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Abstract

Abstract

This thesis is an investigation of the Ulam-stability of some linear functional equations
in different domains, namely in Banach spaces and in Random normed spaces, as well
as of some differential equations with delay in locally convex spaces. In order to show
our results, we have been led to establish and apply some fixed point theorems in general
settings.

First, we provide a new proof of a result of Bahyrycs and Olko showing the Ulam-
stability of the non homogeneous Forti equation in Banach spaces. Instead of the use of
a elaborated theorem due to Brzdek, Chudziak and Péales, we use the classical Banach
contraction principle and prove the same result.

As Forti equation involves concrete linear mappings, namely the multiplication by a
scalar and a mapping associated with a matrix, we introduce an abstract linear functional
equation, generalizing Forti’s one and then most of the linear equations ever considered
in the literature. We then study its stability and its hyperstability, using a fixed point
approach.

Next, we show a general fixed point theorem in random normed spaces. As an ap-
plication of it, we prove Ulam-stability results for a non-homogeneous Forti functional
equation, with non constant second member.

Finally, we prove an alternative fixed point theorem in generalized gauge spaces, ex-
tending the famous alternative fixed point theorem of Diaz and Margoli. Using this fixed
point theorem, we show the Ulam stability of a general delay differential equation in

locally convex spaces.

Keywords : Ulam stability, general linear functional equation, delay functional differ-
ential equation, direct method, fixed point method, random normed space, locally convex

space, generalized gauge space.
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Résumé

Résumé

Cette thése est une étude sur la stabilité au sens d’Ulam de certaines équations fonction-
nelles linéaires dans des domaines différents, notamment dans les espaces de Banach et
les espaces normés aléatoires, ainsi que de certaines équations différentielles avec retard
dans des espaces localement convexes. Afin de montrer nos résultats, nous avons été
amenés a établir et a appliquer des théorémes de point fixe dans des contextes généraux.
Nous commencons par donner une nouvelle preuve simple d’un résultat de Bahyrycz et
Olko [18] montrant la stabilité d’Ulam de l'équation de Forti non homogéne. Ensuite,
nous introduisons une équation fonctionnelle abstraite, généralisant celle de Forti et nous
étudions sa stabilité et son hypersatbilité, en utilisant I'approche de point fixe. Enfin,
nous montrons deux théorémes du point fixe dans deux cadres différents, le premier dans
les espaces uniformes généralisés séquentiellement complet et le second dans les espaces
normés aléatoires. Nous appliquons ces deux théorémes pour prouver des résultats sur la

stabilité au sens d’Ulam.

Mots Clés : stabilité d’Ulam, équation fonctionnelle linéaire, équation différentielle
avec retard, méthode directe, méthode du point fixe, espace normé aléatoire, espace lo-

calement convexe, espace uniforme généralisé.
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Résumé étendu

Résumé étendu

Dans cette thése, nous nous intéressons aux problémes de stabilité et d’hyperstabilité de
certaines équations fonctionnelles linéaires dans des domaines différents, notamment dans
les espaces de Banach et les espaces normés aléatoires, ainsi que de certaines équations
différentielles avec retard dans des espaces localement convexes. Afin de montrer nos
résultats, nous avons été amenés a établir et & appliquer des théorémes de point fixe dans

des contextes généraux.

Nous commencons par donner une nouvelle preuve plus simple d’un résultat de Bahyrycz

et Olko [I8] montrant la stabilité d’Ulam de I’équation de Forti non homogéne

> Bif (Z bijmj> +B=0,
i=1 j=1

ou f est une application d’un espace vectoriel X dans un espace de Banach Y, z; € X, B;
et b;; sont des scalaires et B € Y. Au lieu d’utiliser un théoréme compliqué di a Brzdek,
Chudziak et Pales comme dans [I8], nous utilisons le théoréme classique de contraction

de Banach.

En analysant I’équation de Forti non-homogéne, on remarque qu’elle consiste en une
somme de compositions d’applications linéaires. Pour cela, nous introduisons une équation
fonctionnelle linéaire abstraite, généralisant celle de Forti, et donc la plupart des équations

fonctionnelles linéaires considérées dans la littérature. Cette équation se lit

ou m et n sont des entiers positifs, pour tout i € {1,2,...,m}, p; est une application
linéaire de X" vers X, A; est un endomorphisme continu de Y, et b € Y En utilisant une
approche de point fixe, nous étudions la stabilité et I’hyperstabilité de cette équation.
Ensuite, nous montrons un théoréme général du point fixe concernant les applications
sur Y ot X est un ensemble non vide et Y est un espace normé aléatoire. En particulier,
ce résultat généralise le théoréme du point fixe établi par Brzdek, Chudziak et Pales [39],
Comme application de celui-ci, nous prouvons des résultats de stabilité d’Ulam pour une

équation fonctionnelle de Forti non-homogéne avec un second membre non constant.

Enfin, nous démontrons un théoréme d’alternative du point fixe dans les espaces uni-

Benzarouala Chaimaa vi



Résumé étendu

forme généralisés séquentiellement complet, étendant le célébre théoréme d’alternatives
du point fixe établi par Diaz et Margoli en 1968. En utilisant ce théoréme, nous montrons

la stabilité d’Ulam de I’équation différentielle avec retard

y(t) = F(tyt),y(v (1), tel,

ol y n’est plus défini & partir d’un intervalle I vers R, mais vers un espace localement
convexe (en particulier dans un espace de Banach). Pour I'intervalle I, les cas borné et non
borné sont considérés. Signalons que I’étude de la stabilité des équations différentielles
au sens d’Ulam a été initiée par Obloza au cours des années 1990 et que notre résultat

fondamental généralise plusieurs études qui existent a ce props dans la littérature.
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Introduction

Introduction

The aim of this thesis is to investigate the Ulam-stability of some linear functional equa-
tions in different domains, namely in Banach spaces and in Random normed spaces, as
well as of some differential equations with delay in locally convex spaces. In order to show
our results, we have been led to establish and apply some fixed point theorems in general
settings.

Actually, the study of the stability problems of functional equations goes back to 1940,
when Ulam [I89] discussed during his talk in the Mathematics club of the university of
Wisconsin, the notion of stability of mathematical theorems considered from a rather
general point of view : When is it true that by changing a little the hypotheses of a
theorem, one can still assert that the thesis of the theorem remains true or approximately
true 7 Particularly, for a general functional equation, one can ask the following question:
When is it true that approximate solution of an equation must be close to an exact solution
of the given equation ? Actually, Ulam asked the following question concerning the group
homomorphisms:

Let X be a group, (Y,d) be a metric group and € be a positive number. Does there

exists a number > 0 such that, whenever a function f : X — Y satisfies

d(f(zy), f(x)f(y)) <0, xyeX, (1)

there exists a group homomorphism G : X — Y such that
d(f(z),G(x)) <, r e X? (2)

Whenever the answer to this problem is in the affirmative, one says that the homomor-
phism equation f(zy) = f(z)f(y) is Ulam stable, or that the group homomorphisms are
stable with respect to the equation f(zy) = f(z)f(y) and the Ulam approximation. No-
tice that, in the Ulam stability, the control functions, € and d, do not depend on x or on
y (see (1) and (2)).

The first affirmative answer to Ulam’s problem was given in 1941 by Hyers [87], who
answered the question in the context of real Banach space. He namely showed that the

Cauchy functional equation

flx+y) = flx)+ f(y),

Benzarouala Chaimaa 1



Introduction

is Ulam stable, whenever X and Y are real Banach spaces, with € = §. In his proof, Hyers
[87] constructed the equation solution as a limit of a sequence starting from the given

approximate solution. This method is subsequently known as the direct method.

Later, in 1950 Aoki [I3] considered Ulam’s problem with a new kind of approximation.

He allowed the Cauchy differences to be unbounded, but dominated as follows

1z +y) = ) = F) < elll” + Nyll?)

for some positive constant ¢ and some p € [0, 1[. With a similar method as Hyers [87], he
obtained that the Cauchy functional equation is stable with respect to the approximation

above. This was a nice generalization of Hyers’ theorem.

Next, in 1978, Rassias [157] succeeded in extending the result of Aoki [I3] for the case
p < 1 and he asked whether the same result holds true if p > 1. In 1991, Gajda [74]
answered definitely Rassias’s question. He obtained the result for p > 1, using the same
approach as Rassias [157], and gave an example to show how the stability fails when the

power of the norms is 1.

In [I58], [160], Rassias investigated the stability problem of Cauchy equation with the

following approximation

1z +y) = flz) = fF)ll < cllf”][«]]”,

with 0 < p < % In 1992, Gavruta [75] generalized the results of Hyers [87], Aoki
[13], Rassias [157, 158, 160] and Gajda [74], by using a general control function and the
direct method. From there on, when an functional equation is stable with respect to a non
uniform approximation , one say that it is Ulam-Hyers-Rassias stable or just Hyers-Rassias

stable.

In 2003, Radu [I56] showed that the results of Hyers, Rassias, and Gajda concerning
the stability of the Cauchy functional equation in Banach spaces can be obtained using
the alternative fixed point theorem of Diaz and Margoli [62]. He thus founded what is
nowadays known as the fixed point method. This method consists of constructing on a
subspace X of functions from X into Y¥ a complete generalized distance d and a strict
contraction mapping J of X, so that a fixed point of .J is the exact solution near the given

approximate solution of the equation.

Benzarouala Chaimaa 2
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In the same year 2003, Cadariu and Radu [50], using again the alternative fixed point

theorem, showed that the Jensen functional equation

r+y
2

2/( ) = f(x) + f(y)

is Ulam-Hyers-Rassias stable. Since then, the so-called Ulam stability problem has known
an extensive expansion. Instead of the Cauchy or the Jensen equation, a large variety of
functional equations have been considered in the literature, such as quadratic functional
equations [60], Euler-Lagrange type equations [92, [143|, cubic equations [54], quartic
equations [I48] and so on. Several authors have also considered systems of functional
equations and studied their stability [132] 143]. A quite general non linear functional

equation in a single variable was investigated in 1991 by Baker [2I], namely

flz) = F(z,9(¢())).

As noticed by Oubbi in [I43], when dealing with the stability of the functional equation

fla@+y)+ Bz —y)) = (a+ ) f(x) + (o = B) f(y),

with (o, 8) € K\ {0} x K, including the Cauchy, the Jensen and the quadratic equation,
the alternative fixed point theorem can be replaced by the classical Banach fixed point
theorem, by reducing the space X, binding it to the approximate solution, in order to
get a complete metric space. Oubbi combined this equation with other equations and
showed the stability of the so-obtained systems. He thus proved, among other things, the

stability of the Jordan n-homomorphisms and the n-derivations in Banach algebras.

It is a fact that the direct method and the fixed point method are the most popular
techniques for proving the stability of functional equations, although the direct method
does not work in some significant cases [98]. However, several other methods have been
used to study Ulam stability problem, for instance the method of invariant means [180],
the method based on sandwich theorems [145], and the method using the concept of
shadowing [183].

Benzarouala Chaimaa 3
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In 2007, Forti [72] introduced the following linear functional equation

Z B;f (Z bz‘jIj) =0, (Forti equation)
i=1 =1

where f is a mapping from a vector space X into a Banach space Y, z; € X, and B; and
b;; are scalars for every i € {1,...,m} and every j € {1,...,n}. Numerous important
functional equations are particular cases of this one, for example Cauchy equation, Jensen

equation, the linear equation in two variables
flaz +by +c) = Af(z) + Bf(y),

the Jordan-von Neumann (quadratic) equation

fla+y) + flz—y) =2f(x) +2f(y),

the Drygas equation

flx+y) + flz—y) =2f(2) + f(y) + f(—v),

and the Fréchet equation

flat+y+z2)+ flx)+ fy)+f(2) = flx+y) + flz+2)+ fly+2).

For more information on the Cauchy and Jensen equations we refer to |15, 116]. The
quadratic equation (the law of parallelogram) was used by Jordan and von Neumann [91]
to characterize the inner product spaces, and the Drygas and Fréchet equations were used
for similar purposes [12] [73, 100]. In |17, 20, [65] 89, 95, 99, 133, 135l 150, 151} 152] 153
159] the interested reader can find further related information and stability outcomes
concerning those equations. For further examples of special cases of Forti equation, if

Ay Y* — Y¥ is the Fréchet difference operator, defined for z,y € X

A () = ALf(x) = [z +4) — (),  zeX,  and
AR = AL o AF, z € X, k €N, therefore

1 =A OAzk ..... o1 X1, ., Tpr1 € X, keN.

Benzarouala Chaimaa 4
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Clearly the following functional equations

Alf(z)=0,  w,z€X,
Al’k ----- $1f(x):07 xvxla"kaeXa
ALf(z) = k! f(x), z,z € X,

are particular cases of Forti equation, we refer to |79, [89] 116, 120, 18] for more infor-

mation on solutions and stability of these equations.

Note also that, if we write for every x,y,x1,..., 25, u,w € X and k € N,

C'f(z.y) = flx +y) - f(z) = fly),  and
C* U f(xy, .. o, u,w) = Cof(ay, . o, u+w) — CFf(ay, ... ap,u) — OFf(zy, ..., g, w)

then the Fréchet equation can be rewritten in the form C?f(z,y, z) = 0, x,y,z € X.
Generally,

Ok+1f($17...,]3k+2):0, Ty, Tpyo € X,

is also a particular case of Forti equation. A further example of Forti equation is given by

M7 (B2 pw) 4 10+ £10)

P () () ()

where M, N, I,k € Z\ {0}. Such an equation has been studied in [55] 56l 57, 58|. For

M =1=3and N = k = 2, this equation was introduced by Popoviciu [I55] in connection
with his investigation of convex functions. We refer to [118] [119] 184} 185] for information

on its solutions and stability. Finally the p-Wright equation

flpr + (1 —=p)y) + (1 —p)z +py) = f(x)+ f(y),

where p € R is fixed, is also of Forti type equation. We refer to [16, 34] for some results

concerning it.

In 2015, Bahyrycz and Olko [18] used a fixed point theorem due to Brzdek et al [39]

Benzarouala Chaimaa 5)
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(Theorem , to show the stability of the non-homogeneous Forti equation

i=1 j=1
where B € Y, with respect to the control functions:

1) 91(1‘1,. .. ,xn) =C
i) Ox(x1,. . w0) =C Y ez
j=1
iii) O3(z1,...,2,) = Cmax {|c;a; ||, je{l,...,n}}

iV) 94($17 ce 7xn) = CH ||x]||kJ
j=1

V) Os(x1, ) = C [l + DD llejay ||
j=1 j=1

where C, D €]0; +00], k;,t; < 0 and ¢; € K*.
In 2015, Dong [64], using the fixed point theorem due to Brzdek, Chudziak and Péles
[39], proved the hyperstability of Forti equation, with respect to the following two different

approximation inequalities

[ ZB f (Z awxj> | < CZ le,|,  and
130 (o ) 1= L1

with p > 0, and p; + --- + p, < 0. In the same year, Bahyrycz and Olko [19], using the
same theorem of [39], showed the hyperstability of the non-homogeneous Forti equation,
with a constant second member, generalizing Dong’s results [64]. Recall that a functional
equation is hyperstable if every function satisfying the equation approximately is an exact
solution of it. the hyperstability has been investigated recently for various equations, e.g.,
[17, 35, 36l 37, 151].

In this thesis, using a proof similar to that of Oubbi [I43|, relying on the classical
Banach contraction theorem, we provide a new proof to the stability and the hyperstability

of the non-homogeneous Forti equation as in [18|. By the way, in [I8] and [19], the authors

Benzarouala Chaimaa 6
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assume that B is a scalar. Actually, B must be an element of Y. Fortunately, this does

not alter their results.

When analyzing the non-homogeneous Forti equation, it consists of a sum of compo-
sitions of trivial linear mappings. We introduce an abstract linear functional equation

generalizing Forti equation, then also all the others above. This equation reads

S A (@) +b=0, T:= (21,...,2,) € X",
i=1
where m and n are positive integers, for every i € {1,2,...,m}, ¢; is a linear mapping

from X" into X, A; is a continuous endomorphism of Y, and b € Y. Using the Banach
contraction fixed point theorem, as in [I43|, we prove the stability and hyperstability of

this equation, then also, of course, of its associated homogeneous one

m

S A (f (i) =0, = (21,...,3,) € X"

i=1
Most known results on the stability of linear functional equations in the literature derive
from ours. We also provide situations to which our theorem applies, but not covered by

the former results.

On the other hand, Menger [125] proposed a probabilistic generalization of the metric
spaces theory, called the theory of probabilistic metric (or random normed) spaces. This
theory has been investigated by Serstnev in a series of papers (see for example [174], [175],
[176]), we can also refer to the book [81] in this respect. In 1986, Alsina [10] considered
the stability of functional equations in probabilistic normed spaces and, in 2008, Mihet
and Radu [126], using the fixed point method, proved some stability results of the Cauchy

and the Jensen functional equations in random normed spaces.

Instead of the Cauchy and the Jensen functional equations, a large variety of functional
equations have been considered in the literature in random spaces, for example in 2016,
Kim et al [I07] investigated the generalized Ulam stability of a general cubic functional
equation. In 2017, Cho et al [53| proved the stability of quintic functional equations in
random normed spaces. In the same year, Alshybani et al [I1] used the direct and the
fixed point methods, to establish the generalized Ulam stability of an additive-quadratic
functional equation in such spaces. In 2018, Pinelas et al [I49] by using the direct and

the fixed point methods investigated the generalized Ulam stability of a new type of n-
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dimensional cubic functional equation in random normed spaces. For more details about

the stability of various functional equations in random normed spaces, one can see the

book of Cho et al [52].

In this thesis, we prove a general fixed point theorem for classes of functions taking
values in a random normed space. This is the random normed space version of the fixed
point theorem due to Brzdek et al [39]. Next, we show several of its consequences and,
among others, we present applications of it in proving the Ulam stability results for the

general non-homogeneous Forti equation

i=1 Jj=1

where the second member is no more constant, but a function D : X™ — Y. We also show
how to use our fixed point theorem to study the approximate eigenvalues and eigenvectors

of some linear operators.

The Ulam stability of linear differential equations was firstly investigated in 1993 by
Obloza [138], 139]. After that a large number of papers devoted to this subject have been
published (see |11} 26 ©93]). In 2010, Jung [94], using the fixed point method, proved the

Ulam stability of the first order differential equation of the form

y'(t) = F(t,y(t)), (3)

where F' : I Xx R — R is a continuous function satisfying a Lipschitz condition and I is
a closed interval. In 2020, Bagci et al [23], using the alternative fixed point theorem as
in [94], extended and improved Jung’s result for the differential equation (5.1)). Several
other differential equations without delay have been considered in the literature (see

18, (129, 141} [154]).

