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Abstract

This thesis is a contribution to the development of gauge theory

on simple algebras which was founded by J.-P. Tignol and A. R.

Wadsworth. We generalize, in particular, in the first chapter the

work of T. Hanke, D. Neftin and A. R. Wadsworth concerning nec-

essary and sufficient residually conditions on a tame division alge-

bra over a Henselian valued field, to be a crossed product. Also, we

generalize the works of Amitsur-Tignol, of Morandi-Seuthuraman

and a previous result of the author on the necessary and sufficient

conditions for the existence of Kummer subfields in a tame valued

division algebra. In the second chapter, we generalize a work of

Chacron, Dherte, Tignol, Wadsworth and Yanchevskii and a pre-

vious work of the author on the discriminant of orthogonal invo-

lutions. We prove also new results concerning the discriminant of

symplectic involutions. In the third chapter, we generalize a work

of Sladek on the Witt ring of a tame valued division algebra and

we show a cohomological interpretation of Milnor’s K-groups of a

graded field. In the last chapter, we study the torsion subgroup

of the Whitehead group of a strongly tame valued division algebra

and we generalize a result of Motiee on this subgroup.

Key-words: Simple algebras, valuations, graduations, gauges,

involutions, Witt rings.



Résumé

Cette thèse est une contribution au développement de la théorie

des jauges sur les algèbres simples, fondée par J.-P. Tignol et A. R.

Wadsworth. En particulier, on généralise dans le premier chapitre

le travail T. Hanke, D. Neftin et A. R. Wadsworth concernant les

conditions résiduelles nécessaires et suffisantes pour qu’une algèbre

à division modérée centrale sur un corps valué hensélien soit un pro-

duit croisé. On généralise aussi les travaux d’Amitsur-Tignol, de

Morandi-Seuthuraman et un résultat précédent de l’auteur sur les

conditions nécessaires et suffisantes pour l’existence de sous corps

de Kummer dans une algèbre à division valuée modérée. Dans

le second chapitre, on généralise le travail de Chacron, Dherte,

Tignol, Wadsworth et Yanchevskii et aussi un travail précédent

de l’auteur sur le discriminant des involutions orthogonales. On

montre aussi des résultats nouveaux qui concernent le discriminant

des involutions symplectiques. Ces résultats sont des conséquences

d’une étude dtaillée qu’on développe sur les discriminants des invo-

lutions graduées de première espèce. Dans le troisième chapitre, on

généralise le travail de Sladek sur l’anneau de Witt dune algèbre

à division valuée modérée et on montre une interprétation coho-

mologique des K-groupes de Milnor d’un corps gradué. Dans le

dernier chapitre, on étudie le sous groupe de torsion du groupe de

Whitehead d’une algèbre à division valuée fortement modérée et

on généralise un travail de Motiee sur ce sous groupe.

Mots-clefs : Algèbres simples, valuations, graduations, jauges,

involutions, anneaux de Witt.



Notation

Claims inside the same chapter will be written without referring

to the chapter’s number, e.g., Theorem 1.2.12 will be written sim-

ply Theorem 2.12. Only, when referring to this Theorem outside

the first chapter, we write it Theorem 1.2.12.
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Introduction

Simple algebras are objects in algebra most close to fields. In-

deed, by a famous theorem due to Wedderburn, they are matrix

algebras with entries in skew fields. They appear in noncommu-

tative ring theory as a well founded field of interest with many

applications, especially in coding theory and in modern theoreti-

cal physics. Many problems concerning these simple algebras were

solved by using valued division algebras. The first applications

of valuation theory in this area, which served to settle important

conjectures like the existence of division algebras with nontrivial

SK1 and the existence of noncrossed products, were obtained over

some special valued base fields. Then, a more suitable approach to

understand these ’noncommutative’ valuations, consisted in work-

ing over Henselian valued fields, and in gathering information from

valuation rings and value groups. Subsequently, division algebras

over Henselian valued fields, were classified according to the nature

of their residue algebras and ramification groups.

A class of great importance of such valued division algebras

consists in tame division algebras which, as illustrated by Jacob

and Wadsworth in [JW90], appeared in many classical works on

simple algebras (see [JW90] where explicit examples are given

i
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from [AS78], [S(a)78], [ART79], [R82], [T86], [T(b)87], and

[TW87]).

It is known that a graded division algebra can be constructed

in a canonical way from any valued division algebra. Boulagouaz

showed in [B95] that, over a Henselian valued field, this associ-

ated graded division algebra can be used to give a criterion for the

tameness of the initial division algebras. This criterion gave then

a powerful tool to connect the tame part of the Brauer group of

a Henselian valued field to the Brauer group of the corresponding

graded field (see [HW(b)99] or [TW15]). Moreover, the use of

graded division algebras simplified significantly many proofs previ-

ously using valuations.

This connection between the valued and graded settings allowed

us in a previous work to simplify the conditions needed for a tame

division algebra over a Henselian valued field to be nicely semiram-

ified (see [M05]). We used it also in [M07], after defining what we

called nondegenerate semiramified valued and graded division alge-

bras, to give examples of indecomposable division algebras and di-

vision algebras with special Galois subfields (see [M07, chapter 2],

[M08] and [MW11]). It enabled us also to give a criterion which

characterizes the existence of Kummer subfields in tame division

algebras over Henselian fields (see [M07, chapter 3] or [M10]).

The above relationship between tame valued division algebras

and graded division algebras, was also used by Hazrat, Wadsworth

and Yanchevskii in the study of the SK1 and the unitary SK1
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of graded and valued division algebras (see [W10], [HaW(a)11],

[HaW(b)11] and [WY12]).

Many attempts, with limited contributions, were previously

made by several authors in order to build a new and flexible concept

on simple algebras compatible with valuations on division algebras

(see e.g., [Du82], [Du84], [Mor89] and [W89]). Recently, Tig-

nol and Wadsworth, inspired by the ’normes carrées’ of Bruhat and

Tits [BT84], defined what they called ’gauges’ on central simple al-

gebras over valued fields. This kind of ’extended valuations’ allowed

in particular to establish correspondences between graded simple

algebras and simple algebras with tame gauges, which generalized

the above relation between valued and graded division algebras (see

[TW10] and [TW15]). These new correspondences served then

to bridge the gap previously existing when passing from valued

division algebras to Brauer equivalent simple algebras. In particu-

lar, they served in [TW11] and [Ku11] to study anisotropic and

strongly anisotropic involutions on simple algebras. Also, they were

used by the author in [M11] to study the discriminant invariant of

orthogonal involutions on some simple algebras.

The present work is a continuation of this effort. We are mainly

interested throughout this thesis by giving new applications of

graded simple algebras in proving new facts on simple algebras

with tame gauges and in computing the discriminant invariants of

both orthogonal and symplectic involutions. All necessary defini-

tions and notation to understand this work can be found in the

preliminaries after this introduction.
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In the first chapter we generalize the work of Hanke et al, in

[HNW16]. Recall that the authors showed in [HNW16, Theorem

1.1] that if D is a tame finite-dimensional division algebra over a

Henselian valued field E, then D is a crossed product if and only

if the residue division algebra D has a maximal subfield which is

Galois over E. The first aim of this chapter is to prove that we

have a more general result for any arbitrary central simple algebra

over a Henselian valued field. In order to prove this result, we give

in section 1 of this chapter many facts concerning graded simple

algebras with simple 0-component. Especially, by using some new

and refined arguments, we generalize [HNW16, Theorem 3.1] and

show how many results in [HNW16, §2 and §3] can give more

general versions. In section 2, we give many facts concerning the

possibility of embedding a graded simple algebra in a graded matrix

algebra and in section 3, we show that if E is a Henselian valued

field with valuation v, D is a tame central division algebra over

E, B = Mn(D), where n is a positive integer and if there exists a

defectless strictly maximal subfield K of B, then for any residually

simple tame E-gauge β on B, denoting by w the unique extension of

v to K, the corresponding (canonical) graded field GwK is graded

isomorphic to a graded subfield of GβB if and only if ΓK ⊆ ΓD,

where ΓK [resp., ΓD] is the value group of K [resp., of D]. We

use then a special residually simple tame gauge to deduce from the

above facts our main result showing that the matrix algebra Mn(D)

has a strictly maximal subfield which is Galois [resp., abelian] over

E if and only if Mn(D) has a strictly maximal subfield K which
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is Galois [resp., abelian] and tame over E with ΓK ⊆ ΓD (see

Theorem 1.3.5).

We end this chapter by giving necessary and sufficient condi-

tions for a simple algebra over a Henselian valued field (under some

hypotheses) to have Kummer subfields (see Corollaries 1.4.8 and

1.4.9). These results generalize previous ones proved in [TA85],

[MS95] and [M10].

The second chapter studies the discriminant invariants of both

orthogonal and symplectic involutions. We start the first section

of this chapter by given some general facts on graded involutions

of the first kind. In particular, we prove that if F is a graded field

of characteristic different from 2, A is a non-inertially split graded

division algebra over F with A0 noncommutative, then there exists

a graded involution of the first kind σ on A such that σ|A0 is also

of the first kind but σ and σ|A0 are of different types (see Remark

2.1.4). This shows that our previous result proved in [M11, Propo-

sition 2.8] for the inertially split case, cannot be extended to the

non-inertially split case. In the second section we prove that if E

is a field with a valuation v, B is a central simple E-algebra with

a tame v-gauge β, GβB is the graded GE-algebra associated to B

by β, b is a nonzero element of B and b′ is its (canonical) image

in (GβB)β(b) (see below in the preliminaries), then b′ is invertible

in GβB if and only if v(NrdB(b)) = deg(B)β(b). Furthermore,

when this occurs, we have (NrdB(b))′ = NrdGβB(b′) (in GE) (see

Theorem 2.2.1).
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The third section of this chapter studies the discriminants of

orthogonal involutions on simple algebras over Henselian valued

fields. This study generalizes previous ones made in [CDTWY95]

and [M11]. In particular, we show that if E is a Henselian valued

field with residue characteristic different from 2, D is a central di-

vision algebra of exponent 2 over E with deg(D) > 2, B = Mn(D),

τ is an orthogonal involution on B, α is a residually simple tame

E-gauge on B, invariant under τ , then the discriminant of τ can

be expressed in terms of residue information.

In the forth section of this chapter, we define the discriminant

of symplectic graded involutions on graded simple algebras. We

prove that if F is a graded field of characteristic different from 2,

D is a graded central division algebra over F with exp(D) = 2

and 8 ≤ |ker(θD)| 12 , then for any graded symplectic involutions σ

and τ on D, the discriminant ∆σ(τ) equals zero (see Proposition

2.4.7). Also, we prove that if F is a graded field of characteristic

different from 2, D is a graded central division algebra over F with

exp(D) = 2 and |ker(θD)| > 4, A = Mn(D), and σ is a graded in-

volution of symplectic type on A, then there is only a finite number

of values for the discriminants ∆σ(τ), where τ describes all graded

involutions of symplectic type on A (see Proposition 2.4.10). Con-

sequently, it follows that if F is a graded field of characteristic

different from 2, A is a graded central simple algebra over F with

A0 simple non-split, exp(A) = 2, |ker(θA)| > 4, and σ is a graded

involution of symplectic type on A, then there is only a finite num-

ber of values for the discriminants ∆σ(τ), where τ describes all
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graded involutions of symplectic type on A. If in addition deg(A)
ind(A)

is even, then for any such involution τ , we have ∆σ(τ) = 0 (see

Corollary 2.4.11). These results are then applied in the last section

of this chapter to deduce information on the discriminants of invo-

lutions of symplectic type on central simple algebras over Henselian

valued fields. In particular, we prove that if E is a Henselian val-

ued field with residue characteristic different from 2, D is a central

division algebra of exponent 2 over E such that 8 ≤ |ker(θD)| 12 ,

and σ, τ are symplectic involutions on D, then ∆σ(τ) = 0 (see

Corollary 2.5.3). We prove also that if E is a Henselian valued

field with residue characteristic different from 2, D is a central di-

vision algebra of exponent 2 over E with |ker(θD)| > 4, v is the

extension of the valuation of E to D, B = Mn(D), where n is

an even positive integer, and β is the E-gauge on B defined by

β((dij)1≤i,j≤r) = min{v(dij) | 1 ≤ i, j ≤ n}, then for any symplectic

involutions σ, τ on B, preserving β, we have ∆σ(τ) = 0 (see Corol-

lary 2.5.5).

We define and study in the third chapter the Witt ring of a

graded simple algebra that we apply to give new facts for the Witt

ring of a tame division algebra over a Henselian valued field. We

also prove some results concerning Milnor’s K-theory for graded

fields.

In the first section of this chapter, we prove in particular that

if GE is the abstract Galois group of a Henselian valued field

E, n is a (positive) prime power of an integer different from the
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residue characteristic of E, and Hn(GE,Z/nZ) is the nth (contin-

uous) cohomology group of GE on Z/nZ, then the graded ring

H∗(GE,Z/nZ) := ⊕n∈NHn(GE,Z/nZ) is graded isomorphic to the

(corresponding) graded ring H∗(GF ,Z/nZ), where F is the graded

field canonically associated to E (see the preliminaries below) and

GF is the Galois group over F of the tame (graded) closure of F

(see Corollary 3.1.4).

In the second section, we define and study the (graded) Witt

ring of an (arbitrary) simple algebra. We deduce from this study

that if E is a Henselian valued field with residue characteristic

different from 2, D is a tame central division algebra over E, W (D)

is the Witt ring of the residue division algebra D of D, J is the

ideal of W (D), generated by the (classes of) the elements 〈1〉−〈r〉,

where r ∈ D
∗ ∩ GD∗2, and Z is a subgroup of D∗/D∗2 mapped

bijectively onto ΓD/2ΓD by the induced map v of the valuation v

of D, then W (D) is isomorphic to a generalized crossed product

(W (D)/J)∗Z. If in addition D
∗∩GD∗2 = D

∗2
, then we get a ring

isomorphism W (D) ∼= W (D) ∗ Z. In particular, if D = E, then

W (E) ∼= W (E)[Z] (see Corollary 3.2.10).

We show in (3.2.11) that this last result generalizes (by means of

different arguments) Sladek’s Theorem [S88, Theorem 3.3] which

he proved for the restrictive case where the division algebra D has

a complete discrete valuation with residue characteristic different

from 2 and where the residue division algebra of D is a field.
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In section 3, for a graded field F , we relate Milnor’s K-groups

over F to the group H∗(GF ,Z/nZ) seen above (see Corollary 3.3.4).

The fourth chapter studies the torsion subgroup of the White-

head group K1(D) of a strongly tame division algebra D over a

Henselian valued field.

For this purpose, given a graded division ring A, we define a

new group MK1(A) that we call the M-Whitehead group of A,

and we prove some properties concerning it. We show in Theorem

4.2.7 that for a strongly tame central division algebra D over a

Henselian valued field E with residue characteristic equal to the

characteristic of E, the torsion subgroup of K1(D), is isomorphic

to the torsion subgroup of the M-Whitehead group of GD, where

GD is the canonical graded division algebra associated to D (see

the preliminaries). This result enables us to give a new proof for

a (more general version) of a Theorem proved by Motie in [Mo13,

Theorem 10] (see Corollary 4.2.8). We give also in this chapter

a new proof for a result characterizing tame field extensions of

Henselian fields, proved by Khanduja in [Kh00].

Many additional results, concerning especially generalized graded

crossed products are given in the Appendix of this thesis.



x INTRODUCTION

Preliminaries

We recall below necessary definitions and results that we will

use in this thesis.

We precise that all rings considered in this work are assumed to

be associative with a unit and that all free modules, except other

mention, are assumed to be finite-dimensional.

Let F be a ring and Γ a totally ordered abelian group. We say

that F is a graded ring of type Γ if there are subgroups Fγ (γ ∈ Γ)

of F such that F = ⊕γ∈ΓFγ and FγFδ ⊆ Fγ+δ, for all γ, δ ∈ Γ. In

this case, the set ΓF = {γ ∈ Γ | Fγ 6= {0}} is called the support of

F .

If F is a graded ring of type Γ and x ∈ Fγ for some γ ∈ ΓF ,

then we say that x is a homogeneous element of F . In particular,

if x is a nonzero element of Fγ, we say that x has grade γ and we

write gr(x) = γ. We denote by F h the set of homogeneous elements

of F and by F ∗ the set of invertible homogeneous elements of F .

We say that F is a graded field if F is a commutative graded ring

and all nonzero homogeneous elements of F are invertible.

Let F be a graded field of type Γ and A be a (left) F -module

such that A = ⊕γ∈ΓAγ, where Aγ are subgroups of A, and FλAγ ⊆

Aλ+γ for all λ, γ ∈ Γ, then we say that A is a graded (left) F -

module (or a graded vector space over F ). If in addition A is a

ring and AγAδ ⊆ Aγ+δ for all γ, δ ∈ Γ, then we say that A is

a graded algebra over F . In this case, if I is an ideal of A such

that I = ⊕γ∈Γ(I ∩ Aγ), then we say that I is a graded ideal of

A. Graded algebras over F [resp., commutative graded algebras
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over F ] for which nonzero homogeneous elements are invertible are

called graded division algebras over F [resp., graded field extensions

of F ].

If F is the center of a graded division algebra A, then A is

called a graded central division algebra over F . Note that because

Γ is totally ordered and all nonzero homogeneous elements of A

are invertible, then A is a domain, so we can consider its quotient

algebra (i.e., the algebra of central quotients of A) that we denote

by q(A). It is clear that q(A) coincides with the quotient field of

A when A is a graded field extension of F .

Let F be a graded field, A and B be two graded F -algebras (of

the same type Γ), and f : A→ B be an F -algebra homomorphism.

We say that f is a graded F -algebra homomorphism if for any

γ ∈ Γ, we have f(Aγ) ⊆ Bγ. If f is a bijective graded F -algebra

homomorphism, then we say that f is a graded F -algebra isomor-

phism and we write A ∼=g B. If in addition A = B, we say that f

is a graded F -algebra automorphism of A. If f and g are graded

automorphisms of A, then we denote by fg (or f ◦ g) the graded

automorphism of A defined by a 7→ f(g(a)) for all a ∈ A. We

use the same terminology and notation when considering A and B

only as graded modules over F . In such a case, these graded mod-

ule homomorphisms are called graded homomorphisms of grade 0.

For any λ ∈ Γ, a module homomorphism f : A → B is called a

graded module homomorphism of grade λ if for any γ ∈ Γ, we have

f(Aγ) ⊆ Bγ+λ.
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If F is a graded field and A is a graded central algebra over F

such that A has no graded two-sided ideals but {0} and A, then

we say that A is a graded central simple algebra over F . As in

the ungraded case, there is a ’graded’ Brauer group GBr(F ) of F

with respect to which every graded central simple algebra A over F

is (graded-) Brauer-equivalent to a graded central division algebra

over F , which is unique to a graded algebra isomorphism. For

a graded central simple algebra A over F , we extend the above

notation and we denote by q(A) the central simple q(F )-algebra

A⊗F q(F ).

We emphasize that the types of all our graded objects in this

thesis are assumed to be totally ordered abelian groups.

Let D be a division ring and (as above) Γ be a totally ordered

abelian group. Let ∞ be an element of a set strictly containing Γ

with∞ /∈ Γ; extend the order on Γ to Γ∪{∞} by setting γ <∞ for

all γ ∈ Γ, and let γ +∞ =∞+∞ =∞. A map v : D → Γ∪ {∞}

is called a valuation on D if it satisfies the following conditions (for

all c, d ∈ D) :

(0.1) v(c) =∞ if and only if c = 0;

(0.2) v(cd) = v(c) + v(d);

(0.3) v(c+ d) ≥ min{v(c), v(d)}.

We recall that if F is a graded field and A is a graded division

algebra over F , then to the graded structure of A corresponds a

canonical valuation on q(A), defined by v(a) = gr(a) for any a ∈ A∗

(see [B(a)98, §4], or [HW(b)99, §4, pp. 94-95]). We will usually

denote the restriction of v to q(F ) also by v, and we will denote
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by (q(F )h, vh) a henselization of (q(F ), v) (see [E72, §16]). We set

q(A)h := q(A)⊗q(F ) q(F )h.

Let E be a field and v be a valuation on E. Then, the filtration

of E induced by v yields a canonical graded field GE. Namely, let

Eγ = {x ∈ E | v(x) ≥ γ} and E>γ = {x ∈ E | v(x) > γ}, then

E>γ is a subgroup of the additive group Eγ. So, we can define the

quotient group GEγ = Eγ/E>γ. For x ∈ E\{0}, we denote by

x′ the element x + E>v(x) of GEv(x). One can easily see that the

additive group GE = ⊕γ∈ΓGEγ endowed with the multiplication

law defined by x′y′ = (xy)′ is a graded field.

In the same way, if D is a valued division algebra over a field

E, then the filtration of D by the principal fractional ideals yields a

graded division algebraGD overGE (see [B(a)98, §4], or [HW(b)99,

§4]).

A valued division algebra D with valuation v over a field E is

called defectless (over E) if [D : E] = [D : E](ΓD : ΓE), where

[D : E] [resp., (ΓD : ΓE)] is the residue degree [resp., ramification

index] of D over E. We say that D is totally ramified over E if

[D : E] = (ΓD : ΓE). It is called unramified [resp., inertial] over

E if [D : E] = [D : E] [resp., if D is unramified over E and Z(D)

is separable over E]. If E is the center of D, then D is called

semiramified (over E) if it is defectless over E, D is a field and

[D : E] = (ΓD : ΓE). Finally, if E is the center of D and there is

an inertial field extension of E which splits D, then we say that D

is inertially split.
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LetD be a valued division algebra over a field E and let Aut(Z(D)

/E) be the group of E-automorphisms of Z(D), then the map

θD : ΓD/ΓE → Aut(Z(D)/E), defined by γ + ΓE 7→ θD(γ + ΓE) :

a 7→ dad−1 (d being an arbitrary element of D∗ such that v(d) = γ,

where v is the valuation of D), is a surjective group homomor-

phism (see [JW90, Proposition 1.7]). We call it the canonical

group epimorphism associated to D. If E is a Henselian valued

field, D is defectless over E, Z(D) is separable over E and the

characteristic of E does not divide the cardinality of the kernel of

θD, then we say that D is tame over E. We recall that the set

TBr(E) = {[D] ∈ Br(E) | D is a tame central division algebra over

E} is a subgroup of the Brauer group Br(E) of E; we call it the

tame part of Br(E).

Let F be a graded field, D be a graded central division algebra

over F and consider on q(F ) [resp., on q(D)] its canonical valua-

tion (corresponding to the graded structure of F [resp., of D]), then

we can identify F with Gq(F ) [resp., with G(q(F )h)] and D with

Gq(D) [resp., with G(q(D)h)] via the map defined by x 7→ x′, for

any homogeneous element x. Hence, by [B95, Corollary 4.4] q(D)h

is tame over q(F )h. As for the (tame) valuative case, for any graded

central division algebra D over F , Z(D0)/F0 is an abelian field ex-

tension and the map θD : ΓD/ΓF → Aut(Z(D0)/F0), defined by

gr(d) + ΓF 7→ σ : a 7→ dad−1, for any d ∈ D∗ and a ∈ Z(D0),

is a surjective group homomorphism (see [B95, Proposition 2.4]

and note that for any x ∈ F ∗, d ∈ D∗ and a ∈ Z(D0), we have
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(dx)a(dx)−1 = dad−1; or see [HW(b)99, (2.2), p.86 and Propo-

sition 2.3, p.88]). In the same way as above, we say that D is

totally ramified over F if [D : F ] = (ΓD : ΓF ). We say that D

is inertial over F if [D : F ] = [D0 : F0] and Z(D0) is separable

over F0, and we say that D is inertially split if there is an inertial

graded field extension of F which splits D. We say that D is semi-

ramified if D0 is a field and [D0 : F0] = (ΓD : ΓF )(= deg(D)). If

A is a graded central simple algebra over the graded field F and

Γ∗A is the group gr(A∗), then there is a group homomorphism θA :

Γ∗A/ΓF → Aut(Z(A0)/F0), defined by θA(γ+ ΓF ) = Int(a)|Z(A0) for

any element a ∈ A∗ with gr(a) = γ (see [TW15, p, 67]).

Now, let (D, v) be a valued division ring and let M be a (right)

D-vector space. A function w : M → Γ ∪ {∞} is called a D-

value function (or a v-value function) if it satisfies the following

conditions (for all m,n ∈M and d ∈ D) :

(0.4) w(m) =∞ if and only if m = 0;

(0.5) w(md) = w(m) + v(d);

(0.6) w(m+ n) ≥ min{w(m), w(n)}.

In a similar way as in the construction of GD above, if w is

a D-value function, then we associate to M a graded GD-module

that we denote by GwM (or just GM). In this case a base (mi)
n
i=1

of M over D is called a splitting base if for any elements d1,..., dn

of D, we have w(
∑n

i=1midi) = min{w(mi) + v(di) | 1 ≤ i ≤ n}. If

such a base exists, we say that w is a D-norm (or a v-norm). We

recall that w is a D-norm if and only if [GM : GD] = [M : D];

furthermore, if this occurs, then (m′i)
n
i=1 is a base of GM over GD,
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where m′i = mi+GMw(mi) (see [RTW07, Corollary 2.3] or [TW10,

Proposition 1.1]). If M and N are two (right) D-vector spaces, α

is a D-norm on M , β is a D-norm on N , and f : M → N is a

homomorphism of D-vector spaces such that β(f(m)) = α(m) for

all m ∈M , then there is a graded homomorphism (of grade 0):

(0.7) f ′ : GM → GN such that f ′(m′) = f(m)′ for all m ∈ M

(see [RTW07, (2.10), p.112]).

Let (E, v) be a valued field and let A be an E-algebra. A

function α : A → Γ ∪ {∞}, is called a surmultiplicative E-value

function if it satisfies the following conditions (for all a, b ∈ A and

e ∈ E) :

(0.8) α(a) =∞ if and only if a = 0;

(0.9) α(1) = 0;

(0.10) α(ea) = v(e) + α(a);

(0.11) α(a+ b) ≥ min{α(a), α(b)};

(0.12) α(ab) ≥ α(a) + α(b).

We recall that if α is an E-norm on A with a splitting base

(ai)i∈I , then condition (0.12) is equivalent to the fact that α(aiaj) ≥

α(ai) + α(aj), for all i, j ∈ I [TW10, Lemma 1.2].

If α is a surmultiplicative E-value function, then the graded

GE-module GA is a graded GE-algebra for the multiplication law

defined (for all nonzero elements a, b of A) by :

(0.13) a′b′ = (ab)′ if α(ab) = α(a) +α(b) and a′b′ = 0 otherwise

(see [TW10, (1.5), p.691]).
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If α is a surmultiplicative E-value function on A, then α is called

an E-gauge if it is an E-norm and GA is a graded semisimple GE-

algebra. If in addition Z(GA) = G(Z(A)) and Z(GA) is separable

over GE, then we say that α is a tame E-gauge.

Let E be a field with a valuation v, A be an E-algebra, α a

surmultiplicative E-value function that is also an E-norm on A

and f an E-algebra automorphism of A such that for any a ∈ A,

α(f(a)) = α(a), then it follows by (0.7) and (0.13) that f induces

a graded GE-algebra automorphism f ′ : GA → GA, such that

f ′(a′) = f(a)′ for all a ∈ A.

We recall that if E is a field with a valuation v and D is a

division algebra over E with a valuation w extending v, then by

[TW10, Proposition 1.12] w is an E-gauge if and only if D (en-

dowed with w) is defectless over E; furthermore when this holds,

w is a tame v-gauge if and only if Z(D) is separable over E and

char(E) does not divide |ker(θD)|, where θD is the canonical epi-

morphism associated to D. In particular, if (E, v) is a Henselian

valued field, then the unique extension of v to D is a tame E-gauge

if and only if D is a tame division algebra over E.

Let A be a graded central simple algebra over a graded field F

and σ be a graded involution of the first kind on A (i.e., an anti-

automorphism of A satisfying σ(Aγ) = Aγ for all γ ∈ Γ, σ2 = idA

and σ|F = idF ), we recall that σ is called of orthogonal type, or

simply orthogonal [resp., of symplectic type, or simply symplectic]

if q(σ) is so, where q(σ) = σ ⊗ idq(F ) (defined on q(A)). As in the
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ungraded case, we have the following graded spaces:

Sym(A, σ) = {a ∈ A | σ(a) = a}

Skew(A, σ) = {a ∈ A | σ(a) = −a}

Symd(A, σ) = {a+ σ(a) | a ∈ A}

Alt(A, σ) = {a− σ(a) | a ∈ A}.

One can easily see that Sym(q(A), q(σ)) = Sym(A, σ)⊗F q(F )

and Skew(q(A), q(σ)) = Skew(A, σ) ⊗F q(F ). Indeed it is clear

that Sym(A, σ) ⊗F q(F ) ⊆ Sym(q(A), q(σ)). Conversely, let a ∈

Sym(q(A), q(σ)) and write a = b⊗s−1, where b ∈ A and s ∈ F\{0},

then 0 = σ(a)−a = (σ(b)− b)⊗ s−1, so (σ(b)− b)⊗1 = 0. Since A

is simple, then the map A→ q(A) defined by x 7→ x⊗1 is injective,

hence σ(b) = b. It follows that a ∈ Sym(A, σ)⊗F q(F ). In the same

way we show that Skew(q(A), q(σ)) = Skew(A, σ)⊗F q(F ).

If char(F ) 6= 2, then obviously Sym(A, σ) = Symd(A, σ) and

Skew(A, σ) = Alt(A, σ). Moreover, since Sym(q(A), q(σ)) = Sym(A,

σ) ⊗F q(F ) and Skew(q(A), q(σ)) = Skew(A, σ) ⊗F q(F ), then by

[KMRT98, Proposition 2.6, pp.16-17] -applied to q(σ)- σ is of

orthogonal type if [Sym(A, σ) : F ] = 1
2
n(n + 1) (or equivalently

[Skew(A, σ) : F ] = 1
2
n(n− 1)), where n = deg(A)(= deg(q(A))).

One can easily see that Alt(q(A), q(σ)) = Alt(A, σ) ⊗F q(F ).

We claim that Alt(q(A), q(σ)) ∩ A = Alt(A, σ). Indeed, it is clear

that Alt(A, σ) ⊆ Alt(q(A), q(σ))∩A. Conversely, let a ∈ Alt(q(A),

q(σ)) ∩ A, then there is some x ∈ q(A) such that a = x− q(σ)(x).

Write x = s ⊗ t−1 for some s ∈ A and t ∈ F\{0}, then ta = s −
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σ(s) =
∑

γ(sγ−σ(sγ)), where sγ are the homogeneous components

of s. Consider the homogeneous components of maximal grade tm

and am of t and a, respectively, then tmam = sγ − σ(sγ) for some

γ, hence am = (tm)−1sγ − σ((tm)−1sγ) ∈ Alt(A, σ). Thus, we have

a − am ∈ Alt(q(A), q(σ)) ∩ A, so by repeating this procedure, we

conclude that a ∈ Alt(A, σ).

Now, we will prove the graded version of [KMRT98, Proposi-

tion 2.7, p.17]. This will be used in the second chapter.

Proposition 0.14. Let A be a graded central simple algebra

over a graded field F and let σ be a graded involution of the first

kind on A. Then we have the following statements:

(1) For each invertible homogeneous element u of A such that

σ(u) = ±u, the map Int(u) ◦ σ (defined by Int(u) ◦ σ(a) =

uσ(a)u−1, for every a ∈ A) is a graded involution of the

first kind on A.

(2) Conversely, for every graded involution τ of the first kind

on A, there exists some invertible homogeneous element u

of A, uniquely determined up to a factor in F ∗, such that

τ = Int(u) ◦ σ and σ(u) = ±u.

We then have:

Sym(A, τ) =
{ u.Sym(A, σ) = Sym(A, σ).u−1 if σ(u) = u

u.Skew(A, σ) = Skew(A, σ).u−1 if σ(u) = −u

and

Skew(A, τ) =
{ u.Skew(A, σ) = Skew(A, σ).u−1 if σ(u) = u

u.Sym(A, σ) = Sym(A, σ).u−1 if σ(u) = −u
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If σ(u) = u, then Alt(A, τ) = u.Alt(A, σ) = Alt(A, σ).u−1.

(3) Suppose that τ = Int(u) ◦ σ, where u is a homogeneous

invertible element of A such that σ(u) = ±u. If char(F ) 6=

2, then σ and τ are of the same type if and only if σ(u) = u.

If char(F ) = 2, the involution τ is symplectic if and only

if u ∈ Alt(A, σ).

Proof. (1) It is clear that for any γ ∈ ΓA, we have Int(u) ◦

σ(Aγ) ⊆ Aγ. The rest follows easily as in the ungraded case. This

can also be shown by noticing that Int(u) ◦ σ is the restriction

of Int(u) ◦ q(σ) which is an involution on q(A) by [KMRT98,

Proposition 2.7(1), p.17].

(2) Since τ ◦ σ is a graded F -automorphism of A, then by the

graded version of Skolem-Noether theorem (see [TW15, Theo-

rem 2.37]), there exists an invertible homogeneous element u of

A such that τ ◦ σ = Int(u), hence τ = Int(u) ◦ σ. We have

τ 2 = Int(uσ(u)−1), hence σ(u) = λu, for some λ ∈ F ∗. If we apply

σ again to both sides of this equality, we get u = λ2u, hence λ = ±1.

We have q(τ) = Int(u)◦q(σ), hence by [KMRT98, Proposition 2.7,

p.17] Sym(q(A), q(τ)) = u.Sym(q(A), q(σ)) = Sym(q(A), q(σ)). u−1

[resp., Sym(q(A), q(τ)) = u.Skew(q(A), q(σ)) = Skew(q(A), q(σ)).

u−1] if σ(u) = u [resp., if σ(u) = −u]. Also, Skew(q(A), q(τ)) =

u.Skew(q(A), q(σ)) = Skew(q(A), q(σ)).u−1 [resp., Skew(q(A), q(τ))

= u.Sym(q(A), q(σ)) = Sym(q(A), q(σ)).u−1] if σ(u) = u [resp.,

if σ(u) = −u]. Moreover, Alt(q(A), q(τ)) = u.Alt(q(A), q(σ)) =

Alt(q(A), q(σ)).u−1 if σ(u) = u. We can easily see for example that
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u.Sym(A, σ) ⊆ Sym(A, τ) if σ(u) = u, so by comparing dimen-

sions we get u.Sym(A, σ) = Sym(A, τ). Indeed, we have previously

seen that Sym(A, σ)⊗F q(F ) = Sym(q(A), q(σ)) and Sym(A, τ)⊗F
q(F ) = Sym(q(A), q(τ)), so [Sym(A, τ) : F ] = [Sym(q(A), q(τ)) :

q(F )] = [u.Sym(q(A), q(σ)) : q(F )] = [Sym(q(A), q(σ)) : q(F )] =

[Sym(A, σ) : F ] = [u.Sym(A, σ) : F ]. Hence, u.Sym(A, σ) =

Sym(A, τ). The other equalities follow in the same way.

(3) We recall that by definition σ [resp., τ ] is orthogonal if q(σ)

[resp., q(τ)] is so; moreover we have Alt(A, σ) ⊆ Alt(q(A), q(σ)),

and we have previously seen that Alt(q(A), q(σ)) ∩ A = Alt(A, σ),

therefore the statements here follow by [KMRT98, Proposition

2.7, p.17].

�

Let A be a graded central simple algebra over a graded field F

and suppose that there exists a graded involution σ on A. We will

say that σ is hyperbolic if the involution σ⊗K idq(F ), where K is the

graded subfield of F elementwise invariant under σ, is a hyperbolic

involution on A ⊗K q(F ). Note that if σ is of the first kind on A,

then this amounts to say that q(σ) is a hyperbolic involution on

q(A).

