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Résumé de la these

Soit (M,g) une variété Riemannienne compacte. En équipant son fibré tangent
TM (resp. son fibré tangent unitaire) d'une métrique pseudo-Riemannienne g-
naturelle G (resp. sa restriction sur le fibré unitaire), nous étudions la
biharmonicité des champs de vecteurs (resp. des champs de vecteurs
unitaires) en tant qu’ applications, ainsi que les points critiques de la
fonctionnelle de biénergie restreinte a I'ensemble des champs de vecteurs
(resp. des champs de vecteurs unitaires) sur M. Contrairement a la métrique de
Sasaki sur TM, ou les deux notions sont équivalentes a I'harmonicité du champ
de vecteurs et ensuite a sa parallélisme, nous prouvons que pour de larges
classes de meétriques g-naturelles sur TM, les deux notions ne sont pas
équivalentes. De plus, nous donnons des exemples de champs de vecteurs qui
sont biharmoniques en tant que points critiques de la fonctionnelle de
biénergie restreinte a I'ensemble des champs de vecteurs, mais qui ne sont pas
des applications biharmoniques. Nous donnons également des exemples de
champs de vecteurs(resp. de champs de vecteurs unitaires) (proprement)
biharmoniques.

Nous étudions également la biharmonicité de deux classes de fonctions sur les
espaces totaux de fibrés vectoriels équipées de la classe de métriques a
symétrie sphériques, la premiere est la classe des fonctions relevées
verticalement et la deuxieme est la classe des fonctions r-radiales. Nous
construisons dans chaque cas des exemples de fonctions (proprement)
biharmoniques.
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Résumé

La théorie des applications harmoniques est I’'une des théories qui jouissent d’un intért parti-
culier en mathématiques et ses applications, surtout en analyse, en géométrie et en physique
mathématique. En géométrie différentielle, une application harmonique entre deux variétés
Riemanniennes (M, g) et (N, h) est définie comme étant un point critique de la fonctionnelle
d’énergie

EU%ZAN#WWW

définie sur 'ensemble des applications f : (M, g) — (N, h), ou dv, est I’élément de volume
de g.
L’équation d’Fuler-Lagrange associée a F est donnée par

ot 7(f) est le champ de tension de f défini par

7(f) = trv(df),

de telle sorte que f est une application harmonique si et seulement si 7(f) = 0.

En 1983, J. Eells et L. Lemaire ont proposé une généralisation d’applications harmoniques
a la notion d’applications biharmoniques comme étant les points critiques de la fonctionnelle
de biénergie définie par

Bof) = 5 [ (PP,

La théorie des applications biharmoniques a connu un développement considérable durant
la seconde moitié des années quatre-vingt du vingtieme siecle, surtout lorsque G.Y. Jiang
calculait la premiere et seconde formules de variation de la fonctionnelle de biénergie et
déterminait ’équation d’Euler-Lagrange associée

na(f) =0,
ou 12(f) est le champ de bitension de Papplication f défini par
o(f) = Ar(f) = Y RN (7(f), fees) feei.
i=1

Dans le contexte de la géométrie Riemannienne des fibrés tangents, des applications
spéciales possédant un fibré tangent d’une variété comme espaces de départ et/ou d’arrivée
apparaissent naturellement et il s’avere naturel et intéressant d’étudier leur harmonicité et
leur biharmonicité afin de mieux comprendre leurs géométries et aussi la géométrie des
fibrés tangent correspondants. Puisque le choix des métriques Riemanniennes sur les en-
sembles de départ et d’arrivée d’une applications influencent sa (bi)harmonicité, il s’avere
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RESUME

nécessaire de choisir des métriques appropriées sur les fibrés tangents afin d’obtenir des
résultats intéressants.

En tant que variétés (pseudo-)Riemanniennes, les fibrés tangents aux variétés Riemanni-
ennes ont été munis par les géometres de diveres (classes de) métriques telles que la métrique
de Sasaki et d’autres métriques relevées a partir de la métrique de la base, les métriques de
type Cheeger-Gromoll, la classe générale de métriques d’Oproiu et la classe la plus large des
métriques g-naturelles dépendant de six fonctions indépendantes de Rt & R (cf. [3], [16], [17],
et [34], pour la définition et les propriétés géométriques des métriques g-naturelles).

Explicitement, les métriques g-naturelles sur le fibré tangent & une variété Riemannienne
(M, g) sont completement caractérisées comme suit [16]:

Soit (M, g) une variété Riemannienne et G une métrique g-naturelle sur TM.
Alors, il existe des fonctions a;, B; : RT — R, i =1,2,3, telles que, pour tout u,
X,Y € M., nous avons :

Gl (X" YM) = (1 + a3)(0) g2 (X, Y) + (B1 + B3)(p) g (X, 1) g2 (Y, w)
G(m,u) (th YU) = a2(p)gz (X7 Y) + 52( )gx(X u)gx(K u)v
Glau) (XY, Y™) = as(p) g2 (X,Y) + Ba(p)ga (X, u)ga (Y, ),
G2 (XY, YY) = a1(p) g (X, Y) + B1(p)g2(X, u) gz (Y, u),

0il p = ga(u, 1),

L’harmonicité d’applications spéciales possédant des fibrés (unitaires) tangents comme
espaces de départ et/ou d’arrivée a été intensément étudié en littérature et, comme prévu, il
a été prouvé que le choix de métriques g-naturelles sur le fibré (unitaire) tangent influence
I’harmonicité de I'application en question (cf. [27], [28], [30], pour la métrique de Sasaki,
et [5], [6], pour les métriques g-naturelles). D’autre part, la biharmonicité de champs de
vecteurs (unitaires) a été traitée lorsque le fibré tangent est muni de la métrique de Sasaki.
Mais, a notre connaissance, il n’existe pas de travaux sur la bihamonicité des champs de
vecteurs (unitaires) dans le cas de métriques g-naturelles arbitraires.

Dans cette these, on s’intéresse a ’étude de la biharmonicité des champs de vecteurs
(unitaires) lorsque le fibré (unitaire) tangent est muni d’'une métrique g-naturelle arbitraire.
Notre étude est motivée par les trois considérations suivantes:

e Généraliser au contexte biharmonique les études effectuées sur ’harmonicité des champs
(unitaires) lorsque le fibré (unitaire) tangent est muni d’une métrique g-naturelle arbi-
traire (cf. [6] pour le fibré tangent et [5] pour le fibré unitaire tangent).

e Généraliser au cas de métriques g-naturelles les résultats sur la biharmonicité de champs
de vecteurs (unitaires) lorsque le fibré (unitaire) tangent est muni de la métrique de
Sasaki (cf. [37] pour le fibré tangent et [38] pour le fibré unitaire tangent).

e Surmonter le comportement de rigidité de la métrique de Sasaki, dans le sens suivant:
lorsque le fibré tangent est muni de la métrique de Sasaki, les seuls champs de vecteurs
biharmoniques sont les champs de vecteurs paralleles [37].

Biharmonicité des champs de vecteurs paralleles:

Dans [6], les auteurs ont calculé le champ de tension d’un champ de vecteurs parallele V.
Plus précisément, ils ont trouvé que

(V) = (V)" + (V)"
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ol
Cp = (2A2 +mAy + PAs)(P)» Cv i = (233 +mBs + ’OB6) (p)’

ou p est la longueur (constante) du champ de vecteurs parallele V et A;, B; sont des fonctions
a valeurs réelles sur RT, dépendant de «y, 3;, et figurant dans les expressions de la connexion
de Levi-Civita de (TM,G). 1l s’ensuit que V : (M,g) — (T'M,G) est une application
harmonique si et seulement si ¢, = ¢, = 0.

Cependant, vu la complexité de I’expression de la connexion de Levi-Civita d’une métrique
g-naturelle arbitraire G et aussi des calculs trop longs du champ de bitension associé, on
va réduire notre étude aux champs de vecteurs paralleles et on va donner les conditions
nécessaires et suffisantes pour qu’un champ de vecteurs parallele soit biharmonique. Ainsi,
le champ de bitension d’un champ de vecteurs parallele V' : (M, g) — (T'M, G) est donné par

(V) = (ton (V) o V 4 (19,(V)) 0 V,

(V) = {(chp—2c)p[242 + Ay + pAs)(p) + 2cncy[Ca + C3 + Cs + pC)(p)
+C3[2E1 + By + pEs](p) — 2c0p242 + As + pAs)'(p) } V,

720(V) = {(c}p — 2¢y)p[2Bs + Bs + pBe)(p) + 2cheu[ D2 + D3 + D5 + pDg)(p)
+c[2F1 + Fy + pF3s](p) — 2cup[2Bs + Bs + pBs]'(p) } V,

ot p = ||V||? et A;, B;, Ci, Dy, E; and F; sont des fonctions & valeurs réelles sur R*, dépendant
de «y, B;, et figurant dans les expressions de la connexion de Levi-Civita de (T'M,G). On
en déduit que V : (M, g) — (T'M, G) définit une application biharmonique si et seulement si
Tgh(V) = TQU(V) =0.

Pour le cas spécial des métriques de type Kaluza-Klein, un champ de vecteurs parallele
V:(M,g9) — (T'M,G) est une application biharmonique si et seulement si I'une des deux
assertions suivantes est vérifiée:

1. p est un point critique de oy + as.

/ 2/ ! "
2 (on + as) () 202 + p2500 4 2200 4 908 1] (p) — 2p(0n + ) () = 0.

p1a1

Ce résultat nous permet de caractériser les applications proprement biharmoniques, i.e.,
les applications biharmoniques non harmoniques: un champ de vecteurs parallele V' : (M, g) —
(T'M, Q) est une application proprement biharmonique si et seulement si

L (o1 +a3)'(p) # 0 et

9 ’ ’ .
2. (a1 +as) () [208 + p2501 4 B2V 900 1] () — 9p(ay + ag) () = 0.
On donne aussi des exemples de champs de vecteurs paralleles non biharmoniques. Soient

G une métrique g-naturelle pseudo-Riemannienne sur T'M vérifiant ap = 51 = B2 = 83 =0,

a1 est constante et (a1 + a3)(t) = e, ou a > 0. Alors (a1 + a3)’ ne s’annule pas et

51 al +t2 alﬁl 2041/81 —l—2t¢1
$1 1o o}

qui ne s’annule pas sur RT. On déduit que les deux conditions nécessaires pour la bihar-
monicité de champs de vecteurs paralleles ne sont pas vérifiées, et par conséquent chaque
champ de vecteurs non nul parallele sur 7'M n’est pas biharmonique.

(a14as) (t) 2t 1{(t)—2t(ar4as)” (t) = —a(142at)e™,

Résumé ix
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Apres ’étude de la biharmonicité des champs de vecteurs paralleles en tant qu’applications,
on explore les champs de vecteurs paralleles G-btharmoniques, i.e. les points critiques de la
fonctionnelle de biénergie restreinte & X(M). On prouve qu'un champ de vecteurs V est
G-biharmonique si et seulement si

alTQ/U(V) + ﬁlg(TQU(V), V)V + OéQTQh(V) + BQQ(TZh(V)a V)V =0.

En particulier, un champ de vecteurs parallele V' sur M est G-biharmonique si et seulement
si
$1720(V) = —¢aman(V).

Contrairement au cas de la métrique de Sasaki pour laquelle un champ de vecteurs
est biharmonique si et seulement s’il est G-biharmonique, on montre que la notion de G-
biharmonicité de champs de vecteurs et la notion de biharmonicité de champs de vecteurs en
tant qu’applications ne sont pas équivalentes en général. D’une part, on donne une sous-classe
de métriques g-naturelles pour lesquelles un champ de vecteurs parallele est G-bihamonique
si et seulement s’il est une application biharmonique, généralisant ainsi le méme résultat
dans le cas de la métrique de Sasaki. En effet, si G est une métrique g-naturelle pseudo-
Riemannienne sur 7'M qui satisfait as(p) = fa2(p) = (61 + B3)(p) = 0 et 'une des identités
suivantes

L. m(a1 + az)'(p) + p(B1 + B3) (p) = 0;
2. [m(aa + a3)'(p) + p(B1 + B3) (p)|E1(p) + §E3(p) = mAy(p) + pA5(p)t,

pour un certain p > 0. Alors pour chaque champ de vecteurs paralléele V sur M, avec
p = ||[V||?, V est une application biharmonique (M,g) — (T'M,G) si et seulement s'il est
un champ G-biharmonique.

D’autre part, on construit une famille ¢ 2 parametres de métriques g-naturelle pseudo-
Riemanniennes sur T'M pour lesquelles chaque champ de vecteurs parallele est G-biharmonique
mais non biharmonique en tant qu’application.

Biharmonicité de champs de vecteurs unitaires:

Dans le méme esprit que celui du concept de champs de vecteurs G-biharmoniques, on définit
et on étudie la notion de champs de vecteurs G-biharmoniques, i.e., les points critiques de
la fonctionnelle de biénergie restreinte a I’ensemble X; (M) des champs de vecteurs unitaires.
Malgré la complexité des calculs, on a réussi a caractériser les champs de vecteurs unitaires G-
biharmoniques et & donner certains cas spéciaux en réduisant ’étude au cas des métriques de
type Kaluza-Klein sur les fibrés unitaires tangents. On trouve certains résultats généralisant
ceux obtenus par M. Markellos and H. Urakawa dans le cas de la métrique de Sasaki [38]:

o La caractérisation de champs de vecteurs unitaires G-biharmoniques: Un champ de
vecteurs unitaire U est G-biharmonique si et seulement si
22> {2R(e, S(U))V,U + (Ve R)(ei SWUNU + Rles, Ve, SUNU |

a-+t+c
=1

+AAU — A[g(AU,U)U] — g(AU,U)AU + g(AU,U)2U = 0.

e La relation entre les champs de vecteurs unitaires harmoniques et G-biharmoniques: Un
champ de vecteurs unitaire harmonique U sur M est G-biharmonique si et seulement
si

%Z{ZR(Q, S(U))Ve,U+(Ve,R)(ei, S(U)U+Rles, VeiS(U))U} et U sont colinéaires.

i=1

X Résumé



RESUME

On applique ces résultats pour étudier les cas spéciaux de champs de vecteurs géodésiques,
i.e., les champs de vecteurs unitaires U satisfaisant ViU = 0, et on donne les conditions pour
que les champs de vecteurs de Killing et les champs de vecteurs de Reeb soient des champs
de vecteurs proprement G-biharmoniques, i.e., G-biharmoniques qui sont non harmoniques.

On présente aussi quelques exemples de champs de vecteurs unitaires (proprement) G-
biharmoniques sur les espaces particuliers suivants:

e FEspaces Hyperboliqgues H'™: Soient H" (n > 1) lespace hyperbolique & courbure sec-

tionnelle constante négative —k? et G une métrique g-naturelle pseudo-Riemannienne

arbitraire sur son fibré unitaire tangent. Alors le champ de vecteurs V = e, = kyn%
est un champ de vecteurs unitaire G-biharmonique si et seulement si 'une des deux

assertions suivantes est vérifiée:

1. d = ak®. Dans ce cas, V est une application harmonique (M, g) — (T3 M, G‘)

2.a#0,d#0,d#ak?et b= (%“—a)k—ao‘—k. Dans ce cas, V est un champ de
vecteurs unitaire proprement G-biharmonique.

e Groupe de Lie résoluble Solz : Soient Sols le groupe de Lie soluble R? muni de
la métrique gy = e*dz? + e 22dy? + dz? et G une métrique g-naturelle pseudo-
Riemannienne arbitraire sur son fibré unitaire tangent. Soit {e,es,e3} le champ de
repéres orthonormaux défini par

—z z
el =€ " €y = € —
ox’

) ) 0

1. e; est un champ de vecteurs unitaire G-biharmonique si et seulement si P'une des
assertions suivantes ait lieu

d=0b=0et a #0. Dans ce cas, e; est proprement é—biharmonique.

—d=0,b#0et b= ﬁ(Qa(aN—i— ¢) + «). Dans ce cas, e; est un champ de
vecteurs unitaire proprement G-biharmonique.

d#0eb=a +d = 0. Dans ce cas, e; est une application harmonique
(Ma g) — (T1M7 G)

a#0,de (] —00,3a—2v2|a|]U[3a+2v/2|al, —I—OO[) \ {0} et b et a sont donnés

parb= - et a= W(kﬂ—cﬂ ++/(a + d)? — 8ad), respectivement. Dans
ce cas, e1 est un champ de vecteurs unitaire proprement é—biharmonique.

2. eg est un champ de vecteurs unitaire G-biharmonique si et seulement si I'une des
assertions suivantes ait lieu

—d=b=0et a#0. Dans ce cas, ey est proprement G-biharmonique.
— b=0,a+d=0. Dans ce cas, e est une application harmonique (M, g) —

(TW M, G).
—a#0,d#0, (a+d)(2a —d) < 0 et o et b sont donnés par a = d(a — d)
et b2 = —1(a + d)(2a — d), respectivement. Dans ce cas, ez est proprement

G-biharmonique.

3. e3g est un champ de vecteurs unitaire G-biharmonique si et seulement si 'une des
assertions suivantes ait lieu

— b= 0. Dans ce cas, ez est une application harmonique (M, g) — (T1 M, G)
—a#0,d#0,b#0,a+d=0et 2a = ad. Dans ce cas, e est proprement
G-biharmonique.

Résumé xi



RESUME

o Groupe unitaire special SU(2): Soient SU(2) muni d’'une métrique Riemannienne in-
variante & gauche et G une métrique g-naturelle pseudo-Riemannienne arbitraire sur
son fibré unitaire tangent. Soit {e1, e, e3} une base orthonormale de I’algebre de Lie
su(2) telle que

[61, 62] = U/\eg, [62, 63] = /\61, [63, 61] = )\62,

ouA>0eto>1. Alors

1. e3 est une application harmonique (M, g) — (T1 M, @)

2. e (resp. e2) est un champ de vecteurs unitaire G-biharmonique si et seulement si
I'une des assertions suivantes ait lieu

— b =0o0uoc = 1. Dans ce cas, e; et es sont des applications harmoniques
(M, g) = (T1 M, G).

2_
— b+#0, 0 # 1 et 'équation ad = wa est satisfaite. Dans ce cas, e et

eo sont des champs de vecteurs unitaires proprement G-biharmoniques.

Fonctions biharmoniques sur les fibrés vectoriels:

La seconds partie de la these est consacrée a I’étude des fonctions biharmoniques sur les fibrés
vectoriels munis de métriques a symétrie sphérique, généralisant 1’étude sur ’harmonicité des
functions sur les espaces totaux de fibrés vectoriels déja effectués par M.T.K. Abbassi et I.
Lakrini [15]. On se focalise sur des classes spéciales de fonctions:

o Relévements verticaur de fonctions: Pour toute fonction f sur M, on montre que le
bilaplacien de son relevement vertical f¥ est donné par

AL (fY) = e ¥ (A%f)" — e 2(rrten) (27“@0’1’ — 4rgh (o1 + @)’

+ 2mr () + 2krol b + ks@’l) (Agf)".

Pour des choix appropriés des fonctions @1 et @2, on construit des fonctions (propre-
ment) biharmoniques sur F a partir de fonctions (proprement) biharmoniques sur M.
Plus précisément, supposons que ¢ est constante et soit f : M — R une fonction
(proprement) biharmonique sur (M, g), alors fY est aussi une fonction (proprement)
biharmonique sur (E,G).

Ces choix nous offre 'opportunité de construire des familles larges d’exemples de fonc-
tions (proprement) biharmoniques sur E.

e Fonctions r—radiales: On calcule le bilaplacien et vu la complexité de 1’équation
différentielle linéaire d’ordre 4 obtenue, on va se restreindre au cas de la métrique
de Sasaki et dériver la condition caractérisant la biharmonicité des fonctions r-radiales.
Ainsi, supposons que ¢1 = g2 = 0 (i.e. G est la métrique de Sasaki). Soit F': E — R
une fonction r-radiale construite & partir d’une function « : [0, +oo[— R, alors F' est
biharmonique si et seulement si « satisfait I’équation différentielle linéaire

2120 + 3k + 4)ra® + k(k +2)a® = 0.

Comme corollaire, on obtient les exemples suivants de fonctions r-radiales (proprement)
biharmoniques:

1. Si « est une fonction plynomiale de degré 1, alors F' est biharmonique.

xii Résumé
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2. Sia(r) =ar+b avec (a,b) € R? et a # 0, alors F est une fonction proprement bi-
harmonique. On obtient ainsi une famille a 2 parametres de fonctions proprement
biharmoniques.

Résumé xiii
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Abstract

The theory of harmonic maps is one of the most intersting theories in both analysis and geom-
etry and have many applications in various domains, especially in mathematical physics. In
the framework of differential geometry, a harmonic map between two Riemannian manifolds
(M, g) and (N, h) is defined as a critical point of the energy functional

E(f) = /M df |[2du,.

defined on the set of all smooth maps f : (M,g) — (N, h), where dv, denotes the volume
element of g.
The associated Fuler-Lagrange equation of E is given by

where 7(¢) is the tension field of f defined by

7(f) = trv(df),

so that f is a harmonic map if and only if 7(f) = 0.
In 1983, J. Eells and L. Lemaire proposed a generalization of harmonic maps to the notion
of biharmonic maps as critical points of the bienergy functional given by

Baf) =5 [ lIr()IFdv,

The theory of biharmonic maps had been developed in the second half of the eighties of
the twentieth century, espicially when G. Y. Jiang derived the first and the second variational
formulas of the bienergy functional and gave the associated Euler-Lagrange equation

m2(f) =0,

where 79(f) denotes the bitension field of the smooth map f defined by

o(f) = Ar(f) = Y RN (7(f), fees) feei.

i=1

In the framework of Riemannian geometry of tangent bundles, special maps appear nat-
urally having tangent bundle spaces as source and/or target and it turns out natural and
interesting to study their harmonicity and biharmonicity in order to understand their geom-
etry and also the geometry of the involved tangent bundles. Since the choice of Riemannian
metrics on the source and the target sets of a map influences its (bi)harmonicity, it had been
necessary to choose on the involved tangent bundles appropriate metrics to have interesting
results.

As (pseudo-)Riemannian manifolds, tangent bundles of Riemannian manifolds had been
equipped, in the literature, by various (classes of) metrics, including the classical Sasaki
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metric and other lifted metrics from the base manifold, the Cheeger-Gromoll type metrics,
the general class of Oproiu metrics and the wider class of g-natural metrics depending on six
independent smooth functions from RT to R (cf. [3], [16], [17], and [34], for the definition
and main properties on g-natural metrics).

Explicitly, g-natural metrics on the tangent bundle of a Riemannian manifold (M, g) are
completely characterized as follows[16]:

Let (M, g) be a Riemannian manifold and G be a g-natural metric on TM. Then
there are functions oy, B; : RT — R, i = 1,2, 3, such that for everyu, X,Y € M,,

we have
Glaw) (X" Y)Y = (a1 + a3)(p)g2(X,Y) + (81 + B3)(p) g (X, u) g2 (Y, )
(z,u) (Xh7 YU) = 042(0)933 (X> Y) + 62( )gw(X ’U,)gx(Y, u):
(z,u) (va Yh) = a2(p)g$ (X7 Y) + 52(,0)gm(X u)g$<Yv u):
(z,u) (X", YU) = al(p)g:c <X7 Y) + B (p)gw( )g:v<Yv u),

where p = gz (u,u).

The harmonicity of special maps with (unit) tangent bundle spaces as source and/or
target had been extensively studied in literature and, as expected, it had been proved that
the choice of g-natural metrics on (unit) tangent bundles influences the harmonicity behaviour
of the considered map (cf. [27], [28], [30], for the Sasaki metric, and [5], [6], for g-natural
metrics). On the other hand, the biharmonicity of (unit) vector fields had been studied when
the tangent bundle is equipped with the Sasaki metric. But, at the best of our knowledge,
there is a lack of works on the bihamonicity of (unit) vector fields for the case of arbitrary
g-natural metrics.

In this thesis, we are interested in studying the biharmonicity of (unit) vector fields when
the (unit) tangent bundle is equipped with an arbitrary g-natural metric. Our study is
motivated by the following facts:

e To generalize to the biharmonic setting the case of harmonic maps when the (unit)
tangent bundle is equipped by an an arbitrary g-natural metric (cf. [6] for the tangent
bundle and [5] for the unit tangent sphere bundle).

e To generalize to the g-natural metrics case the biharmonicity results on (unit) vector
fields when the (unit) tangent bundle is equipped with the Sasaki metric (cf. [37] for
the tangent bundle and [38] for the unit tangent sphere bundle).

e To Overcome the rigidity behaviour of the Sasaki metric, in the sense that when the
tangent bundle is equipped with the Sasaki metric, the only biharmonic vector fields
are the parallel ones [37].

Biharmonicity of parallel vector fields:

In [6], the authors had calculated the tension field of a parallel vector field V. More precisely,
they found that
(V) = (V)" + (c,V)",

where
Cp = (2A2 +mAy + PA5) (p)a Cv = (233 +mBs + 'OB6) (,0),

where p is the constant length of the parallel vector field V' and A;, B; are real-valued functions
on R, depending on «;, 3;, and involved in the expressions of the Levi-Civita connection of
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(T'M, Q). As consequences, we have V : (M, g) — (T'M, G) is a harmonic map if and only
if Chp = Cy = 0.

Due to the complexity of the expression of the Levi-Civita connection of an arbitrary
Riemannian g-natural metric G and also the length of calculations of the corresponding
bitension field we restrict ourselves to the study of parallel vector fields and we give necessary
and sufficient conditions for a parallel vector field to be biharmonic. In fact, the bitension
field of a parallel vector field V : (M, g) — (TM,G) is given by (V) = (ron(V))? o V +
(T20(V))? 0 V, where

mn(V) = {(chp —2c0)p[242 + As + pAs)(p) + 2cncy[Ca + Cs + Cs + pCs)(p)
—FC% [2E1 + By + pE3]( ) — ZCUP[ZAQ + As + pA5 } V,

720(V) = {(c2p — 2¢,)p[2Bs + Bs + pBs)(p) + 2chcu[Da + D3 + D5 + pDg)(p)
+c [2F1 + Fy + pF3s](p) — 2cup[2Bs + Bs + pBs]' (p) } V,

where p = ||V||? and A;, B;, C;, D;, E; and F; are real-valued functions on RT, depending on
ai, Bi, and involved in the expressions of the Levi-Civita connection of (T'M,G). It follows
that V : (M, g) — (T'M, G) defines a biharmonic map if and only if 755(V) = 72,(V) = 0.

For the special case of Kaluza-Klein type metrics, a parallel vector field V : (M, g) —
(TM,@G) is a biharmonic map if and only if one of the two statements is verified:

1. pis a critical point of a1 + as3.

2. (a1 + a3) (p) 2P T+ Pﬂl o 4 pabinh 2p¢1 —1{(p) — 2p(a1 + a3)" (p) = 0.

s

This result allows us to characterize proper biharmonic maps, i.e., non-harmonic bihar-
monic maps: a parallel vector field V' : (M,g) — (TM,G) is a proper biharmonic map if
and only if

1. (a1 +a3)'(p) # 0 and

o / /72 / ’ "
S+ BT 4 208t — 1 (p) — 2p(cn + 03)"(p) = 0.

%

2. (a1 +as) (p) 205 +p

We give also examples of non biharmonic parallel vector field. Let G be the pseudo-
Riemannian g-natural metric on T'M given by as = 81 = 2 = 3 = 0, 1 is constant and
(a1 + a3)(t) = e, where a > 0. Then (a1 + a3)’ does not vanish and

p o/l 61— 204151 2a 5 ¢51
(a1 +ag) (t) 2t041 + o —i—t 101 +2t¢1
which does not vanish on RT. We deduce that the two conditions for the biharmonicity of
parallel vector fields can not be verified, and consequently every non-zero parallel vector field
on T'M is not biharmonic.

After investigating the biharmonicity of a parallel vector field as a map, we derive the
condition for a parallel vector field to be a G-biharmonic vector field, i.e. a critical point of
the bienergy functional restricted to X(M). We prove that a vector field V' is a G-biharmonic
vector field if and only if

1| () =2t(cr+as)” (t) = —a(142at)e®

1720 (V) 4 B19(720(V), V)V + ag7on (V) 4 Bag(r2n(V), V)V = 0.

In particular, a parallel vector field V on M is G-biharmonic if and only if

$1720(V) = —gamon (V).
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Unlike the case of Sasaki metric for which a vector field is biharmonic if and only if it is
G-biharmonic, we show that the notion of G-biharmonicity of vector fields and the notion of
biharmonicity of vector fields as maps are not equivalent in general. We give, on one hand,
a subclass of g-natural metrics for which a parallel vector field is G-bihamonic if and only if
it is a biharmonic map, generalizing a similar result for the Sasaki metric. Indeed, if G is a
pseudo-Riemannian g-natural metric on T'M which satisfies as(p) = B2(p) = (B1+83)(p) =0
and one of the following conditions

L. m(a1 + a3)'(p) + p(B1 + B3)'(p) = 0;
2. [m(a1 +a3)'(p) + p(B1 + B3) (p)|Er(p) + 5E3(p) = mA)(p) + pA5(p)t,

for some p > 0. Then for every parallel vector field V on M, with p = ||V||?, V is a biharmonic
map (M, g) — (T'M, G) if and only if it is a G-biharmonic vector field.

On the other hand, we construct a 2-parameter family of pseudo-Riemannian g-natural
metrics on T'M for which every parallel vector field is G-biharmonic but not biharmonic as
a map.

Biharmonicity of unit vector fields:

In the same spirit of the concept of G-biharmonic vector fields, we define and investigate
the notion of G-biharmonic unit vector fields, i.e., critical points of the bienergy functional
restricted to the set X1(M) of unit vector fields. Although the complexity of the calulations,
we succeed to be characterize G-biharmonic unit vector fields and we give some special cases
by restricting to the case of Kaluza-Klein type metrics on unit tangent bundles. We find
some results generalizing those obtained by M. Markellos and H. Urakawa in the case of the
Sasaki metric [38]:

o The characterization of G-biharmonic unit vector fields: A unit vector field U is a
G-biharmonic unit vector field if and only if
m

a3 {QR(eZ-, S(U)Ve U + (Ve,R)(e:, S(U)U + Roes, VeiS(U))U}
=1

+AAU — Alg(AU,U)U] — g(AU,U)AU + g(AU,U)*U = 0.

e The relation between harmonic unit vector fields and G-biharmonic unit vector fields:
A harmonic unit vector field U on M is a G-biharmonic unit vector field if and only if

2 m
%Z{QR(@, S(U))Ve,U+ (Ve R)(es, S(U))U + R(es, VE,L.S(U))U} and U are collinear.
=1

We apply these results to investigate the special case of geodesic vector fields, i.e., unit
vector fields U wich satisfy ViU = 0, and we give conditions for Killing vector fields and Reeb
vector fields to be proper G-biharmonic unit vector fields, i.e., non-harmonic G-biharmonic
unit vector field.

