UNIVERSITE SIDI MOHAMMED BEN ABDELLAH

FACULTE POLYDISCIPLINAIRE TAZA
Centre des Etudes Doctorales - Département de Mathématiques

THESE

Presentée par

NEZHA EL GORCH

En vue de 'obtention du

Doctorat En Mathématiques
Spécialité : Equations aux dérivées partielles (EDP)
Sous la direction du Pr. Youssef Akdim
Intitulée

>3k skoskoskoskeoske sk sk sk sk skosk sk sk skoskoskosk sk sk skoskoskoskosk sk skoskoskoskosk sk skoskoskoskosk sk sk skoskoskoskosk sk skoskoskoskeosk sk skoskoskoskok sk skoskoskoskokoskoskoskoskokoskok skoskeskoskoskor ok

Etude de Certains Problemes Elliptiques et Paraboliques Non
Linéaires Dégénéré a Exposant Variable

>koske skoske skoskoskosk skeosk sk skoske skoskoskoskoskoskoske skosk skoskoskoskoskosk sk skoske skosk sk sk skosk sk skoske sk sk skoskoskosk sk skoske skosk skoskoskosk skeosk sk skosk skoskoskoskoskoskoskeoskoskeoskoskoskoskoskoskosk sk
These soutenue publiquement le 24 Nevembre 2016,

Devant le Jury Composé de :

President - Prof. Abdelftah TOUZANI Faculté des Sciences Dhar El Mehraz de Fes
- Prof. Hassan El AMRI Ecole Normale Supérieure de Casablanca
Rapporteurs - Prof. Ahmed DAKKAK Faculté Polydisciplinaire de Taza
- Prof. Mohamed OUANAN Faculté des Sciences Techniques Errachidia
- Prof. Elhoussine AZROUL Faculté des Sciences Dhar El Mehraz de Fes
Examinateurs - Prof. Jaouad BENNOUNA Faculté des Sciences Dhar El Mehraz de Fes
- Prof. Mounir MEKKOUR Faculté Poly disciplinaire de Taza

Directeur de Thése : - Prof. Youssef AKDIM Faculté Poly disciplinaire de Taza







Dedicace

A Mon cher Mari et a mes enfants

Ce travail n’est que le fruit de vos efforts continus, je vous remercie de votre affection
qui m’a donnee la force pour affronter les difficultes, votre soutien infaillible aux
moments les plus difficiles.

Aucune expression ne saurait vous exprimer mon sentiment chaleureux. Vous avez
le merite de ce que je suis devenue aujourd’huit.

A Mes Parents

Rien au monde ne pourrait compenser les sacrifices que vous avez consentis pour
notre éducation et notre bien étre.

A Tout membre de ma famille

Aucune expression ne saurait vous exprimer mes sentiments chaleureux. Veuillez
trouvez ici un modeste temoignage de ma profonde admiration et gratitude.

A Mes Amis

Je remercie tous mes amis pour leur soutien moral et matériel et mes collegues
étudiants- chercheurs et en particulier Mr Chakir Allalou a qui je souhaite le bon
succes et le bon courage.

En fin, Merci a toi, cher Lecteur pour préter attention a cette these.






Remerciements

Je ne saurais trouver les mots qu’il faut pour exprimer toute la gratitude que
j’éprouve envers mon encadrant Monsieur Youssef Akdim , pour sa patience, sa
disponibilité, son soutien constant et surtout son aide d’avoir proposé un sujet de
these tres intéressant et ensuite de m’avoir convaincu que j’avais le potentiel de le
faire. Je tiens a le remercier tout particulierement pour sa relecture attentive de
ma these et ses conseils avisés en termes de rédaction.

Je remercie chaleureusement le Professeur Mounir Mekkour pour sa dispo-
nibilité, ses observations , son aide moral et scientifique et qui a toujours répondu
a mes interrogations lors de la réalisation de ce travail. Il a été un collaborateur
indispensable a celle-ci et chaque moment de travail commun était tres enrichissant
et constructif.

Mes remerciements vont également a Monsieur le Professeur Abdelfatah Tou-
zani pour la gentillesse et pour l'intérét qu’il a bien voulu porter a ce travail en
acceptant d’etre président du jury.

C’est un honneur pour moi que les Professeurs Hassan El Amri, Ahmed
Dakkak et Mohamed Ouanan ont accepte la tache de rapporter ma thése . Je
les remercie pour leurs lectures attentives , leurs remarques, et je les remercie d’
avoir accepté de faire le déplacement pour prendre part a mon jury de soutenance.
Cela a été pour moi un grand honneur.

Mes plus vifs remerciements vont aussi a mes Professeurs Jaouad Bennona
et Elhoussine Azroul d’avoir bien voulu examiner ce travail et pour ’honneur
qu’ils me font en tant que membres de jury, je les remercie pour leurs cours de

Licence et de Master, ils ont joué un role considérable pour 'amour actuel que j’ai
pour les EDPs.



Etude de Certains Problemes Elliptiques et Paraboliques Non
Linéaires Dégénéré a Exposant Variable

Résumé : Cette these a pour objectif ’étude de certains problemes elliptiques et
paraboliques des équations aux derivées partielles non-linéaires faisant intervenir
un opérateur de type Leary-Lions. L’originalité de ce travail, consiste a la présence
d’une classe d’opérateurs étudiés, permettant de mettre en apparence le cadre fonc-
tionnel des espaces de Lebesgue et de Sobolev a exposant variable et de Sobolev
avec poids a exposant variable.
Notre étude est portée sur le cas ou les données sont dans L'(Q)) ou LY(Q) +
LY (0, T; W= (#)(Q)) ou dans LY(Q) 4 LP" (0, T; W' @) (Q, w*))
Ce travail se décompose en deux parties principales : Dans la premiere partie, apres
un bref exposé de quelques définitions et résultats nécessaires a ce travail, nous étu-
dions dans le chapitre 2 un résultat d’éxistence de solutions renormalisées pour le
probleme parabolique associé a 1’équation :

ob(x, u)

ot

ou Au = —div(a(z,t,u, Vu)) est un opérateur aux dérivées partielles de type Leary-
Lions, H est un terme fortement non linéaire n’ayant aucune condition de croissance
par rapport & u et sans condition de signe et de coercivité et avec f € L1(Q) et
F e (LYO(Q))N. Dans le chapitre 3, nous étudions un probléme unilatéral dans
les espaces de Sobolev a exposant variable de ce type

u > p.p. dans Q x (0,7,
% — div(a(z,t,u,Vu)) + H(z,t,u, Vu) = f dans @ = Q x (0,7,

en introduisant une nouvelle notion de solution dite solution entropique unilatérale.

+ Au+ H(z,t,u,Vu) = f —divF dans Q = Q x (0,7)

Nous montrons des résultats d’éxistence pour cette notion de solution en utilisant
la méthode de pénalisation. En suite dans le chapitre 4, nous étudions ce probleme
de type suivant :

u > p.p. dans Q x (0,7,
% — div(|VuP)2Vu) + div(g(u)) =
g(u)|VuP®) + f — divF dans 2 x (0,7

ou ¢ est une fonction positive bornée et continue et ¢ est une fonction continue
de R dans RY. La deuxieéme partie de cette these est consacrée a 1’étude de deux
classes de problemes non linéaires , Le cinquiéme est un probleme elliptique associé
a I’équation :

—div(a(z,u, Vu)) + H(z,u,Vu) = f  dans €,
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ce probleme a pour but de presenter un résultat d’éxistence de solutions renormali-
sées dans les espaces de Sobolev avec poids & exposant variable, ou f € L(), pour
le sixieme c’est un probleme parabolique fortement non-linéaire dans les espaces
de Sobolev avec poids a exposant variable de ce type :

% —div(a(z,t,u, Vu)) + H(z,t,u,Vu) = f dans Q= Qx(0,T)

Nous montrons un résultat d’éxistence de solutions renormalisées pour ce probleme
sans aucune condition de signe supposée sur le terme fortement non-linéaire H.

Mots clés
Espaces de Sobolev a exposant variable, Inégalité de Young, Problemes Ellip-
tiques, Problemes Paraboliques Unilatérale, Solutions Renormalisées, Solutions
Entropiques, Méthode de Pénalisations, Espaces de Sobolev avec poids a exposant
variable.

AMS Classification 35J15, 35J70, 35J85, A6A32, ATA15, 47D20.



Study Some Problems Degenerated Elliptic and Parabolic Nonlinear
with Variable Exponent

Abstract : The aim of this thesis is the study the some nonlinear problems el-
liptic and Parabolic partial differential equations by involves an operator the type
Leary-Lions. The originality of this work consists of the presence of a class of stu-
died operators allowing to look the impotance of the functional framework involves
Lebesgue and Sobolev spaces with variable exponent and Weighted Variable Ex-
ponent Space.
Our Study is ported on the case or data are in L'(2) ou LYQ) +
LY (0, T; W= (2)(Q)) or in LY(Q) + L (0, T; W=7@)(Q, w*))
This work is divided into two parts main : In the first after a brief presentation of
some definitions and results necessary for the continuation of this work, we study in
chapter 2, an existence result of a renormalized solution for the parabolic problem
associated with the equation :

ob(x, u)

ot

where Au = —div(a(x,t,u, Vu)) is the operator derivative partial type Leary-
Lions, H is a nonlinear order term and the critical growth condition on H is with
respect to Vu, no growth condition with respect to v and no sign condition or the
coercivity condition where f € L'(Q) et F € (LY'®(Q))N. In Chapter 3, we study
a unilateral problem in the Lebesgue and Sobolev space with varaible exponent of
the type :

+ Au+ H(z,t,u,Vu) = f —divF in Q =Q x (0,7T)

u > a.e. in Q x (0,7),
% —div(a(z,t,u, Vu)) + H(z,t,u, Vu) = f in@Q=Qx(0,7),
we introduce a new notion called entropy unilateral solution. we show the results

of existence by this notion solution using a penalization method. Then in chapter
4, we study this problem of the type :

u > a.e. in Q x (0,7,
% — div(|Vul@2Vu) + div(¢(u)) =
g(u)|Vul[P® + f — divF in Q x (0,7,

where ¢ is a bounded and continuous positive function and ¢ is just assumed to be
continuous of R with values in RY. In the second part in this thesis is dedicated for
study the two classes of nonlinear problems, the first is a elliptic problem associated
with the equation :

—div(a(z,u,Vu)) + H(z,u,Vu) = f inQ,
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this problem aim to present an existence result of a renormalized solution in Weigh-
ted Variable Exponent Space where f € L(Q) . For the second is parabolic problem
strongly nonlinear associated to the type :

g—? —div(a(z,t,u, Vu)) + H(z,t,u,Vu) = f  inQ=Qx(0,7T).

We prove an existence result of a renormalized solution for this problem without
any sign condition assumed in the non linear term H.

Key Words :
Sobolev Space with Variable Exponent, Young’s Inequality, Elliptics Problem
Unilateral, Parobolics Problems, Renormalized Solutions, Entropy Solutions,
Penalized Methods, Weighted Variable Exponent Lebesgue Sobolev Spaces.

AMS Classification 35J15, 35J70, 35J85, A7TA15, A6A32, 47D20.



NOTATION

Q) : Ouvert de RY avec (N > 1)

0f) : Frontiere topologique de (2.

r = (21, T, ...... zy) : Point générique de RN,

dr = dridxs....... dxy : Mesure de Lebesgue sur {2

Vu : Gradient de u.

Q : Q2 x (0,7),T variable du temps; T > 0.

supp(f) : Support d'une fonction f.

T}, : Fonction troncature de niveau k > 0.

D(2), D(Q) : Espace des fonctions différentiables et a support compact dans €, Q.

D, (), D, (Q) : Espace des fonctions positives de D(£2), D(Q) .

C'O(Q) C’O(Q) Espace des fonctions continues nulles au bord de 2, Q.

C* (), C*(Q) : Espace des fonctions k-fois continuement différentiables dans €, Q.
) :

LP(Q) : Espace des fonctions de puissance p-éme intégrables sur €2 pour la mesure
dx.
We(Q) = {u € IP(Q) Vue (LP(Q))N}.
W,?(Q) : Adhérence de D(2) dans W'?(Q)
P

WL (Q) : Espace dual de W, ?(Q)
Si X est un espace de Banach

T
LP(0,T;X) = {f : (0, T) — Xmesurable : /0 £ ()5 dt < oo}

L>(0,T;X) = {u :(0,T) = X measurable, 3C >0 /||u(t)||x < Cp.p.}
C([0,T]; X) : Espace des fonctions continuement différentiables de [0,T] — X
D([0,T]; X) : Espace des fonctions continuement différentiables & support compact
dans [0, 7]

Soit p(.) : 2 — (1, 00) est une fonction mesurable.

LPY(Q) = {u Q%Rmesurable/w )P <oo}

| oy = inf {A > 0 / dr<1}.
Wro(Q) = {u € [V(Q) and Vu € (LP<~>(Q))N}.

ullipe) = [lullpe) + Ilqup(.)'
Wol’p(')(Q) : Fermeture de C5°(Q2) dans W'»()(Q).

p(u) = / lu(z)|PWdx Yu e LPY(Q) : Module convexe.
0




"Rendre clair I'obscur et simple le complexe”
Abu Ja’far Muhammad ibn Musa al-Khwarizmi

xLes mathématiques sont une science dans laquelle on ne sait jamais de quoi on
parle, et ou l'on ne sait jamais si ce que l'on dit est vrai.

Berand Russel

% Un probléme sans solution est un probléme mal posé.
% Une personne qui n’a jamais commis d’erreurs n’a jamais tenté d’innover.

Albert Einstein
% Les mathématiques sont une science pour bien comprender le monde.

Nezha Elgorch
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Introduction Generale

L’étude des équations aux dérivées partielles est tres importante, vu leurs appli-
cations dans différents phénomenes du monde réel qui utilise les lois de la physique
par exemple (la Mécanique, Thermodynamique, Electromagnétisme et la Réstau-
ration de I'image, etc..). Ces lois sont généralement, écrites sous la forme des bilans
qui se traduisent mathématiquement par des Equations aux Dérivées Partielles
ou par des Equations Differentielles Ordinaires. Ces équations sont utilisées aussi
dans d’autres domaines a savoir la chimie afin de modeliser les réactions chimiques,
I’économie pour étudier I’évolution des marchés.

L’étude mathématique et analytique des équations aux dérivées partielles nous
oblige a faire un choix adéquat des espaces fonctionnels (Lesbesque, Sobolev, Or-
licz...) et nécéssite aussi de donner la définition d’une solution de I’équation aux
dérivées partielles qui est objet de notre sujet d’etude que nous allons developper
et de démontrer I'existence et par fois I'unicité de cette solution. Lors de ’étude de
ces équations, diverses difficultés peuvent étre évoquées : Difficultés liées au type
(elliptique, parabolique, hyperbolique, dégénéré...) de ’équation, a la régularité des
données et aussi a la définition des espaces appropriés.

Considérant le cas des équations elliptiques non-linéaires associeés a un opérateur
de type Leray-Lions :

Au = —div(a(x,u, Vu)) = f, (0.0.1)

ota: N x[0,T]xRxRY =R € est un ouvert borné de R¥(N > 1)

avec différentes conditions aux limites, cette équations a été 1'objet de nombreux
travaux depuis le début des années cinquantes, on trouve a titre d’exemples les
travaux de Browder [47], Morrey [69] et d’autres. Pour le cas variationnel c.a.d
lorsque f est dans le dual W_Lp/(Q), p > 1, les équations elliptiques non- linéaires

11



de la forme ((0.0.1)) ont été etudiées par Leray et Lions [64] au début des années
soixantes ils ont montré 1’ existence d’'une solution faible du probleme variationnel

(associé au probleme de Dirichlel classique) suivant :

u e WyP(Q)

/ a(z,u, Vu)Vodr = <f,v> Vo € Wol,p(Q)’ (0.0.2)
)

lorsque a ne dépend pas de u, il y a unicité de la solution. Dans le cas ou a dépend
de u Boccardo, Gallouét et Murat montrent dans [40] que si a est Lispschitizienne
en u, il y a unicité de solution pour p < 2 et il existe des contre exemples a I'unicité
pour p > 2.

