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Résumé 
 
Dans ces dernières années, plusieurs axes de recherches liées aux tenseurs (matrices 
multidimensionnelles) ont été exploités, optimisation non linéaire, algèbre multilinéaire, 
analyse non linéaire, Statistiques, langage de programmation Vu que dans la 
modélisation de plusieurs phénomènes, la représentation tensorielle à prouver efficacité 
face à celle matricielle. En effet, les données réelles traitées à partir des différents 
problèmes entraînants souvent des demandes écrasantes sur les ressources 
informatiques (stockage, coût de calcul). Convaincus par l’efficacité de l’approche 
tensorielle, nous proposons dans cette thèse, une étude qui cible la généralisation des 
méthodes numériques matricielles via le formalisme tensoriel. En particulier, nous nous 
sommes concentrés sur l’extension des méthodes des sous espaces de Krylov et leurs 
applications. Plus précisément, nous avons introduit les méthodes de sous espace de 
Krylov tensorielles, type global et par blocs liés aux différents produits tensoriels 
existant déjà. Nous avons même réussi à développer une nouvelle catégorie de ces 
méthodes nommée méthodes des sous espaces de Krylov tubales. De plus, nous avons 
proposé des applications de ces méthodes dans la résolution des systèmes tensoriels 
linéaires et non linéaires, la restauration des images et vidéos, ainsi que la résolution des 
équations tensorielles de Sylvester. Nous traitons aussi les méthodes liées aux machines 
Learning et la reconnaissance faciale. 
 
Mots-clefs (5) : Tenseurs, sous espace de Krylov, produit d’Einstein, produit à n mode, T- Product, 

produit cosine, traitement des images et des vidéos, équations de Sylvester, reconnaissance faciale, 

extrapolation. 

 
 
 
 
 
 
 
 
 

        

 

 

 

 

 

 

 

  



 

             Abstract 

 
In recent years, several research areas related to tensors (multidimensional matrices) 
have been exploited, non linear optimization, multilinear algebra, non linear analysis, 
statistics, programming language. In the modeling of several phenomena, the tensor 
representation proves efficiency in front of the matrix one. Indeed, the real data 
processing from different problems often leading to overwhelming demands on the 
computer resources (storage, calculation cost. . .). Convinced of the efficiency of the 
tonsorial approach, we propose in this thesis, a study that targets the generalization of 
numerical matrix methods via tonsorial formalism. In particular, we have focused on 
the extension of the Krylov subspace methods and their applications. More precisely, 
we have introduced tonsorial global and block Krylov subspace methods related to the 
various tensor products already existing. 
We have even succeeded in developing a new class of these methods named tubal 
Krylov subspace methods. Moreover, we propose applications of these methods in 
the resolution of linear and nonlinear tensor systems, image and video restoration, 
as well as the resolution of Sylvester tensor  equations. 
 
Key Words (5): Tensors, Krylov subspace, Einstein product, n mode product, T-product, Cosine 

product, image and video processing, Sylvester equations, facial recognition, Extrapolation. 

 

 
 

 
 

 

 

 

 

 

 

 

 

 



 

Résumé 

 
Dans ces dernières années, plusieurs axes de recherches liées aux tenseurs (matrices 

multidimensionnelles) ont été exploités, optimisation non linéaire, algèbre multilinéaire, analyse 

non linéaire, Statistiques, langage de programmation .................................... Vu que dans la mod- 

élisation de plusieurs phénomènes, la représentation tensorielle à prouver efficacité face à celle 

matricielle. En effet, les données réelles traitées à partir des différents prob- lèmes entraînants 

souvent des demandes écrasantes sur les ressources informatiques (stockage, coût de calcul ). 

Convaincus par l’efficacité de l’approche tensorielle, nous proposons dans cette thèse, une étude 

qui cible la généralisation des méthodes numériques matricielles via le for- malisme tensoriel. En 

particulier, nous nous sommes concentrés sur l’extension des méthodes des sous espaces de 

Krylov et leurs applications. Plus précisément, nous avons introduit les méthodes de sous 

espace de Krylov tensorielles, type global et par blocs liés aux différents produits tensoriels 

existant déjà. Nous avons même réussi à développer une nouvelle catégorie de ces méthodes 

nommée méthodes des sous- espaces de Krylov tubales. De plus, nous avons proposé des 

applications de ces méth- odes dans la résolution des systèmes tensoriels linéaires et non 

linéaires, la restauration des images et vidéos, ainsi que la résolution des équations tensorielles 

de Sylvester. Nous traitons aussi les méthodes liées aux machines Learning et la reconnaissance 

fa- ciale. En d’autres termes, nous proposons une généralisation des méthodes numériques 

d’identification et reconnaissance faciale à savoir l’analyse linéaire discriminante et l’analyse 

multilinéaire discriminantes. via plusieurs produits tensoriels. 

Nous développons aussi dans cette thèse un autre axe de l’analyse numérique, il s’agit 
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des méthodes d’accélération des suites " L’extrapolation". Nous proposons un ensem- 

ble de méthodes numériques basées sur le formalisme tensoriel qui généralisent les 

méthodes d’extrapolation vectorielles et matricielles. 

• Une meilleure visualisation des données, non seulement réserve les informations 

initiales du modèle mathématique, mais permet la conservation de ses caractéris- 

tiques. 

• Un bon traitement des données. 

• Une meilleure exploitation des différentes techniques de stockage des données. 

• L’efficacité des calculs (bonne estimation, meilleure précision . . . ). 
 

Figure 1: Tenseur : outil mathématique pour résoudre les problèmes de big data 
 
 
 

Figure 2: Visualisation des données des tenseurs de 2ème et 3ème ordre respective- 
ment 

 

 
En général, dans la majorité des problèmes, la représentation matricielle est insuffisante 

pour la représentation des données, elle crée des modèles mathématiques volumineux 
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et instables, et fournit des algorithmes très complexes, longs et moins précis, d’où la né- 

cessité d’utiliser des tenseurs. Dans les représentations d’images des données acquises  

par exemple, la représentation des images couleur avec une matrice n’est pas pratique 

(qui serait de grandes dimensions), il est plus naturel de les représenter sous la forme 

d’une matrice multidimensionnelle (tenseurs d’ordre 3). Même chose pour les vidéos, 

qui peuvent être vues comme un tenseur d’ordre supérieur à 3. [49, 50]. 

 
 
 
 

 

Figure 3: IMagerie médicale : implique naturellement la 3D (spatio) et 4D (spatio- 
temporel) corrélations 

 
 
 

 

Figure 4: Machine vision: comprendre le monde en 3D 
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0.1 Les enjeux de la thèse 

 
Certes, durant ces dernières années, plusieurs travaux ont été attribués à l’application  

des méthodes tensorielles aux sciences appliquées. Par exemple la résolution des équa- 

tions différentielles [13, 109], la décomposition tensorielle [89, 90, 91]. Mais il est encore 

difficile de les considérer comme un moyen indispensable dans l’étude de certains 

problèmes scientifiques. La base théorique associée à ce type de raisonnement étant 

encore faible, il lui manque toute une théorie de base (produit, inverse . . . ). D’où 

l’intérêt de notre travail de recherche, qui vise le développement de méthodes ma- 

tricielles numériques pour la résolution de problèmes de grandes dimensions, ainsi 

que l’application de ces méthodes à des problèmes qui se posent dans la science et  

l’industrie. De manière générale, les principaux axes de recherche traités sont : 

• Méthodes de sous-espace de Krylov tensorielles : L’objectif des processus de 

Krylov est de construire une base orthonormale d’un sous-espace de Krylov ou 

deux bases bi-orthonormales de deux sous-espaces de Krylov. Les trois types 

de processus de Krylov sont les processus de Krylov standard, les processus de 

Krylov globaux [79, 84] et par blocs qui s’appliquent respectivement aux sous- 

espaces de Krylov standard, global et par blocs. Récemment, Biek et al. [13, 

14, 16, 109] ont réussi à développer la version tensorielle des méthodes de sous- 

espace de Krylov "Méthodes de sous-espace de Krylov tensorielles ". De même, 

Huang et al. [77] ont proposé une autre version tensorielle de ces méthodes. 

Dans cette dissertation, nous introduisons autres approches liées aux méthodes 

du sous-espace de Krylov tensorielles; voir le chapitre 3. 

• Méthodes tensorielles pour le traitement des images et des vidéos : La restau- 

ration d’images est une étape très importante dans le processus de traitement des 

images. Cette dernière est nécessaire pour corriger les différents traitements que 

peut subir une image, car celle-ci, lors de sa capture peut être, dans la plupart des 

cas, sujette à des dégradations qui conduisent à l’absence des informations utiles 

qu’elle contenait et qui sont de grande importance. La représentation la plus 

utilisée d’une image numérique est celle d’un tableau bidimensionnel composé 
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d’un ensemble de lignes et de colonnes. Mais, cette représentation n’est plus 

pratique. Par exemple, la Figure 1.6 illustre qu’une image en niveaux de gris 

peut être stockée sous forme de tableau 2D, une image en couleurs RGB (Red 

(rouge), Green (vert), Blue (bleu)) peut être représentée sous forme de tableau 

3D, composée de trois images en niveaux de gris pour chaque couleur. illustrées 

sous la forme d’un tableau 3D composé de centaines d’images en niveaux de gris 

couvrant une gamme continue de fréquences, voir la Figure 1.6. 

 

 

Figure 5: Exemples de types d’images utilisant des échantillons en niveaux de gris 

 

 
Un autre exemple illustré par la Figure 1.7 montre que le remodelage d’une im- 

age 3D en représentation matricielle digitale est insuffisant, il entraîne une perte 

d’informations.  De plus, la taille des matrices devient de plus en plus grande, 

ce qui posera un problème par la suite lors de la phase de traitement de l’image. 

Même chose pour les images multi spectrales, la représentation numérique en 2D 

de ces images détruit l’ordre naturel des données ; voir Figure 1.8. De plus, la 

Figure 1.9 montre qu’ une vidéo peut être représentée comme un tenseur d’ordre 

3, puisqu’une vidéo est juste une image (Red, Green, Blue) (RGB) qui se déplace 

dans le temps. 

Plusieurs travaux traitent de différents problèmes liés à l’imagerie. Par exemple, 
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Figure 6: Exemple de remodelage d’une image du type RGB en matrice 2D 
 
 
 

 

Figure 7: Exemple de remodelage d’une image multi-spectrale en matrice 2D 

 

 
El Guide et al. [17, 18] proposent les méthodes de sous-espace de Krylov ma- 

triciel (GMRES, bidiagonalisation Golub Kahan) pour la résolution / restauration 

d’images. Par ailleurs, Biek et al. [13, 14] ont introduit la version tensorielle des 

méthodes du sous-espace de Krylov pour la restauration d’images. 

En suivant la même idée, nous proposons dans les chapitres 4, 5 et 6 des ap- 

proches basées sur le formalisme tensoriel pour la résolution des problèmes d’images 

et de vidéos. 

• Méthodes numériques pour résoudre les équations de Lyapunov et de Sylvester 
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Figure 8: Exemple de représentation d’une vidéo en tenseur de troisième ordre 

 

tensorielles : Ces dernières années, plusieurs travaux ont été développés pour la 

résolution des équations tensorielles de Sylvester, en tant que généralisation des 

méthodes matricielles de résolution de ces équations (Méthodes directes [8, 63], 

méthodes du sous-espace de Krylov pour la résolution des équations matricielles 

de Lyapunov/ Sylvester de grande dimension [47, 75]). De plus, des nouveaux 

travaux [13, 14, 109] qui se fonde sur le cadre tensoriel proposent de nouvelles 

méthodes basées sur le formalisme tensoriel pour la résolution des équations ten- 

sorielles de Sylvester. En suivant le même principe, nous visons la résolution de 

ces équations en introduisant de nouvelles approches tensorielles plus efficaces 

en termes de rapidité et de précision (chapitre 7). 

•  Méthodes d’extrapolation tensorielles : Des méthodes d’extrapolation scalaire, 

vectorielle ou matricielle ont été développées pour accélérer la convergence 

de certaines suites scalaires. En effet, l’extrapolation est une des techniques 

essen- tielles en analyse numérique, elle repose sur l’idée de construire une 

transforma- tion (Tn)n∈ N qui permet d’accélérer la convergence d’une suite 

donnée (Sn)n∈ N. En pratique, les séquences (Sn)n∈ N qui décrivent les 

phénomènes (physiques, sociaux, etc.) se comportent mal, soit le temps de 

convergence est très long, ce qui implique l’augmentation des opérations 

élémentaires, soit la propagation des 
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erreurs et le temps d’exécution . L’une des premières méthodes d’extrapolation 

est le procédé ∆2 d’Aitken [28]. Des généralisations ont ensuite été proposées au 

cours des dernières années. Parmi elles, la méthode Minimal Polynomial Extrap- 

olation (MPE) [33, 104], la méthode Reduced Rank Extrapolation (RRE) [45], la 

Modified Minimal Polynomial Extrapolation (MMPE) [25, 115] et Topological e- 

algorithm (TEA) [25]. Pour plus de détails, voir [28, 79, 84, 86, 125, 126]. Jbilou 

et al. [84] ont introduit les methodes d’extrapolation matricielles par consid- 

ération cette fois d’une séquence matricielle. Ils définissent la version matricielle 

(Block/Global) de MPE , RRE, MMPE et TEA. Inspirés par tous ces travaux, nous 

avons eu l’idée de considérer une suite tensorielle, ce qui donnera naissance aux 

Méthodes d’extrapolation tensorielles. (Chapitres 8 et 9). 

 

 
Mots clés: Tenseurs, sous espace de Krylov , produit d’Einstein , produit à n 

mode , T-product, produit cosine , traitement des images et des vidéos, équations 

de Sylvester , reconnaissance faciale, extrapolation 
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Chapter 1 

 
Introduction générale en 

français 

 
1.1 Aperçu général 

 
Au début du XIXe siècle, les mathématiciens et les physiciens avaient beau- 

coup de mal à exprimer de nombreuses lois naturelles. D’où la nécessité 

de créer un nouvel outil mathématique qui permettrait d’introduire un lan- 

gage robuste, simple et fiable, capable de décrire et d’étudier les différents 

phénomènes naturels. C’est ainsi qu’est né un nouvel "être mathématique" 

appelé "tenseurs", qui sera utilisé par la suite, non seulement dans les travaux 

exploités par des physiciens comme Einstein qui avait exprimé les fameuses 

équations fondamentales de la théorie de la relativité générale en fonction 

de tenseurs, mais aussi dans de nombreux domaines scientifiques, la psy- 

chométrie et l’analyse de données; [70, 131, 132, 133], chimiométrie [29, 96], 

traitement du signal [36, 95, 112, 129], ingénierie biomédicale [103, 116, 117], 

exploration de données [91, 106, 113] et vision par ordinateur [97, 98, 123]. 

Lorsqu’il s’agit de données de grandes dimensions, l’approche tensorielle 

est plus efficace que les méthodes matricielles traditionnelles. L’estimation 

de l’émission en chimiométrie basée sur des décompositions tensorielles [29, 

30], la compression de données [40], le traitement de réseaux [5, 122] et la 
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Figure 1.1: La "géométrie" de la communauté de recherche tensorielle 

 
 

modélisation de systèmes [31, 54] sont tous des exemples célèbres qui illus- 

trent l’avantage de l’approche tensorielle. En effet, la représentation multi- 

dimensionnelle (tensorielles) des données réelles permet : 

∗ Une meilleure visualisation des données, non seulement réserve les in- 

formations initiales du modèle mathématique, mais permet la conserva- 

tion de ses caractéristiques. 

∗ Un bon traitement des données. 

∗ Une meilleure exploitation des différentes techniques de stockage des 

données. 

∗ L’efficacité des calculs (bonne estimation, meilleure précision . . . ). 
 

Figure 1.2: Tenseur : outil mathématique pour résoudre les problèmes de big data 

 
 

En général, dans la majorité des problèmes, la représentation matricielle 

est insuffisante pour la représentation des données, elle crée des modèles 
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Figure 1.3: Visualisation des données des tenseurs de 2ème et 3ème ordre respective- 
ment 

 
 

mathématiques volumineux et instables, et fournit des algorithmes très com- 

plexes, longs et moins précis, d’où la nécessité d’utiliser des tenseurs. Dans 

les représentations d’images des données acquises par exemple, la représen- 

tation des images couleur avec une matrice n’est pas pratique (qui serait 

de grandes dimensions), il est plus naturel de les représenter sous la forme 

d’une matrice multidimensionnelle (tenseurs d’ordre 3). Même chose pour 

les vidéos, qui peuvent être vues comme un tenseur d’ordre supérieur à 3. 

[49, 50]. 

 
 
 
 

 

Figure 1.4: IMagerie médicale : implique naturellement la 3D (spatio) et 4D (spatio- 
temporel) corrélations 
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Figure 1.5: Machine vision: comprendre le monde en 3D 

 

1.2 Les enjeux de la thèse 

 
Certes, durant ces dernières années, plusieurs travaux ont été attribués à 

l’application des méthodes tensorielles aux sciences appliquées. Par exem- 

ple la résolution des équations différentielles [13, 109], la décomposition 

tensorielle [89, 90, 91]. Mais il est encore difficile de les considérer comme 

un moyen indispensable dans l’étude de certains problèmes scientifiques. 

La base théorique associée à ce type de raisonnement étant encore faible, il 

lui manque toute une théorie de base (produit, inverse . . . ). D’où l’intérêt 

de notre travail de recherche, qui vise le développement de méthodes ma- 

tricielles numériques pour la résolution de problèmes de grandes dimen- 

sions, ainsi que l’application de ces méthodes à des problèmes qui se posent 

dans la science et l’industrie. De manière générale, les principaux axes de 

recherche traités sont : 

∗ Méthodes de sous-espace de Krylov tensorielles : L’objectif des pro- 

cessus de Krylov est de construire une base orthonormale d’un sous- 

espace de Krylov ou deux bases bi-orthonormales de deux sous-espaces 

de Krylov. Les trois types de processus de Krylov sont les processus 

de Krylov standard, les processus de Krylov globaux [79, 84] et par 
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blocs qui s’appliquent respectivement aux sous-espaces de Krylov stan- 

dard, global et par blocs. Récemment, Biek et al. [13, 14, 16, 109] ont 

réussi à développer la version tensorielle des méthodes de sous-espace 

de Krylov "Méthodes de sous-espace de Krylov tensorielles ". De même, 

Huang et al. [77] ont proposé une autre version tensorielle de ces méth- 

odes. 

Dans cette dissertation, nous introduisons autres approches liées aux 

méthodes du sous-espace de Krylov tensorielles; voir le chapitre 3. 

∗ Méthodes tensorielles pour le traitement des images et des vidéos : La 

restauration d’images est une étape très importante dans le processus 

de traitement des images. Cette dernière est nécessaire pour corriger 

les différents traitements que peut subir une image, car celle-ci, lors de 

sa capture peut être, dans la plupart des cas, sujette à des dégradations 

qui conduisent à l’absence des informations utiles qu’elle contenait et 

qui sont de grande importance. La représentation la plus utilisée d’une 

image numérique est celle d’un tableau bidimensionnel composé d’un 

ensemble de lignes et de colonnes. Mais, cette représentation n’est plus 

pratique. Par exemple, la Figure 1.6 illustre qu’une image en niveaux de 

gris peut être stockée sous forme de tableau 2D, une image en couleurs 

RGB (Red (rouge), Green (vert), Blue (bleu)) peut être représentée sous 

forme de tableau 3D, composée de trois images en niveaux de gris pour 

chaque couleur. illustrées sous la forme d’un tableau 3D composé de 

centaines d’images en niveaux de gris couvrant une gamme continue de 

fréquences, voir la Figure 1.6. 

Un autre exemple illustré par la Figure 1.7 montre que le remodelage 

d’une image 3D en représentation matricielle digitale est insuffisant, il 

entraîne une perte d’informations. De plus, la taille des matrices devient 

de plus en plus grande, ce qui posera un problème par la suite lors de 

la phase de traitement de l’image. Même chose pour les images multi 

spectrales, la représentation numérique en 2D de ces images détruit 
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Figure 1.6: Exemples de types d’images utilisant des échantillons en niveaux de gris 

 

l’ordre naturel des données ; voir Figure 1.8. De plus, la Figure 1.9 

montre qu’ une vidéo peut être représentée comme un tenseur d’ordre 3, 

puisqu’une vidéo est juste une image RGB qui se déplace dans le temps. 

 
 
 

 

Figure 1.7: Exemple de remodelage d’une image du type RGB en matrice 2D 

 
 

Plusieurs travaux traitent de différents problèmes liés à l’imagerie. Par 

exemple, El Guide et al. [17, 18] proposent les méthodes de sous-espace 

de Krylov matriciel (GMRES, bidiagonalisation Golub Kahan) pour la 

résolution / restauration d’images. Par ailleurs, Biek et al. [13, 14] ont 
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Figure 1.8: Exemple de remodelage d’une image multi-spectrale en matrice 2D 

 

 
Figure 1.9: Exemple de représentation d’une vidéo en tenseur de troisième ordre 

 

introduit la version tensorielle des méthodes du sous-espace de Krylov 

pour la restauration d’images. 

En suivant la même idée, nous proposons dans les chapitres 4, 5 et 6 

des approches basées sur le formalisme tensoriel pour la résolution des 

problèmes d’images et de vidéos. 

∗ Méthodes numériques pour résoudre les équations de Lyapunov et de 

Sylvester tensorielles : Ces dernières années, plusieurs travaux ont été 

développés pour la résolution des équations tensorielles de Sylvester, 

en tant que généralisation des méthodes matricielles de résolution de 
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ces équations (Méthodes directes [8, 63], méthodes du sous-espace de 

Krylov pour la résolution des équations matricielles de Lyapunov/ Sylvester 

de grande dimension [47, 75]). De plus, des nouveaux travaux [13, 14, 

109] qui se fonde sur le cadre tensoriel proposent de nouvelles méth- 

odes basées sur le formalisme tensoriel pour la résolution des équations 

tensorielles de Sylvester. En suivant le même principe, nous visons la 

résolution de ces équations en introduisant de nouvelles approches ten- 

sorielles plus efficaces en termes de rapidité et de précision (chapitre 7). 

∗ Méthodes d’extrapolation tensorielles : Des méthodes d’extrapolation 

scalaire, vectorielle ou matricielle ont été développées pour accélérer la 

convergence de certaines suites scalaires.   En effet, l’extrapolation est 

une des techniques essentielles en analyse numérique, elle repose sur 

l’idée de construire une transformation (Tn)n∈ N qui permet d’accélérer 

la convergence d’une suite donnée (Sn)n∈ N. En pratique, les séquences 

(Sn)n∈ N qui décrivent les phénomènes (physiques, sociaux, etc.) se com- 

portent mal, soit le temps de convergence est très long, ce qui implique 

l’augmentation des opérations élémentaires, soit la propagation des er- 

reurs et le temps d’exécution . L’une des premières méthodes d’extrapolation 

est le procédé ∆2 d’Aitken [28]. Des généralisations ont ensuite été pro- 

posées au cours des dernières années. Parmi elles, la méthode MPE 

[33, 104], la méthode RRE [45], la MMPE [25, 115] et TEA [25]. Pour plus 

de détails, voir [28, 79, 84, 86, 125, 126]. Jbilou et al. [84] ont introduit 

les methodes d’extrapolation matricielles par considération cette fois 

d’une séquence matricielle. Ils définissent la version matricielle (Block- 

/Global) de MPE , RRE, MMPE et TEA. Inspirés par tous ces travaux, 

nous avons eu l’idée de considérer une suite tensorielle, ce qui donnera 

naissance aux Méthodes d’extrapolation tensorielles. (Chapitres 8 et 

9). 
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1.3 Préliminaires 

Un tenseur est un tableau multidimensionnel de données et une extension 

naturelle des scalaires, des vecteurs et des matrices à un ordre supérieur, 

un scalaire est un tenseur d’ordre 0, un vecteur est un tenseur d’ordre 1 

et une matrice est un tenseur d’ordre 2 ; voir les Figures (1.10). L’ ordre 

d’un tenseur est le nombre de ses indices, que l’on appelle modes ou ways. 

Pour un tenseur N-mode donné X ∈  RI1 × I2 × ...× IN , La notation xi1,...,iN 
(avec 

1 ≤ ij ≤ Ij, ; j = 1, . . . N) représente l’élément (i1, . . . , iN) du tenseur X . 

Correspondant à un tenseur donné X ∈  RI1 × I2 ...× IN , la notation 

 
:, :, . . . , :,k k = 1, 2, . . . , IN 

(

`
N−1

˛
)−

¸
tim

x
es 

désigne un tenseur dans RI1 × I2 × ...× IN− 1 qui est obtenu en fixant le dernier in- 

dice et est appelé tranche frontale. Les fibres sont l’analogue d’ordre supérieur 

des lignes et des colonnes d’une matrice. Une fibre est définie en fixant tous 

les indices sauf un. Une colonne de matrice est une fibre mode-1 et une ligne 

de matrice est une fibre mode-2 ; voir les Figures (1.11, 1.12 et 1.13). 

 

 

Figure 1.10: Illustration des données à voies multiples : tenseur à voie nulle = 

scalaire, tenseur à voie unique = vecteur ligne ou colonne, tenseur à voie double = 
matrice, tenseur à N voie = tenseurs d’ordre supérieur. Les tenseurs à 4 et 5 voies sont 

représentés ici comme un ensemble de tenseurs à trois voies. 

X 
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Figure 1.11: Un tableau à trois voies (tenseur du troisième ordre) . 
 
 
 

 

Figure 1.12: Fibres : pour les tenseurs du troisième ordre. 
 
 

 

Figure 1.13: Tranches pour un tenseur du troisième ordre. 

 

Dans cette thèse, nous nous basons sur plusieurs produits tensoriels. En par- 

ticulier, nous avons utilisé les produits tensoriels suivants : n-mode product 

[91], Einstein product [46], T-product [89, 90] et Cosine product (c-produit) 

[88]. Dans ce qui suit, nous définissons des opérations algébriques impor- 

tantes et énonçons des résultats fondamentaux liés à ces produits. 
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m=1,m/=

n 

˜ 

v) = 

 

1.3.1 Produit à n modes (n-mode product) 

 

La matrice à n modes d’un tenseur X ∈  RI1 × I2 × I3 ...× IN    est désignée par X(n) et 

dispose les fibres à n modes comme étant les colonnes de la matrice résul- 

tante X(n) ∈  RIn × (I1 ...I3 ...In− 1 In+1 ...IN ) avec n = 1, . . . , N. nous avons: 

X(n)(in, j) = xi1,...,iN 

 
 

N 

k=1k/=

n 

(ik −  1)Jk avec JK   = ∏k−1 

 
Im. Une opération im- 

portante pour un tenseur est la multiplication tenseur-matrice [91], également 

connue sous le nom de produit à n modes d’un tenseur. X ∈  RI1 × I2 × ...× IN avec 

une matrice U ∈  RJ× In , Le produit à n modes est un tenseur de taille I1 ×  I2 

×  . . . In−1 ×  J ×  In+1 ×  . . . ×  IN dont les entrées sont données par : 

(X × n  U)i1,...,in−1,j,in+1,...,iN    = 

In 

∑ xi1...iN ujin 
in=1 

 

Le produit vectoriel à n modes d’un tenseur X ∈  RI1 × I2 × ...× IN avec un vecteur 

v ∈  RIn est dénoté par (X × nv) est un tenseur de taille I1 ×  I2 ×  . . . In−1 ×  

In+1 ×  . . . ×  IN dont les entrées sont données par: 
 

(X ×̃  n i1,...,in−1,in+1,...,iN 

In 

∑ xi1...iN vin 

in=1 

 

. 

Le produit externe (outer product) de deux vecteurs u ∈  RI et v ∈  RJ est 

donné par 

u ◦ v = uvT ∈  RIJ  (1.1) 

et le produit externe de trois vecteurs u ∈  RI, v ∈  RJ and w ∈  RQ donne un 

tenseur de rang un du troisième ordre : 

 
Z = u ◦ v ◦ w ∈  RIJQ  (1.2) 

où j = 1 + ∑ 
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En général, le produit externe de deux tenseurs X ∈  RI1 × I2 × ...× IN et Y ∈  
 
 

Figure 1.14: Illustration d’un tenseur de troisième ordre de rang un 

 
 

RJ1 × J2 × ...× JM est donné par 

 
Z = X ◦ Y ∈  RI1× ...× IN × J1× ...× JM (1.3) 

 
 

où 

Zi1,...,iN,j1,...,jM    = Xi1,...,iN Yj1,...,jM (1.4) 
 
 
 
 

 

Figure 1.15: Illustration du dépliage (aplatissement, matricialisation) en ligne et en 
colonne d’un tenseur d’ordre 3 

 
 

 
1.3.2 Décompositions tensorielles 

 
Les décompositions et factorisations tensorielles ont été initiées par Hitch- 

cock en 1927 [71] et plus tard développés par Cattelin en 1944 et par Tucker 
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r 

 
 
 

 
 

Figure 1.16: Dépliage (matricialisation) d’un tenseur d’ordre 3. Le tenseur peut être 

déplié de trois façons pour obtenir des matrices comprenant ses vecteurs mode-1, mode- 
2 et mode-3. 

 
 

[132] en 1966. Dans ce qui suit, nous présentons quelques décompositions 

tensorielles classiques. 

 
1.3.2.1 CANDECOMP decomposition 

 
Definition 1.1. (CANDECOMP decomposition (CP)) Soit X ∈  RI1 × I2 × ...× IN 

un tensor d’ordre N . La CP de X est donnée par 

 
R 

X = ∑ a1 ◦ . . . ◦ aN 
 

(1.5) 
r r 

r=1 

 

avec R est un entier positif et ak sont des vecteurs de taille Ik 1 ≤ k ≤ N 

La première question est de savoir comment choisir le nombre R. La plupart 

des procédures ajustent plusieurs décompositions CP avec différents nom- 

bres de composants jusqu’à ce que l’une d’entre elles soit bonne. Soit X un 

tensor d’ordre 3. L’objectif est de calculer CP avec  R composantes qui se 
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Figure 1.17: Exemple de dépliage du tenseur du troisième ordre en mode-1, mode-2 et 
mode-3. 

 
 

rapproche le plus approximation de X , i.e., Trouver: 

 
min ||X − Y|| (1.6) 

 
1.3.2.2 Notion de rang des tenseurs 

 
Le rang d’une matrice est le nombre de vecteurs colonnes linéairement in- 

dépendants, ou, de manière équivalente, le nombre de valeurs singulières 

non nulles. Cependant, cette définition du rang d’une matrice n’est pas 

directement extensible aux tenseurs. Afin d’étendre la notion de rang aux 

tenseurs, il faut l’envisager sous un angle différent. 

Definition 1.2. (tenseur de rang un) Soit X ∈  RI1 × I2 × ...× IN un tensor d’ordre 

N. X est appelé tenseur de rang 1 s’il peut être écrit comme le produit ex- 

terne de N vecteurs 

X = a1 ◦ . . . ◦ aN (1.7) 

Y 
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r 

 
 

 
 

Figure 1.18: llustration des multiplications en mode-n d’un tenseur du troisième 

ordre par des matrices. (a) multiplication mode- 1. (b) multiplication mode- 2. (c) 
multiplication mode- 3 multiplication. 

 

 

 

Figure 1.19: Illustration of mode-n multiplication of a third-order tensor. 

 
 

avec R est un entier positif et ak sont des vecteurs de taille Ik 1 ≤ k ≤ N . 

Le rang d’un tenseur est le nombre minimum de tenseurs de rang un qu’il  

faut additionner pour l’obtenir. La définition ci-dessus du rang des tenseurs 

est connue pour être NP difficile à calculer, ce qui la rend peu pratique pour 
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la plupart des applications. Nous définissons donc le n-rank et le rang multi- 

linéaire. 

Definition 1.3. (Tenseur n-rank) Le n-rank est défini comme le nombre de 

fibres linéairement indépendantes à n modes d’un tenseur X 

rankn(X ) = rank(X(n)) (1.8) 

 
Definition 1.4. (rang multi-linéaire) Le rang multi-linéaire d’un tenseur X ∈  

RI1 × I2 × ...× IN   est un vecteur, noté rankA et est donné par 

rankA = (rank1(X(1)), . . . , rankN(X(N))) (1.9) 

avec rank(X(n)), 1 ≤ n ≤ N est le rang de la matrice de dépliage X(n). 

Dans ce qui suit, nous présentons la célèbre Tucker decomposition (TD), voir 

[91] pour plus de détails. 
 

Definition 1.5. (TD) Soit X ∈  RI1 × I2 × ...× IN . LA TD de X est donnée par 

 
X = V × 1 U1 × 2 U2 . . . × N UN (1.10) 

 
avec V ∈  RR1 × R2 × ...× RN est le tenseur central (tenseur noyau), Un ∈  RIn × Rn , 1 ≤ n 

≤ N sont des matrices de facteurs, et (R1, . . . , RN) est le rang multi-linéaire de 

la décomposition de Tucker. 

 

1.4 Produit d’Einstein (Einstein product) 

 
Definition 1.6. Soit A ∈  RI1× ...× IL× K1× ...× KN , B ∈  RK1× ...× KN × J1× ...× JM .  Le 

produit d’Einstein des tenseurs A and B est le tenseur de taille (I1 ×  . . . ×  IL ×  J1 ×  . . . ×  JM) 

défini par : 

 
K1 

(A ∗N  B)i1...iL j1...jM  =  ∑ 
K2 K3 

∑ ∑ 
KN 

. . .  ∑ 
 

ai1...iLk1...kN  bk1...kN  j1...jM 

k1=1 k2=1 k3=1 kN =1 



 

N1 
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Definition 1.7. [77] Soit A = ai1,...,iN ,j1,...,jM   
∈  RI1 × ...× IN × J1 × ...× JM , B = bi1,...,iM,j1,...,jN    

∈  

RJ1 × ...× JM × I1 × ...× IN , si bi1,...,iM,j1,...,jN     
= aj1,...,jN ,i1, .............,iM 

alors B est appelé la trans- 

posée de A et désignée par AT . 

Un tenseur D = di1,...,iN ,j1,...,jN   
∈  CI1 × ...× IN × I1 × ...× IN   est diagonale si di1,...,iN ,j1,...,jN   

= 0 

au cas où les indices i1, . . . , iN sont différents de j1, . . . , jN. Si toutes les entrées 

du tenseur sont nulles, on dit que ce tenseur est un tenseur nul, noté par O. 

La trace d’un tenseur A ∈  CI1 × ...× IN × I1 × ...× IN   est donnée par tr(A) = ∑i ...i    ai1 ...iNi1 ................ iN . 

Le produit scalaire de deux tenseurs de même order A, B ∈  RI1 × ...× IN × J1 ×  ......... × Jm
 

est donné par 

⟨A, B ⟩ = tr(BT  ∗N A), (1.11) 

et la norme associée est définie par: 

 
 

||A||2  = tr(AT  ∗N A). 

 
Definition 1.8. Un tenseur X ∈  RI1 × ...× IN × I1 × ...× IN est appelé l’inverse du 

tenseur carré A ∈  RI1 × ...× IN × I1 × ...× IN   et désignée par A− 1  s’il satisfait : 

A ∗N X = X ∗N A = I 

 
avec I tenseur d’identité dont toutes les entrées sont nulles sauf les entrées 

diagonales. Ii1,...,iN ,i1,...,iN 
= 1 . 

Maintenant, nous rappelons quelques définitions et propriétés liées au pro- 

duit d’Einstein. 

Un tenseur déplié est une matrice obtenue en réorganisant systématique- 

ment les entrées du tenseur dans un tableau bidimensionnel.. 

Definition 1.9. [27](Déplier un tenseur en une matrice) Soit la transforma- 

tion ΨIJ de l’espace tensoriel RI1 × ...× IN × J1 × ...× JM dans l’espace matriciel R(I1 ...IN )× (J1 ...JM ) 
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"− 

 

avec ΨIJ(X ) = X définie par composant comme 

 
Xi1 ...iN j1 ...jM   

= (Xivec(i,I)ivec(j,J)) 

 
où X ∈  RI1 × ...× IN × J1 × ...× JM , X ∈  R(I1 ...IN )× (J1 ...JM ), ivec(i, I) et ivec(j, J) sont 

respectivement deux fonctions d’indexation correspondant à l’ensemble d’indices 

i := {i1, . . . , iN} et j := {j1, . . . , jM}, ie 
 
 ivec N r− 1 

(i, I) = i1 + ∑(ir −  1) ∏ Iu. (1.12) 

 ivec 
r=2 
M 

u=1 
s− 1 

(j, J) = j1 + ∑(js −  1) ∏ Jv. (1.13) 
s=2 v=1 

 

and I := {I1, . . . , IN}, J := {J1, . . . , JM} sont appelés le mode de ligne et le 

mode de colonne de X , respectivement. 

Definition 1.10. Soit U ,  R ∈  CI1 × ...× IN × I1 × ...× IN un tenseur non nul. 

1. Le tenseur U est  triangulaire supérieur  si les entrées ui1,...,iN ,j1,...,jN    
= 0 

lorsque ivec(i, I) ≥ ivec(i, J) . 

2. Le tenseur R est triangulaire inférieur si les entrées ri1,...,iN ,j1,...,jN     
= 0 

lorsque ivec(i, I) ≤ ivec(j, J) . 

Definition 1.11. (Tenseur sous-colonne ) Soit A = (ai1,...,iN ,j1,...,jM 
) ∈  CI1 × ...× IN × J1 × ...× JM . La 

j-ième sous-colonne de la A est le tenseur A(:,...,:|j1,...,jM ) = (a:,...,:,j1,...,jM 
) ∈  

CI1× ...× I 
N  où j = jM + 

M   1 

∑ 
r=1 

(jr −  1) 

M 

∏ 
L=r+1 

JL

#

. 

Next, we define the row and column block tensors. 
 

Definition 1.12. Soit A = (ai1,...,iN ,j1,...,jM 
) ∈  CI1 × ...× IN × J1 × ...× JM , B = (bi1,...,iN ,k1,...,kM 

) ∈  

CI1× ...× IN × K1 × ...× KM , C = (cj1,...,jM,i1,...,iN 
) ∈  CJ1× ...× JM× I1× ...× IN et D = (dk1,...,kM,i1,...,iN 

) ∈  

CK1× ...× KM× I1× ...× IN . Alors 

1. Tenseur ligne par block : Le tenseur ligne par block de A et B dénoté 

par [A B] est le tenseur de taille (IN ×  β1 ×  . . . ×  βM) où IN = I1 ×  I2 × 

. . . ×  IN, βi = Ji + Ki, i = 1, . . . , M. 



 

 
D
 

T1  
= 
A1 B1  ∈  Cρ1× ...× ρN × β1× ...× βM 

Proposition 1.13.  Soit [A  B] , 
 C  

, 
A1 B1

 

et F ∈  CI
N × IN . selon la Déf- 

   
D ∗N F 

 

M  
D 

 

  M     
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2.  Tenseur colonne par block : Le tenseur colonne par block C, D est défini 

comme suit 

 

C  
= 

h
CT DT 

iT  
∈  Cβ1× ...× βM× IN 

3. Soit T1 = [A1 B1], T2 = [A2 B2] deux tenseurs ligne par block, avec A1 ∈  

RI1 × ...× IN × J1× ...× JM , B1  ∈  RI1× ...× IN × K1× ...× KM , A2  ∈  RL1× ...× LN × J1× ...× JM et B2 ∈  

RL1× ...× LN × K1× ...× KM . Nous avons 

T2

 
A2 B2

 

avec ρi = Ii + Li, i = 1, . . . , N et βj = Jj + Kj, j = 1, . . . , M. 

 
 
 
 

inition 1.12 nous avons 

D
 

A2 B2

 

 

∗ F ∗N [A B] = [F ∗N A F ∗N B] ∈  CI
N × β1 × ...× βM 

∗ 
 C  

∗

 

 

 

F = 

 

C ∗N  F  
∈  Cβ1× ...× βM× IN 

∗ [A B] ∗  C  
= A ∗ 

C + B ∗ D ∈  CIN × IN 

∗ 
A1 B1  

∗

 

 

 

 

C  
= 
A1  ∗M  C + B1  ∗M  D

 

∈  Cρ1× ...× ρM× IN 

  
 

1.5 T-product 

 
1.5.1 Transformation de Fourier discrète 

 
La Transformation de Fourier discrète joue un rôle très important dans la 

définition du T-product. On a 

 

v˜ = Fnv ∈  Cn, (1.14) 

A2 ∗M C + B2 ∗M D D A2 B2 

D 
N 

M M 
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∈  C 
 

×  
 

 

 , 

  

 

avec Fn est la matrice définie par 
 

 

1 1 1 . . . 1  

1 ω ω2 . . . ωn− 1 
n  n

 

 
 

 
− 2πi 1 ωn− 1 ω2(n− 1) . . . ω(n− 1)(n− 1)  

2 

où ω = e 

 
 
 

 
n
− 1 

n     avec i 

 
 
 

 
1 

 

= −1. Il n’est pas difficile de montrer que (voir [64]) 

 
Fn

∗ = Fn, and Fn
∗ Fn = FnFn

∗ = nIn. (1.16) 

 
  1   

 Alors F = 
n 

Fn, ce qui montrent que √
n 

Fn est une matrice unitaire. 

Le coût du calcul du vecteur v˜ directement de (1.14) est O(n2). En utilisant 

Fast Fourier Transform (FFT) cela ne coûtera que O(nlog(n)) et cela rend 

FFT très rapide pour les problèmes de grandes dimension. Il est connu que 

 
Fn circ(v) Fn

−1 = Diag(v˜), (1.17) 

 
ce qui est équivalent à 

 
 

Fn circ(v) Fn
∗
 = n Diag(v˜), (1.18) 

 
 

avec  

circ(v) =  

v1 v2 . . .  vn 

 

v2 v1 . . . vn− 1 
 

. . . . . . .  
vn vn− 1 . . . v1  

et Diag(v˜), est la matrice diagonale dont le i-ème élément diagonal est Diag(v˜)i. 

Fn = 
 

, (1.15) 
 

. . . . . . . 

. . 



 

n 2n 

n n 

    

. .  
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1.6 Cosine product (c-product) 

 
1.6.1 Discrete Cosine Transformation 

 
Nous rappelons quelques définitions et propriétés de la Discrete Cosine Trans- 

formation (DCT) et du c-produit. La DCT joue un rôle très important dans 

la définition du c-produit de tenseurs. On a 

 

v˜ = Cnv ∈  Rn, (1.19) 

 
où Cn is the n ×  n DCT matrice avec des entrées 

(Cn )ij  = 

r 
2 −  δi1 

cos  

  
(i −  1)(2j −  1)π

 

1 < i, j < n
 

avec δij est le delta de Kronecker. On sait que la matrice Cn est orthogonale, 

i.e, CTCn = CnCT = In; voir [111]. De plus, pour tout vecteur v ∈  Rn, la mul- 

tiplication Cnv peut être calculée en O(nlog(n)) opérations. Également, Ng 

and al. [111] ont montré que les matrices qui peuvent être diagonalisées par 

Cn sont des matrices spéciales de Toeplitz-plus-Hankel. En d’autres termes, 

nous avons 

Cn th(v) Cn
−1 = Diag(v˜), (1.20) 

 

where  

 
v1 v2 . . . vn 

 

 

  

v2 . . . vn 0    
 

 
 

 th(v) =  .     .    
. . . . .   vn 0 . . . 

 
 
 

    vn vn− 1 . . . v1 
` 

Toe

˛
p

¸
litz  

x
 

0 vn . . . v2 
` 

Ha

˛
n

¸
kel 

x
 

et Diag(v˜) iest la matrice diagonale dont le i-ème élément diagonal est (v˜)i. 

vn . 
+ 

v2 v1 . . . v3 

. 

. 
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1.8 Aperçu du manuscrit 

 
La thèse peut être divisée en : 
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• Chapitre 3: Nous introduirons quelques nouvelles méthodes tubales de 

sous-espace Krylov pour résoudre des équations linéaires tensorielles. 

En utilisant le T-product, nous définirons en particulier la GMRES glob- 

ale tubale tensorielle qui pourrait être considérée comme une généralisa- 

tion de la GMRES globale. Nous donnons également une nouvelle ver- 

sion tubale de l’algorithme tensoriel de Golub-Kahan. À cette fin, nous 

présentons d’abord quelques nouveaux produits tensoriels et de nou- 

velles propriétés algébriques connexes. Les tests numériques présentés 

comparent les deux méthodes et montrent l’efficacité des procédures 

proposées. 

• Chapitre 4: Dans ce chapitre, nous nous intéressons à certaines méth- 

odes de sous-espace de Krylov tensoriel pour résoudre des équations 

linéaires tensorielles. Nous utilisons le produit d’Einstein bien connu 

pour deux tenseurs pour définir les algorithmes d’Arnoldi global ten- 

soriel et de bidiagonalisation Golub Kahan tensoriel. En  particulier, 

nous nous intéresserons aux problèmes linéaires mal posés et utiliserons 

certaines techniques de régularisation telles que la méthode de Tikhonov, 

pour obtenir une solution approximative acceptable. Nous commenterons 

le choix du paramètre apparaissant dans ces techniques de régularisa- 

tion. Des applications au traitement vidéo sont données. 

• Chapitre 5: Ce chapitre est consacré au développement de méthodes 

itératives tensorielles de sous-espace de Krylov pour résoudre les équa- 

tions tensorielles multilinéaires de grande taille. Nous utilisons le T- 

product de deux tenseurs pour définir les algorithmes Tubal Global Arnoldi 

(TGA) et tenseur bidiagonalisation globale  Golub-Kahan  .  En  outre, 

nous illustrons comment les approches globales basées sur les tenseurs 

peuvent être exploitées pour résoudre des problèmes mal posés découlant 

de récupération d’images et de vidéos floues et multicanaux (couleur) 

flous, en utilisant la technique de régularisation dite de Tikhonov, pour 
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fournir des solutions régularisées approximatives calculables. Nous ex- 

aminons également un critère de type validation croisée généralisée et 

principe de divergence pour la sélection du paramètre de régularisa- 

tion dans la technique de Tikhonov. Des applications au traitement de 

séquences d’images sont données pour démontrer l’efficacité des algo- 

rithmes. 

• Chapitre 6: Dans ce chapitre, nous proposons une nouvelle méthode de 

sous-espace de Krylov tensoriel pour des problèmes tensoriels linéaires 

mal posés comme dans la restauration d’images ou vidéos. Ces méth- 

odes sont basées sur le DCT qui donne des calculs rapides de produit 

tenseur-tenseur. En particulier, nous nous concentrerons sur les ver- 

sions tensorielles de Generalized minimal residual method (GMRES), la 

bidiagonalisation de Golub-Kahan et Least-squares method (LSQR). Les 

tests numériques présentés montrent que les méthodes sont très rapides 

et donnent de bonnes précisions lors de la résolution de certains prob- 

lèmes linéaires tensoriels. 

• Chapitre 7: Introduire de nouvelles méthodes de sous-espaces tensoriels 

de Krylov pour résoudre les équations tensorielles de Sylvester. La méth- 

ode proposée utilise le T-product pour les tenseurs et les sous-espaces 

tensoriels. Nous présentons quelques nouveaux produits tensoriels et 

les propriétés algébriques associées. Ces nouveaux produits nous per- 

mettront de développer les tensor Full orthogonalization method (tFOM), 

tensor GMRES (tGMRES), Tubal Block Arnoldi (TBA) et les Tubal Block 

Arnoldi method to sole large Sylvester tensor equation (TBAS). Nous 

donnons quelques propriétés liées à ces méthodes et proposons quelques 

expériences numériques. 

