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Résume

Dans cette theése, nous nous concentrons sur 1’étude de la présence et de l'impact des
caractéristiques quantiques induites au cours de ’évolution des réfrigérateurs quantiques dis-
crets ou autonomes sur leurs performances thermodynamiques. Notre étude intégre une analyse
théorique de la rentabilité de ces machines, en amalgamant les propriétés quantiques avec les
performances de réfrigération des appareils. A cette fin, nous introduisons en premier lieu un
modele de couplage de deux réfrigérateurs autonomes, dans lequel nous examinons la corrélation
générée au niveau de leur interaction. Grace a cette approche, nous observons leur degré de
corrélation et analysons 'interaction entre ces corrélations et l'efficacité des appareils. Ensuite,
nous nous concentrons sur un modele de réfrigérateur fonctionnant par le biais des réservoirs
hiérarchiques. Notre objectif est d’observer dans quelle mesure ce type de réservoir peut affec-
ter la dynamique du systeme d’exploitation et de discerner les conséquences de cette influence.
Grace a ces deux approches, nous espérons obtenir une vision plus nuancée du comportement
quantique et des performances des réfrigérateurs quantiques. En approfondissant la complexité
des corrélations induites entre les composants du systeme et en étudiant les effets de différents
environnements, nous souhaitons fournir davantage d’informations qui permettront d’améliorer
notre compréhension actuelle de I'impact des propriétés quantiques sur les performances des
réfrigérateurs quantiques.

Mots-clefs : : Machines autonomes ; Réfrigérateur quantique ; Propriétés quantiques ; Bains
thermaux ; Systeme quantique ouvert.
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Abstract

In this thesis, we investigate the presence and impact of quantum features induced during
the operation of discrete or self-contained quantum refrigerators on their thermodynamic per-
formance. Our investigation integrates a theoretical analysis of the cost-effectiveness of these
machines by amalgamating quantum properties with their cooling performance. To this end,
we first introduce a coupling model between two autonomous refrigerators, where we study the
quantum correlation generated during their interaction. Thanks to this approach, we observe
the degree of correlation between the two refrigerators and analyze the interplay between these
correlations and the efficiency of the devices. Secondly, we consider a refrigerator model that
operates through hierarchical reservoirs. Here, we aim to observe the extent to which this type
of reservoir can influence the dynamics of the system and to discern the consequences of this
influence. We hope to gain a more nuanced view of the quantum refrigerator’s behavior and
performance through these two approaches. By delving deeper into the complexity of the corre-
lations induced between the components of the system, and by studying the effects of different
environments, we aim to provide more information that will improve our current understanding
of the impact of quantum properties on the performance of the quantum refrigerators.

Keywords : Autonomous machines ; Quantum refrigerator ; Quantum properties ; Thermal
baths; Open quantum system.
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Introduction

The rapid development of quantum mechanics in recent decades has prompted significant
reflection on the orientation of scientific research and the emergence of new technologies. Quan-
tum mechanics has emerged as a broad and far-reaching field of scientific inquiry, attracting
considerable attention due to its diverse expectations, applications and future prospects. These
include the construction of quantum electronic systems such as quantum computers, where the
primary promise lies in exploiting quantum properties to construct systems that outperform
their classical counterparts in terms of performance [1-4]. This outlook entails a diverse array
of resources, including thermal equipment, and necessitates a comprehensive examination of
their design and operation. Of particular importance is the ability to combine the study of the
energetic processes of these systems, their design, operation, and quantum behavior on a unified
information platform to assess their potential accurately [5-7].

Within this vast array of interactions, quantum thermodynamics has emerged as a central
area of research to address these challenges. Quantum thermodynamics is presented primarily
as a discipline that bridges thermodynamic principles and quantum perspectives [8-12]. As such,
it represents a research field that facilitates the integration of the quantum properties of infinite-
simal dimensional systems into a broader and more complex framework of their thermodynamic
behavior, with the aim of improving the fundamental comprehension of the operation and per-
formance of quantum thermal devices. Even more as an interdisciplinary field, it focuses on three
main areas. First, the development of quantum thermodynamic devices, where the concept of
quantum thermal machines remains central. Secondly, the study of quantum thermal machines
in the light of quantum information and, finally, the elucidation of the role of quantum properties
from a thermodynamic viewpoint.

Before delving into the study of quantum thermal devices, it is important to understand
their design and operating mechanisms. A conventional term for such a quantum system is the
quantum thermal machine [13-15]. In a general framework, it represents any quantum system
with a working system, typically a quantum composite system, operating between different
thermal baths. Depending on the mode of operation of the working system, two categories can
be distinguished : discrete machines, in which the system operates over specific periods during
which the same thermodynamic tasks are performed [16-18], and continuous machines, in which
the system operates continuously without interruption [19-24]. In both cases, investigations are
usually restricted to physical processes similar to classical thermodynamic ones, such as work
performed, average heat flow, and entropy production. However, a pertinent question remains :
how can we incorporate real quantum steps into the machine operation, and, if possible, what
benefits can we derive from doing so?

From a theoretical point of view, the study of quantum properties in thermal devices follows
two complementary directions. Recent efforts have focused on the design of novel systems to
generate and enhance quantum properties in thermal devices, resulting in a plethora of pro-
posals [25-27]. A number of these approaches explore methods for establishing quantum corre-



lations using thermal resources such as thermal bath temperatures and heat fluxes. Moreover,
quantum correlations have been identified as crucial for the design of efficient thermal processes,
with theoretical proposals involving refrigerators and quantum engines [28-30]. Recent studies
have explored the connection between induced heat fluxes during machine operation and the
resulting quantum properties, establishing well-founded performance bounds. Despite the im-
pressive theoretical progress in this area, the practical implementation of these concepts remains
relatively unexplored and warrants considerable attention [31-34].

To effectively address these expectations, it is crucial to take advantage of the theory of open
quantum systems [35-38] . This theory provides a comprehensive framework for describing the
evolution of systems of infinitesimal dimensions interacting with their environment. By exploiting
the insights provided by open quantum systems theory, we can delve deeper into the dynamics
of the quantum thermal machines and gain a better understanding of their conceptualization
in the quantum thermodynamic field. Furthermore, the combination of this theory with the
principles of quantum thermodynamics allows us to establish a holistic representation of the
behavior of non-equilibrium thermal devices under both transient and steady-state conditions,
from theoretical conceptualization to practical implementation.

In this thesis, we investigate the interplay between quantum effects arising during the opera-
tion of quantum refrigerators and their thermodynamic performance. We investigate the ther-
modynamic behavior of different quantum refrigerator models under the influence of quantum
properties. In the following chapters, we present a variety of quantum refrigerator models and
carry out in-depth analyses of their refrigeration performance in regimes where quantum pro-
perties exert a significant influence. These efforts enable us not only to grasp the operational
subtleties of our devices in the presence of quantum effects, but also to conduct a compara-
tive evaluation of their efficiency compared to the case where these properties turn out to be
non-existent.

In Chapter 1, we present a comprehensive exploration of the various aspects of open quantum
systems. These fundamental concepts serve as the cornerstone for the analysis of the evolution of
the devices under study in the following chapters. We define the different stages and scenarios in
which a local approach to the master equation accurately represents the transitions of an open
quantum system from one quantum state to another. Our approach relies mainly on the use of
a weak coupling limit to approximate the system dynamics by a local master equation. In addi-
tion, we explicitly address some crucial aspects of the system dynamics, providing a convenient
framework for distinguishing the system dynamics in Markovian and non-Markovian regimes.
Second, we delve into the interesting realm of quantum features observed in the evolution of the
system, highlighting the central relevance of quantum correlations, which form the cornerstone
of our study.

In Chapter 2, we present a general introduction to the fundamental concepts of quantum
thermodynamics, starting with an exploration of the internal energy of a system of interest. We
then examine the different forms of energy involved in the variation of internal energy during
system operation. To further elucidate these principles, we incorporate illustrative examples
drawn from the devices studied in this thesis. In addition, we highlight the criticality of these
principles by demonstrating their adherence to the laws of thermodynamics through various
formulations. In Chapter 3, we present a detailed description of the quantum refrigerator models
used in our study, as well as their modes of operation. Our central insight concerns the conditions
required for these devices to operate in the cooling regime.



In Chapter 4, our attention turns to the introduction of coupling models for autonomous
quantum refrigerators. These refrigerators are connected via their cold qubits, allowing for a
subtle exploration of their behavior in regimes characterized by distinct degrees of correlation in
their interaction. For three-body refrigerator models, we adopt entanglement as the measure of
correlation, while in the context of two-body models, we rely on the measure of quantum discord.
We then perform a comprehensive comparative analysis of the performance of these coupled
refrigerator models against their uncoupled counterparts with identical parameters. Through
this comparative investigation, we aim to gain a deeper appreciation of the effect of inter-device
coupling on the thermodynamic performance of quantum refrigerators, thereby advancing our
understanding of these complex systems.

In Chapter 5, we move to a model involving a working system coupled to hierarchical environ-
ments, each consisting of a thermal bath and an auxiliary system. Here we delve into the system
operation in both discrete and continuous models, meticulously studying its operation within
a cooling regime. Furthermore, we conduct a thorough investigation of the efficiency of the de-
vices, especially when the dynamics of the working system evolve within either a Markovian or
a non-Markovian regime. Through these analyses, we intend to unravel the complex dynamics
governing the thermodynamic behavior of the system with respect to hierarchical environments
and to elucidate aspects related to system efficiency.

Finally, we mark the culmination of our efforts with a comprehensive conclusion in which
we synthesize the key ideas gleaned from our various contributions. In a detailed summary, we
highlight the significant observations and results obtained. In addition, we pave the way for
future projects by outlining our aspirations and potential avenues for further exploration.



Chapitre 1

Open quantum system

A basic knowledge on the dynamical evolution of a thermal machine’s working system is
a fundamental prerequisite for delving into the thermodynamic concepts of quantum thermal
machines. From a thermodynamic perspective, the working system plays a pivotal role in the
various flows of thermodynamic quantities, including heat transfer, and serves as a primary ele-
ment in the dynamic processes of the thermal machine. Furthermore, in a quantum theoretical
viewpoint, the working system can be viewed as an open system interacting with different ther-
mal baths. These baths contribute to dissipative effects in the evolution of the thermal machine,
giving rise to a dynamic evolution that can also be influenced by an external control system. In
this context, the theory of open quantum systems provides a comprehensive framework for ana-
lyzing such dynamic behavior, laying the foundation for the development of quantum thermal
machines.

Nevertheless, finding an appropriate approach to describe the dynamical evolution of quantum
thermal machines without violating the thermodynamics laws remains a formidable theoretical
challenge due to their inherent complexity, although it has been successfully accomplished in
some cases, such as harmonic oscillators or two-level systems coupled to reservoirs [39, 40].
In general, their formulation relies on a perturbative approach to inter-site coupling, which
requires fine-tuning between the energy and interaction time scales of the device components.
Two main approaches are considered in the literature to deal with this particular issue. The
first approach involves local coupling, where the thermal baths are locally connected to the
machine’s subsystems. In contrast, the second approach adopts a global coupling scheme, where
the thermal baths are connected to the degrees of freedom of the total machine. Given the
conceptual differences between the two approaches, the criteria relating to the thermal machine
to be considered when choosing one or another approach also differ. Whereas the local approach
is more persistent when we consider weak coupling and resonance between all the coupling sites
in the device, the global approach has been shown to be more dominant when converging to
strong coupling [41-47].

In this chapter, we aim to provide a theoretical background for the quantum master equation
in the local approach, while giving an insight into some future considerations on the validity of
this equation and its relevance both for the description of the system state and thermodynamic
quantities.

1.1 The system-reservoir approach

An open quantum system is defined as a system interacting with at least one environment,
see Fig.1.1. This interaction can be either continuous and time-invariant, or subject to a control
protocol. Naturally, the total system (open system plus environment) can be described by a



Hamiltonian operator H representing a generic multipartite open system connected to environ-
ments,

H =Hs+ Hr + Hsg, (1.1)

where Hg is the Hamiltonian of the system, Hr the Hamiltonian of the environments, and Hsr
represents the interaction between the system and the environments.

Environment
(H RsPR )

FIGURE 1.1 — Schematic representation of an open quantum system interacting with an envi-
ronment.

Quantum systems that do not interact with any environment are defined as closed systems.
This notion is even less conceivable in quantum mechanics since it is particularly difficult to
isolate a system from any form of interaction with its environment. However, without loss of ge-
nerality, we consider the total system, encompassing both the open system and its environment,
as a closed system

1.1.1 Density operator

Quantum system states are generally described by wave functions or vector states |1), defined
in a Hilbert space H, which contain the maximum amount of information that can be stored
in the system. However, in most cases, this representation is not sufficient to fully describe the
state of the system, due to constraints on the information that can be gathered from the system.
For example, consider a system prepared in a superposition of two states |¢1) and [i¢s), with
their respective probabilities p; and po. In the absence of prior information or measurements
on the system, it is unlikely that the state of the system can be perfectly described by a vector
state. This restriction arises from our incomplete knowledge of the system’s information at all
times, making it more plausible for the system to be in either of the two states. Consequently,
we can state that the system exists in a set of states {|v¢;)} with associated probabilities {p;},
i=1,2.

More generally, suppose ¢ > 2 with more than one pi different from 0. An alternative approach
to represent the state of the system is defined by a density operator p in the form,

P:ZP1|¢1><¢1‘|- (1.2)

The density operator p is usually called a density matrix, given its matrix representation on a
specified basis. It follows from equation. (1.2) that any density operator must satisfy the follo-
wing properties :



Hermiticity : The density operator p is Hermitian,
Pt =" o) (i)t =D i lwi) (wil = p. (1.3)
i i

Positive definite : For all vectors |¢) € H, the density operator p satisfies,

(@lpld) = pil (Wile) [ > 0. (1.4)
Unit trace : The trace of the operator p on the states of the system is bounded,
1
~z sTr (0] <Trp] = ZZ%‘TT [[9i) (il] = sz‘ =1, (1.5)

where N is the dimension of the Hilbert space H.
For a basic example of a density operator, consider the density matrix of a pure state, where
1=1and p; =1,
p= v (¥, (L6)

being a projection operator on the state |¢) . It is straightforward to show the validity of the
above conditions as long as the state [¢) is normalized.

1.1.2 Partial trace

Consider a bipartite composite system described by a density state psr. A common situation
is encountered in open quantum system S interacting with its environment R. The state of the
total system is characterized by a density matrix psr in the Hilbert space

Hsr = Hs @ HRr, (1.7)

with the subsystem Hilbert spaces

Hs = spanflii)},
Hr = span{|$;)}, (1.8)

where i € [0, N], N the dimension of the Hilbert space Hs, and j € [0, M], with M the dimension
of the Hilbert space Hxr.

The partial trace is a linear operator from the total Hilbert space Hsr to the subsystem
Hilbert spaces Hs(Hr), defined as :

> (@il s 195) (1.9)

J

> (Wil psr i) - (1.10)
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Trs [psr]

It follows from equations. (1.8) that the vector bases {|1;)} and {|¢;)} act only on their respective
Hilbert spaces . More specifically, the expression (¢;| psr |¢;) is a partial element of the density
matrix psg taken only from the reservoir, implying that the outcome Trg [ps] is an operator
acting on Hg. Similarly, the expression (1;| psr |[1;) is a partial element of psr taken only in
the system, and the result Trs [psr] is also an operator acting on Hg.



The partial trace is extremely useful in the study of complex quantum systems in which we
are interested in the information contained in one subsystem only. For instance, when our focus
is on the properties of the system &, it becomes evident that all its relevant information is
effectively and completely described by the reduced state Trg [psr]. In a particular exemple,
we can consider the case where the state of the reservoir and the state of the open system are
completely separate and form a tensor product psr = ps® pr. In such cases, it becomes feasible
to determine the density operators of the individual subsystems through the application of the
partial trace,

Trrlpsr] = Trrlps® prl =Y (¢l ps @ pr6;) = > ps @ (65| pr|ds) = ps, (1.11)
j j
Trslpsr] = Trslps @ prl =Y (il ps @ prltbi) =Y pr ® (Wl ps i) = pr- (1.12)

These equations demonstrate how partial trace operations can effectively retrieve information
about the individual subsystems, making it a powerful tool in the analysis of composite quantum
systems.

1.1.3 Trace distance

Given two states of a quantum system ,0‘15 and p?s, quantum mechanics has long been concer-
ned with assessing the similarity between theses two states. A sophisticated approach to this
challenge involves defining a suitable distance metric over the set of density operators. This dis-
tance metric can then be interpreted as a measure of the distinguishability between the quantum
states. In the realm of quantum theory, the trace distance stands out as one of the most crucial
and frequently employed measures for quantifying the the distinguishability of quantum states.

The trace distance between two density operators P}s and p?s is defined as

1

D(ps, p%) = 5Trlps = p5l; (1.13)

where |A| = VAT A and the square root of a Hermitian operator AT A with nonnegative eigenva-
lues a; and eigenstates [¢;) is defined as

VATA = Z\/GT'!W (i - (1.14)

When A is self-adjoint, the trace distance can be expressed as the sum of the absolute value of
the eigenvalues a; of A counting multiplicities

TrlAl = adl. (1.15)

The trace distance has several interesting mathematical and physical properties that make it a
convenient distance measure within quantum information theory. Here are some of the proper-
ties satisfied by the trace distance as a general distance measure :

The trace distance between any pair of states is bounded,
0 < D(pg, p2) < 1, (1.16)

with D(pk, p%) = 0 if and only if p5 = p% and D(pl, p%) = 1 if and only if p}; and p% are
orthogonal.



The trace distance is sub-additive with respect to tensor products of states,

D(ps ® p%, p% ® ps) < D(ps, pg) + D(p%, ps). (1.17)

The trace distance is invariant under unitary transformations i,

DUpsu",upsu') = D(ps. p5). (1.18)

All trace preserving and completely positive maps £ (see Sec.1.4.2), are contractible for
the trace distance,

D(Eps, Epz) < D(ps, p3). (1.19)

One can therefore state that a trace-preserving quantum dynamical map reduces or main-
tains the ability to distinguish any pair of quantum states. Hence, no quantum process
that can be characterized by a family of dynamically trace-preserving and completely po-
sitive maps can increase the ability to distinguish a pair of system states from its initial
value.

We will see later how these properties are commonly leveraged in quantum information theory,
especially in the examination of the non-Markovianity of an open system and other quantum
informations.

1.1.4 Weak coupling

Without specifying the form of interaction between the system and its environment, a more
detailed configuration of the composite system’s state implies that the density matrix of the
total system can be expressed as :

PSR = PS @ PR + Pint; (1.20)

where ps and pr are reduced density operators defined on the Hilbert space of the system Hg
and the Hilbert space of the reservoir Hg respectively, and the entangled part pin; describes the
correlations induced by the interaction between the subsystems.

Among various possible approaches and approximation schemes to model the state of the
composite system comprising the open system and the reservoir, particular interest lies in the
”weak coupling” approach. This approach assumes a weak interaction between the system and
its environment. In this context, the contribution of the entangled term pi, to the state of the
total system p is considered much smaller compared to the separate part ps ® pr. Consequently,
the influence of pijyt on the total system dynamics can be neglected, leading to the simplified
form of the total system state :

PSR = PS5 @ PR- (1.21)

Even though the assumption of weak coupling between the system and the reservoir is not
imperative, it provides a rigorous mathematical procedure for deriving the master equations of
an open quantum system, particularly in the Markov approximation.



1.2 Quantum entropy

Another fundamental concept of quantum information is the notion of entropy. Entropy
was developed in the thermodynamics field and subsequently adopted in classical statistical
mechanics and quantum statistics, as a measure of the degree of uncertainty in the state of a
physical system [48-55]. A preliminary description of classical entropy was provided by Shannon
in his mathematical interpretation of classical information, before being extended to the quantum
domain through equivalent quantities.

1.2.1 Shannon Entropy

Consider a random variable X with a probability distribution {p(a;)}, where i = 1,..d, and
Zle p(a;) = 1. The Shannon entropy of X is defined as [56]

d

H(X) = H(p(a), -..p(aq) = = Y plai)log(p(as)), (1.22)
i=1

where we conventionally admit that 0log(0) = 0. It is easy to observe that, in the case of a
binary distribution (d = 2), the entropy of the probability distribution can be adapted to a
single parameter given by :

H(p) = —plog(p) + (1 — p)log(1 — p), (1.23)
where p is the probability of one of the outcomes.
When examining the same random variable X under two different probability distributions

{p(a;)} and {q(a;)}, the proximity of these distributions can be assessed through their relative
entropy :

d .
H(p(as)|la(a:)) =D p(ai)log (p(a’)) : (1.24)

P q(a)

with —p(a;)log0 = 400, Vp(a;) > 0. Along the same lines, the information available from two
different random variables, X and Y, associated with their joint distribution p(a;, b;) is provided
by the joint entropy defined in an obvious way,

d l
H(X,Y) ==Y plaib;)log(p(ai,bj)). (1.25)

i=1 j=1

To delve deeper,, let’s assume we have prior knowledge about the value of Y given a pair of
variables (X,Y). In this scenario, we quantify the information H(Y") about the pair (X,Y"). The
residual uncertainty about the pair (X,Y") is then attributed to our lack of knowledge about X.
As a result, the entropy of X under the condition that we know Y in advance is defined by the
conditional entropy ;

H(X|Y) = H(X,Y) - H(Y). (1.26)

The Shannon entropy H in the form of a function of random variables verifies the following
properties :

Subadditivity : H(X,Y) < H(X)+ H(Y) with equality if and only if X and Y are inde-
pendent random variables.



Symmetry

H(X,Y)=H(Y,X) (1.27)

H(X) < H(X,Y), with equality if and only if Y is a function of X.

1.2.2 Von Neumann Entropy

The von Neumann entropy holds an important place in quantum statistical mechanics [57],
particularly for characterizing the information inherent in a quantum state represented by a
density operator p. It is defined as an extension of the Shannon entropy to the spectrum of a
quantum state

S(p) = —plog(p) = — Zailog(ai), (1.28)

where, in the second equality, a; represents the eigenvalues of p, and the convention 0log0 = 0
is adopted, as in the case of the Shannon entropy. The von Neumann entropy is always posi-
tive,subadditive and concave. The concavity property implies that for a set of density operator
{pi} associated to a probability distribution {p;}, with ), p; = 1, we have

ZP@S(M) < S(Z pipi)- (1.29)

Additionally, a quantum version of the relative entropy needs to be defined. Suppose p; and
p2 are density operators. The relative entropy of p; to ps is defined by

S(p1llp2) = Tr(pilogp1) — Tr(pilogps). (1.30)

Relative entropy takes values from 0 to +oo relative to the assumption —a;log(0) = +oo, with
S(p1llp2) = 0 if and only if p; = pa. More specifically, it verifie the following conditions

The relative entropy is non symetrique

S(allb) # S(blla) (1.31)

The relative entropy is invariant under unitary transformations,

SUald|[UaldT) = S(al|b). (1.32)

1.3 Quantum Correlation

Quantum correlations serve as a crucial measure of the quantum characteristics inherent
in a composite system comprising two or more elements [58-62]. They constitute a fundamen-
tal quantum signature for multipartite systems. Beyond their theoretical significance, quantum
correlations and coherence hold substantial practical importance, as they are essential physical
resources for various quantum information and computation processes. Despite the prolonged
interest and investigation since the early days of quantum theory, these phenomena remain
intriguing, leaving physicists with many unanswered questions.
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Naturally, the states of a multipartite quantum system cannot be written as the tensor product
of its subsystem states. States in this form are called separate states. Otherwise, the nature of
the multipartite system implies a certain degree of shared information between the subsystems
that do not allow a complete separation of their states. In this scenario, subsystems lose their
individuality since a proportion of their physical properties are now partially embedded in cor-
relations and therefore cannot be attributed to a single subsystem. Traditionally, this propertie
has been a reference for characterizing quantum correlation in composite systems. However, it
subsequently emerged that quantum correlation can be attributed to contexts that go beyond
entanglement, whether stronger or weaker. Remarkably, quantum correlations can subsist even
in separable states.

1.3.1 Quantum entanglement

Entanglement is a distinctive feature of non-separable quantum states, representing one of
the most profound and insightful concepts illustrating the validity and limits of quantum me-
chanics [63-68]. With the advent of quantum information science, entanglement has attracted
renewed interest as a valuable resource in quantum information processing. In particular, it is
perceived as central to the implementation of various quantum protocols, including quantum
teleportation, which can be achieved exclusively using entangled states.

The characterization and measurement of entanglement has for a long time been a complex,
broad and dynamic area of research. Numerous methodologies for quantifying entanglement
have been introduced, along with the formulation of essential criteria for its measurement. Mul-
tipartite systems, in particular, have witnessed significant progress and exploration, with several
mechanisms devised to differentiate separable states from entangled ones, including the utiliza-
tion of Schmid rank and von Neumann entropy.

Entanglement of bipartite system

The degree of separation and entanglement in a pure bipartite quantum state is used to
assess the correlation present in the composite quantum system. Taking a pure bipartite state
[Vs,s,) € Hs, @ Hs,, it can be asserted that [is,s,) is not entangled if and only if it can be
written as a tensor product of pure states in the Hilbert spaces Hg, (Hs,) of its components

’w31$2> = W}Sl> ® |¢32> (1'33)

where |¢s,) € Hs,, and [¢s,) € Hs,. The separability of state |i)s,s,) indicates that each
subsystem can be characterized by its specific properties, accessible locally without affecting the
state of the second subsystem.

A more elementary approach to determine the separability of pure states involves the Schmidt
decomposition. For every pure bipartite state, the Schmidt decomposition posits the existence
of two orthonormal bases for each subsystem such that :

d
Vs,s,) = Z Vi ls,); @ |s,); (1.34)

where {|¢s,),;},{|¢s,);} is an orthonormal basis pertaining to the local Hilbert space Hs, (Hs,)
and d < min{dim [Hs,|,dim [Hs,|}. The coeficients p; are are called Schmidt coefficients and
satisfy 0 < p; < 1. It follows from the normalization of the totale state |is,s,) that p; > 0
and Zle p; = 1. Thus, a quantum state is considered to have a Schmidt rank of 1 if only
one Schmidt coefficient is non-zero (and therefore equal to 1), which implies that the system
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is separable. On the other hand, if the Schmidt rank is greater than 1 (i.e. if more than one
Schmidt coefficient is non-zero), then the system is considered to be entangled.

Expanding from equation.(1.34), we can extend the concept of entanglement to the case
of mixed states with the help of the Schmidt decomposition. In the broader context of the
fundamental principles of the density operator formalism, we may define a state of a composite
quantum system ps, s, as entangled if it cannot be expressed in the form :

d
PSS = sz’pfgl ® pfs‘Q (135)
=1

where p; > 0, ps, = [s,); (¥s,|; € Hs, and ps, = [1hs,); (¥s,]; € Hs,. Notably, the reduced
density operators ps, and ps, are obtained by taking the partial trace of the system state with
respect to subsystem S; or S :

PS1 = TTSz p5152 szpsla (1.36)

ps, = Trs, [0s,5,) szpsg (1.37)

Considering the definition of separability in equation.(1.33) and the form of equation.(1.35), it
can be asserted that the state ps,s, is separable if and only if there is a single non-zero value p;
. With this in mind, significant progress has been made to establish a measure of entanglement
decay, and various indicators have been proposed. It has been agreed that a measure of entan-
glement F would eventually be conceivable if the following conditions are satisfied :

The degree of entanglement present in any separable state should be zero : E(ps,s,) =0
for all separable states.

