UNIVERSITE SIDI MOHAMED BEN ABDELLAH
FACULTE DES SCIENCES ET TECHNIQUES - FES

Centre d’Etudes Doctorales : Sciences et Techniques de I'lngénieur

]

N°d’ordre 09/2017
THESE DE DOCTORAT
Présentée par
Mr : Hassib Moulay Cherif
Specialité : Equations aux dérivées partielles (EDP)
Sujet de la these
Potentiel Non Linéaire et Application aux
Equations aux Dérivees Partielles.
These présentée et soutenue le samedi 20 mai 2017 devant le jury composé de
Nom Prénom Titre | Etablissement
Pr. Abdelmoujib BENKIRANE | PES | Faculté des Sciences Dhar El Mehraz de Fés | Président
Pr. Hassan EL AMRI PES | Ecole Nationale Supérieure de Casa Rapporteur
Pr. Khalid NAJIB PES | Ecole Nationale Supérieure des Mines de Rabat | Rapporteur
Pr. Abdelfatah TOUZANI PES | Faculté des Sciences Dhar El Mehraz de Fes | Rapporteur
Pr. Noureddine AISSAOUI PES | Ecole Nationale Supérieure de Fés Examinateur
Pr. Elhoussine AZROUL PES | Faculté des Sciences Dhar El Mehraz de Fés | Examinateur
Pr. Soumia LALAOUI RHALLI PH | Faculté Polydisciplinaire de Taza Examinateur
Pr.  Youssef AKDIM PH | Faculté Polydisciplinaire de Taza Directeur de these

Laboratoire d’accueil :

Etablissement : Faculté Poly disciplinaire, Taza

LSI

LS

A

Centre d’Etudes Doctorales Sciences et Techniques de I’Ingénieur
Faculté des Sciences et Techniques - Fés ; Route d’Immouzer, B.P. 2202 Fés-, Maroc —
Tél.:(212)5356080 14 ; Tél.: (212) 535602953 ; Fax:(212)5356082 14; Site web : www.fst-usmba.ac.ma




Dedicace

® A la mémoire de de mes parents que Dieu ait leurs
ames,

® A mon épouse : Fatima Ouabane ,

® A mes enfants: Noura, Houssam, Chaymae,
Sabrine,

® A toute ma famille,
® A tous ceux qui me sont cheérs,

Je leur dédie le travail de cette these.



Remerciements.

Je voudrais d’abord exprimer tous mes sincéres remerciements au Professeur Youssef
AKDIM, mon directeur de recherche, pour le soutien, 1’appui efficace et I’encouragement
permanent qu’ il m’ a apportés et aussi pour I’encadrement scientifique qu’ il m’a
assuré afin que ce travail voie le jour.

Je remercie vivement mon Professeur Nourddine AISSAOUI pour sa disponi-
bilité permanente, son soutien, ses conseils et ses remarques pertinantes.

J’exprime toute ma gratitude au Professeur Abdelmoujib BENKIRANE, pour
I’ interét qu’il m’a porté durant toute ma formation personnelle , présente et passée
et pour ses qualités humaines exemplaires et ce fut pour moi un grand honneur
qu’il soit le président de jury de cette thése.

Je remercie chaleureusement le Professeur Elhoussine AZROUL pour sa col-
laboration et sa patience qu’il a manifestées a mon égard durant cette these.

Je suis trés reconnaissant aux Professeurs Abdelfatah TOUZANI, Hassan
EL AMRI et Khalid NAJIB qui m’ont fait un grand honneur, en acceptant de rap-
porter cette these, juger son contenu et de m’en faire membres du jury.

Je tiens aussi a adresser mes vifs remerciements au Professeure Soumia LALAOUI
RHALI pour sa disponibilité de juger cette these et d’étre aussi parmi les membres
de jury.

Enfin Je remercie chaleureusement mes amis Abdelkrim Barbara, Abdelhafed
Salmani, Mounir MEKKOUR, Chakir Alallou , Nzha Elgorche et Mohmed Belay-
achi ; je leur souhaite un bon parcours.



Résumé

L’objectif de cette these est I’étude de potentiel non linéaire et de certains
problémes des équations aux dérivées partielles.
Cette these est composée de deux themes :
Le premier théme est consacré a I’étude de La théorie du potentiel non linéaire
dans les espaces de Musielak-Orlicz , Musielak-Orlicz- Sobolev et dans les es-
paces de Sobolev avec poids a exposants variables . Nous avons établi le théoréme
de H.Brezis et F.E. Browder dans le cas des espaces de Musielak-Orlicz-Sobolev.
Nous avons défini la notion des espaces de Musielak-Orlicz-Sobolev définis sur
un espace métrique et nous avons étudié la notion des capacités dans ces espaces.
Nous avons défini I’espace de Musielak-Orlicz-Sobolev a valeur zero sur le bord
et ’espaces de Sobolev avec poids a exposent variable, a valeur zero sur le bord,
nous avons établi que ce sont des espaces de Banach réflexives , nous avons donné
quelques-unes de leurs propriétés, nous avons défini dans ces espaces 1’énergie
intégrale de Dirichlet et nous avons montré qu’elle posséde un minimun.
Le deuxieme theme concerne 1’étude de certains problemes non linéaire des équations
aux dérivées partielles. Dans le chapitre 3, par application du théoréme de H.Brezis
et FE. Browder dans le cas des espaces de Musielak-Orlicz-Sobolev nous avons
étudié un probleme elliptique unilatéral. Dans le chapitre 5, nous avons étudié,
dans I’espace de Sobolev a exposants variable un probleme elliptique fortement
non linéaire avec second membre mesure de Radon, dont la solution vérifie une
certaine régularité.
Mots clés : Espace de Musielak-Orlicz-Sobolev - espace de Sobolev a exposants
variable - espace de Sobolev a exposants variable avec poids - espace de Musielak-
Orlicz-Sobolev a valeur zéro sur le bord - espaces de Sobolev avec poids a ex-
posants variable et a valeur zéro sur le bord - capacité - potentiel non linéaire -
mesure de Radon- probléme elliptique unilatéral - probleme elliptique fortement
non linéaire - théoréme de H.Brezis et F.E. Browder - énergie intégrale de Dirich-
let .



Abstract

The objective of this thesis is to study the theory of non linear potential and
some problems of partial differential equations.
This works is divided into two principal parts:
In the first part we study the theory of non linear potential in Musielak-Orlicz
spaces, Musielak-Orlicz-Sobolev spaces and in weighted Variable Exponent Sobolev
spaces. We establish the theorem of H.Brezis and F.E. Browder in the setting of
Musielak-Orlicz-Sobolev spaces. We define the Musielak-Orlicz-Sobolev spaces
defined on arbitrary metric space and we study the notions of the capacity in these
spaces. We define the Musielak-Orlicz-Sobolev space with zero boundary values
and the weighted variable exponent Sobolev spaces with zero boundary values.
We establish that they are Banach and reflexive spaces, we give Some of their
properties, we define in these spaces the Dirichlet energy integral and we show
that it has a minimum.
The second part is devoted to the study of some problems of partial differential
equations . In the chapter 3 and as an application of the theorem of H.Brezis
and FE. Browder we study an unilateral elliptic problem in the Musielak-Orlicz-
Sobolev spaces. In the chapter 5 we study the existence and the regularity of
solution for strongly nonlinear p(x)- elliptic equation with measure data.
Key words: Musielak-Orlicz space; Radon measures space; capacity; non-linear
potential; Musielak-Orlicz-Sobolev spaces; theorem of H Brezis and FE. Brow-
der; unilateral problem; Musielak-Orlicz-Sobolev spaces with zero boundary val-
ues ; Musielak-Orlicz-Sobolev spaces on arbitrary metric space; Sobolev spaces
with variable exponents; strongly nonlinear p(x) elliptic equations with measure
data; regularity; weighted variable exponents Sobolev spaces with zero boundary
values; Dirichlet energy integral.
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Introduction Générale

La théorie du potentiel non linéaire a été étudiée au début par Maz’ya et Khalvin
dans [66] et par Meyers dans [68] dans les espaces L” de Lebesgue ( p constant et
1 < p < 00), ce qui a introduit le concept de capacité dans ces espaces et a permis
des applications tres riches en analyse fonctionnelle, en analyse harmonique, dans
la théorie des probabilités et dans la théorie des équations aux dérivées partielles.
Elle est développée notamment par Adams dans [1]; par Adams et Meyers dans
[3] et par Hedberg dans [58]. Cette théorie a été généralisée; aux espaces d’Orlicz
par N. Aissaoui et A. Benkirane dans [7] et [8], aux espaces de Lebesgue Sobolev
a exposent variable par Harjulehto , Histo, Koskenoja et Varonen dans [39] et
aux espaces de Lebesgue Sobolev avec poids a exposent variable par Ismail Aydin
dans [59].
La notion de capacité est alors un outil efficace , elle nous permet de mesurer les
ensembles plus finement que la mesure , de voir que les fonctions sont définies
mieux que presque partout (quasi presque partout).
La théorie des équations aux dérivées partielles (EDP) est un domaine en pleine
expansion de part son impact sur de nombreux domaines a savoir la chimie dans
le but de modéliser les réactions chimiques, I’économie pour étudier 1’évolution
des marchés, le contrdle quantique, la mécanique, réseaux de télécommunications,
etc.

Considérons le probleme elliptique suivant:

{ Au = f dans Q, 0.0.1)

u = 0 sur 052,
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avec Au = —div (a(x, Vu)) est de type Leray-Lions de W,”(Q) vers son dual
W—l,p'(Q)’

et ou la fonction de Carathédory a vérifie les hypotheses de croissance, de mono-
tonie, et d’ellipticité sur €2, ouvert borné de RN et ou f est une mesure. L’étude
se limite au cas ot 1 < p < N carsip > N alors W,?(Q) — C°(Q), et par suite
(C(Q)) — W17 (Q); donc si f est une mesure de Radon alors elle devient un
élément de dual W~17'(Q).

Dans le cas p > 2 — %, avec f une mesure de Radon, Boccardo et Gallouet
[31] montrent que la solution faible du probleme (0.0.1) appartient a VVO1 () ou
1< q< M=l

Or si p est proche de 1, plus précisement si 1 < p < 2 — + alors la solution
n’appartient pas a VV[ (Q) Pour surmonter cette dlfﬁculte Bénilan, Boccardo,
Gallouet, Gariepy, Pierre et Vazquez ont introduit dans [30] un nouvel espace
T,v!(€) dans lequel on peut donner un sens au Vu, qui n’est pas en général lo-
calement intégrable. L’idée consiste a introduire T} (u), troncature de u, et de
considérer VTu, et ceci est introduit dans le but de choisir les solutions qui
s’approchent le plus a des solutions physiques.

En 1965, Stampacchia, voir [77], avait consideré le probleme elliptique linéaire
suivant: —divA'Vu = f, pour f € M(Q), espace des mesures. Il a proposé une
méthode donnant I’existence et 1’unicité de la solution de la dite équation ellip-
tique voir [74]; cette méthode utilise la dualité et conduit au probleme variationnel
suivant:

u € ﬂ Wy (Q),

9<xg
—(div (A'V¢),u) = / wdf Yo € Hi(Q) tel que — div(A'Vy) € U Wy
Q >N
(0.0.2)

Cependant, pour les problemes elliptiques et f € M(Q), la méthode de Stampac-
chia ne fonctionne plus avec des opérateurs non linéaires; ainsi Boccardo et Gal-
louet, dans [31] ont construit, par approximation, une solution pour les équations
elliptiques avec des conditions aux limites homogenes de Direchlet.

Le résultat d’existence, lorsque a dépend de u et Vu a été démontré en [38] et
[75].

Dans [74] I'auteur a prouvé, dans le cas linéaire et en utilisant la méthode par
approximation, I’existence de la méme solution que celle de Stampacchia.
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Lorsque la donnée f est L'(Q2), Dall’ Aglio voir [37] a montré pour un probléme
elliptique non linéaire par la méthode (SOLA) I’unicité de la solution.

Cette these est composée de deux themes, le premier est consacré a 1’étude de
potentielle non linéaire dans les espaces de Musielak-Orlicz-Sobolev et dans les
espaces de Sobolev a exposants variable avec poids, le deuxieéme est consacré
a I’étude des problemes unilatéraux fortement non linéaires dans les espaces de
Musielak-Orlicz-Sobolev et a des problemes elliptiques avec second mesure dans
les espaces de Sobolev a exposants variable.

Dans le premier chapitre, nous présentons des rappels et des outils mathématiques
nécessaires dont nous allons nous servir ultérieurement. Pour les résultats con-
nus nous ne donnons pas de démonstrations. Nous indiquerons par ailleurs les
références correspondantes.

dans le deuxiéme chapitre nous sommes interéssés a I’étude de capacité et de
potentiel non linéaire dans les espaces de Musielak-Orlicz. Nous définirons la
capacité Cj,,,, ol

VX CRY, G (X) =inf{||f]lp: f € Ly, ethxf>1sur X},

avec k est une fonction positive intégrable sur R". Nous donnerons quelques-unes
de ses propriétés. Apres nous introduirons la capacité Dy, en termes de mesures
de Radon, ou

VX CRY, Dy, (X) =sup{||p|| : u € M}, i est concentrée sur X et ||kxpu|l, < 1}

avec (k x pu)(xz) = [k(z — y)du(y), Nous donnerons ses relations avec Ci,,.
Dans le dernier paragraphe nous définisson le potentiel non linéaire %k * f; d’une
partie X C RY dans les espaces de Musielak-Orlicz, ot

folle = inf{lIfllp: f €L et kxf>1Chyp—qpsur X},

et nous donnerons quelques-unes de ses propriétés.

Dans le troisieme chapitre nous définirons la notion de capacité C, dans les
espaces de Musielak-Orlicz-Sobolev ou

E cRY E)= inf p .
VE CRY, C,(E) ueg}p(E)pmvw(U)

13



avec
AL(E) ={u e W™"L, : u > 1surunensemble ouvert contenant E et u > 0}.

Si A,(E) = 0 on pose C,(E) = co. Nous donnerons quelques-unes de ses pro-
priétés. Apres nous démontrerons le théoreme de H.Brezis et FE. Browder dans
les espaces de Musielak-Orlicz-Sobolev. Notons que cette généralisation a été
faite par A.Benkirane dans le cas des espaces d” Orlicz-Sobolev (voir [29]). Apres
on fera deux applications:

-Dans la premiére nous appliquerons le théoreme de H.Brezis et FE.E. Browder pour
étudier des problemes unilatéraux fortement non linéaires de la forme:

u € Kg, g(.,u) € L'(Q), ug(.,u) € L'(Q)

<Su,v—u>+/g(.,u)(v—u)dz> < f,v—u>, Vv € KN L¥(Q),
Q

le second membre f € W™ L,(£2) et I’ensemble convexe
Ko ={ve W"L,(Q), v =& p.p sur Q}.

avec ’obstacle @ appartient a W{J" Ly (€2) N L>(€2). S est un opérateur pseudo-
monotone défini de W" L, (£2) vers WL, (£2). qui vérifie les conditions suiv-
antes:

(1) S est continu de chaque sous espace de dimension fini de WL, () vers
W= L,(£2) pour la topologie faible * .

(2) S transforme tout ensemble borné en un ensemble borné.

(3) S est coercive, i.e pour un certain vy dans K¢ N L>((2)

< S(v),v— vy >

[[v] |W5”L¢(Q)

— +oo lorsque ||v||lwpr, @ — +00, (0.0.3)

et finalement g est une fonction de carathéodory avec g : {2 xR — R qui satisfait
les conditions suivantes :

4) s.g(z,s) =2 0,V s €R et presque pour tout x dans €2,

(5) hy = sups\<tlg(z, s)| € LY(Q) Vvt > 0.

-Dans la deuxieme nous appliquerons les résultats sur les capacités pour définir
les espaces de Musielak-Orlicz-Sobolev a valeur zéro au bord, nous établirons que
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se sont des espaces de Banach réflexives, nous donnerons quelques-unes de leurs
propriétés, nous définirons 1’énergie intégrale de Dirichlet et nous montrerons
qu’elle posseéde un minimum.

Dans le chapitre 4, nous définirons la notion des espaces de Musielak-Orlicz-
Sobolev définis sur un espace métrique. On sait que dans la définition des espaces
de Sobolev on introduit la notion de dérivée, au sens des distributions, en 1996
P. Hajlasz a donné dans [47] une définition équivalente des espaces de Lebesgue
-Sobolev W1P(Q) , avec Q = RY ou 2 est un ouvert borné de R” et p constant,
dans le cas cartésien sans utiliser la notion de dérivée au sens des distributions,
ce qui lui a permit de définir la notion des espaces de Lebesgue Sobolev définis
sur un espace métrique. Il a montré que L’inégalité de Poincaré reste encore vraie
dans ces espaces et que I’ensemble des fonctions lipschitziennes est dense dans
ces espaces. Apres J. Kinnunen et O.Martio ont défini dans [60] le concept de
capacité dans ces espaces et ils ont donné quelques-unes de ces propriétés. N.
AISSAOUI a généralisé cette théorie dans les espaces d’Orlicz (voir [4], [5] et [6]
). En 2006 Petteri Harjulehto, Peter Hasto et Mikko Pere ont généralisé dans [71]
cette théorie dans les espaces de Lebesgue-Sobolev a exposent variable. Notre but
dans ce chapitre c’est de généraliser cette théorie au cas des espaces de Musielak-
Orlicz-Sobolev.

Dans le cinquieme chapitre nous établirons le résultat d’existence du probleme
suivant:

{—div(a(:)s,U,Vu)>+9($>U>VU): pooin Q (0.0.4)

u=>0 on 0f),

avec ) est ouvert borné de RN et a : Q x IR x IRN — IRN est une fonction de
Carathédory qui satisfait les hypotheses suivantes:

la(z, 5,€)] < BIK () + [s["@ " + [¢r=1),

a(z,s,6)¢ > al¢[!),

[a(z,s,&) —a(x,s,)](€—€) >0 pour tout & # ¢ dans IRV,

pour presque tout z € € et pour tout (s, &) € IR x IRY, ot K(z) est une fonction
positiveet K € LV (®)(Q).
Le terme non linéaire g: ) x IR x RN — IR, une fonction de Carathédory
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qui satisfait pour presque x € ) et pour tout s € IR, ( € IR les hypothéses
suivantes:

g(z,5,£).s 20 (0.0.5)

lg(x,5,€)| < b(|s])(c(z) + [P, (0.0.6)

avec b: IRT — IR" une fonction continue croissante et ¢ : Q — IR*, ¢ € L'(Q),
et 1 est une mesure de Radon.

