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Abstract

Fractional stochastic differential equations (FSDEs) play an important role in the modeling
of numerous complicated processes in several sectors of science and engineering. FSDEs
theory and applications were examined. Furthermore, numerous academics have produced
interest in systems with memory or after effects. There appears to be some difficulty in mod-
eling a variety of modern-world systems, such as trying to characterize the physical system
and differing viewpoints on its properties. The fuzzy set theory will be utilized to resolve
this issue. It can handle linguistic claims like “large” and “cold” mathematically using this
approach. A fuzzy set provides the ability to examine fuzzy differential equations (FDEs) in
representing a variety of phenomena, including imprecision. For example, fuzzy stochastic
differential equations (FSDEs) could be used to explore a wide range of economic and tech-
nical problems involving two types of uncertainty: randomness and fuzziness. Therefore,
in this thesis we develop this concept of fuzzy fractional stochastic differential equations by
studying some results about existence, uniqueness and stability of solution of several types
of fuzzy FSDEs.

This thesis consists of two parts: In the first part we study three types of equations. Pre-
cisely, in Chapter 2, we study the existence, uniqueness and stability of solutions for fuzzy
fractional stochastic differential equations (FFSDEs) driven by a fractional Brownian motion
(fBm) under the Lipschitzian condition. Also, we investigate the exponential stability of so-
lutions. In Chapter 3, we present results regarding the existence and controllability of the
solutions of fuzzy neutral stochastic differential equations (FNSDEs) with impulses. For the
last chapter of this part, we establish the existence and stability results of solutions for a
coupled system of equations called fuzzy fractional pantograph stochastic differential equa-
tions.

The second part is devoted to the justification of the averaging technique in the setting of
fuzzy stochastic and fuzzy fractional stochastic differential equations. Therefore, in Chapter
5 we prove that the solutions of fuzzy stochastic differential equations can be approximated
by solutions of averaged fuzzy stochastic system under certain assumptions. In Chapter 6,
we investigate the existence and averaging principle results for class of fuzzy fractional pan-
tograph stochastic differential equations. Finally, in Chapter 7 we investigate a novel class
of nonlinear Hilfer fuzzy fractional stochastic differential equations with time-delays. We
discover an averaging principle for the system’s solution under a few assumptions.

Keywords: Fuzzy fractional stochastic differential equations, stability of solution, panto-
graph stochastic differential equations, controllability result, Ulam-Hyers stability, Banach
tixed point theorem, Cauchy-Schwarz inequality, Schauder fixed point theorem, Hélder in-
equality, averaging principle.
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Résumé

Les équations différentielles stochastiques fractionnaires (EDSF) jouent un role important
dans la modélisation de nombreux complexes processus dans plusieurs secteurs de la sci-
ence et de 'ingénierie. La théorie et les applications des EDSF ont été examinées. De plus,
de nombreux universitaires sont intéressés aux systemes avec mémoire ou séquelles. Il sem-
ble y avoir des difficultés a modéliser une variété de systemes du monde moderne, comme
essayer de caractériser le systeme physique et des points de vue divergents sur ses pro-
priétés. La théorie des ensembles flous sera utilisée pour résoudre ce probleme. Il peut gérer
mathématiquement des revendications linguistiques telles que "grand" et "froid" en utilisant
cette approche. Un ensemble flou offre la possibilité d’examiner des équations différentielles
floues (EDF) en représentant une variété de phénomenes, y compris l'imprécision. Par ex-
emple, les équations différentielles stochastiques floues (EDSF) pourrait étre utilisé pour
explorer un large éventail d’opportunités économiques et techniques des problemes impli-
quant deux types d’incertitude : 1’aléatoire et le flou. Ainsi, dans cette these, nous dévelop-
pons ce concept d’équations différentielles stochastiques fractionnaires floues (EDSFF) en
étudiant certains résultats sur ’existence, l'unicité et la stabilité de la solution de plusieurs
types d’EDSFFE.

Cette these se compose de deux parties : Dans la premiere partie, nous étudions trois types
d’équations. Précisément, dans le Chapitre 2, nous étudions l'existence, l'unicité et la stabil-
ité de la solution d’une équations différentielles stochastiques fractionnaires floues (EDSFF)
dirigées par un mouvement Brownien fractionnaire (mBf) sous la condition Lipschitzienne.
De plus, nous étudions la stabilité exponentielle de la solution. Dans le Chapitre 3, nous
présentons des résultats concernant l’existence et la contrélabilité de la solution d'une équa-
tion différentielles stochastique neutre floue (EDSNF) avec impulsions. Pour le dernier
chapitre de cette partie, nous établissons les résultats d’existence et de stabilité de la so-
lution d’un systéme couplé d’équations différentielles stochastiques pantographe fraction-
naires floues (EDSPFF).

La deuxieme partie est consacrée a la justification de la technique du calcul de la moyenne
dans le cadre des équations différentielles stochastiques floues et fractionnaires floues. Par
conséquent, dans le Chapitre 5, nous prouvons que la solution d’équations différentielles
stochastiques floues peut étre approximée par la solution d"une équation différentielle stochas-
tique floue moyennée sous certaines hypotheses. Dans le Chapitre 6, nous étudions les résul-
tats d’existence et du principe de moyennisation pour une classe d’équations différentielles
stochastiques pantographe fractionnaires floues. Enfin, dans le Chapitre 7, nous étudions
une nouvelle classe d’équations différentielles stochastiques fractionnaires floues de Hilfer
non linéaires avec des retards temporels. Nous découvrons un principe de moyennisation
pour la solution du systéme sous quelques hypotheses.

vii
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General Introduction

This thesis mainly works on the existence and asymptotic approximation of solutions of
fuzzy fractional stochastic differential equations. We attempt to investigate existence and
uniqueness of solutions, controllability of solutions, averaging principle and stability prop-
erties such as asymptotic stability, exponential stability and Ulam-Hyers stability. We con-
centrate on various types of fuzzy stochastic and fuzzy fractional stochastic differential
equations such as fuzzy stochastic differential equations, fuzzy neutral stochastic differen-
tial equations, fuzzy fractional stochastic differential equations with fractional Brownian

motions and fuzzy fractional pantograph stochastic differential equations.

0.1 Organization of the thesis

This thesis is structured in 7 chapters. It is arranged as follows :

Chapter 1 : We recall some standard concepts of fuzzy sets and exhibit some extensions,
definitions and other useful notations. Next, we define the fuzzy fractional differentiation
and give some practical properties and lemmas. Finally, we introduce basic notations of
probability theory and fuzzy stochastic calculus.

Chapter 2: The existence, uniqueness and stability of solutions for fuzzy fractional stochastic
differential equations driven by a fractional Brownian motion under the Lipschitzian condi-
tion are studied. Finally, we investigate the exponential stability of solutions.

Chapter 3: By using the Banach fixed point analysis approach and using the fuzzy numbers
whose values are normal, upper semicontinuous, convex and compact, the existence and
controllability of solutions for fuzzy neutral stochastic differential equations with impulses
are considered.

Chapter 4: We investigate a novel class of coupled system of fuzzy fractional pantograph
stochastic differential equations, whose derivative is based on Caputo fractional derivative.
Firstly, we convert the system under consideration into an analogous integral system. Sec-
ondly, using Banach fixed point theorem, the existence and uniqueness results of solutions
for the system under consideration are then established. Additionally, we explore the Ulam-
Hyers stability result.

Chapter 5: An averaging principle for fuzzy stochastic differential equations is studied.
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By using Gronwall inequality, we prove that the solutions of fuzzy stochastic differential
equations can be approximated in the sense of mean square by solutions of averaged fuzzy
stochastic system under certain assumptions.

Chapter 6: Fuzzy fractional pantograph stochastic differential equations is investigated
here. We first establish by using Banach fixed point theorem the existence and uniqueness
of solutions. Then, under suitable conditions, we will prove that the solutions of the system
under consideration can be approximated in the sense of mean square by the solutions of
averaged fuzzy fractional stochastic system.

Chapter 7: We investigate a novel class of nonlinear Hilfer fuzzy fractional stochastic dif-
ferential equations with time-delays. We discover an averaging principle for the system’s
solution under a few assumptions. Based on fuzzy fractional calculus, Cauchy-Schwarz
inequality and Gronwall-Bellman inequality, we prove that the solution of averaged sys-
tem nonlinear Hilfer fuzzy fractional stochastic differential equations converge to that of the

standard one in the sense of mean square.

FACULTY OF SCIENCES AND TECHNOLOGIES 2 SULTAN MOULAY SLIMANE UNIVERSITY



Chapter 1

Preliminaries

Contents

11 Fuzzysets ... ... ... ...t
1.1.1 Basic definitions and properties. . . . . .. ... ... ... ... ... 4

1.1.2  Fuzzy differentiation and integration . . ... .. ... .. ... ...

1.2 Fuzzy stochasticcalculus . .. ... ... ... ... . ... . .. 10
1.2.1 Basic Notations of Probability Theory . . . .. ... ... ... . ... 10
122 BrownianMotions . . . . . . ... Lo o 10
1.2.3 Fractional Brownianmotion . . . . . . ... ... ... ... ..., . 11
124 StochasticIntegral . ... ... ..... ... ... ... .. .. ... 11
125 Fuzzybackground . ... ........ .. ... .. .. ... .. ... 12

In this chapter, we give an introduction to the several concepts that are of a particular interest
in what follows. First, we introduce fuzzy sets and exhibit some extensions, definitions, and
other useful notations. Next, we define the fuzzy fractional differentiation and give some
practical properties and lemmas. Finally, we introduce basic notations of probability theory

and fuzzy stochastic calculus.

1.1 Fuzzy sets

In contrast to odd and even numbers which can be classified as belonging to exactly one
class, in many engineering tasks, we are faced with classes such as “tall”, “speed”, "age”,
etc. All of these convey a useful semantic meaning that is obvious to a certain community.
However, a borderline between the belonging or not of a given object to such classes is not
evident. Twovalued logic, used in describing these classes of situations, might be not well-

suited,
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‘u T VOUNg middle-aged ald ‘u TOUNE middle-aged
| l | \( ><
0 . : 0 >
Crisp membership Age Fuzzy membership Age

Figure 1.1: Crisp VS fuzzy membership logic.

1.1.1 Basic definitions and properties

Let’s start by summarizing the fundamental concepts of fuzzy sets, fuzzy sets of num-
bers, and fuzzy logic. Additional support and applications for this theory can be found
in [68, 121, 122].

Let E" indicates the fuzzy subsets on R", defined as ¢ : R — [0, 1], which satisfies:

(1) Cisnormal, i.e dzy € R™ such that ((zy) =1,

(2) ¢is a convex fuzzy set,i.e for0 <3 <1
min{((z1), {(z2)} < ¢(Bz1 + (1 — B)z2), V21,22 € R,

(3) ¢ is upper semicontinous on R",

(4) [(]° =clz e R™: ((z) > O} is compact, where cl represents the closure of a set.
Let vy € (0,1], we define [(]Y = {z € R"|((z) > y}and [(]° = {z € R"|{(z) > 0}. From the
conditions (1) to (4) the set [(]* are convex compact subsets of R" for all y € (0, 1].
The notation [{]Y = [g(y),Z(y)], denote the y-cut set of ¢, for all y € [0,1]. We denote by C
and C as the left and right end point of ¢, respectively. For ¢ € E", we define the lengh of the
y-cut set of ¢ as len([]Y) = C(v) — ¢(y).

Remark 1.1.1 The fuzzy zero is defined by

6(2){] if z=0,
0 if z#0.

Definition 1.1.2 A fuzzy number { in the parametric form is a pair ({(y), {(v)) of functions ¢, C
fory € [0, 1], which satisfy the following conditions

e ( is a bounded increasing left continuous function in (0, 1] and right continuous at 0,

FACULTY OF SCIENCES AND TECHNOLOGIES 4 SULTAN MOULAY SLIMANE UNIVERSITY



ARHRRABI EL HOUSSAIN DOCTORAL THESIS LABORATORY : LAMSC

e ( is a bounded decreasing left continuous function in (0, 1] and right continuous at 0,

e we have ((y) < C(y), forall y € [0,1].
The characteristic function of a set A is denoted ¢ : A — {0, 1} such that

1 if z€eA,
0 if z¢A.

o(z) =

A trapezoid fuzzy membership function p: A — [0, 1] verifies

0 if z<a,
w(z) = ?

d .
b if ¢c<z<d,

N

if a<z<b,

-]

o

\O if z>d,

such as [a,d] C A. Below a crisp membership function is plot on Figure 1.2 and a fuzzy
membership function is plot on Figure 1.3.

Figure 1.2: Example of a crisp membership function.

Figure 1.3: Example of a fuzzy membership function.

FACULTY OF SCIENCES AND TECHNOLOGIES 5 SULTAN MOULAY SLIMANE UNIVERSITY
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Operations on fuzzy numbers

The following standard operations, based on Zadeh’s extension principle, define a semilin-
ear structure on E".

(& v)(x) = sup min{u(y),v(z)},

y+z=x
)i A £0,
Aou(x) = )b A
0 if A=0,

Hukuhara Difference

The Hausdorff distance between the fuzzy numbers is denoted by D, : E* x E* — [0, +-00)

such that

Do (G1,G) = sup {|¢,(v) — L,V 1G(Y) — &I},

0<y<1

= sup Dy (], [G]Y).

0<y<i

We know that (E", D) is complet metric space and satisfies:
Do (C] + Gy, G+ Cs) = Doo(Ch Cz),

D (aly, aly) = |a|Ds (G, &),
Doo (C]) CZ) < Doo(Ch C3> + DOO(C3) CZ)?

for all ¢y, (3, (3 € E"and a € R™.

Definition 1.1.3 Let u,v € E", if there exists w € E™ such that w = v + w then w is called the
Hukuhara difference of wand v and it is denoted by w © v and called H-difference.

Remark 1.1.4 Note that the sign © stands for H-difference and w © v # w4+ (—1)v.

Let C([a, b], E*) denote the set of all continuous fuzzy functions and AC([a, b], E*) the set of
all absolutely continuous fuzzy functions on [a, b] with value in E* and AC™"([a, b], E")
the set of all absolutely continuously H-derivatives fuzzy functions up to order n — 1 on the
interval [a, b] with value in E". Also, we denote by L([a, b], E*) the space of all Lebesgue

integrable fuzzy valued functions on [a, b].

FACULTY OF SCIENCES AND TECHNOLOGIES 6 SULTAN MOULAY SLIMANE UNIVERSITY
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1.1.2 Fuzzy differentiation and integration

Definition 1.1.5 A function f : (a,b) — E" is called H-differentiable on uy € (a,b) if for k > 0
sufficiently small there exist H-differences f(uy + k) © f(uo), f(ug) © f(uo — k) and an element
f'(uy) € E™ such that

lim D (f(uo 1) © fluo) f,(uo)> ~ lim D, (f(uo) O flu — k) f,(u0)> o

k—s0 k k—0 k

This usual concept of differentiability has some shortcoming. Then, Bede et al [23], defined

a generalised concept of differentiability.

Definition 1.1.6 Let f : (a,b) — E" and uy € (a,b). We say that f is strongly generalised
differentiable on w, if there exists an element f'(uy) € E", such that for all k > 0 sufficiently small,

we have
(1)
ooy fluo k) of(u) . flue) © flug —k)
e I S
(2)
w1 f(uo) O fluo+k) .. fluo—k) O f(uo)
(up) = lim = lim )

k—0 —k k—s0 —k
Definition 1.1.7 [12] Let f € C([0,1],E) N L([0,1],E"). The fuzzy fractional integral of the
fuzzy-valued function f is defined by

I%f(z;y) = [I"‘f(z;v)l"‘?(zw)], v € [0, 1],

where

I%f(zyy) = %o() E(z —5)¥ ' f(s;v)ds,

— 1 z —
Tf(zy) = o | (29" Tsivlas.
Me) Jo
Remark 1.1.8 In [23], the authors considered four cases for derivative up to second order. Following
[23] and for the sake of convenience, we only consider two cases. The other cases are trivial because

they can be reduced to crisp elements.

Definition 1.1.9 [12] Let f € C™([0,1],E*) N L([0, 1], E*), uy € (0,1) and $(z) = %«JJ' (z—
0

$)* ™ f(s)ds where n = [o] + 1. We say that f is fuzzy Riemann-Liouville fractional differentiable

of order « at Wy, if there exists an element (D§)f(uo) € E®, such that for all k > 0 sufficiently small,

we have

(1)

(D) (ig) — Tim S (TR O GM o)y &7 H(ute) O &M Huo — k)

k—50 k Kk—s0 k ’

(2)

« b e 9 (o — k) 0 ™D (w)
(D3f)w) = lm, = - jim A
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Let C™ ([0, al, E*) denote the space of fuzzy-value functions f on the interval [0, a] which

have continuous H-derivative up to order n — 2 such that ™" € C([0, al, E).

Remark 1.1.10 The space C™V ([0, a], E*) is a complete metric space endowed by the metric D
such that for every f,g € C™([0, a], E")

n—1

D(f,g) = }_ sup D (f(8), g (1))
i=0 tel0,al
Notation: In the rest of this chapter, we say that a fuzzy-valued function f is [(1) — yJ®t-

differentiable if it is differentiable as in Definition 1.1.9 case (1) and is [(2)—y]*"-differentiable

if it is differentiable as in Definition 1.1.9 case (2).

Definition 1.1.11 [12] Let f € C™ ([0, 1],E™) N L([0, 1], E"), uo € (0,1) and ¢(z) = %a]

(z—
$)* ™ f(s)ds where n = [y] + 1, then

(1) if fis [(1) — yI* -differentiable fuzzy valued function, then

(D§0)(uesy) = (DS (s v), (DT (i v)

(2) if f is [(2) — yIR"-differentiable fuzzy valued function, then

(D5) (o3 y) = | (D§F) (oi v), (D§1) (13 )

|

where i )
o4 . _ 1 d\m (* n—o— .
DY) = |y (35) | (=0 sk ar R
xr . _ _ 1 dyn - n—a—1le(y. _
(DO f)(uo;y) = m(a) JO (z—1) 1f(t,y)dt )

For & € (0,1), let Cs ([a, bl, E“) the space of continuous functions defined by

Cs:={z e (a,b] — E*: (u—s)'"%z(u) € Cla,b]}.

Denote by L([a, b], E") the set of all fuzzy functions z : [a, b] — E® such that u — D [z(u), 0]
belong to L'[a, b].

Definition 1.1.12 [57] The Riemann—Liouville fractional integral of order v > 0 of a continuous

.

Definition 1.1.13 [57] The Caputo fractional derivative of order vy > 0 of a absolutely continuous

function is defined by

Y. z(u) = (w—s)"""z(s)ds.

derivatives function up to order (n — 1) is define as follow:

CDYf(u) = (w—v)" ()™ (v)dv.

T h

8

FACULTY OF SCIENCES AND TECHNOLOGIES SULTAN MOULAY SLIMANE UNIVERSITY



ARHRRABI EL HOUSSAIN DOCTORAL THESIS LABORATORY : LAMSC

Definition 1.1.14 [57] The Riemann—Liouville fractional derivative of order vy > 0 of a continuous

function z is given by

RLDY z(u) : = DMZ1 Vz(u),

o a\"
S Tn—v) (d_u>

wheren = [y] + 1.

For z € L([a,b], E"), we define the Riemann-Liouville fractional integral of order 'y of the

fuzzy function z:

z,(u) =7 z(u) = %}/) J:(u— s)Y 'z(s)ds, u> a.

Since [z(u)]* = [g(u, o), z(u, oc)] , we can define the fuzzy Riemann-Liouville fractional

integral of fuzzy function z based on lower and upper functions
[ZY z(w)* = [ZY. 2(u, &), I}, Z(u, o) ], u> a.

Where

T 2w, ) = %y) r(u o 2(s, 0)ds,

and

I).Z(u, &) = %}/) Ju(u — )" 'Z(s, «)ds.

It follows that the operator z, (1) is linear and bounded from C([a, b], E*) to C([a, b}, E").

