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Résumé

Dans cette theése, nous nous concentrons sur I’étude de la dynamique des corrélations
quan- tiques au sein de deux qubits excitoniques intégrés dans deux boites quantiques semi-
conductrices InAs couplées, interagissant indépendamment avec des réservoirs de déphasage.
Nous ex- plorons leur comportement dans des environnements markoviens et non markoviens
en fonc- tion du temps et de la température. De plus, nous analysons les effets d’un champ
électrique externe sur ces corrélations ainsi que les effets liés a 1’interaction de Forster.
Nous étudions aussi le comportement du discord quantique global et de I’intrication dans
deux boites quan- tiques doubles couplées composées de AlGaAs/GaAs en fonction de la
température. Nous étudions également le comportement du discord quantique global et de
I’intrication dans deux boites quantiques doubles couplés composés de AlGaAs/GaAs en
fonction de la température. Nous utilisons chaque pair de boites quantiques comme un qubit,
ou I’électron peut occuper soit la boite a droite, soit la boite a gauche. L’ objectif de notre en-
quéte est de comprendre I'impact du décalage énergétique de chaque qubit et de I’énergie de
couplage tunnel sur les corrélations quantiques. Enfin, I’objectif est d’utiliser les trois boites
quantiques InAs comme substance de travail d’un moteur thermique quantique, permettant
au moteur de fonctionner a des échelles tres réduites, en présence d’un champ électrique,
et du mécanisme de Forster, qui décrit le transfert d’énergie entre les boites quantiques et
affecte ainsi le comportement du moteur. A cet égard, nous étudions le comportement du
travail effectué par le moteur et I'intrication dans le systeme lorsque le parametre de Forster
varie.

Mots-clés: Boites quantiques, Intrication quantique, Thermodynamique, machine ther-
mique, Fonction de Wigner, Discorde.



Abstract

Quantum dots are considered among the most promising techniques for implementing
various quantum information processing protocols. They have properties similar to those
of single atoms, even though they are actually composed of multiple atoms. Their prop-
erties and the relative ease of their fabrication and manipulation mean that they have sev-
eral interesting applications, not only in the field of quantum information, but also in areas
such as the construction of quantum heat engines, or the manufacturing of high-resolution
screens. In this thesis, we focus our attention on investigating the dynamics of quantum cor-
relations within two excitonic qubits embedded in two coupled semiconductor InAs quantum
dots independently interacting with dephasing reservoirs. Their behavior in both Markovian
and non-Markovian environments is explored against dimensionless time and temperature.
Moreover, the effects of the external electric field on these correlations as well as the effects
related to the Forster interaction are extensively analyzed. Also, we will study the behavior
of global quantum discord and entanglement in two coupled double quantum dots made of
AlGaAs/GaAs as a function of temperature. We use each double quantum dot as a qubit,
where the electron can occupy either the right or left dot. The goal of our investigation is to
understand the impact of the energy offset of each qubit and the tunneling coupling energy
on quantum correlations. Finally, is to use the three InAs quantum dots as a working sub-
stance of a quantum heat engine, which allows the engine to operate at very small scales, in
the presence of an electric field, and the Forster mechanism, which describes the transfer of
energy between quantum dots and affects thus the engine’s behavior. In this regard, we study
the behavior of the work performed by the engine and the entanglement in the system as the
Forster parameter is varied.

We deem that the study performed in this thesis does represent a major step forward in
the application of quantum dots in both quantum information processing and quantum ther-
modynamics fields.

Keywords: Quantum Dots, Quantum Entanglement, Thermodynamics, Heat Engines, Wigner
Function, Discord.



Résumé Détaillé

Les boites quantiques sont considérées comme parmi les techniques les plus promet-
teuses pour I'implémentation des différents protocoles de traitement de I’information quan-
tique. Les boites quantiques (Quantum dots en anglais) ont des propriétés similaires a celles
des atomes uniques, sachant qu’elles sont en réalité composées de plusieurs atomes. Ses pro-
priétés et la facilité relative de leurs fabrication et manipulation font qu’elles ont plusieurs
applications intéressantes, pas seulement dans le domaine de I’information quantique, mais
aussi dans des domaines comme la construction de cellules photovoltaiques, ou la fabrication
d’écran a haute résolution.

Dans le domaine de I’information quantique, une des ressources les plus fondamentales
est Iintrication quantique. Les boites quantiques peuvent &tre utilisé pour générer cette
ressource de deux manieres différentes. Soit, sous la forme de photons intriqués émis par
la méme boite quantique, ou encore sous la forme d’une intrication de spin entre différentes
boites quantiques. Des résultats préliminaires ont été obtenues suivant ces deux directions de
recherche, mais concerne dans la plupart des cas, la génération d’intrication bipartite.

Le but de cette these est de prospecter sur les différentes fagons de générer de I’intrication
a ordre supérieur en utilisant les boites quantiques. Ainsi le premiers objectif de cette these
est consacrés a la génération d’une intrication quantique bipartite entre deux boites quan-
tiques InAs, et d’étudier leur comportement dans un system ouvert, leur comportement dans
des environnements a la fois Markoviens et non Markoviens est exploré en fonction du temps
sans dimension et de la température. De plus, les effets du champ électrique externe sur ces
corrélations, ainsi que les effets liés a ’interaction Forster, sont analysés de maniére appro-
fondie. Nous montrons que le comportement non Markoviens des corrélations quantiques est
toujours préservé sous la variation du champ électrique et de I’interaction Forster, indépen-
damment de I’influence significative de ces deux parameétres sur la quantité de corrélations
quantiques. De plus, nous démontrons que la discorde quantique non nulle peut encore étre
observée pour des valeurs élevées de température et de temps sans dimension, contrairement
a la concurrence qui disparait dans ce régime.

Le deuxieme objectif est d’étudier le comportement de la discorde quantique globale
et de I'intrication dans deux pairs de boites quantiques couplés composés d’ AlGaAs/GaAs
en fonction de la température. Nous utilisons chaque pair de boites quantiques comme un
qubit, ol I’électron peut occuper soit la boite quantique droite, soit la boite quantique gauche.
L’ objectif dans cette partie de notre étude est de comprendre I’impact du décalage d’énergie
de chaque qubit et de I’énergie de couplage de tunnel sur les corrélations quantiques. Nos
résultats montrent que le décalage d’énergie et 1’énergie de couplage de tunnel affectent
significativement les variations de I’intrication de formation, de la discorde standard et de
la discorde quantique globale.

Les différentes applications de ces intrications seront aussi étudiées dans le cadre de cette
theése, une application de ces boites quantiques est le troisieme objectif de cette these, c’est
d’utiliser les trois boites quantiques InAs comme substance de travail d’un moteur thermique
quantique, permettant au moteur de fonctionner a des échelles tres réduites, en présence
d’un champ électrique, et du mécanisme de Forster qui décrit le transfert d’énergie entre les
boites quantiques et affecte ainsi le comportement du moteur. A cet égard, nous étudions
le comportement du travail effectué par le moteur et I’intrication dans le systéme lorsque le
parametre de Forster varie.

Mots-clés: Boites quantiques, Intrication quantique, Thermodynamique, machine thermique,
Fonction de Wigner, Discorde.
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Introduction

In the early 20th century, the world of physics was abuzz with attempts to understand the
electronic properties of materials, leading to the emergence of condensed matter physics
[6, 7, 8]. Quantum mechanics [9], developed in the 1920s and 1930s, began to offer insights
into how electrons moved in solids. Visionaries like Felix Bloch crafted theories to explain
electron movement through atomic lattices [10], laying the foundational knowledge of solid-
state materials. However, while metals and insulators were somewhat understood, there was
a class of materials whose electrical properties did not fit neatly into either category which
is the semiconductors. By the 1930s, it became evident that these materials had a unique
conductivity, sensitive to factors like temperature, light, and impurities. The mid-20th cen-
tury was a transformative period for these mysterious materials. At the renowned Bell Labs,
William Shockley et al [11], John Bardeen et al [12] unearthed the potential of semiconduc-
tors. They introduced a process called "doping," where specific impurities were added to
semiconductors, dramatically altering their conductive properties. This gave birth to the p-n
junction, a foundational concept behind nearly all semiconductor devices [13]. Silicon (Si)
soon emerged as the darling of the semiconductor world in the late 1950s and 1960s. Its
abundant availability and excellent electronic properties made it the material of choice. This
era also witnessed the groundbreaking invention of integrated circuits, these circuits heralded
the electronic devices revolution, promising a future where multiple transistors could reside
on a single silicon chip. The drive towards miniaturization became relentless. With innova-
tions like photolithography[14], which employs light to craft intricate patterns onto silicon
wafers, the size of transistors shrank dramatically. Around this time, Intel’s co-founder, Gor-
don Moore, observed that the number of transistors on a chip would approximately double
every two years, an insight that became the iconic Moore’s Law [15]. However, as these
structures became tinier, the quantum world began to assert its influence. By the closing
decades of the 20th century, quantum effects were no longer mere curiosities but central to
semiconductor design. Quantum wells, wires, and dots emerged [16], with each structure
confining electrons in one, two, or three dimensions respectively.

Quantum dots (QDs) exemplify the convergence of classical semiconductor theory and
quantum mechanics. These nano-sized semiconductor particles, typically ranging from 2
to 10 nanometers in diameter, have fascinated researchers due to their distinctive quantum
mechanical properties. Their size and shape bestow upon them a phenomenon known as
quantum confinement, in which the motion of electrons and holes is limited in all three spa-
tial dimensions. This confinement results in the quantization of the quantum dots’ energy
levels, leading to discrete energy states. Due to these atom-like energy configurations, they
are sometimes referred to as "artificial atoms".

The exploration of quantum dots significantly advanced in the 1980s, initiated by the dis-
coveries of Russian physicist Alexei Ekimov in 1981[17]. He first observed quantum dots
in a glass matrix, paving the way for Louis E. Brus to further the research by developing
colloidal semiconductor quantum dots in the mid-1980s[18]. Both physicists, honored with
the Nobel Prize in Chemistry in 2023, highlighted a unique feature of quantum dots - their
optical and electronic properties could be modified by merely adjusting their size. This was
a departure from bulk materials, where color traits are primarily determined by the material
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itself, showcasing that in quantum dots, the color attributes are dictated by size. Adjusting
the size of these particles allows for the manipulation of the color of light they emit or absorb.
The field saw a substantial leap in 1993 when Moungi Bawendi, another Nobel laureate of
2023, innovated the chemical production of quantum dots[19]. His method produced nearly
flawless particles, elevating the standard of quality in the field. This breakthrough in preci-
sion broadened the scope of applications for quantum dots, offering better consistency and
predictability. Due to these unique properties, quantum dots have garnered immense interest
across various fields. Their optical characteristics make them immensely useful in display
technologies [20, 21], leading to brighter, more vibrant colors in LED displays. Beyond
consumer electronics, their applications extend to solar cells, where their tunability can be
harnessed for better light absorption. In the realm of biomedicine, quantum dots have shown
promise as fluorescent markers for molecular imaging, providing a non-toxic alternative to
traditional dyes. Furthermore, the understanding of quantum dots paves the way for explor-
ing more complex quantum systems and phenomena. They have become foundational in the
study of quantum coherence, entanglement, and other quantum behaviors at the nanoscale.
These behaviors are being harnessed as we step into the era of quantum computing and quan-
tum information processing.

Following the advancements in semiconductor technologies and the emergence of quan-
tum structures, the late 20th century and early 21st century bore witness to another revolution-
ary wave — the deepening exploration of quantum physics and its practical implications[9].
As our understanding of the quantum realm evolved, it became clear that quantum mechanics
wasn’t just about understanding the behavior of the tiniest particles. It also held the promise
of entirely new frameworks for processing and handling information. Traditional computers,
built on classical physics principles, had limitations that quantum mechanics could poten-
tially transcend. Richard Feynman, in the 1980s, was among the pioneers who recognized
this potential. He proposed that a machine operating on quantum principles could simulate
nature in ways classical computers never could. In parallel, David Deutsch [22], further for-
malized the concept of a quantum computer, which could harness the superposition principle
of quantum mechanics to perform multiple calculations simultaneously.

The 1990s and early 2000s witnessed substantial theoretical advancements in the bud-
ding field of quantum information theory [23]. Among these developments, quantum entan-
glement stood out as both mystifying and revolutionary. This phenomenon describes a state
wherein the quantum states of separate particles become so intertwined that the state of one
particle instantly reflects changes made to the other, irrespective of the distance that sepa-
rates them. Imagine two entangled particles placed at opposite ends of the universe; a change
induced in one would instantaneously be mirrored by the other, a feat that classical physics
struggles to explain. Such an instantaneous link appears to violate the principle that infor-
mation cannot travel faster than the speed of light—a foundational pillar of Einstein’s theory
of relativity [24]. Hence, it’s no surprise that Einstein, along with collaborators Podolsky
and Rosen [25], expressed early skepticism of entanglement. They introduced the concept
of "hidden variables" to argue that quantum mechanics might be incomplete, providing an
alternative explanation for the seemingly "non-local" behaviors observed. Albert Einstein,
in particular, was uneasy about the implications of entanglement and, in an attempt to con-
vey the counterintuitive nature of this quantum behavior, famously referred to it as "spooky
action at a distance."

Yet, as more research was conducted, it became clear that entanglement was not merely
a theoretical curiosity, but an intrinsic and fundamental aspect of quantum mechanics. Its
validation through numerous experiments has cemented it as a cornerstone of quantum in-
formation theory, opening doors to a multitude of applications from quantum teleportation
to quantum computing. However, the rich tapestry of quantum correlations is not limited
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to entanglement alone. Quantum discord is another fascinating measure that distinguishes
between classical and quantum correlations in mixed quantum states [26]. Unlike entangle-
ment, which zeroes in on the non-separability of quantum states, quantum discord probes
into the very essence of "quantumness" in correlations, revealing peculiarities even in sys-
tems not traditionally viewed as entangled. But these theoretical foundations truly came to
life in experimental settings, particularly with the violation of the Bell inequalities. Proposed
by physicist John Bell, these inequalities established criteria that any classical local hidden
variable theory must meet. If quantum mechanics had merely been a manifestation of some
underlying classical processes, these inequalities should not have been violated. Enter Alain
Aspect (The Nobel Prize in Physics 2022). In the early 1980s, Aspect conducted a series
of groundbreaking experiments that tested the Bell inequalities [27]. The results Violations
of the inequalities were observed, providing strong evidence against local hidden variable
theories and bolstering the non-classical and non-local nature of quantum mechanics. In
the transition from theoretical principles to practical applications in quantum computing, the
classical bit is replaced by the quantum bit, or qubit, which has the unique ability to exist in
a superposition of both 0 and 1 states at once, unlike its classical counterpart. However, cre-
ating a stable qubit that can maintain its quantum state long enough to execute computations
remains a significant challenge. This is where quantum dots come into the picture. Quantum
dots, with their ability to confine electrons in three dimensions, offer an enticing solution.
When an electron is trapped within a quantum dot, its spin - a quantum property akin to a
tiny magnetic moment - can be harnessed as a qubit. The relative isolation of the quantum
dot can shield the electron from external influences, potentially offering longer coherence
times, which is the duration a qubit can retain its quantum state. Furthermore, the ability
to tune quantum dots means that they can be precisely engineered to specific frequencies,
allowing for interactions between qubits. Additionally, quantum dots can be positioned with
remarkable precision on semiconductor chips, aligning with established manufacturing tech-
niques and making them compatible with existing semiconductor infrastructures. Another
key advantage of quantum dots is the potential for scalability. With semiconductor technolo-
gies advancing and transistors shrinking in size, quantum dots offer a pathway to integrate
potentially millions of qubits on a single chip. This integration capability is paramount if
quantum computers are to surpass their classical counterparts in real-world applications.

In this thesis, our first aim is to investigate the dynamics of quantum correlations within
two excitonic qubits embedded in two coupled semiconductor InAs quantum dots indepen-
dently interacting with dephasing reservoirs. Their behavior in both Markovian and non-
Markovian environments is explored against dimensionless time and temperature. Moreover,
the effects of the external electric field on these correlations as well as the effects related
to the Forster interaction are extensively analyzed. The second is to study the behavior of
global quantum discord and entanglement in two coupled double quantum dots made of Al-
GaAs/GaAs as a function of temperature. We use each double quantum dot as a qubit, where
the electron can occupy either the right or left dot. The goal of our investigation is to un-
derstand the impact of the energy offset of each qubit and the tunneling coupling energy on
quantum correlations. The final aim is to use the three InAs quantum dots as a working sub-
stance of a quantum heat engine, which allows the engine to operate at very small scales, in
the presence of an electric field, and the Forster mechanism, which describes the transfer of
energy between quantum dots and affects thus the engine’s behavior. In this regard, we study
the behavior of the work performed by the engine and the entanglement in the system as the
Forster parameter is varied.

The structure of this thesis is laid out as follows:

* Chapter I delves into the essential tools and principles related to semiconductor quan-
tum dots. Specifically, it explores the motion of charge carriers within semiconductors
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and the density of states in the conduction band. This chapter also introduces founda-
tional models of quantum wells, wires, and dots. Concluding the chapter, we discuss
zero-dimensional systems and their practical implementation.

In Chapter II, we talk about the basics of quantum mechanics and information theory.
We look at the main rules of quantum mechanics, what a quantum state is, and impor-
tant ideas in quantum physics like entanglement and superposition. We also discuss
the standard ideas in information theory and dive deeper into quantum information.
We then explore how quantum systems can be connected and measured. We also touch
upon a topic called quantum discord. At the end of the chapter, we share our study from
the paper [28], focusing on the study of Global Quantum Discord and Entanglement in
two interconnected AlGaAs/GaAs Double Quantum Dots.

In Chapter III, we journey through the foundational concepts of quantum theory, espe-
cially in the context of open systems. A special emphasis is placed on non-Markovianity,
as we explore measures that identify the depth of memory effects by observing the in-
formation flow between a system and its corresponding environment. Our research
findings are showcased in several works: in [29], we meticulously analyze the dynam-
ics of quantum correlations within two coupled semiconductor InAs quantum dots;
[30] offers a detailed exploration of the use of the Wigner Function as an Entangle-
ment Detector in such quantum dot systems; and [31] delves into the resilience of
Wigner function negativity, especially when faced with exciton-exciton interaction ef-
fects within these coupled semiconductor dots.

In chapter IV, we present our paper [32], in which we utilize three InAs quantum dots as
the functional material for a quantum heat engine. This enables the engine to function
at extremely tiny scales, influenced by an electric field and the Forster mechanism.
This mechanism outlines the energy transfer between quantum dots and subsequently
impacts the engine’s operations. Consequently, we investigate the engine’s work output
and the system’s entanglement as we adjust the Forster parameter.

In Chapter V, we outline the conclusions drawn from our research and discuss potential
directions for future exploration.



Chapter 1

Semiconductor Quantum Dots

1.1 Overview on Semiconductors

1.1.1 Whatis a semiconductor?

A semiconductor [33] is a material that can either conduct or not conduct electricity depend-
ing on certain conditions; it is used in many electronic devices such as transistors [34, 35],
diodes [36, 37, 38], and solar cells [39, 40, 41]. It is an essential component of modern
electronic devices and technologies, including computers, TV screens [42, 43, 44], telecom-
munications, energy systems, and consumer electronics like mobile phones, laptops, and
microwaves [45]. The high demand for semiconductors in these areas is one of the reasons
for the delay in manufacturers producing many electronic devices. Noting that there is no
single definition for semiconductors when it comes to conductivity and resistivity of mate-
rials, semiconductors exhibit a conductivity o and resistivity p that falls between those of
metals and insulators (see fig. 1.1).
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FIGURE 1.1: Typical range of conductivities for insulators, semiconductors,
and conductors.

In electrical engineering, a material is said to be conductive if it allows the passage of
electric current; it is a material that has a low electrical resistivity which is the inverse of the
electrical conductivity observed. Physically, a given material is a conductor (of electricity) if
it has free electrons (at least one electron per atom). These electrons are present in the layers
far from the nucleus. The binding forces with the latter being weak, tend to move within the
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conductive material from one atom to another. This movement in the absence of an external
electric field is disordered and does not generate an electric current. However, if an external
electric field is applied, imposing a potential difference between the ends of a conductor,
these free electrons will undergo electric forces. The initial disordered movement becomes
an ordered movement, hence the appearance of an electric current.

In metals, the conduction happens with a single type of carrier, which are the electrons. But
in the semiconductors, the conduction occurs through several means:

* Through the free electrons ( type N).
* Through the free holes (type P).
* Through the two types of carriers.

The conductivity (or resistivity) of semiconductors is very sensitive to temperature and
concentration of impurities. A semiconductor is said to be intrinsic (pure) if it contains few
impurities compared to the number of holes and electrons generated thermally.

Il Ll v v \Y|
B N o

Al P S
Zn Ga : As Se
Cd In sb Te

binary compound III-V

binary compound II-VI

FIGURE 1.2: The semiconductors periodic table

Figure 1.2 presents the semiconductor’s periodic table, which contains the single species
of elements, such as Germanium (Ge) which was the first semiconductor used, Silicon (Si)
which is the most used in the industry because it has a number of unique properties that make
it well suited for many different applications, and Tin (Sn) in column IV of the Mendeleev
table. There are also compounds Semiconductors, which are composed of two ( binary III-V
or II-VI compounds), three elements (Ternary compounds), and four elements (Quaternary
compounds). We present below some examples of ternary compounds and quaternary com-
pounds:

* Ternary compounds semiconductors:
AlGaAs (Aluminum Gallium Arsenide), AlAsSb (Aluminum Arsenide Antimonide),
InSbAs (Indium Antimonide Arsenide), GaSbP (Gallium Antimonide Phosphide), and
InGaP (Indium Gallium Phosphide).

* Quaternary compounds semiconductors:
InAlGaSb (Indium Aluminum Gallium Antimonide), AlGalnP (Aluminum Gallium
Indium Phosphide), and InGaAsN (Indium Gallium Arsenide Nitride).
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1.1.2 Energy band in solids
Electron in an atom

The Bohr model is sufficient to describe the system of a single electron in an atom (Hydro-
gen). We show that the energy is quantified, and it is written,

Ey

Bn =

(1.1)
Where Ej is a constant (Fy = 13, 6eV), and n is the principal quantum number.

Only quantum mechanics can solve the problem of an atom with many electrons, and we
can show that the energy levels are discrete, and the electrons are distributed according to
the Pauli exclusion principle, which forbids two electrons of the same atom to have identical
quantum numbers.

Electrons in a solid

The electron is affected not only by its own nucleus and its electronic environment but also
by the nuclei and electrons of neighboring atoms, the solution of the Schrédinger equation
applied to the system constituted by an electron in a solid, shows again that the energy levels
of the electron are grouped in authorized energy bands (see Figure 1.3a).

E
A

I Allowed band

§ Forbidden band

Allowed band

t Forbidden band

I Allowed band

i Forbidden band

I Allowed band

FIGURE 1.3: The energy levels of the electrons.

The valence band: the last authorized band completely filled. It contains the electrons that
participate in the bonds.

Conduction band: it is the band that comes just above the valence band. It can be either
empty or partially filled; it can never be completely filled.

E Insulators E Semiconductors E Metals
A A A
————— C.B (empty)
7Y C.B (empty) C.B (partially filled) ——
'Y | GEALAR.——
E; > 9eV Eg~lev
A\ 4
VB VB
v
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FIGURE 1.4: Valence and conduction bands for insulators, semiconductors,
and metals.
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Figure 1.4 shows the difference between metals, semiconductors, and insulators that in an

insulator the valence band’s electrons are separated by a large gap E¢ from the conduction
band, in conductor metals the valence band and conduction band are overlapping, and in
semiconductors, there is a small band gap between the valence and conduction bands that
excitation can make electrons moving to the conduction band, in this case, the semiconductor
behaves as a conductor to make the current flow. We note that £ = E. — E., where E,. and
E, are the energy of the conductance and the valence band respectively.
Notice that a completely filled band does not participate in the conduction of electricity, and
for an insulator or a semiconductor the valence band is full and the conduction band is empty
at T' = 0K, in this case, there is no conduction. at 7" > 0K the electrons have a kinetic
energy of thermal agitation, Fc = %K BT. A certain number of electrons can pass from the
valence band to the conduction band if the value of F¢ is not too high. When the electron
leaves the valence band for the conduction band, it leaves a void in the bond between two
atoms called a hole. The loss of the electron leads to the appearance of a positive charge, and
the existence of the hole behaves as a positive charge that captures a neighboring electron,
which gives another hole in the place of the latter. This process repeats itself indefinitely
and is called generation-recombination. We can present some examples of the gap energy of
different semiconductors,

Type Semiconductors FE¢;(el)

v C 53
v Si 1.1
v Ge 0.17
v SiC 2.8
II-v GaAs 1.4
1II-v GaP 2.3
III-v InAs 0.40
1I-VI CdS 2.6
II-VI CdSe 1.7
II-VI CdTe 1.5
1I-VI ZnS 3.6
II-VI ZnSe 2.6

TABLE 1.1: Gap energy values for different semiconductors .

1.2 Movement of charge carriers in semiconductors

Electron in a vacuum:
Under the action of an electric field E an electron takes a uniformly accelerated motion with
a time dependent speed,
¥=——FE.t+cst. (1.2)
&
Where e is the charge of the electron, m} is the effective mass of the electron, E is the elec-
tric field, ¢ represents the time, and cst is an arbitrary constant vector.

Electron in a solid:
The free electrons of the conduction band move in the presence and the absence of an elec-
tric field E (Figure 1.5). When the electric field is absent, the movement of the electrons is
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disordered in all directions because of the thermal origin. In this case, the average speed is
null, on the other hand, when we apply an electric field the electrons acquire an additional
speed that is superimposed on the thermal motion. In this case, the electron will be submit-
ted to uniformly accelerated movements broken by collisions with the atoms of the lattice,
due to the electrostatic force Fi, = qE, the acceleration of the electron can be given by the
equation,

. E
v,
Without E With E
FIGURE 1.5: Movement of the electrons in the presence and absence of an
electric field E.
. _4¢E
Yn = —l (1.3)

€
This acceleration acts between two shocks separated by an average time called 7. The
average speed of electrons is given by,

. . qE
Up = In.T =

= —pin.E. (1.4)

*
m(i

We can apply the same reasoning to free holes, one can find that,

_grE 4

pp- B (1.5)

Up =TT = :
Where (1, and p,, are called the mobility of electrons and holes respectively, which depend on
the charge, and the temperature, and are expressed in cm?V ~1s~!. Table 1.2 shows values

of p, and p, for some semiconductors.