In 2015, using the fixed point method, Tung and Biger [I87] proved the Ulam stability
of the first-order delay differential equation

y'(t) = F(t,y(t),y(t — h)), (4)

where F': I x R?> — R is a continuous function, I is a bounded and closed interval, and

h is a positive real number, called the delay. In 2019, inspired by the techniques used
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in [I87], Ogrekci [140] extended and improved the results of [I87] by proving the Ulam
stability of the delay differential equation for unbounded intervals. Notice that, in
2013, Otrocol and llea [142] proved the Ulam stability of the delay differential equation

y(t) = Ftyt),y(w (), telcCR, (5)
by using the well-known Gronwall lemma [24] and the abstract Gronwall lemma [164].

Here, we deal with the stability of first order differential equations with delay in locally
convex spaces, using the fixed point method. To this aim, we first show a new alternative
fixed point theorem in generalized gauge spaces. This extends the famous alternative
fixed point theorem of [62]. Using this theorem, we prove the Ulam stability of the
delay differential equation (b)), where y is no more defined from an interval I into R, but
into a locally convex space (in particular into a Banach space). Since the equation ({5,
generalizes both and , many known results on the stability of differential equations

in the literature can be derived.
This thesis is organized as follows :

In chapter 1, we briefly recall some basic results that will be used in the sequel.
Chapter 2, is about generalizations of some fixed point theorems. It is divided into
two sections, in the first one we will prove the new alternative fixed point theorem in
generalized gauge spaces. In the second section we will prove a general fixed point theorem
in the space of functions taking values in a random normed space. This constitutes the
random normed space version of the fixed point theorem due to Brzdek, Chudziak and
Péles [39].

In chapter 3, using a purely fixed point approach, we produce a new proof of the Ulam-
Hyers stability and hyperstability of the non-homogeneous Forti equtaion considered in

[18, 19]. Next, we introduce the abstract linear functional equation

and study its stability and hyperstability in Banach spaces.

Chapter 4 focuses on the Ulam stability of functional equations in random normed spaces.
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In this chapter, we prove the Ulam stability of the non-homogeneous Forti equation

Z Bzf (Z bijxj> = D(Ih e ,ZL‘n),
=1 j=1

in the class of functions f mapping a vector space X into a random normed spaces
(Y, F,T). As special cases of our result, we obtain the stability criteria for numerous
functional equations, in the framework of random normed spaces.

In chapter 5, we deal with the stability of first order differential equations with delay in
locally convex spaces, using our fixed point theorem. We prove the Ulam stability of the
equation , where y is no more defined from an interval [ into R, but into a locally
convex space (in particular into a Banach space). Since the equation , generalizes both
B) and (), many known results on the stability of differential equations in the literature
can be derived. At the end, we point out some gaps in [23] concerning the same subject

and fix them. We also give a comment concerning an assertion in [I4] (see Remark [5.3.1)).
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Chapter 1

Preliminary notions and results

In this chapter, we recall briefly some basic results we will use throughout the dissertation.

1.1 Some fixed point theorems

In this section, we will recall some famous fixed point theorems, useful in solving the
stability problem of functional equations.

First, let us recall the basic fixed point theorem in analysis, namely the Banach contrac-
tion mapping Theorem or the Banach fixed point theorem, or also the Banach contraction

mapping principle.

Definition 1.1.1. Let (Y,d) be a metric space. A mapping J :' Y — Y is a strict
contraction mapping, if there exists a constant 0 < q < 1, such that d(J(z),J(y)) <
qd(x,y), for all x,y € Y.

Theorem 1.1.2. Let (Y,d) be a complete metric space and J :'Y — Y be a strict
contraction mapping with the Lipschitz constant 0 < g < 1. Then

1) J has a unique fized point =* in Y.
2) nl_lgloo J"(x) = x*, for every x € Y.

3) For every n € N, and every x € Y

d(J"(z),x*) < ¢"d(x, z*)

A (@), a) < =L, I (@)

N 1
d(z,z*) < 1—_qd(m, J(x)).

11



1.1. SOME FIXED POINT THEOREMS

This theorem has a kind of generalization to generalized metric spaces. This is namely
the alternative fixed point theorem of Diaz and Margoli [62]. In order to state it, we need

the following definition.

Definition 1.1.3. Let Y be a set. A function d:Y xY — [0, +0o0] is called a generalized
metric on Y if d satisfies

i. d(z,y) =0 if and only if x =y,

i, d(z,y) = d(y,z) for all x,y €Y,

iii. d(x,z) < d(z,y) +d(y, z) for all x,y,z €Y.

Notice that the only difference between a generalized metric and a usual metric is that

the range of the former is permitted to include +oo.

Theorem 1.1.4 ([62]). Let (Y,d) be a generalized complete metric space and J 1Y —Y
be a strict contraction mapping with the Lipschitz constant 0 < q < 1. Then for each

given element x € Y, one of the conditions holds
1) d (J"(z), J" ! (z)) = oo, for every n > 0.

2) There ezists a positive integer ng such that
a) d(J" N (x), J"(z)) < 400,  for all n > nyg.
b) The sequence (J"(x)), converges to a fized point x* of J.

*

¢) = is the unique fized point of J in the set

Y :={yeY: dJ™(x),y) < +oo}.

d) For everyy € Y~

This theorem proved to be a very effective tool in the investigation of various issues
in Ulam stability of functional equations (see [23, 50, 94] 147, [51], [146] 156]), although in

many cases one can use the classical Banach fixed point theorem instead.

Remark 1.1.5. e If the fixed point 2™ exists, it is not necessarily unique in the whole

space Y.

e Actually, if a) holds, then (Y* d) is a complete metric space and J(Y™*) C Y™,
Therefore, the properties b), ¢) and d) are easily seen to follow from Theorem [1.1.2]

Another fixed point theorem, due to Brzdek, Chudziak and Péles [39], comes in force
when dealing with the Ulam stability of functional applications. To state it, we need the

following three hypotheses :
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1.2. TRIANGULAR NORMS

(H1) X is a nonempty set, Y is a Banach space, k € N*, and fi,...,f, : X — X and

Ly,...,L,: X — R, are given functions.

(H2) J: Y™ — Y™ fulfills the inequality

: EpneYX reX.

176@) = Tu(@)]| < 3 Li(@)|§(fil@)) = ulfilx))
(H3) A:RY — RY is given by
Ad(z) == Z Li()é(fi(z)), odeR X zeX.

Theorem 1.1.6 ([39]). Let the hypotheses (H1)-(H3) be satisfied. Let functions e : X —
Ry and ¢ : X =Y fulfill

[Jo(z) — p(@)|| <e(2),  zeX,

e*(z) = ZAie(x) < 00, r e X. (1.1)

Then there exists a unique fixed point 1 of J with

lo(z) —d(2)] <e*(z), zeX (1.2)
Moreover,
() = nh_)rrolo J(x), z e X. (1.3)

1.2 Triangular norms

The history of triangular norms (¢t-norms for short) started with Menger [125], when
he wanted to generalize the triangle inequality from classical metric spaces to statistical
metric spaces (nowadays called probabilistic metric spaces). Triangular norms play an im-
portant role in the interpretation of the conjunction in fuzzy logics [84] and, subsequently,
for the intersection of fuzzy sets [194]; see [166], 110, 111, 109, 52].

Definition 1.2.1 ([166]). A triangular norm is a binary operation on the unit interval
[0,1], i.e., a function T : [0,1] x [0, 1] — [0, 1], such that for all z,y, z € [0, 1], the following

conditions are satisfied
(T'1) Commutativity: T(z,y) = T(y, x).

(T2) Associativity: T(x,T(y, z)) = T(T(z,y), 2).
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1.2. TRIANGULAR NORMS

(T'3) Monotonicity: T'(z,y) < T(x,z), whenever y < z.
(T'4) Boundary condition: T(x,1) = x.

Remark 1.2.2. e Since a t-norm is an algebraic operation on the unit interval [0, 1],

some authors prefer to use the notation x x y instead of the notation 7'(z,y).

e The commutativity (7'1), the boundary condition (7'3), and the monotonicity (7'4)

imply the following boundary conditions
T(x,1)=T(1l,z) = x, T(x,0)=T(0,z) = 0.
and the monotonicity in both components. That is

T(z1,11) < T(22,Y2),

whenever 1 < x5 and y; < ys.

e In general a t-norm does not need to be continuous.

Example 1.2.3. The four basic continuous t-norms are : the minimum Ty, the product

Tp, the Lukasiewicz t-norm T, and the drastic product Tp. Where

Tr(z,y) =min(z,y),

Tp(z,y) =2y,

Tr(z,y) =max(z +y —1,0),

0 if (x,y) €0, 1[2

min(x,y) otherwise .

TD(xay) = {

Remark 1.2.4. 1. For an arbitrary triangular norm 7', we have Tp(z,y) < T'(z,y) <
Ty(z,y), for all z,y € [0,1]. Therefore Tp is the weakest and T), is the strongest

triangular norm. Notice also that
Tp <1, <Tp <Tuy.
2. Following [52], if T"is a t-norm, m € Ny and a; € [0, 1] for i € Ny, then we write
T a; = ap, T ma; = T(an+m,7;i%m_lai), n € N.
Since 7' is commutative and associative, it is easy to show by induction that

T, = T(T a, T 1a),  mun,l € Ng, 1> 0. (1.4)

m m
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1.3. RANDOM NORMED SPACES

Indeed, we have

m+n+1 . m—+n _ m—+n m~+n—+1
" i =T (T2 ag, apyngr) =T (T ag, TR ap)

then ((1.4) is true for I = 1. Now fix [ € N satisfying (|1.4]). Therefore

m—+n—+I+1 m-—4n-41
™ Tt

a; = ag, am+n+l+1)
m+n m~+n+l
T (T_m Tm+n+1a ) 7am+n+l+1)

(
(
(Tm+"az, T (T,erT;lHau am+n+l+1))
(

7

m-4n m4n+{l+1
" a;, 1) m+n+1az).

Note yet that, by (T3) the sequence (T7"/"a;)nen is non-increasing for every m € N.
Indeed, let m € N

T ey = T ey = T (amyngr, Tio i) = T (1, T2 a) <0,

which proves that (77" a;),en 18 non-increasing sequence for every m € N. Since it is
bounded, it always converges in [0, 1]. So, for each m € N, we may introduce the following

notation

00 . m+n _ n+m
Fimt 3= 000, Tiom' 00 = 20 Tiom'

A t-norm T can be extended in a unique way to an n-ary operation taking
T(ay,...,ay) =T a;.
To shorten some long formulas, we will adopt the notation
T(a) :=T(a,a), ac€l0,1].
It is easy to show by induction on £ that
T T (T ) =TT TE a) (1.5)
for every k,n,m € No, k > 1, and a;; € [0,1] with j =1,...,kand i =m,...,m+n. We

will need that property in Section 2.2

1.3 Random normed spaces

In 1942, Menger [125] proposed a probabilistic generalization of the metric spaces theory,

called the theory of probabilistic metric (or random normed) spaces. This theory has
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1.3. RANDOM NORMED SPACES

been investigated by Serstnev in a series of papers (see for example [I74], [175], [176]).
We can also refer to the book [81] in this respect. In the sequel, we use the definitions and
properties of the random normed spaces as in ([10] 62, 1], [83] 126, 172], 174, 175 [176]).

However, for the convenience of the reader we remind some of them.

Definition 1.3.1. A mapping g : R — [0,1] is called a distribution function if it is

left-continuous, non-decreasing and satisfies

sup g(t) = 1, inf g(t) = 0.

teR teR

The class of all distribution functions is denoted by A, and the class of all distribution

functions g with g(0) = 0 is denoted by D .
For any real number a > 0, H, is the element of D, defined by

H,(t) = 0 if t<a;
Qe 1 if t>a.

Remark 1.3.2. Any convergence in D, will mean the pointwise convergence. Therefore,

we say that a sequence (), in D, converges to some ¥ € D, if
lim () = (1), t>0.

Hence the convergence of (¢,), to Hy means that
lim n(t) =1, t> 0.

Remark 1.3.3. For every ¢, ¢ € D, the inequality ¢ < ¢ means that ¢(t) < 1(t) for
each t > 0. We use this abbreviation to simplify formulas whenever the variable ¢ is not

necessary to express them precisely.

Definition 1.3.4. A Menger probabilistic metric space (or random metric space) is a
triple (Y, F,T), where Y is a nonempty set, T is a continuous t-norm, and F is a mapping

from'Y XY into Dy such that the following conditions hold
PM1) F,,(t) = Ho(t) for all t > 0 if and only if x = y;
PM2) F, ,(t) = F,.(t) for allz,y €Y, and t > 0;
PM3) F, .(t+s) > T (Fyy(t), Fy.(s)) for all z,y,z € Y and t,s > 0.

Definition 1.3.5. Let Y be a real vector space, F' : x — F, be a mapping from Y into
Dy, and T be a continuous t-norm. We say that (Y, F,T) is a random normed space

(briefly RN -space) if the following conditions are satisfied
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RN1) F, = Hy if and only if x = 0, the null vector;
t
|

RN3) Fuyy(t+s) > T(F,(t), Fy(s)) for allz,y €Y and t,s > 0.

RN2) F,.(t) = Fm< ) forallz €Y, t >0 and a # 0;

For more details on the RN-spaces, we refer to |77, 83, 124, 172], 174].

Example 1.3.6. Let (Y, || ||) be a normed space. Then both (Y, F,Ty) and (Y, F,T,) are

random normed spaces, where for every x € Y

0 i <0,
Falt) = ! if t>0
t+ [
The same remains true if
0 i t<0,
Fx(t) = { _(M) .
e\t if  t>0.

Example 1.3.7. Let (Y, ||||) be a normed space. For all x € Y, define a mapping

—,o} if t>0,
0 if t<0.

Then, (Y, F,Ty) is a random normed space.
Definition 1.3.8 (|77, 124]). Let (Y, F,T) be an RN -space.

1) A sequence (x,)nen n'Y is said to converge (or to be convergent) to x € Y (in short
lim z, =x)if

n—-+o0o
lim F,, _.(t) =1, t>0,
n—-+o0o

i.e., for each t > 0 and each € > 0, there exists Ny € N, such that F,,_,(t) > 1—e¢,
for alln > N4.

2) A sequence (Tp)new inY is said to be an M-Cauchy sequence if

lim F,,_, ()=1  t>0,

n,m—-+00

i.e., for eacht > 0, and each € > 0, there exists N.; € N, such that F, (1) > 1—¢,

n—Tm

for all Ney <n <m.

3) A sequence (Ty)nen in'Y is said to be a G-Cauchy sequence if

lim F,, . . ()=1 t>0 keN,

n—-+0o00
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i.e., for everyk € N, t > 0 and e > 0, there exists Neyp € N, such that F,
1 —¢€ foralln> N,x.

(t) >

n—Tn+k

4) (Y, E,T) is said to be G-complete (M-complete) if every G-Cauchy (M-Cauchy)

sequence in Y s convergent to some point in Y.

Since every M-Cauchy sequence is also G-Cauchy, it is easily seen that each G-complete
RN-space is M-complete.
In the following, we review some topological structures of random normed spaces. For

more details, one can see [52].

Definition 1.3.9 ([52]). Let (Y, F,T) be a random normed space. The open t-ball, or just
ball, B,(r,t) and the closed ball B,[r,t], with center x € Y and radius 0 <r <1 are

B,(r,t)={yeY; F,_,(t) >1—r},
Byritl={yeY; F,_,(t) >1—r}.

Definition 1.3.10 (|52]). Fvery random norm F on'Y generates a topology on Y having

as base the collection

{B:v (T’, t) }J:GY,t>O,T‘€]O,1[

of open balls. Such a topology is called the (r,t)-topology.

The following Lemma shows that the (r,t)-topology is a linear topology.
Lemma 1.3.11 (|52]). If (Y, F,T) is a random normed space, then

e The function (x,y) — = + vy is continuous fromY XY into Y.

e The function (o, z) — ax is continuous from K X Y into Y.

1.4 Generalized gauge spaces

A generalized pseudo-metric on a nonempty set X is any mapping d : X x X — [0, +o0]
such that, for every (z,y,2) € X
D-1. d(z,z) =0,
D-2. d(z,y) = d(y,z),
D-3. d(z,y) < d(z,z) + d(z,y).
A generalized gauge (or generalized uniformizable) space is any nonempty set X en-

dowed with a family (d;);e; of generalized pseudo-metrics such that

d;(z,y) = 0 for every j € J, if and only if x = y. (1.6)
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Such a generalized gauge space will be denoted by (X, (d;);es). With no loss of generality,
we will assume that the collection (d;);e, is directed upward, i.e., for every i, j € J, there

exists k € J, so that
max(di($7y)7dj(xay) Sdk(ﬁﬁ’,y), xvyeX'

In a generalized gauge space (X, (d;);es) a sequence (z,), is said to be Cauchy if, for every
j € J, dj(xy,,x,) converges to zero as n,m tend to +oo. It is said to converge to some
re X, ifforall j € J, dj(x,,x) tends to zero as n tends to +o0. If every Cauchy sequence

in (X, (d;)jes) converges to some point of X, we say that X is sequentially complete.

1.5 Riemann integral in locally convex spaces

In 1982, Astala [15] redefined the notion of Riemann integral in locally convex spaces and
gave some interesting properties of this integral.

In all what follows, let (E,7) be a Hausdorff locally convex space over the field K €
{R,C} and P be an upward directed family of semi-norms defining the topology 7. Let
B C E be asubset of E. We denote by ¢o(B) the closed convex hull of B and by C(|a, b], F)
the linear space of all continuous functions f : [a,b] — FE, a,b being real numbers with
a <b. Let D = {t;}, be a partition of [a,b] C R (that isa =ty <t; <--- <t, =0D).
The norm of D is | D|| := max{t; —t;_1, 1 <i < n}.

Definition 1.5.1. A mapping f : [a,b] — E is said to be Riemann integrable if the limit

li T — T 1.7

||Dlrgo;f(8k)(k k1), (1.7)
b

exists in E. This limit, whenever it exists, is denoted by / f(t)dt. Here D = {tyx}p_, is

a partition of [a,b] and s € [ty—1,tx] is arbitrary.
The following proposition yields some further properties of the integral.

Proposition 1.5.2 ([15]). Let f : [a,b] — E be a mapping on [a,b]. Then

1. If f € C([a,b], E) and @o(f([a,b])) is sequentially complete, then f is integrable. In
particular, if E is sequentially complete, every continuous function f : [a,b] — FE is
integrable.

2. If f is integrable, then

b
/ f(t)dt € (b— a)ea(f([a, b).
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3. If f is continuous and integrable, then for every P € P

P(/abf(t)dt) < /abP(f(t)) dt.

4. If f 1s continuous and integrable and

F(t):/tf(s)ds, a<t<hb,

then F'(t) = f(t) for each t € [a,].
Using Proposition [1.5.2] one gets the following proposition.