Definition 1.1.15 [99] Let Df € C(]J, E") N L(J, E"). The fuzzy fractional Caputo diffentiability of
f is given by:

u

il
ra—v)Jo
Definition 1.1.16 [69] The fuzzy Hilfer fractional derivative of order y and parameter (3 of a func-
tion z € Cy_sla, bl is defined by

CDYf(u) :I!IV(Df)(u) = (u—v) Y (Df)(v)dv.

n d\" 1 gm
MDY () = 78! v)(_) TP,
du

if the gH-derivative z;_s(u) exists, wheren —1 <y <n,and 0 < p < 1.

Definition 1.1.17 [57] Mittag-Leffler function with two parameter is defined as

M, plu) = E —, Y,B>0.
VB n r(,y) n )» )
Particularly, when 3 = 1, two parameter will degenerate into one parameter function, i.e M, ;(u) =

m, (u).
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1.2 Fuzzy stochastic calculus

Fuzzy stochastic calculus has come to play an important role in many branches of science
and technology where day by day more and more mathematician have encountered in this
tield. Fuzzy stochastic calculus is the area of mathematics that deals with processes con-
taining a stochastic component and thus allows the modeling of random systems. Many
stochastic processes are based on functions which are continuous, but nowhere differen-
tiable. This rules out differential equations that require the use of derivative terms, since
they are unable to be defined on non-smooth functions. Instead, a theory of integration is

required where integral equations do not need the direct definition of derivative terms.

1.2.1 Basic Notations of Probability Theory

Let (Q, A,P) be the probability space [72]. Here Q is the sample space and A is the o-
algebra of () and P is the probability measure defined on A. A probability measure [P on the
measurable space (), .A) is a function P : A — [0, 1] such that

(MPQ) =T,

(2) for any disjoint sequence A; C A, thatis, A;NA; =0,1#],

P(UA;) = Z P(AL).
i=1
Let E(X) = IQ X(w)dP(w) denote the expectation of X.

1.2.2 Brownian Motions

The name of the Brownian motion is given to the irregular movement of pollen grains, sus-
pended in water, observed by the Scottish botanist Robert Brown in 1828 [72]. The motion
was later explained by the random collisions with the molecules of water. To describe the
motion mathematically it is natural to use the concept of a stochastic process B.(w), inter-
preted as the position of the pollen grain w at time t. Brownian motion is the actual physical
motion of these particles, the Wiener process is the mathematical interpretation of this pro-

cess. Let us now give the mathematical defition of Brownian motion [72].

Definition 1.2.1 Let (Q, A, P) be a probability space with a filtration { A:}. A standard one-dimensional
Brownian motion is a real-valued continuous {A.}-adapted process noted by {B}.>o with the follow-
ing properties:

(1) Bo =0a.s,

(2) for 0 < s <t < oo the increment By — By is normally distributed with mean zero and variance
t—s,

(3) for 0 < s <t < oo the increment By — By is independent of As.
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1.2.3 Fractional Brownian motion

In the modeling of many stochastic systems, the fractional Brownian motion (fBm) which
shows a long-range dependence, is suggested to replace the Brownian motion as the driving
process. The fBm with H € (0,1) as Hurst parameter is a Gaussian process with benefi-
cial properties, long-range dependence, self-similarity and stationary of increments. This
process is appropriate for the analysis of phenomena which present long-range and scale-

invariant correlations. Nevertheless, when H # 1, the fBm is not a semimartingale.

Definition 1.2.2 [59] The fBm By = {Bn(t), t € [0, T]} with Hurst parameter H € (0, 1) is a zero
mean Gaussian process with the following covariance function:

Rg, (t,s) = E(Bu(t)Bu(s)) = %(SZH +tM— Tt —s ).

This process was introduced in [65] and studied in [83], where a stochastic integral repre-
sentation was established in terms of the Brownian motion. The long-range dependence
and self-similarity properties of this process, for H > 1, yield a suitable driving noise in

stochastic models, such as networks, finance and physics.

Remark 1.2.3 In [83] a representation of By (t) was given as follows:

0
Bult) = oo (| 16— 907 (=5)7Iawis) + B(0),

N1+«

t
where W is a Brownian motion, x = H — % and B"(t) = | (t—s)*dW(s). The process B"(t), with

H € (0,1) is called the Liouville form of a fractional Brownian motion (LfBm) which holds many

properties of the fBm except that it has non-stationary of increments.

Remark 1.2.4 In [59] the Malliavin calculus technique was used to approximate By (t) by a semi-

martingale processas follows:

Br.(t) = ocJ ¢f(s)ds + ¢*B(t), (1.2.1)

where .

eE(t) = Jo(t— s+¢)* 'dB(s). (1.2.2)

1.2.4 Stochastic Integral

T
Now we consider how to define the stochastic integral J f(t)dBn(t) where By(t) = By is

0
the fBm. Here f(t) = f(t,w) : [0,00) x Q — R is a measurable function. Since By(t) is
T

not of bounded variation, we cannot define J f(t)dBy(t) by using usual Riemanm-Stieltjes

0
integration method. We need to introduce other way to define the stochastic integral. Two
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approaches have been used to define stochastic integrals with respect to fBm. In the first
one, the Riemann-Stieltjes stochastic integral can be defined using Young’s integral [119] in

the case of H > 1. The second approach is based on the Malliavin calculus (see [31, 33]).

1.2.5 Fuzzy background

In this subsection, we provide some preliminaries on fuzzy random variable, fuzzy stochas-
tic process and fuzzy stochastic integral (see [34, 70, 76]).
Let us denote by (R™) the family of all nonempty, compact and convex subsets of R". Or,

the space IC(R™) is a complete and separable metric space with respect to Dy.

Definition 1.2.5 [59] Let (Q, A, P) be a probability space. The mapping F : Q — K(R™) is called
A-measurable if it satisfies {w € Q : F(w) N C # 0} € A, for every closed set C C R™.

Let M(Q, A; L(R")) denote a family of .A-measurable multifunctions with values in (R").

Definition 1.2.6 [59] A multifunction F € M(Q, A; K(R™)) is said to be LP-integrably bounded,
forp >1,if3h € LP(Q, A, P;R") such that ||[F||| < h P-a.e and |||F||| = Dy (F,0).

Remark 1.2.7 It is well known that F € M(Q, A; K(R")) is LP-integrably bounded if and only if
IIFIll € TP(Q, A, B, R™) (see [59]).

Let us denote L7 (Q, A, P;K(R")) = {F c M(Q, A K(RY) : |[[F] € LP(Q,A,]P’;R“)}. One

can define the distance

<=

d,(A,B) = (DpH(A,B)) for A,Be LP(Q,A,IP’;IC(R“)),p > 1.

In fact D, is a metric in the set LP (Q, A, P; K(R™)).

Proposition 1.2.8 [81] For p > 1 the space L (Q, A, P; K(R™)) is a complete metric space with

respect to the metric d,.

Definition 1.2.9 [119] Let (Q, A, P) be a probability space. A fuzzy random variable is a function
X : Q — E", if the mapping [X]Y : Q — K(R") is an A-measurable multifunction for all
v € [0,1].

Let us consider a metric p in the set E", and o-algebra B, generated by the topology induced
by p.

Remark 1.2.10 [59] A fuzzy random variable can be viewed as a measurable mapping between two

measurable spaces, namely (Q, A) and (E", B,), we call X is A|By-measurable.

Definition 1.2.11 [59] A fuzzy random variable X : Q — E", is LP-integrably bounded, forp > 1,
if [X]Y € LP(Q, A, P; K(RM)) for every y € [0,1].
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Let us denote by L? (Q, A, P; E*) the set of all LP-integrably bounded fuzzy random variables.
We can define a metric in L? (Q, A, P; E*) in the following way

D, (x,y) := sup dp([x]", [yl").

0<y<1

Proposition 1.2.12 [81] For p > 1 the space L? (Q, A, P, E*) is a complete metric space with respect

to the metric D,

Remark 1.2.13 The random variables X,Y € L?(Q, A, P;E") are identical if P(Doo(X,Y) = 0) =
1.

Proposition 1.2.14 [59] For a fuzzy random variable X : QO — E", and p > 1, the following
conditions are equivalent:

(i) X € LP(Q, A, P, E?),

(it) XI° € LP(Q, A, P, K(RM)),

(i) 11X € LP(Q, A, F;R™).

Definition 1.2.15 [59] If the mapping X(t) : Q — E®, for every t € ] := [0, T}, is a fuzzy random

variable, then X : ] x O — E™ is a fuzzy stochastic process.

Definition 1.2.16 [59] A fuzzy stochastic process X is D-continuous, if almost all its trajectories,

i.e. the mappings X(., w) : ] x QO — E" are D,-continuous functions.

Definition 1.2.17 [59] A fuzzy stochastic process X is a measurable, if [X]Y : ] x Q — K(R")
is B(]) ® A-measurable multifunction for all v € [0, 1] where B(]) denotes the Borel o-algebra of
subsets of ].

Definition 1.2.18 [59] A process X is nonanticipating if and only if for every y € [0, 1] the multi-
function [X]Y is measurable with respect to the o-algebra N := {A eB(J)JeA:Ate A, Vte ]},
where A' ={w : (t,w) € A}.

Definition 1.2.19 [59] A fuzzy stochastic process X is called LP-integrably bounded (p > 1), if
there exists a real-valued stochastic process h € LP (] x Q,N; Rn) such that

Xt W)l < h{t, w),

for almost all (t,w) € ] x Q.
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Let us denote by L? (] x Q, \; E") the set of nonanticipating and LP-integrably bounded fuzzy
stochastic processes.
Notation: The set R" can be embedded into E* by using the following embedding (.) :

R™ — E™ such that for x € R™ we have

1, b=x,
0, b#x

(x)(b) =

If X: O — R™ is a random variable on the probability space (Q, A, P), then (X) : O — E"
is a fuzzy random variable. For stochastic processes we have a similar property.

We define the fuzzy stochastic It6 integral by using the fuzzy random variable as

<£Xummg)

where B is a Wiener process.
Notations: Let L?(Q, E") be the collection of all strongly measurable square integrable (Q, E")-
valued random variable, which is a complete metric space equipped with the following
metric

D?(A1,A;) = EDZ (A1, A2).

Let C (], L2(Q, E“)) be the Banach space of all continuous process from | into L*(Q, E") such
that ED2_(A1,A;) < oo. Denote by K := C(J,L*(Q,E")) the closed bounded subspace
of all continuous fuzzy process A in L*(Q,E") consists of A;-adapted measurable process

{A(t),t € J} equipped with the norm

D2 (A1, A7) = sup EDZ (Aq(t), Ay(t)).

0<t<T

Remark 1.2.20 Note that (K, D) is a complete metric space.

Lemma 1.2.21 [114] The nonnegative functions M., and M., given by

Y:Y Zr'}/k+'}/

have the following properties:

1—VA >0andt €]

FACULTY OF SCIENCES AND TECHNOLOGIES 14 SULTAN MOULAY SLIMANE UNIVERSITY
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and My (0) =1, My, (0) = -

2— VA > 0and t1,t; € ] such that t; < t,:
M, (AL) < My (AL]),
M,y (AL]) € My, (AL]).

Definition 1.2.22 [57] Mittag-Leffler function with two parameter is defined as

My (u :erﬂs) ¥, B > 0.

)=

Particularly, when 3 = 1, two parameter will degenerate into one parameter function, i.e M, ;(u) =

N, (u).

.
Proposition 1.2.23 [59] Assume that the function X : ] — R™ satisfies J 1X(s)||*ds < oco. Then,
0

t

the fuzzy stochastic It6 integral < J

X(s)dBH(s)> e 12(] x Q, N:E™).
0

Proposition 1.2.24 [59] For f € LP(] x Q,N;E") and p > 1. We have, ] x Q > (t,v) +—
t

J f(s,v)ds € LP(J x Q,N;E") and D-continuous.
0

Proposition 1.2.25 [59] For f,g € LP(] x Q,N;E") and p > 1, we have

E sup DY, (Ja fu)du, Ja g(u)du) < P! Jt EDP_(f(u), g(u))du.
0

ae(0,t] 0 0

Proposition 1.2.26 [42] Let\p : ] — R™, then fort € J;
) t
sup B[ | wis)aBuls)|” < | f(s) s
a€(o,t] 0 0

Proposition 1.2.27 [59] Assume that the function : ] — R" satisfies fg b (v)|[*dv < oo. Then:

3%

(1) The fuzzy stochastic It6 integral < J

b(w)dBy(u)) € 3] x O,N;E"),
0

(ii) For x € L*(J x Q,N;E") we have, foru <v € J,

D.. (va(s)ds + Jvtl)(s)dBH(s), Jux(s)ds + Jull)(s)dBH(s))

0 0 0 0

— D, (va(s)ds + va(s)dBH(s),/G) .

u u
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Proposition 1.2.28 [110] For f,g € L?(J,E") and t € ] we have

a

E sup DV, (<J:f(u)dW(u)>,<L g(u)dW(u)>) < J: EDP_(f(u), g(u))du

a€l0,t]
Lemma 1.2.29 Lety € (0,1) and 0 <u < s, we get

2y—=1 _ 2y—1

u S < (u—s)> .

Proof. We have

w2 = 2y — 1)J 22V 2dz,

S

and
U

(u—s)'1T=2y—-1) J (z — )" 2dz.
Sinces < z<uand -2 < 2y — 2 < 0, we have 222 < (z — 5)®72. Then, u?*~!

(u—s)2 1,

_ SZV*] S
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Chapter 2

Existence and stability of solutions of
fuzzy fractional stochastic differential
equations with fractional Brownian
motions
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2.1 Introduction

A stochastic dynamical system can be frequently described by some stochastic differential
equations. The equation of a given system specifies its behaviour overany given short pe-
riod of time. To determine the system’s behaviour for a long period, we often study the
integration of the equations. When we investigate real world systems, we are interested in
settling the system into its typical behaviour. The subset of the phase space of the dynamical
system corresponding to the typical behaviour is the attractor, also known as the attracting
set. In the mathematical field of dynamical systems, an attractor is a set of numerical values
toward which a system tends to evolve, for a wide variety of starting conditions of the sys-
tem.

There appears to be confusion of various kinds in the modeling of several real world sys-
tems, such as trying to characterize a physical system and opinions on its parameters. To
deal with this ambiguity, the fuzzy set theory will be used [120]. It is able to handle such
linguitic statements mathematically using this theory, such as, ‘large” and ‘less " etc. The

capacity to investigate fuzzy differential equations (FDEs) in modeling numerous phenom-
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ena, including imprecision, is provided by a fuzzy set. In particular, the fuzzy stochastic
differential equations (FSDEs), in instance, might be used to investigate a variety of eco-
nomics and engineering problems that involve two types of uncertainty: randomness and
fuzziness.

The fuzzy It6 stochastic integral was powered in [81, 82]. Therefore, in [78, 79] the fuzzy
stochastic integral is driven by the Wiener process as a fuzzy adapted stochastic process.
Also, in [38], Fei et al. studied the existence and uniqueness of solutions to the FSDEs with
non-Lipschitzian condition. In [59] Jafari et al. study FSDEs driven by fBm. Jialu Zhu et
al. in [124] prove existence of solutions to SDEs with fBm. Ding and Nieto [36] investigated
analytical solutions of multi-time scale FSDEs driven by fBm, Vas'kovskii at al. [111] prove
that the pth moments, p > 1, of strong solutions of a mixed-type SDEs driven by a standard
Brownian motion and a fBm. Despite the fact that some research exists on the problem of the
uniqueness and existence of solutions to SDEs and FSDEs which are disturbed by Brownian
motions or semi martingales, ([39, 40, 41, 80, 89, 78]), a kind of the (FFSDEs) driven by a
fBm has not been investigated. Agarwal et al. [3, 4] considered the concept of solution for
FDEs with uncertainty and some results on FFDEs and optimal control nonlocal evolution
equations. Recently, Zhou et al in [125, 58, 46] are given some important works on the stabil-
ity analysis of such SFDEs. Motivated by the above discussions and based on the result in
[43], we are interested by the existence, uniqueness and stability of solution of the FFSDEs
defines in the next section. This chapter is organized as follows: In the first subsection, the
existence and uniqueness of solution to the FFSDEs are proved. The second subsection will

be devoted to the stability of solution.

2.2 Main results

In this section, we shall formulate and prove sufficient conditions for the existence, unique-
ness and stability of solution of the FFSDEs defines by (2.2.1). We first prove the existence
and uniqueness of solution. Then, we show that under certain assumptions, the solution
of (2.2.1) exists and it is unique. Afterwards, we examine the stability of the solution with

respect to initial values.
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2.2.1 Existence and uniqueness results

Now, we are interested in the existence and uniqueness results of the following FFSDEs

driven by an fBm

CDax(s) = f(s, x(s))ds + <g(s,x(s))dBH(s)>,
2.2.1)

X(O) = X0

where:
f:]xQxE"— E",

g:J] xQxE"— R",
XoIQHEn,

€D* is a Caputo fractional derivative of order 0 < « < 1 and {By(s)}s¢j is a fBm defined on
(Q, A, {A'}s¢;, P) with Hirst index H € (1, 1).

Definition 2.2.1 A solution of problem (2.2.1) is a fuzzy process x : ] x O — E" satisfying the

following conditions
(1) x € L(J x Q,N; E"),
(i1) x is Doo-continuous,

(ii1) we have

x(t) =xo +

1 ' f(S,X(S)) 1 t g(S,X(S))
Mo L (E=nlEa F(cx)<L g e dBu(s)): (222)

Remark 2.2.2 We call a solution x : ] x O — E" of problem (2.2.1) is unique, if x(t) = z(t),

where a fuzzy process z : | x O — E™ is any solution of problem (2.2.1).

We will assume that all through this chapter, f : (] x Q) x E* — E"is Bg; ® N | Bp_-
measurable.
We consider the following hypotheses:
(H1) xg is Ap-measurable, such that
ED? (x0,0) < o0,
(H2) Forallu € EMand t € J, 3C > 0 such that

max {EDZ, (f(t,u),0), [|g(t,w)[|} < C.
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(H3) Forallu,v € E*and t € J, 3L > 0 such that

max {ED@O (f(t,u),f(t,v)>,1E||g(t,u) - g(t,v)||2} < LEDZ (u,v),

Let us now introduce the main theorem in this part.

Theorem 2.2.3 Under hypotheses (H1)-(H3) and xo € L*(Q, Ay, P; E"), the problem (2.2.1) has a

unique solution x(t).

Proof. Consider the FFSDE (2.2.2)

_ 1" f(s,x(s) 1 /(% gls,x(s))
x(t) =xo + Mo L (t—s)1—cxds+ F(oc)<J0 (t—s)‘—“dBH(s)>' (2.2.3)

By Eq. (1.2.1), we can write

1 (" f(s,x(s)) 1 tade(s)g(s,x(s)) " e%g(s,x(s))
J d <J ds +J —_—

Mo - S r— o (t—s)e

=%t 1y [ s )

dW(s)>.
(2.2.4)

The method of successive approximations will be used to demonstrate the existence of solu-

tion of problem (2.2.1). Therefore, defined a sequence x,, : ] x O — E", as below:
Xo(t) = X, (225)

and forn =1, ...,

1 Jt f(S,Xn_1(S)) 1 <Jt (Xd)E(S)g(S’Xﬂ_](S))dS—i—Jt €ag(S,Xn_](S))

(e RATTIAY Sty o (s

xalt) =Xt | —se S W

dW(s)>.
(2.2.6)
It's clear that x,,’s are in L*(] x Q,N;E") and D,.,-continuous. Indeed, we have x, € L*(] x

Q,N; E") and x¢ is D,-continuous.