We give also examples of (proper) G-biharmonic unit vector fields on the following par-
ticular spaces:

e Hyperbolic spaces H": Let H" (n > 1) be the hyperbolic space of constant negative
sectional curvature —k? and G be an arbitrary pseudo-Riemannian g-natural metric on
its unit tangent bundle. Then the vector field V = e, = kyn% is a G-biharmonic unit
vector field if and only if one of the two following statements is verified:
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1. d = ak?. In this case, V is a harmonic map (M, g) — (T1 M, G).
=

2.a#0,d#0,d# ak? and b = (%—a)k—
G-biharmonic unit vector field.

In this case, V is a proper

e Solvable Lie group Sols : Let Solsz be the solvable Lie group R? equipped with the
metric gso; = €2*dz? + e 2%dy? + dz? and G be an arbitrary pseudo-Riemannian g¢-
natural metric on its unit tangent bundle. Let {ej, e2,e3} be the orthonormal frame
field given by

0

%7

e1=¢e *

0 0

1. ey is a G-biharmonic unit vector field if and only if one of the following assertions
holds

— d=0b=0and a # 0. In this case, e is proper G-biharmonic.

—d=0,b#0and b= ;~(2a(a+c)+a). In this case, e; is proper G-biharmonic.
— d # 0and b = a+d = 0. In this case, e; is a harmonic map (M, g) — (T1 M, G).
a#0,de (] — 00,3a — 2v/2al] U [3a + 2ﬁ]a|,—|—oo[) \ {0} and b and « are
given by b = —-%; and a = wﬂa +d| + v/(a + d)? — 8ad), respectively.

In this case, e; is proper G-biharmonic.

2. es is a G-biharmonic unit vector field if and only if one of the following assertions
holds
— d=0b=0and a # 0. In this case, ey is proper G-biharmonic.
— b=0,a+d=0. In this case, ey is a harmonic map (M, g) — (T1 M, G).
—a#0,d#0, (a+d)(2a —d) <0 and o and b are given by o = d(a — d) and
b? = —%(a + d)(2a — d), respectively. In this case, ez is proper G-biharmonic.

3. e3 is a G-biharmonic unit vector field if and only if one of the following assertions
holds

— b= 0. In this case, e3 is a harmonic map (M, g) — (T1 M, G).
—a#0,d#0,0#0,a+d=0and 2a = ad. In this case, ez is proper

G-biharmonic.

e Special unitary group SU(2): Let SU(2) equipped with a left-invariant Riemannian
metric and G be an arbitrary pseudo-Riemannian g-natural metric on its unit tangent
bundle. Let {e1,e2,e3} be an orthonormal basis of the Lie algebra su(2) such that

le1,e2] = oles, [e2,e3] = Net, [es,e1] = Aeg,
where A > 0 and o > 1. Then

1. e3 is a harmonic map (M, g) — (I1 M, G).

2. €1 (resp. e) is a G-biharmonic unit vector field if and only if one of the following
assertions holds

— b=0o0r o =1. In this case, e; and ey are harmonic maps (M, g) — (T1 M, G).

— b#£0, 0 # 1 and equation ad = %a holds. In this case e; and ey are

proper G-biharmonic unit vector fields.
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Biharmonic functions on vector bundles:

The second part of the thesis is devoted to the investigation of biharmonic functions on
vector bundles equipped with spherically symmetric metrics, generalizing the study of the
harmonicity of functions on total spaces of vector bundles alreadey done by M.T.K. Abbassi
and I. Lakrini [15]. We focus on two special classes of functions:

XX

o Vertically lifted functions: For every smooth function f on M, we will prove that the

bilaplacian of its vertical lift f¥ is given by

AL (f7) = e (ALf)" — de 2 erte) (27“90’1' —drgh (p1 + p2)

o+ 2mr(ph)? + 2hrghich + kel ) (A f)"

For appropriate choices of the functions ¢; and @2 we will construct (proper) biharmonic
functions on E from (proper) biharmonic functions on M. More precisely, assume that
1 is constant and let f : M — R be a (proper) biharmonic function on (M, g), then
f* is also a (proper) biharmonic function on (E, G).

These choices will give us the possibility of constructing large families of examples of

(proper) biharmonic functions on E.

r—radial functions: We compute the bilaplacian and due to the complexity of the
obtained fourth order linear differential equation, we will reduce it by studying the case
of the Sasaki metric and deriving the characterizing condition:

Assume that 1 = @9 = 0 (i.e. G is the Sasaki metric). Let F': E — R be an r-radial
function constructed from a function « : [0, +oo[— R, then F' is biharmonic if and
only if « satisfies the linear differential equation

2r2a® + (3k 4+ 4)ra® + k(k + 2)a® = 0.
As a corollary, we obtain the following examples of (proper) biharmonic r— radial

functions:

1. If « is a polynomial function of degree 1, then F' is biharmonic.

2. If a(r) = ar+bwith (a,b) € R? and a # 0, then F is a proper biharmonic function.
Therefore, we obtain a 2-parameter family of proper biharmonic functions.
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Introduction

The theory of harmonic maps is a branch of mathematics and precisely one of the variational
calculus theories. It explores mappings between Riemannian manifolds, which are mathe-
matical objects that generalize surfaces and spaces. It focuses on maps satisfying a specific
harmonicity condition. The origin of the variational calculus backs to the work of L. Euler
and J.L. Lagrange in the middle of the eighteenth century, who found that the equation due
to Newton is induced from the problem of mazimum and minimum. Since then, Cauchy,
Weirstrass and Fourier established the foundations of the differential calulus. The fundamen-
tal idea in the calculus of variations, which involves seeking minima of certain functions like
length, finds application in various principles of physics. M. Morse embarked on studying the
relationship between critical points of a function on a curved manifold and the manifold’s
topology, drawing inspiration from investigations into geodesics. Additionally, to effectively
deal with a space of curves, a concept of a curved infinite-dimensional space, referred to as
an ”infinite-dimensional manifold,” became necessary.

During the late 1950s to the early 1960s, J. Eells, R.S. Palais, and S. Smale proved that
the space of all smooth mappings is an infinite-dimensional manifold. They established a
comprehensive theory encompassing differentiation of smooth functions on this manifold, as
well as a critical point theory for functions. Harmonic maps emerged as critical points of the
energy (action integral), and Eells and Sampson proved the existence of harmonic maps into
nonpositively curved manifolds.

The theory of harmonic maps also finds its roots in a problem posed by J. Plateau during
the nineteenth century. This particular problem revolves around the existence and unique-
ness of soap bubbles that enclose a given wire (a closed Jordan curve) in three-dimensional
Euclidean space. In essence, it entails the search for a surface that minimizes the area among
all surfaces that enclose a specified Jordan curve.

A harmonic map between two compact Riemannian manifolds (M,g) and (N,h) is a
smooth map which is a critical point of the energy functional E(f) = 3 [}, [|df||*dv,. It is
characterized by the vanishing of the tension field 7(f) = tryVdf.

The theory experienced substantial growth during the 1970s and 1980s, with contributions
from mathematicians like Karen Uhlenbeck, Robert Bryant, and Clifford Taubes. Uhlenbeck’s
influential work in the 1980s focused on the regularity theory of harmonic maps, establishing
important results that enhanced the understanding of their properties.

Harmonic maps theory finds applications in various domains of mathematics and physics,
including geometric analysis, differential geometry, and partial differential equations. It has
proven intersting results in studying minimal surfaces, geometric flows, and gauge field theory,
among other areas.

Over time, the theory of harmonic maps has advanced further, exploring special classes
of maps such as minimal immersions, constant mean curvature surfaces, and harmonic mor-
phisms. Ongoing research investigates the regularity, existence, and geometric properties of
harmonic maps in different settings.

This progress has led to various applications of harmonic maps and ongoing research in
the field which led to the theory of biharmonic maps.
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As a generalization of harmonic maps, the concept of biharmonic maps was initially
proposed by J. Eells and L. Lemaire in their well-known lecture notes on harmonic maps. In
1972, they introduced the notion of bienergy, defined as half of the integral of the squared
norm of the tension field over the domain manifold for a smooth mapping. They also posed
the problem of studying the variational aspects of this bienergy. Biharmonic maps (cf. [25])
had been defined as the critical points of the bienergy functional Es(f) = 5 [;, ||7(f)|[*dvy.

A significant advancement occurred in 1986 when G.Y. Jiang calculated the first and
second variations of the bienergy.

Biharmonic maps have a rich mathematical structure and have found applications in vari-
ous areas of mathematics and physics. They have connections to minimal surfaces, geometric
analysis, and geometric flows. In particular, biharmonic maps are closely related to minimal
submanifolds, which are submanifolds that locally minimize area.

Biharmonic maps theory involves studying the existence, regularity, and properties of
biharmonic maps, as well as investigating variational problems associated with the bienergy
functional. However, the pivotal moment for the theory of biharmonic maps arose in the field
of minimal submanifold theory through the work of B.Y. Chen, who presented his up to now
unresolved conjecture that Every biharmonic submanifold in Euclidean space must
be minimal.

A vector bundle over a smooth manifold M can be shown as a collection of vector spaces
that are associated with each point of M in a smooth and coherent manner.

The success of the Riemannian geometry of tangent bundles lead geometers to generalize
many known metrics to the framework of vector bundles. Among those metrics, we find
the Sasaki metric, the Cheeger-Gromoll metric and the generalized Cheeger-Gromoll metrics.
Recently, on a vector bundle (E, 7, M), over a Riemannian base (M, g), endowed with a fiber
metric h and a compatible connection D, R. Albuquerque introduced the class of spherically
symmetric metrics [18], which generalize the Sasaki metric, with two weights ¢ and @9
depending only on the squared norm of the vector. By considering vector bundles with
spherically symmetric metrics, we gain a flexible framework to investigate biharmonic maps
and biharmonic functions.

Within the realm of vector bundles, a biharmonic function refers to a function that satisfies
a particular system of equations involving the Laplacian and bi-Laplacian operators. In this
case, the Laplacian and bi-Laplacian operators are defined utilizing connection and curvature
forms. A connection on a vector bundle captures the concept of differentiation along the
fibers, while the curvature quantifies the failure of parallel transport to commute.

To establish the biharmonic equation on a vector bundle, we consider a section of the
bundle as a function on the base manifold. Consequently, the biharmonic equation mani-
fests as a system of partial differential equations involving the Laplacian and bi-Laplacian
operators, acting on the components of the section.

The exploration of biharmonic functions within vector bundles yields profound connec-
tions with various branches of mathematics. In differential geometry, it provides insights into
manifold geometry and the interplay between curvature and harmonic maps. In mathemati-
cal physics, biharmonic functions emerge naturally in the study of elasticity, fluid mechanics,
and nonlinear field theories.

Furthermore, the theory of biharmonic functions in vector bundles finds applications in
mathematical modeling, image processing, and data analysis. It facilitates the extraction of
valuable information from high-dimensional datasets and establishes a framework for analyz-
ing intricate structures and patterns.

In the framework of Riemannian geometry of tangent bundles, particular maps arise
naturally, e.g. vector fields, the projection map, tangent maps, etc..., and it is interesting to
study their (bi-)harmonicity. Since the (bi-)harmonicity depends on Riemannian structures
on the source and target sets of the considered map, the situation would depend evidently,

2 Introduction
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in our case, on the choice of (pseudo-)Riemannian metrics on the tangent bundles involved
in the studied maps. Actually, as a (pseudo-)Riemannian manifold, the tangent bundle of a
Riemannian manifold had been endowed with various metrics, starting from the “classical”
Sasaki metric and other lifted metrics from the base manifold, passing through the Cheeger-
Gromoll type metrics and the general class of Oproiu metrics and arriving to the wider class
of g-natural metrics, depending on six independent smooth functions from R* to R (cf. [3],
[16], [17] and [34] ). It had been proved that the harmonicity of such particular maps depends
on the choice of (pseudo-)Riemannian structures on the involved tangent bundles (cf. [27],
[28], [30] for the Sasaki metric and [5], [6] for g-natural metrics).

This thesis is organised as follows. the three first chapters are devoted to recall the
preleminaries on the geometry of the tangent bundle, the various metrics on it like the Sasaki
metric and generally the g—natural metrics. Also we call some initial notions on the harmonic
maps theory and biharmonic theory and we show some particular cases like harmonic vector
fields and biharmonic vector fields.

The fourth chapter deals with the questions concerning biharmonicity of vector fields.
We know that when equipping the tangent bundle of a compact Riemannian manifold by
the Sasaki metric, the only vector fields which are biharmonic, as maps, are the parallel
ones. One can wonder if this is still true if we equip the tangent bundle with an arbitrary
pseudo-Riemannian g-natural metric. As it is very hard to deal with the general case, we will
restrict ourselves to the study of parallel vector fields and we devote section 3 of this chapter
to compute the bitension field of a parallel vector field and to give necessary and sufficient
conditions for a parallel vector field to be biharmonic (Theorem 4.1.1 for the general case
and Theorem 4.2.1 and Corollary 4.2.1 for the special case of Kaluza-Klein type metrics). In
particular, we answer to the two first questions by giving examples of non biharmonic parallel
vector fields (Remark 4.2.1) and of parallel proper biharmonic vector fields (Examples 4.2.1).

In section 3, we (will) derive the condition for a parallel vector field to be a G-biharmonic
vector field i.e. a critical point of the bienergy functional restricted to X(M) (Theorem
4.3.1). As a consequence, we give a subclass of pseudo-Riemannian g-natural metrics on 7'M
for which the G-biharmonicity of parallel vector fields is equivalent to their biharmonicity
(Example 4.3.1), generalizing a same result for the Sasaki metric. As an answer to the third
question, we construct a 2-parameter family of pseudo-Riemannian g-natural metrics on T'M
for which every parallel vector field is G-biharmonic but not biharmonic (Proposition 4.3.1
and Example 4.3.2).

Chapter 5 is devoted to the characterization of G-biharmonic unit vector fields, i.e. critical
points of the bienergy functional restricted to X1 (M), with applications to special classes of
vector fields e.g. Killing vector fields and Reeb vector fields. We give examples of proper
G-biharmonic unit vector fields on hyperbolic spaces H" (Example 5.2.1), on the solvable
Lie group Sols (Example 5.2.2) and on the special unitary group SU(2) with a left invariant
Riemannian metric (Example 5.2.3).

In the last chapter, we study biharmonic functions on total spaces of vector bundles when
endowed with spherically symmetric metrics, by generalizing the results on the harmonic case
to to the biharmonic case.

We study the biharmonicity of two classes of functions on total spaces of vector bundles
when equipped with spherically symmetric metrics. The first one is the calss of functions
vertically lifted to vector bundles, we compute the bilaplacian of the vertical lift of a smooth
function (Proposition 6.2.1) and we derive a characterization of Spherically symmetric met-
rics, with respect to wich vertical lifts of (proper) biharmonic functions allowing us to con-
struct explicit examples (Proposition 6.2.2). In the rest of the section, we investigate r—radial
functions: we compute the bilaplacian (Propositin 6.3.2) and we reduce the complexity of the
obtained fourth order linear differential equation by studying the case of the Sasaki metric
(Proposition 6.3.3 and Corollary 6.3.1). Consequently, we construct two infinite families of
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examples (Proposition 6.3.4) of biharmonic functions.

4 Introduction



Chapter 1

g-natural metrics on tangent

bundles

In this chapter we give some important materials to build all the settings we need to begin
our study of the biharmonic vector fields and biharmonic functions.

The splitting of the tangent bundle to horizontal and vertical distributions with respect to
the Levi-Civita connection of the base manifold is crucial to define the g-natural metrics on
the tangent bundle and expressing their Levi-Civita connections and Riemannian curvatures.
A very useful tool to express and calculate formulas related to our subject is the notion of
F-tensor fields wich will take a part of our exposition in this chapter, and we conclude by
characterizing the g-natural metrics induced on the unit tangent bundle.

1.1 Horizontal and vertical distributions

Consider the Levi-Civita connection V associated with the metric g. At any point (z,u) in
the tangent bundle T'M, the tangent space can be decomposed into horizontal and vertical
subspaces with respect to V :

(TM)(z,u) = H(z,u) S V(:Jc,u)

For a given point (z,u) € T'M, consider any vector X € M,. There exists a unique vector
Xh e H ;) such that p« X" = X. This unique vector X" is referred to as the horizontal lift
of X to the point (z,u) € T M. The vertical lift of a vector X € M, to the point (z,u) € TM
is denoted by X"V € V{,.,), satisfying X"(df) = X f for all functions f on M, where 1-forms
df on M are considered as functions on TM (i.e., (df)(z,u) = uf).

It’s important to note that the mapping X — X" establishes an isomorphism between the
vector space M, and H, ,), while the mapping X — X" similarly establishes an isomorphism
between M, and V|, ,). Consequently, any tangent vector Z in (TM )(2,u) Can be expressed
as Z = X"+ Y, where X and Y are uniquely determined vectors in M,

Horizontal and vertical lifts of vector fields on M can be defined in an obvious way and are
uniquely defined vector fields on TM. Each system of local coordinates {(U;2%,i = 1,...,n)}
in M induces on TM a system of local coordinates {(p~*(U); 2%, u’,i = 1,...,n)}. Let X =
> X (821')95 be the local expression in {(U;z%,i = 1,...,n)} of a vector X in M,, x € M.
With respect to the induced coordinates, the horizontal lift X" and the vertical lift XV of X
to (z,u) € TM are then given by

(11) Xh = ZXZ (321)(%“) - Zréku]Xk (B(Zﬂ)(x,u) and
(1.2) Xv=3X (8Zi)(x,u)’
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where (F; i) denote the Christoffel’s symbols of the metric g.
Consider a tensor field T' of type (1,s) on the manifold M. If Xy, Xo,..., Xs—1 € M,,
then v{T'(X1,...,u, ..., Xs—1)} (resp.h{T (X1, ..., u, ..., Xs—1)}) is the vertical (resp. horizontal)

vector at (z,u) which is introduced by the formula

{T(X1, oty Xo1)} = > uN(T(Xy, oy (8‘;) oo Xs1))Y)

(resp.{T (X1, .o tty o, Xoo1)} = Y uNT(X, . (;;) s X))

In particular,when T represents the identity tensor of type (1,1), then we obtain the canon-

ical vertical vector at ( ) L{(xu S u( azk) (z.u)» and the geodesic flow vector field at
Moreover v{T(Xl, ey Uy e, u vy Xs—1)} and W{T(X1,...,u,...,u, ..., Xs_4)} are introduced by

similar way.

Furthermore, we adopt the following conventions
v{T(X1,..., Xs)} = (T(X1, ..., Xs))? and M{T(X1,..., Xo)} = (T(X1, ..., X))

Thus v{X} = XV and h{X} = X", for each vector field X on M.

From the preceding quantities, one can define vector fields on TU in the following way:
fu=73 ut (821-):6 is a fixed point in TM and Xq, ..., Xs_1 are vector fields on U, then we
denote by

v{T(X1,..c,ty ..., Xs—1)} (vesp. R{T (X1, ..., %, ..., Xs-1)})
the vertical (resp. horizontal) vector field on TU defined by

9 v
o{T(X1, oty oy Xg_1)} = Zu (X1, 0y sy oo Xoo1)]

9 h
W{T(X, . X, § T(X1, o s ooy X 1)
(resp { ( 1yeey Uy 1} U 1 x}\ 1)]

Moreover, for vector fields X7, ..., Xs_1 on U, the vector fields v{T (X1, ..., u, ..., u, ..., Xs—¢)}
and h{T(X1,...,u, ..., u,..., Xs—¢)}, on TU, are introduced by similar way.
We define the Riemannian curvature R of g by

(1.3) R(X,Y)=[Vx,Vy] = Vixy]
We write pas : TM — M for the natural projection and F' for the natural bundle with

FM=py(T"®.0T*0T® .. T)M — M,

r times s times

Ff(Xe,S:)=TfXe,(T"®..0T"@T®..0T)f.S)

for all manifolds M, local diffeomorphisms f of M, X, € T,M, S, € (T"® .. T* T ®
T),M and r,s € N.
we call the sections of the canonical projection FM — M F-tensor fields of type (r,s).
Therefore, F-tensor fields are mappings

A TMSTM & ... TM — |_| Q" M,

~
s times zeM

6 1.1. Horizontal and vertical distributions
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which are linear in the last s summands such that 7o o0 A = w1, where m and 7y are the
natural projections of the source and target fiber bundles of A respectively.

In particular, the F-metrics are mappings TM & TM & T M — R which are linear in the
second and the third argument.

Let § be an F-metric on M, then three distinguished methods arise for the constructing
of metrics on the tangent bundle 7'M, These constructions are given by [34]:

(a) If we suppose that ¢ is symmetric, then the Sasaki lift §° of 0 is defined as follows:

Coy (X0 Y) =0, 00 u) (X” V) =8(u; X,Y),

forall X, Y € M,.
In particular, if § is non degenerate and positive definite, then the same properties
apply to 6°.

(b) The horizontal lift 6" of ¢ is a pseudo-Riemannian metric on TM defined as follows::

5%,11,) (Xh’ yh ) 0, 5;,10 (thyv) = 5(“7 X, Y),
(Xv,Y ) o(u; X,Y), o (XV, YY) =0,

(z,u) (z,u)

forall X, Y € M,.
In particular, if ¢ is positive definite, then 6% is of signature (m,m).

(¢) The vertical lift 6 of § is a degenerate metric on T'M defined as follows:

6& u) (Xh’ Yh) - 5(u; X, Y)v 5& u)( 7Yv) =0,
(o (X" Y") =0, 80y (X, Y7) =0,

for all X, Y € M,. The rank of " is exactly that of 4.

When § = g represents a Riemannian metric on M, the three lifts of § described earlier
coincide with the three classical lifts ¢%, ¢, and g of the metric g, respectively..

1.2 F-tensor fields

In this section, we give basic facts on F-tensor fields which will be needed in this work. For
the proofs and more details, we refer to [17], and for the concept of naturality and related
notions, see [32] for more details.

Fix (z,u) € TM and a system of normal coordinates S : (U zl ., 2™) of (M,g)
centered at x. Then we can define on U the vector field U := Z u’ a -, where (ul,...,u™)
are the coordinates of (x,u) with respect to the basis ((8(2i )z; @ =1,...,m) of M,.

Let P be an F-tensor field of type (p,q) on M. Then, on U, we can define a (p, q)-tensor

field PS (or P, if there is no risk of confusion), associated to u and S, by
(1.4) Pu(X1,... X) = P(U.; X1, ..., X,),

for all (Xi,...,X,) € M,, z € U. Informally, we can say that we have "tensorized”P at u
with respect to S.

On the other hand, if we fix x € M and ¢ vectors X1, ..., X, in M,, then we can define a
C*-mapping Px, .. x,) : Mz — @M, , associated to (X1, ..., Xy), by

(1.5) P(Xl,...,Xq)(U) = P(u; X1, ..., Xy),
1.2. F-tensor fields 7
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for all u € M,.
Let s > t be two non negative integers, 7' be a (1,s)-tensor field on M and P be an
F-tensor field, of type (1,t), of the form

(1.6) Plu; X1, Xp) = T( X1, ooty ooy Uy oy X,

for all (u, X1,....,X¢) € TM @ ... ®TM, i.e. u appears s — t times at positions i1, ...,i5_¢ in
the expression of T'. Then

* PT' is a (1,t)-tensor field on a neighborhood U of x in M, for all v € M,;
u

*PT

(X1, X1) is a C*°-mapping M, — M, for all Xy,..., X; in M,.

Furthermore, we have

Lemma 1.2.1. [17] 1) The covariant derivative of P, with respect to the Levi-Civita con-
nection of (M, g), is given by:

(1.7) (VxPI) (X1, .., Xe) = (VxT) (X1, oo Uy ooyt ooy Xi),

for all vectors X, Xq,..., Xy in My, where the vector u appears at positions i1,...,is—¢ in the
right-hand side of the preceding formula.
2) The differential of P&l,...,Xt)’ at u € My, is given by:

(1.8) du(Ply, . x))(X) = T(X1,., X, oty oy X1)
Foo+ T( Xy, uy e, X, o, X3),

for all X € M,,.
Lemma 1.2.2. [17] Let T be a (1,s)-tensor field on M. Then

DV xcnR{T (X1, ooty ooy ty oy Xe) } = B{(Vx PO (X1) 2y ooy (X))
+A(u; X, T (X1, ey Uy ey ooy X4)) }
+o{B(u; X, T (X1, ooy Uy ooy Uy ey X4)) },
)V xo h{T (X1, iy Uy ooty o0y X)} = W{du(Px), - (x000))(X)
+CO(u; T (X1, ooy ty ey uy oy X)), X)) }
Fo{D(u; Tp( X1, oy Uy ooy Uy ooy Xo), X) },
)V xen{T (X1, ooy Uy ey Uy ooy X))} = O (w; X, T (X1, ooy Uy oy 1y ey X)) }
F0{(Vx P ) (X1)zs s (Xt)z)
+D(u; X, Tp( X1y ooy ty ey uy ooy X4)) 3y
IV xo0{T (X1, ey Uy ooy Uy ooy X))} = R{E (w3 X, T (X1, ooy Uy ooy Uy ey X)) }
+o{du(P(x,), .. x0)0) (X))
+F(u; X, T (X1, ooy Uy eyt oy X))

for all vector fields X1,..., Xy on M and X € M,, where u appears at positions i1, ...,is_¢ N
in any expression of T. Here, X" and X are taken at (z,u).

Next, let P be the F-tensor field of type (1,¢) of the form
(1.9) P(u; X1,y Xi) = > fPOTX0, oty oy, o, X,

where f; : RT — R are real-valued functions on R™, and any 7} is a (1, s;)-tensor field on M,
s; > t, with the s;’s not necessarily equal. Then, we have

8 1.2. F-tensor fields



CHAPTER 1. G-NATURAL METRICS ON TANGENT BUNDLES

Lemma 1.2.3. Let P be an F-tensor field, of type (1,t), on M given by (1.9). Then

D(VxP) (X1, ..., X3) Zfl YVXT) (X1, oo Uy ooy oy Xy,
2)du(Px,,.. x,) 22 (fE)( )T (X1, ey Uy ey Uy ey X))

+ Z TP (X1, s Xy X)) +

+TZ(X1,..., e X, X))
for all u, X, X1,..., X; € M.
If we denote by h{P(u; X1, ..., X;)} (resp. v{P(u; X1, ..., X})}) the quantity

(1.10) h{P(u; X1,..., X¢)}= Zfl DTy (X1, ooty oyt ooy X))}
(1.11) (resp. v{P(u; X1, ..., X})}= pr Yo{T3 (X1, ooty oy sy oy X)),

then we can assert

Lemma 1.2.4.

DV xnh{P(u; X1, ..., X3)} = b{(Vx Pu)((X1)z -, (X1)2)
+A(u; X, P(u; (X1)zy - (X)) }
+u{B(w; X, P(u; (X1)a, .., (X1)2)) },

2)V xoh{P(u; X1, ..., X¢)} = h{du(P((x1),.....(x1)2)) (X )
+C(u; P(u; (X1)a, - (Xt)a), X)}
+o{D(u; P(u; (X1)z, - (Xt)a), X) },

3V xnv{P(u; X1, ..., X)} = h{C(u; X, P(u; (X1)z, -, (Xt)z))}
Fo{(Vx Pu) (X1)zy s (Xt))
+D(u; X, P(u; (X1) g, oy (Xt)2)) 1

DV xov{P(u; X1, ..., Xp)} = M{E(u; X, P(u; (X1)z, s (Xt)2))}
Fo{du(P((X1)0,..(X1)e)) (X))
+F(u; X, P(u; (X1)g, -y (Xt)2)) }s

for all vector fields X1,...,X; on M and X € M,. Here X" and XV are taken at (z,u).

Now, the existence of non-vanishing parallel vector field on a Riemannian manifold (M, g)
implies that all the F-tensors fields A, B,C, D, E and F reduce to the following form:

(1.12) Pu; X,Y) = fLg(Y,u) X + fl9(X,w)Y + fg(X,Y)u+ fEg(X,u)g(Y,u)u,
wehre f; : RT™ — R are real valued function on RT.
Lemma 1.2.5. Let P be an F-tensor field, of type (1,2), on M given by (1.12). Then
1)V x P,=0,
2)d(Pixy))u(2)=113 9(Y, Z) + 2(f1) g(Y, u)g(Z, u)| X
L 9(X, 2) +2(£) 9(X, w)g(Z,w)]Y + f9(X,Y)Z
H I l9(X, 2)g(Y,u) + 9(Y, Z)g(X, u)]
+2(/5) 9(X. Y)g(Z,w) +2(fg ) 9(X,u)g (Y, u)g(Z, u) }u,
forallu, X,Y,Z € M,.

1.2. F-tensor fields 9
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1.3 g-natural metrics

We will now describe all first order natural operators D : S2T* ~~ (S*T*)T that transform
Riemannian metrics on manifolds into metrics on their tangent bundles. Here, S_%T* and
S2T* represent the bundle functors of all Riemannian metrics and all symmetric two-forms
over m-manifolds, respectively. For a detailed understanding of the concepts of naturality
and related notions, refer to [32].

Let’s define any section G : TM — (S?T*)T'M as a (possibly degenerate) metric. Estab-
lishing a bijective correspondence between triples of first order natural F-metrics ({1, (2, (3)
and first-order natural (possibly degenerate) metrics G on the tangent bundles given by (cf.
34)):

G=G+G+4.

Hence, to identify all first-order natural operators S%T* ~ (S2T)T that transform Rie-
mannian metrics on manifolds into metrics on their tangent bundles, it is sufficient to char-
acterize all first-order natural F-metrics. These are essentially first-order natural operators
S2T(T, F).

In this sense, it is shown in [34] (see also [32] and [3]) that all first order natural F-
metrics ¢ in dimension m > 1 form a family parametrized by two arbitrary smooth functions
ap, fo : RT — R, where RT denotes the set of all nonnegative real numbers, in the following
way: For every Riemannian manifold (M, g) and tangent vectors u, X, Y € M,

(1'13) C(M,g) (u) (X’ Y) = ao(g(u, u))g(X, Y) + BO(g(uv u))g(u7 X)g(u, Y)

In the case where m = 1, the same statement holds true; however, it is always possible to
choose [y = 0.
In particular, all first order natural F-metrics are symmetric.

Definition 1.3.1. Let (M, g) be a Riemannian manifold. We shall call a metric G on TM
which comes from g by a first order natural operator S_%_T* ~ (S2T*)T a g-natural metric.