Let M be a field and C a (central simple) algebra over M . We

denote by C∗ the group of invertible elements of C and by Aut(C)

the group of ring automorphisms of C. For any c ∈ C∗, we denote

by Int(c) the ring automorphism of A defined by a 7→ cac−1. Let

H be a finite group that acts by automorphisms on M and let
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ω : H → Aut(C) and f : H × H → C∗ be two maps. For any

σ ∈ H, we denote by ωσ the image of σ under ω and we write ωσωτ

for the composition map defined by ωσωτ (a) = ωσ(ωτ (a)), for any

a ∈ C. We say that (ω, f) is a factor set of H in C if the following

conditions are satisfied :

(0.15) ωσ(a) = σ(a) for all a ∈M and σ ∈ H,

(0.16) ωσωτ = Int(f(σ, τ))ωστ for all σ, τ ∈ H,

(0.17) f(σ, τ)f(στ, µ) = ωσ(f(τ, µ))f(σ, τµ) for all σ, τ, µ ∈ H.

If (ω, f) is a factor set of H in A, then the generalized crossed

product associated to (ω, f) is defined to be the algebra (C,H, (ω, f))

= ⊕σ∈HCxσ, where xσ are independent indeterminates on C sat-

isfying the following multiplicative conditions (for all σ ∈ H and

a ∈ C):

(0.18) xσa = ωσ(a)xσ, and

(0.19) xσxτ = f(σ, τ)xστ .

Let (ω, f) and (β, h) be two factor sets of H in C. We say

that (ω, f) and (β, h) are cohomologous if there is a family (aσ)σ∈H

of elements of C∗ such that for all σ, τ ∈ H, βσ = Int(aσ)ωσ and

h(σ, τ) = aσωσ(aτ )f(σ, τ)a−1
στ . We write in this case (ω, f) ∼ (β, h).

The relation ∼ is an equivalence relation on the set of factor sets

of H in C. We denote the set of equivalence classes by H(H,C∗).

If C = M is a Galois field extension of some field E and H =

Gal(M/E), then H(H,C∗) is the second Galois cohomology group

H2(H,M∗).

Now, let M be a graded field, A be a graded (central simple)

algebra over M , A∗ the group of invertible homogeneous elements
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of A, H a finite group that acts on M by graded automorphisms,

and Aut(A) the group of graded ring automorphisms of A. In the

same way as above, if ω : H → Aut(A) and f : H ×H → A∗ are

two maps that satisfy the conditions (0.15) to (0.17) above, we say

that (ω, f) is a graded factor set of H in A. The corresponding

generalized graded crossed product (A,H, (ω, f)) is defined also in

the same way : (A,H, (ω, f)) = ⊕σ∈HAxσ, where xσ are indepen-

dent indeterminates on A satisfying the multiplicative conditions :

xσa = ωσ(a)xσ and xσxτ = f(σ, τ)xστ for all a ∈ A and σ, τ ∈ H.

We recall that if A0 is simple, then there is a unique graded algebra

structure on (A,H, (ω, f)) which extends the grading of A and for

which xσ are homogeneous elements (see [M11, Lemma 2.4]).





CHAPTER 1

On crossed product algebras over Henselian

fields and Kummer subfields

In [HNW16, Theorem 1.1] the authors considered a tame finite-

dimensional division algebra D over a Henselian valued field E and

showed that D is a crossed product if and only if the residue di-

vision algebra D has a maximal subfield which is Galois over E.

This result generalized a previous one proved by Hanke in [H01]

for the restrictive case of an inertially split division algebra over

a Henselian valued field. A natural question that arises is to see

whether this criterion can be generalized to the more general case

of a tame central simple algebra over E, i.e., a central simple alge-

bra over E, which is split by a tame field extension of E. Such a

central simple algebra is isomorphically equal to a matrix algebra

Mn(D), where D is a tame central division algebra over E and n

is a positive integer. In the present chapter, we answer this ques-

tion and show that Mn(D) has a strictly maximal subfield which

is Galois [resp., abelian] over E if and only if Mn(D) has a strictly

maximal subfield K which is Galois [resp., abelian] and tame over

E with ΓK ⊆ ΓD (see Theorem 3.5). Here a strictly maximal sub-

field of a central simple algebra B (over E) means a subfield M of

B such that [M : E] = deg(B).

1
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In their approach to prove [HNW16, Theorem 1.1], Hanke et

al., proved at first an analogous criterion for graded central di-

vision algebras over graded fields (see [HNW16, Theorem 3.1]),

then they deduced their result for tame division algebras using a

canonical correspondence relating tame division algebras to graded

division algebras. This technique is often used when one aims to

show some property on a tame division algebra, since working in

the graded setting is more easier than in the valuative one (see e.g.,

[M05], [M08], [M10], [MW11], [HaW(a)11], [HaW(b)11], [W10]

and [WY12]).

In our work, it was natural to think to use the recent theory

of gauges on simple algebras which generalizes that of valuations

on division algebras (see [TW10] and [TW15]). Indeed, a tame

gauge β on a tame central simple algebra B over E offers the possi-

bility to work at first with the graded central simple algebra GβB,

which is canonically associated to B (see the preliminaries), then

translate, if possible, the obtained results to analogous ones for

B. But, unlike the case of a tame division algebra, a first diffi-

culty here consists in the fact that the existence of non-invertible

homogeneous nonzero elements in an arbitrary graded simple alge-

bra, makes it very difficult to generalize versions of key results in

[HNW16]. A second obstacle remains in the fact that the embed-

ding of a (defectless) field extension K of E in B, is not necessarily

equivalent to the embedding of the associated graded field GwK in

the graded algebra GβB, where w is the extension of the valuation
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of E to K. Indeed, there are examples of (strictly maximal) sub-

fields K of B, such that GwK is not graded isomorphic to a graded

subfield of GβB (see Remark 3.3). To overcome the first difficulty,

we consider in (3.1) below a special tame gauge β on B for which

the zero-component (GβB)0 is simple. This choice is important

because for a graded central simple algebra A over a graded field

F with A0 simple, we show in section 1 (see (1.2)) that we have

canonical graded subalgebras of A analogous to the canonical ones

given in [TW15, 8.2.1, pp.388-389]. These canonical subalgebras

enable us, after some intermediate results, to show that if F is a

graded field and A is a graded central simple algebra over F with

A0 simple, then A0 has a strictly maximal subfield which is abelian

[resp., Galois] over F0 if and only if A has an abelian [resp., a

Galois] strictly maximal graded subfield (see Theorem 1.12). This

generalizes [HNW16, Theorem 3.1]. We also show by using some

refined arguments, that many results in [HNW16, §2 and §3] can

be obtained for an arbitrary graded central simple algebra A when

A0 is simple.

For the second obstacle concerning the possibility of embedding

a graded field in a graded central simple algebra, we show in the

second section that if F is a graded field, A is a graded central

simple algebra over F with A0 simple and L is a finite-dimensional

graded field extension of F which splits A with [L : F ] = deg(A),

then L is graded isomorphic to a (strictly maximal) graded subfield

of A if and only if ΓL ⊆ ΓA. This result allows in the third section

to deduce that if E is a Henselian valued field with valuation v, D
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is a tame central division algebra over E, B = Mn(D), where n is

a positive integer and if there exists a defectless strictly maximal

subfield K of B, then for any residually simple tame E-gauge β

on B, denoting by w the unique extension of v to K, GwK is

graded isomorphic to a graded subfield of GβB if and only if ΓK ⊆

ΓD. We apply then the results concerning graded central simple

algebras with 0-component developed in the first section to prove

our main result which generalizes [HNW16, Theorem 1.1] (see

Theorem 3.5).

We end this chapter by giving necessary and sufficient condi-

tions for a simple algebra over a Henselian valued field (under some

hypotheses) to have Kummer subfields (see Corollaries 4.8 and 4.9).

These results generalize previous ones proved in [TA85], [MS95]

and [M10].

1. On graded simple algebras with simple 0-component

As said above in the introduction, for a graded central simple

algebra A over a graded field F with A0 simple, we show in (1.2)

below that we have some canonical graded subalgebras of A analo-

gous to the ones given in [TW15, 8.2.1 pp.388-389]. These graded

subalgebras will play an important role throughout the rest of this

section. Our aim here is to prove Theorem 1.12 which generalizes

[HNW16, Theorem 3.1].

(1.1) Let F be a graded field and A be a (finite-dimensional)

graded central simple algebra over F . We recall that A0 is simple
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if and only if A ∼=g Mn(D), where D is a graded central division

algebra over F and Mn(D) is given the standard (unshifted) grad-

ing built from the grading of D. This is also equivalent to one of

the following conditions: (i) ΓA = ΓD, (ii) [A0 : D0] = [A : D], (iii)

Z(A0) is a field. When this is the case, we have A0
∼= Mn(D0),

Γ∗A = ΓA = ΓD, where Γ∗A = gr(A∗), and θA = θD. We recall also

that in this case, we have [A : F ] = [A0 : F0](ΓA : ΓF ) (see [TW15,

Proposition 2.47]).

(1.2) Let A be a graded central simple algebra over a graded

field F with A0 simple, then as for graded division algebras (see

[TW15, 8.2.1, pp.388-389]), there are some graded F -subalgebras

of A canonically determined by A0. Namely, let IA = A0.F ∼=g

A0 ⊗F0 F , ZA = Z(IA) = Z(A0).F ∼=g Z(A0)⊗F0 F , VA = CA(ZA)

(i.e., the centralizer of ZA in A), and TA = CVA(IA) = CA(IA)

(equality follows from the fact that CA(IA) ⊆ CA(ZA) = VA). Let

D be a graded central division algebra over F such that A ∼= Mn(D)

(see (1.1) above). We have A0
∼= Mn(D0), so Z(A0) ∼= Z(D0).

One can then see that IA, VA and TA can be read off from the

corresponding canonical graded subalgebras ID, VD and TD of D.

Namely, we have IA = Mn(ID), ZA ∼=g ZD, VA = Mn(VD) and

TA ∼=g TD, hence TA is a totally ramified graded division alge-

bra over ZA (see [TW15, 8.2.1, pp.388-389]). It follows also from

[TW15, 8.2.1] that VA ∼=g IA ⊗ZA TA. This last graded isomor-

phism follows also easily by applying the graded version of the

double centralizer theorem (see [TW15, Theorem 2.35]) since we
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have TA ∼=g CVA(IA), and the fact that TA is a graded division

algebra (totally ramified) over ZA follows from [TW15, Corollary

2.43] since (TA)0 = (ZA)0 (for (TA)0 centralizes A0(= (IA)0).

Remark 1.3. With the notation of (1.2), note that Z(A0) is

an abelian field extension of F0 (see [TW15, Proposition 2.48]).

Moreover, one can see that Gal(Z(A0)/F0) ∼= ΓA/ΓTA . This iso-

morphism also follows by [TW15, Proposition 2.40] since we have

Z(A0) ∼= Z(D0), ΓA = ΓD and TA ∼=g TD (note that with the no-

tation in [TW15, Proposition 2.40] we have ker(θD) = ΓTD , hence

im(θD) ∼= ΓD/ΓTD). As seen in (1.1), we have [A : F ] = [A0 :

F0](ΓA : ΓF ), so we deduce that [A : F ] = [A0 : Z(A0)][Z(A0) :

F0]2(ΓTA : ΓF ), hence deg(A) = deg(A0)[Z(A0) : F0]deg(TA) (since

TA is a totally ramified graded central division algebra over ZA and

ΓZA = ΓF ).

(1.4) Let A1 and A2 be two graded division algebras over a graded

field F with (A1)0⊗F0 (A2)0 a division algebra and ΓA1∩ΓA2 = ΓF ,

then by [TW15, Proposition 2.12] (A1 ⊗F A2)0
∼= (A1)0 ⊗F0 (A2)0

and ΓA1⊗FA2 = ΓA1 + ΓA2 (since {0} is a set of representatives for

the cosets of ΓA1 ∩ ΓA2 modulo ΓF ).

(1.5) Let F be a graded field (with support ΓF ), q(F ) be its

quotient field, q(F )alg be an algebraic closure of q(F ), and let

∆F (= ΓF ⊗Z Q) be the divisible hull of ΓF . We recall that for

any λ ∈ ∆F , there is a unique grading on F [X], of type ∆F , which
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extends the grading of F and for which X is homogeneous of grade

λ. We denote F [X] with this grading by F [X](λ). A polynomial

f ∈ F [X] is called homogenizable if there is some λ ∈ ∆F , such

that f is homogeneous in F [X](λ). Let K be a graded field ex-

tension of F . We recall that K is called normal over F if any

homogenizable irreducible polynomial f ∈ F [X] which has a root

in K factors into polynomials of degree one in K[X]. We recall

also that when this occurs, every root of f is homogeneous in K

(see [MW11, p.467] or [TW15, Proposition 5.7]).

Lemma 1.6. Let K/F be a finite-dimensional graded field ex-

tension, then the following statements hold:

(1) If K/F is normal, then K0/F0 is normal. The converse

holds if K/F is unramified.

(2) Suppose that K/F is normal and let W be a graded field

extension of K0.F in K, then W/F is normal.

Proof. (1) Suppose thatK/F is normal, and let x ∈ K0. Let f

be the minimal polynomial of x over q(F ) and write f =
∑n

i=0 aiX
i,

then by [HW(a)99, Corollary 2.4] (or [TW15, Proposition 5.7])

ai ∈ F0 for all i (1 ≤ i ≤ n); more precisely f is the minimal poly-

nomial of x over F0. If y is a root of f , then y ∈ K (because K/F

is normal); moreover by [HW(a)99, Corollary 2.4] (or [TW15,

Proposition 5.7]) gr(y) = gr(x) = 0, hence y ∈ K0. Thus, K0/F0 is

normal.

Conversely, suppose that K/F is unramified and that K0/F0 is

normal, and let σ : q(K) → q(K)alg be a q(F )-embedding. Let
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x ∈ K∗, e ∈ F ∗ with gr(e) = gr(x) and let y = xe−1(∈ K0),

then σ(y) ∈ K0 (because σ|K0 : K0 → q(K)alg is an F0-embedding

and K0/F0 is normal), so σ(x) = σ(y)e ∈ K, hence σ(K) ⊆ K.

Thus σ(q(K)) = σ(K.q(F )) ⊆ K.q(F ) = q(K), which shows that

q(K)/q(F ) is normal. Therefore, by [TW15, Proposition 5.28],

K/F is normal.

(2) Let ρ : q(W ) → q(K)alg be a q(F )-embedding, then by

[K89, Proposition 1.10, p.51] ρ extends to a q(F )-embedding τ :

q(K) → q(K)alg. Since K/F is normal, then again by [TW15,

Proposition 5.28] q(K)/q(F ) is a normal field extension, hence

τ(q(K)) = q(K). By [TW15, Proposition 5.13] τ|K is a graded

F -automorphism of K, so for any x ∈ W , we have τ(x) = ax for

some a ∈ K0, hence τ(x) ∈ W . Therefore, ρ(q(W )) = τ(q(W )) =

τ(W ).q(F ) ⊆ W.q(F ) = q(W ). This shows that q(W )/q(F ) is

normal, or equivalently that W/F is normal.

�

Proposition 1.7. Let A be a graded central simple algebra

over a graded field F and suppose that A0 is simple. If A0 has a

strictly maximal subfield M and S is a maximal graded subfield of

CA(A0.F ), then N := (M.F ).S (i.e., the graded subalgebra of A,

generated by M.F and S)1, is a strictly maximal graded subfield

of A. Furthermore, if M is an abelian [resp., a Galois; resp., a

normal] field extension of F0, then N is an abelian [resp., a Galois;

resp., a normal] graded field extension of F .

1As will be seen in the proof, this graded subalgebra is a graded field and is

equal to M.F ⊗Z S, up to a graded isomorphism of graded rings.
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Proof. Let T := CA(A0.F ), D be a graded central division

algebra over F such that A ∼=g Mn(D) (see (1.1)) and TD :=

CD(D0F ). We saw in (1.2) that T ∼=g TD, so as showed in the

proof of [TW15, Proposition 9.33] S is a Galois graded field ex-

tension of F . For future need, we show here that S is in fact

an abelian graded field extension of F . Indeed, as seen in (1.2),

T is a totally ramified graded central division algebra over its

center Z, hence q(T )h is a tame totally ramified central division

algebra over q(Z)h, so char(Z)(= char(q(Z)h)) does not divide

(ΓT : ΓZ)(= (Γq(T )h : Γq(Z)h)) and by [TW87, Proposition 3.1]

Z0(= q(Z)h) contains a primitive lth-root of unity, where l =

exp(ΓT/ΓZ). Therefore, by [HW(a)99, Proposition 3.3] S is a

Galois graded field extension of Z. Hence, q(S)/q(Z) is a Galois

field extension (see [TW15, Proposition 5.30]). As seen in Re-

mark 1.3, Z/F is an abelian graded field extension and for any

element σ of Gal(Z/F ), there is an invertible homogeneous ele-

ment a ∈ A such that σ = Int(a)|Z (see [TW15, Proposition

2.40]). Let t be an arbitrary element of T and let b ∈ A0F ,

then Int(a)(t)b = ata−1b = at(a−1ba)a−1 = a(a−1ba)ta−1 (be-

cause T = CA(A0F )) = bata−1 = bInt(a)(t), which shows that

Int(a)(T ) ⊆ T , hence Int(a)(T ) = T (for both algebras have the

same dimension over Z(= σ(Z) = Int(a)(Z))). Let S ′ = Int(a)(S),

then clearly Z ⊆ S ′ and ΓS′ = ΓS, so necessarily S ′ = S (be-

cause both S and S ′ are graded subalgebras with the same sup-

port of T and T is totally ramified over Z). This shows that

every element of Gal(Z/F ) extends to a graded F -automorphism
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of S, hence every q(F )-automorphism of q(Z) extends to a q(F )-

automorphism of q(S) (for if τ is a q(F )-automorphism of q(Z),

then by [TW15, Proposition 5.13] the restriction τ|Z is a graded

F -automorphism of Z and clearly we have τ = τ|Z ⊗ idq(F ), when

identifying q(Z) to Z ⊗F q(F )). Moreover, we saw above that

q(S)/q(Z) is a Galois field extension. Therefore, q(S)/q(F ) is a

Galois field extension, or equivalently S/F is a Galois graded field

extension (see [TW15, Proposition 5.30]). An arbitrary element

of Gal(S/F ) is then of the form ρ ◦ Int(a), where ρ ∈ Gal(S/Z)

and a is an invertible homogeneous element of A. Considering

S as a graded Z-subalgebra of T , it follows by the graded ver-

sion of Skolem-Noether theorem (see [TW15, Theorem 2.37]) that

there exists an (invertible) homogeneous nonzero element t of T

such that ρ = Int(t)|S (note here that T is a graded division al-

gebra, so the conditions needed to apply the graded version of

Skolem-Noether theorem are satisfied). Therefore, the elements

of Gal(S/F ) are of the form Int(e), where e are invertible homo-

geneous elements of A. Let e and f be two invertible homoge-

neous elements of A and let s ∈ S. Since S ⊆ T = CA(A0F ),

then we have (efe−1f−1)s(efe−1f−1)−1 = s, which means that

Int(efe−1f−1)|S = idS or equivalently Int(e)|SInt(f)|S = Int(f)|SInt(e)|S.

This shows that S is an abelian graded field extension of F .

By (1.4) M.F ⊗Z S is a graded field (since it is commutative,

(M.F )0⊗Z0 S0 = M ⊗Z0 Z0 = M is a field, and ΓM.F ∩ΓS(= ΓF ) =

ΓZ). Let N := (M.F ).S be the graded subalgebra of A generated

by M.F and S. It is clear that N is a graded homomorphic image of
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M.F ⊗Z S, so it is a graded subfield of A (for M.F ⊗Z S is a graded

field, hence N ∼=g M.F ⊗Z S). Moreover, since M is a strictly

maximal subfield of A0, then MF is a strictly maximal graded

subfield of A0F , so N(∼=g MF ⊗Z S) is a strictly maximal graded

subfield of CA(Z) (because as seen in (1.2) CA(Z) ∼=g A0F ⊗Z
CA(A0F )). By the graded version of the double centralizer theorem

(see [TW15, Theorem 2.35]) we have [Z : F ][CA(Z) : F ] = [A : F ],

so N is a strictly maximal graded subfield of A.

If in addition M is normal over F0, then by Lemma 1.6 M.F

is normal over F , hence N(= (M.F ).S) is normal over F (for S is

also normal over F ). If M is Galois over F0, then M.F is normal

and inertial over F , hence N is normal and tame over F (because

both M.F and S are normal and tame over F ). Thus, by [TW15,

Corollary 5.33] N is Galois over F . If we suppose that M is an

abelian field extension of F0, then by [HW(a)99, Remark 3.1]

the inertial graded field extension M.F/F is abelian, hence N(=

(M.F ).S) is an abelian graded field extension of F . �

Remark 1.8. In Proposition 1.7, a special case occurs when

A is inertially split. In this case let Z, I, V and T denote ZA,

IA, VA and TA, respectively (see (1.2)), then it is well known that

V (= CA(Z)) = A0.F when A is a graded division algebra (see

[TW15, Proposition 8.49]). For an arbitrary inertially split graded

central simple algebra A over F , we saw in (1.2) that I = Mn(ID)

and V = Mn(VD), where D is a graded division algebra such that

A ∼=g Mn(D), so again V = A0.F . This means that we have

V = I and T = Z. Therefore, applying Proposition 1.7 we have the



12 chap. 1: On crossed product algebras ...

following: If A0 has a strictly maximal subfield M , then N := M.F

is a strictly maximal graded subfield of A (in this case S = Z and

obviously Z0 ⊆ M , so (M.F ).S = M.F ). Furthermore, if M is

abelian [resp., Galois; resp., normal] over F0, then N is so over F .

The fact that CA(Z) = A0.F can also be proved in the fol-

lowing way: By [M11, Lemma 2.4 and Remark 2.5] there exists

a graded factor set (ω, f) of G := Gal(Z/F ) in A0.F such that A

equals the generalized graded crossed product (A0.F,G, (ω, f)) -up

to a graded algebra isomorphism-, so by [M11, Proposition 1.3]

CA(Z) = A0.F .

Lemma 1.9. Let F be a graded field, A be a graded central

simple algebra over F with A0 simple, R and S be two graded field

extensions of F in A with S ⊆ CA(A0F ), and let P = R ∩ CA(S).

Then, R/P is a totally ramified graded field extension with [R :

P ] ≤ [S : R ∩ S].

Proof. Since S ⊆ CA(A0F ), thenA0F ⊆ CA(S), hence (CA(S))0

= A0. Therefore, P0 = R0∩ (CA(S))0 = R0. It is clear that for any

nonzero homogeneous element a in P , a−1 commutes with S, so

a−1 ∈ P . It follows easily that P is a graded field2, hence R/P is a

totally ramified graded field extension (because P0 = R0). In par-

ticular, this means that [R : P ] = (ΓR : ΓP ) = (ΓR : ΓR∩CA(S)). We

claim that ΓR∩CA(S) = ΓR ∩ ΓCA(S). Indeed, since (CA(S))0(= A0)

is simple, then by (1.1), for any element γ ∈ ΓCA(S), we can

2Alternately, since P is a commutative graded simple ring with P0 a field, then

by [TW15, corollary 2.43] P is a graded field.
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choose an invertible homogeneous element y ∈ CA(S) such that

gr(y) = γ (see below3). If γ ∈ ΓR ∩ ΓCA(S), then there is also

a nonzero homogeneous element x ∈ R such that gr(x) = γ.

We have xy−1 ∈ A0, so xy−1 ∈ (CA(S))0(= A0). Therefore,

x = (xy−1)y ∈ CA(S). Thus, γ(= gr(x)) ∈ ΓR∩CA(S). This

shows that ΓR ∩ ΓCA(S) ⊆ ΓR∩CA(S). Conversely, it is clear that

ΓR∩CA(S) ⊆ ΓR ∩ ΓCA(S). So, ΓR∩CA(S) = ΓR ∩ ΓCA(S). It follows

then by the above that:

[R : P ] = (ΓR : ΓR∩CA(S))

= (ΓR : ΓR ∩ ΓCA(S))

= (ΓR + ΓCA(S) : ΓCA(S))

≤ (ΓCA(R∩S) : ΓCA(S))(1)

(the last inequality follows because both R and CA(S) are subsets

of CA(R ∩ S)). On the other side, we have (CA(R ∩ S))0 = A0 =

(CA(S))0, so

(2) [CA(R ∩ S) : CA(S)] = (ΓCA(R∩S) : ΓCA(S)).

We have seen above in (1) that [R : P ] ≤ (ΓCA(R∩S) : ΓCA(S)), so

using (2) we get [R : P ] ≤ [CA(R∩S) : CA(S)] = [S : R∩S], which

ends the proof. �

3Consider a graded division algebra D which is (graded) Brauer-equivalent to

CA(S). Without loss of generality we can assume that D ⊆ CA(S). Since (CA(S))0

is simple, then as seen in (1.1) ΓCA(S) = ΓD, so it suffices to choose a nonzero

homogeneous element y of D such that gr(y) = γ.
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Lemma 1.10. Let F be a graded field and K1, K2 be two finite-

dimensional graded field extensions of F . If K1 and K2 are subrings

of a common field with K2/(K1 ∩K2) (or K1/(K1 ∩K2)) Galois,

then K1 ⊗K1∩K2 K2 is a graded field.

Proof. Let y ∈ q(K1) ∩ q(K2) and write y = ar−1 = ct−1,

where r, t ∈ F\{0}, a ∈ K1 and c ∈ K2. Then, yrt = at = cr ∈

K1 ∩ K2. Hence y = (yrt)(rt)−1 ∈ q(K1 ∩ K2). Thus, q(K1) ∩

q(K2) = q(K1 ∩K2).

Now, suppose that K2/(K1∩K2) is a Galois graded field exten-

sion. So, by [TW15, Proposition 5.30] q(K2)/q(K1 ∩K2) is a Ga-

lois field extension, this means (by the above) that q(K2)/(q(K1)∩

q(K2)) is a Galois field extension. If we assume that K1 and K2

are subrings of a common (graded) field, then it follows by [P82,

Lemma 2, p.272] that q(K1) and q(K2) are linearly disjoint over

q(K1 ∩ K2)(= q(K1) ∩ q(K2)). Hence, q(K1) ⊗q(K1∩K2) q(K2) is a

field. It follows that K1 ⊗K1∩K2 K2 is a graded field. �

Lemma 1.11. Let F be a graded field, A be a graded central

simple algebra over F with A0 simple, M a Galois graded subfield

of A, S a maximal graded subfield of CA(A0F ) and (M ∩CA(S)).S

be the graded subring of A, generated by (M ∩CA(S)) and S, then

(M ∩ CA(S)).S is a graded field and it is graded isomorphic to

(M ∩ CA(S))⊗M∩S S.

Proof. Plainly, M ∩CA(S) and M ∩S are graded subfields of

A and we have (M ∩ CA(S)) ∩ S = M ∩ S. We aim first to show

that M ∩CA(S) is a Galois graded field extension of M ∩ S. Note
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that M being Galois over F , then by [TW15, Corollary 5.33] M

is tame (and normal) over F , so in particular, M ∩ CA(S) is tame

over M ∩S. Let W := M ∩CA(S), then W0 = M0 ∩ (CA(S))0. We

saw in the proof of Lemma 1.9 that (CA(S))0 = A0, so W0 = M0.

Therefore, by Lemma 1.6 W is a normal graded field extension of

F , hence W is normal over k := M ∩ S.

Now, let kgr−al be a graded algebraic closure of k containing S,

and consider a graded k-embedding ψ : W → kgr−al (see [TW15,

Proposition 5.10]). Since W is Galois over k, then ψ(W ) is Galois

over k, hence ψ(W ) is Galois over ψ(W )∩S. Therefore, by Lemma

1.10 ψ(W ) ⊗ψ(W )∩S S is a graded field. By identification of R :=

ψ−1(ψ(W )∩S) with ψ(W )∩S, we can define a natural action of R

on S, so we can define the tensor product W ⊗R S. It is clear that

the graded ring W ⊗R S is graded isomorphic to ψ(W )⊗ψ(W )∩S S,

so it is a graded field. Consider the graded subring W.S of A,

generated byW and S. We have a natural graded ring epimorphism

W ⊗R S → W.S, which is necessarily injective, so W.S is a graded

field. Now, W and S are graded subfields of the graded field W.S,

and we have W/k Galois and W ∩ S = k, so again by Lemma 1.10

W ⊗k S is a graded field and it is graded isomorphic to W.S. �

Theorem 1.12. Let F be a graded field and A a graded cen-

tral simple algebra over F with A0 simple. Then, the following

statements are equivalent:

(1) A0 has a strictly maximal subfield which is abelian [resp.,

Galois] over F0.
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(2) A has an abelian [resp., a Galois] strictly maximal graded

subfield.

Proof. (1)⇒ (2) By Proposition 1.7.

(2) ⇒ (1) Suppose that A has an abelian [resp., a Galois]

strictly maximal graded subfield M and let S be a maximal graded

subfield of CA(A0.F ). Let N := (M ∩ CA(S)).S be the graded

subring of A, generated by (M ∩CA(S)) and S. We saw in Lemma

1.11 that N is a graded field and that it is graded isomorphic to

(M ∩ CA(S))⊗M∩S S, so we have:

[N : M ∩ CA(S)] = [N : M ∩ S]/[M ∩ CA(S) : M ∩ S]

= [S : M ∩ S].(3)

(The last equality follows from the fact thatN ∼=g (M∩CA(S))⊗M∩S
S). Furthermore, by Lemma 1.9 (with R in the lemma replaced

by M), we have [M : M ∩ CA(S)] ≤ [S : M ∩ S]. So, using

(3), we get [M : M ∩ CA(S)] ≤ [N : M ∩ CA(S)]. Therefore,

(deg(A) =)[M : F ] ≤ [N : F ], which shows that N is a strictly

maximal graded subfield of A.

Let I := IA, Z := ZA, T := TA(= CA(A0.F )), V := VA be

the canonical subalgebra of A, as in (1.2). We have Z ⊆ S, so

N ⊆ CA(S) ⊆ CA(Z) = V . Therefore, N ⊆ CV (S). We recall

that V = I ⊗Z T , so N ⊆ CI⊗ZT (Z ⊗Z S) = CI(Z) ⊗Z CT (S)

(by [TW15, Proposition 2.30]) = I ⊗Z S. Moreover, since I is

unramified over Z, then ΓS ⊆ ΓN ⊆ ΓI⊗ZS = ΓS. Hence, ΓN = ΓS.

Now, becauseN is a strictly maximal graded subfield of A which

is contained in V , then N is a strictly maximal graded subfield of
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V . Indeed, by the graded version of the double centralizer theorem

(see [TW15, Theorem 2.35]) we have [Z : F ][V : F ] = [A : F ], so

[N : Z] = deg(V ). Therefore,

[N0 : Z0](ΓS : ΓZ) = [N0 : Z0](ΓN : ΓZ)

= [N : Z]

= deg(V )

= deg(I)deg(T )

= deg(I0)[S : Z] (because I = I0 ⊗Z0 Z)

≥ deg(I0)(ΓS : ΓZ)

= deg(A0)(ΓS : ΓZ)(4)

So, [N0 : Z0] ≥ deg(A0), proving that N0 is a strictly maximal

subfield of A0.

Let W = M ∩CA(S), then as seen in the proof of Lemma 1.11,

W is a tame and normal graded field extension of F . We saw

in the proof of Proposition 1.7 that S is an abelian graded field

extension of F , so N is tame and normal over F . In particular,

N0 is separable over F0 and by Lemma 1.6 N0 is normal over F0.

Therefore, N0 is a Galois field extension of F0.

If M is an abelian graded field extension of F , then W is nec-

essarily an abelian graded field extension of F (for q(W ) ⊆ q(M)

and q(M) is an abelian field extension of q(F )). Moreover, as seen

above S is an abelian graded field extension of F , so N(= W.S)

is an abelian graded field extension of F . In particular, this yields
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that N0F is and abelian graded field extension of F , so N0 is an

abelian field extension of F0. �

Corollary 1.13. [HNW16, Theorem 3.1] Let F be a graded

field and A a graded central division algebra over F . Then, the

following statements are equivalent:

(1) A0 has a maximal subfield which is abelian [resp., Galois;

resp., normal] over F0.

(2) A has an abelian [resp., a Galois; resp., a normal] maximal

graded subfield.

Proof. Suppose that A has a graded subfield M which is nor-

mal over F , then with the notation previously used in the proof

of Theorem 1.12 N(= (M ∩ CA(S)).S) is a graded subfield of A

(since A is a graded division algebra). Moreover, using the same

arguments, one shows that N0 is a maximal subfield of A0. Also,

in this case, W (= M ∩CA(S)) is normal over F , so N is a normal

graded field extension of F . This yields by Lemma 1.6 that N0 is

normal over F0. The rest follows by Proposition 1.7 and Theorem

1.12. �

2. On embeddings of graded simple algebras

In this section we show some necessary results concerning the

possibility of embedding a graded simple algebra in a matrix al-

gebra with entries in a graded division ring. These results will be

needed in next sections, also they can be applied to give new proofs
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for more general versions of some results in [FSS90] (see Proposi-

tion 2.8).

(2.1) Let F be a graded field of type Γ and λ be an element of Γ.

We recall that the shifted graded F -space Fs(λ) is obtained from

F by shifting homogeneous elements by λ, i.e., Fs(λ) equals to F

as a set and (Fs(λ))γ = Fγ+λ for all γ ∈ Γ. For a positive integer

n and elements δ1, ..., δn of Γ, we let Mn(F )(δ1, ..., δn) denote the

following split graded central simple algebra (i.e., matrix graded

algebra):

Mn(F )(δ1, ..., δn) =


Fs(δ1−δ1) . . . Fs(δ1−δn)

...
. . .

...

Fs(δn−δ1) . . . Fs(δn−δn)

 .

This means that a nonzero homogeneous element of grade γ of

Mn(F )(δ1, ..., δn) is a matrix with ij-entry in (Fs(δi−δj))γ(= Fδi−δj+γ).

If A is a graded F -algebra (of type Γ), we define Mn(A)(δ1, ..., δn)

in a similar way. We will also denote Mn(F )(δ1, ..., δn) simply by

Mn(F )(δ), where δ = (δ1, ..., δn).

(2.2) Now, let R be a ring and M an abelian group with endomor-

phism ring End(M) (acting on M on the right with the multipli-

cation law in End(M) being the opposite of the usual composition

law), then a right R-module action on M is equivalent to a ring

homomorphism φ : R→ End(M). The two conditions are related
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by the equation:

m.φ(r) = m.r,

for m ∈ M , r ∈ R, which defines the module action when φ is

given and conversely define φ when the module action is given. In

the graded setting, if F is a graded field of type Γ, δ1, ..., δn are ele-

ments of Γ, and M is the graded F -vector space Fs(δ1)⊕ ...⊕Fs(δn)

(where Fs(λ) is the shifted of F by λ as seen above), then End(M) is

a graded F -algebra that we will denote by GEnd(M), and we have

GEnd(M) ∼=g Mn(F )(δ), where δ = (δ1, ..., δn) (see e.g., [TW15,

Proposition 2.9, p.41 (see also Proposition 2.8, p.39)]). Thus, if A

is a graded F -algebra, the fact that we have a graded F -algebra ho-

momorphism φ : A→ Mn(F )(δ), is equivalent to having a graded

right A-module structure on M (compatible with the action of F

on M).

If u1, ..., un is a base of A over F , consisting of homogeneous

elements of A, then as a graded vector space over F , A is isomor-

phic to the graded F -vector space M := Fs(δ1) ⊕ ...⊕ Fs(δ1), where

δi = −gr(ui) for all i (1 ≤ i ≤ n). Since we have a natural right

A-module structure on A (hence on M), then there is a graded

F -algebra homomorphism φ : A → Mn(F )(δ), which is clearly

injective (for ker(φ) = annAA = 0).