Semiconductors i, (cm?V=ts7l) g, (em?VlsTY)
Ge 3900 1900

Si 1500 600

GaAs 8500 400

InSb 78000 750

TABLE 1.2: mobility of electrons and holes for different semiconductors.
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1.2.1 The current density

Consider a solid with a free electron density n.(cm~3). When the solid is under an electric
field E, the electrons acquire an average speed v,

di

—

Va

*-—>
—
E

the total mobile charge contained in the small volume dV is :
dQ = —q.ne.S.dl,  dl = v;,.dt. (1.6)

The current intensity is given by,

. d
i= d—? — —qn V.S, (1.7)
The current density is defined as,
L7 ) B}
J = g = —Q.Ne.Up, = q.Ne.lp . E. (1.8)
In the general case,
J_;Z = q.ne.un.E = Jn.E, J; = q.pe.,up.E = Jp.ﬁ, (1.9)

with 0,, = q.ne.uy, and o, = g.ne.p, are the conductivities of the solid. The total conduc-
tivity of a solid is given by,
o =0y + 0p. (1.10)

1.2.2 Conduction of an intrinsic semiconductor

Semiconductors (Germanium or Silicon) have four electrons on their peripheral layer because
they belong to the fourth column of the periodic classification of elements. It is possible to
produce them with a high degree of purity (less than one impurity atom for 10! atoms of
semiconductors), it is then called an intrinsic semiconductor. Consider a non-excited silicon
crystal at absolute zero (0K) in the dark. In order to see eight electrons on its external layer,
each silicon atom puts its four peripheral electrons with the neighboring atoms. This pooling
of electrons, called a covalent bond, ensures the cohesion of the silicon crystal. The electrons
that participate in these bonds are strongly linked to the silicon atoms. There is therefore
no mobile charge likely to ensure the flow of an electric current. The semiconductor is
then an insulator, indeed the valence band is saturated, and all places are occupied while
the conduction band which offers free places is empty. However, at ambient temperature,
a certain number of electrons of the valence band pass to the conduction band by leaving
behind them the same number of holes. This phenomenon concerns only a very small number
of silicon atoms (one atom in 10'3 at a temperature of 300K), in this case, the intrinsic carrier
concentration (n;) in intrinsic semiconductors is represented by the equality of the number
of electrons (n.) and the number of holes (n,). This is a fundamental property of intrinsic
semiconductors and holds true at thermal equilibrium, where the absence of impurities or
dopants results in equal numbers of electrons and holes:
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ne = np = ;. (L11)

When an electric field is applied to an intrinsic semiconductor there is displacement of elec-
trons in the opposite direction to the field, and displacement of holes in the direction of the
field. The current densities of electrons and holes are given by equation (1.9), the total current
density Jr is given by,

Jr = Jy +J, = 0:.E, (1.12)

with 0; = 0y, + 0p = qn;i(pn + pn). The resistivity of an intrinsic semiconductor can be

written as,
1 1
pi= —

- (1.13)
i qni(pn + n)

1.2.3 Conduction of an extrinsic semiconductor

The introduction of certain elements (dopants) in very small quantities in a semiconductor
can considerably increase the number of free carriers "electrons or holes" and thus reduce the
resistivity of the material (increase its electrical conductivity). The semiconductor is called
extrinsic or doped (N or P). Extrinsic semiconductors are used in electronic devices such
as transistors and solar cells. The dopant atoms change the properties of the semiconductor
crystal lattice, creating an excess or deficiency of electrons that can be used to control the
flow of electrical current. There are two main types of extrinsic semiconductors:

N-type semiconductor: doped with impurities of the V column which are called donors.
These atoms have five electrons on their peripheral layers. By substituting into the semicon-
ductor crystal lattice, they easily lose their fifth electron since four electrons are sufficient
to ensure the covalent bond. These electrons leave behind them fixed positive charges at the
nuclei which are not equivalent to holes and cannot participate in conduction. In N-type semi-
conductors, the excess of electrons increases the conductivity of the semiconductor, making
it a good conductor of electricity.

P-type semiconductor: doped with impurities from column III which are called acceptors.
The trivalent atom lacks an electron to establish covalent bonds with the four semiconductor
atoms that surround it. In fact, the electrons that participate in the bonds are indistinguishable
from each other. Everything happens as if one of the neighboring semiconductor atoms had
given up an electron to the trivalent boron atom, thus creating a hole in the semiconductor
crystal. The atom that receives an electron is called an acceptor, it has lost its neutrality to
become a fixed negative ion. At ordinary temperatures, almost all acceptor atoms are ionized.

1.3 Density of state in the conduction band

1.3.1 3D systems:

We consider an electron of the conduction band free to move under the crystal, and we assume
that a crystal is approximated by a cube, where L is the length of the cube. We search the
possible states of the electron in the cube and the corresponding energies. In this regard, we
need to solve the Schrédinger equation:

ood: & &
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The solution of this equation has the following form,
U(x,y, z) ~ efoeifueihz (1.15)

This leads to the expression of energies:

2
E =

(k2 + k2 + k). (1.16)

2m*

We consider the Born-Von Karman (BVK) boundary conditions,

V(z+ L,y,2) =¥Y(x,y, 2), (1.17)
W(x.7y_‘_L724) :W(l'?y?z)? (1'18)
U(z,y,z+ L) =Y(x,y, 2). (1.19)

From equation 1.17 we show that,

ezk(:erL) elky ezkz — ezkz ezky e’Lkz’

= ekl =
2
= kng = =, (1.20)
L
Using the same reasoning, we can show that,
27 27
kny = —ny, kn, = —n,. (1.21)

L

The electronic states are presented by the wave vector k in the coordinate space (ky, ky, k=),

where the elementary volume is given by V' = (2%)3

All energy states between E and X + dE have their representative points in the space
between the spheres of radius & and k + dk, with E = 222 = gE = 22 dk.

2m* m*
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The reciprocal volume v, which represents the smallest space occupied by a single state,
is

27)3
v, = (L3) (1.22)
For N3P states, the reciprocal volume occupied is
4
VN = gwk?’. (1.23)

The number of states can be determined by evaluating the ratio of reciprocal volumes,

N3P =94 N
141 ’
I3
= k3. 1.24
3.2 (1.24)
Factor 2 is included to account for the fact that each state can be occupied by both spin-up
and spin-down carriers. In terms of energy this can be written as

L?  [2m*E
=52
L3 2m*
= ﬁ(?)wE?’/Z. (1.25)

N3D )3

The density of states N (E) is equal to a derivative of the number of states with respect to the

energy E:
__dN

= ﬁ .
We can finally get the density of states for 3D systems,

N(E)

3 *
N(E) = 2L7T2(2;;)3/2\/E (1.26)

FIGURE 1.6: The density of states as a function of energy in 3D systems.

Therefore, the density of states within a band, specifically near a minimum point where
the energy can be described as a parabolic function of momentum, is smooth and proportional
to the energy’s square root (see Figure 1.6).
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1.3.2 2D systems:

In Two-dimensional systems, the density of states can be determined similarly (see Figure
1.7). In this case, there are only two degrees of freedom, and we can represent a state by
the values of n, and n, to create a circular shape in k-space, which is referred to as a two-
dimensional electron (or hole) gas.

radius, k

N

2
area = (2%)
FIGURE 1.7: Filling the momentum states within a 2D quantum well.

The reciprocal area A1, which represents the smallest space occupied by a single state, is

21)?2
Ay = ( LQ) (1.27)
For N2P states, the reciprocal area occupied is
Ay = k2. (1.28)

We find the number of states N2? analogously to the three-dimensional case by calculating
the ratio of the reciprocal areas, also taking account of the spin of electrons by multiplying
by 2,

AN
N2D =9 28
* A,
= ij?
2’
B L2( 2m*E)2
o7 12 ’
L? 2m*E
The density of states for 2D systems is given by,
dN2D L2 *
N(E) = FTol T;; = constante. (1.30)

As evident from the formula, the two-dimensional density of states remains unchanged by
changing the energy E. Consequently, the 2D density of states remains constant across all
possible electron energies (see Figure 1.8).
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N(E)

A

cst

> E

FIGURE 1.8: The density of states as a function of energy in 2D systems.

1.3.3 1D systems:

In One-dimensional systems, there is only one degree of freedom. The electron momentum
then fills states along a line,

2n/L My =123
— <=
}IIIIIIIIIIHH}H\IlIIIIIIIII} nl_

0

FIGURE 1.9: Filling the momentum states within a 1D quantum wire.

Continuing with the previous reasoning, the total number of states N'”, can be obtained
by dividing the length of the line in k-space by the length occupied by one state, and further
dividing it by the length in real space:

NN Ly
G o
_ £ 2m*E
=\
L 2m* 1/2 121/2
= —(—)/°E"". 1.31
S5 (1.31)

If the spin is to be taken into account, we obtain finally the one-dimensional density of states

N(E),
N(E) =L

zﬂ)l/QL (1.32)

( ik

T B2

FIGURE 1.10: The density of states as a function of energy in 1D systems.
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1.3.4 0D systems:

In a OD system (Quantum Dots), no free motion is possible because there is no k-space to
be filled with electrons and all available states exist only in discrete energies, resulting in
quantized energy states represented by a delta function:

N(E) = 25(E).

N(E)

E

FIGURE 1.11: The density of states as a function of energy in 0D systems.

In the table below 1.3, we compare the density of states for bulk (3D), quantum wells
(2D), and quantum wires (1D), we observe that each reduction in the electron motion’s de-
grees of freedom results in a decrease in the functional form of N (E) by factors of E 1/2,

Dimensionality N(E)

3D L (2 B2VE o« E?
2D 1o o E°
1D Lypnrl  «EE
0D 20(F) x §(FE)

TABLE 1.3: The density of states for reduced dimensionality systems.

1.4 Calculation of the carrier concentration:

It is necessary to determine the concentration of electrons in the conduction band and the
concentration of holes in the valence band, to define the density of states in the conduction
and the valence bands, and the occupation probability of each energy state E denoted f(E).

1.4.1 Density of state in the conduction and valence bands

We can use the same method as used in the previous section to define the density of states in
the conduction and valence bands. One can show that in the conduction band, we have

4r

N(B) = 75

(2m})*2.(E — E.)'/?, (1.33)

While for the valence band, it is given by

47

N(E):ﬁ(

om})*2 (B, — E)'/2, (1.34)
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1.4.2 Fermi-Dirac function

the probability of occupation at temperature 7" of an energy level E by an electron is given

by the Fermi-Dirac function:
1
fE) = —a=> (1.35)

14+e XBT

Where Ep is the Fermi level defined by f(Er) = %; we note that Er is a constant. The
probability that the level is unoccupied is,

1

14 e EpT

it is also the probability of having a hole of energy E.

WSS S S |
— \ \ — — T=0K
08l \ \‘ — — T=100K
I \\ — — T=300K
06l \ — — T=500K
g |
0.4; \
\
* '\
0.2 \
L ‘ \
L \ ]
0.0 M o e o e e
-0.4 -0.2 0.0 0.2 0.4
E-Ef(eV)

FIGURE 1.12: Fermi distribution function vs (F — E'r) for various temper-
atures.

* AtT = 0K, f(E) = 1for E < Ep, and f(E) = 0 for E > Ep. In this case, all
energy states below Er are occupied, and all states above E'r are empty.

* AtT > 0, the function f(FE) is symmetric with respect to Er, which means that the
probability that the energy level E'r + dE is occupied is equal to the probability that
the energy level Er —dE is unoccupied. Notice that 90% of the function f(E) variation
occurs between +3kpT of Ep. Outside this range, f(E) can be approximated by :

E-E E-Ep

E—Ep>3KpT: ¢ K8t >1= f(E)~e Kol

E-Ep E-Ep

Ep —E>3KpT:e 87 < 1= f(E)~1—¢ Ka"
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1.4.3 Concentration of free electrons and free holes at thermodynamic equi-
librium

Free electrons:

The concentration of free electrons in the conduction band is equal to the number of places
occupied in this band.

[e.e]
n= | (E).f(E)dE,
C
1 2me. s [ , _(E-Ep
— o [ (BBt (S ar,
C
1 2m 3 © 1 _(%)
:ﬁ( h26)2/E (E—Ec)2.e " 5T 7 dE,
C
1 2me. 3 [ 1 _(EZBEctEc-Ep
= 30! 526)2/]5 (E-Ec)ie " Rt B,
C
. E~—E oo E—E
—212(2;;6)3.6_( l?(BTF)/ (E—EC)%.e_( KBTC)dE,
7 o
_ L 2meys () V[T E-Boys ()
= 5.3 2 )2.e - KBT C(KpT)? EC( 5 Y2a.e  KBT dE. (1.37)
If we putz = (%),or der = %,the previous equation becomes,
1 2 —(Ec=EF 0
n=ga(Ga)te LK) | Vae rdr,
0
1 2me 3 —(Ec—Lr) 3 T
== ﬁ( hQ )2.6 KpT (KBT)2 X 7,
_(EC*EF)
n= Nc(T).e = 56T 7. (1.38)

3 . . . .
Where No(T) = 2.(m2€7§f§T)§ is the effective density of states at temperature 7" in the
conduction band.

Free holes:

The concentration of free holes in the valence band is equal to the number of places unoccu-

pied in this band,
Ey

p= N(E)1 - f(E)]dE. (1.39)

—0o0

We can use the same method as in the previous demonstration, and we can find that,

EF*EV)

p= NV(T)e_( KpT

(1.40)

With Ny (T) = 2 x (%)% being the effective density of states at temperature 7" in the

valence band. The table below shows the values of N and Ny for some semiconductors,
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Semiconductors Ge Si GaAs
Ng(em™3) = 1,04 x 10" 2,8 x 109 4,7 x 10'7
Ny(em™3) = 6 x 1018 1,04 x 10 7 x 108

TABLE 1.4: Values of N and Ny, for Ge, Si, and GaAs at 300 K.

1.4.4 The n.p product (the mass action law):
When Egs. 1.38 and 1.40 are multiplied together, we find that,

nxp= Ncg(T).Ny(T)eXsT, (1.41)

where Eq is the energy gap, notice that n X p is a constant for a given semiconductor at
temperature 1" and independent of F'r. This product will play an important role and it can be
expressed in the following form

nxp=n2, (1.42)

with,

— E,

n; = /No.Ny Ko T (143)

In the intrinsic semiconductor, thermal excitation can produce the movement of the electrons
from the valence band to the conduction band. Each movement creates the electrons and
holes in pairs with n = p; in this case, equation 1.42 can be expressed as,

n; is the intrinsic carrier concentration, which depends on the gap energy Es and temper-
ature. We give in the table below some examples of the intrinsic concentration for Si for
different values of temperature.

T(k) 300 400 500
ni(em™3) 1,45 x 1019 5,7 x10'2 1,5 x 104

TABLE 1.5: Values of the intrinsic carrier concentration n; for Si.

1.5 Fermi level position

1.5.1 Fermi position for an intrinsic semiconductor

In a semiconductor, we have four types of charges. Among these charges, two have a negative
charge (electrons n and acceptor ions N,), and two have a positive charge (holes p and donor
ions Ng). At equilibrium, there is equality between positive and negative charges:

n+ N, = p+ N (1.45)
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Equations 1.42 and 1.45 can be solved for n and p, we can find that,

77

Ng— N, Ng— N,
n= NN a+\/<d2 “)2 4 n? (1.46)

)2+ n?. (1.47)

7

No — N, No — N,
p:adJr\/(ad

2 2

For an intrinsic semiconductor n = p = n;,

Erpi—Ec Ey—-Ep;

n; = No(T).e KT = Ny(T).e BT

= (Bv — Ep; —Ep; + E

_EBc+Evy KT, Nc(T)

Er; A . 1.48
Fi 2 > "R@) (1.48)
In the intrinsic semiconductors N¢(T') = Ny (T'), we obtain that,
b E
By = % (1.49)

This means that the Fermi level is at the midpoint of the band gap (Figure 1.13).

1.5.2 Fermi position for an N-type semiconductor

For N-type semiconductors, we can use a condition in which Ny— N, >> n;, in the equations
(1.46, 1.47), which yields,

n = Ng— N, (1.50)
p=mn2/n. (1.51)
If, furthermore, Ny >> N,, then,
n= Ny, and — p=n?/Ny. (1.52)
In this case,
~(%G575)
n=Nyg= Nc(T).e * KsT (1.53)
After simple calculations, we can find that,
Ne(T)
Ep = Ec — KgT'.ln] N ]. (1.54)
d

We note that this energy E'r decreases with temperature (Figure 1.13).

1.5.3 Fermi position for a P-type semiconductor

For P-type semiconductors, we can use the condition N, — Ny >> n;, in the equations (1.46,
1.47). In this case,
p=Nq— Ny, (1.55)

n =n?/p. (1.56)
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If, furthermore, N; >> N,, then,

p = Ng, and n= n?/Na. (1.57)
In this case,
—(ZE=3Y)
p=Ng=Ny(T).e * KsT (1.58)
Again, after simple calculations, we find,
Ny (T)
Er = Ey + KgT.n| ]. (1.59)
a
We note that this energy increases with temperature (Figure 1.13).
E Intrinsic SC E N-type SC E P-type SC
A A A
CB — — CB —— CB —
Epfeccaccaaan- 1
EFi """""""" EG EG EG
| Epl=mmmmeaenn-
— VB = = VB — = VB —

FIGURE 1.13: Fermi level position within the band gap in the case of in-
trinsic, N-type, and P-type semiconductors.

1.6 Inhomogeneous semiconductor: Diffusion

1.6.1 Definition

An inhomogeneous semiconductor is a semiconductor sample in which the properties
(n(z,y,2),0(x,y, 2), p(r,y, z)...) are not uniform in space of (x,y,z). For simplicity,
all reasoning will be done in a sample where all properties evolve only along the x-axis
(n(z),o(x), p(x)...). In nature, matter moves from regions of high concentration to regions
of low concentration, this movement is activated thermally, and the phenomenon of diffusion
tends to reduce the gradients of concentrations. We consider the case of an N-type semicon-
ductor, in which,

n(z) = no = Ny, p(x) =py = ni/Nj. (1.60)

When part of a semiconductor is illuminated, we can obtain a generation of pairs of electrons-
holes (excitons) in this part,

n(z) = no + An(x), p(z) = po + Ap(x). (1.61)

In the case of a low injection An(x) << ny, there are more holes in the illuminated region,
and they will move toward the regions where their density is lower. This phenomenon is
called diffusion, this phenomenon ceases when the distribution has become uniform again.
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1.6.2 First law of Fick

The first law of Fick explains the diffusion process, in which we observe the movement of
carriers from a higher concentration to a lower concentration region, with a carrier flux @
which presents the number of carriers that cross a unit of the surface during a unit of time.
Fick’s law of diffusion shows that the flux of the carriers is proportional to the gradient of
their density.

&, = —D,,.gradn, (1.62)
In the uni-dimensional case,
dn(x) dp(z)
®,, = —-D,,. ot ¢, =—-D,. e (1.63)

D,, and D,, are diffusion coefficients of positive and negative carriers respectively.

1.6.3 Diffusion current density

Diffusion current density is due to the transport of carriers of the non-uniform concentration
of charges in semiconductors. The current per unit area J is given by the flux & multiplied
by the value of the charge.

Diffusion current density for electrons:

dn(x
Jpn(x) = —q.@,(x) = ¢.Dy, d( ) (1.64)
T
Diffusion current density for holes:
dp(x
Jpp(@) = q.®p(x) = —q.D, Z(x) (1.65)

The constants D), and D, are related to the mobilities of electrons and holes by the Einstein
relation:
Dy _ D _ KpT (1.66)
Hp Hn q
If we have both an electric field and a gradient of carriers in a semiconductor, the charges

move under the effect of

¢ Electric field: conduction current, J¢y,, and Jop,.
* Gradient of density: diffusion current, Jp,, and Jp,.

The total current in this case is the sum of the conduction and the diffusion currents:

J = Jp+ Jp, (1.67)
Where,
dn(x)
In = qn(x)pn. E(x) + q.Dn.W, (1.68)
dp(x
Jp = q.p(x)pp.E(x) — q.Dp.d(m). (1.69)
In the general case,
7= Jn+ Jp, (1.70)

with,

1

Jp = q.npin.E + q.Dp. Vi, (1.71)
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- —

Jp = q.ppp. B — q.Dp.ﬁp. (1.72)

1.7 Non-equilibrium homogeneous semiconductor

An electron can pass from the valence band to the conduction band; it becomes free and this
gives the creation of a hole in the valence band. This phenomenon is called the generation
of an electron-hole pair. On the other side, a free electron passes from the conduction band
to the valence band (disappearance of a hole), and it loses the energy. This phenomenon
is called recombination. At thermodynamic equilibrium, generation and recombination are
exactly equal, the density of holes pg and electrons ng is independent of time (stationary) and
follows the law of mass action :

ng.po = n2. (1.73)

However, outside of thermodynamic equilibrium, the electron density is

n=ngy+ An, (1.74)
and the density of the holes is:
p = po + Ap. (1.75)
In this case,
n.p # n?. (1.76)

There are two possible cases:

e n.p < n?, it has fewer carriers than at thermodynamic equilibrium. It is a phenomenon
of extraction.

* n.p > n?, there are more carriers than at thermodynamic equilibrium. It is a phe-
nomenon of injection (generation, accumulation).

— When An is of the same order as the density of minority carriers, it is a low-level
injection.

— When An is comparable to the density of the majority carriers, it is a high-level
injection.

1.7.1 generation of an electron-hole pair

The energy necessary for the creation of an electron-hole pair in a semiconductor can come
from an external perturbation using photons, highly energetic particles ((ionizing radiation,
hot carrier), or a strong electric field.

photon-based generation:

When the photon’s energy hv is less than the gap energy E of a semiconductor, the photon
is not absorbed and the semiconductor is transparent. To create a pair of electron-hole, it is
necessary that the energy of the photon hv be higher than the gap energy E of a semicon-
ductor, the photon is then absorbed and its energy causes the creation of a hole-electron pair.
This condition exists if,

1,24
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In this case, the photon flux is defined by Beer-Lambert law,
O(x) = Poe™ 7, (1.78)
with « being the absorption coefficient. We can define the speed of generation by,

S(®(x) — (x + dx))
S.dx ’
0P ()
ox '

= Og.a.e” ",

G(z) = (1.79)

Generation by ionizing radiation:

High-energy particles lose their energy by creating electron-hole pairs. In the case where
the particle is completely stopped in the semiconductor, the number of electron-hole pairs
created will determine its energy (nuclear detectors).

Generation by a strong electrical field.

In a semiconductor submitted to a very intense electric field, the free carriers are so fast
(hot carriers), that they can behave like ionizing particles and create electron-hole pairs. This
effect is cumulative, and the created carriers can also acquire energy and generate the creation
of other electron-hole pairs.

1.7.2 Recombination:

An excess of electrons or holes compared to the equilibrium state leads to the increase of
the recombination phenomenon to bring the system back to its equilibrium state. We can
mention two types of recombination,

Direct recombination:

In the direct transition of an electron from the conduction band to the valence band (band-to-
band recombination), the recovered energy can be,

* converted into photons (radiative recombination with light emission).

* Transformed into phonons (non-radiative recombination), in which the dissipation en-
ergy is in the form of thermal heating of the crystal lattice.

* Transferred to an electron in a conduction band that is transferred to a higher level or
a hole in the valence band that is transferred to a lower level. This is called Auger
recombination.

Indirect recombination:

The defects of the crystal lattice (interstitial, gaps, dislocations), or some chemical impurities
(Auin Si, Cuin GaAs) give discrete energy levels located towards the middle of the forbidden
band; they are deep levels. When a deep level captures an electron:
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* The probability of capturing a hole is more important than that of sending back the
electron; it will make a recombination. It is thus a center of recombination (recombi-
nation center).

* The electron can simply be re-emitted in the conduction band, the level has simply
retained the electron for a certain time; it is a trap.

1.8 Simple models of quantum well, quantum wires and dots

Research has demonstrated that confining electrons or holes in a thin semiconductor layer
causes a significant change in their behavior due to a reduction in dimensionality. This
can be achieved by further reducing the electron’s environment from a quantum well (two-
dimension) to a quantum wire (one-dimension) and eventually to a quantum dot (zero-dimension).
The dimension here refers to the number of freedoms of the electron’s momentum. In a quan-
tum wire, electrons are confined in two directions, reducing the degree of freedom to one,
while in a quantum dot, they are confined in all three dimensions, reducing the degree of
freedom to zero. We note that,

Dy + D, =3, (1.80)

where D and D, are the degrees of freedom and confinement respectively. The table below
1.6 shows the number of degrees of freedom Dy, with the number of directions of confine-
ment D, of metals, quantum wells, quantum wires, and quantum dots.

Systems D, Dy
Bulk: 0 3
Quantum well: 1 2
Quantum wire: 2 1
Quantum dot: 3 0

TABLE 1.6: Dy and D, for diferents systems.

1.8.1 Schrodinger’s equation in quantum wells
The infinite quantum well

The one-dimensional potential well with infinite depth is the simplest confinement potential
in quantum mechanics. It is an introductory-level text on quantum physics, as it is a very
simple quantum system. It corresponds classically to the study of the displacement of the
center of mass of a sphere in a tube with infinitely solid walls (see Figure 1.14).

. g
0 [

w

FIGURE 1.14: Motion of a sphere in a tube.

Whatever the kinetic energy of the sphere, it will remain confined inside the tube. We
have therefore potential energy which will be of the form shown in Figure 1.15.
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A A

V(z) = o0 V(iz) =0 V(z) =

FIGURE 1.15: The one-dimensional infinite well confining potential.

The time-independent Schrddinger equation, based on the wave mechanics analogy to
Hamilton’s classical mechanics [46], describes the total energy as the sum of kinetic and po-
tential energy 7" and V respectively, which are represented as eigenvalues of linear operators
in wave mechanics:

TY+Vy =Evy (1.81)

Where v presents the state of the system, In analogy with classical physics, the kinetic energy
operator 7" for a constant mass particle can be written as follows,

P2
T=— (1.82)

om’

where P is the linear momentum operator defined by,

0+ 0- 0=~
= —thV = —ih(=— 1.83
i i (8 i+ 3y —J+ 4 5 k). (1.83)
By substituting equations 1.82 and 1.83 in the Schrodinger equation 1.81, it becomes,
0? 0? 0?
_ _ = E1). 1.84
Qm(axg + 9y + 822)1/)+V(337y72)1/f (G (1.84)

We note that V' (z, y, z) is the potential energy of the system. In the case of a one-dimensional
potential (quantum well) (Figure 1.15), the Schrédinger equation 1.84 in the z-axis becomes,

2 2
T + V) = BYG). (1.89)

The particle cannot be in the region where V' = oo, because it would then have infinite
energy, its probability density of presence must therefore be zero and we have ¥ (z) = 0.
In the region between 0 and [,,, the potential is zero and the energy is only kinetic. The
Schrédinger equation is written as,

h? 02
~ 5 5a¥(2) = Bulz). (1.86)
Which can be written as,
0? 2mkE
@@0(2) + 7@”(@ =0/ (1.87)
Using de-Broglie’s formula awe get k? = Q;ZLQE with E/ > 0, then the Schrodinger equation
is, 5
——(2) + E*(2) = 0. (1.88)

022
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The solution of the equation 1.88 is given by,
Y(z) = Asin(kz) + Beos(kz). (1.89)

To determine A and B, we use the boundary conditions, and it is necessary to remember one
of the properties that wave functions must have, that is continuity. This must be true, espe-
cially at the points z = 0 and z = [,,, which in this case yield the following constraint on the
wave number:

k=—, (1.90)
L
where n, is a positive integer. Then,
2 2.2
_ P nm (1.91)
2m’ 12

It is noted that from equation 1.91 that:
* The energy is quantified; it depends on an integer n that we call a "quantum number".
* The energy levels move away from each other when n increases.

¢ The minimum energy is not zero. This has very important consequences in statistical
physics and has no classical equivalent.

* When [,, increases, the energy levels are tightened and when [,, tends to infinity the
quantization disappears.

The constant factor A remains unknown, and in order to determine it, we consider the nor-
malization condition of the wave function, which gives,
2

A= (1.92)

L

b(z) = \/Z.sm(’zz). (1.93)

Figure 1.16, shows the wave function plots for the first three possible values of the quantum
number n.