Let us define forn € Nand t € ], K,(t) = sup ED?_ (xn(u), Xn_1(1)). Then, from Propo-
0<u<t
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sitions 1.2.23-1.2.28, Cauchy—Schwarz inequality and hypotheses (#1)-(#3), we have:

_ 2 f(s,%o0) T ™ g(s,xo0) A
K‘(t)_oiiEtED“((oc)L( S (g ), sy dBts ’O)

2 (s Xo A ) 1 ax@*(s)g(s,xo) A
<3 sup {ED (r () L o O) D (<r(oc) L e ds>’°>}

+ 3 sup ED% ( o J € g > XO (s)>,6),

0<u<t o (u—
] . R

< up KD (r(oc) I (:(—S’:)O])ads’ e )y ’s())?“ds>

o6 s 20 (i [ o an) 6 e [ [ 0 e e

<6 0 [ 20 [ st 9)

< miﬁ% E EDZ, (f(s,%0), f(s,0)) ds + mﬁ% E EDZ (f(s,0),0) ds

+ % J: ED?%, (g(s,xo),ﬁ) ds+6 [(zzz_ci;z](oc) ED?, (J: <(p£(s)g(s,xo)ds>,6)] ,

= 2« 6—T12(;ﬁ2(o¢) D3 (x0,0) + (zaG—Tjo;EZ(a) * (szi“ﬁzo[a) * (Zioi?)_l-z?oc) =UT
where 1, = WDQ(XO,Q + (zfx—?)crzm) + (2“6_512;(23(“) + (2“6"‘]2)% . Moreover, similarly we

have:

— 1 uf(s)xn( )) 1 " Q(S,Xn)
Kns1(t) = sup ED§<F( JO Ty L +<r((x)J dBH(S)>)

0<u<t o) o (u—s)l—=

u

T " f(s,xn1(s)) 1 g(sy%n_1)
o) L s ds+<r(oq L s «dBH(S)>>>

< 2 sup ED? (r1 J f(s”‘““”ds,r f(s,xn—1(s))ds)
0 0

0<u<t (o) Jo (W—s)1—= (w—s)=

2 1 " g(saxn) 1 " Q(S»Xn—l)
2 sup 8% (i || ooaedonton) (g [ e sitsamuts) ),

t
< tzj sup EDZ (x,(s), X 1(5))ds,

0 uel0,s]

t
< tzj Ko (s)ds,
0

6C 6:2%C 6o2CL
where 1, = WEDZ (x0,0) + T T B T meeniTeg- Thus, we get
L (Lt
Kit) < ———, Vte eN 227

where 1, = 2Tc.
Hence, from Chebyshev’s inequality and (2.2.7), we get

1 1 (41 TZoc)n
2 1 :
P (slgDoo(xn(u),xn 1) > E) =L w0

FACULTY OF SCIENCES AND TECHNOLOGIES 22 SULTAN MOULAY SLIMANE UNIVERSITY



ARHRRABI EL HOUSSAIN DOCTORAL THESIS LABORATORY : LAMSC

(412T20c)n
n!

since the series } | -, is converge, according to Borel-Cantelli lemma we get

P (sup Do (xn (), xn1(w)) > 4ln ) =0.
uej

Thus, the sequence {x,(.,v)} is uniformly convergent to X(.,v) : ] — R" for v € Q., where
Q. e Aand P(Q.) = 1. Then

lim sup ED?% (x,(t),%(t)) = 0. (2.2.8)

n——oo te]

Let us define x : | x QO — E™ as bellow:

x(.,v) =

x(.,v), if v e Qg
freely chosen, if veve\Q,.

We can observe that foreach 0 < « < 1 and t € J, we have

nhinw DH([Xn()U)]a> [Xn—1 ()U)]“) =0.

Then [x(t,.)]* : Q — K(R") is A{-measurable. Hence x is nonanticipating. By (2.2.8), we
have
lim sup EDZ (x,(t),x(t)) =0, (2.2.9)

n——oo tE]

which show that IA > 0 independent of n € N such that

sup EDZ_(xn(t),x(t)) < A. (2.2.10)

te]

Since x,, € L*(] x Q,N;E"), we have x,,(t) € L*(Q, A, P;E"). In addition, we can prove that
x € L*(J x Q,N;E"). Indeed, for alln € Nand t € J, let us denote

P (t) = sup EDZ (xn(u),0).

0<u<t

Then, we get

Pr(t) < 3ED§O(XO,6) + 3 sup EDZ, LJ (w— ) (s, xn_1(s))ds, 0
0<u<t () Jo

+3 sup EDZ, (<Lr(u— S)“19(S,Xn1(5))dBH(S)>»6) :

0<u<t () Jo
By using Propositions 1.2.26, 1.2.27, Cauchy-Schwarz inequality and hypotheses (#1)-(#3),

we have

N 6t20c—1 t N A
Wn(t) < 3EDL 060, 0) + 150"y L [EDZ (f(s,xn1(s)), (s, 0)) + EDZ (f(s,0),0) ] ds

+ 3ED?, <<F1 Ju oc(pe(s)g(s,xo)ds>’6) + 3 sup ED% (<F(] Ju e%9(s, %) dW(s)>,6) )

() Jo (u—s)l== 0<u<t «) Jo (u—s)l—=
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We get
t
Dalt) < A+ A, J bo_1(s)ds,
0

_ 6L 2 A 6C 6e2%C 602CL _ et2x1C
where A; = (za—UrZ(a)EDoo(XO’O) + G T (zafl)rzm) + (Zcxfcl)rz(oc] and A; = 2o ()"

According to Gronwall’s inequality, we get
Pn(t) < Aje™?t, vtel. (2.2.11)
Due to the hypothesis (#1), Egs. (2.2.10) and (2.2.11), we get

sup EDé(X(S),@) <2 sup ED?Z,(x(s), Xn(s)) + 2 sup EDio(xn(s),a),

0<s<t 0<s<t 0<s<t

< 2A+2A, eAzt < 00,

which implies

.
J ED? (x(s),0)ds < Tsup ED? (x(t),0) < oco.
0 te]

Thus, we get x € L*(] x Q,N; EM).
On the other hand, we have

1 (" f(s,x(s)) T " g(s,x(s)) B
stlg) EDZ, (x(t),xo + Mo L - S)Hde + <F(oc) J ocdBH(s)>) =0. (2.2.12)

Indeed, we observe that

T (" f(s,x(s)) T " g(s,x(s))
s:é]]pEDio (x(t),xo + o) L - S)}_ﬁds + <F J — dBH(s)>)

<3 {sup ED?Z, (x(t), xn(t))

te]

1 ¢ f(S,Xn_](S)) 1 ¢ Q(S,Xn—1(3))
+opED- (it g [ (g | e s

2 1 ¢ f(S’ an1(s)) 1 ¢ Q(S,an)
* P ED ("" T L t—s)® Mo L (t—s)e

1 [* fls,x(s)) 1 [t gls,x(s))
Mo Jo (t— 5)17“(18 * <F(oc) L (t—s)l-o

where lim,_ Iy =0and I, =0.

ds + < dBH(s)>,xo+

dBH(S)>>} =5+ + 1

For I3, by using Propositions 1.2.26, 1.2.27, Cauchy-Schwarz inequality, hypothesis (#3) and
Eq. (2.2.9), we have

T2C
lim I3 < i EDZ, (x(t),xn_1(t = 0.
e 0 = nige ((2a—1)r2(06) P ED= [l ol nd“)

Hence, we get (2.2.12), which implies Eq. (2.2.2) holds. Therefore, from the definition 2.2.1,
x(t) is a solution to Eq. (2.2.1).
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For the uniqueness of solution, we suppose that x,z : ] x (0 — E™ are solutions to problem
(2.2.1). Let K(t) := Sup,,¢; ED? (x(v),z(v)). So for each t € ], we have

- [ fls,x(s)) 1 [ gls,x(s)
K(t)_si?ED“(x"*r(oc)J et (g |, G waBals)) et

1 (s, 2(s)) [ gls,z(s))
Mo L e+ )J (t—s)r=aBnls )>)

then, by computations similar to the existence case, we have

6t2¢x—1 C
K(t) <

< oy ), 19

Thus, by Gronwall’s inequality, we have for t € ], K(t) = 0. Which implies

sup D (x(t),z(t)) =0,

te]

which completes the proof.[]

2.2.2 Stability result

In this part, we examine the stability of the solution with respect to initial values. Namely,
we explore the continuity (called the stability by Malinowski [82]) of the solution with re-
spect to the initial value. This kind of continuity shows that in the case of replacement of
Xo by its approximate value z,, the solution of equation with initial value z, does not differ
much from the solution of equation with initial value x,. Indeed, let x, z denote the solutions
of the followings FFSDEs

“D*x(s) = f(s,x(s))ds + (g(s,x(s))dBn(s)), (2.2.13)
x(0) = xo, B
“D%z(s) = f(s,z(s))ds + (g(s, z(s))dBn(s)), (2.2.14)
z(0) = zy, B

respectively.

Proposition 2.2.4 Suppose that xo,zo € L*(Q, Ag, P;E"), f: ] x Q x E" — E"and g : ] x Q x
E" — R" satisfy (H1)-(H3). Then

sup EDZ, (x(w), z(u)) < Aoe,

0<u<t

where Ny = 3ED?_(x0,20), A\ = % Especially x(t) = z(t) if xo = zo.
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Proof. Suppose that x,z : ] x O — E" are solutions of problems (2.2.13) and (2.2.14)
respectively. So let K(t) := sup ED;(x(u),z(u)). By using Propositions 1.2.26, 1.2.27,

0<u<t

Cauchy-Schwarz inequality and hypothesis (H3), we have

K(t) < 3ED? (%o, zo) + EDZ, (x(s),z(s))ds

3T20c—1C Jt

(2o — DI ()
2 ](x ug(svin(:)) 1 “g(s,xn_1(s))

+ 3 sup EDZ, (<F( J 1 “dBH(s)>,<r( J dBH(s)>) ,

0<u<t o) Jo (u—s)I— ) Jo (u—s)-o
T2cx71 20 t
T, 28, 2P (),
(STZcxf] C + 682“) t
(2o = 1) () J

< 3EDZ, (%0, 20) +

= 3ED?_(x0, z0) + K(s)ds

0
t

= 7\0 + ?\1 J K(s)ds,
0

then, according to Gronwall’s inequality, we have
K(t) < AoeMt, Vte].

Then, Ay = 0 if xg = zy. Therefor, we know that x(t) = z(t).d
Finally, we examine the exponential stability of solutions to the FFSDEs disturbed an

fBm with respect to f and g. Thus, let x, x,, denote solutions to the following FFSDEs
“D*x(s) = f(s,x(s))ds + (g(s,x(s))dBu(s)),
(2.2.15)

X(O) = X0,

“D*n(s) = fuls,Xn(s))ds + (gn(s, xn(s))dBn(s)),
(2.2.16)

Xn(o) = X0,

respectively.

Proposition 2.2.5 Suppose that xo € L*(Q, Ay, P;E"), f,f, : ] x Q x E* — E"and g, gn :
] x Q x E" — R™ (n € N) satisfy (H1)-(H3). Furthermore, assume that

lim < J t EDio((t,x),fn(t,x))dt> =0. (2.2.17)
n—aoo 0
lim (JtE|lgn(s,x) — g(s,x)”lds> =0. (2.2.18)
n—aoeo 0
Then, we have
lim (sup ED?, (x(t),xn(t))) —0, (2.2.19)

n—m:aoo te]

where x,xy : ] x QO — E™ are solutions of problems (2.2.15) and (2.2.16), respectively.
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Proof. According to Theorem 2.2.3, the solutions x and x, are unique and exists. From
Propositions 1.2.26, 1.2.27, Cauchy-Schwarz inequality and hypotheses (#1)-(#3), we have
that for every t € ]

sup IEDiO (x(u), x, (1))

o<u<t

+2 sup ED

o<u<t

8N

=4 5up D%\ 7o) )y fu—s) (w—s)is
o<ust r(10€) J: {;(i:)(f_)g‘ds’ r(10¢) J: f(ﬂi?)gi) ds)
+4 sup ED (e |, e (g |, e ds>)
+4 sup ED (e |, e amtsn) (g || g dW(S)>> |
< % E EDZ, (x(s), xn(s))ds + % J: ED? (f(s,x(s)), fn(s,x(s)))ds

4 2004 200—1 t
Lert J lg(s, x(5)) — gnls, x(s))12ds,

T a1 (w)

<Bh+ rszj sup EDZ (x(w), xn(s))ds,

0

0 0<u<s
where
- 4(t20c71 4 OCZ) t 4L£20ct2<x71 t 5
BT = (e | ED S X(s)) Falsy x{s1)ds + 10y |, 1906 %(5)) = gnls ) s,

By = %. Then, according to Gronwall’s inequality, we get

sup ED2, (x(u), x, (1)) < plefT.
uelo,t]

Hence, from (2.2.17) and (2.2.18), we get lim 7 = 0. Thus the proof is complete.[]
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3.1 Introduction

In economics, chemistry, finance, and other fields, stochastic differential equations are uti-
lized to create more realistic models. As a result, stochastic differential equations can be
used to describe numerous real world problems. On the other hand, the fuzzy stochastic
differential equations could be used to investigate a variety of technical and economic diffi-
culties when phenomena are subjected to both randomness and fuzziness at the same time.
The best type of equations with dispersed arguments is neutral differential equations, they
naturally emerge in applied issues with a recurring property in their expression. Processes
that are subjected to adrupt changes at particular points are described using impulsive dif-
ferential equations. The impulsive effects can be found in a wide range of real world appli-
cations including electronics, neural network, economics and so on (see [21, 24, 25]). Then, a
theory of impulsive differential equations has received a lot of attention in connection with
this development.

Controllability is an important notion in both deterministic and stochastic control theory
since it is one of the fundamental concepts in mathematical control theory (see [8, 9, 19, 29,

44, 90]). The notion "controllability" refers to ability to control a dynamical system from any

28
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initial state to any final state using the set of admissible controls.

We wish to mention that the theory of fuzzy neutral stochastic differential equations with
impulses have recently been the subject of important studies. As, for the controllability
of fuzzy stochastic differential equations, even less has been done, with only a few works
published in this topic as far as we know. In [103, 104] Sakthivel et al. studied the approxi-
mate controllability of nonlinear impulsive differential systems and stochastic systems with
unbounded delay. Bouffoussi et al. [27] studied the existence, uniqueness and asymptotic
behavior of mild solutions for the neutral stochastic differential equations with finite de-
lay. In [19] Arhrrabi et al studied the existence and stability of solutions of fuzzy fractional
stochastic differential equations with fractional brownian motions. Park et al. [94] proved
the existence and uniqueness of fuzzy solutions and controllability for the impulsive semi-
linear fuzzy integrodifferential equations. In [28] Bouzahir et al. discussed the controlla-
bility of neutral functional differential equations with infinite delay. Ahmed [6, 7] studied
the controllability of impulsive neutral stochastic differential equations with finite delay and
fractional Browian motion in a Hilbert space. Achary et al. [1] studied the controllability of
fuzzy solutions for first order nonlocal impulsive neutral functional differential equations by
using the Banach fixed point theorem. Chalishajar et al. [29] proved the existence, unique-
ness and controllability for impulsive fuzzy neutral functional integrodifferential equations.
Our results are inspired by the one in [90] where the approximate controllability of impul-
sive neutral fuzzy stochastic differential equations with nonlocal condition in Banach space
is studied.

This chapter is organized as follows: The existence and uniqueness results of solution for
fuzzy neutral stochastic differential equations with impulses are proved in the first subsec-
tion, in the second subsection, the controllability result are discussed. Finally, an example is

given to illustrate the results.

3.2 Main results

In this section, we investigate the existence, uniqueness and controllability results for FNS-

DEs with impulses given by

d[y(v) — (t,y(1)] = [Ay(t) + glt,y(t) +v(v)] dt + (h(t)dBy(1)), t € ] = [0, T
Ay(tk) :Ik(y(t;))a k= 1,...,1’11 t?&tk-

y(t) = Yo,
(3.2.1)

where A : ] — E" is a fuzzy coefficient, f,g : ] x E* — E" are nonlinear continuous
functions, h : ] — R", v : ] — E" is an admissible control function and By, is a fractional

Browian motion defined on a filtered probability space (Q,.A,{A!'}o<i<r,P), the initial data
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Yyo € Etand I € C (E“, E”) are bounded functions, Ay(ty) = y(t)) —y(t, ) represents the left
and right limits of y(t) at t = ty respectively, k = 1,..,m.

3.2.1 Existence and uniqueness results

In this subsection, we show the existence and uniqueness of fuzzy solution for FNSDEs with

impulses given by (3.2.1) (v = 0).

Definition 3.2.1 A fuzzy process {y(t), t € J} is said to be solution of system (3.2.1) if:
(1) y() € C(]vEn))
(i1) y(0) = yo,

(iii) for t € ], we have

t t

() =G(0)[yo — F(0, o) + (e, ut) + | AG(=s]f(s,yls))ds + | Glt—s)gls,yls))ds

+ <J G(t— s)h(s)dBH(s)> + ) Gt —t)L(y(t)). (3.2.2)

0 =0

Let us introduce the following hypotheses.

(H1) Let G(t) € E", such that
[GW)]" = [6*(1), G (1)], G(0)=]I,

and G*, G are continuous such that max{|G*(t)|,|G" (t)|} < M and JAG(t)| < N, Vt € J.

(H2) The functions f, g : ] x E* — E" are continuous and there exists a finite constants
A,y > 0 such that

Dy [ty ()%, (4, 260 ) < ADy Iy (1% [2(4))*),

and
Di([9(t,y()I, [9(t, 2(0)1% ) < vDu (Iy(t)]1% [2(1))*),

forally,z€ E"and t € J.

(H3) For each y,z € E", there exist a constant i > 0 such that

D ey (6% Mel2(6)01%) < wDy (y (01 [2(4)]*), k=1,

(H4) A+ ANT + (y + WMT < 1.
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Theorem 3.2.2 Suppose that the hypotheses (H1)-(H4) holds, then, for all T > 0, the system (3.2.1)

(v = 0) has a unique fuzzy solution on J.

Proof. For eachy € E" and t € ], define ¢ : C(J,E") — C(J,E") by

t t

AG(t—s)f(s,y(s))de G(t — s)g(s, y(s))ds

by(t) = G(0)[vo — F(0,yo)] + Flt,y(t)) + |

0
t

+<LG(t—s) §)dBy(s >+ZGt—tka t)).

t=0

Since G*, G” are continuous, ¢y : ] — E" is continuous, so ¢ is a mapping from C(J, E")

into itself. Now, for y,z € C(J, E"), we have:
D [#y(6)]°, [02(¢1]") = Du( [ Gl0)fvo — F0,uu)} + Flt,ule)) + | AGL = s)1(s yls)as
G(t—s)g(s,y(s))d G(t — s)h(s)dB
+ [ Gtt=siglsyisnas + (| Glt—shis)au(s))

£y 6t - tknk(y(t;n} , [G(t){yo ~ (0, o))+ 1t 2(0)) + | AG(E— ), 2(5))as

t, =0

+LG(t—s)g(s,z(s))ds—|—<J G(t—s)h(s)dBy(s >+ZG t—t)k(z (tk))] ),

=0

o

- DH([G(t){yo —f(0,yoll] + [fty(t))] + | J:AG(t—s)f(s,y(s))ds}“

+:J;Gt—s ds]“+[<J (t—s) ()dBH(s)>]“
5]

t

+ ZG t—ti) L (y

tk—O

(04

" [ yo — F0,y0)] "+ [flt, 2()]

t

+ :J:AG(t—s)f(s,z(s))dsr+ ” G(t—s)g(s,z(s))dsr

0

# (] 6= simtsiasats))]” +{Zet_tk1k ")
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then:

Dy ([oy(v] [020)] ") < EDH([AG(t—s)f(s,y(sn}  [AG(t = $)f(s,y(5))] ) as

([t y0)] 5 [, 2] ) + [ Du( [t = s)gtsus] Gt = s)gls, 2s0)] ) as
(

t t

(> Glt—tk )] [ Y G-tz )] ),
0

= =0

+ Dyn

g
oL
5 Jote o ut] s )

o] ] s 0 ] )

+vMJtDH([y( )| [29)] ) ds + wmpu ([yw] [z0]),

therefore:

AG(t—s)‘DH([f(s,y(s))r, [f s,z(s))]“)dsHDH([y(t)] ,[z(t)] )

Glt—)|Du( |95, y(s))] ", [gals,2(0)] ) s

@ X

D (¢y(t), 02(t)) = sup Du([oy(v)] ", [02()]) <2 sup Du([yw)], [20]")

0<a<1 0<a<1

—l—?\NJ sup DH([y(s)r, [z(s)r) ds

0 0<u<1

t & 09

—i—yMJ sup DH<[y(s)r, [z(s)r> ds + pM sup DH<[y(t)} , [z(t)} >,

0 0<ua<1 0<a<1

t

< AD, (y(t),z(t)) + AN J: Do (y(s),z(s)) ds

M o y M 0 ) )
#9M | D (y15),205)) s + MD. (y(0),2(1))
or we have
D (d)y) CI)Z) = os<u£)T D, (d)y (t)) Cl)Z(t)),
then: o

D(dy, dpz) < )\osgltlgT D. <y(t),z(t)> + AN E Osglng D, (y(s),z(s)) ds

+VMJ sup Do <y(s),z(s))ds + uM sup D (y(t),z(t)),

0 0<s<T 0<t<T

< ()\+?\NT+ (y + u)MT)D(y,z).