Proposition 2.3. Let F be a graded field, A be a graded cen-

tral division algebra over F , L be a finite-dimensional graded field

extension of F and S be a graded central simple algebra over L. If
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ΓS ⊆ ΓA, then there is a graded monomorphim of graded F -algebras

from S into Mn(A) for some positive integer n.

Proof. Let u1, ..., un be a base consisting of homogeneous el-

ements of S over F and let δi = −gr(ui). By the above there is

a graded F -algebra monomorphism from S into Mn(F )(δ1, ..., δn).

Therefore, there is graded F -algebra monomorphism from S into

Mn(A)(δ1, ..., δn). Since δ1, ..., δn belongs to ΓA, then by [HW(b)99,

(ii), p.78] Mn(A)(δ1, ..., δn) ∼=g Mn(A)(= Mn(A)(0, ..., 0)). There-

fore, there is a graded F -algebra monomorphism from S intoMn(A).

�

Proposition 2.4. Let F be a graded field with support ΓF ,

Γ := ΓF ⊗Z Q be the divisible hull of ΓF , A be a graded central

simple algebra over F and L a graded subfield of A. Then the

following statements are equivalent:

(1) L splits A.

(2) CA(L) ∼=g Mk(L)(δ), for some δ ∈ Γk, where k = deg(A)/[L :

F ].

(3) A ∼=g B⊗F C, where C ∼=g Mk(F )(δ) for some δ ∈ Γk, and

B is a graded central simple algebra over F such that L is

a strictly maximal graded subfield of B.

Proof. (2) ⇒ (3) Let C = Mk(F )(δ), then we have C ⊆

CA(L) ⊆ A. Let B = CA(C), then by the graded version of the

double centralizer theorem (see [TW15, Theorem 2.35]), we have

A ∼=g B ⊗F C, and by dimension count L is a strictly maximal

graded subfield of B.
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(3)⇒ (2) We have

CA(L) ∼=g CB⊗C(L⊗F F )

∼=g CB(L)⊗F CC(F )

∼=g L⊗F C

∼=g Mk(L)(δ)(5)

Plainly, in this case, by the graded version of the double centralizer

theorem, we have k[L : F ] = deg(A).

(1) ⇔ (2) As in the ungraded case, GEndL⊗FAop(A) is graded

isomorphic to CA(L). Also, by the graded Wedderburn’s theory,

GEndL⊗FAop(A) is (graded) Brauer equivalent to (L⊗F Aop)op ∼=g

L⊗F A. Thus, L splits A if and only if the graded central L-algebra

CA(L) is split. This, together with the graded version of double

centralizer theorem, proves (1)⇔ (2).

�

Proposition 2.5. Let F be a graded field, A be a graded central

simple algebra over F with A0 simple and L a finite-dimensional

graded field extension of F which splits A with [L : F ] = deg(A).

Then L is graded isomorphic to a (strictly maximal) graded subfield

of A if and only if ΓL ⊆ ΓA.

Proof. Let D be a graded central division algebra over F ,

which is (graded) Brauer-equivalent to A. We have A0 simple,

so as seen in (1.1) ΓA = ΓD and A ∼=g Mn(D) for some positive

integer n. If L is graded isomorphic to a strictly maximal graded

subfield of A, then clearly ΓL ⊆ ΓA. Conversely suppose that we
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have ΓL ⊆ ΓA, then by Proposition 2.3 L embeds (as a graded

F -algebra) in Ms(D), where s = [L : F ](= deg(A) = ndeg(D)). It

is clear that L splits Ms(D) (since it splits A), so by Proposition

2.4, Ms(D) ∼=g B ⊗F C, where B is a graded central simple F -

algebra which contains L as a strictly maximal graded subfield, and

C is a split graded central simple algebra over F . Note that we

have ΓMs(D) = ΓD, so ΓB ⊆ ΓD; moreover, B is (graded) Brauer-

equivalent to D, so ΓD ⊆ ΓB, hence ΓB = ΓD. Therefore, by

[TW15, Proposition 2.47, p.70] B ∼=g Mm(D) for some positive

integer m. We then have mdeg(D) = deg(B) = [L : F ] = ndeg(D),

so m = n, which means that B ∼=g A. This shows that L is graded

isomorphic to a graded subfield of A.

�

(2.6) Let F be a graded field, L a finite-dimensional graded field

extension of F , A a graded central division algebra over F and

S a graded central simple algebra over L. If ΓS ⊆ ΓA, then by

Proposition 2.3 there is some positive integer t such that S is graded

isomorphic to a graded subalgebra of Mt(A). Suppose this is the

case and let s be the smallest positive integer such that S embeds in

Ms(A) (as a graded ring). Inspired by [MiW95, Proposition 2.1],

we will show here that s = [L : F ]deg(S)ind(A⊗F S)/deg(A). For

this consider the graded (centralizer) algebra CMs(A)(S) (where S is

considered as a graded subring of Ms(A)). Since S is graded simple,

then by the graded version of the double centralizer theorem C
(S)
Ms(A)

is also graded simple (see [TW15, Theorem 2.35]). Therefore by

the graded version of the Wedderburn Theorem (see [HW(b)99,
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Proposition 1.3] or [TW15, p., 54]), there exists a graded division

algebra R, a positive integer m and some δ = (δ1, ..., δm) ∈ Γm such

that CMs(A)(S) ∼=g Mm(R)(δ). Consider the graded central simple

F -algebra C := Mm(F )(δ). Obviously, C embeds in Mm(R)(δ), so

C can be considered as a graded simple subalgebra of CMs(A)(S),

hence of Ms(A). Let B = CMs(A)(C), then again by the graded

version of the double centralizer theorem, we have Ms(A) ∼=g C⊗F
B. In particular, ΓB ⊆ ΓMs(A) = ΓA. The other inclusion ΓA ⊆ ΓB

is obvious since B is (graded) Brauer-equivalent to A, hence ΓB =

ΓA. Therefore, B ∼=g Ml(A), for some positive integer l (see (1.1)).

It follows then that m = 1, for otherwise we will have l < s, which

contradicts the fact that s is minimal (see that C ⊆ CMs(A)(S), so

S ⊆ B). Thus, CMs(A)(S)(∼=g Mm(R)(δ) = R) is a graded division

algebra. As in the ungraded case, CMs(A)(S) is (graded) Brauer-

equivalent to Ms(A)⊗F Sop, hence Brauer-equivalent to A⊗F Sop.

So, deg(CMs(A)(S)) = ind(A⊗F Sop).

Note that by the graded version of the double centralizer the-

orem, we have [CMs(A)(S) : F ][S : F ] = [Ms(A) : F ] = s2deg(A)2.

Therefore, s = [L : F ]deg(S)ind(A ⊗F Sop)/deg(A). We get then

the following proposition.

Proposition 2.7. Let F be a graded field, L a finite-dimensional

graded field extension of F , A a graded central division algebra over

F and S a graded central simple algebra over L with ΓS ⊆ ΓA and

n a positive integer. Then, S embeds (as a graded ring) in Mn(A) if

and only if n is a multiple of [L : F ]deg(S)ind(A⊗F Sop)/deg(A).
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Proof. Let s = [L : F ]deg(S)ind(A ⊗F Sop)/deg(A), then as

seen in (2.6) S embeds in Ms(A), hence embeds in any Mn(A),

where n is a multiple of s.

Conversely, suppose that S embeds in Mn(A), then CMn(A)(S) is

(graded) Brauer-equivalent to the graded division algebra CMs(A)(S)

(for both graded algebras are (graded) Brauer-equivalent to A⊗F
Sop). It follows that deg(CMn(A)(S)) is a multiple of deg(CMs(A)(S)).

Note that in the same way as for s in (2.6), we have n = [L :

F ]deg(S)deg(C
(S)
Mn(A))/deg(A), so n is a multiple of s (because CMn(A)

(S) is (graded) Brauer-equivalent to CMs(A)(S)). �

Proposition 2.7 can be applied to give graded versions, with

different proofs, for many results in [FSS90]. We give here the

following example.

Proposition 2.8. (Compare [FSS90, Proposition 2]) Let L/F

be a finite-dimensional graded field extension, R be a graded central

division algebra over L, A a graded central division algebra over F ,

and m, n be two positive integers. If Mm(R) embeds, as a graded

ring, in Mn(A), then m divides n and R embeds, as a graded ring,

in Mk(A), where k = n/m.

Proof. Since Mm(R) embeds in Mn(A), then ΓR ⊆ ΓA. Let

r be the minimal positive integer l such that R embeds in Ml(A),

then by Proposition 2.7, r = deg(R)[L:F ]ind(A⊗FRop)
deg(A)

. For a positive

integer m, let S := Mm(R), then mr(= deg(S)[L:F ]ind(A⊗FSop)
deg(A)

), is

the smallest positive integer t such that S embeds in Mt(A). If

S embeds in Mn(A) for some positive integer n, then again by
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Proposition 2.7, n is a multiple of mr, so a multiple of m. Plainly,

in this case n/m is a multiple of r, so R embeds in Mn/m(A). �

3. On crossed product algebras over Henselian fields

In this section, we use the results of the previous sections and a

special residually simple tame gauge to show that if E is a Henselian

valued field, D is a tame central division algebra over E and n is a

positive integer, then Mn(D) has a strictly maximal subfield which

is Galois [resp., abelian] over E if and only if Mn(D) has a strictly

maximal subfield K which is Galois [resp., abelian] and tame over

E with ΓK ⊆ ΓD (see Theorem 3.5).

(3.1) Let E be a Henselian field, D be a tame central division alge-

bra over E, B = Mn(D) where n is a positive integer, Γ = v(D∗),

where v is the extension of the valuation of E to D, and define

the map β : B → Γ ∪ {∞} by β((dij)1≤i,j≤n) = min{v(dij) | 1 ≤

i, j ≤ n}. One can easily see that β is a surmultiplicative E-

value function and an E-norm on B. For b = (dij)1≤i,j≤n ∈ B and

γ ∈ Γ, we have β(b) ≥ γ [resp., β(b) > γ] if and only if v(dij) ≥ γ

[resp., v(dij) > γ] for all i, j (1 ≤ i, j ≤ n), so the correspondence

b′ 7→ (dij + (GD)>γ)1≤i,j≤n, where γ = β(b), induces a graded iso-

morphism GB →Mn(GD). Therefore, β is a tame E-gauge. Note

that we have (GβB)0
∼= Mn(D), hence (GβB)0 is a simple ring.

Lemma 3.2. Let (E, v) be a Henselian valued field, D be a tame

central division algebra over E, B = Mn(D) where n is a positive
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integer, K be a tame finite-dimensional field extension of E, and

w be the unique extension of v to K. Let β be a tame E-gauge

on B and suppose that GwK is a strictly maximal graded subfield

of GβB, then, up to an E-algebra isomorphism, K is a strictly

maximal subfield of B.

Proof. Since GwK is a strictly maximal graded subfield of

GβB, then GwK splits GD (because by [TW15, Proposition 4.33]

GβB is (graded) Brauer-equivalent to GD), hence by [HW(b)99,

Corollary 5.8] K splits D. Therefore, up to an E-algebra isomor-

phism, K is a strictly maximal subfield of some Mm(D), where

m is a positive integer (see [P82, Theorem, p.241]). We have

[K : E] = [GwK : GE] (because K is defectless over E); more-

over [GwK : GE] = deg(GβB)(= deg(B)), so necessarily m = n,

which means that K is isomorphic to a strictly maximal subfield

of B. �

Remark 3.3. Note that the converse of lemma 3.2 does not

hold. Indeed, suppose given a tame totally ramified nontrivial field

extension K of E with valuation w extending v. Let s = [K : E],

and let β be the tame E-gauge defined in (3.1) on B := Ms(E),

then, up to an E-algebra isomorphism, K is a strictly maximal

subfield of B (see [P82, Lemma a, p.234]), but GwK cannot embed

in GβB (because ΓGβB = ΓE and ΓGwK = ΓK 6= ΓE).

Lemma 3.4. Let E be a Henselian valued field with valuation v,

D be a tame central division algebra over E, B = Mn(D) where n is

a positive integer and suppose that there exists a defectless strictly
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maximal subfield K of B. Consider a residually simple tame E-

gauge β on B, and let w be the unique extension of v to K. Then,

GwK is graded isomorphic to a graded subfield of GβB if and only

if ΓK ⊆ ΓD.

Proof. It is clear that K splits B, so by [TW10, Theorem

3.8] GwK splits GβB. Moreover, we have [GwK : GE] = [K : E]

(because K is defectless over E), deg(GβB) = deg(B), ΓGwK = ΓK ,

(GβB)0 is simple (by hypothesis) and ΓGβB(= ΓGD) = ΓD, so our

lemma follows by Proposition 2.5. �

Theorem 3.5. Let E be a Henselian valued field, D a tame cen-

tral division algebra over E and n a positive integer. Then, Mn(D)

has a strictly maximal subfield which is Galois [resp., abelian] over

E if and only if Mn(D) has a strictly maximal subfield K which is

Galois [resp., abelian] and tame over E with ΓK ⊆ ΓD.

Proof. Let B = Mn(D) and consider on B the tame E-gauge

β defined in (3.1), then we have GβB ∼=g Mn(GD). Suppose

that Mn(D) has a strictly maximal subfield which is Galois [resp.,

abelian] over E, then by Proposition 1.7 Mn(GD) has a strictly

maximal graded subfield L which is Galois [resp., abelian] over GE

(because Mn(D) is the 0-component of Mn(GD)). In particular,

L is tame over GE, so by [TW15, Corollary 5.56], there exists a

Galois [resp., an abelian] tame field extension M of E with val-

uation w extending the valuation v of E such that GwM ∼=g L

and Gal(M/E) ∼= Gal(L/GE). Since L(∼=g GwM) is a strictly
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maximal graded subfield of GβB, then by Lemma 3.2, M is iso-

morphic (as an E-algebra) to a strictly maximal subfield K of

B. Let φ : M → K be such an E-algebra isomorphism and

let ΓE = v(E∗), Γ = ΓF ⊗Z Q (be the divisible hull of ΓE) and

η := w ◦ φ−1 : K → Γ ∪ {∞}, then η is the (unique) valuation

on K extending v, hence ΓK = ΓM . Moreover, it is clear that

ΓM = ΓL ⊆ (ΓMn(GD) = ΓGD =)ΓD, so ΓK ⊆ ΓD. It is also clear

that K is Galois [resp., abelian] and tame over E.

Conversely, suppose that B has a strictly maximal subfield K

which is Galois [resp., abelian] and tame over E with ΓK ⊆ ΓD,

then by Lemma 3.4 GwK is graded isomorphic to a strictly maxi-

mal graded subfield of Mn(GD)(∼=g GβB). Moreover, by [TW15,

Corollary 5.52] GwK is a Galois [resp., an abelian] graded field ex-

tension of GE, so by Theorem 1.12, Mn(D) has a strictly maximal

subfield which is Galois [resp., abelian] over E.

�

4. Kummer subfields of simple algebras

Amitsur and Tignol determined in [TA85] necessary and suf-

ficient conditions for Malcev-Neumann division algebras (under

some hypotheses) to have Kummer subfields. A similar result was

then proved by Morandi and Sethuraman in [MS95] for any (tame)

division algebra of the form D = S ⊗E T over a Henselian valued

field E, where S is an inertially split division algebra over E and T

is a (tame) totally ramified division algebra over E. This work was
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then generalized by the author in [M10] to arbitrary tame division

algebras over Henselian valued fields. In this section, we give a

more general result showing that Amitsur and Tignol’s conditions

are also true for (tame) simple algebras over a Henselian valued

field (see Corollaries 4.8 and 4.9).

(4.1) Let F be a graded field and L be a finite-dimensional abelian

graded field extension of F such that char(F ) does not divide

[L : F ]. We recall that L is a Kummer graded field extension of F if

F0 contains a primitive mth root of unity, where m is the exponent

of Gal(L/F ). In such a case, we have L = F [a | a ∈ KUM(L/F )],

where KUM(L/F ) = {x ∈ L∗ | xm ∈ F} (see [M10, (2.1)]), so

ΓL/ΓF is generated by {gr(a) + ΓF | a ∈ KUM(L/F )}. Therefore,

if we set kum(L/F ) = KUM(L/F )/F ∗, then the group homomor-

phism ψ : kum(L/F ) → ΓL/ΓF , defined by ψ(aF ∗) = gr(a) + ΓF ,

for a ∈ KUM(L/F ), is surjective. Note that in this case, the

graded subfield L0F of L is a Kummer graded field extension of

F . Moreover, since L0F is unramified over F , then by applying

[HW(a)99, Remark 3.1] L0 is a Kummer field extension of F0.

Let φ : kum(L0/F0) → kum(L/F ) be the group homomorphism

defined by φ(aF ∗0 ) = aF ∗, for every a ∈ KUM(L0/F0), then clearly

φ is injective. Also, we have ψ ◦ φ = 0, and by comparing the car-

dinalities of the terms in the following sequence of trivial ΓL/ΓF -

modules: αL : 1 → kum(L0/F0)
φ→ kum(L/F )

ψ→ ΓL/ΓF → 0,

we see that αL is exact (we recall that kum(L0/F0) is isomor-

phic to Gal(L0/F0) and kum(L/F ) is isomorphic to Gal(L/F ),
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see [M10, 2.1]). Plainly, αL can be considered as a (symmet-

ric) 2-cocycle of Z2(ΓL/ΓF , kum(L0/F0))sym. If L is a Kummer

graded subfield of a graded central simple algebra A over F , then

one can see that KUM(L/F ) ∩ A0 = KUM(L0/F0). In what

follows, we will denote by e∗ : H2(ΓL/ΓF ,KUM(L0/F0))sym →

H2(ΓL/ΓF , kum(L0/F0))sym the homomorphism of cohomology groups

corresponding to the canonical surjective homomorphism e : KUM(L0

/F0)→ kum(L0/F0).

(4.2) Let F be a graded field, A a graded central simple algebra

over F with A0 simple and R a graded central division algebra over

F (graded) Brauer-equivalent to A. Recall that A can be written

as a generalized graded crossed product A = (A0F,ΓA/ΓF , (ω, f)),

where (ω, f) is a graded factor set of ΓA/ΓF in A0F (see [M11,

Lemma 2.4]). We can assume that f is normalized (i.e., f(0, γ) =

f(γ, 0) = 1, for all γ(= γ + ΓF ) ∈ ΓA/ΓF ). Indeed, as in the

proof of [M11, Lemma 2.4], for any γ ∈ ΓA(= ΓR), fix nonzero

homogeneous elements zγ̄ of R with gr(zγ) + ΓF = γ and with

z0 = 1. Then, A = ⊕γ∈ΓA/ΓFA0Fzγ ∼= (A0F,ΓA/ΓF , (ω, f)), where

(ω, f) is the graded factor set of ΓA/ΓF in A0F , defined as fol-

lows: ω : ΓA/ΓF → Aut(A0F ), a 7→ ωγ̄(a) = zγ̄az
−1
γ̄ , and

f : ΓA/ΓF × ΓA/ΓF → (A0F )∗, (γ̄, δ̄) 7→ zγ̄zδ̄z
−1
γ̄+δ̄

. This rep-

resentation of A will be used in what follows to generalize the

statements of [M10, Theorems 2.4 and 2.6]. We get then con-

ditions under which A has Kummer graded subfields.
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(4.3) Let A = (A0F,ΓA/ΓF , (ω, f)) with f normalized as in (4.2)

and denote also by ω the map ΓA/ΓF → Aut(A0), defined by

γ 7→ ωγ|A0 , where ωγ|A0 is the restriction of ωγ to A0. One can easily

see that there is a mapping d : ΓA/ΓF × ΓA/ΓF → A∗0 and a sym-

metric 2-cocycle h ∈ Z2(ΓA/ΓF , F
∗)sym such that (ω, d) is a factor

set of ΓA/ΓF in A0 and for any γ, γ′ ∈ ΓA/ΓF , we have f(γ, γ′) =

d(γ, γ′)h(γ, γ′). Indeed, let (δi := δi+ΓF )1≤i≤r be a basis of ΓA/ΓF

(i.e., ΓA/ΓF = 〈δ1〉⊕...⊕〈δr〉), and qi = ord(δi) (for 1 ≤ i ≤ r). For

any γ ∈ ΓA/ΓF , there is a unique element m = (m1, ...,mr) ∈ Nr

with 0 ≤ mi < qi, such that γ = (
∑r

i=1 miδi) + ΓF . Let m, n ∈ Nr

with 0 ≤ mi, ni < qi, and let s(m+n) ∈ Nr with 0 ≤ s(m+n)i < qi

and mi + ni − s(m + n)i ≡ 0 mod qi for all i, (1 ≤ i ≤ r). Let

ti ∈ N such that mi+ni−s(m+n)i = tiqi, and fix elements yi ∈ F ∗

with gr(yi) = qiδi and y1 = 1. Let h : ΓA/ΓF × ΓA/ΓF → F ∗

be the map defined by h(
∑r

i=1miδi,
∑r

i=1 niδi) =
∏r

i=1 yi
ti , where

mi, ni and ti satisfy the above conditions, then by simple compu-

tations, one can see that h is a normalized symmetric 2-cocycle of

Z2(ΓA/ΓF , F
∗). Let d : ΓA/ΓF ×ΓA/ΓF → A∗0, be the map defined

by d(γ, γ′) = f(γ, γ′).h(γ, γ′)−1. The fact that (ω, f) is a graded

factor set of ΓA/ΓF in A0F (with f normalized) and h is a normal-

ized symmetric 2-cocycle of Z2(ΓA/ΓF , F
∗), imply that (ω, d) is a

factor set of ΓA/ΓF in A0 (with d normalized).

The following two Theorems generalize the statements of [M10,

Theorems 2.4 and 2.6] by using the same arguments. For the con-

venience of the reader we give the detailed proofs. For a Kummer
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graded subfield L of a graded simple algebra A and for a factor set

(w, g) of ΓA/ΓF in A0, we will denote by res
ΓA/ΓF
ΓL/ΓF

(w, g) the restric-

tion of (w, g) when considering ΓL/ΓF instead of ΓA/ΓF . Also,

for a cocycle k ∈ Z2(ΓL/ΓF ,KUM(L0/F0))sym and the canonical

embedding i : KUM(L0/F0)→ A∗0, we denote by i∗k the mapping

ΓL/ΓF × ΓL/ΓF → A∗0, defined by (γ, γ′) 7→ i ◦ k(γ, γ′).

Theorem 4.4. Let F be a graded field, A a graded central

simple algebra over F with A0 simple and char(F ) not dividing

deg(A), L be a Kummer graded subfield of A, and αL be the co-

cycle of Z2(ΓL/ΓF , kum(L0/F0))sym defined in (4.1). Write A =

(A0F,ΓA/ΓF , (ω, f)) as in (4.2) and consider the factor set (ω, d)

of ΓA/ΓF in A0 as defined in (4.3), then there exists a normalized

cocycle d′ ∈ Z2(ΓL/ΓF ,KUM(L0/F0))sym (for the trivial action of

ΓL/ΓF on KUM(L0/F0)) and a map ω′ : ΓL/ΓF → Aut(A0) which

satisfies ω′γ(a) = a for all a ∈ L0 and γ ∈ ΓL/ΓF , such that:

(1) (ω′, i∗d
′) is a factor set of ΓL/ΓF in A0, cohomologous to

res
ΓA/ΓF
ΓL/ΓF

(ω, d), and

(2) e∗([d
′]) = [αL], where [d′] [resp., [αL]] denotes the class of

d′ in H2(ΓL/ΓF ,KUM(L0/F0)) [resp., of αL in H2(ΓL/ΓF ,

kum(L0/F0))] (see (4.1) for the definition of e∗).

Proof. Write A = (A0F,ΓA/ΓF , (ω, f)) = ⊕γ∈ΓA/ΓFA0Fxγ,

where x0 = 1, xγ ∈ A∗, gr(xγ̄) + ΓF = γ, xγa = ωγ(a)xγ and

xγxγ′ = f(γ, γ′)xγ+γ′ and write f(γ, γ′) = d(γ, γ′)h(γ, γ′) as in

(4.3). Since the map ψ in (4.1) is surjective, then for any γ ∈ ΓL,

we can choose yγ ∈ KUM(L/F ) such that gr(yγ) + ΓF = γ. Write
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yγ = aγxγ, where aγ ∈ (A0F )∗. We have x0 = 1 and we can choose

y0 = 1, so a0 = 1. Let bγ ∈ A∗0 and cγ ∈ F ∗ be such that aγ = bγcγ

(with b0 = c0 = 1), then we have :

yγyγ′ = aγωγ(aγ′)d(γ, γ′)a−1
γ+γ′h(γ̄, γ′)yγ+γ′

= bγωγ(bγ′)d(γ, γ′)b−1
γ+γ̄′cγcγ′c

−1
γ+γ̄′h(γ̄, γ̄′)yγ+γ′

= d′(γ, γ′)h′(γ, γ̄′)yγ+γ′ ,

where d′(γ, γ′) = bγωγ(bγ′)d(γ, γ′)b−1
γ+γ̄′ and h′(γ, γ′) = cγcγ′c

−1
γ+γ̄′h(γ̄, γ̄′).

Since yγ, yγ′ and yγ+γ̄′ are in KUM(L/F ) and h′(γ, γ′) ∈ F ∗, then

d′(γ, γ′) ∈ KUM(L/F ) ∩ A0 (= KUM(L0/F0)) (see (4.1)). More-

over, one can easily check that d′ ∈ Z2(ΓL/ΓF ,KUM(L0/F0))sym

(this follows from the equality (yγyγ′)yγ” = yγ(yγ′yγ”), the fact that

h′ which is cohomologous to res
ΓA/ΓF
ΓL/ΓF

(h), is a symmetric 2-cocycle,

and the fact that yγ are pairwise commuting for γ ∈ ΓL/ΓF ). Also,

since y0 = 1, then d′ is normalized.

Now, let ω′ : ΓL/ΓF → Aut(A0) be the map defined by ω′γ =

Int(bγ)ωγ (i.e., ω′γ(a) = bγωγ(a)b−1
γ̄ for all a ∈ A0 and γ ∈ ΓL/ΓF ),

then for any a ∈ L0 and any γ ∈ ΓL/ΓF , we have ω′γ(a) =

bγxγax
−1
γ̄ b−1

γ = aγxγ̄ax
−1
γ a−1

γ = yγ̄ay
−1
γ = a (because yγ ∈ KUM(L/F )).

One can easily see that (ω′, i∗d
′) is a factor set of ΓL/ΓF in A0, coho-

mologous to res
ΓA/ΓF
ΓL/ΓF

(ω, d). Finally, the equality yγyγ′ = d′(γ, γ′)h′(γ, γ′)yγ+γ′

yields, by considering classes modulo F ∗ in kum(L/F ), that we

have yγyγ′ = e(d′(γ, γ′))yγ+γ′ , where e : KUM(L0/F0)→ kum(L0/F0)

is the canonical surjective homomorphism (we identify here kum(L0/F0)

with its canonical image in kum(L/F )). Hence, e∗([d
′]) = [αL]. �
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(4.5) Let F be a graded field, D a graded division algebra over F ,

S a finite abelian subgoup of D∗/F ∗ with exponent m, and for any

s ∈ S, let ds be a representative of s in D∗. Suppose that char(F )

does not divide deg(D), F0 contains a primitive mth root of unity

and let F (S) = F [ds | s ∈ S] be the subring of D generated by F

and the elements ds (s ∈ S). If ds are pairwise commuting, then

as in the ungraded case F (S) is a Kummer graded field extension

of F with kum(F (S)) = S (it suffices to observe that F (S) is a

graded field and that q(F (S)) = q(F )(S) when S is identified with

its canonical image in q(D)∗/q(F )∗).

Theorem 4.6. Let F be a graded field, A a graded central sim-

ple algebra over F with A0 simple and (ω, d) [resp., h] the factor

set of ΓA/ΓF in A0 [resp., the cocycle of Z2(ΓA/ΓF , F
∗)sym] seen

in (4.3). Assume that char(F ) does not divide deg(A), F0 contains

enough roots of unity and that there are :

(1) a Kummer field extension M of F0 in A0, and a subgroup

R of ΓA/ΓF acting trivially on M ,

(2) a normalized cocycle d′ ∈ Z2(R,KUM(M/F0))sym and a

map ω′ : R → Aut(A0) such that (ω′, i∗d
′) is a factor set

of R in A0, cohomologous to res
ΓA/ΓF
R (ω, d), and such that

ω′γ(a) = a for all a ∈M and γ ∈ R.

Then, there exists a Kummer graded subfield L of A such that

(1) L0 = M , ΓL/ΓF = R and

(2) e∗([d
′]) = [αL].
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Proof. Write A = ⊕γ∈ΓA/ΓFA0Fxγ, where x0 = 1, xγ ∈ A∗,

gr(xγ)+ΓF = γ, xγa = ωγ(a)xγ and xγxγ′ = d(γ, γ′)h(γ̄, γ′)xγ+γ̄′ as

in (4.3). The fact that (ω′, i∗d
′) is cohomologous to res

ΓA/ΓF
R (ω, d)

means that there is a family (bγ)γ∈R of elements of A∗0 such that

for all a ∈ A0 and γ, γ′ ∈ R, we have ω′γ(a) = bγωγ(a)b−1
γ and

d′(γ, γ′) = bγωγ(bγ̄′)d(γ, γ′)b−1
γ+γ̄′ . Let yγ = bγxγ̄ for all γ ∈ R.

Then, we have yγyγ′ = d′(γ, γ′)h(γ̄, γ′)yγ+γ′ . Let L = ⊕γ∈RMFyγ(⊆

A). Since d′ and h are symmetric, then yγ are pairwise commuting.

Moreover, by hypotheses ω′γ̄(a) = a for all a ∈M and γ ∈ R, so L is

a commutative graded subring of A with L0 = M and ΓL/ΓF = R.

Since both d′ and res
ΓA/ΓF
R h are normalized and yγ(= bγxγ)

is invertible for any γ ∈ R, then y0 = 1 (it suffices to see that

y0yγ = d′(0, γ)h(0, γ)yγ = yγ). For any γ ∈ R, we have yγy−γ =

d′(γ,−γ)h(γ,−γ)y0, hence yγ is invertible in L. One can easily see

that nonzero homogeneous elements of L are the elements of the

form ayγ, where a ∈ (MF )∗, and γ ∈ R, so all nonzero homoge-

neous elements of L are invertible. This shows that L is a graded

subfield of A.

Let S be the subgroup of L∗/F ∗ generated by kum(M/F0) and

the set {yγ}γ∈R, where yγ is the class of yγ in L∗/F ∗ (and where

as in above, we identify kum(M/F0) with its canonical image in

kum(MF/F )). One can easily see that up to a graded isomor-

phism we have L = F (S). Therefore, by (4.5) L is a Kummer

graded field extension of F with kum(L/F ) = S. Considering

classes in kum(L/F ), we have yγyγ′ = e(d′(γ, γ′))yγ+γ′ , where
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e : KUM(M/F0)→ kum(M/F0) is the canonical surjective homo-

morphism (we identify here kum(M/F0) with its canonical image

in kum(L/F )), so kum(L/F ) is the extension of kum(M/F0) by R

with cocycle e∗([d
′]). This shows that e∗([d

′]) = [αL]. �

Proposition 4.7. Let E be a Henselian valued field, D be a

tame central division algebra over E, n a positive integer, and K

a tame finite-dimensional field extension of E such that ΓK ⊆ ΓD,

then the following statements are equivalent:

(1) K embeds in Mn(D).

(2) GwK embeds in Mn(GD), where w is the extension of the

valuation of E to K.

Proof. Let s be the smallest positive integer such that K em-

beds in Ms(D). Since ungraded algebras can be considered as (triv-

ially) graded algebras, then by Proposition 2.7, we have s = [K :

E]ind(D⊗EK)/deg(D). Note that because K is tame over E, then

it is defectless over E, so [K : E] = [K : E](ΓK : ΓE) = [GK :

GE]. Moreover, by [HW(b)99, Corollary 5.7] ind(D ⊗E K) =

ind(GD ⊗GE GwK), and obviously we have deg(D) = deg(GD).

So, s is also the smallest positive integer such that GwK embeds

in Ms(GD). Therefore, for any positive integer n, K embeds in

Mn(D) if and only if GwK embeds in Mn(GD) (by Proposition

2.7). �

Corollary 4.8. Let E be a Henselian valued field with E con-

taining enough roots of unity, n a positive integer, D be a tame

central division algebra over E, B = Mn(D), and suppose that
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char(E) does not divide deg(B) and that there exists a Kummer

subfield K of B with ΓK ⊆ ΓD, then there is a normalized cocycle

d′ ∈ Z2(ΓK/ΓE,KUM(K/E))sym (for the trivial action of ΓK/ΓE

on KUM(K/E)) and a map w′ : ΓK/ΓE → Aut(Mn(D)), which

satisfies ω′γ(a) = a for all a ∈ K and γ ∈ ΓK/ΓE, such that:

(a) (ω′, i∗d
′) is a factor set of ΓK/ΓE in B, cohomologous to

res
ΓB/ΓE
ΓK/ΓE

(ω, d), where (ω, d) is the factor set corresponding

to a representation of Mn(GD) as in (4.3), and

(b) e∗([d
′]) = [αGK ].

Proof. Indeed, take the residually simple tame E-gauge β on

B as defined in (3.1), then we have GβB ∼=g Mn(GD). We have

also ΓGK = ΓK ⊆ ΓB = ΓMn(D) = ΓD, so by Proposition 4.7 GK

embeds in Mn(GD). Moreover since K is a tame Kummer field

extension of E and E contains enough roots of unity, then GK is

a Kummer graded field extension of E. Our corollary follows then

by Theorem 4.4. �

Similarly, the following corollary follows by applying Theorem

4.6, Proposition 4.7 and the fact that isomorphism classes of tame

(abelian) field extensions of E are in one-to-one correspondence

with the isomorphism classes of (abelian) graded field extensions

of GE.

Corollary 4.9. Let E be a Henselian valued field with E con-

taining enough roots of unity, n a positive integer, D be a tame

central division algebra over E, B = Mn(D), and suppose that

char(E) does not divide deg(B) and that there are:



Sec. 4: Kummer subfields of simple algebras 39

(1) a Kummer field extension M of E in Mn(D), and a sub-

group R of ΓD/ΓE acting trivially on M ,

(2) a normalized cocycle d′ ∈ Z2(R,KUM(M/E))sym and a

map ω′ : R → Aut(Mn(D)) such that (ω′, i∗d
′) is a factor

set of R in Mn(D), cohomologous to res
ΓD/ΓE
R (ω, d) (where

(ω, d) is the factor set corresponding to a representation

of Mn(GD) as in (4.3)) and such that ω′γ(a) = a for all

a ∈M and γ ∈ R.

Then, there exists a Kummer subfield K of B with ΓK ⊆ ΓD, such

that:

(1) K = M , ΓK/ΓE = R and

(2) e∗([d
′]) = [αGK ].

Remark 4.10. One can easily see that Corollaries 4.8 and 4.9

restrict to [M10, Corollaries 2.11 and 2.12] when n = 1.





CHAPTER 2

Discriminants of involutions of the first kind

over Henselian fields

In the present chapter we study the discriminants of both or-

thogonal and symplectic involutions on central simple algebras over

Henselian valued fields.

Recall that Chacron et al. determined, in terms of residue

information, the discriminant of an arbitrary involution σ on a

central division algebra D of exponent 2 and of degree greater than

2 over a Henselian field (see [CDTWY95, Theorem 4, p. 69]).

Using graded techniques, we showed in a previous work that we

have an analogous result for some orthogonal involutions on central

simple algebras with residually simple tame gauges over a wide class

of Henselian base fields (see [M11, Corollary 2.18]). Our first aim

in this chapter is to show that we have a more general result over an

arbitrary Henselian valued field of residue characteristic different

from 2 (Corollary 3.8).

