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A B S T R A C T

In this thesis, we deal with superharmonically weighted Dirichlet
spaces.

In the first part of this dissertation, we determine all supreharmon-
ically weighted Dirichlet spaces which contain no infinite Blaschke
products. Next, we give a sufficient condition which ensuring the
membership of Blaschke products. However, we propose two meth-
ods of regularization of Blaschke products. In fact, the regularization
condition is a sufficient condition for zero sets. Our condition im-
proves Shapiro-Shields condition for a large class of superharmonic
weight, including standard weights. We end this part by studying the
uniqueness sets for the harmonic weights. Actually, we extend the
Khavin-Maz’ya uniqueness theorem for all harmonically weighted
Dirichlet spaces.

In the second part, we characterize the invariant subspaces of mul-
tiplication operator by z on superharmonically weighted Dirichlet
spaces. We prove that the extended Brown-Shields conjecture is true,
in the countable case. Finally, we give a complete description of closed
ideals of the algebra obtained by the intersection of superharmonically
weighted Dirichlet spaces and the analytic Lipschitz spaces.

Keywords: Supreharmonically weighted Dirichlet spaces; Blaschke
products; Zero sets; Uniqueness sets; Reproducing kernels; Capacity;
Invariant subspaces; Cyclicity; Closed ideals.
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R É S U M É

Dans cette thèse, nous considérons les espaces de Dirichlet à poids
super-harmonique.

Dans la première partie de cette dissertation, nous déterminons tous
les espaces de Dirichlet à poids super-harmonique qui ne contiennent
aucun produit de Blaschke infini.

Ensuite, nous donnons une condition suffisante de l’appartenance
des produits de Blaschke Cependant, nous proposons deux méthodes
de régularisations des produits de Blaschke. En fait, cette condition
de régularisation est une condition suffisante pour les ensembles zéro.
Notre condition améliore celle de Shapiro-Shields pour une grande
classe de poids super-harmonique, y compris les poids standards.
En terminant cette partie par les ensembles d’unicité pour les poids
harmonique. Précisément, nous étendons le théorème d’unicité de
Khavin-Maz’ya pour tous les espaces de Dirichlet à poids harmonique.

Dans la deuxième partie, nous caractérisons les sous-espaces in-
variants de l’opérateur de multiplication par z sur les espaces de
Dirichlet à poids super-harmonique. Nous répondons positivement à
la conjecture étendue de Brown-Shields dans le cas dénombrable. Fi-
nalement, nous donnons une description complète des idéaux fermés
de l’algèbre obtenue par l’intersection des espaces de Dirichlet à poids
super-harmonique et l’algèbre des fonctions Lipschitzienne.

Mots-clés : Les espaces de Dirichlet à poids super-harmonique;
Produits de Blaschke; Ensembles zéro; Ensembles unicité, Noyaux re-
produisant; Capacité; Sous-espaces invariant; Cyclicité; Idéaux fermés.
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C’est avec la logique que nous prouvons
et avec l’intuition que nous trouvons.

— Henri Poincaré

R É S U M É D E L A T H È S E

Etant donné une fonction ω : D→ (0,+∞] intégrable pour la mesure
de Lebesgue planaire dA, une telle fonction est appelée un poids sur
D. L’espace de Dirichlet, associé à ω, Dω est l’ensemble de toutes les
fonctions holomorphes sur D telles que le module de leurs dérivées
soit de carré intégrable par rapport à la mesure ωdA sur D.
Soit ω un poids super-harmonique sur D. Le théorème de représenta-
tion de Jensen-Riesz assure l’existence d’une mesure de Borel positive
µ sur D et une mesure de Borel positive finie ν sur T telles que :

ω(z) = Uµ(z) + Pν(z) (z ∈ D),

où Uµ
1 est le potentiel de Green de µ et Pν est la transformée de Dans toute la suite,

la mesure µ vérifie la
condition (1.2).

Poisson de ν.
Remarquons que l’espace de Dirichlet à poids super-harmonique
Dω est un sous espace de l’espace de Hardy H2(ω = (1− |z|2)). Il
est bien connu que tous les produits de Blaschke sont des fonctions
bornées sur D. Par conséquent, ils sont des éléments de H2. Cepen-
dant, la situation est très différente pour l’espace de Dirichlet classique
D(ω = 1). En fait, L. Carleson [17] a montré que D ne contient aucun
produit de Blaschke infini.

Le premier chapitre est une présentation des résultats obtenus tout
au long de cette dissertation. Nous donnons aussi un aperçu historique
sur les différents sujets étudiés dans ce mémoire.

Dans le deuxième chapitre, nous déterminons tous les espaces
de Dirichlet à poids super-harmonique qui ne contiennent aucun
produit de Blaschke infini. Proprement dit, nous prouvons que D
est le plus grand espace parmi tous les espaces de Dirichlet à poids
super-harmonique qui contiennent que les produits de Blaschke finis.
Plus précisément, si h est la dérivée de la mesure ν par rapport à m,
alors les assertions suivantes sont équivalentes : m désigne la mesure

de Lebesgue
normalisée sur T.i. Dω ne contient aucun produit de Blaschke infini.

ii. Il existe c > 0, tel que h ≥ c q.p. sur T.

iii. lim inf
|z|→1−

ω(z) > 0.

1 Notons que Uµ n’est pas identiquement infini si et seulement si (1.2) est satisfaite.

xiii
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iv. Dω ⊂ D.

Par ailleurs, les espaces de Dirichlet à poids standard Dωα , ωα(z) :=
(1 − |z|2)α pour α ∈ (0, 1)2, contiennent des produits de Blaschke
infinis ([16]). Nous donnons une condition suffisante de l’appartenance
des produits de Blaschke à Dω. En effet, B ∈ Dω siPour la définition de

la fonction Ψω voir
(1.4). ∑

n
Ψω(zn) < ∞,

où B le produit de Blaschke associé à la suite Z = (zn)n. Si en plus la
suite Z est uniformément séparée, cette condition est aussi nécessaire.

En utilisant ce résultat, il existe un produit de Blaschke B qui
n’appartient à aucun espace Dω, néanmoins B(1− z)2 ∈ Dω. Dans ce
cas, (1− z)2 est une fonction régularisante du produit de Blaschke
B dans Dω. L’espace Dω admet la propriété de division 3, par con-Une suite

Z = (zn)n ⊂ D est
un ensemble zéro

pour Dω , s’il existe
une fonction dans

Dω qui s’annule sur
Z et nulle part

ailleurs dans D.

séquent, une suite de Blaschke Z est un ensemble zéro pour Dω si
et seulement si, il existe une fonction extérieure f ∈ Dω telle que
B f ∈ Dω. En se basant sur ce principe de régularisation, nous allons
proposer deux méthodes de construction des fonctions extérieures
dans Dω. La première est la méthode classique de Carleson, voir Sous-
section 2.4.1. Pour la deuxième construction, nous allons exploiter la
théorie du potentiel induite par Dω. Évidemment, la fonction obtenue
sera une fonction régularisante du produit de Blaschke en question
dans Dω sous une condition sur la suite. En tenant compte des ré-
sultats donnés dans Corollaire 4.3.1 et Théorème 4.3.2. Il est bien
clair que notre condition améliore celle de Shapiro-Shields (1.6) pour
une grande classe de poids super-harmoniques y compris les poids ωα.

Le chapitre 3 sera consacré aux ensembles d’unicité sur T pour les
espaces de Dirichlet à poids harmonique (ω = Pν). Notre objectif
principal, dans ce chapitre, est d’étendre le théorème d’unicité de
Khavin-Maz’ya pour tous les espaces de Dirichlet à poids harmonique.
Nous donnons une condition suffisante pour les ensembles d’unicité.
Nous prouvons qu’un ensemble de Borel E ⊂ T est un ensembleUn ensemble E ⊂ T

est appelé un
ensemble d’unicité

pour Dω s’il possède
la propriété suivante:

f = 0 si f ∈ Dω

s’annule sur E.

d’unicité pour DPν si il existe une famille d’arcs (In)n deux-à-deux
disjoints et une constante γ ∈ (0, 1) telles que

∑
n
|In| log

|In|
cPν(E ∩ γIn)

= −∞.

Comme application de ce résultat, nous donnons une mesure atomique
positive ν et un ensemble dénombrable fermé E qui est un ensemble
d’unicité pour DPν , pour plus de détails voir Section 3.3.
Il est bien connu qu’un ensemble de Borel E ⊂ T est un ensemble
d’unicité pour DPδζ

si et seulement si la mesure de Lebesgue de E est

2 Dans ce qui suit, α désigne un paramètre appartenant à l’intervalle ouvert (0, 1).
3 Précisément, en utilisant (2.11), si f est une fonction de H2 telle que θ f ∈ Dω , où θ

est une fonction intérieure, alors f ∈ Dω et ‖ f ‖Dω
. ‖θ f ‖Dω

.

xiv
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positive (m(E) > 0). Ce résultat peut être étendu pour certains poids
harmoniques. Soit ν une mesure atomique finie positive sur T qui
satisfait (1.10). Nous prouvons qu’un ensemble de Borel E ⊂ T est un
ensemble d’unicité pour DPν si et seulement si m(E) > 0.

Un sous-espace
ferméM dans Dω

est appelé
sous-espace
invariant, si la
fonction z f
appartient àM dès
que f ∈ M.

Le quatrième chapitre traite la structure des sous-espaces invariants
de l’opérateur de multiplication par z. Nous obtenons une caractérisa-
tion complète des sous-espaces invariants de l’espace Dω. Formelle-
ment, si M est un sous-espace invariant de Dω alors il existe une
fonction intérieure IM et une fonction extérieure f ∈ Dω telles que

[ f ]Dω
désigne le

plus petit
sous-espace
invariant de Dω

contenant f ∈ Dω .

M = IMH2 ∩ [ f ]Dω
. (0.1)

Ce résultat est nouveau même pour les espaces de Dirichlet à poids
standard Dωα . Afin d’obtenir une caractérisation plus explicite, nous
devons décrire les sous-espaces invariants générés par les fonctions
extérieures. La conjecture étendue de Browen-Shields prétend que,
si f est une fonction extérieure dans Dω alors il existe un ensemble
E ⊂ T tel que

[ f ]Dω
=ME :=

{
g ∈ Dω : g|E = 0 cω − q.e.

}
.

Nous répondons positivement à cette conjecture dans le cas dénom-
brable. En effet, siM un sous-espace invariant de Dω tel que Z(M)∩
T4 est dénombrable, E := {ζ ∈ Z(M) ∩T : cω(ζ) > 0}, alors

M = IMH2 ∩ME.

Une question naturelle et remarquable se pose à partir de (0.1) :
Déterminer toutes les fonctions f ∈ Dω satisfaisant [ f ]Dω

= Dω.
Une telle fonction qui vérifie cette propriété est appelée une fonction
cyclique dans Dω. La conjecture de Brown-Shields affirme que : Une
fonction f est cyclique dans Dω si et seulement si f est extérieure Z( f ) est l’ensemble

des zéros des limites
radiales de f dans T.

et cω(Z( f )) = 0. Nous prouvons que cette conjecture est vraie pour
Dω dans le cas dénombrable. Plus précisément, soit f une fonction
extérieure dans Dω telle que Z( f )∩T est dénombrable, f est cyclique
dans Dω si et seulement si cω(Z( f )) = 0. Nous términons ce chapitre
par une condition suffisante pour la cyclicité dans Dω. A savoir, soit f
une fonction extérieure dans Dω, E := Z( f ), si∫

0
cω(Et)

log(1/t)
t

dt < ∞,

alors f est cyclique dans Dω. Cette condition est nouvelle même pour
les espaces de Dirichlet à poids standard Dωα .

Le dernier chapitre s’intéresse principalement à la structure des
idéaux fermés de l’algèbre Dω ∩Λα

5. Par dualité, la description des

4 Pour la définition de Z(M) et Z( f ) voir Chapitre 4.
5 Λα est l’algèbre des fonctions analytiques sur le disque unité D qui sont Lipschitzi-

enne d’ordre α ∈ (0, 1) sur D.
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idéaux fermés de Dω ∩ Λα peut être réduite à un théorème spécial
d’approximation. Nous donnons une preuve élémentaire du théorème
d’approximation établit par A.L. Matheson [53] (resp. B. Bouya [13])
pour Λα (resp. D ∩ Λα). Notre approche nous permet d’étendre ce
résultat à l’algèbre Dω ∩Λα. Par conséquent, nous obtenons une de-
scription complète des idéaux fermés de Dω ∩ Λα. Proprement dit,
soit I 6= (0) un idéal fermé de Dω ∩Λα, alors il existe un ensemble
fermé EI ⊂ T et une fonction intérieure θI tels que

I = { f ∈ Dω ∩Λα : f|EI = 0, et f ∈ θIH2}.

xvi
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1
I N T R O D U C T I O N

In this thesis, we consider the superharmonically weighted Dirich-
let spaces Dω, which is the set of all analytic functions in the unite
disk whose derivatives are square area integrable with superharmonic
weight ω, as the main subject. This dissertation aims to develop an
understanding of certain topics in Dω. Especially, we are mainly inter-
ested to examine some research questions in these spaces. Namely

• Blaschke products and Zero Sets.

• Uniqueness sets.

• Invariant Subspaces and Cyclicity.

• Closed ideals.

A. Aleman established in [4] a representation theorem for a subclass
of Bounded operators on a Hilbert space. More formally, let T be a
bounded operator on a separated Hilbert space H such that

(i)
n
∑

k=0
(−1)k (n

k

)
‖Tkx‖2

H ≤ 0 for all x ∈ H and for all n ≥ 2,

(ii) ∩
n

TnH = {0},

(iii) dim (H	 T(H)) = 1.
Here D (resp. T)
denotes the open
unit disk (resp. the
unit circle ).

There exists a positive superharmonic function ω on D such that
(T,H) is unitarily equivalent to (Mz,Dω), where Mz is the operator of
multiplication by z. This class is called operators of Dirichlet type. This
remarkable representation theorem was first obtained by S. Richter1.

However, let ω be a nonnegative superharmonic weight on D. By A weight ω is a
function
ω : D→ (0,+∞]
which is integrable
on D with respect to
the Lebesgue
measure.

Jensen-Riesz representation theorem (see for instance Theorem 1.24′ of
[50]), there exists a positive Borel measure µ on D and a finite positive
Borel measure ν on T such that

ω(z) = Uµ(z) + Pν(z), (z ∈ D), (1.1)

where Uµ is the Green potential of µ and Pν is the Poisson transform
of ν (see Chapter 2 ). It is well known that Uµ is not identically infinite
if and only if ∫

D
(1− |z|)dµ(z) < ∞. (1.2)

1 Richter proved in [62] that every cyclic analytic 2–isometry can be represented as a
multiplication by z on a harmonically weighted Dirichlet spaces (i.e ω = Pν).

1
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2 introduction

Note that the superharmonically weighted Dirichlet space Dω is a
subspace of Hardy space H2. It is known that every Blaschke product
is bounded, so it belongs to H2, see [23]. Nevertheless, for the classical
Dirichlet space D (ω = 1) the situation is quite different. L. Carleson
[18] proved that D contains only finite Blaschke products.
Our first contribution in this thesis is to determine all superharmon-
ically weighted Dirichlet spaces which contain no infinite Blaschke
product. We prove that D is the largest space among all superharmon-
ically weighted Dirichlet spaces which contains no infinite Blaschke
product. Namely, we have the following result.Hereafter we denote

by m the normalized
Lebesgue measure on

T.
Theorem 1. Let ω be a superharmonic weight and let Pν be the harmonic
part of ω. Let h be the derivative of ν with respect to m. The following are
equivalent:

(1) Dω contains no infinite Blaschke product.

(2) There exists c > 0, such that h ≥ c a.e. on T .

(3) lim inf
|z|→1−

ω(z) > 0.

(4) Dω ⊂ D.

However, the standard weighted Dirichel spaces Dωα contain infinite
Blaschke products, where ωα(z) := (1− |z|2)α and 0 < α < 1. In fact,
L. Carleson showed in his thesis [16] that the condition

∑
n

ωα(zn) < ∞ (1.3)

implies that the Blaschke product B, with zeros Z := (zn), belongs
to Dωα . Moreover, if in addition Z is uniformly separated2, K.M.The definition of

Blaschke product
will be given by the

formula (2.1).

Dyakonov [25] proved that (1.3) is also necessary. In this direction, we
will extend such results for all superharmonic weights. Befor that, let
us introducte the function Ψω given by

Ψω(z) = (1− |z|2)
∫

D

1− |w|2
|1− zw|2 dµ(w) + Pν(z) (z ∈ D). (1.4)

For classical weights one can get an explicit formula of the function
Ψω. Especially, we have Ψωα(z) � ωα(z) (for other examples of radial
weights, see Section 2.4). In the following theorem we give a condi-
tion which will ensuring that Blashcke product be an element of Dω.
Further, this sufficient condition will be necessary if our sequence is
uniformly separated.

2 The definition of uniformly separated sequences will be given by (2.13). Recall that L.
Carleson [19] showed that Z is an interpolating sequence for H∞ if and only if Z is
uniformly separated (for more details on this, see [38, 69]).
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introduction 3

Theorem 2. Let ω = Uµ + Pν be a superharmonic weight, where µ is a
positive Borel measure on D satisfying (1.2) and ν be a finite positive Borel
measure on T. Let B be the Blaschke product associated with Z = (zn)n ⊂ D.
Then B ∈ Dω, if

∑
n

Ψω(zn) < ∞. (1.5)

If in addition, Z is uniformly separated then (1.5) is also necessary.

Using Theorem 2, one can get a Balschke product that does not
belong to Dω and it represents the inner part of a function in Dω.
Indeed, let Z = (rn)n ⊂ (0, 1) be a Blaschke sequence and consider A sequence

Z = (zn)n ⊂ D is
said a Blachke
sequence
if ∑(1− |zn|) < 0.

f (z) := (1− z)2B(z) where B is the Blaschke product associated with
Z . Note that f ′ ∈ H∞, this implies that f ∈ Dω. Moreover, if Z is
uniformly separated and (1.5) does not satisfy, then the associated
Blaschke product B does not belong to Dω. In particular, the sequence
Z is a zero set for Dω. A sequence

Z = (zn)n ⊂ D is
a zero set for Dω if
there is a function in
Dω that vanishes on
Z and nowhere else
in D.

One of the most important problems for superharmonically weighted
Dirichlet spaces is the description of zero sets for Dω. This problem
is still open even for the classical Dirichlet space. From the above
discussion all Blaschke product belongs to H2. By Jensen’s formula
(see for instance [23, 38]), the zeros set of a function in Hardy space H2

satisfies Blaschke condition. Thus, the zero sets of the Hardy space H2

are exactly the Blaschke sequences. For the classical Dirichlet space D,
L. Carleson [17] exploited the potential theory induced by D implicitly
to construct an outer function f in D such that B f ∈ D, if Z satisfies

∑
n

1
log1−ε(1/(1− |zn|))

< ∞,

for some ε ∈ (0, 1), in particular Z is a zero set for D. In [71], H.S.
Shapiro and A.L. Shields improve this condition by showing that one
may take ε = 0. The idea of Shapiro-Shields is mainly based on some
properties of the reproducing kernels of a large class of Hilbert spaces.
However, D. Marshall and C. Sundberg [51] observed that Shapiro-
Shields proof works for all Hilbert spaces of analytic functions on
D that enjoy Pick property (see [2, 69]). In this direction S. Shimorin
[72] proved that every superharmonically weighted Dirichlet space
Dω possesses Pick property. So, if Z = (zn)n satisfies Shapiro-Shields
condition, namely By Theorem 2 of [72],

we have Kω(z, z) ≤
2/(1− |z|2). Thus,
the condition (1.6)
implies the Blaschke
condition.

∑
n

1
Kω(zn, zn)

< ∞, (1.6)

where Kω is the reproducing kernel of Dω, then Z is a zero set for Dω.
Keep in mind the above discussion, in the case of the standard weight
Dirichlet spaces Dωα both conditions (1.6) and (1.3) coincide. This
property is satisfied for a large class of radial weights, see Corollary
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4.3.1. Take into account Theorem 4.7, Condition (1.5) implies Shapiro-
Shields condition (1.6).

In accordance with the Riesz-Nevanlinna factorization every nonzero
function F ∈ Dω admits an essentially unique representation in the
form F := SB f where S is a singular inner function associated with
a singular measure, B is the Blaschke product associated to some
Blaschke sequence and f is the outer factor of F. Furthemore, the
space Dω possesses a division property . As a consequence, a BlaschkeThe equivalent (2.11)

says that Dω

satisfies the division
property. That is,
given f ∈ H2, if

θ f ∈ Dω , where θ is
an inner function,

then f ∈
Dω and ‖ f ‖Dω

.
‖θ f ‖Dω

.

sequence Z is a zero set for Dω if and only if there exists an outer
function f ∈ Dω such that B f ∈ Dω. Based on this remarkable fact,
we give two ways to construct functions f ∈ Dω such that f B ∈ Dω.
The first one is the classical Carleson’s construction of smooth outer
functions ( see Theorem 2.4.1). While, the second construction is based
on potential theory induced by Dω. We will construct outer functions
in Dω with large real part on a given sequence of closed subsets of T.
Namely, if cω

3 denotes the capacity associated with Dω, we have the
following theorem.

Theorem 3. Let ω be a superharmonic weight. Let (Fn)n be a family of
closed subsets of T and set En = ∪

k≥n
Fk. There exists a function f ∈ Dω such

that Re f ≥ 0 on D and

Re f ≥ log
1

cω(En)
cω − q.e. on Fn for all n ≥ 1.

To obtain the main result on zero sets for general superharmonic
weights ω (radial or nonradial). We use the approach of Regularization
of Blaschke product by an outer function in Dω. To take advantage
of this approach, we exploit Theorem 3 and an upper estimate of the
norm (see Section 2.2). In order to highlight the condition (1.5) and
for the sake of simplicity, we state our result for weights that satisfy
some additional condition.The condition

ω(z) =
O((1− |z|2)α) for
α ∈ [0, 1) says that
Dω contains the

classical Dirichlet
space.

Theorem 4. Let ω be a superharmonic weight on D. Suppose that there
exists α ∈ [0, 1) such that ω(z) = O((1− |z|2)α). Let Z = (zn)n be a
sequence of D such that ∑

n
(1− |zn|2)1−ε < ∞, for some ε ∈ (0, 1). Let

γ = ε
1−α and let En = ∪

k≥n
I(zk, γ)4. If there exists A > 0 such that

∑
n

Ψω(zn)cA
ω(En) < ∞, (1.7)

then Z is a zero set for Dω.

The latter result is also new even for the standard Dirichlet spaces
Dωα . That is, since Ψωα(z) � ωα(z) = 1/Kωα(z, z), it is clear thatRecall that the

reproducing kernel of
Dωα is Kωα (z, w) =

1/(1− wz)α.

3 For more details about cω capacity see Subsection 2.4.2.
4 Let γ > 0 and let z ∈ D \ {0}. The closed arc of T centered at z/|z| and of length (

1− |z|)γ will be denoted by I(z, γ). We also write I(0, γ) = T.
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the condition (1.7) improves (1.3) and (1.6). Note also that the condi-
tion (1.7) takes into account Arg(zn) unlike both conditions. A more
general results will be stated in Sections 2.4 and 2.5.