Proposition 1.5.3 ([15]). Let f : [a,b] — E be a continuous and integrable mapping. If

G is a primitive function of f on [a,b], then

/ f(z)dx = G(b) — G(a).
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Chapter

Some New Fixed Point Theorems

This chapter is about generalization of some fixed point theorems. First, we will prove a
new alternative fixed point theorem in generalized gauge spaces, this is a generalization of
the famous alternative fixed point theorem of Diaz and Margoli [62]. Next, we will prove
a very general fixed point theorem in the space of functions taking values in a random
normed space (RN-space). This is the random normed space version of the fixed point
theorem due to Brzdek, Chudziak and Pales [39]. Note that the results of this chapter

will be used in studying the Ulam stability of various functional equations.

2.1 Alternative fixed point theorem in gauge spaces

The main result of this section is the following fixed point theorem, this is the generalized

gauge space version of Theorem [1.1.4]

Definition 2.1.1. Let (X, (d;);cs) be a generalized gauge space. A mapping T : X — X

18 a strict contraction mapping, if
Vied, 3¢ e€(0,1), d;j(Tx,Ty) < ¢idj(z,y), xz,y € X. (2.1)

Theorem 2.1.2. Let (X, (d;);es) be a generalized sequentially complete gauge space and
T : X — X is a strictly contraction mapping with (c;)je; are the Lipschitz constants given
in (2.1). Then for each given xy € X, one of the conditions holds

(A) There exists jo € J such that dj,(T"z, T" ' ay) = +oo for every n > 0.

(B) Or, for every j € J, there exists a positive integer n;, with
dj(Tnjxo,‘Jﬂj+ll'0) < +00. (22)

In (B) the following assertions hold
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2.1. ALTERNATIVE FIXED POINT THEOREM IN GAUGE SPACES

a) The sequence (T"xg), converges in X to a fized point z* of T. Moreover x* belongs
to X*:={xe X, VjeJ dj(TVzy,x) < +00}.

b) x* is the unique fized point of T in X*, and 2* = lim T"y, Yy € X*.

n—-+o00

c¢) For every y € X* and every j € J, we have:

dj(Ty, y). (2.3)

N 1
d;i(y,z*) < :
- Y

Proof. Assume that (B) is holds, then for arbitrary j € J and [ € N, we have
dj(Tnj+l$0, Tnj+l+1$0) < C;dj(Tnj$g,Tnj+1I0) < +00.
Therefore, for every j € J and every integers n,m such that m > n > n;,

dj(T”:co, meo) S dj(ano, ‘InJrlLUQ) R dj(jﬂmill’o, meo)
< (T, T ag) 4+ + CT_I_njd(‘T”ja:o, T 20)

m—n—1
< Z i (T wo, T+ )
i=0
M T
2T ATz, T ).
1-— Cj
Then, for every j € J, liH}r d;j(T"xo, T"xg) = 0. Therefore (T"x¢), is a Cauchy
n,m——+00
sequence in X. The latter being sequentially complete, there exists z* € X such that for
all j € J, h? d;j(T"zg, ") = 0. We claim that z* is a fixed point of T. Indeed, for j € J
n—-+0oo
and n > n;, we have
0 <d;(z*,Tz¥) (%, T"x0) + d;(T"xo, T2¥)

<d;
< dj(x*, T ) + ¢;d(T* ' xg, 2*).

Letting n tend to 400, we get for every j € J, d;(z*,Tz*) = 0. Therefore 2~ is a fixed
point of T. Now, to prove that * € X*, let j € J and n > n; be arbitrary. We have

dj (‘J'"jmo, JT*) S dj(TnjfL'O, (.TnZL‘O) + dj(Tn$0, Ilf*)

n—n;—1
< ) cdi(T o, T ) + dj (T, )
=0
1—c; " , .
< 1—dj<7n733’0, gt $0) + dj(jnxg,$*) < Q.

Since j € J is arbitrary, 2* € X*. To show that z* is the unique fixed point of T in X™,
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assume that there exists another fixed point y* € X* of J. Then, for every j € J
di(x*,y*) = d;(Ta*, Ty*) < ¢;d;(z*, y").

Since ¢; < 1, d;j(z*,y*) = 0. Hence 2* = y* by (L.6). Now, let us prove that for every
y € X*, we have lim T"y =a*. Let y € X*, and j € J, we have

n—-+o00

d;(y, Ty) < d;(y, T o) + dy (T g, Ty)
dj(y, ‘Jﬂjl'o) + dj (jﬂj.’ﬁo, Tanrl[Kg) + dj(Tanrll'o, Ty)
d;

(y, (.Tnjl‘o) + dj(Tnj$0, {J'nj_'—ll‘o) + dej((.]’njxo, y) < 400.

IN

IA

Then y satisfies (2.2) with n; = 0 for every j € J. Therefore, by a), (7"y), converges
in X to some fixed point y* of T. But, by unicity just proven above, y* = z*. Now, let

ye X* and j € J
di(y, z*) < d;(y, T"y) + d;(T"y, z*)

i(
n—1
D di(Ty, THy) + dy(Ty, 27)

IN
i
o

3
—

< ddi(y, Ty) + dj(T"y, 2)

-
Il

S . dj (ya (‘Ty) + dj ((‘Tny7 l'*)-
1-— Cj

Letting n tend to infinity, we get (2.3). This achieves the proof. ]

The following immediate corollary will be used in the sequel to prove the Ulam stability
of delay differential equations on a closed interval, for functions with values in a locally

convex space.

Corollary 2.1.3. Let (X, (d;)jes) be a generalized sequentially complete gauge space and
T: X — X a mapping satisfying the condition (2.1)). If there exists ng € N and z € X,
such that for every j € J, d;(T"xzg, TV ) < 400, then the following assertions holds

a) The sequence (T"xg), converges in X to a fized point z* of T, belonging to X* :=
{r e X,Vj e J, d;(T"x,x) < 4o0}.

b) x* is the unique fized point of T in X*, and 2* = lim T"y, Yy € X*.

n—+oo

¢) For every y € X* and every j € J, (2.3)) holds true.
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2.2 A general fixed point theorem in random normed

spaces and its consequences

In this section, we will prove a general fixed point theorem for classes of functions taking
values in a random normed space (RN-space). Next, we will show several of its conse-
quences. In fact, one of these consequences will be seen as the random normed space
version of the fixed point theorem due to Brzdek, Chudziak and Pales (Theorem ,
and the other consequence will be an analogue of the classical Banach contraction principle
in random normed space (somewhat generalized).

Notice that, in Chapter 4| we will present several applications of this general fixed
point theorem and its consequences in proving the Ulam stability of various functional
equations in random normed spaces. Moreover, we will show how to use this theorem to
study the approximate eigenvalues and eigenvectors of some linear operators.

Throughout this section, X is a non-empty set and (Y, F,T) is a random normed
space. To simplify some expressions, for given ¢ € @f and x € X, we write ¢, to mean
o(x), ie.,

¢:(t) == o(x)(t), re X, teR

Let Q stand for the family of all real sequences (w,,)nen With w, € (0, 1) for each n € N

and iwi =1.
i=0

Definition 2.2.1. Let A : Df — Qf and J : YX — YX be given. We say that the

operator J is A-contractive, if for every &,n € Y and every ¢ € @f, one has

(F(s—m(x) 2 sy TE€ X) = <F(J£—Jn)(r) > (Ad)a, @ € X)-

Definition 2.2.2. The operator A : @f — Df is said to satisfy the hypothesis (Co), if

for every sequence (gn)nen C Y™, one has

( lim F, ) =Hy, =€ X) — ( lim (AF,,) =Ho, =€ X), (Co)

n—-+o0o n—-+0o0o
where F, € Df is given by Fy(x) = Fygy for g € Y* and z € X.

Remark 2.2.3. Let xo € DI be given by xo(z) = H, for every z € X. Whenever
Axo = Xo, then (Cy) actually means that A is continuous at the point yo, with respect to

the pointwise convergence topologies in @f and D, .

Let us first state the following lemma which will be used in the sequel.
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Lemma 2.2.4. Let A : @ff — Df and € : X — D, be arbitrary. Then, for every x € X,
kEeN, weQandt >0, the limits

k(1) 1= lim TEY ™ (o), G) (2.4)
“ok(t) —JILIEOTH] YA€) (wimit) (2.5)

“ok). whenever w is non-

exist in R. Moreover (%)} is non-decreasing and so is also (

INCTEasing.

Proof. Fix k € N, z € X and ¢t > 0 and write for every m € N*

k) = T 0, ().

Since (A’e), € Dy, it is a non-decreasing function, for each i € N*. Hence

o) = won(ts)

Consequently

(5, K) >Tk:+m Y(Ae), ( :_1> T(l Tk+m 1(A’) (L))

m—+1

2 (o () Tt ()

—Tk+m ie ( )—Tm+1xtk)

m+1

whence the sequence (7,,(x,t, k))men+ is non-increasing and therefore the following limit

exists
of(t):= lim 7,(2,t,k) = inf 7,(x,t,k), kEN, z€X, t>0. (2.6)

m—00 meN*

Next, fix w e Q, k€ N, x € X and t > 0, and write
Pz, t, k) =TI (Ne), (wigkt), m €N~
Then
pml@ k) =T <1, THm=1(Ae), (wikt>>

> (070, i) TP ) (w1at))

=T (Ne), <Wz‘—kt> = pm+1(z,t, k),
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This means that the sequence (p,(z,t, k))men+ is non-increasing. Therefore the limit
w _k o . _ .
0,(t) == lim py (2,8, k) = nf pn(2,t k) (2.7)
exists for every w € , k € N, x € X and t > 0. Moreover, for every k € N, we have

- t
Tl I+ 1) = T () ()

m
withj=m+1 =T (Ne), (ﬁ)
-1 (L. (1)
vo (Wl

> ]C+j*1 7 _ — )
> T (N e () = Tmra (@, 1K)

k

T

k+1

Form this comes ¢* < o*

, and then the sequence (0%) is non-decreasing. Similarly,

Pm+1 (fL’, t: k) = T'k:—;(m—i_l)_l (Aze>x (wi—kt)

=T ((Ake)x (wot), Zﬁkﬂ)ﬁmfl (N'€)y (wim kt))
by (c) <T (17 jjz‘(f;:ri)ler*l(/\iG)x(wi,kt))
= T (Ao (wiit)

w non-increasing < ﬂfzj)ﬁm_l(/\ie)x (wi_(kﬂ)t) = pm(z, t,k+1).

Whereby “of < “ghtl, O

T

Remark 2.2.5. Fixz € X and k € N. If T'=T); in Lemma [2.2.4] then

: m— 7 13
ai(t): inf TZI:; 1(A 6)55(—)

meN* m

= inf mn;n(AjJrk_le)z (i)

meN* j=1 m
t
— inf (A’”m’le)m(—).
mEN* m

And if T'= 1T, then

)

3|

oh(t) = Tim ﬁ(Ak“‘le)x(
i=1

— 3 k+i—1
=t T ox(

b
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Analogous equalities are valid for “o” for every w € Q.

In the sequel, given A : Df — Df and € : X — D, we write

of(t) :=sup “ok(t), and G¥(t) :=max{c¥(t), " (1)}, (2.8)

T X ) =—x
we

for every € X, k € N and t > 0, where o%(t) and “c*(t) are defined by (2.4) and (2.5).

Theorem 2.2.6. Let A : @f — Df, e X >Dy, J:YY 5 YX and f: X Y
be given, so that A satisfies the hypothesis (Co), J is A-contractive, and the following
wnequality s fulfilled

Fluf—p) > € e X. (2.9)

Assume that one of the following three conditions holds

(1) (Y, F,T) is M-complete and

o ¢
lim  inf Tj:;g(Ale)x<—> 1, z€X, t>0. (2.10)

k—+oo jEN 741

(i3) (Y, F,T) is M-complete and for each k € N there exists a sequence (WF)nen € Q
with

kgrfoo }2&: T (Ne), (wh t) =1, reX, t>0. (2.11)

(i13) (Y, F,T) is G-complete and lim (A"¢), = Hy, i.e.,

n——+o0o

lim (A"€).(t) =1, re X, t>0. (2.12)

n—-+00

Then, for every v € X, the limit

Y(x) = lim (J"f)(z) (2.13)

n—-+4o0o

exists in Y and the function ¢ : X — 'Y is a fized point of J enjoying

Fly—gepy)(t) > zl(lopl) ok (at), keN, zeX, t>0. (2.14)

Moreover, in case (i) or (ii) holds, v is the unique fized point of J for which there is
a € (0,1) with
F(w—ka)(x)(t) > 3’;(@25), ke D\l, T € X, t > 0. (215)

Proof. First we show by induction that, for every n € N,

F(JTH—lf_Jnf)(x) > (A”e)x, r e X. (216)
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The case n = 0 is just (2.9). So, fix n € N satisfying (2.16). Then, using the A-

contractivity of J and the inductive assumption, we obtain
Fipeepgriip@ = (AA")), = (A"e)s,  weX.

Thus we have proved that (2.16) holds for every n € N. Consequently, for every n € N,
m € N, x € X and ¢t > 0 we have

Enm )@y () = Fomotgntiss gyt ) ) (1)

- t
> T2y Finein pnvipay (E)

. t , t
> T (A, () = T (e, (), (2.17)
m—1
and analogously, since Z wit < szt and Zwl =1 for every (wy)nen € Q,
=0 =0 =0
F(J”+mffJ"f)(w)( ) = FE’" Lgntitlp_ gntif)(z sz (2.18)
m—1
> Pyt gnren ooy ( D wit) (219)
=0

> T2y Fgnvier pogmsi e (wit)
> T2y (A" ), (wit)
=TI YA€)y (wint),  (Wn)new € Q. (2.20)

Now we show that the limit (2.13)) exists in Y for every x € X.
First consider the case (7). Then, by (2.17)), for all k,m € N*, n € N, x € X and ¢t > 0,

t
Figusggrmp@)(®) 2 T(Fgnseggn gy (5)s Flmg-mim pya

> T(Tf e () T e (5 )):

N |
S~—
~——

Consequently, by (c),

R 2,100 ) i 0 ()

k,meN* k,meN* m
t t
> 7 inf Tk (Al < 2 ) nbm A ( 2 ))
2 T (T 00 () T 00 (2

Hence (2.10), (b) and the continuity of 7" at (1,1) yield

hm lnf F(J7L+kf Jn+mf)(w) (t) - 1, x E X, t > 0

n—o0 k,meN*

Benzarouala Chaimaa 28



2.2. A FIXED POINT THEOREM IN RN-SPACES

If (i) is valid, then (2.20) implies that, for all k,m € N*, n € N, x € X and ¢t > 0,

t t
Fignstpgmmpion(t) 2 T(Fness—npa )(§> Fing-mimpia)(3))

t
T<Tn+k 1(Al) ( Wi n2) ﬂner 1<AZ ) ( Wi n§)>
and consequently, by (c),

. rlnnefN*F(Jn+kf Jntm f)(z) (t)

> inf T(Tn“f H(Ae), (W

T k,meN*

Wl ) T (N, 1)

mf T (Ae)y (wi E))

Z T(mf Tk+”(AZ ) ( Wi— no

3
Z TL2 ?
Hence, (2.11)), (b) and the continuity of 7" at (1, 1) yield

lim inf  Fiynirp_mim gy (t) = 1, re X, t>0.

n—o00 k,meN*

Thus we have proved that, for every = € X, (J" f(x))nen is an M-Cauchy sequence and,
as (Y, F,T) is M-complete, the limit (2.13) exists. In the case of (iii), in view of (2.17)),

, t
F(Jn+mf_Jnf)(z)<t) > Ezal(An—i_lE)x(E), r e X, t>0, n,méeN,
whence (2.12)) and the continuity of 7" at (1,1) imply that

lim FJnf(w) Jntmf(z )(t)zl, re X, t>0, meN-

n—+400

Thus, for every x € X, (J" f(2))nen+ is a G-Cauchy sequence. As (Y, F,T) is G-complete,
the limit (2.13)) exists. Now, fix t > 0, x € X, o € (0,1) and n € N arbitrarily, and let us
prove that

Fly—mp)@)(t) = oz (at). (2.21)
Note that (2.17) implies
Fopnp@(£) 2 T(Fpgmm gy (1= )8), Fgnimgyn gy (at) )
n-+m— K3 at
> T(F(¢Jn+m,f)(x)((1 — a)t), T (Ale), (m)) (2.22)

for every m € N*. Hence, by (2.13) and the continuity of 7" at the point (1,0} (at)),
letting m — +o0o, we obtain (2.21]). Analogously we show that

Fly—smp@)(t) = ai(at) (2.23)
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for every a € (0,1), n € N, x € X and ¢t > 0. To this end, fix w € Q, t > 0, z € X,
a € (0,1) and n € N and note that (2.20)) implies

Fpminpy)(t) 2 T(F(wa”mef)(fr) (1= a)t), Fgnem g pyia) (at))

> T(F(w,]wmf)(z) (1- a)t),fﬂ’;zm_l(Aie)x(wi_natD (2.24)

for every m € N*. Hence, by (2.13), Lemma and the continuity of T at the point
(1, “o2(at)), letting m — 400, we obtain

Fypyn @) () = “oy(at). (2.25)

Clearly, (2.25) implies (2.23]), which with (2.21)) yields (2.14). Furthermore, by the A-

contractivity of J,

F(Jw_Jn+1f)(x) (t) > (AFw,Jnf)x(t), t>0, ze€lX. (226)
But (2.13) means that

lim F(w_Jnf)(x) =H, zelX.

n—+oo
By (Cp) we also have
lim (AF¢_Jnf)x = Ho, r e X.

n—-4o0o

Whence, on account of (2.26]),

lim F(Jw,Jn+1f)(x) =H, xe€lX.

n——+o00

Consequently
J(x) = lim (J"Tf)(z) = ¥(2), z e X.

n—-+o0o
Thus we have shown that v is a fixed point of J. It remains to prove the statements on
the uniqueness of 1. Assume that ¥y, € Y are two fixed points of J satisfying for

some oy, ap € (0,1)
F(qu—ka)(x)(t) > 8’;<Oéjt), keN, zeX, t>0.

Then we get for x € X, ¢ >0and k € N

t t
Fyr—go)@) () 2T (F ($1-T% ) (@) (§> s kg —a) @) (5))

> T( Gk <a1 %)8’; (a2 %)) (2.27)
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Note yet that, in view of (2.6) and (2.7, each of the conditions (2.10) and (2.11) implies

lim o%(t) =1, x€X,t>0. (2.28)

k—4o00 z

Hence, letting & — oo in (2.27), by the continuity of T at the point (1,1), we finally
obtain that

Fln—vo)@) = Ho,  z€X, (2.29)
which means that 1, = 1)s. O

Remark 2.2.7. If, for a given £ € N and 2 € X, the function 5" is left continuous

(which is not necessarily the case, because this depends on the forms of € and T'), then it
is easily seen that (2.14]) can be replaced by

Fly— iy () = 05 (1), t>0.