Le cas parabolique a été traité par Lions [65] avec ug € L*(Q) et f €
LP(0,T; W~'7(Q)) en étudiant le probleme suivant :

(uwe L¥( 0,7;WyP(Q) u, € LY (0,T; W1 (Q))
/ Ug, U / / (t,z,u, Vu) Vvd:n—/ (f,v) VUELP(O,T;W(}’p(Q))
0

o

\

(0.0.3)

Dans le cas elliptique avec conditions aux limites homogenes de Dirichlet ou la
donnée de f est L'(€), trois approches ont été utilisées. Dall’ Aglio [49] a montré
que, méme pour un probleme non-linéaire, la méthode par approximation conduit
a une unique solution appelée SOLA. Bénilan, Boccardo, Gallouét, Gariepy, Pierre
et Vazquez [33] définissent la notion de solution entropique :

uwe WylQ) Tilu) e WiP(Q) VEk >0
/ a(x, Vu)VTi(u —v)dx < / fTip(u —v)dx Yo € WP (Q) N L2(9).
0 0

L’existence et 'unicité de solutions entropiques ont été démontrées par Andereu,.
Mazon, Segura de leon et Taledo [22]. De plus dans le cas ou f € L'(Q) la notion
des solutions renormalisées a été introduite par P. L. Lions et R. J. Diperna [52]
pour l'étude des équations de Boltzmann ( voir aussi P.L. Lions [67] pour des
applications des modeles de mécanique des fluides). Cette notion a été adaptée par
la suite & des versions elliptiques et paraboliques (voir par exemple [78, [76] 26]).
Enfin, Lions et Murat [68] avaient introduit la notion des solutions renormalisées

12



qui vérifie :
(0w e WH(Q)) Ti(u) € WiP(Q) Yk > 0
limh_m/ |\VulPdz =0 Vk > 0
{h<|u|<k+h}

< /
/QS(u)a(x,Vu)Vvdan/QS(u)a(a:,Vu)vVud:L‘

_ / FS(wyudr Yo € WEP(Q) N L¥(Q).
Q

\

la formulation des solutions renormalisées est obtenue par multiplication ponctuelle
de I'équation par S’(u) pour toute fonction S réguliere a variable réelle et a support
compact.

Considérons maintenant ’équation ((0.0.1]), mais avec introduction d’un terme non
linéaire H(x,u, Vu) dépend de trois variables x,u et Vu c.a.d une équation dite
fortement non-linéaire de type :

—div(a(z,u, Vu)) + H(z,u, Vu) = f, (0.0.4)

avec H vérifiant une croissance naturelle par rapport a |Vu|, et la condition de
signe classique H(z, s,€)s > 0. On trouve dans le cas variationnel (f € W~17(Q)),
les travaux de Boccardo, Gallouét et Murat [41] par 'utilisation de la convergence
forte des trancatures . Dans le cas ou f € L'(Q) le probleme (0.0.4) a été traité
en particulier dans [39] mais sous 'ajout d’une condition de coercivité sur la non-
linéarité de type :

H(z,t,8,8)-&>~[¢]"  pour|s| >, (0.0.5)

Apres, Porretta [71] a supprimé la condition (0.0.5]) et a prouvé l'existence d’une

solution du probleme fortement non- linéaire associé a ({0.0.4) avec u € VVO1 1(Q)
pour tout g < st?:ll), N > 1.
Encore plus précisement Porretta [72] a étudié le probleme ((0.0.4]) sans supposer

la condition de signe mais en modifiant la croissance classique de la non-linéarité

H par
[H(a,5,6)| <v(2) +g(s)[Ef, g€ L), g>0.
Dans le cas des espaces de Sobolev avec poids, Y. Akdim, E. Azroul et A. Benki-

rane [18, 19, 20] ont etudié le probleme dégénéré fortement non-linéaire associé a
I'équation (0.0.4) ot f est dans le dual ou dans L.

13



Dans le cas parabolique avec f € LP(0,T; W~ (Q))

ou — div(a(x,t,u, Vu)) + H(z,t,u, Vu) = f inQ=Qx(0,T)
u(z,0) = ug in
u=70 on 02 x (0,7T),
(0.0.6)

ce probleme a été initialement étudier par L. Boccardo [42] ainsi par Lions [65] avec
ug € L*(2). De plus L. Aharouch et al [3] ont étudié le probléme parabolique
dans le cas oll a strictement montone avec H = 0 et f € LY (0,T; (W~1P(Q,w*)).
Ainsi dans [9], Y. Akdim, J. Bennouna et M. Mekkour ont étudié ce probleme avec

% = ab(gz’u). Pour le cas elliptique- parabolique non variationnel c.a.d si f € L1(Q)

ou f est une mesure bornée, on peut consulter [46, [63] [71], 73, 83]. Ainsi pour le
probleme unilatérale associe a 1’ equation dans les espaces d’Orliz on peut
cite a titre d’exemple [32], 27].

L’objectif de ce modeste travail est 1’étude de divers problemes des équations
aux dérivées partielles non-linéaires de type elliptique et parabolique dans les
espaces de Sobolev a exposant variable ou dans les espaces de Sobolev a exposant
variable avec poids faisant intervenir des opérateurs de type Leray- Lions.

Nous allons développer et analyser ce travail en deux parties qui peuvent étre
liées independamment : La premiere partie comporte 4 chapitres. Dans le premier
chapitre nous présenterons quelques définitions et rappels des résultats de base
sur des espaces de Lebesgue-Sobolev a exposant variable et de Sobolev avec
poids a exposant variable et nous terminous ce chapitre en énoncant quelques
résultats classiques d’intégrations, Théoreme de convergence dominé de Lebesgue,
Théoreme de Vital et quelques propriétés des opérateurs montones.

Dans le deuxieme chapitre, nous considerons le probleme non-linéaire p(z)- para-
bolique suivant :

% - div(a(x,t,u, Vu)) + H(xz,t,u,Vu) = f — divF dans Q = Q x (0,7
b(z,u) |i—o= b(x,up) dans
u=0 sur 092 x (0, 7).
(0.0.7

ot Q est un ouvert borné de RM(N > 1), p € C,(Q) et 1 <p~ <p" < N, Au =
—div(a(x,t,u, Vu)) est Popérateur de Leray-Lions défini de LP (0, T Wol’p(x)(Q)

~—
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vers LP (0, T; W5 (#)(Q)), avec f € LNQ), b(z,ug) € LY(Q) et F € (LPF@(Q))VN.
Dans ce chapitre nous étudierons 1’éxistence de solutions renormalisées dans le
cadre des espaces de Sobolev a exposant variable et avec H ne vérifie pas la condi-
tion de signe classique mais vérifie la condition de croissance :

|H(z,t,5,€)| < (2, t) + g(s) €[

avec g : R — R™ est une fonction bornée continue et positive telque g € L(R) et
v € L(Q) . Parmis les diffecultés rencontrées est de montrer que T} (u,,) est bornée
par une constance indépendante de n, pour cela on montre d’abord que

/ (1) [Vt [P exp(G () )dxdlt < C
Q

Up, 0
par des choix de fonctions testes suivants / 9(8)xs>0yds et / 9(8)x{s<0yds.
0 U

Signalons que le contenu de ce chapitre fait I'objet d’un article publié voir [10]. Le
probleme étudié dans ce chapitre est une généralisation de celle de Boccardo [43].
Ainsi ce probleme a été étudié dans le cas classique par Y. Akdim, J. Bennouna,
M. Mekkour [6], de méme, on trouve Dall’Algio-Orsina [50] and Porretta [70] ont
étudié le méme probleme dans le cas ou % = g—? et que H verifié la condition de
signe classique. Récemment dans le cas elliptique, E. Azroul, M. B. Benboubker et
M. Rhoudaf [24] ont étudié ce probleme avec le second membre est dans L!'(Q) +
WP (Q) et H satisfait la condition de signe. De méme ce probleme a &te étudier
par Y. Akdim, C. Allalou, N. Elgorch [13] dans les espaces de Sobolev avec poids
a exposent variable avec F' = 0.

Notre objectif dans le chapitre 3 est ’étude du probleme unilatéral suivant :

( u > p.p. dans Q x (0,7,
4 % —div(a(x,t,u, vu)) —f‘H(ZE',t,U,VU) = f dans Q: Q) x (O,T),
u(z,0) = ug dans €,
\ u=0 sur 092 x (0,7),

(0.0.8)

dans le cadre des espaces de Sobolev & exposant variable ou f € LY(Q),uy €
LY(Q) et o € LP (0,T; Wol’p(x)(Q)) N L*(Q), on montre 'existence de la solution
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entropique unilatéral c.a.d.,

( u > p.p. dans Q x (0,7,
Te(u) € LV (0, T; W P“N(Q))  for all k>0
u e C(0,T; L))

/QSk (u(T) — U(T))dx — /QSk (uo — U(O))dx
+

@Tk(u — v)dzdt + / H(z,t,u, Vu)Ti(u — v)dzdt

< an Q
+/qa(:r:,t,u,Vu)VTk(u — v)dzdt
Q

< [ fTi(u—v)dxdt Yve K, N L¥(Q)

Q
% e L7 (0, T; W)
etSk(s) = / Ty (r)dr

0

Pour la preuve, on utilise la méthode de pénalisation c.a.d., en approchant le pro-
bleme ((0.0.8) par une suite d’équation de la forme :

aalin — div(a(x, t, Up, Vun)) + Hn(x7 ta Unp, vun)
+ n T(un — )" ¢1(un) = fr dans D'(Q),
(Pu) —0) = upy
up(t = 0) = ugy, dans €,
Uy, =0 sur 092 x (0,7).
| avee @p(s) = 1Tk(s).

le terme de pénalisation nT,(u, — ¥)~ ¢1(u,) introduit dans (F,) joue un role tres
important pour la preuve d’existence. ’

On rappelle que (0.0.8)) a été étudié dans [27] dans le cadre des espaces d’ Orlicz
ol % = (%a_(tU) de méme H. Redwane dans [70, [79] a étudié ce probleme dans le
cadre d’Orlicz Sobolev dans le cas ou H(x,t,u, Vu) = divg(u) . Ainsi ce résultat
généralise celui de Boccardo-Gallouét [43]. Signalons que le contenu de ce chapitre
fait 'objet d’un article publié voir [11].

Nous étudierons, au quatrieme chapitre, un probleme a obstacle via une technique

de pénalisation dans le cadre des espaces de Sobolev a exposant variable de ce
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type :

4

u > p.p. dans Q x (0,7,
% — div(|VuP@)2Vu) + div(g(u)) = g(u)|Vulr®)
. +f — divF dans Q2 x (0,7
u(z,0) = ug dans 2
\ u=20 sur 092 x (0,7).
(0.0.9)

ot f € LYQ), ug € LY(Q), F € (L"@Q))N, p € CL(Q) et ¢ est une fonction
supposée seulement continue sur R & valeurs dans RY et la fonction ¢ est de R — R*
continue, bornée et positive. Le terme —divF pose beaucoup de difficultés surtout
au niveau des estimations, pour cela on suppose que la fonction g € L*(R).
L’étude du probleme d’obstacle dans le cas p constante a été fait par M.
Kbiri Alaoui , D. Meskine et A. Souissi [59] dans le cadre des espaces d’Orlicz-
Sobolev ou f € LYQ), a(x,u, Vu) = |Vu[P®)2Vy, div(¢(u)) = 0 et F = 0, ainsi
voir [33], B1].

La deuxieéme partie de cette these est constituée de deux chapitres (5™¢et 6'¢) qui
traitent certains problemes dans le cas des espaces de Sobolev dégénéré a exposent
variable. Le cinquiéme, est consacré a l’existence d’'une solution renormalisée d'un
probleme p(z)-elliptique de la forme :

{Au+ H(z,u,Vu) = f dans

(0.0.10)
u=>0 dans 0f2,

oi1 © est un domaine borné de RY avec N > 2, p € C.(Q), p(z) > 1,1 <p~ <

pt < oo et ]ﬁ + zﬁx) = 1. A est un opérateur de type Leray-Lions défini de
Wo P, w) dans son dual W=1#@)(Q, w*) par la formule Au = —div(a(z, u, Vu))
et f e LY(Q).

Nous démontrons dans ce chapitre le résultat d’existence de la solution renormalisée
sous I’hypothese ou le terme non linéaire H(x, u, Vu) ne vérifie pas la condition de
signe et satisfait a une condition de croissance de la forme

avec g : R — R est une fonction continue et positive tel que g € L}(R) et
v € LY(Q). Lorsque le second membre f est dans le dual W=7 (®)(Q) ce probleme
a été traité dans [28].
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Le sixieme chapitre traitera un probleme parabolique dégénéré a exposent variable
(voir [12]) de type suivant :

% — div(a(z,t,u, Vu)) + H(z, t,u, Vu) = f dans Q = Q x (0,7)
u(x,0) = ug dans €2
u=20 sur 992 x (0, 7).
(0.0.11)

avec f € LY(Q) et a(z,t,u, Vu) vérifie la montonie strict

(e, t,5,6) — ale,ts,m)| - (€=n) >0 VE£n e RY

Pour le cas classique, on peut se référer a [38] [34].

Dans ce chapitre, on donnera un résultat d’existence de solution renormalisee de

(0.0.11]), c’est a dire
(uw e C(0,T; L'(Q))
Tp(u) € LP (0, T; WoP“N(Q,w))  for all k >0
/ a(z,t,u, Vu)Vudzxdt — 0 as m — o0,
{m<|ul<m+1}

i, N

asa(tu) — div(S’(u)a(m,t, u, Vu)) + S"(w)a(z, t,u, Vu)Vu

+H (z,t,u, Vu)S (u) = fS'(u) in D'(Q),
VS € W2%(R)de O

| et telque S" support compacte dans R

Signalons que le contenu de ce chapitre fait 'objet d’un article publié voir [12].
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This part is constituted of the following chapters
CHAPTER I
Preliminaries

CHAPTER 11

Existence of Renormalized Solutions for p(z)-Parabolic Equations with three

Unbounded Nonlinearities
CHAPTER I11

Nonlinear parabolic inequalities in Sobolev space with variable exponent
CHAPTER 1V

Obstacle problem for a non linear p(x) parabolic inequalities
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Chapitre 1

Preliminaries

The aim of this chapter, is to recall some results and the notion necessary of this
work. This chapter is organized as follows : In the first section, we give some pre-
liminaries, definitions and the basic proprieties of the generalized Lebesgue spaces
LP@)(Q) and the Sobolev space W) () that will be used throughout the chap-
ter II, III and chapter IV, we refer to Fan and Zhao [56] for further properties of
variable exponent Lebesgue - Sobolev spaces. Section 2 is devoted to state and
prove some basic results for the Spaces of Lebesgue with weight and to variable
exponent LP(*)(Q,w) and spaces of Sobolev with weight and to variable exponent
lep("’)(Q, w), some proprieties obtained here are new and might have significance
for other problems, although they are the generalized cases of some known ones.

1.1  Variable Exponent Lebesgue and Sobolev Spaces

In this part we recall some definitions and properties of the generalised Lebesgue
- Sobolev spaces with variable exponent.
Let  be a bounded open subset of RY (N > 2), we say that a real-valued continuous
function p(.) is log-Holder continuous in £ if :

C
<
|log |z — y||

_ 1
Ip(x) — p(y)| Vae,y € Q  such that |x —y| < 3 (1.1.1)

with possible different constant C'. We denote
C.(Q) = {log—Hélder continuous function p: Q —-R /1 <p” <pt <N }, where

p- =min{p(z):x € Q} and p' =max{p(z):z€Q}
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we denote by P(£2) the set of Lebesgue measurable function

P(Q) = {u :Q—=R measumble} and
P Q) ={u:Q—[1,00) measurable}.

We define the variable exponent Lebesgue space for p(.) € C,(Q) b
LPO(Q) = u € P(Q /\u )P < oo}

this space is endowed with the (Luxembourg) norm define by the formula :

lullpeorsy = lulbgo = int {20 [ (4 poas <1},

If1 <p <pt < oo then LPE )(Q) is a uniformly convex Banach space and
therefore reflexive and if p € P*(Q) N L>(Q), then LP)(Q) is separable space.

