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Abstract

In the last two decades, there has been an increasingly interest in studying non-
linear partial differential equations with non-standard growth conditions. This
interest is justified by their applications in many domains: finance, image restora-
tion, non-Newtonian fluids (characterized by their rapidly change of physical state
from the liquid state to the solid state under the influence of different stimuli,
such as electric or magnetic fields). Such fluids have many applications in several
branches of engineering, including seismic protection, the automotive industry
(clutches, shock absorbers; ...), military applications, etc.

It is well known that the classical framework of Lebesgue spaces is not sufficient
to capture the models of such non-Newtonian fluids. Indeed in 1996, K. Rajagopal
and M. Ruzicka proposed an empirical model for a class of non-Newtonian fluids,
called electrorheological fluids, which can change their viscosity under the effect of
an electric field and this via a natural energy with variable exponent depending on
the strength of the electric field and therefore varies on its domain. This naturally
requires studying these fluids in variable exponents Lebesgue space. This last
framework does not seem to be realistic to better understand the behavior of non-
Newtonian fluids in general. Indeed, the abrupt change in viscosity in the Cauchy
tensor confers to the diffusion operator a non-standard growth described by a
Musielak function. Thus the functional framework adapted for the study of the
models describing the non-Newtonian fluids is that of Musielak spaces.

Although the mathematical analysis of the Musielak and Musielak-Sobolev
spaces has been developed since the 1970s, there are still many questions and
problems to study in order to solve PDEs that capture models relating to non-
Newtonian fluid mechanics.

In this thesis, we develop some mathematical analysis aspects of Musielak and
Musielak-Sobolev spaces. Namely, we establish some basic tools of functional anal-
ysis that focus first on the density of regular functions in the spaces of Musielak,
then on the duality, the separability as well as the reflexivity of these spaces.
These results, which are necessary for the existence theory of some PDEs, are
then applied to nonlinear variational elliptic equations with coefficients that grow
rapidly/slowly and can be described by Musielak functions.
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Résumé

Au cours des deux derniéres décennies, I’étude des équations aux dérivées partielles
(EDP’s) a croissance non standard a suscité un vif intérét dans diverses directions
de la recherche. Cet intérét est justifié par leurs applications dans de nombreux
domaines en : finance, restauration d’image, fluides non-newtoniens (caractérisées
par leur changement brutale d’état physique de 1’état liquide a 1’état solide sous
I'influence de différents stimuli externes, comme les champs électriques ou mag-
nétiques). De tels fluides ont de nombreuses applications dans plusieurs branches
de l'ingénierie, y compris la protection antisismique, I'industrie automobile (em-
brayages, amortisseurs, ...), applications militaires, ... etc.

Il est bien connu que le cadre classique des espaces de Lebesgue n’est pas
suffisant pour capturer les modeéles de tels fluides non-newtonien. En effet en 1996,
K. Rajagopal et M. Ruzicka ont proposé un modeéle empirique pour une classe de
fluides non-Newtonien, appelés fluides électrorhéologiques, qui peuvent changer
leurs viscosité sous l'effet du champ électrique et ce via une énergie naturelle &
exposant variable en fonction de la force du champ électrique et varie donc sur
son domaine. Ce qui naturellement impose d’étudier ces fluides dans des espaces
de Lebesgue a exposants variables. Ce dernier cadre ne semble pas étre réaliste
pour mieux comprendre le comportement des fluides non-Newtonien en général.
En effet, le changement brusque de la viscosité dans le tenseur de Cauchy confére
a lopérateur de diffusion une croissance non standard décrite par une fonction de
Musielak. Ainsi le cadre fonctionnel adapté pour I’étude des modeéles décrivant les
fluides non-Newtonien est celui des espaces de Musielak.

Bien que l'analyse mathématique des espaces de Musielak et de Musielak-
Sobolev a été développée depuis les années 1970, il reste néanmoins de nombreuses
questions et problémes a étudier a fin de pouvoir résoudre des EDP’s qui modélise
des modéles relative & la mécanique des fluides non-Newtonien.

Dans cette thése, nous développons quelques aspects de ’analyse mathématique
des espaces de Musielak et de Musielak-Sobolev. Spécialement, nous établissons
quelques outils de base d’analyse fonctionnelle qui portent en premier lieu sur la
densité des fonctions réguliéres dans les espaces de Musielak, ensuite sur la dual-
ité, la séparabilité ainsi que la reflexivité de ces espaces. Ces résultats, nécessaires
pour la théorie d’existence de certaines EDP’s, sont ensuite appliqués a des équa-
tions non linéaires elliptiques variationnelles ayant des coefficients qui croissent
rapidement /lentement et peuvent étre décrits par des fonctions de Musielak.
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Notation

General notation
RN

x:= (21,22, ,TN)
|-

Q

o0

€2

Q

X

dist(z, Q)

diam(2)

B(z,r), Br(z)
B(x,r)

supp f

X

o(X,X™)
o(X*, X)
F f)ds

A:B

Sets of smooth functions

()
Co(©2)
C™(Q),0<m< o0

Cr(Q),0<m< o0
C5° (%)

XX

Euclidean space of dimension, N,

generic point in RV,

Euclidean norm on RY,

open subset of RV, N > 1,

boundary of Q, (1.1)

Lebesgue measure of the set €2,

closure of the set €,

characteristic function of €2,

distance of x to Q, (1.3)

diameter of the set Q, (1.4)

open ball with center z and radius r, (1.5)
closed ball, (1.6)

support of the function f, (1.2)

almost everywhere

topological dual space of the vector space X,
weak topology on X, (Section 1.2.4)
weak-* topology on X™*, (Section 1.2.4)
integral mean of f on Q, (1.17)

p .
= 1 conjugate exponent of p,
p—

variable exponent function,

__»()
p(-) =1

inner product of two tensors A, B € RN*Y (6.4)

conjugate exponent of p(-),

set of continuous functions on 2, (Section 1.2)
functions in C(€2) compactly supported in €2, (Section 1.2)

functions with continuous partial derivatives of all orders less
than or equal to m on , (1.11)

functions in C™ () compactly supported in 2, (1.12)

the restriction to Q of functions belonging to C5°(R™), (Sec-
tion 1.2)



che(Q),
Cioe (),
B.(€)
S

Se
Operators
f*h
nf(2)

tr (+)

a:= (a1,02, -+ ,aN)

0<
0<

|al

0; := 0/0x;

D

Vf

div

Functional spaces
L*(Q),1<p<o

Lo ()

W™LP(Q)

Wi LP(Q)

W (Q)

Lp(-)(Q)

wmLPO(Q)

WmLp( ) Q)

WP (')(Q)

Ly (), Ep(Q)

W™L, (), WE,(Q)
Wi E (), Wi Ly ()
Ly (), En ()
W™ L (), W™ En ()
Wo Ly (), Wo" En ()
W™ L+ (Q)
W= By ()

K" Ly (92)

Ly (Q,RY), Ep(Q,RY)

W L (Q,RY), Wi En (Q,RY)

Ly =11, Ly (9),
MEn = I, Ea ()

a-Holder continuous functions, (Section 1.13)

locally a-Hélder continuous functions, (Section 1.13)

bounded functions compactly supported in €, (1.14)

simple functions, (1.15)

simple functions with compact support, (1.16)

convolution product, (1.19)
shift of the function f (1.18)

trace operator

an N-tuple of nonnegative integers a,

length of «a, (1.7)

partial derivative operators, (Section 1.2)

multi-index differentiation operator, (1.8)

gradient of the function f, (1.

Lebesgue spaces, (1.21)

9)

divergence with respect to the spatial variables (1.10)

poel

space of locally integrable functions on 2, (Definition 1.3.1)

Sobolev space, (1.24)

Sobolev space (Definition 1.3.3)

topological dual space of W™

P(€), (Section 1.26)

variable Lebesgue space, (Definition 1.3.11)

variable Sobolev space, (Definition 1.3.12)

variable Sobolev space, (Definition 1.3.13)

topological dual space of Wom’p(')(Q)7 (1.3.3)
Orlicz spaces, (Definition 1.3.5)
Orlicz-Sobolev spaces, (Definition 1.3.8)

Orlicz-Sobolev spaces, (Definitions 1.3.9 and 1.3.10)

Musielak spaces, (Definition 1.4.3)
Musielak-Sobolev spaces, (Definition 1.4.8)
Musielak-Sobolev spaces, (Definition 3.4.1)

topological dual space of W{" Ep(€2), (Theorem 3.4.2)

distribution space, (Definition 3.4.2)
Musielak-Sobolev space, (Definition 1.4.3)

vector valued Musielak spaces, (Section 6.2)

vector valued Musielak-Sobolev spaces, (Section 6.2)

vector valued Musielak-Sobolev spaces, (Section 6.2)

the d-tuple Cartesian product of Ly (Q) and E/(92) respec-

tively,
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(zeneral introduction

In this thesis we conducted investigations on some mathematical analysis aspects
of Musielak spaces in order to apply them in the theory of existence for some
nonlinear elliptic equations associated with operators in divergence form. Such
operators are defined upon stress tensors having growths that can be expressed
through inhomogeneous Musielak functions M : Q x RT — R™.

In the last two decades, partial differential equations with non-standard growth
described in terms of inhomogeneous Musielak functions have attracted much inter-
est and attention in various directions of research. The typical examples of EDPs
with non-standard growth include models of electrorheological fluids (ERFs) |1, 88,
91], image restoration processing [20], non-Newtonian fluid dynamics [50], Poisson
equation 28|, elasticity equations [45, 65, 104], and thermistor model [105]. Prob-
lems in various types involving Musielak spaces are widely considered from the
analytical point of view as well, inter alia the highly modern calculus of variations
deals with minimization of the variational integrals |9, 24, 25, 53, 109].

Despite the number of application involving classical Lebesgue spaces in the
resolution of PDEs describing a vast range of phenomena like diffusion, heat, elas-
ticity, electrostatics, etc. It is well known that the natural energy

/Q|Vu|pd:£, p = const. (1)

is insufficient to capture the fluids rapidly transferring their viscosity under several
external stimuli. In 1949 Winslow [98]| published the first observations of the
behavior of the particular non-Newtonian fluids called electrorheological fluids.
These later fluids have the ability of increase their viscosity under an electric
field and return to their initial state after the interruption of the electric field,
namely under the influence of a voltage the particles of these fluids connect to each
other to form a parallel structure, with a consistent direction with the direction
of the applied field (Fig. 1). Therefore, the change on the viscosity makes these
fluids useful in the industry, especially for industrial products that can vary their
motion. Various applications can be found in the market of ERFs namely in the
automotive industry (shock absorbers, clutches,...etc), robotics. In [88, 91] the
authors proposed a model for the (ERF), via the natural energy

/ VuPOd (2)
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where the exponent p(-) depends on the strength of the electric field and thus
varies on its domain. The natural energy expression (2) is related to the general-
ized Lebesgue spaces where a deep study concerning these functional spaces can
be found in |27, 28, 67].

o 0.25mm Electrode Gap
(a) [ Elecirode (+) I
e o © ® .. chot L o] l okvimm E field
’ o ® Py Silicone Qil e © o (5]
I @ ER Particle

[ Elecu?de ()

N.25mm Electrode Gap

l 3kVimm E field

ER Particle

ER Valve

FIGURE 1: Behavior of electrorheological fluid between two elec-
trode plates [86]
(a) The configuration has no potential across the electrodes. (b) The configuration has 750 V
of voltage potential across a 0.25 — mm gap, which is an electric field (E-field) of 3kV/mm.

Other examples of materials exhibit a significant behavior in their rheological
properties are the shear thickening fluids (STFs) having the ability to become solid
under a high rate shear stress (Fig. 2). The commercial applications of these fluids
in the industry make their studies and development very attractive in the recent
years. The impregnation of these "smart" fluids on multilayer textile materials,
used in protection wear (sporting protective, body armor) to reduce their thickness
and weight, is an example of application among other industrial applications, like
the absorption of shock waves from strong winds or seismic. The STFs can be also
integrated in medical equipment, in vehicles (dampers, clutches, shock absorbers),
etc. For more applications on STFs in the industry see for instance [43] and
references therein.

Shear ’
/7
thickening -
7
Shear stress P
_ 7~
_
- - :
_ - Newtonian
_ -
.
>
Shear rate

FIGURE 2: Shear thickening and Newtonian fluids behavior

The paramount importance of the non-Newtonian fluid in the new technology and
industry, motivate our consideration and extension of the contributions and studies
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obtained in classical Lebesgue spaces, to evoke differential equations describing by
means of more general functions, including for instance stress tensor of the forms

exp(|¢]) +1
€]

describing faster growth compared to polynomial growth and so allow to capture
the fast change in the rheological properties of STFs.

Consequently the functional framework for studying models describing non-
Newtonian fluids is that of the Musielak space Lj; built upon non-homogeneous
¢ functions M : Q x [0,00) — [0, 0] called Musielak function, written M € &,
satisfying

S(z,€) = exp(lg]*),  S(z,€) =w(2) 3 (3)

e M(-,s) is a measurable function for every s > 0, M(z,0) = 0, M(z,s) > 0
for s > 0 and M(z,s) — oo ass — oo, M(x,-) is a non-decreasing and
convex function for all z € Q,

M M

e lim M:Oand lim M:%—oo

s—0t S s—400 S

The Musielak spaces Ly (2) (see Definition 1.4.3) and Musielak-Sobolev spaces

W™ Ly () (see Definition 1.4.8), built upon the ®-function M, we consider in this

thesis allows to capture a several classes of standard modular functional spaces,

namely, the classical Lebesgue space governed by the ®-function

M(z,s)=s", 1 <p<oo. (4)

The generalized (variable exponent) Lebesgue space governed by the ®-function
M(z,s) = s" 1 <p” <p(-) <pt < oo (5)
The class of Orlicz spaces generated by ®-functions not depending on the first

variable as

2

M(;E,S)I(Sp, M(x,s)zsplog(e—i-s), M(.CL’,S):GS -1, (6)
The space governed by the double phase ®-function
M(x,s) =s? +a(x)s?, a(z) > 0,1 <p<q. (7)

The framework of Musielak spaces has been the subject of many investigations,
a considerable literature grew upon an account of functional analysis aspects on
this functional structure as one can find in the contributions initiated by Musielak
[82], the series of papers written by Hudzik [58-61|, papers by Kaminska [62-64],
and by Skaff [93, 94] basic background of the Musielak and the Musielak-Sobolev
spaces was developed. For recent development on this framework space, we refer
to |4, 5, 7, 21, 52, 55, 79, 101, 103|, while in the context of the existence theory
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for problems arising from fluid mechanics can be found, for instance, in [44, 49,
50, 99].

Since the 1970s, the mathematical theory of Musielak and Musielak-Sobolev spaces
has been developed. Nevertheless, there are still major questions and problems to
be investigated. The Musielak spaces do not inherit all the good properties of the
classical Lebesgue and Orlicz spaces. Besides reflexivity and separability, which are
not - in general - the properties we deal with, other mathematical problems can also
appear. In fact, the acquisition results and techniques obtained for the particular
frameworks spaces defined by functions M independent of the variable x called
Orlicz spaces may not be transferred, in general, to this more general functional
setting. The recent developments for variable exponent Lebesgue and Sobolev
spaces governed by the function M(-,s) = |s|’"), shows unfortunately that the
continuity of the shift operator, the density of smooth functions and the poincaré
inequalities are properties, among others, that can not hold in these spaces, unless
the exponent p(+) is fairly regular. The highly challenging in studying the structure
of Musielak spaces is to provide relevant regularities conditions including, among
others, those obtained in Orlicz, variable exponent and double phase spaces.

Musielak spaces : difficulties and mathematical challenge.

As Musielak spaces bring together, classical Lebesgue spaces, variable exponent
Lebesgue spaces and Orlicz spaces, we provide here several standard properties
of these particular classical spaces, which unfortunately in general can not be
extended to the Musielak setting unless more regularity assumptions on the -
function are assumed. As a starting point, we have :

e Reflexivity and separability properties. When we are limited to the
classical Lebesgue, variable exponent Lebesgue spaces and double phase spaces
governed respectively by the ®-functions (4), (5) and (7), the noticeable point is
that these spaces are separable and reflexive since these ®-functions satisfy the
As-condition, that is there is a constant k > 0 such that

M(z,2s) < kM (x,s) + h(z), (8)

for all s > 0 and almost every x € (2, where h is a non-negative, integrable
function in 2. Unfortunately for an arbitrary ®-function M, the Musielak space
Ly () may be neither reflexive nor separable e.g M(z,s) = exp(s®) — 1 and
M (z,s) = w(z)(exp(s) — 1 +s). Therefore, another type of problem arises, during
the study of PDEs, related to the non-reflexivity and non-separability since we
lose some classical tools like the Eberlein-Smulian theorem (see Theorem 1.2.1).
In addition, the weak topology is not, in general, well defined in Lj;(£2) unless
the complementary (in the sense of Young) of the ®-function M satisfy the A,-
condition, for instance M(z,s) = (1 + s)log(1 + s) — s and its complementary
M*(z,s) = e* — s — 1 that does not satisfy the As-condition.
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In the framework of Sobolev space the weak o(IILP,IILY), 1 < p < oo, p =

, closure is equal to the norm closure in W'?(€) of the convex set of smooth

p—
functions compactly supported in Q denoted by Wy”(Q). In contrast to Sobolev
spaces, the weak topology is not, in general, well defined in the Orlicz setting. To
this end and in order to cover a wide class of Orlicz functions in the definition of
Sobolev-Orlicz spaces, the use of the weak-* topology o(IIL,,, [I1E,+) to define the
Orlicz spaces Wy L,(2), seems to be more convenient and very interesting in the
theory of existence of PDEs in non-reflexive functional spaces.

We shall stress that since we are interested in studying the Dirichlet boundary
problem for non-homogeneous PDEs with rapidly growing stress tensors S (see
(3)) that can be expressed by ®-functions which do not necessarily satisfy the Ao-
condition (8) such as M (z, s) = exp(s*) —1 and M(z,s) = w(x)(exp(s)—1+s5), we
will consider as in the Orlicz-Sobolev framework (see [37, 42|) the space W(" Ly (Q2)
defined by means of the weak-* topology in L (£2).

e Convolution method and continuity of the shift operator. It is
well-known that the convolution operation is an important tool in the theory of
classical Lebesgue spaces. Particularly in building regular functions serving in
approximation process. We point out that the operation of convolution is based on
the continuity of the shift operator. Unfortunately, the shift operator is not acting
in general on Musielak spaces. Indeed, when we put ourselves in the particular
case (5), the authors [67] gave the following example : N =1, Q = (—1,1). For
1 <r < s < 400 they define the variable exponent

rifz €]0,1),
p(x):{ s ifxz e (—1,0)

and consider

[ 2 ifzelol),
fm_{o if 2 € (—1,0).

They show that 7, f ¢ LPY)(Q) although that f € LP")(Q). Therefore, we can not
approximate in general identities for any given function in Musielak space.

e Density and Lavrentiev phenomenon. In general, smooth functions
are not dense in Musielak-Sobolev spaces. The problem of density is related to the
so-called Lavrentiev phenomenon firstly observed by [73]. We meet it when the
infimum of the variational problem over the smooth functions is strictly greater
than infimum taken over the set of all functions satisfying the same boundary
conditions. The situation can be illustrated as follows, cf. [107, 109]. Let H(u) =

h(z, Vu)dz, with integrand h(z, ) measurable in 2 € Q and convex in £ € RY

Q
and satisfies
—lo(x) + k[P < h(z,§) < lo(z) + ka[€]P?
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where Iy € L'Y(Q), ki > 0, 1 < p; < p;. Then the variational problem H;, =
inf H(u) has a solution (see [107, p. 465]). Nevertheless, the functional H is

1,
ueW, "1

not necessarily continuous on I/VO1 P1(Q)) and it can happen the following inequality

inf H(u) < inf H(u).

wew ueCs®

The notion of the Lavrentiev phenomenon became naturally generalized to de-
scribe the situation where functions from certain spaces cannot be approximated
by regular ones (e.g. smooth).

It is known that in the case of the generalized Lebesgue spaces, the Lagrangian
function h(x,€&) = [£[P™® can exhibit the Lavrentiev phenomenon if p(-) is not
regular enough, for instance the following example of exponent was given by Zhikov
(see [109, Example 3.2|)

1<pi <2<p

(z) = py  for xize >0,
pit) = p1 for xyze <0,

with Q = {2 € R?, |z| < 1}. The canonical, but not optimal, assumption ensur-

ing density of smooth functions in norm topology in generalized Sobolev spaces
Wm0 (Q) with

1<p =ess ingf)p(x) < p(z) < p* = esssupp(x) < oo, (9)
z€ €

is the log-Holder continuity of the exponent p(-), that is
1
[p(z) = p(y)| < —Co/log(jz —yl), for every z, y € Qwith |z —y| < 7, (10)

for some constant Cy > 0 (see [27, 28, 92, 106, 109]).
The double-phase spaces governed by the ®-function (7) can also inherit the
Lavrentiev phenomenon [109], unless the function a in (7) satisfies the Lipschitz
condition i.e

la(2) —a(y)| < Clz —yl, 2,y e QCRY

for some constant C > 0 and
qg<(1+1/N)p.

See also |23, 25, 32|, where the authors provide a sharp result. Therefore, we can
not expect the density of smooth functions for any given Musielak-Sobolev space
and so more regularity on the Musielak functions are needed.

e Poincaré-type inequalities. Another tool that of importance in the
study of PDEs and in the framework of Musielak-Sobolev spaces is the Poincaré
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inequalities. Unfortunately the Poincaré inequalities does not hold in general in
the framework of Musielak-Sobolev spaces.
Poincaré norm inequality. In the generalized Sobolev space W, (')(Q), defined

as the norm closure of C£(Q) functions in W) (Q), the Poincaré norm inequal-
ity was first proved in the paper [67]|, written about variable exponent Sobolev
spaces, under some conditions including the continuity of the variable exponent
p(+). Then by using an approach based on the boundedness of the maximal op-
erator on LP)(Q), the authors in [27, Theorem 6.21] proved the Poincaré norm
inequality

[ull ooy < (N, p(), DNVl oo o).

for every u € W, (')(Q) and for exponents p(-) satisfying (9) and the log-Holder
regularity (10).

In [28, Theorem 8.2.4] the authors defined VVO1 2() (Q2) as the closure of Sobolev
functions with compact support in Q with respect to the norm in W) (Q). They
proved the Poincaré norm inequality for a regular bounded domain and for expo-
nent p(-) satisfying the following two conditions

[1/p(x) = 1/p(y)| < €1/ log(e +1/]z — y)) (1)

and for some p,, € R
[1/p(2) = psc| < Cof og(e + |2 (12)

for every x, y € €2, where C} > 0 and C5 > 0 are constants.
Let us note in passing that the above two definitions of the Sobolev space Wol 2() (02)
coincide if p(+) is a measurable bounded exponent and if (11) and (12) are fulfilled
(see [28, Corollary 11.2.4]). Ciarlet and Dinca [22] proved the Poincaré norm
inequality using an approach which does not rely on the density arguments.
Poincaré integral inequality. In the usual Sobolev space denoted W,?(Q), 1 <
p < oo, defined as the norm closure of C5°(€2) in W'?(Q), the classical Poincaré
integral inequality asserts that

/|u(x)|pdx§C(Q,p)/ \Vu(z)[Pdz, (13)
Q Q

for every u € W, () where C(, p) is a constant depending on Q and p.

In general, in the variable exponent Sobolev spaces W, (')(Q) (defined as the
norm closure of C£°(Q) functions in W) (Q)), the Poincaré integral inequality
(13) with variable exponent p(-) instead of constant exponent p fails to hold as it
was shown in [34], where the authors proved that

Vul[P@ dx
e g JelVulde
ouewl (@) Jo ufVdz
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is equal to zero when Q = (—2,2) C R and

(z) = 3 if 0 < x| <1,
PEO=Va—2) if1< ]zl <2

p(xz
O A
R I

F1GURE 3: Fan-Zhao-Zhang counter-example

Indeed, if the variable exponent p(-) is a continuous function having a mini-
mum or a maximum then an integral version of the Poincaré inequality can not be
obtained (see [100]). However, under a suitable monotony property on the vari-
able exponent p(-) Maeda [77] proved the Poincaré integral inequality for Cj(€2)-
functions.

Therefore, in the framework of Musielak spaces, the Poincaré-type inequalities can
not in general hold unless more regularity on the Musielak functions is assumed.

Overview of some further approximation results in Musielak-Spaces

An earlier density result of smooth functions in the Musielak-Sobolev spaces
W™ L (RY) with respect to the strong (norm) topology was proved first by Hudzik
[60, Theorem 1| assuming the restrictive Ap-condition (8) on the ®-function M
and the extra hypothesis

/M(:c, ud|)dar < C/M(g;, ) dz,

where . is the mollification (see (1.20)). Recently in a bounded domain €, the
same result (without the extra hypothesis) was proved in [52, Theorem 6.5] using
the boundedness of the maximal operator.

Density result of smooth functions in Musielak spaces with respect to the modular
topology was claimed for the first time in [10] in © = RY and then for a bounded
star-shaped Lipschitz domain  in [11] and under slightly changed assumptions in
[47, 48]. The authors assumed that the ®-function M satisfies, among others, the
log-Holder continuity condition, that is to say there exists a constant A > 0 such
that for all s > 1,

M(z, s)
M(y, s)

. (14)

DO | —

A
< s leldl, Yo,y € Q with |2 —y| <
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Nonetheless, the proof involved an essential gap. The Jensen inequality was used
for the infimum of convex functions, which obviously is not necessarily convex.
This problem is solved recently in [8]. Note that imposing assumption (14) makes
sense only for big values of s, since due to z/y symmetry forces the fraction on
the left-hand side above has to be estimated from above by the quantity bigger or
equal to 1 see also [47].

In the isotropic case (when M = M (z,|£])) in [47], for smooth approximation
in
{fu e W' (Q): Due Ly(Q,RN)},
it suffices to impose on an ®-function M continuity condition of log-Holder-type
with respect to z, namely for each s > 0 and z,y such that |z — y| < 1/2 we have

M(x,s) w o _
AN logla—yl b, 51"V th >0, b > 1. 15
M(ys) = max {5 ,by } with some a; , by > (15)

In the variable exponent case the above condition relates to standard log-Holder
continuity of the exponent. Note that the results in [10, 11, 47, 48, 95| do not
cover the functions e®?® — 1 and s(®) /p(z) and the two phase function s? + a(z)s?
unless p and a are constant functions, which are not excluded in our setting.

Overview on the existence theory of elliptic PDEs

In Dauklay notes 1961, Visik [97] gave a compactness method solving some non-
linear elliptic problems. Separately, Minty [80, 81| developed another point of
view by observing that suitable assumptions of monotony can avoid the results of
compactness. Next, Browder observed that Minty’s ideas could be applied to the
elliptic equations considered by Visik and developed this idea in a series of papers
(see for instance [16, 18]). A statement containing all Visik’s results was obtained
by Leray-Lions [75] (see also [76]). The idea of Minty-Browder’s monotonicity for
defined operators from a reflexive Banach space into its dual has proved to be the
cornerstone for the development of the theory of mappings of monotone type [14,
19, 57].

Research efforts have focused primarily on the case where the modular function
has polynomial growth (i.e. M(z,s) = |s|P for 1 < p < +o0), which naturally
requires studying these problems in the Lebesgue space LP. In particular, the
problem

—div a(z,Vu) =f inQ,
{ u =0 on 09, (16)

where a : Q x RY — R" is such that

la(z,€)] < gla) + el ge LT(Q),
> dil¢]P — h(z), he L'(Q),
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1 < p < +oo, was studied in [76]. Furthermore, for any given f € W~ (Q),

p = Ll’ there exists a unique variational solution u in W, (Q) satisfying

/a(a:,Vu)Vv = (f,v), Yve W, Q).
0

Several materials with inhomogeneities can not be modelled by means of clas-
sical Lebesgue spaces. The authors [88, 91| proposed a model for the electrorhe-

ological fluids, via the natural energy / |Vu[PUdx where p(-) is a variable expo-

nent depending on the strength of the elQectric field and thus varies on its domain.
Therefore, we are naturally lead to study these fluids in variable exponent Lebesgue
spaces LP®(Q), 1 < p~ < p(z) < p™ < 400 for a.e. in Q. The noticeable point
here is that variable exponent Lebesgue spaces are still reflexive and separable and
hence elliptic equations of type (16) can be solved by the same theory (see for
instance [33, 67, 90]). But unfortunately, the variable exponent Lebesgue spaces
do not inherit all the good properties of the classical Lebesgue spaces used to
solve PDEs, like the density of smooth functions and the Poincaré inequalities in
Wol’p(‘)(Q), unless the exponent p(-) is fairly regular (see [26, 28, 77, 92, 109]).

Later developments for studying nonlinear elliptic boundary value problems
was to substitute reflexive Lebesgue spaces LP by classical Orlicz spaces Ly, de-
scribed by ®-functions M(x,s) = M (s) -not depending on z- which do not neces-
sarily satisfy the so-called As-condition (a necessary condition for an Orlicz space
to be reflexive [69]). Thus, the studied problems can be handled by non reflex-
ive functional spaces. The theory of monotone operators was extended by Gossez
[38] to Banach spaces that are not reflexive in general, which is at the origin of
more difficulties. The corresponding mappings of monotone type are not every-
where defined nor bounded and are not generally coercive. The difficulty caused
by the lack of reflexivity was avoided by the idea of the complementary systems in
Orlicz-Sobolev spaces. Contributions in this direction were initiated by Donaldson
[29] and continued by Gossez 36, 37, 39, 41]. Further contributions can be found
in [42, 72] and also in [96] where a degree theory is constructed whereas in [83]
the authors include further extensions on monotone-like mappings in non reflexive
Orlicz-Sobolev spaces.

However, the study of variational nonlinear elliptic equations in Musielak spaces
is a hard task. To the best of our knowledge, there are only very few articles in the
literature written on the existence and uniqueness of the variational solutions of
the problem (16). In addition to the reflexivity that does not take place is added
the difficulty of obtaining approximation properties for smooth functions for an
appropriate topology in Musielak spaces. Furthermore, Poincaré-type inequalities
can not hold in general in Musielak spaces [28, 67, 77|. The approximation in
modular topology is a necessary tool to perform complementary systems. This
was noticed by Gossez [40] in the setting of classical Orlicz spaces. In Musielak
spaces, the first contribution is initiated in [11] but the proof involved a gap at the
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level of the use of the Jensen inequality. This problem is now fixed in [7]. The study
of variational nonlinear elliptic equations in non-reflexive Musielak-Sobolev spaces
originated in the work of Benkirane-Valley [12, 13] where the approximation with
respect to the modular topology [11] is used. In the anisotropic case, the problem
(16) with a datum f is in divergence form is investigated in [46]. The authors
prove the existence of a weak solution u € W, (Q) and Vu € Ly, (Q) without any
further information on the precise space where the solution u itself is expected to

be.

