2.2.2 Time-Domain systems
The distribution of photons from the temporal point spread function (TPSF) a
light pulse with a brief duration delivered through a scattering material [34]. The
time-domain (TD) method employs pulsed light given to the medium in the order
of milliseconds. picoseconds. The TPSF is expanded to a few nanoseconds after
traveling further inside the tissue before being recorded by the detectors [54]. TD
systems have a higher spatial resolution and improved depth sensitivity. Com-
pared to CW systems, TD instrumentation has the ability to inhibit early coming
photons to allow late arriving photons to be exploited unlike CW instrumenta-
tion, which only measures height, depth information is available, and the amount
of light that is transmitted or reflected [55]. The TPSF may be transformed into
the frequency domain (FD) using a Fourier transform, where the amplitude and
phase correspond to the intensity and photon time of flight, respectively. Due
to data types and the FD diffusion equation, this conversion is useful in the de-
velopment of simpler reconstruction approaches [56]. But the limited number of
modulation frequencies offered by FD platforms prevents the time-domain system
from reaching its full potential. As a result, using information from higher-order
moments of the TPSF improves the quality of the instrument over FD instru-
ments [57]. Lasers are commonly employed in TD instrumentation because they
emit reliable and narrow-width light pulses, but they are difficult to deploy and
expensive. Commercial high-performance LED adoption has recently increased
interest for TD systems because to the simplicity and low cost of LED technol-
ogy in comparison to laser installations [43]. In both cases, the light is measured
with a photon multiplier tube or a multi-channel photon multiplier for more sen-
sitive applications. Both of them have great linearity, quick rising times, and high
sensitivity, but they also have complicated circuitry, large sizes, and observable
aging effects. In order to decrease "black noise" produced by the photon multi-
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plier tube’s heat and to prolong the functioning and life of the sensing elements,
temperature management is necessary in applications that employ photon multi-
plier tubes. The avalanche photo-diode, often referred to as a solid-state photon
multiplier tube, is an alternative to the photon multiplier tube and is typically
employed in applications requiring little area and low power consumption at the
expense of acquired sensitivity [43, 58]. Both an electron-multiplication and an
intensified coupled charge device are often used in applications that need a high
spatial resolution [58].

In 1967, Hundley reported about the first use of TD systems to the study of
fluorescence [59]. TD systems were used in spectroscopy around the end of the
1980s to calculate concentrations of oxygenated and deoxygenated hemoglobin and
hemoglobin [60], as well as in the estimation of myoglobin using the Beer-Lambert
equation to fit the measured reflectance decay [61]. A key contribution from TD
systems was the proof that the diffusion equation correctly predicts light propaga-
tion in a scattering medium [62]. Mammography and cancer studies [33, 63], adult
brain imaging [64], research on the functional development of infant brain activity
[65], fluorescence DOT aiming to improve signal-to-noise ratio by reconstructing
the emitted time of flight of the fluorescent agent [66, 67], and small animal re-
search for the development of new TD hardware and algorithms [68] are some
clinical applications for time-domain systems. Analysis of significant tissue con-
stituents including collagen, lipid, and bone is covered in other pilot studies [69].
These applications have to do with the study of oxygenated and hypoxic blood.
When compared to the FD and CW domains, TD systems have higher costs and
more complicated implementations [70]. Furthermore, TD measurements are nois-
ier and display chromatic aberration effects, which are caused by the refractive
index of the lens elements varying with wavelength and result in a failure to fo-
cus all of the light from the same location. This effect causes objects close to
the boundary to deform even more [37], necessitating significant and meticulous
calibrations in order to obtain accurate reconstructions [57]. Additionally, PMTs
are complicated and more expensive since they need their own power and cooling
systems. Another drawback is the slow measurement speed caused by the need for
large-area, low noise, and effective detectors for single-photon counting of photons,
which restricts the number of clinical and real-time applications [53].

2.2.3 Frequency-Domain systems
A megahertz amplitude modulated source is used in frequency domain (FD) instru-
mentation, a subset of temporal domain (TD) technology. The choice of frequency
has a considerable impact on the temporal resolution of FD reconstructions, in
contrast to TD systems, which get the highest resolution by taking into account
all available frequencies [71]. The frequency domain is another way to represent
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TD measurements, and it has the benefit of requiring fewer sources and detectors
[40]. Numerical models fitted with FD observations have a higher chance of de-
tecting global absorption and scattering patterns than a CW example. FD is less
dependable than CW because it has a worse signal-to-noise ratio (SNR) at high
frequencies [72]. The reconstruction of FD images is easier than that of TD, some-
times needing just one modulation frequency in the data [73]. The creation of FD
equipment was made possible by the advancement of fluorescence spectrometers,
sometimes referred to as fluorometers [74].

Following the development of laser technology and signal processing techniques,
which enabled the use of the Fast Fourier Transform (FFT) to analyze modulated
observations, fluorometers advanced toward tissue spectrometers [75]. Optical
properties were calculated by fitting the analytical solution to modulation and
phase measurements from tissue-like models (phantoms) and in-vitro experiments
after it was established that the diffusion equation accurately described light prop-
agation in tissue [76, 77]. Analytical solutions in various geometries were then ob-
tained. By using LEDs in place of more expensive lasers or arc lamps, FD systems
gained notoriety [78]. LEDs provided a wide spectrum range from 500 nm to 900
nm, simple modulation, a constant output, safety, and a lower cost. With only
minor differences in their baseline and stability, LEDs and lasers provide outcomes
that are equivalent when compared on a performance level [79]. In contrast to laser
technology, which needs licenses and certificates, LED technology has changed how
light is produced and offers a low-cost solution to DOI applications that can be
quickly built in a lab and then put into line production. In most FD equipment,
the modulation frequency is 100 MHz, which corresponds to the Fourier spectrum
of time-domain observations at one frequency. This technique reduces the quality
of image reconstruction by limiting the amount of content information available
in FD systems. This constraint can be solved by utilizing multiple modulation
frequencies up to 1 GHz, which increases the information richness of FD instru-
mentation and allows it to compete with TD systems [80].

Planar and tomographic optical mammography, which improves the visibil-
ity of breast lesions and vasculature [81], functional brain imaging, which ranges
from small animals to adult humans [82, 83], and fluorescence diffuse optical to-
mography, where FD instrumentation aims to improve the image reconstruction
resolution [84, 85] are clinical applications of frequency-domain instrumentation.
Researchers and business investors are drawn to frequency domain instrumenta-
tion because it offers a trade-off between TD and CW instrumentation, although
maintaining such equipment still requires a high level of skill and is more expen-
sive than CW. FD systems are therefore more often used as a reference than a
front-end application.
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2.2.4 Hybrid systems
Different groups developed multi-modal or hybrid systems to increase the DOI
instrumentation’s capabilities. These hybrid imaging systems may combine the
aforementioned DOI domains with other imaging modalities, such as MRI, X-ray,
or ultrasound.

The fluorescent ultrasound device used for prostate guided biopsies [86], fluorescent-
MRI equipment developed for in vivo atherosclerosis studies, and in vitro experi-
ments to characterize tissue and carry out small animal studies [87, 88] are exam-
ples of hybrid systems coupled to other imaging modalities. The fluorescence-X-
ray system presented in [89] employs high spatial sampling of photons throughout
whole angle projections to target subcutaneous and lung tumors. Fluorescence
DOT has also created a number of hybrid systems. A frequency or continuous
wave device used for three-dimensional breast imaging, such as the one presented
in [90] that uses a CW system capable of operating as a frequency domain, thus
adding the characteristics of FD or TD to the simplicity of a CW instrument [91],
is an example of a hybrid system that combines other domains. Another example
is the FD-CW system, which allowed researchers to investigate the uterus’ opti-
cal features [92]. Although more complicated than single optical imaging devices,
hybrid systems provide the potential to experimentally utilize the physical limi-
tations of a single apparatus or technique. The most important application for
these systems in the research community is when they are used in conjunction
with other medical imaging modalities to obtain more information about the tis-
sue under investigation in a single test, rather than performing multiple tests that
could change the expected results.

2.3 Conclusion
The variety of diffuse optical imaging equipment currently on the market includes
a wide range of imaging domains, geometries, and source-detector configurations
that have been used successfully in clinical applications for mammography, brain
imaging, tracking the healing of wounds, and also in the development of cancer
treatments by studies done on small animals. Despite the fact that a number of
these instruments are in in the development stage, several DOI have found use in
a variety of commercial applications, from molecular to organ size studies.

There is no definitive answer as to whether system domain—CW, TD, or
FD—is superior. Although CW systems are more accessible and less expensive
to use, they fall short in terms of sensitivity and spatial resolution when compared
to FD and TD systems. However, given to the decreased complexity and cheaper
cost that CW provides, this domain has been extensively employed and enhanced
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through the employment of models that better characterize light propagation or
by the coupling with other imaging modalities. Contrarily, TD instrumentation
is the most comprehensive source of data for tissue characterisation, but it is also
the most difficult and expensive to use. Although it is not as popular as CW
instrumentation, FD might be seen as a trade-off between price and information
quality.
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Chapter 3

Light propagation models and
imaging

Chapter 3 presents the formulation of the forward problem and outlines an overview
of the analytical methods used to model the light propagation in tissue.

3.1 Introduction
Spatial and time scales govern the mathematical approach for describing light
propagation. Maxwell equations at the microscopic level, the radiative transport
equation at the mesoscopic level, and the diffusion equation, which disregards
the interference effects of wave propagation, are all examples of the spatial scale
[93]. Exogenous chromophores like photosensitive markers used in diagnostic and
therapeutic trials, and chromophores like haemoglobin and melanin pigments are
the main factors that affect light propagation and must be taken into account in
order to properly model the light absorption and scattering events in biological
tissue [94]. The abilities required include those in electronics, signal processing,
data management, mathematical/statistical modeling, and some familiarity with
biological applications. Another aspect to take into account for light propagation
within tissue is the range of temporal responses that range from femto/picosecond,
through nanoseconds for diffuse photon waves, to milliseconds that allow for less
expensive hardware and where the majority of the physiological responses can be
achieved [95]. This chapter discusses the mathematical models that have been
used to simulate how light moves through biological tissue. For the so-called
forward issue in two and three dimensions, theoretical and numerical approaches
are presented. The Diffusion Equation, which is solved using the Finite Element
Method and forms the basis for the creation of Reduced Order Models, is used
to justify the use of the basic techniques for estimating light propagation in this
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chapter.

3.2 Formulation of the forward problem
For a given distribution of optical parameters u(r) and light sources s(η), the
forward issue Ψ(r) ∈ Ω includes calculating the photon fluence function throughout
the domain of interest Ω and making the relevant measurements on the boundary
y(η) ∈ ∂Ω. Taking into account the locations of the S source si , st ∈ ∂Ω(i =
1, ,̇S) and the D detector dj ∈ ∂Ω(j = 1, ..., D) that result in a total of yi,j

observations. The relationship between optical tissue properties and measurements
for each source-detector arrangement is then the forward problem.

y(i, j) = Pi,j(u(r)) (3.1)

where P (.) : U → Y is the operator from the space of optical parameters U into
the space of measurements Y [12]. Different methods have been proposed to cope
with the forward problem given by equations. Eq. (3.1) described in the following
sections.

3.3 Modeling light propagation by using analyt-
ical methods

The greatest description of how light propagates in a material is provided by this
method, which uses Green’s function to solve the diffusion equation (DE) [96,97].
However, the majority of its applications are restricted to imaging simple and
homogeneous geometries with a single perturbation.