The dual problem of describing the zero sets is the problem of
describing the uniqueness sets for the superharmonically weighted
Dirichlet spaces Dω. As mentioned above, the space Dω has the divi- A subsets E of T is

called a uniqueness
set for Dω if it has
the property that,
f = 0 if f ∈ Dω

vanishes at all
points of E.

sion property. So, let E be a subset of T, E is a uniqueness set for Dω

if and only if E is not a zero set for Dω.
Firstly, L. Carleson [18] proved that, if E is a closed set of T which
satisfies, for some α > 0, cωα(E ∩ I) ≥ const.m(I) for all arcs I with
centers belonging to E. Then E is a uniqueness set for D if and only if∫

T
log dist(ζ, E)dm(ζ) = −∞. (1.8)

If (1.8) is not satisfied then E is called a Carleson set.
This result was extended by S.P. Preobrazhenskii [59] to a large class
of Dirichlet type spaces included Dωα (see also [56]).
Secondly, V. Khavin and V. Maz’ya [48] showed that a Borel set E ⊂ T

is a uniqueness set for D if, there exists a family of pairwise disjoint
open arcs (In)n such that The capacity cPm

(resp. The capacity
cωα ) is comparable to
the logarithmic
capacity (resp. to
Riesz’s capacity cα)

∑
n
|In| log

|In|
cPm(E ∩ In)

= −∞. (1.9)

They also proved that there exists a uniqueness set of cωα –capacity
zero (for any α > 0) for the classical Dirichlet space (see also [44]).
Furthermore, using Jensen’s inequality, one can see easly that (1.9)
implises (1.8), for more details see [47]. In [44], K. Kellay gave the
generalization of these results for the standard weighted Dirichlet
spaces Dωα . In fact, both conditions (1.9) and (1.8) can be deducted
from Theorem 3.1. of [44]. The main purpose, regarding this topic,
is to extend Khavin-Maz’ya uniqueness theorem to all harmonically
Dirichlet spaces DPν .

Theorem 5. Let E be a Borel subset of T of Lebesgue measure zero. Suppose
that there exists a family of pairwise disjoint open arcs (In)n and γ ∈ (0, 1)
such that

∑
n
|In| log

|In|
cPν(E ∩ γIn)

= −∞,

then E is a uniqueness set for DPν .

In general, the characterization of the exeptional sets ( we are maily
intersting by uniqueness sets) will be presented with respect to "spe-
cial set functions": Lebesgue measure for Hardy space, Logarithmic
capacity for the classical Dirichlet space and Riesz’s capacity for the
standard weighted Dirichlet spaces. We will take advantage of these
special functions to classify uniqueness sets. In particular, a Borel set
E ⊂ T is a uniqueness set for Hardy space H2 if and only if m(E) > 0.
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As a consequence, the inclusion D ⊂ H2 says that positive Lebesgue
measure is sufficient to be uniqueness set for the classical Dirichlet
space D. On the other hand, L. Carleson [18] established a necessary
condition in terms of the capacity. Namely, let E be a closed subset of
T, if E is an uniqueness set for D then cPm(E) > 0. Note also that the
countable closed sets can be considered as the smallness exeptional
sets with respect to the previous three special functions. Nevertheless,
it is well known that each countable set has a zero logarithmic capacity.
It follows that every countable subset of T is not a uniqueness set
for D(= DPm ). However, using Theorem 5 to obtain the first example
of countable closed subset of T that is a uniqueness set for some
harmonically weighted Dirichlet spaces.

Theorem 6. There exists a discrete probability measure ν on the unit circle
and a countable closed set E ⊂ T, such that ν(E) = 0 and E is a uniqueness
set for DPν .

Moreover, it is well known that a Borel set E is a uniqueness set for
DPδζ

if and only if E has a positive Lebesgue measure. This result canHere δζ denotes the
Dirac measure at

ζ ∈ T.
be extended to some other discrete measures. Let ν be a positive finite
atomic measure on T given by ν = ∑

n
cnδζn . In [39], D. Guillot proved

that every Blaschke sequence is a zero set for DPν if and only if∫
T

log V2(ν)(ζ)dm(ζ) < ∞, (1.10)

where V2(ν) is the newtonian potential5 of the measure ν. Especially,
he gave a function which regularizes all Blaschke products in DPν if
(1.10) is satisfied. Taking advantage of this result, we give a necessary
and sufficient condition for a Borel set of T to be a uniqueness set for
DPν .

Theorem 7. Let ν be a positive finite atomic measure on T that satisfies
(1.10). Then a Borel set E ⊂ T is a uniqueness set for DPν if and only if
m(E) > 0.

Now, we are mainly interested by the structure of the shift-invariant
subspaces in superharmonically weighted Dirichlet spaces. A closed
subspace M in Dω is called invariant subspace (shift-invariant sub-
space), if the function z f belongs toM whenever f ∈ M.
In [64], S. Richter and C. Sundberg gave the structure of shift-invariant
subspaces of all harmonically weighted Dirichlet spaces DPν . Their
argument is based on two important facts. The first says that, every
invariant subspace of DPν has the form φDPνφ

where dνφ = |φ|2dν and
φ is a multiplier of DPν . This result has been extended by A. Aleman
[4] to all superharmonically weighted Dirichlet spaces. The second
fact is an estimate of local Dirichlet integral (with respect to T) for

5 For the definition of the newtonien potential see Section 3.3
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cut-off functions. Theorems 4.1.1 and 5.3.1 claim that the second result
remains true (with respect to D). Enjoying these facts and following
the strategy of Richter and Sundberg we obtain a complete characteri-
zation of shift-invariant subspaces of all superharmonically weighted
Dirichlet spaces. Namely, we have the following theorem.

Theorem 8. Let ω be a positive superharmonic weight on D. LetM be a
shift-invariant subspace of Dω and consider IM the greatest common inner
divisor ofM. Then, there is an outer function f ∈ Dω ∩H∞ such that Given f ∈ Dω , the

smallest invariant
subspace of Dω

containing f will be
denoted by [ f ]Dω

.

M = IMH2 ∩ [ f ]Dω
. (1.11)

Furthermore, f can be chosen so that f and IM f are multipliers of Dω.

This characterization is new even for the standard weighted Dirichlet
spaces Dα, α ∈ (0, 1). To obtain a more explicit characterization, we
need to describe the invariant subspaces generated by outer functions.
The extended Brown-Shields conjecture: If f is an outer function in
Dω then there exists a subset E of T such that

[ f ]Dω
=ME :=

{
g ∈ Dω : g|E = 0 cω − q.e

}
.

In [28], O. El-Fallah, Y. Elmadani and K. Kellay responded positively This conjecture has
been presented as
Conjecture 1.1 for
classical Dirichlet
space [66].
The Brown-Shields
conjecture will be
stated below.

to that conjecture for DPν when supp ν is countable. By following
their argument, one can extend that result for all superharmonically
weighted Dirichlet spaces. Namely, we have the following result.

Theorem 9. Let ω = Uµ + Pν be a positive superharmonic weight on D.
LetM be a shift-invariant subspace of Dω such that Z(M)∩T is countable.
Then

M = IMH2 ∩ME,

where E = {ζ ∈ Z(M) ∩T : cω(ζ) > 0}.

A natural and interesting question arises from (1.11): Determine all
functions f ∈ Dω that satisfy [ f ]Dω

= Dω. A function that checks this
property is called a cyclic function for Dω. The problem of vectors
cyclic for Dω is still an open question.
A necessary conditions for cyclicity follow directly from weak-type
inequality for capacity cω. More precisely, let f be a cyclic vector in
Dω then f is outer and cω(Z( f )) = 0, where Z( f ) is the zeros set of
radial limits of the function f on T. This remark was stated firstly in
[15] for the classical Dirichlet space D. In 1984, Brown and Shields
[15] conjectured that an outer function f ∈ D is cyclic if and only if
cPm(Z( f )) = 0. The Brown-Shields conjecture asserts that an outer
function f ∈ Dω is cyclic if and only if cω(Z( f )) = 0.
It was shown by D. Sarason [68] (see also [39]) that the Brown-Shields
conjecture is true for the space DPδξ

. Recently, O. El-Fallah, Y. Elmadani
and K. Kellay [28] proved that this conjecture is true for harmonically
weighted Dirichlet space DPν if supp ν is countable. This result remains
true for all superharmonically weighted Dirichlet spaces. Formally, we
have the following theorem.
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Theorem 10. Let ω = Uµ + Pν be a positive superharmonic weight on D

and set µ = µ + ν. Let f ∈ Dω be an outer function such that supp(µ) ∩
Z( f ) is countable. Then f is cyclic in Dω if and only if cω(Z( f )) = 0.

Now, let us discuss vectors cyclic under some additional conditions
that will involve "capacity zero". H. Hedenmalm and A. Shields [42]
proved that, if Z( f ) is countable then f is cyclic in the classical Dirich-
let space. While, O. El-Fallah, K. Kellay and T. Ransford [29] replaced
"countable" by a condition closer to "capacity zero". They showed
precisely that an outer function f ∈ D ∩ A(D) is cyclic in D, if∫

0
c(Et)

log log(1/t)
t log(1/t)

dt < ∞,

where E = Z( f ) and Et = {ζ ∈ T : d(ζ, E) < t}.
To obtain an extension of this result for all superharmonically weighted
Dirichlet spaces, we establish a converse of strong-type inequality
for cω−capacity (see Theorem 4.4.4). Namely, we have the following
theorem.This result was

stated in [34] for
harmonically

weighted Dirichlet
spaces.

Theorem 11. Let ω be a positive superharmonic weight on D. Let f be an
outer function in Dω ∩ A(D) and set E = Z( f ). Then f is cyclic in Dω, if∫

0
cω(Et)

log(1/t)
t

dt < ∞.

This result is new even for the standard Dirichlet spaces Dωα .

The structure of closed ideals in Banach algebras of analytic func-
tions in the unit disk has been interested by several authors. The
first complete description of closed ideals in Banach analytic function
algebras was obtained for the disk algebra A(D). The characterizationBeurling’s result

on the closed ideals
for A(D) has never
been published. The

ideas are in Beurling
[9].

of closed ideals in A(D) was given independently by A. Beurling and
W. Rudin [43, 67]. More precisely, they showed that each non-trivial
ideal of A(D) will be of the form

I =
{

f ∈ A(D) : f|EI = 0, and f ∈ θIA(D)
}

,

where EI is the intersection of zeros of functions in I on the unitFor more details
about the greatest
divisor of the the

non-zero inner
functions in a given
closed ideal see [43,

67].

circle and θI is the greatest common divisor of the inner parts of the
non-zero functions in I . So, we say that the closed ideals, of a given
Banach algebra, are standard if every closed ideal is the intersection of
that algebra with some closed ideal. Several authors have obtained a
complete description of closed ideals in some Banach algebras [12, 13,
49, 52, 53, 70, 73, 74, 76]. They proved that the closed ideals in these
spaces are standard. However, J. Esterle [35] showed that there exists
a closed ideal in the Winner algebra does not have the above standard
form.

The last part of this thesis is concerned with the structure of closed
ideals of the Banach algebra Dω ∩Λα. Note that A.L. Matheson [53]Λα is the algebra of

analytic functions on
the unit disk D that

are Lipschitz of ordre
α ∈ (0, 1) on D.
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and F.A. Shamoyan [70] have proved independently that every closed
ideal of the Banach algebra Λα will be the above standard form.
Namely, let I be a non-trivial closed ideal of Λα then

I =
{

f ∈ Λα : f|EI = 0, and f ∈ θIH∞} .

Later on, B. Bouya [13] showed an analoguous result for the algebra
D ∩Λα.

The general method of describing the closed ideals in Banach alge-
bras of analytic functions smooth up to the boundary makes use the
duality. This reduces the description of the closed ideals to a special
approximation theorem. We give an elementary proof of the approx-
imation theorem established by A.L. Matheson in [53] for spaces of
Lipschitz analytic functions Λα. Our approach allows us to extend this
approximation theorem to Dω ∩Λα. As a consequence, we obtain a
complete description of closed ideals of the Banach algebra Dω ∩Λα.
Let I 6= {0} be a closed ideal of Dω ∩Λα. The inner factor θI of I is the
greatest common divisor of the inner factors of all nonzero elements of
I . The zero set EI of I is defined by EI := {ζ ∈ T : g(ζ) = 0, g ∈ I}.
Formally, we have the following result.

Theorem 12. Let α ∈ (0, 1) and let ω be a nonnegative superharmonic
weight on D. Let I 6= (0) be a closed ideal of Dω ∩Λα, then

I = { f ∈ Dω ∩Λα : f|EI = 0, and f ∈ θIH2}.

Note that the latter result shows that the boundary zero sets (bound-
ary uniqueness sets) of Dω ∩Λα play a crucial role in the structure of
closed ideals in Dω ∩Λα. L. Carleson [18] has shown that the zero sets
of Λα are the closed sets which not satisfy condition (1.8). In particular,
the closed set EI presented in Theorem 12 is a Carleson set.
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B L A S C H K E P R O D U C T S , Z E R O S E T S A N D
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2
B L A S C H K E P R O D U C T S A N D Z E R O S E T S I N
W E I G H T E D D I R I C H L E T S PA C E S .

In this chapter, we deal with superharmonically weighted Dirichlet
spaces Dω. First, we prove that the classical Dirichlet space is the
largest , among all these spaces, which contains no infinite Blaschke
product. Next, we give new sufficient conditions on a Blaschke se-
quence to be a zero set for Dω. Our conditions improves Shapiro-
Shields condition for all Dα, when α ∈ (0, 1).

2.1 introduction

Let D be the unit disc of the complex plane C and let T := ∂D be the
unit circle. Let dA (resp. dm) be the normalized Lebesgue measure on
D (resp. T). The Hardy space H2 is the space of analytic functions f
on D such that

‖ f ‖2
H2 := | f (0)|2 +

∫
D
| f ′(z)|2 log(1/|z|)dA(z) < ∞.

A weight ω is a function ω : D→ (0,+∞] which is integrable on D

with respect to dA. The weighted Dirichlet space Dω associated with
ω is defined by

Dω :=
{

f ∈ H2 : Dω( f ) :=
∫

D
| f ′(z)|2ω(z)dA(z) < ∞

}
.

The space Dω will be endowed by the hilbertian norm ‖ f ‖2
ω :=

‖ f ‖2
H2 +Dω( f ). Let 0 ≤ α < 1 and denote by Dα the standard Dirich-

let space which corresponds to the weight ωα(z) = (1 + α)(1− |z|2)α.
The classical Dirichlet space is D0 and will be denoted by D.

In this chapter, we are mainly interested in superhamonically weighted
Dirichlet spaces. Several results on these spaces can be found in [4,
8, 28, 32, 33, 72]. In general the description of zero sets remains an
open problem, even for the standard Dirichlet spaces Dα for α ∈ [0, 1).
Recall that a sequence Z = (zn)n≥1 ⊂ D is a zero set for Dω if there
is a function in Dω that vanishes on Z and nowhere else in D.

We say that Z = (zn)n≥1 ⊂ D is a Blaschke sequence if, ∑n≥1(1−
|zn|2) < ∞. The associated Blaschke product B is given by

B(z) = ∏
n≥1

|zn|
zn

zn − z
1− znz

, (z ∈ D), (2.1)

with the convention |zn|/zn = −1, if zn = 0. It is known [23] that
zero sets for H2 are the Blaschke sequences and that every Blaschke

13
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product is bounded, so it belongs in H2. For the classical Dirichlet
space, L. Carleson [17] proved that if Z satisfies

∑
n≥1

1
log1−ε 1/(1− |zn|)

< ∞ (2.2)

for some ε ∈ (0, 1), then Z is a zero set for D. In [71], H.S. Shapiro
and A.L. Shields improve this result by proving that if

∑
n≥1

1
log 1/(1− |zn|)

< ∞,

then Z is a zero set for D. This last result is sharp in the following
sense, if (rn)n ⊂ (0, 1) such that ∑ 1/| log(1− rn)| = ∞, then there
exists a sequence (θn)n≥1 such that (rneiθn)n≥1 is not a zero set for D
(see [55]). Similar results are obtained for all standard Dirichlet spaces
Dα (see for instance [56]).

D. Marshall and C. Sundberg [51] observed that the argument used
by Shapiro-Shields works for all Hilbert spaces of analytic functions
on D that enjoy Pick property (see also [2, 69]). Note that S. Shimorin
[72] proved that every superharmonically weighted Dirichlet space
Dω possesses Pick property. So, if Z = (zn)n≥1 satisfies the Shapiro-
Shields condition, namely

∑
n≥1

1
Kω(zn, zn)

< ∞, (2.3)

where Kω is the reproducing kernel of Dω, then Z is a zero set for
Dω. For α ∈ (0, 1), it is known that the reproducing kernel of Dα is
given by Kα(z, w) = 1

(1−zw̄)α and the Shapiro-Shields condition for Dα

becomes

∑
n≥1

(1− |zn|2)α < ∞. (2.4)

In fact, condition (2.4) implies that B ∈ Dα ([16]). Moreover, if Z is
uniformly separated then condition (2.4) is also necessary ([25, 77]). It
is worth mentioning that this result remains true if Z is only separated
([5, 58]).

For the classical Dirichlet space the situation is quite different. L.
Carleson proved in [18] (see also [32] ) the following formula

D(B f ) = D( f ) + ∑
n≥1

∫
T

1− |zn|2
|1− znζ|2 | f (ζ)|

2dm(ζ) ( f ∈ H2). (2.5)

As a consequence, the only Blaschke products in D are finite Blaschke
products.

Our first goal in this chapter is to determine all superharmonically
weighted Dirichlet spaces which contain no infinite Blaschke product.
We prove that D is the largest space among all superharmonically
weighted Dirichlet spaces which contains no infinite Blaschke product.
To state our result let us denote by Pν the Poisson transform of the
positive measure ν on T.
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Theorem 2.1.1. Let ω be a superharmonic weight and let Pν be the harmonic
part of ω. Let h be the derivative of ν with respect to m. The following are
equivalent.

i) Dω contains no infinite Blaschke product.

ii) There exists c > 0, such that h ≥ c a.e. on T .

iii) lim inf
|z|→1−

ω(z) > 0.

iv) Dω ⊂ D.

The second goal in this chapter is to give some sufficient conditions
which ensure that a sequence Z is a zero set for Dω. Taking advantage
of the inclusion Dω ⊂ H2, each zero set for Dω satisfies the Blaschke
condition. The converse is in general not true (see Section 2.6). For the
standard Dirichlet spaces there are several papers that deal with this
problem (see for instance [17, 45, 56, 71]). In Section 2.4, we give two
ways to construct functions f ∈ Dω such that f B ∈ Dω. The first one
is the classical Carleson’s construction of smooth outer functions (see
Theorem 2.4.1). While the second construction is based on potential
theory induced by Dω. We will construct outer functions in Dω with
large real part on a given sequence of closed subsets of T. Namely, if
cω denotes the capacity associated with Dω (see Subsection 2.4.2), we
have the following result which is in the spirit of Theorem 5.1 of [29]
(see also [34, 66]).

Theorem 2.1.2. Let ω be a superharmonic weight. Let (Fn)n be a family of
closed subsets of T and let En = ∪k≥nFk. There exists a function f ∈ Dω

such that Re f ≥ 0 on D and

Re f ≥ log
1

cω(En)
cω − q.e. on Fn for all n ≥ 1.

Our main result on zero sets deals with general superharmonic
weights ω (radial or nonradial). To state our theorem let us introduce
some notations. Let Ψω be the function given by

Ψω(z) = (1− |z|2)
∫

D

1− |w|2
|1− zw|2 dµ(w) + Pν(z), (z ∈ D),

where µ = −∆ω and Pν is the harmonic part of ω. Let γ > 0 and
z ∈ D \ {0}. The closed arc of T centered at z/|z| and of length (
1− |z|)γ will be denoted by I(z, γ). We also write I(0, γ) = T.

Theorem 2.1.3. Let ω be a superharmonic weight on D. Suppose that there
exists α ∈ [0, 1) such that ω(z) = O((1− |z|2)α). Let Z = (zn)n≥1 be a
sequence of D such that ∑

n≥1
(1− |zn|2)1−ε < ∞, for some ε ∈ (0, 1). Let

γ = ε
1−α and let En = ∪k≥n I(zk, γ). If there exists A > 0 such that

∑
n≥1

Ψω(zn)cA
ω(En) < ∞,

then Z is a zero set for Dω.
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Note that this result allows to give new examples of zero sets for
Dω, even for the standard spaces Dα. For α ∈ (0, 1), one can see easily
that Ψωα � ωα. By Theorem 2.1.3, if

∑
n≥1

(1− |zn|)αcA
α (En) < ∞,

then Z is a zero set for Dα. So, our condition improves Shapiro-Shields
condition and takes into account Arg zn. A more general result for Dα

is obtained in Theorem 2.4.6.
The chapter is organized as follows. In Section 2, we give an upper

estimate of ‖B f ‖ω, where f ∈ H2 and B is a general Blaschke product.
Section 3 is devoted to Blaschke products in Dω. We also give in this
section the proof of Theorem 2.1.1. In Section 4, we state and prove our
main theorems on zero sets for Dω. In Section 5, we consider general
weighted Dirichlet spaces and give extensions of some previous results.
The last section contains some remarks and two problems.

2.2 norm estimates

In this section we give an upper estimate of ‖B f ‖ω which will be
useful in the proofs of our main results.

Let ω be a superharmonic weight on D. By Jensen-Riesz represen-
tation theorem (see for instance [6, 60]), there exist a positive Borel
measure µ on D and a finite positive Borel measure ν on T such that

ω(z) = Uµ(z) + Pν(z) (z ∈ D), (2.6)

where Uµ is the Green potential of µ defined by

Uµ(z) =
∫

D
log
∣∣∣∣1− wz

w− z

∣∣∣∣ dµ(w)

and Pν is the Poisson transform of ν defined by

Pν(z) =
∫

T

1− |z|2

|1− ζz|2
dν(ζ).

Recall that µ = −∆ω where ∆ is the distributional laplacian operator.
It is known [6] that Uµ is not identically infinite if and only if∫

D
(1− |z|)dµ(z) < ∞. (2.7)

So, in the sequel we suppose that (2.7) is satisfied. Note that Uµ (resp.
Pν) is called the pure superharmonic (resp. the harmonic) part of ω.
We say that ω is purely superharmonic if ω = Uµ.

Let f be a function in H2. S. Richter and C. Sundberg extended
Carleson’s formula (2.5) to all harmonically weighted Dirichlet spaces
[32, 63]. In particular, we have

DPν(B f ) = DPν( f ) + ∑
n≥1

(1− |zn|2)
∫

T

| f (ζ)|2
|1− znζ|2 dν(ζ), (2.8)
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2.2 norm estimates 17

where B is the Blaschke product associated with (zn)n≥1. On the other
hand, using Green’s formula [38], it is clear that∫

D
| f ′(w)|2 log

∣∣∣∣1− zw
z− w

∣∣∣∣ dA(w) = P(| f |2)(z)− | f (z)|2 (z ∈ D).

So, if ω = Uµ is a purely superharmonic weight then we have the
following formula

Dω( f ) =
∫

D

∫
D
| f ′(w)|2 log

∣∣∣∣1− zw
z− w

∣∣∣∣ dA(w)dµ(z)

=
∫

D

(
P(| f |2)(z)− | f (z)|2

)
dµ(z). (2.9)

In particular, f ∈ Dω if and only if (2.9) is finite. The latter result was
obtained by A. Aleman [3, 4]. See also [8].

Let Z = (zn)n≥1 be a Blaschke sequence of D and let µ be a positive
Borel measure on D. Let Zµ be the function defined by

Zµ(ζ) = ∑
n≥1

(1− |zn|2)
∫

D

(1− |z|2)2

|1− znz|2|1− zζ|2 dµ(z) (ζ ∈ T).

The following estimate will be useful in the sequel.

