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Abstract

In the last two decades, there has been an increasingly interest in studying nonlinear partial
differential equations with non-standard growth conditions. This interest is justified by their appli-
cations in many domains: finance, image restoration, non-Newtonian fluids (characterized by their
rapidly change of physical state from the liquid state to the solid state under the influence of different
stimuli, such as electric or magnetic fields). Such fluids have many applications in several branches
of engineering, including seismic protection, the automotive industry (clutches, shock absorbers, ...),

military applications, etc.

In this thesis, our objective is to establish existence, regularity and uniqueness results of solutions
for nonlinear, elliptical and parabolic partial differential equations of Dirichlet or Neumann type
in Musielak-Orlicz-Soboev spaces and their particular cases (spaces of Orlicz-Sobolev and Lebesgu-

Sobolev). Our work consists of four chapters.

In the first chapter, we make a brief reminder of different concepts and tools which we make

frequent use in the other chapters.

In the second chapter, we consider a nonlinear eigenvalue problem for some elliptic equations
governed by general operators including the p-Laplacian. The natural framework in which we consider
such equations is that of Orlicz-Sobolev spaces. we exhibit two positive constants Ay and A\; with
Ao < Ap such that A is an eigenvalue of the problem while any value A < A\g cannot be so. By means
of Harnack-type inequalities and a strong maximum principle, we prove the isolation of A; on the

right side. We emphasize that throughout this chapter no As-condition is needed.

In the third chapter, we prove a continuous embedding that allows us to obtain a boundary trace
imbedding result for anisotropic Musielak-Orlicz spaces, which we then apply to obtain an existence
result for Neumann problems with nonlinearities on the boundary associated to some anisotropic
nonlinear elliptic equations in Musielak-Orlicz spaces constructed from Musielak-Orlicz functions on

which and on their conjugates we do not assume the As-condition. The uniqueness is also studied.

The fourth chapter is devoted to finding the existence, the regularity and the uniqueness of solution

of a parabolic problem with a Hardy potential and a singular term in Sobolev space.



Résumé

Au cours des deux dernieres décennies, ’étude des équations aux dérivées partielles (EDP’s) a
croissance non standard a suscité un vif intérét dans diverses directions de la recherche. Cet intérét est
justifié par leurs applications dans de nombreux domaines en : finance, restauration d’image, fluides
non newtoniens (caractérisées par leur changement brutale d’état physique de I’état liquide a ’état
solide sous l'influence de différents stimuli externes, comme les champs électriques ou magnétiques).
De tels fluides ont de nombreuses applications dans plusieurs branches de l'ingénierie, y compris la
protection antisismique, I'industrie automobile (embrayages, amortisseurs, ...), applications militaires,

. etc.

Dans cette these, notre objectif est d’établir des résultats d’existence, régularité et unicité des
solutions pour des équations aux dérivées partielles non linéaires, elliptiques et paraboliques de type
Dirichlet ou Neumann dans les espaces de Musielak-Orlicz-Soboev et leurs cas particuliers (espaces

d’Orlicz-Sobolev et Lebesgu-Sobolev). Notre travail se compose de quatre chapitres.

Dans le premier chapitre, nous faisons un bref rappel de différentes notions et outils dont nous

faisons un usage fréquent dans les autres chapitres.

Dans le deuxieme chapitre nous considérons un probléeme de valeur propre non linéaire pour cer-
taines équations elliptiques régies par des opérateurs généraux dont le p-laplacien. Le cadre naturel
dans lequel nous considérons de telles équations est celui des espaces d’Orlicz-Sobolev. Nous présen-
tons deux constantes positives Ay et Ay avec \; < Ay tel que A\; est une valeur propre du probleme
alors que toute valeur A < A\; ne peut pas étre ainsi. Au moyen d’inégalités de type Harnack et d’un
principe maximum fort, nous prouvons l’isolation de A\; du coté droit. Nous soulignons que tout au

long du ce chapitre on n’a pas besoin de la condition (A ).

Dans le troisieme chapitre, nous prouvons une injection continue qui nous permet d’obtenir un
résultat d’injection de trace de frontiere pour les espaces de Musielak-Orlicz anisotropes, que nous
appliquons ensuite pour obtenir un résultat d’existence et d’unicité pour un probléme anisotrope de
type Neumann avec des non-linéarités sur la frontiere dans les espaces de Musielak-Orlicz construites
a partir des fonctions de Musielak-Orlicz sur lesquelles et sur leur conjugués, nous ne supposons pas

la condition (A ).

Le quatrieme chapitre est consacré a trouver 'existence, la regularité et I'unicité de solution d’un

probleme parabolique avec un potentiel de Hardy et un terme singulier dans les espaces de Sobolev.



Notations :

o

I’:(ml,fﬁg,"' al‘N)

open set of RN, N € N*,

topological border of 1,

generic point of RY,

Lebesgue measure ,

surface measurement on €,

surface measurement on 051,
i component of the outer normal unit vector
gradient of u,

support of a function f,
max(f,0),
min(f,0),

space of differentiable functions with compact support in €2,
space of positive functions of D,

space of continuous functions with compact support in €2,
space of indefinitely differentiable functions on 2,
truncation function of level k,

Hélder conjugate exponent of p,

Sobolev conjugate exponent of p,

complementary function of a function M,

second complementary function of a function M,
Sobolev conjugate function of a function M,

best constant in the Hardy inequality ,
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General introduction

Mathematics consists first of all of a language, which makes it possible to transcribe quantitative
problems: this is modeling. Once this transcription tools are available to understand and resolve
problems from real world phenomena that use the laws of physics (mechanics, thermodynamics,
electromagnetism, etc.), these laws are, generally, written under the form of balance sheets which

translate mathematically into Differential Equations Ordinary or by Partial Differential Equations.

Partial differential equations (PDEs) are also used in many other areas: in chemistry to model
reactions, in economics to study market behavior, in finance to study derivatives and in image pro-

cessing to restore degradations.

PDEs probably appeared for the first time during the birth of rational mechanics during the
17th century (Newton, Leibniz ...). Then the "catalog” of PDEs was enriched as the sciences and in
particular physics developed. If only a few names have to be retained, we must cite that of Euler,
then those of Navier and Stokes, for the equations of fluid mechanics, those of Fourier for the equation
of heat, of Maxwell for those of electromagnetism, of Schrodinger and Heisenberg for the equations

of quantum mechanics, and of course of Einstein for the PDEs of the theory of relativity.

However, the systematic study of PDEs is much more recent, and it was not until the 20th century
that mathematicians began to develop the necessary arsenal. A giant leap was made by Schwartz
when he gave birth to the theory of distributions (around the 1950s), and at least comparable progress
is due to Hormander for the development of pseudo-differential calculus (in the early 1970s ). It is
certainly good to keep in mind that the study of PDEs remains a very active area of research at
the start of the 21st century. Besides, this research does not only have an impact in the applied
sciences, but also plays a very important role in the current development of mathematics itself, both

in geometry and in analysis.
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The mathematical analysis of these partial differential equations requires an appropriate choice of
functional spaces and a clear definition of the concept of solution (existence and sometimes unique-

ness).

Furthermore, the work presented in this thesis concerning to prove existence, regularity and
uniqueness of solutions of some partial differential equations of elliptic and parabolic with condi-
tions at the edge of type Dirichlet or Neumann involving operators of type Leray-Lions [59] in the
Musielak-Orlicz-Sobolev spaces (which is defined in Chapter 1 below) and in their particular cases
(Lebesgue-Sobolev spaces and Orlicz-Sobolev spaces which which will are defined below). This work

is split over the following four chapters.

The first chapter is entitled "Preliminaries (Recalls and definitions)”. In this chapter, we make a

brief reminder of different concepts and tools which we make frequent use in the other chapters.
The second chapter, entitled "On a nonlinear eigenvalue problem for generalized Laplacian in

Orlicz-Sobolev spaces” (based on paper [91]) is devoted to study the problem

—div(o(IVu)Vu) = Ap(@)é(ul)u i Q,
u =0 on 012,

(1)

where Q be an open bounded subset in RY, N > 2, having the segment property, ¢ : (0,00) — (0, 00)
is a continuous function, so that defining the function m(t) = ¢(|t|)t we suppose that m is strictly
increasing and satisfies m(t) — 0 as t — 0 and m(t) — oo as t — co. The weight function p € L>(Q)
is such that p > 0 a.e. in Q and p # 0 in Q. This problem is studied in the Orlicz-Sobolev
spaces Wi Ly () (see Chapter 1 below) built upon the N-function (which will be defined below)
M(t) = / ! m(s)ds. Throughout this chapter, we do not impose the As—condition (see definition
1.2.1 beIO\?V) neither on M nor on its complementary N—function in the sense of Young (which we
define precisely later). Therefore we lose a wide range of facilitating properties of function spaces that
one normally works with. Namely, if M does not satisfy the As;—condition. This chapter comprises

three sections. In the first section we exhibit two positive constants

/ o(|Vu)) [ Vulde
)\0 = inf £

ueWi Las ({0} / p(0)([ul)luldx

and

A= inf{/QM(yqudx ‘ u € WELy(9), /Qp(x)M(\uDdx - 1}.

12



We already know from Mustonen-Tienari [68] and Gossez-Mandasevich [17] that A, is an eigenvalue of
(1). Unlike the model case ¢(t) = [t[P72, 1 < p < 400, we can not say that \; is the first eigenvalue
of (1). We prove that Ay < A; and each A < )¢ is not an eigenvalue of (1). In the second section we

prove a weak comparison principle under the condition (see [70])

9 ds
/o T @

where H is the function defined for all ¢ > 0 by
H(t) =tm(t) — M(t) = M*(m(1)),

enable us to get a strong maximum principle. We show under (2) and by using this strong maximum
principle that every eigenfunction u associated with \; has a constant sign in {2, that is, either u > 0
in Q or u < 0 in 2, by using this result we prove that if v an eigenfunction associated with A > Ay,
then v* 2 0 and v~ 2 0 in Q. That is v changes sign in 2. Finally, we prove our main goal of this
chapter Theorem 2.2.3 showing that \; is isolated from the right-hand side, that is, there exists 6 > 0
such that in the interval (A, A; + J) there are no eigenvalues. We can summarize the results of this

section as follows.

| | | | >
[ | | |
0 Zone of Ao Dark zone M Isolation zone : A1 +0 Other

noeigenvalues There is no eigenvalues
eigenvalues in this interval

In the third section we prove some important lemmas that are necessary for accomplishment of the
proofs of the results obtained in the above section. First, we prove that any solution u of (1), asso-
ciated with A > 0, uniformly bounded in L*°, that is a constant ¢ > 0 not depending on u such that
||tt|lo < ¢. By using the uniform boundedness of the solutions and classical ideas we show Harnack-

type inequalities and finally by these Harnack-type inequalities we prove the Holder regularity.

The third chapter is entitled "Imbedding results in Musielak-Orlicz-Sobolev spaces with an appli-
cation to anisotropic nonlinear Neumann problems”; (based on paper [92]) comprises four sections.
In the first, we consider q; : Q1 x Ry — RY, the vector function 5 = (¢1, -+, ¢n) where for every

i€ {l,---,N}, ¢; is a Musielak-Orlicz function (see Chapter 1) and we give the definition of the

13



anisotropic Musielak-Orlicz-Sobolev space WL 5(9)’ which equals to the anisotropic variable expo-
nent Sobolev space W' LP1)(Q) defined in [21], if fori € {1,--- , N}, ¢;(z,t) = t"®) and p; € C(Q) =
{h e C(Q) : inf,gh(z) > 1}, also WILHQ) = WLILPO(Q), if ¢y (z,t) = --- = ¢n(w,t) = tP@) and
p € C(Q), where W'LPO)(Q) is the variable exponent Sobolev space defined in [39]. In the second
section we assume the following conditions

/01 —(Qﬁﬁzzl);;(% t) dt < 400 and /1+OO —(eﬁi‘;‘l:l);;(x, ) dt = +oo, Vz € Q, (3)

there exist two positive constants v < % and cg, such that

(A2 (). 1)+ () 1)), 0
for all t € R and for almost every x € €2, provided that for every i = 1,---, N the derivative
W’:’%”—M exists, where (¢F; ). is the Sobolev conjugate of ¢**. ~defined by

(¢ )z, ) = /S Mdt, for x € Q and s € [0, +00),
0

min tH_%

where ¢F* is the second complementary function (see (3.12) below) of ¢nin and @uin(z,s) =

min

rlnln ¢i(z,s). It may readily be checked that (

and (4), we prove the continuous imbedding Wqu;(Q) — Lg= . (Q2), the compact imbedding

)« is a Musielak-Orlicz function. Under (3)
W1L~(Q) — LA(Q), where A is a Musielak-Orlicz function grows essentially more slowly (see (1.3)

below) than (¢, )., denote A < (¢ and the trace imbedding W'L3(Q?) < Ly,,,,(09), where

min ) min )

Gonin (2, 1) = [($5530) (@, )] 7

In the third section we apply the results proved in the above section to obtain the existence and

uniqueness of the solution of the problem
- Z’fil awiai(a:? 811“) + b(w)gpmax(xa ]u(x)|) f( ) in Qa

0 in Q, (5)
Zij\; @z‘(% a:c,-U)Vi = g(x,u) on 052,

v

u

which is exactly the problem studied by Boureanu and Radulescu [21] in the particular case where,
fori € {1,---,N}, ¢5(z,t) = 7@ with p; € C,(Q). Here, 0,, = a - Omaz(T,8) = a‘z”"‘” (z,s),
where ¢p4.(x,s) = z':I{l,-E-l-},(N ¢i(x,s) and for every i = 1,--- , N, we denote by v; the i'® component of
the outer normal unit vector and a; : 2 x R — R is a Carathéodory function such that there exist

a locally integrable Musielak-Orlicz function (see definition 3.1.1 below) P; with P; < ¢;, a positive

14



constant ¢; and a nonnegative function d; € Eyr (Ey+ defined in (1.5) below) satisfying for all s,¢ € R

and for almost every x € 2 the following assumptions
lai(z, s)| < cildi(x) + (7))~ (@, Pi(w, 9))],

oi(z,]s]) < ai(x,s)s < Ai(x, 8),
(ai(z,s) —a;(x,t)) - (s —t) >0, for all s #¢,

the function A; : 2 x R — R is defined by

Ay(z,s) = /0 a;(z, )dt.

We also assume that there exist a locally integrable Musielak-Orlicz function R with R < ¢4, and

a nonnegative function D € Eg. (£2), such that for all s,z € R and for almost every z €

| Pmaz (2, 8)] < D(@) + (dha0) " (2, Rz, 5))

For what concerns the data, we suppose that f : Q x R — R* and g : 9 x R — R are Carathéodory
functions. We define the antiderivatives F': 2 Xx R — R and G : 92 x R — R. We assume that there

exist two positive constants k; and ko and two locally integrable Musielak-Orlicz functions M and H

Kk
min’

H < ¢ and H < ,;, such that the functions f and ¢ satisfy for all s € R, the following

min

satisfy the As—condition and differentiable with respect to their second arguments with M < ¢

assumptions
|f(x, )] < kym(z,s) for a.e. x € Q,
lg(x, s)| < k1h(z, s) for a.e. x € 09,
where Ymin(z,s) = (675 )(z,9)] %, m(z,s) = M (x,s) and h(z,s) = %(z,s). Finally, for the

function b involved in (5), we assume that there exists a constant by > 0 such that b satisfies the

hypothesis
be L>®(Q),b(x) > by, for ae. z € Q.

In the fourth section we prove some important lemmas that are necessary for accomplishment of the

proofs of the results obtained in the above section.

The fourth chapter is entitled "Semilinear heat equation with Hardy potential and singular terms”

(based on paper [93]) and is concerned with the study of the following parabolic problem involving

15



the Hardy potential and singular term

(

u — Au = u# + fSﬁ;t) in Qrp,
u(z,t) >0 in Q x (0,7, ©
u(z,t) =0 in 00 x (0,7),
u(x,0) = uo(x) in Q.

with  be an open bounded subset of RY, N > 3, containing the origin, ¢ and p are positive constants
and the data f and wug satisfy
[20, fel™Qp)m>1

and uy € L>(€2) such that
Yw CcC Q2 3d, >0 :ug > d, in w. (7)
We also assume that
2N
feL™+e-0m-3(Qp) if o<1, (s)
f € Lt (QT) if o>1

(N-2)?

and under (7) and (8), we start by studying first the case y < Ay == =

distinguishing two cases
where ¢ > 1 and f € L'(Qr) and the case where o < 1 with f € L™ (Q7), m; = m
Then we investigate the case ;1 = Ay and o0 = 1 with data f € Ll(QT). In both cases we prove the
existence of a weak solution obtained as limit of approximations that belongs to a suitable Sobolev
space. The approach we use consists in approximating the singular equation with a regular problem,
where the standard techniques (e.g., fixed point argument) can be applied and then passing to the
limit to obtain the weak solution of the original problem. The regularity of weak solutions is analyzed
according to the Lebesgue summability of f and . Furthermore, we prove the uniqueness of finite
energy solutions when the source term f has a compact support by extending the formulation of
weak solutions to a large class of test functions. Finally, in the case where p1 > Ayo we prove a
nonexistence result. This chapter is presented as follows. The first Section contains all the main
results (existence, regularity and uniqueness) and also graphic presentations allowing to better locate
the obtained results. In the second section we first prove an existence result for approximate regular
problems of the problem (2.1) and then we give the proof of all the main results Theorem 4.2.1,
Theorem 4.2.2, Theorem 4.2.3, Theorem 4.2.4, Theorem 4.2.5 and Theorem 4.2.6. At the end, some
results that are necessary for the accomplishment of the work are given in an appendix to make the
chapter quite self contained.

Chapter 2 published in Nonlinear Analysis [91].
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Chapter 3 Submitted to Electronic Journal of differential equations [92].
Chapter 4 Submitted to Journal of Evolution Equations [93].
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Introduction générale

Les mathématiques consistent d’abord en un langage, qui permet de transcrire des problemes de
nature quantitative : C’est la modlisation. Une fois cette transcription faite, des outils sont disponibles
pour comprendre et résoudre les problemes issus des phénomenes du monde réel qui utilise les lois
de la physique (mécanique, thermodynamique, électromagnétisme, etc.), ces lois sont, généralement,
écrites sous la forme de bilans qui se traduisent mathématiquement par des Equations Différentielles

Ordinaires ou par des Equations aux Dérivées Partielles.

Les équations aux dérivées partielles (EDPs) interviennent aussi dans beaucoup d’autres domaines
: en chimie pour modéliser les réactions, en économie pour étudier le comportement des marchés, en

finance pour étudier les produits dérivés et en traitement d’images pour restaurer les dégradations.

Les EDPs sont probablement apparues pour la premieére fois lors de la naissance de la mécanique
rationnelle au cours du 17¢éme siecle (Newton, Leibniz...). Ensuite le "catalogue” des EDPs s’est
enrichi au fur et a mesure du développement des sciences et en particulier de la physique. S’il ne
faut retenir que quelques noms, on se doit citer celui d’Euler, puis ceux de Navier et Stokes, pour
les équations de la mécanique des fluides, ceux de Fourier pour I’équation de la chaleur, de Maxwell
pour celles de I'électromagnétisme, de Schrodinger et Heisenberg pour les équations de la mécanique

quantique, et bien str de Einstein pour les EDPs de la théorie de la relativité.

Cependant, 1'étude systématique des EDPs est bien plus récente, et c’est seulement au cours
du 20eme siecle que les mathématiciens ont commencé a développer 'arsenal nécessaire. Un pas
de géant a été accompli par Schwartz lorsqu’il a fait naitre la théorie des distributions (autour des
années 1950), et un progres au moins comparable est di a Hormander pour la mise au point du
calcul pseudodifférentiel (au début des années 1970). Il est certainement bon d’avoir a 'esprit que

I’étude des EDPs reste un domaine de recherche tres actif en ce début de 21eme siecle. D’ailleurs,

19



ces recherches n’ont pas seulement un retentissement dans les sciences appliquées, mais jouent aussi
un role tres important dans le développement actuel des mathématiques elles-mémes, a la fois en

géométrie et en analyse.

L’analyse mathématique de ces équations aux dérivées partielles nécessite un choix approprié des

espaces fonctionnels et une définition claire de la notion de solution (I’existence et parfois I'unicité).

Par ailleurs, les travaux présentés dans cette these concernant la preuve de 'existence, de la régu-
larité et unicité des solutions de certaines équations aux dérivées partielles elliptiques et paraboliques
avec conditions en bordure de type Dirichlet ou Neumann impliquant des opérateurs de type Leray-
Lions [59] dans les espaces Musielak-Orlicz-Sobolev et dans leurs cas particuliers (les espaces de
Lebesgue-Sobolev et les espaces d’Orlicz-Sobolev). Ce travail est réparti sur les quatre chapitres

suivants.

Le premier chapitre est intitulé "Preliminaries (Recalls and definitions)”. Dans ce chapitre, nous
rappelons brievement les différents concepts et outils que nous utilisons fréquemment dans les autres

chapitres.

Le deuxieme chapitre, intitulé "On a nonlinear eigenvalue problem for generalized Laplacian in

Orlicz-Sobolev spaces” (basé sur le papier [91]) est consacré a étudier le probleme

—div(¢(|Vu)Vu) = Ap(x)(ul)u  in Q,

ot © un sous-ensemble borné ouvert de RY, N > 2, satisfait la propriété de segment, ¢ : (0,00) —
(0,00) est une fonction continue. Définissons la fonction m(t) = ¢(|t|)t et supposons que m est
strictement croissante et satisfaisant m(t) — 0 si t — 0 et m(t) — oo si t — oo. La fonction
de poids p € L>*(Q2) vérifiant p > 0 p.p. dans Q et p # 0 dans Q. Ce probleme est étudié dans
'espace d’Orlicz-Sobolev W} L/(2) (voir Chapitre 1) construit par la N—fonction (qui sera définie
plus tard) M(t) = / . m(s)ds. Tout au long de ce chapitre, nous n’imposons pas la condition Aj
(voir la définition 1.2?1) ni sur M ni sur sa N—fonction complémentaire dans le sens de Young (que
nous définissons précisément plus tard). Par conséquent, nous perdons un large éventail de propriétés
facilitantes des espaces fonctionnels avec lesquels on travaille normalement. A savoir, si M ne satisfait

pas la condition A,. Ce chapitre comprend trois sections. Dans la premiére section, nous exposons
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deux constantes positives

[ et1vu| s
)\0 = inf £

uEWL Ly (92

WO [ ) jup ufda
et

A = inf{/M(|Vu|)dx ‘ u € WrLy(9), /p(x)M(|u|)d:p - 1}.
Q Q

Nous savons déja d’apres [08] et Gossez-Mandsevich [17] que A; est une valeur propre de (9). Con-

trairement au cas du modele ¢(t) = |t[P72, 1 < p < 400, on ne peut pas dire que \; est la premiere
valeur propre de (9). Montrons que Ag < A; et toute A < A\g n’est pas une valeur propre de (9). Dans

la deuxieme section, nous prouvons un principe de comparaison faible sous la condition (see [76])

J ds
| gy = (10)

ou H est une fonction définie pour tout ¢ > 0 par
H(t) = tm(t) — M(t) = M*(m(t)),

qui nous permet d’obtenir un principe du maximum fort. Montrons sous la condition (10) et en
utilisant ce principe du maximum fort que toute fonction propre u associée a A\; garde un signe
constant, c-a-d soit v > 0 dans 2 ou u < 0 dans 2 en utilisant ce résultat nous montrons que si v
est une fonction propre associée & A > i, alors vT 2 0 et v~ 2 0 dans Q, c-a-d change de signe
dans 2. Enfin, nous montrons notre objectif principal de ce chapitre le Théoreme 2.2.3 qui prouve
que A; est isolée du coté droit, c-a-d, il existe § > 0 tel que dans Uintervalle (A, A; + d) il n’y a

pas de valeurs propres. Nous pouvons résumer les résultats de cette section dans la figure suivante.

| | | | >
| I [ |
0 Zone of Ao Dark zone A1 Isolation zone : M1 + 0 Other

noeigenvalues There is no eigenvalues
eigenvalues in this interval

Dans la troisieme section, nous prouvons quelques lemmes importants qui sont nécessaires pour la
réalisation des preuves des résultats obtenus dans la section ci-dessus. Tout d’abord, nous montrons

que toute solution u de (9), associée & A > 0, uniformément bornée dans L c-a-d il existe une
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constante ¢ > 0 ne dépend pas de u tel que ||ul|oc < ¢. En utilisant la bornitude uniforme des
solutions et des idées classiques on montre les inégalités de type Harnack et finalement et par ces

inégalités de type Harnack on prouve I'inégalité de Holder.

Le troisieme chapitre est intitulé "Imbedding results in Musielak-Orlicz-Sobolev spaces with an
application to anisotropic nonlinear Neumann problems”; (basé sur le papier [92]) comprend quatre

sections.

Dans la premiere, considérons gz; : QO x Ry — RY, la fonction vectorielle gg = (¢1,--+ ,pn) o1
pour tout i € {1,--- , N}, ¢; est une fonction de Musielak-Orlicz (voir le Chapter 1) et on donne la

définition de I'espace de Musielak-Orlicz-Sobolev anisotropique WL $(Q>’ qui est équivaut a l’espace

de Sobolev & exposant variables anisotropique W!LP)(Q) défini dans [21], si pour i € {1,---, N},
pi(z,t) = '@ et p; € C(V) = {h € C(Q) : inf,gh(x) > 1}, aussi WILHQ) = WLPO(Q), si
o1(x,t) = - = on(x,t) = tP@) et p € CL(Q), on WILPO(Q) est I'espace de Sobolev & exposant
variables défini dans [39]. Dans la deuxiéme section, supposons les conditions suivantes
1 % \—1 +oo *k \—1
/0 Tdt < 400 and . Tdt = 100, YV € Q, (11)

ou ils existes deux constantes positifs v < % et ¢, tel que

(A2 ()l 0) + (), 0)+], (12)
pour tout ¢ € R et pour p.p. x € 2, a condition que pour tout ¢ = 1,--- | N la dérivée —a(qmgi*(x’t)

*3k
mwn

*k
mwn

existe, ou ( )« est la conjuguée de Sobolev de définie par

S Hok —1 t o
(Priv)i H(,8) = / %dt, for x € Q and s € [0, +00),
0

ou ¢ est la deuxieme fonction complémentaire (voir (3.12)) de Gpmin €t Gmin(x,s) = rlninN oi(x, s).
=1,

o)« est une fonction de Musielak-Orlicz. Sous les conditions (11)

On peut facilement vérifier que (¢}

et (12), on montre I'injection continu W' Lz(Q) < Ly . (Q), et 'injection compact W'L3(Q) —
LA(Q), ou A est une fonction de Musielak-Orlicz croit essentiellement moins vite (voir (1.3)) que

(Prx )s, dénoté A < (¢~ ), et U'injection de trace WlLd—;(Q) — Ly, .. (09), ou

Dans la troisieme section nous appliquons les résultats prouvés dans la section ci-dessus pour obtenir
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I’existence et 'unicité de solution du probleme

— N 00w, D) + b(2)Prman(z, [u(z)]) = f(z,u) in Q,
0

(T in Q, (13)
SN ai(x, Opu)v; = g(x,u)  on IR,
qui est exactement le probleme étudié par Boureanu et Radulescu [21] dans le cas particulier, pour

; (T re} 3 0 max =
i € {1,---,N}, ¢i(x,t) = 7@ avec p; € CL(Q). Ici, 0,, = %, Omaz(T,8) = ‘z’a—s(x,s), ol
Gmaz(T,8) = _max ¢i(x,s) et pour tout i = 1,---, N, nous désignons par v; le i*" composante du
vecteur d'unité normale externe et a; : 2 Xx R — R est une fonction Carathéodory telle qu’ils existent
une fonction de Musielak-Orlicz localement intégrable (voir la définition 3.1.1) P, avec P; < ¢;, un

constante positif ¢; et une fonction négative d; € Eys (Eg- défini dans (1.5)) satisfaisante pour touts

s,t € R et pour p.p. x € Q les conditions suivantes
|ai(z, s)| < cildi(z) + (67) 7 (2, Pi(z, 9))],

oi(z,]s]) < ai(x,s)s < Ai(x, 8),
(a;(z,s) —a;(x,t)) - (s —t) > 0, for all s #t,

la fonction A; : 2 x R — R est définie par

Ai(x,s) = /08 a;(x, t)dt.