We denote by L”)(Q) the conjugate space of LP)(Q) where 1%-) + p%(.) = 1, see
57, §4].

Proposition 1.1.1 (Young’s Inequality ) Let p, p' € C(Q), where p’ the conju-
gate, 1.e., 1% + p%(') = 1. For all a,b > 0, we have

Proposition 1.1.2 see[50, [60/(Generalised Holder Inequality)
i) For any functions u € LX@(Q) and v € LP@)(Q), we have

]/uvdx\< +—\|u||p Mol < 2l [0l

1) For all p, q E C+(Q) such that p(z) < q(z) a.e. in Q, we have
L1 s [P gnd the embedding is continuous.

The modular of the space LP(*)(Q), which is the mapping p : LP®(Q) — R is
defined by

(2)
:/‘u(x)‘p dx  for alluELp(I)(Q)
Q

The next proposition shows that there is a gap between the modular and the norm
in LF@)(Q),

Lemma 1.1.1 . (Seef56]). Let u € LP%)(Q) then,
) - + - +
min { |2, [l b < p(u) < max {luliy,), [l }
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Proposition 1.1.3 See([57, [84]) For u € LP™)(Q) and {uy}ren C LP®(Q) then,
the following assertions hold

w0 = [Huupm —\ e p(%) - 1} (1.1.2)
ullpe) > 1= [[ulll,) < pu) < llull?, (1.1.3)
ullpe) < 1= [[ulll,) < pu) < llul, (1.1.4)

B gy =0 < lim pluy) =0 (1.1.5)
kh_}lgo |[uk|| oo () = 00 & kh_)rgo p(uy) = oo. (1.1.6)

Theorem 1.1.2 For any function u € LPY)(Q) and u, € LPY(Q), we have then,
the following are equivalent assertions

’I,) limnﬁoo Hun - qu(_) =0

11) limy_yo0 p(uy —u) =0

111) u, converge to u in measure and lim,, . p(u,) = p(u).

Which share the same type of properties as Lp(x)(Q), we define also the variable
Sobolev space by

W) Q) = {u € I’D(Q) and |Vul € Lp<->(9)},
where the norm is defined by

1 pe) = [ullp@) + || Vullpwy  Yu € WHE(Q).

It is easy to see that the norm
p(x) ‘Vu(x)

||]u|\|:inf{u>0:/g<@ dx + 3 p(x)>dx§1}

is the equivalent norm. An interesting feature is that smooth function are not

dense in W) (Q) without additional assumptions on the exponent p(z). This
was observed by Zhikov [86] in connection with Lavrentiev phenomenon. However,
when the exponent p(z) is log-Holder continuous, then smooth function are dense in
variable exponent Sobolev spaces and there is no confusion in defining the Sobolev
space with zero boundary values, T/VO1 P <QC)(Q), as the completion of C§°(£2) with
respect to the norm ||ul|; ;) (see[58]. and we define the Sobolev exponent by

b (2) = A for plz) <N
00 for p(x) > N.
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We denote by Wol’p(x)(Q) the closure of C§°(Q) in WP)(Q), i.e.,

—  _Wwle)
W@ = o

and we define the Sobolev exponent by p*(x) = ]év flgfx)) for p(x) < N.

Proposition 1.1.4 [57]
i) Assuming 1 < p~ < p™ < oo the spaces WHP@(Q) and Wol’p(ﬁ)(Q)
are separable and reflexive Banach spaces.

1) If ¢ € C.(Q) and q(x) < p*(x) for any x € K, then the embedding
Wol’p(x)(ﬂ) s LI@)(Q) is continuous and compact.
111) Poincaré inequality : there exists a constant C >0, such that

1.p(x
[ullp) < CllVullye) Y € Wo™ ().
vi) Sobolev Inequality : there exists other constant C > 0, such that
1.p(x
lallpa) < ClIVullye ¥ € W™ ().
Remark 1.1.1 By(iii)of Proposition|1.1.4, we deduce that ||[Vul|y.) and ||ul|ip)

are equivalent norms in VVO1 P (x)(Q).

We will also use the standard notation for Bochner spaces, i.e.,if ¢ > 1 and X is a
Banach space then L9(0,T; X) denotes the space of strongly measurable function
u: (0,T) — X for which ¢ — |Ju(t)||x € L(0,T). Morever, C([0,T]; X) denotes
the space of continuous function v : [0,7] — X endowed with the norm

lulleqorx) = maxep. 1 |ut)| x.

L (0,T; Wol’p(x)(Q)) = {u :(0,T) — Wol’p(x)(Q) measurable;
T s
(] 1o t) ™ < o0}
and we define the space

L>(0,T;X) = {u :(0,T) — X measurable, 3C >0 /||u(t)||x < C a.e.},
where the norm is defined by
ull ) = inf {C > 0 lu(t)]lx < Cae.}.
We introduce the functional space see [24]

v ={rer 0 mwr @)vsl e U@}, (1L7)
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which endowed with the norm

1 fllv = IV fll o)

or, the equivalent norm

710V = 17 ey + 19 Al o)

is a separable and reflexive Banach space. The equivalence of the two norms is
an easy consequence of the continuous embedding LP™)(Q) < LP (0, T; LP™")(Q))
and the Poincaré inequality. We state some further properties of V' in the following
lemma.

Lemma 1.1.3 Let V' be defined as in and its dual space be denote by V*.
Then,

i) we have the following continuous dense embeddings

LY (0, T; Wy "(Q)) < V s 1P (0, T; Wy P ().

In particular, since D(Q) is dense in LP" (0, T; Wol’p(x)(Q)), it is dense in 'V
and for the corresponding dual spaces, we have

L@ (0, T; (Wy " ())*) < Vs LU (0, T; (W " (Q))").
Note that, we have the following continuous dense embeddings
L (0, T; LP®(Q)) < LPO(Q) — LP” (0, T; LP(Q)).

1) One can represent the elements of V* as follows : if T € V*, then there
exists F' = (fi,...., fx) € (L@Q)Y  such that T = divF and

(T, &)vey = /0 ' /Q F.Véddt,

for any & € V. Moreover, we have

Remark 1.1.2 The space V N L*(Q), is endowed with the norm defined by the
formula

ollviz<ia) = max { [ollv, lollz<g) | v € VN LE(Q),

is a Banach space. In fact, it is the dual space of the Banach space V* + L'(Q)
endowed with the norm

lollv-szi@) = inf { orllv- + lealligyi v =1 + s, 01 € V,00 € LYQ)}.
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1.2 Some Impotant Technical Definitions and Propositions and Lem-
mas.

Definition 1.2.1 for k > 0 and s € R, the truncation function Ty(.) defined by

To(s) =
M) =Ves  ip s>k

B

{s if sl <k

Lemma 1.2.1 ([3])Assume(2.2.5)-(2.2.5) and let (u,), be a sequence in
LY (0,T; LPY)(Q)) such that u, — u weakly in LP (0, T; LP“)(Q)) and

/ (a(x, tyuy, Vuy,) — alx, t, uy,, Vu))V(un —u)dx — 0.
Q
Then, wu, — u strongly in LP (0,T; LPM)(Q)).

Lemma 1.2.2 (29])Let g € L*)(Q) and g, € LP)(Q) with ||gullpw < C for
1< p(x) < oo, if go(z) = g(x) a.e. on Q. Then, g, — g in LPO(Q).

Lemma 1.2.3 See[70)]
W= {u EViu €V + Ll(Q)} — ([0, T]: LY ()

and

W N L*(Q) = C((0,T]; L*(%)).

1.3 Spaces of Lebesgue and Sobolev with Weight and to Variable Ex-
ponents

In this section, we state some elementary properties for the Weighted Variable
Exponent Lebesgue-Sobolev spaces LP(*)(,w) which will be used in the next
sections. The basic properties of the variable exponent Lebesgue—Sobolev spaces
WP (Q), w), that is, when w(x) = 1 can be found from [58, [65].

Definition 1.3.1 Let w be a function defined in ) ; w s called a weight function
in €2 if she is measurable and strictly positive a.e. in 2.
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1.3.1 Spaces of Lebesgue with weight and to variable exponents.

Let p € C(Q), we introduce the weighted variable exponent Lebesgue space
LP®)(Q), w) that consists of all measurable real-valued functions u such that

LPO(Q,w) = {u : Q — R, measurable, / () |P@w(z)de < oo}.
0
Then, LP®)(Q,w) endowed with the Luxemburg norm

U] o) () = mf A>0: /| asgl}

Proposition 1.3.1 The space <Lp(x)(Q,w), \u|Lp(z)(Q7w)> is of Banach.

Let us note p,(u) = /w(x)\u(xﬂp(x)dx for all u € LP™)(Q, w),
0
the modular of the space LP(*)(Q, w)

Remark 1.3.1 In simple case when w(x) = 1, we have LP™)(Q,w) = LP@)(Q)
and we use the notation |ulpe ) instead of |u|ppw o) and pu,(u) = plu) =

/ () P da
Q

Lemma 1.3.1 (See [58]) For all function u € LP")(Q,w). There are the following
assertions

Ul oy wy < W= 15> 1) if and only if p(u) < 1(=1;> 1), (1.3.1)
i Wil > 1 then [0l oy < 000) < liliq (132
if |ul gy < 1 then ‘U‘me Q) = < p(u) < |U‘Lp(z-)(g7w)- (1.3.3)

Remark 1.3.2 (See [60]) If we set
= / Ju(2) ") + w(z) | Vu(z) PP dr
0

Then, following the same argument, we have

it ull o 10y | < 100) < e Yl g Il g |-

Let w be a weight function satisfying that

(Wl)WELl o(Q )andw Comy e L. .(Q);

(Wa) =) € L1(Q,w) with s(x) € (-5, 00) M [k, 00).
») ca

p(z)’
The reasons that we assume (W) and (W) can be “found in [50].
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1.3.2 Spaces of Sobolev with weight and to variable exponents.

Let p € C'L(Q2) and w be a weight function in 2. We define The weighted variable
exponent Sobolev space WP (Q, w) by

Wl,p(w)(Q’w) = {u c Lp(”“")(Q); \Vul| € Lp(”)(ﬂ,w)}a
where the norm is
HUHWLP(’”)(Q,OJ) = ‘UJ‘LP(JC)(Q) + ‘VU’LP(x)(Q,w)a (134)

or, equivalently

: U(T) (e Vu(x) .
[ul[ s @w) = 1nf{)\ >0: /Q \¥‘p( ) 4+ w(z)| )\( )|p( Vdx < 1}

for all u € WP@)(Q, w).

Remark 1.3.3 ([60])

(i) If w is a positive measurable and finite function, then Lp(m)(Q,w) 1 a reflexive
Banach space.

(i1) Moreover, if (Wy) holds, then W'P)(Q, w) is a reflexive Banach space.

For p,s € C.(Q), denote p,(x) := p;g)sﬁ) < p(x), where s(z) is given in (W5).

Assume that we fix the variable exponent restrictions

* L (x)s(x)N .
{pS(x) = G@+ONpaw@ LN > pa(@),

pi(x) arbitrary if N < ps(z)

for almost all x € 2. These definitions play a key role in our chapter. We shall
frequently make use of the following (compact) imbedding theorem for the weighted
variable exponent Lebesgue—Sobolev space in the next sections.

Lemma 1.3.2 ([60]) Let p,s € C(Q2) satisfy the log-Hélder continuity condition

1.1.1) and let (W7) and (W3) be satisfied. If r € C(Q) and 1 < r(x) < pi(x)
then, we obtain the continuous tmbedding

W (Q,w) — L'@(Q).

Moreover, we have the compact imbedding
WPO/(Q, w) < L'@(Q),
provided that 1 < r(z) < pi(x) for all x € Q.
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From Lemma [1.3.2, we have Poincaré-type inequality immediately.

Corollary 1.3.3 ([60]) Let p € C(Q2) satisfy the log—Hdlder continuity condition
. If (Wh) and (Ws) hold, then the estimate

[ull o) < ClIVUl o )

holds, for every u € C§°(§2) with a positive constant C independent of wu.

Throughout this chapter, let p € C(£2) satisfy the log-Holder continuity condition

1.1.1) and X := W,

that consists of all real valued functions u from W'?(*) (), w) which vanish on the

P (x)(Q,w) be the weighted variable exponent Sobolev space

boundary 0f2, endowed with the norm

lullx = inf{\ > 0 : / )
Q

which is equivalent to the norm due to Corollary ([1.3.3)). The following pro-
position gives the characterization of the dual space (I/V(;C P (x)(Q, w))*, which is ana-

logous to [[65], Theorem 3.16} . We recall that the dual space of weighted Sobolev

(x)
! w(x)dx < 1},

Vu(x)
A

spaces Wol’p(x)(Q,w) is equivalent to W~1P'@)(Q, w), where w* = w' 7@,

1.3.3 Some technical results in weighted Sobolev spaces with variable expoponent.

Lemma 1.3.4 ([3]]) Let ¢ € LP"(Q,w) and let g, € LP®(Q,w), with
gnllro 0wy < ¢, 1 < r(z) < oo. If gu(x) — g(x) a.e. in Q, then g, — g in
LP®)(Q, w), where — denotes weak convergence and w is a weight function on €.

Lemma 1.3.5 . Assume (5.2.1)—(5.2.3) and let (u,), be a sequence in Wol’p(')(Q,w)
such that u, — u weakly in Wol’p(')(Q,cu) and

/Q (a(m,un, Vu,) — a(z, uy, Vu)) Y (up — u)dz — 0. (1.3.5)

Then, u, — u strongly in Wol’p(')(ﬂ,w).

Proof. Let D,, = [a(:c,un,Vun) — a(x,un,Vu)}V(un — u), thanks to (5.2.2), we
have D, is a positive function and by , D, = 0in L'(Q2) as n — oo.

Since u,, — u in Wol’p(x)(Q,w) then, u, — u a.e. in {2 and since D,, — 0 a.e. in €2,
there exists a subset B in {2 with measure zero such that for all x € Q\ B,

lu(z)| < oo, |Vu| <oo, K(z)<oo, wu,—u, D,—0.
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Taking &, = Vu,, and £ = Vu , we have

Da(2) = |a(@, un, &) — al@, un, €)] - (€4 — €)
— (@, U, §0)6n + (@, 1, )€ — A,y €:)E — A, 1, )6,
> auw(e) ") + aw(x) P
= Bt (@) (k) + w0 @) PO 4 O @) 6P ]
— B0 (@) (k) + w0 (@) PO+ MO () €] ) g |
> aw(@)|& " = Gt + & O @6 PO + MO @)l

where C, depending on z, without dependence on n. (since u,(x) — u(x) then
(up)p is bounded), we obtain

C,  Cuw?®  Chwits
TEREARES

by the standard argument (&), is bounded almost everywhere in 2, Indeed, if
|€,] — 00 in a measurable subset E € ). Then,

Da(a) = | (aw(x) -

1 1
C,  Cwii

lim [ D,(z)dx > llm/\§n|p aw(r) Cim i az) 1):oo,
oo Ja oo |£n‘p$ IS |&n |PL)

which is absurd since D,(x) — 0 in L(Q)). Let £* an accumulation point of (&,),,
we have |£*| < oo and by continuity of a(., .,.), we obtain

a(xau(x)af*) - a(x u( ) 5)] (fn - 5) =0,

thanks to (5.2.2), we have £* = £, the uniqueness of the accumulation point implies
that Vu,(xr) — Vu(x) a.e. in €. Since the sequence a(z,u,, Vu,) is bounded in
(LP@(Q,w))N and a(z, un, Vu,) — a(z,u, V) ae. in Q, Lemma [1.3.4 implies

a(z, up, Vuy) = a(z,u, Vu) in (L7@OQ,w )N,

Let us taking v, = a(z,u,, Vu,)Vu, and, § = a(z,u, Vu)Vu, then g, — ¢ in
LY(€), according to the condition (5.2.3)), we have

aw(2) |V, [P@ < a(x, tn, Vi) V.