Theorem 2.2.1. Let ω = Uµ be a purely superharmonic weight. Let f ∈ Dω

and let B be the Blaschke product associated with the sequence Z = (zn)n≥1

of D. Then

‖B f ‖2
ω . ‖ f ‖2

ω +
∫

T
| f (ζ)|2Zµ(ζ)dm(ζ). (2.10)

Proof. By equation (2.9), we have

‖B f ‖2
ω � ‖ f ‖2

ω +
∫

D
| f (z)|2(1− |B(z)|2)dµ(z). (2.11)

Let Bk denotes the finite Blaschke product associated with (zn)1≤n≤k
and let B0 = 1. We have

1−|Bk(z)|2 =
k

∑
n=1
|Bn−1(z)|2−|Bn(z)|2 =

k

∑
n=1

|Bn−1(z)|2(1− |zn|2)(1− |z|2)
|1− z̄nz|2 .

Then

1−|B(z)|2 =
∞

∑
n=1

|Bn−1(z)|2(1− |zn|2)(1− |z|2)
|1− z̄nz|2 ≤

∞

∑
n=1

(1− |zn|2)(1− |z|2)
|1− z̄nz|2

Combining this inequality with equation (2.11), we obtain

‖B f ‖2
ω . ‖ f ‖2

ω +
∞

∑
n=1

(1− |zn|2)
∫

D

| f (z)|2(1− |z|2)
|1− z̄nz|2 dµ(z)

≤ ‖ f ‖2
ω +

∞

∑
n=1

(1− |zn|2)
∫

T
| f (ζ)|2

∫
D

(1− |z|2)2

|ζ − z|2|1− z̄nz|2 dµ(z)dm(ζ)

= ‖ f ‖2
ω +

∫
T
| f (ζ)|2Zµ(ζ)dm(ζ).

The proof is complete.
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18 blaschke products and zero sets in weighted dirichlet spaces .

Note that if ω = Uµ + Pν is a general superharmonic weight we
have

‖B f ‖2
ω . ‖ f ‖2

ω +
∫

T
| f (ζ)|2Zµ(ζ)dm(ζ)

+ ∑
n≥1

(1− |zn|2)
∫

T

| f (ζ)|2
|1− znζ|2 dν(ζ), (2.12)

by (2.8) and (2.10).

2.3 blaschke products

Our aim in this section is to prove Theorem 2.1.1. First, we give a
sufficient condition which ensures that an infinite Blaschke product
belongs to Dω.

Let µ be a positive Borel measure on D satisfying (2.7). The function
Ψµ is given by

Ψµ(z) = (1− |z|2)
∫

D

1− |w|2
|1− wz|2 dµ(w) (z ∈ D).

Let Z = (zn)n≥1 ⊂ D and recall that Z is said to be uniformly
separated if there exists δ > 0 such that

∏
n: n 6=k

∣∣∣∣ zn − zk

1− znzk

∣∣∣∣ ≥ δ, (k ≥ 1). (2.13)

Theorem 2.3.1. Let ω = Uµ + Pν be a superharmonic weight, where µ is a
positive Borel measure on D satisfying (2.7) and ν be a finite positive Borel
measure on T. Let B be the Blaschke product associated with Z = (zn)n≥1 ⊂
D. Then B ∈ Dω, if

∑
n≥1

Ψµ(zn) + Pν(zn) < ∞. (2.14)

If in addition, Z is uniformly separated then (2.14) is also necessary.

Proof. Applying (2.12), with f = 1, we get

‖B‖2
ω ≤ 1 +

∫
T
Zµ(ζ)dm(ζ) + ∑

n≥1

∫
T

1− |zn|2
|1− znζ|2 dν(ζ)

= 1 + ∑
n≥1

Ψµ(zn) + Pν(zn) < ∞.

This proves that B ∈ Dω. If Z is uniformly separated, by [25], we have

1− |B(z)|2 � ∑
n≥1

(1− |zn|2)(1− |z|2)
|1− znz|2 , (z ∈ D).

The second assertion comes from (2.8) and (2.9).
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2.3 blaschke products 19

The following lemma will be useful in the proof of the main result.

Lemma 2.3.2. Let ω = Uµ + Pν be a superharmonic weight, where µ is a
positive Borel measure on D satisfying (2.7) and ν is a finite positive Borel
measure on T. The following are equivalent.

i) Dω contains an infinite Blaschke product.

ii) lim inf
|z|→1−

(
Ψµ(z) + Pν(z)

)
= 0.

Proof. Suppose that there exists an infinite Blaschke sequence Z =

(zn)n≥1 ⊂ D such that the associated Blaschke product B belongs to
Dω. Let (an)n≥1 be a uniformly separated infinite subsequence of Z
and let B1 be the associated Blaschke product. Clearly, from (2.8) and
(2.9), B1 ∈ Dω. By Theorem 2.3.1, we have ∑

n≥1
Ψµ(an) + Pν(an) < ∞.

In particular, lim inf
|z|→1−

(
Ψµ(z) + Pν(z)

)
= 0.

Conversely, suppose that lim inf
|z|→1−

(
Ψµ(z) + Pν(z)

)
= 0. Then there

exists (zn)n≥1 such that Ψµ(zn) + Pν(zn) < 1/2n. By Theorem 2.3.1,
the Blaschke product associated with (zn)n≥1 belongs to Dω.

Proof of Theorem 2.1.1. The following implications ii) =⇒ iii) =⇒
iv) are obvious. iv) =⇒ i) comes from the fact that D contains no
infinite Blaschke product.

It remains to prove that i) =⇒ ii). To this end, suppose that ii) is
not satisfied and suppose that ω = Uµ + Pν. For ε > 0, we have m({ζ ∈
T : h(ζ) < ε}) := a > 0. Let (rn)n≥1 ∈ (0, 1) be a sequence which
converges to 1. By Fatou’s lemma, we have limn Pν(rnζ) = h(ζ) a.e..
Then for n, large enough, we have

m({ζ ∈ T : Pν(rnζ) < ε}) ≥ a/2.

Let un(ζ) = Ψµ(rnζ). We have

‖un‖1 :=
∫

T
un(ζ)dm(ζ) �

∫
D

(1− rn)

1− rn|z|
(1− |z|)dµ(z).

Since the measure (1− |z|)dµ(z) is finite, limn ‖un‖1 = 0. In particular
we have, for large n,

m({ζ ∈ T un(ζ) ≥ ε}) < a/2.

Consequently,

m({ζ ∈ T : Pν(rnζ) < ε} ∩ {ζ ∈ T : un(ζ) < ε}) > 0.

This implies that lim inf
|z|→1−

Ψµ(z) + Pν(z) = 0. By applying Lemma 2.3.2

we obtain the result.
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20 blaschke products and zero sets in weighted dirichlet spaces .

2.4 zero sets for superhamonically weighted dirichlet

spaces

Since Dω possesses a division property it is clear that a Blaschke
sequence Z is a zero set for Dω if and only if there exists an outer
function f ∈ Dω such that B f ∈ Dω. In this section we give two ways
to construct such functions.

2.4.1 Regularization using smooth functions

We begin this subsection by recalling some standard facts. Let ρ be an
increasing function such that ρ(0) = 0. We say that a closed subset E
of T is a ρ−Carleson set if∫

T
log

1
ρ(d(ζ, E))

dm(ζ) < ∞.

It is known (see for instance [11, 18, 76]) that if ρ(t) = O(tε), for some
ε > 0, then there exists an analytic function f on D with bounded
derivatives and such that | f (z)| = O(ρ(d(z, E)).
The aim of the following theorem is to exhibit conditions ensuring the
membership of f B to Dω. For simplicity, we state our result only in
the radial case.

Theorem 2.4.1. Let ρ be an increasing function such that ρ(t) = O(tε)

for some ε > 0. Let E be a ρ−Carleson set. Let ω = Uµ be a purely
superharmonic radial weight on D. Let Z = (zn)n≥1 be a Blaschke sequence
such that

∑
n≥1

Ψµ(zn)ρ(16d(zn, E)) < ∞. (2.15)

Then Z is a zero set for Dω.

We will need the following lemma, which is due to K. Kellay and J.
Mashreghi [45].

Lemma 2.4.2. Let ρ, E satisfying the conditions of Theorem 2.4.1. Then, for
z ∈ D, we have∫

T

1− |z|2
|1− zζ|2 ρ(d(ζ, E))dm(ζ) . ρ(2d(z, E)) + (1− |z|2)

∫ 2

2d(z,E)

ρ(t)
t2 dt.

Proof of Theorem 2.4.1. Since ρ−Carleson sets and ρ2/ε−Carleson sets
are the same, we suppose that ρ(t) = O(t2). By the above discussion,
there exists a function f ∈ Dω such that | f (z)|2 ≤ ρ(d(z, E)). We have∫

T
| f (ζ)|2Zµ(ζ)dm(ζ)

≤
∫

T
ρ(d(ζ, E))Zµ(ζ)dm(ζ)

= ∑
n≥1

(1− |zn|2)
∫

D

(1− |z|2)2

|1− znz|2
∫

T

ρ(d(ζ, E))
|1− zζ|2 dm(ζ)dµ(z).
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By Lemma 2.4.2 we have∫
T

1− |z|2
|1− zζ|2 ρ(d(ζ, E))dm(ζ) . ρ(2d(z, E)) + (1− |z|2).

Then ∫
D

(1− |z|2)2

|1− znz|2
∫

T

ρ(d(ζ, E))
|1− zζ|2 dm(ζ)dµ(z)

.
∫

D

(1− |z|2)
|1− znz|2 ρ(2d(z, E))dµ(z) +

∫
D

(1− |z|2)2

|1− znz|2 dµ(z).

Since ω is radial, dµ(rζ) = dλ(r)dm(ζ), where λ is a positive Borel
measure on [0, 1]. Recall that ω 6= +∞ is equivalent to∫

D
(1− |z|)dµ(z) =

∫ 1

0
(1− r)dλ(r) < ∞.

Then we have∫
D

(1− |z|2)2

|1− znz|2 dµ(z) =
∫ 1

0

∫
T

(1− r2)2

|1− rznζ|2 dm(ζ)dλ(r) .
∫ 1

0
(1− r)dλ(r) < ∞.

Note that d(z, E) ≤ max(2d(z/|z|, E), 2(1− |z|)). Using Lemma 2.4.2
again, we get∫

D

(1− |z|2)
|1− znz|2 ρ(2d(z, E))dµ(z)

≤
∫ 1

0

∫
T

(1− r2)

|1− znrζ|2 ρ(4d(ζ, E))dm(ζ)dλ(r)

+
∫ 1

0

∫
T

(1− r2)

|1− znrζ|2 ρ(4(1− r))dm(ζ)dλ(r)

.
∫ 1

0

1− r
1− r|zn|

ρ(8d(rzn, E))dλ(r) +
∫ 1

0
(1− r)dλ(r).

Combining these inequalities, we obtain∫
T
| f (ζ)|2Zµ(ζ)dm(ζ) . ∑

n≥1
(1− |zn|2)

∫ 1

0

1− r
1− r|zn|

ρ(8d(rzn, E))dλ(r)

+ ∑
n≥1

(1− |zn|2).

Since ρ is increasing,

ρ(8d(rzn, E)) ≤ ρ(16d(zn, E))+ ρ(8(1− r)) . ρ(16d(zn, E))+ (1− r)2.

We get∫
T
| f (ζ)|2Zµ(ζ)dm(ζ)

. ∑
n≥1

(1− |zn|2)
(∫ 1

0

1− r
1− r|zn|

dλ(r)
)

ρ(16d(zn, E)) + ∑
n≥1

(1− |zn|2)

� ∑
n≥1

Ψµ(zn)ρ(16d(zn, E)) + ∑
n≥1

(1− |zn|2).

By Theorem 2.2.1 and (2.15), B f ∈ Dω. The proof is complete.
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22 blaschke products and zero sets in weighted dirichlet spaces .

Let Λ = {(α, β) : α ∈ (0, 1), β ∈ (−∞,+∞)} ∪ {0} × (0,+∞) ∪
{1} × (−∞, 0) and consider

ωα,β(z) =
(1− |z|2)α

logβ(1/(1− |z|))
, (α, β) ∈ Λ. (2.16)

Corollary 1. Let ρ be an increasing function such that ρ(t) = O(tε) for
some ε > 0 and let E be a ρ−Carleson set. Set (α, β) ∈ Λ and suppose that
a Blaschke sequence Z = (zn)n≥1 of D satisfies

∑
n≥1

ωα,β(zn)ρ(16d(zn, E)) < ∞.

Then Z is a zero set for Dωα,β .

Proof. By a straightforward computation we get, for all (α, β) ∈ Λ,
that Ψωα,β � ωα,β. The desired result comes from Theorem 2.4.1.

2.4.2 Regularization using potential theory

Let ω = Uµ + Pν be a superharmonic weight on D. Now we introduce
the notion of capacity associated with Dω. The space Dh

ω is given by

Dh
ω := { f ∈ L2(µ) : ‖ f ‖2

ω := ‖ f ‖2
L2(m) +Dω( f ) < ∞},

where

Dω( f ) =
∫

T

∫
T
| f (ζ)− f (η)|2Aµ(ζ, η)dm(ζ)dm(η)

+
∫

T

∫
T

| f (ζ)− f (η)|2
|ζ − η|2 dν(ζ)dm(η)

and

Aµ(ζ, η) =
∫

D

(1− |z|2)
|1− ζz|2

(1− |z|2)
|1− zη|2 dµ(z).

Note that, the real part of Dh
ω is a Dirichlet space in the sense of

Beurling-Deny (see [10, 37]). So, the capacity cω associated with Dh
ω is

defined by

cω(E) = inf{‖ f ‖2
ω : f ∈ Dh

ω and f ≥ 1 a.e on a neighborhood of E }.

By the definition, cω is inner, that is

cω(E) = inf{cω(U) : U is open and E ⊂ U}.

We also have the following properties

• cω(∅) = 0 and cω(E1) ≤ cω(E2), whenever E1 ⊂ E2 ⊂ T.

• Let (An)n be an increasing sequence of subsets of T. Then
cω(∪n An) = lim

n→∞
cω(An).
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• Let (Kn) be a decreasing sequence of compacts subset of T. Then
cω(∩nKn) = lim

n→∞
cω(Kn).

According to Choquet’s theorem, we have

cω(E) = sup{cω(K) : K is compact and K ⊂ E},

where E is a Borelian subset of T.
A property is said to be satisfied cω− quasi everywhere, if there exists
a subset N ⊂ T with cω(N) = 0 and such that the property is satisfied
on T \ N. We say that a function f defined on T is quasi continuous if
for every ε > 0 there exists an open subset U with cω(U) < ε and such
that f is continuous on T \U . It is known, from the general potential
theory associated with Dirichlet forms, that for each function f ∈ Dh

ω,
there exists a quasi continuous function f̃ ∈ Dh

ω such that f̃ = f a.e..
Note also that if f and g are two quasi continuous functions of Dh

ω

such that f = g a.e. on an open subset U then f = g cω − q.e. on U.
Using these facts one can see that, for every subset E of T, we have

cω(E) = inf{‖ f ‖2
ω : f ∈ Dh

ω and f̃ ≥ 1 cω − q.e.on E }.

Now, we introduce the notion of potential which will play an impor-
tant role in our construction. We say that a positive Borel measure λ

on T is of finite energy (with respect to Dh
ω) if there exists a constant

C > 0 such that∫
| f (ζ)|dλ(ζ) ≤ C‖ f ‖ω, ( f ∈ Dh

ω ∩ C(T)),

where C(T) is the space of continuous functions on T. In particular

the linear form f →
∫

f (ζ)dλ(ζ) can be extended to the whole space

Dh
ω. Consequently, there exists a unique (since Dh

ω ∩ C(T) is dense in
Dh

ω) function gλ ∈ Dh
ω such that

〈gλ, f 〉 =
∫

f (ζ)dλ(ζ) ( f ∈ Dh
ω ∩ C(T)).

Let E be a closed subset of T. The set of positive Borel measures
supported by E and with finite energy with respect to Dh

ω, will be
denoted by Sω(E) . It is known that if λ ∈ Sω(T), then λ charges no
sets of cω− capacity zero. In particular if f ∈ Dh

ω, then f̃ ∈ L1(λ) and

〈gλ, f 〉 =
∫

f̃ (ζ)dλ(ζ) ( f ∈ Dh
ω). (2.17)

The function gλ is called the potential of λ with respect Dh
ω. We have

the following fundamental theorem.

Theorem 2.4.3. Let E be a closed subset of T such that cω(E) > 0. There
exists a unique measure λE ∈ Sω(E) such that

cω(E) = ‖gλE‖
2
ω = λE(E).

Moreover, we have 0 ≤ gλE ≤ 1 and g̃λE = 1 cω − q.e. on E.
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A direct and important consequence of this theorem is the following
expression of the capacity of closed sets in terms of measures with
finite energy

cω(E) = sup{λ(E) : λ ∈ Sω(E) and g̃λ ≤ 1 cω − q.e.},

where E is a closed subset of T. For more details we refer to [37].
Let Kω be the reproducing kernel of Dω. The Poisson transform of

a function f ∈ Dh
ω will be also denoted by f . Let f+ = 〈 f , Kω〉 the

analytic part of f . Since f− := f − f+ ∈ Dω, we have

f (z) = 〈 f , 2ReKω
z − 1〉 (z ∈ D).

Let λ ∈ Sω(T) and let fλ =: g+λ . We have

gλ(z) =
∫

T
(2ReKω

z (ζ)− 1)dλ(ζ) and fλ(z) =
∫

T
Kω

z (ζ)dλ(ζ) (z ∈ D).

From the above discussion we have the following result.

Lemma 2.4.4. Let ω be a superharmonic weight and let E be a closed subset
of T such that cω(E) > 0. Then Re fλE ≥ 0, Re fλE = 1 cω − q.e. on E and
‖ fλE‖2

ω � cω(E).

The following lemma will be used in the proof of Theorem 2.1.2.

Lemma 2.4.5. Let ω be a superharmonic weight. Let (En)n be a (finite or
infinite) decreasing sequence of closed subsets of T such that cω(En) > 0 for
each n. There exists a function f ∈ Dω such that Re f ≥ 0 on D, ‖ f ‖ω ≤ 1
and

Re f ≥ 1
4

log
1

cω(En)
cω − q.e. on En for all n.

Proof. Let Λp = {n : 2p ≤ log(1/cω(En)) < 2p+1}. Write {p : Λp 6=
∅} = {pj, j ≥ 1} such that pj < pj+1 and put nj = min Λpj . Then we
have

2pj ≤ log
1

cω(En)
< 2pj+1, nj ≤ n < nj+1.

Let f = ∑
j≥1

2pj−1 f j, where f j = fλEnj
. We have

‖ f ‖ω ≤ ∑
j≥1

2pj−1‖ f j‖ω ≤ ∑
j≥1

2pj−1c1/2
ω (Ej) ≤ ∑

j≥1

2pj−1

22pj−1 ≤ 1.

Let n ≥ 1 and let j be such that nj ≤ n < nj+1. Since En ⊂ Enj we have
Re f j = 1, cω− q.e. on En. We get

Re f ≥ 2pj−1 ≥ 1
4

log
1

cω(En)
, cω−q.e. on En.
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Proof of Theorem 2.1.2. Obviously, one can suppose that cω(Fn) > 0,
for all n ≥ 1. Let En

j = ∪j≤k≤nFk. By Lemma 2.4.5, there exists a
sequences ( fn)n ⊂ Dω such that Re fn ≥ 0 a.e. on T,

sup
n
‖ fn‖ω < ∞ and Re fn ≥ log

1
cω(En

j )
cω − q.e. on Fj (1 ≤ j ≤ n).

Since En
j ⊂ Ej, Re fn ≥ log 1

cω(Ej)
cω − q.e. on Fj (1 ≤ j ≤ n). One can

extract from ( fn)n a subsequence which converges weakly to a quasi-
continuous function f ∈ Dω. Since weak convergence implies uniform
convergence on compact subsets of D, we have Re f ≥ 0 on D. By a
standard argument, it is easy to see that Re f ≥ log 1

cω(Ej)
cω− q.e. on Fj

for j ≥ 1. Hence the proof is complete.

Before giving the proof of Theorem 2.1.3 remark that the condition
ω(z) = Uµ(z) + Pν(z) = O((1− |z|)α) implies that

ν(I) . (1− |z|)Pν(z) = O(m(I)1+α),

where I is an arbitrary arc of T and z ∈ D \ {0} such that z/|z| is
the center of I and 1− |z| is the length of I. This implies that ν = 0 if
α > 0 and dν = φdm for some bounded function φ, if α = 0.

Proof of Theorem 2.1.3. By Theorem 2.1.2, there exists a function f ∈
Dω such that Re f ≥ 0 a.e. on T and Re f ≥ log(1/cω(En)) cω − q.e. on
I(zn, γ). Clearly, the bounded analytic function h =: e−A f ∈ Dω and
|h| ≤ cω(En)A cω − q.e. on I(zn, γ). Our goal is to prove that Bh ∈ Dω.
By Theorem 2.2.1 and equality (2.9) it suffices to prove that

∑
n≥1

∫
T

∫
D
|h(ζ)|2 (1− |zn|2)((1− |z|2)2

|1− znz|2|1− zζ|2 dµ(z)dm(ζ) < ∞, (2.18)

and

∑
n≥1

∫
T
|h(ζ)|2 1− |zn|2

|1− znζ|2 dν(ζ) < ∞. (2.19)

Since |h| ≤ cω(En)A cω − q.e. on I(zn, γ), we have∫
I(zn,γ)

∫
D
|h(ζ)|2 (1− |zn|2)((1− |z|2)2

|1− znz|2|1− zζ|2 dµ(z)dm(ζ) ≤ Ψµ(zn)c2A
ω (En)

On the other hand, we have

Uµ(w) =
∫

D
log

1
|ϕz(w)|dµ(z)

≥
∫

D
(1− |ϕz(w)|)dµ(z)

�
∫

D

(1− |z|2)(1− |w|2)
|1− zw|2 dµ(z).
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26 blaschke products and zero sets in weighted dirichlet spaces .

Let Dz be the disc centered at z and of radius 1−|z|
4 . We get∫

D

(1− |zn|2)Uµ(w)

|1− znw|2|1− wζ|2 dA(w)

&
∫

D

∫
D

(1− |zn|2)
|1− znw|2|1− wζ|2

(1− |z|2)(1− |w|2)
|1− zw|2 dA(w)dµ(z)

≥
∫

D

∫
Dz

(1− |zn|2)
|1− znz|2|1− zζ|2

(1− |z|2)(1− |w|2)
|1− zw|2 dA(w)dµ(z)

�
∫

D

(1− |zn|2)(1− |z|2)2

|1− znz|2|1− zζ|2 dµ(z).

Since h is bounded and Uµ(z) ≤ ω(z) = O((1− |z|)α), we deduce that∫
D
|h(ζ)|2 (1− |zn|2)(1− |z|2)2

|1− znz|2|1− zζ|2 dµ(z) .
∫

D

(1− |zn|2)((1− |z|2)2

|1− znz|2|1− zζ|2 dµ(z)

.
∫

D

(1− |zn|2)Uµ(z)
|1− znz|2|1− zζ|2 dA(z)

.
(1− |zn|2)
|1− znζ|2−α

.

Let Jn := T \ I(zn, γ). We have∫
Jn

∫
D
|h(ζ)|2 (1− |zn|2)((1− |z|2)2

|1− znz|2|1− zζ|2 dµ(z)dm(ζ) .
∫

Jn

(1− |zn|2)
|1− znζ|2−α

dm(ζ)

� 1− |zn|2
dist1−α(zn, Jn)

� (1− |zn|2)1−γ(1−α)

= (1− |zn|2)1−ε,

which completes the proof of (2.18).
To prove (2.19) we suppose that α = 0, otherwise ν = 0. Let dν =

φdm, where φ is a bounded function. We have

∑
n≥1

∫
T
|h(ζ)|2 1− |zn|2

|1− znζ|2 dν(ζ)

. ∑
n≥1

(∫
I(zn,γ)

|h(ζ)|2 1− |zn|2
|1− znζ|2 dν(ζ) +

∫
Jn

1− |zn|2
|1− znζ|2 dm(ζ)

)
. ∑

n≥1
Pν(zn)cA

ω(En) + ∑
n≥1

(1− |zn|)1−ε,

and (2.19) is proved.