The infinite medium, used for light propagation on phantoms and in vitro ex-
periments, the semi-infinite medium, used for topographic imaging [98], and the
slab geometry, used for layered tissue research [99] are geometries that are often
used in analytical solutions. The DE, presented in the CW form, has difficulties
when it comes to describing light propagation with small source-detector separa-
tions. Additionally, early arriving photons in the TD situation are disregarded
since DE validity requires photons to have experienced several dispersed events
prior to measurement. The limitations of DE have been addressed analytically.
Using a path-integral technique for two and four dimensions and an interpolation
for three dimensions, [100] provides an exact solution to the time-domain RTE.
Although precise, this approach took into account an infinite geometry that was
challenging to use in an experimental setting. As an alternative RTE solution,
and taking the work in [100] as the starting point, in [101], an heuristic analytical
solution to the RTE for practical applications in the biomedical field have been
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proposed. This approach allows it to be used to geometries like slabs, but it is
only capable of performing accurate measurements when matched liquid is used.
Although the formulation of analytical solutions is complicated due to the com-
plexity of biological tissue, theoretically analytical solutions might be thought of
as an exact and direct method to acquire light propagation.

3.4 Modeling light propagation by using stochas-
tic methods

These models simulate the distributions of light intensity inside a tissue volume
using probabilistic techniques. Given that photon propagation is stochastically
dependent on elements like particle size and concentration, wavelength, and index
of refraction, absorption and scattering events may be explained using stochastic
models and probability density functions. The unpredictable route that photons
follow inside a target medium is simulated by stochastic models. Each photon is
"traced" as it passes through the medium; it is anticipated that at each site of
interaction, the photon will give up some of its probabilistic weight in the form of
absorbed energy and will then emerge from the interaction with a new weighting
factor. A change in the photon’s motion direction symbolizes the scattering ac-
tion. A photon is either absorbed or exits the medium after multiple encounters,
where some of them are detected by a detector. To determine the average disper-
sion of photons across the medium, it is essential to simulate a large number of
photons [102]. Light propagation through biological tissue is one of several phys-
ical issues that may be solved using the stochastic Monte-Carlo (MC) simulation
technique. The predicted values of a few random variables, which are compara-
ble to the physical quantities to be determined, are used to build the stochastic
model. By averaging several independent samples from the introduced random
variables, the predicted values are calculated [26]. Monte Carlos simulations are
used as a benchmark for other techniques, such as light propagation models based
on the diffusion equation and the Radiative Transfer Equation, since they prop-
erly depict photon propagation through tissue [103]. A random number method
with instructions to travel from one sample point to another point and the Ran-
dom walk technique, which employs a lattice to discretize the medium, are two
further stochastic ways [104, 105]. Using pixels to discretize the medium and the
Markov property (probability of going forward, backward, or transitioning out of
the pixel), Markov chain models is a stochastic approach[106]. Although stochas-
tic approaches are extremely precise, they have practical limits since they need to
simulate millions of photons in order to acquire useful data to characterize light
propagation [107]. Research began developing techniques to speed up stochastic
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solutions, such as scaling methods that use baseline simulations that are later
scaled to fit a different medium, perturbation MC methods that are similar to the
previous one but assume that optical properties are close to the baseline, hybrid
methods that use a diffuse approximation to reduce computational load, or parallel
computation techniques that take advantage of multiple processors[3].

3.5 Describing light propagation by using nu-
merical methods

With an adequate balance between the quality and the time needed to acquire the
light distribution inside a medium, numerically based imaging approaches have
the ability to overcome the limits that analytical and stochastic models exhibit.
Because they are suited to modeling light propagation through complicated, more
realistic geometries and diverse media, numerical models are frequently utilized
for imaging biological tissue. Additionally, they make it easier to combine near-
infrared imaging techniques with other clinical imaging systems like MRI or X-ray,
as the latter may be discretized into meshes that can be used to model light prop-
agation.
Finite Difference Method
Partial Differential Equations (PDE) are solved using this numerical technique
[108]. The technique entails discretizing the material using a regular grid and
shaping complicated designs while taking the internal grid points into account.
The absorption value for points outside the intended form is specified to be in
the thousands. It has been proven that this strategy produces findings that accu-
rately match other ways like Monte Carlo and analytical solution [109]. However,
the FDM is not a method that is frequently utilized in DOT applications since
the Finite Element Method is so straightforward when dealing with complicated
geometries. Despite having been used to measure light distributions in the rat’s
skull [110] and the human brain [3].
Finite Element Method
In optical imaging applications, this is one of the recommended ways to solve the
diffusion equation (DE). Using a set of basis functions, or interpolation functions,
on a mesh, the approach transforms the PDE into a system of differential equa-
tions on a finite dimensional space [111]. Both the RTE and DE models have been
solved using it [111, 112, 113]. Because it makes handling irregular geometries
simple, it is frequently used in DOT and FDOT image reconstructions [114].
Finite Volume Method (FVM)
Partial differential equations are represented and evaluated using this technique.
This approach computes values at discrete locations inside a mesh shape, much as
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the finite difference and finite element methods. The little volume that surrounds
each mesh node is where the approach gets its name [108]. The finite volume
approach has been frequently utilized to resolve the RTE in optical tomography
reconstructions because it conserves energy in a discrete sense [115]. It is compu-
tationally intensive since it gives a high degree of mesh adaptability that is helpful
to model complicated geometries.
Boundary Element Method (BEM)
For large scale geometries, it has demonstrated superior performance than FEM
[116, 117], but because of the intricacy of the boundaries encountered between
tissue surfaces, it is unable to accurately represent light propagation in complex
heterogeneous domains [118].

3.6 Conclusion
Light may be modeled using a variety of light propagation models, ranging from
the precise but computationally costly radiative transfer equation to the more
straightforward diffusion approximation models. Similar to the inverse problem,
there are several solutions available today, some of which are more complicated
and allow for more accuracy but are often time consuming.

Due to its simplicity and ability to explain tissue light interactions from com-
paratively large tissue volumes, the diffusion approximation (DA) to the RTE is
the light transport model most frequently employed in diffuse optical tomography.
The Finite Element Method is a prominent method for solving the DA because
it allows for the modeling of light propagation via intricate geometries like those
present in biological tissues.
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Chapter 4

Mathematical formulation of
Diffuse Optical Tomography

In this chapter, we collect some mathematical background that is crucial to this
thesis but is difficult to obtain in a single reference. This chapter also aims to
standardize notation and present some topics and abbreviations that will be used
later in the thesis. To begin, some basic mathematical aspects of the Diffusion
Equation (DE) are quickly reviewed because we used this model to model the
forward problem in DOT.

4.1 The Radiative Transport Equation
The mathematical description of light propagation in random media is grouped
according to spatial length scales. At the microscale, Maxwell Equations or geo-
metric optics are usually utilized, at the mesoscale, the Radiative Transfer Equa-
tion (RTE) or transport equation, and at the macroscale, the Diffusion theory.
This thesis will primarily focus on the mesoscale model, which deals with turbid
media such as tissue, a cloud, or milk, in which light propagation acts as photons
pursuing meandering courses through the media rather than a propagating ray or
wave. [25] give a derivation of the transport equation using scalar wave models.
The transition from the transport equation to the diffusive regime is shown below.
According to the degree and frequency of contact between the particles and the
medium in which they propagate, there are essentially three regimes of particle
propagation in the Radiative Transfer model. The ballistic regime is defined as
no interaction between particles and background material. When there is moder-
ate interaction, it is termed the transport regime, and when there is substantial
interaction, it is called the diffusive regime. In common optical and fluorescence
tomography settings, three types of data acquisition methods exist: the continu-

29



ous wave system, the frequency domain system, and the time domain system. The
frequency domain system monitors the modulation amplitude and phase shift of
the light sources, whereas the continuous wave system measures the transmitted
intensity at the detectors. In this thesis, we will concentrate on the continuous
wave domain system for data acquisition. The continuous wave RTE model is
used in this case. The RTE is a linearized version of the more general Boltzmann
equation. The goal is to capture photographs of their optical characteristics in
the near-infrared (NIR) range (600 - 1000nm) [119]. NIR light is redirected to the
body by laser sources, and the amount of light transmitted is measured at detector
points along the body’s perimeter. It is assumed that photons travel through the
medium at constant speed c, implying that the refractive index is constant. The
one-speed continuous wave RTE is used in this thesis, with c normalized to 1. Let
X be the space described by

X = Ω× Sn−1 (4.1)
where Ω is the domain of interest which is assumed to be a compact, convex subset
of Rn with boundary ∂X = (∂Ω × Sn−1) , where ∂X = ((x, θ) ∈ ∂X, θ.v > 0), is
assumed to be Lipschitz, which implies that the outward normal vector n̂ exists
almost everywhere on ∂X. The function u(x, θ) ∈ X is physically considered to
describe the density of the photons traveling in the region Ω at position x with
velocity direction θ . The density of the photons u and the source term q are
scalar quantities and are assumed non negative functions in L1(X). The following
equation is called the Continuous wave RTE

θ.▽ u+ (µa(x) + µs(x))u− µs(x)
∫

Sn−1
η(θ.θ′)u(x, θ′)∂θ′ = q(x, θ) inX; (4.2)

with initial condition
u(x, θ′) = 0 in Ω× Sn−1 (4.3)

and boundary condition
u(x, θ) = 0 on ∂X (4.4)

Here, q is the source term given by

q(x, θ) =
qj(x, θ) x ∈ ⋃M

j pj

0 x ∈ ∂Ω \ ⋃
j pj

with pj being source positions along ∂Ω. These sources qj are often picosecond
laser pulses which can be described mathematically by the expression

qj(x, θ) = δx(pj)δθ(θj) (4.5)

30



where δx, and δθ, are Dirac delta distributions corresponding to the position,
and angular , respectively; the coefficients µa and µs are the absorption and scat-
tering coefficients of the medium, respectively, and θ is a unit direction vector
pointing into the direction of velocity of the photons. The scattering function
η(θ.θ′), also known as the scattering kernel, is assumed to be independent of the
position of the scattering event and to depend on the cosine of the angle denoted
by ϑ, which is the angle between the initial direction θ and the deviated direction θ′

after the scattering event has occurred, that is, cosϑ = θ.θ
′ . Particle conservation

in pure scattering events is expressed by the additional requirement∫
Sn−1

η(θ.θ′)dθ′ = 1 (4.6)

The Henyey Greenstein phase function is used in DOT in 2D by

η(cosϑ) = 1− g2

2π(1 + g2 − 2g cosϑ) (4.7)

however in 3D it is described by

η(cosϑ) = 1− g2

4π(1 + g2 − 2g cosϑ) 3
2

(4.8)

where g is the mean cosine of the scattering function η with values between
−1 < g < 1. In this model, values of g close to 1 indicate that the scattering
is primarily forward directed, values close to zero indicate that the scattering is al-
most isotropic, whereas values near to −1 indicate that the scattering is primarily
backward directed. Typical values for g based on animal tissue in Diffuse Optical
Tomography are 0.9 ≤ g ≤ 0.99 [120]. The mean free path is the mean distance
traveled by a photon before changing its velocity direction, and is given in the
Henyey-Greenstein model by

l = 1
(1− g)(µa + µs)

(4.9)

The total attenuation coefficient an is defined as a(x) = µa(x) + µs(x). The
mean free path is thus l = ((1 − g)a) − 1 using the total attenuation coefficient.
The RTE is a conservation rule for number of photons. The simple derivation
given below can be found in [25]. To begin, we define the angular photon current
density as the vector number ψ(x, θ) = u(x, θ)θ. The number of photons flowing
out of a ∂Ω with velocity direction θ and for a differential surface element dS is
given by ψ(x, θ).ϑdS. The RTE represents the fluctuation of photon density inside
a tiny but otherwise arbitrary region Υ ⊆ Rn around location x, which originally
travels with velocity direction θ.
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4.2 Diffusion Approximation
We give an overview of the derivation of the diffusive RTE approximation. To
begin, we define photon radiance ϕ(x) as

ϕ(x) =
∫

Sn−1
u(x, θ)dθ (4.10)

and the energy density current J(x) by

J(x) = θu(x, θ)dθ (4.11)

The diffusive approximation of the RTE may be obtained by expanding the angular
component of the density of photons, phase, and source functions in spherical
harmonics as follows:

u(x, θ) =
∞∑

l=N

l∑
n=−l

√
2l + 1

4π ψlm(x)Ylm(θ) (4.12)

q(x, θ) =
∞∑

l=N

l∑
n=−l

√
2l + 1

4π qlm(x)Ylm(θ) (4.13)

η(θ.θ′) =
∞∑

l=N

l∑
n=−l

√
2l + 1

4π ηlm(θ.θ′)Y ∗
lm(θ′) (4.14)

A PN approximation of the RTE is obtained if the first N terms are taken into
account of the above expressions, in particular the P1 approximation is obtained
after substituting (4.12) into (4.2) and truncating the series of (4.12) after the
l = 1 terms, resulting in

µaϕ(x) +∇J(x) = q0(x) (4.15)

J(x)
3D(x) + 1

3∇ϕ(x) = q1(x) (4.16)

Here D(x) is known as the diffusion coefficient given by

D(x) = 1
3(µa + µ′

s)
(4.17)

with
µ

′

s = (1− g)µs (4.18)
where µ′

s is known as the reduced scattering coefficient.
The first assumption is equivalent to requesting that the medium is scattering

dominant, that is, µa << µ
′
s . After these assumptions, equation (4.16) converts

into Fick’s law
J(x) = −ζ0∇ϕ(x). (4.19)
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Finally, substituting Fick’s law (4.18) into equation (4.15), one obtains the diffu-
sion approximation

−∇.ζ0∇ϕ(x) + µaϕ(x) = q0(x). (4.20)
As a result, the diffusion approximation is a subclass of the RTE’s P1 approxi-

mation, in which the radiance function ϕ(x) does not rely on the direction velocity
vector θ, as opposed to the RTE’s density of photons u(x, θ).

