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Contributions à la description d'images couleur pour la recherche d'images 

par le contenu 

 

Résumé: Ce travail de thèse s’inscrit dans le cadre de l'amélioration de la recherche 
d'images  par le contenu en se focalisant sur le processus d'extraction des caractéristiques 
d'images. Nous nous intéressons particulièrement aux descripteurs d'images basés à la fois sur 
la forme et la couleur. En effet, en exploitant l'algèbre des quaternions, nous généralisons les 
moments orthogonaux radiaux permettant de décrire la forme en vue d’intégrer également 
l’information couleur. Dans un premier temps, nous décrivons l’état de l'art concernant les 
descripteurs d'images couleur, y compris les moments quaternaires. Ensuite, nous présentons 
trois contributions concernant la description d’images couleur pour la recherche par le 
contenu. Dans notre première contribution, nous proposons une adaptation de la transformée 
en harmoniques sphériques (SHT) pour la description d’images couleur en utilisant à la fois 
l'algèbre des quaternions et une transformation sphère-disque appropriée. De plus, nous 
améliorons le temps de calcul de notre descripteur, appelé Quaternion Disc-Harmonic 
Moments (QDHM), en se basant sur la technique d’échantillonnage sphérique Healpix. La 
deuxième contribution consiste à proposer une reformulation sans paramètre des moments 
orthogonaux quaternaires, appelés Parameter-free quaternion orthogonal moments 
(PFQOM). Ceci est justifié par le fait que le calcul des moments quaternaires existants dépend 
du choix d'un paramètre quaternion unitaire pur dont la valeur optimale ne peut être fixée 
qu'empiriquement. De plus, la valeur estimée de ce paramètre est fortement liée au domaine 
d’application. Dans notre troisième contribution, nous suggérons une méthode de 
classification d'images couleur basée sur les moments QDHM sans paramètre. L’objectif est 
de confirmer la pertinence de notre descripteur quaternaire et de le valider dans le cadre d’un 
système de classification d’images. L’idée de base est de garder la forme quaternaire des 
coefficients composant le descripteur QDHM au lieu de se restreindre aux modules des 
moments. Pour maintenir la corrélation entre les quatre parties, réelle et imaginaires, des 
coefficients du descripteur quaternaire, nous nous sommes basés sur un classificateur de type 
quaternaire, qui est la machine d’apprentissage extrême quaternaire (QELM). La performance 
de l’ensemble des descripteurs proposés est évaluée en termes de capacité de reconstruction 
d'images couleur, de robustesse aux changements photométriques, d’invariance géométrique, 
de pouvoir discriminatoire et de temps de calcul. Les résultats obtenus montrent l’intérêt de 
notre propos. 
 

Mots clés: Descripteurs de formes, Moments orthogonaux, Harmoniques sphériques, Image 
couleur, Algèbre des quaternions, Recherche d'images par le contenu, Classification, Machine 
d'apprentissage extrême. 
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Contributions in Color Image Description for Content-Based Image 

Retrieval   

 

Abstract: This thesis work concerns the enhancement of content-based image retrieval 
(CBIR) by focusing on the image feature extraction process. We are particularly interested in 
image description based on both color and shape information. Indeed, by exploiting the 
algebra of quaternions, we generalize the radial orthogonal moments, meant for describing 
shapes, in order to also integrate the color information. We first present an extensive state-of-
the-art regarding color image descriptors including the quaternion-based moments. Then, we 
provide three contributions in color image description for CBIR.  In our first contribution, we 
propose an adaptation of the spherical harmonic transform (SHT) for color image description 
by using both the algebra of quaternions and an appropriate sphere-to-disc transformation. In 
addition, we improve the computational time of our descriptor, namely quaternion disc-
harmonic moments (QDHMs), by employing the Healpix spherical sampling technique. Our 
second contribution consists in proposing a parameter-free reformulation of the quaternary 
orthogonal moments, namely the parameter-free quaternary orthogonal moments (PFQOMs). 
We were motivated by the fact that the calculation of the existing quaternary moments depend 
on the choice of a unit pure quaternion parameter whose optimal value can be fixed only with 
the help of experiments. Furthermore, the estimated value of this parameter is strongly 
dependent on the application domain. In our third contribution, we introduce a color image 
classification method based on the parameter-free QDHMs. The objective is to confirm the 
relevance of our quaternary descriptor and validate it as part of an image classification 
system. The basic idea is to keep the quaternary form of the coefficients composing the 
QDHMs descriptor instead of being restricted to the moment’s modulus. To maintain the 
correlation between the four parts, real and imaginary, of the quaternary descriptor 
coefficients, we take advantage of a quaternary classifier that is the quaternary extreme 
learning machine (QELM). The performance of all the proposed descriptors is evaluated in 
terms of color image reconstruction capability, robustness to photometric changes, invariance 
under geometric transformations, discriminative power as well as computational time. The 
obtained results illustrate the effectiveness of our methods. 
 

Keywords: Shape descriptors, Orthogonal moments, Spherical harmonics, Color image, 
Quaternion algebra, Content-based image retrieval, Classification, Extreme learning machine.  
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General Introduction

In our daily lives, we receive, process and analyze information that is mostly of a visual nature
such as images and videos. Particularly, ’an image can encapsulate a very important amount
of information just like a dozen pages of text do’. For instance, we nowadays witness a huge
quantity of digital images that are shared everyday through social networks for communication
purposes. Images are also used in a wide range of application areas such as forensics, robot vi-
sion, astronomy, industrial automation, medicine, environment, crafts, military and road traffic,
to name but a few.
This excessive quantity of images that are applied in numerous fields and need to be managed
requires efficient image search systems. The latter aim to retrieve relevant images from a large
image database based on either a textual query (metadata) or an example query, e.g., image or
sketch (visual content).
For this purpose, content-based image retrieval (CBIR) systems were introduced and widely
applied in a broad range of domains including crime prevention, architectural design, fashion
design, medical diagnosis, remote sensing systems, cultural heritage and web searching.
In fact, the term CBIR relates to the process of retrieving similar images from large collections
based on the visual characteristics of the image query rather than the metadata associated with
it, such as keywords and tags. Figure 1 shows an example of Google search by image, where the
system receives an image (rather than text) as a query and returns the visually similar images.

Figure 1 An example of Google search by image.

Figure 2 illustrates the flowchart of a typical content-based image retrieval (CBIR) system.
The latter consists of the following stages: (1) An offline stage where the visual contents of the
images are extracted through feature vectors to construct the descriptors database. (2) An online
stage during which a user provides the system with a sample image. The system transforms this
query image into a descriptor vector. Then, it measures the dissimilarity between the query
image and those stored in the database by evaluating the distance between their feature vectors.
As a result, the system returns the top-ranked images based on this similarity measure. Several
factors can impact the performance of a CBIR system including the employed descriptor, the
similarity measure, the indexing structure, the search technique, etc.
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Figure 2 Flowchart of a typical content-based image retrieval (CBIR) system.

From Figure 2, it is obvious that image feature extraction is one of the most important issues
in CBIR. In fact, three low-level criteria are generally utilized for image feature extraction:
texture, shape, and color.
• A texture representation is employed to define the visual patterns in images based on

neighborhood. It is useful in describing the contents of different real-world images such
as fingerprints, bricks, trees and fabrics. Among texture descriptors intended for CBIR,
we cite the works by Wang et al., 2014b and Park et al., 2002.
• A shape representation could be employed to identify the object contained in an image.

In this case, robustness to photometric transformations (blur, noise, illumination color,
illumination direction, and so on) and invariance under geometric transformations (trans-
lation, scaling, rotation, and so on) are required for a better recognition of the object.
According to the review of shape description techniques by Zhang and Lu, 2004, there
are two classes of methods for shape description:
(1) the methods that use only the contour information to describe the shape, namely the
contour-based methods, and
(2) the region-based methods, which exploit the entire shape, i.e., all the pixels contained
in the shape.
Under each class, there are two approaches: the structural approach, where the shape is
represented by segments, and the global approach, where the shape is represented as a
whole.
It is generally accepted that the global region-based shape descriptors are the most useful
as they can cope well with shape of significant defection, i.e., less likely affected by noise
and variations, which poses a problem for contour-based methods. The region-based
methods include the orthogonal moments, which have some very important properties
yielding to preserving the maximum amount of information on the shape, as a result they
have been widely used for CBIR.
• Color, which can be perceived by a combination of three components, is a very important

attribute for describing an image. Several works have been investigating color image
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description, we cite among them the works by Swain and Ballard, 1991; Pass et al., 1996;
Albuz et al., 2001; Paschos et al., 2003.

Many works have been addressing the construction of novel image descriptors, the improvement
of the computation accuracy and time, the invariance properties, etc. In this work, we are
specifically interested in image descriptors based on both shape and color information. Color
can be encoded using different approaches and mathematical formalisms, e.g., marginal and
vector approaches.
In fact, many color image processing works involve adapting the gray-level image processing
algorithms to deal with color images. This approach, often called marginal, consists of applying
a processing on each of the three color components separately then combining the results to
produce the final output. Therefore, the color information is not handled globally, but rather
split into the three color components independently. This raises problems such as the loss of
correlation between the color channels and in most of applications, it leads to the emergence
of false colors. The example in Figure 3 (b) illustrates how a marginal morphological opening
transformation results in the appearance of green color which is not present in the original
image (false color). This undesirable color impedes the visual perception of the user and may
distort subsequent operations’ results such as a color histogram. However, the phenomenon of
false color appearance is not systematic as shown in the result of the marginal median filtering
[Figure 3 (c)].

Figure 3 Example of the emergence of false colors in the case of the marginal
approach (Varian et al., 2013): (a) Original image. (b) Morphological opening
result, which shows the emergence of green color (false color). (c) Median fil-
tering result, which shows that the phenomenon of false color appearance is not

systematic.

An alternative to the marginal approach is to consider color as a vector information. In this case,
a color pixel is seen as a three-dimensional vector referring to a coordinate within a color space.
Although the color representation by means of vectors deals with color information globally,
some problems raise. For instance, it is difficult to define order relations between vectors in
the three-dimensional space. This is needed in applications such as the median filtering, which
is based on pixel ordering. The median filtering is largely employed with gray-level images,
but its extension to color images using the vector approach is quite hard. This is because there
exists no order between vectors like it exists between scalars.
Another issue of the vector approach is that it is necessary to redefine vector operations to deal
with three-dimensional color vectors, e.g., the convolution product, the differentiability (and
hence the color gradient) or even more generally all image analysis approaches. Note also
the absence of a frequency analysis specific to using the notion of vector colors. Generally
speaking, although the vector approach deals with the color information globally, it is disadvan-
tageous in the way it induces more complex treatments compared to the marginal approach.
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In this context we focus on the opportunity to encode the color information of images using al-
gebraic representations. These representations use the information of a color pixel as a number
of the algebra used. This will allow us to take advantage of the standard operations provided
by the algebra, e.g., cross product, inner product, summation, instead of the vector operations,
which are very complex to implement. For example, the algebra of complex numbers is widely
used in different signal and image processing applications. Precisely, the disc-harmonic mo-
ments (DHMs), which requires the use of complex numbers, is a region-based shape descriptor
that proves its performances for CBIR. In fact, the DHMs have been proposed by our research
team (Ennahnahi et al., 2010) who have been inspired by the well-known spherical harmonic
transform (SHT) that has the properties of being complete and orthogonal on the unit sphere.
The initial objective of our work is to propose an extension of these conventional DHMs to deal
with color images. For this purpose, we are interested to use the quaternion formalism associ-
ated to color images (Sangwine, 1996). In fact, quaternion or hyper-complex numbers, since
they are a generalization of complex numbers, can be employed to represent the color informa-
tion holistically. In addition, they are manipulated by means of simple operations defined in the
quaternion algebra. As a quaternion number consists of one real part and three imaginary parts,
a color pixel is expressed by a pure quaternion where the real part is set to zero and the three
imaginary parts are the three color components.
In this thesis work, we propose different quaternary moment invariants for content-based color
image retrieval. The performance of the proposed descriptors is evaluated in terms of color
image reconstruction capability, robustness to photometric changes, invariance under geometric
transformations, discriminative power as well as computational time.

Contributions of the Thesis Work
The goal of this thesis work is to construct image descriptors based on a combination of both
shape and color for a content-based image retrieval purpose. Fast computation, accuracy, nu-
merical stability as well as invariance embodiment are to be considered. This thesis work mainly
revolves around the following contributions:
• Establishing a state-of-the-art concerning color image descriptors.
• Improving both the quality and time performances of color image retrieval by proposing

fast and invariant quaternary moments for describing color shape images.
• Introducing a parameter-free reformulation of the existing quaternary orthogonal mo-

ments.
• Adapting conventional machine-learning algorithms to accept quaternion-valued moment

invariants as input for a color image classification purpose.

Outline of the Thesis
This thesis is divided into 4 chapters in addition to the general introduction, conclusion and
perspectives. It also contains a detailed french summary.
General Introduction: It highlights the importance of color image description in the context
of content-based image retrieval. Then, it describes the motivation and objectives of this thesis
work.
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Chapter 1: State-Of-the-Art in Color Image Description: It is devoted to a review concern-
ing the existing color image descriptors and their applications especially for CBIR. It also points
out the advantages and limitations of each descriptors family.
Chapter 2: Proposed Quaternary Moments for Color Image Description: It presents our
first contribution, which consists in proposing a quaternary descriptor, namely the quaternion
disc-harmonic moments (QDHMs), inspired by the spherical harmonics (SHs) for color image
retrieval. This chapter first gives some preliminaries on the SHs and their various applications
dealing with both 3D and 2D models. Then, it details our invariant quaternary descriptor. At the
end, this chapter provides the results obtained by the various evaluations. The tests include color
image reconstruction capability, invariance to geometric transformations, robustness to photo-
metric changes, computational time as well as discriminative power. The k-nearest-neighbor
search involves studying the effect of the similarity measure, color space as well as the maxi-
mum order.
Chapter 3: Proposed Parameter-Free Reformulation of the Quaternary Moments: It
describes our second contribution which is to introduce a parameter-free reformulation of
the quaternary orthogonal moments, namely parameter-free quaternary orthogonal moments
(PFQOMs), whose modulus-based invariants are evaluated for color image retrieval and
classification. The experimental results show the effectiveness of the proposed descriptors.
Chapter 4: Proposed Color Image Classification Method: It details our third contribution
which consists in introducing a color image classification method based on a combination of
our quaternion disc-harmonic moments and a quaternion-type classifier, that is the quaternion
extreme learning machine (QELM). Our method is evaluated using different challenging color
image collections. The obtained results show the ability of out method to guarantee good clas-
sification accuracies in a reasonable time.
Conclusion and Perspectives: It summarizes the contributions made in this thesis work and
opens the door to their perspectives.
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Chapter 1

State-Of-the-Art in Color Image
Description

1.1 Introduction
For decades, researchers have been inspired by the human perception of color in order to make
computers discriminate objects. Considering the human eye as an example, the light reflected
off an object from the outside world is focused by the cornea and lens. Within the eye, the retina
is the part that senses the focused light. In fact, the retina, illustrated in Figure 1.1, contains three
layers of nerve cells: Ganglion cells on the top, Bipolar cells in the middle and photo-receptors,
located in the bottom cell layer. These latter come in two kinds: Cones and Rods, so-named
because of their shapes. Their role is to convert the light into electrochemical signals, which are
delivered to the visual center in the back of the brain. This allows us to see the color image as
it is. Figure 1.2 illustrates the mechanism of the human perception of colors.

Figure 1.1 Human eye anatomy and close-up of the retina.

The light, which is represented by an electromagnetic spectrum with wavelengths in the region
of 380nm to 780nm, pass through the cones and rods. With regard to cones, they function
in bright light and give us our color vision, unlike the rods, which function in dim light and
do not contribute to color vision in day light. The total number of colors we can distinguish
range into the millions. Young, 1802 and Hermann Von Helmholtz realized that the eye can not
possibly hold a receptor for each color. They theorized that all colors could be perceived by a
combination of just three receptors: Red, green and blue, which are identified as the cones.
Blue has a short wavelength (S), its peak sensitivity is 437 nm. The green sensor cone operates
in the middle wavelength (M) and its peak sensitivity is 533 nm. The red cone comes with a
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Figure 1.2 Mechanism of the human perception of colors.

longer wavelength (L) with a peak sensitivity of 564 nm. Figure 1.3 shows the spectrum of the
three cones.

Figure 1.3 Cones spectrum.

Just like the human vision, a computer encodes a color pixel as three numerical components.
There exist many ways for defining these three components leading to several color spaces or
models including RGB, HSV, HSL.
Generally speaking, color information is a very important attribute of an image. On the other
hand, shape information allows to recognize the object in the image. In this chapter, we will
give the state-of-the-art concerning the color image descriptors and their numerous applications
as well as the advantages and limitations of each descriptor family. In this work, we classify the
color descriptors into three categories, i.e., histogram-based methods, marginal approach based
methods and algebraic approach based methods. Figure 1.4 shows this classification including
the different descriptors under each category.

1.2 Color Histogram-based Methods
Color histogram-based methods for image description can be divided into two categories: (1)
Methods that are directly performed on color spaces by using adequate conversions between
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Figure 1.4 Our taxonomy of color image description techniques.

spaces. (2) Methods that are performed on chromaticity spaces in order to eliminate the impact
of the brightness component.

1.2.1 Color Space based Methods
The most well-known method for color image description is the color histogram which is em-
ployed in several content-based image retrieval systems like QBIC (Flickner et al., 1995) and
Chabot (Ogle and Stonebraker, 1995).
The color histogram is obtained from the color space by dividing it into uniform regions accord-
ing to a quantization level Q and the color pixel counts are assigned to the related histogram
bins. Many color spaces, such as RGB, HSV and XYZ, can be employed. Swain and Ballard,
1991 proposed to extract color histograms from the opponent axis color space (Ballard and
Brown, 1982) for image retrieval. This latter was based on histogram intersection as similarity
measure. The histogram intersection is expressed as follows:

HI(I,M) =
n∑
i=1

min(Ii,Mi)/
n∑
i=1

Mi, (1.1)

where I (input image) and M (model) is a pair of histograms each with n bins.
In other words, the intersection of the model histogram M with the input image histogram I is
the number of pixels from M that have corresponding pixels of the same color in I normalized
by the number of pixels in M .
Although color histograms succeed to extract the color aspect of the image and are robust to
small transformations, they lack spatial information. This is disadvantageous in the way that
totally different images, for example those illustrated in Figure 1.5, can have similar histograms.
In order to overcome this limitation, Pass et al., 1996 introduced color coherence vectors (CCV)
as a color histogram-refinement method by incorporating spatial information. In fact the coher-
ence vector partitions histogram bins by the spatial coherence of pixels, i.e., it classifies each
color in the image as either coherent or incoherent. A color’s coherence represents the degree
to which that color pixels are a part of some sizable contiguous region. The aim of the color
coherence vectors is to prevent coherent pixels in one image from matching incoherent pixels in
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Figure 1.5 An example of two different images with similar color histograms
(Pass et al., 1996).

another, which allows to refine the results obtained by color histograms. An enhanced extension
of these color coherence vectors, namely CCV with successive refinement (CCV/C), where the
image center is used as additional feature, has been introduced by the same authors (Pass and
Zabih, 1996) .
In turn, Han and Ma, 2002 introduced the notion of fuzzy color histograms (FCH) to alleviate
the problem of histograms sensitivity to illumination changes and quantization errors. In fact,
fuzzy color histograms consist of spreading each color pixel to all the histogram bins via a
fuzzy membership function (fuzzy-means (FCM) clustering algorithm), therefore, allows to
consider the color similarity information. It has been shown that the fuzzy color histogram with
CIELAB color space is less sensitive to lighting intensity changes and quantization errors
compared to the conventional color histograms.
On the other hand, color correlograms have been proposed by Huang et al., 1997 for image
indexing/ retrieval based on theRGB color space. The color correlogram of an image is defined
as a table indexed by color pairs, where the entry (i, j) specifies the probability of finding
a pixel of color j at a distance k from a pixel of color i in the image. Unlike histograms
and color coherent vectors (CCV), color correlograms involve the local spatial correlation of
colors and allow the description of the global distribution of this correlation. For instance, color
histograms and color coherent vectors would fail to distinguish the two images in Figure 1.6 but
color correlograms are capable of distinguishing them.

Figure 1.6 A simple example of two different images whose histograms and color
coherence vectors are almost similar and color correlograms are different (Huang

et al., 1997).
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1.2.2 Chromaticity Space based Methods
Chromaticity designates the quality of a color regardless of its luminance or brightness. In fact,
the concept of color can be divided into two parts: brightness and chromaticity. For example,
the color white is a bright color, while the color grey is considered to be a less bright version
of that same white. In other words, the chromaticity of white and grey are the same while their
brightness differs.
In image description, the most common representation of a color pixel is in the RGB color
space. However, the direct utilization of the (R,G,B) triplet is unreliable due to its suscep-
tibility to change of brightness. Hence, the triplet can be mapped to brightness independent
chromaticities prior to indexing. In particular, each pixel in a given image yields a pair (x, y)
of chromaticity values, thus forming a set of chromaticities for the entire image. This set of
(x, y) pairs is called the chromaticity set of the specific image, while the corresponding xy Eu-
clidean space is called the chromaticity space. Some color spaces separate the three dimensions
of color into one luminance dimension and a pair of chromaticity dimensions. We cite, for
example, xyY , Y CbCr, Y IQ, Y UV , Y CC and the opponent color space.
The xyY color space, for instance, is an extension of the CIE XY Z space. The latter is defined
by the following transformation of the RGB color space (Billmeyer, 1983):

X =0.607R + 0.174G+ 0.200B;

Y =0.299R + 0.587G+ 0.114B;

Z =0.066G+ 1.111B.

(1.2)

The (x, y) chromaticities are derived within XY Z as follows:

x =
X

X + Y + Z
;

y =
Y

X + Y + Z
.

(1.3)

The xy chromaticity diagram is illustrated in Figure 1.7.
Apart from the color image descriptors presented above, many others based on the chromaticity
space have been proposed including chromaticity moments (Paschos et al., 2003) and Legendre
chromaticity distribution moments (Yap and Paramesran, 2006).
The color histogram variations presented above (Swain and Ballard, 1991; Pass et al., 1996) are
consuming in terms of both space and retrieval time requirements. Paschos et al., 2003 thought
of representing the color contents of an image with the regular moments of both the trace and
the distribution of the xy chromaticity space. In fact, for an image I of size (Lx, Ly), the trace
of its chromaticity as well as the distribution (histogram) are respectively given by:

T (x, y) =

{
1 if ∃(i, j) : I(i, j) yields (x, y)
0 otherwise (1.4)

with 0 ≤ i ≤ Lx − 1 and 0 ≤ j ≤ Ly − 1,

D(x, y) = #pixels yielding(x, y). (1.5)
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Figure 1.7 xy chromaticity diagram.

The trace T and distribution D can be characterized by a set of moments with n+m being the
order defined, respectively, as follows:

MT (n,m) =
Xs−1∑
x

Ys−1∑
y

xnymT (x, y), (1.6)

MD(n,m) =
Xs−1∑
x

Ys−1∑
y

xnymD(x, y), (1.7)

where Xs, Ys are the dimensions of the xy space.
The obtained moments, namely the chromaticity moments (CM), were formed by concatenating
both the trace and distribution moments and then applied for content-based image retrieval
based on the L1 distance. Compared to color histograms (Swain and Ballard, 1991) only few
chromaticity moments are needed for comparably effective retrieval performance.
As for the Legendre chromaticity distribution moments (LCDMs) (Yap and Paramesran, 2006),
they are computed directly from the opponent chromaticity space derived from the opponent
color space (i.e., consists of three axis white-black (wb), yellow-blue (yb) and red-green (rg))
without the need to construct the chromaticity histogram. The LCDMs of order n + m of an
image of size N ×M are given by:

LCDMn,m =
(2n+ 1)(2m+ 1)

MN

MN−1∑
l=0

Pn(rg(l))Pm(yb(l)), (1.8)

where Pn is the Legendre polynomial and rg and yb correspond respectively to the red-green
and yellow-blue values in pixel l.
The Legendre chromaticity distribution moments were applied for content-based image retrieval
based on the L1 metric for similarity measurement.
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1.3 Marginal Methods
For describing a color image, one can intuitively convert that image into gray-scale, then com-
pute its conventional descriptor. However, this direction may result in a significant color infor-
mation loss in the sense that the same shapes of different colors are deemed similar. An example
of this drawback is illustrated in Figure 1.8.

Figure 1.8 A simple example of two images with same shape and different colors
before and after conversion into gray-level. Gray-level image descriptors fail to

capture color information, therefore, will consider the two images similar.

An alternative consists in calculating the conventional descriptor of each color channel of the
image separately, then combining the individual results. This direction, called marginal, may
introduce a loss of correlation between the color channels.
Following, we will describe two well-known conventional image descriptor families that are the
geometric moments and the orthogonal moments.

1.3.1 Geometric Moments
Geometric moments were first introduced by Hu, 1962 for two-dimensional pattern recognition
applications. The geometric moments of order n and repetition m are given by:

mn,m =

∫ 1

−1

∫ 1

−1

xnymf(x, y)dxdy, (1.9)

where the image function f(x, y) is defined on a unit square [−1, 1]× [−1, 1]. The lowest-order
geometric moments have been widely used in many applications (Hu, 1962; Teh and Chin,
1988; Taubin and Cooper, 1991; Belkasim et al., 1991; Prokop and Reeves, 1992; Flusser and
Suk, 1993; Mehtre et al., 1997) owe to their interesting properties. For example, the zero-order
moment m0,0 represents the total image power, the first-order moments m1,0, m0,1 locate the
centroid of the image (xc, yc), i.e.,

xc = m1,0/m0,0 and yc = m0,1/m0,0, (1.10)

and the second-order moments m2,0, m1,1 and m0,2 characterize the size and orientation of the
image. They are expressed as follows:

m0,0 = f(x, y)dxdy, (1.11)
m1,0 = xf(x, y)dxdy, m0,1 = yf(x, y)dxdy, (1.12)

m2,0 = x2f(x, y)dxdy, m1,1 = xyf(x, y)dxdy, m0,2 = y2f(x, y)dxdy. (1.13)
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Mindru et al., 2004 proposed a set of color image invariants to geometric transformation and
photometric changes (GPDIs), whose calculation is based on the combination of the geometric
moments for one or more color channels. Also Suk and Flusser, 2009 introduced the notion of
common centroid for deriving the central moments in order to achieve the translation invariance.

1.3.2 Orthogonal Moments
Although the image representation by means of the geometric moments is complete, i.e., the im-
age function can be exactly reconstructed from the set of its finite number of moments, Teague,
1980 showed that the computation of high-order geometric moments is very difficult as it re-
lies on standard powers which increase rapidly with the increase of the order. It was also
demonstrated that the image reconstruction from these high-order moments is not faithful to the
original image, which proves there is a considerable amount of information redundancy. On
the other hand, Zhang and Lu, 2004 proved that the low-order geometric moment invariants
are suitable for describing simple noise-free shapes (MPEG-7); therefore are not sufficient to
accurately describe a real-world object.
These drawbacks were the motivation behind the orthogonal moments. In fact Teague, 1980
thought of replacing the conventional transform kernel xnym in Eq. (1.9) with complete sets of
an orthogonal basis OBn,m(x, y), verifying the following:∫ ∫

D

w(x, y)OBp,q(x, y)OBn,m(x, y)dxdy = 0, (1.14)

for all (p, q) 6= (n,m), where w(x, y) is a weight function and D is the area of orthogonality.
Thanks to this orthogonality property, the information redundancy is eliminated, thus, the or-
thogonal moments possess better reconstruction power than geometrical moments. On the other
hand, the orthogonal basis OBn,m(x, y) is expressed as:

OBn,m(r, ϕ) = OPn,m(r)ejmϕ (1.15)

where OPn,m(r) is orthogonal polynomials computed through recurrences, ejmϕ is a complex
kernel and (r, ϕ) are polar coordinates. This makes the computation of the orthogonal moments
less demanding than the geometric moments as they are based on recurrent relations rather than
standard powers.
Inspired by Teague, 1980’s work, many orthogonal moments have been introduced in the liter-
ature for gray-level and binary image analysis. We cite, among them, the orthogonal Fourier-
Mellin moments (Sheng and Shen, 1994), the Bessel-Fourier moments (Xiao et al., 2010), the
disc-harmonic moments (Ennahnahi et al., 2010), the separable two-dimensional discrete or-
thogonal moments (Abdeslam Hmimid, 2014; Hmimid et al., 2015; Sayyouri et al., 2016), and
so one. The theory of moments has been applied in a wide range of applications, including line
fitting in noisy images (Qjidaa and Radouane, 1999), lapped block image analysis (El Fadili
et al., 2003), watermarking (Kim and Lee, 2003; Gao and Jiang, 2015), pattern recognition
(Khotanzad and Hong, 1990; Abdallah et al., 1997), etc. Besides, many researchers proposed
fast and accurate computation methods of orthogonal moments (Hosny et al., 2011; Singh and
Upneja, 2012b; Mesbah et al., 2016; Deng et al., 2016). Following, we will shed light on some
of these orthogonal moments and their various applications in image processing and computer
vision.
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1.3.2.1 Complex Zernike Moments
As aforementioned, Teague, 1980 was the first to introduce the notion of orthogonal moments
into image analysis, particularly Zernike moments (ZMs) and Legendre moments. He provided
the Zernike moments invariants up to the eighth order, which can be expressed in terms of the
usual geometric moments. Teague also took into consideration that the image moments have
to be independent of the object’s size, lateral displacement, and orientation. Both scale and
translation invariance have been taken care of by the use of normalized, central moments, whilst
the invariants under rotation and reflection were mathematically constructed by retaining the
modulus of the complex-valued moments. This was to make sure that the constructed invariants
are real valued rather than complex valued.
The Zernike moments of order n and repetition m for an image f(r, ϕ), defined in polar coor-
dinates, are given by:

ZMn,m =
n+ 1

π

∫ 2π

0

∫ 1

0

Rn,m(r)e−jmϕf(r, ϕ)rdrdϕ, n− |m| being even, (1.16)

where Rn,m are the Zernike radial polynomials, expressed as:

Rn,m(r) =

(n−|m|)/2∑
k=0

(−1)k(n− k)!

k!
(
n+|m|

2
− k
)

!
(
n−|m|

2
− k
)

!
rn−2k (1.17)

The Zernike moments are complete over the unit disc and satisfy the following orthogonality
relation: ∫ 2π

0

∫ 1

0

[
Rn,p(r)e

jpϕ
]∗
Rm,q(r)e

jqϕrdrdϕ =
π

n+ 1
δnmδpq, (1.18)

where δ is the Kronecker symbol.
Later, the Zernike moments were used as features in several computer vision and image pro-
cessing applications, including but not limited to image watermarking (Kim and Lee, 2003),
object recognition (Khotanzad and Hong, 1990; Abdallah et al., 1997), object classification
(Nagarajan and Devendran, 2012) and template matching (Beijing et al., 2011).

1.3.2.2 Complex Orthogonal Fourier-Mellin Moments
The orthogonal Fourier-Mellin moments (OFMMs) were introduced by Sheng and Shen, 1994
for invariant pattern recognition. It was shown that these moments outperform the Zernike
moments. These latter seem to have a difficulty in describing images of small size, when it
comes to scale-invariant pattern recognition. In fact, for small objects the orthogonal Fourier-
Mellin moments have better performance than the Zernike moments in terms of noise-free and
noisy image reconstruction as well as for pattern recognition. In other words, the OFMMs have
higher discriminative power and are more robust to noise compared to the Zernike moments.
The orthogonal Fourier-Mellin moments of order n and repetition m for a gray-scale image
f(r, ϕ) are defined as:

OFMMn,m =
n+ 1

π

∫ 2π

0

∫ 1

0

Qn(r)e−jmϕf(r, ϕ)rdrdϕ, (1.19)



Chapter 1. State-Of-the-Art in Color Image Description 15

where Qn are radial polynomials expressed by:

Qn(r) =
n∑
s=0

(−1)n+s (n+ s+ 1)!

(n− s)!s!(s+ 1)!
rs. (1.20)

These moments obey the following orthogonality relation:∫ 2π

0

∫ 1

0

[
Qn(r)ejpϕ

]∗
Qm(r)ejqϕrdrdϕ =

π

n+ 1
δnmδpq, (1.21)

Several works have been investigated later for fast (Hosny et al., 2011) and accurate (Singh and
Upneja, 2012b) computation of the orthogonal Fourier-Mellin moments. Also, Zhang et al.,
2010 assessed their performances for invariant pattern recognition dealing with both the gray-
scale images of the Columbia database (Nene et al., 1996), which contains images of real-world
objects under change of view point, as well as a set of binary images of alphanumeric characters.

1.3.2.3 Complex Bessel-Fourier Moments
In turn, the Bessel–Fourier moments (BFMs) were proposed by Xiao et al., 2010 based on the
orthogonal Bessel function of the first kind. The authors assessed their performances in terms
of noise-free and noisy image reconstruction, invariant recognition accuracy as well as compu-
tational time compared to the Zernike moments and the orthogonal Fourier-Mellin moments.
The Bessel–Fourier moments of order n and repetition m of an image f(r, ϕ) are defined as
follows:

BFMn,m =
1

2πan

∫ 2π

0

∫ 1

0

Jν(λnr)e
−jmϕf(r, ϕ)rdrdϕ, (1.22)

where λn is the n-th zero of the first-kind Bessel polynomials Jν of order ν set to be 1. This
latter can be expressed in function of the Gamma function Γ, which generalizes the factorial
function with non-integer values:

Jν(x) =
∞∑
k=0

(−1)k

k!Γ(ν + k + 1)

(x
2

)ν+2k

, (1.23)

and an is the normalization constant:

an =
[Jν+1(λn)]2

2
, (1.24)

These moments are orthogonal over the unit disc according to the following formula:∫ 2π

0

∫ 1

0

[
Jν(λnr)e

−jpϕ]∗ Jν(λmr)e−jqϕrdrdϕ = 2πanδnmδpq, (1.25)

where δ is the Kronecker symbol.
The Bessel–Fourier moments have been and still used in several computer vision and image
processing applications, such as content-based image retrieval (CBIR) and classification (Ma
et al., 2011), image reconstruction (Toxqui-Quitl et al., 2011) and image watermarking (Gao
and Jiang, 2015).
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1.3.2.4 Complex Disc-Harmonic Moments
The disc-harmonic moments (DHMs) were introduced by Ennahnahi et al., 2010 for fast and
robust shape description employed for image retrieval. The authors were inspired by the well-
known 3D spherical harmonic transform (SHT) that has the properties of being complete and
orthogonal on the unit sphere. A detailed description of the disc-harmonic moments will be
given in subsection 2.2.5.3.

1.3.2.5 Separable Orthogonal Moments
Koornwinder, 1975 gave a general method for generating bivariate orthogonal polynomials
from univariate ones. Generally, bivariate orthogonal polynomials are obtained as a tensor
product of two different orthogonal polynomials in one variable. Since then, these bivariate
polynomials have attracted considerable research interest (Lewanowicz and Woźny, 2010; Fer-
nández et al., 2011; Fernández et al., 2012; Morales et al., 2009; Fernández et al., 2010; Dunkl
and Xu, 2014). Both continuous and discrete orthogonal moments can be defined using bivari-
ate orthogonal polynomials. Many researchers have introduced several continuous and discrete
orthogonal moments with bivariate orthogonal polynomials as basis functions for image analy-
sis. Among these separable orthogonal moments, we cite the works by Zhu, 2012; Tsougenis
et al., 2013; Tsougenis et al., 2015; Abdeslam Hmimid, 2014; Hmimid et al., 2015; Sayyouri
et al., 2016.

1.4 Algebraic Methods
The quaternion algebra (Hamilton, 1844) and the Clifford algebra (Hestenes and Sobcyk, 1987)
are deemed as the trend for representing the color information of the image. Hamilton, 1844
introduced the algebra of quaternions, which are a generalization of complex numbers. In fact,
a quaternion consists of one real part and three imaginary parts. Note that the Clifford algebra
is more general than the quaternion one.
In the literature, the conventional moments dealing with binary and gray-level images described
in the previous section were generalized from complex domain to multi-dimensional domain for
color image description. This technique allows to encode the three color channels in a single
feature vector without passing through the gray-level, which is also advantageous in the way
the correlation between the three channels is preserved.