Applying the latter result to ωα,β, which is given by (2.16), we get

Corollary 2. Let (α, β) ∈ Λ. Let Z = (zn)n≥1 be a sequence of D such
that ∑n≥1(1− |zn|2)1−ε < ∞, for some ε ∈ (0, 1). Let γ = ε

1−α and let
En = ∪k≥n I(zk, γ). If there exists A > 0 such that

∑
n≥1

ωα,β(zn)cA
ωα,β

(En) < ∞,
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then Z is a zero set for Dωα,β .

Theorem 2.4.6. Let α, ε ∈ (0, 1) and let γ = ε
1−α . Let Z = (zn)n≥1 be a

sequence of D and let En = ∪k≥n I(zk, γ). Suppose that ∑
n≥1

(1− |zn|)1−ε <

∞. If

∑
n≥1

(1− |zn|)α exp
(
− log1/β(1/cα(En))

)
< ∞,

for some β ∈ (α, 1), then Z is a zero set for Dα.

Proof. Recall that the reproducing kernel of Dα is given by Kα(z, w) =
1

(1−zw)α , z, w ∈ D. Let f ∈ Dα be the function constructed in Theorem
2.1.2. We have Re f ≥ 0 a.e. on T and Re f ≥ log(1/cα(∪j≥n Ij)) cα− q.e.
on In. Since |Arg(Kα(z, w))| < π

2 α, it is easy to see that Re f 1/β ≥ 0.
This implies that h =: e− f 1/β ∈ Dα. We get the result by following the
proof of Theorem 2.1.3.

Note that for the classical Dirichlet space D the associated capacity
c0 is comparable with the logarithmic capacity and the reproducing
kernel is given by

K(z, w) =
1

zw
log

1
1− zw

(z, w ∈ D).

Clearly, we have |ImK(z, w)| ≤ π
2 . Our method implies the following

result.

Theorem 2.4.7. Let Z = (zn)n≥1 be a sequence of D \ {0}. Let ε ∈ (0, 1)
and suppose that ∑

n≥1
(1− |zn|)1−ε < ∞. Let En = ∪j≥n Ij(zn, ε). If

∑
n≥1

exp
(
− A

c0(En)

)
< ∞,

for some A > 0, then Z is a zero set for D.

Proof. It suffices to replace h in the proof of Theorem 2.1.3 by exp(−Ae f ).

Note that Theorem 2.4.7 improves Carleson’s condition (2.2). Indeed,
suppose that there exists ε ∈ (0, 1) such that

M := ∑
n≥1

(log(1/(1− |zn|)))ε−1 < ∞.

This implises that c0(En) ≤ M (log(1/(1− |zn|)))−ε. Therefore, for
N + 1 > 1/ε, we obtain

∑
n≥1

exp (−1/c0(En)) ≤ MN ∑
n≥1

(log(1/(1− |zn|)))ε−1 < ∞.
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2.5 general weights

In this section we discuss briefly the case of general positive weights.
Let ω be an integrable positive weight on D. Let B be the Blaschke
product associated with the sequence Z = (zn)n≥1. Using the fact that
(1− |z|2)|B′(z)| ≤ 1, we get

(1− |z|2)|B′(z)|2 ≤ ∑
n≥1

1− |zn|2
|1− znζ|2 .

Now one can show easily the following proposition.

Proposition 2.5.1. Let f ∈ H2, and let B be the Blaschke product associated
with the Blaschke sequence Z = (zn)n≥1 of D. Then

‖B f ‖2
ω . ‖ f ‖2

ω +
∫

T
| f (ζ)|2Z̃ω(ζ)dm(ζ). (2.20)

where

Z̃ω(ζ) = ∑
n≥1

(1− |zn|2)
∫

D

ω(z)
|1− znz|2|1− zζ|2 dA(z) (ζ ∈ T).

Note that for ωα we have

Z̃ωα(ζ) � ∑
n≥1

1− |zn|2
|1− znζ|2−α

(ζ ∈ T).

A comparison between Proposition 2.5.1 and Theorem 2.2.1 is
needed. Let ω = Uµ be a purely superharmonic weight. To get
Zµ � Z̃ω it suffices to have (1− |z|2)2|∆ω(z)| � ω(z). Note that this
condition is satisfied for a large class of regular radial concave weights.
For example, it is satisfied by the weights ωα,β, when α ∈ (0, 1) and
β ∈ (−∞,+∞). However, if α = 0 and β > 0 (which means that Dωα,β

is close to the classical Dirichlet space) the situation is quite different.
Indeed, we have

(1− |z|2)2|∆ω0,β(z)| �
ω0,β(z)

log( 1
1−|z| )

= ω0,β+1(z), (|z| → 1−).

and Theorem 2.2.1 is more precise than Proposition 2.5.1. The same
phenomenon happens when Dω is close to H2. It is the case for Dωα,β

with α = 1 and β < 0.
By Proposition 2.5.1, it is clear that B ∈ Dω if ∑

n≥1
Φω(zn) < ∞,

where Φω is given by

Φω(w) = (1− |w|2)
∫

D

ω(z)
|1− zw|2(1− |z|2)dA(z).

An analogue of Theorem 2.4.1 can be stated as follow.

Theorem 2.5.2. Let ω be a radial weight and let E, ρ satisfying conditions
of Theorem 2.4.1. Let Z = (zn)n≥1 be a Blaschke sequence of D. If

∑
n≥1

Φω(zn)ρ(16d(zn, E)) < ∞,

then Z is a zero set of Dω.
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2.6 final remarks

Let ω be a superharmonic weight. As mentioned in Introduction 2.1, a
Blaschke sequence Z = (zn)n≥1 is a zero set for Dω if ∑n≥1

1
Kω(zn,zn)

<

∞. To take advantage from this result we need to estimate Kω(z, z).

Problem 1: Give an estimate of Kω(z, z), where ω = Uµ + Pν is a
general superharmonic weight.

The estimate of Kω(z, z), when ω is a "regular" radial weight is not
difficult to obtain. Indeed, for example if ω = ωα,β, with (α, β) ∈ Λ,
then

Kω(z, z) � 1/ω̃α,β(z) (z ∈ D),

where

ω̃α,β =


ωα,β if α ∈ (0, 1],

ωα,β+1 if α = 0.

Note also that for the harmonic case ω = Pν it was proved in [28] that

Kω(z, z) � 1 +
∫ |z|

0

dr
(1− r)Pν(rz/|z|) + (1− r)2 (z ∈ D \ {0}).

We remark that an answer to this problem will allow to get estimates
of the capacity of some borelian subsets of T (see [28] for the harmonic
case).

In [39], D. Guillot considered harmonic weights ω = Pν, where
ν = ∑n≥1 cnδζn is a positive finite atomic measure on T. He proved
that every Blaschke sequence is a zero set for Dω if and only if∫

T
log V2(ν)(ζ)dm(ζ) < ∞,

where V2(ν)(ζ) =
∫

T

dν(λ)
|ζ−λ|2 is the newtonian potential. A natural and

interesting problem raised from this result is the following.

Problem 2: Determine all superharmonicaly weighted Dirichlet
spaces for which every Blaschke sequence is a zero set.
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3
U N I Q U E N E S S S E T S F O R H A R M O N I C A L LY
D I R I C H L E T S PA C E S

Let ν be a positive finite Borel measure on the unit circle. The associ-
ated Dirichlet space DPν consists of holomorphic functions on the unit
disc whose derivatives are square integrable when weighted against
the Poisson integral of ν. We give a sufficient condition on a Borel
subset E of the unit circle which ensures that E is a uniqueness set for
DPν . As application, we give an example of positive measure ν and a
countable closed set E such that ν(E) = 0 and E is uniqueness set for
DPν .

3.1 havin-mazya uniqueness theorem

Let ν be a positive finite Borel measure on the unit circle T, the
harmonically weighted Dirichlet space Dh

Pν
is the set of all functions

f ∈ L2(T) for which

Dν( f ) =
∫

T
Dξ( f )dν(ξ) < ∞,

where Dξ( f ) is the local Dirichlet integral of f at ξ ∈ T given by

Dξ( f ) :=
∫

T

∣∣∣ f (ζ)− f (ξ)
ζ − ξ

∣∣∣2 |dζ|
2π

.

The space Dh
Pν

is endowed with the norm

‖ f ‖2
ν := ‖ f ‖2

L2(T) +Dν( f ).

The analytic weighted Dirichlet space D(µ) is defined by

DPν = { f ∈ Dh
Pν

: f̂ (n) = 0, n < 0}.

Let D be the open unit disc in the complex plane. Let H2 denote
the Hardy space of analytic functions on D. As usual, we use the
identification H2 = { f ∈ L2(T) : f̂ (n) = 0, n < 0}. Since DPν ⊂ H2,
every function f ∈ DPν has non-tangential limits almost everywhere
on T. We denote by f (ζ) the non-tangential limit of f at ζ ∈ T if it
exists. Note that by Douglas Formula the Dirichlet-type space DPν is
the set of analytic functions f ∈ H2, such that

Dν( f ) :=
∫

D
| f ′(z)|2Pν(z)dA(z) < ∞,

31
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32 uniqueness sets for harmonically dirichlet spaces

where dA(z) = dxdy/π stands for the normalized area measure in D

and Pν is the Poisson integral of ν

Pν(z) :=
∫

T

1− |z|2
|ζ − z|2 dν(ζ), z ∈ D.

For a proof of this fact see [32, Theorem 7.2.5] and for numerous
results on the Dirichlet-type space and operators acting thereon see
[32, 61, 62, 64, 65].

The capacity associated with DPν is denoted by cµ and is given by

cν(E) := inf
{
‖ f ‖2

µ : f ∈ Dh
Pν

, | f | ≥ 1 a.e. on a neighborhood of E
}

.

Since the L2 norm is dominated by the Dirichlet norm ‖.‖ν, it is
obvious that capacity 0 implies Lebesgue measure 0. We say that a
property holds cν-quasi-everywhere (cν-q.e.) if it holds everywhere
outside a set of zero cν capacity. Note that cν-q.e. implies a.e. We have

cν(E) = inf
{
‖ f ‖2

ν : f ∈ Dh
Pν

and | f | ≥ 1 cν-q.e on E
}

.

Furthermore every function f ∈ DPν has non-tangential limits cν-q.e.
on T [21, Theorem 2.1.9]. For more details see [40]

Recall that if I ⊂ T be the arc of lenght |I| = 1− ρ with midpoint
ζ ∈ T, then

cν(I) � 1 +
∫ ρ

0

dr
(1− r)Pν(rζ) + (1− r)2 , (3.1)

where the implied constants are absolute. For the proof see [28, Theo-
rem 2].
Let E be a subset of T, the set E is said to be a uniqueness set for DPν

if, for each f ∈ DPν such that its non-tangential limit f = 0 on E, we
have f = 0.
Note that if dν = dm the normalized arc measure on T, then the space
DPν coincides with the classical Dirichlet space D given by

D = { f ∈ H2 :
∫

D
| f ′(z)|2dA(z) < ∞}.

In this case, cm is comparable to the logarithmic capacity. Namely
cm(I) � | log |I||−1 for every arc I ⊂ T, [54, Theorem 14].
Khavin and Maz’ya proved in [48] that a Borel subset of T , E, is a
uniqueness set for D if there exists a family of pairwise disjoint open
arcs (In) such that

∑
n
|In| log

|In|
cm(E ∩ In)

= −∞.

For other uniqueness results for D see also [18, 20, 32, 39, 44, 46].
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Our aim in this chapter is to extend Khavin and Maz’ya uniqueness
theorem to a general Dirichlet spaces DPν .

Let γ ∈ (0, 1) and let I = (eia, eib). The arc γI is given by

γI = (ei(a+(1−γ) b−a
2 ), ei(b−(1−γ) b−a

2 )).

The main result of this chapter is the following theorem.

Theorem 3.1.1. Let E be a Borel subset of T of Lebesgue measure zero.
Suppose that there exists a family of pairwise disjoint open arcs (In)n and
γ ∈ (0, 1) such that

∑
n
|In| log

|In|
cν(E ∩ γIn)

= −∞,

then E is a uniqueness set for DPν .

As application, we give in Section 3, an example of positive measure
µ and a countable closed set E such ν(E) = 0 and E is uniqueness set
for DPν .
The key of the proof of the main theorem is an upper bound for 1

I

∫
I | f |

in terms of capacity of E ∩ I , for any open arc I in T.

The next section is devoted to the proof of Theorem 3.1.1. In Section
3 we discuss the case of discrete measures.

3.2 poincaré type inequality

First, let us introduce some notations which will be useful in the sequel.
Let J and L be arcs of T and let f be a borelian function defined on T.
We set

DJ,L,ν( f ) :=
∫

ζ∈J

∫
ξ∈L

| f (ζ)− f (ξ)|2
|ζ − ξ|2

|dζ|
2π

dν(ξ),

and
〈 f 〉J :=

1
|J|

∫
J
| f (ξ)||dξ|.

The following lemma is the key in the proof of Theorem 3.1.1.

Lemma 3.2.1. Let 0 < γ < 1 and let f ∈ DPν such that f |E = 0 for some
borelian subset E of T. Then, for any open arc I ⊂ T

〈 f 〉2γI ≤ κ
DI,T,ν( f ) +

∫
I | f |

2

cν(E ∩ γI)
, .

where κ is a constant depending only on γ.

Proof. Without loss of generality, we can suppose that I = (e−iθ , eiθ)

with 2θ < π. In this case γI = (e−iγθ , eiγθ).
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Let φ be a positive function on T, 0 ≤ φ ≤ 1, such that supp φ =
1+γ

2 I, φ = 1 on γI and

|φ(ζ)− φ(ξ)| ≤ c1

|I| |ζ − ξ|, ζ, ξ ∈ T.

where c1 depends only on γ. Set L = 1+γ
2 I and consider

F(ζ) := φ(ζ)
∣∣∣1− | f (ζ)|〈 f 〉L

∣∣∣, ζ ∈ T.

Hence F ≥ 0 and F = 1 cν-q.e on E ∩ γI. Therefore,

cν(E ∩ γI) ≤ ‖F‖2
ν.

We claim that

‖F‖2
ν ≤ κ

DI,T,ν( f ) +
∫

L | f |
2

〈 f 〉2L
. (3.2)

where κ depends only on γ.
Indeed, we have

‖F‖2
ν =

∫
T
|F(ζ)|2 |dζ|

2π
+
∫

T

∫
T

|F(ζ)− F(ξ)|2
|ζ − ξ|2

|dζ|
2π

dν(ξ)

≤ 1
〈 f 〉2L

∫
L
|〈 f 〉L − | f (ζ)||2

|dζ|
2π

+
∫

I

∫
I

|F(ζ)− F(ξ)|2
|ζ − ξ|2

|dζ|
2π

dν(ξ)

+
1
〈 f 〉2L

∫
ζ∈T\I

∫
ξ∈L

|〈 f 〉L − | f (ξ)||2
|ζ − ξ|2

|dζ|
2π

dν(ξ)

+
1
〈 f 〉2L

∫
ζ∈L

∫
ξ∈T\I

|〈 f 〉L − | f (ζ)||2
|ζ − ξ|2

|dζ|
2π

dν(ξ)

=
A

2π〈 f 〉2L
+

B
2π

+
C

2π〈 f 〉2L
+

D
2π〈 f 〉2L

.

(3.3)

By Cauchy-Schwarz inequality we have

|〈 f 〉L − | f (ξ)||2 ≤
1
|L|

∫
L
| f (η)− f (ξ)|2|dη|. (3.4)

Hence
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A :=
∫

L
|〈 f 〉L − | f (ζ)||2|dζ|

≤ 1
|L|

∫
L

∫
L
| f (η)− f (ξ)|2|dη||dξ|

≤ 2
|L|

∫
L

∫
L
| f (η)|2|dη||dξ|+ 2

|L|

∫
L

∫
L
| f (ξ)|2|dη||dξ|

= 4
∫

L
| f (ζ)|2|dζ|. (3.5)

Next we estimate B. For (ζ, ξ) ∈ T×T, we have

|F(ζ)− F(ξ)| =
∣∣∣φ(ζ)(∣∣∣1− | f (ζ)|〈 f 〉L

∣∣∣− ∣∣∣1− | f (ξ)|〈 f 〉L

∣∣∣)+(φ(ζ)−φ(ξ))
∣∣∣1− | f (ξ)|〈 f 〉L

∣∣∣∣∣∣
≤ 1
〈 f 〉L
| f (ζ)− f (ξ)|+ c1

〈 f 〉L
|ζ − ξ|
|I| |〈 f 〉L − | f (ξ)||. (3.6)

By (3.6) and (3.4) we get

B :=
∫

I

∫
I

|F(ζ)− F(ξ)|2
|ζ − ξ|2 |dζ|dν(ξ)

≤ 2
〈 f 〉2L

∫
I

∫
I

| f (ζ)− f (ξ)|2
|ζ − ξ|2 |dζ|dν(ξ)

+
2× c2

1

〈 f 〉2L|I|2|L|

∫
I

∫
I

∫
L
| f (η)− f (ξ)|2|dη||dζ|dν(ξ)

≤ 2
〈 f 〉2L

∫
I

∫
I

| f (ζ)− f (ξ)|2
|ζ − ξ|2 |dζ|dν(ξ)

+
2× c2

1

〈 f 〉2L|I||L|

∫
I

∫
L
| f (η)− f (ξ)|2|dη|dν(ξ)

≤ 2
〈 f 〉2L

∫
I

∫
I

| f (ζ)− f (ξ)|2
|ζ − ξ|2 |dζ|dν(ξ)

+
c2

〈 f 〉2L

∫
I

∫
I

| f (η)− f (ξ)|2
|η − ξ|2 |dη|dν(ξ)

≤ c3
DI,I,ν( f )
〈 f 〉2L

. (3.7)

where c2 and c3 depend only on γ.
Using again (3.4) , we see that
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C :=
∫

ζ∈T\I

∫
ξ∈L

|〈 f 〉L − | f (ξ)||2
|ζ − ξ|2 |dζ|dν(ξ)

≤
∫

ζ∈T\I

|dζ|
d(ζ, L)2

∫
ξ∈L
|〈 f 〉L − | f (ξ)||2dν(ξ)

≤ c4

|I|

∫
ξ∈L
|〈 f 〉L − | f (ξ)||2dν(ξ)

≤ c5

|I|2
∫

I

∫
I
| f (η)− f (ξ)|2|dη|dν(ξ)

≤ c5

∫
I

∫
I

| f (η)− f (ξ)|2
|η − ξ|2 |dη|dν(ξ)

= 2πc5DI,I,ν( f ), (3.8)

where c4 and c5 depend only on γ.
Obviously, (ξ, ζ, η) ∈ T\I × L× L,we have

|ζ − ξ| > (1− γ)|I| and |η − ξ| ≤ γ

1− γ
|ζ − ξ|.

Therefore, by (3.4) we oblain

D :=
∫

ξ∈T\I

∫
ζ∈L

|〈 f 〉L − | f (ζ)||2
|ζ − ξ|2 |dζ|dν(ξ)

≤
∫

ξ∈T\I

∫
ζ∈L

1
|L|

∫
η∈L

| f (η)− f (ξ) + f (ξ)− f (ζ)|2
|ζ − ξ|2 |dζ||dη|dν(ξ)

≤ 2
∫

ξ∈T\I

∫
η∈L

∫
ζ∈L

| f (η)− f (ξ)|2
|ζ − ξ|2 |dζ||dη|dν(ξ)

+2
∫

ξ∈T\I

∫
ζ∈L

| f (ξ)− f (ζ)|2
|ζ − ξ|2 |dζ|dν(ξ)

≤ c6

|I|

∫
ξ∈T\I

∫
η∈L

∫
ζ∈L

| f (η)− f (ξ)|2
|η − ξ|2 |dζ||dη|dν(ξ)

+2
∫

ξ∈T\I

∫
ζ∈L

| f (ξ)− f (ζ)|2
|ζ − ξ|2 |dζ|dν(ξ)

= c7

∫
ξ∈T\I

∫
ζ∈L

| f (ξ)− f (ζ)|2
|ζ − ξ|2 |dζ|dν(ξ)

≤ 2πc7DI,T\I,ν( f ), (3.9)

where c6 and c7 depend only on γ.
Combining (3.3), (3.5), (3.7), (3.8) and (3.9) we get (3.2) and the proof

is complete.
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Proof of Theorem 3.1.1 . Let f ∈ DPν such that f |E = 0 and set ` =

∑n |In|. By Lemma 3.2.1 and Jensen’s inequality it follows that∫
⋃

γIn

log | f (ξ)||dξ| = ∑
n

γ|In|
1

γ|In|

∫
γIn

log | f (ξ)||dξ|

≤ γ

2 ∑
n
|In| log〈 f 〉2γIn

≤ γ

2 ∑
n
|In| log

(
κ
DIn,T,µ( f ) +

∫
In
| f |2

Cµ(E ∩ γIn)

)
=

γ

2
` log κ +

γ

2
I ,

where

I = ∑
n
|In| log

|In|
cν(E ∩ γIn)

+ ∑
n
|In| log

(DIn,T,ν( f ) +
∫

In
| f |2

|In|

)
Using again Jensen inequality, we get

` ∑
n

|In|
`

log
(DIn,T,ν( f ) +

∫
In
| f |2

|In|

)
≤ ` log

[1
`

(
∑
n
DIn,T,ν( f ) +

∫
In

| f |2
)]

≤ ` log
[1
`

(
Dν( f ) + ‖ f ‖2

2
)]

= ` log
‖ f ‖2

ν

`
.

Therefore I = −∞. So by Fatou’s Theorem we obtain f = 0 and the
proof is complete.

3.3 countable sum of dirac measures

First observe that for the Dirac measure δζ it is known, (see [32]), that
D(δζ) = C + (z − ζ)H2. Then a Borel set E is a uniqueness set for
D(δζ) if and only if the E has a positive Lebesgue measure. This result
can be extended to some other discrete measures. For a positive Borel
measure ν we will denote by V2(ν) the Newtonian potential given by

V2(ν)(ζ) =
∫ 2π

0

dν(eit)

|eit − ζ|2 .

D. Guillot showed in [39, Theorem 2.1] that if there exists f ∈ Dµ such
that f = 0 ν a.e on T then∫

T
log V2(ν)(ζ)|dζ| < ∞.

He also proved that the converse is true for all discrete measures. The
following result is an immediate consequence of [39].
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Proposition 1. Consider a positive sequence (an)n≥1 such that ∑
n≥1

an = 1

and let µ = ∑n anδζn where ζn ∈ T. If∫
T

log V2(ν)(ζ)|dζ| < ∞,

then a Borel set E ⊂ T is a uniqueness set for DPν if and only if |E| > 0.

Proof. Since DPν ⊂ H2, it is obvious that the condition |E| > 0 is
sufficient. Conversely, Let E ⊂ T be a Borel set such that |E| = 0, there
exists a function ϕ ∈ H∞ \ {0} such that ϕ|E = 0. By [40], there exists
f ∈ DPν ∩ H∞ \ {0} such that f (ζn) = 0, (n ≥ 1). Now it suffices to
prove that ϕ f ∈ DPν . Indeed,

Dν(ϕ f ) =
∫

T

∫
T

∣∣∣ ϕ f (ζ)− ϕ f (ζ ′)
ζ − ζ ′

∣∣∣2|dζ|dν(ζ ′)

=
∫

T

∫
T

∣∣∣ ϕ f (ζ)
ζ − ζ ′

∣∣∣2|dζ|dν(ζ ′)

≤ ‖ϕ‖2
∞

∫
T

∫
T

∣∣∣ f (ζ)
ζ − ζ ′

∣∣∣2|dζ|dν(ζ ′)

= ‖ϕ‖2
∞

∫
T

∫
T

∣∣∣ f (ζ)− f (ζ ′)
ζ − ζ ′

∣∣∣2|dζ|dν(ζ ′)

= ‖ϕ‖2
∞Dν( f ).