Structure of the thesis and contributions

The thesis begins with the preliminary Chapter 1. This Chapter contains three
sections, in the first one we list some notation and Lebesgue integral results we will
use throughout. In the second section we provide an overview on some example of
topological vector spaces called modular space consisting of measurable functions
u : 2 — R such that

/Q A, [u(z)|/\)dz < 0o

for some A > 0, with A : 2 x [0,00) — [0, 00). Namely, we recall some topological
properties of classical Lebesgue, generalized Lebesgue and Orlicz spaces. The third
section contains an overview of the more general modular spaces called Musielak
and Musielak-Sobolev spaces, in particular, we recall some properties of these
functional frameworks, where most of them can be founded in the monograph of
Musielak [82] see also [51].

The main results of this thesis are presented in two parts. In the first one,
we establish basic approximation results in Musielak and Musielak-Sobolev spaces
with respect to the modular and norm convergences, which then allow us to ob-
tain some topological properties that constitute basic tools we use in the theory
of existence of PDEs, whareas in the second part we apply the results we have
obtained to solve the Dirichlet problem associated with a variational nonlinear
elliptic equations. Precisely, our contributions are developed as follows.

Part I

This first part based on [4, 5, 7, 103| by the author et al. contains four chapters.

In Chapter 2 we introduce and discuss our first regularity assumption, on
the ®-function M that generates the corresponding Musielak spaces Lj/(€2) and
En(Q), called local integrability condition, that is for any constant number ¢ > 0
and for any compact set K C €2 we have

/ M(z,c)dr < . (17)
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Obviously, the regularity condition (17) is skipped in the Orlicz setting and is
fulfilled if (9) holds when the ®-function M is equal to s*) (see Section 2.2 for
more details).

The main purpose of this chapter is to prove the density of several regular subsets
in Musielak spaces, that we will use later to provide topological properties of this
functional framework. The approach we use to this is based on showing that the
continuity of the shift operator remains valid in Musielak spaces if we restraint to
bounded functions compactly supported in 2. The condition (17) we introduce
ensure that bounded functions compactly supported in €2 and so smooth functions
compactly supported in €) are contained in Musielak spaces. Thus in terms of the
mean continuity of the shift operator we conclude Chapter 2 by establishing some
basic approximation results in Musielak spaces with respect to the modular and
norm convergences.

In our contribution, the density of smooth functions in Musielak we get is obtained
only under the local integrability condition and it unifies the approximation results
known in Lebesgue spaces, with a constant or variable exponent (see [2, 67]), and
Orlicz spaces (see for instance [2]).

Our aim in Chapter 3 is to extend some topological properties of variable

exponent Lebesgue and Orlicz spaces to the Musielak spaces. Based on the ap-
proximation results obtained in Chapter 2, we prove in Chapter 3 some basic
function space properties that constitute the essential tools needed in the theory
of existence for partial differential equations involving nonstandard growths de-
scribed in terms of Musielak functions (see Part II). Such results require to take
into account the results earlier studied deeply in the monograph [70] and these
presented in the pioneering work by Kovacik and Rakosnik [67] concerning the
completeness, density, reflexivity and separability of variable exponent Lebesgue
and Sobolev spaces.
In particular, we prove the separability of the Musielak space Ej/(2) under the
condition (17) by a totally different method from that given by Musielak [82, The-
orem 7.10], since the author used the density of simple functions assuming that
the ®-function M satisfies the local integrability condition on a measure space
(Q, %, ) where p is a positive complete measure, that is to say,

/ M (z,s)du < oo for every s > 0 and D € ¥ with u(D) < oo.
D

Observe that the later condition is stronger than (17) when we limit ourselves to
the Borel tribe. The weaker condition (17) and approximation results will be then
used to prove a duality and reflexivity results in Musielak spaces at the end of the
Chapter 3.

In Chapter 4 we introduce relevant structural conditions implying approxima-
tion properties in Musielak-Sobolev spaces. Our mains results unify and improve
the known results in the Orlicz-Sobolev spaces, as well as the variable exponent
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Sobolev spaces. In the seminal paper [40| Gossez proves that weak derivatives
in the Orlicz-Sobolev spaces are strong derivatives with respect to the modular
topology. In this chapter, we extend the results obtained in [40] for the Orlicz-
Sobolev framework, into the Musielak-Sobolev setting, in fact since in general
smooth functions are not dense in Musielak-Sobolev spaces we introduce the -
regularity condition on the ®-function M, that is to say, there exists a function
¢ :[0,1/2] x RT — R" such that ¢(-, s) and ¢(z,-) are non-decreasing functions

_ 1
and for all z,y € Q with |z —y| < 3 and for any constant ¢ > 0

M(z,s) < p(lz —yl,s)M(y, s) with limsup (g, ce™) < oco.  (18)

e—0t

We prove that (18) is a sufficient condition to avoid the Lavrentiev phenomenon
and so ensures the density of smooth functions in Musielak-Sobolev spaces. We
relax the condition typical in the context of density in the variable exponent spaces,
namely the log-Holder continuity of the exponent (10).

Although it is common to make a big effort to relax growth conditions as much as
possible, our method turns out to lead the sharp result when the modular function
has at least power-type growth. Since the approximation follows from convolution
arguments, we get better regularity in L”, p > 1 than in L'. In the fully general
case we cannot improve (18), because we know only Ly, C L;,.. Nonetheless, when
the modular function has at least power-type growth, we relax (18) and include
whole the good double-phase range where the Lavrentiev phenomenon is absent
(according to [32, Theorem 3| or [25, Theorem 4.1]). Namely, if

M(z,s) > c|s|f with p>1and ¢ >0,

we obtain a smooth approximation of u € Wi"?(Q) N W™ Ly () (also of u €
W,y P (Q), such that Vu € Ly(Q)) provided that we assume, that there exists a
function ¢ : [0,1/2] x RT — R" such that ¢(-,s) and ¢(z,-) are nondecreasing

functions and for all z,y € Q with |z — y| < 5 and for any constant ¢ > 0

M(z,s) < p(lz —yl|,s)M(y,s) with limsup 90(5,057%) < 00.

e—0t
We confirm the precision of the method by showing the lack of the Lavrentiev phe-
nomenon in the double-phase case. Indeed, we get the modular approximation of
W,y (Q) functions by smooth functions in the double-phase space governed by the
modular function H(x,s) = s? +a(x)s? with a € C**(2) excluding the Lavrentiev
phenomenon within the sharp range ¢/p < 1+ «/N. See |25, Theorem 4.1]| for the
sharpness of the result.

Chapter 5 is devoted to an interesting missing feature which is the Poincaré-
type inequalities (norm and integral forms) in Musielak-Sobolev spaces. However,
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proving the Poincaré integral inequality for functions in C3°(£2) and then extending
it by a density argument (as is often done for a constant exponent) is not an easy
task since the passage to the limits is not allowed because of the lack in general of
density of smooth functions in W™ Ly (£2).

Our contribution to overcame this problem consists in using the regularity
condition (18) on the ®-function M and the segment property on the domain (2
(see Definition 1.2.7). Those conditions enable us to get the modular density of
Cye-functions in Wi L ().

Precisely in this chapter we give sufficient conditions on the ®-function M for the
following Poincaré-type inequality

/Q > M(x,|Du(x)|)dz < /Q > M(x,c|Du(z)|)dz (19)

|a|<m |a]=m

for every u € W([" Ly (Q2) where ¢ > 0 is a constant. We also get the same inequality
in the subspace W(" E/(€2) under minimal assumptions. Such integral inequality
yields obviously the Poincaré norm inequality.

We note that among the conditions we assume to obtain (19) we have the following
monotony type condition on the first argument of the -function M, that is to say
on a segment [a, b] of the real line R, M satisfies

;

There exist ¢, € Rt and 1 <4 < N such that the partial
(Mon)o function z; € [a,b] — M (x,t) changes constantly its monotony
on both sides of ¢, (that is for ¢ > t; and ¢ < tg),

Or

There exists 1 < i < N such that for all t > 0, the partial
function z; € [a,b] — M (x,t) is monotone on [a, b].

Mo+ {

(20)
where ; stands for the i component of z € Q. Obviously, the regularity condi-
tion (20) is skipped in the Orlicz setting and in the case where M (x, s) = s, the
assumption (M,,)o prevents the variable exponent p(-) to get a local extremum
while (M) is not satisfied unless p(-) is a constant function, therefore, the re-
sult we obtain covers the Poincaré integral inequality obtained by Maeda [77] for
Cj-functions in the case where the variable exponent p(-) is assumed to satisfy a
monotony condition (see Section 5.2 for more details).

Part 11

This part is based on [6] and contains Chapter 6 as an application of the theoretical
results obtained in Part I. In this later Chapter we present the study of the Dirichlet
problem associated with a class of nonlinear elliptic equations. Precisely, we are
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interested in the existence and uniqueness of variational solutions u : Q — RY for
the following nonlinear elliptic problem

—div a(xz,Vu) =f inQ,
{ u =0 on 09, (21)

considered in a bounded open subset  of RV, N > 1, where the leading part
a is a stress tensor whose growth is expressed through inhomogeneous Musielak
function M : Q x Rt — R*.

We highlight we do not impose any extra growth restriction (neither A, nor
V5), on the Musielak function M as well as on its complementary Musielak func-
tion in the sense of Young. Thus, the stress tensor a has the ability to increase
rapidly or slowly. We note that partial differential equations with more nonlinear-
ities can be handled by more general functional spaces. In fact, the growth of the
vector field a imposes the study of the problem (21) in the natural framework of
Musielak spaces. It is worth pointing out that in the absence of restrictive con-
ditions (c.f. As-condition) on the modular function M, the underlying functional
space is not necessarily reflexive and separable. Problem (21) includes many non-
linear equations that arise in various problems in mathematical physics and raises
many mathematical difficulties. The situations that we can, for instance, consider
for the field a and the related Musielak function M include

p(z)

a(x,€) = p(a)[¢[ D% and  M(z,s) = s"*,
a(z, §) = Eexp(|¢]*) : and  M(z,s) = exp(s®) — 1,
a(z, &) = w(x)wﬁ and  M(x,s) =w(x)(exp(s) — 1+ s).

€]

Within the approach we use, the Galerkin method is coupled with an abstract
existence result by F.E. Browder 1966.
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Chapter 1

Preliminaries and basic facts

1.1 Introduction

In this first chapter, we introduce in Section 1.2 some notation, mathematical facts
concerning functional analysis, integration theory, weak and weak-* topologies,
that will be needed throughout this thesis, in order to develop the properties of
Musielak and Musielak-Sobolev spaces. Section 1.3 is devoted to an overview
of particular classes of modular function spaces, namely Lebesgue, generalized
Lebesgue and Orlicz spaces. In fact, the section starts by recalling some definitions
and properties of classical Lebesgue and Sobolev spaces with a constant exponent
p (i.e LP(2) and W™LP(€2)), contributions on this topic include for instance [2, 15,
70]. These later functional frameworks arise in the modelling of most materials
with sufficient accuracy. For certain materials with inhomogeneities, for instance
electrorheological fluids, this is not adequate, but rather the exponent should be
able to vary. This leads to study those materials in Lebesgue and Sobolev spaces
with variable exponent. A deep study of the variable exponent Lebesgue and
Sobolev spaces (i.e. LPY(Q) and W™LPO(Q)) was conducted see [27, 28, 67]
and the references therein. Historically, variable exponent Lebesgue spaces was
appeared in the literature for the first time in 1931 in a paper written by W.
Orlicz [87|, after this paper Orlicz abandoned the study of these spaces for the
account of the theory of the function spaces L,(€2), built upon an N -function ¢
(see Definition 1.3.4 below), that now bear his name for more in this topic see
for instance |2, 40, 68-70, 89]. Section 1.4 is devoted to elementary properties of
the more general class of modular function space, called Musielak space. Musielak
spaces have been the subject of investigation in various directions of research. For
instance [58-64, 82, 93, 94| and for more recent research and developments we refer
for to [4, 5, 7, 21, 52, 78, 79, 101, 103], while in the context of the existence theory
for problems arising from fluid mechanics can be found, for instance, in [44, 49,
50, 99].
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1.2 Notation and functional analysis

1.2.1 Notation

In this subsection we summarize some notation, frequently used. By €2 we denote
an open subset in the N-dimensional Euclidean real space RY, N > 1, and by 09
the boundary of the set €2 i.e

o0 == QN (RN — Q). (1.1)

For a measurable function u :  — R, we denote by supp u the support of the
function u i.e

supp u = {x € Q : u(x) # 0} (1.2)

where here and below D denote the closure of any subset D of RY.
For z € RV, by
dist(z, Q) == inf{|z — y|, y € Q} (1.3)

we mean the distance of z to 2. Diameter of the set {2 will be denoted by

diam(Q) := sup{|z — y|, =,y € Q}. (1.4)
By
B(z,r) ={y: |z —y| <r} (1.5)
we denote the open ball with center x and radius r and the closed ball by
Blor) = {y: lv—y| <r}. (1.6)
Given any N-tuple, o = (o, a, - -+, ay) of nonnegative integers «;, with a degree

la| = Zai. (1.7)

We design, by 0; := 0/0z; the partial derivative operators and by

D :all...aNN:m (18)

with D9y = u and u a reel function, the gradient of v will be denoted by
Vu := (Oyu,- - ,0yu). (1.9)

and

N
div u := Zaiu. (1.10)
i=1
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Further we denote by C(€2) the set of continuous functions on 2 and by Cy(2) the
set of C(£2)-function compactly supported on 2. For 0 < m < oo, let

c"(§2) = {u:u:Q—)]R, D% € C(Q2), |af Sm}, (1.11)

Cy'(Q2) :=C™(Q)N {u : supp u compact , supp u C Q} (1.12)

The set C3°(€2) denote the restriction to Q of functions belonging to C5°(R"). For
0 < a < 1 we say that u belongs to C%*(Q) if there exists a constant C' > 0 such
that

u(z) —u(y)| < Cle —y|*, z,y € Q (1.13)

and by C2%(9) if the last inequality holds for x, in any compact subset of €.
We will use C(£2, RY ), to denote the class of vector value functions u : Q@ — RY.
such that each of its coordinate belongs to C(£2). Similar notation will be used for

the above other sets when the function is of vector-valued.
By B.(£2) we denote

B.(2) := {u cu: = R, measurable bounded compactly supported in Q}

(1.14)
Let u: Q2 — Randlet B;, i =1,2,--- ,p, be a Lebesgue measurable subsets of €.
We denote by §(Q2) := S the family of finite linear combinations of characteristic
functions of the sets B;, expressed as follows

P
S = {u(x) = Zaixgi(x), with aq, a9, -, € R and |B;| < —|—oo} (1.15)
i=1

and by S. the set
S.:=8nN { UY_, B; C K, for some compact K of Q} (1.16)

For a measurable function f, we denote

1
]{zf(x)da::‘ﬁl/gf(x) dx (1.17)

where here and below |Q2] stands for the Lebesgue measure of the set .
For h € RY, let 7,u stands for the translation operator defined by

_Ju@+h) freQandaz+he,
mnu(z) = { 0 otherwise in RY. (1.18)
We denoted by ¢, C,,C4,Cy, - -+ various positive constants that may change from
line to line and if they depend on certain variables n, €2, «,--- we write C' :=

C’(n,Q,a,---),---.
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1.2.2 Elementary integration results

In this subsection we recall some theoretical integration results. Missing proofs can
be found for instance in [2, 15, 70]. In the sequel LP(2) and L} (), 1 < p < oo,

loc
denote the classical Lebesgue spaces, (see Definition 1.3.1 below).

Lemma 1.2.1. (Dominated convergence theorem )[15, Theorem 4.2]. Let {uy }n>1
be a sequence of measurable functions on a measurable set Q@ C RY with

® u, — u almost everywhere on €2,

e there exists a function v € L*(Q) such that |u,| < v a.e for alln € N and
all most every x € Q.

Then w € LY(Q) and lim | wu,dx = / udz.
Q )

n—o0

Lemma 1.2.2. (Fatou lemma )[15, Lemma 4.1]. Let {u,}n,>1 be a sequence of
measurable non-negative functions almost everywhere on Q C RY. Then

/ lim inf u,dx < lim inf/undx.
Q Q

n—oo n—0o0

Definition 1.2.1. (Equi-integrability)[31, Définition 1.3.2]. Let 1 < p < co. We
say that a sequence {u,} C LP(Q) is p-equi-integrable if:

e Ve > 0, there exist D C ) of finite Lebesque measure such that for alln > 1,

/ |un[Pdx < ¢,
O\D

e Ve > 0, In such that, Yn > 1,V Q' C Q such that || < n we have

/ |up|Pdz < e.

If p =1 then we say that te sequence {u,} is equi-integrable.

Remark 1.2.1. Note that any functionu € LP(Q2), 1 < p < 00, is p-equi-integrable
(see for instance [31, p.14-15]). Furthermore, if Q has a finite measure then the
second claim of Definition 1.2.1 is fulfilled.

Lemma 1.2.3. (Vitali lemma)[110, Theorem 6.28]. Let 1 < p < oo and let the
sequence {u,} C LP(Q) converge almost everywhere on 2 to u. Then u belongs to

LP(Q) and

up — w in LP(Q) if and only if {un}n>1 is p-equi-integrable.
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Lemma 1.2.4. (Luzin theorem)[70, Theorem 2.1.9 |. Let f be a function defined
almost everywhere on ). Then f is measurable on € if and only if for every e > 0
there exists an open set D C Q), |D| < e, such that the restriction of f to Q\ D is
continuous on Q\ D.

Lemma 1.2.5. (Jensen inequality)[70, Theorem 3.2.9]. Let F be a convez function
on R and let v = v(x) be defined and positive almost everywhere on ). Then

- <fQ u(x)v(ar)da:> _ Jo Flu())v(a)ds

Jqv(x)dz - Jov(z)dx

for every nonnegative function u for which the integrals in the last inequality makes
sense.

1.2.3 Convolution and mollification

Definition 1.2.2. (Convolution)[111, Section 1.6].Let f and h be two functions
in L (RY), we denote by f * h the convolution product of f with h defined by

Fhie) = [ fa =iy (1.19)
Let J be a nonnegative, real-valued function such that
JeCE®Y),  J(x)=0if |af > 1, /RN J(z)dz = 1.
For example, J may be the function
J(x) = ke T if |z|| < 1 and 0 if ||z|| > 1,

where k£ > 0 is such that / J(z)dx = 1. For € > 0 the function
RN

Jo(z) = e N J(xe™)

belongs to C;°(RY) and supp J. C B(0,¢), with B(0,¢) stands for the ball with
center 0, and radius €.

Definition 1.2.3. (Mollifier, Mollification)[111, Section 1.6]. Let € > 0, the
function J. is called mollifier (or reqularizer) and the convolution

wla) = (o) = |

RN

J.(x — yyuly)dy = / LMWy (120

defined for functions u for which the right side of (1.20) has meaning, is called the
mollification ( or regularization) of u.
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Lemma 1.2.6. (Mollification properties)[2, Theorem 2.29]. Let u be a function
which is defined on RY and vanishes identically outside Q.

o Ifuc L, (RY), then Jxu e CRY).

o Ifu € L, () and supp u is a compact subset of Q, then J x u € C3°(Q)

loc

provided
e < dist(supp u, 082).

1.2.4 Weak and weak-" topologies

Let X be a Banach space and X* its dual, i.e, the space of all continuous linear
functionals on X. For v € X* and x € X, by (u,x) we mean the scalar product
for the duality X™, X.

Weak topology o(X, X™)

The weak topology o (X, X™) is the coarsest topology on X such that all element
of X™ remains a continuous function.

Definition 1.2.4 (Weak convergence). A sequence {u,}, in X is said to converge
to u in the weak topology o(X, X™) (un, — u), if

(un, f) = (u, f), Vf € X*.

The next theorem is an important result in the theory of PDEs for reflexive
spaces.

Theorem 1.2.1. (Eberlein-Smulian)[15, Theorem 3.18]. Let X be a Banach re-
flexive space and let {u,}, be a bounded sequence in X. Then there exists a sub-
sequence {uy,, } that converges in the weak topology o(X, X™).

Weak topology o(X™, X)

The weak-* topology o(X™, X) is the coarsest topology on X* such that all element
of X corresponds to a continuous map on X*.

Definition 1.2.5 (Weak-* convergence). A sequence {fn}n in X* is said to con-
verge to f in the weak-* topology o(X*, X) (fo = f), if

<fn7u> — <f,u>, Yu e X.

An interesting result in studding PDEs with non reflexive space are the follow-
ing Theorem and Corollary 1.2.1.
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Theorem 1.2.2. (Banach-Alaoglu-Bourbaki)[15, Theorem 3.16]. The closed unit
ball
Bx+ :={u e X", |lul] <1}

is compact in the weak-" topology o(X™*, X).
Corollary 1.2.1. [15, Corollary 3.30] Let X a Banach separable space and let

{un}n be a bounded sequence in X*. Then there exists a subsequence {uy, } that
converges in the weak-" topology o(X™, X).

1.2.5 Regularity properties on domains

In this subsection we give some smoothness conditions on domains see [2]| for more
details. Let Q be an open subset of RY and let ¢ > 0. Set

Q. ={z € Q: dist (z,00) < €}.

Definition 1.2.6. (Lipschitz domain)/[2, Section 4.9]. A domain Q) is called a Lip-
schitz domain (or domain with Lipschitz boundary), if there exist positive number
e, a locally finite open cover {6;} of 02, and, for each i a real-valued function f;
of N — 1 variables, such that the following conditions hold:

e For some finite 3, every collection of B+ 1 of the sets 0; has empty intersec-
tion.

e For every pair of points x,y € ). such that |x — y| < e, there exists i such
that
v,yeVii={xe€b,: dist (x,00;) > ¢}.

e Fach function f; satisfies a Lipschitz condition with constant (3: that

e For some Cartesian coordinate system (&1, ,&in) € 0;, QN O; is repre-
sented by the inequality

Cim < fi(&a, - 2 &im—1)-

Definition 1.2.7. (Segment property)[3, Definition 2.1]. A domain Q2 is said to
satisfy the segment property, if there exist a finite open covering {0}Y"_, of Q and
a corresponding non-zero vectors y; € RY such that (2N 6;) + ty; C Q for all
te(0,1) andi=1,... k.

The segment property condition holds, for example, if 2 is a Lipschitz domain
(cf. |2]). By convention, the empty set satisfies the segment property.
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1.3 An overview on particular classes of modular
spaces

In this section we recall some particular examples of modular spaces, studied for
the first time in [84] by Nakano. For more details on modular functional spaces
see monograph [82| by Musielak.

1.3.1 Lebesgue spaces

In this subsection we give a brief review of some elementary properties of Lebesgue
and Sobolev spaces, for the proofs and details see for instance [2, 3, 15, 70, 111].

Definition 1.3.1. (Lebesgue spaces)[15, Section 4.2]. Let 1 < p < co. We shall
denote by LP(2) the Lebesque space defined as the set of all measurable functions
u: ) — R such that

/Q lu(z)|Pdx < +00. (1.21)

The norm on LP(Q) is given by

1
fullri =l = [ o))" (1.22)
Furthermore, if p = 0o, we set
L>(Q) = {u : Q0 = R measurable : 3C > 0, |u(x)| < C a.e on Q} (1.23)

The space LY () define the set of functions u in LP(K) for every compact subset
K of Q.

Theorem 1.3.1. [15, Theorems 4.8, 4.10, 3.14] Endowed with the norm (1.22)
(resp.( 1.23)), LP(Q2) is a Banach space for 1 < p < oo (resp. p = o0, separable
if 1 < p< oo and is reflexive if 1 < p < oo.

Lemma 1.3.1. /15, Theorem 4.11] For 1 < p < oo the dual space of LP() is the

/ 1 1
space L (Q), with — =1 — —.
p p

Definition 1.3.2 (Sobolev space). Let 1 < p < oo and m a non-negative integer.
We shall denote by W™P(Q) the Sobolev space, defined by

Wme(Q) = {D% € LP(Q), |a| < m). (1.24)

The set W™P(Q) will be equipped with the norm

lallwmr) = llullmp = D 1D ullzoy. (1.25)

laj<m
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Definition 1.3.3. Let 1 < p < 0o and let m a non-negative integer. The norm
closure of Cg°(2) in W™P(Q) is denoted by W""(Q).

For 1 < p < oo and a non-negative integer m, the space W‘m’p/(Q) denote the
dual space of W""(2), consists of all distributions 7" of the form

T= > (=1)"D,, (1.26)

laj<m

where v, € L” (Q).

Theorem 1.3.2. [15, Proposition 9.1] Endowed with the norm (1.22), the spaces
Wm™P(Q), 1 < p < oo, is a Banach separable space. If 1 < p < oo, then W™P()
1s reflexive.

1.3.2 Orlicz spaces

In this subsection, we recall some properties of Orlicz spaces, for more details on
these functional framework see |2, 37, 69, 70, 89]. The Orlicz spaces are generated
by more general convex functions defined as follows.

Definition 1.3.4. (N -functions)[2, p. 262]. A real function ¢ defined on [0, 00)
is called N -function, written o € N, if

o ©(-) is a non-decreasing and convex function, p(0) = 0 and p(s) > 0 for
s> 0,

hd ‘P(S)_)OO aSS—)OO; hm @:0 cmd hm — = 400.
s—0t S s—+oco0 8§

Example 1.3.1. As examples of N -functions, we give
e v1(s) =1sP, 1 < p < o0,

® pa(s) = |s[’log(e + [s]), 1 <p < o0,
1
* es(s) =210+ [s1)2 = 1), 1 <p < o0,

o pu(s)=el—1,1<p< 0.

Definition 1.3.5. (Orlicz space)[2, p. 268]. Let ¢ € N, we shall denote by L,(2)
the Orlicz space, defined as the set of all measurable functions u : 2 — R such that

/ o(|u(x)]/N)dx < 400, for some A > 0. (1.27)
0
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The spaces L,(£2), equipped with the Luxemburg norm

lullz, ) = |lul|, = inf {/\ >0: /ng(|u(x)|/)\)da: < 1}, (1.28)

is a Banach space (see [2, Theorem 8.10]).

Definition 1.3.6. [2, p. 270] Let ¢ € N, the space E,(Q) denotes the norm
closure in L,(Q) of bounded function compactly supported in €.

Definition 1.3.7. (Complementary N -Functions)[2, p.264]. Let ¢ € N and let
0" 1 [0,00) — [0, 00] be defined by

©*(s) = sup{st — @(t)} for all s >0 and all x € Q. (1.29)
>0

The function ©* is called the complementary function to @ in the sense of Young.

Lemma 1.3.2. [2, Theorem 8.19] Let (p, ") be a pair of complementary N -
functions. The dual space of E,(SY) is isometrically isomorphic to Ly(€2).

Definition 1.3.8. (Orlicz-Sobolev spaces)[2, p. 281]. Let ¢ € N and m a non-
negative integer. We shall denote by W™ L, () and W™ E,(Q2) the Orlicz-Sobolev
spaces, defined by

W™L,(Q) :={D% € L,(Q), |a] < m},
WTME,(Q) :={D € E (), |a] <m}.

The spaces W™ L, (€2) and W™L,(Q) equipped with the norm

lullwnr,@ = lullng = Y [1D%ull,. (1.30)

|a| <m

are Banach spaces. The spaces W™ L, () and W™E,(€2) will be identified with
subspaces of (N 4 1) copies of the product I1L,(2) and I1E,(€2) respectively.

Lemma 1.3.3. /2, Theorem 8.21 and Remark 8.22]. Let ¢ € N,
o E,(Q2) is separable.
o L,(2) is not separable unless if L,(2) = E,(€2).
o L,(2) is not reflexive unless if L,(Q) = E,(Q) and Ly () = E+(Q).

Definition 1.3.9. [37]. Let ¢ € N'. The norm closure of C°(2) in W™L,(2) is
denoted by Wi"E,(£2).
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Let (¢, ¢*) be a pair of complementary N -functions and let m be a non-negative
integer, the space W™ L« (Q2) denote the dual space of Wi"E,(£2), consists of all
distributions 7" of the form

T=> (=1)"D",

laj<m

where v, € L+(Q).

Since in general, Orlicz space L, (£2) is not reflexive, it can be useful in analysis
of PDEs (e.g 37, 42]) to provide instead Wj"E,(Q) the space W{"L,(€2) defined
as follows.

Definition 1.3.10. Let ¢ € N. The space W{"L,(S2) denote the closure of C5° ()
with respect to the weak-" topology o(I1L,, IIE ) in W™ L, (€2).

Note that, in general, WL, (2) # W E, ().

1.3.3 Generalized Lebesgue spaces

The third class of examples of modular spaces, given in this subsection, is the
generalized Lebesgue and generalized Sobolev spaces. See [27, 28, 67| for more
details on these spaces. Throughout this subsection we will denote by p : 2 —
[0, 00] a measurable function, satisfying

1<p =ess ingf)p(x) < p(x) << pt =esssupp(z) < oo, (1.31)
z€ z€

Definition 1.3.11. /67, Section 2.]. We shall denote by LP®)(Q) the set of all
Lebesgue measurable functions u : 0 — R such that

/ lu(z) /AP de < 400, for some X > 0. (1.32)
Q

The set LPY(Q) will be called generalized (or variable exponent) Lebesque space.
The norm on LPY(Q) is given by

. p()
[l ooy = ullpgy = inf {/\ >0 /Q <]u(x)|//\> dz < 1}. (1.33)
Theorem 1.3.3. [28, Theorem 3.2.7., Lemma 3.4.4. and Theorem 3.4.7.]. En-

dowed with the norm (1.33), LPY)(Q) is a Banach, separable and reflexive space.

Definition 1.3.12 (Variable exponent Sobolev space). Let m a non-negative inte-
ger. We shall denote by W™P)(Q) the generalized (or variable exponent) Sobolev
space, defined by

WmrO(Q) = {D € L), |a| < m}.
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The space Wm’p(')(Q) will be equipped with the norm

lallwmotr o) = Nullmay = D 1Dl 0 . (1.34)

la<m

Definition 1.3.13. The norm closure of C°(Q) in W™PW(Q) is denoted by
WO (Q).

Theorem 1.3.4. [27, 28, 67].
Endowed with the norm (1.34), the spaces Wm’p(')(Q) 15 a Banach, separable
and reflexive space.

For 1 < p(-) < oo and a non-negative integer m, the space W~""1)(Q) denote
the dual space of W)(), consists of all distributions T of the form (1.26) with
vy € LPO(Q).