Therefore,

n=3

0 20 40 60 80 100
z-axis (A)

FIGURE 1.16: The wave function of a one-dimensional infinite well-
confining potential.
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The finite quantum well

A one-dimensional finite well is a simple physical model to describe the potential distribution
in a semiconductor material with a limited well depth (Figure 1.17).

2\
V I
S N RS
0 : =
0 z

o~

w

2
FIGURE 1.17: The one-dimensional finite well confining potential.

The Schrodinger equation can be written in this case for the semiconductor layers as
follows,

h? 92 L ,
_TW@¢(Z) + Vip(2) = E(z), z < -5 (RegionIII) (1.94)
n? 92 L L .
—5i V() = Bv(), -5 <2< (Regionl) (1.95)
h? 92 Ly ,
—5 @¢(z) + Vip(2) = E(z), 5 <z (RegionlI) (1.96)
The solution for ¥ < V, has the following bound state form,
Cer?, (RegionlIII)
P(z) = Acos(kz) + Bsin(kz), (Regionl) (1.97)
De™"*. (RegionlI)
With k = V2B g j; = V2 (V28

The search for constants is more complicated than in the infinite well, and it is necessary to
use the boundary conditions concerning the continuity of the function ¢/(z) and the continuity
of its derivative.

These equations have two sorts of solutions, symmetric (even-parity) eigenstates defined as
cosine waves and antisymmetric (odd-parity) states defined as sine waves.

* The even states (Figure 1.18):
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w(z)=| Ce* | ACos(kz)| Ce™=

0 i >z
b
0 3

FIGURE 1.18: Solutions to the finite well potential for the even states.

The continuity of the function ¢(z) and its derivative yield,

K= k:T(m(%). (1.98)

— The odd states (Figure 1.19):

Eh

w(z) =| —Ce® |ASin(kz) | Ce™

0 ; >
0

N

w

2

FIGURE 1.19: Solutions to the finite well potential for the odd states.

The continuity of the function (z) and the continuity of its derivative gives,

— K= kcot(%). (1.99)

As we defined before that both k& and « are functions of the energy F/, we have,

9 o 2m*E  2m*V  2m'E
k + KRS = h2 -+ h2 - FLQ )
2m*V
K+ K= e (1.100)

Single variable equations can be solved in many ways and the commonly mentioned method
in the literature for our specific case is ’graphical methods’ [47, 48], in which we introduce
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the variables x and y defined by,

kly 2x
= — k‘ = —
T Iy’
_ e 2y
Y= "l
Equation (1.100) becomes,
9 5 mVIEE
x = .
Y 2h°
This equation (1.101 ) represents the equation of a circle with radius R = m;;;l?”

We have previously demonstrated for the even state (Eq.1.98) that

K= kTan(Tw),
L lw kly
E X K= 5 X kTan(T),
y=xTan(x)
We also show for the odd state (Eq.1.99) that
kly
— k= kcot(2¥
5= keot(“20),
%” X —K = 5“’ X k:cot(lew),
y = —x cot(x)
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FIGURE 1.20: Scheme of the matching conditions for a bound state in a
finite GaAs square well with [, = 200 A, and V' = 100meV.

(1.101)

(1.102)

(1.103)

Figure (1.20) shows that the even solutions exist where the semicircle intersects with the

dashed curves y = z T'an(z) (red dots), while the odd solutions exist where the semicircle
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intersects the dashed curves y = — x cot(z) (green dot). The total number of solutions NV is
the number of dashed curves that are intersected by the circle (red/green dots). The difference
between the finite well and the infinite well is that in the finite well case, there is always at
least one symmetric wave function, meaning that the wave function has the same value at
the center of the well as it does at the walls. This symmetric wave function corresponds to
the ground state energy, which is the lowest energy eigenstate. However, not all stationary
states are symmetric, and there may be even and odd wave functions as well. In the case of
an infinite well, the particle is confined to a region with infinite depth and width, and so it has
an infinite number of possible energy states. These energy states are not equally spaced and
the wave functions associated with them are sinusoidal within the well and is null outside of
it. The wave functions are orthogonal, meaning that they are orthogonal over the entire range
of the well. Unlike the finite well, all wave functions in an infinite well are symmetric and
there is no notion of even or odd wave functions.

For z > %“’ we note that ¢)(z, t) is an evanescent wave that decreases over a characteristic
distance 0,

W(z,t) = £Be " e ih (1.104)
withéz%:\/ﬁ,
100
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FIGURE 1.21: The wave function ¢ (z) for the first three energy levels of
GaAs with [, = 200 A, m* = 0.067mg ,and V = 100meV.

We note other differences between the finite well and the infinite well:
* infinite well: the particle is confined.

* finite well: the particle has a non-zero probability of being outside the well (close to
0), which gives an effective widening of the well (I, — [, + 9).

The only step left is to determine the amplitudes A and B of the wave function in the well
and barrier regions, respectively.

¢ The even states:

We use the normalization of the state:

+o0o

P(z)*(z)dz = 1. (1.105)

—00
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Since the function is even, the previous equation (Eq. 1.105) becomes,

+oo
2 (2) 0 (2) dz = 1, (1.106)
0
4 oo
2 X [/ A?cos*(kz)dz + l C*(e7"*)%dz] = 1.
0 fw

2

The solutions to the integrals are found by utilizing commonly accepted methods which
yields,
A? kly, c?
— in(— —e v =1. 1.1
ok [kl + sin( 5 )]+ € (1.107)

Now, using the continuity of )(z) and the continuity of its derivative, we obtain,

lw

cC=A cos(k‘%”) e, (1.108)

Substituting this equation ( Eq. 1.108) into equation (Eq. 1.107) and rearranging A gives,

A= [5 + % sin(kly) + —cos (k:;)] .

=

(1.109)

The expression of the parameter C' is obtained using equation 1.108. A nearly identical
calculation can be applied to the odd-parity states to get

Lw 1 . 1 o Ly 1
A= [5 — ﬂ szn(klw) + ESZTL (k;)] 2, (1110)
and,
ol e
cC=A sm(k;) e 2. (L.111)

1.8.2 Schrodinger’s equation in quantum wires
The general Schrodinger equation for an effective mass system can be written as,

h?

2m*

V2(x,y, 2) + V(z,y, 2)(2,y, 2) = Bp(z,y, 2), (1.112)

where as before, 1 (z, y, z) is the wave function of the electron, m* is the effective mass of
the electron, F is the energy of the electron, and V' (x,y, z) is the potential energy of the
electron. In a quantum wire, it is possible to separate the movement along the length of the
wire, similar to the in-plane dispersion discussed [16]. If the axis of the wire is taken along
the = direction, the total potential V' (x,y, z) can always be expressed as the sum of a 2D
confinement potential and the potential along the wire:

V(z,y,2) =V(z) +V(y,z). (1.113)
The wave function ¥(z, y, z) can then be written as,

V(@,y,2) = @)y, 2). (1.114)
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In this case, Schrodinger equation 1.112 becomes,

Kz 92 0?2 02
o 022 T a2 T 92

(@)Y, 2)+(V(2) +V(y, 2)) (b(2)(y, 2)) = E(2)P(y, 2).
(1.115)

We express the energy as a combination of terms that relate to the two components of motion,
we find that,

h2
Com*

() PY(y, 2) Y(y, )
[¥(y, 2) 2 T W@Tﬂ + 1/1(90)7]

+ ¥y, 2)V (@) () + ¢(2)V (Y, 2)¥(y, 2) = (B + By )0 (2)¢(y, 2).  (1.116)

Equation 1.116 can now be reinterpreted by linking different kinetic and potential energies
to the components £, and E, ., resulting in two separate equations as follows,

2 2 T
- T @) = (. 2) B vla), 1.117)
2 2 P 2 Py
e 0@ 58 ) TR @)V (0009 = 60 B0 2),

(1.118)

¥ (y, z) and ¢ (x) are not acted by any operator in equations 1.117 and 1.118 respectively, so
they can be divided out. We note that the potential component of a quantum wire along the
x-axis is equal to zero (V' (z) = 0), which is due to the idealized nature of the wire being
infinitely long and perfectly conducting, with no impurities or defects present. This simplifies
the mathematical analysis and provides a clearer understanding of the behavior of electrons
within the wire. Therefore, the final separated equations of motion are presented as follows,

K2 sz(x)
T 5 B2 = E,¢(x), (1.119)
h? 92 , 0? ) )
2m*[ wagjé - qg(zy? Z)] V(y, 2)¥(y, 2) = By 0(y, 2). (1.120)

The first equation 1.119 can be satisfied by a plane wave of the form e+, leading to the
well-known dispersion relationship:

_ hPk2

E, = .
v 2m*

(1.121)

The second equation 1.120 represents the Schrodinger equation for a general cross-sectional
wire. Specific solutions of this equation will be demonstrated, these particular solutions
depend on the ability to break down the motion into separate and distinct components.

Infinitely deep rectangular wires

Infinitely deep rectangular wires are quantum wires with a rectangular cross-section and an
infinite depth. The width L, and height L, of the wire are assumed to be uniform, confining
the electron motion to two dimensions (see Figure 1.22 ).
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FIGURE 1.22: Scheme of a deep rectangular quantum wire.

As shown in Figure 1.22, the potential inside the quantum wire is equal to zero, while it
is infinite outside the wire, which means that the Schrodinger equation can be defined only
inside the wire. In this case, equation 1.120 becomes,

G [821#(%2) L Oy, 2)
2m*"  Oy? 022

| = Ey:(y, 2). (1.122)

The shape of the potential in this equation makes it possible to separate 1 (y, z) to ¥ (y)y(2),
then equation 1.122 becomes,

2 2 2 2
- e o v T = Bav)a) (1.123)

We can replace the energy F, . components with individual energy components £y and £,
or b, . = E, + E, then, equation 1.123 becomes,

h? 0? h? ok
- v T - oy T

=) Eyp(y) + 0y E(z).  (1.124)

The following concludes the decoupling process,

n? 9%y (y)
2m*  Oy? Epy), (1129
h? 9% (z)

— 5o = E.(z). (1.126)

Equations 1.125 and 1.126 are the same as those in the one-dimensional infinite quantum
well. The two-dimensional Schrodinger equation has been separated into two one-dimensional
equations, then the solutions are given by,

v =7 sin"P) (1127

W(z) = ,/LQZ sz’n(”ij). (1.128)

and,
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The energy components F, and E, are given by,

2,22

_ (1.129)
Y2mrL2’
h2m2n?

= : 1.130

Thus, the total energy E, . = Ey, + E is given by,

2
L= h2ﬂ2(@ n—z). (1.131)
Y 2m* LZ L?

Circular cross-section wire

Reflecting on the Schrédinger equation for the motion within the limited cross-sectional plane
of a quantum wire, as previously stated in the equation 1.120 given by,

n? 0%p(y,z) | 0%y, 2)

©2m* [ Oy? * 022

[+ V(y, )¢y, 2) = Ey 24y, 2). (1.132)

Given the cylindrical symmetry of the quantum wire, as illustrated in Figure 1.23, it would
appear to be beneficial to adopt polar coordinates to describe the cross-sectional motion.

FIGURE 1.23: Scheme of a circular cross-section quantum wire.

The polar coordinates are defined by the modulus r and angle 6, and the corresponding
Cartesian coordinates( x, y, and z) can then be defined by,

y = rsind and z = rcosb, (1.133)
r=\y>+ 22 (1.134)

The wave function 1 (y, z) can easily be expressed using the transformed variables 7 and 6.
The wave function, typically, can exhibit periodic oscillations with respect to 6 along the
circular cross-section. In this scenario, the derivative of the wave function %p is equal to zero
and the wave function can be represented as a function of r only. As a result, the Schrodinger

equation (1.120) can be simplified to,

R 92 H?

"o (52 o

J(r) + V(r)(r) = Ex(r). (1.135)
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We note that, 5 5 5
r
5y ) = grblr) X 5

Hence, 5 5
9 _ 9 Y
5,0 = 50 x 2.

r

The second derivative would be,

0 0 0.0 Yy
87/87; (r) = a*y[gw(r) X ;]7
0? ary 0 0 .y
= ﬁd;(r) X ayr + EWT)@(;%
10 B y? 0 y? 02

= ;aw(r) ﬁglﬂ(r) + pﬁdj(?’)-

Using similar measure for z, hence,

0? 0? 20 (y*+2%) 0 (y? + 2%) 9?
(8y2 T eV = L) - T g I+ T g
Using 1.134 equation 1.141 becomes,
0? 0? 10 0?
(B2 T a2V = 75,0+ 5,290)

The final form of Schrédinger equations 1.135 becomes,

2m* rOr  Or?

() + V(r)(r) = Exp(r).

(1.136)

(1.137)

(1.138)

(1.139)

(1.140)

(1.141)

(1.142)

(1.143)

This equation cannot have a definitive answer in a general form, and therefore, one has to use

either numerical or approximate methods to find a solution [16].

1.8.3 Schrodinger’s equation in quantum dots

Quantum boxes

The particle in this model is trapped within a box that has a finite size, and the potential energy
inside the box is considered to be zero, while it is assumed to be infinitely large outside the
box. This means that the particle is free to move inside the box but cannot escape from the
box (figure 1.24). We take into account an infinite potential that separates the interior of a
box from the exterior. The three-dimensional Schrédinger equation inside the quantum box

is given by,
n? 92 0? 0?

5 _<\43 o a 9 ) :E:E z s Ys <)
Qm*(axQ + ayQ + aZQ)w(x7y? Z) Y, w(w Yy Z)

(1.144)
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y
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FIGURE 1.24: Scheme of a quantum box with side L, L,, and L.

We note that £, , . = E, + E, + E., in this case, Equation 1.144 can be decoupled into
three equations given by,

h2 82
h2 62

o e = B, (1.146)
h? 02

The solutions, in this case, are equivalent to those of an infinitely deep quantum well with
widths L, Ly, and L, respectively. In a similar manner to the confinement energy in an
infinitely deep quantum wire, as described in equation (1.131), the confinement energy within
this quantum box can be calculated as follows,

R2m? n2  nl  n?

24+ 24+ =) (1.148)

Epy.=——r
v 2m*(L§ L2 L2

Spherical quantum dots

Spherical quantum dots are nanoscale structures that have a spherical shape (see Figure 1.25).
Due to their small size, the electrons in a spherical quantum dot are confined in all three
dimensions, leading to the quantization of their energy levels. The study is similar to that
previously established for the quantum wire with a circular cross-section.

Z

FIGURE 1.25: Schematic of a spherical quantum dot.
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The Schrodinger equation inside the spherical quantum dot is given by,

K2 92 o2 o2
om0z T a2 T 92

() + V(r)p(r) = Exp(r), (1.149)

Where F, indicates the energy associated with the confinement, which is defined by,

r= V@ + P (1.150)

Using the transformation from Cartesian to spherical polar coordinates (as detailed in the
section of a circular cross-section wire), we can find that,

82 10 x2 0 IE2 62
@@/J(T) = ;51/’(7’) - ﬁai/f(r) + ﬁwlﬁ(r)- (1.151)

Using similar measure for y and z, therefore,

»? 9P o 30 2?4+ y?+ 220 2%+ y? + 2% 92
(@ + o2 + @)1/1(7“) = or (r) - 3 (1) Tww(r),
(1.152)
20 0?

= ar (r) + wd’@') (1.153)

Substituting into equation 1.149 then yields,

20 02

o G 5 )0() + V() = Br(r). (1.154)

The analytical and numerical solutions of equation (1.154) have been investigated before ( for
example in [49, 16]). The results of the calculations of the three energy levels with the lowest
energy of a spherical GaAs quantum dot surrounded by a Gag g Aly.2As finite barrier with a
sharp boundary are presented. As shown in Figure 1.26, the confinement energy decreases
as the size of the system increases, which is typical of confined systems.
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FIGURE 1.26: The energies in a spherical GaAs quantum dot.

The depicted figure 1.27 shows the radial components of the wave functions, which all
exhibit a peak at the center of the potential. Moreover, as the principal quantum number
n increases, the number of nodes in the wave functions also increases. However, to gain a
deeper understanding of the states, it is more insightful to examine the charge density.



1.9. Zero-dimensional systems and their experimental realization 39

s L b b b
0 100 200 300 400 500
r(A)

FIGURE 1.27: The wave functions of the three lowest-energy states in the
300 Aspherical GaAs quantum dot.

1.9 Zero-dimensional systems and their experimental realization

1.9.1 Quantum dots

Quantum dots fall under the category of nano-materials, where well-established quantum
confinement effects occur. These nanomaterials are composed of semiconductors and have
sizes in the order of nanometers [50]. Their optoelectronic features are defined by their size
and shape, which influence their behavior accordingly. For instance, when a relatively large
quantum dot, around 7nm in size, is excited by a photon with energy hv, it emits light
in the orange or red wavelength range. On the other hand, a much smaller quantum dot
(2nm) emits light with lower wavelengths in the green or blue range. As a result, Quantum
dots capable of self-emission exhibit precise and diverse colors across a wide range of light
intensities, making them ideal for next-generation large-scale displays. Their efficient light
utilization and straightforward structure contribute to their widespread application in such
display technologies. Figure 1.28 illustrates how the band gap of quantum dots changes with
their size.
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FIGURE 1.28: Band gap energy varies with the size of quantum dots.

1.9.2 Experimental realization of quantum dots

Quantum dots can be created using single-element materials, like Germanium or Silicon, as
well as compound semiconductors such as CdSe, CdTe, PbS, and PbSe (section 1.1.1). Due to
their discrete electronic states resembling those found in atoms and molecules, quantum dots
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are often referred to as artificial atoms. Due to their unique spatial attributes, quantum dots
display a multitude of distinct electronic, chemical, and optical properties rarely observed
in other materials. Their size dependence allows for convenient tuning of these properties
by controlling the quantum dot’s size. Unlike the need to develop numerous processes for
accurately synthesizing various sizes of monodisperse nanocrystal materials, quantum dots
offer the advantage of being cost-effective. These exceptional qualities make quantum dots
highly promising for a wide range of industrial and scientific research applications. Recently,
there has been a growing interest in exploring quantum dots as evidenced by a rising num-
ber of studies dedicated to their realization. The first method used to create semiconductor
hetero-structures with 3D confinement with lithographic patterning and etching of quantum
well structures, using one of the various lithographic techniques, including optical hologra-
phy and lithography, X-ray lithography, electron and focused ion beam lithography, scanning
tunneling lithography, etc. Although the methods are different, the fundamental processes
involved are fundamentally identical:

* Growing a layered structure and then applying another structure onto it.
* Generating a three-dimensional pattern while growing.

Although these methods are slow due to their serial processes, they still offer several benefits
that make them attractive. They allow the creation of dots with almost any lateral shape,
size, and arrangement, based on the resolution of the specific lithographic technique utilized.
Additionally, they are generally compatible with modern, highly integrated semiconductor
technology.

A noteworthy alternative approach involves the use of lithographic techniques to produce
small electrodes on the surface of a quantum well. By applying a suitable voltage to the
electrodes, a spatially modulated electric field is generated, which confines the electrons to
a limited region. These confined areas, also known as electrostatically confined dots (or
parabolic dots), derive their name from the fact that their shape can be approximated by a
parabola with reasonable accuracy [51].

An alternative method for producing quantum dot structures involves self-assembly, which
can be accomplished through either epitaxial or chemical synthesis techniques.

An epitaxial deposition involves placing semiconductor materials with slightly different lat-
tice constants on top of each other. This process harnesses the resulting lattice strain to create
arrays of three-dimensional islands or quantum dots.

Chemical synthesis offers an economical and rapid approach to creating highly crys-
talline clusters, consisting of a few hundred to tens of thousands of atoms in diverse shapes.
These nanocrystals called colloidal dots are produced in a solution and are coated with or-
ganic molecules (ligands) that ensure their solubility and hinder aggregation.

Self-assembled quantum dots:

Self-assembled quantum dots (SAQD) are fabricated using a well-established technologi-
cal process known as Stranski-Krastanov growth. This growth method involves epitaxy be-
tween materials with distinct lattice constants. As one material layer is grown on top of
another, nanoscale islands form, due to the mismatch in lattice constants. This phenomenon
occurs when the width of the layer, referred to as the wetting layer, exceeds a specific critical
thickness. The two primary experimental techniques employed for epitaxial nanostructure
growth are Molecular Beam Epitaxy (MBE) and Metalorganic Chemical Vapor Deposition
(MOCVD) [52, 53].
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Molecular beam epitaxy (MBE) is a thin-film deposition and growth technology that was
developed in the 1960s. It was independently proposed by J.R. Arthur and J.C. Tsang in
1966 and later demonstrated by J.R. Arthur and A.Y. Cho in 1968 at Bell Laboratories [54].
MBE has since evolved into a highly sophisticated technique for the epitaxial growth of
semiconductor materials with atomic-level precision. It is widely used in research and in-
dustrial settings to fabricate high-quality crystalline structures, including quantum dots, with
controlled composition, size, and arrangement. MBE is conducted in a high vacuum or ultra-
high vacuum environment, with pressures ranging from (108 to 10~'2 Torr). To achieve
comparable impurity levels as other deposition methods, these low deposition rates necessi-
tate a significantly improved vacuum. The absence of carrier gases, along with the ultra-high
vacuum conditions, leads to the highest attainable purity of the grown films.

In solid-source MBE, elements like GaAs, in an exceptionally pure state, are individually
heated within quasi-Knudsen effusion cells or electron-beam evaporators until they gradu-
ally sublimate. The resulting gaseous elements then condense on the wafer’s surface, where
they may react with each other to form compounds. For instance, in the case of gallium and
arsenic, single-crystal gallium arsenide can be produced. When using evaporation sources
like copper or gold, the gaseous elements that impinge on the surface can be adsorbed (after
a period of time during which the impinging atoms move around the surface) or reflected.
Additionally, atoms on the surface may also desorb (leave the surface). Precise control of
the source temperature determines the rate at which the material impinges on the substrate
surface, while the temperature of the substrate itself influences the rate of hopping or des-
orption. The term "beam" indicates that the evaporated atoms do not interact with each other
or with gases in the vacuum chamber until they reach the wafer. This lack of interaction is
due to the atoms’ long mean free paths, allowing them to travel without significant collisions
until they reach the substrate.

In this thesis, an important interest will be devoted to InAs/GaAs self-assembled quantum
dots (SAQDs), due to their distinct characteristics, including excellent optical properties, sig-
nificant orbital level splittings, and robust Coulomb correlation effects. These features make
InAs QDs highly appealing for potential applications in quantum information processing de-
vices.

The growth protocol for the site and size-controlled InAs quantum dots (QDs) was optimized
by Hirakawa et al [1] using atomic force microscopy (AFM) assisted anodic oxidation. The
study aimed to understand how the size of the QDs is influenced by the AFM-oxidation
conditions. The results revealed that the site-controlled InAs QDs exhibited distinct facets,
indicating their excellent crystalline quality.

Their research findings showed that they could consistently control the lateral size of the
quantum dots (QDs) within a range of 40 — 180nm by adjusting the oxidation voltage (V,;).
For studying the transport properties of the site-controlled QDs, they created lateral single
QD junction structures by directly depositing Au/Ti nanogap electrodes onto the QDs. In
this process, they achieved a significant improvement in fabrication yield, with 80% of the
nanojunctions containing single QDs, compared to only a few percent without site control.
In the fabricated single QD transistors, clear diamond-like patterns were observed in the
Coulomb stability diagrams, signifying that these devices functioned as single electron tran-
sistors. Additionally, by controlling the size of the QDs, they were able to manipulate the
charging energies and the orbital quantization energies across a wide range. These findings
have implications for the potential applications of these site-controlled QDs in electronic de-
vices and quantum information processing. To grow site-controlled quantum dots (QDs),
the researchers first prepared alignment marks for AFM-anodic oxidation on semi-insulating
oriented GaAs substrates using electron-beam lithography (EB lithography). After that, they
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performed wet chemical etching on the patterned substrates, followed by a thorough cleaning
process using a series of solvents and ozone ashing to eliminate any remaining resist. Next,
they utilized an atomic force microscope (AFM) to create oxide dots in specific areas with
dimensions of 4 x 4pm?.

Figures (1.29a, 1.29b and 1.29¢) illustrate the schematic representation of the site-controlled
growth protocol for InAs quantum dots (QDs), and Figs.(1.29d, 1.29e and 1.29f) show cor-
responding atomic force microscopy (AFM) images of a sample surface during the pro-
cess. The oxide dots were formed on a semi-insulating GaAs substrate at V,,, = 50V and
T,, = 30ms. The substrate was positively biased with respect to the grounded tip [1, 55].
All oxide dots exhibited a consistent height of approximately 4nm and a base diameter of
about 100nm. The distance between the oxide dots was fixed at 250 nm. Following the
chemical etching of the oxide dots, shallow nanoholes were obtained (1.29b, 1.29¢), serving
as nucleation sites for the subsequent growth of the InAs QDs. These nanoholes had the same
diameter (around 100nm) as the oxide dots and a depth of approximately 4nm.

Afterwards, the sample was introduced into an MBE chamber, and thin native oxides were
removed using Ga-assisted oxide desorption at temperatures ranging from 460 — 480°C'. A
Tnm-thick GaAs buffer layer was then deposited on the patterned substrate at 510°C', fol-
lowed by the deposition of InAs to grow the QDs.

In Figure 1.29f, AFM images of the QDs grown on the patterned substrate are shown. Se-
lective dot nucleation occurred in the nanoholes, resulting in the formation of site-controlled
QDs with a diameter of approximately 90nm. The QDs grown using this method exhibited
clear facets, indicating their excellent crystalline quality. Notably, the undesired dot nucle-
ation was effectively suppressed.
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FIGURE 1.29: Schematics of the fabrication procedure for site-controlled
InAs QDs using AFM assisted anodic oxidation [1].

Let’s discuss how the size of site-controlled InAs quantum dots (QDs) can be manipu-
lated by varying the conditions of AFM oxidation. Figures 1.30(a) and 1.30(b) display AFM
images of the sample surfaces featuring oxide dots and etched nanoholes. It was observed
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that V, values below 20V did not lead to any significant oxidation. The figures reveal that in-
creasing the voltage (V,,) and extending the oxidation time (7,,) result in broader and taller
oxide dots due to the incorporation of oxygen atoms, leading to volume expansion. This
outcome demonstrates the controllability of nanohole size through systematic adjustments in
Vor and T,

AFM oxide Vox nanohole Vox
20V
50V

TOX > >
10 ms 50 ms 10 ms 50 ms

FIGURE 1.30: AFM images of oxide dots and nanoholes formed at various
Vor and T, [1].

Colloidal quantum dots:

In addition to SAQD fabricated using advanced deposition techniques, quantum dots can
also be synthesized through crystal nucleation in colloidal solutions. The dots obtained using
this method are referred to as colloidal nanocrystals (CN) or colloidal quantum dots (CQD)
[56, 57].
The synthesis of CQDs involves three-component solutions consisting of organic surfactants,
precursors, and solvents. The precursor compounds contain materials for dot nucleation. The
solution medium is then heated to a sufficiently high temperature, causing the precursors to
chemically transform into monomers. Nucleation occurs when these monomers reach a high
enough supersaturation level, initiating the growth of nanocrystals. Temperature plays a crit-
ical role in the nucleation process, requiring it to be high enough to allow for rearrangement
and annealing of atoms while still being low enough to facilitate crystal growth. Monomer
concentration is also a crucial parameter, as a high enough concentration enables the forma-
tion of relatively small critical sizes, leading to even growth of most particles. This regime
results in smaller particles growing faster than larger ones, leading to size monodispersiv-
ity. However, when the monomer concentration is depleted during growth, the critical size
becomes larger than the average size present, resulting in highly heterogeneous nucleation.
Typical CQDs are composed of binary alloys such as CdSe, CdS, InAs, and InP, or ternary
alloys such as CdSe,S;.,. These quantum dots can contain as few as 100 to 105 atoms within
their volume, with diameters ranging from 2 to 10 nanometers1.31. These nanocrystals are
typically embedded within an insulating dielectric matrix, providing full confinement to car-
riers within the quantum dots.