1.4.1 Quaternion-based Descriptors
In this subsection, we will shed light on the pioneer work that shows how a color image can
be represented by quaternions as well as the existing works which were inspired by the same
technique.

1.4.1.1 Quaternion Fourier Transforms
Being inspired by the works on quaternion versions of Fourier transforms established by Ell,
1993 and Ueda and Takahashi, 1996, Sangwine, 1996 was the first to introduce the color image
analysis by the quaternion algebra. He proposed the quaternion discrete/fast Fourier transform
(QDFT/QFFT), which makes possible the handling of color images in the frequency domain as
a whole, without separate handling of the color components. The author thought of expressing a
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color image pixel by a pure quaternion where the real part is set to zero and the three imaginary
parts are the three color components. For example, an RGB (red, green, blue) color pixel f(x, y)
can be represented as follows:

f(x, y) = fR(x, y)i+ fG(x, y)j + fB(x, y)k, (1.26)

where fR(x, y), fG(x, y) and fB(x, y) represent respectively the red, green and blue channel of
the color image, which can obviously be substituted by the three color components of other color
spaces such as HSV (hue, saturation, value). This is analogous to the conventional techniques
dealing with the monochromatic aspect, except that the pixel intensity is placed in the real part
of complex numbers rather than in the imaginary part. As for the inverse transformed image,
the real part should be zero; therefore, ignored, just like the imaginary part is ignored in the
case of inverse transform of a complex.
The performances of the quaternion discrete/fast Fourier transform were assessed in terms of
computational requirements (complexity and memory). It has been shown that these quater-
nary transforms require less real multiplications compared to the three complex discrete/fast
Fourier transform (DFT/FFTs) (Blahut, 1985) (the color image is split to three binary images
corresponding to each color channel). Hence, the quaternion version of this transform is more
efficient and requires less memory.
Since then, the quaternion Fourier transform have been used in several applications dealing with
color images, we can cite:
(1) Color image registration: Feng et al., 2008 extended the conventional phase-only correla-
tion (POC) technique to the quaternion field (QPOC) and proposed a sub-pixel color image
registration algorithm based on this proposed quaternion phase-only correlation. This latter is
established on the basis of the quaternion Fourier Shift Theorem. In conclusion, the authors
drew up that their proposed quaternion correlation makes full use of the chrominance informa-
tion in color images and also can directly estimate the sub-pixel translational shift from the 2D
data array.
Pan et al., 2010 proposed an invariant method combining the quaternion Fourier transform and
parametric template method for color image registration.
(2) Color image watermarking: Bas et al., 2003 introduced a color image watermarking scheme
based on the quaternion Fourier transform and the quantization index modulation. The authors
assessed the performances of their method for different color image filtering processes, e.g.,
JPEG ( Joint Photographic Experts Group) and blur. They found out that the quaternion Fourier
transform embedding allows robustness to luminance filtering technique. Wang et al., 2013
proposed a robust blind color image watermarking based on quaternion fast Fourier transform
and least squares support vector machine (LS-SVM) (Gestel et al., 2004). The watermark is
embedded into original color image blocks by modulating the real quaternion Fourier transform
coefficients of these blocks, whilst the LS-SVM correction with pseudo-Zernike moments was
employed for watermark decoding. This technique proves to be robust against common im-
age processing operations such as filtering, JPEG compression, histogram equalization, image
blurring and also against the geometrical distortions. Chen et al., 2014b introduced a water-
mark scheme trying to avoid watermark energy loss at the embedding stage when modulating
only the real coefficients of the quaternion discrete Fourier transform (QDFT). They estab-
lished mathematically a way to spread the watermark by fully modulating the four coefficients
of the QDFT. In the same line, Ouyang et al., 2015 proposed a blind color image watermarking
scheme based on quaternion discrete Fourier transform and on an improved uniform log-polar
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mapping (IULPM). Unlike the previous method, the watermark embedding employs the image
as a whole, rather than in a block pattern. It has been shown that the use of the quaternion fast
Fourier transform makes the scheme resistant to geometric attacks and the IULPM allows good
accuracy when estimating the rotation angle of a geometric attack.
(3) Grigoryan et al., 2015 used the quaternion discrete Fourier transform along with the alpha-
rooting concept for color image measurement and enhancement. The authors show that their
proposed algorithm are fast and simple in implementation and design and it outperforms the tra-
ditional Fourier transform-based alpha-rooting and the multi-scale Retinex algorithms in terms
of color image enhancement.
(4) As a summary, Ell et al., 2014 recapitulated the use of quaternion Fourier transforms for
signal and image processing.
(5) The quaternion discrete Fourier transform was used for multi-modal color medical image
fusion Nawaz et al., 2016.

1.4.1.2 Quaternion Fourier-Mellin Moments
Inspired by the one-dimensional quaternion Fourier transform (QFT) and the Mellin transform,
Guo and Zhu, 2011 proposed the quaternion Fourier-Mellin moments (QFMMs) for describing
color images. They also derived the QFMMs invariants to rotation, scale and translation (RST)
transformations and investigated them for the application of color image registration. This
latter’s purpose is to match two or more color images of the same scene taken at different times,
from different viewpoints or by different sensors. The authors were motivated by the fact that
the conventional image registration methods, including but not limited to correlation methods
(Pratt, 1974; Althof et al., 1997), feature-based methods (Goshtasby et al., 1986; Chang et
al., 1997; Wang and Chen, 1997; Alhichri and Kamel, 2003) and frequency domain methods
(Chen et al., 1994; Reddy and Chatterji, 1996; Lucchese et al., 2002), deal only with gray-scale
images.

1.4.1.3 Quaternion Zernike and Pseudo-Zernike Moments
Chen et al., 2010 introduced the notion of quaternion Zernike moments (QZMs), based on the
orthogonal Zernike polynomial. They showed that these moments can be obtained from the
conventional Zernike moments of each channel. The authors also constructed a set of combined
invariants against rotation and translation (RT) transformation. The Translation invariance was
obtained by placing the origin of the coordinate system at the common centroid and the mod-
ulus of the QZMs was retained for rotation invariance. The authors tested the performances
of their quaternion Zernike moments compared with two existing color moments: the affine
geometric deformations and diagonal photometric transformations invariants (GPDIs) (Mindru
et al., 2004) and the affine color moment invariants (ACMIs) (Suk and Flusser, 2009), in terms
of color image reconstruction, invariance with respect to rotation and translation as well as
template matching for the real indoor scene. It was concluded that the quaternion Zernike mo-
ments have better discriminative power compared to the existing two methods. This has been
explained by the fact that (1) the GPDIs and the ACMIs are nothing but a generalization of
the geometric moments for multi-channel images, which means they are based on the product
of the powers of the pixel coordinates and those of the intensities for one or more color chan-
nels. This is disadvantageous in the way they are not orthogonal and suffer from a high level
of information redundancy, contrary to the quaternion Zernike moments, which are based on
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orthogonal polynomials. (2) Using the quaternion color image representation proves to be a
useful technique for color image analysis.
In another work, Chen et al., 2012 mathematically derived a set of quaternion Zernike moment
invariants against rotation, scale and translation (RST) transformation based, this time, on the
phase of the quaternary moments rather than their magnitudes as done in their previous work
(Chen et al., 2010) and also in the work by Guo and Zhu, 2011. In the color image reconstruction
test, the authors used the standard Lena and Pepper images and it has been shown how the
reconstructed images from the quaternion Zernike moments are very close to the true image.
The results also confirmed that the proposed quaternion descriptor is invariant under rotation,
scale and translation (RST) transformations using the Amsterdam Library of Object Images
(ALOI) (Geusebroek et al., 2005). The quaternion Zernike moments were also applied for
color object recognition and template matching. As for color object recognition, the QZMs
invariants were used along with the minimum-Euclidean distance classifier and were compared
with (1) the Zernike moment invariants based on RGB decomposition and graying, (2) the
modulus-based QZMs rotation invariants previously presented (Chen et al., 2010)and with (3)
the QFMMs (Guo and Zhu, 2011), the GPDIs (Mindru et al., 2004) and the ACMIs (Suk and
Flusser, 2009). The Columbia Object Image Library (COIL-100) (Nene et al., 1996) database
was used in this experiment. The results showed that the phase-based QZMs rotation invariants
have better recognition accuracy compared to the other descriptors even with corrupted images.
With regard to template matching, an experiment was conducted to verify the performance of
the QZMIs for real outdoor scene images after RST transformation. It has been shown that the
QZMs invariants can match correctly for more templates with a reasonable error than the other
moments.
Overall, the authors drawn up the conclusion that their quaternion-valued QZMs invariant de-
scriptor is more robust to noise and has more discriminative power compared to the existing
methods.
Likewise, Bei-Jing et al., 2012 derived a set of phase-based quaternion Pseudo-Zernike mo-
ments (QPZMs) invariants with respect to RST transformations for color face recognition. This
latter was performed by combining these invariants with quaternion back propagation neu-
ral network (QBPNN). The results showed the efficiency of utilizing the QBPNN with the
quaternion-valued QPZMs invariants in terms of robustness to the facial expression and illu-
mination and position changes.

1.4.1.4 Quaternion Bessel-Fourier Moments
As previously mentioned, Chen et al., 2010 managed to express the quaternion Zernike mo-
ments in function of their conventional version. This can be the case of all quaternary moments,
i.e., quaternary moments can be computed via their conventional versions. Shao et al., 2014
introduced the quaternion Bessel-Fourier moments (QBFMs), which can be expressed via the
complex Bessel-Fourier moments (BFMs), for object reconstruction and retrieval. The authors
provided a complexity study to show the added-value of calculating the QBFMs through the
BFMs over calculating them directly. They also highlighted the significance of phase informa-
tion versus magnitude only through a color image reconstruction example. This is reflected in
the fact that using the phase coefficients of the quaternion Bessel-Fourier moments not only
embody the contour but also the color components. This conclusion was their motivation for
deriving quaternion-valued QBFMs RST invariants, where the scaling invariance is obtained by
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using a normalization process. The authors also described an accurate estimation method for
rotation angle.
The quaternion Bessel-Fourier moment invariants efficiency was compared to several quater-
nion orthogonal moments such as the quaternion Zernike moments (Chen et al., 2010), the
quaternion Pseudo-Zernike moments (Bei-Jing et al., 2012) and the quaternion version of the
orthogonal Fourier-Mellin moments, in terms of color image reconstruction and object recogni-
tion under geometric and photometric transformations. It has been shown that the reconstructed
images from the quaternion Bessel-Fourier moments are the closest to the original images.
Besides, the QBFMs invariants yield the best results for object recognition regardless of the
number of moments or the amount of added noise.

1.4.1.5 Quaternion Radial Harmonic Fourier Moments
According to Xiang-yang et al., 2015a, the existing quaternion-based moments (quaternion
Zernike moments, quaternion pseudo-Zernike moments, quaternion orthogonal Fourier-Mellin
moments and so on) and their conventional versions suffer from many drawbacks recapitulated
in three points:
(1) They cannot effectively capture the image edges, which can be seen from any image recon-
struction example.
(2) These moments’ computation is based on factorial terms, which causes a numerical stability
problem as the number of moments increases.
(3) They suffer from high computational complexity, especially when computing high-order
moments because many factorial terms are involved.
These drawbacks incited the authors to introduce the quaternion radial harmonic Fourier mo-
ments (QRHFMs) and their RST invariants for color image retrieval. In fact, the QRHFMs are
a generalization of the radial harmonic Fourier moments (RHFMs) (Ren et al., 2003) dealing
with gray-scale images. It has been proven that the RHFMs are the most performing in terms
of image reconstruction, noise robustness and rotation invariance. Besides, they are based on
a triangular function as the radial function which makes them free from numerical instability
issues and of a lower computational complexity, even with high-order moments, compared to
other orthogonal moments.
Xiang-yang et al., 2015a showed a gray image reconstruction example comparing the Zernike
moments and the radial harmonic Fourier moments, which proves that (i) for low-order mo-
ments, the image reconstruction of RHFMs is better as it well-defines the edges, and (ii) also
the reconstructed images from high-order RHFMs are getting closer to the original image, un-
like the Zernike moments which crack at high orders leading to numerical instability.
On the other hand, the authors provided the relationship between the QRHFMs and the con-
ventional RHFMs of each color channel, not only for moments computation but also for color
image reconstruction from these moments. As for RST invariants, the translation invariance
was achieved by putting the origin of coordinates at the color image centroid, the rotation in-
variance was achieved by taking the modulus and the scale invariance was obtained in the color
image mapping to a unit-disc domain.
The authors presented a content-based color image retrieval (CBIR) scheme based on the quater-
nion radial harmonic Fourier moments modulus coefficients. First, the moments of non-zero
orders and positive repetitions are selected as features for CBIR. Second, an overall modulus-
based distance to measure the similarity between the query color image and each target color
image in the database is calculated, according to which the retrieval results are sorted.
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This content-based color image retrieval approach was compared to three existing content-based
color image retrieval systems for real outdoor color scene images: (1) The work by Swain and
Ballard, 1991, in which color histograms of multicolored objects are used for indexing into a
large database of models. (2) Using running sub-blocks with different similarity weights for
object-based image retrieval as proposed by Li, 2003. (3) The paper by Yap and Paramesran,
2006 where a set of Legendre chromaticity distribution moments (LCDM) are used for color
image retrieval. Results showed that the quaternion radial harmonic Fourier moments modulus-
based retrieval scheme performs significantly better than the other methods.

1.4.1.6 Quaternion Polar Harmonic Transform
Li, 2013 introduced the quaternion polar harmonic transform (QPHT) as a generalization of
the polar harmonic transform (PHT) (Yap et al., 2010) for color images. The PHT is based on
kernels that are harmonic in nature, i.e., they are basic waves. This polar transform involves
three different transforms, namely, polar complex exponential transform (PCET), polar cosine
transform (PCT), and polar sine transform (PST), that were extended by quaternions.
Xiang-yang et al., 2015b studied thoroughly the quaternion polar complex exponential trans-
form (QPCET) for invariant color image description in a similar way as they did with the quater-
nion radial harmonic transform (Xiang-yang et al., 2015a). In fact, they adopted similar meth-
ods for establishing RST invariants as well as for content-based image retrieval. Even in their
experiments, the authors used the same real outdoor scene image databases and compared the
QPCET with the works by Li, 2003, Yap and Paramesran, 2006 and Wang et al., 2014b. The
results showed that the QPCET modulus perform significantly better than the other methods.
This conclusion incited researchers to apply the QPCET modulus for color image watermark-
ing (Yang et al., 2015; Wang et al., 2016b). Besides, Hosny and Darwish, 2017 proposed an
accurate computation of the quaternion polar complex exponential transform for color images
in Cartesian and polar coordinate systems. As for Cartesian coordinates, the authors applied the
Gaussian quadrature method to compute higher-order moments of QPCET as done by Singh
and Upneja, 2012a, whilst for polar coordinates, an exact kernel-based method was employed
to compute the higher-order moments of QPCET (Hosny and Darwish, 2016). Results showed
the superiority of the QPCET in polar coordinates against the QPCET in Cartesian coordinates,
which was visually assessed in color image reconstruction examples at high-order moments.

1.4.1.7 Quaternion Exponent Moments
Enlightened by the relation between the exponential function and triangular function, Jing, 2011
extended the radial harmonic Fourier moments (RHFMs) (Ren et al., 2003) and introduced the
exponent moments (EMs) for invariant pattern recognition. Wang et al., 2014a and Yang et al.,
2014 introduced simultaneously the quaternion exponent moments (QEMs), as an extension
of the exponent moments, for color image watermarking. Through a gray image reconstruc-
tion example, the authors showed the efficiency of the exponent moments against the Zernike
moments. The color images reconstructed from the QEMs also seem to be very close to the
original image at high-order moments. As for watermark embedding scheme, the authors used
the QEMs modulus. Later, the quaternion exponent moments and their RST invariants were ex-
haustively studied by Wang et al., 2016a for color image zero-watermarking. It has been proven
that the magnitudes of the quaternion exponent moments remain almost invariable under var-
ious attacks, which confirms the stability of these moments. Also Wang et al., 2016c applied
the QEMs modulus together with the twin support vector machines (TSVM) (Jayadeva et al.,
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2007) for pixel classification based color image segmentation, and Wang et al., 2016d applied
them for copy–move forgery detection.

1.4.1.8 Quaternion Circularly Semi-Orthogonal Moments
Hu et al., 2014 proposed a set of exponent Fourier moments (EFMs) for gray-level images.
These moments are similar to polar complex exponential transforms (Yap et al., 2010) and
radial harmonic fourier moments (Ren et al., 2003) as they are computationally inexpensive.
However, the exponent Fourier moments seem to be imprecise and suffer from numerical insta-
bilities. To avoid this problem, an improvement of these moments have been proposed by Xiao
et al., 2015. But later on, Hu et al., 2016 found that these improved exponent Fourier moments
are with crucial mistakes in their definition,i.e. incorrect orthogonality condition was employed
to find the normalization coefficient, which brought the authors to define the corrected defi-
nition. According to Wang et al., 2016e, the circular moments above suffer from numerical
and geometric errors, which can be minimized using their proposed circularly semi-orthogonal
moments (CSOMs) for gray-level images. Ananth Raj, 2017 proposed the quaternary CSOMs
(QSOMs) as an extension of the CSOMs to color images using the quaternion algebra. The
advantages of the CSOMs, which are: (1) Higher-order moments are numerically stable than
the lower-order moments. (2) The zeroth order approximation is more robust to numerical er-
rors compared with other approximations. (3) They are computationally inexpensive as their
radial function does not involve factorial terms, were the motivation of the authors to study the
CSOMs quaternion version. The image rotation, translation and flipping invariants were mathe-
matically derived. Note that the outer unit disc mapping transformation, which places the image
pixels inside the unit circle was employed. Through a color image reconstruction example, it
has been shown that high frequency information like edges is well preserved. Also, the quater-
nion circularly semi-orthogonal moments seem to be robust against geometric transformations
because they are almost equal before and after rotation/translation/flipping image changes. No
comparisons were made in this conference paper.

1.4.2 Clifford-based Descriptors
Since the quaternion algebra is contained in the Clifford algebra, this latter can be another
direction for dealing with color images. Batard et al., 2010 introduced the Clifford-Fourier
transform (CFT) with respect to a unit bivector B for color images and proved that the quater-
nion Fourier transform by Sangwine, 1996 is a particular case of the CFT. This latter has moti-
vated Mennesson et al., 2010 to propose different generalized color Fourier descriptors (GCFD1
and GCFD2). On the other hand, the same authors (Mennesson et al., 2014) constructed dif-
ferent Clifford-based extensions of the Fourier-Mellin moments for color image description
by using the Clifford-Fourier transform, namely parallel-orthogonal Fourier-Mellin descriptors
(poFMD), color Fourier-Mellin descriptors (CFMD) and color Fourier-Mellin descriptors in-
variant under the choice of bivector B (CFMDi). In fact, Fourier-Mellin is based on the polar
transformation of the image, followed by a Fourier transform then a Mellin transform.
The parallel-orthogonal Fourier-Mellin descriptors (poFMD) is obtained by concatenating the
Fourier-Mellin moments computed on parallel and orthogonal parts of the color image with
respect to a bivector B. Then rotation invariance is achieved by taking the modulus of these
parallel-orthogonal Fourier-Mellin moments while the scale invariance is obtained by dividing
by the first coefficient of each row (poFMMf,B(m, 0)). This normalization process is explained
by Sheng and Arsenault, 1986.
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On the other hand, the authors were inspired by the original definition of the Fourier-Mellin
moments, i.e., Fourier-Mellin is based on the polar transformation of the image, followed
by a Fourier transform then a Mellin transform, to derive the color Fourier-Mellin descrip-
tors (CFMD). This approach has also been employed by Guo and Zhu, 2011 for defining the
quaternion Fourier-Mellin moments (QFMMs) presented in subsection 1.4.1.2). In fact, the
color Fourier-Mellin descriptors is based on the Clifford-Fourier transform instead of the clas-
sical Fourier transform, followed by a Mellin transform. The rotation and scale invariants are
obtained in the same way as for the poFMD. For the translation invariance, the center of the
image is defined to be the origin of coordinates. (Mennesson et al., 2014) explained that the
color Fourier-Mellin descriptors (CFMD) are preferable for images where a precise color is
privileged since they depend on the choice of the bivector B. Otherwise, the CFMDi which is
insensitive to the choice of the bivector B is required.
The different Clifford-based extensions of the Fourier-Mellin moments have been evaluated for
image recognition using support vector machine (SVM), linear discriminant analysis (LDA) and
first nearest neighbor (1-NN) classifiers. The experiments generally showed the superiority of
the three proposed extensions compared to other image descriptors and particularly the parallel-
orthogonal Fourier-Mellin descriptors (poFMD).

1.5 Conclusion
This review of the literature on color image descriptors suggests that this field of research is
widely investigated and can be tackled from different points, i.e., the construction of novel
image descriptors, the improvement of the computation accuracy, the development of fast com-
putation algorithms, the embodiment of invariant properties to the image descriptors, etc. In
fact, it is always useful to know each family’s performances under a thorough examination in
a variety of different problems. This leads us to study each of the methods advantages and
drawbacks.
For instance, color histograms are very popular among the computer vision researchers thanks
to their advantages such as efficiency, and insensitivity to small changes in camera viewpoint.
However, they suffer from lacking spatial information since they rely on statistics. Besides,
they are highly sensitive to illumination changes and quantization errors.
Furthermore, one can opt for the marginal approach, which consists of computing the conven-
tional descriptors for each color channel separately, then concatenating them to produce a color
image descriptor. This solution results in losing the correlation between the three channels.
To overcome this limitation, one can represent the vector color pixel by means of a quaternion
number or more generally a Clifford number. This technique is easy to implement as it takes
advantage of the operations provided by the algebras. It also allows to preserve the correlation
between the three color channels with no loss of color information.
Amongst the quaternion descriptors, the quaternion Fourier transform (QFT) and the quaternion
Fourier-Mellin moments (QFMMs) are the most popular and have been used in several appli-
cations dealing with color images. However, they are not based on orthogonal functions; thus
they suffer from a high level of information redundancy. On the other hand, the quaternary or-
thogonal moments, e.g., the quaternion Zernike moments (QZMs), quaternion pseudo-Zernike
moments (QPZMs), quaternion Bessel-Fourier moments (QBFMs), quaternion radial harmonic
Fourier moments (QRHFMs), quaternion polar harmonic transform (QPHT), quaternion expo-
nent moments (QEMs) and quaternion circular semi-orthogonal moments (QCSOMs), are free
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from any shape information redundancy. As a result, one can use them to reconstruct the color
image, which can provide an insight into their properties and limitations and allows us to decide
about the required maximum order.
As for the the quaternion Zernike moments (QZMs), quaternion pseudo-Zernike moments
(QPZMs) and quaternion orthogonal Fourier-Mellin moments (QOFMMs), they suffer from
the incapability of capturing the image edges, numerical instability and high computational
complexity as the number of moments increases. These limitations can be explained by the fact
these moments’ computation is based on factorial terms.
It was also highlighted that the quaternary moments have been extensively used as color image
descriptors for several applications such as watermarking, content-based image retrieval, object
recognition and so on. Therefore, it is imperative to wisely choose the adequate descriptor that
gives the best results.
In the next chapters, we will present our proposed quaternary moments with orthogonal basis
functions for efficient color image retrieval and classification.
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Chapter 2

Proposed Quaternary Moments for Color
Image Description

2.1 Introduction
In the previous chapter, we detailed the most well-known state-of-the-art color image descrip-
tors. It was drawn up that the quaternary moments of orthogonal basis are the most performing
as they eliminate information redundancy, which explains their remarkable performances in
several applications such as color image registration (Chen et al., 1994; Reddy and Chatterji,
1996; Lucchese et al., 2002), color image watermarking (Yang et al., 2015; Wang et al., 2016b;
Wang et al., 2014a; Yang et al., 2014), color image retrieval (Chen et al., 2012; Bei-Jing et al.,
2012; Shao et al., 2014; Xiang-yang et al., 2015a; Xiang-yang et al., 2015b), and so on.
Some of these quaternary orthogonal moments, however, e.g., the quaternion Zernike moments
(QZMs) and the quaternion pseudo-Zernike moments (QPZMs), suffer from a high computa-
tional complexity especially for higher-order moments, which consequently influences their
computational time. In our first contribution, we make use of the 3-dimensional spherical
harmonic transform (SHT) and its 2-dimensional version namely the disc-harmonic moments
(DHMs) (Ennahnahi et al., 2010), which deal with binary and gray-level object images, to
construct quaternary orthogonal moment invariants intended for 2-dimensional color image de-
scription.
In this chapter, we first shed light on the numerous advantages and properties of the 3D spherical
harmonic transform (SHT), e.g., rotation invariance, orthogonality as well as rapidity; thanks to
which, it has been employed in a wide range of applications in different disciplines including
but not limited to physics, chemistry, computer vision and has been an inspiration for many
researchers aiming at efficient 3D and 2D shapes description. In particular, Ennahnahi et al.,
2010 introduced the disc-harmonic moments (DHMs) as an adaptation of the spherical har-
monic transform for 2D shape representation using a suitable transformation from the 3D space
to the 2D space.
Second, we detail the proposed quaternary moment invariants including their computation for-
mulas. Practically, three descriptor versions are proposed: (1) We propose a set of moment
invariants, namely the quaternion disc-harmonic moments (QDHMs), by employing the same
mapping sphere-to-disc as the one used by the disc-harmonic moments. (2) Then, we propose
a modified version of the QDHMs based on a more adequate mapping sphere-to-disc. (3) We
further enhance the computational time of the proposed moments by adapting the internal mech-
anism of the Hierarchical Equal Area isoLatitude Pixelization (Healpix) technique (Górski et
al., 2005).
Finally, we present the experimental results that highlight the effectiveness of the proposed
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moments in terms of color image reconstruction, robustness and invariance, computational time
as well as content-based color image retrieval based on the k-nearest neighbor. In this latter,
we also study the effects of the maximum order, the color space and the similarity measure
on the retrieval performance of the proposed moments. The performances of our moments are
compared with some well-known state-of-the-art quaternary and Clifford moments.

2.2 Preliminaries
This section is devoted to preliminaries regarding the spherical harmonic transform (SHT). It
includes the formulas for their computation as well as some of their applications in several fields
dealing with 3D and 2D objects.

2.2.1 3-Dimensional Spherical Harmonics
The spherical harmonics (SHs) are special functions that satisfy Laplace’s equation. As their
name indicates, the spherical harmonics are defined on the surface of the unit sphere and are
separable in spherical coordinates. The SHs are applied in a wide range of fields such quantum
chemistry and atomic physics, e.g., electron configuration, quantum mechanics, e.g., atomic
orbital, physics, e.g., gravitational field, 3D computer graphics, e.g., indirect lighting and mod-
eling of 3D objects, and so on.
The spherical harmonics of order n and repetition m, denoted Yn,m(θ, ϕ) where 0 ≤ θ ≤ π is
the colatitude and 0 ≤ ϕ ≤ 2π is the longitude, are expressed as follows:

Yn,m(θ, ϕ) = Nn,mPn,m(cos(θ))ejmϕ, such as |m| ≤ n, (2.1)

where Nn,m is the normalization coefficient defined as

Nn,m =

√
(2n+ 1)(n−m)!

4π(n+m)!
, (2.2)

Pn,m is the real-valued associated Legendre polynomial and ejmϕ is the complex kernel.
The spherical harmonics are indexed according to two integer constants, the order n and the
repetition m, satisfying the constraint that 0 ≤ n ≤ nMax and −n ≤ m ≤ n; thus, there are
2n+ 1 functions of order n and in total (nMax+ 1)2 functions, where nMax is the maximum
order.
Eq. (2.1) leads us to the real and imaginary parts of the complex SHs given by:

<(Yn,m(θ, ϕ)) =Nn,mPn,m(cos(θ)) cos(mϕ),

=(Yn,m(θ, ϕ)) =Nn,mPn,m(cos(θ)) sin(mϕ).
(2.3)

The spherical harmonics verify the orthonormality property according to the following equation:∫ π

θ=0

∫ 2π

ϕ=0

Yn,mYn′,m′ sin θdθdϕ = δn,n′δm,m′ , (2.4)

where δn,n′ and δm,m′ are Kronecker deltas.
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Figure 2.1 (a) Square of the real and imaginary parts of the spherical harmonics
of order ut to 3. (b) square of the modulus of the spherical harmonics of order up

to 3.

Figure 2.1 shows the <2(Yn,m(θ, ϕ)), =2(Yn,m(θ, ϕ)) and ||Yn,m(θ, ϕ)||2 of order n up to 3,
some of which are given in spherical coordinates as follows:

n = 0

{
Y0,0(θ, ϕ) =

1

2

1√
π

n = 1



Y1,−1(θ, ϕ) =
1

2

√
3

2π
sin θe−iϕ

Y1,0(θ, ϕ) =
1

2

√
3

π
cos θ

Y1,1(θ, ϕ) =− 1

2

√
3

2π
sin θeiϕ

n = 2



Y2,−2(θ, ϕ) =
1

4

√
15

2π
sin2 θe−2iϕ

Y2,−1(θ, ϕ) =
1

2

√
15

2π
sin θ cos θe−iϕ

Y2,0(θ, ϕ) =
1

4

√
5

π
(3 cos2 θ − 1)

Y2,1(θ, ϕ) =− 1

2

√
15

2π
sin θ cos θeiϕ
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√
15
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(2.5)

From these spherical harmonics values, we can see that there is an important relation connecting
Yn,−m with Yn,m that is:

Yn,−m = (−1)mY ∗n,m, (2.6)

where X∗ is the conjugate of the complex number X .
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2.2.2 Spherical Harmonic Transform Definition
In mathematics, a transform maps a function from a domain to another. In image processing,
transforms are generally related to mapping an image from spatial domain to frequency domain.
In fact, one can express the integrable original function, i.e., image, in terms of the sum of its
projections onto a set of orthonormal basis functions via inner product. The spherical harmonics
are basis functions that are the essence for the spherical harmonic Transform where the original
function is integrable on the unit sphere.
The spherical harmonic transform (SHT) of a complex-valued function fO(θ, ϕ) defined on the
unit sphere is expressed using the complex inner product as follows (Abramowitz, 1974):

SHTn,m(f) =

∫ π

0

∫ 2π

0

Y ∗n,m(θ, ϕ)fO(θ, ϕ) sin(θ)dθdϕ, (2.7)

where θ is the colatitude, ϕ is the longitude, X∗ denotes the conjugate of the complex X and
Yn,m is the complex-valued spherical harmonics.
On the other hand, one can perform the inverse transform, also called reconstruction, which is
simply achieved by summing up all the spherical harmonic trasnform components multiplied
by their corresponding basis function as follows:

fR(θ, ϕ) =
∞∑
n=0

n∑
m=−n

Yn,mSHTn,m(f). (2.8)

Note that the inverse transform uses the conjugate of the spherical harmonics, which prevents a
sign change occurring in the reconstruction process. The reconstructed function fR(θ, ϕ) tends
to the exact original image fO(θ, ϕ) as n tends to infinity. Practically, the reconstruction is
limited to a finite order n denoted nMax, which occurs in truncation errors. This can also be
concluded from Figure 2.2 which gives 3D objects reconstruction from the SHT.

Figure 2.2 Reconstruction of 3D objects by the spherical harmonic transform up
to different maximum orders.

The amplitude information of the spherical harmonic transform are rotationally invariant as
shown in Figure 2.3; thus, in many applications, the phase information is discarded. Figure 2.3
shows that an object and its rotated version have the same magnitude-based SHT descriptor.
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Figure 2.3 Rotational invariance of the amplitude coefficients of the SHT.

2.2.3 Associated Legendre Polynomials
The associated Legendre polynomials occur when solving Laplace’s equation in spherical co-
ordinates; thus, they play an important role in the definition of the spherical harmonics, which
in turn form a complete orthonormal set of functions in the sense of Fourier series.
These polynomials, denoted Pn,m(x), are real valued where x ∈ [−1, 1] and accept two integer
parameters, i.e., the order n and repetition m such as 0 ≤ m ≤ n, or with trivially equivalent
negative values.
There are many ways to evaluate the associated Legendre polynomials numerically
(Abramowitz, 1974; Press et al., 2007). The computational method based on recurrences
appears to be the most robust, stable and rapid. These recurrence relations are as follows:

(n−m)Pn,m(x) = x(2n− 1)Pn−1,m(x)− (n+m− 1)Pn−2,m(x). (2.9)

The starting value is
Pm,m(x) = (−1)m(2m− 1)!!(1− x2)

m
2 , (2.10)

(The notation n!! denotes the product of all odd integers less than or equal to n.) With n = m+1,
and setting Pm−1,m(x) = 0, we find

Pm+1,m(x) = x(2m+ 1)Pm,m(x). (2.11)

Equations (2.10) and (2.11) provide the two starting values required for (2.9) for general n and
positive m. On the other hand, the polynomials for negative values of m are proportional to
those of positive m as follows:

Pn,−m(x) = (−1)m
(n−m)!

(n+m)!
Pn,m(x). (2.12)

Note that it is from this relation between the associated Legendre polynomials of positive and
negative m, that the symmetry of the spherical harmonics, given in Eq. (2.6) arose.
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Figure 2.4 shows a plot of the first few associated Legendre ploynomials.

Figure 2.4 The first few associated Legendre ploynomials.

2.2.4 Applications of the Spherical Harmonic Transform for 3D Models
The spherical harmonic transform is an essential tool for solving physical and computer vision
problems related to 3D models, e.g., multipole electrostatic and electromagnetic fields, atomic
orbital electrons, planetary bodies and stars, cosmic microwave background radiation, 3D ob-
jects and so on.
One of the several applications of the spherical harmonic transform for 3D models is called
spherical harmonic lighting (SH lighting), which was first introduced by Sloan et al., 2002.
This is a technique for calculating the lighting on 3D models from area light sources that allows
us to capture, relight and display global illumination style images in real time. Later, Green,
2003 provided gritty details about SH lighting, including the background, which was lacked in
the first paper (Sloan et al., 2002), and he explained how the spherical harmonic lighting can be
added to video games. An example of SH lighting is given in Figure 2.5.
Another widely investigated application of the spherical harmonic transform is 3D shape match-
ing, whose principal challenge is to consider to be the same two models that differ by a rotation.
For example, Kazhdan et al., 2003 proposed an SHT-based mathematical tool for 3D models
rotation invariant representation, which allowed improving the matching performances of many
descriptors as well as reducing the dimensionality of the descriptor, thus reducing the time and
space requirements.
In order to obtain a spherical rotation invariant descriptor, the authors adopted a method which
consists of (1) decomposing the spherical function into its harmonics, (2) summing the harmon-
ics within each frequency, and (3) computing the modulus of each frequency component.
They also showed that this method is not only reserved to spherical shape descriptors, but can
be generalized to the case of voxel descriptors.
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Figure 2.5 Example of spherical harmonic lighting on a 3D car object (Green,
2003).

For 3D matching, one can simply compute the Euclidean distance between the descriptors, then
for a given query, the k nearest neighbors are returned.
On the other hand, Funkhouser et al., 2003 established a search engine for 3D models based
on a shape query, 3D and 2D sketch query, text query as well as multimodal query. Figure 2.6
shows results for different types of queries.

Figure 2.6 Results for different types of queries by the 3D-model search engine
developed by Funkhouser et al., 2003.

For 3D shape queries, the authors’ method for 3D rotation invariant shape representation is
quite similar to the one presented by Kazhdan et al., 2003 except that polygons within the 3D
model are first rasterized into a voxel grid. This is shown in Figure 2.7.

Figure 2.7 Method proposed by Funkhouser et al., 2003 for rotation invariant
spherical shape representation based on the SHT.
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2.2.5 Adaptation of the Spherical Harmonic Transform to 2D Shape Rep-
resentation

2.2.5.1 2.5D Spherical Harmonic Transform
Pu and Ramani, 2006 proposed a method, namely 2.5D spherical harmonics transformation, for
retrieving 2D drawings by measuring their shape similarity. This is established by transforming
the 2D drawing from a 2D space into a 3D space, hence the name 2.5D comes from, then
employing the fast spherical harmonic transform to get a rotation invariant descriptor.
In fact, the 2D drawing is represented as a spherical function as shown in Figure 2.8 by follow-
ing these steps:

1. Determining a sphere that satisfies the following conditions:
• Its center is the center of the bounding box of this drawing.
• Its radius is equal to half the longer diagonal length of bounding box. This is to

guarantee a complete enclosing of the drawing in the sphere.
• The 2D drawing lies in the equator plane of the sphere.

