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i

“What we observe is not nature itself, but nature exposed to our method of questioning.”

– Werner Heisenberg (1901 − 1976), Physics and Philosophy: The Revolution in Modern Science –
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Abstract

Significant development of new protocols for the processing and the control of individual quantum
objects is a major step toward the second quantum revolution. In this thesis, we address the issue of bidi-
rectional quantum teleportation, which is one of the most interesting subjects in quantum information
science. In fact, the bidirectional quantum teleportation can not only be regarded as a reliable exchange
of quantum information but it is also a building block for universal quantum information processing.
The prime objective of this theoretical research is to investigate the bidirectional quantum teleportation
of unknown quantum states and some relevant parameters. We consider that the quantum channel of the
bidirectional teleportation protocol is subjected to environmental noise, which induces decoherence. We
evaluate the negativity to quantify the amount of entanglement in the quantum channel of the bidirec-
tional quantum teleportation protocol. Furthermore, we consider the average fidelities of teleportation
and the quantum Fisher information as figures of merit to assess the bidirectional teleportation protocol.
In order to overcome the decoherence effect and increase the BQT efficiency, we use the weak and reversed
measurements method. We show that these measurements can only suppress the amplitude damping ef-
fect if, and only if, the average fidelities of the teleported states are greater than 0.5 and the quantum Fisher
information is not null. Nonetheless, using noise classical correlations in the non-Markovian regime we
could slightly improve the BQT. Besides, noise temporal correlations improve further the average fideli-
ties of teleportation and the quantum Fisher information over a wide time range. In a further step, we
extend the BQT protocol to a three-party scheme, where three partners can exchange their quantum states
by means of a GHZ state. Then, we generalize the proposed scheme to a quantum network composed of
N (with N > 3) partners. We also suggest a new bidirectional scheme for the non-local implementation
of CNOT operations. Based on this latter bidirectional scheme, we propose a bidirectional teleportation
protocol for 2-qubit, 3-qubit and n-qubit states (with n > 3).

Keywords: Quantum Information Theory; Bidirectional quantum teleportation; Open Quantum Sys-
tems Theory; Fidelity; non-Markovianity; Quantum Correlation; Entanglement; Quantum Fisher Infor-
mation.
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Résumé

Le développement significatif de nouveaux protocoles pour le traitement et le contrôle des objets quan-
tiques individuels constitue une étape majeure vers la deuxième révolution quantique. Dans cette thèse,
nous abordons la téléportation quantique bidirectionnelle, l’un des sujet les plus intéressants dans le do-
maine de l’information quantique. En effet, la téléportation quantique bidirectionnelle peut, non seule-
ment, être considérée comme un échange fiable de l’information quantique, mais elle est aussi un élé-
ment constitutif du réseau universel des informations quantiques. L’objectif principal de cette recherche
théorique est d’étudier la téléportation quantique bidirectionnelle des états quantiques inconnus et de
certains paramètres pertinents. Nous considérons que le canal quantique du protocole de téléportation
bidirectionnelle est soumis au bruit ambiant, qui induit la décohérence quantique. Nous évaluons la néga-
tivité pour quantifier la quantité d’intrication dans le canal quantique du protocole de téléportation quan-
tique bidirectionnel. En outre, nous considérons les fidélités moyennes de téléportation et l’information
quantique de Fisher comme des figures de mérite pour évaluer le protocole de téléportation bidirection-
nelle. Afin de surmonter l’effet de décohérence quantique et d’augmenter l’efficacité du protocole de
téléportation, nous utilisons la méthode des mesures faibles et inversées (Weak and reversed measure-
ments). Nous montrons que ces mesures ne peuvent supprimer l’effet de l′amplitude damping que si,
et seulement si, les fidélités moyennes des états téléportés sont supérieures à 0, 5 et que l’information
quantique de Fisher n’est pas nulle. Néanmoins, l’utilisation de corrélations classiques dans le régime
non-markovien pourrait améliorer légèrement la téléportation bidirectionnelle. En outre, les corrélations
temporelles améliorent encore mieux les fidélités moyennes de téléportation et l’information de Fisher
quantique. Dans une étape ultérieure, nous prolongeons le protocole de téléportation bidirectionnelle à
un schéma composé de trois partenaires, ces trois partenaires peuvent échanger leurs états quantiques au
moyen d’un état maximalement intriqués de type GHZ. Ensuite, nous généralisons le schéma proposé
à un réseau quantique composé de N (avec N > 3) partenaires. Nous suggérons également un nou-
veau schéma pour l’implémentions non-locale de la porte quantique CNOT. En se basant sur le dernier
schéma, nous proposons un protocole de téléportation bidirectionnel pour les états à 2-qubits, 3-qubits et
n-qubits (avec n > 3).

Mots-clés: Théorie de l’information quantique; téléportation quantique bidirectionnelle; Théorie des
systems quantique ouverts; Fidélité; non-Markovianity; Correlation quantique; intrication; Information
de Fisher quantique.
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Résumé étendu

La transmission sécurisée de l’information quantique d’un endroit à un autre est un objectif essentiel
de la théorie de l’information quantique. En fait, l’information n’est pas une entité abstraite. En d’autres
termes, nous pouvons certainement trouver l’information codée dans une entité physique, qu’il s’agisse
d’un atome, d’un photon, d’un ion ou de toute autre particule quantique. Par conséquent, l’information
est soumise aux lois de la physique quantique. La théorie de l’information quantique est apparue comme
un nouveau domaine de recherche interdisciplinaire qui combine la théorie de l’information avec les lois
de la physique quantique. En effet, l’information peut être codée sur un qubit, qui est le système quan-
tique le plus simple. Un qubit peut être représenté par deux états différents : |0⟩ et |1⟩ ou dans une
superposition arbitraire de ces états. La superposition quantique peut être interprétée comme une in-
terférence des deux possibilités, |0⟩ et |1⟩〉. En fait, la superposition quantique est une caractéristique
distinctive de la théorie quantique. De plus, elle a été démontrée dans de nombreuses particules comme
l’électron, l’atome, le neutron. Il convient de noter qu’une superposition de N qubits donne lieu à 2N
possibilités (pour N > 1). Pour cette raison, la prise en compte des qubits offre une capacité de stock-
age et de traitement de l’information plus puissante que le bit classique. En conséquence, l’exploitation
du qubit comme support d’information, dans un ordinateur quantique, permet de simuler des situations
assez complexes. Le qubit a été réalisé physiquement en utilisant la polarisation des photons, le spin
de particules, la position d’un atome, etc. En outre, il est démontré que les corrélations quantiques sont
une notion large dont l’intrication est un type particulier. Plus précisément, l’intrication quantique peut
être identifiée comme des corrélations quantiques non-locales. Étant donné que l’intrication est le pilier
central de l’exécution de tâches de traitement de l’information quantique avec hautes performances, son
identification et sa quantification, dans différents systèmes, ont attiré l’attention des physiciens et restent
un problème ouvert aux niveaux théorique et expérimental. L’intrication quantique, en effet, ne peut être
créée ou augmentée par aucune opération locale. De plus, une mesure d’intrication devrait être nulle pour
un état séparable et égal à "1" pour un état maximalement intriqué. Pourtant, l’intrication a été observée
dans différents systèmes, comme les photons, les jonctions Josephson supraconductrices ainsi que dans
les systèmes hybrides qui sont composés de qubits photoniques et de qubits de matière. Elle a également
été démontrée pour deux électrons séparés par plus de 1 km.

En dépit de leur pertinence conceptuelle, l’exploitation de la superposition et de l’intrication quan-
tique a conduit au développement de la science de l’information quantique et a ouvert la voie à des
applications concrètes de l’informatique quantique. En 1993, Bennet et al. [34] ont proposé une idée révo-
lutionnaire, selon Bennet et al.[34], il est possible de téléporter un état quantique inconnu en utilisant un
état maximalement intriqué et un canal de communication classique. En outre, la téléportation quantique
est d’une importance capitale pour l’établissement d’un réseau quantique à grande échelle. La télépor-
tation quantique accélère, également, le développement de nouvelles applications technologiques telles
que les répéteurs quantiques, l’internet quantique et le calcul quantique aveugle. La téléportation quan-
tique a également été utile pour étudier d’autres domaines de recherche tels que l’évaporation des trous
noirs. En outre, elle est utilisée pour les courbes fermées de type temporel. Présentement, la téleportation
quantique est réalisé au moyen de différents substrats, tels que les qubits photoniques, les états solides,
la résonance magnétique nucléaire (RMN), entre la lumière et la matière et entre la lumière et le mouve-
ment. Quelques années plus tard, Huelga et. al. [211] a présenté une idée de téléportation quantique
bidirectionnelle dans un contexte lié au contrôle quantique, où Alice téléporte un état quantique inconnu
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à Bob. Après avoir reçu l’état, Bob applique une opération quantique à l’état quantique initial et le ren-
voie à Alice. Par la suite, divers protocoles de téléportation quantique bidirectionnelle et de téléportation
quantique bidirectionnelle contrôlée (TQBC) ont été proposés en utilisant plusieurs canaux quantiques,
tels que les états GHZ, les états composites GHZ-Bell et les états intriqués de n qubits (avec n >4). En effet,
dans les protocoles TQBC, Alice et Bob ne peuvent pas échanger leurs états quantiques sans le contrôle
d’une troisième partie, appelée Charlie, qui agit comme un superviseur du processus de téléportation
bidirectionnelle. Étant donné que Charlie ne peut ni téléporter ni recevoir d’états quantiques dans le
schéma de TQBC, nous posons la question : pouvons-nous étendre la téléportation quantique bidirection-
nelle en incluant un tiers (Charlie) comme partenaire. Dans le même contexte, est-il possible d’étendre
la téléportation bidirectionnelle d’états quantiques pour un réseau de N partenaire? En outre, pouvons-
nous rendre la téléportation bidirectionnelle possible pour les états intriqués et les opérations quantiques ?

Le problème de la décohérence est le facteur le plus limitant pour la réalisation de protocoles de télé-
portation quantique et leur mise en œuvre avec une grande efficacité. Il est donc essentiel de préserver les
ressources quantiques qui constituent l’essence de nombreux protocoles de calcul et d’information quan-
tiques [75]. En effet, en présence de décohérence, la qualité de la reconstruction de l’état téléporté, d’Alice
à Bob, est mesurée par la fidélité de téléportation (f). En effet, la fidélité f est une mesure de la similarité
entre l’état initial (input state) d’Alice et l’état final (output state) de Bob 0 ≤ f ≤ 1. Dans certains con-
textes, il est nécessaire de téléporter l’information codée dans un paramètre pertinent, comme le poids
ou la phase d’un qubit, au lieu de l’état complet du système. Dans cet égard, l’information quantique de
Fisher (IQF) est plus pratique pour quantifier la fiabilité de la téléportation de paramètres. La QFI quan-
tifie la sensibilité d’un état quantique par rapport aux changements survenant sur le paramètre concerné.
Elle a été largement étudiée dans différents domaines de recherche tels que l’estimation quantique, où
elle donne la plus grande précision réalisable dans diverses tâches d’estimation de paramètres. En fait,
l’IFQ joue un rôle important dans l’estimation d’un seul paramètre grâce à la borne de Cramer-Rao, alors
qu’une plus grande précision est obtenue pour une grande valeur de QFI.

À cet égard, nous étudions la téléportation quantique bidirectionnelle dans une situation plus réaliste,
où le bruit environnemental affecte le canal quantique du protocole du TQB. Le bruit environnemen-
tal a été modélisé par des canaux quantiques typiques, qui sont généralement utilisés dans la théorie
de l’information quantique, tels que le bit-flip, le phase-flip, la dépolarisation et le canal d’amortissement
d’amplitude. De plus, nous avons utilisé deux techniques pour supprimer l’effet du bruit sur du protocole
du TQB, qui sont les mesures faibles et inversées (WRM), et les effets de mémoire non-markoviens. Notre
objectif dans cette partie de notre étude est de savoir si ces méthodes sont efficaces pour tous les types
de bruit considérés. Finalement, les résultats de cette étude ont été que le WRM pouvait juste atténuer le
bruit d’amortissement d’amplitude si, et seulement si, les fidélités moyennes des états téléportés étaient
supérieures à 0,5 et que l’information quantique de Fisher n’était pas nulle. Par ailleurs, dans le régime
non-markovien, l’exploitation des corrélations classiques des canaux bruités pourrait améliorer, dans une
certaine mesure, la téléportation bidirectionnelle de l’information. Alors qu’en prenant en compte les
effets de mémoire dus aux corrélations temporelles, l’effet drastique de tous les types de bruit consid-
érés sur la téléportation bidirectionnelle de l’information pourrait notamment être atténué pour une large
gamme de temps.

En outre, nous avons étendu le protocole de TQB afin de permettre à trois partenaires, Alice, Bob et
Charlie, d’échanger bilatéralement leurs états quantiques à l’aide d’un état GHZ. En outre, nous avons
généralisé le schéma bidirectionnel tripartite proposé à un réseau quantique composé de N partenaires.
Dans le schéma proposé, la tâche de téléportation ne peut être accomplie sans la contribution de tous les
partenaires. Dans un autre contexte, afin de ne pas restreindre le BQT à la téléportation d’états quantiques
inconnus seulement, nous avons proposé un nouveau schéma pour la téléportation bidirectionnelle de la
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porte CNOT. En se basant, sur ce dernier schéma, nous avons conçu un protocole BQT pour la téléporta-
tion de deux et trois qubits. Nous avons discuté de la possibilité de généraliser ce protocole aux états à
n-qubits.
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Introduction
Quantum physics (QP) is a discipline within theoretical physics that is interested in the study and

description of matter and radiation at the atomic and subatomic scale. QP bridges the gap in our under-
standing of nature and it is at the heart of our current technological development. The origins of quantum
theory can be traced back to the early nineteenth century, when physicists were confronted with new and
unexpected problems that they were unable to solve using classical physics laws, such as the black body
radiation and the photoelectric effect. In fact, quantum physics is a probabilistic [1] and counter-intuitive
theory [2], which is often presented in a mathematical formalism that can be confusing. Thus, all the
predictions given by quantum theory are of a probabilistic character and it is not totally compressible in
the classical reasoning [3]. In fact, quantum physics has proven a clear description of the atom structure.
Furthermore, it has proven compatible with the electromagnetic, weak and strong nuclear interactions,
this compatibility leads to their unification on the standard model [3]. Despite its successful explanation
of many problems and conformity to experiment expectations, there is no agreement on the physical in-
terpretation of its concepts and ideas [4]. Among these concepts and ideas, the particle-wave duality, the
measurement problem, and the physicality of information. To put it another way, can we consider infor-
mation as a constituent of physical reality?

In fact, information is not an abstract entity, but it can only exist through a physical representation
[5]. In other words, we can certainly find information encoded in a physical entity, whether it is an atom,
photon, ion or any other quantum particle. Accordingly, information is subjected to the laws of quantum
physics. The seminal works done by Shannon [6, 7], which is one of information theory’s pioneers, is
mainly focused on the rates of information transmission via noisy and noiseless classical communication
channels. Furthermore, Shannon introduces the notion of the classical bit, which can be represented as a
vector pointing in two different states 0 or 1, for example a switch that could be up or down, or a capacitor
that can be full or discharged. Later on, physicists have been interested in the investigation of information
transmission through systems that are governed by the laws of quantum physics. Consequently, quan-
tum information theory has emerged as a new interdisciplinary research field that combines information
theory with the laws of quantum physics.

Basically, information could be encoded on a qubit [8], which is the basic quantum system. A qubit
can be represented in two different vector states: |0⟩ and |1⟩ or in an arbitrary superposition of these states
[9]. The quantum superposition could be interpreted as an interference of the two possibilities, |0⟩ and
|1⟩. In effect, the quantum superposition is a distinguishing feature of quantum theory. Moreover, it has
been demonstrated in many particles such as electron [10], atom [11], neutron [12] and in multi-particle
systems [13]. A superposition of N qubits results in 2N possibilities (N > 1). For this reason, considering
qubits offers more powerful capacity to store and process information than the classical bit [14]. Accord-
ingly, exploiting the qubit as support of information, in a quantum computer, enables the simulation of
complicated situations [15]. The qubit has been physically realized using the polarization of photons, spin
of particles, position of an atom, electronic degree of freedom of an ion or atom [9]. On the other hand, the
fact that quantum physics is a non-local theory was not accepted by Einstein, Podolsky and Rosen (EPR).
In 1935, they tried to demonstrate that the quantum theory does not completely describe physical reality
[16] by elaborating a thought experiment, known as the EPR paradox [16], to be the Achilles’ heel of the
quantum theory. Indeed, the EPR paradox has attracted the attention of Bohr who discussed it deeply
with Einstein, but the EPR paradox had not been a matter of concern to the large scientific community
until the publication of Bell’s paper in 1964 [17]. Bell presented a mathematical reformulation of the EPR
paradox based on the local hidden variables [17]. Actually, Bell proposed a test for the existence of the
hidden variables. Thus, he developed his famous inequality as the basis for such a test. Thereafter, many
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experiments have been conducted to test the Bell’s inequality [18, 19]. Eventually, Alain Aspect et al.
experiments have confirmed the violation of Bell’s inequality [20], which relies on hidden variables and
validates, with no doubt, the non-locality of the quantum theory [21] and the existence of entanglement.

In early studies, quantum correlations were considered as a synonym of the quantum entanglement.
Nowadays, however, it is shown that quantum correlations are a wide notion in which entanglement is
a special type of them. More precisely, entanglement can be identified as non-local quantum correlations
[22]. Due to the fact that entanglement is the central pillar for performing quantum information process-
ing tasks with high performance, its identification and quantification, in different systems, have attracted
the attention of physicists, and it is still an open problem at the theoretical and experimental levels. During
the last three decades, many efforts have been made to elaborate an efficient measurement of the entan-
glement amount in bipartite and multi-partite systems. Among these measures, we cite: the concurrence
[23], the negativity of the partial transpose [24] and the residual tangle [25]. The entanglement, in fact,
cannot be created or increased using any local operation. Moreover, an entanglement measure should
be null for a separable state and equal "1" for a maximally entangled state. Yet, entanglement has been
observed in different systems, such as photons [26], superconducting Josephson junctions [27] as well as
in the hybrid systems [28] which are composed of photonic and matter qubits. Also, it was demonstrated
for two electrons separated by more than 1Km [29]. Nowadays, entanglement has passed from being a
spooky action at a distance [17] to be one of the main studied topics in the field of quantum information,
which certainly leads to the second quantum revolution. Wherein the second quantum revolution, the
rules that govern the physical world are used to boost the technological development. In the current time,
different sources of entanglement are already exploited and commercialized [30, 31].

In spite of their conceptual relevance, the exploitation of the superposition and entanglement led to the
development of quantum information science and paved the way to real-world applications for quantum
communication and quantum computing. In the 1990s, several incremental proposals have been done
in the fields of quantum computation and communication, by exploiting the physical resources such as,
superposition and entanglement, yielding to more powerful algorithms compared to their classical coun-
terparts. Shor [32] proposed a quantum algorithm for factoring large numbers, which is a very though
task to do without taking into consideration quantum resources. Moreover, Grover presented that quan-
tum resources can speed up a range of search applications over unordered database [33]. In the meantime,
numerous quantum communication protocols have been proposed, offering a reliable way of transmitting
quantum states between distant communication parties [34].

The safe transmission of quantum states from one location to another is a primary objective for quan-
tum information processing [30]. Unfortunately, the direct replication of one quantum state to another
is forbidden [35], and measuring the quantum states can destroy their superposition [36]. Accordingly,
Bennet et al. [34] came up with a revolutionary idea, in which it is possible to teleport an unknown quan-
tum state of a qubit using a two-qubit maximally entangled state and classical communication. It is
worthwhile to mention that this teleportation is rather only about transferring unknown quantum in-
formation, not at superluminal velocity, which agrees with the theory of relativity. Besides, quantum
teleportation (QT) is of paramount importance for the establishment of a large-scale quantum network
[37, 38]. It also accelerates the development of new technological applications such as quantum repeaters
[39], the quantum internet [37] and quantum blind computing [40, 41]. Quantum teleportation has also
been useful in investigating other areas of research such as black-hole evaporation [42]. In addition, it
is used for closed time-like curves [43]. In light of its importance, QT has become a research hot-spot
in the last two decades. It is achieved experimentally by means of different substrates, such as photonic
qubits [44, 45, 46], solid-states [47, 48], time-bin [49, 50], using Nuclear Magnetic Resonance (NMR) [51],
between light and matter [52] and between light and motion [53]. In principle, the solid-state is promising
for short teleportation distance, which is less than 1km. As for a few kilometers, it could be developed
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using optical modes. However, for long-distance quantum teleportation (beyond 100 km), the photonic
qubits are the best carriers for information over long fibres or free-space [54]. Nevertheless, in 2012, quan-
tum teleportation over 143 km was achieved between the Canary Islands "La Palma" and "Tenerife" [55].
In 2017, quantum teleportation was accomplished over a 1400 km distance from a ground observatory to
a low-orbit satellite [56]. On the theoretical side, there are plenty of modified teleportation protocols, such
as controlled teleportation [57], quantum gate teleportation [58] and cyclic teleportation [59]. QT was not
limited to discrete variables but was extended to continuous-variables (CV) [60, 61], which are quantum
systems with an infinite-dimensional Hilbert space [62]. In effect, all these teleportation protocols are
unidirectional, meaning that the transmission of information can be assured only in one direction from a
sender to a receiver, namely from Alice to Bob.

A significant step in the path towards a scalable quantum network is by making the quantum telepor-
tation process possible in two opposite directions, from Alice to Bob and reversely from Bob to Alice. The
issue of the bidirectional teleportation of quantum states is firstly raised by Vaidman et al. [63] as a thought
experiment. In this work [63], Vaidman et al. aim at swapping the quantum states of two separated atoms,
using two independent quantum channels. Afterwards, Huelga et al. [64, 65] presented an idea of bidirec-
tional quantum teleportation in a context related to quantum control, where Alice teleports an unknown
quantum state to Bob. After he (Bob) receives the state, Bob applies a quantum operation to the quan-
tum state and returns it to Alice. Later on, various bidirectional quantum teleportation and bidirectional
controlled quantum teleportation protocols (BCQT) have been suggested using several quantum chan-
nels, such as GHZ states [66], composite GHZ-Bell states [67], and n-entangled qubit states (with n >4)
[68, 69]. Indeed, in the BCQT protocols, Alice and Bob cannot exchange their quantum states without
the control of a third part, called Charlie, which acts like a supervisor of the bidirectional teleportation
process. Because Charlie can neither teleport nor receive quantum states in the bidirectional controlled
quantum teleportation scheme, we ask the question if we can extend the bidirectional quantum telepor-
tation by including a third party (Charlie) as a partner. In the same regard, is it possible to extend the
bidirectional teleportation of quantum states to the N party? Furthermore, can we unlimit the BQT from
unknown quantum states only, and make it possible for entangled states and quantum operations?

As a matter of fact, bidirectional quantum teleportation protocols seldom take into account the prob-
lem of decoherence [70], which was the result of addressing the problem of the quantum-to-classical
transition [71]. The issue is that the quantum system cannot be perfectly isolated from its surrounding
environment and the complete control of the environment is not always possible [1]. In addition, when a
quantum system interacts with its environment it will, in general, become entangled with the large num-
ber of environmental degrees of freedom. This entanglement of the open system with the environment
dramatically influences the quantum resources, in particular the superposition and entanglement, of the
system even when the impact of the environment is small. Many efforts have been devoted to investigate
the decoherence through the master equation [1]. Moreover, it is possible to observe the drastic effect
of decoherence in experiments using cavity QED [72], superconducting systems [73], and ion traps [74].
Thus, decoherence is the most limiting factor for the realization of quantum teleportation protocols and
their implementation with high efficiency. So, it is essential to preserve the quantum resources which
serve as the essence of many quantum information and computation protocols [75].

Indeed, any physical operation can be represented by a quantum channel 1, mapping an initial state
to a final state [76]. For closed quantum systems, unitary evolution is sufficient to describe the dynamics.
However, for open quantum systems, the interaction between the system and the environment leads to a
non-unitary evolution (e.g., dissipation, dephasing). Generally, a physical2 non-unitary evolution can be

1The term "quantum channel" typically refers to the actions of the noisy environment on the system of interest. It does not,
however, coincide with the quantum channel of bidirectional quantum teleportation, which is an entangled state.

2An example of non-physical operation is the transposition (please see [77] page 369)
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described by a quantum channel which must be a completely positive trace preserving (CPTP) map [77].
Actually, CPTP maps can be described by means of the Kraus operators [78], which encode the effect of the
environmental noise on the open quantum system of interest. Well-defined quantum noisy channels are
considered for the study and the description of the environment effects on quantum systems, such as the
amplitude damping channel [77], which describes an open quantum system undergoing a spontaneous
dissipation of energy, and the dephasing channel [79] describing the loss of information without loss of
energy [74]. Moreover, the bit-flip, bit-phase flip and the depolarizing channel [77], describe a quantum
system that is assumed to suffer from Pauli X (bit-flip) errors, Z (phase flip) errors, or Y (both), frequently
used in the context of error correction and it can be efficiently simulated with a classical computer [74].
All the former noisy quantum channels are usually encountered in realistic implementations of quantum
communication protocols [74]. In particular, we indicate memoryless or with memory noisy channels
where multiple actions of the environmental noise are independent from each other or correlated, respec-
tively. Nevertheless, it is recently shown that more noise leads to more efficiency. In other words, Fortes
et al. [80] have shown that, in the case of unavoidable noise, it is better to subject the quantum system to
different noise channels in order to increase the efficiency of the teleportation protocol. The main effect of
noise is to turn pure states into mixed ones. It is shown that noise decreases the quantum entanglement
and coherence [81, 82]. it may also cause the complete vanishing of entanglement in a finite time or what
is known as entanglement sudden death (ESD) phenomenon [83].

In this regard, to mitigate the decoherence effect, several techniques have been suggested in the litera-
ture, such as the purification protocols (PP) which permit the distillation of highly entangled states from
less entangled ones. However, if the states are fully separable, we cannot obtain an entangled state from
separable states [84]. Another approach to mitigate the effect of the decoherence is the decoherence-free
subspace (DFS). DFS requires a symmetry in the system-environment interaction which is not always
applicable [85]. Also, the quantum Zeno effect (QZE) could be used to mitigate the effect of decoher-
ence. QZE relies on the idea that the time evolution of a given quantum state slows down due to the
frequent measurements of the system [86]. On the other hand, if the frequent measurements are not rapid
enough, we could have a reverse effect which may accelerate the system evolution (quantum anti-zeno
effect) [87]. Another method to overcome the effects of decoherence is the weak and reversed measure-
ments3 (WRM). The (WRM) allow us to extract little information about the quantum state by weakening
the coupling strength sufficiently between the system of interest and the measurement device [89]. Due
to the weak measurement, the system does not fully collapse toward an eigenstate [90]. Therefore, it is
possible to recover the initial state with some operations [91]. Recently, it was shown that the weak and
reversed measurements can preserve the qubit state from decoherence due to zero temperature relaxation
[92]. Later on, this work [92] was extended to preserve the entanglement of two-qubit and three-qubit
systems from decoherence [93, 94, 95]. Moreover, the weak and reversed measurements can preserve en-
tanglement and improve the fidelity of GHZ and W states undergoing amplitude damping (AD) [96]. In
the unidirectional quantum teleportation context, Pramanik et al. showed that the weak and the reversed
measurements can increase the teleportation fidelity through noisy quantum channels [97]. Beside the
weak and reversed measurements, another technique to overcome the problem of decoherence is based
on the exploitation of the memory effects arising when the open quantum system interacts with its en-
vironment in the non-Markovian regime, inwhich the recent state of the quantum system depends on its
previous states [98, 99]. In the non-Markovian regime, the system loses information to the surrounding
environment and retrieves some of it [100]. In fact, there are two types of memory effects. The first one
is due to the classical correlations between successive actions in the noisy environment [101], while the
second one stems from the temporal correlations arising in the course of the time evolution of the system
of interest [102]. The identification and quantification of the non-Markovian dynamics is an unsolved

3The weak and the reversed measurements discussed in our work are generalizations of von Neumann measurements and
are associated with a positive operator-valued measure (POVM), and should not be confused with the weak value elaborated
by Aharonov et al. [88].
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problem in open quantum system theory [103]. Many distinct criteria have been proposed to identify the
non-Markovian memory effects. For a review on this subject, readers may look into references [104] and
[105]. Numerous measures of non-Markovianity have been discussed, such as the trace distance [106],
which is based on the distinguishability of quantum states, the fidelity [107], quantum Fisher information
(QFI) [108] and quantum mutual information [109]. The relationship between the two types of memory
effects is studied in Ref [110]. However, the combined effect of the two types of memory effects is shown
for two-qubit coherence [111]. Although both techniques, the weak and the reversed measurements tech-
nique and the memory effects, have been widely explored in the literature as separate subjects, we do not
know if these techniques are equivalent or not. In other words, we still do not know if these methods
could mitigate the noise effects and enhance entanglement and bidirectional teleportation with the same
efficiency.

Actually, in the presence of decoherence, the quality of the reconstruction of the teleported state, from
Alice to Bob, is measured by means of its teleportation fidelity ( f ). Indeed, the fidelity f is a measure
of the closeness between Alice’s input state and Bob’s output state [77], where 0 ≤ f ≤ 1. The fidelity
equals the unity ( f = 1), which is the maximal value of the fidelity, when the protocol works perfectly.
Otherwise, it is less. Indeed, the fidelity was first studied by Uhlmann [112] and Alberti [113] who investi-
gated the transition probability between quantum states. After that, it was studied by Josza [114], and by
Schaumacher [115] in the field of quantum communication. The threshold of the fidelity f = 2

3 is known
as the fidelity of classical teleportation, inwhich Alice may directly measure her qubit state and sends the
measurement outcome to Bob in order to prepare a similar qubit state. Therefore, a teleportation fidelity
of qubit states which is greater than the classical threshold, namely f > 2

3 , is a clear evidence that the
quantum resources are utilized to accomplish the teleportation process [54].

Apart from quantum state teleportation, in some contexts, one needs to teleport the information en-
coded in a relevant parameter, like the weight or the phase of a qubit, instead of the whole system state. In
this regard, the quantum Fisher information (QFI) [116] is more practical to quantify the reliability of the
parameter teleportation [117]. The notion of Fisher information is introduced thanks to the earlier stud-
ies of Ronald Aylmer Fisher in which he was interested in the concept of information in the frame of the
estimation theory [118]. Due to the high interest devoted to Fisher information, this leads to the develop-
ment of a quantum version of Fisher information, namely QFI, which is developed for quantum systems
[119]. In particular, QFI quantifies the sensitivity of a quantum state with respect to the changes occurring
on the relevant parameter [120]. It has been extensively investigated in different fields of research such
in quantum Estimation, where it gives the highest achievable precision in various parameter estimation
tasks [121]. Actually, QFI plays an important role in the estimation of a single parameter through the
Cramer-Rao bound, whereas more precision is achieved for a large value of QFI [119, 122, 123]. In addi-
tion, the measurement of different quantities of interest in quantum information theory cannot be directly
done such as the purity of a quantum state or quantum correlations. In such a situation, the problem
becomes a parameter estimation problem and one must turn to estimate the quantity of interest by means
local quantum estimation tools [122]. In fact, estimation problems involve assigning appropriate values to
the quantities that are unknown because they are not fully accessible by observation. The objective of an
estimation procedure is to find the best strategy for inferring the value of an unknown parameter with the
highest possible accuracy [122]. This is done by performing indirect measurements on the quantum sys-
tem, i.e. by deducing the value of the parameter by processing the set of measurement results of another
observable. The Cramer-Rao bound gives the ultimate limit of the precision withwhich the parameter of
a physical system can be estimated [119, 122, 123], where the variance of the parameter is small for a large
value of QFI. However, the issue of simultaneous multi-parameter estimation is required in many sce-
narios [124]. Thus, the quantum Fisher information matrix (QFIM) [125] provides a tool to determine the
estimation precision of any multi-parametric protocol. Beside the quantum estimation theory, QFI and
QFIM are crucial concepts in quantum metrology [126, 127], quantum sensing [128]. QFI and QFIM also
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connect to other aspects of quantum physics, such as quantum phase transition [129, 130], entanglement
detection [131]. QFI measures the phase sensitivity of the systems [132]. Moreover, QFI in non-inertial
frames has been investigated for different systems, such as the behavior of the teleported QFI under the
Unruh-acceleration effect is investigated by Metwally [133, 134]. QFI is used to predict decoherence in
the preparation of cat states [135]. It is also used as a quantifier of the degree of estimation of two in-
teracting qubits under decoherence [136].Furthermore, it has been shown that QFI can be considered as
a widely used and a successful tool to measure the credibility of transmitting the information encoded
in a quantum paramrter through the process of quantum teleportation [117, 137]. Accordingly, the link
between QFI, entanglement and teleportation is an open area of research until now.

Certainly, the fidelity and the quantum Fisher information are two figures of merit to assess the bidi-
rectional teleportation protocol. Both quantities are related to the Bruse distance [138], which is a geo-
metrical measure for distinguishing quantum states. It was shown that, in the case of pure states and
full-rank density operators, the fidelity susceptibility is proportional to the quantum Fisher information
[139, 140]. Furthermore, Liu et al. [141] have proven that the proportionality of the fidelity susceptibility
and the quantum Fisher information remains even in the case of non-full rank matrices. Besides, it was
shown that the fidelity and the quantum Fisher information are very sensitive to the environmental noise
[142, 143]. To the best of our knowledge, teleportation fidelity and quantum Fisher information have
not yet been studied in relation to each other, particularly in light of bidirectional quantum teleportation.
Moreover, a rigorous study on the effects of the WRM and the memory effects on the teleportation fideli-
ties and on the quantum Fisher information, where the bidirectional teleportation protocol is affected by
different noise types; such as: the bit flip, the phase flip, the depolarizing and the amplitude damping, is
still missing.

Nowadays, improving the efficiency of quantum teleportation and its extension to scalable quantum
network is a primordial step in the path toward a global quantum network. In fact, the aim of our re-
search through this thesis is to investigate bidirectional quantum teleportation and suppress the effect
of the noise, which drastically reduces the average fidelities of teleportation and the quantum Fisher in-
formation. In addition, we evaluate bidirectional quantum teleportation through typical noisy quantum
channels, such as bit-flipping, phase-flipping, depolarizing, and amplitude-damping. We compare the im-
pact of the WRM technique and the memory effects technique on the efficiency of bidirectional quantum
teleportation. In this work, we take into account the challenge of extending the bidirectional quantum
teleportation protocol to a large-scale quantum network and not restricting the bidirectional quantum
teleportation only to unknown quantum states and relevant parameters but also make it possible for the
quantum gate and entangled states.

.0.1 Outline of the thesis

This thesis is outlined according to the following plan:

In the first chapter:

We present some preliminary tools and concepts of quantum information that are useful for a good
comprehension and more flowing reading. We will review the notion of qubit, quantum measurement,
quantum gates and circuits, and noisy channels. Moreover, we will present entanglement and quantum
teleportation quantifiers, such as the negativity of the partial transpose, fidelity average, quantum Fisher
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information and quantum Fisher information matrix.

In the second chapter:

We deal with the bidirectional quantum teleportation protocol by means of a perfect quantum channel,
i.e., without noise. We demonstrate the connection between the teleportation fidelities and the quantum
Fisher information. Then, the individual teleportation against the simultaneous parameter teleportation
is studied.

In the third chapter:

We investigate the bidirectional quantum teleportation in the presence of typical noisy channels such
as bit flip, phase flip, bit-phase flip, depolarizing, and amplitude damping. The effect of weak and re-
versed measurements on the efficiency of the bidirectional teleportation protocol will also be investigated.
Later on, we will concentrate on the impact of the correlations in the quantum channels on the teleporta-
tion of information. We will also explore the combined effect of the classical and temporal correlations in
the noisy quantum channels on the entanglement of the quantum channel of the BQT and on the telepor-
tation fidelities and quantum Fisher information.

In the last chapter:

We will extend the bidirectional teleportation so that three partners can exchange states bilaterally by
using a GHZ state and three auxiliary qubits. Subsequently, we will extend the suggested scheme to N
partners. We will suggest a BQT scheme for a bipartite and a tripartite entangled states based on another
suggested scheme for the non-local implementation of CNOT gate.

Finally, we shall recapitulate the main findings of this thesis and we will mention some future per-
spectives.

.0.2 Contributions

The main findings presented in this thesis have been reported in various contributions:
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Chapter I

Preliminary to quantum information
processing

In this chapter, we shall introduce some preliminary concepts and tools of quantum information process-
ing (QIP) which are useful for a good comprehension of the present thesis. We start, in Sec I.1, by the
notion of qubit which is the basic system of quantum information. We describe, in Sec I.2, the notions
of projective, weak and reversed measurements. In Sec I.3, we recall some quantum gates which are
the building blocks of quantum information processes such as quantum teleportation and quantum algo-
rithm. Subsequently, in Sec I.4, we present the notion of quantum circuit. Moreover, in Sec I.5, we provide
a short review on independent and correlated noisy quantum channels. In Sec I.6, we present some en-
tanglement and teleportation quantifiers, namely the Negativity and the fidelity average. Furthermore,
we introduce quantum Fisher information and quantum Fisher information matrix in Sec I.7.

I.1 Qubit

In quantum information theory, transmission, storage and processing of information are done by means
of qubits [77]. A qubit is a two-level system with one characteristic property that can have two possible
values [144]. Actually, a qubit is a physical entity governed by the laws of quantum physics. Simple
examples of qubits are the polarization of photons or two-level atoms [145, 146, 147, 148]. Moreover, the
qubit may be mathematically represented as a unit vector in a two-dimensional Hilbert space H. H is a
complex vector space with inner product, the quantum sate lives in the Hilbert space|ψ⟩ ∈ H2 as:

|ψ⟩ = α|0⟩+ β|1⟩, (I.1)

Where α and β are probability amplitudes (α, β ∈ C2) that satisfy the normalization constraint:

|α|2 + |β|2 = 1 (I.2)

And {|0⟩, |1⟩} is a computational basis which forms an orthonormal basis for H2. A qubit is generically
represented as a coherent superposition of the basis states |0⟩ and |1⟩ (Eq.I.1), and depending on the val-
ues of the coefficient α and β, one can prepare an infinite number of states |ψ⟩. While the classical bit is
definitely either 0 or 1, the qubit generalizes the calssical bit [144].

A general pure qubit state can be written as:

|ψ⟩ = cos
(

θ

2

)
|0⟩+ eiϕ sin

(
θ

2

)
|1⟩. (I.3)

Where θ, and ϕ ∈ R. The state is parameterized by two angles 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π. The angles θ
and ϕ correspond to the polar and azimuthal angle of spherical coordinates.
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In matrix representation [77], the single qubit state, Eq.(I.1) could be represented by means of the
density operator ϱ̂:

ϱ̂ = |ψ⟩⟨ψ| =



|α|2 αβ∗

α∗β |β|2


 (I.4)

Whereas:

|0⟩⟨0| =




1 0

0 0


 , |1⟩⟨1| =




0 0

0 1


 . (I.5)

Theorem.1 An operator ϱ̂ is said to be a density operator associated to a set {pi, |ψ⟩} if and only if the
following statements are verified:

1. ϱ̂ is Hermitian, ϱ̂ = ϱ̂†.

2. Tr(ϱ̂) = 1.

3. ϱ̂ must be positive.

4. Tr(ϱ̂Â) = ∑n
i pi⟨ψ|Â|ψ⟩, ∀Â ∈ H.

5. Tr(ϱ̂2) ≤ 1.

Proof.1

• The hermicity of ϱ means that the eigenvalues of the density matrix are real. The density operator ϱ
could be decomposed into the form:

ϱ̂ = ∑
i

pi|ψi⟩⟨ψi| (I.6)

With pi is the probability 0 ≤ pi ≤ 1.

ϱ̂† = (∑
i

pi|ψi⟩⟨ψi|)† = ∑
i

pi|ψi⟩⟨ψi| = ϱ̂ (I.7)

• Tr(ϱ̂) = 1 is the normalization condition where ∑n pn must equal one.

Tr(ϱ̂) = ∑
i

piTr(|ψi⟩⟨ψi|)

= ∑
ij

pi⟨ψj|ψi⟩⟨ψi|ψj⟩

= ∑
i

pi = 1 (I.8)

• Positively
Let us suppose that |Φ⟩ is any arbitrary state. Then:

⟨Φ|ϱ̂|Φ⟩ = ∑
i

pi⟨Φ|ψi⟩⟨ψi|Φ⟩

= ∑
i

pi|⟨Φ|ψi⟩|2 ≥ 0 (I.9)
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• The expectation value of an observable Â

Tr(ϱ̂Â) = ∑
j
⟨ψj|ϱ̂Â|ψj⟩

= ∑
j

pi⟨ψj|ψi⟩⟨ψi|Â|ψj⟩ (I.10)

= ∑
i

pi⟨ψi|Â|ψi⟩ (I.11)

• The fourth statement: Let us assume the orthonormal states |Φi⟩ and |Φj⟩ in H.

Tr(ϱ̂2) = ∑
n
⟨n|∑

i
∑

j
pi pj|Φi⟩⟨Φi|Φj⟩⟨Φj|n⟩

= ∑
i

∑
j

pi pj⟨Φi|Φj⟩⟨Φj|∑
n
|n⟩⟨n|Φi⟩

= ∑
i

∑
j

pi pj|⟨Φi|Φj⟩|2 (I.12)

= ∑
i

p2
i . (I.13)

Since 0 ≤ pi ≤ 1, it is obvious that p2
i ≤ pi and, therefore, ∑i p2

i ≤ (∑i pi = 1). Thus, we can
conclude that Tr(ϱ̂2) ≤ 1.

The state Eq. (I.3) could be given in terms of Bloch vectors as follows [77]:

ϱ̂ = |ψ⟩⟨ψ| =
1
2

Î +
1
2




cos(θ) sin(θ)e−iϕ

sin(θ)eiϕ − cos(θ)


 (I.14)

=
1
2




1 + hz hx − ihy

hx + ihy 1 − hz


 =

1
2
( Î + h⃗.⃗σ)

Where: Î is 2 × 2 identity matrix and σ = (σx, σy, σz)T are the Pauli matrices which are given as:

σx = X̂ =




0 1

1 0


 ; σy = Ŷ =




0 −i

i 0


 ; σz = Ẑ =




1 0

0 −1


 (I.15)

and

h⃗ = (hx, hy, hz) = (sin(θ) cos(ϕ), sin(θ) sin(ϕ), cos(θ)). (I.16)

The Bloch vector |⃗h| = 1 represents a pure state while for mixed states |⃗h| < 1. A geometric interpretation
of a single qubit state can be given using the Bloch sphere, which is a unit sphere represented in Fig.(I.1).
Each point on the Bloch sphere corresponds to a different possible superposition of a single qubit. The top
and the bottom of the sphere correspond to the two measurable states of the qubit, |0⟩ and |1⟩ correspond
to θ = 0 and θ = π, respectively. Indeed, the Bloch sphere provides a facility to understand ideas about
quantum information and quantum computation [77].
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|ψ⟩

θ

ϕ

|0⟩

|1⟩

1√
2
(|0⟩+ i|1⟩)1√

2
(|0⟩ − i|1⟩)

FIGURE I.1: Bloch sphere representation of a single qubit

The state of n composite qubit (with n > 2) is given by the tensor product state [79]:

|ψ⟩⊗n = |ψ⟩1 ⊗ . . . |ψ⟩n (I.17)

|0⟩⊗n = |0⟩1 ⊗ . . . |0⟩n (I.18)

|1⟩⊗n = |1⟩1 ⊗ . . . |1⟩n (I.19)

The quantum information carried by a qubit could be extracted through quantum measurement; where
the linear superposition of the qubit collapses into one of the basis states. In what follows, we define the
notion of quantum measurement, we review the projection postulate which is one of the basic postulate
of quantum mechanics.