The degree of entanglement present in any state should be invariant under local unitary
operation

E(ps,s,) = E(Uh @ Unps,s,th @ Us) (1.38)

The degree of entanglement present in two given pair of entangled states is additive

E(p5152 ® 05152) = E(p5152) + E(05152)‘ (139)

The degree of entanglement present in any given state must not increase under local
operations and classical communication :

d
E(ps,s,) > EQ)_ piMis, ® M, ps,5,Ms, @ M) (1.40)
=1

for any set of measurement operators Mfgl and Mng on subsystems &1 and Sp respectively.
In this order, the only measure of entanglement that satisfies theses condition for a pure state,
is the von Neumann entropy of reduced density matrices, defined as

E(|¢5152>) = S(psl) = S(ps,) = —Tr [psllog(psl)]
= —Trps,log(ps,)] Zazlogg (aj). (1.41)

where a; are the eigenvalues of pgs, (ps,). The entanglement measure E gives a number between
0 and 1, implying a product state and a maximally entangled state respectively.
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Otherwise, the separability of a mixed state is particularly problematic to verify by any direct
method. For this reason, certain types of entanglement measure have been proposed in the lite-
rature, incorporating new methods that are more suited to the properties of density operators.
Separability often proves difficult to determine as soon as we move away from pure states, so a
measurement of the density state mixture becomes an alternative way of quantifying entangle-
ment in this case. This has led to the introduction of different measures of entanglement. The
three main ones being the entanglement cost, the distillable entanglement and the entanglement
of formation. Another favourite measure is the concurrence measure, originally defined for 2 x 2
systems, but later generalised to higher dimensions of Hilbert spaces. Wootters established an
expression for quantifying the entanglement between a pair of two-level systems in any state by
introducing a relevant measure termed concurrence. In the case of a pure state involving two
qubits, the concurrence C is defined as :

C(‘¢8182>) = | <Q/)81$2|&S182> | (1'42)

Here |1)) 518, = 051 ® 052 [9*)s,s, denotes the spin-flip operation applied to [t)s,s,), where oy
represents the standard Pauli operator, and the symbol ‘*’ signifies complex conjugation in the
standard basis.

Let ps,s, be a density matrix of a bipartite system, we can introduce the the generale spin-flip
density state
~ S S S S
psis, = (07! ®ay2)pj§1$2(ayl ® 0y,?) (1.43)

where the complex conjugate is taken in the standard basis. A synthesis solution for the concur-
rence of an arbitrary mixed state of two qubits is given by

Clpsis) = maw (0, X = VAa = Vs = V) (1.44)

where \;,7 = 1,2, 3,4 are the eigenvalues in decreasing order of the product matrix ps,s,p0s;s,-
The eigenvalues \; are real and non-negative, and the concurrence value varies from 0 for a
non-entangled state to 1 for a maximally entangled state. Consequently, C' can be functionally
represented as a physically realistic measure of entanglement for mixed states.

In the special case where the density matrix is given in the X-form :

a 0 0 ¢
0 b d 0

p81$2 — 0 b* 6 0 ) (1.45)
c 0 0 f

the diagonal elements a, b, e, f represent the populations of the system, while the off-diagonal
elements ¢ and d represent the coherent superpositions. The concurrence of the system in this
form is described by the following relation [69-72] :

C = 2max{0, |c| — Vbe, |d| — \/af}. (1.46)

1.3.2 Quantum discord

The previous section taught that entanglement is potentially synonymous with quantum
correlations for non-separated states. This statement is more persistent for pure states, where
the measurement of entanglement is associated with the degrée of non-separability of the system
state. A most recent advance was made by Ollivier, Zurek and Henderson [73], who evaluated that
even for separable states, a quantum system can exhibit correlations that cannot be measured by
a classical approximation. The existence of this type of quantum correlation, known as quantum
discord, is essentially a manifestation of the impossibility of measuring one of the quantum states
of the composite system without disturbing the other [74].
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Quantum discord is the first fundamental measure intended to prove the occurrence of quan-
tum correlations beyond entanglement. To grasp its significance, it is essential to hark back to
classical information theory, where the Shannon entropy (1.22) quantifies the lack of volume
of information stored in a probability distribution : the higher the Shannon entropy of a dis-
tribution, the less information we possess about the potential outcome of a random variable
associated with that distribution. Moreover, we have seen that in classical information theory,
when considering a pair of random variables, X and Y, with a joint probability distribution of
obtaining outcomes X = a and Y = b denoted as p(a,b), we can scrutinize the information of
each random variable X (Y') individually in terms of their entropy H(X)(H(Y)) tout comme
leur joint information as well as their joint information H(X,Y’). Consequently, the correlation
between X and Y is measured by the amount of additional information that is not local. This
non-local information can be quantified by the mutual information,

I(X,Y) = H(X)+ HY) - HX,Y), (1.47)

where, H(X,Y) is the joint entropie. With this definition, Z can take the value 0 for independant
variable. In addition, an equivalent formulation for the mutual information is given by :

J(X,Y) = H(X)- HX|Y) (1.48)
— H(Y)- H(Y|X), (1.49)

where the conditional entropy J(X,Y)(J(Y, X)) quantifies the average uncertainty associated
with X (Y) given the value of Y(X). The equality of Z and J for classical random variables
arises from Bayes’ rule p(a|b) = p(a,b)/p(b), which can be used to show that

H(X|Y)=H(X,Y) - H(Y), (1.50)
H(Y|X)=H(X,Y) - H(X). (1.51)

Refering to the Von Neuman entropy (1.28), we can generalise the expressions (1.50) to the
quantum domain by extending the concept of a pair of random variables to a bipartite system
with a density matrix ps,s,, consisting of subsystems 57 and Sy with relative density operators
ps, and ps,. The quantum analogue of equation. (1.47) reads :

I(p5132) = S(psl) + S(p52) - S(p5152) (1‘52)

with the Von Neumann entropy S. On the other hand, the generalisation of J(X,Y’) is not
entirely obvious, in the sense that a measure M on ps, induces a simultaneous shift in the
entropy of ps,. Thus, in the quantum case, the entropy J becomes dependent on the specified
measure, and asymmetric in ps, and ps,. Ollivier and Zurek proposed a generalization of J to
the quantum theory using quantum measurements. For a bipartite quantum state ps,s,, they
defined the conditional entropy of ps, dependent on a measurement on pgs,,

S(ps, {115, }) Zka (0%, (1.53)

where {Hf§2} are measurement operators corresponding to a Von Neumann measure on the
subsystem S3. The probability p of getting the result pgl is of the form py =T'r [ng PS1Ss H@J
with its corresponding post-measurement state,

v Trs, [(1s, © T8 ) ps, s, (1s, © T1E))]

— . 1.54
P, o (1.54)

Given the conditional entropy (1.54), the quantum version of equation. (1.48) is succinctly stated
by

T (psis2) ) = S(ps) = S(ps, {115, ). (1.55)
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This version of the mutual information J relative to a quantum measurement does not, in
general, coincide with the definition of the total mutual information in equation. (1.52), which
represents the total quantity of correlations (both quantum and classical). An important aspect
is that, unlike the classical case, this quantity is always less than the total mutual information
before a measurement is made.

Since a quantum measurement on pgs, leads to a perturbation on the quantum properties of
the toal state ps,s,, the decrease in the total correlation after measurement is associated with
a loss of quantum correlation. A classical correlation measurement was therefore introduced by
maximizing the mutual information in equation.(1.55) over all possible measurements. The idea
is to quantify the classical correlations in the quantum states by maximizing 7 over all possible
Von Neuman measurements on the subsystem ps, :

C(pS1S2) - m?x(j(p3132){ng })
(g ) :
= S(ps,) — min Y prS(pk,) (1.56)
g, )

The quantum discord is defined as the difference of these two inequivalent expressions (quan-
tum and classical versions) for the mutual information,

Q(ﬂSlSz) = I(ﬂSlSz) - C(p8182)' (1'57)

It should be noted that quantum discord is not symmetric so applying a measurement to the
subsystem pgs, rather than ps, will generally result in a different value of discord. This asymme-
try indicates that the quantum discord quantifies the degree of quantum correlation with respect
to the measured system. It is also important that quantum discord captures the quantum cor-
relation of entangled states. However, while a measure of entanglement vanishes for separable
states, quantum discord can be non-zero for these states. Although the theoretical description
of quantum discord is clear, its calculation proves rather difficult due to the need to maximize
all possible measurements on the system under consideration, as shown in equations.(1.56). Ne-
vertheless, various procedures are introduced for the analytical expression of quantum discord
in special cases, for example when the state of the system is in the form of a matrix X [75, 76].

1.4 Dynamique of an open quantum system

1.4.1 Liouville-von Neumann equation

First of all, we start our discussion of the equation governing the dynamics of an open
system by considering the model of an open quantum system S interacting with an environment
R introduced in the previous section. The Hamiltonian of the total system is therefore given in
the form

H=Hs+ Hr + Hsg, (1.58)

with Hg is the Hamiltonian of the open systeme, Hp is the Hamiltonian of the bath and Hsr
is the system-bath interaction. Furthermore, we assign to the state of the total system a pure
vector state |¢) in a Hilbert space H. Since the total system is closed, the time evolution of the
state [¢)) can then be approximated according to the standards equation governing the evolution
of a closed quantum system given by Schrédinger’s equation

L d
ih— [W(t) = Hy(t)), (1.59)
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with A being Planck’s constant, which we will assume to be equal 1 for the rest of this work.
The solution of the differential equation. (1.59), in the case of a time-independent Hamiltonian
operator H, can be expressed as :

[ (8)) = exp [—iH (t - o)l [¢(0)), (1.60)
where [1(0)) is the state of the system at an initial time point ¢ = 0.

A general expression of equation. (1.60) is of the form of an unitary time-evolution operator
U(t,0) which transforms the initial state |¢(0)) to the state |1)(t)),

[9(#)) = U(t,0) [(0)) , (1.61)

with the time evolution operator U(t,0) = exp [—iH (t — 0)]. Of course, the particular structure
of the evolution operator U(t,0) in terms of the Hamiltonian depends on the characteristics of
the Hamiltonian itself. Once the Hamiltonian of the system is time dependent, the time evolution
operator U(t,0) takes the form of an exponential integral,

U(t,0) = Teeap < /0 t —iH(s)ds) , (1.62)

where T is the time-ordering operator. It is also clear that in both cases of the Hamiltonian
operator, the unitary evolution operator verifies

U(0,0) = 1. (1.63)

A natural question that deserves attention from the above description is the dynamic evolution
of the quantum system when its state at the initial time % is given in the form of a mixed state,

psr(0) = sz- |9:(0)) (1:(0)] - (1.64)

According to the unitary evolution introduced in equation. (1.61), the time evolution of the
density operator psg is then given by

psr(t) = Zpiu<t, 0) [4(0)) (¥ (0)[ U1 (¢,0), (1.65)

being
psr(t) = U(t, 0)psr (0)UT(t,0). (1.66)

Equation. (1.66) gives the state of the total system at each instant ¢ based on the total unitary
evolution operator. As our focus is on the equation of motion for the open system, it becomes
necessary to establish the expression for the derivative of the density operator ps. To achieve
this, we will initiate the process by determining the expression for the derivative of the density
operator psr.

Given the above considerations, the equation of motion of the total density operator is obtained
after a derivative of psr with respect to time,

%pgn(t) — %(L{(t,o)psn(o)m(t’o)>

= —iH®U(L,0)psr(0)UT(t,0) + iUd(t,0)psr (0)UT (¢, 0)H (t). (1.67)

Equation. (1.67) is commonly known as the Liouville von Neumann equation, and can be repre-
sented in simplified form

osrlt) = i [H(0), psr(0)] (1.68)

where the commutator [4, B = AB — BA.
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At this stage, we have established the equation of motion for the total system. Neverthe-
less, this does not correspond to our intention of finding the equation for the dynamics of the
open system alone. It is therefore necessary to adjust equation. (1.68) in order to obtain an
appropriate equation for the dynamics of the open system, , taking into account the influence of
the interaction between the open system and the reservoir. To accomplish this, we will employ
several conceptually different yet complementary approaches.

1.4.2 Quantum dynamical maps

In Equation. (1.66), the state of the total system psr is represented in terms of the unitary
evolution operator of the total system. Naturally, it follows that by applying a partial trace over
the environment, we can recover the open quantum system state at each instat ¢,

ps(t) = Trr [U(t,0)psr (OU'(1,0)] (1.69)

One of the primary tasks stemming from this equation is to express the state of the open
system pg in terms of a dynamical map (Fig.5.2) acting on the space of density matrices S(Hs),
connecting its initial state to its state at time ¢ :

EW) : S(Hs) — S(Hs)
ps(0) — ps(t) = Eps(0), Wt >0, (1.70)

where, & = 1, is the identity map. The transformation mentioned above is generally crucial to
derive, encompassing the entire future evolution of an open system. Its complexity arises not only
from its dependence on the unitary evolution of the total system but also from the constraints
on the states of the subsystems at the initial time. Particularly, when the initial state of the
total system is correlated, constructing a map that accurately describes the transformation of
the open system’s state between two instants becomes challenging. However, as this situation
falls outside the scope of our study, we will later consider the approximation that the initial
state of the system can still be treated as separable.

Let us consider the state of the total system at time ¢y in an uncorrelated state psr(0) =
ps(0) ® pr(0). The transformation changing the reduced system from time ¢ = 0 to some later
time ¢ > 0 may be written in the form

Eps(0) = Trr [U(t,0)ps(0) @ pr(O)U'(1,0)] - (1.71)

The map £ is also known as the universal dynamical map since it is independent of the state
on which it acts [35] and describes any possible physical evolution for any abritrary initial state
ps(0). To ensure that the universal dynamical map € describes a physical process, transforming
any density operators ps(0) into a density operator ps(t), £ must satisfy the following conditions :

The map &€ is completely positive. That is, in addition to mapping a positive operator to a
positive operator, when we extend the Hilbert space beyond the open system by including
an additional system &7 that does not interact with the system S at any time, the map
€ ® Is, acting on the total system maps a positive operator to a positive operator. If, in
addition, we consider the trace preservation,

Tri€ps(0)] = Trips(®)] =1, >0, (1.72)
then £ is called a completely positive and trace preserving map.

The quantum map must be convex and linear. This means that, for any two density
operators, ps, and ps, chosen randomly, we have

Et(pps, + (1 —p)ps,) < p€i(ps,) + (1 —p)&(ps,)- (1.73)
which must be valid for all 0 < p < 1.
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ps(0) ® pr(0) - U(t,0)ps(0) ® pr(0)U(t,0)
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FIGURE 1.2 — Schematic representation of the two standard approaches that can be adopted to
approximate the state of an open system at a given instant ¢ from its initial state. In the first
approach, the state of the system is derived from a partial trace Tr after a unitary evolution.
In the second approach, the state of the system is obtained by mapping the initial state with a
dynamic map &.

An additional fundamental feature of quantum dynamical maps enunciated by Karl Kraus
states that any completely positive and trace preserving dynamical map can be expressed by
operators that act simply in the Hilbert space Hg of the open system. To derive this relation,
we first require a spectral decomposition of the environment R,

PR = ij 195) (9, (1.74)

where {|¢;)} form a orthonormal basis in the Hilbert space Hz and p; are non-negative real
coefficients satisfying 3 ; p; = 1. The substitution of equation.(1.74) in equation.(1.71) provides

ps(t) = Trr |U(t,0)ps(0) @ pr(0)U' (t,0)]

= > nTrr [U(t,0)ps(0) @ 165) (51 U' (¢, 0)]
J

= ZK(i,j)(ta O)pS(O)K&’j)(t,O), (175)
(4,4)
where K;;(t,0) = /p; (¢i|U(t,0) |¢;). Here, the set of operators {K;;) are called Kraus ope-
rators [77,78|, mapping elements of the Hilbert space Hs into the Hilbert space Hs and satisfy
the completeness relation

Js
Clearly, the operators K(; ;y(t,0) depend only on the total unitary evolution operator and the ini-

tial state of the subsystem R. Kraus operators is not necessarily unique and may vary depending
on the reservoir’s orthonormal basis.
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1.4.3 Lindblad master equation

The master equation known as Gorini-Kossakowski-Sudarshan-Lindblad equation, or often
simply the Lindblad equation, is a valuable reference structure for deriving the master equation
of a composite quantum system. It yields an effective equation of motion for a subsystem within
a larger complex quantum system. In this section, our focus is on deriving the Lindblad’s master
equation, which governs the time evolution of an open quantum system.

Let’s start by the transformation of a quantum operator from the Schrédinger picture to the
interaction picture,

O(t) = Ug (O (1), (L.77)

where Uy (t) represents the unitary evolution operator of the total system, defined in the Schrédin-
ger representation as :

Up(t) = e iHsHHR), (1.78)

From equation. (1.24), one can directly obtain the Liouville-Von Neumann equation. (1.26) for
the joint system in the interaction picture,

d d

aPsR) = %(ug(t)f)sn(t)uo(t))

= —U(t) [Hsr, psr ()] Uo(t). (1.79)

This formal expansion follows from the commutation between the time evolution operator Uy(t)
and the free Hamiltonian operator Hy = Hs+ Hg and therefore provides the interaction picture
of equation. (1.68)

d _ = ~

Psr(t) = i [Hsn(t),psn(t)} : (1.80)
A particular solution is obtained by integrating each side of equation.(1.39) from ¢ = 0 to ¢,
which yields

psr(t) = psr(0) — i /0 ds{Fsr (s), psr (5)]. (1.81)

Upon inserting the expression for the density operator psr(t) into equation.(1.39), we obtain a
description of the total state differential equation in the form

d

Spsnlt) = —ilfsn(t). por(0) —i [ dslfisn(s).psr(s)]

= —i[Hsr(t), psr(0)] - /Ot ds[Hsr (t), [Hsr(s), psr(s)]]- (1.82)

In our main approach, we seek to find a local time equation for the density operator of
the open system. For this purpose, a partial trace is applied to the degrees of freedom of the
environment :

%ﬁs(t) = —iTrr[Hsr(t), psr(0)] —/0 dsTr[Hsr (), [Hsr(s), psr (5)]]- (1.83)

The integral form of equation. (1.83) gives the state of the open system S at all times,
albeit with a problematic computational complexity. Despite its applicability for any ¢ > tg, the
behavior of the derivation dps/dt depends entirely on the information provided by the system
since its initial state and throughout its history. This feature is typically associated with the
Markovian nature of quantum system dynamics, presenting a cumulative computational problem
to solve. To transform the master equation into a time-local equation, it is necessary to further
approximate equation 1 by special approximations, in particular by eliminating the first term
on the right-hand side of the equation.
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a)Born approximation

The derivative dps/dt in equation.(1.42) involves an implicit dependence on the total system
state psr(t), and is therefore not a closed time evolution equation for ps(t). To address this
issue, we introduce two hypotheses.

Firstly, we assume that at ¢ = 0, the system and the environment are completely separate. In
other words, there is no correlation between the system and the environment,

psr(0) = ps(0) @ pr(0). (1.84)

This approach seems obvious when the system and the environment have never interacted before
t = 0, or when the correlation between the system and the environment needs a long time to be
established after their first interactions. In a second case, we consider the contribution of the total
system’s correlations to be negligible. Of course, this does not imply an absence of interaction
between the system and the reservoir, but it does suggest that the correlations generated from
their interaction are marginal. In practical terms, this situation arises, for example, in cases
where the environment is significantly larger than the open system, with a weak coupling between
them. The interaction has little impact on the state of the environment, which remains largely
unperturbed. Consequently, the state of the total system at any given time ¢ can be approximated
by a uncorrelated state in the form

psr(t) = ps(t) ® pr, ¥Vt >0, (1.85)

where pr = pr(0) is the density operator for the environment at ¢ = 0.

B) Interaction Hamiltonian form

A further premise is essential for obtaining an amenable master equation, assuming a spe-
cific form for the interaction Hamiltonian. A manifest structure of Hsg (in the Schrédinger
representation) is of the form

Hsp = ZSi ® Ei, (1.86)
i
where FE; is an operator acting on the states of the environment and which verifies

(Ei), = Trr (Eipr) = 0. (1.87)

Condition (1.87) is always manageable since, for systems where the interaction Hamiltonian
takes the form (1.54) with (E;),  # 0, a transformation Hsg = 2, S; ® (E; — (E;),. ) in the
Hamiltonian operator is realizable, which allows us to set the resolution (E; — (E;), ) = 0. It
should be noted that the relation (1.87) can be applied to the operator E; in the interaction
representation

(B, = Tre (et Byppeifint)
= Trr(E;p) =0. (1.88)

The system operators S; are considered as eigenoperators of Hg acting on the open system
states,

Siw)= > Sl (1.89)

ey —ej=w

Here, the sum is conducted along all energies ¢; and ey such that their difference remains fixed
and is equal to w for a fixed transition frequency w. The operators

Ie, = |) (W], , (1.90)
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are projection operators on the discrete states of the system {|¢)} with the eigenvalues of the
energy {e;}. From this decomposition, we can derive the following relations

[Hs, Si(w)] = > Hs ) (@], S [) (@bl — [v) (], Si [v) (] Hs
= ) elw) (Wl Si ) (Wl — ey [0) (W], Si ) (Wl
— _lwgi(w), (1.91)
being
[Hs, S;(w)] = —wS;(w). (1.92)

and taking the Hermitian conjugate :
[Hs, S](w)] = wS] (w). (1.93)

Looking back at the expression (1.83), we can clearly show that the first term of the master
equation in the interaction pictur is such that,

Trr[Hsr, ps(0) ® pr] = _ e ™[Si(w), ps(0)] (Ei(t));, =0, (1.94)
i
where we are referring to the transformation S; = e~™G; of the operator S; in the interaction
picture.

Discarding the first term of equation. (1.83), we find a revised version of the master equation
that is independent of the initial state of the system and constitutes a representation influenced
by the cumulative historical events occurring from the initial time to time ¢t. A reduced form of
the master equation is then established by exploiting the cyclic property of the trace operator
and the permutation between the Hamiltonian operator of the environment Hz and the density
operator pr,

dﬁ;t(t) _ Zzei(wtw)trij(w) (Sj(w)ﬁs(s)sj (W) — 8! (wl)Sj(w)ﬁ5(5)>
b ww
et (S@'(w/)ﬁg(s)S;(w) - 53(3)5}(w)5i(w’)) , (1.95)

where the correlation functions on the environment I'; ; and their conjugates I'}; are such that
t .
Tij(w) = / dse~“*Trp|El (t)E;(s)pr], (1.96)
0

t .
I}(w) = /0 dse™*Trr [E!(s)E;(t) pr)- (1.97)

v) Markov aproximation

At this stage, the master equation is not local in time, since the reduced density matrix
still depends on the system’s history. To overcome this problem, we use the Markov hypothesis
for our system. Given that the dynamics of the system is influenced by its interaction with the
reservoirs, we consider that the correlation of the latter occurs within a very short period of time.
Then, memory effects do not play an important role in the system’s evolution and, consequently,
the evolution of the reduced density matrix depends only on its current state and not on its
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history. These assertions can be summarized into a more fundamental concept, ensuring that the
time scale of environmental correlation is significantly smaller than the time scale of interaction :

TR K Tint- (1.98)

Here, 7 represents the correlation time scale, beyond which, ¢t > 7r, the state of the reservoir
is practically independent of its initial correlations and 7yt represents the interaction time scale
characterizing the evolution of the density operator due to the effects of its interaction with the
reservoir.

Moreover, an inescapable part of our derivation consists of substituting s by ¢ — s in equa-
tion. (1.64), without changing the nature of the equation. Since we consider the time evolution
t > tr and bath correlations vanish after a short time interval ¢ € [0, 7g], we may extend the
upper limit of the integrals (1.96) to infinity. A fortiori, we can substitute ps(t — s) by ps(t),
since the dynamics of ps are much slower than the decay of I';;, the short-memory effect of the
correlation function ensures that ps only keeps track of events at the precise moment of their
occurrence. With this Markov approximation, equation. (1.95) becomes :

Pell) — SIS ) (85)ps(0)S] )~ S ps()

dt L
“I ww

et Ty (Si(w

!

)As()S](w) - s8] (@)Si()) (1.99)

where the correlation functions,
[ee]
Tij(w) = / dse™Trr[El(t)E;(t — s)pr), (1.100)
0

IGw) = /0 N dse“*Tr[El(t — 5)E;(t) pr). (1.101)

Secular approximation

The exponential coefficients in the master equation are dependent on the difference between
frequencies in the system. It’s evident that these coefficients attain their maximum value when
w = w and decrease as lw — w,\ increases. Given this evidence, contributions with very high
lw — wl| are likely to have a very negligible contribution to the dynamics of the open quantum
system. Therefore, it would be appropriate to neglect them in favor of terms with w = w'. This
approximation is commonly known as the rotating wave approximation and leads to a a master
equation in the form :

P S S (S8 - 5] @)5;)as(0))

dt
+1(w) (Sz‘(w>f33(t)5}(W) - ﬁs(t)S}(w)Si(w)> , (1.102)

which represents the general form of the master equation in the Born-Markov approximation.

Finally, we derive a more explicit form of equation. (1.102), referred to the standard form, by
decomposing the correlation functions,

Lij = %%’j(w) + ixij (w), (1.103)

where
Yij(w) = Tij(w) + T (w), (1.104)
X)) = 5:(T(w) - T5()) (1.105)
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After rearrangement, we get the standard expression for the master equation, composed of a
commutator term and a dissipation operator :

at) _ i

22 = — 2 [Hys, ps(t)] + Lr(p(1)), (1.106)

where we define the Hamiltonian operator

Hps =Y hxij(@)S] (@) (w), (1.107)

]
called the Lamb shift Hamiltonian. The second term is a super operator which describes the
dissipations effects of the thermal baths on the system

LR(0) = 33 7i(w) <Sj(w)ﬁs(t)53 (@)~ {8} <w>sj<w>,ﬁs<t>}) . (1.108)

(]
1.4.4 Back to the Schrodinger representation

Now we can resort to the correspondence (1.77) to get a description of the standard equation
on the Schrédinger representation. From the relation between the density operator of the system
ps on the Schrodinger representation and its interaction representation pg(t) introduced in the
section 1.4.3,

ps(t) = s ps(t)e s, (1.109)

we introduce a time derivative to the both sides :

dps(t)

S = i Hs, ps(D]e ! + e~ iHst 25T iHst, (1.110)

dt

At this stage, we can substitute the derivative dpg(t)/dt by its expression defined in the Markov
equation (1.75),

) d t ) o . .
ottt OS] ittt ot 1st (s, ps(]e™" — ilHys. ps(8)] + Lr(p(t).  (L111)
Finally, it’s enough to multiply the right-hand side of each member of the previous equation by
e~ #Hs(t) and the left-hand side of each member by e#'s(®) to obtain the master equation of the
system in Schrodinger’s representation.

dps(t)
dt

= —i[Hs + Hyg, ps(t)] + Lr(p(t)). (1.112)

In the absence of dissipation operators, this equation differs from the Von-Neumann equation due
to the presence of the Lamb-Shift term on the Hamiltonian operator which generally introduces
a renormalization depending on the frequency of the system. However, for the purposes of our
study, we will neglect this renormalization term since it manifests as a simple perturbation
parameter in the Hamiltonian and does not play a pivotal role in our investigation.