Thus, all g-natural metrics on the tangent bundle of a Riemannian manifold (M, g) are
completely determined as follows:

Proposition 1.3.1. [16] Let (M, g) be a Riemannian manifold and G be a g-natural metric
on TM. Then there are functions oy, B; : Rt — R, i = 1,2,3, such that for every u, X,
Y € M., we have

Gl (XYM = (1 + a3)(0) g2 (X, Y) + (B1 + B3)(p) g2 (X, 1) g (Y, w)
(1.14) Glau) (X", YY) = an(p)ge (X, Y ) 4 Ba(p)ga (X, u) g2 (Y, ),
. G(x,u) (va Yh) = a2(p)g$(X7 Y) + BQ(IO)QSD(X u)gm(Y, u)v
Gew) (X, Y"?) = a1(p)g2(X,Y) + B1(p) g (X, u) gz (Y, u),

where p = go(u, ).
Remark 1.3.1. From now on, we shall use the following notations:
o ¢it) = ai(t) +1Bi(t),
o a(t) = ai(t) (a1 +as)(t) — a3 (1),
e O(t) = ¢1(t)(d1 + ¢3)(t) — ¢3(t),
for allt € RT.

10 1.3. g-natural metrics
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Pseudo-Riemannian g-natural metrics are characterized as follows:

Proposition 1.3.2. [16] A g-natural metric G on the tangent bundle of a Riemannian man-
ifold (M, g), defined by the functions of Proposition 1.3.1, is

e non-degenerate if and only if

a(t) #0, o(t) #0 for all t e R,

e Riemannian if and only if

ai(t) >0, ¢1(t) >0,
(1.15) {a%t) S0, $(5)> 0,

for all t € RT.
for allt € RT.

The wide class of g-natural metrics includes several well known metrics (Riemannian and
not) on T'M. In particular:

o the Sasaki metric Gg is obtained for oy =1 and ay = a3 =1 = 2 = 3 =0.

e the Cheeger-Gromoll metric Gaeo is obtained when

(1.16) as(t) = Ba(t) =0, au(t) = Bi(t) = —Ps(t) = 11+t’ as(t) = %%—t

o Kaluza—Klein metrics, as commonly defined on principal bundles [54] (see also [19]),
are obtained for as = B2 = 51 + B3 = 0.

o Metrics of Kaluza—Klein type are defined by the geometric condition of orthogonality
between horizontal and vertical distributions. Thus, a g-natural metric G is of Kaluza-
Klein type if ag = B2 = 0.

Remarks 1.3.1. 1. In the sequel, when we consider an arbitrary g-natural metric G on
TM, we implicitly suppose that it is defined by the functions o, 3; : Rt - R, i =1,2,3,
given in Proposition 1.3.1.

2. Unless otherwise stated, all real functions «y, B, ¢i, @ and ¢ and their derivatives are

evaluated at p := gz(u,u).

1.4 The Levi-Civita connexion of pseudo-Riemannian g-natural
metrics

Proposition 1.4.1. Let (M, g) be a Riemannian manifold, V its Levi-Civita connection and
R its curvature tensor. Let G be a pseudo-Riemannian g-natural metric on TM. Then the
Levi-Civita connection V of (T'M,G) is characterized by

V) = (VXY + h{A (s X0, Vo) +o{ Bus X, V),

(1.17) (YX}LY’U)(%”) = (VXY)ZJz,u) + h{C(u; Xy, Vo) } + v{D(u; X5, Yz)},
(VXth)(x’u) = h{C(uw; Yy, Xz)} + v{D(u; Yy, Xz)},
(zu)

1.4. The Levi-Civita connexion of pseudo-Riemannian g-natural metrics 11
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for all vector fields X, Y on M and (z,u) € TM, where A, B, C, D, E and F' are F-tensor
fields of type (1,2) on M defined, for allu, X, Y € M,, x € M, by:

A X,Y) = A[R(X, 0)Y + R(Y,w)X] + Aslga(V, )X + g (X, u)Y]

where
Al = *63327
Ay = 012(5210-11-53)7
(1.18) A = c2loa[d1(B1+53)~¢2fa]taz(Braz—Fza1)}
: 3 — ag ’
_ $a(0a1tas)
A4 — @ y
As = a¢2(ﬁ1+53)’+(ﬁ1+33){a2[¢252—¢;S(B1+53)]+(a1+a3)(a162—a2ﬁ1)}
e b
+ B9 (R(X,uw)Y,u)u + B59.(X,Y)u 4+ Bsga (X, u)g: (Y, u)u,
where

B; = — (a1tas)(Bi1+B3)

2 )

(1_19) By = as{az[paBo—¢1(B1+83)]+(a1+as3)(Baai —Bia2)}

ag ’

9

Bs = (¢1+¢3)§)al+a3)'

Bg = —a(d1+¢3)(B1+83) +(B1+83){ (a1 +3)[(d1+¢3) B1 —p2 fo]+az[az (B1+83) — (a1 +as3) B2]}

[e%0) )

O X, Y) = CLR(Y, u)X + Coga(X, )Y + Csga(Y, u)X + Cagu(R(X, w)Y, u)u +
+059J3 (X7 Y)’LL + CGQCC (X7 u)gl‘ (Y7 ’U,)’LL7

where
2
Cl - _%7
C2 - _061(5210‘)'63)’
Oy = Q1(ertas)'—as(ay—3)
o ’
(1.20) Oy = a1{az(a251*alﬁQ);rgdl)[%(ﬁ1+53)*¢>2ﬁ2]},
_ ¢1(B1+B3)+¢2(2a5—P2)
05 _ 91(B1tPs 2¢2 52— D2 ’
Oy = ag1(B1+63) +{az(a1B2—asf)+ar[p2Ba—(B1+8) b1 ]} (a1 +as) + 21155
= od
+{042[/31(¢1+¢3)—,32¢2]—061[/32(041-&-@3)—042(51+,33)]}(a’2—%2)
g ’

D(u; X,Y) = D1R(Y,u) X + D29, (X,u)Y + D3g,(Y,u) X + Dyg.(R(X,u)Y,u)u
+Ds5g, (X’ Y)u + Dﬁgx(Xv u)gx(K u)u,

12 1.4. The Levi-Civita connexion of pseudo-Riemannian g-natural metrics
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where
Dl - a212:27
Dy = a2(621;53)7
—as(a1+as) +(a1tas)(ah—2)
D3 = P 22 y
(1.21) D, = alleritas)(a1fa—azfi)+az|p2fa—¢1(B1+53)]}
4 — 204 ’
2al,—
Ds = _¢2(/31+ﬁ3)+(<22501[;-¢3)( o /32)7
De = —ada(B1+63) +{(a1+a3)(a2B1—a1 f2)+az(¢1(B1+683) — 2]} (a1 +as) + E1EP3)
= 5
+ {(c1+a3)[B2pp2—LB1(d1+¢3)]+az[B2 (a1 +a3)—az2(B1+63)] }Hob— %2)
ag )
E(u; X,Y) = Er[g:(Y, W)X + go(X, 0)Y] + B9, (X, Y)u + E39:(X, u)gx(Y, w)u,
where
041(0/—&-5—2)—0420/
El - 2 ; 17
$182—p2(B1—ar))
Fo = /22 2 U
(1.22) 2 ¢ ’
B3 = a(2¢1 8L —¢281)+20 {a1[aa(B1483) — P2 (a1 +a3)]+az[B1 (p1+¢3)—Baa]
— .
+ (20, +B2) {01 [p2B2—¢1(B1+83)]+az (o1 fe—azp1)}
agp ’
Fu; X,Y) = Fi[gz(Y,u) X + go(X, w)Y] + Fag,(X, Y)u + F39,(X, u)g: (Y, v)u,
where
—az(ah+ L)+ (a1 +a3)d
Fl - 22 o 15
Py = (p1+¢3)(Br—a))— 282
(1.23) 2 ¢ ’
Fy = af(p1+¢3)B1 —2h285]+2a) {aa[B2 (a1 4as)—az(B1+83)|+(a1+as) [B2p2—F1($1+63)]}
= =3
+ (20, +B2){ o2 [p1(B1+83)—p2B2]+ (a1 +a3) (a2 f1—a182)}
ap .

1.5 Riemaniann curvature of g-natural metrics

Proposition 1.5.

g-natural metric

1. [17] Let (M, g) be a Riemannian manifold and G be a pseudo-Riemannian
on TM. Denote by V and R the Levi-Civita connection and the Rieaman-

nian curvature tensor of (M, g), respectively. Then we have:

R(X" YN Zh=

[R(X, Y)Z} {(VXA WY, Z) — (VyAu)(X, Z) +A(u; X,A(u;Y,Z))
—A(u Y, A(u; X, Z (u X, B(wY, Z)) C(u;Y,B(u;X, Z))

+C(u; Z,R(X,Y)u }—H}{ (VxB)(Y, Z) — (Vy Au) (X, Z)
+8(u; X, A(w; Y, 2)) - (uYAuXZ))+D(u;X,B(u;Y,Z)>

_D (u; Y, B(u; X, Z)) n D(u; Z,R(X, Y)u) }

1.5. Riemaniann curvature of g-natural metrics 13
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R(X", YM)ZV=|R(X,Y)Z]" + h{(VXC’u)( Z)+ (VxCu) (X, Z) +A(u X, C(w;Y, Z))

(Vy Du)(X, Z)

+E(u ROX, Y )u, )} {VXD

uXCuYZ)) (uYC(uXZ)+D(uXD(uYZ)>

)

—A(u-Y C(u; X, Z)) n C(u X, D(w;Y, Z)) (u Y, D(u; X, Z))
Z) -

+B )

(
D(u Y, D(w; X, Z ) +F<u;R(X,Y)u,Z>},

R(X", Y”)Zh:h{(VXCu)(Z, Y)+ A<u; X,C(u; Z, Y)) + C(u; X, D(u; Z, Y))
—C(u; A(w: X, Z), Y) _ E(u; Y, B(u; X, Z)) —d, (A(sz))(y)}
+v{(VXDu)(Z, Y)+ B(u; X,C(u: Z, Y)) + D(u; X, D(u; Z, Y))

—D(u;A(u; X, Z),Y) — F(u; Y, B(u; X, Z)) - du<B(X,Z))(Y)}v

R(X", Y”)Z”:h{ (VxE)(Z,Y) + A<u; X, E(u;Y, Z)) n C(u; X, F(u;Y, Z))
—C(u; O(u; X, Z),Y) - E(u; Y, D(u; X, Z)) —d, (C’(Xz))(Y)}
+v{(VXFu)(Y, Z) + B(u; X, E(u;Y, Z)) n D(u; X, F(u;Y, Z))

—D<u; Cu; X, Z),Y) - F(u;Y,D(u;X, Z)) —dy (B(X,Z>)(Y)}’

R(XV,Yv)Z"= {d(CZY) (X) —d(Czx)u(Y )+C(u;C(u;Z,Y),X)
C(u Cu; Z,X), ) +E(u X, D(u; Z, Y)) E(u; Y, D(u; Z,X))}

+v{d Dzy)u d(Dz.x) (Y)+D(u;C(u;Z,Y),X>

14 1.5. Riemaniann curvature of g-natural metrics
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R(X®,Y?) 2" h{d (By.2)u(X) — d(Cx.2)u(Y) +C(u;E(u; Y, z>,x>
0w B X, 2 y) & (X F0,2)) — B R X, Z>)}
+v{d (Fy2)u(X) = d(Fx.2)u(Y) + D (w B(u:Y, 2), X))
—D(u;E(u; X, Z),Y) —i—F(u; X, F(uY, Z)> - F(u; Y, F(u; X, Z)> }

forallz € M and X, Y, Z € T, M, where the lifts are taken at uw € T, M and A(x z) and
B (x,z) are the mappings M, — M, defined by (1.5) and d, (A(X’Z)) and dy (A(Xz)) are their
derivatives at u, respectively.

1.6 g-natural metrics on unit tangent bundles

The tangent sphere bundle of radius v > 0 over a Riemannian manifold (M, g), is defined as
the hypersurface T, M = {(z,u) € TM|g,(u,u) = r?}. The tangent space of T,.M, at a point
(x,u) € T, M, is given by

(1.24) (T, M)y = {X"+Y"/X € My, Y € {u}" C M,}.

When r = 1, T1 M is referred to as the unit tangent (sphere) bundle.
On tangent sphere bundles, the restrictions of Riemannian g-natural metrics possess a
simpler form, i.e.,

Proposition 1.6.1. [9] Let r > 0 and (M, g) be a Riemannian manifold. For every Rieman-
nian metric G on T, M induced from a Riemannian g-natural metric G on T M, there exist
four constants a, b, ¢ and d, with a >0, a(a +c) — b?> > 0 and a(a + ¢+ dr?) — b* > 0, such

that G = a.¢® +bg +c.gv —i—dk”, where
x k is the natural F-metric on M defined by
E(u; X,Y) = g(u, X)g(u,Y), forall (u,X,Y)eTM®TM &TM,

% g°, E}Z, gv and ks are the metrics on T, M induced by ¢°, ¢, ¢° and k¥, respectively.

Let G =a.g°+b.g" +c.g° + d.k? be the Riemannian metric on T1 M induced by G, where
G is an arbitrary Riemannian g-natural metric on T'M, where a, b, ¢ and d are constants
where a > 0, a:=a(a+c) —b*> >0, and ¢ := a(a + c+d) — b* > 0.

Applying Schmidt’s orthonormalization process, a simple calculation reveals that the
vector field on T'M defined by

1
1.25 NG =——— [ pul+ (a4 c+d)u,
for all (z,u) € TM, is normal to 73 M and unitary at any point of 77 M.
We define now the ”tangential lift” X'¢ —with respect to G- of a vector X € M, to
(x,u) € T'M as the tangential projection of the vertical lift of X to (x,u) —with respect to
NG that is,

tag _ yv v G _ yv / (b G

1.6. g-natural metrics on unit tangent bundles 15
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If X € M, is orthogonal to u, then X?¢ = X?.

The tangent space (T1M ), of T1M at (z,u) is spanned by vectors of the form X h

and Y6, where X, Y € M,. Consequently, the Riemannian metric G on Ty M is fully
characterized by the identities

Glowy (XM YN = (a+0)go(X,Y) + dga(X, u)g2(Y, u),
(z,u) (Xh’YtG) = ng(X,Y),
(z,u) (Xtc:’ YtG) = agx(Xa Y) - ﬁﬁ_,_dgx(Xa u)gx(K U)a

(1.27)

[TERY

for all (x,u) € T'M and X, Y € M,.
The Levi-Civita connection V of (T1 M, G) is given by

Proposition 1.6.2. [9] At (z,u) € T\ M, the Levi Civita connection V associated to G is
given by

- b bd
(thYh)(:p,u) = {(VXY)w — ;—a[R(Xx,u)Ym + R(Yy, u) Xy] + ﬁ[g(Xx,u)Yx + 9(Ya, u) X,]

+m[(ad +0%) g(R(Xy,u) Yy, u)
h b2
—d(a+c+d) g(Xg, w)g(Y, u)]u} + { R(X,,u)Y,

«

a(a+ c) (a+c)d
- R(Xs, Yo )u — ———
2a R( Ju 2a

F L (RO 05 0) + ot €)oY (Xl

[g(Yﬂc7 u) Xo + 9(Xz, u) Yx]

(VxnYi6) ——ﬁmy)X——Jﬁ—fw'mm )+%(X)Y
Xh (zu) = 2% z, U)Ag 2(a+c—|—d)ag z, U x, W)U 2ag Ty W) Iy
+d—bQ (Yy,u) X +;[a(ad+b2) (R(Xg,u)Yy, u)
2(a+c+d)ag T T 2(a+ e+ d)a g R
h
dag(Xa, Ya) = ad(2(a+ ) + d) g(Xe, u)g(Ve,u)lu
ab b(a — b?)
Y x a Yxa Xx Y Yza an
+{(VX ) + 2a R( u) 2(a+c+d)ag( U)R( u)u
bd (a+c)bd
9% g(Xm;u) Y, — mﬂ(ymu)){m
b

+m [—a(a +c+ d) Q(R(an U)Yma u)

tg

+d(2(a+ ) +d) (X, g (Yo, )|

16 1.6. g-natural metrics on unit tangent bundles
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2
- A [ b
(T Vo) = { o ROVt g

2a
ab? dv?
—5— - 9(Xz, u)R(Yy, Y
9( Xy u) RV, w)u + 2(a+c+d)a

2(a+c+ d)a
[a(ad + b*) g(R(Xz, u) Yy, u)

d
(X, 1) VY + ;La 9(Ya, u) X

9( Xz u) Yy

1
+2(a—|—c+d)a

Fdog(Xe.Y,) — ad(2a +6) +d) g(Xpw)g(Ve, )}

b b bd
n {a R(Xou)Vs + — 29T R w)u— 2 (V) X,

2 2(a+c+d)a 2
(a+ c)bd b
O (X ) Yo+ [ d) g(R(Xz, )Y,
2(a+6+d)ag( ) +2(a+c+d)a[ a(a+c+d)g(R(Xe,w)Ye,u
t
+d(2(a+ ) +d) g(Xo,w)g (Yo, wu}
- b
tg - )2
(Vx6Y ")) = 5o d)a{ a?[9(Xo, w)R(Yz, wu + g(Ye, ) R( Xy, u)ul
adg(Xou) Y, + (20t ad) g(Voru) Xo — — 290 00X oW upul
aa g\ Ag, W) Yy aTaa)gl\rye,U) Ay a+C+dg z, )G\ Xz, U)U
1
—— 32 X Y 2Mg(X Y.
+2(a+c+d)a{ bag(Xe, u)VaY +ab”[g(Xe, ) R(Yo, u)u

+9(Ya, u)R(Xy, u)u] — b*d g( Xz, u) Yy

ta

—©2(a+ ¢+ d)o — b*d) g(Ya, 1) Xo } :
for all (x,u) € TyM and X, Y wvector fields on M.

Convention 1.6.1. Note that, for (x,u) € T1 M, the tangential lift of the vector u to (z,u) is
expressed as ulé = a+ﬁ+d,uh, signifying it as a horizontal vector. Consequently, the tangent
space (T1 M)y aligns with the set:

(1.28) (X" +Y'6/X € M,,Y € {u}t C M,}.

Therefore, the tangential lift operation from M, to a point (x,u) € ThM is exclusively
applied to vectors in M, that are orthogonal to u.

Next, we characterize the Riemannian curvature of (T3 M, G) by the following

Proposition 1.6.3 ([4]). Let (M, g) be a Riemannian manifold and let G = a.g5+b.gh+c.g"+
d.kv be an arbitrary Riemannian g-natural metric on Ty M, where a, b, ¢ and d are constants
such that a > 0, a := a(a+¢) —b*> > 0, and ¢ := a(a + c+d) — b* > 0. Denote by V and
R the Levi-Civita connection and the Riemannian curvature tensor of (M, g), respectively. If

1.6. g-natural metrics on unit tangent bundles 17
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we denote by R the Riemannian curvature tensor of (T1M,G), then:

%"
+ ibj [R(X,u)R(Y,u)Z — R(Y,u)R(X,u)Z
+ R(X,u)R(Z,u)Y — R(Y,u)R(Z,u)X]
ad(a — b?
A0V (2o B Y + 9(Y. w)R(X. 0)Z — g(X, wR(Y.)2]
ab? a 2
+ 2#22 [—aijﬁd 9(R(Y,u)Z,u) +dg(Y,u)g(Z, u)} R,X
ab? a 2

4o _a—i—c—i-dg
d { 262

2
n d [ _ (R(Y,U)Z,u)+dg(Y,u)g(Z,u)]X

4o | atc+d 9
d

* da(a+c+d)

— g(R(X, Z)u, R(Y,u)u) — 29(R(X,Y )u, R(Z,u)u)]

+ ale [9(R(Y,u)Z + R(Z,u)Y, R(X,u)u)

—g(R(X,u)Z 4+ R(Z,u) X, R(Y,u)u)]

ad(b®> — « 2(2(a+c¢

- e el WAL D] 1o, wg(R(Y,u)Z )

—g(Y,u)g(R(X,u)Z,u)] — 3a(a+ ¢) g(R(X,Y)Z,u)

+(a+ o)d [g(X, u)g(Y, Z) — g(Y,u)g(X, Z)]}u}"

18 1.6. g-natural metrics on unit tangent bundles
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+ {—f (VuR)(X,Y)Z + “(‘;;— ) (VLR (X, V)

_ % [R(R(Y, Z)u, u)X — R(R(X, Z)u, u)Y — 2R(R(X, Y )u, u)Z
— R(X,R(Y,u)Z)u — R(X,R(Z,u)Y )u
+ R(Y,R(X,u)Z)u+ R(Y, R(Z,u)X)u]

ab?
— 5 [ROX W R(Y.w)Z = R(Y, u)R(X, u)Z
+ R(X,u)R(Z,u)Y — R(Y,u)R(Z,u)X]

bd(3a — b?)
T [9(Z, ) R(X,Y)u+ g(Y,u)R(X,u)Z — g(X,u)R(Y,u)Z]

b(b? — ) { ad + b?
_|_

) [ R0 Z.0) ~ dg(Yg(Zo) | RuX

2 _ o a 2
— b(b2a2 ) |:a j_ —Cl_i d g(R(X, U)Z, u) — dg()(7 U)g(Z, u):| R,Y
(a + C)bd ta
Salat ot ) YRV 0Zu)X — g(ROX,)Z, um} ,

(i) R(X" Yte)zh

a?

= {_QQ (VxR)(Y,u)Z + %[R(X, Y)Z + R(Z,Y)X]

b TROGU RO, 07 ~ RO RUK 07 ~ ROV R0 X
CL2
- Hbg [9(X, w)R(Y,w)Z — 9(Z,u)R(X,Y )u]
ab

Warerd
2 2
ot | et g 9ROC0Z,0) — dg(X ()
bd
T Tarcrd
b ad + b2
a [_2(a+c+d)

la(ad + b%) g(R(Y,u)Z,u) + ad g(Y, Z)| R, X
R,Y
[ag(R(Y,u)Z,u) 4+ (2(a+c) +d) g(Y, Z)| X

g(R(X,u)Z,u)+dg(X,u)g(Z, u)] Y

o
bd d

o 9(X,Y)Z + 4a(a+c+d){ 2a” g(VxR)(Y,u)Z,u)

a3
+ ?b [9(R(Y,u)Z, R(X,u)u) — g(R(X,u)Z + R(Z,u) X, R(Y,u)u)]

[ a+¢ d
a CL—I—c—i—d] 9(X,u)g(R(Y,u)Z, u)

—2ab [29(R(X, Y)Z, u) + g(R(Z,Y) X, u)]

+bd (3 d > g(X,u)g(Y, Z)+2g(Z,u)g(X,Y)]}u}h

+ ab

Ca+tc+d

1.6. g-natural metrics on unit tangent bundles 19
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2

i {22 (VXR)(Y.u)Z + o R(X.R(Y.0)Z)u

a Czib; [R(X,uw)R(Y,u)Z — R(Y,u)R(X,u)Z — R(Y,u)R(Z,u) X]
b? R ala + ¢)
- (X,Y)Z + oo R(X,2)Y
ad(a — b%)
+— 7 WX R, w)Z = g(Z,u) R(X, Y )u]
a—b?
T 120t ctd) [a(ad + b*) g(R(Y,u)Z,u) + ad g(Y, Z)| R, X
ab? a 2
fzz [_aij—kbd g(R(X,u)Z,u) +dg(X,u)g(Z, u)} R,)Y
(a+c)d
Ta(at ot ) WIEVWZu) + 2atc) +d) gV, 2] X
+ i [252 (2 = a+ccl+d> g(R(X,u)Z,u)

(a+c)d
2c

—d(4(a+c)—i—d)g(X,u)g(Z,u)}Y—i— g(X,Y)Z} G,

1
20(a+c+d)

~bla+ )o(Y. 2)X — g(X. 2)Y]}"

(i5) R(X', Yie) Zte = {{a% [9(Y, Z)RuX — g(X, Z)R,Y]

+{—ab? [gY, 2)RuX — g(X, Z)R,Y]
+[(a+)a+06) +adl [oY; 2)X — g(X, 2)] }'© |,

forallz € M, (x,u) € Ty M and all arbitrary vectors X, Y and Z € M, satisfying Convention
1.6.1, where Ry X = R(X,u)u denotes the Jacobi operator associated to u.

1.7 The induced connection on ¢ 'T'N:

Induced bundle:

Given a vector bundle 7 : E — N and a mapping ¢ : M — N, where M and N are
manifolds, we can construct the vector bundle T FE — M , where

’

E ={(z,v) e M x E/¢p(x) =m(v)}
and 7 ((x,v)) := a, for all (u,v) € E.

That is, the fiber of this bundle over x € M is the fiber Ey,) of E over ¢(x).

We denote E' by ¢ 'E and call it the induced vector bundle of E by ¢.
A section s of the induced bundle ¢~ 'E of E by ¢ : M — N is by definition a mapping
s: M — E satisfying s(z) € Ey(y)-

The induced connection on ¢ !TN:

Let (M, g) and (N, h) be two Riemannian manifolds and V and V, respectively, be the Levi-
Civita connections of (M, g) and (N, h).

20 1.7. The induced connection on ¢~ T N:
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Let ¢~!TN be the induced bundle over M of TN by ¢ : M — N, that is, let 7 : TN — N,
the projection, and let

¢'TN = {(z,v) € M x TN/¢(z) = w(v)} = | Tyw)N-
zeM

¢~ 'TN admits a fiber metric induced from the Riemannian metric h on N, denoted by
the same letter h, defined by:

hy : (TN)y x (TN)y—R
(1.29) (u, v) —hg(z)(u,v)

Let ¢ € C°°(M, N), we can define the induced connection ¥ on the induced bundle ¢~ TN
as follows: R
For X € X(M), V € T(¢~'TN), define VxV € I'(¢p~!TN) by:

(1.30) (TxV)e) = VoxV = G| P Vi),

for all x € M.

where t — o(t) € M is C'-curve in M satisfying 0(0) = z, o (0) = X, € T, M, and o, is
a curve given by o4(s) := o(s), 0 < s <, i.e., the restriction of o to the part between = and
o(t). Ppoo, * Tya)N — Ty(o(a) N is the parallel transport along the Cl-curve ¢ o o; with

respect to the Levi-Civita connection V on (N, h).

The induced connection V is compatible with this fiber metric h on ¢~ !TN.

1.7. The induced connection on ¢~ 'T'N: 21
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Chapter 2

Harmonic and g-natural harmonic
vector fields

In this chapter, we continue our exploration of materials, focusing on one of the fundamental
concepts in our study: harmonic maps. We introduce the energy functional and derive the
first variational formula, which leads to the Euler-Lagrange equation associated with the
problem, the tension field, and various important propositions and examples.

Next, we delve into the notion of harmonic vector fields, which correspond to the critical
points of the energy functional restricted to vector fields.

We will recall main results, from the literature, at first when the tangent bundle is
equipped with the Sasaki metric and then when it is equipped with an arbitrary g-natural
metric. In both cases, we will give examples of special harmonic vector fields such as Killing
vector field, Hopf vector field and Reeb vector field.

2.1 Harmonic maps

2.1.1 Definitions

Let (M, g) be an m-dimensional compact Riemannian manifold and (N, h) be an n-dimensional
pseudo-Riemannian manifold. If f: (M, g) — (IV,h) is a smooth map , then the energy (en-
ergy functional) of f is defined as the integral

B(f) = /Me<f>dvg,

where e(f) = || f|]> = %trgf*h is the so-called energy density of f. With respect to a local
orthonormal frame {ey,..,e,} on M, it is possible to express the energy density as

1 1.
e(f) = Il P=5 e f*h
1 o=, .
=5 > (fh) (e e)
i=1
(2.1) —lih(f )
. =5 2 xCiy Jx€i),
where f*h is the pull back of h by f, try(f*h) is the trace of the tensor field f*h with
respect to g, and we denote by f, the differentiation of f, which can be iterpreted as an

f~1T N-valued 1-form on M.
We call the covariant differtential V(f,) the second fundamental form of the map f.

23
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Take coordinate systemes (U, z!,...,2™) and (y',...,") of M and Nn respectively such that

f(U) c V. Writing = (2!, ...,2™), f(z) =y = (y',...,y") we represent the tensor g(r) =

ZZ‘]-:I gij(z)dzidx? with g;; = g(a‘;, %). Similarly, h(y) = hag(y)dyadyﬁ with hep =
h(%, %). The differential df (z) has the matrix represantation (g]; O: ) The first and second
fundemental forms of f at € U can be expressed as

ey Of*0fP
(Fh)ig = dat 9xi P
*f o af*of’
D)) = o —TF NV e —
(v(s ))U Ox O Y Qxk t lap Oxt Oxd’

where Ffj, N ry 5 are the Christoffel symbols of (M, g), (N, h), respectively.
Also (2.9) can be expressed as

OfOfB
— E 1]

i7j7a?ﬂ

where (g%) is the inverse matrix of (g;;).
Definition 2.1.1. We call f € C*°(M,N) a harmonic map if f is a critical point of E on
C®(M,N), i.e. for any smooth variation f; € C°°(M, N) with —e <t < € of f, we have
d
— E =0.
dt lt=0 ()
Here a smooth variation f: means that fo = f and f; depends smoothly on t, that is the map
F:(—€,¢) x M — N, defined by
F(t,l‘) = ft(x)a (t,iﬂ) € (—6,6) XMa
satisfies
F(O¢$):f($)7 xeM,
F:(—€,¢6) x M — NisaC™ — map.
Definition 2.1.2. For any smooth variation f; of f, putting:

d
V(J}) = @ —

Then V is a smooth map of M into the tangent bundle TN satisfying

Oft(x), x € M.

V(I) S Tf(x)N, x € M.
Such a vector field is called a variation vector field along f.

Theorem 2.1.1. Let f € C*°(M,N). For any smooth variation fi, —e < t < €, of f, let

V(z) = % tzoft(a:), x € M, then

%’t:oE(ft) - /Mh(V, T(f))“g,

n

(2.2) T(f) = trgV(df) = > (Ve fuei — fuVe,e1) € T(f7'TN)

i=1
7(f) is called the tension field of f. Thus, f € C°(M,N) is a harmonic map if and only if
(2.3) 7(f) =0, everywhereon M.
(2.3) is called the Euler-Lagrange equation.
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The tension field 7(f) can be expressed using the local coordinates (z!,...,2™) and
(y',...,y") in M and Nn respectively as follows. Let f® =y, o0 f, and write 7(f)(x) € TiyN
as

" 0
T =) 7(f) 5,
() Zl N3y
then
m . 9 f,y m 7 n afoz 8f5
T(f)v(x):ig:l ]{8x28x1 Z:: Ok +a%;1 erﬁ(f(x)) oz’ 837]}
of* ofr
(2.4) =—AfT+ Y VI(f(a) a‘; %-

i7j7a7ﬁ

2.1.2 Examples and propositions

Exemples 2.1.1. 1. (Constant map) For two compact Riemannian manifolds (M, g) and
(N,h) and a fired g € N, any constant map
¢o: M — _ .
is a harmonic map.
Tr
2. (Identity map) The identity map idy : (M, g) — (M, g) is trivially harmonic.