• Chapitre 8: Nous développons principalement les méthodes d’extrapolation 

de vecteurs et de matrices polynomiales dans un cadre tensoriel. À cette 

fin, certains nouveaux produits entre tenseurs sont définis et le concept 
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de définition positive est étendu pour les tenseurs correspondant au T- 

product [89, 90]. 

En outre, nous discutons de la résolution du problème des moindres 

carrés associé à une équation tensorielle en utilisant Tensor Singular 

Value Decomposition (TSVD) . Nous décrivons comment une technique 

d’extrapolation peut également être mise en œuvre sur la séquence ten- 

sorielle produite par le Truncated TSVD (TTSVD) pour résoudre des 

équations tensorielles éventuellement mal posées. Nous développons 

essentiellement quelques méthodes d’extrapolation tensorielle, à savoir 

Tensor Reduced Rank Extrapolation (TRRE), Tensor Minimal Polyno- 

mial Extrapolation (TMPE), Tensor Modified Minimal Polynomial Ex- 

trapolation (TMMPE) et Tensor Topological e-algorithm (TTEA). Nous 

donnons quelques propriétés et montrons comment ces nouvelles méth- 

odes d’extrapolation tensorielle peuvent être appliquées aux séquences  

obtenues par troncature du tenseur TSVD. 

• Chapitre 9 : Nous présentons de nouvelles méthodes d’extrapolation 

tensorielle considérées comme des généralisations de méthodes d’extrapolation 

vectorielle, matricielle et par blocs telles que les méthodes d’extrapolation 

polynomiale ou les algorithmes de type epsilon correspondant au pro- 

duit à n modes [91]. Nous définirons de nouveaux produits tensoriels 

qui seront utilisés pour introduire des méthodes d’extrapolation ten- 

sorielle globale. Nous discutons de l’application de ces méthodes à la ré- 

solution de systèmes d’équations linéaires et non linéaires et proposons 

une implémentation efficace de ces méthodes par la décomposition QR 

globale. 

 

Une conclusion générale a été donnée avec quelques perspectives, sugges- 

tions et idées pour des travaux futurs. 
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Chapter 2 

 
Introduction 

 
2.1 Short overview 

 
At the beginning of the nineteenth century, mathematicians and physicists 

found it very difficult to express many natural laws. Hence the need to cre- 

ate a new mathematical tool that would allow the introduction of a robust, 

simple and reliable language capable of describing and studying the various 

natural phenomena. This gave birth to a new "mathematical being" called 

"Tensors", which will be used thereafter, not only in the works exploited by 

physicists like Einstein who had expressed the famous fundamental equa- 

tions of the theory of general relativity in function of tensors, but also in 

many scientific areas, psychometry and data analysis [70, 131, 132, 133], 

chemometrics [29, 96], signal processing [36, 95, 112, 129], biomedical en- 

gineering [103, 116, 117], data mining [91, 106, 113] and computer vision 

[97, 98, 123]. 

 
When it comes to high dimensional data, the tensor approach is more 

efficient than the traditional matrix methods. The estimation of emission in 

chemometrics based on tensor decompositions [29, 30], compression de 

données [40], network processing [5, 122] and system modeling [31, 54] are 

all famous examples that illustrate the advantage of the tensor approach. 

Indeed, the multidimensional (tensorial) representation of real data allows: 
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Figure 2.1: The “Geometry” of the Tensor Research Community 

 
 

∗ Better visualization of the data, not only does it reserve the initial in- 

formation of the mathematical model, but it allows the conservation of 

these characteristics. 

∗ Good treatment of the data. 

∗ Better exploitation of the various techniques of data storage. 

∗ More efficiency of the calculations (good estimation, better precision 

. . . ). 
 

Figure 2.2: Tensor: mathematical tool for solving big data problems 

 

 
In general, in the majority of problems, the matrix representation is 

insufficient for data representation, it creates large, unstable mathematical 

models, and provides very complex, long, less accurate algorithms, hence 

the need to use tensors. In image representations of the acquired data, for 

example, the representation of color images with a matrix is not practical 

(which would be of large dimensions), it is more natural to represent it in 
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Figure 2.3: Data visualization of 2nd and 3rd order tensor respectively 

 
 

the form of a multidimensional matrix (tensors of order 3). Same thing for 

the videos, which can be seen as a tensor of order higher than 3 [49, 50]. 

. 
 
 
 
 
 

 

Figure 2.4: Medical iMaging: naturally involves 3D (spatio) and 4D (spatio- 
temporal) correlations 

 
 
 

 

2.2 Thesis challenge 

 
Certainly, in recent years, several works have been attributed to the appli- 

cation of tensorial methods to applied sciences. For example, solving dif- 

ferential equations [13, 109], tensor decomposition [89, 90, 91]. But it is still 

difficult to consider them as an indispensable means in the study of certain 

scientific problems. Since the theoretical basis associated with this kind of 
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Figure 2.5: Machine vision: understanding the world in 3D 

 
 

reasoning is still weak, it lacks a whole basic theory (product, inverse . . . ). 

Hence the interest of our research work, which targets the development of 

numerical matrix methods for the solution of large scale problems, as well 

as the application of these methods to problems that occur in science and 

industry. In general, the main lines of research treated are : 

∗ Tensor Krylov subspace methods: The objective of Krylov processes is 

to construct an orthonormal basis of a Krylov subspace or two bi- 

orthonormal bases of two Krylov subspace or two bi-orthonormal bases 

of two Krylov subspaces. Krylov subspaces. The three types of Krylov 

processes are the standard Krylov processes, global [79, 84]and block 

Krylov processes which apply respectively to standard, matrix and block 

subspaces of Krylov standard, matrix and block Krylov subspaces. 

Recently, Biek et al. [13, 14, 16, 109] have succeeded in developing the 

tensor version of Krylov subspace methods "Tensor Krylov subspace 

methods ". Also, Huang and al. [77] are proposed another tensor ver- 

sion of this method. 

In this dissertation, we introduce another version of tensor Krylov sub- 

space methods; see Chapter 3. 

∗ Tensor methods for color image and video processing:: Image restora- 

tion is a very important step in the image processing process. This last 
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one is necessary to correct the various treatments that can undergo an 

image, because it, during its capture can be, in most cases, subject to 

degradations that lead to the lack of useful information that is contained 

and which is of great importance. The most used representation of a dig- 

ital image is that of a two-dimensional table composed of a set of rows 

and columns. But, this representation is not practical any more. For 

example, the Figure 2.6 illustrates that a grayscal image can be stored 

represented as a 2D array, color RGB image (Red, Green, Blue) as a 3D 

array, composing by three grayscale images for each color, Hyperspec- 

tral Images (HSI) can be illustrated as a 3D array composing by hun- 

dreds of grayscale images spanning a continuous range of frequencies 

see; Figure 2.6. 

 

 

Figure 2.6: Examples of image types using grayscale samples 

 

Another example illustrated by Figure 2.7 shows that reshaping a 3D 

image into matrix digital representation is insufficient, its leads to a loss 

of information. In addition, the size of the matrices becomes increas- 

ingly large, which will pose a problem later during the image processing 

phase. Same thing for the multi spectral images, the digital representa- 

tion in 2D of these images destroys the natural ordering of the data; 

see Figure 2.8. Moreover, as shown in the Figure 2.9 a video can be 
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represented as a third order tensor, since a video is just an RGB image 

that moves in time. 

 

 

Figure 2.7: Example of reshaping a RGB image types into 2D matrix 
 
 
 

 

Figure 2.8: Example of reshaping a multi spectral image types into 2D matrix 

 
 

Several works deal with different problems related to imaging. For ex- 

ample, El Guide and al. [17, 18] propose the matrix Krylov subspace 

methods (GMRES, Golub Kahan bidiagonalization) for the resolution / 

restoration of images. Furthermore, Biek and al. [13, 14] have intro- 

duced the tensor version of Krylov subspace methods for the image 

restoration. 
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Figure 2.9: Example of representation of a video in third order tensor 

 

By following the same idea, we propose in chapters 4,5 and 6 serval 

approaches based on tensor formalism for the resolution of color images 

and video problems. 

∗ Numerical methods for solving Lyapunov and Sylvester tensor equa- 

tions: In recent years, several works have been developed for the so- 

lution of tensor Sylvester equations, as a generalization of the matrix 

methods for solving Sylvester equations (Direct methods [8, 63], Krylov 

subspace methods for solving large-scale Lyapunov/ Sylvester matrix 

equations [47, 75]. These works [13, 14, 109] based on tensor framework 

propose new methods based on the tensor formalism for the solution of 

Sylvester tensor equations. Based on the same principle, we target the 

resolution of these equations by introducing new tensorial approaches 

that are more efficient in terms of speed and accuracy (Chapter 7). 

∗ Tensor Extrapolation methods : Scalar, vector or matrix extrapolation 

methods have been developed to accelerate the convergence of some 

scalar sequences. Indeed, extrapolation is one of the essential techniques 

in numerical analysis, it is based on the idea of building a transformation 

(Tn)n∈ N which allows to accelerate the convergence of a given sequence 
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(Sn)n∈ N . In practice, the sequences (Sn)n∈ N which describe the phe- 

nomena (physical, economic, chemical, etc.)  behave badly, either the 

time of convergence is very long, which involves the increase of the 

elementary operations, the propagation of the errors and the time of 

execution . One of the earlier extrapolation method is the well known 

Aitken’s ∆2 process [28]. Generalisations have been then proposed the 

last decades. Among them the MPE [33, 104], the RRE method [45], the 

MMPE [25, 115]. For more details, see [28, 79, 84, 86, 125, 126]. A second 

class of vector sequence transformations contains the TEA [25]. Jbilou 

and al.[84] has been introduced the well know matrix extrapolation 

methods by considering this time some matrix sequence. They define 

the matrix version (Block/Global) of MPE , RRE, MMPE and TEA. 

Inspired by all these works, we had the idea to consider a tensorial se- 

quence, which will give birth to Tensor Extrapolation methods. (Chap- 

ters 8 and 9). 

 

2.3 Preliminaries 

A tensor is a multidimensional array of data and a natural extension of scalars, 

vectors and matrices to a higher order, a scalar is a 0th order tensor, a vector 

is a 1th order tensor and a matrix is 2th order tensor; see Figures (2.10. The 

tensor order is the number of its indices, which is called modes or ways. 

For a given N-mode tensor X ∈  RI1 × I2 × ...× IN , the notation xi1,...,iN 
(with 

1 ≤ ij ≤ Ij, j = 1, . . . N) stands for element (i1, . . . , iN) of the tensor X . 

Corresponding to a given tensor X ∈  RI1 × I2 ...× IN , the notation 

 
:, :, . . . , :,k k = 1, 2, . . . , IN 

(

`
N−1

˛
)−

¸
tim

x
es 

denotes a tensor in RI1 × I2 × ...× IN−1 which is obtained by fixing the last index and 

is called frontal slice. Fibers are the higher-order analogue of matrix 

X 
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rows and columns. A fiber is defined by fixing every index but one. A 

matrix column is a mode-1 fiber and a matrix row is a mode-2 fiber; see 

Figures (2.11, 2.12 and 2.13). 

 

 

Figure 2.10: Illustration of multi-way data: zero-way tensor = scalar, 1-way tensor = 
row or column vector, 2-way tensor = matrix, N-way tensor = higher-order tensors. 
The 4-way and 5-way tensors are represented here as a set of the three-way tensors. 

 
 
 
 

 

Figure 2.11: A three-way array (third-order tensor). 
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Figure 2.12: Fibers: for a third-order tensors. 
 
 

 

Figure 2.13: Slices for a third-order tensor. 

 
 

In this thesis, we are based on several tensor products. In particular, we have 

used the n-mode product[91], Einstein product[46], T-product [89, 90] and 

cosine product (c-product) [88]. In the following, we define important alge- 

braic operations and state fundamental results related to these products.. 

 
2.3.1 n-mode product 

 

The n-mode matrix of a tensor X ∈  RI1 × I2 × I3 ...× IN is denoted by X(n) and 

arranges the mode-n fibers to be the columns of the resulting matrix X(n) ∈  

RIn × (I1 ...I3 ...In− 1 In+1 ...IN ) with n = 1, . . . , N. We have: 

 
X(n)(in, j) = xi1,...,iN 
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k=1k/=

n 

m=1,m/=

n 

v) = 

In is denoted by (X × nv) is a tensor of size I1 ×  I2 ×  . . . In−1 ×  In+1 ×  . . . ×  IN 

 

where j = 1 + ∑N (ik −  1)Jk with JK = ∏k−1 Im. An important op- 

eration for a tensor is the tensor-matrix multiplication [91], also known as n- 

mode product of a tensor X ∈  RI1 × I2 × ...× IN with a matrix U ∈  RJ× In , the n-

mode product is a tensor of size I1 ×  I2 ×  . . . In−1 ×  J ×  In+1 ×  . . . ×  IN 

whose entries are given by: 
 

(X × n  U)i1,...,in−1,j,in+1,...,iN    = 

In 

∑ xi1...iN ujin 
in=1 

 

The n-mode vector product of a tensor X ∈  RI1 × I2 × ...× IN with a vector v ∈  

R ˜ 
 

 

(X ×̃  n i1,...,in− 1,in+1,...,iN 

In 

∑ xi1...iN vin 

in=1 

 

. 

The outer product of two vectors u ∈  RI and v ∈  RJ is given by 

 
u ◦ v = uvT ∈  RIJ  (2.1) 

 
and the outer product of three vectors u ∈  RI, v ∈  RJ and w ∈  RQ yields a 

third-order rank-one tensor: 

 
Z = u ◦ v ◦ w ∈  RIJQ  (2.2) 

In general, the outer product of two tensors X ∈  RI1 × I2 × ...× IN and Y ∈  

 

Figure 2.14: Illustration of rank-one third-order tensor 

whose entries are given by: 
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RJ1 × J2 × ...× JM is given by 

 
Z = X ◦ Y ∈  RI1× ...× IN × J1× ...× JM (2.3) 

 
 

where  
Zi1,...,iN,j1,...,jM    = Xi1,...,iN Yj1,...,jM (2.4) 

 
 
 

 

 
 

Figure 2.15: Illustration of row-wise and column-wise unfolding (flattening, matri- 
cizing) of a thirdorder tensor 

 
 

 
2.3.2 Tensor decompositions 

 
Tensor decompositions and factorizations were initiated by Hitchcock in 

1927 [71] and later developed by Cattelin in 1944 and by Tucker [132] in 

1966. In the following, we present some classical tensor decompositions. 

 
2.3.2.1 CANDECOMP decomposition 

Definition 2.1. (CP) Let X ∈  RI1 × I2 × ...× IN be an N-th order tensor. The CP of 

X is given by 
R 

X = ∑ a1 ◦ . . . ◦ aN (2.5) 
r r 

r=1 

where R is a positive integer and ak are vectors of size Ik 1 ≤ k ≤ N 
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Figure 2.16: Unfolding (matricizing) of a third-order tensor. The tensor can be un- 

folded in three ways to obtain matrices comprising its mode-1, mode-2 and mode-3 
vectors. 

 
 

The first issue is how to choose the number R of components. Most proce- 

dures fit multiple CP decompositions with different numbers of components 

until one is good. Let X be a third-order tensor. The goal is to compute a CP 

with R components that best approximates X , i.e., to find: 

min ||X − Y|| (2.6) 

 
2.3.2.2 Notion of rank for tensors 

 
The rank of a matrix is the number of linearly independent column vectors, 

or, equivalently, the number of non-zero singular values. However, this def- 

inition of the matrix rank is not directly extensible to tensors. In order to 

extend the notion of rank to tensors, it has to be considered from a different 

perspective. 

Definition 2.2. (rank one tensor) Let X ∈  RI1 × I2 × ...× IN be an N-th order 

Y 
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Figure 2.17: Example of unfolding the third-order tensor in mode-1, mode-2 and 
mode-3. 

 
 

tensor. X is called rank 1 tensor if it can be written as the outer product of N 

vectors 
 

X = a1 ◦ . . . ◦ aN (2.7) 

where R is a positive integer and ak are vectors of size Ik 1 ≤ k ≤ N 

The rank of a tensor is the minimum number of rank one tensors we need 

to add up to get it. The above definition of tensor rank is known to be NP- 

hard to compute which makes it impractical for most applications. Thus, we 

define the n-rank and the multi-linear rank. 

Definition 2.3. (Tensor n-rank) The n-rank is defined as the number of lin- 

early independent n-mode fibres of a tensor X 

rankn(X ) = rank(X(n)) (2.8) 
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Figure 2.18: Illustration of the mode-n multiplications of a third-order tensor by 

matrices. (a) mode- 1 multiplication. (b) mode- 2 multiplication. (c) mode- 3 mul- 
tiplication. 

 

 

 

Figure 2.19: Illustration of mode-n multiplication of a third-order tensor. 

 
 

Definition 2.4. (Multi-linear rank) The multi-linear rank of a tensor X ∈  

RI1 × I2 × ...× IN   is a vector, noticed rankA and is given by 

 
rankA = (rank1(X(1)), . . . , rankN(X(N))) (2.9) 
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N1 

 

where rank(X(n)), 1 ≤ n ≤ N is the rank of the unfolding matrix X(n). 

In the following we introduce the well know TD, see [91] for more details. 
 

Definition 2.5. (TD) Let X ∈  RI1 × I2 × ...× IN . the TD of X is given by 

 
X = V × 1 U1 × 2 U2 . . . × N UN (2.10) 

 
where V ∈  RR1 × R2 × ...× RN is the core tensor, Un ∈  RIn × Rn , 1 ≤ n ≤ N are factor 

matrices, and (R1, . . . , RN) is the multi-linear rank of the Tucker de- 

composition. 

 

2.4 Einstein product 

 
Definition 2.6. Let A ∈  RI1× ...× IL× K1× ...× KN , B ∈  RK1× ...× KN × J1× ...× JM , the 

Einstein product of the tensors A and B is the tensor of size (I1 ×  . . . ×  IL ×  J1 ×  . . . ×  JM) 

defined by : 

 
K1 

(A ∗N  B)i1...iL j1...jM  =  ∑ 
K2 K3 

∑ ∑ 
KN 

. . .  ∑ 
 

ai1...iLk1...kN  bk1...kN  j1...jM 

k1=1 k2=1 k3=1 kN =1 

 

Definition 2.7. [77] Let A = ai1,...,iN ,j1,...,jM   
∈  RI1 × ...× IN × J1 × ...× JM , B = bi1,...,iM,j1,...,jN    

∈  

RJ1 × ...× JM × I1 × ...× IN , if bi1,...,iM,j1,...,jN = aj1,...,jN,i1,...,iM then B is called the trans- 

pose of A and denoted by AT . 

A tensor D = di1,...,iN,j1,...,jN  ∈  CI1 × ...× IN × I1 × ...× IN   is diagonal if di1,...,iN,j1,...,jN   = 

0 in the case that the indices i1, . . . , iN are different from j1, . . . , jN. If all the 

entries of tensor are zero, we say this tensor is zero tensor, denoted by O. 

The trace of the tensor A ∈  CI1 × ...× IN × I1 × ...× IN   is given by tr(A) = ∑i ...i   ai1 ...iNi1 ...iN . 

The inner product of two tensors of the same order A, B ∈  RI1 × ...× IN × J1 × ...× Jm
 

is given by 

⟨A, B ⟩ = tr(BT  ∗N A), (2.11) 
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and the associated norm is defined by: 

 
 

||A||2  = tr(AT  ∗N A). 

 
Definition 2.8. A tensor X ∈  RI1 × ...× IN × I1 × ...× IN is called the inverse of the 

square tensor A ∈  RI1 × ...× IN × I1 × ...× IN   and denoted by A− 1  if it satisfies : 

A ∗N X = X ∗N A = I 

 
where I the identity tensor is called a unit tensor or identity tensor which 

all these entries are zero except for the diagonal entries Ii1,...,iN ,i1,...,iN 
= 1 . 

Now, we recall some definitions and proprieties related to Einstein product. 

An unfolded tensor is a matrix obtained by systematically reorganizing the 

tensor’s entries into a two-dimensional array. 

Definition 2.9. [27](Unfolding a tensor into a matrix) Define the transfor- 

mation ΨIJ From the tensor space RI1 × ...× IN × J1 × ...× JM    into the matrix space R(I1 

...IN )× (J1 ...JM ) with ΨIJ(X ) = X defined component-wise as 

Xi1 ...iN j1 ...jM   
= (Xivec(i,I)ivec(j,J)) 

 
where X ∈  RI1 × ...× IN × J1 × ...× JM , X ∈  R(I1 ...IN )× (J1 ...JM ), ivec(i, I) and  ivec(j, J) 

are respectively two index functions corresponding to the subscript set i := 

{i1, . . . , iN} and j := {j1, . . . , jM}, ie 
 
 ivec N r− 1 

(i, I) = i1 + ∑(ir −  1) ∏ Iu. (2.12) 

 ivec 
r=2 
M 

u=1 
s− 1 

(j, J) = j1 + ∑(js −  1) ∏ Jv. (2.13) 
s=2 v=1 

 

and I := {I1, . . . , IN}, J := {J1, . . . , JM} are referred to as the row mode and 

the column mode of X , respectively. 

Definition 2.10. Let U ,  R ∈  CI1 × ...× IN × I1 × ...× IN non-zero tensors. 
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"− 

 
D
 

T1  
= 
A1 B1  ∈  Cρ1× ...× ρN × β1× ...× βM 

Proposition 2.13.  Let [A  B] , 
 C 

 

, 
A1 B1

 

as given by definition 2.12 and 

 

1. The tensor U is upper triangular if the entries ui1,...,iN ,j1,...,jN    
= 0 when 

ivec(i, I) ≥ ivec(i, J) . 

2. The tensor R is lower triangular if the entries ri1,...,iN ,j1,...,jN     
= 0 when 

ivec(i, I) ≤ ivec(j, J) . 

Definition 2.11. (Sub-Column tensor) Let A = (ai1,...,iN ,j1,...,jM 
) ∈  CI1 × ...× IN × J1 × ...× JM . 

The j-th sub-column of A is the tensor A(:,...,:|j1 ,...,jM ) = (a:,...,:,j1,...,jM 
) ∈  CI1 × ...× IN 

 

where j = 

 

jM + 

M   1 

∑ 
r=1 

(jr −  1) 

M 

∏ 
L=r+1 

JL

#

. 

Next, we define the row and column block tensors. 
 

Definition 2.12.  Let A = (ai1,...,iN ,j1,...,jM 
) ∈  CI1 × ...× IN × J1 × ...× JM , B = (bi1,...,iN ,k1,...,kM 

) ∈  

CI1× ...× IN × K1   × ...× KM , C = (cj1,...,jM,i1,...,iN 
) ∈  CJ1× ...× JM× I1× ...× IN   and D = (dk1,...,kM,i1,...,iN 

) ∈  

CK1× ...× KM× I1× ...× IN . Then 

1. Row block tensor : the row block tensor of A and B denoted by [A B] 

is the tensor of size (IN ×  β1 ×  . . . ×  βM) where IN = I1 ×  I2 ×  . . . ×  IN, βi = 

Ji + Ki, i = 1, . . . , M. 

2. Column block tensor : the column block tensor of C, D is defined as 

 

C  
= 

h
CT DT 

iT  
∈  Cβ1× ...× βM× IN 

3. Let  T1   =  [A1 B1],  T2   =  [A2 B2] be row block tensors,  where  A1   ∈  

RI1 × ...× IN × J1× ...× JM , B1  ∈  RI1× ...× IN × K1× ...× KM , A2  ∈  RL1× ...× LN × J1× ...× JM and B2 ∈  

RL1× ...× LN × K1× ...× KM . We have 

 

 

T2

 
A2 B2

 

 

where ρi = Ii + Li, i = 1, . . . , N and βj = Jj + Kj, j = 1, . . . , M. 
 

 

 
F ∈  CI

N × IN . Then 

D
 
A2 B2

 



 

− 2πi 

   
D ∗N F 

 

M  
D 

 

  M     

∈  C 
 

×  
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∗ F ∗N [A B] = [F ∗N A F ∗N B] ∈  CI
N × β1 ×   ............× βM 

∗ 
 C  

∗

 

 

 

F = 

 

C ∗N  F  
∈  Cβ1× ...× βM× IN 

∗ [A B] ∗  C  
= A ∗ 

C + B ∗ D ∈  CIN × IN 

∗ 
A1 B1  

∗

 

 

 

 C  
= 
A1  ∗M  C + B1  ∗M  D

 

∈  Cρ1× ...× ρM× IN 

  
 

2.5 T-product 

 
2.5.1 Discrete Fourier Transformation 

 
The Discrete Fourier Transformation (DFT) plays a very important role in 

the definition of the T-product of tensors. The DFT on a vector v ∈  Rn is 

defined by 

v˜ = Fnv ∈  Cn, (2.14) 

where Fn is the matrix defined as 
 

 

1 1 1 . . . 1  

1 ω ω2 . . . ωn− 1 
n  n

 

1 ωn− 1 ω2(n− 1) . . . ω(n− 1)(n− 1)  
 

where ω = e n       with i2
 = −1. It is not difficult to show that (see [64]) 

 
 

n
− 1  

1 

Fn
∗ = Fn, and Fn

∗ Fn = FnFn
∗ = nIn. (2.16) 

  1   
 

 Then F = 
n 

Fn which show that √
n 

Fn is a unitary matrix. 

The cost of computing the vector v˜ directly from (2.14) is O(n2). Using the 

FFT , it will cost only O(nlog(n)) and this makes the FFT very fast for large 

A2 ∗M C + B2 ∗M D D A2 B2 

D 
N 

M M 

Fn = 
 

, (2.15) 
 

. . . . . . . 
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n 2n 

n n 

 

 , 

  

 

problems. It is known that 

 
 

Fn circ(v) Fn
−1 = Diag(v˜), (2.17) 

 
which is equivalent to 

 
 

Fn circ(v) Fn
∗ = n Diag(v˜), (2.18) 

 
 

where  

circ(v) =  

v1 v2 . . .  vn 

 

v2 v1 . . . vn− 1 
 

. . . . . . .  
vn vn− 1 . . . v1  

and Diag(v˜), is the diagonal matrix whose i-th diagonal element is Diag(v˜)i. 

 

2.6 Cosine product (c-product) 

 
2.6.1 Discrete Cosine Transformation 

 
In this subsection, we recall some definitions and properties of the DCT and 

the c-product. The DCT plays a very important role in the definition of the c-

product of tensors. The DCT on a vector v ∈  Rn is defined by 

v˜ = Cnv ∈  Rn, (2.19) 

 
where Cn is the n ×  n DCT matrix with entries 

(Cn )ij  = 

r 
2 −  δi1 

cos  

  
(i −  1)(2j −  1)π

 

1 < i, j < n
 

with δij is the Kronecker delta. Its known that the matrix Cn is orthogonal, 

i.e, CTCn = CnCT   = In; see [111]. Furthermore, for any vector v ∈  Rn, the 

matrix vector multiplication Cnv can be computed in O(nlog(n)) operations. 

. . 



 

    

. .  
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Also, Ng and al. [111] showed that matrices which can be diagonalized by 

Cn are some special Toeplitz-plus-Hankel matrices. In other words, we have 

 

Cn th(v) Cn
−1 = Diag(v˜), (2.20) 

 
 

where  

 
v1 v2 . . . vn 

 

 

  

v2 . . . vn 0    
 

 
 

 th(v) =  .     .    
. . . . .   vn 0 . . . 

 
 
 

    vn vn− 1 . . . v1 
` 

Toe

˛
p

¸
litz  

x
 

0 vn . . . v2 
` 

Ha

˛
n

¸
kel 

x
 

and Diag(v˜) is the diagonal matrix whose i-th diagonal element is (v˜)i. 
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2.8 Manuscript Overview 

 
The thesis can be divided into chapters : 

• Chapitre 3: We will introduce some new tubal-Krylov subspace meth- 

ods for solving linear tensor equations. Using the well known tensor T-

product, we will in particular define the tensor tubal-global GMRES that 

could be seen as a generalization of the global GMRES. We also give a 

new tubal-version of the tensor Golub-Kahan algorithm. To this end, 

we first introduce some new tensor-tensor products and new related 

algebraic properties. The presented numerical tests compare the two 

methods and show the efficiency of the proposed procedures. 

• Chapitre 4: In this chapter, we are interested in some tensor Krylov sub- 

space methods to solve linear tensor equations. We use the well known 

Einstein product for two tensors to define the tensor global Arnoldi and 

the tensor Golub Kahan bidiagonalization algorithms. In particular, we 

will be interested in ill-posed linear problems and use some regulariza- 

tion techniques such as Tikhonov method, to obtain acceptable approxi- 

mate solution. We will comment on the choice of the parameter appear- 

ing in these regularization techniques. Applications to video processing 

are given. 
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• Chapitre 5: This chapter is concerned with developing tensor iterative 

Krylov subspace methods to solve large multi-linear tensor equations. 

We use the T-product for two tensors to define tensor TGA and tensor 

tubal global Golub-Kahan bidiagonalization algorithms. Furthermore, 

we illustrate how tensor–based global approaches can be exploited to 

solve ill-posed problems arising from recovering blurry multichannel 

(color) images and videos, using the so-called Tikhonov regularization 

technique, to provide computable approximate regularized solutions. 

We also review a generalized cross-validation and discrepancy principle 

type of criterion for the selection of the regularization parameter in the 

Tikhonov regularization. Applications to image sequence processing are 

given to demonstrate the efficiency of the algorithms. 

• Chapitre 6: In this chapter, we propose a new tensor Krylov subspace 

method for ill posed linear tensor problems such as in color or video im- 

age restoration. Those methods are based on the tensor-tensor DCT that 

gives fast tensor-tensor product computations. In particular, we will 

focus on the tensor discrete cosine versions of GMRES, Golub-Kahan 

bidiagonalisation and LSQR. The presented numerical tests show that 

the methods are very fast and give good accuracies when solving some 

linear tensor ill-posed problems. 

• Chapitre 7: Introduce new tensor krylov subspace methods for solving 

large Sylvester tensor equations. The proposed method use the well 

known T-product for tensors and tensor subspaces. We introduce some 

new tensor products and the related algebraic properties. These new 

products will enable us to develop third-order the tFOM, tGMRES, TBA 

and the TBAS . We give some properties related to these method and 

propose some numerical experiments. 

• Chapitre 8: We mainly develop the well known methods of extrapo- 

lation of vectors and polynomial matrices in a tensor framework. To 
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this end, some new products between tensors are defined and the con- 

cept of positive definition is extended for tensors corresponding to the T-

product [89, 90]. In addition, we discuss the solution of the least squares 

problem associated with a tensor equation using TSVD. We describe how 

an extrapolation technique can also be implemented on the tensor 

sequence produced by the Ţ  to solve possibly ill-posed tensor equations. 

We essentially develop some tensor extrapolation methods, namely 

TRRE, TMPE, TMMPE and TTEA. We give some properties and show how 

these new tensor extrapolation methods can be applied to sequences 

obtained by truncation of the tensor TSVD. 

• Chapitre 9: We present new tensor extrapolation methods considered 

as generalizations of well known vector, matrix and block extrapola- 

tion methods such as polynomial extrapolation methods or epsilon-type 

algorithms corresponding to the n mode product [91]. We will define 

new tensor products that will be used to introduce global tensor extrap- 

olation methods. We discuss the application of these methods to the 

solution of systems of linear and nonlinear equations and propose an 

efficient implementation of these methods by the global QR decomposi- 

tion. 

 

A general conclusion was given with some perspectives, suggestions and 

ideas for future work. 
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Chapter 3 

 
Tensor tubal-Krylov subspace 

methods using the T-product 

 
In this chapter, we will introduce some new tubal-Krylov subspace methods 

for solving some linear tensor equations. Using the well known tensor T- 

product, we will in particular define the tensor tubal-GMRES that could be 

seen as a generalization of the well known GMRES process. We also give 

a new tubal-version of the tensor Golub-Kahan algorithm. To this end, we 

first introduce some new tensor-tensor products and also some new defini- 

tions.  The presented numerical tests compare the two methods and show 

the efficiency of the proposed procedures. 

 
3.1 Introduction 

 
We will develop some new tubal-Krylov subspace methods using projec- 

tions onto special low dimensional tensor Krylov subspaces via the T-product. 

To this end, we introduce some new tensor products with some new related 

algebraic properties. Then we propose the The restarted tensor tubal global 

GMRES (TTGMRES) and the Tensor Tubal-Global Golub Kahan for linear 

tensor equation (TTGK) algorithms to solve linear tensor equations. 

This chapter is organized as follows: In Section 3.2, we develop some new 
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˜ 

  

unfold(ffi) = 
  

∈  Rn1 n3 × n2 , fold(unfold(ffi)) = ffi. 

 

tensor products and give some algebraic properties. After defining a Tubal- 

Global QR factorisation (TGQR) algorithm, we defined in Section 3.3, the 

tensor tubal-Global Arnoldi process that allows us to introduce the TTGMRES 

method. Section 3.4 is devoted to the TTGK method. Finally, some numerical 

tests are reported in Section 3.5. 

 

3.2 Definitions and notations 

 
3.2.1 Definitions and properties of the T-product 

 
In this part, we briefly review some concepts and notations related to the T- 

Product, see [26, 89, 90] for more details. Let ffi ∈  Rn1 × n2 × n3 be a third-order 

tensor, then the operations bcirc, unfold and fold are defined by 

 

bcirc(ffi) =  

A1 An3 An3− 1 . . . A2 

A2  A1  An3 . . . A3 
 

  

 

 ∈  Rn1n3× n2n3 , 

. . . .
 

 
 

 

. . . 
. . . 

. 
 

 

 

A1 

 

 

 .  

An3 

 

Let ffi be the tensor obtained by applying the DFT on all the 3-mode tubes of 

the tensor ffi. With the Matlab command fft, we have 

 

ffĩ  = fft(ffi, [], 3),  and   ifft(ffĩ , [], 3) = ffi, 

3 

. . 

An An 3− 1 

. . . A2 A1 

A2 
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3 

A = BlockDiag(ffi˜) =  

 

 

where ifft denotes the Inverse Fast Fourier Transform. 

The tensor ffi˜ can be obtained using the 3-mode product [89, 90, 91] as follows 
 
 

ffĩ  = ffi × 3 Fn3 , ffi = ffĩ  × 3 Fn
−1 (3.1) 

 
 

where × 3 is the 3-mode product defined in [91]. Let 

A be the matrix 

 

A(1) 

 

 

 
 

A(2) 

 

 
. . .

 

 
 
 
 

A(n3) 

 

, (3.2) 

 

 

and the matrices A(i)’s are the frontal slices of the tensor ffi˜. The block cir- 
 

culant matrix bcirc(ffi) can also be block diagonalized by using the DFT and 

this gives 

(Fn3  ⊗  In1 ) bcirc(ffi) (Fn
∗

3  
⊗  In2 ) = A, (3.3) 

As noticed in [90], the diagonal blocks of the matrix A satisfy the following 

property 

 
A(1) ∈  Rn1× n2 

conj(A(i)) = A(n3− i+2), 

 
(3.4) 

 

where conj(A(i)) is the complex conjugate of the matrix A(i). Next we recall 

the definition of the T-product. 

 

Definition 3.1. The T-product (*) between two tensors ffi ∈  Rn1 × n2 × n3 and 

B ∈  Rn2 × m× n3 is the n1 ×  m ×  n3 tensor given by: 

 
ffi * B = fold(bcirc(ffi)unfold(B)). 

 

Notice that from the relation (3.2), we can show that the product C = ffi * B 

is equivalent to C = AB.   So, the efficient way to compute the T-product 
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˜ ˜ 

2.  Compute each frontal slices of C̃ by    

A(i) B(i), i = 1, . . . , [ 
n3 + 1 

♩  

 

is to use Fast Fourier Transform (FFT). Using the relation (3.4), the follow- 

ing algorithm allows us to compute in an efficient way the T-product of the 

tensors ffi and B . 
 

Algorithm 1 Computing the T-product via FFT 

Inputs: ffi ∈  Rn1 × n2 × n3 and B ∈  Rn2 × m× n3 

Output: C = ffi * B ∈  Rn1 × m× n3 . 

1.  Compute ffi = fft(ffi, [], 3) and B = fft(B, [], 3). 
 
 
 

C(i) = 

conj(C(n3 +i− 2)), i = [ 

2 
n3 + 1 

2 
♩  + 1, . . . , n3. 

 

3. Compute C = ifft(C̃, [], 3). 

For the T-product, we have the following definitions 
 

Definition 3.2. [90] 
 

1. The identity tensor In1 n1 n3  is the tensor whose first frontal slice is the 

identity matrix In1 n1 and the other frontal slices are all zeros. 

2. An n1 ×  n1 ×  n3 tensor ffi is invertible, if there exists a tensor B of order 

n1 ×  n1 ×  n3 such that 

 
ffi * B = In1 n1 n3 and B * ffi = In1 n1 n3 . 

 
In that case, we set B = ffi

−1. It is clear that ffi is invertible if and only if 

bcirc(ffi) is invertible. 

3. The transpose of ffi is obtained by transposing each of the frontal slices 

and then reversing the order of transposed frontal slices 2 through n3. 

4. If ffi, B and C are tensors of appropriate order, then 

 
 

(ffi * B) * C = ffi * (B * C). 
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5. Suppose ffi and B are two tensors such ffi * B and BT * ffiT are defined. 

Then 

(ffi * B)T = BT * ffiT. 

 
Definition 3.3. Let ffi and B two tensors in Rn1 × n2 × n3 . Then 

1. The scalar inner product is defined by 

 
n1 n2 

⟨ffi, B⟩ =  ∑ ∑ 
n3 

∑ ai1 i2 i3 bi1 i2 i3 . 
i1=1 i2=1 i3=1 

 

2. The norm of ffi is defined by 

 

ǁffiǁF  = 
q

⟨ffi, ffi⟩. 

Remark 3.4. Another interesting way for computing the scalar product and 

the associated norm is as follows: 

 

1 1 
⟨ffi, B⟩ = 

n3 
⟨A, B⟩;   ǁffiǁF  = √

n3 
ǁAǁF 

 
where the block diagonal matrix A is defined by (3.2). 

 

Definition 3.5. [90] 
 

1. An n1 ×  n1 ×  n3 tensor Q is orthogonal if 

 
QT * Q = Q * QT = In1 n1 n3 . 

 
2. A tensor is called f-diagonal if its frontal slices are orthogonal matrices. 

It is called upper triangular if all its frontal slices are upper triangular. 

Definition 3.6. [107](Block tensor based on T-product) Suppose ffi ∈  Rn1 × m1 × n3 , 

B ∈  Rn1 × m2 × n3 , C ∈  Rn2 × m1 × n3  and D ∈  Rn2 × m2 × n3 are four tensors. The 

block tensor 
 

ffi B 
 
C D 

 ∈  R(n1+n2)× (m1+m2)× n3 
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D
 

˜ 

˜ 

4.  
A1 B1  

* 
 C  

= 
ffi1 * C + B1 * D

 

∈  R(l+n)× n× n3
 

 

is defined by compositing the frontal slices of the four tensors. 
 

Proposition 3.7.  Let ffi, ffi1  ∈  Rn× s× n3 , B, B1  ∈  Rn× p× n3 , ffi2  ∈  Rl× s× n3 , B2  ∈  

Rl× p× n3 , C ∈  Rs× n× n3 , D ∈  Rp× n× n3 and F ∈  Rn× n× n3 . Then 

1. F * [ffi B] = [F * ffi  F * B] ∈  Rn× (s+p)× n3 

2.  

 

C  
* F = 

 

C * F  
∈  R(s+p)× n× n3 

D
 

D * F
 

3.  [ffi B] * 
 C 

 

= ffi * C + B * D ∈  Rn× n× n3 

 
 
 

A2 B2

 
D

 

ffi2 * C + B2 * D  

 

3.2.2 New tensor products 

 
In this part, we introduce now the T-trace transformation. 

 

Definition 3.8. Let ffi be a tensor in Rn1 × n1 × n3 . The tensor T-trace of ffi is a fiber-

tensor of R1× 1× n3 defined such that its i-th frontal slice is the trace of i-th 

frontal slice of ffi, for i = 1, . . . , n3. 

The T-trace(ffi) can be computed by the following Algorithm . 
 

Algorithm 2 Tensor T-trace 

1. Input: ffi ∈  Rn1 × n1 × n3 . 

2. Output: z ∈  R1× 1×n3 . 

3. Set ffi = fft(ffi, [], 3) 

(a) for i = 1, . . . , n3 

i. z(i)  = trace(A(i)) (trace matrix) 

(b) End 
4. z = ifft(z, [], 3). 

 
5. End 

˜ 

 
Now, we introduce new tensor products, that will be used for simplifying 

the algebraic computations of the main results. 

Definition 3.9. Let a ∈  R1× 1×n3   and B = B(i, j, :) = bij ∈  Rm1 × m2 × n3   for 

i = 1, . . . , m1, j = 1, . . . , m2. Then, the product (a ÷ B) is an (m1 ×  m2 ×  n3) 
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3 

. . . .  

 

tensor defined by 
 

 

a * b11 . . . a * b1m2    

a * bm11 . . . a * bm1 m2  

Remark 3.10. The ÷ product is a generalisation of the product of a scalar with 

a matrix where the tubal-fiber plays the role of a scalar 

 
3.2.2.1 The T-Kronecker and the Tubal-inner products 

 
In the following we introduce the T-Kronecker product between two tensors 

as a generalisation of the classical Kronecker product for matrices. 

Definition 3.11. (T-Kronecker product ) Let ffi ∈  Rn1 × n2 × n3 and B ∈  Rm1 × m2 × n3 , the 

T-Kronecker product ffi ② B between ffi and B is the n1m1 ×  n2m2 ×  n3 tensor 

given by : 

(ffi ② B) = (ffĩ ② B) × 3 Fn
− 1 

where the i-th frontal slice ( i = 1, . . . , n3) of (ffĩ ② B) is given by, 

 
(ffi ② B)(i) = (ffi × 3 Fn3 )(i) ⊗  (B × 3 Fn3 )(i) 

 
where ⊗  is the Kronecker product between two matrices. The matrices (ffi × 3 

Fn3 ) 
(i) and (B × 3 Fn3 ) 

(i) are the i-th frontal slices of ffĩ  and B̃, respectively. 

 

The T-Kronecker product of two tensors can be computed by the following 

algorithm. 

Proposition 3.12. Let ffi ∈  Rn1 × n2 × n3 , B ∈  Rm1 × m2 × n3 , C ∈  Rn2 × r1 × n3  and 

D ∈  Rm2 × r2 × n3 . Then we have the following properties 

1. (ffi ② B)T = ffiT ② BT 

2. (ffi ② B) * (C ② D) = (ffi * C) ② (B * D) 

a ÷ B = . 
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˜ ˜ 

 
 

Algorithm 3 Tensor T-Kronecker 

1. Input. ffi ∈  Rn1 × n2 × n3 and B ∈  Rm1 × m2 × n3 . 

2. Output. (ffi ② B) is the tensor of size n1m1 ×  n2m2. 

3. Set ffi = fft(ffi, [], 3) and B = fft(B, [], 3) 

(a) for i = 1, . . . , n3 

(ffi ② B)(i) = (A(i) ⊗  B(i)). 

(b) End 

4.  (ffi ② B) = ifft((ffĩ ② B), [], 3) 

5. End 

 

3. If ffi ∈  Rn× n× z and B ∈  Rp× p× z are invertible then (ffi ② B)
−1 is invertible 

and we have : 

(ffi ② B)
−1 = ffi

−1 ② B−1 

 

Proof. Obviously, the results stems directly from the properties of the matrix- 

Kronecker. In fact, for i = 1, . . . , n3, we have : 

 

((ffiT ② BT) × 3 Fn3 )(i) = ((ffi × 3 Fn3 )(i)T ⊗  (B × 3 Fn3 )(i)T) 

= ((ffi × 3 Fn3 )(i) ⊗  (B × 3 Fn3 )(i))T 

= ((ffi ② B)T × 3 Fn3 )(i) 

 
which shows that (ffi ② B)T = (ffiT ② BT). The two other properties are 

shown in the same way. 

 

Next, we define a new Tubal-inner product that will be used later. 
 

Definition 3.13. (Tubal-inner product) For X, Y two tensors in Rn1 × s× n3 , we 

define the Tubal-inner products ⟨., .⟩T is defined by: 

 

 

Rn1× s× n3 ×  Rn1× s× n3 −→  R1× 1× n3 

(X, Y) −→ ⟨X, Y⟩T  = T-trace(XT * Y). 

 
 
. (3.5) 
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Let X1, . . . , Xl be a collection of l third tensors in Rn1 × s× n3 , if 
 
 

 
X , X

    
= αie i = j . 

i j  T 

0 i /= j, 

 

where αi is a non-zero scalar and MatVec(e) = (1, 0, 0 . . . , 0)T, then the set 

{X1, . . . , Xl} is said to be a T-orthogonal collection of tensors. The collection 

is called T-orthonormal if αi = 1, i = 1, . . . , l. 

Notice that the T-trace of (XT * Y) can be expressed via the 3-mode product 

as follows: 

 
 

(T-trace(XT * Y) × 3 Fn3 )(i) = trace((X × 3 Fn3 )(i)T(Y × 3 Fn3 )(i)) , i = 1, . . . , n3 

 
Proposition 3.14. Let ffi, B and C be tensors of Rn1 × s× n3 and a ∈  R1× 1× n3 . Then the 

Tubal-inner product satisfies the following properties 

1. ⟨ffi, B + C⟩T=⟨ffi, B⟩T + ⟨ffi, C⟩T . 

2. ⟨ffi, a ÷ B⟩T=a * ⟨ffi, B⟩T. 

3. ⟨ffi, X * B⟩T  = ⟨XT * ffi, B⟩T, for X ∈  Rn1 × n1 × n3 . 

 
Proof. For i = 1, . . . , n3, we have 

 

(T-trace(ffiT * (B + C)) × 3 Fn3 )(i) = trace 
  
(ffi × 3 Fn3 )(i)T((B × 3 Fn3 )(i) + (C × 3 Fn3 )(i))

 
 

= trace 
  
(ffi × 3 Fn3 )(i)T(B × 3 Fn3 )(i) + (ffi × 3 Fn3 )(i)T(C × 3 

= (T-trace(ffiT * B + ffiT * C) × 3 Fn3 )(i). 

 
which shows the first property. The other properties could be easily shown 

in the same way. 

 

3.2.2.2 T-Diamond product of third order tensor format 

 
Now, we introduce the T-Diamond product between two tensors and give 

some algebraic properties. 
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3 

˜ ˜ 

 

Definition 3.15. Let ffi = [ffi1, . . . , ffip] where ffii, i = 1, ..., p, is an n1 ×  s ×  n3 

tensor and let B = [B1, . . . , Bl] where Bj, j = 1, ..., l is an n1 × s × n3 tensor. 

Then the T-diamond product ffiT♦ B is the tensor of size p ×  l ×  n3 given by 

: 

 

(ffi♦ B) = ( f̃fi♦ B) × 3 Fn
− 1, 

 

where the i-th frontal slice of ( f̃fi♦ B) is given by 

 
(ffi♦ B)(i) = (ffi × 3 Fn3 )(i)T ⬦ (B × 3 Fn3 )(i), 

 
where ⬦ is the diamond product between two matrices; for more details 

about the diamond product between two matrices, see [24]. 

 
The T-diamond product can be computed by the following algorithm. 