44 Chapter 1. Semiconductor Quantum Dots

One individual
Quantum dot

FIGURE 1.31: Diagram illustrating CQDs. Each nanocrystal typically
adopts a spherical shape and is enclosed by ligands, acting as linker
molecules that facilitate electronic coupling between adjacent dots.

Another group of quantum dots, in which quantum dots can be fabricated by additional
confinement in a two-dimensional electron gas in specific semiconductor heterostructures.
This confinement can be achieved either laterally by electrostatic gates or vertically by etch-
ing techniques [58, 59] (see Fig. 1.32). By varying the applied potential at the gates or
applying an external magnetic field, the properties of these quantum dots can be controlled,
often referred to as electrostatic quantum dots. These quantum dots are regarded as the lead-
ing candidates for the practical realization of quantum qubits [60, 61, 62]. Qubits are based
on the spins of two electrons in two coupled electrostatically defined quantum dots. The cou-
pling between these two dots can be tuned through gating, allowing the spins of two separated
electrons to interact via a tunable exchange interaction.

(a) Gate Charge sensor Quantum dots

Depleted region
in 2DEG

Ohmic contact
to 2DEG

Al,Ga;_As| [£5

GaAs

FIGURE 1.32: (a) A gate-defined double quantum dots, with 2DEG for
two-dimensional electron gas. (b) A self-assembled quantum dot. Scale bar
~ 5nm. Extracted from Fig. 1 of Ref. [2].

1.9.3 Fabrication Modifications

Regarding the motivation for the research conducted on quantum dots, a fundamental ques-
tion arises: "Why is it essential to conduct theoretical studies on quantum dots?" If quantum
dots were heterostructures with highly variable and uncontrollable fabrication outcomes, then
investing substantial effort in their theoretical modeling would seem futile. However, the
ability to control and modify the growth outcomes opens up vast possibilities for their en-
gineering and modeling, thereby justifying the effort put into theoretical studies. Over the
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last decade, several advancements in growth processes have emerged, leading to the devel-
opment of various types of self-assembled and colloidal nanocrystals with a certain level of
geometrical and compositional tunability. Some of the cutting-edge modifications based on
self-assembled quantum dots (SAQDs) are discussed below.

Post-growth annealing of SAQDs

Upon completing the fabrication process, self-assembled quantum dots can undergo thermal
annealing. The specifics of post-growth annealing are described in references [63, 64, 65].
The primary outcome of this process is the diffusion of In (indium) into the surrounding
GaAs matrix, resulting in spatially increased, energetically reduced, graded, and tunable
confinement of the quantum dots.

Quantum posts

As a standard step in the fabrication of InAs/GaAs SAQDs [66], once the InAs islands are
formed on the GaAs substrate, it becomes possible to deposit thin layers in an alternating
superlattice of InAs and GaAs above them. However, due to potential strain concerns, In
from the superlattice diffuses above the In islands, resulting in the formation of In-rich tubes
positioned over each self-assembled In island. To complete the structure, a regular capping
with a GaAs matrix is applied, leading to an overall outcome of a quantum rod structure,
essentially an elongated quantum dot 1.33. The fabrication details can be found in references
[3, 67, 68]. By meticulously controlling the growth parameters, the thickness of layers in
the superlattice, and their deposition rate, it becomes feasible to precisely tune the In content
within the tube and its height. Furthermore, additional growth control using different arsenic
sources has been reported [69, 70].

FIGURE 1.33: TEM image of quantum rods normal to the growth direction.
The image is taken from Ref. [3].

Quantum rings

SAQDs serve as the basis for Quantum rings, the process begins with self-organized InAs
dots, and to create the rings, a brief annealing phase follows after covering the dots with a
thin GaAs layer [71, 72]. These nanostructures offer stronger confinement compared to dots
due to their modified shape. Recent findings [73] indicate that these structures demonstrate
excellent intraband detection capabilities.

Growth-Kkinetics control

By altering the growth kinetics while capping InAs islands with GaAs, it becomes feasible
to adjust the dimensions of self-assembled quantum dots formed by InAs. To achieve this,
adjustments are made to the growth sequence during the capping of InAs islands, allowing
for tuning of the quantum dots’ thickness and lateral dimensions while maintaining a constant
wetting layer thickness [74].
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Core-shell CQDs

To mitigate the surface states in conventional CQDs, a method involves growing an additional
layer of a distinct semiconductor of the same type around the initial CQD, creating what is
known as core-shell CQDs. This fabrication process enhances the luminescence properties
[75] by eliminating surface states that contribute to decoherence and non-radiative recombi-
nations. These core-shell nanostructures are categorized into two types based on the band
gap ratio of the core and shell materials.

In the first type structure, the conduction (valence) band edge in the core is positioned
below (above) the values in the shell, resulting in the confinement of both electrons and holes
in the core. On the other hand, second-type alignment leads to the confinement of only one
type of carrier (either electrons or holes) in the core while the other remains unrestricted.

CQD super-crystal

During the nucleation process, it is feasible to arrange CQDs in a self-assembled manner,
forming a super-lattice structure [76, 77]. The monodispersity of CQDs allows for the cre-
ation of artificial solids consisting of well-defined sites composed of CQDs. To achieve
favorable transport properties in these super-crystals, three primary directions in technology
development are emphasized:

* Fabrication of monodispersed systems.
* Enhanced interdot coupling.
* Uniform high-level doping.

Despite significant advancements in technology, a considerable challenge still persists in
obtaining CQD super-crystals with both satisfactory geometrical monodispersity and interdot
coupling [78] (Figure 1.34).

CdSe

FIGURE 1.34: TEM image of CdSe CQD supercrystals.The image is taken
from Ref. [4]
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Chapter 2

Quantum information processing
with quantum dots

2.1 Fundamentals of quantum information theory

2.1.1 Description of a quantum system
State space

In quantum mechanics, we describe the state of a system by a wave function |¢)), which
includes information about the physical properties such as position, momentum, and energy.
The state is associated with a complex vector in a Hilbert space H. The wave function can
be used to calculate the probability of observing a particular outcome when a measurement
is made on the system. In order to represent a valid quantum state, the wave function must
satisfy the following conditions:

* |4(t)) must be normalized, such that: ||(¢)||? = ( ()| (t)) = 1.
* The vector |1(¢)) must have a single value.

* It is necessary for the wave function |¢(¢)) to have a finite amplitude within a finite
interval.

Density matrix

The density matrix pg (or density operator) [79], is a mathematical construct in quantum me-
chanics employed to characterize the state of a quantum system that isn’t in a pure state. It
is a matrix that contains information about the probabilities of finding a system in different
pure states. The density matrix is particularly advantageous for examining systems coupled
to their environment, as it allows for the calculation of observables that take into account the
effects of the environment on the system.

For a pure quantum state:

The density matrix is defined by

ps = [) (Y] 2.1)

Equation (2.1) satisfies several properties:

* The trace of the density matrix is equal to one (T'r(ps = 1)), indicating the probability
of measuring the system is 100%.

¢ Hermitian, which means that pl = ps-
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* Positive semi-definite, which means that all eigenvalues of the density matrix p, are
non-negative.

* Projection operator: p? = ps = Tr(ps) = 1.

For a mixed quantum state:
For a mixed state, the density matrix is given by

ps =Y pilti) (il (2.2)
i=1

where p; is the probability of the system being in the pure state |¢;). Notice that >\ | p; =
1, and p; > 0. Equation (2.2) represents the mixture of different pure states, and it is a way
to account for the fact that we may not know exactly which pure state the system is in. In this
case, the density matrix ps satisfies several important properties:

* The trace of the density matrix is equal to one T'r(ps) = 1.

* Hermitian, which means that pl = ps-

* Positive semi-definite, which means that all eigenvalues of the density matrix p, are
non-negative.

* Tr(ps) < 1, this property allows the ability to differentiate between a pure state and a
mixed state, it is possible to calculate the degree of the mixture in a mixed state using
this property [80].

Wigner function

The Wigner function, named in honor of physicist Eugene Wigner [81], is a mathematical
tool used in quantum mechanics to describe a system’s quantum state in phase space. It takes
the wave function of a quantum state and generates a quasi-probability distribution over the
position and momentum of the system. Over the past few years, multiple works have tackled
the quantification of quantum correlations by using the Wigner function in several quantum
systems. Wigner’s objective was to replace the wave function which appears in Schrodinger’s
equation with a probability distribution in phase space. The Wigner function is a measurable
quantity, and it is a very well-behaved function, but nevertheless, it can also take negative
values for a quantum state and therefore is a quasi-probability function. This negativity has
played recently a significant role in quantum information theory. For a system described by
the density matrix ps, the Wigner function is defined by,

1 [ »
W(q,p)Z%/ dy e ”y<q+%|plq—%>- (2.3)

With the appropriate change of variables, we find,
1 [ %
Wia:p) = — / dy e*{q — ylplq + y)- (2.4)
—0o0

It should be noted that the Wigner function exhibits numerous properties, and we will outline
the most significant ones below

* Probability completeness: The Wigner function should satisfy the normalization con-
dition,

//W(q,p)dqdp =1. (2.5)
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* Hermitian operators: When the density matrix is Hermitian, the Wigner function
takes only real values.

* Linearity: In the term of density states, the Wigner function is linear,
W(Qap)p1p1+p2/72+... = pIsz + plwpz + (2.6)

* Fidelity: The fidelity of a given state p, to any pure state |1)) can be expressed in terms
of the Wigner function as follows:

F2 = (V{{losld) = 7T/ / dq dp W (q, p)Wyy (| (4, P)- (2.7)

* Transpose operation: The Wigner function in phase space represents the translation
of the transposition of the density matrix in the following way,

W,r(q,p) = Wy, (¢, —p). (2.8)

e Purity: The purity of a state is given by,

o0

P="Tr(p) = 277/ dqdpW?(q,p). (2.9)

—0o0

The Qubit

A qubit [82] (short for a quantum bit) is the basic unit of quantum information, analogous
to the classical bit in classical computing. However, while a classical bit can only take one
of two values (0 or 1), a qubit can exist in a superposition of both states simultaneously. In
other words, a qubit is a two-level quantum mechanical system that can exist in a coherent
superposition of both |0) and |1) states at the same time, until it is measured or disturbed by
its environment. The general expression of a qubit is given by,

[¥) = al0) + 1), (2.10)
where « and 3 are two complex numbers, satisfying the normalization condition
la)? + |82 = 1. (2.11)
In general, the pure state of a qubit can be written as a function of 6 and @ by,
) = cos()]0) + ePsin(0)[1), (2.12)

with  =5F <0< 35, 0< @< 2m,

The Bloch sphere illustrated in Figure 2.1, provides a geometric representation of the qubit
defined in equation 2.12. In classical computing, if we have two bits, we will have four
possible states given by 00, 01, 10, and 11. Similarly, a two-qubit system has four basic
computational states denoted by |00), |01), |10), and |11). A pair of qubits can also exist in
superpositions of these four states, such as the following state vector,
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[9) = ao|00) + ap1]|01) + a10]10) + a1]11), (2.13)
1 0 0 0
0 1 0 0

=aw |, + a1 0 + aqg 1 + aq1 0 (2.14)
0 0 0 1

After a measurement, the state of the qubit is |z) (z = 00, 01, 10 or 11), with a probability of
|y |2'

-2=11)

FIGURE 2.1: Bloch Sphere of a two-dimensional quantum system.

2.2 Information theory

2.2.1 Classical Information Theory

Before formally presenting the concept of information theory, introduced by Claude Shan-
non, it appears advantageous to briefly define what is first meant by information. Broadly
speaking, information can be described as the data or knowledge that is exchanged, received,
or manipulated. This can manifest in various ways such as text, images, sounds, numbers,
symbols, and strings of bits, through communication channels governed by the principles of
classical physics.

In 1948 Claude Shannon created his revolutionary mathematical theory of communication
[83]. But, Shannon’s theory identifies three levels of communication problems, The first
level, the technical problem, deals with the accuracy of transmitting communication symbols
through a channel. The second level, the semantic problem, concerns how precisely the trans-
mitted symbols communicate the intended meaning. Finally, the third level, the effectiveness
problem, deals with how well the received meaning can influence behavior in an intended
manner.

To formalize the measurement of information, it is interesting to consider an example that
illustrates this concept. Let E/ be an event with probability p. The objective is to determine
the amount of information conveyed by a message stating that this event has occurred. In-
tuitively, the measurement of the quantity of information provided by the message depends
on the probability p. If the probability of event E is higher before the message arrives, then
the message conveys very little information. Therefore, the higher probability of the event
E coincides with the lower amount of information conveyed by a message announcing the
occurrence of F.



2.2. Information theory 51

Based on the previous situation, it is necessary for a function that expresses the amount of
information received from a message to be decreasing with p. Let’s assume that we want
to measure the amount of information provided by event X, which is produced in a proba-
bilistic experiment. To accomplish this, we define an "information function" H (X = x) that
satisfies the following conditions.

* The amount of information in the event x with probability p(x) can be quantified by
the function H (). This function is inversely proportional to the improbability p(z)
such as,

H(z) = f(——), (2.15)
where f is an increasing function.
* Since a certain event carries no information, f(1) equals zero.

* The combined information from two independent events x and y is equivalent to the
sum of their individual amounts of information,

H(z,y) = f(p(x y)), (2.16)
1
ATy @10
1 1
= f(m) + f(p(y) ), (2.18)
= H(z) + H(y). (2.19)

We can conclude from these properties that f (Wlx)) is a logarithmic function in nature, with
the base of the logarithm often being 2, which corresponds to the two values of "bit". As a
result, the amount of information associated with the realization of an event x is equal to,

() = log( =) = ~log(p(z). (2.20)

Shannon information

Shannon created the idea of statistical entropy in the field of information theory. This was
done to measure information loss and determine the maximum amount of information that
can be transmitted. The concept of entropy was initially introduced in the second law of
thermodynamics to study the process of evolution, in the third law of thermodynamics to
describe the condition of zero entropy, and utilized in statistical physics to explain how the
properties of atoms influence the physical properties of matter.

Shannon also studied the noise in a classical channel, based on the probability of occurrence
(frequency) of letters in a text. According to Shannon’s first source coding theorem, consider
a signal source (transmitter) with n symbols (a1, ..., ay), and we note that X is the random
variable describing the information transmitted by the source. Figure 2.2 represents the steps
of data transmission. The distribution probability is defined by,

pi = P(X = x;), 1=1,2,...,n. (2.21)

It is observed that Shannon entropy is related to the probability distribution p1, ..., p,. Itis
defined by,

H(X)=-> pilogp;. (2.22)
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Information

Transmitter Receiver Destination
source Message Receiver

Signal

Noise
source

FIGURE 2.2: Shannon’s model for message transmission.

It satisfies the following properties,

* The entropy represented by H (X), is always non-negative (H(X) > 0). When the
probability of one event is equal to 1, and all other probabilities are equal to 0, H (X)
equals 0, indicating that the occurrence of that event provides no information.

* For a fixed value of n, the maximum value of H (X) is achieved when p; = % for all i.

* The concavity property states that H(A1p1 + A2ps2) is always less than or equal to
M H (p1) + A2H (p2), where \; and A9 are constants.

For example, in Figure 2.3, Shannon entropy is applied to a non-biased coin toss, where the
probability of getting heads is p;, = a and the probability of getting tails is p; = 1 —a. In this
case, the Shannon entropy formula reduces to H(a) = —alog(a) — (1 — a)log(1 — a). The
graph shows that H(a) is at its maximum when the two outcomes are equally likely, with
Ph =Pt = % For py, > py, the value of H(a) decreases and eventually reaches zero when
one outcome has a probability of one.

1.0 1
0.8 B

0.6 1

H(a)

0.4r 1

0.2 4

0.0 0.2 0.4 0.6 0.8 1.0
a

FIGURE 2.3: The Shannon entropy for the case of an unbiased coin toss.

This observation can be extended to situations with multiple events. More options result
in more information, which tends to increase with a homogeneous probability distribution,
such as when all events have equal probabilities. For instance, there is more information
available when choosing from a set of one hundred words as opposed to a set of twenty
words.
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Classical quantities

The important characteristics of Shannon entropy can be described in relation to other rele-
vant concepts, including conditional entropy, relative entropy, and mutual information,

* The joint entropy: The joint entropy is a measure of the amount of uncertainty or
randomness in a pair of random variables. More specifically, it is the entropy of the
joint probability distribution of the two random variables X and Y. It is denoted as
H(X,Y) and it can be written as,

H(X,Y) ==Y p(z,y)log(p(x,y)). (2.23)
z,y

The joint entropy does not depend on the order of the variables. In other words, the
joint entropy is symmetric,

H(X,Y)=H(Y,X). (2.24)
It satisfies the inequality,
H(X,)Y)<HX)+ H(Y). (2.25)
But if the two variables X and Y are independent, we obtain,

H(X,Y)=H(X)+ H(Y). (2.26)

* Conditional entropy: refers to the amount of uncertainty or randomness that remains
in a random variable after we observe additional information. It is denoted as H (X |Y)
and it can be written as,

HX|Y) == (p(y;) > plzilyi)log(p(ily;)), (2.27)
7 i
== plws, yj)log(p(wily;)). (2.28)
,J

The marginal probabilities p(z;) and p(y;), represent the probability of X and Y oc-
curring independently. On the other hand, the probability of X and Y occurring to-
gether is represented by p(z;, y;), while p(x;|y;) represents the probability of X occur-
ring given that Y has already occurred. The conditional entropy is always non-negative
and is only zero if the two variables X and Y are independent.

* Relative entropy: measures the difference between two probability distributions. It is
calculated by summing the product of the probabilities of each outcome in one distri-
bution with the logarithm of the ratio between the probabilities of the same outcome in
the other distribution. It is denoted as H (p||q) and it can be written as,

H(p(x)llg(2)) = > p(a)log( —x)> (2.29)

$
ref

~—

The relative entropy is always non-negative and is zero only if the two distributions are
identical p(x) = q(x).

* Mutual information: measures the amount of information that two random variables
share. It is the difference between the entropy of a variable and its conditional entropy
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given the other variable. It is denoted as H (X : Y') and it can be written as,

ZZP zy)log( g]’)@)) (2.30)
=2 p) Zp )[lo : ;fj) — log(p(y)], 231)

— Zp ) Zp =y|X = x)[logp(Y = y|X = x) — logp(y)],
x y

(2.32)

=— Zp HY|X =z) = p(y)logp(y), (2.33)
)

= H(Y) — H(Y|X), (2.34)

= H(X)— H(X|Y). (2.35)

The mutual information is always non-negative and is zero only if the two variables are
independent. The different quantities mentioned earlier for two random variables A and B
can be represented in the form of a Venn diagram (see Figure 2.4).

H(A) H(B)

FIGURE 2.4: Venn diagram of different entropies.

2.2.2 Quantum Information Theory

The theory of quantum information (Von Neumann’s theory) is a development of Shannon’s
information theory that utilizes the properties of quantum mechanics. This theory is based
on basic definitions similar to Shannon’s but with different properties.

Von Neumann entropy

The concept of Von Neumann entropy involves quantifying the information present in a quan-
tum state, which is achieved by measuring the entropy of the probability distribution created
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from the state ps through a projective measurement. Let p be the density state of a quantum
system X, the Von Neumann entropy is defined by this formula,

S(X) = S(p) = =Tr(plog(p))- (2.36)

We consider that \; are the eigenvalues of p. In this case,

d
S(p) = SO pilti) (Wil) = =D Niloghi = H(p), (237)
i i=1
where [1);) are the eigenvectors of the density state p.
We note that the Von Neumann entropy satisfies the following properties.
* Non-negativity: The Von Neumann entropy is always non-negative (S(p) > 0).
* Purity: S(p) = 0 when p is a pure state.

» Additivity: The Von Neumann entropy is additive for composite quantum systems,
which means that
S(p®o)=8(p)+ S(o). (2.38)

* Invariance: The Von Neumann entropy is invariant under unitary transformations,
which means that
S(UpU™) = S(p). (2.39)

* Concavity: The Von Neumann entropy is a concave function of the density matrix.
That is if a density matrix is a convex combination of two other density matrices, then

S(Z pipi) > Zpﬁ(pi), (2.40)

withp; > 0and ), p; = 1.

» Strong subadditivity: We consider a state of a tripartite system ABC (p4pc). Strong
subadditivity implies that,

S(pasc) +S(pB) < S(pas) + S(psc)- (2.41)
* Triangle inequality: We consider a bipartite system AB,

S(pag) = |S(pa) — S(pB)|- (2.42)

Quantum quantities

Similar to the principles of classical information theory, we establish the concepts of quantum
conditional entropy and quantum relative entropy, along with quantum mutual information.

* The quantum conditional entropy is defined for a composite system XY as follows:
S(X|Y)=5(X,Y)—-S(Y). (2.43)

The joint entropy S(X,Y) is defined as S(X,Y) = —Tr(pxylog(pxy)).
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* The relative entropy of p with respect to o can be defined as follows

S(pllo) = Tr(plogp) — Tr(plogo), (2.44)
= —S(p) — Tr(plogo), (2.45)

where p and o are two density operators. We note that the quantum relative entropy
is always non-negative; this result is known as Klein’s inequality. Furthermore, the
quantum relative entropy is jointly convex in its arguments and is also monotonic.

* The quantum mutual information is defined by,

I(X:Y)=8(X) - S(X|Y), (2.46)
= S(X) + S(Y) — S(X,Y). (2.47)

In a bipartite quantum system, mutual information is utilized to quantify the total cor-
relations between the two subsystems.

The quantum conditional entropy and the quantum mutual information are defined
similarly as in Shannon’s information theory. However, it should be noted that their in-
terpretation may differ. Additionally, unlike the classical case, the quantum conditional
entropy may not be positive and can be negative.

2.3 Quantum correlations

In this part, we shed some light to study the precious subjects of deep studies, which are
quantum correlations, due to their fundamental resources in different quantum processing
tasks [84, 85, 86, 87, 88].

The notion of quantum entanglement [89], introduced by Einstein et al [90] and Schrodinger
[91] in 1935, was considered a synonym for quantum correlations present in diverse quantum
systems for a long time ([92, 93, 94, 95]). However, further investigations [89, 96, 97] have
revealed the existence of additional quantum correlations beyond entanglement, necessitating
the development of alternative measures to quantify all such correlations. In 2001, Ollivier
and Zurek [96, 97], as well as Henderson et al [89] independently, proposed a new measure
known as quantum discord, which encompasses all non-classical correlations. In this section,
we present the measurement procedure of the two main ingredients of quantum correlations.

2.3.1 Entanglement

Entanglement is considered a new resource that can be utilized for performing tasks in quan-
tum communications. It is a barrier between the quantum and the classical world. To study
a quantum system, we consider a bipartite system composed of two subsystems A and B in
the Hilbert spaces ‘H 4 and Hp respectively, such as that

H=HsQHs. (2.48)

In the Hilbert space H, one can find states that are either factorizable or non-factorizable.
The latter being commonly known as entangled states. Suppose |1)) 4 and |¢) p represent
states defined within the Hilbert spaces H 4 and Hp respectively. The subsystems A and B
are considered to be in an entangled state if,

[)aB # V)4 © |¢) 5. (2.49)
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To explain this concept, let’s consider a system S in the state |1)), composed of two subsys-
tems S7 and Sy, each having two levels represented by |1); and |¢))5 respectively. Here’s a
simple example:

* The non-entangled (separable) states:

[¢) = 100) +01) = [0) @ (|0) +[1)). (2.50)

* The entangled states:

[¥) = 100) + [11) 7 [¥)1 @ [¢h)a. (2.51)

A separable state can be represented as a tensor product of the states of its subsystems,
while an entangled state cannot be factorized.

Consider a general scenario where two entangled states propagate in opposite directions
??. These states possess a remarkable characteristics. When a measurement is carried out on
one of the states on a specific basis, the measurement outcome of the other state on the same
basis is always entirely determined by the result of the first measurement. This intriguing
behavior might lead one to believe that information from the first state instantaneously influ-
ences the second state (i.e., surpassing the speed of light), thereby contradicting the principles
of relativity (which states that nothing can exceed the speed of light). This phenomenon of
entanglement is famously known as the EPR paradox [90].

Measurement

FIGURE 2.5: Two entangled states propagate in opposite directions.

For example, the most famous entangled states are Bell states, which are maximally
entangled states. Consider the states |¢=) and |¢™), defined in H 45 as

1
V2
1
N

These states are also referred to as £ PR pairs or Bell states, forming an orthonormal basis
of the state space. Now, before delving into the specifics of measuring entanglement, it is
important to present the essential conditions that any measure of entanglement E(p) must
meet.

|6=) = —(]00) £ [11)), (2.52)

[4*) = —=(|01) £ [10)). (2.53)

1. E(p) > 0, the equality holds when p is separable.
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2. E(p) is invariant under local unitary operations, which means that the amount of en-
tanglement in a state should remain unaffected by a local change of basis,

E(p)=EU®VpUTa V), (2.54)
where U and V are unitary.
3. E(p) does not increase under local operations and classical communication (LOCC).

4. E(p) does not increase under different preparation of p, which means that,

> piE(pi) = EQ)_ pipi)- (2.55)

Bipartite entanglement

Several measures of entanglement have been proposed for composite systems, particularly
concurrence [98, 99, 100, 101], entanglement of formation [102, 103], and negativity [104,
105].

¢ Concurrence:

For a two-qubit system, the most commonly used measure of bipartite entanglement is con-

currence, which was introduced by Wootters, and is defined for a pure state p = [1);) (1]
by,
C(®) = [P, (2.56)
where ) = o, [1)*), o, represents the Pauli matrix:
0 —i
oy = <z 0) . (2.57)

For a mixed state p = Zl pi|1i) (], the concurrence is defined by,
C(p) = Maz {0, A1 — Ao — A3 — A}, (2.58)

where A1 ,A2 ,A3 and A4 are the non-negative eigenvalues of the matrix pp arranged in de-
creasing order. p is the *Spin Flipped’ density matrix defined by,

p=(oy®oy)p (oy @ 0y). (2.59)

with p* is the complex conjugate of p in the standard basis.

* Entanglement of formation:
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For a pure bipartite state |1)) 4p, the Von Neumann entropy of the reduced density operator
pA (pp) can be used to quantify the entanglement,

E(l$)as) = S(pa) = =Y AllogyAf,

2

= S(pp) = =Y _ Alog,A7, (2.60)

J

where )\;-A and )\f represents the eigenvalues of p4 and p 4 respectively.
The entanglement presented above can be defined as a function of concurrence C,

B(y) = H(%(l V=), 2.61)

where H (x) denotes the binary entropy given as H(x) = —xlog,(z) — (1 — x) logy(1 — x).
The function E(v) exhibits a monotonic increase from 0 to 1 as the concurrence C' varies
within the range of 0 to 1. Therefore, the concurrence serves as a reliable indicator of the
level of entanglement. Specifically, when C' = 0 the state is deemed separable, but when
C =1 the state is maximally entangled.