I.2 Quantum measurement

The quantum measurement (QM) is one of the open problems in quantum physics. Due to the fact that it
gives only the possibilities of getting different outcomes in an experiment and does not provide any mech-
anism by which these outcomes occur. Quantum measurement is a probabilistic process which provides
the extraction of information about quantum states. It is an essential concept in quantum computation
and quantum information fields [77]. Generally, quantum measurement can be classified to two types.
The first one is quantum measurement that can be repeated on the same system without changing the
result of measurement [149]. Otherwise, it is of the second type [150].

I.2.1 Projective measurement

The quantum measurement of the first type (also called projective or sharp measurement), which is in-
troduced by von Neumann (1903 − 1957), causes the complete demolition of the quantum state. In other
words, the projective measurement leads to the total extraction of information encoded in the quantum
state. As a price to pay, the system’s state is totally collapsed to an eigenstate. The third postulate of
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quantum physics underlies the following

Measurement postulate: The only possible result of the measurement of a physical quantity O is one
of the eigenvalues of the corresponding observable Ô.

To put it clearly, we consider the system’s quantum state represented by |ψ(s)⟩. The quantum state
|ψ(s)⟩ could be written as a decomposition into orthonoraml basis |On⟩ of the observable Ô:

|ψ(s)⟩ = ∑
n

on|On⟩ (I.20)

The probability of measuring the eigenvalue an, where Ô|On⟩ = an|On⟩, is given as:

P(an) = |⟨ψ(s)|On⟩|2 = ⟨ψ(s)|Pn|ψ(s)⟩ (I.21)

Whereas: Pn is a projection operator defined as:

Pn = |On⟩⟨On| (I.22)

The projector P verifies the statement:
P2

n = Pn (I.23)

The sum probabilities must equal one,

∑
n
P(an) = ∑

n
⟨ψ(s)|Pn|ψ(s)⟩ = 1 (I.24)

Therefore, the operators Pn must satisfy the completeness relation: ∑n Pn = Î.

After performing the projective measurement and obtaining the outcome an, with the probability
P(an). The quantum state of the system collapses to the eigenstate |On⟩.

The state of the system after the measurement is given as:

|ψ(s)⟩′ = Pn|ψ(s)⟩√
⟨ψ(s)|Pn|ψ(s)⟩

(I.25)

Using the density matrix formalism, we represent the state of the system by a convex combination, by
means of the probabilities pi and the vectors |ψ(s)

i ⟩.

ϱ̂(s) = ∑
i

pi|ψ(s)
i ⟩⟨ψ(s)

i | (I.26)

In this situation, the probability of measuring on is:

P(an) = ∑
i

pi|⟨ψ(s)
i |On⟩|2 = ⟨On|

(
∑

i
pi|ψ(s)

i ⟩⟨ψ(s)
i |
)
|On⟩ = Tr{Pϱ̂(s)} (I.27)

Indeed, a projective measurement [151] is a irreversible process; the quantum state |ψ(s)⟩ after this mea-
surement collapses irrevocably to one of the eigenstates of the measurement operator. Nevertheless, if the
measurement is unsharp, the situation is different and it is possible to reverse the measurement [152].
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I.2.2 Weak measurement

The weak measurement (WM) is a generalization of the projective measurement and is associated with a
positive-operator-valued measure (POVM), which was introduced by S. Berberian in 1966 [153]. Unlike
the projective measures, the number of elements in POVM can be larger than the dimension of the Hilbert
space H. Actually, POVMs allow the extraction of information even if the operator inside the trace (Eq.
I.27) is not a projector, but only a positive operator Â suffices: [154].

Tr{Âϱ̂(s)} = ∑
i

pi⟨ψ(s)
i |Â|ψ(s)

i ⟩ (I.28)

Where:
∑
n

Ân = Î (I.29)

Thus:
∑
n

P(an) = ∑
n

Tr{Âϱ̂(s)} = Tr{∑
n

Âϱ̂(s)} = Tr{ Îϱ̂(s)} = 1 (I.30)

Indeed, WM gives a handle to extract small amount of information about the quantum state without
destroying it, by weakening the coupling between the measurement’s apparatus and the quantum state,
as much as possible [155]. The Weak measurement describes a non-unitary transformation of the quan-
tum state; where the collapse of the quantum state is partial. It has been predicted that after such a
weak measurement, the initial quantum state of the system can be recovered by reversing the effect of the
measurement [156]. In other words, the weak measurement can be reversible and the probability of the
successful reversal is related to the unsharpness of the measurement [152]. Recently, Jordan et al. [157]
discussed how to restore a quantum state to its initial configuration after quantum measurement. Sun et
al. [158] experimentally demonstrated that a non-unitary transformation of a photonic qubit, caused by
a weak quantum measurement, can be reversed by applying an appropriately designed reversing opera-
tion.

To illustrate the concept of weak measurement, we consider a detector (please see Fig I.2 ) which
measures the qubit state Eq. (I.1), where the detector functions as follows: the detector clicks with a prob-
ability pdet if the qubit is in the state |1⟩ and never clicks if the qubit is in the state |0⟩. The detector’s
output (clicks or does not click) can be used to guess the initial state [158].
If we consider that the detector clicks, the qubit state irrevocably collapses to the state |1⟩. The measure-

|ψ⟩ = α|0⟩+ β|1⟩
Detector Clicks with pdet, if : |ψ⟩ = |1⟩

FIGURE I.2: Illustration of detector. The input state |ψ⟩ in a superposition of |0⟩ and |1⟩, the detector clicks with
probability pdet if |ψ⟩ is in |1⟩. Otherwise it does not click.
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ment operator describing this situation is:

M1 =
√

pdet|1⟩⟨1| =




0 0

0
√

pdet


 (I.31)

M1 is irreversible, with no mathematical inverse. However, if the detector does not click, we consider the
measurement operator to be M0. These operators satisfy the completeness relation:

M†
0M0 +M†

1M1 = Î. (I.32)

Using the previous Eqs. (I.31, I.32), we can easily get the expression of M0 :

M0 = |0⟩⟨0|+
√

1 − pdet|1⟩⟨1| =




1 0

0
√

1 − pdet


 (I.33)

M0 has a mathematical inverse. Thus, it is reversible.

I.2.3 Reversal measurement

The state of the qubit after the null outcome of the detector is given as;

|ψ′⟩ = M0|ψ⟩√
⟨ψ|M†

0M0|ψ⟩
= α′|0⟩+ β′|1⟩ (I.34)

Where

α′ =
α√

1 − pdet|β|2
, β′ =

β
√

1 − pdet√
1 − pdet|β|2

. (I.35)

To reverse the effect of the weak measurement, by the same token, to recover the original state |ψ⟩ from
the |ψ′⟩, we need to apply the inverse of M0 to |ψ⟩′ , namely M−1

0

M−1
0 =

1√
1 − pdet




√
1 − pdet 0

0 1


 (I.36)

The reversing operation M0 exists mathematically where pdet is defined as the weak measurement strength.
In fact, the reversing operation erases the information gained via the weak measurement [159]. An experi-
mental setup to implement the weak and reversal measurements for different substrates, such as photonic
qubit [158], solid-state [160] and superconducting phase qubit [161], is suggested.

I.3 Quantum gates

A Quantum gate is a unitary operator that acts on one or more qubits [162]. they are the building blocks
of quantum communication and computation processes such as quantum algorithm and quantum tele-
portation [77]. Moreover, a quantum gate is reversible; if we know the output state of the gate, we can
conclude what the input state is [163]. Mathematically, a quantum gate could be described by a square
matrix U, with the condition UU† = Î, where Î is the unitary matrix. The former condition is essential
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to preserve the norm of vectors [77]. In what follows, we describe some universal quantum gates, for
instance, the Pauli gates X̂, Ẑ, Hadamard, CNOT and CCNOT gates.

I.3.1 X-gate

• The X-gate flips the state |0⟩ to |1⟩, and vice versa |1⟩ to |0⟩. In the matrix representation, we write;

X̂ = σ̂x =




0 1

1 0


 . (I.37)

Where:

X̂|0⟩ = |1⟩; X̂|1⟩ = |0⟩ (I.38)

When X̂ acts on a quantum state of the qubit (I.1), we, by consequence, get :

X̂|ψ⟩ = X̂(α|0⟩+ β|1⟩) = α|1⟩+ β|0⟩ (I.39)

The action of X̂ on |ψ⟩ represents interchanged probabilities of the state being in |0⟩ or |1⟩.

I.3.2 Z-gate

• Z-gate leaves |0⟩ unchanged, and flips the sign of |1⟩ to −|1⟩:

Ẑ|0⟩ = |0⟩; Ẑ|1⟩ = −|1⟩ (I.40)

In matrix representation, the Z-gate is given as:

Ẑ = σ̂z =




1 0

0 −1


 . (I.41)

When Ẑ acts on the quantum state |ψ⟩. The initial state Eq.(I.1) transforms to the state:

Ẑ|ψ⟩ = Ẑ(α|0⟩+ β|1⟩) = α|0⟩ − β|1⟩ (I.42)

The flip phase gate changes the sign of the state |1⟩, that is important when it acts on a superposed
state. For exemple, the state 1√

2
(|0⟩+ |1⟩ becomes the orthogonal state 1√

2
(|0⟩ − |1⟩).

I.3.3 Y-gate

• Y-gate or the bit-phase flip gate is given as follows:

Ŷ|0⟩ = i|1⟩; Ŷ|1⟩ = −i|0⟩ (I.43)
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In matrix representation, the Y-gate is given as:

Ŷ = iX̂Ẑ =




0 −i

i 0


 . (I.44)

When Ŷ acts on the quantum state |ψ⟩. The initial state Eq.(I.1) transforms to the state:

Ŷ|ψ⟩ = Ŷ(α|0⟩+ β|1⟩) = iα|1⟩ − iβ|0⟩ (I.45)

I.3.4 Hadamard gate

• Hadamard gate is one of the most frequently used quantum gates in the field of quantum informa-
tion. The role of Hadamard is to create the superposition from states as follows:

Ĥ|0⟩ = |0⟩+ |1⟩√
2

; Ĥ|1⟩ = |0⟩ − |1⟩√
2

(I.46)

Generally, its action on the state |x⟩ can be given by,

Ĥ|x⟩ = 1√
2

∑
y=0,1

(−1)xy|y⟩ (I.47)

In matrix representation, the Hadamard gate is presented as follows:

H =
1√
2




1 1

1 −1


 =

1√
2
(σ̂x + σ̂z) (I.48)

I.3.5 CNOT gate

• The CNOT gate is a two-qubit operation, where the first qubit usually refers to the control qubit and
the second qubit is considered as the target qubit. Indeed, the CNOT gate leaves the control qubit
unchanged and performs the X̂−Pauli gate on the target qubit if, and only if, the control qubit is in
state |1⟩, and leaves the target qubit unchanged when the control qubit is in state |0⟩. We can write:

CNOT|ab⟩ = |a, a ⊕ b⟩. (I.49)

Explicitly we write:

|0⟩|0⟩ → |0⟩|0⟩; |0⟩|1⟩ → |0⟩|1⟩;
|1⟩|0⟩ → |1⟩|1⟩; |1⟩|1⟩ → |1⟩|0⟩. (I.50)

However, it is more convenient to perform the CNOT operations using Pauli’s operators. Yet, in the
computational basis, the CNOT operation is defined as shown in Tab.(1).
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Î(2) X̂(2) Ŷ(2) Ẑ(2)

Î(1) 1 X̂(1)X̂(2) Ŷ(1)X̂(2) Ẑ(1)

X̂(1) X̂(2) X̂(1) Ŷ(1) Ẑ(1)X̂(2)

Ŷ(1) Ẑ(1)Ŷ(2) Ŷ(1)Ẑ(2) - X̂(1)Ẑ(2) Ŷ(2)

Ẑ(1) Ẑ(1)Ẑ(2) −Ŷ(1)Ŷ(2) X̂(1)Ŷ(2) Ẑ(2)

TABLE I.1: Bilateral CNOT operation between two qubits which are defined by superscripts 1 and 2.

The interesting thing about CNOT gate is the universality of this gate for quantum computation,
where any unitary operation may be approximated to arbitrary accuracy by CNOT and a set of
quantum gates [163].

I.3.6 CCNOT gate

• The CCNOT gate, also called controlled-controlled-Not gate, which was introduced in 1980 by
Tommaso To f f oli [164], is a three-qubit operation which applies X̂ on the third qubit only if the
first two qubits are in the state |1⟩ [165]. The CCNOT gate is of great interest in numerous quantum
computation tasks such as quantum error correction schemes [166], fault-tolerant quantum comput-
ing [167], and quantum algorithms [168]. It is used widely in the context of quantum purification
[169] and in quantum error correction schemes [170, 171]. The CCNOT gate has been implemented
in nuclear magnetic resonance [171], linear optics [172] and ion trap systems [173].
In a generic form, one can write its effect as CCNOT|abc⟩ = |ab, c ⊕ a.b⟩, where the CCNOT gate
may be defined by using the Pauli operators as:

CCNOT =
1
4

[
(1 + Ẑ(1))(1 + Ẑ(2))X̂(3) + (1 + Ẑ(1))(1 − Ẑ(2))

+(1 − Ẑ(1))(1 + Ẑ(2)) + (1 − Ẑ(1))(1 − Ẑ(2))

]
. (I.51)

I.4 Quantum circuit

A quantum circuit (QC) [174] is a combination of wires and gates which carry classical and quantum
information around and perform some computational tasks, respectively [77]. Quantum circuit could
be thought of as a time sequence of events, where time flows from left to right. Every wire is a way of
representing qubit states, while gates represent the processing of these qubits [175]. A quantum circuit is
characterized by the following proprieties [175]:

• QC is performed for once: it is non-cyclic and never contains loops.

• Quantum wire indicates qubits moving from one location to another through space.

• Double wires indicate a classical communication channel.

• All the wires in QC cannot be left unconnected to a quantum gate.
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• A quantum wire can generate any secondary quantum wires.

Indeed, in the circuit notation, every quantum gate has a specified symbol; The Pauli gates, namely X̂
and Ẑ gates are represented by the symbol in Figs (I.3, I.4), respectively.

X

FIGURE I.3: Circuit symbol for the σ̂x or X̂ gate

Z

FIGURE I.4: Circuit symbol for the σ̂z or Ẑ gate

In addition, the CNOT gate is represented by the symbol in Fig I.5.

•

FIGURE I.5: Circuit symbol for the CNOT gate

The Hadamard (H) gate is represented by the symbol in Fig I.6.

H

FIGURE I.6: Circuit symbol for the Hadamard or H gate

The CCNOT gate is represented by the symbol in Fig I.7.

•

•

FIGURE I.7: Circuit symbol for the CCNOT gate

FIGURE I.8: Circuit symbol for Measurement gate

To extract quantum information after performing series of quantum gates on a quantum state, we
need to measure the output state. We denote this process by the measurement gate, which is represented
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by the symbol in Fig (I.8). The measurement in the computational basis {|0⟩, |1⟩} leads to obtaining the
classical bits 0 or 1.

A simple example of the quantum circuit is quantum circuit to create Bell states displayed in Fig I.9.

H •

FIGURE I.9: Quantum circuit to create Bell states

This quantum circuit has a Hadamard gate followed by a CNOT and transforms the four computational
basis states according to the table given bellow:

Input Output

|00⟩ 1√
2
(|00⟩+ |11⟩)

|01⟩ 1√
2
(|01⟩+ |10⟩)

|10⟩ 1√
2
(|00⟩ − |11⟩)

|11⟩ 1√
2
(|01⟩ − |10⟩)

TABLE I.2: Input-output table for quantum circuit to create Bell states.

The table above describes the input and the output states of the scheme shown if Fig (I.9). Indeed, the
scheme shows the construction of bipartite entangled states. The Hadamard gate takes the input (let it
|01⟩) to 1√

2
(|0⟩+ |1⟩)|1⟩. Subsequently, by applying the CNOT gate, we get the state 1√

2
(|01⟩+ |10⟩). The

quantum circuit of the construction of three-partite entangled states is given easily by adding another
CNOT gate to the quantum circuit shown in the Fig. (I.9).

I.5 Quantum Noisy channels

Any physical process can be represented by a quantum channel [176]. The notion of quantum channel is
widely used to describe the input-output qubit states relationship. Therefore, quantum channels can be
used to describe the transfer information. Indeed, quantum teleportation can be viewed as a quantum
channel [177] since it is a process of information transmission. Moreover, quantum channels describe
the transmission of qubits, in-which these qubits interact with a noisy environment. Indeed, quantum
channels can be memoryless, where the qubits of interest are supposed to undergo the action of noisy en-
vironment which affects them independently and identically. However, in realistic situations, spatial and
temporal memory effects [176] must be taken into account. Generally, quantum channels with memory is
a wide framework inwhich the memoryless quantum channels are a special case.
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I.5.1 Quantum channel

Definition:
A quantum channel ϵ is a map taking density operators ϱ̂ ∈ Hn into density operators ϱ̂

′ ∈ Hm:

ϵ : Hn → Hm (I.52)
ϱ̂ → ϱ̂

′
= ϵ(ϱ̂) (I.53)

A quantum channel ϵ satisfies three properties:

• ϵ is Linear
ϵ(λϱ̂1 + (1 − λ)ϱ̂2) = λϵ(ϱ̂1) + (1 − λ)ϵ(ϱ̂2) (I.54)

• ϵ is Trace preserving
Tr(ϵ(ϱ̂)) = Tr(ϱ̂); ϱ̂ ∈ Hn. (I.55)

• ϵ is completely positive:

By assuming that a quantum system "A" is part of a larger composite system "A" and "B".

(ϵ ⊗ I)(ϱ̂AB) = (ϱ̂AB)
′ ≥ 0 (I.56)

Thus, a quantum channel is a completely positive trace preserving (CPTP) map.

I.5.2 Kraus representation

We consider a state of a quantum system A, ϱ̂A. Now, we suppose the system interacts with an environ-
ment (system B) in a state ϱ̂B with a unitary transformation operator ÛAB. By tracing out the system B,
this transformation on the state ϱ̂A is described by [178]:

ϱ̂A → ϱ̂
′
A = TrB[ÛAB(ϱ̂A ⊗ ϱ̂B)Û†

AB] (I.57)
= ∑

k
⟨k|ÛAB[ϱ̂A ⊗ (∑

l
ϱ̂l |l⟩B⟨l|)]Û†

AB|k⟩B

= ∑
k,l
(⟨k|

√
ϱ̂lÛAB|l⟩B)ϱ̂A(⟨l|

√
ϱ̂lÛAB|k⟩B)

= ∑
k,l

Kk,l ϱ̂AK†
k,l = ϵ(ϱ̂A)

The last line of the equation (I.57) is an operator-sum representation of the quantum channel, and the
operators {Kk,l} are called the Kraus operators or operation elements of the channel. The operator Kk,l
is an operator in the Hilbert space of the system A. In the simple case, where the system B is in the state
ϱ̂B = |0⟩B⟨0|, we obtain the operator sum in Eq. (I.57) with Kk,l =B ⟨k|ÛAB|0⟩B.

The trace preserving (TP) property is easily confirmed through the following:

Tr[ϵ(ϱ̂)] = Tr(∑
k
Kkϱ̂K†

k ) = ∑
k

Tr(K†
kKϱ̂) (I.58)

= Tr[(∑
k
K†

kKk)ρ] = 1

Where: ∑k K†
kKk = 1 is necessary and sufficient for the trace preserving property [178], that means the

trace over the system B gives a new normalized state for the system A. Furthermore, for the linear map
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ϵ to be physical, it must satisfy the completely positive (CP) property, where ϵ(ϱ̂) ≥ 0. However, there
are some operations that satisfy this condition but are unphysical [178]. So, a stricter condition is that
the channel must remain positive even when we consider it to be acting on just a part of a larger system
(ϵ ⊗ I)ϱ̂AB ≥ 0 [162].

I.5.3 Correlated Noisy channels

Generally, there are two types of quantum channels including memoryless and memory channels. The
memoryless or uncorrelated quantum channels describe the scenario in which the environment acts iden-
tically and independently on each element of the N sequence of qubits that passes through the channel.
In this situation, the consecutive actions of the channel are expressed as tensor product of CPTP maps ϵ
that acts on each qubit :

ϵ(N)(ϱ̂) = ϵ⊗N(ϱ̂) (I.59)

with ϵ⊗N = ϵ ⊗ ... ⊗ ϵ. Furthermore, the Kraus operators of the memoryless map (ϵ(N)) can be expressed
as a tensor product Kk1 ⊗ ...⊗Kkn formed by independent and identically distributed sequences extracted
from the Kraus set {Kk}i associated with the quantum channel ϵ. However, In real physical quantum
transmission channels, with-memory or correlated noise channels, it is common to have correlated noise
acting on consecutive uses [179]. In such channels, when the correlations between consecutive uses of the
channel act dependently to each other, the tensorial decomposition of Eq. (I.59) is not valid:

ϵ(N)(ϱ̂) ̸= ϵ⊗N(ϱ̂) (I.60)

Macchiavelo and Palma [180] suggested a model to describe the channels where successive uses of the
channel are correlated. In this model, the quantum channel is given as:

ϵ(ϱ̂) = (1 − u)∑
i,j

Ku
i,jϱ̂Ku†

i,j + u ∑
k
Kc

kϱ̂Kc†
k , (I.61)

With 0 ≤ u ≤ 1 and with the probability (1 − u), the noise is uncorrelated. In what follows, we give the
Kraus operators that describe different typical noisy channels.

• Bit flip

The bit flip channel changes the state of a qubit from |0⟩ to |1⟩ (and vice versa from |1⟩ to |0⟩) with
the probability pB [77]. The Kraus operators of the Bit flip are given as follows:

Ku
00 = p0 Î ⊗ Î; Ku

01 =
√

p0 p1 Î ⊗ X̂; Ku
10 =

√
p1 p0X̂ ⊗ Î;

Ku
11 = p1X̂ ⊗ X̂Kc

00 =
√

p0 Î ⊗ Î; Kc
11 =

√
p1X̂ ⊗ X̂ (I.62)

Whereas, p0 = 1 − pB, p1 = pB. 0 ≤ pB ≤ 1 is the bit flip factor, and Î, X̂ are the unitary and the
X-Pauli operator, respectively.

• Phase flip

The phase flip, or phase damping, operation describes the loss of information in a quantum state
without energy loss [162]. The Kraus operators describing this process are given as follows:

Ku
00 = p0 Î ⊗ Î; Ku

01 =
√

p0 p1 Î ⊗ Ẑ; Ku
10 =

√
p1 p0Ẑ ⊗ Î

Ku
11 = p1Ẑ ⊗ Ẑ; Kc

00 =
√

p0 Î ⊗ Î; Kc
11 =

√
p1Ẑ ⊗ Ẑ (I.63)
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Whereas, p0 = 1 − pp, p1 = pp, pp is the decoherence factor, 0 ≤ pp ≤ 1.

• Bit-Phase flip

The bit-phase flip noise combines phase-flip and bit-flip [181]. The Kraus operators describing this
process are given as follows:

Ku
00 = p0 Î ⊗ Î; Ku

01 =
√

p0 p1 Î ⊗ Ŷ; Ku
10 =

√
p1 p0Ŷ ⊗ Î

Ku
11 = p1Ŷ ⊗ Ŷ; Kc

00 =
√

p0 Î ⊗ Î; Kc
11 =

√
p1Ŷ ⊗ Ŷ (I.64)

Whereas, p0 = 1 − pbp, p1 = pbp, pbp is the bit-phase flip factor, 0 ≤ pbp ≤ 1.

• Depolarizing

This type of noise brings any density matrix to the completely mixed state, 1
2 Î, with probability pi

(i=1,2,3). However, with probability p0 the system’s density matrix is left untouched [77]. Moreover,
the noise is uncorrelated and specified by the Kraus operators:

Ku
00 = p0 Î ⊗ Î; Ku

01 =
√

p0 p1 Î ⊗ X̂; Ku
02 =

√
p0 p2 Î ⊗ Ŷ; Ku

03 =
√

p0 p3 Î ⊗ Ẑ;
Ku

10 =
√

p0 p1X̂ ⊗ Î; Ku
11 = p1X̂ ⊗ X̂; Ku

12 =
√

p1 p2X̂ ⊗ Ŷ; Ku
13 =

√
p1 p3X̂ ⊗ Ẑ;

Ku
20 =

√
p0 p2Ŷ ⊗ Î; Ku

21 =
√

p1 p2Ŷ ⊗ X̂; Ku
22 = p2Ŷ ⊗ Ŷ; Ku

23 =
√

p2 p3Ŷ ⊗ Ẑ;
Ku

30 =
√

p0 p3Ẑ ⊗ Î;Ku
31 =

√
p1 p3Ẑ ⊗ X̂;Ku

32 =
√

p2 p3Ẑ ⊗ Ŷ;Ku
33 = p3Ẑ ⊗ Ẑ; (I.65)

While, with probability u, the noise is correlated and specified by:

Kc
00 =

√
p0 Î ⊗ Î;Kc

11 =
√

p1X̂ ⊗ X̂;Kc
22 =

√
p2Ŷ ⊗ Ŷ;Kc

33 =
√

p3Ẑ ⊗ Ẑ. (I.66)

Where, p0 = 1 − pD, and pi =
pD
3 (i = 1, 2, 3). Furthermore, pD ∈ [0, 1] is the depolarizing factor.

• Amplitude damping

The Amplitude damping channel (ADC) describes a general energy dissipation process between
the qubit system and the environment [77]. ADC is a widely discussed model for various realis-
tic physical evolution. The dissipative interaction between an open quantum system (S) and its
surrounding environment (E) can be represented by the evolution UAD:

UAD =





|0⟩S|0⟩E −→ |0⟩S|0⟩E

|1⟩S|0⟩E −→ √
p0|1⟩S|0⟩E +

√
p1|0⟩S|1⟩E, with:

(I.67)

Where: p0 = 1 − pA and p1 = pA.

pA ∈ [0, 1] is the strength of the amplitude damping; |0⟩S and |1⟩S are the ground and the excited
state of the system; while |0⟩E and |1⟩E denote the vacuum state and the one excitation of the envi-
ronment, respectively.

The Kraus operators that represent the correlated amplitude damping channel [182] are given by:

KAd
00 = |00⟩⟨00|+ |01⟩⟨01|+ |10⟩⟨10|+

√
1 − pA|11⟩⟨11|, KAd

11 =
√

pA|00⟩⟨11| (I.68)
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KAd
0 =




√
pA 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1




; KAd
1 =




0 0 0 0

0 0 0 0

0 0 0 0

√
1 − pA 0 0 0




(I.69)

It is worthy to note that the above discussed types of noise, namely the bit flip, phase flip (phase damping),
bit-phase flip, depolarizing and amplitude damping, are usually encountered in real world implementa-
tions of quantum communication protocols such as the quantum teleportation [80].

I.6 Quantum teleportation and entanglement quantifiers

In this framework, we introduce the Negativity of the partial transpose, which is an entanglement mea-
sure. Moreover, we present the average fidelity and the quantum Fisher information which are important
quantifiers for the teleportation of unknown quantum states and relevant parameters such as the weight
or the phase of qubits.

I.6.1 Entanglement

Entanglement is a potential resource for quantum information processing, such as quantum Teleporta-
tion, quantum key distribution, and quantum algorithm [183]. It is considered as non-local quantum
correlations which are the reason behind the violation of Bell inequalities [184] and which are the origin
of quantum weirdness [185]. The investigation of entanglement leads to several criteria and entanglement
measures. The criteria help in the detection of entanglement, while, the entanglement measure quantifies
the amount of entanglement that remains in a quantum state.

A generic entanglement monotone T(ϱ̂) must fulfill the bellow proprieties [77]:

• (i) 0 ≤ T(ϱ̂) ≤ 1; ϱ̂ is separable if T(ϱ̂) = 0, and ϱ̂ is maximally entangled if T(ϱ̂) = 1.

• (ii) T(ϱ̂) is invariant under local unitary transformations: T(ϱ̂) = T(UA ⊗ UBϱ̂U†
A ⊗ U†

B).

• (iii) Entanglement cannot be created by local operations and classical communication (LOCC).
So, the amount of entanglement does not increase under a LOCC map ALOCC: T[ALOCC(ϱ̂)] ≤
T(ϱ̂).

I.6.2 Negative partial transpose

The negativity of the partially transposed density operator (NPT) is a necessary and sufficient condition
for entanglement of any bipartite qubit state [186]. A density matrix of a composite quantum system (AB)
could be written as follows:

ϱ̂ =
N

∑
i,j

M

∑
k,l

ϱ̂ij,kl |i⟩⟨j| ⊗ |k⟩⟨l| (I.70)

The partial transpose of the density matrix ϱ̂ is given by transposing ϱ̂ with respect to one of the two
subsystems. For instance, the partial transpose of the density matrix ϱ̂, with respect to the subsystem A,
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is given by:

ϱ̂TA =
N

∑
i,j

M

∑
k,l

ϱ̂ij,kl |j⟩⟨i| ⊗ |k⟩⟨l| (I.71)

Similarly, the partial transpose with respect to the subsystem B, namely ϱ̂TB , is represented as:

ϱ̂TB =
N

∑
i,j

M

∑
k,l

ϱ̂ij,kl |i⟩⟨j| ⊗ |l⟩⟨k| (I.72)

The positive partial transpose (PPT) affirms that if ϱ̂ is a bipartite separable state, ϱ̂ is PPT. It is, therefore,
positive semi-definite with no negative eigenvalues; ϱ̂Ti ≥ 0; i = A, B. However, if ϱ̂Ti , for i = A, B,
has at least one negative eigenvalue, the state is entangled [186, 187]. In order to quantify the amount
of entanglement in a quantum state ϱ̂, we consider the Negativity of the partially transposed density
operator, namely NPT. The expression of the entanglement measure using NPT is given as [187]:

NPT = 2 ∑
i

λ−
i , (I.73)

Where, λ−
i are the negative eigenvalues of the partially transposed of the density matrix ϱ̂Ti , with i = A, B.

I.6.3 No-Cloning theorem

Theorem: [188]
There is no quantum copy machine which can copy any quantum state.

To prove the no-cloning theorem, there are two versions. The first version is based on the linearity of
quantum physics. However, the second version fallows the norm preserving property of the inner prod-
uct.

Proof 1
Wotters and Zurek [188] considered an apparatus, represented by the initial state |A⟩, that copies the basis
states {|0⟩, |1⟩}:

|0⟩|A⟩ → |0⟩|0⟩|A′⟩, (I.74)

|1⟩|A⟩ → |1⟩|1⟩|A′′⟩

By considering an input state in the superposition state |ψ⟩ = α|0⟩+ β|1⟩, we write:

|ψ⟩|A⟩ → α|0⟩|0⟩|A′⟩+ β|1⟩|1⟩|A′′⟩ (I.75)

The desired output state is |ψ⟩|ψ⟩, whereas:

|ψ⟩|A⟩ → |ψ⟩|ψ⟩ = (α|0⟩+ β|1⟩)(α|0⟩+ β|1⟩) (I.76)
→ α2|00⟩+ βα|10⟩+ αβ|01⟩+ β2|11⟩

In fact, the state (Eq. I.75) is different from the desired state (Eq. I.76). Therefore, due to the linearity of
the quantum theory, one cannot clone the state |ψ⟩.

Proof 2
We consider a unitary operator U which preserves inner products. U copies the no-identical quantum
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states |ψ⟩ and |ϕ⟩;

|ψ⟩|0⟩ U−→ |ψ⟩|ψ⟩, (I.77)

|ϕ⟩|0⟩ U−→ |ϕ⟩|ϕ⟩ .

⟨ϕ|ψ⟩ = (⟨ϕ| ⊗ ⟨0|)(|ψ⟩ ⊗ |0⟩) = ⟨ϕ|ψ⟩2 (I.78)

Thus, the above argument allows the cloning of orthogonal states ( if ⟨ϕ|ψ⟩ = ⟨ϕ|ψ⟩2 = 0). This is because
the orthogonal states are distinguishable. Since the non-orthogonal states are not reliably distinguishable,
we cannot make a perfect copy of them.

I.6.4 Unidirectional quantum teleportation

Quantum teleportation (QT) is the reliable transfer of unknown quantum information using classical
communication and pre-shared entanglement. In the pioneering work [34], a sender (Alice) is able to
transfer the unknown quantum state |ψ⟩ = α|0⟩+ β|1⟩ to a receiver (Bob), which is located distantly us-
ing entanglement and a classical communication channel. Indeed, Alice does not know the state |ψ⟩ to be
teleported. To determine α and β of |ψ⟩, she needs to measure the quantum state. However, this measure-
ment would destroy the quantum state. Moreover, Alice cannot make copies of the quantum state due to
the no-cloning theorem (theorem: I.6.3).

The process of quantum teleportation is shown in the quantum circuit in Fig (I.10), where the steps in
QT process are given as follows:

• H

σ̂m1
x σ̂m2

z

|ψ⟩ = α|0⟩+ β|1⟩

|ψ+⟩AB

|ψ⟩

FIGURE I.10: Quantum circuit of unidirectional teleportation.

• Alice and Bob share an entangled pair of qubits in the state:

|ψ+⟩AB =
1√
2
(|00⟩+ |11⟩)AB (I.79)

Where: A (B) denotes Alice (Bob), respectively.

• The state on Alice’s side is given as:

|ψ⟩a ⊗ |ψ+⟩AB = (α|0⟩+ β|1⟩)a ⊗ (
|00⟩+ |11⟩√

2
)AB (I.80)

=
1√
2
(α|000⟩+ β|100⟩+ α|011⟩+ β|111⟩)aAB
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Alice performs a CNOT gate followed by a Hadamard gate. By a straightforward calculation, we
write the state of the system as:

1√
2

[
|ϕ+⟩aA(α|0⟩B + β|1⟩B) + |ϕ−⟩aA(α|0⟩B − β|1⟩B) (I.81)

+|ψ+⟩aA(α|1⟩B + β|0⟩B) + |ψ−⟩aA(α|1⟩B − β|0⟩B)
]

Whereas the four Bell states are given as:

|ϕ+⟩ =
1√
2
(|00⟩+ |11⟩)

|ϕ−⟩ =
1√
2
(|00⟩ − |11⟩)

|ψ+⟩ =
1√
2
(|01⟩+ |10⟩)

|ψ−⟩ =
1√
2
(|01⟩ − |10⟩) (I.82)

• Alice makes a Bell measurement on the two qubits that she has (denoted by "aA"); one of them is
the unknown qubit to be teleported to Bob and the other one is the entangled qubit from the state
(Eq. I.79). The state collapses to one of the following four states with a uniform probability that
equals 1

4 :

|ϕ+⟩aA|ψ⟩B; (I.83)
|ϕ−⟩aAẐ|ψ⟩B;
|ψ+⟩aAX̂|ψ⟩B;

|ψ−⟩aAẐX̂|ψ⟩B;

• Alice sends two classical bits to Bob via classical channel. She indicates which measurement results
she obtains.

Alice’s measurement Bits send to Bob Operator

|ϕ+⟩aA 00 Î

|ϕ−⟩aA 01 X̂

|ψ+⟩aA 10 Ẑ

|ψ−⟩aA 11 Ŷ

TABLE I.3: The four possible results of Bell measurement.

Table (I.3) displays the four possible results of Bell measurement performed by Alice. Depending
on this measurement, Alice sends two classical bits to Bob. After receiving the classical bits, Bob
performs Pauli operators ( X̂, Ẑ, Ŷ, Î) in order to reconstruct the teleported state by Alice, |ψ⟩a.
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As a matter of fact, quantum teleportation is not an instantaneous teleportation since there is no transfer of
information before Bob receives the classical bits from Alice to reconstruct the teleported state on his side.
For this reason, Alice and Bob would not be able to communicate faster than the speed of light. Hence,
quantum teleportation agrees the theory of relativity [77, 163]. Actually, QT has plenty of applications
in quantum communication as well as in quantum computation fields. It enables us to connect different
quantum computers through a quantum network, where every device, in the quantum network, performs
a part of the whole computation task. It is also of high importance for quantum repeaters [39]. Recently,
there has been varied versions of QT [189, 190, 191, 192, 193] and they have been achieved experimentally
using different substrates such as photonic qubits [44, 45, 46] and solid sates [47, 48]. Nevertheless, to
quantify the accuracy of all teleportation protocols, we use the teleportation fidelity as a measure of the
whole state teleportation of the quantum system. However, if we are only interested in the information
about one parameter instead of the information about the whole state, it is more practical to evaluate the
quantum Fisher information. In what follows, we introduce the teleportation fidelity and Fisher informa-
tion.

I.6.5 Fidelity of teleportation

The accuracy of quantum teleportation process is measured by means of the teleportation fidelity. Indeed,
The fidelity, f , measures the overlap between two states, ϱ̂1 and ϱ̂2. It has the following axioms [114]:

• 0 ≤ f (ϱ̂1, ϱ̂2) ≤ 1; f (ϱ̂1, ϱ̂2) = 1 if and only if ϱ̂1 = ϱ̂2.

• Symmetry: f (ϱ̂1, ϱ̂2) = f (ϱ̂2, ϱ̂1);

• f is preserved by unitary evolution: f (Uϱ̂1, Uϱ̂2) = f (ϱ̂1, ϱ̂2); where U denotes a unitary transfor-
mation.

• Muliplicativity: f (ϱ̂1 ⊗ ϱ̂2, ϱ̂′1 ⊗ ϱ̂′2) = f (ϱ̂1, ϱ̂′1) f (ϱ̂2, ϱ̂′2)

Proof 2

The proof of the first, the second and the third axioms is given by the expression of the fidelity [114],
where f (ϱ̂1, ϱ̂2) = max|⟨Φ|Φ⟩′ |2 where |Φ⟩ and |Φ′⟩ are the purification of ϱ̂1 and ϱ̂2, respectively.

However, the fidelity expression of two mixed states is given as [114]:

f (ϱ̂1, ϱ̂2) = Tr(ϱ̂1ϱ̂2) (I.84)

With: Tr(V ⊗W)= TrV TrW and (V ⊗W)
1
2 =V 1

2 ⊗W 1
2 , the fourth multiplicativity axiom holds.

Besides, the expression of the fidelity f between a pure input state |Qin > and the mixed output state
ϱ̂out, is written as [143, 194]:

f in→out =< Qin|ϱ̂out|Qin > (I.85)

Since the teleported state is unknown, the averaged fidelity over all the input states may be described
by [143]:

F in→out
avg =

1
4π

∫ π

0
dθi

∫ 2π

0
f in→out(θi, ϕi) sin θidϕi i = A, B (I.86)

where, 4π is the solid angle.
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I.7 Fisher information

Fisher information lies at the heart of the parameter estimation theory that was originally introduced by
R. A. Fisher (1890–1962) [195], where it gives how members of a family of probability distributions can
be distinguished [196]. It is a simple concept which does not require prior knowledge of statistics. Fisher
information is a measure of the efficiency to estimate a parameter [123]. For example, we consider the
basic problem of estimating a single parameter of a system from some measurements. Let the parameter
have an unknown value θ, and let y the observation outcomes be done N times. In vector notation we
write: y = y1...yN .

The observations obey:
y = θ + x (I.87)

where x = x1, x2...xN are added noise values. By considering p(y|θ) the conditional probability for the
outcome result y. The expression of the classical Fisher information I is given as [197]:

I =
∫

y
dy(

∂lnp
∂θ

)2 p (I.88)

In the case of discrete probability, the integral becomes a sum, explicitly: I = ∑y(
∂lnp

∂θ
)2 p.

Fisher information is linked to the mean square error in such an estimation scenario [198]:

V2I ≥ 1 (I.89)

Where V2 is the mean square error and I is called the Fisher information. For unbiased estimator, the
mean square error is identical to the variance of the parameter θ. The equation (I.89) could be written as:

Var(θ)I ≥ 1 (I.90)

The former equation (Eq. I.90) is called the Cramer-Rao inequality. It shows that the estimation quality
increases (Var(θ) decreases) as I increases.

However, in case we have a multiparameter estimation scenario, where the parameters are assumed
to be θi and θj, Fisher information matrix provides a tool to quantify the estimation degree of these pa-
rameters. Similarly, for a probability distribution {p(y|θ)} where p(y|θ) is the conditional probability for
the outcome result y, an element of Fisher information matrix is given as:

Iij =
∫

y

∂lnp
∂θi

∂lnp
∂θj

p dy (I.91)

For discrete outcome results, it becomes

Iij = ∑
y

∂lnp
∂θi

∂lnp
∂θj

p (I.92)

The diagonal entry of Fisher information matrix is referred to as Fisher information, namely Iii.

I.7.1 Quantum Fisher information

Quantum Fisher information is formally generalized from its classical version which is given in Eq (I.88).
QFI of a parameter characterizes the sensitivity of the state with respect to the changes of the parameter.
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Moreover, in the teleportation context, QFI quantifies the teleportation accuracy of the information that is
carried by the weight parameter θ. The quantum Fisher information of one parameter θ, which is encoded
in the density matrix ϱ̂, is given as [199, 200]:

Jθ = Tr[∂θ ϱ̂]2 +
1

detϱ̂
Tr[ϱ̂∂θ ϱ̂]2; (I.93)

Where: ∂θ =
∂
∂θ

.

In the Bloch sphere representation, any single-qubit state is represented as:

ϱ̂ =
1
2
( Î +

−→
h .σ̂). (I.94)

Whereas
−→
h = (hx, hy, hz) describes the real Bloch vector and σ̂ = (σ̂x, σ̂y, σ̂z) denotes the Pauli matrices.

A simple expression of QFI is given [200] by substituting Eq. (I.94) into Eq. (I.93) :

Jθ =





|∂θ
−→
h |2 + (

−→
h .∂θ

−→
h )2

1−|−→h |2
, if |−→h | < 1

|∂θ
−→
h |2, if |−→h | = 1,

(I.95)

From Eq. (II.21), the quantum Fisher information of a pure state (|−→h | = 1) is given by the expression

|∂θ
−→
h |2. While, for a mixed state (|−→h | < 1), it is presented by |∂θ

−→
h |2 + (

−→
h .∂θ

−→
h )2

1−|−→h |2
.

Another version of quantum Fisher information based on the symmetric logarithmic derivative (SLD)
operator has also been widely used [119, 123]:

Jθ = Tr[ϱ̂θLθ ] = Tr[(∂θ ϱ̂θ)Lθ ] (I.96)

Where Lθ represents the symmetric logarithmic derivation, which is determined by:

∂θ ϱ̂θ =
(Lθ ϱ̂θ + ϱ̂θLθ)

2
. (I.97)

By using the spectrum decomposition of the density matrix ϱ̂θ = ∑n λn|ϕn⟩⟨ϕn|, the quantum Fisher
information is given as [201]

Jθ = ∑
n

(∂θλn)2

λn
+ ∑

n
4λn⟨∂θλn|∂θλn⟩ − ∑

n ̸=m

8λnλm

λn + λm
|⟨ϕn|∂θϕm⟩|2 (I.98)

The first term which is called the classical term is equal to the classical Fisher information of Eq. (I.98),
and the second terms are called the quantum terms.