1.4 Musielak spaces

In the last two decades, a wide literature was grown up for the class of Musielak
spaces. In this section we list some facts about these later spaces and their struc-
tural properties. By this functional structure we will include, among others, the
particular functional spaces given in Section 1.3. For more details we refer to the
classical monograph [82] by Musielak. As a starting point we therefore define and
give some properties that concern the Musielak functions.

1.4.1 Musielak functions (®-functions)

Definition 1.4.1 (¢-functions, ®-functions). A real function M : Q x [0,00) —
[0, 00] is called a ¢-function, written M € ¢, if

o M(x,-) is a non-decreasing and convex function for all x € €,
o M(x,0)=0, M(x,s) >0 fors>0 and M(z,s) — 00 as § = 00
e M(-,s) is a measurable function for every s > 0.

A ¢-function is called P-function or Musielak function, denoted by M € ®, if
furthermore it satisfies
lim Mz, s) =0 and lim Mz s) = +o0

s—07F S s——+o00 S

Observe that equivalently a ®-function M can be represented as

t
M(z,t) = / a(x, s)ds, for t > 0,
0
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where a(x,-) is a right continuous and increasing function, a(x,s) > 0 for s > 0,
a(x,0) =0, a(x,s) — oo as s — oo for every = € Q.

Example 1.4.1. As examples of ¢-functions, we give
o Mi(x,s)=|s"@ 1<p()< oo,

o My(z,s) = [s|"™log(e + |s]), 1 < p(-) < o0,

My(z,8) = ——[(1+ |s[)"%" 1], 1 < p() < o0,

p(w)

My(w,s) = [s]P +a(@)]s]”, 1 <p <q,0 < al() € L (),

o Ms(z,s) = el _ 1, 1 < p(-) < oo,
o Ms(x,s) = 00X(1,00)(5)-

Definition 1.4.2. (Complementary ®-functions)[82, Definition 13.1]. Let M € ®
and let M* : Q x [0,00) — [0, 00] be defined by

M*(x,s) = sup{st — M(x,t)} for all s >0 and all x € Q. (1.35)

>0

The function M™ s called the complementary ®-function to M in the sense of
Young.

The complementary of a ®-function M can be also expressed as
t
M*(z,t) = / a*(x,s)ds, fort >0,
0

where a*(z, s) = sup{v, a(z,v) < s}.
Example 1.4.2. As examples of pair of complementary ®-functions we give.

1
o If My(xz,s) = —|s’, 1 < p < oo, then the complementary ®-function is

defined by

1
Mi(z,s) = —|s|’

v

where, pl = ——.
p—1

o If My(z,s) = el*l —|s| — 1, then the complementary ®-function is defined by

M;(x,s) = (1+ |s]) log(1 + [s]) — |s].
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1
o [f Ms(x,s) = ﬂ|s|p(‘”), 1 < p(x) < oo, then the complementary ®-function
p(x
1s defined by
1 /
M3 (z,s) = s|P'@
(9) =~
p(z)
where, p'(x) = ————.
)= -1

Proposition 1.4.1. (Young inequality)[82, Theorem 15.6]. Let (M, M) be a pair
of complementary ®-functions. Then for all u,v > 0 and for all x € ) we have

wo < M(z,u) + M*(z,v), Vu,v>0,Vr e, (1.36)

FEquality holds in (1.36) when v = a(z,u) or u = a*(z,v).

1.4.2 Musielak spaces: definitions and properties

In this subsection we define the Musielak spaces and provide some of their elemen-
tary properties.

Definition 1.4.3. (Musielak spaces)[82, Definition 7.2]. Let M € ¢, we shall
denote by Ly (S2) the set of all measurable functions u : Q — R such that

pu(u(z)/N) = /QM(x, lu(x)|/N)dx < 400, for some A > 0. (1.37)
and by Ey () the set of all measurable functions u : Q — R satisfying (1.37) for
all \ > 0. The sets Ly () and Epn(2) will be called Musielak spaces.

Example 1.4.3. As examples of Musielak spaces we give.
o The classical Lebesgue space LP(QY) (see Definition 1.3.1).
e The variable Lebesgue space L) (Q) (see Definition 1.3.11).

o The weight Lebesgue space defined by
LP(Q,w) := {u : Q — R, measurable : wwr € LP(Q)}

where 1 < p < 0o and w = w(x) is measurable and positive function a.e. in
Q.

e The space generated by the ¢-function B(x,s) = el — s — 1 defined by

B(x, M)dm < 00, for some A > 0}

Lp(Q) = {u : Q — R, measurable : / 5y

Q
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Remark 1.4.1. We note here that in the first three examples above the space
Ly (2) and En(S2) are the same. While in the last example generated by the ¢-
function B(x,s) = € — s — 1, the spaces Ly (Q) and Ey () are not equal (see
Lemma 3.2.3 below).

Definition 1.4.4. (Orlicz and Luzemburg norms)[82, pages 85 and 100].  Let
M € ¢ we define the Luxemburg norm by

lul|La) = ||ullar := inf {)\ >0: /QM(J?, lu(z)|/N)dx < 1}, (1.38)

and the Orlicz norm by

lull g = wptémuwuwm. (1.39)

P+ (v) <1

By definition of the Luxemburg norm it’s easy to see the following equivalence
lulr <1 & / M(a, |u(z)|)de < 1. (1.40)
Q

Definition 1.4.5 (Modular convergence). A sequence {u,}, is said to converge

modularly to w in Ly(2) (up SELEN u), if there exists A > 0 such that
n—oo

pv (U —u)/A) = / M (z,|u, — ul/X) dr — 0 as n — oo,
Q
Definition 1.4.6 (Norm convergence). A sequence {u,} is said to converge to u
in norm (u, — w) in Ly (), if ||[un, — ullpr = 0 as n — oo.

Theorem 1.4.1. /82, Theorem 7.7]. Equipped with the Luzemburg norm (1.38),
Ly (2) is a Banach space.

Proposition 1.4.2. The space Ey () is a closed subset of Ly(S2).

Proof. Let {u,} C Epn(Q2) such that u, — u € Ly (2). For any A > 0, we have

/ M (2, 2\|u,, — u|)dx — 0. This implies M (x, 2\|u,, —u|) — 0in L'(2). So that,
Q

there is h € L'(Q) such that M (z, 2\|u,, — u|) < h. Hence,

Nin) = u(a)] < 5M 7, (@),

which yields
1
Alu(@)] < Mun(@)] + M7z, h(w)),
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By the convexity of M, we get

Mz Mul@)]) < Mz, 20 (x)]) + sh).
Thus
/QM(:U,Mu(x)])dx < %AM(Q:,ZM%(:U)])@Z&: +%/ﬂh(az)daz < oo.
So that u € Ey(Q). =

By Young inequality (1.36) it’s easy to check the following Holder inequality
(see [82, Theorem 13.13])

Proposition 1.4.3. (Hélder inequality)[82, Theorem 13.13]. Let (M, M) be a
pair of complementary ®-functions. for all u € Ly () and v € Ly« (Q) we have
that

/Q\U(x)v(w)!dfv < lullfrallvllae < 2fullalolar (1.41)

Definition 1.4.7. (Inverse ®-functions) Let M € ®, we denote by M~ the in-
verse of the M with respect to its second argument, that is

M~Yx, M(x,s)) = M(z, M *(z,s)) = s. (1.42)

1.4.3 Introduction to Musielak-Sobolev spaces

In this subsection we introduce the Musielak-Sobolev space.

Definition 1.4.8. [82, Definition 10.1] Let M € ¢. For a positive integer m, we
define the Musielak-Sobolev spaces W™ Ly () and W™ Ep () as follows

WLy (Q) = {u € Ly (Q) : D*u € Ly(Q), |o] < m},

W™ Ew(Q) = {u € E(Q) : D*u € Ery(Q),]a] <m},

where o = (oq, 9, -+ ,an), |a| = |ai| + |ag| + - + |an| and D* denote the
distributional derivatives.

The spaces W™ Ly (2) and W™ Ey () are endowed with the Luxemburg norm

. | Dul
lwllwm Ly @) = [|t]|m,ar = inf {)\ >0: Z /QM(Q?, S de <1p. (1.43)

laj<m

Example 1.4.4. As examples of Musielak-Sobolev spaces we give

e The classical Lebesque-Sobolev space W™ LP(Q), 1 < p < 0o, (see Definition
1.3.2).
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e The variable Lebesgue-Sobolev space W™LP® (Q) satisfying (1.31) (see Def-
inition 1.3.12).

o The weight Lebesgue space defined by

WmLP(Q,w) = {u : Q — R, measurable :
wwr € LP(2) and D uwr € LP(Q), o] < m},

where 1 < p < 00 and w = w(x) is measurable and positive function a.e. in

Q.
e The space generated by the ¢-function B(x,s) = el — s — 1 defined by
WM Lp(Q) = {u QS R,
measurable :u € Lg(Q) and D*u € Lg(Q),|a| < m}
Remark 1.4.2. As in Remark 1.4.1 in the first three examples above we have

W™Ly(Q) = WTEN(Q). While in the last example generated by the ¢-function
B(z,s) = el — s —1 it is not the case (see Lemma 3.2.3 below).

Definition 1.4.9 (Modular convergence). A sequence {u,}, is said to converge

modularly to w in W™ Ly () (uy, mod u), if there exists A\ > 0 such that
n—oo

| D%up () — Du(x)|
/QM<x, 3 )dm — 0.

Definition 1.4.10 (Norm convergence). A sequence {u,} is said to converge to u
in norm (u, — wu) in WLy (), if for all |a] < m we have

| D%, — D%ul|pr — 0 as n — oc.

Denote by d = d(m, N) the number of multi-indices o = (a1, a9, -+, ay)
d

satisfying |o| < m, that is d = Z 1. Let M € @, define I1L,(Q2) = 'l_TlLM(Q) as
la|<m -

the d-tuple Cartesian product of L/(€2). The mapping
defined for all w € W™Ly(Q2) by

P(u) = (D*w)ism (1.44)
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establishes an isometric isomorphism from W™Ly(Q2) onto the subspace X =
PW™Lp () of ITLp(€2) for m > 0. Thus, we can identify the space W™ Ej/(£2)
with the subspace P(W™ E)/(€2)) of the product I1Ey,(Q2) for m > 0.

Remark 1.4.3. In the particular case of Orlicz-Sobolev spaces other interesting
spaces defined by mean of the closure of Cg°-functions are given (see Definitions
1.3.9 and 1.3.10). In general for ®-functions M depending on x, Cg°-functions do
not belong to the space W™ Ly (Q). However, in Definition 3.4.1 below, we will

gwe a sufficient condition for which Definitions 1.53.9 and 1.53.10 holds in Musielak
spaces.
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Introduction to Part 1

In this Part, we investigate some mathematical properties of Musielak and
Musielak-Sobolev spaces. The Part contains four chapters constitute a ground-
work to solve PDEs with general growth conditions. These chapters are based on
papers [4, 5, 7, 103] by the author et al.

The results we give in this Part are a generalization of several studies obtained
in the particular cases of Orlicz space, variable exponent Sobolev space and the
space generated by double phase function. More than half of this Part is concerned
by the problem of the density of smooth functions in Musielak and Musielak-
Sobolev spaces. In fact, the Part starts with Chapter 2 about the continuity of
the shift operator, which will be a substantial tool for proving the approximation
results in the Musielak spaces given at the end of the chapter under a sufficient
regularity condition on the ®-function of local integrability type (see (£},.) below)).

As first application of Chapter 2 we provide Chapter 3 on the problem of du-
ality, separability and reflexivity in booth Musielak and Musielak-Sobolev spaces.
The first two topological properties will be obtained only under the local integra-
bility condition. Whereas the reflexivity of the Musielak space will be obtained if,
in addition to the local integrability condition, we assume that the pair of com-
plementary ®-functions (M, M™) satisfies the condition A, that we discuss at the
beginning of the chapter. This result of reflectivity we get joins that obtained in
the case of Orlicz space (see [89]).

In Chapter 4 we address the problem of density in Musielak-Sobolev spaces.
In general, smooth functions are not dense in these functional frameworks, in this
chapter we provide new systematic regularity assumptions (see (L) or (4.8) and
(L},;) below) in connection with the log-Holder continuity condition of variable
exponent or the sharp range condition for powers in double phase spaces. In this
later, chapter we prove modular and norm densities of smooth function compactly
supported whether in RY or in a sufficient smooth open set 2 in Musielak-Sobolev
spaces, in addition, we give a Meyers-Serrin type approximation whereby the weak
derivatives are identified to the strong ones with respect to the modular topology.
The identification with null trace functions space will also be given.

The remaining chapter of this part is Chapter 5 concerned with Poincaré type
inequalities in Musielak-Sobolev spaces. These types of inequalities are generally
not verified in these functional frameworks, in this chapter we provide a new sys-
tematic regularity assumption (see (M,,,) below) whereby we prove the Poincaré
integral inequality in several Musielak-Sobolev spaces as well as the Poincaré norm
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inequality. The condition (M,,) we introduce is in connection with Maeda mono-
tonicity condition for variable exponent p(-) (see [77]) when M(-,s) = s**).
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Chapter 2

The shift operator and approxima-
tion results in Musielak spaces

2.1 Introduction

In this chapter, we are interested in establishing some basic approximation results
in Musielak spaces with respect to the modular and norm convergence. In fact,
we give sufficient conditions for the continuity in norm of the shift operator in
these functional frameworks and an application to the convergence in norm of
approximate identities, whereby we prove the density of smooth functions in L,;, in
both modular and norm topologies. The main results of this chapter are contained
in Theorem 2.3.1, Theorem 2.3.2 and Theorem 2.4.1.

Unlike the classical Orlicz spaces, the spatial dependence of the ®-function M
does not allow, in general, to smooth functions compactly sported in €2 to belong
to Musielak space Lp/(€2). The chapter starts by introducing and discuss the
sufficient condition of locally integrability type (see (£;,,.) below) which allows to
get the above inclusion.

In general, if u € Ey () (Definition 1.4.3) we can’t expect that 7,u belongs to
Eyn(Q) as was proved first by Kaminska [62, Theorem 2.1] (see also [67, Example
2.9 and Theorem 2.10]). In the first main result Theorem 2.3.1, we prove that the
translation operator acts on the set of bounded functions compactly supported in
Q. In the case where M(z,t) = [t|’'™, a similar result was proved in [26, p.261]
by using the continuous imbedding between variable exponent Lebesgue spaces.
Unfortunately, this result is not true in general in variable Lebesgue spaces, as
showed in [62, Example 2°] (see also [28, Proposition 3.6.1]) unless the exponent
is constant.

As a consequence of Theorem 2.3.1, we prove a norm convergence of the ap-
proximate identities in Theorem 2.3.2. The remaining main result of this chapter
Theorem 2.4.1 is a unified generalization of the approximation results known in
Lebesgue spaces LP(2), 1 < p < oo and Orlicz spaces. The approach, now classi-
cal, is based upon reducing the study to continuous functions compactly supported
in €2 and then using imbedding theorems and a sequence of mollifiers to conclude,
see for instance [2, Corollary 2.30 and Theorem 8.21]. This classical approach is
based on the fact that the translation operator u(- 4+ h) is continuous in norm
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when h tends to zero. This fails to hold in Musielak spaces as showed in Remark
2.3.1. Consequently, we can not approximate in general the identities for a given
function.

In the framework of variable exponent Lebesgue spaces LID(')(Q)7 Kovacik and
Rakosnik [67, Theorem 2.11| proved first the density of the set C;°(2) of infinitely
differentiable functions compactly supported in €2, provided only that the variable
exponent p(-) € L>(92). Their idea consists in showing successively that the set of
essentially bounded functions L*°(€2) N L*V)(Q) is dense in L7 (Q) and by means
of Luzin’s theorem the subset of continuous functions C(€2) N L?V(Q) is dense in
LPO(Q), which finally lead to the density of the set CS°(Q) in LPU)(€).

In Musielak spaces, the situation is more complicated. At first, we note that
although the assumption (£},,) is satisfied, the inclusion L>(£2) C Ly (2) does
not hold true in general even if ) is an open of RY with finite Lebesgue measure.
Secondly, the use of the similar idea to that of Cruz-Uribe and Fiorenza [26] will
requires additional assumptions. Thirdly, in contrast to what is mentioned above,
the translation operator is not acting, in general, between Musielak spaces (see
[67, example 2.9 and Theorem 2.10] and |28, Proposition 3.6.1]). For these reasons
and for the best of our knowledge, it is not possible to obtain approximation
results using classical ideas. The approach we use consists in starting by proving
the density of smooth functions Cg°(£2) in B.(£2) with respect to the norm in
Ly (€2), (see Theorem 2.3.2), and then the density of bounded functions compactly
supported in norm in Ej;(€Q) and in modular in L;(9), (see Lemma 2.4.1), which
allow us to get the density of smooth functions C;°(£2) in Ej(2) and Ly, () with
respect to the norm and modular convergences respectively. The idea we use in
this paper is essentially based upon using the fact that for a function v € B.(Q2),
the translation operator u(- + h) is continuous with respect to the norm || - ||, @)
as h tends to 0 (see Theorem 2.3.1). This constitutes the main reason why we
introduce the space B.(€2).

Outline of the chapter. The chapter is organized as follow, in Section 2.2 we
introduce the local integrability condition (£},,). Section 2.3 provide the continuity
in norm of the translation result in Musielak space. Finally, Section 2.4 is devoted
to some density results in Musielak spaces.

2.2 The regularity of local integrability (ﬁllOC)

Unlike the classical Orlicz spaces, the spatial dependence of the ®-function M does
not allow, in general, to bounded functions to belong to Musielak spaces. An extra
additional hypothesis is needed. In the sequel, we make use of the following local
integrability.

Definition 2.2.1. We say that M € ® is locally integrable, if for any constant
number ¢ > 0 and for every compact set K C ) we have

(Lloe) /KM(x, c)dxr < oo.
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Example 2.2.1. We have the following examples of ®-functions satisfying the
condition (L,,.), and thus are admissible in our results below.

1. All N-functions (Definition 1.3.4), namely for
o M(z,s)=|s|’, 1 <p < o0,
o M(z,s) = (1+]s])log(1 +|s|) — |s],
o M(z,s)=ell —|s] -1,
satisfy obviously condition.

2. If p(+) satisfies (1.81), it is obvious to check that the following ®-functions

o M(z,s)=|s[P@
o M(z,s) =|s["log(e +|s|),
1 p()
o M(z,s)=—[1+1s]>) 2 —1],
(@5) = s[5~ 1]

o M(z,s)= el 1,
satisfy the assumption (L},,).
3. If a € L},.(Q) then double phase ®-function
o M(z,s) = [s]” + a(x)]s|*,
with 1 < p < q < 00, 0 < a(-), satisfies (L},.).

Comments and remarks on the assumption (£}, )

e Inequality (£,,.) was introduced in [82, Definition 7.5] for a measure space
(Q, %, ) where p is a positive complete measure, that is to say

/ M (z,s)dp < oo, for every s >0 and D € ¥ with u(D) < oo, (2.1)
D

(see [82, Definition 7.5]), which is stronger than the condition (£;,,) when
we limit ourselves to the Borel tribe.

e Observe that (£},.) is not always satisfied as shown by the following example.
Set Q = (—1/2,1/2) and set

sV o2 e(0,1/2),
M(x’s)_{ 2z e (—1/2,0).

Note that M is a ®-function. Consider the compact set K = [0, 1/4], which
is contained in 2. Then for ¢ > 1

1/4
/ M(z,c)dx = / e dr = +oo.
K 0
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e The condition (£,.) ensures that the set of bounded functions compactly
supported in € belong to Ej/(2) and so is the class of smooth functions
compactly supported in 2.

e The functions essentially bounded do not belong to Ey(f2) even if (£],) is
satisfied.

o If 7+ M(x, s) is a continuous function on  then, by (1.35), is the comple-
mentary ®-function M* to M. Thus (L£},.) holds for the pair of complimen-
tary ®-functions (M, M™).

Remark 2.2.1. [t is worth pointing out that if a ®-function A satisfies

A
lim ess inf,cq 2% — 4o (2.2)
S—0Q S

then its complementary ®-function A* satisfies (L;,,) not only for compact

subsets K C € but for all measurable subsets of Q0 having finite Lebesgue
measure. Indeed, assume that (2.2) is fulfilled. Then for an arbitrary ¢ > 0,
there exists a constant s, > 0 (not depending on x) such that for all s > s,
and for every x € €}
Az, s)
s
Noticing that sup(sc — A(z, s)) < 0 and from the definition of A*, we obtain

S$>Sc

>c+ 1.

A*(z,c) < sup (sc— A(x,s)) < cs., for every x € €.
0<s<s¢

This proves that A* satisfies (L},.) for any subsets of finite Lebesque measure.

A useful implication of the condition (£},,) is the following equivalence norms
result. The equivalence between Orlicz and Luxemburg norms (Definition 1.4.4) is
well-known in the Orlicz spaces setting [70, Theorem 3.8.5|, while in the Musielak
framework this result was proved by Musielak [82, Theorem 13.11] using a local
integrability condition upon measurable sets with finite measure.

Lemma 2.2.1. Let M € ® satisfy (L;,,). Then, for all u € Ly ()

loc
Jullyr < Nlullfy < 2[ullam (2.3)

Proof. The inequality in the right-hand side is an easy consequence of the Young
inequality. We only need to prove the left-hand side inequality. To this end, it is
sufficient to prove that

/Q Mz, |u(z)]/ Jullgy)dz < 1.
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This can be done by using (£,.) and following exactly the lines of [70, Lemma
3.7.2|. O

2.3 Continuity of the shift operator

We state in this section a continuity result of the shift operator in Musielak space.

2.3.1 M-mean continuity

In this subsection, for h € RY, we denote by 7,u the shift operator defined by
(1.18). Note that if the function u has a compact support, 7,u is well-defined
provided that h < dist(supp u,082). In the following Theorem, we prove that the
translation operator acts on the set of bounded functions compactly supported in

Q.

Theorem 2.3.1. Let M € ® satisfy (Li,.). Then, any u € B.(Q) is M-mean
continuous, that is to say for every e > 0 there exists a n = n(e) > 0 such that for
h € RN with |h| < n we have

lThu — ||y < e.

Proof. For u € B.(Q2), let suppu = U C Br N Q, where by Br we denote a
ball with radius R > 0. Let h € RY with |h| < min(1,dist(U,08)). We have
suppTht C B := Bpri1 N Q. Let us define B = Bryi N where Bpyy stands
for the closed ball with radius R + 1. Thanks to (£;,,), for any constant number

C' > 0 and any compact subset K C Q one has M(x,C) € L'(K). Therefore for
arbitrary € > 0, there is v > 0 such that for every measurable subset Q' C K

M(z,C)dx < %, whenever || < v. (2.4)
Q/

For this v, there exists p € (0,1) such that |H,| < Z where

H,={z € B :dist(x,0B) < p}.

FIGURE 2.1: Domain geometry
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Define U, = B\ H,. Since u is measurable on U,, Luzin’s theorem ensures that
for v > 0 there exists a closed set Fy, C U, such that the restriction of u to Fj,

v v
is continuous and |U, \ F1,| < " We then have, |B\ F;,| < 7 The function u
is uniformly continuous on the compact set Fj,. It follows that for ¢ > 0, there

exists an n € (0, p) such that for all x, z + h € F, one has

3

- 2</UM(27,1)CZZC+1>‘

|h| <n=fu(z+h) —u(z)|

(2.5)

Define the two sets
F27l, = {ZL’ c U,l’ + h S Fl’y} and Fl, = Fl,l/ N FQ’V.

The set F, is a closed subset of 2. In addition, we have |B\ F,| < v. Indeed, since

the Lebesgue measure is invariant by translation we get |B \ Fi,| = |B\ Fb,|.
Therefore,
[B\Fy| = |(B\ F1,) U(B\ Fo,)| < |B\ Fiu[ +|B\ [y, <v. (2.6)

If 2 ¢ B then for |h| < n we have z+ h ¢ BN . If not, we will get x € B which
contradicts the fact that x ¢ B. Hence, we obtain

/QM(x, |Thu(z) —u(z)|)de = / M (z,|mpu(x) — u(x)|)dx
= /:mF M (x, |mu(z) — u(z)|)dx (2.7)

+ M (z, |mu(z) — u(x)|)de.

B\F,

By (2.5) the first term in the right-hand side can be estimated as

o M (z, |mhu(z) — u(z)|)dz < /BQFV M(x, 2(/ M(; s 1) )dw < g
U

As regards the second term in the right-hand side of (2.7), we use the fact that
u € B.(Q) is bounded by a constant number ¢ > 0 and then (2.4) (since B\ F,, C
K :=H,uUU,UU) to obtain

M (z,|mpu(z) — u(x)])de < M (z,2c)dx <
B\Fv B\Fv

Putting together (2.7) and (2.8), we get

(2.8)

DO ™

Ve >0,9n>0:|h| <n= / M(z, |mu(z) — u(z)|)dx < e.
Q
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Let § > 0 be arbitrary but fixed. As u/d € B.(2), we get

[hu(z) — u(z)]

E|77>0:\h\<77:>/M<x, 5 >dx§1,
Q

which gives
| The — wl[ar < 0 whenever |h| < 7.

O

Remark 2.3.1. Note that the boundedness of the function u in Theorem 2.3.1 is
necessary, else the result is false. Indeed, when we put ourselves in the particular
case M(x,t) = t*® the authors [67, example 2.9 and Theorem 2.10] gave the
following example : N =1, Q = (—=1,1). For 1 <r < s < 400 they define the

variable exponent
_fr ifze|0,1),
p(x)—{s if v € (—1,0)

and consider

_1
s

| o if x €10,1),
f@>_{o if v € (—1,0).

They show that T,f ¢ LPY(Q) although that f € LPY(Q). Observe here, in this
example, that the function f is compactly supported but not bounded on §2.

2.3.2 Application to approximate identities

For ¢ > 0 and a real function v by u. we denote the regularization sequence of
u defined by (1.20). As a consequence of Theorem 2.3.1, we give the following
density result.

Theorem 2.3.2. Let M € ® satisfy (L,,,) and let u € B.(Q). For any e > 0 small
enough, we have u. € C;°(S2). Furthermore,

e — ullpr — 0 as e — 07,

Proof. For ¢ > 0, the function u. defined in (1.20) belongs to C5°(€2) whenever
e < dist(supp u,0f2) (see for example [2, Theorem 2.29]). Let M* stands for the
complementary ®-function of M and let v € Ly+(€2). By Fubini’s theorem and
Holder’s inequality (1.41) we can write

/Q}(ug(x) — u(a:))v(x)!dx < /RN </Q lu(z — ey) — u(m)Hv(:L’)\dx) J(y)dy

< 2||v||m- [7—cyu — ullarJ (y)dy.
lyl<1
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Hence, by the definition of the Orlicz norm and the inequality (2.3) we obtain

e — uflar < 2 / eyt — ullard () dy.
ly|<1

We can now use Theorem 2.3.1 Given p > 0, there exists 7 > 0 such that for e < n
we get
[7—eyu(z) — w(z)|la < p
for every y with |y| < 1. Then we conclude that
o~ ullw <2 [ J)dy =2n

ly|<1

which gives the result. O

2.4 Density results

2.4.1 Auxiliary density results

We give below some density results in Ly (2) and Ej(€2). In the following lemma
we prove that under the condition (£},.) bounded functions compactly supported
in Q are dense in F)/(2) with respect to the strong topology and in L,/ (€2) with
respect to the modular topology.

Lemma 2.4.1. Assume that M € ¢ satisfies (L,.). Then
1. B.(Q) is dense in Ep(Q) with respect to the strong topology in Ly (€2).
2. B.(Q2) is dense in Ly(2) with respect to the modular topology in Ly ().

Proof. 1. If u € Ey(Q), then for all A > 0 one has M(z,|u|/\) € L*(Q).
Denote by T}, 7 > 0, the truncation function at levels 5 defined on R by
Tj(s) = max{—j, min{yj, s} }. We define the sequence {u;} by

uj = Tj(w)xK;, (2.9)

where g, stands for the characteristic function of the set

1
K, = {x € Qx| < j,dist(x,Q°) > —_}.
J

Hence, the function u; € B.(£2) and converges almost everywhere to u in €.
Thus M(z, |uj(z) —u(x)|/A) — 0 a.e. in Q and

Mz, |uy(x) - u(2)|/2)) < M(x, Ju(@)|/3) € LNQ).  (2.10)
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So that by the Lebesgue dominated convergence theorem, we obtain
/ M (x|u;(z) —u(x)|/2\)dx < 1 for j large enough,
Q

which yields lim |lu; —ul[p < A. Being A > 0 arbitrary, we get lim |ju; —
J—+oo J—+oo
2. Now if u € Ly;() then for some A > 0 one has M(z,|u|/)\) € L*(Q).

Let {u;} the sequence defined in (2.9). The inequality (2.10) holds for some
A > 0 and since u; € B.(£2) and converges a.e. to u in €2, we get M (x, |u;(x)—
u(z)|/2X) = 0 a.e. in §2. Thus, Lebesgue’s dominated convergence theorem
yields

/QM(;,;, s (2) — )] /20) = 0, as j — oc.
]

Remark 2.4.1. In view of Lemma 3.2.3, observe that if the ¢-function M € A,
then bounded functions compactly supported in Q are dense in Ly (Q2) for the norm

topology.
Let S and S, stand for the sets defined respectively by (1.15) and (1.16).

Lemma 2.4.2. Assume that M € ¢ satisfies (L,,.). Then the set S, is dense in
En(Q) with respect to the strong topology in Ey(2).

Proof. Let u € B.(€). Since u is a measurable function, by classical result [2| we
know that there exists a sequence {u,} C S converging pointwise to u in {2 and
satisfying |u,(z)| < |u(z)|, for all n € N and = € Q. Since u € B.(f2), we can
assume that u, € S.. Hence,

M (z, [un(2) — u(z)|/A) < M(z,2lu(z)|/X) € L(Q).

As for all A > 0
M (z, |up(x) — u(z)|/A) — 0 a.e. in Q,

by the Lebesgue dominated convergence theorem we obtain
/ M (z,|un(x) — u(x)|/N)dz < 1, for n large enough,
Q

which yields ||u, — ul[y; < A, for n large enough. Being A > 0 arbitrary, we get

|lun, — ullar — 0 as n — .
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2.4.2 Density of smooth functions
The following approximation theorem is the main result of this subsection.
Theorem 2.4.1. Let M € ® satisfy (L,,,), then
1. C5°(QY) is dense in En(€2) with respect to the strong topology in En(€2).
2. C§°(Q) is dense in Ly (Q) with respect to the modular topology in Ly ().