For a mixed state, the quantification of entanglement of formation is defined as the average
entanglement of the pure states, which is minimized by considering all possible decomposi-
tions:

E(p) = min Y piE(1). (2.62)

* Bipartite negativity:

Bipartite negativity is a measure of entanglement based directly on the separability criterion
known as positive partial transpose. It is defined as follows

_ -1

N(p) — (2.63)

where ||pTi|| = Tr+/(pTi)*(pTi) represents the partial transpose norm.

Tripartite entanglement

* Genuine tripartite entanglement:

In the context of a three-part system (A, B, and C), the state A is considered separable with
respect to the bi-partition (A/BC) if it can be represented as a combination of product states
involving subsystems A and BC.

Pl = D GO (Gh] © [8he ) (dhel, (2.64)
J

with ¢; > 0 and ) ¢; = 1, similarly, the separable states for the other two bipartitions
are psep (B/AC) and psep (C/AB):

PEac = 2 GlER) 0% @ [¢he) (@hel, (2.65)
i
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Pehan = 2 aloE) (6T ©1645) (Bhs. (2.66)
J

A state is considered biseparable if it can be represented as a combination of states that are
separable with respect to different bi-partitions:

bs _ sep sep sep
P = P1Py e + P2P(aC) + P3P(c/aB)- (2.67)

On the other hand, a state is classified as genuinely multipartite entangled if it is neither
separable nor biseparable.

* Tripartite negativity:

The entanglement between the three-qubit system ABC can be detected using the negativity
N, defined as follows [105]:

N(p"e) =) " |Xi(p")]| - 1, (2.68)

where p’ is the partial transpose of p with respect to the subsystem C, and \;(p) are the
eigenvalues of p’. The negativity can also be interpreted as the sum of the absolute values
of the negative eigenvalues of p’¢ [105], and it depends on the subsystem on which we per-
form the partial transpose of p.

If the negativity is greater than zero (N > (), we can infer the presence of entanglement
between subsystem C and subsystem AB. However, it should be noted that if there is entan-
glement between subsystems C and AB, the negativity is not necessarily greater than zero.
Hence, a modified form of negativity has been defined [106]:

N3(p) = {/N(pTa)N (pT5)N (o), (2.69)

where N3(p) will be non-zero only when the entanglement is shared among all three sub-
systems (complete tripartite entanglement). However, zero negativity does not necessarily
imply the absence of entanglement, except for pure states. Furthermore, it is worth noting
that tripartite negativity cannot distinguish between genuine tripartite entangled states and
biseparable states in a generalized sense [106, 107].

Note that for tripartite systems that are symmetrical under any interchange of their qubits,
the tripartite negativity and the negativity always coincide:

N3(p) = N(p™) = N(p'®) = N(pT©). (2.70)

N-partite entanglement

Taking into account the challenges arising from the absence of a well-established entangle-
ment measure for systems extending beyond the 2x2 and 2x3 dimensions because of the
concept of Positive Partial Transposition (PPT) and its significance in characterizing entan-
glement. In lower-dimensional systems, such as 2 x 2 (two qubits) and 2 x 3 (qubit-qutrit),
entanglement can be quantified and characterized using measures like concurrence or entan-
glement entropy. These measures work effectively because they align with the key prop-
erty that all entangled states must exhibit: non-positive partial transposition. Positive Partial
Transposition (PPT) is a necessary condition for separability in bipartite quantum systems.
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In simpler terms, if a quantum state has a positive partial transpose, it is separable and not
entangled. This property is well-established and provides a clear criterion for distinguish-
ing between separable and entangled states in lower-dimensional systems. However, as the
dimensionality of the quantum system increases, the relationship between entanglement and
(PPT) becomes more intricate. In higher-dimensional systems, the (PPT) criterion alone
is not sufficient to capture all aspects of entanglement. Complex multipartite and multi-
dimensional entangled states can have positive partial transpositions, making it challenging
to use (PPT) as a straightforward measure of entanglement. To circumvent these challenges,
many studies [108, 109, 110, 111, 112, 113] have shifted their focus toward exploring lower
bounds of entanglement in specific dimensions. The most important of these lower bounds
is the lower bound of Li et al. [114] which is valid for any dimension or partition and can
serve as a witness of entanglement. When a lower bound of entanglement is non-zero, it
indicates the presence of some form of entanglement within the quantum state under exam-
ination. This property makes lower bounds a powerful tool for detecting and characterizing
entanglement, even in cases where traditional measures may falter due to the intricacies of
higher-dimensional systems.

For an arbitrary N-partite state p € H = H?® ... @ H?, the lower bound of concurrence
is defined by

™~(p) = WJ_MZZ(C?,,BF, Q.71)

P af

with m = 2N¥-1 — 1, >, stands for the summation over all possible combinations of the
indices aB, Cf 5 = max{0,A\(1);5 — M2)b5 — A3)os — A(4)75}, Where A(i)7, 5 are the
square roots of the four nonzero eigenvalues, in decreasing order of the non-Hermitian matrix
\/PPap> With pog = (Lo ® Lg)p*(La ® Lg), and L, and Lg being the generators of SO(d).

In essence, these lower bounds of entanglement not only address the challenges presented
by the absence of a universal entanglement measure but also provide a valuable framework
for understanding and quantifying entanglement in various dimensions like in [115].

2.3.2 Quantum discord

The quantum discord [96] is a measure of the non-classical correlations between two subsys-
tems of a quantum system. For a bipartite system AB, it is defined as the difference between
two alternative quantum versions of two classically equivalent expressions of the mutual in-
formation,

D(paB) = I(pas) — C(paB), (2.72)

where I(pap) and C(pap) are respectively, the mutual information and the classical corre-
lations of the composite system p 4 5. They are defined respectively by,

I(pag) = S(pa) + S(pB) = S(pap), (2.73)

and
Clpan) = Maz[S(pa) — S(pan/ {11} })) (2.74)

with the Von Neuman entropy S(p) is defined in (2.36) and (2.37), p4 and pp are the
reduced density matrices of the composite system pap. In equation 2.74 the conditional
entropy is given by S(pAB/{Hjé}) = > PiS(pay;) with {Hjé} being the complete
set of orthonormal projection operators that act only on the second subsystem B, p4/; =
T paBITy

T
7( P,

)) is the resulting state of the first subsystem A, and P; = T'rap (H{B PAB Hfg)
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is the probability to obtain the outcome j.

The set of local measurement operators {H?g} = {|II1)(I1;|, [TI2) (12|} can be easily

constructed using the following states:

ITI;) = cosO|+) +e®sinf|—) and |IIy) = sin|+) —e'® cos f|—), with 6 € [0, 7] and
® € [0, 27].

Therefore, the quantum discord capturing all quantum correlation is defined as [116]

D(pag) = I(pa) — Maz[S(pa) = S(pan/ {1, })],

‘ (2.75)
= S(pp) — S(pa) + Min{ngg}[s(PAB/{H%}]-
It turns out that conditional entropy minimization is the main difficulty in finding an
analytic expression for quantum discord present in arbitrary states. Indeed, the procedure of
calculation of this later is not easy for all states and the exact analytical expressions are found
only in a limited number of cases, and the most general approach until now was obtained for
the so-called X-states. Here, the density matrix of our system is written in the form of these
states. In fact, the method given by C.Z Wang et al [117] can be used to calculate the
quantum discord. Hence, this later can be defined by the following expression [117],

D(pag) = Min]QDs, QD). (2.76)
Where .
QD; = H(pu1 + p3s) + > _ MeLoga(Ax) + Dj.
k=1

Here Dy = H(n) and Dy = — 375_, pj;Loga(pj;) — H(p11 + p33),

with n = 1+\/[1—2(/?33-"-/?442)}2-"-4(‘.014|+|P23\)2’ H(z) = —xzLoga(z) — (1 — 2)Logy(1 — z) is
the binary Shannon entropy and )\ are the eigenvalues of the matrix p4p.

Quantum discord, like entanglement measures, possesses several properties:

1. The value of quantum discord D(p4p) > 0 for any quantum state p 4. This property
ensures that quantum discord is a valid measure of quantum correlations. The equality
holds for classical systems where a local measurement on subsystem B does not disturb
the system.

2. Quantum discord is asymmetric in nature. This means that D(p4p) is not necessarily
equal to D(ppa), indicating that the measurement or observation made on one sub-
system (B) can have a different impact on the other subsystem (A) compared to the
reverse scenario.

3. Quantum discord remains invariant when local unitary transformations are applied to
the quantum state.

4. For pure bipartite states, quantum discord is closely related to the concept of entangle-
ment. Specifically, when the quantum state is pure, the quantum discord reduces to the
entanglement measured by the Von Neumann entropy.
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2.3.3 Global Quantum discord

It is clear that the quantum discord is an asymmetric quantity as it depends on the subsystem
upon which the measurements are performed. In this regard, Rulli et al [118] proposed a
symmetrized version called global quantum discord:

Deioba(pxy) = Min gy gy 15(oxyl[@xy (pxy)) = S(pxl[®x(px)) = S(ov[|®y (o))},
(2.77)
with ' '
Cxy(pxy) = Z(HJX ® ) pxy (TP, @ T1§),
i,k

Pa(pa) = Z(Hépané)v
J

and S(p||o) is the relative entropy defined as S(p||o) = Tr(pLogsy(p) — pLogy(0)).

2.4 Contribution 1: Global quantum discord and entanglement
in two coupled double quantum dots AlGaAs/GaAs

2.4.1 Introduction

In this section, we present a theoretical study on the behavior of global quantum discord and
entanglement in two coupled double quantum dots made of AlGaAs/GaAs as a function of
temperature. We use each double quantum dot as a qubit, where the electron can occupy ei-
ther the right or left dot. Our investigation aims to understand the impact of the energy offset
of each qubit and the tunneling coupling energy on quantum correlations. Our findings show
that the energy offset and tunneling coupling energy significantly affect the variations of en-
tanglement of formation, standard discord, and global quantum discord. Our results provide
insights into the interplay between quantum correlations and environmental parameters and
have important implications for developing quantum technologies.

Quantum correlations provide precious resources for quantum information tasks. The most
interesting measurement of quantum correlations (QC) is entanglement [119] which has
been synonymous with quantum correlations for a long time. Albeit, it plays an impor-
tant role in the quantification and classification of QC that are present in a given quantum
system[120, 121], various studies [26, 122, 123] have proved that QC exists even in sep-
arable states [124]. Several alternative measurements have been proposed to quantify QC.
For example, Zurek et al introduced quantum discord for this purpose [26, 122, 123]. This
measure presents the interesting property of being more robust than entanglement. As such,
when entanglement vanishes in some bipartite systems, discord can survive against the tem-
perature and other decoherence effects. It is therefore interesting to consider quantum discord
as a fundamental resource for quantum computing tasks [125, 126, 127, 128, 29]. Recently,
the generalization of quantum discord for a multipartite system has been proposed in different
ways. The first approach is based on the generalization of mutual information to multipartite
systems [129, 130]. The other one is to initially define a measure based on the relative en-
tropy [131, 132]. One of the difficulties in QD as a measure of quantum correlations is that
it is not symmetric and it depends on which subsystem is actually being measured. Global
quantum discord (GCD) [133] was then proposed as an alternative definition that is always
non-negative and symmetric under permuting the roles of the subsystems.

On the other hand, recent years have seen tremendous technical progress allowing the devel-
opment of semiconductor quantum dots and the uses of these artificial and tunable atoms in
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various topics including quantum computation [134, 135, 31, 30]. Many authors have thus
focused on the study of QC in quantum dots recently. Indeed, Fanchini et al.[136] studied
the QC dynamics of two coupled double quantum dots in an open quantum system. In this
section, we study the behavior of GQD and entanglement between two double quantum dots
(DQD) whereby each DQD forms a qubit in which the electron can occupy the right or the
left dot [118], and are free to move between the two dots forming the DQD. In this model, we
consider the interaction between two double quantum dots, each DQD consisting of right and
left dots connecting through a tunneling barrier. The conductance is influenced by one dot
and interdot Coulomb interaction through the tunneling barrier. In the case of weak coupling
(small voltage between the source and drain) a finite current is observed at the triple points,
where tunneling processes through the three tunneling barriers are allowed, under an appro-
priate condition where only the interdot tunneling is allowed and the Coulomb interaction
effectively isolates the DQD from the source and drain electrodes. In this case, we can con-
sider two charge states, in which an excess electron occupies the left dot (| L)) or the right dot
(| R)y) with electrochemical potentials £y, and Eg, respectively. When the two specific states
are energetically close to each other and the excitation to other states can be neglected, the
system can be approximated as a two-level system (qubit). It is characterized by the energy
offset, e = EFr — EJ..

This model can be experimentally implemented using AlGaAs/GaAs heterostructure con-
taining two-dimensional electron gas [118]. In this model, we consider a series of Schottky
gates and we control the electron configuration in each DQDs by adjusting the voltages ap-
plied to the gates. Furthermore, the two DQDs are coupled using the capacitance model
describing the Coulomb interaction. The manipulation of the electronic system in quantum
dots and a clear understanding of decoherence in practical structures are crucial for future ap-
plications of quantum nanostructure to quantum information technology and for a variety of
thermodynamic-oriented applications. This model is considered as a working substance for
heat machines, and the appearance of different regions of operation for the heat machines (the
heat and refrigerator) by adjusting the value of interaction coupling. This nanotechnology is
crucial also for a variety of biological applications, including fluorescent assays for drug dis-
covery [137], disease detection[138], single protein tracking and intracellular reporting[139].
The choice of this model is based on several factors, among them, AlGaAs/GaAs allow for
precise control and manipulation of the quantum states, it has a well-defined energy spec-
trum, and has the ability to control the electron-electron interactions and tunneling coupling
between the double quantum dots, leading to the observation of various quantum correla-
tion effects. This system has an advantage of being a solid-state device with a high degree
of scalability, making it well suited for integration with existing semiconductor technology.
Additionally, this system can be operated at low temperatures, allowing for more precise con-
trol and manipulation of the quantum states. In effect, we study the QC against temperature,
tunneling coupling, and energy offset parameters. We also investigate the role played by the
coupling parameter .J in the QC. We stress the difference in behavior between the symmetric
global discord and the standard discord against the tunneling parameters in each DQD.

2.4.2 The model of AlGaAs/GaAs quantum dots

We consider a system of two double quantum dots (DQDs) separated by a potential barrier.
Each double quantum dot can be theoretically considered as a two-level system, where the
electron can occupy the right or the left dot (| L) or | R)) (see figure 2.6). As such, one can use
this system for the implementation of a qubit in each double quantum dot. In this case, we
consider an Ising-type coupling %(a,(zl) ® 022)) between artificial and tunable charge qubits
fabricated in a semiconductor nanostructure.
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FIGURE 2.6: Schematic representation of two DQDs with one electron lo-
calized at the left (right) side of the top (bottom) DQD.

The Hamiltonian of the two-qubit system then reads [118]:

2
1 ; , J
- (D) N+ Z(c) & 52
H 5 E (ei03” + Ajoy) + 4(0’Z ® o), (2.78)

%

where Ué,y,z are the Pauli matrices of the i*" qubit, ¢; describes the energy offset of each
qubit state, A; represents the tunneling coupling inside each double quantum dot and J (> 0)
is the strength of the coupling (Coulomb interaction between electrons). It is worth noting
that this Hamiltonian can also be used in describing other physical systems ranging from
superconducting qubits to ultracold atoms in optical lattices [140, 141, 142].

The temperature-dependent density matrix describing the state of the system in equilibrium
at a temperature 7' reads

p(T) = %-exp[—ﬁH J; (2.79)

with 8 = (KgT)~!, K being the Boltzmann constant and Z is the partition function given
by,

Z(T) = Tr(exp|—LH]). (2.80)

Before presenting the results of our study, we aim to shed light on the relationship between
quantum correlations and the parameters in our system. Specifically, we plot figures of en-
tanglement and both standard and global discord to visualize their behavior. We examine the
impact of the energy offset of each qubit and the tunneling coupling energy on these quan-
tum correlations. Additionally, we make a comparison of the changes in the entanglement
of formation, standard discord, and global quantum discord. The results of this analysis will
contribute to our understanding of how these parameters influence the presence and strength
of quantum correlations in such systems.

2.4.3 Results and discussions

In this section, we comparatively investigate the behavior of quantum correlations of the sys-
tem against the different parameters of the system. In Figure 2.7, we plot the variation of both
the FOF and Q D, for different values of the strength coupling .J, against the temperature 7.
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FIGURE 2.7: Entanglement of formation and quantum discord as a function
of temperature 7" for different values of .J, with the other parameters fixed at
€1 = €2 = OueV and Ay = Ay = 10ueV.

Figures 2.7a and 2.7b show that the entanglement and discord decay continuously when
the temperature is increased. This decay is mainly due to the thermal relaxation effects. We
also observe that the quantum correlations reach their maximum values for smaller temper-
atures. As the temperature reaches relatively higher values, both entanglement and quantum
discord vanish, though the latter is more resistant than the former as it relatively survives
more. In addition, one can confirm that the effect of the strength of the coupling parameter J
on QC is to favor these quantum correlations for large values.
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FIGURE 2.8: Entanglement and Discord as a function of €; for different
values of €5, the other parameters being fixed at A; = Ay = % peV, J =
20peV and T' = 25mK.

Figure 2.8 displays the behavior of entanglement 2.8a and global discord 2.8b for differ-
ent values of energy offset of the second qubit €2, against the same parameter for the first
qubit state €1. It is clear from the figures that both quantum correlations take their maximum
when ¢; = €2. We can thus say that the quantum correlations take their maximum at reso-
nance condition when €5 = €1. Furthermore, the amount of correlations at resonance when
€2 = €1 = OpeV is higher than the other cases. In this respect, we find that the energy offset
is detrimental to the amount of quantum correlations.
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FIGURE 2.9: Entanglement, Global Discord, and Standard Discord as a
function of A; for different values of Ay, with the other parameters fixed
ate; = €2 = QueV, J =20peV and T' = 25m K.

In order to study the effects of the tunneling coupling energy A;—; 2 on the quantum
correlations, we plot the behavior of entanglement, quantum discord, and global quantum
discord as a function of A, for different values of Ao. As a matter of simplicity, we will note
by “Discord 1” the quantum discord obtained when the local measurement, is performed over
the first subsystem, and ”Discord 2” when it is the second subsystem that is measured. We
can observe that the entanglement vanishes when A, = 0 regardless of the values of As. In
this case, the two double quantum dots are not entangled, because the electron can no longer
move within the double quantum dots. On the other hand, global quantum discord is still
present although the value of A; = 0 shows again that despite the state being separable,
the system still possesses quantum correlation. However, for the quantum correlations as
captured by discord 1 (Figure 2.9a), they too vanish when A; = 0 just like entanglement.
This means that performing a measurement on the first subsystem has a disturbing effect on
discord 1 which explains the loss of the quantum correlations. This is in contrast with discord
2, which is present and non-negligible even for A; = 0. This fully displays the asymmetric
nature of the original quantum discord versus the symmetric nature of the global quantum
discord. It is worth noting, here that discord 2 vanishes when it is the tunneling coupling
in the second double quantum dot that vanishes: Ao = 0. On a final note, the amount of
quantum correlations increases with the increase of As.
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FIGURE 2.10: Entanglement and Discord as a function of €; and €5, with
J =25peV, T =25mK.

To have a global overview of the different behaviors we cast these in the form of density
plots. Figure 2.10 shows the behavior of entanglement of formation and global quantum
discord as a function of €; and e for different values of A . This figure confirms our
previous results that the energy offset is detrimental to quantum correlations and more so
when the value of this parameter is different in both double quantum dots. This harmful effect
can be relatively contained by equating the two parameters ¢; and €3. So, one can control
the amount of correlations by adjusting the values of the energy offset in the first and the
second qubits. Another remark is that the quantum correlations vanish when |e;| > 20pueV
and/or |e2| > 20peV, and the amount of these correlations depends on the tunneling coupling
parameters. when we increase these parameters the amount of correlations increases too.
Now we plot in figure 2.11 the behavior of quantum correlations against both parameters
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FIGURE 2.11: Entanglement and Discord as a function of A; and A, with
J =20peV, T =25mK.

approach zero, regardless of the values of the other parameters. When we increase Ay or Ao,

the amount of entanglement is increased and reaches its maximum when A; = Ay = — =

10ueV before decreasing again upon further increase of the coupling. On the other hand,
global quantum discord doesn’t exist in the only case where A; and Ay are zero. This, on
one hand, confirms the robustness of the global discord compared to entanglement against
the tunneling coupling inside each double quantum dot, on the other hand, it confirms its
symmetric nature unlike discord 1 and 2 discussed next. For the quantum correlations as
captured by the original quantum discord, it is confirmed that the results depend on which
subsystem is being measured. For instance discord 1 is absent when A; tends to zero, while
discord 2 vanishes when A tends to zero. This is due to the fact that the measurements
performed on subsystem 1 or 2 respectively perturb this latter and subsequently lead to the
losses of quantum correlation captured by these quantities.
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2.4.4 Conclusion

In summary, we have provided a theoretical study of quantum correlations behaviors against
the temperature between electrons in two sets of coupled double quantum dots. We studied
the effect of the energy offset of each qubit and the tunneling coupling energy inside each
double quantum dot on quantum correlations. Additionally, we have compared the variations
of entanglement of formation, standard discord, and global quantum discord.

We have shown that the quantum correlations decay is continuous when we increase the
temperature due to the thermal relaxation effects. In addition, we have noted that the amount
of quantum correlations increases when the strength of the coupling parameter increases and
observed that the quantum correlations reach their maximum at resonance conditions. As
expected, the behavior of global discord is similar to that of entanglement. This is due to the
fact that measurements performed on either subsystem perturb this latter and subsequently
lead to a loss of QC. The model provided also a stage for the understanding of the differences
in the behaviors of standard quantum discord and global quantum discord.

We deem that the results pave the way to a proper understanding of the behavior of these
types of quantum dots and their correlations in general. Since quantum dots, in general,
are promising hosts for the manipulation of qubits and building quantum processors, it is
of paramount importance to understand the effect of different types of interactions in the
system and the dynamics of quantum correlations in an open quantum system. In this regard,
the study can be generalized, to address the question of the dynamics of quantum correlations
in an open quantum system and to study multipartite correlations. This is discussed in the
next chapter.
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Chapter 3

Quantum correlations in two coupled
semiconductor InAs quantum dots in
an open quantum system

3.1 Quantum theory of open systems

3.1.1 From closed systems to open systems

After discussing the evolution of closed quantum systems described by a state vector [¢))
(see the section 2.1.1), we now turn our attention to systems that can only be described by
the density matrix p. These systems are represented by a quantum statistical ensemble.

Let p(to) be the initial state at time ¢(, defined as follows,

p(to) =D waltra(to)) (Walto)]. (3.1)

Since the vectors |1, (o)) depend on time according to the given evolution, the density ma-
trix of the system at time ¢ is given by,

p(t) =D Wal(t, t0)[tba(to)) (ta(to)[UT (1, t0) = U (L, t0)p(to)U (£, t0).  (3.2)

By taking the derivative of p(¢) with respect to time, we obtain the Liouville-von Neumann

equation,

W) — itk 1), pte) 63)
After describing the most important equations describing the dynamics of closed quantum
systems, we will now focus on open systems. The following figure 3.1 illustrates an open
quantum system. The system S is coupled to another quantum system called the environ-
ment. The interaction between system S and the environment generates a certain correlation
between them, which is responsible for the non-unitary nature of the open system. Conse-
quently, the reduced system must be described by a quantum master equation. The Hilbert
space of the total system .S + F is given by the tensor product H = Hs ® He, where H s and
He are the Hilbert spaces of the system and the environment, respectively. Then, the total
Hamiltonian H takes the following form:

H(t)=Hs®I+1® Hg + Hipy(t). (3.4)

Where Hg and Hp are time-independent free Hamiltonians, the interaction is described by
the time-dependent interaction Hamiltonian Hi(t).
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Environment
{E’ HE’ pE }

System
{S.H,, p,}

{S+E,H,® Hg, p}
FIGURE 3.1: System with the environment

In most mathematical models describing the dynamics of open systems, the environment
is represented by a reservoir consisting of an infinite number of degrees of freedom. This
typically leads to irreversible behavior of the open system and the need to solve a coupled
set of infinitely many equations of motion. To solve this problem, efforts are made to work
within the reduced space of the system, described by a set of physical parameters.

We are only interested in observables that are related to the open systems S. Starting from
A ® Ig, where A acts on Hy and I represents the identity on Hpg, we will define density
matrices that represent the state of the system. The density matrix p without any indices
should be the state of the global system, while the indices £ and S represent the specific
subsystems. pg can be obtained by taking the partial trace over the degrees of freedom of the
environment.

ps =Tre(p). (3.5)

Since the global density matrix evolves unitarily in time, by substituting ps into eq. 3.2, we
obtain,
ps(t) = Tru{U (L, to)p(to) U (1, o) } (3.6)

Where U (t, to) is the time evolution operator of the global system. To obtain an equation
of motion for the reduced system, we can take the partial trace over the environment on both
sides of the Liouville-Von Neumann equation 3.3 for the global system.

L Tep(plt) = L palt) = —iTeglH(t), p(t)]. G.7)

dt dt
All of these equations are correct, but in practice, they are not very applicable because the
state of the global system p is always involved. Due to the limited understanding of the
environmental modes, the state of the global system is typically unknown. In the following
sections, we will introduce certain approximations that allow us to derive equations of motion
solely based on the state of the reduced density matrix pg.

3.1.2 Standard theory of Markovian open quantum systems

Markovian systems are the most well-characterized open quantum systems from both math-
ematical and physical perspectives. Furthermore, the simplest example of the dynamics of
an open quantum system is provided by a Markovian quantum process, in which all memory
effects are eliminated (the environment forgets the past interaction with the system due to the
dispersion of correlations in the degrees of freedom of the environment) and the dynamics
are time-stationary.
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Markovian master equation.

For a dynamic quantum semigroup [143], there exists a generator of the Markovian master
equation £ that determines the equation of motion for the state of the reduced system p;.
This equation is known as the Markovian master equation and is defined by [143],

. dp(t)
- = Lo.(t 3.8
In this case, L is the operator that acts on the system .S. According to the Gorini-Kossakowski-
Sudarshan-Lindblad theorem, the generator L is the generator of a completely positive quan-

tum dynamical semigroup if and only if it can be written as follows,
. 1
Lps = —i[Ha,pd + Y7 AipsA] — S{A[Ai, p.}). (3.9)
i

Where H is the system’s Hamiltonian, A; are operators of the system known as the Lindblad
operators, and ; > 0 are the corresponding decay rates.

The standard theory of Markovian dynamics has been widely applied and provides a
qualitatively accurate description of many systems. However, for systems with strong cou-
pling to the environment, finite reservoirs, and low temperatures, the Markov approximation
becomes less effective, and alternative techniques are needed to study the dynamics of open
systems.

Microscopic derivation of the Markovian master equation

we consider a system .S interacting with an environment E through the Hamiltonian Hiy,.
The total Hamiltonian is given by H = Hg + Hg + Hiy, where Hjy acts on H; ® Hg. The
dynamics of the total system can be described by the following expression:

dp(t _

A — il (1) (.10)
where Hiy(t) = eHot, p(t) = e'fol p(t)e~tHo! and Hy = H + Hp. The formal solution of
the integral is given as follows:

p(t) = p(0) — i / (Hin(s), p(3)]ds. 3.11)

By inserting the expression from Eq. 3.11 into Eq. 3.10 and subsequently taking the partial
trace over the environment, we obtain:

dpét(t) _ /0 ds Tep[Hin(s), [p(s), Hin(t)])- (3.12)

Here, we assume that Trg[Hin(t), p(0)] = 0. Equation 3.12 describes the general dynamics
of an open system.