Which completes the proof.

Note that for a positive Borel measures ν = ∑n anδζn where ζn ∈ T

such that∫
T

log V2(ν)(ζ)|dζ| = ∞, (3.10)

we have no complete characterization for uniqueness sets for DPν . In
this case, by [39] the countable set {ζ ∈ T : ν(ζ) 6= 0} is a uniqueness
set for DPν . The situation is more complicated than the previous
case. In fact, Using theorem 3.1.1, we will construct more smaller
uniqueness set for DPν . Before stating this result, we give an example
of discrete measures µ satisfying (3.10). A closed set E ⊂ T is said to
be a Carleson set if ∫

T
log dist(ζ, E)|dζ| > −∞.

This condition is equivalent to |E| = 0 and

∑
n
|`n| log |`n| > −∞,

where `n are the complementary intervals of E. For more informations
on Carleson sets, see e.g. [32, §4.4].
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Proposition 2. Let E be a countable closed set of the unit circle such that E
is non Carleson set. Then there exists a discrete measure µ on the unit circle
such that E = {ζ ∈ T : ν(ζ) 6= 0} and (3.10) is satisfied.

Proof. Let T \ E =
⋃
(an, bn) and let ν = ∑

n≥1
cn(δan + δbn), with cn =

bn − an. We have∫
T

log V2(ν)(ζ)|dζ| ≥ ∑
n≥1

∫ bn

an

log
cn

dist2(eit, {an, bn})
dt

≥ ∑
n≥1

∫ bn

an

log
cn

(bn − an)2 dt

= ∑
n≥1

(bn − an) log
1

bn − an
= +∞.

Proposition 3. There exists a discrete probability measure µ on the unit
circle and a countable closed set E ⊂ T, such that ν(E) = 0 and E is a set of
uniqueness for DPν .

To prove this result we need the following lemma.

Lemma 3.3.1. Let ζ ∈ T, a ∈ (0, 1/2). Let ν be a probability measure on
T such that ν ≥ ∑k≥2 ak−2δ

ζeiak , then cν({ζ}) &
√

a.

Proof. We consider the measure λ on T defined by

λ = ∑
k≥2

a
k2 δ

ζeiak .

By (3.1), see also [28, Theorem 2], we have

1
cν(ζ)

� 1 +
∫ 1

0

dr
(1− r)Pν(rζ) + (1− r)2

. 1 +
∫ 1

0

dr
(1− r)Pλ(rζ) + (1− r)2

For a ≤ 1− r, we have

(1− r)Pλ(rζ) � ∑
k≥2

a(1− r)2

k2((1− r)2 + a2k)

� ∑
k≥2

a
k2

� a.
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For 1− r < a, let kr be a real number such that 1− r = akr . Since
x 7−→ x2a2x; x > 1, is a decreasing function, we have

(1− r)Pλ(rζ) � ∑
k≥2

a(1− r)2

k2((1− r)2 + a2k)

= ∑
k≥kr

a
k2 + ∑

k<kr

a(1− r)2

k2a2k

� a
kr

=
a log(1/a)

log(1/1− r)
.

Then we obtain

1
cν(ζ)

≤ 1 +
∫ 1−a

0

dr
a + (1− r)2 +

∫ 1

1−a

dr
a log(1/a)

log(1/1−r) + (1− r)2

≤ 1 +
1√
a

∫ 1√
a

0

du
1 + u2 +

∫ 1

1−a

log(1/1− r)dr
a log(1/a)

� 1√
a

and the lemma is proved.

Proof of Proposition 3. Let E be the set define by

E :=
{

ζn = eiθn : n > 3
}
∪ {1} ,

with θn := 1/log(n). Let an = ε(θn − θn+1) for some small ε > 0.
Consider the sequence ζn,k = eiθn,k where

θn,k := θn + ak
n k > 2

The measure ν is given by

ν := ∑
n>3

∑
k>2

an

k2 δζn,k .

To prove that E is a uniqueness set for DPν , we use Theorem 3.1.1. Let
In = (θn − an, θn + an). By Lemma 3.3.1, we have cν(ζn) ≥

√
an. Then

∑
n
|In| log

(
cν(In ∩ E)
|In|

)
= ∑

n
|In| log

(
cν(ζn)

|In|

)
≥ ∑

n
an log

(
1
an

)
= +∞

and the proof is complete.
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4
I N VA R I A N T S U B S PA C E S A N D C Y C L I C I T Y I N

W E I G H T E D D I R I C H L E T S PA C E S

In this chapter we deal with structure of shift-invariant subspaces
and the vectors cyclic in superharmonically weighted Dirichlet spaces
D(µ) where µ is a finite positive Borel measure on the closed unit
disc D . In the light of Richter-Sundberg’s characterization [64], we
obtain the complete structure of shift-invariant subspaces of all D(µ).
Next we prove that the Browen-Shields conjecture is true for D(µ) if
supp(µ) ∩T is countable.

4.1 introduction

Let µ be a finite positive Borel measure on the closed unit disc D. The
restriction of the measure µ on the unit circle T (resp. on the open
unit disc D) is µT (resp. µD). The positive superharmonic function Uµ

on D associated with µ is given by

Uµ(z) :=
∫

T

1− |z|2
|ζ − z|2 dµT(ζ) +

∫
D

log
∣∣∣∣ z− w
1− zw

∣∣∣∣2 dµD(w)

1− |w|2 (z ∈ D).

Note that UµD
is the Green potential of µD and UµT

is the Poisson
transform of µT.

For a function f in the classical Hardy space H2 on D, the weighted
Dirichlet integral is defined by

Dµ( f ) :=
∫

D
| f ′(z)|2Uµ(z)dA(z) (4.1)

where dA(z) denotes the normalized Lebesgue area measure on D.
The radials limits of the function f ∈ H2 will be also denoted by f . We
define the local Dirichlet integral of f at ξ ∈ D by

Dξ( f ) :=
∫

T

∣∣∣∣ f (ζ)− f (ξ)
ζ − ξ

∣∣∣∣2 dm(ζ),

where m is the normalized Lebesgue measure on T. If f (ξ) does not
exists then we set Dξ( f ) = ∞.

Recall that Richter and Sundberg [63] have established the following
formula

DµT
( f ) =

∫
T
Dξ( f )dµT(ξ). (4.2)

For µ = m this result is due to J.Douglas [22]. However, from Green’s
formula (see (4.15)), we have

DµD
( f ) =

∫
D
Dξ( f )dµD(ξ).

43
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This formula was obtained by Aleman [4]. Put together these formulas,
we have

Dµ( f ) =
∫

D
Dξ( f )dµ(ξ). (4.3)

The superharmonically weighted Dirichlet space D(µ) is defined as
the space of all functions f ∈ H2 satisfying

‖ f ‖2
µ := ‖ f ‖2

H2 +Dµ( f ) < ∞.

The space D(µ) endowed with the norm ‖.‖µ is a Hilbert space.
The harmonically weighted Dirichlet spaces D(µT) were introduced
by Richter [62]. Several authors have been interested in this spaces see
for instance [21, 27, 28, 34, 39, 61, 63, 64, 66, 72].

Let f and g be two outer functions in H2. Let f ∧ g and f ∨ g be the
outer functions associated with | f | ∧ |g|(eit) := min(| f (eit)|, |g(eit)|)
and | f | ∨ |g|(eit) := max(| f (eit)|, |g(eit)|) respectively, see Subsection
4.2.1.

The estimate of local Dirichlet integral for cut-off functions play a
central role in the theory of shift-invariant subspaces ofD(µ). However,
to obtain a complete description of closed ideals of some Banach
algebra, H.Bahajji-El Idrissi and O.El-Fallah [7] proved the following
estimate.

Dξ( f ∧ f 2) ≤ 4Dξ( f ) (ξ ∈ D). (4.4)

This result was obtained by Richter and Sundberg [64] for ξ ∈ T.
Furthermore, they established two other important estimates. Our first
goal in this chapter is to extend these results for ξ ∈ D. The two cases
(ξ ∈ T and ξ ∈ D) will be stated in the following theorem.

Theorem 4.1.1. Let f , g be an outer functions in H2 and ξ ∈ D. Then

(i) Dξ( f ∨ g) ≤ Dξ( f ) +Dξ(g),

(ii) Dξ( f ∧ g) ≤ Dξ( f ) +Dξ(g),

Remark that this result improve Proposition 3.3 of [4] for outer
functions.

To give the structure of shift-invariant subspaces of D(µ), we will
exploit Theorem 4.1.1 and (4.4). This technique was firstly used by
Richter-Sundberg [64]. They gave the structure of each invariant-
subspaces of all harmonically Dirichlet spaces. Namely, both char-
acterizations will be considered, every invariant subspaceM of D(µ)
has the form

M = IMH2 ∩ [ f ]D(µ), (4.5)

where f is an outer function in D(µ) and IM is the greatest common
inner divisor of M. This result is new even for the space Dα. Fur-
themore, we get a complete description of M when supp(µ) ∩T is
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countable. More precesily, we will show, if cµ is the capacity associated
with D(µ) see Section 4.4, that

[ f ]D(µ) =ME :=
{

g ∈ D(µ) : g|E = 0 cµ − q.e
}

,

where E =
{

ζ ∈ supp(µ) ∩ Z(M) ∩T : cµ(ζ) > 0
}

.
The latter result was obtained by O.El-Fallah, Y.Elmadani and K.Kellay
[28] for harmonically weigthed Dirichlet space. Namely we have the
following result.

Theorem 4.1.2. Let µ be a positive finite measure on D such that supp(µ)∩
T is countable. LetM be a shift-invariant subspace of D(µ). Then

M = IMH2 ∩ME.

This result is a positive answer of extended Browen- Shields conjec-
ture [66, Conjecture 1.1].

A natural and interesting question arises from (4.5). Determine all
functions f ∈ D(µ) that satisfy [ f ]D(µ) = D(µ). A function that checks
this property is called a cyclic function for D(µ). The problem of
vectors cyclic for D(µ) is still an open question. The Brown-Shields
conjecture: a function in D(µ) is cyclic if and only if it is an outer
function whose zero set has zero cµ−capacity.
Before stating our main result with respect that conjecture, let us fixing
some notations. Let f be a function in D(µ), we denote by

Z( f ) = {w ∈ D : lim inf
z∈D, z→w

| f (z)| = 0},

and
Z( f ) := {ζ ∈ T : lim

r→1−
f (rζ) = 0}.

The following theorem claims that the Brown-Shields conjecture is
true for D(µ) if supp(µ) ∩T is countable.

Theorem 4.1.3. Let µ be a positive finite measure on D. Let f ∈ D(µ) be
an outer function such that supp(µ) ∩ Z( f ) is countable. Then f is cyclic
in D(µ) if and only if cµ(Z( f )) = 0.

In particular, Theorem 1 of [28] will be obtained if µ is supported
by T.
In particular, this theorem is an extension of Theorem 1 of [28]. To get
the previous theorems 4.1.2 and 4.1.3, we will exploit the argument
stated in [28].
However, Theorem 4.6.2 gives an affirmative replies to that conjecture
for D(µD) when µD is a Carleson measure for D(µD). For more de-
tails see Section 4.6.
Next, we establish a sufficient condition for cyclicity in D(µ) in terms
of capacity cµ. That is the aim of Theorem 4.6.5. This result is also
hold for Dα (0 < α < 1).
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The estimates of reproducing kernels are known to be a very useful
tool for studying some problems arising in the functions theory of
Hilbert spaces of holomorphic functions. Namely, zero sets, unique-
ness sets and interpolation theory, capacity, ... whitin superharmoni-
cally weighted Dirichlet spaces.
In order to state some estimates let us setting some notations. The
reproducing kernel of D(µ) will be denoted by Kµ. The function Ψµ is
given by

Ψµ(z) :=
∫

D

1− |z|2
|1− zw|2 dµ(w) (z ∈ D). (4.6)

Recall that, O.El-Fallah, Y.Elmadani and K.Kellay [27] have obtained
a more precise estimate of the reproducing kernel on the diagonal for
the harmonically Dirichlet space. Namely, we have

KµT(z, z) � 1+
∫ |z|

0

dr
(1− x)2 + (1− r)ΨµT

(rz/|z|) , (z ∈ D). (4.7)

Using the mean inequality one can extend the upper inequality for all
superharmonically Dirichlet spaces. To get a lower inequality, we will
estimate the norm of a test function. This requires an other formula
of the weighted Dirichlet integral, see Lemma 4.2.1. The following
theorem summarizes that discussion. Before that let us introduce the
maximal Cauchy transform C̃µ of µ. The function C̃µ is defined by

C̃µ(z) :=
∫

D

dµ(w)

|1− wz| (z ∈ D).

Theorem 13. Let µ be a nonnegative finite Borel measure on D. We have
for z ∈ D

hµ(z) . Kµ(z, z) . 1 +
∫ |z|

0

dr
(1− r)2 + (1− r)Ψµ(rz/|z|) , (4.8)

where hµ(z) :=
log2 e

1−|z|
1+C̃µ(z)

+ 1
(1−|z|2)+Ψµ(z)

.

In particullar, by (4.7), the upper estimate is optimal in the harmonic
case (µ = µT). To take advantage of the latter result, we considere a
purely superharmonic radial weight. In this case it would be more
clear that the lower estimate is also optimal. So, we considere λ a
finite positive Borel measure on [0, 1), one can see that Ψλ(z) :=∫ 1

0
1−|z|2

1−r2|z|2 dλ(r) (z ∈ D). Hence, we obtain an upper estimate for the
integral in the right hand of (4.8). Namely we have

Kλ⊗m(z, z) .
log 1

1−|z|
(1− |z|) + Ψλ(z)

(z ∈ D). (4.9)

Under some additional assumptions we get the equivalence instead of
the inequality (4.9). Especially, this inequality becomes an equivalence
if the measure λ satisfies one of the two following conditions:
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(R1) consider that the measure λ satisfy

C̃λ⊗m(z)/Ψλ(z) = O (log(e/(1− |z|))) , |z| → 1−.

Moreover in that situation we have

Kλ⊗m(z, z) � log2(e/(1− |z|))/(1 + C̃λ⊗m(z)). (4.10)

(R2) suppose that Ψλ is a decreasing function on (0, 1), Ψλ(1−) = 0
and t 7→ Ψλ(1− t)/t is decreasing, such that

• inft∈(0,1) Ψλ(1− t)/tε > 0, for all ε > 0

• infδ∈(0,1)
Ψλ(1−δ)
log(e/δ)

∫ 1
δ

dx
xΨλ(1−x) > 0.

Both conditions are different. In particular we consider the measure
λ0,β, β < 0, given by

dλ0,β(r) := (1− r)−1 logβ−1(1/(1− r))dr, (r ∈ [0, 1)).

The measure λ0,β satisfies (R2) but it does not fulfill the condition
(R1) for β ≤ −1. The two estimates, lower-upper, in (4.8) are not
equivalents for that measure (β ≤ −1).

However the following equivalence

Kλ⊗m(z, z) � 1
(1− |z|2) + Ψλ(z)

, (z ∈ D). (4.11)

will be obtained if the measure λ satisfies

(R3) there exists ε > 0 such that x 7→ Ψλ(x)/(1− x)ε is a decreasing
function.

Let (α, β) ∈ (0, 1)×R. We consider the measure λα,β given by

dλα,β(r) := (1− r)α−1 logβ(1/(1− r))dr, (r ∈ [0, 1)).

The measure λα,β checks the condition (R3). For more details see
Section 4.3.

4.2 dirichlet integral

4.2.1 Cut-off functions

In this subsection, we are interested in some estimates of local Dirich-
let integral of Cut-Off functions. Our main result here extends Lemma
2.2. of [64]. In fact, Richter Sundberg have studied some punctual
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inequalities to obtain that result. Keeping in mind Theorem 4.1.1, one
cannot get this result using the same technique as [64]. However, we
are going to establish some integral inequalities to obtain the desired
estimates.

Let f and g be two outer functions in H2. The outer functions f ∧ g
and f ∨ g, associated with | f | ∧ |g|(eit) := min(| f (eit)|, |g(eit)|) and
| f | ∨ |g|(eit) := max(| f (eit)|, |g(eit)|) respectively, are defined by

f ∧ g(z) = exp
(∫

T

eit + z
eit − z

log(| f | ∧ |g|(eit))dm(eit)

)
, (z ∈ D),

and

f ∨ g(z) = exp
(∫

T

eit + z
eit − z

log(| f | ∨ |g|(eit))dm(eit)

)
, (z ∈ D).

Let f be an outer function and let ξ ∈ D. Using the fact that
z 7→ | f (ξ)|2 − Re( f (ξ) f (z)) is an harmonic function on D, one can
see that

Dξ( f ) =
∫

T

| f (ζ)|2 − | f (ξ)|2
|ζ − ξ|2 dm(ζ).

This means that, for dσξ(ζ) := Pξ(ζ)dm(ζ), we have

(1− |ξ|2)Dξ( f ) =
∫

T
| f (ζ)|2dσξ(ζ)− exp

∫
T

log | f (ζ)|2dσξ(ζ), (4.12)

The latter formula was stated in [4].

Proof of Theorem 4.1.1. Let dσξ = Pξdm. We denote by A := {|g| ≤ | f |}
and Ac := {|g| ≥ | f |}. Set α = σλ(A) and β = 1− α.
If αβ = 0 then (i) and (ii) are obvious. So one can assume that α, β > 0
in what follows.
First let us setting some notations. Write

A f :=
∫

A
| f |2dσλ and Ac

f :=
∫

Ac
| f |2dσλ

x1( f ) := exp
∫

A
log | f |2dσλ and x2( f ) := exp

∫
Ac

log | f |2dσλ

Write D := {0 ≤ y1 ≤ x1 and 0 ≤ x2 ≤ y2}. We consider the function
h defined on D by

h(x1, x2, y1, y2) := x1x2 + y1y2 − x2y1,

Note that ∂x2 h = x1 − y1 ≥ 0 on D. Then, for all (x1, y2, y1, y2) ∈ D,
we have

h(x1, x2, y1, y2) ≤ h(x1, y2, y1, y2) = x1y2
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Obviously (x1( f ), x2( f ), x1(g), x2(g)) ∈ D. By Jensen’s inequality we
have

x1( f ) ≤ (A f /α)α and x2(g) ≤ (Ac
g/β)β.

Therefore, using Young’s inequality, we obtain

exp
∫

T
log | f |2dσξ + exp

∫
T

log |g|2dσξ − exp
∫

T
log | f ∧ g|2dσξ

= h(x1( f ), x2( f ), x1(g), x2(g))

≤ (A f /α)α(Ac
g/β)β

≤ A f + Ac
g

=
∫

T
| f |2dσξ +

∫
T
|g|2dσξ −

∫
T
| f ∧ g|2dσξ .

Combining the last inequality and (4.12), we get (i). While the in-
equality (ii) will be obtained by the same argument as above. This
completes the proof.

Remark 1. Note that Theorem 4.1.1 and (4.4) can be extended to a probability
space (Ω, σ). Namely, let f , g ∈ L2(σ) such that σ({| f g| = 0}) = 0. Then

i) E( f ∧ g) ≤ E( f ) + E(g),

ii) E( f ∨ g) ≤ E( f ) + E(g),

iii) E( f ∧ f 2) ≤ 4E( f ).

where E( f ) :=
∫

Ω | f |
2dσ− exp

∫
Ω log | f |2dσ.

Now let us list some results about local Dirichlet integral that will
be useful in Section 4.5. These results were previously stated in [64]
for ξ ∈ T, and they will be considered in what follows. In particular
let f ∈ H2 and let I be an inner function, we have for ξ ∈ D

Dξ(I f ) =
∫

T

| f (ζ)|2 − |I(ξ)|2| f (ξ)|2
|ζ − ξ|2 dm(ζ)

=
∫

T

| f (ζ)|2 − | f (ξ)|2
|ζ − ξ|2 dm(ζ)

+| f (ξ)|2
∫

T

|I(ζ)|2 − |I(ξ)|2
|ζ − ξ|2 dm(ζ)

= Dξ( f ) + | f (ξ)|2Dξ(I). (4.13)

Thus, let f ∈ D(µ) and write f := IO the inner-outer factorization.
From (4.13) and Theorem 4.1.1 we have

Dξ(I(O ∧ 1)) = Dξ(O ∧ 1) + |(O ∧ 1)(λ)|2Dξ(I)
≤ Dξ(O) + |O(ξ)|2Dξ(I)
= Dξ( f ).

Moreover, let f ∈ H2 and ϕ ∈ H∞, it is easy to see that, ξ ∈ D

Dξ(ϕ f ) ≤ 2‖ϕ‖2
H∞Dξ( f ) + 2Dξ(ϕ)| f (ξ)|2
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and

Dξ(ϕ)| f (ξ)|2 ≤ 2‖ϕ‖2
H∞Dξ( f ) + 2Dξ(ϕ f )

Combining Theorem 4.1.1, (4.4), (4.3) and the above dissucion. We
have the following corollary

Corollary 3. Let µ be a positive finite measure on D. Let f and g be an
outer functions in H2. Then

i) Dµ( f ∨ g) ≤ Dµ( f ) +Dµ(g),

ii) Dµ( f ∧ g) ≤ Dµ( f ) +Dµ(g),

iii) Dµ( f ∧ f 2) ≤ 4Dµ( f ),

iv) let I be an inner function such that I f ∈ D(µ), we have

Dµ(I( f ∧ 1)) ≤ Dµ(I f ).

4.2.2 Equivalent Norms

Our starting point in this subsection is an equivalent norm. Befor
that let us setting some notation. Let µ be a nonnegative finite Borel
measure on D. The following result was stated in [8]. For the sake of
completeness we include the proof here.

Lemma 4.2.1. Let µ be a nonnegative finite Borel measure on D. Let f ∈ H2.
Then

Dµ( f ) �
∫

D
| f ′(z)|2Ψµ(z)dA(z).

This equivalent norm will be very useful to obtain (4.8).

Proof. The classical identity of Littlewood-Paley (see for instance [38,
P.229]) says that∫

D
| f ′(z)|2 log

1
|z|dA(z) �

∫
D
| f ′(z)|2(1− |z|2)dA(z).

Thus, using Fubini’s theorem, we have∫
D
| f ′(z)|2UµD

(z)dA(z) =
∫

D

∫
D
| f ′(z)|2 log

1
|ϕw(z)|

dA(z)
dµD(w)

1− |w|2

=
∫

D

∫
D
|( f ◦ ϕw)

′(z)|2 log
1
|z|dA(z)

dµD(w)

1− |w|2

�
∫

D

∫
D
|( f ◦ ϕw)

′(z)|2(1− |z|2)dA(z)
dµD(w)

1− |w|2

=
∫

D

∫
D
| f ′(z)|2(1− |ϕw(z)|2)dA(z)

dµD(w)

1− |w|2

=
∫

D
| f ′(z)|2

∫
D

(1− |ϕw(z)|2)
1− |w|2 dµD(w)dA(z),
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where ϕz(w) := z−w
1−z̄w for z, w ∈ D. The disered equivalent follows

directly from (4.1) and (4.6).

As consequence, if µ = λ ⊗ m where λ is a given finite positive
Borel measure on [0, 1), then, for f ∈ D(λ⊗m), we have

‖ f ‖2
λ⊗m � ∑

n≥0
ψλ(n)| f̂ (n)|2 =: ‖ f ‖2

D(λ⊗m), (4.14)

where ψλ(0) = 1 and ψλ(n) := 2n2
∫ 1

0 r2n−1Ψλ(r)dr for n ≥ 1.