4.3 Well posedness of the forward problem in
DOT

The DOT forward problem requires solving an elliptic partial differential equation
with Robin boundary conditions in which µa and D are known. The photon
density of the scattered light arriving at the detectors is described by the solution
(u). The whole DOT experiment is presented in the continuous wave domain,
using the Robin boundary condition.

−∇.(D∇u) + µau = 0 in Ω (4.21)

γRu = u+ 2D∂u
∂n

= f on ∂Ω (4.22)

here, D is the diffusion coefficient, µa is the absorption coefficient, f is the source,
and

γR : H1(Ω)→ H
−1
2 (∂Ω) (4.23)

is the Robin trace map, with the solution space defined as:

H1(Ω) = v ∈ L2(Ω)|
∫

Ω
(|∇v|2 + v2)dx <∞ (4.24)

and
H

1
2 (∂Ω) = (γD(v)|v ∈ H1(Ω)/H(0)1(Ω)) (4.25)

We also considerΩR⋉, where n = 2, 3 a bounded, connected Lipschitz domain.
Consider the Robin problem described previously

−∇.(D∇u) + µau = 0 in Ω (4.26)

γRu = u+ 2D∂u
∂n

= f on ∂Ω (4.27)

where u ∈ H1(Ω), g ∈ H 1
2 (∂Ω) and q = (D,µa) ∈ Q−, where

Q− = (D,µa) ∈ L∞(Ω)× L∞(Ω) : 0 < D0 < D < D1, 0 < µ0 < µa < µ1 (4.28)
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To explain the Robin problem’s well-posedness, we first derive the weak formula-
tion [121]. We have vinH1(Ω) for any test function.

−
∫
∇.(D∇u)v̄dx+ µauv̄)dx = 0 (4.29)

which implies that

−
∫

Ω
D∇u.∇v̄dx+

∫
Ω
µadxuv̄ −

∫
∂Ω
D
∂u

∂n
v̄ds = 0 (4.30)

where v̄ represents the complex conjugate of v. Now using the boundary condition
(4.24), we get ∫

Ω
D∇u.∇v̄dx+

∫
Ω
µadx = 1

2

∫
∂Ω

(g − u)v̄ds (4.31)

which implies ∫
Ω
D∇u.∇v̄dx+

∫
Ω
µadx+ 1

2

∫
∂Ω
uv̄ds = 1

2

∫
∂Ω
gv̄ds (4.32)

Defining
B(u, v) =

∫
Ω
D∇u.∇v̄dx+

∫
Ω
µauv̄dx+ 1

2

∫
∂Ω
uv̄ds (4.33)

and
fR(v) = 1

2

∫
∂Ω
gv̄ds (4.34)

we have the weak formulation of the robin problem as, B(u, v) = fR(v), for any
u, v ∈ H1(Ω).
Definition 1. A map b : V × V → C, is called a sesquilinear form, if it satisfies
the following conditions,

b(x+ y, z + w) = b(x, z) + b(y, z) + b(x,w) + b(y, w)
b(c1x, c2y) = c1c2b(x, y)

where x, y, z, w ∈ V and c1, c2 ∈ C.
Lemma 1. B(u, v) =

∫
Ω D∇u.∇v̄dx +

∫
Ω µauv̄dx + 1

2
∫

∂Ω uv̄ds is a sesquilinear
form.
Proof. For any u, v, w, z ∈ H1(Ω), we have

B(u+ v, z + w) =
∫

Ω
D∇(u+ v).∇(z̄ + w̄)dx+

∫
Ω
µa(u+ v)(z̄ + w̄)dx+ 1

2

∫
∂Ω

(u+ v)(z̄ + w̄)ds

=
∫

Ω
D∇u.∇z̄dx+

∫
Ω
µauz̄dx+ 1

2

∫
∂Ω
uz̄ds+

∫
Ω
D∇u.∇w̄dx+

∫
Ω
µauw̄dx

+ 1
2

∫
∂Ω
uw̄ds+

∫
Ω
D∇v.∇z̄dx+

∫
Ω
µavz̄dx+ 1

2

∫
∂Ω
vz̄ds

+
∫

Ω
D∇v.∇w̄dx+

∫
Ω
µavw̄dx+ 1

2

∫
∂Ω
vw̄ds

= B(u, z) +B(u,w) +B(v, z) +B(v, w).
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For any c1, c2 ∈ C, we have

B(c1u, c2v) =
∫

Ω
D∇c1u.∇c̄2vdx+

∫
Ω
µac1uc̄2vdx+ 1

2

∫
∂Ω
c1uc̄2vds

= c1c̄2(
∫

Ω
D∇u.∇v̄dx+

∫
Ω
µauv̄dx+ 1

2

∫
∂Ω

∫
Ω
D∇c1u.∇c̄2vdx+

∫
Ω
µac1uc̄2vdx

+ c1uc̄2
1
2

∫
∂Ω
uv̄vds)

= c1c̄2B(u, v).

Hence B(u, v) is a sesquilinear form.

The Lax-Milgram theorem for sesquilinear form will be used to demonstrate
the existence and uniqueness of the solution to the Robin issue. We define the
H1(Ω) as the inner product for the space.

⟨u, v⟩H1(Ω) =
∫

Ω
(∇u.∇v̄ + uv̄)dx (4.35)

In order to show the boundedness and coerciveness of B(u, v), it is convenient to
define an equivalent norm for the space H1(Ω)×H1(Ω) as

||u||2∗ =
∫

Ω
D|∇u|2dx+

∫
Ω
µa|u|2dx+ 1

2

∫
∂Ω
|u|2ds (4.36)

Lemma 2. ∥u∥H1 and ∥u∥∗ are equivalent.

Proof.

∥u∥H2 =
∫

Ω
|∇u|2 + |u|2dx

≤
∫

Ω

D(x)
D0(x) |∇u|

2 + µa(x)
µ0(x) |u|

2dx

= 1
D0(x)

∫
Ω
D|∇u|2dx+ 1

µ0(x)

∫
Ω
µa|u|2dx

≤ max 1
D0(x) ,

1
µ0(x)(

∫
Ω
D|∇u|2 + µa|u|2dx+ 1

2

∫
∂Ω
|u|2ds)

≤ C1||u||2∗

Lemma 3. B(u, v) is bounded and coercive.
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Proof. By using Cauchy-Schwartz inequality we obtain

|B(u, v)| = |
∫

Ω
D∇u∇v̄dx+

∫
Ω
µauv̄dx+

∫
∂Ω

1
2uv̄ds

≤ (
∫

Ω
|D∇u|2dx) 1

2 (
∫

Ω
|∇v|2dx) 1

2 + (
∫

Ω
|µau|2dx) 1

2 (
∫

Ω
|v|2dx) 1

2 +

(
∫

∂Ω
|u|2ds) 1

2 (
∫

∂Ω
|v|2ds) 1

2

≤ D1(
∫

Ω
|∇u|2dx) 1

2 (
∫

Ω
|∇v|2dx) 1

2 +

µ1(
∫

Ω
|u|2dx) 1

2 (
∫

Ω
|v|2dx) 1

2 + c1

2 (
∫

Ω
|∇u|2dx) 1

2 (
∫

Ω
|∇v|2dx) 1

2

≤ C((
∫

Ω
|∇u|2dx) 1

2 (
∫

Ω
|∇v|2dx) 1

2 + (
∫

Ω
|u|2dx) 1

2 (
∫

Ω
|v|2dx) 1

2 )

≤ C||u||H1(Ω)||v||H1(Ω)

where C = max(D1 + c2 + µ1). Hence B(u, v)is bounded. Next We need to show
B(u, v) is coercive.

|B(u, u)| > |Re(B(u, u)|

> |
∫

Ω
D|∇u|2dx+

∫
Ω
µa|u|2dx+

∫
∂Ω

1
2 |u|

2ds|

= ||u||2∗
Hence B(u, v) is coercive.

To fulfill all the assumptions of the Lax-Miligram theorem, we need to prove
that f(v) = 1

2
∫

∂Ω gv̄ds is a bounded linear functional.

Lemma 4. fR(v) is a bounded linear functional.

Proof. Clearly, fR(v) is linear. We have the duality pairing,

fR(v) =< g, v >
H

−1
2 (∂Ω)×H

1
2 (∂Ω)

By Riesz representation theorem, there exists a bounded linear operator S :
H

−1
2 → H

1
2 , such that

| < g, v >
H

−1
2 (∂Ω)×H

1
2 (∂Ω)

| = | < Sg, v >
H

1
2 (∂Ω)×H

1
2 (∂Ω)

|

≤ ||Sg||H1(Ω)||v||H1(Ω)

≤ c||v||H1(Ω)

ThusfR(v) is a bounded linear operator.

The hypotheses of the Lax-Miligram theorem are satisfied by Lemma 3-4. As
a result, we may deduce that there exist a unique solution to (4.23). (4.24).
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Chapter 5

Image reconstruction in diffuse
optical tomography using
adaptive moment gradient based
optimizers: A statistical study

In this chapter, the inverse and shape reconstruction problems in DOT are formu-
lated. we will examine the convergence behavior of Adam, Nadam and AmsGrad
optimizers when applied to the problem of DOT. A comparison between these op-
timizers will be investigated and discussed. We will characterize the performance
of these algorithms with respect to the choice of some hyper parameters and the
initial guess error. Finally, numerical results are presented using these methods.

5.1 Introduction
In recent years, the problem of DOT is becoming more attractive since it presents
many advantages. It is a non invasive, non ionizing and an inexpensive tech-
nique compared to other imaging modalities such as Magnetic Resonance Imaging
(MRI) and X-ray [122,123,124]. DOT has been applied to detect breast tumors
[125,126,127,128], brain injuries [129,130], imaging newborn infant head [131], and
provides some important information about tissue metabolism . Solving the DOT
problem involves addressing the radiative transfer equation (RTE) that describes
the light propagation in biological tissues [132,133]. However, the RTE does not
have an analytical close form solution for complex geometries and its numerical
alternative is computationally expensive. Since the diffusion approximation (DA)
of the RTE is easy to implement we will use it as the forward model throughout
this work.
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It is a well known fact that the inverse problem in DOT is non linear and
severely ill posed. Gradient based methods are commonly used to solve minimiza-
tion problems in optical tomography [132].