In this section, we will not provide the details of the derivation, but our objective is to summa-
rize the key approximations that determine a dynamic quantum semigroup. The first crucial
assumption we introduce is the Born approximation, which assumes that the coupling be-
tween the system and the environment is weak, meaning that the environment is not signifi-
cantly influenced by the system during its evolution. Thus, the total state can be approximated
and written as p(t) ~ ps ® pg(0). This assumption allows us to obtain the following form
of the equation:
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dp;t(t) _ /0 ds Trg[Hin (t), [Hin(s), ps(s) ® p(0)]]. (3.13)

The expression of this equation (3.13) can be simplified by the Markov approximation,
which substitutes the given state at the delayed time pg(s) with pg(t) at the current time.
The equation of motion can then be given in the form of local time:

dps(t)
dt

_ /Ot ds Trg[Hin (), [Hin (), ps(s) ® pr(0)]]. 3.14)

This equation (3.14) is called the Redfield equation. It is not always Markovian as it
depends on the choice of the initial preparation at ¢ = 0. In order to obtain a Markovian
master equation, we need to consider the timescales of the system under study. Let 75 be the
timescale on which the environmental correlation functions decay and 7 be the timescale
on which the system relaxes to a stable state. If 7 > 7, the integrand in equation (3.14)
quickly vanishes for s > 7g. To satisfy the semigroup property, we replace the time variable
(s) with (t — s) and extend the integration to infinity. We then obtain:

dps(t)
dt

The equation defined above (3.15) characterizes the dynamics on a coarse-grained timescale,
where we eliminate 75 and focus solely on the dynamics of the relaxation timescale 7. How-
ever, it does not take the form of a Markovian equation, which is why another approximation
must be implemented. This is known as the "secular" approximation. This approximation
is valid when the timescale of the system’s free evolution 7, is much smaller than 7z. As a
result, we obtain an equation that takes the form of a Markovian equation, and in this case,
the evolution is given by a dynamical semigroup.

_ /OO" ds Trg[Hin(t), [Hin(t — ), ps(t) @ pg(0)]]. (3.15)

3.1.3 Non-Markovian master equations

The semi-group property is a very restrictive assumption in the quantum process. In fact, the
approximations made when we microscopically derive the master Markovian equation are
often not valid. Furthermore, the dynamics of the open system can often be non-stationary
and non-Markovian at the same time. Moreover, for a general quantum process, a reasonable
description of the generators does not exist. In this regard, considerable effort has been made
to obtain a generalized master equation for the non-Markovian regime.

Master equation of the memory kernel

The master equation of the memory kernel aims to generalize the Markovian master equation
by introducing a temporal integration of the system state starting from ¢ = 0. This has been
phenomenologically considered as a cause of non-Markovian effects (memory effects). The
dynamic is expressed by the following formula:

. dps(t)
dt

where the Markovian master equation is obtained for the memory kernel k(t — s) =
d(t — s)L. The general form of the memory kernel k(t,s) can yield results that have no
physical significance [144]. Moreover, even for physically relevant equations, researchers
have shown that sometimes these equations can fail to describe non-Markovian effects [145].

¢
= —/ K(t — s)ps(s)ds, (3.16)
0
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However, certain forms ensuring the physical significance of certain memory kernel equa-
tions have been derived. In this regard, Lidar and his colleagues [146] derived the so-called
post-Markovian master equation, which interpolates between the interpretation of continu-
ous measurement of Markovian dynamics and the generalized interpretation of the exact sum
measurement of the Kraus operator. The resulting master equation is analytically solvable,
and the region of physically relevant parameters can be identified. Furthermore, Daffer and
his colleagues have shown that the kernel function k(t, s), which is extracted from a reservoir
model based on a random telegraph process, is assumed to be the product of a scalar function
with a semi-group generator ®. This model will be examined and discussed later in the third
chapter.

Temporal-local master equations

Non-Markovian temporal-local master equations have been widely used to study non-Markovian
dynamics. On the one hand, these equations are characterized by providing a relatively sim-
ple method to describe memory effects. On the other hand, they generalize the Markovian
equation. Due to the necessity of preserving Hermiticity (L(t)AT = L(t)A') and trace
(Tr(L(t)A) = 0), the generator of this type of equation must always be expressed as follows:

L(ps = —ilH,p) + Y (O A:0pAl0) - 40 ALp). GI7)

The time-dependent coefficients ~;(¢) in the memory kernel master equation can temporarily
take negative values. When the correlation time of the environment becomes comparable to
the relaxation time scale of the system, negative decay rates can arise from the microscopic
derivation. It is important to note that the negativity of 7;(¢) does not imply a straightforward
reversal of the process direction, but rather encodes the history of the evolution, allowing for
memory effects [147].

The memory kernel master equation in the form (3.16) can be transformed, under general
assumptions, into the time-convolutionless form of Eq. (3.17). Despite the fact that the time-
local description has been established for over 40 years and has been successfully applied to
numerous non-Markovian problems, there have been misconceptions regarding the applica-
bility of these equations [147]. Similar to the memory kernel equations, there is no theorem
specifying the form of the generator in Eq. (3.17) to ensure complete positivity of the quan-
tum dynamical map. However, if the rates ;(¢) are non-negative for all times, ~;(¢) > 0, the
resulting dynamics is indeed completely positive, as the generator is then in Lindblad form
for each fixed ¢t > 0.

Now, let us briefly demonstrate the expression of Eq. (3.17) for a finite-dimensional
open system Hilbert space with dimension dim(#g) = N. Consider a fixed time ¢ and a
fixed complete set of operators {F;} on Hg, where i = 1,2, ..., N2, and these operators are
orthonormal with respect to the Hilbert-Schmidt scalar product. Specifically, we have,

(F;, F}) = Trg(F| F}) = 6. (3.18)
For convenience, we choose one of the basis operators to be proportional to the identity, i.e.,
F]%, = ﬁ] s, while the other basis operators are traceless, i.e., Trg(F;) = 0.

Equation (3.17) can be expressed in the following form, [148],

N2-1
L(t)ps = —i[Hs, ps] +% > e O(F®), psFL (0] + [Fi()ps, F] (1)), (3.19)
ij
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where Hg(t) = H;(t) and ¢;; is a complex positive semidefinite matrix that can be
diagonalized using a unitary matrix u(t) = wu;;(t), such that,

u(t)eij(tyu’ (t) = diag(y1 (), 72(1), s Y21 (1))

Where the eigenvalues y; are non-negative. Introducing the new operators,

N2-1
Ait) = ) ufi(t)F (3.20)
j=1

we obtain then the equation (3.17) form of the generator.

3.1.4 Non-Markovian quantum dynamics and information flow

In recent years, there has been a lack of consensus in defining and quantifying quantum non-
Markovianity due to the challenges in formulating a clear condition for Markovian dynamics.
The understanding of memory effects in open quantum systems has often relied on inaccurate
arguments about the features of the master equation describing the process. The presence of
a memory kernel or the occurrence of negative decay rates and revivals in the dynamics has
been associated with non-Markovianity. The crucial question is how to rigorously define and
quantify quantum non-Markovianity in a manner independent of the specific formalism used
to derive the master equation.

One approach to quantifying quantum non-Markovianity is based on the observation that
memory effects in the dynamics of open systems are connected to the exchange of infor-
mation between the system and its environment [149]. In a Markovian regime (without
memory), the system continuously loses information to the environment. However, in a
non-Markovian regime (with memory), information flows back into the system from the en-
vironment. Quantum non-Markovianity can be understood in terms of quantum memory,
where information that has been transmitted to the environment is subsequently recovered by
the system. The exchange of information is quantified by employing the trace distance as a
measure of the difference between quantum states.

Trace distance and distinguishability:

The non-Markovianity measure is based on evaluating the distance between a pair of states
represented by density operators p; and po. This distance is determined using the trace
distance, which is defined as:

1 1
D(p1,p2) = §HP1 —p2l = §Tr|91 = pa2l, (3.21)

where || X || = Tr+/|X| = Trv X X1 denotes the trace norm.

Consider a scenario where a quantum system can exist in two states, p; and ps, each
with a probability of P1 = P2 = % If the goal is to determine which state the system
is in, the quantity P = 3 (1 + D(pl, p2)) provides the optimal probability for successfully
identifying the system’s state. For instance, if the states p; and ps are orthogonal, they can
be distinguished with certainty, i.e., D(p1, p2) = 1. Conversely, if p; = p2, no information
about the state can be obtained through measurements, yielding D(p1, p2) = 0. Hence, the
trace distance between any pair of states satisfies the condition 0 < D(pl, p2) < 1.
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An important property of the trace distance is that completely positive and trace-preserving
maps, denoted as ®, contract the trace distance. In other words, for any such map, the in-
equality D(®(pl), ®(p2)) < D(pl, p2) holds. This implies that a trace-preserving quan-
tum operation cannot increase the distinguishability between two quantum states. Addi-
tionally, the trace distance remains invariant under unitary transformations U, meaning that
D(UplUT,Up2UT) = D(pl,p2). It is worth noting that the distinguishability between
states for closed systems remains constant over time.

3.2 Contribution 2:Quantum correlations dynamics in two cou-
pled semiconductor InAs quantum dots

3.2.1 Introduction

We investigate the dynamics of both quantum discord and concurrence within two excitonic
qubits embedded in two coupled semiconductor quantum dots independently interacting with
dephasing reservoirs. Their behavior in both Markovian and non-Markovian environments is
explored against dimensionless time and temperature. Moreover, the effects of the external
electric field on these correlations as well as the effects related to the Forster interaction are
extensively analyzed. We show that the non-Markovian behavior of quantum correlations is
always preserved under the variation of the electric field and the Forster interaction, regard-
less of the strong influence of these two parameters on the amount of quantum correlations.
Furthermore, we show that nonzero discord can still be observed for large values of temper-
ature and dimensionless time, unlike concurrence which vanishes in this regime.

Over the past decade, an increasing number of studies focused on investigating coupled semi-
conductor quantum dots [150, 151, 152], mainly because of the relevance of their electro-
optical properties[153, 154]. Many different parameters are candidates for the study of these
properties, among them, the exciton-exciton interaction is one of the most interesting param-
eters. This type of interaction in first neighbors dots will enable to carry out of a scheme
for quantum information processing on semiconductor quantum dots [155]. So much effort
has been taken to address the quantum correlation dynamics of the coupled semiconductor
quantum dots. Along this direction, Fanchini et al investigated the quantum correlation dy-
namics of two coupled double semiconductor quantum dots with the interaction between the
qubits of the thermal bath [156]. In real quantum systems which are easily affected by their
environments [157], decoherence destroys the quantumness of the system and decreases the
useful quantum correlations between the different components of the system. This decoher-
ence is the main obstacle for the implementation of quantum information processing. It is
worth noting that many studies have dealt with the dynamical behavior of quantum corre-
lations under the effect of decoherence. Particularly the study of the quantum correlations
under the influence of both Markovian and non-Markovian environments has attracted a lot
of attention [158, 159].

In This paper, we investigate quantum correlations between two excitonic qubits inside two
coupled semiconductor quantum dots that independently interact with dephasing reservoirs.
The excitonic qubits are modeled by dipoles in each quantum dot. The variation of the quan-
tum correlations is processed as a function of temperature and the dimensionless time in both
Markovian and non-Markovian environments. Our main purpose is to analyze the external
electric field and the Forster interaction effect on the amount of entanglement and quantum
discord measured in our system as well as on their dynamical behavior. Indeed, we show
that, although the quantum correlations amount is influenced by the variation of the electric
field and the Forster interaction, their non-Markovian behavior is still preserved under the
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effects of these two parameters. Moreover, we show that for large values of temperature and
time, quantum discord still survives while entanglement vanishes.

3.2.2 The model of InAs quantum dots

In order to address the quantum correlations properties of optically driven semiconductor
quantum dots, we use a model sample in which we consider a series of InAs coupled semi-
conductor quantum dots with small equal spacing between them along the axis. Our work
constitutes a theoretical study of the model of two coupled double quantum dots. It was
shown in references [160, 161] that this system can be described by the model described be-
low. The latter can be experimentally implemented using an array of InAs coupled quantum
dots. We assumed the energy parameter h{2, hw and h.J, to be of the order of meV, which is
consistent with experimental observations.

DotI Dot II

tttrtt

FIGURE 3.2: schematic representation of two coupled semiconductor InAs
quantum dots.

In this model, to explain the energy transfer between semiconductor quantum dots through
dipolar interaction between the excitons we rely on the Forster mechanism [162]. In this case,
the qubits are the excitonic electric dipole moments located in each quantum dot which can
only orient along (|0)) or against (|1)) the external electric fields.

The Hamiltonian of the system in the presence of an external electric field (E) is given
by,

n 1 n . n o1 1 1 <& L o
H= nZwi[s;+§]+hZQisg+n > LS 4118+ 5]+5 > NS +57 57,
i=1 i=1 i,j=1 i,j=1
ij#j ij#j
(3.22)

with n is the number of coupled quantum dots, S’ = (0 O> , S = (0 1> and S¢ =

10 0 0
(10
2\0 -1

In equation (3.22), w; denotes the frequency of the excitons in the semiconductor quan-
tum dots, and §2; the frequency related to the excitonic dipole moment that is a function of
the dipole moment and the external electric field (£) at the quantum dot number %,

hy = |d.E]|, (3.23)

with d being the electric dipole moment associated with the exciton; it is supposed to be the
same for each quantum dot. X is the Forster interaction which transfers an exciton from one
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quantum dot to another, and J, is the exciton-exciton dipolar interaction energy. For two
dipoles ¢ and j, along the z-axis and separated by a distance r;;, it is given by

]
1 _
h, = M. (3.24)

Ty
Or @ is the angle between the dipoles.

The state of the system, when under canonical thermal equilibrium, at temperature 7" is de-
scribed by the density matrix

1
p = exp[-fH], (3.25)

where 3 = (kgT)~!, kp being the Boltmann constant and T the temperature. The partition
function 7 is given by

Z(T) = Tr(exp[-BH]), (3.26)
N

= > gie F (3.27)
=1

FE; being the eigenvalues of the Hamiltonian, and g; is the degeneracy.

In order to evaluate the time and temperature-dependent quantum correlation, we define
the non-Markovian dephasing model, introduced by Daffer et al. [163]. This model has
been widely used recently for the study of quantum correlations dynamics [136, 164, 165].
In this work, we use it to address quantum correlations dynamics in double semiconductor
quantum dots. We consider a colored noise dephasing model with dynamics described by the
following master equation [163, 136]

p(T) = KLp(T), (3.28)

where the dot denotes the time derivative and K is a time-dependent operator given by

K¢ = /0 t k(t — f)o(f)df, (3.29)

where the kernel k(t — ) is related to the memory type existing in the environment while £
denotes the Lindblad super-operator describing the open system dynamics.

In our case, we consider a two-level system interacting with an environment having
the properties of random telegraph signal noise, which can be implemented using the time-
dependent Hamiltonian [163, 136],

3
H(t)=h» Tp(t)oy, (3.30)
k=1

where oy, are the Pauli matrices and 'y, (t) are independent random variables that obey ran-
dom telegraph signal statistics. These random variables can be taken in the form I'y(t) =
agni(t), where ny(t) has a Poissonian distribution with a mean equal to ﬁ and ay, is an
independent random variable, which with an abuse of notation, we say that it takes the values
:I:CLk.
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Solving the von Neumann equation of motion of the density operator
p(T) = —(i/B)[H, p(T)] = =i y_ Ti(t)low, p(T)],
k
Yields the solution

p(0T) = p(0.7) ~ i [ 3" Tu(s)lon (s, T)lds, (3:31)
0 %

Substituting it back into the von Neumann equation and performing a stochastic average,
leads to

pt,T) = — /0 > exp(— [t — 1| /m)ailon, [on, p(f, T))dE, (3.32)
k

where < I';(#)['x(f) >= a? exp(— |t — ﬂ /Ti)0ji is the memory kernel obtained from the
correlation functions of a random telegraph signal.

The conditions in which the dynamical evolution created by Eq. 3.30 is wholly non-negative
have been analyzed by Daffer et al. [163] and it was shown that complete positivity is pre-
served only when two of the aj’s are zero. Physically this corresponds to the case where
the noise acts in one direction only. In particular choosing the conditions a; = as = 0,
and a3 = a, describes a system in which the dynamics are that of a dephasing channel with
colored noise. Hence, the Kraus super-operators that describe the dynamics of the two-level
system are given by [163, 136],

1+A
M,y = +2(”)12, (3.33)
My = 12/\(”)03, (3.34)

where I is the (2 x 2) identity matrix. It is easy to check that the Kraus operators satisfy the
condition M;(t) satisfy >, M;(t)Mi(t) = 1. In (3.33) and (3.34) A(v) = e Y[cos(uv) +
sin(uv)/p], with g = \/(4a7)? — 1 and v = o is the dimensionless time.

We note that the function A(v) has two regimes fluctuate by changing the parameter ar,
when 0 < ar < 1/4, the frequency p is purely imaginary, so the solution is represented
by pure damping, for at = 1/4, A(v) is equal unity at the initial time and zero when time
approaches infinity. On the other hand, when a7 > 1/4, the frequency p is real so the
solution is represented by damped oscillations.

Since we intend to study the dynamics of a two, two-level quantum system (two quantum

dots), the time evolution of an initial density operator, p45(0,T"), can be expressed as
pap(t,T) = (M & MP)pap(0,T)(M* @ MP)! (3.35)
7:7‘7‘

where the Kraus operators M iA and M iB act, respectively, on the first and the second qubit.
The time and temperature-dependent density matrix is then expressed on the basis of the
eigenvectors of the Hamiltonian as

pp 00 0
0 p22 p3 O
£T) =
pas(t,T) 0 p32 p33 O
0 0 0 pu
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With,
1
PIL = BN 2RIz hewo+ hQY) | oB(A 2RIzt hwthQ) 1 o2B(Alztharth) 4 1
(625)\ + 1) oB(=A+2hJz+hw+hQ)
P22 =5 (eBCAFRRI R RO) L oSO 2RI th0) 1 g2B(RIzHhioth®) 4 1)
(20X + 1) oB(=A+2hz+hw+hQ)
P33 =5 (BT TRO) L @B 2RI i) 1 g2B(RI-Hheoth®) 1 1)
o2B(hIz+huw+he)
PA4 = BN 2RIzt ot hQ) T eBOF2RIz+hw+1Q) 4 o2B(RIzA+hw+hQ) | 17
(¢29X = 1) (V16a?r? = Tsin (207160777 = 1) + (80272 — 1) cos (20V/T6a%7% = 1) + 8a27?) ef (- A+ 2Irtherthe) =20
P23 = — 2 (16(127'2 _ 1) (eﬁ(f)\+2ﬁJz+hw+hQ) + eB(A+2th+ﬁw+ﬁQ) + e26(h]z+hw+hﬂ) + 1) s
and
(¢29X = 1) (V16a?r? = Tsin (207160777 — 1) + (80272 — 1) cos (20v/T6a77% — 1) + 8a?7?) P (A 2Mrtherthe) =20
p32 = — .

2 (160272 — 1) (eP(-AF2RIrth+hQ) 4 oBOF2RIZ+RwFAD) 4 ¢2B(RIzthwthQ) 1 1)

3.2.3 Results and discussions

We investigate the behavior of the quantum correlations present in two coupled semicon-
ductor quantum dots independently interacting with dephasing reservoirs. In figure 3.3 we
plotted the evolution of both concurrence and discord for different values of 7 against the
parameter % when the electric field is zero (fig.3.3 (a, b,d,e)) and also when the electric
field is on (£ = 20 x 10V /m), that coincide to the value of AQ) = 2.5 meV (fig.3.3 (c,1)).
Moreover, in order to process the effects of Forster interaction on the correlations present
in our system we plotted in figure 3.4 their dynamical behavior for different values of this
parameter in a non-Markovian regime.
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FIGURE 3.3: Entanglement and Discord as a function of % for different
values of 7 with A = 2meV, J, = hw = 2meV, and a = 0.95s.

Figures 3.3a, 3.3b, 3.3d, and 3.3e show how quantum correlations behave against the
dimensionless time for two different values of temperatures when the electric field is absent.
For the non-Markovian regime (7 = 2s and 7 = 5), one can observe that the quantum corre-
lations (both entanglement and quantum discord) exhibit death and revival with a continuous
damped amplitude. This is due to the environmental memory effects which lead to increased
information back-flow. While for the Markovian regime (i.e. 7 = 0.25), correlations are
decreasing asymptotically to zero with increasing time without any revival. This behavior
is explained by the fact that the quantum information will very quickly outflow from the
system to the environment because of the weak system-environment coupling and the mem-
oryless transfer of information. Moreover, for the non-Markovian regime, one can observe
that whenever the degree of non-Markovianity 7 decreases, the frequency of the oscillations
in the correlation function is also decreased and delayed, as well as the amplitude of this
correlation function.

In the Markovian case, a change in the parameter 7 doesn’t affect much the behavior of
quantum correlations. The change that occurs when 7 is decreased is due to the fact that
information lasts in the system for a longer period of time. For this reason only one curve
is plotted in this case. Furthermore, it is seen that, the amount of quantum correlations de-
creases as we increase the temperature (Figures 3.3b and 3.3¢). Additionally, one can remark
from (Figures 3.3a and 3.3b ) that the temperature does affect the life time of quantum entan-
glement. For instance, when T' = 15k the entanglement persists for a longer period of time
compared to when 7" = 25K, where it vanishes quickly. On the other hand, the life time of
quantum discord doesn’t change much with temperature (Figures 3.3d and 3.3e ). One can
also notice that for large values of dimensionless time and higher temperature (7' = 25K)
nonzero discord can still be observed, unlike concurrence which vanishes. This shows the
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resistance of quantum discord in comparison to entanglement.

On the other hand, Figures 3.3c and 3.3f show that when the applied electric field is
on, quantum correlations behave in a similar manner, however with smaller amplitudes, as
the plots of Figures 3.3b and 3.3e, obtained when the electric field is off. This is due to the
tendency of all dipoles to align in one direction when the external electric field is applied. this
results in an increasing dipole-dipole repulsive interaction that forthwith causes the reduction
of Coulomb-induced correlations.
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FIGURE 3.4: Entanglement and Discord as a function of % for different
values of )\, described by the parameters 7 = 5s, T = 20K, hw = J, =
2meV, a = 0.95s and 7€) = 2.5meV

In Figure 3.4 which displays the dynamics of quantum correlations for different values
of Forster interaction A when the electric field is on, one can observe that the amount of
quantum correlations increases with A. This increase can be resulted from the increasing
excitonic interaction. It is worthwhile noting that the quantum correlations preserve their
non-Markovian behavior under the Forster interaction effects and the electric field effects as
obsereved in Figure 3.3.

Now, in order to study the evolution of quantum correlations more rigorously, we plotted
their 3D dynamical behavior against the dimensionless time % and the temperature 7" in Fig.
3.5, as well as against the Forster interaction A and Af) in Fig. 3.6 in the non-Markovian
case; 7 = bsand a = 0.9s.

/

0.2\
Entanglement \
0.1

t
FIGURE 3.5: Entanglement and Discord with respect to 7" and —, for
T
7=58,A=3meV, hiw = J, =2meV and ) = 2.5 meV.

It is clearly seen that both concurrence and discord decay with temperature and dimen-
sionless time while exhibiting death and revival. This decay is due to the thermal relaxation
effects and environment effects, respectively. For smaller temperatures, one can remark that
both quantum discord and concurrence increase until reaching their maximum values then
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decrease gradually with temperature without any revival as expected. However, one can re-
mark that for higher values of temperature discord still survives while concurrence vanishes.
As a matter of fact, one can again assert that quantum discord is more robust than concur-
rence against temperature. On the other hand, As it is seen in Figure 3.3 one can observe that
quantum correlations behavior against time presents some collapses and revivals because of
the environment memory effects.
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FIGURE 3.6: Entanglement and Discord as a function of A and AS2, for
7=>5s,T = 25K and i = 0.01.
2T

The plots in Figure 3.6 show that whenever we increase the parameter /{2 the amount of
both quantum discord and concurrence decreases. This decrease can be explained in terms of
the increasing dipolar repulsive interaction as all the dipoles become parallel under effect of
the electric field. Moreover, the figures show that for larger values of A} these correlations
increase slowly with the Forster interaction, otherwise for smaller values of 7{2 these corre-
lations increase rapidly with the Forster interaction, In fact, one can state that increasing the
electric field perturbs the effect of Forster interactions on quantum correlations.

3.2.4 Conclusion

In this work, we have investigated the variation of quantum discord and entanglement in the
array of two optically driven coupled semiconductor quantum dots independently interacting
with dephasing reservoirs. Each quantum dot has an exciton that can be modeled by an
electric dipole.

We have shown that the amount of quantum correlations increases upon increasing the
Forster interaction and diminishes whenever we switch the electric field on. Moreover, we
have shown that this amount increases and reaches its maximal value at very low tempera-
tures and dimensionless time regions then decreases and decays with increasing these two
parameters due to the thermal relaxation effects and environmental effects. However, we
have observed that despite the fact that concurrence vanishes for large values of tempera-
ture and dimensionless time quantum discord still survives, which is consistent with the fact
that discord quantifies quantum correlations beyond entanglement. In this direction, we have
concluded that, although the quantum correlations amount is influenced by the electric field
effects and the Forster interaction effects, their non-Markovian behavior is still preserved
under these two effects.
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3.3 Contribution 3: Wigner Function as a Detector of Entangle-
ment in Open Two Coupled InAs Semiconductor Quantum
Dots

In this section, We tested the ability of the Wigner function to reveal and capture the quan-
tum entanglement present in two coupled semiconductor InAs quantum dots that indepen-
dently interact with dephasing reservoirs. In this respect, we analyze their evolution against
the temperature parameter as well as against the dimensionless time in both Markovian and
non-Markovian environments. Further, we compare their amounts and their behaviors under
the Forster interaction effect. In particular, we show that for large values of dimensionless
time and at higher temperatures, unlike the full disappearance of entanglement, the posi-
tive part of the Wigner function still survives. Moreover, we show that the Wigner function
volume is influenced by the variation of the Forster interaction, the temperature, and the non-
Markovianity degree. Nevertheless, its ability to reveal the quantum entanglement present
inside two coupled semiconductor quantum dots is still kept.