Notons que cette equation a été étudiée par Azroule Barbara et Hjiaj dans [12]
dans le cas ou le second membre appartient 2 L' ((2).

Nous démontrons aussi que la solution de cette equation vérifie aussi la régularité
suivante:

weTy" ) Nw, Y, V() e By,

N
N -1
Notons aussi que cette equation a été étudiée avec la régularité préceédente mais
dans le cas ou g = 0 par A. Benkirane , M. L. Ahmed Oubeid et M. Sidi El Vally
[21] dans les espaces de Musielak-Orlicz-Sobolev.

En fin dans le sixieme chapitre , nous étudierons la théorie des capacités dans
les espaces de Sobolev a exposants variable et avec poids, en nous basant sur les
résultats de Ismail Aydin (voir [59] ), nous définirons les espaces de Sobolev avec
poids a exposent variable a valeur zero sur le bord, nous établirons que se sont des
espaces de Banach réflexives , nous donnerons quelques-une de leurs propriétés,
nous définirons 1I’énergie intégrale de Dirichlet et nous montrons qu’elle possede
un minimum.
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Chapter 1

Preliminaries

1.1 Musielak-Orlicz spaces and Musielak-Orlicz Sobolev
spaces

1.1.1 Musielak-Orlicz function

Let 2 be an open set in R™Y and let ¢ be a real-valued function defined in 2 x R*
and satisfying the following conditions:

a) ¢(x, .) is an N-function [convex, increasing, continuous, ¢(z,0) = 0, p(z,t) >
0vt>0 €20 50 ast— 0, 220 5 coast — ool

b)(., ) is a measurable function.

A function ¢(z,t), which satisfies the conditions a) and b) is called a Musielak-
Orlicz function.

Equivalently, ¢ admits the representation:

o(y,t) = fot a(y,7)dr, forally € Q and t > 0, where a(y,.) : R — R is
non-decreasing, right continuous, with forall y € Q: a(y,0) =0,

a(y,t) > 0fort > 0 and tEeroo a(y,t) = +oo.

The function a(y , .) is called the derivative of ¢(y, .).
For a Musielak-Orlicz function ¢ we put ¢, (t) = @(z,t) and we associate its
nonnegative reciprocal function !, with respect to ¢, that is

0, (p(z, 1) = oz, 0, (1) = t.
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The Musielak-Orlicz function ¢ is said to satisfy the A,-condition if there exists
K > 2 such that

o(y,2t) < Ko(y,t), forallyeQ and t > 0.

The smallest K is called the A,-constant of .

When the last inequality holds only for ¢ > some ty > 0 then ¢ is said to satisfy
the A,-condition near infinity.

Let ¢ and v be two Musielak -Orlicz functions, we say that o grows essentially
less rapidly than « at O (resp. near infinity ), and we write ¢ < -y if and only if
for every positive constant ¢ we have

t t
lim ( sup M) =0 (resp. lim (sup plz, ct)
=0 e ’}/(I‘, t) t=00 " 20 7($7t)

) =0).

Remark 1.1.1. [26] If p < v near infinity, then Ve > 0 there exists k() > 0
such that for almost all © € ) we have

o(z,t) < k(e)y(x,et) forallt > 0.

1.1.2 Musielak-Orlicz spaces

Let o be a Musielak-Orlicz function, we define the functional

00 (1) = / o, [ua)])d,

where u : ) — R is a Lebesgue measurable function.
In the following the measurability of a function u : 2 — R means the Lebesgue
measurability.
The set
K,(Q2) = {u: Q+— R, measurable : g,,o (u) < oo}

is called the Musielak-Orlicz class.

The Musielak-Orlicz space L, (€2) is the vector space generated by /,(€2), that is
L,(12) is the smallest linear space containing the set /,(2).

Equivalently:

L,(Q2) = {u:Q+— R, measurable : g,,0 (E) < 400, forsome A > 0}.

>
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K () is a convex subset of Lp(€).
If O = RY then L,(RY) is denoted by L.
Let
U(x,s) = sup{st — ¢(z,t) /t > 0}.
That is, v is the Musielak-Orlicz function complementary to ¢(z,t) in the sense
of Young with respect to the variable s.
For two complementary Musielak-Orlicz functions ¢ and 1) the following inequal-
ity is called the Young inequality [70]

t.s < p(x,t) +1(x,s) foralls,t > 0,2 € Q. (1.1.1)
If s = a(x,t) then
t.a(x,t) = p(z,t) + Y(x,a(x,t)) forallt > 0,z € Q. (1.1.2)

In the space L (2) we define the following two norms:

. Uu
i = F{A > 0 0, ()

which is called the Luxemburg norm and the so-called Orlicz norm by :

<1}

lulllpa= sup / u(z)o()|dz,

[[v]]y,@<1

where v is the Musielak-Orlicz function complementary to ¢. These two norms
are equivalent[70].

For two complementary Musielak-Orlicz functions ¢ and ¢ let u € L,(€2) and
v € Ly(§2), we have the Holder inequality [70]

| [ st < lullaalllellon- L13)

In L,(©2) we have the relation with the norm and the modular:

[[ullpy0 < 00 (1) + 1. (1.1.4)
ull g0 < 0ps0 (u) if[|u]]p,0> 1. (1.1.5)
l|ul|p0 = 000 (u) ,if]|ul|p.o < 1. (1.1.6)
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If @ = RY then two norms ||.||, g~ and [||.|||,z~ are denoted respectively by

[I-{]- and [[].[ ],
We say that a sequence of function u,, € L,(£2) is modular convergent to u &

L,(Q) if there exists a constant k£ > 0 such that

Uy — U

lim Q@,Q ( ) =0.

n—+00 k
If o satisfies the A\, condition, then modular convergence coincides with norm
convergence.
The closure in L (2) of the set of bounded measurable functions with compact
support in € is denoted by E,(£) and it is a separable space.
The equality K,(Q2) = E,(2) = L,(£2) holds if and only if ¢ satisfie the A,
condition, for all t or for large t, according to whether €2 has infinite measure or
not.
The dual of E,(£2) can be identified with L (£2) by means of the pairing [, u(z)v(z)dz
and the dual norm on L, () is equivalent to ||.||.
The space L, () is reflexive if and only if ¢ and 1) satisfies the A, condition, for
all t or for t large according to whether (2 has infinite measure or not.

Lemma 1.1.1. [39] Let ¢ be a Musielak-Orlicz function and f,, f, g are measur-
able functions.
(a)If f, — [, almost everywhere , then 0,0 (f) < liminf 05,0 (fn)-

n——+0oo

(D) If | fu] /| f], almost everywhere, then oy, (f) = l_1£1 05,0 (fn)-

(c)If f, — f, almosteverywhere, |f,| < |g|, almost everywhere, and o,,0 (A\g) <
oo for every A > 0, then f,, — f strongly in L,({2).

Theorem 1.1.1. [39] Let v be a Musielak-Orlicz function.
(@) |[fllgsa= [ |f] o forall f € Ly(S2).

(b)If f € L,(Y), g a measurable function and 0 < |g| < | f
then:

, almost everywhere,

9 € Lo(Q) and |gllp0 < |[flloa-

(c)If f, — f, almost everywhere, then: || f||,.q < liminf | fallpse -
n—-+00

(@ If [ful /7S

then:

, almost everywhere with f, € L,(2) and sup, ||fullp.0 < 00

f € Lo(Q) and |[follg0 7 [ fllor-
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1.1.3 Musielak-Orlicz-Sobolev spaces

For any fixed non-negative integer m we define
W™ML,(Q) ={u e L,(Q) :V]a] <m, Du e L,(Q)},

where o = («1, @, ....., a;,) With non-negative integer «;, |a| = |ay| + |ao| +
w...]an| and D%u = TG denote the distributional derivatives of u.

The W™ L, () is called the Musielak-Orlicz-Sobolev space.

Foru € W™L,(Q) let:

o0 (W) =" g0 (D)

la|<m

and

m . _ Uu
lullz, = inf {3 > 0+ g0 (3) < 1}

These functionals are a convex modular and a norm on W™ L, ({2), respectively,
and the pair (W™ L,(Q),|[ul|,,) is a Banach space if ¢ satisfies the following
condition [70]: there exists a constant ¢ > 0 such that
i = C. 1.
;relffzgo(x, 1) >c¢ (1.1.7)
We say that a sequence of functions u, € W™L,({2) is modular convergent to
u € W™L,(Q) if there exists a constant £ > 0 such that:

o Up— UL
S 2Ghe (——) =0
If Q@ = RY then W™L,(2), g,q (u) and [[u|7}, are denoted respectively by

Wm™L, , o7 (u)and ||u][7, Vu € W™ L.

Theorem 1.1.2. [19] Let p and ) be two complementary Musielak-Orlicz func-
tions such that o satisfies the conditions (1.1.7) and there exists a constant A > ()
such that forall v,y € Q : |z —y| < % we have:

p(z,1)
(y,1)
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forallt > 1.
If D C Q is a bounded measurable set, then [, p(x,1)dx < oc.
W satisfies the following condition :

AC >0 : ¢¥(x,1) < C, almost everywhere in . (1.1.9)

Under the previous conditions, with Q = RY ; C5°(R") is dense in L,(R") and
in W™ L,(RN) with respect to the modular topology.

Theorem 1.1.3. [20] Let ¢ be a Musielak-Orlicz functions which satisfies the
assumptions of theoreml1.1.2, with Q = RYN. Then D(RY) is dense in W™ L, (R™)
with respect to the modular topology.

Lemma 1.1.2. [63] Let E be a reflexive Banach space. If [ : E — Ris a
convex, lower semicontinuous and coercive operator, then there is an element in
E that minimizes I.

1.2 Measures space

M designates the vector space of Radon measures. M is endowed with the weak
topology for which a sequence (u,,) converges weakly to i, if for any continuous
function f with compact support

lirf /fdun:/fdu.

M is the cone of positive elements of M.

M, designates the Banach space of measures, endowed with the norm ||x||, total
variation of 1 < oo.

where the variation of y for all X C R¥ is defined by:

11 (X) = sup{D_ [u(X)| + (Xi)im1.m is an X partiton}.
1

By definition ||u||(RY) = ||| is the total variation of .
M designates the subset of M consisting of positive measures.

Definition 1.2.1. Let u € M,". We say that y is concentrated on X if 1(Y) = 0
for all ;1 — measurable set'Y, such thatY C X°.
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1.3 Variable Exponent Lebesgue and Sobolev Spaces.

In this section, we recall some results about the Sobolev spaces with variable

exponent.
Let © be a bounded open subset of IRY |, (N > 2). We denote

C(Q) = {continuous function p(-): Q2 — IR suchthat 1<p_ <p(z)<py <N},
where

p_ = min{p(z) /z € Q} and pye = max{p(z) /z € Q}.
We define the variable exponent Lebesgue space for p(-) € C4(Q2) by

LP@(Q) = {u:Q — R measurable / / lu(z)|P@) do < oo}
Q

The space LP(*)(Q) under the norm

p(z)
||u||p(m) =inf < A > 0, / de <1
Q

is a uniformly convex Banach space, and therefore reflexive. We denote by L” (*)(())

the conjugate space of LP*)({)) where ﬁ + ﬁ =1 (see [42], [80]).

u(z)
A

Proposition 1.3.1. (See [42], [80]) (Generalized Holder inequality)
(i) For any u € LP®(Q) and v € LP@)(Q), we have

/uvdm
9]

(ii) For all p,(+), p2(+) € C1(Q) such that p,(x) < py(x), we have LP*@)(Q) —
LP1@)(Q) and the embedding is continuous.

<_<1 1)” || || H
u P UVl (z) -
o p(z) p’'(z)

Proposition 1.3.2. (See [42], [80]).
If we denote

p(u) = / [uP@ dz Yu € LPW(Q),
Q

then, the following assertions holds
(i) ||ullpe) <1 (resp,=1,>1) <<= p(u)<1l (resp, =1,>1),
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(@) |ullp) > 1 = ullyy) < pu) < llullyg,) and ullye <1 = lullyg,) <
p(0) < JullZg,
(iii) ||ullp) =+ 0 & p(u) =0 and |w||pz) = 00 & p(u) = oo.

Now, we define the variable exponent Sobolev space by
W@ (Q) = {u e LPP(Q) and |Vu| € L@ (Q)},
normed by
lullip@y = Nullp) + 1 Vallpe — Yu € WHD(Q).

We denote by Wy 7™ (Q) the closure of C3°(€2) in W@ () and we define the

Sobolev exponent by p*(z) = ]\J,V _plgz) for p(x) < N.

Proposition 1.3.3. (See [42, 48])
(i) Assuming 1 < p_ < p, < oo, the spaces W'P@)(Q) and Wol’p(x)(Q) are
separable and reflexive Banach spaces.

@) Ifq(-) € C(Q) and q(x) < p*(x) for any x € S, then the embedding
W P(Q) s LI@(Q) is continuous and compact.
(iti) Poincaré inequality: there exists a constant C' > 0, such that

1,p(x
lulloe) < C I Vullpwy — Vu € W™ ().
(vi) Sobolev inequality: there exists an other constant C' > 0, such that
1,p(x
lullpee) < C I Vullpwy — Vu € Wo™(Q).

Remark 1.3.1. By (iii) of the Proposition 1.3.3, we deduce that ||Vu||,) and

|w||1 p(z) are equivalent norms in Wol’p(x)(Q).

Definition 1.3.1. Forall k > 0 and s € IR, the truncation function Ty(.) can

be defined by o
S if |s| <k,
E@Z{kﬁ i s
S

and we define

Ty "")(Q) := {measurable function v such that ~Ty(u) € Wy (Q) Vk > 0}.
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Lemma 1.3.1. (See [16]) Let g € L"™(Q) and g, € L™ () with ||g,||,(x) < C
for 1 <r(x) < co.
If go(x) — g(x) a.e. on Q, then g, — g weakly in L") (Q).

Lemma 1.3.2. (See [16])
Let u € Wol’p(m)(Q) then Ty(u) € Wol’p(x)(Q) forall k> 0. Moreover, we have

Ti(u) — u in Wol’p(x)(Q) as k — oo.

Lemma 1.3.3. (See [17]) Let p(.) be a continuous function in C(2) and u a
function in Wy'” “(Q) . Suppose 2 — + <p~ < p" < N, and that there exists a
constant C such that

/ | v ulf@des < Cy, Y k> 0.
{k<|u|<k+1}

Then there exists a constant Cy, depending on C, such that

||u||W01vQ(Z)(Q) < 027

for all continuous functions q(.) on Q satisfying

N
N -1

1<q(z) < (p(x) — 1), forall x € Q.

1.4 The weighted variable exponents Lebesgue and
Sobolev spaces.

Let 2 be a bounded open subset of RN, N > 2.
Forallp € C,(Q), we define p™ = sup,.q p(r) and p_ = inf,cq p(z).
We say that p(.) is log-Holder continuous in € if

C 1

Ip(z) — p(y)| < Va,y € Q suchthat |z —y| < 3

= |log|z —y|

Let w be a function defined in €, w is called a weight function in 2 if it is measur-
able and strictly positive a.e. in €).
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Let p € C'.(Q)) and w be a weighted function in (2. The weighted variable expo-
nents Lebesgue space LP(*) (€2, w), consists of all measurable real valued functions
such that

L (Q,w) = {u:Q — IR, measurable : / w(z)|u(z) PP dr < oo},
Q

provided with the Luxemburg norm

el ey = inf 12> 0 /

w(:):)|M|p(x)d:): < 1}
Q H
LP®)(Q, w) is a reflexive Banach space.

Lemma 1.4.1. [64] For all function u € LP®)(Q,w), we denoted

prclt) = [ wla)fule) s
Q
Then
@) pow(u) >1 (=1;<1) & ||lull e oe > 1 (=1;< 1), respectively.
.o _ +
(ll) IfHuHLP(z)(Q,w) > 1 then ||u||ip(z)(ﬂ’w) < pQM(“) < ||u||ip(cv)(ﬂ’w)'

+ _
Gii) If | oy < 1 then [ull7 g < porolt) < Jullls g

We define the weighted variable exponents Sobolev space by

WhrE)(Q, w) = {u € ’@(Q): Ou LPD(Q,w),i =1, N}

L

provided with the norme

N
ou
HUHWLp(z)(Q,w) = ||U||Lp<w>(9) + Z Hﬁ—xiHLP(z)(Q,w)
=1

which is equivalent to the Luxemburg norme

N  Ou
. u T T4 x
||l wree (0,0 = inf {,u >0: / (\;Vg( )—l—w(x)z \87 p( ))dm < 1}.
)

i=1
Let w a weight function such that the following conditions:
(wl) we L. () andwr®-T € L} (Q);

(W2) w—s(ﬂﬁ) c Ll(Q,W> with S(I’) - (%, OO) N [W, OO)
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Remark 1.4.1. [64] Let w be a positive measurable and finite function such the
condition (W) holds. Then the space (WP (Q, w), ||.|lwire)(.) is a reflexive
Banach.

Remark 1.4.2. [64] If we set
p%Q, w(u) = /(|u|p(x) + w(@)|VulP®dz  Yu e LP@(Q)
Q
We have

il o gy [ o) S P, (0) < Mzl oy o)

Corollary 1.4.1. [64] Let p € C,(Q) satisfy log-Holder continuity condition. If
(W1) and (W3) hold, then

(3C > 0), (Vu € C5°(Q)) : |[ull rr ) < ClIVUl| o) (00

Definition 1.4.1. Let C..(Q). The class A, consists of those weight w for which

p'() < 00,

_ 1
sup | B[P [|w|| L1 |||
BeB W Lr0) (B)

where B denotes the set of balls in RY and pp = (ﬁ fB ﬁdz) -
Theorem 1.4.1. [59] Let p(.) € PI(RY), 1 < p~ < p™ < o0, and w € Ay).
Then C3°(RY) is dense in W'P@) (RN ).

1.5 Capacity

Definitions 1.5.1. let E be a topological space and T’ the classe of Borel sets in
E, and a function C : T' — [0, +00].

1) C is called a capacity if the following axioms are satisfied:

i)C(0) = 0.

X CY=CX)<CY), forallXandYinT.

iii) For all sequences (X,) C T:

cJxn) <D Cx,).
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2) Cis called a outer capacity if forall X € T :
C(X)=inf{C(0): 0D X, O open}.
3) C is called an interior capacity if forall X C T :
C(X)=sup{C(K): K C X, K compact}.

4)A property, that holds true except perhaps on a set of capacity zero, is said to
be true C-quasi everywhere, ( abbreviated C-q.e).

5) Let f and (f,) be real-valued functions finite C-q.e. We say that (f,,) con-
verges to [ in C-capacity if:

Ve >0, n1—1>1’-‘,I-1000({x s fulz) = f(2)| > €}) =0.