Supposons aussi qu’elle existe une fonction de Musielak-Orlic R localement intégrable avec R < ¢raz

et une fonction positive D € Ey-

max

(), tel que pour touts s,t € R et pour p.p. = € €

| Pmaz (2, 5)] < D(@) + (d00) " (2, Rz, 5))

Pour ce qui concerne les données, on suppose que f : QxR — R* et g : 902 xR — R sont des fonctions
Carathéodory. Définissons les primitives F' : @ x R — R et G : 92 x R — R et supposons qu’ils
existent deux positifs constantes ki et ko et deux fonctions de Musielak-Orlicz M and H localement
intégrables satisfaisantes la conditions Ay— et différentiables par rapport a leurs seconds arguments
avec M < ¢y H < v et H < Y tel que f et g satisfaisantes pour tout s € Ry les conditions
suivantes

|f(x,s)] < kym(z,s) for ae. z € Q,
lg(x, s)| < k1h(z, s) for a.e. z € 09,
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Ol Ymin (2, 8) = [(65,)«(x, )]V, m(z,s) = M (x,s) et h(z,s) = 22(z,s). Finalement, pour la

fonction b impliqué dans (13), on suppose qu’il existe un constante by > 0 tel que b satisfaisante
be L>=(Q),b(x) > by, for ae. z € Q.

Dans la quatrieme section, montrons quelques lemmes importants qui sont nécessaires pour la réali-

sation des preuves des résultats obtenus dans les sections précédentes.

Le quatrieme chapitre est intitulé "Semilinear heat equation with Hardy potential and singular

terms” (basé sur le papier [93]) et s’intéresse a I’étude du probleme parabolique suivant

u— Au = u# + f(j;t) in Or,
u(z,t) >0 in 2 x (0,7,
| e 0.7) "
u(z,t) =0 in 002 x (0,7),
u(z,0) = wup(x) in Q.

oll ) est un sous-ensemble ouvert borné de RN, N > 3, contenant l'origine, o et u sont des positifs

constantes et les données f et ug satisfaisantes
f Z O, f € Lm(QT),m Z 1

et ug € L>(N) tel que
YVw cC Q3d, > 0:ug > d, in w. (15)

Supposons que
feLm™m oo (Qp) if o<1,
ferl*Qr) if o>1

(N—2)?
4

et sous les conditions (15) et (16), commengons par étudier d’abord le cas p < Ayg = en
distinguant deux cas : le cas ¢ > 1 et f € LY(Qr) et le case ou 0 < 1 avec f € L™ (Qr), my =
W]}M. Ensuite, nous étudions le cas = Ay2 et 0 = 1 avec des données f € L' (7). Dans
les deux cas, nous prouvons l'existence d’une solution faible obtenue comme limite d’approximations
appartenant a un espace de Sobolev approprié. L’approche que nous utilisons consiste a approximer
I'équation singuliere avec un probleme régulier, ou les techniques standard (par exemple, argument
de point fixe) peut étre appliqué pour passé a la limite pour obtenir la solution faible du probleme
d’origine. La régularité des solutions faibles est analysée selon la sommabilité de Lebesgue de f

et 0. De plus, nous prouvons l'unicité des solutions d’énergie finie lorsque le terme source f a

un support compact en étendant la formulation de solutions faibles a une large classe de fonctions
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test. Finalement, dans le cas ¢t > Ay2 on montre un résultat de non-existence. Ce chapitre est
présenté comme suit. La premiére section contient tous les résultats principaux (existence, régularité
et 'unicité) et aussi des présentations graphiques permettant de mieux localiser les résultats obtenus.
Dans la deuxieme section, nous prouvons d’abord un résultat d’existence pour le probleme approché
du (14) puis nous donnons la preuve de tous les résultats principaux : Théorem 4.2.1, Théorem 4.2.2,
Théorem 4.2.3, Théorem 4.2.4, Théorem 4.2.5 et Théorem 4.2.6. A la fin, quelques résultats néessaires
pour compléter le travail sont donnés en annexe pour rendre le chapitre assez autonome.

Chapter 2 publié in "Nonlinear Analysis” [91].

Chapter 3 Soumis au "Electronic Journal of differential equations” [92].

Chapter 4 Soumis au "Journal of Evolution Equations” [93].
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Chapter 1

Preliminaries (Recalls and Definitions)

1.1 Lebesgue and Sobolev spaces

Sobolev spaces are ubiquitous in the study of elliptical and parabolic partial differential equations.
It therefore makes sense to make a brief presentation before tackling these equations.
Let Q be an open subset of RY. For 1 < p < oo we denote by LP(€) the space of Lebesgue measurable

functions v : Q — RY such that, if p < 400

1
fullo = ([ fute)Pde)” < 4o
Q
and if p = oo

||tt||o = esssup |u(zx)|.

z€eQ
For the definition, the main properties and results on Lebesgue spaces we refer to [23, 51]. For a
function u in a Lebesgue space, we set by % (or simply u,,) its partial derivative in the direction x;

defined in the sense of distributions, that is

< Uy, @ >= — / U@, dx,
Q

so, we denote by Vu = (ug,, Uy,, - - , Uz, ) the gradient of the function w.

The Sobolev space WP(Q), with 1 < p < oo, is the space of functions u € LP(Q) such that

Vu € (LP(Q))Y, endowed with its natural norm
[ullwrr@) = llull, + IVullp,

while VVO1 P(Q) is defined as the completion of D() (the space of C* functions with compact support
in Q) with respect to this norm. For 1 < p < oo, the dual space of LP(Q) is identified with L*'(Q),
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where p = p%l is the Holder conjugate exponent of p, and the dual space of ng P(Q) is denoted by

W=7 (Q). We know that if © is bounded, then any element 7 € W~ (Q) can be written, (see [23]),
in the form T = —div(F) where F € (L (Q))V.

1.2 Orlicz-Sobolev spaces

1.2.1 N —functions.

A function M : R — R is said to be an N—function if it is a continuous, real-valued, non-negative,

. . . . . . . M(t
convex function, which has superlinear growth near zero and infinity, i.e., lim;_,q % = 0 and

limy oo MT(t) = 00, and M(t) = 0 if and only if ¢ = 0.

A function M : R — R is an N—function if and only if it can be represented as an integral

I¢]
M(t) = /O m(s)ds.

where m : [0, 0o[7[0, 0ol is increasing, right-continuous, m(t) = 0 if and only if ¢ = 0, and lim;_,. m(t) =
oo (see [53]). The complementary function M* to a function M is defined by
M (s) = sup {st — M(1)},
teR

for s € R;. Next we present some basic inequalities connected with N—function (see [53]).
Lemma 1.2.1 Let M be an N —function, then
(1) for every t,s >0 and a.e. © €  we have the so-called Young inequality

ts < M(t) + M*(s).

(2)
M(t) <tM* Y M(t)) < 2M(t), for allt > 0.

Definition 1.2.1 An N—function satisfies the Ay—condition denoted M € A,, if there exists con-
stant k > 0 such that
M(2t) < kM(t), for allt > 0. (1.1)
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It is readily seen that this will be the case if and only if for every r > 1 there exists a positive constant

k = k(r) such that for all t >0
M(rt) < kM(t), for allt > 0.

If (1.1) holds only for t > some tq, then M is said to satisfy the Ay—condition near infinity.

For two N—functions P and @), we said that () dominates P, denote P < (@ if there exist k > 0 such
that:
P(t) < Q(kt) for all t > 0. (1.2)

Similarly, @) dominates P near infinity if there exist k£ > 0 and ¢y, > 0 such that (1.2) holds only for

t > to. In this case there exists K > 0 such that:
P(t) < Q(kt) + K for all t > 0.

We shall say that the N—functions P and () are equivalent and we write P ~ Q if P < ) and Q) < P.
It follows from the definition that the N —functions P and @) are equivalent if and only if there exist

positive constants ki, ks and tg such that
P(k1t) < Q(t) < P(kot) for all ¢ > tq.

We say that P increases essentially more slowly than () near infinity, denote P < @), if for every

k> 0; limy_, o % = 0. This is the case if and only if lim; g:—ig = 0. We also have, (see [71]),

the equivalence P <€ Q & Q* < P*.
1.2.2 Orlicz spaces.

Let M an N—function and € an open subset of RY. The Orlicz space Lj;(f2) is defined as the space of

(equivalence classes of) real-valued measurable functions u on € for which it exists A > 0 (A = A(u))

AM(@)dz < +00.

Recall that L), (2) is a Banach space under the norm

HuHM:inf{/\>0,/QM<%I)>dx§ 1)

such that :
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We define the Orlicz class K/(2) as the set of real-valued measurable functions u on 2 such that
/ M (u(z))dzx < 400,

K () is also a convex subset of Ly (12)
The closure in Lj;(Q) of the set of bounded measurable functions with compact support in Q is
denoted by E/(2).

The dual of Ej(§2) can be identified with Ly (£2) by means of the pairing / uv dzr and the dual
Q
norm of Ly «(€2) is equivalent to || - || ps+-

Theorem 1.2.1 [55] Let M be an N—function and Q be a bounded open subset of R™. Then,
(1) Ep(Q) C Ky (2) C Lp(9),
(2) Ep(Q) = Ly(Q) if and only if M € Ay,
(3) Ep(Q) is separable,
(4) L (R2) is reflexive if and only if M € Ay and M* € As.

The Orlicz norm ||ul|(ar is defined by

Jullary = sup / u(z)o(z)dz

where the supremum is taken over all v € Ej«(€2) such that |Jul|p+ < 1, for which
lullar < llullan < 2[lullm

holds for all uw € Ly () (see [53]). Now, we define the Orlicz version of Holder’s inequality

/ [u(e)o(e)ldz < Jullalolor
for all u € Ly () and v € Ly+(2).

Let E be a subset of €2, the Luxemburg norm, associated to an N —function M, of the characteristic

function g of F is (see [53])
1

Ixellas = ——-
M- (k)

Let {u,} be a sequence of L/(2), we say that {u,} converge to u € Ly/(2) in the modular sense,

if there exists A > 0 such that

/M(un_u)dx%Oasn%—i-oo.
Q A
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Let X and Y be two Banach spaces with bilinear bicontinuous pairing < -,- >xy. Let (u,), be a
sequence of X we say (u,), converge to u € X with respect to the topology o(X,Y’), denote u,, — u
o(X,Y) in X, if < up,v >=>< u,v > for all v € Y. For example if X = Ly(Q) and Y = Ly« (),
then the pairing is defined by

<u,v >= /Qu(x)v(x)dx

foralue X andv eY.

1.2.3 Orlicz-Sobolev spaces

Let M be an N—function and  an open subset of RY. The Orlicz-Sobolev spaces WL/ () (resp.
W1LE(Q)) is the space of functions u such that u and its distributional derivatives up to order 1 lie
in Lp(Q) (resp. En(€2)). The Orlicz-Sobolev space is a Banach space under the norm
lullar =) I1D%ullas.
o<1

So, WL () and W1 Ey(Q) can be identified with subspaces of the product of N + 1 copies of Ly;.
This product is denoted by I1L,;. The space Wi Ey(Q) is defined as the norm closure of D(£2) (the
space of C* functions with compact support in Q) in W' E,,(Q2), while W3 Ey(Q2) is defined as the
closure of D(Q) in WLy (Q) with respect to the weak topology o(ITL s, ITE ).

A sequence {u,}, C WLy(Q) is said to be convergent to u € WL, (Q2) in the modular sense
in WLy (Q), if there exists A > 0 such that

D%*u,, — D*
/M(%)dm — 0, as n — +o0, for all |o| <1,
Q

which implies convergence for o( Ly, Lys+).

We define WLy« (2) and WL Ey;+ () as the spaces of distributions on  which can be written
as sums of derivatives of order < 1 of functions in Ly« (€2) and Ey;«(Q) respectively that is
WLy () = {@ € D(Q) 16 = D (-1)1Dq with 6o € Lu-(2) }
lof <1

and

W LEy-(Q) = {qs eED(Q):p= (~1)D, with ¢, € EM*(Q)}.

o<1

They are Banach spaces under the usual quotient norm. If, €2 has the segment property then the
space D(Q) dense in Wi Ly (Q) for the topology o(Las, Las+) (see [44]). Then, we can define the

action of a distribution in WLy« () on an element of Wy L ().
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1.3 Musielak-Orlicz-Sobolev spaces

Let © be an open subset of RY. A real function ¢ : Q x RT — R*, will be called a Musielak-Orlicz

function, if it satisfies the following conditions:

(i) ¢(-,t) is a measurable function on €.

(ii) ¢(x,-) is a convex, nondecreasing function with ¢(z,t) = 0 if only if t = 0, ¢(x,t) > 0 for all

t > 0 and for almost every = € €,
¢(,t)

t
lim M =0and lim inf < = +o0.
t—0+ t t——+o00 £EQ t

We give here some examples on the Musielak-Orlicz functions.

¢(z,t) = @ such that sup,.qp(r) < +oo,
o(z,t) = 7@ log(1 + t),

bat) = t{log(1+ 1)),

bt) = (et — 1.

The complementary function ¢* of the Musilek-Orlicz function ¢ is defined by

¢*(x,s) = sup{st — ¢(z,t)}.

£0
It can be checked that ¢* is also a Musielak-Orlicz function (see [67]). Moreover, for every ¢, s > 0
and a.e. x € Q we have the so-called Young inequality (see [07])

ts < ¢z, t) + ¢*(z, s).

For any function h : R — R the second complementary function h** = (h*)* (cf. (3.11)), is convex
and satisfies

h™(z) < h(z),

with equality when h is convex. Roughly speaking, h** is a convex envelope of h, that is the biggest

convex function smaller or equal to h.

Let ¢ and ¥ be two Musielak-Orlicz functions. We say that 1 grows essentially more slowly than
¢, denote ¥ < ¢, if

. Y, t)
1 = 1.
A Sy~ -
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for every constant ¢ > 0 and for almost every x € ). We remark that if ¢ is a locally integrable, then

1 < ¢ implies that for all ¢ > 0 there exists a nonnegative integrable function h, such that
P(x,t) < @z, ct) + h(x), for all t € R and for a.e. z € .

The Musielak-Orlicz space Lg(€2) is defined by

u(z)

Lys(Q) = {u : 0 — R measurable // o\, T) < 400 for some A > 0}.
Q

Endowed with the so-called Luxemborg norm

ull = inf /\>0// d <1}

(Ls(92), ] - ||4) is a Banach space. Since thin 1n£ ¢(:1; .Y = +o0 and if € has finite measure then we
—+00 xE
have
Ly(Q) — LY(Q). (1.4)
We will also use the space E4(2) defined by
Ey(Q) = {u ) — R measurable // u)\x)) < 400 for all A > 0} (1.5)

The following Holder’s inequality (see [67])

[ s < 2lulslolls

holds for every u € Ly(£2) and v € L4+ (£2), where ¢ and ¢* are two complementary Musielak-Orlicz

functions. Define ¢! for every s > 0 by
¢z, s) =sup{T > 0: ¢(x,7) < s}.
Now, we give the definition of the anisotropic Musielak-Orlicz-Sobolev space.

Definition 1.3.1 Let gg : QO x RY — RN, the vector function gg = (¢1, -+ ,¢n) where for every
ie{l,--- N}, ¢; is a Musielak-Orlicz function. We define the anisotropic Musielak-Orlicz-Sobolev
space by

WLs9) = {u € Ly,,..(Q): Opu € Ly () for all i =1,-- N}

Since (2 has finite measure, then by the continuous imbedding (1.4), we get that WL $(Q) is a Banach

space with respect to the following norm

N
lullwr @) = lullgna. + Z 1z ull ;-

Moreover, since  has finite measure we have the continuous embedding W'Lz(Q) < W(Q).
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Chapter 2

On a nonlinear eigenvalue problem for generalized

Laplacian in Orlicz-Sobolev spaces

In this chapter, we consider a nonlinear eigenvalue problem for some elliptic equations governed
by general operators including the p-Laplacian. The natural framework in which we consider such
equations is that of Orlicz-Sobolev spaces. we exhibit two positive constants A\g and A\; with A\g < Ay
such that \; is an eigenvalue of the problem while any value A < \g cannot be so. By means of
Harnack-type inequalities and a strong maximum principle, we prove the isolation of A; on the right

side. We emphasize that throughout the paper no A,-condition is needed.

2.1 Introduction

Let Q be an open bounded subset in RY, N > 2, having the segment property. In this paper we
investigate the existence and the isolation of an eigenvalue for the following weighted Dirichlet
problem
—div(¢(|Vul)Vu) = Ap(z)é(jul)u  in Q,
u =0 on 0f),

(2.1)

where ¢ : (0,00) — (0, 00) is a continuous function, so that defining the function m(t) = ¢(|t|)t we
suppose that m is strictly increasing and satisfies m(t) — 0 as t — 0 and m(t) — oo as t — co. The

weight function p € L>(Q) is such that p > 0 a.e. in Q and p # 0 in .

If ¢(t) = [t|P~2 with 1 < p < +oo the problem (2.1) is reduced to the eigenvalue problem for the

35
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p-Laplacian
—div(|VuP72Vu) = Mp(z)[ulP~2u  in €,
u=20 on 01,

(2.2)

while for p = 2 and p = 1 it is reduced to the classical eigenvalue problem for the Laplacian

—Au=XMu in €,
uw=0 on Of).

(2.3)

It is known that the problem (2.3) has a sequence of eigenvalues 0 < A} < Ay < A3 < -+ such that
An — 00 as n — o0o. Moreover, the eigenvalues of the problem (2.3) have multiplicities and the first
one is simple. Anane [10] proved the existence, simplicity and isolation of the first eigenvalue A\; > 0
of the problem (2.2) assuming some regularity on the boundary 9. The simplicity of the first
eigenvalue of the problem (2.2) with p = 1 was proved later by Lindqvist [78] without any regularity

on the domain (). For more results on the first eigenvalue of the p-Laplacian we refer for example to
[72, 717].

In the general setting of Orlicz-Sobolev spaces, the following eigenvalue problem

—div(A(|Vu*)Vu) = Mp(u), in  Q,
u=>0 on 09,

(2.4)

was studied in [12] in the Orlicz-Sobolev space W Lg(€2) where ®(s) = /S A([t|*)tdt and ¥ is an
odd increasing homeomorphism of R onto R. In [12] the authors proved t(ile existence of a minimum
of the functional v — / ®(|Vu|)dx which is subject to a constraint and they proved the existence
of principal eigenvalues Sz)f the problem (2.4) by using a non-smooth version of the Ljusternik
theorem and by assuming the Ay-condition on the N-function ® and it’s complementary .

Mustonen and Tienari [65] studied the eigenvalue problem

—div(MVU> = Mp(z)™y iy Q,
[Val p(2) =y (2.5)
u=0 on OS2,

in the Orlicz-Sobolev space Wy Ly (Q2), where M (s) = /S m(t)dt with m(t) = ¢(|t|)t and p =1,
without assuming the As-condition neither on M nor 01(1) its conjugate N-function M™*.
Consequently, the functional u© — / M (|Vul|)dz is not necessarily continuously differentiable and so
classical variational methods can noqc be applied. They prove the existence of eigenvalues A\, of

problem (2.5) with p = 1 and for every r > 0, by proving the existence of a minimum of the real



2.1. INTRODUCTION 37

valued functional / M (|Vu|)dz under the constraint / M (u)dx = r. By the implicit function
theorem they provegél that every solution of such minimiﬁzation problem is a weak solution of the
problem (2.5). This result was then extended in [17] to (2.5) with p # 1 and without assuming the
As-condition by using a different approach based on a generalized version of Lagrange multiplier
rule. The problem (2.1) was studied in [66] under the restriction that both the corresponding
N-function and its complementary function satisfy the As-condition. In reflexive Orlicz-Sobolev

spaces, other results related to this topic can be found in [62, 61].

In the present paper we define

IR
M= inf (2.6)
T B [ o u s
Q
and
_ 1 _
M= 1nf{/QM(]Vu])dx e WiL (), /Qp(x)M(\updx -1}, (2.7)

In the particular case where ¢(t) = [t|P™2, 1 < p < 400, we obtain A\g = A; and so A\g = A is the

first isolated and simple eigenvalue of the problem (2.2) (see [10]).

However, in the non reflexive Orlicz-Sobolev structure the situation is more complicated since we
can not expect that \g = A\;. Precisely, we can not assert whether A\g = A\; or \g < A\;. We think
that this is an open problem and we expect that the answer strongly depends on the N-function M.
If A\g < A1, another open problem is to seek whether \; is the smallest eigenvalue of problem (1). In
other words to investigate the existence of eigenvalues of problem (1) in the interval [Ag, A1).
Nonetheless, we show that Ay < A; and that any value A < Ay can not be an eigenvalue of the
problem (3.57). Following the lines of [17], we also show that \; is an eigenvalue of problem (2.1)
associated to an eigenfunction u which is a weak solution of (2.1) (see Definition 2.2.1 below). It is
in our purpose in this paper to prove that A; is isolated from the right-hand side. To do so, we first
prove some Harnack-type inequalities that enable us to show that u is Holder continuous and then
by a strong maximum principle we show that v has a constant sign. Besides, we prove that any
eigenfunction associated to another eigenvalue than A\ necessarily changes its sign. This allows us

to prove that \; is isolated from the right hand side.

It
Let © be an open subset in RY and let M(t) = / m(s)ds, m(t) = ¢(|t|)t. The natural framework
0
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in which we consider the problem (2.1) is the Orlicz-Sobolev space defined by

_ Ou

W' Lu(9) = {u € Lar(Q) 1 u = o € Lyg ()i = 1+ N},

where Ly (€Q) stands for the Orlicz space defined as follows

Ly (Q) = {u : 0 = R measurable : / M(@)dm < oo for some A > O}.

Q

The spaces Ly (2) and WLy, () are Banach spaces under their respective norms
il o [ (@) _
|lullpy =inf SA>0: | M S dr < 1¢ and ||ullia = |Jullar + ||Vl ar
Q

The closure in Ly, of the set of bounded measurable functions with compact support in € is

denoted by Ej/(€2). The complementary function M* of the N-function M is defined by

M*(z,s) = sup{st — M(x,t)}.

t>0

Observe that by the convexity of M follows the inequality
lullar < / M(Ju(z)])dz + 1 for all u € Ly (). (2.8)
Q

Denote by Wy Ly () the closure of C§°(Q) in WLy (Q) with respect to the weak* topology

o(I1Lys, IIE ). Tt is known that if Q has the segment property, then the four spaces
(Wo Lar(€), Wy Ear(Q); W Lag=(Q), W Ear= ()

form a complementary system (see [11]). If Q is bounded in RY then by the Poincaré inequality [/,

lemma 5.7], ||ul|1.a and ||Vul|p are equivalent norms in Wy Ly ().

Let J: D(J) = RU{+oo} and B : W} Ly(Q) — R are the two functionals defined by

() = /Q M(|Vu|)dz (2.9)

and

Bu) = [ pla)M(jupde. (2.10)
respectively. The functional J takes values in R U {+o0o}. Since Wy L(Q2) C Ep(Q) (see [17]), then
the functional B is real valued on Wy Ly (Q). Set

K ={ueWiLy(Q): B(u)=1}.

In general, the functional J is not finite nor of class C! (see [05] p. 158).
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2.2 Main results

We will show that \; given by relation (2.7) is an eigenvalue of the problem (2.1) and isolated from
the right hand side, while any A < \j is not an eigenvalue of (2.1). In the sequel we assume that

is a bounded domain (unless otherwise stated) in RY having the segment property.

Definition 2.2.1 A function u is said to be a weak solution of (2.1) associated with A € R if

u € WLy (), m(|Vu|) € La()

(2.11)
/ o(|Vu|)Vu - Vipdr = )\/ p(x)d(|u)updz, for all 1 € Wy Ly ()
Q Q

In this definition, both of the two integrals in (2.11) make sense. Indeed, for all u € W L(£2) since
m(|Vu|) = o(|Vul|)|Vu| € Ly+(R2), the first term is well defined. From the Young inequality and the
integral representation of M, we easily get M*(m(u)) < um(u) < M(2u). So that since u € Ejy/(2)

the integral on the right-hand side also makes sense.

Definition 2.2.2 We said that A is an eigenvalue of the problem (2.1), if there exists a function
v # 0 belonging to Wi Ly (Q) such that (A, v) satisfy (2.11). The function v will be called an

eigenfunction associated with the eigenvalue .

2.2.1 Existence result

We start with the next result that can be found in [08, Lemma 3.2]. For the convenience of the

reader we give here a slightly different proof.

Lemma 2.2.1 Let J and B be defined by (2.9) and (2.10). Then
(i) B is o(I1Ly, ITEy+) continuous,

(11) J is o(I1Ly, IIE ) lower semi-continuous.

Proof 2.2.1 (i) Let u,, — u for o(ILLy, ILE ) in Wy Ly (Q). By the compact embedding
WaLy(Q) = Ep(Q), u, — w in Ey(Q) in norm. Hence M(2(u,, —u)) — 0 in L' (). By the
dominated convergence theorem, there exists a subsequence of {u,} still denoted by {u,} with

Up, — u a.e. in Q and there exists h € L'(Q) such that

M2(u, —u)) < h(z) a.e. inQ
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for a subsequence. Therefore,

1
ual < ] + 5 M7 (R),

S0

M(u,) < %M(Zu) + %h(m)
and since p > 0 for a.e. in €2, then
)M (1) < () M (20) + Sp(0)h(2) € L}(D).

Thus, the assertion (i) follows from the dominated convergence theorem.