1.5 Relaxation of a two-level system in a bosonic environment

Let’s consider a bipartite system composed of a two-level {|0),[1)} system S and a bo-
sonic environment as reservoir R. The Hamiltonian operator of the system is defined on the
Schrodinger representation by

Hs = 0., (1.113)



where w represents the system frequency and o, the Pauli matrix defined on the system standard

basis by
1 0
0y = (0 _1> . (1.114)

The Pauli matrix o, is related to the operator o and its adjoint operator ¢! through a commu-
tation relation

0. = [o,0™] = 1) (1] = 0) (0] (1.115)

Here we have introduced two system transition operators :

The excitation operator of the system, from its ground state |0) to its excited state |1),

o= 0) (1] = (‘1) 8) (1.116)

The relaxation operator from its excited state |1) to its ground state |0),

ot = 1) (0] = <8 (1)> . (1.117)

Note that the system transition operators represent the eigenoperators of the Hamiltonian Hg,

[Hs, o] = —wo, (1.118)

[Hs,ol] = wo'. (1.119)

We assume the environment to be an infinite collection of uncorrelated bosonic modes (har-
monic oscillators) spanning a continuous frequency spectrum. The Hamiltonian operator of the
environment in the Schrodinger representation is thus expressed as a sum of all the modes in
the environment,

Hr = Qublbe. (1.120)
k

The operators b;r~C and b, are respectively the creation operator and the annihilation operator for
a mode k of the environment and verify the commutation relation.

[bg, b, ] = 10, 1, (1.121)

where d;; is the Kronecker delta symbol, which is equal to 1 if K = &’ and 0 otherwise.

The interaction between the system and a mode & of the environment is defined through the
Jayne-Cumming Hamiltonian operator

Hsg, = gr(o'by, + b)), (1.122)

where g is the coupling strength between the system and the mode k£ of the environment.
Expression (1.122) refers to the various potential exchanges between the system and the envi-
ronment. Its derivation is based on the dipole approximation and is consistent with the principle
of energy conservation for the total system. The products ofby, and ob;rC correspond respectively
to an excitation of the system by annihilation of a mode k of the environment and to a gain of
energy of a mode k of the environment through the relaxation of the system.
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The transformation introduced in equation. (1.77) allows us to derive the interaction repre-

sentation of the Hamiltonian operator. (1.122) as follows :
ﬁS'Rk — ei(HSJrHR)tHS'Re

= gp(oTbpe )t 4 ab};ei(ﬂ’“_w)t), (1.123)

—i(Hs+HRp)t

resulting in the general form of the interaction Hamiltonian operator that characterizes the
interaction between the system and the reservoir :

Hsp =" gr(oble =t 4 gl ity (1.124)
K

1.5.1 Master equation

There are several ways of deriving the Markovian master equation for our open system, but
all of them have their validity regime. The natural extension of the approaches presented here is
to use the general formulation of equation.(1.67) with a secular approximation. This approach
allows us to retain only the mean of the slowly rotating terms in the master equation. Thus, the
equation of motion of the open system in the interaction picture takes the following form :

dps(t)
dt

= Tyi(ops(t)o’ —olops(t)) + To(ol ps(t)o — ool ps(t)) + T320ps(t)o
+ Ti(ops(t)o’ — ps(tolo)) + T5(0T ps(t)o — ps(t)oat) + T5207 ps(t)ol,(1.125)

with the coefficients I';,7 = 1,2, 3 defined by the bath correlation functions,

r, = /dszgf (o= 2)(E=9) (N, + 1),

Ty = / dszg,ie*“wﬂk)(t*s)zvgk,

0
Iy = / dsZgQ —He= ) (=9 e (1.126)

and the mean boson occupation number of the reservoir operators,

Nq, = TT‘R[bkprR] and Mgq, = T?“R[bipR]. (1.127)

1.5.2 Continuous limit

The integral forms in equation.(1.126) do not necessarily simplify the master equation, as
they rely on the accumulation of a fixed number of distinct modes of the environment. For
convenience, let’s explore an alternative approach by transforming this discrete summation into
an integral over a continuous range of environmental modes. To underpin this approximation,
we introduce the spectral density of the environment in a continuous limit,

= grd(w — D), (1.128)
k

which characterizes the number of reservoir modes, of frequency €1, interacting with the system
under the action of an interaction force gi. The symbol § in the previous equation designates
the Kronecker delta notation shifted to w, which is 1 for € = w and 0 otherwise. Expression
(1.128) allows us to replace the sum over the previous coefficients I'; by an integral. In addition,
we need to fix the form of the environment state, in order to calculate the expressions Ng, and
My, . For convenience, let’s consider that the state of the environment is initially in thermal
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equilibrium and that it is also invariant during the process (Born-approximation). In this case,
the expression of the reservoir density operator pr at each instant is described by the Gibbs
state

ZR

PR = (1.129)
where the partition function Zy is evaluated by using the action of the Hamiltonian operator
Hp on the energy eigenstates of the environment,

1

_ —BHRY\ _
Zr =Trr(e )_1—6*52)@915

(1.130)

In what follows, it is convenient to introduce the following partition of the coefficients I'; in
the continuous limit, , while considering the Markovian approximation,

r, = / o / dse”@“=D3 J(Q)(Ng + 1)
0 0

NQ—"-l
w—Q"’

— o J(W)(Ny+1) —iP /Ooo d40.J(9) (1.131)

where P is the principal Cauchy value. A similar expression for I's is obtained by replacing

Nq

—_— 1.132
—, (1132)

Iy, = WJ(w)Nw—f—iP/ dQJ(Q)
0

It becomes apparent that when we reintegrate the coefficients I'; in equation.(1.125), their real
parts combine to constitute a dissipation operator. In fact, setting vy = 27J(w), the dissipation
operator adopts the following form,

LR(p(H) = 70N + D(op(1)o" — ot 50} +70Nulo 20)o — L{ooh p0))). (1133)

The imaginary integral parts in the coefficients v; form the usually called Lamb-Shift Hamilto-
nian part,

—i[Hps, ps(t)] (1.134)

where the Lamb-Shift Hamiltonian is given by

His = ZP/ d0.J(0) 20 Jg)l[ to, ps(t)]. (1.135)

We find the Markov master equation for a qubit interacting with a bosonic reservoir

dps(t)

> —i[Hps, ps(t)] + Lr(A(t)). (1.136)

The Markov equation (1.132) is characterised by the damping coefficient gy, which depends on
the spectral density of the reservoir modes that are at the same frequency w as the qubit and

on the mean of the number operator (N), .
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1.6 Markovian and Non-Markovian Dynamics

1.6.1 Markovian dynamics

So far, we have sketched the dynamics of open quantum systems mainly through a Markovian
approach, where the historical background of the system does not explicitly affect its dynamics
at any time t. This has been achieved by making various assumptions about the nature of
the system and the reservoir, as well as their interaction. Here we propose a further review of
markovianity in the dynamics of open quantum systems, based on the dynamical map approach.
Importantly, this approach involves a significantly detailed insight into the evolution of the total
system and allows us to establish the essential conditions for the dynamics of the system to be
Markovian or non-Markovian, without necessarily specifying the system parameters in detail .

Let us suppose that we can prepare the state of the total system at the initial time ¢ = 0 as
an uncorrelated product state,

psr(0) = ps(0) @ pr(0), (1.137)

where ps(0) is the initial state of the open system S and pg(0) represents the state of the
environment. The transformation governing the evolution of the open system from the initial
time ¢ = 0 to a subsequent time ¢ > 0 is defined in equation. (1.70) by :

& 1 S(Hs) — S(Hs)
ps(0) — ps(t) = Eps(0). (1.138)

In other hand, consider again an intermediate instant ¢ such that 0 < ¢ < ¢. A crucial aspect of
the dynamical maps & is their continuity over time. Indeed, one might expect that the evolution
between ¢t = 0 and ¢t > 0 could be expressed as the composition of dynamycal maps

&E=£¢", (1.139)

where £ and £” denote the concatenation of two dynamical maps. Here, &' describes the evo-
lution of the open system from the initial time ¢ = 0 to ¢, and & describes the evolution of
the open system from ¢ to t. Given the decomposition of the dynamical maps, & = E'E”, it is
plausible to represent the evolution of the open system S from ¢ = 0 to any subsequent time ¢
by means of a dynamical map,

E1(ps(0)) = Trr [U(L,0)ps(0) & pr(OU'(t',0)] (1.140)

where the above form is obtained by assuming that the system state is initially uncorrelated.
Now let us see whether the same operation can be repeated for the operator £ :

& (ps(t)) = Trg [U(t,)psr (U (1, 1))] (1.141)

Without additional conditions on the total system evolution parameters, the state of system
psr at an instant ¢ may contain correlations induced by its dynamic evolution and therefore
cannot be written as a product of two distinct states. Consequently, it is not always obvious to
express the operator £ as a dynamical map, which maps the state of the open system from ¢
to t.

It is clear from the above considerations that the dynamical map £ is not necessarily conti-
nuous in time, as it cannot generally be divided into multiple maps, except in a process where the
dynamical effects generated in the open system due to the interaction with its environment can
be considered as uncorrelated from one infinitesimal instant to the next. At each time interval,
the state of the total system is therefore separated and the dynamic maps can take the form :
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&E=£¢". (1.142)

Such a definition gives us a mathematical perception of Markov dynamicsas a time evolution
process described by a dynamic evolution operator satisfying the composition law.

Markovian processes play an important role in physics and are relatively easy to model ana-
lytically [35,77-82]. One of their key features is that all the information that determines the
future of a process depends on the states of the entities involved in the process at the instant
in question, and not on their historical background. In the context of open quantum systems,
the Markovian approach is built upon certain assumptions that constrain the type and nature
of interactions between the system and its environment. The most common hypotheses is the
non-memory effect, where the environment is not expected to store any information about the
system for a given period, despite their interaction. This hypothesis is essentially the one that
is widely used to characterize non-Markovian dynamics, making a Markovian process so easy to
deal with, as it ensures that the entire hierarchy of correlations induced in the system dynamics
can be attributed to an instantaneous perturbation that survives in a short period.

1.6.2 Non-Markovian Dynamics

Even though Markov master equations have proven to be invaluable for describing many
situations in quantum physics, there has been a growing interest in non-Markovian processes
recently. This is primarily due to the realization that many quantum models do not necessarily
satisfy the conditions required for a Markovian approximation. In terms of dynamics, a new
line of research aimed to describe the non-Markovian dynamics of open quantum systems using
different approaches has been initiated for special purposes, such as a strong coupling between
the system and the reservoir, or even based on engineering reservoirs.

The development of effective methods for dealing with non-Markovian dynamics is currently
a complexe topic of much discussion in the research community. One reason for this complexity
is that algebraic approaches, such as the deviations of a given dynamic map from its total
divisibility, are laboriously seen to be difficult to exploit so potentially manipulable evolutionary
approaches seem desirable. Recently, attention has turned to the formal evaluation of the various
dimensions in which non-Markovianity is manifested, to characterize the phenomenology of
non-Markovian dynamics in open systems using appropriate tools. For example, Breuer et al.
proposed to quantify non-Markovian effects by examining the feedback induced on the system
under study by its memory-keeping environment. Other approaches have been considered and
measures suggested, inspired by the use of other interesting frameworks such as the quantum
fisher information.

Breuer et al. proposed a measure of non-Markovianity based on memory effects in the dynamics
of open systems by optimizing the behavior of the trace distance under completely positive and
trace preserving maps [83-87]. They consider the contraction property of universal dynamic
maps for trace distance (see equation. (1.19)). Since Markov dynamic is governed by universal
dynamic maps, the trace distance must be monotonic and decreasing with time,

D(ps(t), p3(1)) < D(p5(0), p5(0)). (1.143)

This proposition naturally leads to the following definition : a quantum process described by a
set of quantum dynamical maps is considered Markovian if the trace distance between all pairs
of initial states decreases monotonically for all times t > 0. Conversely, a quantum process is
labeled non-Markovian if there exists a pair of initial states for which the trace distance fails to
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monotonically decrease ; in other words, it begins to increase after a certain time. Such instances
signify a flow of information from the environment to the open system, indicating the presence
of memory effects. Information from the open system is temporarily stored in the environment
and later reintroduced to influence the system.

Based on the above definition of non-Markovian dynamics, we are prompted to highlight
the key problem arising from the non-specification of the initial pair of system states. The
requirement that finding at least one pair of states satisfying condition (1.143) is sufficient
to justify the non-Markovianity of the system dynamics imposes a rudimentary difficulty. To
overcome this, we introduce the following measure

N(E) = max / dto(t, ps(0)), (1.144)
pg(0) Jo>0

where £ is the dynamical map under consideration, p}g and p?g are two initial states of the system,
and we have introduced the rate of change of the trace distance

o(t, P5(0)) = Do), p3()). (1.145)
In Equation (1.144), the time integral spans all intervals where o > 0, indicating instances where
the trace distance increases with time. The maximum is computed over all pairs of initial states
ps within the open system’s state space S(Hs). Consequently, N is a positive function of the
family of dynamical maps &, serving as a measure of the maximum total flow of information
from the environment back to the open system. By design, A/ = 0 precisely when the process
exhibits Markovian behavior. Simplifying the maximization over all pairs of quantum states in
Equation (1.144) is facilitated by leveraging several key properties of A" and the convex structure
inherent in the set of quantum states.

1.7 Summary

In this chapter, we have summarised the key notions of the theory of open quantum systems
which will be exploited in the remainder of this thesis. The evolution of an open quantum system
in contact with a reservoir is described employing a Markov approximation. Additionally, we
have introduced key definitions related to principles of quantum mechanics, including quantum
correlation, which will prove instrumental in the subsequent discussions and analyses presented
in our work.

Initially, we established the notion of a composite system consisting of an open quantum
system interacting with an environment. Considering the composite system as closed, the de-
rivation of the dynamics of the total system follows naturally from the equation of motion of
the system vector state. We then used the various approximations exploitable through a weak
coupling limit estimation to derive a local master equation for the open system. In simple terms,
the master equation derived in this chapter is Markovian and local in time and space. So that,
when considering the open system as a complex entity, the dissipations induced by each thermal
bath have a direct impact only on the local subsystem to which it is connected.

We have also proposed a description of quantum correlations in an open quantum system.
Although this is an appropriate overview, it highlights the different manifestations of quantum
correlations in several forms. By construction, we have proposed two reference measures for
quantifying correlations in a two-body quantum system. Although these approaches can be ap-
plied to the same range of pure systems, they exhibit several points of divergence. One notable
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distinction lies in the complete dependence of the discord measure on local measures. Additio-
nally, it is worthwhile to consider the applicability of the discord measure in scenarios involving
separated states, where entanglement is entirely absent.

Finally, have outlined a set of perspectives to contextualize non-Markovianity in the evo-
lution of open systems. In achieving this, we leveraged the inherent properties of dynamical
evolution without imposing any specific boundary conditions on the system’s properties. The
characterization of Markovianity was accomplished through the analysis of the separability of
dynamic maps. Then, moving towards a more realistic description, we delved into the concept of
system state discernability. This approach enables the examination of memory effects by com-
paring the distinguishability of two dynamic states, providing a means to quantify a measure of
non-Markovianity.
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Chapitre 2

Concepts of Quantum
thermodynamics

The development of thermodynamics at the nanoscale requires a solid basis of theory and
experimental foundation, which has given rise to some interesting questions over the years. A si-
gnificant challenge lies in the development of theoretical frameworks that reconcile the dynamical
evolution of many-body systems with the operation of thermodynamic devices at the infinitesi-
mal scale. In this context, a plethora of research has been carried out to provide further insight
into these issues [88-96]. A priori, the main goal is the quantum description of thermodynamic
quantities such as work, heat, entropy, and the different factors governing the production of such
quantities in small systems, where quantum mechanics inevitably comes into play [97-102]. It
follows from this approach that taking the quantum mechanics as an exhaustive theory, gives
rise to a complex and broad theoretical field in which one can describe the thermodynamic pro-
cesses and study how the thermodynamic laws emerge from a quantum system. This theoretical
approach, open to microscopic domains, is usually extended to quantum thermal, giving us a
clearer understanding of the physics of thermodynamic devices. More importantly, it also allows
us to clarify the physical perception of thermal machines and identify which operations can or
cannot be carried out when quantum properties exert their impact [103-109].

In the following, we present a few details of the theoretical resources on the formalism of
quantum thermodynamics. In section 2.1 and 3.1, we present the basic theory governing the
operation of thermodynamic devices, including the description of thermodynamic quantities and
the laws of thermodynamics. In sections 2.3, we introduce the notions of discrete and continuous
quantum machines, and discuss some examples that will be useful in the remainder of this
thesis. In section 2.4, we discuss the interaction between entropy production and the operation
of quantum thermal machines.

2.1 Basic thermodynamic concepts

The emergence of quantum thermodynamics is closely associated with the quantum approxi-
mation of various quantities and fundamental principles observed in thermodynamic processes.
This advancement has been significantly propelled by progress in statistical mechanics, facilita-
ting the transition from macroscopic principles to microscopic systems. Despite the paradigms
in this field, the cornerstone of quantum thermodynamics remains the definition and inter-
pretation of the concepts governing thermodynamic phenomena such as heat, work and entropy
production. These basic concepts serve as the foundation upon which the framework of quantum
thermodynamics is built, guiding researchers in understanding and modeling complex thermo-
dynamic processes at the quantum level.
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The central element in the development of quantum thermodynamics is the concept of quan-
tum thermal machines, which has proved to be very useful in addressing various problems
relating to the extension of classical thermodynamic concepts to the quantum case [110-114].
Quantum thermal machines offer straightforward configurations for studying thermodynamics
at a fundamental level, laying the groundwork for understanding the quantum mechanics of
thermodynamic devices [115-117] . They also represent a close insight into the interplay bet-
ween quantum information and the principles of thermodynamics. In essence, the term quantum
thermal machine includes any physical device comprising a working system, which is naturally
a composite quantum system coupled to different thermal baths, whether or not under external
control. This broad definition encompasses a wide range of systems and scenarios, offering a
versatile platform for exploring the quantum aspects of thermal processes [118-120)].

2.1.1 Internal energy and the first law of thermodynamics

Given a quantum system S with Hg(t) and ps(t) its Hamiltonian and density operator,
respectively, at time ¢. The internal energy of the system is defined as the average energy of all
processes (forward process, backward process) that can be carried out in the system :

U(t) =Tr[ps(t)Hs(t)]. (2.1)

In other words, when the system changes in a time interval ¢ € [0, 7], the Hamiltonian and the
state of the system evolve from a time t = 0 to a time ¢t = 7. The average change in the internal
energy of the system is given by :

AU =U, —Uy=Trps(t)Hs(1)] — Tr[ps(0)Hs(0)], (2.2)

meaning that the variation of a system’s internal energy depends only on the information present
in its initial and final conditions. Using the time derivative of the internal energy, Eq.(2.2) can
be expressed as an integral in the form :

AU = m—%:/}wwﬁ
0
- /0 " AT st Hs (D)}t
T dps(t) dHs(t)
= [T [ as0) 4 e [ 23)

In the above equation, we can see how the change in the system’s internal energy gives rise to
an energy contribution, which depends on the change in the system’s Hamiltonian operator, and
another quantity, which depends on the change in the system’s state. Notably, the variation of
the density operator ps(t) and the Hamiltonian operator Hs(t) of a system in a thermodynamic
process is typically attributed to a contribution from the heat exchanged between the internal
system and its environment and a contribution from the work performed by a control protocol,
respectively. Thus, the change in mean energy AU can be represented as a sum of the mean
average heat () and the quantum work performed on the system W :

Q / 5Q = / [d"‘” s(t)}dt,
N P I »

Here, we recover the assertion of the first law of thermodynamics, which relates to the conserva-
tion of energy, and states that the sum of the average heat and work performed on the system
constitutes its average energy change,

AU =Q—W. (2.5)
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Clearly, for a cyclic process in which the system returns to its initial conditions at the end of
the process,

ps(7) = ps(0) and  Hs(r) = Hs(0), (2.6)

the work and heat consumed during the process are related, following definition (2.2), by the
relation :

Qeye = Weye. (2.7)

Moreover, in contrast to the variation in internal energy, which is dependent solely on information
about the initial and final states of the system, heat and work both depend on the trajectory
taken by the system. Precisely how the quantum dynamics of the system evolve over time.
Therefore, for an infinitesimal process, relation (2.5) can be written as follows :

dU = 6Q — §W, (2.8)

with the symbol § to specify that heat and work are (in general) not exactly differentiable and
do not correspond to observables, while mean average energy does.

2.1.2 Thermodynamic Processes

A central feature in thermal machine operation is the allocation of device processes. Basically,
three types of processes can be distinguished, depending on the nature and quality of exchanges
between the system and its environment :

Isothermal process : In this case, the temperature of the system remains constant throu-
ghout the process, although energy and matter may be exchanged between the system
and its surroundings.

Isochoric process : The system can exchange energy with its environment, but not matter.
In the classical case, for P-V systems, an isochoric process takes place at constant volume.

Adiabatic process : In this case, the process takes place without any exchange of average
heat or matter between the system and the environment, and only the work performed
by a control protocol contributes to the dynamics of the system.

Another approach to specifying thermodynamic processes is based on the evolution of the sys-
tem. In this respect, thermodynamic processes can be divided into two categories :

Reversible process : When the system evolves under the action of an external control
protocol, while remaining in quasi-equilibrium with its environment. In this case, it is
possible to perform the opposite process, moving both the system and its environment
from their final states to their respective initial states by reversing the protocol.

Irreversible process : Otherwise, when the state of the system deviates from its equilibrium
state in the dynamics governing its evolution over time, it is not adequate to restore the
states of the system and its environment, and the process is considered irreversible. In an
irreversible process, it is possible to restore the initial state of the system by applying a
reverse protocol. However, this generates a perturbation in the state of the environment.
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2.1.3 Second law of thermodynamics

The second law of thermodynamics states the type of energy exchanged in the course of a
thermodynamic operation, including the direction of the energy flow distribution : when no work
1s dome on the system, heat never flows spontaneously from a cold bath to a hot bath. A prelimi-
nary formalization was originally proposed by Clausius [121,122] in his research after the basic
observations made by Sadi Carnot. The latter introduced the second law of thermodynamics for
the first time as a condition for the maximum extraction of work from a heat engine operating
between a temperature difference, i.e., two heat reservoirs at different temperatures [123,124].
More precisely, when all operations performed by the thermal machine are reversible and on
the assumption that no heat is lost, the operation of a cyclic machine can reach a maximum
efficiency limited by the Carnot efficiency, which is a property of the machine,

Tcold

. 2.9
Thot ( )

Ne=1-
Later, in 1865, Rudolf Clausius advanced a new perception to study the thermodynamics of a
system interacting with multiple thermal baths. Among other things, he stated that in a cyclic
process, the variation in the quantity of heat during all reversible steps of the process can be
described in a similar manner to the variation in the internal energy of a system :

5Qr6v o
f 7 =0, (2.10)

Eq. (2.10) gives an idea about how the integral of the variation 0Q)/dt in a reversible process
joining two states ps(7) and ps(0), depends only on the states ps(7) and ps(0) and is inde-
pendent of any trajectory followed by the system. Based on this perception, Clausius introduced
the thermodynamic entropy as a function of the system’s initial and final states,

T 5@7’@1}
A = 2.11
Sth /0 T (2.11)
where
ASy, =S — So (2.12)

is the change in system entropy between time ¢ = 0 and time 7 and §Q, is the heat consumed by
the system during the reversible process. However, a thermodynamic process does not necessarily
follow a reversible path and, in this case, a certain amount of heat is dissipated throughout the
process. The previous relations are generalized by the Clausius inequality :

AMz/d@W (2.13)
o T

Looking further afield, advancements in the study of quantum thermodynamics have revealed
the possibility of deriving universal relations that can replace the traditional second law of
thermodynamics. The second law of thermodynamics can take several forms. Notably, if we
consider the system of interest as an open quantum system, the second law of thermodynamics
can generally be expressed as

ASy, = AiSy, + AeSyn > 0, (2.14)

where the term A.Si, corresponds to the entropy changes in the system due to energy and
matter exchanges with the surroundings, and A;Sy, is the entropy change in the system due
to irreversible processes within the system. This formulation emphasizes that the total entropy
change of the system, which includes contributions from both internal irreversible processes and
exchanges with the environment, must be non-negative.
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2.2 Classical Otto machine

Before looking at the various quantum thermal schemes, let’s revisit the Otto quantum
thermal machine theory, one of the pioneering works in the field of thermal machines. The
Otto cycle is a sequence of four successive strokes, including two adiabatic processes and two
thermalization processes, which combine to form a cyclic operation. The classical Otto cycle
was initially introduced around 1876 by the German engineer Nikolaus A. Otto to illustrate
a four-stroke reciprocating internal combustion engine [125]. It consists of a piston-cylinder
unit in which combustion of the air-fuel mixture is triggered by a spark plug as illustrated
in Figure.2.1. This classical framework serves as a foundation for understanding the principles
underlying thermal machines and provides valuable insights into the operation and efficiency of
such systems.

S(Vi,Ty)

S(Vo, T3) S(1, 1)

FIGURE 2.1 — Schematic representation of a four-stroke internal combustion Otto cycle. The
left image depicts the device, comprising a piston-cylinder assembly. On the right are the four
thermodynamic states characterized by the variation in volume and temperature S(V,T) of the
working system.

The engine operates between four thermodynamic states characterized by the variation of
the volume and temperature S(V,T') of the working system :

First isentropic process : An isentropic compression, where the working fluid is compres-
sed adiabatically at constant entropy. The characteristics of the working system change
accordingly from S(Vp,Tp) to S(Vi,Th).

Second isochoric process : The working system is heated at a constant volume until
reaching a temperature T5. The piston is now allowed to equilibrate thermally with a hot
thermal bath, while maintaining a constant volume. Only the temperature of the working
system changes during this process so that the system passes from S(Vi,T1) to S(Vi, T3).

Third isentropic expansion : The working system is isolated from the hot bath and ex-
panded adiabatically. In this process, the volume of the piston is restored to its initial
value. The characteristics of the working system change accordingly from S(Vy,Ts) to
S(Vo, T3)

Fourth isochore process : The system is cooled back to its initial state in an isochore
process. At the end of this process, the working system is restored to its initial volume and
temperature. The system then recovers its primary characteristics through the transition
from S(Vp, T3) to S(Vo, Tp).
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2.2.1 Thermodynamic quantities

In the context of the Otto cycle, where no work is done in the two isochoric strokes, the heat
exchanges in these processes are given by :

Qn=MCy(Tz - Th), (2.15)

Qc = MCV(T3 - TO)) (216)

where @), represents the heat supplied to the piston during the heating operation, and Q. is
the heat released during the refreshing operation. The constant M is the mass of the working
system and C'y is the specific heat capacity at constant volume. Once the device is configured to
function in the engine regime, the efficiency 7 of the Otto cycle is defined as the ratio between
the work performed and the heat supplied by the hot bath :

chcle Qc
= =1 =£ 2.17
7 Qn Q@n (217)
T3 —Tp
= 11— =7 2.18
T T, (2.18)

Alternatively, the machine can be converted to a refrigeration regime by changing the sequence
of operations on the strokes. The coefficient of performance is then defined by :

cop — (2.19)

cycle

It is quite straightforward to simplify the above expressions for an ideal gas, assuming that the
first and third processes are isentropic and that the working system obeys the equation of state
TV = const,

vy = mvy (2.20)

VY = TV (2.21)
where o
P

=r 2.92

is the specific-heat ratio of the heat capacities at constant pressure C, and constant volume C'y .
Consequently, the previous equations yield the relation

—1 —1
(Ts —To)Vy = (Ty—T)Vy . (2.23)

From these correspondences, we can simplify the expressions for efficiency and coefficient of
performance for an ideal gas,

- 1<Vl>7 (2.24)

and

cop = — (2.25)

with the compression ratio V;/V;.
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2.2.2 Maximum efficiency in the Otto cycle

In finite-time thermodynamic processes, the working system undergoes partial thermalization
for a limited duration. The piston is detached from the heat bath before complete thermalization
occurs, and the adiabatic stroke commences. In the classical Otto cycle, however, thermalization
is complete in both isochoric processes, which in principle requires a very long duration

As previously indicated, a primary goal in machine engineering is to create machines with
optimal performance. In pursuit of this objective, comprehensive investigations into cyclic Otto
machines have revealed an upper efficiency limit within the thermodynamic framework. This
limit applies to Otto machines operating between two thermal baths at different temperatures :

Ty
=1—4/=. 2.2
e VT (2.26)

The efficiency 1o depends mainly on the temperatures of the thermal baths, where Ty and T}
are respectively the temperatures of the hot and cold baths. It was introduced by Yvon and
Novikov in a particular model of nuclear machine with complete thermalization [126,127], then
generalized by Curzon and Ahlborn in situations independent of the model considered. However,
in the general perspective of any heat engine, the maximum efficiency achievable reads
Ty
=1-—= 2.27
ne T (2.27)
which is the Carnot efficiency representing the maximum efficiency attainable by any heat engine
operating between two heat reservoirs.