A second objective in this chapter is to study the discriminants

of symplectic involutions on central simple algebras over Henselian

valued fields. Recall that if E is a field and A is a central simple

algebra over E with a symplectic involution σ, then deg(A) is even,

say deg(A) = 2m. The corresponding pfaffian reduced norm is

41
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defined to be the homogeneous polynomial function of degree m :

Nrpσ : Sym(A, σ)→ E

uniquely determined by the following conditions :

Nrpσ(1) = 1 and Nrpσ(x)2 = NrdA(x) for all x ∈ Sym(A, σ), where

Sym(A, σ) is the E-space of symmetric elements of A under σ.

Let Gm be the multiplicative group scheme. The Kummer exact

sequence :

1→ µ2 → Gm
( )2→ Gm → 1

allows us to identify the cohomology group H1(E, µ2) with the quo-

tient group E∗/E∗2 and the cohomology group H2(E, µ2) with the

2-torsion subgroup 2Br(E) of the Brauer group ofE (see [KMRT98,

p.413]). For a ∈ E∗, let (a)2 ∈ H1(E, µ2) be the cohomology class

associated to aE∗2, and let [A] ∈ H2(E, µ2) be the cohomology class

associated to the Brauer class of A. A map ∆σ : Sym(A, σ)∗ →

H3(E, µ2) is then defined by ∆σ(a) = (Nrpσ(a))2 ∪ [A], where

Sym(A, σ)∗ is the set of invertible elements of Sym(A, σ), and where

∪ is the cup-product. If deg(A) ≡ 0 mod 4 and τ is another sym-

plectic involution on A, then the discriminant ∆σ(τ) is defined to

be ∆σ(a), where a is an arbitrary element of Sym(A, σ)∗ such that

τ = Int(a) ◦ σ. This discriminant depends only on the conjugacy

classes of σ and τ (see [BMT03, Proposition 1(a)]). It is then an

invariant of symplectic involutions on A.

Berhuy, Musurrò and Tignol defined this invariant in [BMT03]

on the basis of Rost’s cohomological invariant of degree 3 for torsors

under symplectic groups. They established in [BMT03, Theorem
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4, Corollary 5 and Proposition 6] relationships between this dis-

criminant and trace forms. They also showed that for a central

simple algebra A of degree 8 and index 4 with a symplectic invo-

lution σ, the triviality of ∆(σ) := ∆α(σ), where α is a hyperbolic

involution on A, is equivalent to a special decomposition of σ on

quaternion subalgebras of A (see [BMT03, Theorem 8]).

Garibaldi, Parimala and Tignol showed in [GPT09] that this

(relative) discriminant leads to a unique absolute invariant in the

sense of [GMS03] for symplectic involutions on simple algebras

of a fixed degree n divisible by 8, or equivalently a cohomological

invariant of the split adjoint group PGSp2m of type Cm, for m

divisible by 4 since the cohomological set H1(K,PGSp2m) classifies

central simple K-algebras of degree 2m endowed with a symplectic

involution for each extension K of the base field E (see [GPT09,

Theorem A]). In particular they showed a decomposition criterion

of symplectic involutions on central simple algebras of degree 8 in

terms of the triviality of this absolute invariant.

Our second goal in the present chapter, is to develop a study for

the discriminant of symplectic graded involutions (that we define in

the fourth section), especially on non-inertially split graded simple

algebras with simple 0-component. In particular, we show that if

F is a graded field of characteristic different from 2, D is a graded

central division algebra over F with exp(D) = 2 and |ker(θD)| > 4

(see the preliminaries), A = Mn(D), and σ is a graded involu-

tion of symplectic type on A, then there is only a finite number

of values for the discriminants ∆σ(τ), where τ describes all graded
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involutions of symplectic type on A (see Proposition 4.10). Con-

sequently, for any graded central simple algebra C over F with C0

simple non split, exp(C) = 2, |ker(θC)| > 4 and deg(C)
ind(C)

even, we

have ∆σ(τ) = 0 for any graded involutions of symplectic type σ

and τ on C (see Corollary 4.11). We apply this study in the fifth

section to get results for symplectic involutions on central simple

algebras over Henselian valued fields. In particular, we show that

if E is a Henselian valued field with residue characteristic different

from 2, D is a central division algebra of exponent 2 over E with

|ker(θD)| > 4, and B = Mn(D) with n even, then for any symplec-

tic involutions σ, τ on B, preserving the tame gauge β on B defined

in (1.3.1), we have ∆σ(τ) = 0 (see Corollary 5.5).

1. On graded involutions of the first kind

Let A be a graded central simple algebra over a graded field

F and σ be a graded involution of the first kind on A, we recall

that σ is called of orthogonal type, or simply orthogonal [resp.,

of symplectic type, or simply symplectic] if the involution q(σ) :=

σ ⊗ idq(F ) defined on q(A), is so. We recall also that the graded

spaces of symmetric and skew-symmetric elements of A (under σ)

are defined to be, respectively, Sym(A, σ) = {a ∈ A | σ(a) = a}

and Skew(A, σ) = {a ∈ A | σ(a) = −a}.

Proposition 1.1. Let F be a graded field, A be a (nontrivial)

graded central division algebra over F , and suppose that there exists

a graded involution of the first kind σ on A. Then, we have the

following statements:
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(1) If A0 is not a field, then every homogeneous component of

A contains a nonzero symmetric element.

(2) If A0 is a field and γ ∈ ΓA satisfies θA(γ + ΓF ) 6= σ|A0,

then Aγ contains a nonzero symmetric element.

(3) If A0 is a field and γ ∈ ΓA satisfies θA(γ + ΓF ) = σ|A0,

then either Aγ ⊆ Sym(A, σ) or Aγ ⊆ Skew(A, σ).

Proof. Let γ ∈ ΓA and suppose that there exists u ∈ Aγ with

σ(u) 6= u, then u − σ(u) is a nonzero skew-symmetric element in

Aγ. Now, pick a nonzero element x ∈ Aγ with σ(x) = ±x. Then

Int(x)◦σ|A0 is an involution on A0. If A0 is not a field [resp., if A0 is

a field and γ satisfies θA(γ + ΓF ) 6= σ|A0 ], then Int(x) ◦ σ|A0 cannot

be the identity, so there exists a ∈ A∗0 with Int(x) ◦ σ(a) = −a.

If σ(x) = −x, then σ(ax) = ax, hence ax is a nonzero symmetric

element in Aγ. This shows (1) and (2). If A0 is a field and γ

satisfies θA(γ + ΓF ) = σ|A0 , then Int(x) ◦ σ|A0 = idA0 , so we have

either σ(y) = y for all y ∈ Aγ (if σ(x) = x), or σ(y) = −y for all

y ∈ Aγ (if σ(x) = −x). �

Remark 1.2. Under the hypotheses of Proposition 1.1, for

γ ∈ ΓA and x ∈ Aγ such that x 6= 0 and σ(x) = ±x, the invo-

lution Int(x) ◦ σ on A restricts to θA(γ + ΓF ) ◦ σ|Z(A0) on Z(A0).

Therefore, θA(γ+ΓF )2 = idZ(A0) (for σ2
|Z(A0) = idZ(A0)), so Z(A0) is

a multiquadratic Galois extension of F0 (because Gal(Z(A0)/F0) =

θA(ΓA/ΓF )). Moreover, one can easily see that the restriction of

Int(x) ◦ σ to A0 is an involution of the first kind if and only if

θA(γ + ΓF ) = σ|Z(A0).
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Let F be a graded field, A be a graded central division algebra

over F with A0 not a field, and suppose that there exists a graded

involution of the first kind σ on A. Then, by Proposition 1.1, for

all γ ∈ ΓA, we may find a nonzero element x ∈ Aγ such that

σ(xγ) = xγ. Set

εγ =



0 if θA(γ + ΓF ) 6= σ|Z(A0),

1 if θA(γ + ΓF ) = σ|Z(A0) and Int(x) ◦ σ|A0 is an

orthogonal involution,

−1 if θA(γ + ΓF ) = σ|Z(A0) and Int(x) ◦ σ|A0 is a

symplectic involution.

Also, let ε = 1 if σ is orthogonal and ε = −1 if σ is symplectic.

Then we have the following Proposition:

Proposition 1.3. Under the hypotheses of Proposition 1.1, if

char(F ) 6= 2 and A0 is not a field, then for any set of representatives

γ1, ..., γn of the various cosets of ΓA modulo ΓF , we have
∑n

i=1 εi =

ε|ker(θA)| 12 , where εi = εγi.

Proof. Let r = |ker(θA)|, m = deg(A0) and n = deg(A). We

have [A : F ] = [A0 : F0](ΓA : ΓF ) = [A0 : Z(A0)][Z(A0) : F0](ΓA :

ΓF ) = [A0 : Z(A0)][Z(A0) : F0]2|ker(θA)|, so n = m[Z(A0) : F0]r
1
2 .

One can easily see that we have Sym(A, σ) = ⊕ni=1Sym(A0F, Int(xγi)◦

σ)xγi , so [Sym(A, σ) : F ] =
∑n

i=1[Sym(A0F, Int(xγi) ◦ σ) : F ].

Let δ ∈ ΓA be such that σ|Z(A0) = θA(δ + ΓF ). We may assume

that (γ1 − δ) + ΓF , ..., (γr − δ) + ΓF are the different elements of

ker(θA), so by the above (see remark 1.2) Int(xγi)◦σ are involutions
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of the first kind [resp., of the second kind] if and only if i ∈ {1, ..., r}

[resp., i ∈ {r + 1, ..., n}].

We have

r∑
i=1

[Sym(A0F, Int(xγi) ◦ σ) : F ] =
r∑
i=1

[Sym(A0F, Int(xγi) ◦ σ) :

Z(A0)F ][Z(A0)F : F ]

=
1

2
(

r∑
i=1

m(m+ εi))[Z(A0) : F0]

=
1

2
rm2[Z(A0) : F0] +

1

2
(

r∑
i=1

εi)m

[Z(A0) : F0].

For i > r, let Mi be the graded subfield of Z(A0)F elementwise

invariant under Int(xγi) ◦ σ, then we have [Sym(A0F, Int(xγi) ◦ σ) :

Mi] = 1
2
[A0F : Mi], hence [Sym(A0F, Int(xγi)◦σ) : F ] = 1

2
[A0 : F0].

Therefore,

n∑
i=r+1

[Sym(A0F, Int(xγi) ◦ σ) : F ] =
1

2
((ΓA : ΓF )− r)[A0 : F0]

=
1

2
((ΓA : ΓF )− r)[A0 : Z(A0)]

[Z(A0) : F0]
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=
1

2
(r[Z(A0) : F0]− r)[A0 : Z(A0)]

[Z(A0) : F0]

=
1

2
r([Z(A0) : F0]− 1)m2[Z(A0) : F0]

=
1

2
r[Z(A0) : F0]2m2 − 1

2
rm2

[Z(A0) : F0]

=
1

2
n2 − 1

2
rm2[Z(A0) : F0]

So,

[Sym(A, σ) : F ] =
1

2
(

r∑
i=1

εi)m[Z(A0) : F0] +
1

2
n2.

On the other hand, we have [Sym(A, σ) : F ] = 1
2
n(n+ ε), hence

n∑
i=1

εi =
εn

m[Z(A0) : F0]
= εr

1
2 .

�

This Proposition shows that for i ∈ {1, ..., r} (when r ≥ 2) and

γ1, ..., γr being chosen as in the proof, the Int(xγi) ◦ σ|A0 cannot be

all of the same type, since otherwise it follows from the equality∑r
i=1 εi = εr

1
2 that ±r = r

1
2 which is not possible. Let m be the

number of i (1 ≤ i ≤ r) such that Int(xγi) ◦ σ|A0 is symplectic (i.e.,

such that εi = −1), then it follows from the equality
∑r

i=1 εi = εr
1
2

that r − 2m = εr
1
2 . One can easily see that this yields m = r±

√
r

2
.

Remark 1.4. Let F be a graded field of characteristic different

from 2, and A be an inertially split graded central simple algebra
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over F such that A0 is simple. Suppose that there is a graded in-

volution of the first kind σ on A such that σ|A0 is also of the first

kind. We proved in [M11, Proposition 2.8] that σ and σ|A0 have

the same type. This result is not true when A is not inertially split.

Indeed, with the hypotheses of Proposition 1.3 (with γ1, ..., γr be-

ing chosen as in the proof of this proposition), by the above, we

can assume that Int(xγ1) ◦ σ|A0 and Int(xγ2) ◦ σ|A0 have different

types. Let σ1 = Int(xγ1) ◦ σ and σ2 = Int(xγ2) ◦ σ. Since xγ1 and

xγ2 are in Sym(A, σ)∗, then both σ1 and σ2 have the same type as

σ, but σ1|A0(= Int(xγ1) ◦ σ|A0) and σ2|A0(= Int(xγ2) ◦ σ|A0) are of

different types.

2. On reduced norms

Theorem 2.1. Let E be a field with a valuation v, B be a

central simple E-algebra with a tame v-gauge β, GβB be the graded

GE-algebra associated to B by β, b be a nonzero element of B and

b′ be its (canonical) image in (GβB)β(b). Then, b′ is invertible in

GβB if and only if v(NrdB(b)) = deg(B)β(b). Furthermore, when

this occurs, we have (NrdB(b))′ = NrdGβB(b′) (in GE).

Proof. Let (E, vh) be ’the’ henselization of (E, v) (see [E72,

§16]), K be a finite-dimensional field extension of Eh, which splits

B and w be the unique extension of vh to K. By [TW10, Corollary

1.26] βK := β ⊗ w is a tame w-gauge on B ⊗E K, extending β on

B, and we can identify GβK (B ⊗E K) with GβB ⊗GE GwK, which

is split since B ⊗E K is split (see [TW10, Theorem 3.1]). For
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any b ∈ B, we have NrdB(b) = NrdB⊗EK(b ⊗ 1) = det(b ⊗ 1),

β(b) = βK(b⊗1), (b⊗1)′ = b′⊗1 (by identification of GβK (B⊗K)

with GβB ⊗GE GwK), and NrdGβB (b′) = NrdGβK (B⊗EK)(b
′ ⊗ 1) =

det(b′⊗1). Thus, b′ ∈ (GβB)∗ if and only if b′⊗1 ∈ (GβK (B⊗EK))∗.

We may then assume that E is henselian and that B ∼= Mn(E),

where n = deg(B).

By [TW10, Theorem 3.1] (or [TW15, Theorem 4.26]) we can

identify B with EndE(M), where M is a finite-dimensional vector

space over E, and we can identify β with End(ε), where ε is a v-

norm on M and where End(ε) is the v-gauge on EndE(M) defined

by End(ε)(f) = min{ε(f(x))− ε(x) |x ∈M}. Recall from [TW10,

§1.3] (or [TW15, Theorem 4.26]) that GβB = GEndGE(GM) (up

to a graded isomorphism). Let {m1, ...,mn} be a splitting base of

M for ε and let γi = ε(mi) for all i. Let b = f ∈ End(M)\{0} and

write f(mj) =
∑n

i=1 rijmi, where rij ∈ E, for i, j = 1, ..., n. Then,

ε(f(mj)) = min1≤i≤n(v(rij)+γi), and β(f) = min1≤j≤n(ε(f(mj))−

ε(mj)) = min1≤j≤n[min1≤i≤n(v(rij)+γi)−γj] = min1≤i,j≤n(v(rij)+

γi − γj). Let λ := β(f), then we have v(rij) ≥ λ − γi + γj for all

i, j, with equality for some i, j.

We recall that {m′1, ...,m′n} is a base of GεM over GE and

that f ′ ∈ GβB(= GEndGE(GM)) is determined by f ′(m′j) =

f(mj)+M>λ+γj = (
∑n

i=1 rijmi)+M>λ+γj ∈ GMλ+γj (see [TW10,

Proposition 1.9]). For each i, j we have

ε(rijmi) = v(rij) + ε(mi) = v(rij) + γi ≥ λ+ γj.
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We get

f ′(m′j) =
n∑
i=1

(rijmi +M>λ+γj) =
n∑
i=1

sijm
′
i,

where

sij =
{ r′ij if v(rij) = λ− γi + γj.

0 if v(rij) > λ− γi + γj.

Recall that det(f) =
∑

τ∈Sn(−1)sgn(τ)r1τ(1)...rnτ(n), where Sn is

the n-symmetric group. Note that

v((−1)sgn(τ)r1τ(1)...rnτ(n)) =
n∑
i=1

v(riτ(i)) ≥
n∑
i=1

(λ− γi + γτ(i)) = nλ.

Thus, v(det(f)) ≥ nλ and det(f)+E>nλ =
∑

τ∈Sn(−1)sgn(τ)r1τ(1)...rnτ(n)+

E>nλ ∈ GEnλ. For τ ∈ Sn, we have v(r1τ(1)...rnτ(n)) = nλ if and

only if v(riτ(i)) = λ−γi+γτ(i) for all i, if and only if siτ(i) = r′iτ(i) 6= 0

for all i, if and only if s1τ(1)...snτ(n) 6= 0. Let T be the subset of Sn,

consisting of such elements τ , then we have

det(f) + E>nλ =
∑
τ∈T

(−1)sgn(τ)r1τ(1)...rnτ(n) + E>nλ

=
∑
τ∈T

((−1)sgn(τ)r1τ(1)...rnτ(n))
′

=
∑
τ∈T

(−1)sgn(τ)r′1τ(1)...r
′
nτ(n).
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In GEnλ we have

det(f ′) =
∑
τ∈Sn

(−1)sgn(τ)s1τ(1)...snτ(n)

=
∑
τ∈T

(−1)sgn(τ)s1τ(1)...snτ(n)

=
∑
τ∈T

(−1)sgn(τ)r′1τ(1)...r
′
nτ(n)

which shows that det(f ′) = det(f)+E>nλ ∈ GEnλ. Hence, v(det(f)) =

nλ if and only if det(f ′) 6= 0 in GE, if and only if f ′ is invertible

in GβB, and when this occurs (det(f))′ = det(f ′). �

3. Discriminants of orthogonal involutions

(3.1) Let F be a graded field, A be a (finite-dimensional) graded

central simple algebra over F , and let D be a graded central di-

vision algebra over F , (graded) Brauer-equivalent to A, then by

[TW10, Proposition 2.1] A0 is semisimple and all its simple com-

ponents are Brauer-equivalent to D0 (with respect to the Brauer

group Br(Z(D0)), where Z(D0) is the center of D0). We saw in

the preliminaries that there is a group epimorphism θD : ΓD/ΓF →

Aut(Z(D0)/F0), defined by mapping gr(d) + ΓF to σ : b 7→ dbd−1,

for any d ∈ D∗ and b ∈ Z(D0). We also saw in (1.1.1) that A0

is simple if and only if A ∼=g Mn(D), where Mn(D) is given the

standard (unshifted) grading built from the grading of D. Further-

more, this is also equivalent to the fact that ΓA = ΓD. Recall that

when this is the case, we have A0
∼= Mn(D0) and Γ∗A = ΓA = ΓD,

where Γ∗A is the group consisting of gr(a), with a describing all

invertible homogeneous elements of A. Moreover, in this case
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we have deg(A) = deg(A0)[Z(A0) : F0]|ker(θD)| 12 = deg(A0)[Z :

F ]|ker(θD)| 12 , where Z = Z(A0.F ) = Z(A0).F .

Lemma 3.2. Let E be a Henselian valued field with residue char-

acteristic different from 2 and D be a central division algebra of

exponent 2 over E. If D is not inertially split, then |ker(θD)| is a

nontrivial power of 4.

Proof. Since char(E) 6= 2 and exp(D) = 2 (hence deg(D)

is a power of 2), then D is necessarily defectless over E, so [D :

E] = [D : E](ΓD : ΓE) = [D : Z(D)][Z(D) : E]2|ker(θD)|. Thus,

deg(D) = deg(D)[Z(D) : E]r, where r = |ker(θD)| 12 . In particular,

r is a power of 2. By [JW90, Lemma 1.7] θD is surjective, so by

[JW90, Lemma 5.1(iii)] θD cannot be injective (because D is not

inertially split over E). Therefore, r is a nontrivial power of 2,

which means that |ker(θD)| is a nontrivial power of 4. �

(3.3) Let E be a Henselian valued field with residue characteristic

different from 2, OE be the valuation ring of E and ME be its

maximal ideal. Since char(E) 6= 2, then (by applying Hensel’s

Lemma) every element in 1 +ME is a square, hence -as pointed in

[CDTWY95, p.52]- the canonical map:

O∗E/O
∗2
E → E

∗
/E
∗2

is a group isomorphism. Therefore, there is a canonical exact se-

quence:

1→ E
∗
/E
∗2 i→ E∗/E∗2

v̄→ ΓE/2ΓE → 0,
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where v̄ is induced by the valuation v on E and i is the com-

posite of the isomorphism E
∗
/E
∗2 ∼= O∗E/O

∗2
E and the inclusion

O∗E/O
∗2
E → E∗/E∗2.

(3.4) Let E be a Henselian valued field with residue characteristic

different from 2, D be a tame central division algebra over E, B

be a central simple algebra over E, Brauer equivalent to D, and

suppose that there exists an orthogonal involution σ on B. We

recall that by [TW11, Proposition 2.1] there is a tame E-gauge

α on B, which is invariant under σ, i.e., such that α ◦ σ = α.

We denote the involution canonically induced by σ on GαB by σ′.

Since GαB is graded simple, then as seen in (3.1), B(:= (GαB)0) is

semisimple, say (GαB)0 = B01×...×B0k, where B0i (1 ≤ i ≤ k) are

simple algebras. If α is residually simple (i.e., B is simple), then

obviously we have σ(B) = B, where σ is the restriction of σ′ to B.

Also, if σ is anisotropic, then σ(B0i) = B0i for all i, (1 ≤ i ≤ k)

(see [TW11, Corollary 2.3, p.124, and the last paragraph in page

123]).

Suppose for the rest that there is a simple subalgebra R of B

such that σ(R) = R, and let a ∈ R. Obviously, RGE is a simple

graded subalgebra of GαB, so by [M11, Lemma 2.6(4)], we have:

NrdGαB(a) = NZ(R)/E(NrdR(a))s,

where s = deg(GαB)/deg(R)[Z(R) : E]. We claim that s =

deg(CGαB(R)), where CGαB(R) is the centralizer of R in GαB.

Indeed, let F := GE, then by the graded version of the double
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centralizer theorem (see [TW15, Theorem 2.35]), we have [RF :

F ][CGαB(RF ) : F ] = [GαB : F ]. Note that

[RF : F ] = [RF : Z(R)F ][Z(R)F : F ]

= [R : Z(R)][Z(R) : E]

Also, we have

[CGαB(RF ) : F ] = [CGαB(RF ) : Z(R)F ][Z(R)F : F ]

= [CGαB(RF ) : Z(R)F ][Z(R) : E]

So,

[RF : F ][CGαB(RF ) : F ] = [R : Z(R)][CGαB(RF ) : Z(R)F ][Z(R) : E]2

Thus, deg(GαB) = deg(R)deg(CGαB(RF ))[Z(R) : E]. Therefore,

s = deg(CGαB(R))(= deg(CGαB(RF ))).

Lemma 3.5. Let E be a Henselian valued field with residue

characteristic different from 2, D be a central division algebra of

exponent 2 over E, B a central simple algebra over E which is

Brauer-equivalent to D, σ be an orthogonal involution on B and

consider a tame E-gauge α on B, which is invariant under σ. Let

σ′ be the graded involution on GαB induced by σ and suppose that

there is a simple subalgebra R of B such that σ(R) = R. If σ|R is

of the first kind and both deg(R) and deg(CGαB(R)) are even, then

disc(σ) = 1.

Proof. Since σ|R is of the first kind and deg(R) is even, then

by [KMRT98, Corollary 2.8] there is some a ∈ Skew(R, σ|R)∗. Let
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y ∈ B with α(y) = 0 and y(= y′) = a and let x = 1
2
(y − σ(y)). We

have σ(y)′ = σ′(y′) = σ(y) = σ(a) = −a = −y′, so σ(y) = −y +m

for some m ∈ B with α(m) > 0(= α(−y)). Replacing σ(y) by

−y+m, we get x = y− 1
2
m, so α(x) = α(y) (for this last equality,

see the third paragraph in [RTW07, p. 109]). Consequently, x(:=

x′) = (y − 1
2
m)′ = y′ = y = a, which is invertible in GαB, so by

[TW10, Lemma 1.3] x is invertible in B. Moreover it is clear that

σ(x) = −x (because x = 1
2
(y − σ(y))), so x ∈ Skew(B, σ)∗. By

Theorem 2.1 v(NrdB(x)) = 0, where v is the valuation of E, so,

using the canonical exact sequence

1→ E
∗
/E
∗2 i→ E∗/E∗2

v̄→ ΓE/2ΓE → 0

of (3.3), we have

NrdB(x)E∗2 = i(NrdB(x)E
∗2

)

= i(NrdGαB(x)E
∗2

)

= i(NrdGαB(a)E
∗2

)

= i(NZ(R)/E(NrdR(a))sE
∗2

)

where NZ(R)/E is the norm map of the field extension Z(R)/E and

where s = deg(CGαB(R)). Since s is even, then NrdB(x) ∈ E∗2,

which means that disc(σ) = 1 (because in this case 1
2
deg(B) is

even). �
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Remark 3.6. Note that under the hypotheses of Lemma 3.5,

if s(:= deg(CGαB(R))) is odd, say s = 2q + 1, then

NrdGαB(a)E
∗2

= NZ(R)/E(NrdR(a))sE
∗2

= NZ(R)/E(NrdR(a))2q+1E
∗2

= NZ(R)/E(NrdR(a))E
∗2

So, disc(σ) = (−1)
1
2

deg(B)NrdB(x)E∗2 = (−1)
1
2

deg(B)i(NZ(R)/E(NrdR(a))E
∗2

),

where i : E/E
∗2 → E∗/E∗2 is the map defined in (3.3).

Theorem 3.7. Let E be a Henselian valued field of residue

characteristic different from 2, D be a central division algebra of

exponent 2 over E with deg(D) > 2, B a central simple algebra over

E which is Brauer-equivalent to D, σ be an orthogonal involution

on B and consider a tame E-gauge α on B, which is invariant

under σ. Let σ′ be the graded involution on GαB induced by σ and

write B = B01×...×B0k, where B0l are simple algebras (1 ≤ l ≤ k).

If there is some i (1 ≤ i ≤ k) such that σ(B0i) = B0i, then we have

the following statements:

(1) If σ|B0i
is of the second kind, then disc(σ) = 1.

(2) If σ|B0i
is of the first kind and deg(B0i) is even1, then we

have the following:

(2.1) If deg(CGαB(B0iF )) is even, then disc(σ) = 1.

1Note that if D is not totally ramified, then D 6= E, so necessarily deg(B0i) is

even (because as seen in (3.1) B0i is Brauer-equivalent to (GD)0(= D).
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(2.2) If deg(CGαB(B0iF )) is odd, then there is some

a ∈ Skew(B0i, σ|B0i
)∗ such that disc(σ) = i(NZ(B0i)/E

(NrdB0i

(a))E
∗2

).

Proof. (1) We saw in (3.1) that Z(B0i) = Z(D). Moreover,

since B is Brauer-equivalent to D and deg(D) is a multiple of

4, then deg(B) is also a multiple of 4. Recall that Z(D)/E is

an abelian field extension and that exp(Gal(Z(D)/E )) divides

exp(D) (see [JW90, Proposition 1.7 and Corollary 6.10]). There-

fore, exp(Gal(Z(D)/E)) = 2 when Z(D) 6= E. This is the case here

since σ|B0i
is of the second kind (for we have σ|E = idE, so neces-

sarily Z(D)(= Z(B0i)) 6= E). We can then consider in this case

an invertible element a ∈ Z(B0i)(= Z(D)) such that σ(a) = −a.

Take now, as in the proof of Lemma 3.5, an element y ∈ B with

α(y) = 0 and y(= y′) = a and let x = 1
2
(y − σ(y)). Then,

we have x ∈ Skew(B, σ)∗, α(x) = 0, x = a and NrdB(x)E∗2 =

i(NrdGαB(a)E
∗2

), where E
∗
/E
∗2 i→ E∗/E∗2 is the map consid-

ered in (3.3). By [M11, Lemma 2.6(3)], we have NrdGB(a) =

NGE[a]/GE(a)
1
2

deg(GB). Moreover, by [TW10, Theorem 4.1] we have

deg(GαB) = deg(B), so by the above deg(GαB) is a multiple of

4. Thus, NrdGαB(a) ∈ E∗2, which also means that NrdB(x) ∈ E∗2.

Therefore, disc(σ) = (−1)
1
2

deg(B)NrdB(x) ∈ E∗2 = 1.

(2) This follows by Lemma 3.5 and Remark 3.6. �

Corollary 3.8. Let E be a Henselian valued field with residue

characteristic different from 2, D be a central division algebra of
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exponent 2 over E with deg(D) > 2, B = Mn(D), τ be an orthogo-

nal involution on B and α a tame E-gauge on B, invariant under

τ . If α is residually simple, then we have the following statements:

(1) If τ |B is of the second kind, then disc(τ) = 1.

(2) If τ |B is of the first kind and deg(B) is even2, then:

(2.1) If B is not inertially split, then disc(τ) = 1.

(2.2) If B is inertially split, then τ |B is orthogonal

and disc(τ) = i(NZ(B)/E(disc(τ))).

Proof. This corollary follows by Theorem 3.7. Indeed, to show

(2), let’s see that in this case we have deg(B) = deg(GαB) =

deg(B)[Z(B) : E]r, where r = |ker(θD)| 12 (see (3.1) above). So,

deg(CGαB(B.F )) = deg(B)

deg(B)[Z(B):E]
= r. Therefore, if B (or equiva-

lentlyD) is not inertially split, then by Lemma 3.2 deg(CGαB(B.F ))

is even, so by Theorem 3.7 disc(τ) = 1. Suppose now that B is

inertially split, then deg(CGαB(B.F ))(= r) = 1. By Theorem 3.7

disc(τ) = i(NZ(B)/E(NrdB(a))E
∗2

, for some a ∈ Skew(B, τ)∗. We

recall that by [TW11, Proposition 1.5, p.117] τ and τ ′ have the

same type; moreover by [M11, Proposition 2.8] τ ′ and τ have the

same type (in this case), so τ is necessarily orthogonal. We then

have disc(τ) = i(NZ(B)/E(NrdB(a))E
∗2

= i(NZ(B)/E(disc(τ))). �

Remark 3.9. As in above, let E be a Henselian valued field

with residue characteristic different from 2, D be a tame central

division algebra over E, B be a central simple algebra over E,

2As previously seen in Theorem 3.7 if D is not totally ramified, then deg(B) is

necessarily even.
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Brauer equivalent to D, and suppose that there exists an involution

of the first kind σ on B. Let α be a tame E-gauge on B, invariant

under σ, and suppose that B is simple, then as seen in the proof of

Corollary 3.8 σ and σ have the same type when B is inertially split.

This is not the case if B is not inertially split. Indeed, by [TW11,

Proposition 1.5] and Remark 1.4, σ and σ are not necessarily of the

same type in this case. Consider now the general case where B is

semisimple (not necessarily simple), say B = B01× ...×B|0k, where

B0l are simple algebras and k ≥ 2, and suppose that σ(B0i) = B0i

for some i (1 ≤ i ≤ k) and that σ|B0i
is of the first kind. A natural

question that arises is to see whether σ and σ|B0i
are of the same

type. We give here an example showing that this is not always the

case.

Let F be a graded field with characteristic different from 2, A

be a graded central division algebra over F with exp(A) = 2 and

deg(A0) ≥ 2, S be a graded central simple algebra over F which

is (graded) Brauer-equivalent to A and write S0 = S01 × ...× S0k,

where S0l are simple rings (1 ≤ l ≤ k). Since exp(A) = 2, then

S has a graded involution of the first kind. Also, since deg(A0) is

even then S0i has an involution ξ of the first kind. By applying

[KMRT98, Theorem 4.14, p.51] there exist graded involutions of

the first kind τ and ρ with different types on S with τ|S0i
= ρ|S0i

= ξ

when deg(CS(S0i))(= deg(S)/deg(S0i)[Z(S0i) : F0]) is even3. This

shows that τ and τ|S0i
are not necessarily of the same type. Let

qh(τ) := τ ⊗ idq(F )h be the canonical extension of τ to q(S)h :=

3Note that if we take S with deg(S) a power of 2, then deg(CS(S0i)) is even.
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S⊗F q(F )h. We recall that there is a (canonical) tame q(F )-gauge ζ

on q(S) defined by α(s) = s for any nonzero homogeneous element s

of S (see [M11, Proposition 1.4 and definition 1.5]). Let α := ζ⊗id

be the (canonical) extension of ζ to q(S)h(= q(S) ⊗q(F ) q(F )h).

One can easily see that the α is invariant under qh(τ); moreover

we have Gα(qh(S)) ∼= S, so (Gα(qh(S)))0 = S01 × ... × S0k, and

we can identify (qh(τ))′ to τ . Since char(F ) 6= 2, then by [TW11,

Proposition 1.5] q(τ)h and τ are of the same type, so σ := q(τ)h

(defined on B := q(S)h) and σ|S0i
(= τ|S0i

) are not necessarily of the

same type.

4. Discriminants of symplectic graded involutions

Let F be a graded field of characteristic different from 2 and

Fs be the separable graded closure of F (i.e., the tame closure of

F in F gr−alg, where F gr−alg is the algebraic graded closure of F

(see [HW(a)99, Definition 2.8 (and the following paragraph), and

Definition 3.8, pp.828-829 and 832]), then we have the following

isomorphisms:

H0(F, F ∗s ) ∼= F ∗, H1(F, F ∗s ) ∼= 1 (by Hilbert Theorem 90) and

H2(F, F ∗s ) ∼= Br(F ) (by [HW(b)99, Theorem 5.1, p. 103]).

Now, consider the following exact sequence of discrete Gal(Fs/F )-

modules:

1→ µ2 → F ∗s
φ→ F ∗s → F ∗s /F

∗2
s = 1,

where φ(x) = x2, then the associated cohomological sequence yields

the isomorphisms H1(F, µ2) ∼= F ∗/F ∗2 and H2(F, µ2) ∼= 2Br(F ),

where 2Br(F ) is the 2-torsion subgroup of the Brauer group Br(F ).
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Let A be a graded central simple algebra over F with deg(A) ≡

0 mod 4 and suppose that there exists a graded involution σ on A.

As in above, we let Sym(A, σ)∗ be the set of invertible homogeneous

elements of Sym(A, σ). In the same way as for the ungraded case, if

σ is symplectic, then writing deg(A) = 2m, we can define a unique

homogeneous polynomial function of degree m:

Nrpσ : Sym(A, σ)→ F,

by the conditions Nrpσ(1) = 1 and Nrpσ(x)2 = NrdA(x) for all

x ∈ Sym(A, σ). For a more precise definition, note that we have

Sym(A, σ)⊗F q(F ) = Sym(q(A), q(σ)), and for any x ∈ Sym(A, σ),

we have NrdA(x) = Nrdq(A)(x⊗ 1). We set for any x ∈ Sym(A, σ),

Nrpσ(x) := Nrpq(σ)(x⊗ 1).

Analogously to the ungraded case, a map ∆σ : Sym(A, σ)∗ →

H3(F, µ2), is defined by ∆σ(a) = (Nrpσ(a))2 ∪ [A].

For any other symplectic graded involution τ on A, we define

the discriminant ∆σ(τ) to be ∆σ(a), where a is an arbitrary element

of Sym(A, σ)∗ such that τ = Int(a) ◦ σ.

The following lemma gives a graded version of a result proved

in [BMT03, Proposition 1, p.203].