2. Intersection of the 2D drawing with the sphere by :
• Generating a set of rays uniformly in plane xy where the 2D drawing lies. These

rays start from the center of the sphere.
• Computing the intersections between these rays and the 2D drawing.
• Transforming all intersection points in plane xy into a spherical function in plane
xyz by introducing a new variable, which is the longitude ϕ.

Figure 2.8 Method proposed by Pu and Ramani, 2006 for representing a 2D draw-
ing as a spherical function.

After having represented the 2D drawing as a spherical function, one can perform a normal-
ization step to obtain scale invariance then easily apply the fast spherical harmonic transform
as proposed by Healy et al., 2003. The modulus coefficients at each frequency are retained in
order to guarantee rotation invariance and the Euclidean distance is used as similarity measure.

2.2.5.2 Connectivity
Sajanhar et al., 2004 introduced the concept of Connectivity for transforming a 2D shape into
3D space. Later on, the same authors (Sajjanhart et al., 2005) used this concept for 2D shape
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retrieval based on the spherical harmonic transform just like Pu and Ramani, 2006 did.
The Connectivity captures the pixel neighborhood information and it is calculated to be a num-
ber between 0 and 8 corresponding to the number of the nearest 8-neighbors deemed to be dark,
i.e, has intensity below a predefined threshold. Connectivity information is represented in the
axis z in Cartesian coordinates.
Figure 2.9 (b) shows the Connectivity information added to the 2D original shape in Figure 2.9
(a) from different perspectives, then triangulated into the polygon mesh in Figure 2.9 (c).

Figure 2.9 Method proposed by Sajanhar et al., 2004; Sajjanhart et al., 2005 for
representing a 2D shape in 3D space.

2.2.5.3 Disc-Harmonic Moments
The disc-harmonic moments (DHMs) were introduced by Ennahnahi et al., 2010 as an adap-
tation of the spherical harmonic transform for a faster and more robust 2D shape description
for a retrieval purpose. Unlike 2.5DSHT and Connectivity which try to adapt the 2D shape to
the sphere, the disc-harmonic moments do not require a 3D representation in order to apply the
spherical harmonic transform (SHT). In fact, inspired by the SHT, the DHMs were proposed as
a set of orthogonal moments defined on the unit disc, which ca be put under orthogonal mo-
ments’ category. Practically, the authors adapted the spherical harmonics in order to conceive
a transformation defined on the unit disc. The real and imaginary parts of the complex-valued
harmonic function employed by the disc-harmonic moments up to order n = 8 are shown in
Figure 2.10 according to the following equation:

Hn,m(r, ϕ) =Nn,mPn,m(r)ejmϕ,

=Nn,mPn,m(r) cos(mϕ) + j(Nn,mPn,m(r) sin(mϕ)).
(2.13)

where (r, ϕ) are polar coordinates.
The complex-valued disc-harmonic moments (DHMs) of order n and repetitionm are expressed
for a gray-scale image fC(r, ϕ) as follows:

CDHMn,m(fC) =

∫ 2π

0

∫ 1

0

fC(r, ϕ)H∗n,m(r, ϕ)rdrdϕ, |m| ≤ n, (2.14)

where X∗ is the conjugate of the complex number X .
Evidently, the disc-harmonic moments inherit the properties of the spherical harmonic trans-
form including completeness, orthonormality, rotation invariance and so on. The translation
and scaling invariance were obtained using a pre-processing step, which moves the shape to
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Figure 2.10 Complex-valued harmonic function up to order n = 8 employed by
Ennahnahi et al., 2010 for representing a 2D shape with the spherical harmonic
transform. The top triangle represents the imaginary parts whilst the bottom tri-
angle represents the real parts. The repetition m varies between 0 and n. Green
pixels represent regions where the function is negative, blue ones represent where

it is positive and the black ones are where the function is zero.

the center and normalizes all the images to a standard scale. With regard to rotation invari-
ance, the modulus of the moments is employed. It was experimentally shown that the disc-
harmonic moments outperform some contour-based descriptors, e.g., Fourier descriptor (Zhang
and Lu, 2002; Zhang and Lu, 2001) and curvature scale space descriptor (CSSD) (Mokhtarian
et al., 1996; Abbasi et al., 1999; Abbasi et al., 2000; Mokhtarian and Mackworth, 1992), some
region-based descriptors, e.g., Zernike moments descriptor (Teague, 1980; Chong et al., 2003),
angular-radial transform descriptor (ARTD) (Lee and Kim, 2012) and geometric moments de-
scriptor (Hu, 1962; Teh and Chin, 1988; Taubin and Cooper, 1991), as well as some spher-
ical harmonic transform-based methods, e.g., Connectivity(Sajjanhart et al., 2005), 2DSHT
(Funkhouser et al., 2003) and 2.5DSHT (Pu and Ramani, 2006) in terms of image retrieval.

2.3 Set of Quaternary Orthogonal Moments
In the previous section, we saw that although the spherical harmonic transform (SHT) is defined
over the sphere, it can be used for 2D shape representation. According to Ennahnahi et al., 2010,
the spherical harmonic transform’s 2D version, namely the disc-harmonic moments (DHMs),
allows a faster and more robust 2D shape description compared to the other SHT-based methods,
i.e., 2.5DSHT and Connectivity.
In fact, the disc-harmonic moment invariants can capture the significant image features while
remaining stable under image transformations like translation, scale and rotation. They are also
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less likely affected by noise and variations. Furthermore, similarly to the spherical harmonic
transform, the disc-harmonic moments are based on the spherical harmonic orthogonal basis;
thus they eliminate information redundancy and allow image reconstruction.
Despite all the advantages of the disc-harmonic moments, these latter can only capture the
monochromatic aspect of the image as they are complex valued. In order to incorporate color
information, we propose a set of region-based 2D color shape descriptors inspired by the SHT
and the algebra of quaternions (Hamilton, 1844).

2.3.1 Operations on Quaternions
A quaternion Hamilton, 1844 is a generalization of a complex number. It consists of one real
part and three imaginary parts as q = qa + qbi+ qcj + qdk.
The imaginary units i, j and k follow the combinations:

i2 =j2 = k2 = −1,

ij =k, jk = i, ki = j, ji = −k, kj = −i, ik = −j.
(2.15)

The conjugate and the modulus of a quaternion number q are respectively defined by

q∗ = qa − qbi− qcj − qdk, (2.16)

||q|| =
√

(qa)2 + (qb)2 + (qc)2 + (qd)2. (2.17)

The dot product of two quaternions q1 and q2 is defined as:

q1 • q2 = qa1q
a
2 + qb1q

b
2i+ qc1q

c
2j + qd1q

d
2k, (2.18)

and the cross product as:

q1 ⊗ q2 = (qa1q
a
2 − qb1qb2 − qc1qc2 − qd1qd2) + (qa1q

b
2 + qb1q

a
2 + qc1q

d
2 − qd1qc2)i

+(qa1q
c
2 − qb1qd2 + qc1q

a
2 + qd1q

b
2)j + (qa1q

d
2 + qb1q

c
2 − qc1qb2 + qd1q

a
2)k.

(2.19)

The quaternions space, or also called Hamilton space, is denoted H.

2.3.2 Quaternion Disc-Harmonic Moments
2.3.2.1 Sphere-Disc Mapping
The key idea behind our first contribution is to generalize the spherical harmonic transform from
complex domain to quaternion domain in order to take into consideration the color information
contained in the image. These proposed set of moments are called quaternion disc-harmonic
moments (QDHMs), which inherit the numerous properties of the spherical harmonic transform,
i.e., discrimination power, orthonormality of the basis function, image reconstruction capability
and so on. On the other hand, our QDHMs are destined to 2D image representation; thus a
reformulation of the spherical harmonics so as to accept the unit disc as domain of definition is
required. This is established by means of a mapping from spherical coordinate system to polar
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coordinates. In this work, we adopt the same mapping sphere-disc as by Ennahnahi et al., 2010
as following:

sin(θ) =
√

1− r2 , cos(θ) = r , ϕsphere = ϕdisc, (2.20)

where (θ, ϕsphere) is spherical coordinate and (r, ϕdisc) is polar coordinate, such as 0 ≤ ϕ ≤ 2π,
0 ≤ θ ≤ π/2 and 0 ≤ r ≤ 1. Over the sphere, θ varies between 0 and π, nevertheless, as r
must be positive, the mapping to the unit disc was restricted only to the northern hemisphere
(0 ≤ θ ≤ π/2) as shown in Figure 2.11.

Figure 2.11 Sphere-to-disc mapping adopted by Ennahnahi et al., 2010.

2.3.2.2 Basis Functions
The quaternion-valued harmonic functions defined on the unit disc are derived from the spher-
ical harmonics given in Eq. (2.1), based on the mapping sphere-disc used by Ennahnahi et al.,
2010 and by replacing the kernel ejmϕ with eµmϕ, as follows:

Hn,m(r, ϕ) = Nn,mPn,m(r)eµmϕ. (2.21)

Here µ is a unit pure quaternion:
• Unit: This property is needed to provide rotation invariance.
• Pure: Each imaginary part corresponds to a color space channel.
• µ is, generally, chosen to be the gray line in the RGB space or the luminance axis, i.e.,
µ = (i+ j + k)/

√
3. The three imaginary parts are weighted with the same factor 1/

√
3

in order to provide the same privileges to the three color space channels.
Recall that Nn,m is the normalization coefficient previously given in Eq. (2.2) and Pn,m are the
associated Legendre polynomials detailed in subsection 2.2.3.
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Thus, the basis functions in Eq. (2.21) can be written in their quaternion form as follows:

Hn,m(r, ϕ) =Nn,mPn,m(r)eµmϕ,

=Nn,mPn,m(r)(cos(mϕ) + µ sin(mϕ)),

=Nn,mPn,m(r) cos(mϕ) +
Nn,mPn,m(r) sin(mϕ)√

3
i

+
Nn,mPn,m(r) sin(mϕ)√

3
j +

Nn,mPn,m(r) sin(mϕ)√
3

k.

(2.22)

Visual representations of the real and first imaginary parts of the quaternion-valued harmonic
functions given in Eq. (2.22) of order up to n = 8 and 0 ≤ m ≤ n are illustrated in Figure
2.14 (a). It is obvious that the imaginary parts of the harmonic functions of repetition m = 0
are zero. Also, the imaginary parts can be obtained by performing an adequate rotation over the
real parts of these harmonic functions.

2.3.2.3 QDHMs Definition
In this subsection, we show how we derive an efficient color region-based shape descriptor,
namely the quaternion disc-harmonic moments (QDHMs), from the quaternion-valued disc-
harmonic functions described in the previous subsection. The proposed set of moments arise
from the employment of the disc-harmonic transform analogous to what has been explained in
subsection 2.2.5.3.
Let f(r, ϕ) be a color image defined on the unit disc where (r, ϕ) are polar coordinates. Ac-
cording to Sangwine, 1996, this color image can be represented as a pure quaternion, where the
real part is set to zero and the three imaginary parts are three color channels, as follows:

f(r, ϕ) = fR(r, ϕ)i+ fG(r, ϕ)j + fB(r, ϕ)k, (2.23)

where fR(r, ϕ), fG(r, ϕ) and fB(r, ϕ) represent respectively the red, green and blue channel of
the color image.
In other color spaces such as HSV and XYZ, the components fR, fG,fB are simply replaced by
the first, the second and the third channel of the corresponding color space.
The right-sided QDHMs of order n and repetition m are given by:

QDHMR
n,m(f) =

∫ 2π

0

∫ 1

0

f(r, ϕ)⊗H∗n,m(r, ϕ)rdrdϕ, with |m| ≤ n, (2.24)

where H∗n,m(r, ϕ) is the conjugate of the quaternion-valued disc-harmonic functions and ⊗ is
the quaternary cross product, given respectively in Eq. (2.16) and Eq. (2.19).
As the multiplication of quaternions is not commutative, we also define the left-sided QDHMs
by moving the H∗n,m(r, ϕ) part in Eq. (2.24) to the left-side of f(r, ϕ) as follows:

QDHML
n,m(f) =

∫ 2π

0

∫ 1

0

H∗n,m(r, ϕ)⊗ f(r, ϕ)rdrdϕ, with |m| ≤ n. (2.25)

In this work, we will use the right-sided QDHMs denoted by the abbreviation ’QDHMn,m’.
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In order to numerically approximate the QDHMs, the simplest way is to perform a zero-order
approximation which consists of replacing the double integral in Eq. (2.24) with a double
summation on the surface of the disc as follows:

QDHMn,m(f) ≈ 1

N2

1∑
0

2π∑
0

f(r, ϕ)⊗H∗n,m(r, ϕ), with |m| ≤ n. (2.26)

Since the basis function Hn,m is independent of the image content, it can be pre-computed and
stored. Note that:
• The multiplication of a pure quaternion (f(r, ϕ)) and a quaternion number (Hn,m) re-

quires 12 multiplications and 8 additions.
• The sum of two quaternions requires 4 additions.

Therefore, computing the QDHMs using their direct formula given in Eq. (2.24) necessitates
(12N2) multiplications and (8N2 + 4(N2 − 1) = 12N2 − 4) additions.

2.3.2.4 Relation between QDHMs and DHMs
Starting from the definition of the QDHMs given in Eq. (2.24) and substituting f(r, ϕ) by Eq.
(2.23) and Hn,m by Eq. (2.22) while using the operations on quaternions given in equations
(2.15), (2.16), (2.19), we can obtain the relationship between the QDHMs and the complex-
valued DHMs of each color channel as follows:

QDHMn,m(f) = An,m + iBn,m + jCn,m + kDn,m, (2.27)

where

An,m =− 1√
3

[=(CDHMn,m(fR)) + =(CDHMn,m(fG)) + =(CDHMn,m(fB))],

Bn,m =<(CDHMn,m(fR)) +
1√
3

[=(CDHMn,m(fG))−=(CDHMn,m(fB))],

Cn,m =<(CDHMn,m(fG)) +
1√
3

[=(CDHMn,m(fB))−=(CDHMn,m(fR))],

Dn,m =<(CDHMn,m(fB)) +
1√
3

[=(CDHMn,m(fR))−=(CDHMn,m(fG))].

(2.28)

Here CDHMn,m(fR), CDHMn,m(fG) and CDHMn,m(fB) represent respectively the
complex-valued DHMs [Eq. (2.13)] for the red, green and blue channel. <(X) and =(X) are
respectively the real part and the imaginary part of the complex number X .
Computing the QDHMs via the complex-valued DHMs as in Eq. (2.28) requires to numerically
approximate the DHMs. These latter can be computed from Eq. (2.14) using the zero-order
approximation as follows:

CDHMn,m(fC) ≈ 1

N2

1∑
0

2π∑
0

fC(r, ϕ)H∗n,m(r, ϕ), with |m| ≤ n. (2.29)
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where fC(r, ϕ) is the real-valued binary image of size N ×N and Hn,m is the complex-valued
disc-harmonic function.
The CDHMn,m involves (2N2) multiplications and 2(N2 − 1) = (2N2 − 2) additions. And
since the computation of the QDHMs using Eq. (2.28) requires the computation of three DHMs
for each color channel, 8 additions and 4 multiplications, the total necessary additions and
multiplications are respectively (6N2 + 2) and (6N2 + 4).
Table 2.1 summarizes the number of operations consumed in both the direct computation of the
QDHMs and the computation using the DHMs of each color channel for positive values of m.

Table 2.1 The computational complexity of the quaternion disc-harmonic mo-
ments.

Computational complexity

Additions Multiplications

Direct computation of the QDHMs 12N2 − 4 12N2

Computation of the QDHMs via the DHMs 6N2 + 2 6N2 + 4

It can be seen that the computation of the QDHMs via the DHMs reduces considerably the
number of operations for positive values of m.
On the other hand, the QDHMs for negative values of m can be expressed in function of the
DHMs of negative values of m by exploiting the following symmetry property of the DHMs,
which is analogous to the symmetry of SHT defined in Eq. (2.6):

<(CDHMn,m(r, θ)) =(−1)m<(CDHMn,−m(r, ϕ)),

=(CDHMn,m(r, θ)) =(−1)m+1=(CDHMn,−m(r, ϕ)).
(2.30)

The QDHMs for negative values of m are:

An,−m =(−1)m+1An,m,

Bn,−m =(−1)m+1[−2<(CDHMn,m(fR)) +Bn,m],

Cn,−m =(−1)m+1[−2<(CDHMn,m(fG)) + Cn,m],

Dn,−m =(−1)m+1[−2<(CDHMn,m(fB)) +Dn,m].

(2.31)

Since the QDHMs and the DHMs for positive values of m are already computed, they will not
be considered. Therefore, the QDHMs for negative values of m need 7 multiplications and 3
additions.
In this work, we compute the DHMs using the S2kit tool (Kostelec and Rockmore, 2004),
which is known for performing a fast computation of the spherical harmonic transform. In fact,
the real function fC(ri, ϕj), where C is the corresponding color channel, will be sampled on a
uniform N × N grid such as ri = (2i + 1)/2N and ϕj = 2πj/N where i = 0, .., N − 1 and
j = 0, .., N − 1.



Chapter 2. Proposed Quaternary Moments for Color Image Description 40

Thus the computational time of the DHMs can be accelerated using the following:

CDHMn,m(fC) =

√
2πNn,m

N

N−1∑
i=0

N−1∑
j=0

wiPn,m(ri)fC(ri, ϕj)e
−jmϕj ,

=

√
2πNn,m

N

(
N−1∑
i=0

wiPn,m(ri)

(
N−1∑
j=0

fC(ri, ϕj)e
−jmϕj

))
.

(2.32)

where wi are the Chebyshev-Gauss quadrature weights (Abramowitz, 1974).
In Eq. (2.32) we perform the Separation of variables technique. In fact, the DHMs are com-
puted by doing a bunch of discrete Legendre transforms, followed by a bunch of “regular” Fast
Fourier Transforms (FFTs) (Dilts, 1985). This does not require the computation of the asso-
ciated Legendre polynomials at each point of the unit disc but only at a limited number of r
values. Therefore, the DHMs’ computation is faster.
In the work by Driscoll and Healy, 1994, the authors announce that the computational com-
plexity of this algorithm isO(n(log n)2) which is asymptotically better than the naive algorithm
O(n2), where n is the number of sampled values of the function fC .

2.3.2.5 Some Properties
The proposed quaternion disc-harmonic moments (QDHMs) inherit the property of complete-
ness and orthogonality on the unit disc according to the following formula:∫ 2π

0

∫ 1

0

[Hn,m]∗ ⊗Hn′,m′rdrdϕ = δnn′δmm′ , (2.33)

where δ is the Kronecker symbol.
This property makes the proposed moments free of shape information redundancy. Thus the
RGB image reconstruction from them is possible by summing up all the QDHMs components
multiplied by their corresponding basis function Hn,m via inner product as follows:

f r(r, ϕ) =
n=nMax∑
n=0

m=n∑
m=−n

QDHMn,m ⊗Hn,m. (2.34)

where f r(r, ϕ) is the reconstructed image up to the maximum order nMax.
The reconstructed function f r(r, ϕ) tends to the exact original image as n tends to infinity.
Practically, limiting the reconstruction to a finite order nMax, occurs in truncation errors, called
Normalized Image Reconstruction Error (NIRE) which measures the difference between the
reconstructed image and the original image as follows:

NIRE =

∑N−1
x=0

∑N−1
y=0 |f(x, y)− f r(x, y)|2∑N−1

x=0

∑N−1
y=0 |f(x, y)|2

, (2.35)

where f(x, y) is the original image with size (N ×N ) and f r(x, y) is the reconstructed image.
Figure 2.12 shows an example of reconstructed color images from our QDHMs and their NIRE
values up to different orders.
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Figure 2.12 QDHMs reconstruction of image (a) up to order 20, 40, 60 with the
corresponding NIRE errors.

This color image reconstruction example confirms that the reconstructed images tend to the
original image as the order n increases. However, one can clearly see that the reconstructed
images are somehow dark at the center resulting in large NIRE values. This limitation of the
QDHMs will be overcome in their modified version detailed in the next subsection.

2.3.3 Modified Quaternion Disc-Harmonic Moments
The adaptation of the 3D spherical harmonic transform to deal with 2D images requires map-
ping the pixels between the spherical and the polar coordinate systems. In our first version
of the quaternion disc-harmonic moments, we used the same mapping sphere-disc as done by
Ennahnahi et al., 2010. This mapping was previously given in subsection 2.3.2.1.
The issue with this mapping is that we run into the problem of the nonuniform variation of θ
with a uniform step of r, as shown in Figure 2.13 (b). To overcome this issue, we propose a
more adequate mapping sphere-disc, which is defined as:

θ =
π

2
r , ϕsphere = ϕdisc, (2.36)

where 0 ≤ θ ≤ π/2 and 0 ≤ r ≤ 1.
Most of the implementations of the spherical harmonics require an angular distribution of the
pixels over the sphere uniform under θ and ϕ. Different representations of sampled spherical
pixels needed in the computation of the disc-harmonic moments are possible. Both representa-
tions using the old mapping and the new one are shown in Figure 2.13.
One can see clearly from Figure 2.13 that the distribution of pixels under θ and ϕ is uniform in
(a) and not uniform in (b).
Based on the new mapping, the quaternion-valued harmonic function defined on the unit disc
will be derived as follows:

Hn,m(r, ϕ) = Nn,mPn,m(cos(
π

2
r))eµmϕ. (2.37)

Visual representations of the real and first imaginary parts of the quaternion-valued harmonic
function given in Eq. (2.37) of order up to n = 8 and 0 ≤ m ≤ n are illustrated in Figure 2.14
(b). It is obvious that the imaginary parts of the harmonic functions of repetition m = 0 are
zero. Also, the imaginary parts can be obtained by performing an adequate rotation over the
real parts of these harmonic functions.
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Figure 2.13 Distribution of the pixels on the hemisphere using (a) the new map-
ping which considers uniform steps of ϕ and r = 2×θ

π , (b) the old mapping with
uniform steps of ϕ and r = cos(θ) (Ennahnahi et al., 2010).

Figure 2.14 Quaternion-valued harmonic function up to order n = 8 using (a)
the first version [Eq. (2.22)] and (b) the modified version [Eq. (2.37)]. The top
triangles represent the first imaginary parts whilst the bottom triangles represent
the real parts. The repetition m varies between 0 and n. Green pixels represent
regions where the function is negative, blue ones represent where it is positive and

the black ones are where the function is zero.

Similarly to the first version of the QDHMs, the modified QDHMs are defined by substituting
Hn,m in Eq. (2.24) by Eq. (2.37) and can be computed by considering the relation between
them and the DHMs, given in subsection 2.3.2.4, based on the new mapping.
We perform color image reconstruction comparison between the QDHMs based on the old
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mapping sphere-disc and those based on the proposed mapping. The maximum orders are: 20,
40 and 60. Results are illustrated in Figure 2.15.

Figure 2.15 QDHMs reconstruction of image (a) up to order 20,40,60 using (b)
the old mapping and (c) the new mapping.

From this example, it is seen clearly that the proposed mapping performs better than the old
one based on NIRE values [Eq. (2.35)]. The NIRE value for nMax = 60 decreases from 0.39
using the old mapping (Ennahnahi et al., 2010) to 0.02 using our mapping.

2.3.4 QDHMs based on Healpix Sampling
Given that the quality of any image descriptor isn’t only about the accuracy of the results but
also about its computational time, we present in this subsection a major improvement in the
computational time consumed by the quaternion disc-harmonic moments (QDHMs) without
any loss in quality and discriminative power. As aforementioned, the QDHMs are computed
via the complex disc-harmonic moments (DHMs) of each color component, which are inspired
from the 3D spherical harmonics (Dilts, 1985) using a mapping sphere-disc. Hereafter, we
analyze the sampling method used by the disc-harmonic moments with the aim of enhancing
the time consumed in the computation of the quaternion disc-harmonic moments.
The limitation of computing the disc-harmonic moments using the simple formula given in Eq.
(2.29) lies in the necessity of calculating the associated Legendre polynomials as well as the
complex angular part at each point of the unit disc and for each order n and m. In order to
reduce the computational time, we pre-calculate and store the polynomials of each order n and
m at each point of the unit disc. Although this solution reduces the feature vector extraction
time, it proves to be consuming in terms of memory resources. A detailed discussion will be
presented in subsection 2.4.4.
On the other hand, the spherical harmonics computation can be made faster by operating an
adequate spherical sampling, which is not trivial. In fact, an iso-latitudinal location of samples is
essential for fast discrete transform into spherical harmonics (FSHT). The icosahedral partitions
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provide a uniform pixelation but not aligned on iso-latitudinal rings, which prevents applying
the fast spherical harmonic transform. In the work by Healy et al., 2003, the calculation of
the conventional FSHT is based on an equiangular grid. This iso-longitudinal samples layout
suffers from the presence of an affinity between the pixels at the polar regions of the sphere. In
addition, although this partition offers the possibility of applying sampling theorems and exact
quadrature for numerical integration, its pixels are of widely varied size. In this conventional
partition, a set of radial segments, starting at the center of the unit disc, are generated with a
regular angular step. The sampled points are placed on the intersections between these segments
and the concentric circles of radii (r = sin θ) by varying the angle θ also with a fixed step.
Another drawback of this method is that the star-shaped radial segments may not take into
account some details localized in areas between consecutive segments. In this case, all sample
points could be nothing but a representation more or less unfaithful to the original shape.
To overcome this situation, we will operate the internal mechanism of the Hierarchical Equal
Area isoLatitude Pixelization (Healpix) technique (Górski et al., 2005) for achieving rapid trans-
formation into harmonic unit disc. Healpix technique was developed, originally, by the Jet
Propulsion Laboratory of Nasa to meet the increased need for processing and analyzing large
amounts of data from satellite missions to measure the cosmic microwave background (CMB)
anisotropy. It allows an equal area and iso-latitude sphere pixelation and provides rapid spheri-
cal harmonics analysis even at very high resolutions.
Healpix is based on a first division of the sphere into 12 wide pixels that can be further subdi-
vided into the desired resolution, generating a map of Npix = 12 × N2

side pixels of resolution
Nside (Figure 2.16) .

Figure 2.16 Healpix sampling of the sphere for Nside = 1, 2, 4, 8 (Górski et al.,
2005).

A Healpix map is carefully constructed in order to have an equal area pixelization and the
pixels are also aligned on iso-latitude rings. In fact, the pixel property of having equal area
allows overcoming the problem of polar pixels affinity on the sphere as well as giving an equal
weight to pixels.
The positions on the sphere are defined by (cos θ, ϕ) with θ ∈ [0, π] is the co-latitude in radians
measured from the northern hemisphere and ϕ ∈ [0, 2π] represents the longitude. For a reso-
lution Nside, the pixels are distributed on (4 × Nside − 1) iso-latitude rings, and can be ranked
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by the index p ∈ [0, Npix] that travels the rings from the northern hemisphere to the southern
hemisphere.
On the northern hemisphere, the positions of the spherical pixels are given by the following
equations:
For pixels of the northern hemisphere cap (z > 2/3):
Given ph = (p + 1)/2, (1 ≤ i ≤ Nside) the ring index and 1 ≤ j ≤ 4i the pixel index in the
ring i, we have:

i = I(

√
ph −

√
I(ph)) + 1,

j = p+ 1− 2i(i− 1),

z = 1− i2

3N2
side

,

ϕ =
π

2i
(j − s

2
),

s = 1.

(2.38)

For pixels of the northern equatorial belt (0 ≤ z ≤ 2/3):
Given p′ = p− 2Nside(Nside − 1), (Nside ≤ i ≤ 2Nside) and (1 ≤ j ≤ 4Nside):

i = I(
p′

4Nside

) +Nside,

j = (p′ mod 4Nside) + 1,

z =
4

3
− 2i

3N2
side

,

ϕ =
π

2Nside

(j − s

2
),

s = (i−Nside + 1) mod 2.

(2.39)

where the auxiliary index s is the longitudinal phase on the arches and I(x) is the greatest
integer number less than x.
The southern hemisphere pixels can be obtained by a glass symmetry regarding the equatorial
plan.
For computing our Healpix-based quaternion disc-harmonic moments, we follow these steps:
(1) We sample the unit disc containing the image using Eq. (2.38), Eq. (2.39) and Eq. (2.36),
(2) we perform a rapid discrete disc-harmonic transform (FDHT) on the three color components
separately as in Eq. (2.32). (3) Finally, we compute the QDHMs feature vector by substituting
Eq. (2.32) into Eq. (2.27).
A detailed complexity analysis will be discussed in subsection 2.4.4.

2.3.5 QDHMs-based Image Descriptor
In this subsection, we derive the Rotation/Translation/Scale (RST) invariants of the proposed
2D shape descriptors. Then we show how to obtain our image descriptor from these invariants.
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2.3.5.1 Translation and Scale Invariance
In order to compute the quaternion disc-harmonic moments, defined on the unit disc, it is first
necessary to do a mapping transformation from the Cartesian coordinates (x, y) to the polar
coordinates (r, ϕ) (Flusser et al., 2009) . This is achieved as follows:

r =

√
(x−xc)2+(y−yc)2

rmax
, where rmax =

√
m00

2

√
M
N

+ N
M

, and

ϕ = arctan

(
y − yc
x− xc

)
, (2.40)

where
(xc, yc) = ([m1,0(R) +m1,0(G) +m1,0(B)]/m0,0,

[m0,1(R) +m0,1(G) +m0,1(B)]/m0,0),
and m0,0 = m0,0(R) +m0,0(G) +m0,0(B),

with m1,0(X), m0,1(X), m0,0(X) as the first-order and zero-order geometric moments for the
X channel, and (N ×M) is the size of the RGB image.
The quaternion disc-harmonic moments invariance to translation is achieved in this mapping,
which locates the origin of the coordinate system at the common centroid of the three channels
(xc, yc) (Suk and Flusser, 2009).
Note that the scale invariance is implicitly obtained by normalizing the image on the unit disc.

2.3.5.2 Rotation Invariance
The rotation invariance can be easily achieved by considering the modulus of the quaternion
disc-harmonic moments according to the following:

QDHM
′

n,m =Nn,m

∫ 2π

0

∫ 1

0

Pn,m(cos(
π

2
r))f(r, ϕ+ ϕ′)⊗ e−µmϕrdrdϕ,

=Nn,m

∫ 2π

0

∫ 1

0

Pn,m(cos(
π

2
r))f(r, ϕ)⊗ e−µm(ϕ−ϕ′)rdrdϕ,

=Nn,m

∫ 2π

0

∫ 1

0

Pn,m(cos(
π

2
r))f(r, ϕ)⊗ e−µmϕ ⊗ eµmϕ′rdrdϕ,

=QDHMn,m ⊗ eµmϕ
′
,

(2.41)

where QDHMn,m and QDHM ′
n,m are, respectively, the quaternion disc-harmonic moments of

the color image f(r, ϕ) and its rotated version f(r, ϕ+ ϕ′).
According to which, we have: ∥∥QDHM ′

n,m

∥∥ = ‖QDHMn,m‖ . (2.42)

where ||q|| is the modulus of the quaternion q given in Eq. (2.17).

2.3.5.3 Feature Vector Construction
Our QDHMs-based descriptor vector (QDHMD) is build by concatenating the quaternion disc-
harmonic moment modulus-based invariants of orders n up to a maximum order nMax while
satisfying the condition −n ≤ m ≤ n as follows:
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
||M0,0||

||M1,−1|| ||M1,0|| ||M1,1||
...

...
...

||MnMax,−nMax|| . . . ||MnMax,−1|| ||MnMax,0|| ||MnMax,1|| . . . ||MnMax,−nMax||

 (2.43)

As each order n of the moments provides n×2+1 real-valued coefficients based on the modulus
of the moments, the total size of our QDHMs feature vector depends on the maximum order as
below:

size(QDHMD) = (nMax+ 1)2. (2.44)

Using the modulus to obtain the rotation invariance of our moments is advantageous in the way
the feature’s size is reduced to a quarter (Real valued instead of quaternion-valued). This is
helpful in reducing response time of content-based image retrieval systems. In fact, during the
online stage (Figure 2), the feature vector of the query image is compared to the feature vectors
of the database images according to a similarity distance, e.g., Euclidean distance. Therefore,
considering a small feature size will definitely reduce the retrieval time.

2.4 Experimental Results
In this section, we undertake several experiments to evaluate the performance of our quaternion
disc-harmonic moments descriptor (QDHMs) in terms of color image reconstruction, robustness
to geometric and photometric transformations, computational time as well as color image re-
trieval. The performance of the QDHMs is compared with the complex disc-harmonic moments
(DHMs), with four orthogonal quaternion-based moments, the quaternion Zernike moments
(QZMs), the quaternion pseudo-Zernike moments (QPZMs), the quaternion Bessel-Fourier mo-
ments (QBFMs) and the named quaternion orthogonal Fourier-Mellin moments (QOFMMs)
derived hereafter which are an extension of the orthogonal Fourier-Mellin moments (OFMMs)
(Sheng and Shen, 1994) as well as with two Clifford-based moments, namely the parallel-
orthogonal Fourier-Mellin descriptor (poFMD) and the color Fourier-Mellin descriptor invari-
ant to the choice of bivector B (CFMDi).
In order to consider the same number of moments as the QDHMs, the constraint −n ≤ m ≤
n was imposed for both the QBFMs and the QOFMMs. Note that the DHMs’ descriptor is
computed for images after conversion from color to gray-level. Besides, "QDHMs" denotes the
quaternion disc-harmonic moments in their modified version.

2.4.1 Color Image Sets
In these experiments, we use four color image collections:
• The Columbia object Image Library (COIL-100) (Nene et al., 1996), which contains

72,000 images with size 128 × 128 categorized into 100 objects. This collection is chal-
lenging as it presents object pose variations, as shown in Figure 2.17, and also some
objects with the same shape and different colors, as shown in Figure 2.18.
• The Amsterdam Library of Object Images Viewing Direction (ALOI-VIEW) (Geuse-

broek et al., 2005), which is partitioned into 1000 classes where each class contains the
same object captured under 72 different viewing directions, as shown in Figure 2.19. The
images are with size 192× 144.
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Figure 2.17 Some images for one object from the COIL-100 data set showing
object pose variations.

Figure 2.18 Some of the challenging object images selected from the COIL-100
data set.

Figure 2.19 Some images for one object from the ALOI-VIEW data set showing
object pose variations.

• The Amsterdam Library of Object Images Illumination Color (ALOI-COL) (Geusebroek
et al., 2005), which consists of 1000 classes varied in 12 configurations by changing the
illumination color temperature. The structure of the ALOI-COL images is illustrated in
Figure 2.20.

Figure 2.20 A class of images extracted from the Amsterdam Library of Object
Images under illumination color change (ALOI-COL).

• The Amsterdam Library of Object Images Illumination Direction (ALOI-ILL) (Geuse-
broek et al., 2005), which is partitioned into 1000 classes with 24 configurations taken
under different illumination angles. The structure of the ALOI-ILL images is illustrated
in Figure 2.21.
A sample of objects extracted from COIL-100 and ALOI is shown in Figs. 2.22(a) and
2.22 (b), respectively.
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Figure 2.21 A class of images extracted from the Amsterdam Library of Object
Images under illumination direction change (ALOI-ILL).

Figure 2.22 A sample of objects extracted from (a) Columbia Object Image Li-
brary (COIL-100) (Nene et al., 1996) and (b) Amsterdam Library of Object Im-

ages (ALOI) (Geusebroek et al., 2005).