Proof. 1. Combining Theorem 2.3.2 and Lemma 2.4.1, we obtain the density of
Co°(§2) in Ey(§2) with respect to the strong topology.

2. Let u € Ly (). According to Lemma 2.4.1, there exist w € B.(Q2) and A > 0
such that for all n > 0

/QM(QJ, lu(z) — w(x)|/N)de < n.

Then by Theorem 2.3.2; there exists a function v € Cg°(f2) that converges
strongly to w in Ly, (€2). But we know that the norm topology is strong than
the modular one, more precisely we have

/QM@, w(z) — v(@))dz < 1.

Let us make the choice \; = max{1, A} and use the convexity of the ®-
function M, we can write

/QM(QJ,\U(J:)—U(:U)|/2)\1)CZ:& < %/QM(Q;, lu(z) — w(x)|/\)dz
%/QM(Q:, w(z) — v(z)|)dz.

This, yields the result.
O

Remark 2.4.2. Let M € ®. If M € A, then in view of Theorem 2.4.1 and
Lemma 3.2.2, the set of C°(S2) function is dense in Ly (Q) with respect to the
norm || - ||as-

2.5 Conclusion

In this chapter we proved the continuity in norm of the shift operator in the
Musielak Lj; spaces. An application to the convergence in norm of approximate
identities is given, whereby we proved density results of the smooth functions in
Musielak spaces, in both modular and norm topologies. These densities results are
summarized in the following Figure.
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M satisfies (£},,)

m 92.3.1
u € B

[Thu — ul] =h—0 0

Theorem 2.3.2 Lemma 2.4.1 Theorem 2.4.2

T

B. is norm dense in Ej;

C3° is norm dense in B . .
0 ¢ B, is modul. dense in Ly,

S, is norm dense in Ej;

Theorem 2.4.1

Cy° is norm dense in Ejy
Cy° is modul. dense in Ly,

FIGURE 2.2: Some density results in Musielak spaces
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Chapter 3

Topological properties and applica-
tions of the approximation results

3.1 Introduction

The aim of this chapter is to extend some topological properties of classical
Lebesgue and Orlicz spaces to the Musielak spaces. Using the foregoing approx-
imation results obtained in Chapter 2 we prove here some basic function space
properties that constitute essential tools needed in the existence theory for par-
tial differential equations involving nonstandard growths described in terms of
Musielak functions (see Part II). Such results requires to take into account the
results earlier studied deeply in the monographs [69, 82| and those of the particu-
lar framework of variable Lebesgue and Sobolev spaces concerning completeness,
density, reflexivity and separability obtained by Kovécik and Rékosnik [67].

The chapter deals with Section 3.2 where we consider the As-condition and dis-
cuss the relation between some types of convergences in Musielak spaces. Sections
3.3 and 3.4 are respectively devoted to the proof of some topological properties of
Musielak and Musielak-Sobolev spaces, namely duality, separability and reflexivity
properties.

In the Orlicz spaces, the density of simple functions, denoted S, in Ey(Q) is
an important step in the proof of the duality result (see for instance |2, Theorem
8.19]). In the Musielak spaces such approximation result needs to assume a local
integrability condition with respect to all measurable finite Lebesgue measure sub-
set of © (2.1) (see [82, Theorem 7.6]) which allows to get the inclusion S C Fy(Q2).
In Theorems 3.3.1 and 3.4.2 we prove respectively the duality results in Musielak
and Musielak-Sobolev spaces under the weaker condition (£},.) and the proof of
Theorem 3.3.1 act otherwise, compared to the classic case of Lebesgue spaces, by
using the density of the set S, of simple functions compactly supported in €2 (see
Lemma 2.4.2) instead of simple functions only.

In the framework of classical Lebesgue and Orlicz spaces, the separability of
the closure of bounded functions compactly supported in Q is well-known, see for
instance |2, Theorem 2.21 and Theorem 8.21], while for bounded variable exponent
spaces one can see [67, corollary 2.12 |. Here, using the density results obtained
in Theorem 2.4.1 we prove in Theorem 3.3.2 and Theorem 3.4.3 respectively the
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separability of Ej/(2) and W™E (). The proof of Theorem 3.3.2 is totally
different from that given by Musielak [82, Theorem 7.10|, since the author used
the density of simple functions assuming that the ®-function M satisfies the local
integrability condition for all measurable finite Lebesgue measure subset of 2 (2.1),
which is stronger than the condition (£],.) when we limit ourselves to the Borel
tribe.

Furthermore, in Theorems 3.3.3 and 3.4.4 we give sufficient conditions under which
the reflexivity of Musielak and Musielak-Sobolev spaces holds.

3.2 The Aj-condition

A special class of ®-functions if the following.

Definition 3.2.1 (Ay-condition). We say that M satisfies the Aq-condition, writ-
ten M € Ay, if there is a constant k > 0 such that

M(x,2s) < kM (x,s) + h(z) (3.1)

for all s > 0 and almost every x € ), where h is a nonnegative, integrable function
mn €.

Remark 3.2.1. The hypothesis (3.1) seems to be natural in the sense that if the
O-function M is independent of the variable x, i.e. M: [0,00) — [0, 00| is an N-
function (see [2]), it is equivalent to the formulation of the Ay-condition considered
in the Orlicz spaces setting. That is there exist two constants ¢ > 0 and ty > 0
such that

M(2t) < eM(t) (3.2)

for every t > ty ort > 0 according to whether Q has finite Lebesque measure or
not successively. Indeed, assume that |Q)| < 400, where from now on |E| stands
for the Lebesque measure of a subset E of RY. Suppose that (3.1) holds but (3.2)
1s not true. Thus, there exists a sequence t,, > to such that t, — +00 satisfying
M (2t,) > 2"M(t,). Then, by (3.1) we have

/Qh(a:)da: > (27— B)M(t,)]Q).

The passage to the limit as n tends to infinity yields a contradiction with the fact
that h € L*(Q). Conversely, assume that (3.2) is fulfilled. The function f defined
by f(t) = M(2t) — cM(t) is continuous and so we get 0 < max f(t) = C < +o0.

0<t<to
Therefore, we obtain

M(2t) < cM(t)+ C, for allt > 0.

Hence, we can choose h(x) = C. Suppose now that |} = +oo. Assume that
(3.1) holds but (3.2) is not true. So that for ¢ = k, there is s > 0 satisfying
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M(2s) > kM(s). From (3.1) we can write h(x) > M(2t) — kM(t) for all t > 0.
Substituting t by s and then integrating over {2 one has

/Q h(z)de > (M(2s) — kM(s))|Q] =

which contradicts the fact that h € L'(2). Conversely, if (3.2) is true then (5.1)
holds for h = 0.
Definition 3.2.2. A ®-function M is said to satisfy the weak As-condition, writ-
ten M € Ny, if for every u, € Ly ()
/ M (x,u,)dz — 0 implies / M (x,2uy,)dr — 0 as n — o0.
Q Q
Lemma 3.2.1. Let M € ®. Then the norm convergence and the modular conver-

gence are equivalent if and only if M € Ay ,,.

Proof. Suppose that the norm convergence and the modular convergence are equiv-
alent and let u, € Ly (€2) be such that / M (z,u,)dz — 0. Then, ||u,|p — 0 as

Q
n — 0o. By the definition of the norm, we can get

/ M (z,2u,)dz < 2||u,||a-
Q

Thus, / M (x,2uy,)dz — 0 as n — oo.
Q

M(x, |u;|)dx — 0 for some

A > 0. We shall prove that / M (x, p|u,|)dx — 0 as n — oo for every u > 0. Let

Conversely, let u, € Ly (Q) and suppose that /
Q

Q
m € N be such that Ay < 2™. Then, we can write
/qu|un| :c<—/ 2m| ”‘)d:f;—>0asn—>oo.

]

Lemma 3.2.2. Let M € ®. If M € A,, then the norm convergence and the
modular convergence are equivalent.

This lemma was proved in [82, Theorem 8.14| using the local integrability (see
[82, Definition 7.5]). This local integrability is not necessary, we give here a proof
based on Vitali’s theorem.

Proof. We only need to prove that the modular convergence implies the norm
convergence, the converse is an easy task. Let {u,} be a sequence of functions
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belonging to Lj(€2) such that / M (z,u,(z)/\) — 0 as n — oo, for some A > 0.

Thus, M (x,u,(z)/A) — 0 strongly in L*(€2). Hence, for a subsequence still indexed
by n, we can assume that u, — u a.e. in ). Let p be a fixed integer, by the A,-
condition we can write

M (2, 2Pu, (2) /) < KPM (2, u,(x)/N) + (KP~1 + -+ k + 1)h(z).

Therefore, by Vitali’s theorem we get lim [ M(z,2Pu,) = 0. For an arbitrary

n—o0
A > 0, there exists m such that A < 2™. Then we can write

A
/ M (z, Auy,)dz < m / M (x,2™uy,)dx — 0 as n — oo,
Q Q

which gives ||u,||; — 0 as n — 0. O
Lemma 3.2.3. Let M € ¢, then the following assertions are equivalent
i) En(Q) = Lug(Q).
it) M € A,.
Proof. )= ii) For any u € Ly;(2) we have 2u € Ly(2). Then it follows
Ly () C L37(©Q2), where M (z,u) = M(z, 2u).

Therefore, by [82, Theorem 8.5 (b)| there exist a constant k£ > 0 and a nonnegative
function h € L'(2) such that

M(z,u) = M(z,2u) < kM (z,u) + h(z).
ii)= 1) For u € Ly () there exists A > 0 such that / M(z, |u(z)|/N)dz < co.
Q
We shall prove that for every y > 0 we have / M (z,|u(z)|/p)dr < co. Indeed,
Q

A
there exists an integer m such that — < 2™. Thus, we can write

.
JRICAECITE
< % QM(QJ, wﬂx

%(km/QM(x’ |u<;>r>d$+(km-1+...+k+1)/ﬂh(x)dx) .
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Remark 3.2.2. Unlike the Orlicz framework, the equality En(Q2) = Ly () does
not imply that the ®-function M satisfies M (x,2s) < kM (x,s) for all s > 0 and
almost every x € Q (see [52, Example 4.2]).

3.3 Musielak spaces

3.3.1 Duality results

In this subsection we state our main duality result Theorem 3.3.1. But before we
come to Theorem 3.3.1, we give the following auxiliary results.

Lemma 3.3.1. Assume that M € ® satisfies (L},,). For every nonempty subset
E C K where K is a compact subset of €1, there exist two constant numbers cq,
¢y > 0 such that

1
x5l < Wlw%) (3.3)
Proof. Let o € Q be fixed. By the assumption (£},.), the measurable function
T M(x,M’l(xg, ﬁ))@) belongs to L'(€2). Hence, there is an n > 0 such
that for any measurable subset €’ of €2, one has
Q) <n= M(x,Mfl(xo, L)XE)dx < 1
o 2|F| 2

As M(-, s) is measurable on E, Luzin’s theorem implies that for n > 0 there exists
a closed set F, C E such that the restriction of M(-,s) to F, is continuous and
|E\ F,| <n. Let k be the point where the supremum of M(-, s) is reached in the
set F,.

1 1
M( MMk, — )d :/ M< MMk, — )d
J e g ) = (o007 )
1
+/ M(:l:,M*l b — )dm.
o, gy
For the first term in the right-hand side of the last equality, we use (1.42) obtaining
/ M (M7 (k L))dx </ M (kM L))dx <1
p, M g e = J MR MR g = 5
while for the second one, since |E \ F)| < n we have

1 1
“k, — < -
/E\FWM<x,M (k,21E1)>dx_2
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Thus, we get
1
M< Mk, —— >d <1
O

Remark 3.3.1. Formula (3.3) remains valid either for every nonempty bounded
subset E of Q0 or for every nonempty subset E of 2 if Q is a bounded open.

Lemma 3.3.2. Let M and M* be two complementary ®-functions. Let v €
Ly+(Q2) be a fized function. Define
L,(u) = / u(x)v(x)dr, Yu € Ly (). (3.4)
Q

Then L, defines a linear continuous functional on Ly (). Furthermore,
[ollare < ([ Lol < 2[[v]|are,
where || Ly|| = sup{| Ly ()], [[u]lsr < 1}.

Proof. We omit the proof, since it’s similar to the one given in |2, Lemma 8.17] in
the framework of Orlicz spaces. n

Remark 3.3.2. The above result holds also when L, is restricted to Ep(2). In
general, continuous linear functionals defined on Ly(2) can be expressed in a
different form to that defined in (3.4) (see [70, Theorem 3.13.5]). Hence, we can
not have the Riesz representation theorem as in classical Lebesgue spaces. In the
following lemma we give an "almost complete” analogue of Riesz representation
theorem. A similar result in the Orlicz framework can be found in [70, Theorem

3.13.6].
Lemma 3.3.3. Assume that M € ® satisfies (L},,) and let L € [Ep (). Then
there exists a unique function v € Ly () such that

L(u) = /Qu(x)v(x)dx, Yu € Ep(92). (3.5)

Proof. We begin first by assuming that u belongs to S. i.e. wu is of the form
P
Zaix B,(x) where B; are measurable sets of finite Lebesgue measure such that
1=1

UY_,B; C K for some compact subset K C Q and o; € R, for i = 1,2,--- ,p. Let
1 be the complex measure defined for a measurable set of finite Lebesgue measure
A C K C Q for some compact K as follows

p(A) = L(xa)-
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By (3.3) there exist two constants ¢y, co > 0 such that

L]
(c1,ca/[A])

Thus, the measure y is absolutely continuous with respect to the Lebesgue mea-
sure and it follows by Radon-Nikodym’s theorem that there exists a nonnegative
measurable function v € L'(£2), unique up to sets of Lebesgue measure zero, such
that

(A < Ll xallr < 57 —0as |A] = 0.

H(A) = /Av(x)dx.

Hence, we can write

p

L(u) = ZaiL(XBi) = Zaiu(Bi) = Zai/ v(x)dz

=1 U (3.6)

:iai /Q o(@)xp,de = /Q u(z)v(z)dz.

Now for arbitrary u € Ey(Q2), by Lemma 2.4.2 we can found a sequence of func-
tions u; € S, such that u; — w a.e. in © and strongly in Ej/(€2). Therefore, by
Fatou’s lemma we obtain

‘/u(x)v(x)dx‘ Sliminf/ |u;(z)v(x)|dx = lim inf L(|u;|sgnv)
Q Jj—=+oo Jo Jj—+oo
< L i inf [y | < (L}l ar-
J—+00

This implies that v € Ly+(€2). Let L,(u) = /u(x)v(x)dx, the linear functional

0
defined by (3.4). By (3.5), L, and L coincide on the set S. and by Lemma 2.4.2,
they coincide everywhere in Ej/(2). O

Theorem 3.3.1. Let M € ® satisfy (L},,) and let M* stands for it’s complemen-

loc
tary function. Then, the dual space (Ep () of Eyn(Q) is isomorphic to Ly (),
denote (Epn(Q)) =~ Ly+(Q).
Proof. Tt is immediate that from Lemma 3.3.3, we get the isomorphism

Lo (Q) = [Ex(Q)]".

3.3.2 Separability and reflexivity results

We begin this subsection by considering the following result.
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Theorem 3.3.2. Assume that M € ® satisfies (L},.). Then, the space Ep(S2) is
separable.

Proof. Let u € Ep(€2). By virtue of Theorem 2.4.1, we can assume that u € Cy(2)
(the set of continuous functions with compact support in §2). Hence, it’s sufficient
to show that there exists a countable set dense in Cy(£2) with respect to the strong
topology in Ej(€2). Let 2, be the sequence of compact subsets of RY defined by

Q, ={z € Q:|z| <nand dist(x,00) >

S|

}.

Recall that Q = Uf>*Q),,. Let P be the set of all polynomials on R" with rational
coefficients and
P, = {vxq, : v € P},

1
where yq, is the characteristic function of €2,. If dist(supp u,09Q) > — then u

n
belongs to C(£2,) and by using the density of P,, in C(£2,) |2, corollary 1.32], there
exists a sequence u; € P, that converges uniformly to u, that is to say

€

Ve > 0,350 € N,Vj > jo, sup |uj(z) —u(x)] < :
7€n / M(z,1)dz + 1
Qn

So that for every € > 0, there exists jo € N such that for any 5 > jo, one has

/ M(:E,M>dx <1

3

Therefore, P, is dense in C(€2,,) for the strong topology in L, (€2). Consequently,
the countable set Uy, P, is dense in Fy(Q) and Ep(2) is separable. O

Remark 3.3.3. In view of Theorem 3.3.2 and Lemma 3.2.3, if the ®-function
M € Ay and satisfies (L£},.) then Ly(Q) is a separable space.

loc

We conclude this section by the following reflexivity theorem.

Theorem 3.3.3. Let M, M™* € ® be a pair of complementary ®-functions satisfy-
ing both (L},.) and the Ay-condition. Then, the Musielak space Ly () is reflezive.

Proof. Since M and M™ satisfy both the As-condition, by Lemma 3.2.3 and The-
orem 3.3.1 we get

La(Q) =~ [Ly(Q)]) and Ly (Q) = [La+(Q)]

and then the conclusion follows. OJ
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3.4 Musielak-Sobolev spaces

Definition 3.4.1. Let M € ® satisfies (L), ).
o We denote by Wi Ep(Q2) the norm closure of C3°(2) in W™ Ly (2).

o If furthermore, M* satisfies (L},,) then we define the space Wi Ly () as
the closure of C5°(2) with respect to the weak-" topology o(I1L s, ITE+).

Remark 3.4.1. 1. Note here that, in Definition 3.4.1, since M satisfies
(L}..), C(Q)-functions are contained in W™Ly () and so the space
W Er(Q) is well defined. Moreover if M* satisfies (L£},.) then weak-* topol-
ogy o(I1Lyr, IIEy+) is well defined (see Theorem 3.3.1) and so the space
Wt L ().

2. If the pair of complementary ®-function (M,M™) satisfy both the As-

condition and (L},,), we have

* MEAQ

M*eA M satisfies (M1) «
Ey- =% Ly- (En) (L)

and so the topologies
U(LM, EM*) = J(LM, LM*) = O'(LM, (EM>*) = O'(LM, (LM)*)

agree then. Then Mazur’s lemma implies that the closure of Cg°(§2) with
respect to the mentioned topologies is equal to norm one in W™ Ly ().

We summarize Remark 3.4.1 in the following figure.

{ M*satisfies (L£},.) J ( M satisfies (£}, J ((M, M*) satisfy (3.1)J

[ (EM* =Ly C C EM Q
[ " Lo is well deﬁnedJ WO FEy is well deﬁnedJ

[ Wi Loy = Wi Eny J

FIGURE 3.1: Relationship between Wy" Lys and Wy" Epy
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3.4.1 A completeness result

The main result of this subsection is Theorem 3.4.1.

Lemma 3.4.1. Let Q be a subset of RN and M* € ® satisfies (L},.). Then we get
the following continuous embedding

Lar(Q) = L, ().

Proof. Let K be an arbitrary compact subset of 2. For any function v € Ly;(2),
we can write using Holder’s inequality

/K ()| < 2ljullar i -

Since M* satisfies (£},.), it is easy to see that
Ixx||la < / M*(z,1)dx + 1 < oo,
K

which yields Ly (2) C L},.(2). By the same we can get Ly (Q) C L*(Q). O

Lemma 3.4.2. Let Q be an open subset of RY with finite Lebesque measure and
let (M, M™) be a pair of complementary ®-functions. Then we get the following
continuous embedding

Ly (Q) — LY(Q)
if one of the following conditions holds

1. M satisfies (2.2).

2. M satisfies
essinf,cqM(z,1) > ¢ > 0. (3.7)

Proof. 1. Assume first that u # 0. By the uniform super linearity assumption
(2.2) there exists a constant number ¢y, > 0 such that for all ¢ > ¢,

t < M(z,t), forevery z € (.

|ul

and
[foafs:

Hence, for all ¢ > 0 one has t < M(x,t) + to. Substituting ¢ by

integrating over ) we get
[ull o) < (1 + to[Q2)) [[ullo-

The above inequality trivially holds if v = 0.
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ju()]

[l e

2. Let u € Ly () and set Q' = {z € Q, > 1}, then by (3.7) we have

1
s < -M(x,s) for all s > 1,
c

hence
el [ 1y, [ e,
o llulla o [lullar oo llullar
1
< _/ (e, M g g
¢ Jo foafs:
1
< —+[Q]
c
thus,

1
lullzse) < (= +191) o
O

Theorem 3.4.1. Let (M, M) be a pair of complementary ®-functions. Assume
that M* satisfies (L},.), then the spaces W™ Ly (Q) and W™ Ey(Q) endowed with

the Luzemburg norm are Banach spaces.

Proof. Let {u,} be a Cauchy sequence in W™Ly;(2), thus each D%u,|a| < m is
a Cauchy sequence in L/(€2). Hence by Theorem 1.4.1, L;/(€?) is a Banach and
so there exist a functions v and u, such that u,, — v and D%u,, — u, In norm
in Ly () as n — oo. Furthermore, in view of Lemma 3.4.1, Ly (Q) < L}.(Q).
Consequently, the functional

TMWZEWWZL%@MWWWGWQL

defines a regular distribution and so by Hélder inequality we obtain

T, (¥) = Tu()] < /Q |un(2) — w(@)|[(2)|de < |lun(z) = u(@)|ml (@) 1m0

Therefore, T, (¢)) — T,(¢) for all ¢ € C°(2) as n — oo and by the same
Tpeu, (V) = Ty, () for all v € C°(2), hence

Ty () = lim Tpay, () = lim (=1)*'T,, (D) = (=1)1*T,(D*¢)
n—oo n—oo
for all ¥ € C;°(2). Thus D% = u,, || < m, in the distributional sens on (2.
Hence W™ Ly () is a Banach space and by a similar argument W™ E)y,(Q2) is also
a Banach space. O
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Remark 3.4.2. Note that, in general, if Ly (Q) C L, (Q) (resp. Eyn(Q) C
L)), then WLy (Q) (resp. WE () endowed with the Luzemburg norm is
a Banach space.

3.4.2 Duality results

The main result of this subsection is Theorem 3.4.2, where we give an identification
of the dual of W™ E,/(Q) with a subspace of (C5°(2))". As a starting point we give
the following Lemmas

Lemma 3.4.3. Let (M, M*) € ® be a pair of complementary ®-function. Assume
that satisfies (L},.). Then, for every L € (ILEy(Q)) there exists a unique v =
(Va)jaj<m € ILLp+(Q2) such that

L(u) = Z (Ug, Vo) = Z /Qua(x)va(x)dx, YV = (ta)|aj<m € TEM(S2),

|laj<m la|<m

and the following Holder inequality holds

1S (ts v0)] < 2lullnse 0llnca-

o] <m
Proof. The proof flows easily from Lemma 3.3.3. O

The next lemma is an extension to Musielak spaces of the one given in [2,
Theorem 3.9|.

Lemma 3.4.4. Let (M,M*) € ® be a pair of complementary ®-function. As-
sume that M satisfies (Li,.). Then for every L € (W™Ep(Q))" there exists
U = (Va)|a|<m € La-(2) such that

L(u)= > (D, v.),Yu € W"Ey(Q). (3.8)

0<]al<m

Moreover
||L|| (W™ Ep (Q)) < 2||U||HLM* }

Proof. Define P : W™Ey,(Q) — HEN(Q) with P(u) = (D%)jaj<m for every
u€ WTEy(Q). Let X = P(W™E)(2)) and consider the functional L defined on

X as follows B
L(P(u)) = L(u), Yu € WM Ep,(Q).

Let P the isometric isomorphism of W™ E)/(€2) onto the closed subspace X of

I1E,,(). We easily check that L € X" and ||L||x = ||L]| /. Thus, by
<W7"EM(Q)>

the Hahn-Banach extension Theorem there exists a norm preserving extension L
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of L to all of [IEy (). Then, in view of Lemma 3.4.3 there exists a unique, up
to sets of null Lebesgue measure, v = (Va)ja|<m € [ILaz+(£2) such that for every
u = (Ua)jaj<m € LEM(Q)

Furthermore,

L]l r= || L||lx = ||L] < [vllmL . -
(W’"EM(Q)> (HEM(Q)>

Now since any element v € 1L+ (£2) for which (3.8) holds for every u € W™ Ej(£2)

corresponds to an extension L of L and so will have norm ||v||niz,,,. superior than

[E2 H(WmE @)" u

The next Lemma is generalization of classical Lebesgue space see [2, page 63].

Lemma 3.4.5. Let (M, M*) € ® be a pair of complementary ®-function. Assume
that M satisfies (L},.). Then, every L € (W™Ey(Q)) (resp. L € (WJ"En(Q))')
is an extension to W™ Ey(Q) of distributions T € (Cg°(Q2))" having the form in
(3.10), that is

T=> (-1)FD%,, (3.9)

la|<m
where v = (Va)jaj<m € L+

Proof. By using Lemma 3.4.1 we have Ly(Q) C L;,(Q). Hence, for f € Ly-(€)
the function

— [ Ha)etayin, veecr@),
Q
defines a regular distribution which we will confuse with f. Let L € (W™Ey(Q))".
By Lemma 3.4.4 there exists a unique v = (vq)|aj<m € ILLps+ such that
L(u) = Z (Ugyy Vo) = Z /ua Yo (2)dz, Yu = (Ua)|a|<m € TEM(L).
|a|<m |a|<m
Hence, for every u € W™ Ey(Q), we can write

Z /DO‘ )V ( dx— O"/Da

laf<m \a|<m
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In particular, for u € C5°(Q) we get L(u) = T'(u). Now, any L € (W{"Ep(Q2)) can
be extended to W™ E);(2) by the Hahn-Banach extension theorem and the result
follows. 0

Theorem 3.4.2. Suppose that M € ® satisfies (L},.) and let M*, it’s complemen-
tary ®-function. Then, the dual space of W' Ey (), denoted (W' Ey (), is
isometrically isomorphism to the space W™ Ly« (Q2) consisting of all distributions
T € (CF(Q)) which can be written

T=> (-1IDf, (3.10)
|| <m
for some f = (fa)jajcm € L. Moreover || T||w-11,,.0) = inf{||anLM*(Q) :

[ satisfies (3.10) }.
Proof. Let L € (WJ"Ey(Q))". By Lemma 3.4.5, the restriction of L in C§°(Q) is a

distribution of the form
T=> (-1ID, (3.11)

laj<m

where v = (Va)jaj<m € IILpp+. Let now T any distribution of the form (3.11),

then 7T has a unique extension 7' to W Ey (). Indeed, for u € W™ Ep(Q) there
exists ¢, € C;°(€2) such that ¢, — u in norm in W' Ey(2). Then, by Holder’s
inequality we can write

T - T < 3 / D% — D*pvalde

la|<m

IN

2 ) " D% — D0nllarl|vallar

laj<m

< 2ok = enllmallvllo,.

This implies that {T(y,)} is a cauchy sequence in C which converges to the
unique limit denoted by T'(u). Let {¢,} be another sequence in C°(€) with
| — u|lwm gy @) — 0 as n — oo. Then T'(p,) — T(¢,) — 0 as n — oco. It’s easy
to see that the functional T is linear and in addition it is continuous. Actually, if

u= lim ¢, we get
n—oo

Tw)| = T [Tp)| < 2 lim [l gzl lnzy. < 2lulwg e,

Hence T'(u) = L(u). O

Similarly to the case Orlicz space (see [42]) we define te flowing distributions
space.
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Definition 3.4.2. Let (M, M™*) € ® be a pair of complementary ®-functions. We
denote by W Ey+(Q) the following space of distributions

WL By (Q) = { FeCEQ), f=—div F, with F e (EM*(Q))N}.

3.4.3 Separability and reflexivity properties
Theorem 3.4.3. Assume that M € ® satisfies (£,,.). Then, W™ Ey(Q) is a

loc
separable space.

Proof. By Theorem 3.3.2, the space E)/(2) is separable and so is I1E,/(€2). Then
by means of the operator P defined in (1.44) which is an isometric isomorphism
of WmEN () onto X = P(W™EN () C IIEN(2), X is a subspace of TLE) ().
Thus X is separable and this is the case also for W™ Ey(Q) = P~'(X). O

Remark 3.4.3. In view of Lemma 3.2.3, if the ®-function M € Ay and satisfies
(L},) then W™Ly(Q) is a separable space.

We conclude this section by the following reflexivity theorem of the space
W™ Ly ().

Theorem 3.4.4. Let (M, M*) € ® be a pair of complementary ®-functions satisfy-
ing both (L}.,) and the Ay-condition. Then, the Musielak-Sobolev space W™ Ly ()

loc
18 reflexive.

Proof. By Theorem 3.3.3, the space Lj/(2) is reflexive and so is I1L,(€2). Then
by means of the operator P defined in (1.44) which is an isometric isomorphism of
W™EN(Q) onto X = P(W™EyN(Q)) C ILEy () and since W™ L (2) is complete
(see Theorem 3.4.1), X is a closed subspace of I1E/(€2). Thus X is reflexive.
Consequently W™ Ly () = P71(X) is reflexive. O

3.5 Conclusion

We summarize in the following table the sufficient condition to get the main topo-
logical results of Musielak as well as Musielak Sobolev spaces obtained in this
chapter.
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TABLE 3.1: Some topological properties of Musielak and Musielak-

Sobolev spaces.
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Chapter 4

Approximation results in Musielak
spaces in absence of Lavrentiev
phenomenon

4.1 Introduction

In this chapter we provide new systematic conditions that guarantee the density
of smooth functions in Musielak-Sobolev spaces upon a wide class of ®-functions
M (z, s). We give density results provided that M (z, s) is convex in s and p-regular
(i.e. M(x,s) < ¢(|z—y|,s)M(y,s) under certain type of regularity condition on
©). See conditions ((Ly)) or ((4.8) and (£} ,)) for details. Obviously, ¢-regularity
is skipped in the Orlicz setting (when M = M (s)).

In general, smooth functions are not dense in norm in this type of spaces. In
the seminal paper [40] Gossez proves that weak derivatives in the Orlicz-Sobolev
spaces are strong derivatives with respect to the modular topology. We extend the
idea to the Musielak-Sobolev setting, where the modular function depends also on
the spacial variable, i.e. M = M(x, s).

Outline of the chapter. The chapter is organized as follows. In Section 4.2
we provide and discuss the new sufficient condition (L), in relation with Zhikov
regularity and the log-Holder continuity in variable exponent Sobolev spaces, and
the conditions (4.8) and (£},,) in relation with Lavrentiev phenomenon, whereby
we prove the density of smooth functions in Musielak-Sobolev spaces.

In Section 4.3 we give several mollification and convolution properties that consti-
tute basic tools we need to prove the main results.