6) f and (f,) are real-valued finite functions C-q.e. We say that (f,,) converges
to [ C-quasi- uniformly, (abbreviated C-q.u) if :

(Ve>0),(3X eT) : C(X) <e and (f,) convergesto f uniformly on X°.
Propositions 1.5.1. [59] For E C RY, we denote
Sp()w(E) ={ue WEHPE(RN W) : u > 1 on an open set containing E}.

The Sobolev (p(.),w)-capacity of E is defined by

Co\o(E)=  inf L(u) = inf (@) |y p(z) dz.
() (E) uesjﬂ,w(E)pl’p(')’ (u) uesjﬂ,ww) /Q (Ju(@) P+ |Vu(z) [P w(z))de

In case Sp().(E) = @, we set Cpy,(E) = 0o. The Cy)-capacity has the
following proprieties.

(1) ) = 0.
(ZZ) XCY = Cp(,)M(X) < Cp(_),w(Y),
(iii) For all sequences X,, C RY:

(iV) forall X C RN :
Cp(.)’w(X) = inf{Cp(.),w(O) 0D X, O open}. (1.5.2)
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(V) forall X c RY
Cpyw(X) =sup{Cp)u(K) : K C X, K compact}. (1.5.3)
(Vi) If there exists f € W'P@(RN W) such that f = +oc on E then,
Cp()w(B) =0 (1.5.4)

(Vii) If (X,,) is an increasing sequence of sets and X = |J X, then

n

lim Cp(_)M(Xn) = Cp(_)M(X). (155)

n—r+00
(Viii)lf X and Y are subset of RY, then

Co()w(X UY) + Cp) (X NY) < Cpy (X)) + Cpw(Y)- (1.5.6)
(iN) If w(z) > 1 forall v € RY. then every measurable set X C RY satisfies

1X| < Cpy(X). (1.5.7)
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Chapter 2

Capacity and Non-linear Potential in
Musielak-Orlicz Spaces

2.1 Introduction

In this chapter we are going to introduce the theory of capacity in Musielak-Orlicz
space. We will define the C,,, capacity and the Dy, capacity, prove their main
properties, and establish relationship between Cy,,,, and Dy,,, we shall introduce
the theory of non-linear potential and give some of its properties. Our results
generalize those of N. Aissaoui and A. Benkirane in the case of Orlicz spaces [see
[7] and [8]]

2.2 Capacity in Musielak-Orlicz space

22.1 Cy,, —capacity

Lemma 2.2.1. Let ) be an open set in RY and ¢ be a Musielak-Orlicz function
such that

¢
oy, t) = / a(y, 7)dr, Yy € Qand t > 0.
0
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Let u : ) — R, measurable function and o > 0, we define a measurable function
g : Q — R such that

o) = aty, ) vy e 0

If (%) € K, (Q) then g € Ky(Q2), where v is the Musielak-Orlicz function
complementary to .

Proof. Forally € Qandt > O : ¢(y, 2t) fo Y, T > fzt a(y, 7)dr.
Hence ¢(y, 2t) > ta(y,t), thus forally € Q : <p(y, [u( ) ‘“(y a(y, ‘“2(3)‘)_
On the other hand, we have: ‘“2(—9)‘ (y, |“2(a)|) o(y, | ) ( a(y, \uz(z)\))_

Therefore, ¥(y,a(y, ‘“2%)‘)) < oy, M )|) o(y, ‘“2% ), this implies that

/Qw(y,a(y, ‘u;z)‘))dyé/ﬂw(y, ‘u(oig)‘)dy—/gwy, |u2(z>|)dy,

then u u
05:02(9) < 2o (Z) = ea (5)-
Since 04,0 (5) < 3040 (%) and g0 (%) < oo, the proof is complete. O

Lemma 2.2.2. If (f,) is a sequence in L,(SY) such that for alln € N, f, > 0,

then
18D fulloa < ||an||gmﬂ ZanHng
Proof. Since 0 < sup,, f, < an, thus || sup,, full¢.0 < ||an||so>ﬂ
Letg, = > fi and f = f,, we have
k=0 n

In f
S illow ” S allos

almost everywhere.

By Lemma 1.1.1, we obtain

f Gn
0oy (=) = lim ou0(=r—) < lm g,0(7—F—) <1
D R A P e N | | PO R == G | VAN
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Then,
f

A

oo < 1.

Therefore ,

|| anHst < Z ||fn||so>ﬂ-
n n

O

Lemma 2.2.3. Let ¢ be a Musielak-Orlicz function, which satisfies the /\o condi-
tion, and such that

t
oy, t) = / a(y,7)dr, forally € Q and t > 0.
0

Let f € L,(2), such that f > 0, and ||f||,.o # 0. Let the measurable function
g : Q0 — R define by

f()

Vy € Q g(y) = aly, m
®9

).

We have [, f(y)g(y)dy = || fllo. [l9]llea -

Proof. By Lemma 2.2.1, we have g € L,(f2) and by the Holder inequality we
have

géﬂ@M@M<HHMMmem

For the opposite inequality, let h = Hflf; —,andv € L,(9), suchthat ||v|],,0 <
1.
For all y € €2, we have
9W)h(y) = oy, h(y)) + ¥(y, 9(y))
and

gw)v(y) < ey, v(y)) + vy, 9(y)).
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Hence for all y € 2:

g)v(y) < gw)h(y) — ey, h(y)) + e(y,v(y)).
Then

/Qg(y)v(y)dyé/Qg(y)h(y)dy—/Qw(y,h(y))dyﬂt/s@(y,v(y))dy-

Q
Thus

g(y)v(y)dy < /Qg(y)h(y)dy — 000 (h) + 0p50 (V).

0
We have o,,,o (v) < 1.

On the other hand ¢ satisfies the /A, condition, then, g, is a continuous mod-
ular[see [39] Lemma 2.4.3 ]. We have ||h||,,o = 1, then g,,o (h) = 1 [see [39]

Lemma 2.1.14].

Thus,
/Q 9(y)o(y)dy < /Q g()h(y)dy
implies
||v|s|3£<1/99 W)vy)dy < /Q 9(y)h(y)dy.
Then,

ol 11 flle0 < / F()g(y)dy.
]

Remark 2.2.1. In the following 2 = R", ¢ is a Musielak-Orlicz function, and
L;f:{fEch/f>O}~

Theorem 2.2.1. Let k be a positive integrable function on RY,

Forall X C RY, we put Cy,, (X) = inf{||f||l,: f € L, andkx*f>1on X},
where k x f is the convolution of k and f.

Ch,y Is an outer capacity.

Remark 2.2.2. Let By, (X) = inf{||f||,: f € L] and kxf>1 on X},
then

Chop (X) = By (X).
Indeed, it is obvious that C,, (X) < By, (X).
On the other hand, let f € Ly, then |f| € LY and if k* f > 1 on X, then
kx|f| = 1on X. Thus By,, (X) < ||fl||s; and therefore By, (X) < Cj,,, (X).
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Proof. of Theorem 2.2.1. It is obvious that Cj,, () = 0 and Cj,, (X) <
Ch (Y) if X C Y.
Let (X;) C T, sothat }_ Cj,y (X;) < +o0, then (Vi € N) Cj,, (X;) < +o00.

)

Thus , (Vi € N)(Ve > 0), (3fi € L) sothat k* f; > 1 on X; and
1 filly < Che (X) + 5
Let f =sup f;. By Lemma 2.2.2, we have:

1£ll < 2115l

We can write,

||f||<p < chagp (Xz) + e

Which implies that, f € L.
Since k* f > 1 on [JX; thus

Crp (JXi) €D Chop (Xi) +2, V2> 0.

Hence

Chrp (U Xi) < Z Closp (Xi)-

It remains to show that Cj,,, is outer. Let X C RY, we have:

Chrp (X) < inf{C},, (0) : O D X, Ois open}.

For the reverse inequality, if Cf,, (X) = 400 there is nothing to show.

Assume that Cy,, (X) < 400, andlet 0 < ¢ < 1, then3 g € L:g so that
kxg>1 onX and||g|l, < Ck,p (X) +e.

Letg. = t2- and O, = {z: (k*g.)(z) > 1}, thus O. isopen and

Ve e X; (kxg.)(x) > > 1.

1—¢

Hence X C O..
On the other hand, we have Cj,, (O.) < ||g:||,, and we deduce that

Ckw (X) + 8].

1 1
Crop (0:) < 7—llglle < 7
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Therefore

mf{C(0): 0> X, O open} < 1—;[0,6,%0 (X) 4], Ve>0.

Thus
inf{C(0): 0 D> X, O open} < Cj,, (X).

O

Theorem 2.2.2. 1) If there exists f € Ly, such that |k x f| = 400 on X, then
Chyp (X) =0.
2) If Ci,, (X)) = O then there exists | € L; such that k x f = +o0o on X.

Proof. 1)Let f € L, such that |k x f| = 400 on X, then Vo > 0, |k* f| > cvon
X. Thus Cj,, (X) < %, Va > 0; this means that Cj,, (X) = 0.

2) If Cppp (X) =0thenVi €N, 3f; € L : kxfi > 1 on X and |[|fil|, <27
Let f =3 fi. ByLemma22.2, |[[f|[, <X Ifille, then [[f][, < +o0.

We deduce that f € L and k* f = 400 on X. O

Theorem 2.2.3. Consider the following propositions :
i) fn — fstrongly in L.
ii) k* f, — kx f in Cy,, —capacity.
iii) There is a subsequence (f,,); such that : k * f,,, — k* f C,, —q.u.
) kx fo, — kx* fin Cy,, —q.c.
We have
i) = i) = il) = v).

Proof. We show i) = 1ii).
By Theorem 2.2.2, we have k x f and k * f, are finite C},, —q.e, Vn.
Let £ > 0; then

Chog (< Iks fu— ke f1(2) > <) < 12— lle

We show ii) = iii).
Lete > 0 3 f,, such that

Crop ({2 1 |k fo, — k= f](x) >277}) <27,
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We put
Ej={x : |k fo, —k+*fl(x) >27} and G,, = | E;.

j=m

We have Cy,, (G,) < D €277 <e.
j>m

On the other hand :
Vo € (Gp), Vizm: |kxfo, — k= f](z) <27,

Thus k= f,, — k* f Ci,, —q.u.

We show iii) = iv).

We have Vj € N, 3X; : Cy,, (X;) < % and k x f,, — k* f on (Xj)°.

We put X = (; X, then Cy,, (X) =0 and k* f,, — k* f on X°. O
Theorem 2.2.4. Let ¢ be a Musielak-Orlicz function that satisfies the /\y condi-
tion, and (f,,) a sequence in L, such that ) | f,| € L.

Then,

Z(k * fn) = k% (Z fn) Chryp —q.e.

n

Proof. First step: Assume that f, > 0 Vn € N, andletg, = >_ f; and [ =
i=1

> [

VT\;e have g, — f almost everywhere and g, < f.

On the other hand,  p,(Af) < co VA > 0 because f € L, and ¢ satisfy the
A\, condition [see [39] paragraph 2.5].

By (c) of Lemma 1.1.1 we have

Gn — f strongly in L.

Theorem 2.2.3 implies that there is a subsequence (g,,) such that k * g,, — k x f
in Cj,,-q.e.

Since f, =2 0, Yn € N kx g, — kx* fin Cj,,-q.e.

Second step: If f, is any sign, then ) f," and ) f, arein L, because | ) f,/| <

Sl IS fil < Slfuland Sl € Ly "

By the first step the result follows. U
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Theorem 2.2.5. Let (K,,) be a decreasing sequence of compact and K = (), K,,.
Then hrf Chrp (I) = Chp (K).
n——+0oo

Proof. First, we observe that Cy,,, (K) < lir}ra Chrp (K).
n——+0oo

On the other hand, let O be an open set containing K. By the compactness of K,
K; C O for all sufficiently large i. Therefore lir}rrl Chp (Kp) < Coy (O), and
n——+0oo

since C},, 1s an outer capacity, we obtain the claim by taking infimum over open
set O containing K. O

Theorem 2.2.6. Let ¢ be a Musielak-Orlicz function, uniformly convex that satis-
fies the /\y condition.

If fn,f € Ly, suchthat f, = f weakly in L, then:

liminf(k * f,,) < (k= f) < limsup(k * f,) C,, —q.€.

Proof. (L, , ||.||) is uniformly convex therefore reflexive. By the Banach-Saks
theorem, there is a subsequence denoted again by (f,,) such that the sequence

Jn = % > fi converges to f strongly in L,. By Theorem 2.2.3, there is a subse-
=1

quence of (gn) denoted again (g,) such that

nl_l)r_il_’loo(]{? % gp) = (k* f) Cr,p—q.e.

On the other hand,
liminf(k * f,) < lim (k*g,) .

n——+0o0o
Therefore,
liminf(kx* f,) < (k*f) Cg,y—q.e.

For the second inequality, it suffices to replace f, by (—f,,) in the first inequality.
O

Theorem 2.2.7. Let © be a Musielak-Orlicz function, uniformly convex that satis-
fies the /\o condition. If (X)) is an increasing sequence of sets and X = |J X,,,

n

then
lim Ck,<p (Xn) - Ckvs& (X)

n—-+4o00
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Proof. We have lir}rq Chrp (X)) < Ch,yp (X). For the reverse inequality, if lir}rq Chp (X) =
n—-+0oo n—-+0oo

+o00, there is nothing to show.
Assuming that lir}ra Chp (X) < 400, we have
n—-+00

1
VneN, 3f, e L] 1kxf, >1on X, and ||full, < Chyp (X )+ﬁ

Thus, (f,,) is a bounded sequence in L.

On the other hand, L, is uniformly convex, then it is reflexive because ¢ is uni-
formly convex and satisfies the /A, condition, [see [39] Remark 2.4.15]. Hence
there exists a subsequence which is denoted again by (f,,), and converges weakly
to a function f € L,. We have,

VneN 1kxf,>21 on X,, Cy,—q.e.
Therefore by Theorem 2.2.6,
Exf>1on X, Cg,,—q.e.

Let Y asubset of X where k « f > 1, then Cj,, (X) = Ci,,, (V).
On the other hand we know that

t
oy, t) = / a(y,7)dr, forall y € RN andt > 0.
0

Let the function g : RY — R defined by g(y) = a(y, “{ ngyl)‘) forall y € RV,
By Lemma 2.2.1, g € Ly, and since ¢ satisfies the /A, condition, we have L, =

(L)
[ gty > [ sl

Thus,
By Lemma 2.2.3, we have

/f 0y = I1£1lolllgll .

By the Holder inequality we have:

/fn W)y < 1l gl
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Therefore,

1flle < lim [ falle < lim (G (Xn) + ).

Thus,
Chp (X) < lim Chso (Xn).

n——+o0o

O

Corollary 2.2.1. Let ¢ be a Musielak-Orlicz function, uniformly convex, that sat-
isfies the /\y condition.
Let E,, C RY, then Cy,, (liminf E,,) < liminf Cy,, (E,).

Proof. Let E = liminf E,, , we have F = U(ﬂpn i)

We put G, = ()5, Ei. Thus a sequence (G ) is increasing and by Theorem 2.2.7,
Chyp (E) = lim,, Cy,,, (Gr,). We have C,,, (G,,) < Cy,, (E,); therefore

Ok,sp (E) < lim inf Ckacp (En)
U

Theorem 2.2.8. Let ¢ be a Musielak-Orlicz function which satisfies the assump-
tions of Theorem 1.1.2.

If ¢ satisfies the /\, condition, then for each f € Ly, there is a Cy,,-quasicontinuous
function g € L, such that kx f = g Cy,, —q.e.

Proof. Let f € L,, by Theorem 1.1.2, there exists a sequence (f,,) in C§°(RY)
such that f,, — fin L.
By Theorem 2.2.3, there exists a subsequence of ( f,,) denoted again by ( f,,) such
that

kxf, — kxf C,—qu.

Since k is integrable function and f,, is continuous Vn, then k x f,, is continuous.
Thus, the proof is complete. O

Definition 2.2.1. In the terminology of Choquet, C is called a capacity if it satis-
fies the following four properties:

i) O(0) =

ii) C is increasing.

iii) If (E,) a increasing sequence of set, then sup,, C'(X,,) = C(J X»).

n

iv) If (K,,) is a decreasing sequence of compact, then inf,, C(K,) = C(,, Kn).
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Remark 2.2.3. Let ¢ be a Musielak-Orlicz function, uniformly convex, that satis-
fies the A\, condition. Under Theorems 2.2.1, 2.2.5 and 2.2.7 Cl,, is a capacity,
in the sense of Choquet.

Definition 2.2.2. Let C a capacity in the sense of Choquet, and X C RY.
X is called capacitable if

C(X)=sup{C(K): K C X, K compact}.

Theorem 2.2.9. Let ¢ be a Musielak-Orlicz function, uniformly convex that satis-
fies the /\y condition. Then all analytic sets are Cy,,,- capacitable .

Proof. 1t is an immediate consequence of Choquet theorem [36]. L

2.2.2 Capacity in terms of measure

Theorem 2.2.10. Let ¢ be a Musielak-Orlicz function, k a positive integrable
function on RN, and X C RY is a p-measurable set, for all positive measure .
We put

Dy, (X) =sup{||ul| : p€ M, pis concentrated on X and ||k * p||y < 1}
where (k * p)(z) = [ k(z — y)du(y).

Then, Dy, is an interior capacity.

Proof. Tt is clear that Dy, (0) = 0 and Dy, (X) < Dy, (Y) if X CY.
Let u € M, (X,) asequence of y-measurable set and j1,, = p|x, defined by :

n(Y) = (X, NY), forall p— measurable set Y.

First we assume that the X, are pairwise disjoint, then
p(JXn) =D u(Xa).

If u is concentrated on |J X, and ||k * p||, < 1, then Vn; p, € M5 p, is

n
concentrated on X, and ||k * f1,|]y < 1.
On the other hand, we have

1l = S il < 3 Dios (X2,
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Thus,

D (JX) €3 D (X,).

If the X, are not pairwise disjoint, then by the first case and the fact that Dy, is
increasing, we have

D (JX) €3 D (X,).

It remains to show that Dy, is interior.
By monotonicity we have

sup{Dy,, (K) : K C X, K compact} < Dy,, (X).

Let 1 € M, and X a p-measurable set such that x is concentrated on X and
[k plp < 1.

Let a compact K such that K C X, then u|x € M, u|x is concentrated on K
and ||k * |||y < 1. Therefore,

el lly < Diyp (K).
On the other hand,
sup{||p\k || : K C X, K is compact} = ||p].

Thus,
Dy, (X) < sup{Dy,, (K) : K C X, K compact}.