So, by the hypothesis (H4), ¢ is a contraction mapping. Hence, by Banach fixed point
Theorem, the fuzzy neutral stochastic differential equations (3.2.1) has a unique fixed point
y € C(J,E").O
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3.2.2 Controllability result

In this subsection, we state the controllability result for fuzzy neutral stochastic differential

equations with impulses (3.2.1) by using Banach fixed point theorem.

Definition 3.2.3 [28] The system (3.2.1) is said to be controllable on ] if there exist a fuzzy control
function v(t) such that a fuzzy solution y(t) of (3.2.1) satisfies y(T) = y, i.e. [y(T)]* = [y1l%,

where y, € E" is a target set.

Defined the fuzzy mapping W : P(R) — E" by

.
Wiv) = L G(T—s)v(s)ds, vCT,,

0, otherwise,

where T, is the closure of support v and P(R) is a nonempty fuzzy subset of R. Then, the

x-level of W is given by

W) = LT GX(T—s)v(s)ds,  w(s) € v*(s),V'(s)],

)
W) = j G T—s)(s)ds,  (s) € W'(s),9(s)].

0

We assume that W,)V are bijective mappings. Hence, We can introduce a-level set of v(s)

given by:

T
o

:
- J ATGH (T — s)F(s, §%(s))ds — F(T,g%(T)) — L G (T — )g%(s,7(s))ds

T T
_J G“(T—S) dBH Z —tk Ik ( 1:))):|
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Then, substitute this expression into the Eq. (3.2.2) yields «-level of y(T), we get
T
w(Mm]* = [G(T) [yo — f(0,y0)] + f(Ty(t)) + L AG(T —s)f(s,y(s))ds
T T
+ J G(T —s)g(s,y(s))ds + < J G(T— s)h(s)dBH(s)>
0 0

T T
+ > G(T—t)kl(ylt) + JO G(T—s)W™! <y1 — G(T)[yo — (0, yo)]
- T T
—f(Ty(t) —JO AG(T — s)f(s, y(S))ds—J G(T —s)g(s,y(s))ds

0
o

_<JTG(T_S) s)dBy(s > ZG )Ly )))ds],

0 =0

)
~ [G“ ) {yo™ — £5(0,yo) } + F(T, ¥ (T))+L ASGH(T — 8)f*(s,y%(s))ds

T T
+J GH(T — s)g%(s, y*(s))ds +J G¥(T — s)h*(s)dBy(s)
0 0

T T
+ ) GMT -ty (t) + L G(T—s) (W)™ (g? — G*(T) {yo* — (0, y0) }

t, =0
T

]
(T y%(T)) —L ARG (T — §)%(s, y*(s))ds — Jo GH(T — 5)g%(s, y*(s))ds

T T

~ ], (T = s ()dBy(s) — 3~ G™(T— 1Lyt ))) ds, " (T) {ms* = F(0,u0)}
pT—cx—oc ) —x T—oc

| TP g s)as 7 (Tﬁ"‘(T)HL G™(T = $)g%(5,5°(s)) ds

rT
+ G“(T — S s)dBy(s) + Z G — ) Ik (Y*(t))

+| GUT =) (ga" A UREREACSE

.
— ATGH (T —8)f (s,y%(s))ds — f (T, y™(T)) — JO G (T —5)g*(s,y*(s))ds
rT
— | GY(T—=s)h"(s)dBu(s ZG T— )1 _“(tk))) ds],
JO
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then, we have
)
y(M]* = [ﬁ“(T) [yo® — £%(0,yo)} + £(T,y*(T)) + L ARGH(T — )£ (s, y*(s))ds
T T
+ j Q“(T—S)g“(s,g“(S))derJ G (T — s)h*(s)dBy(s)
O 0
+ZG T — Iy () + (W) (W) (g?—ﬁ“(T) [yo® — £(0,y0)}
T T
(T y*(T)) —j ARG (T — )i (s, y*(s))ds — J G (T — s)g*(s, y*(s))ds

0 0 -

— | 6T —s)h®(s)dBy(s ZG T—t, I“y(tg))),é“m{m“—?‘(o,yo)}

J0 tx=0

rT T
+ | ATGH(T =) (s,5%(s))ds + T (Tg*(T)) + J G(T —5)g™(s,5%(s))ds

Jo 0
(Mo

+| GY(T—s)Rh"(s)dBul(s +Z G (T — 6T, (T*(ty))
J0 =0

+ OV (g? ~EM{m T o}
)

)
- L AG(T — )T (s, 7%(s))ds — F(T,5%(T)) — L G (T — )g%(s, 7(s))ds

T x
- @R s)abus B Ty (tk))>]=[g$,gﬂ:[yl}.

0 t =0

Now, we set

t

(My)(t) = G(t) [yo — (0, yo)] + f(t, y(t)) + JO AG(t —s)f(s,y(s))ds

+ Jt G(t —s)g(s,y(s))ds + <J

0 0

G(t—s)h(s)dBH(s)>

t

+ Z G(t — ) L(y(ty)) +J

t=0 0

1Tyl - |

0

Glt—s)W-' (91 — G(T)lyo — £(0, o))

T

AG(T—s)f(s,y(s))ds—L G(T — s)g(s,y(s))ds

T

_ <JTG(T—S) $)dBu(s > Z G(T—t)L(y )))ds, tel. (3.2.3)

0 =0

In the following theorem, the controllability result of fuzzy solutions for (3.2.1) is estab-
lished.

Theorem 3.2.4 If the hypotheses (H1)-(H3) are satisfied and A(1+NT) +MT (y +p+A—ANT —
YMT — uM) < 1, then for all T > 0, the system (3.2.1) is controllable on ].
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Proof. We can easily check that IT is continuous mapping from C(J, E") to itself. For

y,z € C(J, E"), we have

DMy (6], 2(t)%) = D | G1¢) (o — (0, +U AG(t—s)f(s,y(s))ds]
0

I
o] [ -] (- moum)]

+{§ G(t—tk)lk(y(tk))} +H0G(t—s)w '(w G(T)yo — £(0,yo)}
t=0
:

)
(T yt) J AG(T — 8)f(s, y(s nds—jo G(T —s)g(s, y(s))ds

T 04
_<LG(T_3) s)dBy(s > ZG — ) k(y )))ds],[G(t){yo

_f(O,yo)}r—l— “tAG(t—s)f(s,z(s))dsr+ “tG(t—s)g(s,z(s))dsr
0 0
+ _f(t,z(t))r+ K JtG(t—s)h( )dByy(s >} {Z Gt —t)L(z tk))}
L 0

rort T
+ L G(t—s)W! (91 — G(T){yo — f(0,yo)} — f(T, z(t)) —J AG(T —s)f(s,z(s))ds
0

T

_ G(T—s)g(s,z(s))ds—<J:G(T—s) s)dBy(s > ZG — 1) Tk (y )))dsr>,

Jo

t

<Dy [y (0, (1)) + 3N |

0

Dy ([y(s)1% 2(s)]* ) s

+YM L Di (fy(s)1% [2()1%) ds + M Dy Iy (£))%, [2(0))°)
M

(ADH([y(tn“, 2(£)]*) — AN Lr Dy (Iy(s)* [2(s))* ) ds

T

—yM L Dy <[y(s)]“, [z(s)]“) ds — pMDy ([y(s)]“, [z(s)]"‘)) ds.
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Therefore,

Do (My(£),112()) = sup Dy([My(£))%, Mz(t))*),

0<a<1

t

< sup i (Iy(01% [2(6)") + AN | sup Di(fyls)" ()" ds
0<a<l 0 0<a<1

t

M| sup Du(ly(s1)% 2(5)1*) ds + M. sup DIy, =(0))

0 0<a<1 0<a<1

+ MJt (7\ sup DH<[y(t)]°‘, [z(t)]"‘) — uM sup DH<[y(S)]°‘, [Z(s)]“)

0 0<a<1 0<ax<1

T

CAN j sup Dy (Ty(s))% [z(s)]) ds
0 0<ux<l1
T

M [ sup u(Iy(s11 o)1) ds) ds,
0 0<ux<l1

< AD. (y(t),z(t)) + ANJ Do (y(s),z(s))ds

0
t

+VMJ D., (y(s),z(s))ds + uMD., (y(t),z(t))

0
M J: (?\Doo (y(t), z(t)) AN JOT D.. (y(s), z(s)) ds

—vM J: D (y(s),z(s)) ds — uMD,, <y(s), z(s))) ds.

Hence,

D (ﬂy, ﬂz> = oiTET D, (ﬂy (1), ﬂz(t))
<A sup Dy (y(t),z(t)) + AN Jt sup D <y(s),z(s)>ds

0<t<T 0 0<s<T

+vYM J: OS<L:ET Do (y(s),z(s)) ds +uM Os<1t1§T Do <y(t), z(t)>
+ ME (7\ Os<1§£>T D (y(t),z(t)) — AN LT Os<1§£>T D (y(s),z(s)) ds
—vM JOT Os::g D (y(s),z(s))ds — uM Os::g D, (y(s),z(s))) ds,

< AD(y,z) + ANTD(y,z) +YMTD(y,z) + uMD (y,z) + MT (AD (y,2)
—?\NTD(y,z) —yMTD(y,z) — },LMD(y,Z)),
< (7\(1 +NT)+MT(V+u+?\—?\NT—yMT—uM))D(y,z).

Then, TT is a contraction mapping. So, by Banach fixed point Theorem, Eq. (3.2.3) has a
unique fixed point x € C(J, E"). Thus, the system (3.2.1) is controllable on J.[I
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3.3 Example

In this section, we give an example to illustrate our results. let

4 y(t) — 3ty3(t)] = 2y(t) + 2ty3(t) + v(t) + (h(t)dBy (L)), t € J,
L(y(t)) = 7 (3.3.1)
y(0) =0 € E™.

Then, we set f(t,y(t)) = 3ty?(t) and g(t,y(t)) = 2ty>(t). Hence, «-level of f is
ey = [Bry’m],
= [Ha+ 2 OP, - Y],  Yae

Therefore, we have
Dy ([f(t,y(t))] [t 2(1))] ) _ DH<[ (04 2) ()%, 4 — o) (T%(1)] % Telor +2)
(), 14 — ) (2*(1)] )

< tmax { (o +2)|(y*()* = (2*(0)*], (4 — )| [T (1) — (1)1},
< at((T° (1) + T 020 + (1)) max {|y*(6) — (U], [5*() — (1)},
< KiDy Iy (017, [2(4))%),

where K; = 4t<(1j“(t))2 FYN)Z(L) + (Z"‘(t))2> > 0.
On the other hand, the x-level of g is given by:

9t y)] " = [Zty%t)]“

Therefore, we get:

< tmax {(ac+ D] (y*(1)* = (z*(1)*], 3 — [ (T*(1))* = (Z*(V)*]},
< 3t((T°(0) + T2 (1) + (25(1)?) max {Jy™(t) — ()], [7°(1) =2 ()]}
< KoD Iy (V1% [2(4))%),

where K; = St((ﬂ“(t))z +y*(t)z*(t) + (Z“(t))2> > 0. And, the «-level of I is given by:

W]« 2 2
[Ik(y(tk))} - |:2+E(X(tk)) 2+go¢(tk):| ) Yo € [0,1]

FACULTY OF SCIENCES AND TECHNOLOGIES 38 SULTAN MOULAY SLIMANE UNIVERSITY



ARHRRABI EL HOUSSAIN DOCTORAL THESIS LABORATORY : LAMSC

Then, we have:

L& N 2 2 2 2
D (6] (b(=()]) = P [y 7570 ) [ 7o) )

{' 2 2 2 2 }
< max y

24y%(t) 24zt 12+ 9D 2+ 2%(t)
S 0. Hence, the constants k;, K, K; are satisfied the hypotheses
k

)

< KeDu ([u(0)]", [20)]°),

2
24 5%(t,) (2425 (¢

(H1)-(#H4). Thus, the conditions of theorem 3.2.2 are satisfied. Therefore, systeme (3.3.1) has

where K3 =

a unique fuzzy solution.

Now, we examine the controllability result, then, let’s consider the target state y; =3 € E™.

Vs = [v(),7%(5)],
.

= [(m"‘)‘ ((oc—I—Z) — T+ 2)y*(T) — L G+ 1)G*(T — s)(ec + 2)y“(s)ds

T

—jT $G(T — s) (e + )y*(s)ds —J G (T — s)h*(s)dBy(s)
0 0

— G*(T—t)Y ey .
_zthoz_’_lia(tk)>)(W ) 1((4—06)—-1_(4—0()13 (T)

— JT G(3— )G (T—s)(4— a)§*(s)ds — JT sG (T —3s)(3— x)y*(s)ds
0 0

T t
= — G (T — tk)
— G T— s)h (s)dBu(s) — 2 P — .
| &= sR*(s)amts bt (tk))]
Further, by remplacing the above derived values into the integral equation with respect to

system (3.3.1), we obtain [y(T)]* = [3]*. Hence, all conditions of theorem 3.2.4 are fulfilled.
Therefore, the system (3.3.1) is controllable.
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41 Introduction

The most significant area of practical mathematics that converts all currently available integer-
order operators to arbitrary-order ones is fractional calculus. This significance results from
the excellent precision of fractional operators in the simulation of numerous real-world oc-
currences in the context of various fractional boundary value problems.

Pantograph differential equations are functional differential equations with proportional de-
lays. Because these equations have numerous real-world applications in areas like electro-
dynamics, astrophysics, and cell development, many researchers have explored them nu-
merically and analytically.

On the other hand, one essential qualitative theory for dynamical systems is the notion of
stability. As a result, the theory of stability characteristics has attracted significant interest
through applications in a number of study domains.

Particularly, many scholars have looked into the Ulam-Hyers (UH) stability analysis and its
applicability to many kinds of differential equations. We wish to mention that the theory of

fuzzy fractional pantograph stochastic differential equations (FFPSDEs) have recently been

40
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the subject of important studies. As, for the UH stability of this type of system, even less has
been done, with only a few works published in this topic as for as we know.

In [60], Jameel et al. studied approximate solution fuzzy pantograph equation by using ho-
motopy perturbation method. Mikaeilvand et al. [88] introduced a numerical method based
on the Taylor polynomials for the approximate solution of fuzzy pantograph equation. Hos-
seinzadet et al. [53] studied the pantograph volterra fuzzy integrodifferential equation. In
[5] Agilan et al. proved the existence of solutions of fuzzy fractional panto-graph equations.
Recently, Priyadharsini et al. [58] proposed a new type of equation nemely fuzzy fractional
stochastic pantograph delay differential system. Then, Arhrrabi et al. [19, 16, 17, 18] stud-
ied the existence and stability of solutions of fuzzy fractional stochastic differential equa-
tions with fractional Brownian motions, averaging principle for fuzzy stochastic differential
equations, fuzzy fractional boundary value problem and existence and uniqueness results of
fuzzy fractional stochastic differential equations with impulsive. Melliani et al. [87] studied
Ulam-Hyers-Rassias stability for fuzzy fractional integrodifferential equations under Ca-
puto gH-differentiability. On the other hand, UH stability is another interesting topic for
mathematicians researchers. Then, stability theory research is currently fairly common and
many articles have been published. Sajedi et al. [101] investigate the existence, unique-
ness and UH stability of solutions of an impulsive coupled system of fractional differential
equation with Caputo-Katugampola fuzzy fractional derivative. For more details, references
[97, 98, 99, 100] are some of the studies on the UH stability. Chalishajar et al. [30] studied
existence and stability of solutions for a coupled system of fractional differential equation.
Nabil [91] established the existence and Ulam stability of nonlinear coupled system of frac-
tional differential equation including generalized Caputo fractional derivative. For more
details, references [63, 13, 64, 92, 123, 47] are some of important studies on the coupled sys-
tem of FDEs.

Motivated by the above mentioned works and its importance in many applied fields, it is
interesting to study the coupled system of FFPSDEs. In this chapter we have two results:
The first one is the existence and uniqueness of solutions, this result is given in the first

subsection. In the second subsection, UH stability result is proved.
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4.2 Main results

In this section, we will study the existence, uniqueness and UH stability of the following
coupled system
( t
DYx(t) = Ax() + i (t,x(0,xOn8) (1) + (| 91(s,x(5),x(Ns), y(5)) dB(s)),
0
t
CDv2y(t) = Ay(t) + 1, (t,y(t),y(Azt),x(t)) + <J

92(5,Y(5), y{Aas), x(5)) dB(s) ),
x(0) =xo € E" and y(0) =yo € E,

4.2.1)
where ¢DY1, ¢DY2 denote the Caputo fractional derivative of order y; and vy, respectively, A
is nxn matrix, the functions fq, f; : JXE"XE"xE" — E"and g7, g, : JXE"XE"XE"* — R™™

are continuous on J, B(t) is standard Brownian motion with n-dimensional.

4.2.1 Existence and uniqueness results

In this subsection, we show the existence and uniqueness of fuzzy solution for a coupled

system (4.2.1).

Definition 4.2.1 A couple (x,y) is a solution of problem (4.2.1) if it satisfies

t

DY(t) = Ax() + i (t,x(0, xOn), y(w) + |

91(5,x(9),x043), y(5)) dB(s)),

t

Dyl = Ay(t) + Fa(t,y 0 yOhet), x(0) + |

92(5,Y(5),y(23), X(5) aB(s)),

\

and the conditions initial x(0) = xo, y(0) = yo.

It follows from [95], that the solution of (4.2.1) can be expressed as follows:

t

x(t) = My, (At"")xo + L(t —s)"My, 4, (A(t—s)")f1(s,x(s),x(A1s),y(s))ds

Y]

g1 (u, x(u), x(Aju),y(u)) dB(u)>ds.
0 0

t

y(t) = My, (At?)yo + JO (t—38)2""My,, (At —s)")f2(s,y(s), y(Azs), x(s)) ds

] e 97 My (A= 77 | g2t yia), o), xlw) dB(w) ).

0 0

We will study the proposed system under the following assumptions:

(A1) The functions f;, f; are continuous and 3L, [, > 0 such that

EDZ (f1(t,%,Y,2), f1(t,1,v,w) ) < L (ED (x,u) + EDZ (y,v) + ED (2, ) ).
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EDio <f2(ta XY, Z)a fZ(t) u, v, W)) <L (EDiO(X, u) + ]EDio (U) v) + ]EDio(Z) W)) .

(LA2) The functions g;, g, are continuous and 3N, N; > 0 such that
EH91(t,x,y,z) — g1(t,u,\),w)||2 <N, (]EDio(x,u) + ED2 (y,v) +ED§O(Z,W)>.

EHQZ(t>X3y>Z) - 92(t>u>V>W)”2 < N2<]EDio(X>u) +EDio(y)V) +EDio(Z>W)>-
(A3) Forallt € J,3Qq,Q; > 0 such that

A N

ED? (ﬁ (t,0,0,0), ) <Q; and ED% (fz(t,6, 0,6),6) < Q.

(A4) Forall t € J, 3Py, P, > 0 such that

N

E”gﬂt, 6, 6,0)”2 S P] and E”gz(t, 6, 6,0)”2 S Pz.

Theorem 4.2.2 Assume that the assumptions (A1)-(A4) holds. Then the system (4.2.1) has a

unique solution provided that

6(Ly + L) T 6(Ny + Np) T2+ -1
2y =D (v))? 2y =1 (1))
Proof. We define the operator F: K x K — K x K by

FOoy)(8) = (Tl y) (1), Tlx y) (1),

where

Ti(x,y)(t) = MW(A’CV‘)XoJrJ( — )" My, (ALt —8)7) 1 (s,x(s), x(Mis),y(s)) ds

N

+

s 1MV1,V1 (A(t —s)" ) < J

, g1 (u, x(u), X(7\1u),y(u))dB(u)>ds.

t

T(x,y)(t) = My, (At")yo + L (t—5)"2""M,y,, (At —5)72)f2(s,y(s), y(Ass), x[s)) ds

] =9 My (A= ) | 2yl o), xlu) dB(w) ).
0 0

Then, the fixed point of the operator F coincides with a solution of coupled system (4.2.1).