Lemma 4.1. Let F be a graded field of characteristic different

from 2, A be a graded central simple algebra over F with deg(A) ≡

0 mod 4 and suppose that α, σ and τ are symplectic graded invo-

lutions on A. Then ∆τ (σ) = ∆τ (α) + ∆α(σ) and ∆α(σ) = ∆σ(α).
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Proof. This follows by [BMT03, Proposition 1, p.203] and

scalar extension to the algebra of central quotients. For more de-

tails, one can proceed as follows. Write σ = Int(s) ◦ α, where s ∈

Sym(A,α)∗. We have also α = Int(s−1) ◦ σ and s−1 ∈ Sym(A, σ)∗.

By definition, we have ∆α(σ) = (Nrpα(s))2 ∪ [A] and ∆σ(α) =

(Nrpσ(s−1))2∪[A] = (Nrpα(s−1))2∪[A] (because s−1 ∈ Sym(A, σ)∩

Sym(A,α)); moreover, by [BMT03, Lemma 9(b), p.207] we have

Nrpq(σ)(s
−1s2) = Nrpq(α)(s

−1)Nrpq(α)(s
2) = Nrpq(α)(s

−1)Nrpq(α)(s)
2.

Therefore, Nrpα (s) = Nrpσ(s) = Nrpq(σ)(s) = Nrpq(σ)(s
−1s2) =

Nrpq(α)(s
−1)Nrpq(α) (s)2 = Nrpα(s−1)Nrpα(s)2, hence Nrpα(s)F ∗2 =

Nrpα(s−1)F ∗2, so ∆α(σ) = ∆σ(α).

Let t ∈ Sym(A, τ)∗ such that α = Int(t)◦τ , then σ = Int(st)◦τ .

By [BMT03, Lemma 9(b), p. 206-207] for any y ∈ Sym(A,α)

we have Nrpq(σ)((s ⊗ 1)(y ⊗ 1)) = Nrpq(α)(s ⊗ 1)Nrpq(α)(y ⊗ 1).

In particular, Nrpσ(st) = Nrpq(σ)(st ⊗ 1) = Nrpq(σ)((s ⊗ 1)(t ⊗

1)) = Nrpq(α)(s ⊗ 1)Nrpq(α)(t ⊗ 1) = Nrpα(s)Nrpα(t). We have

∆τ (σ) = (Nrpτ (st))2 ∪ [A] = (Nrpσ(st))2 ∪ [A] (because st ∈

Sym(A, τ)∩Sym(A, σ)). Hence ∆τ (σ) = (Nrpα(s)Nrpα(t))2∪[A] =

(Nrpα(s))2∪ [A]+(Nrpα(t))2∪ [A] = (Nrpα(s))2∪ [A]+(Nrpτ (t))2∪

[A] = ∆α(σ) + ∆τ (α).

�

(4.2) Let F be a graded field and A a graded central simple

algebra over F . We saw in (1.1.1) that if A0 is simple, then

deg(A) = deg(A0)[Z(A0) : F0]r, where r = |ker(θA)| 12 . Suppose

that there exists a symplectic graded involution σ on A, then by
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[M11, Lemma 2.6(4)], for any a ∈ Sym(A, σ)∗ ∩ A0F , we have

NrdA(a) = NZ(A0)F/F (NrdA0F (a))r.

If A is not inertially split, then as seen above in Lemma 3.2,

|ker(θA)| is a nontrivial power of 4. Suppose that deg(A) ∼= 0

mod 4, then on Sym(A, σ)∗ ∩ A0F , we have Nrpσ(a) = NZ(A0)F/F (

NrdA0F (a))
r
2 . This follows from the fact that NZ(A0)F/F (NrdA0F (a))

is a polynomial function on a. In particular, if r ≡ 0 mod 4 (i.e.,

r ≥ 4), then Nrpσ(a) ∈ F ∗2 for all a ∈ Sym(A, σ)∗ ∩ A0F .

(4.3) Let F be a graded field of characteristic different from 2, D

be a graded central division algebra over F with exp(D) = 2 and

E = q(F )h. Since exp(q(D)h)(= exp(D)) = 2, then q(D)h has an

involution of the first kind σ, which by [KMRT98, Corollary 2.8,

p.18] can be chosen of arbitrary type. By [RTW07, Proposition

3.15(i), p. 124 and Proposition 3.13, p.122]4 the induced graded

involution σ′ of σ on G(q(D)h) has the same type as σ (because

char(F ) 6= 2), so by identification of D with G(q(D)h) we can

suppose that D has a sympelectic [resp., an orthogonal] graded in-

volution.

4See here that as in the proof of (b) ⇔ (c) in [RTW07, Proposition 3.13,

p.122], we have dimGESymd(G(q(D)h), σ′, 1) = dimESymd(q(D)h, σ, 1). More-

over, since char(F ) 6= 2, then Symd(G(q(D)h), σ′, 1) = Sym(G(q(D)h), σ′)

and Symd(q(D)h, σ, 1) = Sym(q(D)h, σ), therefore dimGESym(G(q(D)h), σ′) =

dimESym(q(D)h, σ), which shows that σ and σ′ have the same type because

dimGEG(q(D)h) = dimEq(D)h.
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(4.4) Let F be a graded field, D be a graded central division al-

gebra over F , and A = Mn(D). If ρ is a graded involution on D,

then the map η : Mn(D) → Mn(D), defined by (dij) 7→ (ρ(dij))
t

is a graded involution on A extending ρ. As seen in (4.3), if F

has characteristic different from 2 and exp(D) = 2, then we can as-

sume that ρ is of arbitrary type; moreover by applying [KMRT98,

Proposition 2.20, p.24] -to q(D) and q(A)- we deduce that ρ and η

have the same type.

Lemma 4.5. Let D be a graded central division algebra over a

graded field F , and let x ∈ D∗. If e is the least positive integer

such that e.gr(x) ∈ ΓF and r = |ker(θD)| 12 is a multiple of e, then

NrdD(x) ∈ F ∗r/e.

Proof. We have [F [x] : F [xe]] = e and λ−1xe ∈ D0 for some

λ ∈ F ∗. Therefore, [F [λ−1xe] : F ] divides deg(D0)[Z(D0) : F0] =

deg(D)
r

and [F [x] : F ] divides e
r
deg(D). We have

NrdD(x) = NF [x]/F (x)deg(D)/[F [x]:F ]

and the right side is in F ∗r/e since r
e

divides deg(D)
[F [x]:F ]

. �

Remark 4.6. Let D be a graded central division algebra over

a graded field F with exp(D) = 2. By [B95, Corollary 4.4] q(D)h

is tame over q(F )h, so by [JW90, Corollary 6.10] exp(ΓD/ΓF )(=

exp(Γq(D)h/Γq(F )h)) divides exp(D)(= exp(q(D)h)). Therefore, exp(

ΓD/ΓF ) is at most 2.

In this case, if σ is a symplectic graded involution on D and

x ∈ Sym(D, σ)∗, then e in Lemma 4.5 is either 1 or 2 and the same
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arguments used to prove Lemma 4.5 show that Nrpσ(x) ∈ F ∗r/2e

when 2e divides r since Nrpσ(x) = NF [x]/F (x)
deg(D)

2[F [x]:F ] .

Proposition 4.7. Let F be a graded field of characteristic dif-

ferent from 2, D a graded central division algebra over F with

exp(D) = 2 and 8 ≤ |ker(θD)| 12 , then for any graded symplectic

involutions σ and τ on D, we have ∆σ(τ) = 0.

Proof. Let r = |ker(θD)| 12 . By Lemma 3.2 r is a power of 2,

so by the hypotheses here r is a multiple of 8 (because we assumed

here that r ≥ 8). Let x ∈ Sym(D, σ)∗ such that τ = Int(x) ◦ σ,

then by Remark 4.6 Nrpσ(x) ∈ F ∗2, so ∆σ(τ) = 0. �

Lemma 4.8. Let F be a graded field of characteristic different

from 2 and D a non inertially split graded central division algebra

over F with D0 a field and exp(D) = 2. Then the identity map on

D0 extends to a symplectic graded involution on D.

Proof. Since D is not inertially split, then as seen in Lemma

3.2, |ker(θD)| is a non trivial power of 4. Let CD(D0F ) be the cen-

tralizer of D0F in D, then by the graded version of the double cen-

tralizer theorem (see [TW15, Theorem 2.35]) we have [CD(D0F ) :

F ][D0F : F ] = [D : F ]. Moreover, we have [D : F ] = [D0 : F0](ΓD :

ΓF ), so [CD(D0F ) : D0F ] = |ker(θD)|. Therefore, deg(CD(D0F )) is

even. The rest of the proof follows easily by applying [KMRT98,

Theorem 4.14, p.51] to the algebras q(D)h and q(D0F )h. Namely,

since exp(q(D)h) = 2, then q(D)h has an involution of the first kind;

moreover since D0 is a field, then the identity map is an involution
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on q(D0F )h. So, by [KMRT98, Theorem 4.14, p.51] (and the fact

that deg(Cq(D)h(q(D0F )h))(= deg(CD(D0F ))) is even), there is a

symplectic involution ξ on q(D)h whose restriction to q(D0F )h is

the identity map. Since char(F ) 6= 2, then the induced graded

involution ξ′ on D(= G(q(D)h)) is also symplectic, and clearly we

have ξ′|D0
= idD0 . �

(4.9) Let F be a graded field of characteristic different from 2

and D a non inertially split graded central division algebra over

F with D0 a field and exp(D) = 2. Let ρ be a symplectic graded

involution on D with ρ|D0 = idD0 , then by [CDTWY95, Theo-

rem 5, p.62] we have q(D)h = R ⊗q(F )h L, where R is a (tame)

semiramified central division algebra over q(F )h, L is a (tame)

totally ramified central division algebra over q(F )h, and both R

and L are stable under qh(ρ) (see the preliminaries for this nota-

tion). Moreover, we have ΓR ∩ ΓL = Γq(F )h , Γq(D)h = ΓR + ΓL,

D0 = R and ker(θq(D)h) = ΓL/Γq(F )h . So, by [TW10, Corollary

1.28]5, we have D(∼=g G(q(D)h)) ∼=g S ⊗F T , where S := GR

is a semiramified graded division algebra over F (= G(q(F )h)),

T := GL is a totally ramified graded central division algebra over

F , ΓD/ΓF = ΓS/ΓF ⊕ ΓT/ΓF , D0 = S0 and ker(θD) = ΓT/ΓF . By

identification of S and T with their respective images in D (under

5Since R and L are tame, then we can consider tame q(F )h-gauges s and t on

R and L, respectively. Further, since Z(GR)⊗F Z(GL) ∼=g Z(GR) is a graded field,

then by [TW10, Corollary 1.28], we have G(q(D)h) ∼=g GR ⊗F GL. Note here that

s⊗ t coincides with the henselian valuation on q(D)h (see [TW10, Corollary 3.2]).
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the above graded isomorphism), we can write D = S ⊗F T with S

and T both stable under ρ(= qh(ρ)′).

Proposition 4.10. Let F be a graded field of characteristic

different from 2 and D a graded central division algebra over F

with exp(D) = 2 and |ker(θD)| > 4. Let A = Mn(D), and let

σ be a graded involution of symplectic type on A, then there is

only a finite number of values for the discriminants ∆σ(τ), where

τ describes all graded involutions of symplectic type on A.

Proof. Assume first that D0 is a field. By Lemma 4.8 there is

a symplectic graded involution ρ on D with ρ|D0 = idD0 . Moreover,

as seen in (4.9), we can write D = S ⊗F T , where S is a semirami-

fied graded central division algebra over F , T is a totally ramified

graded central division algebra over F , ΓD/ΓF = ΓS/ΓF ⊕ ΓT/ΓF ,

D0 = S0, ker(θD) = ΓT/ΓF , and where both S and T are stable

under ρ. Let λ1, ..., λk [resp., γ1, ..., γl] be a set of representatives of

the various cosets of ΓS modulo ΓF [resp., of ΓT modulo ΓF ] and let

x1, ..., xk ∈ S∗ [resp., y1, ..., yl ∈ T ∗] be elements with gr(xi) = λi

and gr(yj) = γj for all i, j (1 ≤ i ≤ k and 1 ≤ j ≤ l). We have

NrdD(xi) = NF [xi]/F (xi)
deg(D)

[F [xi]:F ] = NF [xi]/F (xi)
deg(S)

[F [xi]:F ]
.deg(T )

. Simi-

larly, we have NrdD(yj) = NF [yj ]/F (yj)
deg(T )

[F [yj ]:F ]
.deg(S)

. Note that for

any c ∈ T , we have gr(c2) = 2gr(c) ∈ ΓF (because exp(ΓT/ΓF )

divides exp(T )), hence c2 ∈ F (because T0 = F0), so [F [c] : F ]

divides 2. Therefore, in the above deg(T )
[F [yj ]:F ]

is a multiple of deg(T )
2

.

Let η be the graded involution on A defined by (dij)1≤i,j≤n 7→

(ρ(dij))
t
1≤i,j≤n, then as seen in (4.4) η is symplectic. We have ΓA =
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ΓD so for any a ∈ A∗, we can write a = b.x̂i ⊗ yj, for some b ∈

(A0F )∗ and 1 ≤ i ≤ k, 1 ≤ j ≤ l, where x̂i ⊗ yj is the diagonal

matrix in A(= Mn(D)) with all diagonal entries equal to xi ⊗ yj.

Hence,

NrdA(a) = NrdA(b)NrdD(xi ⊗ yj)n

= NZ(A0)F/F (NrdA0F (b))rNrdD(xi)
nNrdD(yj)

n,

where r = |ker(θD)| 12 . So,

NrdA(a) = NZ(A0)F/F (NrdA0F (b))rNF [xi]/F (xi)
n.

deg(S)
[F [xi]:F ]

.deg(T )
NF [yj ]/F (

yj)
n.

deg(T )
[F [yj ]:F ]

.deg(S)

We have deg(T ) = r and we saw above that deg(T )
[F [yj ]:F ]

is a multiple of

deg(T )
2

, so deg(T )
[F [yj ]:F ]

is a multiple of 2 (because by Lemma 3.2 and the

hypothesis |ker(θD)| > 4, r is a multiple of 4). If a is a symmetric

element for η, then we have

Nrpη(a) = ±NZ(A0)F/F (NrdA0F (b))
r
2 NF [xi]/F (xi)

n.
deg(S)

[F [xi]:F ]
.
deg(T )

2 NF [yj ]/F (

yj)
n.

deg(T )
2[F [yj ]:F ]

.deg(S)

So, Nrpη(a)F ∗2 = ±NF [yj ]/F (yj)
n.

deg(T )
2[F [yj ]:F ]

.deg(S)
F ∗2. This shows

that there is only a finite number of elements Nrpη(a)F ∗2 when a

describes all invertible symmetric elements for η.

Let τ be a symplectic graded involution on A. We have ∆σ(τ) =

∆η(τ) + ∆σ(η) = ∆η(τ) + ∆η(σ), so by the above there is only

a finite number of values for the discriminants ∆σ(τ), where τ

describes all graded involutions of symplectic type on A.
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Now, suppose that D0 is not a field. By (4.3) we can consider

a symplectic graded involution ρ on D. As above, let η be the

graded involution on A defined by (dij) 7→ (ρ(dij))
t, then by (4.4)

η is symplectic. Let γ1, ..., γs be a set of representatives of the

various cosets of ΓD modulo ΓF . Since D0 is not a field, then by

Proposition 1.1, for any i (1 ≤ i ≤ s), there exists xi ∈ D∗ with

gr(xi) = γi and ρ(xi) = xi. Let τ be a symplectic graded involution

on A and let a ∈ Sym(A, η)∗ such that τ = Int(a) ◦ η. As in the

first case, we can write a = bx̂i for some b ∈ (A0F )∗ and 1 ≤ i ≤ s

(where x̂i is the diagonal matrix in A with all diagonal entries

equal to xi). Let ε = Int(x̂i) ◦ η, then τ = Int(b) ◦ ε. We have

x̂i ∈ Sym(A, η)∗, so ε is a symplectic graded involution on A. Also,

because τ and ε are both symplectic (and char(F ) 6= 2), then b ∈

Sym(A, ε) ∩ (A0F )∗. We have Nrpε(b) = NZ(A0)F/F (NrdA0F (b))
r
2 ,

where r = |ker(θA)| 12 , so Nrpε(b)F
∗2 = F ∗2, hence ∆ε(τ) = 0.

Therefore, ∆η(τ) = ∆ε(τ)+∆η(ε) = ∆η(ε) = (Nrpη(x̂i))2∪ [A]. By

replacing τ by σ, we can assume that there exists some i0 (1 ≤ i0 ≤

s) such that ∆η(σ) = (Nrpη(x̂i0))2∪ [A]. So, ∆σ(τ) = (Nrpη(x̂i))2∪

[A] + (Nrpη(x̂i0))2 ∪ [A] = (Nrpρ(xi)
n)2 ∪ [A] + (Nrpρ(xi0)

n)2 ∪

[A]. This shows that the set of values of the discriminants ∆σ(τ),

where τ describes all graded involutions of symplectic type on A,

is finite. �

Corollary 4.11. Let F be a graded field of characteristic dif-

ferent from 2 and A a graded central simple algebra over F . Sup-

pose A0 is simple non split, exp(A) = 2 and |ker(θA)| > 4, and

let σ be a graded involution of symplectic type on A, then there is
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only a finite number of values for the discriminants ∆σ(τ), where

τ describes all graded involutions of symplectic type on A. If in

addition deg(A)
ind(A)

is even, then for any such involution τ , we have

∆σ(τ) = 0.

Proof. We saw in (1.1.1) that A can be identified with Mn(D),

where D is a graded central division algebra over F Brauer equiv-

alent to A. Moreover, since A0 is non split, then D0 cannot be a

field. So, the same arguments used in the last part of the proof of

Proposition 4.10 show that there is only a finite number of values

for the discriminants ∆σ(τ), when τ describes all graded involu-

tions of symplectic type on A. Moreover, one can easily see that

∆σ(τ) = 0 when n(= deg(A)
ind(A)

) is even. �

Remark 4.12. Under the hypotheses of Proposition 4.10 with

D0 not a field and n even, one can see that we have the following

result: Nrpη(z) ∈ F ∗2 for all z ∈ Sym(A, η)∗. This can be shown

as follows: If gr(z) = 0, then Nrpη(z) = NZ(A0)/F0(NrdA0(z))r/2,

where r = |ker(θD)| 12 , so the result holds. If gr(z) = δ, then by

Proposition 1.1, we may find d ∈ D∗ with gr(d) = δ and ρ(d) = d.

Let d̂ ∈ A be the diagonal matrix with diagonal entries all equal to

d, and let z0 = zd̂−1. We have z0 ∈ A∗0 and z0 ∈ Sym(A, η0)∗, where

η0 = Int(d̂) ◦ η. Therefore, Nrpη0(z0) ∈ F ∗2. We have Nrpη(d̂) =

NrdD(d)n/2 and by Lemma 4.5 (see also Remark 4.6) NrdD(d) ∈

F ∗2, so Nrpη(d̂) ∈ F ∗2. Therefore, Nrpη(z) = Nrpη0(z0)Nrpη(d̂) ∈

F ∗2.
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Examples 4.13. For a graded field F of characteristic different

from 2, we aim to give here examples of the following:

(1) A graded central division algebra A over F with exp(A) =

2 and 8 ≤ |ker(θA)| 12 .

(2) A graded central simple algebra A over F with exp(A) = 2,

A0 simple, |ker(θA)| > 4 and deg(A)
ind(A)

even.

Let E be a field of characteristic different from 2, R be a

quaternion division algebra over E (or more generally a central

division algebra of exponent 2 over E), k be a positive integer

with 8 ≤ 2k, X1, ...., X2k be 2k independent indeterminates over E,

E ′ = E((X1))...((X2k)) be the iterated Laurent power series field,

F = E[X1, X
−1
1 , ...., X2k, X

−1
2k ] be the E-subalgebra of E ′ generated

by X1, X
−1
1 , ...., X2k, X

−1
2k , and endow Z2k with the right-to-left lex-

icographical ordering. Then, F is a graded field with ΓF = Z2k,

and for each m := (m1, ...,m2k) ∈ Z2k we have Fm = EXm1
1 ...Xm2k

2k .

One can see that F can be identified with E[Z2k]; moreover, it is

clear that q(F ) = E(X1, ...., X2k). For any elements a, b ∈ q(F )∗,

we denote by (a, b)q(F ) the quaternion algebra over q(F ) determined

by a and b. Let S = ⊗km=1(X2m−1, X2m)q(F ). If we consider on q(F )

the canonical valuation v associated to the graded structure of F ,

then by [TW87, Example 3.6, p.234] S is a division algebra and

there exists a valuation w on S which extends v and for which S is

totally ramified over q(F ) with ΓS/Γq(F )
∼=

∏k
m=1(Z/2Z)× (Z/2Z).

Since char(F ) 6= 2 and w is defectless over v, then by [TW10,
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Proposition 1.12], w is a tame q(F )-gauge, so T := GwS is a to-

tally ramified graded central division algebra over F with ΓT/ΓF ∼=∏k
m=1(Z/2Z)× (Z/2Z) (here we identify F with Gvq(F ))

Let I := R⊗EF and endow I with the graded structure defined

by Im := {
∑
xi ⊗ yi |xi ∈ R and yi ∈ Fm}. It is clear that any

nonzero homogeneous element of I can be written as a ⊗ s, with

a ∈ R∗ and s ∈ F ∗, hence I is an inertial graded division algebra

over F .

Now, let A := I ⊗F T , we claim that A is a graded central

division algebra over F with exp(A) = 2, A0 = R and |ker(θA)| 12 =

deg(T ). Indeed, we have exp(I) = exp(R) = 2, exp(T ) = exp(S) =

2, and clearly A cannot be split since it is not inertially split (for

I is inertially split and T is not inertially split), so exp(A) = 2.

Moreover, we have ΓA = ΓI + ΓT = ΓF + ΓT = ΓT , hence ΓA/ΓF =

ΓT/ΓF . We have

[A : F ] = [I : F ][T : F ]

= [I0 : E](ΓT : ΓF )

= [R : E](ΓT : ΓF )

= [R : E](ΓA : ΓF )

On the other hand, by [HW(b)99, (1.8), p.79], we have [A : F ] ≥

[A0 : F0](ΓA : ΓF ) = [A0 : E](ΓA : ΓF ), hence [R : E] ≥ [A0 : E].

Conversely, it is clear that R(= I0) ⊆ A0, so necessarily R = A0.

Since A0 is a division algebra, then by [TW15, Corollary 2.43] A

is a graded division algebra over F . Note that we have ker(θA) =
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ker(θq(A)h), and clearly up to an algebra isomorphism, we have

q(A)h = q(I)h⊗q(F )hq(T )h (with q(I)h inertial over q(F )h and q(T )h

totally ramified over q(F )h), so by [JW90, Theorem 6.3, p.167]

ker(θA) = ker(θq(A)h) = Γq(T )h/Γq(F )h = ΓT/ΓF . Consequently,

|ker(θA)| 12 = (ΓT : ΓF )
1
2 = [T : F ]

1
2 = deg(T ). We have previously

chosen k so that 8 ≤ 2k, hence 8 ≤ deg(T ) = |ker(θA)| 12 .

For the second example, see that if we replace R by an arbitrary

central simple algebra of exponent 2 over E with deg(R)
ind(R)

even, and

chose k > 2, then using the same arguments, the algebra A :=

I ⊗F T still satisfies the following : exp(A) = 2 and A0 = R, hence

in particular A0 is simple. Let C be a central division algebra over

E Brauer-equivalent to R, and let D := C⊗EF . Then, D is Brauer

equivalent to I and B := D ⊗F T is (graded) Brauer equivalent to

A. By the above, B is a graded central division algebra over F ,

so as seen in (1.1.1) θA = θB (because A0 is simple). By the first

example, we have |ker(θB)| 12 = deg(T ), so |ker(θA)| 12 = deg(T ) > 2.

Note that up to an algebra isomorphism, we have R = Mn(E)⊗EC,

where n = deg(R)
ind(R)

. So, I = R ⊗E F = Mn(E) ⊗E (C ⊗E F ) =

Mn(E)⊗ED = Mn(D). Therefore, A = I⊗F T ∼=g Mn(D)⊗F T ∼=g

Mn(D⊗F T ). Moreover, as seen above D⊗F T is a graded central

division algebra over F , so deg(A)
ind(A)

(= n) is even.

5. Discriminants of symplectic involutions on tame

central simple algebras over Henselian fields

Proposition 5.1. Let D be a central division algebra over a

Henselian field E and let x ∈ D. Assume char(E) does not divide
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deg(D) and let r = |ker(θD)| 12 . Let e be the least positive integer

such that e.v(x) ∈ ΓE, where v is the extension of the valuation of

E to D. If e divides r, then NrdD(x) ∈ E∗r/e.

Proof. Consider first the case where v(x) = 0. Let Xn +

an−1X
n−1 + ... + a0 ∈ E[X] be the minimal polynomial of x over

E (where a0, ..., an−1 ∈ E with v(ai) ≥ 0 for all i). By Hensel’s

lemma, we may find a root u ∈ E(x) of Xn + an−1X
n−1 + ... + a0

with u = x, so x = u(1 + m) for some m ∈ E(x) with v(m) > 0.

We have NrdD(x) = NrdD(u)NrdD(1 +m) and

NrdD(u) = NE(u)/E(u)deg(D)/n ∈ Er.

Moreover, Xr − NrdD(1 +m) ∈ E[X] has residue Xr − 1 ∈ E[X].

Since 1 is a simple root of this polynomial, it follows from Hensel’s

Lemma that Xr−NrdD(1 +m) has a root in E, so NrdD(1 +m) ∈

Er. Therefore, NrdD(x) ∈ Er

If e = 1, we have v(λ−1x) = 0 for some λ ∈ E∗, hence NrdD(λ−1x)

∈ E∗r by the above. Since NrdD(λ) = λdeg(D) ∈ E∗r, the proposi-

tion holds when e = 1.

In the general case, we have v(xe) ∈ ΓE, hence NrdD(xe) =

νr for some ν ∈ E∗. It follows that NrdD(x) = ξνr/e for some

ξ ∈ E∗ with ξe = 1. In GD we have NrdD(x)′ = NrdGD(x′) (see

[HaW(a)11, Corollary 4.4] or Theorem 2.1), so

NrdGD(x′) = ξ′(ν ′)r/e.

Lemma 4.5 shows that ξ′ ∈ GE∗r/e, so ξ ∈ E
∗r/e

. By Hensel’s

lemma it follows that ξ ∈ E∗r/e, so NrdD(x) ∈ E∗r/e. �
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Remark 5.2. Alternatively, this proposition can be shown as

follows: We have NrdD(x)′ = NrdGD(x′), so by Lemma 4.5 NrdD(x)′

∈ GE∗r/e. Moreover, the polynomial Xr/e−NrdGD(x′) ∈ GE[X] is

λ-homogenizable, where λ = e
r
gr(NrdGD(x′)), and all its roots are

simple, so by [MW11, Theorem 1.9 (4) and (5)] the polynomial

Xr/e − NrdD(x) has a root in E, hence NrdD(x) ∈ E∗r/e.

As in the graded case, if D has a symplectic graded involution

σ and x ∈ Sym(D, σ)∗, then we have Nrpσ(x) ∈ Er/2e and in this

case e = 1 or 2 (see Remark 4.6). Consequently, using the same

arguments as in the graded case (see Proposition 4.7), we have the

following Corollary.

Corollary 5.3. Let E be a Henselian valued field with residue

characteristic different from 2, D be a central division algebra of

exponent 2 over E such that 8 ≤ |ker(θD)| 12 , and σ, τ be symplectic

involutions on D, then ∆σ(τ) = 0.

Lemma 5.4. Let D be a central division algebra over a Henselian

valued field E with char(E) not dividing deg(D), B = Mn(D), and

define the tame gauge β on B by β((dij)1≤i,j≤n) = min{v(dij) | 1 ≤

i, j ≤ n}, where v is the extension of the valuation of E to D. Sup-

pose b ∈ B∗ is such that Int(b) preserves β, i.e., β(bxb−1) = β(x)

for all x ∈ B. Let r = |ker(θD)| 12 . If r ≡ 0 mod 4, n is even and

the exponent of ΓD/ΓE is 2, then NrdB(b) ∈ E∗4.

Proof. The condition on b is equivalent to β(b) + β(b−1) = 0.

Let d ∈ D∗ be such that β(b) = v(d), and let d̂ ∈ B∗ be the diagonal

matrix with diagonal entries all equal to d. Let also b0 = bd̂−1.
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Then β(b0) = β(b−1
0 ) = 0 and NrdB(b0) = NrdB(b)NrdD(d)−n. The

property β(b0) = β(b−1
0 ) = 0 means that b0 ∈ GLn(O), where O is

the valuation ring of D. It follows that the Dieudonné determinant

of b0 is represented by an element u ∈ D with v(u) = 0. By

Proposition 5.1 we have NrdD(u) ∈ E∗4 and NrdD(d) ∈ E∗2. Since

NrdB(b0) = NrdD(u) and n is even, it follows that NrdB(b) =

NrdB(b0)NrdD(d)n ∈ E∗4. �

Under the hypotheses of Lemma 5.4, if D has a symplectic in-

volution ρ, η is the symplectic involution on B defined by (dij) 7→

(ρ(dij))
t, and b ∈ Sym(B, η)∗, then it follows by Lemma 5.4 and

Remark 4.12 that Nrpη(b) ∈ E∗2. Consequently, we have the fol-

lowing Corollary.

Corollary 5.5. Let E be a Henselian valued field with residue

characteristic different from 2, D be a central division algebra of

exponent 2 over E with |ker(θD)| > 4, B = Mn(D) and define the

tame gauge β on B by β((dij)1≤i,j≤r) = min{v(dij) | 1 ≤ i, j ≤ n},

where v is the extension of the valuation of E to D. If n is even,

then for any symplectic involutions σ, τ on B, preserving β, we

have ∆σ(τ) = 0.

Proof. Let ρ be a symplectic involution on D, and let η be

the symplectic involution on B defined as in the last paragraph

above. Since η preserves β, then any symplectic involution on B

which preserves β is of the form Int(b) ◦ η, where b ∈ Sym(B, η)∗

and Int(b) preserves β. Thus, if σ and τ are symplectic involutions

on B, preserving β, then ∆σ(τ) = ∆η(τ) + ∆η(σ) = 0. �





CHAPTER 3

Witt rings of graded simple algebras and

Milnor’s K-theory for graded fields

The first aim of the present chapter is to apply graded division

algebras in studying Witt rings of tame division algebras. A second

goal is to prove some facts concerning Milnor’s K-groups of graded

fields.

In the first section, denoting by E a Henselian valued field

with abstract Galois group GE, by n a prime power (positive) in-

teger which is not a multiple of the residue characteristic of E,

and by Hn(GE,Z/nZ) the nth (continuous) cohomology group of

GE on Z/nZ, we show that the graded ring H∗(GE,Z/nZ) :=

⊕n∈NHn(GE,Z/nZ) is graded isomorphic to H∗(GF ,Z/nZ), where

F is the graded field (canonically) associated to E (see the prelim-

inaries), and where GF is the Galois group of the tame (graded)

closure of F (see Corollary 1.4). This isomorphism is needed in sec-

tion 3 to give a cohomological interpretation to Milnor’s K-rings of

a graded field.

In section 2, inspired by Craven’s work in [C82], we define and

study (gr-) Witt rings of graded simple algebras. We begin this

section by proving that the square class group S(D) := D∗/D∗2 of

a tame central division algebra D over a Henselian valued field with

79



80chap. 2: Discriminants of involutions of the first kind over Henselian fields.

residue characteristic different from 2, is isomorphic to the square

class group of GD (see Proposition 2.3), then for a graded field F ,

we give a description of the (gr-) Witt ring W gr(F ) of F in terms

of generators and relations. This description is generalized in the

definition of the the (gr-) Witt ring of a graded simple algebra A.

We show then a result relating the (gr-) Witt ring of A to the Witt

ring of the 0-component A0 of A (see Proposition 2.8). We apply

this result to show that if E is a Henselian valued field of residue

characteristic different from 2, D is a tame central division algebra

over E, J is the ideal of W (D), generated by the (classes of) the

elements 〈1〉 − 〈r〉, where r ∈ D∗ ∩ GD∗2, and Z is a subgroup of

D∗/D∗2 mapped bijectively onto ΓD/2ΓD by the induced map v of

the valuation v of D, then W (D) is isomorphic to a generalized

crossed product (W (D)/J) ∗ Z. If in addition D
∗ ∩ GD∗2 = D

∗2
,

then we get a ring isomorphism W (D) ∼= W (D) ∗Z. In particular,

if D = E, then W (E) ∼= W (E)[Z] (see Corollary 2.10).

We show in (2.11) that Corollary 2.10 generalizes Sladek’s The-

orem [S88, Theorem 3.3] which he proved for the restrictive case

where the division algebra D has a complete discrete valuation with

residue characteristic different from 2 and where the residue divi-

sion algebra of D is a field. The arguments used in this section are

completely independent of those used in [S88].

In section 3, for a graded field F , we define a ring K∗F , which

is the analogous (in the graded setting) of Milnor’s one defined

in [Mi70] for (ungraded) fields, and for a positive integer n, we

define the ring (K∗F )n := K∗F/nK∗F , which for n = 2, like the
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ungraded case, characterizes the graded (gr-) Witt ring of F . Then,

for a power n of a prime integer p, we determine a first (graded)

isomorphism between (K∗F )n and an extension of (K∗F0)n (see

Proposition 3.1). We show that if p is different from the char-

acteristic of F , then (K∗F )n is (graded) isomorphic to the ring

H∗(GF ,Z/nZ) (see Corollary 3.4).

1. Some Galois cohomology

For a profinite group G, a discrete G-module N and a positive

integer n, let Hn(G,N) be the nth (continuous) cohomology group

of G on N . We set H∗(G,N) := ⊕n≥0H
n(G,N).

Let E be a Henselian valued field with abstract Galois group

GE, F = GE be the graded field (canonically) associated to E (see

the preliminaries) and let n be a power of a prime integer different

from the residue characteristic of E. As previously mentioned in

the introduction of this chapter, we will show in this section that we

have a graded ring isomorphism H∗(GE,Z/nZ) ∼=g H
∗(GF ,Z/nZ).

This isomorphism will be needed in section 3 to give a cohomo-

logical interpretation to Milnor’s K-rings of a graded field. We

will need for this a Z-graded ring defined by Wadsworth in [W83,

pp.476-477] (see (1.1) below).

(1.1) Let A = ⊕k∈ZAk be a graded ring of type Z and suppose that

there is some element w ∈ A1 such that 2w = 0. Let J be a set,

(Xj)j∈J be a family of noncommuting indeterminates over A and

let A[J ;w] := A[Xj | j ∈ J ]/R, where R is the ideal of A[Xj | j ∈ J ]
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generated by the elements XsXt + XtXs, Xsa − (−1)kaXs (for

a ∈ Ak), X
2
s − wXs, where s, t range over all elements of J .

If we denote by xj the (canonical) image of Xj in A[J ;w] (i.e.,

xj = Xj + R), then A[J ;w] is a Z-graded ring with A[J ;w]k =

⊕m≤k⊕{j1,...,jm}∈JmAk−mxj1 ...xjm , where Jm is the set of all subsets

of cardinality m of J (in particular, gr(xj) = 1 for all j ∈ J). As

one can easily see A[J ;w] is a free A-module.