2.3 Quantum thermal Machine

Addressing the fundamental questions of quantum thermodynamics requires an extensive
theoretical framework associated with an appropriate experimental design. In recent years,
considerable progress has been made in the development of quantum thermal machines. These
advances have provided a basic tool for researchers to highlight the fundamental principles of
thermodynamics in the quantum framework and predict microscopic thermodynamic applica-
tions in terms of quantum intrigue. The concept of a quantum thermal machine refers to any
physical system designed to perform thermodynamic tasks such as the conversion of one form
of energy into another or heat transfer using the heat flow between different thermal reservoirs.
This transfer is achieved by means of a working system, which is essentially a quantum system,
acting as a transport agent between two or more heat baths.

Since Carnot’s pioneering work on the classical model of thermal machines, it wasn’t until
1956 that Scovil and Dubois proposed the quantum equivalence of a three-level heat engine
with a Carnot heat engine [123]. The basic concept behind Scovil’s proposition is based on
the conversion of population inversion into output power in the form of radiation, Figure.2.2.
A reservoir at high temperature induces transitions between the ground state and the most
excited state. A low-temperature reservoir couples the ground state and the intermediate state.
The amplifier operates by coupling the transition between the intermediate and most excited
levels to a radiation field, generating an output frequency. Such a machine is likely to operate
as a heat engine with an efficiency close to Carnot efficiency, and its operation can be reversed
to provide a refrigerator, which can also achieve maximum efficiency [21, 128, 129]. Following
this pioneering work, substantial work has been conducted in this area. Various suggestions
have been put forward concerning the concept of quantum thermal machines and the way in
which thermodynamic processes, and even the laws of thermodynamics, can be defined in the
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FIGURE 2.2 — Schematic representation of the three-level quantum thermal machine. The wor-
king system is a three-level system with energy levels |0), |1) and |2) and populations nj, ny and
ns, respectively. A hot bath with temperature T}, induces transitions between energy levels |0)
and |2), while a cold bath with temperature T, induces transitions between |0) and |1). Work is
performed by an external field in resonance with the energy gap £ = Ej, — E..

microscopic context of quantum mechanics. From a dynamical point of view, quantum thermal
machines can be classified into two categories : discrete thermal machines and continuous one.
For the first category, the machine operates through different segments of time during which
a particular operation takes place, for example, thermalization or work extraction with the
support of an external agent. For the second one, the devices operate without any interruption
until reaching a steady state.

The thermal machine described above is based on a one-body model with an external agent.
However, recent studies on quantum thermal machines have provided a wealth of information
on their different structures and possible modeling. A plethora of models have since received im-
portant contributions in the area of many-body systems [130-134] . These conceptions generally
contrast in the approaches used to describe working systems, thermal baths, and in particular,
their various couplings. Recent proposals including models of thermal machines based on a small
number of quantum systems as the working system, have proved to be promising models with
the possibility of implementation [135-137].

Upon taking these different configurations, the Hamiltonian of the total machine, defined by
the joint system and all interaction units, can be formally written as follows :

H=Hs+ Hr + Hsg, (2.28)

where Hg is the system Hamiltonian, Hg = ), Hg, is the baths Hamiltonian and

Hgp = Z Hsg,, (2.29)
7

is the system-baths interaction. The average energy of the global system (internal system plus
environment) following the Hamiltonian (2.28) is given by :

(H) = (Hs) + (Hr) + (Hsr), (2.30)
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where
(A) =Tr[Ap(t)], (2.31)

is the trace over the density operator of the total machine.

The first and second terms in Eq. (2.30) can clearly be associated with the variations in energy
of the internal system and environments. However, some confusion arises as to the attribution
of the composite system interaction energy term (Hggr). A particular solution emerges when we
adopt the weak coupling limit, in which the interaction part of the Hamiltonian takes the form

Hsp =Y aiVsr,, (2.32)

with «; is extremely small compared to the values of the energy gaps of the system components.
In such a case, the average (Hsgr) results in very small and negligible values compared with the
other quantities which can be neglected. An approximation of Eq. (2.30) takes the form :

(H) ~ (Hs) + (Hg). (2.33)

Building upon the Markovian dynamics of the open system (1.112), we are able to separate
the variation in the internal energy of the system, d(Hgs)/dt , into two contributions. One is
associated with a change induced by the exchange with its environment, and the other with a
change in its Hamiltonian,

%<H5> - <a;5> - Zi:<£niHs>- (2.34)

Based on the definition of work and heat in a thermodynamic process defined in equation. (2.4),
we can recover the expression of the average heat exchanged between the working system and a
thermal bath R; by :

Qi = Tr[HsLg,(ps(t))], (2.35)
and the average work performed throughout the process by,
. OHgs
W= {—"=). 2.36
(=2) (2:36)

Consequently, the derivative form of the first law reads :

Us=) Qi+ W. (2.37)

It’s important to note that, according to the principle of thermodynamics, we adhere to the
basic idea that an average of thermodynamic quantities, heat Q or work W, is injected in to the
working system when Q(W) > 0 and, conversely, extracted from the system when Q(W) < 0.
The efficiency of the machine when operating as an engine is given by the ratio between the
average work performed on the system over the hot bath thermal current

_w
e Qn

Similarly, the coefficient of performance (COP) of a refrigerator can be evaluated by taking the
ratio between the heat flow from the cold bath over the average work
Qc

P=—= 2.
COP = & (2.39)

(2.38)
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2.3.1 Discrete quantum thermal machine

As previously stated, the purpose of a quantum thermal machine is to achieve thermodynamic
operations through the transfer of heat between reservoirs at different temperatures and by
means of a working system. When the working system performs a prescribed thermal operation
over different strokes, the machine is classified as a discrete machine. Various models, generally
similar to the Carnot or Otto models, can be proposed on the basis of this principle.

<{{>
(Wa) P4 = Po
P1 = <Q1>
(Q2)
P3
P2
(W)
” » > w

FI1GURE 2.3 — Energy-frequency diagram of a four-stroke quantum refrigerator. The thermody-
namic cycle consists of two adiabatic processes and two isochoric processes. In both isochoric
processes, the refrigerator absorbs heat from the cold reservoir (Q)2) or transfers heat (Q1) to the
hot reservoir. During the two adiabatic processes, the quantum refrigerator performed a total
work of (W7)+ (W3) to pump the heat absorbed from the cold reservoir (Q2) to the hot reservoir
in heat (Q1).

The potential transformations in the evolution dynamics of a four-stroke thermal machine’s
working system are categorized into two processes. This division aids in a clear analysis of
the variation in internal energy and facilitates the thermodynamic examination of the devices.
In the first scenario, two different unitary transformations U are applied to move the system
from its initial condition (p;, H;) to a final condition (ps, Hf) through the impact of a unitary
evolution induced by the action of an external agent. In an Otto cycle, these two processes are
associated with the two isothermal processes. The external agent acts on the Hamiltonian to
bring the system from its initial conditions to its final conditions. Nonetheless, the populations
of the system’s state energy levels remain unchanged, as they are isolated from thermal baths
throughout the process. No heat is exchanged during the process, and the change in the internal
energy of the working system is associated with the work done by external forces :

Wi=U;—U; =Tr [pi(uTHfu —Hy)l. (2.40)

Secondly, the system remains in contact with one of the thermal baths during two separate
thermalization processes. Heat is exchanged between the system and the bath without any
modification of the system’s Hamiltonian operator H; = Hy. The working system thus passes
from initial conditions (p;, H;) to final conditions (ps, Hy). These processes refer to the two
isothermal processes, which do not involve any work. The variation in internal energy is then
associated with the heat exchanged between the system and the environment :

Q=U;—=U;,=Tr[Hips — pi)] - (2.41)
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Until now, there was no indication about how the Hamiltonian operator H or the final state
was generated. Usually, the transformation operations are dependent on either linear or non-
linear functions, in terms of the working system’s frequency and the stroke’s duration. Regarding
thermalization, there are two discernible scenarios : full thermalization, where the system passes
from one Gibbs state to another, and partial thermalization, where the process halts before the
system attains a steady state. As a result, the system’s ultimate state depends on the dynamic
evolution that its interactions with the environment foster. In this instance, the thermodynamic
quantities rely not only on the parameters of the system but are also impacted by the system’s
dynamic evolution.

By way of illustration, let us consider the four-stroke Otto quantum refrigerator, as depicted
in the Fig.2.3. In the course of the refrigerator’s operation, the working system undergoes a four-
stage cycle, consisting of two adiabatic processes and two isothermal processes, during which it
may or may not be coupled with the heat reservoirs. The refrigerant starts the cycle in the hot
Gibbs state pg = e P10 /7, where 8, = 1/kT}, is the hot inverse temperature, Hy is the initial
Hamiltonian of the working system, and Z, = T'r [e*BhHO] is the associated partition function.

Stage 1 : The system is detached from the hot bath and undergoes an adiabatic process.
A compression is performed on the refrigerant frequency, such as wy is decreased to wy
leading to an output of power while the energy level populations remain constant. As
there is no heat flow, the work done during this stroke is therefore the change in energy
in the system :

W1 = U1 — U() =Tr po(UIHlul — Ho) . (2.42)
with state p; = Z/{lpol/{;r at the end of the process.

Stage 2 : The system is coupled to the cold bath at the inverse temperature 5. and starts
an interaction process. During this stroke, the Hamiltonian of the working system is kept
fixed at Hy for the duration of the interaction. Nevertheless, the energy levels of the
working system are allowed to change thanks to the heat absorbed from the cold bath
moving the state of the system from p; to a state po,

Qc=Us—Uy =Tr[(p2 — p1)H1]. (2.43)

Stage 3 : The system is detached from the cold bath and the frequency is increased from
w1 back to its initial value wg by means of adiabatic expansion due to the work done on
the system :

Wy = Us — Uy = Tr | po(U Holdy — Hy)| . (2.44)
whith the system’s state p3 = u2p2u§ at the end of the process.

Stage 4 : In order to close the cycle, this last phase consists of a complete thermalization of
the refrigerant with the hot reservoir at the inverse temperature 3. During this process,
the Hamiltonian is held fixed at Ho, while the population of the working system is allowed
to change as heat flows through the system :

Qh = U4 — U3 =Tr [(po — pg)HQ] . (2.45)
The total work performed along the cycle is then given by

W =W, + Wa. (2.46)

41



The coefficient of performance of the refrigerator is rewritten by

_ Qc
coP = . (2.47)

For the special case, when the working system consists of a multi-level system, the Hamiltonian
of the system is given by :

Hy =Y En|n)(n|. (2.48)

where |n) is the n-th eigen state of the system and FE,, is its corresponding energy with Ey = 0
the energy of the ground state |0). Without loss of generality, we consider here the scenario where
each thermalization is complete and, at the end of each thermalization, the system reaches a
steady state with the thermal bath. At the end of the step, the state of the system is in the form

pg =Y _Puln)(n, (2.49)
whith
P, = exp [_BEn/kB] /Z7 (2'50)

is the probability of occupation of each state |n),

Z = exp(—BEy/kg] (2.51)

is the partition function of the system, § is the inverse temperature and kg is the Boltzmann’s
constant. Hence, a variation in internal energy can be expressed as

v =3" (dPnEn + PndEn). (2.52)

The expression for the heat exchanged with a thermal bath is derived from the previous des-
criptions of heat and work along a thermodynamic process :

dQ = PudE,, (2.53)

as well as the work that is performed along a stroke

dW =Y dP,Ey. (2.54)

where d reflects the fact that  and W are not completely differentiable. A fundamental requi-
rement for the system to function as a refrigerator is positive work dissipation, relative to the
heat absorbed by the system from the cold bath.

2.3.2 Continuous quantum thermal machine

In this section, we introduce the second category of quantum thermal machines, known as
continuous quantum thermal machines. These machines, in contrast to the previously described
model, are distinguished by an ongoing interaction between the reservoirs and the working sys-
tem. The device generates a continuous flow of energy between the thermal baths through the
working system, which is kept in constant contact with the thermal baths at different tempera-
tures. Continuous thermal machines are further classified into two categories depending on the
device’s configuration. The continuous driven machines, where the working system is subject to
an external power source and autonomous ones, where the device operates without any external
intervention.
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a) Three-level quantum thermal Machine

The thermodynamic future of the three-level quantum thermal machine described in Fig.2.2
has been the subject of much discussion over time, leading to proposals for its physical im-
plementation. Geva and Kosloff were pioneers in investigating three-level amplifiers within the
framework of finite-time thermodynamics. They played a pivotal role in formulating numerous
propositions aimed at optimizing the thermodynamic performance of these machines, conside-
ring various control parameters such as the frequency and amplitude of the external agent or
the coupling constants between the elements of the device. Subsequently, some new ideas have
emerged to further strengthen the concepts of quantum thermodynamics, with various proposals
falling into two main categories. Firstly, there is a focus on studying thermodynamic principles
like work, thermal heat, and entropy at the level of infinitesimal processes. Secondly, an ex-
ploration of how quantum properties contribute to the operation and production of thermal
machines. Both of these aspects form the core of the field’s exploration and development of the
thermodynamics of quantum thermal machines.

The free Hamiltonian of the working system is given by

Hs = Ec[1) (1] + Ep [2) (2], (2.55)

where we consider the energy of the ground state Fy = 0. When the device operates until
reaching a steady state, the population Eq.(2.50) of each level is derived from equation.(2.50)
by :

Py=1/7Z, Pi=e PPz Py=ePrEr)z (2.56)

where Z is the partition function, E, the energy eigenvalue of the i-th level, and 3, the inverse
temperature of the thermal bath coupled with the level transition. The ratios between the
populations at the system levels are then given by

DL BelBeBo) _ BB (2.57)
Py
Py BBy _ BuEn (2.58)
Py

With these settings, the machine operates as an engine under the conditions of positive ampli-
fication gain or population inversion defined by

E. T,
Phb—P>0—> —>—. 2.59
p— P20 22> (259)
In the inverse process, the gain is negative and the system absorbs the heat flux from the cold
bath to the hot bath, using energy provided by an external agent,

E. T,
P —P <0 — < = 2.60
2 1S HEh_Thv ( )

and the machine operates like a refrigerator.

#) Many-body quantum thermal machine

An alternative concept to the previous model is the many-body quantum thermal machine,
which is more suitable for the thermodynamic analysis of a certain range of quantum processes.
Here, the working system consists of interacting quantum systems coupled to different thermal
baths. The most appropriate approaches for investigating these devices may differ depending
on their configuration, including whether all the coupling sites are in resonance or not, with
weak or strong coupling limits. The observations made in these different cases show considerable
differences and confirm the need for in-depth reflection on the approach to be adopted.
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The most fundamental example of many-body quantum devices is the two-body quantum
thermal machines. The machine consists of two interacting qubits coupled to their respective
thermal baths at different temperatures, Ty, and T, with T}, > T, as shown in Fig.2.4.

Th Tc

FI1GURE 2.4 — Sketch of a two-body quantum thermal machine. The two interacting bodies are
respectively coupled to two independent thermal baths at different temperatures. In the absence
of external input, heat is transferred from the hot bath at temperature T}, to the colder bath
at temperature T.. However, the system can be controlled by an external agent to reverse the
process.

The hamiltonian of the total machine is given by
H=Hs+ Hr + Hsg, (2.61)

where Hs = Hg + H;y: is the Hamiltonian of the two qubits comprising the free energy of the
two qubits and the interaction part

Hy = Y e ALA, (2.62)
pn=c,h
Hi = g(ALA, + AAD). (2.63)

where A, is an operator in the Hilbert space of the system S, e, is an energy gap and g is
the coupling constant. In the following description, we consider the case where the Hamiltonian
is time-independent and only an external energy input affects the operation of the machine.
Furthermore, other research has taken into account certain scenarios in which a control proto-
col drives the operational system, revealing notable effects on the machine’s performance. The
Hamiltonian Hg = ) Hp,, of the two baths is considered in the form :

HR;L = Zwﬂ»kBL,kBlhk‘ (2.64)
k

pn=c,h

with B, ; are defined in the Hilbert space of the thermal bath R,. Finally, the interaction
between the qubits and the baths characterizes an exchange of excitation between the system
and the bath, depending on the timescales considered, which does not necessarily require energy
conservation,

Hsg = D > Aus(AlBui+ AuBL ). (2.65)
p=c,h k

A more tractable approach for the master equation governing the dynamics of many-body pro-
blems is the local master equation. (1.112), in which incoherent thermal baths create and elimi-
nate excitations at the boundaries components of the system,

ps = —i[Hs,ps|+ Y Lr,(ps)- (2.66)
1
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Once the coupling between the device’s components is resonant, a flow of heat from the hot
bath to the cold bath must be generated until the system reaches a steady state at a constant
temperature T¢ss. In accordance with the definition in Eq. (2.35), the amount of heat exchanged
with a thermal bath can be expressed as,

. 1 1
Qu="Tr [H <vf (Aups Al = (Al Aups + pALA) + 1 (Alps Ay — 5 (AuAlps + psAuAL))>
(2.67)

and the net heat current
7=+ Q. (2:68

However, in the case of a non-fully resonant interaction between the system’s units, external work
is inherently required to complete the thermodynamic operations of the device. This required
work (work cost) can be deduced from the first law of thermodynamics by :

W= T - Y a. (2.69)

For the machine to operate at engine speed, heat must flow from the hot bath to the cold
bath through the working system. In doing so, the system must produce a certain amount of
power. Simply put, the machine’s output has to satisfy the following conditions :

W <0, Q>0 Q.<O. (2.70)

In a refrigeration regime, the system must consume an energy input that allows heat flow from
the cold bath to the hot bath through the system. That is

W >0 Qn<0 Q.>0. (2.71)

Despite these differences, the study of heat transport in quantum many-body systems has seen
impressive and promising progress over the past two decades. Representative examples include
heat transport in atomic, molecular junctions, nanostructures and condensed matter systems.
The observation of quantum effects on thermal conductance and thermal rectifiers is an essential
tool for improving thermal management in electronic structures.

2.3.3 Self-contained quantum thermal machine

A particular form of quantum thermal machine has recently emerged. These are self-contained
quantum thermal machines, designed to operate without any external intervention or driven
control. In this type of machine, the device is configured to perform without any work cost until
reaching a steady state. In the general framework, a self-contained quantum machine consists
of a small number of quantum systems as a working system, including quantum qubits, har-
monic oscillators, quantum dots, and multilevel systems, interacting with thermal reservoirs at
different temperatures. The key idea behind this concept is that, in parallel with the tempera-
ture difference between the thermal baths, the coupling between the elements of the working
system must be resonant, such that energy conservation occurs at all possible transitions and
the heat transfer is carried out without any input cost. The first law of thermodynamics can be
reformulated in this instance as follows :

U=> Qi (2.72)

where Q; is the amount of heat exchanged with a thermal bath R; and under steady-state
conditions, we obtain

>_Qi=0. (2.73)
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To further clarify the operation of a self-contained thermal machine, let’s consider a two-
qubit machine similar to the one depicted in Fig.2.4. Each qubit is coupled to a thermal bath at
different inverse temperatures, 1, 2. The working system can thus be viewed as a composite
system of four energy levels, including the ground state |0), |0), , the most excited level |1), |1),
and two intermediate levels |1),]0), and |0), |1), with 0, By + E», E; and E» their respective
eigenenergy values. Note that in this precise regard, we consider Fo > F;. From this configura-
tion, we can extract a two-level system, engineered from any two-dimensional Hilbert subspace
of the composite system, which will be called the machine’s virtual qubit. It is characterized by
its virtual energy F, and its virtual temperature Ty, which are in general different from the
temperatures of the two thermal baths.

For the convenience of the self-contained quantum thermal machine conception, we rely on
the virtual qubit composed of the two intermediate levels

0)y =11)110)y and [1)y, =0); [1),, (2.74)

with virtual energy and virtual inverse temperature

1 Py
1

Here P(}/ and P1V are the populations of the ground and excited states of the virtual qubits.
In formal consideration, each qubit is assumed to be in thermal equilibrium with its respective
reservoir. Then the ratio between the ground state and excited state populations is given by

where the inverse temperature of the virtual qubit is expressed in this case as a function of the
temperatures and energies of the two machine components,

1 (B Ei
By = o <T2 - T1>' (2.77)

Furthermore, given the fundamental and excited state populations of the virtual qubit, we
consider the normalization of the virtual qubit ,

Ny =P} +P/. (2.78)

The latter can be seen as a tool for distinguishing between a standard qubit and a virtual qubit.
In contrast to the standard qubit, where the sum of the populations is equal to 1, the sum of
populations for virtual qubits is generally different from 1, specifically :

Ny < 1. (2.79)

An autonomous quantum thermal machine is achieved by coupling a third body, interacting
with a thermal bath, to the virtual qubits via a three-body interaction Hamiltonian of the form

Hint = 9(10)1 [1)5 10)5 (1], (Ol (L3 + 1)1 10)5 [1)3 0]y (15 (0l5), (2.80)

where g is the interaction constant. More importantly, for the machine to operate autonomously
without any loss of information, this interaction must be resonant, i.e.

E5 = Ey. (2.81)
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Ty

13

FIGURE 2.5 — Schematic representation of the three-body self-contained quantum thermal ma-
chine. Three interacting quantum systems are coupled to three independent thermal reservoirs
at different inverse temperatures, 31, 82 and 2. The three bodies are enabled to exchange energy
through a resonant interaction Hamiltonian by means of the transition between the two dege-
nerate states |0); [1)5]0)5 and [1),[0)4[1)5.

Two degenerate states, |0); |1)4]0)5 and [1); |0), |1)5, emerge from this energy conservation pro-
cess, so that transitions between the two levels can be induced without external input :

1)1 10)5 1) <—>10)1 [1)5|0)5 . (2.82)

This transition mechanism effectively suppresses excitation in the first and third bodies to gene-
rate excitation in the second one and vice versa. Once again, a more appropriate way to describe
this process consists of expressing the interaction Hamiltonian in terms of a virtual qubit

Hing = g(|0)y [1)5 (1|3 (O[5 + 1)1, [0)5 (O] (1]5), (2.83)
describing the interaction between the third system and the virtual qubit on the transitions
[0}y [1)5 < [1)y/0)5.- (2.84)

With this in mind, the device can operate in two different ways. Firstly, if the virtual temperature
is lower than the temperature of the third body 13 > T, heat flows from the latter to the virtual
qubit, thereby cooling the third system.

2.4 Entropy production

Entropy production stands as a crucial aspect in exploring thermodynamic principles, univer-
sally linked to the inherent characteristics of the system’s thermodynamic journey. While there’s
no standardized expression for entropy production in quantum systems, its determination relies
closely on the specific conditions of the thermodynamic process and the quantum system in
question. Despite this brief overview, understanding the true significance of entropy production
remains elusive. The exact definition of this quantity is an ongoing subject of examination and
debate in various cases. Currently, the prevailing notion is to perceive entropy production as a
key means of guaranteeing the irreversibility of a thermodynamic process.
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Let’s consider the simplest scenario of an open system S interacting with a thermal bath R
at an inverse temperature 5. Entropy production can be adopted to identify the cohesion of
the trajectory followed by the system during the process. In fact, a thermodynamic process is
considered irreversible when the entropy production of the system remains positive over time :

N d s$

Xi= = Sps@)lles) 2 0, (2.85)
where S(ps(t)||pE) is the relative entropy of the total system at time ¢ with respect to its steady
state p&’. In particular, for a system evolving according to Markov dynamics,

ps(t) = E(ps(0)), (2.86)

the previous relation is also relevant and can be stated as follows,

S = _%S(pg(t)npf;) = —%Tr [ps(t) In(ps(t)) — ps In(pF)]
= v [ (0) (tn(ps) ~ (o) = v st + T | 2O

= —Tr[&(ps(0))(In(ps(t)) — n(pg’)] = 0.

The inequality (2.87) is commonly known as Spohn’s inequality. It is achieved thanks to the
trace-preserving of the dynamical maps & and given that the stationary state p&’ satisfies the
condition

(2.87)

Referring to the general form of the dynamical evolution (1.112), the trace T [£(ps(0)) In(ps(t))]

can be reduced to

Tr[&(ps(0)) In(ps(t))] = Tr [Lr(ps(t)) In(ps(t))] = —%S(ps(t))' (2.89)

For a system coupled to a thermal bath, the steady state is usually a thermal state which can
be written in the form of a Gibs state,

p¥ = Z " exp(—BHs), (2.90)
with Z the partition function and 8 the inverse of the thermal bath temperature. In this case,
we have :

G_BHS
Tr(Lr(p(0) (o)) = Tr|Lrlps)n ™
= —BTr[Lr(ps)Hs]. (2.91)

The following relation can be derived by exporting Eq. (2.85) into the previous expression (2.87)

. d .
S 1= Z5(t) = BQ() > 0. (2.92)

Inequality (2.92) provides a new reformulation of the second law of quantum thermodynamics,
based on a lower bound on the variation of the system’s entropy in a quantum thermodynamic
process,

ds(t)

P > 500) (2.93)



2.4.1 Entropy in the steady state quantum thermal machine

Referring to the quantum thermal machine models introduced earlier, we assume that the
open system S is coupled to two different thermal baths R and R, with their respective inverse
temperatures 8, and .. The entropy rate ¥ is then given by :

d
dt
For a sufficiently long period of operation of the machine, a steady state is eventually attai-
ned, characterized by the time invariance of the entropy dS/dt = 0 and internal dU/dt = 0

energy of the system. Consequently, the first term in equation. (2.94) becomes zero, prompting
a reformulation of the second law of thermodynamics :

¥ = —BeQec — BrQn > 0. (2.95)

Furthermore, when the work done during operation of the device is equal to zero, entropy
production is redefined in accordance with the first law of thermodynamics as follows,

Y = (Be—Bn) Qe > 0. (2.96)
Y = —(Be—fn)Qn=>0. (2.97)

In essence, this represents the initial Clausius’ reformulation of the second law of thermodyna-
mics. When there is a temperature difference between the thermal baths 5. > 5, the positivity
of ¥ ensures that Q. is consistently positive while @), remains negative. Consequently, in the
absence of any external input, heat naturally flows from the hotter thermal bath to the colder
one.