The QFI plays a primordial role in the estimation of an unknown parameter through the Cramer-Rao
bound [119, 122, 123]

Var(θ) ≥ J −1
θ (I.99)
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With Var(θ) is the variance of the parameter θ, and J is the quantum Fisher information.

From the parameter estimation perspective, the larger QFI represents the higher estimation precision
in general. Hence, improving the QFI becomes a key problem to be solved.

I.7.2 Quantum Fisher matrix

Definition

We consider a vector of parameters θ̂ = (θ0, θ1, ..., θn, ...)T, with θn as the n-th parameter. An element of
the quantum Fisher information matrix is determined by [119, 123]:

Jθiθj =
1
2

Tr(ϱ̂{Lθi ,Lθj}), (I.100)

Where θ is encoded in ϱ̂. {., .} is the anti-commutation and Li (Lj) is the symmetric logarithmic derivative
(SLD) for the parameter θi(θj) which is defined as:

∂θi ϱ̂ =
1
2
(ϱ̂Lθi + Lθj ϱ̂) (I.101)

The expression of QFIM, Jθiθj is given by:

Jθiθj = Tr(Lθj ∂θi ϱ̂) (I.102)

From the equation (I.100), the diagonal entries of QFIM represent the quantum Fisher information of
parameter θi

Jθiθi = Tr(ϱ̂L2
θi
) (I.103)

Proprieties of QFIM

The QFIM obeys some properties [202]:

• J is real symmetric. In other words, Jθi ,θj = Jθj,θi ∈ R2.

• J is positive semi-definite, i.e., Jθi ,θj ≥ 0.

• J (ϱ̂) = J (Uϱ̂U†), with U is a θ-independent unitary operation.

• If ϱ̂ = ⊗iϱ̂i(θ), then J (ρ) = ∑i J (ϱ̂i).

• J is linear: J (λϱ̂1 + (1 − λ)ϱ̂2) ≤ λJ (ϱ̂1) + (1 − λ)J (ϱ̂2).

• J is monotonic under completely positive and a trace preserving map ϵ: J (ϵ(ϱ̂)) ≤ J (ϱ̂).

The quantum Fisher information matrix (QFIM) provides a tool to determine the precision in the multipa-
rameter estimation, where the lower bound of the estimation is given by the Cramer Rao inequality [122]
as:

Cov(θ̂) ≥ J −1
θi ,θj

(I.104)

With: θ̂ = θ1, θ2... it is a set of parameters which can be encoded in the density matrix ϱ̂ = ϱ̂(θ̂) and Cov(θ̂)
is the covariance of the parameters θ̂. J −1

θi ,θj
is the inverse of the quantum Fisher information matrix. In-

deed, the inverse of the QFIM gives the lower error limit of the estimation.
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Calculation of QFIM

The traditional derivation of QFIM is usually based on the decomposition of ϱ̂ into eigenvalues λm
and eigenvectors |λm⟩. As ϱ̂ = ∑d−1

i=0 λm|λm⟩⟨λm|, an entry of QFIM can be calculated as [202]

Jθiθj = ∑
λm

(∂θi λm)(∂θj λm)

λm
+ ∑

λm

4λmRe(⟨∂θi λm|∂θj λm⟩)− ∑
λm,λn

8λmλn

λm + λn
Re(⟨∂θi λm|λn⟩⟨λn|∂θj λm⟩) (I.105)

The first term in equation (I.105) is the counterpart of the classical Fisher information as it only contains the
derivatives of the eigenvalues which can be regarded as the counterpart of the probability distributions.
Besides, The other terms are purely quantum. The expression of the QFIM [122] is given as follows:

Jθiθj = Tr[ϱ̂
LθiLθj + LθjLθi

2
] = Tr[∂θi ϱ̂Lθi ] = Tr[∂θj ϱ̂Lθj ] (I.106)

Lθi is the symmetric logarithmic derivative which corresponds to the parameter θi. It is determined by
the equation:

∂θi ϱ̂ =
1
2
(Lθi ϱ̂ + ϱ̂Lθi), (I.107)

An expression of the QFIM, based on the calculation of the exponential of ϱ̂ and an integral, can be
derived using the Eqs. (I.106) and (I.107). This expression is given as follows:

Jθiθj = Tr[∂θi ϱ̂Lθi ] = 2
∫ ∞

0
Tr[dte−ϱ̂t∂θi ϱ̂e−ϱ̂t∂θi ϱ̂]. (I.108)

Moreover, A simple expression to calculate the QFIM is given in [203] using the method of vectorization.
In Liouville space [204], the density matrix is a vector containing all the entries of the density matrix in
Hilbert space. For an invertible density matrix ϱ̂, the QFIM can be analytically computed as:

Jθiθj = 2Vec†[∂θi ϱ̂](ϱ̂
T ⊗ Î + Î ⊗ ϱ̂)−1Vec[∂θj ϱ̂], (I.109)

Vec(A) denotes the column vector of A in Liouville space and Vec(A)† indicates the conjugate transpose
of Vec(A). Î is the identity matrix and ϱ̂ is the transpose of ϱ̂. Vec[∂θi ϱ̂] is the Vector column of the matrix
∂θi ϱ̂. The SLD operator in Liouville space, denoted by Vec(Lθi), is given as:

Vec(Lθi) = 2(ϱ̂ ⊗ Î + Î ⊗ ϱ̂∗), (I.110)

This expression of QFIM could be proven by using the proprieties [205, 206]:

(ABÎ) = (A ⊗ Î)Vec(B) = ( Î ⊗ BT)Vec(A) (I.111)

Where: BT is the transpose of B.

and

Tr(A†B) = Vec(A)†Vec(B) (I.112)

A well-used version of QFIM, that uses Bloch representation, is frequently used in the context of
quantum information. For a 2-dimensional density matrix ϱ̂:

ϱ̂ =
1
2
( Î +

−→
h .−→σ ) (I.113)



I.8. Conclusion 25

Where
−→
h = (hx, hy, hz)T is the Bloch vector, and σ is the Pauli matrices (σx, σy, σz). the QFIM in Bloch

representation can be expressed by:

Jθi ,θj =





(∂θi

−→
h )(∂θj

−→
h ) +

(
−→
h .∂θi

−→
h )(

−→
h .∂θj

−→
h )

1−|−→h |2
, if |−→h | < 1

(∂θi

−→
h )(∂θj

−→
h ), if |−→h | = 1.

(I.114)

For a single-qubit pure state, Jθi ,θj = (∂θi

−→
h )(∂θj

−→
h ). However, for a mixed state

−→
h ≤ 1 the QFIM is given

as Jθi ,θj = (∂θi

−→
h )(∂θj

−→
h ) +

(
−→
h .∂θi

−→
h )(

−→
h .∂θj

−→
h )

1−|−→h |2
.

In matrix representation, one can write the quantum Fisher information matrix with respect to the two
parameters θi and θj as:

Jθi ,θj =



Jθi ,θi Jθj,θi

Jθi ,θj Jθj,θj


 , (I.115)

The diagonal entries of the matrix Eq. (I.115) are exactly the QFI of parameter θi and θj.

I.8 Conclusion

In this chapter we have presented the preliminary concepts of quantum information processing. We
have reviewed the basic notions of quantum information such as qubit, sharp and unsharp quantum
measurements and the concept of quantum noisy channels. We have briefly reviewed the negative partial
transpose (NPT) as an entanglement monotone. Furthermore, we have recalled the notions of quantum
gates and the quantum circuit. We have also reviewed the idea of unidirectional quantum teleportation
and some teleportation quantifiers such as the average fidelity, quantum Fisher information and quantum
Fisher information matrix. In the unidirectional quantum teleportation, the transmission of information is
one-way, namely only Alice has the ability to teleport his state to Bob; which leads to asking the following
question: is it possible to make a two-way teleportation? In the next chapter, we will tackle this issue and
we will introduce the bidirectional quantum teleportation as a direct extension of the standard quantum
teleportation.
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Chapter II

Bidirectional quantum teleportation

In this chapter, we address the bidirectional transfer of unknown quantum states and relevant parameters
from a sender usually called Alice to a distant receiver Bob, and vice versa. So we are faced with the issue
of bidirectional quantum teleportation.

Bidirectional quantum teleportation (BQT) is become one of the main ingredients to develop the quan-
tum information science. It is a vital element for the improvement of many quantum information tasks,
such as quantum key distribution, quantum communication, and quantum networks [77, 79]. In fact, the
entanglement with local operations and classical communication (LOCC) [207] are the pillars of all quan-
tum teleportation processes. In 1993, Bennet et al. [34] presented the first teleportation scheme, which is a
unidirectional teleportation, using a Bell state as a quantum channel. Since then, the quantum teleporta-
tion has attracted much interest in two directions, theoretically [208] and experimentally [209]. However,
the two-way teleportation of atomic quantum states was presented as a thought experiment by Vaidman
[210]. Subsequently, Huelga et al. [211] discussed the possibility of the bidirectional quantum teleporta-
tion (BQT) for a remote implementation of non-local unitary gates. After that, Zhao et al. [212] proposed a
protocol for the remote implementation of a quantum operation. Actually, a large variety of bidirectional
quantum teleportation (BQT) and bidirectional controlled quantum teleportation (BCQT) schemes have
been proposed in the last decade, based on different types of entangled states such as cluster states [213],
composite GHZ-Bell state [214], n-entangled qubit [215, 216, 217], GHZ state [218, 219] and Bell state [193].
Indeed, these protocols are designed to transfer quantum states simultaneously between the two users.
The BCQT protocols necessitate the intervention from a supervisor (Charlie) to accomplish the task. How-
ever, from the perspective of the parameter estimation, it is the information carried by a relevant parame-
ter, not the information of the whole system that needs to be teleported. The quantum Fisher information
(QFI) provides a tool to quantify the parameter teleportation [220]. Nevertheless, QFI is directly related
to the Cramer-Rao bound [119, 122, 123]. Furthermore, the quantum Fisher information matrix (QFIM),
provides a tool to determine the precision in any multiparametric estimation protocol. Besides the quan-
tum estimation, the QFI and the QFIM are crucial concepts in quantum metrology [126, 127], quantum
phase transition [130] and entanglement detection [131].

In this chapter, we provide a full description of bidirectional quantum teleportation protocol using
the minimal quantum cost, i.e, 1 ebit i in Sec. II.1. This scheme could be implemented with now-days
advanced technologies [193]. Later on, in Sec. II.2, we analyze the accuracy of the BQT protocol using the
fidelities average and the quantum Fisher information. Both quantities are related to the Bruse distance,
which is a closeness measure between the initial and the teleported states. Moreover, in Sec. II.3, we
compare the suggested protocol with previous other protocols. In Sec II.4, we investigate the individual
estimation degree against the simultaneous one . Finally, we summarize this chapter in II.5.
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II.1 Perfect bidirectional teleportation

The idea of the standard one-qubit quantum teleportation protocol [34] is to transmit an unknown quan-
tum state |Q⟩ from one party to another distant party (Fig II.1a). Before the protocol starts, Alice and Bob
may share the entangled state.:

|ψ+
AB⟩ =

1√
2
(|00⟩+ |11⟩)AB. (II.1)

The protocol consists of three steps (as described in chapter one):

• Alice performs a projective measurement on her state |Q⟩ and the particle from the Bell state (Eq
II.1) in the Bell basis {|ϕ⟩+, |ϕ⟩−, |ψ⟩+, |ψ⟩−}.

• Alice sends the index of the measurement outcome, as given in Table (I.3), to Bob via a classical
communication channel.

• Bob performs the appropriate Pauli operation (X̂, Ẑ, Ŷ, Î), on his particle from the Bell state (II.1) to
recover the state |Q⟩.

|Q⟩|Q⟩

(a) (b)

|QA⟩
ρB

|QB⟩
ρA

FIGURE II.1: Quantum teleportation protocol using Bell state |ψ+
AB⟩ with local operations and classical communi-

cation (LOCC). (a) Standard scheme of unidirectional quantum teleportation: the quantum state |Q⟩ is perfectly
teleported from Alice to Bob using the shared Bell state |ψ+

AB⟩. (b) Scheme of bidirectional quantum teleportation:
Alice and Bob exchange their states |QA⟩ and |QB⟩ by means of the Bell state |ψ+

AB⟩.

In the one hand, it is worth to mention that Alice’s measurement in the first step of the protocol breaks
the initial entanglement of state (Eq. II.1), and her particle from the Bell state transforms to a maximally
mixed state. On the other hand, Bob tries to minimize the interaction of his particle from the Bell state
with an environment to avoid the decoherence effect. The previous points affirm that to make it possible
to transfer information from Bob to Alice as well as from Alice to Bob, i.e., bidirectional teleportation,
Alice should not perform a perfect projective measurement of her particles |QA⟩ and |ψ+

A⟩. Actually, she
should leave an amount of entanglement in the Bell state for the purpose of information transfer in the
reverse direction. Meanwhile, Bob should do the same approach to get the quantum state from Alice and,
at the same time, send his own one to Alice (Fig II.1b).

In this framework, a suggested scheme for bidirectional quantum teleportation (Fig: II.2) is suggested
to transfer information from Bob to Alice as well as from Alice to Bob, i.e., bidirectional teleportation. This
protocol is based on a single Bell state with classical communication in both directions. In addition, this
scheme operates with 10 qubits which should be prepared locally for the two parties of the teleportation
protocol.
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II.1.1 Preparing the initial states

Firstly, the users share an entangled state of Bell type :

∣∣ψ+
AB
〉
=

1√
2
(|00⟩+ |11⟩)AB (II.2)

where ”A” and ”B” refer to Alice and Bob respectively. However, since we are interested in estimating the
teleported parameters by using quantum Fisher information, we have to describe the procedure of this
protocol by means of the Bloch vectors. Therefore, we can write the initial Bell state as:

ϱ̂AB =
1
4
( Î + σ̂x

(A)τ̂x
(B) − σ̂y

(A)τ̂y
(B) + σ̂z

(A)τ̂z
(B)), (II.3)

where σ̂i
(A) and τ̂i

(B) (for i = x, y, z) represent the Pauli operators of Alice’s qubit and Bob’s qubit, re-
spectively [221]. Let us assume that Alice and Bob are given two different states, |QA⟩ and |QB⟩ to be
bilaterally teleported, such as:

|QA⟩ = cos
(

θA

2

)
|0A⟩+ eiϕA sin

(
θA

2

)
|1A⟩ ,

|QB⟩ = cos
(

θB

2

)
|0B⟩+ eiϕB sin

(
θB

2

)
|1B⟩ . (II.4)

Whereas: ϕi ∈ [0, 2π] is the qubits’ phases and θi ∈ [0, π] is the qubits’ weights (for i = A, B).

Similarly, these qubits can be represented by their Bloch vectors as:

ϱ̂
(A)
q =

1
2

(
Î + ∑

i=x,y,z
aiσ̂i

(A)
)

, ϱ̂
(B)
q =

1
2

(
Î + ∑

i=x,y,z
biτ̂i

(B)
)

. (II.5)

where ai and bi (for i = x, y, z) are the Bloch vectors of Alice’s qubit and Bob’s qubit, respectively. The
users aim to exchange these states between them. Moreover, each user has two different types of qubits;
the trigger qubits which they are defined initially as:

|TA⟩ = cos
( θ̃A

2

)
|0A⟩+ sin

( θ̃A

2

)
|1A⟩ , |TB⟩ = cos

( θ̃B

2

)
|0B⟩+ sin

( θ̃B

2

)
|1B⟩ . (II.6)

Whereas: θ̃i ∈ [0, π] is the triggers’ weights (for i = A, B). These states become in the Bloch vectors like:

ϱ̂TA =
1
2

(
Î + ∑

i=x,y,z
t(A)
i σ̂i

(A)
)

, ϱ̂TB =
1
2

(
Î + ∑

i=x,y,z
t(B)
i τ̂i

(B)
)

. (II.7)

whereas t(A)
i (t(B)

i ) are the Bloch vectors of Alice’s (Bob’s) Trigger. Furthermore, Alice and Bob are sup-

plied by four storage qubits;
∣∣∣S(1)

A

〉
,
∣∣∣S(2)

A

〉
for Alice, and two for Bob

∣∣∣S(1)
B

〉
,
∣∣∣S(2)

B

〉
. It is assumed that

these qubits are initially prepared in a vacuum state, i.e.,
∣∣∣S(i)

j

〉
= |0⟩ , i = 1, 2 and j = A, B. These states

may be represented by Pauli operators as:

ϱ̂
(i)
sA =

1
2
(1 + σ̂z

(A)), ϱ̂
(i)
sB =

1
2
(1 + τ̂z

(B)); with : i = 1, 2 (II.8)

These types of qubits are used as a storage of the projective measurement outcomes. All these types of
qubits are described clearly in the circuit (Fig I I.2).
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FIGURE II.2: Quantum circuits for bidirectional teleportation with the single Bell state |ψ+
AB⟩ (see Eq. (II.2)). Here

X̂, Ẑ and H are Pauli and Hadamard gates respectively. Vertical lines represent CNOT and CCNOT gates, where
control and target qubits are denoted by • and ⊕. All measurement outcome values (0 or 1) are transmitted via

classical communication represented by double lines toward gates.

II.1.2 Performing the BQT Protocol

In the following, we describe the duty of the users to perform the suggested protocol step by step as
shown in Figure (II.2).

• From Alice to Bob

1. Step one:
The users prepare their initial state, which consists of 10 qubits, by using the states in Eqs.(II.2-
II.8). This state may be written as:

|ψs⟩ =
∣∣ψ+

AB
〉 ∣∣∣QAS(1)

A S(2)
A TA

〉 ∣∣∣QBS(1)
B S(2)

B TB

〉
(II.9)

2. Step two:
The users apply two CNOT gates where |QA,B⟩ are control qubits and the Bell qubits

∣∣ψ+
AB

〉
are

target qubits as,

CNOT |ψs⟩ = CNOT2
(∣∣ψ+

AB
〉 ∣∣∣QAS(1)

A S(2)
A TA

〉 ∣∣∣QBS(1)
B S(2)

B TB

〉)

followed by applying the Hadamard gates on the qubits |QA,B⟩ in the previous output results

H
(

CNOT |ψs⟩
)
= H2

(
CNOT2(

∣∣ψ+
AB
〉 ∣∣∣QAS(1)

A S(2)
A TA

〉 ∣∣∣QBS(1)
B S(2)

B TB

〉
)
)

(II.10)

3. Step three:
Alice and Bob perform two CCNOT gates. In the first one, the triggers |TA,B⟩ and the Bell pairs
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∣∣∣ψ+
A,B

〉
play the role of the control qubits and

∣∣∣S(2)
A,B

〉
are target qubits. While in the second

CCNOT gate, the triggers |TA,B⟩ and |QA,B⟩ are control qubits and
∣∣∣S(1)

A,B

〉
are target qubits to

get:

|ψs⟩
′
= CCNOT2

(
H2(CNOT2(

∣∣ψ+
AB
〉 ∣∣∣QAS(1)

A S(2)
A TA

〉 ∣∣∣QBS(1)
B S(2)

B TB

〉
))
)

(II.11)

4. Step four:
The measurement’s results are stored in the qubits

∣∣∣S(1)
A

〉
and

∣∣∣S(2)
A

〉
. These results are sent by

the classical communication channel to Bob. Based on Alice’s measurements, Bob performs the
adequate local operations (X̂, Ẑ, Î), on his Bell state particle to recover the state |QA⟩.

• From Bob to Alice:
Bob may perform the same operation that Alice has done to teleport his state |QB⟩ to Alice.

II.1.3 Implementation of the circuit

The final output of the circuit depends on the initial state of the triggers. However, we have the following
possibilities:

1. The initial state of both triggers are initially prepared in the states, ϱ̂TA = 1
2

(
Î + σ̂z

(A)
)

and ϱ̂TB =

1
2

(
Î + τ̂z

(B)
)

. In this case, each partner obtains the completely mixed state: ϱ̂
(A)
q = ρ̂

(B)
q = ϱ̂0.

Where

ϱ̂0 =
1
2




1 0

0 1


 (II.12)

2. Alice’s and Bob’s triggers are prepared in the states ϱ̂TA = 1
2

(
Î − σ̂z

(A)
)

and ϱ̂TB = 1
2

(
Î − τ̂z

(B)
)

. In
this case, Alice and Bob perform a perfect projective measurement with the probabilities:

Pi = tr
{

ϱ̂TA ϱ̂
(A)
q

}
= tr

{
ϱ̂TB ϱ̂

(B)
q

}
= sin2(

θi

2
), i = A, B. (II.13)

The users will end up their protocol by two states, one of them at Alice’s side:

ϱ̂
(A)
tel = PBP̄Aϱ̂

(B)
q + (1 −PBP̄A)ϱ̂0, P̄A = 1 −PA (II.14)

and the other in Bob’s side:

ϱ̂
(B)
tel = PAP̄Bϱ̂

(A)
q + (1 −PAP̄B)ϱ̂0, P̄B = 1 −PB (II.15)

3. If Alice’s trigger qubit is prepared in the state ϱ̂TA = 1
2

(
Î − σ̂z

(A)
)

and Bob’s trigger qubit is prepared

in the state ϱ̂TB = 1
2

(
Î + τ̂z

(B)
)

, then only Alice has the ability to teleport her qubit to Bob. While,

Alice gets the completely mixed state i.e., the final state at Alice’s hand is ϱ̂
(A)
tel = ϱ̂0 and at Bob’s

hand ϱ̂
(B)
tel = ϱ̂

(A)
q .
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II.2 Quantifiers of bidirectional teleportation

Usually the credibility of teleportation is quantified by the fidelity, where information of the whole system
is teleported. However, in some situations, there is no need to teleport the whole state of the system but
only the information that is carried by a relevant parameter or parameters. If it is the case, the transfer of
information is quantified by means of the quantum Fisher information. In what follows, we quantify the
BQT using the fidelities of teleportation and the quantum Fisher information.

II.2.1 Fidelities of teleportation

The fidelity f of the teleported state. It measures the similarity between the input state ϱ
(A)
q (ϱ(B)

q ) and the

output state ϱ
(B)
tel (ϱ(A)

tel ) respectively. The expression of the fidelity f is defined as [143, 194] :

f in→out =< Qin|ϱout|Qin >, i = A, B (II.16)

with |Qi > and ϱout are the input and the output states respectively. The essence of teleportation is that
the state to be teleported is unknown. Therefore, it is more practical to evaluate the averaged fidelity over
all the input states. The averaged fidelity may be described as [143]:

F in→out
avg =

1
4π

∫ π

0
dθi

∫ 2π

0
f in→out(θi, ϕi,PA,PB) sin θidϕi , i = A, B (II.17)

where:

f in→out(θi, ϕi,PA,PB) = |c|2i
(

A2 + A1|c|2t
)
+ A1

(
c∗i sicts∗t + s∗i cistc∗t

)
+ |s|2i

(
A1|s|2t + A2

)
, (II.18)

with the different elements ci = cos
(

θi
2

)
, si = sin

(
θi
2

)
eiϕi , ct = cos

(
θt
2

)
and st = sin

(
θt
2

)
eiϕt . Whereas,

i and t indicate the initial and the teleported state respectively. The terms A1 and A2 depend on the
direction of the teleportation, i.e, from Alice to Bob A1 = PAP̄B, A2 = 1−PAP̄B

2 . While, from Bob to Alice
A1 = PBP̄A and A2 = 1−PBP̄A

2 .

The fidelity of teleportation between the two users, f A→B and f B→A are given by:

f (A→B) =
1
2
(1 + PAP̄B), f (B→A) =

1
2
(1 + PBP̄A), (II.19)

where the probabilities may be written as:

PA =
1
2

(
1 + cos

(
θ̃A
)

cos(θA) + sin
(
θ̃A
)

sin(θA) cos ϕA + sin
(
θ̃A
)

sin(θA) sin ϕA

)
,

PB =
1
2

(
1 + cos

(
θ̃B
)

cos(θB) + sin
(
θ̃B
)

sin(θB) cos ϕB + sin
(
θ̃B
)

sin(θB) sin ϕB

)
. (II.20)

Now, by using Eqs. (II.19) and (II.20), one can obtain the Fidelity of the teleported state for both directions
at an initial state setting.

Fig. (II.3) shows the behavior of the averaged Fidelity of the teleported state from both directions,
namely F (A→B)

Avg and F (B→A)
Avg ; where it is assumed that the teleported state is initially prepared in the state

ϱ̂
(A)
q = 1

2 ( Î + σ̂
(A)
z ) at Alice side, while Bob’s teleported state is given by ϱ̂

(B)
q = 1

2 ( Î + τ̂
(B)
z ), namely the

users teleport only classical information, i.e. θA = θB = 0, while the triggers are prepared in an arbitrary
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F (B→A)
Avg

(a)

θ̃B θ̃A

F (A→B)
Avg

(b)

θ̃B

θ̃A 0

0.2

0.4

0.6

0.8

1.0

FIGURE II.3: Bidirectional teleportation averaged Fidelity, where the initial states are prepared such that θA = θB =

0 of the initial qubits |QA⟩ and |QB⟩. (a) The averaged fidelity of teleportation F (A→B)
Avg and (b) represents F (B→A)

Avg .

state with ϕ = 0. It is clear that, from Fig. (II.3a), which displays the behavior of the fidelity from Bob
to Alice, namely F (B→A)

Avg , where the teleported state is prepared in the state ϱ̂
(B)
q = 1

2 ( Î + τ̂
(B)
z ), at any

value of θ̃B, the Fidelity F (B→A)
Avg increases gradually as θ̃B increases. The maximum Fidelity is reached at

θ̃B = π, namely, Bob’s trigger is prepared in the state ϱ̂TB = 1
2 ( Î − τ̂

(B)
z ).

However, in Fig. (II.3b), the behavior of F (A→B)
Avg is similar to that predicted in Fig. (II.3a), where the

increasing and decreasing of the teleportation fidelity average from Alice to Bob depends on the state of
Alice’s trigger, namely the maximum value is predicted at ϱ̂TA = 1

2 ( Î − σ̂
(A)
z ).

F (A→B)
Avg

(a)

θ̃B θ̃A

F (B→A)
Avg

(b)

θ̃B
θ̃A

0

0.2

0.4

0.6

0.8

1.0

FIGURE II.4: The same as Fig.(2), but the initial teleported state is prepared in the state |QA⟩ = |QB⟩ = 1√
2
(|0⟩+ |1⟩),

namely θA = θB = π
2 .

The teleporting of quantum information via the bidirectional protocol is explored in Fig. (II.4), where
it is assumed that Alice and Bob prepared their states as |QA⟩ = |QB⟩ = 1√

2
(|0⟩ + |1⟩), namely we set

θA = θB = π
2 . It is clear that the maximum values of F (A→B)

Avg and F (B→A)
Avg are smaller than those shown in

Fig. (II.3). The behavior of both Fidelities is similar, where they decrease gradually as the weight of both
triggers increases. The minimum values of F (A→B)

Avg are observed at θ̃B = π
2 , while it is increased gradually

when Bob’s trigger angle θ̃B increases. The state of both triggers have the same effect on the behavior of
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F (B→A)
Avg .

F (A→B)
Avg

(a)

θA

θ̃t

F (A→B)
Avg

(b)

θA

θ̃t

0
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0.4

0.6

0.8

1.0

FIGURE II.5: The Fidelity, F (A→B)
Avg (θA, θ̃t), (a): θB = 0 and (b): θB = π

4 .

In the previous investigation, it is assumed that both initial qubits are prepared in the same state. In
what follows, we discuss the possibility of bidirectional teleportation, when the partners have different
initial states. For this aim, we consider the following figure, where it is assumed that Bob’s qubit is ini-
tially prepared in the states ϱ̂B = |0⟩ ⟨0|, i.e., θB = 0 and θB = π

4 , while Alice’s qubit and her triggers
are prepared in an arbitrary state with ϕA = ϕB = 0. Fig. (II.5.a) shows the behavior of the Fidelity
F (A→B)

Avg (θA, θ̃t), where the teleported Bob’s qubit is prepared in the state ϱ̂
(B)
q = 1

2 ( Î + τ̂
(B)
z ), i.e θB = 0.

Fidelity’s behavior shows that F (A→B)
Avg increases as the weight angles of the teleported state and Alice’s

trigger increase. Therefore, the maximum Fidelity is predicted at θA = θ̃t = π, namely ϱ̂
(A)
q = 1

2 ( Î − σ̂
(A)
z ).

The effect of the initial state of the trigger shows that at any initial state settings of Alice’s qubit, the
F (A→B)

Avg increases to reach its maximum bounds. However, at further values of θ̃t, the Fidelity decreases
gradually, where the minimum values are predicted at θ̃t = 0, i.e., the trigger is prepared in the state
ϱ̂TA = 1

2 ( Î + σ̂
(A)
z ). In Fig.(II.5.b) we investigate the effect of a different initial state setting of Bob’s state,

where it is assumed that ϱ̂
(B)
q is prepared at θB = π

4 . The behavior is similar to that predicted in Fig.(II.5.a),
but the maximum bounds are smaller than those displayed in Fig.(II.5.a). Moreover, the decay rate is
larger compared with that displayed at θB = 0. In this context, we would like to mention that, the same
behavior is predicted for F (B→A)

Avg (θB, θ̃t).

From Fig(II.5), one may conclude that the bidirectional Fidelity from Alice to Bob, and vice versa,
depends on the initial state settings of all the three qubits. However, the maximum Fidelity is attended
when all the qubits are polarized in the same direction. Moreover, the Fidelity of teleporting classical
information is much better than teleporting quantum information.

II.2.2 Quantum Fisher information

Many quantum parameters cannot be measured directly, but quantum Fisher information may be
used to estimate these parameters. Moreover, in the context of quantum teleportation process, it is shown
that by teleporting the relevant parameters encoded in the teleported state, one could measure the cred-
ibility of the protocol by measuring QFI [222]. To calculate it, one can use the Bruse distance and the
Uhlmann fidelity [141] or using the spectral decomposition of the state ϱ̂. A simple expression is given in
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[220] for any single qubit state ϱ̂ = 1
2 (1 +

−→
h .σ̂). Whereas

−→
h = (hx, hy, hz) describes the real Bloch vector

and σ̂ = (σ̂x, σ̂y, σ̂z) denotes the Pauli matrices.

The amount Fisher information Jθ with respect to the parameter θ is written as follows:

Jθ =





|∂θ
−→
h |2 + (

−→
h .∂θ

−→
h )2

1−|−→h |2
, if |−→h | < 1

|∂θ
−→
h |2, if |−→h | = 1,

(II.21)

With ∂θ = ∂/∂θ . From Eq.(II.21), the quantum Fisher information of a pure state (|−→h | = 1) is given by the

expression |∂θ
−→
h |2. While for a mixed state (|−→h | < 1), it is presented by the term: |∂θ

−→
h |2 + (

−→
h .∂θ

−→
h )2

1−|−→h |2
.

According to Ref. [202], the QFI of a single qubit state |ϕ⟩ is defined as:

Jθ = 4(< ∂θϕ|∂θϕ > −| < ∂θϕ|ϕ > |2), (II.22)

the expression of the quantum Fisher information in Eq.(II.22) can be obtained using only the term of the
pure state |ϕ⟩. The QFI in the two previous equations (II.21) and (II.22) provides the estimation precision
limit of only one parameter, through the Cramer − Rao inequality (Var(θ̂) ≥ J −1

θ̂
) [122]; with Var(θ̂) is

the variance of the parameter and Jθ̂ is the quantum Fisher information; where the larger QFI represents
the better estimation precision. However, the inverse of the QFI for one unknown parameter provides the
lower error limit of the parameter estimation. Our main goal is to reach the smallest value of the pareme-
ter’s variance.

Now, let us assume that Alice and Bob have prepared their qubits in the states Eq. (II.5), while the
trigger qubits are defined by Eq. (II.7). The users use the bidirectional protocol as described in (Sec.II.1),
where the final teleported states between the two users are given by the states (II.14) and (II.15). In
this context, the final teleported states depend on the initial states of all the used qubits. Therefore, our
main aim of this section is to investigate the effect of these parameters on the initial weight angle of the
teleported state from Alice to Bob or vice versa. However, by using the definition of the quantum Fisher
information for a single qubit, Eq. (II.21) and Eq. (II.22), the Fisher information with respect to the weight
angle of Alice and Bob qubits are given by Jθk = 1, k = A(B). However, the quantum Fisher information
for the phase parameter of both qubits is defined as Jϕk = sin(θk)

2, k = A(B). In Bloch representation
form, the final state at Alice’s and Bob’s sides are described by the following Bloch vectors:

a(tel)
x = PAP̄B cos ϕA sin

(
θA

)
, a(tel)

y = −PAP̄B sin ϕA sin
(

θA

)
, a(tel)

z = PAP̄B cos(θA), (II.23)

Alice received the state (b(tel)
x , b(tel)

y , b(tel)
z ) by replacing PAP̄B ↔ PBP̄A and θA ↔ θB, ϕA ↔ ϕB in

Eq. (II.23):

b(tel)
x = PBP̄A cos ϕB sin

(
θB

)
, b(tel)

y = −PBP̄A sin ϕB sin
(

θB

)
, b(tel)

z = PBP̄A cos(θB), (II.24)

In Fig. (II.6), we display the behavior of the teleported Fisher information with respect to the weight
parameters (θA, θB), namely JθA , JθB , where we consider that the trigger qubits are polarized either on
the state ϱ̂T = 1

2 ( Î + σ̂z), or ϱ̂T = 1
2 ( Î − σ̂z). This figure illustrates that the maximum bounds of the

quantum Fisher information, JθA are predicted when both qubit and its trigger have the same polariza-
tion direction. As it is displayed from Fig. (II.6.a), the maximum values are predicted at θA = 0, namely
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FIGURE II.6: Fisher information of θA, with arbitrary phase where (a): at θ̃A = θ̃B = 0 and (b): at θ̃A = θ̃B = π .

ϱ̂
(A)
q = 1

2 ( Î + σ̂
(A)
z ) and, JθA decreases gradually as θA increases. On the other hand, the initial state set-

tings of Bob state play an important role in the assessment of maximum values of JθA . However, if Bobs’s
qubit and Alice’s trigger have the same polarization one may estimate the initial weight parameter of θA
with high efficiency. The same behavior is displayed in Fig. (II.6.b), where it is assumed that Alice’s and
Bob’s triggers are prepared in the state ϱ̂T = 1

2 ( Î − τ̂z), T = A, B. In this case, the JθB increases as θA
increases while θB decreases, and the maximum bounds are reached if Alice’s qubit and its trigger are
prepared in the same state.

(a)

JθA

θA

θB

(b)

JθA

θA

θB

0

0.25

0.50

0.75

1.00

1.25

1.50

FIGURE II.7: Fisher information FθA , with θ̃A = θ̃B = π
4 where we set (a): ϕ = 0. (b): ϕ = π

2

The effect of the phase on the estimation degree of the weight parameter angle θA is shown in Fig. (II.7),
where two cases are considered of the phase, ϕ = 0, π

2 in Figs.(II.7.a) and in (II.7.b), respectively, and it is
assumed that the triggers are prepared at θ̃A = θ̃B = π

4 . In general, the behavior of JθA is similar to that
displayed in Fig. (II.6a). However, the maximum values that are predicted in Fig. (II.7) are much smaller
than those displayed in Fig. (II.7.a). Also, from this figure one may explore that when the initial states
of the triggers and the qubits are different, the possibility of estimating the weight parameter decreases.
On the other hand, as θB increases, Jθ increases, but the increasing rate is larger than that displayed in
Fig. (II.6.a), where Jθ increases gradually. Fig. (II.7.a), displays the effect of larger values of the phase,
where we set ϕ = π

2 . The behavior of the quantum Fisher information is similar to that displayed in
Fig. (II.7.a), but the upper bounds are smaller. Moreover, the increasing rate (as θB increases) and the
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decreasing rate as (θA increases) are smoothly compared with those shown in Fig. (II.7.a).

From Figs. (II.6) and (II.7), one may conclude that the possibility of maximizing the estimation degree,
depends on the initial state of the triggers. The larger bounds are predicted when the qubits and their trig-
gers are polarized in the same direction. The phase parameter plays the control parameter on the whole
process, where the maximization of the quantum Fisher information is predicted at ϕ = 0, π and 2π. Oth-
erwise, it is minimized. The minimum values are affected by the initial state preparation of Alice and Bob.
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FIGURE II.8: Fisher information JθB , where (a) and (b) are the same as Fig. (II.6), while (c) and (d) are the same as
Fig.(II.7).

In Fig. (II.8), we summarize the effect of the initial state settings of Alice and Bob’s qubit as well
as the state of their triggers on the behavior of JθB . In Fig. (II.8.a), we used to assume that the initial
states of the trigger are prepared in the states 1

2 ( Î + σ̂
(A)
z ) for Alice’s trigger, while Bob’s trigger is pre-

pared in the state 1
2 ( Î + τ̂

(B)
z ), where the phase of all the qubits is arbitrary. The behavior is similar to

that displayed in Fig. (II.6), but as the JθA increases, JθB decreases. This means that, as the information
at Alice’s hand starts to increases, the information at Bob’s hand decreases. Therefore, the maximum
bounds are predicted at different initial state settings. However, the states of the triggers play the same
role as it is played in Fig. (II.6). As it is shown in Fig. (II.8.b), the maximum bound of JθB is shown at
θB = π, namely ϱ̂

(B)
q = 1

2 ( Î − τ̂
(B)
z ). This means that the Bob state is prepared on its trigger’s state, where

ϱ̂
(B)
T = 1

2 ( Î − τ̂
(B)
z ). On the other hand, the minimum values of the quantum Fisher information JθB are

predicted at θB = 0, namely ϱ̂
(B)
q = 1

2 ( Î + τ
(B)
z ) and ϱ̂

(A)
q = 1

2 ( Î − σ̂
(B)
z ).
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Figs. (II.8.c) and (II.8.d) describe the effect of the phase on the estimation degree of JθB , where we
assume that the trigger states are prepared with a weight angle θ̃A = θ̃B = π

4 . It is clear that the behavior
of the quantum Fisher information is similar to that shown of JθA as displayed in Fig. (II.7). However, the
maximum bound of JθB is displayed at θB = π

4 , namely when the weight angle θB = θ̃B = π
4 . Moreover,

at ϕA = ϕB = ϕ = 0, the losses in Fisher information are due to the difference between the initial state
preparation of both qubits. In fact, an additional loss of the quantum Fisher information is due to the no
null phase, where at ϕ = π

2 , the maximum bounds of JθB are smaller than those shown at ϕ = 0.

II.2.3 Relation between fidelities and QFI

To show the link between the fidelities of teleportation and the quantum Fisher information with
respect to θA and θB in this system, we use the expression of the fidelities of teleportation Eq. (II.19):

f (A→B) =
1
2
(1 + PAP̄B) f (B→A) =

1
2
(1 + PBP̄A), (II.25)

The quantum Fisher information with respect to the weights parameters θi, for i = A, B :

JθB =
(PBP̄A)

2(1 − (PBP̄A)
2) + (P̄A∂θBPB)

2

1 − (PBP̄A)2 ,

JθA =
(PAP̄B)

2(1 − (PAP̄B)
2) + (P̄B∂θAPA)

2

1 − (PAP̄B)2 . (II.26)

We can write at Bob’s side:

f (A→B) =
1
2

(
1 + (JθA − (P̄B∂θAPA)

2

1 − (PAP̄B)2 )
1
2

)
(II.27)

Where at Alice’s side:

f (B→A) =
1
2

(
1 + (JθB −

(P̄A∂θBPB)
2

1 − (PBP̄A)2 )
1
2

)
(II.28)

The maximum fidelity is corresponding to QFI

JθB = 1 +
(P̄A∂θBPB)

2

1 − (PBP̄A)2 ; JθA = 1 +
(P̄B∂θAPA)

2

1 − (PAP̄B)2 (II.29)

The minimum fidelity is corresponding to QFI

JθB =
(P̄A∂θBPB)

2

1 − (PBP̄A)2 ; JθA =
(P̄B∂θAPA)

2

1 − (PAP̄B)2 (II.30)

From the above equations, one can conclude that for a maximum fidelity of teleportation, we can teleport
fisher information with a high accuracy, where the QFI can be bounded by the values 1 to 1.5.
However, if the fidelity is minimum, the quantum Fisher information cannot reach high values, namely,
it is limited in the interval 0 to 0.5.
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II.3 Efficiency of bidirectional quantum teleportation

The efficiency E [223] is a useful tool to judge the feasibility of bidirectional quantum teleportation
(BQT) and to compare it with other BQT protocols, the expression of E is described as:

E =
Nt

Nq + Nc + NAx
(II.31)

where Nt indicates the number of qubits to be teleported, Nq is the number of the qubits used as the quan-
tum channel, Nc represents the number of qubits used as the classical channel and NAx is the number of
the auxiliary qubits used in the protocol. Indeed, the classical communication which links Alice and Bob
in quantum teleportation is an obvious requirement to avoid the faster-than-light (FTL) signaling.

The effective efficiency can be written as:

E =
Nt

Nq + NAx
(II.32)

In what follows, we compare different bidirectional quantum teleportation protocols and bidirectional
controlled quantum teleportation (BCQT) protocols. In BCQT, an intervention from a third party is nec-
essary to accomplish the task. However, in BQT, Alice and Bob could exchange their quantum states
without any intervention from a supervisor.

This protocol is based on CNOT, To f f oli, Hadamard operations, and a single qubit measurement. In
Refs [215, 216, 217, 218, 219], the process of the teleportation needs at least five entangled qubits to teleport
one single qubit, and at least six entangled qubits to teleport two qubits. Nevertheless, this protocol [193]
needs a single Bell state to teleport a single qubit state. So, the proposed protocol requires less quantum
cost. Additionally, In Ref [215, 216, 217, 218, 219], the partners apply two-qubit measurements which
is less efficient than single-qubit measurement [218]. In Table(1), we introduce details of comparison
between BQT and BCQT protocols.

Reference Efficiency% Teleported
qubits

Quantum
channel

Auxiliary
qubits

Li et al. [215] 40 1 5-qubit 0

Li et al. [216] 44 2 9-qubits 0

Sun et al. [217] 33 1 6-qubits 0

Hassanpour et
al.[218]

66 (2)EPR (6qubits)GHZ6 0

Yang et
al.[219]

75 (3)GHZ (8qubits)GHZ8 0

Kiktenko et
al.[193]

50 1 Bell state 2

TABLE II.1: Comparison between different BQT protocols.
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II.4 Simultaneous and individual estimation form

The quantum Fisher information matrix (QFIM) provides a tool to determine the precision in the
multiparameter estimation. Where the lower bound of the estimation is given by the Cramer Rao inequal-
ity [122] as:

Cov(θ̂) ≥ J −1
θ̂

, (II.33)

With θ̂ = θ1, θ2... is a set of parameters can be encoded in the density matrix ϱ̂ = ϱ̂(θ̂) and Cov(θ̂) is the
covariance of the parameters θ̂. J −1

θ̂
is the quantum Fisher information matrix. The inverse of the QFIM

gives the lower error limit of the estimation. The matrix representation of the quantum Fisher information
matrix with respect to the two parameters θA and θB as:

JθA,θB =



JθA,θA JθB,θA

JθA,θB JθB,θB


 , (II.34)

Where,

Jθi ,θj =





(∂θi

−→
h )(∂θj

−→
h ) +

(
−→
h .∂θi

−→
h )(

−→
h .∂θj

−→
h )

1−|−→h |2
, if |−→h | < 1

(∂θi

−→
h )(∂θj

−→
h ), if |−→h | = 1.