Let z, = |Vu,['®w, z = |Vulf®w and g, = £y =L Then, by Fatou’s Lemma,
we obtain

/ 2ydzdt < liminf/(yn +y— |z, — 2|)dx
0 0

n—oo
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i.e., 0 <limsup, . [q 20 — 2|dz, hence

0< hminf/ |2 — z|dz < limsup/ |2, — z|dx <0,
0 Q

n—00 n—00
this implies
Vu, = Vu in (LP@(Q,w))V,
we deduce that
u—u in Wol’p(x)(Q, w),

which completes our proof.

1.4 Integration Results

Fatou’s lemma

Let f, be a sequence of positive measurable functions. So

liminf f,, Jdx < lim inf fndx
QN oo oo Q

Theorem of Convergence Lebesgue dominated

Let f, be a sequence of function of L(Q) convergence almost everywhere a mea-
surable function f.We assume that there are g € L'(Q) such that for all n > 1, we
have | f,,(z)| < g(z) almost everywhere on . So f € L'(Q2) and

lim/|fn—f\dx:O, lim/fndx:/fdx

Definition of equi-integrability
We say that f,, a sequence of function of L!(f2) is equi-integrable if : for everything
€ > 0 there exists 0 > 0 such as VE C  measurable with mes(F) < § , we have

/ fodx < e.
Q

An important theorem to show strong convergence of a sequence from convergence
almost everywhere is the theorem of Vitali

Vitali Theorem

Let 1 < p < 400,22 C RY and (f,),en be a sequence of function of LP(€) conver-
gence almost everywhere to a function f. So

fo— f strongly in LP(Q) < (f,), is p - equi-integrability
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1.5 Monotone Operators

In the following, V is a reflexive Banach space and separable, A application of
Vin V'
Definition 1.5.1 We say that
i) A is monotone if :
Vu,v e Vo (A(u) — A(v),u —v) >0
1) A is hemi continuous if : for all u,v,w € V, application
t — (A(u+tv),w) is continuous de R in R

1i1) A is coercive if :

b (A(u),v) _ oo
lulv =00 |Jully

Theorem 1.5.1 Let A be an operator satisfying :
1) A is bounded

2) A is hemi continuous

3) A is monotone

4) A is coercive.
Then A is surjective of V- — V' i.e., for f € V' it existsu € V such that A(u) = f.

Definition 1.5.2 A monotone map T : D(T) — X* is called mazimal monotone
iof its graph
G(T) = {(u,T(u)) € X x X* for alluc D(T)},

1s not a proper subset of any monotone set in X x X*.
Let us consider the operator % which induces a linear map L from the subset

D(L) = {v e X:v e X" )= O} of X into X by
<Lu,v>X = /OT<u'(t),v(t)>th uwe D(L), veX.

Lemma 1.5.2 L is a closed linear mazimal monotone map.
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Definition 1.5.3 See [8/ A mapping S is called pseudo—monotone with u, — u
and Lu, — Lu and lim,,_,o sup(S(u,), u, —u) <0, that we have

lim,,_, SUp <S(un), Uy, — u> =0 and S(u,) = S(u) as n — 0.

Theorem 1.5.3 Let A is pseudo—monotone and coercive. Then, Vf € V' the equa-
tion A(u) = f admits at least one solution.
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Chapitre 2

Existence of Renormalized Solutions for
p(x)-Parabolic Equations with three
Unbounded Nonlinearities

Abstract
In this chapter, we study the existence of a renormalized solution for the nonlinear
p(z)-parabolic problem associated to the equation :

(‘)b(gt, u) —div(a(x,t,u, Vu)) + H(x,t,u,Vu) = f —divF in Q = Q x (0,T)

with f € LY(Q), b(z,up) € LY(Q) and F € (L7 @(Q))V.

The main contribution of our work is to prove the existence of a renormalized

solution in the Sobolev space with variable exponent. The critical growth condition
on H(x,t,u, Vu) is with respect to Vu, no growth with respect to u and no sign

condition or the coercivity condition.

2.1 Introduction

In the present chapter we establish the existence of a renormalized solution for
a class of nonlinear p(x)-parabolic equation of the type :

6bgi’u) - div(a(x,t,u, Vu)) + H(z,t,u,Vu) = f —divF dans @ = Q2 x (0,7)
b(x,u) |y=o= b(x, up) dans )
u=0 sur 092 x (0, 7).
(2.1.1)
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In the problem (2.1.1),  is a bounded domain in RV (N > 1), T is a positive real
number, while b(z,ug) € LY(Q), f € L'(Q)and F € (L7®(Q))V.

The operator —div(a(z,t,u, Vu) is a Leray—Lions operator defined on

Lr (0,T; Wol’p(')(ﬂ)) (see assumption ([2.2.3)-(2.2.5)) of section 2) which is coercive
b(x,u) is an unbounded function of u, H is a non linear lower order term.

The notion of renormalized solutions was introduced by R. J. Diperna and P. L.
Lions [5]] for the study of the Boltzmann equation, it was then used by L. Boccardo
and al [42] when the right hand side is in W~5(Q) and by J. M Rakoston [75]
when the right hand side is in L'(£2).

For the degenerated parabolic equations the existence of weak solutions have been
proved by L. Aharouch and al [3] in the case where a(x,t,u, Vu) is strictly mono-
tone H =0, F =0 and f € LY(0,T, W=7 (Q,W*)), see also the existence and
uniqueness of a renormalized solution proved by Y. Akdim and al [§] in the case
where a(x,t,s,€) is independent of s, H =0 and F = 0.

In the case H(x,t,u,Vu) = divg(u) and F' = 0, the existence of renormali-
zed solutions has been established by H. Redwane in the classical Sobolev space
and in Orlicz space[76], [79] and by Y. Akdim and al [7] in the degenerate So-
bolev space without the sign condition and the coercivity condition on the term
H(z,t,u,Vu) = div(¢(x,t,u)) and F = 0, the existence of renormalized solutions
has been established by A.Aberqi and al [1] in the classical Sobolev space.
Recently while b(z,u) = u, a(z,t,u, Vu) = |VuP®2Vy and F = 0, C.Zhang
and S. Zhou [85] proved the existence of renormalized and entropy solutions with
L'-data and see also M. Bendahmane, P. Wittbold, A. Zimmermann [29] proved
the existence of renormalized solutions for a nonlinear parabolic equation with L!-
data. It is our purpose to prove the existence of a renormalized solution of variable
exponent Sobolev spaces for the problem setting without the sign condition
and without the coercivity condition, the critical growth condition on H is only
with respect to Vu and not with respect to u (see assumption H2), where the
right hand side is assumed to satisfy : f belongs to L'(Q) and F € (L¥'@(Q))V.
This chapter is organized as follows : In Section 2 we make precise all the assump-
tion on b, a, H, f and b(x,uy) and give the definition of a renormalized solution of
the problem for which our problem has a solution. In Section 3 we establish
the existence of such a solution (Theorem2.3.1)). In Section 4 we give the proof of

Theorem (2.3.2), lemma (2.3.4)) and proposition (2.3.2)) (see appendix). Section 5
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is devoted to an example which illustrates our abstract result.

2.2 Essential Assumption

Throughout the paper, we assume that the following assumptions hold true.
ASSUMPTION (H1)
Let Q be a bounded open subset of RY(N > 1), p € C,(Q) and
b: QxR — Ris a Carathéodory function such that for every x € Q, b(z,.) is a
strictly increasing C'! function with

b(x,0) = 0. (2.2.1)
Next, for any & > 0, there exist Ay > 0 and functions Ay € L>*(Q)) and By €

LP®)(Q)) such that

8659568, s) )’ < By(z). (2.2.2)

for almost every x € Q and every s such that |s| < k, we denote by
D, (0b(z,s) \ 0s) the gradient of 9b(x, s) \ Os defined in the sense of distributions.

ASSUMPTION (H2)
We consider a Leray—Lions operator defined by the formula

Au = —div <a(:1;, t,u, Vu)) :

M < < Ay(z) and \Dx(abg‘;’ °)

where a : Q x [0,7] x R x RY — R is a Carathéodory function, i.e., (measurable
with respect to x in Q for every (s,£) € R x RY and continuous with respect to
(5,€) € R x RY for almost every x in Q) which satisfies the following conditions
there exist k € L"(Q) and o > 0, B > 0 such that, for almost every (z,t) € Q
all (s,6) € R x RV,

0w, t,5,€)| < B|k(x.1) + |5 + g (2.2.3)
{a(a:,t, $,€) —a(z,t, s,n)] (E—m)>0VE#D (2.2.4)
a(z,t,s,€) - &> aleP), (2.2.5)

ASSUMPTION (H3)
Let H: Qx [0,T] x R x RY — R be a Carathéodory function such that for a.e.
(x,t) € Q and for all s € R, £ € RY, the growth condition

[H(x,t,5,6)] < A(a,t) + g€, (2.2.6)

37



is satisfied, where ¢ : R — R7 is a bounded continuous positive function that
belongs to L'(R), while v € L(Q).

Definition 2.2.1 Let f € LY(Q), F € (L"Y(Q))N and b(.,ug) € L*(Q)
A real-valued function u defined on Q is a renormalized solution of problem ([2.1.1))
if
Typ(u) € L (0, T; WaP“U(Q)) for all k > 0, b(z,u) € L™®(0,T;: L'(Q)),  (2.2.7)
/ a(x,t,u, Vu)Vudxdt — 0 as m — 00, (2.2.8)
{m<|u|<m+1}

0Bg(x, u)_
ot
Y H (2t u, Vu)S' (u) = £ (u) — dz’v(S’(u)F) + S§"(W)FVu in D'(Q), (2.2.9)

— dz’v(S’(u)a(m,t, u, Vu)) + S"(u)a(x, t,u, Vu)Vu

for all S € W2(R) which are piecewise C' and such that S’ has a compact
b
support in R, where Bg(z, z) :/ 0 gj T)S'( )dr and
0 T

Bs(z,u) |i—o= Bg(x,up) in Q. (2.2.10)

Remark 2.2.1 Equation 15 formally obtained through pointwise multiplica-
tion of problem by S'(u). However, while a(x,t,u,Vu) and H(x,t,u, Vu)
do not in general make sense in (P), all the terms in have a meaning in
D'(Q). Indeed, if M is such that supp S" C [—=M, M], the following identifications
are made in
eS(u) belongs to VN L*(Q). Since S is a bounded function.
oS5 (u) (x t,u, Vu) identifies with S'(u) a(x,t, Ty(u), VI (w)) a.e. in Q. for any
¢ € D(Q), using Holder inequality

/S/ a(x,t,u, Vu)Veodrdt = /S’ a(x,t, Ty (w), VI (u))Vpdrdt

L

< Carl9' (g ma / VT (w))”

([ 192F ) Hi¥elog

where M > 0 is that supp S" C [-M, M]. As D(Q) is dense in V, we deduce that
div( S’ (u)a(x, t,u, Vu)) € V*.
05" (u) a(z,t,u, Vu)Vu identifies with S"(u) a(x,w, Tpr(u), VI (uw)) VT (u) and
S"(u)a (x w, Tar (), VTM(u)) VT(u) € LNQ).
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oS (u) H(x,t,u,Vu) identifies with S'(u)H (x,t,Th(u), VI (u)) a.e. in Q.
Since |Ty(u)] < M a.e in Q and S'(u) € L>®(Q), we see from and
(2.2.)that

S (w)H (x,t, Tar(u), VT (u) € LYHQ).

oS'(u) f belongs to LY(Q) while S"(u)F belongs to (L7 (Q)).
0S"(u) FVu identifies with S"(u) FVTy(u), which belongs to LY(Q).
The above considerations show that equation hold in D'(Q) and that

0Bgs(x,u)
ot
Due to the properties of S and 8%—(:) e V* + LY Q) using lemma (1.2.5),

which implies that S(u) € C([0,T); L'(2)), so that the initial condition (2.2.10)
makes sense, since, due to the properties of S (increasing) and , we have

cV*+ LYQ).

(Bs(z,r) — Bg(a:,r')’ < Ak(x)‘S(r) - S(r’)‘ forallr,r' € R, (22.11)

2.3 Existence results.

In this section, we establish the following existence theorem :

Theorem 2.3.1 Let f € L'(Q), F € (LP@(Q)N, p(.) € C(Q) and assume that
ug is a measurable function such that b(.,ug) € LY(Q). Assume that (H1)-(H3)
hold true. Then, there exists a renormalized solution u of problem in the

sense of Definition (2.2.1).

Proof. The proof is in five steps.
STEP 1 : Approximate problem :
For n > 0, we define approximations of b, H, f, I’ and wuy. First, set

by (1) = bz, To(r)) + %r. (2.3.1)

by, is a Carathéodory function and satisfies (2.2.2)) : there exist A\, > 0 and functions
A, € L*(Q) and B,, € L*")(Q) such that

- b, (z, s)
- 0Os

An
0s

< A,(x) and ‘Dl«( )‘ < B,(z) a.e. in Q, s € R,
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Next, set

H(x.t
Hn(SL‘,t,S,«S) - 1($> 7375) )
1+E‘H('x7t787§)‘
Note that |H,(xz,t,s,§)| |H (z,t,5,§)]

IA A

and  |H,(z,t,s,§)] n for all (s,£) € R x RY.

and select f,, ug, and b, so that

fo € LPO(Q) and f, — f a.e.in Q and strongly in LY(Q) asn — co, (2.3.2)

ton € D), (e von) i) < || b, ) v 233)
b (2, ugn) — blx, up) a.e. in Q and strongly in L*(Q). (2.34)

Let us now consider the approximate problem

Pulfitn) diV(a(w, t, un, Vun)) + H,(z,t,un, Vu,) = f, — divF  in D'(Q),
(P2)n by (2, un) i—o= bn(z, upy)  in Q

Uy, =0 on 02 x (0,7).

Theorem 2.3.2 Let f, € LP (0,T;W='0(Q)), p(.) € C.(Q) for fized n, the
approzimate problem (Ps),, has at least one weak solution u, € LP (0, T} Wol’p(')(Q)).

Proof. See Appendix.

In view of Theorem (2.3.2)), there exists at least one weak solution w, €
L7 (0;T: W P(Q)) of the problem (P),. (see[65)]).

STEP 2: A Priori Estimates :

Proposition 2.3.1 Let u,, a solution of the approrimate problem (P),. Then,
there exists a constant C'( which does not depend on the n and k) such that

1T () o o rapivryy < C b V>0,

Proof.

Let ¢ € L? (0,7} Wol’p(')(Q)) N L*(Q), with ¢ > 0, Choosing v = exp(G(uy,))p

as a test function in (FP), where G(s) = / (M)dr. (the function g appears in
0 (03
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(2.2.6))), we have

b, (,uy)
/QTexp(G(un))godxdtJr/Qa(x,t,un,Vun)V(eXp(G(un))gp)dxdt

+ / Ho (i, £,y V) exp(G un))pdadt
Q

:/fnexp(G(un))gpdmdtJr/FV(eXp(G(un))QO)dmdt.
Q Q

In view of (2.2.6)), we obtain

/Wexp@(un))s@dxdwr/a(l‘,t,un,Vun)VunMeXP(G(un))“)dxdt
Q < "

+/ a(x,t, uy, Vu,) exp(G(u,))Vedrdt
Q
< /Q (@, 1) exp(G () pdadt + /Q fexp(G () pdadt

+/g(un)|Vun\p(x) exp(G(un))god:Udt+/ FV (exp(G(uy))p)dzdt
Q Q

By using ([2.2.5)), we obtain

/—abn(ggun) eXp(G(un))godxdtJr/CL(ZJS?t,UmVUn) exp (G (un))Vdzdt
Q Q

g/Qv(x,t) exp(G(un))gpdxdt+/anexp(G(un))gpdscdt

+/FV(eXp(G(un)))g&dxdt—l—/ Fexp(G(u,))Vedrdt  (2.3.5)
Q Q

for all ¢ € LP (0, T: Wy (Q)) N L¥(Q), with ¢ > 0.
On the other hand, taking v = exp(—G(u,))y as a test function in (FP2),, we deduce

as in (2.3.5)), that
by, (x, uy,)
— 5 exp(—G(uy,))pdxdt + | a(x,t,u,, Vuy,) exp(—G(u,))Vedrdt
Q Q
+/ v(z,t) exp(—G(uy,))pdxdt > / frnexp(—G(uy,))pdxdt
Q Q

—l—/ FV(exp(—G(un)))apdscdt—l—/Fexp(—G(un))Vapdxdt (2.3.6)
Q Q
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for all p € LP(0,T: WP (Q)) N L¥(Q), with ¢ > 0.
Letting ¢ = Ty (u,)"x(0,7), for every 7 € [0,T] in (2.3.5)), we have

/B,f;L’G(x,un(T))dx—F/ a(z,t, Uy, Vuy) exp(G(u,)) VT (u,) T dxdt

0 .