Otherwise, for every fixed € X and k € N, the inequality in (2.14) can of course be
replaced by
F(wa’“f)(ac) (t) > 6'\];(06‘,,571C t), t > 0,

with any fixed a,; € (0,1).

Remark 2.2.8. The assumptions (i) and (iz) in Theorem look nearly the same
and (7) is a bit simpler than (i7). However, as we will see below, in some situations ([2.11])
(with some sequence (w¥),en € Q) and ([2.12) are fulfilled, while (2.10) is not.

Namely, let T'= T); and A have the following simple form
(A0),(t) = baz(bE), reX, t>0, 6D, (2.30)
with some a,b € R. Then, we prove by induction that for every n € N*
(A"0),(t) = dana(b™1), xre X, t>0. (2.31)
The case n =1 is just (2.30). So, fix n € N* satisfying [2.31] Then
(A1), (1) = (A(A")), (£) = (A"8),, (bt) = Bynera(b"12)

Further, assume that X is a normed space, p € [0,00), v € R, and

t

- €X, t>0.
t+ oz o

€x(t)
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Write e := ba™?. Clearly, for every n € N*, x € X and ¢t > 0,

b"t b"t
A" It:wsz”t:—:%—):x nt). 9.32
( 6) ( ) € ( ) bnt—i-’UHCLn;UHp € anp € (60 ) ( )
Therefore
TN (Ae),(t) = inf e (eb™t),  jEN~ (2.33)
1€{0,...,5—1}

Assume that ey > 1. Then, by (2.32),

nEIfoo (A").(t) = nginoo e (eft) =1, re X, t>0, (2.34)

which means that (2.12)) holds. Further, for every k € N, (2.33)) yields
TN (Ae), (1) = ex(eft), jEN, € X, t>0,

whence

inﬂﬁ T (Afe), (%) = inf ex< .eot ) =0, re X, t>0.
JE ]

Consequently, for every x € X and t > 0,

k . k4j—1/p4 t . e’gt
oF(t) = lim T (A e)x<—,> — lim ez(—,> =0, keN,
J

Jj—o0 i Jj—o0

and

o ¢
lim  inf TEH (A x(—) —0
koo jeN =K (Ae) j+1

Hence (2.10)) is not valid and o* makes no contribution in estimation (2.14).

On the other hand, for every x € X, ¢ > 0 and w = (wy,)nen € 2, we have
ﬂi:j_l(Aie)x(wi,kt) = inf }ex (eé*iwit).
So, for & 1= (@ )nen, wWith @; := r*(1 — r), for every i € N and r := 1/ey, we have
ebtiD; = eb(1 — 1) = efHep — 1), i€ N.
Therefore, for every x € X and t > 0,

T (Aie)o (Dnt) = €0 (5 (o — 1)E)).
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whence,

“gk(t) = lim inf e, (eft'Dit) = e, (ef " (eo — 1)t).

Therefore

lim inf 777 (Ne), (@,t) = lim e, (ef " (eg — 1)t) = 1.

m——+oo jEN m——+0o0

This implies that (2.11]) holds with w* = & for k € N, since
oh(t) > “of(t) = e (efHeo — 1)),  zEX, t>0.

Remark 2.2.9. Note that in the proof of Theorem we have only used continuity
of T" at the points of the form (1,¢) for & € (0,1]. Actually, even that assumption can

be weakened. Namely, it is enough to assume that 7" is continuous only at the point

(1,1), but then we have to modify inequality in (2.14) basing it only on (2.22) and ({2.24])

without taking the limits.

Remark 2.2.10. Observe that the properties of the t-norm yield

| /
: k-‘,—n i < n
inf T (A e)gg(—k . 1) < (A"),(t), z€X, t>0, neN,

whence (2.10) implies (2.12]). However, since every G-complete RN-space is M-complete,

and not necessarily conversely, the assumption (éi7) is not weaker than (7).

As for the uniqueness of the fixed points of J in Theorem [2.2.6] we also have the

following proposition.

Proposition 2.2.11. Let A : Df — Df, J:YX 5 YX be A-contractive, k € N and
oc{o*Yu{“o":w e Q} satisfy
lim (A"0).(t) =1, reX, t>0, (2.35)

n—-+o0o

where o* ¥ € Df are given by 0" (z) = oF and “o*(x) =¥ o for x € X. Then, for every

f: X =Y, the operator J has at most one fixed point 1y satisfying
F(wo—ka)(m) > O'(x), x e X.
Proof. Fix f: X — Y and assume that 1,1, € Y are fixed points of J satisfying

F(%,ka)(x) > 0y, re X, j=12.
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Then, by the A-contractivity of J,
Flyeg,—perepya) > (Mo)g, reX, j=1,2, meN,
and consequently

Flpy =) () (1) = Flyep, 1) () (1)

t t
> T( Flyep, —gr+epy(z) <§> s Flarse g gtgo)(a) (5))

(i (£). (1))

for every ¢ € N, x € X, and t > 0. Hence, letting ¢ tend to oo, by (2.35) and the
continuity of 7" at the point (1,1), Fiy, —y,)@) = Ho, x € X. Consequently ¢y =y, [

Now we are in a position to give some consequences of Theorem [2.2.6] but first we

need to present the following example and remark that we will be use in the sequel.

Example 2.2.12. Let v € N*, &,...,&, : X — X, and Ly,..., L, : X — (0,00) be fized.
A natural example of an operator A fulfilling hypothesis (Co) is given by

O v t X
(A0)o(t) = T 06,0 (—VLi(xQ, 5eDX, veX, t>0 (2.36)

Remark 2.2.13. Let v € N*, &,..., &, : X — X, and Ly,..., L, : X — (0,00) be fixed.
If the operator J has the form

Jn(x) == H(x,n(fl(x)), . ,n(fl,(m))), neY® zelX, (2.37)

with a function H : X x Y” — Y satisfying the following Lipschitz-type condition

y t
FH(egy)—Hwo,m) (E) = T Fy, <m>a re X, t>0, (2.38)

for all z € X and y1,...,y,,21,...,2, € Y, then such J is A-contractive with A defined
by (2.36). Clearly, (2.38) holds if H has the following simple form
H(z,y1,. .., 9) = ZL Jyi + h(z reX, y,...,yy €Y, (2.39)

with a fixed function h € Y*. Then (2.37) becomes

ZL )+ h(x), feY¥ zeX. (2.40)
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In particular, such J satisfies the following Lipschitz-type condition

) t
Flp—am@ () 2 T2 Fuei@)—nte o) <—) pn €Y zeX, t>0.  (241)

If we want to admit functions L; taking values in R (i.e., in particular taking the value

zero), then we can rewrite that condition in the subsequent form

, t
Flp-m@®) 2 T FL@eee) e (S), mn €Y zeX, t>0. (2.42)

Note that if, in such situation, L;(xz) # 0 for some i € {1,...,v} and some = € X, then

t
FLi(m)(u(ﬁi(ﬂﬂ))—ﬂ(&(m)))<t> = Fue@)—n(&i() ( |L(I)|>’ t>0;
but if L;(x) = 0, then FLZ.(w)(u(&(m))_n(&(m)))(t) = Fo(t) =1, for every t > 0.

In view of Remark , for operators J : Y* — Y fulfilling condition ([2.47)),
we have the following particular case of Theorem [2.2.6] with a strong statement on the
uniqueness of fixed point (because under the weaker assumption that holds only
for k = 0). The following theorem is the random normed space version of Theorem m

Theorem 2.2.14. Let v € N*, &,...,& : X — X, Ly,...,L, : X — (0,00) and let
A:@f%@f,e:X—)@MJ:YX—)YX, and f : X — Y be given, so that A\ is
defined by , J satisfies condition (2.41), and f satisfies . Assume that one of
conditions (i)—(ii1) of Theorem holds. Then, for every v € X, w = (wWn)nen € §2
and t > 0, the limit exists and the function ¢ € Y™, defined in this way, is a fized
point of J satisfying .
Moreover, if (i) or (ii) holds, then v is the unique fized point of J such that there is
a € (0,1) with
Fp—pa(t) > 02(at), t>0, v€X. (2.43)

Proof. Let £,n € Y™ and ¢ € DY with Fie_ ) > ¢s, for every o € X. Then, by (2.41),

y t
Fap-mm@(t) 2 Tio Flun) i) <T(33)>
t

> TV .QC(—):A (D), X, t>0.

> Ty bey) VL) (Ag)a(t) T €
Thus J is A-contractive. Moreover, as we have noticed in Remark [2.2.13] A satisfies the
hypothesis (€y). Hence, by Theorem [2.2.6, the limit (2.13)) exists for every k € N, z € X,
w = (Wn)new € Q and t > 0, and the function v, defined in this way, is a fixed point

of J satisfying (2.14)). It remains to show the statement on the uniqueness of 1. So, let
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7 € Y~ be a fixed point of J such that, for some a € (0,1),
Foepyw(t) >00(at), t>0, z€X. (2.44)

Fix x € X, w™ = (wn)nen € © and t > 0. We show that, for every n € N, we have

/
Flmp_gumym() > lim T TrHm=L(Ae (O‘—> 2.4
(rp—grr)@)(t) 2 lim ( Ne)a(5 ) ) (2.45)
_nat
Flmp_gumym() > lim T THm=1(Ae (“”’O‘>. 2.4
(rp—gmr)@)(t) 2 lim < (A'e)e| — (2.46)

This is the case for n = 0, because by the continuity of 7', for every x € X and ¢t > 0

Fiyr@(t) 2 T (Fw_f )@ (%) Fe-ne <%>>
) (s ()
- 7zt (57))

Analogously

Since 7' is continuous, we finally get

m——+00

1/ n i wj—pact
F(¢—T)(z)(t) Z lim T(T 1(/\ ) ( 9 >)

Now assume that (2.45]) is valid for some n € N. Then, by (1.5) and the continuity of T’
for every v € X and t > 0,

Fimsrp—imiiny@) () 2 T Fmy—no)e @) <#())
> Ti, ml_lgrloo T(Tn+m () <2muL )>
- ml—l)r-llf-loo TV T(Tn+m 1 AZ <2mVL >)
t
)

— i (7 1<A<Aie>>x(%))

m——+00
_ n+m ) Oé_Vt)
- (o ()
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Next, assume that (2.46) is valid for some n € N. Then in the same way, by (1.5 and the
continuity of T, for every x € X, t > 0, and w € (2,

t
F7‘17"17xt>T{/_F'ﬂ_n7— Z‘<—)
(g gntin) () (t) > j=14" (Jnp—Jan7)(€;(x)) oL, (7)
i_nQt
> Ty, lim T T (N e (5o )
= ]—1m_1>1_1~_100 ( ( )fj() QVLJ(I')
. . t
= i Tl/ T T‘n_erfl Al . (wz nQ )
m—1>I—1‘;—loo ( =n ( E>£]() 21/16(&})
wi_pat
— lim T T (Mg (L)
m—1>I£oo (Z ( >§J ) QVLJ(!L’> )
i—n t
— lim T(TZ “1(Ae), <w_o‘)>
m—+400 2

; i—n— t
= F(rm . (S ).

m——+00

Thus we have proved (2.45)) and (2.46]) for every n € N, z € X, w € Q, and ¢t > 0. Whence

n-r+m— (A at
Flr—p)@)(t) = Fynr—ynp)@)(t) = lim T(T (A, (—))

m——+0o0 2m

:f( lim TMm1(Ale), (O‘—t>) (2.47)

m—+0o0 2m

1/ A wj—pact
Flr—yp)@)(t) = Fnr—ynp)@)(t) > lim T(T A, ( ))

m——+oo 2

_m n+m—1/ A1 wi*nat
_T<m15£wT (A )( : )) (2.48)

Now, if (2.10) holds, then letting n — o0 in (2.47), by the continuity of T, we get
Flr_ypy)(t) =1 for every x € X and ¢ > 0, which means that 7 = ¢. Similarly, if (2.11]
holds, then we argue analogously letting n — 400 in (2.48)). O]

If X has only one element, then Y* can actually be identified with Y and Theorem
becomes the following analogue of the classical Banach contraction principle (some-
what generalized), given in Corollary below. To present it we need the following
definition, which is a special case of Definition [2.2.2]

Definition 2.2.15. A mappings X\ : Dy — D, is said to satisfy the property (C), if
whenever a sequence (zp)nens C Y converges to 0, N(F,,), converges pointwise to Hy.
This is, for every (zp)nens C Y

(lim F, (t)=1, t>0)=( lim MF.,)(t)=1, t>0). (@)

n—-+o0o n—-+o0o

Benzarouala Chaimaa 37



2.2. A FIXED POINT THEOREM IN RN-SPACES

To avoid any ambiguity, let us give also a further definition, which is also a special
case of Definition

Definition 2.2.16. Let A\ : D, — D, be a given mapping. We say that a mapping
h:Y —Y is A-contractive provided, for every z,w € Y and ¢ € D,

(Fz—w > ¢) — (Fh(z)fh(w) > )\¢ = )\(Cb))

Corollary 2.2.17. Let X\ : D, — D, satisfy the property (€), and h : Y — Y be
A-contractive. Let € € D be such that

Fh(z)—z >e€ z€Y, (249)

and assume that one of the following three conditions holds

o ¢
(a) (Y, F,T) is M-complete and lim inf 72]:;5()\16)(?> =1,t>0.
J

k—+o00 jEN ]

(B) (Y,F,T) is M-complete and for each k € N* there exists a sequence (WF)nen € Q
g s XA
with kgrfooguelng T (Ne) (wh it) =1, ¢ > 0.

(v) (Y, F,T) is G-complete and
lim (A\"€) = H,. (2.50)

n—-4o0o

Then, for every w = (wn)nen € Q and t > 0, the limits

2 1= RETOO h"(z)

l(t) = lim @sz—l(Ai6)<i>

m——+00 m
“L(t) .= Tim TN (V) (wimnt)

m——+00

exist and zg 18 a fized point of h such that

Fomo(t) > sup Li(at),  t>0, keN,
a€e(0,1)

where

I:(t) == max{ly(t),[,()} and 1,(t) := sup “L(¢).

we
Moreover, in case («) or (B) holds, zy is the unique fized point of h for which there exists
a € (0,1) with
F

Z

i) > (at) >0, keN.

Remark 2.2.18. Let functions ¢ : R — R and G : [0,1] — [0,1] be non-decreasing,
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left-continuous and such that ¢g(0) = G(0) =0, G(1) =1,

G(t) >t, lim g"(t) =00, t>0.

n—o0

Let A: Dy — Dy has the form

(A(t) = G(&(9(?)), £ € Dy, LER

Then
im (A"€)(t) = lim G"(&(¢"(1) =1, t>0, €Dy,

n—-oo n—-+oo
which means that holds for every e € D.
A very simple example of such A is obtained when G is the identity map of [0, 1] (i.e.,
G(t) =t) and
g(t)=at, teR, (2.51)

with a fixed a > 1. Clearly, then (\)(t) = &(at) for £ € D, and ¢ > 0 and, in this
case, the A-contractive mappings are known as B-contractions or Sehgal contractions (see
[127, 173]).

If ¢ is the identity map on R and

s
s+k(1—1s)

G(t) = s e 0,1], (2.52)

with some k €]0, 1], then A-contractive mappings are fuzzy contractive (see [80), 127]).

If both (2.51) and (2.52) hold, then A-contractive mappings are called strict B-
contractions (see [127, [159]).
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Chapter

Ulam-Stability of Linear Functional

Equations in Banach Spaces

3.1 Introduction

One of the most general linear functional equation studied up to 2020, is the following

non-homogeneous Forti equation

where m and n are positive integers, f is a mapping from a vector space X into a Banach
space Y, and for every i € {1,...,m}, every j € {1,...,n}, B; and b;; are scalars, and
B is an element of Y. In fact, the equation (3.1)) was introduced by Forti [72] with
B = 0. Later, Bahayrycz and Olko [18, [19] used Theorem to show the stability
and the hyperstability of (3.1). In this chapter, using a proof similar to that of Oubbi
[143], relying on the classical Banach contraction theorem, we reprove the stability and
the hyperstability of (3.1). Along the way, let us notice that, in [18] and [19], the authors
assumed that B is a scalar. Actually, B must be an element of Y. Fortunately, this does
not alter their results.

Next, we introduce the following new linear functional equation

m

D A(f(@i(®)+b=0, T:=(11,...,2,) € X", (3.2)
i=1
where m and n are positive integers, f is a mapping from a vector space X into a Banach
space Y, and for every i € {1,...,m}, ¢; is a linear mapping from X" into X, A; is a
continuous endomorphism of Y and b € Y. Using the Banach contraction fixed point
theorem, as in [I43], we prove the stability and the hyperstability of (3.2)), then also of it
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associated homogeneous one

> A(f@i(@) =0, Z:=(x1,...,2) € X" (3.3)

=1

Since our equation generalizes clearly , most known results on the stability of linear
functional equations in the literature derive from ours (e.g., the main results of [[18], [64]]
and [19]). We also provide some situations to which our theorem applies, but are not
covered by the former results.

Throughout this chapter, X and Y will be vector spaces on the field K € {R,C} and
f: X — Y will be a mapping. The space Y will be endowed with a complete norm ||||.

3.2 Stability of non-homogeneous Forti equation

In this section, we will be concerned with the stability of the equation (3.1) and its

corresponding homogeneous one

The following lemma will be used in the sequel.

Lemma 3.2.1. Define the function d : X¢ x Xy — Ry with
d(g; h) == inf {K >0, [g(t) - h(t)]| < Ko(t), teX},
where ¢ : X — Ry is a given function and
Xp={g: X > Y, 3K > 0; (1) — g(t)]| < Ko(t), te X}

Then (Xy,d) is a complete metric space.

Proof. First, we will show that d is a distance on X;. Let g,h € X, then there exist
K', K" > 0 such that, for every x € X,

lg(z) = f(2)|| < K'¢(x) and ||h(z) — f(2)]| < K ¢().
Therefore
lg(z) = h(x)]| < (K" + K")¢(x).

Thus d(g,h) < K + K < +oo, for all g,h € X;. It is clear that d(g,h) = 0 if and
only if ¢ = h, and that d(g,h) = d(h,g), g,h € X;. For the triangular inequality, let
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g,h,k € X¢, and K, K' > 0 be given so that d(g,h) < K and d(h,k) < K'. Then, for all
t € X, we have

lg(t) — k@)|| < (K + K )o(t).

Passing to the infimum, we get d(g,k) < d(g,h) + d(h, k). Therefore d is a distance on
Xy. Now, let’s show that the metric space (Xy,d) is complete. If (g,), is a Cauchy
sequence in Xy, as the evaluation ¢, : g — g(z) are uniformly continuous from Xy into
Y, the sequence (g,(x)), is Cauchy in Y, for every z € X. By the completeness of Y, it

converges to some g(x). But
Ve > 0,3IN. € N,Vm >n > N, : d(gn, gm) < €.