In recent years, a number of new optimizers have been proposed to tackle the
problem of convergence when there is insufficient prior knowledge to elect a good
learning rate. One of the most popular and practical techniques used to control the
distance of each step. The Adaptive moment estimation (Adam)is one of the first
adaptive moment optimizers proposed in literature and was presented by Diedriek
kingma and Jimmy Ba [134]. It is a combination of adaptive gradient algorithm
(AdaGrad) [135] and Root Mean Square propagation with momentum (RMS prop)
[136]. Adam is an efficient optimizer that only requires first order gradients and
uses square gradients to scale the learning rate implementing momentum by using
the moving average of the gradient rather than the gradient itself. To cope with
the shortcoming of Adam, mainly the lack of convergence guaranties, a number of
variants of Adam algorithm have been derived lately such as Nesterov-accelerated
Adaptive Moment Estimation(Nadam) [137] and AmsGrad optimizer [138]. For
more details we refer the reader to [139,140].

In this work, we will examine the convergence behavior of Adam, Nadam and
AmsGrad optimizers when applied to the problem of DOT. A comparison between
these optimizers will be investigated and discussed. We will characterize the per-
formance of these algorithms with respect to the choice of some hyper parameters
and the initial guess error. To evaluate the quality of reconstructed images by
the algorithms in quantitative manner, we use quality metrics, such as the struc-
tural similarity index (SSIM) and the Peak signal-to-noise ratio (PSNR) on the
reconstructed images.

The structure of this chapter is as follows: In Section 5.2 we give an overview of
the mathematical formulation of the diffusion approximation in continuous wave
(CW) case. In Section 5.3 we describe the inverse problem and the algorithms we
use to reconstruct the absorption coefficient of DOT. In Section 5.4 we show the
results of our statistical analysis of the simulation data.

5.2 Forward problem
In this section we describe the mathematical formulation of the diffusion approxi-
mation (DA).
Let Ω ⊂ Rn,n = 2, 3 , be our domain of interest, and ∂Ω the boundary of Ω. Then
the DA inside the domain Ω satisfies the partial differential equation

−∇[.D(r)∇Φ(r)] + µa(r)Φ(r) = 0 r ∈ Ω (5.1)
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with the Robin-boundary condition

Φ(r) + 2aD(r)∂Φ(r)
∂n̂

= S(r) r ∈ ∂Ω (5.2)

where Φ(r) is the photon density, D(r) is the diffusion coefficient defined by D(r) =
1

3(µa+µ′
s) . a is the Fresnel reflection coefficient, which depends on the mismatch

between the refractive indices, µa and µs the absorption and scattering coefficient
respectively, and µ′

s the reduced scattering coefficient expressed as µ′
s = (1− g)µs,

where g is the anisotropic factor. S(r) describes the boundary condition for the
incoming radiation and n̂ is the outward normal vector to Ω.

We assume that the medium is highly scattering such that, µa ≪ µs.The
forward model (5.1)-(5.2) is solved by using the finite element method as described
in [141].

5.3 Inverse problem
The inverse problem we are interested in consists of determining the couple

(µa, µs) from the set of true data yi such that

Fi(µa, µs) = yi 1 ≤ i ≤ m (5.3)

where we denote by Fi the forward operator which is assumed to be Fréchet dif-
ferentiable, and yi the approximate measured data. In this study, we restrict our
attention to the reconstruction of the absorption coefficient, and we assume that
the distribution of the scattering coefficient is known. Then, the objective function
can be written as follows

J(µa) = 1
2

m∑
i=1

(Fi(µa)− yi)2 (5.4)

Then this problem can be stated in term of an optimization problem

µ∗
a = argminJ(µa) (5.5)

Since the inverse problem is ill-posed, it requires regularization. A Total Vari-
ation regularization is applied [142]. By adding a regularization term, the cost
function is formulated as

JR(µa;λ, µ0
a) = 1

2

m∑
i=1

(Fi(µa)− yi)2 + λR(µa) (5.6)

where R(µa) = ∥µa−µ0
a∥2, is the regularization operator that enforces smoothness

conditions in the solution, and λ is the regularization parameter. µ0
a denoted the
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initial guess error.The forward operator Fi is linearized around some initial guess
µ0

a.
Fi(µa) = Fi(µ0

a) + F ′
i (µ0

a)(µa − µ0
a) +W (µ0

a, i) (5.7)
where F ′

i is the Fréchet derivative of the forward operator Fi, and W denotes the
Taylor remainder for the linearization around µ0

a.
The gradient of the objective functional can be written as follows

∇JR(µa;λ, µ0
a) =

m∑
i=1

F ′
i (µa)∗(Fi(µa)− yi) + λR′(µa) (5.8)

where R′(µa) is the Fréchet derivative of regularization operator with respect to
µa.

5.4 Iterative inverse problem solution
We consider an iterative optimization algorithm denoted by Q. the statement of
our problem can be reduced to the iterative form:µ0 = µ0

a

µn+1 = Q(µn; JR)
(5.9)

Naturally, the promise of the algorithm is to get us closer to the solution after each
step in an iterative manner. The proof of convergence of any specific algorithm
ensures that

lim
n→+∞

Q(µn; JR) = µ∗
a (5.10)

and can give even more information on the speed of convergence by deriving a
theoretical formula of ∥Q(µn; JR)− µ∗

a∥ as a bounded formula of n.
In general, this is a hard formula to derive, and it is even more difficult when

dealing with complex problems like DOT, with many multidimensional parame-
ters. In practice, the convergence speed is influenced by many factors, related to
the algorithm itself, and the configuration of the problem (physical reality and
constraints). A numerical approach based on simulation and statistical analysis,
will prove to be very useful in tackling with this kind of hard situations, and can
help us to gain more insight in the choice of optimization algorithm and all other
practical purpose. As we consider in our study a family of optimization algorithms
based on gradient descent, We can point out the learning rate hyper parameter as
the main factor of interest in this context.

From a practical point of view, JR depends on the structure of the problem,
and by consequence, JR depends on different factors like the nature of inclusions
(their number, form, distribution ....), the properties of the medium, and all other
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parameters that shape the above forward problem as stated in the previous section.
Also, it depends on the choice of the regularization and initial guess. Table 5.1
below give an example of the parameters and hyper parameters that can be of
interest in studying the practical optimization problem (including the iterative
algorithm hyper parameters).

Table 5.1: Parameters and hyper parameters of interest.

Parameters of the problem Hyper parameters of the optimization algorithm
n: number of inclusions β: learning rate.

D: distribution shape of the inclusion. µ0
a: initial guess.

Nd : number of detectors. λ: regularization coefficient.
Ns : number of sources.

A more focused statement of the iterative optimization algorithm, to the fol-
lowing study in the present work can be formulated asµ0 = µ0

a

µn+1 = QAM(µn;n, β,Θ)
(5.11)

where QAM describes the adaptive moment algorithm, µ0
a

the initial guess, n the number of inclusions, β denotes the learning rate hyper
parameter and Θ represent all the remaining parameters.

Hereafter, we address our attention only to the number of inclusions (n), the
learning rate β, and the initial guess µ0

a. In our implementation of the optimization
problem, we used an objective function C defined as

C(l; β, n, µ0
a) = 1

2(JR(QAM(µl;n, β)) + ϵ0 + |JR(QAM(µl;n, β)− ϵ0|))) (5.12)

We can easily show that

C(l; β, n, µ0
a) =

JR(QAM(µl;n, β)) ifJR(QAM(µl;n, β) > ϵ0

ϵ0 ifJR(QAM(µl;n, β) ≤ ϵ0
(5.13)

We define the number of iterations to convergence by

NQAM
= min(argmaxl(C(l; β, n, µ0

a)), Lmax) (5.14)
This formulation guarantees that our optimization algorithm will stop whenever
JR(QAM(µl;n, β) is lower than ϵ0 or l is greater than Lmax, where ϵ0 > 0 and
Lmax ≥ 1, are parameters used in iteration stopping criteria, which is explicitly set
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in this study to be either when the cost function is lower than ϵ0 or the number
of iteration exceeds Lmax.

The aim of our numerical statistical study of convergence speed can then be
brought down to the study of properties of the NQAM

probability distribution
P (NQAM

|n, β, µ0
a) using simulation tools. In the following study, we restrict our

attention to the comparison of three algorithms based on the adaptive moment
procedure. For more details, we refer the reader to the next section.

5.5 Simulation and data generation
As mentioned before, only the absorption coefficient is reconstructed and dis-

cussed. The distribution of the scattering coefficient is assumed to be known.
To generate synthetic data, we use the Toast++ software [20], which solve the
forward problem (5.1)-(5.2) described above, using finite element method. In all
the numerical simulations, a circular domain of radius 20 mm which contains dif-
ferent inclusion sizes and shapes is performed. To avoid inverse crime [143], we
use different meshes in the forward and inverse problem. In all cases, we use a
circular mesh with 22011 nodes and 43400 tetrahedral elements for the forward
problem and 15408 nodes and 30308 tetrahedral elements for the inverse problem.
16 sources and 16 detectors are located on the boundary of the domain with equal
distance. The location, size and number of anomalies in µa are chosen randomly
with a background µbkg

a = 0.01mm−1 and µ′bkg
s = 2mm−1 . We consider that there

is no change in the anisotropic factor g which is taken to be equal to 0.9. The
regularization parameter λ is set to be equal to 10−8. To solve the minimization
problem (5.5) we use algorithms described in pseudo codes below, where β is the
learning rate, ρ1 and ρ2 are the exponential decay rates for the moment estimates.
The parameter of stabilization ϵ is set to be equal to 10−10.

To control all the parameters of our simulation, we first control the error of the
initial guess of reconstruction µ0

a by taking it to be

µ0
a = µreal

a + α (5.15)

where µreal
a is the original image matrix used to solve the forward problem and α

is a random matrix variable sampled uniformly such as∥α ∥inf = δ , where δ itself
is a uniformly random number taken in range [0,0.2]. We define δ as the initial
guess error.

The choice of the learning rate is very important. For this purpose, a prelim-
inary study has been conducted where we experimented with the learning rate of
all optimizers in the range [0,0.5], and noticed that when the learning rate is out
of the interval [0.001,0.3], the minimization of the objective function does not con-
verge or take a very long time to do. For the sake of this simulation, the learning
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Algorithm 1: Pseudocode of Adam.
Require: µ0

a, β, ρ1, ρ2, and ϵ with ρ1, ρ2 ∈ [0, 1)
Ensure: µk

a

while J not converged do
k ← k + 1
gk ← ∇Jµa(µk−1

a )
mk ← ρ1.mk−1 + (1− ρ2).gk

vk ← ρ1.vk−1 + (1− ρ2).g2
k

m̂k ← mk

(1−ρk
1)

v̂k ← vk

(1−ρk
2)

µk
a ← µk−1

a − β m̂k√
v̂k+ϵ

end while

Algorithm 2: Pseudocode of Nadam
Require: µ0

a, β, ρ1, ρ2, and ϵ with ρ1, ρ2 ∈ [0, 1)
Ensure: µk

a

while J not converged do
k ← k + 1
gk ← ∇Jµa(µk−1

a )
mk ← ρ1.mk−1 + (1− ρ2).gk

vk ← ρ1.vk−1 + (1− ρ2).g2
k

m̂k ← mk

(1−ρk
1)

v̂k ← vk

(1−ρk
2)

µk
a ← µk−1

a − β√
v̂k+ϵ

(ρ1m̂k + 1−ρ1
1−ρk

1
gk)

end while

rate is constrained to be chosen uniformly from the range [0.001,0.3]. We fixed
all the other hyper parameters for all optimizers, to the recommended values from
the corresponding literature (momentum ρ1 and ρ2 are 0.9 and 0.999 respectively).
The number of anomalies is taken among 1, 2 and 3 equi-proportionally randomly.

Figure 5.1 shows the resulting distributions (histograms) from running the
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Algorithm 3: Pseudocode of AmsGrad
Require: µ0

a, β, ρ1, ρ2, and ϵ with ρ1, ρ2 ∈ [0, 1)
Ensure: µk

a

while Jnot converged do
k ← k + 1
gk ← ∇Jµa(µk−1

a )
mk ← ρ1.mk−1 + (1− ρ2).gk

vk ← ρ1.vk−1 + (1− ρ2).g2
k

v̂k ← max(vk, ˆvk−1)
µk

a ← µk−1
a − β√

v̂k+ϵ
mk

end while

simulation, for the three parameters of the study, the learning rate β, the number
of anomalies, and the perturbation coefficient δ. To be fair, we use the same
parameters for all optimizers in each simulation instance.