2.4.2 Color Image Reconstruction
In this subsection, we evaluate the color image reconstruction capability of our QDHMs descrip-
tor compared to the QZMs, QBFMs, QOFMMs and QPZMs. For this purpose, we consider the
10 images extracted from the COIL-100 shown in Figure 2.22 (a).
The proposed QDHMs and the other feature vectors of each image up to orders varying between
4 and 40 with a step of 4 are computed. The average reconstruction errors [Eq. (2.35)] as well
as an example of reconstructed images by the QDHMs and the QZMs are shown in Figure 2.23.
The example in Figure 2.23 shows clearly that even for low order QDHMs, the reconstructed
image is close to the original image. It is also illustrated that color image reconstruction from
the QDHMs is better than reconstruction from the QZMs, QOFMMs and QPZMs. One can see
that the image reconstruction from the QDHMs and the QBFMs are close.

2.4.3 Robustness and Invariance
The aim of this subsection is to test the robustness of our descriptor (the modified QDHMs)
to both photometric and geometric transformations separately. For this test, we consider the
following transformations: Salt and Pepper noise, blur, illumination color change, illumination
direction change and rotation.
For Salt and Pepper noise and blur tests, the process for the evaluation consists of computing
the squared error between the original image feature vector and its transformed versions, then
reporting the mean squared errors. The more the squared errors are of a small value, the better
results are.
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Figure 2.23 Comparison of the average NIRE values from Image reconstruction
using the QDHMs and the quaternion moments.

For illumination color change, illumination direction change and rotation tests, the evaluation
consists of computing the descriptor for each image of the data set. Then, we compute, for each
class of the testing set, the rate σ/µ where σ represents the standard deviation of each order of
the descriptor and µ the respective mean. Next, we calculate the mean of σ/µ for each order.
Finally, we report the overall mean of σ/µ. The smaller this latter is, the better results are.
In these experiments, we take into consideration the following:
• The maximum order nMax of the image descriptor when computed using the QDHMs,

the QPZMs, the QBFMs, the QOFMMs and the DHMs is 8 (81 coefficients).
• The maximum order nMax of the image descriptor is set to 11 when computed using the

QZMs (78 coefficients).
• The maximum order nMax of the image descriptor is set to 6 when computed using the

poFMD (72 coefficients).
• The maximum order nMax of the image descriptor is set to 9 when computed using the

CFMDi (81 coefficients).
We recall that the CFMDi is independent from the choice of the color direction (i.e., the bivec-
tor) unlike the poFMD in which the bivector was set to Bred in the following experiments.

2.4.3.1 Salt and Pepper Noise
The 10 images of the COIL-100 database shown in Figure 2.22 (a) are used in this test. To each
of these 10 images, we add different intensities of Salt and Pepper noise, varying between 5%
and 20% with 5% increment. Therefore, the testing set is composed of 50 = 10 × 5 images.
Figure 2.24 depicts a sample of this testing set while Figure 2.25.a) shows the mean squared
errors.
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Figure 2.24 A sample of images used in Salt and Pepper (SP) noise robustness
test, blur robustness test and rotation invariance test.

From these results, it is seen that the QDHMs have a better noise robustness (The squared error
≤ 0.4404) compared to the other quaternion-based moments. The Clifford-based descriptors
are the most robust to noise.

2.4.3.2 Blur
We consider the 10 objects of the COIL-100 shown in Figure 2.22 (a). Each object undergoes
different amounts of Gaussian blur between 3% and 11% with a step of 2%. The testing set
contains 60 = 10 × 6 images. A sample is shown in Figure 2.24. Figure 2.25.b) illustrates the
respective mean squared errors.

Figure 2.25 The overall average squared errors corresponding to the intensity of
the transformation for each of the state-of-the-art moments: a) Salt and Pepper

noise effect, b) Gaussian blur effect.
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The results show that the QDHMs’ feature vector remains almost unchanged under different
blur intensities and most of the squared errors are less than 0.1014. A better blur robustness
compared to the other quaternion- moments is also seen. However, the Clifford-based descrip-
tors are the most robust to blur.

2.4.3.3 Illumination Color Change
Ten classes extracted from the Amsterdam Library of Object Images Illumination Color (ALOI-
COL) (Geusebroek et al., 2005) are used hereafter. The testing set consists of a total of 120 =
10× 12 images.
Table 2.2 shows the values of σ/µ for each class of the testing set using the QDHMs of order
up to 8. Besides, the σ/µ values were also computed for the quaternion-based moments. The
overall mean σ/µ values for the different moments can be found in the first row of Table 2.5.
As experimental results show, among all the moments used in this test, the QDHMs are the most
influenced by this change. Therefore, the QDHMs could be useful in applications where it is
important to distinguish same objects of different illumination colors.
On the other hand, we have undertaken the same experiment after converting the testing images
to the HSV color space. Results, which are illustrated in the second row of Table 2.5, show
clearly that the HSV color space gives more efficient results than the RGB color space as far as
the QDHMs’ robustness to the illumination color change is concerned.

Table 2.2 The σ/µ values for the classes of the ALOI-COL using each order of
the QDHMs up to 8.

Order 1 2 3 4 5 6 7 8 9 10 Mean of σ/µ

0 0.0710 0.0638 0.0484 0.0681 0.0639 0.0806 0.0463 0.0719 0.0543 0.0572 0.0626

1 0.0831 0.0753 0.0583 0.0796 0.0751 0.0897 0.0546 0.0784 0.0669 0.0677 0.0729

2 0.0893 0.0869 0.0793 0.0860 0.0889 0.1072 0.0558 0.0838 0.0696 0.0777 0.0825

3 0.1089 0.0672 0.0648 0.0947 0.0845 0.1269 0.0503 0.0933 0.0775 0.0644 0.0833

4 0.0920 0.0803 0.0742 0.0983 0.0772 0.1089 0.0843 0.0944 0.0739 0.0737 0.0858

5 0.0931 0.0925 0.0972 0.0865 0.0904 0.1187 0.1401 0.0803 0.0747 0.0848 0.0959

6 0.0913 0.1267 0.0863 0.1668 0.1069 0.1280 0.0872 0.0890 0.0704 0.0956 0.1049

7 0.0940 0.1035 0.0929 0.1616 0.1144 0.1195 0.0721 0.0920 0.0777 0.0974 0.1025

8 0.0972 0.0821 0.1009 0.1245 0.1124 0.1371 0.0602 0.0943 0.0764 0.0948 0.0980

Overall mean 0.0876

2.4.3.4 Illumination Direction Change
For this test, 10 classes from the Amsterdam Library of Object Images Illumination Direction
(ALOI-ILL) (Geusebroek et al., 2005) are used. This results in a testing set of a total of 240 =
10 × 24 images. The results for the QDHMs are shown in Table 2.3 while the general results
are depicted in the third row of Table 2.5.
As one can see from these results, among all the moments used in this test, the QZMs the
poFMD and the QPZMs are the less sensitive to the illumination direction change. The QDHMs
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are more robust to the illumination direction change (the overall average σ/µ = 0.2801) com-
pared to the QOFMMs (the overall mean σ/µ = 0.3608), the QBFMs (the overall mean σ/µ =
0.3396) and the CFMDi (the overall mean σ/µ = 0.0.3098).
In general, the overall mean σ/µ for the illumination direction change is significant (less than
0.3608 for all the moments) compared to the illumination color change (less than 0.0876 for all
the moments) . This is explained by the fact that, in some cases, parts of the object become in-
visible for the illumination direction change (Non-linear transformation) unlike the illumination
color change which doesn’t affect the shape of the object (Linear transformation).

Table 2.3 The σ/µ values for the classes of the ALOI-ILL using each order of the
QDHMs up to 8.

Order 1 2 3 4 5 6 7 8 9 10 Mean of σ/µ

0 0.2285 0.2467 0.1032 0.1551 0.1479 0.2068 0.2134 0.2598 0.2220 0.1808 0.1964

1 0.2558 0.2384 0.1004 0.1472 0.1431 0.2095 0.2072 0.2634 0.2283 0.1738 0.1967

2 0.3488 0.3123 0.1053 0.1590 0.1676 0.2616 0.2160 0.2987 0.2498 0.2188 0.2338

3 0.4513 0.2784 0.1149 0.1841 0.1866 0.3053 0.2346 0.3608 0.3042 0.2436 0.2664

4 0.3760 0.2756 0.1178 0.2398 0.1802 0.2811 0.3286 0.3607 0.2932 0.1870 0.2640

5 0.4854 0.3719 0.1363 0.3145 0.2160 0.3125 0.4104 0.3165 0.3267 0.2253 0.3116

6 0.4787 0.4331 0.1491 0.3977 0.2524 0.3712 0.4016 0.3367 0.3856 0.2730 0.3479

7 0.5444 0.4418 0.1635 0.3507 0.2587 0.4244 0.3286 0.3692 0.3839 0.2896 0.3555

8 0.4882 0.4699 0.2007 0.2783 0.2422 0.4431 0.2871 0.3935 0.4117 0.2776 0.3492

Overall mean 0.2801

2.4.3.5 Rotation
The 10 images of the COIL-100 dataset shown in Figure 2.22 (a) are used in this test. We
rotate each of these 10 images by an angle varying between 30◦ and 330◦ with 30◦ increment
forming a testing set of 120 = 10× 12 images. Figure 2.24 depicts a sample of this testing set.
The average σ/µ values for the QDHMs and the overall average σ/µ values for the different
moments are given in Table 2.4 and the fourth row of Table 2.5, respectively.
According to these results, among all the moments used in this test, the QOFMMs are the most
unchanged under rotation. The invariance of the QDHMs to rotation is also acceptable (the
overall average σ/µ = 0.1101).
Although there are some black parts added to the image when it is rotated (Figure 2.24), the
overall average σ/µ value for rotation is, generally, less than 0.1963.

2.4.4 Computational Time
The program for the moments’ computation was implemented on a personal computer i3-
2310M 2.10 GHz, 4 Go RAM. We consider the image in Figure 2.26.(a) of size 128 × 128,
which is extracted from the COIL-100 database, as a test image. The number of moments
varies from 1 to 121. Note that we have computed the Clifford-based descriptors using their
C++ implementation which is available online.
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Table 2.4 The σ/µ values for the rotated images using each order of the QDHMs
up to 8.

Order 1 2 3 4 5 6 7 8 9 10 Mean of σ/µ

0 0.0298 0.0173 0.0320 0.0221 0.0346 0.0403 0.0347 0.0423 0.0211 0.0278 0.0302

1 0.1604 0.0602 0.1112 0.0525 0.0696 0.2082 0.0606 0.1554 0.0404 0.0487 0.0967

2 0.1564 0.0898 0.1240 0.1085 0.0799 0.1394 0.0692 0.1402 0.0444 0.0864 0.1038

3 0.1280 0.1143 0.1190 0.1300 0.0484 0.1532 0.0812 0.1364 0.1205 0.0617 0.1093

4 0.1447 0.0692 0.1143 0.1095 0.0770 0.1630 0.0916 0.1366 0.0616 0.0548 0.1022

5 0.1508 0.1100 0.1233 0.1495 0.0962 0.1427 0.1383 0.1611 0.1018 0.0586 0.1232

6 0.1120 0.1525 0.1400 0.1763 0.0807 0.1392 0.1189 0.1300 0.1600 0.0839 0.1294

7 0.1723 0.1467 0.1574 0.1850 0.1295 0.1711 0.1207 0.1830 0.1162 0.0887 0.1471

8 0.2068 0.1284 0.1570 0.1741 0.1276 0.1572 0.1554 0.1435 0.1416 0.1009 0.1492

Overall mean 0.1101

Table 2.5 The overall average values of σ/µ for the different state-of-the-art mo-
ments. The first row is for illumination color change (RGB), the second row for
illumination color change (HSV), the third row for illumination direction change

and the fourth row for rotation.

QDHMs QZMs QBFMs QPZMs QOFMMs CFMDi poFMD

Illumination color change (RGB) 0.0876 0.0668 0.0838 0.0730 0.0858 0.0375 0.0456

Illumination color change (HSV) 0.0793 0.0902 0.0711 0.0826 0.0854 0.1689 0.1086

Illumination direction change 0.2801 0.2297 0.3396 0.2664 0.3608 0.3098 0.2367

Rotation 0.1101 0.1378 0.1021 0.1016 0.0925 0.1294 0.1963

Figure 2.26 shows the time in seconds consumed for the computation of the feature vector
depending on the number of moments and using the QDHMs and its competitors.
From these results, one can remark that the time consumed in the computation of the poFMD
and the CFMDi is not proportional to the order, and it is far less than the quaternion-based
moments computation times. On the other hand, the time needed for the computation of the
QDHMs is less than the QOFMMs, QZMs, QPZMs, and it is comparable to QBFMs. Thus, the
QDHMs could be useful as feature vector in real-time color image retrieval systems.
Second, we discuss the computational time of the proposed QDHMs-Healpix in comparison
with the basic QDHMs by presenting a complexity analysis to highlight the perceived gain in
memory and computation time of the Legendre polynomials. On an image of size 128 × 128
pixels, we count 128 × 128 = 16, 384 pixels. For each of these points, 81 moments (nMax=8)
are calculated, but only 45 associated Legendre Polynomials. In total, we have to compute
16, 384×45 = 737, 280 Legendre polynomials. Whereas with Healpix, ifNside = 32 is the basic
resolution, we will get a total of 12× 322 = 12, 288 pixels corresponding to (4× 32− 1) = 127
iso-latitudinal rings. But, we will compute the Legendre functions only for the (2×32−1) = 63
iso-latitudinal rings situated on the northern hemisphere. The result is therefore that the number
of Legendre polynomials to be calculated does not exceed 63× 45 = 2835 in total. The gain in
memory and complexity is remarkably persuasive (Table. 2.6).
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Figure 2.26 Time consumed in the computation of the feature vector of the image
(a) of size 128 × 128 using the different state-of-the-art moments of number of

moments up to 121.

Table 2.6 Number of the associated Legendre polynomials computed using both
the conventional and Healpix method with different values of nMax for 128×128

size image and Nside = 32

nMax 8 12 16 20

Basic QDHMs 737,280 1,490,944 2,506,752 3,784,704

QDHMs-Healpix 2835 5733 9639 14,553

Górski et al., 2005 proposed a graphical complexity comparison between different types of
partitions and realized the convenience of Healpix for rapid calculation of Spherical Harmonics.
They also stressed that the extra time of computation dissipated on non-optimal generation of
associated Legendre functions typically results in a complexity of order O(N2

pix), whereas this

complexity is reduced to O(
√
Npix

3
) if one opts for Healpix pixelation. This improvement is of

purely geometric origin: The Legendre functions members of the spherical harmonics, which
must be generated via iterations and recurrences, are evaluated just once for each ring.
We also emphasize another heavy improvement which is the employment of the FFT when
computing the DHMs with Eq. (2.32).
The discussion above is illustrated in Table. 2.26, which includes the time for the extraction of
the QDHMs and QDHMs-Healpix descriptors without pre-calculating Legendre polynomials.
Regarding the computation of the quaternion moments, which necessitates the computation of
the conventional moments three times (for R, G, and B channels), we mention that we adopt
a parallel implementation (based on OpenMP, for shared memory architectures) in order to
compute the three moments of each channel in the same time.
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Table 2.7 Average time for the computation of QDHMs-Healpix and some of the
state-of-the-art quaternion moments (the image size is 128× 128)

QDHMs-Healpix QDHMs QBFMs QZMs QPZMs

0.0937s 1.1278s 1.3125s 1.6852s 2.7856s

Time in Table. 2.26 is expressed in seconds and represents the respective average time calcu-
lated on the totality of the COIL-100 data set (7200 images of size 128 × 128). The program
for the moments’ computation was implemented on a 64-bits ubuntu uni-processor, 2.5Ghz, 1
Go RAM, running on a virtual machine.
According to Table.2.26, the contribution of the QDHMs-Healpix is remarkable since the cal-
culation is roughly 12 times faster than the basic method.

2.4.5 Color Image Retrieval
We first fixed some parameters that allow the highest recall-precision rates using our QDHMs,
such as the maximum order nMax, similarity measure and color space. Then, a color im-
age retrieval comparison of the proposed descriptors and their competitors considering these
parameters was undertaken.

2.4.5.1 K-Nearest-Neighbor Search
In the following experiments, we will opt for the K-Nearest-Neighbor search (k-NN). In fact,
this latter aims at finding the top k points in a given set that are the closest to a given point.
Typically, this point is taken to be a multidimensional vector and closeness is taken to be the
dissimilarity measure, i.e., distance metric, which is of larger values when the objects are less
similar.
In this work, we perform image retrieval based on the k-nearest-neighbor search. First, we
extract the feature vectors from the color images in the database up to a maximum order nMax.
Then, we compute the dissimilarity between the query image descriptor (each image in the
database) and the database color images’ descriptors. Finally, we compute the recall-precision
at each value of k (1 ≤ k ≤M where M is the number of classes in the database).
In fact the recall and precision measures are defined by

precision =
No. of relevant retrieved images
total number of retrieved images

, (2.45)

recall =
No. of relevant retrieved images
total number of relevant images

. (2.46)

2.4.5.2 Effect of the Maximum Order
The goal of this experiment is to determine the optimal maximum order nMax. We extract the
descriptor of each image of the test set using the QDHMs up to different maximum orders (from
4 to 14). The respective recall-precision curves based on the Euclidean distance for similarity
measurement are given in Figure 2.27.
From this figure, we can clearly see that the discriminative power of the descriptor increases
with the increase of the order (in other words, the size of the descriptor), this is explained by
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Figure 2.27 Recall-precision curves for different maximum orders using the
QDHMs.

the fact that high dimensional feature vectors contain more information about the color image.
However, when the maximum order is up to 8 (Which corresponds to a size of the QDHMs
descriptor of 81), the performance of the QDHMs remains almost stable. And since the di-
mensionality of the feature vector influences considerably the time required for the similarity
measurement phase, the order nMax = 8 of the QDHMs is retained for the rest of the experi-
ments.

2.4.5.3 Effect of the Similarity Measure
This experiment aims to study the effect of the similarity measure on the retrieval performance
of our descriptor. To this end, different distances [Eqs. (2.47)-(2.51)] including Euclidean
distance, Canberra distance, Chi-squared distance, Squared-chord distance and Cosine distance
(Cha, 2007) are used to measure the similarity between two different feature vectors P and Q
of size d in the k-nearest-neighbor search.

Euclidean distance: deuc =

√√√√ d∑
i=1

|Pi −Qi|2, (2.47)

Canberra distance: dcan =
d∑
i=1

|Pi −Qi|
Pi +Qi

, (2.48)

Chi-squared distance: dchisq =
d∑
i=1

(Pi −Qi)
2

Pi +Qi

, (2.49)

Squared-chord distance: dsqc =
d∑
i=1

(
√
Pi −

√
Qi)

2, (2.50)
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Cosine distance: dcos =

√√√√ d∑
i=1

P 2
i

√√√√ d∑
i=1

Q2
i . (2.51)

We plot the recall-precision curves based on these different distances (nMax is set to 8). Results
are depicted in (Figure 2.28).

Figure 2.28 Recall-precision curves for different similarity measures using the
QDHMs.

The results indicate that our descriptor shows better performance using the Chi-squared distance
as a similarity measure for content-based color image retrieval.

2.4.5.4 Effect of the Color Space
This experiment aims to study the effect of the color space on the retrieval performance of our
descriptor. To this end, the testing images were converted into other color spaces such as HSV,
XYZ, LAB, LUV, YCrCB. The corresponding recall-precision curves based on the Chi-squared
similarity measure are displayed in (Figure 2.29) (nMax is set to 8).
From the results, one can conclude that the HSV color space is suitable for color image retrieval
using the QDHMs descriptor. Note that for each RGB pixel represented by a quaternion vector
f , HSV (hue, saturation, value) color space coordinates can be defined using some operations
on quaternions. The value component is the norm of the color’s orthogonal projection vector
(f.µgray)µgray on the gray axis µgray (µgray = (i + j + k)/

√
3). The saturation component is

the distance between the color vector f and the gray axis µgray. The hue component is the angle
between the color vector f and a color vector ν taken anywhere on the plane orthogonal to µgray
and which sets the zero hue reference angle (Denis et al., 2007).
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Figure 2.29 Recall-precision curves for different color spaces using the QDHMs.

In order to visually assess the benefit of the use of the HSV color space over the RGB color
space in content-based color image retrieval, we colored an apple shape using different shades
(Forming a set of 21 image each of size 256× 256). Then, we used the k-nearest neighbor clas-
sifier (where k=7) based on Chi-square distance to measure the correct classification percentage
(CCP) which is nothing but the precision given in Eq. (2.45).
As the hue is specified by an angle in degrees between 0 and 360, and both saturation and value
are specified by values between 0 and 1, it is obvious that we have used a normalization so as
the H, S and V are all between 0 and 255.
Figure 2.30 illustrates the results. The precision for the HSV color space is 78.91 % whereas
that for the RGB space is 76.19%. Though a small difference is obtained, it is more likely to
discriminate two objects with the same shape and different combinations of colors using the
HSV color space and the QDHMs.

2.4.5.5 Retrieval Comparison
In the previous subsections, we studied the effect of the maximum order, similarity measure and
color space on the retrieval performance of our QDHMs. The optimal parameters are recapitu-
lated in the following:
-The maximum order is nMax = 8 for the DHMs, the QDHMs, the QBFMs, the QPZMs, the
QOFMMs, nMax = 11 for the QZMs, nMax = 6 for the poFMD and nMax = 9 for the
CFMDi.
- The similarity measure used for the k-NN retrieval is the Chi-squared distance.
The retrieval performance of the QDHMs is compared to the classical DHMs in order to show
the improvement brought by integrating the color information. Figure 2.31 (a) and Figure 2.31
(b) show the corresponding recall-precision curves using the COIL-100 database images and
the ALOI-VIEW database images, respectively.
From these results, one can remark that the QDHMs give more efficient results than the DHMs.
This is explained by the fact that the transformation of the color images into gray-level ones
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Figure 2.30 Content-based color image retrieval by QDHMs (a) using the HSV
color space, (b) using the RGB color space. The first row in both (a) and (b)
represents the query images set. Each column is the result of the corresponding

query.

results in a significant loss of color information.
On the other hand, the retrieval performance comparison of the QDHMs’ descriptor and its com-
petitors using the COIL-100 and the ALOI-VIEW is illustrated in the recall-precision curves
that are plotted in Figure 2.31 (c) and Figure 2.31 (d), respectively.
The obtained results show that the QDHMs have the best discriminative power compared to the
other orthogonal quaternion-based moments as well as Clifford-based descriptors using both the
COIL-100 database and the ALOI-VIEW database. As a conclusion, our descriptor is effective
in CBIR regardless of the viewing direction of the object in the image.
On the other hand, we present a comparison between the QDHMs-Healpix and some state-of-
the-art quaternion moments including the basic QDHMs. Fig. 2.32 shows that the retrieval
quality obtained by the QDHMs-Healpix, in terms of recall-precision curves, remains compara-
ble to that of the basic version QDHMs. Besides, QDHMs-Healpix is roughly 12 times faster, as
has been reported in Table 2.7. We recall that the motivation behind the Healpix-based QDHMs
was to ensure an efficient computation while at the same time preserve the retrieval quality with
a good tradeoff quality/time. We also remark from Table. 2.8 that QDHMs-Healpix outperforms
some well-known quaternary moments for color image retrieval based on the recall-precision
curves using the Chi-squared distance.



Chapter 2. Proposed Quaternary Moments for Color Image Description 61

Figure 2.31 Comparative analysis of the discriminative power (recall-precision
rates) of (a) the DHMs and QDHMs using the COIL-100, (b) the DHMs and
QDHMs using the ALOI-VIEW, (c) the quaternion and Clifford based moments
using the COIL-100 and (d) the quaternion and Clifford based moments using the

ALOI-VIEW.
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Figure 2.32 Recall-Precision curves based on Chi-squared distance for the
QDHMs and the QDHMs-Healpix using (a) COIL-100 and (b) ALOI-VIEW

Table 2.8 Average precision based on the Chi-squared distance comparing the
QDHMs-Healpix and some well-known quaternion moments using both the

COIL-100 and ALOI-VIEW databases

QDHMs-Healpix QDHMs QPZMs QZMs QBFMs

COIL-100 0.5698 0.5658 0.5592 0.5391 0.5167

ALOI-VIEW 0.7385 0.7346 0.7276 0.6931 0.6225

2.5 Conclusion
In this chapter, we presented a set of quaternary moments as an adaptation of the spherical
harmonic transform (SHT) for color image description by using the algebra of quaternions.
On the one hand, the proposed moments use the associated Legendre polynomials which are
orthogonal on the unit disc. On the other hand, using the quaternions for representing the color
information is beneficial in the way that the three color components are integrated in a single
feature vector while preserving the correlation between them.
Three versions were proposed: (1) The quaternion disc-harmonic moments (QDHMs), which
are derived from the SHT using the same mapping sphere-disc as by Ennahnahi et al., 2010, (2)
the modified version of the QDHMs based on a more adequate mapping sphere-disc, and (3)
the healpix-based version for further enhancing the computational time.
The computation of the three QDHMs versions has been established via their conventional
versions DHMs of each color channel. Versions (1) and (2) calculation rely on doing a bunch of
discrete Legendre transforms, followed by a bunch of "regular" fast Fourier transforms (FFT).
This results in a fast computation of the moments. On the other hand, the healpix-based version
allows a 12-time faster computation.
The translation invariance was achieved by locating the origin of the coordinate system at the
color image centroid. The rotation invariance was easily obtained by taking the modulus of the
moments. And where image scaling is concerned, the normalization process is needed.
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We conducted several experiments in order to evaluate the performances of the proposed mo-
ments in terms of color image retrieval based on the k-nearest neighbor. We chose some
databases that are challenging in the way they present view-point changes, color illumination
and illumination direction changes, etc.
We first studied the impact of the maximum order nMax, the similarity measure and the color
space on the retrieval performance of our QDHMs. Then, we compared the discriminative
powers of the proposed descriptors with some well-known color image descriptors. It has been
shown that the QDHMs have better discriminative power compared to the DHMs and to most
of the existing quaternary and Clifford descriptors.
Another experiment has shown that the QDHMs-Healpix has comparable retrieval results as the
the basic version QDHMs. The former is advantageous as it is much faster.
The next chapter will be devoted to our parameter-free quaternary orthogonal moments for color
image retrieval and classification.
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Chapter 3

Proposed Parameter-Free Reformulation
of the Quaternary Moments

3.1 Introduction
All the state-of-the-art quaternary moments depend in their computation on a unit pure quater-
nion parameter µ = ai + bj + ck such that a, b, c ∈ R and ‖µ‖ = 1. Accordingly, an infinite
number of µ values can be used to construct the quaternary moments, which leads to various
results. Chen et al., 2014a discussed the choice of the parameter µ using 100 different values
including 94 random values as well as 6 values that are common in the literature, i.e.,
• i (Qi et al., 2008),
• j (Wei and Weijiang, 2010),
• (i+ k)/

√
2 (Guo and Zhu, 2011),

• (−2j + 8k)/
√

68 (Bas et al., 2003),
• (i + j + k)/

√
3 (Subakan and Vemuri, 2011; Bihan and Sangwine, 2003a; Bihan and

Sangwine, 2003b; Ell and Sangwine, 2007; Alexiadis and Sergiadis, 2009; Chen et al.,
2012; Shao et al., 2014),
• (i− j − k)/

√
3 (Moxey et al., 2003).

It has been shown that the optimal choice of µ is different for each type of quaternary moments;
however, µ = (i− j − k)/

√
3 presents the overall best performance.

Note that color image reconstruction is independent of the choice of the unit pure quaternion
parameter µ as the terms including µ in the inverse transform are eliminated by the corre-
sponding conjugate terms in the forward transform. This has been empirically validated by Li,
2013 who repeated the image reconstruction experiment 100 times using randomly generated
transform axis µ resulting in almost identical root mean square errors (RMSE). Note also that
µ = (i + j + k)/

√
3, the gray line in the RGB space or the luminance axis, is chosen in the

majority of the quaternary transforms due to its explicit physical meaning and symmetry.
Generally speaking, it is difficult to experimentally set the unit pure quaternion µ to its optimal
value, i.e., consuming in terms of computation and time. Furthermore, the estimated parameter
value may be dependent on the application and the type of quaternary moments.
Enlightened by Gough’s work (Gough, 1984) on quaternions and spherical harmonics, we pro-
pose a simple formulation of the quaternary orthogonal moments, which is free from any pa-
rameters, thus characterized by its simplicity and generality. We first provide the formula for the
computation of our parameter-free quaternary orthogonal moments (PFQOMs) as well as their
color image reconstruction capability. Then, we derive their invariants that are also robust to
photometric transformations. The performances of the proposed moments are evaluated against
the µ-based quaternary moments, the chromaticity moments (CM) (Paschos et al., 2003), the
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Legendre chromaticity distribution moments (LCDM) (Yap and Paramesran, 2006) as well as
the Clifford-based parallel-orthogonal Fourier-Mellin Descriptor (poFMD) (Mennesson et al.,
2014).

3.2 Parameter-Free Quaternary Moments
3.2.1 Quaternion-Valued Spherical Harmonics
Hamilton, 1844 introduced and developed the quaternion in the middle of the 19th century.
Although his invention was praised at that time, it was little practiced mainly because of the
emergence of vector algebra. In the 20th century, quaternions have been reawakened owe to the
many attempts to investigate their application in the theory of relativity and relativistic quantum
mechanics. For instance, Finkelstein et al., 1962 were the first to try to develop a kind of
quantum mechanics using quaternary coefficients instead of complex.
Later on, Gough, 1984 attempted to discuss the significant implications and applications of
the quaternions in three-dimensional quantum mechanics. For this purpose, he considered the
spherical harmonics (SHs), detailed in subsection 2.2.1. In his work, Gough, 1984 first pre-
sented some quaternion operators related to quantum mechanics including but not limited to the
quaternion equivalent of the vector ∇ operator, namely ∇q, the laplacian operator ∇q∇q and
angular momentum operators Lx, Ly, Lz, which are respectively given by:

∇q = i
∂

∂x
+ j

∂

∂y
+ k

∂

∂z
, (3.1)

∇q∇q = − ∂2

∂x2
− ∂2

∂y2
− ∂2

∂z2
, (3.2)

Lx = i

(
z
∂

∂y
− y ∂

∂z

)
, Ly = j

(
x
∂

∂z
− z ∂

∂x

)
, Lz = k

(
y
∂

∂x
− x ∂

∂y

)
. (3.3)

The author showed that∇2
q , L = Lx+Ly+Lz andL2

z−Lz are operators which all commute with
each other. This leads him to use the spherical harmonics (SHs), which are eigenfunctions of the
laplacian∇2

q , as an example to compound a complete orthonormal set of functions. These latter,
namely Un,m and Vn,m, are expressible as linear combinations, with quaternion coefficients, of
the spherical harmonics as follows:

Un,m = −(−1)n
(
n−m
2n+ 1

) 1
2

Bq_QSH
n,m+1 +

(
n+m+ 1

2n+ 1

) 1
2

Bq_QSH
n,−m , (3.4)

Vn,m = (−1)n
(
n+m+ 1

2n+ 1

) 1
2

Bq_QSH
n,m+1 +

(
n−m
2n+ 1

) 1
2

Bq_QSH
n,−m , (3.5)

where Bq_QSH
n,−m is the quaternion spherical harmonics (QSHs), defined, as the name indicates on

the sphere, as follows:

Bq_QSH
n,m =

√
(2n+ 1)(n−m)!

4π(n+m)!
Pn,m(cos(θ))ekmϕkn−mim, (3.6)
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where θ denotes the co-latitude, ϕ the longitude and Pn,m is the real-valued associated Legendre
polynomial. Note that ekmϕ, rather than eimϕ, must be used in this expression.
Further theorems on the functions Un,m and Vn,m have been established to highlight the power
of quaternion algebra over the vector algebra.
Eqs. (3.7) show the first Bq_QSH

n,m , which can be expressed in spherical coordinates or be alter-
nately written as functions of the Cartesian coordinates x, y and z.

n = 0

{
Bq_QSH

0,0 (θ, ϕ) =
1

2

1√
π

n = 1



Bq_QSH
1,−1 (θ, ϕ) =

1

2

√
3

2π
sin θe−kϕi =

1

2r

√
3

2π
(xi− yj)

Bq_QSH
1,0 (θ, ϕ) =

1

2

√
3

π
cos θk =

1

2r

√
3

π
zk

Bq_QSH
1,1 (θ, ϕ) = −1

2

√
3

2π
sin θekϕi =

1

2r

√
3

2π
(−xi− yj)

n = 2



Bq_QSH
2,−2 (θ, ϕ) = −1

4

√
15

2π
sin2 θe−2kϕ =

1

4r2

√
15

2π
(−x2 + y2 + 2xyk)

Bq_QSH
2,−1 (θ, ϕ) =

1

2

√
15

2π
sin θ cos θe−kϕj =

1

2r2

√
15

2π
(xzi+ xzj)

Bq_QSH
2,0 (θ, ϕ) = −1

4

√
5

π
(3 cos2 θ − 1) =

1

4r2

√
5

π
(x2 + y2 − 2z2)

Bq_QSH
2,1 (θ, ϕ) = −1

2

√
15

2π
sin θ cos θekϕj =

1

2r2

√
15

2π
(xzi− xzj)

Bq_QSH
2,2 (θ, ϕ) = −1

4

√
15

2π
sin2 θe2kϕ =

1

4r2

√
15

2π
(−x2 + y2 − 2xyk)

(3.7)

3.2.2 Quaternary Orthogonal Moments µ-based Computation
In this subsection, we provide the general formula for the computation of the state-of-the-art
quaternary moments. Note that in this thesis we focus on the quaternary moments with or-
thogonal basis function (QOMs) for color image representation. We recall that the advantages
of these moments is that they preserve the maximum information of shape and color. In fact,
the orthogonal basis functions are employed to deal with shape information while the color
information is integrated by using quaternions. Thus, the quaternary moments of order n and
repetition m of a color image f(r, ϕ), defined in polar coordinates, are formulated as follows:

QOMn,m(f) =

∫ 2π

0

∫ 1

0

f(r, ϕ)⊗ (Bµ
n,m)∗rdrdϕ, (3.8)

where ⊗ is the quaternion cross product and ∗ is the quaternion conjugate, respectively given in
Eqs. (2.19;2.16), [0, 1]× [0, 2π] refers to the unit disc and Bµ

n,m is the basis function expressed
as:

Bµ
n,m = Rn,m(r)eµmϕ, (3.9)

where R are the real-valued radial polynomials corresponding to the moments being calculated
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and eµmϕ is the quaternary kernel where µ is a unit pure quaternion parameter, such as µ =
ai+ bj + ck and ||µ|| = 1.
Table 3.1 presents some radial orthogonal polynomials R needed for the computation of their
corresponding moments as well as the conditions over n and m.

Table 3.1 Real-valued radial polynomials R needed for the computation of some
orthogonal moments.

Disc-harmonic moments
Rn,m(r) =

√
(2n+1)(n−m)!

4π(n+m)!
Pn,m

(
cos
(
π
2
r
))

where Pn,m(x) is the real-valued associated Legendre polynomial.
The order n and repetition m verify the condition: |m| ≤ n

Zernike moments

Rn,m(r) = n+1
π

(n−|m|)/2∑
k=0

(−1)k(n−k)!

k!(n+|m|
2
−k)!(n−|m|

2
−k)!

rn−2k

The order n and repetition m verify the conditions: |m| ≤ n and n− |m| being
even

Bessel-Fourier moments
Rn,m(r) = 1

2πan
Jν(λnr)

where Jν(x) =
∞∑
k=0

(−1)k

k!Γ(ν+k+1)

(
x
2

)ν+2k is the 1st kind Bessel polynomial of order ν,

Γ(x) is the gamma function, λn is the nth zero of the Bessel polynomial
and an = [Jν+1(λn)]2 /2 is the normalization constant.