 

Algorithm 4 Tensor T-Diamond product 

1. Input. ffi ∈  Rn1 × ps× n3 and B ∈  Rn1 × ls× n3 . 

2. Output. ffiT♦ B is the tensor of size p ×  l ×  n3 

3. Set ffi = fft(ffi, [], 3) and B = fft(B, [], 3) 

(a) for i = 1, . . . , n3 

i. (ffiT♦ B)(i) = (A(i)T ⬦ B(i)) (Diamond matrix product) 

(b) End 

4.  (ffiT♦ B) = ifft((ffĩ T ♦ B), [], 3) 

5. End 

 
 

The next proposition gives some algebraic properties of the T-diamond prod- 

uct. 

Proposition 3.16. Let ffi, B, C ∈  Rn1 × ps× n3 , D ∈  Rn1 × n1 × n3 and L ∈  Rp× p× n3 , We 

have the following proposals: 

1. (ffi + B)T♦ C = ffiT♦ C + BT♦ C 

2. ffiT♦ (B + C) = ffiT♦ B + ffiT♦ C 

3. (ffiT♦ B)T = BT♦ ffi 

4. (D * ffi)T♦ B = ffiT♦ (DT * B) 
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3 

 

5. ffiT♦ (B * (L ② Issn3 )) = (ffiT♦ B) * L 

 
Proof. Obviously, the results are derived directly from the properties of the 

matrix-⬦ product. For i = 1, . . . , n3 we have 

 
ffiT♦ (B * (L ② I 

 

ssn3 ))) × 3 

 
Fn3 

 (i) 
= (ffi ×  F   )(i)T ⬦

 
(B ×  F   )(i))((L ×  F   )(i) ⊗  (I 

n3 3  n3 3  n3 ssn3 ×  

= 
h 

(ffi × 3 Fn3 )(i)T ⬦ (B × 3 Fn3 )(i)
 

(L × 3 Fn3 )(i)
i
 

=
 

((ffiT♦ B) * L) × 3 Fn3 

 (i) 
.
 

 

 

Finally we get : ffiT♦ (B * (L ② Issn3 )) = (ffiT♦ B) * L. The other results are 

obtained by following in the same manner. 

 
 

3.3 The tensor tubal global GMRES method 

 
3.3.1 Tubal global QR factorization 

 
Next, we present the Tubal-Global Gram-Schmidt (TGGS) process. 

 

Definition 3.17. [89] Let z ∈  R1× 1×n3 , the tubal rank of z is the number of 

its non-zero Fourier coefficients. If the tubal-rank of z is equal to n3, we say 

that it is invertible and we denote by (z)
−1 the inverse of z iff: z * (z)

−1 = (z)
−1 

* z = e. 

 
First, we need to introduce a normalization algorithm. This means that given 

a non-zero ffi ∈  Rn1 × s× n3 we need to be able to write : 

ffi = a ÷ Q = Q * (a ② Issn3 ) 

 
where  a is  invertible  and  ⟨Q, Q⟩T  = e,  where  e is  the  tubal-fiber  such  that 

unfold(e) = (1, 0, 0 . . . , 0)T. 

We consider the following normalization algorithm. 
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˜ 

a(j) 

˜  ̃

×  ×  ×  ×  

 
 

 

Algorithm 5 A normalization algorithm (Normalization(ffi)) 

1. Input. ffi ∈  Rn1 × s× n3 and tol > 0. 

2. Output. Q ∈  Rn1 × s× n3   and a ∈  R1× 1× n3   such that ⟨Q, Q⟩T  = e. 

3. Set ffi = fft(ffi, [], 3) 

(a) for j = 1, . . . , n3 

i. a(j) = trace(A(j)T A(j)) = ||A(j)||F 

ii. if a(j) <tol, stop 

iii. else Q(j) = A
(j)

 

(b) End for 

4. Q = ifft(Q, [], 3), a = ifft(a, [], 3) 

5. End 

 

The Algorithm 6 summarizes the different steps defining the TGQR of a ten- 

sor. 
 

Algorithm 6 Tensor Tubal-Global QR decomposition 

1. Input. Z = [Z1, . . . , Zk] be an n ks n3 tensor where Zj is an n s n3 tensor, 

for j = 1, . . . , k. s < n . 

2. Set [Q1, r1,1] = Normalization(Z1): using Algorithm 5. 

3. For j = 2, . . . , k 

(a) W = Qj 

(b) for i = 1, . . . , j −  1 

i. ri,j  = ⟨Qi, W⟩T 

ii. W = W −  ri,j ÷ Qi 

(c) End for 

(d) [Qj, rj,j] = Normalization(W): using Algorithm 5. 

4. End 

 

 

Proposition 3.18. Let Z = [Z1, . . . , Zk] be an n ×  ks ×  n3 tensor where Zj is an n 

×  s ×  n3 tensor, for j = 1, . . . , k. Then from Algorithm 6, Z can be factored as 

Z = Q * (R ② Issn3 ), 

 
where Q = [Q1, . . . , Qk] is an (n ×  ks ×  n3) T-orthonormal tensor satisfying QT♦ Q = 

Ik,k,n3 
and R is an upper triangular (k ×  k ×  n3) tensor (each frontal slice of R is an 
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⟨ ⟩ ⟨ −  ∑ ⟩ 

⟨ ⟩ −  ∑ ⟨ ⟩ 

j 

 

upper triangular matrix of size k ×  k) given by 
 

 

R =  

 
r1,1 r1,2 . . . r1,k 

r2,2 · · ·  r2,k 
 

 

 

 ∈  Rk× k× n3 

. . . 
 

. 

rk,k    
 

Proof. This will be shown by induction on k. For k = 1, we have from Line 2 

of Algorithm 6:  ⟨Q1, Q1 ⟩T  = e.  Assume now that the result is true for some 

k. Using the results of Proposition 3.14, we obtain 

 
k− 1 

(rk+1,k+1) * Qj, Qk+1 T = Qj, (W ri,k ÷ Qi ) T 

i=1 

k− 1 

= Qj, W T ( ri,k * Qj, Qi T 
i=1 

= (rj,k −  rj,k) = o, j = 1, . . . , k. 

 
where o denote de zeros tube fiber of size (1 ×  1 ×  n3) which all his entries 

are equal to zeros.  Then we get QT ♦ Q = Ikkn3 
.  Let Z = [Z1, . . . , Zk] be an 

n ×  ks ×  n3 tensor where Zj is an n ×  s ×  n3 tensor. Then from Algorithm 6, 

we have Zj = ∑ ri,j ÷ Qi and the j-th lateral slice of Z is given by : 
i=1 

 

j 

(Z)j = Zj = ∑ ri,j ÷ Qi 
i=1 

j 

= ∑ Qi * ((ri,j) ② Is,s,n3 ) 
i=1 

 

r1,j 

  

= [Q1, . . . , Qj] *  . 
 ② Is,s,n3 

 . 
 

rj,j    

 

 

. 

! 
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m 

 

 

 

. 

3 

 
 
 
 

 
Let R 

 

r1,j 

. 

rj,j 
= 

 

 
∈  Rk× 1× n3 be the j-th lateral slice of the (k ×  k ×  n ) tensor 

0 
 

   

0    

 

R = [R1, . . . , Rk]. Then we have the decomposition 

 
Zj = [Q1, . . . , Qj] *

 
Rj ② Is,s,n3

 

j = 1, . . . , k. 

Therefore, Z can be factored as Z = Q * (R ② Is,s,n3 ) where [Q1, . . . , Qk] is an 

(n ×  ks ×  n3) T-orthonormal tensor QT♦ Q = Ikkn3 
and R is an upper trian- gular 

(k ×  k ×  n3) tensor. Notice that QT♦ Z = QT♦ (Q * (R ② Issn3 )), and by using 

the result 5 in Proposition 3.16, we get QT♦ Z = (QT♦ Q) * R = R. 

 

3.3.2 The tensor tubal-global Arnoldi process 

In this section, we define the Tensor Tubal-Global Arnoldi (TTGA) process 

that could be considered as a generalisation of the global Arnoldi process 

defined in [81] for matrices. In [48], the authors introduced the TGA process. 

The main difference between the TTGA and the TGA is that for TGA process 

the tensor Krylov global subspace TKm(ffi, V) associated to the T-product is 

as follows 
 

 
TKm(ffi, V) = Tspan{V, ffi * V, . . . , ffi 

 
m− 1 

 
* V} = 

(

Z ∈  R 

 
n× s× n 

 
m 

3 , Z = ∑ αi 
i=1 

 

ffi 

 
i− 1 * V

 
)

 

(3.6) 

where αi ∈  R, i = 1, . . . , m; ffi ∈  Rn× n×n3 and V ∈  Rn× s×n3 (s << n). In the 

case of the TTGA process, the tensor Tubal global Krylov subspace of order 

m generated by ffi and V and denoted by TKg (ffi, V) ⊂  Rn× s×n3   is defined by 

j 
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m 

m 

m 

 

: 

 

TKg (ffi, V) = T-Span 
,
V, ffi * V, ffi2 * V, . . . , ffim−1 * V

, 
(3.7) 

= 

(

Z ∈  R 

 
n× s× n 

m 

3 , Z = ∑ ai ÷ (ffi 
i=1 

 
i− 1 * V)

)

 
 

(3.8) 

 

where ai ∈  R1× 1× n3 , ffii− 1 * V = ffii− 2 * ffi * V, i = 2, . . . , m and ffi0 is the 

identity tensor . 

The following TTGA process produces a T-orthogonormal basis of TKg (ffi, V) 

. The algorithm is described as follows 
 

Algorithm 7 The Tensor Tubal-Global Arnoldi 

1. Input. ffi ∈  Rn× n×n3 , V ∈  Rn× s×n3 and and the positive integer m. 

2. Set [V1, r1,1] = Normalization(V) 

3. For j = 1, . . . , m 

(a) W = ffi * Vj 

(b) for i = 1, . . . , j 

i. hi,j  = ⟨Vi, W⟩T 

ii. W = W −  hi,j ÷ Vi 

(c) End for 

(d) [Vj+1, hj+1,j] = Normalization(W) 

4. End 

 

 

Proposition 3.19. Suppose that m steps of Algorithm 7 have been run. Then, the 

tensors V1, . . . , Vm, form a T-orthonormal basis of the Tubal-global Krylov subspace 

TKg (ffi, V). 

Proof. This will be shown by induction on m. For m = 1, we have from Line 2 

of Algorithm 6 the relation ⟨V1, V1 ⟩T  = e. Assume now that the result is true 

for some m, then from Algorithm 6 and by using the results of Proposition 
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⟨ −  ⟩ 

i=1 

˜ 

˜ 

˜ 

 

3.14, we get 

 
 

(hm+1,m ) * ⟨Vj, Vm+1 ⟩T  = ⟨Vj, (hm+1,m ) ÷ Vm+1 ⟩T 

m 

= Vj, (W ∑ hi,m ÷ Vi) T 
i=1 

m 

= ⟨Vj, W⟩T − (∑ hi,m * ⟨Vj, Vi ⟩T) 
 

= (hj,m −  hj,m) = o, = 1, . . . , m. 

where o denote de zeros tube fiber of size (1 ×  1 ×  n3) which all his entries 

are equal to zeros. Furthermore, from Line 3(d) of Algorithm 7, we immedi- 

ately have ⟨Vm+1, Vm+1 ⟩T  = e.  Therefore, the result is true for m + 1 which 

completes the proof. 

Let Vm be the (n ×  sm ×  n3) tensor whose frontal slices are V1, . . . , Vm and let 

Hm the (m + 1) ×  m ×  n3 hessenberg tensor defined by Algorithm 7 (Hes- 

semberg tensor mean that every frontal slice of Hm is a Hesemberg matrix) 

and by Hm the tensor obtained from Hm by deleting its last horizontal slice. 

ffi * Vm is the (n ×  (sm) ×  n3) tensor whose frontal slices are ffi * V1, . . . , ffi * 

! 
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˜ ˜ 

 

Vm, respectively. Using Definition 3.6, we can set 

 

Vm := [V1, . . . , Vm] ∈  Rn× sm× n3 , 

ffi * Vm :=[ffi * V1, . . . , ffi * Vm] ∈  Rn× sm× n3 

Vm+1 := [Vm, Vm+1] ∈  Rn1× (m+1)s× n3 

 

H̃ m  =  

 

h1,1 h1,2 · h1,m 

h2,1 h2,2 · · ·  h2,m 

. . . 
. . . . 

hm,m− 1  hm,m 

hm+1,m 

 

 ∈  R(m+1)× m× n3 

 

 

Hm =  

h1,1 h1,2  · h1,m 

h2,1 h2,2 ·  ·  ·  h2,m . 
 

 

 

 ∈  Rm× m× n3 

. . . . . .   
 

hm,m− 1 hm,m  

Its easy to see that Hm can be obtained from Hm by deleting the horizontal 

slice 

[o, . . . , o, hm+1,m] = hm+1,m * Em ∈  R1× m× n3
 

where o denote de zeros tube fiber of size (1 ×  1 ×  n3) which all his entries are 

equal to zeros, and Em = [o, . . . , o, e] ∈  R1× m× n3 where e the tube fiber 
T 

such that unfold(e) = (1, 0, 0 . . . , 0) 

lows 

.  The tensor H̃ m  can be written as fol- 

H̃ m =  

 

Hm 

m+1,m * Em 

 

We can now state the following algebraic properties 

. 

h 
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m 

˜ 

 

m 3 

˜ 

 

Proposition 3.20. Suppose that m steps of Algorithm 7 have been run. Then, the 

following statements hold: 

 
ffi * Vm =Vm * (Hm ② Issn3 ) + Vm+1 * ((hm+1,m * Em) ② Issn3 ), 

VT ♦ A * Vm  =Hm , 

A * Vm =Vm+1 * (Hm ② Issn3 ), 

T 

Vm+1♦ A * Vm  =Hm , 

VT ♦ Vm =Immn , 

 
Proof. We give a proof only for the third relation, the other relations could be 

j+1 

obtained in the same way. From Algorithm 7, we have ffi * Vj = ∑ hi,j ÷ Vi. 
i=1 

Using the fact that  ffi * Vm = [ffi * V1, . . . , ffi * Vm], the  j-th frontal slice of 

ffi * Vm is given by : 
 

j+1 

(ffi * Vm)j = ffi * Vj = ∑ hi,j ÷ Vi 
i=1 
j+1 

= ∑ Vi * ((hi,j) ② Issn3 ) 
i=1 

 

h1,j 

  

= [V1, . . . , Vj+1] *  . 
 ② Is,s,n3 

 . 

 
 

h1,j  

 .  

 

hj+1,j   

 

 

 
Let Hj = 

 

 

hj+1,j 

0 

. 

0 

 
∈  Rm+1× 1× n3   be the j-th lateral slice of of the Hessem- 

 

berg tensor H̃  = [H1, . . . , Hm ]. The we have 

 

(ffi * Vm)j = [V1, . . . , Vj+1] *
 

Hj ② Issn3

 

j = 1, . . . , m. 
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!   

 

and the result follows. 
 
 

3.3.3 The tensor Tubal-Global GMRES method 

 
The tubal-global GMRES method is based on tubal-global Arnoldi process to 

build an orthonormal basis of the tensor tubal global Krylov subspace (3.7). 

First, we need to introduce a new T-l2 norm defined in Rm× 1× n3 . 

Definition 3.21. (T-l2-inner product) Let X ∈  Rm× 1×n3 , Y ∈  Rm× 1×n3 . Then 

the T-l2 inner scalar product of X and Y is defined by 

1  
   

n3
 

 
(i)T 

 

 

(i) 

!

 

⟨X, Y⟩T
l2    

= 
n3

 ∑(X 3 Fn3 ) i=1 (Y × 3 Fn3 ) . (3.9) 
 

The associated T-l2 norm is defined by 

 
1 

   1 n3 2 

 
||Y||T    = √

n ∑ ||(Y × 3 Fn  )(i)||2
 , (3.10) l2 3 3 2 

i=1 

where ||.||2 denote the usual vector l2 norm. 

Proposition 3.22. Let ffi, B, C ∈  Rm× 1× n3 and α ∈  R, then the T-l2-inner product 

satisfies the following properties 

1. ⟨ffi, B + C⟩Tl2 
=⟨ffi, B⟩Tl2   

+ ⟨ffi, C⟩Tl2 
. 

2. ⟨ffi, αB⟩Tl2 
=α⟨ffi, B⟩Tl2 

. 

3. ⟨ffi, X * B⟩Tl2
 = ⟨XT * ffi, B⟩T , for X ∈  Rn1 × n1 × n3 . 

 
 

Proof. The proofs come directly from the definitions of the T-l2 inner scalar 

product. 

 

Proposition 3.23. Let Y ∈  Rm× 1×n3   and V ∈  Rn×ms× n3   such that VT♦ V = 

Immn3 . Then 

 
||V * (Y ② Issn3 )||F  = ||Y||Tl2 

. 

× 

l2 
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i=1 

Tl
2

 

m 

|| || 
g
 

||V * (Y ② Issn3 )||F  = 
n3 

(∑ ||(V × 3 Fn3 ) ||F) 

1 
2 

 

Proof. We have : 

 
 

2 

 

 
1   n3

 

 
(i)  

 
 
 

(i) 

 
(i)

      
2 

 

 
n3 

= 
n3 

(∑(||(Y × 3 Fn3 ) 
(i)||2)) 

 

= ||Y||2 . 
 

 

 

Next, we will see how to define the Tubal-Global GMRES. Consider the lin- 

ear system of tensor equations 

 

ffi * X = B (3.11) 

 

where ffi ∈  Rn× n× n3   assumed to be nonsingular, B, X ∈  Rn× s×n3   with s       n. If 

n3 = 1 then the problem (3.11) reduces to a multiple linear systems of s 

equations . Let X0 ∈  Rn× s× n3 be an arbitrary initial guess with the associated 

residual tensor R0 = B −  ffi * X0. The aim of the tensor Tubal-Global GMRES 

method is to find, at some step m, an approximation Xm of the solution X
∗
 

of the problem ((3.11)) as follows 

 

Xm −  X0 ∈  TKg (ffi, R0), (3.12) 

 
with 

 
 

Rm   F  = min 
X−X0∈ TKm(ffi,R0) 

{||B − ffi * X||F} . (3.13) 

i=1 

(Y × 3 Fn3 ) ⊗  (Issn3 × 3 Fn3 ) 
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|| || 

(m+1) 

(m+1) 

(m+1) 

(m+1) 

  

(m+1) 

 

. 

. 

3 

 
 
 

Let Xm = X0 + Vm * (Y ② Issn3 ) with Y = 

 

problem (3.13) is equivalent to 

 

y1

 

. 

. 

  

ym

 

 

 

∈  Rm× 1× n3 . Then the 

 

 
 

Rm   F = min 
Y∈ Rm× 1× n3 

||R0 − ffi * Vm * (Y ② Issn3 )||F. (3.14) 

 

Using the Proposition 3.23 and Proposition 3.12 and Step 2 of Algorithm 7, 

we get 

 
||R0 − ffi * Vm * (Y ② Issn3 )||F  = ||r1,1 ÷ V1 − (Vm+1 * (H̃ m  ② Issn3 )) * (Y ② Issn3 ))||F 

= ||V1 * (r1,1 ② Issn3 ) − (Vm+1 * (H̃ m  ② Issn3 )) * (Y ② Issn3 ))||F 

= ||Vm+1 * (E1 ② Issn3 ) * (r1,1 ② Issn3 ) − (Vm+1 * ((H̃ m  * Y 

= ||Vm+1 * ((E1 * r1,1) ② Is,s,n3 ) − ((H̃ m  * Y) ② Issn3 ))||F 

= ||Vm+1 * (E1 * r1,1 − (H̃ m  * Y)) ② Issn3 )||F 

= ||(E1 * r1,1 − (H̃ m  * Y))||Tl2 
, 

 

 

where E(m+1) = 
 

 

e 

 

o ∈  Rm+1× 1× n . Therefore, the tensor Y 

 
 

 
solving the 

. m 

  

o  

 

 
 

Ym = arg min 
Y∈ Rm× 1× n3 

||E1 * r1,1 − (H̃ m  * Y)||Tl2 
. (3.15) 

 

The approximate solution is given as 

 
 

Xm = X0 + Vm * (Ym ② Issn3 ) (3.16) 

1 

minimisation problem (3.14) is given by 



72 Chapter 3. Tensor tubal-Krylov subspace methods using the T-product 
 

 

˜ 

 

3.3.4 Implementation of tensor Tubal-Global GMRES method 

For the implementation of Algorithm 9, we use the tensor QR decomposition 

to solve the minimization problem (3.15). The Tensor QR decomposition is 

based on the application of the QR matrix decomposition to each sub-block 

of the obtained block diagonal matrix in the Fourier domain. In other word, 

for F ∈  Rn× m× n3 we have F = Q * R where Q is an n ×  n ×  n3 orthogonal tensor 

QT * Q = Q * QT = Innn3 and R ∈  Rn× m× n3 triangular tensor. 

The different steps are summarized as follows The following property will 
 

Algorithm 8 Tensor T-QR decomposition 

1. Input. F ∈  Rn× m× n3 . 

2. Output. Orthogonal tensor Q ∈  Rn×n× n3 and triangular tensor R ∈  Rm× m× n3 . 

3.  Set F̃  = fft(F, [], 3) 

(a) for i = 1, . . . , n3 

[Q(i), R(i)] = QR(F(i)) (matrix QR decomposition ) 

(b) End 

4.  Q = ifft(Q̃ , [], 3), R = ifft(R̃ , [], 3) 
5. End 

 
 

be used to solve the problem (3.15) 
 

Proposition 3.24. Let Y ∈  Rm× 1× n3  and Q ∈  Rm× m× n3  such that QT * Q = 

Q * QT  = Immn3 . Then 

 
||Q * Y||Tl2    

= ||Y||Tl2
 

 

Proof. The proof is a direct application of the T-l2 norm. 

 
Now, we apply the T-QR decomposition to Hm, and by using Proposition 

3.24, we get 

 
(m+1) T (m+1) 

||E1 * r1,1 − (H̃ m  * Y)||Tl2    
= ||Qm  * (E1 * r1,1 − (H̃ m  * Y))||Tl2

 

= ||Qm  * (E1 * r1,1) − Qm  * (H̃ m  * Y)||Tl2
 

= ||G̃m  − R̃m  * Y)||Tl2
 

T (m+1) T 
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T T 

  

Tl
2

 
Tl
2

 

where Rm  = R̃m (1 : m, :, :) the tensor obtained by deleting the last horizontal slice 

 

(m+1) . 

˜  

 
T (m+1) T 

where G̃m  = Qm  * (E1 * r1,1) and R̃m  = Qm  * H̃ m. 

Proposition 3.25.  Let G̃m  and R̃m  given as 
 

 
g1 

R̃m  = Q  * H̃ m,  and G̃m  = Q  * (E * r1,1) =  

 

 

 ∈  Rm+1× 1× n3 . 

m m 1 

(m+1) 

  

gm+1    (3.17) 

The solution Ym = arg min 
Y∈ Rm× 1× n3 

||E1 * r1,1 − (H̃ m  * Y))||Tl2   
is given by solv- 

ing the following triangular tensor problem 

Rm * Ym = Gm, (3.18) 

 

g1

 

of R and Gm = . 

gm 

 

 ∈  Rm× 1× n3 . 

 

Proof. 
 
 

(m+1) T (m+1) 

||E1 * r1,1 − (H̃ m  * Y)||Tl2    
= ||Qm  * (E1 * r1,1 − (H̃ m  * Y))||Tl2

 

= ||Qm  * (E1 * r1,1) − Qm  * (H̃ m  * Y)||Tl2
 

= ||G̃m  − R̃m  * Y)||Tl2
 

= ||gm+1||2 + ||Gm −  Rm * Y)||2
 

 
 

Assuming that Rm is invertible then Ym solves triangular tensor problem 

(3.18). 

 

In the following, we introduce the tubal-back substitution method for solv- 

ing the equation (3.18). This method follow the same steps of matrix back 

substitution , where the tube fibers (3-mode fibers), lateral slices and T- 

product play the role of scalars, vectors and matrix product respectively. In 

. 

T (m+1) T 
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* = 

˜ 

˜ 

∈  ∈  

 

 

other words, the solution to the triangular tensor system (3.18) -which can 

be wrriten as follows- : 

 

r1,1 r1,2 . . . r1,k   

 r2,2 ·  ·  ·  r2,k   
 

 

 

y1 

 

 
. 

 

 

 

 

g1 

 

 
. 

 

 

. . . .   .   .  
 

rm,m    

  

ym   

   

gm   

 

begins with: ym = (rm,m)
−1 * gm followed by : 

 

yi = (ri,i)
−1 * (gi −  

m 

∑ 
j=i+1 

ri,j * yj) for i = m −  1, m −  2, . . . , 1. 

 

where (ri,i)
−1 stand for the inverse of the tube fiber ri,i (Definition 3.17 ) for 

i = m, m −  1, . . . , 1 
 

Algorithm 9 The Tensor Tubal-Global GMRES (m) 

1. Input. ffi Rn× n× n3 , V, B, X0 Rn× s×n3 , the maximum number of iteration Itermax, 
the restart parameter m and a tolerance tol > 0. 

2. Compute R0 = B −  ffi * X0. 

3. For k = 1, . . . , Itermax 

(a) Apply Algorithm 7 to compute Vm and Hm . 

(b) Compute the T-QR decomposition of Hm using Algorithm 8 . 

(c) Compute Rm and Gm using the relations (3.17) . 

(d) Solve the triangular tensor system (3.18) to obtain Ym . 

(e) Compute Xm = X0 + Vm * (Ym ② Issn3 ) 

4. If ||Rm||F  < tol, stop 

5. else X0 = Xm and go to Step 2. 

6. Output. Xm ∈  Rn× s× n3 the approximate solution of (3.11). 

 
 

 

3.4 Tensor tubal-global Golub Kahan algorithm 

 
Instead of using the tensor global Arnoldi process to generate a basis for 

the projected subspace, we can use the tensor tubal global Lanczos process. 

Here, we will use the tensor Golub Kahan algorithm related to the T-product. 

We notice that we already defined in [48] another version of the tensor Golub 

. . . 



 

k 

k 

˜ 

  

˜ 

(b)  Set [Vj, bj] = Normalization(Ṽ) 
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Kahan algorithm for ill-posed problems with applications to color image 

processing. 

Consider the linear system of tensor equations 

 
 

ffi * X = B −  ffi * X0 = R0 (3.19) 

where A ∈  Rn1 × n2 × n3 , B ∈  Rn1 × s× n3 and X , X0 ∈  Rn2 × s× n3 . The tensor tubal-

global Golub Kahan bidiagonalization algorithm Algorithm 10 pro- duces a 

T-orthogonormal basis Uk = [U1, . . . , Uk, Uk+1] ∈  Rn1 × (k+1)s× n3 and Vk = [V1, . 

. . , Vk] ∈  Rn2 × ks× n3 of the tensor Krylov subspace TKg(ffi * ffiT, ffi * 

ffiT * R0) and TKg(ffiT * ffi, ffiT * R0) ,respectively. 
 

Algorithm 10 The Tensor Tubal-global Golub Kahan algorithm 

1. Inputs The tensors ffi, B, and an integer m. 

2. Set V0 = 0 ∈  Rn1 × s× n3 and [U1, a1] = Normalization(R0). 3. 

For j = 1, . . . , k T 

(a) Ṽ = ffi  * Uj − aj ÷ Vj− 1 

 

(c) Ũ = ffi * Vj − bj ÷ Uj 

(d) [Uj+1, aj+1] = Normalization(U) 

4. End for 

 
Let C̃k  be the upper bidiagonal (k + 1) × k × n3 tensor 

 

 

C̃k  =  

 

 
b1 

a2 b2 
. . . 

. . . . . . 

ak  bk 

ak+1  
 

and let Ck be the (k ×  k ×  n3) tensor obtain by deleting the last horizontal 

slice of Ck where the ai’s and bi’s are fibers. Then we have the following 

results 
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˜ 

k 

. 

 

Proposition 3.26. The tensors Vk = [V1, . . . , Vk] ∈  Rn2 × ms× n3  and Uk = [U1, 

. . . , Uk, Uk+1] ∈  Rn1 × (k+1)s× n3 given by Algorithm10, have orthogonal lateral slices 

tensors Vi ∈  Rn2 × s× n3 and Ui ∈  Rn1 × s× n3 , respectively, i.e. 

 
Vi, Vj

 
T

 =
 

Ui, U j

 
T

 = 
e i = j   

.
 

0 i /= j. 
 
 

Proof. This will be shown by induction on j. For j = 1, Algorithm10 shows 

that ⟨V1, V1 ⟩T  = e and ⟨U1, U1 ⟩T  = e. Assume now that the result is true for 

some j. Then, from Algorithm 10 and using the results of Proposition 3.14, 

we conclude that 

 

 
V , V 

 
 =

 
U , U

    
= e i = j 

, j = 1, . . . , k. 
i j  T i j  T 

0 i /= j 
 
 

 

 

Proposition 3.27. The tensors produced by the tensor tubal-global Golub-Kahan 

algorithm satisfy the following relations 

 
ffi * Vk = Uk+1 * (Ck ② Issn3 ) (3.20) 

= Uk * (Ck ② Issn3 ) + Uk+1 * ((ak+1 * Ek) ② Issn3 ), and(3.21) 

ffiT * Uk  = Vk * (CT ② Issn3 )  (3.22) 

R0 = Uk+1 * ((E(k+1) * a1) ② Issn ). (3.23) 
1 3 

 

  

e  

 

 

where E 
= [o, . . . , o, e] ∈  R1× k× n , E(k+1) = 

  
∈  Rk+1× 1× n , where e 

m 
3 

1
 . 

  

o  

 

the tube fiber such that unfold(e) = (1, 0, 0 . . . , 0)T o denote de zeros tube 

fiber of size (1 ×  1 ×  n3) which all his entries are equal to zeros. 

o 
3 
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1 

1 

1 3 3 3 

1 3 3 1 

1 

 

Proof. The proofs come directly from the different steps of Algorithm 10. 

 

Next, we show how to apply theTTGK process to get approximate solutions 

to the tensor linear system (3.19). 

Proposition 3.28. Let Xk = Vk * (Y ② Issn3 ) be an approximation of the solution 

X
∗
 of the tensor linear system (3.19) where Y ∈  Rk× 1× n3 . Then 

 

||R0 − ffi * Xk||F  = ||E(k+1) * a1 −  C̃k  * Y||T 

 
(3.24) 

 

Proof. Using (3.20, Proposition 3.23) and the fact that R0 = Uk+1 * ((E(k+1) * 

a1) ② Issn3 ), we get 

 
||R0 − ffi * Xk||F  = ||Uk+1 * ((E(k+1) * a1) ② Issn  ) − Uk+1 * (C̃m  ② Issn  ) * (Y ② Issn  ))||F 

= ||Uk+1 * ((E(k+1) * a1) ② Issn  ) − (C̃k  * Y)) ② Issn  ||F  = ||E(k+1) * a1 − (C̃k 

 
which ends the proof. 

 

The approximate solution Xk produced by this process is given by 

 

Xk = Vk * (Y ② Issn3 ), 

where Yk solves the low-order minimization problem 

(k+1) 
min ||(E * a1 − C̃k  * Y)||T   . 

Y∈ Rk× 1× n3 

 

The following algorithm summarizes the main steps to solve the linear ten- 

sor problem (3.11) using TTGK. 

 

3.5 Numerical experiments 

 
This section performs some numerical tests for the Tensor Tubal-Global GM- 

RES and Tensor Tubal-Global Golub Kahan methods when solving solve the 

l2 

l2 
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∈  ∈  

1 

 
 

 

Algorithm 11 Tensor Tubal-Global Golub Kahan (TTGK) 

1. Input: ffi Rn1 × n2 × n3 , V, B, X0 Rn2 × s× n3 , kmax the maximum number of itera- 

tions, and a tolerance tol. 

2. Output: Xk ∈  Rn2 × s× n3 the approximate solution of the problem (3.19). 

3. Compute R0 = B −  ffi * X0. 

4. For k = 1, . . . , kmax 

(a) Apply Algorithm 7 to compute Vk and H̃ k. 

Y∈ Rk× 1× n3 

solution Xk = X0 + Vk * (Yk ② Issn3 ). 

5. If ||Rk||F  < tol, stop. 

6. EndFor 

 

linear tensor problem (3.11). All computations were carried out using the 

MATLAB R2018b environment with an Intel(R) Core i7-8550U CPU @1.80 

GHz and processor 8 GB. The stopping criterion was 

 

||Rk||Tl2
 

||R0||Tl2
 

 
< e, 

 

where e = 10− 6 is a chosen tolerance and Rk the m-th residual associated 

to the approximate solution Xk. In all the presented tables, we reported the 

obtained residual norms to achieve the desired convergence, the iteration 

number and the corresponding cpu-time. 

We compared the required CPU-times (in seconds) to achieve the conver- 

gence for the methods: 

1. Algorithm 9: TTGMRES(m) . 

2. T-GGMRES(m)[48] : The restarted tensor global GMRES (T-GGMRES) 

[48]. 

3. Algorithm 11: TTGK . 

l2 
(b) Compute Yk  = arg min ||(E(k+1) * a1 − C̃k  * Y)||T and the approximate 
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0 

0 0 

√ 

 

3.5.1 Example1 

 
The tensor A is constructed using n3 frontal slices. In this example, the 

frontal slices are of size n ×  n and given as follows 

i
Ai = eye(n) +  rand(n)  i = 1, . . . , n3 

2 n 
 

In this example, the right-hand side tensor B is constructed such that the 

exact solution X ∗ of the equation (3.11) is given by X ∗ = ones(n, s, n3).. The 

integer m stand for the restarted parameter associated to the Tensor 

Tubal-Global GMRES(m) and Tensor Global GMRES T-GGMRES introduced 

in [48] . In Table 2.1, we reported the obtained relative residual norms, the 

Table 3.1: Results for Example 1. e = 10− 6, s = 5 and n3 = 4 

 

Method n m # its. 
||Rk ||Tl2 cpu-time in seconds 
||R0||Tl2

 

Algorithm 9 500 10 3 1.06 ×  10− 6 0.55 
Algorithm TTGkh 500 - 8 1.31 ×  10− 6 1.45 
Algorithm 9 1000 10 3 1.26 ×  10− 6 1.53 
T-GGMRES(m)[48] 1000 10 6 2.02 ×  10− 6 1.92 
Algorithm 9 1500 10 3 3.91 ×  10− 6 3.60 

Algorithm TTGkh 1500 - 6 1.57 ×  10− 6 10.19 

 

total number of required iterations to achieve the convergence and the cor- 

responding cpu-times for Tubal-Global GMRES(m) and Tensor Tubal-Global 

Golub Kahan. 

 
3.5.2 Example 2 

 
In this example, the tensor ffi of size m2 ×  m2 ×  n3, is the Laplacian ten- 

sor constructed by using the 7-point discretization of the three-dimensional 

Poisson equation (3.25). The tensor B was constructed such that B = A * X ∗ 

where X ∗ = ones(m2, s, n3). The integer m stand for the restarted parameter 

associated to the Tensor Tubal-Global GMRES(m) and Tensor Global GMRES 

T-GGMRES(m) introduced in [?]. 
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(m2 +1) 

3 

   

 i 

  
i 

h3 

.  

 

The three-dimensional Poisson equation is given by 

− ∇ 2ν = f , Ω = {(x, y, z) = 0 < x, y, z < 1} , 

 
 
 
 

(3.25) 

 
 

with 

   
ν = 0 on ∂Ω, 

2 ∂2ν ∂2ν ∂2ν 
 

∇  ν = 
∂x2 

+ 
∂y2 

+ 
∂z2 

. 

The mesh step size is given by : ∆x = ∆y = ∆z = h =    1      where ∆x, ∆y, 
0 

∆z the step sizes in the x-direction, y-direction and z-direction, respectively. 

The difference formula obtain by the standard central difference approxima- 

tion is given by 

 
6νijk −  νi− 1jk − νi+1jk − νij− 1k −  νij+1k −  νijk− 1 −  νijk+1 = h3 fijk. (3.26) 

 
The Laplacian tensor ffi can be obtained from the central difference approx- 

imations (3.26) in several forms. Here, ffi can be expressed as a third order 

tensor as follow 

unfold(ffi) = [A1 A2 . . .  An ]T , 

 

where 

   
0 0 . . . 0 0    

0 1 0 0 0     

1 . . . 
. . . 

. . . . ; and A = 
− 1

 − 1 i+1  
0 . . . 1 0 

0 . . . 0 0 0

  

 

 

 

Table 3.2 reports on the obtained relative residual norms and the correspond- 

ing cpu-times to obtain the desired convergence. As can be seen from this 

table, the Tensor Tubal-Global GMRES method gives good results within 

small cpu-times as compared to Tensor Tubal-Global Golub Kahan. 

0 − 1 . . . 0 0 

− 1 6 

. . . . 

− 1 

. . . 

0 

. . . 

0 

. 

0 . . . − 1 6 −1 

0 . . . 0 − 1 0 

 

—  .A = A

 = 

. 
h3 

. 



 

0 
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Table 3.2: Results for Example 2. n3 = m2, s = 3 and e = 10− 6
 

method m Size (m2  × m2  × m2) # Iter. 
||Rk ||Tl2

 cpu-time (in seconds) 
0 0 0 ||R0||Tl2

 

Algorithm 9 10 100 ×  100 ×  100 2 9.73 ×  10− 6 0.52 
T-GGMRES(m)[48] 10 100 ×  100 ×  100 8 3.85 ×  10− 6 0.74 
Algorithm 11 −  100 ×  100 ×  100 13 2.46 ×  10− 6 3.33 

Algorithm 9 10 144 ×  144 ×  144 3 9.73 ×  10− 6 1.09 
T-GGMRES(m)[48] 10 144 ×  144 ×  144 7 1.86 ×  10− 6 1.20 
Algorithm 11 −  144 ×  144 ×  144 12 1.86 ×  10− 6 7.54 

Algorithm 9 15 225 ×  225 ×  225 2 1.51 ×  10− 6 2.55 
T-GGMRES(m)[48] 15 225 ×  225 ×  225 6 3.85 ×  10− 6 5.50 

Algorithm 11 −  225 ×  225 ×  225 13 4.99 ×  10− 6 24.02 
 

 

3.6 Conlusion 

 
In this chapter, we presented some new Krylov subspace methods using the 

T-product and some new other tensor products. We gave new algebraic 

properties of these products that allowed us to build new tensor Krylov- 

subspace based algorithms for solving general linear tensor equations. We 

focussed on the tubal-global GMRES and the tubal-global Golub-Kahan al- 

gorithms. Some numerical tests on simple examples are also reported. 
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Chapter 4 

 
Tensor GMRES and 

Golub-Kahan Bidiagonalization 

methods via the Einstein 

product with applications to 

image and video processing 

 
In the present chapter, we are interested in developing iterative Krylov sub- 

space methods in tensor structure to solve a class of multilinear systems via 

the Einstein product. In particular, we develop global variants of the GMRES 

and Golub–Kahan bidiagonalization processes in tensor framework. We fur- 

ther consider the case that mentioned equation may be possibly correspond 

to a discrete ill-posed problem with applications in color image and video 

processing. We will also introduce new block version of the proposed ten- 

sor processes. Numerical simulation shows that the proposed methods are 

promising and give suitable results. 
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4.1 Introduction 

 
We are interested in approximating the solution of following linear tensor 

equation 

min ǁΦ(X ) − C ǁF. (4.1) 

where Φ is a linear tensor mapping with C ∈  RI1 × ...× IN × J1 × ...× JM and X ∈  RI1 

× ...× IN × J1 × ...× JM is an unknown tensor to be determined. The linear map- ping Φ 

could be 

 
φ(X) = A ∗N X ,  or   φ(X) = A ∗N X ∗M B, 

 
where  A ∈  RI1× ...× IN × I1× ...× IN ,  B ∈  R J1× ...× JM× J1× ...× JM ,  ∗N   and  ∗M   is  the 

Einstein product. 
 

The purpuse is to take advantage of the multidimensional structure to build 

rapid and robust methods for solving the related problems. For an extensive 

literature on tensors, one can see for example the good papers in [90, 91]. 

Over the last years, many specialized methods for solving tensor problems 

of type (4.1) have been developed, for tensor forms of the Arnoldi and Lanc- 

zos processes for well-posed problems. Huang et al. [76] pointed out that 

tensor equations of the form (4.1) appear in continuum physics, engineer- 

ing, isotropic and anisotropic elastic models. Multilinear systems of the 

form (4.1) may also arise from discretization of the high-dimensional Poisson 

problem using finite difference approximations [76]. 

In the current chapter, we are interested in developing robust and fast iter- 

ative Krylov subspace methods via the Einstein product to solve ill-posed 

problems originating from color image and video processing applications. 

Standard and global Krylov subspace methods are suitable when dealing 

with grayscale images, e.g, [17, 18, 35], while Krylov subspace methods can 

handle similar applications when the blurring linear operator can be decom- 

posed into a Kronecker product of two matrices; see [17, 18]. However, much 



 

4.1. Introduction 85 

work has to be done to numerically solve problems related to multi channel 

images (e.g. color images, hyper-spectral images and videos). We show that 

modelling these problems in the form of tensor equations (4.1) make it pos- 

sible to develop tensor iterative Krylov subspace methods more appealing 

and allows to significantly reduce the overall computational cost.   We find 

that solving this kind of problems with the Einstein product can keep the 

computational cost low and the iterative methods based on this product are 

better than the matrix-based iterative methods. We show that tensor iterative 

methods based on the Einstein product have several advantages: modelling 

color image and video processing problems with higher order tensor repre- 

sentation keeps computational cost and memory requirement low and a one 

to- one correspondence between the solution and the PSF array facilitate the 

integration of complicated boundary conditions. 

The remainder of paper is organized as follows. In Section 4.2 we present 

some symbols and notations used throughout the paper. Section 4.3 in- 

cludes reviewing the adaptation of Tikhonov regularization for tensor equa- 

tion (4.1). Then we propose tensor GMRES and Global Golub–Kahan meth- 

ods via the Einstein product in conjunction with Tikhonov regularization. 

On the basis of Point Spread Function (PSF), we propose, in Section 4.4, a 

tensor formulation in the form of (4.1) that describes the blurring of color im- 

age and video processing. In Section 4.5 we present the block tensor Arnoldi 

process with some properties, we developed the block tensor GMRES and 

the block tensor Golub Kahan algorithms, respectively. Numerical exam- 

ples are reported on restoring blurred and noisy color images and videos. 

Concluding remarks can be found in the last section. 
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4.2 Definitions and Notations 

 
In  [13],  the  ☒N   product  between  the  N-mode  tensors  X ∈  RI1 × ·· ·× IN−1 × IN 

and Y ∈  RI1 × · · ·× IN−1 × ĨN   has been defined as an  IN × ĨN  matrix whose (i, j)- th 

entry is 

 
[X ☒N  Y] ij = tr(X::...:i ☒

N− 1  Y::...:j), N = 3, 4, . . . , 
 
 

where  
X ☒2  Y = X T Y , X ∈  RI1 × I2 , Y ∈  RI1 × Ĩ2 . 

 

Basically, the product X ☒N Y is the contracted product of the N-mode ten- 

sors X and Y along the first N −  1 modes. 

It is immediate to see that for X , Y ∈  RI1 × ·· ·× IN , we have 

 
⟨X , Y ⟩ = tr(X ☒N  Y), N  = 2, 3, . . . , 

 
 

and 

 
 
 

. 

 
ǁX ǁ2  

= tr(X ☒N  X ) = X ☒(N+1) X , 

 

We end the current subsection by recalling the following useful proposition 

from [13]. 

Proposition 4.1.  Suppose that B ∈  RI1 × · · ·× IN × m  is an (N + 1)-mode tensor with 

the column tensors B1, B2, . . . , Bm  ∈  RI1 × · · ·× IN   and z  = (z1, z2, . . . , zm)T  ∈  Rm. 

For an arbitrary (N + 1)-mode tensor A with N-mode column tensors A1, A2, . . . , Am, 

the following statement holds 

 
A ☒(N+1) (B ×̄ N+1 z) = (A ☒(N+1) B)z. (4.2) 
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X 
F F 

 

4.3 Krylov subspace methods via Einstein product and 

Tikhonov regularization 

In this section, we define the tensor global Arnoldi generalizing the classical 

one [79] and propose iterative methods based on Global Arnoldi and Global 

Global Golub–Kahan bidiagonalization (GGKB) combined with Tikhonov 

regularization that will be applied to the restoration of color images and 

videos from an available blur- and noise-contaminated versions. 

 
4.3.1 Tikhonov regularization 

 
Many applications require the solution of several ill-conditioning systems 

of equations of the form (4.1) with a right hand side contaminated by an 

additive error, 

Φ(X ) = C + E, (4.3) 

where E is the tensor of error terms that may stem from measurement and 

discretization errors. An ill-posed tensor equation may appear in color im- 

age restoration, video restoration, and when solving some partial differential 

equations in several space dimensions. In order to diminish the effect of the 

noise in the data, we replace the original problem by a more regularized one. 

The most popular regularization method is due to Tikhonov [130] for which 

the original problem is replaced by the new one 

 
Xµ = argmin 

 
ǁΦ(X ) − C ǁ2  + µǁX ǁ2 

  
. (4.4) 

 
 

The choice of µ affects how sensitive Xµ is to the error E in the contaminated 

right-hand side. For the vector and the matrix cases, many techniques for 

choosing a suitable value of µ have been analyzed and illustrated in the 

literature; see, e.g., [138]. 
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˜ 

˜ 

W = V × H̃ (4.6) 

m 

 

4.3.2 The Global GMRES method via Einstein product 

 

Let Φ be a linear mapping from the tensor space RI1 × ...× IN × J1 × ...× JM onto 

RI1 × ...× IN × J1 × ...× JM The m-th tensor Krylov subspace is defined by 

 
Km(Φ, V) = span{V, Φ(V), . . . , Φm− 1(V)} ⊂  RI1 × ...× IN × J1 × ...× JM . (4.5) 

 
where Φi (V) = Φ(Φi− 1(V)). The algorithm for constructing an orthonormal 

basis of (4.5) is given as follows. 

Algorithm 12 Tensor Global Arnoldi process via Einstein product 
 

1. Inputs: A linear mapping Φ, and a tensor V ∈  RI1 × ...× IN × J1 × ...× JM and an integer m. 

2. Set β = ǁV ǁF and V1  = V/β. 

3. For j = 1, . . . , m 

(a) W = Φ(Vj). 

(b) for i = 1, . . . , j. 

∗ hij  = ⟨Vi , W ⟩, 

∗ W = W −  hijVi 

(c) endfor 

(d) hj+1,j  = ǁW ǁF. If hj+1,j  = 0, stop; else 

(e) Vj+1  = W/hj+1j. 

4. EndFor 

 

Let Hm be the upper (m + 1 ×  m) Hessenberg matrix whose entries are the hij 

from Algorithm 12 and let Hm be the matrix obtained from Hm by deleting 

the last row. Then, it is not difficult to verify that the Vi’s obtained from Algo- 

rithm 12 form an orthonormal basis of the tensor Krylov subspace Km(Φ, V). 

Analogous to [13, 79], we can prove the following proposition. 

Proposition 4.2. Let V be the (M + N + 1)-mode tensor with frontal slices V1, V2, . . . , Vm 

and Wm be the (M + N + 1)-mode tensor with frontal slices Φ(V1), . . . , Φ(Vm). 

Then 

 
T 

m m+1 (M+N+1) m 

= Vm × (M+N+1) HT   + hm+1,m Lm × (M+N+1) Em, 
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ǁR ǁ 
X ∈ X

 

1 

1 

y = arg min ǁβe1 − H̃  yǁ . (4.10) 

 

where Em = [0, 0, . . . , 0, em]; em is the m-th column of the identity matrix Im and 

Lm is the (M + N + 1)-mode whose frontal slices are all zero except that last one 

being equal to Vm+1. 