(II.35)

Explicitly on Alice’s side, the QFIM is given by:

J Alice
θA,θB

=
1

1 − (PBP̄A)2




(PB∂θA P̄A)
2 PBP̄A∂θBPB∂θA P̄A

PBP̄A∂θBPB∂θA P̄A (PBP̄A)
2(1 − (PBP̄A)

2) + (P̄A∂θBPB)
2




. (II.36)

A similar expression is obtained for QFIM at Bob’s side, we just switched between the suffix A and B.
However, the amount of Fisher information at the users Alice (Bob) that injected on the parameters θB(θA)
respectively is given by,

JθB =
(PBP̄A)

2(1 − (PBP̄A)
2) + (P̄A∂θBPB)

2

1 − (PBP̄A)2 ,

JθA =
(PAP̄B)

2(1 − (PAP̄B)
2) + (P̄B∂θAPA)

2

1 − (PAP̄B)2 . (II.37)

By using the Cramer-Rao bound for one parameter estimation, one can estimate the single parameter by
means of the variance as,

Var(θA)
Ind ≥ 1 − (PAP̄B)

2

(PAP̄B)2(1 − (PAP̄B)2) + (P̄A∂θAPA)2 (II.38)

Var(θB)
Ind ≥ 1 − (PBP̄A)

2

(PBP̄A)2(1 − (PBP̄A)2) + (P̄A∂θBPB)2 ,
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Where it is assumed that the estimation process of each parameter is independent. However, the variance
estimation of the two parameters θA and θB is given simultaneously as [122],

Var(θB)
Sim ≥ (PB∂θB P̄A)

2

P̄2
AP4

B(∂θA P̄A)2
; Var(θA)

Sim ≥ (PA∂θB P̄B)
2

P̄2
BP4

A(∂θB P̄B)2
. (II.39)

The ratios of the minimum variances of the two parameters may be described by,

∆ =
VarSim(θA)

V Ind(θA)
, δ =

VSim(θB)

V Ind(θB)
. (II.40)

∆
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θ̃t
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(b)

θB

θ̃t

FIGURE II.9: Ratios of estimations ∆ (for Alice) and δ (for Bob), with θA = θB = π
4 . We set ϕ = 0 for (a) and ϕ = π

2
for (b).

In Fig.(II.9), we investigate the behavior of the ratio variances ∆ and δ for different initial state settings.
It is clear that the ratios ∆ < 1, and δ < 1. Therefore, VS(θi) < VI(θi) i = A, B. Consequently, those ratios
satisfy the maximum/minimum probability of the quantum mechanics, where ∆ and δ ∈ [0, 1]. So, these
ratios demonstrate the full classical/quantum systems at 0 and 1, respectively. Moreover, these ratios
obey the uncertainty principle for 0 ≤ ∆(δ) ≤ 1. On the other hand, for individual estimation, we can see
that the quantum Fisher information (JθA)(JθB) > 1, which is outside of the entangled systems range.
Therefore, using the multi-parameter form is much better than the single parameter form. Fig.(II.9.a)
describes the behavior of ∆(θA, θ̃t) at a particular initial state of Bob’s qubit, where we set θB = π

4 , with
zero-phase for all the qubits. Also, the maximum/minimum bounds are depicted when the qubits and
their triggers have the same polarization. As an example, the maximization is predicted at θA = θ̃t = 0 or
π, while the minimum values are predicted when θA and θ̃t are different. The same behavior is predicted
for the ratio δ, but the maximum and minimum are displayed at different angles.

II.5 Conclusion

In this chapter, we are interested in the bidirectional quantum teleportation between two users, Al-
ice and Bob where the users’ qubits and their trigger qubits are described by using the Bloch vectors.
Moreover, the local operations of CNOT and CCNOT gates are represented by Pauli operators and the
circuit which describes this protocol is introduced clearly. We have discussed the fidelities average of the
bidirectional teleported states between the two users, where analytical forms of the fidelities are obtained.
These fidelities depend on the initial states of the teleported qubit as well as on the states of the triggers.
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The fidelity of the teleported state is maximized when the teleported qubit and its trigger are polarized
in the same direction. However, the initial state settings of the qubits play an important role in maximiz-
ing/minimizing the fidelity of the teleported state, where the maximization is achieved if both qubits are
initially prepared in the same direction. The minimization takes place at the non-zero phase angle or at
different initial state settings. The fidelity of the classical information which is bidirectionally teleported
via the quantum channel is much better than teleporting quantum information.

We have also investigated the possibility of estimating the weight parameters of the bidirectionally
teleported states. This has been quantified by using quantum Fisher information. An analytical form
based on the Bloch vectors is introduced. Similarly, the quantum Fisher information depends on the ini-
tial states of all the qubits. It is shown that the possibility of maximizing the estimation degree depends
on the initial state of the triggers. The larger bounds are predicted when the qubits and their triggers are
polarized in the same direction. The phase parameter plays the control parameter on the whole process,
where the maximization of the quantum Fisher information is predicted at ϕ = 0, π, 2π. Otherwise, it is
minimum. The minimum values are affected by the initial state settings of Alice and Bob. In addition to
estimating a single parameter, we quantify the weight parameters of the bidirectionally teleported states
by means of the variances’ ratios. It is shown that the multi-parameter estimation form is much better than
the single parameter estimation, where the ratios running between "0" for fully classical systems and "1"
for completely entangled system. Additionally, the uncertainty principle in this case is obeyed. Indeed,
the maximum/minimum estimation of these parameters depends on the initial states of the triggers. Also,
as the maximum estimation is predicted at Alice ’s side and the minimum estimation is displayed at Bob’s
side since the initial states of Alice and Bob as well as the states of their trigger are similar. Therefore, the
maximum/minimum values of the fidelity of the teleported states and the quantum Fisher information
are the same for both directions. However, as soon as Alice gets the maximum information, Bob loses all
the information and vice versa. Therefore, the maximum bounds of the fidelity and the quantum Fisher
information are obtained at different weight angles.

By comparing this protocol to other ones, we notice that its efficiency is greater than other ones, where
it uses the minimum quantum cost which is a single Bell state to teleport single qubit states bidirectionally.
Indeed, since this protocol is in a noiseless channel, we will consider how to achieve our schemes in noisy
channels in the next chapter.
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Chapter III

Bidirectional Teleportation through Noisy
Channels

Actually, real quantum systems can never be perfectly isolated from their surrounding environment [1].
Hence, the real implementation of the bidirectional quantum teleportation protocol makes us face the
problem of the unavoidable coupling of the qubits with their environment. It is, therefore, important to
understand the impact of the coupling in a noisy environment has on the performance of the BQT proto-
col. In particular, the investigation of this BQT protocol, through typical noise models, promises to give
useful insights for the future design and improvement of bidirectional quantum teleportation protocols.

The share of a noiseless maximally entangled quantum channel between Alice and Bob is required to
accomplish the teleportation process perfectly, i,e. with a fidelity equal to unity [34]. However, during the
distribution of the qubits between Alice and Bob, we must take into account the interactions of the qubits
with the external environment. Recently, there has been much interest in the study of the unidirectional
teleportation fidelity via noisy channels [143, 224]. It is well known that noise is detrimental to the fidelity
of teleportation. As a consequence of the unavoidable environmental coupling, the quantum system of
interest becomes entangled with its environment. Therefore, its state is described by a density matrix,
whose evolution is given in the Kraus representation [225]; which encodes the effect of the environment
on the system of interest. Generally, a quantum operation that can be represented in the Kraus represen-
tation is guaranteed to be completely positive (CP) [226]. On the other hand, we can model the effect
of the environment through well defined noise channels, such as the dephasing and amplitude damping
channels [77]. However, many techniques are discussed in the literature to overcome the effect of noise on
entanglement and teleportation [226]. For instance, the weak and reversed measurements (WRM), which
is a technique used to extract as much information as possible without totally collapsing the system state
[160]. Nevertheless, exploiting the memory effects could mitigate the effect of noise on different quan-
tum features [227]. Generally, there are two types of memory effects, the first one is the non-Markovianity
memory effects due to the temporal correlations arising is the noisy quantum channel, and the second one
is due to the classical correlations [228]. In general, memory or memoryless channels refer to the situation
in which multiple actions of the channel are correlated or independent from each other. To distinguish
between these two different notions of memory, we shall use the term "correlated channels" to describe
the classical correlations of the quantum channels with memory. On the other hand, the type of memory
occurring due to the temporal correlations in the dynamics will be said to be non-Markovian memory
effects.

The chapter is organized as follows: we first investigate the impact of applying the weak and re-
versed measurements on the bidirectional teleportation process in (Sec.III.1). In addition, we focus on
how the weak and reversed measurements could improve the entanglement of the BQT quantum chan-
nel, which is distributed by different typical noise channels such as the bit-flip, phase-flip, bit-phase flip,
depolarizing and amplitude damping noise channels. We consider the negativity of the partial transpose
as an entanglement quantifier in order to quantify the amount of entanglement remaining in the quantum
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channel. However, we evaluate the teleportation fidelities average and the quantum Fisher information
(QFI) to quantify the accuracy of BQT aided with the weak and reversed measurements. In Sec(III.4), we
discuss the effect of the memory effects on the entanglement and the bidirectional teleportation. in Sec
(III.5), we answer the following question: how could the combined effect of the correlated channel and
the non-Markovianity memory effects be on the entanglement ond on the BQT?

III.1 Weak and reversed measurements effect on Entanglement

The weak and reversed measurements are reversible quantum measurements [158], which allow the ex-
traction of information without totally projecting the system. The reversibility of weak quantum measure-
ment was originally discussed in the context of quantum error correction [229] and was demonstrated for
a single superconducting qubit and a single photonic qubit [158, 230]. Moreover, the decoherence phe-
nomenon is caused by the unavoidable interaction of qubits with their surrounding environment, which
leads to the loss of quantum coherence [231], and the degradation of entanglement. In certain cases, it
leads to the phenomenon of entanglement sudden death (ESD) [232]. It is well known that entanglement
is a vital resource for many quantum information applications including bidirectional quantum telepor-
tation. Here, we investigate a scheme to protect the entanglement from decoherence and, consequently,
enhance the bidirectional quantum teleportation of information. Generally, the unavoidable interaction
between the qubits and their environment could be modeled by well known quantum noise channels,
such as the bit-flip, phase-flip, bit-phase flip, depolarizing and amplitude damping channels. In the fol-
lowing, we investigate the effect of the weak and reversed measurements on the amount of entanglement
in the quantum channel of BQT protocol.

Dephazing channel:

The dephazing channel is also known as the phase-flip channel. It is used to characterize the loss of
quantum information that occurs without the loss of energy [79]. In other words, the relative phase be-
tween the energy eigenstates of the system is lost, which leads to the decay of the off-diagonal elements
of the density matrix of the system.

We consider that the state (Eq. II.3) is prepared in the laboratory and distributed to Alice and Bob as
displayed in the scheme (Fig. III.1). Before passing through the dephazing channel, it is assumed that we
perform weak measurements on the qubits ”A” and ”B” with a strength of pw1, pw2, respectively. The
weak measurements partially collapse the qubits towards their ground state |00⟩AB.

The Kraus operators representing the weak measurements are:

M̂w1 =




1 0

0
√

1 − pw1


 ; M̂w2 =




1 0

0
√

1 − pw2


 . (III.1)

The output state after applying the weak measurements is given as:

ϱ̂W
AB = (M̂w1 ⊗ M̂w2)ϱ̂AB(M̂w1 ⊗ M̂w2)

† (III.2)
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Noise Noise

WM WM

Laboratory
|ψ+

AB⟩

Bob

RMRM

Alice

FIGURE III.1: Scheme for protecting entanglement of the quantum channel using weak and reversed measurements.
We first perform a weak measurement (WM) on |ψ+

AB⟩ before distribution through noise. The reversed measurement
(RM) is carried out by Alice and Bob.

with: ϱ̂AB = |ψ+
AB⟩⟨ψ+

AB|. Now, if it is assumed that both qubits ("A" and "B") are forced to pass through
the dephasing channel, where the Kraus operators describing the dephasing noise are:

K0 =
√

1 − p




1 0

0 1


 ; K1 =

√
p




1 0

0 −1


 (III.3)

which satisfy the completeness relation,

1

∑
ν=0

KνK†
ν = Î2×2. (III.4)

The dephasing channel acts on the state ρ̂AB with probability p and it preserves the density operator with
probability 1 − p. The output state is given as:

ϱ̂W−DP
AB = (K0 ⊗K0)ϱ̂

W
AB(K0 ⊗K0)

† + (K1 ⊗K1)ϱ̂
W
AB(K1 ⊗K1)

† + (III.5)

(K0 ⊗K1)ϱ̂
W
AB(K0 ⊗K1)

† + (K1 ⊗K0)ϱ̂
W
AB(K1 ⊗K0)

†.

Later on, Alice and Bob perform the reversed measurements, by strength pr1 and pr2, respectively, on their
qubits. The reversed measurement operators are as follows:

R̂r1 =




√
1 − pr1 0

0 1


 ; R̂r2 =




√
1 − pr2 0

0 1


 . (III.6)
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The final state shared between Alice and Bob becomes :

ϱ̂W−DP−R
AB = (R̂r1 ⊗ R̂r2)ϱ̂

W−DP
AB (R̂r1 ⊗ R̂r2)

†. (III.7)

For the sake of simplicity, we assume that the weak and reversed measurements are performed by Alice
and Bob with equal strengths, namely pw1 = pw2 = pw and pr1 = pr2 = pr. We present the state (Eq.III.7)
in the computational basis {|00⟩, |01⟩, |10⟩, |11⟩}:

ϱ̂W−DP−R
AB =

1
2




1 0 0 αβ
(
1 − 4(p + p2)

)

0 0 0 0

0 0 0 0

αβ
(
1 − 4(p + p2)

)
0 0 1




, (III.8)

where: α = 1 − pw and β = 1 − pr. A straightforward calculation gives the negativity of the partial
transpose for the state (III.8):

N PT
Dph = αβ

(
1 − 4(p + p2)

)
. (III.9)

When the quantum channel is distributed by the bit flip or bit-phase flip channel, the final state can be
obtained in the same way. A further calculation reveals that the expressions for the negativity of the partial
transpose for the bit-flip and bit-phase flip, N PT

Dph, are the same as those for the dephasing channel, so we

do not list the corresponding expressions of ϱ̂
W−B f−R
AB ϱ̂

W−BF f−R
AB here.Furthermore, when the quantum

channel is distributed through a depolarizing channel, the expression of N PT
Dpl is as follows:

N PT
Dpl = αβ2(1 − 8

9
(3p − 2p2))− 4β

9
(1 + α2)(3p − 2p2)) (III.10)

Fig. (III.2) shows the behavior of the negativity N (PT) of the quantum channel for bidirectional telepor-
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FIGURE III.2: N PT vs p the noise strength, depolarizing channel (Red dashed). The dephasing, bit-flip and the
bit-flip channels (Green solid), at (a) pw = 0 and pr = 0. (b) pw = 0, 3 and pr = 0, 7.

tation in the presence of four typical noise channels, which are the bit flip, phase flip, bit-phase flip and
the depolarizing channels. The negativity of the partial transpose under the dephasing, the bit flip and
the bit-phase flip channels have the same expression. So, the green-solid curve describes the behavior of
N (PT) under these three noise channels. While the red-dotted curve describes the negativity of the partial
transpose under a depolarizing channel. The entanglement is greatest at p = 0, as shown in Fig. (III.2a).
However, due to the decoherence caused by noisy channels, the quantum channel of the bidirectional
quantum teleportation loses its entanglement, where the negativity N (PT) decreases as the channels’ noise
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strengths increase. The decreasing rate depends on the type of the noisy channel, where the entanglement
sudden death of entanglement is predicted for the depolarizing channel at p = 0.22. Furthermore, the
minimum value of the entanglement (N (PT) = 0) is depicted at p = 0.5 for the dephasing, bit-flip, and
bit-phase flip channels. As one increases the channel strength, the entanglement increases gradually to
reach its maximum value at p = 1. In this context, it is worth mentioning that the vanishing entangle-
ment is displayed at different strengths of the used channel, where the dephasing, bit-flip and bit-phase
flip channels are more robust than the depolarizing channel.

The effect of the weak and the reversed measurements on the noisy channel is described in Fig. (III.2b),
where we set a non-zero value for the weak and the reversed measurements at pw = 0.3 and pr = 0.7.
The amount of the entanglement is smaller at p = 0, where N (PT) decreases as the weak and the reversed
measurements strengths increase. Moreover, the phenomenon of the entanglement sudden death appears
at a small value of the depolarizing noise, namely at p = 0.19. This result, shows that the weak and
reversed measurements decrease the entanglement of the quantum channel of the BQT, where the maxi-
mum values of the negativity are always less than those shown in Fig. (III.2a).

N PT

pw

pr

FIGURE III.3: N PT vs (pw, pr) the weak-reversed measurements strengths.

The Fig. (III.3) shows that the weak and the reversal measurements cannot improve the Negativity of
the partial transpose. On the contrary, by increasing the weak and the reversed strengths, N PT decreases
whatever the values of the strengths pw and pr are.

Amplitude damping channel:

The amplitude damping channel (ADC) is a schematic model that describes the dissipative interaction
between a two level quantum system S and the environment E [162], which is represented as follows:

UAD =





|0⟩S|0⟩E −→ |0⟩S|0⟩E

|1⟩S|0⟩E −→
√

1 − p|1⟩S|0⟩E +
√

p|0⟩S|1⟩E, with: 1 − p = e−γt/2.
(III.11)

Where |0⟩S and |1⟩S represent the ground and excited states of the system S, respectively. |0⟩E and |1⟩E de-
note the vacuum state and one excitation of the environment.The amplitude damping channel’s strength
p ∈ [0, 1], i.e. the probability of decay from the excited level to the ground level with damping rate γ.The
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Eq. (III.11) clearly shows that the qubit loses one excitation to the environment with a probability of p.

In this case, we assume that during the distribution process from the laboratory to the users (as dis-
played in Fig. III.1), Alice’s and Bob’s qubits are forced to pass through the amplitude damping channel.
Due to this process, the shared state between Alice and Bob becomes:

ϱ̃W−AD
AB = (K0 ⊗K0)ϱ̂

W
AB(K0 ⊗K0)

† + (K1 ⊗K1)ϱ̂
W
AB(K1 ⊗K1)

† (III.12)

+(K0 ⊗K1)ϱ̂
W
AB(K0 ⊗K1)

† + (K1 ⊗K0)ϱ̂
W
AB(K0 ⊗K0)

†,

where: ϱ̂W
AB is the output state after performing the weak measurement (Eq. III.2), K0 and K1 are the Kraus

operators:

K0 =




1 0

0
√

1 − p


 ; K1 =




0
√

p

0 0


 , (III.13)

K0 and K1 satisfy the completeness relation:

1

∑
ν=0

KνK†
ν = Î2×2 (III.14)

By applying the reversal measurements, the shared state between the users may be written in the compu-
tational basis {|00⟩, |01⟩, |10⟩, |11⟩} as:

ϱ̂W−AD−R
AB =

1
N′




A 0 0 D

0 B 0 0

0 0 B 0

D 0 0 C




, (III.15)

where:

A = (1 − pr)
2(1 + p2 + (1 − pw)

2) ; B = p(1 − p)(1 − pw)
2(1 − pr)

C = ((1 − p)(1 − pw))
2 ; D = (1 − p)(1 − pw)(1 − pr).

The normalisation factor N′ is given as:

N′ = (1 − pr)
2 + (1 − pw)

2(1 − p)2 + 2p(1 − p)(1 − pr)(1 − pw)
2 + p2(1 − pw)

2(1 − pr)
2. (III.16)

The negativity of this state is written:

N ′PT
Ad =

−2
N ′

[
p(1 − p)(1 − pr)(1 − pw)

2 − (1 − p)(1 − pw)(1 − pr)
]
. (III.17)

It is worth mentioning that in the case where only one qubit (let suppose it to be the qubit ”B”) passes
through the noisy channel, Bob will apply the weak measurement with strength pw. The output state after
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Bob’s weak measurement is shown as follows:

|ψ+
AB⟩W =

1√
2 − pw

(|000⟩+
√

1 − pw|110⟩)ABEW . (III.18)

Now, Bob performs the reversal measurement on his qubit, then the final state between Alice and Bob
becomes:

ϱ̂W−AD′−R
AB =




1 − pr 0 0
√
(1 − p)(1 − pr)(1 − pw)

0 0 0 0

0 0 p(1 − pw)(1 − pr) 0

√
(1 − p)(1 − pr)(1 − pw) 0 0 (1 − p)(1 − pw),




, (III.19)

N is the normalization factor of the state Eq.(III.19), where:

N = 1 − pr + (1 − p)(1 − pw) + (1 − pw)p(1 − pr). (III.20)

The amount of the entanglement by means of the negativity is given as:

N PT
Ad = − 1

N

[
p(1 − pw)(1 − pr)−

√
p2(1 − pw)2(1 − pr)2 + 4(1 − pr)(1 − p)(1 − pw)

]
. (III.21)

The behavior of the negativity, as a measure of the entanglement, is displayed in the Fig. (III.4.a). It
is shown that the negativity is maximal at p = 0, namely when the initial state is maximally entangled.
Obviously, the negativity decreases as the strength of the damping channel p increases. However, the de-
creasing rate depends on whether one or both qubits are affected by the amplitude damping channel. It is
clear that, if both qubits are forced to pass through the amplitude damping channel (solid-red curve), the
entanglement is much smaller than that depicted when only one qubit passes through this noisy channel
(dashed-black). Moreover, the entanglement decreases linearly when one qubit is affected by the ampli-
tude damping noisy channel.

The effect of the weak and reversed measurements on the degree of the entanglement of the states
(III.19) and (III.15) is displayed in Fig. (III.4.b), Fig. (III.4.c) and Fig. (III.4.d). In general, the behavior of
the entanglement is similar to that displayed in Fig. (III.4.a), in other words, the entanglement decays as
the strength of the noise channel increases. The effect of the weak and the reversed measurements is dis-
played clearly on the negativity, where it increases as one increases the strength of both measurements,
pw and pr. Moreover, the entanglement decreases slowly and gradually only if one qubit is forced to
pass through the amplitude damping channel followed by the local weak and reversed measurements.
Generally, the local weak and reversed measurements can improve and can recover the losses of the en-
tanglement if the quantum channel of BQT is distributed through an amplitude damping channel.

III.2 Bidirectional teleportation via ADC

The purpose of this section is to investigate the effect of weak and reversed measurements on information
bidirectional teleportation. Let us clarify this idea by considering that the users Alice and Bob want to tele-
port unknown states bidirectionally between them. We assume that the users share a noisy state, where
both qubits are affected by the amplitude damping with strengths p1 and p2, respectively. To simplify the
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FIGURE III.4: N PT vs (p) the ADC strength with the weak-reversed measurements, when only Bob’s qubit suffers
ADC (Red solid), and both qubits suffered ADC (Black dashed), at (a) pw = 0 and pr = 0. (b) pw = 0, 2 and pr = 0, 4.

(c) pw = 0, 3 and pr = 0, 7. (d) pw = 0, 6 and pr = 0, 9.

calculation, we suppose that the amplitude damping channel strengths are equal, namely p1 = p2 = p.

ϱ̃ADC
AB =

1
2




1 + p2 0 0 1 − p

0 p(1 − p) 0 0

0 0 p(1 − p) 0

1 − p 0 0 (1 − p)2




. (III.22)

Alice and Bob are given the qubits |QA⟩ and |QB⟩ to be teleported between them

|QA⟩ = cos
( θA

2

)
|0A⟩+ eiϕA sin

( θA

2

)
|1A⟩, |QB⟩ = cos

( θB

2

)
|0B⟩+ eiϕB sin

( θB

2

)
|1B⟩. (III.23)

Moreover, each user has been supplied by a trigger qubit defined as:

|TA⟩ = cos
( θ̃A

2

)
|0A⟩+ sin

( θ̃A

2

)
|1A⟩ , |TB⟩ = cos

( θ̃B

2

)
|0B⟩+ sin

( θ̃B

2

)
|1B⟩ . (III.24)

Now, Alice and Bob have all the ingredients to perform the bidirectional teleportation scheme (as shown
in Fig II.2). The whole BQT process may be summarized in four steps, where the details are described
extensively in Ref. [233].

III.2.1 Implementation of BQT circuit

By performing the quantum circuit of the bidirectional quantum teleportation, the final output state de-
pends on the triggers’ states. However, we assume that the noise acts on both Bell qubits. In other words,
the noise acts on qubit ”i” with factor pi, for i = A, B. We have the following possibilities:
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1. Both triggers are prepared in the state ϱTA = 1
2 ( Î + σ̂

(A)
z ), and ϱTB = 1

2 ( Î + σ̂
(B)
z ) :

In this case, no measurement has been done, i.e, (σ̂x, σ̂z) gates are not triggered. Therefore, the
collapsed states at Alice’s and Bob’s hands can be written as:

ϱ
(Tel)
(0A)

=
1
2




1 + p 0

0 1 − p


 , ϱ

(Tel)
(0B) =

1
2




1 + p 0

0 1 − p


 (III.25)

2. Alice’s trigger qubit is prepared in ϱTA = 1
2 ( Î − σ̂

(A)
z ), and Bob’s trigger qubit is prepared in ϱTB =

1
2 ( Î + σ̂

(B)
z ):

Then, only Bob has the ability to reconstruct the state that is sent by Alice. Therefore, the final state
at Bob’s side is given as:

ϱ
(Tel)
(1B) =

(
(1−p)2 cos

(
θA
2

)2
+p(1−p) sin

(
θA
2

)2
(1−p) cos

(
θA
2

)
sin
(

θA
2

)
eiϕA

(1−p) cos
(

θA
2

)
sin
(

θA
2

)
e−iϕA p(1−p) cos

(
θA
2

)2
+(1+p2) sin

(
θA
2

)2

)
, (III.26)

whereas, θA, θB and ϕA, ϕB are the weights and the phases of the initial qubits Eq.(III.23), and θ̃A, θ̃B
are the trigger’s weights of Alice and Bob, respectively.

In her side, Alice receives the mixed state:

ϱ
(Tel)
(0A)

=
1
2




1 + p 0

0 1 − p


 (III.27)

3. If Alice’s trigger qubit is prepared in ϱTA = 1
2 ( Î + σ̂

(A)
z ), and Bob’s trigger qubit is prepared in ϱTB =

1
2 ( Î − σ̂

(B)
z ):

Then, the teleported state at Alice’s hand ϱ
(Tel)
A is the same as that obtained by Bob in Eq. (III.26), but

we just replace θA by θB and ϕA by ϕB. However, the state at Bob’s hand is ϱ
(Tel)
(0B) = (1+p)

2 |0⟩⟨0|+
(1−p)

2 |1⟩⟨1|.

In general, depending on the probabilities, in which the users Alice and Bob perform projective measure-
ments that are given as [233]:

Pi =
1
2

(
1 + cos

(
θ̃i
)

cos(θi) + sin
(
θ̃i
)

sin(θi) cos(ϕi)
)

(III.28)

where P̄i = 1 −Pi, and i = A, B.

The users will end up their protocol by two states [193, 233]. One of them at Alice’s side:

ϱ
(Tel)
A = PBP̄Aϱ

(Tel)
(1A)

+ (1 −PBP̄A)ϱ
(Tel)
(0A)

, P̄A = 1 −PA, (III.29)
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and the other in Bob’s side,

ϱ
(Tel)
B = PAP̄Bϱ

(Tel)
(1B) + (1 −PAP̄B)ϱ

(Tel)
(0B) , P̄B = 1 −PB. (III.30)

Whereas: ϱ0i =
(1+p)

2 |0⟩⟨0| + (1−p)
2 |1⟩⟨1|. Finally, the final teleported states by using the noise channel

ϱ̃ADC
AB (III.22) are given as:

ϱADC
A =

1
2

(
1 +

x,y,z

∑
i=1

a(ADC)
i σ̂i

)
, ϱADC

B =
1
2

(
1 +

x,y,z

∑
i=1

b(ADC)
i τ̂i

)
(III.31)

where,

a(ADC)
x = PAP̄B(N (PT)

Ad − (p2 − p)) cos ϕA sin
(

θA

)
, (III.32)

a(ADC)
y = −PAP̄B(N (PT)

Ad − (p2 − p)) sin ϕA sin
(

θA

)
,

a(ADC)
z = PAP̄B(1 − p) cos(θA)

2 + p(1 −PAP̄B).

Whereas, for Bob:

b(ADC)
x = PBP̄A(N (PT)

Ad − (p2 − p)) cos ϕB sin
(

θB

)
, (III.33)

b(ADC)
y = −PBP̄A(N (PT)

Ad − (p2 − p)) sin ϕB sin
(

θB

)
,

b(ADC)
z = PBP̄A(1 − p) cos(θB)

2 + p(1 −PBP̄A).

III.2.2 Teleportation quantifiers

To show clearly the effect of the ADC on the bidirectional teleportation of information, we evaluate the
averaged fidelities of teleportation and the quantum Fisher information. The expression of the fidelity of
telepotation is given as:

f in→out = ⟨Qi|ϱ(tel)out|Qi⟩, i = A, B, (III.34)

where |Qi⟩ and ρ
(tel)
out are the input and the output states, respectively. The different expression of fidelities

of teleportation are given as follows:

f A→B
Ad = PAP̄B

(
χ sin(θA)

2 +
N PT

2
(1 + cos(θA)

2) + 2p sin
(

θA

2

)4)
+

1 −PAP̄B

2
(1 + p cos(θA))

f B→A
Ad = PBP̄A

(
χ sin(θB)

2 +
N PT

2
(1 + cos(θB)

2) + 2p sin
(

θB

2

)4)
+

1 −PBP̄A

2
(1 + p cos(θB)) (III.35)

With:

χ = N (PT)
Ad − (2p2 − 2p). (III.36)

To evaluate the expression of QFI of the parameter θA, namely JθA , with "A" stands for Alice, respectively.
We use the formula (Eq. II.21):

JθA = |∂θ
−→a |2 + (−→a .∂θ

−→a )2

1 − |−→a |2 , (III.37)
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whereas, ∂θ = ∂
∂θi

. The norm |−→a | of the Bloch vectors of the teleported state from Alice to Bob which are
given in equation (III.32) is:

|−→a | =
√(

PAP̄B(N PT − (p2 − p))2 sin(θA)
2 + (PAP̄B(1 − p) cos(θA)

2 + p(1 −PAP̄B)2, (III.38)

with

∂θ
−→a =





P̄B(N PT
Ad − (p2 − p)) cos(ϕA)(∂θPA sin(θA) + PA cos(θA))

−P̄B(N PT
Ad − (p2 − p))(∂θPA sin(θA) + PA cos(θA))

P̄B(1 − p)(∂θPA cos(θA)
2 − 2PA cos(θA) sin(θA))− pP̄B∂θPA.

(III.39)

Similarly, QFI of the parameter θB could be easily evaluated using the same method, QFI of θB is written
as:

JθB = (|∂θB

−→
b |2 + (

−→
b ∂θB

−→
b )2

1 − |−→b |2
. (III.40)
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FIGURE III.5: FAvg; p = 0.6 the ADC strength with the weak-reversed measurements, when both qubits suffer
ADC.

It is clear that the average fidelities depend on the initial teleported state and the trigger states. In
the absence of the noise, Fig. (II.3), the fidelity F in→out

Avg increases as θ̃in increases and θ̃out decreases. The
maximum value is depicted at θ̃in = π and θ̃out = 0. At these points, Alice’s and Bob’s triggers have
different states |1⟩ and |0⟩, respectively; while the teleported state is |QB⟩ = |0⟩, wich contains only
classical information. The minimum averaged fidelity that the sender "A" or "B" can obtain from the re-
ceiver’s side is F in→out

Avg = 0.5. Besides, in Fig. (III.5), we quantify the averaged fidelity of the teleported
state from Alice to Bob, namely F A→B

Avg , and from Bob to Alice, F B→A
Avg , under a noisy amplitude damp-

ing channel of strength p = 0.6. The effect of the amplitude noisy channels is predicted in Figs. (III.5.a)
and (III.5.b), where we assume that both qubits pass through two identical amplitude damping channels,
namely p1 = p2 = p = 0.6. As it is displayed in Fig. (III.5.a), the behavior of F A→B

Avg is changed dramat-
ically (compared to the behavior in Fig. II.3), where at θ̃A = π and θ̃B = 0, F B→A

Avg = 1
2 (1 − p). On the

other hand, the maximum fidelity is depicted at θ̃A = 0 and θ̃B = π, namely F B→A
Avg = 1

2 (1+ p). However,
the fidelity decreases gradually as the weight angle of Alice’s trigger (Bob’s trigger) increases (decreases),
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respectively.

The fidelity of the teleported state from Bob to Alice, F B→A
Avg is displayed in Fig.(III.5.b), where we use

the same initial state settings as in Fig.(III.5.a). As it is displayed in Fig.(III.5.b), the fidelity increases grad-
ually as the weight angle of Bob’s trigger state increases, while Alice’s trigger state decreases. The maxi-
mum value of F B→A

Avg = (1+p)
2 is predicted at θ̃A = 0 and θ̃B = π, while the minimum value F B→A

Avg = (1−p)
2

is displayed at different initial state settings of the users’ triggers.

So, the effect of the amplitude damping channel on the behavior of the average fidelities, F A→B
Avg and

F B→A
Avg , is displayed in Fig.(III.5). The maximum/minimum values of the average fidelities are shown

at different initial state settings. However, as it is displayed in Fig.(III.5), the fidelity F B→A
Avg (F A→B

Avg ) is
maximum when Alice’s and Bob’s triggers are prepared with θ̃A = π, and θ̃B = 0 (θ̃A = 0, and θ̃B = π),
respectively.
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FIGURE III.6: Jθ ; p = 0.6 the ADC strength when both qubits suffer ADC.

Now, we display the behavior of the quantum Fisher information with respect to the weight parameters
θA and θB. The effect of amplitude noise on the quantum Fisher information for θA and θB, namely JθA ,
JθB , is shown in Fig.(III.6). As has been shown in this figure, the noise dramatically decreases the quantum
Fisher information with respect to the weight parameters θA and θB. However, the maximum bound of
JθA =

Jp=0
2 − p(JθB ) ; where Jp=0 is the maximum value of QFI without noise, is predicted at θA = 0

and θB = π (θA = π and θB = 0), respectively. Next, we investigate the effect of the weak and reversed
measurements on the BQT of information.

III.3 WR measurements effect of BQT

Some quantum phenomena are frequently enhanced by using weak and reversal measurements. In the
following, we investigate the possibility of improving the fidelities of the bidirectional teleportation of
information discussed previously. If the partners (Alice and Bob) apply the weak and reversal measure-
ments on the noisy channel shared between them, they will end-up the protocol with the state in Alice’s
hand:

ϱ
(Tel)
A =




ϱA
11 ϱA

12

ϱA
21 ϱA

22


 , (III.41)
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with,

ϱA
11 = PBP̄A

(
|β|2 cos

(
θB

2

)2

+ |η|2 sin
(

θB

2

)2)
+
(1 −PBP̄A)

λ

(
|α|2 + (1 − pw)

2p(1 − pr)(1 − ppr

)
,

ϱA
12 = PBP̄Aβα cos

θB

2
sin

θB

2
eiϕB ,

ϱA
21 = ϱA∗

12 ,

ϱA
22 = PBP̄A

(
|ζ|2 cos

(
θB

2

)2

+ (|α|2 + |δ|2) sin
(

θB

2

)2)
+
(1 −PBP̄A)

λ

(
(1 − pw)

2(1 − p)(1 − ppr)
)

,

α = 1 − pr ; β = (1 − pw)(1 − p) ; η = (1 − pw)
√

p(1 − p)pr ; δ = (1 − pw)p(1 − pr)

ζ = (1 − pw)
√

p(1 − p)(1 − pr) ; λ = |α|2 + |β|2 + |η|2 + |ζ|2 + |δ|2 (III.42)

pr, pw are the strength of the reversed, weak measurements, respectively. pp is ADC strength. However,
the teleported state to Bob is given as:

ϱ
(Tel)
B =




ϱB
11 ϱB

12

ϱB
21 ϱB

22


 , (III.43)

with

ϱB
11 = PAP̄B

(
|β|2 cos

(
θA

2

)2

+ |ζ|2 sin
(

θA

2

)2)
+
(1 −PAP̄B)

λ

(
|α|2 + (1 − pw)

2p(1 − pr)(1 − ppr

)

ϱB
12 = PAP̄Bβα cos

θA

2
sin

θA

2
eiϕA ; ϱB

21 = ϱB∗
12 ,

ϱB
22 = PAP̄B

(
(|δ|+ |α|2) sin

(
θA

2

)2

+ |η|2 cos
(

θA

2

)2)
+
(1 −PAP̄B)

λ

(
(1 − pw)

2(1 − p)(1 − ppr)
)

.

The fidelity of the teleported states from both users is given as:

f B→A = PBP̄Aκ +
1
λ
(1 −PBP̄A)χ, f A→B = PAP̄Bκ

′
+

1
λ
(1 −PAP̄B)χ

′
; (III.44)

where,

κ = (β cos
(

θB

2

)2

+ α sin
(

θB

2

)2

)2 +
sin(θB)

2

4
(η2 + ζ2) + δ2 sin

(
θB

2

)4

,

χ = α2 cos
(

θB

2

)2

+ (1 − pw)
2(1 − ppr)(p cos(θB)− prp cos

(
θB

2

)2

+ sin
(

θB

2

)2

)

κ
′

= (β cos
(

θA

2

)2

+ α sin
(

θA

2

)2

)2 +
sin(θA)

2

4
(η2 + ζ2) + δ2 sin

(
θA

2

)4

,

χ
′

= α2 cos
(

θA

2

)2

+ (1 − pw)
2(1 − ppr)(p cos(θA)− prp cos

(
θA

2

)2

+ sin
(

θA

2

)2

)

The effect of the weak and the reversal measurements is displayed in Fig. (III.7) and Fig. (III.8), where we
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FIGURE III.7: FAvg; p = 0.6 the ADC strength with the weak-reversed measurements, when both qubits suffer ADC
, at (b) pw = 0, 7 and pr = 0, 4.
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FIGURE III.8: Jθ ; p = 0.6 the ADC strength with the weak-reversed measurements, when both qubits suffer ADC ,
at (b) pw = 0, 7 and pr = 0, 4.

assume that, the teleported states from both sides are prepared as θA = θB = 0. The general behavior
shows that, the maximum values of the fidelities F B→A

Avg ( F A→B
Avg ) and JθA (JθB ) increase as soon as the

weak and reversal measurements are applied. These results can be seen by comparing the Fig. (III.7) with
Fig. (III.5) for F B→A

Avg , and F A→B
Avg and Fig. (III.8) with Fig. (III.6) for JθA and JθB . When the trigger and tele-

ported states are prepared in the same polarisation, the efficiency of the weak and reversed measurements
increases. However, if any triggers are prepared in a polarisation that is different from the teleported state
polarisation, then the weak and reversed measurements decrease the fidelities further.

The Fig. (III.9) shows the behavior of the fidelities averaged at different trigger weights, namely at
θ̃A = θ̃B = θ̃t, with (θ̃t = 0, π

2 and 3π
4 ). As it is displayed in Fig. (III.9.a), the averaged fidelities are

maximal if the state and the trigger are polarized in the same direction. However, Fig. (III.9.b) when the
users applied the weak and the reversed measurements, the averaged fidelities FAvg decrease for all the
initial teleported states, except for the state with an initial value greater than 0.5. This shows that the
weak and reversed measurements cannot improve the fidelity of all the teleported states. Furthermore,
based on the quantum purification [169], one cannot increase the fidelity of the teleported states by using
local operation and quantum communication if the initial fidelity is smaller than 1

2 . Yet, the weak and the
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FIGURE III.9: FAvg; p = 0.6 the ADC strength with the weak-reversed measurements, when both qubits suffer
ADC, at (b) pw = 0, 7 and pr = 0, 4. θA = θB = θ; Black: θ̃t = 0; Red: θ̃t = π

2 ; Blue: θ̃t = 3π
4 . The orange line:

FClassic
Avg = 2

3

reversed measurements cannot overtake the fidelity limit attainable using only classical means and local
operations which is 2

3 described by the orange curve in Fig. (III.9).
Similarly, Fig.(III.10) depicts the behavior of fidelities averaged at various trigger weights, namely θ̃A and
θ̃. The quantum Fisher information, Jθi , is maximized if the state and the trigger are polarized in the
same direction, as shown in Fig.(III.10.a). However, as shown in Fig.(III.10.b) , when users use the weak
and reversal measurements, the quantum Fisher information Jθi increases for all initial teleported states
except the state with a null initial value, namely Jθi = 0 (i = A, B).
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FIGURE III.10: Jθi ; p = 0.6 the ADC strength with the weak-reversed measurements, when both qubits suffer ADC,
at (b) pw = 0, 7 and pr = 0, 4. θA = θB = θ; Black: θ̃t = 0; Red: θ̃t =

π
2 ; Blue: θ̃t =

3π
4 .

The Fig. (III.11) shows the impact of the weak and reversed measurements on the quantum Fisher
information, Jθi . It is clear that as soon as the weak and the reversed measurements increase the quantum
Fisher information also increases. However, if the initial value of the quantum Fisher information is null,
Jθi = 0, the weak and revised measurements cannot increase it.

We have already discussed the possibility of improving the entanglement, the average fidelities of the
bidirectionally teleported states and the quantum Fisher information, where the shared channel between
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FIGURE III.11: Jθi Vs the weak and the reversed measurements strengths. (a): The initial QFI Jθi = 0.2. (b): Jθi = 0.

the users is affected by different noisy channels. Based on the bidirectional teleportation protocol, the
fidelity of the teleported state from each side depends on the initial teleported state and the trigger’s
states of both users. Since, the shared channel between the users is noisy, the efficiency of the bidirec-
tional teleportation protocol decreases; though it is known that this channel plays the central role in the
teleportation process. We discussed the entanglement behavior of this channel under different typical
noisy channels such as, dephazing, bit-flip, phase-flip, depolarizing and amplitude damping channels;
where we use the negativity of the partial transpose of the density operator as a measure of entangle-
ment. It is shown that the entanglement decays as the channel’s strength increases. However, the weak
and reversed measurements cannot overcome the effect of all the previously mentioned noise, except
the amplitude damping channel. Furthermore, the teleported states’ average fidelities and the quantum
Fisher information from both sides decrease when the protocol is performed using the noisy channel.
However, the channel strength and the initial states of the triggers control the possibility of maximizing/
minimizing the fidelity of the teleported states and the quantum Fisher information. If the initial state of
the teleported state and its corresponding trigger are prepared in a different polarization from the trig-
ger on the other side, both quantities are minimized. This phenomenon is changed dramatically when
the noise is applied to the shared channel between the users. However, in the presence of the noise, the
maximum and minimum values are predicted at different states of the triggers. The upper bounds of
both quantities are improved when the users apply the local weak and reversed measurements. How-
ever, these measurements do not change the maximum/minimum positions. Moreover, as it is predicted
from the numerical calculations, the minimum values of the fidelities within the WR measurements are
smaller than those predicted without the WR measurements. However, the bidirectional teleportation can
be improved by using the WR measurements if the initial fidelities of the states are larger than (0.5) and
the quantum Fisher information is not null. These results lead us to ask the question: Can we overcome
the effects of the other types of noise? In the following, we will discuss the effect of the noise channels’
correlations on the BQT.