To show (ii) we assume that u, — u for o(I1Lys, TIE ) in Wo L (2), that is
/ upvdr — / uvdr and / Oyupvdr — / dyuvdzr,
Q Q Q Q
for all v € Ey«. This holds, in particular, for all v € L*(). Hence,
Oitty, — Opu and u, — u in L*(Q) for o(L', L*). (2.12)

Since the embedding Wy Ly (Q) — LY(Q) is compact, then {u,} is relatively compact in L'(Q). By
passing to a subsequence, u, — v strongly in L'(Q). In view of (2.12), v = u and u, — u strongly
in LY(QY). Passing once more to a subsequence, we obtain that u, — u almost everywhere on Q.

Since ¢ — M(|C]) is convex for ¢ € RN, we can use [/, Theorem 2.1, Chapter 8], to obtain

J(u) = / M(|Vu|)dz < liminf/ M(|Vuy,|)dz = liminf J(uy,).
Q Q
The first result of this paper is given by the following theorem.

Theorem 2.2.1 The infimum in (2.7) is achieved at some function uw € K which is a weak solution
of (3.57) and thus u is an eigenfunction associated to the eigenvalue \y. Furthermore, \g < A\ and

each A < Ao is not an eigenvalue of problem (2.1).

Proof 2.2.2 We split the proof of Theorem 2.2.1 into three steps.
Step 1 : We show that the infimum in (2.7) is achieved at some u € K. By (2.8) we have

T(u) = /QM(\VuDdx > [Vl — 1.

So, J is coercive. Let {u,} C WLy () be a minimizing sequence, i.e. u, € K and

u, — inf,ere J(v). The coercivity of J implies that {u,} is bounded in Wq Ly () which is in the dual
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of a separable Banach space. By the Banach-Alaoglu-Bourbaki theorem, there exists u € Wi Ly (£2)
such that for a subsequence still indexzed by n, u, — u for o(ULy, IIE ) in Wo Ly (Q). As a
consequence of Lemma 2.2.1 the set K is closed with respect to the topology o(I1Ly, T1Ey+) in

WaLn(R2). Thus, u € K. Since J is (UL, IIEy+) lower semi-continuous, it follows

J(u) <liminf J(u,) = inf J(v),

veK

which shows that u is a solution of (2.7).

Step 2 : The function u € K found in Step 1 is such that m(|Vul|) € Ly+(2) and satisfies (2.11).
This was already proved in [/7, Theorem 4.2].

Step 3 : Let \g be given by (2.6). Any value X < Ao cannot be an eigenvalue of problem (2.1).
Indeed, suppose by contradiction that there exists a value X € (0, \g) which is an eigenvalue of

problem (2.1). It follows that there exists uy € W3 Ly () \ {0} such that

/ o(|Vuy|)Vuy - Vodr = /\/ p(2)d(|ur|)usvdz for all v € Wy Ly (€2).
Q Q

Thus, in particular for v = uy we can write
| ouDIVuPae = [ ol s

The fact that uy € Wy Ly () \ {0} ensures that / p(x)d(|u))|ux*dx > 0. By the definition of o,
Q

we obtain

/Q O(IVusl)[VurPde > Ao / (@) (Jus ) ur [P
5\ / o) (s s [Pdz
:/QMIVUAD\VuAFdx.

Which yields a contradiction. Therefore, we conclude that \g < \1. The proof of Theorem 2.2.1 is

now complete.

2.2.2 Isolation result

In this subsection we first show a maximum principle which enables us to prove that any
eigenfunction associated to A; has a constant sign in 2. This property is then used to prove that \;

is isolated from the right-hand side.

Let w be an eigenfunction of problem (2.1) associated to the eigenvalue A;. Since |w| € K it follows

that |w| achieves also the infimum in (2.7), which implies that |w| is also an eigenfunction
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associated to A\;. So we can assume that w is non-negative, that is
w(x) >0 for z € Q.
Since by Theorem 2.3.2 (given in Appendix), the eigenfunction w is bounded, we set
0<4d:= SIépw < +o00.

For t € (0,9) the function f(t) = ¢(t)t = m(t) > 0 is continuous and strictly increasing. Let
F(s) = / f(t)dt. We assume that
0

0 ds
/0 m = 400, (2.13)

where H is the function defined for all ¢ > 0 by
H(t) =tm(t) — M(t) = M*(mf(t)).

The assumption (2.13) is known to be a necessary condition for the strong maximum principle to
hold (see [76] and the references therein). Hereafter, under (2.13) we can compare w to a suitable

function given by [76, Lemma 2].

The proof of the strong maximum principle will be given after proving the following two Lemmas.

Lemma 2.2.2 Denote by B(y, R) an open ball in Q of radius R and centered at y € Q and consider
the annulus
R

ER:{xGB(y,R):§§|y—x|<R}.

Assume that (2.13) holds. Then there exists a function v € C* with 0 < v < §, v' < 0 in Eg and

w > v on OFEgR. Moreover, v satisfies

_/Qqs(|v@|)w.wdx§/Qf(v)wd:c, (2.14)

for every 1 € Wy Ly () and ¢ < 0.

Proof 2.2.3 Letr = |y — x| for v € Ex. The function v(x) = v(r) given by [70, Lemma 2] satisfies

for every positive numbers k, 1, and for e € (0,4)

()] + S+ 1(0) < 0,
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0<v<e<d, v <0inEgr andv(z) =0 if ly — x| = R. In addition, for x € Eg with |y — x| = &
we have v(z) < € < inf 1y o= 2} w(x) < d. Hence, follows w > v on OEg. Moreover, by the radial

symmetric expression of div(¢(|Vv|)Vov), we have

div( (| Vo) Vo) = f(v) = ~[m(|o')) = S m(|v']) = f(v) = 0,

where we recall that v/ < 0 and use [70, Lemma 2]. Multiplying the above inequality by
¥ € Wi Ly () with 1 <0 and then integrating over  we obtain (2.14). The proof is achieved.

Lemma 2.2.3 (Weak comparison principle) Assume that (2.13) holds. Let v be the

Cl-function given by Lemma 2.2.2 with 0 < v < § in Q and w > v on 9. Then w > v in .

Proof 2.2.4 Let h =w — v in Q. Assume by contradiction that there exists x1 € €} such that
h(z1) < 0. Fiz € > 0 so small that h(xy) + ¢ < 0. By Theorem 2.3.J (see Appendiz) the function w
is continuous in §2, then so is the function h. Since h > 0 on 02, the support 2y of the function
he = min{h + €,0} is a compact subset in Q. By Theorem 2.5.1 (see Appendiz), the function h.
belongs to WLy (). Taking it as a test function in (2.11) and (2.14) it yields

o(|Vw|)Vw - (Vw — Vv)dr = )\1/ p(x)o(|w|)whdx

Qo QO

and

— [ o(|Vu])Vu - (Vw — Vo)dz < o(|v])vhedr.

Qo Q0

Summing up the two formulations, we obtain

/Q [o(|Vw|)Vw — ¢(|Vo]) Vo] - (Vw — Vo)dx < / (A p(x)m(w) + m(v))hedz. (2.15)

Qo
The left-hand side of (2.15) is positive due to Lemma 2.5.1 (given in Appendiz), while the

right-hand side of (2.15) is non positive, since he < 0 in Qq. Therefore,
/ﬂ [o(|Vw|)Vw — ¢(|Vu|) Vo] - (Vw — Vo)dz =0
0
implying Vhe = 0 and so h + € > 0 which contradicts the fact that h(z,) +€ < 0.
Now we can prove our strong maximum principle.

Theorem 2.2.2 (Strong maximum principle) Assume that (2.13) holds. Then, if w is a

non-negative eigenfunction associated with Ay, then w > 0 in ).



44 CHAPTER 2. ON A NONLINEAR EIGENVALUE PROBLEM FOR GENERALIZED LAPLA

Proof 2.2.5 Let B(y, R) be an open ball of Q of radius R and centered at a fized arbitrary y € €.
We shall prove that w(z) > 0 for all x € B(y, R). Let v be the C*-function given by Lemma 2.2.2

with w > v on OER where
R
Er = {xEB(y,R) = < |y — x| <R}.
Applying Lemma 2.2.3 we get w > v > 0 in Egr. For |y —z| < % we consider

R R
Ex {xEB(y,R) 1 <l|ly—=x| < 2}

We can us similar arguments as in the proof of Lemma 2.2.2 to obtain that there is v € C' in E%,
with v > 0 n Eg and w > v on 8E§. Applying again Lemma 2.2.3 we obtain w > v > 0 in E%

So, by the same way we can conclude that w(z) > 0 for any x € B(y, R).

Now we are ready to prove that the associated eigenfunction of A\; has necessarily a constant sign in

Q.

Proposition 2.2.1 Assume that (2.13) holds. Then, every eigenfunction u associated to the

ergenvalue A1 has constant sign in §2, that is, either u > 0 in ) or u < 0 in 2.

Proof 2.2.6 Let u be an eigenfunction associated to the eigenvalue \i. Then u achieves the
infimum in (2.7). Since |u| € K it follows that |u| achieves also the infimum in (2.7), which implies
that |u| is also an eigenfunction associated to \y. Therefore, applying Theorem 2.2.2 with |u|
instead of w, we obtain |u| > 0 for all x € Q and since u is continuous (see Theorem 2.5.) in

Appendiz), then, either u >0 or u < 0 in €.

Before proving the isolation of A\, we shall prove that every eigenfunction associated to another

eigenvalue A > \; changes in force its sign in ). Denote by |E| the Lebesgue measure of a subset £

of Q.

Proposition 2.2.2 Assume that (2.13) holds. If v € W3 Ly(2) is an eigenfunction associated to
an eigenvalue A > X\;. Then vt 20 and v~ 20 in Q. Moreover, if we set Q* = {x € Q:v(x) > 0}
and Q- ={xz € Q:v(x) <0}, then
1 1
min{|QF|, |27} > min{ , } (2.16)
TEmpTE

min{a,1} min{b,1}

where a = / v (z)dz, b= / v (x)dx, ¢ = (X, |Q], |V|loo, [|£lloo) and d is the constant in the
Q Q

Poincaré norm inequality (see [//, Lemma 5.7]).
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Proof 2.2.7 By contradiction, we assume that there exists an eigenfunction v associated to X > \;
such that v > 0. The case v < 0 being completely analogous so we omit it . Let u > 0 be an

eigenfunction associated to 1. Let )y be a compact subset of Q2 and define the two functions

u(z) —v(x) +supgv  if x €

m(x) =

and

v(x) —u(x) —supgv if x € Qg

ma(r) =

Pointing out that v is bounded (Theorem 2.3.2 in Appendiz), the two functions 1, and ny are
admissible test functions in (2.11) (see Theorem 2.3.1 in Appendiz). Thus, we have

[ 605u)u- Vinde =21 [ pteroulyumds
Q Q
and
/ o(|Vu)Vu - Vippdz = A / p(x)¢([v|)omada.
Q Q

By summing up and using Lemma 2.3.1 (in Appendiz), we get

0 < /[¢(|Vu])Vu — o(|Vu) V] - (Vu — Vu)dz

= /:p(x) (Alm(u) - Am(v)) (u— v+ supv)dz.

Q
We claim that
Aim(u) < Am(v).

Indeed, suppose that \ym(u) > Am(v) and let us define the two admissible test functions

u(x) —v(x) —supqu if x € Qp,

n3(x) =

and
v(z) —u(x) +supqu if x € Q,

As above, inserting ns and ny in (5.4) and then summing up we obtain

na(x) =

= /Zp(x)[)\lm(u) —dm(v)|(u —v — sup u)dxr <0,

0 < /[gb(|Vu|)Vu — S(IV)V] - (Vi — Vo)da
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implying by Lemma 2.53.1 that v = u, but such an equality can not occur since A\ > Ay which proves

our claim. Finally, we conclude that the function v can not have a constant sign in 2.

Next we prove the estimate (2.16). According to the above vt > 0 and v~ > 0. Choosing
vt € WiLy(Q) as a test function in (2.11), we get

/m(|VU+|)|VU+|d:B:)\/p($)m(v+)v+d:v.
Q Q
Since M(t) < m(t)t < M(2t) fort >0, we obtain

| MVt iz <)l [ M)

Q Q
We already know that by Theorem 2.3.2 (in Appendiz) the function v is bounded, then we get

| vt < AlpOllM 2ol (217)
So, (2.8) and (2.17) imply that there exists a positive constant ¢, such that

Vot < e (2.18)

On the other hand, by the Holder inequality [55] and the Poincaré type inequality [/, Lemma 5.7],

we have
/ ot @)z < Ixar e [0 ar < dllxas s V0 L,
Q

d being the constant in Poincaré type inequality. Hence, using (2.18) to get
/ vt (x)de < cd||xa+||ar- (2.19)
Q

We have to distinguish two cases, the case /
Q

/Qv+(3:)dx > 1.

1
— < .. 2.20
de = ||XQ+||M ( )

v (x)dr > 1 and / vh(x)dr < 1.
Q
Case 1 : Assume that

Thus, by (2.19) we have

Case 2 : Assume that
/ vi(z)dr < 1.
Q
Recall that by Theorem 2.5./ (in Appendiz) the function v™ is continuous and as v™ > 0 in  then
/v+(x)dx > 0. Therefore, by using (2.19) we obtain
Q

a
— < « 2.21
de = HXQ*HM 5 ( )
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where a = / vi(z)dz. So, by (2.20) and (2.21), we get
Q

min{a, 1}
DO < el
c

1

where || xo+ ||p = ————— (see [09, page 79]). Hence,
)

[

1

k dC ’
M < min{a,1} )

Such an estimation with v~ can be obtained following exactly the same lines above. Then follows the

7] >

inequality (2.16).

Finally, we prove that the eigenvalue \; given by the relation (2.7) is isolated from the right-hand

side.

Theorem 2.2.3 Assume that (2.13) holds. Then, the eigenvalue \; is isolated from the right-hand

side, that is, there exists 6 > 0 such that in the interval (A, A\; + 0) there are no eigenvalues.

Proof 2.2.8 Assume by contradiction that there exists a non-increasing sequence {ji,}n of

eigenvalues of (3.57) with p, > Ny and p, — Ai. Let u, be an associated eigenfunction to p, and let

Qr={rcQ:u, >0} and Q, ={z € Q:u, <0}.
By (2.16), there exists ¢, > 0 such that
min{[QF ], [ [} > e (2.22)

Since b, = / p(x) M (|u,(x)])dx > 0 we define
0

M_1<M> if ©eqQ,
Un(x) = B (223)

—ML(MERE) g g e O

On the other hand, we have

Vu,| < ‘(Ml)'(M““nD) m(lun)[Vun|

b, b, Qrua,?

|un(z)| > d,. Let b = min{b,}

since u, 18 continuous, then there exists d, > 0 such that infxegjuﬂi

and d = min{d,}. Being {u,} uniformly bounded (Theorem 2.3.2 in Appendiz), there exists a

constant cs, > 0, not depending on n, such that

|tn]loo < Cooy for all m € N. (2.24)
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Using the fact that (M~1)'(-) is decreasing, we get

Voul < ’(M_l)/<||puofﬂ44(&>|m)‘m(i“’)wunl = Co| V|, (2.25)

where Cy = ‘(Mil)/<||pllm]\1\44((ilo)lﬂ\> ’m(zw). On the other hand, taking u, as test function in (2.11)

and using (2.24) and the inequality M(t) < m(t)t fort > 0, one has

/Q M(IVun)dz < pollpllem(cs)cnl.

Since p, converges to A1, there exists a constant Cy > 0, such that
/ M(|Vun|)dz < Cy. (2.26)
Q

Therefore, by (2.25) and (2.26) we obtain that {v,} is uniformly bounded in W Ly (). Alaoglu’s
theorem ensures the existence of a function v € Wi Ly () and a subsequence of vy, still indexed by
n, such that v, — v for o(Il1Ly;, I1Ey+). By (2.23), v, € K and since B is o(ILLy, IIE+)

continuous (see Lemma 2.2.1), then

/Qp(:c)M(\v(x)Dda: = B(v) = lim B(v,) = 1.

n—oo

Therefore, v € K. Since by Lemma 2.2.1 the functional J is o(I1Ly, ILEy+) lower semi-continuous,
we get

J(v) = /Q M(Vel)dz < Timinf J(o,) = inf J(w)

So that v is an eigenfunction associated to A\i. Applying Proposition 3.16, we have either v > 0 or
v <0 Q. Assume that v < 0 in Q with v~ 2 0. By Egorov’s Theorem, v, converges uniformly to
v except on a subset of ) of null Lebesgue measure. Thus, v, <0 a.e. in Q with v, 2 0 outside a

subset of Q) of null Lebesque measure, which implies that
|Q_7—H =0,

which is a contradiction with the estimation (2.22).

2.3 Appendix

We prove here some important lemmas that are necessary for the accomplishment of the proofs of

the above results.
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Lemma 2.3.1 Let £ and n be vectors in RY. Then

[o(1EDE = @(Inl)n] - (€ —n) > 0, whenever & # 1.

Proof 2.3.1 Since ¢(t) > 0 whent >0 and & -n < |£| - |n|, there follows by a direct calculation

[6(1€)¢ — d(Inhn] - (€ —n) = [m(I€]) —m(In])] - (I€] = In])

and the conclusion comes from the strict monotonicity of m.

The following result can be found in [23, Lemma 9.5] in the case of Sobolev spaces.

Theorem 2.3.1 Let A be an N-function (cf. [7]). If u € W'L4(Q) has a compact support in an

open ) having the segment property, then u € Wy La(Q).

Proof 2.3.2 Let u € W'L4(Q2). We fiz a compact set ) C Q2 such that supp u C € and we denote
by @ the extension by zero of u to the whole of RY. Let J be the Friedrichs mollifier kernel defined
on RN by

pla) = ke T if o]l < 1 and 0 if 2] > 1,
where k > 0 is such that / p(x)dx = 1. For e >0, we define p,(x) = n™J(nx). By [/5], there

RN

exists X > 0 large enough such that A(@) e LY(Q), A(w) eL'(Q),ie{l,---,N}, and

/ A(’p"*u(x)_u<$)|>da:—>0 as n — +o0o
. A

and hence

/QAO'O"*Q(? _u(x)|>dx—>0 as n — +0o0. (2.27)

Choosing n large enough so that 0 < & < dist(Q,0Q) one has p, *u(x) = p, *u(zx) for every z € V.
Hence, O(pn * @) /0x; = pp * (Ou/0x;) on Y for everyi € {1,--- ,N}. As Ou/0x; € La(Y) we have

Opp *xu)/0x; € La(SY).

Therefore,

/, (10 8)/00,(5) ~ 00f0(0)

Observe that the functions w, = p, x u do not necessary lie in C°(Q). Let n € C(RY) such that

>d$ — 0 as n = 4o0. (2.28)

0<n<1,n(x)=1 forall z with ||z|| <1, n(x) =0 for all x with ||z|| > 2 and |Vn| < 2. Let
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further n,(x) = n(%) for x € RN. We claim that the functions v, = n,w, belong to C°(RY) and

satisfy
/ A(M)daj — 0 asn — 400 (2.29)
Q ZD)
and
/ A<|avn/6xi(m) _ 8u/8mi(m)|>dx — 0 asn — 400 (2.30)
/ 12X
Indeed, by (2.27) there exist a subsequence of {w,} still indexed by n and a function hy € L*(Q)
such that
W, — U a.e in S
and

lw, (z)] < |u(z)| + ANATH(hy)(2); for all x € Q) (2.31)

which together with the convezity of A yield

A(la—uly Ly Gy 1y

=270 ) 4
Being the functions A(@) € LY(Q) and hy € L'(Q), the sequence {A(%) }n is equi-integrable
on Q and since {v,} converges to u a.e. in Q, we obtain (2.29) by applying Vitali’s theorem.

By (2.28) there exists a subsequence, relabeled again by n, and a function hy € L*(SY) such that
Owy, /0x; — Ou/dz; a.e. in Q

and

|Owy, /0x;(x)| < |Ou/0xi(z)| + ha(x), for all x € . (2.32)

Therefore, using (2.31) and (2.32) for all x € Q' we arrive at

|Ovy, /O () —Ou/Oz;(x)|
A< : 12X : >
< %(A(—“@') + A(—'au/afi(z)‘> + ha(2) + %hQ(x)>
and by Vitali’s theorem we obtain (2.30).

Finally, let K C ) be a compact set such that supp(u) C K. There exists a cul-off function
¢ € C(Y) satisfying ¢ =1 on K. Denoting u,, = (v, we can deduce from (2.29) and (2.30)

/§2A<|Un($)1;)\CU(37)’>dx — 0 asn — +oo

and

[ a((2lonia) — /o e)

X >d;1:—>0 as n — +o0o.
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Consequently, the sequence {u,} C C3°(Q) converges modularly to Cu = u in WILA(Q2) and in force
for the weak topology o(I1La,I1L) (see [/5, Lemma 6]) which in turn imply the convergence with
respect to the weak® topology o(IILa, IE%). Thus, u € W3 L(9).

Theorem 2.3.2 For any weak solution u € Wi Ly (Q) of (2.1) associated with X\ > 0, there exists a

constant cs, > 0, not depending on u, such that

|| oo () < Coo-

Proof 2.3.3 For k > 0 we define the set A, = {x € Q: |u(z)| > k} and the two truncation
functions Ty, (s) = max(—k, min(s, k)) and Gi(s) = s — Ti(s). By Hélder’s inequality we get

N—-1

[ et <140t ([ Gty

< (V)| A% / Vuldz,
Ag

where C'(N) is the constant in the embedding W' (Ay) < L%(Ak) We shall estimate the integral
/ |Vul|dz; to this aim we distinguish two cases : the case m(|Vul)|Vu| < Ai||p|le and
(\VumVu\ > M|plloo, where Ay is defined in (2.7).

Case 1 : Assume that
m(|Vul)[Vu| < Ai|pl]oo- (2.33)

Let ko > 0 be fized and let k > ky. Using (2.33) we can write

\Vu|dx S/ ]Vu|dx—|—/ \Vu|dx

< MAdl+ oty [ m((9ul)Vulds
A

< (14 2l 4
Thus,

G (u(x))|dz < O(N)( A;’L'f”)”)m ks (2.34)

Apg
Case 2 : Assume now that

m(|Vul)[Vul = Ml|pllec- (2.35)

Since u € WLy () is a weak solution of problem (5.57), we have

/Q (V) Ve - Voda = A /Q o(2)6( |l Juvdz, (2.36)
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for allv € WLy (). Let s, t, k>0 and let v = A exp (%M(u*))TS(Gk(Tt(uﬂ)) So, from [0,

Y
Lemma 2] we can use v as a test function in (2.36) to obtain
%1/ m(|Vul)|[Vulm(u")vdz
{u>0}

A
+3L &(|Vu|)Vu - VT (u't) exp (—M(uﬂ)dz
{k<Ti(ut)<k+s} /\1

—A T uuvdr = 0.
lwmm>w|o 0

Since we integrate on the set {u > 0}, by (2.35) we have
Aip(x) < m([Vul)[Vul

and so we obtain

A

2 (m(|Vu|)|Vu| - )xlp(a:)>m(u+)vdx > 0.
A1 S fusoy

Therefore, we only have

S(IVul)Vu - VI () esp (2 (u) )z = 0

/{k<Tt(u+)<k+s} A1

and since exp <%M(u+)> > 1 we have
/ o(|Vu|)Vu - VT, (u*)dz = 0.
{k<T;(ut)<k+s}
Pointing out that
&(|Vu)Vu - VTi(ut)dr = / o(|Vu|)Vu - Vudz.

{k<u<k+s}n{0<u<t}

/{k<Tt (ut)<k+s}

We can apply the monotone convergence theorem as t — +0o0 obtaining

/ o(|Vu|)Vu - Vudr = lim o(|Vu|)Vu - VT (u™)dx
{k<u<k+s}

=00 Jik<u<k+sin{o<u<t}

=0.

Applying again the monotone convergence theorem as s — 400 we get

/ o(|Vu|)Vu - Vudzr = lim o(|Vu|)Vu - Vudz = 0.
{u>k}

5700 J{k<u<k+s}
In the same way, inserting the function v = —3L exp <%M(u*)>TS(Gk(7}(u*))) that belongs to
WaLay(2) as a test function in (2.36) we obtain

—% , o(|Vu])Vu - Vum(u™)vdz
u<
A
—A Vu|)Vu - VT, (u )exp ( —M(u" | |dz
A /{kngt(u)<k} #IVu) o) p()\l ( >>

:AA;mmmmwmwm
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Then we can write
—%/ (V) [ Vaulm(ul)vda

u<0}
_Tl/{ o(|Vu|)Vu - VT (u™) exp (%M(u‘))dm

—k—s<Ty(u~)<—k} 1

>

=-A p(x)m(|u|)vdz.
{u<0}

Gathering the first and the last term we get
—3 ) (m(17u)[Vul = Ap(2) ) m(ful)vde
u<
A
—%/ O Vu))Vu - VI (™) exp (=M (u” ) )dw = 0.
{—k—s<Ti(u—)<—k} 1

Here again since we have \ip(x) < m(|Vul)|Vu|, we obtain

A
_jl o(|[Vu|)Vu - VI (u™) exp (—M<u‘>>dx <0,
{—k—s<Ti(u~)<—k}

that is
Al

A {—k—s<Ti(u™)<—k}n{u>—t}

As exp (%M(u_)) > 1 we get

o(|Vu|)Vu - Vuexp (%M(u‘))dx < 0.

/ 6(IVul)Vu - Vudz — 0.
{—k—s<T(u™)<—k}n{u>—t}

As above using the monotone convergence theorem successively as t — +o0o and then s — 400, we

arrive at
/ &(|Vu|)Vu - Vudz = 0.
{u<—k}

Thus, since m(t) = ¢(|t|)t we conclude that
/ (| V) [Vuldz = 0. (2.37)
A

On the other hand, by the monotonicity of the function m™ and by (2.37), we can write

/ |Vul|dx :/ \Vu\da;+/ |Vu|dx
Ay Axn{m(|Vul)<1} A {m(|Vul)>1}

<m~ (1) Ax +/ m(|Vu|)|Vu|dx
Ag

=m (1) Awl.
Hence,

| 1Gu(u(a) e < C(N)Ym (1) Ay | ¥+ (2.38)
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Finally, we note that the two obtained inequalities (2.34) and (2.38) are exactly the starting point of

Stampacchia’s L -regqularity proof (see [79]). In Fact, in any case we always have

|Gio(u(x))|dz < Ay ¥+, (2.39)
Ak

where 1 1= C’(N)(l +m~(1) + %) Let h > k > 0. It is easy to see that A, C Ay and

|Gr(u)| > h —k on Ap. Thus, we have
(h — k)| An| < ] A| ¥

The nonincreasing function ¢ defined by (k) = |Ag| satisfies

(k) € sv(k) ¥
Applying the first item of [79, Lemma 4.1] we obtain

Y(co) = 0 where coo = C(N)<1 +mi(1) 4 /\;7!201”)00>2NH’Q|}V’

which yields

- APl 1
[ull o) < € :C’(N)<1+m (1) + 717|1|(1||) >2N+1|Q‘N.

Lemma 2.3.2 Let Q be an open bounded subset in RY. Let Br C Q be an open ball of radius

0 < R < 1. Suppose that g is a non-negative function such that g* € L*(Bgr), where |a| > 1.