3. (Harmonic function) Let (N, h) = (R"™, g9), denoting f = (fi1, ..., fn) € C°(M,R"™), we
have

7(f) = =Af = —=(Af1,...., Afn). Then
f:(M,g)— (R", go) is harmonic < f; is harmonici.e. Af; =0, 1 <i < n.
4. (Geodesic) Let (N,h) be any (compact) Riemannian manifold, and M = R/Z = S'.

Then C(S', N) is the set of all periodic C*-curves in N with period 1.
Let eq = 8%, then Ve,e1 = 0. Put f, = f*ey, then

T(f) =0« @eif*ei =0 & NVf/f’ =0.
Hence harmonic periodic curves in N are exactely geodesic curves.

5. (Minimal isometric immersion) Let f : (M,g) — (N,g) be an isometric immersion.
Then the mean curvature vector H is given by H = %trgV(df).
f is a harmonic map if and only if is minimal i.e. H = %T(f) =0, with m = dim(M).

Remark 2.1.1. In the non compact case we can define the harmonicity of a map by the
condition (2.3), since it has a tensorial character.

Proposition 2.1.1 (Unique Contiuation Theorem [24]). Let f : (M,g) — (N, h) be a har-
monic map which is constant on an open subset of M. Then f is constant on M.

Proposition 2.1.2. [2/] Let f : (M,g) — (N,h) be a harmonic map and suppose that the
Ricci tensor Ric™ > 0 and the sectional curvature VK < 0. Then

1. f is totally geodesic;
2. if RicM is strictly positive definitive at some point, then f is constant;

3. if NK < 0, then f is either constant or of rank 1, in wich case its image is a closed
geodesic.
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Proposition 2.1.3. If (M,g), (N,h) and (P, k) are three Riemannian manifolds and f €
C*®(M,N) and g € C*°(N, P), then

T(go f) = dgor(f)+trVdg(df,df)

In particular, if f and g are totally geodesic, so is g o f, and if f is harmonic and g is
totally geodesic , then g o f is harmonic.
It is important to note that the composition of two harmonic maps is not harmonic in general.

Existence problem

The basic existence problem for harmonic maps can be formulated in the following manner:
Let fo : (M,g9) — (N,h) be a map of Riemannian manifolds. Can fy be deformated into a
harmonic map of (M, g) into (N, h)?

Theorem 2.1.2 (Eelles-Sampson [26], 1964). Let (M, g) and (N, h) be compact Riemannian
manifolds, and let (N, h) have nonpositive curvature, that is, the sectional curvature NK of
(N, h) satisfies

NK(u,v) <0, Yu,ve T,N, Vq € N.

Then for any g € C*°(M, N), there exists a harmonic map f : (M,g) — (N, h) satisfying
1. f~ ¢ i.e f is homotopic to ¢.
i. f is energy minimising in its homotopy class, i.e.: Vf ~ f : E(f) < E(f)

The method of proof in [26] is the so-called ” (nonlinear) heat equation method”, which
is as follows:
They consider the following nonlinear heat equation for a given map ¢ € C°(M, N)

25) {%f =(fi)

Jo=¢

for a l-parameter family of f; € C°°(M, N) with fy = ¢. Here 7(f;) is the tension field
of f;. They showed if (N, h) has nonnegative curvature, then

1. there exists a unique solution f; of (2.5) for all 0 < ¢ < oo, and
2. as t — oo, the limit exists, lim;, fi = fx, and
3. the limit map f = fs is the desired harmonic map of (M, g) into (N, h).

The motivation for choosing the equation (2.5) is the following:

By the first variation formula of the energy (2.1.1), for any variation g; of g, by defining the

variation vector field V(z) = %‘t_oqbt(x) € TN, © € M, we get

26) B0 == [ hwr(n),

Since the left-hand side of (2.6) coincides with dE4(V'), the differentiation of the function E
on C*®(M,N) at g with respect to the direction V, (2.6) can be writen as

(2.7) dE¢(V):/M h(V,—7(f))vg
(2.8) =(V,=7(f)),
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where (, ) denotes the global inner product of I'(f 1T N):
mwy:/hWWMWVJVEwam.
M

Then the gradient vector field (VE)y of the function E on C* (M, N) at ¢ is just —7(¢).
Now we should deform g in order to decrease the energy. For this, we may take an integral
curve on C*°(M, N) of minus the gradient vector field.

We denote this integral curve by f; € C°°(M, N), then the equation is

d
Gli=—(VE). fo=9.

Now from the tow last equations, a deformation f; of ¢ decreasing the energy F is equiva-
lent to an integral curve f; of —V E through ¢, which in turn is the same as the heat equation
problem (2.5) with fo = ¢.

So deforming ¢ in this way, then at last if ¢ — oo, the limit map fo, would be energy
minimizing. This procedure is a key idea of the proof.

2.1.3 Stability of harmonic maps
Let f: (M,g) — (N,h) be a harmonic map, and let fo; : M — N be a smooth variation
with tow parameters s, ¢, where foo = f. That is, the map I’ defined by

F:(s,t,z) € (—€,€) X (—€,€) x M — fsi(z) € N,

is a C*°-map and F'(0,0,z) = f(x), z € M. The corresponding variation vector fields are
denoted by V, W:

8f57t afs,t
Os ‘tzO’ W= ot ‘5:0'

We extend vector fields on the interval (—e,e) or M to the product manifold (—e,€) x
(—e€,€) x M, and we denote them also by the same notations. Then by definition, we get

) 0
V = F (%)(s,t):(0,0)’ W =F, (a)(s,t):(o,o)'

V:

The Hessian of E at a critical point f is defined as follows:

aQE(fs,t)
0s0t

(0,0)

H(E) (V,W) =

Theorem 2.1.3 (the second variation formula). Let f: M — N be a harmonic map. Then
the Hessian of the energy E at f is given by

HE) (VW) = [ 15V, W),

M
where . .
Jp(V) ==Y (Ve Ve,V = Vv, V) = Y RNV, fuei) fuei.
i=1 =1

Jy 1s called the Jacobt operator.

Definition 2.1.3. Let f: M — N be a harmonic map. f is said to be weakly stable if
H(E);(V,V)>0, forallV € T(f'TN),
and otherwise, it is said to be unstable.
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If (N, h) has the nonpositive sectional curvature, then
h(ZRN(V, f*ei)f*e,-,V> <0, forall V e T(f'TN),
i=1

and also we get

m

/M h( - ;(§ei§eiv B §Veieiv)’ V>vg = /M h(%V, 6‘/)“9 > 0.

We obtain

/ h(Jp(V),W)vg >0, forall V € T(f'TN)
M
Thus, we have

Proposition 2.1.4. if (N, h) has nonpositive sectional curvature, then any harmonic map
f:(M,g) — (N, h) is weakly stable.

2.2 Harmonic vector fields

In this section, we consider a smooth vector field X : M — TM as a mapping between
Riemannian manifolds (M, g) and (T'M,Gs), where G5 represents the Sasaki metric. We
then use the theory of variational calculus for the functional E(X) = 3 [, ||[dX||*dv,, where
dX is the Hilbert-Shmidt norm of dX and dv, denotes the volume element with respect to
the metric g.

2.2.1 The energy of a vector field

Consider an m-dimensional compact oriented Riemannian manifold (M, g) and a tangent
vector field X : M — T'M defined on M. Let V denote the Levi-Civita connection associated

with the Riemannian manifold (M, g) and let G5 denote the Sasaki metric on the tangent
bundle T'M.

Definition 2.2.1. [22] The energy functional is the map E : X(M) = I'™(M,TM) —
[0, +00) given by

1
BOY) = [ elX)duy, e(X) = 5[IdX|
M
for any X € X(M). Here ||dX|| is the Hilbert-Shmidt norm of dX i.e.,
[dX|]> = try(X*Gs)

and dvy is the Riemannian volume on M. the Hilbert-Shmidt norm is defined by:

m

1dX| 12 (2)=> (X*GJ)(ei,€)a
=1

(2.9) =Y Gs((deX)ein, (deX)ei),

i=1
where {e1,...,em} is an orthonormal frame on M and x € M.
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Proposition 2.2.1. Let (M, g) be an m—dimensional compact oriented Riemannian mani-
fold. For any vector field X € X(M). its energy is given by

EX) = mUOZ(M) —I—/ |V X|[dvy,
2 M

where vol(M) = [}, dvy is the volume of M.
Remark 2.2.1. Under a homothetic transformation of the given metric the energy of a vector
field behaves as follows. Let ¢ >0 and g = cg. If X = (%)X then

— 1 n(c—1)
E5(X) = C—%(TUOZ(M, g)+ Eg(X)),
where we note by E4(X) the energy of X with respect to the metric g.

We can measure the failure of a vector field X on M to be parallel by defining the total
bending of X:

Definition 2.2.2. [51] Let (M, g) be an m—dimensional compact oriented Riemannian man-
ifold. For any vector field X € X(M). We define the total bending (biegung) of X as the
number

B(X) = /M VX |[2dv,.

Corollary 2.2.1. Let (M,g) be an m—dimensional compact oriented Riemannian manifold.
For any vector field X on M

BE(X) > %UOZ(M)

with equality if and only if VX = 0.
2.2.2 Vector fields which are harmonic maps

Let (M, g) an m-dimensional compact oriented Riemannian manifold, and V its Levi-Civita
connection associated with the Riemannian manifold (M, g) is represented by V.

Theorem 2.2.1. [30], [43] Let X be a tangent vector field on M. The following statments
are equivalent

1. X : (M,g) — (T'M,Gs) is a harmonic map;

2. X is an absolute minimum of the energy functional

E :X(M)—|0,+00)
1
XoB(X) = 5 [ (4] Pdug
2 Jm

3. X s parallel, i.e., VX = 0.

Proposition 2.2.2. Let (M,g) be a Riemannian manifold, not necessarily compact, and
X € X(M) a tangent vector field on M. The the tension field 7(X) € C°(M, X TTM) is
given by

7(X) = {( —try(R(V X, X).))h = (AgX)”} o X

Then X : (M,g) — (T'M,Gs) is a harmonic map if and only if tg(R(V.X,X).)) =0 and
AgX =0.
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We adopt the following convention for the sign in the definition of the curvature tensor
field on a Riemannian manifold (M, g):

R(X,Y)Z =VxVyZ—-VyVxZ—Vixy|Z,
where X, Y, and Z € X(M).

The differential operator Ag appearing in equation (2.2.2) is referred to as the rough
Laplacian on vector fields. It is defined as follows: Suppose z € M and {e;}", is a local
orthonormal field defined on an open neighborhood U C M of x. Then, by definition, we

have

(2.10) (AgX)y = — i (veiveix - vveieix> :

i=1 *

where the definition of (A;X), remains independent of the choice of local orthonormal frame
at x. The chosen sign in equation (2.10) ensures that Ay is a positive operator, meaning
(AyX,X) >0 for any X € X(M), where (, ) is the L? inner product on X(M) given by

(X,Y) = /M 9(X,Y) du,

for arbitrary vector fields X, Y on M.

Theorem 2.2.2. Let (M,g) be an m—dimensional oriented Riemannian manifold and let
X e X(M).

i. If X is parallel then X : (M, g) — (T'M, g°) is a harmonic map, i.e. 7(X) =0.

i. if 7(X) = 0 and M is compact, or M is complete and *X” € L'(Q"1(M)) and dx X" €
LY(Q™(M)), then X is parallel, where

o X°(YV)=g(X,Y), for any Y € X(M).

o x: QF(M) — Q" F(M) is the hodge operator, mapping a k-form to its dual form
of degree n — k.

o L' (Qk(M)) is the space of differential forms of degree k on M that have integrable
norms, i.e. if w € L*(QF(M)) then [, [|w||*1 < cc.

Remark 2.2.2. Let g and g be two Riemannian metrics on M and G the Sasaki metric on
TM associated to (M,g). Let 7(X) be the tension field of X : (M,g) — (T'M,Gs). Then

[28]:
F(X) = [~tr{R(V.X, X).} + 75(idpr)]" + [~ A X + (VX)75(idar)]”

where T5(idp) denotes the tension field of the identity map idy = (M, g) — (M, g).

2.2.3 Variations through vector fields

The previous results show that, apart from parallel vector fields, there are no smooth vector
fields X : M — TM which are harmonic maps. This is essantially due to the fact that
the domain C°°(M,TM) on which the energy functional is initially defined is excessively
large. However, a similar phenomenon arises when searching for critical points of the energy
functional within the smaller domain X(M).

More precisely, consider a compact oriented Riemannian manifold M, and let X € X(M)
be a tangent vector field on M. Then, X is a harmonic vector field, i.e. a critical point of the
functional E : X(M) — [0, +00) if and only if X is a parallel vector field, i.e. VX =0 [28].

The first variation formula for a vector field X restricted to X(M) is given as following
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Theorem 2.2.3. Let (M, g) be a compact oriented Riemannian manifold and E : X(M) —
[0, +00) the energy functional restricted to the space of all vector fields. Then

d / _
—I|,_E(X;) = g(AX, V)dv
dt}t_o (X¢) v ( g ) g

for any smooth 1—parameter variation X; of X through vector fields i.e. Xy € X(M), for any
|t| < €, where tangent vector field on M given by

V= %gno E{Xt(iﬂ) - X(x)} = W‘t:O'

Now we will see that non trivial (i.e. not necessarily parallel) examples of critical points
occur when the energy functional is restricted to the space of all unit vector fields.

2.2.4 Harmonic unit vector fields

Consider an m-dimensional compact Riemannian manifold (M, g). We recall that the tangent
sphere bundle 77 M is defined as follows:

"M ={ueTM : g(u,u) =1}

Any smooth cross-section U in the tangent sphere bundle 77 M corresponds to a unit vector
field, meaning U € X(M) and g(U,U) = 1 holds everywhere on M. It is well-known that the
existence of a global, nowhere-vanishing smooth section in T3M — M is connected to the
topological restriction x(M) = 0, where x(M) represents the Euler-Poincaré characteristic
of M.

Denoting G, the Riemannian metric on T} M induced by the Sasaki metric G on T'M,
and let U be a unit vector field viewed as a mapping from (M, g) to (T3 M, Gs). Then [29]:

Theorem 2.2.4. Let 71(U) be the tension field (a smooth section in U YTTyM — M) of U
as a map among the Riemannian manifolds (M,g) and (TyM,Gs). Then
n(©) = {[-ory RV O.0)3 - 180 - VU lPor | ov

Then U is a harmonic map if and only if tr{ R(V.U,U).} =0 and AU — [|VU||?U = 0.

Next we shall give a geometric interpretation of this two conditions in the case of a real
space-form of constant sectional curvature.

Proposition 2.2.3. Let (M, g) be a real space-form of constant sectional curvature ¢ # 0.
Let U € T(T1 M), i.e. a unit vector field on M. Then tr{R(V.U,U).} =0 if and only if U is
geodesic (i.e. VyU) and the distributiin (RU)* is minimal.

We can prove that the condition div(U) = 0 is equivalent to the minimality of the distri-
bution (RU)*, where (RU)* is the orthogonal complement of RU in (TM, Gy).
Let D be a smooth distribution of rank n on M and D is orthogonal complement in TM with
respect to g. Let 7+ : TM — D= be the natural projection with respect to the decomposition
TM =D @& D+ and we consider the bilinear form

Bp(X,Y)=7tVxY, X,Y €D.
We set the mean curvature vector H as

1
H = —tryBp.
n
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If {X,:1<a<n}is alocal orthonormal frame of D (i.e. g(X4, Xp) = dqp) defined on the
open set U C M, then

1 n
Hp =~ ;BD(XG,XQ.

The distribution D is said to be minimal if and only if Hp = 0.
Now if D = (RU)*, then
X =g(X,U)U, X eTM.
Let {E, : 1 <a < m — 1} be a local orthonormal frame of D = (RU)*. Let E,, = U, then
{Eq:1<a<m} is a local orthonormal frame of 7M. Hence

(2.11) (m —1)Hp= Bp(Eq, Ey)

3

3
Ll

Vg, E

3
LL

9(VEg,E,, U)U

S
Il
—

3

{Ea (9<Ea7 U)) - g(Em anU)}U

m—1 m

Zg Ea7an Zg(EavaaU)
=1

a=1

S
Il

—div(U)U
Finally

(m —1)Hp = —div(U)U,

and we obtain that div(U) = 0 if and only if (RU)' is minimal.

Definition 2.2.3. Let M be an n—dimensional compact orientable Riemannian manifold. A
unit vector field U € T>°(T1M) is called a harmonic unit vector field if U is a critical point
of the energy functional

E :T°(T1 M) — [0,400),
given by

B(X) = %vol /HVXHdvg,

for any X e I'*°(T1M).

Here, the 1—parameter variations of U are through unit vector fields. Evidently, any
harmonic unit vector field is a harmonic vector field in the sense of the previous section, but
the converse is false generally.

Proposition 2.2.4. [28] Let M be a compact orientable Riemannian manifold and U a unit
vector field on M. Then U is a harmonic unit vector field if and only if AU — ||VU||*U =

Corollary 2.2.2. Let M be a compact orientable Riemannian manifold and U a unit vector
field on M. Then U is a harmonic map of (M,qg) into (Th'M,Gs) if and only if the two
statements are verified

1. U is harmonic unit vector field;
it. trg{R(V.U,U).} =
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2.2.5 Examples
Killing vector fields

Theorem 2.2.5. [22] Let (M, g) be a real m—dimensional Riemannian manifold. If V is
a Killing vector field on M, then AgV = QV, where Ag is the rough Laplacian and Q is
the Ricci opertor. In particular if (M,g) is an Einstein manifold', then any unit Killing
vector field V- on M is a harmonic vector field, ||VV||* = £, and if M is compact then
E(V) = 3(n+ £), where p is the scalar curvature of (M, g).

m

Theorem 2.2.6. [22] Let (M, g) be an m—dimensional Riemannian manifold with constant
sectional curvature ¢ and V' a unit Killing vector field on M. Then ¢ >0 and V : (M, g) —
(T1 M, Gs) is a harmonic map. Moreover

o If M is compact and orientable then

Bv)=(2+ "2

c)Vol(M).

o If c =0 then V is parallel.
e Ifc> 0 then m is odd.

Hopf vector fields

Definition 2.2.4. An orthogonal complex structure on R?"*2 is an orthogonal matriz J €
O(2n + 2) such that J? = —Ig, 2.

Definition 2.2.5. A tangent vector field ¢ € X(S**1) is said to be a Hopf vector field on
S2tl if ¢ = Ju for some orthogonal complex structure J on R?"*2 and v the unit normal
field on S*+1.

Theorem 2.2.7. [29] The Hopf vector fields ¢ on S*™ ! are harmonic maps of (S***1, g)
imnto (TlSQ”‘H, Gs) where g =i*go is the canonical Riemannian metric on S2ntl
Furthermore, we have

E() = (2n+ %)vol(SQ"“).

In [29] S.D. Han and J.W. Yim proved that the converse is true in the case of dimension
3

Theorem 2.2.8. Let & be a unit vector field tangent to S3. Then £ : (S3,9) — (I1S?, Gy)
is a harmonic map if and only if & is a Hopf vector field on S3.

Remark 2.2.3. In the case of S*"*! (n > 1), apart from unit Killing fields, no other har-
monic applications are known.

Reeb vector fields

Definition 2.2.6. Let M be a smooth manifold of dimension 2n + 1 and TM its tangent
bundle.

A contact structure on M is a smooth distribution D C T M of codimension 1 (i.e. a field
of tangent hyperplanes) mazimally not integrable, in the following sense: D can be locally
expressed like the kernel of a 1-form o which satisfies:

(2.12) a A (da)™ #0.

If v is globally defined on M, « is called a contact form and (M,«) a contact manifold .

'A compact Riemannian manifold where Ric™ (X,Y) = cg(X,Y).

2.2. Harmonic vector fields 33



CHAPTER 2. HARMONIC AND G-NATURAL HARMONIC VECTOR FIELDS

Lemma 2.2.1. Let (M, «) be a contact manifold.

There exists a unique vector field &, associated to o, defined by the equations:
1) da(§,.) =0,

2) a€) = 1.

£ is called the Reeb vector field.

Definition 2.2.7. Let M be a differentiable manifold of dimension 2n+1.
We say that M has an almost contact structure or a (¢,&,n)-structure if there exists
a (1,1)-tensor field ¢, a vector field £, and a 1-form n on M satisfying:

$?=—-Id+n®¢

and

n(é) = 1.

Moreover, if there exists an almost contact metric structure such that:
g(Xv ng) = dn(X’ Y)’
then we say that (M, g, ¢,&,m) is a contact metric manifold.

Definition 2.2.8. A contact metric manifold is called an H-contact manifold if its Reeb
vector field & is a harmonic vector field.

5

K-contact manifolds?, n-Einstein manifolds®, Sasakian manifolds*, and (k, u1)-spaces® are

H-contact manifolds.

Theorem 2.2.9. [/6] (M,qg,$,£,n) is an H-contact manifold if and only if the Reeb vector
field is an eigenvector of the the Ricci operator.

Proposition 2.2.5. Let (M, g,¢,&,m) a 3—dimensional contact metric manifold. The Reeb
vector field is a harmonic map if and only if M is a H-contact manifold and £(g(0,0)) where
0= ng.

Now we will provide an example of a harmonic vector field that is not a harmonic map.

Let M = {(z,y,2) € R3/z > 0}, and we set F; = %, Ey = a%, Es = 2(y+z)% +
{ewz — (Sy+cz+ i)y}a% + % c e R".
we equip M with the following contact metric structure (¢,&,n,9): ¢(E1) = 0, ¢(E2) = Es,
P(E3) = —E»

Then a% is a harmonic vector field that is not a harmonic map.

2.3 g¢g-natural harmonic vector fields

In this section we will equip the tangent bundle T'M by a Riemannian g-natural metric G.

2Contact metric manifolds where ¢ is Killing, i.e., h = %qub =0

3Contact metric manifolds where the Ricci operator is given by: Q = al + b ® ¢, a,b € C(M)

4Normal contact metric manifolds

5Generalization of Sasakian manifolds, these are contact metric manifolds where the curvature satisfies:
R(X,Y)¢ = kn(X)Y —(Y)X + un(X)hY —n(Y)hX
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2.3.1 The energy of a vector field V : (M, g) — (TM,G)

Let’s begin by examining the geometric properties of the map V : M — T'M defined by a
vector field V' € X(M). It is a well-known fact that when T'M is equipped with the Sasaki
metric G, the vector field V' establishes an isometry V : (M,g) — (T'M,Gs), meaning it
satisfies V*G = g, if and only if V is parallel vector field. Now, we extend our consideration
to replace G5 with an arbitrary Riemannian g-natural metric G. Since V,X = X"+ (VxV)?
for any vector field X, from (5.1) we conclude that
(V*G)(X,Y)=G(X" + (Vx V)", Y" + (VyV)")

(2.13) =(on +03)(r*)g(X,Y) + (B + B3) (r*)g (X, V)g(Y, V)

+ag(r?) [9(X, VyV) + g(Y, Vx V)]

+52(r?) [9(X, V)g(VyV, V) + g(Y,V)g(VxV, V)]

Far()g(VxV, Ty V) + B1(P)g(VxV, V)g(TyV, V),
for all vector fields X, Y, where 72 = ||V||? is a smooth function from M to R*. Consider

that, as per (2.13), usually V*G depends on the length of V.
In particular, if we suppose that 81 + 83 = 0, and from (2.13) we can obtain the following

Theorem 2.3.1. [6] Let G be a Riemannian g-natural metric on TM and V € X(M).
1) If 1 + B3 = 0, then

a) VV =0 implies that V*G is homothetic to g, with homotethy factor (aq + as)(p), where
p = ||V||? is constant. In particular, V is an isometry when in addition (a1 + a3)(p) = 1.

b) If M is compact and V has constant length ||V|| = \/p, then

VG = (a1 +a3)(p)g < VV =0.
2) If ag = B1 = B2 = B3 = 0, then V is parallel if and only if V*G = (a1 + a3)(r?) g.

Exemples 2.3.1. To illustrate with examples, it’s worth mentioning that both the Sasaki
metric Gs and the Cheeger-Gromoll metric Gog on TM satisfy the conditions outlined in
points 2) and 1) of Theorem 2.3.1, respectively.

Consider a compact Riemannian manifold (M, g) of dimension n and its tangent bundle
(TM,G), equipped with an arbitrary Riemannian g-natural metric G. FEach vector field
V € X(M) defines a smooth map V : (M,g) — (T'M,G), where p — V,, € M,. The
energy functional E(V') of V is defined as the energy associated with the corresponding map
V:(M,g) = (TM,G). Consequently, E(V) = [,,e(V)dvg, with e(V) given by:

1 1<

(2.14) ep(V) = HV*pII2 trg (V7 G)p = 5 Y (V' @)yleis e,
i=1

{e1,..,e,} being any local orthonormal basis of vector fields defined in a neighborhood of p.
Using Proposition 1.4.1, we then have

ZGV V ei, Vi ez = ZGV €; +(v62v) 761 +(V61V) )
=1 =1

:% Z {(a1 + a3)(r*)g(ei, e;) + (B + B3)(r*)g(e;, V)?
=1

+2a2(r%)g(ei, Ve, V) + 2B2(rH) g(ei, V)g(Ve, V, V)
+0o1(r*)g(Ve,V, Ve, V) + B1(r*)g(Ve, V. V)?}
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where r = ||V|| and so,

(2.15) e(V):% {n(al + a3)(r?) + (B1 + B3)(r2)r? + 2a(r?)div(V)

2V )+ anPIVIP + 3517 erad I

Next, we rewrite E(V) = [,,e(V)dv, for vector fields of constant length and, as a special
case, parallel vector fields.
For any constant p > 0, we put

XP(M) ={V € (M) : [[V||* = p}.
So, if V € XP(M), then V has constant length satisfying ||V||?> = p. The energy of V is given
by

(216)  E(V) = 5100~ Dl +a0) + 01 + 6al(p) vol(M.) + 5a() - [ 19V,

Since ay > 0, (2.16) implies that

(217) B(V) > L(n— 1)(ar +a3) + 61 + 65](0) - vol (M. g) >0,

for all V€ XP(M). The equality holds in (2.17) if and only if ||VV|| = 0, that is, if V is

parallel. Therefore, we have the following

Theorem 2.3.2. Let (M, g) be a compact Riemannian manifold. A vector field V- € XP(M)
is an absolute minimum for the energy E : XP(M) — R restricted to XP(M) if and only if V
s parallel.

In particular, from Theorems 2.3.1 and 2.3.2 it follows

Corollary 2.3.1. Let (M,g) be a compact Riemannian manifold and V € XP(M). With
respect to a Riemannian g-natural metric G on T M satisfying B1 + B = 0, the following
assertions are equivalent:

(i) V is an absolute minimum for the energy E : XP(M) — R,
(ii) V is parallel,
(11i) Vg = (aq + a3)(p) g (that is, V : (M, g) — (T'M, G) is a homothetic immersion).
Note that a parallel vector field V' necessarily has constant length and from (2.16) (or
(2.15)) we have
(218) B(V) = 1 [(n— 1)(ar +a5) + 61 + 65)(0) - vol (M. g),

where ||V[|? = p.
Using (2.18), we obtain that a parallel vector field V' is a critical point for the energy
restricted to the set
Xp(M)={V eX(M):VV =0}

of all parallel vector fields, if and only if
(2.19) [(n = 1)(a1 + a3) + é1 + ¢5]'(p) = 0,
that is, p = ||V||? is a critical point of the function [(n — 1)(cy + a3) + ¢1 + ¢3).

36 2.3. g-natural harmonic vector fields



CHAPTER 2. HARMONIC AND G-NATURAL HARMONIC VECTOR FIELDS

2.3.2  The tension field associated to V : (M, g) — (T'M,G)

Let (M, g) be a Riemannian manifold and V € X(M). The tension field associated to the
map V : (M, g) — (T'M,G), is defined as

T(V) M — Tv(p)TM
(2.20)
p — tr(VdV),.

Let p be a point of M and {ey,..,e,} a local orthonormal basis of vector fields, defined in a
neighborhood of p. By (2.20), we have

n

221) (V)= (Vdv)(ei,e)(p) = S {TVvie, Viei - Vi(Veren) Hp)
=1

=1

> { Va4 + (Te)) = (Ve = (T, V)" } ()

=1

= { Vel + V(T V) + Vg, vpel + Vg, vy (Ve V)"
=1

~(Veiei)' = (Vo V)" } (),

Therefore, for the smooth map V : (M, g) — (TM,G) defined by a vector field V' € X(M),
we obtain by the following

Theorem 2.3.3. [6] Let (M, g) be a compact Riemannian manifold. A vector field V € X(M)
defines a harmonic map V : (M, g) — (TM,G) if and only if

(2.22) 7i(V) = —241QV + 2C1tr[R(V.V, V)] + Csgradr® + BV gpaq,2V

+205,VyV + |245 — A3g(QV, V) + nAy + Asr? + 2C49(tr[R(V.V, V)], V)
1
+2C5divV + CoV (%) + Ba[VV|[* + L Es [[grad r?| v =0

and

(2.23) 7(V)=—AV — BiQV +2D1tr[R(V.V, V)] + Dsgradr® + F1V 4,2V

+2DoVy'V + |2B3 — B4g(QV, V) + nBs + Bgr® 4+ 2D4g(tr[R(V.V, V)], V)

1
+2D5divV + DV (%) + F||[VV)? + o ||grad r?| \2] V=0,

where, for all points p € M, 71(V)(p) and m2(V)(p) denote the vectors tangent to M at p,
such that 7(V), = (1(V)(p))"* + (2(V)(p))?, Q is the Ricci operator associated to g, A;, ... F;

are evaluated at r* and AV = —trV?V =3, (veiveiv - vveieiv> is the so-called rough
Laplacian of (M, g) calculated at V.

Remark 2.3.1. Theorem 2.3.3 extends to the non-compact case because the condition (V') =
0 has a tensorial character, and we can assume it as a definition of harmonic maps when M
18 mot compact.
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Exemples 2.3.2. [6] We now apply (2.22) and (2.23) for classical metrics on T M.

a) When G = Gy is the Sasaki metric, we find the well known result: V : (M,g) —
(TM,Gy) is a harmonic map if and only if

(2.24) tr[R(V.V,V)] =0 and
(2.25) AV =0.

b) When G = Geg is the Cheeger-Gromoll metric, then V : (M,g) — (TM,Gcg) is a
harmonic map if and only if

(2.26) tr[R(V.V,V)]=0 and

_ 1
(227)  (L+7°)AV + Va2V — 2+r)||VV]? + 1 ngadr2||2 V =0.