For each positive number 1, we define

B, = {(x,y) € K x K: EDZ ((x,y),0) < r}.
We divide the subsequent proof into two steps.
Step 1: We prove that F(3,) C B,. We choose

3EDZ (xo,0) + 3ED2_(yo,0) + J1 + K;

r>
- 1—-],—K;
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By using the assumptions (A1)-(.A4), Cauchy-Schwarz inequality and It6 isometry, we get

EDZ (Ti(x,y)(t),0) = EDZ, (Mw (A )xo + Jt My, v (At —3)"7)

0 (t—s)t-7
t MY]»Y] (A(t B S)y1)
*L (t—s)Tn

f1(s,x(s), x(A1s),y(s)) ds

< E g1 (u,X(u),X(7\1u),y(u))dB(u)>ds,6>,
<30t ) M
o —

My, v, (At —s)M s A
+3ED§O<L Y (Ytgs)l—vls )<L 91(u,x(u),x(7\1u),y(u))dB(u)>ds,O),

A 67211
< 3EDZ, (x0,0) +
= (x0,0) 2y —N(I(

t 5 < A )
T2 LEDOO f1(s,x(s),x(A18),y(s)), 1 (s,0,0,0) ) ds

6T2‘Y]7] f‘t 2 AN A N
T @ D)2 Jo P (f‘ <S’O’°’°)’°> @
6721~ s Aaal’
+ E u, x(u), x(Au),y(u)) —gr(u,0,0,0) || du|ds
(2%—1)(r(v1))%o(L ‘9‘< (¥ y(w) = ) )
6CT T2V 1! “t< J ‘ A~ Al )
4+ E u,0,0,0 du |ds
@y —nran? o U ®| ot & %0 !

A 6I_1T2V1*1
< 3EDZ, (x0,0) +
= (x0,0) 2y1 — 1(F(y1))?

Jt [ED@O(X(S),G) +EDZ,(x(Ars),0) + ED3, (y(s),@)} ds
0

e e (N e R Ity
B L(t s) L ED%, (x(u),0) + EDZ, (x(Aju),0) + EDZ, (y(u),0) | du | ds
L QT 3P Cy T2t
2y =D (y1))? 2y =D (v1))?

LA 6L T2V 1 6Q T2 6N T2V 1+ 3P, CyT ]
= 3B (40,0) + g it @ = DT T @ =R T @ =
o)+ 6Q T2V N 3P CyT2ViH! +( 6L T2 N 6N T2V 1+ >r
2 - DT T @n a2 T\ @ ez T @ - a2
< 3ED% (x0,0) + J1 + Jor,

< 3ED, (%o,

where

6L T N 6N T2v1+]
2yi — DT (v1))? 2y =1)(M(y1))?

6T 3P CyTr
2vi—=1D(M(v1))? 2y = D(T(y1))?

In the same way, we can obtain that:

Ji =

and ]2 =

EDio (TZ(X>U)(J[))6) < 3ED§<> (y(),@) + Ky + Ky,

where

6Q T2 3P,CrT2v2t]
(2y2 = 1)(T(v2))?  (2y2—1)(T(y2))?

Finally, we have

6L, T2 6N, T2v2+]

K= 2v2— D2 T 22— D))

and Ky, =

ED?Z (F(x,y)(t),0) < EDZ (Ti(x,y)(t),0) + EDZ (T2 (x,y)(t),0) <,

which implies that F(3,) C B..
Step 2: We show that F is a contraction operator. For (x,y), (x’,y’) e Kx Kand t € J, using
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the assumptions (A1)-(.44), Cauchy-Schwarz inequality and It6 isometry, we have

Jf My, v, (At —s)71) o (5,%(),

EDZ, (Ti(x, y)(1), Ti(x,y")(t)) = EDZ, <MY‘ R N

tM — s\
X()\1S),U(S))d5+L Yh(}:EAS()t]y]S) )

(] vt xtu, xnna, ytal Bl as, My (A€

+J() Y]’(?ES(; ) )ﬁ (S>X/(S))X/(}\1S))y/(s))ds

t A — Y1
I )

< 2EDio <Jt My v: (A(t— S)Yl)f1 (S,X(S),X(?\]S),y(s))ds,Jt My vi (A(t_ S)W)
0 0

(t—s)]*\/l (t—s)1*Y1
/ / / ‘M 15 ](A(t—S)Y1) )
f1(s,x'(s),x"(A1s),y (s))ds) +2ED§O<L Y (yt_s)Pw <Jo g1 (u, x(u),

E My, (At —s)1) /(8
x(A\u),y(u)dB(u) ) ds, J Y]’(Y{ES(;WS) )<L 91(u,x'(u),x’(xlu),y’(u))dB(m}ds),

TZY1 —1 )
" J ED (ﬁ ,x(), x(M (5)),y(5)) i (s,x'(s),x’m(sn,y'(s)))ds
T2y1 —1 2
(2'Y1 _1 2 JO (J ‘ g1 ua ( ),x(?uu),y(u)) — g (u>X/(u))X/(?\1u)aU/(u)> du) dS)
z1 1
< e | (BP0 15) + BD (x(hss), ')+ EDE, (u(5) /() ) s,
2yq—1 t
(zyf]qu ZLO {EDZ (s), ’(s))+ED§O(X(>\]S),X’(>\]S))+ED§o(y(s),y'(s))]du>ds,
6L1T2V1 2 ) 6N T2+ < 2 / 2 / >
S VT 2(IED x,x") +ED5 (y,y’) ) + R EDZ (x,x") + ED5, (y,y’) |,
6L1T2V‘ 6N T2V 1] 2 / 2 /
<(2w R T - n(rmw) (ED‘”(X”‘ ) +EDuy )>'

With a similar method, we also get:

5 ;o 6L, T2 6N, T2y2+ )( 2 , 2 ,)
EDOO(Tz(x,y)(t),Tz(x,y)(t))s((zyz_])(rm))ﬁmz_]mmz EDZ, (x,x')+ED% (u,y') )-

Finally, we can get:

2 ;o 6(L1 + L) T 6(N7 + Np) T2 +1 2 , 2 ,
=D (00 F00) < (i + e =iy ) (BP (%) + B () ).

6(L141,)T2V1 6(N7+N,) T2+

So, since R T GE < 1, then F is a contraction operator. Therefore, by

using Banach’s contraction mapping principle, we conclude that F has a fixed point which

is the unique solution of (4.2.1).0

4.2.2 Stability result

In this subsection, we study Ulam’s type stability for the coupled system (4.2.1). First, we
recall the definition of those types of Ulam stability.
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Definition 4.2.3 [30] The coupled system (4.2.1) is said to be UH stable if there exists a constant
w = (Wi, w,) > 0 such that for each € = (€1, €;) > 0 and solution (x,y) € K x K of the following
inequality

ED@( CDYIX(t), Ax(t) + F1 (1 x(1), x(Art), y (1)) + <J:91(s,x(s),x(m),y(s))dB(s)>> <e,

t
BDZ (- Dy (0, Ay(t) + oty (0 ylhat) x(6) + ([ oalsru(s)yihes) xis))aB(s) ) ) < ea
(4.2.2)
there exists a solution (v, k) € K x K of system (4.2.1), such that

ED@(W&MUkaMﬂ)Suw, tery.

Definition 4.2.4 [30] The system (4.2.1) is said to be generalized UH (GUH) stable if there exists
pcC! (], E“), @ (0) = O such that for each solution (x,y) € K x K of (4.2.2), there exists a solution
(v, k) € K x K of system (4.2.1) such that

ED&(W&NﬂkaNﬂ>§qﬂd, ter.

Remark 4.2.5 A couple (x,y) € K x Kis a solution of (4.2.2) if and only if 3(d,P) € K x K such
that

(1)- EDZ (¢(1),0) < ey, and  EDZ (1(1),0) < e, tel].

(ii)- Fort €],

“DVIx(t) = Ax(t) + f1 (t, x(t), x(Art), y(t)) + < JO g1 (S>X(S)>X(7\1S)»y(8))dB(S)> + &(t),

t
CDY2y(t) = Ay(t) + f2(t, y(t), y(Azt), x(t)) + <JO gz(s,y(S),y(?\zs),X(s))dB(s)> + ().

Lemma 4.2.6 Suppose that (x,y) € K x K is a solution of the inequality system (4.2.2). So, we
have

T2y171
(2y1 = 1)(T(v1))?

T2y271

2
ED5 [x(t),L(t)] < 2y, —1)(T(v2))?

er  and  EDZX[y(t),P(t)] <

€2

Proof. By remark 4.2.5, we have

t

CDYV1x(t) = Ax(t) + (t,x(t),x(?qt),y(t)) + <J

L 91(5x(s),x(Ars), y(s)) 4B(s) ) + (),

DYy(t) = Aylt) + 2ty (0, y () x(1) + (| ga(s,us) y(has), ) dB(s)) + (o)
(4.2.3)
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Thanks to Definition 4.2.1, the solution of system (4.2.3) can be reformulated immediately
as

t

vi (AtY)xo + L(t — )™My, (A(t—s)"")fi(s,x(s),x(A1s),y(s))ds

<

x(t) =

S

t
+J (t—s)"""My, 5, (At — s)y‘)<J g1 (u,x(u),x(?\1u),y(u))d8(u)>ds

0

+ | (t=8)""""My, 4, (A(t—3)Y")d(s)ds,

=1L(t) + L(t —$)" My, 4, (At —38)Y")d(s)ds.

t

v2 (A )yo + L (t— )" My, v, (At —$)"2)2(s,y(s), y(Aas), x(s)) ds

<

y(t) =

S

+ Jt(t =57 My, (ALt = 5)72)( J

|9 (1, y (W), y(Aaw), x(w) dB(w) )ds

+ | (t=5)"2"My, 0, (Alt—5)72)W(s)ds,
= P(t) + L(t —8)27 " My,.y, (At —5)72)(s)ds.
Then, using Cauchy-Schwarz inequality and It6 isometry, we get
EDZ [x(t),L(t)] =ED3, “t(t —5)"" "My, 40 (At —s)Y") b (s)ds, O,

0
TZ‘Y171

= 2y - )

TZY171
(2y1 = 1) (T(v1))?

SEDZ,[¢,0] < €r.

Similarly, we find
TZ‘Y 2— 1

(2y2 = D(T(y2))?
Now, we prove the UH stability for the system (4.2.1).

EDZ [y(t),P(t)] < e

Theorem 4.2.7 Assume that the assumptions (A1) and (A2) holds. Then, the system (4.2.1) will
be UH stable and consequently GUH stable.

Proof. Let (x,y) be the solution of the system (4.2.2) and (v, k) be the solution of the pro-
posed system (4.2.1). Using Cauchy-Schwarz inequality, Lemma 4.2.6 and It6 isometry, we
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get

EDZ, (x(t),v(t)) = EDZ, <x(t), My, (At )xo + E My, é](/:J(]ty]S)y‘)

"My, 4, (At —s)77 s
+ Jo X (z _( 3)171/‘8 ) <J0 91 (u,v(u),v(}nu),k(u))dB(u)>ds>,

T (S)V(S))VOW S))k(s))ds

My, (Al =)

< 2EDZ ( x(t), My, (At )xo +J f1(s,x(s),x(A1s),y(s))ds

0 (t—s)=7
My, (A(t* S)V]) s
+L t—s)— <J g1 (u, x(w), x(Au), y(u))dB(u)>ds>
2 24 Y1 Alt—s) Y])
+2ED <M Aty‘ Xo +J 't S 1 s f] (S)X(S)»X(A]S),H(S))ds
0 _
t (At
+L Y1, 11_5)( — , 91 x(Au), y(u))dB(u)>ds,My] (A" )xo
¢ 1,71 A(t_ Y] M VS A(t_ )Yl s
+L 14 I_(sp vf )ﬁ (s,v(s),v(Ars), )derJ0 24 (I—(syvrs ><J'O 91(u,v(u),v(?nu),k(u))dB(u)>ds),

T2 Te, 221!

' 2
< ))2LEDOO(ﬁ(x(s),x(xls),y(s)),ﬁ(v(s),v(m),k(s)))ds

2T2y171 t s 2
+ (2Y1 _ 1)(]“(1/1 ))2 J'O J'O E g1 (X(3)>X(7\18)>U(5)) — 01 (V(S))VUHS))k(S)) du) dS,
sz'_1€1 ZTZY1_1L1 t 2 2 5
< IS GEDIE + EIEIEDIE L (IED00 (x(s),v(s)) + EDZ (x(A1s), v(Ars)) +EDoo(y(s),k(s)))ds
+ 2120 71N, Jt Hs (]ED2 (x(u),v(u)) + ED? (x(AMuw),v(Au)) + ED? (y(w) k(u)))du] ds
(2y1 =D vi1)? Jo Lo o ’ o2 ’ o2 ’ ’
TZY'_1€1 6TZY‘L1 5 2 )
< oy 2 T @y )2 (IEDOO(X,V) +EDZ (y,k)
ZY?T_Zw;w]N] <IED2 X, V) -HED2 (v, )>,
< Trle ( L IR T AR | )(]EDZ (x,v) + EDZ ( k))
= (2vi = 1D(T(y1))? 2yi = DT (yv1))?2  2y1 = D(T(v1))? oA co\) ’
T2 Teq 6TV, 6TV 1IN,

= v )2 “‘(

With a similar method, we get

2 2 —
EDZ (x,v) +EDOO(y,k)),where &= Zy1 = (P12 + 2y =Ty

T2v2—1 €
(2y2 =1 (T(v2
6T2v2 Lz + 6T2Y2+1N,
2v2-D(Tv2)2 7 2v2a—D(T(v2))?*

Let € = max(eq, €;) and & = max(&;, &), hence

EDZ, (y(t), k(1)) <

b (Engo (x,v) + EDL (g,k)),

where &, :=

EDéUmyNﬂkaMﬂ)SRe+EEDé(WAHHLWJQﬁ0,

— TZVl TZYZ !
where R := T T @ Then

EDZ ((x,y)(t), (v, k)(t)) < € = we.

1-¢
Hence the system (4.2.1) is UH stable. Therefore, if we put ¢(e) = we, we have ¢(0) =0
and EDZ, ((x,y)(t), (v,k)(t)) < @(e). Then, the system (4.2.1) is GUH stable.[]
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Chapter 5

The averaging principle for fuzzy
stochastic differential equations
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5.1 Introduction

The averaging concept is a powerful tool for investigating the qualitative property of dy-
namical system, physics and variety of other fields. This method shows the connection
between the solutions of averaged systems and the solutions of a standard form [117, 118].
Nevertheless, up to now, the averaging principle for fuzzy stochastic differential equations
(FSDEs) still has a big challenge to face. So, we will make the first attempt to study this
method for this type of equations, therefore, this result will be enriched the averaging results
for FSDEs. For crisp stochastic differential equations (SDEs), the first results on averaging
principle are [61, 62, 107]. Tan et al. [109] established an averaging method for stochastic dif-
ferential delay equations (SDDEs) under non-Lipschitz conditions. In [85, 116] the authors
investigated the averaging principle for SDDEs with Jumps and with fractional Brownian
motion.

Recently, Guo et al. [48] established the averaging method for a class of SDEs with nonlinear
terms satisfying the monotone condition, and Luo et al. [73, 74] investigated an averaging
principle for a class of stochastic fractional differential equations (SFDEs) with time-delays.
Ahmed et al. [10] established the averaging principle of Hilfer fractional stochastic delay

differential equations with Poisson jumps.
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On the other hand, FSDEs are utilised is real world system where the phenomena are con-
nected to randomness and fuzziness as two types of uncertainty. There are several articles
on FSDEs, each of which takes a different approach. For example, in [59, 19] the authors
presented a definition of the fuzzy stochastic It6 integral using a method that allows to em-
bedding a crisp It6 stochastic integral into fuzzy space to build a fuzzy random variable.
Motivated by the above mentioned works and its importance in many applied fields, it is
interesting to extend the averaging principle to the FSDEs. This chapter is organized as fol-
lows: In the first subsection, the existence and uniqueness of solution of problem (5.2.1) are
proved. The second subsection will be devoted to an averaging principle for the considered

system is studied.

5.2 Main results

In this section, we investigate the existence, uniqueness and averaging principle results for
FSDEs given by

dx(s) = f(t,x(t))dt + (g(t,x(t) dB(t)),

(5.2.1)

x(0) =xo € E",

where
f:] xE"— E",
g:J] xE" — R™™
Xo - QO — E"

is a fuzzy random variable and B(t) is standard Brownian motion with n-dimensional..

5.2.1 Existence and uniqueness results
In this subsection, we are interested in the existence and uniqueness results of system (5.2.1).

Definition 5.2.1 A fuzzy process x : ] x QO — E™ is said to be a solution of system (5.2.1) if the
following holds:

(i) x € L*(J x Q,N;E"),
(i1) x is Doo-continuous,

(1i1) we have

t

x(t) :xo—i-J

0

f(s,x(s))ds + <Jt g(s,x(s))dB(s)>, te]. (5.2.2)

0
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Remark 5.2.2 We call a solution x : ] x O — E™ of system (5.2.1) is unique, if x(t) JE] z(t),

where a fuzzy process z : ] x O — E™is any solution of (5.2.1).

We will assume that all through this chapter, f : (] x Q) x E* — E"is B4, ® N | Bp_-
measurable.
In order, we apply a conditions on the coefficient functions to ensure that the solution of

(5.2.1) exists and is unique.

(A1) There exists a constant C; > 0 such that for all t € ] and x € E™ we have
EDZ (f(t,x),0) < C}(1 + ED% (x,0)).

l9(t,%) || * :== EDZ ((g(t,x)),0) < C}(1 +EDZ(x,0)).

(LA2) There exists a constant C, > 0 such that for all t € I and for all x,y € E™ we have
D, ((t, %), f(t,y)) < CID%(x,y).

l9(t,%) — g(t,y) ||* = EDZ ((g(t, %)), (g(t,y))) < CIEDZ (x,y).

Theorem 5.2.3 [81] Under assumptions (A1)-(A2) and xo € L*(Q, Ay, P; E™), the system (5.2.1)

has a unique solution x(t).

Proof. let us define a Picard type sequence x,, : ] x O — E" as follows

forn=0

XO(t) = Xo,

and forn=1,2,...

t

f(s,xn_1(s))ds + <J g(s,Xn_1 (s))dB(s)>.

Xn(t) :x0+J .

0
It is easy to known that x,,’s are the well defined D, -continuous fuzzy stochastic processes
from L2(] x Q,N;E"). In fact, we have that xy € L*(] x Q,N;E") and % is D.-continuous.

Let us define K, (t) = EDZ (x(t),xn_1(t)) forn € Nand t € J. Thus, by Propositions
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1.2.25,1.2.27 and assumptions (A1)-(.A2), we obtain for t € |

Ki(t) = I[‘ED%>o (xo + J f(s,xo)ds + <J g(s,xo)dB(s)>,xo>,

0 0

= IEDio (th(s,xo)ds + <Jt g(s,xo)dB(s)>,6>,
0 0
< 2ED?, (th(s,xo)ds,6> + 2ED?, (< Jt g(s,xo)dB(s)>,6>,
0 0

t t
< th ED, (f(s, x), 0) ds + 2 J (s, xo)|ds,
0 0

< 2TC}(1 + TEDZ (%0, 0) := Ly,

< Q.

Moreover, similarly we have

t

Kn(t) = EDL, (xO + [ fomatonas+ <J g(s,xn1(s))d8(s)>,><o = [ s matsnas

0 0 0

+ < J g(s,an(S))dB(5)>)>
0

< ZEDiO (Jt f(S, Xn—1 (S))dS,J f(S,an(S))dS)
0 0

| 2ED2, << L o(s, % 1 (s))dB(s)>, < L g(s,xnz(s))dB(s)»,

t t
< 2C§(1 + T)J IEDiO (f(s,xn_1),f(s,xn_z)>ds = lzj IElDio (f(s,xn_l),f(s,xn_z))ds.
0 0

t

Thus, we have

L (LT)"
Kn(t) S_I(z )
12 n!