O

Theorem 2.2.11. 1) D}, is the outer capacity associated to Dy, defined by:

Dy, (X) =1inf{ Dy, (O) : O openand X C O}.

Then,
Dlﬁw (X> = Ckw (X)

2) If p is a Musielak-Orlicz function, uniformly convex that satisfies the /\y con-
dition, then for all analytic set X we have :

Disp (X) = Chyp (X).
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Proof. 1t is the same as that given in [7], theorem 11.

O
Theorem 2.2.12. Let ¢ be a Musielak-Orlicz function.
Let K a compact of RN. The following assertions are equivalents.
])Ckago (K) = Q.
2) Di,p (K) = oc.
3)Dy;sp (K) = oc.
4)There exists o € K such that k(zo — y) = 0 a.e.
Proof. 1t is the same as that given in [8], Theorem 5.
O

2.3 Non-linear potential in Musielak-Orlicz space

Let ¢ be a Musielak-Orlicz function. In this section, we propose to study the
following variational problem: let X a subset of R" such that Cj,, (X) < oc.
Is there exists fy € L;’f such that k x fo > 1 Cj,, —¢.e on X, and

| follo =inf{||fll,: f € L; and kx f>1Cy,,—qeon X}?

Theorem 2.3.1. Let © be a Musielak-Orlicz function, uniformly convex that satis-
fies the /Ny condition. Consider X a subset of RN such that Cy,, (X) < cc.
LetQx ={f € Ly :kx f>1 Cyp—qeon X}.

There exits a unique fo € Qx such that:

) L follo = inf{llgll, : g € O

ii) kx fo > 1on X and || fo||, = Ch,y (X).

iii) If Ci,, (X) > 0, then for all g € L, such that k x g > 0 on X:

fo(@)
/a(x, ||f0||@)g(x)dx >0,

where the function a(x,.) is the derivative of the function ¢(x, .).

Proof. 1) Let the function 6 : Qx —] — 00; +00], defined by
0(f) = lfllg;Vf € L,
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6 is convex, lower semi continuous on {2x and coercive, the space L., is reflexive.
By Theorem 2.2.6, {2x is weakly closed in L. On the other hand, {2x is convex,
then there exists f; € {2x such that:

L folle = inf{llglle - g € Qx}-

Now suppose that there exist two minimal g; and g with g; # go, so that ||g; —

gg||<p > 0.

Let Gy = Hgilllw and Gy = || . By the uniform convexity of the norm we have
I|G1 + G|, < 2

then

1 1
||§91 + 592||so < g1l

1
which is the contradiction since (5 g1+ % g2) € Qx.
ii) Let Y be a subset of X where &k * f; < 1. Then, Cj,, (X) = Cj,, (X = Y).
Since k * fy > 1 on X-Y, then C,, (X —Y) < || foll-
On the other hand, we have {g € L} : k*g > 1 on X} C Qx; then [|fo|[, <

Ckw ( )
iii) Let g € L, such that k x g > 0 on X. Then for all ¢t > 0:

kx(fo+tg) =1 Ck,p,—qe on X and (fy+tg) € L.

Then,
[ fo+tglly = [|folle-
Therefore, .
| (fo +tg)ll, = 1
[ folly
Thus,
0p (77— (fo +tg)) = 1.
Hf0||s0
On the other hand, .
- <1
SATAIRD

Then, forall ¢t > 0

1 [fo+tgl(z), z\f0($)| .
| Flete ) — ot s >0
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Let c(z,t) = o(z, LH9@) The function z — ¢(x, ¢) is in L* forall ¢ € R. On

the other hand, ol
ge o o httol@),  glz) .

For 0 < t < 1 we have:

g ulz lfo+gl(x),  g(z)
a0 <@L,

) isin Ly.

|fo+gl(z)
[ folle

Then the function: z — a(x, |fﬁ}:ﬁ;f))( IIng)g\C\)w) isin L'.
By Lebesgue’s theorem

| fo +tgl(x)
| follo

By Lemma 2.2.1, the function: * — a(x,

1
lim [ —[p(,

t—0t t

ey, L [ o, Lot

)= = TR Tl

~——)g(z)dz > 0.

O

Definition 2.3.1. Let ¢ be a Musielak-Orlicz function uniformly convex which
satisfies the Ny condition and X a subset of R such that Cy,, (X) < oo. Let
fo € LY such that

| folle = inf{||fllo: f € L} and k* f > 1 Cp,p —q.e on X}.

fo is called a distribution function of X, and k * f is called a non-linear potential
of X for the Cy,, capacity.

Remark 2.3.1. Under the assumptions of Theorem 2.3.1, if Cy,, (X) > 0, then
forall g € L, such that k x g = 0on X:

fo() _
/a(x, ||f0H¢)g(x)dx = 0.

Theorem 2.3.2. Let p be a Musielak-Orlicz function uniformly convex which sat-
isfies the Ny condition. Let X C RY such that 0 < C,, (X) < oo and fo the
distribution function of X for the Cy,, capacity. Forall g € L,

|/ Hfom (@)da] < K, sup| (ko g) ()Ll

where K, is a constant that depends only on .
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Proof. The inequality is obvious if sup .y |(k * ¢)(x)| = +o0.
On the other hand, if sup,. y | (k * g)(z)| = 0, then by Remark 2.3.1 we have

Jo(z) B
/a(x, ||fOH@).g(x)dm = 0.

If0<a_sup|(k*g)( )| < +oo, then k * (fo — £)(z) > O forall x € X.

By Theorem 2 3.1, we have:

folt) ) (1o — L) (a)da
/ﬁmumwuf 9) ()i > 0.

Thus,

fo(z) fo(z)
/“%wwﬁﬁwwgaf( Al @

On the other hand, we have forall z € RY andt > 0 :

gp(a?,t):/o a(x,t)dt}[ a(x,t)dt}(%)a(x,%).

2

Then,
fo@)  folz) fo(@) fo()
afw, 200 T (0, 200 < Ko, S0
|| folle ™ (1 folle 1ol T 1 foll
because ¢ satisfies the A5 condition.
Therefore,

Jo(x)
/Mﬁwwgm@m\ K¢@mfmmmu

Since o, ( J;‘) ) < 1, we get

[ et 25D g(wyde < 5, sup G g) @)l

For the second inequality, it suffices to replace g by (—g) in the last.
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Theorem 2.3.3. Let ¢ be a Musielak-Orlicz function, uniformly convex which
satisfies the \y condition. Let (X;); C R™. For each i, f; is the distribution
function of X; for the Cy,, capacity. Let X C RY and f is its distribution function
for the Cy,,, capacity.

If X C liminf X; and lim Cy,,, (X;) = Ci,, (X) then, f; — fin Ly,.

We have the same result, particularly if (X;); is increasing and X = |J X; or

(X5)i is a decreasing sequence of compact and X = (), X;.
Proof. The sequence ( f;); is bounded in L,,. Since the space L, is reflexive, there

exists a subsequence denoted again by (f;); which converges weakly in L:g to a
function g in L. By Theorem 2.2.6, k * g > 1 on X C},,, —q.e. Therefore,

Crrp (X) < ]9l
On the other hand forall h € Ly,

/ fi(x)h(z)de —s / g(x)h(z)dx.

By Holder inequality, we have:

/ @ h@)de < ARl

Thus, [ g(x)h(z)de < minf [[fil|o|[[2llls < [[f1]el1A]]]-

Let the function h : z — a(xz, %) for all x € RY.

By Lemma 2.2.1, h € Ly, and by Lemma 2.2.3

gllelllAllls = /g(fc)h(fﬂ)dx < AU

Then,
g1l < Chsp (X).

Thus, ||g||, = Ck,, (X) and by theorem 2.3.1 f = g.

On the other hand, f is the unique adhesion value of the sequence (f;); for the
topology o (L, Ly). Then, f; — f weakly in L.

Since L., is uniformly convex and lign | fillz, = ||fl|z, then

fi — [ strongly in L,.
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Theorem 2.3.4. Letyp be a Musielak-Orlicz function.
Let F be a closed subset of RN such that Dy,, (F) < oo. Forall v € R%:
F,.=Fn{zeRY:|z| >r}.

If lim Dy,, (F,.) = 0 then there exists a measure 1 € My such that y is concen-
r—-+00

trated on F; ||k * pl|y < 1and Dy, (F) = |||

( is called a distribution measure of F for Dy,

Particularly, if K is a compact such that Dy, (K) < oo then K possesses a distri-
bution measure for Dy,,,.

Proof. 1t is the same as that given in [8], Theorem 4. ]
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Chapter 3

Capacity, theorem of H Brezis and F.E.
Browder type in Musielak Orlicz
Sobolev spaces and application

The first section of this chapter is devoted to the study of the capacity theory
in Musielak-Orlicz-Sobolev space, we study basic’s properties, including mono-
tonicity, countable subadditivity and several convergence results, we prove that
each Musielak-Orlicz-Sobolev function has a quasi-continuous representative. In
the second section, we generalize the theorem of H Brezis and F.E. Browder in the
setting of Musielak-Orlicz-Sobolev space W™ L, (£2), which extends the previous
result of H. Brezis and F.E. Browder [35]. In the third section we make two appli-
cations. In the first we study an unilateral problem, in the second we define and
study Musielak-Orlicz-Sobolev spaces with zero boundary values. This allows us
to prove that the Dirichlet energy integral has a minimizer in the Musielak-Orlicz-
Sobolev spaces case.

3.1 Preliminary lemma

Lemma 3.1.1. Let ¢ be a Musielak-Orlicz function which satisfies the condition
(1.1.7). If u, v € WL,(Q), then max{u,v} and min{u,v} are in W*L,(Q)
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with
vu(z), foralmostevery x € {u > v};
vu(x), foralmostevery x € {v > u};

v max{u, 0} (o) = {

and
: | su(z), foralmost every x € {u < v};
v mindu, v}(z) = { vu(x), foralmostevery x € {v < u}.
In particular;|u| belongs to W'L,(Q) and | <7 |u|| = | 7 u| almost everywhere in
Q.

Proof. 1t suffices to prove the assertions for max{u,v} since min{u,v} =
—max{—u,—v} . We have max{u,v} < |u| + |v| almost everywhere in €,
and ([u] + |v]) € L,(f2), then by Theorem 1.1.1 we obtain max{u,v} € L,(Q2).
On the other hand we have |7 max(u, v)| < |Vu|+|Vv| almost everywhere in €2,
and (|Vu| + |Vv|) € L,(€2), then by Theoreml.1.1 we obtain V max{u,v} €
L,(S).

Thus
max{u,v} € W'L,(Q).

For |u/| it suffices to note that |u| = max{wu,0} — min{w, 0}. ]

3.2 Capacity in Musielak-Orlicz-Sobolev space

In this section, 2 = RY and ¢ is a Musielak-Orlicz function which satisfies the
condition (1.1.7).

Definition 3.2.1. The Sobolev p-capacity of the set, E C RY is defined by :

Co(E) = ot P (14).

Where

AG(E)={ueW™L, : u>1onan open set containing E and u > 0}.

If A (E) = 0 we set C,(E) = oo.
Functions belonging to A,(E) are called admissible functions for E.
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Remark 3.2.1. In the definition of the capacity C,, we can restrict ourselves to
those admissible functions u for which, 0 < u < 1.
Indeed, if A (E) = {u € Ay(E) : 0<u< 1}, then A (E) C Ay(E) implies

C,(E) < inf  p,o(u).
so( ) ueA;(E)P m( )

For the reverse inequality, let ¢ > 0 and take w € A,(E) such that
Pmp(u) < Cu(E) + €.

Then by lemma 3.1.1, we have v = max(0, min(u, 1)) belongs to A;(E).
Therefore,

inf P (W) < P (V) < Py (u) < Cp(E) + ¢
weA,(E)

Letting e — 0, we obtain

inf  p,.(w) < CL(E).
weA;(E)P ,<p( ) so( )

This completes the proof.

Theorem 3.2.1. Let E C RY.
If there exists f € W™ Ly, such that f = +00 on E then, C,(E) = 0.

Proof. If there exists f € W™ L, such that f = +0coonE, then f > aon E for

all & > 0. Therefore, Voo > 0 : C,(E) < ﬁm,¢(£).
Leta > 1, we have p (L) < 25,,.(f), then 0 < CL(E) < Lp,,.,(f).

Letting o« — 400, we obtain C,(E) = 0. O

Theorem 3.2.2. Let’s consider the following propositions:

i) fo—f in WML,

ii) fn — f in C, — capacity.

iii) there is a subsequence ( f,;) such that : f,, — f, C, — q.u.
) fn, — f, Cy,—qe.

We have i) = ii) = 1ii) = iv)
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Proof. Let show that i) = i1).
By theorem 3.2.1 we have f and f,, are finite for every n; C, — q.e.
Let e > 0, we have

fn_f

Ccp({x : |fn_f|(x) >5})<ﬁm,w( -

).

Since f, — f in W™L,(12), then
fn — f

(Ve >0) 1 Pyl .

) — 0.

Therefore,

lim Co({z : |fo— fl(z)>e}) =0.

n—-+0o

Let show that ii) = iii).
Lete >0 3 f,, suchthat C,({z : |fn, — fl(z) >277}) <e.27.
We put

Ej={x : |fo, - fl(z) >27} and G,, = | J E},

jz>m
we have Cy,(Gp,) < D 277 <e.

jzm

On the other hand,
(V2 € (Cu)?) : 1fuy — Fl(2) < 270, (W) > m).

Thus
Jn, —  Cp —quu.

Let show that iii) = iv).
We have Vj € N,3X; : C,(X;) < % and f,,, — f on (X;)°.
We put X = (1, X, then C,(X) =0 and f,, — f on X*. ]

Theorem 3.2.3. Let ¢ be a Musielak-Orlicz function, uniformly convex that satis-
fies the \y condition.
If fr, f € W™L, such that f, — f weakly in W™Ly,, then

liminf(f,)(z) < f(z) < limsup f,(z) C, — q.e.
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Proof. (W™L, , ||.||) is uniformly convex, therefore reflexive. By the Banach-
Saks theorem, there is a subsequence denoted again (f,,) such that the sequence;

gn = %Z fi converge to f strongly in W™L,. By theorem 3.2.2, there is a
i=1

subsequence of (g,,) denoted again (g,,) such that

lim g,(z) = f(z) Cp, —q.e.

n—-+4o00o

On the other hand,
liminf f,(z) < lim g,(x) .

n——+o0o

Therefore,
liminf f,(z) < f(x) C, —q.e.

n——+00

For the second inequality, it suffices to replace f, by (—f,,) in the first inequality.
O

Theorem 3.2.4. Let ¢ be a Musielak-Orlicz function, uniformly convex which
satisfies the /\o condition.
Let (X,,) be an increasing sequence of sets and X = ] X,,.

Then, liIJlr’l Cop(Xp) = Cu(X).

Proof. We have hr_{l Cy(X,) < C,(X). For thereverse inequality, if lim C,(X,,) =
n—-+0o

n——+o0o
+o00, there is nothing to show.

Assuming that lim,,_, . C,(X,,) < 400, we have
1
VneN, 3f, e W"L, : fo=21on X, and 0m,(fn) < Cp(Xy) + —.
n

Now (f,,) is a bounded sequence in W™L,,, hence there exists a subsequence,
which we denote again by ( f,,), which converges weakly to a function f € W™L,,.
Thus

P (f) < Hinf G ().

On the other hand by theorem 3.2.3, we have

vneN:f>1on X, ,C,—q.e.
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Therefore, f > 1 on X C, —q.e.
Let Y be a subset of X where f > 1, then C,(X) = C,(Y).

Thus, )
P (f) S Hm(Cp(Xo) + 7).

Hence
Cw(X) < lim(C’@(Xn).

n

O

Theorem 3.2.5. Let p be a Musielak-Orlicz function, uniformly convex which
satisfies the /\y condition. C, is an outer capacity.

Proof. Ttis obvious that C,,(0)) = 0and Cy,(X) < C,(Y) if X CY.
To prove the countable sub-additivity, suppose that F£; , ¢ = 1,2, ... are subsets
of RY, let £ > 0. We may assume that > Cj,, (X;) < 400, then

Chp (X;) < +00; VieN.

Next we choose u; € A,(E;) so that

Pmp(ui) < Cu(E;) +e.27" VieN.

k
Letk € Nand v, = maxj<;<; u;. By lemma 3.1.1 we have v, € A,(J E)).

Thus, =
e (00) < D pnolt) < DO(CoB) +227) € 30 o) + (1= ().

, 2
=1 =1

Then,



k [eS)

Since (|J F;) increases to (| J E;), by theorem 3.2.4 we obtain:
i=1 =1

C@(U E;) <

i=1 1=1

Co(E).

o0 oo

It remains to prove that C,, is outer. Indeed, by monotonicity we have:

(VECRY) : C,(E) <inf{C,(0): 0D E, O open}.

For the reverse inequality, if C,(E) = 400, there is nothing to show.
Assume that C,(E) < 400, let e > 0 and take u € A,(E) such that

Pmp(u) < Cp(E) + €.

Since u € A,(E), there is an open set O containing E such that v > 1 on O,
which implies that

Cp(0) < Pmp(u) < Cp(E) + €.
The inequality follows by letting ¢ — 0. ]

Theorem 3.2.6. Let (I,,) be a decreasing sequence of compacts and K = (), K,,.
Then,

lim C,(K,) = Cy(K).

n——+o0o

Proof. First, we observe that C,(K') < lirf Co(K).
n—-+090

On the other hand, let O be an open set containing K. By the compactness of K,
K; C O for all sufficiently large i. Therefore lir}ra Cy(Ky) < Cy(0O), and since
n——+0oo

C,, is an outer capacity, we obtain the claim by taking infimum over all open set
O containing K. O

Theorem 3.2.7. Let © be a Musielak-Orlicz function.

(Fe>0)(VX CRY): |X]| < .0, (X),

where | X | is the Lebesgue’s measure of X.
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Proof. Letu € A,(X), wehave v > 1 on X and o, (u) < ppyp(w).
But 0,(u) = [en 0,(y, [u(y)])dy, then

0,(u) > /X 0oy, Ju(y))dy > /X 0,(y, 1)dy.

By the inequality (1.1.7) there exists a constant ¢ > 0 such that
inf 1) > e
Jnf oy, 1)

Therefore, o, (u) > c.|X|.
Thus,
C1X| < o).

The claim follows by passing to inf on v € A, (X). O

Corollary 3.2.1. Let ¢ be a Musielak-Orlicz function. If (f,). is a sequence
which converge to fin W™ L, then there exists a subsequence of (f,), which
converge to f q.e and a.e.

Proof. 1t is an immediate consequence of theorem 3.2.2 and theorem 3.2.7. [

Theorem 3.2.8. Let  be a Musielak-Orlicz function which satisfies the condition
Ny and the assumptions of the theorem 1.1.2.