Therefore
|lgn(z) — gm(2)|| < €p(x), m>n> N, ze€X. (3.5)

Letting m tend to infinity, we get ||g,(z) — g(x)|| < ep(x). Thus
lg(x) = F(@)I] < [lg(x) = gn(@) | + llgn(x) = f(2)I] < (€ + d(gn, f))d(2)-

Therefore the so defined mapping g belongs to X;. Again by (3.5)), (g), converges in X
to ¢g and then (X, d) is complete. O

Now, we show how the main result of Bahyrycz and Olko [I8] can be deduced from

the Banach’s contraction principle.

Theorem 3.2.2 ([18]). Assume that either B = 0 or BZBi # 0. Suppose that some
i=1
mapping 0 : X" — Ry exists such that

H ZBlf <Z bﬁl‘j) + BH S 9(%1, ...,.Tn>, L1y.0y Ty € X. (36)
i=1 j=1

Assume also that there exist a non empty set I G {1,...m}, Iy :={1,...m}\I, ¢1,...,c, €
K and wy, ...,w, € [0,00) such that

(1) For everyi € I, B; =1, where, for every k =1,...,m, [ := Zbijcj;
j=1

(47) Z | Bi|w; < |ZBz‘|;

i€ly el

(1ii) 0 (Bixr, ..., Bitn)) < wib(xq, ..., xy,) fori € Iy and x4, ..., 2z, € X.
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Then there exists a unique solution G : X —'Y to the functional equation (3.1)), with

O(crz, ..., )

| <
| Zie[ Bi| - Zie]o ’Bilwi7

lg(z) — G(z) zeX. (3.7)

Before giving our proof, let us denote by J : Y~ — V¥ the operator

(JO)(@) = aik(Bi), €V, weX, (3.8)

with £ € N and ay,...,au, O1,..., 0 € K.

We will make use of the following lemma proven in [I§].

Lemma 3.2.3 ([I8]). Assume that 0 : X" — Ry is a mapping and let J : Y — Y be an

k
operator given by (3.8)). Assume that there exist wy,...,wr € Ry such that Z la|w; < 1
i=1
and

0(Bi(x1,...,20)) Swilb(z1,...,2,), 1€{1,...,k}, x1,...2p € X, (3.9)
If there exists a mapping f : X — Y satisfies the inequality (3.6) with B = 0, and if
G(z):= lim J"f(x) exists for every x € X, then G : X — Y is a solution of (3.4).

n——+oo

Now we are in a position to prove Theorem [3.2.2]

Proof. Assume first that B = 0, and let € X be arbitrary. For every j € {1,...,n},
putting c;z := z; in (3.6, we get

I0) = 30 G f by < M 0et) (3.10)

i1 1 =

Consider the set X consisting of all those mappings g : X — Y for which there exists
some K > 0 with

Since f € Xy, Xy is non empty. Further, we set, for every g,h € X
d(g,h) == inf{K >0, [|g(t) = h(t)|| < Kb(cit,... ,cut), te€ X}

Note that (Xy,d) is a complete metric space in view of Lemma [3.2.1] Now, for arbitrary
¢ € Xy, define a mapping J¢ from X into Y by

JE(x) =)

el

_Bi’)ig (; bijcjx) . (3.11)
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1
Due to (3.10), we get for every € X, || f(z) — Jf(2)| < ﬁe(clx ., cpx). This show
that Jf € Xy and d(f, Jf) < —— |B § Moreover, for g € Xy and K > d(f, g), we have
I

179(2) = f(z)]) < Z 5. (Z bijes ) - f (mecjx) | +175@) - @)

B, O(c1x, ..., chr)
g —|KO(B;c1z, . .., Bicpx) +
0 c,Cp
< KZ \—\wl 1T, ..., Cak) + (CII’B Cn?)
€1 | I|
(K%] |B|> O(crz, ..., cpx).

This shows Jg € Xy, for all g € X;. Whence J is a self mapping of X;. Now, let us show
that J is a strictly contracting mapping. Given g and h in X;. Then

1g(x) = Jhi)l = |32 _Bljig (i bijcja:> -3 _Bf"h (i bz‘jcjx) |
il j=1 igl J=1

g (zn: mejZL') —h <zn: bijCjZE> H
j=1 Jj=1
S Z |%|d(g, h)Q (Cl Z bijijL’, ..., Cp z; bijle'>
j=

<d(g,h Z \—|wz C1T, ..., CylL).
2l

If we put v := Z] “|w;, then v < 1 and
By
€1

d(Jg, Jh) <~d(g,h), g,he€ Xy.

Therefore J is a strict contraction mapping. By Banach fixed point theorem, there exists

a unique mapping G € Xy such that JG = G and lim J"f = G. Thanks to Lemma

n—-+o0o
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3.2.3] G is a solution of (3.4). Furthermore

d(f.G) = d(f, lim J"f)

1
< lim Y Ad(f,Jf)

n—-+0oo <

7=0
_ (. T)
=1 ~

1
< .
~ Bl = Xigr | Bilwi

Thus (3.7) holds. Now, if B # 0 and Z B; # 0. Define a new function g : X — Y by

i=1

B
9(@) = f(2) + ==
Zi:l B;
Since . .
HZBif(Zbilej) +B|| <021, 2n), X1,...,20 € X,
i=1 j=1
we get

||ZBlg(Zb7«])|| §0<x17"'7xn>7 xl?"'ua?nEX?
i=1 1

j=

By the first part of the proof, there exists a unique solution H of (3.4), such that

O(crz, ..., chr)

, e X.
|Br| = > igr | Bilw

lg(z) — H(z)|| <

B
Since H is a solution of (3.4), then G := H — —x is a solution of (3.1). But then

Zz’:l B;
O(c1z, ..., chr)
If(z) = G()]| < , TEX.
Bl = >_ig1 | Bilwi
This finishes the proof. O

3.3 Hyperstability of non-homogeneous Forti equation

In this section, we show how the main result of Bahyrycz and Olko [19] can be deduce

from the Banach’s contraction principle.

Theorem 3.3.1 ([19]). Assume that B = 0 or BZBi #0. Let 0 : X" — Ry satisfy

i=1
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(3.6) and let w : K — Ry enjoy
O(Bxy,...,0x,) <w(B)(z1,...,2,), T1,...,2, € X, B €K

If there exist a non empty set I C {1,...,m} and a sequence (C1,- .., Ckn)ken Of elements

of K" such that, with the notation B, = Zaijcm, keNandie{l,...,m}
j=1

(i) BE=1forallic I and all k €N,

g . B;
(1) By := ZBi #0, and ICILIEOZ |E|w(ﬁm) <1,

iel igl

(131) kh_)Irolo O(cpaz, ... cpnr) =0,

Then f is a solution of (3.1)).

Proof. Assume first that B = 0. It follows from (i7) that there exists ko € N such that
'—Z|&|w(5 ) <1, Vk>k
Ve = Z B, kyi ) Z Ko-

For k > ko and arbitrary « € X, if we take in (3.6), ¢ @ := x;, for every j € {1,...,n},

then we will get

;3 O(Chis - .., Com
HOEDS Btj F(Braz)l| < (C’“’lxlBI‘ o) e X (3.12)
il

Consider the set X]]f consisting of all those mapping g : X — Y for which there exists
some K > 0 with
Nf(&) —g@®)|| < KO(ckat,...,cent), t € X.

Using Lemma, , we get (Xj'?,dk) is a complete metric space, with respect to the

distance
di(g,h) == nf{K > 0; ||g(t) — h(t)|| < KO(cpat,... crnt), t€ X}, g heX].

As in the proof of Theorem the self-mapping J; of lef defined by

BE(@) =Y e(Bua), €e¥X, weX,

gl L

is a strict contraction mapping with Lipschitz constant v, < 1. By the Banach fixed point
theorem, .J, admits a unique fixed point Gy € X} with Gi(z) := lim J' f(z), = € X.
n—oo
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Again, by Lemma we have
i=1 j=1

and
Cral, ... 7Ck,nx)

[ Brl(L =)
Letting k tend to o0 in (3.13)), we obtain that f is a solution of (3.4)).

Now, if B # 0 and Z B; # 0, define a new function g : X — Y by

=1

1 (@) = Gu(a))] < X e X, (3.14)

B
9(x) = f(2) + ==
Zi:l B;
We have . .
H Z Blf(z szxz> + BH < 9(]31, R ,l’n), T1,...,Ty € X.
i=1 j=1
Then

m n B
H ZBZ (f(z bijilfj) + Zm B> H S (9({1?1,. .. ,l’n), T1y...y, Ty € X
i=1 j=1 =1

ie.,
H Z Bl-g(z bi;x;) ’ <O(z1,...,2T0), T1,..., T, € X.
i=1 j=1
By the first part of the proof, g satisfies the functional equation (3.4). Hence f is a
solution of the general linear functional equation (3.1), which finishes the proof. ]

3.4 Stability of a general linear equation

In this section, we will prove the stability of the general linear functional equation ([3.2))

by using the Banach contraction fixed point theorem. In all what follows, we will denote

by (A;)i=1...m a family of non zero commuting continuous endomorphisms of Y, by Z an
arbitrary element (zq,...,x,) of X", and for every non empty subset I of {1,2,...,m},
by A; the operator A; := ZAi‘ Whenever I = {1,2,...,m}, we will simply write A

iel
instead of Ag 2 . m)
Theorem 3.4.1. Assume that either b = 0 or A(b) = Nb, for some non zero scalar

N. Suppose that there exist a mapping 6 : X" — Ry, a non empty proper subset I of
{1,...,m}, positive numbers w;, i ¢ I, and a mapping ¢ : X — X", such that A; has an

Benzarouala Chaimaa 47



3.4. STABILITY OF A GENERAL LINEAR EQUATION

eigenvalue M # 0 whose corresponding eigenspace Yy contains both f(X) and b, and

I ZAi(f(%(f))) +ol<6(z), zeX" (3.15)
pio=1Idx, 1€l (3.16)
Vigl pe{l,....m}, € X", andx € X
0(pi 0 P(1), ..., i 0 () < wib(Z), (3.17)
ep(piop(@1), ... @i 0P(an)) = @i 0 Y(p(T)), (3.18)
(v 0 pi((2))) < wib(¥(x)), (3.19)
5= ; |=f/;=‘wi <1 (3.20)

Then there exists a unique solution G : X —'Y of (3.2) satisfying

0(6())
TV S v

If(z) — G(z) zeX. (3.21)

The following lemma will be used in the sequel. It is an extension of Lemma [3.2.3]

Lemma 3.4.2. Assume that b = 0 and that there exist a mapping 0 : X" — R,, a
proper subset I of {1,...,m}, positive scalars w;, i € I, and a mapping 1 : X — X" so
that the conditions (3.15), B.17), (3.18), and (3.20), are satisfied. Consider the operator
J:YX =YX defined by

'—_—1 0 & 0Q; O X
J&._M;AZ Eopioth, eV (3.22)

If the sequence (J" f)n>0 converges pointwise to some function G : X — Y, then G is a

solution of (3.3)).

Proof. Define the operator ¢ : Y* — YX" by
o(§) :ZAiOfOSOu Eev™r, (3.23)
i=1

We claim that the following inequality holds for every ¢ € N

le(J° ) (@) < v0(x), =€ X" (3.24)
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3.4. STABILITY OF A GENERAL LINEAR EQUATION

Indeed, the case £ = 0 is just (3.15) with b = 0. Next, if (3.24]) holds for ¢ € N, then
o(JHf)(z ZA o (JHf) o pi(7)

by :ZAZ»O <_M2Apo(ﬂf)ogppo¢> o ;(Z)

pgl

:Z A o(ZAO (J°f) > (ppo o))

pgl

by = Z_ﬁlAPO (ZAN (Jef)> o wi(p o (1), ..., pp o h(n))

pgl

= Z _MlAp o <ZAZ o(J'f)o 902‘) (ppot(xy),...,0p00(xy))
1

by =§¢;MApo(qb(ﬂf)(sopow(xl),.--7sopow<xn>>)-
Therefore
o1 1)z H_;”@,”HM Gy (). gy 0 vz
by (529 <Z' 2y 0 V(1) -+ 90 V)
by SVEZ%%@(E)
Svéfg(x)'

Thus, by induction we have shown (3.24)). Now, for z € X" and x € X, let us denote by
Sz (resp. &,) the evaluation h — h(Z) at T (resp. g +— g(z) at ) on Y (resp. on Y¥).
Then

lda((€)) = Z
ZHA 1€ (i ()l

(Z [Ai ||> SUP |19, (§)]]-

,,,,,

Then ¢ is continuous with respect to the pointwise convergence topologies on Y* and
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3.4. STABILITY OF A GENERAL LINEAR EQUATION

Y X", Therefore

J6(im J*F)(@)] = | lim 61|
~ lim [l6(J*)(@)]
by and < eli)m 7'0(z) = 0.

Hence Z A;joGopi(z) =0, z e X", therefore G is a solution of (3.3). ]

i=1

Now, we are in a position to prove Theorem |3.4.1]

Proof. Assume first that b = 0 and let © € X be given. Putting ¢(x) := z, £ € X" in
(13.15), we get

|10 - 3 Sttt < T aex (3.25)

il
Set
Xp={g: X =Y, 3B>0:|f(t)—g)| < BI(y(t)), teX}.
Since f € Xy, X7 is non empty. Further, if we set for every g, h € X;

d(g,h) = inf{B >0, [|g(t) —h(t)|| < BO((t), te X},

then by Lemma we get (Xy,d) is a complete metric space.

Now, for arbitrary { € Xy, define the mapping J¢ from X into Y by

-1
JE(z) = I D AiElpi(v(2), EE€Xy zeX.
il
Thanks to (3.25), we get for every z € X,

iy < P)
1) = 7@l < =
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3.4. STABILITY OF A GENERAL LINEAR EQUATION

Therefore, Jf € Xy and d(f, Jf) < ——=. Moreover, for g € X; and B > d(f, g), we have

1
[M]
1g(z) = f(2)|| < | Jg(z) = Jf(@)| + |7 f(z) — f(2)]

0o (x)

< |57 S Atgo o)~ oo e + L4
il

1A boulz)
<2 stei0 v ~ o)) + =5y
14 609 (x)
S;WBﬁowo%'ow(x)"" M|
by (B19) <BZH >+@Tﬁ(ﬁ)
€1
< (By+ |M|)90¢( ).

This shows Jg € Xy, for all g € X;. Therefore J is a self mapping of Xy.

Now, given ¢g,h € Xy and B > d(g,h). Then

|79(x) = Jh(a)]| = H‘Ml > Algowio (@) —hogiow(a)|
igzz

$(@) = b0 p())

by @B19) < Byfou(a).

Therefore d(Jg, Jh) < B~y. Passing to the infimum on B, we get d(Jg, Jh) < vd(g,h).
Since v < 1, J is a strict contraction mapping. By the Banach fixed point theorem, there
exists a unique mapping G € Xy such that JG = G and lim J" f = G. Therefore, by the
continuity of ¢, ligbn J"f(x) = G(x), for every x € X, and !

Af,Jf)

d(f,G) < T

Thanks to Lemma [3.4.2) G is a solution of (3.3)) and, since d(f, Jf) < we get

1
|M|’

1

G .
W9 < a—s Tl

Thus (3.21)) holds.
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3.4. STABILITY OF A GENERAL LINEAR EQUATION

Now, if b # 0 and b is an eigenvector of A, with eigenvalue N # 0, then, by (3.15)), we
get for every z € X"

|4 (e + ) | <o

b
Putting g(t) = f(t) + N’ for t € X, we obtain

|3 At | <o), exn

Notice that, for every x € X, we have

> Adg(@) = AT @) + 30 A5 = Mo(a)

icl el il

Using the first part of the proof, there exists a unique solution H : X — Y of (3.3) such

that
0(¢(x))

lg(e) — H(z)|| < M=, [ A

then b 6((x))
1)+ 5 = HOI < mr=s AT

b
Setting G(x) := H(z) — —, for every x € X, we obtain

N
0(¢(x))
1f(z) = G(z)| < , r€X.
|M| - Zig[ ”A’Lsz
Since H satisfies (3.3), G satisfies (3.2)) and the proof is complete. O

Theorem may be used to prove the stability of various functional equations. As
a first application we get Theorem holds true as the following remark shows.

Remark 3.4.3. Notice that if we take in Theorem b=B ¢v:X — X" g :
X" — X and A; : Y — Y to be the mappings defined by ¥(z) = (cz,...,cx),
0i(T) = Zbijxj and A;(y) := By, with z := (z1,...,2,) € X", x € X, y € Y,

j=1
i € {1,...,m}, then it is easy to check that the assumptions of Theorem are verified.

Therefore, we get the stability of (3.1]).

The following corollary gives an instance where Theorem is relevant but not anal-
ogous in [I8]. If Z is a compact space, denote by C(Z) the Banach algebra of continuous

complex-valued functions on Z with the uniform norm.
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Corollary 3.4.4. Let H and K be two compact spaces, X = C(H), Y := C(K), and

f: X =Y amapping. Let o, ..., 0o € Y \ {0}, (a;;) € My, (X)) @ matriz with entries

in X, and b € Y, so that, whenever b # 0, the function Zai 15 constant with value
i=1

N # 0 on the cozero of b with coz(b) == {k € K : b(k) # 0}. Suppose that there are a

mapping 0 : X" — Ry, a proper subset I of {1,...,m}, and positive numbers w;, i & I,

iel
partitions of the unity. If for every T := (x1,...,2,) € X",

i O{if <zn: CLZ']'IZ']'> + b
i=1 1

Jj=

0 (zn: AijT1y .- ,zn:aijfﬁn> S w,@(f), 1 g ],

j=1 J=1

<0(z, and

then there exists a unique G : X —'Y enjoying for every x € X and z € X"

— & O(x,...,x)
o, G ai;x; | +6=0, and|f(x)—Gx)] < )
2 (Z ) @) = Gl < 3=

j=1

Proof. Defining ¢ : X — X" by ¢(z) := (z,...,z), foreveryi € {1,...,m}, p;: X" = X

by wi(z1,...,x,) = Zaijxi and A; 1Y = Y by A;(y) := sy, it is easy to check that
j=1

the assumptions of Theorem [3.4.1] are satisfied, whereby the result follows. O

Corollary can be generalized to not necessarily commutative algebras. To this

aim, for an algebra Y on K, let us denote by Z(Y) the center of Y. This is Z(Y) :=

{yeY, zy=yz, VzeY} Inthe following corollary, we assume that X is a unitary

algebra with unit ey, Y is a Banach algebra, (a;;) € M,,,(X) is a matrix with entries in

X, and that f: X — Y is a mapping.