< /T'y(x,t) exp(G (un)) Ty (uy,) T dxdt + o [ exp(G (un)) Ty (uy) t dadt
-l—/ FVT(u,)" exp(G(uy))dzdt (2.3.7)

g(uy)

(07

+/ FTi(uy)" exp(G(uy))Vuy, dxdtJr/BZ,G(x,uOn)dx,
v 0

where " Oby (. 5)
By o(x,7) :/0 %Tk(sﬁ exp(G(s))ds.

”g”Ll(R)
e

Due to the definition of By ; and |G(u,)| <

n giir
0< / By (7, upn)dz < kexp (w+®> 16(., uol| 1) (2.3.8)
0

Using (2.3.8) and By ;(z,u,) > 0, we obtain

, we have

/T a(z, t, un, VTi(un)") exp(Gun)) VT (u,) " dzdt

9l L1 (=
< kexp (ST ) [ fullsaia) + 1z + 5a(@s won 3o
1
+a/ FTy(uy) " exp(G(uy))g(u,) Vu,drdt
=5 T n
+ F[exp(G(un))} {exp(G(un))} VT (u,) " dxdt

then
/ 0t VT (1)) exp(G 1))V T (g )+ davdt

[
kexp (<) (11l + 17l i@) + a(e, wonll i)

<
/ i (wn) T exp(G(uy)) Vg (u,) Vu,dzdt

QI*—*

(un)+‘ [exp(G(un))] "
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using Young’s Inequality, we obtain

/ b, VTi(u00) ) exp(G (1) VT,

[rlyave
k exp ( ) [anHLl + 7]y + an(xauOnHLl(Q)}

<
/ )" exp(G(uy)) Vg (u,) Vu,dadt

[F 7™ exp(Guy))
+ / T [@pi)} o dudt + / )VTk )

then / a(z,t, Uy, VT (un) ") exp(G(un)) VT (u,) " dadt

SQIH

p(x)

exp(G(uy,))dxdt

)z
< kexp (=) [l + @) + ba (e, wonllzoo)

1
—l—a/ FT(un) ™ exp(G(uy))Vung(u,) Vu,dzdt

p(x)

VTi(u)t|  exp(G(uy,))dxdt

O | |FIP@dzdt + < /
o 2 Jor

andsmce/\F]p Vdzdt = p(F)gmaX{HFHLP,() N,HFHLP,() @ }:C’

then / a(z, t, Uy, VT (un)") exp(G(un)) VT (u,) " dadt

lg)lzi
< kexp (<) | fullisi) + Il z2() + ba (@ vonllzsco) |

+C1 + 5/ IV T () TP exp(Guy))dadt
Q

1
wo | Pyl exp(Giun)) Vi, opdode

Thanks to (2.2.5)), we have

5 [ IVT(un) P exp(Glun))dadt
QT
Iz e
< kexp (<72 ) [ fullisia) + 1 lzsi@ + a (@, wonllse) | + €

1
—1—5/ Fg(u,) exp(G(un)) Vup X {u, >0y dxdt. (2.3.9)
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Let us observe that if we take ¢ = p(u,) = / 9(s)x¢s>01ds in (2.3.5) and use
0
(2.2.5]), we obtain

T
[/QBg(x,un)dx}O —l—oz/Q\Vun|p(x)g(un)x{un>0} exp(G(uy,))dxdt

< ([ ss)eo (L) [l + Il

/ Fwng<un>x{un>0} exp(G(uy))dadt
+ / ds /|F Vun\

B = [ %p@ exp(G(s))ds

which implies, using By (x,7) > 0 and Young’s Inequality, we obtain

) (G (1)) X o0y

where

a/ |V, |P@) g () exp(G (uy,) ) dazdt
{u,>0}

lollz: e
< Nl exp (FF22) [l 1) + Ifalliri) + (@, woll i) |

+C + %/{ ’ IV, [P g () exp(G(uy,))dadt
Up >
+C3]lglloo
« Up,
W5l [ 9 S e G
Up >

then / g(n) [V, [P®) exp(G (uy))dzdt < C.
{un>0}

0
Similarly, taking ¢ = / 9(8)x{s<0yds as a test function in (2.3.6)), we conclude

n

that
/ 9(1) |V [P exp(G(uy))dzdt < Cs.
{un<0}

Consequently,

/ 3 (11) |Vt [P exp (G () drdt < C, (2.3.10)
Q
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Above, (', ...., Cs are constants independent of n, we deduce that
/ VT (wn) T [P @ dadt < k C. (2.3.11)
Q
Similarly to (2.3.11]), we take ¢ = Ti(u,,)”x(0,7) in (2.3.6) to deduce that

/ VT ()~ [P dadt < k C. (2.3.12)
Q

Combining (2.3.11)), (2.3.12) and lemma (|1.1.1]), we conclude that

T
| min {9 T ) 5, IV Tk )y et < (Vi) < KCo

HTk(un)HLP_(O,T;WOLP(')(Q)) S k CIO- (2313)

Where Cs, Cy, Chp are constants independent of n. Thus, T (u,) is bounded in
LP (0,T; Wol’p<')(§2)) independently of n for any & > 0. Then, we deduce from

237), (2-3.8) and (2.3.13) that

/B,?,G(:c,un(T))de kC. (2.3.14)
0

Now we turn to proving the almost everywhere convergence of u, and b,(x,u,).
Consider a non decreasing function g, € C?(R) such that

s if sl <%
g’“(s){k if |s| > k

Multiplying the approximate equation by g (u,), we get

0B} (x,uy)

5 —div(a(z, t, up, Vuy) g (un)) + alz, t, un, Vuy) gy (un) Vu,

+Hy (2, t, Uy, Vug) g (tn) = fogp(un) — div(Fg).(u,)) + Fgp(un)Vu,.  (2.3.15)

where

n “0by(z,s)
Biw2) = [ P sys

As a consequence of ([2.3.13]), we deduce that gi(u,) is bounded in L? (0, T} Wol’p(')
Q)) and % is bounded in L}(Q) + V*. Due to the properties of g, and
2.2.2)), we conclude that agka—(tu”) is bounded in L'(Q) + V*, which implies that
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gr(uy) is compact in L*(Q). Due to the choice of gi, we conclude that for each
k, the sequence Ty (u,) converges almost everywhere in ), which implies that u,
converges almost everywhere to some measurable function v in ). Thus by using
the same argument as in [34], [35], [79], we can show the following lemma.

Lemma 2.3.3 Let u,, be a solution of the approximate problem (P),. Then,

U, — u a.e.in Q,
bo(z,u,) — b(z,u) a.e in Q.

We can deduce from that
To(un) = Te(w) in P (0,T; Wy (@),

which implies, by using (2.2.3)), that for all & > 0 there exists ¢, € (LPO(Q))N

such that a(z,t,u, Tp(un), V() = ¢p  in  (LXOQ)N. (2.3.16)

Remark 2.3.1 b(.,u) it belongs to L°°(0,T; L' (2)).
Proof. Let u,, be a solution of the approximate problem (F),, passing to lim inf
in (2.3.14)) as n — oo, we obtain

1
E/ Big(z,u(r))dx < C, for a.e. 7in [0,T].
0

Due to the definition of By, ¢(z, s) and the fact that %Bkg(aﬁ, s) converges pointwise
u ob

to/ sgn(s) (;’S) exp(G(s))ds > |b(x,u)| as k — oo, it follows that b(.,u)
0 S

belongs to L>(0,T; LY(Q)). O

Lemma 2.3.4 Let u,, be a solution of the approximate problem (Ps),. Then,

lim lim sup / a(x,t, uy, Vu,)Vu,drdt = 0. (2.3.17)
M09 n—o0 {m<|u,|<m+1}

Proof. See Appendix.

STEP 3 :Almost everywhere convergence of the gradients :

This step is devoted to prove the strong convergence of truncation of Tj(u,) that,

we will use the following function of one real variable for m > k

46



1 if lsf<m
R (s) =<0 if sl >m+1
m+ 1+ |s] if m<|s|<m+1.
Let ¢; € D(Q) be a sequence which converges strongly to g in L(€)
Set w/, = (Ti(u)), + e " Ti(v;) where (Ty(u)), is the mollification of Tj(u) with

respect to time. Note that w!, is a smooth function having the following properties :

1
Ow, i i i
ot = M(Tk<u) - wu)? wu(o) - Tk(w2)7 |w,u| <k, (2318)
w, = Tp(u) in LP (0,T; Wol’p(‘)(ﬂ)) as [i — 00. (2.3.19)

i

,, makes it possible to establish the following

The very definition of the sequence w

lemma.

Lemma 2.3.5 (See[76, [9]). For k > 0, we have

J OO0l ) o 002)) (T4 (0) — o)t > (. )
(Ti(un)-wiz0} O

Proposition 2.3.2 The subsequence of w, solution of problem (P,), satisfies for
any k >0 following assertion

lim [a(Tk(un), VT(up)) — a(Ti(un), VTk(u))} - [VTk(un) ~ VT (u)] dedt = 0.

n—oo Q

Proof. See Appendix.
Thanks to the lemma ([1.2.1]), we have

Ti(up) = Ti(u)  strongly in  LP (0, T;WiPY(Q)) k. (2.3.20)

and Vu, — Vu. a.e.in (), which implies that

a(z,t, Tp(up), VTi(un)) — a(x, t, Ti(u), VIi(w)) in (L7O@Q)Y. (2.3.21)

STEP 4 : Equi-Integrability of the non Linearity Sequence :
We shall now prove that H,(x,t,u,, Vu,) — H(xz,t,u, Vu) strongly in L*(Q),
by using Vitali’s theorem. Since H,(zx,t,u,, Vu,) — H(z,t,u,Vu) a.e. in Q,

n
Un

considering now ¢ = pp(u,) = / 9(8)X{s>nds as a test function in (2.3.5)), we
0
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obtain

T
|:/ BZ(IIZ, un)dx} 0 + / a(xa t; Unp, vun)vung(un)X{un>h} eXp(G(un))dxdt
Q Q

< </hoog(5>X{s>h}dS> exp <M> [anHL + HVHLl(Q)}

—l—/ FN U, g ()X u,>n) exp(G(uy,))dzdt
Q

00 u,
([ strxents) [ 17925 explGlun ) ot
" Oby(z,
where B}'(z, 1) :/ wph(s) exp(G(s))ds,
0 S
which implies, in view of Bj'(x,r) >0, (2.2.5) and Young’s Inequality,

a/ [V, [P g (u) exp(G(uy))dadt
{un>h}

< ([ s e (“ED) 11 v

+||bn(xau0n||L1(Q)] +C”/ g(s)ds
h

«

+— / |V, | g (uy,) exp(G (uy,))dadt
2 J{un>ny

([ goa) /Q 19, 2 (G,

hence & / IVt [P g (1) exp (G (1) et
2 J{u,>h

< ([ sts1as) e (129 [ sy + Il

+1b(e, woll oy + ']

—Ir/ ds /|FVun|

and since g € L'(R), we deduce that

eXp( (uy))dxdt

lim sup/ |V, |P@ g (w, ) dadt = 0.
{un>h}
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0
Similarly, taking ¢ = pp(u,) = / 9(8)X{s<—nyds as a test function in ([2.3.6)),

we conclude that, limy,_, sup,ey / ]Vun|p($)g(un)dxdt = 0. Consequently,
{un<—nh}
limy, 00 SUP, e / IV, [P g(uy)dzdt = 0. Which implies, for h large enough
{lun|>h}

and for a subset E of @,

lim / V@ g(un)dzdt < gl lim / T () P dclt
FE FE

measE—0 measE—0

+ / |V, [P g (uy, dadt
{|un|>h}

s0 ¢(un)|Vu,[P® is equi-integrable. Thus, we have shown that
9(w) [V " = g(w)[ V'™ stongly in LY(Q).
consequently, by using (2.2.6), we conclude that
H,(x,t,u,, Vu,) = H(x,t,u,Vu) strongly in L'(Q).0 (2.3.22)

STEP 5 : Passing to the limit :
a) Proof that u satisfies (2.2.8]). For any fixed m > 0, we have

/ a(x, t, uy, Vu,)Vu,dzdt
{m<|un|<m+1}
= / a(x,t, u,, Vuy,) {VTmH(un) — VTm(un)}dxdt
Q
- / CL(iE, ta Tm—&—l(”n)y VTm+1(un))VTm+1(un)
Q

— / a(x,t, T(uy), VI (un)) VT (u,)dxdt
Q
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According to (2.3.20) and (2.3.21]), one can passing to the limit as n — oo for
fixed m > 0 to obtain

lim a(x, t, uy, Vu,)Vu,drdt

n—00 {m<|uy|<m+1}

= / a(x,t, Tng1(w), Ve (u) VI (w)
Q
- / 0, t, Ty (1), VT (1)) V T () dacelt
Q
:/ a(x,t,u, Vu)Vudxdt (2.3.23)
{m<|uy|<m+1}

Taking the limit as m — oo in (2.3.23)) and using the estimate (2.3.17)) shows that

u satisfies(2.2.8).00
b) Proof that u satisfies (2.2.9))

Let S € W2>(R) be such that S’ has a compact support . Let M > 0 such that
supp(S")C [-M, M] . Pointwise multiplication of the approximate problem (P),
by S’(uy,) leads to
0B3(x, uy)

ot

b (2t i, Viun)S () = fuS (1) — div(S’(un)F) + 5" (up) FVu, in D'(Q).
(2.3.24)

— div [S’(un)a(x, t, Up, Vun)} + 5" (up)a(z, t, uy, Vu,)Vuy,

In what follows we pass to the limit in (2.3.24]) as n tends to oo.

. OB (z.u,, . . . . L
e Limit of &= gg“ ). Since S is bounded and continuous, u, — u a.e. in Q implies

that B¢(x,u,) converge to Bg(x,u) a.e.in @ and L™ weakly .
0B3(x, uy) . 0Bgs(x,u)
ot ot

e Limit of —div [S’(un)a(x,t,un,Vun)] Since supp(S’)C [—M, M], we have, for
n>M

Then, in D'(Q). as n — oo.

S'(up)a(z, t, wn, Vuy) = S (un)a(z, t, Tar(wn), VT (uy)) ae.in Q.

The pointwise convergence of u,, to u and and the boundedness of S’ yied,
as n — 00, S’ (u)a(x,t, Th(u), VI (u)) has been denoted by S'(u)a(x,t, u, Vu) in
equation (2.2.9)).

e Limit of S"(u,)a(x,t, u,, Vu,)Vu, .Consider the "energy” term
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S (up)a(x, t,uy, Vu,)Vu, = S"(up)a(x, t, Th(uy), VI (un)) VT (u,) ae. in Q.
The pointwise convergence of S'(u,) to S'(u) and (2.3.21) as n — oo and the
boundedness of S” yield

S" (up)a(x, t, tn, Vi)V, — S"(u)a(x, t, Tar(u), VI (u)) VT (u) in LNQ).
(2.3.25)
Recall that S”(u)a(z,t, T (w), VI (w)) VT ((w)) = S"(w)a(x, t, u, Vu)Vu a.e. in Q.
e Limit of S'(u,)H,(x,t,u,, Vu,). From supp(S’)C [-M, M] and (2.3.22)), we
have

S’ (un) Hy (2, t, ty, Vuy,) — S'(w)H (x, t,u, V) strongly in L'(Q) as k n — oo.
(2.3.26)
e Limit of S'(u,)f, . Since u, — u a.e. in ), we have S'(u,)f, — S'(u)f
strongly in L}(Q), asn — oo
e Limit of div(S'(u,)F)S (u,) is bounded and converges to S'(u) a.e. in (). Since
VS (uy) converge to V.8'(u) weakly in (LPW)(Q))Y, we obtain
S"(uy)EVu, = FVS'(u,) — FVS'(u) weakly in L'(Q) as n — oco. The term
FVS'(u) identifies with S”(u)FVu.

then div(S'(u,)F) — div(S'(u)F) strongly in LF" (0, T; W~(Q)) as n — oo.

e Limit of S”(u,)FVu,. This term is equal to FV.S'(u,) .