3.2.3 Parameter-Free Quaternion Orthogonal Moments
The state-of-the-art quaternary orthogonal moments are computed using basis functions that
depend on the choice of a unit pure quaternion parameter µ as shown in Eq. (3.9). Setting this
parameter to its optimal value is very consuming in terms of computation and time. Besides the
choice of µ is purely empirical and does not lie on any mathematical basis.
On the other hand, Gough, 1984 managed to mathematically construct a set of spherical har-
monics with quaternary coefficients (QSH) for application in three-dimensional quantum me-
chanics. The formulation of these QSH is simple as it consists of the introduction of post-
multiplicative quaternion phase factors into the complex-valued spherical harmonics. Inspired
by Gough’s work, we propose a set of parameter-free quaternary moments for describing color
images. In fact, the µ-dependent angular part eµmϕ in the definition of the conventional qua-
ternary moments [Eq. (3.9)] is replaced by the parameter-free angular part ekmϕkn−mim. This
latter is then multiplied by the corresponding moments’ real part radial orthogonal polynomials.
This results in a simple reformulation of the quaternary moments’ basis function, which is free
from any parameter as:

Bq
n,m = Rn,m(r)ekmϕkn−mim. (3.10)

Obviously, we could also have defined Bq
n,m to be Rn,m(r)imkn−mekmϕ, as the multiplication

of quaternions is not commutative. We note that, in this work, we adopted the expression in Eq.
(3.10). This latter is free from any parameter, unlike the basis function used by the state-of-the-
art quaternary moments given in Eq. (3.9).
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We show in Figure 3.1 visual representations of the four parts of the quaternion-valued harmonic
function (By replacing R in Eq. (3.10) with the dis-harmonic radial polynomials given in Table
3.1) of order up to n = 8 and 0 ≤ m ≤ n.

Figure 3.1 Parameter-free harmonic function up to order n = 8. At left, the top
triangle represents the first imaginary parts whilst the bottom triangle represents
the real parts. At right, the top triangle represents the third imaginary parts whilst
the bottom triangle represents the second imaginary parts. The repetitionm varies
between 0 and n. Green pixels represent regions where the function is negative,
blue ones represent where it is positive and the black ones are where the function

is zero.

Table 3.2 depicts the functions Bq
n,m for an order n up to 3, where Bc

n,m is the complex-valued
basis function expressed with ekmϕ instead of eimϕ.

Table 3.2 Parameter-free quaternary orthogonal basis function Bq
n,m up to order

n = 3 in case |m| ≤ n.

Bc
0,0

Bc
1,−1i Bc

1,0k Bc
1,1i

−Bc
2,−2 Bc

2,−1j −Bc
2,0 Bc

2,1j −Bc
2,2

−Bc
3,−3i −Bc

3,−2k −Bc
3,−1i −Bc

3,0k −Bc
3,1i −Bc

3,2k −Bc
3,3i

Consequently, the parameter-free quaternary orthogonal moments (PFQOMs) of order n and
repetition m of a color image f(r, ϕ) [Eq. (1.26)], defined in polar coordinates, are formulated
as follows:

PFQMn,m(f) =

∫ 2π

0

∫ 1

0

f(r, ϕ)⊗ (Bq
n,m)∗rdrdϕ, (3.11)
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Based on the Zero-Order Approximation, the PFQOMs for an image of size N × N can be
numerically computed as follows:

PFQMn,m(f) =

√
2π

N

N−1∑
i=0

N−1∑
j=0

f(r, ϕ)⊗ (Bq
n,m)∗. (3.12)

The proposed PFQOMs inherit the property of completeness and orthogonality of their basis
function on the unit disc according to the following formula:∫ 2π

0

∫ 1

0

[Bq
n,m]∗ ⊗Bq

n′,m′rdrdϕ = δnn′δmm′ , (3.13)

where δ is the Kronecker symbol.
This property makes the proposed moments free of shape information redundancy. Thus the
RGB image reconstruction from them is possible and it is obtained by:

f r(r, ϕ) =
n=nMax∑
n=0

m=n∑
m=−n

PFQOMn,m ⊗Bq
n,m. (3.14)

where f r(r, ϕ) is the reconstructed image up to the maximum order nMax.
In this work, we particularly address the case of the disc-harmonic moments, Zernike moments
and the Bessel Fourier moments.

3.3 Experimental Results
3.3.1 Color Image Sets
In addition to Columbia Object Image Library (COIL-100) (Nene et al., 1996) and Amsterdam
Library of Object Images (ALOI) Viewing Direction, Color Illumination and Illumination Di-
rection change (Geusebroek et al., 2005), whose structures are explained in subsection. 2.4.1,
two color face images are employed in the following experiments:
• The Faces96 collection of the University of Essex (Spacek, 2007), which is categorized

into 152 individuals, each with 20 images introducing significant head variations as shown
in Figure 3.2.

Figure 3.2 Some head variations of one individual from Faces96 collection.

• The Faces95 collection of the University of Essex (Spacek, 2007) (Figure3.3), which
consists of 72 individuals each with 20 images of size 180× 200 pixels (portrait format)
where the background is a red curtain. This collection is characterized by a large head
scale variation.
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Figure 3.3 Six images for one individual from Faces95 collection, showing some
major variation of head scale.

3.3.2 Color Image Reconstruction
We provide some color image reconstruction examples of the proposed PFQOMs. Particularly,
we consider the PFQDHMs, which are based on the associated Legendre polynomials. We first
compute the PFQDHMs up to nMax = 80 for four images, i.e., the standard Barbara and
Lena, an object image from Columbia Object Image Library (COIL-100) (Nene et al., 1996)
and a face image from Max Planck Institute faces database (MPIK) (Troje and Bülthoff, 1996).
Then we depict in Figure 3.5 the reconstructed color images and their NIRE [Eq. (2.35)] values
up to different values of nMax.

Figure 3.4 Reconstruction errors (NIRE) of the PFQDHMs up to orders from 10
to 80 with a step of 10 for the standard Lena and Barbara, a face image from

MPIK and an object image from COIL-100, all of size 128× 128.

It can be seen that the quality of the reconstructed color images from the PFQDHMs depends
on the size of the feature vector, i.e., the more quaternary coefficients the feature vector contains
the more the reconstructed image is faithful to the original image. Besides, even at low orders,
the reconstructed images are close to the original image and one can easily detect the shape of
the object contained in the image. Also from Figure 3.4, which represents the reconstruction
errors up to different orders, we remark that the lowest NIRE values are those of the object
image. Generally speaking, the PFQOMs possess a high capacity for representing the color
images content, especially object images.
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Figure 3.5 Example of reconstructed images of size 128 × 128 from the
PFQDHMs. The orders are 20,40,60 and 80.

3.3.3 Robustness and Invariance
The first 6 modulus-based PFQZMs invariants (up to nMax = 2) are reported in Table 3.3 for
rooster image, selected from Caltech 101 dataset (Fei-Fei et al., 2004), under various photomet-
ric and geometric transformations, i.e., Salt and pepper noise (3% and 5%), blur (15 and 30),
rotation (90◦) and scaling (50% and 150%). The corresponding mean squared errors (MSE) for
nMax varying between 5 and 45 with an increment of 5 are shown in Figure 3.6.
In fact, the MSE measures the difference between the modulus-based PFQOMIs of the original
image f and those of its transformed versions f t as follows:

MSE =
1

S

n=nMax∑
n=0

m=n∑
m=−n

(
||PFQOMn,m(f)|| − ||PFQOMn,m(f t)||

)2
. (3.15)
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where S is the size of the feature vector. Note that in case of the PFQZMs, the condition n−|m|
being even, is to be considered.

Table 3.3 Modulus-based PFQZMs invariants up to nMax = 2 for rooster image
(Fei-Fei et al., 2004) of size 300 × 300 under various photometric and geomet-
ric transformations. The last two columns represent the corresponding MSE for

nMax = 2 and nMax = 8, respectively.

One can see from these results that the PFQZMIs coefficients of the original image and its blur,
rotation and scale transformed versions are very similar regardless of the maximum order (MSE
≤ 0.64). On the other hand, the SP noisy versions are a bit far from the original image compared
to the other transformed images, but the MSE is still sufficient (MSE ≤ 4.62) to tell that the
PFQZMIs are robust against SP noise. In general, our low-order modulus-based PFQOMIs are
invariant to geometric transformations and are robust against various attacks.
Figure 3.6 also shows that generally the MSE decreases with the increase of the maximum
order. However, when it comes to highly blurred images, one can remark the opposite, i.e.,
as the maximum order increases, the MSE slightly increases. This behavior is obvious since
low-order moments have better tolerance to blur distortions of the image.
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Figure 3.6 Mean squared error (MSE) of the different transformed images up to
different orders.

3.3.4 Color Image Retrieval
In this subsection, we evaluate the retrieval performance, based on k-nearest-neighbor (k-NN),
of our PFQOMIs, i.e., PFQDHMs, PFQBFMs, PFQZMs against:
• Their µ-based versions,
• The chromaticity moments (CMs) (Paschos et al., 2003),
• The Legendre chromaticity distribution moments (LCDMs) (Yap and Paramesran, 2006),
• The Clifford-based parallel-orthogonal Fourier moments (poFMD) (Mennesson et al.,

2014).
Recall that the CMs (Paschos et al., 2003) are the regular moments of both the trace and the
distribution of the xy chromaticity space of a color image; therefore, require the construction
of the chromaticity histogram by quantizing the chromaticity space into histogram bins. On the
other hand, the LCDMs (Yap and Paramesran, 2006) are computed directly from the opponent
chromaticity space without the need to construct the chromaticity histogram. Both CMs and
LCDMs were applied for content-based image retrieval based on the L1 metric for similarity
measurement.
In this work, we compute the CMs for two quantization levels Q = 10, 20 and the poFMD
for the red bivector Bred. The quaternary moments we address are based on the Zernike radial
polynomials, the 1st kind Bessel moments and the associated Legendre polynomials (See Table.
3.1). For the µ-based quaternary moments, we set µ to (i− j − k)/

√
3 as established by Chen

et al., 2014a.
First, we extract the feature vectors up to nMax = 8 ( nMax = 8 is chosen based on the results
obtained in our first contribution detailed in Chapter 2), from the color images in the database.
Then, we compute the similarity between the query color image descriptor (each image in the
database) and the database color images’ descriptors. Finally, we compute the precision at each
value of k (1 ≤ k ≤ 72 for the COIL-100 and 1 ≤ k ≤ 20 for the Faces96 collection). We
report the precision using the first nearest neighbor (1-NN) in Table 3.4, then the overall average
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precision in Figs. 3.7 and 3.8.

Table 3.4 Precision in % using the first nearest neighbor (1-NN) for the different
color image moments when processing the COIL-100 and the Faces96 collections.

Bold characters refer to the results obtained by our moments.

PFQDHMs QDHMs PFQZMs QZMs PFQBFMs QBFMs poFMD LCDM CM10 CM50

COIL-100 100 99.91 99.91 99.89 99.46 99.38 99.56 96.51 92.96 86.38

Faces96 99.12 99.09 98.94 98.84 94.62 94.43 97.70 86.89 71.22 65.21

Figure 3.7 Average precision using different color image moments when process-
ing the COIL-100 database.

Figure 3.8 Average precision using different color image moments when process-
ing the Faces96 collection.

Note that for similarity measurement, the Chi-square distance is used with our parameter-free
quaternary moments, their µ-based versions and the poFMD while the L1 distance is employed
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with the CMs and the LCDMs as established in their original work (Paschos et al., 2003; Yap
and Paramesran, 2006).
According to Figure 3.7 and 3.8, we can see that our PFQOMs have discriminative powers
that are acceptable and comparable to their µ-based versions. This is because that the qua-
ternary orthogonal moments are based on orthogonal polynomials and take advantage of the
quaternary cross product; therefore, can efficiently capture the color and shape information in
an image. It is also seen that both the quaternary moments based on the associated Legendre
polynomials, i.e., PFQDHMs and QDHMs, and the Zernike radial polynomials yield the highest
retrieval rates compared to the moments based on the 1st kind of Bessel Fourier moments espe-
cially when dealing with images of faces captured on a complex background. The poFMD and
LCDM also allow satisfactory retrieval results comparable to those of the orthogonal moments.
Furthermore, the results of CMs are the worst and those with Q = 50 are slightly superior to
those with Q = 10.
In this experiment, we also measure the performance of the proposed methods based on the area
under the receiver operating characteristic (ROC) curve (AUC). In fact, the ROC is a plot of the
true acceptance rate (TAR=1-FRR, the false rejection rate) against the false acceptance rate
(FAR). These two latter metrics are computed at each threshold (20 different threshold values
are considered in this experiment) as follows:

FRR =
No. of false rejected genuine

No. of genuine accesses
, (3.16)

FAR =
No. of false accepted impostors

No. of impostor accesses
. (3.17)

Figure 3.9 and 3.10 show the ROC curves generated for the different color image moments
using the k-NN, whilst Table 3.5 tabulates the corresponding AUC values.
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Figure 3.9 ROC curves of different color image moments when processing COIL-
100 database.
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Figure 3.10 ROC curves of different color image moments when processing
Faces96 collection.

Table 3.5 Area under curve (AUC) in % for the different color image moments
when processing the COIL-100 and the Faces96 collections. Bold characters refer

to the results obtained by our moments.

PFQDHMs QDHMs PFQZMs QZMs PFQBFMs QBFMs poFMD LCDM CM10 CM50

COIL-100 87.95 87.81 87.63 87.33 84.77 84.46 89.41 88.55 83.33 86.10

Faces96 92.14 92.13 91.72 91.99 85.27 85.25 86.69 88.10 82.47 82.04

The AUC values obtained by the proposed quaternary moments confirm that they are effective
in CBIR regardless of the viewing direction of the object in the image or of the scale head
variations.

3.3.5 Color Image Classification
In this experiment, we evaluate the color image classification performance of our modulus-
based PFQOMIs fed into the Extreme Learning Machine classifier (ELM) (Ding et al., 2015).
First, we divide the database into a training set (70%) and a testing set (30%), for each of which,
we extract the color image moments up to nMax = 5 and normalize them using min-max.
Then, for training, we feed the color image features of the training set into an ELM classifier to
learn its optimal parameters. As for testing, we use the learned weights to compute the output
and provide the final decision based on the maximum of these outputs.
Note that the number of ELM’s input layer nodes is the number of the moments’ coefficients,
e.g., 36 for PFQDHMs, PFQBFMs, QDHMs and QBFMs and 21 for PFQZMs and QZMs,
whilst the number of output layer nodes is the number of classes (100 classes for both COIL-
100 and Faces96). Also, the classification accuracies, presented hereafter, are average values in
10 trials using the same combinations of training/test samples. In fact, the ELM gives slightly
different classification accuracies every time it is trained even though the training and test data
is the same. This is due mainly to the random weights assigned every time it is trained.
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The classification accuracy is measured as follows:

Classification accuracy =
No. of correctly classified images

total number of images in testing set
. (3.18)

The classification results using an ELM with different numbers of hidden layer nodes are illus-
trated in Figure 3.11. Also in Table 3.6, we recapitulate the highest classification results.

Figure 3.11 Classification accuracies in % of different color image moments us-
ing an ELM with different numbers of hidden layer nodes when processing (a)

COIL-100 database and (b) Faces96 collection.

Table 3.6 Classification accuracies in % for the different color image moments
using the ELM with 600 hidden layer nodes when processing the COIL-100 and
with 280 hidden layer nodes when processing Faces96 collection. Bold characters

refer to the results obtained by our moments.

PFQDHMs QDHMs PFQBFMs QBFMs PFQZMs QZMs poFMD LCDM CM50 CM10

COIL-100 93.55 92.57 89.76 89.21 88.09 84.72 89.74 22.52 17.40 17.77

Faces96 93.92 94.61 83.34 82.5 93.6 90.6 89.01 74.74 64.34 55.58

One can see from the results that (1) Generally, our PFQOMs yield higher classification ac-
curacies compared to their µ-based version dealing with both the COIL-100 and the Faces96
collections regardless of the ELM’s hidden layer nodes number. (2) The PFQDHMs and the
QDHMs are the most performing in recognizing objects and are comparable to the PFQZMs
when dealing with faces captured on complex background. (3) The classification accuracies
generally increase with the increase of the ELM’s hidden layer nodes number. (4) The orthog-
onality property of the quaternary orthogonal moments make them capable of capturing both
the shape and the color information; thus, they all allow significant classification accuracies
(≥ 84.72 for COIL-100 and ≥ 82.5 for Faces96).
In another test, we fix the number of hidden layer nodes of the ELM to 600 and 280 for COIL-
100 and Faces96, respectively, then we vary the maximum order between 4 and 8 with a step of
1. The classification results are shown in Figure 3.12.
The results show that there is a significant difference between the classification accuracies of
the quaternary moments at nMax = 4 and at nMax = 5. On the other hand, when the
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Figure 3.12 Classification accuracies in % of different color image moments up to
different maximum orders nMax using the ELM when processing (a) COIL-100

database and (b) Faces96 collection.

maximum order exceeds 5 (nMax ≥ 5), the classification accuracies increase slightly and then
begin to decrease. This is due to over-fitting, which is usually caused by a bad sizing of the
structure used to classify, i.e., wrong choice of the number of hidden layer nodes and input
nodes. Therefore, in these experiments, nMax = 5 with 600 and 280 as numbers of hidden
layer nodes for COIL-100 and Faces96, respectively, seems to be an optimal combination to
define the size of the ELM structure.

3.3.6 Computational Time
In this experiment, we investigate the time consumed in the computation of the different color
image moments for an image of size 128×128. At each maximum order nMax varying between
5 and 30 with a step of 5, we report, in Table 3.7 and Figure 3.13, the times in seconds elapsed
in the computation of different color image moments and the corresponding feature vector size,
respectively. The experiment is carried out on a personal computer i3-2310M 2.10 GHz CPU,
4 Go RAM.

Table 3.7 Elapsed CPU times in seconds for the computation of different color
image moments of an image of size 128 × 128 up to different maximum orders

nMax.

nMax
PFQDHMs QDHMs PFQBFMs QBFMs PFQZMs QZMs LCDM CM50 CM10 poFMD

5 1.03 1.37 1.63 1.97 0.78 0.98 1.63 1 0.94 0.13

10 3.96 4.68 5.53 6.63 2.78 3.44 4.74 3.17 3.13 0.13

15 8.26 10.31 11.62 14.03 9.01 10.87 9.96 6.65 6.38 0.14

20 15.08 18.26 19.98 24.06 18.14 20.38 18.27 11.3 10.96 0.19

25 24.95 29.00 30.64 36.88 47.69 51.22 28.78 16.82 16.67 0.25

30 33.53 42.21 43.64 52.49 140.09 144.68 44.32 23.99 23.4 0.33
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Figure 3.13 Feature vector size for each of the color image moments up to
different maximum orders nMax. The size of the PFQDHMs, PFQBFMs,
QDHMs and QBFMs is (nMax + 1)2 moments, of the PFQZMs and QZMs is
(nMax+ 1)(nMax+ 2)/2) moments, of LCDM is nMax(nMax+ 3)/2 mo-
ments, for CM is (nMax+1)(nMax+2) moments and for poFMD is 2nMax2

moments.

From the results, one can remark that:
(1) the computation of the proposed PFQOMs is generally slightly faster than their µ-based
version especially for high-order moments. And since the basis functions Bµ

n,m [Eq. (3.9)]
and Bq

n,m [Eq. (3.10)] are independent from the image content, they can be pre-computed and
stored; therefore, not be considered. On the other hand, since f(r, ϕ) is a pure quaternion, i.e.,
the real part is set to zero and the µ-based Bµ

n,m, where µ = (i− j− k)/
√

3 is a full quaternion,
i.e, all the four parts are non-zero; their quaternary inner product f(r, ϕ)⊗Bµ

n,m necessitates 12
multiplications and 8 additions. For an image with size N ×N , the total number of operations
is 12N2 multiplications and 8N2 additions. Regarding our PFQOMs, one can remark from
Table 3.2 that the parameter-free Bq

n,m is a quaternion where only two parts are non-zero. Thus,
the quaternary inner product f(r, ϕ) ⊗ Bq

n,m involves only 6 multiplications and 2 additions
resulting in a total of 6N2 multiplications and 2N2 additions for an image with size N × N .
From this analysis, our PFQOMs can be 2 times faster than their µ-based version if we do not
consider the computation of their basis functions.
It is also worth noting that µ = (i − j − k)/

√
3 could not be the optimal value for a given

application. Finding optimal µ among a set of infinite number can be very time consuming
and computationally expensive. For instance, Chen et al., 2014a discussed the choice of this
parameter for different applications (color image reconstruction, face recognition and image
registration) and using 100 different values of µ, and found out that the performances of these
moments seem to be very close. Therefore, a good choice of µ could slightly increase the
moments retrieval performance but to the detriment of the computational time; therefore, the
retrieval performance/Computational time is a trade-off to be examined when deciding which
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method is more suitable for a given retrieval setting.
In sum, our moments have an advantage over the µ-based moments in terms of time requirement
while allowing satisfactory color image retrieval performances.
(2) The computational time of the moments is generally proportional to size of the feature
vector.
(3) The radial polynomials needed for the computation of the PFQZMs and the QZMs are
based on factorial terms which gives them a high-computational complexity; Thus, they are
slow compared to the others.
(4) The PFQDHMs and the QDHMs are generally fast as they are based on the associated
Legendre polynomials expressed by recurrences rather than factorial terms.
(5) The computational time for the CM is slightly affected by the quantization level Q.
(6) The Clifford-based poFMD is the fastest among the moments and its calculation is not
proportional to the vector size.

3.4 Conclusion
In this chapter, we have introduced a parameter-free formulation of the quaternary orthogonal
moments (PFQOMs), whose modulus-based invariants were investigated for both color image
retrieval and classification.
The proposed PFQOMs have a significant color image reconstruction capability, and are robust
to various photometric transformations as well as invariant under geometric transformations.
Besides, their performances were compared to those of the state-of-the-art µ-based quaternary
moments, the chromaticity moments, the Legendre chromaticity distribution moments as well
as the Clifford-based parallel-orthogonal Fourier Mellin descriptor. With regard to color image
retrieval, the k-nearest-neighbor has been used together with the Chi-squared distance as simi-
larity measure. It has been shown that the discriminative powers of the proposed PFQOMs are
satisfactory and comparable to their µ-based versions dealing with both COIL-100 and Faces96
collections.
As for color image classification, we have employed the extreme learning machine classifier
(ELM) as it is known for its efficiency. High classification results were generally observed
thanks to the orthogonality property of the moments. Particularly the parameter-free quaternary
orthogonal moments yield good results in recognizing objects and faces.
Furthermore, the parameter-free formulation of the quaternary moments allows a faster compu-
tation compared to their µ-based versions.
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Chapter 4

Proposed Color Image Classification
Method

4.1 Introduction
Image classification is an active research topic in the field of pattern recognition and computer
vision. This task is challenging in the way that the image is subject to various changes including
linear transformations and photometric transformations. For the purpose of pattern recognition,
numerous classification methods have been proposed. These methods can be divided into two
categories: shallow methods and deep learning methods.
The shallow methods consist of (1) a hand-crafted feature extraction, in which the image feature
descriptor is extracted allowing to reduce dimensionality as well as guarantee invariance to the
different image variations and transformations, then (2) feature classification where the hand-
crafted descriptor is fed into a certain classifier that outputs the class to which this pattern or
image belongs. This kind of methods are achieving great success in object recognition, face
recognition and texture classification.
On the other hand, the deep learning methods rely more on fully automatic learning by adopting
a multi-level architecture. In fact, deep learning methods are directly fed with images, rather
than feature vectors, which allows both feature extraction and classification.
Recently, many researchers have been investigating the extension of these methods (Both cat-
egories) to deal with multi-dimensional signals, such as color images, by using the algebra of
quaternions. In this context, we propose a shallow color image classification method, which
is based on our parameter-free quaternion disc-harmonic moments (PFQDHMs), presented in
chapter 3 and a quaternary neural network that is the quaternary extreme learning machine
(QELM) (Minemoto et al., 2016a). The objective is to confirm the relevance of our quaternary
descriptor and validate it as part of an image classification system. The basic idea is to keep
the quaternary form of the coefficients composing the PFQDHMs descriptor instead of being
restricted to the moment’s modulus. In addition, it is expected that neurons with quaternary
compact representation and operations would be useful for classifying color images based on
four-dimensional descriptors.
Our quaternary method is distinguished from the marginal methods, i.e., feeding the four parts
of the quaternary coefficients separately into real-valued classifiers. In fact, the marginal meth-
ods face many issues such as degrading performance, dimension curse as well as the loss of
correlation between the four parts, real and imaginary, of the quaternary descriptor coefficients.
This chapter first presents a review of the most well-known real and quaternary machine-
learning algorithms. Then, it details our contribution in which we show how these classifiers
can be adapted to cope with the quaternary invariants that can be either real valued, i.e., based
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on the modulus, or quaternion valued. Afterward, we present our color image classification
method, which will be evaluated using different challenging color image collections.

4.2 Review of Machine-Learning Algorithms
Dealing with multi-dimensional signals, such as quaternion-valued descriptors, is deemed to be
an important issue in artificial neural networks (ANN). These latter consist of many intercon-
nected neurons that accept only real-valued signals for their input, hidden states, and output.
Intuitively, neural networks can cope with mutli-dimensional signals by configuring neurons
so that each of them covers each part of these signals. However, this configuration does not
take into account the natural dependency between the parts of these multi-dimensional signals,
which should be processed as a single entity.
For 2-dimensional signals, many applications of complex-valued neural networks have been ex-
tensively investigated (Hirose, 2004; Hirose, 2006; Nitta, 2009). These works have motivated
the extension of real-valued neural networks to handle signals with more than two dimensions.
For instance, one can opt for quaternion neuron representations and operations, which is ex-
pected to be useful for processing three and four-dimensional signals. In addition, Clifford
numbers can be employed for dealing with more than four-dimensional signals.
This section provides an extensive review regarding real-valued, quaternion-valued and
Clifford-valued neural networks.

4.2.1 Real-valued Machine Learning Algorithms
4.2.1.1 Feed-Forward Neural Networks
Artificial neural networks (ANNs) are being widely used in a range of applications with pre-
diction or classification problems in fields such as finance, medicine, engineering, geology and
physics. Inspired by the biological nervous system, McCulloch and Pitts, 1943 were the first to
introduce the notion of artificial neural networks. In fact, the nervous system is a net of cells,
or neurons, which work by sending electrical signals from one to another. Figure 4.1 shows a
neuron, which contains a cell body or soma and an axon. The main task of soma is to receive
signals from other neurons while the axon communicates a chemical message to another nerve
or muscle.

Figure 4.1 Structure of a typical neuron.



Chapter 4. Proposed Color Image Classification Method 83

According to McCulloch and Pitts, 1943, a single neuron passes the weighted sum of its inputs
via an activation function to produce the output as shown in Figure 4.2. The weighted sum is:

xi =
l=L∑
l=1

wliIl, (4.1)

where I is the input, w is the weight and L is the number of nodes from the layer that feeds the
node i.
The output of a node i, in turn, is computed as:

yi = f(xi), (4.2)

where f(x) is the activation function that can take many forms such as linear, threshold, sigmoid
or with radial basis as follows (Huang and Babri, 1998):

Linear activation f(x) = βx, (4.3)

Threshold activation f(x) =

{
1 x ≥ θ

0 x < θ
(4.4)

Sigmoid activation f(x) =
1

1− e−γx
, (4.5)

Radial-basis activation f(x) = exp−(x− µ)2

σ2
, (4.6)

where β, θ, γ, σ, µ are the activation parameters.

Figure 4.2 Single neuron proposed by McCulloch and Pitts, 1943.

Feed forward neural networks (FFNN) consist of layers classified into input, hidden and output.
There is only one input layer and one output layer while the number of hidden layers can be
unlimited. Each layer is composed of nodes that activate the nodes in the subsequent layer.
Indeed, the activation flows from the input layer to the hidden layers until reaching the output
layer. Figure 4.3 shows the structure of a three-layer neural network.
Obviously, each layer has different numbers of neurons. In image classification, the input layer
contains a number of neurons that is equal to the number of image pixels or bands. The output
layer, in turn, has a number of nodes that is equal to the number of classes. On the other hand,
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Il: The input signal of neuron l.
Hm and θm: The output signals and
threshold of the hidden neuron m.
On, Tn and γn: The output signals, tar-
get output signals and threshold of the
output neuron n.
Wml: The weight between the input
neuron l and the hidden neuron m.
Vnm: The weight between the hidden
neuron m and the output neuron n.

Figure 4.3 Structure of a three-layered neural network.

the number of neurons in the hidden layer is determined through experiments. In this context,
many researchers have tried to propose formulas for empirically setting the number of hidden
layer nodes. Sheela and Deepa, 2013 established a review of the literature on the methods to fix
the number of hidden layer nodes in artificial neural networks. Note that increasing the number
of nodes in the hidden layer slows down the training process and can also result in overfitting.
This latter occurs when the amount of information contained in the training set is not enough to
train all of the neurons in the hidden layer.
Assume L,M,N are the number of nodes in the input layer, hidden layer and output layer
respectively, then, one can start the training by fixing the number of hidden layer nodes M
using one of these methods:
• L ≤M ≤ N ,
• M = 2

3
(L+N),

• M ≤ 2L

As for the initial values of the weights, they should be both unequal and small. From the one
hand, the inequality of the initial weights is required to make the network learn adequately. On
the other hand, the initial weights should be small so that the weights can be updated propor-
tionally to the derivative of the activation function.
Artificial neural networks are trained by examples before they can be used. In case of supervised
learning, the connection weights and the neurons’ thresholds are adjusted so as to minimize the
error between the output signal and the target signal in the training stage and using the training
data set. Then, in the execution or testing stage, the trained networks with the learned parame-
ters will be used to directly compute the output corresponding to the input pattern. Obviously,
this latter stage is much faster.
In this work, we investigate two supervised learning algorithms, i.e. the back-propagation al-
gorithm and the extreme learning machine, which aim to minimize the error between the actual
network outputs and the desired or target output by changing the values of the weights in the
network. Note that thresholds can also be affected to the nodes of the neural network; therefore,
learning will also adjust these threshold parameters. For more details about artificial neural
networks, we refer to the book by Rojas, 1996.
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4.2.1.2 Back-Propagation Neural Networks
The back-propagation (BP) learning algorithm was first introduced by Werbos, 1974 in his PhD
thesis, then by Rumelhart et al., 1988. After that BP became extensively used in a wide range
of applications.
The back-propagation neural network (BPNN) is a learning multilayer neural network where
each connection has a weight assigned to it. All the weights and thresholds are randomly ini-
tialized. The inputs are first propagated forward until reaching the output layer, then the network
parameters are adjusted so as to minimize the mean squared error between the predicted (output)
and the attribute class using gradient descent, for example. This is repeated until the terminating
conditions are verified, e.g., a given number of iterations or a given error threshold.
We assume that no thresholds are affected to nodes in the BPNN, then the output On of a node
n is defined as:

On = f

(
M∑
m=1

Vnmf

(
L∑
l=1

WmlIl

))
, (4.7)

where f(x) is an activation function.
Once the output layer is reached, we need to define the total error. This latter is the sum of
the errors, i.e., difference between the output signal On and the target signal Tn, of each output
node. Intuitively, we need to take the square of these differences before summing them up so
that the negative and positive errors do not cancel each other out. Finally, we scale this quantity
by 1/2 to obtain the final total error E as follows:

E :=
1

2

N∑
n=1

(Tn −On)2 , (4.8)

where N is the number of output layer nodes.
Figure 4.4 illustrates data classification using a back-propagation neural network (BPNN).

Figure 4.4 Classification using the back-propagation neural networks (BPNN):
(a) training process to find the optimal parameters, i.e., weights and thresholds of

BPNN; (b) the classification process using the trained BPNN.
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Thanks to its high classification performance, the back-propagation algorithm is considered to
be one of the most well-known artificial neural networks learning algorithms. However, it still
encounters several limitations, recapitulated in the following:
• The BPNN requires a long time to learn and converge.
• As the BPNN is based on a supervised learning algorithm, numerous input-output training

examples are required. In addition, the selected training data affects significantly the
accuracy of the output. Consequently, a well-selected training data is required for high-
quality classification results.
• The stochastic gradient descent, employed by the BPNN, exists on a surface which is

not flat (cf. Figure 4.5). Therefore, the BPNN may achieve any local minimum, i.e., an
error that is lower than the surrounding but is not the smallest possible one, on the error
surface. In addition, the network is likely to get stuck in this local minimum, thus, it is
not guaranteed that the network will converge to an acceptable output.

Figure 4.5 Example of local minima of an error function.

Many improvements have been made in the literature to overcome the two main drawbacks of
the BPNN, i.e., learning time and local minimum convergence. The first modification consists
of introducing the notion of momentum into the weights correction task. The purpose of the
momentum is to orient the gradient of the error function to the center of the error surface. This
term will help the network weights to pass the local minimum as well as speed up the learning
process as well.
Another BPNN improvement consists of using the Levenburg-Marquardt training algorithm
(LM algorithm) (Hagan and Menhaj, 1994), which is more stable. In fact, like the aim of gradi-
ent descent, Levenburg-Marquardt provides a numerical solution to the problem of minimizing
a nonlinear function over its space parameters.
Other improvements in the back-propagation algorithm’ efficiency and optimality have been
proposed. We cite, for example, the second order optimization methods (Hagan and Menhaj,
1994; Wilamowski and Yu, 2010), subset selection methods (Chen et al., 1991; Li et al., 2005)
as well as global optimization methods (Yao, 1993; Branke, 1995).
In the same line, Huang et al., 2006b proposed the extreme learning machine (ELM) for single-
hidden layer feed-forward neural networks (SLFNs) which tends to provide good generalization
performance at extremely fast learning speed. The ELM will be detailed in the next subsection.
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4.2.1.3 Extreme Learning Machine
Traditionally, all the parameters (weights and thresholds) of the feed-forward neural networks
need to be tuned for training. Besides, gradient descent-based learning methods are generally
very slow due to the many iterative learning steps required to obtain better learning perfor-
mance and may easily converge to local minimum. All these drawbacks of gradient descent-
based learning methods have motivated Huang et al., 2004; Huang et al., 2006b to propose
the extreme learning machine (ELM). This latter is a single-hidden layer feed-forward neural
network (SLFN) whose learning speed can be thousands of times faster than traditional feed-
forward network learning algorithms like the back-propagation algorithm while obtaining better
generalization performance.
In fact, the extreme learning machine (ELM) has the same architecture as a three-layered back-
propagation neural network except that the weights between the input layer and the hidden
layer as well as the thresholds of the hidden neurons are fixed randomly and never changed,
whereas the remaining weights are calculated by solving a least squares optimization problem.
The extreme learning machine needs only a single feed-forward pass and no gradient operators;
therefore, known for its efficiency.
Huang et al., 2004; Huang et al., 2006b drew up the conclusion that their ELM has several in-
teresting advantages compared to the traditional gradient-based learning algorithms, e.g., back-
propagation algorithm, for feed-forward neural networks. These advantages can be recapitu-
lated in the following:
• The extreme learning machine learning speed is extremely fast.
• The extreme learning machine has better generalization performance compared to the

popular gradient-based learning methods.
• The extreme learning machine tends to reach the solutions straightforward and prevents

the issues of the gradient-based learning algorithms including local minimum, inadequate
learning rate and overfitting.
• The extreme learning machine learning algorithm could be used to train single-hidden

layer feed-forward neural networks with many non-differentiable activation functions
(Huang et al., 2006a), unlike the conventional gradient-based learning algorithms, which
require differentiable activation functions.

In the work by Chazal et al., 2015, a classification performance comparison between the back-
propagation neural networks and the extreme learning machine was conducted using the MNIST
(Modified National Institute of Standards and Technology) database processing raw pixel val-
ues. Giving the same topology to both back-propagation neural networks and extreme learning
machine, the authors found out that a larger number of hidden nodes was required for the ELM
in order to give a comparable classification performance as the back-propagation neural net-
works.
Many variations of the extreme learning machine were introduced, such as the regularized ex-
treme learning machine (RELM) (Deng et al., 2009b) which combines structural risk mini-
mization theory and weighted least squares method and extreme learning machine with kernel
(KELM) (Huang and Siew, 2004; Frénay and Verleysen, 2011; Huang et al., 2012; Iosifidis
et al., 2015) which introduced kernel function into ELM.
For more information about the extreme learning machine learning algorithm, we refer to the
works by Huang, 2015; Huang et al., 2015.
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4.2.1.4 Least Squares Support Vector Machines
The least squares support vector machine (LS-SVM), which is a kernel-based learning method,
is a least squares version of the well-known support vector machine (SVM) (Cortes and Vapnik,
1995). The LS-SVM was first introduced by Suykens and Vandewalle, 1999 and follows from
solving a set of linear equations, instead of quadratic programming (QP) for SVM.
Suykens and Vandewalle, 1999 showed that a least squares SVM with radial basis function
(RBF) kernel allows excellent generalization performance for a complicated two-spiral classi-
fication problem. This is illustrated in Figure 4.6. In addition, LS-SVM is characterized by
a low computational cost and by being free of local minima as it is the solution to a convex
optimization problem.