Let X ∈  RI1 × ...× IN × J1 × ...× JM , Φ a linear tensor mapping, C ∈  RI1 × ...× IN × J1 × ...× JM 

and consider the linear system of tensor equations 

 
 

Φ(X ) = C. (4.7) 

Using Algorithm 12, we can propose the tensor global GMRES method to 

solve the problem (4.7). As for the global GMRES, we seek for an approxi- 

mate solution Xm, starting from X0 such that Xm ∈  X0 + Km(Φ, V) and by 

solving the minimization problem 

 
 

m  F = min 
0+Km(Φ,V) 

ǁC − Φ(X )ǁF. (4.8) 

 

where Rm = C −  Φ(Xm). Assume that m steps of Algorithm 12 has been 

performed. Given an initial guess X0, we set 

 
Xm  = X0 + Vm ×̄ (M+N+1)ym, (4.9) 

 
which  gives  Rm   =  R0 −  Wm ×̄ (M+N+1)ym.   Using  the  relations  (4.6)  from 

Proposition 4.2, it follows that 

 
ǁC − Φ(Xm)ǁF = ǁVm ☒(M+N+1) (C − Φ(Xm))ǁ2 

= ǁVm  ☒(M+N+1) (R0  − Wm ×̄ (M+N+1)ym )ǁ2 

= ǁβem+1  −  Vm  ☒(M+N+1) (Wm ×̄ (M+N+1)ym )ǁ2 

= ǁβem+1  − (Vm  ☒(M+N+1) Wm )ym ) ǁ2. 

 
Therefore, ym is determined as follows: 

 
 

m+1 
m m 2 

y 
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˜ ˜  ˜ 

m+1   2 

T ˜ ˜  ˜ 

GCV(µ) = 1 2    =
 ,µ     m 1 2

 

¨
 

 

The relations (4.9) and (4.10) define the T-GGMRES. Setting X0 = 0 and 

using the relations (4.8), (4.9) and (4.10) it follows that instead of solving 

the problem (4.4) we can consider the following low dimensional Tikhonov 

regularization problem 

 

m+1 2 2 

ǁβe1 − H̃m yǁ2 + µǁyǁ2. (4.11) 

The solution of the problem (4.11) is given by 

¨
  

H̃m 

 

 

 

 

βem+1 ¨ 

y = arg min ̈  
 
y −  

 1 
¨ . (4.12) 

m,µ 

µI 
  

0 

¨
2

 

The minimizer ym,µ of the problem (4.12) is computed as the solution of the 
linear system of equations 

T m+1 

H̃m,µ y = H̃m βe1 (4.13) 

T 

where Hm,µ = (Hm Hm + µI). 

Notice that the Tikhonov problem (4.11) is a matrix one with small dimen- 

sion as m is generally small. Hence it can be solved by some techniques such 

as the GCV method [60] or the L-curve criterion [35, 67, 69]. An appropriate 

selection of the regularization parameter µ is important in Tikhonov regu- 

larization. Here we can use the generalized cross-validation (GCV) method 

[60, 138]. For this method, the regularization parameter is chosen to mini- 

mize the GCV function 

1 T m+1 2 I − H̃  H̃m
−   H̃  )βe || 

||H̃m ym,µ − βe || ||( m 
 

[tr(I − H̃m H̃m
− 1  H̃T )]2 [tr(I − Hm Hm

− 1 H̃T )]2 

 

where Hm,µ = (Hm Hm + µI) and ym,µ is the solution of (4.13). As the pro- 

jected problem we are dealing with is of small size, we cane use the SVD 

decomposition of H̃m  to obtain a more simple and computable expression of 

√ 

,µ m ,µ m 
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˜ 

T ˜ 

˜ 

∑ 
σ2 + µ 

R0  − Vm+1 ×̄ (M+N+1)(Hmym ) 

 

GCV(µ). Consider the SVD decomposition of Hm = UΣV 

function could be expressed as (see [138]) 

T .  Then the GCV 

 
m   

   g˜i 2 

∑( 
σ2 + µ 

)
 

GCV(µ) =  i=1 i , (4.14) 
  m

 1 2 

i=1  i 

T m+1 

where σi is the ith singular value of the matrix H̃m  and g̃ = β1U   e1 . 

In the practical implementation, it’s more convenient to use a restarted ver- 

sion of the global GMRES. As the number of outer iterations increases, it is 

possible to compute the m-th residual without forming the solution. This is 

described in the following theorem. 

Proposition 4.3. At step m, the residual Rm = C −  Φ(Xm) produced by the tensor 

global GMRES method for solving (4.1) has the following expression 

 
Rm  = Vm+1×̄ (M+N+1) (γm+1 Qmem+1) , (4.15) 

where Qm is the unitary matrix obtained by QR decomposition of the upper Hessen- 

berg matrix Hm and γm+1 is the last component of the vector βQmem+1 in which 

β = ǁR0 ǁF and el ∈  Rl is the last column of identity matrix. Furthermore, 

 
ǁRm ǁF  = |γm+1| (4.16) 

 
Proof.  At step m, the residual Rm  = R0 − Wm ×̄ (M+N+1)ym can be expressed 

as 

 
T    ¯ 

Rm = R0 −  (Vm+1 × (M+N+1) Hm )× (M+N+1)ym 

= ˜ 
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˜ 

˜ 

2 

˜ 

˜ 

 

by considering the QR decomposition H̃m  = QmŨm  of the (m + 1) ×  m ma- 

trix H̃m, we get 

 

Rm  = R0  −  Vm+1×̄ (M+N+1)(QmUmym ). 
 

 
Straightforward computations show that 

 
 

2 ¯ 2 

ǁRm ǁF = ǁR0  −  Vm+1× (M+N+1)(QmŨm ym )ǁF 
 

= ǁVm  ☒ (R0  − Vm+1× (M+N+1)(QmUm ym ))ǁ2 

T m+1 2 

= ǁQm(Qmβe1 − Ũm ym) ǁ2 
 

= ǁQm βe1 − Ũm ym ǁ2 

= ǁzm −  Ũm ym ǁ2 + |γm+1| 
 

where zm denotes vector obtained by deleting the last component of QT βem+1. 
m 1 

Since ym solves problem (4.10), it follows that ym is the solution of Umym = 

zm, i.e., 

ǁzm −  Ũm ym ǁ2  = 0. 

Note that Rm can be written in the following form 
 
 

¯ m+1 ¯ 
Rm = βVm+1× (M+N+1)e1 − Vm+1× (M+N+1)(H̃m ym ) 

 

= Vm+1× (M+N+1)(βe1 − H̃m ym ) 
 

= Vm+1× (M+N+1)(Qm (Qmβe1 −  Uym )) 

= Vm+1 ×̄ (M+N+1)(Qmγm+1em+1). 

 
Now the result follows immediately from the above computations. 

 

The tensor global GMRES algorithm with the Tikhonov regularization for 

the projected problem, is summarized as follows: 

2 

(M+N+1) ¯ 2 

T m+1 2 

¯ m+1 

¯ T m+1 
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˜ 

X 

˜ 

˜ 

˜ 

6.  Vj  = Ṽ/ρj 

 
 

 

Algorithm 13 Global GMRES method via Einstein product 

1. Inputs A linear mapping Φ, initial guess 0, a tolerance ε, number of iterations 
between restarts m and Maxit a maximum number of outer iterations. 

2. Compute R0 = C −  Φ(X0), set V = R0 and k = 0 

3. Determine the orthonormal frontal slices V1, . . . , Vm of Vm, and the upper Hessen- 

berg matrix Hm by applying Algorithm 12 to the pair (Φ, V). 

4. Determine µk as the parameter minimizing the GCV function given by (4.14) 

5. Determine ym as the solution of low-dimensional Tikhonov regularization problem 

(6.18) and set Xm  = X0 + Vm ×̄ (M+N+1)ym 
6. If ||Rm| |F  < ε or k > Maxit; Stop 

else: set X0 = Xm, k = k + 1, Go to 2 

 

4.3.3 The tensor Golub–Kahan method via the Einstein product 

Instead of projecting orthogonally onto a Krylov subspace and using GM- 

RES method for solving the obtained minimisation problem, one can apply 

oblique projection schemes based on biorthogonal bases for Km(Φ, V) and 

Km(ΦT , W); see [84] for instance. 

Here, we exploit the tensor Golub–Kahan algorithm via the Einstein prod- 

uct. It should be commented here that the Golub–Kahan algorithm has been 

already examined for solving ill-posed Sylvester and Lyapunov tensor equa- 

tions with applications to color image restoration [13] using the classical n- 

mode product. 

Let Φ a linear tensor mapping and C ∈  RI1 × ...× IN × J1 × ...× JM be given tensor. 

Then, the GGKB algorithm is summarized as follows. 
 

Algorithm 14 Global Golub–Kahan algorithm via Einstein product 

1. Inputs A linear mapping Φ and an integer l. 

2. Set σ1  = ǁC ǁF, U1  = C/σ1 and V0  = 0 

3. For j = 1, 2, . . . , l Do 
T 4.  Ṽ = Φ  (Uj) − σjVj− 1 

 

7.  Ũ  = Φ(Vj) − ρjUj 

8.  σj+1  = ǁU ǁF 

9. if ρj = 0 stop, else 

10. Uj+1 = U /σj+1 

11. EndDo 

5.  ρj  = ǁV ǁF if ρj  = 0 stop, else 
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T 

˜ 

W̃ = U × C   ,

 (4.17) 
l 

X 
F F 

 

 

Assume that l steps of the GGKB process have been performed, we form the 

lower bidiagonal matrix Cl ∈  Rl× l 

ρ1 

 

σ2 ρ2 
 

. . 
 

Cl = 
 

 

. . . . 

σl− 1 ρl− 1  

σl ρl  

 

and 

C̃l =    
Cl

  ∈  R(l+1)× l. 

σl+1el 

Proposition 4.4. Assume that l have performed and all non-trivial entries of the 

matrix Cl are positive. Let Vτ and Uτ be (M + N + 1)-mode tensors whose frontal 

slices are given by Vj and Uj for j = 1, 2, . . . , τ, respectively. Furthermore, suppose 

that Wτ and Wτ
∗ are (M + N + 1)-mode tensors having frontal slices Φ(Vj) and 

ΦT (Uj) for j = 1, 2, . . . , τ, respectively. The following relations hold: 

 

 
T 

l l+1 (M+N+1) l 

W∗

l = Vl × (M+N+1) CT. (4.18) 

 
Proof. From Lines 7 and 10 of Algorithm 14, we have 

 
 

Φ(Vj) = ρjUj + σj+1Uj+1 j = 1, 2 . . . , l 

 
which conclude (4.17) from definition of n-mode product. Similarly, Eq. 

(4.18) follows from Lines 4 and 6 of Algorithm 14. 

 

Here, we apply the following Tikhonov regularization approach and solve 

the new problem 

min 
 

ǁΦ(X ) − C ǁ2  + µ
− 1 ǁC ǁ2 

  
, (4.19) 
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2 

F 1 l 

F 1 l 

 

We comment on the use of µ
− 1 in (4.19) instead of µ below. As for the it- 

erative tensor Global GMRES method discussed in the previous subsection, 

the computation of an accurate approximation Xµ requires that a suitable 

value of the regularization parameter be used. In this subsection, we use 

the discrepancy principle to determine a suitable regularization parameter 

assuming that an approximation of the norm of additive error is available, 

i.e., we have a bound ε for ǁE ǁF. This priori information suggests that µ has 

to be determined such that, 

 
ǁC − Φ(Xµ)ǁF  = ηe, (4.20) 

where η > 1 is the safety factor for the discrepancy principle. A zero-finding 

method can be used to solve (4.20) in order to find a suitable regulariza- 

tion  parameter  which  also  implies  that  ǁC − Φ(Xµ)ǁF  has  to  be  evaluated 

for several µ-values. When the tensor A is of moderate size, the quantity ǁC 

− Φ(Xµ)ǁF can be easily evaluated. This computation becomes expensive 

when A is a large tensor, which means that its evaluation by a zero-finding 

method can be very difficult and computationally expensive. In what fol- 

lows, it is shown that this difficulty can be remedied by using a connection 

between the GGKB and Gauss-type quadrature rules. This connection pro- 

vides approximations of moderate sizes to the quantity ǁC − Φ(Xµ)ǁF  and 

therefore gives a solution method to inexpensively solve (4.20) by evaluating 

these small quantities; see [17, 18] for discussion on this method. 

Let us consider the following functions of µ, 
 
 

φ(µ) = ¨C −  Φ(Xµ)¨F (4.21) 

Gl fµ = ǁC ǁ2 eT(µClCT + Il)
− 2e1, (4.22) 

Rl+1 fµ = ǁC ǁ2 eT(µĈlĈ
T  + Il+1)

− 2e1; (4.23) 
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2 

2 2 

2 

 

Gl f and Rl+1 fµ are pairs of Gauss and Gauss-Radau quadrature rules, re- 

spectively, and they approximate φ(µ) as follows 

 
Gl fµ ≤ φ(µ) ≤ Rl+1 fµ (4.24) 

 
As shown in [17, 18], for a given value of l ≥ 2, we solve for µ the nonlinear 

equation 

 

 
by using Newton’s method. 

Gl fµ = e (4.25) 

 

The use the parameter µ in (4.19) instead of 1/µ, implies that the left-hand 

side of (4.20) is a decreasing convex function of µ. Therefore, there is a unique 

solution, denoted by µε, of 

φ(µ) = ε2 

 
for almost all values of ε > 0 of practical interest and therefore also of (4.25) 

for l sufficiently large; see [17, 18] for analyses. We accept µl that solve (4.20) 

as an approximation of µ, whenever we have 

 
Rl+1 fµ ≤ η e . (4.26) 

 
If (4.26) does not hold for µl, we carry out one more GGKB steps, replacing 

l by l + 1 and solve the nonlinear equation 

 

Gl+1 fµ = e ; (4.27) 

 
see [17, 18] for more details. Assume now that (4.26) holds for some µl. The 

corresponding regularized solution is then computed by 

 
Xl = Vl ×̄ (M+N+1)yl, (4.28) 



4.3. Krylov subspace methods via Einstein product and Tikhonov regularization 97 

 

2 

2 

¨ 

¨ 

¨ 

l l l 

l F 

F l+1 l l 1 1 

F 

l+1 (M+N+1) l l 1 1 
F 

2 

¨ 

 

where yµl solves 
 

(C̄ T C̄l + µ
− 1 Il)y = σ1C̄ Te1, σ1  = ǁC ǁF . (4.29) 

 
It is also computed by solving the least-squares problem 

 

¨ µ1/2C̄l
 1/2     ¨ 
 

   

min ̈
 l  

y −  σ µ . (4.30) 
y∈ Rl 

¨  Il 
 

¨2 

The following result shows an important property of the approximate solu- 

tion (4.28). We include a proof for completeness. 

Proposition 4.5. Under assumptions of Proposition 4.4, let µl solve (4.25) and let 

yµl solve (4.30). Then the associated approximate solution (4.28) of (4.19) satisfies 

 
¨Φ(Xµ ) −  C¨  = Rl+1 fµ 

 
 

Proof. By Eq. 4.17, we have 

 
l 

Φ(Xµ ) = ∑(Φ(Vi))yi = Wl ×̄ (M+N+1)yl 
l 

i=1 
l 

 l+1×̄ (M+N+1) l  l 

= U 

 
 

Using the above expression gives 

(C̃ y  ) 

 

¨Φ(X ) −  C¨ = ¨U × 

 
 

2 

(C̃ y  ) − σ U ¨ 
 

=   U ×̄ (C̃ y  ) − U × 
2 (σ e ) 

=   U ×̄ 
 

C̃ y   − σ e  
 

¨
2

 

 

=   U ☒(M+N+1) (U ×̄ 
 

 

 
C̃ y 

 
   

—  σ e 
 
)¨

2

 

= ¨
  

U 
 

 ☒(M+N+1) U 
 
 

  

   
C̃ y

 
—  σ e 

 
)¨

2

 

= ¨C̃ y 
2 —  σ e ¨ 

1 1 l 

l 

1 1 l l 

l+1 

1 e 1  l 

¨ 

l 

µl (M+N+1) 
F 

F 

2 

¯ 

(M+N+1) l l l+1 ¯ (M+N+1) 1 1 

l+1 l+1 (M+N+1) l l 1 1 

l+1 l+1 
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2 2 
¨ 

˜ 

Φ(Xµl ) −  C F = σ1 ¨e1 − Cl Cl Cl + µl  Il Cl e1 

1 1 l l l 

 

where we recall that σ1  = ǁC ǁF.  We now express yµl  with the aid of (4.29) 

and apply the following identity 

 

I −  A 
  

AT A + µ
−1 I

  − 1 
AT = 

  
µAAT + I

  − 1
 

with A replaced by Ĉl, to obtain 
 

¨ ¨ ¨ ˜ 
  

˜T ˜ − 1    
 − 1 

˜T     ¨
2

 
 

 

= σ2eT 
 

µ  C̃ C̃T  + I 

 − 2 
e
 

 

= Rl+1 fµl 

 
which conclude the assertion. 

 

The following algorithm summarizes the main steps to compute a regular- 

ization parameter and a corresponding regularized solution of (4.1) using 

GGKB and quadrature rules method for Tikhonov regularization. 

Algorithm 15 GGKB and quadrature rules method for Tikhonov regularization via Ein- 
stein product 

1. Inputs A linear mapping Φ, η ≤ 1 and ε. 

2. Determine the orthonormal bases Ul+1 and Vl of tensors, and the bidiagonal ma- 
trices Cl and Cl by implementing Algorithm 14. 

3. Determine µl that satisfies (4.25) with Newton’s method. 

4. Determine yµl by solving (4.30) and then compute Xµl by (4.28). 

 
 

 

4.4 The tensor block GMRES process 

 
4.4.1 The tensor block Arnoldi process via the Einstein product 

 
In this section, we introduce the The tensor block Arnoldi process via Ein- 

stein product (TBAE) as a generalization of well know Block Arnoldi process 

. 

Let A ∈  RI1× ...× IN × I1× ...× IN  be a square tensor and V ∈  RI1× ...× IN × J1× ...× JM . 

F 

l+1 1 
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m 

 

The m-th tensor block Krylov subspace is defined by 

 

KBlock (A, V) = Range 
 h
V , A ∗N V , . . . , Am− 1  ∗N V

i  
⊂  RI1 × ...× IN (4.31) 

where Ai  = A ∗N Ai− 1, i = 1, . . . , m −  1, A0  = IN and 

Range(Z) = 
,
Y ∈  RI1 × ...× IN /Y = Z ∗M X ,  X ∈  R J1 × ...× JM 

,
 

for Z ∈  RI1× ...× IN × J1× ...× JM . 

 

Theorem 4.6. (QR Factorization via the Einstein product) Let A ∈  RI1 × ...IN × J1 × ...× JM , 

then there exists an orthogonal tensor Q ∈  RI1 × × ...IN × J1 × ...× JM   - QT  ∗N Q = IM- 

and R ∈  RJ1 × × ...JM × J1 × × ...JM triangular tensor such that 

 
A = Q ∗M R (4.32) 

 
We call (4.32) a QR factorization of the tensor A. 

 
Proof. Let A ∈  RI1 × ...IN × J1 × ...× JM , assume that the QR factorization of the 

unfolding matrix A = ΨIJ(A) is : A = QR, we have : 

A = QR 

 

Since Ψ is a bijection, we get 

 

A = ΨI
−
J 

1(A) = ΨI
−
J 

1(QR) 

= Q ∗M R 
 

 

 

The algorithm for constructing an orthonormal basis of the tensor block 

Krylov subspace(4.31) is given as follows. Let 
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1 

A ∈  V ∈  

j 

i 

i 

j+1 

m 

 
T

 

m m m+1 m 

m 1 2 m 

m+1 m m+1 

 
 

Algorithm 16 The tensor block Arnoldi process via the Einstein product 

1. Inputs: A tensor RI1 × ...× IN × I1 × ...× IN , a tensor RI1 × ...× IN × J1 × ...× JM and the 
integer m. 

2. Set V = Q ∗M R, V b  = Q and H1,0  = R. 

3. For j = 1, . . . , m 

4. W = A ∗N V b 

5. for i = 1, . . . , j. 

∗ Hij  = V b
T   

∗N W , 

∗ W = W − V b  ∗M Hij 

6. endfor 

7. W = Q ∗M R, V b = Q and Hj+1,j  = R. 

8. EndFor 

Vb    = 
h
V b, V b, . . . , V b 

i 
∈  RIN × γ1× ...× γM 

Vb = 
h

Vb , V b 

i 
∈  RIN × λ1× ...× λM 

ET  = [OM, OM, . . . , IM] ∈  RJ
M × γ1 × ...× γM

 

Hm   = (Hi,j )1≤ i,j≤m   ∈  Rγ1×  ...× γM× γ1× ...× γM 

H̃ m 
= 

 Hm

 
 

∈  Rλ1× ...λM× γ1× ...× γM 

Hm+1,m  ∗M  Em 

 
where IN = I1 ×  . . . ×  IN, γi = mJi, i = 1, . . . , M ,λi = (m + 1)Ji, i = 1, . . . , M 

and JM = J1 ×  . . . ×  JM. 

 
Proposition 4.7. We can state now the following useful relations that could be 

easily proved. 
b b 

A ∗N Vm  = Vm+1  ∗M H̃ m (4.33) 
 

A ∗N Vb = Vb ∗M Hm + V b ∗M  Hm+1,m  ∗M  E
T

 (4.34) 

 
 

Notice that in the case N = M = 1, Algorithm 16 reduces to the well known 

block Arnoldi process. In the newt subsection, we introduce a tensor version 

of the block GMRES algorithm. 
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m 

i=1 

m 

S ∈  

m 

    

 

4.4.2 The tensor Block GMRES method 

 

Let A ∈  RI1× ...× IN × I1× ...× IN and V ∈  RI1× ...× IN × J1× ...× JM . If the sub-columns of a 

tensor U of size (I1 ×  . . . ×  IN ×  J1 ×  . . . ×  JM) are in KBlock (A, V), then 

U can be expressed as 

 
m 

U = ∑ Ai− 1  ∗N V ∗M S 

where S ∈  RJ1 × ...× JM × J1 × ...× JM . We denote this linear operator as : 

 
U = Qm(A) ◦ V 

 
where Qm is the tensor-valued polynomial given by 

 
m 

Qm(t) = ∑ ti−1   , t R. 
i=1 

Let X0  ∈  RI1 × ...× IN × J1 × ...× JM   be an initial guess tensor and R0  = C − ffi ∗N X0 be 

the corresponding residual. The aim of The tensor block Golub Kahan 

process via Einstein product (TBGMRESE) is to find, at each step m, an ap- 

proximation Xm of the solution X ∗ of the problem (6.1), as follows 

 
Xm −  X0 ∈  KBlock (A, R0) (4.35) 

 
and 

 
 

Ri,m  ⊥  KBlock (A, A ∗N R0) (4.36) 

 
where Ri,m denote the i-th sub-column of Rm  = C − A ∗N Xm and consider 

the tensor Lm  =   R0, A ∗N R0, . . . , Am− 1  ∗N R0    ∈  RI1 × ...× IN ×γ1 × ...×γM   and Wm  

= A ∗N Lm ,  where γi  = mJi, i  = 1, . . . , M.  The relation ( 4.35) can be 
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m 

ǁR ǁ 

m m 

m m 

m m 

1 m+1 

 

expressed as follows 
 
 

Xm  = X0 + Lm ∗M Ym (4.37) 

 Y1 

 

Ym 

 

orthogonality relation (4.36) implies that 

 
 

(WT  ∗N Wm) ∗M Ym  = WT  ∗N R0 (4.38) 

 

 
Theorem 4.8.  Assuming that the tensor  (WT  ∗N Wm) is nonsingular,  then the 

approximation Xm and the corresponding residual Rm are expressed as follows 

 
Xm  = X0 + Lm ∗M (WT  ∗N Wm)

− 1 ∗M (WT  ∗N R0) (4.39) 
 
 

and  
Rm  = R0 −  Wm ∗M (WT  ∗N Wm)

− 1 ∗M (WT  ∗N R0) (4.40) 

 

Proof. Using the relations (4.37) and (4.38), the results follow. 
 
 

As we are dealing with an orthogonal projection, the residual norm of the 

iterates produced by the tensor block GMRES satisfy the following mini- 

mization property 

 

m  F = min 
Z ∈ Km(A,R0) 

ǁC − A ∗N Z ǁF (4.41) 

 

Furthermore, using the fact that Z = X0 + Lm ∗M Y with Y ∈  Rγ1 ×  ...× γM × JM 
, 

relation(4.33) and the fact that R0  = V b  ∗M H1,0  = Vb ∗M E1 ∗M H1,0, we 

  where Ym = . ∈  Rγ1× ...× γM× J1 × ...× JM , Yi    ∈  RJ1 × ...× JM× J1× ...× JM .   The 



 

b 

Y 
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get 

Rm  = R0 − A ∗N Lm ∗M Y 
b b 

 
 
 

 
We finally obtain 

= Vm+1  ∗M  E1  ∗M  H1,0  − Vm+1  ∗M  H̃ m  ∗M  Y 

= Vm+1  ∗M (E1 ∗M H1,0 − H̃ m  ∗M Y) 

 
ǁRm ǁF  = min ǁE1 ∗M H1,0 −  H̃ m  ∗M YǁF , (4.42) 

 
 

and then the approximation Xm is given by 

 
Xm  = X0 + Lm ∗M Ym , (4.43) 

 
where Ym solves the problem (4.42). 

 
 

4.5 Tensor Block Golub Kahan method 

 
In this section, we introduce the tensor block version of Golub Kahan al- 

gorithm using the Einstein product. Consider the linear system of tensor 

equations 

A ∗P X = B (4.44) 

where A ∈  RI1 × ...IN × K1 × ...× KP and B ∈  RI1 × ...IN × J1 × ...× JM . Then, the tensor block 

Golub–Kahan bidiagonalization (TBGK) algorithm via Einstein prod- uct 

produces orthonormal bases Um+1 = [U1, . . . , Um, Um+1] ∈  RI1 × ...IN × λ1 × ...× λM and 

Vm = [V1, . . . , Vm] ∈  RK1 × ...× KP × γ1 × ...× γM , where γi = mJi, i = 1, . . . , M 

,λi = (m + 1)Ji, i = 1, . . . , M. 

The tensor block Golub Kahan process via Einstein product (TBGKE) is sum- 

marized in the following algorithm.   Let C̃m  ∈  Rλ1 × ...λM × γ1 × ...γM  and Cm , Dm  ∈  
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Ũ = A ∗ V − U ∗  BP 

 Mj j 

 j 

  

 ̃

m 

 
2 

   
. . .

 
 

where ET  = [OM, OM, . . . , IM] ∈  RJ1 × ...× JM × γ1 × ...× γM , E1 =  .  ∈  Rλ1× ...× λM× J1× ...× JM 
 IM 

 

. . . 

 
 

Algorithm 17 The tensor block Golub Kahan algorithm 

1. Inputs The tensors A, B, and an integer m. 

2. Set V0  = 0 and R0  = B − A ∗P X0  = Q ∗M R, U1  = Q , A1  = R. 3. 

For j = 1, . . . , m 
T (a) Ṽ = A ∗N  Uj  − Vj− 1  ∗M  A j 

(b) 

(c) 

(d) 

Ṽ = Q ∗M R, (QR factorisation); and set V j  = Q , Bj  = R. 

Ũ = Q ∗M R, (QR factorisation); and set Uj+1  = Q , Aj+1  = R 

 
 

Rγ1× ...γM× γ1× ...γM as follows 
 

 
B1

 

 A B 
 

 

 

. . .  
 

 

 

B1

 

 
 

  

  

B1 A2 

 

   
 

 
 

 
 

 C̃m  =  . . . . , Cm =  . . . . Dm = . . . .  

Am  Bm 

Am+1 

 
Am

 

Bm 

 . Am 
 

Bm 

 

 

Then we have the following results 
 

Proposition 4.9. The tensors produced by the tensor block Golub-Kahan algorithm 

satisfy the following relations 

 
A ∗P Vm = Um+1 ∗M Cm, (4.45) 

= Um ∗M Cm + Um+1 ∗M Am+1 ∗M ET , (4.46) AT  ∗N 

Um = Vm ∗M Dm ,  (4.47) 

R0 = Um+1 ∗M E1 ∗M A1. (4.48) 

 
 
 
 

 

 
and Um = [U1, . . . , Um] ∈  RI

N × γ1 × ...× γM . 

OM

 

 
 
 

 

Proof. The proofs come directly from different steps of Algorithm 17. 

m 

. 
2 B 2 B 2 A . . 

4. End for 

2 . . .
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Y 

 

. 

Proposition 4.10.  Let Xm  = X0 + Vm ∗M Ym  ∈  RK1 × ...× KP × J1 × ...× JM   with Ym  ∈  Rγ1 

× ...× γM × J1 × ...× JM where Vm is obtained from Algorithm 17, be an approximation of the 

solution X
∗
 of the tensor linear system (4.44) . Then 

 
 

arg min 
X =X0+Vm ∗M Y 

ǁffi ∗P X −  BǁF (4.49) 

 

is given by Xm  = X0 + Vm ∗M Ym where Ym solves the minimisation problem 

 
min ||E1 ∗M A1 − C̃m  ∗M Y||F (4.50) 

Proof. Using the results of Proposition 4.9, we get 

 

||R0 − A ∗P Xm||F  = ||Um+1 ∗M E1 ∗M A1 − Um+1 ∗M C̃m  ∗M Ym||F 

= ||Um+1 ∗M (E1 ∗M A1 − C̃m  ∗M Ym)||F  = ||E1 ∗M A1 − C̃m  ∗M Ym||F, 

which ends the proof. 

The low dimensional minimisation tensor problem (4.50) is then solved by a 

QR factorisation of the tensor C̃m. 

4.6 Numerical results 

 
This section provides some numerical results to show the performance of Al- 

gorithms 13 and Algorithm 15 when applied to the restoration of blurred and 

noisy color images and videos. For clarity and definiteness, we first focus on 

the formulation of a tensor model, describing the blurring that is taking place 

in the process of going from the exact to the blurred RGB image (or video). 

Notwithstanding what has just been said, recovering RGB (or video) from 

their blurry and noisy observations can be seen as a tensor problem of the 

form (6.1). Therefore, it’s very important to understand how the model (6.1) 

can be constructed for RGB images and color video deblurring problems. 
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In what follows, we will concentrate only on the formulation of the tensor 

model for RGB image deblurring problems and will comment at the end of 

this section how a similar one can be formulated for color video deblurring 

problems. We recall that an RGB image is just multidimensional array of 

dimension M ×  N ×  3 whose entries are the light intensity. Throughout this 

paper, we assume that the original RGB image has the same dimensions 

as the blurred one, and we refer to it as N ×  N ×  3 tensor.   Let C repre- 

sent the available blurred RGB image, let X denote the desired unknown 

blurred RGB, and let A be the tensor describing the blurring that is taking 

place in the process of going from X to C. It is well known in the litera- 

ture of image processing that all the blurring operators can be characterized 

by a Point Spread Function (PSF) describing the blurring process and the 

boundary conditions outside the image, see [68]. Once the two-dimensional 

PSF array, P, is specified, we can as well build the blurring tensor A. By 

using the fact that the blurring process of an RGB image is simply a multi- 

dimensional convolution operation of the PSF array P and the original three- 

dimensional image X , the blurring tensor A can be easily constructed by 

placing the elements of P  in the appropriate positions.  Note that the PSF 

is a two-dimensional array P describing the image of a single white pixel, 

which makes its dimensions much smaller than N. Therefore, P contains all 

the required information about the blurring throughout the RGB image C. 

To illustrate this, the discrete operation for multi-dimensional convolution 

using a 3 ×  3 local and spatially invariant PSF array P with p22 is its center, 

and assuming zero boundary conditions, is given by: 

 
Cijk = p33Xi− 1j− 1k + p32Xi− 1jk + p31Xi− 1j+1k + p23Xij− 1k + p22Xij(k4.51) 

+ p21Xij+1k + p13Xi+1j− 1k + p12Xi+1jk + p11Xi+1j+1k, (4.52) 

 
for i, j = 1, ..., N and k = 1, 2, 3. Here the zero boundary conditions are 

imposed so the values of X are zero outside the RGB image, i.e., Xi0k  = 
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i2,i4 

a,b 

a,b 

^ 

^ ^ 

^ 

a,b a,b 

a,b a,b 

a,b a,b 

− 
2
 — 

2
 

 

XiN+1k = X0jk = XN+1jk = 0 for 0 < i, j < N + 1 and k = 1, 2, 3. The 

fourth order tensor A ∈  RN× N× N× N associated with (4.51), with partition 

(1, N, 1, N), can be partitioned into matrix blocks of size N ×  N. Each block 

is denoted by A(2,4) = A (:, i2, :, i4) ∈  RN× N  with i2  = 1, . . . , N  and i4  = 

1, . . . , N. The nonzero entries of the matrix block A
(2,4) 

∈  RN× N are given by 

 
(A

(2,4)
)a− 1b− 1  = p33; (A

(2,4)
)ab+1  = p21 

(A
(2,4)

)a− 1b  = p32; (A
(2,4)

)a+1b− 1  = p13 

(A
(2,4)

)a− 1b+1  = p31; (A
(2,4)

)a+1b  = p12 

(A
(2,4)

)ab− 1  = p23; (A
(2,4)

)a+1b+1  = p11 
a,b 

(A
(2,4)

)ab  = p22
 

for a, b = 2, . . . , N −  1. 

a,b 

The first following examples applies Algorithms 13 and 15 to the restoration 

of blurred color image and video that have been contaminated by Gaussian 

blur and by additive zero-mean white Gaussian noise. We consider the blur- 

ring to be local and spatially invariant. In this the case the entries of the 

Gaussian PSF array P are given by 

1 
 

(i − k) 
 2 1 

 
( j − l) 

 2
!

 

 

where σ controls the width of the Gaussian PSF and (k, l) is its center, see 

[68]. Note that σ controls the amount of smoothing, i.e. the larger the σ, the 

more ill posed the problem. The original tensor image is denoted by X in 

each example and A represents the blurring tensor.  The tensor C = A ∗N X 

represents the associated blurred and noise-free multichannel image.   We 

generated a blurred and noisy tensor image C = C + N , where N is a noise 

tensor with normally distributed random entries with zero mean and with 

variance chosen to correspond to a specific noise level ν := ǁN ǁF/ǁĈ ǁF . To 

pij = exp , 
σ σ 
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¨ −̈ Xrestored    
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determine the effectiveness of our solution methods, we evaluate 

 
X̂ 

ǁX̂ ǁF 

and the Signal-to-Noise Ratio (SNR) defined by 

 

SNR(Xrestored) = 10log10 ǁX̂ − E(X̂)ǁF 
 

 
ǁXrestored − X̂ǁF 

where E(X) denotes the mean gray-level of the uncontaminated image X . 

All computations were carried out using the MATLAB environment on an 

Intel(R) Core(TM) i7-8550U CPU @ 1.80GHz (8 CPUs) computer with 12 GB 

of RAM. The computations were done with approximately 15 decimal digits 

of relative accuracy. 

 

4.6.1 Example 1 

This example illustrates the performance of Algorithms 13 and 15 4 when ap- 

plied to the restoration of 3-channel RGB color image that have been contam- 

inated by Gaussian blur and additive noise. The original (unknown) RGB 

image X ∈  R256× 256× 3 is the papav256 image from MATLAB. It is shown on 

the left-hand side of Figure 4.1. For the blurring tensor A, we consider a PSF 

array P with σ = 2 under zero boundary conditions. The associated blurred 

and noisy RGB image C = A ∗N X is shown on the right-hand side of Figure 

4.1. The noise level is ν = 10− 3. Given the contaminated RGB image C, we 

would like to recover an approximation of the original RGB image X . Table 

4.1 compares, the computing time (in seconds), the relative errors and the 

PSNR of the computed restorations. Note that in this table, the allowed max- 

imum number of outer iterations for Algorithm 13 with noise level ν = 10− 2 

was 4. The restoration for noise level v = 10− 3 is shown on the left-hand 

side of Figure 5.2 and it is obtained by applying Einstein tensor global GM- 

RES method (Algorithm 13) with input A, C, X0 = O, ε = 10− 6, m = 10 

2 
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and Maxit = 10. Using GCV, the computed optimal value for the projected 

problem in Algorithm 2 was µ5 = 9.44 ×  10− 4. The restoration obtained with 

Algorithm 15 is shown on the right-hand side of Figure 4.2. The discrepancy 

principle with η = 1.1 is satisfied when l = 61 steps of the Einstein tensor 

GGKB method have been carried out, producing a regularization parameter 

given by µl = 2.95 ×  10− 4.   For comparison with existing approaches in 

the literature, we report in Table 4.1 the results obtained with the method 

proposed in [?] for solving the corresponding matrix form of (4.3). This 

method utilizes the connection between (standard) Golub–Kahan bidiago- 

nalization and Gauss quadrature rules for solving large ill-conditioned lin- 

ear systems of equations obtained by matricization of problem (4.3). We refer 

to this method as GKB. It is a solution method based on first reducing the 

blurring matrix to a small bidiagonal matrix with the aid of Golub–Kahan 

bidiagonalization (GKB) and then applying the connection between GKB 

and Gauss-type quadrature rules (the same as the ones in (4.22)-(4.23) to 

determine an approximation of xµ that satisfies the discrepancy principle 

associated to the matrix problem. It determines the regularization parameter 

analogously to Algorithm 15, and uses a similar stopping criterion. 

Table 4.1: Results for Example 1. 

 
Noise level Method PSNR RE CPU-time (seconds) 
10− 3 Algorithm 13 21.76 6.09 ×  10− 2 8.28 

Algorithm 15 24.37 4.51 ×  10− 2 7.29 
GKB 24.22 4.51 ×  10− 2 18.45 

10− 2 Algorithm 13 20.60 6.96 ×  10− 2 3.31 
Algorithm 15 20.97 6.67 ×  10− 2 1.58 

GKB 20.08 6.66 ×  10− 2 5.52 
 

 
 
 

4.6.2 Example 2 

 
In this example, we evaluate the effectiveness of Algorithms 13 and 15 when 

applied to the restoration of a color video defined by a sequence of RGB 

images. Video restoration is the problem of restoring a sequence of k color 
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Original Image 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 4.1: Example 1: Original image (top), blurred and noisy image (bottom). 

 

images (frames). Each frame is represented by a tensor of N ×  N ×  3 pix- els. 

In the present example, we are interested in restoring 10 consecutive 

frames of a contaminated video. We consider the xylophone video from 

MATLAB. The video clip is in MP4 format with each frame having 240 ×  240 

pixels. The (unknown) blur- and noise-free frames are stored in the tensor 

C ∈  RN× N× 3× 10. These frames are blurred by a blurring tensor A of the same 

kind and with the same parameters as in the previous example. Figure 5.5 

shows the 5th exact (original) frame and the contaminated version, which is 

to be restored. Blurred and noisy frames are generated by C = A ∗N X where 

the tensor E represents white Gaussian noise of levels ν = 10− 3 or ν = 10− 2. 

Table 4.2 displays the performance of algorithms. For Algorithm 13, we have 

used as an input A, C, X0 = O, ε = 10−6, m = 10 and Maxit = 10. For the ten 

outer iterations, minimizing the GCV function produces µ10 = 9.44 ×  10− 4. 
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Blurred and Noisy Image 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Blurred and Noisy Image 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4.2: Example 1: Restored image by Algorithm 4 (top), and restored image by 
Algorithm 2 (bottom). 

 

Using Algorithm 15, the discrepancy principle with η = 1.1 have been sat- 

isfied after l = 59 steps of the Einstein tensor GGKB method, producing 

a regularization parameter given by µl = 1.06 ×  10− 4. The restorations ob- 

tained with Algorithms 13 and 15 are shown on the left-hand and right-hand 

sides of Figure 4.4, respectively. 

Table 4.2: Results for Example 2. 

 
Noise level Method PSNR Relative error CPU-time (second) 
10− 3 Algorithm 13 15.48 6.84 ×  10− 2 38.93 

Algorithm 15 19.24 4.43 ×  10− 2 27.37 

10− 2 Algorithm 13 14.50 7.65 ×  10− 2 15.55 

Algorithm 15 15.13 7.11 ×  10− 2 4.40 
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Figure 4.3: Frame no. 5: Original frame (left), blurred and noisy frame (right). 

 
 
 

 

Figure 4.4: Frame no. 5: Restored frame by Algorithm 4 (left), and restored frame by 
Algorithm 2 (right). 

 

4.7 Conclusion 

 
In this chapter, we extended the GMRES and Golub–Kahan bidiagonaliza- 

tion in conjunction of Tikhonov regularization for solving (possibly) ill-conditioned 

multilinear systems via Einstein product with perturbed right-hand side. We 

gave also tensor block version of these processes and derive some theoretical 

results. Numerical experiments were disclosed for image and video process- 

ing to demonstrate the feasibility of the proposed iterative algorithms. 
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Chapter 5 

 
Tensor GMRES and Golub 

Kahan methods via the 

T-product for color image 

processing 

 
The present chapter is concerned with developing tensor iterative Krylov 

subspace methods to solve large multi-linear tensor equations. We use the T-

product for two tensors to define tensor tubal global Arnoldi and ten- sor 

tubal global Golub-Kahan bidiagonalization algorithms. Furthermore, we 

illustrate how tensor–based global approaches can be exploited to solve ill-

posed problems arising from recovering blurry multichannel (color) im- ages 

and videos, using the so-called Tikhonov regularization technique, to provide 

computable approximate regularized solutions. We also review a generalized 

cross-validation and discrepancy principle type of criterion for the selection 

of the regularization parameter in the Tikhonov regularization. Applications 

to image sequence processing are given to demonstrate the ef- ficiency of the 

algorithms. 
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5.1 Introduction 

 
The aim of this paper is to solve the following tensor problem 

 

 
M(X) = C, (5.1) 

where M is a linear operator that could be described as 

 
M(X) = ffi * X, (5.2) 

 
 

or as  
M(X) = ffi * X * B, (5.3) 

 

where ffi, X, B and C are three-way tensors, leaving the specific dimensions 

to be defined later, and * is the T-product to be also defined later. The aim 

is to take advantage of this multidimensional structure to build rapid and 

robust iterative methods for solving large-scale problems. We will then, be 

interested in developing robust and fast iterative tensor Krylov subspace 

methods under tensor-tensor product framework between third-order ten- 

sors, to solve regularized problems originating from color image and video 

processing applications. Standard and global Krylov subspace methods are 

suitable when dealing with grayscale images, e.g, [17, 18, 35]. However, 

these methods might be time consuming to numerically solve problems re- 

lated to multi channel images (e.g. color images, hyper-spectral images and 

videos). 

For the Einstein product, both the Einstein tensor global Arnoldi and Ein- 

stein tensor global Golub-Kahan bidiagonalization algorithms have been es- 

tablished [48], which makes so natural to generalize these methods using 

the T-product. In this paper, we will show that the tensor-tensor product 

between third-order tensors allows the application of the global iterative 

methods, such as the global Arnoldi and global Golub-Kahan algorithms. 
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The tensor form of the proposed Krylov methods, together with using the 

fast Fourier transform (FFT) to compute the T-product between third-order 

tensors can be efficiently implemented on many modern computers and 

allows to significantly reduce the overall computational complexity. It is 

also worth mentioning that our approaches can be naturally generalized to 

higher-order tensors in a recursive manner. 

The chapter is organized as follows. We shall first present in Section 5.2 some 

symbols and notations used throughout chapter. We also recall the concept 

of the T-product between two tensors. In Section 5.3, we define tensor global 

Arnoldi and Tensor Global Golub Kahan (TGK) algorithms that allow the 

use of the T-product. Section 5.4 reviews on the adaptation of Tikhonov 

regularization for the tensor equation (5.1) and then proposing a restarting 

strategy of the tensor global GMRES and tensor global Golub-Kahan ap- 

proaches in connection with Gauss-type quadrature rules to inexpensively 

compute solutions of the regularization. Also we give a tensor formulation 

in the form of (5.1) that describes the cross-blurring of color image and then 

we present a few numerical examples on restoring blurred and noisy color 

images and videos. Concluding remarks can be found in Section 5.5. 

 
5.2 Definitions and Notations 

 
All definitions and properties related to the T-product are defined ealier; see 

chapter 3 section 3.2. Next, we introduce the T-diamond tensor product. 

Definition 5.1. Let ffi = [ffi1, . . . , ffip] ∈  Rn1 × ps× n3 , where ffii ∈  Rn1 × s×n3 , i = 1, 

..., p and let B = [B1, . . . , Bl] ∈  Rn1 × ls× n3 with Bj ∈  Rn1 × s× n3 , j = 1, ...l. Then, 

the product ffiT♦ B is the p ×  l matrix given by : 

 
(ffiT♦ B)i,j  = ⟨ffii, Bj ⟩ . 
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β 

5.3 Tensor T-global GMRES and tensor T-global Golub- 

Kahan algorithms 

5.3.1 The tensor T-global GMRES 

 
Consider the following tensor linear system of equations 

 
 

ffi * X = C, (5.4) 

 

where ffi ∈  Rn× n× p, C and X ∈  Rn× s× p. We introduce the tensor Krylov 

subspace TKm(ffi, V) associated to the T-product, defined for the pair (ffi, V) 

as follows 

 
TKm(ffi, V) = Tspan{V, ffi * V, . . . , ffi 

 
m− 1 

 
* V} = 

(

Z ∈  R 

 
n× s× p 

 
m 

, Z = ∑ αi 
i=1 

 

ffi 

 
i− 1 * V

 
)

 

(5.5) 

where αi ∈  R, ffii− 1 * V = ffii
−2 * ffi * V, for i = 2, . . . , m and ffi0 is the identity 

tensor. In the following algorithm, we define the Tensor T-global Arnoldi 

algorithm. 
 

Algorithm 18 Tensor T-global Arnoldi 

1. Input. ffi ∈  Rn× n× p, V ∈  Rn× s× p and the positive integer m. 

2. Set β = ǁVǁF, V1  = 
V
 

3. For j = 1, . . . , m 

(a) W = ffi * Vj 

(b) for i = 1, . . . , j 

i. hi,j  = ⟨Vi, W⟩ 

ii. W = W −  hi,j Vi 

(c) End for 

(d) hj+1,j  = ǁWǁF. If hj+1,j  = 0, stop; else 

(e) Vj+1 = W/hj+1,j. 

4. End 
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˜ 

˜ 

∈  

j=1 

ǁVm ② yǁF  = ∑ yjVj, ∑ yjVj 

 

It is not difficult to show that after m steps of Algorithm 18,  the tensors 

V1, . . . , Vm, form an orthonormal basis of the tensor global Krylov subspace 

TKm(ffi, V). Let Vm be the (n ×  (sm) ×  p) tensor with frontal slices V1, . . . , Vm 

and let Hm be the (m + 1) ×  m upper Hessenberg matrix whose elements are 

the hi,j’s defined by Algorithm 18. Let Hm be the matrix obtained from Hm 

by deleting its last row; H.,j will denote the j-th column of the matrix Hm and 

ffi * Vm is the (n ×  (sm) ×  p) tensor with frontal slices ffi * V1, . . . , ffi * Vm: 

Vm := [V1, . . . , Vm] and  ffi * Vm := [ffi * V1, . . . , ffi * Vm].  (5.6) 

We introduce the product ② defined by 

m 

Vm ② y = ∑ yjVj,   y = (y1, . . . , ym)T Rm, 
j=1 

 

and we set  
Vm ② Hm = [Vm ② H.,1, . . . , Vm ② H.,m] . 