Therefore x,(t) € L?(] x Q,N;E") for every n and every t. Moreover, for every n the map-
ping x,(-) is continuous with respect to the metric D.
In the sequel we will show that the sequence (x,(t))$, satisfies Cauchy condition uniformly

in t. Notice that

EDZ (xn (), xm(t)) < (h)l Y <(12T)k>;,
k

1
and the series > ., (’%) * is convergent for every x € R. Hence for any e > 0 there exists

Ny € N such that for any n, m > n, it holds

sup EDZ, (x4 (t), xm(t)) < €.
t€[0,T]

Therefore, Thus (x,(t))s2, is uniformly convergent to some fuzzy stochastic process x : | x
Q — E™ which is {4;}-adapted and D,-continuous. Thus, we have x € L*(] x Q,N;E").
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Finally, we want to show that this limit process is a solution to (5.2.1). In order to do this, we
show that x satisfies (5.2.2). Indeed, for every t € ], we have

t t

ED?2, (x(t), X0 + J
0

(s, x(s))ds + <J

0

gls,x(5)aBs]) )

t

< 3EDZ (x(t),xn(t)) + 3EDZ, (xn(t)’xo . Jt (s, xn_1(s))ds + <J
0 0

gl5,%n1(9)Bs)) )

t t

glsyxn—1 (S))dB(S)>,Xo + E f(s,x(s))ds + <J

+3ED§O<X0+J:f(3>xn—1(s))ds+<J 0

0

als,x(5)1dB(5)) ).
=851 +S,+ 83,

where S; converge to zero and S, is equal to zero. For the third term S;, according to
Propositions 1.2.25,1.2.27 and assumption (.42), we get

t t

S3 §2D§O(Jt f(syXn_1 (s))ds,J
0 0

f(s,x(s))ds) + 2D, (< E gls, Xn_1 (s))dB(s)>, <J

0

9(s,x(s))dB(s))),

t

<231+ T) | D (xar(5)x(s)) s,
0

<2C3(1+T)T sup EDZ (xn_1(t),x(t)) — 0, as mn — oo.
0<t<T

Therefore,
t

EDiO (x(t),xo—i—J f(s,x(s))ds + <J g(s,x(s))dB(s)>) =0.
0 0

Hence, (5.2.2) holds. Then, due to the Definition 5.2.1, x(t) is a solution of (5.2.1).
Finally, we will show the uniqueness of solution. Assume thatx : ] x QO — E"and y :

] x Q — E™ are two solutions to (5.2.1). Then, let us notice that

ED2 (x(t), y(t)) < 2C3(1 +T) fEDio(x(s),y(s))ds.
0

Thus, by Gronwall’s inequality, we obtain ED?, (x(t), y (t)) = 0 for every t € J. This implies
that for every t € J it holds P([x(t)]"‘ — [y(t)]* Ya € [0, 1]) —1.0

5.2.2 Averaging result

The construction of an averaging principle for system (5.2.1) is the focus of this subsection.
First, we look at the standard form of Eq. (5.2.2)

t

o (t) :xO+eJ (s, xe (s))ds + ﬁ< fg(s,xe(s))da(s)>, (5.23)
0

0

where the initial value x,, functions f and g have the same conditions as in system (5.2.1)
and e € (0, €¢) is a positive small parameter with ¢, a fixed number.

Based on the existence and uniqueness results, the Eq. (5.2.3) also has a unique solution
Xe(t) for every fixed € € (0,€p) and t € J.

In order, we set certain assumptions on the coefficients to see if the solution x.(t) can be
approximated by a small process to a simple process.

Letf: E* — E"and § : E® — R" be measurable functions satisfying (A1)-(A2) and the
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following additional inequalities:

(A3) Forx € E*and T’ € ] we have

-

%L ED, (f(s,x),ﬂx))ds < B1(T) (1 + ED3, (x,0)),
I

H E | g(s,x) — §(x)[|"ds < B2(T")(1 + EDZ (x,0)),

where Tlim Bi(T)=0,i=1,2.
'—00
With the appropriate preparations above, we will show that the solution x. converge as

e — 0, to the solution y. of the following averaged FSDEs

Ye(t) :xo+ejtf( ds+\/_<J s))dB(s )> (5.2.4)

0

Clearly, under similar assumptions as Eq. (5.2.3), the Eq. (5.2.4) also has a unique solution
Ye-

The main result of this subsection is now presented, in which we consider the connections

between the process x. and ye.

Theorem 5.2.4 Assume that the assumptions (A1)-(.A3) are satisfied. For a given arbitrarily small
number A > 0 and a constant k > 0, « € (0, 1), there exist €; € (0, €o] such that Ve € (0, €], we
have

sup EDZ (xe(t),ye(t)) < A.

tel0,ke¥]
Proof. For any t € [0,u] C ], we have

sup EDZ, (xe(t),ye(t)) = sup EDZ, (xo+ erf(s,x€ ds+\/_<J (s,Xe(s ))dB(s)>,

te[0,ul teloul 0

xo+e£f( ds+\/_<J§ )dB()>)

< 2¢? sup ED2 <J:f(s,x€(s))ds,£ ”(ye(s))ds)

te[0,u]

+ 2¢e sup EDio (< Jt g(s,xe(s))dB(s)>, < Jt g(ye(s))dB(s)>).
te0,u] 0 0

) = 26 sup EDL (th(s,xe(s))ds, Jt F(ye(s))ds),

te0,u] 0 0

J2 = 2€ sup ED&O(<J g(s,xe(s))dB(s)>, <J g(ye(s))dB(s)».
tel0,u] 0 0

Denote by
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Then, using the properties of the metric D, we get

t

J1 < 4e? sup EDZ, (rf(s,xe(s))ds,J

te0,u] 0 0

+4¢€? sup IEDf,o ( J: f(s,ye(s))ds, Jt f(ye(s))ds, ),

te[0,u] 0

f(s,ye(s))ds,)

= Ju + J12.

By using the Proposition 1.2.25 and the assumption (.A2), we have

Jin < 4e” sup <tJtED§o(f(s,xe(S)),f(S»ye(S)))dS),
|

telo,u 0

< 4eZCZuJ EDZ, (xe(s),ye(s))ds.
0

For J;,, we use the Proposition 1.2.25 and the assumption (.43), we get

J]Z S 4€2 SUP (tJt]EDéo(f(S)ye(S)))F(Ue(s)))ds)»

teloyul 0

< 4¢? sup (tzlJ:ED;(-F(S»U&:(S)))F(ye(s)))ds>>

telo,ul

< 4efu?Bi (W) [1 + sup EDZ (ye(t),0)] := 4e’u?A;.

t€[0,u]
Therefore

Iy < 4€2C2LLJ EDZ, (xc(8),ye(s))ds + 4e*u’Ny. (5.2.5)
0

For the second term J,, by using the Proposition 1.2.26, we have

hszeprEHM&&BD—QwJﬂﬂfﬁ,

telo,u] JO

< e sup | B[l glsxls)) — ofs,uels) | "as

telou] JO

+4eprEug&mwn—@w4ﬂwfm,

te0,u] JO

= Ja1 + J22.

Using the assumption (A2), we get

Jor < 4eC; J: EDZ, (xc(s),ye(s))ds.

Also, we use the assumption (.43), we have

o < e sup (1 | Bl gls,uels)) — atuels) | as),
] [

telo,u

< 4euf,(w)[1+ sup EDZ (ye(t),0)] := deun,.

telo,ul
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Therefore
], < 4eC2J EDZ, (xc(8),ye(s))ds + 4eu,. (5.2.6)
0

So, combining (5.2.5) and (5.2.6) together, we get

sup EDZ (xe(t),ye(t)) < dew(A; + eul;) +4eCy(1 + eu) J EDZ, (xe(s),ye(s))ds,
te0,u] 0

<4deu(A; + eury) +4eCy(1 + eu) J sup EDZ (xe(v),ye(v))ds.

0 velo,s]

Hence, by using the Gronwall inequality, we get

sup EDZ (xe(t),ye(t)) < deu(r, + €u7\1)e4€C2“+€“),

te[ou]

Choose « € (0,1) and L > 0 such that for every t € [0,Le ] C J, we have

sup ED (xe(t),ye(t)) < kLe'™,

telo,Le—«]
where k = 4(A; 4+ Le'~*A;) exp {4eC2(1 + Le]_"‘)} is a constant. Therefore, for any given

number A, de; € (0, €o] such that for each € € (0, e;] and t € [0, Le™*], we have

sup EDZ (x (1), ue(t)) < A.

te[0,Le—¢]

Thus the proof is complete.l]

5.3 Example

In this section, we give an example to illustrate our result.

Consider the following FSDEs
dX(t) =4 cos?(t)X(t)dt + (X(t)dB(t)),
(t) = 4cos?()X(t)dt + (X(t)dB(t)) (53.1)
X(0) =0,

So, the corresponding standard form of the above FSDEs is
dX® = 4e cos*(t)X°dt + v/e(X°dB(t)).
Then, f(t, X¢) = 4 cos?(t)X¢ and g(t, X¢) = X¢. Hence
- 1 (" 1 ("
f(X¢) = —J 4cos?(t)Xedt =2X° and §(X¢) = —J g(t, X)dt = X°.
T Jo T Jo
Therefore, the averaging form of (5.3.1) is

dYe =2eYedt + ve(Y°dB(t)). (5.3.2)
The coefficients f(t,X¢) and g(t,X¢) satisfy the assumptions (A1)-(.A2), then the FSDEs
(56.3.1) has a unique fuzzy solution. On the other hand, we can naturally see that the co-
efficient f(X¢) and g(X¢) satisfy the assumption (.43), then, according to Theorem 5.2.4, as

e — 0, the solution X¢ and Y¢ to Egs. (5.3.1) and (5.3.2) are equivalent in the sense of mean

square.
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Chapter 6

Fuzzy fractional pantograph stochastic
differential equations: Existence,
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6.1 Introduction

Pantograph equations are a sort of delay differential equation that may be encountered
in physics, medicine, biology, and other domains. The word pantograph come from the
work of Ockendon and Taylor [93]. Many academics have recently explored pantograph
differential equations (PDEs) of fractional order, for example, we recommend the reader to
[22, 37, 49, 50, 55, 5]. Furthermore, multiple writers have demonstrated the existence and
uniqueness of solutions for various fractional pantograph differential equations (FPDEs)
with distinct fractional derivatives, for example see [2, 54, 11, 112, 113].

Recently, PDEs have also been extended to pantograph stochastic differential equations
(PSDEs), see [86, 84], in this context, Priyadharsini et al. [95], extended PSDEs to fuzzy set-
ting, they proposed a new type of equation nemely fuzzy fractional stochastic pantograph
differential equations (FFSPDEs).

On the other hand, the notion of averaging principle has a long history. It’s a great way to
look at the qualitative properties of a dynamical system. Then, the study of this method
for stochastic differential equations (SDEs) has received a lot of attention as theory has pro-
gressed [118, 75, 96, 73, 10] and [74, 45]. Arhrrabi et al. [15] initiated the study of averaging
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principle of fuzzy SDEs, also, arhrrabi et al. [19, 17, 18] studied the existence and stability of
solutions for fuzzy fractional SDEs (FFSDEs) with Brownian motions, existence and unique-
ness results of FFSDEs with impulsive and fuzzy fractional boundary value problem. To our
knowledge, no publication has looked at the averaging principle of fuzzy fractional PSDEs,
instead, numerous studies have looked at the averaging principle of fractional PSDEs in a
crisp case. To close this gap, in this chapter, we will investigate the existence, uniqueness
and averaging principle of solutions for a class of fuzzy fractional PSDEs defined in the next

section.

6.2 Main results

In this section, we investigate the existence, uniqueness and averaging principle results for
FFPSDEs given by

“Dx(u) = f(u, x(u),x(At)) + <J: g(s,x(s),x(?\s))dB(s)>,u €.
6.2.1)

X(O) = X0,

where ¢DY is the Caputo fractional derivative of ordery € (0,1) and A € (0, 1). The functions

f:]xE"xE*"— E"and g: ] x E* x E* — R™™ are continuous on J.

6.2.1 Existence and uniqueness results

In this part, by using Banach’s contraction mapping principle, we will show the existence

and uniqueness of solution for FFPSDEs (6.2.1).

Definition 6.2.1 We say that {x(u),u € J} is a solution of problem (6.2.1) if

(1) x(-) € C(J, E"),
(i1) x(0) = xo,

(iii) for 0 <u < T, we have

x(u) = xo + ﬁ J:(u — )7 (s, x(s),x(As))ds

L " _ )Yl ’
+ ) L (u—s) <L g(v,x(v),x(?w))dB(v)>ds. (6.2.2)

The following assumptions are being prepared in order to get the primary conclusion in this

subsection:
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(A1) f is continuous and JL; > 0 such that

EDZ, (f(u,x,w), f(u,z’,w')) < L <]ED§O(X,Z’) + ED@(W,W’)).
(A2) g is continuous and L, > 0 such that

El/g(u,x,w) — g(u,z/,w/)H2 <L <]ED(2X,(X,Z’) —l—EDio(w,w/)).

(A3) We have

A

ED? (f(1,0,0),0) <q1  and  Elg(u,,

0)* < qa.
Theorem 6.2.2 Suppose that the assumptions (A1)-(.A3) holds, then problem (6.2.1) has a unique

solution provided that
4L, T 2L, A

2y VT2 2y -T2

Proof. We define the operator T : K — K by

<L

ds.

T [“f(s,x(s),x(As)) 1 (v <fgg(u,x(u),x(7\u))dB(u)>
) s+

7 R T L R €
For each positive number r, we define

0 (u—s)-v

B, = {x € K:ED@(X,@) gr}.

We divide the subsequent proof into two steps.

Step 1: T is well defined. For this, we prove that T(5,) C B,. We choose

3ED2 (xo,0) + J;
- -I . Iz .

By using the assumptions above, Propositions 1.2.26,1.2.27, Hélder inequality and It6 iso-

T
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metric, that for x € B,, we get

ED%)O((TX)(U),@) = EDCZ,O <Xo + ) Ju(u - s)"*lf(s,x(s),x(hs))ds

+ F(L/) J:(u — )y ! < E g(u,x(u),x(ku))dB(u)>ds,6 ,
< 3ED (xo,ﬁ) + 3ED? (F(1v) J':(u—s)y £ (s x(s),x(As))ds,@)
+ SEDio (F(]y) J:l < :(u — ! g(u,x(u),x(?\u))dB(u)>ds,6>,
2y—1 u
< SEDio(xo,@) + 2 ET])Y(F( i L ED?, (f(s,x(s),x(?\s)),f(s,@,@))ds
6T2y—1 ru 5 o A
T Jy B (160.0)0)
6T2r-! A A
+ 2y - s (L IE‘ g(u, x(u),x(Au)) — g(u,0,0) du) ds
6CTTZV—1 ru s R 2
ey (B o009 au)as

A 6I_] TZV_] wor A A 6q]—r2Y
< 3ED? (x0,0) + J ED?, 0) + ED2_(x(As),0)|ds +
(0 0) + Gy i Jy P X(8)0) (x(3),0)]ds + =T
612~ 1I-2 Ju <J 2 2 A > 3C1T g,
+ EDZ, +ED Au),0)|du Jds +
2y =1 N o (x), 0] 2y — (T2
~ 2 2y 2y 2y+1 2y+1
< 3EDiO (Xo,O) i 1 L]T T i 6q1T 6T Lz‘l‘ 3CTT qJz2

2y -T2 2y W2 T @y —DormR T 2y -T2
< 3EDZ, (x0,0) + J1 + Jor,

where

6(]1T2y :‘))CTTZV+1 qz . 12L1 sz 6TZY+] Lz
o-nrmr T y=nrwe ™ T ohrer T = nroe

Finally, we have

Ji=

which implies that T(3,) C B,.

Step 2: In this step, we will prove that T is a contraction operator. Using the assumptions
(A1)-(A3), Proposition 1.2.26, 1.2.27, Holder inequality and It6 isometric, we have for x, x’ €
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B.and u € ]
EDZ, ((Tx)(u), (Tx') (u)) = EDZ, <xO e Al ORUS)E
+ i | = < J o (u,x(u),x(Au))dB(u)>ds,xO
+ F(L) u:(u— s)Y (s, x/(s),x'(As)) ds
i | a9 o ) ab () s ),
< 28D, (s [ s el 0 sy [ 9 (s () A s

+ 2ED?, <1 Ju(u—S)y ]<rg(u x(u),x()\u))dB(u)>ds,
(v) 0

o [ ot O i) Jas),
=0k

2 1
(zyfT];’ 2 f(s,x f(s,x’(s),%(?xs)))ds
2y-1 2
+ zyfT]y 2J (J H (u), ()\U))—g(u,xl(u),x'(%u)) du>ds,
2y—1 u
< (ZVZEI1T)(:“(y))2 Jo <ED§O(X(S),X’(S)) +ED§O(X()\S),X'(7\S))>ds

AT T / , / ] )
T oy (P60 60) B (01 ) e s

AL, T 20, T2
(2y —1)(T(y))? (2y —1)(T(y))?

AL, T2 20, T2 .,
= (m TN 2y 1)(r(w)2>ED°"(X’X )

Finally, we can get

EDZ (x,x'),

IN

EDZ, (x,x') +

41_1-1‘2y 2]_2T2YH 5 ,
(zv—1)(rw))2+(2v—1)(rm)2>ED (7).

. 4L, T v 20, T2vH! . . .
So, since T T oo < 1, then T is a contraction operator. Consequently, using

ED2, ((Tx) (), (Tx') (w) < (

Banach’s contract10n mapping principle, we get to the conclusion that T has a fixed point,

which is the unique solution of (6.2.1).0]

6.2.2 Averaging result
The construction of an averaging concept for FFPSDEs is the focus of this subsection. First,
we look at the standard form of Eq. (6.2.2).

Xe(U) = xo + %}/J J:(u — )Y (s, e (), xe(As)) ds

+ Tﬁ j:(u g < L 6 (u, xe (W), xe(Aw)) dB(u)>ds, 6.23)

where 0 < € < €y and €y is a fixed integer. Moreover x,, f and g have the same requirements

as in Eq. (6.2.2).

FACULTY OF SCIENCES AND TECHNOLOGIES 62 SULTAN MOULAY SLIMANE UNIVERSITY



ARHRRABI EL HOUSSAIN DOCTORAL THESIS LABORATORY : LAMSC

For every fixed 0 < € < ¢y and u € J, according to the existence and uniqueness findings,
the Eq. (6.2.3) has a unique solution x.(u).

In order to determine if x.(u) can be approximated by a small process to a simple process,
we make certain assumptions about the coefficients.

Letf: E"xE" — E"and § : E" x E* — R™™ be measurable functions satisfying (A1)-(.A3)

and the following inequalities:

(A4) For K € J and x,w € E™, we have

K

%J ED?, (f(s,x,w),ﬂx,w))ds <v1(K)(1 + ED? (x,0) +ED§O(W,6)),
0

EJ EH 9(S>X)W) _ 9(X>W) H ds < ‘YZ(K)(] +ED00(X»O) +ED00(W»O))>
0

where Klim vi(K)=0,1=1,2.

—00
After making the necessary preparations, we will demonstrate that when the time scale €
approaches zero, the original solution x. converges to solution of the following averaged

FFPSDEs

u

— i _ Y If
yelu) =0+ 1y [ =907 T{uels) e lhs))ds

+ r\/; L (w—s)’ < L g(ye(u),ye(?\u))dB(u)>ds, (6.2.4)

Under the same presumptions as Eq. (6.2.3), it is obvious that Eq. (6.2.4) likewise has a
unique solution ye.
As the main outcome of this section, we now examine the connections between the processes

X and ye.
Theorem 6.2.3 If the conditions (A1)-(A4) are verified. Then, for a given random tiny number

0> 0anda constantk > 0,0 <y < 1, there exist 0 < €1 < € | Ve € (0, €], we have

sup EDZ (xc(u),ye(u)) < 8.

uel0,keY]

Proof. For 0 < u < v, we have

sup EDZ (x(u),ye(u) = sup EDé(xweJu(u—s)v‘f(s,xe(s),xems))ds
0

ue(0,v] welowl r(y)
ﬁ " _ Y1< * > e u o
Jrr(y) Jo (1e=s) Jo 9(s,xe(s), xe(As))dB(s) dS’XO+|"(V) J'O (u—s) f(ye(s)yye(As))ds
oo (l, )
+ ('Y) JO (u—s) JO Q(He(s),ye(ks))dB(s) ds ),
2¢?