For each f € W™L,, there is a C,-quasicontinuous function g € W™L,, such
that f = g a.e. The function g is called a C,-quasicontinuous representative of
the functionf.

Proof. Let f € W™L,,. By theorem 1.1.2, there exists a sequence ( f,,) in C5°(RY)
such that f,, — fin W™L,,.
By theorem 3.2.2, there exists a subsequence of (f,,) denoted again by (f,,) such
that f,, — f C, — q.u. The claim follows by theorem 3.2.7.

]

Remark 3.2.2. By theorem 2.6 in [20], we have the same result if we replace
W™L,, by W™L,(Q), where € is a bounded Lipschitz domain in R".

Theorem 3.2.9. Let ¢ be a Musielak-Orlicz function, uniformly convex which
satisfies the condition N\,
1)If O is an open set of RN and E C RY such that |E| = 0, then

C,(0) = C,(0 - E).
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2) Let uw and v are C ,-quasicontinuous functions in RY, we have
i) if u=v, almost everywhere in an open set O C RY, then

u = v C, — quasieverywhere in O,
i) if, u < v, almost everywhere in an open set O C RN | then

u < v C, — quasieverywhere in O.

Proof. 1) It obvious that C,(O) > C,(O — E). Letu € A,(O — E) thusu > 1
in an open set containing O — FE. Let the function f define as

{ f(x)):u(x) ,if@ERN—E

We have f € A,(O) and pp,,(f) = P (u), thus
C&p(O) < ﬁm,@(u)7

and by passing to inf we get C,(0) < C,(O — E).
2)Since C, is an outer capacity we get the results by [61]. L

Lemma 3.2.1. Let () be a bounded Lipschitz domain in R", ¢ be a Musielak-
Orlicz function which satisfies the condition (1.1.7), @ and 1) satisfy the /\y con-
dition and m € N. Consider ' € W~ L,,(2) N M(S2), where M (SY) denote the
set of Radon measures in Q). If X C Q is such that C,(X) = 0, then X is |T|
-measurable and |T'|(X) = 0.

Proof. The same as in [46] and [35]. O

3.3 A theorem of H.Brezis and F.Browder type in
Musielak-Orlicz-Sobolev spaces

In this section we generalize the theorem of H Brezis and F.E. Browder [35] in the
setting of the Musielak-Orlicz-Sobolev spaces W™ L, (§2).

Let 2 be a bounded Lipschitz domain in RY and m € N. In this section we
study the following question: let w € W{"L, (2) and T' € WL, (2) such
that T = p + h, where i lie in M+ () (the subset of positive Radon measures)
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and h lie L},.(Q2); find sufficient conditions on the data in order for w to belong

LY ($2; du), for hw to belong to L*(£2) and finally to have:

< T, w >:/wd,u—l—/hwda:.
Q Q

This question was solved in [34] in the case of the classical Sobolev spaces, in
[31] when ¢ = 0 in the case of Orlicz Sobolev spaces and in [29] in the case of
Orlicz Sobolev spaces.

Theorem 3.3.1. Let  be a Musielak-Orlicz function which satisfies the condition
(1.1.7), ¢ and 1) satisfy the Ny condition and m € N. Consider w € Wi"L,(2),
w>=0aeinQandT € WLy () such that T = p+ h, where p lie in M*(Q)
(the subset of positive Radon measures) and h € L} (), assume that:

loc
hw > —|®| a.ein Q for some ®in L*(Q). (3.3.1)

Then:
hw € L'(Q),w € L*(Q;dp) and < T,w >= / wdp +/ hwdzx.  (3.3.2)
Q Q

Remark 3.3.1. Note that ji(X) = 0 for all X C Q such that C,(X) = 0.
Indeed by lemma 3.2.1

TI(X) = [+ h|(X) =0,

but
0 < p(X) < |h|(X) + [+ R|(X) = 0.

Let prove the theorem 3.3.1.

Proof. Let w € W{"L,(?), the Lemma 2.4 of [21] yields the existence of a se-
quence w,, such that:

(1) w, € Wi"L,(2) N L>(Q),

(ii) supp w,, is compact,

(iii) |w,| < |w|a.e. in ,

(V) w, — win WJ"L,(Q).
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(vi) w,w >0 ae.in €2.
Following the lines of [34], it is easy to deduce that

<+ h,w, >= / Wy dp +/ hw,dx (3.3.3)
Q Q

Since w, — w in W{"L,(Q2), by using the corollary3.2.1, Lemma3.2.1 and
remark3.3.1 we have
w, — w p.a.e and a.e. in 2. (3.34)
We recall that by theorem3.2.8 and theorem3.2.9, for any v € W™ L,,(Q2) one has
v=20 ae nQsv>=0 ge nfd

This equivalence, remark3.3.1 and the fact (w > 0 a.e. in §2), imply

w, =20 ae ;, w, =20 pae and 0 <w, <w a.e. in . (3.3.5)
On the other hand from hw > —|®| and 0 < w, < w a.e. in €, we have
hw, > —|®| a.e. in 2 (3.3.6)

Since < u + h,w, > is bounded, (3.3.3 )and (3.3.5) imply fQ hw,dr < cst;
Similary (3.3.3 ) and (3.3.6 ) imply fQ wpdp < cst.

By using (3.3.4), (3.3.5), (3.3.6) and Fatou’s lemma we get hw € L'(Q) and
w e LYQ;du).

Using 0 < w, < w p.a.e. in Qand |hw,| < |hw| a.e. in (2, it is now easy to
pass to the limit in (3.3.3); we use the convergence of w;,, to w in WJ"L,, (£2) for
the left hand side and Lebesgue’s dominated convergence theorem in each term of
the right hand side: we obtain

<T,w >:/wd,u—l—/hwda:.
Q Q

3.4 Application

3.4.1 Unilateral problem

Let € be a bounded Lipschitz domain in RY and m € N. ¢ be a Musielak-Orlicz
function which satisfies the condition (1.1.7), and such that ¢ and v satisfy the
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/Ay condition. We consider some right hand side f € W~ L,,({2) and the convex

set

Ko ={ve Wi"L,(Q), v = ® a.ein Q}.

Where the obstacle ® belong to WJ"L,(£2) N L*>(€2). Let a pseudo-monotone
mapping S from WL, (€2) into W~ L,,(€2), which satisfies the following con-
ditions:

(1) S is continuous from each finite-dimensional subspace of WJ"L,(f2) into
W= L, (2) for the weak™ topology.

(2) S maps bounded sets into bounded sets.

(3) S is coercive, i.e that for some vy in K¢ N L>(£2)

< S),v—vy >

[v]lwyr L, @)

— +00 as ||v||wrr, @) — +oo. (3.4.1)

Consider finally a carathéodory function g : {2 x R — R witch satisfies :
4) s.g(x,s) 20,Vs R and a.e in €,
(5) he = supjsj<t|g(, 5)| € LY Q) vt > 0.

Theorem 3.4.1. The variational inequality:

u € Ko, g(.,u) € L'(Q), ug(.,u) € L'(Q)

<Su,v—u>+/g(.,u)(v—u)dx> < fiv—u>, Yve KeNL®(Q)

Q

has at least one solution.

Proof. First part Approzimation and a priori istimates.

Define g, (z, s) =

Xn(7)g(z,8) if |g(w,s)| <n,

Yo(@)n 2 if [g(a,s)| > n,

where Y., is the characteristic function of the set {x € Q : || < n}
By by using the proposition 1 of [45] we have the approximate problem

{

Uy € Kq>,
< Sy, v — u, > —l—fQ In(up)(v—up)de > < fiv—u, >, Yv € Kg N L®(Q)
(3.4.2)
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has at least one solution.
Using v = vy as test function in (3.4.2) we get

< Sy, Uy — vy > +/ (o un) (U —vo)dr < < fiup, —vg >.  (3.4.3)
Q

If (u,,) is not bonded in W("L,,(€2) then by the assumptions (3) we have

< S(up), Uy — vg >

(VA > 0)(3no € N) : (Vn = n,)( > A) (3.4.4)

[[n] |W5”L¢(Q)

Let £, = {x € Q : u,(x) > 0}, by (3.4.3) and (3.4.4) we have for large n :
A||un||W6”L¢(Q) + fEn gn(> un)(un - 'U())dl’ + fQ—En gn(a un)undx

</Q i In (s un)vodz+|| fllw-mr, @ | [unl Wi L, @ [ fllw-mr, @l lvollwp L@

Let G, = {x € Q : uy(x) > v,} and | = sup(|vol, |P]).
By the assumption (4) and (5) we have

/ Gn (., un)(un —vo)dx > 0,
E,.NGp

EnNGS

/ gn(-7un)vod$</\hzLoom)%\a
EnNGe, Q

Q_En

/ gn('7un)vodx</|hq>||L°°(Q)UO|'
Q—FE, Q

[[tn|lwer L, < Cr, Yn = no,

which is impossible, thus (u,,) is bounded in W" L, (£2).
It follows that there exists a subsequence, again denoted by u,, such that

Then we get

u, — u, weakly in W"L,(Q2) and a.e. in €.
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Thus
gn(T,up(x)) — g(z,u(x)) a.e. in Q.

From (3.4.3) we get

/ Gn (s ) (tn — vo)dx < Cs. (3.4.5)
We shall prove )

/Q |G (s upn) (U, — vo)|dz < Cs.
Indeed

Lot —wlas = [ )l — ) -

- / Gn (o, up) (U — vo)dx + / Gn (s Up) (uy — vg)dx
GeNEy, GenEsS

Gn (o tn) (Up, — vo)dx
GnNES

< /an(., Up) (Up, — vo)dx — 2 Gn (o tn) (Up — vo)dx

GnNES

— 2/ Gn (s ) (U, — vg)dx
GeNEn
< Oy + 2/ Gn (., up)vodz + 2/ Gn (., Up ) vodz
GnNES GeNEn

< Gy +4/ |2yjp| oo Vo d = Cs,
0
(3.4.6)

where b = sup(|®|, |vo|).
In order to prove
Gn (o un) — g(,u) in LY(Q), (3.4.7)

let us observe that, for any 6 > 0,

|gn (2, un(x))] < sup (- 8)] 4 O]gn (@, un(2)) (un() = vo(2))]-

[t|<6~ 1 +vol| oo

Thus fore any measurable set £ in {2 we have

[l < [ by gl + 56

64



By Vitali’s theorem, we obtain (3.4.7).
Furthermore by (3.4.5) we have

/gn(.,un)undx < 0y +/gn(.,un)vod1’.
Q Q

By Fatou’s lemma and (3.4.7), we get

0< / (-, w)udr < 02+/g(.,U)Uodl’.
0 Q

Thus
g(,,u)u € LY(Q).
Second part : Passing to the limit in (3.4.2)
Let
o = Sty — [+ gn(eyup).
From (3.4.2) it is clear that p, € M7T(Q). Since S maps bounded sets of

WLy, (2) in to bounded sets of W =" Ly, (X2), then we can assume for the same

sequence that
Su, — x weakly in W™ Ly, (),

which implies that

fn — puin D'(),
where

p=x—f+g(,u).
We putw =u—®, h=—g(.,u) and T = p+ h.
The assumptions of theorem 3.3.1 are satisfied since T = x — f € WLy, (Q2)
and h € L*(Q2). Thus

{ u—® e LYQ;du),
<x—fiu—®>= [ (u—P)du— [, 9(.,u)(u—P)dz.

Using v = ® as test function in (3.4.2 ) we get

(3.4.8)

< Sup, Uy > < <Sun,<1>>—<f,q)—un>+/gn(.,un)((l>—un),
Q

which gives passing to the limit and then using (3.4.8)

limsup, < Sug,u, > < <x,®>—<f,®—u>+[,9(,u)(P—u)dz,
< <xu> 4+ [ (P —u)dp < < xou>;
(3.4.9)
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since, by theorem3.2.9 we have
(P —u) <0 pae in Q. (3.4.10)
Using (3.4.9 ) and since S is a pseudo - monotone operator, we obtain

X =Su and < Sup,u, >—< Su,u > .

It is now easy to pass to the limit in (3.4.2) for any fixedv € KN L>(2). O

3.4.2 Musielak-Orlicz-Sobolev spaces with zero boundary val-
ues

In this section, 2 C R¥ be an open set and ¢ is a Musielak-Orlicz function.

Definition 3.4.1. We say that a function u belongs to the Musielak-Orlicz-Sobolev
spaces with zero boundary values, and denoted u € B}O’O(Q), if there is a C,-
quasicontinuous functions u € W1L¢(RN ) such that & = u almost everywhere in
Q and @ = 0 C,, -quasi-everywhere in R \ Q.

The space B,°(Q) is endowed with the norm

||u||B}p’O(Q) = ||ﬁ||W1L¢(RN)-

Remark 3.4.1. The norm of B,°(Q) does not depend on the choice of the C,-
quasicontinuous representative since C,(E) = 0 implies that |E| = 0 for every
E C R".

Theorem 3.4.2. B°(1) is a Banach spaces.

Proof. Let (u;); be a Cauchy sequence in B°(52), for every u; there is a C,-
quasicontinuous function u; € Wle (]RN ) such that u; = wu; almost everywhere
in Q and u; = 0 C,, -quasi-everywhere in RY \ Q.

Since W'L,(R") is a Banach space, there is a function u € W*L,(R") such
that 7; — win W'L,(R") as i — co. By theorem 3.2.2, u is C,-quasicontinuous
and by theorem 3.2.3 we have u = 0 C, -quasi-everywhere in R \ Q. Thus
u € B;°(Q) and the spaces B°(€2) is complete. O

Corollary 3.4.1. If the complementary Musielak-Orlicz functions 1 of ¢ satisfies
the condition [\, then the space B,°(Q) is reflexive.
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Proof. The space W'L,(R") is reflexive Banach, by theorem3.4.2 the space
B°(€) is closed, and therefore BL°(€2) is reflexive. O

Corollary 3.4.2. We have W L,(Q) C BL°(Q) C W'L, ().

Proof. The first inclusion follows from Theorem3.4.2 since D(Q) C BL°(€).
The second inclusion follows directly from the definition of the space B}D’O(Q).
O

Lemma 3.4.1. Let u € B}(Q2) and v € W' L,(RN). If u is abounded and v is
Cy-quasicontinuous then uv € BL°(9).

Proof. Letu € RY be the C\,-quasicontinuous representative of u. we have v is
C\,~quasicontinuous in RY. Let D = {x € R¥\Q : av # 0}, wehave D = EUF
where

E={zeR"\Q:u£0}N{zeRV\Q:v#£0, and v # oo}

and F = {x € RV \ Q: v = oo}. It obvious that C,(F) = 0 and by theorem3.2.1
we have C,(F) = 0, thus C(D) = 0 and av = 0 C,, -quasi-everywhere in
RY \ Q. Since %v = uv almost everywhere in ©, then uv € B (). O

Theorem 3.4.3. Let £ C Q such that C,(E) = 0, we have B3(2) = B;%(Q\

Proof. It obvious that BL'(Q\ E) C B%(Q). Let u € B.°(Q), there is a C,-
quasicontinuous function & € WL (Rﬁ ) such that & = u almost everywhere
inQand @ =0 C, -quasi-everywhere in RV \ (. Slnce C,(E) = 0, we have
i =0 C, -quasi-everywhere in RV \ (2 \ E). Thus u € B;’O(Q \ E). O

Remark 3.4.2. If C,(9Q) = 0, then BL°(int Q) = BL°(Q).

Theorem 3.4.4. Let E be a open subset of RY. Then B3'(Q) = BL(Q\ E). if
and only if C,(EN ) = 0.

Proof. 1t is the same as that given in [62], Theorem 4.8. ]

3.4.3 The Dirichlet Energy Integral Minimisers
In this section, 2 C R" be a bounded open and ¢ is a Musielak-Orlicz function.
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Definition 3.4.2. Let g € W'L,(Q). For allu € B.°(Q) we put

1§ (u) = 0p0(|Vul + [Vgl),
1 5’ g(Q) is call the energy operator corresponding to the function g.

Theorem 3.4.5. If the complementary Musielak-Orlicz functions v of p satisfies
the condition [y, then there exists a function u € Wy L,(Q) such that

g0 = nf T5,(0) (3.4.11)

Proof. By corollary 3.4.1 we have W L, () is a reflexive Banach space.
Let o, f € RT such that « + 8 = 1 and let u,v € W L, (), we have

1§ (au+ Bo) = gy a(laVu+ V] +|Vg]),
Thus

14 ,(au + Bv) 0p.0(a|Vul + 8|Vo| + |Vyg|)

Oéng,Q(WU‘ + |V9|) +5Q¢,Q(|VU| + WQD
alg (u) + BIE (v). (3.4.12)

N IN

Thus I, , is convex.

Since ¢, is a semi modular then it is lower semicontinuous [see [39] Theo-
rem2.1.17] thus I | is lower semicontinuous.

By the Poincaré inequality [see [22]] there is a constant C' > 0 such that

VueWiLy(Q): ull,@ < ClIVullL, @)
On the other hand we have
Vu e WiLo(Q) : [|VullL,@) < N(IVul+ VD) llLa@ < opa(|Vul+[Vg|)+1.

Thus If |||y, (@) — oo then I§ (u) — oo, and therefore the operator /g ,
is coercive, and the theorem follows by lemma 1.1.2. O

Theorem 3.4.6. The C,-quasicontinuous representative u of the minimizing func-
tion w in (3.4.11) is unique up to set of zero C,-capacity.

68



Proof. Assume that u; and uy are two minimizers of (3.4.11) with

We set v = £ (uy + us), thus

1 1 .
(0 < 3lRgMun) + 3R Mun) = Juf o I8,(w)

which is a contradiction. Therefore |[{Vu; # |Vus}| = 0. By the Poincaré
inequality we get

w1 — usl|r, ) < Cl|Vuy — Vus||r,@) = 0.

Then u; = uy fora.e. z € ().

Let 4, and @, The C,-quasicontinuous representative of u; and uy, we have
Uy = Uy for almost every z € (2 and theorem 3.2.9 implies that @, = s Cl-
quasieverywhere in §2. ]
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Chapter I

Musielak-Orlicz-Sobolev Spaces on
Arbitrary Metric Space

4.1 Introduction

In the second section of this chapter we recall some important definitions and
results of Musielak-Orlicz spaces Lw(X ), in the third section , we define the
Musielak-Orlicz-Sobolev space on a metric space, we show that it is a Banach
space, the Poincaré inequality holds and Lipschitz continuous functions are dense.
In the forth section , we develop a capacity theory based on this space; we study ba-
sic properties of capacity , including monotonicity, countable subadditivity as well
as several convergence results . As an application we prove that each Musielak-
Orlicz-Sobolev function has a quasi-continuous representative. Our results gener-
alize those of N. Aissaoui in the case of Orlicz spaces [see [4], [5] and [6]].