(1.2) Now, let F be a graded field, p be a prime integer different

from char(F ), n a power of p and suppose that µn ⊆ F0. We fix

a family (yj)j∈J of elements of F ∗ such that (gr(yj) + nΓF )j∈J is

a Z/nZ-base of ΓF/nΓF and for an arbitrary positive integer m,

we let Jm be the set whose elements are the subsets of J with m

elements (i.e., Jm = {S ⊆ J | card(S) = m}). Let Ft be ’the’ tame

closure of F , GF be the Galois group Gal(Ft/F ) and let’s consider

the exact sequence of GF -modules :

1→ µn → F ∗t
( )n−→ F ∗t → 1,

where ( )n denotes the mapping x 7→ xn, then we have a connecting

(cohomological) homomorphism

δ : F ∗ → H1(GF , µn).

Similarly, let F0,s be ’the’ separable closure of F0 (we can take

F0,s = (Ft)0, see [HW(a)99, Definition 3.8] or [TW15, p., 210]),

and let GF0 be the Galois group of F0,s over F0, then a connecting
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group homomorphism:

δ0 : F ∗0 → H1(GF0 , µn)

is obtained from the exact GF0-module sequence: 1 → µn →

F ∗0,s
( )n−→ F ∗0,s → 1. For the next proposition, we will identify

µn with Z/nZ and we will use the notation of (1.1) above with

A = H∗(GF0 ,Z/nZ) and w = δ0(−1).

Proposition 1.3. With the notation and hypotheses of (1.2),

we have a graded ring isomorphism :

H∗(GF ,Z/nZ) ∼=g H
∗(GF0 ,Z/nZ)[J ; δ0(−1)].

Proof. Let E = q(F )h (i.e., the henselization of q(F ) with

respect to its canonical valuation, as seen in the preliminaries),

Es be ’the’ separable closure of E, GE be the Galois group of Es

over E, and Et be the tame closure of E in Es. Then, up to an

isomorphism, we have Et = q(Ft)
h (see [HW(a)99, Proposition

5.1]). Therefore, GF (= Gal(Ft/F )) ∼= Gal(Et/E). It follows that

H∗(GF ,Z/nZ) ∼=g H
∗(Gal(Et/E),Z/nZ). Clearly, if q := char(F )

is zero, then Et = Es. Moreover, if q 6= 0, then Gal(Es/Et) is

a pro-q-group, so for any positive integer m, the inflation homo-

morphism inf : Hm(Gal(Et/E),Z/nZ) → Hm(GE,Z/nZ) is an

isomorphism. Therefore, in both cases (i.e., q = 0 and q 6= 0),

H∗(Gal(Et/E),Z/nZ) is graded isomorphic to H∗(GE,Z/nZ). By

[W83, Theorem 3.6] we have H∗(GE,Z/nZ) ∼=g H
∗(GF0 ,Z/nZ)[J,

δ0(−1)] (see that F0 = E), so H∗(GF ,Z/nZ)(∼=g H
∗(Gal(Et/E),

Z/nZ)) ∼=g H
∗(GF0 ,Z/nZ)[J, δ0(−1)]. �
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In particular, the proof of Proposition 1.3 shows (without as-

suming µn ⊆ F0) that H∗(GF ,Z/nZ) ∼=g H
∗(GE,Z/nZ), where

E = q(F )h. In the same way, starting from a Henselian valued

field instead of a graded field, we have the following result:

Proposition 1.4. Let E be a Henselian valued field, F = GE

be the graded field (canonically) associated to E, p be a prime

(positive) integer different from char(E) and n a power of p, then

we have a graded ring isomorphism:

H∗(GE,Z/nZ) ∼=g H
∗(GF ,Z/nZ).

Proof. By [HW(a)99, Theorem 5.2] we haveGF (= Gal(Ft/F )) ∼=

Gal(Et/E), so H∗(GF ,Z/nZ) ∼=g H
∗(Gal(Et/E), Z/nZ), and in

the same way as in the proof of Proposition 1.3, H∗(Gal(Et/E),Z/nZ) ∼=g

H∗(GE,Z/nZ), so H∗(GF ,Z/nZ) ∼=g H
∗(GE,Z/nZ). �

2. On the square class groups and Witt rings

Inspired by the representation of the Witt ring W (E) of a field

E in terms of generators and relations, Craven defined in [C82]

the notion of Witt ring W (D) for a division ring D and studied

some of its properties. In [S88] Sladek considered the special case

of a division algebra D with a complete discrete valuation and a

commutative residue division algebra E of (residue) characteristic

different from 2, and proved a ring isomorphism relating W (D) to

the Witt ring of E. Precisely, denoting by π a uniformizer of D, and

by σ the automorphism of E induced by the inner automorphism

x 7→ πxπ−1 of D, he showed that W (D) is isomorphic to the group
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ring (W (E)/R(Eσ))[Z/2Z], where R(Eσ) is the ideal of the Witt

ring W (E), generated by (the classes of) all elements of the form

< 1,−r >, r ranging over the subgroup {σ(x)x−1 |x ∈ E∗}E∗2 of

E∗/E∗2. When D is a field, this result reduced to the well known

Springer’s Theorem1.

The notion of Witt ring of a division algebra defined by Craven

was then generalized by Lewis and Tignol in [LT93] to the context

of a central simple algebra. In particular, they showed that if D

is a central division algebra over a field E, B = Mn(D), where

n is a positive integer greater than 1 and Ŵ (B) [resp., W (B)]

is the Grothendieck-Witt ring [resp., the Witt ring] of B, then

Ŵ (B) ∼= Z×S(D), where S(D) := D∗/D∗2, and where the addition

and multiplication in Z×S(D) are defined by (x1, d1) + (x2, d2) =

(x1 +x2, d1d2) and (x1, d1)(x2, d2) = (x1x2, d
x2
1 d

x1
2 ), for all x1, x2 ∈

Z and d1, d2 ∈ S(D). They showed also that W (B) is isomorphic

to the quotient of Z× S(D) by the ideal generated by (2,−1) (see

[LT93, Proposition 9 and Corollary 1, p.371]).

It is also shown in [LT93] that if I(D) is the fundamental ideal

of W (D) and n is an odd integer greater that 1, then the Witt ring

W (B) is isomorphic to W (D)/I2(D), and when deg(D) is even,

this isomorphism is valid for all n > 1. Furthermore, if D has

1We recall that another generalization of Springer’s Theorem is given in

[RTW07] by using the Witt ring of hermitian forms over a (tame) division alge-

bra (with center a Henselian valued field). A special case from [RTW07] will be

considered later in this section.
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odd degree, then W (D)/I2(D) is isomorphic to W (E)/I2(E) (see

[LT93, Proposition 10 and Proposition 11]).

A key tool used in the work of Lewis and Tignol was an exten-

sive study of the square class group S(D) of D (see above). In this

section, we consider the case where D is a tame central division

algebra over a Henselian valued field E with residue characteris-

tic different from 2, and we determine S(D) and W (D) in terms

of residue information. We will show in particular that S(D) is

isomorphic to (D
∗
/(D

∗∩GD∗2))⊕ΓD/2ΓD, and that W (D) is iso-

morphic to a (generalized) crossed product (W (D)/J) ∗ Z, where

Z is a subgroup of D∗/D∗2, bijectively mapped on ΓD/2ΓD, under

the map dD∗2 7→ v(d) + 2ΓD (v being the valuation of D), and

where J is the ideal of W (D), generated by the (classes of) ele-

ments 〈1〉 − 〈r〉 with r ∈ D
∗ ∩ GD∗2. As will be seen in (2.11),

this last isomorphism generalizes the one proved by Sladek in [S88,

Theorem 3.3] in his particular case mentioned above. The reader

can see that our arguments here are completely independent of

those used in [S88].

(2.1) Let F be a graded field, A be a graded central division algebra

over F and let S(A) := A∗/A∗2, then we have the following natural

exact sequence:

1→ A∗0A
∗2/A∗2

i→ S(A)
g→ ΓA/2ΓA → 0,

where i is the map induced by the inclusion A∗0A
∗2 ⊆ A∗ and

g(aA∗2) = gr(a) + 2ΓA.
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[Note that for a ∈ A∗, we have gr(a) ∈ 2ΓA if and only if there

is b ∈ A∗ such that gr(a) = 2gr(b) = gr(b2), which yields b−2a ∈ A∗0,

hence a = b2c where c(= b−2a) ∈ A∗0. Set d = b2cb−2(∈ A0), then

we have a = db2, so a ∈ A∗0A∗2. Therefore, ker(g) = im(i).]

We can easily show that A∗0A
∗2/A∗2 is isomorphic to A∗0/(A

∗
0 ∩

A2). Indeed, there is a natural group epimorphismA∗0 → A∗0A
∗2/A∗2,

defined by a 7→ aA∗2, which induces this isomorphism. We get then

the following natural exact sequence 1→ A∗0/(A
∗
0∩A∗2)→ S(A)

g→

ΓA/2ΓA → 0. We know that the abelian group ΓA/2ΓA is a free

Z/2Z-module, therefore, the above sequence splits. We get then

the following result:

Lemma 2.2. Let F be a graded field and A a graded central

division algebra over F , then S(A) ∼= (A∗0/(A
∗
0 ∩ A∗2))⊕ ΓA/2ΓA.

Proposition 2.3. Let E be a Henselian valued field with residue

characteristic different from 2 and let D be a tame central division

algebra over E. Then the abelian group S(D) is isomorphic to

S(GD).

Proof. Consider the following commutative diagram:

1 → (1 +MD) ∩D∗2 → D∗2 → GD∗2 → 1

↓ ↓ ↓

1 → (1 +MD) → D∗ → GD∗ → 1

where all the maps are the natural ones. By the snake lemma we

get the following exact sequence:

1→ 1 +MD

(1 +MD) ∩D∗2
→ S(D)→ S(GD)→ 1.
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Let a ∈ MD and let K = E[a] be the subring of D generated by

E and a. Plainly, K is a subfield of D; moreover, the polynomial

X2− (1+a) of K[X] has residue polynomial X2−1, so by Hensel’s

Lemma, there is some b ∈ K[a] such that b2 = (1 + a), v(b) = 0

(where v is the valuation of D extending that of E) and b = 1

in the residue field K. This shows that 1 + MD ⊆ D∗2, hence

S(D) ∼= S(GD). �

Corollary 2.4. Let E be a Henselian valued field and D a

tame central division algebra over E, then S(D) ∼= (D
∗
/(D

∗ ∩

GD∗2))⊕ ΓD/2ΓD.

Proof. This follows by Lemma 2.2 and Proposition 2.3. �

Let F be a graded field of characteristic different from 2. In

(2.5) below we will need to determine a representation of the (gr-

) Witt ring W gr(F ) (already considered in [RTW07]) in terms

of generators and relations. For this we will use the fact that F

can be identified with G(q(F )h). Also we will use the fact that if

E is a Henselian valued field, then there is a group isomorphism

θE : W (E) → W gr(GE) (see [RTW07, Proposition 4.3]). As one

can easily see this is in fact a ring isomorphism. A detailed proof

for this is given in the appendix (see (A.1)).

(2.5) Let F be a graded field of characteristic different from 2 and

A a graded central simple algebra over F . In order to define the

(graded) Witt ring W gr(A) we need first to find a representation

of W gr(F ) in terms of generators and relations. We will show here
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that W gr(F ) ∼= Z[F ∗/F ∗2]/UF , where UF is the ideal of Z[F ∗/F ∗2]

generated by the (classes of) elements 〈1, a〉− 〈1 + a, a(1 + a)〉 and

〈1,−1〉, where a describes the elements of F ∗0 \{−1}. Indeed, let

E = q(F )h, then by Proposition 2.3 there is a group isomorphism

φ : E∗/E∗2 → F ∗/F ∗2, defined by eE∗2 7→ e′F ∗2 (we identify

F with GE). Let’s extend φ canonically to a ring isomorphism

ψ : Z[E∗/E∗2]→ Z[F ∗/F ∗2] and let UE be the ideal of Z[E∗/E∗2]

generated by the (classes of) elements 〈1, e〉 − 〈1 + e, e(1 + e)〉 and

〈1,−1〉, where e describes the elements of E∗\{−1}. As seen in the

last paragraph above, we have a ring isomorphism W gr(F ) ∼= W (E)

(because F = GE); moreover we have W (E) ∼= Z[E∗/E∗2]/UE ∼=

Z[F ∗/F ∗2]/UF , where UF = ψ(UE), so W gr(F ) ∼= Z[F ∗/F ∗2]/UF .

Note that for an element e ∈ E∗\{−1}, we have:

(1 + e)′ =


1 if v(e) > 0,

e′ if v(e) < 0,

1 + e′ if v(e) = 0.
so,

〈1, e′〉−〈(1+e)′, e′(1+e)′〉 =


1, e′〉 − 〈1, e′〉 = 0 if v(e) > 0,

〈1, e′〉 − 〈e′, e′2〉 = 0 if v(e) < 0,

〈1, e′〉 − 〈1 + e′, e′(1 + e′)〉 if v(e) = 0.

Therefore, UF is the ideal of Z[F ∗/F ∗2] generated by the ele-

ments 〈1, a〉 − 〈1 + a, a(1 + a)〉 and 〈1,−1〉, where a describes the

elements of F ∗0 \{−1}.
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For any graded division algebra A over F , we define W gr(A)

to be the quotient ring Z[A∗/A∗2]/UA, where UA is the ideal of

Z[A∗/A∗2], generated by the elements 〈1, a〉 − 〈1 + a, a(1 + a)〉

and 〈1,−1〉, with a describing the elements of A∗0\{−1}. In the

same way as in the case where A = F , it is clear that W gr(A) ∼=

W (q(A)h). Similarly, for any tame central division algebra D over

a Henselian valued field E, we have W (D) ∼= W gr(GD) (it suf-

fices to replace the isomorphism E∗/E∗2 ∼= GE∗/GE∗2 in above by

D∗/D∗2 ∼= GD∗/GD∗2).

For an arbitrary graded central simple algebra A, we extend

the above definition and set W (A)gr = Z[A∗/A∗2]/UA, where UA

is the ideal of Z[A∗/A∗2] generated by the (classes) of elements

〈1, a〉−〈1+a, a(1+a)〉 and 〈1,−1〉, with a describing the elements

of A∗0\{−1} (here A∗0 denotes the multiplicative group of invertible

elements of A0).

Let E be a Henselian valued field with valuation v. We recall

that by [W83, §4, p.488] we have a ring isomorphism W (E) ∼=

W (E)[Z], where Z is a subgroup of E∗/E∗2, which is mapped bi-

jectively on ΓE/2ΓE under the correspondence eE∗2 7→ v(e) + 2ΓE.

In what follows we will prove a more general result (see Corollary

2.10).

(2.6) Let A = ⊕g∈GAg be a graded ring with type a (multiplicative)

group G. We recall that A is called a (generalized) crossed product

of G over A1 if for any g ∈ G, Ag contains an invertible element.
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Let R be a commutative ring, B be an R-algebra, U(B) be the

set of invertible elements of B, Aut(B) be the ring consisting of ring

automorphisms of B, and ω : G → Aut(B), f : G × G → U(B)

be two maps satisfying the following conditions (for all x, y, z ∈ G

and b ∈ B):

(1) ωx(ωy(b)) = f(x, y)ωxy(b)f(x, y)−1,

(2) f(x, y)f(xy, z) = ωx(f(y, z))f(x, yz),

(3) f(x, 1) = f(1, x) = 1,

then we say that (ω, f) is a (normalized) generalized factor set of

G in B. We let (B,G, (ω, f)) = ⊕g∈GBxg, where xg are indepen-

dent indeterminates on B, and where we define the addition on

(B,G, (ω, f)) in the natural way, and the multiplication by (ex-

tending) the relations: xgb = ωg(b)xg and xgxh = f(g, h)xgh, for

all g, h ∈ G and b ∈ B. We recall that (B,G, (w, f)) is a (gener-

alized) crossed product (see [K87, Theorem 1.3, p.64]). We call it

the (generalized) crossed product of G on B defined by the gener-

alized factor set (ω, f) (it is called in [K87, p.63] a crossed system

for G over B).

(2.7) Let F be a graded field of characteristic different from 2, A

a graded central simple algebra over F and denote Γ∗A := {gr(a) |

a is an invertible homogeneous element ofA}. We assume for the

rest here that ΓA = Γ∗A (we saw in (1.1.1) that this is equivalent

to A = Mn(C) where C is a graded central division algebra over

F ). Consider the following exact sequence of Z/2Z-modules, where
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A∗ denotes the multiplicative group of invertible homogeneous el-

ements of A:

0→ ker(gr)→ A∗/A∗2
gr→ ΓA/2ΓA → 0,

where gr is the homomorphism defined by aA∗2 7→ gr(a) + 2ΓA, for

any a ∈ A∗. Since ΓA/2ΓA is a free module over Z/2Z, this se-

quence splits. Therefore, there is a subgroup Z of A∗/A∗2 which is

mapped bijectively onto ΓA/2ΓA by gr. For any element z ∈ Z, we

fix an element z ∈ A∗ such that z = zA∗2. We will write z ∈ Z for

such (fixed) elements. For any a ∈ A∗, there is then a unique z ∈ Z

such that gr(a) + 2ΓA = gr(z) + 2ΓA. Also, there is a0 ∈ A0 and

c ∈ A∗ such that a = a0zc
2. Plainly, z is uniquely determined by

the class aA∗2(∈ A∗/A∗2). We claim that (the class) a0(A∗0 ∩ A∗2)

is also uniquely determined by aA∗2. Indeed, let (si)i∈I be a fi-

nite family of elements of A∗ and suppose that a
∏

i∈I s
2
i = b0ze

2,

for some b0 ∈ A∗0 and e ∈ A∗, then a0zc
2
∏

i∈I s
2
i = b0ze

2, so

σz(a0)c2
∏

i∈I s
2
i = σz(b0)e2, where σz(x) = z−1xz(= Int(z−1)(x))

for any x ∈ A∗0. Hence, c2(
∏

i∈I s
2
i )(e

−1)2 = σz(a
−1
0 )σz(b0) =

σz(a
−1
0 b0). Thus, a−1

0 b0 = σz−1(c2(
∏

i∈I s
2
i )(e

−1)2) = σz−1(c)2(
∏

i∈I

σz−1(si)
2)σz−1(e−1)2(∈ A∗0 ∩ A∗2).

Let J be the ideal of W (A0) generated by the (classes) of the el-

ements 〈1〉 − 〈r〉, where r ∈ A∗0 ∩ A∗2. Consider the ring B =

W (A0)/J and consider the maps w : Z → Aut(B), f : Z × Z →

U(B) (where U(B) is the set of invertible elements of B), defined

respectively by (extending) wz(〈a〉 + J) = 〈Int(z)(a)〉 + J and

f(z1, z2) = 1 for all z, z1, z2 ∈ Z and a ∈ A∗0 (it is straightforward
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checked that wz is well-defined). One can easily see that (w, f) is

a generalized factor set of Z in B. We denote the (generalized)

crossed product corresponding to B,Z and (w, f) simply by B ∗Z

(the standard notation would be (B,Z, (w, f)) as seen above).

Now, consider the homomorphism of additive groups ψ : Z[A∗/A∗2]

→ (W (A0)/J)∗Z, defined by (extending) the correspondence aA∗2 7→

(〈a0〉 + J).z, where a0 ∈ A∗0 and z ∈ Z satisfy a = a0zc
2 for some

c ∈ A∗ (note that if a−1
0 b0 ∈ A∗0 ∩ A∗2, then in W (A0) we have

〈a0〉 − 〈b0〉 = 〈a0〉(1 − 〈a−1
0 b0〉) ∈ J , hence 〈a0〉 + J = 〈b0〉 + J).

ψ is in fact a ring homomorphism. Indeed, let a1, a2 ∈ A∗, and

write a1 and a2 for the classes of a1 and a2 in A∗/A∗2. Write

a1 = a1,0z1 and a2 = a2,0z2, where a1,0, a2,0 ∈ A∗0 and z1, z2 ∈ Z,

then a1.a2 = (a1,0z1)(a2,0z2) = a1,0.(z1.a2,0)z2 = a1,0.z1a2,0.z2 =

a1,0.Int(z1)(a2,0)z1.z2 = a1,0.Int(z1)(a2,0).z1z2 = a1,0Int(z1)(a2,0).z1z2.

Therefore, ψ(a1.a2) = (〈a1,0Int(z1)(a2,0)〉+ J)z1z2 = ψ(a1)ψ(a2).

We have W gr(A) = Z[A∗/A∗2]/UA, where UA is the ideal of

Z[A∗/A∗2] generated by the elements 〈1, a〉 − 〈1 + a, a(1 + a)〉 and

〈1,−1〉, with a describing the elements of A∗0\{−1}, so ψ induces

a ring epimorphism ψ : W gr(A)→ (W (A0)/J) ∗Z. We claim that

ker(ψ) = 0. Indeed, let η : W (A0) → W gr(A) be the extension

map defined by 〈r〉 7→ 〈r〉 for any r ∈ A∗0. Note that for any

r ∈ A∗0 ∩ A∗2, we have η(〈1〉 − 〈r〉) = 0 (for r ∈ A∗2), so η(J) = 0.

Let α :=
∑

i(
∑

j nij〈aijzi〉) be an arbitrary element of W gr(A),

where aij ∈ A∗0 and zi ∈ Z (with zi pairwise distinct), then ψ(α) =∑
i(
∑

j nij〈aij〉+ J)zi. Hence, ψ(α) = 0 if and only if (in W (A0))∑
j nij〈aij〉 ∈ J for all i, but in this case, in W gr(A), we will have
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∑
j nij〈aij〉 ∈ η(J), so

∑
j nij〈aij〉 = 0 in W gr(A). This shows that

ker(ψ) = 0. We get then the following proposition:

Proposition 2.8. Let F be a graded field of characteristic dif-

ferent from 2, A a graded central simple algebra over F such that

ΓA = Γ∗A, J be the ideal of W (A0) generated by the (classes of)

elements 〈1〉 − 〈r〉, where r ∈ A∗0 ∩ A∗2, and Z be a subgroup

of A∗/A∗2, which is mapped bijectively onto ΓA/2ΓA by the map

gr(xA∗2) = gr(x) + 2ΓA. Then, using the notation of (2.7) we have

a canonical ring isomorphism W gr(A) ∼= (W (A0)/J) ∗ Z, induced

by the correspondence 〈a〉 7→ (〈a0〉 + J).z, for any a ∈ A∗, where

a0 ∈ A∗0 and z ∈ Z satisfy the condition a = a0zc
2 for some c ∈ A∗.

In particular, if A∗0∩A∗2 = A∗20 , then J = 0 and we have a canonical

ring isomorphism W gr(A) ∼= W (A0) ∗ Z.

Corollary 2.9. Let F be a graded field of characteristic dif-

ferent from 2 and let Z be a subgroup of F ∗/F ∗2, which is mapped

bijectively onto ΓF/2ΓF by the map gr(xF ∗2) = gr(x) + 2ΓF , then

there is a canonical ring isomorphism W gr(F ) ∼= W (F0)[Z].

Proof. Indeed, by [HW(a)99, Corollary 1.3] F0 is algebraically

closed in q(F ), so F ∗0 ∩ F ∗2 = F ∗20 . Moreover, one can easily see

that the (generalized) crossed product W (F0) ∗ Z of Proposition

2.8 is just the group ring W (F0)[Z]. �

Corollary 2.10. Let E be a Henselian valued field of residue

characteristic different from 2, D be a tame central division algebra

over E, J be the ideal of W (D), generated by the classes of the
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elements 〈1〉 − 〈r〉, where r ∈ D∗ ∩ GD∗2, and Z be a subgroup of

D∗/D∗2 mapped bijectively onto ΓD/2ΓD by the induced map v of

the valuation v of D, then we have a canonical ring isomorphism

W (D) ∼= (W (D)/J) ∗ Z. If in addition D
∗ ∩ GD∗2 = D

∗2
, then

we get a ring isomorphism W (D) ∼= W (D) ∗ Z. In particular, if

D = E, then W (E) ∼= W (E)[Z].

(2.11) Let E be a Henselian valued field of residue characteristic

different from 2, D be a tame central division algebra over E, J be

the ideal ofW (D), generated by the classes of the elements 〈1〉−〈r〉,

where r ∈ D∗∩GD∗2, and let Z be a subgroup of D∗/D∗2 mapped

bijectively onto ΓD/2ΓD by the map dD∗2 7→ v(d) + 2ΓD, where

v is the valuation of D. Then by Corollary 2.10, there is a ring

isomorphism: W (D)
∼=→ (W (D)/J) ∗ Z.

Suppose now that the valuation of D is discrete and let π ∈ D∗

be such that v(π) generates ΓD. Any element d of D∗ can be

written in the form d = xπk for some x ∈ UD (where UD := {d ∈

D∗ | v(d) = 0}) and some k ∈ Z. Hence, d2 = (xπk)(xπk) =

xτ k(x)π2k, where τ(x) = πxπ−1. Sladek considered in [S88] the

automorphism σ induced on D by τ , i.e., σ(u) = πuπ−1 for any u ∈

UD, then he considered the subgroup Dσ of D
∗
, generated by D

∗2

and the elements σ(x)x−1, where x describes the elements of D
∗
.

He denoted by R(Dσ) the ideal of W (D) generated by the elements

〈1,−e〉, e ∈ Dσ and he showed that when D is commutative, then

W (D) ∼= (W (D)/R(Dσ))[Z]. Our objective here is to show that



96 chap. 3: Witt rings of graded simple algebras and Milnor’s K-groups.

the isomorphism we proved in Corollary 2.10 generalizes the one

proved by Sladek.

With the notation above, we have (for any u ∈ UD) σ(u) =

π′uπ′−1, where π′ = π + D>v(π) ∈ GD. We saw above that for

d = uπk, we have d2 = uτ k(u)π2k, so d′2 = (d2)′ = uτ k(u)′π′2k =

uσk(u)π′2k. One can easily see that uσk(u)(= u2u−1σk(u)) ∈ Dσ.

For simplicity write d′2 = wdπ
′2k, where wd = uσk(u). If we con-

sider a family of elements of D∗: d1 = u1π
k1 , ..., dm = umπ

km , with

ui ∈ UD and ki ∈ Z, then we will have d′1
2...d′m

2 = (wd1π
′2k1)...(wdm

π′2km) = φ(wd1 , ..., wdm)π′2(
∑m
i=1 ki), with φ(wd1 , ..., wdm) ∈ Dσ. In

particular, if d′1
2...d′m

2 ∈ D∗, then
∑m

i=1 ki = 0 (for gr(π′2(
∑m
i=1 ki)) =

2
∑m

i=1 kiv(π)), so d′1
2...d′m

2 ∈ Dσ in this case. This shows that

D
∗∩GD∗2 ⊆ Dσ. Let r ∈ D∗∩GD∗2, then by the above r ∈ Dσ, so

in W (D) we have 〈1〉−〈r〉 = 〈1,−r〉 ∈ R(Dσ), where as seen above,

R(Dσ) is the ideal of W (D) generated by the elements 〈1,−e〉,

e ∈ Dσ. It follows that J ⊆ R(Dσ). Conversely, let d ∈ D∗ with

v(d) = 0 (i.e., d ∈ UD) and suppose that d ∈ Dσ. Under the

hypotheses of Sladek recalled above, we have d ∈ D∗2 (see [S88,

Theorem 2.1]), so d ∈ D∗∩GD∗2, hence 〈1,−d〉 = 〈1〉−〈d〉 ∈ J , so

R(Dσ) ⊆ J . Therefore, R(Dσ) = J . This shows that our isomor-

phism in Corollary 2.10 (i.e., W (D)
∼=→ (W (D)/J) ∗ Z) generalizes

Sladek’s one proved in [S88, Theorem 3.3] (note here that since D

is commutative, then (W (D)/J) ∗ Z = (W (D)/J)[Z]).
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(2.12) Let E be a Henselian valued field and let I(E) be the fun-

damental ideal of W (E). Let F = GE and consider the ring iso-

morphism θE : W (E)→ W gr(F ) of [RTW07] (see the appendix).

Let Igr(F ) be the image under θE of I(E). We will call Igr(F )

the fundamental ideal of W gr(F ). More generally for an arbitrary

graded field F , let E := q(F )h that we endow with its canonical

valuation (associated to the graded structure of F as seen in the

preliminaries). We define the fundamental ideal of W gr(F ) in the

same way (since F can be identified to GE). As in the ungraded

case, we define the graded (gr-) Witt ring of F to be GW gr(F ) :=

⊕n∈ZGW gr(F )n, where GW gr(F )n = Igr(F )n/Igr(F )n+1.

We know that the fundamental ideal I(E) of W (E) is gener-

ated by the classes of binary Pfister forms 〈1,−a〉, where a ∈ E∗.

Also, it is well known that a Pfister’s form is either anisotropic or

hyperbolic (see [Ka08, Corollary 2.1.8, p.18]). It follows that for

a graded field F , the fundamental ideal Igr(F ) of W gr(F ), as de-

fined above, is generated by the classes of graded forms of the form

〈1,−x〉, where x describes nonzero homogeneous elements of F (we

call these forms binary Pfister’s graded forms). It is clear that for

any a, b ∈ F ∗, we have 〈a, b〉 = 〈1, a〉−〈1,−b〉, so Igr(F ) is the ker-

nel of the (additive) group homomorphism dim : W gr(F )→ Z/2Z,

uniquely defined by associating to (each class of a) nondegenerate

graded (symmetric) bilinear form its dimension modulo 2Z.
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3. On Milnor’s K-theory for graded fields

Let E be a field. We recall that Milnor defined a ring K∗E

in the following way: Let E∗ be the multiplicative group of E,

T (E∗) be the tensor algebra of E∗ (where E∗ is considered as a

Z-module) and consider the ideal R of T (E∗) generated by the

elements e ⊗ (1 − e), where e describes E∗\{1}. Then, Milnor set

K∗(E) = T (E∗)/R. As one can see, T (E∗) has a natural Z-grading,

where the ith component T (E∗)i is E∗⊗Z...⊗ZE
∗ (i times) for i > 0,

T (E∗)0 = Z, and T (E∗)i = 0 for i < 0. This induces a grading on

K∗(E), i.e., K∗(E) = ⊕i≥0KiE, where KiE is the quotient of the

group T (E∗)i by the subgroup generated by all elements a1⊗...⊗ai,

where aj ∈ E∗ (for all 1 ≤ j ≤ i) and aj + aj+1 = 1 for some j

(1 ≤ j < i).

In particular, K1E is nothing but the abelian group consisting

of quotient classes of elements of E∗, however, K1E is denoted

additively (in the standards). So, if we consider the map l : E∗ →

K1E, defined by a 7→ a + R, we have l(ab) = l(a) + l(b) for all

a, b ∈ E∗. One can easily see that K∗E is generated by K1E.

Moreover, it is shown that for any a ∈ KmE and b ∈ KnE, we

have ba = (−1)mnab (see [Mi70, Lemma 1.1]).

Milnor considered also in [Mi70] the quotient groups (K∗E)n :=

(K∗E)/n(K∗E) and the (sub)groups (KiE)n := (KiE)/n(KiE)

(for positive integers i and n). In particular, it is (now) showed
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that there is isomorphism2: Ki(E)2
∼= I i(E)/I i+1(E), which car-

ries each product l(a1)...l(ai) in (KiE)2 to the product (〈a1〉 −

〈1〉)...(〈an〉 − 〈1〉) modulo I i+1(E). Also there is a well defined

cohomological description of the rings (K∗E)n.

Milnor showed also that if E is a complete discrete valued field

with residue field E and with char(E) 6= 2, then for any prime

positive integer p distinct from the characteristic of E, there is a

natural split exact sequence 0 → KiE/pKiE → KiE/pKiE →

Ki−1E/pKi−1E → 0 (see [Mi70, Lemma 2.6]). This result has

been generalized by A. Wadsworth who proved that if E is a valued

field with valuation v, p is a prime positive integer, n is a power

of p, Γ = v(E∗) and (πj)j∈J is a family of elements of E∗ that

maps bijectively onto a base of the free Z/nZ-module Γ/nΓ under

the correspondence x 7→ v(x) + nΓ, and if 1 + Mv ⊆ En, where

Mv = {e ∈ E | v(e) > 0}, then

(KiE)n ∼= (KiE)n ⊕⊕1≤m≤i ⊕j1,...,jm∈Jm (Ki−mE)nl(πj1)...l(πjm).

where Jm is the set of all subsets of cardinality m of J . Fur-

thermore, in this case, each summand (Ki−mE)nl(πj1)...l(πjm) is

isomorphic to (Ki−mE)n (see [W83, Proposition 2.1 and its con-

sequence Proposition 2.3]).

In what follows, we are interested in giving a version of Milnor’s

K-theory for graded fields. This will add a new piece to the study

developed by Hazrat in [Ha16] for the K-theory of graded rings.

2Milnor showed in [Mi70] that there is an epimorphism and gave cases in which

this is an isomorphism. Voevodsky showed in [V96] that Milnor’s epimorphism is

indeed an isomorphism.
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In particular, we will prove in this section a result analogous to the

above mentioned one due to Wadsworth, i.e., [W83, Proposition

2.1]. Unlike Wadsworth’s valuative case where the base field E is

assumed to satisfy the condition 1+Mv ⊆ En, we have no condition

on the base graded field in the graded setting (see Proposition 3.1).

We will see in Remark 3.3 that for a graded field F of character-

istic different from 2, the ring (K∗F )2 is graded isomorphic to the

graded (gr-) Witt ring GW gr(F ). We will also give a cohomological

interpretation of (K∗F )n, when n is a power of a prime different

from the characteristic of F (see Corollary 3.4).

Let F be a graded field. Analogously to Milnor’s construction,

we define K∗F in the following way: Let T (F ∗) be the tensor al-

gebra of F ∗ (considered as a Z-module), R be the ideal of T (F ∗)

generated by the elements a ⊗ (1 − a), where a describes F ∗0 \{1}

and set K∗F = T (F ∗)/R. As in the ungraded case, it is clear

that K∗F has a natural Z-graded structure. We denote the ith-

component of K∗F by KiF . For positive integers i and n, we set

(K∗F )n = (K∗F )/n(K∗F ) and (KiF )n = (KiF )/n(KiF ). We let

l : F ∗ → K1F be the group homomorphism defined by l(a) = a+R.

Plainly, l can be considered as a map from F ∗ into K∗F . It induces

a map from F ∗/F ∗n into (K∗F )n that we denote also by l. Our

aim here is to relate the groups (K∗F )n and (K∗F0)n when n is a

prime power integer. For this, we will use Wadsworth’s notation

already recalled in section 1 (see (1.1)).

Proposition 3.1. Let F be a graded field of characteristic dif-

ferent from 2, p be a prime positive integer, n a power of p, and
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(γj)j∈J be a base of ΓF/nΓF over Z/nZ, then (K∗F )n is graded

isomorphic to (K∗F0)n[J ; l(−1)].

Proof. The arguments used here are similar to the ones in

[W83, Propositions 2.1 and 2.3]. Let’s consider the Z-graded ring

(K∗F0)n[J ; l(−1)] constructed as in (1.1) (with A = (K∗F0)n and

w = l(−1)), and consider the same notation as in (1.1) (in partic-

ular, xj the (natural) image of Xj in (K∗F0)n[J ; l(−1)]).

Let (yj)j∈J be a family of elements of F ∗ with gr(yj) = γj.

An arbitrary element a of F ∗ can be written in the form a =

a0c
nym1

j1
...ymkjk , where a0 ∈ F ∗0 , c ∈ F ∗ and m1, ...,mk ∈ Z. We

have gr(a) + nΓF =
∑k

i=1miγji + nΓF , so (m1, ...,mk) + nZ is

uniquely determined by a. Also it is easily seen that a0 is uniquely

determined modulo F n
0 by a (because F0 is algebraically closed

in q(F )). Therefore, we can define a surjective group homomor-

phism F ∗ → (K∗F0)n[J ; l(−1)], by a 7→ l(a0) +
∑k

i=1mixji . This

map extends (uniquely) to a ring homomorphism ψ : T (F ∗) →

(K∗F0)n[J ; l(−1)]. It induces also a ring homomorphism φ : K∗F →

(K∗F0)n[J ; l(−1)]. Indeed, for any a ∈ F ∗0 \{1}, we have ψ(a⊗ (1−

a)) = 0 (see that ψ(a)(= a) and ψ(1− a)(= 1− a) are in (K∗F0)n,

so ψ(a⊗ (1− a)) = ψ(a)ψ(1− a) = a.(1− a) = 0 in (K∗F0)n).