Y= —8 = BeQc — BnQn- (2.94)

2.5 Summary

We have formulated the principal thermodynamic parameters characterizing a quantum sys-
tem’s evolution during a thermodynamic operation influenced by thermal reservoirs, from the
basic concepts of open quantum system theory. Assuming a weak coupling between the ele-
ments of the device, we have established the expression of certain thermodynamic quantities
such as heat and work. This description is strongly based on Lindblad’s master equation and
the principles of the laws of quantum thermodynamics, giving access to distinct representations.

We have conducted a comprehensive analysis of various quantum thermal machines where
the variation in the device’s internal energy are prominently driven by a temperature difference
among the thermal baths. We elucidated the diverse configurations these machines can adopt.
Moving from single-body to multi-body machines, we delineated a spectrum of discrete yet inter-
connected operations inherent to all machines. A notable distinction emerges when considering
controllable versus autonomous machines, as well as cyclic versus continuous machines. For each
device category, we meticulously identified the spectrum of unconfined variations in the system’s
internal energy engendered by exchanges with thermal baths or an external control protocol.
we meticulously identified the types of variations in the system’s internal energy engendered by
exchanges with thermal baths or an external control protocol.

Exploring thermodynamics at the level of quantum devices presents several potential exten-
sions. Notably, the advancement of configurations for multi-body quantum devices driven by
thermal baths presents a promising direction for further investigation. These devices are anti-
cipated to manifest quantum properties that must be considered in their analysis. Within the
realm of multi-body thermal machines, the unavoidable emergence of quantum correlations ap-
pears to be a central concern. These properties can wield a substantial influence on system
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performance, giving rise to both generic and progressive effects. Furthermore, we have introdu-
ced the concept of entropy production during a thermodynamic process, highlighting its intrinsic
connection with the laws of thermodynamics.
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Chapitre 3

Quantum thermal refrigerator

Once the basic concepts of quantum thermodynamics have been reviewed, it is relevant to
delve into a description of common quantum refrigerator designs found in the current scienti-
fic literature, which will serve as reference models for our research. The quantum refrigerator
stands out as the most common thermal machine, featuring a wide range of one or multi-body
designs [21,112]. As mentioned earlier, these machines are essentially characterized by two cost-
efficiency factors : cooling power and coefficient of performance. Additionally, quantum thermal
refrigerators display diversity in structure and operation. Distinctions, such as the number of
components in multi-body devices or the differences between driven and autonomous machines,
are notable examples. Despite this diversity, the primary focus has been on identifying appro-
priate approaches to control the transport and dissipation of heat flow within these devices, with
the overarching goal of improving their power and cooling capacity. Achieving this necessitates
meticulous control of the various components, underscoring the imperative for integrated control
mechanisms.

From an overview perspective, quantum thermal machines offer novel avenues for exploring
both quantum phenomena in many-body systems. Moreover, there are correlations among ma-
chine components and thermodynamic principles encompassing heat exchange, work production,
energy flow, and more. This convergence of quantum mechanics and thermodynamics poses fresh
challenges for understanding many-body system physics. Ideally, a comprehensive depiction of
a quantum thermal machine should explicitly incorporate the quantum effects of all working
system components, external controls and the requisite resources for device preparation and
operation. Thus far, numerous studies have concentrated on developing novel models for quan-
tum thermal machines, including quantum batteries, engines, and refrigerators, alongside efforts
to enhance their performance. These endeavors encompass various factors such as machine size,
subsystem coupling parameters, and the characteristics of thermal reservoirs. Recent progress
has facilitated the establishment of a correspondence between quantum effects and thermody-
namic performance in quantum thermal machines, paving the way for experimental studies of
thermodynamic devices in the near future. This convergence of theoretical advancements and
experimental possibilities holds promise for advancing our understanding of both quantum ther-
modynamics and practical device engineering.

In this chapter, we propose a thermodynamic description of quantum refrigerator models,
which are essentially dependent on non-equilibrium thermal reservoirs and system parameters.
We highlight the operational characteristics of these machines and discuss their striking ther-
modynamic consequences. Furthermore, we introduce the concept of a correspondence between
quantum properties and the operation of quantum thermal machines, setting the stage for the
subsequent chapters where we will delve deeper into this notion.
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3.1 Quantum Otto refrigerator

In the quantum rendition of an Otto cycle, the working system is composed of quantum
systems performing operations on the different strokes of the cycle and, of course, subject to the
laws of quantum mechanics. In each stroke, the working system undergoes a dynamic evolution
over a specific period, during which thermodynamic operations, such as work production or heat
transfer, take place. Notably, the Otto quantum cycle is also distinguished from the classical cycle
by its isochoric processes, which do not necessarily require complete thermalization. Current
investigations continue to explore such instances, employing a limited set of elements as the
working system, subject to various external agents acting as control mechanisms [138,139].

The dynamics of the working system during each stroke is characterized by a quantum dis-
sipator, which accounts for the impact of the external agent in adiabatic processes or the heat
exchange with hot and cold reservoirs in isochoric processes. In adiabatic processes, where the
system is decoupled from any thermal bath, its evolution follows unitary dynamics, as described
by the Liouville-von Neumann equation :

p(t) = —i [Hs, p(t)], (3.1)

where Hs and p are respectively the Hamiltonian and the density operator of the working
system. In the dynamics of hot and cold isochoric processes, the working system becomes an
open quantum system that is explicitly influenced by the thermal baths. Its state is then a
solution to the master equation :

p=—i[Hs,p(t)] + Lr(p(t)), (3.2)

where L (.) represents the dissipative term responsible for driving the working system. It’s im-
portant to note that under standard operating conditions, thermalization during these isochoric
processes is not necessarily complete, as only a finite amount of time is allocated for these pro-
cesses. Recent advancements have underscored that incomplete or partial thermalization can be
advantageous in achieving better performance in cyclic quantum heat devices.

3.1.1 Otto quantum refrigerator based on anisotropic spin-1/2 Heisenberg
XYZ chains

Let us consider a model of the Otto quantum refrigerator based on anisotropic spin-1/2
Heisenberg XYZ chains subject to external homogeneous and inhomogeneous magnetic fields
with a Dzyaloshinskii-Moriya (DM) interaction [140]. In our approach, we consider a z-axis
distribution for both magnetic fields and the DM interaction. The Heisenberg model serves as a
fundamental example for exploring the thermodynamic aspects of discrete quantum machines.
For convenience, the system is assumed to be influenced by a constant magnetic field acting as
an external control agent. The Hamiltonian governing the system is given by :

1
H= 5 |Jyoios + Jyoiol + J.oi05 + (B, + b.)o} + (B, — b,)o5 + D,(c708 —oio5)]. (3.3)
Here J,, J, and J, are the coupling constants along the x, y, and z-axis respectively, B, (b,)

represents the homogeneous (inhomogeneous) magnetic fields, D, is the component of the DM
interaction along the z-axis, and 0;(i = x,y, z) are the Pauli matrices,

o, = ((1) é) o= C’ _OZ> oy = (é _01> (3.4)

Without loss of generality, we consider the standard basis of the four-level composite system
{]00),|01),]10),|11)} with |0) and |1) being the fundamental and excited states of each two-level
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particle. The four energy eigenvalues of the Hamiltonian are derived from Eq.(3.3) as :

J J
Eip= ?Z Fu o, Ezu= Ez Fu, (3.5)

with J+ = (J; FJy)/2. The eigenvectors on the standard basis of the four-level composite system
{]00) ,|01),]10),|11)} are given by

1 B,
|Y12) = — < J¥ a |00) + |11>> ;
1+( ZJEM) -
1 b, Fv
|13.4) ———101) + [10) | , (3.6)
1 (bz:Fl/)2 J+ ’LDZ
T Ji+D2

where JF = (Ju F Jy)/2, p = /B2 + J2 and v = /b2 + J2 + D?. Assumptions include all
coupling constants being positive in the antiferromagnetic case, and the condition J, > J,
is satisfied, ensuring J_ remains positive. Furthermore, to observe the impact of the coupling
constants on the system operation, two cases are investigated : J, (1 = x,y,2) > 1 for strong
interactions and J,(u = x,y,2) < 1 for weak interactions.

When the working system reaches thermal equilibrium with its environment at the inverse
temperature [, its state is characterized by the density operator ps diagonal in the basis provided
by the set of eigenvectors {|;) }4,

ps = sz' i) (il (3.7)

BE;
where p; = e*s /Z is the probability of occupation of each state [¢;), § is the inverse tem-

perature, kg is the Boltzmann’s constant and Z is the partition function of the system. For
simplicity, we reconsider the expression for the density operator ps in the standard basis, taking
the form :

a 0 0 b
110 e f O
b 0 0 d
The different components of the density matrix in equation.(3.8) are expressed as :
B, _BJs
a= [cosh(ﬂ,u) " sinh(ﬁu)] e ,
b= _J- Sinh(ﬁy)e_ﬁgz ,
W
B, _BJs
d= [cosh(ﬁ,u) +—= sinh(ﬁu)] e %% ,
b“ (3.9)
e= [cosh(ﬂu) - ;Z sinh(,@y)] eﬁgz,
D, 2
f= —(Lrismh(ﬂy)eﬁg ,
v
b, 2
h = [cosh(ﬁu) + sinh(ﬁl/)] =
where we assume kg = 1. The partition function Z is given by :
Z =2 % cosh(fu) + 265 cosh(fv). (3.10)
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It’s noteworthy that the density matrix ps exhibits only non-zero elements in an ”X” formation,
along the main diagonal and anti-diagonal, referred to as an X-matrix.

Such a simple setup allows us to clearly appreciate the dependence of the working system’s
evolution on its parameters. The behavior of the system’s components (energy levels and states)
is intricately tied to the influence of the magnetic field and the interaction constants of the
device. In the absence of a magnetic field (B, = 0), the system’s eigenstates reduce to the
well-known Bell states, highlighting the profound influence of external factors on the quantum
behavior of the system. This observation underscores the versatility of the model in capturing
and elucidating various quantum phenomena in the context of thermodynamic processes.

3.1.2 Complete thermalisation

In a complete thermalization cycle, the working system is driven to a thermal state at the
end of the two thermalization processes, as illustrated in Fig.3.1. At this stage, the coherence
induced during the two unitary evolutions is completely dissipated and the state of the system
returns to a diagonal representation on the system basis. In fact, the non-commutativity of the
Hamiltonian operator at different instants of the adiabatic processes {H (t),H (t/)} # 0 allows
for the generation of coherence during the unitary evolution without altering the populations
of the energetic eigenstates, according to the quantum adiabatic theorem. This coherence is
then completely dissipated or not in the thermalization processes, depending on the period of
interaction between the system and the thermal bath.

Assuming adequate interaction between the system and the thermal environment in order for
the working system to reach an equilibrium thermal state at the end of both thermalization
processes. The system’s final state can be characterized by a density operator in the Gibs state
form, which is diagonal in terms of the energy states :

th e Pt -
— =57 ps ) (il 3.11
p 7 ;p i) (il (3.11)
where
eBE:/ks 1o
pi = ——7%> (3.12)

is the probability of occupation in each state |1);), § is the inverse temperature of the thermal
bath, kp is Boltzmann’s constant, and Z = T'r [e*BH ] is the partition function of the system.
However, the long interaction criterion is not an absolute requirement. It is possible to interrupt
the interaction between the system and the thermal baths after a short period of time, resulting
in a final state that retains some coherence.

One may wonder about the state of the model used here at the start of the cycle. Indeed,
the dynamics of the system and the variation of its internal energy are dependent on the initial
state, for systems governed by equations of motion with determined variables. The choice of
initial state is therefore decisive in modeling the operation of the device. Here, we consider that
at the beginning of the cycle, the working system is in thermal equilibrium with the reservoir
at the inverse hot temperature 5;

e—B1H:

th __ —
Po - Zl

4
ZPM i) (Yinl, (3.13)
=1

with 81 = 1/kpT} is the inverse temperature of the hot bath and Z; is the partition function.
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FIGURE 3.1 — Schematic representation of the complete thermalization of Otto’s quantum re-
frigerator. The device consists of a working system interacting in four strokes with two thermal
baths placed at two different inverse temperatures 5. and ;. At the end of the second stroke,
which illustrates complete thermalization, the system reaches a thermal state pgfc with the cold
bath.

First step : The first stroke is an isentropic compression, with the working substance
detached from the hot reservoir to the cold bath. During this step, the energy gaps of
the system are compressed from F; 1 to E; 2. This operation can be described by means
of a unitary operator U1, and the state of the working substance at the end of the stroke
simply reads

p1 = Uy U], (3.14)
where U satisfies the equation :
. d
Zh@]/{l = Hll/ll. (3.15)

In this step, there is no heat exchange with the reservoirs, while the external drive per-
forms a quantity of work,

W1 = Tr [leg] —Tr [POHI]
= Tr po(UIHgUl - Hl) . (316)

Second step : The second stroke is an isochoric process in which the Hamiltonian of the
working system is kept fixed at Hs. In this step, the working system is put into contact
with the cold reservoir at (s, until reaching an equilibrium thermal state

e~ PaH:2

4
Py = Z = pizlthi2) (tigl (3.17)
i=1

with By = 1/kpT» and Z the partition function. In this stroke, all the energy changes in
the working system are due to the absorption of heat from the cold bath

Q2 =Tr [(,05’?2 - Pl)H2] , (3.18)

Third step : The third stroke corresponds to an isentropic expansion, where the working
substance is again detached from the cold reservoirs to the hot reservoirs. During this
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process, the energy gaps of the system are expensed back from F; 5 to F; 1. This operation
can be described by means of a unitary operator Us, and the state of the working substance
at the end of the stroke simply reads

p3 = Us U], (3.19)
where Us satisfies the equation :
. d
Zh%MQ = HQZ/{Q. (3.20)

In a similar way to the first step, the work required to complete the process is given by

Wo Tr(psHy —Tr {pthg}

= Tr [pgh(Z/{;Hlug - Hg)} . (3.21)

Fourth step :Finally, the cycle is closed with the fourth stroke, which corresponds to the
second isochoric process that takes place at the fixed position of the external control
agent. This process allows the system to expand upon contact with the thermal reservoir
at the inverse temperature 57 and return to its initial state

pa=pp" (3.22)

The heat extracted from the system to the hot bath during this last stroke is expressed
by

Qi = Tr (o = ps)H | . (3.23)

a) Analytical study

Now we can explore the analytical expressions for the thermodynamic quantities from the
information provided in the description so far. Using the previously defined expressions and the
form of the Hamiltonian operator, we derive the expressions for the quantities of heat exchanged
between the working system and the thermal baths. In the absence of any additional interaction,
the heat exchanged with the cold bath is delivered by

1 1
Qo =—J, e hl:/2 cosh(frp1) — e P2Jz/2 cosh(fBap2)
A Z2
1 1
+ 29 — e Pt:/2 sinh(Byp1) — — g P2tz/2 sinh(Bau2)
Z1 Z2
. X , (3.24)
+ J, | =-efr7:/2 cosh(fiv1) — = eP2tz/2 cosh(fBars)
Z1 Z2

1 1
+ vy | =-ef17=/2 sinh(Byp1) — —_eP2tz/2 sinh(Bap2) | ,
Zl ZQ

where the factors in square brackets correspond to the difference in the population of the system
state from the post-thermalization state to the pre-thermalization state with the cold bath.
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Similarly, the amount of heat exchanged with the hot bath is such that

1 1
Q1 =J, [Zleﬁl‘]z/2 cosh(frp1) — 7267'32‘]2/2 cosh(ﬁg,ug)}
1 _ . 1 _ .
— 2 {e A2 sinh(Bipn) — e/ Slnh(ﬁﬂﬂﬂ
21 22 (3.25)
1 1 '
—J, [Zleﬂljzm cosh(f1vy) — ZeBQJZ/Q cosh(ﬁgyg)]

1 1
— 20 | =M= 2 sinh(Br 1) — —€%275/2 sinh(Bops) |
A 23

where  Pudrm S 5 Bt
Zy,=2e 2 cosh(Bu\/B:,+JZ2 ) +2e = cosh(BuJipu),p=ch, (3.26)

is the partition function of the system, when it is in thermal equilibrium with a bath at inverse
temperature 3, (1 = ¢, h). Thus, the description of the energy conversion into work and heat in
a cyclic process leads us to deduce the work performed throughout the operation as

1 52 . [0 12 1 g2 . o2 . 19
w :2(\/3270 + JE7C — \/Bih + ngh) |:Zle Be*3 Slnh(ﬁc BZC + JE}C) — Ze B3 Slnh(ﬁh Bg,h + J2,h):|

1 1
+2(Jre—Jon) [Zeﬁc"wﬂ sinh(BeJ ) — theﬁh"mﬂ sinh(ﬁhJ+,h)] :

(3.27)

where
P’z Paz)’

Z1g) =2 2 COSh(5(1,2)M(1,2))+26 2 COSh(5(1,2)V(1,2)), (3.28)

with inverse temperatures § = 1/T'. From the first law of thermodynamics, we can deduce the
total work performed on the two adiabatic processes,

1 . 1 _ .
W =2(u1 — u2) [Zeﬁljzﬂ sinh(B1p1) — 76 B2J- /2 smh(ﬁglug)]
! , 21 (3.29)
+ 201 — 1) | =M=/ 2 sinh (B 1) — —€™72/? sinh(Bapuz) | -
Al Zs

The coefficient of performance (COP) of the quantum refrigerator is defined as the quotient
between the heat absorbed from the cold bath and the work performed along the cycle.

The system’s performance in its cooling mode is conditioned by two critical factors : positive
work W > 0 and cooling power Q2 > 0. The expressions we just defined clearly show that
different aspects influence these factors. The work done throughout the cycle is mainly governed
by the system parameters, the thermal bath temperatures, and the external magnetic field. It
should be noted that the system operates with almost zero work for constant magnetic fields
and coupling constants. Prior research has delved into several strategies aimed at optimizing
the efficiency of an Otto quantum refrigerator. These strategies include adjusting the degree
of interaction among the constituent components of the working system and exploring correla-
tions between these components. This avenue of investigation will undergo more comprehensive
scrutiny in subsequent chapters.

B)Effect of homogeneous magnetic field B

On the basis of these analytical expressions, we have investigated the variations in thermo-
dynamic quantities generated during the system’s operating process and efficiency. We analyzed
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the machine’s sensitivity to all the parameters acting during its operation and assessed the
extent to which this enables us to control the refrigerator’s output. In our analysis, we delve
into the general context defined by equation (3.3), considering all system parameters with non-
zero values. Our primary objective is to gain a nuanced understanding of the absorbed heat Q2
and the coefficient of performance (COP) € under various values of the magnetic fields.
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FIGURE 3.2 — The variations in the coefficient of performance (COP) ¢, absorbed heat Q)2 and
work W are depicted in the first line for the case of strong interaction (J, = 2.0, J, = 1.8,
J. = 1.6) and in the second line for weak interaction (J, = 0.9, J, = 0.7, J, = 0.5). The
remaining parameters are fixed as follows : D, = 1.9, b, = 0.5, T1 = 2.2, and T5 = 0.9.

In figure. 3.2, where both the inhomogeneous magnetic field and the DM interaction remain
constant throughout the cycle, we plot the isolines of QQ2, € and W, which provide valuable
insights into the range of system operation in the cooling regime. It is evident that although
there are traces of positive work applied to the system in the two regions (B,, < B,, and
B., > B,,), the isolines for the absorbed heat ()2 and the COP ¢ are restricted to the region
where B,1 > B,s. Note that the isolines for both the COP ¢ and the amount of heat Q2 do not
follow open trajectories, suggesting a non-monotonic evolution. This implies that even within
the well-defined productivity region of the machine, achieving better performance depends on
a judicious choice of magnetic field values. It is also apparent that variations in the coupling
constants do not have a significant effect on the performance of the device. For both weak and
strong interaction models, the maximum of Q5 is capped at Qomax ~ 0.45, while the maximum
of € remains close to emax ~ 0.63.

v) Effect of DM interaction

We then look at the effects of strong DM interactions on the thermodynamic performance of
the system. For this purpose, we set the inhomogeneous magnetic field to a constant value b, = 3
and analyze the system’s behavior while varying the DM interactions across different values of
the homogeneous magnetic fields, considering two sets of coupling constants. The results depicted
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in figure. 3.3 unmistakably indicate that the system operates within the cooling regime when
D,1 > D,s. The heat absorption from the cold bath Q2 is only realized when D,; > D,s,
specifically when D,q is twice as large as D,s. Furthermore, the TQ isolines are depicted as
open lines, illustrating a monotonic increase in COP and )2 as we hold D, fixed and increase
D,5. Additionally, we note that the model with weak coupling constants yields superior results
in terms of the absorbed heat, Q2max = 0.22 (figure.3.3b), compared to Q2max = 0.045 for the
model with higher coupling constants (figure.3.3c).
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FI1GURE 3.3 — Variation of the Variation of the COP ¢ and the heat flux )2, as a function of D,
and D, with a strong interaction (J, = 2., J, = 1.8, J, = 1.6) first line and weak interaction
(J =0.9, J, =0.7, J, = 0.5) second line( b, = 3, B,1 = 3.5, B;» = 1.5, T1 = 2.2 and T = 0.9).

3.1.3 Non-complete thermalisation

Up to this point, our discussions have centered around steady-state thermal conditions.
However, there exists a class of processes occurring beyond thermal steady states, making them
amenable to the theory of open quantum systems dynamical evolution. The formalism of thermal
machines, thus, encounters the constraint of time, which means that the formalism must be
carefully developed over the whole period of operation. This evolution introduces a dynamic
aspect to the analysis, allowing for the consideration of transient effects and time-dependent
phenomena.

In our previous analysis of quantum Otto refrigerators, we assumed complete thermalization
during the second stroke, ensuring that the working system reaches thermal equilibrium at the
end of this stage. This requires the condition 7. > 7. to be satisfied, where 7. and 7, represent
the thermalization time and relaxation time, respectively, of the working substance interacting
with the cold reservoir. During complete thermalization, any coherence established in the first
stroke is removed by dissipation effects caused by the thermal bath. It reduces the system’s state
to a diagonal shape in its energy basis.
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FIGURE 3.4 — Schematic representation of the complete thermalization of Otto’s quantum re-
frigerator. The device consists of a working system interacting in four strokes with two thermal
baths placed at two different inverse temperatures, 8. and S,. At the end of the second stroke,
which illustrates incomplete thermalization, state pa .(t) # pé’}c is not necessarily a thermal state.

Another scenario arises when considering incomplete thermalization during the second stage
(Fig.3.4), where a portion of the coherence generated in the first stage is conserved [141,142].
Incomplete thermalization occurs when the working system interacts with the cold bath for a
short time, leaving a thermalization time of the order of the thermal relaxation time 7. < 7,.. At
the end of this stage, the state of the working system differs from the thermal Gibbs state :

EemEL = pact) # pYl, (3.30)

with &. the dissipative operator generating the dynamics induced by the cold bath. It follows
that some of the coherence induced in the first stroke can be transferred dynamically to the
third stroke. In this way, the thermodynamic behavior of the device becomes dependent on the
dynamics of the system’s evolution pz .(t) , and the time allocated to the different strokes. Spe-
cifically, a careful optimization of the thermalization step duration provides a situation where
the performance of quantum thermal machines could be controlled. This phenomenon results
in part from interference between the residual coherence of the second stage and the coherence
generated in the third stage, which in turn can affect the performance of the machine. Recent
studies have taken advantage of these observations to improve the performance of certain ma-
chines, such as the work performed and the efficiency of Ottot quantum engines. Furthermore,
incomplete Otto thermal refrigerators have been proposed thanks to the study of memory effects
on the thermodynamic performance of the device and have provided promising results.

3.2 Multi-body continuous quantum refrigerator

Continuous Thermal refrigerators with a sequence of interacting systems are the fundamental
prototype of non cyclical systems. In their basic design, each element of the chain is coupled
to a thermal bath and, eventually, the heat transfer between the machine components can be
driven by a control agent. This configuration is advantageous in terms of detecting heat flows
associated with the unit’s operation and, as far as possible, the work cost involved in completing
the system’s operation. Furthermore, they are useful tools for studying a variety of exciting
quantum phenomena in the evolution of many-body systems in dissipative baths, including
decoherence and quantum correlations.

Many-body quantum thermal machines are good at modeling information flow between re-
servoirs with non-equilibrium thermal properties. In the context of heat transport, interacting
systems are connected to thermal baths at different temperatures. This results in fluctuating
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heat flow, which is impacted by device features such as size, coupling constants, and even the
degree of connection between device components. Our study will focus on the special case of
linear systems driven by their boundary thermal baths. This will be based on an overview of the
thermodynamic behavior of the two-qubit thermal refrigerator, which is the most classical form
of many-body thermal device. We will describe the thermodynamic phenomena, such as the heat
flows involved in the operation of the machine, based on the structure of the components that
transport energy, while ensuring compliance with certain crucial aspects, such as the laws of
thermodynamics.

Consider a generic system S coupled to two heat baths at their boundary under different
temperatures characterised respectively by the inverse temperatures f.(cold) and 5y (hot). The
Hamiltonian of the total machine is then described by

H = Hs+ Hg, + Hg, + Hsr, + Hsg,,, (3.31)

where Hs is the Hamiltonian of the internal system, Hg, and Hg, are the Hamiltonians of the
boundary thermal baths labeled cold and hot baths, respectively. Hsg, represents the Hamilto-
nian of the interaction between the internal system and a bath R . So as to model the behavior
of non-equilibrium systems even more realistically, we introduce the perspective of considering
that the coupling between the elements of the system is weak. In addition, we assume that each
transition between the boundary elements is locally and weakly coupled to its respective bath,
characterized by a short bath correlation time 7 much smaller than the characteristic time scale
of the system. Thus, the correlation functions of each bath decay rapidly and memory effects in
the reduced dynamics of the system can be neglected. This allows the system dynamics to be
described by the standard Markov master equation.(1.112),

ps(t) = —i[Hs, ps(t)] + Le(ps(t)) + Ln(ps(t)) (3.32)

where £,,(.) is the dissipator atrribute to the thermal baths R,,.

3.2.1 Heat current for multi-body systems driven by boundary thermal baths

A further consideration of the system evolution described above can be achieved by granting
each thermal bath the ability to interact or not with the system for well-defined periods, through
a control protocol. A more illustrative example is the repeated interaction model, where the
reservoirs comprise an infinite set of identical systems, and each copy interacts with the system
for a set period. The components of the reservoir can be independent, meaning that the state of
the system during a period of interaction depends solely on its previous state and the dynamics
induced by the copy with which it interacts. Alternatively, they may be correlated, influencing
the system’s dynamics through correlation effects. While the second case has been widely studied
and has shown significant interest in the control and operation of quantum thermal machines,
we consider that the reservoir components are not correlated. In this context, the interaction
between the system and the reservoir takes the form

Hsgr, = ku(t)Vsr, (3.33)

k,(t) is a connection and interruption protocol between the system and the reservoir. For the
current set-up, the interaction between the working system and the different reservoirs clearly
appears to be time-dependent. Instead of the previous approach using the time-invariant Ha-
miltonian, this can be used to establish a strongly time-interaction based approach to quantum
thermodynamics.
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In a slightly different direction, but related to our previous approach, we examine the total
system thermodynamic approach. This method allows us to efficiently model quantum thermo-
dynamic networks of finite size. We first need to assess the energy of the total system,

Utot(t) =Tr [ptot(t)H] 5 (334)

with pyt(t) the density operator of the total system which evolves under the Liouvil-Von Neu-
mann equation

ptot(t) =i [H7 ptot(t)] : (335)

Note that in our current examination, we treat the total system as a closed system. From this
perspective, the variation in the internal energy of the total system is partitioned into the heat
exchanged between the working system and the thermal baths, and the work cost required for
dispensing the energy flows. Building upon the earlier definition of work, the work required to
operate the device can therefore be given in the sense of the total system state by

W = /Ot Tr {G;Itfptot(t)]
= /Ot Tr L;Zt (Hs + Hsr) ptot(t):| : (3.36)

Expression (3.36) is obtained by assuming that the thermal baths are sufficiently large for the
Hamiltonian of the environment to be time-invariant. Furthermore, this allows us to physically
investigate the work cost defined above as the contribution of two complementary quantities :
the first quantity fg Tr [% (Hs) prot(t)] describes the work required to disperse the energy flows
among the components of the working system and the second fg Tr [% (Hsr) prot(t)] is the
contribution required for the heat exchange between the working system and the thermal baths.