</ gaqkd:c)z < C/ g“dr, (2.40)
Br B

R

Assume that

where ¢,k > 1 and C s a positive constant. Then for any p > 0 there exists a positive constant c

such that

1

c
sup g% < - </ gapdac> "
Br R(k71>P Br

Proof 2.3.4 Let ¢ = pk¥ where v is a non-negative integer. Then using (2.40) and the fact that

R <1 we can have |

(f i) (G ([ mean)™
Br Br

An iteration of this inequality with respect to v yields

I~ 1
p;k(/B gapdxf_ (2.41)
R

. c
9" ety < ()
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For 8 > 1, we consider v large enough such that pk¥™ > 3. Then, there exists a constant cy such

that
”gaHLﬁ(BR) < CO||9a||ka”“(BR)'

Since the series in (2.41) are convergent and g* € L>®(Bg), Theorem 2.14 in [7] implies that

1
sup g¢ < Ck (/ gapdx> "
Br R(k*l)p Br

As we need to get a Holder estimate for weak solutions of (2.1), we use the previous lemma to prove

Harnack-type inequalities. To do this, we define for a bounded weak solution u € W Ly(€2) of
(3.57) the two functions v = u —infp v and w = supg_u — u. We start by proving the following two

lemmas.

Lemma 2.3.3 Let B, C ) be an open ball of radius 0 < r < 1. Then for every p > 0, there exists a

positive constant C', depending on p, such that

supv < C<<7’N/ v”d:v)5 + 7’), (2.42)
By ,

where Bt is the ball of radius r/2 concentric with B,..

Proof 2.3.5 Since u is a weak solution of problem (2.1) then v satisfies the weak formulation

/ o(|Vv|)Vu - Vibdr = )\/ p(x)p(Jv + inf u|) (v + inf u)pde, (2.43)
Q Q By Br

for every 1 € Wi Ly (). Let Qo be a compact subset of Q0 such that B: C Qg C B,. Let ¢ > 1 and
let 1 be the function defined by

M(v(z)) o(z) if € Qo,
where v = v +r. Observe that on )

Vi = M(@®)7'Vo + (¢ — 1)M(9)*m(0)vVo

and thus by Theorem 2.3.1 we have v € W3 Ly (). So that ¢ is an admissible test function in
(2.43). Taking it so it yields

; M (@) 'm(|Vo|)|Volde +(q— 1) ; M(©)**m(v)om(|Vo|)|Vo|dx
= )\/B p(x)M(T))q’lT)m(ijigrfu)da:.
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Since vm(v) > M(v) and v +infp u <0+ ||ul|~, we get
7/ M ()" m(| Vo)) Volde < >\||,0||oo/B M@ (@ + [[ufloo)m (D + [Ju]l) (2.44)
Let
M(v(x)? if x € Q,
iy { MO v
Using the following inequality
m(b) < bm(b) + am(a), (2.45)
with a = |Vv| and b = v, we obtain
|\Vh|de <q [ M) m(|Vo])|Voldr + q/ M (0)" om(v)dz
B, B,
<q | M@ 'm(Vo|)|Vo|dz
By
+q [ M@0+ ulloo)m( + [[ulo)dr
By
In view of (2.44), we obtain
|Vh|de < Cy | M(v)%dx < CoM(2||ul|s + 1),
B, By
where Cy = q+)‘Hp”°°)(1+3H“H°°)m(1+3”u”°°). Therefore, h € Wy (B,) and so we can write
N-1
/ M (D)™~ lda: Y < C0(N) | M(v)da,
B,
. Then,

where C'(N) stands for the constant in the continuous embedding Wy (B,) < L¥-1(B,)

applying Lemma 2.53.2 with g = M(0) and o = 1 we obtain for any p > 0

supM <C’3 /M pdﬂC ;

N
» . Hence, follows
1

where C3 = (CoC(N))

sup M (v) < Cj [T_N M(v )pdx}

Br
2

B,

Since tm(5) < M(t) < tm(t) and v = v +r = u—infp, u+r we have supp, M(v) > m(

and M(v) < om(1 4 2||u||s), which yields

1
supz_JSC[rN/ @pdx]p,

Br
2

3 2m(+2lulles) Hence, the inequality (2.42) is proved.

where C' = (C2C(N))» ==75

%) SUPB5

NS
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Lemma 2.3.4 Let B, C ) be an open ball of radius 0 < r < 1. Then, there exist two constants
C >0 and pg > 0 such that

(r_N /B,« vpﬂdx> g < C’(infv + 7‘), (2.46)

Br
2

where Bz is the ball of radius r/2 concentric with B,..

Proof 2.3.6 Let g be a compact subset of Q such that By C €y C B,. Let ¢ > 1 and let ¢ be the
function defined by

M(v(x))" " o(x) if z€Qy,

0 if  x ¢ Qo,

P(r) =
where v =v +1r. On Qy we compute
Vi = M@®) Vo + (—g— 1)M ()" *m(v)oVo.
By Theorem 2.5.1 we have 1 € W Ly (Q). Thus, using the function v in (2.43) we obtain

)\/ p(x)M (D)~ 'om(v + inf u)dx

B r
:/ M (@)~ Vo|m(|Vo|)dz
B'r

+(—g—1) [ M(®)" 7 *m(v)0|Vo|m(|Vo|)dz.

By

By the fact that vm(v) > M (v), we get

)\/ p(x)M(0) "4 tom (v + igf wydr < —q | M(®) " Volm(|Vo|)dz.

B

Thus, since on B, one has |v+infp u| < 0+ ||u|l we obtain

B,

¢ [ M@ Volm(|Vo|)da < /\Ilplloo/B M @)™ 'm0 + [ulloo) (7 + [|uflo0)da. (2.47)
On the other hand, let h be the function defined by

M(v(z))™® if x €y,

h(z) =

Using once again (2.45) with a = |Vv| and b = v, we obtain

Vhide <q [ M@) " m(Ve))|Voldz + g / M (@) 5m(0)da
B,

B B
< q/ M () m(|Vo])| Vol da
B,

g / M@ (5 + [[ulloo)m(@ + o),

By
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which together with (2.47) yield

/ [Vh|de < Cy | M(0) %dx < CoM(r)~|9,

B,

with Cy = atelle)mUt3lluloe) Atllullce) — 7p0g p ¢ WE(B,) and so we can write

M(r)
o~ N1
( / M)y #ide) T < GOWN) [ M) dr,
B,

By

where C(N) is the constant in the continuous embedding W, (B,) — L%(Br). Therefore,

applying Lemma 2.3.2 with g = M(v) and o = —1 we get for any p > 0
sup M(5)™" < (CLC(N))» (r_N M(m—pdx)?
By Br

So that one has

(r*N M(T))‘pd:p> oo (CLC(N)) 7 infp, M(0)

By

< (C2O(N)) ¥ infpy M(D).

The fact that M(7) > m<g> and M (%) < m(2||ul|w + 1)5, yields

v
2

;1
(r_N/ 17"’dx> " < Cinfo, (2.48)
B, By

where C' = (CQC(N))%%. Now, it only remains to show that there exist two constants
2

¢ >0 and pg > 0, such that

(r_N/ @podx>;0 < C(T_N/ @_podx>p°1.
B, B
Let B,, C B, and let Qy be a compact subset of 2 such that B% C Qy C B,,. Let ¢ be the function
defined by
o(x) if x€Q,
0 if  x ¢ Q.

U(z) =
Then, inserting 1 as a test function in (2.43) we obtain

/ m(|Va|)|Vo|dz S)\||p||oo/ m(|v -+ inf u|)dz
B Br

1 B'rl

< Molle / m(® + ulloo)(® + lulloo)d.

Since v < (2||ul|oe + 1) and |B,,| = r¥|B;| we obtain

/ m(|Vo))|Voldz < corl, (2.49)

By,
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where ¢g = N|p|leem(3||tt]|co + 1)(3||t||oo + 1)|B1|. On the other hand, we can use (2.45) with

a = |Vo| and b= > obtaining
|V@|m(3> < |Volm(|Vol) + 3m<3>.
T1 T1 T1
Pointing out that =m(;>) > M (=) > M(3) > M(1), we get
Vol < 1
v - TlM(l)
Integrating over the ball Bry and using (2.49) we obtain

1
m(|Vo|)|Vo| + —.
&1

Vol | I 1

N a5
2 2

c B —
S (M?l) + 2_]\1/|)T{V 1'

The above inequality together with [5/, Lemma 1.2] ensure the existence of two constants py > 0 and

( /B o) ( /B o) < er’ (2.50)

Finally, the estimate (2.46) follows from (2.48) with p = py and (2.50).

¢ > 0 such that

Theorem 2.3.3 (Harnack-type inequalities) Let u € W)Ly () be a bounded weak solution of

(3.57) and let Bz, 0 <1 <1, be a ball with radius 5. There exists a large constant C > 0 such that

supv < C(infv + ) (2.51)
By By
and
supw < C(inf w + 7). (2.52)
By By

Proof 2.3.7 Putting together (2.42), with the choice p = py, and (2.46) we immediately get (2.51).
In the same way as above, one can obtain analogous inequalities to (2.46) and (2.42) for w

obtaining the inequality (2.52).
We are now ready to prove the following Holder estimate for weak solutions of (3.57).

Theorem 2.3.4 (Holder regularity) Let u € W)Ly (Q2) be a bounded weak solution of (3.57).
Then there exist two constants 0 < a < 1 and C' > 0 such that if B, and Br are two concentric balls

of radii 0 <r < R <1, then

oscp,u < C’(%)a<s;lp |u| + C(R)),
R

where oscp,u = supg u — infg u and C(R) is a positive constant which depends on R.
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Proof 2.3.8 From (2.51) and (2.52) we obtain

supu — infu = supv < C(infv +r) = C(infu — inf u + r)

B% B B% B% B% B,

and
SUpp U — supp, 4 = supg, w < C(infp, w+ 1) < C(supg, w+r) = C(supg u — supg, u + 7).
" 2 2 2 2 " 2
Hence, summing up both the two first terms in the left-hand side and the two last terms in the

right-hand side of the above inequalities, we obtain

supu — infu < C(supu—infu—{—infu—supu+2r>,
B, Br B, Br By By

that is to say, what one still writes

-1

0scp, U < ( ) oscp,u + 2r. (2.53)

Let us fix some real number Ry < R and define o(r) = oscp,u. Let n € N be an integer. Iterating

Ry

the inequality (2.53) by substituting r = Ry, r = %, coe, T = 5x, we obtain

n— n—1—1
0(%) <7y"o(Ri) + R Y1y L
<" (R) + 1,

where vy = % For any r < Ry, there exists an integer n satisfying

2_n_1R1 <r< 2_nR1.

Since o is an increasing function, we get

Being v < 1, we can write

Therefore,

,12?/ R
o) <77 () Tetm T

This inequality holds for arbitrary Ry such that r < Ry < R. Let now a € (0,1) and Ry = R'™%r,

so that we have from the preceding

log v

o< () ot ()"

Thus, the desired result follows by choosing o such that o = —(1 — a)igg;’, that is o = 10;213%027'




Chapter 3

Imbedding results in Musielak-Orlicz-sobolev

spaces with an application to anisotropic nonlinear

Neumann problems

In this chapter, we prove a continuous embedding that allows us to obtain a boundary trace
imbedding result for anisotropic Musielak-Orlicz spaces, which we then apply to obtain an existence
result for Neumann problems with nonlinearities on the boundary associated to some anisotropic
nonlinear elliptic equations in Musielak-Orlicz spaces constructed from Musielak-Orlicz functions on

which and on their conjugates we do not assume the As-condition. The uniqueness is also studied.

3.1 Introduction

Let © be an open bounded subset of RY, (N > 2). We denote by gg: Q x R* = RY the vector
function ¢ = (¢1,- -+, dn) where for every i € {1,--- | N}, ¢; is a Musielak-Orlicz function
differentiable with respect to its second argument whose complementary Musielak-Orlicz function is
denoted by ¢ (see preliminaries). We consider the follwing problem
S By04(2, Do) + () a0, [ul@)]) = Flaw) i,
u >0 in €, (3.1)
Z@‘]\; a;(x,0pu)v; = g(xz,u)  on 09,

)
O,

K3

where 0,, = and for every i = 1,--- , N, we denote by v; the i component of the outer normal

unit vector and a; : 2 x R — R is a Carathéodory function such that there exist a locally integrable

61



62 CHAPTER 3. IMBEDDING RESULTS IN MUSIELAK-ORLICZ-SOBOLEV SPACES WITH

Musielak-Orlicz function (see definition 3.1.1 below) P; with P; < ¢;, a positive constant ¢; and a

nonnegative function d; € Fg:(§2) satisfying for all s, ¢ € R and for almost every z € Q2 the following

assumptions
lai(z, 5)| < cildi(@) + (67) " (z, Pil, 5))], (3.2)
di(x,]s]) < ai(x,s)s < Ai(z, s), (3.3)
(a;(z,5) — a;(z,t)) - (s —t) >0, for all s # ¢, (3.4)

the function A; : Q2 x R — R is defined by

Ay(z, ) = /0 a;(z, t)dt.

Here and in what follows, we define ¢,,;, and ¢4, by

Omin(T,8) = :mmN oi(z,s) and Ppaz(x, s) =

i=1 ; 1%%N¢i(m’8)'

Let Omaz(z,y) = %(w, y). We also assume that there exist a locally integrable Musielak-Orlicz
function R with R < ¢pq, and a nonnegative function D € E4. (), such that for all s, ¢ € R and
for almost every z € 2

| Pmaz (@, 5)] < D(x) + (,00) " (2, Rz, 5)), (3.5)

*

" or Stands for the complementary function of ¢, defined below in (3.11).

where ¢

For what concerns the data, we suppose that f: Q xR — R* and g : 92 x R — R are
Carathéodory functions. We define the antiderivatives F': 2 x R - R and G : 9Q x R — R of f

and g respectively by

F(z,s) = /0S f(z,t)dt and G(x,s) = /Osg(x,t)dt.

We say that a Musielak-Orlicz function ¢ satisfies the As-condition, if there exists a positive

constant k > 0 and a nonnegative function h € L'(Q) such that
o(r,21) < ko, 1) + h(z).

We remark that the condition (As) is equivalent to the following condition: for all & > 1 there

exists a positive constant k£ > 0 and a nonnegative function h € L*(Q) such that
oz, at) < ko(x,t) + h(x).

We assume now that there exist two positive constants k; and ko and two locally integrable

Musielak-Orlicz functions M and H satisfy the As-condition and differentiable with respect to their
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second arguments with M < ¢**. = H < ¢** and H < ¥, such that the functions f and g

man’ man

satisfy for all s € R, the following assumptions

|f(z,8)] < kym(z,s), for a.e. x € Q, (3.6)
lg(x, s)| < koh(z,s), for a.e. z € 09, (3.7)
where
N-1 oM 0H
an(2,1) = (65,0 e, ) = PHE e ) = 20D g

Finally, for the function b involved in (3.1), we assume that there exists a constant by > 0 such that
b satisfies the hypothesis
be L>®(Q) and b(z) > by, for a.e. x € . (3.9)

We remark that (3.4) and the relation a;(z, () = V¢A;(z, () imply in particular that for any

i=1,---, N, the function ¢ — A;(+, () is convex.
Let us put ourselves in the particular case of ¢ = (¢i)ieq1,. Ny where for i € {1,--- N},
¢i(x,t) = [t|P®) with p; € CL(Q) = {h € C(Q) : infyeq h(x) > 1}. Defining

Prmaz(T) = maXie{1,..,N} pi(x) and pri(z) = mine(,... N} pi(z), one has ¢paq(z,t) = |t‘pM($) and

then Qmaq(2,t) = par(2)|t|PM@ =2t where pas iS Dmaz OF Pmin according to whether [t| > 1 or |t| < 1
and then the space W1L 5(9) is nothing but the anisotropic space with variable exponent W70)(Q),
where p(-) = (p1(+),- -+ ,pn(+)) (see [37] for more details on this space). Therefore, the problem (3.1)

can be rewritten as follows

— Zf\; O, a;(x, Op, ) + by (2)|u|PM@ =2y = f(z,u) in Q,
u >0 in €, (3.10)

SN i@, )i = g(x,u)  on 0L,

where by (z) = pa(2)b(x). Boureanu and Radulescu [21] have proved the existence and uniqueness of
the weak solution of (3.10). They prove an imbedding and a trace results which they use together
with a classical minimization existence result for functional reflexive framework (see [31, Theorem
1.2]). Problem (3.10) with Dirichlet boundary condition and b;(z) = 0 was treated in [51]. The
authors proved that if f(-,u) = f(-) € L>(€) then (3.10) admits a unique solution by using [1,
Theorem 1.2].

The problem (3.10) with for all i =1,--- | N

a;(x,s) = a(z,s) = sP@=1
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with p € C1(Q) and b; = g = 0 was treated in [13], where the authors proved the three nontrivial

smooth solutions, two of which have constant sign (one positive, the other negative).

Let us mention some related results in the framework of Orlicz-Sobolev spaces. Le and Schmitt [50]

proved an existence result for the following boundary value problem

—div(A(|Vul*)Vu) + F(z,u) =0, in Q,
u=0 on 09,

in Wy Ly(Q) where ¢(s) = A(|s|*)s and F' is a Carathéodory function satisfying some growth

conditions. This result extends the one obtained in [12] with F'(z,u) = —A¢(u), where v is an odd

increasing homeomorphism of R onto R. In [12, 50] the authors assume that the N-function ¢*

complementary to the N-function ¢ satisfies the A, condition, which is used to prove that the

functional u — / O (|Vu|)dx is coercive and of class C!, where @ is the antiderivative of ¢ vanishing
Q

at origin.

Here, we are interested in proving the existence and uniqueness of the weak solution for problem
(3.1) without any additional condition on the Musielak-Orlicz function ¢; or its complementary ¢}
fori =1,---, N. Thus, the Musielak-Orlicz spaces Ly, (£2) are neither reflexive nor separable and

hence classical existence results can not be applied.

The approach we use consists in proving first a continuous imbedding and a trace result which we
then apply to solve problem (3.1). The results we prove here extend to the anisotropic
Musielak-Orlicz-Sobolev spaces the continuous imbedding result obtained in [38] under extra
conditions and the trace result proved in [00]. The imbedding result we obtain extends to Musielak
spaces a part of the one obtained in [03] in the anisotropic case and that of Fan [39] in the isotropic
case (see Remark 3.3.1). In the variable exponent Sobolev space W'P(#)(Q) where

1 < py =sup,eqp(z) < N, other imbedding results can be found for instance in [32, 33, 52] while

the case 1 < p_ < p, < N was investigated in [19].

To the best of our knowledge, the trace result we obtain here is new and does not exist in the
literature. The main difficulty we found when we deal with problem (3.1) is the coercivity of the
energy functional. We overcome this by using both our continuous imbedding and trace results.
Then we prove the boundedness of a minimization sequence and by a compactness argument, we are

led to obtain a minimizer which is a weak solution of problem (3.1).

Definition 3.1.1 Let Q be an open subset of RY, (N > 2). We say that a Musielak-Orlicz function
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¢ 1is locally-integrable, if for every compact subset K of €2 and every constant ¢ > 0, we have
/ o(z, c)dr < oo.
K

The chapter is organized as follows : Section 3.2 contains some definitions. In Section 3.3, we give
and prove our main results, which we then apply in Section 3.4 to solve problem (3.1). In the last
section we give the appendix which contains some important lemmas that are necessary for the

accomplishment of the proofs of the results.

3.2 Preliminaries

3.2.1 Anisotropic Musielak-Orlicz-Sobolev spaces

Let © be an open subset of RY. A real function ¢ : Q x Rt — R, will be called a Musielak-Orlicz

function, if it satisfies the following conditions:

(i) ¢(-,t) is a measurable function on (2.

(ii) ¢(x,-) is an N-function, that is a convex, nondecreasing function with ¢(z,¢) = 0 if only if

t =0, ¢(x,t) > 0 for all t > 0 and for almost every x € €2,

t t
lim M =(0and lim inf M = +00.
t—0+ t t——+o00 £EQ t

We will extend these Musielak-Orlicz functions into even functions on all £ x R. The

complementary function ¢* of the Musilek-Orlicz function ¢ is defined by

¢*(z,s) = sup{st — ¢(z,t)}. (3.11)
>0
It can be checked that ¢* is also a Musielak-Orlicz function (see [67]). Moreover, for every t, s > 0
and a.e. x € Q we have the so-called Young inequality (see [67])

ts < ¢(x,t) + ¢*(x, s).

For any function h : R — R the second complementary function h** = (h*)* (cf. (3.11)), is convex
and satisfies

h*(z) < h(z), (3.12)
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with equality when A is convex. Roughly speaking, h** is a convex envelope of h, that is the biggest

convex function smaller or equal to h.

Let ¢ and 1 be two Musielak-Orlicz functions. We say that ¢ grows essentially more slowly than ¢,

denote ¢ < ¢, if

lim sup M =

t—+00 yeq O(x, ct) ’

for every constant ¢ > 0 and for almost every x € 2. We remark that if ¢ is a locally integrable,

then ¢ < ¢ implies that for all ¢ > 0 there exists a nonnegative integrable function h, such that
P(x,t) < @z, ct) + h(x), for all t € R and for a.e. z € €.

The Musielak-Orlicz space Ly(€2) is defined by

Ly(02) = {u : Q — R measurable //Q¢(Jc, @) < +oo for some A > 0}.

Endowed with the so-called Luxemborg norm

ull = inf )\>O// d <1}

(Ls(92), ] - ||¢) is a Banach space. Observe that since tl}inoo ;Ielgfz qb(:z .Y = 400 and if §2 has finite
measure then we have the following continuous imbedding
Ly(Q2) — LY(Q). (3.13)
We will also use the space E4(€2) defined by
E,(Q) = {u 2 — R measurable // )\m)) < o0 for all A > O}

Observe that for every u € Ly(2) the following inequality holds

|lulls < /ng(x,u(x))da:%—l. (3.14)

For two complementary Musielak-Orlicz functions ¢ and ¢*, the following Holder’s inequality (see

[67])

/ u(@)o(@)ldz < 2ljullolv]lo (3.15)

holds for every u € Ly(2) and v € Ly (Q). Define ¢*~* for every s > 0 by

¢z, 8) =sup{T > 0: ¢*(z,7) < s}.



3.3. MAIN RESULTS 67

Then, for almost every x € () and for every s € R we have

¢ (x, ¢ H(z,5)) < s, (3.16)
s < ¢ N, 8)p  (z,5) < 28, (3.17)
o(x,s) < S@qb(axs, s) < ¢(x,2s). (3.18)

Definition 3.2.1 Let ¢ : Q x R, — RY, the vector function ¢ = (¢1,--+ ,On) where for every
i€ {l,---, N}, ¢ is a Musielak-Orlicz function. We define the anisotropic Musielak-Orlicz-Sobolev
space by

WL

$(Q> = {u € Lg,..(Q); Op,u€ Ly, () foralli=1,-- -,N}.

By the continuous imbedding (3.13), we get that WL 5(€2) is a Banach space with respect to the

following norm

N
lallwrz ) = lulls, + D 10sulls,-
i=1

Moreover, we have the continuous embedding W'Lz(Q) < W(Q).

3.3 Main results

In this section we prove an imbedding theorem and a trace result. Let us assume the following

conditions

1 wok \—1 oo #x )=l —
0 1

*k k%

Thus, we define the Sobolev conjugate (¢5%,,)« of ¢%%, by

(¢ ) (w,8) = /s Mdt, for x € Q and s € [0, +00). (3.20)
0

* t1+%
It may readily be checked that (¢5F,). is a Musielak-Orlicz function. We assume that there exist

two positive constants v < % and cg, such that

0 (b:;j:m * $7t Hk *k v

Q)00 < g7, ). 8) + (@) ) ] (3:21)
for all t € R and for almost every x € €, provided that for every ¢ = 1,--- , N the derivative
I Oimin) @) it

ox;
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3.3.1 An imbedding theorem

Theorem 3.3.1 Let Q be an open bounded subset of RN, (N > 2), with the cone property. Assume
that (3.19) and (3.21) are fulfilled, (¢, )+(-,t) is Lipschitz continuous on Q and Gmas is locally

man

integrable. Then, there is a continuous embedding

Wqu;(Q) — L(%*m)* (Q)

Some remarks about Theorem 3.3.1 are in order. We discuss how Theorem 3.3.1 include some

previous results known in the literature when reducing to particular Musielak-Orlicz functions.

Remark 3.3.1 1. Let M(z,t) = t*® and m(x,t) = 8M6(f’t) = p(2)t" ™1 where p(-) is Lipschitz
continuous on Q, with 1 < p_ = inf,eq p(z) < p(z) < py = sup,cqp(r) < N. Since M(-,t) and
m(-,t) are continuous on €, then we can use Lemma 3.5.8 (given in Appendiz) to define the

following Musielak-Orlicz function

p(z)
151
iy

it <ty
Pz, t) =
@)t > ¢,

where t1 > 1 and o > 1 are two constants mentioned in the proof of Lemma 3.5.8. Let us now
consider the particular case where, for alli =1,--- | N,

(@) o .

1t_at th S tlu

oi(z,t) = oz, t) = ! (3.22)
@)t >t

It s worth pointing out that since ) is of finite Lebesque measure, it can be seen easily that

WILs(Q) = W'Ly(Q) = WPO(Q). Thus, ¢ (2,1) = Gmin(z,1) = ¢(x,1) and

min

(N—ay | ¥=a e
(W) te ft <t
( ! t) ift >t

P« (T)

provided that o < N. Now we shall prove that (¢},,)« satisfies (3.21) and our imbedding result

include some previous result known in the literature. For every t € R and for almost every

x € ) we have

min

o 2L log (54 ) (Grma)e(a,t) it > .

min

a( o )*(J],t) N]on 353(:") log(tl)( :j:ln)*<x7t) th S t17
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o [ft <ty then

[ Anl2:)) TP 1) 052,00 )
Since p(-) is Lipschitz continuous on §) there exists a constant C, (x) <
thus we get
)M%l—xl‘ < O og(1) (5. (). (3.23)

OIftZtl

‘8(¢mz§;l x,t) ‘ _ ‘ap*a;i 1) H o (ep*t($)> )(qﬁ:;km)*(x,t)

Since p(-) is Lipschitz continuous on €, then it can be seen easily that p,(-) is also Lipschitz

continuous on Q. Then, there exists a constant Cy > 0 satisfying o *(x < Cy, thus we get
O(orr t
L <C ’1 ( )‘ ) (x, ).
31‘1 ‘ 2| 108 ep. (l') (¢mzn) ('T )
Lete > 0. If e < % then for all t > 0 we can easily check that
log(t) < te. 3.24
o8(t) < (3.21)

Now, since the Musielak-Orlicz function ( has a superlinear growth, we can choose

m'ln)
A > 0 for which there exists to > max{ty,e} (not depending on x) such that At < (¢, )«(2,1)
whenever t > tg. Therefore,

o Ift >ty then by (5.24) we obtain

NPrin)x(x:t)
8x¢

< 02(1og (£) +108(+255)) (¢57)- (a1
< it (G- (2. + Calon(x5) 65)- (o) (3:25)
< oy (6 (5 )+ Calogl ) (6510,

° Iftl <t <ty, then

ox;

‘ AL )+ (x,t)

< Ca log(to) + log (§25-) ) (657i)- (2. 1) (3.26)

Therefore, from (3.23), (3.25) and (3.26), we get that for every t > 0 and for almost every

x €, there is a constant ¢y such that

‘W\ < 00((¢Zi‘m)*(:v, t) + ((qb:‘,fm)*(x,t))““)_

Before we show that our imbedding result includes some previous known results in the

literature, we remark that the proof of Theorem 3.3.1 relies to the application of Lemma 3.5.4
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in Appendiz for the function g(x,t) = ((¢55,)«(z, 1)), a € (0,1), where we have used the fact
that Q0 is bounded to ensure that max, g g(z,t) < oo for somet > 0. In the case of the
variable exponent Sobolev space WP (Q) built upon the the Musielak-Orlicz function given in

(5.22), we do not need S to be bounded, since

No N2

Gu(x,t) < max{t) =tV 7+ } < oo, for somet > 0.