An interesting and useful formula can be obtained from Green’s
formula (see for instance [38]). Namely we have

∫
D
| f ′(w)|2 log

∣∣∣∣1− wξ

ξ − w

∣∣∣∣ dA(w) = P(| f |2)(ξ)− | f (ξ)|2 (ξ ∈ D).

(4.15)

Put together the last equality, (4.12) and (4.2). Therefore, we get

Dµ( f ) =
∫

D
Dξ( f )dµ(ξ).

4.3 kernel estimates

The main purpose of this section is the estimate of the reproducing
kernel on the diagonal. The general result is a lower estimate and
an upper estimate. We use the mean inequality to obtain the upper
inequality. However, a lower inequality will be obtained by estimating
the norm of a test function. That is the conclusion of Thoerem 13. In
particular, we get an easier and more precise results in some situations.
That is the aim of Corollary 4.3.1 and Theorem 4.3.2. Indeed, if λ be a
finite positive Borel measure on [0, 1) which satisfy (R1), from (4.9)
and (4.8) we have

Kλ⊗m(z, z) �
log 1

1−|z|
(1− |z|) + Ψλ(z)

, (z ∈ D).

Thus, we get 1 + C̃µ(z) � ((1− |z|2) + Ψµ(z)) log(1/(1− |z|)). This
implises (i) of Corollary 4.3.1. However, the second function of the
left hand sides of (4.8) is also important. In fact, from the condition
(R3) one can see that∫ |z|

0

dr
(1− r)2 + (1− r)Ψλ(r)

.
1

(1− |z|2) + Ψλ(z)
, (z ∈ D).

As result, we get the desired estimate. That is the second objective of
the following corollary.

Corollary 4.3.1. Let λ be a finite positive Borel measure on [0, 1).
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i) If the condition (R1) is satisfied then

Kλ⊗m(z, z) �
log2 e

1−|z|

1 + C̃λ⊗m(z)
, (z ∈ D).

ii) If the condition (R3) is satisfied then

Kλ⊗m(z, z) � 1
(1− |z|2) + Ψλ(z)

, (z ∈ D).

Furthemore, in both cases the reproducing kernel in the diagonal is also
equivalent to the integral in the right hand sides of (4.8). This means that
the two inequalities of (4.8) are optimal.

Now, let us illustrate this discussion by some standard examples.

• Let (α, β) ∈ (0, 1)×R∪ {1}×R+. We consider the measure µα,β

given by

dµα,β(z) :=


(1− |z|2)α−1 logβ 1

1−|z|2 dA(z) if α ∈ (0, 1)

logβ−1 1
1−|z|2 dA(z) if α = 1.

Note that in some particular cases our space coincide with some
classical spaces. In fact, if α ∈ (0, 1) we have Dµα,0 = Dα the
standard Dirichlet space, also Dµ1,0 = H2 the Hardy space.
It is not difficult to see that

Uµα,β(z) � (1− |z|2)α logβ 1
1− |z|2 , (z ∈ D).

By an elementary calculation we get

Ψµα,β(x)/(1− x)ε � (1− x)α−ε logβ 1
1− x

, for x ∈ (0, 1),

Thus, it follows from (i) of Corollary 4.3.1 that

Kµα,β(z, z) � 1
(1− |z|2) + Ψµα,β(z)

Nevertheless, one can see that C̃µα,β(a) � 1, a ∈ (0, 1). And so

C̃µα,β(a)

Ψµα,β(a) log 1
1−a

� 1

(1− a)α log1+β 1
1−a

→ ∞, a→ 1−.

This means that the measure µα,β does not satisfy (i) of Corollary
4.3.1.
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• We define the measure µ0,β, for β ∈ (−∞, 0), by

dµ0,β(z) :=
1

(1− |z|2) logβ−1 1
1− |z|2 dA(z).

By an ordinary calculate one can see that

C̃µ0,β(z) � logβ+1 1
1− |z|2 if β ∈ (−1, 0).

And
Ψµ0,β(z) � logβ 1

1− |z|2 � Uµ0,β(z)

Remark that Ψµ0,β(a)/(1 − a)ε → +∞ as a → 1−. Moreover,
for β ∈ (−1, 0), we have C̃µ0,β(a) � Ψµ0,β(a) log 1

1−a , a ∈ (0, 1).
Therefore, by Corollary 4.3.1, we obtain

Kµ0,β(z, z) �
log2 e

1−|z|

1 + C̃µ0,β(z)
�

log e
1−|z|

(1− |z|) + Ψµ0,β(z)
.

However, there exists a measure which not satisfy (i) and (ii).
For instance we consider the measure µ0,β for β ≤ −1. In fact,
we have

C̃µ0,β(z) �


log log e

1−|z|2 if β = −1

1 if β < −1.

This implises that

lim
a→1−

Ψµ0,β(a)
(1− a)ε

= lim
a→1−

C̃µ0,β(a)

Ψµ0,β(a) log 1
1−a

= +∞, ε > 0.

That means one cannot give an equivalent of Kµ0,β(z, z), z ∈ D

using Corollary 4.3.1. Also, the failures of (4.8) can be explained
by the latter example (β ≤ −1). Indeed, for a ∈ (1/2, 1), we
have

∫ a
0

dr
(1−r)2+(1−r)Ψµ0,β (r)

� log1−β e
1−a and

hµ0,β �


log2 e

1−a2 / log log e
1−a2 if β = −1

log2 e
1−a2 if β < −1.

where hµ0,β := log2 e
1−a

1+C̃µ0,β (a) +
1

(1−a2)+Ψµ0,β (a) . This implies that both

estimations, upper-lower, in (4.8) are not equivalent.
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That means one cannot get an equivalent of reproducing kernel in the
diagonal for the space D(µ0,β), β ≤ −1, by (4.8). This equivalent is
still desired.

Now we shall establish a result for measures that satisfy (R2). In
particular, this condition is checked by the measure µ0,β, β ≤ −1. And
the conclusion of the following theorem gives an answer of the obove
question.

Theorem 4.3.2. Let λ be a finite positive Borel measure on [0, 1). Assume
that (R2) is satisfied. Then we have

Kλ⊗m(z, z) �
log e

1−|z|
(1− |z|) + Ψλ(z)

, (z ∈ D).

The proof of Theorem 4.3.2 is based on both lemmas below. In
lemma 4.3.3 we will give an estimate of the sequence (‖zn‖µ)n. While,
within Lemma 2 we get that some series are asymptotically equivalent
to more practical functions .

Proof. Now we will use the norm formula given by (4.14). Obviously
the sequence (zn/‖zn‖D(λ⊗m))n is an orthonormal basis for D(µ) with
respect the norm ‖.‖D(λ⊗m). From lemmas 4.3.3 and 4.3.4 , 1/2 < |z| <
1, we have

Kµ(z, z) = 1 + ∑
n≥1

|z|2n

‖zn‖D(λ⊗m)
= 1 + ∑

n≥1

|z|2n

ψλ(n)

� 1 + ∑
n≥1

|z|2n

nΨλ(n/(n + 1))

� log(1/(1− |z|2))
Ψλ(z)

.

The equivalent is obvious for |z| ≤ 1/2.

Firstly, we get an estimate of the sequence (ψλ(n))n∈N using only
the growth of the function Ψλ and the fact that t 7→ Ψλ(1−t)

t is a
decreasing function.

Lemma 4.3.3. Let λ be a finite positive Borel measure on [0, 1). Suppose
that (R2) is satisfied. We have∫ 1

0
tnΨλ(t)dt � Ψλ(n/(n + 1))

n + 1
, for all n ∈N.

Remark that, if t 7→ Ψλ(1− t)/t is a decreasing function on (1− a, 1)
for some 0 < a < 1. We will use the function Ψ̃λ defined by Ψ̃λ(t) :=
Ψλ(t) for t ∈ (1− a, 1) and Ψ̃λ(t) := Ψλ(a) else.
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Proof. Using the growth of the function Ψλ, we then obtain∫ 1

n
n+1

tnΨλ(t)dt ≤ Ψλ(n/(n + 1))
∫ 1

n
n+1

(1− t)ndt ≤ Ψλ(n/(n + 1))
n + 1

Since t 7→ Ψλ(t)/(1− t) is a decreasing function, so we have∫ n
n+1

0
tnΨλ(t)dt ≤ (n + 1)Ψλ(n/(n + 1))

∫ n
n+1

0
tn(1− t)dt

� Ψλ(n/(n + 1))
n + 1

.

On the other hand, using again the monotony of Ψλ, we get∫ n
n+1

0
tnΨλ(t)dt ≥ Ψλ(n/(n + 1))

∫ n
n+1

n−1
n+1

tndt � Ψλ(n/(n + 1))
n + 1

Consequently, the desired equivalent is obtained. And the proof is
complete.

The following lemma present an asymptotic equivalent of some
series. Keep in mind Lemma 4.3.3 and (4.14). As consequence, we
obtain an estimate of the reproducing kernel on the diagonal for that
class.

Lemma 4.3.4. Let λ be a finite positive Borel measure on [0, 1). Assume
that (R2) is satisfied. We have

∑
n≥0

tn

(n + 1)Ψλ(
n

n+1 )
� log(e/(1− t))

Ψλ(t)

Proof. The result is obvious for t ∈ (0, 1/2). Let t ∈ (1/2, 1), since
y 7→ Ψλ(1− y)/y is a decreasing function on (0, 1) we have∫ +∞

1
1−t

tx

xΨλ(1− 1
x )

dx ≤ 1− t
Ψλ(t)

∫ +∞

1
1−t

txdx =
1− t
Ψλ(t)

t
1

1−t

log 1
t

� 1
Ψλ(t)

.

On the other hand, using the growth of the function Ψλ, we have∫ 1
1−t

1

tx

xΨλ(1− 1
x )

dx ≤ 1
Ψλ(t)

∫ 1
1−t

1

1
x

dx � log(e/(1− t))
Ψλ(t)

Since λ satisfies (R2), we have∫ 1
1−t

1

tx

xΨλ(1− 1
x )

dx &
log(e/(1− t))

Ψλ(t)

Consequently, it follows from the monotony of the function x 7→
tx

xΨλ(1− 1
x )

that

∑
n≥0

tn

(n + 1)Ψλ(
n

n+1 )
�

∫ ∞

1

tx

xΨλ(1− 1
x )

dx � log(e/(1− t))
Ψλ(t)

.

This completes the proof.
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Proof of Theorem 13. Obviously the both inequalities are satisfied for
|z| ≤ 1/2.

Let a ∈ (1/2, 1) and let λ ∈ D. Let Da be the disk of radius 1−a
8

centered at a− 1−a
8 . We denote by

∆a :=
{

x + iy : 0 ≤ x ≤ a and
x− 1

2
≤ y ≤ 1− x

2

}
.

Note that

(1− |x + iy|) + Ψµ(x + iy) � (1− x) + Ψµ(x), for all x + iy ∈ ∆a.

Using the subharmonicity of |Kλ(a)| and Lemma 4.2.1, we have

|Kλ(a)| ≤ 1
|Da|

∫
Da

|Kλ(x + iy)|dxdy

≤ 1
|Da|

∫ a

a− 1−a
4

∫ 1−x
2

− 1−x
2

|Kλ(x + iy)|dxdy

.
1

1− a

∫ a

a− 1−a
4

∫ 1
2

− 1
2

|Kλ(x + i(1− x)y)|dxdy

.
1

1− a

∫ a

a− 1−a
4

∫ 1
2

− 1
2

∫ x

0
|∂tKλ(t + i(1− t)y)|dtdxdy + ‖Kλ‖H2

.
∫ a

0

∫ 1−u
2

− 1−u
2

|∂u+ivKλ(u + iv)|dv
du

1− u
+ ‖Kλ‖H2

. ‖Kλ‖ω

(∫ a

0

∫ 1−u
2

− 1−u
2

dvdu
(1− u)2((1− u2 − v2) + Ψµ(u + iv))

) 1
2

+‖Kλ‖H2

� ‖Kλ‖ω

(∫ a

0

du
(1− u)2 + (1− u)Ψµ(u)

) 1
2

+ ‖Kλ‖H2

For λ = a, we obtain

K(a, a) . 1 +
∫ a

0

du
(1− u)2 + (1− u)Ψµ(u)

.

Now, we consider the function ha defined by ha := 1
2

(
ϕa
‖ϕa‖µ

+ ψa
‖ψa‖µ

)
,

where

ϕa(z) := log
e

1− az
, and ψ :=

1
1− az

; (z ∈ D).

By Cauchy’s integral formula one can see that∫
D

1
|1− az|2

1− |z|2

|1− ζz|2
dA(z) .

1
|1− ζz|

, (ζ ∈ D).
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Consequently, using Lemma 4.2.1, we have

‖ϕa‖2
µ � |ϕa(0)|2 +

∫
D
|ϕ′a(z)|2Ψµ(z)dA(z)

= 1 + a2
∫

D

∫
D

1− |z|2
|1− aw|2|1− z̄w|2 dA(z)dµ(w)

+
∫

T

∫
D

1
|1− az|2

1− |z|2
|ζ − z|2 dA(z)dµ(ζ)

. 1 +
∫

D

1
|1− aw|dµ(w) +

∫
T

1
|ζ − a|dµ(ζ)

= 1 + C̃µ(a).

On the other hand, it follows from Lemma 5.2 of [36] that∫
D

1
|1− az|4

1− |z|2

|1− ζz|2
dA(z) .

1
1− a2

1
|1− ζa|2

(ζ ∈ D).

Therefore, we get

‖ψa‖2
µ � ‖ψa‖2

H2 +
∫

D
|ψ′a(z)|2Ψµ(z)dA(z)

� 1
1− a2 +

∫
D

∫
D

1− |z|2
|1− az|4|1− z̄w|2 dA(z)dµ(w)

+
∫

T

∫
D

1
|1− az|4

1− |z|2
|ζ − z|2 dA(z)dµ(ζ)

.
1

1− a2 +
1

1− a2

∫
D

1
|1− aw|2 dµ(w) +

1
1− a2

∫
T

1
|ζ − a|2 dµ(ζ)

=
1

1− a2 +
Ψµ(a)

(1− a2)2 = ((1− a2) + Ψµ(a))ψ2
a(a).

This means that

ψ2
a(a)
‖ψa‖2

µ

&
1

(1− a2) + Ψµ(a)
.

One can see by duality that ‖Kµ
a ‖2

µ = sup
{
| f (a)|2 : ‖ f ‖2

µ ≤ 1
}

. There-
fore we have

‖Ka‖2
µ ≥ |ha(a)|2 � ϕ2

a(a)
‖ϕa‖2

µ

+
ψ2

a(a)
‖ψa‖2

µ

&
log2 e

1−a

1 + C̃µ(a)
+

1
(1− a2) + Ψµ(a)

.

And the proof is complete.

4.4 capacity

The main purpose of this section is to extend the converse strong-
type inequality for capacity with respect superharmonically weighted
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Dirichlet spaces. That result was established in [29] for classical Dirich-
let space (see also [34]).

Let us introduce a notion of capacity. Let µ be a finite positive Borel
measure on D. The weighted Dirichlet integral for a given f ∈ H2 can
be presented by the following formula

Dµ( f ) =
∫

T

∫
T
| f (ζ)− f (η)|2AµD

(ζ, η)dm(ζ)dm(η)+
∫

T
Dξ( f )dµT(ξ)

where AµD
(ζ, η) =

∫
D

Pz(ζ)Pz(η)dµD(z). That result was stated in [8].
The space Dh(µ) given by

Dh(µ) := { f ∈ L2(T) : ‖ f ‖2
µ := ‖ f ‖2

L2(T) +Dµ( f ) < ∞},

That space is a Dirichlet space in the sense of Beurling-Deny (see [10,
37]). In particular the capacity cµ associated with Dh(µ) of a subset
E ⊂ T is defined by

cµ(E) = inf{‖ f ‖2
µ : f ∈ Dh(µ) and f ≥ 1 m− a.e. on a neighborhood of E }.

A property is said to be satisfied cµ-quasi everywhere (cµ−q.e.), if it is
verified everywhere outside a set of cµ−capacity zero.

To obtain a strong type inequality for capacity cµ, we will use
trancature method . Let ϕ be a nondecreasing function in C∞

0 (R) such
that

ϕ(t) =


0 if t ≤ 1/2,

1 if t ≥ 1.

Consider the smooth truncation (Fj)j∈Z, where

Fj( f ) = 2j ϕ(2−j| f |) (j ∈ Z).

Note that, D.R. Adams used this smooth truncation in [1] to shows
a strong-type estimate for Sobolev space on R. Using this technique,
one can extend this result for some spaces, see for instance [21,
41, 75, 78]. In particular, it can be obtained for superharmonicaly
weighted Dirichlet spaces following by the same argument. For the
sake of completeness we include the proof here. It is easy to see that
‖Fj( f )‖2

L2(m)
≤ 22jm(| f | > 2j−1). Therefore we have

+∞

∑
−∞
‖Fj( f )‖2

L2(m) ≤
+∞

∑
−∞

∫ 2j−1

2j−2
2j+2m(| f | > 2j−1)dt

.
∫ ∞

0
m(| f | > t)2tdt = ‖ f ‖2

L2(m).

Note that, if 2j−1 ≤ | f | < 2j then, Fk( f ) = 2k for k < j and Fk( f ) = 0
for k > j. Thus, by the mean value theorem, we obtain

+∞

∑
−∞
|Fk( f (ζ))− Fk( f (η))|2 . | f (ζ)− f (η)|2 (ζ, η ∈ T).
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It is follows that

+∞

∑
−∞
‖Fk( f )‖2

µ . ‖ f ‖2
µ. (4.16)

As a consequence of the above discussion, we get a strong-type
inequality for cµ-capacity. That is the conclusion of the following
theorem.

Theorem 4.4.1. Let f ∈ Dh(µ), then∫ ∞

0
cµ(| f | > t)tdt . ‖ f ‖2

µ.

The general version with Dirichlet forms of this result was proved
in [37].

Proof. Remark that 2−kFk( f ) ≥ 1 on
{
| f | > 2k}. This means that

2−kFk( f ) is a test function for
{
| f | > 2k}. In particular cµ(| f | > 2k) ≤

2−2k‖Fk( f )‖2
µ. Thus, by (4.16), we have

∫ ∞

0
cµ(| f | > t)tdt =

+∞

∑
−∞

∫ 2k+1

2k
cµ(| f | > t)tdt

.
+∞

∑
−∞

22kcµ(| f | > 2k)

.
+∞

∑
−∞
‖Fk( f )‖2

µ . ‖ f ‖2
µ.

And the proof is complete.

To state the main result in this section, we need to develop some
important properties of the notion of potential. A function f defined
on T is called quasi continuous if for every ε > 0 there exists an open
subset U with cµ(U) < ε and such that f is continuous on T \ U.
It is known that for each function f ∈ Dh(µ), there exists a quasi
continuous function f̃ ∈ Dh(µ) such that f̃ = f a.e. on T, see for
instance Theorem 2.1.3 of [37].

A positive Borel measure λ on T is of finite energy (with respect to
Dh(µ)) if the linear from f 7→

∫
f dλ is contiuous on Dh(µ). The set of

positive Borel measures supported by, a given closed subset of T, E
and with finite energy (with respect to Dh

µ) will be denoted by Sµ(E).
Let λ ∈ Sµ(T). The measure λ charges no sets of cµ−capacity zero. As
a consequence, there exists an unique function gλ ∈ Dh(µ) such that

〈gλ, f 〉 =
∫

f̃ (ζ)dλ(ζ), ( f ∈ Dh
µ).

The function gλ is called the potential of λ with respect Dh(µ). Conse-
quently we have the fundamental theorem of potential theory.
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Theorem 4.4.2. Let E be a closed subset of T such that cµ(E) > 0. There
exists a unique measure λE ∈ Sµ(E) such that

cµ(E) = ‖gλE‖
2
µ = λE(E).

Moreover, we have 0 ≤ gλE ≤ 1 and g̃λE = 1 cµ − q.e. on E.

This result was stated in [7] (see also [34, 66]). For more details on
the general potential theory associated with Dirichlet forms we refer
to [37].

Let Kµ be the reproducing kernel of Dµ. The Poisson transform of a
function f ∈ Dh

µ will be also denoted by f . Let λ ∈ Sµ(T) we have

gλ(z) =
∫

T
(2ReKµ

z (ζ)− 1)dλ(ζ),

and

fλ(z) :=
〈

gλ, Kµ
z
〉
=
∫

T
Kµ

z (ζ)dλ(ζ), (z ∈ D). (4.17)

The following lemma is an immediate result of what has been said
above.

Lemma 4.4.3. Let E be a closed subset of T such that cµ(E) > 0. Then
Re fλE ≥ 0, Re fλE = 1 cµ − q.e. on E and ‖ fλE‖2

µ � cµ(E).

Now we are ready to establish the converse of strong-type inequality
for cµ-capacity. Using the same argument proposed in [29]. We obtain
the following theorem.

Theorem 4.4.4. Let E be a closed subset of T and let η : (0, π]→ (0,+∞)

be a decreasing, continuous function such that η(0+) = ∞. The following
are equivalent

1. There exists a functions f ∈ D(µ) such that

lim inf
z→ζ

| f (z)| ≥ η(d(ζ, E)) (ζ ∈ T). (4.18)

2. There exists a functions f ∈ D(µ) such that

lim inf
z→ζ

Re f (z) ≥ η(d(ζ, E)) (ζ ∈ T). (4.19)

3. The function η and the set E satisfy∫ π

0
cµ(Et)|dη2(t)| < ∞. (4.20)

This result can be seen as a generalization of Theorem 5.1 of [29]
(see also [34]).

[ January 16, 2020 at 18:34 – classicthesis v4.6 ]



4.5 invariant subspaces 61

Proof. (2) =⇒ (1) is obvious.
Now assume that there is a function f ∈ D(µ) which satisfies (4.18).
By Theorem 4.4.1 we have∫ π

0
cµ(Et)|dη2(t)| ≤

∫ π

0
cµ({| f | ≥ η(t)})|dη2(t)| . ‖ f ‖2

µ.

This means that (1) =⇒ (3).
It remains to prove that (3) =⇒ (2). Let n0 be the smallest natural
integer that checks n0 ≥ η(π). Set δn := η−1(n) for n ≥ n0. By the
growth of the function η and (4.20) we have

+∞

∑
n=n0+1

ncµ(Eδn) .
∫ π

0
cµ(Et)|dη2(t)| < ∞. (4.21)

According to Theorem 4.4.2, there exists a unique measure λn sup-
ported on Eδn such that cµ(Eδn) = ‖gλn‖2

µ = λn(Eδn) for n ≥ n0. Let f
be the function defined by

f (z) := n0 + ∑
n≥n0

fn(z), (z ∈ D),

where fn := 〈gλn , Kµ〉. Using Theorem 2 of [72] to see that | fn(z)| ≤
cµ(Eδn)/d(z, Eδn), z ∈ D. The series converges locally uniformly in D.
Furthemore, for n ≥ m ≥ n0, we have〈

c−1
µ (Eδn) fn − c−1

µ (Eδm) fm, c−1
µ (Eδm) fm

〉
= 0.

It follows from (4.21) and Lemma 5.4. of [29] that f ∈ Dω. Obviously
that function satisfies (4.19). This finishes the proof.

4.5 invariant subspaces

In this section we are mainly interested by the structure of the shift-
invariant subspaces in superharmonically weighted Dirichlet spaces. A
closed subspaceM inD(µ) is called invariant subspace (Mz−invariant
subspace or shift-invariant subspace) if Mz(M) ⊂ M where Mz is
the operator of multiplication by z. That is a bounded operator on
D(µ). The lattice of all closed Mz−invariant subspaces in D(µ) will
be denoted by Lat(Mz,D(µ)).