3.3.1 Wigner function

Wigner function is regarded as a natural signature of the quantumness of single mode states
Furthermore, its negativity is considered as a measure of quantum entanglement in both
closed and open systems In this work, our purpose is to check whether the Wigner func-
tion detects the existence of quantum entanglement present in optically driven semiconductor
quantum dots. For a system described by the density matrix p, the Wigner function is defined
by

Wigp) = o /OO dy e " (q+ 2|plg — 2) (3.36)
’ 27 J_ o 2 2"
or with the appropriate change of variables as:
1 [ -

Wi(g.p)=— / dy ¥ (g — ylplg + y). (3.37)

™ —0o0

It satisfies the normalization condition,
//W(qm)dqdp =1 (3.38)

Generally, according to the references, the Wigner function of two-mode state is obvious
and yields:

Wiq1,p1,q2,p2) = W(q1,p1) W(az,p2), (3.39)
The Wigner function W; for the two mode states ;
H’? +><+> —H ) |+> _><+7 _| ) |_7 +><+7 _| ) H_v _><_7 +| ) ’_7 +><_> —H ,CL?’LCl|—, _><_7 -

are respectively given by,

Wi = Wi, (a1, p0) Wi, (g2, p2), (3.40)
Wy = Wi (an,p)Wiio), (a2, p2), (3.41)
Wi = Wi, (a,p)Wio, (a2, p2), (3.42)
Wi = Wi (a,p)Wiy,(a2,p2), (3.43)
Ws = Wi (a,p)W ), (a2,p2), (3.44)
Ws = W, (a1,p)W( ), (g2, p2) (3.45)



Chapter 3. Quantum correlations in two coupled semiconductor InAs quantum dots in an
open quantum system

86

It is interesting to notice that the coherent states are not mutually orthogonal and they
become so for very large values of the coherent amplitude «. Indeed, For o >>> 2 we have
(|4) = |£a)) where the normalization constants N — 1. Hence, W; defined in equations
((3.40) - (3.45)) can be rewritten as,

Wiqr,p1,q2,02) = Waalq,p1)Wa (g2, p2), (3.46)
Wa(q1,p1,42,02) = Waalqr,p1)W_a —alge, p2), (3.47)
W3(q1,p1,92,02) = W_aalq1,1)Wa —alge, p2), (3.48)
Wi(q1,p1,92,02) = Wa —alq1,21)W-a (g2, p2), (3.49)
Ws(q1,p01,92,02) = Woa —alq1, p1)Wa olq2, p2), (3.50)
We(q1,p1,492,02) = Wea—alq1,p1)W-a —a(g2, p2). (3.51)

Where,

Wisa,p) = VT exp [~ (07 +(1VBple )~ (Joul? Hlag )+ (V3o +07))— (a5 a)|
(3.52)
We note that ¢ and p are position and momentum respectively.
Indeed, the thermal Wigner function W (p(7T')) and the time and temperature dependent
Wigner function W (p(¢,T)) are expressed respectively as:

W(p(T)) = puWil(q1, p1, g2, p2) + p22Wal(qi, p1, g2, p2) + p23sWs(qi, p1, g2, p2)

(3.53)
+p32Wa(q1, p1, g2, p2) + p33Ws(q1, 01, g2, p2) + paaWe(q1,p1, g2, p2).

W(p(t,T)) = y11Wilqr, p1, g2, p2) + v22Wa(q1, p1, g2, p2) + v23W3(q1,p1, G2, D2)

+v32Wa(q1, p1, g2, p2) + v33Ws(q1, p1, g2, p2) + 74aWs(q1, 1, G2, p2)-
(3.54)

3.3.2 Comparison of Wigner function and entanglement in time and tempera-
ture dependent system

We investigate comparatively entanglement of formation (E) and Wigner function (W) be-
tween two excitonic qubits placed inside two coupled semiconductor quantum dots indepen-
dently interacting with dephasing reservoirs. In Figure 2, we plotted their behavior for the
thermal state against the temperature T for different values of Forster parameter A\. Then,
in order to address the evolution of the entanglement and Wigner function for time and
temperature-dependent states in both Markovian and non-Markovian environments, we plot
in Figure 3 the dynamical behavior of the entanglement and the Wigner function as a func-
tion of the dimensionless time ¢/27 for different values of non-Markovian parameter 7 and
Forster interaction parameter \. We note that A2 = hw = 2.5meV, J, = 2.3meV and
a=09GHz.
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FIGURE 3.7: Entanglement and Wigner function as a function of 7" for dif-
ferent values of \.

Figures 3.7a, 3.7b and 3.7c show that at very low temperatures entanglement of forma-
tion increases until taking their maximum values, then decrease gradually to zero, this is in
accord with the fact that quantum correlations decay with temperature due to the thermal
effects. Moreover, it is shown from these plots that both the amount of entanglement and the
negative volume of the Wigner function increase monotonically once we increase the Forster
parameter A. This increase can be resulted from the increasing excitonic interaction. Fur-
thermore, it is seen from these plots that, when A = OmeV, both the entanglement and the
negative volume of the Wigner function are hypersensitive to temperature for this fact one can
remark that they last for a shorter period of time, while, when A = 5meV and A = 15meV,
they last for a longer period of time. As a matter of fact, one can state that the temperatures
affect the lifetime of both quantum entanglement and Wigner function, however, the effect
of this parameter on these two quantities is perturbed by higher Forster interaction. On the
other hand, these figures show that the Wigner function (1) for the thermal density matrix
starts being positive exactly at the same point when the entanglement of formation vanishes
and it becomes negative whenever this later appears in the system. Furthermore, one can ob-
serve that the negative volume of the Wigner function attains its maximum value whenever
the amount of entanglement present in the system is maximal. In view of all these remarks,
we concluded that the Wigner function can detect and capture the existence of quantum en-
tanglement for temperature-dependent states.
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FIGURE 3.8: Entanglement of formation and Wigner function as a function
of t/27 for different values of Forster interaction A and non Markovian pa-
rameter 7 with 7' = 20K.

Figures 3.8a, 3.8b, 3.8d, and 3.8e show how quantum entanglement and Wigner function
behave comparatively against the dimensionless time for different values of Forster interac-
tion A and non-Markovian parameter 7 . From these figures (i.e. the non-Markovian case),
it is seen that both entanglement and Wigner function exhibit collapse and revival with a
continuous damped amplitude. This is due to the environmental memory effects which lead
to the increase in the information back-flow. On the other hand, from the plots of Figures
3.c, and 3.f (i.e. the Markovian case), it is seen that entanglement of formation is decreasing
asymptotically to zero with increasing the dimensionless time without any revival due to the
weak system-environment coupling and the memoryless transfer of information. Moreover,
one can observe (figures 3.8c and 3.8f) that the negative volume of the Wigner function de-
creases with the decrease of entanglement until becoming positive when this latter becomes
null. Besides, one can remark that whenever the degree of non-Markovianity 7 decreases,
the frequency and the amplitude of the oscillations of the entanglement and Wigner func-
tion are also decreased and delayed. Additionally, one can remark also that for large values
of dimensionless time and at higher temperatures (figures 2 and 3) the positive part of the
Wigner function can still be observed, unlike the entanglement of formation which vanishes
completely. This indicates the robustness of the Wigner function under the exciton-exciton
interaction effects inside two coupled semiconductor quantum dots and proves that its nega-
tive part disappears whenever entanglement disappears. Interestingly, it is seen from figure
3.8 that the entanglement of formation and Wigner function preserve their non-Markovian
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behavior under the Forster interaction effect. It is seen also that this non-Markovian behavior
does not affect the ability of the Wigner function to signal the presence of quantum entan-
glement for time and temperature-dependent states. Indeed, one can assert that the role of
the Wigner function in studying quantum correlation is not influenced by the quantum ef-
fects of two coupled semiconductor quantum dots that independently interact with dephasing
TEeSErVoirs.

3.3.3 Conclusion

In this report, we have tested the ability of the Wigner function to capture the quantum en-
tanglement presents in two coupled semiconductor InAs quantum dots that independently
interact with dephasing reservoirs. For this aim, we have explored their evolution against
the temperature and the dimensionless time parameters. Moreover, we have analyzed com-
paratively the variation effect of Forster interaction and the non-Markovianity parameter on
these two quantities. In this respect, we have shown that for large values of dimensionless
time and at higher temperatures the positive part of the Wigner function still survives, unlike
the entanglement of formation which vanishes completely. This indicates the robustness of
the Wigner function under the exciton-exciton interaction effects inside two coupled semi-
conductor quantum dots and proves that its negative part disappears whenever entanglement
disappears. Additionally, we have shown that despite the fact that the volume of negative and
positive parts of the Wigner function is influenced by the variation of the Forster interaction,
temperature, and non-Markovianity degree, the ability of this function to signal the existence
of quantum entanglement for time and temperature dependent states is not perturbed under
the effect of all these parameters. As a matter of fact, we have deduced that whether under
the exciton-exciton interaction effects inside two coupled semiconductor quantum dots sys-
tems or under its surrounding environment effects, the major role of the Wigner function in
studying quantum correlation is still kept.

3.4 Contribution 4: Robustness of Wigner function negativity
under the exciton-exciton interaction effects inside two cou-
pled semiconductor quantum dots

3.4.1 Negativity of Wigner function

We analyze theoretically the Wigner function negativity for thermal density matrix of anal-
ogous and equidistant two coupled semiconductor quantum dots at different temperatures.
In this respect, we explore the quantum influences of the temperature, the external electric
field, the Forster interaction and the exciton-exciton dipole interaction energy on its behavior.
In particular, we show that the negativity of Wigner function still survives for large values
of temperature ensuring that the non-classicality of the two coupled semiconductor quantum
dots system does not get lost under thermal effect. Moreover, we show that this negativity
is hypersensitive to the external electric field effect, nevertheless, its sensitivity to this effect
is extensively perturbed for higher values of Forster interaction, temperature and exciton-
exciton dipole interaction energy. Further, we show that increasing this latter enhances the
quantumness of system as the negativity of Wigner function also increases.

The Wigner function, which depends on temperature, describes the state of the InAs
coupled quantum dot system (Eq. 3.36) is given by,

W (p(T)) = p11iWi(q1,p1, G2, p2) + p22Walqr, p1, a2, p2) + p23Ws(q1, p1, g2, p2) (3.55)

+p32Walq1, p1,q2,p2) + p33Ws(q1, p1, g2, p2) + paaWe(q1, p1, g2, p2).
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The Wigner function negativity, the non-classicality parameter, between different quadratures
of different modes (p1, ¢2) is defined by,

5(p(T)) = / / (W (o(T)| — W (o(T)))dpsdas. (3.56)

3.4.2 Thermal behavior of Wigner function negativity

In this section, we investigate the evolution of the negativity of Wigner function (NW) for the
thermal system and we explore the influences of external electric field, the Forster interaction
and the exciton-exciton dipole interaction energy on this negativity. For this reason, we
plotted its behavior when the electric field is absent (Fig. 1b) and also when it is on (Fig. 3.9
a, c and d ) as a function of temperature T for different values of Forster parameter A (Fig.3.9
a and b ) and as a function of the parameter h.J, for fixed values of temperature and Forster
parameter ( Fig.3.9 c and d).
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FIGURE 3.9: Negativity of Wigner function as a function of T for different
values of A (fig.3.9 a and fig. 3.9 b) and for different values of the coupling
hJ, (fig. 3.9 c and fig. 3.9 d).

In Fig. 1a, c and d, when the electric field is activated, it is seen that for weak Forster
interaction, the Wigner function negativity increases until a stabilized value is reached for
higher temperatures. While, for strong Forster interaction, it decreases progressively with
increasing temperature until attained their minimum value. Moreover, one can observe that
(Fig. 3.9 a ) for weak or vanish Forster interaction, the negativity vanishes whenever the
temperatures is vanishes, nevertheless, for higher Forster inter- action, it takes a higher values
even for vanishing temperature. Furthermore, it is seen that when we deactivate the electric
field (Fig. 3.9 b ), the behavior of this negativity keeps unchanged for higher temperatures
as well as for higher Forster interaction. Whereas, it is seen in Fig. 3.9 a and b that for very
low temperatures and weak Forster interaction, it has a apparent effect on it. In this respect,
we concluded that the temperature and Forster interaction effects cover up the electric field
effect. On the other hand, Fig. 3.9 c and d show that the negativity of Wigner function
increases with the increase of the exciton-exciton dipole interaction energy h.J, ; this causes
the emergence of the interference pattern, which in turn enhance the amount of quantumness
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of the system. It is worthwhile, in addition to all the previous remarks, one can remark from
the plots in Fig. 3.9 that the Wigner function negativity still observed at higher temperatures
ensuring that the non-classicality of the two coupled semiconductor quantum dots system
does not get lost under thermal effect. As a matter of fact, this indicates the relevance and the
robustness of Wigner function negativity in the face of all these quantum effects.
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FIGURE 3.10: Negativity of Wigner function as a function of hw, A and
hJ,.

With a view to process the effect of iw, A and %.J, on this function more rigorously we
plot its evolution in Fig. 3.10 for a fixed value of temperature against these three parame-
ters. As a matter of fact, the plots of this figure show that the Wigner negativity decreases
whenever we increase the parameter hw. Physically, this decrease is due to the fact that all
the dipoles become parallel under effect of the electric field leading to the increasing dipolar
repulsive interaction. Besides, Fig. 3.10 b confirms that the increase of the coupling hJ,
enhance the non-classicality of the system. Further, it shows that for smaller or vanish values
of exciton-exciton dipole interaction energy the decrease of negativity is slowly with the in-
crease of the electric filed, while for higher values of this parameter this decrease gets faster.
From Figs. 3.9 and 3.10, one can deduce that the exciton-exciton dipole interaction energy,
the Forster interaction and the temperature parameters perturb the electric field effect.

3.4.3 Conclusion

In this investigation, we have explored analytically the negativity of Wigner function between
two excitonic qubits placed inside two coupled semiconductor quantum dots. In a way, we
have tested the robustness of this negativity under effect of the temperature, the external elec-
tric field, the exciton-exciton dipole interaction energy and the Forster interaction. We have
found that the negativity of Wigner function still survives for large values of temperature
reflecting presence of interference patterns in the two coupled semiconductor quantum dots
system. As a matter of fact, we have deduced that the non-classicality of this system does
not get lost under thermal effect. Furthermore, we have shown that this negativity is hyper-
sensitive to the external electric field effect, nevertheless, it is not sensitive to this effect for
higher Forster interaction as well as for higher temperatures. Moreover, we have shown that
increasing the exciton-exciton dipole interaction energy enhances the quantumness of system
as the negativity of Wigner function also increases. In addition to this, we have found that
the effects of exciton-exciton dipole interaction energy, Forster interaction and temperature
perturb the electric field effect. This work allows us to describe the most important properties
of Wigner function negativity for two coupled semiconductor quantum dots system, which
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gives more efficiency in quantum information theory. Moreover, it does represent a major
step forward in showing its behavior under the effect of the different physical parameters of
this system. In this direction, in order to discover more rigorously the relevance of Wigner
function in such type of systems, a new work is in progress. In this future work, we will
address the possibility of using this function to detect the presence of quantum entanglement
in two coupled quantum dots.
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Chapter 4

Applications of quantum dots

4.1 Quantum dots Lasers

Lasers, originally derived from the acronym "Light Amplification by Stimulated Emission
of Radiation," have been revolutionary technologies with profound impacts across diverse
domains, including communications, manufacturing, and medicine. Lasers generate highly
concentrated and coherent light beams with unique properties, making them indispensable
tools in modern science and industry. When it comes to quantum dot lasers (QDLs) (Figure
4.1), we enter a cutting-edge realm of possibilities, as these devices unlock new potential
by harnessing the properties of nanoscale semiconductor particles known as quantum dots.
These QDLs achieve enhanced performance and flexibility unlike conventional lasers, and
utilize one or several layers of quantum dots as the active medium, offering precise control
over emitted photons, leading to highly monochromatic light emission and improved stabil-
ity at varying temperatures. These lasers have already found practical applications in fields
such as telecommunications, biological imaging, and quantum computing, underscoring their
potential to revolutionize various industries [166]. The integration of laser technology and
quantum dots synergistically drives innovation, propelling us toward a future where these
advanced devices will take a central role in shaping modern technology and scientific explo-
ration.

FIGURE 4.1: Quantum dots LASER [5].

In summary, lasers based on quantum dots represent an advanced evolution of classical
heterojunction and double heterojunction devices, as well as an improved extension of quan-
tum well lasers. However, some challenges must be addressed to fully harness the potential of
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quantum dot lasers. One significant drawback is the size dispersion and the limited ability to
precisely control the energy structure of the quantum dots. To achieve truly monochromatic
emission, all quantum dots within the active region of the laser must be of the same size,
as the energy structure directly influences the wavelength of the emitted photons. Hence,
a thorough understanding of the relationship between the energy structure and the size of
quantum dots is essential to tailor their size for specific applications. Despite these chal-
lenges, ongoing research and advancements in materials science and fabrication techniques
continue to address the issues associated with quantum dot lasers. Improved control over
quantum dot size and energy structure will pave the way for even more efficient and versatile
laser devices. The prospect of lasers based on quantum dots holds promise for various ap-
plications, including communications, sensing, and quantum computing, where their unique
properties can bring about groundbreaking innovations in the world of photonics and be-
yond. As researchers delve deeper into the intricacies of quantum dots and their behavior in
laser systems, we can expect further breakthroughs that will solidify quantum dot lasers as
indispensable tools in cutting-edge technology and scientific exploration. By leveraging the
advantages and overcoming the challenges, the field of laser technology with quantum dot
nanostructures is set to continue its remarkable journey of transformation and discovery.

4.2 Quantum dot memories

A quantum memory refers to a physical system with the capability to store the state of a
qubit and return it for use later. It must retain the entire information contained within the
qubit, including any entanglement with other qubits. Unlike classical methods that involve
measuring and noting down information, an operational quantum memory cannot adopt such
an approach, as it would lead to the destruction of the quantum nature of the encoded infor-
mation and any existing entanglement with other qubits.

Quantum dot memories have opened up exciting new possibilities and hold potential for in-
novative computer memory designs. These memories offer long-term storage capabilities
similar to flash memory, and the added advantage of electrons remaining trapped within the
quantum dots until influenced by tunneling or thermal emission.

In terms of speed, quantum dot memories outshine advanced dynamic random access mem-
ory with significantly improved write speeds and the need for weaker electrical fields for
writing and erasing. However, their current limitation lies in the maximum operating tem-
perature, which restricts their applicability in specific environments.

Challenges remain in achieving stability and charge persistence against varying tempera-
tures, although progress has been made toward achieving functionality at room temperature.
Despite the existing challenges, the enormous potential of quantum dot memories justifies
further research.

By developing memory devices with high durability comparable to flash memory and perfor-
mance matching or exceeding RAM, quantum dot memories could revolutionize data storage.
A comprehensive understanding of the intricate carrier exchange between quantum dots and
the bulk is essential for grasping the functioning of these devices, particularly their temper-
ature sensitivity and exchange frequency. Electrical space charge tests play a vital role in
investigating the physics underlying quantum dot systems, emphasizing the need for a uni-
form distribution and size of quantum dots to improve measurement precision.

In the realm of quantum repeaters, quantum memories represent the next stage after entanglement-
pair sources (EPS). Various approaches, such as solid-state atomic ensembles in rare-earth
doped crystals, Nitrogen-vacancy centers in diamond [167], semiconductor quantum dots,
and atomic gases at different temperatures, are explored for quantum memories.
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The performance of quantum repeaters hinges on efficiency, fidelity, and storage time, with
critical consideration given to bandwidth matching between the photon source and memory,
particularly for hybrid quantum systems. Quantum memories based on electromagnetically
induced transparency and atomic frequency combs have shown promising results, achieving
high storage efficiencies and fidelity. However, challenges persist in addressing bandwidth
mismatches and noise, which are crucial for effective interfacing with quantum light sources
and building efficient, high-speed, and noise-free quantum repeaters. Efforts are ongoing to
develop hybrid quantum memories and establish a seamless interface between quantum dots
and quantum memory platforms, offering a promising path for advancements in quantum
communication and computation.

4.3 QDs for Light-Emitting Diodes (LEDs) and Display Applica-
tions

Since the 1990s, there has been growing interest in the utilization of quantum dots as a po-
tential lighting source. In the early stages of development, researchers employed quantum
dots in light-emitting diodes (LEDs), infrared photodetectors, and single-color light-emitting
circuits [94] for imaging applications. It was not until the 2000s that the potential of quantum
dots as light sources and display materials was fully recognized [168]. Quantum dots exhibit
two distinct emission mechanisms: photoluminescence, where they emit light after absorbing
photons (electromagnetic radiation), and electroluminescence, This happens when a potent
electric field or current flows through a material that emits light as a result, leading to optical
emission.

Quantum dots possess characteristics that make them easily adaptable for use in innovative
emissive display devices. Specifically, properly color-filtered quantum dots, known for creat-
ing predominantly monochromatic light, have demonstrated their effectiveness, particularly
in contrast to traditional white lighting sources. Moreover, they enable the generation of ex-
ceptionally vibrant colors that closely align with the Rec.2020 color gamut. The Rec.2020
[20, 21] standard defines various aspects of ultra-high-definition television (UHDTYV), in-
cluding display resolution, frame rates, color depths, color primaries, and more. Display
technologies that incorporate quantum-dot light-emitting diodes (QD-LEDs) are referred to
as electro-emissive quantum dot displays. These devices share similarities with active-matrix
organic light-emitting diodes (OLEDs) and MicroLED displays, as they enable each pixel to
directly emit light by passing an electric current through inorganic nanostructured materials.
According to proponents of this technology, QLED displays are exceptionally well-suited for
applications such as flat-panel television screens, digital cameras, smartphones, and mobile
gaming systems. They offer advantages like the ability to handle large, flexible displays and
a slower degradation rate compared to OLEDs.

The first organic light-emitting diode structure incorporating quantum dots was explored in
1994, utilizing CdSe quantum dots and polymeric electron transport layers. However, this
initial implementation of Quantum-dot LED (QLED) technology exhibited poor performance
and required a high threshold voltage due to the limitations of organic semiconductors. Re-
cent developments have introduced a novel colloidal quantum dot-based light-emitting diode
with enhanced external quantum efficiencies, utilizing an organic CIM/LiF/Al cathode [169].
In contrast to conventional organic or molecular phosphors used in phosphor-converted LEDs
[170], colloidal quantum dots have emerged as a promising emissive material for LEDs.
CdSe and InP are among the primary quantum dot nanostructures employed in both industry
and academia. Colloidal quantum dots offer several advantages, including narrow spectral
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line widths (FWHM of approximately 20-30 nm), high luminescence quantum yield, ex-
cellent photostability, functional versatility, and cost-effectiveness. Their narrow spectral
characteristics, aligned with the Rec.2020 color gamut criteria, enable the creation of rich
and precise color schemes in high-resolution displays.

Quantum dots-based light-emitting diodes are regarded as the next generation of screen dis-
plays following organic light-emitting diodes, owing to their high color purity, brightness,
and energy efficiency. In these devices, a layer of quantum dots is placed in front of a con-
ventional LED backlight screen. Each tiny quantum dot emits a different color based on its
size, typically ranging from two to ten nanometers.

The architecture of a quantum dot-based light-emitting diode device typically involves In-
dium Tin Oxide (ITO) on a glass or polymeric substrate, followed by a hole transporting
layer (HTL), quantum dot deposition, and the subsequent addition of electrodes and an elec-
tron transporting layer (ETL). Materials like Ag, Au, and Al are commonly used to create
electrodes via thermal evaporation [171, 172, 173, 174]. The emitted colors are primarily
determined by the size of the quantum dots, which dictates the wavelength of the generated
light.

Samsung asserts that quantum dots can generate more than a billion distinct colors (Fig-
ure 4.2), surpassing organic light-emitting diodes in terms of color variety and brightness
levels. Quantum light-emitting diodes excel in maintaining color accuracy, even in areas
of maximum luminance where organic light-emitting diodes may struggle, offering superior
performance in these scenarios.

Quantum dots

Blue LED

FIGURE 4.2: Quantum Dots Display.

4.4 Photovoltaics

Quantum dot solar cells operate similarly to traditional solar cells (Figure 4.3). The primary
distinction is the use of quantum dots as the active photovoltaic material, replacing common
materials because of their adjustable bandgaps based on size, paving the way for multijunc-
tion solar cells.

In standard solar cells, light is absorbed by a semiconductor, producing an electron-hole
pair, commonly called an exciton. This pair is separated using an electrochemical potential
found in p-n junctions or Schottky diodes. This separation leads to an electric current, driven
by the movement of electrons and holes. To create a p-n junction, one side of a semiconductor
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interface is doped with electron donors and the other with electron acceptors, leading to
an internal electrochemical potential. For an electron-hole pair to be generated, a photon’s
energy must exceed the material’s bandgap. Photons with energies below this threshold can’t
be absorbed, while those with higher energies, especially from the broad solar spectrum, often
lose energy as heat, thereby reducing efficiency. This energy loss affects both current, due to
photon absorption limitations, and voltage, due to thermalization. The compromise between
voltage and current in semiconductor cells can be mitigated by using multiple junctions.

Quantum dots offer a unique ability to modify their bandgap, making them particularly
suited for solar cell applications. In 1989, Burnham and Duggan first suggested using quan-
tum dots to enhance solar cell efficiency [175]. According to the Shockley-Queisser limit,
optimal solar conversion occurs in materials with a bandgap of 1.34 eV, considering the sun’s
photon distribution. However, materials with smaller bandgaps are better for converting low-
energy photons to electricity, and vice versa. Lead sulfide (PbS) colloidal quantum dots can
be tailored to bandgaps typically hard to achieve with traditional solar cells. Importantly, they
can harness the abundant near-infrared solar energy that reaches Earth [176]. PbS quantum
dots are especially intriguing for solar photovoltaics due to their wide Bohr exciton radius,
which enables bandgap adjustments across the solar spectrum. This flexibility supports the
development of multijunction solar cells using a single semiconductor material. In essence,
PbS-based quantum dots can span a range of bandgaps. Commonly, a P-type PbS quan-
tum dot film is sequentially layered onto ETL/ITO/glass substrate layers using spin coating
[177, 178, 179]. Subsequent steps involve depositing the HTL and either Ag or Au top elec-
trode through thermal or electron beam evaporation methods.

FIGURE 4.3: quantum dots solar cell.

4.5 Contribution 5: Quantum dots for quantum heat engines

Heat engines are considered a valuable resource for modern society. The development of
these systems leads to the production of heat engines with high efficiency despite their small
size, called quantum heat engines. Among these, the quantum Otto cycle which is considered
a fundamental thermodynamic cycle in classical heat engines, has also found applications in
the realm of quantum heat engines. In this paper, we consider three InAs quantum dots as a
working substance, which allows the engine to operate at very small scales, in the presence of
an electric field, and the Forster mechanism, which describes the transfer of energy between
quantum dots and affects thus the engine’s behavior. In this regard, we study the behavior
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of the work performed by the engine and the entanglement in the system as the Forster pa-
rameter is varied. We find that the work performed by the engine is affected by the Forster
interaction and the electric field and that the entanglement in the system also changed as the
Forster parameter was changed. Finally, we study the influence of entanglement on the work
performed by the engine. We find and discuss the intricate relation between the entanglement
and the performance of the engine.

In the last decade, an increasing number of studies have focused on the realization and de-
velopment of technologies at micro, nano, and atomic scales, using the quantum phenomena
with applications in several areas, especially quantum information processing and quantum
thermodynamics [180], and quantum technologies. Among these applications, heat engines
are considered a valuable resource for modern society. The development of these engines
leads to the production realization of heat engines with high efficiency despite their small
size, called quantum heat engines [181, 182, 183, 184, 185, 186, 187, 188, 189, 190]. In a
quantum heat engine, one can produce work from the heat flow of the system between the
hot and the cold thermal bath. Quantum mechanics can describe the operating mechanism
of the engine and quantum thermodynamics laws using the quantum version of Carnot, Otto,
Stirling, and Diesel Cycles [191, 192, 193, 194]. The choice of the thermodynamic cycle and
the working substance is very important to increase the efficiency and the work performed
by the engine.