Therefore, the embedding result in Theorem 5.5.1 can be seen as an extension to the

Musielak-Orlicz framework of the one obtained in [79, Theorem 1.1].

2. Let us consider the particular case where, for i € {1,--- N},

tpi(x) .
Lt gft <ty,

£y

i) ift >t

where t; > 1,1 < a < N and ¢ = (¢i)icqr, vy with p; € C(Q) = {h € C(Q) : inf h(z) > 1},
el
) > 3. - ) — ) — ; )
L<pi(r) <N, N2 3. Define pi° = inf pi(), pur(w) = _max  pi(r), pm(z) = _min_ pi(z)
and Gpin(z,t) = minN} ¢i(x,t). Then,

{1

pm ()
tlm
g

N o ift <ty
(@)t >,

whose Sobolev conjugate function is given by

(N—a)t % 7N§Tf) .
( ) t, th < t,

s - Natq
(gbmzn)*(x? t) - 1 (Pm) « () R >
(o) ft=t
N

Let us define p* by the formulae p* = Sham Since p; > p,., then we obtain that

i=1_—
P;

> —— = (p,)s 3.27

Since Q) is of finite Lebesque measure, it can be seen easily that WlLd;(Q) = WO (Q). So, by
Theorem 3.5.1 we have WHPO)(Q) — LP=)<0)(Q) and since (pp)«(x) > (p;.)« for each v € Q,

we deduce that W70 (Q) < LPm)«(Q). Therefore, by (3.27) the result we obtain can be found
in [03, Theorem 1].
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3. Let us now consider the case where

tfi(x) log(t1+1)

o t*aft <ty
9252-(.%, t) = i
i@ Jog(t +1)  ift > ty,
where t; > 1, 1 < a < N and for each i € {1,--- , N} the function p;(-) is Lipschitz continuous

on Q with 1 < inf p;(x) < pi(z) < suppi(z) < N — 1. Define py(x) = maxieqr,... vy pi(),
zef) zeQ)
P () = minieqr .. vy pi(2) and Gpin (@, t) = mingeq ... vy ¢i(2,t). Then,

tzl)m(z> 10g(t1+1)t0¢ th <t
(bmin(aj; t) = (b:;:m('ra t) = g a
trm @) log(t +1)  if t > t,.

Let A(z,t) = tP»@ log(t + 1), by [00, Example 2] there exist o < +, Co > 0 and to > 0 such
that

[2220) < oA 00,

forx € Q and t > tg. Choosing this to > 0 in Lemma 5.5.8 given in Appendix, we can take
t1 >ty + 1, then we obtain

‘ A (z,t)

S ‘ < Co(Au(w,1)F°, for all t > t,. (3.28)
e

On the other hand, for t < t; we have

_Na_ tﬁ)m (z) N

(65) (1) = (%) By

Thus

o g 1),

o0x; N —«

Since pm(+) is Lipschitz continuous on Q there exists a constant Cs > 0 satisfying
apm(x)

< (5. So we have

Ty

ox; - N-—-«

(Dmin ) (@, 2). (3.29)

Therefore, by (3.28) and (3.29) the function (¢%L,,)« satisfies the assertions of Theorem 3.3.1

min

and then we get the continuous embedding

W'L(Q) < Lig= . (Q).

d) min
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Proof 3.3.1 of Theorem 3.3.1. Let u € WlL(g(Q). Assume first that the function u is bounded
and u £ 0. Defining 1(5) = [ (65,0, (v, 12
s

Q
lim f(s) =0. Since f is continuous on (0, +00), there exists A > 0 such that f(A\) = 1. Then by the
5—00

)d:c, for s >0, one has lim f(s) =400 and
s—07F

definition of the Luxemburg norm, we get
Jullgrr,). <A (3.30)

On the other hand,

Fllsg.) = [ @i ( o) < 1= £
Q [l (655,
and since [ is decreasing we get
A< ull gz ). (3.31)

So that by (3.30) and (3.31), we get A = ||ul| (g ), and

*

/S)(czﬁfiin)*(:c, @)d:@ = 1. (3.32)

From (3.20) we can easily check that (¢%F,)« satisfies the following differential equation

min
( ’NLZ?L):‘

(ij:in)_l(x? (Qb:jzn)*(x?t))T(x?t) = ((¢:;m)*(l’,t))7

Hence, by (3.17) we obtain the following inequality
a ::zn * Kk = *k O\ x— sk

Let h be the function defined by

h(z) = [(aﬁ;"im)* (m T)} . (3.34)

*k
man

Since (¢55,)+ (-, ) is Lipschitz continuous on Q and (¢2,)«(x,-) is locally Lipschitz continuous on

min
R*, the function h is Lipschitz continuous on Q. Hence, we can compute using Lemma 3.5.6 (given

in Appendiz) for f = h, obtaining for a.e. x € (Q,

kok k%

Oh(z) N—1(<¢** )*(% U(x)>>—iv[8(¢mm)*<$’ U(:c)><9in(x) N O Prin) + (x U(:v)”

Or; N \\Cmin ot ) A Oa, A

A

Therefore,

N
Z lagiz) < I+ I, fora.e x€q, (3.35)
i=1 i
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where we have set

= 25 o 22 2. 42)

and

= (. 2)) T 3 | A (1, )

L(x)dx and / Iy(x)dx. By (3.33), we can write

We shall now estimate the two integrals /
Q

Q

R e CAC N € ”))Zw@u (3.36)

By (3.16), we have

L0 (o2 (o050 (2. 252)) o < [ ) (0,22 ) < 1.

Hence
[z (2. @5 (2. 12))]
It follows from (3.15), (3.36) and (3.37) that

<1 3.37
(¢:rtin)* - ( )

>

[ e <255 60 (@ (5 5 S o]
) o
< 2“};; 1>§; axl.u(x)H% (3.38)
2 N
< XZZI Og,u(x) e

Recall that by the definition of Gmin and (3.12), we get ||0z,u(z)

5 N
J o< 33
By (3.21), we can write

B(e) < [ (@) (2. 52)) Y 4 (650 (= @))1‘””} ,

with ¢; = co(N —1). Since (¢3%;,).(, 1) is continuous on ) and v <+, we can apply Lemma 3.5.4

Prrin < ||81’zu(x)H¢u so that (338)
implies

(3.39)

Oy, u(x

i

+ *%
(given in Appendiz) with the functions g(x,t) = ((¢>mm)*(xt,t)) and f(z,1) = w it
obtaining for t = &/\"BN

(e (2. )] 7 < g (0,48 g L (3.40)

mwn

- _1
€= 8cicy’
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Using again Lemma 5.5./ (given in Appendiz) with the functions g(z,t) = and

(bpin)s (@)™ N
t

Fla,t) = Gond=0D gy ¢ — so1os Wwe get by substituting t by Itz

65 (5 ] 7 < o (v 42) 4 a1, (3.1

where c, is the constant in the embedding W1 (Q) — L%(Q), that is

||wl| ¥y < c|lwl|wiaqy, for all w € WHH(Q). (3.42)
By (3.40) and (3.41), we obtain
1 2Kyc
/ng(x)dxg e+ T a0 (3.43)

Puting together (3.39) and (3.43) in (3.35), we obtain

D 0uhlley < g+ 3D 10nul@)lls o lullze
=1 =
N
2K001€2
< e+ 3 10kl + = el

where ¢y is the constant in the continuous embedding (3.13). Then it follows

Z 10eilliey < 7+ —||u||W1L @» (3.44)

with cg = max{2,2Koci1c2}. Now, using again Lemma 5.5./ (given in Appendiz) for the functions

%
o t) = [(asmin)*iz,t)] and f(z,t) = @m0 with ¢ = 1 e obtain for ¢ = b2

From (3.13), we obtain

17l[z1@) < (3.45)
Thus, by (3.44) and (3.45) we get

1
[Al[wiiq) < %, + —||U||W1L Q)5

where cy = c3 + Koco, which shows that h € WH(Q) and which together with (3.42) yield

1Al oy ) <
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[un

Having in mind (3.32), we get /[h(x)]Ndx = /(qu‘m)*(x, @)dm = 1. So that one has
Q Q

[ull @) = A < 2caca|ullwir g @)- (3.46)

We now extend the estimate (3.46) to an arbitrary u € W'L(Q). Let T,, n > 0, be the truncation
function at levels £n defined on R by T,,(s) = min{n, max{s, —n}}. Since ¢mq. is locally integrable,
by [7, Lemma 8.34.] one has T,,(u) € WILQ;(Q). So that in view of (3.46)

1T () (grr, ). < 204C*HT"(U>”WlL$<Q>

< 2¢qcq||ullwrr. (3.47)

EON

Let ky, = || Tn(u)|(g5x, ). Thanks to (3.47), the sequence {k,}72, is nondecreasing and converges. If

we denote k = lim,, o ky, by Fatou’s lemma we have

/Q(@:m)*(x, m(—ljﬂ)dx < lim inf/(z(gb;;"in)*(:c, |T7];iu)|)d$ < 1.

This implies that u € Lg:= ), (S2) and

el osze < K = Ton [Tz, < 2escalullnsg,

The theorem is then completely proved.

Corollary 3.3.1 Let Q be an open bounded subset of RY, (N > 2), with the cone property. Assume
that (3.19), (3.21) are fulfilled, (¢2*;,)«(-,t) is Lipschitz continuous on Q0 and Gmq. is locally

integrable. Let A be a Musielak-Orlicz function where the function A(-,t) is continuous on Q and

A < (¢ ). Then, the following embedding

man

WLHQ) < La(9).

18 compact.

Proof 3.3.2 Let {u,} is a bounded sequence in W'Lz(2). By Theorem 3.5.1, {uy} is bounded in
Lige= . (Q). Since the embedding W' Lz(Q) — WH(Q) is continuous and the imbedding
Wh(Q) < LY(Q) is compact, we deduce that there exists a subsequence of {u,} still denoted by

Kk
min

{u,} which converges in measure in Q2. Since A < (¢%%,,)«, by Lemma 3.5.5 (given in Appendiz) the

sequence {u,} converges in norm in LA(€2).
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3.3.2 A trace result

We prove here a trace result which is a useful tool to prove the coercivity of some energy functionals.

N-1

Recall that ¥ (z,t) = [(¢55,)«(z,t)] ™ is a Musielak-Orlicz function. Indeed, we have

N

a —1 _ 8 sk \—1 N—T
i) 1) = (0707 (2877,
By (3.20), we get

0 -1 £ — N t# (gb:;,kzn)il I7tN71> B N (¢Zk2n)7l<x,tﬁ)
gr Ymin)(1:8) = T3 I N1 —~ .

kk

Being the inverse of a Musielak-Orlicz function, it is clear that (¢X*, )~' satisfies

% \—1 k) —1
hm ( mm) (l’, T) =0 and hm ( mln) (:Ca 7-)
T—+00 T 70+ T

= +00.

Moreover, (¢r* )~ (z,-) is concave so that if 0 < 7 < o, then

min
(i) (2, 7)

(Grmin) ! (2, 0)

.
> -
g

Hence, if 0 < s1 < s9,

It follows that %(zﬂmm)_l(as, t) is positive and decreases monotonically from +oo to 0 as ¢ increases

from 0 to 400 and thus ,,;, is a Musielak-Orlicz function.

Theorem 3.3.2 Let Q be an open bounded subset of RN, (N > 2), with the cone property. Assume
that (3.19), (3.21) are fulfilled, (¢:*;,)«(+,t) is Lipschitz continuous on 0 and Gpmq. is locally

integrable. Let Y the Musielak-Orlicz function defined in (3.8). Then, the following boundary
trace embedding W'Lz(Q) < Ly, (0Q) is continuous.

Remark 3.3.2 In the case where for allt=1,--- N,

(@) .

St if t <ty
¢l<x7t) :Qb(fﬂ,t) = !
@)t >t
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with p € L*(Q), 1 < ingf]p(:c) <supp(z) < N, |Vp| € L'O(Q), where v € L>(Q) and in(flfy(:c) > N.
e e Te
It 1s worth pointing out that since ) is of finite Lebesque measure, it can be seen easily that

WlLd—;(Q) = WILs(Q) = WHPO(Q). Then ¢25.(z,8) = Gmin(w,t) = d(z,t) and so

N ' % Np(x)
(Sa)™ e <,

1 p« () .

satisfies the conditions of Theorem 5.5.2 and then our trace

As above we can prove that (¢kF )«

result is an extension to Musielak-Orlicz framework of the one proved by Fan in [70].

Proof 3.3.3 of Theorem 3.3.2. Let u € W'L3(Q). As the embedding W'Lz(Q) < Ligss 1.(Q) is
continuous, the function u belongs to Ly ).(Q2) and then u belongs to Ly, (2). Clearly

WILH(Q) = WHH(Q) and by the Gagliardo trace theorem (see [/1]) we have the embedding

WHhHQ) < LY(0Q). Hence, we conclude that for allw € W'L3(Q) there holds ulpq € L'(09).
Therefore, for every u & W1L$(Q) the trace ulsq is well defined. Assume first that u is bounded and

u # 0. Since (k) (-, ) is continuous on 02, the function w belongs to Ly, , (0S2). Let

k= ||u||mem(aQ) = inf {)\ > 0; /39 @Dmm(:p, @)dm < 1}.

We have to distinguish the two cases : k > ||lul|L .. | (o) and k <|lu|r .. , (). Suppose first that
Case 1 : Assume that
k> ullzg. . @ (3.48)

Going back to (3.34), we can repeat exactly the same lines with [(z) = Ymin <x, %) instead of the

function h, obtaining

1

C
iy < |2+ Zlullwizge + 1) (3.49)

where ¢ is the constant in the imbedding W1 (Q) — L' (99), that is
w2100y < cllwllwiaqy, for all w e WHH(Q). (3.50)
Since (¢5,)+ (- ) is continuous on Q, using Lemma 3.5./ (given in Appendiz) with the functions

(=)

f(z,t) = w; g(@,t) = (Tw and € = i, we obtain fort = “‘T

1 u(x)

() < 2 (0n)- <33 T> + KOL;)'. (3.51)

[ (v 5 ar < [ @ (o e <
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Integrating (3.51) over Q, we obtain

1 Ky 1 Kye
lellzre) < o + IZ lu(@)]lr,,, @ < P z 2||UHW1L¢;(Q)7 (3.52)
where ¢y is the constant of the imbedding (3.13). Thus, by virtue of (3.49) and (3.52) we get
1 C
eIy < 5 + f”uﬂwl%(ﬂw
where Cy = o Ko + c3. This implies that | € WH(Q) and by (3.50) we arrive at
1 004

100y < 5+ = lullwizz@)

u(z)

As ||l 1 a0y = /89 |l(x)|dx = /BQ %Dmm(% T)dx =1, we get

lullz,,, oo =k < 2cCallullwiL o).

Case 2 : Assume that

k< lullsz,

min/*

By Theorem 3.3.1, there is a constant ¢ > 0 such that

lullz, . o0 =k <llull@y,). < clulwizz -

min

Finally, in both cases there exists a constant ¢ > 0 such that

lullz,, . oo < clullwir -

For an arbitrary u € WlL(;(Q), we proceed as in the proof of Theorem 3.5.1 by truncating the

function u.

3.4 Application to some anisotropic elliptic equations

In this section, we apply the above results to get the existence and the uniqueness results of the

weak solution for the problem (3.1).

3.4.1 Properties of the energy functional

Definition 3.4.1 Let Q be an open bounded subset of RN, (N > 2). By a weak solution of problem
(3.1), we mean a function w € W'L3z(Q) satisfying for all v € C>(Q) the identity

N
/Q;ai(x, 0y, u) 0y vdx + /Q b(Z) Pmax (T, u)vdr — /Q [z, u)vdx — /mg(x, uw)vds =0.  (3.53)
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We note that all the terms in (3.53) make sense. Indeed, for the first term in the right hand side in
(3.53), we can write by using (3.18)

A@w@*wam@m@mws/

Q

B(a:,@xiu(x))dx§/Qpi(x,(?xiu(x))ﬁxiu(x)dx,

where P; is the Musielak-Orlicz function given in (3.2) and p;(z, s) = 8P—“)

Since P; is locally
integrable and P; < ¢;, we can use Lemma 3.5.7 (given in Appendix) obtaining

pi(-; Op,u(+)) € Lp<(2). So that by Hélder’s inequality (3.15), we get

O, u

P

lﬁ%&ﬁ1@Jﬂ%®ﬂ@mwx§%w@%wﬁﬂ

Thus, ¢; ' (-, P,(-, 0p,u(-))) € Lg:(Q). Since v € C°(Q) and ¢ynq, is locally integrable, then
v e WILQ;(Q). So we can use the growth condition (3.2) and again the Holder inequality (3.15), to

write

axi””@ + 20@‘”@5:_1('7 P’L(? aﬂ%u()))

/ai(x,axiu)&civda: < 2¢q||di(+) |l g2 ¢ |0z, 0lg, <00 (3.54)
Q

For the second term, the inequality (3.18) enables us to write

/¢mwm%w$R@ﬂ@MMwS/RQWWWWS/T@M®W@M%

Q Q
where R is the Musielak-Orlicz function given in (3.5) and r(x,s) = m Since R is locally
integrable and R < ¢yq4., Lemma 3.5.7 (given in Appendix) gives
| G o Rl 0 < 2ol e < o
which shows that @a.(-,u(-)) € Lg: (£2). Thus,
| )l u)0 < 20l 0D ol < (3.55)

We now turn to the third term in the right hand side in (3.53). By using (3.6) and the Holder

inequality (3.15), one has

/Qf(:n,u)vdzn < lem("u('))HLM*(Q)HU”LM(Q)' (356)

Since M is locally integrable and M < then M < ¢par and Lemma 3.5.7 (given in Appendix)

min>?

ensures that / f(z,u)vdx < co. For the last term in the right hand side in (3.53), using (3.7) to
Q

have

/ g(z,u)vds < k’z/ h(z,u)vds.
oN

oN



80 CHAPTER 3. IMBEDDING RESULTS IN MUSIELAK-ORLICZ-SOBOLEV SPACES WITH

Since the primitive H of h is a locally integrable function satisfies H < ¢**. | thus we can us a

similar way as in Lemma 3.5.7 (given in Appendix) to get that h(z,u) € Ly+(02) and since 0f is a
bounded set, then the imbedding (3.13) gives that h(x,u) € L'(9). On the other hand, since

v e C™(Q), then v € L>*(09). Therefor,

/ g(x,u)vds < oo.
o0

Define the functional I : Wqu;(Q) — R by

I(u)—/QZAi(x,aiu)dx—l—/Qb(x)qﬁmm(ac,u)dx—/F(x,u)da:— G(x,u)ds. (3.57)

Q o0

Some basic properties of I are established in the following lemma.

Lemma 3.4.1 Let Q be an open bounded subset of RN, (N > 2). Then
(i) The functional I is well defined on WlLQ;(Q).

(ii) The functional I has a Gdteaur derivative I'(u) for every u € W'L3(Q). Moreover, for every
veWILyHQ)

(I'(u),v) :/QZai(x,&-u)@ivd:p—f—/Qb(x)gomax(x,u)vdx

— /Q_f(x,u)vdx — ng(x,u)vds.

So that, the critical points of I are weak solutions to problem (3.1).

Proof 3.4.1 (i) For almost every x € Q2 and for every ( € R, we can write
1 d 1
Ai(x, () = / —A;(z,t¢)dt = / a;(x,t¢)(dt.

o dt 0

Then, by (3.2) we get
1
0
In a similar way as in (3.54), we arrive at
‘ / Ai(x, Opu(z))dx| < co.
Q

Hence, the first term in the right hand side in (3.57) is well defined. For the second term, using

(3.18), the Hélder inequality (3.15) and (3.55), we obtain

| [ )6 ) a] < 2l ot [ < 0,
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while for the third term, by (3.6) and (3.18) we can write
/ |F(z,u(z))|de < k / m(z, u)udz.
0 Q
Then, using the Holder inequality (3.15) together with (3.56) we get
/Q | F(z, u(@))|dze < 2k [lm(, u()l|ar- [ullar < oo
For the last term in the right hand side in (3.57), we can use (3.7) and (3.18) to have

H(m,u)dsg/ h(z, u)uds.

/ G(z,u)ds < ko
o0N onN

o9
Since H 1is a locally integrable function satisfies H < ¢7r. . then H < ¢pqae and we can us a similar
method as in Lemma 3.5.7 (given in Appendiz) to get that h(xz,u) € Ly+(08). Thus, the Holder
inequality (3.15) implies that
/ G(z,u)ds < 0.
o9

(ii) For everyi=1,--- N define the functional A; W1L¢—;(Q) — R by
Ai(u) = / Ai(z, Ou(z))dx.
Q

Denote by B, Ly, Lo : WlLd—;(Q) — R the functionals B(u) = / b(x) Prmax(z, u(x))dz
Q

Li(u) = /QF(x,u(a:))da: and Lo(u) = ., G(z,u(z))ds. We observe that for u € WlL(g(Q),

veC™®() andr >0

1[Az(u +rv) — Ai(u)] = /Q ! [Ai (:v, %u(x) + raiv(x)> — A (x, %u(w))] dx

and
% [Ai (x, %u(w) + raiiv(x)> — A <x, %u(m))} — a; <x, %u(m)) aiv(m),

as r — 0 for almost every x € 2. On the other hand, by the mean value theorem, there exists

v € [0,1] such that
A, (:c, (%zu(x) + raiiv(a:)> —A; (SE, 8_ar,,u(m>) ‘
ooty

1

r

aii”(x)"

Hence, by using the last equality and (3.2) we get

%‘Ai (x, aixlu(x) + Taiiv(x)> — A (m, o, (x)) <

9]
)|
¢ [dz(x) + ¢! (x, bi <x, aixzu(x) + Waiv(x))ﬂ ‘811)@)’
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Nezxt, by the Holder inequality (3.15) we get

fote 7 (0t ot ] e 2

The dominated convergence can be applied to yield

1
lzrg) ;[Az(u +1rv) — N (u)] = /Qai <x, (%Zu(x)) aaxiv(x)dx = (Al(u),v),
for everyi=1,--- ,N. By a similar calculus as in above, we can show that

(B'(u),v) = /Qb(x)gomm(ac,u)vdac (L) (u /f x,u)vdz and (Ly(u),v) = /Qg(x,u)vdx.

3.4.2 An existence result

Our main existence result is the following.

Theorem 3.4.1 Let Q be an open bounded subset of RN, (N > 2), with the cone property. Assume
that (3.2), (3.3), (3.4), (3.6), (3.7), (3.9), (3.19) and (3.21) are fulfilled and suppose that ¢, and
¢r.;. are locally integrable and (¢%,).(+,t) is Lipschitz continuous on Q. Then, problem (3.1)

admits at least a weak solution in Wqu;(Q).

Proof 3.4.2 We divide the proof into three steps.
Step 1 : Weak* lower semicontinuity property of I. Define the functional J : WlLd;(Q) — R by

N
:/Q;Ai(l“,aiu)dx—l—/Qb(aj)@nax(x,u)dx’

so that
I(u) = J(u) — Ly(u) — La(u).

First, we claim that J is sequentially weakly lower semicontinuous. Indeed, since u v Qpaq(x,u) is

continuous, it is enough to show that the functional

u— K(u /ZA (x,0u)d

is sequentially weakly* lower semicontinuous. To do this, let u, — u in WlL(g(Q) in the sense

/ungod:c — / updx for all ¢ € By and /@unwda} — / Oiupdz, (3.58)
Q Q Q Q
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for all o € Ey-. By the definition of ¢min and ¢mae, (3.58) holds true for every ¢ € Eg- (). Being
Grmin locally integrable, one has L>(Q2) C By« (). Therefore, for every i € {1,--- N}

ity — Opu and u, — u in L' (), (3.59)

for the weak topology (L', ). As the embedding W'L(Q) — W1(Q) is continuous, the compact
embedding WHH(Q) — LY(Q) implies that the sequence {u,} is relatively compact in L'(Q).
Therefore, there exist a subsequence still indexed by n and a function v € L*(SY), such that u, — v
strongly in LY(Q). In view of (3.59), we have v = u almost everywhere on Q0 and w, — u in L*(S).
Passing once more to a subsequence, we can have u, — u almost everywhere on 2. Since

¢ — Ai(z, Q) is convex, by (3.3) we can use [/, Theorem 2.1, Chapter 8] obtaining
N N
K(u) = / ZAZ-(x, Oiu)dz < lim inf/ Z Ai(z, Oyuy,)dr = liminf K (uy,).
€ =1 Q=1

We now prove that Li(u) = / F(z,u)dz and Ly(u) = / G(z,u)ds are continuous. Since
Q o0
M < ¢ it follows that M < (¢%)«, then by Corollary 3.3.1 we get u, — u in Ly (Q). Thus,

min’ min

there exists ng such that for every n > ng, |lu, —ull; < 3. By (3.6), we get

[ 1F el < b [ M)

Let 0,, = ||u, — u||pr. By the convexity of M, we can write

M(z,u,(x)) = M(:c, Hn(%;u(x)) + (1 —=6,) 111(5;1)
< QnM<x, un<x2};u(w>> 41— Gn)M<93 u(a:))

Hence,

M(:U, u(@) )dx. (3.60)

Moreover,

M(m, 1u(m0) ) < M(z, 2u(z)).

n

Since M is locally integrable and M < ¢az, there exists a nonnegative function h € L' (), such
that

/QM(Q:,2|U(:U)|)d:B§ /§2¢max<x,M>dx+/glh(x)dx<oo.