 

Then, it is easy to see that for all vectors u and v in Rm, we have 

 
Vm ② (u + v) = Vm ② u + Vm ② v and (Vm ② Hm) ② u = Vm ② (Hm u). 

(5.7) 

With these notations, we can show the following result that will be useful 

later on. 

Proposition 5.2. Let Vm be the tensor defined by [V1, . . . , Vm] where Vi ∈  Rn× s× p 

are defined by the Tensor T-global Arnoldi algorithm. Then, we have 

 
 

ǁVm ② yǁF  = ǁyǁ2,  ∀ y = (y1, . . . , ym)T  ∈  Rm. (5.8) 
 

Proof. From the definition of the product ②, we have ∑m    yjVj = Vm ② y. 

Therefore, 

2 

* m m + 

j=1 j=1 F 

. 
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m 

    

m+1 

m 

˜ 

 

But, since the tensors Vi’s are orthonormal, it follows that 

 
m 

ǁVm ② yǁ2   = ∑ y2  = ǁyǁ2, 
F j 2 

j=1 

which shows the result. 
 

 
With the above notations, we can easily prove the results of the following 

proposition. 

Proposition 5.3. Suppose that m steps of Algorithm 18 have been run. Then, the 

following statements hold: 

 
ffi * Vm = Vm ② Hm + hm+1,m   On× s× p, . . . , On× s× p, Vm+1   ,(5.9) 

ffi * Vm = Vm+1 ② Hm, (5.10) 

VT ♦ ffi * Vm = Hm, (5.11) 

VT ♦ ffi * Vm = H̃m, (5.12) 

VT ♦ Vm = Im, (5.13) 

 
where Im the identity matrix and On× s× p is the tensor having all its entries equal to 

zero. 

 

 

Proof. From Algorithm 18, we have ffi * Vj = 

j+1 

∑ hi,jVi. Using the fact that 
i=1 

ffi * Vm = [ffi * V1, . . . , ffi * Vm], the j-th frontal slice of ffi * Vm is given by 
 

j+1 

(ffi * Vm)j = ffi * Vj = ∑ hi,jVi. 
i=1 

 
Furthermore, from the definition of the ② product, we have 

 
(Vm+1 ② Hm )j = Vm+1 ② H.,j, 

j+1 

= ∑ hi,jVi, 
i=1 
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y∈  
mR 

y∈  
mR 

0+TKm 0 

 

which proves the first two relations. The other relations follow from the 

definition of T-diamond product 

 

In the sequel, we develop the tensor T-global GMRES algorithm for solv- 

ing the problem (5.4). It could be considered as generalization of the global 

GMERS algorithm [79]. Let X0 ∈  Rn× s× p be an arbitrary initial guess with 

the corresponding residual R0 = C −  ffi * X0.   The aim of tensor T-global 

GMRES method is to find and approximate solution Xm approximating the 

exact solution X
∗
 of (5.4) such that 

 
Xm −  X0 ∈  TKm(ffi, R0), (5.14) 

 
with the classical minimization property 

 
 

ǁRm ǁF  = 
X∈ X

 min
(ffi,R ) 

ǁC −  ffi * XǁF. (5.15) 

 

Let Xm = X0 + Vm ② y with y ∈  Rm, be the approximate solution satisfying 

(5.14). Then, 

 
ǁRm ǁF  = min ǁR0 − (ffi * Vm) ② yǁF, 

 
where ffi * Vm := [ffi * V1, . . . , ffi * Vm] is the (n ×  sm ×  p) tensor defined 

earlier.   Using  Proposition  5.2  and  the  fact  that  R0  =  ǁR0 ǁFV1  with  V1  = 

Vm+1 ② e1, where e1 the first canonical basis vector in Rm+1, we get 

 
y = arg  min || ||R0||F  e1 − H̃m y||2. (5.16) 

5.3.2 The Tensor T-global Golub Kahan algorithm 

 
Instead of using the tensor T-global Arnoldi to generate a basis for the projec- 

tion subspace, we can define T-version of the tensor global Lanczos process. 

Here, we will use the tensor Golub Kahan algorithm related to the T-product. 



Chapter 5. 
120 

Tensor GMRES and Golub Kahan methods via the T-product for color 
image processing 

 

 

˜ 

˜ 
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˜ 

 

 

Let ffi ∈  Rn× l× p be a tensor and let U ∈  Rl× s× p  and V ∈  Rn× s×p  two other 

given tensors. The Tensor T-global Golub Kahan bidiagonalization 

algorithm (associated to the T-product) is defined as follows 

Algorithm 19 The Tensor T-global Golub Kahan algorithm 
 

1. Input. The tensors ffi, V, and U and an integer m. 

2.  Set β1  = ǁVǁF, α1  = ǁUǁF, V1  = V/β1 and U1  = U/α1. 3. 

for j = 2, . . . , m 

(a) Ṽ = ffi * Uj− 1 − αj− 1Vj− 1 

(b) β j  = ǁVǁF if β j  = 0 stop, else 

(c) Vj = V/βj T 

(d) Ũ = ffi  * Vj − β jUj− 1 

(e) αj  = ǁUǁF 

(f) if αj = 0 stop, else 

(g) Uj  = Ũ/αj. 

Let C̃m  be the upper bidiagonal ((m + 1) × m) matrix 
 

 

C̃m  =  

 

 
α1 

β2 α2 
. . . 

. . . 
. . .

 

βm  αm 

βm+1  
 

and let Cm be the (m ×  m) matrix obtain by deleting the last row of Cm. We 

denote by C.,j the j-th column of the matrix Cm. Let Um and ffi * Um be 

the (l ×  (sm) ×  p) and (n ×  (sm) ×  p) tensors with frontal slices U1, . . . , Um 

and ffi * U1, . . . , ffi * Um, respectively, and let Vm and ffiT * Vm be the (n ×  

(sm) ×  p) and (l ×  (sm) ×  p) tensors with frontal slices V1, . . . , Vm and ffiT * 

V1, . . . , ffiT * Vm, respectively. We set 
 

 
Um : = [U1, . . . , Um] , and ffi * Um := [ffi * U1, . . . , ffi * Um], (5.17) 

Vm : = [V1, . . . , Vm] , and ffiT * Vm := [ffiT * V1, . . . , ffiT * Vm]. (5.18) 
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˜ 

˜ 

 

Then, the following proposition can be established 

 

 
Proposition 5.4. The tensors produced by the tensor T-global Golub-Kahan algo- 

rithm satisfy the following relations 

 
A * Um = Vm+1 ② Cm, (5.19) 

= Vm ② Cm + βm+1 
  
On× s× p, . . . , On× s× p, Vm+1

   
, (5.20) 

 

ffiT 

* Vm = Um ② C̃m. (5.21) 
 
 

Proof. Using ffi * Um = [ffi * U1, . . . , ffi * Um] ∈  Rn× (sm)× n3 , the (j −  1)-th 

frontal slice of (ffi * Um) is given by 

 
(A * Um)j− 1 = ffi * Uj− 1 = αj− 1Vj− 1 + βjVj.  

 
Furthermore, from the definition of the ② product, we have 

 
(Vm+1 ② Cm )j− 1 = Vm+1 ② C.,j− 1, 

= αj− 1Vj− 1 + βj Vj 

 
and for j = m, Um ② C.,m = ffi * Um + βm+1Vm+1 and the result follows. The 

other relations are proven is a similar way. 

 
 

5.4 Application to discrete-ill posed tensor problems 

 
In what follows, we will apply the tensor global-GMRES and tensor Golub 

Kahan algorithms to some discrete ill posed problems. We consider the fol- 

lowing discrete ill-posed tensor equation 

 

ffi * X = C, C = Ĉ + N, (5.22) 

T 
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∈  

T T 

X 
F F 

ym,µ = arg min 
 

ǁǁR0 ǁe1 − H̃m yǁ2  + µǁyǁ2
  

, (5.24) 

y∈ Rm 

¨
 

  

¨
 

 

where ffi ∈  Rn×n× p, X, N (additive noise) and C are tensors in Rn× s× p. 

In color image processing, p = 3, ffi represents the blurring tensor, C the 

blurry and noisy observed image, X is the image that we would like to 

restore and N is an unknown additive noise. Therefore, to stabilize the 

recovered image, regularization techniques are needed. There are several 

techniques to regularize the linear inverse problem given by equation (5.22); 

for the matrix case, see for example, [17, 35, 60, 67]. All of these techniques 

stabilize the restoration process by adding a regularization term, depending 

on some priori knowledge of the unknown image. One of the most regular- 

ization method is due to Tikhonov and is given as follows 

 

min{ǁffi * X −  Cǁ2  + µ ǁXǁ2 }. (5.23) 

 
As problem (5.22) is large, Tikhonov regularization (5.23) may be very ex- 

pensive to solve. One possibility is instead of regularizing the original prob- 

lem, we apply the Tikhonov technique to the projected problem (??) which 

leads to the following problem 

 

 
y  Rm 

= arg min 
¨
 

 
H̃m 

 
y − 

 

 
2 

 
βe1 

 

 

¨ 

 
2 

 

 
. (5.25) 

 

The minimizer ym,µ can also be computed as the solution of the following 

normal equations associated with (5.25) 

 

H̃m,µ y = H̃m, H̃m,µ  = (H̃m H̃m  + µ Im). (5.26) 
 
 

Note that since the Tikhonov problem (5.26) is now a matrix one with small 

dimension as m is generally small, the vector ym,µ, can thereby be inexpen- 

sively computed by some techniques such as the GCV method [60] or the L-

curve criterion [35, 67]. 

0 µIm 
2 

2 
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˜ 

∈  ∈  

QT e1 and em+1 = (0, 0, . . . , 1)T ∈  Rm+1. 

 

In terms of practical implementations, it’s more convenient to introduce a 

restarted version of the tensor Global GMRES. This strategy is essentially 

based on restarting the tensor T-global Arnoldi algorithm. Therefore, at each 

restart, the initial guess X0 and the regularization parameter µ are updated 

employing the last values computed when the the number of inner iterations 

required is fulfilled. We note that as the number outer iterations increases it 

is possible to compute the mth residual without having to compute extra 

T-products.  At step m, the residual Rm = C −  ffi ∗ Xm produced by the 

tensor Global GMRES method for tensor equation (5.1) has the following 

expression 

Rm  = Vm+1 ② (γm+1Qmem+1) , (5.27) 

 
where Qm is the unitary matrix obtained from the QR decomposition of the 

upper Hessenberg matrix  H̃m  and γm+1  is the last component of the vector 

Furthermore, it is easy to show that 

 
 

ǁRm ǁF  = |γm+1| . (5.28) 

 
The tensor T-global GMRES method is summarized in the following algo- 

rithm 

Algorithm 20 Implementation of Tensor T-global GMRES(m) 

1. Input. ffi Rn× n× p, V, B, X0 Rn× s× p, the maximum number of iteration Itermax and 
a tolerance tol > 0 . 

2. Output. Xm ∈  Rn× s× n3 approximate solution of the system (5.4). 

3. k = 1, . . . , Itermax 

(a) Compute R0 = C −  ffi * X0. 

(b) Apply Algorithm 18 to compute Vm and Hm . 

(c) Determine µk as the parameter minimizing the GCV function [60]. 

(d) Compute the regularized solution ymk ,µ of the problem (5.25). 

(e) Compute the approximate solution Xm  = X0 + Vm ② ym,µk 

4. If ǁRm ǁF  < tol, stop, else 

5. Set X0 = Xm and go to 3-a. 
6. End 

ǁR0ǁ F m 
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We turn now to the tensor T-global Golub Kahan approach for the solving 

the Tikhonov regularization of the problem (5.1). Here, we apply the follow- 

ing Tikhonov regularization approach and solve the new problem 

 

min{ǁffi * X −  Cǁ2  + µ
− 1 ǁXǁ2 }. (5.29) 

 

The use of µ
− 1 in (5.29) instead of µ will be justified below. In the what 

follows, we briefly review the discrepancy principle approach to determine 

a suitable regularization parameter, given an approximation of the norm of 

the additive error. We then assume that a bound ε for ǁNǁF is available. This 

priori information suggests that µ has to be determined as soon as 

 

 

where φ(µ) = ǁffi * X −  Cǁ2
 

φ(µ) ≤ ηe, (5.30) 

 
and η ' 1 is refereed to as the safety factor 

for the discrepancy principle. A zero-finding method can be used to solve 

(5.30) in order to find a suitable regularization parameter which also implies 

that φ(µ) has to be evaluated for several µ-values.  When the tensor ffi is 

of moderate size, the quantity φ(µ) can be easily evaluated. This evalua- 

tion becomes expensive when the matrix ffi is large, which means that its 

evaluation by a zero-finding method can be very difficult and computation- 

ally expensive. We will approximate φ to be able to determine an estimate 

of ǁffi * X −  Cǁ2 . Our approximation is obtained by using T-global Golub- Kahan 

bidiagonalization (T-GGKB) and Gauss-type quadrature rules. This connection 

provides approximations of moderate sizes to the quantity φ, and therefore 

gives a solution method to inexpensively solve (5.30) by evaluating these 

small quantities that can successfully and inexpensively be employed to 

compute µ as well as defining a stopping criterion for the T-GGKB itera- tions; 

see [17, 18] for discussion on this method. 
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Introduce the functions (of µ) 

 
 

fµ(t) := (µt + 1)
−2 (5.31) 

Gm,µ := ǁCǁ2 eT fµ(CmCT )e1, (5.32) 
F 1 m 

 2   T T 

Rm+1,µ := ǁCǁFe1  fµ(C̃m C̃m )e1, (5.33) 

The quantities Gm,µ and Rm+1,µ are refereed to as Gauss and Gauss-Radau 

quadrature rules, respectively, and can be obtained after m steps of T-GGKB 

(Algorithm 25) applied to tensor ffi with initial tensor C. These quantities 

approximate φ(µ) as follows 

 

Gm,µ ≤ φ(µ) ≤ Rm+1,µ. (5.34) 

 
Similarly to the approaches proposed in [17, 18], we therefore instead solve 

for µ the low dimensional nonlinear equation 

 
Gm,µ = e . (5.35) 

 
We apply the Newton’s method to solve (5.35) that requires repeated evalu- 

ation of the function Gm fµ and its derivative, which are inexpensive compu- 

tations for small m. 

We now comment on the use of µ in (5.29) instead of 1/µ, implies that the 

left-hand side of (5.30) is a decreasing convex function of µ. Therefore, there 

is a unique solution, denoted by µε, of 

 
φ(µ) = ε2 

 
for almost all values of ε > 0 of practical interest and therefore also of (5.35) 

for m sufficiently large; see [17, 18] for analyses. We accept µm that solve 
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(5.30) as an approximation of µ, whenever we have 

 
 

Rm+1,µ ≤ η e . (5.36) 

 
If (5.36) does not hold for µm, we carry out one more GGKB steps, replacing 

m by m + 1 and solve the nonlinear equation 

 

Gm+1,µ = e ; (5.37) 

 
see [17, 18] for more details. Assume now that (5.36) holds for some µm. The 

corresponding regularized solution is then computed by 

 
Xm ,µm   = Um ② ym,µm (5.38) 

 
where ym,µm solves 

(C̃T C̃m  + µ
− 1 Im)y = α1C̃T e1, α1  = ǁCǁF. (5.39) 

It is also computed by solving the least-squares problem 
 

¨ µ1/2C̃m 
 

 
 

1/2     ¨ 
 

 

min 

y∈ Rm 

 y − α1µm   e1¨ . (5.40) 

The following result shows an important property of the approximate solu- 
tion (5.38). We include a proof for completeness. 

Proposition 5.5. Let µm solve (5.35) and let ym,µm solve (5.40). Then the associated 

approximate solution (5.38) of (5.29) satisfies 

 

¨ffi * Xm,µm −  C¨
F = Rm+1,µm . 

m 

¨ 

¨  

¨ Im 
2 
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F l 1 1 
2 

ffi * Xm,µm −  C 
F = α1 ¨e1 −  Cm CmCm + µm   Im 

Cme1 

1 1 

m m 

 

Proof. From the items of Proposition 5.4, we get the following matrix low 

dimensional least squares problem 

 

¨ffi * X — C¨   = ¨C̃ y 
2 

—  α  e ¨ . 
 
 

where α1  = ǁCǁF .  We now express ym,µm   with the aid of (??) and by using 

the following matrix identity 

 

I −  A 
  

AT A + µ
−1 I

  − 1 
AT = 

  
µAAT + I

  − 1
 

with A replaced by C̃m, to obtain 
 

¨ ¨ ¨ ˜  
  

˜T ˜ 
 
 

− 1 
− 1 

˜T ¨
2

 
 

 

= α2eT 
  
µ 

C̃  C̃   + I 
 − 2 

e ,
 

 

= Rm+1,µm . 
 
 

 

The following algorithm summarizes the main steps to compute a regular- 

ization parameter and a corresponding regularized solution of (5.1), using 

Tensor T-GGKB and quadrature rules method for Tikhonov regularization. 

Algorithm 21 T-GGK and quadrature rules method for Tikhonov regularization 

1. Input. ffi ∈  Rn× n× n3 , C, η ' 1 and ε. 

2. Output. T-GGKB steps m, µm and Xm,µm . 

3. Determine the orthonormal bases Um+1 and Vm of tensors, and the bidiagonal Cm 
and Cm matrices with Algorithm 19. 

4. Determine µm that satisfies (5.35) with Newton’s method. 

5. Determine ym,µm by solving (6.16) and then compute Xm ,µm by (5.38). 

 

We comment on the complexity of Algorithm 20 and Algorithm 26. First 

note that the overall computational cost for Algorithm 20 is dominated by 

the work required to determine Vm in Algorithm 18. The computational 

F 

m,µm m,µm 

, 

m 
m+1 1 T 
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(1) (2) (3) 

^ 

 

effort required to determine Vm is dominated by the evaluation of m T- 

products, which demands approximately, O (n1n2n3 log n3m) flops by using 

Algorithm 1.  Concerning Algorithm 21, the computational complexity is 

dominated by the work needed to determine Um and Vm in Algorithm 19, 

which demands approximately O (n1n2n3 log n3m) flops. We show in the fol- 

lowing section that Algorithm 20 and Algorithm 21 solve problem (5.1) in a 

time and cost less that the ones required when using the method proposed in 

[35] that uses the connection between (standard) Golub–Kahan bidiagonal- 

ization and Gauss quadrature rules for solving large ill-conditioned linear 

systems of equations of form (5.1). 

 

5.5 Numerical results 

 
This section performs some numerical tests on the methods of Tensor T- 

Global GMRES(m) and Tensor T-Global Golub Kahan algorithm given by 

Algorithm 20 and Algorithm 21, rspectively, when applied to the restoration 

of blurred and noisy color images and videos. For clarity, we only focus on 

the formulation of a tensor model (6.5), describing the blurring that is tak- 

ing place in the process of going from the exact to the blurred RGB image. 

We recall that an RGB image is just multidimensional array of dimension 

m ×  n ×  3 whose entries are the light intensity. Throughout this section, we 

assume that the the three channels of the RGB image has the same dimen- 

sions,  and  we  refer  to  it  as  n × n × 3  tensor.   Let  X̂ (1), X̂(2) ,  and  X̂ (3) be 

the n ×  n matrices that constitute the three channels of the original error- 

free  color  image  X̂,  and  Ĉ ,  Ĉ ,  and  Ĉ the  n × n  matrices  associated 

with error-free blurred color image C. Because of some unique features in 

images, we seek an image restoration model that utilizes blur information, 

exploiting the spatially invariant properties. Let us also consider that both 

cross-channel and within-channel blurring take place in the blurring process 

of the original image. Let vec be the operator that transforms a matrix to a 
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vector by stacking the columns of the matrix from left to right. Then, the full 

blurring model is described by the following form 

  
Acolor  ⊗  A(1) ⊗  A(2)

  
x̂ = ̂c, (5.41) 

 
 

where,   

vec 
 

Ĉ (1)
   

 
 

 

  

vec 
 

X̂(1)
   

 
 

  ^   vec 
 

Ĉ (2)
 

  ^  vec 
 

X̂(2)
   

 

 

 
and 

  

vec 
 

Ĉ (3)
   

 

  

vec 
 

X̂(3)
   

 

Acolor  =  

 

arr arg arb 

 

agr agg agb 

abr abg abb  
 

Acolor is the 3 ×  3 matrix that models the cross-channel blurring, where each 

row sums to one. This matrix is obtained from [68]. We consider the special 

case where  arr = agg = abb, agr = arg, abr = arb, and abg = agb, which 

gives rise to a cross-channel circular mixing. A(1) ∈  Rn× n and A(2) ∈  Rn× n 

define within-channel blurring and they model the horizontal within blur- 

ring and the vertical within blurring matrices, respectively; for more details 

see [68].   The notation ⊗  denotes the Kronecker product of matrices; i.e. 

the Kronecker product of a n ×  p matrix A = (aij) and a (s × q) matrix B 

= (bij), is defined as the (ns) ×  (pq) matrix A ⊗  B = (aijB). By exploiting the 

circulant structure of the cross-channel blurring matrix Acolor and the 

operators unfold and fold, it can be easily shown that (5.41) can be written 

in the following tensor form 

 
 

ffi * X̂ * B = Ĉ, (5.42) 

where ffi is a 3-way tensor such that ffi(:, :, 1) = αA(2), ffi(:, :, 2) = βA(2) and 

ffi(:, :, 3) = γA(2) and B is a 3-way tensor with B(:, :, 1) = (A(1))T, B(:, : 

, , x = c = 
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ǁ̂XǁF 

^ 

X̂ 

2 

^ ^ 

2π 2σ2 

 

, 2) = 0 and B(:, :, 3) = 0. To test the performance of algorithms, the within 

blurring matrices A(i) have the following entries 
 

√1       exp 
 
− 

(k− l)2 
  

, |k − l| ≤ r 

  
0, otherwise 

 

Note that σ controls the amount of smoothing, i.e. the larger the σ, the 

more ill posed the problem. We generated a blurred and noisy tensor image 

C =  Ĉ + N,  where  N is  a  noise  tensor  with  normally  distributed  random 

entries with zero mean and with variance chosen to correspond to a specific 

noise level ν := ǁNǁF/ǁCǁF. To determine the effectiveness of our solution 

methods, we evaluate 

 

Relative error = 
¨ −  Xrestored

¨
F

 

and the Signal-to-Noise Ratio (SNR) defined by 

 

SNR(Xrestored) = 10log10 
ǁX̂ − E(X̂)ǁF   

,
 

 
ǁXrestored  − X̂ǁF 

where E(X) denotes the mean gray-level of the uncontaminated image X. 

All computations were carried out using the MATLAB environment on an 

Intel(R) Core(TM) i7-8550U CPU @ 1.80GHz (8 CPUs) computer with 12 GB 

of RAM. The computations were done with approximately 15 decimal digits 

of relative accuracy. 

 

5.5.1 Example 1 

 
In this example we present the experimental results recovered by Algorithm 

20 and Algorithm 21 for the reconstruction of a cross-channel blurred color 

2 

a = σ 
kl 
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images that have been contaminated by both within and cross blur, and ad- 

ditive noise. The cross-channel blurring is determined by the matrix 

Acolor  =  

 

 
0.8 0.10 0.10 

0.10   0.80   0.10 

0.10   0.10   0.80 

 

.

 

 

 

We  consider  two  RGB  images  from  MATLAB,  papav256  (X̂ ∈  R256× 256× 3) 

and peppers (X ∈  R512× 512× 3). They are shown on Figure ??. For the within- 

channel blurring, we let σ = 4 and r = 6. The considered noise levels are 

ν = 10− 3 and ν = 10− 2.   The associated blurred and noisy RGB images C 

= ffi ∗ X ∗ B + N for noise level ν = 10− 3 are shown on Figure 5.2. Given the 

contaminated RGB image C, we would like to recover an approximation of 

the original RGB image X. The restorations for noise level ν = 10− 3 are shown 

on Figure 6.3 and they are obtained by applying Algorithm 20 im- plementing 

the Tensor T-Global GMRES method, with X0 = O, tol = 10− 6, m = 10 and 

Itermax = 10. Using GCV, the computed optimal value for the projected 

problem was µ10 = 3.82 ×  10− 5. Table 5.1 compares, the com- puting time (in 

seconds), the relative errors and the SNR of the computed restorations. Note 

that in this table, the allowed maximum number of outer iterations for 

Algorithm 20 with noise level ν = 10− 2 was Itermax = 4 and the maximum 

number of inner iterations was m = 4. The restorations ob- tained with 

Algorithm 21 are shown on Figure 5.4. For the papav256 color image, the 

discrepancy principle with η = 1.1 is satisfied when m = 64 steps of the 

Tensor T-GGKB method (Algorithm 25) have been carried out, producing a 

regularization parameter given by µm = 5.57 ×  10− 5. For com- parison with 

existing approaches in the literature, we report in Table 5.1 the results 

obtained with the method proposed in [?]. This method utilizes the 

connection between (standard) Golub–Kahan bidiagonalization and Gauss 

quadrature rules for solving large ill-conditioned linear systems of equations 
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(5.41) which equivalent to the tensor problem (5.42). We refer to this method 

as GKB. It is a solution method based on first reducing Acolor ⊗  A(1) ⊗  A(2)
 

to a small bidiagonal matrix with the aid of Golub–Kahan bidiagonaliza- 

tion (GKB) and then applying the connection between GKB and Gauss-type 

quadrature rules (the same as the ones in (5.31)) to determine an approxi- 

mation of xµ that satisfies the discrepancy principle associated to the linear 

problem (5.41). It determines the regularization parameter analogously to 

Algorithm 21, and uses a similar stopping criterion. The FFT-based com- 

putation of the T-product is the only difference in Algorithm 20 and Algo- 

rithm 21. We can see that the methods yield restorations of the same quality, 

but the new proposed methods perform significantly better in terms of cpu- 

time. This is due to the fact that the T-product operations need fewer flops 

(approximately 36mn flops) than structure-ignoring evaluation of matrix- 

vector products with the large matrix Acolor ⊗  A(1) ⊗  A(2) in (5.41) and its 

transpose, which requires approximately 2(3m)2(3n)2 flops. 
 
 
 
 
 

papav256 
 
 
 
 
 
 
 

peppers 

10− 3 

 
 

10− 2 

 
 

10− 3 

 
 

10− 2 

Algorithm 21 20.41 7.12 ×  10− 2 5.87 

GKB 20.99 7.12 ×  10− 2 18.61 

Algorithm 20 18.00 9.40 ×  10− 2 1.18 

Algorithm 21 17.78 9.64 ×  10− 2 1.11 

GKB 17.78 9.64 ×  10− 2 5.79 

Algorithm 20 19.39 5.50 ×  10− 2 24.32 

Algorithm 21 19.11 5.68 ×  10− 2 25.63 

GKB 19.11 5.68 ×  10− 2 78.13 

Algorithm 20 16.23 7.92 ×  10− 2 4.59 

Algorithm 21 15.61 8.50 ×  10− 2 3.39 

GKB 15.61 8.50 ×  10− 2 15.16 

Table 5.1: Results for Example 1. 

RGB images Noise level Method SNR Relative error CPU-time (sec) 

  Algorithm 20 21.01 6.64 ×  10− 2
 6.62 
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Figure 5.1: Example 1: Original RGB images: peppers (left), papav256 (right). 
 
 
 

Figure 5.2: Example 1: Blurred and noisy images, peppers (left), papav256 (right). 
 
 
 

Figure 5.3: Example 1: Restored images by Algorithm 20, peppers (left), papav256 
(right). 

 
 
 

Figure 5.4: Example 1: Restored images by Algorithm 21, peppers (left), papav256 
(right). 
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5.5.2 Example 2 

 
In this example, we evaluate the effectiveness of Algorithm 20 and Algo- 

rithm 21 when applied to the restoration of a color video defined by a se- 

quence of RGB images. Video restoration is the problem of restoring a se- 

quence of k color images (frames).  Each frame is represented by a tensor 

of n ×  n ×  3 pixels. In the present example, we are interested in restoring 10 

consecutive frames of a contaminated video. Note that the processing of 

such given frames, one at a time, is extremely time consuming. We con- sider 

the xylophone video from MATLAB. The video clip is in MP4 format with 

each frame having 240 ×  240 pixels. The (unknown) blur- and noise- 

free  frames  are  stored  in  the  tensor  X̂ ∈  R240× 240× 30, obtained by stack- 
 

 
 

color  frame.    These  frames  are  blurred  by  ffi * X̂ * B  =  Ĉ,  where  ffi and 

B are  a  3-way  tensors  such that  ffi(:, :, 1) = A(2), B(:, :, 1) = (A(1))T and 

ffi(:, :, i) = B(:, :, i) = 0, for i = 2, ..., 30, using σ = 2 and r = 4 to build 

the blurring matrices with periodic boundary conditions. This gives rises to 

block circulant with circulant blocks matrices. We consider white Gaussian 

noise of levels ν = 10− 3 or ν = 10− 2. Figure 5.5 shows the 5th exact (orig- 

inal) frame and the contaminated version with noise level ν = 10− 3, which 

is to be restored. Table 5.2 displays the performance of Algorithm 20 and 

Algorithm 21. In Algorithm 20, we have used as an input for noise level 

ν = 10− 3, C, X0 = O, tol = 10− 6, m = 10 and Itermax = 10.The chosen inner 

and outer iterations for noise level ν = 10− 2 were m = 4 and Itermax = 4, 

respectively. For the ten outer iterations, minimizing the GCV function pro- 

duces µ10 = 1.15 ×  10− 5. Using Algorithm 21, the discrepancy principle with η 

= 1.1 have been satisfied after m = 59 steps of T-GGKB method (Algo- rithm 

19), producing a regularization parameter given by µm = 1.06 ×  10− 4. For 

comparison with existing approaches in the literature, we report in Ta- ble 

5.2 the results obtained with the method proposed in [18]. This method 

ing the grayscale images that constitute the three channels of each blurred 
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Figure 5.5: Example 2: Original frame no. 5 (left), blurred and noisy frame no. 5 
(right). 

 
 

utilizes the connection between the Global Golub–Kahan bidiagonalization 

and Gauss quadrature rules for solving large ill-conditioned linear systems 

of equations (5.41). We refer to this method as GGKB. It determines the 

regularization parameter analogously to Algorithm 21, and uses a similar 

stopping criterion. We can see that Algorithm 21 yields restorations of the 

same quality as the GGKB method, but the new proposed methods perform 

significantly better in terms of cpu-time. For completeness, the restorations 

obtained with Algorithm 20 and Algorithm 21 are shown on the left-hand 

and the right-hand side of Figure 5.6, respectively. 

Table 5.2: Results for Example 2. 

 
Noise level Method SNR Relative error CPU-time (second) 
10− 3 Algorithm 20 11.22 1.09 ×  10− 1 50.22 

Algorithm 21 16.17 6.31 ×  10− 2 45.22 

GGKB 16.01 7.56 ×  10− 2 60.10 
 

 
 
 
 

5.6 Conclusion 

 
In thischapter we proposed tensor versions of GMRES and Golub—Kahan 

bidiagonalization algorithms using the T-product, with applications to solv- 

ing large-scale linear tensor equations arising in the reconstruction of blurred 

and noisy multichannel images and videos. We also introduced new tensor 
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Figure 5.6: Example 2: restored frame no. 5 by Algorithm 20 (left), and restored frame 
no. 5 by Algorithm 21 (right). 

 
 

products as generalisations of other well known matrix products. The nu- 

merical experiments that we have performed show the effectiveness of the 

proposed schemes to inexpensively compute regularized solutions of high 

quality. 
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Chapter 6 

 
Discrete cosine transform LSQR 

methods for multidimensional 

ill-posed problems 

 
In the present work, we propose new tensor Krylov subspace method for 

ill posed linear tensor problems such as in color or video image restoration. 

Those methods are based on the tensor-tensor discrete cosine transform that 

gives fast tensor-tensor product computations. In particular, we will focus 

on the tensor discrete cosine versions of GMRES, Golub-Kahan bidiagonal- 

isation and LSQR methods. The presented numerical tests show that the 

methods are very fast and give good accuracies when solving some linear 

tensor ill-posed problems. 

 
6.1 Introduction 

 
The aim of this paper is to solve the following tensor problem 

 

 
min ǁM(X) − CǁF (6.1) 
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where M is a linear operator that could be described as 

M(X) = ffi *c X,  or M(X) = ffi *c X *c B, (6.2) 

where ffi ∈  Rn1 × n2 × n3 is a three mode tensor, X ∈  Rn2 × s× n3 , B ∈  Rs× s× n3 and 

C ∈  Rn1 × s× n3 are three mode tensors, and *c is the cosine product to be also 

defined later. In this chapter, we will show that the tensor-tensor product 

between third-order tensors allows the application of the global iterative 

methods, such as the global Arnoldi and global Golub-Kahan algorithms. 

The tensor form of the proposed Krylov methods, together with using the 

fast cosine transform (DCT) to compute the c-product between third-order 

tensors can be efficiently implemented on many modern computers and 

allows to significantly reduce the overall computational complexity. It is 

also worth mentioning that our approaches can be naturally generalized to 

higher-order tensors in a recursive manner. 

This chapter is organized as follows. We shall first present in Section 6.2 

some symbols and notations used throughout the paper. We also recall 

some definitions related to the cosine product between two tensors. In Sec- 

tion 6.4 , we present some inexpensive approaches based on cosine global 

Krylov subspace methods combined with regularization techniques to solve 

the obtained ill-posed tensor problem (6.1) . Section 6.5 is dedicated to some 

numerical experiments. 

 
6.2 Properties of the cosine product 

 
In this subsection, we briefly review some concepts and notations, that play 

a central role for the elaboration of the tensor iterative methods based on the 

c-product; see [88] for more details on the c-product. 

Let ffi ∈  Rn1 × n2 × n3 be a third-order tensor, then the operations mat and its 
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˜ 

˜ 

mat(ffi) =  . . 
 +  

. 

. 
 ∈  Rn1n3× n2n3 

    

    
  

 

reverse ten are defined by 
 

  

A1 A2 . . . An   

  

A2 . . . An 0     

A2 A1 . . . A3 An 

 
 

  . . . . An 0 . . .  
An An− 1 . . . A1  

` 
Block

˛
T

¸
oeplitz  

x
 

0 An . . . A2 
` 

Block

˛
H

¸
ankel  

x
 

 

where the matrices Ai ∈  Rn1 × n2 , i = 1, . . . , n3 are the frontal slices of the 

tensor ffi. The reverse operation denoted by ten is such that 

 
ten(mat(ffi)) = ffi. 

 

Let ffi be the tensor obtained by applying the DCT on all the tubes of the 

tensor ffi. With the Matlab command dct as 

 

ffi˜ = dct(ffi, [ ], 3), and idct(ffi˜, [ ], 3) = ffi, 

where idct denotes the Inverse Discrete Cosine Transform. 

Remark 6.1. Notice that the tensor ffi can be computed by using the 3-mode 

product defined in [91] as follows: 

 

ffĩ  = ffi × 3 M, 

where M is the n3 ×  n3 invertible matrix given by 

M = W− 1Cn3 (I + Z), 

 

and Cn3 denotes the n3 ×  n3 Discrete Cosine Transform DCT matrix, W = 

diag(Cn3 (:, 1)) is the diagonal matrix made of the first column of the DCT 

matrix, Z is an n3 ×  n3 circulant matrix which can be computed in MATLAB 

using the command W = diag(ones(n3 −  1, 1), 1) and I the n3 ×  n3 identity 

. . 
. 

. 

. 
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1 n3 2 

 

matrix; see [88] for more details. 

 

 
6.3 Properties of the cosine product 

 
In this subsection, we briefly review some concepts and notations, that play 

a central role for the elaboration of the tensor iterative methods based on the 

c-product; see [88] for more details on the c-product. 

Let A be the matrix 

 

A(1) 

 

 

 
A(2) 

 

 
n n n n 

A = 

 

(i) 

. . .
  
 

A(n3) 

∈  R 3
 

 

1 ×  3 2 , (6.3) 

where the matrices A ’s are the frontal slices of the tensor ffi˜. The block 
 

matrix mat(ffi) can also be block diagonalized using the DCT matrix and this 

gives 

(Cn ⊗  In ) mat(ffi) (CT ⊗  In  ) = A. (6.4) 
 

Definition 6.2. The c-product between two tensors ffi ∈  Rn1 × n2 × n3 and B ∈  

Rn2 × m× n3 is an n1 ×  m ×  n3 tensor given by: 

 
ffi *c B = ten(mat(ffi)mat(B)). 

 

Notice that from the relation (6.3), we can show that the product C = ffi *c B 

is equivalent to C = A B. The following algorithm allows us to compute, in 

an efficient way, the c-product of the tensors ffi and B, see [88]. 

For the c-product, we have the following definitions and remarks 
 

Definition 6.3. 1. The identity tensor In1 n1 n3 is the tensor such that all frontal 

slice of Ĩn1 n1 n3   is the identity matrix In1 n1   . 

 

3 
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˜ ˜ 

˜ 

 
 

 

Algorithm 22 Computing the c-product 

Inputs: ffi ∈  Rn1 × n2 × n3 and B ∈  Rn2 × m× n3 

Output: C = ffi *c B ∈  Rn1 × m× n3 

1. Compute ffi = dct(ffi, [ ], 3) and B = dct(B, [ ], 3). 
2. Compute each frontal slices of C by 

C(i) = A(i) B(i) 

3. Compute C = idct(C̃, [ ], 3) . 

2. An n1 ×  n1 ×  n3 tensor ffi is invertible, if there exists a tensor B of order 

n1 ×  n1 ×  n3 such that 

 
ffi *c B = In1 n1 n3 and B *c ffi = In1 n1 n3 . 

 
In that case, we set B = ffi

−1. It is clear that ffi is invertible if and only if 

mat(ffi) is invertible. 

3. The inner scalar product is defined by 

 
n1 n2 

⟨ffi, B⟩ =  ∑ ∑ 
n3 

∑ ai1 i2 i3 bi1 i2 i3 

i1=1 i2=1 i3=1 

and he corresponding norm is given by ǁffiǁF  = 
q

⟨ffi, ffi⟩. 

4. An n1 ×  n1 ×  n3 tensor Q is orthogonal if QT *c Q = Q *c QT = In1 n1 n3 . 

We now introduce the new c-diamond tensor-tensor product. 
 

Definition 6.4. Let ffi = [ffi1, . . . , ffip] ∈  Rn1 × ps× n3 , where ffii ∈  Rn1 × s×n3 , i = 1, 

..., p and let B = [B1, . . . , Bl] ∈  Rn1 × ls× n3 with Bj ∈  Rn1 × s× n3 , j = 1, ...l. Then, 

the product ffiT♦ cB is the p ×  l matrix given by : 

 
(ffiT♦ cB)i,j  = ⟨ffii, Bj ⟩ . 
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F F 

6.4 Tensor discrete cosine global Krylov subspace meth- 

ods 

In this section, we propose iterative methods based on tensor cosine global 

Arnoldi and cosine global Golub– Kahan bidiagonlization (cosine-GGKB), 

combined with Tikhonov regularization, to solve some discrete ill posed 

problems. We consider the following discrete ill-posed tensor equation 

 

ffi *c X = C, C = Ĉ + N, (6.5) 

where ffi ∈  Rn× m× p, X, N (additive noise) and C are tensors in Rn× s×p. In color 

image processing, p = 3, ffi represents the blurring tensor, C the blurry and 

noisy observed image, X is the image that we would like to restore and N is 

an unknown additive noise. Therefore, to stabilize the recovered im- age, 

regularization techniques are needed. There are several techniques to 

regularize the linear inverse problem given by equation (6.5); for the matrix 

case, see for example, [17, 35, 60, 67]. All of these techniques stabilize the 

restoration process by adding a regularization term, depending on some 

priori knowledge of the unknown image. One of the most regularization 

method is due to Tikhonov and is given as follows 

 

min{ǁffi *c X − Cǁ2  + λǁXǁ2 }. (6.6) 

 
Many techniques for choosing a suitable value of λ have been analysed and 

illustrated in the literature; see, e.g., [60, 67, 138] and references therein. In 

this paper we will use the discrepancy principle and the Generalized Cross 

Validation (GCV) techniques. 
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m 

m 

β 

˜ 

˜ 

 

6.4.1 The tensor discrete cosine GMRES 

 
Let ffi ∈  Rn× n× p and V ∈  Rn× s× p. We introduce the tensor Krylov subspace 

TKc (ffi, V) associated to the cosine-product, defined for the pair (ffi, V) as 

follows 

 
TKc (ffi, V) = Tspan{V, ffi *c V, . . . , ffi 

 
m− 1 

 
*c V} = 

(

Z ∈  R 

 
n× s× p 

 
m 

, Z = ∑ αi 
i=1 

 

ffi 

 
i− 1 *c V

 
) 

, 

(6.7) 

where αi ∈  R, ffii
−1 *c V = ffii−2 *c ffi *c V, for i = 2, . . . , m and ffi0 is the 

identity tensor. In the following algorithm, we define the Tensor Discrete 

Cosine Arnoldi (DCA) algorithm. 
 

Algorithm 23 Tensor discrete cosine Arnoldi 

1. Input. ffi ∈  Rn× n× p, V ∈  Rn× s× p and the positive integer m. 

2. Set β = ǁVǁF, V1  = 
V
 

3. For j = 1, . . . , m 

(a) W = ffi *c Vj 

(b) for i = 1, . . . , j 

i. hi,j  = ⟨Vi, W⟩ 

ii. W = W −  hi,j Vi 

(c) End for 

(d) hj+1,j  = ǁWǁF. If hj+1,j  = 0, stop; else 

(e) Vj+1 = W/hj+1,j. 

4. End 

 

 

It is not difficult to show that after m steps of Algorithm 23, the tensors 

V1, . . . , Vm form an orthonormal basis of the tensor Krylov subspace TKm(ffi, V). 

Let Vm be the (n ×  (sm) ×  p) tensor with frontal slices V1, . . . , Vm and let Hm 

be the (m + 1) ×  m upper Hesenberg matrix whose elements are the hi,j’s 

defined by Algorithm 23. Let Hm be the matrix obtained from Hm by deleting 

its last row; H.,j will denote the j-th column of the matrix Hm and ffi *c Vm is 
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∈  

˜ 

m 

    

m+1 

m 

 

the (n ×  (sm) ×  p) tensor with frontal slices ffi *c V1, . . . , ffi *c Vm: 

 
Vm := [V1, . . . , Vm] and  ffi *c Vm := [ffi *c V1, . . . , ffi *c Vm]. (6.8) 

We introduce the product ② defined by 

m 

Vm ② y = ∑ yjVj,   y = (y1, . . . , ym)T Rm, and Vm ② Hm = [Vm ② H.,1, . . . , Vm ② H.,m] . 
j=1 

 

With the above notations, we can easily prove the results of the following 

proposition. 

Proposition 6.5. Suppose that m steps of Algorithm 23 have been run. Then, the 

following statements hold: 

 
ffi *c Vm = Vm ② Hm + hm+1,m   On× s× p, . . . , On× s× p, Vm+1 (,6.9) 

ffi *c Vm = Vm+1 ② Hm, (6.10) 

VT ♦ cffi *c Vm = Hm, (6.11) 

VT ♦ cffi *c Vm = H̃m, (6.12) 

VT ♦ cVm = Im, (6.13) 

ǁVm ② yǁF = ǁyǁ2,  y ∈  Rm, (6.14) 

 
where Im the identity matrix and On× s× p is the tensor of size (n ×  s ×  p) having all 

its entries equal to zero. 

In the sequel, we briefly present Restarted tensor Discrete Cosine GMRES 

(DC-GMRES) algorithm to solve the problem (6.6). Let X0 ∈  Rn× s× p be an 

arbitrary initial guess with the corresponding residual R0 = C − ffi *c X0. The 

aim of DC-GMRES method is to find and approximate solution Xm approxi- 

mating the exact solution X∗ such that 

Xm = X0 + Vm ② y, (6.15) 
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¨ 

˜ 

˜ 

˜ 

∑ 
σ2 + λ2 

∑ 
  

 

where y = ym,λm ∈  Rm solves the projected regularized minimization prob- 

lem 

 
 
 

 
ym,λ = arg min 

 
ǁβe1 − H̃m yǁ2  + λ2 ǁyǁ2

  
, (6.16) 

m 
y∈ Rm 

¨
 

H̃m 

2 m 

  

βe1

 

2 

¨
2 

= arg min 
y∈ Rm 

 
λm Im 

 y −   
0
 

¨
2

 , (6.17) 

 

where β = ǁR0ǁ and e1 the first canonical basis vector in Rm+1. The min- imizer 

ym,λm can also be computed as the solution of the following normal equations 

associated with (6.17) 

 
T T 2 

H̃m,λm y = H̃m βe1, H̃m,λm   = (H̃m C̃m  + λm Im). (6.18) 

Note that since the Tikhonov problem (6.18) is now a matrix one with small 

dimension as m is generally small, λm, can thereby be inexpensively com- 

puted by some techniques such as the GCV method [60] or the L-curve cri- 

terion [35, 67]. In this paper we consider the generalized cross-validation 

(GCV) method to choosing the regularization parameter [60, 138]. We take 

advantage of the SVD decomposition of the low dimensional matrix Hm to 

obtain a more simple and computable expression of GCV(λm). Consider the 
T 

SVD decomposition Ck = UΣV  . Then, the GCV function can be expressed 

as (see [138]) 
m gi 

2
 

σ2 + λ2 
GCV(λ ) = i=1 i 

m 
, (6.19) 

m   m   
  1  

!2 

i=1  i m 

where  σi  is  the  ith  singular  value  of  the  matrix  H̃m  and  g̃ =  β1U e1. The 
 

 restarted tensor discrete cosine GMRES algorithm is summarized as follows: 

¨  

T 
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∈  ∈  

ǁ ǁ 

˜ 
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F 

 
 

Algorithm 24 Restarted tensor discrete cosine GMRES (DC-GMRES(m)) method with 
Tikhonov regularization 

1. Input. ffi Rn× n× p, C, X0 Rn× s× p, an integer m for restarting, a maximum 
number of iterations Itermax and a tolerance tol > 0 . 

2. Output. Xm ∈  Rn× s× p approximate solution of the system (6.1). 

3. Set k = 0 and compute R0 = C −  ffi *c X0.. 

4. Apply Algorithm 23 to the pair (ffi, R0) to compute Vm and Hm . 
5. Determine λm as the parameter minimizing the GCV function given by (6.19) 

6. Compute the regularized solution ym,λm of the problem (6.17). 

7. Compute the approximate solution Xm = X0 + Vm ② ym,λm 

8. If Rm F < tol or k > itermax, stop, 

else Set X0 = Xm, k = k + 1 and go to Step 4. 

 

6.4.2 The tensor discrete cosine Golub-Kahan method 

 
We consider the tensor least squares problem 

 
 

min{ǁffi *c X − Cǁ2 , (6.20) 
 
 

where ffi ∈  Rn× l× p and C ∈  Rn× s× p. Instead of using the DCA, we can use 

a dicrete cosine version of the tensor Lanczos process to generate a new basis 

that can be used for the projection. We will use the tensor Golub Kahan 

algorithm related to the c-product. defined as follows. 
 

Algorithm 25 The Tensor discrete cosine Bidiagonalisation Golub Kahan algorithm 

1. Input. The tensors ffi, C and an integer m. 

2. Set β1  = ǁCǁF , α1  = ǁffiT *c U1 ǁF, U1  = C/β1 and V1  = (ffiT *c U1)/α1. 3. 

for j = 1, . . . , m 

(a) Ũ = ffi *c Vj − αjUj 

(b) β j+1  = ǁU ǁF 

(c) Uj+1 = U/βj+1 
T 

(d)  Ṽ = ffi *c Uj+1 −  βj+1Vj 

(e) αj+1  = ǁVǁF 

(f)  Vj+1  = Ṽ/αj+1. 