Since V.5'(u,) converge to V.S'(u) weakly in (L1 (Q))Y, we obtain

S"(up)FVu, = FVS'(u,) = FVS'(u) weakly in L}(Q) as n — oo. The term
FVS'(u) identifies with S”(u)F'Vu.

As a consequence of the above convergence result, we are in a position to pass to

the limit as n — oo in equation and to conclude that u satisfies (2.2.9)). O
c) Proof that u satisfies

S is bounded, and B§(x,u,) is bounded in L>(Q). Secondly, by we have

% is bounded in L'(Q) + V*.

As a consequence, an Aubin type Lemma (see, e.g, [82] implies that B(x,u,,) lies

in a compact set in C°([0,T], L'()).

It follows that on the hand, Bé(z,u,) |i—o= Bg(x,u() converge to Bg(z,u) |

strongly in L'(Q) implies that : Bg(x,u) |;=o= Bs(z,ug) in .

As a conclusion of Steps 1 to 5, the proof of theorem is complete . [
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2.4 Appendix

Proof of theorem We define the operator
Ly IV (0, T Wy (@) — L (0,T; W1 0(Q)) by
abn 9 abn 3 a _ )
<Lnu,v> = / Doul11) g — / Pl ) O it tuyv € 17 (0, T3 W0 (@)
o Ot o Ou Ot
then,

‘<Lnu,v>‘ < )/0 /QAn(x)%vdxdt‘

1 T ou
< <——|—pT>HAnHL°°/O HE”LP’(@(Q)”UHU’(“’)(Q)dt
11 T Ou
C ;‘f‘}F)HAnHLOO/O HEHW*LP'(')(Q)HU”WO“’(”)(Q)dt
1 1 ou
<C e + p’_> HAHHLOOHEHLP’_(O,T7W*1:P’(')(Q))HUHLP_ (0,7, Wy ") ()

We define the operator G,, : L? (0, T; W()l’p<')(ﬂ)) — LV (0, T, W 17'0(Q))

by, <Gnu,v> = / H,(x,t,u, Vu)vdzdt Yu,v e LP (0,T; Wol’p(')(Q)).
Q
Thanks to the Holder Inequality, we have that for u,v € L (0,T; W, " <'>(Q))

T
/Hn(x,t,u, Vu)vdzdt < ‘/ /Hn(x,t,u,Vu)vdxdt‘
Q 0 JO

1 1 T p’(x) 0
< (—_+7)/ (/‘Hn(:c,t,u,w)) dfﬁ) [V]] Loty dt
p p 0 0
T

1 1

oy 6
< C(}? + Z?) /o n?" (meas) HUHW&,p(z)(Q)dt

S CZHUHLp— (O,T;Wol’p(')(Q))' (242)

1/p~ i H,(z,t,u, oy > 1
with § — /p/+ %f [ Hy(z,t,u, Vu)| o)
l/p Zf HHn(:U,t,u,Vu)HLl(Q) S 1.

Lemma 2.4.1 Let B, : L (0, T; Wy "(Q)) — LY~ (0, T, W10 (Q)).
The operator B, = A+ G, is
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a) coercive
b) pseudo-monotone
c¢) bounded and hemi continuous.

Proof. a) For the coercivity, we have for any v € L? (0,7} Wol’p(')(Q))

<Bnu, u> _ <Gnuu> + <Au,u>
= (Buu,u) — (G u) = (Au,u)

then, <Bnu,u> — <Gnu,u> = / a(x,t,u, Vu)Vudrdt
Q

T
= / / a(x,t,u, Vu)Vudzdt
0o Ja

T
2/ a(/ |VulP@ de)dt (using 2.2.5)))
0

> af|Vullj,-

which is due to Poincaré Inequahty Wlth

[ i1Vl oy > 1
pr if [[Vul,,- Tty 1

h@nce, <BTLU'7 U> - <Gnu7 u> > /BHU’H 0TW1 P()(Q))

th@n, <Bnu U> > 6” U” OTWlp( (Q)) o 02HUHLpf(O,T;WOl’p(‘)(Q))
then, we have
<Bnu,u> 51
> Bllull], L) gy — 2 T 00
lull o= o ravg o0 ) ()
<Bnu,u>
= — 400 as ||ul,,- 0.1:w 0y 7 TOO

lell o o zawgre )
then B,, is coercive. []
b)It remains to show that B, is pseudo—monotone.
Let (ug)r a sequence in LP (0, T Wol’p(')(Q)) such that

w — win LP (0,T; W Q)
Lyuy — Lyuin LF (0, T;W~70(Q))
lim Sup<Bnuk,uk—u> <0

k—o0
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that, we have prove that

Byury — Byu in LP7(0,T; W' O(Q))  and (Byuy, u) — (Byu, u).
By the definition of the operator L, defined in definition (|1.5.2)), we obtain that
wg is bounded in Wo*“(Q) and since Wo*(Q) < LPO(Q) then u, — u in

LP (0,T; Wol’p(')(Q)), then the growth condition (2.2.3)) (a(x,t,uy, Vug))x is boun-
ded in (LP")(Q))N therefore, there exists a function ¢ € (L”)(Q))" such that

a(x,t,ug, Vur) = ¢ as k — +o0. (2.4.4)

Similarly, using condition ([2.2.6 (Hn(a:,t,uk,Vuk))k is bounded in L'(Q) then,
there exists a function v, € L'(Q) such that

H,(x,t,up, Vug,) — ¥, in L'(Q) as k — +o0. (2.4.5)

lim <Bnuk,uk> = lz’mkﬁoo[<Gnuk,uk> + <Auk;uk>}

k—oo

k—o00

= lim {/ a(a:,t,uk,Vuk)Vukdxdt+/H(m,t,uk,Vuk)ukdxdt}
Q Q

= /@Vukdxdt+/wnukdxdt (2.4.6)
Q Q

using (Z43) and, (Z46), we obtain
lim sup <Bnuk,uk> = lim sup{/a(x,t,uk,Vuk)Vukdxdt
Q

k—o00 k—o00

+ /H(w,t,uk,Vuk)ukdxdt}
Q

< /@Vud:cdtnL/@bnuda:dt (2.4.7)
Q Q
thanks to (2.4.5)), we have
/Hn(x,t,uk,Vuk)dxdt%/wnd:cdt. (2.4.8)
Q Q
therefore,
lim sup/ a(x,t, uk, Vug)Vuyg < / oVudxdt (2.4.9)

on the other hand, using (2.2.4]), we have

/ [a(x, t,ug, Vug) — a(z, t, ug, Vu)} (Vuy, — Vu)dzdt > 0. (2.4.10)
Q
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Then/a(x,t,uk,Vuk)Vukdxdt > —/a(az,t,uk,Vu)Vudxdt
Q Q
-|—/ a(x, t, ug, Vuy)Vudxdt
Q
+/ a(x, t, ug, Vu)Vurdxdt
Q

and by (Z49), we get

lim inf/a(x,t,uk,Vuk)Vukd:EdtZ/@Vudxdt.

this implies, thanks to (2.4.9)), that

lim a(x,t,uk,Vuk)Vukdxdt:/@Vudxdt (2.4.11)

Now by (|2.4.11]), we can obtain

klim a(x,t,ur, Vu) — a(x, t, u, Vu))(Vug — Vu)dzdt =0
— 00 Q

In view of the lemma [1.2.1], we obtain
up, — u in L* (0,T; Wol’p(')(ﬂ))

Vu, — Vu ae.in Q.

Then,
a(x,t,ur, Vug) = a(x,t,u, Vu) in (Lp/(')(Q))N

H,(x,t,ur, Vur) = H(x,t,u, Vu) in Ll(Q),
we deduce that
Aup, — Au  in (Lp/_(Q))N
and

Gou, — Guu in (LY(Q))

which implies
Buuy, — Byu in LV (0, T; WM ()

<Bnuk,uk> — <Bnu, u>

completing the proof of assertion(b). [J
c) Using Holder's inequality and the growth condition (2.2.3), we can show that

and

95



the operator A is bounded and by using (2.4.2), we conclude that B, is bounded.
For to show that B, is hemi continuous. Let uy — u in LF (0,7} Wol’p(')(Q)) and
prove that <Bnuk, ¢> — (Byu, )  forally € LP (0,T; Wol’p(')(ﬂ)

Since a(x,t, ug, Vuy) — a(x,t,u, Vu) as k — oo a.e. in Q). Then, by the growth
condition (2.2.3)) and lemma ([1.2.2)

a(‘r7t7uk’7vuk) - a(x,t,u,Vu) in (LP/()(Q))N

and for all p € LP (0, T Wol’p(')(Q)) , (Aug, @) — (Au,p) ask — o

similarly, G ur — Gnu as k — 0o a.e. in @) then, by the and lemma (1.2.2))
Goup — Guuin  LPO(Q) and for all ¢ € LV (0, T; W (Q)),

<Gnuk, ¢> — <anI;:_§_%] as k — oo which implies B,, is hemi continuous. [

Proof of lemma

_|_
Set p =T (un — Tm(un)> = a;,(uy,) as a test function in (2.3.5)), this function is
admissible since ¢ € L¥ (0, T;W;7(Q)) and ¢ > 0. Then, we have

ot

+/ a(x,t, u,, Vu,)Vu, exp(G(uy,))dxdt
{m<u,<m+1}
< [ w0l exp(Glun)anu)dndt + [ |Fu]exp(Glun) () dzdt
Q Q

T / Fvu,? (un)
Q (6%

+ / FVu, exp(G(uy,))dxdt.
{m<u,<m+1}

exp(G (uy)) v (uy,)dxdt

r bn
This gives, by setting BZ?G(%T) _ / Obp(z, 5)

5 exp(G(s))an,(s)ds and by Young’s
0 S

Inequality,

/ me(T,un)(T)d +/ a(z,t, Uy, Vu,) exp(G(uy,)) Vu,drdt
0

{m<u,<m+1}

< exp (”g””m) [/ (|| + Ifn])dxdt+/ b (2, w0 ) |dz | dazdt
a {lun|>m) {luon|>m)

+C / |FIP @ dpdt + = / |V, [P exp(G(uy, ) )dzdt
{up>m} 2 {m<u,<m+1}

+Cy / PP @ dedt + = / Vi, [P g (uy ) exp(G (uy,) ) dadt.
{u,>m} 2 {lun|>m}
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Since B)'c(z,u,)(T) > 0 and use (2.2.5), we obtain

1
—/ a(x,t, uy, Vu,)Vu, exp(G(uy,))dxdt
2 {m<u,<m+1}

07

F[ el £ 0 [ R
{Juon|>m) {unm}

+Cy / |V, |P@ g () exp(G (uy,))dzdt
{up>m}

9]l 21 m)
< ex + | fn)dzdt. 2.4.12
e P( ){/{|un|>m}(|7)| | fu])dx ( )

Un

Taking ¢ = pp,(uy,) = / 9(8)X{s>m)ds as a test function in (2.3.5)), we obtain
0

T
[/Bﬂn(x,un)dx}o + /a(a:,t,un,Vun)VuneXp(G(un))g(un)x{un>m}da:dt
0 Q

< ([ oimmds) o (L2 (il + Il

m

+/ FVu,9(Un) X fu,>m) exp(G (uy,))dvdt
Q

00 u,,
—l—(/ g(s)x{5>m}dS/FVun gl )X{u >m} exp(G(uy,))dzdt

m

where B (x,r) = /%x’s)pm(s) exp(G(s))ds, which implies, since
: . S

By (z,7) >0, by (2.2.5) and Young’s Inequality,

a—1
(B5) . oot it s
un>m

< ([ stsras) exp ("L 1l

m

HV 21y + 15a (2, won| 210y + 05} (2.4.13)

Using (2.4.13) and the strong convergence of f, in L'(Q) and b,(x, up,) in LY(Q)
v e LYQ), g€ L'(R) and F € (L”(Q))N, by Lebesgue’s theorem,
passing to limit in (2.4.12), we conclude that

lim lim sup / a(z,t,u,, Vu,) Vu,drdt = 0. (2.4.14)
{m<u,<m+1}

m—oo  n_oo
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On the other hand, taking ¢ = T1(u, — Trn(u,))” as a test function in (2.3.6) and
reasoning as in the proof (2.4.14]), we deduce that

m=00  p—oo

By using (2.4.14]) and ([2.4.15]), we have

lim lim sup / a(x,t, u,, Vu,)Vuydedt = 0. O (2.4.16)
{m<|u,|<m+1}

lim lim sup / a(x,t, u,, Vu,)Vu,drdt = 0. (2.4.15)
{—(m+1)<u,<—-m}

m—oo  pn_oo

Proof of Proposition [2.3.2]
For m > k, let ¢ = (Ti(un) — wj) hu(ua) € L7 (0,T: W™ () N L%(Q) and
© > 0. If we take this function in (2.3.5]), we obtain

bn )y Y'n )
/ M exp(G (un))(Tx(up) — wL)hm(un)da:dt
{Tilw)-wjz0y Ot
+/ a(@, t, U, Vi) V(T () — w) i (un)dadt
{Tk(un)—wZZO}
— / exp(G(uy))a(x, t, up, V)V, (Ti(u,) — wZ)+d:Udt
{m<u,<m+1}

< [ (F+2) exp(Glwn)) (Tulwn) = w}) (2.4.17)
Q

[ PV (Gl T ) = ) i)
Q a

+ / - Fexp(G(un))(Ti(un) — wp )i (un)dadt
{T(un)—w}, >0}

- / Fexp(G(uy))(Ti(uy) — wZ)erxdt
{m<u,<m+1}
Observe that
‘ / exp(G(up))a(x, t, wy, Vi, )V, (Ti(u,) — wZ)er:L'dt’
{m<u,<m+1}

9] 1(w)
(8%

< 2kexp ( > / a(x, t, u,, Vu,)Vu,dzdt.
{m<u,<m+1}

and

] / FVau exp(Gun)) (Te(un) — w;)mxdt‘
{m<u,<m+1}

1 F (. N
< 2k exp (HgHL OR)) 11l (1)(@)) (/ a(x,t, uy, V(un))Vun)dxdt>p
{m<u,<m+1}

o ar
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Tanks to (2.3.17)) the third and fourth integrals on the right hand side tend to zero
as n and m tend to infinity and by Lebesgue’s theorem and F € (LP(Q))N, we
deduce that the right hand side converges to zero as n, m and p tend to infinity .
Since

(Tk(un) — wi)+hm(un) — (Tk(u) — wL)Jrhm(u) in L(Q) as n — oo

and strongly in LP (0, T} Wol’p(')(Q)) and (T (un) —w),) Ty (un) — 04n L(Q) and
strongly in LP (0,T; Wol’p('>(Q)) as p — oo, it follows that the first and second
integrals on the right-hand side of (2.4.17)) converge to zeros as n, m, u — 0o, using

[3] lemma (2.3.5) and lemma ([1.2.1)) the proof of Proposition ([2.3.2)) is complete.[]

2.5 Example.

Consider the following special case : b(x,s) = F(x)K(s), where F € WPL)(Q)
with p(z) = sin|z| + 3, p € C,(Q) and K € C}R), K(0) =0
b is a Carathéodory function satisfing the following assertions :
b(x,0) = 0. Next, for any k& > 0, there exist Ay > 0 and function Ay € L*(Q)
By, € LPY)(Q) such that

, , ob(x, s)
— <
A= Inf Ko(s) < =53

ob(x, s)

S

< Au(z) and ‘Dx< )( < Bu(z).  (2.5.1)

for almost every x € Q and every s such that |s| < k, we have
Au = =Dy = —div(|Vul) 2 V). (2.5.2)

we are (|Vu|P™2Vuy — |Vu|P@=2V0)(u — v) > 0 for almost all z € Q, u,v € RY
and u # v then the monotonicity condition is satisfying.