2 " o v—1 " _ vy—1F 2€
< BOE uil[lo},)v]]EDoo(J'o (u—s) f(S»Xe(S%XeU\S))dS,L (u—s) f(ye(S%Ue(?\S))dS) T2

sup Engo(r(u_s)v1<JS9(3,Xe(s),xs(xs))dg(s)>ds,Ju(u_s)v1<rg(ye(s),ye(m)dg(s)>ds),
0 0 0 0

uelo,v]
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Denote by

2

I = s u«:Dio( j:(u—s)v‘f(s,xe(s),xemsnds,J:(u— s)V‘ﬂye(s),ye(xsnds),

2e u _ s B s
J2 = o2 u?{lg,)v] EDZ, (L (u—ys)Y 1<L g(s,xe(s),xe(As))dB(s))ds, L u—s)Y ]<Jo g(ye(s),ye()\s))dB(s)>ds>.

Then, by utilizing the attributes of the metric D, we obtain

w

AL ED&(Ju(u—s)v‘f(s,xe(s),xe(xs))ds, |
0

(T(v))? 0

(u—s)v‘f(s,ye(s),ye(xsnds)
)% et

)
4¢2 u -~ u .
ﬁuzl[l()l:,’v] ]EDgo(J'O (u—s)Y 1f(3)ye(s))ye(As))dst'o (u—s)Y 1f(ys(SJ»ye(7\S))dS>>>

=T+ 2.

+

By using Hélder inequality and assumption (A1), we get

T —— (JHEDiO(f(s,xe(s),xe(xs)),f(s,ye(s),yems)))ds),
0

(2y = DT (¥))? e

2 2y—1 u
< s | (EDL (els)vs) + EDL (v 3)u.x) s,

8€2L1\)2V—1 u ,
= (2y—1)(T(y))? JO EDZ, (xe(s),ye(s))ds.

For J;,, we use Holder inequality and assumption (A4), we get

0

42?1 u .
]12 S (ZY— ])(F(Y))Z usel[lz)g;} (JO EDio <f(s)y€(5)>ye(7\s))>f(ye(s))ye(}\s))>ds))
4e2y?r] A A
< (Zy—l)(r(y))zw (v) [1 - Sl,[lp]EDz (ye(w),0) + 51[1p]IED2 (ye(At), O)}
uel0 uel0,v
4e2y?r] 5 A
S HyonrmrYY )1 +2us€1§)a]EDm(y€(u),0)},
= 4e*v By,
where 3; = #[1 +2 51[1p]IED2 2 (ye(w),0)].
ueou
Therefore 8eL -
eLv Y2 2.2
Ji < EESNE L EDZ, (xe(s), ye(s))ds + 4e* v By. (6.2.5)

For the second term ], by using Proposition 1.2.26, 1.2.27 and Hélder inequality, we have

Jo <

26\)21/71 u s ) ,
vty S [ ([ Bl ot 50w gty et Fav) s

4€V2y71 uw s
= (2‘}/— ])(r(y))z useli)l,?z] JO (JOE||9(V,X€(V),X€(AV)) _g(V)ye( ) Ue (AV)) H d\)) ds
T Ll sup Ju <JSEH 9V, Ye(v), ye (AV)) — §(yc(v), ye (W) szv) ds
By N7 P Jy Ly 90yt ’ ’
= Jn + Ja.
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Using assumption (.A2), we get

delp?r!
s 5 TR L (

4el,v¥Y u
R NI)E J

Also, we use assumption (.44), we have

r EDZ, (xe(v),Ye(v)) + EDZ (xe(Av), ye (Av)) dv) ds,
0

EDZ, (xe(s),ye(s))ds.
0

4ev?T w1 3 2
]22 < (ZY — ])(F(Y))Z uSelﬁ)R} (JO (SE JO E H 9(V>UG(V))U€()\V)) - Q(Ue(v),ye(hv)) H d\)) dsy

4ey?rH]
< y—nrme

2v+1

[1 + sup EDiO(ye(u),ﬁ) + sup ED;(ye(At),ﬁ)},

uelo,v] uelo,v]

4ev N
< Ey—nrm el 2 0 ED (v 0)),

= 4ev? 1By,
_ v) A
where 3, = m]ﬁw[l + 2 sup EDZ (ye(u),0)].

uelo,ul
Therefore

Jo <

4el vy J v
2y =1 (T(¥))* Jo
So, combining (6.2.5) and (6.2.6) together, we get

EDZ, (xe(s),ye(s))ds + 4ev? ™' B,. (6.2.6)

ED?, (xe(s), ye(s))ds,

4ev¥ (eLiv + 1) (¥
2 4ev®Y
sup EDL (xe(w)ye(w)) < 4ev™ (b1 +vB) + 5y J

4ev¥ (eLiv' + 1) J‘“
2y = 1)(T(v))?

0

< 4ev?(eBr +VvB2) + sup EDZ, (xe(v'),ye(v'))dv'.

0 v’el0,s]

Thus, using Gronwall inequality, we obtain

4ev¥(eLiv ! + 1) )

sup EDZ, (x(w), ye(u)) < 4ev?(epr +vp2)) exp ( 2y = N(T())?

uelo,v]

Choose 0 <y < 1 and L > 0 such that for every u € [0,Le™] C |, we get

sup EDio (Xe(u)aye(u)) < ke]ﬂ/)

uelo,Le~Y]

where

(2y =1 (T(y))?
is a constant. Therefore, for any given number 5, 3e; € (0, €o] such that for each € € (0, €]

2y ~1-2vyy —1 14y
k:4L2y€1—2yy(€Bl+L€_yﬁz) exp (41_ € (LiL e +Lz)

and u € [0,Le™], we get
sup EDZ (xc(u),ye(u)) < 8.

uelo,Le~Y]

Thus the proof is complete.l]
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6.3 Example

We give an example to illustrate our findings in this section. Consider the following FFPS-
DEs

“Drx(u) = x(u) + x(u) (¥ — 1)? + (x(u)dB(u)), 0<u<l, I<y<l.

2 6.3.1
x(0) =0, ( )

Thus, the appropriate standard form of the FFPSDEs mentioned above is

‘DYx¢ = x€ —Hce(%L —1)* + (x*dB(u)).

Then, f(u, x¢(u), x(Au)) = x€ +x°(5 — 1)? and g(u, x¢(u),x¢(Au)) = x¢. Hence

1
f(xf(u),x (M) = L f(s,x(s),x(As))ds,
O 19x¢

127

and ]

g(x*(u), x*(Au)) = L g(s,x%(s),x*(As))ds = x*.

As a result, the average form of (6.3.1) may be expressed as

19x¢

C €
DY =
D)

du + ve(x*dB(u)). (6.3.2)

We can see that the coefficients f and g satisfy the assumptions (A1)-(.A3). Then, according
to Theorem 6.2.2 the FFPSDEs (6.3.1) has a unique fuzzy solution. On the other hand, we
can naturally see that the coefficient f and § satisfy the assumption (.44), then, according to
Theorem 6.2.3, as ¢ — 0, the solution x¢ and w* to Egs. (6.3.1) and (6.3.2) are equivalent in
the sense of mean square.

Clearly, the reduced system (6.3.2) is much easier to understand than the standard system
(6.3.1). Even better, Theorem 6.2.3 ensures that just a minor mistake is introduced through-

out the substitution procedure.
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Chapter 7

The averaging principle for nonlinear
Hilfer fuzzy fractional stochastic
differential equations
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7.1 Introduction

Due to its extensive use in the fields of technology and applied analysis, fractional calculus
has recently gained assimilated abundant flow and considerable importance. Mathemat-
ical models of thermodynamics, fluid flow, and mathematical biology have all seen fresh
growth thanks to fractional derivative operators [20, 106, 32]. Fractional derivatives were
discovered by Leibnitz in 1695, and since then, a growing number of scientists have dedi-
cated themselves to study of fractional calculus.

The most often used fractional calculus definitions are Riemann-Liouiville definition and
Caputo definition [69, 35, 126]. When Hilfer [57] studied fractional time development in
physical phenomena, he gave a generalization of both Riemann-Liouiville and Caputo deriva-
tive, and many authors call it the Hilfer fractional derivative [56]. Fuzzy analysis and fuzzy
differential equations (FDEs) have recently been proposed as solutions to the uncertainty
imposed by insufficient information in various mathematical models that prodict real-world
situations [52, 108].

The averaging method, however, is an effective tool for studying different types of nonlin-

ear dynamical systems because it makes it possible the replacement of the complex original
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time-varying system with a simpler averaged autonomous system, resulting in a reasonable
reduction in complexity. Then, the first step in creating an averaging principle is to identify
the conditions in which the averaged system’s solutions can be sufficiently close to the orig-
inal system’s solution.

The averaging concept has garnered increased attention recently in the field of fractional
stochastic dynamical systems. For example, Liu and Xu [71] derived the averaging princi-
ple for impulsive fractional neutral stochastic differential equations. Under a non-Lipschitz
condition, the averaging principle for the general stochastic differential delay equations is
established by Tan and Lei [109]. Xu et al. [116] derived an averaging principle for a class
of stochastic differential delay equations driven by fractional Brownian motion. Under suit-
able non-Lipschitz conditions, Gao et al. [45] proved the averaging principle for stochastic
pantograph equations. Ahmed and Zhu [10] established an averaging principle for Hilfer
fractional stochastic delay differential equations with Poisson jumps. Arhrrabi et al. [15]
initiated the study of averaging principle of fuzzy stochastic differential equations. To our
knowledge, no publication has looked at the averaging principle of fuzzy fractional stochas-
tic differential equations, instead, numerous studies have looked at the averaging principle
of fractional stochastic differential equations in a crisp case. To close this gap, we will in-
vestigate an averaging principle for a class of fuzzy fractional stochastic differential delay

equations with Hilfer fractional derivative defined by the system (7.2.1).

7.2 Main results

The following nonlinear Hilfer fuzzy fractional stochastic differential equations with time-
delays are discussed in this section.

;

"D57y(u) = Ay(u) + flu, y(w), y(u—v))du+ <J0 g(s,y(s),y(s —V))dB(S)>,u €]

y(u) :Cb(u)) u e [_V)O])

7,y (0) = yo € BN,

(7.2.1)
where HDéf is the Hilfer fractional derivative with 0 < & < 1, % < o0 < 1, Aisan n-
dimensional matrix and f : | x E* x E* — E", g : ] x E® x E* — R™™ are continuous
functions, y(u) is fuzzy random variable, v € R" represents the delay, B(u) is standard
Brownian motion with n-dimensional, ¢ : [-v,0] — E" is a continuous function satisfying

ED2 [¢$(0),0] < oo.
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7.2.1 Existence and uniqueness results

In this part, by using Schauder’s fixed point Theorem, we will show the existence and

uniqueness of solution for Hilfer FFSDEs (7.2.1).

Lemma 7.2.1 According to [110], the system (7.2.1) is equivalent to the following integral equation:

d)(u)» _T§u§0>

u

x(w) = { Mpy-p) (AW)(0) + Jo (w—s)P"9p o (A(u—s)P)f(s,x(s),x(s — T))ds

S

+Ju(u — )P M 5 (A(u—s)P) < J

g(v, x(v),x(v —T))dB(v)>ds, uej.
0 0

(7.2.2)

\

We make the following hypotheses concerning the coefficients of the system under consid-
eration:
(H1) For all @1, @2, 1,1, € E" and for all u € ], we have

ED&O [f(u) (phl])] )) f(u) (PZ)II—’Z)] vV EHQ(LL, (pl)wl ) - g(u) (PZ)lpZ)HZ < H(”) EDgo[(f)] ) (PZL]EDCZX)N)] ,1|)z}),
where H : ] x E" x E® — E" is a monotone increasing, continuous and concave function

with H(w,0,0) = 0 and H(w, x(u), x(u)) = kH(u,x(u)), k is a constant.

(H2) For all u > 0, 3A > 0 such that
ED2 [f(u,0,0),0] \VV E||g(u,0,0)| < A.

(H3) For any ¢, € E", we suppose that there exists a function h € C(J, E") such that
H(w, EDZ [, ]) < h(WEDZ [, V.

We will now use Schauder’s fixed point Theorem to demonstrate our result.

Theorem 7.2.2 Suppose that f: ] x E* x E* — E"and g : ] x E® x E® — R™ ™ are continuous
and satisfying the hypotheses (H1)-(H3). Then, there exist at least a solution to the system (7.2.1).

Proof. Consider the operator £ on K’ := C([—7, T], L*(Q, E")) defined as follows

CI)(LL), ue [_T) O})

uw

Sx(w) = Mp y(1—p) (AW P(0) + Jo (w—s)P 105 o (A(u—s)P)f(s,x(s),x(s —T))ds (7.2.3)

+Ju(u— 5)5*19)1&‘[5 (A(u— s)ﬁ)<JS gvyx(v),x(v — T))dB(v)>ds, uel.
0 0
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To prove this result, we divide the subsequent proof into two steps.

Step 1: £ is completely continuous. For this, let us prove that:

@- £ is continuous. Indeed, for any integer n > 1, define x,,(u) = ¢(0) for all u € [, 0].
Forallu e ]

u

Xn (W) =M, 1-p) (AW P(0) + L (w—s)P "9 o (Alu—s)P)f(s,x(s),x(s —T))ds  (7.2.4)

+ [T s (A 9)( |

0 0

S

g(v,x(v),x(v— T))dB(v)>ds.

Let M = sup Mg, 1_p) (Au), with the aid of the hypotheses (H1)-(#3), Propositions 1.2.25-
0<u<T

1.2.26 and Cauchy-Schwarz inequality, we get

EDZ, [£(xn (W), £(x(w))] = |:mt[3,y(1[3)(Au)d)(O) + L (u—5)P"T0p 5 (Alu—5)P)f(s,xn(s), xn(s — 7))ds

+ u(u— $)P 1o g (Alu— s)ﬁ)< )
0

+ u(u— $)P1g g (Alu—s)P)f(s,x(s),x(s — T))ds
0

90X V), X (v = ©)AB(v) ) ds, Mg y1-) (AW (0)

+ P:(u—s)619ﬁ[5,ﬁ(A(u—s)ﬁ)< :g(v,x(v),x(v—T))dB(v)>ds],

u _ B u _<\B
< zmp [ [ Fee AU s ) nats e, [ TELASI 4 (x5 - s
M p(Alu—s)P s M p(Alu—s)P
+2EDioUO Biﬁ(_(:f]-;) )<J09(V»Xn(\’)axn("T))dB(V)>dS»J'O Biﬁ(_(s‘;_;) )

<E gv,x(v),x(v — T))dB(v)>ds:|,

27261907,

" 2
< ST | EDR[Fs k(8] xals — 1), s, x(s) s — )] ds

ZTZB_‘ﬁf u s .
2B -1 Jo Jo Ellg(vy xn(v), xn(v — 1)) — g(v, x(v), x(v — 1)) ||~ dvds,
en?
< 2T22;_‘]9:n1 L H(s,]EDio [Xn(s),x(s)},EDéo [Xn(s —1),x(s — T)])ds
ZTZB*‘ﬁf w s , ,
o1 L L H(V) EDZ, [xn (v), x(V)], EDZ, [Xn (v — T), x(v — T)deds,

where, by using the definition of D, we have

Doo[Xn(S - T),X(S - T)] = SUP max {‘ Xn(s - T, T) _X(S - T,T‘) |> ‘ ﬁ(s - T T) —Y(S - T,T‘) |})
o<r<1 0Sssu =

= sup max {|xn(, 1) —x(1,7) |, Xy 1) —X(1,7) [}
0<r<] TTSHSUST

< sup max {| xn(Ky 1) —x(K, 1) [ Xn (1, 1) —X(1, 1) [}
0<r<1 —TSHSO

+ sup  max  {|xn(p 1) —x(K1) %0 (k1) —X(1y 1) [}
0<r<1 0SuSu—1

< sup max {| xn(s,T) —x(s,7) [,| Xn(s,7) —X(s,7) [}
0<r<10=s=T

+ sup max {| xn(s,1) —x(s,7) |, Xr(s,7) —X(s,7) [},
o<r<1 TSsSu

< sup max {| xn(s,7) —x(s,7) [, | Xn(s,7) = X(s,7) [} = Doo[xn(s), x(s)].

o<r<10Ss=u
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Then, using the hypothesis (1), we have
=2
2T2P190,
281
—2
2T2P1);
26 1
152
_ 2Tk
=721
—2
2T2B-190T k
281
2120k . 2721077k
=\ 21 261

EDZ, [£(xn (w)), £(x(w))] < j:H(s,EDé [n(5),x(5)], EDZ, [xn (5, x(5)] ) ds

Ju r H (v, EDZ, [xn (v),x(v)], EDZ, [xn (v), x(v)] ) dvds,
0 Jo

uH JEDZ_ [xn(s), d

Jo (s % [xn(s) x(s)}) s

[ ] H(ED2 [xa w1 x001] Y,

)H(u, EDZ2, [Xn (u), x(u)] )

Since H is continuous, we can conclude that ED?, [Q(xn(u)), £(x(u))] — 0asn — oo.

Hence, £ is continuous.
®- We prove that there exists a positive constant &; and for all oy > 0 satisfying for all x(u)

By, = {x(u) € C([-=, T, L*(Q, E“))IEDﬁo[x(u),a] < 01} one has ED?_ [S(X(u)),ﬁ} < &;. So,
we let M, = sup Mg (A(u—s)P) and for all u € ] and x(u) € B,,, we have
0<u<T

EDZ, [Q(x(u)),@] = EDZ, {imﬁﬂ,mﬁ)(/\u)d)(O) + J:(u— $)PTg g (Alw—s)P)f(s,x(s),x(s — T))ds

+ Ju(u— s)P=Tomg g (Alu— s)f-’>)<JS gvy,x(v),x(v — T))dB(v)>ds,6],
0 0
Ju Mg,p (Alu—s)P)

0 (u—s)—8

w Mg g (Alw—s)P) /(5 .
+3ED§OHO Biz(_?)t]—r:) )<L g(v,x(v),x(v—T))dB(v)>ds,o},

< 3EDZ (Mg 4 (1-p) (AW (0),0] + 3EDZ { f(s,x(s), x(s — T))ds,@}

37261001,

w 5 - N
T L EDZ, [f(s,x(s),x(s —1)),0]ds

< 3 EDZ, [$(0),0] +

3261900,

w S B .
2 —1 Jo LEHQ(V’X(\))’X(V T))||“dvds.