X 
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˜ 

 

 

Let C̃m  be the upper bidiagonal ((m + 1) × m) matrix 
 

 

C̃m  =  

 

 
α1 

β2 α2 
. . . 

. . . 
. . .

 

βm  αm 

βm+1  
 

and let Cm be the (m ×  m) matrix obtain by deleting the last row of Cm. We 

denote by C.,j the j-th column of the matrix Cm. Let Vm and ffi *c Vm be 

the (l ×  (sm) ×  p) and (n ×  (sm) ×  p) tensors with frontal slices V1, . . . , Vm 

and ffi *c V1, . . . , ffi *c Vm, respectively, and let Um and ffiT *c Um be the (n ×  

(sm) ×  p) and (l ×  (sm) ×  p) tensors with frontal slices U1, . . . , Um and ffiT *c 

U1, . . . , ffiT *c Um, respectively. We set 

 

Um : = [U1, . . . , Um] , and  ffi *c Vm := [ffi *c V1, . . . , ffi *c Vm], (6.21) 

Vm : = [V1, . . . , Vm] , and  ffiT *c Um := [ffiT *c U1, . . . , ffiT *c Um]. (6.22) 

 
Proposition 6.6. The tensors produced by the tensor cosine Golub-Kahan algo- 

rithm satisfy the following relations 

 
ffi *c Vm = Um+1 ② C̃m, (6.23) 

 

ffiT 

*c Um = Vm ② C̃m, (6.24) 
 

Um+1 ② (β1e1) = C, (6.25) 

ǁUm+1 ② zǁF = ǁzǁ2, (6.26) 

 
where e1 = (1, 0, . . . , 0)T ∈  Rm+1 and z is a vector of Rm+1. 

 
To solve the least squares problem (6.20), we consider approximations de- 

fined as 

Xm = Vm ② ym, (6.27) 

 

T 
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˜ 

 

satisfying the minimization property of the corresponding residual. As we 

explained earlier, the problems that we are concerned with are ill-posed 

problems and then regularization techniques are highly recommended in 

those cases. But as the problem is very large, we apply the regularization 

process to the projected problem derived from the minimization of the resid- 

ual. This leads to a low dimensional Tikhonov formulation and then we seek 

for y = ym ∈  Rm that solves the low dimensional linear system of equations 
 

 T 2 T 

(C̃m C̃m  + λm Im)y = α1C̃m e1, α1  = ǁCǁF, (6.28) 

which is also equivalent to solving the least-squares problem 
 

min 
¨ λm C̃m  

y − α  λ   e  
¨
 

 

  

 
 (6.29) 

y∈ Rm 

¨
 

Im   
 

¨2 
 

The regularized parameter λm is computed by using the GCV function given 

by (6.19). The following algorithm summarizes the main steps of the de- 

scribed method. 

Algorithm 26 The Tensor Discrete Cosine Golub-Kahan (DC-GK) method 

1. Input. The tensors ffi, C. 

2. Determine the orthonormal bases Um+1 and Vm of tensors, and the bidiagonal Cm 
and Cm matrices with Algorithm 25. 

3. Determine λm using GCV function. 

4. Determine ym ,λm by solving (6.29) and then compute Xm ,λm by (6.27). 

 

In the next section, we derive a direct computation of the approximate Golub- 

Kahan solution by using a discrete cosine LSQR algorithm. 

 
6.4.3 The discrete cosine-LQSR method 

 
In this section, we develop the tensor version of the well know LSQR algo- 

rithm introduced in [61] based on c-product formalism. Let ffi ∈  Rn× l× p  be a 

tensor and let C ∈  Rn× s× p a starting tensor. 

1 1   m 
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˜ 

 

  

 

The purpose of the Tensor Discrete LSQR (DC-LSQR) method is to find, at 

some step k, an approximation Xk of the solution X
∗
 of the problem (6.20) 

such that 

Xk = Vk ② yk, (6.30) 

 
where yk ∈  Rk. The associated residual is given by 

 
Rk  = C − ffi *c Xk  = β1U1 − Uk+1 ② C̃k  ② yk  = Uk+1 ② (β1e1 − C̃k yk)  (6.31) 

and using Proposition 6.6, we get 

ǁUk+1 ② (β1e1 − C̃k yk)ǁF  = ǁβ1e1 − C̃k yk ǁ2. 

This minimization problem is accomplished by using the QR decomposition, 

where a unitary matrix Qk is determined so that 

 
 

Rk fk 

 

 

 

 

ρ1 θ2 φ1  

ρ2 θ3 . 
 . . . 

. . . .  

Qk[C̃k β1e1] =  φ̄k+1 
 =  

ρk− 1 θk 

, φk− 1 
ρk φk 

 
φ̄k+1    

 

where ρi, θi are scalars. The matrix Qk is a product of plane rotations de- 

signed to eliminate the sub-diagonals of Ck. This gives the following simple 

recurrence relation : 

   

ck sk 
 

 
ρ¯k 0 φ̄k 

 
= 

 
 
ρk θk+1 φk 

 
,

 

 
− sk ck 

  
βk+1 αk+1 0  

  
0 ρ̄k+1 φ̄k+1    

0 
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where ρ̄1  = α1  and φ̄1   = β1  and the scalars sk , ck  are the nontrivial element 

of Qk+1,k the k-th plane rotation. We get 

 
Rkyk = fk 

 

and the approximate solution is given by : 

 
 

Xk  = (Vk ② R
−

k  
1) ② fk . 

 
Let Vk ② Rk

− 1  = Pk  = [P1 . . . Pk], then we have 

 
Xk = Pk ② fk 

 
Notice that the tensor Pk can be computed from Pk−1 and Vk as follows : 

 
Pk  = (Vk − θkPk− 1)ρ

−

k  
1. 

 

 
 

We also have f 
= 

  
fk− 1 

 
in which φ 

 

= c φ  ̄ . Finally, X 

 
 
can be computed 

k 

φk 

as follows 

k k   k k 

 

Xk = Xk−1 + φkPk. 

 

Furthermore, we have  
ǁRk ǁF  = |φ̄k+1|. 

 

The next algorithm which is named Discrete Cosine LSQR (DC-LSQR) algo- 

rithm, describes the whole process. 

For ill posed problems, as it is the case for image or video restorations, we 

could have situations where the residual norm is small enough but the error 

norm is still large. As it is observed for those problems, the residual and the 

error norms could decrease in DC-LSQR till some iteration k and then the 

norm of the error becomes to increase. One possibility to overcome these 
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ǁ ǁ ǁ ǁ 

ρj 
—  W . 

(1) (2) (3) 

 
 

 

Algorithm 27 The Discrete Cosine LSQR (DC-LSQR) algorithm 

1. Input. The tensors ffi, C, X0 = , itermax, the maximum number of allowed itera- 
tions and a tolerance tol > 0 for the stopping criterion. 

2. Set β1 = C F, α1 = ffiT *c U1 F, U1 = C/β1 and V1 = (ffiT *c U1)/α1, W1 = V1 

, ρ̄1  = α1 and φ̄1  = β1 

3. for j = 1, . . . , itermax 

(a) Wj  = ffi *c Vj − αjUj, β j+1  = ǁWj ǁF and Uj+1  = Wj/β j+1. T (b) Ṽ = ffi  *c Uj+1 − β j+1Vj, αj+1  = ǁṼǁF and Vj+1  = Ṽ/αj+1. (c) ρj  = (ρ̄j  + β j+1) 2 , cj  = ρj   
and sj  = 

(d) θj+1  = sjαj+1 and ρ̄j+1  = cjαj+1. 

(e) φj  = cj φ̄j  and φ̄j+1  = − sj φ̄j. 

ρj     
. 

(f) Xi = Xi− 1 +
 φj Wj; Wj 

(g) If |φ̄j+1| < tol stop. 

+1 = Vj 

θj+1 

+1 ρj 
j 

 
 

 

situations is to stop the iterations at some optimal kopt. The L-curve criterion 

[35, 67] could be usefull to determine such optimal index kopt. The method 

suggests to plot the curve (ǁRk ǁ, ǁXk ǁ).  Intuitively, the best regularization 

parameter should lie on the corner of the L-curve corresponding to the point 

on the curve with maximum curvature. 

 
6.5 Numerical results 

 
In this section, we give some numerical tests on the methods described in 

this paper. We compared the performances of the tensor discrete cosine GM- 

RES describes in Algorithm 24, the tensor discrete cosine Golub-Kahan (DC- 

GK) algorithm given by Algorithm 26 and the tensor dicrete cosine LSQR 

(DC-LSQR) described in Algorithm 27 , when applied to the restoration of 

blurred and noisy color images. All computations were carried out using 

the Matlab environment on an Intel(R) Core(TM) i7-8550U CPU @ 1.80GHz 

(8 CPUs) computer with 12 GB of RAM. The computations were done with 

approximately 15 decimal digits of relative accuracy. Let X̂ (1) , X̂ (2) , and X̂ (3) 
 

be the n ×  n matrices that constitute the three channels of the original error- 

free  color  image  X̂,  and  Ĉ ,  Ĉ ,  and  Ĉ the  n × n  matrices  associated 

with error-free blurred color image Ĉ.  We consider that both cross-channel 

2 2 1 ρ̄ j βj+1 
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^ 

¨ ¨ 

2π 2σ2 

 

and within-channel blurring take place in the blurring process of the original 

image. The full blurring model 

 

ffi *c X̂ *c B = Ĉ, (6.32) 

where ffi is a 3-way tensor such that ffi(:, :, 1) = αA(2), ffi(:, :, 2) = βA(2) and 

ffi(:, :, 3) = γA(2) and B is a 3-way tensor with B(:, :, 1) = (A(1))T, B(:, :, 2) = 

0 and B(:, :, 3) = 0. α, β and γ are the entries of the following matrix 

Acolor  =  

 

 
α γ β 

 

β α γ 
 

γ β α 

 

,

 

 

 

obtained from [68], that models the cross-channel blurring, in which each 

row sums is one. A(1) ∈  Rn×n and A(2) ∈  Rn× n define within-channel blur- 

ring and they model the horizontal within blurring and the vertical within 

blurring matrices, respectively; To test the performance of algorithms, the 

within blurring matrices A(i) have the following entries 

√1       exp 
 
− 

(k− l)2 
  

, |k − l| ≤ r 

  
0, otherwise. 

 

Note that σ controls the amount of smoothing, i.e. the larger the σ, the 

more ill posed the problem. We generated a blurred and noisy tensor image 

C =  Ĉ + N,  where  N is  a  noise  tensor  with  normally  distributed  random 

entries with zero mean and with variance chosen to correspond to a specific 

noise  level  ν  := ǁNǁF/ǁCǁF .  To  compare  the  effectiveness  of  our  solution 

methods, we evaluate 

 

Relative error = 
X̂  − Xrestored    F

 

ǁX̂ǁF 

a = σ 
kl 
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2 

^ ^ 

^ ^ 

 
 

 
 

Figure 6.1: Original RGB images: papav256 (left) and cat1024 (right). 

 
 

and the Signal-to-Noise Ratio (SNR) defined by 

 

SNR(Xrestored) = 10log10 
ǁX̂ − E(X̂)ǁF   

,
 

 
ǁXrestored  − X̂ǁF 

where E(X) denotes the mean gray-level of the uncontaminated image X. 

In our experiments, we applied the three algorithms DC-GMRES(10), DC- 

GK and DC-LSQR for the reconstruction of a cross-channel blurred color 

images that have been contaminated by both within and cross blur, and ad- 

ditive noise. The cross-channel blurring is determined by the matrix 

Acolor  =  

 

 
0.8 0.10 0.10 

0.10   0.80   0.10 

0.10   0.10   0.80 

 

.

 

 

 

We consider two RGB images, papav256 (X ∈  R256× 256× 3) and cat1024 (X ∈  

R1024× 1024× 3). They are shown on Figure 6.1. For the within-channel blur- ring, 

we let σ = 4 and r = 6. The associated blurred and noisy RGB images are 

obtained as C = ffi ∗ X̂ ∗ B + N.  Given the contaminated RGB image C, we 

would like to recover an approximation of the original RGB image X̂. 

6.5.1 Example 1 

 
In the first experiment, we used the papav256 color image of size 256 ×  256 ×  3 

with two different noise levels ν = 10− 2 or ν = 10−3. In Table 6.1 we reported 

the obtained SNR, the corresponding relative error norm and the 

2 
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required cpu-time for DC-GMRES(10), DC-GK and DC-LSQR with a noise 

level of 10− 3. 

Table 6.1: Results for Experiment 1 with papav256. Noise level 10− 3. 
 
 

4.7 ×  10− 2
 

DC-LSQR 21.8 6.8 ×  10− 2 1.23 
 

 

 

As can be seen from those results, the DC-LSQR requires lower cpu-time 

as compared to the other two methods. However, DC-GK returns the best 

SNR. For this experiment, the optimal iteration number was kopt = 14. A 

maximum number of iterations was itermax = 10 for DC-GMRES(10) and 

mmax = 15 for DC-GK. As we mentioned earlier, DC-GMRES(10) and DC- 

GK were run with the Tikhonov regularization technique (applied to the 

projected least squares problem) and we used GCV method for estimat- 

ing the regularization parameters in each iteration of the processes. The 

obtained optimal parameters, at the final step were λ1 = 2.32 ×  10− 5 for DC-

GMRES(10) and λ1 = 1.24 ×  10− 6 for DC-GK. Figure 6.2 shows the ob- tained 

blurred image and the restored one when using DC-LSQR method with noise 

level of 10− 3. 

In Table 6.2, we reported the results obtained by DC-GMRES(10), DC-GK 

and DC-LSQR for the color image papav256 with a noise level of 10− 2. Here 

also, we used kopt = 15 for DC-LSQR, itermax = 15 for DC-GMRES(10) and 

mmax = 20 for DC-GK. As can be seen, the DC-LSQR returns the best results 

when comparing the three methods. 

Table 6.2: Results for Example 1 with papav256. Noise level 10− 2. 
 

RGB image Method SNR Relative error cpu-time (seconds) 

papav256 DC-GMRES(10) 17.24 1.5 ×  10− 2 7.14 
DC-GK 20.4 7.2 ×  10− 2 1.92 

DC-LSQR 20.2 8.5 ×  10− 2 1.23 

RGB images Method SNR Relative error cpu-time (seconds) 

papav256 DC-GMRES(10) 
DC-GK 

19.25 
23.9 

8.5 ×  10− 2
 5.21 

1.62 
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Original Image Blurred and Noisy Image Restored Image 

 

 
 
 

 
 
 

 
 
 

 
 

Figure 6.2: Test for Example 1, with DC-LSQR for papav256, and noise level 10− 3. 

Original (left), noisy-blurred (center) and restored (right) . 

 

6.5.2 Example 2 

In the second example, we used the color image cat1024 of dimension 1024 × 

1024 ×  3. Here also, we compared the three methods using two noise levels ν 

= 10− 3 and ν = 10− 2. Table 6.3 reports on the obtained results for the noise 

level ν = 10− 3 . For this experiment, the optimal iteration number for DC- 

LSQR was 15, the maximum iteration number allowed to DC-GMRES(10) 

was 10 and a maximum of mmax = 20 iterations was for DC-BK. As can be 

seen from the obtained results, DC-LSQR returns the best results: for SNR 

and the total cpu-time. 

Table 6.3: Results for Example 2 with noise level 10− 3. 
 
 

RGB image Method SNR Relative error cpu-time (seconds) 
cat1024 DC-GMRES(10) 14.96 4.54 ×  10− 2 100.35 

 DC-GK 19.25 6.97 ×  10− 2 25.33 
 DC-LSQR 18.87 5.43 ×  10− 2 19.45 
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Original Image Blurred and Noisy Image Restored  Image 

 
 

 
 
 

 
 
 

 
 
 

 

Figure 6.3: Test for Example 2, with DC-LSQR for cat1024, and noise level 10− 3. 
Original (left), noisy-blurred (center) and restored (right). 

 
 

Figure 6.3 shows the obtained blurred image and the restored one when us- 

ing DC-LSQR method with noise level of 10− 3 for the image cat1024. Table 

6.4 reports on the obtained results for the noise level ν = 10− 2.   For this 

experiment, the optimal iteration number for DC-LSQR was 20, the maxi- 

mum iteration number allowed to DC-GMRES(10) was 15 and a maximum 

of mmax = 25 iterations was for DC-BK. As can be seen from this table, 

DC-LSQR returns the best results: for SNR and the total cpu-time. For the 

returned SNR, generally the two Golub Kahan based methods return similar 

results but the second formulation of the method which corresponds the DC- 

LSQR (Algorithm 27) requires less cpu-time. 

Table 6.4: Results for Example 2 with noise level 10− 2. 
 

RGB image Method SNR Relative error cpu-time (seconds) 
cat1024 DC-GMRES(10) 14.53 9.62 ×  10− 2 137.43 

 DC-GK 15.87 8.06 ×  10− 2 30.22 
 DC-LSQR 15.75 8.17 ×  10− 2 26.43 
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We also compared the performances of DC-Golub-Kahan with the T-Golub 

Kahan method that uses the tensor T-product. Usually, the approximate so- 

lution with the cosine product are better. In Table 6.5, we compared the 

obtained results for DC-GK and the T-GK algorithms for the image cat1024. 

We also run experiments comparing DC-LSQR and T-LSQR (which is ob- 

tained by replacing inDC-LSQR the c-product by the T-product) for the same 

example and the obtained results are also reported in Table 6.5. 

Table 6.5: Results for DC-Golub-Kahan, T-Golub Kahan, T-LSQR and DC-LSQR, 

with noise level 10− 2 with the image cat1024 . 

Method SNR Relative error cpu-time (seconds) 

DC-GK 15.65  6.18 ×  10− 2  30.46 
T-GK 15.06 8.17 ×  10− 2 36.26 
T-LSQR 15.53 4.07 ×  10− 2 28.35 

DC-LSQR 15.85 1.32 ×  10− 2 25.05 
 

 
 
 
 

6.6 Conclusion 

 
In this paper, we presented three discrete cosine Krylov-based methods, 

namely tensor DC-GMRES, DC-GK and DC-LSQR. The second two methods 

use the discrete cosine Golub-Kahan bidiagonalisation algorithm that we 

defined in this work. DC-GMRES and DC-GK are combined with the well 

known Tikhonov regularization method that is applied, at each iteration for 

the two algorithms, to the obtained projected low dimensional ill-posed least 

squares minimisation problem. The reported numerical tests show that the 

methods are very fact and can be used as restoration techniques for color 

image restoration. 
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Chapter 7 

 
Tensor Krylov subspace 

methods via the T-product for 

large Sylvester Tensor 

Equations 

 
In the present chapter, we introduce new tensor Krylov subspace methods 

for solving large Sylvester tensor equations. The proposed method uses the 

well- known T-product for tensors and tensor subspaces. We introduce some 

new tensor products and the related algebraic properties. These new prod- 

ucts will enable us to develop third-order the tensor FOM (tFOM), GMRES 

(tGMRES), tubal bolck Arnoldi and the tensor tubal Block Arnoldi method 

to sole large Sylvester tensor equations. We give some properties related to 

these methods and propose some numerical experiments. 
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7.1 Introduction 

 
The aim is to present numerical Tensor Krylov subspace methods for solving 

the Sylvester tensor equation 

 
M(X) = C, (7.1) 

 
where M is a linear operator that could be described as 

 
M(X) = ffi * X − X * B (7.2) 

 
where ffi, X, B and C are three-way tensors, leaving the specific dimensions 

to be defined later. In the current paper, we are interested in developing 

robust and fast iterative Krylov subspace methods via T- product to solve 

the Sylvester tensor equation STE (7.1). In fact, when the tensors in equa- 

tions (7.1) are of small sizes, the purpose is to extend matrix version of direct 

methods described in [8, 63] to third order tensors using the T-product for- 

malism. This gives us the t-Bartels-Stewart algorithm. For large size tensors, 

we describe first new methods that will be defined as an orthogonal and 

oblique projection onto a tensor Krylov subspace. In particular, the ten- 

sor Full orthogonalization method (tFOM) and tensor generalized minimal 

residual method (tGMRES) will be examined. We will also introduce the 

well-Know tensor Tubal block Krylov methods via T-product for transform- 

ing the original large Sylvester equation to a low-dimensional Sylvester ten- 

sor equation. In particular, we will describe the Tubal Block Arnoldi (TBA) 

as a generalization of block Arnoldi matrix. 

The paper is organized as follows: In Section 7.2, we give some notations and 

definitions. In Section 7.3, we develop the (tFOM) and (tGMRES) methods. 

the t-Bartels-Stewart method will be introduced in section 7.4. After defining 

a tubal QR factorization algorithm we defined in Section 7.5, we will estab- 

lish the tensor TBA that allows us to introduce the t n TBAS method. Finally, 
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some numerical tests are reported in Section 7.6. 

 

 
7.2 Definitions and notations 

 
All definitions and properties related to the T-product are defined earlier; 

see chapter 3 section 3.2. 

We consider the following Sylvester tensor equation 

 
 

ffi * X + X * B = C (7.3) 

 

Where ffi ∈  Rn×n×n3 , B ∈  Rq× q× n3 and X, C ∈  Rn× q× n3 respectively. ffi, B and 

C are given, X is the unknown tensor to be determined. 

 
Theorem 7.1. Sylvester tensor equation (7.3) has a unique solution iif Γ(A) ∩ 

Γ(B) = ∅, where the block diagonal matrix A, B are defined by (3.2), and Γ(A), Γ(B) 

denotes the set of eigenvalues of the matrix A and B respectively. 

 

Proof. It is easy to show that the product ffi * X + X * B = C is equivalent to 

C = AX + XB ( Sylvester matrix equation), which has a unique solution if 

and only if Γ(A) ∩ Γ(B) = ∅. 

 
 

7.3 Tensor tFOM and tGMRES algorithms 

 
7.3.1 The tFOM method 

 
In the following, we examined the tensor full orthogonalization (tFOM) method, 

which is based on the tensor T-global Arnoldi process introduced in chapter 

5 section 5.3 Algorithm 18. It could be considered as a generalization of the 

global FOM algorithm [79]. Let X0 ∈  Rn× s× p be an arbitrary initial guess with 

the corresponding residual R0  = C − M(X0).  The aim of the tensor T- 

global GMRES method is to find an approximate solution Xm approximating 
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1 

1 

.

(m) 

ǁRm ǁF  = hm+1,m 
.
y(m)

. 
. (7.9) 

 

the exact solution of X
∗
 such that 

 

Xm −  X0  = Pm  ∈  TKm(M, R0), (7.4) 
 
 

and  
Rm  ⊥  TKm(M, R0) (7.5) 

 

Pm  ∈  TKm(M, R0) can be expressed as Pm  = Vm ② y with y = (y1, . . . , ym)T  ∈  

Rm. From where the residual Rm is given by 

 
Rm = R0 −  Wm ② y (7.6) 

 
Using (7.6), the relation (7.5) can be expressed as 

 
 

⟨Vi, Rm ⟩ = ⟨Vi, R0 − Wm ② y⟩ ,   i = 1, . . . , m (7.7) 

 
where he tensors V1, . . . , Vm, form an orthonormal basis of the tensor global 

Krylov subspace TKm(M, R0) . The relation (7.7) can be expressed as : 

 

Hm  y = ǁR0 ǁF  e(m) (7.8) 

 

where e(m) is the first canonical basis vector in Rm and Hm is the Hessenberg 

matrix of size (m ×  m) obtained from Algorithm 18. 

Proposition 7.2.  At step m, the norm of the residual Rm  = C − M(Xm) = R0 − 

Wm ② ym produced by the tFOM method for tensor equation (6.1) has the following 

expression 

m 

 

where ym is the last component of the vector ym 

. 



 

1 

0+TKm( 0 
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Proof. At step m, using the relations (7.6) and (7.5) the norm of the residual 

Rm can be expressed as 

 

ǁRm ǁF  = ¨R0 − Vm ② (Hm ym) + hm+1,m 
 
On× s× p, . . . , On× s× p, Vm+1

  
② ym

¨
F 

since Hm  ym  = ǁR0 ǁF  e(m), we get 

 
ǁRm ǁF  = hm+1,m 

¨
 
On× s× p, . . . , On× s× p, Vm+1

  
② ym ̈  = hm+1,m 

.
y(m).

 

 
 

which shows the results. 

F . m  . 
 
 
 

 

 

7.3.2 The tGMRES method 

 

In the sequel, we develop the tGMRES algorithm for solving the problem 

(7.3). It could be considered as a generalization of the global GMERS algo- 

rithm [79]. Let X0 ∈  Rn× s× p be an arbitrary initial guess with the corre- 

sponding  residual  R0  =  C − M(X0).   The  purpose  of  the  tensor  tGMRES 

method is to find an approximate solution Xm approximating the exact solu- 

tion X
∗
 of 7.1 such that 

 

Xm −  X0  ∈  TKm(M, R0), (7.10) 

 
with the classical minimization property 

 
 

ǁRm ǁF  = 
X∈ X   

min 
M,R ) 

ǁC − M(X)ǁF. (7.11) 
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y∈  
mR 

y∈  
mR 

 

Let Xm = X0 + Vm ② y with y ∈  Rm, be the approximate solution satisfying 

(7.10). Then, 

 
Rm  =C − M(Xm), 

=C −  M (X0 + Vm ② y) , 

=R0 −  Wm ② y. 

 
It follows then that 

 
 

ǁRm ǁF  = min ǁR0 − Wm ② yǁF, 

 
where Wm  := [M(V1), . . . , M(Vm)] is the (n × sm × p) tensor defined ear- lier.    

Using  Proposition  5.2  and  the  fact  that  R0   =  ǁR0 ǁFV1  with  V1   = 

Vm+1 ② e1, where e1 the first canonical basis vector in Rm+1, we get 

 
ǁR0 − (ffi * Vm) ② yǁF  = ǁR0 − (Vm+1 ② H̃m ) ② yǁF, 

= ǁǁR0 ǁF(Vm+1 ② e1) − (Vm+1 ② H̃m ) ② yǁF , 

= ǁVm+1 ② (||R0 ǁFe1 − H̃m y)ǁF, 

= ǁ ǁR0 ǁF  e1 − H̃m yǁ2. 
 
 

Finally, we obtain  
Xm = X0 + Vm ② y, (7.12) 

 

where, 

y = arg  min || ||R0||F  e1 − H̃m y)||2. (7.13) 

 

Proposition 7.3.  At  step  m,  the  residual  Rm   =  C −  M(Xm) produced  by  the 

tensor global GMRES method for tensor equation (7.1) has the following expression 

 
Rm  = Vm+1 ② (γm+1Qmem+1) , (7.14) 

 
where Qm is the unitary matrix obtained from the QR decomposition of the upper 
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T ˜ 

m 

m 

 

Hessenberg matrix  Hm  and γm+1  is the last component of the vector ǁR0 ǁF Qme1 

and em+1 = (0, 0, . . . , 1)T ∈  Rm+1. 

Furthermore, 
 

ǁRm ǁF  = |γm+1| . (7.15) 

Proof. At step m, the residual Rm can be expressed as 

 

Rm  = Vm+1 ② 
 

βe1 − H̃m ym

  
, 

by considering the QR decomposition H̃m  = QmŨm  of the (m + 1) × m ma- 

trix H̃m, we get 

 

Rm  = (Vm+1 ② Qm) ② 
 

βQT e1 − Ũm ym

  
. 

Since y solves problem (7.13), it follows that 

 
 

Rm = Vm+1 ② (γm+1 Qmem+1) , 

 
where γm+1 is the last component of the vector βQT e1. Therefore, 

 
ǁRm ǁF = ǁVm+1 ② (γm+1Qmem+1)ǁF , 

= ǁγm+1 Qmem+1 ǁ2 , 

= |γm+1| , 

 
which shows the results. 

 
 

 

7.4 t-Bartels-Stewart method for Sylvester tensor equa- 

tions of small size 

In this section, we introduce the t-Bartels-Stewart method for Sylvester tensor 

equations of small size based on T-product formalism, as a generalisation of 
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∈  ∈  ∈  

˜ 

|| || 

 

(n3) 

(
Hm  ym  = ǁR0 ǁF  e(m) 

 
 

Algorithm 28 tFOM and tGMRES Algorithms 

1. Input. ffi Rn× n× n3    ,  B Rq× q× n3 , X0, C Rn× q× n3 , the maximum number of 
iteration Itermax an integer m and a tolerance tol. 

2. Compute R0  = C − M(X0). 

3. For k = 1, . . . , Itermax 

(a) Apply Algorithm 23 to compute Vm and H̃m  . 

ym  = arg  miny∈ Rm  || ||R0||F  e1 − Hm ym||2.    ( tGMRES method ) 

(c) Compute Xm = X0 + Vm ② ym 

4. If Rm F < tol then 
return Xm; 

5. else X0 = Xm and go to Step 2. 

6. Output. Xm ∈  Rn× q× n3 the approximate solution of (7.3). 

 

the well known Bartels and Stewart algorithm proposed in [8]. Motivated 

by the matrix case, the t-Bartels-Stewart method is based on transforming the 

tensors ffi and B into t-real schur form -that will be defined later-. This gives 

a new triangular tensor equation that will be solved by a t-back-substitution 

method. First, we introduce the t-real Schur decomposition. 

Theorem 7.4. Let ffi ∈  Rn× n× n3 . Then ffi can be factored as 

 
ffi = U * R * UT (7.16) 

 
where R ∈  Rn× n× n3 quasi upper triangular tensor (each frontal slice of R is quasi 

upper triangular) and U ∈  Rn× n× n3 orthogonal tensor. 

Proof. We have 
 

 

(Fn3  ⊗  In1 ) bcirc(ffi) (Fn
∗

3  
⊗  In1 ) = A = 

 

ffĩ   
ffi˜ 

 
 

. . . 

 
 
 
 

ffi˜ 
 

(1) 

(2) 

(b) Solve the problem : 1 (tFOM method) 

, 
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(1) 

R̃ 

Ũ R̃ 

Ũ 

˜ 

˜ 

˜ ˜ 

˜ 

 

Next, we compute the schur matrix decomposition of each frontal slice ffi 

1, . . . , n3. Then 

, i = 

  

ffĩ  
  

 

 

 

(1) 
 

  

(1) 
 

  
(1) T 

. . .
 

   
 

. . .
 

  
. . .

 
  . . . 

 

ffi˜ 
  

(n3) 

 
 (n3) 

 
 

 
(1)  

 
(1) 

(7.17) 

 

Since (Fn
∗ ⊗  In1 )  . . .

 
 (Fn3  ⊗  In1 ),(Fn

∗ ⊗  In1 )  . . .
 

 (Fn3 ⊗  
3 

 
 
 

(1) T 
 

3 

(n3) 

 
 

 

(n3)   

In1 ),(Fn
∗
3

 ⊗  In1 )  . . . 
 

 
(n3)T 

 
(Fn3   ⊗  In1 ) are  circulant  matrices, 

by applying the appropriate matrices  (Fn
∗
3   
⊗  In1 ), (Fn3   ⊗  In1 ) to the left and 

right of each matrix in (7.17) respectively, and folding up the result. This 

gives the result. 
 
 

The t-real Schur decomposition can be computed by the Algorithm 29. 

Next, we transform the tensors ffi, B into t-real Schur forms ffi = Uffi * Rffi * 
 

Algorithm 29 t-real Schur decomposition 

1. Input: ffi ∈  Rn× n× n3 . 

2. Output: R ∈  Rn× n× n3 upper triangular tensor. U ∈  Rn× n× n3 orthogonal tensor. 

3. Set ffi = fft(ffi, [], 3) 

(a) for i = 1, . . . , n3 

i. [Q 

(b) End 

(i) R (i) ] = Schur(ffĩ  ) (real Schur matrix decomposition) 

4. Q = ifft(Q, [], 3), R = ifft(R, [], 3) 

5. End 

 

 

UffiT and B = UB * RB * UBT. Then the Sylvester tensor equation (7.3) be- 

comes 

 
(Uffi * Rffi * UffiT) * X + X * (UB * RB * UBT) = C 

(n3) 

= 

(i) ˜ 

Ũ R̃ Ũ 

Ũ 

Ũ 

Ũ 
R̃ 

(i) 
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which equivalent to 

 

UffiT * 
h
(Uffi * Rffi * UffiT) * X + X * (UB * RB * UBT)

i 
* UB = UffiT * C * UB 

Since Uffi and UB are orthogonal tensors, we get 

 

Rffi * Y + Y * RB = C1 (7.18) 

 

where Y = UffiT * X * UB and C1 = UffiT * C * UB. 

Remark 7.5. The equation (7.18) can be solved by the t-back-substitution method. 

This method follows the same steps of matrix back substitution , where 

the tube fibers (3-mode fibers), lateral slices and T-product play the role of 

scalars, vectors and matrix product respectively. 

Finally, the t-Bartels-Stewart method is implemented by Algorithm 30. 
 
 
 

Algorithm 30 t-Bartels-Stewart method 
 

1. Input: ffi ∈  Rn× n×n3 , B ∈  Rq× q×n3 and C ∈  Rn× q× n3 . 

2. Output: XS ∈  Rn× q×n3 solution of Sylvester tensor equation (7.3) of small size. 

3. Compute t-real Schur forms 

ffi = Uffi * Rffi * UffiT, B = UB * RB * UBT 

using Algorithm 29. 

4. Compute YS solution of tensor equation (7.18) using t-back-substitution method. 

5. Compute XS = Uffi * YS * UBT. 

 
 

 

7.5 Tensor Krylov methods via T-product for solving 

large Sylvester tensor equations 

In this section, we consider the case when the Sylvester tensor equation (7.1) 

and (8.2) is of large size. As in the matrix case, iterative projection meth- 

ods have been developed; see [47, 75, 120]. These methods use Galerkin 

projection methods, such as the classical and the block Arnoldi techniques, 
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m 

 

to produce low-dimensional Sylvester matrix equations that are solved by 

using direct methods. 

In tensor case, the main idea is to transform the large Sylvester tensor equa- 

tions using the well know the Tubal block Arnoldi -that will be introduced 

later- into law dimensional equations. 

 
7.5.1 Tubal block Arnoldi method 

 
In this subsection, we introduce the Tubal-Block-Arnoldi method via T-product 

as a generalization of the well know block Arnoldi method, see [47] for more 

details. 

Let A ∈  Rn1 × n1 × n3 be a square tensor and V ∈  Rn1 × s× I3 , s << n1. The tensor 

block Krylov subspace is defined by 

 

KBlock (ffi, V) = Range 
 h

V, ffi * V, . . . , ffim
−1 * V

i 
⊂  Rn1 × 1× n3 (7.19) 

where ffii = ffi * ffii
−1, i = 1, . . . , m −  1, ffi0 = In1 n1 n3 and 

Range(Z) = 
,−→

Y  ∈  Rn1 × 1× n3 /
−→
Y  = Z * 

−→
X ,  

−→
X ∈  Rs× 1× n3 

,
 

for Z ∈  Rn1 × s× × n3 . 

Before describing the tubal Block Arnoldi process, let us first introduce the 

Tubal-QR Factorization. 

Theorem 7.6. (Tubal-QR Factorization) Let A = 
h−→

ffi 1, . . . , 
−→
ffi m

i 
∈  Rn1 × m× n3 , 

−→
ffi i  ∈  

Rn1 × 1× n3 for i = 1, · · · , m, there exist orthogonal tensors U ∈  Rn1 × n2 × n3 and 

R ∈  Rn2 × n2 × n3 triangular tensor such that 

 
A = Q * R (7.20) 

 
We call (7.20) the tubal QR factorization of the tensor A. 



Chapter 7. 
170 

Tensor Krylov subspace methods via the T-product for large Sylvester 
Tensor Equations 

 

 

i 

m 

m 

1 

i 

i 

    

 

The Tubal QR factorization is summarized in Algorithm (31). 

The  function  Normalization1(
−→
ffi ) described  in  [89]  allows  us  to  write  a 

 

Algorithm 31 Tubal-QR Factorization (Tubal-QR) 

1. Input. ffi ∈  Rn× m× n3 

2. Set [V1, R1,1,:] = Normalization1(
−→
ffi 1) 

3. For j = 1, . . . , m 

(a) W = 
−→
ffi j, 

(b) for i = 2, . . . , j −  1 

i. Ri,j,: = VT * W 

ii. W = W −  Vi * Ri,j,: 
(c) End for 

(d) [Qj, Rj,j,:] = Normalization1(
−
W
→

) 

4. End 

5. Output. Q ∈  Rn× m× n3 orthogonal and R ∈  Rm× m× n3 such that : A = Q * R. 

given  tensor  
−→
ffi  ∈  Rn× 1× n3    as  follow  :  

−→
ffi  = 

−→
U * a where  a  ∈  R1× 1× n3    is 

invertible and 
−→
U T * 

−→
U = e. 

 

 

Tubal Block Arnoldi method have to build an orthonormal basis of Vb of 

the Krylov subspace KBlock (ffi, V). 
 

Algorithm 32 The Tubal Block Arnoldi Algorithm (TBA) 

1. Input. A ∈  Rn1 × n1 × n3 be a square tensor, V ∈  Rn1 × s× I3 , s << n1 and an integer m. 

2. Set [Vb, H0] = Tubal-QR(V). 
3. For j = 1,...,m 

(a) W = A * Vj 
(b) For i = 1,...,j 

i. Hi,j = VbT * W 

ii. W = W −  Vb * Hi,j, 

(c) End. 

(d) Vj+1, Hj+1,j   == Tubal-QR(W). 

4. End 
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1 m i 

m+1 m m+1 

 

Using Definition 3.6, we can put away the tensors Hi,j ∈  Rs× s× n3 into block 

tensors Hm and Hm+1 defined as follow 

 

Hm+1 =  

 

H1,1 H1,2 · H1,m 

H2,1 H2,2 · · ·  H2,m 

. . . 
. . . . 

Hm,m− 1  Hm,m 

Hm+1,m 

 

 ∈  R(m+1)s× ms× n3 

 

 

Hm =  

H1,1 H1,2  · H1,m 

H2,1 H2,2 ·  ·  ·  H2,m 
 

 

 

 ∈  Rms× ms× n3 

. . .
 

 
. . . 

. 
 

 
Hm,m− 1 Hm,m    

It is not difficult to show that after m steps of Algorithm 32, the tensor Vb   := 

[Vb, . . . , Vb ] ∈  Rn1 × ms× n3 , where Vb ∈  Rn1 × s× n3 forms an orthonormal basis 

of the tensor block Krylov subspace KBlock (ffi, V). 

It is easy to see that Hm can be obtained from Hm+1 by deleting the last block 

row 

[Ossn3 , . . . , Ossn3 , Hm+1,m ] = Hm+1,m * Em  ∈  Rs× ms× n3
 

where Ossn3 denotes de zeros tensors of size (s ×  s ×  n3) which all his entries are 

equal to zeros, and Em = [Ossn3 , . . . , Ossn3 , Issn3 ] ∈  Rs× ms× n3 

Let 
 
 

ffi * Vb : = [ffi * V1, . . . , ffi * Vm]. ∈  Rn1 × ms× n3
 

Vb : = 
h

Vb , V b 

i 
∈  Rn1× (m+1)s× n3 

 

Hm = (Hi,j )1≤ i,j≤m ∈  Rms× × ms× n3
 

 
Hm+1 = 

 
 

Hm 

Hm+1,m * Em 

 ∈  R(m+1)s× ms× n3 

. 
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m m m+1 

m+1 m 

 

With the above notations, we can easily prove the results of the following 

proposition 

Proposition 7.7. From Algorithm 32, we have 
 
 

A * Vb = Vb * Hm + V b * (Hm+1,m * Em) (7.21) 
 

VbT * A * Vb 
 
= Hm (7.22) 

m m 

 

VbT * A * Vb 

 

= Hm+1 (7.23) 
 

VbT * Vb = Ims (7.24) 
m m 

 

where Ims ∈  Rms× ms× n3 denotes the identity tensor. 

 
Notice that in the case when n3 = 1, Algorithm 32 reduces to the well known 

block Arnoldi process. 

 
Proof. The proof comes directly from steps of Algorithm 32 and Proposition 

3.7. 

 

7.5.2 Tubal block Arnoldi method for solving large Sylvester ten- 

sor equations (TBAS) 

This subsection discusses the computation of an approximate solution of the 

tensor equations : 

M(X) = C, (7.25) 

where M is a linear operator that could be described as 

 
M(X) = ffi * X − X * B (7.26) 

 
Where ffi ∈  Rn× n×n3 , B ∈  Rq× q× n3 and X, C ∈  Rn× q× n3 respectively. ffi, B and 

C are given, X the unknown tensor to be determined. 
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m 
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Let X0 ∈  Rn× s× p be an arbitrary initial guess with the corresponding resid- ual 

R0  = C − M(X0).   The purpose of tensor tubal Block Arnoldi method for 

solving large Sylvester tensor equations (TBAS) method is to find an 

approximate solution Xm of the exact solution X∗ of (7.25) such that 

 

Xm −  X0  ∈  KBlock (M, R0), (7.27) 

 
with the classical orthogonality property 

 
 

Rm  = C − M(Xm) ⊥  KBlock (M, R0). (7.28) 

 
Using the fact that KBlock (M, R0) = KBlock (ffi, R0) (which is not difficult to 

prove it), the relations (7.27) and (7.28 ) can be expressed as 

 
Xm −  X0 ∈  KBlock (ffi, R0), (7.29) 

with the classical orthogonality property 

Rm  = C − M(Xm) ⊥  KBlock (ffi, R0). (7.30) 
 

 
Since Vb (defined earlier) forms an orthonormal basis of of the Krylov sub- 

 

space KBlock (ffi, R0). The relations (7.29) and (7.30) can be written as 
 

Xm = X0 + Vb * Ym, Ym ∈  Rms× s×n3 , (7.31) 

 
 

and  
VbT * Rm = 0 (7.32) 

 

Using the fact that Rm  = C − M(Xm) = C − ffi * Xm + Xm * B, the relations 

(7.31) and (7.32), we get the law dimensional equation 

 
Hm * Ym −  Ym * B = C1 (7.33) 
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m 

m m m+1 

m+1 

 

where C1 = VbT * R0. 

The tensor equation (7.33) will be solved by using the t-Bartels-Stewart method. 

 
 

Proposition 7.8.  At step m, the residual norm of Rm  = C − M(Xm) = C − ffi * 

Xm + Xm * B with Xm = X0 + Vb * Ym can be expressed as follows : 
 
 

||Rm||F  = ||Hm+1,m * Em * Ym||F (7.34) 

 
where Em = [Ossn3 , . . . , Ossn3 , Issn3 ] ∈  Rs× ms×n3 and Ym solution of equation 

(7.33). 

 

Proof.  At  step  m,  the  residual  Rm  = C − M(Xm)  = C − ffi * Xm + Xm * B 

with Xm = X0 + Vb * Ym can be written as : 
 
 

Rm = R0 −  ffi * Vm * Ym + Vm * Ym * B 

 

using the fact that A * Vb 

 

= Vb * Hm + V b 

 

* (Hm+1,m * Em), the relation 

(7.33 ) and the fact that the tensor Vb is orthogonal, we get 
 

 

||Rm||F  = ||Hm+1,m * Em * Ym||F 
 

 

 
 

To save memory and CPU-time requirements, the tubal Block Arnoldi method 

for solving large Sylvester tensor equation (TBAS) will be used in a restarted 

mode. This means that we have to restart the algorithm every m inner iter- 

ations, where m is a fixed integer. The restarted Tubal Block Arnoldi algo- 

rithm for solving (7.25), denoted by TBAS(m), is summarized as follows: 

During the computation of the approximate solution Xm of (7.25), we as- 

sume that Γ(H)m ∩ Γ(−B) = ∅, where the block diagonal matrix Hm, (−B) 

are defined by (3.2), and Γ(Hm), Γ(−B) denotes the set of eigenvalues of the 
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m 

m 

 
 

 

Algorithm 33 The Tubal Block Arnoldi for solving large Sylvester tensor equation 
TBAS(m) 

1. Input. ffi Rn× n× n3 , V, B Rq× q× n3 , X0, C Rn× q× n3 , the maximum number of 
iteration Itermax an integer m and a tolerance tol. 

2. Compute R0  = C − M(X0). 

3. For k = 1, . . . , Itermax 

(a) Apply Algorithm 32 to compute Vb and Hm . 

(b) Apply Algorithm 30 to solve the problem : Hm * Ym −  Ym * B = VbT * R0 

(c) Compute Xm = X0 + Vb * Ym 

4. If ||Rm||F  < tol, stop 

5. else X0 = Xm and go to Step 2. 

6. Output. Xm ∈  Rn× q×n3 the approximate solution of (7.25). 

 

matrix Hm and (- B) respectively. 

 
 

 
7.6 Numerical experiments 

 
This section performs some numerical tests for the Tensor Tubal-Global GM- 

RES and Tensor Tubal-Global Golub Kahan methods when solving solve the 

linear tensor problem (7.1). All computations were carried out using the 

MATLAB R2018b environment with an Intel(R) Core i7-8550U CPU @1.80 

GHz and processor 8 GB. The stopping criterion was 

 
||Rk||F  < e, 

 

where e = 10− 6 is a chosen tolerance and Rk is the k-th residual associated 

to the approximate solution Xk. In all the presented tables, we reported the 

obtained residual norms to achieve the desired convergence, the iteration 

number and the corresponding CPU-time. 
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(2) 

˜  

f̃fi 

 
˜ 

(n3) 

 

We will compare the results in our method to the results obtained by solving 

the equivalent problem C = AX −  XB where A, B and C are the matrices 

 

ffĩ

 

 

 

ffĩ   

 
 
 

(1) 

 

 
 (n3) 

A = Diag(ffi) = 

 

 
 
 
 

 
(1) 

. . . 
 
 
 

(n3) 

 (n3) 

= BlockDiag(ffi 

 

, . . . , ffĩ  ), 

B = Diag(B̃) = BlockDiag(B̃ 

C = Diag(C̃) = BlockDiag(C̃ 

, . . . , B̃ ) 

, . . . , C̃ ) 

 

and the matrices ffi˜ 

and C̃ respectively. 

,B̃ (i) and C̃ (i) ’s are the frontal slices of the tensor ffĩ , B̃ 

Notice that A is a matrix of size (n0 ×  n0), n0 = n × n3, B is a matrix of size 

(s0 ×  s0), s0 = s ×  n3 and C is a matrix of size (n0 ×  s0) . 

We compared the required CPU-times (in seconds) to achieve the conver- 

gence for the two methods: 

1. TBAS: The tubal block Arnoldi–Sylvester method. 

2. BAS : Resolution of the Sylvester matrix equation : C = AX −  XB by 

using the block Arnoldi-Sylvester method introduced by El Guennouni 

and al; see [47]. 

3. tFOM : The tensor full orthogonalization method. 

4. tGMRES : The tensor generalized minimal residual method. 

 
In Table 7.1, we reported the obtained relative residual norms, the total num- 

ber of required iterations to achieve the convergence and the corresponding 

CPU-times for restarted tubal Block Arnoldi(k) . 

(1) 

(1) 

(i) 
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h 

h 

+1 s+1 

2 4h1 

2 4h2 

 

7.6.1 Example 1 

 
Consider the convection-diffusion equation : 

 
 

− µ ∆u + cT∇  u = f in   [0, 1]N  
(7.35) 

u = 0 in   ∂Ω 

The tensor A, B are obtained using n3 frontal slices (which are obtained from 

a standard finite difference discretization of (7.35)). In this example, the 

frontal slices are of size n ×  n and s ×  s, given as follows 

 

3 − 5 1  

 1 3 −5 
. . .  

A(i) = 
µ 

tridiag(− 1, 2, − 1) + 
ai  

 
 

 

. . . 
. . . 