Figure 5.1: Distribution of the learning rate hyper parameter β on the top, number
of inclusions n in the middle, and the initial guess error δ on the bottom.
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5.6 Results
In this part of our study, we will characterize the convergence rate of the three
algorithms ,and compare the convergence/divergence behavior in relation to the
parameters of simulation, and finally we will examine the quality of the resulting
reconstructions of the three optimizers.

First of all, we choose in the context of this present analysis, the definition of
divergence to be the state of the running optimization when the error minimization
didn’t improve for longer than 200 iterations in total.

The first subject of focus is the convergence rate of each algorithm. Let XAD,
XNAD, and XAMS be three random variables representing the state of convergence
for Adam, Nadam, and AmsGrad optimizers. This variables take values 0 or 1,
depending on either the corresponding algorithm diverges or converges, such that:XAD = 0 if Adam diverge

XAD = 1 if Adam converge
XNAD = 0 if Nadam diverge
XNAD = 1 if Nadam convergeXAMS = 0 if AmsGrad diverge
XAMS = 1 if AmsGrad converge

The simulation provided us with Three samples of independent and identically
distributed (XAD,n)n≤1340 , (XNAD,n)n≤1340,and (XAMS,n)n≤1340. To statistically
estimate the rates of convergence, namely P (XAD = 1) = pAD, P (XNAD = 1) =
pNAD, and P (XAMS = 1) = pAMS

we use the three estimators 
p̂AD =

∑
#(XAD=1)

N

p̂NAD =
∑

#(XNAD=1)
N

p̂AMS =
∑

#(XAMS=1)
N

where # denotes the count function, to construct 95% confidence intervals
based on the large number normal approximation, as presented in Table 5.2.
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Table 5.2: The 95 percent non parametric confidence intervals.

Target propor-
tion Confidence in-

terval lower
bound

Confidence in-
terval upper
bound

p̂AD 0.87 0.9

p̂NAD 0.87 0.91

p̂AMS 0.88 0.9

To shed light on the influence of simulation parameters on convergence rates,
we run a logistic regression to estimate the conditional distributions P (X|β, n, δ)
where X ∈ {XAD, XNAD, XAMS}, n denotes the number of anomalies in the image,
and the remaining variables β and δ are as mentioned earlier. The result of this
procedure is depicted in Table 5.3 presenting p-values for the statistical significance
of each regression parameter.

Table 5.3: Logistic regression coefficients and corresponding p-values.

Adam Nadam AmsGrad

β (1.17, < 2e−16) (1.22, < 2e−16) (−0.35, < 1.5e−5)

n (−0.005, 0.6) (−0.007, 0.44) (−0.044, < 7.6e−16)

δ (0.07, 0.6) (0.1, 0.5) (−0.016, 0.91)

From Table 5.3, we conclude that the main parameter that same to have sig-
nificant influence on convergence of these algorithms is the learning rate hyper-
parameter. Since the logistic coefficient forβ is positive for Adam and Nadam,
the larger the learning rate, the more guarantee there is for the algorithm to con-
verge. This statement is reversed for AmsGrad, as we observe a negative coefficient
for learning rate. The AmsGrad is also impacted negatively with the number of
anomalies in the image.

Running our experiment simulation provided us with 1340 convergent instances
in total (That means where (XAD = 1, XNAD = 1, XAMS = 1)), to evaluate
the comparative performance between optimizers in term of speed of convergence
as measured by the number of iterations taken by each optimizer to reach the
solution, We will conduct a statistical analysis on the generated data, comparing
first the speed globally between optimizers and then relating it to the variables of
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simulation such as the initial guess error, the choice of learning rate and the number
of anomalies in the image. Also, the influence of this variables on reconstructed
image quality will be discussed, PSNR and SSIM score values are calculated for
each simulation instance, we kindly refer the reader to later discussions about
reconstruction quality in this work for more informations on these scores.

A number of statistical methods have been applied and results are examined
to describe the convergence speed behavior of each algorithm when applied to the
inverse problem of DOT.

Image reconstruction in optical tomography is an ill-posed nonlinear inverse
problem, the algorithms based on gradient descent present no guaranty to converge
to the global minima when there are local minima in the optimization problem at
hand, the convergence point depends heavily on the choice of the starting point of
the optimization, and generally, these algorithms converge (depending also on the
learning rate) to the nearest local minima to the initial starting point.

In this section we address the optimization problem (image reconstruction)
from the perspective of the speed of convergence (as one of the very important
matters in practical use of DOT in clinical applications) rather than sensitivity
of the algorithms to the choice of the initial guess with respect to their efficiency
to find global minima (which is the other important practical issue in applying
DOT), this last perspective is equally relevant and without doubt needs particular
attention and further analysis, but in the scope of our current work remains an
open question to follow up, as our randomized simulation design was focused on
controlling the factors that influence speed of convergence, we can use the same
approach as in this work to quantify (statistically speaking) the efficiency and
sensitivity to reach the global minima depending on problem factors, but this needs
obviously to redesign the simulation to generate the appropriate data suitable for
this substantially different analysis objective.

The “blindness” toward the globality/locality character of the reached opti-
mum for the gradient descent-based algorithms is an inherent property because
the gradient is a local concept, and by itself carry only local information about
the objective function which makes these algorithms very sensitive to the choice
of learning rate and initialization. The adaptive moment included features does
not add to the image but some amount of “memory” of the recent gradients.

A rough observation that can be mentioned here is the fact that in our generated
sample data, most of the time the convergent instances for Nadam and Adam was
to the global minima, but we can’t really draw any statistical evidence from this
naïve observation because our randomized simulation design does not support this
analysis.

First of all, we check the distributions of number of iterations (speed) for
normality, In the hope to be able to harness the large and powerful available para-
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metric statistical approaches, from a literature heavily relying on this (workhorse)
normal distribution.

Probability distributions of speed of convergence and the log of speed of con-
vergence is shown in the QQ plot described in Figure 5.2(a) and Figure 5.2(b),
respectively. From these two graphs, it clearly appears that these distributions are
very far from being reasonably considered normally or log-normally distributed.
That is not a surprising fact indeed, knowing that these distributions are not sym-
metric to begin with, and look (strongly) skewed, but we wanted to exclude the
possibilities of any approximate (left truncated) normal distributions.
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(a)

(b)

Figure 5.2: QQ-plot of speed of convergence and log of speed of convergence , for
different optimizers.
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Table 5.4: Shapiro-Wilk normality test results.

Optimizers Shapiro-Wilk [%] p-value

Nadam 0.71168 < 2.2e-16

Adam 0.68959 < 2.2e-16

AmsGrad 0.63334 < 2.2e-16

Confirming this visual observation, the results of running Shapiro-Wilk nor-
mality tests on the three data samples are listed in Table 5.4 using the following
formula

W = (∑n
i=1 aixi)2∑n

i=1(xi − x̄)2 (5.16)

where x̄ is the sample mean, and xi are the ordered sample values. The constants
ai are obtained from the covariances, variances, and means of n random variables
sampled from the standard normal distribution.

From Table 5.4, we conclude that the number of iteration for different optimiz-
ers significantly deviate from being normally distributed and there is very little
evidence, if not, that support the normality. We did not test the goodness of fit
for other density functions like Gumbel, Fréchet and Weibul, even though the look
of the distributions may suggest this family of extreme value distribution (EVD),
mainly for two reasons:

First, those EVDs, even if approximately fitted to our empirical distribution
will not provide us, following our best judgment, with any advantage, considering
the fact that the nature of exact distribution is not our main goal in itself, but
rather is the distributions locations, while all the well known available parametric
statistical methods for this purpose, are based on the assumption that the samples
come from (approximate) normal distribution.

Second, since we stopped the optimization iterations at 200 as mentioned above,
we automatically lost informations about the distribution in the extreme left part
of the tail (that is almost 10% of the population according to the estimates in
Table 5.2, for the three algorithms). This fact would certainly impact (heavily) the
estimation of any EVD parameter, and by consequences, would reduce the power
of any parametric test based on those inherently biased, and grossly approximate
fits, which will minimize the comparative advantage of the eventual parametric
over non parametric alternative method.

Following the arguments discussed above, we will use non-parametric statistical
approaches to recover further information about the three optimizers performances
from data, and since the exact distributions are not well defined, we will use the
empirical cumulative distribution as a legitimate approximation.
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From the superposition of the three optimizers empirical densities and cumu-
lative densities functions of speed of convergence, as shown in Figure 5.3(a) and
Figure 5.3(b) respectively, we note the differences in the central tendencies of the
speed of convergence for the three optimizers, and we remark that the minimiza-
tion of the objective function converges faster in the case of AmsGrad algorithm
in comparison to the other two algorithms. To gain more credible evidence about
this preliminary raw observations, we conducted a Kruskal-Wallis paired test [144]
to elicit any significant difference of means among the three optimizers. Results
of the tests are included in box plot shown in Figure 5.4 with p-values. We can
conclude with high confidence that there is a significant difference (p ≺ 0.05) be-
tween the speed of convergence for the three optimizers. Comparing the means
of number of iterations between each two algorithms individually, and especially
between Adam and AmsGrad that look very close (mean wise), we conclude that
there is a significant difference between these two groups, too.

(a) (b)

Figure 5.3: a) Densities of number of iteration for each optimizer and b) The
emprical cumulative density functions.

To frame those differences in speed between the three algorithms, we generate
the 95 percent confidence intervals for the median differences using the bootstrap
method with 10 000 replicates each. Normal, Percentile, and pivotal 95 percent
confidence intervals have been calculated. Results are summarized in Table 5.5.
From this table we spot a clear advantage of Nadam and AmsGrad over Adam
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Figure 5.4: The Kruskal-Wallis paired test for number of iterations between dif-
ferent groups of optimizers with the resulting p-value of the test for each group.

in speed of convergence (on average) while the difference between AmsGrad and
Nadam is around just 4 steps.

Table 5.5: The 95 percent non parametric confidence intervals based on bootstrap
method.

Groups Point esti-
mation

Standard
Error

Normal Percentile Pivotal

AmsGrad
vs
Nadam

4 0.36 (3.29,4.71) (3,4) (4,5)

Adam vs
Nadam 12 0.5 (11.04,12.96) (11,12) (12,13)

AmsGrad
vs Adam 15 0.44 (14.13,15.87) (15,16) (14,15)

Following the logic of our study, we investigate the relationship between speed
of convergence and each of the three factors of the simulation, namely the number
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of anomalies in image, the initial guess error and the choice of the learning rate. To
verify the impact of number of anomalies on the speed of convergence, Kruskal-
Wallis test is applied on each algorithm speed of convergence sample data, as
grouped by the number of inclusions. Kruskul-Wallis test results are presented
in Figure 5.5, and we can conclude (by failing to reject the Kruskul-Wallis null
hypothesis) that the number of anomalies present in the image is not significantly
affecting the speed of convergence (p ≻ 0.05) for different optimizers.

Figure 5.5: Kruskal-Wallis test on number of inclusions for different optimizers
with the resulting p-value of the test for each group.