Thanks to the dynamics of the open system, we opt for a reformulation of the quantum work
Eq. (3.36) by means of the Liouvil equation Tr[H piot] = 0,

Tr((Hs + Hsr(1))ptot(t)] = =Tr [(Hre + Hry (1)) ot ()] - (3.37)

With the equivalence (3.37), we can illustrate the recovery of the work in the form :

W= /0 %TT [(Hs + Hsgr)ptot(t)] — Tr [(Hs + Hsr)prot (t)]

B /ot %Tr [(Hs + Hsr(t))ptot(t)] — /Ot —Tr[(Hre + Hryy)prot(t)] - (3.38)

Referring to the expression for the total energy of the system (3.34) and the definition of the
variation of the quantity of heat in a system, we show that Eq.(3.38) expresses the first law of
thermodynamics in the sense of the total system,

U=W(t)+Qt), (3.39)

where @@ = Qr, + @R, is the variation in average heat at the boundary thermal baths. At the
same time, we introduce the expression for the heat change in a thermal bath before and after
an interaction,

td
Qr, :/0 @TT [HR,,prot(t)] - (3.40)

This formulation of the second law, adapted to the total system, allows us to conclude that
the heat flows in the device can be approximated by the variation of the energy in the thermal
baths. Note that, for a resonant coupling between the working system and the thermal baths,
the average change in the working system’s heat quantity is directly equal to the variation in
the thermal baths to which it is coupled.

62



3.2.2 Two-body

Let’s focus here on the case of a two-body linear chain, where our working system comprises
two interacting qubits coupled to independent thermal baths. With this setup, we can utilize the
earlier formalisms not only to describe the dynamics of the system but also to derive a depiction
of the device’s thermodynamic properties and traits.

The Hamiltonian of the working system is given in the form :
Hg = Hy+ Hj, (3.41)

where Hj is the free hamiltonian of the two systems component and Hy is the interaction part.
For the sake of simplicity, we consider the case where the control protocol for the interaction
between the working system and the thermal baths takes place during a period 7 :

Hgp = kc(t)VSRC + kh(t)VSRh‘ (3.42)

where k,(t) = ©(t)/+/7 is a switch on/off protocol between the system and a thermal bath R,
during a period of interaction 7 and ©(¢) is such that :

o) :{ 0 v BH | (3.43)

Note that this approach is similar to that introduced in Chapter 1, except that an interaction
part with the factor 1/4/7 is embedded in the interaction Hamiltonian. This configuration enables
the transition to a continuous model in the limit of small 7. Thus, we can write the derivative
of the density operator of the system as follows

Prot(t) = }1_r)n TAptot()
. T
= lim (—z [H, pot] - 2% Hsr,,: [Hsr,: pror(t )H) : (3.44)

where Apor(t) = prot(t + 7) — prot(7) and pyor(t + 7) is the state of the system after interaction
with a thermal bath for a period ¢. The last equation is an approximation of the second-order
master equation in 7 where we ignore the second-order and higher-order terms.

From Eq.(3.44), we are now in a position to establish an expression for the thermodynamic
quantities. The local heat flux in a thermal bath is defined as the energy produced by the bath
during the post- and pre-interaction intervals with the system,

QR,L = - llg%) ;TT [HR,LAPtot]
= lim sz L ()T [HRM [VSR,“ [VSRWptot(t)”]
= lim o SR [Vsry: [Vsry: Hrul]). (3.45)

Note that the latter expression does not systematically and straightforwardly align with the
expression Q,, = lim, o 77" [HsL,(p(t))] involving an expectation value of the dissipator £,
applied to the Hamiltonian of the system with £, = —%ki(t) [VSBW [VSBM VSB#H' Unless the
interaction between the thermal baths and the system is resonant, additional terms may appear
in proportion to the energy difference between the system and the environment. In what follows,
we will always consider a situation in which this resonance condition is met, so that Qu = QRM-
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By defining the rate of change of the internal energy of the system,
- 1
Us = lim —Tr [HsApiot] (3.46)
=0T

the first law of thermodynamics automatically provides us with a means to express the total
power that must be injected or extracted from the working system to operate the device :

1
W = lim —Tr[(Hs + Hr)Apiot]
T—=0 T
= li 1 ki(t)T V. V. H, H
= —lim~ Zh 5 r [Vsr,: [Vsr,., (Hs + HR)]] prot(t)
H=c,
= li ki(t) Tr |V V. H. H
= —lim =7 Zh r[Vsr,, [Vsr,, Hs + Hr,|] p(t)
H=Cc,
A
— 7l_l_r)r%) Tr [VSRW [VSR,” H]H Prot(t). (3.47)

The first term of the work expression in Eq.(3.47) specifies the power required to ensure heat
transfer between the system and the thermal baths. It will be practically zero with local conser-
vation of energy, while the second part is attributed to that which ensures exchange between
the sub-systems.

3.3 Autonomous quantum refrigerator

Once we have explored our explicit model, it’s evident that there are many subtleties associa-
ted with the concept of work in quantum thermal systems of finite size. A closer examination of
the various modelizations of thermodynamic devices reveals that many of them entail intricate
external protocols applied to the systems of interest. Thus, a high degree of control is necessary
over the various components of the system to effectively manage the acquisition of energy flows
in such a context. Building upon the reflections developed in the previous chapters, our aim
now is to investigate more broadly the scenarios in which thermal devices are implemented in a
completely closed quantum system.

A finite-size quantum refrigeration system will invariably absorb energy from the cold bath to
the hot bath, and this inversion requires additional work to complete the operation. In section
3.2, we tried to tackle this problem with the interesting concept of an additional work input to
ensure this operation. In what follows, we will show that a much more elegant and functional
solution consists of replacing the work coast with an integrated supplementary system. This
technique fulfills a dual function : not only does it supply the machine with additional energy,
but it also stabilizes it and maintains its ability to operate autonomously. One explicit method
is to adopt Scovil’s proposal by substituting the external control agent with a thermal bath,
referred to as a working bath, which then becomes an integral component of the device. In
this way, each transition between two levels is coupled to a thermal bath, rendering the system
independent of any external control.

The operation of the refrigerator follows a simple three-step procedure : first, a quanta of
energy F. is absorbed from the cold bath, taking the system from the state |0) to the state
|1) ; next, a second quanta of energy E,, is absorbed from the working bath, taking the system
from the |1) state to the |2) state; finally, the system returns from state |2) to |1), emitting a
quantum of energy Ej into the hot bath. To ensure autonomous operation of the refrigerator,
the condition for energy conservation,

E), = E. + E,, (3.48)
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FIGURE 3.5 — Schematic representation of the three-level quantum thermal machine. The wor-
king system is a three-level system with energy levels |0), |1) and |2) and populations nj, ny and
ns, respectively. A hot bath with temperature T}, induces transitions between energy levels |0)
and |2), while a cold bath with temperature T, induces transitions between |0) and |1). Work is
performed by an external field in resonance with the energy gap F,, = Ej — E..

must be satisfied.

3.3.1 Dynamique of the system

The total Hamiltonian of the machine is
H=Hs+ Hr + Hsgr, (3.49)
where Hg denotes the free Hamiltonian of the system
Hs = E.[1) (1] + By [2) (2] (3.50)

We adopt the notation FE. = E; — Ey, By, = E5 — Egy, and E,, = E5 — E;. The thermal baths
R, is modeled as a family of independent harmonic oscillators,

Hr, = Qpubepbf . (3.51)
k

with bk,#(b;rC ,,) the creation (annihilation) operator of mode k with frequency €, in the bath
R, = ¢,h,w. Each thermal bath is coupled to a specific transition within the system,

Hsr = Be(|0) (1] +[1) (0]) + Bn(10) (2] + [2) (0]) + Buw(|1) (2[ + [2) (1)), (3.52)
with
By = Mep(bry +b,), (3.53)
k

are global bath operators. Following the local approach in the weak coupling limit, the dynamics
of the reduced density matrix can be derived in the form of a Markovian quantum master
equation :

i

ps - [Hs, ps(t)] + Luw(ps(t)) + Le(p(t)) + Lulps(t)) (3.54)
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The Lindbladian dissipative operators reflect the local effects of thermal baths on each transition
of the system to which they are coupled, taking the form :

1
Lo = (0% ps00" — S10"0, ps(1)}) + et (M ps (110" — S 10”0, (1)}

1
Ln = (aong(t)aozT {002 O2T“08(t)}) + <002Tp3(t)002 _ §{UOQT0027PS(t)}>
1
L, = 7w¢<012p8(t)012T {012 12T7ps(t)}) +7wT(0'12TPS(t)O-12 - 5{012T012T,ps(t)}>
(3.55)

3.3.2 Average heat production

From the master equation (3.55), we can deduce the change in the internal energy of the
system by :

O(Hs) = Tr(HsLuw(ps(t))) +Tr(HsLe(ps(t))) +Tr(HsLu(ps(t)))
= Qw( )+ Qc( ) Q (t)v (356)

being
Qu(t) = Tr(HsLu(ps(1))), (3.57)

the heat exchanged between the thermal bath R, and the system. In the standard basis, we can
express these quantities as :

Qc(t) = Ec [y ({01 ps () 0)) +ver (1] ps(2) [1))] (3.58)
Qu(t) = Euwlber({lps(®) 1)) +7e+((2] ps(t) [2))] (3.59)
Qn(t) = En[rer((0[ps(t)10)) +7e1((2] ps(t) |2))] - (3.60)

In long-term operation, the system reaches a steady-state operation, when (p = 0), the change
in internal energy becomes zero, 9;(Hg) = 0, leading to the relation :

Qe+ Qu + Q=0 (3.61)

Relation (3.61) represents a form of the first law of thermodynamics for autonomous quantum
machines. It does not imply an absence of energy or information flow within the system in a
steady state. Rather, it states that the amount of information entering the system equals the
amount leaving it, thereby maintaining the system in an invariant state.

For the system to function as a refrigerator, conditions Q). > 0, @, > 0 and @, < 0 must be

satisfied, which means that heat circulates through the system from the cold bath to the hot
bath accompanied by heat absorbed from the work bath. In the steady-state limit and under
the assumption of weak coupling, a necessary condition for meeting these characteristics is :

Tw > Ty > Te. (3.62)

By invoking the second law of thermodynamics introduced earlier (2.95), which states that the
total rate of heat exchange divided by the respective temperatures of the baths,

> Qu/Tu#0, (3.63)

p=c,h,w

we can reformulate the conservation of energy (3.61) as

. 1 1 1 1
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Consequently, we can effectively show that the cooling efficiency, which is defined here as the
ratio between the cooling power and the heat flow from the hottest reservoir, is bounded by the
form :

Q. _Tu=TyT.

pP= Tw T th e
co Qw_Th_TcTh

€c, (3.65)

where ¢ is the Carnot coefficient of performances. In particular, Eq.(3.65) allows us to state
a higher bound on the performance of the autonomous quantum refrigerator. However, this
approach is limited to the control of a machine’s performance as a function of device properties.
According to Egs. (3.65) and (3.58), refrigeration performance can be optimized through the
energy differentials E., F,,, E. and the temperatures of the various thermal baths.

3.4 Quantum correlation in thermal machines

So far, we have reported how the models of thermal machines require the involvement of
different interacting components, from the working system to the various thermal baths, where
dissipation and decoherence processes are more extensive and have a greater impact than in the
case of a one-body system [143-146]. This vision of the thermal machine offers a thermodynamic
perspective on the quantification of quantum correlations in thermal systems, which proves to
be an ideal platform for exploring the close connection between thermodynamic properties and
quantum information theory. Two visions emerge : How do quantum properties arise from ther-
modynamic processes, and how do these properties relate to the parameters of thermodynamic
devices 7 Do quantum correlations, such as entanglement, offer thermodynamic advantages or
obstacles 7

3.4.1 Creation of quantum correlations from a quantum thermal machine

Specific research has been devoted to the generation and control of quantum correlations
in thermodynamic processes by means of non-coherent resources. This focus intensifies in non-
equilibrium thermal situations where temperature gradients induce energy flows between interac-
ting subsystems. The central element in this framework was long considered to be the work cost
required to transfer the flow of energy between the different thermal baths and the components
of the working system. Thus, various studies have reported a close correspondence between the
work cost and quantum correlation measurable on different thermodynamic device models. A
thermodynamic method for quantifying quantum correlations has been developed, exploiting the
strong connection between thermodynamic quantities and quantum properties [147,148]. The
key idea in this context is the work cost, defined as the thermodynamic work deficit required to
operate a quantum multi-body device in a correlation regime.

Despite this approach, recent studies have highlighted another aspect of quantum correlation.
Namely the dependence of quantum correlation on the thermal properties of the machine, such
as temperature or degree of energy flow, even with devices that do not require work costs. The
generation of steady-state quantum correlations by independent local baths or common baths
has been investigated, particularly in the presence of a weak coupling limit. Interestingly, it has
been shown that a thermal current is generally required to generate steady-state entanglement
between interacting bodies and such entanglement can be effectively controlled by the addition
of a common bath. The energy current can therefore be seen as a coherence control resource for
interacting qubits coupled to heat baths at different temperatures, and by taking advantage of
the temperature gradient, it can be enhanced or suppressed depending on the internal coupling
strength between the qubits.
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3.4.2 Correlation impact in the thermal machine

Secondly, the effect of quantum correlations in thermodynamic systems has proved extremely
valuable for the operation of thermal devices. An in-depth discussion of the involvement of
quantum correlations and non-thermal properties in the energy transfer and productivity of
quantum thermal machines has been carried out over the years and a great contribution has
been made to the impact of quantum effects on the operation of quantum thermal machines
in different aspects [149-151]. Despite their richness, the effects of quantum coherence give
rise to instances where the thermodynamic performances are either unrelated to the quantum
correlations or strongly related to the quantum correlations. In the latter instance, correlation
noise in the thermal bath, as well as correlation in the components of the working system, can
significantly affect the performance of small quantum thermal machines [152-157].

Among other things, improvements in cooling power or reductions in minimum achievable
temperatures in the refrigerator can be achieved in regimes where the machines show correlation
compared to the non-correlation regime. This shows the extent to which quantum-regime thermal
devices can outperform classical devices, thereby illustrating the value of quantum correlations
in such systems. Furthermore, it is worth mentioning the validity of these observations for models
with total resonance along all the interaction sites or with partial resonance, with some specific
differences, often due to the detuning between the energy gaps of the system components and
the interaction constants.

3.5 Summary

We have discussed various models of quantum cooling devices, each evolving according to
its intrinsic characteristics under the influence of thermal baths. Due to the diverse nature of
these models, different approaches have been employed to analyze the refrigeration behavior of
the systems.

For each model, we have delineated the various stages in the dynamics of the working system’s
evolution, considering the changes in the system’s internal energy induced by the dissipative ef-
fects of thermal baths and occasionally by a control system. We have explored different metho-
dologies to quantify the required work input necessary to complete the operations of the device,
showcasing variations in its expression depending on the specific device under consideration. In
the case of a system chain interacting with boundary thermal reservoirs, we have identified two
primary contributions to the work cost : the work required for exchanges between the baths
and the system, and the work involved in exchanges between different components of the sys-
tem. Additionally, we examined the case of an autonomous quantum refrigerator, where the
device’s operation is entirely independent of external input, illustrating a self-contained cooling
mechanism.

We then focus on the hypotheses stating the equivalence property between the thermodyna-
mic performance of thermal machines and their quantum properties. This investigation sought
to develop two distinct lines of thought, specifically delving into the generation of quantum pro-
perties within the evolution of quantum thermal machines. Furthermore, these properties, once
generated, can significantly influence the production efficiency of thermal machines. Exploring
the implications of these properties for system profitability would be particularly intriguing in
this context. Ultimately, our goal is to establish the criteria necessary to ensure that refrigerators
operating in the quantum regime achieve enhanced productivity.
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Chapitre 4

Coupling of two autonomous
quantum refrigerators

Building on the foundations established in the previous chapters, we now turn to the central
investigation of this thesis, which revolves around exploring the influence of quantum properties
on the behavior of quantum thermal refrigerators. Our investigation unfolds in two interrelated
ways : first, understanding how we can ensure the presence of quantum properties in our devices
during their operation ; and second, once their presence is established, discerning the influence
that the evolution of these properties has on the performance of the machines [158,159]. This
two-pronged approach allows us to understand the interplay between quantum properties and
the operational efficiency of quantum refrigerator systems. In the following chapters, we explore
the intricate interplay between quantum properties and thermodynamic performance. We focus
on unraveling how the presence of these properties can affect crucial aspects of thermal machines,
such as cooling power and efficiency.

In this chapter, we focus on examining the steady-state characteristics of the units. Our goal
is to compare the thermodynamic performance of each refrigerator to that of an independent
unit in a steady state. To do this, we first look at the steady state dynamics of our system. It’s
important to note that the coherence superpositions of the system states decrease with time
due to the decoherence induced by the thermal baths, mainly by dissipative processes. However,
it’s worth noting that contributions induced by degenerate energy levels can persist [160-166].
Consequently, the steady state of the system can be determined by solving the master equation
of the system on the standard basis of the composite system, taking into account its population
elements and any residual superpositions that have survived decoherence.

4.1 Three-body model

Consider two autonomous three-body quantum refrigerators, as introduced in Section.2.3.3.
When there’s no coupling between the two refrigerators, each machine operates by absorbing
heat from the cold bath through a resonant three-body interaction :

Hr = g(|140r1c) (04 110c] + |00 140c) (1,07 1¢]). (4.1)

In equation.(4.1), g represents the coupling constant between the components of the machine.
The states [0) p and [1),, denote the ground state and the excited state of the qubit u (u =
w, h,c). In this sense, we assume that the virtual qubit comprises the two intermediate states
of the cooling machine made by the work and hot qubits : |0), = |1), |0),, and [1), = |0}, [1),,
with an energy spacing F, = Ej; — E,, and the inverse of the virtual temperature,

_ BuEp — BuwEy
/BU - ﬂ- (4.2)
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Conservation of energy is achieved through a resonant interaction between the cold qubit and
the virtual qubit (E, = E.). This setup enables the cooling of the cold qubit to a local effective
temperatue 3 by adjusting the virtual temperature of the machine to a temperature less than

Be (By > Be).

Cooling Machine 1 Cooling Machine 2

qubit ¢; qubit co

FIGURE 4.1 — An illustration of the energy levels of the composite system. The left and right
sections of the figure depict the energy levels of the two cooling machines, while the center
focuses on the energy levels of the two objects to be cooled. Dotted arrows represent distinct
energy spacings corresponding to Ej, and E,,, while open labels denote those of the virtual
qubits E,,.

Next, we introduce a coupling of the two refrigerators via their objects to be cooled. This
interaction can potentially lead to the generation of a thermal current between the two machines
through the two coupled qubits, thus inducing correlation production. The free Hamiltonian of
the total system is then given by :

2
MHs =Y (He, + Hn, + Hu,) + Hins, (4.3)
i=1
where each refrigerator is denoted by ¢ = {1,2}. The Hamiltonian of each unit is such that
Hu; = Epi|l) (1] ui, and Ep; represents the energy spacing of each unit pu;, satisfying the
resonance relations Fy, = E., + E,,. The interaction Hamiltonian Hj;,; is the collection of three
resonant interactions :

Hint = 91(’1w10h1 101> <0w1 1h1061’ + ’0101 1h1061> <1w10h1 101’)
+92(|1W20h2 102> <0w2 1h2002| + |0w2 1h20€2> <1w20h2162|)
+g3(|101062> <001 162| + |OC1 102> <1C1OCQ|)' (4'4)

The first two lines of equation .(4.4) represent a three-body interaction among the units of each
machine, characterized by the coupling constants g; and go. The third line represents a dipole-
dipole interaction of strength gs between the two interacting qubits. In addition, we assume that
the two cold qubits are identical, E., = E., = Ep, which ensures a resonant interaction without
the need for an external system for the operation of the machine.
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Furthermore, we establish a difference in the energy spacing of the qubits in the two cooling
machines, denoted by :
E;=E,, — Ey, = Ep, — Ep,. (4.5)

While an interaction between two identical machines occurs when E; = 0, we consider the case
E4 # 0 in the rest of this contribution. When the two hot baths and the two work baths are at
the same temperature (8, = Bp, and By, = Puw,), it is easy to verify that virtual energies and
virtual temperatures of both machines are such that E,, = E,, = E, and

ﬁvg = 5111 + (ﬁh - ﬁw)Ed/Ev- (46)

The thermal baths are modeled as infinite sets of bosonic modes in thermal equilibrium at
the inverse temperature 5 = 1/kT given by the Hamiltonian :

REL
M =" Qb bk (4.7)
k
Subsequently, we assume that the two objects to be cooled can be coupled to a common bath
Reom (see Fig. (4.2b)), with the Hamiltonian

HRcom = Z Qja}aj. (48)
J

The operators b,t i and by, ,,; are creation and annihilation operators for a mode k of the reservoir

”HRZ% Also, the operators a; and a; are the creation and annihilation operators for a mode j of
the common reservoir.

In the scenario of weak coupling between the system qubits and their respective thermal
baths, we can describe the interaction Hamiltonian between the system and the environment
using the Rotating Wave Approximation (RWA). This approximation yields :

HSRﬁi = Z )‘k,ui (O-,L—Zbk#i + O-/;ib]tal/fi)’
k

HSRewm = Zo\j?q Jct + /\j70202_2)aj + (Aje10e, + /\j’cgacz)a}. (4.9)
J

Here Ay ,, denotes the coupling strength between a mode k of an independent bath R{LZ and a
qubit p;, while A\j., and Aj;., are the coupling strengths between a common bath mode j and
the cold qubits ¢; and cs, respectively.

4.1.1 Master equation

We introduce the master equation governing the dynamic evolution of the density matrix ps
of the total system. We assume a weak and local coupling of each thermal bath to its respective
subsystem. This ensures that the effects of the reservoir Ru; on the qubit u; do not directly
impact the other qubits. Additionally, we consider small couplings between the different nodes of
the system, denoted by g;, where g; < E,,,. Consequently, the couplings between qubits do not
significantly affect the relaxation dynamics of the system and we can approximate the system
dynamics with a local standard master equation of the following form :

ps = —% [Ms, ps] + L(ps), (4.10)

where the Lindblad operator L£(ps) accounts for the dissipative part in the system’s dynamics.
Considering the influence of each thermal reservoir on the system, this operator is defined in the
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FIGURE 4.2 — Diagram of the interaction between two autonomous quantum refrigerators
through their cold qubits. Each refrigerator consists of three qubits - hot, work, and cold -
coupled to their respective reservoirs. (a) : The two cold qubits are coupled to two independent
baths. (b) : The two cold qubits are coupled to a common bath.

case of independent baths as :

Llps) = 3. > Lulps), (4.11)

with

[’Ni (PS) = Vuii(o-mpsali - %{Uziamv PS}) + fYNiT(O-ZLipSUHi - %{Uﬂialﬂ PS})- (4'12)
In Equation.(4.12), the first and second terms respectively represent the emission and absorption
processes of the system due to its interaction with the thermal bath R, ,with damping rates
Vil = Y0(nu; +1) and v,,4 = Yo7y, Here, the mean number of quanta 7, in each bath is deter-
mined by the Bose-Einstein distribution 7, = (ePriPri —1)~1 and o represents the spontaneous
emission rates.

When the two cold qubits are coupled to a common bath, we derive the expression of the
superoperator L(ps) by replacing the dissipative terms of the two cold baths (L, (ps), Le, (ps))
in the equation (4.11) by Leom(ps) = LL(ps) + L2(ps) + L12(ps) which represents the effects
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due to the interaction between the system and the common bath :

1

[’(1:(/)5) = ’Yci(o-qpso-cl - 7{001001’&9}) + ’YCT( lesUcl - 5{(7010'21,03}),
1

Lips) = 72 (0c,psol, — *{UCQUCQ,ps})Jr%T( 0!, psTey — 5{%022,/)5}),
1

LP(ps) = ~iE(oepsol, — *{ffcl%,ps})Jr%T( ol psoe, — {00l ps})

1
+7et (0, psol, — *{Uczacl,ps})ﬂwq( Izpsacl—g{acﬁll,ps})- (4.13)

Here, Lc!'(ps), Lc%(ps) represent the individual dissipative effects of the common bath on each
cold qubit with rates vic | and yic T, where i = {1,2}. The term Lc'?(ps) represents an effective
effect with rates y'%c | and 702 For simplicity, we assume 7y to be identical for all emissions
throughout this paper.

4.1.2 Thermodynamics quantities

The average heat transferred across the system and each local thermal bath Ry; is given by
Qui = Tr[HsLpi(p)], where Lp; stands for the dissipation operators introduced in equations
(4.13), and Hg is the Hamiltonian of the composite system. Using equation (4.13), we can derive
the local average heat exchange between the cold and work reservoirs and the system as follows :

jklmn jklmn
ijlmn ijlmn
Qe = Eo(—’701¢ Z Pffknn + Yert Z Pf;kzon)a
ijkin ijkin
Qe = Eo(—7eay Z Pijkim1 + Yext Z Piskim0)> (4.14)
ijklm ijklm

where the indices i, j, k, [, m,n take values of 0 and 1. If the two cold qubits are coupled to the
same bath, the average heat exchange with the common bath is then given by the relation :

: 1 1 2 2
Qcom = Eo < ~ Vel Z Pijkiin + Ver Z Pijkion — Vel Z Pijkim1 + Ver Z Pijkim0

ijkin ijkin ijklm ijklm
+(riF = ) (k0] p** igkl01) + > (ijkl01] p** yz'jkno))) , (4.15)
ikl ikl

which can be written as Qeom = ch + QCQ + Qm. Here ch and QCQ represent the quantities
of heat independently absorbed by each cold qubit from the common reservoir, and QC12 is an
excessive damping heat flux characteristic of the coupling of the two qubits to the common
reservoir. The quantities ch and Qc2 are the same as those of the separate cold reservoirs,
highlighting the enhancement of the cooling power from the common reservoir by the behavior
of the effective heat flux chz.

The operation of each refrigerator is evidently influenced by its interaction with the other.
Hence, we define the efficiency of each refrigerator as the relative efficiency when the two cold
qubits are solely coupled to independent baths, as shown in Fig.(4.2a). Essentially, the relative
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efficiency of each refrigerator is determined by the ratio of its cooling power Qci to the heat flux
Qu,; of the hottest baths :

Qc,

n = (4.16)

Qu,
where ¢ = {1, 2} denotes the first and second refrigerator. Alternatively, we introduce a collective
efficiency of the global machine for the scenario where the two cold qubits are coupled to a
common bath, as illustrated in Fig.(4.2b). It is expressed as the ratio between the cooling power
from the common bath and the heat flux of the two hottest baths :

' Qcom' _ ch '+ QCZ + QCI2
Qw.l + sz ) le.—’_ sz
_ M@ +m2Qe | Qez (4.17)
le + ng le =+ ng

It’s important to note that Eq. (4.17) can be simplified to the following form :

Tlcom

Neom = TN + (1 — 7)n2 + v, (4.18)

where 7 = Qw1 /(Qw1 + Quwz) < 1 and v = Qc12/(Quwi + Qus). Consequently, we arrive at the
following relation :
min (71,12) < Neom < max (11,72) + v, (4.19)

highlighting the potential for achieving a collective efficiency greater than maxn;,no by optimi-
zing the values of 7 and ensuring the positivity of the effective efficiency wv.