III.4 BQT under correlated noise

Now our main mission is to discuss the robustness of the bidirectional protocol in the presence of different
types of noises, where these noises may be correlated or non-correlated. Generally, a correlated noisy
channel ϵ is a channel with correlated actions on a sequence of qubits. In contrast, a non-correlated
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channel is a channel with independent actions. Moreover, for the two-qubit input state ρi, the output
state ϱ(t) f will be given as [228, 234]:

ϱ̂(t) f = ϵ(ϱ̂) = (1 − ν)
3

∑
n,m=0

Ku
nmϱ̂iKu†

nm + ν
3

∑
k=0

Kc
kkϱ̂iKc†

kk . (III.45)

Where the operators K are the Kraus operators which describe the actions of ϵ. The superscripts u and c
denote uncorrelated and correlated, respectively. The parameter ν represents the strength of the succes-
sive actions of ϵ on qubits. It is noted that, if the channel is uncorrelated (ν = 0), the expression of Ku

nm is
given by:

Ku
nm =

√
pnσ̂n ⊗

√
pmσ̂m. (III.46)

However, if the channel is totally correlated (ν = 1), the expression of Kraus operator is given as:

Kc
kk =

√
pkσ̂kσ̂k, (III.47)

pi is the probability with which the noise is applied to the channel’s qubits.

We will proceed to investigate the effect of noise correlations on the amount of entanglement in the
quantum channel. Subsequently, we will display the effect of noise correlations on the fidelities of tele-
portation and on quantum Fisher information.

III.4.1 Bit-flip

Let the qubits of the state (Eq. II.3) be prepared in the Laboratory (by a third part, let’s call it "Charlie")
and distributed to Alice and Bob under a bit-flip noise. With probability p1, the bit-flip noise flips the state
from |0⟩ to |1⟩ or vice versa. It commonly appears in quantum error correction [235]. The Kraus operators
describing the actions of the correlated bit-flip channel are represented as follows:

Ku
00 = p0Î ⊗ Î ; Ku

01 =
√

p0 p1Î ⊗ σ̂x; Ku
10 =

√
p1 p0σ̂x ⊗ Î ;

Ku
11 = p1σ̂x ⊗ σ̂x; Kc

00 =
√

p0Î ⊗ Î ; Kc
11 =

√
p1σ̂x ⊗ σ̂x. (III.48)

whereas, p0 = 1 − p, p1 = p. 0 ≤ p ≤ 1 is the decoherence factor, and Î , σ̂x are the unitary and the σ̂x
Pauli-operators, respectively.

By straightly substituting, the Kraus operators from Eq.(III.48) in the channel Eq.(III.45), the quantum
channel of the BQT could be obtained as:

ϱ̂
b f
AB =

1
2




1 − 2(1 − ν)(p − p2) 0 0 1 − 2(1 − ν)(p − p2)

0 2(1 − ν)(p − p2) 2(1 − ν)(p − p2) 0

0 2(1 − ν)(p − p2) 2(1 − ν)(p − p2) 0

1 − 2(1 − ν)(p − p2) 0 0 1 − 2(1 − ν)(p − p2)




(III.49)

The amount of entanglement in the state Eq.(III.49) is given by:

N (PT)
b f = 1 − 4(1 − ν)(p − p2). (III.50)
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Now, the users will implement the bidirectional protocol by using the channel ϱ̂
b f
AB. Then, the received

state at Bob’s hand is given as:

ϱ̂
b f
A =

1
2
( Î + ∑

i
ab f

i σ̂i), (III.51)

where ab f
i are the Bloch vectors given by,

a(b f )
x = PAP̄B cos(ϕA) sin(θA), a(b f )

y = −PAP̄B sin(ϕA) sin(θA), a(b f )
z = PAP̄BN PT

b f cos(θA). (III.52)

However, the received state at Alice’s hand is given as:

ϱ̂
b f
B =

1
2

(
Î + ∑

i
bb f

i τ̂i

)
, (III.53)

where

b(b f )
x = PBP̄A cos(ϕB) sin(θB), b(b f )

y = −PBP̄A sin(ϕB) sin(θB), a(b f )
z = PBP̄AN PT

b f cos(θB). (III.54)

By Substituting Eq. (III.52) and Eq. (III.54) into the expression of the quantum Fisher information that is
given in Eq. (II.21), one could easily get the expression of the QFI with respect to the parameter θA, and
θB, respectively.

Furthermore, the expressions of the teleportation Fidelities are given as follows:

f A→B
b f = PAP̄B

(
1 +

cos(θA)
2

2
(N PT

b f − 1)
)
+

1 −PAP̄B

2

f B→A
b f = PBP̄A

(
1 +

cos(θB)
2

2
(N PT

b f − 1)
))

+
1 −PBP̄A

2
. (III.55)

III.4.2 Phase-flip

The phase flip operation describes the loss of information in a quantum state without energy loss [236].
The Kraus operators describing this process are given as follows:

Ku
00 = p0Î ⊗ Î ; Ku

01 =
√

p0 p1Î ⊗ σ̂z; Ku
10 =

√
p1 p0σ̂z ⊗ Î

Ku
11 = p1σ̂z ⊗ σ̂z Kc

00 =
√

p0Î ⊗ Î ; Kc
11 =

√
p1σ̂z ⊗ σ̂z, (III.56)

whereas, p0 = 1 − p, p1 = p, p is the decoherence factor, 0 ≤ p ≤ 1. Now, if the initial state passes
through this noise channel. Then, By replacing the Kraus operators Eq. (III.56) in the channel Eq. (III.45),
the quantum channel of the BQT under correlated phase flip noise could be obtained as:

ϱ̂
p f
AB =

1
2




1 0 0 1 − 4(1 − ν)(p − p2)

0 0 0 0

0 0 0 0

1 − 4(1 − ν)(p − p2) 0 0 1




(III.57)
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The amount of the survival quantum correlation is measured by the negativity where,

N (PT)
p f = 1 − 4(1 − ν)(p − p2). (III.58)

After the bidirectional teleportation process using Eq.(III.57), Alice and Bob can reconstruct the quantum
state:

ϱ̂
p f
A =

1
2

(
Î +

x,y,z

∑
i=1

a(p f )
i σ̂i

)
, ϱ̂

p f
B =

1
2

(
Î +

x,y,z

∑
i=1

b(p f )
i τ̂i

)
(III.59)

where

a(p f )
x = PAP̄B

√
N PT

p f cos(ϕA) sin(θA), a(p f )
y = −PAP̄B

√
N PT

p f sin(ϕA) sin(θA),

a(p f )
z = PAP̄B cos(θA).

b(p f )
x = PBP̄A

√
N PT

p f cos(ϕB) sin(θB), b(p f )
y = −PBP̄A

√
N PT

p f cos(ϕB) sin(θB),

b(p f )
z = PBP̄A cos(θB). (III.60)

The Fidelities of teleported states are given by:

f A→B =
PAP̄B

2
(
(1 +

√
N PT

p f ) + (1 −
√
N PT

p f ) cos(θA)
2) +

1 −PAP̄B

2
,

f B→A =
PBP̄A

2
(
(1 +

√
N PT

p f ) + (1 −
√
N PT

p f ) cos(θB)
2) +

1 −PBP̄A

2
. (III.61)

III.4.3 Depolarizing channel

This type of noise brings any density matrix to the completely depolarized state with probability pi
(i = 1, 2, 3), i.e, replaces it with a completely mixed state 1

2 Î. However, with the probability p0, it is
left untouched [77]. The noise is uncorrelated and specified by the Kraus operators:

Ku
00 = p0Î ⊗ Î ; Ku

01 =
√

p0 p1Î ⊗ σx; Ku
02 =

√
p0 p2Î ⊗ σy; Ku

03 =
√

p0 p3Î ⊗ σz;

Ku
10 =

√
p0 p1σx ⊗ Î ; Ku

11 = p1σx ⊗ σx; Eu
12 =

√
p1 p2σx ⊗ σy; Ku

13 =
√

p1 p3σx ⊗ σz;

Ku
20 =

√
p0 p2σy ⊗ Î ; Ku

21 =
√

p1 p2σy ⊗ σx; Ku
22 = p2σy ⊗ σy; Eu

23 =
√

p2 p3σy ⊗ σz;

Ku
30 =

√
p0 p3σz ⊗ Î ; Ku

31 =
√

p1 p3σz ⊗ σx; Eu
32 =

√
p2 p3σz ⊗ σy; Ku

33 = p3σz ⊗ σz;

Kc
00 =

√
p0Î ⊗ Î ; Kc

11 =
√

p1σx ⊗ σx; Kc
22 =

√
p2σy ⊗ σy; Kc

33 =
√

p3σz ⊗ σz, (III.62)

with p0 = 1 − p, pi =
p
3 (i = 1, 2, 3) and p ∈ [0, 1] is the decoherence factor. Then, By replacing the Kraus

operators given in the above equations, and the state Eq. (III.62) in the channel Eq. (III.45), the quantum
channel of the BQT under correlated depolarizing noise could be obtained as:

ϱ̂
Dep
AB =

1
4




2 − η 0 0 2 − 2η

0 η 0 0

0 0 η 0

2 − 2η 0 0 2 − η




, (III.63)
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where: η = 8(1−ν)(3p−2p2)
9 . The amount of entanglement is given as,

N (PT)
Dep = 1 − 4

3
(1 − ν)(3p − 2p2). (III.64)

Similarly, after applying the bidirectional teleportation protocol, the users will get the states,

ϱ̂
Dep
A =

1
2

(
Î +

x,y,z

∑
i=1

a(Dep)
i σ̂i

)
, ϱ̂

Dep
B =

1
2

(
Î +

x,y,z

∑
i=1

b(Dep)
i τ̂i

)
(III.65)

where,

a(Dep)
x = PAP̄B cos(ϕA) sin(θA)

(
1 −

1 −N PT
Dep

3

)
, a(Dep)

z = PAP̄B cos(θA)
(

1 −
1 −N PT

Dep

3

)
;

a(Dep)
y = −PAP̄B sin(ϕA) sin(θA)

(
1 −

1 −N PT
Dep

3

)
,

b(Dep)
x = PBP̄A cos(ϕB) sin(θB)

(
1 −

1 −N PT
Dep

3

)
, b(Dep)

z = PBP̄A cos(θB)
(

1 −
1 −N PT

Dep

3

)
.

b(Dep)
y = −PBP̄A cos(ϕB) sin(θB)

(
1 −

1 −N PT
Dep

3

)
. (III.66)

The expressions of the teleportation fidelities are given as follows:

f A→B =
PAP̄B

3
(
2 +N PT

Dep
)
+

1 −PAP̄B

2
;

f B→A =
PBP̄A

3
(
2 +N PT

Dep
)
+

1 −PBP̄A

2
. (III.67)

III.4.4 Amplitude damping channel

The amplitude damping channel (ADC) describes a general energy dissipation process between qubit
system and environment [77]. ADC is a widely discussed model for various realistic physical evolution.
From the Kraus operators, we can represent the correlated amplitude damping channel [234] is given as:

KAd
00 = |00⟩ ⟨00|+ |01⟩ ⟨01|+ |10⟩ ⟨10|+

√
1 − p |11⟩ ⟨11| , KAd

11 =
√

p |00⟩ ⟨11| (III.68)

Then, By replacing the Kraus operators Eq. (III.68) in the channel Eq. (III.45), the quantum channel of the
BQT under correlated Amplitude damping noise could be obtained as:

ϱ̂ADC
AB =

1
2




(1 + p2)(1 − ν) + ν(1 + p) 0 0 C
p + ν

√
1 − p

0 C 0 0

0 0 C 0

C
p + ν

√
1 − p 0 0 (1 − ν)(1 − p)2 + ν(1 − p),




(III.69)

with: C = p(1 − p)(1 − ν). Similarly, the amount of entanglement of the output state ϱ̂ADC
AB , is given by:

N (PT)
ADC = (1 − p)2(1 − ν) + ν

√
1 − p. (III.70)
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Finally, the final teleported states by using the noise channel ϱ̂ADC
AB are given by:

ϱ̂ADC
A =

1
2

(
1 +

x,y,z

∑
i=1

a(ADC)
i σi

)
, ϱ̂ADC

B =
1
2

(
1 +

x,y,z

∑
i=1

b(ADC)
i τi

)
, (III.71)

where different coefficients,

a(ADC)
x = PAP̄B(N PT

ADC − (1 − ν)(p2 − p)) cos ϕA sin
(

θA

)
,

a(ADC)
y = −PAP̄B(N PT

ADC − (1 − ν)(p2 − p)) sin ϕA sin
(

θA

)
,

a(ADC)
z = PAP̄B

(
(D − B) cos

( θA

2

)2
+(B − A) sin

( θA

2

)2)
+p(1 −PAP̄B);

b(ADC)
x = PBP̄A(N PT

ADC − (1 − ν)(p2 − p)) cos ϕB sin
(

θB

)
,

b(ADC)
y = −PBP̄A(N PT

ADC − (1 − ν)(p2 − p)) sin ϕB sin
(

θB

)
;

b(ADC)
z = PBP̄A

(
(D − B) cos

( θB

2

)2
+(B − A) sin

( θB

2

)2)
+p(1 −PBP̄A), (III.72)

and

A = (1 + p2)(1 − ν) + ν(1 + p); B = p(1 − p)(1 − ν);
D = (1 − ν)(1 − p)2 + ν(1 − p); T = (1 − p)(1 − ν) + ν

√
1 − p. (III.73)

The expression of the teleportation Fidelities of are given as follows:

f A→B = PAP̄B
(
χ sin(θA)

2 + δ cos
(

θA

2

)4

+ η sin
(

θA

2

)4)
+

1 −PAP̄B

2
(1 + p cos(θA));

f B→A = PBP̄A
(
χ sin(θB)

2 + δ cos
(

θB

2

)4

+ η sin
(

θB

2

)4)
+

1 −PBP̄A

2
(1 + p cos(θB)), (III.74)

with different elements are presented as

χ = N PT
ADC − (1 − ν)(2p2 − 2p); δ = N PT

ADC + ν(1 − p −
√

1 − p);
η = N PT

ADC + (ν + 2p − ν
√

1 − p). (III.75)

III.4.5 The correlated noise effect on Entanglement

In this section, we display the negativity of the partially transposed density operator in order to show the
amount of entanglement remaining in the quantum channel of the BQT. Also, the effect of the different
noise correlations on this amount of entanglement.

Fig. (III.12) shows the behavior of the negativity N (PT) of the bidirectional teleported states in the
presence of correlated and non-correlated noise. As shown in Fig. (III.12a), the noisy channels are assumed
to be uncorrelated, the entanglement is greatest at p = 0. However, due to the decoherence caused by the
noisy channels, the quantum channel of BQT loses its entanglement, where the negativity N (PT) decreases
as the channels’ noise strengths increase. The decreasing rate depends on the type of the noisy channel,
where the sudden decay of the entanglement is predicted for the depolarizing channel, while the gradual
decay is displayed for the amplitude damping channel. Moreover, for the bit-flip channel and the phase-
flip channels, the minimum value of the entanglement (N (PT) = 0) is depicted at p = 0.5. As one increases
the channel strength, the entanglement increases gradually to reach its maximum value at p = 1. In this
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FIGURE III.12: Behavior of entanglement N (PT)(p) in the presence of different noisy channels. The solid green,
dashed red, and dot-dashed blue lines, correspond to, bit-flip and phase flip channels, depolarizing channels, and

amplitude damping channel, respectively. For (a): uncorrelated channels (ν = 0). (b): (ν = 0.4)

context, it is worth mentioning that the vanishing entanglement is displayed at different strengths of the
used channels, where the phase-flip and bit-flip channels are more robust than the other channels. The
effect of the correlated noisy channels is depicted in Fig. (III.12b), where we set the channel parameter ν =
0.4 to a non-zero value. The behavior of the entanglement is similar, where N (PT) decreases as the channel
strength increases. Moreover, the phenomena of the sudden decay disappear, where the entanglement
survives at any value of the channel strength, only the amplitude damping channel vanishes at p = 1.
This result shows that the correlated noise channels improve the entanglement of the quantum channel
of BQT, where the minus values of the negativity are always larger than those shown in Fig. (III.12a).

III.4.6 Bidirectional teleportation quantifiers

Let us now investigate the BQT of the quantum states. When the quantum channel of the BQT protocol is
subjected to different correlated noisy channels, we use the expressions of the teleportation fidelities from
Alice to Bob and from Bob to Alice to evaluate the average fidelities.
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FIGURE III.13: The θ dependency of FA→B
Avg for the different types on noise. The solid Black, Dot-dashed Gray,

dashed Blue, and dotted red lines, correspond to Bit flip, Phase flip, depolarizing, and amplitude damping channels,
respectively. we set for, p = 0.4, and (a): ν = 0, (b): ν = 0.6.

From Fig. (III.13) and Fig. (III.14), we show the behavior of the average fidelities of teleportation from
Alice to Bob and from Bob to Alice, namely F A→B

Avg and F B→A
Avg , respectively. In this figures, we assume

that Alice’s trigger qubit is prepared in the state with weight θ̃A = π and Bob’s trigger qubit with weight
θ̃B = 0. We can see that as shown in Fig. (III.13.a), the averaged fidelity F A→B

Avg could reach its maximum
when Alice’s trigger qubit and the initial state are prepared in the same polarization. However, it is
clear from the Fig. (III.13.b) that F A→B

Avg increases if the correlation strength of channels increases. On the
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FIGURE III.14: The θ dependence of F B→A
Avg for the different types on noise. The solid Black, Dot-dashed Gray,

dashed Blue, and dotted red lines, correspond to Bit flip, Phase flip, depolarizing, and amplitude damping channels,
respectively. we set for, p = 0.4, and (a): ν = 0 (b): ν = 0.6.

other hand, Fig. (III.14) displays the behavior of the averaged fidelity of teleportation from Bob to Alice,
namelyF B→A

Avg , where we assume that Bob’s trigger is prepared with weight angle θ̃B = 0 and Alice’s
trigger with θ̃A = π. Clearly, from this plot, one can note that the average fidelity is minimum if Bob’s
trigger qubit and the initial state are prepared in totally different weight angles, namely, θ̃B = 0 and
θ = π. Besides, the averaged fidelity reach the maximum value when Bob’s trigger qubit and the initial
state are prepared in the same polarization direction, namely θ̃B = 0 and θ = 0. However, we note
that the averaged fidelity increases if the correlation strength of the noisy channels, bit-flip, phase-flip,
depolarizing, and amplitude damping channel, increase.
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FIGURE III.15: The ν dependency of Jθ for different noisy channel with p = 0.3. The solid Black, dashed green,
dot-dashed blue, and dashed red lines, correspond to bit and phase flip channel, amplitude damping channel, and
depolarizing channel, respectively. where we assume that, θA = θB = π

2 and ϕA = ϕB = 0 and θ̃A = π and θ̃B = 0.

The behavior of the quantum Fisher information with respect to the weight parameters θA and θB,
namely JθA and JθB , versus the correlation strength of the noisy channels is depicted in Fig. (III.15); where
we assume that Alice’s trigger is prepared at θ̃A = π and Bob’s trigger qubit is prepared at θ̃B = 0. One
can note that by increasing the correlation strength between successive actions of noisy channels, such as:
bit-flip, phase-flip, depolarizing, and amplitude damping channels, the quantum Fisher information with
respect to the weight parameter could notably be enhanced.

In Fig. (III.16), we display the behavior of the quantum Fisher information of the weight parameter,
Jθi ; where the sender’s weight trigger is set to θ̃i = π and the receiver’s weight trigger is set to 0. More-
over, we assume that the initial states are prepared with θA = θB = θ and ϕA = ϕB = 0. As displayed in
Fig. (III.16.a) and Fig. (III.16.b), the existence of correlations in the noisy channels enhances the estimation
of the teleported weight parameter.
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For (a): uncorrelated channels (ν = 0). (b): (ν = 0.8)

In this section, we are interested in the effects of the noise correlations on the bidirectional telepor-
tation of the quantum states between two legitimate partners, Alice and Bob. We have discussed the
entanglement of the quantum channel of the bidirectional teleportation protocol through the negative
partially transposed N PT measure, under different noisy channels, such as the bit flip, phase flip, depo-
larizing, and amplitude damping channels. The N PT depends on the noise factors and the correlation
strengths between the successive actions of noise channels. However, it is shown that N PT is increased
when we take into account the correlations between noise actions for the bit-flip,phase-flip, depolarizing,
and amplitude damping channels. Also, we have investigated the average fidelity of bidirectional tele-
portation and the quantum Fisher information with respect to the weight parameters. Analytical forms of
the teleportation fidelities from one side to the other one, f in→out, and Fisher information Jθi are obtained
for the correlated bit-flip, phase-flip, depolarizing, and amplitude damping channels. Furthermore, the
expressions of the averaged teleportation fidelities, and the quantum Fisher information depend on the
noise factor, the correlation strength of the noise channel, and also on the trigger qubits and the initial
state settings. It is shown that the maximum/minimum teleportation of information and the estimation
of the weight parameter depend on the initial states of the triggers; where the maximization is achieved
if the sender’s trigger qubit and the initial qubits are initially prepared in the same direction. However,
the effect of the noise that decreases both quantities dramatically could be tackled in a small range of time
by exploiting the correlation between successive actions of the noise channel. In the following, we will
investigate the effects of non-Markovianity on the BQT and the combined effect of the non-Markovianity
and the correlated channel on the BQT.

III.5 BQT and non-Markovianity

Now, we investigate the effects of the combined memory types on the bidirectional quantum teleporta-
tion, where the quantum channel of the BQT is distributed by typical correlated decoherence channels,
namely a dephasing channel and an amplitude damping channel. We show that the entanglement of
the quantum channel of the BQT, the teleportation fidelities and quantum Fisher information could be
enhanced further by taking into account the classical correlations between successive actions of the deco-
herence channels in a non-Markovian regime, compared with the classical correlations in the markovian
regime of these decoherence channels.
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III.5.1 Non-Markovian models

Now, to explore the p dependence on time, Da f f er et al. [237] presented a colored dephasing model,
where pD could explicitly depend on time. This model describes the time evolution of a single qubit
through the Hamiltonian Ĥ(t) = αh̄β(t)σ̂z, where α is a coin-flip random variable with possible values
±1. The random variable β(t) has a Poisson distribution with a mean equal to t

2τ . The decoherence factor
can be given as[237]:

p(t)D =
1 − γ(t)

2
, (III.76)

where
γ(t) = e−ν

(
cosh(Ur) +

1
U

sinh(Ur)
)
, (III.77)

with U =
√

1 − 16τ2, and r = t
2τ is a dimensionless time. The parameter τ controls the degree of the non-

Markovianity of the dephasing process, where τ < 0.25 corresponds to the Markovian regime. However,
τ > 0.25 corresponds to the non-Markovian regime.

A well studied model that describes the interaction of two qubits, each one interacting only and inde-
pendently with its local environment formed by the quantized modes of a high-Q cavity. The Hamiltonian
describing the system is given as [238]:

Ĥ = ω0σ+σ− + ∑
k

ωkr†
k rk + (σ+B + σ−B†), (III.78)

with B = ∑k gkrk, where ω0 is the transition frequency of the two-level qubit and σ± are the lowering
and raising operators and k stands for the field modes of the reservoir with frequencies ωk. rk, r†

k are the
creation and annihilation mode operators, and gk are the coupling constants. Indeed, two coupling regime
can be distinguished; namely weak and strong regimes. In the case of a weak regime, the relaxation time is
greater than the reservoir correlation time γ < Γ/2, τR > 2τB. The decoherence factor is given as follows
[1],

p(t)A = e−Γt
(

cosh
(

dt
2

)
+

Γ
d

sinh
(

dt
2

))2
(III.79)

whereas, d = i
√

2γΓ − Γ2. Γ depends on the reservoir correlation time τr ≈ Γ−1 and γ is the coupling
strength related to qubit relaxation time τq ≈ γ−1.

Besides, in the strong coupling regime, for γ > Γ/2, τR < 2τB, the large reservoir correlation time
is greater or of the same order of the relaxation time. Consequently, the non-Markovian effects become
important. The decoherence factor in the strong coupling regime can be obtained by substituting the
hyperbolic functions with the corresponding harmonic ones and d =

√
2γΓ − Γ2 in Eq.(III.79).

III.5.2 BQT under dephasing noise

Supposing that the bidirectional teleportation quantum channel is distributed through a dephasing chan-
nel. Then, by replacing the decoherence factor p in the expression of the negativity of the partial transpose
(in Eq. III.58), and in the fidelity averaged (in Eq. III.61) and the quantum Fisher information, we display
the behavior of these three quantities in the following figures.

Fig. (III.17) depicts the negativity, fidelity averaged from the sender (denoted by ”in”) to the receiver
(denoted by ”out”), and quantum Fisher information of the parameter ”θi”, where ”i = A” or ”B”, namely
N (PT)

D , F in→out
Avg and Jθi versus time in the Markovian regime. In this case, we consider τ = 0.1, with U

equal to 1 − τ, where U ≈ 1 − τ. The three quantities are decreasing monotonically with the flow of time
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FIGURE III.17: N (PT)
D , F in→out

Avg and Jθi for i = A, B, versus the re-scaled time t∗ = t
π for the phase flip channel in

Markovian regime with τ = 0.1. The solid black, Red dashed, Orange dotted and blue dashdotted correspond to
ν = 0, 0.3, 0.6, and 0.9, respectively.

t. By increasing the correlation factor ν, the three quantities could be increased and reach their asymptotic
values, N (PT)

D ≈ ν, F in→out
Avg ≈ ν

n + 0.5 where n = 1, 2, 3, 4. and JθA = 0.8 + ν.

In Fig. III.18, we present the behavior of the negativity, fidelity averaged and the quantum Fisher
information of the parameter θ, namely N (PT)

D , F in→out
Avg and Jθi , with i = A, B versus time in the non-

Markovian regime of the colored dephasing channel, where we set τ > 0.25. It is clear from these figures
that the behavior of the three quantities show damped oscillations. If τ > 0.25, then we get |U| ≈ 4τ,
and p(t)D = (1 − e−

t
2τ cos(2t))/2. it is clear from the figure that T = 0.5π is the oscillations period. At

the instants t = n(T) with n ∈ N the negativity, the averaged fidelity and QFI reach their maximum
values. These maximum values decrease with time. However, at instants t = m T

2 where m ∈ N∗, the

three quantities, namely N (PT)
D , F in→out

Avg and Jθi decrease to their minimum values, u, ν
n + 0.5, 0.8 + ν,

respectively. Hence, the exploitation of the combined effects of memory: the classical correlations between
successive action of the dephasing channel and the non-Markovianity could enhance further the amount
of entanglement remaining in qubits of the quantum channel which is distributed by a dephazing channel,
and the teleportation of information bidirectionally.

III.5.3 BQT under amplitude damping

Fig. (III.19) depicts the behavior of the negativity, average fidelities and quantum Fisher information for
the parameter θ, namely N (PT)

ADC , F in→out
Avg and Jθi , in the Markovian regime of the amplitude damping

channel, with γ < Γ/2, and d = −Γ. As shown in these figures, the three quantities are decreasing
monotonically with time and frozen at values of 0, 0.34 and 0, respectively. However, by exploiting the
correlation between the channel’s actions, one can slightly increase the three quantities, where the three
quantities, N (PT)

ADC , F in→out
Avg and Jθi are frozen with values 0, 0.3+ ν

2n and 0, respectively, where i = 1, 2, 3, 4.
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FIGURE III.18: Same as in Figure 2, but in the non-Markovian regime with τ = 7.
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FIGURE III.19: Negativity, Fidelity averaged, and quantum Fisher information under Amplitude damping channel
versus the re-scaled time in the Markovian regime (Γ = 5γ). The solid black, red dashed, orange dotted and bue

dotdashed correspond to ν = 0, 0.3, 0.6, and 0.9, respectively. We set here θA = θB = 0 and θ̃A = 0, θ̃B = π.

In Fig III.20 depicts the behavior of the negativity, fidelity averaged and the quantum Fisher infor-
mation for the parameter θ, namely N (PT)

ADC , F in→out
Avg and Jθi in the non-Markovian regime of the colored

amplitude damping channel; when γ > Γ/2 and d =
√

2γΓ, we have p(t)A = e−Γt cos(dt/2)2. Indeed,



70 Chapter III. Bidirectional Teleportation through Noisy Channels

5 10 15 20 25 30

0.2

0.4

0.6

0.8

1.0

N (PT)
ADC

(a)

t∗

0 5 10 15 20 25 30

0.4

0.5

0.6

0.7

0.8

0.9

1.0

F
in
→

ou
t

A
vg

(b)

t∗ 5 10 15 20 25 30

0.2

0.4

0.6

0.8

1.0

Jθi

(c)

t∗

FIGURE III.20: Negativity, Fidelity averaged, and quantum Fisher information versus the re-scaled time in non-
Markovian regime with Γ = 0.1γ. The solid black, red dashed, orange dotted and blue dotdashed correspond to

ν = 0, 0.3, 0.6, and 0.9, respectively. We set here θA = θB = 0 and θ̃A = 0, θ̃B = π.

the damped oscillations have a period T = 9π of their evolution against time t. It is clear that the three
quantities have maximum peaks at the instants of time t = nT with n ∈ N; these peaks decrease with
time flow. Besides, at the instant time t = n T

2 with n ∈ N∗ the three quantities decrease to their minimum
values 0, 0.3 + ν

2n , 0, respectively.

In general, we are interested in the combined memory effects, the channel correlation and the non-
Markovianity of the channel, on the bidirectional quantum teleportation of single-qubit states between
two parts, namely Alice and Bob. Firstly, we have investigated the entanglement of the quantum chan-
nel of the bidirectional teleportation protocol using the negative partially transposed measure N (PT). We
have derived N (PT) of the quantum channel that is distributed through typical decoherence channels such
as dephasing and amplitude damping channels. N (PT) depends on the decoherence factor and the corre-
lation strength of the channels. It is demonstrated that when the correlations between channel actions are
considered, the value of N (PT) increases. However, N (PT) could be further enhanced by considering the
correlations of the channel in the non-Markovian regime.

Also, we have investigated the average fidelities of the bidirectional teleportation and the Fisher in-
formation with respect to the weight parameters, θA and θB. The explicit forms of the fidelities of telepor-
tation f in→out, and quantum Fisher information Jθi (for i = A, B) are obtained for colored dephasing and
amplitude damping channels. Furthermore, the expression of the teleportation fidelities and the quan-
tum Fisher information depends on the amount of the survival entanglement of the quantum channel of
the BQT and on the decoherence factor, correlation strength of the noise channel, and also on the trig-
ger qubits and the initial state settings. It is shown that both quantities F in→out

Avg and Jθi are decreasing
monotonically in the course of the time evolution in the Markovian regime. However, by exploiting the
correlation between the successive actions of the decoherence channel, one could slightly increase these
quantities. We further discussed the effects of the channel correlations in the non-Markovian regime on
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the teleportation fidelities, and the quantum Fisher information. The result shows that, while they de-
crease monotonically with time in the Markovian regime, their strengths can be further enhanced due to
the non-Markovian memory effect in a wide time range.

III.6 Conclusion

In this chapter, we are interested in the effect of the weak and reversed measurements on the quantum
channel of the BQT. We assume for a realistic implementation that the quantum channel should be noisy,
which we consider typical noise to model the noise channels that are frequently faced in real cases. We
showed that the weak and reversed measurements could not mitigate the effect of the bit-flip, phase-
flip, bit-phase flip and the depolarizing channel. However, the weak and the reversed measurements
could only recover the entanglement if and only if the quantum channel is distributed over an amplitude
damping channel. Furthermore, we evaluated the averaged fidelities and the quantum Fisher informa-
tion to quantify the bidirectional quantum teleportation of information. We showed that the weak and
the reversed measurements could improve the teleportation of the states and the parameters if the initial
fidelities of this state are greater than 0.5, and the initial quantum Fisher information is non-null.

In addition, we investigated the effect of the noise correlation on the BQT. The exploitation of the noise
correlations could protect the entanglement of the quantum channel. Moreover, the average fidelities and
the quantum Fisher information with respect to the weight parameters could be noticeably enhanced by
exploiting the noise correlations; by increasing the strength of the correlations of the noise channel and
the partial transpose, the average fidelities of teleportation and the quantum Fisher information could be
noticeably enhanced for a small range of time.

Nevertheless, by considering the interaction of the qubits and their environment in a non-Markovian
fashion, the three quantities could be enhanced further for a long time range.

In the next chapter, we will extend the BQT protocol, we will suggest a new bidirectional teleportation
protocol that allows the transmission of quantum information between three users.
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Chapter IV

Bidirectional teleportation protocols

The reliable transfer of quantum information between multiple quantum devices is a focal step in the im-
plementation of large scale quantum computing, communication processes, and the creation of quantum
internet [239]. Therefore, the extension of the bidirectional teleportation process is an open challenge.
Beside teleporting completely unknown states, it is possible to teleport entangled states and quantum
operations. Although these results open up new possibilities for the transmission and the processing of
qubits, but it is also useful for the realization of quantum repeaters [39].

In this chapter, we suggest a new three-party bidirectional quantum teleportation protocol which al-
lows three legitimate partners to exchange their quantum states using a GHZ state as a quantum channel.
We generalize this protocol to make the bidirectional quantum teleportation of states possible through
a quantum network composed of N partners. Furthermore, we present a bidirectional non-local imple-
mentation of the CNOT gate. The CNOT gate is a universal quantum gate [77] frequently used in quan-
tum processing protocols such as the quantum teleportation and quantum algorithm. Based on the latter
scheme, we suggest a new scheme for the bidirectional quantum teleportation of generalized two-qubit,
three-qubit and n-qubit states.

IV.1 Three-party bidirectional teleportation

We start by addressing the issue about the possibility to add a third direction of teleportation, by adding
a third part called ”Charlie” as a partner in the teleportation process discussed in Chapter II, by using
a GHZ state as a quantum channel, three trigger qubits and classical communication channels (please
see Fig. IV.1). Effectively, bidirectional teleportation can be assured between every two partners with the
assistance of the third part. In the suggested teleportation scheme, the third part not only supervises the
whole process but also could teleport and receive quantum states.

In this framework, let’s assume that the users (Alice, Bob, and Charlie) share the GHZ state given as:

|GHZA,B,C⟩ =
1√
2
(|0A0B0C⟩+ |1A1B1C⟩), (IV.1)

where ”A”, ”B” and ”C” refer to Alice, Bob, and Charlie respectively. It is assumed that the users Alice,
Bob and Charlie are given three different states, |QA⟩, |QB⟩ and |QC⟩ to be teleported, where:

|QA⟩ = cos
(

θA

2

)
|0A⟩+ eiϕA sin

(
θA

2

)
|1A⟩ , |QB⟩ = cos

(
θB

2

)
|0B⟩+ eiϕB sin

(
θB

2

)
|1B⟩ ,

|QC⟩ = cos
(

θC

2

)
|0C⟩+ eiϕC sin

(
θC

2

)
|1C⟩ . (IV.2)
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In the Bloch representation, the states Eqs. (IV.2) may be written as:

ϱ̂
(A)
Q =

1
2

(
Î + ∑

i=x,y,z
aiσ̂i

(A)
)

, ϱ̂
(B)
Q =

1
2

(
Î + ∑

i=x,y,z
biτ̂i

(B)
)

, ϱ̂
(C)
Q =

1
2

(
Î + ∑

i=x,y,z
ciγ̂i

(C)
)

(IV.3)

where ai, bi and ci (for i = x, y, z) are the Bloch vectors of Alice’s, Bob’s and Charlie’s qubits, respectively.
σ̂i

A, τ̂i
B and γ̂i

C (for i = x, y, z), represent the Pauli operators of Alice’s, Bob’s and Charlie’s qubits, respec-
tively.

FIGURE IV.1: Alice − Bob and Charlie could exchange their states bilaterally by using a GHZ state together with
local operations and classical communications LOCC (double line). Where the teleported state cannot be recon-

structed by the receiver without the contribution of the other partners.

Furthermore, each user has three trigger qubits which they are defined initially as,

|TA⟩ = cos
( θ̃A

2

)
|0A⟩+ sin

( θ̃A

2

)
|1A⟩ , |TB⟩ = cos

( θ̃B

2

)
|0B⟩+ sin

( θ̃B

2

)
|1B⟩ ,

|TC⟩ = cos
( θ̃C

2

)
|0C⟩+ sin

( θ̃C

2

)
|1C⟩ , (IV.4)

Similarly, the triggers can be represented by their Bloch vectors as:

ϱ̂TA =
1
2

(
Î + ∑

i=x,y,z
t(A)
i σ̂i

(A)
)

, ϱ̂TB =
1
2

(
Î + ∑

i=x,y,z
t(B)
i τ̂i

(B)
)

, ϱ̂TC =
1
2

(
Î + ∑

i=x,y,z
t(C)i γ̂i

(C)
)

(IV.5)

whereas t(A)
i (t(B)

i ) and (t(C)i ) are the Bloch vectors of Alice’s, Bob’s and Charlie’s trigger, respectively.

Additionally, Alice is supplied by two storage qubits,
∣∣∣S(1)

A

〉
and

∣∣∣S(2)
A

〉
. The same thing for Bob and

Charlie, they are supplied by four storage qubits, two for Bob
( ∣∣∣S(1)

B

〉
,
∣∣∣S(2)

B

〉 )
and two for Charlie

( ∣∣∣S(1)
C

〉
,
∣∣∣S(2)

C

〉 )
. It is assumed that, these qubits are initially prepared in a vacuum state, i.e.,

∣∣∣S(i)
j

〉
=

|0⟩ , i = 1, 2 and j = A, B, C. These types of qubits are used as a storage of the projective measurement
outcomes. All these types of qubits are described clearly in the circuit (please see Fig. (IV.2)). Indeed, the
partners perform two types of quantum gates; the CNOT gate and the Toffoli gate (CCNOT)[169]. The
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Toffoli gate flips the target qubit if, and only if, the two control qubits are in the state |1⟩. In a generic
form, one can write its effect as CCNOT |abc⟩ = |ab, c ⊕ a.b⟩. Where ⊕ is the addition modulo 2.

IV.1.1 Performing the protocol

To achieve the suggested three-party bidirectional teleportation protocol, the users perform the following
quantum circuit step by step as described below:

|TA⟩
|TB⟩
|TC⟩
|QA⟩
|QB⟩

|QC⟩
|GHZA⟩
|GHZB⟩
|GHZC⟩

|S1
A⟩

|S2
A⟩

|S1
B⟩

|S2
B⟩

|S1
C⟩

|S2
C⟩

ρTel

FIGURE IV.2: Quantum circuit of the three-party bidirectional teleportation between Alice, Bob, and Charlie using
a single GHZ3 state and three trigger qubits |TA⟩, |TB⟩ as well as |TC⟩. The gates X, Z, and H denote the Pauli and
Hadamard gates respectively. • and ⊕ indicate the control and target qubits of CNOT and To f f oli gates respectively.
All measurement outcomes (0 or 1) are transmitted via classical channels represented by double lines into gates X
and Z. The dashed-line block stands for the contribution of the mediator. The receiver is concerned with the gates

enclosed in the box with a solid-line.

• From Alice to Bob through Charlie

1. Step one:

The users prepare their initial state, which consists of 15 qubits, by using the states Eqs. (IV.1-
II.7). This state may be written as:

|ψs⟩ = |GHZA,B,C⟩
∣∣∣QAS(1)

A S(2)
A TA

〉 ∣∣∣QBS(1)
B S(2)

B TB

〉 ∣∣∣QCS(1)
C S(2)

C TC

〉
. (IV.6)

2. Step two:
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The users apply the CNOT gate between the teleported state |QA,B,C⟩ as control qubits and the
GHZ qubits |GHZA,B,C⟩ as target qubits. The state becomes:

|ψs⟩
′
= CNOT3

(
|GHZA,B,C⟩

∣∣∣QAS(1)
A S(2)

A TA

〉 ∣∣∣QBS(1)
B S(2)

B TB

〉 ∣∣∣QCS(1)
C S(2)

C TC

〉 )
(IV.7)

Then, the users apply Hadamard gates on the teleported qubits |QA,B,C⟩ of the previous output
results, which gives:

|ψs⟩
′′
= H3

(
CNOT3(|GHZA,B,C⟩

∣∣∣QAS(1)
A S(2)

A TA

〉 ∣∣∣QBS(1)
B S(2)

B TB

〉 ∣∣∣QCS(1)
C S(2)

C TC

〉
)
)

(IV.8)

3. Step three:

The three users perform two Toffoli gates; where for the first one, the triggers |TA,B,C⟩ and

|QA,B,C⟩ represent the control qubits and
∣∣∣S(2)

A,B,C

〉
act as target qubits. While in the second

Toffoli gate, the triggers |TA,B,C⟩ and the GHZ pairs; |GHZA,B,C⟩, act as control qubits and∣∣∣S(1)
A,B,C

〉
act as the target qubits. These operations are defined by:

CCNOT3

(
H3

(
CNOT3(|GHZA,B,C⟩

∣∣∣QAS(1)
A S(2)

A TA

〉 ∣∣∣QBS(1)
B S(2)

B TB

〉 ∣∣∣QCS(1)
C S(2)

C TC

〉
)
))

(IV.9)

4. Step four:

The outcome states after performing the To f f oli gates are stored in the qubits
∣∣∣S(1)

A

〉
and

∣∣∣S(2)
A

〉
.

The results of the measurements in the computational basis{|0⟩, |1⟩} are sent by classical chan-
nel to Bob. Based on Alice’s measurements, Bob performs the adequate local operations (X̂, Ẑ),
on his GHZB qubit. Furthermore, Charlie performs a Hadamard gate followed by a projective
measurement on the basis {|0⟩, |1⟩}. This result is also sent by a classical channel to Bob in
order to recover the state |QA⟩.

• From Bob to Alice through Charlie:
Bob performs the same operation that Alice has done, and Charlie should always perform a Hadamard
gate and a projective measurement to finally teleport the state |QB⟩ to Alice.

The teleportation between any two random partners of the scheme may always be done with contribu-
tion of the third partner. Conventionally, we assume that the sender is ”S”, the receiver is ”R” and the
mediator is ”M”. the teleportation could be done in two sense S → M → R and vice versa R → M → S
by performing the protocol steps described above. The proof of the suggested BQT scheme is clearly
described in (Appendix. C).

IV.1.2 Implementation of the Circuit

The final output of the circuit depends on the initial state of the triggers. However, we have the following
possibilities [233]:

1. The initial state of the three triggers are initially prepared in the states, ϱ̂TS = 1
2

(
1 + σ̂z

(S)
)

, ϱ̂TM =

1
2

(
1 + τ̂z

(M)
)

and ϱ̂TR = 1
2

(
1 + γ̂z

(R)
)

. In this case, each partner obtains the completely mixed state,

i.e., ϱ̂
(S)
Q = ρ

(R)
Q = ϱ̂0 = 1

2 (|0⟩ ⟨0|+ |1⟩ ⟨1|), and ϱ̂
(M)
Q = |0⟩⟨0| or |1⟩⟨1|.
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2. The sender’s, the mediator’s, and the receiver’s triggers are prepared in the states ϱ̂TS = 1
2

(
1 −

σ̂z
(S)
)

, ϱ̂TM = 1
2

(
1 − τ̂z

(M)
)

, and ϱ̂TR = 1
2

(
1 − γ̂z

(R)
)

. In this case, all the partners perform a perfect
projective measurement with the probability:

Pi = Tr
{

ρTS ϱ̂
(S)
Q

}
= Tr

{
ϱ̂TM ρ

(M)
Q

}
= Tr

{
ϱ̂TR ϱ̂

(R)
Q

}
= sin2(θi/2), i = S, M, R. (IV.10)

The process will end up by the state bellow,

ρ
(R)
tel = PSP̄RP̄Mϱ̂

(S)
Q + (1 −PSP̄RP̄M)ϱ̂0, P̄i = 1 −Pi i = S, M, R. (IV.11)

3. If the sender’s trigger qubit is prepared in the state ϱ̂TS = 1
2

(
Î − σ̂z

(S)
)

, the mediator’s trigger

qubit is prepared in the state ϱ̂TM = 1
2

(
Î + τ̂z

(M)
)

, receiver’s trigger qubit is prepared in the state

ϱ̂TR = 1
2

(
Î + γ̂z

(R)
)

, and if the mediator performs on his/her GHZ qubit a Hadamard gate followed

by a projective measurement on the basis {|0⟩, |1⟩}, only the sender has the ability to teleport his/her
qubit to the receiver. Accordingly, when the sender gets the completely mixed state, i.e., the final
state at the sender’s hand is ϱ̂

(S)
tel = ϱ̂0, the final state at the receiver’s hand is ϱ̂

(R)
tel = ϱ̂

(S)
Q .