In this paper, we propose three InAs quantum dots in the presence of an external electric field
as a working substance of a quantum heat engine. The motivation for this choice is the pos-
sibility of realizing it experimentally, and also its high electron mobility [195, 196], which
means that electrons can move quickly and efficiently through the material. This is an im-
portant feature in nano-scale devices as it allows for fast and accurate controlling. InAs also
have a direct band gap [197], which means that they can efficiently absorb and emit light. In
addition InAs double quantum dots exhibit a strong Coulomb blockade effect[198], in which
the flow of electrons through the quantum dots is strongly suppressed at low temperatures.
This can be used to control the flow of electrons to perform quantum operations. Also, the
energy levels of InAs can be precisely controlled using electrical gates, allowing for precise
manipulation of the quantum system. Since InAs can be easily integrated with other materi-
als, such as GaAs and Si, which are commonly used in electronics, this makes it possible to
incorporate InAs quantum dots into a variety of devices.

In this work, we assume that the engine operates following a quantum Otto cycle [199, 200,
201], this latter is a thermodynamic process that converts heat into useful work, just like a
classical Otto cycle used in the internal combustion engine. However, the quantum nature of
the system allows for the possibility of more efficient and powerful engines. Our objective is
to examine the work performed by the heat engine by changing the external electric field in
the adiabatic stages, and to study the engine’s behavior against the Forster mechanism effects
[162]. We also investigate the effect of the temperature of the baths on the efficiency of the
quantum heat engine.

4.5.1 MODEL AND THE QUANTUM OTTO ENGINE
Working substance and thermalization

We propose a quantum system composed of three coupled semiconductors InAs quantum
dots with a small space between them [30, 202], as a working substance for the quantum
Otto engine (see Figure 4.5). We use the excitonic electric dipole moments as a qubit in each
quantum dot, under an external electric field E, and rely on the Forster mechanism between
the excitons to explain the energy transfer between the qubits [162].
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FIGURE 4.4: Schematic of the three quantum dots.

The Hamiltonian of the system, when an electric field Eis applied, is given by,
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In equation (4.1), w; is the exciton frequency in each quantum dot ¢, {2; is the excitonic
dipoles moments frequency which depends on the external electric field (£), A denote the
Forster interaction [203] i.e. resonant energy transfer between the excitons, and h.J, is the
static exciton-exciton dipolar interaction energy. When we introduce into our system thermal
fluctuations, the state of the system under thermal equilibrium is given by the reduced density
matrix,

4.1)

1

4
P(T) = Zme ™ = Z; Po(T) ) (¥, (4.2)

Where P,(T) = e #Fn /Z(T) are the occupation probabilities of the eigenstates |¥,,), and
Z(T) = Y., e PEn is the partition function, with 8 = Kp being the Boltzman
constant.
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Quantum Otto cycle

In the following section, we describe the quantum Otto engine cycle, operating in four steps.
Step 1: Quantum isochoric process [204]

The working substance with {2 = Q7 is in the initial state p; and is put in contact with a
hot bath at temperature 7' = T’ until it reaches thermal equilibrium. During this step, the
system absorbs an amount of heat from the hot bath (Q 7 > 0). At the end of the process,
only the occupation probabilities change to P,,(T) while the energy level remains invariant.
Step 2: Quantum adiabatic process [204, 205]

The working substance is isolated from the hot bath and the frequency related to the excitonic
dipole moment changes from Q to Q¢, (with Qg > Q¢), to satisfy the quantum adiabatic
theorem[206, 207]. During this step, the system releases an amount of work, without chang-
ing the heat.

Step 3: Quantum isochoric process

The working substance with {2 = ()¢ now is in contact with a cold bath at temperature
T = T¢, and after the thermalization of the system, a quantity of heat is released to the cold
bath without a change of work, the occupation probabilities change to P, (1¢).

Step 4: Quantum adiabatic process

The working substance is isolated from the cold bath, and the frequency related to the exci-
tonic dipole moment changes from {2¢ to 2z7. During this step, an amount of work is done,
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but no heat is exchanged. At the end of this step, the working substance returns to the initial
condition and is ready for another cycle.

L
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P1 Adiabatic increase of Q P4 Thermalization cold bath

FIGURE 4.5: Schematic diagram of the quantum Otto cycle.

At each step of the described Otto cycle, the state and the energy of the system are given
by,

e—P1H:
p2 = Z Eos =TrpaHy, 4.3)
e~ PaH2
P4 = Zy Ey =TrpyHs, 4.5)
p1 = UpsU, E1 = Trpi Hy, (4.6)

where H; = H(S), Z; = Tre %H: § = 1,2, U and U are unitary operators associated
with the second and the fourth steps respectively.

4.5.2 Theory

The Work performed

In order to describe the work performed and the heat transfer at the quantum level we use the
quantum version of the first law of thermodynamics[204, 205],

dU = dQ + dW = (EndPy, + Py dEy). (4.7)

In this formula, the heat transfer is related to the change of occupation probabilities, with
dQ = ), E,dP,, and the work done is related to the change in energy levels dW =
> PndE,.

For the engine described in section 2, the heat absorbed during the first step @ 7, the heat
liberated during the third step ¢, and ‘W’ the net work performed by the engine are defined
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by the following expressions:

Qu =Y EY[Pu(Tu) — Pu(Ty)], (4.8)
Qc =Y EP.(TL) — Pu(Tw)], (4.9)
W =Qu+Qc =Y B} = Ef][Pu(Tr) — Pu(Tp)). (4.10)

n

The energy levels (Ef and Eﬁ) are obtained by replacing 2 by Qz and Q¢ during the first
and the third steps respectively. We note that the engine can operate in four modes depending
on the signs of W, Q g, and Q[208]:

[E]l: Qu > 0, Qc < 0, and W > 0, in which the machine operates as a quantum heat
engine.

[R]: Qg < 0,Q¢c > 0,and W < 0, in which the machine operates as a refrigerator.

[A]: Qi > 0, Qc < 0, and W < 0, in which the machine operates as a thermal accelerator.
[H]: Qn <0,Qc < 0,and W < 0, in which the machine operates as a heater.

Quantum entanglement

Quantum entanglement was introduced as the most striking phenomenon in quantum physics
with no counterpart in classical physics[90]. It is considered a precious resource in several
areas of quantum information, quantum computation, quantum communication[23], and their
effects in quantum heat engines were established [209, 210, 211, 212, 213, 214]. It is hard
to find an exact expression of this quantity for each quantum system, because the type and
the classes of entanglement change with changing the dimension of the quantum systems,
and the exact expression is available for a few quantum systems. In this regard, many studies
focused on the development of general measures of entanglement.

Concurrence

For a general two-qubits system, concurrence [215] is a frequently used measure of entan-
glement. It is defined by,

C(p) = Max[0,v1 — vy — v3 — vy, 4.11)

where v;’s are the square roots of the positive eigenvalues of the matrix p.p in decreasing
order, with p being a spin flipped of p, i.e. p = (oy ® 0y)p*(0y ® 0y), 0y and p* being the
Pauli matrix and the complex conjugate of p respectively.

Lower bound

For an arbitrary mixed state of three qubits, the lower bound of concurrence [216] is defined
as

1 6

=3 > [(C2) +(Ca%%)? + (G312, (4.12)

with,
€ = maz{0, ()%, — A(2)8 — A(3)Z, — A2}, (4.13)

«
in which A(i)5, are the square roots of the four nonzero eigenvalues, in decreasing order, of
the non-Hermitian matrix \/ppq, with po = (Lo ® 0y)p*(La ® 0y), and L, being the gen-
erators of SO(4).
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73 also characterizes genuine tripartite entanglement that cannot be described by C/(p)
mentioned in 4.11, such that, if 73 = 0, it indicates the absence of any entanglement which
means that the state is fully separable. Thus, the lower bound 73 = 0 can serve as a criterion
for detecting and recognizing multipartite entanglement.

4.5.3 Results and discussion

In this section, we investigate the behavior of the quantum Otto heat engine, for our system
where the energy related to the external electric field E changes between h{)c and Ay
(R > hS)o) in the adiabatic processes. Furthermore, we study the effect of the excitons
frequency in each quantum dot hiw and the Forster interaction A on the amount of work
performed by the engine. Moreover, we study the relation between the work performed and
quantum entanglement between the quantum dot’s qubits

Work and heat exchange

The behaviors of the work performed, the heat liberated ()¢, and the heat absorbed Q)7 by
the engine against the Forster interaction energy A depicted in Figure 4.6a. In figure 4.6b
we show the effect of the temperature of the hot bath and the energy related to the external
electric field A2z on the work performed by the engine. We note for this model that the
energy parameters h{2, hw, and h.J, are assumed to be in the order of meV which is coherent
with experimental observations [217, 218].
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FIGURE 4.6: A: The work performed, heat liberated () and heat absorbed

Qu, with hw; = 2meV, J, = 2.5meV, Tc = 1K, Ty = 40K, hQy =

5meV, and Qe = 1meV. B: The work performed for fiw; = 2meV,
J, =2.5meV,Tec = 1K, and hdc = 1lmeV.

Figure 4.6a clearly shows distinct regions of the working substance with respect to the
Forster interaction energy A. In the first region, characterized by smaller values of A, positive
work is absorbed, indicating that the system functions as a heat engine, this engine absorbs
heat from the hot bath (g > 0) and transfers it to the cold bath ()¢ < 0) while producing
useful work. We note that the work is decreased slowly with increasing of the Forster inter-
action A until a critical value of this parameter after which, the engine requires a negative
work (W < 0) to extract heat from the hot reservoir to the cold reservoir, i.e. the machine
works as a heater and the engine cannot produce work. We observe also for a strong Forster
interaction, that the heat absorbed Q7 by the engine becomes again positive, but the work
and the heat liberated from the engine are still negative. This means that the engine works as
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a thermal accelerator where the engine transfers heat from the hot reservoir to the cold one,
without producing work. These results show that we can switch from one regime to the other
by simply increasing a single parameter, the Forster interaction . Figure 4.6b shows that
the temperature of the hot bath 77 doesn’t affect the general behavior (shape) of the work
performed but affects only the amount of this work. This amount increases with increasing
temperature of the hot bath because the heat absorbed from the hot bath increases. Moreover,
the amount of work increases with the excitonic dipoles moments energy h{). This is due
to the larger difference between 2§27 and Z€)c under the quantum adiabatic process, which
makes the engine convert a lot of energy to work. In order to investigate the effect of the fre-
quency of the excitons in each quantum dot on the work performed by the engine, we present
the behaviors of the work performed in figures 4.7a and 4.7b.
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FIGURE 4.7: (A): Variation of Work with \ for equal values of hw;; wi =
Wy = wo = w3 = w;. (B): Variation of Work with X for different values of
hwi.

Figure 4.7a illustrates the behavior of the work done for different values of the exciton
frequency (hw;) as a function of the Foster interaction. In this situation, where the w;’s are
equal, we observe, for lower Foster interaction energies, that the work is positive, indicating
that the machine operates as a heat engine. However, for stronger Foster interactions, the
work becomes negative, rendering the engine incapable of producing any work. Addition-
ally, the critical value of A at which the work turns negative varies with the exciton energy
(hw;). This suggests that the work is more resilient against the Foster energy for higher ex-
citon energy values, and its behavior remains consistent. Moreover, the amount of the work
decreases as hw; increases for smaller values of A. Moving on to Figure 4.7b, we observe
a similar pattern to Figure 4.7a. However, in this case, the w; values differ among the three
quantum dots. Either two values are the same while the third one is different, or all three
values are distinct. Before reaching the critical values of A, the work exhibits similar be-
havior as before. However, as ) increases, the work performed undergoes death and revival,
indicating that the engine fails to produce work at certain critical values of A. After these
critical values, the engine can produce work and can be considered as a heat engine. Now,
the question arises as to why the work done transitions from positive to negative values and
why the work exhibits revival when the system lacks symmetry.
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Work and entanglement

To understand the reason behind the decrease and subsequent revival of the work at a crit-
ical value of \ observed in figures 4.6 and 4.7, we analyze its behavior in comparison to
the behavior of several entanglements shared between the quantum dots of the system with
different values of the exciton frequency in each quantum dot. We can gain insights into
the underlying mechanisms driving this phenomenon by examining the relationship between
these two aspects. The decrease and revival of the work refer to a pattern where the work
initially declines, then undergoes a resurgence at a specific value of A. This behavior can be
attributed to the interplay between A and the system’s entanglement. By comparing the be-
havior of the work with the behavior of entanglement, we can observe a correlation between
their patterns. The decrease in work is often accompanied by an increase in entanglement,
indicating a connection between these phenomena
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FIGURE 4.8: Entanglement and Work versus the Forster interaction A for
different values of the exciton frequencies 7w;.

It is well known that the entanglement between two quantum systems depends on the
strength of the interaction between them. In our case, this interaction can be characterized
by a Forster (or dipole-dipole) interaction A\, which describes the energy transfer between
two quantum dots due to their mutual electric dipole moments. The stronger the Forster in-
teraction is the stronger the entanglement between the two quantum dots will be. Indeed,
the Forster interaction can lead to the exchange of energy and information between the dots,
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which can facilitate the establishment of entanglement. However, it is important to note that
the presence of the Forster interaction alone does not guarantee the presence of entangle-
ment. Other factors, such as the initial state of the quantum systems and the presence of
external noise or decoherence, can also influence the strength of entanglement. Furthermore,
in addition to the influence of the exciton frequency in each quantum dot on the critical value
of )\ observed in Figure 4.7, this frequency plays a significant role in entanglement distri-
bution. The monogamous properties of entanglement dictate that the entanglement between
two quantum dots is mutually exclusive. As one quantum dot becomes more entangled with
another, its entanglement with other quantum dots diminishes. This monogamous nature of
entanglement implies that the frequency of each quantum dot can profoundly impact how
entanglement is distributed among the quantum dots in the system.

Figure 4.8 shows that entanglement is absent for small values of A\ and appears at some
critical value )., which depends on the exciton frequency in each quantum dot; A, becoming
larger for larger values of fiw. For example in Figures 4.8a and 4.8b, we have A\, = 3meV
and A, = 6meV for hw; = 2meV and hw; = 4meV respectively. After A, we observe that
the entanglement increases and reaches its maximum % This indicates that the entanglement
is evenly distributed among the three quantum dots and is achieved by assigning the same fre-
quency value to each of them. However in Figures 4.8c and 4.8d (when hw; = hws # hws),
we observe that only the two quantum dots with identical frequencies exhibit entanglement,
reaching its maximum value 1 when lambda is larger. This means that these two quantum
dots are maximally entangled, while the other pairs remain separated for all values of \. An-
other observation can be drawn is that the critical value of A depends on the frequency of the
entangled pairs, and does not depend on the frequency of the other subsystems.

Note that at the critical value of )\, entanglement appears, and the work performed by the
engine disappears. However, work exhibits revival when the system lacks symmetry, and
entanglement is shared only between two quantum dots. This implies that the revival of work
performed after the decline is due to the third quantum dot.

Moreover, we can observe that the entanglement at the end of the cycle is detrimental to the
work, and the work cannot be obtained if the entanglement is large enough. Our engine can-
not produce work if it becomes entangled at the end of its contact with the cold bath. We can
conclude that the influence of entanglement on the work performed by a quantum heat engine
can be significant, as entanglement can affect the way that energy is distributed within the
system. In a quantum heat engine, entanglement can lead to correlations between the energy
levels of the system, which can, in turn, affect the efficiency of the engine. For example, if the
system is in a highly entangled state, it may be more difficult to extract work from the system,
as the energy levels may be more closely correlated and thus more difficult to manipulate.
However, if the system is in a less entangled state, it may be easier to extract work from the
system, as the energy levels may be less correlated and thus more easily manipulated. Phys-
ically, the increase of the excitonic dipoles moments energy /{2 is due to the increase of the
electric field E, which makes all dipoles parallel, leading to an increase in the repulsive in-
teraction between dipoles, due to the decrease of entanglement between the double quantum
dots at the end of the cycle and the increase of the work performed. Based on the description
provided, we can conclude that the system consumes energy in order to create entanglement
and then recovers a small quantity after the entanglement is established. This phenomenon
can be compared to starting a car, where a relatively significant amount of energy is required
to initiate the engine. In this process, various components of the car’s system, including the
ignition system and fuel pump, are activated. However, certain non-essential functions are
temporarily disabled to conserve and concentrate the available energy specifically for starting
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the engine. This strategic approach ensures that the system can channel its resources effec-
tively and concentrate its energy on the primary objective of entanglement creation; this can
lead to an entanglement cost, approach study, based on these types of heat engines.

4.5.4 Conclusion

This paper delved into the intricate world of quantum heat engines, focusing on the quan-
tum Otto cycle with the working substance consisting of three InAs quantum dots. These
engines can operate at extremely small scales, offering promising prospects for efficient en-
ergy conversion. We have studied their behavior under the influence of external electric field
and Forster interaction parameters, shedding light on the fascinating interplay between these
parameters and the engine’s performance. We find that the work performed by the quantum
heat engine is strongly influenced by the Forster interaction energy (\) and the temperature
of the baths. We have identified distinct regions of operation based on the Forster energy,
ranging from a heat engine that absorbs heat and produces work to a thermal accelerator that
transfers heat without producing work. Temperature variations in the hot bath directly impact
the amount of work extracted, with higher temperatures leading to increased work produc-
tion. Additionally, the energy of excitonic dipoles (h{2) plays a significant role, with larger
differences between h€2 and h{)c yielding more work.

The study also explored the connection between the work performed by the engine and quan-
tum entanglement among the quantum dots. As the Forster interaction increased, work
initially decreased and then revived at critical values of A. This pattern is closely corre-
lated with changes in quantum entanglement. Higher entanglement was associated with
decreased work, emphasizing the significance of entanglement in influencing engine per-
formance. Then, the work highlighted that the presence of the Forster interaction contributes
to entanglement between quantum dots, which can affect the energy distribution and the ef-
ficiency of the engine. The entanglement properties are intricately related to the exciton
frequency in each quantum dot, with certain frequency configurations favoring maximal en-
tanglement. Importantly, the presence of entanglement at the end of the cycle can inhibit
work production, demonstrating the substantial impact of entanglement on quantum heat en-
gine behavior. Finally, The study suggests that the system incurs an energy cost to establish
entanglement. Resources are strategically allocated to initiate the entanglement process, with
non-essential functions temporarily disabled. This approach ensures efficient energy utiliza-
tion, leading to the establishment of entanglement.

In summary, this research unveils the intricate relationship between the Forster interac-
tion, entanglement, and the performance of quantum heat engines. The findings underscore
the potential of quantum heat engines as a viable energy conversion technology, while also
highlighting the importance of managing entanglement in optimizing their efficiency. Further
exploration of these phenomena could pave the way for the development of highly efficient
quantum heat engines, contributing to the ever-evolving landscape of energy technology.
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Conclusion and Perspectives

The field of quantum dots had a rapid evolution, transitioning from the theoretical world to
the practical applications, culminating in the award of the Nobel Prize in chemistry in 2023.
This precious award came as a result not only of scientific progress but also of the crucial
role that quantum dots play in various technologies. These nano-materials present unique
properties, among them, their discrete energy levels and size-tunable optical and electronic
properties, indicating a future where their integration into diverse technologies is not just
predicted but unavoidable. These are labeled as artificial atoms because of their unique prop-
erties and behavior, which closely resemble those of individual atoms, where the carriers’
motion is quantized in all the spatial directions. The ability to manipulate their size allows
for precise self-emission to exhibit precise and diverse colors across a wide range of light in-
tensities, making them ideal for next-generation large-scale displays. This utility of quantum
dots is the key foundation for building new-age technologies in several areas.

In the field of photovoltaics, quantum dot solar cells take advantage of the tunable gap to
improve the efficiency of photovoltaic devices. This is because of their unique light absorp-
tion and conversion capabilities, as well as their adjustable bandgaps across a wide range of
energy levels by changing their size. As we transition to a more visually dominated world,
the application of quantum dots in display technologies leads to the development of QD-
enhanced liquid crystal displays (LCDs), enhancing color purity and energy efficiency. Their
size-dependent emission spectra enable displays to boast a more dynamic color range and
sharper resolution, all while optimizing energy consumption. Lastly, the impact of quantum
dots extends also into the realm of quantum computing, where they are expected to play a
crucial role in developing quantum bits (Qubits). The coherence and control over quantum
states that quantum dots offer promise to overcome some of the most challenging obstacles
in quantum computation, potentially leading to development in processing power and cryp-
tographic security that are currently beyond our reach. The acknowledgment by the Nobel
Committee sheds light on a pivotal turning point in our research and technologies, where
the word of quantum mechanics meets the word of technological innovation. The quantum
dots are expected to serve as a pivot for this transformation, marking the beginning of an era
where quantum phenomena are not only studied but harnessed in different technologies.

Throughout this thesis, we have pushed the boundaries of our knowledge, delving deeper
into the quantum correlations in two double quantum dots AlGaAs/GaAs. Our aim was to
understand the behaviors of these correlations against the influence of temperature and elec-
tromagnetic fields. We have investigated the impact of the energy offset of each double quan-
tum dot and the tunneling coupling energy on these correlations. Our results indicate that the
variations in entanglement of formation, standard discord, and global quantum discord are
significantly influenced by the energy offset and tunneling coupling energy. Our findings
offer valuable insights into the interaction between quantum correlations and environmental
parameters, with significant implications for the advancement of quantum technologies.
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In our investigation into the robustness of quantum correlations, particularly quantum en-
tanglement, and quantum discord, against environmental noise, in the array of two optically
driven coupled semiconductor quantum dots independently interacting with dephasing reser-
voirs. We find that the quantum correlations exhibit an increase with the rise of Forster inter-
action, diminishing when the electric field is activated. Additionally, we observed that this
increase attains its maximum at extremely low temperatures and dimensionless time periods,
followed by a decrease and decay as these parameters increase. This behavior is attributed to
the influences of thermal relaxation effects and environmental factors. However, our obser-
vations reveal that, even as entanglement disappears for elevated values of temperature and
dimensionless time, quantum discord survives. This robustness shows the capacity of discord
to quantify quantum correlations beyond entanglement. Through our investigation, we have
deduced that, despite the influences of electric field effects and Forster interaction effects, the
non-Markovian behavior of quantum correlations remains intact under these two influences.

Our exploration of the Wigner function’s role in this context has brought new understand-
ing to its application in signaling entanglement within quantum dot systems. The existence
of negative regions in the Wigner distribution serves as a reliable indicator of quantum en-
tanglement and has extensive implications for quantum computation and cryptography. This
function’s sensitivity to the quantum state of a system allows for a deeper insight into the
quantum mechanical phenomena at play within quantum dots, solidifying their position as a
critical element in the quantum computing toolkit.

Moreover, we have investigated the field of quantum thermodynamics, showcasing how
quantum dots could be utilized in cutting-edge quantum heat engines. The relationship be-
tween entanglement and the work performed by the heat engine provides a fascinating inter-
section between quantum mechanics and thermodynamics, which may revolutionize how we
approach energy conversion at the nanoscale.

In summary, this thesis presents the different behaviors of quantum dots. By extending
our knowledge of how quantum correlations within quantum dots can be harnessed and con-
trolled. this work has opened a window onto the landscape of quantum technology where
quantum dots stand as an instrument of innovation.

As we look ahead, the application of quantum dots spans various fields due to their unique
optical and electronic characteristics. Particularly the application of these nanomaterials in
quantum batteries. The promise of quantum dots in this application lies in their ability to fa-
cilitate ultra-fast charging processes due to their quantum properties, potentially revolution-
izing energy storage technologies. My future research aims to delve into the practicalities of
integrating quantum dots into quantum battery systems, exploring their efficiency and stabil-
ity to pave the way for a new generation of energy solutions.

Another exciting direction is the investigation of quantum correlations in multipartite sys-
tems, which are systems consisting of more than two interacting quantum entities. Quantum
dots provide a unique platform for studying these complex systems due to their highly con-
trollable interaction parameters. By measuring and manipulating the quantum correlations
in such systems, we can uncover new aspects of quantum entanglement and coherence. This
knowledge is not merely academic; it is essential for the realization of sophisticated quantum
networks and advanced computational algorithms.



4.5. Contribution 5: Quantum dots for quantum heat engines 109

Furthermore, the application of quantum dots extends to the development of quantum
heat engines, which may operate under alternative thermodynamic cycles. My goal is to
explore these quantum systems in different thermodynamic cycles beyond the conventional
ones, like Carnot or other types, to identify more efficient ways to convert quantum heat
into work. This could lead to the development of new thermal machines that operate at the
boundaries of quantum and classical physics, potentially transforming our approach to en-
ergy consumption and recovery in microscopic regimes.

Each of these perspectives represents a substantial contribution to the future of quantum
technologies. In aligning my research with these ambitious goals, I want to push the bound-
aries of what is possible with quantum dots. The journey is as thrilling as the destination is
promising, and as we harness the full potential of quantum dots, we stand on the precipice of
a new era in quantum science and technology.
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Résumé

Dans cette these, nous nous concentrons sur 1’étude de la dynamique des corrélations quan-
tiques au sein de deux qubits excitoniques intégrés dans deux boites quantiques semi-conductrices
InAs couplées, interagissant indépendamment avec des réservoirs de déphasage. Nous ex-
plorons leur comportement dans des environnements markoviens et non markoviens en fonc-
tion du temps et de la température. De plus, nous analysons les effets d’un champ électrique
externe sur ces corrélations ainsi que les effets liés a 1’interaction de Forster. Nous étudions
aussi le comportement du discord quantique global et de I'intrication dans deux boites quan-
tiques doubles couplées composées de AlGaAs/GaAs en fonction de la température. Nous
étudions également le comportement du discord quantique global et de I’intrication dans deux
boites quantiques doubles couplés composés de AlGaAs/GaAs en fonction de la température.
Nous utilisons chaque pair de boites quantiques comme un qubit, ot I’électron peut occuper
soit la boite a droite, soit la boite a gauche. L’objectif de notre enquéte est de comprendre
I’'impact du décalage énergétique de chaque qubit et de I’énergie de couplage tunnel sur les
corrélations quantiques. Enfin, I’objectif est d’utiliser les trois boites quantiques InAs comme
substance de travail d’un moteur thermique quantique, permettant au moteur de fonctionner
a des échelles tres réduites, en présence d’un champ électrique, et du mécanisme de Forster,
qui décrit le transfert d’énergie entre les boites quantiques et affecte ainsi le comportement
du moteur. A cet égard, nous étudions le comportement du travail effectué par le moteur et
Iintrication dans le systeme lorsque le parametre de Forster varie.

Mots-clés: Boites quantiques, Intrication quantique, Thermodynamique, machine thermique,
Fonction de Wigner, Discorde.

Abstract

In this thesis, we focus our attention on investigating the dynamics of quantum correlations
within two excitonic qubits embedded in two coupled semiconductor InAs quantum dots
independently interacting with dephasing reservoirs. Their behavior in both Markovian and
non-Markovian environments is explored against dimensionless time and temperature. More-
over, the effects of the external electric field on these correlations as well as the effects re-
lated to the Forster interaction are extensively analyzed. Also, we will study the behavior
of global quantum discord and entanglement in two coupled double quantum dots made of
AlGaAs/GaAs as a function of temperature. We use each double quantum dot as a qubit,
where the electron can occupy either the right or left dot. The goal of our investigation is to
understand the impact of the energy offset of each qubit and the tunneling coupling energy
on quantum correlations. Finally, is to use the three InAs quantum dots as a working sub-
stance of a quantum heat engine, which allows the engine to operate at very small scales, in
the presence of an electric field, and the Forster mechanism, which describes the transfer of
energy between quantum dots and affects thus the engine’s behavior. In this regard, we study
the behavior of the work performed by the engine and the entanglement in the system as the
Forster parameter is varied.
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