To fulfill our investigation, we discuss the impact of initial guess error and
learning rate parameter over number of iterations as shown in Figure 5.6 and
Figure 5.6, respectively. The Spearman’s coefficient of correlation is used due to
its robustness against outliers which appears in data. The Spearman’s coefficient
of correlation is given by

R = 1− 6 ∑
d2

i

n(n2 − 1) (5.17)

Here,
R is the strength of the rank correlation between variables
di is the difference between the x rank and the y rank for each pair of data∑
d2

i is the sum of the squared differences between x and y variable ranks
n is the sample size
Scatter plots in Figure 5.6(a) and Figure 5.6(b) show the relationship between

the initial guess error and the learning rate parameter on the speed of convergence,

53



(a) (b)

Figure 5.6: Relationship between number of iteration of each optimizer and (a)
initial guess error δ (b) learning rate hyper parameter β.

respectively. Spearman’s coefficient of correlation R and p-value are mentioned on
the top of each graph. From Figure 5.6(b), we notice that when the learning
rate ranges in [0.001,0.2], Nadam and Adam algorithms take more iterations than
the AmsGrad algorithm. Also,we note that the AmsGrad algorithm present some
robustness toward the learning rate in this range and presents some outliers in the
range [0.001,0.2]. According to the Spearman’s correlation coefficient, we observe
a very strong correlation (R=-1) between learning rate parameter and number of
iterations for Adam and Nadam optimizers and a negligible correlation for the
case of AmsGrad optimizer and presents some outliers when learning rate ranges
in [0.2,0.3] . On the other hand, Figure 5.6(a), shows the relationship between
the initial guess error and number of iterations taken by each optimizer to reach
convergence of cost functional. We remark that error has the same impact on
Adam and Nadam algorithms, when comparing their p value and coefficient of
correlation. However, we observe that the AmsGrad is more efficient then other
two optimizers even if the error is far from the real image.

To assess the quality performance in reconstructed images between these opti-
mizers, we performed statistical tests for differences of means on PSNR and SSIM
as measured for reconstructed images, between the optimizers. These two scores
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are defined as follows:

PSNR = 10 log10(
max2(µtrue

a )
1
N

∑N
i=1(µrecon

a (i)− µtrue
a (i))2 ),

SSIM(µtrue
a , µrecon

a ) = [l(µtrue
a , µrecon

a )]x

+ [c(µtrue
a , µrecon

a )]y + [s(µtrue
a , µrecon

a ]z,

where
l(µtrue

a , µrecon
a ) = (2m̄µtrue

a
m̄µrecon

a
+ C1)

(m̄2
µtrue

a
+ m̄2

µrecon
a

+ C1)

c(µtrue
a , µrecon

a ) = (2σµtrue
a

σµrecon
a

+ C1)
(σ2

µtrue
a

+ σ2
µrecon

a
+ C2)

s(µtrue
a , µrecon

a ) = (σµtrue
a µrecon

a
+ C3)

(σµtrue
a

σµrecon
a

+ C3)
where l(µtrue

a , µrecon
a ), c(µtrue

a , µrecon
a ), and s(µtrue

a , µrecon
a ) are the luminance, con-

trast and structure variations between the true image µtrue
a and reconstructed

image µrecon
a , respectively, and x > 0, y > 0, and z > 0 are three parameters used

to adjust relative importance of the three components of the similarity measure.
m̄µtrue

a
and m̄µrecon

a
are the means of pixel values of µtrue

a and µrecon
a , respectively.

We denote by σµtrue
a

, σµrecon
a

, and σµtrue
a µrecon

a
the standard deviation of µtrue

a and
µrecon

a , and the covariance of image µtrue
a and µrecon

a , respectively. C1, C2, and C3
are constants.

The global comparison of quality of reconstructed images are shown in Figure
5.7(a), and Figure 5.7(b), as the result of running the Kruskal-Wallis for PSNR
(we eliminated AmsGrad outliers where PSNR < −25db) and SSIM, grouping
each score sample by optimizer. From Figure 5.7, it appears that the PSNR and
the SSIM of AmsGrad are much lower (worse quality) than those of Nadam and
Adam. Also, we can observe that the means of PSNR and SSIM for Adam and
Nadam are very close.

To evaluate the influence of number of inclusions on image quality, we conduct
a Wilcoxon test [145]. The test was applied according different groups of number
of inclusions. The resulting p-values of this test are summarized in Table 5.6. The
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(a) (b)

Figure 5.7: Kruskal-Wallis test for a) PSNR b) SSIM for different groups of op-
timizers, with the statistical significance p-value for each group. The simulation
cases with PSNR < −25db are excluded.

results analysis shows that there is a significant statistical difference between means
due to the difference in number of inclusion present in images (p− value < 0.05).

Table 5.6: Summary of Wilcoxon test between different number of anomalies for
each optimizer.

Adam Nadam AmsGrad

1vs2 2vs3 1vs3 1vs2 2vs3 1vs3 1vs2 2vs3 1vs3

PSNR 0.02 2.5e-4 1.8e-6 0.002 0.004 7.8e-11 0.003 0.031 0.001

SSIM 6.4e-5 1.2e-4 1.2e-14 0.008 0.02 0.03 < 2.2e-16 < 2.2e-16 < 2.2e-16

A similar conclusion is deduced about the influence of learning rate on PSNR
and SSIM. Scatter plots in Figure 5.8(a) and 5.8(b) show clearly this strong influ-
ence of learning rate on PSNR and SSIM, respectively.The resulting Spearman’s
correlation coefficient by optimizer (and the corresponding p-value) for PSNR and
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SSIM, are mentioned on the top of each graph. As shown in Figure 5.8(a), we notice
that there is a strong negative correlation between learning rate hyper-parameter
and PSNR for the case of Adam and AmsGrad. For the case of Nadam , we note
a moderate negative correlation between the choice of learning rate and PSNR of
reconstructed images. From Figure 5.8(b), we observe that there is a strong neg-
ative correlation between learning rate parameter and SSIM for the case of Adam
and Nadam. Also, there is a moderate negative correlation between learning rate
and SSIM in the case of AmsGrad. The resulting p-value mentioned on the top
of each graph, indicate that these correlations are statistically significant, and by
consequence, we can conclude the same about the significance of the influence of
learning rate choice on the quality of the resulting reconstructed image. Thus, a
small value of learning rate that ranges between 0.001 and 0.2 is recommended.

(a) (b)

Figure 5.8: Relationship between learning rate and (a) PSNR (b) SSIM for different
optimizers. The resulting Spearman’s coefficient R and the p-value are shown on
the top of each graph.

Concerning initial guess error, scatter plots in Figure 5.9 demonstrate the in-
fluence of initial guess error on reconstructed image quality. From Figure 5.9(a)
and Figure 5.9(b), the obtained results show that there is no significant statistical
differences between the initial guess error and resulting quality (PSNR/SSIM).
Thus, we can conclude with high confidence (p ≻ 0.05) that the image quality is
only influenced by the number of anomalies in the image and the choice of the
learning rate.
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(a) (b)

Figure 5.9: Relationship between initial guess error and (a) PSNR (b) SSIM for
different optimizers. The resulting Spearman’s coefficient R and the p-value are
shown on the top of each graph.

We illustrate some cases from our simulation. Figure 5.10 shows the recon-
structed absorption coefficient µa for the case of one inclusion for an initial guess
error equal to δ = 0.2. Different values of learning rate are used. The background
of true image are taken equal to µbck

a = 0.01mm−1 and µ′bck
s = 2mm−1. The recon-

struction using Nadam and Adam showed a good localization of inclusion. Also,
its size is the same compared to the true image with optical properties close to
those of true image values. Some artifacts are observed in the borders close to
sources and detectors region when the learning rate is higher than 0.1. For the
case of AmsGrad reconstruction, we observe that the size of reconstructed image
matches those for the true image with some artifacts in the center when learning
rate is lower than 0.1. However, when the learning rate is greater than 0.1, we
remark that AmsGrad can localize the inclusion, but with some artifacts in the
borders. The size and the shape of inclusion does not match with those in the true
image. Figure 5.11 shows the reconstructed absorption coefficient µa for the case
of two inclusions with different shapes for the same values of initial guess error
and optical properties used in the first case of one inclusion. From Figure 5.11, we
notice that we obtain a good localization of both inclusions for the case of Nadam
and Adam for different values of learning rate. However, when the learning rate
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is higher than 0.01, we observe some artifacts near the borders. For the case of
AmsGrad reconstruction, it is clear that, when the learning rate exceeds 0.1, the
size and the shape of inclusion does not matches with those figuring in the true
image.

Figure 5.10: Reconstruction of the absorption coefficient µa with one inclusion.
The first row presents the true image (left) and initial guess image with an initial
guess error δ = 0.2 (right). The second, third and fourth rows present the recon-
struction images using Nadam, Adam, and AmsGrad, respectively. With learning
rate β values equal to 0.001, 0.01, 0.1, 0.2, and 0.3 from (left to right).
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Figure 5.11: Reconstruction of the absorption coefficient µa with two inclusions.
The first row presents the true image (left) and initial guess image with an initial
guess error δ = 0.2 (right). The second, third and fourth rows present the recon-
struction images using Nadam, Adam, and AmsGrad, respectively. With learning
rate β values equal to 0.001, 0.01, 0.1, 0.2, and 0.3 from (left to right).

5.7 Discussion and conclusion
This research work analyzed the behavior of three optimizers when applied to
the inverse problem of DOT regarding the speed of convergence and quality of
reconstruction. The three optimizers under study, namely Nadam, Adam and
AmsGrad, are enhanced versions of the simple gradient descent algorithm, and
had proved to be of very good performance in solving optimization problems in
other areas of applications, especially in Deep Learning model search. Our study
as we performed is based on a carefully designed randomized numerical simulation
that aimed to gain credible statistical evidence on the actual performance of these
optimizers when applied to solving the DOT inverse problem. We addressed our
attention on the impact of number of anomalies, the learning rate choice, and ini-
tial guess error on the speed of convergence. We inquired also the impact of these
same parameters on the quality of image reconstruction. The results derived us-
ing mainly non-parametric statistical approaches, provides a scientifically credible
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quantification of the actual performance of these optimizers, with respect to the
choice of learning rate, and under the constraint of the true numbers of anomalies
and the arbitrariness of the initial starting point of the optimization.

The study provided valuable guidelines in terms of statistical evidence of the
importance of the good choice of the learning rate for the three algorithms, and
statistically proved the robustness of Nadam and Adam to the initial guess and the
number of anomalies, these results can help improve and promote more the appli-
cation of DOT in practical medical applications. However, we did not study the
impact of these parameters on the simultaneous reconstruction of the absorption
and scattering coefficients.
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Chapter 6

A New Approach To Improve
Optimizer Performance Through
Algorithms Diversification For
Image Reconstruction In Diffuse
Optical Tomography

In this chapter, we present a new approach to improve optimizer performance
by using an Algorithms Diversification that switch back and forth between Ams-
Grad and Nadam in a controlled fashion, where AmsGrad optimizer will be used
to accelerate the speed of convergence and Nadam to obtain a good quality of
reconstructed image.

6.1 Introduction
The fairly interesting technique for medical imaging suffers nevertheless from the
complexity of the related inverse problem as mentioned before, which hinders its
broad adoption in medical imaging practice, compared to other readily available
procedures like ultrasound and mammography, due to the time consuming numer-
ical optimization solution. The most crucial factor that impacts the acceptance
of this new promising procedure of DOT is the quality of the generated image
of the biological tissue under-diagnosis and the speed at which we can get feed-
back from it in real-life configuration [146, 147]. Both of these issues have been
studied in previous work [148] that aimed to enhance the solution of DOT prob-
lem practically by acting on the optimizer algorithm used to solve the underlying
inverse problem. The conclusion reached can be briefly stated that adaptive mo-
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ment gradient descent algorithms show statistically significant higher performance
in solving numerically the inverse problem of DOT, which represents a significant
step toward making DOT procedure more ready for practical application. How-
ever, with a caveat, that is the assessed algorithms, namely NADAM [149] and
AMSGrad [138], performed individually with respect to only one of the previ-
ously cited criteria of interest, namely quality of reconstructed image and speed
of convergence while achieving inferior performance concerning the other. In this
situation, NADAM is very efficient algorithm in providing superior quality of re-
constructed images, but consumes in the way much larger number of iterations
than AMSGrad. Conversely, this latest algorithm is very fast in reaching con-
vergence, yet the reconstructed images are far less clear and of low quality. In
the present work, we devised a procedure to mix these two optimizers into a new
brand of algorithms. This procedure of combining the two algorithms that we will
refer to in this work by "diversification" will receive the proper description and
explanation in Section 6.3 hereafter. Statistical simulation results will show that,
interestingly and significantly enough, the proposed brand of algorithms inherit
the best of both worlds by accelerating the rate of convergence and achieving a
good quality of the reconstructed images, which is a significant step toward accel-
erating and enhancing DOT medical imaging techniques to be adopted and used
broadly in the practical medical context.