4.2 Preliminary

Let (X, X, i) be a o-finite, complete measure space. A real function ¢ : X X
[0,4+00) —> [0, +00) is said to be a Musielak-Orlicz function or a generalized
N-function , on (X, X, u) if:

a) ¢(x,.) is an N-function for every x € X [convex, increasing, continuous,
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p(,0) = 0, p(x,t) > 0Vt > 0, 220 5 gas t — 0, 220 5 o0 as
t — oo].

b) (., t) is a measurable function.

The Musielak-Orlicz function ¢ is said to satisfy the Ay-condition if there exists

K > 2 such that
o(x,2t) < Kp(z,t), forall x € X and ¢t > 0.

The smallest such K is called the As-constant of .

When the last inequality holds only for ¢ > some t; > 0 then ¢ is said to sat-
isfy the A,-condition near infinity. By L°(X, i) we denote the space of all -
measurable functions on X.

We define the functional

MﬂzLﬂ%WﬂM@%Weﬁww~

The set
K (X)={f¢€ LO(Xa 1) o oop(f) < oo}

is called the Musielak-Orlicz class.
The Musielak-Orlicz space L, (X) is the vector space generated by K, (X).
We have:

Lo(X) ={f € L'(X,p1) + oyl

) < +oo, forsome A > 0}.

K,(X) is a convex subset of L, (X).
The equality : K, (Q2) = L,(£2) holds if and only if ¢ satisfies the A,- condition,
for all t or for large t according to whether X has infinite measure or not.
Let
©*(z,s) = sup{st — p(x,t) /t >0} Vxe X.

Thus ¢* is the musielak-Orlicz function complementary to ¢ in the sense of Young
with respect to the variable s.
In the space L, (X)) we define the following two norms:

|Mb=ﬂﬁ@>044¢@¢%ﬂmM<g.
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which is called the Luxemburg norm and the so-called Orlicz norm by:

11l = sup/|f 2)ldp

UH(p*<1

where ¢* is the Musielak-Orlicz function complementary to ¢.

These two norms are equivalent [70].

We say that a sequence of functions u, € L,(X) is modular convergent to u €
L,(X) if there exists a constant £ > 0 such that

5
i oo(—
If ¢ satisfies the /A, -condition; then modular convergence coincides with norm
convergence.

The space L, (X) is reflexive if and only if ¢ and ¢* satisfy the /A, -condition, for
all t or for large t according to whether X has infinite measure or not.

Lemma 4.2.1. [39] Let p be a Musielak-Orlicz function and f,, f,g € L°(X, i)
(a)If f, — [ a.e. then Qcp(f) < liminf, 4 Qcp(fn)-
(D) If | fol 7 1f] ace. then o,(f) = lim o,(fn).

n—-+400
() If fn — [ ae |fo] <lg| ae, and o,(\g) < oo for every X > 0, then
fo— fin Ly,(X).

Theorem 4.2.1. [39] Let p € N(X, 1)

(a) | flle = [l 1f[ |l forall f € Ly(X).
(b)If f € L,(X), g€ LY%X,pu)and0 < |g| < |f|a.e. theng € L,(X) and ||g]|, <

11,
() If fo— | ae then: ||f|l, < liminf, o0 |]falle-
@ If |ful /7 1f| aewith f, € Ly(X) and sup,|[[full, < oo then, [ €

Ly(X) and [|fulle 7 (11l

4.3 Lipschitz characterization in the Euclidean case

Lemma 4.3.1. Let ¢ be a Musielak-orlicz function satisfying the /\y condition
and Q a cube in RN and f € W'L,(RY). Then for almost all x € Q,

|/ ( f|\0/||V£|N1 4.3.1)



where fq is the average value of f, that is to say : fq = @1‘ fQ f(x)dx; which

we denoted by § f(x)dx;
depends only on N an Q.

Q)| is the Lebesgue measure of Q and the constant C

Proof. 1t is the same as that given in [44], lemma 7.16.
O

We omit the proof of the following lemma (Hedberg’s inequality) since it is
exactly the same as the one in [83], lemma 2.8.3.

Lemma 4.3.2. Let ¢ be a Musielak-orlicz function, R > 0 and f € W*'L,(R").
Then there is a constant C depending only on N such that for all x € R,

/B Mdﬂ < CRMg(|( f[) (). (4.3.2)

(z,R) |Zl§' - y|N_1
Where Mg(h) = sup,_p fB(x,R) |h(y)|dy

Theorem 4.3.1. Let ¢ be a Musielak-orlicz function such that ¢ and ¢* satisfy
the /\y condition. Then f € W1L¢(RN ) if and only if there exists a non-negative
function g € L,(R™) such that

1f(z) = f)] < |z —yl(g(z) + 9(y)), Yo,y eRY\ F, [F|=0. (4.3.3)

Proof. Let Q be a cube in RY and z,y € Q, we can find a sub cube Q such that
z,y € Q and diam(@ =~ |r — y|. Here A ~ B if there is a constant C such that
C'<A<CB.Let f € W'L,(R"Y), by (4.3.1) and (4.3.2) we have:

[f(@) = fW)l < 1f(@) = fol +1F(y) = fql
< Clz = yl(Mja—y (| 7 FD(2) + Mig—y (| 7 1) (1))-
(4.3.4)

Then

[f(2) = fFy)] < Cle = y|(M(] 7 f)(2) + M(| 7 D))

Where M(h) = sup,-, fB(x " |h(y)|dy is the hardy-Little-wood maximal oper-

ator. By [72] we have the maximal operator is bounded in L,(R"), there is a
non-negative function g € L,(R") such that

|f(x) = f(y)] < |z —yllg(z) + g(y)| ae.
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For the reverse implication, it suffices to show that there exists a non-negative
function i € L,(RY) such that

of 5D
— | — < )
ool =1~ [ 5 del< [ 10l h s

For all & € Cg°. Integrating (4.3.3) twice over a ball B = B(z,¢), we get the
inequality

1) = sl < Cf. gayan

Let ¢) € C3°(B(0,1)) such that [ ¢ (z)dz = 1. Put ¢, = e "¢)(£). We have

e 0P L .
/fa idx_ll—%/ﬁxi(wa*f)dx_ ll—%/q)(ﬁxi x f)dz.

T

Since [ 2%=dy = 0 we get

ox;
. .
Thus
). 1
|fx 5—|(z) < Ce™ |f — fpldx < C+ gdx
a:L',- B
Hence

|/f§:(idx| </‘(I)\M(g)(x)alx.

4.4 Musielak-Orlicz-Sobolev Spaces on Arbitrary Metrique
space

Let (X, d) be a metric spaces with finite diameter, (diam (X ) = sup, ,cx d(7,y) <
oo) and equipped with a finite, positive Borel regular outer measure p. The
triplet( X, d, ) will be fixed in the sequel and will be denoted by X.

Let u : X — [—00,+00] be a pi-measurable functions defined on X. We denote
by D(u) the set of all u-mesurable functions g : X — [0, +oc], such that
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[u(r) —u(y)| < d(z,y)(g(x) + g(y)) (4.4.1)

forevery x,y € X \ I,z # y, with u(F') = 0. The set F is called the exceptional
set for g, and g is called the Hajlasz gradient of w.

Definition 4.4.1. Let ¢ be a Musielak-Orlicz function. The Dirichlet- Musielak-
Orlicz space L}D’H(X ) is the space of all p-measurable functions u such that
D(u) N L,(X) # 0. This space is equipped with the semi-norm

ullzy 0 = mt{llglly : g € D(u) N Ly (X))}

The Musielak-Orlicz-Sobolev space on arbitrary metric space X is M; 4 (X) =
L,(X)N L, (X), equipped with the norm

ullay 0 = lulle + llullzy o0

Lemma 4.4.1. Let p be an uniformly convex Musielak-Orlicz function that satis-
fies the \y condition.

For everyu € M} ,(X) there is a unique g € D(u) N L,(X); denoted by g, such
that

gulle = IullLy 0
Proof. Let (g;) C D(u) N L,(X) asequence such that
||U||L1¢,,H(X) = ZEJFTHOO |1gilly
Since L,(X) is reflexive, there is a subsequence denoted again by (g;) and a

function g, € L,(X) such that g, — g, weakly in L,(X). By Mazur’s lemma

mg
there exist a convex combinations f, = > ay, ¢;, such that f, — g, strongly
i=k

my

in L,(X), where a,, > 0 and ) oy, = 1.
i=k

Since every g; € D(u) N L,(X), we have:

(o) — )| = Y s fule) = u(y)
<Y end(e: ) (o) + 9io)
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= d(z;y)(fu(z) + fr(y))

for pi-almost all z, y € X. Therefore f;, € D(u) N L,(X), for all k.

On the other hand, there exists a subsequence of ( f;) which converges to g,, point-
wise p-almost everywhere in X, thus g, € D(u) N L, (X).

Let € > 0, there is £ € N such that

gille < lullry 0 +e Vizk.

For this k£ we have

my
felle <3 o, llgill,-
i=k
Therefore
[ felle < Mullzy ,x) + €
Thus
gulle = [lullzy,x)-
Now suppose that there exist two minimal g; and g with g; # go, so that ||g; —
92H¢ > 0.
Let G, = Hggll||¢ and Gy = Hg?ll@ By the uniform convexity of the norm we have
|G + Gol], < 2
then
1 1
||§91 + §g2||<p < g1l
1
which is the contradiction since (5 g1+ 392) € D(u) N Ly(X). O

With simple verification, we obtain the following lemma.

Lemma 4.4.2. Let g; € D(uy), g2 € D(ug) and o, f € R If g > |o|g1 + |Blgo
p.a.e., then g € D(auy + Pusg).

Lemma 4.4.3. Let ¢ a Musielak-Orlicz function and (u,,) and (g,) be two se-
quences of functions such that

Vn e N: g, € D(uy).

Ifu, = win L,(X) and g, — g in L,(X), then g € D(u).
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Proof. There are two subsequences of (u,) and (g,) which we denote again by
(u,) and (g,) such that w,, — w and g,, — ¢ p.a.e. Forall n € N, let F}, be the
exceptional set for g,,, H a set of measure zero such that v — u and ¢g,, — g on

H¢ and F = HU (|J F.,). We have u(F') = 0 and
u(z) —u(y)| < d(z,y)lg(x) +9(y)], Y,y € X\ F.
Therefore g € D(u). O

Theorem 4.4.1. Let  be a Musielak-Orlicz function. Then (M, ,(X), [-l1arz,)
is a Banach space.

Proof. Ttis clear that M} ,(X) is a vector space.

Let (uy,) be a Cauchy sequence in M} ,(X). Then (u,) is a Cauchy sequence in
L,(X) and hence thus there exists a function u € L,(X) such that u,, — u in
L,(X).

We can choose a subsequence denoted again (u,) such that [|un1 — ||y, <
27"and u, > u pu—a.ein X.

There exist non-negative functions g,, € L,(X) such that ||g,||, < 27" and

| (g1 = wn) (@) = (Unga = un) ()] < d(@,9)(9n(2) + gn(y)) p—a.ein X.

By adding the last inequalities , we have for n > m,

[t = ) () = (= ) ()] < A, 9) (Y gu(2) + ) only)) p—a.ein X.

Letting n — oo yields

() (2) = (1 = wn) ()] < d(z, )Y gul@) + Y gey)) p—aein X.

Since .
||ng||¢ Y 2k =2
k=m

the previous inequality 1mphes that (u_u,,) € M, ,(X) and therefore u € M} ,(X).
On the other hand, we have

[ = w2, 6) \HngH@ 27,
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; 1
then u,, — u in M, ,(X).
L

Lemma 4.4.4. Let p be a Musielak-Orlicz function. The function u belongs to
M}, (X) if and only if u € L,(X) and there exist two sequences (u,) C L,(X)
and (g,) C D(uy,) N Ly(X), such that u,, — v p- a.e and g, — g p- a.e for
some g € L,(X).

Proof. The same as in [60] Lemma 2.5. O

Lemma 4.4.5. Let ¢ be a Musielak-Orlicz function, and uy, uy € M (X). If
g1 € D(uy) and g2 € D(uy), then :

(1) u=max(uy,us) € M;M(X) and g =maz(g1,g2) € D(u) N L,(X).
(17) v =min(uy,us) € M;,H(X) and h = max(g1, g92) € D(v) N L, (X).

Proof. We only prove the case (i), as the proof of (i) is similar.
Let Fy, and F; the exceptional sets for g; and g, respectively. Clearly u, g €
L,(X). It remains to prove that g € D(u). Let G = {x € X\ (F1UF) : uy(z) >

uz(w)}.
If z,y € G, then

lu(z) — u(y)| = [ui(z) —ui(y)| < d(z,y)(9:1(z) + 91(y))-

Analogously, for z,y € X \ G, we obtain |u(z) —u(y)| < d(z,y)(g2(x) + 92(v)).
For the remaining cases, let x € G and y € X \ G :
If uy () > ua(y), then

u(@) — u(y)] = ui(@) = u2(y) < wi(z) — urly) < d(z,y)(91(x) + 91(y)).
If u () < us(y), then
u(@) — u(y)] = ua(y) — ua(z) < uz(y) —ua(a) < d(z,y)(92(x) + g2(y))-
The case z € X \ G and y € G follows by symmetry and hence
lu(@) — u(y)| < d(z, y)(9(z) + 9(y))

forall z,y € X \ (F1 U Fy), with u((Fy U Fy) = 0. O

79



Theorem 4.4.2. (The Poincaré inequality). Let o be a Musielak-Orlicz function
such that the function: x — 1, belongs to L,(X) N Ly+(X). If uw e M} (X)
then for every g € D(u) N Ly(X):

|lu = uxll, < Clp)diam(X)]lgll,

Proof. Integrating the inequality |u(z) — u(y)| < d(x,y)(g(z) + g(y)) over y we
obtain

\u(z)—]_[x w(y)du(y)| < ]i () —u(y)|duly) < dwm<X><g<x>+]{{ 9()dn(y))
By Holder inequality, we have

() — ux| < diam(X)(g(z) + %IHIMHQHq) )

By (b) of theorem4.2.1 we have,

: C :
|lu—uxll, < dmm(X)(||9||¢+m||1||w||1||¢||9||¢) < C(p) diam(X)]|gll,-

O

Theorem 4.4.3. Let o a Musielak-Orlicz function satisfying the /\s- condition.
For every u € M;“(X ) and every € > 0 there exists a Lipschitz function h €
M} ,(X) such that

(i) p({reX : u(x) #h(z)}) <e

(ll) Hu—hHMéu(X) g&f

Proof. We fix u € M} ,(X) and denote by g € L,(X) a Hajlasz gradient of u.
We write £, = {x € X : |u(z)] <n and g(x) < n}.

We have u, g € L,(X) and ¢ satisfies the A\, -condition, then u,g € K,(X).
Furthermore

Yy € ES oy, n) < oy, lu(y)]| + 9(v))-

Since lim Py, )

n—-+oo n

= 400, we have

o(y,n)

(VA > 0)(Ing € N)(Vn = nyg) : > A.
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Thus

w(Ey,) < %/Ec o(y,n)du(y) < %/Xso(y, lu(y)| + 9(y))du(y),

and we get
lim p(E;) =0.

n——+00

On the other hand, we have 0 < xgc@(y,n) < xgee(y, [u(y)| + g(y)), hence

lim xgep(y,n) =0,

n—-+4o00

and since x go(y,n) < p(y, |u(y)|+g(y)) , by dominated convergence theorem
we have

lim e(y,n)du(y) =0

n——+00 EC
n

The restriction u|g, is Lipschitz with the constant 2n. We can extend u|g, by
Mcshane extention [67] to all of X as a Lipschitz function by defining

u(z) = ylenbfn{u

e, (y) + 2n dist(x,y)}.

We put:
u, = (sing u) min(|u|,n).

It is clear that u,, is a Lipschitz function with constant 2n, u|g, = u,|g,, |u,| < n
and foralln > 1

p{x :u(x) # up(z)}) < pw(ES) — 0asn — oo.

On the other hand, we have

| st umual)antn) = |

Since ¢(y, .) is convex and ¢ satisfies the A\, -condition then:

[& (&
n E?’L

[ et lu—uaddnt < FU et el dn+ [ ot ol duto)]

(& (&
n En
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thus

/XsO(% [u — u,|(y))dp(y) < %[/ng(‘y’ |UI(y))du(y)+/ oy, n)du(y)].

c
n

Therefore [, ¢(y, |u— u,|(y))du(y) = 0 as n — co.
Since ¢ satisfies the A, -condition, ||u — u,||, — 0 as n — oo. It remains to
estimate the gradient. Let

_ 0 for € E,,
I = g(z)+3n for xe€ EC.

It is easy to check that
[(u—=un) (@) = (u=un) (y)| < d(z,y)(9n(2)+9u(y)), for p—almostall z,y € X.

We have [ (v, 9n(y))du(y) = [5. 0y, 9u(y))dpe(y).
Since p(y, .) is convex and ¢ satisfies the A,- condition then:

| et mtoyintn < G

C
n

oy, 9(y))du(y) +/E o(y, 3n)du(y)],

[ (&
n n

then ||g,||, — 0 as n — oo. O

4.5 Capacity in Musielac- Orlicz-Sobolev space on
metric space

Definition 4.5.1. Let ¢ be a Musielak-Orlicz function. The Sobolev p-capacity of
the set E C X is defined by

Cou(E) = ueiArif(E) ||u||M$7M7

where
A (E)={u e M;M(X) . u = 1 on an open set containing E and u > 0}.

If A,(E) = 0 we set C, ,(E) = 00.The functions belonging to A,(E) are called
the admissible functions for E.
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Remark 4.5.1. In the defition of C,, ,(E) we can restrict ourselves to those ad-
missible functions u for which 0 < u < 1.

Proof. if A(E) ={u € Ay(E) : 0<u< 1}, then A (E) C A,(E) implies

Cou(E) < inf ||u||M¢,u~

ue;)

For the reverse inequality, let ¢ > 0 and take u € A(E) such that [|u[|yy , <
C,u(E) + €. Then by lemma 4.4.5, we have v = maxz(0, min(u, 1)) belongs to
A(E).
Therefore

inf flwllus, <l < Con(B) +c.

weA,

Letting ¢ — 0, we obtain

inf ||lw <C, , (E).
weA;(E)H ||M$,u %u( )

This completes the proof.
0

Theorem 4.5.1. Let ¢ be a Musielak-Orlicz function. C,, ,, is an outer capacity.