1+r2
By Theorem 2.3.3 we can study the relationships between properties of g-natural metrics
and harmonicity of maps defined by some special vector fields.

a) Parallel vector fields

The existence of a non-vanishing parallel vector field V' on a Riemannian manifold (M, g) is
equivalent to the local reducibility of M as R x M’, where M’ is equipped with the product
metric, and V is (locally) identified with a vector field tangent to the flat component R of the
product. By rewriting (2.22) and (2.23) for a parallel vector field V, it follows that 7(V) = 0
(and therefore, V' defines a harmonic map from (M, g) to (T'M, G)) if and only if:

(2:28) —2A1(p)QV + [242 — A39(QV. V) + nAs + pAs] (p)V =0
and
(2.29) —AV — Bi(p)QV + [2B3 — B4g(QV, V) +nBs + pBg| (p)V = 0,

where /p = ||V|| is the constant length of V.

Since V is tangent to the flat component R of the local decomposition M = R x M’, it
annihilates the curvature. Moreover, AV = 0 for a parallel vector field.

Therefore, we have the following

Theorem 2.3.4. [6] A parallel vector field V defines a harmonic map V : (M, g) — (TM, Q)
if and only if its constant length ||V|| = \/p satisfies (2.19), that is, it is a critical point of
the function

(n—1)(a1 + asz) + ¢1 + @3-

Therefore, an arbitrary Riemannian g-natural metric G on TM, can admit some parallel
vector fields which define harmonic maps from (M, g) to (TM,G), and other parallel vector
fields which do not define a harmonic map, according to whether their constant length p
satisfies (2.19) or not. Moreover:

(i) For any Riemannian g-natural metric G on TM satisfying
(2.30) (n —1)(o1 + a3) + ¢1 + ¢3 = constant,
all parallel vector fields define harmonic maps from (M, g) to (TM,G).
(ii) For any Riemannian g-natural metric G on TM such that
(2.31) [(n = 1)(a1 + a3) + ¢1 + ¢3]'(t) # 0 forallt,

parallel vector fields do not define harmonic maps from (M, g) to (TM, Q).
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Both G and G satisty (2.30), as it easily follows from (1.3) and (1.16), respectively. Hence,
case (i) of Theorem 2.3.4 applies to both G4 and G¢g.

b) Vector fields of constant length
Let V € XP(M). Then, from (2.22) and (2.23) we get at once the following

Proposition 2.3.1. [6] A vector field V € XP(M) satisfies 7(V) = 0 (and so, it defines a
harmonic map V : (M, g) — (T'M,QG)) if and only if

(232241 (p)QV + 2C1(p)tr[R(V.V, V)] 4+ 2C2(p) V'V + [242(p) — A3(p)g(QV, V)
+nAy(p) + As(p) + 2Cu(p)g(x[R(V.V, V)], V) + 2C5(p)divV + E2(p)[|[VV[[*] V = 0

and

(2.33)AV — Bi(p)QV + 2D1(p)tr[R(V.V,V):| + 2D2(p)Vv'V + [2B3(p) — Ba(p)g(QV,V)
+nBs(p) + Bs(p) + 2Da(p)g(tr[R(V.V, V)], V) 4 2D5(p)divV + Fa(p)||[VV|[*] V = 0.

In the special case when (M, g) has constant sectional curvature k, from Proposition 2.3.1 it
follows

Corollary 2.3.2. [6] Let (M,g) be a Riemannian manifold of constant sectional curvature
k. A wvector field V € XP(M) defines a harmonic map from V : (M,g) — (I'M,G)) if and
only if

(2.34) 2(kCy + Co)(p)VyV + [-2(n — 1)kA; + 245 — (n — 1)kpAs
+nAys + As +2(Cs — kCy — kpCy)divV + ||VV|]*Es] (p)V =0

and

(2.35) —AV +2(kDy + D2)(p)VyV + [—(n — 1)kBy + 2B3 — (n — 1)kpBy4
+nBs + B + 2(D5 — kD1 — kpD4)divV + ||VV|[* ] (p)V =0

Under the assumption as(p) = B2(p) = 0, taking into account formulae (1.18)-(1.23) of the
Levi-Civita connection of a g-natural metric G given in Proposition 1.4.1, (2.32) and (2.33)
reduce respectively to

(2.36) Ci(p)tr[R(V.V, V)] + Cap)VyV + [Ca(p)g(tr[R(V.V, V)|, V) + C5(p)divV]V = 0
and
(2.37) —AV + (2Bs(p) + nBs(p) + Bs(p) + Fa(p)[|VV|*) V = 0.

In particular, (2.37) implies at once that AV is collinear with V. So, V' is an eigenvector for
the rough Laplacian A and, since /p = |[V|| is a constant, we have AV = %HVVHZV and
(2.37) implies

(2.38) (Fa(p) — 2)IVVI[2 + (2B5 + nBs + Be) (p) = 0.

1
p
Again taking into account ay(p) = B2(p) = 0, we have the following
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Theorem 2.3.5. [6] For any p > 0, let G be a Riemannian g-natural metric satisfying
as(p) = B2(p) = 0. A vector field V € XP(M) defines a harmonic map V : (M, g) — (TM, Q)
if and only if it satisfies (2.36) and (2.37). In particular:

(i) 1f
(2.39) (;a n aa) (0) = [(n — 1)(en + a3) + 61 + 6]’ (9) = 0,

then V. € XP(M) defines a harmonic map V : (M,g) — (T'M,G) if and only if V is an
eigenvector of A and (2.36) holds.

(ii) If
(2.40) (Gon-+at) () #0 =100~ Diar + ) + 61+ 6] (o).
then V € XP(M) defines a harmonic map V : (M, g) — (TM,G) if and only if V is parallel.
(iii) If
(2.41) (ar+at) () =0 (0= e +aa) 4 01 + 6l (o).

there are not vector fields V € XP(M) defining harmonic maps from (M, g) to (TM,G).
(w) If

(2.42) (;a T aa) (p) # 0 £ [(n = 1)(a1 + a3) + 61 + 6] (o),

then V- € XP(M) defines a harmonic map V : (M, g) — (TM,G) if and only if (2.36) holds,
AV is collinear to V and the length of VV satisfies

pln—1) (a1 + as) + ¢1 + ¢3] (p)
(a1+pat)(p) '

(2.43) vV = -

For the Cheeger-Gromoll metric gog, (1.16) easily implies (%m + o/1> (p) # 0 and

[(n —1)(a1 + az) + ¢1 + @3]’ (p) = 0. Therefore, if TM is equipped with G, the only vector
fields of constant length that define harmonic maps are the parallel ones. In particular, when

(M, g) has constant sectional curvature k # 0, a vector field V' of constant length never
defines a harmonic map V : (M, g) — (T'M,Gcq).
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Chapter 3

Biharmonic vector fields

Over the past decade, there has been increasing interest in the field of biharmonic maps, which
can be approached from two main research perspectives. One aspect focuses on the differential
geometry, involving the construction of examples and classification results, which we will
attempt to discuss. The other aspect explores the analytic viewpoint, specifically considering
biharmonic maps as solutions to a fourth-order, strongly elliptic, semilinear partial differential
equation (PDE).

In this chapter, following the same process as chapter 2, we introduce the bienergy func-
tional to define biharmonic maps as their critcal points, the first variational formula and the
associated Euler-Lagrange equation, the bitension field and some main results and examples.

Then we give some results concerning biharmonic vector fields when a manifold is endowed
with the Sasaki metric.

3.1 Biharmonic maps

3.1.1 Definitions

Definition 3.1.1. Let f : (M, g) — (N, h) be a smooth map between two Riemannian mani-
folds Assume that M is compact and orientable, the tension field of f is given by

7(f) = tryVdf,

and the bienergy is defined by

B =5 [ eI,

We call biharmonic a smooth map f which is a critical point of the bienergy functional.

G. Jiang ([31]) derived the associated Euler-Lagrange equation of Ey as
(3.1) AT(f) - ZRN(T<f)af*ei)f*ei =0,

i=1

where

e RV is the Riemannian curvature tensor of (NN, h) defined by: RN (X,Y)Z = VEVYZ —
VYVRZ —ViXy Z for X, Y, Z € X(N)

m

e A is the rough laplacien defined by: A = — > (%eiﬁei —@vel_ei), where V is the induced
i=1
connexion on f~!TN.

41



CHAPTER 3. BIHARMONIC VECTOR FIELDS

The quantity 7(f) := A7(f) — S RN (T(f), f*ei)f*ei is called the bitension field of f. As
i=1

for the case of harmonic maps, when (M, g) is a general Riemannian manifold (including the
non-compact case), a map f : (M, g) — (N, h) is said to be biharmonic if 7o(f) = 0.

Furthermore, when N = R and f : M — R is a smooth function, then m(f) = Agf.
Hence, f is said to be a biharmonic function if A; f=0.

3.1.2 Examples and results

From the expression of the bitension field 7o(f) it is clear that a harmonic map f is auto-
matically a biharmonic map, in fact a minimum of the bienergy functional. Then all the
examples of harmonic maps in subsection 2.1.2 are trivially biharmonic maps.

But the converse is not true so we call a non-harmonic biharmonic map a proper bithar-
monic map.

A basic question in the theory is to understand under what conditions the converse is
true. A first general answer to this problem, proved by G.Y. Jiang [31], is

Theorem 3.1.1. Let f: (M,g) — (N,h) be a smooth map between two Riemannian mani-
folds. Assume that M is compact and orientable, and K™ < 0. Then f is a biharmonic map
if and only if f is a harmonic map.

By giving up the assumption of M being compact and orientable, C. Oniciuc obtained
the following results:

Theorem 3.1.2. [{4] Let f : (M, g) — (N, h) be a Riemannian immersion such that ||7(f)||?
is constant. Suppose that KN < 0. Then f is a biharmonic map if and only if f is a harmonic
map.

When dim (M) = dim (N)— 1, we can replace the hypothesis KV < 0 with the hypothesis
Ricci curvature is non-positive Ricci™ < 0, and we obtain

Theorem 3.1.3. [}4] Let f : (M, g) — (N, h) be a Riemannian immersion. Suppose that M
is compact and orientable, Ricci®™ < 0 and m =n — 1. Then f is a biharmonic map if and
only if f is a harmonic map.

Proposition 3.1.1. [}4] Let f : (M,g) — (N,h) be a Riemannian immersion such that
II7(f)|| is constant. Suppose that m =n — 1, and Ricci®™ < 0. Then f is a biharmonic map
if and only if f is a harmonic map.

Now we give some results of N. Oniciuc in [44] about the nonexistence of a proper bihar-
monic Riemannian submersion onto a manifold with non-positive Ricci curvature.

Let f:(M,g) — (N,h) be a Riemannian submersion and let z € M. Let W be an open
subset in N such that f(z) € W, U = f~}(W) and let {&;}; be an orthonormal frame field
on W. We consider e; = (&)" and {e;}/", ., an orthonormal frame field on TVU.

We have the well-known formula

m
(e ==Y (dNa(Vees) = —(m —n)(df)- (H(p)),

i=n—+1

where H(z) is the mean curvature vector fiels at x of the submanifold f~!(f(z)) of M. In
the following, we shall suppose that the tension field 7(f) of f is basic i.e.,

whenever f(p) = f(q). Thus 7(f) can be seen as a vector field on the manifold N.
The bitension field of a Riemannian submersion f has following form.
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Theorem 3.1.4. [44] Let f : (M, g) — (N, h) be a Riemannian submersion with basic tension
field. Then we have

n(f) = trhVQT(f) + ﬁT(f)T(f) + RicciN7(f).

Next we give some results about the non existence of proper biharmonic Riemannian
submersions:

Theorem 3.1.5. [44] Let f : (M,g) — (N,h) be a Riemannian submersion. Suppose that
M is compact and orientable and Ricci™ < 0. Then f is a biharmonic map if and only if f
is a harmonic map.

Proposition 3.1.2. [/4] Let f : (M,g) — (N,h) be a Riemannian submersion. Suppose
that M is compact and orientable. Assume that Ricci™ < 0 and that there is ¢ € N such
that Ricci™ (q) < 0. If ||7(f)|| is constant, then f is a biharmonic map if and only if f is a
harmonic map.

Now, we replace the hypothesis M compact and orientable with the hypothesis N com-
pact. We obtain

Proposition 3.1.3. [/4] Let f : (M, g) — (N, h) be a Riemannian submersion. Suppose that
N is compact and orientable and Ricci™ < 0. Then f is a biharmonic map if and only if f
is a harmonic map.

Theorem 3.1.6. [44] If 7(f) is an unit Killing vector field on N, then f is a biharmonic
map .

Corollary 3.1.1. [44] Let f : (M,g) — S' be a Riemannian submersion such that its fibers
have constant mean curvature field, i.e. ||H(p)|| =1, for allp € M, and 7(f) is basic. Then
f is a biharmonic map.

Proposition 3.1.4. [{4] Suppose that N is compact and orientable, ||T(f)|| = 1 and divr(f) =
0. Then f is a biharmonic map if and only if 7(f) is a Killing vector filed on N.

3.2 Biharmonic vector fields

Let (M, g) be a compact m—dimensional Riemannian manifold, (7'M, G) its tangent bundle
with the Sasaki metric G5 and let X be a vector field on M. The bienergy Fs(X) of X is
defined to be the bienergy of the corresponding map X : (M, g) — (T'M,Gs). More precisely

Bo(X) = 5 [ Ir(0)IPau, = 5 [ 1a(5(0).500) +9(3%.Ax)].

where S(X) = =Y ", R(V¢, X, X)e; with and {e;} is a local othonormal frame field of
(M, g).

Definition 3.2.1. Let (M, g) be a Riemannian manifold. A vector field X € X(M) is called
biharmonic if the corresponding map X : (M,g) — (T'M,Gs) is a critical point for the
bienergy functional Eo, only considering variations through maps defined by vector fields.

In [37], the authors deduced the critical point condition for Ey : X(M) — R as the
following
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Theorem 3.2.1. Let (M, g) be a compact oriented m—dimensional Riemannian manifold.
Let X be a vector field on M and E3 : X(M) — [0, 4+00) the bienergy functional restricted to
the space of all vector fields. Then

d o m
(3.2) dt‘t:OE(Xt)_/M{g(AAX) + ; [(Ve,R) (ei, S(X))X
+R(e;, Ve, S(X)) X 4+ 2R(e;, S(X)) Ve, X, V}dvg,
for any smooth 1—parameter variation U : M x (—e€,€) — T'M of X through vector field i.e.

Xi(x) =Ulx,t) € Tp,M for any |t| < € and x € M, {e;}["; is a local othonormal frame field
of (M, g) and V is the tangent vector field on M given by

0X,
V= aitt}t:()'

Since the vector field X is biharmonic if and only if %‘ OE (X:) = 0, for all admissible
t=

variations, we get :

Corollary 3.2.1. [37] A vector field X of an m—dimensional Rimannian manifold (M, g) is
biharmonic if and only if

(3.3) AAX + i [(Ve,R) (€3, S(X)) X + R(es, Ve, S(X)) X + 2R (e, S(X)) Ve, X],
=1

where where {e;}I" is a local othonormal frame field of (M, g).

Remark 3.2.1. Theorem 3.2.1 holds if (M, g) is not a compact Riemannian manifold. In-
deed, if M is non-compact, we must take an open subset W in M whose closure is compact,
and take an arbitrary V but the closure of the set of all points in M at which V is not zero,
is contained in W. Then (3.2) holds in the form

d o m
(3.4) dt‘t:OE(Xt):/W{g(AAX) + ; (Ve R) (€3, S(X))X
+R(e;, Ve, S(X)) X 4+ 2R(e;, S(X)) Ve, X], V}dvg,

for any smooth 1—parameter variation U. Then we get that the condition (3.3) is verified.
Then we obtain the result in the case when M is non-compact.

In the non-compact case, a non harmonic biharmonic vector field is called a proper bi-
harmonic vector field.

Remark 3.2.2. In [27], Gil-Medrano proved that a vector field X in a Riemannian manifold
(M, g) is a harmonuc vector field (i.e. a critical point of the energy functional E1, only
considering variations among maps defined by vector fields) if and only if

AX =0.

The above condition involves only the connection on the Riemannian manifold (M,g). On
the contrary, the corresponding critical point condition which characterizes the biharmonic
vector fields involves additionally the Riemannian curvature tensor of (M,g).
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Theorem 3.2.2. Let (M,g) be a compact oriented m—dimensional Riemannian manifold
and X € X(M). Then X is a biharmonic vector field if and only if X is parallel.

in [37], the authors proved that the condition (3.3) is equivalent to AX = S(X) = 0
everywhere on M which means that X : (M,g) — (TM,Gs) is a harmonic map and by
Theorem 2.2.1, we get that X is parallel.

Corollary 3.2.2. Let (M,g) be a compact oriented m—dimensional Riemannian manifold
and X € X(M). Then X : (M,g) — (T'M,Gs) is a biharmonic map if and only if X is
parallel.

Remark 3.2.3. In [27], Gil-Medrano proved that if (M, g) is compact, a vector field X is
critical point of the energy functional Ey restricted to the set of all vector fields of (M, g) (i-e.
X is a harmonic vector field) if and only if X is parallel. Theorem 3.2.2 shows that this result
remains true in the case when the energy functional is substiuted by the bienergy functional.
Furthermore, Nouhaud [43] proved that if M is compact, then X : (M,g) — (T'M,Gs) is a
harmonic map if and only if X is parallel. Corollary 3.2.2 shows that the result of Nouhaud
remains also true if X : (M, g) — (T'M,Gs) is biharmonic map.

Exemple 3.2.1. Let (M = R? g) with the cartesian coordinates (x,3) equipped with the
standard Euclidean metric g. The general form of a vector field X of R? is

) )
X = f(x,y)% +g(x,y)8*y

where f, g are smooth functions of R? and %, a% are the basic vector fields of R2. We have

0 0
(3'5) AX:_(fa:x + fyy)% - (g:m: + gyy)@,
_ 0 0
(36) AAX:_(fa:xzx + 2f:13xyy + fyyyy)i - (gmczx + 29:1::1:yy + gyyyy))ia
Ox oy
where f, = %, Jaz = % etc.

X is a proper biharmonic vector field if and only if AAX =0, i.e.

Azf = fxwzx + 2fxwyy + fyyyy = 07

and
AQQ = Yzzzz + 29:Jc:vyy + Gyyyy = 0.

Particular solutions of this system are

(3.7) f(z,y)=[(A + Cz) cosh(Bz) + (B + Dz)sinh(Bz)] [a cos(By) + bsin(By)],
(3.8) g(z,y)=[(A+ Cz) cos(Bz) + (B + Dz) sin(Bz)] [a cosh(By) + bsinh(By)],

where A, B, C, D, a, b and 8 are arbitrary real constants.
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Chapter 4

Biharmonicity of parallel vector

fields

As we observed in Chapter 2, equipping the tangent bundle of a manifold with g-natural
metrics introduces new classes of harmonic vector fields. In the same context, we equip the
tangent bundle with g-natural metrics and investigate the conditions under which a parallel
vector field becomes a biharmonic map.

Focusing our study on parallel vector fields is up for two reasons. Firstly, this choice is
motivated by the complexity of calculus involved in the general case. Secondly, it is sufficient
to prove that considering g-natural metrics on tangent bundles, we can remove the extreme
rigidity related to the Sasaki metric in the sense of the existence of non-parallel biharmonic
vector fields

Let (M,g) be a Reimannian manifold, and T'M its tangent bundle which is equipped
with a pseudo-Riemannian g-natural metric G. Let V be a vector field on M, then V can
be regarded as a map V : (M,g) — (T'M,G). The bienergy E5(V) of V is the bienergy
associated to the map V : (M, g) — (T'M, G).

The tension field 7(V') and bitension field 72(V') of V' can be decomposed as follows: For
all z € M, we denote by 7,(V)(z), 7,(V)(z), m2n(V)(z) and 72,(V)(x) the vectors of M,
such that

(r(V))(@) = (m(V)(@)" + (7(V)(@)",  (2(V))(@) = (ran (V) (2))" + (r20(V) (2))",

obtaining four vector fields 7,(V), 7,(V), 72,(V) and m,(V) on M. So, as sections in
[(V~ITTM), the tension and bitension fields can be written as

(T(V)) = (V) oV A+ (r(V) oV, (12(V)) = (ran(V)" 0 V + (120(V)" 0 V.

It is worth mentioning that the results of this chapter are completly extracted from our
paper [7].

4.1 The bitension field of a parallel vector field

In [6], the authors had calculated the tension field of a parallel vector field V. More precisely,
they found that

(4.1) (V) = (242 + mAs + pAs) (p)V, (V) = (2Bs + mBs + pBs) (p)V,
where p is the constant length of the parallel vector field V. As consequences, we have

e 73(V) and 7,(V) are homothetic to V' with constant homothety factors ¢ := (242 +
mAs + pAs)(p) and ¢, := (2Bs + mBs + pBs) (p);
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o V:(M,9) — (T'M,G) is a harmonic map if and only if ¢;, = ¢, = 0;
o 7,(V) and 7,(V) are parallel.

Theorem 4.1.1. Let (M, g) be a Riemannian manifold, and T M be equipped with a pseudo-
Riemannian g-natural metric G. Let V be a parallel vector field on M, with (constant)
squared norm p. Then the bitension field of V : (M,g) — (TM,G) is given by 7o(V) =
(1o (V)P oV + (12o(V))V o V, where

(4.2) TQh(V):{(C%Lp — QCv)p[QAQ + As + ,OA5]( ) + QChCU[CQ +C3+ C5 + ngg] (p)
+C 2B + Ea + pEs](p) — 2c0p[242 + As + pAs]'(p) } V,

(4.3)  720(V)={(chp — 2¢,)p[2Bs + Bs + pBe(p) + 2cncy[D2 + D3 + Ds + pDe](p)
+c[2F) + Fa + pF3)(p) — 2cop[2Bs + Bs + pBs)'(p)} V,

and V : (M, g) — (TM,G) defines a biharmonic map if and only if Ton(V') = 12,(V) = 0.

Proof: Denote by V the induced connexion on V- TTM , and by A its associated rough
laplacian. By (3.1), we have:

T2(V) iR ), Vi ez V e;

(4.4) :—Z(ﬁei§eiT(V) — €Veiel ZR ), Viei) Vaei.

We calculate each term of the sum separately using (1.17) and Proposition 1.5.1. By definition
of the induced connection V, and taking into account the fact that V,.X = X" + (Vx V)" =
X" for every vector field Y, we have

3
|

6 ﬁei ((Th(V))h + (Tv(V))v> oV
= (VreeTvie, (V)" + ((V)") ) 0V
= (Va Vo ()" + m)”)) o v

Using Proposition 1.4.1 and the fact that 7, and 7, are parallel, we deduce that

VeVer(V) = (Vo AV eom(V)) + C(Vier (V) }

+v{B(V;ei, (V) + D(V;e;, TU(V))}}) oV.
Using lemmas 1.2.3 and 1.2.4, we have

ﬁe?h{A(V; ei, (V) } = h{ (VeiP(}‘)(ei, (V) + A(Viei, A(Vies, (V) }
+’U{B(V; ei, A(V; ei,Th(V)))}
= h{A(V; ei, A(u; e, Th(V)))} + U{B(V; ei, A(V;ey, Th(V))) }
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In similar way, we calculate the other terms to obtain

~

Ve, Ve (V) :h{A<V; ei, A(V; ei,Th(V))) n C(V; ei, B(V; ei,Th(V))>

7 3

A(V; ei, C(Vse, TU(V))> + C<V; ei, D(V; e, Tv(v))> }
(4.5)
+ U{B(V; €, A(V; ei,Th(V))> + D<V; €, B(V; eiaTh(V))>

+ B(V; €i, C(V; €, TU(V))) + D(V; €i, D(V; €i, TU(V))) }

On the other hand, using Proposition 1.4.1 and the fact that 7, and 7, are parallel, we
have

Ve (V) =V, (1)) + (r(V)") 0V

(Voo (@) + @w)) ) oV

(4'6) :h{A(V;Veiei,Th(V)) +C(V§Veieia7'v(v))}

+ U{B(V; Veiei,Th(V)) + D(V; Veiei,Tv(V)) }

Finally, using Proposition 1.5.1, we have

(4.7)
R((V),Viei)Vaei = R(7(V), e )ell = R(h{mn(V)} + v{r(V)}, el el

:h{A Vim(V), A(Vieie)) = A(View AVim(V),e) ) + C(Vim(V), B(Vieiei) )
—C(View BVim(V).ei)) = A(View, C(Viesm(V)) ) = €(View D(Vieim(V)))
+C(ViA(Vieei) (V) + B(Vin(V), B(Vieer) ) = d(Age,e,)) (TU(V))}
+U{B(v; w(V),A(Viene) ) = B(Vie, A(Vim(V).e) ) + D(Vim(V), B(Viese))
= D(View BVim(V),)) = B(View C(Viein(V)) ) = D(View D(Viesn(V)) )
+D(ViA(Viewe),m(V)) + F(Vir(V), B(Vieies) ) = d( B, ) (Tv(m)}

Substituting from (4.5)-(4.7) into (4.4), we obtain

(V) Z{A<V; (V), Th(V)> + 20<V; (V), TD(V)) + E(V; T(V), TU(V)>

_ fjd(A(w) )} oV 4 {B(VinV).m) + 2D (Vim(v). 7))
=1

n F(v; V), TU(V)) - id(B(ei,ei)) (r(V)) }” oV.
=1
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Substituting from (4.1) into the last identity and using Proposition 1.4.1 and Lemma 1.2.5,
we obtain the result. n

4.2 Case of Kaluza-Klein type metrics

Theorem 4.2.1. Let (M, g) be a Riemannian manifold and V be a non zero parallel vector
field on M of (constant) squared norm p. Let the tangent bundle TM of M be equipped with
a pseudo-Riemannian Kaluza-Klein type metric such that (81 + 53)(p) = (b1 + 53)' (p) = 0
(In particular, if G is a Kaluza-Klein metric on TM). Then V : (M,g) — (TM,G) is a
biharmonic map if and only if one of the two statements is verified:

1. p is a critical point of a1 + as.

2. (01 + a3) (p) 2022 + p2 4 PRARZENI 4 9p 81 1) (p) — 2p(en + )" (p) = 0.

p1an

Proof: If ap = B2 =0 and (81 + B3)(p) = (81 + B3)'(p) = 0, then we have:

_ _(a+ay) _ _(m+ay)
Bs(p) = o P Cslp) =—="—= "= (p),
’ _ / / o 2 ’
Fip) =2 Balp) =25 p) Rafp) = 20,
Az(p) = Aalp) = As(p) = Bs(p) = Bs(p) = Ca(p) = Cs(p) = Cs(p) = Er(p) = Ea(p) = Ez(p) = 0.
We deduce that ¢, = 0 and ¢, = —m(al;f%)/(p). Considering the results above, formulas
(4.2) and (4.3) become:
Tgh(V) :0,
ol +ag) < : 017/1 Br—a) B —2a1/ Qil B

V) =t ) (01 + ) () 2071 4 p= 5 4 P TR I 4 9B 1 ()

2+ a) () )V

Since (V) = 0 then V : (M,g9) — (T'M,G) is a biharmonic map if and only if
Toy (V') = 0, which gives the result. |

Remark 4.2.1. Let G be the pseudo-Riemannian g-natural metric on TM given by as =
B1=B2=P83=0, aj is constant and (a1 + a3)(t) = €™, where a > 0. Then (a1 + a3)’ does
not vanish and

fi—ay 42 a1y — 20,5 +2tﬁ—

o1 Ppran o1

which does not vanish on RT. We deduce that the two conditions of Theorem 4.2.1 can not
be verified, and consequently every non-zero parallel vector field on T M is not biharmonic.

(a1+as) (¢) |2t 2L+ 1] (t)—2t(a1+a3)" () = —a(1+2at)e™,
aq

As corollary, we have the following result which characterizes parallel vector field on M
which are proper biharmonic maps, i.e. non-harmonic biharmonic maps.

Corollary 4.2.1. Let (M,g) be a Riemannian manifold and V be a parallel vector field
on M of (constant) squared norm p. Let the tangent bundle TM of M be equipped with a
pseudo-Riemannian Kaluza-Klein type metric such that (81 + 83)(p) = (81 + 83) (p) =0 (In
particular, if G is a Kaluza-Klein metric on TM ). Then the map V : (M, g) — (TM, G) is
proper biharmonic if and only if
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1. (a1 +a3)'(p) #0 and

2. (01 + a3) (p) 2022 + p20 4 PARZEUIL 49581 1) (p) — 2p(en + 3)" (p) = 0.

Pran
Exemples 4.2.1. Let (M, g) be a Riemannian manifold.
1. Let G be the Kaluza-Klein metric on TM such that
4 /81 = 0;
e o is a positive constant and
o (a1 +a3)(t) = %t?’/Q +c, forallt e Ry, c> 0.

Then it is easy to see that (o + as) doesn’t vanish on RY. and the differential equation
oo @ L Br—al s =200, 6

a1+ ag) (1) [265L + ¢ +t + oL

( ) ®) oy P1 1o ¢

is satisfied on RY.. We deduce that every non-zero parallel vector field on M is a proper
btharmonic map.

1] () — t(ar + o) (t) = 0

2. Let G be the Kaluza-Klein metric on T M which satisfies

o a(t) = e%,
o Bi(t) = per — et and
o (o1 +0n)(t) = k(e +0),
for allt € Ry, where p, k and ¢ are constants such that p # 0, k # 0 and ¢ > —e. Then

it 1s easy to see that G is non-degenerate. Furthermore, G is Riemannian if k > 0 and
pseudo-Riemannian of signature (m,m) if k < 0. Obviously, (a1 + )" doesn’t vanish.

It is also easy to check that the function (cy + as) (1) 215% + tﬁ1(;1a1 + ¢ alﬁé):i?lﬁl +

Qt% - 1] (t) — t(ar + a3)" (t), defined on Ry, vanishes on p and only on p. It follows

that only parallel vector fields on M of squared norm p are (proper) biharmonic maps.

4.3 G-biharmonic parallel vector fields

Let (M, g) be a compact Riemannian manifold. In [37], Markellos and Urakawa have proved
that, equipping TM with the Sasaki metric g*, V' : (M, g) — (T'M, ¢g°) is a critical point of
the bienergy functional restricted to X(M) if and only if V' is a parallel vector field.
Now, we shall determine the critical point condition for the bienergy functional restricted to
X(M), when T'M is equipped with an arbitrary pseudo-Riemannian g-natural metric. Such
critical point will be called G-biharmonic vector field.