4.1.3 Steady state entanglement

In addition, we want to study the steady state entanglement in the two cold qubits. This
will be crucial for the analysis of the thermodynamic performance of the two refrigerators with
respect to their interaction. Starting from the steady state of the total system p*® and performing
a partial trace over the two refrigerators, we can deduce the steady state density matrix p*9cqco of
two cold qubits. In the standard basis |0¢10c,) , [0y 1ey) 5 [16,0c,) 5 [1e, 1ey) the stationary density
matrix pgf., is given in the form :

0 0
b 0
d 0

o O R

: (4.20)

ss  __
pclcz -

s}
o 0o o O

0 f

where the diagonal elements a, b, e, f represent the population of the system, while the off-
diagonal elements ¢, d represent the coherent superposition induced by the inter-qubit interac-
tion [160-162]. Notably, the density matrix pi’., has a special X-state form. Its concurrence is
described by the following relation :

C =2max (0, |c] — ax f), (4.21)

where C = 0 implies zero entanglement, while C = 1 denotes maximum entanglement.

4.1.4 Independant baths

Let’s consider a scenario where the two cold qubits are coupled to two independent baths,
as shown in Figure 4.2a. We study the effect of the cold bath temperature on the operation of
the system. The results shown in figure 4.3 indicate that the thermodynamic performance of the
two units mirrors that observed in an independent model. Indeed, the cooling capacities of both
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refrigerators, as well as their relative efficiencies, show a monotonic increase with temperature 7.
Conversely, as the energy gap Ej increases, the cooling capacity of the system decreases. These
results underscore the inherent relation between the effective temperature of the object to be
cooled and its energy gap, a topic that has been extensively discussed in previous literature. In
addition, the distribution of performance among the two machines is unequal. We can see from
figure 4.3 that the second machine has a higher efficiency compared to the first. This discrepancy
suggests that the difference in the energy gaps E; influences the system performance.

(a) (b)

FE=07 i i ; FE=07 i
0.00004 = E=0.4 0.00004
E4=02

« 0.00003r ~ 0.00003r
ch QCQ
0.00002¢ 0.00002¢
0.00001¢ 0.00001¢
0.00000¢F 0.00000¢;
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 15 2.0
T. T.
(c) (d)
0.10 v v v v 0.30
= Eo=07] = E.=07]
- Eo=0.4] 0.25 1 E0=04
0.084 E0=0.2) ]
m nz
m 77;

F1GURE 4.3 — Thermodynamic quantities for the case of two independent baths, as a function
of the temperature of the cold baths T.. The first line of Fig.(4.3a-4.3b) shows the ratio Q,,
QCQ and the second line of Fig.(4.3¢-4.3d), a comparison of the local efficiencies 7, and 7y with
the Carnot COP of the refrigerators ;. In all plots the other parameters are /3, = 0.028., By, =
0.24Bc,7% =25 x 1075 By, = 1., E;=0.7,91 = g2 = g3 = 25 x 1076,

We then analyze in Fig.(4.3) the impact of the difference in energy spacing F4 on the ope-
ration of the system. We observe that increasing F; leads to a reduction in the cooling power
of the second refrigerator, while the efficiency shows a monotonic increase with F;. However,
the performance of the first machine does not change significantly. There’s a slight enhance-
ment in cooling power and efficiency initially, followed by a decrease for larger values of F; .
It’s worth noting that in the absence of coupling, the performance of the first machine should
remain unaffected, as any change in E; would only influence the parameters of the second ma-
chine. Therefore, the trends observed in Fig.(4.4) are clear manifestations of the interaction
between the two machines. As Ey increases, the discrepancy between the virtual energies of the
two machines also increases (see Equation (4.6)), and the dipole-dipole interaction facilitates an
energy transfer from the first machine to the second, resulting in alterations in the machines’
performance.

4.1.5 Common bath

Next, we explore the scenario where the two cold qubits are connected to a common bath
characterized by an inverse temperature Scom. This setup is similar to a model with two inter-
acting qubits connected to separate baths with inverse temperatures 3,, and f3,,, which in turn
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FIGURE 4.4 — A comparison between the system’s thermodynamic quantities and those
of non-coupled refrigerators with the same parameters, QCQ / Q?QC and 7, /ney, ch / ’gf and
Nea /Mo s Ner /My > as a function of Ey for different values of 3,,. The other parameters are . = 1,
Br = 0.240., By, = 5.5, Eg = 1,7 =25 x107°, g1 = g2 = g3 = 25 x 1076,

are connected to a common bath. Three different situations can occur :

When 8,, = By, = Bcom = B, there’s no observable heat exchange between the common

bath and the

virtual machines.

In the second scenario, B,, = By, # Bcom, heat transfer is inevitable, and its direction
hinges on the temperatures of the various baths.

Finally, when f,, # By, # Bcom, besides the heat exchange between the common bath
and the virtual machine, there’s also an exchange between the two machines.

Starting from the same initial conditions as in the independent case, we investigate how system
parameters influence the effective components (Q12 and v) of the collective thermodynamic
output. It’s crucial to note that the results depicted in figures (4.5) don’t ensure the positivity
of collective performances (Qcom, Neom) ; Tather, they offer a comprehensive view of their trend
toward individual performances. Unlike the individual contributions Q;, the cooling power Q12
increases for low temperature values until it reaches a peak before declining for higher Teop.
Meanwhile, the effective efficiency v decreases with increasing T¢om- Moreover, both quantities
exhibit an upward trend with increasing Fy. Additionally, we observe that a difference in energy
spacing E; favors an enhancement in the collective system’s performance. In Figures (4.5c-
4.5d), a monotonic increase in the heat quantity Q12 and the effective efficiency v is evident

with increasing Fjg.

4.1.6 Steady-state entanglement

Utilizing the expression established in Eq. (4.21), we conduct a numerical exploration of
the steady-state entanglement of the two cold qubits. The results observed in Fig.(4.6a) depict
an increase in entanglement concurrently with E; and Ejy. This trend inversely correlates with
the evolution of the cooling performances, which decrease with increasing E; and FEy. This
observation can be justified from two perspectives : Firstly, the increase in the difference between
the two virtual temperatures (via Ej;) regulates heat transfer between the two machines via
the coupled qubit. Secondly, the cold reservoirs act as a heat source on the coupled qubits,
affecting their effective temperatures. To elaborate on the latter scenario, we examine in Fig.
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FIGURE 4.5 — Evolution of the effective part ng of the collective cooling power Qcom and the
term v of the collective efficiency 7.0 as a function of the temperature Ty, for By = 0, 028c0m,
Bh = 0,24Bcom, Bw, =1, Eg = 0.7, 70 = 25x107°, g1 = go = g3 = 25x 1075, on the first line and
of the difference in the energy spacing E; for 8, = 0, 248com, Fw, = 5.5, Eg = 1,70 = 25 x 107,
g1 = g2 = g3 = 25 x 1079 on the second line.

(4.6b) how the temperature T, = 1/f, of the two cold baths impacts the evolution of steady-state
entanglement. Notably, it emerges that large values of temperature T, deteriorate the generation
of thermal entanglement. Specifically, the results in Fig. (4.6b) reveal an entanglement that
initially increases with temperature until reaching a maximum value at a critical temperature
(threshold temperature). Subsequently, it decreases and eventually disappears for large values
of T..

(a) (b)

FIGURE 4.6 — Steady state concurrence C, as function of the difference in the energy E; and
energy spacing Ey (Fig. (4.6a)) with (8. = 7,8, = 0.02f., B = 0.248., Ey, =6, 0 = 12x 1072,
g1 = g2 = g3 = 35 x 107%) and Fig. (4.6b) according to the temperature the two cold baths
temperature T, with the rest of the parameters E,,, = 6.5, 8, = 0.025., 8, = 0.248,., E; = 1,
=10 g1 =g2=9g3=45x107°
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FIGURE 4.7 — Steady state concurrence C, Fig. (4.7a) as function the difference in the energy
spacing 4 and energy spacing Ey with (Beom = 7, Buw = 0.02Bcom, B = 0.24Bcom, Ew, = 6,
70 =12 x 1075, g1 = go = g3 = 35 x 107%) and Fig. (4.7b) as function of the common bath’s
temperature with the rest of the parameters Ey,, = 6.5, 8y = 0.028com, Bn = 0.24Bcom, Eq =1,
=10 g1 =g2=9g3=45x107°

Second, we investigate the steady-state entanglement under the scenario of a common thermal
bath. While the variation of the entanglement resembles that observed with two independent
baths, intriguing results emerge in Fig.(4.7) when we plot the steady-state entanglement C over
the difference between the energy spacing Ey and E. (Fig.(4.7a)) or over the temperature of
the common bath (Fig. (4.7b)). Employing the same system parameters as in the case of two
independent baths, we observe an amplification of the entanglement values in both cases studied.
This improvement stems from the second role of the common bath : besides the dipole-dipole
interaction, the shared bath can act as a physical resource for generating thermal entanglement
through its effective influence on the two coupled qubits [167,168].

4.1.7 Quantum thermodynamic quantities versus entanglement

To deepen our understanding of the inverse correlation between the thermal entanglement
of our devices and their cooling ability, we examine the dependence of the thermodynamic
properties of the system on the degree of entanglement. Figures (4.8) to (4.9) show the variation
of the cooling power and efficiency of the system with respect to the entanglement (C) at different
cold bath temperatures.

(a) (b)
0.15F" ) ) ) — pos 0.15}- ' ) ) — s
— B=0.6 — B:=0.6
0.10F — B,=0.8 | 0.10F — B=0.8
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0.00 \\\ 0.00 \
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0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
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FIGURE 4.8 — Plot of the cooling powers ch and QC2 versus the thermal entanglement C for
different values of the inverse temperature [3.. The rest of parameters are : F,,, =5, 8, = 0.025,,
ﬁh = 0.24ﬁc, Ed = 0.2, Eo = 1.1, 0= 0.075, g1 =g2 = g3 = 0.00025.

In Figure (4.8) we plot the evolution of the cooling powers ch and Q02 with respect to
the entanglement C, assuming two independent heat baths and different values of .. Since the
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FIGURE 4.9 — Plot of the cooling power Q1o and effectiveive efficiency v versus the thermal
entanglement C for different values of S¢om,. The rest of parameters are : Ey,, = 5, By = 0.028c0m,
Bh = 0-24500771’ Ed = 0.2, EO = 1.1, Yo = 0075, g1 = g2 = g3 = 0.00025.

efficiencies closely mirror the trends observed for the heat fluxes, we omit their presentation.
From Figure (4.8), we can see a decrease in the cooling power of the coupled devices with
increasing entanglement between the qubits. At zero entanglement, ch and Q02 peak before
decreasing as entanglement increases, eventually reaching zero at high entanglement levels. This
behavior suggests that the system transfers heat to the cold reservoirs as the qubits become
more entangled.

Conversely, in Figure (4.9), we find that entanglement positively influences the effective
performance of the system in the case of a common bath. While the relative cooling power Q12
remains constant with entanglement, the effective efficiency v shows a consistent increase with
entanglement, peaking at maximum entanglement. In essence, as the cold qubits become more
entangled, less heat is absorbed by the working baths. These results suggest that highly entangled
qubits facilitate heat transfer between the machines via dipole-dipole interaction, albeit at the
expense of cooling efficiency.

4.2 Two-body model

In our previous investigation, we discovered that coupling two distinct refrigerators tends
to diminish their cooling efficacy. However, as the configuration shifts towards coupling two
identical refrigerators, this reduction gradually improves. To delve deeper into this phenomenon,
we turn our attention to a scenario involving two identical autonomous quantum refrigerators.
Each device is structured based on the smallest autonomous quantum thermal machine outlined
in Section 3.3. When we refer to ”identical machines,” we specifically mean that the three-level
systems and qubits of the two devices share identical distributions of energy level values, while
their thermal reservoirs may exhibit different temperature values.

The model’s Hamiltonian is composed of three main terms :

H=Hs+ Hp + Hsg, (4.22)

where Hg represents the Hamiltonian of the composite system, encompassing the independent
Hamiltonians of the two machines Hyy,, = Ep |2) (2|(9) + Ec |1) (1];(2),as well as the Hamilto-
nians of the two systems to be cooled H. Ecle) (e];(z)and the interaction among the system
components :

12)

Hine = g1 (o7 10) (1]; + 01 1) (0])
g2 (23710} (L]y + o2 1) (0])
+ a(ofor+o107). (4.23)

+
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FIGURE 4.10 — Schematic representation illustrating the coupling between two autonomous
quantum refrigerators. Each refrigerator consists of a three-level system connected to two reser-
voirs : the hot bath and the work bath. Additionally, each refrigerator interacts with a qubit,
which in turn is coupled to a cold bath. The two machines are connected via a resonant inter-
action between the two cold qubits, enabling the transfer of energy between the devices.

Here, 01(2) = |g) <e|1(2) denotes the lowering operator of the first (second) qubit, gy(9) are the
interaction constants between the first (second) cooling machine and its respective system to
be cooled, and « signifies the interaction between the two machines via the two cold qubits.
Furthermore, each reservoir is modeled as an infinite collection of non-interacting harmonic
oscillators, characterized by the Hamiltonian :

HRM = Z kaﬂib;uiblﬁﬂw (4.24)
k

where p = {w, h,c} respectively denote the working, hot, and cold baths coupled to various
transitions between a pair of two levels in each refrigerator, and ¢ = 1,2 represents the first
or second machine. The bosonic mode operators in Eq.(4.24), are the annihilation and creation
operators for a mode k of frequency €, satisfying the commutation relations [bk,u,bz,#,] =
OpkOpy and [by ,, by ] = 0. Additionally, we assume weak and local coupling of each transition
with its respective bath, characterized by a short bath correlation time 7,, much smaller than
the system’s characteristic time scale. This assumption ensures rapid decay of the correlation
function of each bath, allowing us to neglect memory effects in the reduced system dynamics.
The system-bath interaction Hamiltonian is then given by :

2
Hsr =) Be, (le) (gl; +|9) (el;) + Ba, (12) (0]; + 10) (2];) + Bu, (12) (1]; + 1) (21;),  (4.25)
i=1

with By, = > 5 My Ok + bL u)r b= {w,h,c} i = 1,2 are global operators acting on the
Hilbert space of the bath R, .

4.2.1 Master equation

Starting from our previous assumptions, we derive the master equation governing the dyna-
mics of the system :

2
p=—ilHs,p]+ Z L, (p) + L, (p); (4.26)
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where the dissipative operators account for the effects of the cold baths on the system :

Leipm) = i(oipmo] — {a Toi, pm}) + 7ir (0] pmori — {aiaf,pm})- (4.27)

The operators characterizing the dissipative effect of the work and hot baths on the system are
given by :
La(p) = Lnlp) + Lun(p)
1
02 02 02
= m(0Ppo™ = {0, o)) + (0] 0ol — {00 p})

1 1
12 12 12
+ u(02p0;” = {010l 01) + (o pol® — S oo o)), (4.28)

1

where o; = |g) (e]i is a lowering operator representing a transition between the energy levels of
the qubits, o; |e) i = |g) i. Similarly, we introduce the operators 0i’? = |0) (2| i and ¢i'? = |1) (2|4,
representing transitions between the levels |0) and |2) and between |1) and |2) of each cooling
machine, respectively. The rates in Eqgs. (4.27) and (4.28) are given by :

Vust = o(nth' +1),

where 7} = (ePuiBu — 1)~1 represents the mean number of thermal photons with an inverse
temperature 3,, and energy E,,, and 7 is the spontaneous emission rate.

4.2.2 Evaluating different thermodynamic quantities

Having established the basic notions of the system dynamics, we can now delve into the
expressions for the average heat exchanged by the system and the local thermal baths. Building
upon the framework established in the previous section, our attention remains on characterizing
the heat exchange dynamics between the system, the cold bath, and the working bath to assess
the cooling capabilities of the device. The expressions in equations (3.45) and (3.47) enable us
to derive the local average heat exchanged between the cold and work baths with the system :

Qu, = > JklEuw, [yt (Likl| p [1iKL) — v,y (25k1] p|25K1)] |

Quy = > ijkBuy [Yunt (ik1| plifhl) — vu,y (i5k2] p |ijk2)]
Qc, = Y ikIEe, [Yert (ighl| p lighl) — e, (iekl| plickl)],
Qe = D ijlEe, [ext (idgl| plijgl) — Ve (ijel| plijel)], (4.30)

Here, |ijkl) € Hur, @ He, @ Hey, @ Hag, belongs to the composite system’s Hilbert space, where
i and [ take values in {0, 1,2}, and j and k take values in {e, g}. The relative efficiency of each
machine is quantified by the ratio between the cooling power ch and the average heat le
absorbed from the work bath R, :

= Qe 4.31

Furthermore, in the weak coupling limit at all interaction sites g;, « < E,,; and with a small
value of the emission rate 7y, the expressions in equation. (4.30) are derived, neglecting terms
Tr [HintLy;) = givo(ayo), which represent relatively minor contributions to the heat fluxes and
can be disregarded in numerical calculations.
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4.2.3 Quantum Discord

Without the dipole-dipole interaction between the two qubits, each machine would operate
independently. In addition, even when the two machines are coupled, the temperature difference
between them might not be substantial enough to facilitate significant amount of heat flow,
hindering the generation of notable thermal entanglement. This suggests that the two devices
operate close to an independent model regime and therefore cannot be entangled. Nonethe-
less, despite their separation, they can exhibit correlations. It therefore makes sense to use the
quantum discord measure, which captures quantum correlations even in the case of separate
systems.

To quantify the degree of correlation between the two quantum refrigerators, understanding
the dynamics of the composite system comprising the two cold qubits is crucial. This composite
system is influenced by interactions with both cooling machines and cold baths. The density
matrix derived from equation (4.26) encapsulates information about the total system composed
of the qubits and the cooling machines. By performing a partial trace over the cooling machines,
we obtain the density matrix p.,, of the two cold qubits, presented in a specific X-matrix form :

(4.32)

Pecrez =

0
b
d

O O Q
o O O

0
C
h
0 0 0 f

The elements on the diagonal a,b, h, f represent the population of the composite system and
those on the off-diagonal ¢, d are the coherent elements. In the following analysis, we employ the
quantum discord, as defined in Equation. (1.57), as a measure of correlation between the two
machines :

Q(p) = Z(p) - C(p). (4.33)

While this approximation is conceptually clear, its practical calculation has proven challenging
due to the necessity of optimizing all possible measurements on a qubit, as demonstrated in
Equation (1.56). Nevertheless, specific methodologies have been developed for determining it,
particularly in cases where the system’s state conforms to the X-matrix form.

4.2.4 Results and discussions

We start our analysis with the first scenario, wherein all parameters and temperatures of the
two machines are identical. Our aim is to scrutinize how the performance of the refrigerators
(Qci, n;) deviate from those of a non-coupled model, contingent upon the ratio between the
interaction constants ¢ = g1 = g2 and the interaction among the machines a. It becomes
apparent that as the interaction constants (gi, g2) approach zero, the machines experience a
reduction in their cooling power (as illustrated in Figure 4.11). This decline in performance for
the coupled machines is notably swift compared to the independent models, ch/ QZ < 1 and
ni/n} < 1. This trend is particularly pronounced in the region where the interaction between the
two refrigerators exceeds that of the cold qubits with the cooling machines (g < «). However, as
the interaction constant g increases, the thermodynamic quantities exhibit improvement until
they eventually reach a regime akin to that of independent machines.

Secondly, we investigate a scenario where the two qubits are coupled to reservoirs at different
temperatures. Figure (4.12) illustrates the thermodynamic performance of the two refrigerators
concerning the ratio between the two cold temperatures. We maintain the temperature of the
cold bath R, constant and analyze how the ratio f.,/f., influences the thermodynamic per-
formances. To ensure that the conditions f., > B, > Buw, are satisfied, we vary [c,/B., within
the range [0.5,1.6]. The results depicted in Figure (4.12) reveal a form of thermodynamic per-
formance transfer between the two refrigerators. Specifically, when 8., < B.,, the first machine

82



1w ez 1.0 P
----- = T
0.8 e . 08 e
z -z
Qey 06 o Q.CQ 06 A
Qr 57 Q £
“1ga 7 204 P
ya ya
02t & + 03 o2} & - p03
B=0.6] B=0.6|
00 ."/ . . . -t 0.0 -"'/ \ . \ N e
00 02 04 06 038 1.0 00 02 04 06 0.8 1.0
g9/a g/a
(c) (d)
o - o T =
e e
P S
o8k /Lo osf / ,
7 ’
M1 osf 1/ 12 o6f ¢
1/ 5 [
n 04f 4f 2 04f 4/
1 1
/ !
I if
0.2F'f =g 0.2py - p=09
H B=0.6 ," B=0.6|
00f ¢ £ p0g 00r: =07
000 005 010 015 020 025 000 005 010 015 020 025
g9/a g/

F1GURE 4.11 — Thermodynamic quantities in comparison to those of an independent refrigerator
under identical parameters. The top row of plots shows the ratios of the relative cooling powers
Qe,/ QzQ and Q.,/ Qﬁl, respectively, with respect to the independent models, plotted against the
ratio of interaction constants g/«, where g = g1 = go. The bottom row presents a comparison
of the coefficient of performance. The rest of parameters are fixed as 3., = 0.6, Bp, = 0.1,
Buw, = 0.04, 79 = 0.25 x 1075, E., =7, By, = 16, and o = 0.045

operates less efficiently than an independent machine, while the second machine benefits from
an improved regime. As we increase the ratio (.,/fB.,, we observe an enhancement in the per-
formance of the first machine at the expense of a decline in the performance of the second one.
These outcomes can be attributed to two primary factors : firstly, the impact of the increase in
the cold bath temperature on the cooling window, which influences the cooling performance;
and secondly, the contribution of correlation between the two machines to the enhancement of
the relative thermodynamic performance of both systems.

4.2.5 Quantum discord

Finally, we delve into the analysis of quantum correlation between the refrigerators in the
two examined scenarios, employing the discord measure. We explore this correlation regarding
the ratio of the interaction constants g/« and the temperatures of the cold baths. Figure (4.13a)
depicts a subtle presence of correlation, which tends towards minimal values as the interaction
constant g between the components of each refrigerator approaches that of the interaction bet-
ween the machines, a. This observation supports our earlier prediction that, in this regime, the
device’s operation converges towards that of a model featuring two uncoupled refrigerators.

Moreover, when the temperatures of the two cold reservoirs differ, we observe a weaker yet
significant presence of correlation, diminishing as the temperatures of the thermal baths increase.
Notably, in both studied cases, the quantum correlation between the machines evolves alongside
the cooling powers Q;, i = 1,2, in response to variations in the temperatures of the cold baths.
Specifically, an increase in cold temperature leads to enhanced correlation when the cold baths
of the two systems are at the same temperature, whereas this correlation decreases when the
cold baths have different temperatures.
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FIGURE 4.12 — Comparison of the thermodynamic quantities with those of an independent
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function of the ratio of cold temperatures f.,/3¢,. The bottom row shows a comparison of the
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FIGURE 4.13 — Plot of the quantum discord in the two studied cases. In figure. (4.13a), we consi-
der the first case where all parameters of the two refrigerators are equal and in figure. (4.13b),
when the two cold baths are at different temperatures. The rest of the parameters are identical
to those considered in the study of thermodynamic quantities in both cases (Figure. (4.11) and
Figure. (4.12)).

4.3 Summary

We’ve explored the coupling of two autonomous quantum refrigerators based on conventional
refrigerator models. This coupling involves a weak, resonant interaction via the two cold qubits
of each machine. We investigated two scenarios : one where the two machines have identical
parameters and another where they differ across a range of parameters. Our analysis focused
on two specific cases : when the cold qubits are coupled to a common reservoir and when each
qubit is coupled to an independent reservoir. We studied the thermodynamic performance of
the system and the correlation induced by the interaction of the two devices when the system
reaches its steady state, considering various parameters.

Our findings reveal that coupling two non-identical devices with different energy spacings
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diminishes the relative cooling power of the coupled refrigerators, despite a potential enhan-
cement in efficiency. Conversely, a substantial enhancement in cooling power is observed when
moving towards a configuration with two identical refrigerators. This contrasts with the effective
performance of the system in the case of a common bath, where improvement occurs with an
increase in the difference in energy spacing E; between the two machines. Additionally, in both
studied cases, augmenting the energy spacing difference E; enhances the entanglement of the
two cold qubits. However, such correlation does not favor the individual cooling powers of the
system when independent baths are considered.

Furthermore, for two machines with the same parameters, a strong coupling between the
devices compared to that of the elements of each machine leads to a weak generation of quan-
tum correlation between the refrigerators and a degradation of the thermodynamic performance
of each machine. Conversely, increasing the coupling constants between the elements of each
machine improves the relative thermodynamic performance of the machines at the cost of a de-
terioration in the quantum correlation between them. Notably, when the two qubits are coupled
to cold reservoirs of different temperatures, the performance of the machines can be enhanced
compared to that of an independent machine, while the correlation maintains the same order of
variation with the cooling power in this scenario.
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Chapitre 5

Non-Markovian Effects on Quantum
Refrigerator Performances

We have studied various quantum refrigerators in depth, with the specific aim of identifying
how the system parameters and quantum properties of the devices can be exploited to improve
their cooling capabilities. Our aim is to contribute to improving the cooling performance of
quantum refrigerators by addressing more general aspects. By focusing on the relevant parame-
ters and quantum correlations inherent in the working system, we have carried out numerous
analyses to determine the essential aspects of device operation and clarify ways of making de-
vices more or less productive. However, one element that remains to be considered is the effects
induced by the interaction between the working system and the thermal baths.

With the above motivation, we are interested in studying a particular quantum refrigerator
approach consisting of a working medium and two hierarchical environments as thermal baths.
Each environment consists of a Markovian thermal bath weakly coupled to an auxiliary qubit.
We explore the close links between the theory of dynamics induced by the interaction between
the working medium and the reservoirs, and the resulting thermodynamic limitations of the
device. In addition to the quantities of work and heat generated in the evolution of the system,
we are interested in their behavior in the different regimes that can occur in the dynamics of
the device, and in exploring the difference in quality between these two dynamics.