Consider now the embedding F ∗0 → F ∗ induced from the in-

clusion F ∗0 ⊆ F ∗. It induces an embedding (of abelian groups)

i :
F ∗0
F ∗n0
→ F ∗

F ∗n
, which in turn induces a graded ring homomorphism

f : (K∗F0)n → (K∗F )n, defined by f(l(a)) = l(i(a)), for any

a ∈ F ∗0 (where l denotes both the maps l : F ∗0 /F
∗n
0 → (K∗F0)n

and l : F ∗/F ∗n → (K∗F )n seen in above). As seen in (1.1),
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K∗(F0)n[J ; l(−1)] is a free (K∗F0)n-module, so f extends to a group

homomorphism h : (K∗F0)n[J ; l(−1)]→ (K∗F )n, defined by h(x) =

f(x) for x ∈ (K∗F0)n and h(xj1 ...xjk) = yj1 ...yjk . One can easily

see that h is the inverse of φ, which ends the proof. �

Corollary 3.2. Let E be a henselian valued field of residue

characteristic different from 2, F = GE, p be a prime different

from the residue characteristic of E, and n a power of p, then then

(K∗E)n is graded isomorphic to (K∗F )n.

Proof. This follows by [W83, Corollary 2.4] and Proposition

3.1 (since F0 = E). �

Remarks 3.3. (1) Let F be a graded field of residue character-

istic different from 2, p be a prime (positive) integer different from

char(F ), n be a power of p, and E := q(F )h be the henselization of

q(F ) with respect to the canonical valuation of q(F ) (associated to

the graded structure of F ), then by Corollary 3.2 (K∗F )n is graded

isomorphic to (K∗E)n (since F can be identified to GE).

(2) Let F be a graded field of characteristic different from 2, E =

q(F )h and let GW gr(F ) be the graded (gr-) Witt ring of F . Then,

by construction we have GW gr(F ) ∼=g GW (E) (see in (2.12)), so

(K∗F )2(∼=g (K∗E)2
∼=g GW (E)) ∼=g GW

gr(F ).

Corollary 3.4. Let F be a graded field of characteristic differ-

ent from 2, p be a prime positive integer different from char(F ), n a

power of p, Ft be ’the’ tame closure of F and GF be the Galois group

of the graded field extension Ft/F , then (K∗F )n ∼=g H∗(GF ,Z/nZ).
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Proof. Let E = q(F )h, Es be ’the’ separable closure of E

and GE be the Galois group of Es/E. It is known that we have

(K∗E)n ∼=g H∗(GE,Z/nZ) (see [V96]); moreover by Proposition

1.4 we have H∗(GE,Z/nZ) ∼=g H∗(GF ,Z/nZ), and by Remark 3.3

we have (K∗F )n ∼=g (K∗E)n, so (K∗F )n ∼=g H∗(GF ,Z/nZ). �





CHAPTER 4

On torsion subgroups of Whitehead groups

Let R be a simple ring and let K1(R) be the Whitehead group

of R defined by considering the category of finitely generated pro-

jective (left) modules over R. It is known that K1(R) is matrix

representable, so one has K1(R) = R∗/R∗c, where R∗ is the multi-

plicative group consisting of invertible elements of R and R∗c is the

commutator subgroup of R∗. In a similar way, for a graded ring A

of type an abelian group Γ, Hazrat defined in [Ha16] the (graded)

Whitehead group KΓ
1 (A) of A (also denoted by Kgr

1 (A) if there is no

risk of confusion) constructed by considering the category of finitely

generated graded modules of type Γ over A, which are (Γ-)graded

projective (see [Ha16, §3.12, p.181]). This (graded) functor (like

the other (graded) Kgr
i -groups that he defined in [Ha16]) behaves

mostly in an analogous way as for the classical one (in the ungraded

case). It is known that if A is a graded division ring with support

Ω := ΓA, then KΓ
1 (A) ∼= ⊕Γ/ΩK1(A0) = ⊕Γ/ΩA

∗
0/A

∗c
0 . Also, if A

is a strongly Γ-graded ring, then KΓ
1 (A) ∼= K1(A0). However, in

general, for a graded (simple) ring A, it is still unknown whether

KΓ
1 (A) is matrix representable or not (see [Ha16, §3.12, p.183]).

Some cases where it is shown to be so are given by Zhang in [Z16].

Thus, unlike the ungraded case, we cannot write Kgr
1 (A) = A∗/A∗c,

105
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where A∗ is the multiplicative group of invertible homogeneous el-

ements of A and A∗c is the commutator subgroup of A∗.

In this chapter, we consider a graded field F , a graded central

division algebra A over F and call the group MK1(A) := A∗/A∗c the

M-Whitehead group of A. The torsion subgroup of MK1(A) will

be denoted by T (MK1(A)). For the (quotient) group A∗/F ∗A∗c,

we will use the same notation as in [HaW(a)11] and denote it by

CK1(A).

We show in particular in the second section of this chapter

that if E is a Henselian valued field with char(E) = char(E) and

D is a strongly tame central division algebra over E, then the

torsion subgroups T (K1(D)) and T (MK1(GD)) are isomorphic (see

Theorem 2.4). We use this isomorphism to give an alternative proof

to [Mo13, Theorem 10].

In the first section of this chapter, we give a new proof for

Khanduja’s theorem that characterizes tame field extensions over

a Henselian field (see Theorem 1.1).

1. On tame division algebras over Henselian valued fields

Recall that Tignol proved in [T90, Proposition 2.2] that if

(E, v) is a Henselian valued field with residue characteristic p dif-

ferent from 0 and M is a field extension of dimension p over E, then

the residue field extension M/E is separable of dimension p if and

only if there exists an element a ∈ M∗ such that v(TrM/E(a)) =

v(a), where TrM/E is the trace map (and where the extension of v
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to M is also denoted by v). This result was generalized by Khan-

duja in [Kh00, Theorem, p.551], who showed that for arbitrary

residue characteristic and for any finite-dimensional field extension

M of E, M is tame over E if and only if there exists some a ∈M∗

such that v(TrM/E(a)) = v(a).

In this section, we give a new (and simpler) proof for Khan-

duja’s criterion. This proof is essentially based on the canonical

correspondence existing between tame valued field extensions over

a Henselian valued field and tame graded field extensions of the

corresponding graded field (see Theorem 1.1).

Let (E, v) be a Henselian valued field, L be a finite-dimensional

field extension of E, Eac be an algebraic closure of E containing L,

σ : L → Eac be an E-embedding, N be a finite-dimensional field

extension of E containing both L and σ(L), and ζ be the unique

extension of v to N . If L is separable over E, then we can assume

that N is Galois over E. In this case, for any extension τ of σ to

an E-automorphism of N , we have ζ ◦ τ = ζ (since ζ is the unique

valuation of N extending v). In particular, τ induces a graded GE-

automorphism τ ′ of GN defined by τ ′(a′) = τ(a)′ for any element

a ∈ N . The restriction of τ ′ to GL, that we denote by τ ′|GL, is

clearly a graded GE-embedding from GL to GN .

Suppose that L is tame over E and let w be the unique ex-

tension of v to L, then GL is tame over GE, so there exists

some element a ∈ L∗ such that TrGL/GE(a′) 6= 0. Indeed, since

GL is tame over GE, then q(GL) is a separable field extension



108 chap. 4: On torsion subgroups of Whitehead groups

of q(GE) (see [B94, Theorem 4] or [TW15, Proposition 5.19]),

therefore by [K89, Theorem 4.8, p.89] there exists some element

z ∈ q(GL) such that Trq(GL)/q(GE)(z) 6= 0. By identification of

q(GL) with GL⊗GE q(GE), one can easily see that there exist x ∈

GL and s ∈ q(GE)∗ such that z = x⊗ s, hence Trq(GL)/q(GE)(z) =

sTrq(GL)/q(GE)(x) = sTrGL/GE(x) (see [HaW(a)11, §3, p.125]). So,

TrGL/GE(x) 6= 0. We know that for any element γ ∈ ΓGL, we have

TrGL/GE(GLγ) ⊆ GEγ, so there exists a homogenous component b

of x such that TrGL/GE(b) 6= 0, it suffices then to take a ∈ L∗ such

that b = a′.

Now, let τ be a different E-embedding of L into Eac. We claim

that the induced GE-embeddings σ′ and τ ′ of GL into GEac, are

different. To show this, consider a tame Galois finite-dimensional

field extension N of E which contains L with N ⊆ Eac. Let B

be the valuation ring of the unique extension ζ of v to N , and let

Gv be the ramification group of B over E, which is equal to {idN}

(because N is tame over E) and let α ∈ Gal(N/E), then α′ = idGN

if and only if for all elements b ∈ N , we have ζ(α(b) − b) > ζ(b).

Hence, α′ = idGN if and only if α ∈ Gv, or equivalently if and

only if α = idN . It follows that for any distinct elements α, β of

Gal(N/E), the induced GE-automorphisms α′ and β′ on GN are

distinct. Let τ, ρ : L→ N be two different E-embeddings. Suppose

by absurd that τ ′ = ρ′, and let τ1, ..., τr [resp., ρ1, ..., ρr] be the

different extensions of τ [resp., of ρ] to elements of Gal(N/E), then

τ ′1, ..., τ
′
r and ρ′1, ..., ρ

′
r are elements of Gal(GN/GE) extending τ ′
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(since τ ′ = ρ′), hence necessarily there exist some i, j (1 ≤ i, j ≤ r)

such that τ ′i = ρ′j, a contradiction (because τi 6= ρj).

Theorem 1.1. [Kh00, Theorem, p.551] Let (E, v) be a Henselian

valued field, L be a finite-dimensional field extension of E and w

be the unique extension of v to L. Then, L is tame over E if and

only if there exists some a ∈ L∗ such that v(TrL/E(a)) = w(a).

Proof. Suppose that L is tame over E, then L is separable

over E and GL is tame over GE. Let N be a tame Galois finite-

dimensional field extension of E containing L and let σ1, ...., σr

(r = [L : E]) be the different E-embeddings of L into N . By the

above the induced GE-embeddings σ′1, ..., σ
′
r of GL into GN , are

pairwise distinct. Also, as seen above, there exists some a ∈ L∗ such

that TrGL/GE(a′) 6= 0. We have TrGL/GE(a′) = Trq(GL)/q(GE)(a
′) =∑r

i=1 q(σ
′
i)(a

′) =
∑r

i=1 σ
′
i(a
′) =

∑r
i=1 σi(a)′; moreover, we have

ζ(σi(a)) = w(a) for all i, (1 ≤ i ≤ r), where ζ is the unique

extension of v to N . So in Nζ(a)(:= N≥ζ(a)/N>ζ(a)), we have∑r
i=1 σi(a)′ =

∑r
i=1 σi(a) = TrL/E(a). Therefore, the fact that

0 6= TrGL/GE(a′), yields v(TrL/E(a)) = w(a).

Conversely, suppose that there exists some a ∈ L∗ such that

v(TrL/E(a)) = w(a), then TrL/E(a) 6= 0 in Lw(a). Also, this yields

TrL/E(a) 6= 0 (since w(a) 6= ∞), so by [K89, Theorem 4.8, p.89]

L is separable over E. Let T be the tame closure of E in L (i.e.,

the intersection of L with the tame closure of E in some normal

finite-dimensional field extension of E containing L) and let p =

char(T )(= char(E)). If p = 0, then clearly L is tame over E and
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obviously L = T . It suffices then to show this converse for the case

where p 6= 0. Observe that since T has no proper tame extension in

L, thenGT has no proper tame extension inGL, henceGL is purely

wild over GT , or equivalently q(GL) is purely inseparable over

q(GT ). So, [GL : GT ] = [q(GL) : q(GT )] = pm, for some integer

m. Moreover, by Ostrowski’s Theorem there exists some integer k

such that [L : T ] = pk[L : T ](ΓL : ΓT ). We have [L : T ](ΓL : ΓT ) =

[GL : GT ], hence [L : T ] = pn, where n = k + m. Suppose by

absurd that L 6= T , or equivalently, n ≥ 1, and let σ : T → N be

a E-embedding of T into N , then σ has pn extensions to L (i.e.,

embeddings from L into N which extend σ). If we fix an embedding

ασ of L into N extending σ, then for any other embedding β of L

into N extending σ, we have α′σ|GT = σ′ = β′|GT ; moreover since

GL is purely wild over GT , then for any homogeneous element z ∈

GL, we have zp
m ∈ GT , hence β′(zp

m
) = α′σ(zp

m
), or equivalently

β′(z)p
m

= α′σ(z)p
m

. Clearly, we will have (β′(z) − α′σ(z))p
m

=

β′(z)p
m − α′σ(z)p

m
= 0, so β′(z) = α′σ(z). Therefore, β′ = α′σ.

Now, let σ1, ..., σr be the different E-embeddings from T into N ,

and Ai be the set of embeddings of L into N extending σi (1 ≤

i ≤ r), then in Nζ(a), we have TrL/E(a) =
∑r

i=1

∑
α∈Ai α

′(a′) =

pn
∑r

i=1 α
′
σi

(a′) = 0, a contradiction. Therefore, L = T , which

proves that L is tame over E. �

Remark 1.2. Under the hypotheses of Theorem 1.1, it is clear

that if the residue characteristic of E is 0, then any finite-dimensional

field extension L of E is tame over E, hence Khanduja’s Theorem

in this case, means simply that there exists some a ∈ L∗ such that
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w(TrL/E(a)) = w(a).

We recall that a central division algebra over a Henselian val-

ued field is called tame if it is split by a tame field extension or

equivalently it has a maximal subfield which is tame over E. It is

called strongly tame over E if the residue characteristic of E does

not divide the degree of D.

2. Torsion subgroups of Whitehead groups

We give in this section some results concerning the M-Whitehead

group of a graded division algebra and we apply them to describe

the torsion subgroup of the Whitehead group of a strongly tame

central division algebra over a Henselian valued field.

Proposition 2.1. Let F be a graded field and A a graded cen-

tral division algebra over F , then the following statements hold:

(1) If A is unramified over F , then T (MK1(A)) = T (K1(A0)).

(2) If A is totally ramified over F , then T (MK1(A)) ∼= T (F ∗0 )/µs(F0),

where s = exp(ΓA/ΓF ) and µs(F0) is the group of the sth

roots of the unity in F0.

Proof. (1) Assume that A is unramified over F , then A∗ =

A∗0F
∗ and A∗c = A∗c0 . Moreover, it is clear that for any element a ∈

A∗\A∗0, aA∗c0 cannot be a torsion element in A∗/A∗c0 (for gr(an) =

ngr(a) 6= 0), therefore T (MK1(A)) = T (K1(A0)).

(2) Suppose now that A is totally ramified over F and let s =

exp(ΓA/ΓF ). For any element c ∈ A∗, we have gr(cs) + ΓF = ΓF ,
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so cs ∈ A∗0F ∗, but A0 = F0, so cs ∈ F ∗. Let a and b be elements of

A∗ and let e = aba−1b−1, then e ∈ F0(= A0) and eb = aba−1. Thus,

esbs = (eb)s = absa−1 = bs (for as seen above bs ∈ F ). It follows

that es = 1, hence A∗c ⊆ µs(F0). We claim that for any w ∈ µs(F0),

there exist a, b ∈ A∗ such that w = aba−1b−1. Indeed, let m be the

exponent of w, then w is a primitive mth-root of unity in F0. Since

m divides s, then there is some γ ∈ ΓA such that the subgroup of

ΓA/ΓF , generated by γ + ΓF has cardinality m. Let a ∈ A∗ with

gr(a) = γ and let K := F [a] (i.e., the subring of A generated by F

and a), then K is a totally ramified graded field extension of F with

[K : F ] = |〈gr(a) + ΓF 〉| = m. We have gr(am) = mgr(a) ∈ ΓF ,

so am ∈ F ∗ (because K0 = F0). We can then define a graded

F -homomorphism σ : K → K, by σ(a) = wa. By [HW(b)99,

Proposition 1.6] there exists some b ∈ A∗ such that σ = Int(b)|K ,

so wa = σ(a) = bab−1, which implies that w = bab−1a−1, hence

w ∈ A∗c.

We have A∗c = µs(F0), so MK1(A) = A∗/µs(F0). In the

same way as in above, for any a ∈ A∗\A∗0, aµs(F0) cannot be a

torsion element of MK1(A). So, T (MK1(A)) ∼= T (A∗0)/µs(F0) =

T (F ∗0 )/µs(F0). �

More generally, let F be a graded field and A an arbitrary

graded central division algebra over F . We aim to determine the

torsion subgroup T (MK1(A)) of MK1(A) in term of a quotient

group of the multiplicative group A∗0. For this let’s first precise

some notation in what follows.
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(2.2) Let K be a field, R be a central division algebra over K, F be

a graded field with F0 = K, H a finite group that acts on KF by

graded automorphisms and (w, f) be a (graded) factor set of H in

RF (∼=g R ⊗K F ). For an arbitrary element r ∈ R and an element

σ ∈ H, we will write simply σ(r) to denote the element wσ(r). We

denote by R∗c(H,w,f) the subgroup of R∗ generated by the elements∏m
i=1 riσi(si)f(σi, τi)f(τi, σi)

−1τi(r
−1
i )s−1

i , where m ∈ N, σi, τi ∈ H

and ri, si ∈ R∗. We also set K1(R)(H,w,f) := R∗/R∗c(H,w,f) that we

call a generalized Whitehead group of R.

(2.3) Let F be a graded field and A a (finite-dimensional) graded

central division algebra over F . We know by [M10, (1.3), pp 442-

443] that there is a (graded) factor set (w, f) of ΓA/ΓF in A0F such

that A is graded isomorphic to the generalized graded crossed prod-

uct (A0,ΓA/ΓF , (w, f)) = ⊕γ∈ΓA/ΓFA0Fxγ, where xγ are invertible

(homogeneous) elements of A subject to the following multiplica-

tive relations: xγa = wγ(a)xγ and xγxδ = f(γ, δ)xγ+δ for any

a ∈ A0 and γ, δ ∈ ΓA/ΓF . We can also assume that f is nor-

malized, or equivalently that x0 = 1. We have then the following

proposition.

Proposition 2.4. Let F be a graded field, A a graded central

division algebra over F and let (w, f) be a (graded) factor set of

ΓA/ΓF in A0F with f normalized such that A is graded isomorphic

to the generalized graded crossed product (A0,ΓA/ΓF , w, f), then

T (MK1(A)) ∼= T (K1(A0)(ΓA/ΓF ,(w,f))).
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Proof. As seen in the proof of Proposition 2.1, we have A∗c ⊆

A∗0. So, for any element a ∈ A∗\A∗0, the element a.A∗c cannot be

a torsion element in MK1(A) (because gr(an) = ngr(a) 6= 0 for

any integer n > 0). Thus, we have T (MK1(A)) = T (A∗0/(A
∗
0 ∩

A∗c)). Write A = (A0,ΓA/ΓF , w, f) = ⊕γ∈ΓA/ΓFA0xγ, where xγ

are invertible elements subject to the multiplicative relations given

above in (2.3). An arbitrary element of A∗ is then of the form

axγ, where a ∈ A∗0F
∗ and γ ∈ ΓA/ΓF . We have (axγ)(bxδ) =

aγ(b)xγxδ = aγ(b)f(γ, δ)xγ+δ. So, (axγ)(bxδ)(axγ)
−1(bxδ)

−1 =

(aγ(b)f(γ, δ)xγ+δ)(bδ(a)f(δ, γ)xγ+δ)
−1 = aγ(b)f(γ, δ)f(δ, γ)−1δ(a−1)b−1.

Plainly in the product (axγ)(bxδ)(axγ)
−1(bxδ)

−1, we can assume

that a, b ∈ A∗0, hence T (MK1(A)) ∼= T (K1(A0)(ΓA/ΓF ,w,f)). �

In what follows, to prove our main result (Theorem 2.7), we will

need to show the analogous of [Mo13, Lemma 4 and Theorem 5]

in the graded setting (see Lemma 2.5 and Proposition 2.6). These

versions can be considered as extensions of Motie’s results.

Lemma 2.5. Let F be a graded field and let R and S be two

graded central division algebras over F such that T := R ⊗F S is

also a graded division algebra. For any integer p prime to deg(S),

we have Tp(MK1(T )) ∼= Tp(MK1(R)).

Proof. Let a1, b1, a2, b2, ..., an, bn be elements of q(R)∗ and

let si ∈ F\{0}, wi ∈ R such that aibia
−1
i b−1

i = s−1
i wi, for 1 ≤ i ≤ n.

Then, siaibi = wibiai. For an arbitrary nonzero element d of R,

let’s denote by d(m) the nonzero homogeneous component of d of
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minimal grade, then we have

s
(m)
i a

(m)
i b

(m)
i = w

(m)
i b

(m)
i a

(m)
i

hence

(s
(m)
i )−1w

(m)
i = a

(m)
i b

(m)
i (a

(m)
i )−1(b

(m)
i )−1,

which is clearly an element of R∗c.

Suppose now that

a1b1a
−1
1 b−1

1 ... anbna
−1
n b−1

n = t ∈ R∗

then

s−1
1 w1 ... s

−1
n wn = t,

hence

w1 ... wn = t s1 ... sn,

so,

w
(m)
1 ... w(m)

n = t s
(m)
1 ... s(m)

n .

Therefore,

t = (s
(m)
1 )−1w

(m)
1 ... (s(m)

n )−1w(m)
n ∈ R∗c.

This shows that R∗ ∩ q(R)∗c = R∗c.

Now, by [Mo13, Lemma 4] (see the proof) the canonical inclu-

sion map q(R)→ q(T ) induces a group isomorphism ψp : Tp(K1(q(R)))

→ Tp(K1(q(T ))). Therefore the canonical group homomorphism

φp : Tp(MK1(R)) → Tp(MK1(T )), defined by φp(aR
∗c) = aT ∗c

for any nonzero homogeneous element a of R such that aR∗c ∈

Tp(MK1(R)), is injective. Indeed, if φp(aR
∗c) = 1, i.e., a ∈ T ∗c,
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then a ∈ q(T )∗c, so by the injectivity of ψp, a ∈ q(R)∗c. It follows

by the above that a ∈ R∗c.

In a similar way we show that φp is surjective. Indeed, let

d ∈ T ∗ and suppose that dT ∗c ∈ Tp(MK1(T )), then dq(T )∗c ∈

Tp(K1(q(T ))). The fact that ψp is surjective implies that there

exist α ∈ q(R)∗ with αq(R)∗c ∈ Tp(K1(q(R))) such that dq(T )∗c =

αq(T )∗c. Let e1, f1, ..., er, fr be elements of q(T )∗ such that

α−1d = e1f1e
−1
1 f−1

1 ... erfre
−1
r f−1

r ,

and let a ∈ R, s ∈ F\{0} such that α = s−1a and let ti ∈ F\{0},

zi ∈ T (for 1 ≤ i ≤ r) such that eifie
−1
i f−1

i = t−1
i zi, then, as seen

above :

(t
(m)
i )−1z

(m)
i = e

(m)
i f

(m)
i (e

(m)
i )−1(f

(m)
i )−1.

We have

α−1d = e1f1e
−1
1 f−1

1 ... erfre
−1
r f−1

r ,

so

sa−1d = (t−1
1 ... t−1

r )z1 ... zr.

Thus

s(t1 ... tr)d = az1 ... zr.

This implies

s(m)(t
(m)
1 ... t(m)

r )d = a(m)z
(m)
1 ... z(m)

r .

Hence,

d = (s(m))−1a(m)(t
(m)
1 )−1z

(m)
1 ... (t

(m)
r )−1z

(m)
r

= (s(m))−1a(m)e
(m)
1 f

(m)
1 (e

(m)
1 )−1(f

(m)
1 )−1 ... e

(m)
r f

(m)
r (e

(m)
r )−1(f

(m)
r )−1.
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It follows that dT ∗c = (s(m))−1a(m)T ∗c.

It remains to prove that (s(m))−1a(m)R∗c ∈ Tp(MK1(R)). Since

αq(R)∗c ∈ Tp(MK1(R)), then there is some positive integer k such

that αp
k ∈ q(R)∗c, i.e., there exist elements x1, y1, ... xl, yl ∈ q(R)∗

such that

αp
k

= x1y1x
−1
1 y−1

1 ... xlylx
−1
l y−1

l .

In the same way as in above, this yields

((s(m))−1a(m))p
k

= x
(m)
1 y

(m)
1 (x−1

1 )(m)(y−1
1 )(m) ... x

(m)
l y

(m)
l (x−1

l )(m)(y−1
l )(m)

which means that ((s(m))−1a(m))p
k ∈ R∗c. �

Proposition 2.6. Let F be a graded field and A a graded

central division algebra over F with primary decomposition A =

Ap1 ⊗F ... ⊗F Apk , then T (MK1(A)) ∼= (⊕ki=1Tpi(MK1(Api))) ⊕

(⊕p∈ITp(F ∗)), where I is the set of all primes in N\{p1, ..., pk}.

Proof. This follows easily by applying Lemma 2.5. Indeed,

let p be a prime and suppose first that p does not divide deg(A).

Let R = F and S = A, then by Lemma 2.5 we have Tp(MK1(A)) ∼=

Tp(F
∗)(= Tp(MK1(F )). If p divides deg(A), say p = pi for some

i (1 ≤ i ≤ k), then for R = Api and S = Ap1 ⊗F ... ⊗F Api−1
⊗F

Api+1
... ⊗F Apk when 1 < i < k [resp., S = Ap2 ⊗F ... ⊗F Apk

when i = 1; resp., S = Ap1 ⊗F ... ⊗F Apk−1
when i = k], we have

Tp(MK1(A)) ∼= Tp(MK1(Ap)). It follows then that T (MK1(A)) ∼=

(⊕ki=1Tpi(MK1(Api)))⊕(⊕p∈ITp(F ∗)), where I is the set of all primes

in N\{p1, ..., pk}. �
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Theorem 2.7. Let E be a Henselian valued field such that

char(E) = char(E) and let D be a strongly tame central division

algebra over E, then T (K1(D)) ∼= T (MK1(GD)).

Proof. Since char(E) = char(E), then by Hensel’s Lemma

T (E∗) ∼= T (E
∗
); moreover it is clear that T (GE∗) = T (E

∗
), so

T (E∗) ∼= T (GE∗). Therefore, by [Mo13, Theorem 5] and Propo-

sition 2.6 it suffices to assume that D has a prime power degree

n := qr and to prove that Tq(K1(D)) ∼= Tq(MK1(GD)).

By [HaW(a)11, Theorem 4.13] (see the proof) the canonical

mapping D∗ → GD∗, defined by x 7→ x′, induces an isomorphism

CK1(D)
ψ→ CK1(GD). Consider the following canonical commuta-

tive diagram :

K1(D)
f−→ CK1(D)

φ ↓ ↓ ψ

MK1(GD)
g−→ CK1(GD)

where φ : K1(D) → MK1(GD) is defined by φ(xD∗c) = x′GD∗c,

f : K1(D) → CK1(D) is defined by f(xD∗c) = xE∗D∗c, g :

MK1(GD)→ CK1(GD) is defined by g(xGD∗c) = xGE∗GD∗c and

ψ : CK1(D)→ CK1(GD) is defined by ψ(xE∗D∗c) = x′GE∗GD∗c.

Let d ∈ D∗ and suppose that φ(dD∗c) = 1, then d′ ∈ GD∗c

and ψ ◦ f(dD∗c) = g ◦ φ(dD∗c) = 1, hence f(dD∗c) = 1. This

means d ∈ E∗D∗c. Write d = ec, where e ∈ E∗ and c ∈ D∗c,

then d′ = e′c′, hence e′ ∈ GD∗c (because both c′ and d′ are in

GD∗c). Let N := {e ∈ E∗ | e′ ∈ GD∗c}, then N is a (normal)
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subgroup of D∗, and by the above ker(φ) = ND∗c/D∗c. Therefore,

MK1(GD)(∼= K1(D)/ker(φ)) ∼= D∗/ND∗c.

For any e ∈ N , we have e′ ∈ GD∗c, so (e′)n = NrdGD(e′) = 1

(here n = deg(D)(= deg(GD))). Therefore, if we denote by v

the restriction of the valuation of D to E, then v(e) = 0 and

e ∈ µn(E) ∩ GD∗c, where e is the class of e in E. Conversely,

let α1, ..., αs be the different elements of µn(E) ∩ GD∗c, then by

Hensel’s lemma there exist elements e1, ..., es in E∗ with v(ei) = 0,

ei = αi and eni = 1. Obviously, e1, ..., es are elements of N . More

precisely, we have N = ∪si=1ei(1 +ME).

Let x be an element of D∗ and suppose that xD∗c is an element

of Tq(K1(D)), then clearly x′GD∗c is an element of Tq(MK1(GD)).

Conversely, let α be an element of Tq(MK1(GD)), then we can

write α = z′GD∗c, where z ∈ D∗ with (z′)m ∈ GD∗c for some

power m of q. We have (zm)′ = (z′)m ∈ GD∗c, hence zm ∈ ND∗c.

So zm ∈ ∪si=1ei(1 + ME)D∗c. Thus zmn ∈ (1 + a)nD∗c for some

a ∈ME. The polynomial Xmn− (1 + a)n has residue Xmn− 1 and

1 is a simple root of Xmn − 1 in E, so again by Hensel’s Lemma

Xmn− (1 +a)n has a root e ∈ E with v(e) = 0 and e = 1, where as

in above v is the restriction of the valuation of D to E. We have

zmn ∈ (1 + a)nD∗c = emnD∗c, so (ze−1)mn ∈ D∗c and (ze−1)′ =

z′(e′)−1 = z′. Consequently, α = z′GD∗c = (ze−1)′GD∗c with

ze−1D∗c ∈ Tq(K1(D)). Therefore, Tq(MK1(GD)) = φ(Tq(K1(D))).

Consider now the following commutative diagram with exact

rows:
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1 → (1 +MD) ∩D∗c → D∗c → GD∗c → 1

↓ ↓ ↓

1 → 1 +MD → D∗ → GD∗ → 1

Applying the snake lemma, we get the following exact sequence

of cokernels :

1→ 1 +MD

(1 +MD) ∩D∗c
→ K1(D)

φ→ MK1(GD)→ 1

As seen above the restriction homomorphism Tq(K1(D))
φ→ Tq(MK1(GD))

is surjective, so we get the following exact sequence :

1→ Tq(
1 +MD

(1 +MD) ∩D∗c
)→ Tq(K1(D))

φ→ Tq(MK1(GD))→ 1

By the congruence theorem (see [HaW(a)11, Theorem B.1]) we

have (1+MD)∩D∗c = (1+MD)∩D(1), where D(1) is the subgroup

of D∗ consisting of all elements with reduced norm equal to 1.

Thus, Tq(
1+MD

(1+MD)∩D∗c ) = Tq(
1+MD

(1+MD)∩D(1) ). Let a ∈MD and suppose

that (1 + a)s ∈ D(1) for some power s of q. Then, 1 = NrdD((1 +

a)s) = NrdD(1 + a)s. By [HaW(a)11, Corollary 4.7] we have

NrdD(1 + a) = 1 + b for some b ∈ ME. So, 1 = (1 + b)s =

1 + sb + r2b
2 + r3b

3 + ... + bs. Hence, (s + r2b + ... + bs−1)b = 0.

Let p = char(E). Since p does not divide s (for D is strongly

tame), then v(s) = 0. So v(s + r2b + ... + bs−1) = 0 (see here

that v(rib
i−1) ≥ v(b) > 0 for all i ≥ 2). It follows that v(b) = ∞

(since (s+ r2b+ ...+ bs−1)b = 0), or equivalently b = 0. Therefore,

NrdD(1 + a) = 1, hence 1 + a ∈ D(1). Thus, Tq(
1+MD

(1+MD)∩D(1) ) = 1.

Consequently, Tq(K1(D)) ∼= Tq(MK1(GD)). �
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Corollary 2.8. (Compare [Mo13, Theorem 10]) Let E be

a Henselian valued field such that char(E) = char(E) and let D

be a strongly tame central division algebra over E, and (w, f) a

generalized graded factor set of ΓD/ΓE in D.GE such that GD =

(D.GE,ΓD/ΓE, (w, f)), then we have T (K1(D)) ∼= T (K1(D)(ΓD/ΓE ,w,f)).

Moreover, we have the following statements :

(1) If D is unramified, then T (K1(D)) ∼= T (K1(D)).

(2) If D is totally ramified, then T (K1(D)) ∼= T (E
∗
)/µs(E),

where s = exp(ΓD/ΓF ).

Proof. This follows by Theorem 2.7, Proposition 2.4 and Propo-

sition 2.1.

�

Corollary 2.9. Let F be a graded field and A a graded central

division algebra over F with char(F ) not dividing deg(A), then

T (MK1(A)) is isomorphic to T (K1(q(A)h)).

Proof. Obviously we have char(q(F )h) = char(F ) and deg(q(A)h) =

deg(A), so q(A)h is a strongly tame division algebra over q(F )h. We

recall that G(q(A)h) can be identified to A, so our corollary follows

by Theorem 2.7.

�





APPENDIX A

Comments

1. On Witt rings

All graded objects considered here are assumed to have the

same type which is a totally ordered divisible abelian group Γ.

Let F be a graded field of characteristic different from 2 and

V be a finite-dimensional graded vector space over F . A graded

symmetric bilinear form on V is defined to be a bi-additive func-

tion b : V × V → F which satisfies the following conditions (for

any v, w ∈ V, r, s ∈ F and γ, δ ∈ Γ): b(rv, sw) = rs.b(v, w),

b(w, v) = b(v, w), and b(Vγ, Vδ) ⊆ Fγ+δ. A graded symmetric bi-

linear form b on V , is called nondegenerate if v = 0 is the only

element of V such that b(x, y) = 0 for all y ∈ V . In this case b

is called hyperbolic if V has two complementary totally isotropic

graded subspaces.

Renard et al. showed in [RTW07] that much of the theory of

(even) hermitian forms over division algebras carries over (even)

graded hermitian forms (over graded division algebras). In partic-

ular this holds for graded symmetric bilinear forms over F . The

main difference, as indicated in [RTW07], consists in the fact that

123
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hyperbolic graded forms of the same dimension need not be iso-

metric. It is needed (for such graded isometry) that the underlying

graded vector spaces be graded isomorphic. By [RTW07, Proposi-

tion 1.4] any nondegenerate graded symmetric bilinear form over F ,

is graded isometric to an (orthogonal) direct sum ban ⊥ bhyp, where

ban is an anisotropic graded (symmetric) form and bhyp is a hyper-

bolic graded (symmetric) form, both unique up to graded isome-

tries. We write b ∼=g ban ⊥ bhyp. Moreover, any anisotropic graded

form is graded isometric to an orthogonal sum of one-dimensional

graded forms.

Now, let E be a Henselian valued field with valuation v, M be

a finite-dimensional vector space over E, and k be a nondegenerate

symmetric bilinear form on M . An E-norm α on M is said to be

compatible with k if it satisfies the following conditions:

(*) for any m,n ∈M , we have α(m) + α(n) ≤ v(k(m,n)),

(**) for any m ∈M , there is some n ∈M with α(m) + α(n) =

v(k(m,n)).

Under the first condition k induces a graded symmetric bi-

linear form k′α on GαM , uniquely determined by the condition

k′α(m′, n′) = k(m,n)′. The second condition assures that k′α is

nondegenerate.