Corollary 3.4.5. Assume that, whenever b # 0, Zaib = Nb, for some N € K, and
i=1
that there exist a mapping 0 : X" — Ry, a proper subset I of {1,...,m}, and positive

numbers w;, i € I, such that Zaij = ex, for every i € I, (a;)igr C Z(Y), and for every
j=1

T:=(21,...,2,) € X"

Y aif(Yaiz;) + bl <6(z),  and

i=1 1

j=

9(2 aijml, ceey Z aij.an) S wﬂ(f), 7 ¢ I.
j=1 i=1
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Suppose also that some M € K\ {0} ezists, so that ayb = Zaib = Mb, and asf(x) =

icl
M f(z), for every x € X and ~y := Z ‘||?\4/}|‘|
il

G : X =Y satisfying for every x € X and every x € X"

w; < 1. Then there exists a unique mapping

m n O(x,...,x
Zh%<2hw0+bzﬁ ot (o)~ Gl <
=1 =1 e

Proof. Just define the mappings v : X — X" ¢, : X" — X and A4, : Y — Y by
U(x) = (z,...,2), pi(T) = Zaijxj and A;(y) = a;y, and apply Theorem [3.4.1 O

J=1

Now, we give a concrete situation where Theorem [3.4.1] applies. This is a Banach
version of a result of [88]. Actually, the authors proved there the stability of the following

quintic functional equation

Df(i[)l, 1’2) = 2f(2£L‘1 -+ IEQ) -+ 2f(2x1 — .1’2) -+ f(.%’l -+ 2372) -+ f(l'l — 21’2)
—20f(x1 + x2) —20f (21 — x2) — 90f(x1) = 0,

in random normed spaces under the minimum ¢-norm. We use Theorem to show the

stability of this functional equation in Banach spaces as well.

Corollary 3.4.6. Let X, Y be Banach spaces and 0 < p,q < 1, and L > 0 real numbers
such that
IDf(@y, x2)|| < Llllaal]” + llz2l|?), 21,20 € X.

Then there exists a unique quintic mapping Q : X —'Y, such that for every x € X

L[l + [l]1)

Q) - (o)) < =HELEED,

(3.26)

with a := 3971 + 20 x 29 + 23.

Proof. Here, we have m =7, n =2, A= 0and foreveryi={1,...,7}, ¢; : X" — X and
A; 1Y — Y are linear mapping such that for every x1,xo € X, p1(x1,29) 1= 227 + o,
0a(x1, T2) 1= 2@ — X, 3(x1, T2) 1= T+ 29, pa(x1,X2) = 1 — 229, @5(T1,T2) := X1 + X9,
@6(21,22) 1= 1 — T2, pr(x1,22) = x1, and for every y € Y, Ai(y) = As(y) = 2y,
As(y) = Auly) == vy, As(y) = As(y) := —20y, and A;(y) := —90y. Taking I = {7},
M=90,w =w;=3% wy =wy =wg =1, wy =29, and ¢ : X — X? is defined for every
x € X, by ¥(z) := (x,2). Moreover, we take 6 : X* — R, is a mapping defined by

0(1’1,1’2) = L(H.Tlup + ”l’QHq), X1, T2 € X.
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It follows from Theorem [3.4.1] that there exists a unique quintic mapping @ : X — Y
satisfying (3.26]), as desired. O

3.5 Hyperstability of a generalized linear equation

In this section, we give an additional condition to the hypotheses of Theorem in
order a function satisfying (3.2)) approximately must be, itself, a solution of it; whence

the hyperstability of (3.2)).

Theorem 3.5.1. Suppose that either b =0 or A(b) = Nb, for some non zero N € K, and
that f satisfies with respect to some mapping 0 : X™ — R,. Assume that there are
a proper subset I of {1,...,m} and, for every k € N, a mapping P X — X" and a
positive scalar w;i j & I, such that with B;f = p O vk,

B =1Idyx, i€l
lim 6(y*(x)) =0,

k—+o00

O(BE(x1), ... B (xa)) SwFO(T), jEIkeEN, (3.27)
Vpe{l,....m}, Bi(pp(@) =0y (B} (21)s-- -, B} (wn)), JELEEN,
0 (V*(65(2))) <wjb (V*(x)), j¢ 1 keN,
lim y, <1, withy = Z %wf. (3.28)

k—4o00 -
JE1

If the operator A; has a non zero eigenvalue M whose eigenspace contains both b and
f(x), for every x € X, then f is a solution of the equation (3.2).

Proof. 1t follows from that there exist 0 < r < 1 and ky € N such that v, < r, for all
k > ko. For such k > kg, by Theorem there exists a unique mapping G : X — Y,
satisfying

Y AjoGropi(z)+b=0, z€X, and (3.29)
=1

0 (V*())

Hf(a;) - Gk(a:)H < ity “€% (3.30)

Letting & tend to +oo in (3.29)), due to (3.27)), we obtain klim Gr(z) = f(x), for every
— 400
r € X. Letting k tend to +o0o in (3.29)), by the continuity of the A;’s, we obtain that f

is a solution of (3.2]). O
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Chapter I

Ulam Stability of Functional Equations

in Random Normed Spaces

4.1 Introduction

In this chapter, we will first show how to use Theorem [2.2.14] to study the Ulam stability

of various functional equations in single variable.

Next, we prove a very general result on Ulam stability of the following new non-

homogeneous Forti equation

Z B;f (Z bija;j> = D(x1,..., &) (4.1)

where f is a mapping from a linear space X over a field K € {R, C} into a random normed
space (Y, F,T), and D : X" — Y is a given function. As special cases of this result, we
can obtain stability criteria for numerous functional equations in several variables, in the
framework of random normed spaces.
Finally, we provide an application of Theorem by investigating the approximate
eigenvalues and eigenvectors in the spaces of function taking values in RN-spaces.
Throughout this chapter, we will use the assumptions (i)—(zii) of Theorem For

the convenience of the reader, let us remind them here:

(1) (Y, F,T) is M-complete and

lim inf TZ;?(A%)I<—> =1, =ze€X t>0

k—+oo jEN J+1

(i) (Y, F,T) is M-complete and for each k € N there exists a sequence (w¥),cn € Q

o6



4.2. STABILITY OF EQUATIONS IN A SINGLE VARIABLE

with

kETOO }Eﬁ Tif,ﬁj(Aie)x(wffkt) =1, re X, t>0.

(1ii) (Y, F,T) is G-complete and lim (A"€), = H, i.e.,

n—-+00

lim (A"€).(t) =1, reX, t>0.

n—-+o0o

4.2 Stability of equations in a single variable

In this section, X is a nonempty set and (Y, F,T) is an RN-space. We present a simple
Ulam stability outcome that can be derived from our results in Section [2.2] To this end,

we need the following definition.

Definition 4.2.1. Letv e N*, L; : X - Ry, i=1,...,v. A mapping H : X xY" =Y is
said to satisfy the property (H1), if for every x € X, every (wy,...,w,), (21,...,2,) € Y”
and t > 0,

t
F T,Ww wy)—H(x,2z z t Z TV— Fur—z' <—> . H1
H( yWTyeeey u) H( 321 geeny 1/)( ) =1 7 7 IJLI(SL‘) ( )

The following corollary can be easily deduced from Theorem [2.2.14]

Corollary 4.2.2. Let v e N*, L; : X - R, i=1,...,v, and H : X xY" =Y satisfy
the hypothesis (H1), and let &, ...,6, € X*, fe Y™, ande € @f, so that

FH f6@) (@) - f@) > €y TEX. (4.2)

Assume that one of the assumptions (i)—(iii) of Theorem is fulfilled with A : DY —
@f given by

t
(A0)o(t) = T 0e.(ay (m) 5eDY reX. (4.3)

Then, for each xz € X, each w = (wy)nen € Q and t > 0, the limits

v(a) = lim ("f)(x) (1.4
Ah(e) = Jim T2 (W (). (4.)
“o(t) = Jim T2 (N, (i) (4.6)

exist, with J : Y* =YX given by

(Jn) (@) = H(z,n(&(2)), .., n(& (@), n€Y, z€X, (4.7)
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and the mapping ¢ € Y, defined by (4.4), satisfying

H(z, (& (2)), ..., (& (x))) = ¥(x), r e X, (4.8)
such that
Fr)y—p@) (t) > sup og(at), t>0, relX, (4.9)
a€e(0,1)

where G0 is defined as in Theorem . Moreover, if one of the condition (i) and (i1)

T

holds, then 1 is the unique solution to equation (4.8) such that there is o € (0,1) with
Fpyw(t) >00(at), t>0, z€X. (4.10)

Proof. Clearly, inequality (4.2]) implies (2.9). Next, hypothesis €y holds due to Remark

2.2.13} and (H1)) means that (2.41)) is valid. Consequently, by Theorem[2.2.14} the function
1 defined by (4.4) is a fixed point of J, i.e., that ¢ is a solution of (4.8)) satisfying (4.9)
(take £ = 0 in (2.15))). The statement on uniqueness of ¢ also follows from Theorem

2214 O

Stability of functional equations of the form (4.1) (or related to it) has already been
studied by several authors. For further information we refer to [7, 45, [49]. A very par-
ticular case of (4.8), with H given by (2.39), is the linear functional equation of the

form

o) = 3 L()o(& () + h(w). (111)

with fixed functions h € Y~ and Zl, cee Z,, : X — R. That equation is called a linear

equation of higher order when & = ¢ for i = 1,..., v, with some & € X%, i.e., when

has the form
8(a) = 3 Li@)ol€'(w) + hia). (1.12)

Some recent results concerning stability of less general cases of (4.12) can be found in
[41], 49, 06, 07, (131, [193).
The simplest case of equation (4.12), with v = 1 and 0 ¢ Zl(X), can be rewritten in

the form
1 h(z)

= = QS(J:) - = )
Ly(x) Ly(x)
which is also called the linear equation. Special cases of (4.13)) are the gamma functional

¢(&(x)) (4.13)

equation

P(x +1) = zé(z)
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for X =Y =R, the Schrioder functional equation

6(E()) = s(x) (4.14)

For more details on (4.13) and its various particular versions we refer to [115, 117].

Remark 4.2.3. Let us consider a situation analogous to that in Remark with

T = Ty, for the Schroder functional equation (4.14) rewritten as
1
~0lE(@)) = o(). (115)

1
Clearly equation (4.15)) is (4.8) with and & = & and H(z,y) = -y forx € X and y € Y.
So we have the case as in Corollary with v =1 and A : @f — @f given by

(A0)a(t) = Oew)(|8]t), reX, €D, t>0.

Further, let E be a normed space, X := E'\ {0}, p € R, L € R, and

t

- €X, t>0
t+ L|z|P o

€. (t)

Assume that [[£"(2)|]” < a,|jz||P for z € X and n € N, with some sequence (ay)nen of
positive reals such that lim a,'|s|* = oo and write e, = a, ']
n—oo

neN,xe Xandt>0

s|". Clearly, for every

|s["¢
(A"€)(t) = €en(w)(|s]™t) = > e, (ent), (4.16)
o) = G e > 1)
and next
TN (Ae),(t) = inf e (epit),  jEN- (4.17)
' i€{0,...,j—1}
Hence, by (1)
. " S _
n1_1£100 (A"€),(t) > n1—1£loo e (ent) =1, re X, t>0, (4.18)
— 1
which means that (2.12) holds. Further, assume additionally that p := Z — < 00 and
i=0 ¢
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oo

1
for k,i € N, where p := Z —. Then, for every k € N
e

i=k

write wf =

PrCl+i
= 1
k k -
E w; =1, EhtjW; = —, JEeN,
i=0 Pk

whence by (4.16),
7}’:;]'(/\%)90 (wk_kt) > inf 3 €x (ekﬂ-wkt) =€, (,o,zlt), re X, t>0.
Consequently, for every x € X and t > 0,

lim inf 7777 (Ale), (wi,t) > lim inf e, (p,'t)

m—+o0 jENp m—+o0 jENg

= lim em(p,_nlt) =1,

m——+00

which means that (2.11)) holds with w* := (wW"),en € Q. Moreover, for w := w” we have

“o(t) = lim inf e, (ewit) = e, (p't),

whence
oo(t) > “ol(t) = e (p7't),  xEX, >0,

where “o and ) have the same meaning as in Corollary

4.3 Stability of a new non-homogeneous Forti equation

In this section, using Theorem [2.2.14] we prove a general result on Ulam-type stability

for the non homogeneous functional equation

in: Bzf (zn: bijZEj) =D (Il, ce ,ZL‘n) 5 (419)
i=1 j=1

in the class of functions f mapping a linear space X over the field K € {R,C} into
a random normed space Y, where D : X" — Y is a given function satisfying some
additional condition, B; € R, and b;; € Kfori=1,...,m, j=1,...,n.

As special cases of our result, we obtain the stability criteria for numerous functional

equations, in the framework of random normed spaces.

The following two hypothesis (M) and (D) are needed to formulate our main theorem.
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(M) There exist p € {1,...,m — 1} and ¢,...,c, € K such that

B()Z:‘ iBl

i=p+1

>0, and (=1 i=p+1,...,m,
where 3; := Zbijcj fori=1,...,m.
j=1

(D) For every zy,...,2, € X

iBid(zn:bijxj> - zm:BZ-D@ixl, B, (4.20)
i=1 j=1 i=1

where f3; is defined as in hypothesis (M) and d(z) = D(cix, ..., c,x) for x € X.

Remark 4.3.1. If Z |bim;| # 0, then there exist ¢q,. .., ¢, € Ksuch that mejcj =1.
j=1 J=1
Therefore (M) is fulfilled for y = m — 1. However, because of the forms of the conditions

(i)—(2ii) of Theorem and condition (4.24)), it makes sense to consider (for some cases

of equation (4.19) and some functions ) also the situations with g < m — 1.

For instance, for the inhomogeneous Cauchy equation

fle+y) = f@) + fly) + D(x,y), (4.21)

we can consider the following two situations (we refer to Corollary and its proof for

consequences in both of them).

(al) If the equation (4.21]) is written in the form (4.19) as f(x1 + 22) — f(x1) — f(22) =
D(xl,xg),then m = 3, n = 2, Bl = _B2 = —B3 = —1, bn = b12 = ]_, b21 = 1,

bae = 0, b3y = 0, bze = 1. In the matrix form we can write b;; as

(bij) 1<y

1
1<5<

I
o =
S o S

Clearly, the hypothesis (M) is valid with y =1, By =2, and ¢; = ¢ = 1.

(ag) If the equation (4.21)) is written in the form (4.19) as —f(x1) — f(z2) + f(z1+z2) =
D(I’l,l’g), then m = 3, n = 2, Bl = B2 = —Bg = —1, bll = 1, b21 = 0, b22 = 1,
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bs1 = bze = 1. In the matrix form we can write a;; as

(b”) 1<i<3, —

1<5<2

e
— = O

1
Then, the hypothesis (M) is valid with 4 =2, By =1, and ¢; = ¢y = 7

Remark 4.3.2. (b0) Clearly, if D is a constant function, then hypothesis (D) is valid
(this case includes equation (3.1))). Moreover, if functions Dy, Dy : X™ — Y satisfy
the hypothesis, then so does the function a1 D1+ o Do with any fixed scalars aq, as.

Below we provide more examples of non-trivial functions D satisfying the hypothesis.

(b1) Consider the situation (al) depicted in the previous remark, with m = 3, n = 2,
Blzl, BQZBgz—l, b11:b12:1, b21:1, b22:07 b31:O, b32:1,,u:1, and
¢ =cg =1. Then 8, =2, By = f3 = 1 and condition (4.20]) takes the form

D(ZEl + To,T1 + 172) — D(l’l,l'l) — D(ZL‘Q,ZEQ)
= D(2I1, QIQ) — 2D(l’1,$2), X1, Lo € X. (422)

Observe that condition (4.22)) holds in each of the following three cases
1) D is asymmetric biadditive function (i.e., D(zq,x2) = D(x9,21) and D(z1, zo+
x3) = D(xq,x9) + D(x1,23) for zq, 29,23 € X ).

2) There exist additive hy, hy : X — X such that D(xy,z5) = hy(z1) + ha(z2) for
r1,T0 € X.

3) There exists p : X — Y such that D(zq,x2) = p(z1 + x2) — p(x1) — p(xs) for
T1,T2 € X.
(b2) In the situation (a2) depicted in the previous remark, with m = 3, n = 2, By =
1
By =—B3=1,b11=1,b12=0, boy =0, byy =1, 5312532:1;M:2701202=§,

1
By = B3 = 5 p3 =1 and the condition (4.20)) takes the form

D(ﬂ,ﬂ>+D<ﬁ,%>—D :c1+:1:27x1+a:2
22 272 2 2

_) _D(mlaxQ)a xlax2€X7

which is (4.22)) ( it is enough to replace x; by 2z; and multiply both sides by —1 ).

b3) More generally, if hy,...,h, : X — Y are solutions to equation (3.4)), then the
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function D : X" — Y, given by
D(a:l,...,xn):th(:ck), 1y, Ty € X, (4.23)

fulfils hypothesis (D). In fact, fix xq,...,2, € X. Then, according to the definition

of the function d, we get

ZBzd (Z bm’&?j) = (Clzbw.ﬁj,...,anbijx]’>
=1 j=1 j=1

(ck Z bUmJ>
k=1
= Zm: (Z bwckx]> =0, and

whence we get (4.20]).

Theorem 4.3.3. Let hypotheses (M) and (D) be valid and 6 : X" — D satisfy

lim (7%) (1, ...,2,)(t) =1, t>0, z1,...,2, € X, (4.24)

k—o00

where T : @fn — @fn s given by

Byt
Tx(@1, - 2) () = T (B, - . Bin) <Wg\> (4.25)
xe€DY, t>0, x1,...,7,€X. (4.26)

Further, assume that one of the conditions (i)—(iit) of Theorem holds with A : D —
Df and € : X — D defined by

ex(t) :=0(crz, ..., cox)(tBy), reX, t>0, (4.27)
Bot

() =T 05, | —5 § € DY X, t>0. 4.2

(AD)(t) = Tadaa(pr) GEDY, w€X, £>0 (4.28)

Benzarouala Chaimaa 63



4.3. STABILITY OF A NEW NON-HOMOGENEOUS FORTT EQUATION

If f: X =Y satisfy

Fzznle(z L bij@) =D (@1 ) > 0(1‘1,...,$n), T1,...,Tp € X, (4.29)
then there is a solution ¥ : X =Y of equation (4.19) such that

Flp—py@)(t) > sup oo(at), t>0, v eX, (4.30)
a€e(0,1)

with 50 defined by (2.8) ( see also and (2.5)) ).