5.1 Continuous quantum refrigerator with hierarchical environ-
ment

Let’s consider a system &y coupled to a hierarchical environment consisting of an auxiliary
system &1, weakly connected to a thermal bath R via a coupling strength g, as illustrated
in Figure (5.1). Subsequently, the system Sy interacts with the overall environment through an
interaction with &1, characterized by a coupling constant x. In this setup, the composite reservoir
can induce non-Markovian dynamics for the system Sy, as we will explore later. On the other
hand, assuming weak coupling between &1 and R, we can model Sy and S1 as a composite open
quantum system S = Sy ® &1 subject to Markovian dynamics due to the dissipations induced
by the reservoir R. The Hamiltonian of the composite system S is expressed as :

Hs = Hs, + Hs, + Hy, (5.1)

where Hg, represents the free Hamiltonian of the subsystem S; for ¢ = 0,1, and H; describes the
interaction between the subsystems Sy and S;. Additionally, Hg is the free Hamiltonian of the
Markovian thermal bath, and Hsr denotes the interaction between the system and the thermal
bath.
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5.1.1 System-bath interaction

In our primary approach, we consider the thermal reservoir R as a large collection of identical,
non-interacting ancillas. Furthermore, we adopt the repeated interaction model to describe the
interaction between the system and the bath elements [169-175]. This model entails sequential
and unitary interactions of the system with each unit of the thermal bath over specific time
intervals. The interaction Hamiltonian Hgg is then expressed as follows :

1

\Z
\/F SRy

where g, is the interaction constant between the system and each bath element, A and Bj are
operators in the Hilbert space of the system .S7 and ancillas, respectively. Finally, 7 is the period
of interaction between the system and an ancilla. In the remainder of this work, we shall consider
the case where A and By are the eigenoperators of the system S and the thermal bath element
Ry , respectively.

_ 9k _( pf Ty —
Hsgr =Y “-(BIA+ BpAl) = (5.2)
k ﬁ

\ I

Engineered environement

FiGURE 5.1 — Illustration of the open quantum system coupled to an engineered environment.
The auxiliary system S; is coupled to the Markovian thermal bath R, which together form
the engineered environment and in turn Sy interacts with the whole environment via a direct
interaction with Sj.

Based on the previous assumptions, a single collision during the time 7 transforms the system
from the state ps to ps as follows :

ps = Trr(psr) = Trr(UsrpsrULR), (5.3)

where psr represents the system-reservoir state and Usg = exp (—iHr7) denotes the unitary
time evolution operator. Furthermore, we assume a small period of interaction for each collision,
so that the unitary evolution operator Usr can be approximated to second order as,
. 7'2 2
USR =1- ZHTot'T - ?VSR’ (54)

where 1 is the identity operator. This approximation allows us to construct a continuous limit
of the master equation governing the dynamics of the S system. By substituting Usg from
equation.(5.4) into equation.(5.3) and taking the continuous limit 7 — 0, equation.(5.3) yields
a quantum master equation for the system S in the form :

ps = —i[Hs, ps] + L(ps) (5.5)
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with the dissipator £ given by,
1 1
£0p5) = S BB e (AnsA! = 314, ps} ) + BLB) (ATpsA - 5{A4" ps) ) (5)
k

where (.),, is the average over the state pr of the Markovian bath R.

R

5.1.2 Non-Markovian dynamics of the system S,

Below, we present a numerical analysis of the non-Markovian behavior affecting the dyna-
mics of the subsystem Sy, involving resonant couplings between Syp-57 and S1-R. We emphasize
that the consideration of a coupling without resonance between Sy and S7 does not show a
considerable impact on the degree of non-Markovianity on the dynamics of Syg. We set the state
of the thermal bath to be a Gibbs state at the inverse temperature 5 and the auxiliary system
is initially in thermal equilibrium with the bath, i.e., pg = e #R /Zr and pg, = e PHs, /Zs, .
Moreover, we have chosen the pair of pure, orthogonal states |0) and |1) as the initial states of
the Sp system intended to satisfy the maximization of ¢ in equation (5.7).

20F
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FIGURE 5.2 — Evolution of the time derivative of the trace distance between the initial states
|0) and |1) of the subsystem Sp, for different values of the ratio x/g : k/g = 1 (blue solid line),
k/g = 5 (orange line) and /g = 10 (green lines). The rest of the parameters are wy = wy =
Qr =3.2, g =0.8wy, T = 6.5wy.

In Fig.(5.2), we plot the time evolution of the trace distance derivative

7(t,p1(0),p2(0)) = - D(p1 (1), pa(®)) 6.7

for different values of the ratio x/g. Our results provide valuable constraints on the correspon-
dence between various values of the interaction constants and the underlying dynamics of the
primary system. Notably, we observe that the derivative of the trace distance remains negative
when k = g, indicating a Markovian nature in the dynamics of So. However, for higher ratios of
k/g, such as k = 5g and k = 10g, it becomes apparent that o exhibits positive values during cer-
tain time intervals, signaling non-Markovian dynamics in Sy. In addition, we observe a decrease
in the amplitude of the derivative of the trace distance over time within the non-Markovian
regime, which typically indicates a decrease in the flow of information from the environment
into the system.
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FIGURE 5.3 — A schematic representation of our proposed continuous quantum thermal refrige-
rator. A working system Sy is coupled to a pair of engineered environments. Each environment
consists of an auxiliary system S; interacting with a Markovian thermal bath R; at inverse
temperature 3;, j = 1, 2.

5.1.3 Description of the proposed model

Let us introduce our proposed device, which is depicted in figure.5.3 a continuous quantum
thermal machine comprised of a qubit Sy coupled to two engineered environments at different
temperatures. Each environment is made up of an auxiliary subsystem S; that is weakly coupled
to a Markovian thermal reservoir R; at an inverse temperature 3;,j = 1,2. For simplicity, we
will call the first and second environments cold and hot environments respectively, meaning
51 > Ps. The Hamiltonian of the qubit Sy is written as

Hs, = woagao, (5.8)

where wy is the frequency of Sy and o¢ = |0) (1|5, . In addition, we assume that each reservoir is
composed of an auxiliary qubit S; weakly coupled to a Markovian thermal reservoir R; which
is made up of a collection of qubits. For convenience of notation, we will refer to the bath R; as
the cold bath and the bath Rs as the hot one. The Hamiltonians of the auxiliary and Markovian
thermal baths read

Hs, = wjajaj , Hg; = ZQ]'O';FQJ_O"R]., (5.9)

J

where w; and Q; are the frequency of the qubit S; and thermal baths R;, o; = |0) (1] s, and
or; = [0)(llg, (j = 1,2). Furthermore, we look at the case of resonance coupling between
subsystems S; and their relative thermal baths R;, i.e., w; = ;. The interaction Hamiltonian
between the subsystem Sy and the auxiliary qubits is given as

2
H; = Z/ﬁj(d()o‘; + U(];Uj), (5.10)
j=1

with x; (j = 1,2) denoting the interaction constants between Sy and S;. The form of Eq.(5.10)
shows that the system Sy interacts on both sides with S; and Se without any direct interaction
between S7 and S3. Moreover, the local interaction for each qubit S; and the corresponding
Markovian bath R; is expressed as

_ 9j T T
Hsp; = Z F(UjaRj +00R;), (5.11)
J
g; is the local system-bath coupling constant.
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Following these previous considerations, the master equation governing the dynamics of the
system S can be modeled in the form :

2

ps = —i[Hs,ps)+ Y L;(ps)- (5.12)
j=1

The first term in equation.(5.12) represents the unitary evolution of the system, which can be
varied by inserting a control parameter in the Hamiltonian of the total system

2
Hs =Hs, + Z HSJ- + Hsogj (5.13)
j=1

while the second part represents the dissipation effects of the thermal reservoirs :

1 1
£i(ps) = g2k, on,) (olpso; = {oi01}) + Hor, ol Y (aips0] = Jlolosps}),  (5.14)

where <0;r2j oR;) denotes the average with respect to the bath state pr. Without loss of generality,

we assume that the ancillas are prepared in a thermal state at inverse temperature 3;,

e_’BjHRj

pry = gt with 2 =T (e*ﬁjHRj) . (5.15)

5.1.4 Quantitative thermodynamic quantities

We determine the quantities of heat resulting from the interaction between the working
system and the hierarchical reservoirs, along the work cost to complete the operation of the
device. By applying equation. (3.45)-(3.47), we can derive the expression for the average heat
exchanged with a bath R; as :

Q; = gw; (o, om,) = ({0, om,) + (om,0h ) ) o) ) (5.16)

while, the total work performed takes the following form

2
: 1
W==3> gk (((o-%imz) + (or, 0k ) (0o + aoaj)) : (5.17)
=1

Remarkably, the average heat and the work performed throughout the system operation satisfy
the first law of thermodynamics,

2
Us=W+> Qi (5.18)
i=1

where Ug = Tr (Hgpg) refers to the variation of the internal energy. Finally, the efficiency of
refrigeration is defined here as the ratio of the cooling power from the cold bath over the work
input to the system. On standard devices, it satisfies the following expression,

&

! <~ 5.19

nc denotes the Carnot coefficient of performance.
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5.1.5 Evaluation of different thermodynamic quantities

Now, we can assess the thermodynamic performance of the device under the parameters
where the dynamics of Sy exhibits either Markovian or non-Markovian behavior. The results
depicted in Fig. (5.4) illustrate the impact of the non-Markovian regime on the refrigerator’s
performance under the condition of the non-fully resonant model. It’s evident that the ther-
modynamic quantities of the system display oscillatory behavior for large values of k;, such
as k; = 10g; and k; = 25g;. Particularly, the amplitudes and frequencies of these oscillations
increase with the constants k; and decrease with time, except for the efficiency 1, whose oscil-
lation amplitude increases with time. Furthermore, we observe that the non-Markovianity of Sy
enhances the cooling power Q; and efficiency 1 over prolonged operation periods, whereas the
work W and heat flux from the hot bath Q2 eventually converge with those of the Markovian
regime. As the device’s operational duration increases, the disparity between the cooling power
and efficiency of the Markovian and non-Markovian regimes widens, while the work and heat
flux from the hot bath of both regimes tend to converge. This outcome is significant, as it indi-
cates that the non-Markovian regime potentially allows for improved refrigerator performance

in terms of Q; and n compared to the Markovian regime, while maintaining consistent input W
and Qs.
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FIGURE 5.4 — Thermodynamic quantities with different values of k;/g; : kj/g; = 1 (blue solid
line), k;/g; = 5 (orange line) and k;/g; = 10 (green lines). The rest of the parameters are :
wo = 3, gj = 0.8wj, w1 = 0.4, wp = 5.5, T1 = 0.89w1, T = 5.77ws. The initial state of the system
is fixed at |1).

Finally, when the device operates in a configuration with full resonance at all coupling sites,
no work is required for the system’s operation. In this case, the change in the internal energy
of the system is solely due to the heat flow from the reservoirs. Fig. (5.5) illustrates the heat
current flowing through the system in a resonant configuration, given by

=G0 (5:20)

In both invested cases, we obtain the same qualitative behavior as previously. The thermal
current exhibits oscillatory behavior whose amplitude and frequency increase with the ratio k/g
and decrease with time. Additionally, we notice the enhancement of the thermal current in the
non-Markovian regime.
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FIGURE 5.5 — Heat current with different values of k;/g; : kj/g; = 1 (blue solid line), k;/g; =5
(orange line) and k;/g; = 10 (green lines). The rest of the parameters are wg = w; = wo = 1.3,
g; = 0.8wj, T1 = 0.5w1, and Ty = 2.5ws. On the first and second lines, we have taken the initial
state of the system Sp to be equal to |1) and |0), respectively.

5.2 Quantum Otto refrigerator with hierarchical reservoirs

We will now extend the previous discussion to the case of the Otto quantum refrigerator [176].
In this context, we consider an Otto quantum refrigerator model consisting of a qubit system
S0 as the working system, characterized by the free Hamiltonian :

Hs, = ws,0%,05,, (5.21)

where wg, is the frequency associated with Sy, o, = (ago)Jr = |e) (g| denote the raising and
lowering operators, respectively, with |e) and |g) representing the excited and ground states of
the qubit Sy. Additionally, both the system S; and the reservoir R are modeled as qubits with
the free Hamiltonians :

Hs, = wgla;rlogl , Hg =wrofog. (5.22)

The interaction between the two systems Sy and Sy, as well as between S; and the thermal bath
R, is governed by the X X interaction :

K g
Hs,_s, = §(J§00§1 +o0%,05) and Hs g = 5(0"510% +0%.0%), (5.23)

where k and g are interaction constants. From these interactions, we derive the master equation
for the dynamics of the composite system S = Sy ® &1, which can be stated as

WSO s, ps(0)] + Llps(t), (.29

where Hs = Hg, + Hs, + Hs,—s, is the Hamiltonian of the total system, and £ is the dissipator
operator that accounts for the effects of the reservoir R on the system :

- I . _ 1,
Llps) = vloror) (U; psos, — 310, U§17p8}> +7(oro%) (ffslpsaél - 2{05051,/)5}) :

(5.25)

where v = 27¢? represents the decoherence parameter.

5.2.1 Proposed Model

In this section, we outline the framework of our model, focusing on an Otto quantum refri-
gerator composed of a qubit serving as the working system coupled to two engineered reservoirs.
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Each reservoir is composed of a composite system S;-R;, where R; represents a thermal bath,
and S; represents an auxiliary system, as shown in Figure 5.6. We assume that each auxiliary
system &; is initially in thermal equilibrium with its respective thermal bath. Subsequently, the
working system initiates the cycle in a state of thermal equilibrium with the hot reservoir :

e~ BrHo 8, — 1
Z(;)l s h — kﬁTh ’

where (; denotes the inverse hot temperature, Hy = hwgoo is the initial Hamiltonian of the
system Sy and Zy defines the corresponding partition function.

pg(m) = Z[})‘ = Tr[e_BhHU], (5.26)

Wi (4c,)
7, p(ty) < p(o) = p(4) Th
Qc(A:) Qn(Ac)
R, +«—— 5 — So - St R

p(Tl) e p(TS)

I

W>(4:,)

FIGURE 5.6 — Schematic diagram illustrating the Otto refrigerator, comprising four strokes with
hot and cold reservoirs labeled as S1-Rjp, and So-R., respectively.

The cycle starts with an initial stroke, during which the working system undergoes a reduc-
tion in energy gap through a compression operation. This operation is governed by the driven
Hamiltonian :

H(t) = w(t)oto, (5.27)

where w(t) represents a linear transformation of the working system frequency over the duration
of the operation, given by w(t) = (1 — Til)wo + (Til)wn. Here, wp and w,, denote the initial
and final frequencies of the refrigerant S0, satisfying w0 > w;,. During this stroke, the working
substance is isolated from the hot reservoir, resulting in no energy exchange with the reservoirs.
As a consequence, a quantity of work

(Wi} = Us, = Uo = Tr [ps(r1)HC] = Tr | p&(r0) H| (5.28)

is performed. At the end of this stroke, the state of the working system is transformed to :

p(r1) = U(71,0)p&(ro)U (71,0, (5.29)

where U(7,0) = Tee 0 @WH() denotes the time-evolution operator for a duration t €
[0, 71], with T, representing the time-ordering operator, and p(0).

In the second stroke, the working system interacts with the cold engineered reservoir. Throu-
ghout this interaction period ¢ € [11, 73], the refrigerant Hamiltonian remains fixed at HC(t) =
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wr040. It’s important to note that, traditionally, this thermalization process is assumed to be
complete, leading the system to reach a thermal equilibrium state by the end of the stroke.
However, we deviate from this convention and opt for incomplete (or partial) thermalization, a
strategy that has demonstrated cost-effectiveness in achieving enhanced performance in quantum
thermal machines.

At the end of this step, the heat exchange between the working system and the cold reservoir
is given by (Q%) = Uy, — Ur,. It’s worth noting that this quantity doesn’t solely represent the
energy absorbed from the cold thermal bath, as a portion of it may be consumed in the interaction
between the total system and the Markovian reservoir. Thus, the heat flux from the cold bath
is expressed as :

—(QR) = (@) + (AQ%R), (5.30)

where AQSy = T [ps(m2)Hs,—s,| — T [ps(71)Hs,—s,| represents the mean interaction energy.

In the third stroke, the system undergoes an adiabatic expansion after being decoupled from
the structured cold reservoir. During this process, the frequency is increased from w;, to its
initial value wy using the corresponding driving Hamiltonian :

HEP*t)Y=HC(m + 1 — 1), (5.31)

where t' € [13,73]. The work performed on the system during this stroke is given by :

(Wa) = Uy, — U, = T [ps(r3) H*| — Tr [ps(m2)Hs,—s,] - (5.32)

Similar to the first stroke, the system’s state evolves under a unitary dynamic :

p(73) = V(73,72)ps(2)V(7s,m2)| ) with  V(7s,70) = Tee i P dtH(®), (5.33)

We assume that the duration of the third stroke is the same as for the first one, 73 — 79 = 71,
so that H¥*(r3) = HC(0).

Finally, the fourth stroke involves the hot reservoir completely thermalizing the single qubit
Sp at the inverse temperature fj. During the time [73,74], the system interacts with the hot
reservoir until it reaches thermal equilibrium. This requires that the interaction period A;,
verifies the condition A;, = 74 — 13 > 7 where Tf“e represents the relaxation time of the
Markovian hot reservoir. The Hamiltonian for the fourth stroke remains unchanged at H"*(74) =
woo+0. Furthermore, we define the duration of the whole cycle as the sum of the periods of each

stroke :
Teycle = T4 = 211 + ATC + ATh' (534)

5.2.2 Work Evaluation

Following the preceding groundwork, we establish the expressions for the device’s thermo-
dynamic quantities and explore their behavior concerning the interaction period, A, = 7 — 71,
between the working system and the cold reservoir. The total work (W) = (W) + (Wa) perfor-
med during the two driven processes can be expressed as :

<W(ATC)> = UT1 - UTo + UTs - UTz

= Tr [ps(r)HC] ~ Tr [f(0)Ho| + Tr [ps(rs) H"] — Tr [ps(rs) H,-s]
1 “o.

= 50— wn) (P (8r) + R (D7) — p¥(Br) — o (Br) + tamh () 15.35)
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where p%(A;,) (i = 1,2,3,4) are the diagonal elements of the reduced density matrix ps(Ar,)
obtained from equation (5.24).
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FIGURE 5.7 — Dynamics of work versus A,, where, v = 0.22, T}, = 10wy and T, = 3wq, w = 0.02,
k = 0.1 (solid curves) and k = 0.99 (dotted curves). Besides, (a) wp = 0.3 (blue) and wy = 0.5
(red), (b) wp = 1.2 (blue) and wp = 1.5 (red).

Figure (5.7) illustrates the evolution of the total work for various values of the initial frequency
wo of the refrigerant S0. The continuous lines, corresponding to a fixed weak coupling (x = 0.1)
between the refrigerant Sy and the auxiliary system 57, indicate that the amount of work is
initially maximized and decreases with an increase in A7, until reaching a minimum value
without vanishing. In contrast, the dotted lines in Figure (5.7) represent the work dynamics as
the coupling coefficient x is increased from 0.1 to 0.99. As previously mentioned, due to this
strong coupling, the dynamics of the system Sy with respect to the engineered reservoir is non-
Markovian. It is observable that in this scenario, the work dynamics initially exhibit oscillatory
behavior, which converges to Markovian behavior for large values of the interaction time Ar,.
Additionally, it is noteworthy that the performed work improves as the initial frequency of the
working system w0 progressively increases (indicated by the red solid lines).

5.2.3 Heat Evaluation

We now turn to the cooling power —(Q%(Ar.))/Teyele, Which refers to the ratio between the
heat flow from the cold bath over the cycle duration :

_<QCR(ATC)> B ( - P?sg(ATc) - P?SQ(ATC) + %Wﬁ ( - p‘lsl(ATc) - 9%2(ATC) + P?S?)(ATC) + Pé4(ATC) + tanh (;ﬁ)))

Teycle Teycle

(5.36)

In Figure (5.8) we plot the dynamics of the cooling power calculated in equation (5.36) for
two different choices of k. When small values of the coupling between the system Sy and S; are
taken into account (solid curves), the amount of heat is initially reduced to zero and progressively
increases with A, , reaching a maximum limit around A, = 10, before sharply decreasing for
large values of A, . Additionally, we examine the scenario with a high value for the coupling
strength x (dashed curves). The results are comparable to those observed in the evolution of
work Figure.5.7. Oscillatory behavior gradually decreases for large values of A, , giving way to a
continuous evolution for even larger values of A, . Furthermore, it’s evident that by considering
large values of the initial frequency of Sy, we can achieve better results in terms of heat amplitude.
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FIGURE 5.8 — Dynamics the amount of heat versus A, where, v = 0.22, T}, = 10wg and T, = 3wy,
w = 0.02, k = 0.1 (solid curves) and x = 0.99 (dotted curves). Besides, (a) wp = 0.3 (blue) and
wp = 0.5 (red), (b) wo = 1.2 (blue) and wy = 1.5 (red).

5.2.4 Efficiency

Finally, it is also insightful to examine the coefficient of performance (COP) of the refrige-
rator, defined as the ratio between the cooling power and the work performed during the cycle.
In a standard configuration, it is set as follows :

_ —(Q%r(Ax))

COP(Ar) = —= Ay < s

W (A) (5.87)

where n, = T./(T}, — T,) is the Carnot coefficient of performance. From the expressions in
equations Eq.(5.35) and Eq.(5.36), the coefficient of performance is given by :

COP(A,,) =

( - P?(A'rc) - P?SQ(ATC) + %wﬁ( - p‘lsl(ATc) - P?(An) + 9%3(ATC) + P§4(An) + tanh (;ﬁ)))

Lwo —wr) (P8 (Ar) + p2(Ar) = pB (A7) = p4(A,,) + tanh () )

(5.38)
wich encapsulates how effectively the refrigerator converts work input into useful cooling, consi-
dering both the heat exchange with the cold reservoir and the work exerted on the system.

In this section, we focus on the coefficient of performance, denoted as COP(A,,), as calcu-
lated in Eq.(5.38), and examine its behavior as a function of A, considering both small and
large values of k simultaneously. Across both coupling choices, we consistently observe a de-
crease in system efficiency as the frequency of the working system Sy is increased. Specifically,
for both weak and strong coupling scenarios, the COP exhibits higher amplitudes for lower
frequencies (blue lines) compared to higher frequencies (red lines). Furthermore, our results un-
derscore the significance of the non-Markovian regime in influencing the device’s performance.
It’s evident that, for identical parameter selections, system efficiency is notably enhanced in
the non-Markovian regime compared to the Markovian one. Throughout the entire interaction
duration and under the same parameter settings, the dotted lines consistently surpass the solid
lines and eventually converge over prolonged interaction periods. This observation underscores
the sustained advantage of the non-Markovian regime in optimizing system efficiency.
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FIGURE 5.9 — Dynamics of the coefficient of performance versus A, where, v = 0.22, T}, = 10wy
and T, = 3wp, w = 0.02, kK = 0.1 (solid curves) and k = 0.99 (dotted curves). Besides, (a)
wp = 0.3 (blue) and wp = 0.5 (red), (b) wp = 1.2 (blue) and wy = 1.5 (red).

5.3 Summary

We have studied a set of quantum refrigerators based on a working system interacting with
two engineering environments at different temperatures. We formulated an approximation me-
thod to address the master equation governing the evolution of the principal system, and from
this, derived a measure to quantify the degree of non-Markovian behavior in its dynamics, with
the ratio of interaction constants k/g serving as the principal parameter. Subsequently, we ex-
plored the thermal machine framework and investigated the expressions for the thermodynamic
quantities involved in the device’s operation.

Our numerical analysis reveals a distinct transition in the system’s dynamics as the ratio
k/g increases, shifting from Markovian to non-Markovian behavior. We then investigated the
thermodynamic properties of the device in both regimes. Remarkably, we observed that the
non-Markovian regime offers enhancements in the device’s cooling performance. Both the co-
oling power and efficiency exhibit improvements compared to the Markovian regime. Similarly,
when considering resonant coupling, the non-Markovian regime demonstrates higher heat fluxes
compared to the Markovian regime. Notably, we observed that the non-Markovian characteris-
tics of the system’s thermodynamic quantities tend to converge toward Markovian behavior over
prolonged operational periods.

The results observed in this chapter are relevant and may be useful in the configuration of
quantum thermodynamic devices driven by their bath at the edge. They suggest a particular
assignment of coupling constants that leads to improved device performance. It is therefore
necessary to study what happens when the number of qubits in the chain is increased.
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General Conclusion

In this thesis, we studied the interplay between quantum effects and the thermodynamic
properties of quantum thermal refrigerators. In the first approach, we proposed coupled quantum
refrigerators and tried to elucidate how intrinsic parameters and quantum correlations influence
the thermodynamic performance of the devices. In a second approach, we considered a machine
model based on hierarchical environments, which allowed us to establish different regimes in
their dynamic evolution. We then turned our attention to the idea of delimiting the regions
where the dynamics are Markovian or non-Markovian and subsequently outlined the potential
for enhancing machine performance based on the operational regime.

In Chapter 4, we focused on the coupling of two refrigerators via their cold qubits. We showed
that coupling two non-identical refrigerators with different energy spacings at the cooling ma-
chine components generally reduces the relative cooling capacities of the refrigerators, provided
all components are coupled to independent baths. The situation is somewhat different when a
common bath is inserted between the qubits to be cooled. We have shown that effective system
performance increases with the difference in energy spacing Ey4 between the two machines. Fur-
thermore, we have shown that even under these two conditions, it is still possible to improve
the performance of one of the refrigeratores at the cost of reducing the capacity of the other.
This observation suggests the possibility of controlling one machine by another through capa-
city conversion. Furthermore, we have seen that at the limit of two machines sharing the same
parameters, it is possible to configure both machines to operate at the same productivity rate
as the independent machines, or even at a more efficient rate. This configuration hinges on the
manipulation of coupling constants, which play a pivotal role in setting the machines to either
under- or over-productive regimes.

We then sought to analyze our devices in terms of the quantum correlations induced by the
interaction between the refrigerators. Our primary objective was to ascertain the degree of cor-
relation between the two machines under steady-state conditions and the interplay with machine
productivity. Remarkably, our findings were consistent across both scenarios. We observed that,
in general, quantum correlations exhibited no significant correspondence with the productivity
of the two refrigerators. Interestingly, our results showed that, with few exceptions, highly cor-
related machines tend to operate in an underproductive regime, with a decrease in performance
associated with an increase in their quantum correlation. However, a peculiar trend emerged
when considering the scenario of two objects to be cooled coupled to a common bath. In this
instance, we noted that the collective power of the machines evolved in tandem with the correla-
tions. This phenomenon is consistent with previous observations in current research, which posit
collective effects in a common bath as an essential resource for the generation of entanglement.

Finally, in Chapter 5, we introduced a device comprising a hierarchical reservoir consisting of
a thermal bath and an auxiliary system. Our primary aim was to investigate the degree of non-
Markovianity inherent in the dynamics of the working system induced by its interaction with
the reservoirs. Initially, we conducted an analysis of the master equation governing the dynamics
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of the working system, thereby deriving an expression for the degree of non-Markovianity in its
dynamics. Subsequently, we delved into an examination of machine productivity across regions
characterized by either Markovian or non-Markovian system dynamics. Our findings unveiled a
consistent trend : in scenarios characterized by weak interactions between the working system
and the reservoirs, the system dynamics predominantly displayed Markovian behavior. However,
as the strength of interaction intensified, a transition to a non-Markovian regime ensued. In
this sense, we have shown that operating the device in the non-Markovian regime can improve
cooling performance compared to the Markovian regime. Specifically, we observed improvements
in cooling performance and device efficiency in the non-Markovian regime, highlighting the
potential benefits of non-Markovian dynamics in optimizing device operation.

Based on the results of this thesis, we propose an avenue for improving the performance of
quantum refrigerators that exploits quantum aspects in transient or steady-state regimes. We
believe this approach holds great promise for the experimental design of quantum refrigerators,
especially with respect to the network aspect of quantum systems. In this respect, future efforts
must be devoted to increasing the size of the proposed devices in order to verify how device
scaling affects the performance of the corresponding thermal refrigerators. Such research could
unlock new advances in quantum refrigerator design, potentially leading to quantum refrigerator
breakthroughs.
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