Section 4.4 is devoted to the density of smooth functions compactly supported in
RY, N > 1, in Musielak-Sobolev spaces, the main result of this Section is Theorem
4.4.1 containing the density of C5°(R") in norm in W™ Ey;(RY) and in W™ L (R™)
with respect to the modular topology, c.f. Definition 1.4.9. In the Orlicz spaces
setting, the first density in Theorem 4.4.1 was proved by Donaldson and Trudinger
in [30, Theorem 2.1|, while in the case of the variable exponent Sobolev spaces,
the corresponding result was proved in [92, Theorem 3| for bounded exponent sat-
isfying the log-Holder condition (10).
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Section 4.5 address the approximation results in 2. The main results of this Sec-
tion are given by Theorem 4.5.1, Theorem 4.5.2 and Corollary 4.5.1. In the Orlicz-
Sobolev framework, the second result of Theorem 4.5.1 was proved by Gossez in
[40] assuming that 2 satisfies additionally the cone property. Such a property in
[40] guarantees that any element of W™Ly(£2) with compact support in Q be-
longs to W™ 'E,(Q). The embedding and approximate results obtained in [30]
allowed Gossez to prove only the convergence of smooth functions with compact
support only for || = m. Here, we extend the result to the more general set-
ting of Musielak-Sobolev spaces and we enhance it by removing the cone property
Theorem 2.4.1. Our approach is based on the mean continuity of the translation
operator on the set of bounded functions compactly supported in 2. While The-
orem 4.5.2 and Corollary 4.5.1 are respectively the extension of [40, Theorem 4]
and [37, Theorem 1.3] by Gossez in the case of Orlicz spaces.

In Section 4.6 we give a Meyer-Serrin type approximation results. The main re-
sults of this section are Theorem 4.6.1 and Theorem 4.6.2. In the first one we deal
with the density with respect to the modular topology. Theorem 4.6.1 is an ex-
tension and refinement of [40, Theorem 1] obtained in the Orlicz framework. The
second result concerns the density of smooth functions in the space W™ Ej(£2)
with respect to the strong topology in W™ E,/(€2). In this generalization we unify
and retrieve at a time the density of smooth functions in the Orlicz setting given
in [30, Theorem 2.2| and in variable exponent Sobolev spaces given for instance in
[26, Theorem 2.5].

Theorem 4.6.2 will follow as an immediate byproduct of Theorem 4.6.1 and its
assumptions — as it happens frequently when dealing with Musielak spaces — are
not necessarily optimal. The comparison with the assumptions of statements in
the same direction is, in general, a delicate matter. For instance, just in the case of
the (unweighted) variable exponent Sobolev spaces, in [54] various sets of partially
overlapping assumptions are considered and this so special situation deserves some
comments (we will not go further and we will not deal with weighted variable ex-
ponent Sobolev spaces [108]): from one hand, we noticed that condition (M) is
essentially a replacement of the standard log-Hélder continuity condition (see the
second claim of Example 4.2.1 below), which is known to be not optimal for the
boundedness of the maximal operator, which in turn implies the density of smooth
functions in variable exponent Sobolev spaces (see e.g. [27, Theorem 6.14]). On
the other hand, one can also realize that the fine technique based on averaging
operator estimates (which gives optimality for the boundedness of the maximal
operator), used in [51, Theorem 6.4.7| through the assumption called decay con-
dition (A2), imposes a restriction in the case of unbounded 2, against our fairly
general assumption (2.2) of uniform superlinearity. This is not a surprise for two
reasons. First, in Theorem 4.6.1 we deal with the modular topology in W™ Ly, (Q)
and in Theorem 4.6.2 we deal with W™ Ey;(Q) and not with W™ Ly, (Q).
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We end the chapter by Section 4.7 containing the Theorem 4.7.1 where we
prove the following equality

WLy (Q) = W N (Q) N W™ Ly ()
and that
Wo Ly () = {u€ WLy (Q) : tr(u) = 0 on 99}

for Q) sufficiently regular.

4.2 Regular Musielak functions

4.2.1 Regularity assumption in connection with Zhikov con-
dition (Ehol)
In the sequel, we consider the following fundamental assumption.
(Lhot) There exists a function ¢ : [0,1/2] x RT — R* such that ¢(-, s) and ¢(z, -)

are nondecreasing functions and for all z,y € Q with |z —y| < 5 and for any

constant ¢ > 0

M) < o0.

M(z,s) < p(lz —y|,s)M(y, s) with lim sup (e, ce™

e—0t+

The assumption (L) that we introduce here is more general than (14). The
said regularity is widely connected to the question of density of smooth functions
in the Musielak-Sobolev spaces. Observe in particular that ¢(7,s) > 1 for all
(7,5) € [0,1/2] xR". In general the ®-function M is not continuous with respect

to its first argument. Actually, only if for all s > 0 we have limsup ¢(g,s) = 1,
e—0t

then o — M|z, s) is a continuous function on €.

Example 4.2.1. We have the following examples of pairs M and ¢ satisfying both
(Lhot), and thus are admissible in our results on density of smooth functions.

1. If the ®-function M(x,s) = M(s) is independent of x, then it satisfies obviously
the (Lno) condition by choosing p(T,s) = 1.

2. If M(x,s) = s?@ p(x) > 1, then the condition (L) with
%
o(lz —yl,s) = max{l,slogm }, s >0, for some A>0

18 equivalent to

(LHo)

Ip(x) — p(y)| < >

|z—y|

— 1
for all x,y € Q with |z —y| < =.
log 2
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Indeed, =) Assume that M satisfies (Lpor), that is
M(z,s) < o(lz—yl, s)M(y, )
is satisfied for all x,y € Q with |z — y| < 1/2. For s > 0 we can write
%Ezg < ¢@(lz—yls), s>0
and recalling that M (z,s) = s"® we have that the exponent p(-) satisfies
sP@)—ply) < o(|z =y, s).
As x and y play symmetrical roles, we get
@2 < o[z — g, s), s> 0. (4.1)
N

Now let us fir e € (0,1/2) and consider x, y € Q with |v —y| =¢. Set s =¢~
and plug these choices into (4.1). The right hand side is o(e,e ) = e which
remains bounded as € — 0. This implies that

(™) Ip(z)=p(y)| < AN

Then, taking logarithms we obtain

A
Ip(z) =Pl = =005
and recalling that |x — y| = ¢,
A
ple) —py)| £ —F—-
PO =PI D=y

<) Conversely, assume that M(x,s) = s"'®) satisfies (CH,), that is

DO | —

lz —y| <

for some constant C' > 0. As x and y play symmetrical roles, we can assume
that p(x) — p(y) > 0 obtaining

C
0 <p(x) —p(y) S Y
08 oy

Then for s > 1, we get

sP@)—p) < Slogﬁ
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and for s < 1, we get
sP@)=ply) < 1,
In both cases, we get
M ——
ME;: 3 = PO < oz —y|, s) = max{l,sl‘)g F=m }
L@y oy - : +
3. If M(x,s) = P with p~ = ess inf p(z) > 1 and p™ := esssupp(x) < o0
p(.’L’) z€Q z€eQ

then the condition (Lpy) with

+ A
o(lz —yl,s) = p—i1(naux{1,slog\%+y| }, s>0, for some A>0
p

18 equivalent to

— 1
L1= Ve, y € Q with |z —y| < 3 for some C > 0. (4.2)

Ip(z) — p(y)| < 1
og

[z—y|

Indeed, =) Assume that M satisfies (Lpo), that is
M(z,5) < o(|lz —yl, s)M(y, s)

is satisfied for all x,y € Q with |z — y| < 1/2. For s > 0 we can write

< 90<|x - y|75>7
which yields
pt
@Y < L_po(|z — ), s).
=

As x and y play symmetrical roles, we obtain

+
sP@PW < 21z — ) 5), s> 0. (4.3)
P

Now let us fir e € (0,1/2) and consider x, y € Q with |v —y| = . Set
+

s = ¢V and plug these choices into (4.3). The right hand side is p—gp(s, e V) =
=

2
(p__) e which remains bounded as ¢ — 0. This implies that
D
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Then, taking logarithms we obtain

C
Ip(z) —p(y)| < Tg(s)

. Then since |x — y| = € we obtain

C
Ip(x) —p(y)| < m-

1
<) Assume that M(x,s) = —sP@) satisfies (4.2), that is
D

for some constant C > 0. As x and y play symmetrical roles, we can assume
that p(x) — p(y) > 0 obtaining

Then for s > 1, we get

+
p(y) p(z)—p(y) < p_slog =]
p(z) R
and for s <1, we get
P@—rly) < 1
thus +
p(y) p(@)—py) « P
p(x) P
In both cases, we get
+ C
M(x,s) — p(y) sP@)—p(y) <oz —y|,s) = b max {1, slogﬁ }
M(y.s) ~ pla) v

. Consider M(x,s) = s” + a(x)s?, where 1 < p < q and nonnegative a € Cp.2 ()
with a € (0,1] (i.e. |a(z) — a(y)] < Culz —y|* locally). Hence we obtain

M(z,s)  sP4a(x)s?  sP+a(y)s? + (a(z) —a(y))s? a(z) — a(y)
M(y,s) — sP+a(y)s? sP + a(y)s? s+ a(y)
|z —y|® _
< B 4 — y|@sTP,
_1+Casp7q+a(y)_1+0a\x y|*s
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Thus we have M satisfies the (Lyy) condition with

o(1,8) = Com|s|97P + 1.

Furthermore, the assumption lim sup ¢(e, cs_N) < 00 forces g < p+a/N. Below

e—0t
we show how to extend the range.

5. Let M(z,s) = s*'%) with p~ := ess ingp(x) > 1. If M satisfies the condition
Te
(Lhor) for every x, y € Q with |v —y| < e™*

satisfies the following log-Hélder condition
(LH1)

, then the variable exponent p(-)

Ip(z) — p(y)| < w(lz —yl), for|z—y|<e,

where the modulus of continuity w is given by
1
w(r) = ————=, with0 <k <p /N. (4.4)

Indeed, assume that M satisfies (Lpo) with |v —1y| < e”*. So that the following
imequality
M(.T, S) < <lp(lx - y|7 S)M(y7 S)

is satisfied for all x,y € Q with |z — y| < e~'. For s > 0 we can write

Mz, s)
< p(lz—1y|,s).
o
Therefore,
sPO=PW) < o|z — g, 5). (4.5)

Now fix ¢ € (0,e™") and consider z,y € Q with |x —y| = . As we have

1 c

lim su g, —) < 400, there is a constant C' > 1 satisfyin e, —) < C.

Jim sup e, —5) < + 1 fying (e, ) <
7,BN10gClogE

Let 3> 1 and set s =e 7 'slez . Puting these choices into (4.5) we obtain

BN log C log %

BN log C log %
<6 p— loglog%

)p(x)p(y) S (p({f, e P loglog L > (46)
On the other hand, it is obvious that

Nlog C'log £ 1 1
—5 8 %5§0<N10g—:10g—
p~loglog < € eN

1 1
(the above inequality holds since log — > 0 and loglog — > 0). Then taking the
€ €

exponential we get



Chapter 4. Approximation results in Musielak spaces in absence

of Lavrentiev phenomenon ™
_ BNlogClog 1 1
[
e P loglog S S_N
and since p(T,+) is non-decreasing, we obtain
_ BNlogClog 1
@(576 p*loglog% > S sO<€7€—N> S C.
Therefore,
ONIECIE \ (p(a)p(y))
(e p~ loglog ¢ > S C
Passing to logarithms in both sides of the above inequality we obtain
BN log C'log %
— <logC
(ply) = p(=)) == oglog? %%
implying
p loglog—
As |z —y| =€, we get
kloglog ——
() ~pla) < — i,
0g
|z—y|
with k = ﬁN By the x/y symmetry we obtain
kloglog
) — )] < BT,
08 o=
lz—yl
k
6. Let M(x,s) Zk’ ) + Moy(x,s), where for every i = 1,--- k and
=1
function k; : @ — (0, 400) there exists a nondecreasing function ¢; : [0,1/2] —
R satisfying k;(z) < @i(|x —y|)ki(y) with limsup ¢;(g) < 0o, whereas My(z, s)
e—0t

satisfies (Lno) with ¢o. Then, we can take

Z(pz +§00T5>



Chapter 4. Approximation results in Musielak spaces in absence

of Lavrentiev phenomenon [E

Indeed
M(z,s) iy ki(@) Mi(s) + Mo(x, s)
My, s) >0 ks (y) M;(s) + Mo(y, s)
_ 2 eillz — yDki(y) Mi(s) L Mo(z, 5)
N > 50 k()M (s) Mo(y, s)
- kiy) Mi(s)

+wollz =yl Is])

IN
(]
5

i=1 S y|) Z?:l kj(y)Mj(5>

Xkl il —yl) >y ki(y) Mi(s)

IN

+ oz —yl, |s])

j=1 Z?:l ki (y) M;(s)
= Z%(\x =yl +wollz =yl [s]) = (e —yl, |s]).

Remark 4.2.1. Note that in the point five of Example 4.2.1, the variable exponent
p(+) satisfies (LHy) with w is given by (4.4). Consequently, by [106, Theorem 3.1]
the result of Meyers-Serrin (see Theorem 4.6.1 below) we prove include the density
result

Co(Q) N Wt () i@ it (@), (4.7)
see also [27, Proposition 6.42] page 264, for more developments.

4.2.2 The sharp assumption in connection with Lavrentiev
phenomenon (£} )

Although it is common to make a big effort to relax growth conditions as much
as possible, our method turn out to lead to the sharp result when the modular
function has at least power-type growth. Since the approximation follows from
convolution arguments, we get better regularity in L, p > 1 than in L'. In the
fully general case we cannot improve (L), because we know only

Ly C Li,,.

Nonetheless, when the modular function has at least power-type growth, we re-
lax (L) and include whole the good double-phase range where the Lavrentiev
phenomenon is absent (according to [32, Theorem 3| or |25, Theorem 4.1]).
Namely, if
M(x,s) >c|ls|P  with p>1and ¢ >0, (4.8)
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we obtain smooth approximation of u € Wy""(Q) N W™Ly(Q) (also of u €
W,y (Q), such that Du € Ly;(€)) provided that we assume

(£h,) There exists a function ¢ : [0,1/2] x R* — R* such that ¢(-, s) and ¢(z, )
— 1
are nondecreasing functions and for all z,y € Q with |z —y| < 5 and for any
constant ¢ > 0
N

M(z,s) < (|l —yl,s)M(y,s) with limsupp(e,ce” 7) < 0.

e—0t

The celebrated case of the Musielak space, when the modular function has at
least power-type growth is the double-phase space. Following e.g. [9, 23-25], we
shall consider

H(z,s) = s’ + a(z)]|s|? with a € (),

and a Carathéodory function F : Q x R x RY — R such that for any z € Q, v € R,
and z € R it holds that

vH(z,z) < F(z,v,z) < LH(x, z) with certain 0 < v < L.

Let us denote the associated space W (Q) = {u € W' (Q) : H(-, Du) € L'(Q)}
and class WHH(Q) = {u € Wy (Q) : F(-,u, Du) € L'(Q)}. Then we have the

following sharp result.

Remark 4.2.2. Suppose Q@ C RY has a segment property, N > 1, p,q > 1,
a € (0,1), and nonnegative a € C**(S2), where

0]
<142 4.9
<1t (4.9)

T I

B

Then for any u € WP (Q) N Wh

sequence {uytr C C5°(Q) converging to w: uy, ——u in WY(Q) and Duy, kL>
—00 — 00

Du modularly in W (Q), which entails F(-,ux, Duy) — F(-,u, Du) in L*(Q).
—00

(Q) compactly supported in S there exist a

Indeed, when we take into account the double phase modular function M(x, s)
= H(x,s), then of course (4.8) and (£;,,) are satisfied. Further we need to en-
sure (L7 ). For 0 < a € C"*(f2), a good choice is

o(1,8) =14 c,m%|s|T7?

(see Example 4.2.1) and therefore (£} ) is satisfied whenever the parameters sat-
isfy (4.9). See [25, Theorem 4.1] for sharpness.

Note, that the form of ¢ is computed in the point 4 of Example 4.2.1. Then (£} )
holds with ¢(7,|s|) = Co®|s|” P + 1 if and only if « + N(p — q)/p < 0, that is
q/p <1+a/N.
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Remark 4.2.3. It is worth pointing out that condition (Ly,) (and (L},,)) implies
the local integrability (L;.,). Indeed let K be a compact subset of Q2. For a fived

0<e< 5, we can write K C Ugex B(z,¢€), where B(x,e) stands for the ball of

radius € centered in x. Since K is compact there exist xq,xs,--- ,T,, € K such
that K C U™, B(x;,€). By virtue of (Lyno) we can write

/ M (z,c)dx < Z/ M(z,c)dx < Z/ o(|x — x4, ) M (24, c)dx
K i=1 B(zi,) i—1 B(zi,)
gz/ o(, )M (xi, ) da
Z:1 B(CCZ‘,E)

< Z@(E,C)M(%C)IB(%S)I

m

1
< p(5,0) Y Mz, 0| B(ai,2)
i=1
< 400.
Let (M, M™) be a pair of complementary ®-functions. In the following Figure

we illustrate the main dependencies between conditions (L) (resp.(£5,)), (£},)
and (2.2).

EW satisfies (Lpo1) or (C%O} [ M* satisfies (2.2) J

Remark 4.2.3

Remark 2.2. measurable subset of Q2

[ M satisfies (£;,,) ]

FIGURE 4.1: Relationship between some regularity assumptions on
the ®-functions

[M satisfies (£;,,) for all}




Chapter 4. Approximation results in Musielak spaces in absence

of Lavrentiev phenomenon e

4.3 Mollification and convolution properties in
Musielak spaces
For € > 0, in this section by u. := J. * u we denote the sequence defined by (1.20).

Lemma 4.3.1. Let Q be an open subset of RY and M € ®. Then for every
u € Ly(Q) (resp. uw € Ly (2) N LP(QY)), there exists a constant ¢ > 0 depending
on ||ul| 1) (resp. ||ullr)), but not depending on e such that

N

lus(x)| < ce™ (resp. |uc(x)| < ca_%).

Proof. We can write

lyl<1

fue(z)| = | /B eI < ) /B it ey

< eV max |[J(y)] / (- y)|dy
ly|<1 QNB(0,e)

ly|<1

< eV max |[J(y)] / fu(y)\dy
QNB(z,e)

C

< .

where ¢ = max |J (y)][|u] L1 (o)
lyl<1

As for the assertion for u € LP(€2) we have

()] = | /B RO

< ( [ uta —sy>|pdy)” ( /
B(0,1) B(0,
<c (s—N [ qute—eppay
QNB(0,e)

1
< N ( [ uta- y>|de)p
QNB(z,e)

< ce N/,

=

P

) dy)

=

1
7

where ¢ = (/ IJ(y)!”/dy> HUHLP(Q)' =
B(0,1)

Lemma 4.3.2. Let Q be an open subset of RY with the segment property and let
M € ®. Consider r; and ¢; related to 0;, satisfying (4.28) and (4.30), respectively.
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Assume further that w € Ly(Q2) (resp. w € Ly (2) N LP(R)) and J., x (w),,(z) is
given by (1.20) and (4.31) below. Then there exists a constant ¢ > 0 depending on
w1y (resp. ||w||rr)) such that

N

[Je,  (w)r, ()] < e (resp. [Tz, * (w)y,(2)] < ce; ) (4.10)

Proof. In the spirit of the proof of Lemma 4.3.1 we notice that

oy % () (@)] = | / |l ) Ty

0,1

< max|J(y)| / (@ + iz — ei)|dy

lyl<1 B(0,1)

< =V max )] [ xaoehole+ ris - )ldy
ly|<1 Q

< oV max|J(y) / X trmen [ 0(y)|dy
ly|<1

< cei_N.

where ¢ = Tn|ax |J()|||w]|L1(q)- We note here that for r; and e; small enough, the

segment property ensures that the ball B(z + 7;z;, ;) is contained in Q. Applying
the Holder inequality as in the proof of Lemma 4.3.1 we get the second assertion.
O

For any function f : R — R the second conjugate function f** (cf. (1.35)), is
convex and f**(z) < f(z). In fact, f* is a convex envelope of f, namely it is the
biggest convex function smaller or equal to f.

We give below an observation on the regularity of M, when we define

]\7(3/, s):= lim M(z,s)dz and for ¢ > 0 Mm(s) = inf M(y, s)
6—07+ B(y,5) ' yEB(x,€)
(4.11)

and recall that (Mxe)** stands for the second conjugate.

Lemma 4.3.3. Let Q be an open subset of RY and an ®-function M satisfy (L)
(resp. (4.8) and (L,)). Lete € (0,1/2] be arbitrary. Then, for all z, y € Q such
that y € B(x,e/2) we have

M < 4(p(e, 5))% (4.12)

(M) (s)
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Proof. Note that for a.e. y € Q and s € R, U {0}, we have
My, s) = M(y,s). (4.13)
Then from (L), for all z,y € Q such that |z —y| < % one has
M(z,5) < (o = yl, 5)M(y, 5) (4.14)

Moreover, M is locally Lipschitz with respect to s. Indeed, for s € (0, R), R > 0,
we can write

oM

Js

M(y,0) _ sup M(y,R).
T yeB(,) R B

0 yeB(z,s) I

sup (. 5) =

yeB(x,5), s<R

By virtue of (L), we have

sup M(y, R) < ple, )M (x, R).

yEB(z,e/2)
So that we obtain
oM L R)M(z,R
ap |2y, 5| < A2 R R)
yEB(z,6/2),s<R Os R

Thus, M and Mm are continuous in s. Fix arbitrary y € B(z,¢/2). Then we
estimate

A= M < 4(p(e, 5))%. (4.15)

(My)™(s)

Let us start with writing

A=— C—_— ) = Ay - Ay

and noting that for any fixed s # 0, we consider {y"'}, C B (x, e/ 2), such that for

every n > n(s) we have

— — 1
M, .(s) > M(yy,s) — .
If necessary taking bigger n, we can further estimate

Mx,a(s) > EM(yga S). (4'16)
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Therefore, for a.e. y € B(x,5/2> we have

4 Mys)  Mlys) _, My.s)
Mm,s(3> Mm,e<8) M(ygl? 8)

<20(ly — i, ) < 2¢(e,s),  (4.17)

due to (4.13), (4.14), (4.16) and monotonicity of ¢. As for As, let us remark
that if ]T/[/x,e is convex in s, then Mm = (]Tf“)** and Ay = 1. Otherwise there
exist s; < S, such that for every s € (sy,s2) we have Mm(s) > (M“)**(s) and
M,.(s;) = (My.)**(s;), i = 1,2. Then for every t € [0,1] we have

(M. )™ (tsy + (1 — t)s3) = tMyo(s1) + (1 — £) My <(s2).

Let us consider {y; }n, {¥s, }n defined similarly to {y; }, and estimate

— — — 1
(M) (b1 + (1= t)s2) = tM (g, 1) + (1= )My, 82) — .

We can assume without loss of generality that
M(y.?l7 81) < M(y.?27 Sl)

because otherwise we arrive at M < (]\7 )™ that is Ay = 1. Hence,

—_—~ —_

Mx’t—(tSl + (1 — t)SQ) < M(y;;, ts1 + (1 — t)SQ)

(Mm,é:)**(tsl + (1 - t)52> B tM(y?l, 31) + (1 - t)Ma:,e(y?ga 52) — =

tM(y?y Sl) + (1 - t)M(y?y 32)

= h(t).

Since for t € (0,1) we notice that

(M (g, 1) = My, 1) M (g3, 52)
(t(M(y?l, Sl) - M(ygga S2>> + M(:y;lza 82))2

() =

_ (M(y;";,fz) — M(y2, s1)) -0,

n(t(M(y2, s1) — My, s2)) + M(yn, s62))?

the maximum of h is attained at t = 1, which implies

M(y?17 Sl) - %
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We can restrict ourselves to n sufficiently big to have
M(y" ,S
Ay <2 ) o g s < 2p(em) < 20(005). (418)
M(le Y Sl)

Note that we applied here (4.14). Combining (4.17) with (4.18) gives (4.15). O

Lemma 4.3.4. Let Q2 be an open subset of R™ and an ®-function M satisfy (Lye)
(resp. (4.8) and (L),)). Let € € (0,1/2] be arbitrary. Then, for any function
u € Ly () (resp. w € Ly (2) N LP(RY)), the function u. € Ly (). Moreover, the
following inequality holds true

/Mx ue(x) /N dr < 4(p(e, e Ne/N)) /Mx u(z)/N)dx (4.19)

(fr’esp. /M(;U,ug(a:)/k)dx §4(<,0(5,6]:c/)\))?’/M(x,u(a:)/A)dx), (4.20)
Q Q
for some A > 0. The constant c is the one that appears in Lemma 4.5.1.
Proof. For u € Ly(Q2) there exists A > 0 such that /M(y, lu(y)|/N)dy < +o0.
Q

Let z € Q be fixed and M, Mm(s) be given by (4.11). Using (L), Lemma 4.3.1,
(4.12) and Jensen’s inequality we can write for all z € B(z,/2)

M (z, [us(z)[/A) M (z, |us(x)|/A)
M (z, [ue(2)|/A) (Mg )** (Juc ()] /X)

< 4(plec e/ N (o)™ (5 [ Tela = plutw)lan)

Mz, |us()[/A) = (Ma,e) ™ (Jue(@)| /)

§4(90(6,C€_N/A))3/ Je(@ = y) (Ma,e) ™ (|u(y)| /\) dy

lz—y|<e

< 4(p(e, =N /N)) / Jo(@ — )Mo (lu(y)] /N dy

|lx—y|<e

< 4(ple, e N /N))? / T — y) M (. Ju()]/\) dy

lz—y|<e

Now we integrate both sides of the last inequality with respect to x and use Fubini’s
theorem, we obtain

/Q M(z, [u-(z)|/Ndz < d(p(e, =N /A)? /Q ( /

r—y|<e

J-(@ = y) My, Ju(y)| /N dy) da
<alpleccs™ NP [ ([ Iele = e Mo lulw) /Ny

< 4(ple, eV )P /Q M(y, [u(y)|/\)dy,
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This proves (4.19).
Applying the second claim of Lemma 4.3.1 instead of the first one and following
the same lines we get the second assertion. O

Lemma 4.3.5. Let Q be an open subset of RY with the segment property and an
O-function M satisfies (Lypo) (resp. (4.8) and (L ,,)). Consider r; and ¢; related
to 0}, satisfying (4.28) and (4.30), respectively. Assume further that w € Ly (Q)
(resp. w € Ly (Q)NLP(Q)) and J., * (w),,(x) is given by (1.20) and (4.31) below.

k3

Moreover, the following inequality holds true

/Q M(x, Ja, (W), (2)/\)dz < A(ples, 7 Ve/N)? / M (a, w(z)/\)dz

_N
(resn- [ Moo )00/ Mo < dptene, o) [ MGowta W)
Q Q
for some XA > 0, where c is the constant from Lemma 4.5.2.

Proof. Since w € Ly/(2). There exists A > 0 such that

/ M(y, w(y)|/\)dy < +o.
Q
Let £ € Q be fixed. Let

M(y,s) = lim M(z,s)dz and an (s) = inf M(y,s).

0—0Tt B(y,5) yEB(z,ei/2)

Using (Lpe), (4.10), (4.12) and Jensen’s inequality we can write for all z €

B(x,eg;/2)

Mz, [ Je; * (w)y, (2)|/A)

Mz, | Je; * (w)r (2)|/A) M2, | e * (w)r, (2)[/A)
Mz, | e+ (W) (@) /A) (Mo e, ) (| Je, * (w)r, ()] /2)

< dlplence] NP Te) (5 [ Julot res = plwtldy)

(Mae,)™ (|2, * (w)y, ()] /)

< A(ples, ez V) / o Tale =) () ()] Ny
< (s es N /A) / e (x = y) Mo, (Jwly)|/A)dy
< Apenesr N /)P /

|lz+rizi—y|<e;

Jei(w = )M (y. ()| /A ) dy
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Integrating both sides of the last inequality with respect to  and using Fubini’s
theorem, we obtain

/Q M(x, | o, * (), (2)|/A)da

<dlpleves [ (e o) ) o

< A4(p(ei, cei_N/)\))?’/Q </ Je (v — y)da:) (?J> [w(y )‘/)‘)

lz+rizi—y|<e:

< 4p(es =N )P / M(y, lw(y)l/\)dy

Applying the second claim of Lemma 4.3.4 instead of the first one and following
the same lines we get the second assertion. O

In the following lemma we prove the convergence of the mollification. Such
result in the case of Orlicz spaces can be found in |2, Lemma 3.16] .

Lemma 4.3.6. Assume that an ®-function M satisfies (Lno) (resp. (4.8) and
(L)) If u € WTLy(Q) has a compact support in € and u. stands for the
sequence defined in (1.20), then u. ﬂdﬁ w in WLy ().
e—0
If additionally w € W™ Ep(Q), then u. — u in norm in W™ Ey(Q).

Proof. Let w € WMLy () with suppu = Q' and let e < dist(Q',09). Then,
D J.xu(x) = J.* D*u(x) in the distributional sense in Q2. We fix arbitrary n > 0.
Since D% € Ly () for all |a] < m, we can assume by Lemma 2.4.1 that there

exists a sequence (uy ), where for each n the function w;, is bounded and compactly
supported in €2, and there exists A > 0 such that

/Q M(z, |Du(z) — w2 (@) /N)dz < 1. (4.21)

Observe that the sequence (u;) does not have to be in the derivative form. By the
convexity of the ®-function M with respect to its second argument, the Jensen
inequality enables us to write

K = t/‘A[ DT+ u(x) — Du(x)|/37)da

< /M y|Je * DYu(x) — Jz x uh(x)]/N)dx

(4.22)
+ M(zx, |J. * u®(z) — us(z)|/N)dz
+§£M@ﬁ@—ummmmzm+m+&.
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The term K3 is already estimated by (4.21). To conclude the case of K;, we apply
Lemma 4.3.4 and (4.21). We get

K, < 4(p(2e,¢/eM))P K3 < 4(p(2¢,¢/eN))n. (4.23)

As for the term Ks, by Jensen’s inequality and Fubini’s theorem we can write

Ko < [ M(al0s i) = usi)l/A)

= /g)M(x, /B(Ojl)@Wz(x—sy) —u‘;(x){dy)dx

</ o [ (e LR RS\ P,

Then Theorem 2.3.1 applied to the function u;, yields that there exists €, > 0 such
that for every |y| < 1 and € < ¢, we have

lun(- = ey) = un ()l < An.