. . . 1 

1 3 −5 

1 3 

 

and 

 

3 − 5 1  

 1 3 −5 
. . .  

B(i) = 
µ 

tridiag(− 1, 2, − 1) + 
bi  

 
 

 

. . . 
. . . 

. . . 1 

1 3 −5 

1 3 

 

For i = 1, . . . , n3. We set ai = i, bi = n3 + i, h1 = n 
1

 and h2 =  1  . 

In this example, the right-hand side tensor C is constructed using the Matlab 

command C = rand(n, s, n3). 

Table 7.1 reports on the obtained relative residual norms and the corre- 

 
sponding CPU-times to obtain the desired convergence. As can be seen from 

this table, the restarted tensor tubal block Arnoldi method (TBAS)(m) gives 

good results within small CPU-times . 

2 

1 

   

; 

   

; 
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Table 7.1: Results for Example 2. e = 10− 6, and n3 = 2 

 
n\s\k Method # its. ||Rk||F cpu-time in seconds 

TABS 11 5.55 ×  10− 7 3.03 
1000\3\10 BAS[47] 65 7.18 ×  10− 7 7.22 

tFOM 66 7.57 ×  10− 7 6.69 
tGMRES 39 9.50 ×  10− 7 4.34 

TABS 12 6.86 ×  10− 8 12.02 
2000\3\6 BAS[47] 69 3.25 ×  10− 7 17.61 

tFOM 69 6.91 ×  10− 7 15.16 

tGMRES 41 7.38 ×  10− 7 14.05 
 

 

7.6.2 Example 2 

 

In this example, the tensor A and B are constructed using n3 = 2 frontal 

slices. The first frontal slices of A and B are obtained from the centred finite 

difference discretization of the operators 

 

LA(1) (u) = ∆u −  f 
 

1,1 

∂u 
(x, y) + f 

∂x 

 
1,2 

∂u 
(x, y) + g 

∂y 

 
1,3 (x, y)u 

LB (1) (u) = ∆u −  f 
 

2,1 

∂u 
(x, y) + f 

∂x 

 
2,2 

∂u 
(x, y) + g 

∂y 

 
2,3 (x, y)u 

 

on the unit square [0, 1] ×  [0, 1] with homogeneous Dirichlet boundary con- 

ditions.  The dimensions of the matrices A(1) and B(1) are n  = n2,s  = s2. 
1 1 

where n1 and s1 are the number of inner grid points in each direction. 
 

The second frontal slices of A and B are obtained from finite difference dis- 

cretization on the unit square [0, 1] ×  [0, 1] of the operators 

L(u) = −∆u + 2µ
∂u 

+ 2µ
∂u

 
 

 

with Dirichlet boundary conditions. with Mesh sizes are hn = 

 
1 

n+1 

 
in the x 

direction and hs = s 
1

 in the y direction. This yields two tridiagonal frontal 

slices A(2), B(2) given by 

 
A(2) = tridiag(− 1 −  µhn, 2, − 1 + µhn);  B(2) = tridiag(− 1 −  µhs, 2, − 1 + µhs) 



 

√ 
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In Table (7.2), the right-hand side tensor C is constructed randomly, f1,1(x, y) = 

exp(x + y), f1,2(x, y) = 1000y, g1,3(x, y) = x, f2,1(x, y) = sin(x + 2y), f2,2(x, y) = 

20 exp(x + y) and g2,3(x, y) = xy. 

In Table (7.3), the right-hand side tensor C is constructed randomly, f1,1(x, y) = 

exp(xy), f1,2(x, y) = sin(xy), g1,3(x, y) = (y2 −  x2), f2,1(x, y) = 100 exp(x), 

f2,2(x, y) = 10xy and g2,3(x, y) = y2 + x2. 

Table 7.2: Results for Example 2. e = 10− 6, µ = 1 and n3 = 2 

 

n\s\k Method # its. ||Rk||F cpu-time in seconds 
TABS 32 9.69 ×  10 − 7 0.65 

1600\4\10 BAS[47] 31 1.37 ×  10 − 7 1.77 

tFOM 69 3.05 ×  10 − 7 1.09 
tGMRES 32 3.89 ×  10 − 7 0.90 

 
Table 7.3: Results for Example 2. e = 10− 6, µ = 10 and n3 = 2 

 
n\s\k Method # its. ||Rk||F cpu-time in seconds 

TABS 34 4.17 ×  10− 8 1.03 
1600\4\10 BAS[47] 32 6.11 ×  10− 8 2.08 

tFOM 35 1.83 ×  10− 7 1.71 

tGMRES 29 2.95 ×  10− 7 1.59 
 

 

 

 

7.7 Conclusion 

 
In this chapter, we presented some new Krylov subspace methods using the 

T-product and some new other tensor products. We gave new algebraic 

properties of these products that allowed us to build new tensor Krylov- 

subspace based algorithms for solving general linear tensor equations. We 

focussed on the tubal-global GMRES and the tubal-global Golub-Kahan al- 

gorithms. Some numerical tests on simple examples are also reported. 
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Chapter 8 

 
Tensor extrapolation methods 

using the T-product 

 
In this chapter, we mainly develop the well-known vector and matrix poly- 

nomial extrapolation methods in tensor framework. To this end, some new 

products between tensors are defined and the concept of positive definitive- 

ness is extended for tensors corresponding to T-product. Furthermore, we 

discuss on the solution of least-squares problem associated with a tensor 

equation using Tensor Singular Value Decomposition (TSVD). Motivated 

by the effectiveness of some proposed vector extrapolation methods in ear- 

lier papers, we describe how an extrapolation technique can be also imple- 

mented on the sequence of tensors produced by truncated TSVD (TTSVD) 

for solving possibly ill-posed tensor equations. 

 
8.1 Introduction 

 
In the last few years, efficient implementations of some of these extrapola- 

tion methods have been proposed by Sidi [124] for the RRE and MPE meth- 

ods using QR decomposition while Jbilou and Sadok [83] gives an efficient 

implementation of the MMPE based on a LU decomposition with pivoting 

strategy. It was also shown that when applied to linearly generated vector 
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sequences, RRE and TEA methods are mathematically equivalent to GMRES 

and Lanczos methods, respectively. Those results were also extended to the 

block and global cases dealing with matrix sequences, see [79, 84]. Our aim 

in thischapter is to define the analogue of these vector and matrix extrapola- 

tion methods to the tensor framework. 

Basically, in the present paper, we develop some tensor extrapolation meth- 

ods namely, the Tensor RRE (TRRE), the Tensor MPE (TMPE), the Tensor 

MMPE (TMMPE) and the Tensor Topological e-Algorithm (TTEA). We de- 

fine new products and establish some of their properties. As an application, 

it is shown that these new tensor extrapolation methods can be applied to se- 

quences obtained by truncation of the Tensor Singular Value Decomposition 

(TSVD) to solve tensor discrete ill-posed problems. 

The remainder of this chapter is organized as follows. In Section 8.2, we give 

notations, some basic definitions and properties related to tensors. More- 

over, we introduce the concept of positive definiteness for tensors with re- 

spect to T-product, some new products are also defined between tensors 

and their properties are analyzed. In Section 8.3, we introduce the tensor 

versions of the vector polynomial extrapolation methods namely the Ten- 

sor Reduced Rank Extrapolation (TRRE), the Tensor Minimal Polynomial 

Extrapolation (TMPE), the Tensor Modified Minimal Polynomial Extrapola- 

tion (TMMPE), and the Tensor Topological e-Algorithm (TTEA). Section 8.4 

describes the TSVD and its the truncated or low rank version. In addition, 

as an application, the TRRE method is applied to the sequence produced by 

truncated TSVD for solving linear discrete tensor ill-posed problems. Some 

numerical experiments are reported in Section 8.5 for the mentioned appli- 

cation. Concluding remarks are given in Section 8.6. 
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8.2 Definitions and new tensor products 

 
All definitions and properties related to the T-product are defined ealier; see 

chapter 3 section 3.2. 

The current section is concerned with two main parts. In the first part, we 

recall definitions and properties related to T-product. Furthermore, we de- 

velop the definition of positive definiteness for tensors and establish some 

basic results. The second part deals with presenting some new products be- 

tween tensors which can be used for simplifying the algebraic computations 

of the main results. 

 
8.2.1 Definitions and properties 

 
Here we define the notion of positive definiteness for tensors in term of T- 

product which can be seen as a natural extension of the same concept for 

matrices. 

Definition 8.1. The tensor ffi ∈  Rm× m× n is said to be positive (semi) definite if 

(XT * ffi * X)::1 > (≥)0, 

for all nonzero tensors X ∈  Rm× 1× n. 

Remark 8.2. As pointed out earlier the tensor ffi of order m ×  m ×  n is invert- 

ible iff bcirc(ffi) is invertible. It is equivalent to say that ffi is invertible iff 

ffi * X = O implies X = O where X ∈  Rm× 1× n and O is zero tensor. 

Here we comment that it is not difficult to verify that the summation of pos- 

itive definite tensors is positive definite. 

Remark 8.3. In view of Remark 8.2, it is immediate to see that every positive 

definite tensor is invertible. It can be also verified that the inverse of a pos- 

itive definite tensor is also positive definite. For any tensor B ∈  Rn1 × n2 × n3 
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and arbitrary nonzero tensor X ∈  Rn2 × 1× n3 , it can be seen that 

 
(XT * BT * B * X)::1  = ((B * X)T * B * X)::1  = ǁB * Xǁ2  ≥ 0, 

 
in which the last equality follows from [89]. As a result, the tensor BT * B is 

positive semi definite. Evidently, for any scalar e > 0, 

 
(XT * (BT * B + e In2 n2 n3 ) * X)::1  = ǁB * Xǁ2  + eǁXǁ2  > 0, 

 
This shows that the tensor BT * B + e In2 n2 n3 is positive definite. 

 
Definition 8.4. Let ffi ∈  Rn1 × n2 × n3 . Then the tensor X ∈  Rn2 × n1 × n3 satisfying the 

following four conditions 

(a) ffi * X * ffi = ffi (b) X * ffi * X = X, 

(c) (ffi * X)T = ffi * X, (d) (X * ffi)T = X * ffi. 

is called the Moore-Penrose inverse of ffi and denoted by ffi†. 

 

In view of [90, Lemmas 3.3 and 3.16] and by using straightforward computa- 

tions, one can easily observe that conditions (a)-(d) determine ffi† uniquely. 

Here we further comment that if ffi is invertible, then ffi† = ffi
−1. 

For X, Y two tensors in Rn1 × 1× n3 , theT-scalar product ⟨., .⟩ is a bilinear form 

defined by: 

 

 

Rn1× 1× n3 ×  Rn1× 1× n3 −→  R1× 1× n3 

(X, Y) −→ ⟨X, Y⟩ = XT * Y 

 

 
. (8.1) 

 

Let X1, . . . , Xl a collection of l third tensors in Rn1 × 1× n3 , if 
 
 

 
X , X 

  
= αie i = j . 

i j 

0 i /= j 

 

where αi is a non-zero scalar, then the set X1, . . . , Xl is said to be an orthog- 

onal collection of tensors. The collection is called orthonormal if αi = 1, 
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T 
i:: 

T 

i i 

 

i = 1, . . . , l. 

Definition 8.5. An n ×  n ×  l real-values tensor Q is said to be orthogonal if 

QT * Q = Q * QT = Innl. 

We end this part with the following proposition. 
 

Proposition 8.6. Suppose that ffi and B are two tensors of order n1 ×  n2 ×  n3. 

Then 

(ffiT * B)ij: = (ffi:i:)T * B:j:. 

 
Proof. Let Iτ be an n2 ×  1 ×  n3 tensor whose all frontal slices are zero except its 

first frontal being the τ-th column of the n2 ×  n2 identity matrix. Then we 

have 

B * ̃Ij  = B:j: and Ĩi   * ffi 

Notice also that 

= ffiT = (ffi:i:)T. 

(ffiT * B)ij:  = Ĩi   * (ffi * B) * ̃Ij. 
 

From [90, Lemma 3.3], it is known that 
 
 

ĨT  * (ffiT ∗ B) * Ĩj  = (ĨT  * ffiT) * (B * Ĩj ), 

which completes the proof. 

We end this part by the following simple remark which is helpful in the 

sequel for more clarification. 

Remark 8.7. In what follows, we may need to solve a system of tensor equa- 

tions in the following form: 

 
ffii1 * X1 + · · · + ffiik * Xk = Bi, i = 1, 2, . . . , k, (8.2) 

 
where X1, X2, . . . , Xk are the unknown tensors to be determined. The above 

system is uniquely solvable iff the following system of equations has only 

T 

T 
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i 

i 

 

the trivial solution, 

 
 

ffii1 * X1 + · · · + ffiik * Xk = O, i = 1, 2, . . . , k, 

 
where O stands for the zero tensor. When the diagonal tensors ffi11, ffi22, . . . , ffikk 

are invertible, we can easily conclude that (8.2) has a unique solution in the 

following two special cases: 

∗ ffiij = 0 for j > i, 

∗ ffiij = 0 for j < i, 

for i, j = 1, 2, . . . , k. 

 
8.2.2 New tensor products 

 
In order to simplify derivation of generalized extrapolation methods in ten- 

sor format, we need to define new tensor products. 

Definition 8.8. Let ffi and B be 4-mode tensors with frontal slices ffii ∈  

Rn1 × n2 × n3 and Bj ∈  Rn1 × n2 × n3 for i = 1, 2, . . . , l and j = 1, 2, . . . , k, respec- 

tively. The product ffi♦ B is defined as a 5-mode tensor of order n2 ×  n2 ×  

n3 ×  k ×  l defined as follows: 

 
(ffi♦ B):::ji = ffiT * Bj, 

 
for i = 1, 2, . . . , l and j = 1, 2, . . . , k.   In the case where k = 1, i.e.   B ∈  

Rn1 × n2 × n3 , ffi♦ B is a 4-mode tenor whose i-th frontal slice is given by ffiT ∗ B 

for i = 1, 2, . . . , l. 

 
Here we comment that the ♦  product can be seen as a generalization of 

⬦-product  between  two  matrices  given  in  [24].   In  the  sequel,  we  further 

present  an  alternative  product  called  ∗-product  which  can  be  seen  as  an 

extension of the *-product between a set of matrices and vectors; see [81] 

for more details. 
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∗ 

η=1 

 

Definition 8.9. Let ffi be a 5-mode tensor of order n2 ×  n1 ×  n3 ×  k ×  l and B be 

a 4-mode tensor with frontal slices B1, . . . , Bk ∈  Rn1 × n2 × n3 . The product ffi ∗ 

B is defined as a 4-mode tensor of order n2 ×  n2 ×  n3 ×  l such that 

 

k 

(ffi B):::i = ∑ ffi:::ji * Bj, i = 1, 2, . . . , l. 
j=1 

Evidently, a 4-mode tensor of order n2 ×  n1 ×  n3 ×  k can be considered as an 5-

mode tensor of order n2 ×  n1 ×  n3 ×  k ×  1. As a result, if ffi is a 4-mode tensor 

of order n2 ×  n1 ×  n3 ×  k, i.e., l = 1, then ffi ∗ B ∈  Rn2 × n2 × n3 defined 

by ffi ∗ B = ∑k ffiη * Bη where ffii stands for the i-th frontal slice of ffi for 

i = 1, 2, . . . , k. 

 
In the main results, it is worth to define a notion of the left inverse of a 5- 

mode tensors dealing with ∗, * and ♦  products.  To this end, we define the 

*̄ -product between two 5-mode tensors which can be seen as an extension of 

* product. 

 

 

Definition 8.10. Let ffi ∈  Rn1 × n2 × n3 × k× l and B ∈  Rn2 × n1 × n3 × k× l, the product ffi *̄  

B is a 5-mode tensor of order n1 × n1 × n3 × k × k such that for τ, η  = 1, 2, . . 

. , k, 
l 

(ffi *̄  B):::τη  = ∑ ffi:::η j  * B:::τ j. 
j=1 

 

Definition 8.11. The  tensor  B+ ∈  Rn1 × n2 × n3 × k× l is  called  a  left inverse  of 

B ∈  Rn2× n1× n3× k× l, if 
 

 
 

(B+ *̄  B):::τη = 
In1 n1 n3 τ = η 

O τ /= η 

 

for τ, η = 1, 2, . . . , k. Here O is the 3-mode zero tensor of order n1 ×  n1 ×  n3. 

 
Now we establish a proposition which reveals the relation between the two 

proposed products * and *̄ . 
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∗ 

∗ ∗ ∗ 

 

Proposition 8.12. Let ffi ∈  Rn1 × n2 × n3 × k× k, B ∈  Rn2 × n1 × n3 × k× k and Y ∈  Rn1 × n2 × n3 × k. 

Then, the following relation holds 

 
 

(ffi *̄  B) * Y = ffi
∗ * (B * Y). 

 

Here ffi
∗
 stands for an 5-mode tensor of order n1 ×  n2 ×  n3 ×  k ×  k associated with 

ffi where ffi
∗

:::ij  = ffi::: ji for 1 ≤ i, j ≤ k. 

Proof. It is clear that both side of the above relation are 4-mode tensors of 

order n1 ×  n2 ×  n3 ×  k. To prove the assertion, we show that the frontal slices 

of both sides are equal. Let 1 ≤ z ≤ k, we can observe that 

((ffi *̄  B) ∗ Y):::z = 

 
k 

∑ (ffi *̄  B):::lz * Yl 
l=1 

k k 

= ∑ ∑ ffi:::zµ * B:::lµ * Yl 

l=1 µ=1 

k 

= ∑ ffi:::zµ * 
µ=1 

k 

k 

∑ B:::lµ * Yl 

l=1 

= ∑ ffi:::zµ * (B Y):::µ 

µ=1 

k 

= ∑ ffi∗:::µz  * (B Y):::µ  = (ffi
∗  (B Y)):::z. 

µ=1 

 

The result follows immediately from the above computations. 

 

Remark 8.13. Notice that the system (8.2) in Remark 8.7 can be rewritten in 

the following form 

ffi ∗ X = B, 

where ffi is 5-mode tensor such that ffi:::ji = ffiij and X, B are 4-mode tensors 

with frontal slices Xi, Bi for i, j = 1, 2, . . . , k. In theoretical point of view, it 

turns out that the solution of above equation can be uniquely derived if the 

left inverse of ffi (uniquely) exists. In fact if C = ffi+ then C
∗ ∗ (ffi ∗ α) = C

∗ ∗ 

B. Now, from the previous proposition, we get X = C
∗ ∗ B. 

  ! 
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k 

k 

k 

i 

 

We end this section by a proposition which can be established by using 

straightforward algebraic computations. 

Proposition 8.14. Let ffi, B, C ∈  Rn1 × s× n3 × l and D ∈  Rs× n2 × n3 . The following 

statements hold: 

1. (ffi + B)♦ C = ffi♦ C + B♦ C 

2. ffi♦ (B + C) = ffi♦ B + ffi♦ C 

3. (ffi♦ B) ∗ D = ffi♦ (B ∗ D). 

 
8.3 Extrapolation methods based on tensor formats 

 
In this section, we define new tensor extrapolation methods. In the first part, 

we present in the tensor polynomial-type extrapolation methods by using 

the new tensor products introduced in the preceding section. In the second 

part, a tensor topological e-algorithm is developed. We notice that when we 

are dealing with vectors, all these new methods reduce to the classical vector 

extrapolation methods. 

 
8.3.1 Tensor polynomial-type extrapolation methods 

 

Corresponding to a given sequence of tensors (Sn) in Rn1 × n2 × n3 , we consider 

the transformation (T(n)) defined by 

 
Tk(Sn) = T(n) := 

 

 

 
Rn1× n2× n3 → Rn1× n2× n3 

Sn ›→ T(n) = Sn + Gk,n ∗ αk 

 

 
(8.3) 

 

where the 4-mode Gk,n  with frontal slices  Gi(n)  ∈  Rn1 × n2 × n3  is given for i 

= 1, . . . , k. The 4-mode tensor αk is unknown and its frontal slices are 

denoted by α(n) ∈  Rn2 × n2 × n3 for i = 1, . . . , k. As the vector and matrix cases, in 

extrapolation methods, we aim to determine the unknown tensors. To this 
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(n) 

R̃(T ) = T  (S  ) − T  (S  

) 

˜ 

i 

(n) 

k 

k 

1 k 

 
(n) (n) 

end, we use the transformation T̃k       obtained from Tk       as follows: 

T̃k = T̃k (Sn) = Sn+1 + Gk,n+1 ∗ αk, 

here, the 4-mode Gk,n+1 has frontal slices Gi(n + 1) ∈  Rn1 × n2 × n3 for i = 1, 

. . . , k. Let ∆ denote the forward difference operator on the index n defined as 

∆Sn = Sn+1 −  Sn and ∆Gk,n stand for the 4-mode tensor whose frontal slices 

are given by ∆Gi(n) = Gi(n + 1) −  Gi(n) for i = 1, . . . , k. The general- ized 

residual of T(n) is represented by R(T(n)) defined as follows: 
k k 

 
 

(n) 

k k n k n 

= ∆Sn + ∆Gk,n ∗ αk. (8.4) 

 
For an arbitrary given set of tensors Y(n), . . . , Y(n) ∈  Rn1 × n2 × n3 , let H̃ k,n  and 

Lk,n denote the subspaces generated by ∆G1(n), . . . , ∆Gk(n) and Y1     , . . . , Yk 

respectively. We comment that subspace generated by ∆G1(n), . . . , ∆Gk(n) 

is the subspace generated with respect to the multiplication *. Evidently, we 

have 

R(Tk     ) − ∆Sn  ∈  H̃ k,n (8.5) 

and the unknown tensors α(n) are determined by imposing the following 

condition,  
R(T(n)) ∈  L̃⊥

k,n. 
 

Let Lk,n be a 4-mode tensor with frontal slices Y(n), . . . , Y(n), the above or- 
1 k 

thogonality condition can be equivalently expressed by 
 
 

Lk,n♦ R(T(n)) = O, (8.6) 

(n) (n) 
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k 

i 

i 

i 

k 

 

where O is a zero tensor of order n2 ×  n2 ×  n3 ×  k. Therefore, from Proposi- tion 

8.14, we have 

 
O = Lk,n♦ R(T(n)) 

= Lk,n♦ (∆Sn + ∆Gk,n ∗ αk ) 

= Lk,n♦ ∆Sn + Lk,n♦ (∆Gk,n ∗ αk ) = Lk,n♦ ∆Sn + (Lk,n♦ ∆Gk,n) ∗ αk. 

 
In fact the unknown tensor αk can be seen as the solution of thee following 

tensor equation, 

(Lk,n♦ ∆Gk,n) * αk = − Lk,n♦ ∆Sn. 

 
The choices of sequence of tensors G1(n), . . . , Gk(n) and Y(n), . . . , Y(n) deter- 

1 k 

mine the type of the tensor polynomial extrapolation method. In fact, for all 

these polynomial-type methods, the auxiliary sequence of tensors is given 

by Gi(n) = ∆Sn+i−1 for i = 1, . . . , k (n ≥ 0). The following choices for 

Y(n), . . . , Y(n) can be used, 
1 k 

 
 

Y(n) = ∆Sn+i− 1  for TMPE, 

Y(n) = ∆2Sn+i− 1  for TRRE, 

Y(n) = Yi for TMMPE, 

 

where the operator ∆2 refers to the second forward difference with respect 

to the index n defined as 

 
∆2Sn = ∆Sn+1 −  ∆Sn and ∆2Gi(n) = ∆Gi(n + 1) −  ∆Gi(n), 

 
for i = 1, . . . , k. The approximation T(n) produced by TMPE, TRRE and 

TMMPE can be also expressed as follows: 

 

k 

T(n) 
= ∑ Sn+j * γ

(k) 
k j 

j=0 
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(0) T (k) (0) (k) (0)  (k)T

   T 

 

k 2 2 3 

γ(k) + γ(k) + · · · + γ(k) = In  n  n 

 Y ) * ∆S0 * γ + (Y ) * ∆S1 * γ + · · · + (Y ) * ∆Sk * γ = On n n 

k 0 k 1 k k 2 

 

(8.8) 

2 

k 2 2 3 

k 0 k k− 1 k 

 

and the unknown tensors γ(k), γ(k), . . . , γ(k) are determined by imposing the 
0 1 k 

following condition 

 
k 
∑ γ

(k) 
= In  n  n 

 
and 

k 

∑ η(n) 
* γ

(k) 
= On n n

 0 ≤ i < k (8.7) 
j 

j=0 

2   2   3 

j=0 
i,j j 2   2   3 

 

such that γ(k) is assumed to be invertible. Here On n n ∈  Rn2 × n2 × n3   is the 

tensor with all entries equal to zero, η(n) = (Y(n))T * ∆Sn+j . 
i,j i+1 

 

 

From now on and for simplification, we set n = 0. The system of equations 

(8.7) is given in the following form 

 
 

0 1 k 
 

 

 

2 2   3 

 

(Y
(0)

)
 

 

 

* ∆S0 ∗ γ(k) + (Y(0)) * ∆S1 * γ(k) + · · · + (Y(0)) * ∆Sk * γ
(k) 

= On n n 

T 
 

T 0 1 1 T 1 k 2 2 3 

. 
 

( 2 0 2 

 

 

1 2 k 
 

2 2   3 

. . . . . . . . . . . . . . . . . . 

(Y(0))T * ∆S0 * γ(k) + (Y(0))T * ∆S1 * γ(k) + · · · + (Y(0))T * ∆Sk * γk  = On  n  n 
 
 
 

Let β(k) = γ(k) * (γ(k))
− 1  where (γ(k))

− 1  is the inverse of γ(k),  i.e.,  γ(k) * 
i i k k k k 

(γ(k))
− 1 = In n n , for 0  ≤ l  ≤ k.  The system of equations (8.8) can be 

rewritten as follows 

(Y(0))T ∗ ∆S0 ∗ β(k) + · · · + (Y(0))T ∗ ∆Sk− 1 ∗ β(k)  = − (Y(0))T ∗ ∆Sk 

   k− 1 1 

. . . . . . . . . . . . . . . . . . . . . 

(Y(0))T ∗ ∆S0 ∗ β(k) + · · · + (Y(0))T ∗ ∆Sk−1 ∗ β(k) 

. 

= − (Y(0))T ∗ ∆Sk 
 

 (8.9) 

1 0 1 

1 

3 
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k 

—  , = 
(k) (k) 

k 

∗ 

 

The above system can be transformed in the following form 

 
 

(Lk,n♦ Vk) * fik = − (Lk,n♦ ∆Sk) (8.10) 
 

where fik is the 4-mode tensor with the k frontal slices β(k), . . . , β(k) 
 

and Vk is 
0 k− 1 

a 4-mode tensor whose i-th frontal slice is given by ∆Si−1 for i = 1, 2, . . . , k. 

We consider the case that (8.10) has unique solution (see Remark 8.7). Notice 

that from the first relation in (8.8), we get 
 
 

β
(k) 

+ β
(k) 

+ · · · + β
(k) + In n n = (γ

(k)
)− 1. 

0 1 k− 1 2   2   3 k 

 
Therefore, setting β(k) = In n n , we conclude that the inverse of ∑k 

β
(k) 

k 2   2   3 l=0  l 

exists when γ(k) is assumed to be invertible. It is not difficult to verify that 
 

k 
γ(k) = β(k) * (∑ β(k))

− 1 for 0 ≤ i < k. (8.11) 
i i l 

l=0 

 

Having γ0, γ1, . . . , γk computed, we set 
 
 

α
(k) 

= In n n
 (k) (k) (k) γ α α —  γ , 1 ≤ j < k and α = γ

(k)
.
 

0 2   2   3 0 j j− 1 j k− 1 k 

(8.12) 
 

Setting Tk = T(0), we get 
 

T 
k− 1 

 (k) 

k = S0 + ∑ Vj * αj = S0 + Vk αk, (8.13) 
j=0 

 
where Vj = ∆Sj the (j + 1)-th frontal slice of Vk for j = 0, . . . , k −  1 and 

αk is a 4-mode tensor with frontal slices α(k), . . . , α(k) .   To determine γ(k) 
0 k− 1 i 

for i = 0, 1, . . . , k, we first we need to compute β(k) by solving system of 

equations (8.10). Using (8.4), (8.12) and (8.13), the generalized residual R(Tk) 
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i 

k 

i 

˜ − ∗ 

˜ ˜ 

 

can be also seen as follows: 

 
k 

R(Tk) = ∑ Vi * γ(k) = Vk+1 ∗ γk (8.14) 
i=0 

 

in which γk and Vk+1 are 4-mode tensors with whose i-th frontal slices are 

respectively given by γ(k) 
i− 1 and Vi−1 for i = 1, 2, . . . , k + 1. 

 

8.3.2 The tensor toplogical e- transformation 

For vector sequences, Brezinski [25] proposed the well known topological e-

algorithm (TEA) which is a generalization of the scalar e-algorithm [?] known 

as a technique for transforming slowly convergent or divergent se- quences. 

In this section, we briefly see how to extend this idea in tensor framework 

and define the Tensor Toplogical e-Transformation (TTET). The following 

results can be regarded as the generalization of discussions in [80, Subsection 

3.2] to the tensor framework. 

Let (Sn) be a given sequence of tensors in Rn1 × n2 × n3 . We consider approxi- 

mations Ek(Sn) = E(n) of the limit or the anti-limit of the of sequence (Sn)n∈ N 

such that 

 
k 

E(n) = Sn + ∑ ∆Sn+i− 1 * β(n), n ≥ 0. (8.15) 
k i 

i=1 

 

where β(n) ∈  Rn2 × n2 × n3  are the unknown tensors to be determined for i = 

1 . . . , k. We set 

 
(n) 

k
  (n) 

Ek,j    = Sn+j + ∑ ∆Sn+i+j  1 βi j = 1, . . . , k, 
i=1 

 
(n) (n) ¯(n) 

where Ek,0  = Ek    .  Let Rj(Ek    ) denote the j-th generalized residual tensor, 

i.e., 
 
 

(n) (n) (n) 

Rj(Ek     ) = Ẽk,j   − Ẽk,j− 1. 
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k 

 
1 k 

1 k 

 

Let Y ∈  Rn1 × n2 × n3 be a given third order tensor. The coefficients β(n) in (8.15) 

are computed such that 

 
k 

∑(YT ∗ ∆2Sn+i+j−1) * β(n) = O, j = 0, 1 . . . , k −  1. 
i=1 

 
where O ∈  Rn2 × n2 × n3 . The above conditions result in the following system 

of equations: 

(YT  * ∆2Sn) ∗ β(n) + · · · + (YT  * ∆2Sn+k− 1) * β(n) = −YT  * ∆Sn 
 

 

(YT * ∆2Sn+k− 1) ∗ β
(n) 

+ · · · + (YT * ∆2Sn+2k− 2) * β
(n) 

= − YT * ∆Sn+k− 1 

 

In the case that the above system is uniquely solvable we can obtain E(n). 

 

8.4 Application of tensor extrapolation methods to solve 

ill-posed tensor problems 

The main purpose of this section is to adopt the idea used by Jbilou et al. [87] 

for solving a class of ill-posed tensor equations. To this end, first, we need to 

give a brief overview on some basic concepts related to tensor SVD (TSVD) 

and its truncated version [90] based on the T-product of tensors. 

 
8.4.1 TTSVD: Truncated Tensor Singular Value Decomposition 

 
Truncating the SVD of a matrix can lead to an efficient approximation for its 

Moore–Penrose inverse which is helpful for solving least-squares problem. 

More precisely, the truncated version consumes less space of storage when 

the rank of matrix is not very large. This inspired Miao et al. [107] to extend 

the theory of TSVD [90] to truncated TSVD (TTSVD). 

. . 
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(k) 

 

In this part, first, we review some existing results for TSVD and TTSVD. 

Then an explicit form is obtained for the minimum norm solution of least- 

squares problem with respect to the T-product. In the sequel, an F-diagonal 

tensor refers to a third order tensor whose all frontal slices are diagonal. 

The following theorem is proved in [90] where the existence of TSVD is es- 

tablished by construction. 

Theorem 8.15. [89] Let ffi ∈  Rn1 × n2 × n3 be a real valued-tensor, then there exists orthogonal 

tensors U ∈  Rn1 × n1 × n3 and V ∈  Rn2 × n2 × n3 such that 

ffi = U * S * VT (8.16) 

 
in which S ∈  Rn1 × n2 × n3 is an F-diagonal tensor. 

The notion of TTSVD of ffi was used in [90, 107]. In particular, the following 

result was proved in [107, Corollary 6]. 

Proposition 8.16. [107] Let ffi ∈  Rn1 × n2 × n3 be a real valued-tensor and 
 
 

ffik = U(k) * S(k) * VT
 . (8.17) 

 

where U(k) ∈  Rn1 × k× n3 and V(k) ∈  Rn2 × k× n3 are unitary tensors extracted from TSVD 

of ffi. The Moore–Penrose inverse of tensor ffik is given by 

 
ffi† = V(k) * S† * UT , 

k (k) (k) 

 

where Sk ∈  Rk× k× n3 is an F-diagonal tensor and k < min(n1, n2) is called the tubal-

rank of ffi based on the T-product. 

 
The expression (8.17) can be regarded the rank-k approximation of the tensor 

ffi, denoted by ffi ≈ ffik. We comment that the decomposition (8.17) is also called 

the tensor compact SVD (T-CSVD), see [107] for instance. 



8.4. Application of tensor extrapolation methods to solve ill-posed tensor problem1s97 
 

j 

i i 
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i i 

i i 

j (k) 

 

The TTSVD of ffi can be expressed as follows: 

 
k 

ffik  = ∑ Ū j  * dj * V̄ T 

 
(8.18) 

j=1 

 

where  Ū j   = U(k)(:, j, :)  ∈  Rn1 × 1× n3 ,  V̄j   = V(k)(:, j, :)  ∈  Rn2 × 1× n3    and  dj  = 

S(j, j, :) ∈  R1× 1× n3 for j = 1, 2, . . . , k. 

 
Remark 8.17. Let ffi = U ∗ S * VT be the TSVD of ffi. In view of Proposition 

8.6, we can see that 

 

Ū T  * Ū j  = (UT * U)ij: and V̄ T  * V̄ j  = (VT * V)ij:. 
 

Therefore, we have Ū T  ∗ Ū j  and V̄ T  * V̄j  are zero tubal-scalar of length n3 for 

i /= j; Ū T  * Ū i  = e and V̄ T  * V̄i  = e. 

The following theorem reveals that ffik is an optimal approximation of a ten- 

sor, see [90] for the proof. 

Theorem 8.18. Let the TSVD of ffi ∈  Rn1 × n2 × n3 be given by ffi = U * S * VT and 

for k < min(n1, n2), the tensor ffik given by (8.18) satisfies 

 
ffik  = argminffĩ ∈ M ǁffi − ffĩ ǁ 

 
where M = {C = X ∗ Y | X ∈  Rn1 × k× n3 , Y ∈  Rk× n2 × n3 }. 

In view of Theorem 8.18, the Moore-Penrose inverse of tensor ffi is efficiently 

estimated on M = {C = X ∗ Y | X ∈  Rn2 × k× n3 , Y ∈  Rk× n1 × n3 } by 

k 
ffi†  ≈ ∑ V̄j  * d† * Ū T , (8.19) 

j j 

j=1 

 

in which tubal-scalar d† ∈  R1× 1× n3 stands for the (j, j, :) entry of S†   . 
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ǁ − ǁ 

 

The following theorem has a key role in deriving the results of the next sec- 

tion. 

Theorem 8.19.  Assume that ffi ∈  Rn1 × n2 × n3   and B ∈  Rn1 × s× n3 .  If X̂ 

then 

= ffi† * B, 

ffi * X̂ B  = min 
X∈ Rn2 × s× n3 

ǁffi * X − Bǁ. (8.20) 

 

Moreover, for any X̃ ∈  Rn1 × s× n3   such that X̃ /= X̂  and ǁffi * X̂  − Bǁ = ǁffi * X̃  −  

Bǁ, then ǁX̂ ǁ < ǁX̃ ǁ. 

Proof. Let A = U ∗ S * VT be the TSVD of ffi. From [90, Lemma 3.19], it can be 

seen that 

ǁffi * X − Bǁ = ǁUT * (ffi ∗ X −  B)ǁ. 

By some straightforward computations, we have 

 
 

ǁUT * (ffi * X − B)ǁ  = ǁS * VT * X − UT * Bǁ. 

 
Setting Z = VT * X and W = UT * B, we get 

 

ǁUT * (ffi ∗ X − B)ǁ  = ǁS * Z − Wǁ 

= ǁ(Fn
∗

3  
⊗  In1 )MatVec(S * Z) − (Fn

∗

3  
⊗  In1 )MatVec(W) ǁF 

= ǁ(Fn
∗

3  
⊗  In1 )bcirc(S)MatVec(Z) − (Fn

∗

3  
⊗  In1 )MatVec(W(8.)2ǁ1F) 

 
where ǁ · ǁF is the well-known Frobenius matrix norm, the notation ⊗  stands 

for the Kronecker product and the matrix Fn3 is the discrete Fourier matrix 
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3 

 

 

 

  

 

 

 

of size n3 ×  n3 defined by (see [?]) 
 

   

 

1 1 1 1 · ·  ·  1  

1 ω ω2 ω3 · · ·  ωn3 − 1
 

1 ω2 ω4 ω6 · · ·  ω2(n3− 1)  

Fn3 = √
n3

  3 6 9 
 
 

, 
3 n 1  

 

1 ω ω ω · · ·  ω ( 3 −  )  
 
1 ωn3− 1 ω2(n3− 1) ω3(n3− 1) · · · ω(n3− 1)(n3− 1)  

 

in which ω = e− 2πi/n3  is the primitive n3–th root of unity in which i = 
√
−1 and 

F∗ denotes the conjugate transpose of F. 

For simplicity we set Z = (Fn
∗
3  
⊗  In2 )MatVec(Z) and W  = (Fn

∗
3  
⊗  In1 )MatVec(W), hence 

Eq.8.21 can be rewritten as follows: 

 

ǁUT * (ffi * X − B)ǁ  = ǁ(Fn
∗
 ⊗  In1 )bcirc(S)(Fn3  ⊗  In2 )Z − W ǁF. 

 
 

Notice that 
 
 

ǁZǁF  = ǁMatVec(Z)ǁF  = ǁZǁ = ǁVT * Xǁ = ǁXǁ. (8.22) 

 
From [?, ?], it is known that there exists diagonal (rectangular) matrices 

Σ1, Σ2, . . . , Σn3 such that 
 

 
 

(Fn
∗

3
 

 
 
⊗  In1 

 
 
 

)bcirc(S)(Fn3 

 
 
⊗  In2 

 

Σ1

 

Σ2 
) = Σ = 

 

 
 

. . . 

 

, 

Σn3     

 

 

. . . . 
. . . . 
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† 
 

 

 

and  
 
 
 

(Fn
∗

3
 

 
 
 

† 
1 

⊗  In2 )bcirc(S )(Fn3 ⊗  In1 ) = Σ† =  

 

 
 
 
 
 

† 
2 

. . .
 

† 
n3 

 

From the above computations, we have 

 
 

ǁffi * X − Bǁ = ǁΣ Z − W ǁF. 

 
It is well-known from the literature that the minimum Frobenius norm solu- 

tion of ǁΣ Z − W ǁF over Rn2 n3 × s  is given by Ẑ  = Σ†W, i.e., 

Ẑ  = argminZ∈ Rn2 n3 × s ǁΣ Z − W ǁF. 

Let X̂  be the tensor such that 

MatVec(VT * X̂ ) = (Fn3  ⊗  In2 )Σ†W 

= (Fn3 ⊗  In2 )Σ†(Fn
∗ 

 
⊗  In1 )MatVec(W) 

= bcirc(S†)MatVec(UT ∗ B). 

 
It is immediate to deduce the following equality 

 

MatVec(VT * X̂ ) = MatVec(S† * UT * B), 
 
 

which  is  equivalent  to  say  that  VT * X̂ 

follows from (8.22). 

 

= S† * UT * B. Finally, the result 
 

 

Similar to the TSVD [90], the TTSVD can be obtained using the fast Fourier 

transform. Notice that circulant matrices are diagonalizable via the normal- 

ized DFT. This fact was used for proving Theorem 8.15 and deriving the 

Σ 

Σ 

Σ 

 

3 

 

 

 
.
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∈  ≤ 

(k) 

 

Matlab pseudocode for TSVD; see Algorithm 34 for more details. Here, we 

further use this fact and present a Matlab pseudocode for computing TTSVD 

and the corresponding approximation of Moore-Penrose inverse in Algo- 

rithm 35.   Note that the Matlab function pinv(.) reduces to inv(.) when 

the diagonal matrix S in Step 2 of the algorithm is nonsingular. 

Algorithm 34 Matlab pseudocode for TSVD 

Input. ffi Rn1 × n2 × n3 ; 

Step 1. Set D = fft(ffi, [ ], 3); 
Step 2. for i = 1, 2, . . . , n3 
[U, S, V] = svd(D(:, :, i)); 

U(:, :, i) = U; V(:, :, i) = V; S(:, :, i) = S; 
end 

Step 3. U = ifft(U, [ ], 3); V = ifft(V, [ ], 3); S = ifft(S, [ ], 3); 

Output. ffi = U * S * VT. 
 
 

Algorithm 35 Matlab pseudocode for TTSVD and the corresponding approximation of 
Moore–Penrose inverse 

 

Input. ffi Rn1 × n2 × n3 and k min(n1, n2); 

Step 1. Set D = fft(ffi, [ ], 3); 
Step 2. for i = 1, 2, . . . , n3 
[U, S, V] = svd(D(:, :, i)); 
U(:, :, i) = U(:, 1 : k); V(:, :, i) = V(:, 1 : k); 

S(:, :, i) = S(1 : k, 1 : k); S†(:, :, i) = pinv(S(1 : k, 1 : k)); 
end 

Step 3. U(k) = ifft(U, [ ], 3); V(k) = ifft(V, [ ], 3); S(k) = ifft(S, [ ], 3); S† = ifft(S†, [ ], 3); 
Output. ffik = U(k) * S(k) * VT  and ffi† = V(k) * S† * UT . 

(k) k (k) (k) 
 

 

 

8.4.2 Tensor extrapolation methods applied to TTSVD sequences 

in ill-posed problems 

Let ffi ∈  Rn1 × n2 × n3 be given and consider its TSVD, i.e., let us apply Algo- 

rithm 34 for ffi. In case the matrix bcirc(ffi) has too many singular values 

being close to zero, the tensor ffi is called ill-determined rank. 

In this subsection, we discuss solutions of tensor equations in the following 

form 

 

ffi * X = B (8.23) 
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† 

˜ ˜ 

˜ 

˜ ˜ 

 

where the ill-determined rank tensor ffi ∈  Rn1 × n2 × n3 and right-hand side B 

∈  Rn1 × n2 × n3 are given and X ∈  Rn2 × n2 × n3 is an unknown tensor to be 

determined. We assume that the right-hand side B ∈  Rn1 × n2 × n3 is contami- 

nated by an error E, i.e., B = B + E where B denotes the unknown error-free 

right-hand side. We are interested in determining an accurate approximation 

of the minimum norm (least-squares) solution of (8.23). From Theorem 8.19, 

it is known that the exact solution is given by 

 

X̃ = ffi  * B. 

Systems of tensors equations (8.23) with a tensor of ill-determined rank of- 

ten are referred to as linear discrete tensor ill-posed problems. They arise in 

several areas in science and engineering, such as the restoration of color and 

multispectral images [17, 18, 99], blind source separation [101], when one 

seeks to determine the cause of an observed effect. 

In the matrix case, when the size of the rank deficient matrix A is moderate, 

using the Truncated SVD is a popular method for computing an approxima- 

tion for the (least-squares) solution of (in)consistent linear system of equa- 

tions Ax = b. The approach replaces the matrix A† by a low-rank approx- 

imation; see, e.g., Golub and Van Loan [62] or Hansen [69]. Following the 

same idea, we approximate the exact solution by using the expression (8.19) 
† 

and available right-hand side B, i.e., X ≈ ffi 

in which, 

* B.  Basically, we take X̃k  ≈ X̃ 

 
k ¯ † ¯ T 

Xk = ∑ Vj * dj * Uj * B, 
j=1 

 

where Ū j   = U(k)(:, j, :) ∈  Rn1 × 1× n3 ,  V̄j   = V(k)(:, j, :) ∈  Rn2 × 1× n3    and  dj  = 

S(j, j, :) ∈  R1× 1× n3 are determined by Algorithm 35 for j = 1, 2, . . . , k. For the 

matrix case, Jbilou et al. [87] proposed the application of the RRE to the 

sequence of vectors generated by the truncated SVD. We follow the same 
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˜ 

k 

k 

i+1 i+1 i i 

i+1 i+1 i i 

 

idea and consider the application of TRRE to the sequence of tensors gener- 

ated by the truncated TSVD (TTSVD). To do so, we set 

 
Yi = ∆2Si−1 1 ≤ i ≤ l −  2, 

 
in which l = min(n1, n2) and (Sk)k≥0 is the tensor sequence generated by 

the TTSVD. Thus, 

 

k † ¯ 

Sk = ffik * B = ∑ Vj * δj (8.24) 
j=1 

 
† ¯ T 

where δj = dj * Uj * B and S0 is set to be a zero tensor of order n2 ×  n2 ×  n3. 

It can be observed that 

 
 

∆Sk− 1 = Sk −  Sk− 1 
k  

¯ 
k− 1 

¯
 

= ∑ Vj * δj −  ∑ Vj * δj 
j=1 j=1 

= V̄k  ∗ δk . (8.25) 

 
We assume here that δT * δk is invertible and notice that if δT * δk is zero, 

k k 

then we can delete the corresponding member from the sequence (8.24) and 

compute the next one by keeping the same index notation. To overcome the 

cases δT * δk is numerically non invertible, we can use a small shift eI (say 

e = 1e −  8) on the positive semi definite tensor δT * δk; see Remark 8.3. 

Let ∆Sk and ∆2Sk be 4-mode tensors whose i-th frontal slices are given by 

∆Si−1 and ∆2Si−1 for i = 1, 2, . . . , k, respectively, for i = 1, 2, . . . , k 

Notice that ∆2Sj− 1  = V̄j+1  * δj+1 − V̄j  * δj for j = 1, 2, . . . , k. Hence, 
 

(∆2Sk♦ ∆Sk):::ji = (δT * V̄ T —  δT * V̄ T ) * V̄j  * δj 

= δT * V̄ T * V̄j  * δj − δT * V̄ T  * V̄j  * δj for i, j = 1, 2, . . . , k. 
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i+ 

i 

k+1 

i+1 

(k) (k) 

(k) (k) 

(k) 

i +1 

 

Using Remark 8.17, we can deduce that the nonzero frontal slices of ∆2S˜k ♦ ∆Sk 

are given by 

(∆2Sk ♦ ∆Sk ):::(i+1)i = δT 
1 * δi+1, 

 

and  
(∆2Sk♦ ∆Sk):::ii = − δT  * δi. 

 

Straightforward computations together with Remark 8.17 show that the frontal 

slices of the 4-mode tensor (∆2Sk♦ ∆Sk) are equal to zero except the last 

frontal slice being equal to δT * δk+1. For notational simplicity, we define 

Θi+1 = δT * δi+1 for i = 0, . . . , k. In summary, we need to solve the follow- 

ing tensor equation 

 
 

(∆2Sk♦ ∆Sk) ∗ βk = − (∆2Sk♦ ∆Sk), 

 
where βk is a 4-mode tensor with frontal slices β(k), β(k), . . . , β(k) . Or equiv- 

0 1 k− 1 

alently, we need to find the solution of the following system of tensor equa- 

tions: 

 

−Θ1 * β + Θ2 * β = O 
0 1 

 −Θ2 ∗ β + Θ3 * β = O 

 
. . . 