IV.1.3 The fidelity of teleported states

The fidelity that measures the overlap between the input state |Q⟩in and the final teleported state ϱ̂out is
given by:

f in→out = in ⟨Q| ϱ̂out |Q⟩in , (IV.12)

we can easily get:

f S→R = S ⟨ψ| ϱ̂R |ψ⟩S =
1 + PSP̄RP̄M

2
, (IV.13)

where the probabilities may be written as:

PS =
1
2

(
1 + cos

(
θ̃S
)

cos(θS) + sin
(
θ̃S
)

sin(θS) cos ϕS

)
,

P̄M =
1
2

(
1 + cos

(
θ̃M
)

cos(θM) + sin
(
θ̃M
)

sin(θM) cos ϕM

)
,

P̄R =
1
2

(
1 + cos

(
θ̃R
)

cos(θR) + sin
(
θ̃R
)

sin(θR) cos ϕR

)

(IV.14)

where P̄i = 1 − Pi, and θ̃i, θi, ϕi (for i = S, M, R) stand for initial state weight, trigger weight and initial
state phase, respectively.

However, the averaged fidelity over all the input states may be described by the fidelity average:

F S→R
avg =

1
4π

∫ π

0
dθi

∫ 2π

0
f S→R(θi, ϕi) sin θidϕi (IV.15)

where, 4π is the solid angle.

• Teleportation from Alice to Bob through Charlie
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Let us clarify this protocol by discussing the possibility of teleporting a state from Alice to Bob with
Charlie’s assistance. The aim of Alice is sending the state ϱ̂A

Q to Bob, the trigger states of the users,

Alice, Charlie and Bob are prepared in the states ϱ̂TA = 1
2

(
Î − σ̂z

(A)
)

, ϱ̂TC = 1
2

(
Î + τ̂z

(C)
)

, and

ϱ̂TB = 1
2

(
Î + γ̂z

(B)
)

respectively. Under these assumptions, Alice has the ability to teleport her qubit
to Bob by the help of Charlie, where Charlie performs a Hadamard gate followed by a projective
measurement in the basis {|0⟩, |1⟩} in order to allow Alice to transfer her state to Bob. Otherwise,
the teleportation fails. Due to this process, Alice’s state reduces into a mixed state i.e., ϱ̂

(A)
tel = ϱ̂0,

while Bob gets the teleported state, ϱ̂
(B)
tel = ϱ̂

(A)
Q . However, if Alice’s trigger is prepared in the state

ϱ̂TA = 1
2

(
Î + σ̂z

(A)
)

, the teleportation process will not be completed.

Fig. (IV.3) shows the average teleportation fidelity from Alice as a sender to a receiver (Bob) through
a mediator (Charlie), namely F A→B

avg . It is assumed that the initial and the trigger states of the re-
ceiver and the mediator are the same, i.e. θC = θ̃C = θB = θ̃B = θ, and ϕB = ϕC = ϕ. In the
numerical computations, we set θA = θ̃A = 0 and ϕA is arbitrary, namely the teleported state codes
classical information i,e. ϱ̂A

Q = |0⟩⟨0|. It is clear that the fidelity average increases gradually as the
weight angle θ and the phase angle ϕ increase. The maximum value of the teleported state from
Alice to Bob is predicted when the states of Bob and Charlie and their triggers are initially prepared
with θB = θ̃B = θC = θ̃C = π

2 and ϕB = ϕ̃B = ϕC = ϕ̃C = π. This means that to maximize the
average fidelity of the teleported classical information, the receiver and the mediator prepare their
initial states as: |QB⟩ = |QC⟩ = 1√

2
(|0⟩ − |1⟩).

F A→B
avg

θ

ϕ

0

0.2

0.4

0.6

0.8

1.0

FIGURE IV.3: The teleportation fidelity |QA⟩ = |0⟩ , ϕA is arbitrary, namely θA = 0 from Alice to Bob, where the
initial states of Charlie and Bob are prepared with θB = θC = θ̃C = θ̃B = θ and ϕB = ϕC = ϕ.

In Fig. (IV.4), we describe the behavior of the fidelity F A→B
avg at different teleportation states; where

we set θA = π
2 . Therefore, the teleported state at Alice may be written as: |QA⟩ = 1√

2
(|0⟩+ eiϕA |1⟩).

The effect of the phase angle ϕA on the behavior of the fidelity is displayed at different values of
ϕA. However, the behavior of F A→B

avg at ϕ = 0 is the same as it is displayed in Fig. (IV.3), be-
cause ϕA is arbitrary. On the other hand, at ϕ = π

4 , the fidelity behavior of the teleported state
|QA⟩ = 1√

2
|0⟩+ 1

2 (1 + i) |1⟩, as it is displayed in Fig. (IV.4.a) is similar to that in Fig. (IV.3), but the
maximum values are smaller. Moreover, the maximum values of the fidelity are predicted at the
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same values of the weight and phase angles of the receiver and the mediator. Fig. (IV.4.b) describes
the behavior of F A→B

avg , at ϕA = π
2 , i.e. |QA⟩ = 1√

2
(|0⟩ − i |1⟩). It is clear that, the fidelity is smaller

than that displayed in Fig. (IV.4.a), which means that the structure of the teleported state plays an
important role to maximize the fidelity average. Furthermore, the behavior of the fidelity F A→B

avg

at different initial state settings, where we set |QA⟩ = 1√
2
(|0⟩ − |1⟩) and ϕA = π, is displayed in

Fig. (IV.4.c). In this case, the fidelity has a different behavior; where it is independent of the receiver
and the mediator states.

F A→B
avg

(a)

θ

ϕ

F A→B
avg

(b)

θ

ϕ

F A→B
avg

(c)

θ

ϕ

FIGURE IV.4: Fidelity of teleportation from Alice to Bob, where θA = θ̃A = π
2 , and (a): ϕA = π

4 , (b): ϕA = π
2 , and

(c): ϕA = π.

In Fig. (IV.5), we assume that Alice’s qubit is prepared in different state settings, namely (θA = π
3 ; π

4 ),
while the phase angle is ϕA = π

4 . Explicitly, Fig. (IV.5a) describes the behavior of the fidelity average

of the state |QA⟩ =
√

3
2 |0⟩ +

√
2(1+i)

4 |1⟩. It is clear that the behavior is similar to that shown in
Fig. (IV.3) and Fig. (IV.4). However, the maximum bounds of the fidelity average are predicted at the
same values that maximize the fidelity of the teleported state at θA = 0 (see Fig. (IV.3)) and at θA =
π
2 (please see Fig. (IV.4)). The maximum values of the fidelity F A→B

avg that are displayed in Fig. (IV.5a)
are larger than those displayed in Fig.(IV.4b). Fig. (IV.5b) shows the behavior of the teleported state
fidelity at Bob’s hand, where Alice’s state is prepared in the state |QA⟩ = 0.9238 |0⟩+ 0.382(1+ i) |1⟩.
The behavior is similar to that shown in Fig. (IV.3) and Fig. (IV.4), but the maximum bounds of the
fidelity are larger.

From the previous numerical behavior of the fidelities, one may conclude that, the initial state set-
tings of the teleported states play an important role to maximize/ minimize the average teleporta-
tion fidelity at the receiver’s hand. The phase angles of the receiver and the mediator could be used
as a control parameter to maximize/minimize the teleported state fidelity.

• Teleportation from Bob to Alice through Charlie:
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F A→B
avg

(a)

θ

ϕ

F A→B
avg

(b)

θ

ϕ

FIGURE IV.5: The fidelity of the teleported state at ϕA = π/4, where (a): θA = θ̃A = π
3 and (b): θA = θ̃A = π/4.

Now, let us discuss the fidelity average of the teleported state from Bob to Alice by the help of
Charlie. Due to the symmetry of the initial states of all the users, we expect that the behavior of
the fidelity is similar to that displayed when Alice teleports her state to Bob. However, Fig. (IV.6)
describes the behavior of F B→A

avg , where it is assumed that Bob prepared the teleported state with
θB = π

2 and different values of the phase angle. The maximum values of the fidelities are the same
as those shown in Fig. (IV.4).

F B→A
avg

(a)

θ

ϕ

F B→A
avg

(b)

θ

ϕ

F B→A
avg

(c)

θ

ϕ

FIGURE IV.6: Fidelity of teleportation from Bob to Alice through Charlie, where θB = θ̃B = π
2 . (a): ϕB = π

4 ; (b):
ϕB = π

2 ; (c): ϕB = π.

• Fidelity in the presence of different triggers:

In this context, it is important to discuss the behavior of the fidelity average when the triggers are
initially prepared in different states. Fig. (IV.7) describes the behavior of F B→A

avg , where the states of
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the users are prepared similarly, while different states of the triggers are considered. As it is dis-
played in Fig. (IV.7), the fidelity behavior depends on the trigger states.

Fig. (IV.7a) displays the fidelity F B→A
avg (θ̃B = π

3 , θ̃A, θ̃C), where it is assumed that the teleported state

|QB⟩ = |0⟩ and the state of the sender’s trigger is prepared in the states |TB⟩ =
√

3
2 |0⟩+ 1

2 |1⟩. At
θ̃A = θ̃C = 0, namely the receiver and the mediator prepared their triggers in the states |TA⟩ =
|TC⟩ = |0⟩, the fidelity is minimum, namely F B→A

avg = 0.5. However, as the trigger’s weight an-
gle of the receiver and of the mediator increases, where they are represented as a super position
between |0⟩ and |1⟩, the fidelity average increases gradually. As an example, if we examine the
behavior of the fidelity average at θ̃A = θ̃C = π

2 , namely, Alice and Charlie’s triggers are prepared
in the state |TA⟩ = |TC⟩ = 1√

2
(|0⟩+ |1⟩), the fidelity average increases. If the trigger’s states of the

receiver and of the mediator are different, the fidelity average will be small. Therefore, the state
of the receiver’s trigger is another factor that plays a central role on maximizing/minimizing the
teleportation fidelity. This result can be depicted clearly if the receiver prepares his/her trigger
on the state |TA⟩ = |0⟩ and the mediator’s trigger is prepared at any weight angle θ̃C ∈ [0, π]. In
this case, the fidelity is small. Nevertheless, as one increases θ̃A, the fidelity increases as θ̃C increases.

In Fig. (IV.7b), it is assumed that the sender "Bob" prepares his trigger with a weight angle θ̃B = π
4 ,

namely |TB⟩ = cos
(

π
8

)
|0⟩ + sin

(
π
8

)
|1⟩. The behavior is similar to that displayed in Fig. (IV.7a),

where the upper bounds of the fidelity is larger. The largest value of the fidelity is displayed at
θ̃A = θ̃C = π, where, in this case, the triggers of the receiver and mediator are given by the state |1⟩.

F B→A
avg

(a)

θ̃A

θ̃C

F B→A
avg

(b)

θ̃A

θ̃C

0

0.2

0.4

0.6

0.8

1.0

FIGURE IV.7: Fidelity of teleportation from Bob to Alice, where θA = θB = θC = θ = 0. and ϕA = ϕB = ϕC = 0. (a)
θ̃B = π

3 ; (b) θ̃B = π
4 .

• Average fidelity of different states:

In Fig. (IV.8) it is assumed that the receiver (R) and the mediator (M) prepared their triggers in the
same state; while the sender (S) prepared his trigger in a different state. The displayed behavior
of the fidelity shows that the upper bounds depend on the states of receiver and the mediator’s
triggers. However, at θS = 0, namely |QS⟩ = |0⟩ and the trigger states of the receiver and medi-
ator are also prepared in the states

∣∣Tj
〉
= |0⟩, (for j = R, M), the fidelity average F B→A

avg = 0.5.
However, as one increases the weight angle θi, i = S, R, M, the fidelity average increases, where
the maximum value is reached at θ = 3π

4 , namely, |QS⟩ = 0.3826 |0⟩ + 0.9238 |1⟩. If the initial
states of the three triggers are initially prepared with the same weight angle θ̃i =

π
2 , i = S, R, M,

i.e., |Ti⟩ = 1√
2
(|0⟩ + |1⟩) and the sender has classical information, the fidelity average is larger,
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FIGURE IV.8: Fidelity of teleportation from Bob to Alice through Charlie, where θA = θB = θC = θ, θ̃B = π/2 and
ϕ = 0. The solid, dash and dot curves are evaluated at θ̃A = θ̃C = 0; θ̃A = θ̃C = π

2 ; and θ̃A = θ̃C = π
4 .

i.e., F S→R
avg = 0.56. As θi increases more the fidelity average decreases gradually to reach its min-

imum values. This means that sending classical information over quantum channels is much bet-
ter than sending quantum information. If the receiver and the mediator prepared their triggers
in the state

∣∣∣TR(M)

〉
= cos

(
π
8

)
|0⟩ + sin

(
π
8

)
|1⟩, and the sender’s trigger is prepared in the state

|TS⟩ = 1√
2
(|0⟩+ |1⟩), the fidelity average of the teleported state is almost the initial value. However,

at θi =
π
2 , f or : (S, R, M), namely the state of Bob’s trigger and its state is prepared with a weight

angle π
2 , the fidelity increases to reach it maximum value at θ = π, namely the sender teleport

classical information.

IV.2 Comparison

In the suggested three-party bidirectional quantum teleportation protocol, Alice, Bob and Charlie can
exchange their states by using the GHZ state as a quantum channel. This protocol is based on CNOT,
To f f oli, Hadamard operations, and single-qubit measurements. This scheme could be generalized to N
partners.
In Refs [215, 216, 217, 218, 219], the process of teleportation needs five entangled qubits at least to teleport
one qubit and nine entangled qubits to teleport two qubits. Nevertheless, our protocol needs a single
GHZ state to teleport a single-qubit state. So, the proposed protocol requires less quantum resources.
Additionally, In Refs [215, 216, 217, 221], the partners apply two-qubit measurements which are less effi-
cient than single-qubit measurements [240]. In Table(1), we introduce details of comparison between our
proposed protocol and previous ones.

IV.3 Multi-party bidirectional teleportation

The scheme in section IV.1 may be extended to teleport quantum states through a quantum network (QN).
The extension of the teleportation scheme presented previously require an extension of the quantum chan-
nel. In other words, for N nodes of QN, one needs an n− qubit GHZ state to be shared between all the
partners. Mathematically, it is assumed that the N− partners of the QN share the following n−qubit GHZ
state:

|GHZ⟩N =
1
2
(|0⟩⊗n + |1⟩⊗n)ABCD..., (IV.16)

Where N is the number of QN’s partners and n is the number of nodes. From Eq.(IV.16), qubit A belongs
to node ”A” and qubit B belongs to node ”B” and so on, as it is displayed in Fig.(IV.9). Using the same
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Reference Partners Teleported
qubits

Quantum
channel

Auxiliary
qubits

[215] 2 1 5-qubit 0

[216] 2 2 9-qubits 0

[217] 2 1 6-qubits 0

[218] 2 (2)EPR (6qubits)GHZ6 0

[219] 2 (3)GHZ (8qubits)GHZ8 0

[193] 2 1 Bell state 2

The sug-
gested
scheme

3 1 GHZ 3

TABLE IV.1: Comparison between this work and previous works.

suggested protocol in Sec.2.1, the bidirectional teleportation from a random sender to a random receiver
on the QN could be completed successfully, using an n−qubit GHZ state as a quantum channel. In
this scheme, only the sender ”S” needs to perform a projective measurement and informs the receiver
of measurement’s outcome. All the other partners in the QN should perform a Hadamard gate on their
GHZ qubits followed by a measurement on the basis {|0⟩ , |1⟩}. Based on this, the receiver ”R” could
reconstruct the teleported state.

FIGURE IV.9: The suggested generalized quantum network, where the nodes (members) are sharing initially n−
qubit GHZ state.

IV.4 BQT of CNOT gate

The CNOT gate is a two-qubit unitary gate [77], in which the upper qubit is called the control qubit and
the lower one is the target qubit (Fig. I.5). If the control qubit is |0⟩, nothing happens to the target qubit.
Otherwise, if the control qubit is |1⟩, the target qubit is flipped. The non-local implementation of the
CNOT gate is essential for the construction of large scale quantum network in which each node from the
quantum network can act as a sender or as a receiver. It is also primordial for the distributed computation
processes, wherein each node of the quantum network deals with a small part of the whole computational
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operation.

In fact, the unidirectional non-local implementation of CNOT gate has been considered previously by
Eisert et al. [241], where it is proven that one classical bit in each direction and one shared Bell state is
necessary and sufficient for the non-local implementation of the CNOT gate. However, in what follows,
we present a scheme to perform a bidirectional non-local CNOT gate between two qubits, one of them is
at Alice’s hand and the other one is at Bob’s hand as it is described in Fig. (IV.10).

LOCC

CNOT

∣∣ψ+
AB
〉

Alice Bob

FIGURE IV.10: Scheme for the Bidirectional non-local implementation of the CNOT gate using a Bell state |ψ+
AB⟩ and

classical communication.

The initial state at the partners’ sides are necessarily arbitrary. Namely, Alice has the state:

|ΦA⟩ = (α|0⟩+ β|1⟩)A (IV.17)

Where: α and β are complex coefficients with : |α|2 + |β|2 = 1.

Similarly, Bob has the state:
|ΦB⟩ = (γ|0⟩+ δ|1⟩)B (IV.18)

Where: γ and δ are complex coefficients with : |γ|2 + |δ|2 = 1.

The main aim of our scheme is to allow Alice to perform a non-local CNOT gate at Bob’s side, where
the qubit |Φ⟩A is the control qubit of the CNOT gate and |Φ⟩B is the target qubit of the CNOT gate. On the
other hand, Bob could perform a non-local CNOT gate at Alice’s side, where the qubit |Φ⟩B is the control
qubit of the CNOT gate and |Φ⟩A is the target qubit of the CNOT gate.

The CNOT is performed between Alice and Bob, by following the steps shown in the quantum circuit
bellow (Fig. IV.11):
Before performing the protocol, Alice and Bob share the state:

|ψ⟩+ab =
1√
2
(|00⟩+ |11⟩)ab (IV.19)

Where the qubit ”a” belongs to Alice and the qubit ”b” belongs to Bob.

The quantum circuit uses 7 qubits. The trigger qubit |T⟩ is used in this scheme to select which qubit,
|ΦA⟩ or |ΦB⟩, will play the role of the control qubit or the target qubit. If |T⟩ = |1⟩, |ΦA⟩ is the control
qubit and |ΦB⟩ is the target qubit. Otherwise, if |T⟩ = |0⟩, |ΦB⟩ is the control qubit and |ΦA⟩ is the target
qubit. Furthermore, the qubits |SA⟩ and |SB⟩ are two storage qubits prepared initially in the state |0⟩. The
storage qubits |Si⟩ (i = A, B) are used to store the measurement results of the to f f oli gate.
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• • • σ̂x • • •

• σ̂z

• σ̂x • H

σ̂x • • H

• σ̂z

|T⟩
|SA⟩
|ΦA⟩
|ψ+

a ⟩
|ψ+

b ⟩
|ΦB⟩
|SB⟩

FIGURE IV.11: The circuit for implementation of Bidirectional non-local CNOT gate using Bell state. • and ⊕ denote
the control and target qubits respectively of local CNOT and CCNOT gates. X, Z, and H stand for Pauli’s and

Hadamard gates respectively. the doube-line indicates the classical channels.

IV.4.1 Performing the protocol

Our main aim is that Alice performs the CNOT gate at Bob’s side, where |Φ⟩A is the control qubit and
|Φ⟩B is the target qubit. In this case, the trigger qubit is considered at the state |1⟩, namely (|T⟩ = |1⟩).

The initial state of the whole system is written as:

|∆⟩ = |ΦASA⟩ ⊗ |ΦBSB⟩ ⊗ |T⟩ ⊗ |ψ⟩+ab (IV.20)

1. Step One:

Alice performs a To f f oli gate with the control qubits |T⟩ and |ΦA⟩ and the target qubit |ψ⟩+a . It is
worthy to mention that the To f f oli gate acts exactly as a CNOT gate if the control qubit is set to the
state |1⟩ [241]. After performing the to f f oli gate, the state of the system becomes:

|∆⟩′ = CNOT|ΦASA⟩ ⊗ |ΦBSB⟩ ⊗ |T⟩ ⊗ |ψ⟩+ab (IV.21)

Explicitly, we can write:

|∆⟩′ = αγ|00⟩|ψ⟩+ab + αδ|01⟩|ψ⟩+ab + βγ|10⟩|ψ⟩−ab + βδ|11⟩|ψ⟩−ab (IV.22)

Where:
|ψ⟩−ab =

1√
2
(|10⟩+ |01⟩)ab (IV.23)

2. Step Two:

Alice performs a projective measurement on the state |ΦA⟩ in the basis {|0⟩, |1⟩}. Actually, if the
measurement outcome is |1⟩A, the Pauli gate σ̂x is applied on the qubit |ψ⟩+b . Otherwise, if the
measurement outcome is |0⟩a, the Pauli gate is not triggered. Hence, the state is collapsed to the
state:

|∆⟩′′ = 1√
2
(αγ|00⟩AB|0⟩b + αδ|01⟩AB|0⟩b + βγ|10⟩AB|1⟩b + βδ|11⟩AB|1⟩b) (IV.24)

3. Step Three:
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A Toffoli gate is applied with the control qubits |T⟩ and |ψ⟩+b and |ΦB⟩ is the target qubit. By
considering the trigger qubit |T⟩ = |1⟩, the state becomes:

|∆⟩′′′ = 1√
2
(αγ|00⟩AB|0⟩b + αδ|01⟩AB|0⟩b + βγ|11⟩AB|1⟩b + βδ|10⟩AB|1⟩b) (IV.25)

4. Step four:

Here, we need to get rid of the qubit |ψ⟩+b . So, we apply a Hadamard gate followed by a quantum
measurement in the computational basis {|0⟩, |1⟩}. Depending on the measurement outcome (|0⟩
or |1⟩), a Pauli gate σ̂z is applied on on the qubit |ΦA⟩.

By applying the Hadamard gate on the qubit |ΦB⟩, the state is written as:

H|∆⟩′′′ = 1√
2
(αγ|00⟩AB|+⟩b + αδ|01⟩AB|+⟩b + βγ|11⟩AB|−⟩b + βδ|10⟩AB|−⟩b) (IV.26)

Whereas:

|+⟩b =
1√
2
(|0⟩+ |1⟩)b ; |−⟩b =

1√
2
(|0⟩ − |1⟩)b (IV.27)

Now, we perform a projective measurement of the state |ψ⟩+b in the computational basis {|0⟩, |1⟩}.

If the measurement result is the state |0⟩b, the Pauli gate σ̂z is not triggred. Otherwise, if the mea-
surement result is : |1⟩b, the Pauli gate σ̂z is applied on the state |ΦA⟩. However, the resulting state
is:

αγ|00⟩AB + αδ|01⟩AB + βγ|11⟩AB + βδ|10⟩AB (IV.28)

Thus, the non-local CNOT gate is applied where the control qubit |ΦA⟩ is at Aice’s side, and the target
qubit |ΦB⟩ is at Bob’s side. However, one could set the trigger state at |0⟩ and follow the same steps to
perform the CNOT gate between |Φ⟩B and |Φ⟩A, where |Φ⟩B is the control qubit and |Φ⟩A is the target
qubit.

Overall, the suggested scheme allows the bidirectional teleportation of CNOT gate, where the control
qubit is on the one side and the target qubit is on the other side of the teleportation scheme. The trigger
state controls which qubit is the control and which one is the target of the CNOT operation. Namely, if
|T⟩ = |1⟩, the qubit on Alice’s side is the control qubit of the CNOT gate and Bob has the target qubit.
However, if |T⟩ = |0⟩, the qubit on Bob’s side is the control qubit of the CNOT gate and Alice has the
target qubit.

IV.5 Bidirectional teleportation of n-qubit state

In this section, we present a bidirectional teleportation protocol, where Alice and Bob exchange n-qubit
states bilaterally, by using the previously proposed scheme of the bidirectional non-local CNOT imple-
mentation (described in IV.4).
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IV.5.1 Bidirectional teleportation of 2-qubit states

Let us start by the case of 2-qubits states . We assume that Alice has the state to be teleported:

|Q⟩A = x0 |00⟩+ x1 |01⟩+ x2 |10⟩+ x3 |11⟩ (IV.29)

and Bob has the state to be teleported:

|Q⟩B = y0 |00⟩+ y1 |01⟩+ y2 |10⟩+ y3 |11⟩ (IV.30)

xi and yi are complex coefficients. Where:

|x0|2 + |x1|2 + |x2|2 + |x3|2 = 1; and |y0|2 + |y1|2 + |y2|2 + |y3|2 = 1 (IV.31)

The main goal of this scheme is to allow the two legitimate partners, Alice and Bob, to exchange their
states (Eq. IV.29 and Eq. IV.30). The quantum channel of the teleportation scheme is a composite GHZ3
state, given as follows:

|G⟩a1a2a3b1b2b3
= |GHZ⟩a1a2a3

⊗ |GHZ⟩b1b2b3
=

1
2
(|000000⟩+ |000111⟩+ |111000⟩+ |1111111⟩)a1a2a3b1b2b3

(IV.32)
where a1 a2 and a3 belong to Alice. While, b1 b2 and b3 belong to Bob.

Now, the partners have all the details to perform the bidirectional quantum teleportation.

IV.5.2 Performing BQT protocol

By using the states in Eqs. (IV.29, IV.30, and IV.32), the state of the whole system is given as:

|ψ⟩S = |Q⟩A ⊗ |Q⟩B ⊗ |G⟩a1a2a3b1b2b3
(IV.33)

|ψ⟩S = (x0 |00⟩+ x1 |01⟩+ x2 |10⟩+ x3 |11⟩)A1 A2 ⊗ (y0 |00⟩+ y1 |01⟩+ y2 |10⟩+ y3 |11⟩)B1B2

⊗ 1
2
(|0000⟩+ |0011⟩+ |1100⟩+ |1111⟩)a1a2a3b1b2b3 (IV.34)

1. Step one:

Two Non-Local CNOT gates (CNOTNL) are applied between qubits A1 (A2) as control qubits and
(|GHZ⟩b1 (|GHZ⟩b2) as target qubits, respectively. Moreover, the (CNOTNL) gate is applied between
the qubits B1 (B2) are control qubits and (|GHZ⟩a1 (|GHZ⟩a2) are target qubits, respectively.

|ψ⟩′S = CNOTNL
2 |ψ⟩S (IV.35)
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namely,

|ψ⟩′S =
x0y0

2
|0000⟩A1 A2B1B2 ⊗ (|000000⟩+ |000111⟩+ |111000⟩+ |110011⟩)a1a2a3b1b2b3 +

x0y1

2
|0001⟩A1 A2B1B2 ⊗ (|010000⟩+ |010111⟩+ |101000⟩+ |100011⟩)a1a2a3b1b2b3 +

x0y2

2
|0010⟩A1 A2B1B2 ⊗ (|100000⟩+ |100111⟩+ |011000⟩+ |010011⟩)a1a2a3b1b2b3 +

x0y3

2
|0011⟩A1 A2B1B2 ⊗ (|110000⟩+ |110111⟩+ |001000⟩+ |000011⟩)a1a2a3b1b2b3 +

x1y0

2
|0100⟩A1 A2B1B2 ⊗ (|000010⟩+ |000101⟩+ |111010⟩+ |110001⟩)a1a2a3b1b2b3 +

x1y1

2
|0101⟩A1 A2B1B2 ⊗ (|010010⟩+ |010101⟩+ |111010⟩+ |100001⟩)a1a2a3b1b2b3 +

x1y2

2
|0110⟩A1 A2B1B2 ⊗ (|100010⟩+ |100101⟩+ |011010⟩+ |010001⟩)a1a2a3b1b2b3 +

x1y3

2
|0111⟩A1 A2B1B2 ⊗ (|110010⟩+ |110101⟩+ |001010⟩+ |000001⟩)a1a2a3b1b2b3 +

x2y0

2
|1000⟩A1 A2B1B2 ⊗ (|000100⟩+ |000011⟩+ |111100⟩+ |110111⟩)a1a2a3b1b2b3 +

x2y1

2
|1001⟩A1 A2B1B2 ⊗ (|010100⟩+ |010011⟩+ |101100⟩+ |100111⟩)a1a2a3b1b2b3 +

x2y2

2
|1010⟩A1 A2B1B2 ⊗ (|100100⟩+ |100011⟩+ |011100⟩+ |010111⟩)a1a2a3b1b2b3 +

x2y3

2
|1011⟩A1 A2B1B2 ⊗ (|110100⟩+ |110011⟩+ |001100⟩+ |000111⟩)a1a2a3b1b2b3 +

x3y0

2
|1100⟩A1 A2B1B2 ⊗ (|000110⟩+ |000001⟩+ |111110⟩+ |110101⟩)a1a2a3b1b2b3 +

x3y1

2
|1101⟩A1 A2B1B2 ⊗ (|100110⟩+ |100001⟩+ |011110⟩+ |010101⟩)a1a2a3b1b2b3 +

x3y2

2
|1110⟩A1 A2B1B2 ⊗ (|100110⟩+ |100001⟩+ |011110⟩+ |0100101⟩)a1a2a3b1b2b3 +

x3y3

2
|1111⟩A1 A2B1B2 ⊗ (|110110⟩+ |110001⟩+ |001110⟩+ |000101⟩)a1a2a3b1b2b3 (IV.36)

2. Step Two:

We perform a projective measurement of the qubits a3 and b3 on the computational basis:
({|00⟩ , |01⟩ , |10⟩ , |11⟩}). After the projective measurement, we get 16 possibilities depending on
the measurement outcome. The collapsed state is explicitly given in the table (IV.2).

3. Step three:

Alice and Bob make measurement on their qubits A1 and B1 in the Basis:
{|++⟩ , |+−⟩ , |−+⟩ , |−−⟩}. Furthermore, they make measurements on their qubits A2 and B2 in
the Basis: {|++⟩ , |+−⟩ , |−+⟩ , |−−⟩}.

Similarly, the collapsed state is given in the Tables given in the Appendix A.

4. Step Four:
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|a3b3⟩ Collapsed state

|0303⟩ x0y0|0000⟩A1 A2B1B2 |0000⟩a1a2b1b2 + x0y1|0001⟩A1 A2B1B2 |0100⟩a1a2b1b2 +
x0y2|0010⟩A1 A2B1B2 |1000⟩a1a2b1b2 + x0y3|0011⟩A1 A2B1B2 |1100⟩a1a2b1b2 +
x1y0|0100⟩A1 A2B1B2 |0010⟩a1a2b1b2 + x1y1|0101⟩A1 A2B1B2 |0101⟩a1a2b1b2 +
x1y2|0110⟩A1 A2B1B2 |1001⟩a1a2b1b2 + x1y3|0111⟩A1 A2B1B2 |1101⟩a1a2b1b2 +
x2y0|1000⟩A1 A2B1B2 |0010⟩a1a2b1b2 + x2y1|1001⟩A1 A2B1B2 |0110⟩a1a2b1b2 +
x2y2|1010⟩A1 A2B1B2 |1010⟩a1a2b1b2 + x2y3|1011⟩A1 A2B1B2 |1110⟩a1a2b1b2 +
x3y0|1100⟩A1 A2B1B2 |0011⟩a1a2b1b2 + x3y1|1101⟩A1 A2B1B2 |0111⟩a1a2b1b2 +
x3y2|1110⟩A1 A2B1B2 |1011⟩a1a2b1b2 + x3y3|1111⟩A1 A2B1B2 |1111⟩a1a2b1b2

|0313⟩ x0y0|0000⟩A1 A2B1B2 |0011⟩a1a2b1b2 + x0y1|0001⟩A1 A2B1B2 |0111⟩a1a2b1b2 +
x0y2|0010⟩A1 A2B1B2 |1011⟩a1a2b1b2 + x0y3|0011⟩A1 A2B1B2 |1111⟩a1a2b1b2 +
x1y0|0100⟩A1 A2B1B2 |0010⟩a1a2b1b2 + x1y1|0101⟩A1 A2B1B2 |0110⟩a1a2b1b2 +
x1y2|0110⟩A1 A2B1B2 |1010⟩a1a2b1b2 + x1y3|0111⟩A1 A2B1B2 |1110⟩a1a2b1b2 +
x2y0|1000⟩A1 A2B1B2 |0001⟩a1a2b1b2 + x2y1|1001⟩A1 A2B1B2 |0101⟩a1a2b1b2 +
x2y2|1010⟩A1 A2B1B2 |1001⟩a1a2b1b2 + x2y3|1011⟩A1 A2B1B2 |1101⟩a1a2b1b2 +
x3y0|1100⟩A1 A2B1B2 |0000⟩a1a2b1b2 + x3y1|1101⟩A1 A2B1B2 |0100⟩a1a2b1b2 +
x3y2|1110⟩A1 A2B1B2 |1000⟩a1a2b1b2 + x3y3|1111⟩A1 A2B1B2 |1100⟩a1a2b1b2

|1303⟩ x0y0|0000⟩A1 A2B1B2 |1100⟩a1a2b1b2 + x0y1|0001⟩A1 A2B1B2 |1000⟩a1a2b1b2 +
x0y2|0010⟩A1 A2B1B2 |0100⟩a1a2b1b2 + x0y3|0011⟩A1 A2B1B2 |0000⟩a1a2b1b2 +
x1y0|0100⟩A1 A2B1B2 |1101⟩a1a2b1b2 + x1y1|0101⟩A1 A2B1B2 |1001⟩a1a2b1b2 +
x1y2|0110⟩A1 A2B1B2 |0101⟩a1a2b1b2 + x1y3|0111⟩A1 A2B1B2 |0001⟩a1a2b1b2 +
x2y0|1000⟩A1 A2B1B2 |1110⟩a1a2b1b2 + x2y1|1001⟩A1 A2B1B2 |1010⟩a1a2b1b2 +
x2y2|1010⟩A1 A2B1B2 |0110⟩a1a2b1b2 + x2y3|1011⟩A1 A2B1B2 |0010⟩a1a2b1b2 +
x3y0|1100⟩A1 A2B1B2 |1111⟩a1a2b1b2 + x3y1|1101⟩A1 A2B1B2 |1011⟩a1a2b1b2 +
x3y2|1110⟩A1 A2B1B2 |0111⟩a1a2b1b2 + x3y3|1111⟩A1 A2B1B2 |0011⟩a1a2b1b2

|1313⟩ x0y0|0000⟩A1 A2B1B2 |1111⟩a1a2b1b2 + x0y1|0001⟩A1 A2B1B2 |1011⟩a1a2b1b2 +
x0y2|0010⟩A1 A2B1B2 |0111⟩a1a2b1b2 + x0y3|0011⟩A1 A2B1B2 |0011⟩a1a2b1b2 +
x1y0|0100⟩A1 A2B1B2 |1110⟩a1a2b1b2 + x1y1|0101⟩A1 A2B1B2 |1010⟩a1a2b1b2 +
x1y2|0110⟩A1 A2B1B2 |0110⟩a1a2b1b2 + x1y3|0111⟩A1 A2B1B2 |0010⟩a1a2b1b2 +
x2y0|1000⟩A1 A2B1B2 |1101⟩a1a2b1b2 + x2y1|1001⟩A1 A2B1B2 |1001⟩a1a2b1b2 +
x2y2|1010⟩A1 A2B1B2 |0101⟩a1a2b1b2 + x2y3|1011⟩A1 A2B1B2 |0001⟩a1a2b1b2 +
x3y0|1100⟩A1 A2B1B2 |1100⟩a1a2b1b2 + x3y1|1101⟩A1 A2B1B2 |1000⟩a1a2b1b2 +
x3y2|1110⟩A1 A2B1B2 |0100⟩a1a2b1b2 + x3y3|1111⟩A1 A2B1B2 |0000⟩a1a2b1b2

TABLE IV.2: The collapsed state after performing the projective measurement on the states |a3b3⟩.

Depending on the measurement outcome of the qubits |AiBi⟩ for i = 1, 2, Alice and Bob perform the
Pauli gate σ̂z or Î on the corresponding qubits as displayed in the table (IV.3).

|AB⟩jk |++⟩jk |+−⟩jk | −+⟩jk | − −⟩jk

Û Îj ⊗ Îk σ̂zk ⊗ Îj Îk ⊗ σ̂z j σ̂z j ⊗ σ̂zk

TABLE IV.3: The corresponding Pauli operator to the result of measurement of qubits |AB⟩jk where, i, j = 1, 2.
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For the sake of simplicity, we assume that the result of measurement is: |00⟩a3b3
and |++⟩A1B1

, |++⟩A2B2
.

After all these measurements, the final state collapse to:

|ψ⟩a1a2b1b2
= (x0y0 |0000⟩+ x0y1 |0100⟩+ x0y2 |1000⟩+ x0y3 |1100⟩+ x1y0 |0001⟩

+x1y1 |0101⟩+ x1y2 |1001⟩+ x1y3 |1101⟩+ x2y0 |0010⟩+ x2y1 |0110⟩+ x2y2 |1010⟩
+x2y3 |1110⟩+ x3y0 |0011⟩+ x3y1 |0111⟩+ x3y2 |1011⟩+ x3y3 |1111⟩)a1a2b1b2

= (y0 |00⟩+ y1 |01⟩+ y2 |10⟩+ y3 |11⟩)a1a2 ⊗ (x0 |00⟩+ x1 |01⟩+ x2 |10⟩+ x3 |11⟩)b1b2 (IV.37)

It is clear from the Eq. (IV.37) that the quantum information about the state |Q⟩A is reconstructed in
qubits b1b2, and the state |Q⟩B is reconstructed in qubits a1a2. Indeed, depending on the measurement
of the qubits |A1B1⟩ and |A2B2⟩, the users should apply Pauli gates Î, σ̂x, σ̂y, as displayed in table IV.3.
On the other hand, it is important to note that the proposed protocol allows the bidirectional quantum
teleportation of 2-qubit states. To achieve the BQT of the bipartite entangled state, we just set the cor-
responding coefficient xi = 0 and yi = 0 in the Eqs. (IV.29 and IV.30), e.g if we set x1 = 0, x3 = 0 and
y1 = 0, y3 = 0, one could bidirectionally teleport the bipartite entangled states |ψ−⟩A = x1|01⟩+ x1|10⟩
and |ψ−⟩B = y1|01⟩+ y1|10⟩.

IV.5.3 Bidirectional teleportation of 3-qubit states

We consider a three qubit state following GSD forms [242], which is the most general pure tripartite states
written in the Generalized Schmidt Decomposition (GSD) form:

|ψGSD⟩ = αi|000⟩+ βi|001⟩+ δi|010⟩+ ϵi|100⟩+ ωi|111⟩ (IV.38)

Where |αi|2 + |βi|2 + |δi|2 + |ϵi|2 + |ωi|2 = 1.

Depending on the coefficient αi, βi, δi, ϵi and ωi. One can get GHZ3 ( βi= δi=ϵi =0) or a W3 state
(αi = ωi = 0).

Now, let Alice and Bob have the following states to be teleportatd bilaterally:

|Q⟩A = α1|000⟩+ β1|001⟩+ δ1|010⟩+ ϵ1|100⟩+ ω1|111⟩ (IV.39)

and

|Q⟩B = α2|000⟩+ β2|001⟩+ δ2|010⟩+ ϵ2|100⟩+ ω2|111⟩ (IV.40)

The quantum channel is given as follows:

|Y⟩ = |GHZ⟩a1a2a3a4
⊗ |GHZ⟩b1b2b3b4

(IV.41)

=
1
2
(|00000000⟩+ |00001111⟩+ |11110000⟩+ |111111111⟩)a1a2a3a4b1b2b3b4

Where : a1 a2 a3 a4 belong to Alice and b1 b2 b3 b4 belong to Bob.

The whole state of the system is given as:

|ψt⟩ = |Q⟩A ⊗ |Q⟩B ⊗ |GHZ⟩a1a2a3a4
⊗ |GHZ⟩b1b2b3b4

(IV.42)
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Now, by following the previous protocol step by step, one could bidirectionally teleport the three-qubit
states.