The operator —div(|Vu[P®)=2Vu) is a Carathéodory function satisfing the growth
condition (2.2.3)) and the coercivity (2.2.5)).
—u
2+ ut

H(x,t,u,Vu) = Vul|P@) + ~(z, ). (2.5.3)

where v € LY(Q), H(x,t,u, Vu) is a Carathéodory function and

|ul
2 4+ ut
= g(u)|Vu["'") + y(z,1),

99

|H (2, t,u, Vu)| < [VulP) 4 (1)




where g(u) = QL%

Note that H(z,t,u, Vu) does not satisfy the sign condition or the coercivity condi-
tion. Finally, the hypotheses of Theorem ([2.3.1) are satisfied. Therefore, the pro-

blem (2.1.1) has at least one renormalized solution.

| is bounded positive continuous function which belongs to L!(R).
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Chapitre 3

Nonlinear parabolic inequalities in
Sobolev space with variable exponent

Abstract
We prove the existence of an entropy solution for the obstacle parabolic problem
associated to the equation

u > a.e. in Q x (0,7,
% —div(a(z,t,u,Vu)) + H(z,t,u, Vu) = f in@Q=Qx(0,7),
where the second term f belongs to L'(Q) and ug € LY(€). The critical growth
condition on H is with respect to Vu; no growth with respect to u and no sign

conditions and the coercivity conditions are assumed. The main methods are the
so called ” penalization methods”.

3.1 Introduction

In the present chapter we establish an existence result of an entropy solution for
a class of nonlinear parabolic problems of the type :

4

u > a.e. in Q x (0,7,
) % — div(a(z,t,u, Vu)) + H(z, t,u,Vu) = f inQ=0x(0,7),
u(z,0) = ug in Q,
\ u=0 on 02 x (0, 7).
(3.1.1)

In the problem (3.1.1), Q is a bounded domain in RY, N > 2 T is a posi-
tive real number, while the data f € LY(Q) and uy € L'(f). The operator
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—div(a(x,t,u, Vu)) is a Leray—Lions operator which is coercive, H is a nonlinear
lower order term.

More precisely, this chapter deals with the existence of a solution to the obstacle
parabolic problems associated to in the sense of an entropy solution (see
Definition ((3.2.1])).

The existence of solutions for nonlinear parabolic inequalities with L'-data in Or-
licz spaces was studied by R. Aboulaich, B. Achchab, D. Meskine and A. Souissi
in [1], where the case H(x,t,u,Vu) = 0 was considered. In the case where
a(z,t,u, Vu) = |[VulP®2Vu and H(z,t,u, Vu) = 0, M. Bendahmane, P. Witt-
bold and A. Zimmermann [29] proved the existence and uniqueness of renormali-
zed solutions to nonlinear parabolic equations with L!-data. Recently, M. Sanchén
and Urbano [81] have studied a Dirichlet problem (3.1.1)) of p(x)-laplace equa-
tion and obtained the existence and uniqueness of an entropy solution for L!-
data where H(z,t,u, Vu) = 0, and Au = —div(|Vu[’™~2Vu). In the case where
H(z,t,u,Vu) = —g(u)M(|Vul), the existence of solutions of some unilateral pro-
blems in the framework of Orlicz spaces has been established by M. Kbiri Alaoui ,
D. Meskine and A. Souissi [59] with the penalization methods.

The plan of the chapter is as follows. . In Section 2 we give the basic assumptions
and the definition of an entropy solution of (3.1.1)). In Section 3 we establish the
existence of such a solution in Theorem (3.3.1)). Section 4 is devoted to an example
which illustrates the abstract result.

3.2 Assumption on data and definition of an entropy solution

Throughout the paper, we assume that the following assumptions hold true.
Assumption (H1)
Let © be a bounded open subset of RY(N > 2),7 > 0 be given and let us set
Q = Q x [0,T]. Moreover, let p € C(Q) and assume that p(x) satisfies the log-
Holder condition (1.1.1) with 1 < p~ < pT < oo. We consider a Leray-Lions
operator defined by the formula :

Au = —div <a(x, t,u, Vu)),
where a : Qx [0, T] x RxRY — R is a Carathéodory function ( i.e., measurable with

respect to o in Q for every (s,€) in R x RY and continuous with respect to (s, &)
in RxRY for almost every x in ), which satisfies the following conditions : there
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exists k(z,t) € LP®)(Q) such that for almost every (z,t) € @Q, all (s,&) € R x RY
and 8 >0

‘a(a:, s, g)‘ <8 [k;(x, £) + [sP@-1 4 |§\p<l‘>—1}, (3.2.1)
{a(m, t,s,&) —a(x,t,s, 77)] (E—n)>0VE#AneRY, (3.2.2)
a(z,t,s,6) - € > algf"), (3:2.3)

where « is strictly a positive constant.

Assumption (H2)

Furthermore, let H : Q x [0,7] x R x RY — R be a Carathéodory function such
that for all (z,t) € Q and for all s € R, ¢ € RY, the growth condition

H (z,t,5,6)] < 7(x,t) + ()€Y, (3.2.4)

is satisfied, where g : R — R is a continuous positive function that belongs to
LY(R) and while ~(z,t) € LY(Q).
Let ¢ be a measurable function with values in R such that @ &
L2 (0, T; WP () N L®(Q) and let

K, = {u e L? (0,T; Wol’p(x)(Q)), u>1 ae in QX (O,T)}.
and we define ¢y (s) = 1T%(s).

Definition 3.2.1 Let f € LY(Q) and ug € Ll(Q) A real-valued function u defined
on @) s an entropy solution of the problem (3.1.1)) if

u>vY ae inQx(0,T), (3.2.5)
Te(u) € LY (0, T; WP N(Q))  for all k > 0,
u € C(0,T; L)), (3.2.6)

/QSk (u(T) — v(T))d:U — / Sk (uo — U(O))dl‘

%Tk(u — v)dxdt + / H(x,t,u, Vu)Tp(u — v)dxdt
—l—/ a(x,t,u, Vu)VTi(u — v)dzdt (3.2.7)
Q
< / [Te(u —v)dzdt Yv e Ky N LX(Q),
Q

where Sk(s) = /0 Ty.(r)dr, and & € L (0, T; W17 @(Q)).
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3.3 Existence results

In this section, we establish the following existence theorem. we begin with the
following

Theorem 3.3.1 Let f € LYQ), uy € LY(Q) and p € C(Q). Assume that (H1)
and (H2) hold true. Then, there exists at least one entropy solution u of the problem

(3.1.1) (in the sense of Definition ).

Proof. The above theorem is proven in the following five steps.
Step 1 : Approximate problem. For n > 0, let us define the following respective
approximation of H, f, and uy,
H(x,t,s,€)
1+ %\H(x,t,s,fﬂ’

H,(x,t,s,&) =

and select f,, and ug, so that

fo € LPONQ), fo— fae. in Q, and strongly in LY(Q) asn — oo,  (3.3.1)

Uop € D(Q), ug, — ug, a.e. in Q and strongly in L*(Q) asn — oo. (3.3.2)
Note that H,(x,t,s, &) satisfies the following conditions

|Hn<x7t737€)‘ S |H(.’E,t,87€)|
and |H,(z,t,5,6)] < n  forall(s,&) € R x R,

Let us now consider the approximate problem

6;; — div(a(zx, t, u,, Vuy,)) + Hy(x, t, upy, Vuy,)
(Pg)n < +n Tn(un - 1/))_(;5% (un) = fn n D/(Q),
un(t - O) = Uop, n Q,
up, =0 on 092 x (0,7).

\

Moreover, since f, € LV (0, T; W17 @)(Q)), proving the existence of a weak solu-
tion u, € LP (0,7 Wol’p(x)(Q)) of (P3), is an easy task (see[65]).
Step 2 : A Priori estimates. Let us begin with the following

Proposition 3.3.1 Let u, be a solution of the approrimate problem (Ps),. Then,
there exists a constant C'( which does not depend on n and k) such that :

HTk(un)HLp_ (O,T;Wol’p(')(Q)) S C k V k' > O
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Proof. Let v = T}.(u,) X0, exp(G(uy)), where, G(s) = / Md?“ (the function
0 «
g appears in (3.2.4))). Choosing v as a test function in the approximate (Ps), with

7 € (0,T) by using (3.2.4) and (3.2.3), we get

Qs e (Gt T )t
QT at

+/Ta(37>f,un,Vun) exp(G (uy)) VT (u,) " dxdt
i / T (un = )7 exp(G(un)) @1 (un) Ti(un) "dwdt  (3.3.3)

< [ Bwt) + £l exp(Glun) i) dar

On the other hand, taking v = T}, (u,)~ X (0,r) exp(—G(uy)) as a test function in the
problem (P3),,, we deduce as in (3.3.3)) that

%eXp( G(up)) i (up) ~dadt
o Ot
+ / (st g, Vi) exp(=Glu,) VT (uy)~dadt
+/77($,t) exp(—G (un)) T (uy)~ dadt (3.3.4)
+ / Tn(tn — )7 exp(=G (un)) Ti(tn) ™ @1 (wn)ddt
o frexp(—G(up)) Ty (uy) ~dadt,
which, by using (3.3.3), gives
/ / —eXp () Ty (uy) T dxdt
T / a(w, b un, VTi(un) ) VT (un) ™ exp(Gun))drdt
T / T (un — )™ exp(G(un)) 1 (un) Ti(un) " dadt

< / T [W(x,t) n fn] exp (G (un)) Ty (wn) " dzdt.
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Since G(u,) < UL e have [g4(r)] < kexp(L1L@) 7| where
or(r) =/ Ti.(s)" exp(G(r))ds. Then
0

ou,,
QT at

9]l ®)

exp(G () T () dvdt > /

or(un(7))dr — kexp <
Q

>||U0n||L1(Q)-

Then, we deduce that

me%vmm

+ / (b un, VTi(un) ") VT (un) ™ exp(Glun))drdt

1
n

* / T (un = )7 exp(G(un)) @1 (un) Ti(un) " ddt (3.3.5)

9|l
< kexp (T()) [HVHD(Q) + | fullrQ) + HUOnHD(Q)} < Chk.

Since a satisfies (3.2.3)), by the fact that ¢y (u,(7)) > 0, for every n > 0 we get

a [ |VT(un) P exp(Gluy)) da dt (3.3.6)
Qr

+ / T (un — )" exp(G(un)) @1 (un) Ty (un) " dadt < Cy k

1
n

where (' is a constant which varies from line to line and which depends only on
the data. It follows that

0 [ T = ) exp(Gluoy () <
and as k — 0 by l;atou’s lemma we deduce that
/{ T = 00 (G} ) < O (3.3.7)
Thanks to (3.3.6)), we have
a | |VTi(un) P exp(Gluy))dzdt < Cik, (3.3.8)

Qr

and we deduce that

o / VT4 PO dadt < Cy k. (3.3.9)
Q
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Now, using v = T} (un) ™ X(0,r) exp(—G(uy)) as a test function in (3.3.4)), with k£ > 0
for every 7 € [0,7T] we get

/ CL(.YJ, l, Un, vun) eXp(_G(un))vunX{—kgung()}dxdt
—/ L (u, — )~ exp(—G(uy,)) o1 (un) Ty (uy,) dzdt (3.3.10)

1
n

lgllo e
< kexp (<) (1@ + Iall i) + ltonll 1o

- [ k(s
Q
where ¢} = / Ti(s)” exp(—G(s))ds. Then
0
[ ebun(ras
Q
+ / CL(.%‘, b, Un, vun) eXp(_G(un))vunX{—kgun§O}dxdt
_ / DT (i — 1) exp(—G (n)) 61 (un) Te(un)~dadt (3.3.11)
9l 21 (=
< kexp (LI [9llaig) + Ifallii@) + luonllir o] < Cok

Since a satisfies (3.2.3) and due to the fact that ¢} (u, (7)) > 0, for every n > 0 we
get

o [ |VTi(un) 7P exp(—G(uy)) da dt (3.3.12)

1
n

n / Tty — )T (1)~ exp(—G (1) )61 (un) dar dt < C k.

T

where () is a positive constant and we conclude that

0< —/ Ty (uy, — )~ exp(—=G(uy)) o (u,) < Cy, (3.3.13)
{un<0}

1
and

oz/ VT3 (uy)~ P da dt < Cy k. (3.3.14)
Q

Combining (3.3.9), (3.3.14) and lemma ({1.1.1]), we deduce that :

T
/0 it { [T )26, VT () )P Yt < p(VT(u) < G
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= || Th(un) ey (3.3.15)

I (0.T:W, ") ()

Then, Ty (uy,) is bounded in LP (0, T} Wol’p(x)(Q)) independently of n for any k > 0.
Now we turn to proving the almost everywhere convergence of u,,. Consider a non-
decreasing function g, € C*(R) such that

s if|s| <%,
gr(s) = .H ;
k if|s| > k.

Multiplying the approximate equation by g; (u,), we get

(9glja(tun) — div(a(x,t,un,Vun)gé(un» + a(z, t, Uy, V) gy (un)Vu, (3.3.16)

+nTy (un — w)*gzé(un)% (un) + Hp(z,t, up, Vun)g,;(un) = fngl/c(un)

in the sense of distributions. This, thanks to the fact that g has compact support
implies, that gx(u,) is bounded in L? (0,7} VVO1 ’ (x)(Q)), while its time derivative

—89%(? ») is bounded in LY(Q)+V*. Due to the choice of g, we conclude that for each

k the sequence T (u,) converges almost everywhere in ), which implies that the
sequence u,, converge almost everywhere to some measurable function v in (). Thus
by using the same argument as in [34], 35, 36], we can show the following lemma.

Lemma 3.3.2 Let u, be a solution of the approximate problem (Ps),. Then

U, —>u a.e in Q.

We can deduce from that
Ti(un) = Tr(u) in LP (0, T; Wy '™ ()),

which by (3.2.3) implies that for every & > 0 there exists a function h; €
(L7 @(Q))N such that

a(z,u, Ti(un), VIi(un)) — by in (LP@(Q)N. (3.3.17)

Lemma 3.3.3 ([9]) Let u,, be a solution of the approximate problem (Ps),. Then,

lim lim sup / a(x,t, uy, V(u,))Vu,dedt = 0. (3.3.18)
{m<|un|<m+1}

m—oo  n_o0
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Step 3 : Almost everywhere convergence of the gradients :

This step is devoted to introducing for a fixed & > 0 a time regularization of
the function Ti(u) in order to perform the monotonicity method. This specific
time regularization of Tj(u) (for fixed k > 0) is defined as follows. Let (vf)), be a
sequence of functions defined on €2 such that

ol e Lo(Q) N WP (Q) for all 1> 0, (3.3.19)
|V || ey < k for all > 0, (3.3.20)
1
vl = Ti(ug) a.e. in Q and ;HUSLHLW)(Q) — 0, as j — . (3.3.21)

For fixed k, p > 0 let us consider the unique solution (7j(w)), € L>*(Q) N
LP(0,T: W™ (€)) of the monotone problem :

AT (w) |

o ,u((Tk(u))M - Tk(u)) —0 inD'(Q), (3.3.22)

(T(u)(t=0) =0 in Q. (3.3.23)
Note that due to (3.3.22)) for p > 0 and k > 0, we have
o(T; - @
OTi(w)). g(t“))“ e LV (0,T; W, " (). (3.3.24)

We just recall here that (3.3.22))-(3.3.23)) imply that

(T (w)), = Th(u) a.e. in Q (3.3.25)

as well as weakly in L>°(Q) and strongly in L” (0,7 Wol’p(x)(ﬂ)) as u — oo. Note
that for any p and any k£ > 0, we have

(T lem) < max (1Tl =t [0l < (3.3.26)
We introduce a sequence of increasing C'*°(R)-functions S,, such that
Siulr) =1 for [rl < m, supp(SL) € [~(m+ 1), m+ 1], 1S4l < 1,
for any m > 1, and we denote by w(n, u,n, m) the quantities such that

lim lim lim lim w(n,p,n,m) = 0.
m—»o0 N—0 p—00 n—00

The main estimate is
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Lemma 3.3.4 ([9,[34]) We have

+

/OT <881;71,T77 <un — (Tk(u))u) exp(G(un))S;n(un)> dt > w(n, u,n) Ym > 1.
(3.3.27)

+
Taking now v = T, (un — (Tk(u))u> Sl (un) exp(G(uy)) in (P3), and using(3.2.4

and (B:23), we get

/OT <aal§”’Tn (0 — (T3))0) exp(G(un>>S;n<un>> p
’ /Q (.t Y, ) 9 (T (= (1)) ) exp(Glun))Siu(wn)dodt (3.3.25)
' /{mﬁunéﬂH—l} a(x’ byt V“”) Ty (un — (Ti(w)) ) " exp(G (un)) Sy, (un) Vu,dadt
+n /Q T, (u, — )T, (un — (Tk(u))u>+ exp(G (1)) Sl (1)1 (1)l
<.