Figure 4.6 The excellent generalization performance of the least squares support
vector machine (LS-SVM) with RBF kernel on a two-spiral benchmark problem

(Suykens and Vandewalle, 1999).

Gestel et al., 2004 employed twenty UCI (University of California, Irvine) binary and multi-
class benchmark datasets (Lichman, 2013) to evaluate the LS-SVM classifier performance using
different kernels, e.g., linear, polynomial and radial basis function (RBF) in comparison with
different classification methods, i.e., the SVM classifier with linear and RBF kernel, decision
tree C4.5 (Quinlan, 1993), Holte’s one-rule classifier (Holte, 1993), linear discriminant analysis
(LDA) (Bishop, 1995), quadratic discriminant analysis (QDA) (Duda and Hart, 1973), logis-
tic regression (Ripley and Hjort, 1995), instance based learners (Aha et al., 1991) and Naive
Bayes (John and Langley, 1995). It has been shown that LS-SVM with RBF kernel and cross-
validation tuning of the hyperparameters perform better than the other classifiers. In addition,
the LS-SVM sparse approximation procedure can be successfully applied.

4.2.1.5 Deep Learning Algorithms
Deep learning classification methods are multi-layer networks, which have been introduced
for both feature extraction and classification. In fact, the key idea behind such methods is to
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Figure 4.7 Network architecture proposed by LeCun et al., 1989 for recognizing
handwritten zip codes.

build better pattern recognition systems that rely more on automatic learning unlike the shallow
networks which require hand-crafted feature extraction.
The most well-known deep learning methods are the convolutional neural networks (CNN),
which have known a great success since their introduction by LeCun et al., 1989, thanks to
three main factors:

1. The availability of low-cost machines with fast arithmetic units such as graphic processing
units (GPU) (Steinkraus et al., 2005), which yield a faster training and testing.

2. The availability of large databases, such as databases for handwritten recognition.
3. The availability of high-performing machine learning methods when fed with large

datasets.
Unlike shallow networks, convolutional neural networks are directly fed with images, rather
than feature vectors. Indeed, (1) the input image is passed through convolution layers to extract
highly-dimensional features, then (2) the pooling layers reduce feature dimensionality. Finally
(3) this feature representation is flew into a fully connected neural network for classification.
Many gradient-based convolutional neural networks variations have been proposed in the lit-
erature for many computer vision tasks. We cite the pioneer work by LeCun et al., 1989 who
managed to incorporate the 2D shape invariance by using local connection patterns and impos-
ing constraints on the weights. Figure 4.7 illustrates the three-hidden-layer network proposed
by LeCun et al., 1989 for handwritten zip code recognition. Later on, Lecun et al., 1998,
Krizhevsky et al., 2012 and Kavukcuoglu et al., 2010 introduced variations of CNNs.
Many other deep learning architectures have been proposed such as deep belief networks
(DBN) (Hinton et al., 2006), deep Boltzmann machines (DBM) (Salakhutdinov and Hinton,
2009), deep autoencoder (Hinton and Salakhutdinov, 2006), sparse coding (Olshausen and
Field, 1996), local coordinate coding (LCC) (Lin et al., 2010; Yu et al., 2009), principal
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component analysis networks (PCANet) (Chan et al., 2015), recurrent convolutional neural
networks (RCNN) (Liang and Hu, 2015) and convolutional extreme learning machines with
kernel (CKELM) (Ding et al., 2017).

4.2.2 Quaternion-Valued Machine Learning Algorithms
Many quaternary and Clifford versions of well-known classification algorithms (either shallow
or deep learning) have been proposed in the literature allowing to deal with multi-dimensional
signals. We cite for example the quaternionic Hopfield neural networks and its variations
(Isokawa et al., 2006; Minemoto et al., 2016b; Valle and Castro, 2017; Kobayashi, 2017a;
Kobayashi, 2017b), the twisted quaternary neural networks (Kobayashi and Nakajima, 2012),
the quaternion and Clifford support vector machine classifier (López-González et al., 2014;
Bayro-Corrochano and Arana-Daniel, 2010), quaternion softmax classifier (Zeng et al., 2014),
Clifford neural networks (Buchholz et al., 2007; Buchholz and Sommer, 2008), quaternion-
based deep belief networks (QDBN) (Papa et al., 2017) and quaternion principal component
analysis network (QPCANet) (Zeng et al., 2016). Note that all the parameters, input and out-
put of these quaternary classification algorithms are quaternion-valued and all the mathematical
operations are governed by the quaternion algebra.
In this work, we describe two state-of-the-art quaternary classifiers that are the quaternion back-
propagation neural networks (QBPNN) (Nitta, 1995; Arena et al., 1997) and the quaternion ex-
treme learning machine (QELM) (Minemoto et al., 2016a). Both of them are multilayer neural
networks, they have the same structure and perform almost the same feed forward algorithm but
use different learning algorithms.

4.2.2.1 Quaternion Back-Propagation Neural Networks
The quaternion back-propagation neural network (QBPNN) is an extended version of the back-
propagation neural network (BPNN) where all inputs, outputs, weights and thresholds are
quaternary-valued. The pioneer works of the quaternary version of the back-propagation neural
network were introduced by Nitta, 1995; Arena et al., 1997. Using a simple example on qua-
ternary patterns, the authors concluded that the QBPNN converges faster than its conventional
version BPNN. Furthermore, the quaternion back-propagation neural network was recently ap-
plied in color face recognition using the quaternion Zernike moments Shu et al., 2014 and other
quaternion-type moments (Chen et al., 2014a) as input.
The quaternion back-propagation neural network consists of:
(1) feed forward propagation: The output On of a node n is defined as:

On = f

(
M∑
m=1

Vnm ⊗ f

(
L∑
l=1

Wml ⊗ Il + θm

)
+ γn

)
, (4.9)

where f(x) is an activation function, the sigmoid function in this work, defined as:

f(x) =
1

1 + exp(−x)
(4.10)

As x is a quaternion, one can compute f(x) simply by splitting the activation function as fol-
lows:

f(x) = f(xa) + f(xb)i+ f(xc)j + f(xd)k, (4.11)
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(2) Back-propagation: This step allows to learn the new quaternion back-propagation neural
network parameters (thresholds and weights) that help minimizing the square error between the
obtained output On and the wanted output Tn. We note that a pattern can have only one positive
target 1 + i+ j + k corresponding to the class to which it belongs, and the others are all 0.
For each pattern, one can compute the square errorE between the output signals of theN output
neurons and the corresponding targets as follows:

E =
1

2

N∑
n=1

|Tn −On|2 (4.12)

For a sufficiently small constant learning rate α, and using a steepest descent method, one can
compute the aforementioned parameters variations as follows:

∆γn = α(Tn −On) • (1−On) •On, (4.13)
∆Vnm = H∗m ⊗∆γn, (4.14)

∆θm = (1−Hm) •Hm •

[∑
n

(Tn −On)⊗ V ∗n,m

]
, (4.15)

∆Wml = I∗l ⊗∆θm. (4.16)

Then, the old parameters old are substituted with new ones new according to the following:

new = old+ ∆old. (4.17)

As far as testing is concerned, the predicted class of a pattern is computed by retaining the
minimum quaternion vector distance between the output signal On, 1 ≤ n ≤ N and all the
existing classes.
Although the quaternion back-propagation neural network may lead to high classification ac-
curacies, it suffers, just like its conventional version BPNN, from its dependance on several
parameters, i.e., the learning rate, the number of iterations and the number of hidden layer
nodes, as well as from being time consuming.

4.2.2.2 Quaternion Extreme Learning Machine
Unlike the quaternion back-propagation neural network (QBPNN), the quaternion extreme
learning machine (QELM) (Minemoto et al., 2016a), an extension of the three layered network
with random weights (ELM), depends only on the number of hidden layer nodes and needs
only one feed-forward shot, thus known for its rapidity.
Minemoto et al., 2016a tested the performances of their proposed quaternion extreme learning
machine for color image classification and reconstruction in the CIFAR-10 dataset (“Canadian
Institute for Advanced Research”). They found out that the QELM performs better than the
ELM in both applications. As for the color image classification task, the input for the network
was the set of pixel values in the image without passing through the feature extraction stage.
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This network consists as well of a feed forward propagation where the input signalOn of a node
n is given by:

On =
M∑
m=1

f

(
L∑
l=1

Il ⊗Wml + θm

)
⊗ Vnm, (4.18)

where f(x) is the sigmoid function, defined in Eq. (4.10). Wml and θm are set at random
values and never changed, whereas Vnm are learned by solving the following least squares norm
minimization problem:

min
B
‖HB − T‖2 (4.19)

where ||.|| is the Frobenius norm, H ∈ HL×M is a matrix of elements f(Il ⊗ Wml + θm),
B ∈ HM×N is the transpose of matrix of elements Vnm and T ∈ HL×N is transpose of matrix
of elements Tn. A pattern can have only one positive target 1 + 0i + 0j + 0k corresponding to
the class to which it belongs, and the others are all 0.
The solution for Eq. (4.19) is:

B̃ = H+T (4.20)

where H+ denotes the Moore-Penrose pseudo inverse matrix of the quaternion matrix H. This
solution can be rewritten as:

ãdj(B) =

{
Hh
c (HcH

h
c )−1Tc, (L ≤M)

(Hh
cHc)

−1Hh
c Tc, (L > M)

(4.21)

where Qc is the complex adjoint matrix of a quaternion matrix Q. In fact, Q ∈ HL×M can be
represented, using Cayley-Dickson notation, as:

Q = (Qa +Qbi) + (Qc +Qdi)j = QA +HQj, (4.22)

where QA, QB ∈ CL×M are complex matrices. This notation is needed for the computation of
the complex adjoint matrix Qc ∈ C2L×2M as follows:

Qc =

(
QA QB

−Qh
B Qh

A

)
(4.23)

where (.)h is the Hermitian transpose.
For testing, the maximum of real parts of On, 1 ≤ n ≤ N is retained to decide the class to
which the pattern belongs.

4.3 Image Classification Method based on the Quaternary
Approach

From the review on the existing classification methods, presented in the previous section, one
can recapitulate the differences between deep learning methods and shallow methods in the
following:
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• Deep-learning methods necessitate a huge amount of data to unsupervisedly extract the
image features.
• Deep learning methods are constrained by the availability of computing resources since

processing higher resolution images requires larger and more layers.
• Shallow methods are based on extracting vectors via mathematical transformations. This

means that the rotation, scale and translation invariance in the image feature extraction
stage can be mathematically obtained by the image descriptors.

In this work, we propose a shallow color image classification method, which takes advantage
of our hand-crafted color image quaternary descriptors. But first, we show how we can adapt
shallow learning-machine algorithms to take as input quaternary features. Recall that the qua-
ternary color image features allow maintaining the correlation between the three color channels
thanks to the cross quaternary product.
For color image classification, when extracting the color image features, one can use the quater-
nary moments modulus-based invariants (real-valued invariants) or quaternion-valued invariants
which amounts to using either real or quaternary machine-learning algorithms. Therefore, three
situations, which are illustrated in Figure 4.8, arise:
• Situation (1) consists of feeding the modulus-based quaternary moment invariants (real-

valued) into a real-valued learning algorithm. The drawback of this situation is that ob-
taining rotation invariance by taking the modulus of the quaternion moments leads to the
loss of the phase information and only provides one real-valued invariant.
• Situation (2), also known as the marginal approach, consists of feeding the four parts of

the quaternion-valued moment invariants separately into a real-valued machine-learning
algorithm. The drawback of this situation is that the classifiers’ input is four times larger,
which slows down the training time of the classifier. In addition, the correlation between
the four parts of the quaternary feature vector is lost. Figure 4.9 illustrates the situation
(2).
• Situation (3) consists of feeding the quaternion-valued moment invariants as a whole into

a quaternary classifier. This situation is advantageous in the way that phase information
of the quaternary feature vector as well as the correlation between their four parts are
preserved. Recall that the operations for updating the connections’ weights and neurones’
states in the quaternary neural networks are governed by the quaternion algebra. Situation
(3) is illustrated in Figure 4.10.

In this work, we adopt the situation (3) for color image classification. The basic idea is to keep
the quaternary form of the coefficients composing the proposed parameter-free quaternion disc-
harmonic moment (PFQDHMs) descriptor instead of being restricted to the moment’s modulus.
This is established through the following formula:

PFQDHMIn,m(f) = PFQDHMn,m(f)⊗ (PFQDHMl,m(f))∗ ,

|m| ≤ n, |m| ≤ l,
(4.24)

which has been mathematically proven by Chen et al., 2014a. In this work, l = |m| is chosen.
In fact, obtaining rotation invariance by taking the modulus of the quaternary moments leads to
the loss of the phase information and only provides one real-valued invariant.
To maintain the correlation between the four parts, real and imaginary, of the quaternary de-
scriptor coefficients, we take advantage of a quaternary classifier that is the quaternary extreme
learning machine (QELM).
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Figure 4.8 The different rotation invariants from quaternary moments and the
different classification approaches to deal with them.

Figure 4.9 Marginal approach for color image classification, which consists of
feeding a real-valued classifier with the four parts of the quaternion-valued mo-

ment invariants separately (the classifiers’ input is four times larger).

As shown in Figure 4.11, our color image classification method is divided into two stages:
Training and testing.
For the training stage, we proceed as follows:

1. We represent each color image f from the training set by means of a pure quaternion
number as f = fRi+fGj+fBk, where fR, fG, fB are the red, green and blue components
of the image.

2. We compute the quaternion-valued parameter-free disc-harmonic moment invariants
(PFQDHMs), from Eq. (4.24), for each of the quaternary color images obtained in step
(a). Recall that the PFQDHMs are detailed in our second contribution (Chapter 3).
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Figure 4.10 Quaternary approach for color image classification, which consists
of using a quaternary classifier fed with the quaternion-valued moment invariants

as a whole.

3. We feed the quaternion-valued feature vectors into the quaternion extreme learning ma-
chine (QELM), detailed in subsection 4.2.2.2, in order to learn its parameters.

The testing stage consists in the following steps:
1. We represent each color image f from the testing set by means of a pure quaternion

number as f = fRi+fGj+fBk, where fR, fG, fB are the red, green and blue components
of the image.

2. We compute the quaternion-valued parameter-free disc-harmonic moment invariants
(PFQDHMs), from Eq. (4.24), for each of the quaternary color images obtained in step
(a) of this stage.

3. We feed quaternion-valued feature vectors issued from the previous step into the quater-
nion extreme learning machine (QELM) for classification using the parameters learned in
the training stage.

Our method aims to (1) investigate the quaternion-valued invariants of the proposed moments
instead of the modulus-based invariants in the application of color image classification and (2)
take advantage of the quaternion extreme learning machine (QELM) (Minemoto et al., 2016a),
which is known for its high classification accuracies as well as its fast training.

4.4 Experimental Results
In the following experiments, we evaluate the color image classification performance of the
proposed method compared with methods derived from both the situation (1) and the situation
(3) of Figure 4.8.
For feature extraction, we narrow the experimental evaluation to our PFQDHMs, the quaternion
disc-harmonic moments (QDHMs) and the well-known quaternion Zernike moments (QZMs)
(Chen et al., 2010; Chen et al., 2012). In fact, it has been previously shown, in chapter 2, that
our QDHMs perform better than its traditional version disc-harmonic moments (DHMs) for
gray-scale images, some competing quaternary moment descriptors, i.e., the quaternion Bessel-
Fourier moments (QBFMs) (Shao et al., 2014), the QZMs, the quaternion Pseudo-Zernike mo-
ments (QPZMs) (Bei-Jing et al., 2012) and the quaternion orthogonal Fourier-Mellin moments
(QOFMMs), as well as Clifford-based moments (Mennesson et al., 2014) in terms of color
image reconstruction, robustness, invariance as well as image retrieval.
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Figure 4.11 Flowchart of the proposed method for color image classification.

As for feature classification, the two rotation-invariants of these quaternary moments are fed
into many classifiers, either quaternion-valued, e.g., QBPNN and QELM, or real-valued ones,
e.g., ELM, BPNN, Softmax, LS-SVM. The literature review of these classifiers, previously
given in subsections 4.2.1 and 4.2.2, proves that they are still very used in many fields thanks to
their high classification accuracies.

4.4.1 Classification using Faces95 Collection
This experiment aims at comparing the classification accuracies of our method against feeding
the PFQDHMs, QDHMs and QZMs into several classifiers, such as, QBPNN, QELM, BPNN,
ELM, LS-SVM and Softmax, as in the situations (1) and (3) of Figure 4.8. The 72 individuals
from Faces95 collection are used in this experiment. Recall that Faces95 contains a total of
72× 20 = 1440 images as described in subsection 3.3.1. It is worth noting that:
- The images are re-sized to 128× 128 before computing their quaternary descriptors.
- The maximum order nMax = 5 was retained for the proposed PFQDHMs, the QDHMs and
QZMs, which corresponds to 36, 36 and 21 coefficients, respectively.
- For the QBPNN and the BPNN, we set the learning rate to α = 0.8 and the number of
iterations to 300. The number of hidden layer nodes is set to M = 2(L + N)/3 as reported in
Table 4.1.
- The number of hidden layer nodes M for the QELM and the ELM is set empirically for each
of the moments PFQDHMs, QDHMs qnd QZMs. M was varied between 30 and 540 with a
step of 30. The values of M that give the best classification accuracies, which are reported in
Figure 4.16 (a) and Table 4.1, are retained for the rest of this experiment. It is worth noting that
the classification accuracies of the QELM and ELM, presented hereafter, are average values in
10 trials.
- The Softmax classifier is given 100, 000 learning epochs as termination condition.
- The Gaussian RBF kernel is set for the LS-SVM. This latter is tuned to find out the best
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tuning parameters: the regularization parameter and the squared bandwidth.

Table 4.1 Number of hidden layer nodes M for each method processing faces95
database with no corrupted images. For QBPNN and BPNN, M is set to 2(L +
N)/3, whilst for QELM and ELM, M is set empirically according to Figure 4.16

(a).

QBPNN BPNN QELM ELM

PFQDHMs 72 72 330 270

QDHMs 72 72 330 180

QZMs 62 62 330 210

Figure 4.12 illustrates the color image classification results facing the proposed method
against feeding the quaternion-valued invariants from the quaternary moments (QDHMs-qua
and QZMs-qua) into the quaternary classifiers (QELM and QBPNN), processing Faces95
collection.

Figure 4.12 Classification accuracy in % of the proposed method and other qua-
ternary methods using the quaternion-valued invariants of the quaternary orthog-
onal moments with quaternary classifiers, processing the noise-free Faces95 col-

lection.

One can see from these results that: (1) The quaternion-valued PFQDHMs, QDHMs and QZMs
invariants, using either the QELM or the QBPNN, yield close classification accuracies (≥ 90%).
(2) The QELM needs a number of hidden layer nodes greater than the QBPNN in order to
achieve their best performances as can be seen from Table 4.1. The QELM algorithm is, how-
ever, advantageous in the way its training stage is much faster than the QBPNN as will be
demonstrated in subsection 4.4.5.
On the other hand, Figure 4.13 shows the classification results using the modulus of the quater-
nary moments (PFQDHMs-mod, QDHMs-mod ad QZMs-mod) fed into the real-valued classi-
fiers, processing the Faces95 collection.
We can see that: (1) The modulus of the PFQDHMs, QDHMs and QZMs yield comparable
classification accuracies depending on the classifier. (2) Generally, employing the full form
of the quaternary moments (QMs) invariants (QMs-qua) leads to better classification results
(91.11% ≤ QMs− qua ≤ 94.44%) compared to the use of the modulus (QMs-mod) (78.7% ≤
QMs−qua ≤ 88.19%). (3) The BPNN yields almost similar results as the ELM. This confirms
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Figure 4.13 Classification accuracy in % for different methods using the modulus
of the quaternary orthogonal moments with real-valued classifiers, processing the

noise-free Faces95 collection.

the results drawn up by Chazal et al., 2015, processing the CIFAR database, who found out that
the ELM requires a larger number of hidden layer nodes in order to show similar results as the
BPNN. (4) The LS-SVM outperforms the other real-valued classifiers since it is tuned to find
out the best parameters for each type of moments. (5) It seems that the Softmax classifier needs
a greater number of iterations (≥ 100, 000) in order to give results close to those obtained by
the other real-valued classifiers.

4.4.2 Classification using Corrupted Faces95 Collection
This experiment aims at evaluating the performance of the proposed method in terms of robust-
ness to both blur and noise. For this purpose, we consider the Gaussian blur (GB) as well as
salt and pepper noise (SP). The first 10 images of each individual from faces95 collection were
added Gaussian blur of kernel from 1 up to 19 with step 2, and the remaining 10 images were
added intensities of salt and pepper noise from 1% up to 10%. Figure 4.14 shows some images
of the faces95 collection after noise adding.
Note that for each individual, we keep the 20 original images and we add the 20 corrupted
images, which results in a total of 40 images per individual. Therefore, the corrupted Faces95
contains a total of 72 × 40 = 2880 images. We consider randomly 27 images from each
individual for training and the rest 13 for testing, which corresponds to 72× 27 = 1944 images
in the training set and 72× 13 = 936 images in the testing set.
We report in Table 4.2 the optimal number of hidden layer nodes for each method.
The results concerning the corrupted Face95 collection are illustrated in Figure 4.15 and Figure
4.17. The classification accuracies in this experiment, dealing with corrupted images, are higher
than those obtained when dealing with noise-free images (Figure 4.12 and Figure 4.13). This
can be explained by the fact that: (1) 40 images per class are used instead of just 20 images,
which gives the classifiers the opportunity to learn better. (2) Low-order orthogonal moments
are proved to be highly insensitive to noise and blur as shown in subsection 3.3.2.
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Figure 4.14 Ten images for one individual from faces95 after adding Gaussian
blur and salt and pepper noise.

Table 4.2 Number of hidden layer nodes M for each method processing faces95
database with corrupted images. For QBPNN and BPNN,M is set to 2(L+N)/3,

whilst for QELM and ELM, M is concluded from Figure 4.16 (b).

QBPNN BPNN QELM ELM

PFQDHMs 72 72 480 360

QDHMs 72 72 480 180

QZMs 62 62 360 330

Figure 4.15 Classification accuracy in % of the proposed method and other qua-
ternary methods using the quaternion-valued invariants of the quaternary orthogo-
nal moments with quaternary classifiers, processing corrupted Faces95 collection.

4.4.3 Classification using ALOI-COL Collection
This experiment aims at comparing the classification performances of the quaternary moments
fed into the QELM, ELM, QBPNN, BPNN classifiers processing the ALOI-COL collection,
whose structure is explained above in subsection 2.4.1. Recall that ALOI-COL consists of
classes varied in configurations by changing the illumination color temperature. The results are
depicted in Table 4.3. Note that the QELM and ELM were tuned to find their optimal number
of hidden layer nodes, and that their results are averaged from 10 repeats.
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Figure 4.16 Classification accuracies of the QELM and ELM using different num-
bers of hidden layer nodes. (a) processing the Faces95 collection without cor-

rupted images. (b) Processing Faces95 with corrupted images.

Figure 4.17 Classification accuracy in % for different methods using the modu-
lus of the quaternary orthogonal moments with real-valued classifiers, processing

corrupted Faces95 collection.

Table 4.3 Comparison between the methods based on QELM, ELM, QBPNN and
BPNN, including our method, in terms of classification accuracy (in %) process-

ing ALOI-COL.

QBPNN BPNN QELM ELM

PFQDHMs 96.25 88.5 97.7 81.85

QDHMs 95 86.75 96.27 81.87

QZMs 89.75 85 95.7 80.05

Unlike the comparable results remarked for the Face95 collection, processing ALOI-
COL shows a significant difference between the quaternion-valued moment invariants and
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the modulus-based moment invariants in terms of classification accuracy. For example,
(PFQDHMs-qua)-QELM and (PFQDHMs-mod)-ELM show a difference of 15.85%. In fact,
achieving rotation invariance with the modulus results in a loss of the phase information, which
is unsuitable when dealing with images under illumination color change. Besides, our method
outperforms the others with a classification accuracy of 97.7%; therefore, the PFQDHMs are
the less influenced by the illumination color change.

4.4.4 Classification using ALOI-ILL Collection
In this experiment we compare the classification performances of the quaternary moments fed
into the QELM, ELM, QBPNN, BPNN classifiers processing the ALOI-ILL collection. This
latter, as explained in subsection 2.4.1, is partitioned into classes with configurations taken
under different illumination angles. The results are depicted in Table 4.4.

Table 4.4 Comparison between the methods based on QELM, ELM, QBPNN and
BPNN, including our method, in terms of classification accuracy (in %) process-

ing ALOI-ILL.

QBPNN BPNN QELM ELM

PFQDHMs 81.5 47.25 88.9 62

QDHMs 75 44.37 83.2 60.31

QZMs 54 46.37 82.35 64.41

The results, processing ALOI-ILL, also show a significant difference between the quaternion-
valued moment invariants and the modulus-based moment invariants in terms of classification
accuracy. Besides, our method outperforms the others with a classification accuracy of 88.9%
with ALOI-ILL, which is much smaller than the accuracy obtained with ALOI-COL (97.7%).
This large difference can be explained by the fact that, in some cases, parts of the object become
invisible for the illumination direction change (nonlinear transformation), unlike the illumina-
tion color change, which does not affect the shape of the object (linear transformation). It is
also seen that the classification accuracies of the quaternion-valued PFQDHMs and QDHMs
invariants go far beyond the QZMs when utilizing the QBPNN as classifier.

4.4.5 Training Time
In this experiment, we compare the training time by the proposed method against the other meth-
ods based on QELM, ELM, QBPNN and BPNN processing the corrupted Faces95 database.
The experiments were carried out on a personal computer i3-2310M 2.10 GHz, 4 Go RAM.
Note that we used the same numbers of hidden layer nodes as given in Table 4.2.
From the results shown in Table 4.5, one can see that training the QELM and ELM is many
hundred times faster than the QBPNN and BPNN. This is explained by the fact that they need
only one feed-forward pass to learn, unlike the QBPNN and BPNN, which learn through itera-
tions (300 iterations in this experiment). Furthermore, the slight difference between the results
of the QELM and QBPNN, remarked in the previous experiments, is compensated by the speed
of QELM training.



Chapter 4. Proposed Color Image Classification Method 102

Table 4.5 Comparison between the methods based on QELM, ELM, QBPNN and
BPNN, including our method, in terms of training time.

QBPNN BPNN QELM ELM

PFQDHMs 5169.81 s 1784.98 s 17.70 s 2.59 s

QDHMs 5190.92 s 1787.20 s 18.54 s 1.88 s

QZMs 2587.06 s 863.89 s 15.37 s 3.30 s

4.5 Conclusion
In this chapter, we showed how we adapted some machine-learning algorithms to deal with qua-
ternary color features for image classification. In fact, the need for handling multi-dimensional
signals, such as color images, was the motivation behind introducing the algebra of quaternions
and generally the algebra of Clifford into these conventional machine-learning algorithms.
We designed a color image classification method that consists of feature extraction using our
previously proposed parameter-free quaternion disc-harmonic moments (PFQDHMs) along
with the quaternion extreme learning machine. In fact, the PFQDHMs rotation invariance was,
this time, obtained with a quaternary product (cross product) that allows us to preserve the
quaternary form of the invariants (quaternion-valued). On the other hand, we take advantage of
the quaternion extreme learning machine, which is known for its high classification accuracies
as well as its fast training.
In the experiments section, we compared our color image classification method with methods
using different real and quaternary classifiers (ELM, BPNN, LS-SVM, Softmax, QELM and
QBPNN) fed with the modulus-based and quaternion-valued invariants of different quaternary
moments (QDHMs and QZMs). The results demonstrated that the proposed PFQDHMs give
classification accuracies very close to the QDHMs, and both PFQDHMs and QDHMs go far
beyond the QZMs especially when dealing with color illumination change. Furthermore, the
quaternion-valued moment invariants yield better classification accuracies than the modulus-
based invariants. It was also drawn up that although the QELM needs a greater number of
hidden layer nodes than the QBPNN to achieve similar performances, one can opt for the QELM
owe to its rapidity.
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Conclusion and Perspectives

In this PhD thesis work, we focused on investigating and improving color shape description
for image retrieval and classification purposes. This improvement concerns several aspects that
are image reconstruction capability, robustness and invariance, computational time as well as
discriminative power.
Based on the literature review established in Chapter 1, we concluded that among the region-
based shape descriptors, the orthogonal moments have some very important properties yielding
to preserving the maximum amount of information on the shape. Therefore, they have been
widely employed in many applications including content-based image retrieval (CBIR). We also
concluded that employing the quaternion algebra for embedding color information into these
conventional descriptors is beneficial in the way the correlation between the three channels is
maintained. This technique proved its performances in many applications dealing with color
images such as, watermarking, registration, enhancement, medical image fusion, retrieval and
recognition, etc.
In Chapter 2 we have described our first contribution in which we propose an adaptation of
the spherical harmonic transform (SHT) for color image description by using both the alge-
bra of quaternions and an appropriate sphere-to-disc transformation. We first provided a de-
tailed overview about the SHT including their properties and applications dealing with both 3D
and 2D objects. In fact, many works have been investigating the employment of the 3D SHT
for 2D image retrieval. Among them, there is the disc-harmonic moments (DHMs) that have
been previously introduced by the same research team. The DHMs are based on orthonormal
and complete basis functions and were established by performing a sphere-to-disc transforma-
tion. The initial idea behind our first contribution was to generalize the DHMs to color images
using quaternions. In addition, we further improved the computational time of our descrip-
tor, namely quaternion discharmonic moments (QDHMs), by employing the Healpix spherical
sampling technique. At the end, we have conducted exhaustive empirical tests to evaluate our
descriptor performances in terms of image reconstruction capability, robustness to photomet-
ric transformations, invariance under geometric transformations, computational time as well
as discriminative power. The proposed moments have shown significant improvement in im-
age reconstruction compared to the existing orthogonal moments extended by quaternions (the
QZMs, QPZMs, QBFMs, and QOFMMs). Our moments are also the most robust to SP noise
and Gaussian blur compared to quaternion-based moments and show, generally, satisfactory
results concerning robustness to illumination color change, illumination direction change, and
invariance under rotation. As for CBIR, we have studied the influence of the maximum or-
der, color space and similarity measure. Our quaternary moments have better discriminative
power compared to their conventional version (the DHMs) since they take into account the
color information. In addition, they slightly outperform most of the existing quaternary and
Clifford descriptors. This slight difference in retrieval results can be compensated by the fast
computation of our moments, especially when performing the Healpix technique which allows
a 12-time faster computation. Thus, our moments could be useful as a feature vector in color
image retrieval systems.



Conclusion and Perspectives 104

Chapter 3 was devoted to our second contribution, which consists of introducing a parameter-
free reformulation of the quaternary moments. We were motivated by the fact that all the ex-
isting quaternary moments depend in their computation on a unit pure quaternion parameter µ
whose optimal value can be fixed only with the help of experiments. Furthermore, the estimated
value of this parameter is strongly dependent on the application domain. Our parameter-free
quaternary orthogonal moments (PFQOMs) were defined by substituting the µ-dependent an-
gular part by a parameter-free angular part. The experimental results showed that the proposed
PFQOMs have a significant color image reconstruction capability. Besides, their modulus-based
invariants are robust to various photometric transformations as well as invariant under geometric
transformations. The discriminative performances of our descriptors were compared to those of
the state-of-the-art µ-based quaternary moments, the chromaticity moments, the Legendre chro-
maticity distribution moments as well as the Clifford-based parallel-orthogonal Fourier Mellin.
Both the recall-precision and ROC curves have shown that the discriminative powers of the
proposed PFQOMs are satisfactory and comparable to their µ-based versions dealing with both
COIL-100 and Faces96 collections. As for color image classification, we have used the Ex-
treme Learning Machine classifier (ELM) as it is known for its efficiency. The obtained results
showed the performance of the proposed descriptors.
Chapter 4, in turn, detailed our third contribution dedicated to our color image classification
method based on the parameter-free QDHMs (PFQDHMs). The objective was to confirm the
relevance of our quaternary descriptor and validate it as part of an image classification system.
We first presented a literature review regarding the real and quaternary classification algorithms.
In this contribution, we derived our PFQDHMs invariants so as to keep the quaternary form of
its coefficients instead of the real form obtained by the modulus. This also preserves the phase
of the quaternary moments. In order to maintain the correlation between the four parts, real and
imaginary, of our quaternary descriptor coefficients, we took advantage of a quaternary classifier
that is the quaternary extreme learning machine (QELM). We have compared the performances
of our method to several techniques combining real or quaternary classifiers (ELM, BPNN, LS-
SVM, Softmax, QBPNN and QELM) with the quaternary orthogonal moments (QDHMs and
QZMs) in either their modulus-based invariants (real valued) or quaternion-valued invariants.
Then obtained results showed that: (1) Our method yields satisfactory classification accura-
cies. (2) The quaternion-valued moment invariants yield better classification accuracies than
the modulus-based invariants. (3) Although the QELM needs a greater number of hidden layer
nodes than the QBPNN to achieve similar performances, one can opt for the QELM owe to its
rapidity.
Generally speaking, we have demonstrated that our color region-based shape descriptor
(QDHMs) has several properties including image reconstruction capability, invariance to pho-
tometric and geometric transformations, an easy and fast computation as well as a satisfactory
discriminative power. We have also highlighted the advantages of computing the quaternary
moments using our parameter-free reformulation. In addition, our color image classification
method validates and confirms the relevance of our quaternary descriptor. The promising
results drawn up in this thesis work arise several perspectives to be explored:
• We intend to make a comparative analysis between the global and local color image qua-

ternary descriptors. In fact, local descriptors are more robust than the global ones when it
comes to images containing more complex changes, e.g., large pose or illumination vari-
ations. Currently, many researchers proposed local descriptors for color images based
on the quaternion representation. We cite, for example, the quaternionic local ranking bi-
nary pattern (QLRBP) (Lan et al., 2016), the quaternionic weber local descriptor (QWLD)
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(Lan et al., 2017) and the quaternion-Michelson descriptor (QMD) (Lan and Zhou, 2016).
• The performances of the proposed set of moments are to be evaluated in applications

dealing with color images, other than retrieval, such as image watermarking, template
matching and image enhancement. We can also go behind color image description and
employ our quaternary moments in applications where multi-dimensional (3D or 4D)
representations are required. For instance, it would be interesting to investigate the repre-
sentation of RGB-D images by means of quaternions. In fact, RGB-D images/video have
been widely used to enhance computer vision algorithms (Han et al., 2013), especially
with the development of low-cost RGB-D sensors (such as Microsoft Kinect and Xtion
Pro-Live), thanks to which high-quality RGB-D data can be easily acquired.
• A possible extension of our work is to describe three-dimensional (3D) color objects. In

recent years, the analysis of three-dimensional images has gained more and more im-
portance, especially with the availability of acquisition techniques, in the medical and
biological sciences, that produce an enormous amount of 3D data. In this context, the
spherical harmonics (SHs) have been extensively used for three-dimensional image anal-
ysis (Kazhdan et al., 2003; Skibbe and Reisert, 2017; Zhou and Wang, 2017; Bales et al.,
2017; Radvilaitė et al., 2017).
• We are motivated to investigate color face recognition using quaternary deep learning ar-

chitectures on a GPU-embedded machine. The success of deep learning methods in com-
puter vision depends heavily on the availability of big data as well as machines embed-
ded with fast arithmetic units. Since large scale training face datasets (Labeled Faces in
the Wild (LFW) of the University of Massachusetts (Learned-Miller, 2014) and Youtube
faces database (YTF) (Wolf et al., 2011)) are available, face recognition is considered one
of the areas that have known a significant progress in recent years thanks to using the con-
volutional neural network (CNN). Besides, the ImageNet Large Scale Visual Recognition
Challenge (ILSVRC) (Deng et al., 2009a) has played an important role in providing data
for general image classification.
• It would be useful to extend some deep learning methods, convolutional networks for

example, using the quaternion or Clifford algebras. In our knowledge, very few deep
learning methods have been proposed in the literature for dealing with multi-dimensional
signals based on the algebra of quaternions, e.g., the quaternion principal component
analysis network (QPCANet) (Zeng et al., 2016) and the quaternion-based deep belief
networks (QDBN) (Papa et al., 2017).
• We intend to generalize the proposed set of moments using the Clifford algebra. In fact,

the Clifford algebra, in which the quaternion algebra is contained, can be employed to
handle problems that require mutli-dimensional (> 4D) representations.
• For real-time color image retrieval, it would be useful to extend some well-known clus-

tering algorithms by means of the quaternion algebra. Until now, very few studies have
been addressing quaternion clustering methods. For instance, Kumar and Dwivedi, 2016
proposed a quaternion version of the k-means clustering algorithm.
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R 1

Résumé détaillé en Français

Contributions à la description d’images
couleur pour la recherche d’images par le
contenu

Introduction
Ces dernières années, nous assistons à une quantité énorme d’images numériques qui sont util-
isées dans un large éventail de domaines d’application tels que la médecine, la vision robo-
tique, l’astronomie, l’automatisation industrielle, l’environnement, l’artisanat, le trafic militaire
et routier, etc. Cette quantité excessive d’images, exploitée dans une multitude de domaines,
requiert des systèmes de recherche efficaces. Ceux-ci permettent de retrouver des images per-
tinentes à partir d’une grande base en réponse à une requête utilisateur exprimée sous forme
textuelle (méta-données) ou d’une image exemple.
Pour cela, des systèmes de recherche d’images par le contenu (Content-based image retrieval
(CBIR)) ont été proposés et largement utilisés dans de nombreux domaines, notamment la
prévention des crimes, la conception architecturale, la conception de mode, le diagnostic médi-
cal, les systèmes de télédétection, le patrimoine culturel et la recherche sur le Web.
Généralement, un système de recherche d’images par le contenu consiste en deux étapes: (1)
Une étape d’indexation, hors ligne, où les contenus visuels des images sont extraits sous forme
de vecteurs caractéristiques pour construire la base des descripteurs. (2) Une étape de recherche,
en ligne, au cours de laquelle un utilisateur fournit au système une image exemple. Le système
transforme cette image requête en un vecteur descripteur. Ensuite, il calcule les mesures de
similarité entre ce descripteur vectoriel et ceux des images stockées dans la base de données.
Par conséquent, le système renvoie les images les mieux classées en fonction de cette mesure
de similarité. Plusieurs facteurs influent la performance d’un système CBIR, nous citons par
exemple, le descripteur employé, la mesure de similarité, la structure d’indexation, la technique
de recherche, etc.
Cependant, l’extraction des caractéristiques d’images est considérée l’un des problèmes les
plus importants dans la CBIR. Trois attributs de bas niveau sont généralement utilisés pour
l’extraction des caractéristiques d’images: la texture, la forme et la couleur.
• Texture: Une représentation de texture est utilisée pour définir les motifs visuels dans les

images en fonction du voisinage. Cette représentation est utile pour décrire le contenu
de différentes images du monde réel telles que les empreintes digitales, les briques, les
arbres et les tissus. Parmi les descripteurs de texture destinés à la CBIR, nous citons les
travaux de Wang et al., 2014b et Park et al., 2002.
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• Forme: Une représentation de forme pourrait être utilisée pour identifier l’objet contenu
dans une image. Dans ce cas, la robustesse aux transformations photométriques (flou,
bruit, couleur d’éclairage, direction d’illumination, etc.) et l’invariance aux transforma-
tions géométriques (translation, changement d’échelle, rotation, etc.) sont nécessaires
pour une meilleure reconnaissance de l’objet. Selon la revue des techniques de descrip-
tion de formes établie par Zhang and Lu, 2004, il existe deux classes de méthodes pour la
description des formes:
(1) les méthodes basées-contour, qui utilisent uniquement l’information sur le contour
pour décrire la forme,
(2) les méthodes basées sur la région, qui exploitent la totalité de la forme, c’est-à-dire
tous les pixels contenus dans la forme.
Chacune de ces deux classes est constituée de deux approches: l’approche structurelle, où
la forme est représentée par des segments, et l’approche globale, où la forme est représen-
tée dans son ensemble.
Il est généralement admis que les descripteurs de formes globaux basés-région sont les
plus utiles car ils sont moins affectés par le bruit et les faibles variations contrairement
aux méthodes basées-contour. Les méthodes basées-région incluent les moments or-
thogonaux, qui ont des propriétés très importantes permettant de capturer le maximum
d’information sur la forme.
• Couleur: La couleur, qui peut être perçue sous forme d’une combinaison de trois com-

posants, est un attribut très important pour la description d’une image. Plusieurs travaux
ont étudié la description à base de la couleur, nous citons à titre d’exemples les travaux
de Swain and Ballard, 1991; Pass et al., 1996; Albuz et al., 2001; Paschos et al., 2003.