Thus, for € < ¢, we get

[ (e,

which implies
K> < 77/ J(y)dy = . (4.24)
B(0,1)

Putting all (4.21), (4.23) and (4.24) together in (4.22), we obtain
I <nd(p(2e,c/eM)? +1].
Since 7 is arbitrary, we get
K= /QM(:C, D . % u(z) — Du(x)|/3\)dz — 0 as & — 0.
Therefore,

Z / M (z,|D*J. * u(x) — D%u(x)|/3\)dz — 0 as € — 0.

la|<m

Now, if u € W™ Ly (Q) N W™P(2) we obtain the result in a similar way, taking
into account the second claim of Lemma 4.3.4. O
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4.4 Approximation results when 2 = RY

We give below the important observation, that norm convergence in FEj; result
from the modular one in Lj;. An Orlicz version can be found in [68, page 4].

loc

Lemma 4.4.1. Let M € ®-function satisfy (Li,,) and let uy kL> w in Ly (2)
—00
with every X\ > 0 (cf. Definition 1.4.5), then uy, k—> u in the norm topology in
—00
Ly (Q).

Proof. For all A > 0 we have /
Q

M (:c, Ay, —u|) tends to 0 strongly in L'(£2) and so for a subsequence, still indexed

M(m, Aug(z) — u(x)|>dx — 0 as k — oo. Thus,

by k, we can assume that uy — u a.e. in Q. For an arbitrary v € Ly (2), there

exists A, > 0 such that M~ (x, %’) € L'(Q). By Young’s inequality and the
convexity of M™* we can write §

Lol (@)
_ < - - .
(ua) — u(a)o(@)] < M (2, 20 uae) — u(a)]) + 50 (. 57)
Applying Vitali’s theorem we obtain / |(ug(x) — u(x))v(x)|de — 0 for all v €
Q
Ly+(2) and so

|lug —ul|3;, = sup / |(ur(z) — u(z))v(z)|de — 0 as k — +o0,
Q

llollarx <1

which yields the result. O

We introduce the approximate sequence ug. Define y € Co°(RY) by x(x) = 1
if |lz]| <1, x(z) = 0if ||z]] > 2,0 < x <1and |D¢(x)| < c for all z € RY and
|a| < m. Given a function u, we denote by u, the function

up = Xru, where xg(z)=x(z/R), R> 0. (4.25)

Lemma 4.4.2. Let M € ®. Ifu € WLy (RY) (resp. u € W™Ey(RY)) and
ug 1s given by (4.25), then ug o0 in W™ Ly (RN (resp. ug — u in norm in
r—00

W™Ey(RY)) as R — oo.

Proof. For v € W™Ly;(RY), there exists A > 0 such that / M (z, |D%|/N)dzx <
RN

00, VY|a| < m. Observe first that uz € W™L/(RY). On one hand, when R — oo
one has
M (z,| D — xr(z)D|/2)) — 0 a.e. in RY,
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meanwhile on the other hand
M (z,|D%u — xg(z)D%u|/2)\) < M (z,|D%|/\) € L'(RY).
So that by the Lebesgue Dominated Convergence Theorem, we obtain
lim M (z,| D% — xg(z)D%|/2X) = 0. (4.26)

R—o00 RN

Now, for ¢ = Z (Z) and by using the Leibnitz formula for |a| < m we get

B#0,8<a
I = M(z, |D%u — D%up|/4cAt)dzs
RN
< i M(Q? |Dau — XR(x)Dau‘/Q)\) du
- 2ct )
1 y
+ Q/RN < 2ct)\ Z Rlﬂ\ |(DPx)(z/R)D u|)
< o [ (0 Dl /22 )d
S o (x,| u — xr(z)D| / > .
1 (0% # B aiﬁ
i 2t B?é%<a (B) /]RN M(x, 2¢\ R8I ‘(D X)(z/R)D u| )dx

By using (4.26) the first term in the right hand side of the last inequality tends to
zero as R — oo, while for the second term in the right-hand side we have

1
- - B a=p : N
M (2, s [(DP)(@/R)D" ] ) 0 as R—o0 ac inR

and for R > 1

/]RNM( '2¢ )\RIBI (D7) (/ R)D*~u| )do < /RNM(x, |Da;ﬂu’)dx < .

Hence by using the Lebesgue Dominated Convergence Theorem, we obtain

1
B a—p

This yields the result for u € W™Ly(RY). Analogically we get the norm conver-
gence in W™E)(RY) (cf. Lemma 4.4.1). O
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Lemma 4.4.3. Let M be an ®-function and u,,u € Ly (Q). If uy, ML

n—oo
modularly, then u, — w in o(Lys, Las+).

Nonetheless, for M € A,, the weak and modular closures are equal.

M(IE, [un(®) = u(x)|)d$ — 0 as n — oo.

Proof. There exists A > 0 such that / 3

Q
u

Thus, M (:c, M) tends to 0 strongly in L'(Q) and so for a subsequence, still

indexed by n, u,, — u a.e. in Q. For an arbitrary v € Ly;«(2), there exists A\, > 0

such that M* (m, |)\1|> € L'(Q). Young’s inequality allows us to write

1 |un(z) — u(x)| |v()]
o — )| < M< , ) M*( , )
%8 (uy — u)v| < x 3 + x N
Thus, applying Vitali’s theorem we obtain / (uy, — w)vdz — 0. m
Q

Lemma 4.4.4. If f : R, — R, is an increasing convex function, then

k k ; k ;
a; k=i 9k _14¢q, ok~ 2k — 1aq,
— | = — < —
f(z 1) f(ZQk_l Qk—i 21) —;Qk_lf( 9k—i 2i)
k

2k:z
<2 g/l

The main result of this section is stated as follows.

Theorem 4.4.1. Let (M, M) be a pair of complementary ®-functions. Assume
that M satisfies (Lho) (resp. (4.8) and (L},,)) and M* satisfies (L},.). Then

1) CO(RY) is dense in W™Ey(RY) with respect to the norm topology in
W™ Ly (RY).

2) For everyu € W™ Ly (RY), there exist a sequence of functions uy, € C3°(RY)
such that uy, % w in W™ Ly (RY).
— 00
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Proof. Let u € W™Ly(RY). We shall find A > 0 and v € C°(R™) such that for
every n > 0

M (z,|D%(x) — D(x)|/N)de <n  V]a| < m.

RN

According to Lemma 4.4.2, we can assume that u is compactly supported in RY.
So that by Lemma 4.3.6, one can approximate u by a function v in C;° (RN ) and
this yields the result. If u belongs to W™ Ey(RY), we prove the result following
the similar way noting that A > 0 can be chosen arbitrary. O

Remark 4.4.1. If in addition M € A,, then C3°(RY) is dense in norm topology
in W™ Ly (RY), because in this case W™ Ly (RY) = W™ Ep (RY).

4.5 Approximation in ¢ RY

We give the density result on the sets satisfying the segment property. We have
the following theorem relating to [40, Theorem 3|.

Theorem 4.5.1. Assume that ) satisfies the segment property and an ®-function
M satisfies (Lpnor) (resp. (4.8) and (L5,)) and let M* satisfy (L},.). Then

1) C°(2) is dense in W™ Ey (Q) with respect to the norm topology in W™ L ().

2) For every u € W™ Ly (Q), there exist a sequence of functions uy € C°(9)
such that km—Od> win WLy ().
—00

Proof. Let u € W™Ly;(Q) and fix arbitrary n > 0. We shall find v € C5°(Q) and
A > 0 such that

/ M(z, | D% — D|/Ndz <n,  V]a| <m. (4.27)
Q

We will construct v using a finite sequence of functions v; € C3°(Q),i =0,1,--- , k,
satisfying

k
/ M (z,|D%u— D|/\)dx < / M (x,z | D%u; — Davi|/)\?> de <n, Y|la] <m
@ @ i=0

with some A} > 0. The sequence {v;}; is related to the covering we introduce
below.

Without loss of generality we can assume that suppu C K and K is compact (see
Lemma 4.4.2). We will distinguish the two cases: either easy part K CC 2 or
hard part K N9 # (). Since there exist a finite open covering of € given by
the segment property, and K N 0S2 is compact, there exists also a finite collection
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{0}, covering K N0N). Let E = K \ U"_,6;. Since E is a compact subset of €2,

there exists an open set 50 with a compact closure in €2 such that F C @\0 C .
Hence {6;}%_ is an open covering of K. Moreover, as in the proof of [3, Theorem
1.9], we can construct another open covering {#/}*_, of K with 6] has a compact

closurein@fori:O,l,...,k. .
Let {1;}%_, be a partition of unity associated to {#]}r_,, with Z i =1on K
. i=0
and let u; = u;. Then u = Zui, suppu; C 60 and u; belongs to W™ Ly, (Q), for
i=0,1,... k. =

FIGURE 4.2: Domain geometry

For a fixed 7 such that 1 <1 < k, we extend wu; to RN by zero outside 0. Let z;
be a nonzero vector associated to é\z by the segment property and let r; € (0, 1) be
such that R

0 <7 <min{1/(|z| + 1), dist(6], 906;)|z| '} (4.28)

Denote I'; = 9_; NoQ and I';,, = I'; — 12, then we have I';,, C 6;. Indeed, for
x €Dy, we get by (4.28)

dist(z,0)) < dist(z,T;) < |riz| < dist (6!, 86;).

Furthermore, I'; ., NQ = 0. Indeed, if T';,, NQ # 0 then there exists z € [';,,, NQ C
é\i NQ and z + r;z; € T'; contradicting the segment property.

If i = 0, we consider suppug C 6, C . Choosing gy > 0 small enough such
that eg < dist(6;,09), the regularized function vy = J., * ug belongs to C5°(9).
We fix A\g,n9 > 0, which due to Lemma 4.3.6 exist such that for all sufficiently
small ¢y > 0 we have

Q Ao 2
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Now, according to the decomposition without loss of generality we can assume
that u has its support in a compact set K C Q with K N0 # (). By the partition
of unity, we arrive to the case K C #; for some i. The construction of approximate
sequence for a function whose support touches the boundary will be based on the
idea of pushing support of u (restricted to a set of a smaller covering) a bit to
outside of  to cover its uniform neighbourhood (but still remaining in a set from
a bigger covering). Note that for this we exploit the fact that we can consider
local systems of coordinates associated with the segment property. We would not
be able to do our construction e.g. in the presence of external cusps. Afterwards
we mollify and prove convergence.

Fix 1 < ¢ < k and define

(i), () = ui(x + 132;).

Since dist(I';,,, ) > 0, for

e < dist(Ts,,, 0, N Q) (4.30)

and extending u; to RY to be identically zero outside @-, we define the sequence

W (@) = oy # (), (1) = / J)uile + iz — e)dy,  (431)
B(0,1)

see (1.20). Our aim is now to estimate

Q 4A3,

Observe that suppv;”" C Q and so the function v;""* belongs to C;°(2). Thus,

applying Lemma 4.3.2 to the function (u;),,, defined on Q by the segment property,
we get

s C; e C;
077 < I (resp. [0 < )

where ¢; > 0 depends on the norm ||u;|| 11 (supp w)- Note that D%u; € Ly(Q2) for

every |a| < m and so there exist A\ such that
/ Mz, | Duy(x)|/A%)dz < +oo.
Q

By Lemma 2.4.1 there exist a sequence of functions {ug,}, where uf, is bounded
and has a compact support in Q, and A\;"™ > 0 and n;"™ > 0, such that for every

n > ng"
D%u; - ?n
. /QM<;C D (x)m &, <x)|>dx < 1o (4.32)
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The Jensen inequality yields

- ) I (4.33)

7

Ju
( — Jei * (Ui (@),
J(

| ey x (ug (7)), — Je; * (D%ui(2))r,
v ) dx

1
= Z<Il + [2 —|— [3 + I4)

We shall show that J' < Ci'np for some constant C;* > 0 whenever ¢; and r; are
sufficiently small.

The case of I; is done by (4.32). We deal with I using Theorem 2.3.1, which
ensures that there exist 77, > 0, such that for all r; < ;" we can estlmate
Iy < ng. In order to find a bound on I3 we notice that the Jensen inequality and
the Fubini theorem yield

|(ug' (X)), — Jey * (ug, (%)),
I; — /QM(J: : T )daz

/ J(g) (U?n(x +1iz) —up(z + 1z — siy))dy
B(

>dx (4.34)

ud (x+7riz) —ul(x + riz;

[0 e ey,

»710

where r; < r;;" and its relation with z; is given by (4.28). Using Theorem 2.3.1,
for every |y| <1 and 1o > 0 there exists ¢, such that for ; < &7, we get

— ,n

uy (T +7riz) —ud (v + 1z — &
/M(:L‘, n ) )\a< y>>dx§770>
Q i

thus via (4.34) we can estimate [3 < 770/ J(y)dy = no (whenever r; < 7"
B(0,1)
and g; < 5?,70) In the case of I, we apply Lemma 4.3.5 to the expression



Chapter 4. Approximation results in Musielak spaces in absence 03
of Lavrentiev phenomenon

(ui', (2))r; — (D%ui()),, and (4.32) to claim that there exist £/, such that for all

i\n

g; < (and r; < ;") we have

Je, * (Uffn(x))n — Jo, % (D%ui(w)),,
I4 = / M Z, P dl’
% A

(2

¢ \\? u, (v) — D%u;(x) .
< (oo yag))” [ (e M ()

<4(e(e gpem))
=~ P\ Eis /\?EZN Mo-
;70 =&,70

To sum up, we get in (4.33) for ¢; < min{ef;”, &} and r; < 7,7

Dui(w) — D, 1
/M(:c,| (@) U(x”)d:c < Ji+L+I+1)
Q

AN
> T 4 2 gere )\?gﬁv ;

for every a such that || < m. Therefore, for an arbitrary 7 > 0 and sufficiently
small €] and r] we have

| D%u;(x) — D*J_a * (w;),7 ()|
— 1 1 <
J—/ﬂM(m, Do )dx_

IS

k
Let v = ZJ&_??  (u;),n + Jo, * up. and note that v belongs to C5°(Q2). Take

i=1
A = max{ Ao, 4}, By (4.29), Lemma 4.4.4, and the last inequality for every o
such that |o| < m we obtain

|DYu(z) — Dv(z)| 1 / L |Dui(x) — D¥J g % (uy),a ()]
< _ . k2 K3
/QM(x’ 2RI\ )dx =2 QM(x’Z 20\ )dx

1 |D%ug(x) — Joy * D*ug(x)
+72k+1 / (w, 3 )dx
k i a (o2 _
2k—z / ‘D 'LI,Z(.’E) - D JEr_; * (’LLi)Tn(w)|
< — [ M|z, : 2 dx
; 2k —1 Jq ( A )

1 |D%ug(x) — Jzy * D*ug(x)
+—2k+1/QM(x, L )dx

k . .
ok—i 1 1
§22k715n+2k+2n'
=1
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Choosing 7j = Z 2 e get (4.27) and hence the second assertion is
ing n =~ —_— W . nd hen n rtion i
g 9 ok _ 1 g

proven. Indeed, thez Iilethod of construction gives us a unique v independent of a.

To get the first assertion, it suffices to note that if additionally to the above
reasoning u belongs to W™ E)(Q2), we obtain (4.27) with arbitrary A > 0 (cf.
Lemma 4.4.1). O

Remark 4.5.1. The assumption M* satisfies (L;,,) in Theorems 4.4.1 and 4.5.1 is
used to get the continuous embedding of Ly into L},.. Note here that the assump-

tion M* satisfies (L,,,) in this two last theorems can be replaced by the condition

(3.7) (see Lemma 3.4.2).

We give below the extension of [40, Theorem 4] by Gossez.

Theorem 4.5.2. Assume that ) satisfies the segment property and an ®-function
M satisfies (L) (resp. (4.8) and (L£}.,)) and let M* satisfy (L},.). Then for
every u € WLy (), there exist a sequence of functions w, € C5°(2) such that

Uy, mod o in W™ Ly ().

k—o0

Proof. Let u € WLy (£2). Our goal is to find v € C5°(Q2) such that for some
A >0 and all n > 0 we get

D~ — D~
/ M(x, |Du(z) U<x)|>d:c <n Via| < m.
Q A

The proof follows exactly the same lines as the one of the second claim of Theorem
4.5.1, except that we change r; by —r; in (4.31) so that

v = Jo, % (u) -y, = / J(W)ui(z — rizi — eiy)dy
B(0,1)

and choose

Therefore, suppv; C © and the function v; belongs to C;°(£2). m

The above theorem has the following consequences being an extension to
Musielak-Sobolev spaces of the results proved by Gossez in [37, Theorem 1.3
in the case of Orlicz spaces.

Corollary 4.5.1. Assume that ) satisfies the segment property and an ®-function
M satisfies (Lyo) (resp. (4.8) and (L},,)) and let M* satisfy (L,,.). Then

1) C°(Q) is o(I1 Ly, TIL s+ )-dense in W™ Ly ().
2) C3°(2) is o (1L, L s+ )-dense in W L (€2).

Proof. 1t is a direct consequence of Theorem 4.5.1, Theorem 4.5.2, and Lemma
4.4.3. O
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4.6 Non standard Meyers-Serrin results

The main results of this section are Theorem 4.6.1 and Theorem 4.6.2.

Theorem 4.6.1. Let Q be an open subset of RY and let M € ® satisfy (2.2)
and (Lpor). Then C°(Q) N W™ Ly (Q) is dense in W™ Ly (Q) with respect to the
modular topology in W™ Ly (Q).

Proof. Since the closure of C*(Q) N W™ L, (Q2) with respect to the modular topol-
ogy is included in W™ Ly, (2), we only need to prove the reverse inclusion. Let us
fix u € WLy (). We can assume that u has a compact support in Q. Indeed,
define y € C°(R™) by

o x(z) =1if [lz] <1,
o x(z)=0if ||z > 2,
o |D%(z)| < cforall z € RY and |a] < m.

For r > 0 let x,(x) = x(z/r). Then x,(z) = 1if ||z]| < r and | D%, (z)| < a <c
ra

if 7 > 1. Therefore, by the Leibnitz derivative formula the function u, := x,u

belongs to W™ Ly (€2). Furthermore, there exists a constant number p > 0 such

that for any n > 0 and for r large enough we get

Z /QM<m, ‘Dau(x) ;Daur(x)|>d$ <. (4.36)

la|<m

This last inequality can be proved following the same lines of |7, Lemma 3|, for
the sake of completeness, we give here the full argument (which follows, in fact,
an idea going back to [40]). Indeed since u € W™Ly;(€2), there exists a constant

number § > 0 such that /M(a:, |D%u(z)|/0)dxr < oo, V|a| < m. On one hand,
Q
when r — oo one has

|Du(z) — xr () Du(z)]
20

M(:c, > —0 ae. in ),

meanwhile on the other hand

(o, 2@ DGy, 100G

So that by the Lebesgue Dominated Convergence Theorem, we obtain

—0. (4.37)

i [ (e 200 o@Dl

700
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Now, for t = Z (g) and by using the Leibnitz formula for |a| < m we get
B#0,<a

(e e

L[ (e 1200 = Douto)ly

< - M(,

1 1 oy 1 _
ETRUCE 2 Ol amD ute) )da

L[ (e, 127 = @Dy,

= 2ct ’ 26

+21t > (Z)AM(x,ﬁ‘(Dﬂx)(x/r)Da—ﬁu(x)Ddas.

B#0,<a

By using (4.37) the first term in the right hand side of the last inequality tends to
zero as 7 — 00, while for the second term in the right-hand side we have

1
- B a—f .
M(a:, YL }(D X)(x/r)D u(:v)‘ ) —0 as r—o00 a.e. inf

and for r > 1

/szM($’ 20517~|5| |(D7X) (/) D u(z)] )dm < /

Q

| D Pu(x)|
)

M(x, )dm<oo.

Hence by using the Lebesgue dominated convergence theorem, we obtain

AM(w,ﬁ‘(Dﬂx)(x/r)D“'Bu(a:)|>dx%0 as r — 00.

Thus for u = 4cot we get (4.36). Therefore without loss of generality, we can
assume that v has a compact support K in €. We shall show that there is a
constant number v > 0 such that for any n > 0 we can find v € C*(Q)NW™ Ly, (2)
satisfying

. |D*u(z) — D*v(z)]

3 /QM( - >da: <. (4.38)

la<m

In the case Q = RY we can make the proof, without loss of generality, thinking that
Q2 is a big ball (hence in this case €2 can be thought bounded and, in particular,
its boundary 0f2 is not empty) containing K, and finding v € C5°(Q) NW™ Ly (2),
because outside such ball there is no contribution in the integral in (4.38).
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For ¢ =1,2,--- , define the following sequence of subsets of €2
0 = {x € O, |z| <, dist(z,99) > 1/¢}.
Observe that for ¢+ = 1,2,---, Q; C ;47 and ileQi = (). Set by convention

Q_1 = Qy =0 and let © be the collection of covering open subsets of 2 defined by
o- {0 0, = Qi \ Qir,i=1,2,-- }

Since K NS is compact there exists an open set Vj such that K NoS2 C V;, hence
K=(QNK)U(KNoQ) CUx,0; UV

Furthermore since K is compact we can extract a finite open covering of K such

that K C Uf”:ﬁiUVO. Therefore, there exists a partition of unity subordinate to this

cover (see for instance [102, p. 61]). That is, there exists a collection of functions

{1;} such that supp(¢;) C 6; for i = 1,--- , k and supp(¢p) C Vo, 0 < ¢; <1 and
k

for every x € K we have Z%(ﬂf) =1. Fori=0,1, -,k defining u; := y;u we
i=0

have u; € W™ Ly (Q), supp ug C Vo N K and supp v; C ;N K fori =1,--- k.

Let J stands for the Friedrichs mollifier kernel defined on R by

J(x) = ke T if |l < 1 and 0 if [l > 1,

where x > 0 is such that / J(x)dx = 1. For ¢ > 0, we define J.(z) = eV J(x/¢)
RN
and

us(z) = J, % ulz) = / J.(x — y)uly)dy = / R

RN

Fori=1,---,k we define
Joxui(x) = / u; (y)Je(x — y)dy.
0,NK

It’s clear that J. * u; is non-zero only if y € ; N K and |z — y| < . Choosing

1

R G § )

1
5 the second inequality holding if ¢ > 3.
fl —_

Therefore, supp(J: xu;) C U; := Q19 \ﬁi_g. Note that U; is a compact contained
in Q. Since D%u; belongs to Ly (Q2), for all |a] < m, by Lemma 2.4.1 for an

1
we get 2 < dist(z,00) <
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o

arbitrary 7o > 0, there exist a sequence {u;,}, where uf, is bounded and has a
compact support in 6; N K C €2, a constant number A\ > 0 and an integer n; > 0
such that for all n > ny* we have

xS 20
Setting np =: max nfand A= max A}, we also have
la|<m,1<i<k la|<m,1<i<k
Du(z) —ug, (z
/M(m,| (2) = i )|)dx§ o (4.39)
Q A 2

For a fixed j = 1,---, we define

o /M .. D%u;(x) — D Jg*ul(x)) I
o, Zi:l 12
j+1

_ /Qj Y (x ;Daui(:ﬂ) —1§:Jg*ui(a¢)’> .

By construction, for any x € €2; N K there exist at most 4 terms in the above sum
which are non-zero at z. Using the convexity property we can write

‘ 1 j+1 ‘Do‘ui(x) — U, (m)‘
I < - M d
=3 /Qj (“TZ I} !

=1

1 j+1 uf‘no(x) — Jexug,, (x)‘
- M d
*3 /Qj <x 2 ) v

i=1

1 Ik ug, (x) — J. % D%uy(x)
— M .
+3 ]. ( > - do

Therefore,
o< 1_12??/% (e Du;(z) ; ugno(:v))>dx
+ Tl?i/ﬂ] M|z, i () f ' ug""(x)‘>da:
. 1_12§/QJ (e Jo xuf, (v) —)\JE * Do‘ui(x))dx

1 . ) .
= E(I{+I§+I§).
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We shall estimate I7, I} and Ig. Starting with the term I7, we get from (4.39)
I <.

For the term Ig, by Jensen’s inequality and Fubini’s theorem we can write

U, (x) — Je % u?no(:v)‘
/ M| =z, dx
S )

TY)| o a
S / M (ZE,/ g\ ) ui,no <$> - ui,no ('T - Efy)’dy) dx
Q B(0,1)

< /B o J(y) [ /Q M(x, i () ?"O(xgy)‘>dx] dy.

Using Theorem 2.3.1 for every |y| < 1 and for 19 > 0 there exist g, such that
for e < 58“”;’8 we get

42, (7) = 2, (7 = =)
/M(x, - - de < n—(.].
0 A 2

I <.

Therefore,

We turn now to estimate Ig. To do so we follow the lines of the proof of |7, Lemma
9] with the function v, — D®u;, using the growth of the function ¢ with respect

1
to its second argument for small enough ¢ < 3 obtaining

/ Y (x T u, (2) — T * Daui(m)])dx
Qy

A

where
ly|<1

Lo = x| T [, ) = Do)

In view of (4.39) and since the support of v, is contained in 6; N K C K N by
Lemma 3.4.1 there exists ty5 > 0 such that
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/ |u?n0(x) — D%u;(x)|dx
Q;

< [ i) - Do)z
onK

< (1+ to| K |Jud,, — Duil| 1y (00

7,10

<A1+ t0|K|)(/QM(:L’, Uiy (%) —)\Dauz<£€>’) I 1)

< e 1= A1+ Lol K ) (0 + 1),

Hence, there is a constant number ¢ > 0 satisfying cfno < ¢ for every 7 > 1 and
every ¢ > 1. Therefore, by (4.39) one has

. c 3
I < 4770(@(& )\5_1\[)) .

C

By the assumption (L) the sequence {gp(s, N
€

)} is bounded. Hence, there
is a constant C' > 0 such that ' )
I3 < 4Cnp.

Thus, combining those estimates we get for all || < m and for small ¢ <
1 1
] _ ;10
mm{Q’ (k+1)(k+2)’50’"°} |
r < CoTo,

20+1

where ¢y = . Consequently,

k ’Daui(x) — J.* Daui(as)‘
R

i+l | Dy;(2) — D*J. % u(x)
[ (gl

=1
< coMo-

Then letting 7 — oo we get by using monotone convergence theorem

k ‘Do‘ui(x) — Jo* Daui(x)’
/QM(:IZ‘,Z X )dx < cono-

i=1
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Let now ¢ = 0. For g > 0 small enough we define the function

Joo ¥ uo(7) = / uo(y)Jey (@ — y)dy
VoNnK

which is non-zero only if y € Vo N K and |z — y| < &p. Since D%uqy belongs to
Ly(2), o] < m, by Lemma 2.4.1 there exists a constant number Ao > 0 and a
sequence {u; }, where u; is bounded and has a compact support in VoN KNS, C

such that Do N
/M@‘“W*%MMMSE
Q Ao 3

Furthermore,

| D%ug () — Jey * Dug(z)]
A4<x’ 3\ )dw

< [ 220l

1 o _ o

e ) e el
3 0 )\O

_|_1/ M(.CL", |J€0 *ug(:c) — Jf-:o * DaUO(x)‘>dx
31 0 Ao

= g(J1 + Jy + J3).

As above we have to estimate .J;, Jo and J;. This can be done, by slight mod-
1

ifications, as it was done for the terms I/, I and Ig. Hence for gy < 5 We can

| D%ug(x) — Joy * D%ug()]
< 1np.
/QM(x, Ih >dx_770

write

Define the function v by

ZJ s u;(z) + Jop * ug(x),

Note here that if K does not meet 02 then the term J., * ug(x) in the equality
does not appear. To sum up, let v = max{24\, 6o}, then by convexity of the

®-function M we get
E |D%;(z) — Jz x D%u;(x
{/M(@' ),
lo i=1

Du(z) — v(x)
5 fa(o 20,
/ QLT —3.§Z*Dauo(x))d$}

|a|<m

NJM—\
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which ends the proof of (4.38).

In order to end the proof, we need to gather (4.36) and (4.38). This can be done
applying the same kind of substitution of the triangle inequality for norms, that we
already applied several times (for instance, in the last chain of inequalities). [

Theorem 4.6.2. Let Q be an open subset of RN and let M € ® satisfy (2.2) and
(Lhot). Then C(Q)NW™EN(Q) is dense in W™ Ey () with respect to the norm
topology in W™ Ep ().

Proof. Let u belongs to W™E)(§2). Arguing as in the proof of Theorem 4.6.1 we
obtain (4.38) with arbitrary A > 0 (cf. Lemma 4.4.1). O

These two spaces W™Ey(2) and W™Ly () coincide in a large class of
®—functions by virtue of the following proposition, where the A, assumption is
only sufficient (see [52, Example 4.2]).

Proposition 4.6.1. If M satisfies the Ay-condition (see Definition 3.2.1), then
W™ Ly (2) = WTmEN () (see [105]).

Second, still in [54] it has been observed that the density of continuous functions
is a lot more common occurrence in Sobolev spaces than the boundedness of the
maximal function.

For results of density of smooth functions in variable exponent Sobolev spaces
coming from properties of the Riesz potential we mention the paper [66], where
other comments concerning the link with the boundedness of the maximal operator
appear.

4.7 Approximation results in null trace functions
space

For u € W'Ly/(Q) the trace tr(u) = ulgq is well defined. Indeed, if Q is of
finite Lebesgue measure and M satisfies (2.2) one has W' L;(Q) — WHH(Q) (see
Lemma 3.4.2) and by the Gagliardo trace theorem (see [35]) we have the embedding
WHHQ) — L'(09Q). Hence, we conclude that for all u € W'L;(Q) there holds
ulgq € L'(0Q). We give in the following theorem density results in zero trace
Musielak-Sobolev spaces.

Theorem 4.7.1. Let Q be a bounded open subset in RY having the segment prop-
erty and let (M, M™) be a pair of complementary ®-functions. Assume that M
satisfies (Lpo) and (2.2). Then, we get

W Lag () = W (Q) N W™ Ly ().
If furthermore 2 has a Lipschitz boundary OS2, then we obtain

Wo L (Q) = {ue€ WLy ()« tr(u) =0 on 00} (4.40)
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Proof. We begin first by showing that W™ Ly (Q) € Wi (Q) N W™ Ly (€). Since
Wit La(€2) is a subset of W™ Ly (€2), it’s sufficient to check that for all function u
belonging to WL () we have u € W™ (Q). Let u € WL (Q). By Theorem
4.5.2 there exist A > 0 and a sequence u; € C;°(2) such that

Z /QM(I, | D%y (z) — D%u(x)|/N)dx — 0 as k — oo.

laj<m

Therefore, for all o] < m
/ M (z, |D%uy(x) — D(x)|/N)dx — 0 as k — 0.
0

Thus, for a subsequence still denoted by wu, we can assume
D%y, — D%u a.e. in ).

Applying Vitali’s theorem we obtain
/ | D%y (x) — D%u(x)|dz — 0 as k — oo,
Q

which implies that u € W™ (Q).