Clearly, a G-biharmonic vector field is not necessarily a biharmonic map. The following
result gives the characterization of G-biharmonic vector fields:

Theorem 4.3.1. Let (M, g) be a compact Riemannian manifold, and TM be equipped with
a pseudo-Riemannian g-natural metric G. A vector field V is a G-biharmonic vector field if
and only if

(4.8) OélTQv(V) + Blg(TQU(V), V)V + OéQTQh(V) + 529(T2h(V), V)V = 0.
In particular, a parallel vector field V' on M is G-biharmonic if and only if
(4.9) $1720(V) = —gaman(V).
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Proof: In [31], G. Jiang has derived the first variational formula of the bienergy functional
E22

d

—| FE =— Y)d

] (2200 == [ Gy,

for all {V;} C X(M) of V, and Y is called the variational vector field which satisfied:

oV
Y = —’ ,
Ot lt=0

So V' is a G-biharmonic vector field i.e. a critical point of Egx(pp) if and only if:
d
| E -
dt ’t:O 2(Vi) =0,

for all {V;} C X(M) of V.
But, as was remarked in [27], any vertical vector field Y, section of the bundle V=TT M,
there exists a variation {V;};+ C X(M) of V such that

5‘/1/'
YV ’
Ot =0

Using the decomposition of 79(v) into horizontal and vertical components, we obtain

/ G(r2(V),Y?)dvy = / G (h{ran(V)} + v{720(V)}, Y dv,
M M
= /M 9(a1m2u(V) + Brg (120 (V), V)V + agmon (V) + Bag (ron(V), V)V, Y) .

Hence V is a G-biharmonic vector field if and only if (4.8) is satisfied.
Furthermore, if V' is parallel then 755, and 79, are proportional to V', and then (4.8) is
equivalent to (4.9). |

Remark 4.3.1. In the non compact case we can define the G-biharmonicity of V' by the
condition (4.8), since it has a tensorial character.

Since the variations are through X(M) C C*(M,TM), if V : (M,g9) — (T'M,G) is a
biharmonic map then V is a G-biharmonic vector field. The converse holds for parallel vector
fields, for some pseudo-Riemannian g-natural metrics, as the following result shows

Corollary 4.3.1. Let (M,g) be a Riemannian manifold, V' be a parallel vector field on M
and suppose that the tangent bundle TM of M is equipped by a pseudo-Riemannian g-natural
metric G which satisfies az(p) = B2(p) = (61 + B3)(p) = 0, where p = ||V]|?.

Suppose that we have one of the following conditions:

1. m(aq + a3)'(p) + p(B1 + B3) (p) =0 d.e. V is a harmonic map;

2. [m(aar + a3)'(p) + p(B1 + B83) (p)|E1(p) + §E3(p) = mAy(p) + pAs(p)t.

Then'V : (M,g) — (T'M,G) is a biharmonic map if and only if V' is a G-biharmonic vector
field.

Exemple 4.3.1. If G is a Kaluza-Klein metric then Ey = E3 = A} = AL = 0, and then a
parallel vector field is G-biharmonic if and only if it is a biharmonic map..
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On the other hand, we shall prove that if we consider some classes of pseudo-Riemannian
g-natural metrics, then almost all parallel vector fields are G-biharmonic but not biharmonic.
More precisely, suppose that oy = 81 = B2 = 3 = 0, and oy + a3 does not vanish on R*.
To ensure that G is non-degenerate, ap should not vanish on R*, and should have the same
sign. In this case, we have

car=p1=Pr=PF3=0¢1=0,¢1+¢3=1+a3 ¢=a=—a".
e both a; + a3 and a9 do not vanish on RT.

e G is of signature (m,m). Indeed, for an orthonormal frame field {e;;i = 1,...,m} on
(M, g), it suffices to take the orthonormal frame field {E;;i = 1,...,2m} of (T'M,G)
given by

1 1
Ei=—ch {eh _— +a36§’ .

- E +i =
Ve + as) ! e Va1 + as|

To simplify notations, we consider the functions

a2

!/ /
(4.10) Ao latas) o oda o ap
(€5 (&%) (€5

Since we are looking for non biharmonic vector fields on M, we will suppose that (a3 + asg)’
does not vanish on R%. We deduce that A and p don’t vanish on R* . Furthermore, taking
eventually —ap instead of a, we can suppose that A is positive on RY .

Substituting from (4.10) in Proposition 1.4.1 and in the formulas of ¢, and ¢,, we find

L] A1:A2:A3:A5:O, A4:—)\,

L] Blz—l, Bg=B4:B(3:0, B5:/\u,

° 01:CQZC4206:0, CSZVa 05:_1/’

hd D12D22D4:D6:07 D3::u’/7 D5:_,UIV7

[ ] E1:E2:E3:0,

o [''=v, Fh = F3 =0,

® Cp = —MmA, ¢y = MAU.
Substituting into (4.2) and (4.3), we deduce that the horizontal and vertical components of
the bitension of a parallel vector field V om M with p := ||[V'|? are given by
(411)  ma(V)=mA(p)[20(A + pX') = mpA?|(p)V,
(4.12) 1 (V)=mA(p)u(p){mp* N> = 2p[hu+ (M)l + mA(p) B — 2/} (p) V.
From Theorem 4.3.1, V' is G-biharmonic if and only if 79,(V') = 0. Hence V' is non biharmonic
G-biharmonic vector field if and only if 79, (V) = 0 and 75,(V') # 0, i.e. if and only if the two
following conditions hold
(4.13) 2(X + pX') = mpA®](p) =0,
(4.14) {mp*N* = 2p[Au + (Aw)'] + mA(p) B — 241} (p) # 0.

Now, we shall consider the differential equation 2u(\ +t)\') — mtA? = 0, which is equivalent
to

(4.15) A 3(% + il)
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(a1+asz)’
ajtas

on R% . Remarking that % = and integrating, we find that

(4.16) ar + as = K(t\)m,

for some non zero constant K. Substituting from (4.15) and (4.16) into u = %20‘3, we obtain

2K
(4.17) ay = — (A + tN)tm w2,

m

on R% . To avoid the non regularity problem of a at 0, we need to have %ir% @ is a constant.
—

In this case, we will have a3(0) = 0, which is in contradiction with the fact that G is non-
degenerate at the zero section. To solve this problem, we consider a function f, € C*°(R™)
such that

e 0< f(t) <1, forallteRT,
o fy(t) =0, fort >,
o fy(t)=1,fort <3,

and we put

a1+ ag = K(t)\)% + sgn(K) fy,
(4.18) 2K
oy = -(A+ XYt A 2 4 sgn(K (A + tX) £

Hence we have

e a1 + a3 and ay are exactly those of (4.16) and (4.17) on [n, +o0[, respectively, and
satisfy the condition (4.13) on [n,+00[. We deduce that, for p € [n, +oo[, a parallel
vector of norm p is G-biharmonic.

e a2(0) # 0 and then G is non-degenerate everywhere.
e o1 + a3 and ay don’t vanish on RT.

To complete our study, we shall check if condition (4.14) is satisfied for p € [, +oo[. Using
(4.18) on [n, +o00[, we can express p and v in terms of A and its derivatives as

B mtA?
AEDTP RSO
1

=TT (X + (% — 1) + (% —2)2 (V) + (% —1)2.

We deduce then that condition (4.14) at p € [n, +00[ is equivalent to the following condition:
(4.19)
4
0 {t2(A FEN)? —t [((1 F A3+ 3AZN) — A3 (M + m')’} + 3mA? [tz)\” + (7 - 1)m'
m

+<% _ 2) 2(\)? + (% - 1>/\2] — mAAZ 4 2N )N+ tX) + miA3 () + tX)’} (p)-

To summarize the previous discussion, we have
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Proposition 4.3.1. Let (M,g) be a Riemannian manifold. Fix n > 0 and suppose that

the tangent bundle T M of M 1is equipped by a pseudo-Riemannian g-natural metric G which

satisfies a1 = 1 = P2 = B3 = 0 and (4.18), where X is a positive smooth function on R such
Alt)

that }iH(l) 2 is a constant. Then a parallel vector field on M such that p := ||V ||* € [, +00]
—

is non-biharmonic G-biharmonic if and only if (4.19) is satisfied at p.

Exemple 4.3.2. We consider the function X defined by \(t) = ate®, for all t € RY, where
a >0 and b are real constants. A long but routine calculation shows that (4.19) is equivalent
to the fact that p is not a solution of the following polynomial equation

[(2m — 11)b — 1]bt3 + [2mb? + (5 — 21)b + 2]t + [Tmb + 17m — 20]t — 6m = 0,

which has at most three solutions. We deduce that, apart from at most three values of p €
[, +oo[, all parallel vector fields of norm \/p are non-biharmonic G-biharmonic.

Remarks 4.3.1. 1. Taking eventually different values of b in the previous example, for
any value p € [n, +oo[, there is a pseudo-Riemannian g-natural metric on T M for which
any parallel vector field on M such that ||V||?> = p is non-biharmonic G-biharmonic.

2. n being arbitrary, for any value p > 0, there is a pseudo-Riemannian g-natural metric
on TM for which any parallel vector field on M such that ||V||? = p is non-biharmonic
G-biharmonic.
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Chapter 5

G-biharmonic unit vector fields

In this chapter we restrict the bienergy functional to the variations through X; (M), the set
of all unit vetor fields, by equipping the unit tangent sphere bundle T3 M by an arbitrary
g-natural metrics G.

The critical points of the obtained functional are called G-biharmonic unit vector field.
We shall give the statement of the main theorem characterizing G-biharmonic unit vector
fields, of which the proof will be presented in detail in Appendix A because of long calculations
and expressions.

We will then give examples and some consequences in some particular situations.

Finally, it is worth mentioning that the results of this chapter are completly extracted
from our paper [7].

5.1 The main theorem

Notations: Let (M, g) be a Riemannian manifold and U € X;(M). Let {e;}/"; be an
orthonormal frame field on M. Let us denote by

e S(U)=-3",R(V,U,U)ei,
e () the Ricci operator associated to g,

e div the divergence operator associated to g,
e A the operator on unit vector fields defined by: AU = QU — g(QU,U)U.

Let (M, g) be a Riemannian manifold and 77 M its unit tangent bundle. We call g-natural
metrics on T1 M the restrictions of g-natural metrics of TM to its hypersurface 71 M. These
metrics possess a simpler form. Indeed, for any g-natural metric G on T} M, there are four
real constants a, b, ¢ and d, such that

Gl (XM Y1) = (a4 )go( X, Y) + dgo (X, 1) ga(Y, ),
(5.1) Glau) (XM Y1) = bgo (X, Y),

Gla) (XYY = ago(X,Y) — —2—00(X,u)g2(Y, u),

for any (z,u) € Th/M and X,Y € M, (cf. [10]), where X* is the tangential lift to (z,u) of X
given by
b

(5.2) Xt = mgI(X, w)u + [ X — go (X, u)ul’.

Furthermore, G is non-degenerate (resp. Riemannian) if and only if a := a(a+c) —b% # 0
and ¢ = a(a +c+d) —b>#0 (resp. a >0, ¢ >0 and a > 0).

o7
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In particular, the Sasaki metric on Ty M corresponds to the case where a =1 and b = ¢ =
d = 0; Kaluza-Klein metrics are obtained when b = d = 0; metrics of Kaluza-Klein type are
given by the case b = 0.

From now on, let (M, g) be a compact Riemannian manifold and suppose its unit tangent
sphere bundle 771 M is equipped by a pseudo-Riemannian g-natural metric G.

The bienergy functional of a unit vector field U, regarded as a map of (M, g) into (T1 M, G),
is the mapping defined by:

E2 : COO(M,TlM) — [0 +OO
U s By(U / 1701y,

7(U) being the tension field of the map U : (M, g) — (T1M,G), which is given by: 7(U) =
(Fa(U)" + (7u(U))", where (cf. [5])

(63 wU)=2qU - fS(U) -~ - Mad +%)  u. vy :;gmvz )
d . a(ad + b?)
5 ab bd b2
(54) #(U)= AU — —QU +ZS(U) + = VuU + —g(QU.UYU + g(AU,U)U

—%%(S(U),U)U,

with p =a+c+d. 3
A unit vector field U is said to be a G-biharmonic unit vector field if U is a critical point
of Eyx,(m), i-e. for all C> 1-parameter variations {U;}; of U in X' (M), (|t < €), we have:

d

—|  Ee(Uy) =0

dt lt=0 2(U1)
Theorem 5.1.1. Let (M, g) be a compact Riemannian manifold and ThM its unit tangent
bundle equipped with an arbitrary pseudo-Riemannian g-natural metric G. Let U € xY(M).

Then U is a G-biharmonic unit vector field if and only if the following holds

TU)=0,
where
(5.5)
TU) = Z{ — a[QR(ei,%h(U))VeiU + (Ve,R)(ei, Tn(U))U + R(ei,Veﬁh(U))U]

=1
—dg(V.,U, %h(U))ez} +d Vi (U) + b Q(7/(U))
+[ = Yg(QU,U) + Yg(AU,U) + (a + ¢) Ldiv(U) + ©g(S(U), U) + dg(7n(U), U)| 7(U)
+2dg(7,(U), U)S(U) — Dg(7,(U), U)QU — a7, (U) — bAT,(U)

+[£9(QU,U) + 224 g(AU, U) — 2 g(S(U), U) + 2div(U)]7,(U)

—d gradg(7,(U), U)] + “L ¢ (7,(U),U) Vi U.
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Proof: Let U be a unit vector field on (M,g) and I =] —€,¢[, (¢ > 0). For ¢t € I, we
denote by iy : M — M x I, p — (p, t), the canonical inclusion. We consider C'*°-variations
VM xI— Th'M of U within X, (M), i.e. for all t € I, the mappings V; = V oi; are in fact
unit vector fields and Vp = U. We choose {e;}I"; a local othonormal frame field of (M, g)
and we extend each e; (resp. = € X(I)) to M x I, denoted by E; (resp. %). If we denote by
D the Levi-Civita connection and R” the Riemannian curvature of the Riemannian product
manifold M x I, then using the second Bianchi identity for the last relation, we get

d
dt
for all 1 <i <m. We set 7, :== 7,(V) and 7, := 7, (V). It is easy to see that 75,(V;) = 75, 0 iy
and 7,(V;) = T, 0 iy. )

We have to calculate the first variational formulae of Eyx1(pp). By definition of G, we
have

(5.6) [Fi,—]=0, D4 E; =0, RP(TM,TI) =0, (D%RD)(DE,L.V,V)Ei:O,
t t

a+c/ g(%h,%h)oz'tdvg—l—d/ g(%h,V)zoitdvg—i—b/ 9(Fh, 7o) 0 irdug
2 Ju 2 Jm M

—1—a/ g(ﬁ,,ﬂ,) o idvy.
2 /m

Then we get

(58) DaEsr(Vy) = (atc) /M

(5.7 E2(V;) =

g(Ddd’]:h,’iih)O’L.thg—i-d/ g(’lth,V)g(Ddi’]:h,V)Oithg
t M t
+d/ 9(Th, V)g(Th, D a V') 0 igdvg + b/ 9(D a Ty, Tp) 0 irdug

M dt M dt

+b/ 9(D a4 Ty, Tp) 0 irdvg + a/ (D a Ty, Ty) 0 irdvg.
M dt M dt

By long computation, using (5.3), (5.4) and (5.6), we get T(U) = 0 (cf. Appendix A for the
details of computation). |

Remark 5.1.1. In the non-compact case, we can define the biharmonicity of unit vector
fields by the condition T(U) = 0, where T is given by (5.5), since it has a tensorial character.

Proposition 5.1.1. Let (M,g) be a Riemannian manifold and Ty M be its unit tangent
bundle equipped with an arbitrary pseudo-Riemannian g-natural metric G. Let U be a unit
vector field on M. If U : (M, g) — (T'M, G) is a harmonic map then U is a G-biharmonic
unit vector field.

Note that the converse does not hold. é—biharmopic unit vector field which are not
harmonic maps (M, g) — (T1 M, G) are called a proper G-biharmonic unit vector field.

5.2 Examples of G-biharmonic unit vector fields

Exemple 5.2.1. Consider the hyperbolic space H" (n > 1) of constant negative sectional
curvature —k?, that is, H* = (R7, g), where R" = {(y1,...,yn) € R" : y, > 0} and

k22

n

g= (dyr @ dyy + ... + dyn @ dyy,)

Vector fields e; = k:yn£ fori=1,...,n provide an orthonormal frame on H". PutV = e,.

k3

A standard calculation shows that covariant derivatives of e; can be completly descrined as
follows:

(5.9) Veiej = ]{JCSU‘/, VeiV == —kei, Vvei = O, Vvv == 0,
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for alli,j <n. In particular, (5.9) easily implies:
(5.10)
IVV|]? = (n—1)k* AV =—trV?V = ||VV|V = (n— DK’V =QV, div(V) = (1 -n)k,

and
S(V) = E*div(V)V = k3(1 — n)V.

The vertical and horizontal parts of the tension field become:

(5.11) #(V) =0, (V) = 2(1 —n)(d— ak*)V.

Using (5.9), (5.10) and (5.11), the condition T(V') = 0 of the biharmonicity of a unit vector
field V on M becomes:

(5.12) =gl —n)2(d—ak2){(—2a+%)ku%dmd}vzo.

It follows that
e cither d = ak?® and, in this case, V is a harmonic map (M,g) — (T1 M, G);

e ord # ak®. In this case, d # 0 since if not we have a # 0 and (5.12) gives then ak? = 0,
which is a contradiction. On the other hand, a # 0 since if not (5.12) yields ad = 0,
which is a contradiction. Taking into account these two last facts, (5.12) is equivalent
to

(5.13) = (2;‘—@> k—%.

We conclude then the following

Proposition 5.2.1. Let H" (n > 1) be the hyperbolic space of constant negative sectional
curvature —k? and G be an arbitrary pseudo-Riemannian g-natural metric on its unit tangent
bundle. Then the vector field V = e, is a G-biharmonic unit vector field if and only if one
of the two following statements is verified:

1. d = ak?. In this case, V is a harmonic map (M, g) — (T1M,G).

2.a#0,d#0,d# ak? and (5.13). In this case, V is a proper G-biharmonic unit vector
field.

Corollary 5.2.1. Let H" (n > 1) be the hyperbolic space of constant negative sectional curva-
ture —k>. Then there is a three-parameter family of pseudo-Riemannian g-natural metrics on
the unit tangent bundle with respect to which the vector field V = e, is a proper G-biharmonic
unit vector field.

Exemple 5.2.2. Consider the solvable Lie group Sols as R? equipped with the metric gso =
e?*dx? 4 e=%*dy? + dz? and the orthonormal frame field on it [{5]:

0 0 0
(5.14) e1=¢e “—, er = e°— €3= 5

ox

With respect to this orthonormal frame, the Lie brackets and the Levi-Civita connection can
be easily computed as:
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le1,e2) =0, [ez,e3] = —e2, [e1,e3] = ey,
Vee1 = —e3, Ve =0, Ve €3 = €1,
Ve,e1 =0, Vee2 = €3, V63 = —eq,
Vesel = 0, V63€2 = 0, Ve363 =0.

A further computation gives:

R(e1,e2)er = —e2, R(ei,e3)er =e3,  R(er,ez)es =eq,

R(ez,e3)es =e3, R(ei,e3)es =—er, R(ez, e3)es = —es.

and the terms in 5.1.1 become:

m

> {ZR(ei, e1)Veer + (Ve R)(ei, e1)er + R(ei, Veie1)e1} -
=1

> {QR(% €2)Ve,e2 + (Ve,R)(e;, e2)e2 + R(e;, Vei€2)€2} =0
i=1

> {QR(% e3)Ve,e3 + (Ve R)(ei, e3)e2 + Re, Vei€3)€3} =0.
=1

261 = €1,

Aey = eo, Aes = 2e3,
Q(e1) =0, Q(e2) =0, Q(e3) = —2es,
div(er) =0, div(e2) =0, div(eg) =0,
S(e1) = —es, S(ez) = es, S(es3) =0,
faler) = (L — Lyes, Fi(ea) = —2(a+d)es — Les, Fles) = — e,
To(e1) = —g(a + d)es, To(e2) = g(a + d)es, To(e3) = 0.

Using the formulas above, the condition of the G-biharmonicity of a unit vector field (5.1.1)
for the vector fields of the components of the frame field becomes:

T(er) = (U2 — 2)(4 - 4) — a2d(aad _ gg) Jpey + 24 (22D — L)y,

T(eg) = %(dQ + a — CLd)€3 + |:% + %l(a + d)} €9,
T(es) = 507 (2 - ﬂi>eg.

«

Biharmonicity of e;:

From the expression of T'(e1) above, ey is G-biharmonic if and only if

a(a+d) b\ _
(5.15) d< a(z+d) S0b> tl()’ +d (atad
b((T — oG —4) — (e - 20)) =0

5.2. Examples of G-biharmonic unit vector fields

61



CHAPTER 5. G-BIHARMONIC UNIT VECTOR FIELDS

According to the first equation of (5.15), we have two cases:
Case 1: d = 0. In this case, the second equation of (5.15) is equivalent to either b =0
or b= 4~(2a(a+c) + ).

a

Case 2: d#0. In this case, the first equation of (5.15) is equivalent to

(5.16) b= M7
Q
and the second equation is equivalent to
d d
(5.17) ot (H”l—zﬁb:&
o 2

Taking into account (5.16), equation (5.17) is equivalent to
e cither a+d="b=0. In this case, e; is a harmonic map (M, g) — (T1M, G);
e orb#0,a+d#0 and %f‘d —2a =0. Then a simple calculation gives

—a — ad
2

In particular, we have a # 0. Substituting from (5.18) into (5.16), we obtain by virtue
of b# 0

(5.19) b=

(518) b2 = —ap =

a
a+d

Comparing (5.18) and (5.19), we obtain 2a* + (a + d)?a + a(a + d)*d = 0. Noticing

that this quadratic equation in o has a non-zero solution if and only if d €] — 0o, 3a —

2v/2|a|] U [3a + 2v/2|al, +oo| with d # 0. In this case the solutions are given by

(5.20) a= W(\a+d|:&\/(a—l—d)2—8ad).

Remark 5.2.1. Fquation (5.20) shows that o depends on 2 parameters a and d. On the other
hand, from (5.19) we deduce that b depends on a and d. Consequently, by a(a + c) — b* = a,
it is clear that ¢ depends on a and d.

Biharmonicity of es:

From the expression of T(e2) above, es is G-biharmonic if and only if

(2t —ad) =0
5.21 e ’
(5:21) {i%—‘;d(aﬁ-d):o.

According to the first equation of (5.21), we have two cases:

Case 1: b = 0. In this case, since a # 0 (a # 0), the second equation of (5.21) is
equivalent to either d =0 or a +d = 0.

Case 2: b # 0. In this case, the first equation of (5.21) is equivalent to either a =0 or
a=d(a—d). But a =0 gives by the second equation of (5.21) b =0, and then o =0, which
1 a contradiction. We deduce that

(5.22) a=d(a—d)

and, in particular, d # 0 and d # a (since a« # 0). Using (5.22), the second equation of
(5.21) is equivalent to

(5.23) w:—%m+@@a—@.

In particular, (a + d)(2a — d) < 0.
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Biharmonicity of es:

From the expression of T(es) above, es is G-biharmonic if and only if
e cither b= 0. In this case, e3 is a harmonic map (M, g) — (T1M,G);
e orb# 0 and 2a = ad. In particular, a # 0 and d # 0.

To summarize the previous discussion, we can state the following

Proposition 5.2.2. Let Sols be the solvable Lie group R3 equipped with the metric geo =
e2*dx® + e 2dy? + dz? and G be an arbitrary pseudo-Riemannian g-natural metric on its
unit tangent bundle. Let {e1,es,es} be the orthonormal frame field given by

e—e‘zﬂ e—eﬁ e—2
1= 2 = 3= oy

ox’
1. ey is a G-biharmonic unit vector field if and only if one of the following assertions holds

e d=b=0 and a #0. In this case, e1 is proper G-biharmonic.

e d=0,b#0and b= 4~ (2a(a+c) + ). In this case, ey is proper G-biharmonic.
ed#0andb=a+d=0. In this case, e| is a harmonic map (M, g) — (T M, G).
e a#0,de (] — 00,3a — 2v/2|al] U [3a + 2v/2]al, —|—oo[) \ {0} and b and « are given

by (5.19) and (5.20), respectively. In this case, e1 is proper G-biharmonic.
2. ey is a G-biharmonic unit vector field if and only if one of the following assertions holds

e d=b=0 and a # 0. In this case, ea is proper G-biharmonic.

e b=0,a+d=0. In this case, ey is a harmonic map (M, g) — (T1M,G).

ea#0,d#0, (a+d)(2a—d) <0 and o and b are given by (5.22) and (5.23),
respectively. In this case, ey is proper G-biharmonic.

3. es is a G-biharmonic unit vector field if and only if one of the following assertions holds

e b=0. In this case, e3 is a harmonic map (M, g) — (T\M,G).

ea#0,d#0,b#0, a+d=0 and 2a = ad. In this case, e is proper G-
biharmonic.

Exemple 5.2.3. On SU(2) equipped with a left-invariant Riemannian metric, take an or-
thonormal basis {e1, ea,e3} of the Lie algebra su(2) such that[39]:

le1,e2] = Azes, [ea,e3] = Aier, [e3,e1] = Aqgea,

where A1, Ao and A3 are strictly positive constants with A1 > Ao > As.
Then the Levi-Civita connezxion V is determined by:

Ve, e1 =0, Ve e2 = pie3, Ve e3 = —piea,
Ve,€1 = —2e3, Ve,e2 =0, Ve,€3 = pi2e1,
Vese1 = pgez,  Vesea = —pgeq, Vese3 = 0.
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where: 1
My = 5(}\1+)\2+)\3)—A“ 1= 17273'

A further computation gives:

R(e1,ex)ea = (Aspg — pipz)er, R(er,ez)es = (Moo — pipg)ea, Reg,er)er = (Azps — pipe)es,

R(ez,e3)es = (Mpn — popz)es, Rles,er)er = (Aap2 — pips)es, Rles,ez)ea = (A — pops)es,
and the other components are zero. Furthermore, we get:

Z{2R(ei,ej)veiej + (Ve R)(es, €5)e; + R(ei,veiej)ej} 0, j=1,2,3.
=1

div(e;) = S(e;) = Tp(e;) =0, i=1,2,3.
Qe1) = (A3p3 — ppiz + Aopiz — pips)er, Aer = (u3 + p3)er,
Q(e2) = (A3p3 — pape2 + A — pops)es, Aey = (pf + p3)es,

Q(e3) = (Aop2 — pap3 + Mipi1 — papiz)es, Aes = (uf + p3)es.

To simplify the case we can suppose that A1 = Ay = A then u; = )‘2—3, o = %, 3 = A %
and we obtain
~ ~ ~ A2
Th(e1) = —%(A —X3)%e1,  Tnle) = —%(A — X3)%eq, Tnles) = —%7363,

Using the formulas above, the condition of the biharmonicity of a unit vector field (5.1.1) for
the vector fields of the frame field becomes:

Tler) = =50 X[ = M1 = ) = M1+ g,
T(ea) = =L (A = Ag)? [)\2 —Ms(1—9) — 2\3(—1+ %)}62’

T(eg) =0.
So e3 is a harmonic map (M, g) — (T\M,G).

But e1 and ey are G-biharmonic unit vector fields if and only if
e cither b= 0. In this case, e; and ez are harmonic maps (M, g) — (T1 M, G),
e or A3 = A. In this case, ey and ez are also harmonic maps (M, g) — (T1 M, G);
e or A2 — A\)3(1— %d) — A3 (-1+ %) = 0. Put A = 0\3, so that 0 > 1, and the quadratic

equation above becomes o® — (1 — %l)o —(—1+ %) = 0, whose solutions are given by

a —ad £ v/ a2d? — 302 ),
(a-adtv )

1
5.24 =
(5.24) 0= 5
under the condition a2d?® > 3a2.
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Case 1: 0 = 5 (a —ad + Va2d? — 3a2>. This yields a(1 — 20) — ad = Va?d? — 3a?,

under the condition a(1 — 20) —ad > 0. A routine calculation gives

202 — o +1)

5.25 d= ————q.
(5.25) “ 1-20 ©
Note that the condition o > 1 in equation (5.25) gives the condition a?d? > 3a2.

2a
(5.25), with the condition a(1l —20) — ad < 0.

Case 2: 0 = L(oz —ad — Va?d? — 3a2>. The same arguments as in case 1, gives

Summarizing the last discussion, we get

Proposition 5.2.3. Let SU(2) equipped with a left-invariant Riemannian metric and G be
an arbitrary pseudo-Riemannian g-natural metric on its unit tangent bundle. Let {e1, e, €3}
be an orthonormal basis of the Lie algebra su(2) such that

[e1,€2] = oAes, ez, e3] = Aer, [e3,e1] = ey,
where A >0 and o > 1. Then
1. ez is a harmonic map (M, g) — (T M, G).

2. ey (resp. e3) is a G-biharmonic unit vector field if and only if one of the following
assertions holds

e b=0 oro =1. In this case, ey and ey are harmonic maps (M, g) — (T1M,G).

e b #£0, 0 # 1 and equation (5.25) holds. In this case e1 and ey are proper G-
biharmonic unit vector fields.

5.3 Some particular cases
Next we will investigate some particular cases of Theorem 5.1.1:

Theorem 5.3.1. Let (M, g) be a Riemannian manifold and Ty M be its unit tangent bundle
equipped with an arbitrary pseudo-Riemannian Kaluza-Klein metric G (i.e. b=d=0). Let
UeXi(M). U is a G-biharmonic unit vector field if and only if

o $° {QR(ei, S(U))Ve,U + (Ve,R) (e, SU))U + Res;, VeiS(U))U}
=1

+AAU — A[g(AU,U)U] — g(AU,U)AU + g(AU,U)2U = 0.

Ifa=1andc=0 ie G = g° the result above is the same derived by M. Markellos and
H.Urakawa in [38] in the case of Sasaki metric.

Given a compact Riemannian manifold (M, g). In [5], the authors defined a haramonic
unit vector field U on M as a critical point of the energy functional E(U) = %fM ||dU|[?v,
restricted to X!(M), the set of all unit vector fields, and they showed that this kind of
harmonicity of U does not depend upon the choice of the chosen g-natural metric G. More
precisely, U is a harmonic unit vector field if and only if AU and U are collinear. As a
consequence of this result we have
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Corollary 5.3.1. Let (M, g) be a Riemannian manifold and Ty M be its unit tangent bundle
equipped with an arbitrary pseudo-Riemannian Kaluza-Klein metric G (i.e. b=d=0). A
harmonic unit vector field U on M is a G-biharmonic unit vector field if and only if

(5.26)

2 m
%Z{ZR(ei,S(U))VQU—i— (VeiR)(ei,S(U))U—i—R(ei,VeiS(U))U} and U are collinear.
i=1

Ifa=1and c=0 i.ec. G = 575, the result above is the same derived by M. Markellos and H.
Urakawa in [38] in the case of Sasaki metric.

Theorem 5.3.2. Let (M, g) be a Riemannian manifold and Ty M be its unit tangent bundle
equipped with an arbitrary pseudo-Riemannian Kaluza-Klein type metric G (i.e. b=10). Let
U € X' (M) satisfy S(U) = —%div(U)U. Then U is a G-biharmonic unit vector field if and
only if
(5.27)

m

;{23(@, F(U)Ve,U + (Ve, R) (e, 5 (U)U + Rlei, Ve, in(U)U) + 2g(Ve,U, %h(U))ei}

+A7,(U) — Yy (U) — (AU, U)7,(U) — D div(U)7(U) = 0.