De nombreux travaux ont porté sur la construction de nouveaux descripteurs, l’amélioration de
la précision et du temps de calcul, les propriétés d’invariance, etc. Dans ce travail, nous nous
intéressons spécifiquement aux descripteurs d’images basés sur l’information forme et couleur.
Cette dernière peut être représentée suivant différentes approches et formalismes mathéma-
tiques, par exemple des approches marginales et vectorielles.
En fait, de nombreux travaux de traitement d’images couleur impliquent l’adaptation des
algorithmes de traitement d’images en niveaux de gris pour les images couleur. Cette approche,
souvent appelée marginale, consiste à appliquer un traitement séparé sur chacun des trois
composants chromatiques puis à combiner les résultats pour produire la sortie finale. Par
conséquent, l’information couleur n’est pas considérée globalement, mais plutôt répartie en
trois composants couleur indépendamment. Cette stratégie pose des problèmes tels que la
perte de corrélation entre les canaux couleur et dans la plupart des applications, elle conduit à
l’apparition de fausses couleurs.
Une alternative à l’approche marginale consiste à considérer la couleur comme une information
vectorielle. Dans ce cas, l’information couleur est vue comme un vecteur tridimensionnel se
référant à une coordonnée dans un espace colorimétrique choisi. Bien que la représentation des
couleurs au moyen de vecteurs permette de traiter globalement l’information couleur, certains
problèmes persistent. Par exemple, il est difficile de trier des vecteurs couleur dans l’espace
tridimensionnel dans des applications telles que le filtrage médian. De plus, il est nécessaire
de redéfinir des traitements vectoriels complexes pour les adapter aux vecteurs couleur. D’une
manière générale, bien que la méthode vectorielle permette de traiter globalement l’information
couleur, elle est désavantageuse dans la mesure où elle induit des traitements plus complexes
par rapport à l’approche marginale.
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Dans ce contexte, nous nous intéressons à l’opportunité d’encoder l’information couleur en
utilisant des représentations algébriques. Ces représentations utilisent l’information couleur
vectorielle comme un nombre de l’algèbre utilisée. Ceci nous permettra de tirer parti des opéra-
tions standards fournies uniquement par l’algèbre, au lieu des opérations vectorielles, qui sont
très complexes à mettre en œuvre. Par exemple, l’algèbre des nombres complexes est largement
utilisée dans une variété d’applications de traitement de signal et d’images. Précisément, les
moments disque-harmoniques (DHMs), qui nécessitent l’utilisation des nombres complexes, est
un descripteur de forme basé-région qui a prouvé ses performances pour la recherche d’images
par le contenu. En effet, les moments disque-harmoniques ont été proposés par notre équipe de
recherche (Ennahnahi et al., 2010) en s’inspirant de la transformée en harmonique sphérique
(SHT). Cette dernière se caractérise par la complétude et l’orthogonalité sur la sphère unitaire.
L’objectif initial de notre travail est de proposer une extension de ces moments disque-
harmoniques conventionnels pour traiter les images couleur. Dans cette optique, nous nous
intéressons à exploiter le formalisme des quaternions associé aux images couleur (Sangwine,
1996). En fait, les quaternions, qui sont une généralisation des nombres complexes, peuvent
capturer l’information couleur. De plus, les images couleur peuvent être manipulées au moyen
d’opérations simples définies dans l’algèbre des quaternions. Comme un nombre quaternion se
compose d’une partie réelle et de trois parties imaginaires, un pixel couleur peut être exprimé
par un quaternion pur où la partie réelle est mise à zéro et les trois parties imaginaires abritent
les composants couleur.
Dans ce travail de thèse, nous proposons différents descripteurs quaternaires pour la recherche
d’images par le contenu. La performance de l’ensemble des descripteurs proposés est évaluée
en termes de capacité de reconstruction d’images couleur, de robustesse aux changements pho-
tométriques, d’invariance aux transformations géométriques, de pouvoir discriminatoire et de
temps de calcul.
Ce rapport de thèse se compose d’une introduction générale, ainsi que de quatre chapitres, et
d’une conclusion:
L’introduction générale souligne l’importance du sujet traité et le situe dans le contexte de la
CBIR puis elle décrit les motivations et les objectifs des travaux de recherche élaborés.
Le chapitre 1 de notre rapport de thèse est consacré à une revue concernant les descripteurs
d’images couleur existants et leurs applications notamment pour la recherche d’images par le
contenu. Ce chapitre présente également les avantages et les limitations de chaque famille de
descripteurs.
Dans le chapitre 2, nous présentons notre première contribution qui consiste à proposer un
descripteur quaternaire, appelé (quaternion disc-harmonic moments), inspiré des harmoniques
sphériques (SH) pour la recherche d’images couleur par le contenu. Ce chapitre présente
d’abord des préliminaires sur les SH et leurs diverses applications. Ensuite, il détaille les
différentes étapes de calcul du descripteur quaternaire invariant proposé. La représentation
de l’image à trois composants couleur par l’algèbre des quaternions s’avère intéressante
puisqu’elle garantit à la fois la conservation de l’information couleur et la corrélation entre les
trois canaux chromatiques composant l’image. De plus, cette contribution améliore le temps
de calcul du descripteur proposé en introduisant la technique Healpix, du laboratoire JPL de la
NASA. En fin, ce chapitre dresse les résultats obtenus des différentes évaluations du descrip-
teur proposé. Ces évaluations comprennent la capacité de reconstruction d’images couleur,
l’invariance aux changements géométriques, la robustesse aux transformations photométriques,
le temps de calcul ainsi que le pouvoir discriminatoire. Pour la recherche des k-plus-proches
voisins, nous étudions l’effet de la mesure de similarité, de l’espace couleur ainsi que celui de
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l’ordre maximal.
Le chapitre 3 décrit notre deuxième contribution qui consiste à introduire une reformulation
sans paramètre des moments orthogonaux quaternaires, appelée parameter-free quaternary or-
thogonal moments (PFQOM), dont les invariants à base du module sont évalués dans le contexte
de la recherche et la classification d’images couleur. Les résultats expérimentaux obtenus mon-
trent l’efficacité des descripteurs proposés.
Le chapitre 4 décrit notre troisième contribution qui consiste à introduire une méthode de
classification d’images couleur basée sur la combinaison des moments quaternaires disque-
harmoniques et d’un classificateur de type quaternaire, qui est la machine d’apprentissage
extrême quaternaire (QELM). Cette méthode est évaluée en utilisant différentes collections
d’images couleur. Les résultats obtenus montrent que la méthode proposée assure une bonne
précision en un temps raisonnable.
La conclusion récapitule les contributions réalisées durant ce travail de thèse et discute les
différentes ouvertures et perspectives possibles qui peuvent faire objet de futurs travaux de
recherche connexes.

1 Etat de l’Art sur la Description d’Images Couleur
Les descripteurs d’images couleur peuvent être classifiés selon trois catégories: (1) Les méth-
odes basées sur l’histogramme, (2) les méthodes marginales et (3) les méthodes algébriques.

1.1 Méthodes Basées sur l’Histogramme Couleur
Pour la description d’images, les méthodes basées sur l’histogramme couleur peuvent être
classifiées en deux catégories: (1) Les méthodes qui manipulent l’image directement à partir
de l’espace colorimétrique en utilisant des conversions adéquates entre ces espaces. (2) Les
méthodes qui agissent sur les espaces de chromaticité afin d’éliminer l’impact du composant
représentant la luminance.
Dans la catégorie des méthodes basées sur l’espace colorimétrique, l’histogramme couleur est
le plus populaire. Celui-ci est utilisé dans les systèmes de recherche d’images par le contenu
tels que QBIC (Flickner et al., 1995) et Chabot (Ogle and Stonebraker, 1995). L’histogramme
est obtenu à partir de l’espace colorimétrique en le divisant en régions uniformes selon un
niveau de quantification Q et les comptages de pixels sont affectés aux classes d’histogrammes
associées. Plusieurs espaces colorimétriques, tels RGB, HSV et XYZ, peuvent être utilisés.
Par exemple, Swain and Ballard, 1991 ont proposé d’exploiter l’histogramme couleur extrait
à partir des trois composants de l’espace colorimétrique opponent pour la recherche d’images.
Celle-ci est basée sur l’intersection d’histogrammes comme mesure de similarité. Bien que les
histogrammes couleur réussissent à extraire l’aspect couleur de l’image et soient robustes aux
petites transformations, ils ignorent l’information spatiale.
Afin de surmonter cette limitation, Pass et al., 1996 ont introduit des vecteurs de cohérence
des couleurs (CCV), ou color coherence vectors, comme étant une méthode de raffinement de
l’histogramme couleur en incorporant l’information spatiale. Une extension améliorée de ces
vecteurs de cohérence, où le centre de l’image est utilisé comme caractéristique supplémentaire,
a été introduite par les mêmes auteurs (Pass and Zabih, 1996). Ensuite, Han and Ma, 2002
ont introduit la notion d’histogrammes couleur flous (FCH), ou fuzzy color histograms, pour
atténuer le problème de la sensibilité des histogrammes aux changements d’illumination et aux
erreurs de quantification.
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D’autres travaux basés sur l’espace colorimétrique ont été proposés, incluant les corrélo-
grammes couleur (Huang et al., 1997), les vecteurs de cohérence des couleurs (Pass et al.,
1996), les histogrammes couleur flous (Han and Ma, 2002), etc.
D’autre part, la chromaticité représente la qualité d’une couleur sans comprendre sa luminance.
Certains espaces colorimétriques, tels que xyY , Y CbCr, Y IQ, Y UV et Y CC, séparent les
trois composants couleur en un composant de luminance et une paire de composants chroma-
tiques. Les descripteurs d’imges basés sur l’espace de chromaticité incluent les moments de
chromaticité (Paschos et al., 2003) et les moments de distribution de chromaticité de Legendre
(Yap and Paramesran, 2006).

1.2 Méthodes Marginales
Pour décrire une image couleur, une solution intuitive consiste à convertir cette image en
niveaux de gris, puis à calculer son descripteur conventionnel. Cependant, cette approche peut
entraîner une perte significative d’information couleur. Une alternative est de calculer séparé-
ment le descripteur conventionnel (technique de niveaux de gris) pour chaque canal couleur de
l’image et de combiner les résultats individuels. Cependant, cette direction, appelée méthode
marginale, ne réussit pas à conserver la corrélation inhérente entre les canaux couleur.
Notons que les moments sont des grandeurs scalaires utilisées pour décrire une image et pour
capturer ses caractéristiques discriminantes. Parmi les descripteurs de formes basés-région
(conventionnel de niveaux de gris), les moments géométriques et les moments orthogonaux
sont les plus connus.
Les moments géométriques ont été introduits par Hu, 1962 pour la reconnaissance des formes
bidimensionnelles, puis largement appliqués grâce à leurs propriétés intéressantes (Hu, 1962;
Teh and Chin, 1988; Taubin and Cooper, 1991; Belkasim et al., 1991; Prokop and Reeves,
1992; Flusser and Suk, 1993; Mehtre et al., 1997). Par exemple, les moments d’ordres zéro
représentent l’énergie moyenne de l’image, les moments du premier ordre localisent le centre
de l’image et les moments du second ordre caractérisent la taille et l’orientation de l’image.
Mindru et al., 2004 ont adopté l’approche marginale basée sur les moments géométriques
afin de proposer un ensemble de descripteurs d’images couleur invariants aux transformations
géométriques et aux changements photométriques (GPDI). De plus, Suk and Flusser, 2009 ont
introduit la notion du centroïde commun pour dériver des moments centraux invariants à la
translation.
Teague, 1980 a montré que le calcul des moments géométriques d’ordre élevé est très complexe
car il repose sur des puissances standards qui croissent rapidement avec l’ordre. Il a égale-
ment été démontré que la reconstruction de l’image à partir de ces moments d’ordres élevés
ne reste pas fidèle à l’image originale à cause de la redondance. D’autre part, Zhang and Lu,
2004 a prouvé que les invariants des moments géométriques d’ordre réduit sont appropriés pour
décrire des formes simples sans bruit (MPEG-7) et ne sont donc pas suffisants pour décrire avec
précision les objets réels.
Pour pallier ces inconvénients, les moments orthogonaux ont été proposés. En effet, Teague,
1980 a proposé de remplacer le noyau des moments géométriques, c’est-à-dire les puissances
standards, par des fonctions de base complètes et orthogonales. C’est le cas des moments de
Zernike (Teague, 1980), des moments orthogonaux de Fourier-Mellin (Sheng and Shen, 1994),
des moments de Bessel-Fourier (Xiao et al., 2010), des moments disque-harmoniques (Ennah-
nahi et al., 2010) et des moments séparables (Zhu, 2012; Tsougenis et al., 2013; Tsougenis
et al., 2015; Abdeslam Hmimid, 2014; Hmimid et al., 2015; Sayyouri et al., 2016).
Les moments orthogonaux sont utilisés dans plusieurs applications de vision par ordinateur et
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de traitement d’images, y compris le tatouage numérique (Kim and Lee, 2003; Gao and Jiang,
2015), la reconnaissance et la classification d’objets (Khotanzad and Hong, 1990; Abdallah
et al., 1997; Zhang et al., 2010; Ma et al., 2011; Nagarajan and Devendran, 2012), la recon-
struction d’images (Toxqui-Quitl et al., 2011) ainsi que la correspondance des modèles (Beijing
et al., 2011).

1.3 Méthodes Algébriques
Une autre alternative pour représenter l’image couleur exploite les algèbres des quaternions
(Hamilton, 1844) et Clifford (Hestenes and Sobcyk, 1987). Hamilton a introduit l’algèbre des
quaternions, qui est une généralisation des nombres complexes. En fait, un quaternion con-
siste en une partie réelle et trois parties imaginaires. Notons que l’algèbre de Clifford est plus
générale et englobe celle des quaternions.
Dans la littérature, les moments conventionnels traitant les images binaires ou en niveaux de gris
ont été généralisés pour la description des images couleur. Cette technique permet de coder les
trois canaux de couleur dans un seul vecteur caractéristique sans passer par une transformation
en niveaux de gris, ce qui permet également de prendre en considération la corrélation entre ces
trois composants.
Initialement, Sangwine, 1996 a introduit l’analyse d’images couleur par l’algèbre quaternaire.
Il a proposé la version quaternaire de la transformée de Fourier discrète/rapide (QDFT / QFFT),
qui rend possible la manipulation d’images couleur dans le domaine fréquentiel, sans séparation
des composants couleur. L’auteur a proposé d’exprimer un pixel couleur par un quaternion
pur où la partie réelle est mise à zéro et les trois parties imaginaires représentent chacune des
trois canaux couleur. Par exemple, un pixel couleur RVB (rouge, vert, bleu) f(x, y) peut être
représenté comme suit:

f(x, y) = fR(x, y)i+ fV (x, y)j + fB(x, y)k, (R. 1)

où fR(x, y), fV (x, y) et fB(x, y) représentent respectivement le canal rouge, vert et bleu de
l’image couleur à la position (x, y).
La version quaternaire de la transformée de Fourier discrète/rapide (QDFT/QFFT) est une ex-
tension par l’algèbre des quaternions de la DFT/FFT classique. Elle a été employée dans
plusieurs applications, à savoir le recalage d’images (Feng et al., 2008; Pan et al., 2010), le
tatouage numérique (Bas et al., 2003; Wang et al., 2013; Chen et al., 2014b; Ouyang et al.,
2015), la correction d’images (Grigoryan et al., 2015) et la fusion d’images médicales couleur
(Nawaz et al., 2016).
Des descripteurs quaternaires, autres que les transformées de Fourier quaternaires (QFT), ont
été proposés. Nous citons, par exemple, les moments de Fourier-Mellin quaternaires (QFMM)
(Guo and Zhu, 2011) qui ont été utilisés dans plusieurs applications sur les images couleur.
Cependant, les QFT et QFMM ne sont pas basés sur des fonctions orthogonales et souffrent
d’une forte présence de redondance d’information. Pour pallier cet inconvénient, plusieurs mo-
ments orthogonaux quaternaires ont été suggérés. Nous citons à titre d’exemples, le quaternion
des moments de Zernike (QZM) (Chen et al., 2010; Chen et al., 2012), des moments de pseudo-
Zernike (QPZM) (Bei-Jing et al., 2012), des moments de Bessel-Fourier (QBFM) (Shao et al.,
2014), des moments harmoniques radiaux de Fourier (QRHFM) (Xiang-yang et al., 2015a) et le
quaternion de la transformée polaire harmonique (QPHT) (Li, 2013; Xiang-yang et al., 2015b).
Quant aux moments orthogonaux quaternaires de Zernike (QZM), de pseudo-Zernike (QPZM)
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et de Fourier-Mellin (QOFMM), ils souffrent de l’instabilité numérique ainsi que d’une com-
plexité algorithmique élevée lorsque l’ordre des moments devient grand. Ces limitations peu-
vent s’expliquer par le fait que le calcul de ces moments se base sur des termes factoriels (Xiang-
yang et al., 2015a).
Puisque l’algèbre des quaternions est contenue dans l’algèbre de Clifford, cette dernière con-
stitue une autre direction pour représenter les images couleur. Par exemple, Batard et al., 2010
ont introduit la transformée de Clifford-Fourier (CFT) pour la description des images couleur
et ont prouvé que la transformée de Fourier quaternaire (QFT) de Sangwine, 1996 n’est qu’un
cas particulier de la CFT.

2 Moments Quaternaires Proposés pour la Description
d’Images Couleur

Dans notre première contribution, nous proposons un ensemble de moments quaternaires in-
spirés de la transformée en harmoniques sphériques (SHT) et des moments disque-harmoniques
(DHM) (Ennahnahi et al., 2010) pour la description d’images couleur.
Dans le chapitre 2 de notre rapport de thèse, nous avons d’abord mis en lumière les nom-
breux avantages et propriétés de la transformée en harmoniques sphériques (SHT), par exemple,
l’invariance à la rotation, l’orthogonalité ainsi que la rapidité de calcul. La SHT a été exploitée
dans un large éventail d’applications relatives à différentes disciplines, y compris la physique,
la chimie et la vision par ordinateur. En fait, la SHT a été une source d’inspiration pour de
nombreux chercheurs (Sloan et al., 2002; Green, 2003; Kazhdan et al., 2003; Funkhouser et
al., 2003; Pu and Ramani, 2006; Sajanhar et al., 2004; Sajjanhart et al., 2005). En partic-
ulier, Ennahnahi et al., 2010 ont introduit les moments disque-harmoniques (DHM) comme une
adaptation de la transformée en harmoniques sphériques pour la description des formes 2D en
adoptant une transformation sphère-disque appropriée.

2.1 Préliminaires
2.1.1 Opérations sur les Quaternions
Un quaternion (Hamilton, 1844) est une généralisation d’un nombre complexe. Il se compose
d’une partie réelle et de trois parties imaginaires comme q = qa + qbi+ qcj + qdk. En analyse
d’image couleur, une image RVB f(x, y) est représentée par un quaternion pur comme dans Eq.
(R. 1):
Les parties imaginaires i, j et k vérifient les combinaisons: i2 = j2 = k2 = −1, ij = k, jk =
i, ki = j, ji = −k, kj = −i, ik = −j.
Le conjugué et le module d’un quaternion q sont définis, respectivement, par :

q∗ = qa − qbi− qcj − qdk, (R. 2)

||q|| =
√

(qa)2 + (qb)2 + (qc)2 + (qd)2. (R. 3)

Le produit scalaire et le produit croisé entre deux quaternions q1 et q2 sont définis, respective-
ment, par:

q1 • q2 = qa1q
a
2 + qb1q

b
2i+ qc1q

c
2j + qd1q

d
2k, (R. 4)

q1 ⊗ q2 = (qa1q
a
2 − qb1qb2 − qc1qc2 − qd1qd2) + (qa1q

b
2 + qb1q

a
2 + qc1q

d
2 − qd1qc2)i

+(qa1q
c
2 − qb1qd2 + qc1q

a
2 + qd1q

b
2)j + (qa1q

d
2 + qb1q

c
2 − qc1qb2 + qd1q

a
2)k.

(R. 5)
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Notons que le produit croisé des quaternions ⊗ n’est pas commutatif.
2.1.2 Moments Disque-Harmoniques
Les moments disque-harmoniques (DHM) (Ennahnahi et al., 2010) sont une adaptation de la
transformée en harmoniques sphériques pour la description des formes 2D en utilisant le pas-
sage sphère-disque suivant:

sin(θ) =
√

1− r2 , cos(θ) = r , ϕsphere = ϕdisc, (R. 6)

où (θ, ϕsphere) représente les coordonnées sphériques et (r, ϕdisque) les coordonnées polaires,
tel que 0 ≤ ϕ ≤ 2π, 0 ≤ θ ≤ π/2 et 0 ≤ r ≤ 1. Sur la sphère, θ varie entre 0 et π,
néanmoins, comme r doit être positif, la mise en correspondance avec le disque unitaire a été
limitée seulement à l’hémisphère nord (0 ≤ θ ≤ π/2) comme indiqué sur Figure 1.

Figure 1 Passage sphère-disque adopté par Ennahnahi et al., 2010.

Les moments disque-harmoniques complexes d’ordre n et de répétition m sont exprimés pour
une image en niveaux de gris fC(r, ϕ) comme suit:

CDHMn,m(fC) =

∫ 2π

0

∫ 1

0

fC(r, ϕ)Nn,mPn,m(r)[ejmϕ]
∗
rdrdϕ, |m| ≤ n, (R. 7)

où X∗ est le conjugué du nombre complexe X , Pn,m est le polynôme de Legendre associé et
Nn,m est le coefficient de normalisation donné par:

Nn,m =

√
(2n+ 1)(n−m)!

4π(n+m)!
. (R. 8)

Selon Ennahnahi et al., 2010, les modules de ces moments complexes ont permis d’obtenir un
descripteur invariant, robuste et facile à calculer.
Malgré tous les avantages des moments DHM, ces derniers ne peuvent manipuler que les images
binaires ou en niveaux de gris vu qu’ils sont à valeur complexe. Afin d’incorporer l’information
couleur, nous étendons les moments disque-harmoniques en utilisant l’algèbre des quaternions.
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2.2 Moments Disque-Harmoniques Quaternaires Proposés
Dans cette contribution, nous proposons (cf. 2.2.1) une version de base qui consiste à étendre
les moments disque-harmoniques complexes pour les images couleur en exploitant l’algèbre
des quaternions. Ensuite (cf. 2.2.2), nous apportons une rectification relative au calcul des
moments quaternaires proposés en adoptant une nouvelle transformation sphère-disque. En fin
(cf. 2.2.3), nous présentons notre amélioration concernant le temps de calcul.
2.2.1 Version Quaternaire de Base
En exploitant l’algèbre des quaternions, nous formulons une généralisation des moments
disque-harmoniques complexes pour tenir compte des images couleur. En effet, le noyau ejmϕ

dans Eq. (R. 7) est remplacé par eµmϕ, comme suit:

QDHMn,m(f) =

∫ 2π

0

∫ 1

0

f(r, ϕ)⊗Nn,mPn,m(r)[eµmϕ]∗rdrdϕ, with |m| ≤ n, (R. 9)

où f(r, ϕ) est le pixel couleur représenté par Eq. (R. 1),
Q∗ est le conjugué du quaternionQ et⊗ est le produit quaternaire croisé, donnés respectivement
par Eq. (R. 2) et Eq. (R. 5),
µ est un quaternion unitaire pur, dépourvu de sa partie réelle, que nous fixons à µ = (i + j +
k)/
√

3.
Le produit quaternaire croisé permet de combiner les valeurs R, V et B d’un pixel de sorte à
préserver leurs corrélations. Cependant, le calcul direct de l’Eq. (R. 9) engendre un nombre
élevé d’opérations de multiplication. Pour remédier à ce problème, nous avons élaboré une
relation mathématique entre les moments quaternaires QDHM et les moments complexes DHM
relatifs à chacune des trois canaux RVB, comme suit:

QDHMn,m(f) = An,m + iBn,m + jCn,m + kDn,m, (R. 10)

where

An,m =− 1√
3

[=(CDHMn,m(fR)) + =(CDHMn,m(fV )) + =(CDHMn,m(fB))],

Bn,m =<(CDHMn,m(fR)) +
1√
3

[=(CDHMn,m(fV ))−=(CDHMn,m(fB))],

Cn,m =<(CDHMn,m(fV )) +
1√
3

[=(CDHMn,m(fB))−=(CDHMn,m(fR))],

Dn,m =<(CDHMn,m(fB)) +
1√
3

[=(CDHMn,m(fR))−=(CDHMn,m(fV ))].

(R. 11)

où CDHMn,m(fR), CDHMn,m(fV ) et CDHMn,m(fB) représentent respectivement les DHM
complexes [Eq. (R. 7)] pour le composant rouge, vert et bleu. <(X) et =(X) sont respective-
ment la partie réelle et la partie imaginaire du nombre complexe X .
Les équations (R. 11) sont simples en termes de calcul et ne comportent que peu d’opérations
de multiplication par rapport à Eq. (R. 9).
2.2.2 Moments Disque-Harmoniques Quaternaires Rectifiés
Bien que les formules de passage sphère-disque dans Eq. (R. 6) permettent des performances
satisfaisantes des QDHM en termes de précision de recherche d’images, elles souffrent d’un
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problème d’irrégularité du pas d’échantillonnage suivant le rayon r (qui varie de manière sinu-
soïdale). Pour cela, nous proposons la modification suivante au niveau de ces formules:

θ =
π

2
r , ϕsphere = ϕdisc, (R. 12)

où 0 ≤ θ ≤ π/2 et 0 ≤ r ≤ 1.
Par conséquent, les équations (R. 7) et (R. 9) permettant le calcul des DHM et QDHM sont
rectifiées comme suit :

CDHMn,m(fC) =

∫ 2π

0

∫ 1

0

fC(r, ϕ)Nn,mPn,m(cos(
π

2
r))[ejmϕ]

∗
rdrdϕ, |m| ≤ n, (R. 13)

QDHMn,m(f) =

∫ 2π

0

∫ 1

0

f(r, ϕ)⊗Nn,mPn,m(cos(
π

2
r))[eµmϕ]∗rdrdϕ, with |m| ≤ n.

(R. 14)

La figure 2 montre la modification apportée sur la régularité de la distribution des points
d’échantillonnage. En effet, les points d’échantillonnage obtenus par Eq. (R. 12) sont
distribués de manière uniforme (Figure 2-a) contrairement à ceux représentés dans Figure 2-b,
qui sont générés par Eq. (R. 6).

Figure 2 Distribution des pixels sur l’hémisphère obtenue par (a) le nouveau pas-
sage sphère-disque, qui considère des pas uniformes pour ϕ et r = 2×θ

π , et (b)
l’ancien passage avec des pas uniformes pour ϕ et r = cos(θ).

La figure 3 montre l’amélioration de la qualité de reconstruction de l’image par rapport à la
version de base proposée des moments QDHM.
Rappelons que le calcul des moments quaternaires QDHM rectifiés est obtenu à base des équa-
tions (R. 11), (R. 13) et (R. 14), en d’autres termes à base des moments DHM complexes.
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Figure 3 Reconstruction d’images couleur à partir des QDHM de (a) l’image
originale pour les ordres 20, 40 et 60 en utilisant (b) l’ancien passage sphère-

disque et (c) le nouveau passage.

L’approximation numérique de l’intégration pour le calcul des DHM, donnée par Eq. (R. 13),
est effectuée sur une grille d’échantillonnage régulière (N × N ) tel que ri = (2i + 1)/2N et
ϕj = 2πj/N où i = 0, .., N − 1 et j = 0, .., N − 1. Ainsi, nous obtenons une formulation de
calcul rapide des moments DHMs complexes qui se présente comme suit:

CDHMn,m(fC) =

√
2πNn,m

N

N−1∑
i=0

N−1∑
j=0

wiPn,m(cos(
π

2
ri))fC(ri, ϕj)e

−jmϕj ,

=

√
2πNn,m

N

(
N−1∑
i=0

wiPn,m(cos(
π

2
ri))

(
N−1∑
j=0

fC(ri, ϕj)e
−jmϕj

))
.

(R. 15)

Les poids de quadrature wi sont ceux de Chebyshev-Gauss (Abramowitz, 1974).
L’équation (R. 15) se base sur la séparation des variables et le passage par la transformée de
Fourier rapide. Ainsi, l’évaluation des polynômes de Legendre associés Pn,m n’est nécessaire
que pour N valeurs du rayon r.
Il a été démontré par Driscoll and Healy, 1994 que le calcul des harmoniques sphériques à
base de Eq. (R. 15) a une complexité algorithmique de l’ordre de N(logN)2 , contrairement à
l’algorithme naïf qui est de l’ordre quadratique (N2), où N est le nombre de points échantillon-
nés.

2.2.3 Version Rapide Basée-Healpix
Pour améliorer davantage le temps de calcul des moments QDHM proposés, nous adaptons la
technique Healpix élaborée par le laboratoire JPL (Jet Propulsion Laboratory) de la NASA.
La technique Healpix (Hierarchical Equal Area Iso-Latitude Pixelation) (Górski et al., 2005)
a été proposée pour l’analyse rapide et précise des fonctions sphériques en les transformant à
base des harmoniques sphériques. En effet, Healpix repose sur une technique d’échantillonnage
particulière permettant d’obtenir des partitions d’égale aire et des poids de quadrature égaux
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pour l’intégration numérique. Figure 4 illustre cette technique d’échantillonnage qui consiste à
effectuer une première division de la sphère en 12 larges pixels. Ceux-ci, sont ensuite subdivisés
selon la résolution Nside en question. Ainsi, une carte de Npix = 12×N2

side pixels de résolution
Nside est générée.

Figure 4 Échantillonnage Healpix de la sphère pour Nside = 1, 2, 4, 8 (Górski
et al., 2005).

Une carte Healpix est construite pour aboutir à des partitions à égale aire où les pixels sont
alignés suivant des anneaux iso-latitude. Ainsi, le problème de la forte densité des points au
voisinage des pôles est résolu. La répartition sur des anneaux iso-latitude garantit le calcul
rapide des harmoniques sphériques à travers la transformée de Fourier rapide.
Nous calculons notre descripteur QDHM au moyen de la technique d’échantillonnage Healpix.
Cela nous permet de réduire considérablement la complexité des calculs qui passe à N3/2

pix .

2.3 Résultats Expérimentaux
Nous évaluons les performances des moments quaternaires proposés en termes de capacité de
reconstruction d’images, d’invariance et robustesse, de temps de calcul ainsi que de pouvoir dis-
criminatoire. Notons que les invariants de nos moments à la translation sont mathématiquement
établis en localisant l’origine du système de coordonnées au centre commun des trois canaux
(Suk and Flusser, 2009), tandis que l’invariance à la rotation est obtenue en retenant le module
des moments.
Notre descripteur QDHM est comparé à d’autres descripteurs quaternaires: QZM (Moments
de Zernike), QPZM (Moments de pseudo-Zernike), QOFMM (Moments Fourier-Mellin Or-
thogonaux) et QBFM (Moments Bessel-Fourier), ainsi qu’à des descripteurs basés sur Clif-
ford: poFMD et CFMDi. Les bases d’images standard COIL-100, ALOI-VIEW, ALOI-COL et
ALOI-ILL sont utilisées dans les expérimentations.
2.3.1 Reconstruction d’Images Couleur
La figure 5 présente l’erreur moyenne de reconstruction d’un ensemble de 10 images COIL-
100 en fonction de l’ordre des différents moments orthogonaux quaternaires. Nous remarquons
que lorsque l’ordre de reconstruction augmente, l’erreur de reconstruction (NIRE) relative aux
moments QDHM proposés diminue. Cette diminution est plus rapide que celles des autres
moments. Ceci s’explique par le fait que les QDHM, même dans le cas des faibles ordres,
permettent de capturer une grande partie de l’information contenue dans l’image.
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Figure 5 Erreur moyenne de reconstruction (NIRE) d’un ensemble de 10 images
COIL-100 en fonction de l’ordre des différents moments quaternaires.