Proof. 1tis obvious that C,, () =0and C, ,(E) < C,,(F) if ECF.
Let (E;) C X suchthat ) C, ,(E;) < +oo, then C, ,(E;) < +oo; Vi e N.

Therefore Ve > 0, Ju, € A (E;) and g,, € D(u;) N L,(X) so that

HU‘ZHQO _'_ ngl 2] g Cgp“u,<Ei> + 5.2_i.

We show that v = sup; u; is an admissible function for | J E; and g = sup, g, €
i=1

D(v) N L,(X). Let vy = maxjg;<k ;. By lemma 4.4.5 the function g,, =

maxi <<k gu; belongs to D(vg) N Ly, (X). Since vy — v p.a.eand g, — g p.a.e,

lemma 4.4.4 gives v € M ,(X).

Clearly v > 1 in a neighbourhood of | J E;. Then
i=1

[e.e]

ConlJ E) < lollary, <D (luilly +119uille) < D ConlEi) +e.
i=1

i=1 i=1
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The claim follows by letting ¢ — 0. Hence C,, , is a capacity.

It remains to prove that C,, , is outer. Indeed, C,, ,(£) < inf{C, ,(O) : E C
O, O open}. For the reverse inequality, let ¢ > 0 and v € A,(E) such that
ullpy, < Cpu(E) + €. Since u € A, (E), there is an open set O, E' C O, such
thatw > 1 on O. Then C,,,(0) < ||ullc,,, < Cy,(E) + €. The claim follows by
letting ¢ — 0. L

Theorem 4.5.2. (K,,) is a decreasing sequence of compact sets and K =, K,,.
Then lim C,,(K,) = C, . (K).

n——+o0o

Proof. First, we observe that lir}rq Cou(Ky) = C, u(K).
n—-+00

Let O be an open set containing /. By the compactness of K, K; C O for
all sufficiently large 7. Therefor liIP Cou(K,) < C,,(0) and since C,, , is
n—-+00

an outer capacity, we obtain the claim by taking infimum over all open sets O
containing K. ]

Theorem 4.5.3. Let E C X. If there exists f € M, ,(X) such that f = +oc on
an open set containing E, then C,, ,,(E) = 0.

Proof. If there exists f € Mé, u(X ) such that f = o0 on an open set O contain-

1F21Ys!
ing E, then f > aon O forall « > 0. Therefore, Va >0 :C, ,(F) < #
Letting « — 400, we obtain C, ,(E) = 0. O

Theorem 4.5.4. Consider the following propositions:

i) fo—f in M} (X) strongly.

ii) fn — f inCy,, — capacity.

iii) There is a subsequence (f,,) such that : f,, — f, C,, — q.u.
) fo, — [, Cou—qee.

We have 1) = ii) = iii) = iv).

Proof. Let us show that i) = ii).
By theorem 4.5.3, we have f and f,, are finite C, , — ¢.e for every n.
Let £ > 0; then

Copn{z |fu — fl(2) > e}) < 1f - f"HMé,u(X).

€

For ii) = iii), lete > 0, then 3 f,,; such that
Coul{z = |fo, = fl(z) > 277}) <277
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We put
Ej={z : |fu, — fl(z) >27} and G, = U E;.

j=m

We have C, ,(G,,) < Y €277 <e.
On the other hand :

j=zm
Ve e G, Vizm: |fo, — fl(x) <277

Thus fn., — f Cu,pu— qu.

Finally, let us show that iii) = iv).

We have Vj € N,3X; : C, (X)) < % and f,, — f on Xf.

We put X = (; X, then C, ,(X) =0 and f,;, — f on X°. ]

Theorem 4.5.5. Let ¢ be a Musielak-Orlicz function, such that p and p* satisfy
the \s- condition.
If fn.,f € L,(X) aresuchthat f, — f weakly in L,(X) then

liminf f,, < f <limsup f,, C,, — q.e.

Proof. (L,(X) , ||.||) is reflexive. By the Banach-Saks theorem, there is a sub-

sequence denoted again (f,) such that the sequence g, = < > f; converges to
i=1

f strongly in L,(X'). By theorem 4.5.4, there is a sub-sequence of (g,,) denoted

again (g,,) such that

lim g,=f C,,.—q.e.

n—-4o0o

On the other hand,

liminf f, < lim g, .
n——+0o

Therefore,
liminf f, < f C,, — qee.

For the second inequality, it suffices to replace f, by (—f,,) in the first inequality.
O
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Theorem 4.5.6. Let p be a Musielak-Orlicz function, such that ¢ and p* satisfy
the \s -condition.
Let (O,,) be an increasing sequence of open subsets of X and O = | O,,, then

n

lim Cy . (0n) = Cypu(0).

n——+00

Proof. We have lirf Copu(0y) < C, ,(0). For the reverse Inequality, if lir}rrl Cou(0y) =
n—-+00 n—-+0oo

—+o00 there is nothing to show.

Assuming that lir}rrl Co,u(0,) < +00, we have
n—-+00

1
VneN, 3f, € M, (X) : fu=1on O, and ||folla,x) < Cp(On) + .
Then

1
||fn||eo + ||gan0 < C@,M(On) + n

Where g, € D(f,) N L,(X). Now (f,) and (g,,) are two bounded sequences in
L,(X), hence there exist two subsequences, which we denote again by (f,,) and
(gn), such that f — fand g — g, weakly in L,,(X). Thus

11l < timinf |||, and |lgll, < liminf []gal,.

Hence
1/ llasz 00 < lim Cou(On).

On the other hand, by theorem 4.5.5, we have
VneN:f>1on O, ,C,,—q.e.

Therefore, f > 1onO C,, — q.c.
Let Y be a subset of O where f > 1, then C, ,(0) = C, ,(Y).
Thus

Coou(0) < 1i111rn(0¢7u(0n)).

O

Theorem 4.5.7. Let © be a Musielak-Orlicz function, such that the function xt — 1,
belongs to L,-(X). We have

(FJa>0) (VE C X),(E) < a.C, u(E).
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Proof. Let E C X and f € A, (F), then f > 1 on an open set O containing £
and f > 0. We have

W(E) < j1(0) < / f(@)du(z) < /X f(@)du(z).

By Holder’s inequality we have

/Xf(l“)d“(x) < 2| 11,111l

Therefore
1(E) < 2 [[1[g= ] fllag ,c0)-
We obtain the claim by taking infimum over f € A(FE). O

Corollary 4.5.1. Let ¢ be a Musielak-Orlicz function, such the function x — 1,
belongs to Ly+(X). If (f,) is a sequence which converges to fin M}, ,(X), then
there exists a subsequence of ( f,,) which converges to f p-a.e.

Proof. It is an immediate consequence of theorem 4.5.4 and theorem 4.5.7. [

Theorem 4.5.8. Let ¢ be a Musielak-Orlicz function satisfying the /\, -condition
and such the function x — 1 belongs to Ly« (X). For each f € M} (X)), there is
a G, ,-quasi continuous function g € M} (X)) such that f = g, p.a.e.

Proof. Let f € M} (X). By theorem 4.4.3, there exists a sequence (f,) of
Lipschitz function, such that f,, — fin M} ,(X). By theorem 4.5.4, there exists
a subsequence of (f,) denoted again by (f,) such that f,, — f C, — q.u. The
claim follows by theorem 4.5.7. ]
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Chapter

Existence and regularity of solution for
strongly nonlinear p(x)- Elliptic
equation with measure data

5.1 Introduction

Let 2 be a bounded open set of RY, (V > 2).
In this chapter, we deal with the following Direchlet problem:

Au+ g(z,u, Vu) = pin Q,
(P) { u=0 onof),

with non-standard p-structure which involves a variable growth exponent p(.) .
The principal part of the above equation is the operator A defined by Au =
—div(a(z,u, Vu)) which satisfies the classical Leray-Lions conditions with some
variable exponent p(.). However the non linearity g is supposed to satisfy the sign
condition and some natural growth with respect to Vu, but no growth with u is
supposed. The second member ;. considered in this chapter is not regular that is a
Radon measure.

Our purpose in this chapter is to study the existence of solution of the problem
(P), in the case where the datum g is a finite Radon measure and in the case of
variable exponent, (that is A is a Leray-Lions operator acting from VVO1 P (x)(Q)
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in to W=1'(®)(Q)), with the regularity u € Wy %(Q) forall: 1 < ¢~ < ¢t <
(N/(N =1)(p~ = 1).

5.2 Preliminary lemma

Lemma 5.2.1. Let (v,), be a sequence of functions in T/VO1 P (m)(Q). Suppose that
there exists a constant C' > 0 such that, for all k > 0 :

/ VT (v,) PP da < Ck.
Q

Then, there exists a subsequence still denoted by (v,,),, and a function v, such that
vp(z) — v a.e. in Q,
Tiv, = Tpv weakly in Wol’p(')(Q),

Tyvn, — Ty strongly in LPY(Q).

Proof. We have
VT (0n)ll 0y < CK,

where .
. {p; i [[VT4(0)] o) > 1
p it [|VT(vn)|[p@) < 1.
Thus 1
VT (va)llpa) < Crik7, (5.2.1)

where (U] is a constant which does not depend on £.
From (5.2.1) it easily follows that (v, ), is Cauchy sequence in measure. Indeed,
we have

kmeas{|vn| > k} = T (v2)|d < / T (v2)dz.
{lvn|>k} Q
By Holder inequality, we obtain

1 1
kmeasfunl >k} < =+ 20 [l [[T(en)l e
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Therefore

1 1 -+
k meas{|v,| >k} < (— + p—/)(meas(Q) + 1) || T (vn) || p(a)-

By the Poincaré inequality we have
meas{|v,| > k} < Cokv ™' — 0, as k — +o0. (5.2.2)

For all n and m in N, for all ¢ > 0 and for every k£ > 0, we get

{lon—vm| 2 e} = ({lon—vnlZe |val >k} U{lvn —vm| Z €, [va] <k}
({vn —vml Z &, |va] > k}) U {|vn —vm| = €, [vn| <Kk, |vnl
U ({Jvn —vml =&, |va| <k, |vn] > k}).

Thus
{lvn —vm| = e} CH{lva] >k} U{[Th(vs) — Th(vm)| = e} U {|vm| > K}
Therefore

meas({|v, —vm| = ¢€}) < meas({|vn| > k}) + meas({|Tk(vn) — Ti(vm)| = €})
+ meas({|vm| > k}). (5.2.4)

By (5.2.2), we have for all 6 > 0 there exists ky such that
4] )
meas({|vn] > k}) < 3 meas({|vm| > k}) < 3 VEk > ko(9).

By (5.2.1), we have (T}, (v,)),, is bounded in 1’ p() (€2), then there exists a subse-
quence still denoted (7} (v,,)), which is strongly compact in LP)(Q). This means,
in particular, that the sequence (7% (v,)), is Cauchy in measure. We then choose
n and m, such that

o

meas({|Tx(vn) — Tk(vm)| = €}) < 3

Therefore the sequence (v,), is Cauchy in measure, we thus have (up to subse-

quence, still denoted by (v,,),, ) which converge almost everywhere in (2, to some
function v.

On the other, we have, T)(v,) — Ty(v) a.e. in €2, by combining (5.2.1) and

(lemmal.3.1), we have
Tiv, — Tyv weakly in Wol’p(')(Q);

and therefore
Tyv, — Trv strongly in Lp(')(Q).
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5.3 Nonlinear p(x)- elliptic equation with measure
data

5.3.1 Basic assumptions

Let 2 be a bounded open subset of IRY , (N > 2), and let p € C'(Q), such that

1
2- 5 <p <pTEN. (5.3.1)

We consider a Leray-Lions operator A from W, "™ () into its dual W~1#'®) ((2),
defined by

Au = —diV(a(m,u, Vu)); (5.3.2)

where a : Qx IRx RN — IRY is a Carathéodory function, satisfying the following
conditions

la(x, 5,€)] < B(K (x) + |s|P@=1 4 |gp@=1y, (5.3.3)
a(z, s,£)€ > al¢P), (5.3.4)
[a(z,s,&) —a(x,s,6)](6—&) >0 forall £#¢E in RY, (5.3.5)

for almost every z in €, for every (s, &) in IR x IRY, where K (x) is a positive
function lying in L”'(*)(Q) and > 0, o > 0.

Let N
N1 (p~ =1} (5.3.6)

Let i € My(2), M,(2) denotes the set of bounded measures on €2 (finite Radon
measures). Consider the nonlinear elliptic problem:

P) —d1v<a(a:,u,Vu)> = U in Q,
u=20 on Of).

Byy ={q€C(Q): 1< q(a) <

Definition 5.3.1. A measurable function u will be called a weak solution of the
problem (P), if
weTy" ) nw,y ™, V() e By,

/ a(z,u, Vu)Vodr =< u, o >, Yo € D(Q).
0
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5.3.2 Approximate problem

Consider the approximate equation

(Pn> { _diV<a(l',umvu")> = fn in £ (5.3.7)

up € Wy ()

where (f,,) is a smooth function which converges to p in the distributional sense
such that,

||fn||L1(Q) < ||,U||Mb(g).

Lemma 5.3.1. The problem ('P,,) has at last one weak solution ., and there exists
a sub-sequence denoted again (u,,) and a function u such that

u, — u a.e in 2 and Vu, — Vu a.e. in Q. (5.3.8)

Proof. By [12], the problem (P,,) has at last one weak solution ,,.
For k > 0, by taking T} (u, ) as a test function in (5.3.7), we deduce that

(3C > 0) - / o, To(un), VT (1)) V Tk(un)dz < Clk.
Q
In view of (5.3.4), we get
/ VT (u,)|PPdz < Ck. (5.3.9)
Q

By lemma 5.2.1 there exists a subsequence still denoted by u,, and u such that:

Up —> u a.e.in S
Ty (un) = T(u) weakly in Wol’p(')(Q);
Ti(uy) — Ti(u) strongly in LPO(Q). (5.3.10)

We can write

o
N

/Q (a(x,Tk(un),VTk(Un))—a(x,Tk(un),VTk(u))) [VTkwn)—VTk(u) .
= /Q (a(x,Tk(un),VTk(un))) [VTk(un)—VTk(u)}dx
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_ / (a(m, Ti(un), VTk(u))) {VTk(un) VT(u)|dr. (5.3.11)
Q
We have
a(x, Ty(up), VIg(uw)) — a(z, Tk(u), VIi(u)) a.e.in . (5.3.12)
By combining (5.3.3), (5.3.12) and the dominated convergence theorem we get
a(x, Ti(un), VTi(u)) — al(z, Ti(u), VIi(u)) stongly in (LX(Q))N.

Therefore
/Q (a(:c,Tk(un), VTk(u))) [VTk(un) — VTi(u) |de — 0 as n — oo.
Let > 0 and taking 7}, (u,, — T} (u)) as test function in (5.3.7), we obtain
/Qa(:c,un, Vu,)VT,(u, — Ti(u))dx < Cn.

For the sake of simplicity, we write only £(n,7) to mean all quantities (possibly
different) such that

nh—r>noo nlglo 8(’)7,, /)7) =0

On the other hand
/ a(z, un, V) VT, (u, — Ti(u))dz =
Q

/ a(x, T (un), VT (un) ) (VT (un) — VTk(u))dx
{lun =T (u)|[<n}N{|un|<k}

+/ a(x, Uy, Vu,)(Vu, — VTi(u))dx
{lun=Tx (w)|<n}0{|un|>k}

= / a(x, Ty (un), VT (un) ) (VI (uy) — VI (u))dx
(T (un) =Tk (w)|<nyO{|un|<k}

/ a(x, Uy, Vu,)Vu,dr
{l

=T () | <} [ | >k}
Up —

(u)
a(x, Uy, V) VT (u)d. (5.3.13)
(u)

Tk u

+

{l

|<np0{|un|>k}
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By (5.3.4) the second term of the right-hand side of (5.3.13) satisfies
/ a(x, uy, Vu,)Vu,dr >0,
{lun =T (w)|<n}{lun| >k}

the third term of the right side of (5.3.13) satisfies

/ a(z, up, Vu,) VT (u)dr =
{lun =T (u)[<n}0{|un|>k}

/ (. Ty (1), VT (1)) VT ()
{lun =Tk (w)[<n}N{|un|>k}

Since a(z, Tty (tn), Viin(u,)) is bounded in (LP'@) ()N | there exists h,, 1 €
(LP'@) ()N such that
CL(ZE, Tk-l—n(“n)a VTk-l—n(un)) - hn+k> weakly in (Lp,(x)(Q))N'

Since,

N

VTk(U>X{|un—Tk(u)|<n}ﬂ{|un|>k} — 0 Strongly mn (Lp(w)(Q)) ,asn — 00 and n— 0.

Thus

/ a(z, T (up), VT (un) ) (VT () —VTi(u))dz < Cn+e(n, n).
{1 (un) =T (w)|<ny0{lun|<k}

On the other hand,

/ o, To(un), V(1)) (VT (1) — VTh(u))dz
{ITk (un) =Tk (w)|<n}N{|un|>k}

< la(z, Ty (uy), VI (u))||VTk(w)|dx,  (5.3.14)

/{Tk (un) =Ty ()<} {|un|>k}
We have

‘VTk<u)‘X{\Tk(uvl)—Tk(U)Kn}ﬁ{\imbk} — O, a.e. in Q) as n — o0,

and
T () [ X 1T () =T (w) < Jun ] >} < [ Th()],
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thus by Lebesgue dominated convergence theorem, we deduce that
|V T (W) X1 () T () | <p{un | >} — 0, in LPY(Q), as n — oo

Since the sequence (|a(z, Ty (), VT%(1n))|)n is bounded in LP'0)(Q),

/ la(x, Ty (un), VT (un))||VTk(uw)|de — 0, asn — oo
U (un) =Tk (w) | <n}O{|un | >k}

Thus

/ a(x, Ty (un), VT (un)) (VT () = VT (u))dx < e(n).
(T (un) =Tk (w) | <n}O{|un | >k}

On the other hand,

/ a(z, T (up), VI (un) ) (VT () =V T (u))de — 0 as n — oo,
{Tk (un) =T (w)|>n}}

since meas({|Tx(un) — Tr(u)| > n}) — 0 as n — oo and by Holder inequal-

ity we have, a(z, Tj.(u,), VTi(un)) (VTk(u,) — VTi(u)) is bounded in L' (€2).

Thus by passing to the limit over n and n, we get

lim (a(w, Ti(un), VT (uy))—a(z, Ty (uy,), VTk(u))) [VTk(un)—VTk(u) dx = 0.

n—aoo 0

We conclude by Lemma 4.4 of [15] that there exists a sub-sequence denoted again
(uy) such that
Vu, — Vu a.e. in Q. (5.3.15)

O

5.3.3 Result of existence

Theorem 5.3.1. Assume that (5.3.1) and (5.3.3) - (5.3.5) hold and 1 € M,(f),
then there exists at last one weak solution of the problem (P).