[i] P

Thus, the Lebesque dominated convergence theorem yields

lim QM(:U, u(@) >d:c:/Q]\/[(:c,u(x))dx

n—00 1-6,



84 CHAPTER 3. IMBEDDING RESULTS IN MUSIELAK-ORLICZ-SOBOLEV SPACES WITH

and therefore, by (3.60), we have

n—oo

lim sup/ M (z,up(x))dx < / M (z,u(z))dx
Q Q
In addition, by Fatou’s Lemma we get

/M z,u(z))dr < hmmf/ M (z,up,(x))dx

n—o0

Therefore, we have proved that

lim M(xun dx—/]\/[:cu

n—-oo
Thus, by [50, Theorem 13.47], we get that M (x,u,(z)) — M (z,u(z)) strongly in L*(2) which
implies that M (x,u,(x)) is equi-integrable, then so is F(x,u,(x)) and since F(x,u,) — F(x,u)
almost everywhere on Q, then by Vitali’s theorem we get Li(u,) — Li(u). Similarly, we can show
that Lo(u,) — Lo(u). Thus, Ly and Ly are continuous and since J is weakly* lower semicontinuous,
we conclude that I is weakly® lower semicontinuous.

Step 2 : Coercivity of the functional I. By (3.3), (3.9) and (3.14), we can write
N
2/Zqﬁi(:p,@u)dm—i—bo/gbmax(a:,u)d:v— F(as,u)da:—/ G(z,u)ds
=1 Q Q 00
N
> |

=1

Zmin{l,bo}HuﬂwlLd;(Q)—/F(a:,u)da:—/ G(z,u)ds — N — by.
0 G

By (3.6) and (3.7), we get

ot llils, =N =0~ [ Flaude— [ Glows
Q o0

I(u) > min{1, b0}||u||WlL$(Q) —k / M (z,u)dx — ko H(z,u)ds — N — by.
Q o0

As M < (¢ and H < Ypin, by Theorem 3.5.1 and Theorem 5.5.2 there exist two positive

mm )

constant Cy > 0 and Cy > 0 such that ||ul|z,, ) < C]_”UHWlL(;(Q) and |||, 00) < CQHUHWIL(;(Q).
Since M and H satisfy the As-condition, there exist two positive constants r1 > 0 and ro > 0 and

two nonnegative functions hy € L*(Q) and hy € L'(0R) such that

| u(z)|
> Q) Cillullwir-()
](u) > mm{l, bO}HUHW Lz(%) klrl/QM<x7 01’ )>d$

’unlL(;(Q

—km/ H(x,&)ds—/hl(x)dx—/ ho(z)ds — N — b
a0 02||UHW1L$(Q) Q a0
: u(x
> mln{l, bO}HUHWlL(;(Q) — ]{?17“1 / M(:L‘7 #)dl’
Q

|l £ (2
—km/ H(:c,M)ds—/hl(x)d:c—/ ho(z)ds — N — by,
Ely) HUHLH(BQ) Q oQ

Z min{l, bO}HuHW1L$(Q) — / hl(il?)dili — / hg(l’)ds — k17’1 — kz?”g — N — bo,
Q o0
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which implies

I(u) — oo as HuHW1L¢;(9) — 00.

Step 3 : Existence of a weak solution. Since I is coercive, for an arbitrary X > 0 there exists R > 0
such that

Let By = {u € W'Lz(Q) : I(u) < A} and denote by Br(0) the closed ball in WlLd—;(Q) of radius R
centered at origin. We claim that o = infU€W1L$(Q) I(v) > —o0. If not, for all n > 0 there is a
sequence u, € E\ such that I(u,) < —n. As E\ C Bg(0), by the Banach-Alaoglu-Bourbaki theorem
there exists u € Br(0) such that, passing to a subsequence if necessary, we can assume that u, — u
weak" in W'L3z(2). So that the weak* lower semicontinuity of I implies I(u) = —oo which
contradicts the fact that I is well defined on Wqu;(Q). Therefore, for every n > 0 there exists a
sequence u, € Ey such that I(u,) < a+ % Thus, there exists u € Bg(0) such that, for a subsequence
still indexed by n, u, — u weak® in Wqu;(Q). Since I is weakly* lower semicontinuous, we get

I(u) = J(u) — Ly(u) — La(u) < liminf <J(un) — Ly(un) — LQ(un)> — liminf I (u,) < .

n—oo n—oo

Note that u belongs also to Ey, which yields I(u) = o < X\. This shows that
I(u) = min{I(v) : v € W'Lz(Q)}. Moreover, inserting v = —u" as test function in (3.53) and then

using (3.18), we obtain uw > 0. The theorem is completely proved.

3.4.3 Uniqueness result

In order to prove the uniqueness of the weak solution we have found, we need to assume the

following monotony assumptions

(f(z,s) = f(z,1)) (s —t) <0 for a.e. z € Qand for all s,¢ € R with s # ¢ (3.61)
(9(z,s) — g(z,t)) (s —t) <0 for a.e. z € Qand for all s,t € R with s # ¢ (3.62)
(Pmaz(T,8) = Pmaz(x,t)) (s —t) > 0 for a.e. z € Q and for all s,¢ € R with s # ¢. (3.63)

Theorem 3.4.2 If in addition to the hypothesis (3.4) the conditions (3.61), (3.62) and (3.63) are
fulfilled, then the weak solution u to problem (3.1) is unique.
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Proof 3.4.3 Suppose that there exists another solution w. We choose v =u — w as test function in

(3.53) obtaining

N
/QZZI (IZ’([E, aﬂﬁzu)awz (U - w)dx + /Qb(l')@max(l', U)(U - w)dw
—/ f(z,u)(u —w)dr — / g(z,u)(u —w)ds = 0.
Q 09
We replace u by w in (3.53) and we take v =w —u. We obtain
N
/QZZ_; a’i(x7 awzw)awz (w - u)dx + /Qb(x)gpmax(‘/m w)<w - u)dm
— / flz,w)(w — u)dx — / g(x,w)(w —u)ds = 0.
Q 09

By combining the previous two equalities, we obtain

/Qi |:CL2‘(.73, Op,u) — a;(z, 8%.10)} (0p, 1t — Oy, w)da
+/ b(@) [‘Pmax(%U) - (pmax(l'yw)} (u —w)dx

| [#te) = sto] =iz [ [ = gt =t =0
In view of (3.4), (3.61), (3.62) and (3.63), we obtain u = w a.e. in §.

3.5 Appendix

We recall here some important lemmas that are necessary for the accomplishment of the proofs of

the above results.

Lemma 3.5.1 [07, Theorem 7.10.] Let Q2 be an open bounded subset of RN, and let ¢ be a locally

integrable Musielak-Orlicz function. Then Ey is a separable space.

Lemma 3.5.2 Let Q be an open bounded subset of RY, and let ¢ be a locally integrable
Musielak-Orlicz function. For every n € Lg-(S2), the linear functional F, defined for every
¢ € Ey(2) by

RO = [ Cmla)da (3.64)

belongs to the dual space of E4(S2), denoted Ey(2)*, and its norm || F,| satisfies

£ < 2lIn

o> (365)

where ||| = sup{| E,(w)], [ull Ly ) < 1}
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Lemma 3.5.3 Let Q be an open bounded subset of RY and let ¢ be a locally integrable
Musielak-Orlicz function. Then, the dual space of E4(S2) can be identified to the Musielak-Orlicz
space Ly« (€2).

Proof 3.5.1 According to Lemma 3.5.2 any element n € Ly (Q2) defines a bounded linear functional
F, on Ly() and also on E4(SY) which is given by (3.64). It remains to show that every bounded
linear functional on E4(SY) is of the form F, for some n € Ly (2). Given F' € E4(2)*, we define the

complex measure X\ by setting

)\(E) = F(XE),

where E is a measurable subset of Q having finite measure and xg stands for the characteristic
function of E. Due to the fact that ¢ is locally integrable, the measurable function
gf)<~, ot (aco, ﬁ)XE()) belongs to L'(Q) for any x¢ € Q0. Hence, there is an € > 0 such that for

any measurable subset ) of Q, one has

@ <e= | o(eo7 (xo ﬁ)xm))dag <3

As ¢(-,8) is measurable on E, Luzin’s theorem implies that for e > 0 there exists a closed set
K. C E, with |E\ K| < €, such that the restriction of ¢(-,s) to K. is continuous. Let k be the point

where the mazimum of ¢(-,s) is reached in the set K.

[ 9o (i )= [ ol (e g [ ol )

For the first term in the right hand side of the equality, we can write

[, o™ (k) ao < [ o(no (i) < 5

Since |E '\ K| < €, the second term can be estimated as

f (07 (b)) < 5

Thus, we get

Therefore, we obtain
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As the right-hand side tends to zero when |E| converges to zero, the measure X\ is absolutely
continuous with respect to the Lebesque measure and so by Radon-Nikodym’s Theorem (see for

instance [7, Theorem 1.52]), it can be expressed in the form

\E) = [ )i,

for some monnegative function n € L*(2) unique up to sets of Lebesque measure zero. Thus,

F(¢) = / C(@)n(@)dz

holds for every measurable simple function . Note first that since € is bounded and ¢ is locally
integrable, any measurable simple function lies in E4(S2) and the set of measurable simple functions
is dense in (E4(Q), | - |lo). Indeed, for nonnegative ¢ € E4(Q), there exists a sequence of increasing
measurable simple functions (; converging almost everywhere to ¢ and |(;(x)| < |((x)| on 2. By the
theorem of dominated convergence one has (; — ¢ in E4(Q2). For an arbitrary ¢ € E4(Q), we obtain
the same result splitting ¢ into positive and negative parts.

Let ¢ € E4(Q) and let ¢; be a sequence of measurable simple functions converging to ¢ in E,(S2). By

Fatou’s Lemma and the inequality (3.65) we can write

| / ((n(a)de| < limint / G (@) lda = mm inf P(1G|sgnn)

Cllg,

<2 <liminf ||(;]s < 2 .
< 2|mlle- lim inf [ Gflo < 2nls

which implies that ) € Ly (2). Thus, the linear functional F,(C) = / C(z)n(x)dx and F defined
Q
both on E4(2) have the same values on the set of measurable simple functions, so they agree on

Es(Q2) by a density argument.

Lemma 3.5.4 Let Q2 be an open bounded subset of RY. Let f,g: € x (0,400) — (0, +00) be
continuous nondecreasing functions with respect to there second argument and g(-,t) is continuous

on Q with lim f(x.1)
t—o0 g(x, t)

= +00, then for all e > 0, there exists a positive constant Ky such that

g(x,t) <ef(x,t) + Ko, forallt>0.

Proof 3.5.2 Let ¢ > 0 be arbitrary. There exists to > 0 such that t >ty implies g(x,t) < ef(x,t).
Then, for allt >0,

g(x,t) < ef(x,t)+ K(z),
where K(x) = sup;e (o) 9(7,1). Being g(-,t) continuous on Q, one has g(z,t) < ef (z,t) + Ko with
Ko = max,q K(z).
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Lemma 3.5.5 Let Q be an open bounded subset of RN. Let A, B be two Musielak-Orlicz functions
such that B < A, with B(-,t) is continuous on Q. If a sequence {u,} is bounded in LA(S) and

converges in measure in §, then it converges in norm in Lg(€).

Proof 3.5.3 Fiz e > 0. Defining v;,(x) = M, we shall show that {u;} is a Cauchy sequence
in the Banach space Lg(2). Clearly {v;} is bounded in La(Y), say ||vjx]la < K for all j and k.

Since B < A there exists a positive number ty such that for t >ty one has

B(z,t) < iA(w, %)

On the other hand, since B(-,t) is continuous on Q. Let o be the point where the mazimum of

B(-,t) is reached in Q. Let § = m and set

Q= {m €Q: vl > B! (:1:0, ﬁ)}

Since {u;} converges in measure, there exists an integer Ny such that |2 | < § whenever j, k > Ny.
Defining
Vir =A{z € Qi : vkl = to} and Q) = Qi \ Uy,

one has

| B atahas = [ o Bl s+ | Bl @iz

o
i (3.66)
+/Q B(z,|v;k(x)|)dz.

"
J,k

For the first term in the right hand side of (3.66), we can write

1
Bz, |vig(z)|)dx g/ Blz, B Y zy, — ) |dx
Lo Bt < [ 857 (20 57)

< /Q B<x0, B! <:1:0, ﬁ))dw

<

N

Since B < A, the second term in the right hand side of (3.66) can be estimated as follows

. < — > < —

’
J,k

while for the third term in the right hand side of (3.66), we get

J

Finally, puting all the above estimates in (3.66), we arrive at

Bl v(@))ds < [ Bla.to)ds < 5B (ao.to) = 5.

1
ik Qi

[ B aahde <1, for every 5> Ny,
Q

which yields ||u; — ug|lp < €. Thus, {u;} converges in the Banach space Lg(2).
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Lemma 3.5.6 Let u € WEN(Q) and let F: Q x RY — R be a Lipschitz continuous function. If
f(x) = F(z,u(x)) then f € WL Q). Moreover, for every j =1,--- N, the weak derivative 0, f of
f s such that

OF (z,u(x)) N OF (z,u(x))

On, f(x) = D ot

Oz, u(w), for a.e. x €.

Proof 3.5.4 Let p € D(Q) and let {e;}}_, be the standard basis in RN. We can write

_ /Q F(z,u(r))0;¢(x)dx
_ lim/ F(Jj’u(x))@(x) — o(r — hej)dx

h—0 Jo h
_ }lg%/g F(x + hej,u(x +£Lej)) - F(x’u(x))go(a:)da:
_ }1112%/9 F(x + hej, u(x + hej]i) — F(z,u(x + hej))gp(m)dm
N }lg% F(z,u(x + hej})b) — F(z,u(x)) o()d

h—0

= lim/QQl(x, h)p(x)dx

he:) —
+}}£%/g@2(377 h)u(x—i- e}jl) u(x)go(:c)d:c,
where
( F(z+ hej,u(x + he;)) — F(x,u(x + he;)) if h 0
Qi(z, h) = ap(g;]fu(x)) iFh=0
\ 8.1'j
and

( F(z,u(z + hej)) — F(z,u(z))

if uw(x + hej) # u(x),

_ u(x + he;) — u(x)
@a(, 1) 8F(x,ﬂu(:v) ,
\ — otherwise.

Since F(-,-) is Lipschitz continuous, there exist two constants ky and ke > 0 independent of h, such
that ||Q1(+, h)|loo < k1 and ||Q2(+, h)||o < ka. Thus, for some sequence of values of h tending to zero,
Q1(+, h) converges to %@ and Qs(-, h) converges to w both in L>(Q)) for the weak-star
topology o*(L>=(Q2), LY(Q)). On the other hand, since u € W (supp(yp)) we have

u(x + hej) — u(x) 2Vdr — O;ulz)e(z)dz.
h o) /supp(sa) el

lim
h=0 J supp(p)

It follows that

OF (z,u(x))

[ OF(z,u(x))
- [ Pu@)o ptads = [ FEH D pmyan [ FED 0, oo

Q Ox;

which completes the proof of the lemma.
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Lemma 3.5.7 Let Q be an open subset of RY. Let A and ¢ be two Musielak-Orlicz functions with

¢ 1is locally integrable, differentiable with respect to its second argument and ¢ < A. Then,

9¢(@y3)

©(+,8) € Ly=(Q) for every s € La(S2), where ¢(x,s) = =52

Proof 3.5.5 Let s € LA(Q2). By (3.18), we can write

/qﬁ o(z,s))dx //“ :UTdew</|\go ,|s|)dz

¢w2l |)dzx

It’s obvious that if s =0 then (-, s) € L¢*(Q). Assume that s # 0. Since ¢ is locally integrable and
¢ < A, there exists a nonnegative function h € L*(Q)) such that ¢(z,2|s|) < A( ’W) + h(x) for

/ch(ﬂ?’?’s\)dl"é/gfl(x H‘H‘A>das+/ﬂh(a:)da:<oo.

Hence, p(-,s) € Ly (82).

a.e. x € . Thus,

Let ¢ : Q x R* — R* be a real function such that the partial function ¢(z,-) is convex. The
function ¢ is called the principal part of the Musielak-Orlicz function M if M (z,t) = ¢(z,t) for

large values of the argument ¢.

Lemma 3.5.8 Let ty > 0 be arbitrary and let ¢ : Q x [tg, +00[— R be a real function where the
partial function ¢(x,-) is convex. Define the function p(z,t) = ad) xt Afo(-,t) and (-, t) are
continuous on 0 and lim inf @(x,t) = +o0o. Then ¢(x,t) is the prmczpal part of a Musielak-Orlicz

t—+o00 xEN

function M(x,t).

Proof 3.5.6 Since lim inf p(z,t) = 400, then there exists t1 >ty + 1 (not depending on x) such

t—+o00 €
that sup o(x,to + 1) +sup ¢(x, to) < @(x,t1). Thus, we have
zeQ z€Q

to+1 t1
inf 6(z,11) < 6(a,t1) — / (e, )dr + / (e, 7)dr + B(a 1)

e to to+1
< sup p(z,tg + 1) +sup ¢(z, to) + (t1 — to — 1)p(z, 1)
z€Q z€Q
< (t1 —to)p(z, 1)
< tlgo(xu tl)

< tysup p(x,ty),
z€Q

from which it follows that oo = w > 1.
inf & o(x,t1)



92 CHAPTER 3. IMBEDDING RESULTS IN MUSIELAK-ORLICZ-SOBOLEV SPACES WITH

We define the function M(x,t) by

otpe gt < ¢y,

¢y

qb([L’,t) th2t1

M(z,t) =

The function M (z,t) is a Musielak-Olicz function inasmuch as its derivative,

OM(z,t) | et i<,

ot o(x,t) if t > ty,

s a function which is positive for t > 0, right-continuous for t > 0 non-decreasing, and such that it
tisfies i OM (z,t) N
satisfies lim —————= = 400
totoo Ot



Chapter I

Semilinear heat equation with Hardy potential and

singular terms

In this chapter, we analyze the question of existence and nonexistence of positive solutions for the

following parabolic problem

( ou — Au —u#—%% in Qp :=Qx(0,7),
u >0 in Q x (0,7),
u =0 in 99 x (0,7),
u(z,0) = up(z) in Q,

where Q@ C RN, N > 3, is a bounded open, o > 0 and p > 0 are real constants and f € L™(Q7),
m > 1, and ugy are nonnegative functions. The study we lead shows that the existence of solutions
depends on ¢ and the summability of the datum f as well as on the interplay between p and the
best constant in the Hardy inequality. Regularity results of positive solutions, when they exist, are

also obtained. Furthermore, we prove uniqueness of finite energy solutions.

4.1 Introduction

Let © be a bounded open subset of RY, N > 3, containing the origin. Set Qp := Q x (0,T) where

T > 0 is a real constant. In this paper we investigate the existence and regularity as well as the

93
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uniqueness of solutions to the following parabolic problem

(
ou — Au :M#+uia in Qr,
u >0 in Qrp,
(4.1)
u =0 inT':=0Q x (0,7),
\ u(z,0) = wup(x) in €,
where 0 > 0 and p > 0. The source terms f and wug satisfy
f>=0, felL™Qr),m>1 (4.2)
and ug € L>(Q2) such that
Yw cC Q3d, > 0:uy > d, in w. (4.3)

It is clear that problem (4.1) is strongly related to the following classical Hardy inequality which

asserts that

2
Ano %dw < / |Vul*dz, (4.4)
for all u € C§°(€2), where Ao = (£52)? is optimal and not achieved (see for instance [21, 85] and

[13] when © = RY). The presence of a term with negative exponent generally induces a difficulty in

defining the notion of solution for the problem (4.1).

In the literature, singular problems like (4.1) are considered and intensively studied in various
situations depending on o or u. If 0 =0 and g > 0 the problem (4.1) is reduced to the following

heat equation involving the Hardy potential

Ou — Au :u#—kf in Qrp,
u =0 in 00 x (0,7), (4.5)
u(z,0) = uy(z) in

and is studied first by Baras and Goldstein in their pioneering work [17]. When the data

0< f e L'YQr) and uy is a positive L'-function or a positive Radon measure on  are not both
identically zero (otherwise the result is false since v = 0 is a solution), Baras and Goldstein [17]
have proved that if 0 < p < Ay then there exists a positive global solution for the problem (4.5),
while if ;+ > Ay o there is no solution.

Problem (4.5) with —diva(x,t, Vu) instead of —A was studied in [71], where the author proved that
all the solutions have the same asymptotic behaviour, that is they all tend to the solution of the

original problem which satisfies a zero initial condition. In [75] the authors studied the influence of
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the presence of the Hardy potential and the summability of the datum f on the regularity of the
solutions of problem (4.5) with the nonlinear operator —diva(x, ¢, u, Vu) in the principal part.

The singular Hardy potential appears in the context of combustions theory (see [25] and references
therein) and quantum mechanics (see [17] and [85] and references therein). There is a wide
literature about problems involving the Hardy potential where the existence and regularity of

solutions as well as nonexistence of solutions are analyzed, for instance, we refer to
[ Y Y Y 9 ) ) ) ) ? 3 ) 9 ]'

Problems involving singularities (like (4.1) with u = 0) describe naturally several physical
phenomena. Stationary cases include the semilinear equation —Au = f(z)u=7, z € Q C RY, that
can be obtained as a generalization to the higher dimension from a one dimensional ODE (N = 1)
by some transformations of boundary layer equations for the class of non-Newtonian fluids called
pseudoplastic (see [09, 35]). As far as we know, semilinear equations with singularities arise in
various contexts of chemical heterogeneous catalysts [ 1], non-Newtonian fluids as well as heat
conduction in electrically conducting materials (the term u? describes the resistivity of the
material), see for instance, [09, 10]. In view of this physical interpretation various generalisations of
this later equation considered in the framework of partial differential equations (N > 2) has been
the subject of study in many papers. For the mathematical analysis account, the seminal papers
[20, 82] constitute the starting point of a wide literature about singular semilinear elliptic equations.
Far from being complete we quote the list [9, 19, 22, 29, 30, 55, 57, 70, 87, 88, 94].

It is worth recalling that due to the meaning of the unknowns (concentrations, populations,...), only
the positive solutions are relevant in most cases.

As far as the parabolic setting is concerned for problems as in (4.1) with p = 0, the literature is not
rich enough. For problems like (4.1) with p-Laplacian operator, existence results of nonnegative
solutions are obtained in [28] for data with higher summability while in [71] the authors proved the
existence of nonnegative distributional solutions for non regular data (L' and measure) and the
uniqueness is proved for energy solutions. Other related problems with singular terms can be found
in [16, 14, 15].

In the case where o # 0 and p = 0, problem (4.1) with a quite more general diffusion operator
including the Laplacian one is studied in [27]. The authors considered nonnegative data having
suitable Lebesgue-type summabilities and assumed the strict positivity on the initial data inside the
parabolic cylinder. They have shown, via Harnack’s inequality, that this strict positivity is inherited

by the constructed solution to the problem, thus giving a meaning to the notion of solution
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considered. Some regularity results are obtained according to the regularity of f and the values of .

Our main goal in this paper is to study the problem (4.1) in the presence of the two singular terms,
that is 4 > 0 and o > 0 extending to the evolution case some results obtained for the elliptic
problem (with the A, operator instead of Laplacian one) studied in [1]. Abdellaoui and Attar [1]
investigated the interplay between the summability of f and ¢ providing the largest class of the
datum f for which the problem admits a solution in the sense of distributions. Uniqueness and
regularity results on the distributional solutions are also established. In the same spirit, the
parabolic case with = 0 was investigated in [27]. Our work fits in the context of recent work on
equations involving the Hardy potential in the case of nonexistence of solutions. We start by

(N

studying first the case < Ay := %2)2 distinguishing two cases where o > 1 and f € L'(Qr) and

2N

the case where 0 < 1 with f € L™ (Qr), my = NN 3

Then we investigate the case pt = Ay
and o = 1 with data f € L'(Qr). In both cases we prove the existence of a weak solution obtained
as limit of approximations that belongs to a suitable Sobolev space. The approach we use consists
in approximating the singular equation with a regular problem, where the standard techniques (e.g.,
fixed point argument) can be applied and then passing to the limit to obtain the weak solution of
the original problem. The regularity of weak solutions is analyzed according to the Lebesgue
summability of f and o. Furthermore, we prove the uniqueness of finite energy solutions when the

source term f has a compact support by extending the formulation of weak solutions to a large class

of test functions. Finally, in the case where p > Ay 2 we prove a nonexistence result.

The chapter is presented as follows. The Section (4.2) contains all the main results (existence,
regularity and uniqueness) and also graphic presentations allowing to better locate the obtained
results. In section (4.3) we first prove an existence result for approximate regular problems of the
problem (4.1) and then we give the proof of all the main results Theorem 4.2.1, Theorem 4.2.2,
Theorem 4.2.3, Theorem 4.2.4, Theorem 4.2.5 and Theorem 4.2.6. At the end, some results that are
necessary for the accomplishment of the work are given in an appendix to make the paper quite self

contained.

4.2 Main results

We begin by stating the definition of weak solution and finite energy solution of the problem (4.1)

and then we state and comment the main results.
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Definition 4.2.1 1)- By a weak solution of the problem (}.1) we mean a function
u € L0, T; WEH(Q)) such that ui(, e LY0,T; L}, (Q)) and

loc

(ul + %)wxdt, (4.6)

|z

- /S]uo(av)(b(x,())dx —/ uOypdxdt + Vu - Vodxdt :/

Qr Qp Qr
for every ¢ € C3°(Q2 x [0,T)).

2)- We call a finite energy solution of the problem (4.1) a weak solution u that satisfies
uw e L*0,T; H (Q)) with Oyu € L*(0,T; HY(Q)) + L'(0,T; L}, .(Q)).

loc

In Definition 4.2.1 above all the integrals make sense. Generated by the singular terms, the only
u
difficulty is raised in the right-hand side. Indeed, by Hardy’s inequality the integral / %dmdt is
Qp 1T
finite while we make use of a comparison result with a solution of a problem in [27, Proposition 2.2],

where the hypothesis (4.3) is used, for the integral / ‘&‘dxdt to be finite. This gives the reason
Qp 1 u?
behind the hypothesis L € L'(0,T; L}, ().

Throughout this paper, we will make use of the two real auxiliary truncation functions 7} and Gj
defined for fixed k > 0 respectively as Ti(s) = max(—k, min(s, k)) and Gx(s) = (|s| — k)" sign(s).

Throughout the paper we define

2N
ON —(1—0)(N —2)

my ‘=

Observe that m; > 1 if and only if 0 < 1. We will prove the existence of solution for the problem

(4.1) under the assumption that the datum f satisfies

ferLm™@Q) if 0<o<l,

(4.7)
FeLlQr) it o>1,

4.2.1 The case u < Ay : existence of weak solutions

The first existence result is the following.

Theorem 4.2.1 Let Q) be a bounded open subset of RN, N > 3, containing the origin. Assume that
up and f are nonnegative functions satisfying (4.3) and (4.7) respectively. If j1 < An o then the

problem (/.1) has a positive weak solution u such that

1. if 0 < o <1 then u is a finite energy solution,
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2. ifo>1 thenu€L2(O T; H}

loc

()N L>(0,T; L*(2)) with Gr(u) € L*(0,T; H} (). Moreover,
if G155 — 5 > 0 then u™s € L*(0,T; Hy(%Y)),

3. if o > 1 and supp(f) CC ) then u is a finite energy solution.