Conversely, we should prove that W™ () "W™ L (Q) € WLy (). We will
show that for u € W7 (Q) N W™Ly(Q) there exist a sequence v € C(Q) such
that v converges in the modular sense to u in W™L,,(Q2) and then we conclude
by using Theorem 4.5.2. Let us denote by u the extension of u by zero outside
Q. Since u belongs to Wy (Q) it yields, 7 € W™(RY) and Dy = DU in the
distributional sense and a.e. in RY (see [2, Lemma 3.27]) and so @ € W™Ly, (RY).
Then by Lemma 4.4.2 we can assume that u has compact support X C Q. We
will distinguish the two cases: either K C Q or K N 9N # (. If K C Q then we
get the desired inclusion by Lemma 4.3.6. If K N 0Q # (), then, as in the proof
of Theorem 4.5.1, there exist a finite collection {#;}*_, covering the compact set
K N 0Q and an open covering {#/}"_, of K with # has a compact closure in 0,
for i =0,1,--- k. Then u can be splitted into finitely-many pieces u;, such that

k
u= Zul with suppu; C 6,1 =0,1,--- , k.

i=1
For i = 0, we consider supp ug C 6 C €2, then as for the first case by Lemma 4.3.6
there exist €9 > 0 small enough (g¢ < dist(6y,0Q)), such the regularized function
vo = Je, * ug belongs to C;°(2) and converge in modular since to u in W™ Ly, ().
For 1 <4 < k fix. Let z; be a non-zero vector associated to @ by the segment
property and let r; € (0,1) be such that

0 <7 <min{1/(|z| + 1), dist(6],86;)|z] '}
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Define
(w;)—p; () = wi(® — 1324).
and choose
g < dist((@é N Q) + 7z, RN \ Q)

We define then the sequences
v (x) = Jop (W), = / J(y)ui(r — iz — eiy)dy
B(0,1)

and
k

v(x) = Z 077" (@) 4 Jey * ug(x),
i=1
therefore, v € C;°(€2). Then, arguing similarly as in the proof of Theorem 4.5.1, we
prove that v converges to v in W™ L;(€2) with respect to the modular convergence.
This implies that u belongs to Wi" L (2).
To check (4.40) observe that {u € W'Ly () : tr(u) =0 on 9Q} C {u € W-(Q):
tr(u) = 0 on 0N} = Wy (Q). So that for any v € {u € W'Ly(Q) : tr(u) =
0 on 9N} one has v € W, () N WLy (Q) = Wi Ly (). O

4.8 Conclusion

In this chapter we performed the density of smooth functions in the modular topol-
ogy in the Musielak-Sobolev spaces essentially extending the results of Gossez [40]
obtained in the Orlicz-Sobolev setting. We impose systematic regularity assump-
tions on M which allows to study the problem of density unifying and improving
the known results in the Orlicz-Sobolev spaces, as well as the variable exponent
Sobolev spaces.

We summarize in the following table our main density results in Musielak-Sobolev
spaces obtained in this chapter.
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TABLE 4.1: Summary of density results in Musielak-Sobolev spaces.
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Chapter 5

Poincaré-type inequalities in Musie-
lak spaces

5.1 Introduction

In this chapter we investigate the Poincaré-type inequalities in Musielak-Sobolev
spaces.

Let Q be a bounded open subset of RY, N > 1. The classical Poincaré integral
inequality asserts that

/Q () Pdz < C(Q, p) /Q Vu(z)Pdz (5.1)

for every u € Wy () where C(Q, p) is a constant depending on € and p. In fact,
this inequality remains valid if €2 is only bounded in one direction. Recalling here
that when Q is regular (see for instance [85, Theorem 4.14]) we have

WoP(Q) = {u € WH(Q) : tr(u) = 0 on 9} (5.2)

and hence Wy P(Q) = W, (Q) N WHP(Q).
Gossez |37, Lemma 5.7] proved the existence of two constants ¢,, > 0 and ¢, o > 0
such the following Orlicz version of Poincaré integral inequality

|3 cipra@hde < on [ 3 plenalDu@lde, 63)

@ o] <m |a]=m

holds for every u € W{"L,(€2). Since no extra condition is assumed on ¢, inequal-
ity (5.3) proved in W{"L,(€2) covers not only (5.1) but it remains valid for a wide
class of Orlicz functions.
Unfortunately, in the framework of variable exponent spaces the situation is more
complicated and more regularities on the exponent are needed (see General intro-
duction).

In order to generalize the Poincaré-type inequalities in Musielak-Sobolev spaces
and cover the different results obtained in the above modular spaces, our main
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results of this chapter are given in 4 Theorems (see Theorems 5.3.1, 5.4.1, 5.4.2
and 4.7.1).

The chapter is organized as follow, in Section 5.2 we introduce and discuss the
new regularity assumption (M,,) bellow, to get the Poincaré-type inequalities.
Section 5.3 is devoted to the Poincaré-type inequalities in absence of Lavrentiev
phenomenon, the main result of this section is Theorems 5.3.1. This later theorem
is a generalization of |37, Lemma 5.7] in the framework of Orlicz spaces where
only the definition of the space W"L,(€2) (Definition 1.3.10) i.e by means of the
weak-* topology, is used to get the Poincaré integral inequality without assuming
the segment property on the bounded open 2. As in the classical way, the Poincaré
integral inequality was first proved for smooth functions and then (5.4) follows by
a density argument based on mollifications.

In general, the shift operator is not acting between Musielak spaces (see General
introduction). So we face a major difficulty in using mollification and then we can
not use the same approach as in [37].

Our contribution to overcame this problem consists in using the regularity con-
ditions (£;,,) and (L) on the ®-function M and the segment property on the
domain Q (see Definition 1.2.7). Those conditions enable us to get the modular
density of Cg°-functions in W' Ly (2) (see Theorem 4.5.2) which we use in the
proof of Theorem 5.3.1 instead the weak-* density as it was done in [37].

In Section 5.4 we give further results on Poincaré-type inequalities, the main re-
sults of this section are Theorem 5.4.1, Theorem 5.4.2 and Theorem 5.4.3. In
Theorem 5.4.1 we prove the Poincaré-type inequalities in the space W' Ep(2).
We note here that by the definition of W{J"E/(€2), we do not need to assume in
the above Theorem 5.4.1 the segment property on €2 and the condition (L) on
the ®-function M. Therefore, the result we obtain covers the Poincaré integral in-
equality obtained by Maeda [77] for Cj-functions in the case where the variable ex-
ponent p(-) is assumed to satisfy a monotony condition (see Example 5.2.1). While
in Theorem 5.4.2 we prove the Poincaré-type inequalities in the space K" Ly (£2)
(see Definition 5.4.1), for the particular case M(-,s) = |s|P") see [28] where a deep
study was devoted to the space defined as the norm closure in W) (Q) of the set
of WP0)(Q)-functions with compact support in Q. In the end of Section 5.4 we
give Theorem 5.4.3 where we address the validity of Poincaré-types inequalities in
the zero trace Musielak-Sobolev spaces.

5.2 Regular Musielak functions of monotone type

(Mon)

In this section we introduce a monotony type regularity assumption on the -
function with respect to its first argument.
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Definition 5.2.1. A ®-function M is said to satisfy the M,,-condition on a
segment |a,b] of the real line R, if

Either
( There exist to € R and 1 <1i < N such that the partial
(Mon)o : & function x; € [a,b] — M(z,t) changes constantly its
monotony on both sides of ty (that is for t > tq and t < ty),
(Mon)

Or

There exists 1 < i < N such that for all t > 0, the partial
(Mon) . . ) .
\ function z; € [a,b] — M(x,t) is monotone on [a,b].
Here, x; stands for the i'™" component of z € Q.

Some comments and examples

A ®-function M : Q x R — R™ satisfies the (M., )o-condition on [a,b] C Q with
respect to 7 if the following hold:

e O = {2 = (x3, -+ ,ay) € RV Y (21,2/) € Qfor any z; € [a,b]} is non-
empty.
(Consequently for t € R*, the partial mapping z; € [a,b] — M ((z1,2'),t) €
R* makes sense for any 2’ € O).

e There exists tg > 0 such that for any 2’ € O, if ¢ > ¢, the map x; € [a,b] —
M ((xl, x'), t) € R has certain type of monotony, for example it is increasing
(decreasing), while for ¢ < ¢, the map x; € [a,b] — M ((z1,2'),t) decreasing
(increasing).

Example 5.2.1. As examples of ®-functions satisfying the condition (M,,) and
thus are admissible in our case we give.

1. In the case where M(x,s) = sP@ | the assumption (Mgy,)o prevents the variable
exponent p(-) to get a local extremum while (M,,)so s not satisfied unless p(-)
is a constant function. In fact assume that p : Q — R satisfies 1 < p(+) < oo
and the following:

e O = {2/ = (x9,-- ,zn) € RV (21,2)) € Q for any x, € [a,b]} is non-
empty.

e For any ' € O the mapping x1 € [a,b] — p(x1,2") is non-decreasing.
Take M(z,s) = s*@, x € Q, s > 0 and let sy = 1. Then, for s > 1
x1 € la,b] = M(x,s) = sP@7) s non-decreasing for any x € Q0 while for
s <1,z € [a,b] = M(z,s) = s"®) is non-increasing for any = € Q.
Consequently, M(x,s) = s*@ satisfies the (M oy )o-condition on [a,b] with
1=1.
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2. Let us consider the double phase function M(x,s) = s” + a(x)s?.

o [f there is 1 <i < N such that the function x; — a(x) is monotone then M
satisfies obviously (Mop)oo and so (M, ).

o [f x; — a(z) is not a constant function then the double phase function M
can not satisfy (Mon)o-

3. If1 < p(-) < 400 and there exists 1 < i < N such that the function x; — p(x) is
monotone on a compact subset of the real line R, then the following ®-functions

o M(x,s) = s,
o My(z,5) = " log(e + ),
o Ms(x,s) = e 1,

satisfy (Mon).

5.3 Poincaré-type inequalities in absence of Lavren-
tiev phenomenon

In this subsection we give our first main result of this chapter, concerns Poincaré-
type inequalities in the Musielak spaces W' L (€2).

Theorem 5.3.1. Let Q be a bounded open subset in RY having the segment prop-
erty. Let (M, M*) be a pair of complementary ®-functions. Assume that M satis-
fies (Lhor) and (M,,) and M* satisfies (L),.). Then there exists a constant ¢, q
depending only on m and S such that for every w € W§" Ly (£2)

/Q Z M (z,|D%u|)dx §/Q Z M(x, cpm.o|D%ul)dx. (5.4)

o] <m |a]=m

Moreover, for every u € W' Ly (Q)

> D%l < Cm. Q) Y Dl (5:5)

lal<m |a|=m
where C'(m, Q) is a constant depending only on m and Q.

Proof. Let d be the diameter of Q. As (M,,) is concerned and without loss of
generality, we can assume that ¢ = 1. Being {2 bounded, using a translation
if necessary, we may assume that it is contained in the strip Q C {(z1,2) €

0
[0,d] x RY"'}. Let 0, = . stands for the partial derivative operator with

1
respect to 1 and let us first assume that u € C5°(Q).
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Part 1 : We assume that there exists t; € RT such that the function z; €
0,d] — M((xl7 z'), t> changes the variation on both sides of ¢y.

Case 1. Assume that z; € [0,d] — M((x1,$'),t> is non-decreasing for ¢t < t,

and non-increasing for ¢, < t.
Defining the two sets

1 1
E = {g € [0,d] : |dru(E, )| < tho} and E, — {g € [0,d] : |Oru(E, 2)| > ﬁto},

we can write
u(zy,2') = w(wy,2)xe (1) + u(z, 2")xe,(21)
1

— —/dal(u(f,x’)xEl(f))d§+/o 81(u(§,rc’)xE2(£))d§

1

— —/ 81u(§,x’)df—|—/ dru(, x')dE.
[z1,dINEL

[0,331]QE2

Thus,

ou(g, x/)‘dﬁ + /

[val]mEQ

ulara)| < [ e, a")|ie.
[Z‘1,d}ﬂE1

Then, the convexity of the ®-function M and Jensen’s inequality enable us to write

1 d

M<x7|u(ac1,x/)|) < 3,

M((xl,x'), 2d

Oru(€, 2") [Xor o (€) ) €

v oo OdM(<x1,x’>,2d Oru(€, 2") [Xioaes (6) ) d
< 2—1d [ml,d]ﬁElM(<£7x/)72d Glu(g,x’)Ddg

+ 2—1d o M((f,x’),2d alu(g,x’)Ddg

< % OdM((g,x’),m‘alu(g,x'))dg.

Integrating successively with respect to 2’ and z;, we obtain

/QM(HZ‘, yu(x)|)dx§ %/QM<1',2d

81u(a:)de. (5.6)
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Case 2. Assume that z; € [0,d] — M((a:l, ),t) is non-increasing on t < ¢,

and non-decreasing on ty < t.
We can write

u(ry, ') = w(wy,2)xe (21) + w(@, 2')xe, (1)

- [T a(uenn©)i- [ 01 (u(e )

1

- / Oru(€, o')d — Oru(€, 2')de,
[0 $1}0E1 [xl d]ﬂEQ
which implies

(e, o)) < / /
[0,z1]NE [1,d]NE>

Once again the convexity of the ®-function M and Jensen’s inequality enable us
to write

alu(gv LL'/)

D€, m’)‘dﬁ.

M(x,|u(x1,x’)\) < % OdM((xl,x’),Qd

A

dru(&, ') ‘X[O,rﬂﬂEl (f)) d§

1 d

+ogg | M (0, 24008 ) oo, (€)) de
< g, (€ 2ot )] )ae
g (e 2ot a0 )ae

< o [ M(€a2ornie.an)) e

Integrating successively with respect to 2’ and z;, we obtain

/QM([E, |u(:n)|>dx < %AM(m,Qd‘@lu(:p)de

Part 2 : Assume now that for all ¢ > 0, the function z; € [0,d] — M((xl, ", t)

1s monotone.
Case 1. Assume first that z; € [0,d] — M((xl, ),t) is non-increasing.
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By using Jensen’s inequality we get
M (o futara)l) < (@), [ ot a)|ac)
0
d
< M((on o), [ oruer) o €)d6)
0
1 [
< o [ () donue ) o) de
0
1 [
< = /O M ( (.2, dlovu(c, o")| ) de
1 [
< - /0 M ((€2), d|orue, «")|) de.
Integrating successively with respect to 2’ and z;, we obtain
/ M(x, |u(x)|>dx < / M(m, d alu(:v)Ddx.
Q )
Case 2. Assume that z; € [0,d] — M((xl, x’),t) is non-decreasing,.
By virtue of Jensen’s inequality we can write
d
M (o futera)l) < M (G o), [ owue,)|ac)
z1
d
< M), [ [ ) |na)de)
0
1 d
< o [ () dforute o) o))
0
1 [
< - / Rl (€ 2", d|oru(e, )| )
1 [
< o [ (6o doute )
0
Integrating successively with respect to 2’ and z;, we obtain
/ M(as, |u(.il:)\>dx < / M(:v,d 81u(x)‘>dx. (5.7)
Q Q
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To sum up, from (5.6)-(5.7), we obtain

/QM<1', |u(x)|>dm < [)M(m,?d‘@m(w)‘)dm, (5.8)

for all u € C5°(Q).
Let now u € W, Ly(2) be arbitrary. By Theorem 4.5.2 there exist A > 0 and a
sequence of functions u;, € C5°(€2) such that

[ a0 L) g gy [T Tl

as k — +o0o. Hence, up to a subsequence still again indexed by k, we can assume
that uy — w a.e. in Q. Then, using (5.8) we can write

(o) ot [ (s, 1102
M < lim inf [ M
/Q (x And )dw = ™, ("’3 ANd )d:”

< lim inf/QM(x,;)\‘@luk(z)Ddaz

k——+o00

< ;kgrfooinf/QM<x,i’@luk(:):)—ﬁlu(x)’)dx
+ ;/QM(x,i‘alu(x)Ddx

< ;/{)M(x,ilalu(a:)‘)dx

Thus, (5.4) is proved. Let us now prove the inequality (5.5). For u € WLy (Q),
it can be checked easily from (5.4) that

| Du(x)|
2 /QM<CE C(mﬁ)gm—mHD%IIM)dx =t

|oe|<m

where C(m,Q) = cn0 <1 + Z 1) depending only on m and €2. The proof of

|8|l=m
Theorem 5.3.1 is then achieved. O

Remark 5.3.1. A direct consequence of the inequality (5.5), is that the maps
w€ WLy (Q) = Y |Dully
laj<m

and
w€ Wi Ly(Q) = Y IDullm

|laf=m
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define equivalent norms on Wi Ly (Q).

5.4 Further results on Poincaré-type inequalities

The following theorem concerns the Poincaré integral inequality in the Musielak-
Sobolev space W{"Ej(€2) defined as the norm closure of Cj°-functions in
W™ EnN ().

Theorem 5.4.1. Let Q be a bounded open subset in RY and let M € & satisfies
(L}..) and (M.,,). Then inequality (5.4) holds true for every u € W"Ey(Q) and
then so is (5.5).

Proof. Let u € WJ"Ep (). By the definition of W™ E(€2), there exists a sequence
{ug}r of C5°(Q2) functions such that D%y — D%u for all |a] < m with respect
to the norm topology in Ly, (€2). As the norm convergence implies the modular
one, one has D%y — D% for all |a| < m with respect to the modular topology.
Therefore, we get the result by following exactly the same lines of the proof of
Theorem 5.3.1. [

Definition 5.4.1. Let Q be a bounded open subset of RN and M € ® we define
the space K{"Lp(€)) as the norm closure of the set of W™ Ly () functions with
compact support in €.

In the particular case M(z,t) = t*® KMLy/(Q) is nothing but the space
Wy"" (ﬁ)(Q) defined in [28].

Theorem 5.4.2. Let Q be an open subset in RY and let M € ® satisfies (Lyo).
Then K" Ly () coincides with Wi Ep (Q). Furthermore, if Q is bounded and M
satisfies (M) then (5.4) and (5.5) are fulfilled.

Proof. The embedding Wi"Ey(Q2) C K{"La(S2) is obviously satisfied. It only
remains to show that KJ' Ly (Q) C Wi Ey(2) holds true. Let u € K" Ly (£2) and
let n > 0 be arbitrary. We will show that there is a sequence v € C5°(2) such

> ID*u = Dl <. (5.9)

|a|<m

By the definition of KL/ (€2) there exist a sequence {ug} in W™ L (€2) of com-
pactly supported functions in 2 and k, > 0 such that for all £ > k, and |a] < m
we have 0

| D% — D%uy||pr < Y8
where K is the total number of multi-indices with |a| < m. Now by using Lemma
4.3.6 there exist a sequence {uy} in Cg°(€2) and nf;"" > 0 such that for all n > ng’o‘

and |a| < m we have
Ui

1D%ux = D*uicllar < 57
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By the triangle inequality we get for all £ > kj and n > n];’a

D% — D%ugllar < [|D%u — D%up)|[ar + || D%us — D uit|| s

VAN

i
K )
Hence follows (5.9) and then the following identification
Ky Lag(Q) = Wi By ().
Therefore, Theorem 5.4.2 follows immediately from Theorem 5.4.1. O]

Now, the remaining question is how to provide a satisfactory generalization of
the Poincaré inequality for constant exponent, because the equality

WP (Q) = {ue W(Q): tr(u) =0 on 00}

is substituted by the inclusion

———— (Il JIE

Wo L (Q) = C3 () ' ¢ {ue W'Ly(Q) : tr(u) =0 on 0Q}

which may be strict in general unless additional conditions are imposed on the
®-function M. We give the answer in the following theorem.

Theorem 5.4.3. Let Q be a bounded open subset in RY having a Lipschitz bound-
ary 0 and let (M, M™*) be a pair of complementary ®-functions. Assume that M
satisfies (Lnor), (Mon) and (2.2). Then, (5.4) and (5.5) hold true in the space

WaLa(Q) ={ue€ W Ly (Q) : tr(u) =0 on 0Q}.

Proof. The proof follows immediately from Theorem 4.7.1 and Theorem 5.3.1. [

5.5 Conclusion

In this chapter, we introduced conditions on the Musielak functions under which we
proved the Poincaré-type inequalities in the functional Musielak-Sobolev structure.
We highlight that the results we get extend the ones already well known in Sobolev,
Orlicz and variable exponent Sobolev spaces.

We summarize in the following table the main results obtained in this chapter.
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Part 11

Application to partial differential
equations
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Introduction to Part 11

Partial differential equations are ubiquitous in several domains and present math-
ematical tools to describe a wide variety of natural phenomena like electromag-
netism, elasticity, diffusion, Hydrodynamics, etc.

This Part contains Chapter 6 which is dedicated to the application of the math-
ematical results we have obtained in the first part, to solve a class of elliptic equa-
tions with rapidly /slowly increasing coefficients arising in some non-Newtonian
fluids.

In particular we prove the existence and uniqueness of variational solutions w :
Q — RY for the following nonlinear elliptic problem

—div a(z,Vu) =f inQ,
uw =0 on 0L,

where (2 is a bounded open subset of RY, N > 1, and «a is a stress tensor whose
growth may be described by non homogeneous Musielak functions M.
We stress that any extra growth restriction (neither Ay nor Vi), on the pair
of complementary ®-functions (M, M™), is imposed. That is the ®-functions we
consider allow to capture a several class of energy expressions, namely

/ |VulP @ dz, / IVuP®@ log(e 4 |Vu|)dz,

Q Q

/ IVl + a(z)|Vu|'dz, /b(x,w)(|Vu|p + a(@)|Val?)dz,
Q Q

/ (Pl _ 1)y, / (1 + | Vu®2)|Vul2dz.
Q Q

However, we assume that the pair of complementary ®-functions (M, M) gen-
erate the energy space W Ly, satisfy some structural assumptions that allow a def-
inition of the variational framework and obtain Poincaré-type inequalities. Within
the approach we use, the Galerkin method is coupled with an abstract existence
result by F.E. Browder 1966.
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Chapter 6

Variational nonlinear elliptic equat-
ions in non reflexive Musielak spaces

6.1 Introduction

In this Chapter we present the study of the Dirichlet problem associated with a

class of nonlinear elliptic equations. Precisely, we are interested in the existence

and uniqueness of variational solutions u : Q — RY for the following nonlinear
elliptic problem

{ —div a(z,Vu) =f inQ, (6.1)

u =0 on 0,

considered in a bounded open subset Q of RY, N > 1, where the leading part a is a
stress tensor whose growth is expressed through inhomogeneous Musielak function
M : Q x Rt — RT. Precisely, we suppose that a(x,¢) : Q x RV — RV*N g 5
Carathéodory function (that is measurable in z for fixed £ and continuous in £ for
fixed = in Q) for which there exist some constants d;, ¢; > 0, i € {1,2}, and two
functions | € Ey(Q) and h € L'() such that for a.e. z € Q and all £,¢ € RV*Y,

with & # ¢,
(A1) Growth and coercivity.

la(z, )| < Uz) +erM* (2, M(x, cal€])) (6.2)

and
a(x,8) 1 & > diM(z, dy¢]) — h(z). (6.3)

(A2) The monotony condition.

(a(z,€) —a(x, &) : (€=¢) > 0.

The approach used

It is our purpose in this chapter to solve the problem (6.1) in the variational
framework, that is to find a vector-valued function u € Wy Ly (€2, RY) that satisfies
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a(x, Vu) € Ly (Q,RY*N) and
(Au,v) = (f,v), forall v e W)Ly (Q,RY),

where Au := —div a(x, Vu) and (-, -) stands for the duality pairing. The construc-
tion of the variational framework is obtained by means of the sufficient regularity
assumptions (£},.), (Lne) and (M,,)) allowing to get some basic properties of
density and duality but also some Poincaré-type inequalities. The approach we
use consists of coupling Galerkin’s method in the separable space Wy Ej (€2, RY)
(Lemma 6.2.3) with an abstract result in [17]. In order to extend into the whole
space Wy Ly (€, RY) we need to get the density of Wy Ey (€, RY) with respect to
the topology o (I1Lys, IILys) in Wy Lp(Q, RY), which is the crucial step in our
approach. This density result, that needs more regularity on Musielak function
M, is provided by Lemma 6.2.4 (see also [7]).

The chapter is organized as follows. In section 6.2 we give some basic facts on
vector-valued Musielak spaces. The main result is stated in section 6.4. In section
6.5 we provide the proof of the main result.

6.2 Vector-valued Musielak spaces

In this section we provide some results about vector-valued Musielak spaces and
auxiliary results. For vector or tensor valued functions, we will use the Euclidean
norm in RY or RV*V,

For M € ®, the vector valued Musielak space, denoted Ly (Q,R"Y) (resp.
Eun(Q,RY)), is the set of all measurable functions u := (uy, ug, - - - ,un) : @ — RY,

such that each component u; of u belongs to Ly(Q2) (resp. Ep(€2)). The space
Lar(Q,RY) (resp. Ey(Q,RY)) is endowed with the norm

N
lllar = Nlulllar = Juillar.
i=1

The vector-valued Musielak-Sobolev space denoted W' Ly, (€2, RY) is defined as the
set of functions u € Ly(Q,RY) with each of its weak partial derivatives {0;u;},
i,j € {1,2,--- N}, belonging to Ly;(Q2). We can endow W*'Ly (2, RY) with the
norm

|l (0 ) :inf{)\>0:Z/QM(xJui(x)V)\)dx
+ZZ/QM(I, yus(x)| /N < 1}.

j=1 i=1

Observe here that by a simple calculation for a vector valued function u €
Ly(9,RY) and A > 0, the modular expressions
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/M(957 IUI/A)d:c+/M(x,|vu|/A)dx
Q Q

and

N N N

Y RICATIEVERS 95 B RICAMARNY

i=1 7% j=1 i=1 7€
are equivalent and so are the norms ||u||w1y,,, @ ry) and |u|| a4 || V|| ar == |[|ul|[ar+
IVulllar

In what follows, we identify the space W'Ly (2, RY) to a subspace of the
product I1L,; of N(14N) copies of Ly () i.e. TILys := (Lar(Q)Y x (L (2))V V.
By W Ey- (2, RY), we denote the following space of distributions

W Ey(Q,RY) = {f e (CC(Q,RY)Y, f=—div F, with F € Ey- (Q,]RNXN)},

We will use the notation A : B for the inner product of two tensors A, B € RV
given by
A:B= Z Ai,jBi,j' (64)
1<i,j<N
Lemma 6.2.1. Let (M, M™) be a pair of complementary ®-functions. Assume that
M* satisfies (L},.), then the spaces W' Ly (L, RY) and W'Ey (Q,RY) endowed
with the Luxemburg norm are both Banach spaces.

Proof. Let K be an arbitrary compact subset of . For any function u € Ly, (Q, RY),
we can write using Holder’s inequality

/K (@)l de < 2ullarllxi -

Since M* satisfies (£],,), it is easy to see that

loc

Il < / M(z, 1)dz + 1 < oo,
K

which yields L (2, RY) C L, .(Q,RY) (resp. Ey(Q,RY) C L, (2, RY)). There-
fore, by following exactly the same lines of Theorem 3.4.1, the proof follows without
any difficulty and thus it is omitted. O

Lemma 6.2.2. Let M € ® satisfies (£,,). Then the space Ey(Q,RY) is separa-
ble.

Proof. The proof follows from Theorem 3.3.2. The only change we can make
is to replace the real function v : €2 — R by the vector valued function u :=
(U1,U2,"',UN)TIQ—>RN. L]

Lemma 6.2.3. Let M € & satisfies (L},.). Then W'Ey(Q,RY) is a separable
space.
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Proof. Let u € W'E(Q,RY) we define the mapping P : W'Ey (Q,RY) — [1Ey,
by
Pu = (u, Vu).

Clearly the mapping P is an isometric isomorphism of W!'Ey; (€2, RY) onto
X = PW'E,(Q,RY) C IEy,.

Furthermore, since the space Ej(Q, R") is separable (see Lemma 6.2.2) we
have IIFE); is also separable and so the subspace X is a separable. Therefore
W'Ey(Q,RY) = P7'X is a separable space.

O

Lemma 6.2.4. Let Q be an open subset of RY satisfying the segment property
and let (M, M™) be a pair of complementary ®-functions. Suppose that M satisfies
(Lhor) and M* satisfies (L,.). Then

1. C°(Q,RY) is dense in Wy Ly (Q, RY) with respect to the modular conver-
gence.

2. C° (L RY) is o(ILLys, L) dense in Wy Ly (Q,RY).

Proof. The proof follows from Theorem 4.5.2 and Corollary 4.5.1. The only change
we can make is to replace the real function u : 2 — R by the vector valued function
u = (ug,ug, - ,un)’ Q= RY. In particular changing the modular expressions

(-4

pu(u/A) 1:/M<IE, %) and  pp(05u/N) ::/ T

Q Q

by

ﬁ:pM(ui/)\) ::i_v:/QM@;7 ’?‘) and  ppr(9ju/N) ::i/

respectively. Where 0; is the partial derivative and j =1,--- , N. O

Lemma 6.2.5 (Poincaré-type inequalities). Let Q be a bounded open subset of RY
satisfying the segment property and let (M, M™*) be a pair of complementary ®-
functions. Assume that M satisfy (L},.) and (M,,). Then there exists a constant

loc

cq depends only on Q0 such that for every u € W) Ep(Q,RY)

/QM(x, |u|)dx§/QM(x,cQ\Vu|)dx (6.5)

and for every u € Wy Ep (9, RY)

[ullar < c(Q)[[Vul|ar, (6.6)
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where ¢(§2) is a constant depending only on €.

Moreover, if M satisfies (Lpo), then (6.5) and (6.6) holds true for all
u € WyLy(Q,RY) and the two norms ||uly and ||Vullar are equivalent on
Wa L (9, RY).

Proof. The proof follows immediately from Theorem 5.3.1 and Theorem 5.4.1 using
similar changes as in the proof of Lemma 6.2.4. O]

In the following Theorem we give an identification of the dual of W, E (€, R™)
with a subspace of (C3°(Q2, R™))". The proof is rather similar to that of Subsection
3.4.2. For the convenience of the reader we give it here.

Theorem 6.2.1. Let (M,M*) be a pair of complementary ®-functions. As-
sume that M satisfy (L),.). Then, the dual space of Wi Ey (Q,RY) denoted
(WL Ep (Q,RN)Y, is isometrically isomorphic to the space W' Ly (Q,RY) con-
sisting of all distributions T € (C3°(2,RN)) which can be written

T=f —div F, 6.7)
for some f = (fo, F) = (fo, fr,- -+, [nve1)-1) € HLp. Moreover
1Tl w-1L,- vy = inf { | flliL,,. : f satisfies (6.7)}.
In addition, if Q is bounded and M satisfies (M., ) we can take fo = 0.