Since the functions f and g are continuous, there is a constant N¢ 4 > 0 such that

ED? [f(u, @, ¥),0] VE|g(u, @, )[* < N,

Then,

o R 2B 72 2B+19772
EDZ [£(x(u)),0] < 300 ED2, [¢(0),0] + (32T[3 33}2 + 3T2[3 51’3?2) frg 1= &1

Therefore, for every x(u) € B,,, we have EDZ [£(x(u)), 6] < &, this implies that £(B,,) C

B,
(©- £ maps bounded set into equi-continuous set. Indeed, for each x(u) € B;, and wy,u; € ]
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such that 0 < u; <u; < T, we have

W Me s (Al —s)P
EDZ [£(x(w)), £(x(u2))] = EDZ, [Wﬁ,vm—m(/\m)dﬂo) +L Biif _“;1_5) L, w31, x(s — ) ds

w9 ‘ A( _ )[3 s

Jo B(if _15‘;1_55 )<L g(v’x(v)’x("*T))dB(V)>dS>9ﬁB,vﬂ—ﬁ)(Auz)d>(0)
w2 Mg, (Aluz —s)P)
Jo (up —s)1 =B

ruz o A RRY: s
+ . B(ii _(151—35) )<L g(v,x(v),x(v—T))dB(v)>ds})

2 [ Mg p (Al —s)P)
<0t ]

+

_|_

f(s,x(s),x(s —7))ds

U _ B
f(S»X(S)»X(s—T))ds,J Mp,p (Aluz —3)P)

0 (up —s)!-8 f(S’X(S%X(S—T))ds}

et Dﬁﬁ,B(A(m —S)B) s w2 mB,B<A(U2 _5)6) s
+ 2ED?%, Ho (uy —s)F <L gv,x(v),x(v 71))dB(v)>ds,L (i —5)—P <L g(v,

x(v),x(v — T))dB(v)>ds} =Py + Py,

Applying the hypotheses (#1)-(H3), Propositions 1.2.25-1.2.26, Lemma 1.2.29 and Cauchy-Schwarz
inequality, we get

Wog g (Aluy —s)P g g (Aluz —s)P
Py <2ED§OHO B’(zs (131;) )f(s,x(s),x(s—"c))ds,JO Bizi (LS]BS) )

U2 9:7[[3‘5 (A(uz — S)B)
+Ju1 (uzis)liﬁ

f(s,x(s),x(s —T))ds

f(s,x(s),x(s—'r))ds},

Mg p (Aluy —s)P W 9g p(Aluy —s)P
<4ED§OHO B(ﬁfs;w )f(s,x(s),x(s—r))ds,L ﬁ(fés;ﬁ (s, x(s), x(s — ) ds
U _ B
rampy, [ [ B A x5 - 0)as,0]

< Jm 41 (w — )P 2(Mp g (Al —s)P)” — (1p — 5)2P 2 (A(uy —5)#)% | ds - Jm EDZ, [f(s,x(s),x(s — 7)), 0] ds
0 0

A — s 2B (12 A
(uz 2;1) 1 isz ED2 [f(s, x(s), x(s — 7)), 0] ds,
- "
B B —2
i (PTG g, 2T,
I 2 »9
< 251 261 )
12(u; —wy )2671ﬁ§mﬂ9

= 281
In the same way, we get

et 9)7(3,(3<A(u1 —S)B) s bt Dﬁﬁyﬁ(}\(uz —S)B) s
o <22, | | PSS [ givxtv) aty - mas s, | TEEER D (] g

2 Mp g (Aluz —s)B) /[
x(v),x(v—T))dB(v)>ds+L B(fé _(LS‘;BS) ><Lg(v,x(v),x(vT))dB(v)>ds}

< [Tt =902 (Al —9%) = (2 02 (Alwa = 90%) s [ [ Blgloxtv,
0 0 0
4ux —uy )Zﬁf]ﬁz w2 s
— 2dvd 2 E|lg(v, x(v— 2dvds,
v o) Pavas + 2 | gy x(v), v ) Pavds

—=2
< 12(u2 —Uuq )2(3719312T2nyg )
281

Therefore, we get

1y 2B—Te
EDZ [£(x(w)), £(x(w2))] < 12(u; —w) - i)_jtiTNf,g(T - 1).
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12 uz—u])zB QJTZTN{ g(T-‘r])
231

=2
12(up—uy )2'37] szNf’g(T-i-])
We have T

u, — 4. Then, we obtain

is independent of x(u) and — 0 as

EDZ [£(x(w)), £(x(u2))] — O.

It means that £(B,,) is equi-continuous. Then, according to Arzela-Ascoli Theorem, £ is
completely continuous.
Step 2: In this step, we will demonstrate that there is a closed, convex and bounded subset

B;: = {x(u) € C([-v, TI, L2(Q, E"))|[ED% [x(u),0] < E,} such that £(B;) C B:. We know that
B: is a closed, convex and bounded subset of C([—T, T], L?(Q, E“)) for all & > 0. Suppose
that for all & > 0, Ix¢(u) € Bg such that £(x¢(u)) ¢ Be, that is EDZ [£(x¢(u)), 6} > &. Then

u _ )P
£<]ED§O[£(Xa(u)),6]ZEDio{fmrs,wB)(Au)Cb(O)JrJ M6 (Al —5)°)

s (u_s)—P f(s,xg(s),xe(s —T))ds
n r Mp,p (Alu—s)P)

<L g(v, X (v), xg (v — r))dB(v)>ds,6}

0 (u—s)'—8
o R 281572 (u R
< 3szED§O [¢(1),0] + %J EDZ, [f(s,x¢(s),xe(s — 7)),0]ds
- 0
2B—19772 (u s
2 | Blatxe vl xe v — ) Pavas,
286—1 Jo Jo

3726905 3T2ﬁ+‘zm2>

< 3ﬁ$ED§o [d(1),0] + ( 281 + 22p—1)

Taking limit as & — o0, we obtain that 3ﬁ$ED§O [$(t),0] + (32669?2 + 3T2§ﬁ+15]m JNg —

+o00 which is in contradiction with SﬁfEDio [cl)(t), 6] + (32659?2 + 3 5; ‘?nz ) N¢ 4 is bounded.

Therefore, for every positive constant &, we obtain £(B;) C B:. By means of Schauder’s

tixed point Theorem implying that there is at least one solution of the system (7.2.1).0]

For the uniqueness result, we have the following theorem:

Theorem 7.2.3 Assume that the hypotheses (H1)-(H3) holds. Then, if

28072
sup h(u)ZT M,(1+T)

<1,
0<u<T ZB —1

then the solution of system (7.2.1) is unique.
Proof. We know that x(u) is a solution of system (7.2.1) if

w _q)\B
Mp,p (Al —s) )f(s,x(s),x(s—T))dS

x(W) = My (1) (AWH(O) +J

0 (u—s)1-8
ugﬁﬁyﬁ(A(u—s)ﬁ) s
+L (u=s)'=F <LQ(V*X(V%X(V—T))dB(v)>ds,

hold. If x(u) € C([-, T},L*(Q, E")) is a fixed point of £ which define as in Theorem 7.2.2,
therefore x(u) is the solution of system (7.2.1). Let x;(u),x2(u) € C([-, T],L*(Q,E")) and
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foru € [—1,0], x;(u) = x2(u) = ¢(u). For all u € ], we have

Mg g (Alu—s)P

EDZ, [2(x1 (w), £(x2(w)] = EDZ, {mg,yum(/\umm - ﬁii(_ S )
“Smﬁyﬁ(A(u—s)B)
+f, s

u S)ﬁﬁ,g(A(u— S)ﬁ)
*L (s P

f(s,x1(s),x1(s —T))ds

(] atvxa (w11 =) Bls) s, g 1 (A0

u _ <P s
fls,sals) xals = vl)as + | %Eiw;;;) )<Lg(v,xZ(v),xZ(v—T))dB(v)>ds},

u _g\B
fls,xa(s)m (s — 2, | %&iw:;;) )

< 2ED?, {

w9 A _ B s w9y _ B s
w02, | Biff(:)ﬂff) )<Lg(v,><1 ()3 (v =) dB(v) s, | Biﬂ(/\gﬂ; ) )<Lg(v,><z(v),

Ju mB,B(A(U'— S)B)

0 (u—s)'—P f(S,Xz(S),Xz(S—T))ds}

Xz(V—T))dB(V)>dS},

2T2B71ﬁ§ u )
S 2[37_1J0 H(S,EDOO[Xl(5),X2(S)LED£O[X1(S—T),Xz(s—’r)])ds
2819772 (u s
2—|_2[57—1Emz J-o Jo H(V’ EDZ, [x1(v),x2(v)], EDZ, [x1 (v — 1), x2 (v — T)])dvds,

<2T28m§ 2T2ﬁ+‘zm§>
<

T + T sup H(u,EDZ, [x1(u),x2(u)]),

0<u<T
B (zTZBméU +T)>

ST sup h(uwEDZ [x1(u),x2(u)],

0<u<T

since sup h(u) < b1 we have

oousT = 212005 (14T)
EDZ [£(x1(u), £(x2(w))] < EDZ, [x1(w), x2(w)].

Based on the Banach contraction principle, £ has an unique fixed point x(u).]

7.2.2 Averaging result

The construction of an averaging concept for Hilfer FFSDEs (7.2.1) is the focus of this sub-
section. Let us consider the standard form of Eq. (7.2.2)

u

Ye(u) =Mo e 1-0) (AU)P(0) + € JO (u— )" "M 0 (Al —5)) (s, ye(s), ye(s — v))ds (7.2.5)

+ \/EJ:(LL — s)“qi)ﬁg,g(A(u— $)°) < Jo

where ¢ € (0, &) is a positive small parameter with ¢, a fixed number.

90V Y V), yelv—v))dB(v) )ds,  w€J.

In order, we set certain hypothesis on the coefficients to see if the solution y.(u) can be ap-
proximated by a small process to a simple process.
Letf: E" x E" — E"and g : E" x E* — R™™ be measurable functions satisfying (H1)-

(#3) and the additional inequalities:

(H4) For ¥, @ € E* and T’ € ], there exists a positive bounded functions n;(T'), 1 = 1,2
such that

T/
5 || EDL [ty 0,0), oy 1] au < (1) (14 BDL 0,01+ 2D 1,0,
0
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1 v _ 2 A A

ﬂ Elg(u, @, %) — 5o, ) || du < na(T') (1 + DL [, 0] + ED b, 0],
0

where Tllim n(T)=0,1=1,2.

With the appropriate preparations above, we will show that the solution y, converge as

¢ — 0, to the solution x, of the following averaged equation

u

Xe (W) =M g(1-0) (AW D(0) + ¢ L (u—35)7""Mg o (Al —5)7) F(xe(s), xe (s — v))ds (7.2.6)

+\[J' ) My o (Al _s)c)<Eg(xg(v),xe(v—v))dB(v)>ds, uelj.

The main result of this subsection is now presented, in which we consider the connec-

tions between the process y, and x..

Theorem 7.2.4 Assume that the hypotheses (H1)-(H4) are satisfied. For a given arbitrarily small
number A > 0 and a constant k > 0, o« € (0, 1), there exist 1 € (0, €o] such that Ve € (0, 1], we
have

sup  EDZ [y.(u),x.(u)] <A.

ue[—v,ke—«]

Proof. For any u € [0,1] C J, we have

Mo e (1—0) (AW P(0) + &Ju Moo (Alu—1s))

2 _ 2
sup EDZ, [ye(w),xe(w)] = sup EDZ, ° (u—s)l—°

uel0,ug] uel0,uq] [

4 \[J 2o (AU 9)7) <r 9%, Ye (v), Ye (v = V))AB(v) }ds, Mo ¢ 1o (AW (0)
0

rEn
* Moo (Alu—5)7 Mo,o (Alu—5)°) / [*_
+EL (Alu—>s)9) (u(_sl)‘1_: )<Lg(xe(v),xs(v—V))dB(V)>ds}

(wu—s)1—°
: 2 [ Moo (Ale—9)°) " Moo (Ale—5)7)
= ues[g,li]]EDooUo (w—s)t—o f(s,yg(s),yg(s—v))ds,L (u—s)l-°

(]] ot yetwnyety - as s, [ Toel A 297

f(s,yels),ye(s —v))ds

=

(xe(s)yxe(s —v))ds + \/Er
0

Flxe (s), xe (s — ))ds}

+2e¢ sup ED2Z

uel0,uq]

< E Gxe(V)yxe (v — V))dB(v)>ds} _

[J’” Mo, (Alu—5)9)

(LL—S)1 o

Denote by

J; =2¢* sup EDZ

ueo,uq]

fxe(s),xe(s—v))ds|,

Hu Moo (Alu—1s))

umﬁo‘ A —_ o
0 (u—s)-° f(s»ys(s),ys(sﬂ,))ds)J o (Alu—1s)9)

0 (u—s)t—o

UM o (Al —s)°
Jo =2e sup EDZ, UO Eu(— iL)L]:) )

uel0,uq]

(]} oty yetwnuety - vas s, [ Teel A=)

(] gl xetv= B s

Then, using the properties of the metric D, we get

Moo (Alu—s))

umcc Alu—s)°
J1 < 4¢? sup ED&O[J : ( (u=s) )
] 0

(5,5l ye (s = v)as, f(s,xa(s),xa(s—vnds]

welo,u; (u—s)l—° o (u_s)—o
+4e? sup EDZ { J : m""’<A(uﬁ %) e ), el — v))ds, Ju m"’“wuﬁ ) e (s xe s — v))ds},
uel0,uq] 0 (LL— S) ° 0 (U— S) o

=T+ Ji2.
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By using the Cauchy-Schwarz inequality and the hypothesis (1), we have

1w
J11 §4£2 sup J
uel0,uq] 0

4e?ui '@
20—1

Moo (Alu—1s)°) ?
(u_s)176

as- | ED2, [f(s,ys(s),ystsvn,f(s,xs(s),xs(sv))}ds>,
0

Jm F(EDZ [y(s), x(s)] + EDZ [y(s — v), x(s — V)] ) ds,
0

where © := sup My (A(u — s)") 2. Or, by using the definition of D, we have

uel0,u]
Do ly(s —v),x(s —v)] = sup max {|w(s—v,r) —x(s —v,1) [,| W(s —v,1) —=X(s —v,1) |},
o<r<10sssu

= sup max {|w(ur) —x(u,7) | Wlk,1) —x(11) [}
0<r<] TYSHSU—Y

< sup  max {|w(p, ) —x(1,1) [ Wk, ) =X, 1) [}
0<r<1 VK0

+ sup max {| ﬂ(u’) T) *K(U') T) ‘) | W(H) T) *Y(M T) |})
o<r<1 0Susu—y

< sup max {| w(s, ) —x(s,1) [,| W(s,r) —X(s,7) [}
o<r<1 0Ss<v

+ sup max {| w(s,r) —x(s,7) [,| W(s, ) —X(s,7) [},
0<r<1 v<s<u

< sup max {| w(s,1) —x(s,1) [,| W(s,1) —X(s,7) [} = Dooly(s), x(s)].
o<r<10sssu

Then

8c2ui” 'OF J’ u
20—1 0

For J;,, we use the Cauchy-Schwarz inequality and the hypothesis (#4), we get

Jin < EDZ [y(s), x(s)]ds,

mD‘,G(A(u_ S)U) ’
(u—sg)l-o

s [ EDL[fl5,xe ), x5 = V) Tlxe5) w5 = ) ds),
0

u

Ji2 < 4¢? sup J
ue(0,uq] 0
4e2u3°0O

2 A 2 . PN
_ﬁm(m)(]—!— sup EDZ [x(u),0l1+ sup EDZ [x(u v),O]),

uel0,uq] uel0,uq]
where, by using the definition of D, we get

Do [x(s —1),0l = sup max {|x(s —1,7) |, X(s —T,7) [},
0< <1 0<s<u

= su max {| x(u, 1) |, x(u,7) |}
Sup cmax () LX) I

= sup max {x(wr) hIX(w7) )+ sup  max {Ix(ur) ], %(w1) )
sup - max (IxGu) 1 %(ur) o sup max (x5l

= sup max {[x(s,7) |,[X(s,7) [} + sup max {|x(s,) |,| X(s,7) [},
0<r<10Ss=7 0<r<1 TSSSU

= 011:1; Orgagu{\ x(s,1) [, X(s,71) [} = Doo[x(s), 0.

Therefore L
4e“us°© A
Jiz < 20—_11nz(u1)<1 +2 sup ED&[X(LL),O]) = 4521@0/\1,

uel0,ug]
where A; = 1%(1 +2 sup EDio[x(u),m) Ainsi

uel0,u]

ED? [y(s), x(s)lds + 4e*ui’A;. (7.2.7)

(e o]
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For the second term J,, using the properties of the metric D,,, we have

g o[

uel0,uq]

(]] ot yetwnyety - vas s, [ Teel A=)

<JZ g(vyxe(v)yxe (v — V))dB(v)>ds}

rae sup EDL| [ Mol A= gtvwetvlvety ) asiv s,

J” Moo (Aluw—7s)%)
0 (u—s)l-°

=J21 + J22.

< J: g(xe (), xe (v — v))dB(v)>ds} ,

For ], we use the Cauchy-Schwarz inequality and the hypothesis (H1), we get

aus
J21 <4e sup J
uel0,uq]

< 8cui°OF
- 20-1

Moo (Alu—1s)°) ?
(u_s)1—cr

ds'J J Ellg(v,ye(v),ye (v —v)) = g(v, xe (v), xe (v = V) | dvd8>,
0 Jo

J ED2. y(s), x(s)lds,
0

Also, we use the Cauchy-Schwarz inequality and the hypothesis (#4), we get

w
J22 <4e sup J
ue0,uq] 0

4£u1

Moo (Alu—s)°) [
(u—s)t-o

ds-J J ||g(s,xg(s),xe(s—v))—g(xa(s),xs(s—vm2dvds>,
0 JO

sup EDZ [x(u),0] + sup EDiO[X(u—V),(A)])

ue0,uq] uel0,uq]

_4
SEC) (1 +2 sup ]EDﬁo[x(u),m> = 4eud® Ay,

uel0,uq]

where A\, = “22(;‘1)@ (1 +2 s[up EDZ, [x(u), ]). Therefore
ue0,uq]
8eu@F [*
) < ;‘:1—_] L ED2 [y(s), x(s)]ds + 4eui°A,. (7.2.8)

Therefore, combining (7.2.7) and (7.2.8) together, we get

8 20'71®F ug
sup IEDio[ e(U.),xe(u)] <4eut(eAr +Ag) + £t 20_(]£+u1) J'o EDZ [y(s), x(s)]ds.

ueo,ug]

Let Y(w) := sup, .| EDZ, [ye(u), xe(u)] and SUP, e .0 EDZ, [ye(u), xe(u)] =0.

Therefore
8 20‘71@'[: U
Y(w) < 4eu (eA + Ay) + o OFle Fw) J Y(s)ds.
20—1 0
So,let ®(wy) := sup Y(u),vVu, € J. Hence
ue[—vyuq]
O(w) = sup Y(u)= sup Y(u)
uel—v,uq] uel0,uq]
201 F w1
< deut(eA) +Ay) + Sew; 2((? (j +w) J ®(s)ds.
- 0
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Then, by using the Gronwall-Bellman inequality, we have

8eui” 'OF
D(uy) < 4£u%"(£/\1 + A) exp ( ad 7o _(i —|—u1)>.

Therefore

sup EDZ [y.(u),x.(u)] < 4eui®(eAr + Ay) exp (

ueoug]

8£u12‘7’1®F(£ + 1)
20— 1 '

Choose B € (0,1) and L > 0 such that for every u € [0, Le P] C J, we have

sup  EDZ [y (), x(u)] < kLe'P,

ue0,Le—R]

20—-1.1-Bo —
where k = 4L2¢P72Bo(¢ Ay + Ay) exp (8L £ ﬁz(:f]@ FletLe B)> is a constant. Therefore, for any

given number A, Je; € (0, €] such that for each € € (0, &;] and u € [—v, LeP], we have

sup  EDZ [y.(u),x.(u)] <A.

uel—v,Le—F]

Thus the proof is complete.l]
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Conclusion and Perspectives

At the end of this thesis, we estimate that the presented results will contribute to the de-
velopment of the study of fuzzy fractional stochastic differential equations, by opening new

horizons to scientific research on this new topic.

After having presented the preliminary notions useful for a good understanding of the
present work, we presented results of existence, uniqueness, stability and averaging princi-
ple of certain fuzzy fractional stochastic differential problems relating to different fractional
derivatives. First, we have established existence, uniqueness, stability and controllability
results for different fuzzy fractional stochastic differential problems. The results obtained in
this part are published in [19], [16] and [14].

Furthermore, we have presented existence, uniqueness and averaging principle results
for different types of fuzzy stochastic and fuzzy fractional stochastic differential problems.
These results is obtained using the fixed point technique and stochastic calculus. The results
obtained in this part are published in [15] and submitted for possible publication.

The results presented in this thesis naturally offer many perspectives:

e The first is the study the existence and finite-time stability results of fuzzy fractional

stochastic differential equations with time-delays.
e The second perspective would be the study the existence and finite-time stability of
solutions for a class of nonlinear \-Hilfer fuzzy fractional stochastic differential equations

with time-delays.

e The third possible perspective would be the study of the averaging principle for non-

linear Hilfer fuzzy fractional stochastic differential equations.
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