Proof. Let k > 0, we define the function 1, as:

Ur(z) =1 if ©>k+1,

() =x—k if k<z<k+1,
Urp(x) =0 if —k<ax <k,

V() =x+k if —k—1<z< -k,
() =—1if v < —k—1.
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By taking vy (u,,) as test function in (5.3.7) and using (5.3.4) one has:
p(z) 1
V[P de < —||pf| a0, (5.3.16)
Dk,n «
with

Diw={r€Q, k< |un(z)] <k+1}. (5.3.17)

In view of the lemma 1.3.3, there exists a constant C' that does not depend on n
such that

HunHWOl,q(z)(Q) < C, Vq() S Bp(.). (5.3.18)

Hence (u,) is relatively compact in Wy 9 v ¢(.) € By, thus there exists a
sub-sequence denoted again by (u,,) such that

)

w, — uwweakly in Wy’ a(@),
U, —> u strongly in LI®
U, — U a.e.in .
By lemma 5.3.1, we conclude that
a(x, up, Vu,) — a(z,u, Vu) a.ein €.
Combining (5.3.3) and (5.3.18), yields

||CL([L’, U, vun)HLr(x) < C,

forevery 1 < r(z) < 5.

Using lemma 1.3.1, we can write

N
N-—-1

a(x, up, V) — a(z, u, Vu) weakly in L' (Q),V1 < r(z) <

It is now possible to pass to the limit in (5.3.7), we conclude that v is the weak
solution of the problem (P). O
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5.4 Strongly nonlinear p(x)-elliptic equation with
measure data

Consider the equation
P —le(CL(.T, u, Vu)) +g(x,u,Vu)= p  in €, (5.4.1)
u=>0 on 0f),

where a satisfies (5.3.2)-(5.3.5), u lie in M(2), and the non linear term g: Q X
IR x RN — IR, is a Carathédory function satisfying for almost every x € ) and
forall s € IR, ¢ € IR" the following conditions:

g(x,5,6).s 20 (5.4.2)

|9z, 5,€)] < b(|s])(c(z) + [€["), (5.4.3)

where b : IRt — IR* is a continuous growth function and ¢ : Q — IR™T with
ce LY(Q).

Definition 5.4.1. We say that u is a weak solution of the problem (5.4.1) if

we Ty Q)nwy 19 Vq() € By, alz,u, Vu) € L'(Q) , g(x,u, Vu) € L'(S),

/a(x,u, Vu)Vedr + / g(x,u, Vu)pder =< p, o >, Yo € D(Q). (5.4.4)
0 Q

Theorem 5.4.1. Let a satisfy (5.3.2) - (5.3.5), g satisfy (5.4.2)- (5.4.3) and p lies
in M (). Then there exists a weak solution of (5.4.1).

Proof. Let (f,) be a sequence of L'(Q) N W~5()(Q) which converges to y in
the distributional sense and such that

anHLl(Q) < ||M“]ij(g), Vn € N. (545)

By [12] there exists a weak solution (u,,) of the problem (5.4.1) with f, = p
which satisfies:

Uy, € Wol’p(x)(ﬂ), g(z, up, Vu,) € LY(Q),
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Q

/a(x,un,Vun).Vvdx+/ 9(x, Uy, VU, )vde =< fp,v >, Yv € Wol’p(x)(Q)ﬁLoo(Q).
Q

(5.4.6)
Following the lines of [31], it is easy to deduce that

|g(, un, Vug)| 1) < [|fallr@)- (5.4.7)

Setting h,, = f, — g(z, un, Vu,), by (5.4.5) and (5.4.7) we have

[hnllr@) < 2[ullan©)-

Note that u,, is the solution of the problem (5.3.7) with a right-hand side is A,,.
By the previous section the sequence (u,,) is relatively compact in VVO1 ’q(m)(Q),

V q(.) € Bp). Then we can assume (after extraction of a sub-sequence, still
denoted by (u,,))

Up — u, weakly in Wy ' for all q(.) € By,
U, —> u, strongly in LI®

Uy —> U, a.e.in )

a(x, uy, Vu,) = a(z, u, Vu) weakly in L"@(Q), for every 1 < r(z) <

We have olso
Ty (un) = T(u) weakly in Wol’p(')(Q).

Now, we prove that
9(x,Up, V) — g(x,u, Vu) strongly in L'(Q),
we have g, (z, u,, Vu,) — g(z,u, Vu) a.e. in § using the Vitali convergence

theorem, it sufficient to show that g, (z, u,, Vu,) is uniformly equi-integrable.
Indeed, let h > 0, taking 73 (u,, — T}, (u,)) as a test function in (5.4.6 ), we obtain

/ a(z, up, Vuy,). VT (u, — Th(uy,))dz + / (@, U, V)T (uy — Th(uy,))de =
Q Q

/Q £ (0, — T (1)),
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it follows that
/ (2, Uy, V)T (uy, — Th(uy,))de < / T (uy — Th(uy))dx,
{lun|>h} {lun|>h}

then
f{\un|>h+1} |g(:L’, Up, Vun)‘dx < f{|un\>h} g(xu Unp, vun)TI(un - Th(un))dx

< / £ Tt — T ()
{lun|=h}

1 1
o T F)anH—l,p'(»HTl(un = Tn(un))lhp() — 0 as h — oo.
Thus, for all £ > 0, there exists h(¢) > 0 such that

< (

/ lg(z, Uy, Vuy,)|dr < —. (5.4.9)
{Jun|>h(e)}

N ™

On the other hand, for any measurable subset D C 2, we have

S 190ty V)l < [y b))+ T (1) POV dat [, oy 1902t Vi) do
There exists 5() > 0 such that

€

b(h) [ (clo) + VTP < 5

for meas(D) < B(e).

Thus
/ lg(x, up, Vu,)|de < e, with meas(D) < B(e).
D

By Vitali convergence theorem we deduce that g(x, u,,, Vu,) — g(z,u, Vu) strongly in L(§
Now, taking ¢ € D(f) as test function in (5.4.6), we have

/a(x,un,Vun).Vgpdij/g(x,un,Vun)apdx =< fn,0>.
Q Q

By letting n tends to co, we obtain

/ a(z,u, Vu)Vedr + / g(x,u, Vu)pdr =< p, o >, Yo € D(Q).
Q Q

We have show that

we TP Nwy ™) V() e By,
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N
N-1"~

a(z,u,Vu) € L"D(Q), forevery 1 < r(z) <
g(z,u, Vu) € L'(Q),

/ a(z,u, Vu)Vedr + / g(x,u, Vu)pdr =< u,p >, Yo € D(Q),
QO Q

thus w is the weak solution of the problem (5.4.1). L

5.5 Example of application

We consider the following functions

a(x,u, Vu) = [VulP®=2Vyu and g(z,u, Vu) = (1 + |[Vu|P@)|u[P@) =2y,

It is clear that a(z,u, Vu) and g(x,u, Vu) verifies (5.3.2)-(5.3.5) and (5.4.2)-
(5.4.3) respectively, then by theorem 5.4.1 for all © € M () there exists a weak
solution of the problem

(5.5.1)

—div(|vu|p<r>—2w) (14 [VuPO) @2 = 4 in Q,
u=20 on
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Chapter 6

Capacity, Dirichlet Energy and
Weighted Variable Exponent Sobolev
Spaces with Zero Boundary Values

6.1 Introduction

The first goal of this chapter is to give and prov some proprieties of the capacity
in the setting of the weighted variable exponent Sobolev spaces. Moreover, we
define and study weighted variable exponent Sobolev spaces with zero boundary
values. This allows us to prove that the Dirichlet energy integral has a minimizer
in the weighted variable exponent case.

6.2 Some proprieties of the C, ) -capacity.

Definition 6.2.1. [59] For E C RY, we denote
Spyw(E) = {u € WHERN w) : u > 10n an open set containing E}.

The Sobolev (p(.),w)-capacity of E is defined by

Coyw(E) = inf w(u) = inf PO V() [PPw () d.
0ulB) = vk a0 = v @) P V) P
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In case Spy().,(E) = @, we set Cp) ,(E) = oc.

Theorem 6.2.1. Let’s consider the following propositions:

i) fo— f in WWPORY ).

ii) fo— f inCy). — capacity.

iii) there is a subsequence (f,,;) such that : f,, — f, Cp)w — q.u.
) fnj — f, Cp(.),w —q.e.

We have i) = ii) = iii) = iv)

Proof. Let show that i) = i1).
By (1.5.4) we have f and f, are finite for every n; Cy( ., — g.e.
Let e > 0, we have

Covrwll = 1fu— F1@) > €}) < prppyu(I

€

).

Since f, — f in W'P@(RN ), then

(Ve > 0) 1 prp)l

Therefore,

lim Cpopul{z © 1fu—fl@) > 2} =0.

n——+00
Let show that ii) = iii).
Lete > 0 3 f,, suchthat Cpy,({z ¢ |fn, — fl(z) >277}) <e.27.
We put

Ej={x : |fo, - flz) >27} and G,, = | J E},

jzm
we have Cy) ,(Gr) < > €277 <e.
jzm
On the other hand,
(V2 € (Gu)) © fuy — fll@) <270, (7] = m).

Thus
fnj — f Cp(.),w — q.u.

Let show that iii) = iv).
We have Vj € N, 3X; : Cp()o(X;) < 7 and f,, — f on (X;)".
We put X = (), X, then Cp()o(X) =0 and fo, — [ on X°.
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Theorem 6.2.2. Let w a positive measurable and finite function, such the con-
dition (W1) holds. If f,, f € WYP@(RN w) such that f, — f weakly in
WiP@(RN ), then

liminf(f,)(z) < f(z) <limsup fn(2) Cpoyw — g€

Proof. Since Wip@) (RN ,w) is reflexive, by the Banach-Saks theorem, there is a

n
subsequence denoted again (f,,) such that the sequence; g, = % > fi converge
i=1

to f strongly in W1P(®) (RN ). By theorem 6.2.1, there is a subsequence of (g,,)
denoted again (g,,) such that

lim gn(z) = f(z) Cpyw — q.e.

n——+o0o

On the other hand,
liminf f,(z) < lim g,(x) .

n——+0o0o
Therefore,
im 1 < —q.e.
liminf fo(2) < f(2) Cpow — g€
For the second inequality, it suffices to replace f,, by (—f,) in the first inequality.
O

Theorem 6.2.3. Let p(.) € P/9(RY), 1 < p~ < p™ < o0, and w € Ay).

For each f € W'P@ (RN W), there is a Cp(.)w-quasicontinuous function g €
WhP@(RN W) such that f = g Cp()w.-q.e. The function g is called a Cp) .-
quasicontinuous representative of the functionf.

Proof. Let f € W'P(@)(RN ). By theorem 1.4.1, there exists a sequence (f,,) in
C°(RY) such that f, — fin WIPE(RN ).

By theorem 6.2.1, there exists a subsequence of (f,,) denoted again by (f,,) such
that f,, — f Cp()w — ¢.u, and the proof is complete. O

Theorem 6.2.4. Let 1 < p~ < pT < 0o, we have
1)If O is an open set of RN and E C RY such that |E| = 0, then

Cp()w(0) = Cpy (O = E).

2) Let wand v are Cy ) ,,~quasicontinuous functions in RY, we have
i) if u = v, almost everywhere in an open set O C RY then

u=v Cpyyn — quasieverywhere in O,
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ii) if u < v, almost everywhere in an open set O C RY then

u < v Cp) . — quasieverywhere in O.

PI”OOf. 1) It obvious that Cp(_),w(O) = Cp(_)M(O — E) Letu € Sp(_),w(O — E)
thus v > 1 in an open containing O — E. Let the function f define as

{ f(x))zu(x) ,ifxe RY — E

We have f € S,().,(0) and p1 () u(f) = p1p()w(u), thus
CP(.),w(O) < pl,p(.),w(u)v

and by passing to inf we get Cyy,(0) < Cp) (O — E).
2) Since C)y(,),, is an outer capacity we get the results by [61]. L

6.3 Weighted variable exponents Sobolev spaces with
zero boundary values

In this section, 2 C R be an open and , p(.) € P(RY), 1 < p~ < p™ < o0,
w is a positive measurable and finite function such that w(z) > 1 for z € RVand
w € Ay and such the condition (1¥;) holds.

Definition 6.3.1. We say that a function u belongs to the weighted variable expo-
nents Sobolev spaces with zero boundary values, and denoted u € B;&(.])(Q, w), if

there is a Cy ) ,-quasicontinuous functions i € WLP@) (RN w) such that & = u
almost everywhere in Q and @ = 0 Cy , -quasi-everywhere in R™ \ Q.
The space B;f) (Q, w) is endowed with the norm

||u||B;’(9)(Q,w) = ||ﬂ||W1w<w>(RN,w)-

Remark 6.3.1. The norm of B;&?)(Q, w) does not depend on the choice of the
Cyp()w-quasicontinuous representative since Cy),(E) = 0 implies that |E| = 0
forevery E C RN,

Theorem 6.3.1. B;f) (Q, w) is a Banach spaces.
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Proof. Let (u;); be a Cauchy sequence in B;f) (2, w), for every i there is a Cjy(.) -
quasicontinuous function u; € Wl’p(w)(RN ) such that @; = u; almost everywhere
in © and u; = 0, C}() ., -quasi-everywhere in RV \ Q.

Since W'P@) (RN w) is a Banach space, there is a function u € W'P@ (RN )
such that @; — u in WHP@(RN w) as i — oo. By theorem 6.2.1, u is Cp() -
quasicontinuous and by theorem 6.2.2 we have u = 0 C},) -quasi-everywhere in
R\ Q. Thus u € B;&%(Q, w) and the spaces B;&%(Q, w) is complete. ]

Corollary 6.3.1. The space B;f) (Q, w) is reflexive.

Proof. The space W'? (x)(RN, w) is reflexive Banach, by theorem 6.3.1 the space
B;&(_))(Q, w) is closed, and therefore B;&%(Q, w) is reflexive. O

Corollary 6.3.2. We have Wol’p(w) (RY,w) C B;&?)(Q, w) C WEPE(RN W), where

WP (RN w) is the closure of C°(RY) in WP@)(RN | w), with respect the
norm.

Proof. The first inclusion follows from Theorem 6.3.1 since C5°(RY) C B;f) (Q,w).

The second inclusion follows directly from the definition of the space B;f) (Q,w).

Lemma 6.3.1. Let u € B;&?),(Q, w) and v € WP (RN w). If u is bounded and

v is Cy() w-quasicontinuous, then uv € B;&?)(Q, w).

Proof. Let i € W@ (RN w) be the Cyy(.) ,,-quasicontinuous representative of u.
we have v is Cp(),-quasicontinuous in RY. Let D = {z € RV \ Q : av # 0},
we have D = E'U F' where

E={zeR"\Q:u£0}N{zeRV\Q:v#£0, and v # oo}

and F = {z € RV \ Q : v = oo}. It obvious that Cp,(E) = Cpyw(F) = 0,
thus Cp() (D) = 0 and v = 0 Cp(),, -quasi-everywhere in RY \ Q. Since
v = wv almost everywhere in €2, then uv € B;&?)(Q, w). O

Theorem 6.3.2. Let £ C 2 such that Cy ) .,(E) = 0, we have

B(Q,w) = B,(Q\ E,w).
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Proof. Tt obvious that B (2 \ E,w) C B (Q,w). Let u € B, (€, w) there
is a Oy -quasicontinuous function & € W@ (RN w) such that & = u al-

most everywhere in 2 and @ = 0 Cp(,, -quasi-everywhere in RY \ Q. Since
Cp)w(E) =0, wehave t = 0 Cp(),, -quasi-everywhere in RV \ (2 \ E). Thus

u€ B (Q\ E,w).

Remark 6.3.2. If C,y(),(0Q) = 0, then B}’ (int Q,w) = B (Q,w).

® P(-)
Theorem 6.3.3. Let E be a open subset of RN. Then B (2, w) = B, (Q\ E, w)
if and only if Cp(),(EN Q) = 0.

Proof. 1t is the same as that given in [62], Theorem 4.8. ]

6.4 The Dirichlet Energy Integral Minimisers

In this section,  C RY be an open and , p(.) € PI(RY), 1 < p~ < p* < oo,
w is a positive measurable and finite function such that w(z) > 1 for x € R¥and
w € A, and such the conditions (1¥;) and (W) hold.

Definition 6.4.1. Let g € W@ (Q, w). Forall u € B;&?)(Q,w) we put

g

fgf-%w(u): /Q (lu(@)[P@ + w(z) (|VuP® + Vg P®))dz

1 S(’:q)’w is call the energy operator corresponding to the function g.

Lemma 6.4.1. [63] Let E be a reflexive Banach space. If [ : E — R is
lower semicontinuous and coercive operator, then there is an element in E that
minimizes 1.

Theorem 6.4.1. There exists a function u € Wy ") (9, w) such that

PO°wy = inf  I2D%(). (6.4.1)

7g 7g
vEWOl’p(z)(Q,w)
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Proof. By corollary 6.3.1 we have VVO1 P (w)(Q,w) is a reflexive Banach space.
Since x — 2P is convex for every fixed 1 < p < oo, then ISE;’“) 1S convex.

Let (u;) be a sequence of functions in W, 7™ (Q, w) converging tou € W, *™(Q, w).
Then u; — w in LP™)(Q) and |[Vu;| — [Vl in LP%)(Q,w), since gfq, is

D)W

p is lower semicontinu-

lower semicontinuous [see [39] Theorem2.1.17] thus [5€
ous.

By remark 1.4.2 we have if ||ul|; 1) — oo then I ,(u) — o0, and there-
O bl

(Qw)
fore the operator Igf'g)’w is coercive, and the theorem follows by lemma 6.4.1. [

Theorem 6.4.2. The C, ) -quasicontinuous representative U of the minimizing
function u in (6.4.1) is unique up to set of zero Cy) ,-capacity.

Proof. Assume that v, and us are two minimizers of (6.4.1) with
\{Vul #+ Vu2}| £ 0.
We set v = 5(u; + us), thus

1
2

1

Igf;’w(v) < 5

165 (w) + S5 (w) = inf  I50(w)

which is a contradiction. Therefore |{Vu; # Vus }| = 0.
By the Poincaré inequality we get
|1 — usl| Lrer () < ClIVur — Vua|| o) g0y = 0.

Then u; = u, fora.e. x € Q.

Let @; and uy The Cy ) ,-quasicontinuous representative of u; and wuy, we have
iy = Uy for almost every x € () and theorem 6.2.4 implies that i = ty Cpy() .-
quasieverywhere in €. ]
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