The proof is quite similar to one given in the classical Sobolev spaces (see for
instance [2|). For the convenience of the reader we give it here. We begin by the
following two lemmas.

Lemma 6.2.6. Let (M, M*) be a pair of complementary ®-functions. Assume
that M satisfies (L},.). Then, (IIEy) is isometrically isometric to TLLyy-.
That is, for every L € (ILEy) there exists a unique vector of (N 4+ N?) com-

ponents v = ((vi)izly...yN,((vi,j)j:L...7N)i:1,...,N) € Ly~ such that for every

U = ((ui)z’:17~--,Na ((Ui,j)jzl,m,N)z':17~~,N> € lIEy

L(u) = Z(ul, V) + Z (Ui j, v ) = Z /Q wi(z)v;(x)de + Z /Qui,j(x)vm(x)da:,

and the following Hoélder inequality holds

N N

> s viy + > g, vi)| < 2wl vllng,,.
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Proof. The proof follows easily from Lemma 3.3.3.
O

The next Lemma is an extension to Musielak spaces of the one given in |2,
Theorem 3.9|.

Lemma 6.2.7. Let (M, M) be a pair of complementary ®-functions. Assume
that M satisfies (Li,,). Then for every L € (W Ey (Q,R™)) there exists

V= <(Ui)i:1,---,N7 ((Ui?j)jzl’...’N)izl’...’N> € IIL s+ such that

N N
L(u) = Z<UZ‘,U¢> + Z <8$].ui’j7?}i7j>, VU - WIEM(Q7RN) (68)

Moreover
r < 2||vllnLy,.

120

WIEM(Q,RN)>

Proof. Define P : W'Ey(Q,RY) — [1E), with
Pu) = (,90) i= ((W)iztoe v (O )=, Wizt ).

for every u € W Ey(Q,RY). Let X = P(W'Ey(Q,RY)) and consider the func-
tional L defined on X as follows

L(P(u)) = L(u), Yu € W'Ey (Q,RY).

The functional P is an isometric isomorphism of W' E;; (2, RY) onto the subspace

X of I1Ey;. We easily check that L € X’ and || L] x = ||LH< > Thus,

WLEN (Q,RN)

by the Hahn-Banach extension Theorem there exists a norm preserving extension
L of L to all of IIE),;. Then, in view of Lemma 6.2.6 there exists a unique, up

to sets of null Lebesgue measure, v = <(Uz‘)i:1,~~~,N7 ((vid)j:l,...7N)ZA:17A..7N> € Ly

such that for any element u = ((ui)izl,m,N; ((Ui,j)jzl,--~,N)izl,m,N) c [IEy,

N N
L(u) =Y (uwi,vi) + > (i, vi5)-
i=1 ij=1

Thus, for u € W'Ey (Q,RY) we get

L(u) = L(P(w)) = L(P(w)) = D s, vi) + Y (O, vi)
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Furthermore,

|L]| v = ||Ll|x = || Ll @ewy < 2/|vllar,.-
(WIEIM(Q,RN)>

Now since any element v € II1Ly; for which (6.8) holds for every u € W' Ey(Q, RY)
corresponds to an extension L of L and so will have norm ||o||nz 1+ Superior than

L ) .

We are now able to prove Theorem 6.2.1. Let L € (W) Ey(Q,RY))" given
by (6.8) for some v = ((vi)Z-:L...’N, ((Ui,j)jzl,---,N)i:l,---,N) € IIL,~ and let T be
defined on C°(92, RY) by

2/% z)vi(w d$+2/0%90@ ) j(x)dx (6.9)

3,0=1

thus for any ¢ := (¢;)iz1.. xn € C(Q,RY) € WiEL(Q,RY) we have T(p) =
L(p). Hence, the restriction of L to C5°(€2, RY), is the distribution 7.

Let now T any distribution of the form (6.9), then T has a unique extension
T to W} Ey(Q,RY). Indeed, for u = (u;)im1.. v € WEw(Q,RY) there exists
on = (M)iz1.n € CC(Q,RY), i = 1,--- N, such that ¢, — u in norm in
Wy En(Q,RY). Then, by Hélder’s inequality we can write

T(r) — T(gn)| < Z / o — o |vz|dx+2 / 100, 0% — Ol 01|

2,0=1

IN

N
2 llef = @Fllarlvillar-
=1

+ 22”%% Oy 7' || [|vi 5| -

2,7=1

< 2llor = @allwi g @ry 10llnL,,.

This implies that {T(¢,)} is a Cauchy sequence in C which converges to the
unique limit denoted by T'(u). Let {¢,} be another sequence in Coo (9, RY) with
|¢n — ullwig,ry) — 0asn — oo. Then T(p,) — T(¢n) — 0asn — oo. It’s
easy to see that the functional T is linear and in addition it is continuous since we
have N

T(w)l = lim [Tl <2 Jim @l sy @m0 lcy.

= 2HUHW(}EM(Q,RN)HUHHLW-
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Therefore, T € (W} Ep (€, RN)). Furthermore, T'(u) = L(u).

Now if © is bounded and M satisfies (M,,), then thanks to the Poincaré
inequality (6.6) we can equip the space W3 Ey (€, RY) by the equivalent norm
|Vu||ps and so the space Wy Ey (€2, RY) can be identified to a subspace of I1Ey,
of only N? copies. Hence, repeating the same arguments as above with I1E,; and
1Ly of N? copies we get the results. O]

6.3 Auxiliary results

Definition 6.3.1 (Equi-integrability). A sequence of measurable functions wu,, :
Q) — R s called equi-integrable if

e Ve >0, In > 0 such that V Q' C Q such that || < n we have

|up|dx < e,¥n > 1.
Q/

e Ve > 0, there exist D C € of finite Lebesque measure such that for all n > 1

/ [up|dx < e.
O\D

Remark 6.3.1. Let Q be an open subset of R of finite Lebesque measure, (M, M*)
be a pair of complementary ®-functions such that M satisfies (2.2) and let {u,}n

be a uniformly bounded sequence in Ly(S2). Then the second claim of Definition
6.3.1 is fulfilled. Indeed, since M satisfies (2.2) by Remark 2.2.1, there exist ¢ > 0

such that / M*(x,1)dx < ¢|Q|. Then by Hélder inequality we have
Q

/ |un|d < 2l[un]|arllxellare < 2[[unllar(1 4 c]€2).
Q

Therefore, the sequence {u,} is uniformly bounded in L*(Q) and so since ) is of
finite Lebesgue measure, it’s obuvious that the second claim of Definition 6.53.1 is

Fulfilled.

Now we give an analogous result to the de La Vallée-Poussin theorem with
functions of two variables.

Lemma 6.3.1. Let Q be an open subset of RY with finite Lebesque measure and
let M € @ satisfies (2.2). Assume that there exists a constant ¢ > 0 such that

/ M (z,|u,|)dx < ¢ for alln € N. Then the sequence {u,} is equi-integrable.
0

Proof. By virtue of Remark 6.3.1, it sufficient to check the first claim of Definition
6.3.1. Indeed, let € > 0 be arbitrary. By (2.2) there exists a constant C' > 0 (not
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depending on z) such that

M (z,s)

2c
> —, for every s > C.
€

Using the fact that / M (z,|u,|)dx < ¢, we can have
0

A
|

/ lup|de < < M (z, |u,(z)])dx
{lun|2C} 2¢

< =

Let n = % and let €’ be a subset of 2 such that |Q'| < 7. Then

A

|up|de < / |un|dx—|-/ |u,|dx
o {0 {|un|>C}} N {Jun]<C}
< e

This proves that the sequence {u,} is equi-integrable. ]

Lemma 6.3.2. Let Q be an open subset of R with finite Lebesque measure and
let (M,M™*) be a pair of complementary ®-functions. Assume that M satisfies
(2.2). Let {u,}, be a uniformly bounded sequence in Ly;(S2), such that u, — u
almost everywhere in Q (or at least in measure in ). Then u belongs to Ly (Q)
and u, — u for the weak-" topology o(Ly;(2), Ep«(£2)).

Proof. The proof is rather similar to that of [69, Theorem 14.6] in the framework
of Orlicz spaces. For the convenience of the reader we give it again here. On one
hand, by Lemma 6.3.1, the sequence {u, }, is equi-integrable and hence by Vitali’s
theorem {u,, },, converges to u in L'(2) and in measure as well. On the other hand,
as the sequence {u,}, bounded in L;;(2), there exists A > 0 such that

/QM<x, |un)(\x)|>dx <1

Thus by Fatou’s lemma u € Ly (€2). Moreover, since the sequence {u,} is uni-
formly bounded in L;;(€2), there exists a subsequence {u,, } such that u,, con-
verges to ug in Ly (2) with respect to the weak-* topology o (L (2), Ep+(2)).
Our aim is to prove that u(z) = ug(x) for almost every x € Q. To do so, we

will estimate the integral [ |u(x) — ug(z)|dx. Let € > 0 be arbitrary. In view of

Q
Lemma 6.3.1, there exists > 0 such that for every subset Q' C Q with |Q'| <17
on has

/ |ugp(z)|dx < %, and / [tn,, (x)|dz < %, Vk=1,2,---. (6.10)
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Since u and ug belong both to Ly (€2), a constant ¢ > 0 can be found such that

[ (e Ol

c
By (2.2) there exists a constant Cy > 0 (not depending on z) such that

M(z, s)

Then defining B = {z € Q, |u(z) — ug(x)| > cCp}, we obtain

/B|U(w) — ug(x)|dx < %/QM<9:, M)dm <z (6.11)

6c
> —, for every s > Cj.
€

C

On the other hand, we can write

/Q|u(x)—u0(m)|dx=/B|u(x)—u0(x)|(x)dx+/Q\B u(z) — uo(2)| (2)da = Iy + Iy,

Note that (6.11) implies

m

I < -

6
In order to estimate I5, we have to split the integral according to suitable subsets
of Q. Let us denote by so(x) the function sgn(u(z) —ue(x)) and let us choose € > 0

€
to be such that n <
6¢ 0

. Then we can write

I, = /Q\B lu(z) — ug(z)|dz = / (u(x) — up(x))so(z)dx

Q\B

= u(x) — uy, ())so(x)dx Up, () — uo(x))so(x)dx
/Q\B<<> (2))s0() +/Q\B< () — o () sol)

< [ 1ute) = @) o + | [ (10 (@) = wolo)soa)xen

= Ji(ng) + Jo(ng),

where xo\p denotes the characteristic function of the subset 2\ B. In view of
Remark 2.2.1, the function xo\p belongs to Ey+(2). As the sequence {u,, } con-
vergences to ug for the weak-" topology o (L (Q2), Ep«(Q)), there exists k; > 0
such that for every k > k;

() = | [ (10s ) = woe))so(Dnen )] < 5
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Let us consider the following subset

Q= {$ € 0 uy, (x) —u(z)| > ﬁ}

We can estimate J;(ng) as follows

Si(n) S/ u(2) = un (2) I x\Bd2 + [ |u() = un, (2)[x0\ B2
Q\Qk Qi

< / |u(x) — Uy, (z)|dz + lu(x) — uo(x)|xa\pdr
Q\Qy Q

+ [ o) = (o) e
Qp

< / |u(x) — up, (z)|de + lu(z) — uo(x)|xa\pdr
O\ Q

+ |ug(x)|dx + |tn,, (z)|dx
o o

= Ji (ng) + J7 () + J5 (ne) + Ji (ng).
The first integral can be estimated as

9 9
Jing) < =—|Q\ Q] < =

It follows from the convergence in measure of the subsequence {u,, } to the function
u that there exists ky > 0 not depending on ¢ such that for all £ > kj, we have
|Q2%| < n. Hence, we get

Ji (ni) < cColQ] < cCon <

™

By virtue of (6.10), the remaining terms can be estimated as

Jp () + Ji(ni) <

Wl ™

Hence, for k > max{ko, k1 }, we obtain

IQSE

In conclusion, for all € > 0 we have
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/ lu(z) — uo(z)|dx < e.
Q

So as ¢ is arbitrary, we have u = uy almost every where in €2. This achieves the
proof. O]

Finally, we give below the abstract existence result in finite dimensional spaces
that we use for the accomplishment of our work.

Lemma 6.3.3. (see [17, Lemmas 2 and 3/, [56, Lemma 1) Let V be a finite
dimensional real Banach space, T a continuous mapping of V to V*, and ¢ : V —

(—o00, +00] a convez, lower semi-continuous function with ¥(0) = 0. Assume
R >0 is such that

(Tw,w) +Y(w) >0, Vw € V with |jw|y = R.
Then there ezists u € V, ||ully < R, solving the inequality

(Tu,w —u) +(w) —(u) >0, Vw € V.

6.4 Main result

Let Q be a bounded open subset of RY satisfying the segment property. Let
(M, M™) be a pair of complementary ®-functions. Assume that M satisfies (L)
and (M,,) and M* satisfies (£;,.) and (2.2).

Define Au = —div a(z, Vu). The mapping A : D(A) C WyLy(Q,RY) —
WLy (9, RY) is defined from its domain

D(A) = {u € WALy (Q,RY), a(-, Vu) € LM*(Q,]RNXN)}

into the dual space W' Ly (9, RY) of Wy Ep (2, RY) (see Theorem 6.2.1). For
every u € D(A), the action of Au on an element v € Wy Ly, (Q, RY) is given by

(Au,v) = /Qa(x,Vu) : Voudz.

Our main result states the following.

Theorem 6.4.1. Let Q) be a bounded open subset of RY | N > 1, satisfying the seg-

ment property. Let (M, M) be a pair of complementary ®-functions. Assume that
M satisfies (Lpo) and (M) and M* satisfies (Li,,) and (2.2). Assume further
that the stress tensor a associated with problem (6.1) satisfies (Ay) and (As). Then
for any given f € W Ey.(Q,RY) the problem (6.1) admits a unique variational

solution. Namely, there exists a function u € Wy Ly (Q, RY) that satisfies

(Au,v) = (f,v),  for allv e Wy Ly (Q,RY). (6.12)
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Some comments and remarks

1. Let (M, M™) be the pair of complementary ®-functions of Theorem 6.4.1. Since
M™ satisfies (2.2), we point out that in view of Remark 2.2.1 the ®-function
M satisfies (£},.) and so the space Wy Ep (2, RY) is well defined. In addition,
since M* satisfies (£],,) the weak-* topology o(IILys, [1E)-) is well defined
(see 3.3.1) and so is the Musielak space W, Ly (92, RY).

2. As far as the problem (6.1) is concerned, we use Wy Ly(Q, RY) as an energy

space. Unfortunately, in the above variational formulation of the solution we
will deal with integral quantities containing sequences in W, Ey(2) as inte-
grands and so there appears the problem of passing to the limit obtaining the
variational formulation (6.12) in the whole space Wy L (€2, RY). This problem
can be seen as an easy task if M™ € A,, since in this case we have Ly« = Ej-
and then both of the two topologies o(IILys, I1Ey+) and o(IILys, IIL+) coin-
cide.
Therefore, we find that despite the fact that M* does not satisfy the A,-
condition (3.1), the problem of crossing the passage to the limit can be ex-
ceeded by using the topology o(IILys, 1Ly +). To be more precise, we need
to get the density of Wy Ey(£2) with respect to the topology o (1L, ITL )
in the space Wy Ly/(€2). Such a density can hold true provided that M satis-
fies the structural assumption (L,;) and its complementary Musielak function
M* satisfies (£},.). It is worth recalling here that without assuming the A,-
condition neither on M nor on M*, then C5°(2, R™) is dense in W, L (2, RY)
with respect to the topology o(IT1Ly, ITLy;+) (see Lemma 6.2.4 below).

3. We shall stress that since we do not assume the restrictive Asg-condition neither
on M nor on M*, we are then lead to deal with non reflexive Banach spaces
and therefore we cannot, in general, apply the Eberlein-Smulian theorem in the
space Wy Ly (€, RY). This is the main reason why we introduce the energy
space Wy Ly (€, RY) as the completion of the set of smooth functions with
respect of the weak-* topology o(I1Lys, [1Ey+). This overcomes the crucial
difficulty of extracting convergent subsequences in the compactness method
by applying the Banach-Alaoglu-Bourbaki theorem.

4. The particular case M (-, s) = sP0) leads to the variable exponent Sobolev space
WoP"(€). The norm Poincaré inequality in the space Wy *)(€) is proved first
in [67] under some conditions including the continuity on the variable exponent
p(-). The norm Poincaré¢ inequality in the space Wy (')(Q) is also obtained
in [28] where the authors use an approach based on the boundedness of the
maximal operator on L") imposing the so-called log-Hélder continuity on the
exponent p(-); while in [77] the author deduce the norm Poincaré inequality
from the integral inequality assuming that the exponent is monotone with
respect to one of its component on ).
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5. In Chapter 5 we used, among others, the structural assumption (M,,) as a
sufficient condition to prove the integral Poincaré inequality (see 6.5 below)
and so the norm Poincaré inequality (see 6.6 below) in Wy Ly (2, RY). As in
the standard way of Sobolev spaces with constant/variable exponent, another
approach can be used to prove the norm Poincaré inequality. In the spirit
of the space variable exponent Sobolev spaces, we think that the remaining
challenge is to obtain the norm Poincaré inequality avoiding the hypothesis

(Mon).

Example 6.4.1. As examples of equations and corresponding Musielak functions
to which we can apply the result of Theorem 6.4.1, we can give

1
1) —div (|VulP™>Vu) = f, M(z,s) := ~|s[’, 1 < p = const < +o0 and f €
p

W Ey-(Q) = W (Q), pf = Ll Note that M satisfies trivially (Lnor)
p—
and (M)
2) —div (|VulP'®2Vu) = f, M(z,s) = |s/’@, with 1 < p~ < p(z) < p* < oo,
where p~ = ess 1r€1£p(z) and pt = esssupp(x), and f € W Ey-(Q) =

z€Q

W@ (Q), p'(z) := % Note that by (Lpo) the exponent p(-) satisfies
p —

the log-Hdolder condition (see Example 4.2.1), while (M,,) implies that p(-)

has a monotone partial function which provides the Poincaré inequality (see

5.2.1, Theorem 5.3.1 and [77]).

1 1

3) —div (|vu|p*2w + w(x)|Vu|q’2Vu> = f, M(z,s) = ~|s" + —w(a)|s|?, with
p q

l<p<qg<oo, fe W Ey(Q), weCr* (), a € (0,1]. We point out that

loc

(Lhot) forces ¢ < p+ a/N (see Example 4.2.1) while (M,,) implies that w is
monotone with respect to one of its component (see Example 5.2.1).

4) —div <€VU|—_1VU> = f, M(z,s) = €l —|s| = 1, and f € W Ey-(Q)
|Vu| ) ) ) °

Observe that M satisfies trivially (Lno) and (Moy,).

6.5 Proof of Theorem 6.4.1

In this section, we prove the main result. We divide the proof in tree steps.

Proof. Stepl: Galerkin approximation. In this part we prove the existence
of approximate solution in finite dimensional spaces using the Galerkin method.
The space Wy Ey (€2, RY) being separable (see Theorem 6.2.3) there exists a non-
decreasing sequence of finite dimensional subspaces {V; } of W3 Ey(Q, R™Y) (see for
instance |74, Lemma 4.1]), equipped with the norm || - |y, = || - [lwzL,,.r¥), such
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that U;>, V4, is norm dense in W{ Ey(Q, RY). Denote by V;* the dual space of V;.
For each k let jj (resp. jr) be the identity mapping (resp. the dual projection)
from Vj into Wy Ey(Q,RY) (vesp. from WLy (Q,RY) into V;7). Let

A Ve oV

be the sequence of Galerkin approximation mappings of A defined by Ayu =
JrAjru. We note that for all u and v in Vi, we have (Agu,v) = (Au,v). Our aim
is to prove that for f € W' Ey.(Q,RY) there exist uy, € V}, solving the inequality

(Agpugp — foup — vy = (Aug — foup —v) <0 (6.13)

for all v € Vi. To do this, we use the standard finite dimensional argument (see
Lemma 6.3.3). At first, we shall show that the following two assertions are fulfilled

1. A is continuous mapping of Vj into V.
2. For R large enough, we have (Av — f,v) > 0, for all v € V, with ||v[|y, = R.

Let us check the first assertion (1). Let ny denotes the dimension of the finite space
Vi and let B = {wy, - ,wy,, } be a fixed basis in Vj. Without loss of generality
for an arbitrary & € V), we can write

§= i/ﬁiwiy with i |6i] = 1.
i=1 i=1
Then by (6.2) we get

la(z, V) |are < |l||ae + (1 —i—/QM(ac,cg| iﬁiniDdx)

i=1

< e+ (14316 / Mz, Vwlydr)  (6:14)
i=1

< Nl + @ (1 + /Q M (z, cs e ]Vwi\)dx).

This shows that a(z, V€) is bounded in Ly (€2, RY*Y) when ¢ runs over V;. Let
now {&,}, be a sequence of vectors in V;, and let £ € V; such that &, — £ in V.
In particular, ||V¢, — VE&||a tends to zero as n — oco. Thus, for n large enough we
have

/Q M(z, V&, — VE)dz < V&, — Ve[

So that M(-,|V&, — VE]) — 0 in norm in L'(Q) as n tends to 4+oo and for a
subsequence, indexed again by n, we have V¢, — V¢ ae. in . Therefore,
a(x,VE&,) — a(x,VE) ae. in Q and as the sequence {a(z, VE,)}, is uniformly
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bounded in Ly (Q, RY*Y) we deduce by Lemma 6.3.2 that
a(z,VE,) — a(z,VE) € Ly (Q, RV,

for the weak-* topology o(Lys-(Q, RY*N), Ey(Q, RY*Y)). This shows that the
mapping A is continuous from Vj, to its dual V" and the assumption (1) is fulfilled.

Let now check that (2) is filled. We know that any f € W' Ey-(Q,RY) can
be written
f=—div F

where |F| € Epp-(Q, RY*N) | If (2) were false, there would exists an element v € V,
with ||v||v, = R such that

<AU - f: U> S 0
Then according to (6.3) and Young’s inequality it yields

dl/M(x,d2|Vv|)dx < /F:Vvdx—i—/h(:z:)dx
Q Q Q
|F|
< /M(m,)\|Vv|)dx—|—/M*< ,T>dx—i—/ dx
Q Q

with A > 0 choosing small as needed. Then For A < min{dldg,dg}, by the
convexity of M we get

A F
dl/M(x,dzyw)dx < —/M(:c,d2|Vv|)dx+/M*<:c, u)da:+|]h|]L1(Q)
Q d2 Q Q A

Hence, we get

1 of . |F] 1
ooz = 190y < €= s (f 0 (w50 et bl + -

a contradiction with R > 0 large enough proving the assertion (2).
Finally, applying Lemma 6.3.3 with R = C + 1, we deduce the existence of a
sequence {uy}r C Vi such that

lurllwg Larryy = [Vl < C+1 (6.15)
and satisfying the inequality
(Aup — f,ur, —v) <0, (6.16)
for every v € V.

Step2: Passage to the limit. At first we shall prove that the inequality (6.16)
remains valid for every v € W, L v(Q,RY). To do this, let j be a fixed integer.



Chapter 6. Variational nonlinear elliptic equations in non reflexive

Musielak spaces 139

Since the sequence of finite subspace Vj is non-decreasing, for all £ > j we have
vj € Vj. Hence, v; is an admissible test function in (6.16). Taking it so it yields

(A, ) < (A, v3) + (f, u — v3). (6.17)

Now, by virtue of (6.14) the sequence {a(x, Vuy)}x is uniformly bounded in
L+ (Q,RY*N) Thus, there exists ¥ € Ly (Q, RY*Y) such that, up to a subse-
quence if necessary, we can assume

a(x, Vug) = 9 € Ly (Q, RV,
for o (L (9, RN*N) By (Q, RY*M)). Thus, we have
/a(x, Vuy) : Vu; — / ¥ Vo,dz.
Q Q
On the other hand, by (6.15) there exist a measurable function u € Wy L (9, RY)

and a subsequence, still indexed by n, such that u; — u in W&LM(Q,RN ) for
o(IILys, ITE+). Thus, we can pass to the limit as k tends to co in (6.17) obtaining

klim sup{Auy, ug) < / ¥ Vuide + (f,u—v;),Vj € N.
—00 Q

We note that since the right hand side of the last inequality is linear with respect
to v;, the inequality

k—o0

lim sup(Auy, ug) < / ¥ Vudr + (f,u —v),
Q

also remains true for all v € U;Z,V, and by the norm density of UpZ,V} in
Wy En(Q,RY) it holds for all v € Wy Ey (Q,RY). Indeed, if v € Wi Ep (9, RY)
there exists a sequence {w; }; in U2, V. that converges to v in norm in Wy Eyr (2, RY).
Then by Holder’s inequality one has

< (191

v — Vwsl|ar + || fllar

v —wjlm

‘/Qﬂz(V’U—ij)dx—ﬁ,v—wj}

where the right-hand side of this inequality tends to zero as j — oco. Hence

lim sup(Auy, ug) < / ¥ Vode + (f,u —v),
Q

k—o00
for all v € W3Ey(Q,RY). Furthermore, the last inequality holds true for all
v € WyLy(,RY). Indeed, since the space Wy Ey (2, RY) is o(I1Lys, ITL )

dense in Wy Ly (2, RY) (see Lemma 6.2.4), for a given v € Wy Ly (Q, RY) there
exists a sequence {y;}; C Wy Euy(,RY) converging to v with respect to the
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o(ILL s, ITL ) topology. Then it is easy to see that
/19 :Vyde — (f,y;) — / v Voudr — (f,v) as j — oc.
Q Q

Therefore,

lim sup(Auy, ug) < /19 Voudz + (f,u —v),

k—o00 Q
for all v € Wy Ly (Q,RY). In particular for v = u we obtain

hm sup(Aug, ug) < /19 Vudz. (6.18)

Now we shall prove that ¢ = a(x, Vu). To do this, we shall prove that
Vu, — Vu a.e. in €.

This will follows if we show that for a.e. x € Q
Je(x) = (a(z, Vup(z)) — a(z, Vu(z))) : (Vug(x) — Vu(z))

tends to zero as k — oo. It will follows from |71, Lemma 6| that the sequence
{Vug(r)} remains bounded in RY*" and Vuy, — Vu for a.e. z € Q. Indeed, since

J(x)dx > 0, it is sufficient to check that
Q

lirnsup/ Ji(x)dx — 0.
k JQ

Defining §; = {:C € Q: |Vu(z)] < j}, for 7 € N, we can write

/Q (a(z, Vug) — a(z, Vu)) : (Vup — Vu)dz = /Q a(z, Vug) : (Vug — Vu)da

_ /Q a(z, Vu) : (Vu, — Vu)da
= D(k.j) = Lo(k.j).

We start by estimating I (k, j).

Li(k,j) = /Qa(m,Vuk) : Vugdr — /Q\Q a(x,Vuy) : Vugdz

_/ a(x, Vuy) : Vudx
Q;
= Ei(k) + Ey(k, j) + Es(k, j).
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Thanks to (6.18) we have
lim sup E; (k) < / v Vudz. (6.19)
k—o0 Q
For the term FEy(k,7), by (6.3) we get
Ey(k, j) < / h(z)dz. (6.20)
0\Q;
Furthermore, since
a(z, V) = 0 € Ly (Q,RYN) for o( Ly (Q, RYV*N), By (Q, RY*Y))
and x;Vu belongs to Fu(Q, RV*N) (Remark 2.2.1 with A = M*), we obtain
lim E3(j,k) = — / ¥ Vuy;dz. (6.21)
k—o0 Q

Finally, combining (6.19), (6.20) and (6.21) we obtain

lim sup I;(k, j) < ¢e; with e, — 0 as j — oo.

k—o0

For the term I5(k, j), since
Vug — Vau for a(Ly(Q, RYN)) By (Q,RV*YY)

and since by (6.2) and Remark 2.2.1 we have y;a(z, Vu) belongs to Ep (€, RV*Y)
we get
lim Ir(k,7) =0, Vj > L. (6.22)

k—o0

Hence, we conclude that

limsup/ Jp(x) <¢ej with e; — 0 as j — oo.
Q

k 2

As a consequence of |71, Lemma 6| we obtain Vu, — Vu a.e. in © and so by
Lemma 6.3.2 we have the identification

a(z,Vu) =19 € Ly (Q,RY*Y) a.e. in Q.

Now we shall prove that (A (ug), ur) — (A(u), u), as k tends to infinity. Indeed,
by (6.18) and the above equality we immediately have

lim sup(A (ug), ug) < / a(z, Vu) : Vudz.
Q

k—o0
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It remains to show the reverse inequality, that is
lim inf/ a(x, Vuy) : Vugdr > / a(z, Vu) : Vudz. (6.23)
k—o00 Q Q
Let j be fixed and §2; as defined above. Using (A5) we can write
/a(w, Vug) : Vugdr = / a(x, Vuy) : Vugdz —i—/ a(x, Vuy) : Vugdz
Q Q; 0\Q;
> / a(z, Vu) : (Vuk - Vu)dx +/ a(x,Vuy) : Vudx
§2; Q;
+ a(z, Vuyg) : Vugdx
O\
= L(k,j)+ / a(z, Vuy) : Vudr — Ey(k, 7).
Q;

Since x;Vu belongs to Ey(Q, RY*Y) (by Remark 2.2.1), we get

lim a(x, Vuyg) : Vudr = / a(xz,Vu) : Vudz.

Using (6.20) and (6.22) and the fact that h € L'(Q) we have

lim inf/ a(z, Vuy) : Vugdr > / a(z,Vu) : Vudr — €;, with ¢; — 0,
Q

as j — 0o. Then, letting j — oo in the last inequality we get (6.23), that is
(Auy, ug) — / a(xz,Vu) : Vudz.
Q

Finally, we are able to pass to the limit as & tends to +oo in (6.13) and obtain
(Au,u—v) < {(f,u—v),
for all v € WOIL (92, RY ). Therefore, the equation
(Au,v) = (f,v), Yo € Wy Ly (Q,RY),
has at leas one solution in u € Wy Ly (2, RY) with a(z, Vu) € Ly (Q, RY*Y).

Step3: Uniqueness. Assume that there exists another solution v of problem
(6.1). Then multiplying the equation corresponding to the solution u by the func-
tion (v — v) and that corresponding to the solution v by the function (v —u) and
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then summing up, we obtain
/ (a(z, Vu) — a(z, Vv)) : (Vu — Vv)dz = 0.
Q

Thanks to (Az), we get Vu = Vo a.e in Q and so by the Poincaré inequality
(Lemma 6.2.5) we conclude that u = v a.e in Q. O
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