2.3.2 Robustesse et Invariance
Nous évaluons notre descripteur en termes de la robustesse au bruit sel et poivre, au flou
gaussien, au changement de la couleur d’illumination et de la direction d’éclairage ainsi qu’à
son invariance à la rotation. La figure 6 illustre les résultats obtenus concernant la robustesse au
bruit sel et poivre ainsi qu’au flou gaussien.
Nous remarquons que notre descripteur QDHM est le moins sensible aux bruits et flous comparé
aux autres descripteurs quaternaires.
Les détails sur les expérimentations menées ainsi que les résultats obtenus sont présentés à la
section 2.4.3 du chapitre 2.

Figure 6 Erreur quadratique des descripteurs d’images affectées par (a) le bruit
sel et poivre et (b) par du flou gaussien
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2.3.3 Temps de Calcul
La figure 7 montre le temps en secondes effectué pour le calcul des différents descripteurs en
fonction du nombre des moments. Nous pouvons remarquer que le temps de calcul des descrip-
teurs Clifford poFMD et du CFMDi n’est pas proportionnel à l’ordre, et il est bien inférieur aux
temps de calcul des moments quaternaires. D’un autre côté, le temps nécessaire pour le calcul
des QDHM est inférieur aux QOFMM, QZM, QPZM et est comparable aux QBFM.

Figure 7 Temps moyen en secondes en fonction du nombre des moments.

De plus, le tableau 1 montre clairement que la version de notre descripteur QDHM basée sur
Healpix est environ 12 fois plus rapide que la méthode de base. Ce résultat concerne nMax = 8,
Nside = 32 pour QDHM-Healpix et des images de taille 128× 128 pour les QDHM de base.

Tableau 1 Temps moyen en seconds pour le calcul de QDHMs-Healpix et dif-
férents moments quaternaires (La taille des images est 128× 128)

QDHMs-Healpix QDHMs QBFMs QZMs QPZMs

0.0937s 1.1278s 1.3125s 1.6852s 2.7856s

2.3.4 Recherche d’Images
Pour tester notre descripteur QDHM en termes de la qualité de recherche, nous avons implé-
menté un système de recherche d’images basé sur les k-plus-proches voisins. Nous fixons
empiriquement la valeur de l’ordre maximal nMax à 8, la mesure de similarité à Chi-Carré et
l’espace colorimétrique à TSV. Ces valeurs assurent une meilleure précision. La figure 8 mon-
tre le rapport rappel-précision des différents descripteurs. Il est démontré que le descripteur
QDHM permet un meilleur pouvoir discriminatoire par rapport au descripteur DHM complexe.
Ceci est expliqué par sa capacité de la prise en compte de l’information couleur. De plus, notre
descripteur QDHM est plus performant que les autres descripteurs quaternaires et Clifford.
Les détails sur les expérimentations menées ainsi que les résultats obtenus sont présentés à la
section 2.4.5 du chapitre 2.
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Figure 8 Courbes rappel-précision des descripteurs (a) DHM et QDHM pour la
base COIL-100, (b) DHM et QDHM pour la base ALOI-VIEW, (c) moments
quaternaires et Clifford pour la base COIL-100 and (d) moments quaternaires et

Clifford pour la base ALOI-VIEW.
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3 Reformulation Sans Paramètre des Moments Quaternaires
Généralement, le calcul des moments quaternaires existants dépend d’un paramètre quaternion
unitaire pur µ dont la valeur optimale ne peut être fixée qu’empiriquement. De plus, la valeur
estimée de ce paramètre est fortement liée au domaine d’application. Inspirés par le travail de
Gough, 1984 sur les quaternions et les harmoniques sphériques, nous proposons une formula-
tion simple des moments orthogonaux quaternaires, libre de tout paramètre, donc caractérisée
par sa simplicité et sa généralité.

3.1 Préliminaires
3.1.1 Harmoniques Sphériques et Quaternions
Gough, 1984 a abordé les applications des quaternions dans la mécanique quantique tridi-
mensionnelle. A cet effet, il a considéré les harmoniques sphériques, et en a établi certaines
combinaisons linéaires avec des coefficients quaternaires. Il a également prouvé que ces har-
moniques sphériques quaternaires ont des propriétés très intéressantes telles que la complétude
et l’orthogonalité.
Les harmoniques sphériques quaternaires (QSHs), comme leur nom l’indique, fonctionnent sur
la sphère et sont définies comme suit:

Bq_QSH
n,m =

√
(2n+ 1)(n−m)!

4π(n+m)!
Pn,m(cos(θ))ekmϕkn−mim, (R. 16)

où θ indique la co-latitude, ϕ la longitude et Pn,m est le polynôme de Legendre associé.
Il est à noter que ekmϕ, plutôt que eimϕ, doit être utilisé dans cette expression.
3.1.2 Moments Orthogonaux Quaternaires
Dans cette deuxième contribution, nous nous intéressons aux moments quaternaires à fonctions
de base orthogonales pour la description des images couleur. Les avantages de ces moments
résident dans le fait qu’ils permettent de préserver le maximum d’information sur la forme et la
couleur.
Les moments quaternaires d’ordre n et de répétition m d’une image couleur f(r, ϕ), définie en
coordonnées polaires, sont formulés comme suit:

QOMn,m(f) =

∫ 2π

0

∫ 1

0

f(r, ϕ)⊗ (Bµ
n,m)∗rdrdϕ, (R. 17)

où ⊗ est le produit croisé du quaternion et ∗ est le conjugué du quaternion, donnés respective-
ment par Eq. (R. 5) et Eq. (R. 2). [0, 1] × [0, 2π] fait référence au disque unité et Bµ

n,m est la
fonction de base exprimée par:

Bµ
n,m = Rn,m(r)eµmϕ, (R. 18)

oùR sont les polynômes radiaux réels correspondant aux moments calculés et eµmϕ est le noyau
quaternaire où µ est un paramètre quaternion unitaire pur, tel que µ = ai+ bj + ck et ||µ|| = 1.

3.2 Moments Orthogonaux Quaternaires Sans Paramètre Proposés
Les moments quaternaires existants sont calculés en utilisant des fonctions de base qui dépen-
dent du choix d’un paramètre quaternion unitaire pur µ comme indiqué par Eq. (R. 18). Rap-
pelons que le choix de µ est purement empirique et ne repose sur aucune base mathématique.
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D’autre part, Gough, 1984 a réussi à construire mathématiquement un ensemble d’harmoniques
sphériques avec des coefficients quaternaires (QSH) pour une application en mécanique quan-
tique tridimensionnelle. La formulation de ces QSH est simple car elle consiste en l’introduction
de facteurs quaternaires dans les harmoniques sphériques complexes.
Inspirés par le travail de Gough, nous proposons un ensemble de moments quaternaires sans
paramètres pour les images couleur. En effet, la partie angulaire qui dépend de µ, eµmϕ, dans
la définition des moments quaternaires classiques [Eq. (R. 18)] est remplacée par une partie
angulaire sans paramètres ekmϕknmim. Cette partie est ensuite multipliée par les polynômes
radiaux orthogonaux à valeur réelle d’autres familles de moments définies sur le disque 2D.
Il en résulte une formulation simple de la fonction de base des moments quaternaires, libre de
tout paramètre comme suit:

Bq
n,m = Rn,m(r)ekmϕkn−mim. (R. 19)

Évidemment, nous aurions aussi pu définir Bq
n,m comme étant Rn,m(r)imknmekmϕ vu que la

multiplication des quaternions n’est pas commutative. Nous notons que, dans ce travail, nous
avons adopté l’expression dans Eq. (R. 19). Cette expression est libre de tout paramètre, con-
trairement à la fonction de base utilisée par les moments quaternaires de l’état de l’art donnée
par Eq. (R. 18).
Les moments quaternaires sans paramètre proposés d’ordre n et de répétition m, de l’image
couleur f(r, ϕ) [Eq. (R. 1)], définie en coordonnées polaires, peuvent alors être calculés comme
suit:

PFQOMn,m(f) =

√
2π

N

N−1∑
i=0

N−1∑
j=0

f(r, ϕ)⊗ (Bq
n,m)∗. (R. 20)

L’invariance à la rotation est obtenue en retenant le module, comme suit:

PFQOMI = ||PFQOM ||. (R. 21)

3.3 Résultats expérimentaux
Dans cette deuxième contribution, nous montrons d’abord les capacités de reconstruction
d’images couleur des moments proposés. Ensuite, nous évaluons leurs robustesse et invariance.
De plus, nous montrons que la formulation sans paramètre des moments quaternaires permet
un calcul plus rapide par rapport à leurs versions basées sur µ. Les détails des expérimentations
menées sont décrits dans la section 3.3 du chapitre 3.
Dans un deuxième temps, nous évaluons les performances des moments proposés dans deux
applications: la recherche d’images couleur par le contenu et la classification d’images couleur.
Deux collections d’images couleur sont utilisées pour les expérimentations: (1) La base d’objets
Columbia (COIL-100) (Nene et al., 1996) et (2) la collection de visages Faces96 (Spacek,
2007).
Nous comparons les performances des moments sans paramètre proposés avec leurs versions
basées sur µ, les moments de chromaticité (CM) (Paschos et al., 2003), les moments de dis-
tribution de chromaticité de Legendre (LCDM) (Yap and Paramesran, 2006) et le descripteur
basé Clifford poFMD (Mennesson et al., 2014). Notons que les CM sont calculés pour deux
niveaux de quantification Q = 10, 20 et le poFMD est calculé pour le bi-vecteur rouge Brouge.
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Les moments quaternaires que nous abordons sont basés sur les polynômes radiaux de Zernike,
les polynômes de Bessel du 1er type et les polynômes associés de Legendre. Pour les moments
quaternaires basés sur µ, nous fixons µ à (i− j − k)/

√
3 comme établi par Chen et al., 2014a.

3.3.1 Recherche d’Images
Nous rapportons dans le tableau 2 les résultats de la recherche d’images par le contenu en
utilisant le premier plus proche voisin (1-NN).

Tableau 2 Précisions en % obtenues par les différents moments d’images couleur
en utilisant le premier plus proche voisin (1-NN) dans les deux collections COIL-

100 et Faces96.

PFQDHM QDHM PFQZM QZM PFQBFM QBFM poFMD LCDM CM10 CM50

COIL-100 100 99.91 99.91 99.89 99.46 99.38 99.56 96.51 92.96 86.38

Faces96 99.12 99.09 98.94 98.84 94.62 94.43 97.70 86.89 71.22 65.21

D’après ce tableau, nous remarquons que les moments sans paramètres proposés ont des pou-
voirs discriminatoires acceptables et comparables à leurs versions basées sur µ. Ceci est ex-
pliqué par le fait que les moments orthogonaux quaternaires sont basés sur des polynômes
orthogonaux et profitent du produit croisé quaternaire. Par conséquent, ils peuvent capturer effi-
cacement l’information couleur et forme contenue dans une image. Nous remarquons aussi que
les moments quaternaires basés sur les polynômes associés de Legendre, PFQDHM et QDHM,
ainsi que les polynômes radiaux de Zernike assurent une meilleure précision par rapport aux
moments basés sur Bessel Fourier du 1 er type, particulièrement lorsqu’il s’agit d’images de
visages capturées sur un fond complexe. Le poFMD et le LCDM atteignent également des
résultats de recherche satisfaisants. En revanche, les CM sont les moins performants.
Les détails sur les expérimentations menées ainsi que les résultats obtenus sont présentés à la
section 3.3.4 du chapitre 3.

3.3.2 Classification d’images
Nous évaluons les performances des PFQOMI proposés dans le contexte de la classification
d’images couleur en se basant sur la machine d’apprentissage extrême ou extreme learning
machine (ELM) (Ding et al., 2015).
Dans un premier temps, la base d’images est partitionnée en deux parties: une base
d’apprentissage (70%) et une base de test (30%). Pour chacune des bases, nous calculons
les descripteurs d’images couleur jusqu’à l’ordre nMax = 5 et les normalisons en utilisant
la méthode Min-Max . Ensuite, nous passons les descripteurs de la base d’apprentissage
comme entrée au classificateur ELM pour apprendre ses paramètres optimaux du modèle. Les
paramètres appris sont utilisés pour la classification des images de la base de test.
Les résultats obtenus sont rapportés dans le tableau 3.
Les détails sur les expérimentations menées ainsi que les résultats obtenus sont présentés à la
section 3.3.5 du chapitre 3.
Les résultats obtenus sur les deux collections COIL-100 et Faces96 montrent que: (1) Les mo-
ments sans paramètre proposés assurent des précisions de classification plus satisfaisants que
leur version basée sur µ. (2) Les PFQDHM et les QDHM sont les plus performants et compara-
bles aux PFQZM lorsqu’ils s’agit d’images de visages capturées sur un fond complexe. (3) Les
moments orthogonaux quaternaires possèdent la propriété d’orthogonalité et sont capables de
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Tableau 3 Précisions de classification en % obtenues par les différents moments
d’images couleur en utilisant une machine d’apprentissage extrême avec une
couche cachée à 600 nœuds lors du traitement de COIL-100 et à 280 nœuds lors

du traitement de Faces96.

PFQDHM QDHM PFQBFM QBFM PFQZM QZM poFMD LCDM CM50 CM10

COIL-100 93.55 92.57 89.76 89.21 88.09 84.72 89.74 22.52 17.40 17.77

Faces96 93.92 94.61 83.34 82.5 93.6 90.6 89.01 74.74 64.34 55.58

capturer à la fois l’information de forme et de couleur. Ainsi, ils permettent tous des précisions
significatives (≥ 84.72 pour COIL-100 et ≥ 82.5 pour Faces96).

4 Notre Méthode de Classification d’Images Couleur
Dans cette troisième contribution, nous suggérons une méthode de classification d’images
couleur basée sur les moments QDHM sans paramètre. L’objectif est de confirmer la pertinence
de notre descripteur quaternaire et de le valider dans le cadre d’un système de classification
d’images.

4.1 Revue de la Littérature sur les Algorithmes de Classification
Le chapitre 4 de notre rapport de thèse établit un état-de-l’art concernant les principales méth-
odes de classification d’images. Ces méthodes peuvent être classifiées en deux catégories: les
méthodes superficielles et les méthodes d’apprentissage en profondeur.
Les méthodes superficielles consistent en: (1) l’extraction manuelle des caractéristiques de
l’image via un vecteur descripteur permettant de réduire la dimension et d’assurer l’invariance
aux différentes variations et transformations d’images, puis (2) la classification de ces descrip-
teurs. Ces derniers sont introduits dans un classificateur qui détermine la classe à laquelle
appartient ce modèle ou cette image. Ce type de méthode connaît un grand succès dans les
domaines de la reconnaissance d’objets, la reconnaissance faciale et la classification de texture.
D’autre part, les méthodes d’apprentissage en profondeur s’appuient davantage sur
l’apprentissage automatique en adoptant une architecture à plusieurs niveaux. En fait,
ces méthodes traitent directement les images plutôt que les vecteurs caractéristiques, ce qui
permet à la fois l’extraction des caractéristiques et la classification.
De nombreux chercheurs ont étudié l’extension de ces méthodes (les deux catégories) pour
traiter les signaux multidimensionnels, tels que les images couleur, en utilisant l’algèbre des
quaternions.
D’après notre étude bibliographique, nous avons tiré les principales différences entre les méth-
odes d’apprentissage en profondeur et les méthodes superficielles, résumées comme suit:
• Les méthodes d’apprentissage en profondeur nécessitent des méga-données pour extraire

de manière non-supervisée les caractéristiques de l’image.
• Les méthodes d’apprentissage en profondeur sont limitées par la disponibilité des

ressources informatiques, car le traitement d’images à plus haute résolution nécessite des
couches plus grandes et nombreuses.
• Les méthodes superficielles sont basées sur une extraction de descripteurs à partir des cal-

culs mathématiques. Cela signifie que l’invariance à la rotation, au changement d’échelle
et à la translation dans l’étape d’extraction des caractéristiques de l’image est mathéma-
tiquement obtenue par les descripteurs d’images.
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4.2 Notre Méthode pour la Classification d’Images
Dans cette contribution, nous proposons une méthode superficielle pour la classification
d’images couleur. Cette méthode tire partie de notre descripteur quaternaire sans paramètre.
D’abord, nous procédons à l’adaptation des algorithmes de classification superficiels pour
prendre en entrée des vecteurs caractéristiques quaternaires. Rappelons que les descripteurs
d’images couleur quaternaires permettent de maintenir la corrélation entre les trois canaux de
couleur grâce au produit quaternaire croisé.
Pour la classification d’images couleur à base de vecteurs descripteurs quaternaires, trois situa-
tions, illustrées dans Figure 9, se présentent:
• La situation (1) consiste à introduire les invariants des moments quaternaires basés sur

le module (valeur réelle) dans un classificateur superficiel à valeur réelle. En revanche,
obtenir l’invariance à la rotation en retenant le module des moments quaternaires entraîne
la perte de l’information de phase et fournit seulement un invariant à valeur réelle.
• La situation (2), appelée aussi approche marginale, consiste à introduire séparément les

quatre parties des invariants des moments à valeur quaternaire dans un classificateur à
valeur réelle. L’inconvénient de cette situation est que la taille de l’entrée du classificateur
est quatre fois plus grande, ce qui pénalisent le temps de calcul du classificateur. De
plus, la corrélation entre les quatre parties du vecteur caractéristique quaternaire n’est pas
maintenue.
• La situation (3) consiste à ce que l’entrée du classificateur quaternaire soit constituée des

invariants à valeur quaternaire formant ainsi une seule entité. Cette solution permet de
conserver les informations de phase du vecteur caractéristique quaternaire ainsi que la
corrélation entre les quatre parties.

Figure 9 Les différents invariants à la rotation des moments quaternaires et les
différentes approches pour les classifier.

Dans ce travail, nous adoptons la situation (3) pour la classification d’images couleur. L’idée
de base est de garder la forme quaternaire des coefficients composant le descripteur QDHM au
lieu de se restreindre aux modules des moments. Pour maintenir la corrélation entre les quatre
parties, réelle et imaginaires, des coefficients du descripteur quaternaire, nous nous sommes
basés sur un classificateur de type quaternaire, qui est la machine d’apprentissage extrême qua-
ternaire (QELM). Comme indiqué dans Figure 10, notre méthode est constituée de deux phases:
Apprentissage et test.
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Dans la phase d’apprentissage, nous procédons comme suit:
1. Chaque image couleur f est représentée au moyen d’un nombre quaternion pur comme
f = fRi+ fV j + fBk, où fR, fV , fB sont les composants rouge, vert et bleu de l’image.

2. Les invariants à valeur quaternaire des PFQDHM (parameter-free quaternion disc-
harmonic moments) sont calculés pour chacune des images couleur quaternaires
obtenues à l’étape précédente. Rappelons que les PFQDHM sont détaillés dans notre
deuxième contribution (Chapitre 3). De plus, les invariants à valeur quaternaire sont
obtenus à partir de l’équation suivante:

PFQDHMIn,m(f) = PFQDHMn,m(f)⊗ (PFQDHMl,m(f))∗ ,

|m| ≤ n, |m| ≤ l,
(R. 22)

Cette équation permet de conserver la forme quaternaire des invariants des PFQDHM.
Nous fixons l = |m|.

3. Ces vecteurs caractéristiques quaternaires sont introduits dans la machine d’apprentissage
extrême quaternaire (QELM) pour en apprendre les paramètres du modèle.

La phase de test est constituée des étapes suivantes:
1. Chaque image couleur f est représentée au moyen d’un nombre quaternion pur comme
f = fRi+ fV j + fBk, où fR, fV , fB sont les composants rouge, vert et bleu de l’image.

2. Les invariants quaternaires des PFQDHM sont calculés pour chacune des images couleur
quaternaires obtenues à l’étape précédente selon Eq. (R. 22).

3. Ces vecteurs caractéristiques quaternaires sont introduits dans la machine d’apprentissage
extrême quaternaire (QELM) pour la classification en utilisant les paramètres appris au
cours de la phase d’apprentissage.

Figure 10 Architecture de la méthode proposée pour la classification d’images
couleur.
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Notre méthode permet (1) d’étudier les performances des invariants à valeur quaternaire des
moments proposés, au lieu des invariants basés sur le module et (2) d’exploiter la machine
d’apprentissage extrême quaternaire (QELM) (Minemoto et al., 2016a), distinguée par la qualité
de la précision et le temps de calcul réduit.

4.3 Résultats Expérimentaux
Nous évaluons les performances de notre méthode de classification d’images couleur en com-
paraison avec des méthodes correspondant aux situations (1) et (3) de Figure 9. Nous con-
sidérons les descripteurs quaternaires suivant: les PFQDHM (moments disque-harmoniques
sans paramètre), les QDHM (moments disque-harmoniques) et les QZM (moments de Zernike).
Quant aux classificateurs, nous considérons le QBPNN, QELM, ELM, BPNN, Softmax et LS-
SVM.
Il est à noter que:
• L’ordre maximal nMax = 5 est retenu pour les PFQDHM, les QDHM et les QZM, ce

qui correspond respectivement à 36, 36 et 21 coefficients.
• Pour le QBPNN et le BPNN, nous fixons le taux d’apprentissage à α = 0.8 et le nombre

d’itérations à 300. Le nombre de nœuds de la couche cachée est fixé à M = 2(L+N)/3
où L est le nombre de nœuds dans la couche d’entrée et N est le nombre de nœuds dans
la couche de sortie.
• Le nombre de nœuds de la couche cachée M pour le QELM et le ELM est fixé em-

piriquement pour chacun des moments PFQDHM, QDHM et QZM. Il est à souligner que
les précisions de classification des QELM et ELM sont des valeurs moyennes obtenues
sur 10 essais.
• Le classificateur Softmax se limite à 100.000 itérations comme condition de terminaison.
• Le noyau RBF gaussien est adopté pour le LS-SVM. Les valeurs optimales du paramètre

de régularisation et celui de la bande passante sont automatiquement ajustées.
Nous utilisons plusieurs bases d’images à savoir la base Faces95, Faces95 corrompue, ALOI-
ILL et ALOI-COL. Les détails concernant les expérimentations menées ainsi que les résultats
obtenus sont présentés à la section 4.4 du chapitre 4. Dans ce résumé, nous rapportons unique-
ment les résultats concernant la base Faces95 corrompue avec un bruit sel et poivre et un flou
gaussien (Figure 11 et Figure 12).

Figure 11 Précision de classification de la méthode proposée et des autres méth-
odes quaternaires en utilisant la collection Faces95 corrompue.
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Figure 12 Précision de classification des différentes méthodes basées sur le mod-
ule des moments orthogonaux quaternaires avec des classificateurs à valeurs

réelles, en utilisant la collection Faces95 corrompue.

Les résultats obtenus montrent que les PFQDHM assurent des précisions de classification très
proches des QDHM, et que les PFQDHM et les QDHM vont bien au-delà des QZM, en partic-
ulier lorsqu’il s’agit de changement d’éclairage de couleur. De plus, les invariants des moments
à valeur quaternaire assurent de meilleures précisions de classification que les invariants à base
du module.
Notons que, même si le QELM nécessite un nombre important de nœuds dans la couche cachée
par rapport au QBPNN pour obtenir des performances similaires, le QELM est plus rapide,
comme il est indiqué dans le tableau 4.

Tableau 4 Comparaison entre les méthodes basées sur QELM, ELM, QBPNN et
BPNN, y compris notre méthode, en termes de temps d’apprentissage.

QBPNN BPNN QELM ELM

PFQDHM 5169.81 s 1784.98 s 17.70 s 2.59 s

QDHM 5190.92 s 1787.20 s 18.54 s 1.88 s

QZM 2587.06 s 863.89 s 15.37 s 3.30 s

D’après les résultats présentés dans le tableau 4, nous constatons que le QELM et le ELM
sont plusieurs centaines de fois plus rapides que le QBPNN et le BPNN. Ceci s’explique par
le fait qu’ils n’ont besoin que d’une seule passe feed-forward pour apprendre, contrairement
au QBPNN et au BPNN, qui apprennent par itérations (300 itérations dans cette expérience).
De plus, la légère différence entre les résultats du QELM et du QBPNN, remarquée dans les
expériences précédentes, est compensée par la rapidité de l’apprentissage de QELM.
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Conclusion et Perspectives
Dans ce travail de thèse, nous nous sommes penchés sur l’étude et l’amélioration de la descrip-
tion des formes couleur à des fins de recherche et de classification d’images. Cette amélioration
concerne plusieurs aspects qui sont la capacité de reconstruction d’images, la robustesse et
l’invariance, le temps de calcul ainsi que le pouvoir discriminatoire.
Sur la base de la revue de la littérature établie au chapitre 1, nous avons conclu que parmi les
descripteurs de formes basés-région, les moments orthogonaux ont des propriétés très impor-
tantes qui permettent de préserver le maximum d’information sur la forme. Par conséquent, ils
ont été largement utilisés dans de nombreuses applications, y compris la recherche d’images
par le contenu (CBIR). Nous avons également conclu que l’exploitation de l’algèbre des quater-
nions pour intégrer l’information couleur dans ces descripteurs conventionnels est une solution
prometteuse qui permet de conserver la corrélation entre les trois canaux couleur.
Dans le chapitre 2, nous avons décrit notre première contribution qui consiste à proposer une
adaptation de la transformée en harmoniques sphériques (SHT) pour la description d’images
couleur en utilisant à la fois l’algèbre des quaternions et une transformation sphère-disque
appropriée. De plus, nous avons amélioré le temps de calcul de notre descripteur, appelé
quaternion disc-harmonic moments (QDHM), en se basant sur la technique d’échantillonnage
sphérique Healpix. Nous avons mené des tests empiriques exhaustifs pour évaluer les perfor-
mances des moments proposés en termes de capacité de reconstruction d’images, de robustesse
aux transformations photométriques, d’invariance aux transformations géométriques, de temps
de calcul et de pouvoir discriminatoire. Les moments proposés ont montré une amélioration sig-
nificative de la reconstruction d’images par rapport à d’autres moments orthogonaux existants
étendus par les quaternions (les QZM, QPZM, QBFM et QOFMM). Les moments proposés
sont aussi les plus robustes au bruit Sel et Poivre et au flou gaussien comparés aux autres mo-
ments quaternaires. De plus, ils assurent des résultats satisfaisants concernant la robustesse aux
changements de la couleur et la direction de l’éclairage ainsi qu’à l’invariance à la rotation.
Quant à la recherche d’images par le contenu (CBIR), nous avons étudié l’effet de l’ordre max-
imal, de l’espace de couleur et de la mesure de similarité. Les moments quaternaires proposés
assurent un meilleur pouvoir discriminatoire par rapport à leur version conventionnelle com-
plexe (les DHM) puisqu’ils prennent en compte l’information couleur. De plus, ils dépassent
légèrement les autres descripteurs quaternaires et de Clifford. Cette légère différence au niveau
des résultats de recherche d’images est compensée par le calcul rapide des moments proposés,
notamment en utilisant la technique Healpix qui permet un calcul 12 fois plus rapide. Ainsi, le
descripteur proposé pourrait constituer une solution prometteuse pour les systèmes de recherche
d’images couleur.
Le chapitre 3 a été consacré à notre deuxième contribution, qui consiste à introduire une re-
formulation sans paramètre des moments quaternaires. Nous étions motivés par le fait que le
calcul de tous les moments quaternaires existants dépend d’un paramètre quaternion unitaire pur
µ dont la valeur optimale ne peut être fixée qu’empiriquement. De plus, la valeur estimée de ce
paramètre est fortement liée au domaine d’application. Nous avons défini les moments orthogo-
naux quaternaires sans paramètres (PFQOM) proposés en substituant la partie angulaire dépen-
dant de µ par une partie angulaire sans paramètre. Les résultats expérimentaux ont montré que
les PFQOM proposés possèdent une capacité de reconstruction d’images couleur importante, et
que leurs invariants à base du module sont robustes à diverses transformations photométriques
et géométriques. De plus, leur pouvoir discriminatoire a été comparé à celui de leur version
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basée sur µ, des moments de chromaticité, des moments de distribution chromatique de Leg-
endre ainsi que les moments de Fourier Mellin orthogonaux à base de Clifford. Les rapports
rappel-précision et les courbes ROC ont montré que les pouvoirs discriminatoires des PFQOM
proposés sont satisfaisants et comparables à leurs versions à base de µ. En ce qui concerne la
classification d’images couleur, nous nous sommes basés sur la machine d’apprentissage ex-
trême extreme learning machine (ELM), distinguée par son efficacité. Les résultats obtenus ont
montré la performance des descripteurs proposés.
Le chapitre 4 a détaillé notre troisième contribution qui consiste à suggérer une méthode de
classification d’images couleur basée sur les moments QDHM sans paramètre. L’objectif est
de confirmer la pertinence de notre descripteur quaternaire et de le valider dans le cadre d’un
système de classification d’images. Pour maintenir la corrélation entre les quatre parties, réelle
et imaginaires, des coefficients du descripteur quaternaire, nous nous sommes basés sur un clas-
sificateur de type quaternaire, qui est la machine d’apprentissage extrême quaternaire (QELM).
Nous avons comparé les performances de notre méthode avec plusieurs techniques combinant
des classificateurs réels ou quaternaires (ELM, BPNN, LS-SVM, Softmax, QBPNN et QELM)
et des moments quaternaires (QDHM et QZM). Les résultats obtenus ont montré que: (1) notre
méthode aboutit à des précisions satisfaisantes. (2) Les invariants des moments à valeur quater-
naire assurent de meilleures précisions de classification que les invariants à base du module. (3)
Même si le QELM nécessite un nombre important de nœuds dans la couche cachée par rapport
au QBPNN pour obtenir des performances similaires, le QELM est beaucoup plus rapide.
Les résultats prometteurs de ce travail de thèse soulèvent plusieurs perspectives à explorer:
• Nous envisageons une analyse comparative entre les descripteurs d’images couleur

quaternaires globaux et locaux. En effet, les descripteurs locaux sont plus robustes
que ceux globaux lorsqu’il s’agit d’images contenant des grandes variations de pose ou
d’illumination.
• Il serait intéressant d’explorer et d’évaluer la performance des moments proposés dans

d’autres applications, telles que le tatouage numérique, le recalage et la correction
d’images.
• Une extension possible de notre travail est de décrire des objets 3D couleur. Les im-

ages tridimensionnelles sont de plus en plus exploitées dans les sciences médicales et bi-
ologiques, notamment avec la disponibilité de techniques d’acquisition d’objets 3D. Dans
ce contexte, les harmoniques sphériques (SH) ont été largement utilisées pour l’analyse
des formes tridimensionnelles (Kazhdan et al., 2003; Skibbe and Reisert, 2017; Zhou and
Wang, 2017; Bales et al., 2017; Radvilaitė et al., 2017).
• Nous projetons généraliser l’ensemble des moments proposés en utilisant l’algèbre de

Clifford. En effet, l’algèbre de Clifford, dans laquelle l’algèbre des quaternions est con-
tenue, peut être utilisée pour traiter des problèmes qui nécessitent des représentations
multidimensionnelles (> 4D).
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Contributions à la description d'images couleur pour la  
recherche d'images par le contenu 

 
Résumé: Ce travail de thèse s’inscrit dans le cadre de l'amélioration de la recherche d'images  par le contenu en se 
focalisant sur le processus d'extraction des caractéristiques d'images. Nous nous intéressons particulièrement aux 
descripteurs d'images basés à la fois sur la forme et la couleur. En effet, en exploitant l'algèbre des quaternions, nous 
généralisons les moments orthogonaux radiaux permettant de décrire la forme en vue d’intégrer également l’information 
couleur. Dans un premier temps, nous décrivons l’état de l'art concernant les descripteurs d'images couleur, y compris les 
moments quaternaires. Ensuite, nous présentons trois contributions concernant la description d’images couleur pour la 
recherche par le contenu. Dans notre première contribution, nous proposons une adaptation de la transformée en 
harmoniques sphériques (SHT) pour la description d’images couleur en utilisant à la fois l'algèbre des quaternions et une 
transformation sphère-disque appropriée. De plus, nous améliorons le temps de calcul de notre descripteur, appelé 
Quaternion Disc-Harmonic Moments (QDHM), en se basant sur la technique d’échantillonnage sphérique Healpix. La 
deuxième contribution consiste à proposer une reformulation sans paramètre des moments orthogonaux quaternaires, 
appelés Parameter-free quaternion orthogonal moments (PFQOM). Ceci est justifié par le fait que le calcul des moments 
quaternaires existants dépend du choix d'un paramètre quaternion unitaire pur dont la valeur optimale ne peut être fixée 
qu'empiriquement. De plus, la valeur estimée de ce paramètre est fortement liée au domaine d’application. Dans notre 
troisième contribution, nous suggérons une méthode de classification d'images couleur basée sur les moments QDHM sans 
paramètre. L’objectif est de confirmer la pertinence de notre descripteur quaternaire et de le valider dans le cadre d’un 
système de classification d’images. L’idée de base est de garder la forme quaternaire des coefficients composant le 
descripteur QDHM au lieu de se restreindre aux modules des moments. Pour maintenir la corrélation entre les quatre 
parties, réelle et imaginaires, des coefficients du descripteur quaternaire, nous nous sommes basés sur un classificateur de 
type quaternaire, qui est la machine d’apprentissage extrême quaternaire (QELM). La performance de l’ensemble des 
descripteurs proposés est évaluée en termes de capacité de reconstruction d'images couleur, de robustesse aux changements 
photométriques, d’invariance géométrique, de pouvoir discriminatoire et de temps de calcul. Les résultats obtenus montrent 
l’intérêt de notre propos. 
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Contributions in Color Image Description for 
Content-Based Image Retrieval 

 
Abstract: This thesis work concerns the enhancement of content-based image retrieval (CBIR) by focusing on the image 
feature extraction process. We are particularly interested in image description based on both color and shape information. 
Indeed, by exploiting the algebra of quaternions, we generalize the radial orthogonal moments, meant for describing 
shapes, in order to also integrate the color information. We first present an extensive state-of-the-art regarding color image 
descriptors including the quaternion-based moments. Then, we provide three contributions in color image description for 
CBIR.  In our first contribution, we propose an adaptation of the spherical harmonic transform (SHT) for color image 
description by using both the algebra of quaternions and an appropriate sphere-to-disc transformation. In addition, we 
improve the computational time of our descriptor, namely the quaternion disc-harmonic moments (QDHMs), by employing 
the Healpix spherical sampling technique. Our second contribution consists in proposing a parameter-free reformulation of 
the quaternary orthogonal moments, namely the parameter-free quaternary orthogonal moments (PFQOMs). We were 
motivated by the fact that the calculation of the existing quaternary moments depend on the choice of a unit pure quaternion 
parameter whose optimal value can be fixed only with the help of experiments. Furthermore, the estimated value of this 
parameter is strongly dependent on the application domain. In our third contribution, we introduce a color image 
classification method based on the parameter-free QDHMs. The objective is to confirm the relevance of our quaternary 
descriptor and validate it as part of an image classification system. The basic idea is to keep the quaternary form of the 
coefficients composing the QDHMs descriptor instead of being restricted to the moment’s modulus. To maintain the 
correlation between the four parts, real and imaginary, of the quaternary descriptor coefficients, we take advantage of a 
quaternary classifier that is the quaternary extreme learning machine (QELM). The performance of all the proposed 
descriptors is evaluated in terms of color image reconstruction capability, robustness to photometric changes, invariance 
under geometric transformations, discriminative power as well as computational time. The obtained results illustrate the 
effectiveness of our methods. 
 

Keywords: Shape descriptors, Orthogonal moments, Spherical harmonics, Color image, Quaternion algebra, Content-
based image retrieval, Classification, Extreme learning machine.  
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