1 2 

 
 

 
−Θk * βk− 1 

 
 

= −Θk+1 

, (8.26) 

 

here O stands for zero tensor of order n2 ×  n2 ×  n3. It is immediate to see 

that 

β
(k) 

= Θi
− 1 

* Θk+1 0 ≤ i < k, (8.27) 

 

is a solution of (8.26). Evidently, we have 

 
k k 

∑ β(k) 
= ∑ Θi

− 1 * Θk+1, (8.28) 
i 

i=0 
+1 

i=0 
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(k) 

+1 

  

−1Θ 

k 

j 

+1 +1 

  

−1Θ 

+1 

  

−1Θ 

j− 1 

i 

 

where β(k) = In n n . Note that ∑k Θ− 1 is the summation of positive defi- 
k 2 2 3 i=0 i+1 

nite tensors which implies its invertibility. In fact, we have 
 

 
k 

∑ βi 

i=0 

!− 1  
= Θ

−

k  
1    * 

 
k 

∑ i+1 

i=0 

− 1 

. 

 

We comment here that the assumption made on the invertibility of γ(k) in 

Subsection 8.3.1 is implicitly satisfied here. By the discussions in Subsection 

8.3.1, from Eq. (8.11), we can derive γ(k) for j = 0, 1, . . . , k −  1 noticing that 

γ
(k) 

= In n n
 —  ∑k−1 γ

(k)
. More precisely, we have 

k 2   2   3 

 
 
 

 

i=0 i 

  k !− 1 
 

(k) j = Θ−
j  

1 
* Θk+1 * 

∑ β(k) 

i=0 

= Θ−
j  

1 * Θk+1  * Θ
−
k  

1    * 

k 

∑ i+1 
i=0 

!− 1 

= Θ
−

j  
1   * 

k 

∑ i+1 

i=0 

!− 1 

j = 0, 1, . . . , k −  1. (8.29) 

 
 
 

Having γ(k), γ(k), . . . , γ(k) obtained,  we can further compute α(k) for i   = 
0 1 k i 

0, 1, . . . , k −  1 by (8.12). 

Finally, the extrapolated third tensor can be written as follows: 

 
 

Tk = ∆Sk ∗ α(k) (8.30) 

 
where ∆Sk and α(k) are 4-mode tensors whose j-th frontal slices are recep- 

tively given by ∆Sj− 1  = Sj − Sj− 1  = V̄j  ∗ δj and α(k) for j = 1, 2, . . . , k. 

The generalized residual can be written in the following form 

 
k 

R(Tk) = ∆Sk ∗ γ(k) = ∑ V̄i+1  * δi+1 * γ(k), 
i=0 

γ 

! 

+1 i 
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i+1 

  

−1Θ 

  

−1Θ 

  

−1Θ 

  

−1Θ 

  

−1Θ 

k− 1 

k 

! 

 

where γ(k) is a 4-mode tensor with frontal slices γ(k), γ(k), . . . , γ(k). By Re- 

 
mark 8.17, one can derive 

0 2 k 

 
k 

R(Tk)T ∗ R(Tk) = ∑(γ(k))T * δT * δi+1 * γ
(k)

 
i 

i=0 
k 

i+1 i 

= ∑(γ
(k)

)T * Θi+1 * γ
(k)

 
i i 

i=0 

 

Notice that Θi+1 is symmetric, i.e., Θi+1 = ΘT
 . It can be verified that the 

inverse of a symmetric tensor is also a symmetric tensor. From Eqs. (8.27) 

and (8.29), we can observe 

 
k 

R(Tk)T * R(Tk) = ∑(γ(k))T * Θi+1 ∗ γ(k) 
i 

i=0 

k 
 

 

i 

   k !− 1 
 

 = ∑(γ(k))T * 
i=0 1 l+1 

l=0 k 

= ∑ j+1 
j=0 

− 1 

* 
k 

∑ i+1 * 
i=0 

k 

∑ l+1 
l=0 

!− 1 

k 

= ∑ j+1 
j=0 

!− 1 

= Θk * Θ−

k  
1  * 

k 

∑ j+1 
j=0 

− 1 

. 

 

Now we can deduce that (see the proof of [90, Lemma 3.19] for more details) 
 

ǁR(Tk)ǁ2  = trace 
  

Θk * γ(k) 
 
 

 

 
::1 

  
. (8.31) 

 

For ill-posed problems, the value of ǁR(Tk)ǁ decrease when k increases and is 

sufficiently small. However, the norm of R(Tk) may increase with k. Hence, 

similar to [87], we may need to simultaneously exploit an alternative stop- 

ping criterion when the problem is ill-posed. To this end, we can stop itera- 

tions once either ǁR(Tk)ǁ or 

:= 
ǁTk+1 −  Tk ǁ 

= 

√
trace (((Tk+1 −  Tk)T * (Tk+1 − Tk))::1) 

 

  

 (8.32) 

ηk ǁ kǁ 
q

trace 
    

TT * Tk 

  ::1 
T 

∑ Θ− i 

! 

! 
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—  , = 
(k) (k) 

j i+1 l=0 l+1 

 

is smaller than a prescribed tolerance. Using Remark 8.17 and some com- 

putations, one may simplify the above relation exploiting the following re- 

lations, 

 
k 

(Tk+1 −  Tk )
T * (Tk+1 −  Tk ) = ∑(α

(k+1) 
−  α

(k) 
)T * Θj * (α

(k+1) 
−  α

(k) 
) + α

(k+1) 
* Θk+1 ∗ α

(k+1)
, 

j=1 
j− 1 j− 1 j− 1 j− 1 k k 

 

and 
 

k 
TT * Tk = ∑(α(k) )T * Θj * α(k) . 

k 

j=1 
j− 1 j− 1 

We end this part by summarizing the above discussions in Algorithm ??. 
 

Algorithm 36 The TRRE-TTSVD Algorithm 

Input. ffi, B ∈  Rn1 × n2 × n3 , tolerance e and k ≤ min(n1, n3) for TTSVD of ffi; 

Step 1. Run Algorithm 34 to compute an approximation for its Moore-Penrose inverse, 

i.e., ffi† = V * S† * UT. 

Step 2. Set S0  = O,  S1  = V̄1  * d
†  * Ū T  * B̄ , T1  = S1 and k = 2. 
1 1 

Step 3. tol = 1. 

Step 4. while tol < e 

Compute Sk from (8.24) 

Compute γ(k) 
= Θ

−1 *
 

∑k Θ
−1 

 − 1 
for j = 0, 1, . . . , k −  1 

Set γ
(k) 

= In n n   −  ∑
k− 1 γ

(k)
. 

k 

Compute 

2   2   3 i=0 i 

 
 

α
(k) 

= In n n
 (k) (k) (k) γ α α —  γ , 1 ≤ j < k and α = γ

(k). 
0 2   2   3 0 j j− 1 j k− 1 k 

 

Compute the approximation Tk using (8.30). 

Compute ǁR(Tk)ǁ (cf. (8.31)) and ηk (cf. (8.32)). tol 

= min(ǁR(Tk)ǁ, ηk). 

k = k + 1. 

end 
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˜ 

˜ 

 

8.5 Numerical experiments 

 
In this part we consider a test problem to numerically compare the perfor- 

mance of Algorithm 36 with TTSVD for solving ill-conditioned problems. 

All computations are carried out using MATLAB with machine epsilon about 

10− 16. 

The desired solution X̃ is chosen as a tensor with all entries being equal to 

one.   The error-free right-hand side is given by B̃  = ffi * X̃ and the associ- 

ated error-contaminated right-hand side B = B + E where the error-tensor 

E has normally distributed entries with zero mean and is normalized to cor- 

respond to a specific noise-level 

ν = 
ǁEǁ 

. (8.33) 
ǁBǁ 

 
For all the experiments, we reported the relative error norms 

 

ǁSk − X̃ǁ/ǁX̃ǁ and  ǁTk − X̃ǁ/ǁX̃ǁ 

corresponding to TTSVD and TRRE-TSVD, respectively. 

 

We used the Regularization Tools package by Hansen [?] to define the frontal 

slices A1 = shaw, A2 = baart and A3 = f oxgood of the tensor ffi. The com- 

puted condition numbers of the frontal slices of ffi are κ(A1) = 1.25 · 1020 and 

κ(A2) = 1.5 · 1018  and κ(A3) = 7 · 1019  where κ(Ai) = ǁAiǁ2 ǁAi
−1ǁ2. ONotice 

that only a small number of those singular values are not close de zero which 

means that the problem is very ill-conditioned. The computed tubal rank (the 

number of nonzero elements in the first frontal slices of S) is rankt(ffi) = 32. 

We set n1 = n2 = 400, n3 = 3 and chose ν = 10− 2, 10− 3. The obtained relative 

error norms corresponding to approximate solutions computed by TRRE-

TTSVD and TTSVD are reported in Table 8.1 and Table 8.2. 
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Method TRRE-TTSVD TTSVD 

 
k ǁTk − X̃ǁ/ǁX̃ǁ ǁSk − X̃ǁ/ǁX̃ǁ 

6 
10 

2.2 · 10− 1
 

4.3 · 10− 2
 

1.2 · 10− 1
 

1.7 · 10− 1
 

Table 8.1: The computed relative errors for TTSVD and TRRE-TTSVD (ν = 10− 2). 

 

We observed numerically that after iteration k = 10 the error-norm for TTSVD 

begins to increase while the one for TRRE-TTSVD stagnates and this is the 

same phenomena observed in the vector case. 

 
Method TRRE-TTSVD TTSVD 

 
k ǁTk − X̃ǁ/ǁX̃ǁ ǁSk − X̃ǁ/ǁX̃ǁ 

4 
12 

4.1 · 10− 2
 

4.2 · 10− 3
 

1.7 · 10− 2
 

2.4 · 10− 2
 

Table 8.2: The computed relative errors for TTSVD and TRRE-TTSVD (ν = 10− 3). 

 
 
 

8.6 Conclusion 

 
We proposed in this chapter some tensor extrapolation methods. The first 

class contains the tensor extrapolation polynomial-type methods while for 

the second class, we introduced the tensor topological e-transformation. These 

techniques can be regarded as generalizations of the well-known vector and 

matrix extrapolation methods. Besides, we introduced some new products 

between two tensors which can simplify the derivation of extrapolation meth- 

ods based on tensor format. Some theoretical results were also established 

including the properties of introduced tensor products and an expression for 

the minimum norm least-square solution of a tensor equation. Finally, the 

proposed techniques were applied on the sequence of tensors corresponding 

to the truncated tensor singular value decomposition which can be used for 

solving tensor ill-posed problems. 
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Chapter 9 

 
Tensor global extrapolation 

methods using the n-mode and 

the Einstein products 

 
In this chapter, we present new Tensor extrapolation methods as generaliza- 

tions of well known vector, matrix and block extrapolation methods such as 

polynomial extrapolation methods or e-type algorithms. We will define new 

tensor products that will be used to introduce global tensor extrapolation 

methods. We discuss the application of these methods to the solution of 

linear and non linear tensor systems of equations and propose an efficient 

implementation of these methods via the Global- QR decomposition. 

 
9.1 Introduction 

 
In the present chapter , we consider tensor sequence transformations and 

propose new tensor extrapolation methods that generalize the classical vec- 

tor ones. Using the Einstein product, we define some new tensor prod- 

ucts that will allow us to develop the new methods based on orthogonal 

or oblique projections onto subspaces of small dimensions. It will be shown 



Chapter 9. Tensor global extrapolation methods using the n-mode and the Einstein 
212 products 

 

 

    

j 

 

that when the tensor sequence is generated linearly then the proposed meth- 

ods are theoretically equivalent to some tensor Krylov subspace methods 

such as the tensor version of GMRES and Lanczos methods developed re- 

cently in [24]. 

The remainder of this chapter is organized as follows. In Section 9.2,  we 

give notations, some basic definitions and properties related to tensors. In 

Section9.3, we introduce the tensor versions of the vector polynomial ex- 

trapolation methods namely the Tensor Global Reduced Rank Extrapola- 

tion (TG-RRE), Tensor Global Minimal Polynomial Extrapolation (TG-MPE) 

Tensor Global Modified Minimal Polynomial Extrapolation (TG-MMPE). We 

also give a Global tensor version of the topological e-transformation. Section 

9.4 describes the application of the proposed methods for solving linear and 

nonlinear tensor system of equations. In Section 9.5, we introduce efficient 

implementations via the tensor global-QR decomposition and in the last sec- 

tion, we present some numerical experiments. 

 
9.2 Preliminaries and notations 

 
In the following, we introduce the new ©(N+M+1) product between two ten- 

sors which is a generalization of diamond product introduced in . 

Definition 9.1. The ©(N+M+1) tensor product between two (M + N + 1)- 

mode  tensors  X =  [X1, . . . , Xl]  ∈  RI1 × I2 × I3 ...× IN × J1 × J2 × J3 ...× JM × l  and  Y = Y1, . 

. . , Yp ∈  RI1× ...× IN × J1× ...× JM× p where Xi ∈  RI1× ...× IN × J1× ...× JM and Yj ∈  

RI1 × ...× IN × J1 × ...× JM , is the l ×  p matrix whose (i, j) entries, i = 1, . . . , l and 

j = 1, . . . , p, is given by 

 

(X ©(N+M+1) Y)i,j  = ⟨Xi, Yj ⟩ = tr(Y T  ∗N Xi). 

 
Next, we give a proposition that will be used later. 
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Proposition 9.2. Assume that U = [U1, . . . , Um] ∈  RI1 × I2 × ...× IN × J1 × J2 × ...× JM × m is an 

(N + M + 1)-mode tensor such that U1, . . . , Um ∈  RI1 × I2 × ...× IN × J1 × J2 × ...× JM and let y = 

(y1, . . . , ym)T ∈  Rm. Then for an arbitrary (N + M + 1)-mode tensor Y = [Y1, . . . , 

Ym] such that Y1, . . . , Ym ∈  RI1 × I2 × ...× IN × J1 × J2 × ...× JM , we have: 

Y ©(N+M+1) (U ×̃ (N+M+1)y) = (Y ©(N+M+1) U )y, 

 
Proof. The proof comes easily from the definition of the two involved tensor 

products. 

 

Definition 9.3. The set of (N + M)-mode tensors U1, . . . , Um ∈  RI1 × ...× IN × J1 × ...× JM 

is called orthonormal if 

 
 

⟨Ui, Uj ⟩ = δi,j(= 1 i f  i = j and 0 elswhere). 

 
Suppose that U = [U1, . . . , Um] ∈  RI1 × I2 × ...× IN × J1 × J2 × ...× JM × m is an (N + M + 

1)-mode tensor such that   U1, . . . , Um ∈  RI1 × I2 × ...× IN × J1 × J2 × ...× JM . If the (M + 

N)-mode tensors U1, . . . , Um are orthonormal, then we have : 

 
U ©(N+M+1) U = Im. 

 
9.3 Tensor extrapolation methods 

 
In this section, we present two classes of new tensor global extrapolation 

methods. The first class contains the tensor polynomial based methods while 

the second class is devoted to the global tensor topological e-algorithm. 

 
9.3.1 Tensor global-polynomial extrapolation methods 

 

Let (Sn) be a sequence of tensors of ∈  RI1 × I2 ...× IN × K1 × K2 ...× KM and consider 

the transformation Tk, k = 1, 2, . . . from RI1 × I2 ...× IN × K1 × K2 ...× KM onto RI1 × I2 ...× IN × K1 × K2 ...× KM 
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S S G 

j=0 

˜ 

j 

(n) 

˜ ˜ ˜ 

j=0 

S G 

(n) 

 

and defined by  

 
T(n) 

 
 

k− 1 

 
 
 

(k) 

k = Tk(  n) = n + ∑ αj j (n) (9.1) 
j=0 

= Sn + Hk(n )×̃  
(N+M+1)α 

(k) (9.2) 

 
where α(k) = (α(k), . . . , α(k) )T ∈  Rk and Hk(n) = [G0(n), . . . , Gk− 1(n)] is the 

0 k− 1 

(N+M+1)-mode tensor defined from the given auxiliary tensor sequences 

(Gi(n))n ∈  RI1 × ...× IN × K1 × ...× KM ; i = 0, . . . , k −  1. We will see later how to choose 

the vector α(k) ∈  Rk. 

Let T̃k  denote the new transformation obtained from (Tk) as follows: 
 

k− 1  (k) 

T̃k (Sn) = Sn+1 + ∑ αj     Gj(n + 1) (9.3) 
 

= Sn+1 + Hk(n + 1)× (N+M+1)α(k). (9.4) 
 

Notice that the scalars α(k) are the same in the expressions of Tk(Sn) and 

T̃k (Sn). We define now the generalized residual of Tk by 

 
n (n) 

Rk  = R(Tk    ) = Tk(Sn) −  Tk(Sn) 

k− 1 

 

 
(k) 

= (Sn+1 −  Sn) + ∑ αj    (Gj(n + 1) −  Gj(n)) 

k− 1  (k) 

= ∆ n + ∑ αj  (∆  j(n)). 
j=0 

 

Then we get 
 
 

R̃(Tk     ) = ∆Sn + ∆Hk(n)×̃  (N+M+1)α (k) , (9.5) 

 

where the first forward differences ∆Sn  = Sn+1 − Sn and ∆Hk(n) = [∆G0(n), . . . , ∆Gk− 1(n)] ∈  

RI1 × I2 ...× IN × K1 × K2 ...× KM × k. The vector α(k) is obtained from the orthogonality 
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˜ 

k 

(n) 

(n) 

(n) 

(n) 

k 

k 0 k− 1 

 

relation: 

 
R̃(T(n)) ∈  (span{Y

(n)
, . . . , Y

(n) 
})

⊥
 (9.6) 

 

where Y
(n)

, . . . , Y
(n)

 ∈  RI1× I2× ...× IN × K1× K2× ...× KM  are given tensors. 
0 k− 1 

Here, the span{Y
(n)

, . . . , Y
(n) 

} is the tensor subspace generated by the ten- 
0 

sors Y
(n)

, . . . , Y
(n) 

. 
k− 1 

0 k− 1 

If H̃ k,n  and L̃k,n  denote the tensor subspaces H̃ k,n  = span{∆G0(n), . . . , ∆Gk− 1(n)} 

and Lk,n = span{Y0   , . . . , Yk−1}, then from (9.5) and (9.6), the generalized 

residual satisfies the following relations: 
 
 

 
 

 
and 

R̃(Tk     ) − ∆Sn  ∈  H̃ k,n (9.7) 

 
R̃(T(n)) ∈  (L̃k,n )

⊥ . (9.8) 
 

Let Lk,n = [Y
(n)

, . . . , Y
(n) 

] ∈  RI1 × I2 ...× IN × K1 × K2 ...× KM × k , then the relations 
0 k− 1 

(9.7) and (9.8) could be expressed as follows : 
 
 

 
 

 
and 

R̃(Tk     ) − ∆Sn  = ∆Hk(n)×̃  (N+M+1)α (k) (9.9) 

Lk,n © (N+M+1) R̃(Tk     ) = 0. (9.10) 

 

Assuming that (Lk,n ©N+M+1 ∆Hk(n)) is nonsingular, the vector α(k) appear- 

ing in the expression (9.5) of the generalized residual R̃(Tk     ) is given as: 

α(k) = − (Lk,n  ©
(N+M+1) ∆Hk (n))− 1(Lk,n  ©

(N+M+1) ∆Sn ). (9.11) 

 
Therefore, the approximation T(n) is computed as follows 

 

T(n) = Sn + Hk(n)× N   M   1  α(k) (9.12) 

k ˜
(  + + ) 

(n) (n) 
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k 

(n) 

k 

(n) 2 

 

For the tensor global polynomial extrapolation methods, namely Tensor Global 

MPE (TG-MPE),Tensor Global RRE (TG-RRE) and Tensor Global MMPE (TG- 

MMPE), the auxiliary sequences are given as 

 
Gl = ∆S(n+l),  l = 0, . . . , k −  1;  n ≥ 0 

Let ∆i Vk(n) be the tensor defined by 

∆i Vk (n) = [∆i Sn, . . . , ∆i Sn+k− 1] ∈  RI1 × I2 ...× IN × K1 × K2 ...× KM × k, i = 1, 2, 

 
where ∆2 is the second forward difference ∆2Sn = ∆Sn+1 −  ∆Sn. 

In this case, the approximations T(n) given in relation (9.12) can be expressed 

as : 
 
 

T
(n) 

= Sn −  ∆Vk (n)×  N    M    1  ((Lk,n ©
(N+M+1) ∆2Vk (n))− 1(Lk,n ©

(N+M+1) ∆Sn )). 

k ˜
( +  + )  

(9.13) 
 

It is clear that T(n) 

 

exists and is unique if and only if the square matrix 

Lk,n ©(N+M+1) ∆2Vk(n) is nonsingular. The generalized residual can be ex- 

pressed as follows 

 

R̃(Tk     ) = ∆Sn + ∆ Vk(n)×̃  
 

(N+ M+1)((Lk,n   ©
(N+M+1)  ∆2Vk (n))− 1(Lk,n   ©

(N+M+1)  ∆Sn )). 

 
The choice of the tensors Y

(n)
, . . . , Y

(n)
 

(9.14) 

 

∈  RI1× I2× ...× IN × K1× K2× ...× KM  required 
0 k− 1 

in the orthogonality relation (??) determines the global-polynomial tensor 
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(n) 

(n) 

k 

l 

k 

j η   γ = 0 0 ≤ l < k, (9.16)l,j∑ 

l 

k 0 k− 1 

 

extrapolation method. For the three well known extrapolation polynomial- 

based methods, we have the following choices 

 
Yl = ∆Sn+l for TG-MPE, 
(n) 2 

Yl = ∆ Sn+l for TG-RRE, 

Yl+1 = Yn+l for TG-MMPE. 

 

Next, we will propose an efficient implementation of theses methods. For 

this purpose, we first express the approximation T(n) given in relation (9.1) 

in a different way. 
 

 

Using the relation (9.1), the fact that G
(n) 

= ∆S 
 

(n+l) , l = 0, . . . , k −  1; n ≥ 0, 

and R̃(T(n)) ∈  (span{Y
(n)

, . . . , Y
(n) 

})⊥ , the (TG-RRE), (TG-MPE) and (TG- 

 
k 

T(n) = ∑ γ(k)Sn+j, (9.15) 
k j 

j=0 

 

where 
 

k 

∑ γ(k) = 1 and 
j=0 

 

k 
(k) 
j 

j=0 
 

with ηl,j  = ⟨Y
(n)

, ∆Sn+ j ⟩. 

The system of linear equations (9.16) can be written as 

MMPE) extrapolation methods produce approximations T(n) of the form 
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(k) (k) 

γ
(k) 

+ γ
(k) 

+ . . . + γ
(k) 

= 1 

γ(k) ⟨Y
(n)

, ∆Sn ⟩ + γ(k) ⟨Y
(n)

, ∆Sn+1 ⟩ + . . . + γ(k) ⟨Y
(n)

, ∆Sn+k ⟩ = 0 

γ(k) ⟨Y
(n)

, ∆Sn ⟩ + γ(k) ⟨Y
(n)

, ∆Sn+1 ⟩ + . . . + γ(k) ⟨Y
(n)

, ∆Sn+k ⟩ = 0 

0 k− 1 1 k− 1 k k− 1 

l 0 k 

β(k) ⟨Y
(n)

, ∆Sn ⟩ + . . . + β(k− 1) ⟨Y
(n)

, ∆Sn+k− 1 ⟩ = − ⟨Y
(n)

, ∆Sn+k ⟩ 

0 k− 1 k− 1 k− 1 k− 1 

 
 
 
 
 

0 1 k 

 
 

 

0 1 1 1 k 1 

 

. . . . . . . . . . . . . . . . . . . . . 

γ(k) ⟨Y
(n) 

, ∆Sn ⟩ + γ(k) ⟨Y
(n) 

, ∆Sn+1 ⟩ + . . . + γ(k) ⟨Y
(n) 

, ∆Sn+k ⟩ = 0 
 

 

Let β(k) = γ(k)/γ(k) for 0 ≤ l ≤ k, then 
 
 
 
 

(k) β
(k)  

(k) 

γl = l  for 0 ≤ l < k and βk = 1. (9.18) 
k 
l=0 

(k) 
l 

 

With these notations, the linear system of equations (8.8) becomes 
 
 

k− 1 0 0 
 

. . . . . . . . . . . . . . . . . . . . . 

β(k) ⟨Y
(n) 

, ∆Sn ⟩ + . . . + β(k) ⟨Y
(n) 

, ∆Sn+k− 1 ⟩ = − ⟨Y
(n) 

, ∆Sn+k ⟩. 
 

 

The above system of equations can also be expressed in the following com- 

pact form 

 

(Lk,n  ©
(N+M+1) ∆Vk (n))β(k)  = − (Lk,n  ©

(N+M+1) ∆Sn+k ) (9.20) 

 
where β(k) = [β(k), . . . , β(k) ]T. Assume now that γ(k), γ(k), . . . , γ(k) have been 

0 k− 1 0 1 k 

calculated and introduce the new variables 
 
 

δ
(k) 

= 1 −  γ(k), δ
(k) 

= δ
(k) —  γ , 1 ≤ j < k and δ = γ(k),  (9.21) 

0 0 j j− 1 j k− 1 k 

∑ β 

0 0 

0 0 1 0 k 0 

(9.17) 

(9.19) 
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k 

S 

k 

i 

i=1 

(n) 

i=1 

i k 

(n) 

 

then the tensor approximation T(n) can be expressed as 
 

T
(n) k− 1 (k) 

∆
 ∆ n (k) (9.22) 

k = n + ∑ δj 

j=0 

Sn+j = Sn + Vk( )×̃  
(N+M+1)δ 

 

where δ(k) = [δ(k), . . . , δ(k) ]T. 
0 k− 1 

 

9.3.2 The tensor global topological e-transformation 

 
In [25], Brezinski proposed a generalization of the scalar e-algorithm for vec- 

tor sequences called the topological e-algorithm (TEA). The matrix case has 

been introduced by Jbilou and Sadok in [84]. In this section we define the 

tensor global topological e-transformation (TG-TET). 

Let (Sn) be a sequence of tensors of ∈  RI1 × I2 ...× IN × K1 × K2 ...× KM   and consider 

approximations Ek(Sn) = E   of the limit of the tensor sequence (Sn)n∈ N 

such that 

 
(n) 

k 
(n) 

Ek = Sn + ∑ ai     ∆Sn+i−1, n ≥ 0. (9.23) 

 
where a(n) ∈  R, for i = 1, . . . k. We introduce the new tensor transformation 

Ẽk,j   , j = 1, . . . k defined by 

(n) 

 
 k 

(n) 

Ẽk,j    = Sn+ j + ∑ ai      ∆Sn+i+j− 1 j = 1, . . . , k. (9.24) 

 
(n) (n) 

We set Ẽk,0    = Ek and define the j-th tensor generalized residual as follows 

 
(n) (n) (n) 

R̃j (Ek    ) = Ẽk,j    − Ẽk,j− 1. (9.25) 

The coefficients a(n) involved in the expression (8.15) of E
(n) 

are computed 

such that each j-th generalized residual is orthogonal to some chosen tensor 
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(n) 

n 

k 

(n) 

(n) 

 

Y ∈  RI1× I2...× IN × K1× K2...× KM , that is 

 
⟨Y , R̃j (Ek    ) ⟩ = 0; j = 1, . . . , k. (9.26) 

Let Dk,n denote the following matrix 
 

 ⟨Y , ∆2Sn ⟩  .......................... ⟨Y , ∆2Sn+k− 1 ⟩  

 

 
Dk,n = 

 

 

⟨Y , ∆2Sn+1 ⟩  .......................... ⟨Y , ∆2Sn+k ⟩ 

. .   .   .   . . 

. .   .   .   . . 

. .   .   .   . . 

 

 
. (9.27) 

 

⟨Y , ∆2Sn+k− 1 ⟩  ........................ ⟨Y , ∆2Sn+2k− 2 ⟩  

Then , from the orthogonality relation (??), a(n) = (a(n), . . . , a(n))T ∈  Rk is 
1 k 

given by 
 
 

a(n) = − Dk
−
, 

1z(n) (9.28) 

 
where z(n) = ( ⟨Y , ∆Sn ⟩, . . . , ⟨Y , ∆Sn+k− 1 ⟩)T. We assume that the matrix Dk,n 

is nonsingular.  Hence, the approximation E exists, is unique and is ex- 

pressed as 
 
 

Ek = Sn + ∆Wk(n )×̃  
(N+M+1) β 

(n) (9.29) 

 

where Wk(n) = [∆Sn, . . . , ∆Sn+k− 1]. 

In the next sections, we will see how these tensor global extrapolation meth- 

ods would be applied for solving linear and nonlinear tensor equations. 
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9.4 Application to tensor linear/ non linear systems of 

equations 

9.4.1 Application to tensor linear systems 

 
Consider the following tensor linear system of equations 

 
 

A ∗N X = B, (9.30) 

 
where A is a tensor in RI1× I2× ...× IN × I1× I2× ...× IN , B ∈  RI1× I2× ...× IN × J1× J2× ...× JM 

and X ∈  RI1 × I2 × ...× IN × J1 × J2 × ...× JM is the unknown tensor to be determined. We 

assume here that the square tensor A is nonsingular so that (9.30) has a 

unique solution X ∗ = A− 1  * B.  The purpose here is to apply tensor extrap- 

olation methods to the problem (9.30) to compute approximate solutions to 

the solution X ∗ of (9.30). Starting from an initial tensor guess S0, we con- 

struct the linear sequence (Sn)n as follows 

 
Sn+1  = (I − A) ∗N Sn + B (9.31) 

 
Notice that if the sequence (Sn)n is convergent, then its limit S = X ∗ is the 

solution of the system (9.30). 

In [48, 77], tensor Krylov subspaces via the Einstein product have been intro- 

duced including the tensor GMRES and some tensor based Lanczos meth- 

ods. The next theorem shows that, when applied to the generated linear se- 

quence (9.31), the proposed tensor extrapolation methods are Tensor Krylov 

subspace methods and are mathematically equivalent to some well known 

Krylov based methods such as the tensor GMRES. 

Theorem 9.4. When applied to the sequence generated by (9.31), TG-RRE, and 

TG-MPE are tensor Krylov subspace methods and are mathematically equivalent to 

the tensor global GMRES and the tensor global Arnoldi methods, respectively. 
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k 

k 

˜ 

˜ ˜ 

˜ ˜ ˜ ˜ ˜ 

k 0+Km(A,R0) 

 

Proof. Notice first that for tensor linear sequences (9.31) the generalized resid- 

ual becomes the true residual. In fact, from (9.31), we have ∆Sn  = B − A ∗N 

Sn  =  R(Sn) the  residual  of  the  tensor  Sn.   Since  ∆2Sn  =  −A ∗N ∆Sn  we 

have  ∆2Vk(n)  =  [∆2Sn, . . . , ∆2Sn+k− 1]  =  −A ∗N ∆Vk(n) where  ∆Vk(n)  = 

[∆Sn, . . . , ∆Sn+k−1]. Consequently using (9.5) and (9.31), the generalized 

residual of the approximation (T(n)) is the true residual 

 
(n) (n) (n) 

R̃(Tk     ) = R(Tk     ) = B − A ∗N Tk     . 

For simplicity and unless specified otherwise, we set n = 0, T(0) = Tk,S0 = 

X0 the initial guess and drop the index n in all our notations. When ap- 

plied to the sequence generated by the linear relation (9.31), the TG-RRE, 

TG-MMPE and the TG-MPE above produce approximations Xk = Tk such 

that the corresponding residual Rk  = B − A ∗N Tk satisfies the relations 

 
 

Rk − ∆S0 ∈   H̃ k  = −A ∗N Ṽk 
 

Rk ∈   (L̃k )
⊥
 

where Vk = span {∆S0, . . . , ∆Sk−1} and Lk ≡ Hk for TG-RRE, Lk ≡ Vk for TG-

MPE and Lk ≡ Yk = span {Y0, . . . , Yk− 1} for TG-MMPE where Y0, . . . , Yk− 1 are 

some chosen tensors. 

Notice that, since Vk = Km(A, R0) (the tensor Krylov subspace defined in 

[48, 77] ), the extrapolation methods above are tensor global Krylov subspace 

methods. TG-RRE is an orthogonal projection and is theoretically equivalent 

to the tensor global GMRES while TG-MPE is oblique projection method and 

is equivalent to the tensor global Arnoldi method. 

 

As the TG-RRE is an orthogonal projection method, we also have the classi- 

cal minimization property for the residual 

 

||RTG− RRE || = 
T  ∈ X 

min ||B − A ∗N Tk||. 
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m 

m 

 

When the linear process (9.31) is convergent, it is more useful in practice 

to apply the tensor extrapolation methods after some fixed number of iter- 

ations. To save memory, we can also use the algorithm in a cycling mode 

which means that the iterations are restarted after a fixed number m of iter- 

ations. The algorithm is summarized as follows 

Algorithm 37 TG-RRE, TG-MPE and TG-MMPE Algorithms 

Step 1. k = 0 choose X0 and the numbers p and m. 

Step 2. Basic iteration 

Set T0 = X0 

Z0 = T0 

Zj+1  = (I − A) ∗N Zj + B, j = 0, . . . , p − 1 

Step 3. Extrapolation schema 

S0 = Zp 

Sn+1  = (I − A) ∗N Sn + B, n = 0, . . . , m 

Compute the approximation T(0) by TG-RRE, TG-MPE or TG-MMPE. 

Set X0 = T(0), k = k + 1 and go to step 2. 

 
 

9.4.2 Application to non linear tensor systems 

 
Consider the nonlinear system of tensor equations 

 
 

G(X ) = B (9.32) 

 
with G(X ) an operator from RI1× I2× ...× IN × J1× J2× ...× JM   onto RI1× I2× ...× IN × J1× J2× ...× JM , 

and X ∗ ∈  RI1 × I2 × ...× IN × J1 × J2 × ...× JM the solution of the system of equation (9.32). 

For any arbitrary tensor X , the residual is given by 

R(X ) = G(X ) −  X (9.33) 
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m 

m 

 

Let (Sn)n be the sequence of tensors generated from an initial guess S0 as 

follows 

Sn+1 = G(Sn), j = 0, 1 . . . . 

To get approximate solutions to a solution of (9.32), we apply the tensor 

extrapolation methods above to the sequence (Sn). As for the linear case, 

the different steps are summarized in the following algorithm. 
 

Algorithm 38 TG-RRE, TG-MPE and TG-MMPE for nonlinear systems 

Step 1. k = 0 choose X0 and the numbers p and m. 

Step 2. Basic iteration 

Set T0 = X0 

W0 = T0 

Wj+1  = G(Wj) j = 0, ..... , p −  1 

Step 3. Extrapolation scheme 

S0 = Wp 

If ||S1 − S0||F  < e stop 

otherwise generate Sn+1 = G(Sn), n = 0, .... , m 

Compute the approximation T(0) by TG-RRE, TG-MPE or TG-MMPE. 

Set X0 = T(0), k = k + 1 and go to step 2. 

 

As we stated earlier, when applied to linearly generated tensor sequences, 

the proposed tensor extrapolation methods produce the same iterates as 

some well known tensor Krylov subspace methods but differ in the way 

that the approximations are computed.   In the case where the process of 

generating the sequence (Sn)n is not known and what is known is only the 

terms of this sequences, Krylov-based methods or Newton-type methods 

could not be used and in that case, extrapolation methods are well come. 

Such a problem can be found for example in some statistical-problems. 
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9.5 The global-QR implementation of TG-MPE/TG- 

RRE 

The purpose of this section is to give an efficient implementation of TG- 

MPE and TG-RRE using a generalisation of the technique based on the QR 

decomposition and given in [125] for vector MPE and vector RRE meth- 

ods.   We first introduce the Tensor Global-QR decomposition.   Let U ∈  

RI1 × I2 × × ...IM × J1 × J2 × ...× JN × k, be an (M + N + 1)-mode tensor with the column 

tensors U0, . . . , Uk−1 ∈  RI1 × I2 × ...× IM × J1 × J2 × ...× JN . Then, there is an (M + N + 1)-

mode orthogonal tensor Q = [Q0, . . . , Qk−1] ∈  RI1 × I2 × × ...IM × J1 × J2 × ...× JN × k 

satisfying Q ©(N+M+1) Q = Ik× k and an upper triangular matrix R ∈  Rk×k 

such that 

 

U = Q × (M+N+1) R (9.34) 

 
The tensor decomposition (9.34) will be called the Tensor Global-QR (TG- 

QR) decomposition of A and is summarized in the following algorithm. 
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00 

1 

˜ 

k 

S 

 
 

Algorithm 39 The global-QR decomposition 
1 

 

1. Given  U0  ,  and compute the scalar r00  and the tensor  Q0  by r0,0  = ⟨U0, U0 ⟩ 2    and 

Q0  = r
U0  . 

2. For j = 1, . . . , k 

(a) W = Uj 

(b) For i = 0, . . . , j −  1 do 

i. ri,j  = ⟨Qi, W ⟩ 

ii. W = W −  ri,jQi 

iii. End for 

(c) rj,j  = ⟨W , W ⟩ 2 

(d) Qj  = r
W

j,j
 

(e) End for 
 

3. End 

 
 

To show that the tensor Q is orthogonal, we just proceed by induction on k. 

The coefficients of the matrix R are the ri,j’s given by Algorithm 39. Next, we 

give a proposition to be used. 

Proposition 9.5. [91] Let X ∈  RI1 × I2 × × ...IN , A ∈  RJn × In and y ∈  RJn , then we have 

T . X × (n) A×̃  (n)y = X × (n)(A   y) 

 

For simplicity, we set here n = 0 and then the approximation T(0) (defined 

earlier in 8.13) is given by 

 

T(0) k− 1 (k)
∆ ∆ 0  (k) 

k = 0 + ∑ δj 

j=0 

Sj = S0 + Vk( )×̃  
(N+M+1)δ 
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S Q 

l 

 

©(N+M+1) ∆Vk ) =  
 ∈  Rk× k 

 

 

Substituting now Vk = Vk(0) = Q × (N+M+1) R and using Proposition (9.5), 

we get 

 
T(0) = S0 + ∆Vk×  N 

M   1  δ
(k) 

k ˜
(  + + ) 

RT (k) , 
= S0 + Q×̃  (M+N+1)( δ ) 

 

 

 

which gives  
T

(0) 

 
k− 1 

k = 0 + ∑ θj j, (9.35) 
j=0 

where θj is the (j + 1) component of the column vector RTδ(k); the matrix R 

and the tensors Qj ∈  RI1 × ...IM × J1 × ...× JN , j = 0, . . . , k −  1 are given by Algo- 

rithm 39. To compute δ(k), we have first to compute β(k) = (β(k), . . . , β(k) )T 

and use the relations given in (9.21). 

0 k− 1 

For TG-MPE, the coefficients γ(k)’s of the vector γ(k) are determined by com- 

puting the vector β(k), the solution of the linear system of equations (8.9) 

 
(∆Vk ©(N+M+1) ∆Vk) β(k) = − (∆Vk ©(N+M+1) ∆Sk) (9.36) 

 
 

where 
 
 
 
 
 
 
 

  

⟨∆S0, ∆S0 ⟩ .    .    .    . ⟨∆S0, ∆Sk− 1 ⟩  

⟨∆S1, ∆S0 ⟩  ......................... ⟨∆S1, ∆Sk− 1 ⟩ 
 

. .   .   .   . . 
 

. .    .    .    . .  

⟨∆Sk− 1, ∆S0 ⟩  ........................ ⟨∆Sk− 1, ∆Sk− 1 ⟩  

 
 
 

 
(9.37) 

(∆V 

 

 

 

k 

. .   .   .   . . 
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l 

l 

l 

j 

S Q 

  

 

and (∆Vk ©(N+M+1) ∆Sk) = ( ⟨∆S0, ∆Sk ⟩, . . . , ⟨∆Sk− 1, ∆Sk ⟩)T  ∈  Rk .  For TG- 

RRE, β(k) are determined by solving the linear system of equation 

 
(∆2Vk ©

(N+M+1) ∆Vk )β
(k) = − (∆2Vk ©

(N+M+1) ∆Sk )
 

 

where 

 
 
 
 
 

(∆2V 

 

©(N+M+1) ∆V ) =  

 

⟨∆2S0, ∆S0 ⟩  .......................... ⟨∆2S0, ∆Sk− 1 ⟩ 

⟨∆2S1, ∆S0 ⟩  .......................... ⟨∆2S1, ∆Sk− 1 ⟩ 

. .   .   .   . . 

 

 
∈  Rk× k, 

k k 

. .   .   .   . . 
 . .    .    .    . .  

⟨∆2Sk− 1, ∆S0 ⟩  ....................... ⟨∆2Sk− 1, ∆Sk− 1 ⟩  

(9.38) 
 

and (∆2Vk ©(N+M+1) ∆Sk) = ( ⟨∆2S0, ∆Sk ⟩, . . . , ⟨∆2Sk− 1, ∆Sk ⟩)T  ∈  Rk . Finally, 

once β(k) is computed, the coefficients γ(k)’s are given by 
 

 
(k) β

(k)  
(k) 

γ =  l  
k 

∑ β(k) 

for 0 ≤ l < k and βk = 1. (9.39) 

l=0 
 

The following algorithm summarizes the main steps. 
 

Algorithm 40 Implementation of TG-MPE/TG-RRE via the global-QR decomposition 

1. S0 is a given initial guess and k is a fixed index. 

2. Apply Algorithm 39 to compute the global-QR decomposition of the tensor∆Vk. 

3. Compute β(k) by solving the linear system (9.37) or (9.38). 

4. Compute the coefficients γ(k) from (9.39). 

5. Compute δ(k) from the relation (9.21) and θj is (j + 1) component of the column 

vector RTδ(k). 
6. Compute T(0) by T(0) k− 1 

k k = 0 + ∑ θj j 
j=0 



 

R0 

9.6. Conclusion 229 

As a numerical test, we consider the linear system of tensor equations given 

by (9.30) where A is a random tensor N = 3, I1 = I2 = 20, I3 = 10, J1 = 20, 

J2 = 10 and J3 = 5 as in [77]. The exact solution is the tensor X ∗ whose 

elements are all one and the right hand side B is given by B = A ∗N X ∗. The 

computations are carried out using MATLAB 7.4 with machine epsilon about 

2 · 10− 16. We took m = 10, p = 1 and stppoed the iteration when the relative 

error norm of the residual was less than 10− 6. Then after k = 6 iterations, 

Algorithm 37 for the tensor RRE method, gives the relative residual norm 

Rk 
= 8.5 ×  10

−7 where the initial guess is X0 = O. 

9.6 Conclusion 

In this chapter we introduced new tensor global extrapolation methods to 

accelerate the convergence of some tensor sequences. The proposed meth- 

ods are generalisations to the tensor case of some well known vector extrap- 

olation methods such as the reduced rank extrapolation or the topological 

epsilon algorithm. The new methods were defined as orthogonal or oblique 

projection processes using the Einstein product and also some new inter- 

esting tensor products. We showed how to apply the derived algorithms 

to tensor linear and nonlinear systems of tensor equations. Application to 

some interesting problems such as the multilinear page rank is still under 

investigation. 
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Chapter 10 

 
Conclusions and perspectives 

 
The work done during my thesis, allowed me to discover a new and in- 

teresting field related to numerical analysis, it is about "tensors". After a 

general introduction evoking the problems related to this research axis, we 

introduce the tubal Krylov subspace methods via the well know T-product 

[89, 90], which can be considered as the generalization of the matrix Krylov 

subspace methods. Then, in chapters 4, 5 and 6, we have described the 

methods of tonsorial Krylov subspaces for the processing of color images 

and videos. Indeed, we have proposed three different approaches that aim 

essentially the exploitation of these methods for the restoration of images 

and videos. The first approach is based on the Einstein product[46], the 

second uses the T-product [89, 90] and the third applies the c-product [88]. 

In addition, we have proposed in chapter 7 tensor Krylov subspace methods 

for solving Sylvester equations. In particular, we have introduced the global 

and block tensor version of this method. Finally, in chapters 8 and 9, the ten- 

sor version of the extrapolation methods. In particular, we have developed 

two versions of these methods. The first one is based on the Einstein product 

and the second one uses the T-product. 

This area of research has more potential to grow. We briefly quote some 

research axes that can be developed using the tensor formalism : 

∗ Tensor decomposition and Images and vidéos completion. 
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∗ Machine learning and artificial intelligence. 

∗ Preconditioned iterative methods. 

∗ Resolution of tensor Riccati Equations and numerical methods for solv- 

ing large scale dynamical systems. 

∗ Tensor network analysis and numerical methods for TV regularization. 

Finally, we can say that the use of matrices is no longer useful. Tensors are 

the future. 
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Résumé 

 
Dans ces dernières années, plusieurs axes de recherches liées aux tenseurs (matrices 
multidimensionnelles) ont été exploités, optimisation non linéaire, algèbre multilinéaire, analyse non 
linéaire, Statistiques, langage de programmation....... Vu que dans la modélisation de plusieurs 
phénomènes, la représentation tensorielle à prouver efficacité face à celle matricielle. En effet, les 
données réelles traitées à partir des différents problèmes entraînants souvent des demandes 
écrasantes sur les ressources informatiques (stockage, coût de calcul ..... ). Convaincus par l’efficacité 
de l’approche tensorielle, nous proposons dans cette thèse, une étude qui cible la généralisation des 
méthodes numériques matricielles via le formalisme tensoriel. En particulier, nous nous sommes 
concentrés sur l’extension des méthodes des sous espaces de Krylov et leurs applications. Plus 
précisément, nous avons introduit les méthodes de sous espace de Krylov tensorielles, type global et 
par blocs liés aux différents produits tensoriels existant déjà. Nous avons même réussi à développer 
une nouvelle catégorie de ces méthodes nommée méthodes des sous espaces de Krylov tubales. De 
plus, nous avons proposé des applications de ces méthodes dans la résolution des systèmes 
tensoriels linéaires et non linéaires, la restauration des images et vidéos, ainsi que la résolution des 
équations tensorielles de Sylvester. Nous traitons aussi les méthodes liées aux machines Learning et 
la reconnaissance faciale. 

 
 

Mots-clefs (5) : Tenseurs, sous espace de Krylov, produit d’Einstein, produit à n mode, T- 

Product, produit cosine, traitement des images et des vidéos, équations de Sylvester, 

reconnaissance faciale, extrapolation. 

Abstract 
In recent years, several research areas related to tensors (multidimensional matrices) have been 

exploited, non linear optimization, multilinear algebra, non linear analysis, statistics, programming 
language. In the modeling of several phenomena, the tensor representation proves efficiency in front 
of the matrix one. Indeed, the real data processing from different problems often leading to 
overwhelming demands on the computer resources (storage, calculation cost. . .). Convinced of the 
efficiency of the tonsorial approach, we propose in this thesis, a study that targets the generalization 
of numerical matrix methods via tonsorial formalism. In particular, we have focused on the extension 
of the Krylov subspace methods and their applications. More precisely, we have introduced tonsorial 
global and block Krylov subspace methods related to the various tensor products already existing. 
We have even succeeded in developing a new class of these methods named tubal Krylov subspace 
methods. Moreover, we propose applications of these methods in the resolution of linear and 
nonlinear tensor systems, image and video restoration, as well as the resolution of Sylvester tensor 
equations 

 
 

Key Words (5): Tensors, Krylov subspace, Einstein product, n mode product, T-product, 

Cosine product, image and video processing, Sylvester equations, facial recognition, 

Extrapolation. 
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