The main result here is a complet characterization of Lat(Mz,D(µ)).
This result is new even for standard weighted Dirichlet spaces Dα =

D(µα), 0 < α < 1.
Given f ∈ D(µ), we denote by [ f ]D(µ) the closed linear span in
D(µ) of all polynomial multiples of f , that is the smallest invariant
subspace which contains f . The two following results will be very
useful in several arguments.

Proposition 4.5.1. ([4]) Let f , g ∈ D(µ) such that |g| ≤ | f | on D. Then
[g]D(µ) ⊂ [ f ]D(µ).
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By the same proof given in [30, 32], we obtain the following lemma.

Lemma 4.5.2. Let µ be a nonnegative finite Borel measure on D. LetM be
a closed subspace of D(µ). Suppose that there exists a sequence ( fn) inM
such that supnDµ( fn) < ∞ and fn → f pointwise in D. Then f ∈ M.

Let M be an invariant subspace of D(µ). As an immediate con-
sequense of the latter result, let I be an inner function, we have
IM∩D(µ) ⊂ M∩ IH2. However, A. Aleman [4] poved that there
exists a multiplier of D(µ) such thatM = [φ]D(µ) = φD(µφ), where
dµφ = |φ|2dµ. Taking advantage of this representation and (4.13) to
get the converse inclusion. Thus we have

IM∩D(µ) =M∩IH2. (4.22)

That result was obtained by Richter and Sundberg [64] for harmoni-
cally weighted Dirichlet spaces. Write φ = IM f the inner-outer factor-
ization of the function φ. In particular, by (4.13) and (4.3) the function
f is a multiplier of D(µ). Note that the inner function IM is the
greatest common inner divisor ofM . It follows from (4.22) that

[φ]D(µ) ⊂ IM [ f ]D(µ) ∩D(µ).

Next, we consider a function h in [ f ]D(µ) such that IMh ∈ D(µ). It is
known that every function in D(µ) can be represented as a quotien of
two functions in D(µ) ∩H∞, moreover the denominator is inversible
in D(µ). So, one can assume that the function h is an outer function in
D(µ)∩H∞. Taking advantage of Theorem 4.1.1, there exists a bounded
sequence in [φ]D(µ). Moreover that sequence converges pointwise in D

to IMh. Since the weak convergence in D(µ) implises the pointwise
convergence in D, then IMh ∈ [φ]D(µ). For a generalt resul see Lemma
4.5.2. And the converse inclusion is obtained. Therefore we have

M = IM [ f ]D(µ) ∩D(µ) = [ f ]D(µ) ∩ IMH2. (4.23)

As a consequence of the above discussion, we obtain a complet char-
acterization of Lat(Mz,D(µ)). In particular, this result was obtained
by Richter and Sundberg [64] for harmonic weights. Both results will
be considered in the following theorem.

Theorem 4.5.3. Let µ be a positive finite measure on D and let M ∈
Lat(Mz,D(µ)). Let IM be the greatest common inner divisor ofM. Then,
there is an outer f ∈ D(µ) ∩H∞ such that

M = IMH2 ∩ [ f ]D(µ).

Furthermore f can be chosen so that f and IM f are multipliers of D(µ).

Now, we are developing a few general results about invariant sub-
spaces of D(µ) generated by outer functions. Let f be an outer func-
tion.
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Let I be an inner function such that both functions I f and I f 2

belong to D(µ). We consider ϕn := I( f ∧ n f 2). This sequence, by (4.13)
and (4.3), is bounded in [I f 2]D(µ). Clearly, it converges pointwise in
D to I f . Therefore we have

[I f ]D(µ) ⊂ [I f 2]D(µ).

It is known that the invaraint subspaces generated by f and f ∧ 1 is
the same, see [4]. So, one can assume that f is belongs to the algebra
D(µ) ∩H∞. From Proposition 4.5.1 and the previous inclusion one
can see that

[ f ]D(µ) = [ f α]D(µ), (α > 0).

Let g be an outer function in D(µ). Recall that every invariant
subspaces can be represented as a Dirichlet space associated with a
multiplier. Take into consideration Theorem 1, we get [ f ∨ g]D(µ) ⊂
[ f , g]D(µ). The converse follows directly from Proposition 4.5.1. Namely
we have

[ f ∨ g]D(µ) = [ f , g]D(µ).

Now, we assume in addition that f g ∈ D(µ). And so

[ f g]D(µ) = [( f g) ∧ 1]D(µ) ⊂ [( f (g ∧ 1)) ∨ f ]D(µ) = [ f (g ∧ 1), f ]D(µ) = [g]D(µ)

By symmetry we obtain [ f g]D(µ) ⊂ [ f ]D(µ) ∩ [g]D(µ.
Note that, every invariant subspaces is generated by a multiplier. In
particular, [ f ]D(µ) ∩ [g]D(µ) = [ϕ]D(µ), where ϕ is an outer function. By
the same argument as above, one can see that ϕ2 ∈ [ f g]D(µ). Taking in
account the fact that ϕ and ϕ2 generate the same invariant subspace.
And the second inclusion is obtained. Thus we have

[ f ]D(µ) ∩ [g]D(µ) = [ f g]D(µ)

Otherwise, if ever the function f g does not belong toD(µ). Note that
f and f ∧ 1 generate the same invariant subspace. Furthemore ( f ∧
1)(g ∧ 1) ∈ D(µ) ∩H∞. Appliying the last equality and Proposition
4.5.1, we obtain

[ f ]D(µ) ∩ [g]D(µ) = [ f ∧ g]D(µ).

We are gathering these results in the following theorem.

Theorem 4.5.4. Let f , g ∈ D(µ) be outer functions. Let I be an inner
function in H2.Then

(1) [I f ]D(µ) ⊂ [I f 2]D(µ), if I f , I f 2 ∈ D(µ),

(3) [ f α]D(µ) = [ f ]D(µ), if f α ∈ D(µ) for α > 0,

(2) [ f , g]D(µ) = [ f ∨ g]D(µ),

(5) [ f ]D(µ) ∩ [g]D(µ) = [ f g]D(µ), if f g ∈ D(µ),
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(4) [ f ]D(µ) ∩ [g]D(µ) = [ f ∧ g]D(µ).

The latter theorem and the following lemma will be useful in the
Proof of Theorem 4.1.2. Using the same argument given in the proof
of Lemma 3.2 of [28], we obtain the following.

Lemma 4.5.5. Let ζ ∈ T. The following properties are equivalent:

(1) ζ is a bounded point evaluation of D(µ).

(2) The polynomial z− ζ is not cyclic for D(µ).

(3) cµ(ζ) > 0.

More speaking, we will give a complete description of the invariant
subspace [ f ]D(µ) if, supp(µ)∩T is countable. That is the conclusion of
Theorem 4.1.2. For that, let us introduce some notations. Let g ∈ D(µ)
andM ∈ Lat(Mz,D(µ)), we denote by

Z(g) = {w ∈ D : lim inf
z∈D, z→w

|g(z)| = 0} and Z(M) :=
⋂

g∈M
Z(g).

Note that, by weak-type inequality for capacity cµ, the invariant sub-
space

ME :=
{

g ∈ D(µ) : g|E = 0 cµ − q.e
}

is closed in D(µ), where E := {ξ ∈ supp(µ)∩Z(M)∩T : cµ(ξ) > 0}.

Proof of Theorem 4.1.2. Let M ∈ Lat(Mz,D(µ)). By Theorem 4.5.3
there exists an inner function IM and an outer function f ∈ D(µ) ∩
H∞ such that

M = IMH2 ∩ [ f ]D(µ).

Then we have, E = {ξ ∈ supp(µ) ∩ Z(M) ∩T : cµ(ξ) > 0} = {ξ ∈
supp(µ) ∩ Z( f ) : cµ(ξ) > 0}.
Let ψ ∈ [ f ]D(µ). From Lemma 4.5.5, the evaluation at ξ is continuous
on D(µ), for all ξ ∈ E. Thus ψ(ξ) exists and ψ(ξ) = 0. This means
that [ f ]D(µ) ⊂ME.
For the reverse inclusion. By Theorem 2 of [4] there exists a multiplier
φ ∈ H∞ ∩ME which is an outer function such thatME = [φ]D(µ). Let
J be the closed ideal of the Banach algebra H∞ ∩D(µ) given by

J =
{

ψ ∈ H∞ ∩D(µ) : ψφ ∈ [ f ]D(µ)
}

Note that [ f ]D(µ) ∩H∞ ⊂ J . Suppose that Z(J ) = ∅, it follows from
Theorem 4.3 of [28] that D(µ) ∩H∞ = J . Otherwise, if Z(J ) 6= ∅,
using the same argument as in [28, Theorem 1], then we get D(µ) ∩
H∞ = J . Therefore we haveME ⊂ [ f ]D(µ).
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We closing this section by a seconde complete description of [ f ]D(µD),
where f is an outer function in D(µD). Namely, if µD is a Carleson
measure for D(µD) then [ f ]D(µD) = D(µD), for more details see
Section 4.6. From Theorem 4.5.3, we have the following result.

Theorem 4.5.6. Let µD be a positive finite Borel measure on D. Suppose
that µD is a Carleson measure for D(µD). LetM ∈ Lat(Mz,D(µD)). Then

M = IMH2 ∩D(µD),

where IM is the greatest common inner divisor ofM.

4.6 cyclic vectors

In this section, we are going to investigate cyclic vectors in D(µ). Re-
call that a vector f ∈ D(µ) is called cyclic (cyclic in D(µ)) with respect
to the multiplication operator Mz, if [ f ]D(µ) = D(µ). According to
Theorem 4.5.3, every non-zero invariant subspaceM of D(µ) is of the
formM = IMH2 ∩ [ f ]D(µ) where f is an outer function in D(µ) and
IM is the greatest common inner divisor ofM. Thus, understanding
the cyclic vectors in D(µ) would be a significant step towards the
complete description of the invariant subspaces of D(µ).

A necessary conditions for cyclicity follows directly from weak-type
inequality for capacity cµ. Namely, let f be a cyclic vector in D(µ) then
f is outer and cµ(Z( f )) = 0, where

Z( f ) :=
{

ζ ∈ T : lim
r→1−

f (rζ) = 0
}

.

This remark was stated firstly for classical Dirichlet space D in [15].
In 1984, Brown and Shields [15] conjectured that an outer function
f ∈ D is cyclic if and only if cm(Z( f )) = 0. The Brown-Shields con-
jecture asserts that an outer function f ∈ D(µ) is cyclic if and only if
cµ(Z( f )) = 0.
It was shown by D. Sarason [68] (see also [39]) that, if µ = δξ the Dirac
measure at ξ ∈ T, the Brown-Shields conjecture is true for the space
D(δξ). Recently, El-Fallah, Elmadani and Kellay [28] proved that this
conjecture is true for harmonically weighted Dirichlet space D(µT) if
supp µT is countable.

Our main result in this section is a positive answer to the Brown-
Shields conjecture for D(µ) when supp µ ∩T is countable. That is the
purpose of the following theorem.

Theorem 4.6.1. Let µ be a positive finite measure on D. Let f ∈ D(µ) be
an outer function such that supp(µ) ∩ Z( f ) is countable. Then f is cyclic
in D(µ) if and only if cµ(Z( f )) = 0.
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In particular, Theorem 1 of [28] will be obtained if µ is supported
by T.

Now, we consider µD a finite positive Borel measure on D. The
balayage function Sµ of the measure µ is defined by

SµD
(ζ) =

∫
D

1− |z|2

|1− ζz|2
dµD(z), ζ ∈ T.

It follows from Fubini’s theorem that SµD
∈ L1(T). The weighted

Hardy space associated with SµD
is given by

H2
µD

:=
{

f ∈ H2 : ‖ f ‖2
H2

µD

:=
∫

T
| f (ζ)|2SµD

(ζ)dm(ζ) < ∞
}

.

It is well known that the polynomials are dense in the space H2
µD

. Let
FµD

be the outer function associated with
√

SµD
. Namely

FµD
(z) = exp

(∫
T

ζ + z
ζ − z

log
√

SµD
(ζ)dm(ζ)

)
, (z ∈ D).

Let f ∈ H2
µ. Clearly we have ‖FµD

f ‖H2 = ‖ f ‖H2
µD

. This means that
f ∈ H2

µD
if and only if f ∈ FµD

H2. Therefore f is cyclic in H2
µD

if and
only if f is outer.
Moreover, it was proved in [8, Theorem 5.3] that H2

µD
= D(µD) if and

only if µD is a Carleson measure for D(µD).
As a consequence, we have the following theorem.

Theorem 4.6.2. Let µD be a positive finite Borel measure on D. Suppose
that µD is a Carleson measure for D(µD). Then f ∈ D(µD) is cyclic in
D(µD) if and only if f is an outer function.
Furthemore, the generalized Brown-Shields conjecture is true.

To prove Theorem 1 we need some lemmas. Using the same argu-
ment as in [28] to obtain the following lemmas.

Lemma 4.6.3. Let f ∈ D(µ)∩H∞ and g ∈ H∞ be an outer functions such
that || f ||∞ ≤ 1 and ||g||∞ ≤ 1. Let h be the outer function given by

|h(ζ)| =


| f (ζ)| a.e. on V,

|g(ζ)| a.e. on T \V,

where V is a closed neighborhood of supp µ ∩T. Then h ∈ D(µ) and

Dµ(h) ≤ Dµ( f ) +
µ(D)

δ2

(
||g||22 + 2|| log(1/|g|)||L1(T)

)
,

where δ = d(T \V, supp µ ∩T).

Lemma 4.6.4. Let f ∈ D(µ) ∩H∞ be an outer function.
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(1) If Z( f ) ∩ supp µ = ∅ then f is cyclic for D(µ).

(2) Z([ f ]D(µ)) ⊂ Z( f ) ∩ supp(µ).

(3) Z([ f ]D(µ)) = Z([ f ]D(µ) ∩H∞).

Proof of Theorem 4.6.1. Let f be an outer function in D(µ). Without
loss of generality we can suppose that f ∈ D(µ) ∩H∞. Now suppose
that cµ(Z( f )) = 0. By Lemma (4.6.4), we have

Z([ f ]D(µ)) ⊂ Z( f ) ∩ supp µ.

Z([ f ]D(µ)) 6= ∅, hence by (4.6.4) Z([ f ]D(µ)∩H∞) = ∅ by [28, Theorem
4.3] we have [ f ]D(µ) ∩H∞) = D(µ) ∩H∞. Then f is cyclic.

Suppose that Z([ f ]D(µ)) 6= ∅. Since Z( f ) ∩ supp µ is countable
set, there exists V = (eia, eib) a neighborhood of an isolated point
ζ0 ∈ Z([ f ]D(µ)) such that V ∩ Z([ f ]D(µ)) = {ζ0}. Consider the outer
functions

|h(ζ)| =
{
|(ζ − eia)(eib − ζ)|| f (ζ)|, ζ ∈ V

|(ζ − eia)(eib − ζ)|, ζ /∈ V

and

|g(ζ)| =
{
|(ζ − eia)(eib − ζ)|, ζ ∈ V

|(ζ − eia)(eib − ζ)|| f (ζ)|, ζ /∈ V

By Lemma 4.6.3, h, g ∈ D(µ) ∩H∞ and hg ∈ [ f ]D(µ). let us consider
the following closed ideal of H∞ ∩D(µ)

J =
{

ψ ∈ H∞ ∩D(µ) : ψg ∈ [ f ]D(µ)
}

Since [ f ]D(µ) ∩H∞ ⊂ J and h ∈ J ,

Z(J ) ⊂ Z([ f ]D(µ)) ∩ Z(h) ⊂ {ζ0}.

Hence, z− ζ0 ∈ J and then (z− ζ0)g ∈ [ f ]D(µ). And we have [(z−
ζ0)g]D(µ) = [(z− ζ0)]D(µ) ∩ [g]D(µ). We get

[(z− ζ0)]D(µ) ∩ [g]D(µ) ⊂ [ f ]D(µ).

If cµ({ζ0}) = 0, then z− ζ0 is cyclic and hence g ∈ [ f ]D(µ).
If cµ({ζ0}) > 0, using the same argument of [28, Theorem 1], we

get g ∈ [ f ]D(µ).
We are led to a contradiction since ζ0 ∈ Z [ f ]D(µ) and g(ζ0) 6= 0.

Hence Z([ f ]D(µ)) = ∅, then f is cyclic in D(µ).

Let E be a closed subset of T such that. In 1952, Carleson [18] proved
that, there exists a non-zero function f ∈ D (not necessarily in A(D))
such that E ⊂ Z( f ), if cm(E) = 0. Later on, in 1985 Brown and Cohn
[14] constructed an explicit example of cyclic function in D ∩ A(D)

vanishing on E. Their construction is based on a modification of an
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argument used in [18]. Taking advantage of this argument, we will
extend this result to superharmonically weighted Dirichlet spaces.
Indeed, assume that cµ(E) = 0. So, one can find a decreasing sequence
(En)n of closed neighborhoods of E such that

∑
n

c1/2
µ (En) < ∞.

From Theorem 4.4.2, there exists a unique measure λn supported on En

which satisfies cµ(En) = ‖gλn‖2
µ = λn(En). And consider the function

h(z) := ∑n
〈

gλn , Kµ
z
〉

, z ∈ D.
Note that the potential gλn admits the integral representation (4.17).
Moreover |Kµ(z, w)| ≤ 2/|1− wz|, (z, w ∈ D), see [72]. Therefore, the
function h belongs to D(µ).
Theorem 4.4.2 says that lim infz→ζ Re

〈
gλn , Kµ

z
〉
≥ 1, ζ ∈ E. Let (rn) ⊂

(0, 1) be an increasing sequence to 1 such that Rehn(z) ≥ 1/2, where
hn(z) :=

〈
gλn , Kµ

rnz
〉
. In particular hn ∈ A(D). Let f be the function

defined by
f := exp(−∑ hn).

That function belongs to D(µ) ∩ A(D) and vanishes on E. The se-
quence fn := exp(−∑k>n fn) converges pointwise to 1 on D and
fn ∈ [ f ]D(µ). This means that 1 ∈ [ f ]D(µ).

As a result of the above discussion, we have the following theorem.

Theorem 14. Let µ be a positive finite measure on D. Let E be a closed subset
of T. If cµ(E) = 0, then there exists a cyclic function f ∈ D(µ) ∩ A(D)

that vanishes on E.

This result was obtained by Elmadani and Labghail [34] for harmon-
ically weighted Dirichlet space (see also [66]).

In 1990, a weaker version of the Brown-Shields conjecture was
established by Hedenmalm and Shields [42] if, Z( f ) is countable
(see also [65]). In 2006, El-Fallah, Kellay and Ransford [29] replaced
"countable" by a condition closer to "capacity zero". Namely, they
proved that an outer function f ∈ D ∩ A(D) is cyclic in D if∫

0
c(Et)

log log(1/t)
t log(1/t)

dt < ∞,

where Et = {ζ ∈ T : d(ζ, E) < t}.
An extension of this result was given in [34] for harmonically

weighted Dirichlet spaces. Our last main result in this section is stated
as follows.

Theorem 4.6.5. Let µ be a positive finite measure on D. Let f be an outer
function in D(µ) ∩ A(D) and E := {ζ ∈ T : f (ζ) = 0}, if∫

0
cµ(Et)

log(1/t)
t

dt < ∞, (4.24)
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then f is cyclic in D(µ)

To prove this result, we need the following spectral synthesis theo-
rem which was proved by several authors (see for instance [29, 31, 32,
34]).

Theorem 4.6.6. Let µ be a positive finite measure on D. Let f be an outer
function in D(µ) ∩ A(D) and set E = Z( f ). Suppose that there exists a
function g ∈ D(µ) such that

|g(z)| . d(z, E)4 (z ∈ D), (4.25)

then g ∈ [ f ]D(µ).

Proof of Theorem 4.6.5. The two conditions (4.24) and (4.20) coincide
for η(t) := log 1

t . Thus, by Theorem 4.4.4, there exists a function
h ∈ D(µ) such that

|gt(z)| . d(z, E)t (z ∈ D),

where gt := exp(−th) (t > 0). The function gt is a bounded function
and belongs to D(µ). From theorems 4.6.6 and 4.5.4, we have gt ∈
[ f ]D(µ). Clearly gt → 1 pointwise on D.
Therefore f is cyclic for D(µ). And the proof is complete.
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5
A P P R O X I M AT I O N A N D C L O S E D I D E A L S I N S O M E

A N A LY T I C S PA C E S

In this chapter, we give an elementary proof of the approximation the-
orem established by A. Matheson in [53] for analytic Lipschitz spaces
λα. Our approach allows us to extend this approximation theorem
to Dω ∩ λα, where Dω denotes superharmonically weighted Dirichlet
spaces (including standard Dirichlet spaces). As a consequence, we
give a complete description of closed ideals of the Banach algebra
Dω ∩ λα. This extends previous results obtained A. Matheson [53] and
B. Bouya [13].

5.1 introduction

Let D be the unit disc of the complex plane C and let T := ∂D be the
unit circle. Let dA (resp. dm) be the normalized Lebesgue measure on
D (resp. T). The Hardy space H2 is the space of analytic functions f
on D such that

‖ f ‖2
H2 := | f (0)|2 +

∫
D
| f ′(z)|2 log(1/|z|)dA(z) < ∞.

Let A(D) be the disc algebra which consists of continuous functions
on D that are analytic on D. For α ∈ (0, 1), the separable analytic
Lipschitz algebra λα is given by

λα := { f ∈ A(D) : | f (z)− f (w)| = o(|z−w|α) as |z− w| tends to 0}.

Equipped with the norm,

‖ f ‖α = ‖ f ‖∞ + sup
z,w∈D,z 6=w

| f (z)− f (w)|
|z− w|α ,

where ‖ f ‖∞ = sup
z∈D

| f (z)|, the algebra λα is a Banach algebra.

Let ω be a nonnegative superharmonic weight on D. The weighted
Dirichlet space Dω associated with ω is defined by

Dω :=
{

f ∈ H2 : Dω( f ) :=
∫

D
| f ′(z)|2ω(z)dA(z) < ∞

}
.

The standard Dirichlet spaces Dγ with γ ∈ [0, 1], correspond to
ωγ(z) = (γ + 1)(1 − |z|2)γ. The classical Dirichlet space D0 is de-
noted by D. Note also that D1 = H2. Various facts about Hardy and
Dirichlet spaces used in this paper can be found in [32, 38].

71
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We will also consider the Banach algebra Dω ∩ λα equipped with
the norm

‖ f ‖Dω∩λα
= D1/2

ω ( f ) + ‖ f ‖α, f ∈ Dω ∩ λα.

The maximal ideals of Dω ∩ λα can be identified with D by z→ χz :
f ∈ Dω ∩ λα → f (z).
Our goal is to prove the following result which extends earlier work
of A. Matheson [53] and B. Bouya [13] (see also [70]).

Theorem 5.1.1. Let α ∈ (0, 1) and let ω be a nonnegative superharmonic
weight on D. Let I 6= {0} be a closed ideal of Dω ∩ λα, then there exists an
inner function θ and a closed subset E of T such that

I = { f ∈ Dω ∩ λα : f|E = 0, and f ∈ θH2}.

It is somewhat standard, see Section 5.5, that Theorem 5.1.1 can be
derived from the following approximation theorem which is the main
result in this chapter.

Theorem 5.1.2. Let α ∈ (0, 1) and let ω be a nonnegative superharmonic
weight on D. Let f ∈ Dω ∩ λα be a function that vanishes on a closed subset
E of T. Then, given M > 0, there exists ( fn)n ⊂ Dω ∩ λα such that

1. fn vanishes on E for all n ≥ 1,

2. | fn(z)| = O(distM(z, E)) for all n ≥ 1,

3. lim
n→0
‖ fn f − f ‖Dω∩λα

= 0.