Moreover, in case where (i) or (ii) holds, there is exactly one solution ¢ € Y™ of

(4.19) such that there exists a € (0,1) with

F(w—f)(z)(t) > 52(0415), t>0, reX. (431)

Proof. Write |a| = 1/By and fix x € X. Putting z; := ¢;z for j € {1,...,n} in (4.29)) we
have

Fom 5 (S0, bisesa)—Diers, . cn) (t) >0 (cr1z, ..., cpx) (1),

i.e;
Fm pi(ga)—dw)(t) = 0(arz, ... caz) (D),
Then
F t) >0 (cix,...,c,x) (1),

Z?;;hq B; [f(x)_zgr;;rl B; (d(x)—ZiLl Bzf(ﬁﬂ))} ( ) - ( ! ) ( )

Next,
t

F 2)—a(d(z)— ) T T~m . 5 Zﬁ(clx,...,cnx)(t),

Therefore
Ff(:c) a( (x)->t B (,3196)) (t) >0 (Clxa s 7071‘7:) (B0t>7 (432)

Consequently, we get
Fi@)-gp@)(t) > 0(crz, ..., cax)(Bot),  t>0, (4.33)

with the operator J : Y~ — Y defined by

= —aZBl£<Zbl]c] ) +ad(z)

—a(ZBlg(ﬂla:)—d(:c)), ceYX reX.
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Note that the assumptions of Theorem [2.2.14] are satisﬁed for such J, because, for every
¢&,neYX and x € X, we have (J& — Jn)(z :—aZB £E—n) @ ) whence

Fle—am @ () = Fasr | Bie—n)sim) (1)
Byt

2 T2, Fpie(pia)—n(pix)) (7)

Bot )

>T Ff(ﬁﬂﬁ) n(Bix) < |B| t>0.

B;
This means that the condition (2.41)) is fulfilled with &(z) = fiz and L;(z) = 12| |

Consequently, by Theorem [2.2.14] for every k € N, z € X and ¢ > 0, the limit 1)
exists and the function ¢ € Y~ is a fixed point of J fulfilling . Moreover, if one of
conditions (7), (i) of Theorem holds, then 1) is the unique fixed point of .J such that
there is a € (0, 1) with

F(q/;—f)(;v) (t) > 3§(at), t>0, reX. (4.34)

Now, we show that ¢ is a solution to (4.19)). To this end observe that

m n

> B (D biws) = ZB lim (%) (mex])
i=1 j=1
= lim (iBi(ka)(jibijxj)), 21, 2 € X. (4.35)

F.

ST B (S0 biges )~ Dl e () = T*0(z1, ..., 2,)(t), 21,...,2, € X, t >0. (4.36)

The case k = 0 is (4.29)). So fix k € N and assume that (4.36)) holds. Then, by hypothesis
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(D), for every xq,...,2, € X

iBi(Jk+lf)<ZbZ]$]> ZB‘] Jk (ibiﬂf]’)

|
2
NE
S
]
E:J
%
A
S
M
s@‘
&
N—
Lo
/N
M
s@‘
E
—

= —az B Z Bi(J*f) (Z bqﬁz%‘) + Ozz BJD<51$1, e ﬁl%)
i =1 =1

+ D(x1,29...,2,)

_ —aiBz iBi(ka><ibij5lxj> - D<ﬁlx1,...,5m:n>]
=1 =1 J=1

+ D(z1, 9. .., 2,). (4.37)

—
.

Hence, by (4.25)) and the assumed inequality (4.36]),
F
=1 3
=F, S By Bi(TF£) (72 bigBiwy )~ D(Bii oo, i) (t)
Byt
= Tl 1FZ Bi(J*£) (7=, bijBrzs )~ D(Biz1 ... Biwn) <N‘Bl| ))

Byt
ZTzi17k9<5ll‘17-- ﬁlxn)( |;z|)

= (T"0)(zy, ..., 2,)(1), T1,...,T, € X, t>0.

Thus we have proved that (4.36]) holds for each k£ € N. Now, letting £ — oo in (4.36]), in
view of (4.24), for every z1,...,z, € X, we get

lim F.

Jm F gk gy (550 by ) - D ) =1, t>0, (4.38)

which means that
]}g{.lo <Zl Bl(ka)<Zle]l'j> — D(.Tl, e ,.Z'n)) = 0, T1,...,Tp € X.
i= j=
Consequently, by (4.35),

iBzw(ibUIj) :D<I1,...,$n), 1’1,...,In€X. (439)
i=1 j=1
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To complete the proof, observe that every solution of (4.19) is a fixed point of J and
therefore the statement on uniqueness follows directly from the uniqueness property of ¢
as a fixed point of J satisfying (4.34)). O

Using Theorem we can obtain various stability results for numerous equations.
For instance, for the inhomogeneous Cauchy equation (4.21)) we can argue as in the fol-

lowing corollary.

Corollary 4.3.4. Assume that T = Ty, Y is M-complete, || || is a norm on X, and
D : X? =Y satisfies the condition (4.22)). Let p,vi, vy € [0, 400, v + vy # 0, p # 1 and
f: X =Y satisfies

t

> . zyeX, t>0. 4.40
Cr ol + oalylP y (4.40)

Ft(ety)— (@)~ ) -D(w) (1)

Then there exists a unique solution ¢ : X — Y to the Cauchy inhomogeneous equation

(4.21) such that

t
Frioy—wio (t) > 30(t) > ———, reX, t>0, 4.41
F@)—u(@) () 2 “’()_t+vol\xllp (4.41)
where 5° defined by (2.8) and
v _Ul—l—Uz
PRI

Proof. The equation (4.21)) is (4.19) with m = 3 and n = 2. Next, Remark shows
that condition (4.22)) means that D fulfils hypothesis (D). So, we use Theorem with

t
b+ u@ P+ valaa P

0(x1, 22)(t) Ty, 72 € X, t >0,

and consider two separate cases : p < 1 and p > 1.

The first case (p < 1) coincides with the situation (al) of Remark [4.3.1] with By =
—BQ = —Bg =1 and

1<5<2

1
(sz) 1<i<z, = | 1
0

=

when the hypothesis (M) is valid with p = 1 and ¢; = ¢; = 1. Then By = 2, f; =
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ajic1 + ajzco = 2, and consequently ( see (4.25) and (4.28)) )

Byt
‘IX(xl,%)(t) = X(ﬁlﬂfl, 511’2) <ﬁ> = X(Zi’f'l, 23;2)(215), (4-42)
1
t>0,71,220€ X, x € sz,
Byt X
(A0)o(t) == 0p0 | —= ) = 022(2t), d€DT, 2z e X,t>0,
M|B1|
(1) =120 , tBy) = ————, X, t>0, 4.43
€x(t) (c12, cox) (¢ By) i1 oz T € > ( )
with v ;= u ;— UQ.

Arguing as in Remark (with @ = b = 2 and ey = ba? = 27 > 1), we obtain
that A satisfies the condition (2.11)) ( with some sequence (w¥),cy € ) and

t

() > e(egtleg — 1t) = ————, reX, t>0,
O()— (0(0 )) t‘i‘UOHI'Hp
with
v V1 + VU2
vy = = :
O 11 2
Moreover, by (4.42) we get
lim (T%0) (21, 22)(t) = lim 0(2°zy, 252,)(2%¢)
k—o00 k—oo
t
= lim =1, r1,r0 € X, t >0,

koo t 4 260D (uy |2 ||P + vo|za|P)
which means that (4.24) is fulfilled. Therefore our statement for p < 1 results from
Theorem
In the case p > 1 we need situation (a2) of Remark [4.3.1} with By = By = —B3 = —1

and

(sz) 1<i<3, —

1<5<2

— o

0
1
1

when the hypothesis (M) holds with = 2, By = 1 and ¢; = ¢ = 1/2. The reasoning is
analogous as in the case p < 1, but for the convenience of the reader, we present it in some
details. Namely, then 8; = f, = 1/2, €,(t) is given by but with v = 27P(v; + vs),
and for every x1,25,20 € X, t >0 and J € l)f

(A6), (1) = Tf:lém(%) = min {55, (%)} =5;(3).

TO(zr, 22)(1) 1= T210(Fr, o) (g) g (g gx) (g) |
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According to Remark (with @ = b = 1/2 and consequently eg := ba™? = 277 > 1),
condition ([2.11) is satisfied and

t
GE(t) > ex(egtleg — 1)t) = ———, re X, t>0,
0()— (0(0 )) t‘i‘UonHp
with
v V1 + Vg
Vo = = .
1—2-r 20 — 2
Note yet that, for x1,25 € X and t > 0, we have
lim (T%0) (z1, 22)(t) = lm (2 %y, 27 25)(275¢)
k—o00 k—o0
t
= lim :1, $1,I’2€X, t > 0.

k—oo ¢+ Qk(p’l)(leiCal + val|22|P)

This means that (4.24)) is fulfilled. Therefore also our statement for p > 1 results from
Theorem [

Remark 4.3.5. According to Remark ( (b0) and (b1)), the function D in Corollary
4.3.4] can be of the following form

D(z,y) = 2+ ui(x) + uz(y) +us(r,y) + g(r +y) —g(x) —g9(y), z,y€X,

with any fixed ¢ : X — Y, additive uy,us : X — Y, biadditive symmetric uz : X? = Y
and zp € Y.

4.4 Approximate eigenvalues

In this section we show an application of Theorem in investigation of the approximate

eigenvalues and eigenvectors, which corresponds to the results in [66), [86].

The next corollary is an example of a result concerning approximate eigenvalues of
some linear operators on Y. Actually the assumption of linearity of the operators is not
necessary in the proof, but the notion of eigenvalue might be ambiguous without it (see,

e.g., [I71]) and therefore we confine only to the linear case.

Corollary 4.4.1. Let v € R\ {0}, Ao : DY — DY, and Jo : Y* — Y™ be such that Ao
satisfies Cqy and Jy is linear and Ao-contractive. Assume h € Y™ and ¢ € Df satisfy the
condition

F(Joh,ﬁ{h)(x) Z Ex, r e X. (444)
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If one of the conditions (i), (ii) and (iii) of Theorem is valid with
(A0)s(t) = (Ad)u(l7ft),  SEDY, ze X, t>0, (4.45)

then v 1s an eigenvalue of Jy, the limits

b(a) = lim (J5( W) () (4.46)
A0t = lim 775 (W), () (4.47)
“ol(t) == Til_rgo T (A€, (wit) (4.48)

exist for every v € X, w = (wp)new € Q and t > 0, and the function 1y € Y, given by

do(z) ==y M(z),  reX,
1s an eigenvector of Jy, with the eigenvalue vy, enjoying

Flnno® > swp 5%ahlt), zeX, t>0, (4.49)
a€e(0,1)

Proof. Let ¢ :=~vh and J : Y — Y™ be given by

(Jn)(x) = (Jo(y'm)(z), neY¥ zeX.

Then, in view of the Ag-contractivity and linearity of Jy, for every u,& € Y~ and § € Df
with F(M_g)(x) Z 535, we have

Fp-e)@) () = Fustr-1p)—so(-16)@) (1) = Flaou—se@(V[1), >0,

whence

F(JH*Jﬁ)(GU)(t) > (Aog)x(h/’t) = (Aé)x(t)v t>0,

which means that J is A —contractive. Next, we can write (4.44]) in the form
Fle—g)2) = €a) r € X. (4.50)

Hence, by Theorem and Lemma [2.2.4] the limits (4.46)), (4.47) and (4.48) exist for

every £ € X, w = (wp)nen € Q and ¢ > 0. Moreover, the function ¢ : X — Y, defined by
(2.13)), is a fixed point of J with

Flp-pyw)(t) > sup Go(at), re X, t>0. (4.51)
a€e(0,1)
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Write 1y := v '4. Now, it is easily seen that Jyo = J¢ = ¢ = v, [#.49) is equivalent

to (I51), and (2.13) yiclds (1-16). =

Clearly, under suitable additional assumptions in Corollary [4.4.1] we can deduce from
Theorem some statements on the uniqueness of v, and consequently on the unique-
ness of .

Given € € D7, let us introduce the following definition: v € R\ {0} és an e-eigenvalue
of a linear operator Jy : yX¥ 5 v¥X provided there exists h € Y X such that Flioh—vh)(z) = €x
forx € X.

It is easily seen that Corollary yields the following simple result.

Corollary 4.4.2. Let Ag : Df — Df, Jo : YX =YX be Ag-contractive and linear, and
e € DY. If v € R\{0} is an e-eigenvalue of Jo and one of conditions (i)—(iii) of Theorem
is valid with A given by (4.45), then v is an eigenvalue of Jy.
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Chapter

Ulam Stability of Delay Differential

Equations in Locally Convex Spaces

5.1 Introduction

In 1993, M. Obloza [I38], [139] was the first who investigated the Ulam type stability of
linear differential equations, after that, a large number of papers devoted to this subject
have been published (see [IT], 26, 93]). In 2010, S. M. Jung [94], using the fixed point
method, proved the Ulam-Hyers-Rassias-stability of the first order differential equation

of the form
y'(t) = F(ty(t)), (5.1)

where F' : I x R — R is a continuous function satisfying a Lipschitz condition and [ is
a closed interval. Recently, in 2020, Y. Bagci et al [23], using the alternative fixed point
theorem as in [94], extended and improved Jung’s result for the differential equation ({5.1)).

Several other differential equations without delay have been considered in the literature
(see [18, (129, 14T], 154]).

In 2015, using the fixed point method, C. Tun¢ and E. Biger [I87] proved the Ulam-
Hyers-stability and the Ulam-Hyers-Rassias-stability of the first-order delay differential
equation

y'(t) = F(t,y(t),y(t — h)), (5.2)

where F': [ x R® = R is a continuous function, I is a bounded and closed interval, and
h is a positive real number, called the delay. In 2019, inspired by the techniques used in
[187], S. Ogrekei [140] extended and improved the results of [I87] by proving the Ulam-
Hyers-Rassias-stability of the delay differential equation for unbounded intervals.
Notice that, in 2013, D. Otrocol and V. llea [142] proved the Ulam-Hyers-stability and
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the Ulam-Hyers-Rassias-stability of the following delay differential equation

y(t) = Fty(t),y(w(t), telcCR, (5-3)

by using the well-known Gronwall lemma and the abstract Gronwall lemma.

It is a fact that the fixed point method comes in force in the Ulam-stability theory of
functional equations. In the present chapter,using the new alternative fixed point theorem
in gauge spaces presented and proved in section [2.1) we show the Ulam-Hyers-Rassias-
stability of the delay differential equation , where y is no more defined from an interval
I into R, but into a locally convex space (in particular into a Banach space). Since the
equation (B.3), generalizes both and (5.2)), many known results on the stability of
differential equations in the literature can be derived. Finally, we point out some gaps in

[23] concerning the same subject and fix them. We also give a comment concerning an

assertion in [I4] (see Remark [5.3.1)).

5.2 Stability of delay differential equation on bounded

intervals

In all what follows, (E, 7) will be a sequentially complete Hausdorff locally convex space
over the field K € {R,C}. We will suppose that P is an upward directed family of
semi norms defining the topology 7. We will consider I := [a,b], J := [a — h,b] and
H := [a — h,a], with a,b being real number with « < b, and a continuous mapping
v: 1 — J, so that v(t) <t for every t € I. We will let y denote a continuous function
from J into F, whose restriction to I is continuously differentiable, while ¢ will be a
continuous function from H into E.

First let us state the following definitions.

Definition 5.2.1. We say that (5.3) has the Ulam-Hyers-stability (or is Ulam-Hyers-
stable), provided that for arbitrary € > 0, if for every P € P, there exists Cp, such that

P(y'(t) = F(t,y(t),y(v(t)) < Cpe,  tel,
P(y(t) —¢(t)) < Cpe,  teH,

then there exists a continuous function yy : J — E solution of the differential equation

(5.3) on I, identically equal to ¢ on H, and for some 6(P,€) > 0,
Plyolt) — y(1) <6(Pe), tel, PeP.

Definition 5.2.2. The equation (5.3) has the Ulam-Hyers-Rassias-stability with respect
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to a function ¢ : J —|0,+o0o[, provided that if for every P € P, there ezists Cp > 0 such
that

P(40) - Fly®a0) ) < Crett, 1T,

P(y(t) —o(t)) < Cpep(t),  teH,

then there exist a number Kp, > 0 and a continuous function yo : J — E, solution of
(5.3) on I, identically equal to (t) on H, and satisfying

Plyo(t) = y(1)) < KppCro(t), tel, PeP.

We will use Corollary to prove the Ulam-Hyers-Rassias-stability of (5.3)) on the
bounded interval /. In all the sequel r will stand for a positive real number. Here is our

main result.

Theorem 5.2.3. Let F': [ x E*> = E a continuous function such that
VP eP, 3Lp, L, >0; Vtel, Vuj,uyv,v;€FE,
P(F(t,ul, UQ) — F(t, U1, U2)> S LPP(Ul — ’01) + L/PP(UQ — 'UQ). (54)

Assume there ezists a non-decreasing continuous function ¢ : J —|0,+oo| such that, for

every P € P, there exists Cp > 0 with

P<y'<t> - F(t,y<t>,y<u<t>>>) < Cpplt), el (5.5)

Py(t) —¢(@) < Cpp(t), teH. (5.6)

Then there exists a unique continuous function vy, : J — E, solution of the differential

equation (5.3) on I, identically equal to v on H, and such that

P(y(t) —y-(t)) < Kp,Cpp(t), PeP, tel. (5.7)

L L .
where Kp, = M(l + K)e(LP+LP+r)(bfa)7

rl t
and K::sup{— /gpxda:, tEJ}.
@(t)‘ ’ (x)d |

Proof. Notice first that, since ¢ is continuous and does not vanish, K is a positive real
number. Now, consider the linear space X := C(J, F) of continuous functions from J into

E and set for every P € P and every g,h € X,

dp(g.h) = nf{B > 0, P(g(t) — h(t)) < BC()p(t), t € T},
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where

C(t) =

1 ifteH,
e(Lp+L/P+T)(t7a) lft c T

Then dp is a generalized pseudo metric on X, for every P € P. Indeed, if f,g,h € X
are given, then obviously dp(f, f) = 0 and dp(f,g) = dp(g, f). Furthermore if B, B’ > 0
satisfy dp(f,g) < B and dp(g,h) < B', then, for all t € J, we have

P(f(t) = h(t)) < P(f(t) — g(t)) + P(g(t) — h(t))
< (B+B)C(t)e(t).

Passing to the infimum on B and B’, we get dp(f,h) < dp(f,9) + dp(g,h). Now, if
dp(f,g) =0 for every P € P, then for every B >0

P(f(t) —g(t)) < BC(t)p(t), teJ, PeP.

This gives P(f(t) — g(t)) =0, for all P € P and all ¢ € J. Since E is Hausdorff, f = g.
Therefore (X, (dp)pep) is a generalized gauge space. Notice that, for every ¢t € J, the
evaluation §;, : f — f(t) is continuous from (X, (dp)pep) into E. Indeed, if we put

M :=sup C(t)p(t), then M < 400 and we have
te]

P(f(t) —g(t)) < Mdp(f,9)  PeP.