The rest of this chapter is organized as follows: In Section 6.2, we give a brief
overview of the mathematical formulation of the diffusion approximation in the
continuous wave (CW) case and describe the inverse problem. In section 6.3, we
describe the proposed new algorithm that we used to reconstruct the absorption
coefficient of DOT. In Section 6.4, we discuss the results obtained by our algorithm
in the case of free noise and noisy measurement data.

6.2 Forward and inverse problem

6.2.1 Forward problem
In this section we describe the mathematical formulation of the diffusion approxi-
mation (DA).
Let Ω ⊂ Rn,n = 2, 3 , be our domain of interest, and ∂Ω the boundary of Ω. Then
the DA inside the domain Ω satisfies the partial differential equation

−∇[.D(r)∇Ψ(r)] + µa(r)Ψ(r) = 0 r ∈ Ω (6.1)

with the Robin-boundary condition

Ψ(r) + 2aD(r)∂Ψ(r)
∂n̂

= S(r) r ∈ ∂Ω (6.2)
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where Ψ(r) is the photon density, D(r) is the diffusion coefficient defined byD(r) =
1

3(µa+µ′
s) . a is the Fresnel reflection coefficient, which depends on the mismatch

between the refractive indices, µa and µs the absorption and scattering coefficient
respectively, and µ′

s the reduced scattering coefficient expressed as µ′
s = (1− g)µs,

where g is the anisotropic factor. S(r) describes the boundary condition for the
incoming radiation and n̂ is the outward normal vector to Ω.

6.2.2 Inverse problem
The main goal of the inverse problem of DOT, is to determine the optical param-
eters µa and µs based on the boundary measured data yi such that

Fi(µa, µs) = yi 1 ≤ i ≤ s (6.3)

where Fi is the forward operator which is assumed to be Fréchet differentiable,
and yi the approximate measured data. through out this work, we will focus
our attention on the reconstruction of the absorption coefficient µa, and we will
consider that the scattering parameter µs is known. Then, the inverse problem of
DOT can be written as follows

J(µa) = 1
2

s∑
i=1

(Fi(µa)− yi)2 (6.4)

Then this problem can be stated in term of an optimization problem with an
additive regularization term

µ∗
a = argminJ(µa) + λR(µa) (6.5)

where R(µa) is the regularization operator that enforces smoothness conditions
in the solution, and λ is the regularization parameter.

6.3 Proposed algorithm
This section will describe our proposed approach to construct the new brand of
algorithms to solve the inverse problem of DOT, using the method that we de-
nominate by " Algorithms Diversification ". The main idea behind this technique
of algorithm construction procedure is to benefit from the adversarial advantages
of Nadam and AMSGrad. In our previous work [17], statistical numerical re-
sults have shown that when the learning rate is in the range [0.001, 0.2] NADAM
algorithm takes more iterations to converge than AMSGrad. However, always
in the same learning rate range, the NADAM algorithm achieves a significantly
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better-reconstructed image quality relative to AMSGrad. To exploit the adver-
sarial advantages of NADAM and AMSGrad, we propose a diversified algorithm,
called NADA-p (Nadam-AMSGrad Diversified Algorithm with ratio p), that com-
bines NADAM and AMSGrad algorithms in a stochastic fashion according to a
probability ratio p. Literally speaking, we combine the two gradient-based algo-
rithms with incompatible advantages (speed and reconstruction quality), hoping
to design an algorithm that inherits the benefits of both, since, as statistically
established in the previous article, NADAM is significantly more efficient in terms
of reconstruction quality. However, the better quality it achieves, the poorer it
performs in terms of the rate of convergence. In contrast, AMSGrad evolves in
the opposite direction, giving a better convergence speed than NADAM, but a low
quality of reconstructed images. For performance assessment, we will compare the
proposed algorithm with AMSGrad and NADAM. For more details about NADAM
and AMSGrad algorithms, we refer the reader to [139]. The implementation of the
NADA-p algorithm is outlined below in algorithm 1. Also, we empirically note that
the NADA-p algorithm inherits the same guaranties of convergence from NADAM
and AMSGrad under the assumptions that they both converge. The case where
NADAM or AMSGrad or both fail to converge is not examined in this work.

In the following outlined implementation of the NADA-p algorithm, p is a
decision parameter taken in the range [0, 1], and b is the value of the random
variable that follow Bernoulli distribution with parameter p at each iteration.
αNadam and αAMSGrad are the learning rate parameters for Nadam and AMSGrad
algorithms, respectively, ρ1 and ρ2 are the exponential decay rates for the moment
estimates. We denote by ϵ the stabilization parameter, and µ0

a is the initial guess
estimation.
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Algorithm 4: Pseudocode of NADAM-AMSGrad Diversified Algorithm
with ratio p (NADA-p)

Require: p, µ0
a, αNadam,αAMSGrad, ρ1, ρ2, and ϵ

Ensure: µn
a

while J not converged do
b← bernoulli(p)
k ← k + 1
gk ← ∇Jµa(µk−1

a )
mk ← ρ1.mk−1 + (1− ρ2).gk

vk ← ρ1.vk−1 + (1− ρ2).g2
k

m̂k ← mk

(1−ρk
1)

v̂k ← vk

(1−ρk
2)

x̂k ← max(vk, ˆxk−1)
if b == 0 then
µk

a ← µk−1
a − αNADAM√

v̂k+ϵ
(ρ1m̂k + 1−ρ1

1−ρk
1
gk)

if b == 1 then
µk

a ← µk−1
a − αAMSGrad√

x̂k+ϵ
mk

end while

6.4 Performance evaluation
To evaluate the reconstructed image quality of the proposed algorithm for the prob-
lem of DOT, peak noise ratio (PSNR) and Structural similarity (SSIM) [150,151],
were calculated as expressed below

PSNR = 10 log10(
max2(µtrue

a )
1
N

∑N
i=1(µrecon

a (i)− µtrue
a (i))2 ),

SSIM(µtrue
a , µrecon

a ) = [l(µtrue
a , µrecon

a )]x

+ [c(µtrue
a , µrecon

a )]y + [s(µtrue
a , µrecon

a ]z,

where
l(µtrue

a , µrecon
a ) = (2m̄µtrue

a
m̄µrecon

a
+ C1)

(m̄2
µtrue

a
+ m̄2

µrecon
a

+ C1)
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+ σ2
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a
+ C2)

s(µtrue
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a
+ C3)
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here we denote by l(µtrue

a , µrecon
a ), c(µtrue

a , µrecon
a ), and s(µtrue

a , µrecon
a ) the luminance,

contrast and structure variations between the true image µtrue
a and reconstructed

image µrecon
a , respectively, and x > 0, y > 0, and z > 0 are three parameters used

to adjust relative importance of the three components of the similarity measure.
m̄µtrue

a
and m̄µrecon

a
are the means of pixel values of µtrue

a and µrecon
a , respectively.

We denote by σµtrue
a

, σµrecon
a

, and σµtrue
a µrecon

a
the standard deviation of µtrue

a and
µrecon

a , and the covariance of image µtrue
a and µrecon

a , respectively. C1, C2, and C3
are constants.

6.5 Simulation and data processing
we executed a two stages plan for our simulation experiments. First, we run
simulations for free noise data to compare the performance of the NADA-p with
NADAM and AMSGrad, where we sampled the probability ration p uniformly
randomly in the range [0, 1]. We run a similar simulation with the measured data
contaminated with 5% white Gaussian noise in the second stage.

To generate a set of data, we use the Toast++ software [143], which solves the
forward problem described above. We assume that the medium is highly scattering
such that, µa ≪ µs. 16 sources and 16 detectors are located on the boundary of the
domain with equal distance. The location, size and number of anomalies in µa are
chosen randomly with a background µbkg

a = 0.05mm−1 and µ
′bkg
s = 4mm−1. We

solve the forward problem by using the finite element method as described in [152].
We use a circular mesh of radius 20 mm, containing different inclusion sizes and
shapes, with 30 504 nodes and 82 332 tetrahedral elements for the forward problem.
To avoid inverse crime [144], we use different meshes for the inverse problem with
18 635 nodes and 41 723 tetrahedral elements. The number of anomalies is taken
randomly in the range 1 to 3. The regularization parameter λ is set to be equal
to 10−10. We solve the inverse problem of DOT by using the NADA-p algorithm
presented in the pseudo-code below. For comparison purposes, we use Nadam and
AMSGrad algorithms. For more information and details, we refer the reader to
[139].
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The choice of the learning rate parameters of both NADAM and AMSGrad is
based on the results from our work [149]. For Nadam, we choose a learning rate
that gives the best possible reconstructed image quality without paying attention
to the resulting low convergence speed. On the other hand, for AMSGrad we take
a learning rate value that gives the best convergence rate despite the resulting
low quality of reconstructed images. Based on the results in [149], αNadam and
αAMSGrad are set to be equal to 0.01 and 0.2, respectively. We fixed all the other
hyperparameters for all optimizers to the recommended values from the corre-
sponding literature with ρ1 = 0.9 and ρ2 = 0.999. The algorithm stops until the
stopping criterion is satisfied. The complete data analysis was carried out in R
[153].

6.6 Results and Discussion
Our study is divided into two parts [154]. For the first section, we discuss the per-
formance of the proposed algorithm in the case of free noise measurement data.
In the second section, we will investigate our algorithm’s performance and ro-
bustness when white Gaussian noise is added to measurement data. For both
cases, we study the behavior of speed of convergence and the quality of the re-
constructed images with respect to the output of the three algorithms, namely
NADAM, AMSGrad, and NADA-p. To statistically compare different groups of
resulted simulation samples, Kruskal-Wallis paired test [145] will be carried out.
The resulting p-value of the test is at the top of each graph.

6.6.1 Simulation with free of noise Data measurements
We discuss in this first part the results from the simulation with free noise measure-
ment data. We present the simulation results of 200 instances. For this simulation,
the maximal number of iterations has been set to be equal to 120 iterations.

Figure 6.1(a) presents the impact of the ratio p on the number of iterations.
We take p = 0 for the case of Nadam (which is equivalent to NADA-0) and p = 1
for the case of AMSGrad (which is equivalent to NADA-1) algorithm. From Figure
6.1(a), we note that our proposed algorithm converges faster than the NADAM
algorithm when p is greater than 0.25. However, it takes more iteration number
when p ranges in [0, 0.25]. To gain more credible evidence about this remark,
we compare the mean of the number of iteration for each algorithm as shown in
Figure 6.1(b), restricting our attention to the NADA-p where p is in the range
[0.2, 0.99]. Box plot in Figure 6.1(b) show that there is a significant difference
(p − value < 0.05) for the speed of convergence between NADAM on the one
hand and NADA-p and AMSGrad on the other hand. At the same time, there
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(a) (b)

Figure 6.1: (a) Relationship between number of iterations and the choice of the
ratio p for Nada-p, data from Nadam (p=0) and AMSGrad (p=1) is add for visual
comparison. (b) Kruskal–Wallis test results for the number of iterations between
different optimizers.

is no significant difference between NADA-p and AMSGrad in terms of speed of
convergence.

Concerning the quality of the reconstructed images, the PSNR, and the SSIM
values have been calculated as described in Section 6.4, for each simulated instance.
The SSIM values range between 0 and 1. A result with a high value of SSIM is con-
sidered a good reconstructed image. Figure 6.2 (a) shows the relationship between
the PSNR and the probability ratio p parameter choice for the NADA-p algorithm.
From Figure 6.2 (a), we note that the PSNR of our proposed algorithm is the same
as NADAM algorithm when p is in the range [0.25, 1[. The same observation can
be concluded about the SSIM from Figure 6.2(b). Figure 6.2 (c) and Figure 6.2
(d) show the Kruskal-Wallis test results for PSNR and SSIM, respectively, be-
tween different pairs of algorithms. From Figure 6.2(c) and Figure 6.2(d), we can
conclude that there is significant statistical differences (p− value < 0.05) between
AMSGrad and the other two algorithms, and no significant statistical difference
between NADAM and NADA-p (p− value > 0.05) in terms of PSNR and SSIM.