Corollary 5.3.2. Let (M,g) be a Riemannian manifold of constant sectional curvature k
and ThM be equipped with an arbitrary pseudo-Riemannian Kaluza-Klein type metric G (i.e.
b=0) such that d = —ak . A unit geodesic vector field U, i.e. VyU =0, is a G-biharmonic
unit vector field if and only if
(5.28)

2V 7n(U) + 2k div(U)7(U) + M div(U)7,(U) — A7 (U) + g(AU, U)7,(U) = 0.

We can also discuss Theorem 5.1.1 for some special classes of vector fields such that
Killing vector fields and Reeb vector fields.

Let (M, g) be a Riemannian manifold. As it is well known, U € X(M) is a Killing vector
field if the local 1-parameter group of U consists of local isometries of g. Moreover, a vector
field U is a Killing vector field if and only if Li7g = 0, where £ denotes the Lie derivative,
and we have in this case [5]:

div(U) =0, VyU =0, AU =QU, ¢(QU,U) = ||VU|?,

Let G be an arbitrary pseudo-Riemanniann g-natural metric on Ty M with b = 0 and suppose
that S(U) = 0. Then the horizontal and vertical parts of the tension field are given by:

#(U) =0, 7,(U)=QU — ||VU||*U = AU.
Then, as a corollary of Theorem 5.1.1, we get

Corollary 5.3.3. Let (M,g) be a Riemannian manifold and Ti M be equipped with an ar-
bitrary pseudo-Riemannian g-natural Kaluza-Klein type metric G (i.e. b=20). Let U be a
unit Killing vector field on M which satisfies S(U) = 0 and suppose that QU and U are not
collinear. Then U is a proper G-biharmonic unit vector field if and only if

(5.29) AAU = ||VU|]2AU.

Now we consider the special case when the unit vector filed is the Reeb vector field £ of
a contact metric manifold (M, 7, g).
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A (2m +1)-dimensional manifold M is said to be a contact metric manifold if it admits a
global 1-form 7 such that nA(dn)™ # 0. There is a unique vector field £, called the Reeb vector
field (or the characteristic vector field), such that n(§) = 1 and dn(¢,.) = 0. Furthermore, a
Riemannian metric g is said to be an associated metric if there exists a tensor field ¢ of type
(1,1) such that

(530) 77:9(57-)7 dn:g('ﬂp‘)? 902:_]"’_77@5‘

By (5.30) it follows that & is a unit vector field on (M, g), and it satisfies

V§ =y 90]% Vgé = 07 dl’U(f) =0

VI[P = 2m + tr(h?) = 4m — g(Q€,€), A& =4mE — Q¢

where h = %Egtp.
Let G be an arbitrary pseudo-Riemannian g-natural metric on 77 M with b = 0, and we

suppose that S(§) = 0, then the horizontal and vertical parts of the tension filed are given
by:

Then we have

Corollary 5.3.4. Let (M,n,g) be a contact metric manifold and Ty M be equipped with an
arbitrary pseudo-Riemannian g-natural Kaluza-Klein type metric G (i.e. b =0). Suppose
that the Reeb vector field & on M satisfies S(§) = 0 and we suppose that Q& and & are not
collinear. Then € is a proper G-biharmonic unit vector field if and only if

(5.31) AAE = ||VE| |2 AL,

5.3. Some particular cases 67



CHAPTER 5. G-BIHARMONIC UNIT VECTOR FIELDS

68 5.3. Some particular cases



Chapter 6

Biharmonic functions on vector

bundles

This chapter is devoted to the investigation of biharmonic functions on vector bundles. We
will study the biharmonicity of vertical lifts of functions and we will give an infinite two-
parameter family of proper biharmonic functions on vector bundle manifolds equipped with
spherically symmetric metrics.

It is worth mentioning that the results of this chapter are completly extracted from our

paper [8].

6.1 Preliminaries

6.1.1 Vector bundles and spherically symmetric metrics

Let (E,m, M) be a vector bundle of rank & > 1 with Riemannian base (M, g). We assume
that E is endowed with a fiber metric h and a compatible connection D (i.e. Dh = 0). Let
K denote the connection map associated with D. Denote by V the vertical subbundle, that
is the subbundle given by
v=_JVE
eclr

where, for all e € E, V.E = ker(d.m) is the vertical subspace of T,E. The elements of V are
called wertical vectors and a vector field on FE is said to be a wvertical vector field if it lies
completely in V.

Moreover, if z € M and e,u € 7 (), set Yeu(t) = e + tu with t € (—¢,¢), then
Yeu(t) € 7 1(x), for all [t| < ¢, then the vertical lift of u at e is defined to be the vertical

vector given by uy = @‘ 0767u(t). Using vertical lifts of elements of E to vertical vectors,

we can lift sections of E. Indeed, if o is a section of E, its vertical lift is the vertical vector

field oV defined by

o’(e) = a(m(e))e,

where o(m(e))? is the vertical lift of o(m(e)) at e. The vertical subbundle V is naturally

isomorphic to the pullback of E — M by 7 which we denote by m*E — E (see [22, 47]).
The connection D gives rise, at each point e € E, to the horizontal subspace given by

H.E = ker (K.), which is complementary to the vertical subspace i.e. T.E = V.E ® H.E ,

which gives the horizontal subbundle

"= HE,
eck
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such that
(6.1) TE=H®oV.

Elements of H are called horizontal vectors, and a vector field is said to be a horizontal
vector field if it lies completely in H. If x € M and X € T, M, the horizontal lift of X at e is
the horizontal vector X" satisfying d.m(X") = X. Further, if X € X(M), then the horizontal
vector lift of X is the horizontal vector field X" € X(F) such that (X"). is the horizontal
lift of X(;) at e. The horizontal sub-bundle is naturally isomorphic to the pullback vector
bundle 7*TM — FE, thus

HOV=TE~7*TM & n*E

The later splitting gives rise to a splitting of vector fields of E. Indeed, for all Z € X(F),
we have Z = ZH 4+ 7V, where ZH is the horizontal component and ZV is the vertical
component.

In the context of Riemannian geometry of the tangent bundle of a Riemannian manifold,
S. Sasaki introduced, in [48], a Riemannian metric induced from the Riemannian metric on
the base manifold known as the Sasaki metric, we refer the reader to [1, 2] for details on the
Riemannian geometry of tangent bundles. It had been shown that the Sasaki metric presents
a strong rigidity in the sense of [33, 42]. In order to overcome such a rigidity, many classes
of metrics were introduced (e.g [20, 42]).

In the case of tangent bundles, the Sasaki metric can be easily expressed as follows. If
(M, g) is an m-dimensional Riemannian manifold. The Sasaki metric G® on the tangent
bundle T'M of M is given by:

hd Gs(Xh7Yh) =g(X.,Y)
e G*( XM YY) =0
o G*(X", YY) =g(X,)Y)

for all vectors fields X,Y on M.

A more general class of Riemannian metrics on the total spaces of vector bundles, the
so-called spherically symmetric metrics, was introduced in [18]. Those metrics are defined as
follows

(6.2) Ge(X,Y) = e*1g(dn(X),dr(Y)) + 22h(K.(X), K.(Y)),

where (1, 9 are smooth scalar functions on E depending only on the norm r = ||e||?> = h(e, €)
and smooth on (0,400) and at r = 0 on the right as well as all their successive derivatives.
Spherically symmetric metrics may be expressed using pullbacks as follows

(6.3) G = 1% g @ 22D,

In the case, ¢1 = w2 = 0, we obtain the generalization of the Sasaki metric to vector
bundle manifolds. Further, if F =T M, we obtain the Sasaki metric itself.

Spherically symmetric metrics have been extensively studied in [18, 11, 12, 13, 15]. We
shall recall some necessary technical tools we will be using in the forthcoming calculations.

In what follows, we will make use of the following notations:

(i) ¢ om =m"g,
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The Levi-Civita connection of the metric given in (6.2) is computed in [18] and given as
follows:

Proposition 6.1.1. Let X and Y be two vector fields on E, then
VxY = DxY + COxY + AxY — %Rﬁ(X,Y),
where
i) D =7*V & a*D, with V is the Levi-Civita connection of (M, g);
ii) C(.,.) is the vector valued form given by
CxY = a( (XY +&(V)XH) + er(XH, Y H)e + ep(XV, Y V)e
+h(E (XYY +&(V)XY),

with

a = 2@’17 cl = _280,162(@1_902)7

b= 280,% C2 = _290/27
for all X, Y € X(E), £ being the tautological section of the vertical sub-bundle defined
by & = el € T E and the ‘b’ is taken with respect to h;

iii) RE(X,Y) = RE(X,Y)E, for all X, Y € X(E) with R is the curvature of D;

i) A(.,.) is the 7T M -valued form defined

XU AX,Y), Z)as = 62;2 (<7zf (X,2),Y)5 + (RE(Y, Z),X>E> ,

forall X, Y and Z € X(E).

6.1.2 Some classes of functions on vector bundles

Total spaces of vector bundles, and particularly tangent bundles, can be endowed with differ-
ent classes of functions. We shall focus on lifted functions, that is functions on total spaces
constructed from functions on the base manifold.

In the general context of vector bundles the first and third authors studied in [15] the
harmonicity of the following classes of functions:

(C1) Vertical lifts of functions on M, that is functions of the form f” = fom where f €
C>(M).

(C2) Functions of the form F : E — R such that F(e) = «(r), where r = h(e,e) and
a : RT — R is real valued function which is smooth on (0, +00) and at r = 0 on the
right. We refer to those functions as r-radial functions.

(Cs) Functions of the form F, : E — R such that F,(e) = h(o(w(e)),e), where o € I'(E) is
a section.

Henceforward, we shall always endow the total space of a vector bundle with a spherically
symmetric metric G, with weight functions ¢; and @9, of the form (6.2) (or equivalently
(6.3)).

In what follows, we investigate biharmonic functions on total spaces of vector bundles
when endowed with spherically symmetric metrics. So, we assume that (E,r, M) is a vector
bundle for which E is endowed with a spherically symmetric metrics of the form (6.3). We
shall begin with vertical lifts then we consider r-radial functions.
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6.2 Biharmonicity of vertical lifts of functions to vector bun-
dles

We shall make calculations in a particularly suitable orthonormal frame which we construct
as follows. Let e € F with x = 7w(e), and let {e; : ¢ =1,...,m} be a local linear orthonormal
frame of M in a neighbourhood of . For i = 1, ..., m, we denote by e? the horizontal lift of
e; to E with respect to the connection D. On the other hand, let {0, : p =1,...,k} be an
orthonormal frame of E and let oy, for p = 1,..., k, be the vertical lift of o;,. Then set

(6.4) E;=e el and Emyp=e 0y, i=1,...m, p=1,..k

therefore {E: I =1,...,m+k} is a local linear orthonormal frame of F in a neighbourhood
of e. We refer to such frames as the induced local frames on E.

For the sake of completeness, we recall the following lemma (see [18]) which gives the
directional derivatives, of functions depending on r, in the direction of horizontal and vertical
vectors:

Lemma 6.2.1. Let a be a smooth real scalar function. Then, for any horizontal (resp.
vertical) vector X (resp. YV') on E, we have

i) X" (a(r)) =0;
i) YV (a(r)) = 2a/(r)e" (YY).

We will also be using the following formulas for the directional derivatives of the vertical
lift of a function in the direction of horizontal and vertical vector fields:

e For every f € C°°(M) and every vertical vector field XV, we have XV (f?) = 0.
e For every f € C*°(M) and every vector field X € X(M), we have X" (f?) = (X f)".

Using induced local frames of the form (6.4) and Lemma 6.2.1, in [15], the authors proved
the following formulas:

e For every f € C®°(M), we have VfV = e 2#1(V ).
e For every f € C¥(M), Ag(f?) = e 2°1(A,f)".

e For every r-radial function F(e) = «a(r), we have VF = 2e~2%20/¢, where ¢ is the
tautological vector field defined earlier.

o div(&) = 2mry) + (14 2ryh)k.
Using all the previous formulas, we have:

Proposition 6.2.1. For every smooth function f on M, we have
AZ () = 191 (A2F)" — 4720109 (2rg] — drg] (91 + o)
+2mr(1)? + 2krgl b + k(Pll) (Agf)"
Proof. Let f: M — R be a smooth function. Then

Ac(Acf’) = Ag(e 2 (Agf)")
= Ag(e ) (Agf)" + e 2 A ((Agf)")
+2G(V(e™), V((Agf))).
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On the other hand, we have

G(V(e7221),V((Agf)?)) = G( — e 2e1t92)e =201 (VA f)P)

(6.5) = —dp|e 22t G (g, (VAL )P)
=0,

(6.6) Ac((Agf)") = e 21 (AFf),

and

Ag(em201) = div(V(e=2#1))
= —4div(p)e~AP1te)e)
= —dg.(pye 2 PT)) — dop e Pt din(€)
= A8 (py)e 2 —dp € (e H)) — A e X din ¢
= —8ryp, e 2#1+02) L 1610 (@1 + o) e 2(P1te2)
4 (2 + (14 2k oo
= —4e 21492 (2rp) — drg) (g1 + p2) + 2mr(p))?

+ 2krp) oy + k:tp’l)
Finally, we get

AQG(JM)) - 6_44’1(A§f)” _ 4e2(p1+p2) (27«90'1' — 47“(,0,1(@1 + @2)/
(6.8)
+ 2mr(p1)? + 2krey g + kep) (Ag f)".

O

A straightforward result can be formulated as follows: Let f : M — R be a harmonic
function, then f¥ is a biharmonic function on (E, G).

In what follows, we shall make certain choices of the functions ¢ and @9 in order to
construct (proper) biharmonic functions on E from (proper) biharmonic functions on M.

Remark that the vertical lift of a (proper) biharmonic function on M is a (proper) bihar-
monic function on F if and only if

() 2r¢) —droy (1 +¢2) +2mr(1)” + 2rkgiy + kipy = 0.
Hence, we shall focus on finding weight functions ¢ and o that satisfy the previous equation.

Corollary 6.2.1. Assume that 1 is constant and let f : M — R be a (proper) biharmonic
function on (M, g), then f* is also a (proper) biharmonic function on (E,G).

Proof. If ¢ is constant, then the equation (£) is trivially verified. Furthermore, if f is
a proper biharmonic function, then fY is in particular biharmonic, and since Agf’ =
e 21 (Agf)? and Ayf # 0, then Ag f¥ # 0, which implies that fv is also a proper biharmonic
function. O
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Exemple 6.2.1. Consider Euclidean space without the origin M = R™\{0} with its Euclidean
metric go. Let f: R™ — R be the polynomial function defined by

flzy,.yzy) = <\/ﬂc‘%—|——+x%>fl

A straightforward calculation shows that
3(n—5)(n—3)
5
( i+ + x%)

A =

If n = 3 orn = 5, then f is a biharmonic function on (M, gg). Further, we prove that
Ay f=B=n)f3, soifn=2>5, the function is in fact proper biharmonic.

Now, let m : E — M be an arbitrary vector bundle and assume either n = 3 or n = 5.
We endow E with the spherically symmetric metric G = 7 gg ® e2?2n* gy, where 3 is an
arbitrary function on [0,+00) satisfying the regularity requirements of a weight function of
a spherically symmetric metric. Then, the function f¥ : E — R is a biharmonic function
on (E,G). Furthermore, when n = 5, the function f* : E — R is a proper biharmonic
function.

Trying to solve equation (&) in various particular cases leads to a differential equation for
which the solutions are singular at zero which contradicts the regularity requirements for the
weight functions of a spherically symmetric metric.

To make this point clearer, we suggest the following example. Remark that equation (£)
may be rewritten as

(&) 2rpy +2r(m — 2)(1)? + 2r(k — 2)py05 + k) = 0.

Proposition 6.2.2. In the same notations as before, assume that m = 2 and k = 2. If for
every biharmonic function f on M, the vertical lift f¥ is a biharmonic function on E, then
1 18 constant.

Proof. Under the conditions m = 2 and k = 2, that is E' is a plane bundle over a Riemannian
surface, equation (£) becomes
T, + @1 = 0.

Set 1) = ¢, the equation becomes a first order differential equation which can be integrated,
for r # 0, as follows

(r) = ae” 7,

which gives
b(r) =

for every r €]0, +o0o[, where « is a real number. Finally we obtain, for every r €]0,4o0],
v1(r) = aln(r) + B, with o and 8 are real numbers.

By the definition of spherically symmetric metrics, (1 should necessarily be continuous
at 0, in particular, it should have a finite limit at 0, therefore o = 0, otherwise f will have
an infinite limit at zero on the right. O

(&%
]
r

6.3 Biharmonicity of r-radial functions

In this section, we accomplish a study of the biharmonicity of r-radial functions. For the
rest of this section, let a : Rt — R be a real valued function which is smooth on (0, +00)
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and smooth at » = 0 on the right as well as all its successive derivatives; so the associated
r-radial function F': E — R is given by F(e) = a(r) for e € E, with r = h(e, €).

Along with Lemma 6.2.1, the following lemma will be used in calculations and can be
found with its proof in [18]. We recall it for the sake of completeness.

Lemma 6.3.1. Let X € X(E), then n*Dx¢& = XV, where XV is the vertical component of
X.

Proposition 6.3.1. (see [15]) Let a : Rt — R be a smooth function on R, and let
F: E — R be the r-radial function induced from «, then

k
AGF = de 2 {ra" + (mrgh + (k - 2)rgh + 5)a’ }

Using the previous expression of the Laplacian Ag(F'), we find:

Proposition 6.3.2. Let o : R™ — R be a smooth function on RY, and let F : E — R be
the r-radial function induced from «, then

A%(F) = —1605e%2¢ (ra + (mrg) + (k = 2)rey + §)a’)
+de 22 [62“"2 <m(3) + (msoi +mre] + (k= 2)¢;
+r(k — 2)g0/2/)a, + (mrgoll +r(k—2)py + &+ 1)a”>] div(§)
—8pyre 22 <roz(3) + (mgoll +mry] + (k—2)g,
+r(k — 2)g0/2/)a, + (mrgoll +r(k— 2)@,2 + % + 1>a”>
+2e™2¢2 (2ra(3) +2r2a® 4+ <2mrcp/1/ + 2mrcp/1/ + 2m7“2<p§3)

+2r(k — 2) + 2r(k = 2)¢ + 2r2(k - 2)¢” ) o'

"

+2r<mg0/1 +mre) + (k—2)gy +r(k — 2)<p/2/)04
+(2mrg) + 2mre] + 20 (k — 2)¢ + 2r2(k — 2)¢ ) o
+2r<mrg0,1 +r(k — 2)py + Et 1)04(3))}

—87"(,0/26*65"2 (roz(3) + (mgoll + mrcplll + (k — 2)<p/2

+r(k — 2)g0/2/)a, + (mrgoll +r(k —2)p, + Ey 1>a”>.
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Proof.
AL(F) =4A¢g (e*QW (ra” + (mrey + (k — 2)roy + %)0/»
= a[agte ) (ra’ + mr + (& - Do) + o)
(6.9)
Fe 2 Ag(ra” + (mrg, + (k — 2)rgy + )ad)
+2G (V(e72%2), V[ra" + (mre) + (k — 2)res + %)O/])} .
Set
7 ’ 4 k 4
L=ra + (mre;+ (k—2)rpy,+ 5)04 .
We have:
(6.10) V(e™22) = —dgpyev2¢,
and
VL =Vra +rvVa' + (m(@r.gpll + r@goll) + (k — 2)(@7“@/2 + Tﬁ(ﬂ;))a/
—{—(mrgo/l +r(k —2)py + %)@0/
= 2¢72020"¢ + 2re22203¢ 4 (m (26722 € + 2rip) e 202¢)
+(k — 2)(2phe~292¢ + 2rphe2¢) o’
(6.11)

+2a" €722 (mr) +r(k — 2)py + 5)¢

I

= e (ral® o (4 ] + (k= 2oy + rlk = 2)g} )
+(mré, +r(k =20y + § + 1)a”)£,
by (6.10) and (6.11), we obtain

G(V(e %2),VL) = —4p,e 52G(€,€) <m(3) + (msﬁi +mre] + (k—2)p,

+r(k — 2)g0/2/)a/ + (mrgoll +7(k —2)py + et 1>a”>
(6.12)

= —47“50/26_6‘” (roz(?’) + (mgoll + mrgoll/ + (k- 2)<p/2

+r(k — 2)g0/2')a/ + (mrgo’l +r(k —2)py + by 1)0/’).

76 6.3. Biharmonicity of r-radial functions



CHAPTER 6. BIHARMONIC FUNCTIONS ON VECTOR BUNDLES

On the other hand, we have

/

AqL = div [6_2‘” <’FO£(3) + <m<Pl1 + mT‘P/l/ + (k — 2)‘/7,2 +r(k— 2)@/2/)0‘
! / k 1"
+(mr<p1 +r(k—2)py+ 35 + 1>a )5]

’

=¢. [6_29"2 <ra(3) + (mgoll + m?“cplll + (k- 2)90/2 +7r(k— 2)<Pg)a

(6.13)
(g ek =20+ 5 + 1)a”)]
+ |:€2<'02 (7“04(3) + (mcpll + mTSOIf + (k- 2)S0/2 +r(k— 2)80;,)0/
—|—(m7“<,0,1 +r(k—2)py + 5 + 1)O/l>] div(§).
Set
S = e 22 (roz(?’) + (m90/1 +mrey + (k—2)@y +r(k — 2)¢g)al
(6.14)
’ ! k 1"
—}—(mrgol +r(k—2)py+ 5 + 1>a ),
thus
£(9) =¢. [6_2‘92 <ra(3) + (m<p/1 +mre) + (k—2)py +r(k — 2)(;9/2/)0/
(6.15)

—I—(mrcp/l +r(k —2)py + ky 1)04”)]
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/

= 2€.(e72¢2) (m<3> + (mgo’l +mre| + (k—2)@y +r(k — 2)g0/2/)a
+(mrgy + (k= 200, + 5 + 1)0/’)
#2222 (600 4 16.a9) + (e (91) + mE()p] + mre ()
(k= 2)&.(¢h) + £.(r)(k — 2)¢g +7(k = 2)&(¢3) ) o’
+ (it +mrg] + (k= 200 + 7k = 2)03 )€.(a)

"

+ mrcpll +r(k— 2)cpl2 + % + 1)5.(04”))

/

(
+ (&) +mre.(0) + ) (k = 2)ig + 7k = 2)E:(9)) )
(

=£.|e 22 <7“a(3) + <m<,0l1 + mr@/{ + (k- 2)90/2 +r(k — 2)%0,2/)04

—i—(mrgo/l +7(k — 2)py + L l)a”ﬂ

7

= —sgyre=2e2 (ra® + (mg] + mrg] + (k=20 + 0k~ 2)¢} )
—i—(mrgo/l +r(k—2)ps + &+ 1) a”)
+2e72#2 <2ra(3) + 2r2a® + (ergo/ll + 2mrg0/1, + 2m1"2<p§3)
+2r(k — 2)@y + 2r(k — 2)py + 212 (k — 2)@&3))0/

"

+2r<map/1 + mmplll + (k- 2)<p/2 +r(k — 2)@’2')04

+<2mr<p/1 + 2mr2g] 4 2r(k — 2)py + 212 (k — 2)@%)04

+2r (mrcpll +r(k —2)@y + L 1>a(3)>.
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Then

’

AgL = |:62(’02 <roz(3) + (mcpll +mre) + (k= 2)gy +1(k — 2)<p/2/)a

+(mrel + (k= 2)¢ + 5 + 1)0/’)] div(€)

/

—8pyre 202 (ra(3) + (mapll +mre) + (k—2)gy +r(k — 2)<p/2')oz

—f—(mmpll +r(k — 2)p, + % + 1)0/)

(616) 7 " 3)
+2e7222( 2ra(3) 4 272 4 <2m7"<p1 + 2mro, + 2mr2cp1

+2r(k — 2)(,0/2/ +2r(k — 2)(,0/2/ + 212 (k — 2)@9)0/

"

+2r<mg0/1 + mrgo/ll + (k — 2)<,0/2 +r(k— 2)<p/2/)a

"

+(2mrg) + 2mr2] + 20 (k — 2)¢y + 2r2(k — 2)¢3 )

+2r (mrgoll +r(k—2)py + &+ 1) a(3)>.

Finally by (6.12) and (6.16), we obtain the desired equation. O

Remark 6.3.1. It is clear that the expression of the bilaplacian of an r-radial function is a
highly complex fourth order linear differential equation with variable coefficients. The solving
of such a differential equation cannot be done using the classical approaches to differential
equations. We are forced to make certain simplifications in order to give examples of bihar-
monic functions.

Proposition 6.3.3. Assume that o1 = p2 =0 (i.e. G is the Sasaki metric). Let F : E — R
be an r-radial function constructed from a function « : [0, 4+00|— R, then F is biharmonic
if and only if a satisfies the linear differential equation

(6.17) 2o 4 (3k + 4)7“04(3) + k(k+ 2)a(2) =0.

Proof. Using the formula of Proposition 6.3.2, the r-radial function F' is biharmonic if and
only if AéF = 0, where

ALF = 4<ra(3) + (g + 1) a”> div(¢)

+ 2<2ra(3) +2r2a® + 2r<§ + 1)a(3)>.

Using the expression of the divergence of the tautological vector field £, we obtain div(§) = k,
hence
ALF = 420 4 (4kr + 4r + 2r(k + 2))a® + 2k(k + 2)a?),
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which can be simplified as
AZF = 4r2aW 4 2(3k + 4)ra® + 2k(k 4 2)a?.
This gives the desired equation. O

Corollary 6.3.1. Assume that ¢1 = w2 = 0. Let F' : E — R be an r-radial function
constructed from a function « : [0, +oo[— R. If « is a polynomial function of degree 1, then
F' is biharmonic.

Proof. If o is a polynomial function of degree 1, then a® = a® = a® = 0, hence Equation
(6.17) is trivially verified. O

Exemple 6.3.1. In the case of the Sasaki metric, thanks to the previous corollary, we obtain
a 2-parameter family of biharmonic functions. Furthermore, in virtue of Proposition 6.3.1,
an r-radial function F' constructed from a degree one polynomial function « : [0, +o00[— R is
harmonic if and only if o/ = 0. Hence by choosing a function a(r) = ar + b with (a,b) € R?
and a # 0, we obtain a proper biharmonic function. Therefore, we obtain a 2-parameter
family of proper biharmonic functions.

In what follows, we shall try to find other solutions of Equation (6.17). First of all,
we make the following change of variable in Equation (6.17). Set ¢ = a(®. The equation
becomes

(6.18) 224 4+ 3k + )y + k(k + 2)1p = 0.

Remark that the order of derivation of ¢ and the power of r in the equation are somehow
related (the order of derivation of ¢ and the power of r are the same for the three terms
of the equation). This suggests that we can search for solutions of the of form ¢ (r) = gr™,
where f € R and n € Z.

A function of the form ¢(r) = pr", where § € R and n € Z*, is a solution of Equation
(6.18) if and only if

(6.19) 26n(n — 1)r" + B3k +4)r" + k(k + 2)pr" =0,
or equivalently

(6.20) 2n(n — 1)+ Bk +4)n + k(k +2) =0,
which can be rewritten as a quadratic equation in n of the form
(6.21) 2n? + (3k + 2)n + k(k +2) = 0.

Hence the problem is reduced to an equation relating the power n and the bundle rank k.

So, by fixing the bundle rank, we will end up solving a quadratic equation in n. This
will give a procedure for constructing examples of biharmonic functions for different vector
bundle ranks.

e k=1 (i.e. line bundles): Equation (6.21) becomes
20 +5n+3=0

Then we solve the equation for n. The discriminant of the equation is A = 1, hence
the equation has two solutions, n; = —1 and ny = _73 Therefore, by choosing the first
solution, we have a family of solutions given as 1) = g These are solutions on |0, +00]
which cannot be extended by continuity at zero.
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e k=2 (i.e. plane bundles): Equation (6.21) becomes
2n® +8n+8 =0,

which has a vanishing discriminant, therefore a unique solution n = —2. Hence a family
of solutions, ¥(r) = 7%, on |0, +o0o[ with no extension by continuity at zero.

e k > 3: the discriminant of the quadratic equation (6.21) is given by

A= (3k+2)2 — 8k(k +2) = 9k®> + 12k + 4 — 8k* — 16k
=k?— 4k 44
= (k—-2)°

thus, we obtain two solutions

o = —(3k‘+2)4— (k—2) _

et

Bk + (k-2  —k
527 1 ~ 9

Hence when k is even, we obtain two families of solutions given by Ar—* and ﬂr‘g, and
when k is odd, we obtain a single family solutions given by Sr—%. In all the previous
cases, we obtain families of solutions on |0, +oo[ with no extension by continuity to
Zero.

Finally, we integrate the solutions ¢ that we found.

e k=1: we have 1(r) = 81, hence o/ (r) = B1In(r)++, thus a(r) = B(rIn(r) —r)+yr+4,
where 9,7, 8 are real constants with 5 # 0.

e k=2, we have (r) = Br~2, thus we obtain o/(r) = —g + 7, hence a(r) = —f1In(r) +
~vr + &, where 9,7, 5 are real constants with § # 0.

o k>3

— k is even: we obtain two families of solutions () = f1r~* and 1y (r) = Bgr%k.

Thus, by integration, we find two families o/ (r) i}ﬁrlrl*k + 71 and af(r) =

_gilrl_g + 72, which gives a;(r) = Mgﬁr%k + mr + 61 and aq(r) =
(kgﬁr%g + Y91 + &9, where d1, 1, 51, 02, Y2, B2 are real constants with 5 # 0
and g # 0.

— k is odd: we obtain a family of solutions 1 (r) = Sr~*, hence o/(r) = l%rl_k +,
vﬁv};cg gives a(r) = (l_k)‘ﬁﬂ_k + vr + d, where 4,~, 8 are real constants with

Remark that all the previous solutions are defined on R’ with no extension to zero.
Therefore, we obtain biharmonic functions on E* = E'\ O where O is the zero section. To
summarize, by the previous study, we have:

Proposition 6.3.4. Assume that o1 = o = 0. Let F : E — R be an r-radial function
constructed from a function « : [0, +o00[— R.
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o If k = 1, then there exists a family of biharmonic functions on E* induced by the
functions of the form

a(r) = B(rin(r) —r) +yr + 4,
where §,7, B are real constants with B # 0.

o If k = 2, then there exists a family of biharmonic functions on E* induced by the
functions of the form

a(r) = —=BIn(r) +yr +4,
where 6,7, B are real constants with 5 # 0.

o If k>3, then we have two sub-cases:

— If k is even, there exists two families of biharmonic functions on E* induced by
functions of the form

ay(r) = ( b r2 R e+ 6y and

1 k)2 —k)

B
(1-52-35)

where 61,71, B1 and da, Y2, Bo are real constants with 51 # 0 and B2 # 0.

k
as(r) = r272 + yor + 8,

— Ifk is odd, there exists a family of biharmonic functions on E* induced by functions
of the form
p

o= ahHe=R
where 6,7, B are real constants with 5 # 0.