Now, let’s show that (X, (dp)pecp) is sequentially complete. Let (f;);en be a Cauchy
sequence in X. By the continuity of d;, the sequence (f;(t)); is Cauchy in E for every
t € J. Since E is sequentially complete, (f;(t)); converges to some f(t) € E. Define a
function f from J into E by

f@t):= lim fi(t), teJ

i——+00

But, for every P € P and € > 0, there exists 7o € N, so that, whenever iy <4, j, we have
P(fi(t) = f;(t)) S eC()p(t), te ] (5.8)
Letting j tend to infinity, we get
P(fi(t) = f(t)) < eC)p(t), e (5.9)

Moreover, for arbitrary xo € J, P € P, and € > 0, by continuity of f;,, there exists § > 0
such that for every z € J N [zg — 9, z9 + 0], P(fi,(x) — fi,(z0)) < €.
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Using (5.9) for ig, we get

P(f(x) = f(z0)) < P(f(x) = fi(x)) + P(fiy(x) = fis(w0)) + P(fiy (7o) — f(20))
< ep(x)C(x) + €+ ep(z0)C(20)
< (1+2M)e.

Then f is continuous, therefore f € X. Now, by (5.9), dp(fi, f) < €, for every i > 1.
Therefore (X, (dp)pep) is sequentially complete. Now, define the operator 7' : X — X by

Y(t), if teH

w(a)+/tF(x,f(x),f(V(x)))dx, if tel. (5.10)

Tf(t):=

Notice that by Proposition 1., the integral in (5.10)) exists. We claim that 7 is a
strictly contractive operator on X. Indeed, fix P € P and g,h € X. If dp(g,h) = +o0,

then obviously
dp(Tg,Th) < ¢ dp(g,h), Ve e (0,1). (5.11)

Otherwise, let B > 0 satisfy
P(g(t) — h(t)) < BC(t)p(t), teJ. (5.12)

Then for t € H, we have P(T'g(t) — Th(t)) =0, and for t € I,

Py(0) - Th) < [ P(F(o.0).90610) = Pl o). b)) ) d
< [ LoP(5(0) = o) + LpP(5(0(0) — M(a)) do
< LpB /a t p(x)ebrTEptn@=a) 4o
LB / t o(0())elLr L)) =) g,

t
< B(Lp + L'p)@(t)/ e(LptLptr)(z—a) 1.

/
< Lrtle plowetpme )
Lp + LIP +7r
Lt Lp powetipani-a
- Lp —f- LIP +r

Passing to the infimum on those B’s satisfying (5.12)), and taking (5.11]) into account, we
get

Ap(T(g). () < —2 T Le g0 ).

= Lp+Lh+r
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This shows that T is strictly contractive on X.

Now, we claim that for ng = 0, it holds,
dp(T™y, T y) < +00, P €P.
Indeed, let P € P, t € J be given. If t € H, then by (5.6),
P(Ty(t) —y(t)) = P((t) —y(t)) < Cpep(t) = CpC(t)p(t).

Now, if ¢ € I, then using Proposition [1.5.3] (a), we get

P(Ty(t) —y(t)) < P(/ F(z,y(z),y(v(z))) —y'(z) dfﬂ) + P(¢(a) - y(a))

< / P(F(z,y(x),y(v(2))) —y'(z)) dz + P (a) — y(a))

t
a

by (53) and (58), < Cal / o(@)dz + p(a))

< Cp(1+ K)p(t)
< Op(1+ K)p(t)etbrtEptnit=a)

Hence,
P(Ty(t) - y(1)) < Cp (1+ K)C()p(t), te€J

This means that
dp(Ty,y) < (1 + K)Cp < +o00.

(5.13)

(5.14)

(5.15)

According to Corollary [2.1.3] there exists a unique continuous function y, : J — E such

that for every P € P, dp(T"y,v,) tends to zero as k tends to infinity, ¥, is a fixed point

of T, and

LP+L/]3—|—T

dp(yr,y) < dp(Ty,y).

Then, by (5.15) we get for every P € P

LP+L33+T‘

dP(y7yr) S (1+K>0P7

whereby
Lp + L/p +r

r

Py(t) —ye(t) <

In particular, for t € I, we get

(1+ K)CpC(t)p(t), te .

Lp+Ly+r
T

P(y(t) — ye(t)) <

(1 + K)Cpe(LerLjDJrr)(bfa)go(t).
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This is (5.7) as desired. Notice that, since y, is a fixed point of T, it equals ¢ on H and
fulfills

()= 0@+ [ Flouo) @) do, tel

Using Proposition [1.5.2] 3, we get
yp(t) = F (z,y,(t), y-(v(t)), teL
Hence y, is a solution of (5.3) on I and the proof is finished. m

Remark 5.2.4. It is easy to check that the best approximation in (5.7)) is obtained when

L /
r:—P+LP
2

1 4 1
A

In this case, our result sharpens and extends the main result of [23], the latter being given

for an equation without delay (i.e., v(x) := ), r =1 and E = R.

5.3 Applications

In this section, we provide applications of Theorem Before that, let mention the

following remark.

Remark 5.3.1. In the proofs of the main theorems of [23], there are some gaps. Actually

L+D@=20) ig not a constant,

the assertion in line 15 of page 6 is not true. In fact e(x—xo)e_(
so that one can assert that it is larger than d(Ty,y). Indeed, if one takes x = xg, the
function y would be a solution of the equation in consideration. But this need not be
true. A similar error is also made in line -2 of page 8 and in line 5 of page 9. Because of
these errors, the approximations obtained there remain non justified.

Moreover, it is asserted in [I4] that the condition
¢
E|K>O:|/g0(m)d:t|§Kg0(t), t €la,a+d,

is not necessary although it is widely used. But the fact is that every such a function

satisfies automatically the condition above with K = c.

As a corollary of Theorem [5.2.3] we get the analogous vector-valued (rectified) version
of Theorem 3 of [23].

Corollary 5.3.2. Assume that G : I x E — FE s a continuous function satisfying the
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Lipschitz condition
VP e [P7 ElLon >P(G(tayl)_G<tvy2)) SLP(yl_y2)7 tEI, ylayQEE'
If a continuously differentiable function y : I — E satisfies

Py (t) = G(t,yt) < elt), tel,

where ¢ : I —|0, +00[ is a non-decreasing continuous function, then there exists a unique

y1: I — R, solution to the differential equation (5.1) and satisfying
P(y(z) = yo(2)) < (K + 1)(Lp + 1)t D000p(2), z e L.

Proof. Taking F': [ x E x E — E, with F(t,u,v) := G(t,u), L'» =0, Cp =1, h = 0,
r =1 and v the identity map on I, it is easily checked that the assumptions of Theorem
are satisfied. Whence the result. O

If in the preceding corollary E = R, we get the following rectified version of Theorem
3 of [23].

Corollary 5.3.3. Assume that G : I x R — R is a continuous function which satisfies

the Lipschitz condition

| G(t7y1> - G(ta?J?) |§ L | Y1 — Y2 ’a tel, (yl’yQ) € R (5-16)

If a continuously differentiable function y : I — R satisfies

[y'(1) = Gt y() [Se®), tel

where ¢ : I —|0, +00[ is a non-decreasing continuous function, then there exists a unique

y1: I — R, solution to the differential equation (5.1)) and satisfying
[ y(2) = yi(2) |[< (K + 1D)(L + eV (2), el

If in Corollary [5.3.3] ¢ is constant with value €, then we get a similar rectified version
of Theorem 2 of [23], namely

Corollary 5.3.4. Let € be a positive real number, and assume that G : [ Xx R — R 1is
a continuous function which satisfies the Lipschitz condition (5.16)). If a continuously

differentiable function y : I — R satisfies

[y'() = Gty®) [<e,  tel,
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then there exists a unique v, : I — R, solution to the differential equation (5.1)) and
satisfying
| y(x) —yi(x) |[< (L4 1)(b—a+1)eEDlde g e,
t
Proof. Just notice that for the constant function ¢ = €, we have / p(s)ds < (b—a)p(t)
for every t € [a, ). ’ O
Whenever P is reduced to a singleton, i.e., when FE is a Banach space, an immediate

corollary of Theorem is the following.

Corollary 5.3.5. Let (E,|| ||) be a Banach space and F : I x E* — E a continuous
function, such that there exist L, L' > 0 so that for every t € I, and uy,us, v1,v5 € F,

[F(t, ur,uz) — F(t, o1, 09)|| < Llfuy — vi]| + Lz — vall.
Suppose that there exist a non-decreasing continuous function ¢ : J —)0,+o00[ such that

ly'(t) = F(t, y(0), y(w ()l < (1), t €1, (5.17)
ly(@) —v@)] < ¢(t), teH. (5.18)

Then, there exists a unique continuous function y,. : J — E, solution of the differential

equation (5.3) on I, such that for every t € H, y,(t) = 1(t), and

L+ L +r /
ly(t) =yl <« ————(1+ K)e" (1), tel,

1 t
where K' :== (L+ L'+ 7r)(b—a) and K := sup{m | / o(x)dz |, t € J}.

Remark 5.3.6. Theorem can be used to prove the stability of plenty delay differen-
tial functional equations. For instance if we take for every t € I, v(t) =t — h, with h > 0,
we get the Ulam-Hyers-Rassias-stability of the equation in our new context, gener-
alizing the main result of [I87]. Next, let us recall, after [I32], that a self-map g : £ — E

is said to be Yanyan-continuous with constants (Lp)pep, if
VP eP, P(g(x) —g(y)) < LpP(x —y), z,y€E.

Corollary 5.3.7. Let A,B : E — FE be Yanyan-continuous mappings with constants
(Lp)p and (L'p)p respectively, and let o, 0 be positive numbers. If for every P € P, there
exists Op > 0 with

P(y'(8) + Aly(1) + By(t — b)) — q(t)) < 0pfe™, t e, (5.19)
P(y(t) —(t)) < dpbe™, te€ H. (5.20)
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Then there exists a unique function vy, : J — E, identically equal to b on H, solution of

the differential equation

Y () + Aly(t) + Bly(t — h)) = q(1), (5.21)

on I, and satisfying for every P € P, t € J

< Lp—i-L;:—FT

Py(t) —y(t)) < Op(1+ K)e™ ge,

r

1
where K' := (Lp + L'y +7)(b—a) and K := — max(1,e" — 1).
a

Proof. Taking F(t,u,v) = A(u) + B(v) — q(t), ¢(s) = 0e**, Cp = dp, and v(t) =t — h,
for every s € J,t € I and u,v € E, it is easy to check that the assumptions of Theorem
are satisfied, whereby the result. O

Remark 5.3.8. A special case of equation (5.21)) is the following

y'(t) + R()y(t) + S(t)y(t — h) = q(t),

where R, S : I — K are bounded functions. If R and S are constant functions, we also
get a further special case of (5.21)).

5.4 Stability of delay differential equation on unbounded

intervals

Now, we will prove the Ulam-Hyers-Rassias stability of the delay differential equation
(5.3) on an unbounded interval using the Jung’s method [94].
In all what follows, we will take I = [a,+oo[, H := [a — h,a] and J = [a — h, +o0.

For any function ¢ : J —|0, +oo[, we will set

K, = sup{ﬁ | /at<p(x)dx e J}.

Theorem 5.4.1. Let F : I x E*> — E be a continuous function satisfying . Assume
there exists a non-decreasing continuous function ¢ : J —|0,4+00[ such that, for every
P € P, there exists Cp > 0 so that and (B.6), and K,(Lp + L) < 1 hold. Then,
there exists a unique continuous function yo : J — E, solution of the differential equation
(5.3) on I, identically equal to ¢ on H, and satisfying

Pln(t) = 9(0) < P

o(t), Peb, tel.
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Proof. For any i € N, put [; := [a,a+1i] and J; := [a — h,a+]. Consider the linear space
X; := C(J;, E) of continuous functions from J; into E, and set for every P € P and every
g,h € X;,

dpi(g,h) =inf{B >0, P(g(t) — h(t)) < Bp(t), t € J;}.

Using a similar proof as that of Theorem one proves easily that (X;, (dp;)pep) is a
sequentially complete generalized gauge space. Now, define the operator 7T; : X; — X, by

W(t), if teH

O v [P so@nan, i re

Then T; is a strictly contractive operator on X;. Indeed, fix P € P and ¢g,h € X;. If
dpi(g, h) = +oo, then obviously

dpi(Tig,Tih) < c dpi(g,h), Ve € (0, +00). (5.22)
Otherwise, choose B > 0 satisfying
P(g(t) — h(t)) < Bp(t), teJ;, (5.23)

For every t € I;, we have

P(Tig(t) — Tih(t)) < / P(F<x,g<m>,g<u<x») —F(w,h@),h(u(x)))) da
< / LpP(g(x) — h(2)) + LpP(g(v(2)) — h(v())) do
< LPB/ o(x) dx —i—L})B/ o(v(z)) d
< B(Lp + Lp) K s0(t).

Passing to the infimum on those B’s satisfying (/5.23)), and taking (5.22)) into account, we
get
dpi(Ti(9), Ti(h)) < K,(Lp + Lp)dp(g, h).

Since K,(Lp + L) < 1, T; is strictly contractive on X;.
Arguing as for Theorem we show that

P(Ty(t) — y(t)) < Cp(L+ K,)e(t), teJ, PeP.
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This means that, for ng = 0 and every P € P, we have
dpi(T]0y, T/ y) < Cp(1+ K,) < 400, (5.24)

According to Corollary [2.1.3] there exists a unique continuous function y; : J; — E, such
that for every P € P, dp;(T7y,y;) tends to zero as j tends to infinity, y; is a fixed point

of T}, and
1

<
1= Kv(LP + L/P)
Then, by (5.24) we get for every P € P

dP,i(yh y) dP,z'(Tz‘?/, y)-

Cp(l + K@)
S TR Lt )

sz(y yz)

It follows from definition of dp; that

Ply(t) — yilt)) < — P )

t), teJ. 5.25
—1—K@(LP+L’P)¢() (5.25)

The uniqueness of y; implies that if ¢ € I;, then

yi(t) = yiyr(t), ke N.

For t € I, put i(t) :== min{i € N, ¢ € I,_,}, and define a function yo : I — E by

Yo(t) = Yi(e (L)

As the differentiability is a local property, one sees easily that 1, is differentiable on I.
Moreover, for every t € H, yo(t) = yi)(t) = ¥(t), and for t € I, we have

Yo(t) =

Therefore, by Proposition [1.5.2] 3.,

Yo(t) = F (z,50(t), yo(v(t)), tel.
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Hence yp is a solution of ({5.3). Furthermore, by (5.25))

Pn(t) = 9(0) < 1 R

o(t), PebP, tel,

as desired. O

5.5 Applications

As for Theorem [5.2.3] we obtain similar corollaries. For example, whenever E' is a Banach

space, we have

Corollary 5.5.1. Assume that (E,|| ||) is a Banach space, F : [ x E* — E is a continuous

function, such that
||F(tvu17u2) - F(t7U17U2)H S L”Ul - UlH + L/HU’Q - U2||7 te I? Uy, U, V1, V2 € E

for some L, L' > 0. Suppose that there erists a non-decreasing continuous function
¢+ J —]0,400[ so that (5.17)), (5.18) and K (L + L") < 1 hold. Then, there exists a
unique continuous function yo : J — E, solution of the differential equation (5.3) on I,

wdentically equal to ) on H, and enjoying

1+ K,
K (L+ L'

lyo(t) =yl < 7= )gD(t), tel

We also obtain analogous of Corollary as follows.

Corollary 5.5.2. Assume that A,B : E — E are Yanyan-continuous mappings with
constants (Lp)p and (L'p)p respectively, and that «, 0 are positive numbers. If for every
PeP, (5.19), and K(Lp + L) < « hold true, with K := émax(l, e®h — 1), then
there exists a unique function yo : J — E, identically equal to b on H, solution of the
differential equation (5.21) on I, and satisfying

Plyo(t) — (1)) < — 2210

G, tel PeP.
“1-K(Lp+ L))

Proof. Taking F(t,u,v) = A(u) + B(v) — q(t), ¢(s) = 0e**, Cp = dp, and v(t) =t — h,
for every s € J, t € I and u,v € FE, it is easy to check that the assumptions of Theorem

t
5.4.1| are satisfied, whereby the result. Just notice that | / o(z)dr |< Kp(t), for every
teJ. ’ []
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Résumé

Cette thése est une étude sur la stabilité au sens d'Ulam de certaines équations fonctionnelles linéaires
dans des domaines différents, notamment dans les espaces de Banach et les espaces normés aléatoires,
ainsi que de certaines équations différentielles avec retard dans des espaces localement convexes. Afin de
montrer nos résultats, nous avons été amenés a établir et a appliquer des théorémes de point fixe dans des
contextes généraux. Nous commencgons par donner une nouvelle preuve plus simple d'un résultat de
Bahyrycz et Olko montrant la stabilité d'Uam de I'équation de Forti non homogéne. Ensuite, nous
introduisons une équation fonctionnelle abstraite, généralisant celle de Forti et nous étudions sa stabilité et
son hypersatbilité, en utilisant une approche de point fixe. Enfin, nous montrons deux théoremes du point fixe
dans deux cadres différents, le premier dans les espaces uniformes généralisés séquentiellement complet et
le second dans les espaces normés aléatoires. Nous appliquons ces deux théoremes pour prouver des
résultats sur la stabilité au sens d'Ulam.

Mots-clés : stabilité d’Ulam, équation fonctionnelle linéaire, équation différentielle avec retard, méthode

directe, méthode du point fixe, espace normé aléatoire, espace localement convexe, espace uniforme généralisé.

Abstract

This thesis is an investigation of the Ulam-stability of some linear functional equations in
different domains, namely in Banach spaces and in Random normed spaces, as well as of some
differential equations with delay in locally convex spaces. In order to show our results, we have been
led to establish and apply some fixed point theorems in general settings. First, we provide a new
proof of a result of Bahyrycs and Olko showing the Ulam-stability of the non-homogeneous Forti
equation in Banach spaces. Instead of the use of a complicated theorem due to Brzdek, Chudziak
and Pales, we use the classical Banach contraction principle and prove the same result. As Forti
equation involves concrete linear mappings, namely the multiplication by a scalar and a mapping
associated with a matrix, we introduce an abstract linear functional equation, generalizing Forti's one
and then most of the linear equations ever considered in the literature. We then study its stability
and its hyperstability, using a fixed point approach. Next, we show a general fixed point theorem in
random normed spaces. As an application of it, we prove Ulam-stability results for a non-
homogeneous Forti functional equation, with non-constant second member. Finally, we prove an

alternative fixed point theorem in generalized gauge spaces, extending the famous alternative fixed

point theorem of Diaz and Margoli. Using this fixed point theorem, we show the Ulam-stability of a

general delay differential equation in locally convex spaces.

Keywords: Ulam-stability, general linear functional equation, delay functional differential equation, direct

method, fixed point method, random normed space, locally convex space, generalized gauge space.
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