Firstly, three non-local CNOT gates (CNOTNL) are applied between qubits Ai (i = 1, 2, 3) as control
qubits and (|GHZ⟩bi as target qubits, respectively. Moreover, (CNOTNL) gate is applied between qubits
Bi (i = 1, 2, 3) as control qubits and (|GHZ⟩ai as target qubits, respectively.

|ψ⟩′t = CNOTNL
3 |ψ⟩t (IV.43)

= α1α2|000000⟩ ⊗ |Y⟩+ α1β2|000001⟩ ⊗ |A⟩+ α1δ2|000010⟩ ⊗ |B⟩+ α1ϵ2|000100⟩ ⊗ |D⟩

+α1ω2|000111⟩ ⊗ |E⟩+ β1α2|001000⟩ ⊗ |F⟩+ β1β2|001001⟩ ⊗ |J ⟩+ β1δ2|001010⟩ ⊗ |L⟩

+β1ϵ2|001100⟩ ⊗ |M⟩+ β1ω2|001111⟩ ⊗ |N ⟩+ δ1α2|010000⟩ ⊗ |O⟩+ δ1β2|010001⟩ ⊗ |P⟩

+δ1δ2|010010⟩ ⊗ |Q⟩+ δ1ϵ2|010100⟩ ⊗ |R⟩+ δ1ω2|010111⟩ ⊗ |S⟩+ ϵ1α2|100000⟩ ⊗ |U⟩

+ϵ1β2|100001⟩ ⊗ |V⟩+ ϵ1δ2|100010⟩ ⊗ |W⟩+ ϵ1ϵ2|100100⟩ ⊗ |X ⟩+ ϵ1ω2|100111⟩ ⊗ |Z⟩

+ω1α2|111000⟩ ⊗ |v⟩+ ω1β2|111001⟩ ⊗
∣∣W ′〉+ ω1δ2|111010⟩ ⊗

∣∣X ′〉+ ω1ϵ2|111100⟩ ⊗
∣∣Y ′〉

+ω1ω2|111111⟩ ⊗
∣∣Z ′〉 (IV.44)

Where:
|A⟩ = 1

2
(|00100000⟩+ |00101111⟩+ |11010000⟩+ |110111111⟩)a1a2a3a4b1b2b3b4

|B⟩ = 1
2
(|01000000⟩+ |01001111⟩+ |10110000⟩+ |101111111⟩)a1a2a3a4b1b2b3b4

|D⟩ = 1
2
(|10000000⟩+ |10001111⟩+ |01110000⟩+ |011111111⟩)a1a2a3a4b1b2b3b4

|E⟩ = 1
2
(|11100000⟩+ |11101111⟩+ |00010000⟩+ |000111111⟩)a1a2a3a4b1b2b3b4

|N ⟩ = 1
2
(|11100010⟩+ |11101101⟩+ |00010010⟩+ |000111101⟩)a1a2a3a4b1b2b3b4

|F⟩ = 1
2
(|00000010⟩+ |00001101⟩+ |11110010⟩+ |111111101⟩)a1a2a3a4b1b2b3b4

|J ⟩ = 1
2
(|00100010⟩+ |00101101⟩+ |11010010⟩+ |110111101⟩)a1a2a3a4b1b2b3b4

|L⟩ = 1
2
(|01000010⟩+ |01001101⟩+ |10110010⟩+ |101111101⟩)a1a2a3a4b1b2b3b4

|M⟩ = 1
2
(|10000010⟩+ |10001101⟩+ |01110010⟩+ |011111101⟩)a1a2a3a4b1b2b3b4

|N ⟩ = 1
2
(|00000000⟩+ |00001111⟩+ |11110000⟩+ |111111111⟩)a1a2a3a4b1b2b3b4
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|O⟩ = 1
2
(|00000100⟩+ |00001011⟩+ |11110100⟩+ |111111011⟩)a1a2a3a4b1b2b3b4

|P⟩ = 1
2
(|00100100⟩+ |00101011⟩+ |11010100⟩+ |110111011⟩)a1a2a3a4b1b2b3b4

|Q⟩ = 1
2
(|01000100⟩+ |01001011⟩+ |10110100⟩+ |101111011⟩)a1a2a3a4b1b2b3b4

|R⟩ = 1
2
(|10000100⟩+ |10001011⟩+ |01110100⟩+ |011111011⟩)a1a2a3a4b1b2b3b4

|S⟩ = 1
2
(|11101000⟩+ |11101011⟩+ |00010100⟩+ |000110111⟩)a1a2a3a4b1b2b3b4

|U⟩ = 1
2
(|10000000⟩+ |10001111⟩+ |01110000⟩+ |011111111⟩)a1a2a3a4b1b2b3b4

|V⟩ = 1
2
(|00101000⟩+ |00100111⟩+ |11011000⟩+ |11010111⟩)a1a2a3a4b1b2b3b4

|W⟩ = 1
2
(|01001000⟩+ |01000111⟩+ |10111000⟩+ |101110111⟩)a1a2a3a4b1b2b3b4

|X ⟩ = 1
2
(|10001000⟩+ |10000111⟩+ |01111000⟩+ |01110111⟩)a1a2a3a4b1b2b3b4

|Z⟩ = 1
2
(|11101000⟩+ |11100111⟩+ |00011000⟩+ |00010111⟩)a1a2a3a4b1b2b3b4

|v⟩ = 1
2
(|00001110⟩+ |00000001⟩+ |11111110⟩+ |111110001⟩)a1a2a3a4b1b2b3b4

|W ′⟩ = 1
2
(|00101110⟩+ |00100001⟩+ |11011110⟩+ |110110001⟩)a1a2a3a4b1b2b3b4

|X ′⟩ = 1
2
(|01001110⟩+ |01000001⟩+ |10111110⟩+ |101110001⟩)a1a2a3a4b1b2b3b4

|Y ′⟩ = 1
2
(|10001110⟩+ |10000001⟩+ |01111110⟩+ |01110001⟩)a1a2a3a4b1b2b3b4

|Z ′⟩ = 1
2
(|11101110⟩+ |11100001⟩+ |00011110⟩+ |00010001⟩)a1a2a3a4b1b2b3b4 (IV.45)

Then, the users perform measurements on the qubits |a4b4⟩ on the computational basis: {|00⟩, |01⟩, |10⟩, |11⟩}.

Later on, they perform a measurement on the qubits |Ai, Bi⟩ (for i = 1, 2, 3). For the sake of simplicity,
let us assume that the measurement outcomes of the states |a4b4⟩ is |0404⟩ and the states |Ai⟩ (for i = 1, 2, 3)
are |+i +i⟩ respectively. The outcome state is given as follows:

|ψ⟩a1a2a3b1b2b3
=

(α1α2 |000000⟩+ α1β2 |001000⟩+ α1δ2 |010000⟩+ α1ϵ2 |100000⟩+ α1ω2 |111000⟩
+β1α0 |000001⟩+ β1β2 |001001⟩+ β1δ2 |010001⟩+ β1ϵ |100001⟩+ β1ω |111001⟩
+δ1α2|000010⟩+ δ1β2 |001010⟩+ δ1δ2 |010010⟩+ δ1ϵ2 |100010⟩+ δ1ω2 |111010⟩
+ϵ1α2|000100⟩+ ϵ1β2 |001100⟩+ ϵ1δ2 |010100⟩+ ϵ1ϵ2 |100100⟩+ ϵ1ω2 |111100⟩

+ω1α2|000111⟩+ ω1β2 |001111⟩+ ω1δ2 |010111⟩+ ω1ϵ2 |100111⟩+ ω1ω2 |111111⟩)a1a2a3b1b2b3
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|ψ⟩a1a2a3b1b2b3
= (α2|000⟩+ β2|001⟩+ δ2|010⟩+ ϵ2|100⟩+ ω2|111⟩)a1a2a3 (IV.46)
⊗(α1|000⟩+ β1|001⟩+ δ1|010⟩+ ϵ1|100⟩+ ω1|111⟩)b1b2b3

From the equation (IV.46), the information in the qubit |Q⟩A is now contained in the state |Q⟩B. Similarly,
the information of the state |Q⟩B is now contained in the state |Q⟩A.
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FIGURE IV.12: Quantum circuit of the n-qubit states bidirectional teleportation protocol between Alice and Bob, by
means of two composite GHZ(n+1) state and classical communication described by double lines. The controlled Z
gate denotes the Z-Pauli gate. • and ⊕ indicate the control and the target qubits of CNOT gates. All the measurement

outcomes (0 or 1) are transmitted via classical channels represented by double lines into gates Z.
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IV.5.4 Bidirectional teleportation of n-qubit states

In fact, the suggested protocol could be extended to allow the simultaneous bidirectional teleportation of
n-qubit (n > 3) states, by means of an (n + 1) GHZ state and n trigger qubits.

We assume that Alice has the state to be teleported:

|Q⟩A =
2n−1

∑
m=1

Am|am⟩ (IV.47)

Where Am are complex coefficients ensuring the normalization condition:
∑n

m=1 |Am|2 = 1. In addition, am is a decimal value (a1, ..., an)2. am are mutually orthogonal to each other,
i.e, ⟨aj|ak⟩ = δjk.

Similarly, Bob has the state:

|Q⟩B =
2n−1

∑
o=1

Bo|bo⟩ (IV.48)

Where Bm are complex coefficients ensuring the normalization condition:
∑n

m=1 |Bm|2 = 1. In addition, bmis a decimal value (b1, ..., bn)2. bm are mutually orthogonal to each other,
i.e, ⟨bj|bk⟩ = δjk.

The quantum channel of the proposed protocol is given as:

|G⟩a1...an+1,b1...bn+1 = |GHZ⟩⊗(n+1) ⊗ |GHZ⟩⊗(n+1)

=
1
2
(|0⟩⊗(n+1) + |1⟩⊗(n+1))⊗ (|0⟩⊗(n+1) + |1⟩⊗(n+1)) (IV.49)

In order to allow the simultaneous bidirectional teleportation of the n-qubit stats between Alice and Bob,
the same steps that are described previously for the BQT of 2-qubit states are required here. Alice and
Bob should perform the quantum circuit given in Fig. (IV.12):

The whole state is described as follows:

|ψw⟩ = |Q⟩A ⊗ |Q⟩B ⊗ |G⟩a1...an+1,b1...bn+1 (IV.50)

The first step is to perform non-local CNOT gates between the qubits described by the state IV.47 and the
target qubits which are described by the state |G⟩b1...b(n+1)

. Moreover, non-local CNOT gates are applied
between the qubits described by the state IV.48 and the target qubits which are described by the state
|G⟩a1...a(n+1) . Hence, we write the whole state of the system:

|ψw⟩
′
= CNOTNL|ψw⟩ (IV.51)

Now, Alice and Bob should perform projective measurements in the qubits |an+1, bn+1⟩ in the computa-
tional basis {|00⟩, |01⟩, |10⟩, |11⟩}. Furthermore, Alice and Bob perform measurements on the qubits |Q⟩A
and |Q⟩B in the X-basis, {|++⟩, |+−⟩, | −+⟩, | − −⟩}.

Finally, depending on the measurements results, Alice and Bob apply the appropriate Pauli gate σ̂z to
recover the teleported states.
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IV.5.5 Efficiency

The efficiency E provides a tool to judge the feasibility of the bidirectional quantum teleportation. Actu-
ally, the efficiency expression [243].

E =
Nt

Nq + Nc + NAx
(IV.52)

Where: Nt: indicates the number of qubits to be teleported.
Nq: is the number of the qubits used as the quantum channel.
Nc: represents the number of qubits used as the classical channel.
NAx: is the number of the auxiliary qubits used in the protocol.
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FIGURE IV.13: Efficiency of the suggested protocol versus the number of teleported qubits Nt.

The suggested protocol allows the teleportation of n-qubit, Nt = n, by means of Nq = n + 1 entangled
state GHZ state. In addition, classical communication channels is essential to accomplish the bidirectional
teleportation process. In fact, the efficiency of the bidirectional teleportation is rather about the ratio of
the number of the teleported qubits on the number of the qubits that serves as the quantum teleportation
of the BQT. Hence, the expression of the BQT efficiency is given as:

E =
n

n + 1
(IV.53)

The efficiency of the teleportation protocol is shown in Figs. (IV.13) as a function of the number of the
teleported qubits Nt. By inspection of the Figs. (IV.13.a and IV.13.b), it is apparent that the BQT efficiency
gradually increases by increasing the number of the teleported qubits n.

IV.6 Conclusion

In this chapter, we suggested a new three-party bidirectional teleportation scheme, where Alice, Bob and
Charlie could exchange their quantum states using a GHZ3 state as a quantum channel and three trigger
qubits. The teleportation fidelity average could be maximized by setting the trigger qubit and the initial
state in the same polarization. Actually, in this suggested scheme, the receiver cannot reconstruct the
teleported scheme without the contribution of the other partner, which plays the role of a mediator in the
teleportation process. In addition, we extended the three-party bidirectional scheme to cover a quantum
network composed by N partners. In this quantum network, an n-qubit GHZ state is considered as the
quantum channel of the bidirectional quantum teleportation through this quantum network.
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Furthermore, we suggested a scheme for the bidirectional non-local implementation of the CNOT
gate, where Alice could perform the CNOT gate on Bob’s side, and reversely, Bob could perform the
CNOT gate on Alice’s side. Based on the latter scheme, we suggested a scheme for the simultaneous
bidirectional teleportation of two and three qubit states. We have shown, in particular, that by using this
scheme, one could simultaneously teleport bipartite and tripartite entangled states. Also, we discussed
the possibility to generalize this scheme to bidirectionally teleportation n-qubit states (with n > 3).
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Summary and Outlook
The aim of our work was to investigate the bidirectional quantum teleportation (BQT) and to explore

the new possibilities and challenges related to it. We focused on how to mitigate the effect of noise, which
is a major obstacle to achieve the BQT of information with high efficiency. Furthermore, we suggested a
new bidirectional teleportation scheme for quantum operation and multiparticle states. We generalized
the bidirectional teleportation to cover a quantum network. The main motivation of this thesis is that the
BQT is essential for quantum communication [244, 245], quantum blind computing [246] and it is crucial
for the development of the quantum repeaters [39] and the quantum internet [37].

This thesis proceeds with a simplified and a focused review of some quantum information processing
notions and concepts. We have investigated the BQT in perfect conditions, in which the quantum channel
of the teleportation process is noiseless. We have considered the average fidelities of teleportation and the
quantum Fisher information as a figure of merit to assess the bidirectional teleportation protocol. We have
gone over the relationship between average fidelities and quantum Fisher information in greater detail.
Indeed, the maximum values of the average fidelities and the quantum Fisher information are predicted
when the quantum states to be teleported and their triggers are polarized in the same direction. However,
both quantities are minimum if the initial qubits and their corresponding triggers have different polar-
ization or non-zero phases. In the frame of the parameter estimation, we have noted that simultaneous
estimation of parameters is more precise than the individual estimation form.

On the one hand, we have investigated the BQT in a more realistic situation, where the environmental
noise affects the quantum channel of the BQT. The environmental noise has been modeled by typical
quantum channels, which are generally used in the quantum information theory, such as the bit-flip, the
phase-flip, the depolarizing and the amplitude damping channel. Moreover, we have used two tech-
niques to suppress the effect of noise on the BQT, which are the weak and the reversed measurements
(WRM), and the non-Markovian memory effects. Our objective in this part of our study was to know if
these methods were efficient for all the considered types of noise. Finally, the findings of this study were
that the WRM could just mitigate the amplitude damping noise if, and only if, the average fidelities of
the teleported states were greater than 0.5 and the quantum Fisher information were not null. Besides,
in the non-Markovian regime, the exploitation of the classical correlations of the noisy channels could
enhance, to some extent, the bidirectional teleportation of information. Whilst, by taking into account the
memory effects due to the temporal correlations, the drastic effect of all the considered types of noise on
the bidirectional teleportation of information could notably be mitigated for a large range of time.

In addition, we have extended the BQT protocol in order to allow three legitimate partners to exchange
bilaterally their quantum states using a three qubit GHZ state as a quantum channel of the teleportation.
We have generalized the suggested three-party bidirectional scheme to a quantum network composed of
N partners. In the suggested scheme the teleportation task cannot be completed successfully without the
contribution of all the partners. In another context, so as no to restrict the BQT to the teleportation of
unknown quantum states only, we have suggested a new scheme for the bidirectional implementation of
the CNOT gate, which is an important quantum gate for almost all quantum information and quantum
computation protocols. Based on the latter scheme, we have designed a BQT protocol for the teleporta-
tion of two-qubit and three-qubit states. We have discussed the possibility to generalize this protocol to
n-qubit states. To further our work, we are currently concentrating on the investigation of different topics
based on the findings and the achievements of this thesis. Firstly, to further our research, we intend to
generalize the bidirectional non-local implementation scheme of the CNOT gate, which is suggested in
this work, to other quantum gates such as the To f f oli gate and other controlled gates. Secondly, we plan
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to investigate all the possible situations in which noise could affect the bidirectional teleportation circuit.

Generally, the findings of the current study are consistent with research that is concerned with tele-
portation through noisy channels, and the improvement of the teleportation efficiency. We believe that
this work is a contribution to the understanding of the bidirectional teleportation and the most frequently
used techniques to overcome the problem of decoherence.

Based on the different findings of this work, several and interesting issues emerge to open new future
perspectives. Above all, our investigation here is limited to discrete variables (qubits) and it can be extend
to opto-mechanical systems [248] and collective spins of atomic ensembles [249]. Future aspects of bidi-
rectional quantum teleportation might focus on quantum teleportation of the energy [250]. Furthermore,
our investigation of the BQT is specifically concentrated on the types of noise that are commonly used
and the most probably faced in realistic situations. This work does not cover all the types of noise that
exist. We may take our study further to other types of noise in future works. On the other hand, we are
focused on the case in which the noise affects the BQT during the distribution process of the entangled
pairs between the partners. Actually, the noise could affect the teleportation process at several points,
during the measurement or the preparation of the quantum states, for example.

The future realization of scalable quantum network, where bidirectional quantum teleportation is a
cornerstone, relies on the development of quantum memories [251]. This would not only allow us to
distribute and receive quantum states but also guarantees the storage and the coherent processing of in-
formation. Moreover, quantum memories will allow us to use quantum repeaters for extending quantum
communication well, beyond direct transmission by way of quantum error correcting codes. It will be a
real future challenge to study the bidirectional quantum teleportation integrated with quantum memories
since this could ultimately transform the network into a world-wide distributed quantum computer and
it is a promising idea for the future quantum internet.

Overall, bidirectional teleportation is a topical subject that will undoubtly be experimentally realised
soon. We are confident that our results will serve as a theoretical study that proceed the experimental
realization of the bidirectional quantum teleportation.
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Appendix A

The collapsed states after measurements

In the suggested bidirectional teleportation protocol for 2-qubit state, Alice and Bob make a projective
measurements on the qubits |a3b3⟩ in the computational basis {|00⟩, |01⟩, |10⟩, |11⟩}. Then, Alice and Bob
make measurement on their qubits A1 (A2) and B1 (B2), respectively. In the Basis:
{|++⟩ , |+−⟩ , |−+⟩ , |−−⟩}Ai Bj , for (i, j = 1, 2). The results of these measurements is given in the tables
bellow:



100 Appendix A. The collapsed states after measurements

|0303⟩ |++⟩A1B1 |+−⟩A1B1 |−+⟩A1B1 |−−⟩A1B1

|++⟩A2B2 x0y0|0000⟩a1a2b1b2 +
x0y1|0100⟩a1a2b1b2 +
x0y2|1000⟩a1a2b1b2 +
x0y3|1100⟩a1a2b1b2 +
x1y0|0010⟩a1a2b1b2 +
x1y1|0101⟩a1a2b1b2 +
x1y2|1001⟩a1a2b1b2 +
x1y3|1101⟩a1a2b1b2 +
x2y0|0010⟩a1a2b1b2 +
x2y1|0110⟩a1a2b1b2 +
x2y2|1010⟩a1a2b1b2 +
x2y3|1110⟩a1a2b1b2 +
x3y0|0011⟩a1a2b1b2 +
x3y1|0111⟩a1a2b1b2 +
x3y2|1011⟩a1a2b1b2 +
x3y3|1111⟩a1a2b1b2

x0y0|0000⟩a1a2b1b2 +
x0y1|0100⟩a1a2b1b2 −
x0y2|1000⟩a1a2b1b2 −
x0y3|1100⟩a1a2b1b2 +
x1y0|0010⟩a1a2b1b2 +
x1y1|0101⟩a1a2b1b2 −
x1y2|1001⟩a1a2b1b2 −
x1y3|1101⟩a1a2b1b2 +
x2y0|0010⟩a1a2b1b2 +
x2y1|0110⟩a1a2b1b2 −
x2y2|1010⟩a1a2b1b2 −
x2y3|1110⟩a1a2b1b2 +
x3y0|0011⟩a1a2b1b2 +
x3y1|0111⟩a1a2b1b2 −
x3y2|1011⟩a1a2b1b2 −
x3y3|1111⟩a1a2b1b2

x0y0|0000⟩a1a2b1b2 +
x0y1|0100⟩a1a2b1b2 +
x0y2|1000⟩a1a2b1b2 +
x0y3|1100⟩a1a2b1b2 +
x1y0|0010⟩a1a2b1b2 +
x1y1|0101⟩a1a2b1b2 +
x1y2|1001⟩a1a2b1b2 +
x1y3|1101⟩a1a2b1b2 −
x2y0|0010⟩a1a2b1b2 −
x2y1|0110⟩a1a2b1b2 −
x2y2|1010⟩a1a2b1b2 −
x2y3|1110⟩a1a2b1b2 −
x3y0|0011⟩a1a2b1b2 −
x3y1|0111⟩a1a2b1b2 −
x3y2|1011⟩a1a2b1b2 −
x3y3|1111⟩a1a2b1b2

x0y0|0000⟩a1a2b1b2 +
x0y1|0100⟩a1a2b1b2 −
x0y2|1000⟩a1a2b1b2 −
x0y3|1100⟩a1a2b1b2 +
x1y0|0010⟩a1a2b1b2 +
x1y1|0101⟩a1a2b1b2 −
x1y2|1001⟩a1a2b1b2 −
x1y3|1101⟩a1a2b1b2 −
x2y0|0010⟩a1a2b1b2 −
x2y1|0110⟩a1a2b1b2 +
x2y2|1010⟩a1a2b1b2 +
x2y3|1110⟩a1a2b1b2 −
x3y0|0011⟩a1a2b1b2 −
x3y1|0111⟩a1a2b1b2 +
x3y2|1011⟩a1a2b1b2 +
x3y3|1111⟩a1a2b1b2

|+−⟩A2B2 x0y0|0000⟩a1a2b1b2 −
x0y1|0100⟩a1a2b1b2 +
x0y2|1000⟩a1a2b1b2 −
x0y3|1100⟩a1a2b1b2 +
x1y0|0010⟩a1a2b1b2 −
x1y1|0101⟩a1a2b1b2 +
x1y2|1001⟩a1a2b1b2 −
x1y3|1101⟩a1a2b1b2 +
x2y0|0010⟩a1a2b1b2 −
x2y1|0110⟩a1a2b1b2 +
x2y2|1010⟩a1a2b1b2 −
x2y3|1110⟩a1a2b1b2 +
x3y0|0011⟩a1a2b1b2 −
x3y1|0111⟩a1a2b1b2 +
x3y2|1011⟩a1a2b1b2 −
x3y3|1111⟩a1a2b1b2

x0y0|0000⟩a1a2b1b2 −
x0y1|0100⟩a1a2b1b2 −
x0y2|1000⟩a1a2b1b2 +
x0y3|1100⟩a1a2b1b2 +
x1y0|0010⟩a1a2b1b2 −
x1y1|0101⟩a1a2b1b2 −
x1y2|1001⟩a1a2b1b2 +
x1y3|1101⟩a1a2b1b2 +
x2y0|0010⟩a1a2b1b2 −
x2y1|0110⟩a1a2b1b2 −
x2y2|1010⟩a1a2b1b2 +
x2y3|1110⟩a1a2b1b2 +
x3y0|0011⟩a1a2b1b2 −
x3y1|0111⟩a1a2b1b2 −
x3y2|1011⟩a1a2b1b2 +
x3y3|1111⟩a1a2b1b2

x0y0|0000⟩a1a2b1b2 −
x0y1|0100⟩a1a2b1b2 −
x0y2|1000⟩a1a2b1b2 −
x0y3|1100⟩a1a2b1b2 +
x1y0|0010⟩a1a2b1b2 −
x1y1|0101⟩a1a2b1b2 +
x1y2|1001⟩a1a2b1b2 −
x1y3|1101⟩a1a2b1b2 −
x2y0|0010⟩a1a2b1b2 +
x2y1|0110⟩a1a2b1b2 −
x2y2|1010⟩a1a2b1b2 +
x2y3|1110⟩a1a2b1b2 −
x3y0|0011⟩a1a2b1b2 +
x3y1|0111⟩a1a2b1b2 −
x3y2|1011⟩a1a2b1b2 +
x3y3|1111⟩a1a2b1b2

x0y0|0000⟩a1a2b1b2 −
x0y1|0100⟩a1a2b1b2 −
x0y2|1000⟩a1a2b1b2 +
x0y3|1100⟩a1a2b1b2 +
x1y0|0010⟩a1a2b1b2 −
x1y1|0101⟩a1a2b1b2 −
x1y2|1001⟩a1a2b1b2 +
x1y3|1101⟩a1a2b1b2 −
x2y0|0010⟩a1a2b1b2 +
x2y1|0110⟩a1a2b1b2 +
x2y2|1010⟩a1a2b1b2 −
x2y3|1110⟩a1a2b1b2 −
x3y0|0011⟩a1a2b1b2 +
x3y1|0111⟩a1a2b1b2 +
x3y2|1011⟩a1a2b1b2 −
x3y3|1111⟩a1a2b1b2

| −+⟩A2B2 x0y0|0000⟩a1a2b1b2 −
x0y1|0100⟩a1a2b1b2 +
x0y2|1000⟩a1a2b1b2 +
x0y3|1100⟩a1a2b1b2 −
x1y0|0010⟩a1a2b1b2 −
x1y1|0101⟩a1a2b1b2 −
x1y2|1001⟩a1a2b1b2 −
x1y3|1101⟩a1a2b1b2 +
x2y0|0010⟩a1a2b1b2 +
x2y1|0110⟩a1a2b1b2 +
x2y2|1010⟩a1a2b1b2 +
x2y3|1110⟩a1a2b1b2 −
x3y0|0011⟩a1a2b1b2 −
x3y1|0111⟩a1a2b1b2 −
x3y2|1011⟩a1a2b1b2 −
x3y3|1111⟩a1a2b1b2

x0y0|0000⟩a1a2b1b2 +
x0y1|0100⟩a1a2b1b2 −
x0y2|1000⟩a1a2b1b2 −
x0y3|1100⟩a1a2b1b2 −
x1y0|0010⟩a1a2b1b2 −
x1y1|0101⟩a1a2b1b2 +
x1y2|1001⟩a1a2b1b2 +
x1y3|1101⟩a1a2b1b2 +
x2y0|0010⟩a1a2b1b2 +
x2y1|0110⟩a1a2b1b2 −
x2y2|1010⟩a1a2b1b2 −
x2y3|1110⟩a1a2b1b2 −
x3y0|0011⟩a1a2b1b2 +
x3y1|0111⟩a1a2b1b2 +
x3y2|1011⟩a1a2b1b2 +
x3y3|1111⟩a1a2b1b2

x0y0|0000⟩a1a2b1b2 +
x0y1|0100⟩a1a2b1b2 +
x0y2|1000⟩a1a2b1b2 +
x0y3|1100⟩a1a2b1b2 −
x1y0|0010⟩a1a2b1b2 −
x1y1|0101⟩a1a2b1b2 −
x1y2|1001⟩a1a2b1b2 −
x1y3|1101⟩a1a2b1b2 −
x2y0|0010⟩a1a2b1b2 −
x2y1|0110⟩a1a2b1b2 −
x2y2|1010⟩a1a2b1b2 −
x2y3|1110⟩a1a2b1b2 +
x3y0|0011⟩a1a2b1b2 +
x3y1|0111⟩a1a2b1b2 +
x3y2|1011⟩a1a2b1b2 +
x3y3|1111⟩a1a2b1b2

x0y0|0000⟩a1a2b1b2 +
x0y1|0100⟩a1a2b1b2 −
x0y2|1000⟩a1a2b1b2 −
x0y3|1100⟩a1a2b1b2 −
x1y0|0010⟩a1a2b1b2 −
x1y1|0101⟩a1a2b1b2 +
x1y2|1001⟩a1a2b1b2 +
x1y3|1101⟩a1a2b1b2 −
x2y0|0010⟩a1a2b1b2 −
x2y1|0110⟩a1a2b1b2 +
x2y2|1010⟩a1a2b1b2 +
x2y3|1110⟩a1a2b1b2 +
x3y0|0011⟩a1a2b1b2 +
x3y1|0111⟩a1a2b1b2 −
x3y2|1011⟩a1a2b1b2 −
x3y3|1111⟩a1a2b1b2

| − −⟩A2B2 x0y0|0000⟩a1a2b1b2 −
x0y1|0100⟩a1a2b1b2 +
x0y2|1000⟩a1a2b1b2 −
x0y3|1100⟩a1a2b1b2 −
x1y0|0010⟩a1a2b1b2 +
x1y1|0101⟩a1a2b1b2 −
x1y2|1001⟩a1a2b1b2 +
x1y3|1101⟩a1a2b1b2 +
x2y0|0010⟩a1a2b1b2 −
x2y1|0110⟩a1a2b1b2 +
x2y2|1010⟩a1a2b1b2 −
x2y3|1110⟩a1a2b1b2 −
x3y0|0011⟩a1a2b1b2 +
x3y1|0111⟩a1a2b1b2 −
x3y2|1011⟩a1a2b1b2 +
x3y3|1111⟩a1a2b1b2

x0y0|0000⟩a1a2b1b2 −
x0y1|0100⟩a1a2b1b2 −
x0y2|1000⟩a1a2b1b2 +
x0y3|1100⟩a1a2b1b2 −
x1y0|0010⟩a1a2b1b2 +
x1y1|0101⟩a1a2b1b2 +
x1y2|1001⟩a1a2b1b2 −
x1y3|1101⟩a1a2b1b2 +
x2y0|0010⟩a1a2b1b2 −
x2y1|0110⟩a1a2b1b2 −
x2y2|1010⟩a1a2b1b2 +
x2y3|1110⟩a1a2b1b2 −
x3y0|0011⟩a1a2b1b2 +
x3y1|0111⟩a1a2b1b2 +
x3y2|1011⟩a1a2b1b2 −
x3y3|1111⟩a1a2b1b2

x0y0|0000⟩a1a2b1b2 −
x0y1|0100⟩a1a2b1b2 +
x0y2|1000⟩a1a2b1b2 −
x0y3|1100⟩a1a2b1b2 −
x1y0|0010⟩a1a2b1b2 +
x1y1|0101⟩a1a2b1b2 −
x1y2|1001⟩a1a2b1b2 +
x1y3|1101⟩a1a2b1b2 −
x2y0|0010⟩a1a2b1b2 +
x2y1|0110⟩a1a2b1b2 −
x2y2|1010⟩a1a2b1b2 +
x2y3|1110⟩a1a2b1b2 +
x3y0|0011⟩a1a2b1b2 −
x3y1|0111⟩a1a2b1b2 +
x3y2|1011⟩a1a2b1b2 −
x3y3|1111⟩a1a2b1b2

x0y0|0000⟩a1a2b1b2 −
x0y1|0100⟩a1a2b1b2 −
x0y2|1000⟩a1a2b1b2 +
x0y3|1100⟩a1a2b1b2 −
x1y0|0010⟩a1a2b1b2 +
x1y1|0101⟩a1a2b1b2 +
x1y2|1001⟩a1a2b1b2 −
x1y3|1101⟩a1a2b1b2 −
x2y0|0010⟩a1a2b1b2 +
x2y1|0110⟩a1a2b1b2 +
x2y2|1010⟩a1a2b1b2 −
x2y3|1110⟩a1a2b1b2 +
x3y0|0011⟩a1a2b1b2 −
x3y1|0111⟩a1a2b1b2 −
x3y2|1011⟩a1a2b1b2 +
x3y3|1111⟩a1a2b1b2

TABLE A.1: The collapsed state after measurement on the states |Ai Bj⟩, with |00⟩a3b3 .
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|0313⟩ |++⟩A1B1 |+−⟩A1B1 |−+⟩A1B1 |−−⟩A1B1

|++⟩A2B2 x0y0|0011⟩a1a2b1b2 +
x0y1|0111⟩a1a2b1b2 +
x0y2|1011⟩a1a2b1b2 +
x0y3|1111⟩a1a2b1b2 +
x1y0|0010⟩a1a2b1b2 +
x1y1|0110⟩a1a2b1b2 +
x1y2|1010⟩a1a2b1b2 +
x1y3|1110⟩a1a2b1b2 +
x2y0|0001⟩a1a2b1b2 +
x2y1|0101⟩a1a2b1b2 +
x2y2|1001⟩a1a2b1b2 +
x2y3|1101⟩a1a2b1b2 +
x3y0|0000⟩a1a2b1b2 +
x3y1|0100⟩a1a2b1b2 +
x3y2|1000⟩a1a2b1b2 +
x3y3|1100⟩a1a2b1b2

x0y0|0011⟩a1a2b1b2 +
x0y1|0111⟩a1a2b1b2 −
x0y2|1011⟩a1a2b1b2 −
x0y3|1111⟩a1a2b1b2 +
x1y0|0010⟩a1a2b1b2 +
x1y1|0110⟩a1a2b1b2 −
x1y2|1010⟩a1a2b1b2 −
x1y3|1110⟩a1a2b1b2 +
x2y0|0001⟩a1a2b1b2 +
x2y1|0101⟩a1a2b1b2 −
x2y2|1001⟩a1a2b1b2 −
x2y3|1101⟩a1a2b1b2 +
x3y0|0000⟩a1a2b1b2 +
x3y1|0100⟩a1a2b1b2 −
x3y2|1000⟩a1a2b1b2 −
x3y3|1100⟩a1a2b1b2

x0y0|0011⟩a1a2b1b2 +
x0y1|0111⟩a1a2b1b2 +
x0y2|1011⟩a1a2b1b2 +
x0y3|1111⟩a1a2b1b2 +
x1y0|0010⟩a1a2b1b2 +
x1y1|0110⟩a1a2b1b2 +
x1y2|1010⟩a1a2b1b2 +
x1y3|1110⟩a1a2b1b2 −
x2y0|0001⟩a1a2b1b2 −
x2y1|0101⟩a1a2b1b2 −
x2y2|1001⟩a1a2b1b2 −
x2y3|1101⟩a1a2b1b2 −
x3y0|0000⟩a1a2b1b2 −
x3y1|0100⟩a1a2b1b2 −
x3y2|1000⟩a1a2b1b2 −
x3y3|1100⟩a1a2b1b2

x0y0|0011⟩a1a2b1b2 +
x0y1|0111⟩a1a2b1b2 −
x0y2|1011⟩a1a2b1b2 −
x0y3|1111⟩a1a2b1b2 +
x1y0|0010⟩a1a2b1b2 +
x1y1|0110⟩a1a2b1b2 −
x1y2|1010⟩a1a2b1b2 −
x1y3|1110⟩a1a2b1b2 −
x2y0|0001⟩a1a2b1b2 −
x2y1|0101⟩a1a2b1b2 +
x2y2|1001⟩a1a2b1b2 +
x2y3|1101⟩a1a2b1b2 −
x3y0|0000⟩a1a2b1b2 −
x3y1|0100⟩a1a2b1b2 +
x3y2|1000⟩a1a2b1b2 −
x3y3|1100⟩a1a2b1b2

|+−⟩A2B2 x0y0|0011⟩a1a2b1b2 −
x0y1|0111⟩a1a2b1b2 +
x0y2|1011⟩a1a2b1b2 −
x0y3|1111⟩a1a2b1b2 +
x1y0|0010⟩a1a2b1b2 −
x1y1|0110⟩a1a2b1b2 +
x1y2|1010⟩a1a2b1b2 −
x1y3|1110⟩a1a2b1b2 +
x2y0|0001⟩a1a2b1b2 −
x2y1|0101⟩a1a2b1b2 +
x2y2|1001⟩a1a2b1b2 −
x2y3|1101⟩a1a2b1b2 +
x3y0|0000⟩a1a2b1b2 −
x3y1|0100⟩a1a2b1b2 +
x3y2|1000⟩a1a2b1b2 −
x3y3|1100⟩a1a2b1b2

x0y0|0011⟩a1a2b1b2 −
x0y1|0111⟩a1a2b1b2 −
x0y2|1011⟩a1a2b1b2 +
x0y3|1111⟩a1a2b1b2 +
x1y0|0010⟩a1a2b1b2 −
x1y1|0110⟩a1a2b1b2 −
x1y2|1010⟩a1a2b1b2 +
x1y3|1110⟩a1a2b1b2 +
x2y0|0001⟩a1a2b1b2 −
x2y1|0101⟩a1a2b1b2 −
x2y2|1001⟩a1a2b1b2 +
x2y3|1101⟩a1a2b1b2 +
x3y0|0000⟩a1a2b1b2 −
x3y1|0100⟩a1a2b1b2 −
x3y2|1000⟩a1a2b1b2 +
x3y3|1100⟩a1a2b1b2

x0y0|0011⟩a1a2b1b2 −
x0y1|0111⟩a1a2b1b2 +
x0y2|1011⟩a1a2b1b2 −
x0y3|1111⟩a1a2b1b2 +
x1y0|0010⟩a1a2b1b2 −
x1y1|0110⟩a1a2b1b2 +
x1y2|1010⟩a1a2b1b2 −
x1y3|1110⟩a1a2b1b2 −
x2y0|0001⟩a1a2b1b2 +
x2y1|0101⟩a1a2b1b2 −
x2y2|1001⟩a1a2b1b2 +
x2y3|1101⟩a1a2b1b2 −
x3y0|0000⟩a1a2b1b2 +
x3y1|0100⟩a1a2b1b2 −
x3y2|1000⟩a1a2b1b2 +
x3y3|1100⟩a1a2b1b2

x0y0|0011⟩a1a2b1b2 −
x0y1|0111⟩a1a2b1b2 −
x0y2|1011⟩a1a2b1b2 +
x0y3|1111⟩a1a2b1b2 +
x1y0|0010⟩a1a2b1b2 −
x1y1|0110⟩a1a2b1b2 −
x1y2|1010⟩a1a2b1b2 +
x1y3|1110⟩a1a2b1b2 −
x2y0|0001⟩a1a2b1b2 +
x2y1|0101⟩a1a2b1b2 +
x2y2|1001⟩a1a2b1b2 −
x2y3|1101⟩a1a2b1b2 −
x3y0|0000⟩a1a2b1b2 +
x3y1|0100⟩a1a2b1b2 +
x3y2|1000⟩a1a2b1b2 −
x3y3|1100⟩a1a2b1b2

| −+⟩A2B2 x0y0|0011⟩a1a2b1b2 +
x0y1|0111⟩a1a2b1b2 +
x0y2|1011⟩a1a2b1b2 +
x0y3|1111⟩a1a2b1b2 −
x1y0|0010⟩a1a2b1b2 −
x1y1|0110⟩a1a2b1b2 −
x1y2|1010⟩a1a2b1b2 −
x1y3|1110⟩a1a2b1b2 +
x2y0|0001⟩a1a2b1b2 +
x2y1|0101⟩a1a2b1b2 +
x2y2|1001⟩a1a2b1b2 +
x2y3|1101⟩a1a2b1b2 −
x3y0|0000⟩a1a2b1b2 −
x3y1|0100⟩a1a2b1b2 −
x3y2|1000⟩a1a2b1b2 −
x3y3|1100⟩a1a2b1b2

x0y0|0011⟩a1a2b1b2 +
x0y1|0111⟩a1a2b1b2 −
x0y2|1011⟩a1a2b1b2 −
x0y3|1111⟩a1a2b1b2 −
x1y0|0010⟩a1a2b1b2 −
x1y1|0110⟩a1a2b1b2 +
x1y2|1010⟩a1a2b1b2 +
x1y3|1110⟩a1a2b1b2 +
x2y0|0001⟩a1a2b1b2 +
x2y1|0101⟩a1a2b1b2 −
x2y2|1001⟩a1a2b1b2 −
x2y3|1101⟩a1a2b1b2 −
x3y0|0000⟩a1a2b1b2 −
x3y1|0100⟩a1a2b1b2 +
x3y2|1000⟩a1a2b1b2 +
x3y3|1100⟩a1a2b1b2

x0y0|0011⟩a1a2b1b2 +
x0y1|0111⟩a1a2b1b2 +
x0y2|1011⟩a1a2b1b2 +
x0y3|1111⟩a1a2b1b2 −
x1y0|0010⟩a1a2b1b2 −
x1y1|0110⟩a1a2b1b2 −
x1y2|1010⟩a1a2b1b2 −
x1y3|1110⟩a1a2b1b2 −
x2y0|0001⟩a1a2b1b2 −
x2y1|0101⟩a1a2b1b2 −
x2y2|1001⟩a1a2b1b2 −
x2y3|1101⟩a1a2b1b2 +
x3y0|0000⟩a1a2b1b2 +
x3y1|0100⟩a1a2b1b2 +
x3y2|1000⟩a1a2b1b2 +
x3y3|1100⟩a1a2b1b2

x0y0|0011⟩a1a2b1b2 +
x0y1|0111⟩a1a2b1b2 −
x0y2|1011⟩a1a2b1b2 −
x0y3|1111⟩a1a2b1b2 −
x1y0|0010⟩a1a2b1b2 −
x1y1|0110⟩a1a2b1b2 +
x1y2|1010⟩a1a2b1b2 +
x1y3|1110⟩a1a2b1b2 −
x2y0|0001⟩a1a2b1b2 −
x2y1|0101⟩a1a2b1b2 +
x2y2|1001⟩a1a2b1b2 +
x2y3|1101⟩a1a2b1b2 +
x3y0|0000⟩a1a2b1b2 +
x3y1|0100⟩a1a2b1b2 −
x3y2|1000⟩a1a2b1b2 −
x3y3|1100⟩a1a2b1b2

| − −⟩A2B2 x0y0|0011⟩a1a2b1b2 −
x0y1|0111⟩a1a2b1b2 +
x0y2|1011⟩a1a2b1b2 −
x0y3|1111⟩a1a2b1b2 −
x1y0|0010⟩a1a2b1b2 +
x1y1|0110⟩a1a2b1b2 −
x1y2|1010⟩a1a2b1b2 +
x1y3|1110⟩a1a2b1b2 +
x2y0|0001⟩a1a2b1b2 −
x2y1|0101⟩a1a2b1b2 +
x2y2|1001⟩a1a2b1b2 −
x2y3|1101⟩a1a2b1b2 −
x3y0|0000⟩a1a2b1b2 +
x3y1|0100⟩a1a2b1b2 +
x3y2|1000⟩a1a2b1b2 −
x3y3|1100⟩a1a2b1b2

x0y0|0011⟩a1a2b1b2 −
x0y1|0111⟩a1a2b1b2 −
x0y2|1011⟩a1a2b1b2 +
x0y3|1111⟩a1a2b1b2 −
x1y0|0010⟩a1a2b1b2 +
x1y1|0110⟩a1a2b1b2 +
x1y2|1010⟩a1a2b1b2 −
x1y3|1110⟩a1a2b1b2 +
x2y0|0001⟩a1a2b1b2 −
x2y1|0101⟩a1a2b1b2 −
x2y2|1001⟩a1a2b1b2 +
x2y3|1101⟩a1a2b1b2 −
x3y0|0000⟩a1a2b1b2 +
x3y1|0100⟩a1a2b1b2 +
x3y2|1000⟩a1a2b1b2 +
x3y3|1100⟩a1a2b1b2

x0y0|0011⟩a1a2b1b2 −
x0y1|0111⟩a1a2b1b2 +
x0y2|1011⟩a1a2b1b2 −
x0y3|1111⟩a1a2b1b2 −
x1y0|0010⟩a1a2b1b2 +
x1y1|0110⟩a1a2b1b2 −
x1y2|1010⟩a1a2b1b2 +
x1y3|1110⟩a1a2b1b2 −
x2y0|0001⟩a1a2b1b2 +
x2y1|0101⟩a1a2b1b2 −
x2y2|1001⟩a1a2b1b2 +
x2y3|1101⟩a1a2b1b2 +
x3y0|0000⟩a1a2b1b2 −
x3y1|0100⟩a1a2b1b2 −
x3y2|1000⟩a1a2b1b2 +
x3y3|1100⟩a1a2b1b2

x0y0|0011⟩a1a2b1b2 −
x0y1|0111⟩a1a2b1b2 −
x0y2|1011⟩a1a2b1b2 −
x0y3|1111⟩a1a2b1b2 −
x1y0|0010⟩a1a2b1b2 +
x1y1|0110⟩a1a2b1b2 +
x1y2|1010⟩a1a2b1b2 −
x1y3|1110⟩a1a2b1b2 −
x2y0|0001⟩a1a2b1b2 +
x2y1|0101⟩a1a2b1b2 +
x2y2|1001⟩a1a2b1b2 −
x2y3|1101⟩a1a2b1b2 −
x3y0|0000⟩a1a2b1b2 −
x3y1|0100⟩a1a2b1b2 −
x3y2|1000⟩a1a2b1b2 −
x3y3|1100⟩a1a2b1b2