2k 4 yr + 9,
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Appendix A

Details of the proof of Theorem
5.1.1

A.1 Notations

Let U be a unit vector field on (M,g) and I =] — ¢,¢[, (¢ > 0). For t € I, we denote by
it : M — M x I, p — (p,t), the canonical inclusion and we consider a C'°°-variation
V:MxI— T1M of U within X1(M), i.e. for all t € I the mappings V; = V o4, are in fact
unit vector fields and V5 = U.

We choose {e;}"; a local othonormal frame field of (M,g). Then we can extend each
€ (resp.% € X(I)) to a local vector field on M x I denoted by Ei(resp.ﬁ). We have then

(E;, %] = 0. Furthermore, denoting by D the Levi-Civita connection of the Riemannian prod-
uct manifold M x I and by RP the Riemannian product, we have(using the second Bianchi

identity for the last relation):

d
0, (D4RP)(Dg,V,V)E; =0, forall 1 <i<m.

D _ L R
RP(TM,TI)=0, DaE;=0, Dp_ = 4

We set:
1. S(U) = 2?1:1 R(VGZU, U))ei;

2. AU =7 {Vv, U — Ve, Ve U}
3. Z=Y." RP(Dg,V,V)E;

4. Q=37"[Dpy,EV — Dg,DgV];
5. W =" RP(V,E)E;

6. S(V},) = ZO’it;

7. AV, = Qo
8. QV, = Woip;

0. H =~ 07 1) — Lg(0, V) + Lain(V) + U4 (7, ),

10. V.=2g(W,V) 4 g(Q,V) — %g(Z,V);
11. H(V;) = Hy = Hoiy
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12. V(V}) =V, = Voiy;
13. 7= QW - €7 _wdpoy L Hy;
4. 7= Q- EW 2z 1 ¥pyy 4y,
15. g(7,, V) =0;
16. 7y n(Vz) = Typ 0 i (we donote by 7, : Tp, O 7p);
17. &) =0, {2R(ei, Ve, U + (Ve,R)(es, )U + Res, Vei.)U} and £ = £(U);
18. £0() =", {QRD(Ei, )Dg,V + (Dg,RP)(E;, )V + RP(E;, DEZ..)V};
19. &0 = eP(V) =", {2RD(EZ-, V)Dg,V + (Dg, RP)(E;, V)V + RP(E;, DEiV)V};
20. (X) = g(D4V,DxV) = (DaV) (DxV);

dt dt

v,h
21 pp"(X) = g(D .4 V. Dxro);
22. wi(X) = g(RP(X, V)V, DdiV);
23. 9"(X) = g(RP (X, 7 )V. D4 V);
24. 4" (X) = g(Da V,g(X, V)7op);
t

25. z(X) = g(DdiV,X);

t

26. 7(U) is the tension field of a unit vector field: 7(V) = h{7,(V)} + v{7(V)}.

A.2 The bienergy of a unit tangent vector field

We have

d
Ey(Vy) = a;C/Mg(%h,%h)) oitvg—i-2/Mg(f‘h,V)zoitvg—l-b/Mg(?,ﬁ,) 0 itvyg

+g/ g(%v,%v)oitvg.
M

Now we calculate the first variation of Es:

D, Bx(Vi) = (a+c)/

9(D a7y, Th) 0 irdvg + d/ 9(Th, V)g(D a7, V') 0 ipduy
M dt M dt

(Al) +d/ g(%h,V)g(%h,DdV)oz’tdvg—l—b/ Q(Difhﬂ:u) oitdvg
M dt M dt
+b/ 9(D a Ty, ) 0 ipdvg + a/ (D a Ty, Ty) 0 irdvg.
M dt M dt

We should determine each integral separately, and to do that we have to compute some useful
formulas.
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A.3 Formulas

Calculus of g(Da.,7yp)
dt

S {g(D%DDEZEiV ~ D4 Dy, Dy,V, %mh)}
5y {g(DDEiEiD%V, 7un) = 9(D5. DDV, %U,h)}
St {DeEig(DaV,Fup) = 9(D sV, Di, B (7))
- i-g(DEiD$K Toh) + g(DEZ-D%V, Dg, (ﬂ),h))}
-y {DEiEZ-.g(D%V,%v,h) —9(D 4V, D By (7))
(A.2)
—Ei.Ei.g(D%V, Fon) + Ei.g(D%V, Dg, (Fon))
+Ei.g(D 4V, D, (7.1)) = 9(D 1V, D, D, (%wh))}
=i {2Ei-g(D%V, Dg, (Ton)) + A[g(D%V, Ton) ]

~29(D 4V, D, E.(7op)) + 9(D s V, A%th)}

9(Da Q. 7p) = 2div(e}™) + Alg(D s Vi 7u)] +9(D o V, A ).

A.3. Formulas
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=i
=> i1 {Q(RD(Ei, Ton) DE,V, D%V)) — g(RP(E;, 7o)V, DEiD%V))}
=i

w1 {9(RP(Bi, 700) DBV, D 1 V)) — E. [g (RP(Ei,70n)V), D V]
+g [DEi (RD (E;, ﬁ;,h)V) D V] }

=y, {g(RD(Ei,%M)DEiV, D%V) — E;. [g(RD(EZ-,%M)V),DiV]
+g<(DEiRD) (Ei,%v,h)v,D%V) n g(RD (Dp, Ei, 700) V, D%V)
+g [RD (B, D7)V, D s V] tg [RD (i 7)) DV, D s V} }

9(D 22, 70n) = 9(£P(Fup), D V) — div(g>™).

> e {9 <D$ [RP(V, E;)E;], 7:v,h> }
(A4) =1 {9(RP(D4 V. E)E: 7o) }
2.

. {9(RP G BB D4 V) }.

dt
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A5

( (D)d DyV,75) =0, {g(D%(g(Ei7V)DE V), %, h)}
=i {Q(D;t (9(Ei,V))Dg,V, 7o) + 9(9(Ei, V)D 4 Dg,V, ?v,h)}
=i {Q(Q(Ei,D% V)Dg,V, 7o) + Q(DEZ-D%V79<E¢7 V)%,h)}
=5 {9(9(DEV, 7up) iy Da V) + Dig (D V, g(Fi, Vi)

—9(DaV,9(Dp,Ei, V)7on) = 9(D 4V, g(Ei, Di,V)7on)
_g(D%V; g(Ez7 V)DEﬂ:uh) }
= 501 {9(9(DB V. Fon) Bis D V) + div(dg) — (D 4V, g(Ei, D, V)on)

-9 (D% V, Dy Typ) }

Calculus of g(Da.,V)
dt

(A.6)

9(D4,V) =1 {9(D s Dy i,V - DdDEDEVV)}
t

=2

>y {9(Dpy, D4 V.V) = 9(DE,DE, D4V, V) |

S I{DEEZg D.V,V)=g(DaV,Dp, 5V)

~Ei.g(Dg,DaV,V) +g(DEiD%V,DEiV)}

=", { ~9(D4V,Dpy 5 V) = EiEig(DaV,V) + Eig(D 1V, D,V)
+Ei.g(DaV,Dp,V) — (D V, DEZ.DEZ,V)}

=y, {ZEi.g(D%V, Di,V) = 29(D4V, Dy 5, V) +9(D V, Q)}

9(DaQ,V) =2div(n) +g(DaV,Q).
dt dt
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119(Dy (RPDRV.VIE),V)
i {9(RP(D 4 DEV.V)ELV) + g(RP(D,V, D4 V)EL V) }

>
>

=2 1{ (RD(EZ,V)DEVDdV) —g(RP(E;, V) )V, D, D4 V)
i

i— 1{ (RD(E“V>DEVD:1V) [ (RD(E“V)V> dV:|

dt

(A7) +g [DEZ, (RP(EV)V), Div] }

=S {o(RP (B VIDEV.D 4 V) - B fo( R (B V)V). D4V
—i—g((DEiRD) (E, V)V, D%V) n g(RD (Dg,Ei, V)V, D%V)
+g [RD(EZ», DEZ.V)V,D%V} + g[RD (Ei, V)DEiva%V} }

g(Ddi Z,V) = g(eP, DdiV) — div(wy).
t t

Dag(W,V) = 3L, 9(D o (RP(V, BN E;), V)

= X g((RP(D4 V. B)E,), V)
(A.8)

==Y 9((RP(E, V)E;), D4 V)

= g(W, D%V)

(A.9) =Da[5V.g(V.V)] —g(DyV.DaV)

—9(DvV,DaV).
t

D4 (divV) = Sy D1 g(Di,V, )
t t

=i g(DE,-D%V; E;)
(A.10)
=i {DEig(Di‘/? E;)—g(DaV, DEiEi)}
dt dt

D 4 (divV) = div(z).
dt
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Calculus of g(Ddi(HV% V)
t

By (A.6)-(A.10) we have
11
9(Da(HV),V) =g(Da(H)V,V) + g(HD .V, V)

= D4 (H)

d
dt

b(ad+b> a(ad+b? .
= M) D y g(W, V) + UL D 4 g(Z,V) + LD u (divV) — LD 4 g(Q,V)

« dat

= 2% (W Dy V) + “) (7. D, V) + L (8D D, V)
dt dt dt

ala 2 . . .
—(gij;b)dw(wt) - 2%dw(m) - 2%9(@, D%V) + gdw(zt).

Calculus of g(D 4 (VV),V)
dt

By (A.6)-(A.10) we have

g(Da(VV),V)=Da(V)

dt dt

= 5D 4.g(W.V) = ®D4.9(Z.V) + D V)
t t t
(A.12)
_ 9ot _ ab _ abyaD ab 1
f2ag(W,DdiV) ag(ZdeiV) Tg(L ,DdiV)—i-adw(wt)
t t t

+2div(n) +29(Q,Da V).

dt

A.3.1 First variation formula of F)(V;)
Calculus of jt/ g(7n, V) 2dv
M

We have

(A.13) d/ g(%h,V)de:2/ g(Dd%h,V)g(%h,V)dU+2/ g(%h,DiV)g(%h,V)dv.
dt M M dt M dt

Calculus of /
M
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1. Calculus of Q(Ddi%ha V):
t
(A.14)
9(Dah, V) =2LgDaW,V) - %Q(Diz V)+ D.a(H)— %g(DasDyV,V)
dt dt dt dt dt

= %bg(m D%V) - %Q(SD7D%V) + %de'v(wt)

M (W, Dy V) + 44 g(2, D, V) + ety (2P, Dy V)
a i dt

—Mdiv(wt) —28div(n) —229(Q, D4 V) + “g(DyV, D V)
ap » ¥ dt « dt
+%div(zt).

9(D a7, V) = (2 = 2220y g(W, Dy V) + UL g(2,D 4 V)

ar o ap

+(Q(L+b2) _ a2) [g(£D7 D%V) — dz’v(wt)} — Q%dlv(nt)

ap o
—220(Q, D4 V)4 %g(DyV,Da V) + Ldiv(z).
¥ dat @ at ¥

2. Calculus of g(Di%h, V)g(%h, V):
dt
(A.15)
2 2
9(D 474, V)g (7, V) = (42 — 22955 yg (g (7, V)W, D V) + D5 g(g (7, V) 2, D0 V)

« ap ar

ala 2 a ~
(eledt) zz)g(g(Th,V)SD,D%V)

a(ad+b? a ~ .
—((Zijgb) — g)g(Th,V)dw(wt)

=239(7, V)div(m) = 229(9 (7, V)2, D £ V)

t

+%9(9 (7, V) DyV, D o V) + Lg(n, V) div(z).

3. Calculus of g(%h,V)div(wt) et g(fh,V)diU(Tlt)i

We have
(A.16) hidiv(wy) = div(wihy) — we(grad(hy)).
We set
ht = g(%h, V)
We get

(A7) g0, V)div(wr) = div|g(71, V)wr| - g RP <gmd(g(%h, v)),v) V.D4 V|,

dt
and

(A18) g(%ha V) dZU(nt) = div [g (7~—h7 V) nt} - g(D% V7 Dgrad[g(%h,V)} V)7
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and
(A.19) 9(71, V) div(z) = div [g(%h, V)zt} - g(D%V, grad[g(Th, V)]).
we obtain
(A.20)
~ ~ a a 2 ~
9(D a7, V)g (7, V) = (2 — 22952 g (g (5, V)W, D V)

ala 2 - ala 2 a -~
+20dT) o (g (7, V) Z, Do V) + (H9dED a4 (5, V)P, D4 V)

ap F ap «a

~2Lg(g(7, V)2 D4 V) = (42 — )div g7y, V)t

a ap
(Ued) oty [ RD <gmd(g(%h, V), V) V.4V
—2Ldiv | g(7u V)| +229(D 4 V. Dyradig(z vy V)
+%g(g(F4, V) DvV, D4 V) + Ldiv [g(%h, V)Zt}
—29(D 4V, gradlg(7n, V)]).

4. Calculus of/ g(Ddi%h,V)g(?h,V)dv:
a2

/Mg(Dilfh’ V)g (7, V)do = /

[(ab _blad +1?)
M

o op

+M9(g(7~'}“ V)Z, Da V)

ap qt

ala 2 a ~
(U — @) g(g (7, V)LD, D V)

~229(9(0, V)2 D4 V)
22 =l (sl ). V)0,

+2%Q(D%V7 Dgrad[g(f'h,V)]V) + %ig(g (7~_h7 V) DyV, D%V)

_gg(D%V’ grad[g(7h, V)])] Ug-
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Calculus of D4 / g(i’h, %h) 0 14Uy
dt M

We have

(A.22) Da /Mg(%hfh) 0 ity = 2/M9(Déifhﬁh) 0 iV,

dt

1. Calculus of g(Di%h, %h):
dt
(A.23)
5~ a ~ a? ~
Q(D%ThaTh) = gbg(D%W Th) — QQ(D%Z, Th)

+9(D 4 (H).V.7) + g(H.D 4 V. 7) — % g(Da Dy V. 7)

dt

=23 g(RP (7, E)E;, D%V) - %9(2[)(%)7 Du4V)+ %div(gth)

dt

+9(D o V. Hy) — 224 g(g (7, VIW. D4 V)

+ A0 (g7, V) 2, D g V)

a(a 2 ~ ala 2 ~ .
+ U (g7, V)EP, D ¢ V) — N (5, V) div(w,)

~22g(n, V)div(ne) — 259(9(7n, VI, D2 V) + Lg(7, V)div(22)
_%d ie19(9(DE,V, 7o n) Ei, DﬁV)
i) + i 9(D g Vig(Bi DEV)Tun) + Sa(D oV Do)
n T a? ~ a2 -
= @ i1 9(RP (7 BB, Da V) — Gg(€P (7). D4 V) + % div(gl)

a 2 ~
+9(Da V. H) — 2% g(g(74, VW, Do V)

dt

+ ) (g7, V) 2, D 4 V) + 2 g (g(7, V)EP, D4 V)

ap « dt

o) gy [g(%h, V)wt] + et [RD <gmd(g(%h, V), V) v, D%V}

—22div [Q(ﬁn V)??t} + 2%9(17%‘/7 Dyradig(z ) V) = 259(9(7n, V)2, Da V)

dt

—ad =1 Q(Q(DEZV? %v,h)Ei, D%V)

a

—ldiv(dy) + 4 X1y 9(D 4 V. g(Ei, D,V)7un) + %g(D 4V, Dy, )

+2div [g(%h, V)zt] - %g(D%V,gmd[g(?h, V).
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We obtain
(A.24)
2

L . ab Do/ a Do/
/Mg(D;tTh,Th)OZt’Ug:/M |:ag(R (Th,Ei)Ei,D%V) _Eg(g (Th),D%V)
+9(D o V, Hy) — 224 (g (7, VIW, D4 V)

+2 (g, V) Z, D 1 V) + 9 (g (7, V)EP, D V)

a(ad+b? ~

+(T’)g [RD (grad(g(Th, V)), V) V, D%V}
b b ~

+229(D 1V, Dyraatg(z, v V) = 259(9(7n, V)2, D a V)

~ 41 9(9(DE V. 7o) Ei, Do V)

+4 1 9(D o V.g(Ei, Dp,V)7on) — £9(Da V. gradlg(?, V)))

+4g(Da V. DyTyp) | o irvy.

Calculus of D 4 / g(%v,%v) 0 14Vg:
dt M

We have

dt dt

(A.25) Dd/ 9(Fo, 70) © irvg :2/ 9(D a7y, 7y) © iyvg.
M M
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1. Calculus of g(Di%v,%U):
dt
(A.26)
. - - - 2 -
9(Da 7o 7) = —g(Da Q. 7) + Rg(Da Z,7) + Hg(D 4 DyV, %) — Tg(Da W, 7,)

4
dt

+9(D 4 (V).V,7) + g(V.D 1 V; )
t

dt

—B S 9(RP(7, E)E, Dy V)
t
+2g(eP(7,), DdiV) — D div(ge) + 9(V.D 1V, 7)
+259(a(7, VIW. D 4 V) = 2g(9(70. V)2, D4 V)
t t

_ab

« g(g(%vv V)’gDv D%V)

+2¢(9(70, V), D%V) + “Ebdiv {g(ﬁ), V)wt}
ab D ~
—Eg{R (grad(g(TU7V)),V>V,D$V}

+2div | (7, V)| = 29(D 4V, Dypaatyi, vy V)

+8 3T 9(9(DE V. 7o) Ei, D4 V) + Mdiv(dy)

«

— Y 9(DaV,g(Ei, D V)7) = Hg(DaV, Dy 7).

We obtain
(A.27)

. . . v & N
/Mg(DjtTvaTv) O 1tVg = /M |:_ g(DiVa ATv) - g(RD(Tvai)Ez‘ Div)

dt o 4 dt

+%g(2P (%), D4 V)

dt

+9(V.D g V,70) +259(9(F, VIW, Da V) = L g(g(7, V)2, D V)
t t t

_%bg(g(%vv V)’QDa Ddiv)
t

+2¢9(9(7, V), D4 V) — %bg [RD (grad(g(%v, V)),V> V, DiVi|
dt

dt

_29(D$‘/a Dgrad[g(%v,V)]V) + bd Z?:l g(g (DEZVY; %U)Ei; Da V)

o dt
_bd ?:lg(Ddi‘/’ g(EZuDEZV)%v) - %Q(Ddi‘/, D\/’f'v):| o itdvg.
t t

[0}
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Calculus of D a4 / g(%h,ﬁ,) 0 14Vg:
dt M

We have

(A28) Dd/ g(%hﬂ:v)oitvg:/ g(Dd%m%h)oitvg"’_/ g(Di%ha%v) Oitvg-
at Jpr M dt M dt

1. Calculus of g(Di%v,%h):
dt
(A.29)
- - - ab - bd - b2 -
g(D%TwTh) = —Q(D%QJ}J + EQ(D%Z, Th) + EQ(D%DV‘/’ Th) — EQ(D%W; Th)

+9(Da (V).V,7) +g(V.D 4V, 7)

dt

+429(E7 (7). D4 V) — Ldiv(g) +g(D 4 V.V.7)
~B Y g(RP (7, B)EL D4 V)
t
+2% 9(g(7, VIW, D1 V) — Lg(g(7, V) Z, D4V)— %9(g(7, V)€Y, D V)

dt

+29(9( V) Dy V) + 2Ldiv | g (7, V)]
ab D ~
_abg [R (grad(g(Th, V), V) v, D%V}

+2div [g (?h, V)m} — Qg(D%V, ngd[g(%h,V)]V)
+5 501 9(9(DEV.70) Ei Dy V)

«

—M 5 9(D V. g(E:, V) Dp, 7).

«
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Then
(A.30)
S b <
/Mg(D;t s h)oztvg:/M [—g(Dd a;g RD (T, E. EZ,DdV)

+89(P (7). D V) + g(D 4 V.V.7)
+2%9(9(7~'ha V)W,D%V) — %bg(g(%h, V) Z, D%V)

— 2997, V)EP, D4 V) +29(9(7, V)2, D4 V)
29| RP (gmd(g(%h, V), V> VD4 V| = 29(D 4V, Dgradiy(s, V)

U 9(9(DE Vi) B Da V) = Y 5T (D V,g(Ei, Dp,V))

[0}

__bd - 1g(deg(Ez7V)DE Th):| oitvg_

2. Calculus of g(Difh, ﬂ,):
dt
(A.31)
. - 2 - -
g(D%ThaTv) = %Q(D%Wﬂ)) - %Q(Dd Z,Ty) — %Q(D%vaﬂ%)

dt

+g(D d (H)V, ’ZN'U) + g(H.DdiV, 7:1,)
¢

dt

n ~ a? ~ a’ -
= Y1 9(RP (R, ENE;, Da V) — 4g(LP(7), Do V) + % div(g))

+9(D o VHF,) — 220 g(g(7,, VIW, D1 V) + 48 g(g(7,, V) 2. D 4 V)

ap dt o dt

a(ad+t? T a(a
HH glg(7, VL. Dy V) — S div g (7, V)

paladst®) o[ gD (grad(g(ﬁ,, V), V) V.D4 V|~ 2Ldiv|g(7, V)]
+2gg(D%V7 Dgrad[g(?v,\/)}v) - 2%9(9(7:’0’ V)Q> D%‘/)
— 4 19(9(DEV.7)Ei, Da V) — ldiv(dy)

+ady g(D%V, 9(E;, Dg,V)7,) + 43" g(D% V,g(Ei, V)Dg,7)

+div|g(7, V)2 | — L9(D 1 V. gradlg(7, V).
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Then
(A.32)
2
/ g(Dd%h,%v)omg:/ [“b (RD(TU,E)El,DdV)——g(SD( v), DaV)
M dt M| &

+g(Ddi V,H7,)
t

—2M) (g7, VIW, D 4 V) + 4 g(g(7, V) Z, D V)

+ 20 (g (7, V)P, D4V)

+“(%jgb2)g[RD <gmd(g(m V), V>V’ D%V]

+2%9(D%V’ Dgrad[g(f—v,V)}V) - 2%9(9(%1)’ V)Qv Dlv)

dt

— 4 19(9(DEV. %) Ei, DaV)

+30 §9(D 4 V.g(Ei, DV)7)

+Zz 1 a (DdVg(EhV)DETv)

—29(D 4V, gradlg(7,,V)))| o irvy.
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A.4 The final result

Subtituting (A.21), (A.24), (A.27), (A.32) in (A.1) , we obtain

(A.33)
a CL2
D By (V) = /M [(a + c)gbg(RD(%h, E;)E;, D%V) —(a+¢)—g(LP(#), DaV)

(6% dt
+(a+ c)g(D%V, H7,)
~2(a+ )X (g7, VIW, Du V) + (a+ ) 4 g(g(7, V) Z, D s V)

2
+a+ ) U g (g(7, V)P, D 4V)
+a+ )2ttt [RD <gmd(g(%h, V), V) v, D%V]
+2(a + c) (D d Vi Dyradig(s,, vy V) — 2(a + c) 9(9(Th, V), D%V)
—(a+0) 23" g(9(DE,V, %) Ei, D$V) +(@+e)@yr, g(D%V, 9(Ei, Dg,V)7)
—(a+ c) (D .V, gradg(7,, V)]) + (a + ¢)% (D .V, Dy7)
+dg(g(Fns V)7, Dy V) + d(22 — 224D g g (7, V)W. D4 V)
da(ad-‘rb ) o(9(70. V) Z, Dd V)

+d(M _ %)g(g(%h,v)gD,D%V) - 2d£9(9(%h7V)QvD%V)

ap

(M) g | RD (gmd(g(%h, V), V) V.,V
t
+2d29(D 4V, Dyraaig(r v)V) + d%9(g(7n, V) Dy V. D 4 V)
—d2g(D 4 V, gradg(s, V)))
dt
—ag(D 4 V,A%,) —aBg(RP (7, B)Ei, D V) +a2g(LP(7,), D4 V)
+ag(V.D 4 V.7) + ald YLy 9(9(DE V. 70) Ei D V)

_a@ " 1g(D,1Vg(EZ,DE V)7) —a%g(D%V,DV%U).
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—bg(D%V,A%h) e S 19(RD(?h,Ez‘)E¢,D%V)

+b2g(£P(7), D4 V) +bg(D . V,V.7,)

+2659(9(70, VIW. D4 V) = b%2g(9(70, V) Z, D 4 V) = b%g(g(7, V)EP, D 4 V)
t t

i
+2bg(g(7, V)2, D4 V) — bg [RD (gmd(g(%h, V), V) VD4 V}
—2bg(D a V, Dyradlg(#,, vy V) + 02377 g(g(De, V. 70) Ei, Da V)
—pbd s 1g(D 1V, 9(E;, D, V)7) — b ST g(D 1V, 9(E:, V) D, )
b2 S g(RP(7,, E)Ei,DyV) - b g(£P(7,), DyV) +bg(D o V. H,)

_bzz 1 o (g(DEzVﬂN—U)EmD%V)

+b3 0 Uy (DdVg(EZ,DE V)T) + b1 %y (deg(E,,V)DE ) | o drdv,.

Evaluating (A.33) at t = 0 and settig Y = V 4 V;|;—p and using the fact that Y is a vector
dt

field on M which is perpendicular to U, since U is a unit vector field. Then U is a biharmonic
unit vector field if and only if Eg(Vt)|t o = 0 for all variations, and this is equivalent to
(A.34)

bY i R(Tn(U),ei)ei —ad iy [2R(ei,7~'h(U))VeiU + (Ve,R)(ei, Th(U))U + R(e;, Veﬁh(U))U]

+[— Yg(QU,U) + %g(AU, U) + (a +¢)2div(U) + % g(S(U),U) + dg(7(U), U)] 7 (U)
+29(7(V), U)S(U) — “g(m(U), U)QU — al7,(U) — bAT,(U)

—d Y1, g(Ve U, 7(U))es + dVu i (U) = d gradlg(7,(U), U)] + “Lg(7/(U), U) Vo U

«

+[£9(QU.U) + 22 g(AU,U) — 2g(S(U), U) + Ldiv(U)]7,(U) = 0.
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Conclusion and perspectives

The (bi)haromicity theory is a rich domain where mathematics and physics intersect.

In our study of this topic we focused on (unit) tangent bundles and vector bundles. For
the tangent bundles, we generalize the classical notion of biharmonic maps and biharmonic
vector field, by endowing the tangent bundle with an arbitrary g-natural metric instead of
the classical Sasaki metric. For the vector bundles, we investigated the notion of biharmonic
function, when the vector bundle is equipped with an arbitrary Spherically symmetric metric.

1. Biharmonic vector fields

To study biharmonic vector fields, when the tangent bundle is equipped with g-natural
metrics, it was necessary to restrict ourselves to the class of parallel vector fields for at
least three reasons:

e The calculation of the bitension field in the general case is very complicated.

e The existence of such non vanshing parallel vector field on a Riemannian manifold
(M, g) is equivelant to the local reducibilty of M as R x M’ and the parallel
vector field can be identified with a vector field tangent to the flat component R of
the product, the biggest benefit is the cancellation of the curvature components,
however we note that the existence of a non vanishing parallel vector field imposes
some topological restrictions such as the vanishing of the Euler characteristic.

e The study of biharmonic vector fields when the tangent bundle is endowed with
the Sasaki metric led to nothing else but parallel vector fields, so by investigating
this class first we can conclude quickly if there are any different behaviours by
generalizing the metrics and we achieved this goal. As a main result of our study,
we obtain a characterization of parallel proper biharmonic vector fields, in the
case when the tangent bundle is equipped with a Kaluza-Klein metric, and we
give other examples.

Despite the importance of the results obtained in the case of parallel vector fields, there
are many interesting directions to investigate:

(a) The biharmonicity (resp. G-biharmonicity) of non parallel vector fields when the
tangent bundle is equipped with g-natural metrics.

(b) Biharmonic submanifolds of the (unit) tangent bundle and the investigation of the
Chen’s conjecture.

(c) Examples of non biharmonic G-biharmonic vector fields when the tangent bundle
is equipped with an appropriate Riemannian g-natural metric.

2. Biharmonic unit vector fields

The study of biharmonicity of unit vector fields in the context of unit tangent sphere
bundles is as significant as that of vector fields in the context of tangent bundles. By
equipping a unit tangent sphere bundle with an arbitrary g-natural metric G and looking
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for the critical points of the bienergy functional, restricted to set of unit vector fields,
we were able to characterize G-biharmonic unit vector fields. This characterization
becomes more interesting for special classes of vector fields, such as Killing vector fields
and Reeb vector fields. Additionally, we provided examples of (proper) G-biharmonic
unit vector fields on hyperbolic spaces H", on the solvable Lie group Sols, and on the
special unitary group SU(2) equipped with a left-invariant Riemannian metric.

We still have to investigate the biharmonicity of unit vector fields as maps, i.e., critical
point of the bienergy functional with variations through maps, and to look for proper
biharmonic vector fields in this sense.

Biharmonic functions

We know that every lifted function from the base manifold to the total space of a
vector bundle is a linear combination of the vertical lift and complete lift, so the study
of the (bi)harmonicity of vertical and complete lifts of functions is crucial for best
understanding of the vector bundle geometric properties and the (bi)harmonicity in a
big scale.

We studied the biharmonicity of two classes of functions in the vector bundles. The
first is the class of vertically lifted functions: we got the bilaplacian and we derived a
condition on the Spherically symmetric metrics which allows us to construct various
examples of (proper) biharmonic functions on vector bundles.

The second class was the r-radial functions: the Euler-Lagrange equation in this case
gives us a fourth order linear differential equation, which led to take again the Sasaki
metric case to construct some important examples of proper biharmonic maps.

We still have to investigate the problem of (bi)harmonicity of the complete lift of func-
tions, and it is the subject of a forthcoming paper in collaboration with M.T.K Abbassi
and I. Lakrini. Finding the (bi)harmonicity condition for the complete lift of a function
will enable us to classify any (bi)harmonic lifted function from the base manifold to the
total space.

. Biharmonic maps

The study of the (bi)harmonicity of maps having tangent bundles and unit tangent
sphere bundles as source and/or target spaces could help us to understand better further
geometric properties of these manifolds. We tried to study some kinds of maps like:
the identity map, the projection map,...but we found some difficulties related to the
complexity of the Euler-Lagrange equation but we are still working in this direction.

Mathematical physics

In the (bi)harmonic theory, we are looking for the minimums of the (bi)energy func-
tional, which are the "natural” objects among smooth maps in the physical point of
view, and it is known that these theories are in the core of discussions about the uni-
fication of the general relativity and the quantum mechanics in the so-called String
theory.

Harmonic maps are called, in the String theory, non-linear sigma models, and it is
known that there are several strong similarities between the three thoeries of Einstein
metrics, the Yang-Mills connections and Harmonic maps. The same holds for their
analogues in physics, i.e. Gravitation, Gauge theory and String theory.
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