Let (E, v) be a Henselian valued field with residue character-

istic different from 2 and let W (E) be the Witt ring of E. Then
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by [RTW07, Proposition 4.3] we have a canonical group isomor-

phism θE : W (E) → W gr(GE), induced by the correspondence

b 7→ (b′αb)an, for any nondegenerate symmetric bilinear form b (on

a vector space) over E; αb being a norm (on this space) compat-

ible with b. In what follows we will see that θE is in fact a ring

isomorphism. Indeed, let k and l be nondegenerate symmetric bi-

linear forms over E with underlying spaces V and W , respectively.

Let (xi)1≤i≤m be an orthogonal base of V for k, and (yj)1≤j≤n be

an orthogonal base of W for l, and write k and l with respect to

these bases, respectively, as k = 〈b1, ..., bm〉, where bi = b(xi, xi),

and l = 〈c1, ..., cn〉, where cj = b(yj, yj). The underlying space

of kl is V ⊗E W , and clearly (xi ⊗ yj)1≤i≤m,1≤j≤n is an orthog-

onal base of V ⊗E W for kl. Write kl = 〈d11, ..., dmn〉, where

dij = bicj, and consider the norm β on V ⊗E W with splitting

base (xi ⊗ yj)1≤i≤m,1≤j≤n and with β(xi ⊗ yj) = 1
2
v(dij). Then,

(kl)′β = 〈d′11, ..., d
′
mn〉 = 〈b′1, ..., b′m〉〈c′1, ..., c′n〉. If we let α1 be the

norm on V with splitting base (xi)1≤i≤m and with α1(xi) = 1
2
v(bi)

and α2 be the norm on W with splitting base (yj)1≤j≤n and with

α2(yj) = 1
2
v(cj), then clearly 〈b′1, ..., b′m〉 = k′α1

and 〈c′1, ..., c′n〉 = l′α2
,

hence (kl)′β = k′α1
l′α2

.

We recall that if M is a finite-dimensional vector space over E,

h is a nondegenerate symmetric bilinear form on M , and r, s are

two norms on M , both compatible with h, then (h′r)an is graded

isometric to (h′s)an (see [RTW07, Theorem 3.11]). In what fol-

lows we will identify graded isometric (anisotropic) nondegenerate

graded forms and write simply h′an to mean (h′r)an. Note that if we
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write h ∼=g han ⊥ hhyp, where han is the anisotropic part of h and

hhyp is hyperbolic, then by [RTW07, Proposition 4.3] and up to a

graded isometry, we have (h′r)an = (han)′t, where t is a norm on the

underlying space of han, compatible with han. In what follows (by

identifying graded isomorphic forms) we will write simply (han)′

instead of (han)′t. In particular, with the above notation, we have

h′an = (han)′.

Now, to show that θE is a ring homomorphism, we have to show

that (kl)′an = (k′anl
′
an)an, which is straightforward by the above.

Indeed, we have (kl)′an = ((kl)an)′ = ((kanlan)an)′ = (kanlan)′an =

((kan)′(lan)′)an = (k′anl
′
an)an, which ends the proof.

2. On generalized graded crossed products

Throughout this section all considered graded objects will be

assumed to have the same grading type, which is a totally ordered

(uniquely) divisible abelian group Γ.

(2.1) Let R be a commutative graded ring, A be a graded alge-

bra over R, H be a finite group that acts on A by graded ring

automorphisms, (ω, f) be a graded factor set of H in A, and

(A,H, (ω, f)) the corresponding generalized graded crossed prod-

uct: (A,H, (ω, f)) := ⊕σ∈HAxσ, where xσ are independent inde-

terminates on A, with the addition law defined componentwise,

and the multiplication one defined by (extension of) the equalities:

xσa = ωσ(a)xσ and xσxτ = f(σ, τ)xστ for all a ∈ A and σ, τ ∈ H.

We recall that f is said to be normalized if f(σ, 1) = f(1, σ) = 1
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for any σ ∈ H. In this case, we identify A with Ax1, especially we

identify the identity element x1 of Ax1 with 1A.

If we suppose that f is normalized, then for any σ ∈ H, we

have wσw1 = Int(f(σ, 1))wσ = wσ, so w1 = idA. It follows that

wσwσ−1 = Int(f(σ, σ−1))w1 = Int(f(σ, σ−1))idA. One can then eas-

ily see that for a graded ideal I of A, the following two conditions:

wσ(I) ⊆ I for any σ ∈ H, and wσ(I) = I for any σ ∈ H, are

equivalent.

Lemma 2.2. With the above notation in (2.1), there exists a

unique graded algebra structure on (A,H, (ω, f)) which extends the

grading of A and for which all elements xσ are homogeneous.

Proof. Consider the mapping h : H × H → Γ, defined by

h(σ, τ) = gr(f(σ, τ)). By condition (0.17) in the definition of a

factor set (see the preliminaries), it is clear that h is a cocycle of

Z2(H,Γ); moreover, since H is finite and Γ is uniquely divisible,

then H2(H,Γ) = H1(H,Γ) = 0, where H2(H,Γ) and H1(H,Γ) are

respectively the second and the first cohomological groups of H in

Γ (the action of H on Γ being trivial). Therefore, there is a unique

family (γσ)σ∈H of elements of Γ such that h(σ, τ) = γσ+γτ−γστ (the

uniqueness follows from the fact that H1(H,Γ) = 0). The unique

graded structure of (A,H, (ω, f)) which extends the grading of A

and for which all elements xσ are homogeneous, is then defined by

setting gr(xσ) = γσ. �

(2.3) Conversely to (2.1), graded factor sets can be constructed

from some graded algebras. Namely, in [M11, Lemma 2.4] we
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proved that if A is a graded simple algebra over a graded field F

such that A0 is simple, then there is a natural graded factor set

(w, f) of H := ΓA/ΓF in A0.F (with f possibly chosen normal-

ized) such that A is graded isomorphic to the generalized graded

crossed product (A0.F,H, (w, f)). We recall that in this case, we

have ΓA = Γ∗A, where Γ∗A := gr(A∗) (A∗ being the multiplicative

group of invertible homogeneous elements of A as seen above). Ex-

amples of such graded simple algebras (with simple 0-component)

are given by matrix algebras Mn(D) where D is an arbitrary (finite-

dimensional) graded central division algebra over a graded field.

In the same way, if F is a graded field and B a finite-dimensional

graded central F -algebra such that ΓB = Γ∗B and H := ΓB/ΓF is

finite, then by choosing invertible homogeneous elements xσ ∈ B∗

with x1 = 1 and gr(xσ) + ΓF = σ for all σ ∈ H, we have B =

⊕σ∈HB0Fxσ = (B0F,H, (w, f)) where (w, f) is the graded factor

set of H in B0F , defined by the conditions: xσxτ = f(σ, τ)xστ and

xσa = wσ(a)xσ, for all σ, τ ∈ H and a ∈ B0F . It is clear that

gr(xσ) + ΓB0F (= gr(xσ) + ΓF ) are pairwise distinct (for σ ∈ H).

This last condition will be needed in the main result of this section

(see Proposition 2.14). We fix now the following notation:

(2.4) Notation: Throughout the rest of this section, R is a com-

mutative graded ring, A is a graded algebra over R, H is a fi-

nite group that acts on A by graded ring automorphisms, (w, f)

is a graded factor set of H in A with f normalized, and S =
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(A,H, (w, f)) is the corresponding generalized graded crossed prod-

uct.

Lemma 2.5. Let A and S be as in (2.4). If we suppose that

ΓA = Γ∗A, then the following statements are equivalent:

(1) S0 = A0,

(2) for a representation S := ⊕σ∈HAxσ as in (2.1), we have

gr(xσ) + ΓF pairwise distinct (for distinct σ ∈ H).

Proof. (1)⇒ (2) Let σ, τ ∈ H and suppose that gr(xσ)+ΓA =

gr(xτ ) + ΓA, then gr(xσx
−1
τ ) ∈ Γ∗A(= ΓA). Let a ∈ A∗ such that

gr(xσx
−1
τ ) = gr(a), then gr(xσx

−1
τ a−1) = 0. So, xσx

−1
τ a−1 ∈ A0(=

S0), which means xσ ∈ A0.(axτ ) ⊆ Axτ . Therefore, σ = τ .

(2)⇒ (1) Since gr(x1) = 0 and gr(xσ)+ΓA are pairwise distinct,

then S0 ⊆ A0 (by identification of A0 with its canonical image A0x1

in S), so S0 = A0. �

(2.6) Let A,H, (w, f) and S be as in (2.4). We will say that S sat-

isfies the grading separation property (GSP) with respect to (w, f),

if there is some representation of S as in (2.1), say S := ⊕σ∈HAxσ,

with gr(xσ) + ΓF pairwise distinct (for distinct σ ∈ H). Note that

in this case, the homogeneous elements of S are the elements axσ,

where a is a homogeneous element of A and σ ∈ H. Also, in this

case, we have S0 = A0.

(2.7) We saw above in (2.3) that graded simple algebras with

simple 0-component satisfy the graded separation property (GSP).
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We give here another example of generalized graded crossed prod-

ucts satisfying this property. This example is based on Malcev-

Neumann construction for his power series division rings. Let

Γ1 ⊆ Γ2 be an extension of totally ordered abelian groups with

H := Γ2/Γ1 finite (one can take for example Γ1 = m1Z× ....×mrZ

and Γ2 = Zr, where m1, ...,mr are nonnegative integers, and let

Γ1 and Γ2 be ordered by the anti-lexicographic order). Consider

a factor set (v, g) of Γ2 in a ring B, with g normalized, and let

S := (B,Γ2, (v, g)) = ⊕µ∈Γ2Bxµ, where xµ are independent inde-

terminates over B satisfying the conditions: xµxµ′ = g(µ, µ′)xµ+µ′

and xµb = vµ(b)xµ, for all µ, µ′ ∈ Γ2 and b ∈ B. Let A :=

⊕µ∈Γ1Bxµ(= (B,Γ1, (v, g))), and for any element δ ∈ H, chose

a representative δ of δ in Γ2 and let yδ := xδ. Then, we have

S = ⊕δ∈HAyδ = (A,H, (w, f)), where (w, f) is the graded fac-

tor set of H in A defined by the equalities yδa = wδ(a)yδ and

yδyδ′ = f(δ, δ
′
)y
δ+δ

′ , for any δ, δ
′ ∈ H and a ∈ A. It is clear that

gr(yδ) + Γ1(= δ) are pairwise distinct (for distinct δ in H).

(2.8) Let A, (w, f) and S be as in (2.4). A graded ideal I of A

will be called a graded w-ideal (or a w-invariant graded ideal) if for

any σ ∈ H, we have wσ(I) = I. As seen in (2.1) this condition is

equivalent to have wσ(I) ⊆ I for all σ ∈ H.

We will say that I is graded w-prime if for any graded w-ideals

I1, I2 of A such that I1I2 ⊆ I, we have I1 ⊆ I or I2 ⊆ I. We will

say that I is graded w-semiprime if for any graded w-ideal J of A

such that J2 ⊆ I, we have J ⊆ I.
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A graded ideal I of S is called graded prime (resp., graded

semiprime) if the condition above holds for graded ideals I1, I2

[resp., J ] of S (without assuming that they are graded w-ideals).

We will say that A is a graded w-simple algebra if the only

graded w-ideals of A are 0 and A.

The graded ring A is said to be graded w-prime (resp., graded

w-semiprime) if 0 is graded w-prime (resp., graded w-semiprime).

Similarly, S is called graded prime (resp., graded semiprime) if the

graded ideal 0 is graded prime (resp., graded semiprime).

We will say that A is graded local if it has a unique maximal

right graded ideal.

For a subset T consisting of homogeneous elements of A, we will

write AnngA−l(T ) for the left annulator of T in A (which is a left

graded ideal of A). We will say that A is w-compatible, if for any

subset T consisting of homogeneous elements of A and any τ ∈ H,

we have AnngA−l(T ) = AnngA−l(wσ(T )).

A graded ring B is called graded Baer [resp., graded quasi-

Baer] if the left annihilator of any nonempty subset consisting of

homogeneous elements of B [resp., of any left graded ideal of B] is

generated by a homogeneous idempotent.

We say that B is graded regular if for any homogeneous element

x of B, there exists a homogeneous element y of B such that x =

xyx.

Before giving some properties of the generalized graded crossed

products, we show the following lemmas.
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Lemma 2.9. Let S be a generalized graded crossed product as

in (2.4) and suppose that S satisfies the GSP, then for any graded

ideal J of S, we have J = (J ∩A).S. Conversely, let I be a graded

w-ideal of A and let JI be the graded ideal of S generated by the

homogeneous elements of I, then I = JI ∩ A.

Proof. It is clear that (J∩A).S ⊆ J , so it suffices to prove that

we have J ⊆ (J ∩A).S. Let aγxσ be a homogeneous element of J ,

then we have (aγxσ)(xσ−1f(σ, σ−1)−1) = aγf(σ, σ−1)x1f(σ, σ−1)−1 =

aγf(σ, σ−1)w1(f(σ, σ−1)−1)x1 = aγx1. By identification of A with

Ax1 in S, we get aγ ∈ J ∩ A. So, J ⊆ (J ∩ A).S.

Conversely, let I be a graded w-ideal of A and let JI be the

graded ideal of S generated by the homogeneous elements of I.

For any a, b ∈ A, c ∈ I and σ, τ ∈ H, we have (axσ)c(bxτ ) =

awσ(cb)f(σ, τ)xστ with awσ(cb)f(σ, τ) ∈ I. One can then easily

deduce that JI ∩ A = I. �

Lemma 2.10. Let A, (w, f) and S be as in (2.4), then the fol-

lowing statements are equivalent:

(1) A is graded w-prime.

(2) For any nonzero graded w-ideal I of A, we have AnngA−l(I) =

0.

(3) For any homogeneous elements a, b in A such that wσ(a).A.wτ (b) =

0 for all σ, τ ∈ H, we have a = 0 or b = 0.

Proof. (1)⇒ (2) Let I be a nonzero graded w-ideal of A. One

can easily see that AnngA−l(I) is a graded w-ideal of A. Indeed, let a

be an arbitrary homogeneous element of I and take an element b of
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AnngA−l(I). For any τ ∈ H, we have wτ (b)a = wτ (b)wτ (w
−1
τ (a)) =

wτ (bw
−1
τ (a)). Note that we have wτwτ−1 = Int(f(τ, τ−1)), so w−1

τ =

wτ−1◦Int(f(τ, τ−1)−1). Therefore w−1
τ (a) ∈ I (because I is a graded

w-ideal), hence wτ (b)a(= wτ (bw
−1
τ (a))) = 0. It follows then that

wτ (b) ∈ AnngA−l(I), so wτ (AnngA(I)) ⊆ AnngA(I). Now, we have

AnngA−l(I).I = 0 with I 6= 0 and A graded w-prime, so necessarily

AnngA−l(I) = 0.

(2)⇒ (3) Let a, b be two homogeneous elements of A and sup-

pose that wσ(a).A.wτ (b) = 0 for any σ, τ ∈ H. Let I be the graded

ideal of A generated by the elements wτ (b), where τ describes H.

Then, I is a graded w-ideal and a ∈ AnngA−l(I). If b 6= 0, then

I 6= 0, so necessarily a = 0.

(3) ⇒ (1) Let I1 and I2 be two nonzero graded w-ideals of A

and let ai be a nonzero homogeneous element of Ii (1 ≤ i ≤ 2),

then there exist σ, τ ∈ H such that wσ(a).A.wτ (b) 6= 0. We then

have 0 6= wσ(a).A.wτ (b) = wσ(a).(A.wτ (b)) ⊆ I1I2. �

Analogously, using the same arguments, one can easily prove

the following lemma.

Lemma 2.11. Let A, (w, f) and S be as in (2.4), then the fol-

lowing statements are equivalent:

(1) A is graded w-semiprime.

(2) For any homogeneous element a in A such that wσ(a).A.wτ (a) =

0 for all σ, τ ∈ H, we have a = 0.

It is well known that for any ring B with (Jacobson) radical

rad(B), if b + rad(B) is an idempotent of B/rad(B), then there
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exists an idempotent a ∈ B such that a−b ∈ rad(B). Analogously,

in the graded setting, if A is a graded ring with (Jacobson) graded

radical radg(A) (i.e., radg(A) is the intersection of all maximal right

graded ideals of A), then we have the following result1.

Lemma 2.12. Let F be a graded field and A a graded F -algebra.

For any homogeneous idempotent f + radg(A) of A/radg(A) there

is an idempotent e of A0 such that f − e ∈ radg(A).

Proof. One can easily see that (radg(A))0 = rad(A0). Since

f+radg(A) is a homogeneous idempotent of A/radg(A), then with-

out loss of generality, we can assume that f ∈ A0. It follows

that f + rad(A0) is an idempotent element of A0/rad(A0). So,

by the above there is an idempotent element e in A0 such that

f − e ∈ rad(A0), hence f − e ∈ radg(A). �

Lemma 2.13. Let F be a graded field and A a finite-dimensional

graded F -algebra. Then the following statements are equivalent:

(1) A is graded local.

(2) A has a unique maximal left graded ideal.

(3) The set of noninvertible homogeneous elements of A gen-

erate a proper two-sided graded ideal of A.

(4) For any element a of A0, one of the elements a or 1− a is

invertible.

(5) A has only two homogeneous idempotents, 0 and 1.

1Note that all homogeneous idempotents of a graded ring R are in R0 (because

Γ is totally ordered).
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(6) The graded F -algebra A/radg(A) is a graded division alge-

bra.

(7) A0 is a local algebra.

Proof. (1)⇒ (3) By definition, radg(A) is the unique proper

maximal (right) graded ideal of A. So, for any homogeneous el-

ement a of A, we have a ∈ radg(A) if and only if a has no right

inverse. Let x be a nonzero homogeneous element of A with a

right inverse y (in A−gr(x)), then we have (1 − yx)y = y − yxy =

y(1 − xy) = 0. If y has no right inverse, then by the above

y ∈ radg(A), so 1 − yx is invertible (this property of the Jacob-

son graded radical can be proved as in the ungraded case), hence

y = 0 (because (1− yx)y = 0 as seen above), but this is not true.

Therefore, y has a right inverse, and so 1 − yx = 0. This shows

that x is invertible . We conclude that a homogeneous element a of

A is in radg(A) if and only if a has no right inverse if and only if a

is not invertible. Thus, radg(A) is the graded ideal of A generated

by noninvertible homogeneous elements of A. Plainly, radg(A) is

proper in A.

(2)⇒ (3) follows in the same way.

(3) ⇒ (4) Let a be a nonzero element of A0 and let I be the

(proper) graded ideal of A generated by noninvertible homogeneous

elements of A. If both a and 1 − a are noninvertible, then 1 =

a+ (1− a) ∈ I, a contradiction.

(4)⇒ (5) If e is a homogeneous idempotent of A, then e ∈ A0,

and we have e(1− e) = 0, so necessarily e = 0 or e = 1.
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(5) ⇒ (6) by Lemma 2.12, the homogeneous idempotents of

A/radg(A) can be lifted modulo radg(A), so the graded semisimple

algebra C := A/radg(A) has only two homogeneous idempotents

0 and 1. It follows by the graded version of Wedderburn’s theo-

rem that A/radg(A) is a graded division algebra (see [HW(b)99,

Proposition 1.3] for the graded version of Wedderburn’s theorem

on graded simple algebras).

(6) ⇒ (1) [resp., (6) ⇒ (2)] This is clear since in this case

radg(A) is the unique maximal right [resp., left] graded ideal of A.

In the same way, we show that A0 is a local algebra if and only

if 0 and 1 are the only idempotent of A0. Hence, (1)⇔ (7). �

The following proposition summarizes some facts relating prop-

erties of a generalized graded crossed product S = (A,H, (w, f))

which satisfies the grading separation property, to analogous ones

on A.

Proposition 2.14. Let A, (w, f) and S be as in (2.4) and sup-

pose that S satisfies the GSP, then we have the following state-

ments:

(1) S is graded simple if and only if A is graded w-simple.

(2) S is graded semiprime [resp., graded prime] if and only if

A is graded w-semiprime [resp., graded w-prime].

(3) S is graded local if and only if A is so if and only if A0 is

local.

(4) If A is w-compatible, then S is graded Baer [resp. graded

quasi-Baer] if and only if A is so.
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Proof. (1) Suppose that S is a graded simple algebra and let I

be a graded w-ideal of A and JI be the graded ideal of S generated

by the homogeneous elements of I, then JI is either 0 or S. By

Lemma 2.9 we have JI ∩ A = I, so I is either 0 of A.

Conversely, suppose that A is a graded w-simple algebra, and

let J be a graded ideal of S. One can easily see that J∩A is a graded

w-ideal of A (indeed, for any homogeneous element a ∈ J ∩A and

any σ ∈ H, we have wσ(a) = xσax
−1
σ ∈ J ∩A). Therefore, J ∩A is

either 0 or A. So, by Lemma 2.9 J is then 0 or S.

(2) This follows easily from Lemmas 2.10 and 2.11.

(3) This is clear from Lemma 2.13 (since S0 = A0).

(4) Suppose that A is w-compatible. We will show that S is

graded quasi-Baer if and only if A is so. The fact that S is graded

Baer if and only if A is so follows in a similar way. Suppose that

A is graded quasi-Baer and let I be a graded left ideal of S. For

a nonzero element p of S, we denote by mincomp(p) the homo-

geneous component aγxσ of minimal grade of p. Let’s consider

the left graded ideal J of A generated by the elements aγ, where

aγxσ = mincomp(p) for some σ ∈ H and p in I. Let’s also consider

the following sets: T := {aγ | aγxσ = mincomp(p) for some σ ∈

H and p ∈ I}, and for τ ∈ H, Tτ := wτ (T ) = {wτ (aγ) | aγxσ =

mincomp(p) for some σ ∈ H and p ∈ I}. By assumption we have

AnngA−l(T ) = AnngA−l(Tτ ).

It is clear that the (left) annulator AnngA−l(J) is contained in

AnngA−l(T ). Conversely, let x ∈ AnngA−l(T ) and let c be a homo-

geneous element of A and aγ ∈ T with aγxσ = mincomp(p) for
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some σ ∈ H and p ∈ I. If caγ 6= 0, then caγxσ = mincomp(cp), so

x(caγ) = 0. For an arbitrary element c of A, write c =
∑
cλ, where

cλ are homogeneous elements of A, then x(caγ) =
∑
x(cλaγ) = 0,

so x ∈ AnngA−l(J). Therefore, AnngA−l(J) = AnngA−l(T ).

Since A is graded quasi-Baer, then there is a homogeneous

idempotent e ∈ A (hence e ∈ A0) such that AnngA−l(J) = A.e.

Let q be an arbitrary nonzero element of AnngS−l(I) and write

q = bλxτ + q1, where bλxτ = mincomp(q). For any 0 6= p ∈ I, we

have (bλxτ )mincomp(p) = 0. Write mincomp(p) = aγxσ (for some

γ ∈ Γ, σ ∈ H and aγ ∈ Aγ), then we have bλwτ (aγ)f(τ, σ)xτσ = 0,

so bλwτ (aγ) = 0. Therefore, bλ ∈ AnngA−l(Tτ )(= AnngA−l(J)), so

there is a homogeneous element rq of A such that bλ = rqe. We

then have mincomp(q) = rqexτ = rqxτw
−1
τ (e). We have wτ (e) =

xτex
−1
τ , so e = w−1

τ (xτ )w
−1
τ (e)w−1

τ (xτ )
−1, which implies w−1

τ (e) =

w−1
τ (x−1

τ )ew−1
τ (xτ ), hence w−1

τ (e) ∈ AnngA−l(J), so w−1
τ (e) = sqe for

some homogeneous element sq of A, hence mincomp(q) = rqxτsqe.

On the other hand, one can easily see that e ∈ AnngS−l(I). Indeed,

for any p ∈ I, if ep 6= 0, then 0 = emincomp(p) = mincomp(ep) 6=

0, a contradiction.

Let q1 := q −mincomp(q) = q − rqxτsqe, then q1 ∈ AnngS−l(I).

If we continue in this way, we get q ∈ S.e. This shows that S is

graded quasi-Baer.

Conversely, suppose that S is graded quasi-Baer and let J be

a left graded ideal of A. Plainly, SJ is a left graded ideal of S.

Therefore, there is a homogeneous idempotent e in S such that

AnngS−l(SJ) = S.e. The grading group being totally ordered, then
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e ∈ A0(= S0). It is clear that A.e ⊆ AnngA−l(J). Conversely,

let r be a homogeneous element of AnngA−l(J), b be a homoge-

neous element of A, a be a homogeneous element of J and τ ∈ H,

then rb ∈ AnngA−l(J), so rbwτ (a) = 0 (because A is graded w-

compatible), thus r((bxτ )a) = (rb)wτ (a)xτ = 0. Consequently, for

any p ∈ S, we have r(pa) = 0, which shows that r ∈ AnngS−l(SJ),

hence r = se for some homogeneous element s of S. Since r is

a homogeneous element of A and e ∈ A0, then s = tx1 for some

homogeneous element t of A. Therefore, by identification of A with

Ax1, r ∈ A.e. Thus, AnngA−l(J) ⊆ A.e, so AnngA−l(J) = A.e. �

Remark 2.15. Under the hypotheses of Proposition 2.14, we

show also that S is graded semisimple if and only if A is so. In

fact, as in the ungraded case S [resp., A] is graded semismiple if and

only if it is graded regular and every subset consisting of orthogonal

idempotents of S0(= A0) is finite. So, it is sufficient to show that

S is graded regular if and only if A is so. This follows easily by

computations. Indeed, suppose that A is graded regular, and let y

be a homogeneous element of S, then we can write y = aγxσ for

some γ ∈ Γ, σ ∈ H and aγ ∈ Aγ. Since A is graded regular, then

there is a homogeneous element e of A such that aγ = aγeaγ. Let

z = w−1
σ (ef(σ, σ−1)−1)xσ−1 , then we have

yzy = (aγxσ)[w−1
σ (ef(σ, σ−1)−1)xσ−1 ](aγxσ)

= aγef(σ, σ−1)−1f(σ, σ−1)x1aγxσ

= aγeaγxσ = aγxσ = y
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which shows that S is graded regular.

Conversely, suppose that S is graded regular and let a be a ho-

mogeneous element of A, then there is a homogeneous element cxτ

of S, where c is a homogeneous element of A, such that a(cxτ )a = a.

So, acwτ (a)xτ = a, hence τ = 1 and aca = a. This shows that A

is graded regular.
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SMF, Institut de Mathématiques de Jussieu, Paris, (2008).

[Kh00] S. K. Khanduja, A characterization of finite tame extensions, Bull. London

Math. 32 (2000), 551-554.

[KMRT98] M.-A. Knus, A. Merkurjev, M. Rost, J.-P. Tignol: The book of involu-

tions (Colloquium Publications, vol. 44) Providence: Amer. Math. Soc. (1998).



[Ku11] A. Kulshrestha, Strongly anisotropic involutions on central simple algebras,

Comm. Algebra 39 (2011), 1686-1704.

[LT93] D.W. Lewis and J.-P. Tignol, Square class groups and Witt rings of central

simple algebras, J. Algebra 154 (1993), 360-376.

[Mi70] J. Milnor, Algebraic K-theory and quadratic forms, Inventiones math. 9

(1970), 318-344.

[MiW95] J. Minac and A. Wadsworth, The u-invariant for algebraic extensions, Pro-

ceedings of Symposia in Pure Mathematics 58.2 (1995), 333-358.

[Mor89] P.J. Morandi, Value functions on central simple algebras. Trans. Amer.

Math. Soc. 315 (1989), 605-622.

[MS95] P.J. Morandi, B.A. Sethuraman, Kummer subfields of tame division algebras,

J. Algebra 172 (1995), 554-583.

[Mo13] M. Motiee, On torsion subgroups of Whitehead groups of division algebras,

Manuscripta Math. 141 (2013), 717-726.
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Résumé détaillé

On est essentiellement intéressé dans cette thèse par des appli-

cations nouvelles des algèbres graduées à l’étude des algèbres sim-

ples avec jauges modérées et au calcul des invariants discriminants

des involutions orthogonales et symplectiques. Les définitions et

notations nécessaires pour comprendre ce travail sont données dans

la partie préliminaire après l’introduction. Dans le premier chapitre

on généralise le travail de Hanke et al., dans [HNW16]. Rappel-

lons que les auteurs ont montré dans [HNW16, Theorem 1.1] que

si D est une algèbre à division modérée de dimension finie sur un

corps valué Henselien E, alors D est un produit croisé si et seule-

ment si l’algèbre à division résiduelle D a un sous-corps maximal

qui est Galoisien sur E. Le premier objectif de ce chapitre est de

montrer un résultat plus général pour une algèbre centrale simple

sur un corps valué Hensélien. Pour prouver ce résultat, on mon-

tre dans la première section de ce chapitre plusieurs propriétés qui

concernent les algèbres graduées simples de 0-composante simple.

Puis, on généralise [HNW16, Theorem 3.1] et on montre com-

ment plusieurs résultats dans [HNW16, §2 and §3] peuvent avoir

des versions plus générales. Dans la second section, on montre des

résultats concernant la possibilité d’injecter une algèbre graduée

simple dans une algèbre graduée matricielle et dans la troisième

section, on généralise [HNW16, Theorem 1.1] au contexte des

algèbres simples (avec jauges modérées) (voir Théorème 1.3.5).

On termine ce chapitre par montrer des conditions nécessaires et

suffisantes pour qu’une algèbre centrale simple sur un corps valué



Hensélien (sous certaines hypothèses) puisse avoir des sous-corps de

Kummer (voir Corollaires 1.4.8 and 1.4.9). Ces résultats généralisent

des résultats précédents montrés dans [TA85], [MS95] et [M10].

Le second chapitre étudie les invariants discriminants des involu-

tions orthogonales et symplectiques. On généralise en particulier

les travaux faits dans [CDTWY95] et [M11] qui concernent le cal-

cul du discriminant d’une involution orthogonale sur une algèbre

à division modérée et sur une algèbre simple avec jauge modérée

(voir Corollaire 2.3.8). On déternime aussi des cas où le discrim-

inant (relatif) des involutions symplectiques est égal à zéro (voir

Corollaires 2.5.3 et 2.5.5).

Dans le troisième chapitre on définit et on étudie l’anneau de Witt

d’une algèbre graduée simple et on l’applique pour donner des

propriétés nouvelles sur l’anneau de Witt d’une algèbre à divi-

sion modérée sur un corps valué Hensélien. On montre aussi des

résultats concernant la K-théorie de Milnor des corps gradués. On

montre en particulier que si E est un corps valué Hensélien de car-

actéristique résiduelle différente de 2, D est une algèbre à division

modérée centrale sur E, W (D) est l’anneau de Witt de l’algèbre

à division résiduelle D de D, J est l’idéal de W (D), engendé par

les (classes) des éléments 〈1〉 − 〈r〉, où r ∈ D∗ ∩GD∗2, et Z est un

sous-groupe de D∗/D∗2 qui a pour image (sous bijection) ΓD/2ΓD

par l’application v induite par la valuation v de D, alors W (D)

est isomorphe à un produit croisé généralisé (W (D)/J) ∗ Z. Si

en plus, D
∗ ∩ GD∗2 = D

∗2
, alors on obtient un isomorphisme

d’anneaux W (D) ∼= W (D) ∗ Z. En particulier, si D = E, alors



W (E) ∼= W (E)[Z] (voir Corollaire 3.2.10). Ce résultat généralise

le théorème de Sladek [S88, Theorem 3.3] qu’il a prouvé dans

le cas restrictive où l’algèbre à division D possède une valuation

discrète complète avec caractéristique résiduelle différente de 2 et

une algèbre résiduelle commutative.

Le quatrième chapitre étudie le sous-groupe de torsion du groupe

de Whitehead K1(D) d’une algèbre à division fortement modérée

D sur un corps valué Hensélien. Pour cet objectif, étant donné un

anneau à division gradué A, on définit un nouveau groupe MK1(A)

qu’on appelle le groupe M-Whitehead de A, et on montre cer-

taines de ses propriétés. On montre dans le théorème 4.2.7 que

si D est une algèbre à division fortement modérée centrale sur un

corps valué Hensélien E de caractéristique résiduelle égale à la car-

actéristique de E, alors le sous-groupe de torsion de K1(D), est

isomorphe au sous-groupe de torsion du groupe M-Whitehead de

GD, où GD est l’algèbre à division graduée canonique associée à

D (voir les préliminaires). Ce résultat permet de donner une nou-

velle démonstration (à une version plus générale) d’un théorème

montré par Motie dans [Mo13, Théorème 10] (voir corollaire 4.2.8).

On donne aussi dans ce chapitre une nouvelle démonstration à

un résultat qui caractérise les extension de corps modérées d’un

corps valué Hensélien, précédemment montré par Khanduja dans

[Kh00]. Plusieurs autres résultats, concernant en particulier les

produits croisés gradués généralisés sont donnés dans la partie an-

nexe de cette thèse.



Mots-clefs : Algèbres simples, valuations, graduations, jauges,

involutions, anneaux de Witt.
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Résumé  
 

      Cette thèse est une contribution au développement de la théorie des jauges sur les algèbres 

simples, fondée par J.-P. Tignol et A. R. Wadsworth.  

 En  particulier, on généralise dans le premier chapitre le travail T. Hanke, D. Neftin et A. R. 

Wadsworth concernant les conditions résiduelles nécessaires et suffisantes pour  qu’une algèbre à 

division modérée centrale sur un corps valué hensélien soit un produit croisé.  On généralise aussi les 

travaux d’Amitsur-Tignol, de Morandi-Seuthuraman et un résultat précédent de l’auteur sur les 

conditions nécessaires et suffisantes pour l’existence de sous corps de Kummer dans une algèbre à 

division valuée modérée. Dans le second chapitre, on généralise le travail de Chacron, Dherte, Tignol, 

Wadsworth et Yanchevskii  et aussi un travail précédent de l’auteur sur le discriminant des 

involutions orthogonales.  On montre aussi des résultats nouveaux qui concernent le discriminant 

des involutions symplectiques. Ces résultats sont des conséquences d’une étude détaillée qu’on 

développe sur les discriminants des involutions graduées de première espèce. Dans le troisième 

chapitre, on généralise le travail de Sladek sur l’anneau de Witt d’une algèbre à division valuée 

modérée et on montre une interprétation cohomologique des K-groupes de Milnor d’un corps 

gradué. Dans le dernier chapitre, on étudie le sous groupe de torsion du groupe de Whitehead d’une 

algèbre à division valuée fortement modérée et on  généralise un travail de Motiee sur ce sous 

groupe. 

Mots-clefs : Algèbres simples, valuations, graduations, jauges, involutions,  anneaux de Witt. 

 

Abstract  
 

 This thesis is a contribution to the development of gauge theory on simple algebras which 

was founded by J.-P. Tignol and A. R. Wadsworth. 

 We generalize, in particular, in the first chapter the work of T. Hanke, D. Neftin and A. R. 

Wadsworth concerning necessary and sufficient residually conditions on a tame division algebra over 

a Henselian valued field, to be a crossed product. Also, we generalize the works of Amitsur-Tignol,  of 

Morandi-Seuthuraman and a previous result of the author on the necessary and sufficient conditions 

for the existence of Kummer subfields in a tame valued division algebra. In the second chapter, we 

generalize a work of Chacron, Dherte, Tignol, Wadsworth and Yanchevskii and a previous work of the 

author on the discriminant of orthogonal involutions. We prove also new results concerning the 

discriminant of symplectic involutions. In the third chapter, we generalize a work of Sladek on the 

Witt ring of a tame valued division algebra and we show a cohomological interpretation of Milnor’s 

K-groups of a graded field. In the last chapter, we study the torsion subgroup of Whitehead group of 

a strongly tame valued division algebra and we generalize a result of Motiee on this subgroup. 

Key-words : Simple algebras, valuations, graduations, gauges, involutions, Witt rings. 