TABLE A.2: The collapsed state after performing the measurement on the states |Ai Bj⟩, with |01⟩a3b3
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|1303⟩ |++⟩A1B1 |+−⟩A1B1 |−+⟩A1B1 |−−⟩A1B1

|++⟩A2B2 x0y0|1100⟩a1a2b1b2 +
x0y1|1000⟩a1a2b1b2 +
x0y2|0100⟩a1a2b1b2 +
x0y3|0000⟩a1a2b1b2 +
x1y0|1101⟩a1a2b1b2 +
x1y1|1001⟩a1a2b1b2 +
x1y2|0101⟩a1a2b1b2 +
x1y3|0001⟩a1a2b1b2 +
x2y0|1110⟩a1a2b1b2 +
x2y1|1010⟩a1a2b1b2 +
x2y2|0110⟩a1a2b1b2 +
x2y3|0010⟩a1a2b1b2 +
x3y0|1111⟩a1a2b1b2 +
x3y1|1011⟩a1a2b1b2 +
x3y2|0111⟩a1a2b1b2 +
x3y3|0011⟩a1a2b1b2

x0y0|1100⟩a1a2b1b2 −
x0y1|1000⟩a1a2b1b2 +
x0y2|0100⟩a1a2b1b2 −
x0y3|0000⟩a1a2b1b2 +
x1y0|1101⟩a1a2b1b2 +
x1y1|1001⟩a1a2b1b2 −
x1y2|0101⟩a1a2b1b2 −
x1y3|0001⟩a1a2b1b2 +
x2y0|1110⟩a1a2b1b2 +
x2y1|1010⟩a1a2b1b2 −
x2y2|0110⟩a1a2b1b2 −
x2y3|0010⟩a1a2b1b2 +
x3y0|1111⟩a1a2b1b2 +
x3y1|1011⟩a1a2b1b2 −
x3y2|0111⟩a1a2b1b2 −
x3y3|0011⟩a1a2b1b2

x0y0|1100⟩a1a2b1b2 +
x0y1|1000⟩a1a2b1b2 +
x0y2|0100⟩a1a2b1b2 +
x0y3|0000⟩a1a2b1b2 +
x1y0|1101⟩a1a2b1b2 +
x1y1|1001⟩a1a2b1b2 +
x1y2|0101⟩a1a2b1b2 +
x1y3|0001⟩a1a2b1b2 −
x2y0|1110⟩a1a2b1b2 −
x2y1|1010⟩a1a2b1b2 −
x2y2|0110⟩a1a2b1b2 −
x2y3|0010⟩a1a2b1b2 −
x3y0|1111⟩a1a2b1b2 −
x3y1|1011⟩a1a2b1b2 −
x3y2|0111⟩a1a2b1b2 −
x3y3|0011⟩a1a2b1b2

x0y0|1100⟩a1a2b1b2 −
x0y1|1000⟩a1a2b1b2 +
x0y2|0100⟩a1a2b1b2 −
x0y3|0000⟩a1a2b1b2 +
x1y0|1101⟩a1a2b1b2 +
x1y1|1001⟩a1a2b1b2 −
x1y2|0101⟩a1a2b1b2 −
x1y3|0001⟩a1a2b1b2 −
x2y0|1110⟩a1a2b1b2 −
x2y1|1010⟩a1a2b1b2 +
x2y2|0110⟩a1a2b1b2 +
x2y3|0010⟩a1a2b1b2 −
x3y0|1111⟩a1a2b1b2 −
x3y1|1011⟩a1a2b1b2 +
x3y2|0111⟩a1a2b1b2 +
x3y3|0011⟩a1a2b1b2

|+−⟩A2B2 x0y0|1100⟩a1a2b1b2 −
x0y1|1000⟩a1a2b1b2 +
x0y2|0100⟩a1a2b1b2 −
x0y3|0000⟩a1a2b1b2 +
x1y0|1101⟩a1a2b1b2 −
x1y1|1001⟩a1a2b1b2 +
x1y2|0101⟩a1a2b1b2 −
x1y3|0001⟩a1a2b1b2 +
x2y0|1110⟩a1a2b1b2 −
x2y1|1010⟩a1a2b1b2 +
x2y2|0110⟩a1a2b1b2 −
x2y3|0010⟩a1a2b1b2 +
x3y0|1111⟩a1a2b1b2 −
x3y1|1011⟩a1a2b1b2 +
x3y2|0111⟩a1a2b1b2 −
x3y3|0011⟩a1a2b1b2

x0y0|1100⟩a1a2b1b2 −
x0y1|1000⟩a1a2b1b2 −
x0y2|0100⟩a1a2b1b2 +
x0y3|0000⟩a1a2b1b2 +
x1y0|1101⟩a1a2b1b2 −
x1y1|1001⟩a1a2b1b2 −
x1y2|0101⟩a1a2b1b2 +
x1y3|0001⟩a1a2b1b2 +
x2y0|1110⟩a1a2b1b2 −
x2y1|1010⟩a1a2b1b2 −
x2y2|0110⟩a1a2b1b2 +
x2y3|0010⟩a1a2b1b2 +
x3y0|1111⟩a1a2b1b2 −
x3y1|1011⟩a1a2b1b2 −
x3y2|0111⟩a1a2b1b2 +
x3y3|0011⟩a1a2b1b2

x0y0|1100⟩a1a2b1b2 −
x0y1|1000⟩a1a2b1b2 −
x0y2|0100⟩a1a2b1b2 +
x0y3|0000⟩a1a2b1b2 +
x1y0|1101⟩a1a2b1b2 −
x1y1|1001⟩a1a2b1b2 −
x1y2|0101⟩a1a2b1b2 +
x1y3|0001⟩a1a2b1b2 −
x2y0|1110⟩a1a2b1b2 +
x2y1|1010⟩a1a2b1b2 +
x2y2|0110⟩a1a2b1b2 −
x2y3|0010⟩a1a2b1b2 −
x3y0|1111⟩a1a2b1b2 +
x3y1|1011⟩a1a2b1b2 +
x3y2|0111⟩a1a2b1b2 −
x3y3|0011⟩a1a2b1b2

x0y0|1100⟩a1a2b1b2 −
x0y1|1000⟩a1a2b1b2 −
x0y2|0100⟩a1a2b1b2 +
x0y3|0000⟩a1a2b1b2 +
x1y0|1101⟩a1a2b1b2 −
x1y1|1001⟩a1a2b1b2 −
x1y2|0101⟩a1a2b1b2 +
x1y3|0001⟩a1a2b1b2 −
x2y0|1110⟩a1a2b1b2 +
x2y1|1010⟩a1a2b1b2 +
x2y2|0110⟩a1a2b1b2 −
x2y3|0010⟩a1a2b1b2 −
x3y0|1111⟩a1a2b1b2 +
x3y1|1011⟩a1a2b1b2 +
x3y2|0111⟩a1a2b1b2 −
x3y3|0011⟩a1a2b1b2

| −+⟩A2B2 x0y0|1100⟩a1a2b1b2 −
x0y1|1000⟩a1a2b1b2 +
x0y2|0100⟩a1a2b1b2 +
x0y3|0000⟩a1a2b1b2 −
x1y0|1101⟩a1a2b1b2 −
x1y1|1001⟩a1a2b1b2 −
x1y2|0101⟩a1a2b1b2 −
x1y3|0001⟩a1a2b1b2 +
x2y0|1110⟩a1a2b1b2 +
x2y1|1010⟩a1a2b1b2 +
x2y2|0110⟩a1a2b1b2 +
x2y3|0010⟩a1a2b1b2 −
x3y0|1111⟩a1a2b1b2 −
x3y1|1011⟩a1a2b1b2 −
x3y2|0111⟩a1a2b1b2 −
x3y3|0011⟩a1a2b1b2

x0y0|1100⟩a1a2b1b2 −
x0y1|1000⟩a1a2b1b2 −
x0y2|0100⟩a1a2b1b2 −
x0y3|0000⟩a1a2b1b2 −
x1y0|1101⟩a1a2b1b2 −
x1y1|1001⟩a1a2b1b2 +
x1y2|0101⟩a1a2b1b2 +
x1y3|0001⟩a1a2b1b2 +
x2y0|1110⟩a1a2b1b2 +
x2y1|1010⟩a1a2b1b2 −
x2y2|0110⟩a1a2b1b2 −
x2y3|0010⟩a1a2b1b2 −
x3y0|1111⟩a1a2b1b2 −
x3y1|1011⟩a1a2b1b2 +
x3y2|0111⟩a1a2b1b2 +
x3y3|0011⟩a1a2b1b2

x0y0|1100⟩a1a2b1b2 −
x0y1|1000⟩a1a2b1b2 +
x0y2|0100⟩a1a2b1b2 +
x0y3|0000⟩a1a2b1b2 −
x1y0|1101⟩a1a2b1b2 −
x1y1|1001⟩a1a2b1b2 −
x1y2|0101⟩a1a2b1b2 −
x1y3|0001⟩a1a2b1b2 −
x2y0|1110⟩a1a2b1b2 −
x2y1|1010⟩a1a2b1b2 −
x2y2|0110⟩a1a2b1b2 −
x2y3|0010⟩a1a2b1b2 +
x3y0|1111⟩a1a2b1b2 +
x3y1|1011⟩a1a2b1b2 +
x3y2|0111⟩a1a2b1b2 +
x3y3|0011⟩a1a2b1b2

x0y0|1100⟩a1a2b1b2 −
x0y1|1000⟩a1a2b1b2 −
x0y2|0100⟩a1a2b1b2 −
x0y3|0000⟩a1a2b1b2 −
x1y0|1101⟩a1a2b1b2 −
x1y1|1001⟩a1a2b1b2 +
x1y2|0101⟩a1a2b1b2 +
x1y3|0001⟩a1a2b1b2 −
x2y0|1110⟩a1a2b1b2 −
x2y1|1010⟩a1a2b1b2 +
x2y2|0110⟩a1a2b1b2 +
x2y3|0010⟩a1a2b1b2 +
x3y0|1111⟩a1a2b1b2 +
x3y1|1011⟩a1a2b1b2 −
x3y2|0111⟩a1a2b1b2 −
x3y3|0011⟩a1a2b1b2

| − −⟩A2B2 x0y0|1100⟩a1a2b1b2 −
x0y1|1000⟩a1a2b1b2 +
x0y2|0100⟩a1a2b1b2 −
x0y3|0000⟩a1a2b1b2 −
x1y0|1101⟩a1a2b1b2 +
x1y1|1001⟩a1a2b1b2 −
x1y2|0101⟩a1a2b1b2 +
x1y3|0001⟩a1a2b1b2 +
x2y0|1110⟩a1a2b1b2 −
x2y1|1010⟩a1a2b1b2 +
x2y2|0110⟩a1a2b1b2 −
x2y3|0010⟩a1a2b1b2 −
x3y0|1111⟩a1a2b1b2 +
x3y1|1011⟩a1a2b1b2 −
x3y2|0111⟩a1a2b1b2 +
x3y3|0011⟩a1a2b1b2

x0y0|1100⟩a1a2b1b2 −
x0y1|1000⟩a1a2b1b2 −
x0y2|0100⟩a1a2b1b2 +
x0y3|0000⟩a1a2b1b2 −
x1y0|1101⟩a1a2b1b2 +
x1y1|1001⟩a1a2b1b2 +
x1y2|0101⟩a1a2b1b2 −
x1y3|0001⟩a1a2b1b2 +
x2y0|1110⟩a1a2b1b2 −
x2y1|1010⟩a1a2b1b2 −
x2y2|0110⟩a1a2b1b2 +
x2y3|0010⟩a1a2b1b2 −
x3y0|1111⟩a1a2b1b2 +
x3y1|1011⟩a1a2b1b2 +
x3y2|0111⟩a1a2b1b2 −
x3y3|0011⟩a1a2b1b2

x0y0|1100⟩a1a2b1b2 −
x0y1|1000⟩a1a2b1b2 +
x0y2|0100⟩a1a2b1b2 −
x0y3|0000⟩a1a2b1b2 −
x1y0|1101⟩a1a2b1b2 +
x1y1|1001⟩a1a2b1b2 −
x1y2|0101⟩a1a2b1b2 +
x1y3|0001⟩a1a2b1b2 −
x2y0|1110⟩a1a2b1b2 +
x2y1|1010⟩a1a2b1b2 −
x2y2|0110⟩a1a2b1b2 +
x2y3|0010⟩a1a2b1b2 +
x3y0|1111⟩a1a2b1b2 −
x3y1|1011⟩a1a2b1b2 +
x3y2|0111⟩a1a2b1b2 −
x3y3|0011⟩a1a2b1b2

x0y0|1100⟩a1a2b1b2 −
x0y1|1000⟩a1a2b1b2 −
x0y2|0100⟩a1a2b1b2 +
x0y3|0000⟩a1a2b1b2 −
x1y0|1101⟩a1a2b1b2 +
x1y1|1001⟩a1a2b1b2 +
x1y2|0101⟩a1a2b1b2 −
x1y3|0001⟩a1a2b1b2 −
x2y0|1110⟩a1a2b1b2 +
x2y1|1010⟩a1a2b1b2 +
x2y2|0110⟩a1a2b1b2 −
x2y3|0010⟩a1a2b1b2 +
x3y0|1111⟩a1a2b1b2 −
x3y1|1011⟩a1a2b1b2 −
x3y2|0111⟩a1a2b1b2 +
x3y3|0011⟩a1a2b1b2

TABLE A.3: The collapsed state after performing the measurement on the states |Ai Bj⟩, with |10⟩a3b3
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|1313⟩ |++⟩A1B1 |+−⟩A1B1 |−+⟩A1B1 |−−⟩A1B1

|++⟩A2B2 x0y0|1111⟩a1a2b1b2 +
x0y1|1011⟩a1a2b1b2 +
x0y2|0111⟩a1a2b1b2 +
x0y3|0011⟩a1a2b1b2 +
x1y0|1110⟩a1a2b1b2 +
x1y1|1010⟩a1a2b1b2 +
x1y2|0110⟩a1a2b1b2 +
x1y3|0010⟩a1a2b1b2 +
x2y0|1101⟩a1a2b1b2 +
x2y1|1001⟩a1a2b1b2 +
x2y2|0101⟩a1a2b1b2 +
x2y3|0001⟩a1a2b1b2 +
x3y0|1100⟩a1a2b1b2 +
x3y1|1000⟩a1a2b1b2 +
x3y2|0100⟩a1a2b1b2 +
x3y3|0000⟩a1a2b1b2

x0y0|1111⟩a1a2b1b2 +
x0y1|1011⟩a1a2b1b2 −
x0y2|0111⟩a1a2b1b2 −
x0y3|0011⟩a1a2b1b2 +
x1y0|1110⟩a1a2b1b2 +
x1y1|1010⟩a1a2b1b2 −
x1y2|0110⟩a1a2b1b2 −
x1y3|0010⟩a1a2b1b2 +
x2y0|1101⟩a1a2b1b2 +
x2y1|1001⟩a1a2b1b2 −
x2y2|0101⟩a1a2b1b2 −
x2y3|0001⟩a1a2b1b2 +
x3y0|1100⟩a1a2b1b2 +
x3y1|1000⟩a1a2b1b2 −
x3y2|0100⟩a1a2b1b2 −
x3y3|0000⟩a1a2b1b2

x0y0|1111⟩a1a2b1b2 +
x0y1|1011⟩a1a2b1b2 +
x0y2|0111⟩a1a2b1b2 +
x0y3|0011⟩a1a2b1b2 +
x1y0|1110⟩a1a2b1b2 +
x1y1|1010⟩a1a2b1b2 +
x1y2|0110⟩a1a2b1b2 +
x1y3|0010⟩a1a2b1b2 −
x2y0|1101⟩a1a2b1b2 −
x2y1|1001⟩a1a2b1b2 −
x2y2|0101⟩a1a2b1b2 −
x2y3|0001⟩a1a2b1b2 −
x3y0|1100⟩a1a2b1b2 −
x3y1|1000⟩a1a2b1b2 −
x3y2|0100⟩a1a2b1b2 −
x3y3|0000⟩a1a2b1b2

x0y0|1111⟩a1a2b1b2 +
x0y1|1011⟩a1a2b1b2 −
x0y2|0111⟩a1a2b1b2 −
x0y3|0011⟩a1a2b1b2 +
x1y0|1110⟩a1a2b1b2 +
x1y1|1010⟩a1a2b1b2 −
x1y2|0110⟩a1a2b1b2 −
x1y3|0010⟩a1a2b1b2 −
x2y0|1101⟩a1a2b1b2 −
x2y1|1001⟩a1a2b1b2 +
x2y2|0101⟩a1a2b1b2 +
x2y3|0001⟩a1a2b1b2 −
x3y0|1100⟩a1a2b1b2 −
x3y1|1000⟩a1a2b1b2 +
x3y2|0100⟩a1a2b1b2 +
x3y3|0000⟩a1a2b1b2

|+−⟩A2B2 x0y0|1111⟩a1a2b1b2 −
x0y1|1011⟩a1a2b1b2 +
x0y2|0111⟩a1a2b1b2 −
x0y3|0011⟩a1a2b1b2 +
x1y0|1110⟩a1a2b1b2 −
x1y1|1010⟩a1a2b1b2 +
x1y2|0110⟩a1a2b1b2 −
x1y3|0010⟩a1a2b1b2 +
x2y0|1101⟩a1a2b1b2 −
x2y1|1001⟩a1a2b1b2 +
x2y2|0101⟩a1a2b1b2 −
x2y3|0001⟩a1a2b1b2 +
x3y0|1100⟩a1a2b1b2 −
x3y1|1000⟩a1a2b1b2 +
x3y2|0100⟩a1a2b1b2 −
x3y3|0000⟩a1a2b1b2

x0y0|1111⟩a1a2b1b2 −
x0y1|1011⟩a1a2b1b2 −
x0y2|0111⟩a1a2b1b2 +
x0y3|0011⟩a1a2b1b2 +
x1y0|1110⟩a1a2b1b2 −
x1y1|1010⟩a1a2b1b2 −
x1y2|0110⟩a1a2b1b2 +
x1y3|0010⟩a1a2b1b2 +
x2y0|1101⟩a1a2b1b2 −
x2y1|1001⟩a1a2b1b2 −
x2y2|0101⟩a1a2b1b2 +
x2y3|0001⟩a1a2b1b2 +
x3y0|1100⟩a1a2b1b2 −
x3y1|1000⟩a1a2b1b2 −
x3y2|0100⟩a1a2b1b2 +
x3y3|0000⟩a1a2b1b2

x0y0|1111⟩a1a2b1b2 −
x0y1|1011⟩a1a2b1b2 +
x0y2|0111⟩a1a2b1b2 −
x0y3|0011⟩a1a2b1b2 +
x1y0|1110⟩a1a2b1b2 −
x1y1|1010⟩a1a2b1b2 +
x1y2|0110⟩a1a2b1b2 −
x1y3|0010⟩a1a2b1b2 −
x2y0|1101⟩a1a2b1b2 +
x2y1|1001⟩a1a2b1b2 −
x2y2|0101⟩a1a2b1b2 +
x2y3|0001⟩a1a2b1b2 −
x3y0|1100⟩a1a2b1b2 +
x3y1|1000⟩a1a2b1b2 −
x3y2|0100⟩a1a2b1b2 +
x3y3|0000⟩a1a2b1b2

x0y0|1111⟩a1a2b1b2 −
x0y1|1011⟩a1a2b1b2 −
x0y2|0111⟩a1a2b1b2 +
x0y3|0011⟩a1a2b1b2 +
x1y0|1110⟩a1a2b1b2 −
x1y1|1010⟩a1a2b1b2 −
x1y2|0110⟩a1a2b1b2 +
x1y3|0010⟩a1a2b1b2 −
x2y0|1101⟩a1a2b1b2 +
x2y1|1001⟩a1a2b1b2 +
x2y2|0101⟩a1a2b1b2 −
x2y3|0001⟩a1a2b1b2 −
x3y0|1100⟩a1a2b1b2 +
x3y1|1000⟩a1a2b1b2 +
x3y2|0100⟩a1a2b1b2 −
x3y3|0000⟩a1a2b1b2

| −+⟩A2B2 x0y0|1111⟩a1a2b1b2 +
x0y1|1011⟩a1a2b1b2 +
x0y2|0111⟩a1a2b1b2 +
x0y3|0011⟩a1a2b1b2 −
x1y0|1110⟩a1a2b1b2 −
x1y1|1010⟩a1a2b1b2 −
x1y2|0110⟩a1a2b1b2 −
x1y3|0010⟩a1a2b1b2 +
x2y0|1101⟩a1a2b1b2 +
x2y1|1001⟩a1a2b1b2 +
x2y2|0101⟩a1a2b1b2 +
x2y3|0001⟩a1a2b1b2 −
x3y0|1100⟩a1a2b1b2 −
x3y1|1000⟩a1a2b1b2 −
x3y2|0100⟩a1a2b1b2 −
x3y3|0000⟩a1a2b1b2

x0y0|1111⟩a1a2b1b2 +
x0y1|1011⟩a1a2b1b2 −
x0y2|0111⟩a1a2b1b2 −
x0y3|0011⟩a1a2b1b2 −
x1y0|1110⟩a1a2b1b2 −
x1y1|1010⟩a1a2b1b2 +
x1y2|0110⟩a1a2b1b2 +
x1y3|0010⟩a1a2b1b2 +
x2y0|1101⟩a1a2b1b2 +
x2y1|1001⟩a1a2b1b2 −
x2y2|0101⟩a1a2b1b2 −
x2y3|0001⟩a1a2b1b2 −
x3y0|1100⟩a1a2b1b2 −
x3y1|1000⟩a1a2b1b2 +
x3y2|0100⟩a1a2b1b2 +
x3y3|0000⟩a1a2b1b2

x0y0|1111⟩a1a2b1b2 +
x0y1|1011⟩a1a2b1b2 +
x0y2|0111⟩a1a2b1b2 +
x0y3|0011⟩a1a2b1b2 −
x1y0|1110⟩a1a2b1b2 −
x1y1|1010⟩a1a2b1b2 −
x1y2|0110⟩a1a2b1b2 −
x1y3|0010⟩a1a2b1b2 −
x2y0|1101⟩a1a2b1b2 −
x2y1|1001⟩a1a2b1b2 −
x2y2|0101⟩a1a2b1b2 −
x2y3|0001⟩a1a2b1b2 +
x3y0|1100⟩a1a2b1b2 +
x3y1|1000⟩a1a2b1b2 +
x3y2|0100⟩a1a2b1b2 +
x3y3|0000⟩a1a2b1b2

x0y0|1111⟩a1a2b1b2 +
x0y1|1011⟩a1a2b1b2 −
x0y2|0111⟩a1a2b1b2 −
x0y3|0011⟩a1a2b1b2 −
x1y0|1110⟩a1a2b1b2 −
x1y1|1010⟩a1a2b1b2 +
x1y2|0110⟩a1a2b1b2 +
x1y3|0010⟩a1a2b1b2 −
x2y0|1101⟩a1a2b1b2 −
x2y1|1001⟩a1a2b1b2 +
x2y2|0101⟩a1a2b1b2 +
x2y3|0001⟩a1a2b1b2 +
x3y0|1100⟩a1a2b1b2 +
x3y1|1000⟩a1a2b1b2 −
x3y2|0100⟩a1a2b1b2 −
x3y3|0000⟩a1a2b1b2

| − −⟩A2B2 x0y0|1111⟩a1a2b1b2 −
x0y1|1011⟩a1a2b1b2 +
x0y2|0111⟩a1a2b1b2 −
x0y3|0011⟩a1a2b1b2 −
x1y0|1110⟩a1a2b1b2 +
x1y1|1010⟩a1a2b1b2 −
x1y2|0110⟩a1a2b1b2 +
x1y3|0010⟩a1a2b1b2 +
x2y0|1101⟩a1a2b1b2 −
x2y1|1001⟩a1a2b1b2 +
x2y2|0101⟩a1a2b1b2 −
x2y3|0001⟩a1a2b1b2 −
x3y0|1100⟩a1a2b1b2 +
x3y1|1000⟩a1a2b1b2 −
x3y2|0100⟩a1a2b1b2 +
x3y3|0000⟩a1a2b1b2

x0y0|1111⟩a1a2b1b2 −
x0y1|1011⟩a1a2b1b2 −
x0y2|0111⟩a1a2b1b2 +
x0y3|0011⟩a1a2b1b2 −
x1y0|1110⟩a1a2b1b2 +
x1y1|1010⟩a1a2b1b2 +
x1y2|0110⟩a1a2b1b2 −
x1y3|0010⟩a1a2b1b2 +
x2y0|1101⟩a1a2b1b2 −
x2y1|1001⟩a1a2b1b2 −
x2y2|0101⟩a1a2b1b2 +
x2y3|0001⟩a1a2b1b2 −
x3y0|1100⟩a1a2b1b2 +
x3y1|1000⟩a1a2b1b2 +
x3y2|0100⟩a1a2b1b2 −
x3y3|0000⟩a1a2b1b2

x0y0|1111⟩a1a2b1b2 −
x0y1|1011⟩a1a2b1b2 +
x0y2|0111⟩a1a2b1b2 −
x0y3|0011⟩a1a2b1b2 −
x1y0|1110⟩a1a2b1b2 +
x1y1|1010⟩a1a2b1b2 −
x1y2|0110⟩a1a2b1b2 +
x1y3|0010⟩a1a2b1b2 −
x2y0|1101⟩a1a2b1b2 +
x2y1|1001⟩a1a2b1b2 −
x2y2|0101⟩a1a2b1b2 +
x2y3|0001⟩a1a2b1b2 +
x3y0|1100⟩a1a2b1b2 −
x3y1|1000⟩a1a2b1b2 +
x3y2|0100⟩a1a2b1b2 −
x3y3|0000⟩a1a2b1b2

x0y0|1111⟩a1a2b1b2 −
x0y1|1011⟩a1a2b1b2 −
x0y2|0111⟩a1a2b1b2 +
x0y3|0011⟩a1a2b1b2 −
x1y0|1110⟩a1a2b1b2 +
x1y1|1010⟩a1a2b1b2 +
x1y2|0110⟩a1a2b1b2 −
x1y3|0010⟩a1a2b1b2 −
x2y0|1101⟩a1a2b1b2 +
x2y1|1001⟩a1a2b1b2 +
x2y2|0101⟩a1a2b1b2 −
x2y3|0001⟩a1a2b1b2 +
x3y0|1100⟩a1a2b1b2 −
x3y1|1000⟩a1a2b1b2 −
x3y2|0100⟩a1a2b1b2 +
x3y3|0000⟩a1a2b1b2

TABLE A.4: The collapsed state after performing the measurement on the states |Ai Bj⟩, with |11⟩a3b3
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Appendix B

QFI and QFIM formulas

To demonstrate the QFI and QFI we use the following expression matrix given in B.1:

Jθiθj = Tr[(∂θi ϱ̂)(∂θj ϱ̂)] +
1

detϱ̂
Tr[(∂θi ϱ̂ − ϱ̂∂θi ϱ̂)(∂θj ϱ̂ − ϱ̂∂θj ϱ̂)]. (B.1)

Since the operator ϱ̂ represents a single qubit density operator. Hence, we can decompose it as follows:
ϱ̂ = λ1|λ1⟩⟨λ1|+ λ2|λ2⟩⟨λ2|. Hence the first term of Eq.(B.1) is written as:

Tr[(∂θi ϱ̂)(∂θj ϱ̂)] = ⟨λ1|∂θi ϱ̂|λ1⟩⟨λ1|∂θj ϱ̂|λ1⟩+ ⟨λ2|∂θi ϱ̂|λ2⟩⟨λ2|∂θj ϱ̂|λ2⟩+ 2 Re(⟨λ1|∂θi ϱ̂|λ2⟩⟨λ2|∂θj ϱ̂|λ1⟩).
(B.2)

Furthermore, the second term of Eq.(B.1) is:

1
det ϱ̂

Tr[(∂θi ϱ̂ − ϱ̂∂θi ϱ̂)(∂θj ϱ̂ − ϱ̂∂θj ϱ̂)] =
1

det ϱ̂
Tr[(∂θi ϱ̂)(∂θj ϱ̂) + ϱ̂(∂θi ϱ̂)ϱ̂(∂θj ϱ̂)− ϱ̂{∂θi ϱ̂, ∂θj ϱ̂}]. (B.3)

Thus,

1
det ϱ̂

Tr[ϱ̂(∂θi ϱ̂)ϱ̂(∂θj ϱ̂)] =
λ1

λ2
⟨λ1|∂θi ϱ̂|λ1⟩⟨λ1|∂θj ϱ̂|λ1⟩+

λ2

λ1
⟨λ2|∂θi ϱ̂|λ2⟩⟨λ2|∂θj ϱ̂|λ2⟩

+ 2 Re(⟨λ1|∂θi ϱ̂|λ2⟩⟨λ2|∂θj ϱ̂|λ1⟩)

− 1
det ϱ̂

Tr[ϱ̂{∂iϱ̂, ∂θj ϱ̂}] =
−2
λ2

⟨λ1|∂θi ϱ̂|λ1⟩⟨λ1|∂θj ϱ|λ1⟩ −
2

λ1
⟨λ2|∂θi ϱ̂|λ2⟩⟨λ2|∂θj ϱ̂|λ2⟩

− 2
λ1λ2

Re(⟨λθi |∂θi ϱ̂|λ2⟩⟨λ2|∂θj ϱ̂|λ1⟩). (B.4)

Therefore,

Tr[(∂θi ϱ̂)(∂θj ϱ̂)] +
1

det ϱ̂
Tr[(∂θi ϱ̂ − ϱ̂∂θi ϱ̂)(∂θj ϱ̂ − ϱ̂∂θj ϱ̂)]

=
1

λ1
⟨λ1|∂θi ϱ̂|λ1⟩⟨λ1|∂θj ϱ̂|λ1⟩+

1
λ2

⟨λ2|∂θi ϱ̂|λ2⟩⟨λ2|∂θj ϱ̂|λ2⟩+ 4 Re(⟨λ1|∂θi ϱ̂|λ2⟩⟨λ2|∂θj ϱ̂|λ1⟩), (B.5)

It is well known that: ⟨λ1(2)|∂θi ϱ̂|λ1(2)⟩, while ⟨λ1|∂θi ϱ̂|λ2⟩ = ⟨∂θi λ1|λ2⟩+ ⟨λ1|∂θi λ2⟩ = 0. Hence, one can
obtain Tr[(∂θi ϱ̂)(∂θj ϱ̂)− ϱ̂{∂θi ϱ̂, ∂θj ϱ̂}] = (∂θi λ1)(∂θj λ1)−λ1(∂θi λ1)(∂θj λ1)−λ2(∂θi λ2)(∂θj λ2), which means
that Tr[(∂θi ϱ̂)(∂θj ϱ̂)] = Tr[ϱ̂{∂θi ϱ̂, ∂θj ϱ̂}]. Finally, the Eq.(B.1) takes the following compact form:

Jθiθj = Tr[(∂θi ϱ̂)(∂θj ϱ̂)] +
1

det ϱ
Tr[ϱ̂(∂θi ϱ̂)ϱ̂(∂θj ϱ̂)], (B.6)
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Indeed, a single qubit state can be written by means of Bloch vector :

ϱ̂ =
1
2
( Î + h⃗.⃗σ), (B.7)

where h⃗ = (hx, hy, hz)T and σ⃗ = (σx, σy, σz) denote the Bloch vector and Pauli matrices, respectively.

Tr[(∂θi ϱ̂)(∂θj ϱ̂)] =
1
4

Tr[(∂θi h⃗.⃗σ)(∂θj h⃗.⃗σ)] =
1
2
(∂θi h⃗).(∂θj h⃗), (B.8)

By means of the relationship: det ϱ̂ = 1
4 (1 − |⃗h|2), one can obtain

1
det ϱ̂

Tr[ϱ̂(∂θi ϱ̂)ϱ̂(∂θj ϱ̂)] =
1
2
(∂θi h⃗).(∂θj h⃗) +

(⃗h.∂θi h⃗)(⃗h.∂θj h⃗)

1 − |⃗h|2
. (B.9)

Finally, one can obtain the formula of QFI matrix as:

Jθiθj = (∂θi h⃗)(∂θj h⃗) +
(⃗h.∂θi h⃗)(⃗h.∂θj h⃗)

1 − |⃗h|2
. (B.10)

The QFI is exactly the diagonal elements of the QFIM. Thus, the expression of QFI is given as follows:

Jθ = |∂θ⃗h|2 + (⃗h.∂θ⃗h)2

1 − |⃗h|2
. (B.11)
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Appendix C

Performing the Three-party bidirectional
teleportation

To perform the BQT from Alice to Bob through Charlie.

We assume that Alice, Bob and Charlie have the states:

|QA⟩ = α|0⟩+ β|1⟩; |QB⟩ = γ|0⟩+ δ|1⟩; |QC⟩ = η|0⟩+ ζ|1⟩ (C.1)

Where:

α = cos
(

θA

2

)
, β = eiϕA sin

(
θA

2

)
; γ = cos

(
θB

2

)
, δ = eiϕB sin

(
θB

2

)
; η = cos

(
θC

2

)
, ζ = eiϕC sin

(
θC

2

)
(C.2)

The input state is given as

|ψs⟩ = |Qa⟩ ⊗ |Qb⟩ ⊗ |Qc⟩ ⊗ |GHZABC⟩ (C.3)

• By performing CNOT3 gate with |Qa,b,c⟩ as control qubits and |GHZABC⟩ as targets, the state is given
as

|ψ1
s ⟩ = αγη |000⟩ ⊗ 1√

2
(|000⟩+ |111⟩) + αγζ |001⟩ ⊗ 1√

2
(|001⟩+ |110⟩) (C.4)

+αδη |010⟩ ⊗ 1√
2
(|010⟩+ |101⟩) + αδζ |011⟩ ⊗ 1√

2
(|011⟩+ |100⟩)

+βγη |100⟩ ⊗ 1√
2
(|100⟩+ |011⟩) + βγζ |101⟩ ⊗ 1√

2
(|101⟩+ |010⟩)

+βδη |110⟩ ⊗ 1√
2
(|110⟩+ |001⟩) + βδζ |111⟩ ⊗ 1√

2
(|111⟩+ |000⟩)
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• Apply H3 on |Qa,b,c⟩ we get the state

|ψ2
s ⟩ = αγη

( |0⟩+ |1⟩√
2

|0⟩+ |1⟩√
2

|0⟩+ |1⟩√
2

)
abc⊗

1√
2
(|000⟩+ |111⟩) (C.5)

+ αγζ
( |0⟩+ |1⟩√

2
|0⟩+ |1⟩√

2
|0⟩ − |1⟩√

2

)
abc⊗

1√
2
(|001⟩+ |110⟩)

+ αδη
( |0⟩+ |1⟩√

2
|0⟩ − |1⟩√

2
|0⟩+ |1⟩√

2

)
abc⊗

1√
2
(|010⟩+ |101⟩)

+ αδζ
( |0⟩+ |1⟩√

2
|0⟩ − |1⟩√

2
|0⟩ − |1⟩√

2

)
abc⊗

1√
2
(|011⟩+ |100⟩)

+ βγη
( |0⟩ − |1⟩√

2
|0⟩+ |1⟩√

2
|0⟩+ |1⟩√

2

)
abc⊗

1√
2
(|100⟩+ |011⟩)

+ βγζ
( |0⟩ − |1⟩√

2
|0⟩+ |1⟩√

2
|0⟩ − |1⟩√

2

)
abc⊗

1√
2
(|101⟩+ |010⟩)

+ βδη
( |0⟩ − |1⟩√

2
|0⟩ − |1⟩√

2
|0⟩+ |1⟩√

2

)
abc⊗

1√
2
(|110⟩+ |001⟩)

+ βδζ
( |0⟩ − |1⟩√

2
|0⟩ − |1⟩√

2
|0⟩ − |1⟩√

2

)
abc⊗

1√
2
(|111⟩+ |000⟩)

• Now, we apply double CCNOT gate. We assume here that :|TA⟩ = |1⟩ |Qa⟩ = |1⟩, |CA⟩ = |1⟩ in this
case the state

∣∣∣S1,2
A

〉
= |1⟩. Furthermore, we assume that : |TB⟩ = |0⟩ and |TC⟩ = |0⟩. in this case

only Alice does a perfect projective measurement.

∣∣ψ3
s
〉

= αγη
( |1⟩√

2
|0⟩+ |1⟩√

2
|0⟩+ |1⟩√

2

)
abc⊗

1√
2
(|111⟩) + αγζ

( |1⟩√
2
|0⟩+ |1⟩√

2
|0⟩ − |1⟩√

2

)
abc⊗

1√
2
(|110⟩)

+ αδη
( |1⟩√

2
|0⟩ − |1⟩√

2
|0⟩+ |1⟩√

2

)
abc⊗

1√
2
(|101⟩) + αδζ

( |1⟩√
2
|0⟩ − |1⟩√

2
|0⟩ − |1⟩√

2

)
abc⊗

1√
2
(|100⟩)

+ βγη
(− |1⟩√

2
|0⟩+ |1⟩√

2
|0⟩+ |1⟩√

2

)
abc⊗

1√
2
(|100⟩) + βγζ

(− |1⟩√
2

|0⟩+ |1⟩√
2

|0⟩ − |1⟩√
2

)
abc⊗

1√
2
(|101⟩)

+ βδη
(− |1⟩√

2
|0⟩ − |1⟩√

2
|0⟩+ |1⟩√

2

)
abc⊗

1√
2
(|110⟩) + βδζ

(− |1⟩√
2

|0⟩ − |1⟩√
2

|0⟩ − |1⟩√
2

)
abc⊗

1√
2
(|111⟩) (C.6)

• Then, the partners apply a H3 on |Qa,b,c⟩, followed by CNOT3 gate on |Qa,b,c⟩ and |GHZ⟩:
∣∣∣ψ4

s

〉
= γη

|0001⟩abcA√
2

⊗ 1√
2
(α |11⟩ − β |00⟩)B,C + γη

|1000⟩abcA√
2

⊗ 1√
2
(−α |11⟩+ β |00⟩)B,C (C.7)

+γζ
|0011⟩abcA√

2
⊗ 1√

2
(α |11⟩ − β |00⟩)B,C + γζ

|1010⟩abcA√
2

⊗ 1√
2
(−α |11⟩+ β |00⟩)B,C

+δη
|0101⟩abcA√

2
⊗ 1√

2
(α |11⟩ − β |00⟩)B,C + δη

|1100⟩abcA√
2

⊗ 1√
2
(−α |11⟩+ β |00⟩)B,C

+δζ
|0111⟩abcA√

2
⊗ 1√

2
(α |11⟩ − β |00⟩)B,C + δζ

|1110⟩abcA√
2

⊗ 1√
2
(−α |11⟩+ β |00⟩)B,C



Appendix C. Performing the Three-party bidirectional teleportation 109

• Bob Applies X and Z gates on his GHZ qubit

Ẑ.X̂
∣∣∣ψ4

s

〉
= γη

|0001⟩abcA√
2

⊗ 1√
2
(α |01⟩+ β |10⟩) + γη

|1000⟩abcA√
2

⊗ 1√
2
(−α |01⟩ − β |10⟩) (C.8)

+γζ
|0011⟩abcA√

2
⊗ 1√

2
(α |01⟩+ β |10⟩)B,C + γζ

|1010⟩abcA√
2

⊗ 1√
2
(−α |01⟩ − β |10⟩)B,C

+δη
|0101⟩abcA√

2
⊗ 1√

2
(α |01⟩ − β |10⟩)B,C + δη

|1100⟩abcA√
2

⊗ 1√
2
(−α |01⟩ − β |10⟩)B,C

+δζ
|0111⟩abcA√

2
⊗ 1√

2
(α |01⟩+ β |10⟩)B,C + δζ

|1100⟩abcA√
2

⊗ 1√
2
(−α |01⟩ − β |10⟩)B,C

• Charlie performs a Hadamard gate followed by a measurement on her qubit from GHZ qubit If the
measurement outcome is : |GHZC⟩ = |0⟩, then the output state is:

∣∣ψ5
s
〉
= γη

|0001⟩abcA

2
√

2
⊗ (α |0⟩+ β |1⟩)B + γη

|1000⟩abcA

2
√

2
⊗ (−α |0⟩ − β |1⟩)B (C.9)

+γζ
|0011⟩abcA

2
√

2
⊗ (α |0⟩+ β |1⟩)B + γζ

|1010⟩abcA

2
√

2
⊗ (−α |0⟩ − β |1⟩)B

+δη
|0101⟩abcA

2
√

2
⊗ (α |0⟩+ β |1⟩)B + δη

|1100⟩abcA

2
√

2
⊗ (−α |0⟩ − β |1⟩)B

+δζ
|0111⟩abcA

2
√

2
⊗ (α |0⟩+ β |1⟩)B + δζ

|1110⟩abcA

2
√

2
⊗ (−α |0⟩ − β |1⟩)B

As shown in the equation (9), The quantum information of |Qa⟩ is restored in GHZB.

However, if |GHZC⟩ = |1⟩. Then, Bob should apply a Z gate on his GHZ qubit to restore the
teleported state by Alice.
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Résume (max 200 mots) 
L’objectif principal de cette recherche théorique est d’étudier la téléportation quantique bidirectionnelle des états quantiques 
inconnus et de certains paramètres pertinents. Nous considérons que le canal quantique du protocole de téléportation 

bidirectionnelle est soumis au bruit ambiant, qui induit la décohérence quantique. Nous évaluons la négativité pour quantifier la 

quantité d’intrication dans le canal quantique du protocole de téléportation quantique bidirectionnel. En outre, nous considérons les 
fidélités moyennes de téléportation et l’information quantique de Fisher comme des figures de mérite pour évaluer le protocole de 

téléportation bidirectionnelle. Afin de surmonter l’effet de décohérence quantique et d’augmenter l’efficacité du protocole de 

téléportation, nous utilisons la méthode des mesures faibles et inversées. Nous montrons que ces mesures ne peuvent supprimer 

l’effet de l′amplitude damping que si, et seulement si, les fidélités moyennes des états téléportes sont supérieures a 0, 5 et que 
l’information quantique de Fisher n’est pas nulle. Néanmoins, l’utilisation de corrélations classiques et temporelles dans le régime 

non-markovien pourrait améliorer légèrement la téléportation bidirectionnelle. Dans une étape ultérieure, nous proposons trois 

schémas pour la téléportation bidirectionnelle de la porte CNOT et des états de n-qubits.  

 

Mots-clefs (5) : téléportation bidirectionnelle, Décohérence, fidélité, information quantique de Fisher, intrication 

 

 

 

 

Abstract (max 200 mots)  
In this thesis, we address the issue of bidirectional quantum teleportation, which is one of the most interesting subjects in quantum 
information science.  The prime objective of this research is to investigate the bidirectional quantum teleportation of unknown 

quantum states and some relevant parameters. We consider that the quantum channel of the bidirectional teleportation protocol is 

subjected to environmental noise, which induces decoherence. We evaluate the negativity to quantify the amount of entanglement 
in the quantum channel of the bidirectional quantum teleportation protocol. Furthermore, we consider the average fidelities of 

teleportation and the quantum Fisher information as figures of merit to assess the bidirectional teleportation protocol. In order to 

overcome the decoherence effect and increase the BQT efficiency, we use the weak and reversed measurements method. 
Nonetheless, using noise classical and temporal correlations in the non-Markovian regime we could slightly improve the BQT. We 

extend the BQT protocol to a three-party scheme. Then, we generalize the proposed scheme to a quantum network composed of N 

partners. We also suggest a new bidirectional scheme for the non-local implementation of CNOT operations. Based on the latter 

bidirectional scheme, we propose a bidirectional teleportation protocol for n-qubit. 
 

Key Words (5) : Bidirectional teleportation, Decoherence, fidelity, quantum Fisher information, entanglement 
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