To further illustrate these observations, we present the relationship between
PSNR/SSIM and the number of iterations to localize the NADA-p algorithm’s
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(a) (b)

(c) (d)

Figure 6.2: (a) Impact of ratio p on PSNR. (b) Impact of ratio p on SSIM.
(c) Kruskal–Wallis test results for the PSNR difference between optimizers. (d)
Kruskal–Wallis test for the SSIM difference between different optimizers.

performance relative to both others. From Figure 6.3(a) and Figure 6.3(b), we
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(a) (b)

Figure 6.3: (a) Relationship between PSNR and the number of iterations. (b)
Relationship between SSIM and the number of iterations.

outline that NADA-p algorithm can achieve high values of PSNR and SSIM with
a few numbers of iterations contrarily to NADAM that performs the same in terms
of quality reconstruction but with a much higher number of iterations.

The most remarkable feature of the NADA-p algorithm that we note from
Figure 6.3 is that, even though NADA-p is in a way an "average" algorithm from
NADAM and AMSGrad, it does not yield an "average" response with respect to the
rate of convergence and quality of reconstructed images. Still, it inherits the good
features from both NADAM and AMSGrad, which is a very interesting behavior
that allows us to construct a better optimizer from combination of two lesser good
ones. This fact is significantly exhibited when we simulate with a specific value of
ratio p around the middle (like p = 0.6) as shown in Figure 6.4.

Figure 6.5 shows the reconstruction results of the absorption coefficient with
three inclusions by different reconstruction algorithms. The first row presents the
target image and the initial guess image from left to right. The second row shows
the reconstruction images using NADAM after 100 iterations (left) and AMSGrad
after 15 iterations (right). The third row presents the reconstruction images using
NADA-0.3 , NADA-0.5 , and NADA-0.6 after 40, 25 and 10 iterations. Results
demonstrated in Figure 6.5 show that our algorithm can localize the shape and
the size of inclusions in a fewer number of iteration compared to NADAM, with
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(a) (b)

Figure 6.4: (a) Relationship between the PSNR and the number of iterations for
NADAM, AMSGrad and NADA-0.6. (b) Relationship between the SSIM and the
number of iterations for NADAM, AMSGrad and NADA-0.6.

high contrast compared to AMSGrad.

6.6.2 Simulation with white noise contaminated Data mea-
surements

Since the measurement data is often contaminated with noise, and to further assess
the performance and effectiveness of the proposed algorithm against noisy data, we
add 5% Gaussian noise to the boundary measured data. We increase the maximum
number limit of iterations to 200 due to the slow convergence rate of the algorithms
in the presence of noise. We run the experiment for 200 simulation instances.

As shown in Figure 6.6(a), regarding the speed that the NADA-p algorithm
takes to converge on average, it is much faster than the NADAM algorithm when
the ratio p ranges in [0.125, 1[. Moreover, the speed of convergence of the proposed
algorithm can be considered similar to the speed of convergence of AMSGrad
algorithm when p is greater than 0.125. To statistically confirm this observation,
we run the Kruskal-Wallis test restricting our attention only to the instances with
values of p in the range [0.125, 0.99]. Kruskal-Wallis test results are shown in Figure
6.6(b). From Figure 6.6(b), we note that there is a significant statistical difference
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Figure 6.5: Reconstruction results of the absorption coefficient µa with three inclu-
sions with different algorithms in the case of free noise measurement data. The first
row presents the target image (left) and initial guess image (right). The second
row, presents the reconstruction images using NADA-0 (left), and NADA-1 (right).
The third row, presents the reconstruction images using NADA-0.3, NADA-0.5,
and NADA-0.6 from left to right,respectively.

between NADAM and the other two algorithms (p−value < 0.05) in terms of rate
of convergence. However, we note that there is no significant difference between
AMSGrad and NADA-p algorithms (p− value > 0.05).

Finishing our evaluating of the impact of noise on the performance of our
algorithm, this time in terms of the quality of reconstructed images. We notice
first from Figure 6.7(a) and Figure 6.7(b) that the NADA-p algorithm behaves as
NADAM algorithm when p ranges in [0.125, 1[ while outperforming AMSGrad in
terms of PSNR and SSIM in that same range. We run the Kruskal-Wallis test
to confirm this observation as shown in Figure 6.7(c) and Figure 6.7(d). From
Figure 6.7(a) and Figure 6.7(b), we conclude that there is no significant statistical
differences (p − value > 0.05) between NADAM and NADA-p in term of PSNR
and SSIM. However, we notice a significant statistical difference between AMSGrad

73



(a) (b)

Figure 6.6: (a) Relationship between number of iterations and the choice of the
ratio p for NADA-p. (b) Kruskal–Wallis test results for the number of iterations
between different optimizers.

and both other two algorithms regarding the quality of reconstructed images.
Finally, to conclude this performance comparison as we did in the previous

section about free noise data, Figure 6.8 illustrate clearly the relative performance
of the three algorithms with respect to the rate of convergence and quality of re-
construction. From Figure 6.8, we notice that NADA-p and NADAM algorithm
outperform AMSGrad algorithm in terms of quality of reconstructed images. Fur-
thermore, the NADA-p algorithm can achieve the same quality of reconstructed
images as the NADAM algorithm in fewer iterations. Thus, we can conclude that
the NADA-p algorithm is more efficient and robust even in noisy measurement
data and can inherit the advantages of NADAM and AMSGrad.

Here too, we outline the same remarkable feature of the NADA-p algorithm
that we noted before in the case of the free noise data. From Figure 6.8 is that, even
though NADA-p is in a way an "average" algorithm from NADAM and AMSGrad,
it does not yield an "average" response with respect to the rate of convergence
and quality of reconstructed images. Still, it inherits the good features from both
NADAM and AMSGrad, which is a very interesting behavior that allows us to
construct a better optimizer from combination of two lesser good ones.

Figure 6.9 shows the reconstruction results of the absorption coefficient µa
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(a) (b)

(c) (d)

Figure 6.7: (a) Impact of ratio p on PSNR. (b) Impact of ratio p on SSIM.
(c) Kruskal–Wallis test results for the PSNR difference between optimizers. (d)
Kruskal–Wallis test for the SSIM difference between different optimizers.

with two inclusions by different algorithms in the case when 5% of white Gaussian
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(a) (b)

Figure 6.8: (a) Relationship between the PSNR and the number of iterations for
each algorithm. (b) Relationship between the SSIM and the number of iterations
for each algorithm.

noise is added to boundary measurement data. The first row presents the actual
image (left) and the initial guess image (right). The second row shows the recon-
struction images using NADAM with 200 iterations (left) and AMSGrad with 30
iterations (right). The third row presents the reconstruction images using NADA-
0.1, NADA-0.4, and NADA-0.6 from left to right, with 100, 55, and 40 iterations.
Reconstruction results show that AMSGrad fails to localize the inclusions in the
case of noisy data. For the NADAM algorithm, we notice that the shape of in-
clusions matches those of the true image but with some artifacts. For the case
of the reconstructed images obtained by NADA-p algorithm, we notice that, the
shape and the size of inclusions match with those figuring in the actual image.
Moreover,the image reconstructed by NADA-p algorithm has better contrast than
those obtained by NADAM and AMSGrad.
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Figure 6.9: Reconstruction results of the absorption coefficient µa with two in-
clusions by different algorithms in the case of noisy measurement data. The first
row presents the target image (left) and initial guess image (right). The second
row, presents the reconstruction images using Nadam (left), and AMSGrad (right).
The third row, presents the reconstruction images using NADA-0.1, NADA-0.4,
and NADA-0.6 from left to right,respectively.

6.7 Conclusion
In the presented work, a new optimizer algorithm to solve the inverse problem of
DOT has been presented and discussed. A large amount of random simulation has
been carried out to evaluate the convergence behavior and quality of reconstructed
images for both cases of free of noise and contaminated measurement data. Results
and their analysis show that the proposed algorithm can achieve convergence sig-
nificantly faster compared to NADAM algorithm. Also according to the quality of
reconstructed images, results show that the proposed algorithm can achieve much
better quality of reconstruction compared to AMSGrad algorithm.

By diversifying the two algorithms, NADAM and AMSGrad, in the way we used
to design our NADA-p algorithm, the resulting optimizer exhibits a very interesting
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feature, by inheriting the speed of convergence from AMSGrad, alongside with the
better quality of image reconstruction from NADAM. And even though being an
algorithm that follows an "average" behavior from NADAM and AMSGrad, the
resulting performance of NADA-p, as a hybrid mixed algorithm, is significantly
better than the average performance of the mix components.
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Chapter 7

Conclusion and outlook

In this chapter we provide some conclusions and outline some possible directions
for future work.

In this thesis, some novel non-standard image reconstruction techniques for
Diffuse Optical Tomography were introduced and discussed. The main novelty in
this thesis lies on the application of some trendeous optimizers to handle diffusion
equation for the application to DOT.

The purpose of our thesis is a proof-of-concept (rather than dealing with real
data), hence we intended to demonstrate that these sophisticated approaches can
be coupled. We limited ourselves to a two-dimensional physical setup in order
to deal with this combination and evaluate a large number of potential methods.
However, we think that all of the methodologies and conclusions provided in this
thesis apply easily to the more realistic three-dimensional configuration, with the
exception that calculation time may still be long with current computer equipment.

In this thesis, we investigated the behavior of three optimizers when applied
to the inverse problem of DOT in terms of convergence speed and reconstruction
quality. The three optimizers under consideration, Nadam, Adam, and AmsGrad,
are improved variants of the simple gradient descent method that have proven to
be very successful at handling optimization issues in various areas of application,
including Deep Learning model search. Our work is based on a well structured
randomized numerical simulation, with the goal of obtaining convincing statistical
data on the real performance of these optimizers when used to solving the DOT
inverse issue. We focused on the effect of the number of anomalies, learning rate
selection, and initial guess error on the speed of convergence. We also investi-
gated the effect of these same factors on the quality of reconstructed images. The
results obtained using mainly non-parametric statistical approaches provide a sci-
entifically credible quantification of the actual performance of these optimizers,
with respect to the choice of learning rate, and under the constraint of the true
number of anomalies and the arbitrariness of the optimization’s initial starting
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point. The study provided valuable guidelines in terms of statistical evidence of
the importance of selecting a good learning rate for the three algorithms, as well
as statistically proving the robustness of Nadam and Adam to the initial guess and
the number of anomalies. These findings can help improve and promote the use
of DOT in practical medical applications.

Then we moved on to provide such an innovative reconstruction approach based
on combining two types of adaptive moments optimizers. We demonstrated that
such a technique may dependably get the position and an estimate of the contrast
value of the absorption coefficient. Furthermore, we found that in many cases,
the batch type converges quicker and provides greater resolution than Nadam and
AmsGrad reconstructions. Furthermore, Nada-p reconstructions are frequently
more accurate than Adam-type reconstructions in resolving multiple inclusions.
On a more technical level, the Nadam-AmsGrad step size criterion performs pretty
well as a step size criterion. In this case, our results show that the Nada-p optimizer
is more efficient than the Nadam and AmsGrad optimizers in the hyperparameter
ranges indicated above.

Finally, we would like to provide some bullet-point ideas for prospective future
study. The use of modern optimizers to inverse problems governed by the diffusion
approximation is yet relatively unexplored, leaving this study topic wide open for
further investigation. The following list is merely meant to provide some general
guidelines and is by no means exhaustive.

• Investigate the accuracy of the proposed algorithms in the case of Frequency
domain and Time domain.

• Reconstruct optical parameters directly by using a developed Neural Net-
work.

• Apply Deep learning algorithms in real life experiments by choosing a suit-
able datasets, accurate data acquisition, and optimal loss function.
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