To obtain an analogue of Theorem 5.1.2 for λα (resp. D ∩ λα), A.
Matheson (resp. B. Bouya) used the Korenblum method which is based
on subtle estimates of outer functions in various regions of the unit
disc. Our approach gives an alternative simpler proof.

5.2 preliminaries

The norm of λα can be expressed in several manners. Here we will use
a result of K. Dyakonov [24] (see also [57] for an elementary proof).
Namely, let

Λα := { f ∈ A(D) : | f (z)− f (w)| = O(|z− w|α)}.

Given f ∈ A(D), then f ∈ Λα if and only if || f (ζ1)| − | f (ζ2)|| =
O(|ζ1 − ζ2|α), ζ1, ζ2 ∈ T and P(| f |)(z)− | f (z)| = O ((1− |z|)α) , z ∈

D, where P(| f |)(z) :=
∫

T

1− |z|2
|eit − z|2 | f (e

it)|dm(eit) is the Poisson inte-

gral of the restriction of | f | to the unit circle T. For more general
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results see [26].
By arguing in the same way as in [57], one can see that f ∈ λα if and
only if the following two conditions are satisfied:

• || f (ζ1)| − | f (ζ2)|| = o(|ζ1 − ζ2|α), |ζ1 − ζ2| → 0, ζ1, ζ2 ∈ T.

• lim sup
|z|→1−

P(| f |)(z)− | f (z)|
(1− |z|)α

= 0.

In this case we have

‖ f ‖α � ‖ f ‖∞ + sup
ζ1,ζ2∈T,ζ1 6=ζ2

|| f (ζ1)| − | f (ζ2)||
|ζ1 − ζ2|α

+ sup
z∈D

P(| f |)(z)− | f (z)|
(1− |z|)α

.

The following lemma is standard and can be obtained easily. We
omit the proof here.

Lemma 5.2.1. Let α ∈ (0, 1). Let (φn)n ⊂ C(T) be such that

|φn(ζ1)− φn(ζ2)| = o(|ζ1 − ζ2|α), |ζ1 − ζ2| → 0, ζ1, ζ2 ∈ T,

uniformly in n. Then (P(φn))n ⊂ C(D) and

|P(φn)(z)− P(φn)(w)| = o(|z− w|α), |z− w| → 0, z, w ∈ D

uniformly in n.

The following lemma will be useful in the proof of Theorem 5.1.2.

Lemma 5.2.2. Let α ∈ (0, 1). Let ( fn)n ⊂ λα. Suppose that

1. ( fn)n converges to f uniformly on compact subsets of D,

2. || fn(ζ1)| − | fn(ζ2)|| = o(|ζ1− ζ2|α), |ζ1− ζ2| → 0, ζ1, ζ2 ∈ T,
uniformly in n,

3. P(| fn|)(z)− | fn(z)| = o((1− |z|)α), |z| → 1−, uniformly in n.

Then f ∈ λα and ( fn)n converges to f in λα.

Proof. Let z ∈ D. By an adequate application of the Schwarz lemma
(see Lemma 2 of [57]), we have

(1− |z|)| f ′n(z)| ≤ 2 sup{| fn(w)| − | fn(z)| : |w− z| < 1− |z|}.

Note that

| fn(w)| − | fn(z)| ≤ P(| fn|)(w)− | fn(z)|

= P(| fn|)(w)− P(| fn|)(z) + P(| fn|)(z)− | fn(z)|.
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We have, by Lemma 5.2.1, P(| fn|)(w)− P(| fn|)(z) = o(|z− w|α), |z−
w| → 0, uniformly in n. Then, by assumption (3), we have

(1− |z|)| f ′n(z)| = o((1− |z|)α),

uniformly in n. The desired result comes from Lemma 1 of [53].

Let ω be a nonnegative superharmonic weight on D. By the Jensen-
Riesz representation theorem (see for instance [6, 60]), there exist a
positive Borel measure µ on D and a finite positive Borel measure ν

on T such that

ω(z) = Uµ(z) + Pν(z), z ∈ D, (5.1)

where Uµ is the Green potential of µ, given by

Uµ(z) =
∫

D
log
∣∣∣∣1− wz

w− z

∣∣∣∣ dµ(w)

and Pν is the Poisson transform of ν

Pν(z) =
∫

T

1− |z|2

|1− ζz|2
dν(ζ).

Let f be a function in H2. By Green’s formula, we have∫
D
| f ′(w)|2 log

∣∣∣∣1− zw
z− w

∣∣∣∣ dA(w) = P(| f |2)(z)− | f (z)|2, z ∈ D.

So,

DUµ( f ) =
∫

D

∫
D
| f ′(w)|2 log

∣∣∣∣1− zw
z− w

∣∣∣∣ dA(w)dµ(z)

=
∫

D

(
P(| f |2)(z)− | f (z)|2

)
dµ(z).

The latter formula is due to A. Aleman. For more information on
superharmonically weighted Dirichlet spaces we refer to [4].
In the harmonic case (ω = Pν), S. Richter and C. Sundberg obtained
a more precise formula which extends the famous Carleson formula
stated for the classical Dirichlet space D. First, they proved that if θ is
an inner function then

DPν(θ f ) =
∫

T
Dζ( f )dν(ζ) +

∫
T
| f (ζ)|2Dζ(θ)dm(ζ), (5.2)

where Dζ = DPδζ
and δζ is the Dirac measure at ζ. They also proved

that if f is an outer function then

Dζ( f ) =
∫

T

| f (ζ1)|2 − | f (ζ)|2 − 2| f (ζ)|2 log(| f (ζ1)|/| f (ζ)|)
|ζ1 − ζ|2 dm(ζ1).(5.3)

For Richter and Sundberg’s complete formula, we refer to [32, 63].

From the above discussion one can see easily that Dω ∩ λα satisfies
the F-property. That is, given f ∈ H2, if θ f ∈ Dω ∩ λα, where θ is an
inner function, then

f ∈ Dω ∩ λα and ‖ f ‖Dω∩λα
≤ C‖θ f ‖Dω∩λα

.
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5.3 cut-off functions

Let f , g be two outer functions. Let f ∧ g be the outer function associ-
ated with | f | ∧ |g|(eit) := min(| f (eit)|, |g(eit)|). Namely,

f ∧ g(z) = exp
(∫

T

eit + z
eit − z

log(| f | ∧ |g|(eit))dm(eit)

)
, z ∈ D.

Our starting point is the Richter-Sundberg result on cut-off functions
[64]. Indeed, they proved, using (5.3), that

DPν( f ∧ f 2) ≤ 4DPν( f ).

So, for an integer k ≥ 1, we have

DPν( f ∧ f 2k
) = DPν

(
( f ∧ f 2k−1

) ∧ ( f ∧ f 2k−1
)2
)

≤ 4DPν( f ∧ f 2k−1
).

Then we get

DPν( f ∧ f 2k
) ≤ 4kDPν( f ). (5.4)

Our goal in this section is to prove analogous inequalities for λα

and for DUµ . The following is the key result in the proof of Theorem
5.1.2.

Theorem 5.3.1. Let α ∈ (0, 1), p ≥ 1. Let f ∈ H2 be an outer function.
We have

P(| f ∧ f p|)(z)− | f ∧ f p(z)| ≤ p2 (P(| f |)(z)− | f (z)|) , z ∈ D.

The proof of Theorem 5.3.1 is based on the following elementary
lemma.

Lemma 5.3.2. Let x ≥ 1, y ∈ [0, 1]. Let α, β ≥ 0 be such that α + β = 1.
We have

xα(p2yβ − ypβ) ≤ β(p2y− yp) + α(p2 − 1)x.

Proof. Let ϕ be the function given by

ϕ(x, y) := xα(p2yβ − ypβ)− β(p2y− yp)− α(p2 − 1)x.

Note that ϕ(x, 0) ≤ 0. For y ∈ (0, 1], we have

∂y ϕ(x, y) = 1
y (βxα(p2yβ − pypβ)− β(p2y− pyp))

≥ βp(ψ(yβ)− ψ(y)),

where ψ(t) = pt − tp. Since ψ is increasing on [0, 1], we obtain
∂y ϕ(x, y) ≥ 0 and ϕ(x, y) ≤ ϕ(x, 1) = (p2 − 1)(xα − αx− β).
Obviously, x 7→ ϕ(x, 1) is decreasing on [1,+∞[. Then ϕ(x, y) ≤
ϕ(1, 1) = 0.
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Proof of Theorem 5.3.1. Let dσ = Pzdm. Let

α = σ({| f | ≥ 1}) and β = σ({| f | < 1}).

If α = 0 or β = 0, then the result is obvious. We suppose in the sequel
that α, β > 0. Write

x = exp
(∫
{| f |≥1}

log | f |dσ

α

)
,

and

y = exp
(∫
{| f |<1}

log | f |dσ

β

)
.

With these notations, we have

| f (z)| = xαyβ and | f ∧ f p(z)| = xαypβ.

From Lemma 5.3.2, we obtain

p2| f (z)| − | f ∧ f p(z)| ≤ β(p2yβ − ypβ) + α(p2 − 1)x.

Let A f =
∫
{| f |≥1}

| f |dσ and let Ac
f =

∫
{| f |<1}

| f |dσ. By Jensen’s in-

equality, we have

αx = α exp
(∫
{| f |≥1}

log | f |dσ

α

)
≤ A f .

Since h(t) = p2et − ept is convex on (−∞, 0), we have

β(p2y− yp) = βh
(∫
{| f |≤1}

log | f |dσ

β

)
≤

∫
{| f |≤1}

h(log | f |)dσ

= p2Ac
f − Ac

f p .

Combining these inequalities, we obtain

p2| f (z)| − | f ∧ f p(z)| ≤ p2Ac
f − Ac

f p + (p2 − 1)A f .

This is equivalent to

A f + Ac
f p − | f ∧ f p(z)| ≤ p2

(
(A f + Ac

f )− | f (z)|
)

,

which is the desired inequality.

The following lemma is due to A. Aleman (see Lemma 3.2 of [4]).

Lemma 5.3.3. Let f ∈ H2 be an outer function. We have

P(|1∧ f |)(z)− |1∧ f (z)| ≤ P(| f |)(z)− | f (z)|, z ∈ D. (5.5)

We also need the following lemma in the proof of Theorem 5.1.2,
that can be deduced easily from Lemma 5.3.3, Corollary 2.3 of [64]
and Theorem 2 of [24].

Lemma 5.3.4. Let f ∈ H2 be an outer function and let θ be an inner
function such that θ f ∈ Dω ∩ λα. Then θ(1∧ f ) ∈ Dω ∩ λα and

‖θ(1∧ f )‖Dω∩λα
. ‖θ f ‖Dω∩λα

,

where the constant involved depends only on α and ω.
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5.4 approximation theorem

Let f = θg ∈ Dω ∩ λα \ {0}, where θ, g are respectively the inner
and outer factors of f . Suppose that f|E = 0. Since λα possesses the
F-property, g ∈ λα. We have g|E = 0 and then |g(z)| = O(dist(z, E)α).

Let n ≥ 1, p = 2k and put fn = 1 ∧ np−1gp−1. By Lemma 5.3.4,
fn ∈ Dω ∩ λα and clearly

| fn(z)| = O(dist(z, E)M), pα ≥ M.

We have f fn = θ(g ∧ np−1gp). It is clear that fn ∈ A(D) and that
( f fn)n converges uniformly to f on any compact subset of D.
Now, we prove that ( f fn)n converges to f in λα. Firstly, we claim that

|| f fn(ζ1)| − | f fn(ζ2)|| ≤ p || f (ζ1)| − | f (ζ2)|| , (ζ1, ζ2 ∈ T).

Since | f fn| = |g| ∧ np−1|g|p on T. We get

| f fn(ζ)| =
{

|g(ζ)| if |g(ζ)| ≥ 1/n

np−1|g(ζ)|p if |g(ζ)| ≤ 1/n.

Let ζ1, ζ2 ∈ T we have to discuss tree situation.

• If |g(ζ1)| ≥ 1/n and |g(ζ2)| ≥ 1/n, we have

|| f fn(ζ1)| − | f fn(ζ2)|| = ||g(ζ1)| − |g(ζ2)|| = || f (ζ1)| − | f (ζ2)||

• If |g(ζ1)| ≤ 1/n and |g(ζ2)| ≤ 1/n, we have

|| f fn(ζ1)| − | f fn(ζ2)|| = np−1 ||g(ζ1)|p − |g(ζ2)|p|
≤ p || f (ζ1)| − | f (ζ2)||

• If |g(ζ2)| ≤ 1/n ≤ |g(ζ1)|, we have

|| f fn(ζ1)| − | f fn(ζ2)|| = |g(ζ1)|−np−1|g(ζ2)|p ≤ p || f (ζ1)| − | f (ζ2)||

In order to show the last inequality, we consider the function ϕ

defined by

ϕ(x, y) := (p− 1)x + ypxp−1 − py; 0 < y ≤ 1/n ≤ x.

Note that ∂x ϕ = (p− 1)(1 + ypxp−2) ≥ 0 for all 0 < y ≤ 1/n ≤
x. So ϕ(x, y) ≥ ϕ(1/n, y) = (p− 1)/n + yp(1/n)p−1. Moreover,
the function y 7→ ϕ(1/n, y) is non-increasing on (0, 1/n]. There-
fore we have

ϕ(x, y) ≥ ϕ(1/n, 1/n) = 0, 0 < y ≤ 1/n ≤ x.

In particular ϕ(|g(ζ1)|, |g(ζ2)|) ≥ 0. This gives the desired in-
equality. By symmetry we get the result for |g(ζ1)| ≤ 1/n ≤
|g(ζ2)|. The claimed is established.
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Secondly, we have

P(| f fn|)(z)− | f fn(z)| =
(

P(|g ∧ np−1gp|)(z)− |g ∧ np−1gp(z)|
)
+

+|g ∧ np−1gp(z)|(1− |θ(z)|)

≤ p2(P(|g|)(z)− |g(z)|) + |g(z)|(1− |θ(z)|)

≤ p2 (P(| f |)(z)− | f (z)|) .

Then by Lemma 5.2.2, lim
n
‖ f fn − f ‖λα

= 0.
Next, using Theorem 5.3.1 and (5.4), we get

sup
n
Dω( f fn) ≤ 4kDω( f ).

Then there exists a subsequence of ( f fn)n converges weakly in Dω.
Keep in mind that f fn → f pointwise in D, this subsequence noted by
( f hn) converges weakly to f in Dω. Let Fj be the convex hull of { f fn :
n ≥ j}. Note that F1 = ∪j≥1Fj which is a convex set, so f is an element
of the weak closure of F1

∗. Since Dω is a Hilbert space, the weak
closing and strong closing coincide for the convex subsets of Dω. Then
there exists a sequence f gj ∈ F1 such that limjDω( f gj − f ) = 0. The
fact that ( f fn)n converges to f in λα implises that lim

j
‖ f gj − f ‖λα

= 0.

Note that gj := ∑ f inite β jn f jn such that ∑ f inite β jn = 1. Obviously gj
vanishes on E. Therefore we have

|gj(z)| ≤ ∑
f inite

β jn | f jn(z)| ≤ C distM(z, E) ∑
f inite

β jn = C distM(z, E).

This completes the proof.

5.5 closed idials

Let I 6= {0} be a closed ideal of Dω ∩ λα. The inner factor θI of I
is the greatest common divisor of the inner factors of all nonzero
elements of I . We say that I is without inner factor if θI = 1.

The proof of Theorem 5.1.1, is based on Theorem 5.1.2 and on the
following spectral synthesis theorem which was proved for several
algebras (see for instance [13, 31, 42, 49, 53]). We omit the proof here.

Theorem 5.5.1. Let I 6= {0} be a closed ideal of Dω ∩ λα without inner
factor. Let f ∈ Dω ∩ λα be such that

| f (z)| = O(dist(z, E)4), z ∈ D,

where EI := {ζ ∈ T : g(ζ) = 0, g ∈ I} is the zero set of I . Then f ∈ I .
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Proof of Theorem 5.1.1. Let I 6= {0} be a closed ideal of Dω ∩ λα. Let
θ = θI and let E be the zero set of I on T. Obviously

I ⊂ M(θ, E) := {g ∈ Dω ∩ λα : g|E = 0 and g ∈ θH2}.

To prove the reverse inclusion, let f ∈ M(θ, E) and consider

I( f ) := {g ∈ Dω ∩ λα : g f ∈ I}.

Clearly, I( f ) is a closed ideal of Dω ∩ λα without inner factor and
the zero set of I( f ) is a subset of E. By Theorem 5.1.2, there exists
fn ∈ Dω ∩ λα such that | fn(z)| = O(dist(z, E)4) and fn f converges to
f in Dω ∩ λα. Then by Theorem 5.5.1, fn ∈ I( f ). In particular fn f ∈ I .
Since I is closed, f ∈ I . The proof is complete.
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[57] M. Pavlović. “On K. M. Dyakonov’s paper: "Equivalent normos
on Lipschitz-type spaces of homorphic functions".” In: Acta
mathematica 183.1 (1999), pp. 141–143.

[58] Fernando Pérez-González, Jouni Rättyä, and Atte Reijonen.
“Derivatives of inner functions in Bergman spaces induced by
doubling weights.” In: Ann. Acad. Sci. Fenn. Math 42.2 (2017),
pp. 735–753.

[59] S.P. Preobrazhenskii. “A boundary uniqueness theorem for reg-
ular functions with a finite “Dirichlet-type” integral.” In: Journal
of Mathematical Sciences 27.1 (1984), pp. 2539–2545.

[60] T. Ransford. Potential theory in the complex plane. Vol. 28. Cam-
bridge university press, 1995.

[61] S. Richter. “Invariant subspaces of the Dirichlet shift.” In: J. Reine
angew. Math. 1988.386 (1988), pp. 205–220.

[62] S. Richter. “A representation theorem for cyclic analytic two-
isometries.” In: Trans. Amer. Math. Soc. 328.1 (1991), pp. 325–
349.

[63] S. Richter and C. Sundberg. “A formula for the local Dirichlet
integral.” In: Michigan Math. J. 38.3 (1991), pp. 355–379.

[64] S. Richter and C. Sundberg. “Multipliers and invariant subspaces
in the Dirichlet space.” In: J. Operator Theory (1992), pp. 167–186.

[ January 16, 2020 at 18:34 – classicthesis v4.6 ]



bibliography 85

[65] S. Richter and C. Sundberg. “Invariant subspaces of the Dirichlet
shift and pseudocontinuations.” In: Trans. Amer. Math. Soc. 341.2
(1994), pp. 863–879.

[66] S. Richter and F. Yilmaz. “Regularity for generators of invariant
subspaces of the Dirichlet shift.” In: J. Funct. Anal. (2018).

[67] W. Rudin. “The closed ideals in an algebra of analytic functions.”
In: Canadian Journal of Mathematics 9 (1957), pp. 426–434.

[68] D. Sarason. “Doubly shift-invariant spaces in H2.” In: Journal of
Operator Theory (1986), pp. 75–97.

[69] K. Seip. Interpolation and sampling in spaces of analytic functions.
33. American Mathematical Soc., 2004.

[70] F.A. Shamoyan. “Closed Ideals in Algebras of Functions Ana-
lytic in the Disk and Smooth up to its Boundary.” In: Sbornik:
Mathematics 79.2 (1994), pp. 425–445.

[71] H.S. Shapiro and A.L. Shields. “On the zeros of functions with
finite Dirichlet integral and some related function spaces.” In:
Math. Z. 80.1 (1962), pp. 217–229.

[72] S. Shimorin. “Complete Nevanlinna–Pick property of Dirichlet-
type spaces.” In: J. Funct. Anal. 191.2 (2002), pp. 276–296.

[73] NA Shirokov. “Closed ideals of algebras of type Bα
pq.” In: Izv.

Akad. Nauk SSSR Ser. Mat 46.6 (1982), pp. 1316–1332.

[74] NA Shirokov. “Analytic functions smooth up to the boundary.”
In: Lecture Notes in Mathematics 1312 (1988).

[75] D. A. Stegenga. “Multipliers of the Dirichlet space.” In: Illinois
Journal of Mathematics 24.1 (1980), pp. 113–139.

[76] B.A. Taylor and D.L. Williams. “Ideals in rings of analytic func-
tions with smooth boundary values.” In: Canad. J. Math 22 (1970),
pp. 1266–1283.

[77] I. É. Verbitskii. “Inner functions, Besov spaces and multipliers.”
In: vol. 276. 1. 1984, pp. 11–14.

[78] Z. Wu. “Carleson measures and multipliers for Dirichlet spaces.”
In: Journal of Functional Analysis 169.1 (1999), pp. 148–163.

[ January 16, 2020 at 18:34 – classicthesis v4.6 ]



  
CENTRE D’ETUDES DOCTORALES - SCIENCES ET TECHNOLOGIES 

 

 Faculté des Sciences, avenue Ibn Battouta, BP. 1014 RP, Rabat –Maroc 

 00212(0)5 37 77 18 76  00212(0)5 37 77 42 61 ; http://fsr.um5.ac.ma/ 

 

 

 

Abstract: 

   In this thesis, we deal with superharmonically weighted Dirichlet spaces.  

    In the first part of this dissertation, we determine all supreharmonically weighted Dirichlet spaces 

which contain no infinite Blaschke products. Next, we give a sufficient condition which ensuring the 

membership of Blaschke products. However, we propose two methods of regularization of Blaschke 
products. In fact, the regularization condition is a sufficient condition for zero sets. Our condition 

improves Shapiro-Shields condition for a large class of superharmonic weight, including standard 

weights. We end this part by studying the uniqueness sets for the harmonic weights. Actually, we 

extend the Khavin-Maz'ya uniqueness theorem for all harmonically weighted Dirichlet spaces.  

     In the second part, we characterize the invariant subspaces of multiplication operator by z on 

suparharmonically weighted Dirichlet spaces. We prove that the extended Brown-Shields conjecture is 

true, in the countable case. Finally, we give a complete description of closed ideals of the algebra 

obtained by the intersection of suparharmonically weighted Dirichlet spaces and  the analytic Lipschitz 

spaces. 

  Keywords: Supreharmonically weighted Dirichlet spaces; Blaschke products; Zero sets; 

Uniqueness sets; Reproducing kernels; Capacity; Invariant subspaces; Cyclicity; Closed ideals.  

 

 

Résumé: 
   Dans cette thèse, nous considérons les espaces de Dirichlet à poids super-harmonique.    
 

    Dans la première partie de cette dissertation, nous déterminons tous les espaces de Dirichlet à poids 

super-harmonique qui ne contiennent aucun produit de Blaschke infini. Ensuite, nous donnons une 
condition suffisante de l'appartenance des produits de Blaschke. Cependant, nous proposons deux 

méthodes de régularisations des produits de Blaschke. En fait, cette condition de régularisation est une 

condition suffisante pour les ensembles zéro. Notre condition améliore celle de Shapiro-Shields pour 

une grande classe de poids super-harmonique, y compris les poids standards. En terminant cette partie 
par les ensembles d'unicité pour les poids harmonique. Précisément, nous étendons le théorème 

d'unicité de Khavin-Maz’ya pour tous les espaces de Dirichlet à poids harmonique.  

 
    Dans la deuxième partie, nous caractérisons les sous-espaces invariants de l'opérateur de 

multiplication par z sur les espaces de Dirichlet à poids super-harmonique. Nous répondons 

positivement à la conjecture étendue de Brown-Shields dans le cas dénombrable. Finalement, nous 

donnons une description complète des idéaux fermés de l'algèbre obtenue par l’intersection des 
espaces de Dirichlet à poids super-harmonique et l'algèbre des fonctions Lipschitzienne.  

       

Mots-clés: Les espaces de Dirichlet à poids super-harmonique; Produits de Blaschke; Ensembles 

zéro; Ensembles unicité, Noyaux reproduisant; Capacité;  Sous-espaces invariant; Cyclicité; Idéaux 
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