Remark 4.2.1 Let us notice that in absence of the Hardy potential (i.e. p=0), the result
corresponding to the case o <1 is already obtained in [27, Theorem 1.3 (i)], when p = 2 and the

AN+2) 5. Note that since my < ms, the result we

source term f belongs to L™*(Qr), mg := NN (o)

prove here is a refinement of that in [27, Theorem 1.3 (i)]. While in the case o > 1 we obtain the
same result to that in [27, Theorem 1.3 (ii)]. Note that if o =1 the above results coincide.

Observe that 1 < my; < N+2 for any 0 <o < 1. We point out that in the case where o = 0, which

yields my = we find the result already established in [75, Theorem 1.2/ for data

N+27

fe L (0,7, L4Q)) withr =q > ]\2]12 It is worth recalling here that -2 N+2 is the Holder conjugate

2N

s and by duality argument, data belonging to the Lebesgue space

exponent of the Sobolev exponent

of exponent ]\2,12 are in force in the dual space L*(0,T; H1(Q)).

4.2.2 The case ;1 = Ay : existence of infinite energy solutions

In the following result we deal with the case where ;1 = Ay 5. The weak solutions found do not

generally belong to the energy space.

Theorem 4.2.2 Let Q) be a bounded open subset of RN, N > 3, containing the origin. Suppose that
(4.3) is filled and assume that o0 =1 and f € L*(Qr). If u = Ay then the problem (4.1) has a weak
solution u such that u € L1(0,T; W, 9(Q)) N L=(0,T; L*()), for every q < 2.

4.2.3 The case ;1 > Ay : nonexistence of weak solutions

If we assume p > Ay o then the problem (4.1) has no weak solution. This is stated in the following

theorem.

Theorem 4.2.3 Let Q) be a bounded open subset of RN, N > 3, containing the origin. Assume that
(4.3) and (4.7) hold. If > An o then the problem (4.1) has no positive weak solution.

The following figure summarizes the different existence results according to the interactions between

the singularities.
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A
q . 1,9
o eue 120,17 HL () € LOTIR),
Vg < 2
o e 0. HY(E)),
if supp(f) CC Qr
1 No weak solution
u € L%O,T;H&(Q))
>
0 AN U

4.2.4 Regularity of weak solutions

In the following theorem we give some regularity results for the weak solution u of the problem (4.1)

obtained in Theorem 4.2.1.

Theorem 4.2.4 Let Q) be a bounded open subset of RN, N > 3, containing the origin. Assume that
(4.2) and (4.3) hold and suppose that o > 0 and pn < Ano. Then

(i) if o > 1 and m > 1 one has

(a) if m> 5 +1 then u € L=(Qr),

(b) if 1 <m < T +1, then w'T € L(0,T; L2(Q)) N L2(0, T; HL()) where
_ Nm(140)—N+2m—2
= N—2m+2

provided that (vi—vl)Q — ﬁ > 0.
(i) If 0 < o <1 one has

(¢) if m> % 41 then u € L®(Qr),
(d) if mi <m < I +1 then uw'T e L>(0,T; L*(2)) N L*(0,T; H} () where

_ Nm(14+0)—N+2m—2 , 4
v = N—2m12 provided that (vﬁl)g — Afi,2 > 0.

Remark 4.2.2 1. Observe that since 0 < o <1 and N > 3 one has

R 2N N
1§m1—m<5+1

2. ]faZland1§m<%+1then72m021.

3. IfOSaglandm1§m<%+1th6n’yzm020.
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4. Notice that 0 < (v_ivﬁ <1 and since p < Ay the assumption (Vi—yl)Q — K}% > (0 is necessary in

order to get the results stated in Theorem 4.2./.

In the case where 0 < ¢ < 1, the regularity results obtained in the previous Theorem 4.2.4 concerns
the weak solutions corresponding to data f € L™(Qr), with m > m;. When we decrease the
summability of the data that is f € L™(Qr), with 1 < m < my, we obtain solutions lying in a bigger

space than the energy one. Actually, we have the following result.

Theorem 4.2.5 Let Q2 be a bounded open subset of RN, N > 3, containing the origin. Assume that
(4.3) holds and f € L™(Qr), with 1 < m < my and suppose that 0 < o <1 and p < Ano. Then the

problem (1.1) has a positive weak solution w € LI(0,T; Wy () N LY (Qr), with ¢ = % and
_ m(1+0)(N+2)

7= TN 2mr2

Remark 4.2.3 We point out that for the particular case o0 = 0 we obtain that the solution u

belongs to LI(0, T; Wy (Q)) N L (Qp) with ¢ = % and y = % These are exactly the same

exponents as those obtained in nonsingular case in [15, Theorem 1.9] when f € L™3(Qr),

2(N+2)

m3 = 3(Ni2)-N

. Observe that since for o =0 we have m; = 1\%_4]:[2 < mg, the result we prove is a
refinement of the one in [15, Theorem 1.9]. This is not surprising since the effect of Hardy’s
potential vanishes for . < Ano as it is shown in the the proof of Theorem 4.2.5. Remark that we
cannot consider the case where o =0 and m = 1, since the test functions we use in order to obtain

the reqularity stated in Theorem 4.2.5 cannot be chosen.

The following figure summarizes the previous regularity results considering the singularity in

function of the summability of the source term f.

A
g Zone (b) Zone (a)
wH € L2075 Hy(Q); 7 = Mmleqgipiasn u & L¥(@r)
1
Zone (e) Zone (d) Zone (c)
we L0, T; Wy () N LY(Qr) | u' € L2(0,T; HA(Q)) |ue Lo(Qy)
_ m(N+2)(o+1) (o4 1)— N+-2(m—
9= Ni2—m(i—0) v = S jJLvllexig( .
_ m(l+0)(N+2)
7= TN 2mt2
0 >
1 mq % +1 m



4.3. PROOFS OF THE RESULTS 101

4.2.5 Uniqueness of finite energy solutions

As far as the uniqueness is concerned, we give the following result for the finite energy solutions in

the case of data with compact support.

Theorem 4.2.6 Let Q be a bounded open subset of RN, N > 3, containing the origin. Suppose that
(4.3) is fulfilled, p < Ayo and 0 >0 . If f € L™(Qr), with m > 1 and supp(f) CC Qp then the
energy solution u € L*(0,T; H} () of the problem (4.1) is unique.

4.3 Proofs of the Results

4.3.1 Approximate problems

Let us consider the following sequence of approximate schemes

( _ Tn(un) fn :
Ouy, — Au,, = Hiapra + oty 0 Q x (0,7),
up(z,t) >0 in Q x (0,7,
(x.1) 0.7) .
up(x,t) =0 in 0Q x (0,7),
\ Up(z,0) = up(x) in Q,
where f,, = T,,(f) = min(f,n). The case o = 0 leads to the variational framework since m; = ]3—12 is
the Holder conjugate exponent of the Sobolev exponent 2* := ]3—]_\72 and then by the Sobolev

embedding and a duality argument we obtain f € L™ (Qr) < L?(0,T; H~(Q)) and the existence
of u, can be found in [59]. If 0 < o < 1, the proof of the existence of a solution u,, to the
approximate problem (4.8), which is based on the fixed point theorem of Schauder, is now classical.

For the convenience of the reader we give it here.

Lemma 4.3.1 Assume that 0 < o <1 and t < Anyo. For each integer n € N the approximate
problem (4.8) has a nonnegative solution u,, € L*(0,T; H}(Q)) N L>®(Qr) such that
Ou, € L*(0,T; H1(Q)).

Proof 4.3.1 Let v € L*(Qr) and let n € N be fized. We consider
w € L0, T; L*(2)) N L*(0,T; H () N C([0,T]; L*(Q)) N L>(Qr) the unique solution (depending
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on v and n) of the following problem

(
ow— Aw = ”éﬁ(ﬁ + ( fn _ in Qp
" |v|+%
wz,t) =0 in 99 x (0,T) (4.9)
w(z,0) =up(z) in Q.

The existence of w can be found in [59]. Let us consider the map S defined by S(v) = w. Taking w
as test function in (4.9) we get

T, (w)w
Vul? <
IVl <o [T

n

Mﬁ+/‘—lﬂL7Mﬁ+Mﬂﬁm
Qr <|v| +%>

Thus, by the Hélder inequality we arrive at
HVwH%Q(QT) < Qp|2 (,unz + n"“) (/Q uﬂdxdt)é + HUOH%Q(Q)'
T
The Poincaré inequality yields
||wH%2(QT) < Cillw| g2y + Co,

where Cy = C2|Qp|2 (un® + ), Cy = Chlluoll2(qy and Cp is the constant in the Poincaré

inequality. Therefore by the Young inequality we obtain

w20 < C =1/ CF 4 2C5.

Defining the ball B = {v € L*(Qr) : vl 2@ < C’} of L*(Qr) we have proved that the map
S L*(Qr) — L*(Q7) is well defined. In order to apply Schauder’s Point fived Theorem over S to
guarantee the existence of solution of (4.8), we need to check that the map S is continuous and

compact.

First, we prove the continuity of S. In order to do this, let {vi}r C L*(Qr) be a sequence such that
li — =0.
Jm vk = vllzar

Denote by wy, := S(vx) and w := S(v). Then wy is the solution of

T (wg)

owy, — Awy, = i + In _ in Qp
" (|Uk|+%>
wla,t) =0 in 99 x (0,T) (4.10)
wi(#,0) = uol) in 9,
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we will prove that
Jm e = wlzzor) = 0.
We point out that up to a subsequence, we can assume that vy, — v a.e. in Qp. So that one has

I converges to —L—— a.e. in Qp. Furthermore, since
(lvkl+%> (Ivl+%>

|/n]
n < nO’-i—l’

(Inl )

by the dominated convergence theorem we obtain

o I ). (4.11)

(ol +2)" (ol +12)

Thus, testing by wy, — w in the difference equations solved by wy and w and using the fact that

wg(z,0) = w(z,0) = ug and the Holder inequality, to have

%/Q((wf(%T) —w(z,T)))*dx +/

S
Qr

1
2 3
5 Vo dxdt) Hwk —w||L2(QT).
(ol +2)" (o1 +2)
If it < Ao then by the Poincaré inequality we obtain
L
(1 - A )”wk - wHLQ(QT) S Ci(/ o o
w2 o (joil +5)" (el +3)

where C,, is the Poincaré constant. While if p = Ay o then by [55, Theorem 2.1] there exists a

N2
(wy —w)*,
sz + 5

n

|V (wy, — w) [*dzdt — ,u/
0

Jn Ja

2 3
dxdt> ,

constant C(€2) > 0 such that

o=t < ([l -y

Having in mind (/.11) we conclude that the sequence {wy}r converges to w in L*(Qr) and so S is

2 3
dxdt) .

continuous.

We turn now to prove that S is compact. Let {v}ren be a sequence such that ||vi||20,) < c.

Testing with wy, = S(vy) in (4.10) and using (4.4) and the Holder inequality we arrive at

1
1 - 2
||wk||i2(0,T;Hé(Q)) S |QT|2 (/*LnZ +n +1> (/g; ’LUZd[Edt) + ||U/0||%2(Q)
T

By the Poincaré and Young inequalities we obtain

”wkHL?(O,T;Hg(Q)) <C, (4.12)
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where C' is a positive constant independent of k. Since the ball B is invariant under S, one has

wy, € B. By (4.12) the sequence {wy} is uniformly bounded in L*(0,T; H}(Q)) and then so is the
sequence {Oywy b in LY(0,T; H-1(Q)). Therefore, by [75, Corollary 4] there exists a subsequence of
{wi }ren, still indexed by k, that strongly converges to some limit function w € L*(Qr). Because of
the continuity of S we get w = S(v) and so S is compact. Given these conditions on S, Schauder’s

Fized point Theorem provides the existence of u,, € L*(0,T; H}(Q)) such that u,, solves (/.8).

Moreover, inserting —u,, as test function in (4.8) yields u,, > 0 and from Lemma 4.4.5 (in

Appendix) we conclude that {u,}, is an increasing sequence in n.

4.3.2 Proof of Theorem 4.2.1

The main argument is to get a priori estimates on {u,}, and then to pass to the limit as n — +o0.
We divide the proof in four cases, the case where o = 1, the case o < 1, the case ¢ > 1 and the case
o > 1 with supp(f) CC Qr.

Casel:0=1.

Taking u, x (0, 7)(t) as test function in (4.8), with 0 < 7 < T, we get

— Up(x, 7))*dr + Vu,|“dxdt < dxdt
2 Q< (7)) 0 Q’ | s o JalzlP+ 2

+ [ fdadt+ [luoll7zq)-
Qp

Then, by using (4.4) we obtain

1 1 i
i/S)(Un(ﬂC,T))de—I— (1— AN2>/0 /Q|Vun‘2dxdt§ ||f||L1(QT)+Hu0||§2(Q).

Passing to the supremum in 7 € [0, 7], we obtain

1

1
~ sup /(un(ﬂm))zdﬂ“r (1_ )/ [V *ddt < || fl| 21 @p) + l[uoll720)-
2 o<r<t Ja An2/ Jo,

This shows that the sequence {u,}, is uniformly bounded in L>(0,T; L*(Q2)) N L?(0,T; H3 ().
Then, there exist a subsequence of {u,}, still indexed by n and a function

u € L>(0,T; L*(Q)) N L*(0,T; H}(Q)) such that u, — u weakly in L*(0,T; H3(2)). Moreover, the
boundedness of {dyuy,}, in L*(0,T; H'(Q)) implies that the sequence {u,}, is relatively compact
in L'(Qr) (see [73, Corollary 4]) and hence for a subsequence, indexed again by n, we have u, — u

a.e. in Qp.
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Let ¢ € Cg°(22 x [0,T)). Using ¢ as test function in (4.8) we obtain

—/uo(x)¢(x,0)dx—/ U, Oy pdtdx + Vu, - Vodxdt

Q Q Q

T (u, n r (4.13)
:“/ﬂ (u )fdxdt—i—/ﬂ In® vt

|2+  un] 41

n

Notice that since u, — u weakly in L?(0,T; H}(Q2)), we immediately have
lim Vu, - Vodxdt = Vu - Vodzdt
n—-+o0o Qr Qr
and

lim UpOrpdtdx = / uOypdtdz.

n—-+o0o Qr Qr

As regards the first integral in the right-hand side of (4.13), we know that the sequence {u,} is

increasing to its limit v so we have

Tn(un)¢
|x|? +%

Applying Holder’s and Hardy’s inequalities we obtain

[ug| _1 / 2 3 / dzdty 3
< 2 .
/QT |22 dzdt < |[@]|o(An.2) ( o [Vl dxdt) ( o, |$|2>

As N > 3 and §2 bounded, a straightforward calculation yields the existence of a positive constant

_ Jug)

=l

(' such that
dx

— <. 4.14

ol = 4149

T (un)d
o+

Therefore, the function % lies in L*(Q7) and since

ué
|z

— a.e. in () the Lebesgue

dominated convergence theorem gives

T,
lim / w09 4t / "D e,
notoo Jo, |z ar ||

On the other hand, the support supp(¢) of the function ¢ is a compact subset of 27 and so by

Lemma 4.4.4 (in Appendix) there exists a constant Cl,py(s) > 0 such that u, > Cyyppe) in supp(e).
Then,

o | ¢ Jole
Up + 5 Csupp(¢)

So that by the Lebesgue dominated convergence theorem we can get

lim Jn® dxdt = ﬁclycclt.
n—+4o00 Qp Un +

u

|fl € L'(Qr).

1
n Qr

Now passing to the limit as n tends to oo in (4.13) we obtain

— / wop(x,0)dxr — / uOypdtdx + Vu - Vodrdt = ,u/ u—¢dxdt + ﬁdmdt
Q Qr

Qr Qr |z|? Qr U
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for all ¢ € C§°(2r), namely w is a finite energy solution to (4.1).

Case 2: 0 < 1.

For 7 € (0,7T) let us use as a test function in (4.8) the function u,x 0,7 (t) which belongs to
H} () N L>(Q). By Hélder’s inequality and (4.4) we arrive at

1
/|un(x )2 dx + (1 - / /|Vun] dxdt
AN2
< Ifllems o) / / a1 ”mldxdt) + Lol

and m) =

2N
IN—(1—0)(N-2)

where m; := := === one has (1 —o)m) = 2*. By

Sobolev’s inequality there exists a posmve constant C' such that

1 1%
—/ |un (2, 7)|*dz + (1 - A_Nz) HUNHQLQ(O,T;H&(Q))

< Cllfllzm @) 1l 2 s ) + 5 lwollz2@)
For every real numbers a, b > 0 and for every € > 0, by Young’s inequality we have
ab < ea” + C b7, (4.15)
where p > 1 and ¢ > 1 are such that 1 = l + l. Since % =1—0 <2 we apply (4.15) with

o*

@ = llwnll 20 rmy @) 0 = Ol Nl p =

1 7
3 | e r)Pde + (1= 52 = funl oy

2m/

2m1

and ¢ = 22,—2, to get

;1
< CCllf lemiton) ™™ + Slluoll 2.

Choosing € such that 1 — ﬁ — ¢ > 0 and passing to the supremum in 7 € [0, 7] we obtain
1 2 H 2
= sup [ (up(x,7))dr+ (1— —¢€ \Vu,|“dedt < Cs,
2 0<r<t Joo AN Qr
2m’1

with C3 = Ce(C| fllomi @) ™% + 3lluol| 2. Therefore, the sequence {uy, },, is uniformly bounded
in L2(0,7T; H}(2)) and L>(0,T; L*(Q2)). Thus there exist a subsequence of {u, },, still labelled by n,
and a function u € L*(0,T; H}(Q)) such that

u, — u weakly in L*(0,T; Hj(Q)).

Now we shall prove that u is a weak solution of (4.1). For this, let us insert as test function in (4.8)

an arbitrary function ¢ € C§°(2 x [0,7)).

- / uo(x)o(z,0)dx —/ U, Oppdtdx + Vu - Vodxdt
0

Qr Qr

:“/Q ud dt+/QTAdxdt.

o |2+ (U + 2)7
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As in the first case, we can pass to the limit in the above equality to conclude that u is a finite
energy solution of (4.1).

Case 3: 0 > 1.

L) N L>(0,T; L*(9)), we will
prove that the sequence Gy (u,,) is uniformly bounded in L2(0,T; H}(2)) N L>=(0,T; L*(2)) and
Ty (uy,) is uniformly bounded in L?(0,T; H..(Q)) N L>(0,T; L7 (Q)). Let us first prove that Gy(u,)

is uniformly bounded in L?(0,T; H}(2)) N L>(0,T; L*(2)). Inserting Gy (uy,)X(0,r), with 0 <7 < T,

In order to prove that {u,}, is uniformly bounded in L*(0,T; H}

as a test function in (4.8) we obtain

//@unGk(un)dxdt—l—/ VG (uy)|*dxdt
0

Q Q.
i / Toleun)Gixlutn) g g / JoCrlun) g gy (4.16)
Q |lz|? + = Q

- (tn + %)U

<pu / —”"G’“g“">da:dt+ / —f”G’“(Tf“ dxdt.
Qr ’:C‘ Qr (un + E)U

Observe that the function Gj(u,) is different from zero only on the set

By = {(x,t) € Q uy(,t) > k}, and so we have

/ /8tunGk(un)dxdt _1 Or(uy, — k)?dvdt = 1/ (G (un(z,7)))*dxdt
0 Jo 2 2 Ja,

=5 [ (Gutuntards =5 [ (Gulun(a,0) s

Since /(Gk(un(az, 0)))%dz < /(u0<$))2d$ and u, + + > k on B, inequality (4.16) becomes
0 0

1 2 2
—/Q(Gk(un(ac,T))) dx +/ |VGy(uy)|*dzdt

2
<M/ UnGrln) 4oy 4 ¢,
Q

with Cy = HugH%Q(Q) + w1 | f |l 210z Moreover, since u,,Gr(uy) = (Gi(uy))? + kGi(u,) on the set
B, we get

: /Q (Gt (2, 7)) 2 + /Q VGt — /

< uk/ Cultn) gos 4 €.
o |l

(Grluwn)* ) o
||

T

Taking into account that p < Ay by (4.4) we have

/ (Gk(un(x,:)))2d$+ (1 - ) /Q [VGi(un)dadt (4.17)

1
2 Q G AN,Q
t

< uk/ Mdmdt + Cy.
Q,

|z
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Gr(up(z,t))

We shall now estimate the term pk / dzdt. Let us fix o such that 1 < a < 2 and set

o, =7
£ = =2=. By Young’s inequality we can write
Gr(uy, G k8
ik / ) gy < / (LGN
o, |zl @ Jo, || B Ja, |zl

Having in mind (4.14) we have

uk/ Giltn) gt < /Md:cdt+05,
Q- |z [? Q-

. Then the Hoélder inequality yields

uk:/QT G|;|2 Grltn) oy <’“‘</QT—(G7§C|2)) dx dt>g</m%>2a+(]5

< 06(/Q Mdmdt)g + s,

|z [?

where C5 = C”‘k

where Cg = uC’f%a and by (4.4) we obtain
uk/ Culun(®,t)) 4y < / IV G(u)] dq;dzs)E +Cs,
Qr

where C7 = i. For arbitrary € > 0, applying the Young inequality (4.15) with
a= / IVGy(uy,)*dzdt, b= C7 and p = 2, we get
Q

t
uk:/ WCZ dt < e/ VG () 2dwdt + Cs, (4.18)
Qr z

where Cg = C5 + C, C’7 . Choosing € such that 1 — £— — ¢ > 0 and gathering (4.17) and (4.18), w
deduce that

1 2 H 2

= (Grlun(a, 7)))2dx + (1 e e) VG (un)[2dadt < Cy, (4.19)

2 Ja AN Q,

where Cy = Cs + Cy. Passing to the supremum in 7 € [0, 7], we conclude that the sequence

{G1(un) }nen is uniformly bounded in L?(0,T; Hi(Q)) N L*°(0, T; L*(Q)).

We now turn to prove that the sequence {7} (uy)}, is uniformly bounded in

L*(0,T; H},(Q) N L>®(0,T; L7 (). Using T7 (un)X(0,r), 0 < 7 < T, as a test function in (4.8) we
obtain .
/(Tk(un(m,T)))UHda:—l—/ (Tk(un))(’_l|VTk(un)|2dxdt
u2 T 1 (4.20)
< kot Yn_ gt dxdt o1
< / BE xdt + Qfo +O_+1HU[)HL+(Q),

where we have dropped ¢ > 1 in the second integral on the left-hand side and written

T¢ (un) = T¢(un) Ty (uy) in the first integral on the right-hand side of the inequality. As
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Un, = Tr(uy) + Gi(uy), the the first term on the right-hand side of the above inequality can be

2 2 2
/ "2d xdt :/ dedt—f—/ dedt
Qr || Qr T|9C| o Qr ||
) / Tilun) Gr(un) o
Q

|z [?

T 2
gk?/ dxdt_l_/ Mde%/ Grltn) ;v
Q Qr

2l or |7?

So that by (4.4), (4.14), (4.18) and (4.19) there exists a real constant Cg > 0 such that

estimated as

2
/ —dxdt < ClO
Q

- 7l
Then, it follows that the inequality (4.20) reads as
#A(Tk(un(xﬁ)))”“dx—i—/g (T (1)) VT ()| ?dxdt < Oy, (4.21)
with Cyy = k7 ' uCho + || fl| Lrop) + ULHHuOHLJH(Q). On the other hand, let ' CC Q. By Lemma
4.4.4 (in Appendix) there exists Cr > 0 such that

Ty (up(z,t)) > Cp := min{k, Cq }, (4.22)
for all (z,t) € Q' x [0,T]. Thus, by (4.21) and (4.22) we get

sl / (T (un (2, 7)) de + CF / VT (un) Pdzdt < Oy
Q 0 Q

Passing to the supremum in 7 € [0, 7], we get that the sequence {Tj(uy)}nen is uniformly bounded
in L2(0,T; HE .(Q)) N L>(0,T; L*(€)). Therefore, we conclude that the sequence {u, }nen is

loc
uniformly bounded in L?(0,T; H} (2)) N L>=(0,T; L*(2)). As a consequence, there exist a

loc

subsequence of {u, },en, relabeled again by n, and a function

we L20,T; HL (Q)) N L>(0,T; L*()) such that u,, — u weakly in L*(0,T; H}.

loc loc

(Q2)). Inserting an
arbitrary ¢ € C§°(€2 x [0,T)) as a test function in (4.8), it follows

—/uo(x)¢(x,0)da: —/ w, Oppdtdx + Vu, - Vodxdt
Q

QT QT

N T (un)¢ fn®
_M/QT |$|2+%dxdt+/%( .

Then the passage to the limit as in the first case shows that u is a weak solution of (4.1).

Now assume that o > 1 is such that - +1) - ﬁ > 0. For 0 <7 < T let us use ufx (o, (t) as a test

function in (4.8). By the Hardy inequality (4.4) we arrive at

4o

1 o+1
2 <
/Q(un(x,T)) dx + <(0_+1>2 AN2 / /|Vun 2dxdt < C,

oc+1
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where C' = || fll 1) + 737 140l Lo+1 (). Hence following closely the same computations as above, we
get u”s € L2(0,T; H ().

Case 4 : Suppose that o > 1 and supp(f) CC Q.

Testing by u,x(0,7)(t) in (4.8) and using (4.4) we get

1 T
—/(un(x,T))de—i—(l— L )/ /|Vun|2dxdt
2 Jq ; , An2/ Jo Ja
< ——dxdt + 5”“0”%2(9)'

Qpr Yn

Applying Lemma 4.4.4 (in Appendix) there exists C' > 0 such that u,, > C' in supp(f). Whence,

passing to the supremum in 7 € [0, 7] we obtain

1 2 H / 2

- W, de+ (1 — Vu,|“dzxdt
o [ ot e s (1= ) | 9 P
<

1
— fdxdt + =||uol|220-
cot /supp(f) 2 @

Thus, the sequence {u,}, is bounded in L*(0,T; H}(2)) N L>(0,T; L*(2)). Therefore, there exist a
function u € L2(0,T; Hi(2)) N L>(0,T; L*(?)) and a subsequence of {uy, },, still indexed by n, such
that u, — w in L*(0,T; H}(€)) and then u is a finite energy solution of the problem (4.1).

4.3.3 Proof of Theorem 4.2.2

Let 0 <7 < T. Taking u,x(0,+)(t) as a test function in (4.8), we get

1 T T 2
1 / (un (z, 7)) 2d + / / (Vun Pdzdt — Ay / / Un_ et
2 Ja 1 0o Ja o Jolzl

< [ fllzr@r) + 5lluollza)-

Passing to the supremum in 7 € [0, 7] and using Theorem 4.4.1 (in Appendix) we conclude that the
sequence {u,,}, is uniformly bounded in L9(0, T; Wy 4(Q)) N L>°(0, T; L*(Q)), for all ¢ < 2. As a
consequence, there exist a subsequence of {u,},, still indexed by n, and a function

we L0, T; Wy () N L>(0,T; L*()) such that u, — u weakly in L?(0,T; W, 4(Q)). Arguing in a

similar way as in the case 1, we conclude that u is a weak solution of the problem (4.1).
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4.3.4 Proof of Theorem 4.2.3

Suppose that p > Ay . Arguing by contradiction, assum that (4.1) admits a positive weak solution

u. Thus wu is also a weak solution to the problem

[ O — Au—Ayarts = (n-Avo)s + 4 inQr,

u >0 in Qr,

u =0 in 002 x (0,7),
| u(z,0) = up(x) in 002 x (0, 7).

By virtue of Lemma 4.4.2 (in Appendix) we have

(6= M)y + 5 )lel ™ € LB (0) x (1, 12).

for any small enough parabolic cylinder B, (0) X (¢1,t3) CC Qp where ay is defined in (4.31). As in

our equation A = Ay, we have a; = % Since u > 0 and f > 0 we have in particular
u N-2
(u— AN,Q)WMJFT € LY(B,,(0) x (t1,t2)). (4.23)
On the other hand, since
U u f
Oou—Au—Ays— =(p—Ana)—5+-—=2>0
TP ap T

by Lemma 4.4.1 (in Appendix) there exists a constant C' > 0 such that
u>Cla| "2 (4.24)
Gathering (4.23) and (4.24) we obtain
lz|™ € LY(B,,(0) x (t1,ts))

which is a contradiction. Therefore, if ;1 > Ay o the problem (4.1) has no positive weak solution.

4.3.5 Proof of Theorem 4.2.4

The proofs of (i) and (ii) are similar. We only give the proof of (i).

e Proof of (a) — We shall establish an a priori L>-estimate for the solution w,, of (4.8). To do so,

we use standard ideas that can be found in several nonsingular cases as for instance in
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|. Despite being classic, we give the proof for the convenience of the reader.

[ ) Y Y ) Y

Let k > ko := max(1, ||uo||c). We choose Gy (un)X(0,7), 0 < 7 < T, as a test function in (4.8), we get

/ /8tunGk(un)dxdt+/ VG (uy,)|*dxdt
o Ja A

k,n
Su/ %Q&QMﬁ+/ SCltn)
Ak,n Ak,n

dxdt,
Edk (un +3)7

where we have set Ay, = {(x,t) € Q; 1 u,(x,t) > k}. Observe that since Gi(u,) is different from

zero only on the set Ay, and according to the choice of k, one has

/ / Oyun G (uy ) dadt = 1 / G(un(z,7))*dz.
0o Ja 2 Ja

In addition, on the set Ay, we have u,, + % > ko. Thus, using first Holder’s inequality and then

Hardy’s inequality, we arrive at

1 9 2
—/QGk(un(x,T)) dx+/ VG () Pt

2 Ak,n
1
< M / IVGy(un)Pdzdt + — | fGr(uy)dudt.
Ang Ja,, kS Jay.
Then passing to the supremum in 7 € (0,7") we obtain

LG ()2 1— -2 1Guu) |2
_” k(un)HLw(o,T;m(Q)) + A H k(“ﬂ)HB(o,T;Hl(Q))
2 Anp 0
< — fGr(uy)dxdt.

kg Jar

On the other hand, since Gy (u,) € L=(Qr) N L*(0,T; H} () then
Gr(u,) € L°°(0,T; L*(Q)) N L2(0,T; HL(Q)). Therefore, by [31, Proposition 3.1] there exists a

positive constant ¢ such that

2

2N+4 2N+4 N

Gk(un) N+ dxdt S C N+ (/ |VGk<Un)|2dI'dt) (HGk(un)H%OO(QT,LQ(Q))) N.
QT QT
IN44 2

Setting I'y o :=1— £~ and C} := %, we obtain using (4.25)
N,2 FN,ng %
2N+4 1+%
G (un) 5 dwdt < 01( ka(un)dxdt>
QT QT

Observe that both integrals are on the subset Ay ,. Using Holder’s inequality in the right-hand side

2]\]/\[—!—4 and 2N+4

~No1 o we get

term with exponents

N+4 1

f%dxdt)w ( / G () 5 dxdty,
Ak,n

/ G (un) ¥ dadt < 01(
Ak,n Ak,n
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from which it follows

N+4

/ G (un) 5 1(/ f%dxdt)T.
Ak:,n Ak,n

Since f € L™(Q7) with m > % +1> 2]@[:;, we use again Holder’s inequality obtaining

N+4+4 2N+44

/ G (un) 7 dadt < 02||f\|Lm(QT | Ay | F R
Akn

Now let A > k. It’s easy to see that Ay, C Ag, and Gi(u,) > h —k on Ay, so that one has

2N+4 N+4 2N+4

|Ahn|(h k) <C2HfHLm (Qr) |Akn|

Setting ¥(k) = |Ax.n|, we get
&

m@b(k’)ﬁ,

Y(h) <

where Cy = C||f||LmQ),a—2N+4andB A 28 Since m > & + 1 we have # > 1 and then

we can apply the first item of [80, Lemma 4.1] to conclude that there exists a constant C\,, such
that ¢¥(Cs) = 0, that is

||unHoo < Cu.

e Proof of (b) — Using u] x(0,), 0 <7 < T, as a test function in (4.8) and applying the Hélder’s

inequality and (4.4) we arrive at

1 2 \2 a4l
] (tn (2, 7)) o + <7< m 1) — AM / \VUZQ ?dxdt
T e Iy N2 0 (4.26)
1
< Wfllmian ([ afrmmdudt) ™ + ol
Qr
2
Note that o < v = Nm(”;i);mﬁfm_? Since we have supposed that 7(%) — ﬁ > 0, we discuss
the two cases 0 = vy and o < 7. Thus, if 0 = v we immediately have
1 2 \2 4 211
—— | (up(z, 7)) + ( < ) — > / Vun? [2dxdt
[t ) [ 9]
< |QT|m 1 1lm @y + lluoll}34 g
While if o < , we compute (y — o)m’ = (y + 1)2E2 < (v 4 1)5%5. Therefore, applying Hélder’s

inequality and then the Sobolev inequality in the first integral on the right-hand side of (4.26) we

obtain
1

L [y de + ((22) a2
o Qun T, T x ¥ Y1 —AN2 Un L2(0,T;HE ()

< | fllum@mllun? 758 + uolIH
> Lm(@Qr) M L2 0,15 HE () OllLr+1()»

y—o
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where C' > 0 is a constant not depending on n. Now we use the Young inequality (4.15) with
o R

||un2 HZ;(l()THl(Q =C|fllem@e), p = LH and ¢ = VH and then we pass to the supremum

over 7 € [0,T], we obtain

S+ [|un? H%oo(o Ti22(Q) T (7(—7 n 1) B v 6) ||un? H%z(O,T;Hé(Q))
< ClC) fllm) 7 + luoll 7341 g

2
Finally we choose € such that ’y(ﬁ) — K]% — ¢ > 0. Consequently, in both cases the sequence

LH
{un? }, is uniformly bounded in L?(0,T; H}(2)) N L>(0,T; L*(Q2)). Whence, there exist a

a1 a1
subsequence of {u,? },, still indexed by n, and a function v € L*(0,T; H}(Q)) such that u,> — v

weakly in L?(0,T; H}(€2)). Now according to the proof of the second item of Theorem 4.2.1, we
know that u, — u weakly in L?(0,T; H._(€)) so that identifying almost everywhere the limits one
has v =u’z € L*(0,T; HL(Q)).

4.3.6 Proof of Theorem 4.2.5

The ideas we use are standard and we follow the lines of [27, Theorem 4.1, (i)-(b)]. Let us choose

26

uX X0, 0 <7 < T, as test function in (3.1) where § is a positive real constant verifying

% < 0 < 1 that will be chosen after few lines. We get

1 25 — 1)
% Q(un(x,T))%dx—i—(T/Q |Vl |2dadt

u? s 1
<o [ fsdede e | dsar + ol
Passing to the supremum in 7 € (0,7") and applying Hardy’s inequality (4.4) and then Holder’s

inequality, we obtain

Lo 62 (25—1 1 )/ 512
— o (0.T" - — \Y dxdt
25||un||L orr2Q) t 52 Ava/ Jo, |V, |*dz

ful=1=) dxdt + —||u0||L2 (4.27)
Qr
/ 1
0—1—0o)m m/ 6
< HfumT)( [ o dadt) ™+
Qr
We point out that the function 6 — 2‘;1 is non increasing and reaches its minimum on (%, 1)in 1,
= 2‘;1 — ﬁ > (. Since

wn € L®(Qq) N L2(0,T; HH(Q)) then w, € L=(0,T; L2(Q)) N L2(0, T; HY(R)). Thus, by |

Y

Proposition 3.1] there exists a positive constant ¢ such that

e 52 512
[ ([ 19u3dade) (12 e 0000
QT QT

2
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Then, using (4.27) we obtain

2N+4

2N+4 20 %C N w%
/ ( ) + dxdt < %(HfHLm(QT)</ (25 1—o)m’ dl’dt)
QT g QT

1+

gl

2N+4
N+42

(45) 1+2 (26—1—c)m/ Nm!
< X7 N o)m
< ; 11l gy ( g u,; d$dt>

1 +4) ’

+
(25)1-‘:—
Now we choose & to be such that §2544 = (26 — 1 — o)m/, that is § = % Observe that since

2 H 0||L2

1<m<m1<5+1onehasN—2(m—1)>Oand5>HT"E%. To check the upper bound on 9,

2N+4

we notice that § < 1 is equivalent to m < N(ito) "

Such an inequality is always satisfied since for

o <1 we have m < m; < %. Therefore, with this choice of § we obtain
(26—1—0)m/ ()Ne NV N52N+4 Z+1 %
Ju nHL(za 1-o)m’ () < WTe anHLm(QT Hun”L(za 1=o)m’ ()
2N+4
(45)NC Y 1

A5 (26)1+2 || 0||L2
Since m < % + 1 we have
(N+2)(20—-1—-0)
N
and so by virtue of Young’s inequality the sequence {u,}, is uniformly bounded in L?(Qr) with

m(N +2)(1+ o)
N —2m + 2

(20 —1—0)m' >

=(20—1—0o)m' = > 1.

Now we shall obtain an estimation on Vu,. Notice that from (4.27) we get

2 |v n‘2 +1 o)
A(S(s /g;T 2 1 5)d dt < ||f7l||gm QT)H n”L'y(QT) + 26”U0||L2

and since {u, }, is uniformly bounded in L7(Qr), we deduce the existence of a positive constant C,

2
/'deﬁ<C
Q

2(1-5
T Un

not depending on n, such that

. . . ) . . . 2 2
Let now g > 1 be such that ¢ < 2. An application of Holder’s inequality with exponents 7 and 5=

/\WM%Mt:/ W?L 10 d
. a(i=) "
2 g (1— 5)2q 2;!:
(Sl ) ([ i ana)’
Qp
4 (1—6)2q 2—711
C2</ Uy 27 da:dt) .

yields

IN

IN
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(

= N m(l >y~ Observe that ¢ > m(c +1) > 1

Now we impose the condition v =

2N+4
N(l+o)+4

uniformly bounded in L%(0, T; W, %(Q)) N LY(Q7). Therefore, there exist a subsequence of {uy, by,

and since 0 < 1 we have m < m; < which implies ¢ < 2. Thus, the sequence {u,}, is
still indexed by n, and a function u € L(0,T; W,*(Q)) N L7 (Qr) such that u, — u weakly in
L0, T; Wy () N LY(Qr) and u, — u a.e. in Qp. Using ¢ € C(Q x [0,T)) as test function in
(4.8) we obtain
—/uo(x)¢(x,0)da: —/ u, Oppdtdx + Vu, - Vodxdt
Q

Qr Qp
U Ta(un)e fu (4.28)
_ /ﬂ Tdwdt + /ﬂ T dadt.

o |2+ ¢ | +

Notice that since u,, — u weakly in L9 (0, T; W, 1(Q)), we 1mmediately have

lim Vu, - Vodzdt = / Vu - Vodzdt
Qr

n—-+o0o Qr

and

lim U, Oy pdtdx = / uOypdtdz.

n—-4o00 Qr Qr

As regards the first integral in the right-hand side of (4.28), we know that the sequence {u,} is

increasing to its limit u so we have
To(u ) < |ud|

= Tl

Applying Holder’s and Hardy’s inequalities with exponents 20 and 5 5 we obtain

1

|ud| / 512 % / dadty %5
< 2
., et <ot ® ([ utpasar)® ([ 1)

From (4.14) and (4.27) we deduce that the sequence {u’} is uniformly bounded in L?(0,T; H}(9))

and thus there exist a subsequence of {u?}, still indexed by n, and a function v € L(0, T; H}(Q))
such that u® — v weakly in L2(0,T; H}(Q2)) and u® — v a.e. in Qz. But we also have u® — v
weakly in L9(0,T; W,(€)) and hence follows v = u® € L*(0,T; H}(2)). Which shows that the

T (un)é

function % lies in L'(Qr). Furthermore, since BT ;fg

T,
lim / "(“§)¢dxdt_/ 19 gt
notoo Jo, |z ar ||

On the other hand, the support supp(¢) of the function ¢ is a compact subset of 27 and so by

a.e. in {r, the Lebesgue dominated

convergence theorem gives

Lemma A.5 (in Appendix) there exists a constant Cl,pp(g) > 0 such that u, > Cyyppe) in supp(e).

Then,
fn®

1

[6lloo

|fl € LN(Qr).
Csupp(¢)
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So that by the Lebesgue dominated convergence theorem we get

lim Jn® —dzdt = ﬁd:cdt.

notee Jop Un + 4 or U

We point out that we also have u > Cyypp(e) in supp(¢). Now passing to the limit as n tends to oo

in (4.28) we obtain

—/uogb(:v,())dx —/ uOypdtdr + Vu - Vodxdt
Q

Qr Qr
:,u/ u—édwdtnL @dmdt
ar |7] Qr U

for all ¢ € C§°(Qr), namely w is a finite energy solution to (1.1).

4.3.7 Proof of Theorem 4.2.6

Let u,v € L*(0,T; Hy(Q)) be two energy solutions of the problem (4.1) corresponding to the same
data ug satisfying (4.3) and f € L™(Qr), m > 1. Since the datum f is compactly supported in Qr,
then du € L*(0,T; HY(Q)) + L*(Q7). Let k > 0 and r > k. The function

Ti((u—v)y) € L*(0,T; H} (2)) N L>=(Q7) is an admissible test function in the formulation of
solution (4.38) in Lemma 4.4.6 (in Appendix). Taking it so in the difference of formulations (4.38)

solved by u and v, we obtain

Or(u — )+ Ti((u — v) 4 )dxdt + / VT ((u — v)4)|*dwdt

Qr T 5 Qr
{(u—v)4 <k} |z {(u—v)y >k} |7]
+/QT f(E - U—U)Tk((u ), )dwdt

Setting O(s) = / Ti(v)dv and dropping the negative term, we get
0

/Q@k((u — )y (z,T))dx + /Q VT ((u — v),)|*dwdt

T

Tel(u — v),))2 .
{(u—v)4 <k} |z] {(u—v)y >k} |7]

—i—/g@k((u — )4 (x,0))dx.
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Using / Ok((u — v)4(x,T))dx > 0, the fact that u(z,0) = v(x,0) = uo(x), Hardy’s inequality (4.4)
Q
and Holder’s inequality, we arrive at
/ VT ((u — v)y)|*dwdt
Qr

< [ 9T - )P dade
ANz Jo,

+ku</ —((u_v)+)2da:dt);</ —dxdt)%.
{(u—v) 1>k} || {(u—v) 4>k} | ]2

Having in mind (4.14) and using again (4.4) we reach that

/QT V(o) )Pdrdt < <" /QT VTe((u — v)4)|2dadt

v2 Jo

kuTzC7 3

—i—#(/ \V(u—v)+|2dxdt) :
AL, Miewow

On the other hand, taking T,.(Gy((u — v).)) € L*(0,T; H}(2)) N L>=(Q7) as a test function in the

(4.29)

problems solved by u and v and subtracting the two equations we obtain

Or(u — )+ T.(Ge((u — v)4))dxdt + / IV (u —v), [*dzdt
Qr ( )2 {k<(u—v) 4 <k+r}
U—v 1 1
S,u/ —+da:dt—|—/ fl———=)T.(Gr((u —v)y))dxdt.
(u—v)ssk} |7 Qr (U“ UU) (Gil( )

Setting Oy, (s) = / T.(Gk(v))dv and dropping the negative term, the above inequality becomes
0

/ Ok, ((u —v) (2, T))dx + / IV (u — ), [*dzdt
Q {k<(u—v)4<k+r}
(u—v)%
<u ————drdt + [ Op,((u—v);(x,0))dz.
{(u—v)4+>k} |l‘| Q
Note that / Ok, ((u —v)y(z,T))dz > 0 and / Ok, ((u —v)4(2z,0))dzr = 0. Whence, by (4.4) we
Q Q

obtain

/ |V (u—v); *dzdt < a / IV (u —v),|*dxdt.
[h<(u—v)s <k+r) Az J{w-v) >k}

Then, passing to the limit as r tends to +00 we get

/ V() Pt < / V(= v). Pdadt. (4.30)
{h<(u—v)+} fh<(u—v)1)

N2

Therefore, gathering (4.29) and (4.30) we obtain

/|V(u—v)+|2dxdt < a / IV (u —v), [*dzdt
QT A QT

N2

kuCy / 2
V(u—v)|"dxdt
Ao ( {(u—v)+>k}‘ ( )+ >

1
2

+
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Passing now to the limit as k tends to 0 we obtain

/ V() Pt < / V(= v), Pdadt,
QT QT

N2
which, recalling that u — v € C([0,T]; L*(2)) (see [73, Theorem 1.1]) implies (v — v),(-,7) = 0 for

any 7 € [0, 7] and for almost every = € ). By the u/v symmetry we conclude that u = v a.e. in Q7.

4.4 Appendix

We give here some important lemmas that are necessary for the accomplishment of the proofs of

the above results.

Theorem 4.4.1 [55, Theorem 2.2] Let Q be a bounded open subset of RN, N > 3. Then for every
1 < q < 2 there exists a positive constant C = C(£,q) such that for all uw € Hj(2) we have

2 w2
C’(/ |Vu|qu>q < / |Vu|2d:p—AN72/ —dx.
Q Q o |zf?

Q= ¥ — \/(?)2 —A (4.31)

be the smallest root of o — (N — 2)a + v = 0. It is well known that this root yields the radial

Let

solution |z|~** to the homogeneous problem

—Av— )\ Y

ER

=0.

The following lemma provides a local comparison result with this radial solution.

Lemma 4.4.1 [, Lemma 2.2] Assume that u is a non-negative function defined in 2 such that

uw#0,u€ LL.(Qr). If u satisfies
Uu .
Ou — Au— A—— >0, in D'(Qr)

with Qr :=Q x (0,T), A < Ay and B.(0) CC Q, then there exists a constant C' = C(N,r,ty,ts)
such that for each cylinder B,,(0) X (t1,t2) C Q2 x (0,T), 0 <ry <,

u > Clz|™ in B, (0) X (t1,12),

where oy is the constant defined in (4.31).
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Lemma 4.4.2 Let 0 < A\ < Ay, and g € L*(0,T; L}

loc

(Q)), g > 0. If u is a weak solution of the
problem

duu—Au = A——+g inQp:=Qx(0,T),
x

u =0 in 09 x (0,7), (4.32)
u(z,0) = up(z) in Q,

where ug € L>(R2), ug > 0, then g satisfies

to
/ / |z| " gdxdt < 400,
t1 BTl (0)

for any ball B, (0) CC Q, where oy is defined in (4.31).

Proof 4.4.1 We use similar arguments as in [0, Remark 2.4]. Let B,(0) CC Q and
¢ € L*0,T; H(Q)) N L>®(Qr) be a weak solution of the problem

&tgzﬁ—Aqb—)\% =1 inQp,
¢ =0 indQx(0,7), (4.33)
é(x,0) =1 in .

Multiplying (4.32) by T,,(¢) and integrating over B,(0) x (0,T) we obtain

/ / ouT, (¢ dxdt—/ / AuT, (¢)dzdt — A / / |x|2 ¢)dxdt
= / / 9T, (p)dxdt.
0 »(0)

Since u is a weak solution of (4.52) the above integrals make sense for each integer n. By classical

integration by parts formula, one has

/BT(O T)T.(9(z, T))da:—/ro z,0) dx—/ / wd(To(d))dadt
/ / ))dzdt — / /T(O T 0t = / / o)dudt.

Since T, (¢) — ¢ in LY(Qr) and a.e. in Qr and ¢ € L>°(Q7), we can apply the Lebesque dominated

(4.34)

convergence theorem in the (4.34) to get

T T
/ u(z, T)o(x, T)dx —/ up(x)dx —/ / uOypdxdt —/ / uAopdxdt
B(0) By(0) B, (0) 0o JB.(0)
A / / (bd:vdt / / godxdt.
0 -0 172 r(
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As ¢ is a solution of (/.33), we get

T T
/ u(z, T)p(x, T)dx — / updr — 2/ / udypdxdt + / / udxdt
B:(0), B,(0) 0 JB.(0) 0 JB.(0)
/ / godxdt.
r(0)

Applying again the integration by parts formula we obtain

T T
/ uw(z, T)p(x, T)dx +/ uo(z)dr + 2/ / Orupdxdt +/ / udxdt
+(0) 0 »(0) 0 »(0)
/ / godudt.
+(0)

By Lemma 4.4.1, for every cylinder B,,(0) X (t1,t2) C B,(0) x (0,T), 0 <7y < r there exists a

constant C' > 0 such that

)
/ / |z| " gdadt </ w(z, T)p(x, T)dx +/ updx + 2/ / |Oyugp|dadt
t1 Brl( r r(O) r

/ / udzdt.
+(0)
Since uw € LY(0,T; L}

loc(Q)>; Ug € LOO(Q), ¢ S LOO(QT) and
O € L*(0,T; H, X (Q)) + L*(0,T; L, .(Q)) conclude that

loc

to
/ / |z| " gdxdt < 400.
t1 BTl (0)

We will now compare the solution u, of (4.8) with the solution w, of the problem

ow, — Aw,, = (wn]::%)o in Q x (0,7),

wp(z,t) =0 in 90 x (0,7), (4.35)
wy(x,0) = up(x) in €,

where f = min(f,n) and ug satisfies (4.3). Recall that 4.35 has a weak solution w,, (see [27, Lemma

2.1]).

Lemma 4.4.3 Let u, be a solution of (4.8) and w, be a solution of (}.35). Then, w, < u, a.e. in
Qr.

Proof 4.4.2 Consider the problems solved by w,, and u,, subtracting the two equations, we get

&e(wn - Un) - A(wn - Un) Mmzun) + fn( +1ye (unil)">

(4.36)
< Sl ~ )
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Using (wy, — Un)4+X(0,r), 0 <7 < T, as test function in (4.56) it follows that

1
- /(wn — up)t(z, T)dz +/ IV (w, — uy) ¢ |*dodt
Q Q.
o _ w, + l)a

2
(tn + )7 = ( n
S/m fn( (u:+ T >(wn—un)+dxdt

<0

Y

where we have used wy,(z,0) = u,(x,0) = ug(x). Hence we get / IV (w, — up)y|*(z, 7)dz = 0.
Q
Recalling that w, —u, € C([0,T]; L*(?)) (see [73, Theorem 1.1]) gmplies (wy, — up)+(-,7) =0 for

every 0 < 17 < T and for almost every x € Q. Thus, w, < u, a.e. in Q.

Lemma 4.4.4 Let u, be a solution of (4.8). Then for every Q' CC Q) there exists Cor > 0 (not
depending on n), such that u, > Cq in Q' x [0,T].

Proof 4.4.3 The proof follows by combining [27, Proposition 2.2] and Lemma 4.4.5.

Lemma 4.4.5 Assume that p < Ay and let u, be a solution of (4.8). Then the sequence {uy }nen

15 increasing with respect to n € N.

Proof 4.4.4 Subtracting the two equations corresponding to the problems solved by wu, and u, 1, we

obtain
Trt1(un)—Tnt1(Unt1)

8t(un — Un+1) - A(un - unJrl) S % |x\2+%+1
B L ) (4.37)

1
+fn+1< T o
(D (—

Inserting (u, — up11)+ as a test function in (4.37) and using the fact that T, 1 is a 1-Lipschitzian

function, we get

1
—/ O (up, — Upi1)2dxdt + / IV (U, — U i1) 4 |*dwdt
Qp

J ! 1
< fnJrl(un - un+1)+( 1 o 1 a)dwdt
o7 Un + n—+1> (Unﬂ + m)

. 2
Qr

Dropping the non-negative parabolic term and using the fact that

1 1
(1 — ) oy (umﬁL)U) <0,

n+1 n+1
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we obtain

/ IV (g, — st )4 [Pdadt < u/ (o = )3 ) e
Qp

Qr |x|2

Thus, if i < Ango the Hardy inequality (4.4) yields

/ IV (t, — iy )+ [Pddt = O,
Qp

while if p = Ano we can apply the Theorem 4.4.1 to obtain

| 190 = ) e =
Qr

for all ¢ < 2. Therefore, in both cases we get (u, — Upi1)+ =0 a.e. in Qp, that is u, < upypq a.€. in

Qrp.

Lemma 4.4.6 Let u € L*(0,T; H}(Q)) be a finite energy solution of (4.1) with a datum
f € LYQr) such that supp(f) CC Qr. Then u satisfies 1z € L'(Qr), L2 e LY(Qr) and

duedadt + [ Vu- Vodudt = / (”W+ / )qbda:dt (4.38)
Qr

Qr Qr

for every ¢ € L*(0,T; Hy (2)) N L>=(Q7).

Proof 4.4.5 Let ¢ € L*(0,T; H}(Q)) N L*>°(Qr) be a nonnegative function. A direct application of
Hardy’s inequality yields umg € LY (Qr), while since f is compactly supported in Qr, by Lemma

4.4.4 there exists a constant Cypppy > 0 such that u > Ciypp(y in supp(f) so that one has

|f¢| -
/Q “—dadt < CFppllollso | fll L1y < 00
T

We argue as in [71, Lemma 4.2] considering a sequence of function ¢, € C§(Qr), with ¢, > 0 and
bn — ¢ in L*(0,T; H} (), with ||¢nllee < ||@]leo- Inserting ¢, as a test function in 4.6 and

integrating by parts, we obtain

/ Oyuddadt + / Vu - Vdudt = / (u%+i>¢ndmt. (4.39)
Qr Qr ar VP w

Since ¢, — ¢ in L*(Qr) then, for a subsequence still indexed by n, we may assume that ¢, — ¢ a.e.

in Qp. As [ is compactly supported in 2 we have

(w0 < 6l (175 + 25) € L@
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Thus, by the Lebesque dominated convergence theorem we obtain

1 —= + — |ppdadt = —= + — | pdxdt.
v Qr ('u|ac|2 * u“)gZS o /QT ('u|ac|2 * u“)gZS v
Since Ou € L*(0,T; H1(Q)) + LY (Qr) we use the convergence ¢, — ¢ in L*(0,T; Hy(Q)) and

again the Lebesgue dominated convergence theorem in (4.39) obtaining

Opupddt + Vu - Vodxdt = /

Qr Qr Qr

(u# v £)¢dxdt.
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