From (3.3.7), (3.3.18)), (3.3.27) and (3.3.28)) it follows that

/Qa(x, t, Up, Vun)V<Tn (un - (Tk(u))u>+) exp(G(un))S) (u,)dzdt
< Cn+w(n, p,n,m) (3.3.29)

where C' is a constant independent of n and m. On the other hand, let
A= {0 < Tu(un) — (Te(w)y < n} and B = {0 < w, — (Th(w)u < n}.
Then, we have
+
/ (.00, V0, )V (T, (1 — (Te))) ) ex0(Gu1,)) S (s
Q
= / a(a:, t, Uy, Vun> (Vun — V(Tk(u))u) exp(G(uy))S,) (u,)dxdt (3.3.30)
B
~ / a4, T(wn), V() ) (VTk(un) = V(Ti(w),0) exp(Gun)) S (un)dadt
A

+ /{|un|>k}mB a(a:, t, Uy, Vun> (Vun — V(Tk(u))u> exp(G(un))S! (u,)dzdt.
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The coercive condition ([3.2.3) and we use the definition of S! (S! (u,) =1 a.e. in
{lun] <k} if £ <'m) in view of (3.3.29)) and (3.3.30]),we get

/A a(x, £, Ty(un), VTk(un)) (VTk(un) _ V(Tk(u))u) exp(G (1) S! (un)dwdt

< / (2, 0 Vit ) V(T3 (1)), DG 1)) S} )l
{{un|>k}NB
+Cn + w(n, p,m,m). (3.3.31)
Since a(m,t,THn(un),VTk+n(un)) is bounded in (LF'®)(Q))N, there exists some
hisn € (LP@(Q))Y such that a(a:,t,Tk+n(un), VTk+n(un)> —  hj4,y weakly in
(L7 @(Q))N. Consequently,

/ a(x, £, U, Vun) IV (T () ] exp(G(wn)) S, () dadlt
{Jun|>k}NB

PV (Ti (w))  exp(G(w)) S, (w)dzdt + w(n).

/{IU>k}ﬂ{0Su—(Tk(U))u<n}
Thanks to (3.3.25)) one easily has
/ iy V(T (1)), exp(G(u)) Sy (w)dadt = w(p).
{lu|>k}{0<u—(Tk(u))<n}

Hence,

/ a(a:, £, Th(uy), VTk(un)) (VTk(un) - V(Tk(u))u) exp(Glun))dedt  (3.3.32)
A

< Cn+w(n, pg,m,m).
On the other hand, note that

/A a(x, £, Ty(un), VTk(un)) (VTk(un) - V(Tk(u))u) exp(G(u,))dzdt
- /A a(x,t,Tk(un),VTk(un)><VTk(un)—VTk(u)) exp(G(uy))dadt (3.3.33)

-I-/Aa(x, t, T (uy), VTk(un)> (VTk(u) — V(Tk(U))M> exp(G(uy,))dxdt

and the last integral tends to 0 as n — oo and u — oo. Indeed, we have that

/A (L) VT (,) ) (VTi() — V(Tiw).) exp(G(u)

o hi (VTk(u) - V(Tk(u))u> exp(G(u))dwdt
(0T ()~ (Ti(w), <}
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as n — oo. It is obvious that

/ Ry, (VTk(u) — V(Tk(u))u) exp(G(u))dzxdt — 0 as p — oo.
{0<Tx(u)=(Tk(u)) u<n}

We deduce then that
/ a(x, t, Tr(un), VTk(un)> (VTk(un) — VTk(u)) exp(G(uy))dzdt (3.3.34)
A
< Cn+ €(n, p,n,m).
Let
M, = ([a(a;, £, Ty (), Vi (un)) — alz, t, Th(u), VTk(u))] [VTk(un) . VTk(u)D X

% ((exp(Glun)) ).

Then for any 0 < 6 < 1, we write
I, = / M?Pdxdt
{lun—(Ti(u)) u| 20

= / M dadt
(1T () =(Ti () ] <, =T ()20}

n / M dzdt.
{175 )~ (T, >, s (Ti(1),20)

Since, a(x,t,Tk(un), VTk(un)) is bounded in (LF'@(Q))N, while VT}(uy,) is
bounded in (LP®)(Q))N by applying the Holder’s inequality, we obtain

0
I, < 01( / Mndxdt> (3.3.35)
(0= ()~ (Ti ()<}

1-6
+C% meas{(x,t) €Q: ‘Tk(un) — (Tk(u))u‘ >, uy — (Tp(w)), > O} :
On the other hand, we have,

/ M, dz dt
{0< T (un) = (Tie(w)) ) <n}

= a(x, t, Ty (uy), VTk(un)) X
[0S ()~ (Tuw)) )<}
x (VTk(un) - VTk(u)> exp(Glun)) dz dt  (33.36)
a(m, t, Ti(uy), VTk(u)> X

/{osn<un>—<n<u>>u><n}
x (VTk(un) - VTk(u)> exp(Gun)) da dt

=1 +1.
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Using (13.3.34)), we have
I < C n+wn, p,n,m). (3.3.37)

Concerning 12 that is, the second term on the right hand side of the (3.3.36)), it is
easy to see that

I? = w(n, p). (3.3.38)
Because a; (x,t,Tk(un),VTk(u)) — a <x,t,Tk(u),VTk(u)) strongly in LP'(*)(Q),
for all § = 1,..., N and Z&ln) o 9T 3y 10(@) (). Combining (3.3.35)-(3.3.38), we

£ £

yields
0 1-0
I, <Cy (C n+ w(n,,u,n,m)) + Cy (w(n,,u))
and by passing to the limit sup over n, u and 7

/{un—(Tk(u)) - (|:a(x7taTk(un)a VTi(u,)) — alx, t, Ti(uy), VTk(u))} X

x [VTk(un) - VTk(u)} )6 dedt =w(n).  (3.3.39)

On the other hand, if we choose v =T, (un — (Tk(u))ﬂ> exp(—G(uy)) in (Ps),, we
obtain :

/{un—Tk(u) <0} ([a(x’t’Tk(“n)7VTk(un)) - “(%t,Tk(un),VTk(u))} y

x [VTk(un) - VTk(u)] )9 dedt = w(n).  (3.3.40)
Moreover, and imply that
/Q ([a(x,t,Tk(un),VTk(un)) — a(x,t,Tk(un),VTk(u))} X

0
X [VTk(un) . VTk(u)D dz dt = w(n) (3.3.41)
which implies that
Tp(up) — Tp(w) in LY (0, T; W™ (Q) V &k > 0. (3.3.42)

By [Theorem 3.3 ](see also [34], 35]), there exist a subsequence also denoted by w,
such that
Vu, — Vu ae.in @, (3.3.43)

which implies that
a(:v,t,Tk(un),VTk(un)> Aa<x,t,Tk(u),VTk(u)> in (LP@Q)Y.  (3.3.44)
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Step 4 : Equi-integrability of the non linearity sequence.

Since H,(z,t, u,, Vu,) = H(z,t,u, Vu) a.e. in @, Using Vitali’s theorem we shall

now prove that H,(z,t,u,, Vu,) converge to H(xz,t,u, Vu) strongly in L(Q).
Un,

Choosing ¢ = pp(u,) = g(s )X{s>h}d3 exp(G(uy,)) as a test function in the
approximate problem (%), by and (3.2.3)), we obtain

T
{/Hh(un)dx}o +/a(a:,t,un,Vun)Vung(un)X{un>h} exp(G(uy,))dxdt
Q Q

+ /Q nTy(un — )~ eXp(G(Un))¢l(Un) /Oun 9(8)X{s>nrdsdadt

< (/hoog(s)X{s>h}d3> exp (M) [anIIL + ||7HL1(Q)}

where 0,(r) = / pn(T)dT, which implies, since 0, > 0, that
0
/ a(z,t, Uy, Vi) Vung(t,) X u,>nydrdt
Q

* lgll
< ([ gsds)exo (UL [l + Il + [ Gatunn)da + €]
h Q
Using ((3.2.3) we have

a / |V, |P@ g (u,, ) ddt
{un>h}

< ([ otas) e (LY 11y + ey + [ uonyi +],

and then

/ |V, [P g (uy, ) dadt < Cl(/ g(s)ds).
{up,>h} h

Since g € L'(R), we deduce that

lim sup/ |V, |P@ g (w, ) dadt = 0.
{un>h}

0
Similarly, taking ¢ = pp(u,) = / 9(8)X{s<—n} exp(—G(uy))ds as a test function

in (Ps),, we conclude that

lim sup/ |V, |P@ g () dadt = 0.
{un<—h}

74



Consequently,

lim sup/ IV, [P g (uy, )dadt = 0,
{lun|>h}

which, for A large enough and for a subset E of @), implies that

lim /\Vun|p($)g(un)dxdt < max(g(s)) lim /\VTh wp ) [P dadt

mesE—0 | p lun |<h mesE—0

+/ |V, [P g () dadt.
{|un|>h}

So we conclude that g(u,)|Vu,|P™) is equi-integrable, which implies that
9(n) V[ = g(u) V'™ in L}Y(Q).
Consequently, by using we conclude that :
H,(z,t,u,, Vu,) — H(x,t,u, Vu) in L'(Q). (3.3.45)

STEP 5 : Passing to the limit . Let us consider the following three substeps
a) We show that u satisfies (3.2.5)).

Proposition 3.3.2 Let u,, be a solution of the approzimate problem (Ps),. Then

u>Y ae i Q.

Proof. Tanks to (3.3.7)) and (3.3.13), we get / T (u, — )~ exp(G(uy)) de dt < C.
Q

So, by Fatou’s Lemma, we infer that / (u — ) dxdt = 0 which implies that
Q
(u—1)” =0 a.e. in Q. Consequently we conclude that u > ¢ a.e.in Q. O

b) We claim that v € C(0,T; L}(Q)) .We will show that
u, —u in C(0,T;L*(Q)).

Since Ty(u) € Ky, for every k > |||z~ there exists a sequence v; € K, N D(Q)
such that

v = Tp(u) in LY (0,T; W™ (Q))

for the modular convergence.
Let w” (Ty(vj), + e T (n;) with n; > 0 converge to ug in L'(Q), where
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(Ti(vj)), is the mollification of Tj(v;) with respect to time. Note that w;L is a

smooth function having the following properties :

il

A il il il
o = PTo) — i), @ 0) =T, Wil <1 (3.3.46)
W = T(vy) i L (0, T Wy () as p— oo (3.3.47)

Choosing now v = Ty(u, — W;L) X(0,r) as test function in (FP3),, yields

aun i {
< o T (uy — wj:L)>QT + /T a(x,t, u,, Vu,) VT (u, — wj:L)dxdt
+ / nT(wy — )~ 1 (un) T (u, — w;:it)d:pdt (3.3.48)
+ H(x,t, upn, Vug) T (u, — wéi)d:ﬁdt = fuTp(u, — wéi)dwdt.
QT QT

We have (see([2]))

6(,0?71 i i i .
< 82,M7Tk(un - wjiit)>QT = “/ (Ti(vj) = wi ) Tl — wit,) > e(n, . p, ).
(3.3.49)
And by using (3.2.4]) and the fact that

/T nT(wy, — )" 1 (uy) Ti(uy, — wéi)dazdt >0,

1
we deduce that

3un i 1
<E, Ty (u, — wJL)> + /T a(x, t, uy, Vu,) VT (u, — cuji)dxdt

< / [fo + )Ty (wy, — wéi)dxdt + / g () [V [P T (u, — w;ZL)dxdt. (3.3.50)

T

On the one hand, we have
I = / a(x,t, up, Vu,) VT (u, — wé:L)da:dt
= / | a(x,t, uy, Vu,) [VTi(u,) — ij-i]d:cdt. (3.3.51)
(T (wn) =, | <k}

In the following, we pass to the limit in (3.3.51]) : By letting n and p to infinity, since
a(z,t, Uy, Vuy,) — alz, t,u, Vu) in (LP@(Q))N |, in view of Lebesgue’s theorem,
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we have
I = / a(z,t,u, Vu)[VIi(u) — VIi(v;)]dedt + e(n, ).
{1k (u) =T (v;) | <k}

Consequently, by taking the limit as j — oo, we deduce that

I =e¢eln,p,jl).

On the other hand, we have
J = / 9(tn) |Vt PO T (0, — w0} )dad. (3.3.52)

In the following, we pass to the limit in m Taking the limit as n — oo
in (3.3.52), since g(u,)|Vu,|P™ — g(u)|Vu[P® in LY(Q), in view of Lebesque’s
theorem, we obtain

J = /T g(w) | VuPO T, (u — wéi)dwdt + e(n).
Consequently, by letting p and j to infinity, we have
J =¢e(n,pu,j,1).
Similarly to and by using (3.3.1]), we have

/ o+ Tt — 't = e(m, 1, 5,1

and by using Vitali’s theorem, we get

0 n 1
lim sup lim sup lim sup lim sup lim < U , T (uy, w-:l >>Q <0 (3.3.53)

k—o0 i—0 j—00 p—oo Moo ot

uniformly on 7. Therefore, by writing

/QSk (Un( ) — m( ))dm = <@;tn,Tk( w; L)>Q — <8giL,Tk(un — W;L)>QT

+ / S (1a(0) — Ti(m) ) (3.3.54)
Q
and using (3.3.49) and (3.3.53)) and (3.3.54)), we see that
/ e (1a(m) — w1,(7)) o < e, .. 0), (3.3.55)
Q
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which implies, by writing

/st(un(f) = um(T))da: < %(/st(un(T) - w;:L(T))dx
+ /Q sk(um(f) —w;i;;(T))dx> (3.3.56)

that / Sk<un(7) ; um(7)>da: < €1(n,m). We deduce then that
0

/ |un(T) — U (7)|dx < €9(n,m), not depending on 7 (3.3.57)
0

and thus (u,) is a Cauchy sequence in C'(0,T; L'(2)) and since u,, — u, a.e. in Q,
we deduce that

u, —u in C(0,T; L' (Q)). (3.3.58)

c) We show prove that u satisfies (3.2.7). Let v € K, N L®(Q), & €
LY (0, T; W~1r(#)(Q)). By Pointwise multiplication of (P3),, by Ti(u, — v), we

get

/QSk (un(T) — v(T))d:U — /QSk (Uon — U(O))daj

@Tk(un — v)dxdt + / a(x,t, up, Vu,)VTi(u, — v)dzxdt
Q 0t Q

+/ H,(x,t, uy, Vu,) Ty (u, — v)dxdt
Q

—|—/ Ly (un — )" G Ti(uy, — v)dadt
o "

= / fTi(u, — v)dzdt,
Q
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where Si(s) = / Ty (r)dr. Since / T (uy, — )~ ¢ Ty (u, —v)dzdt > 0, we deduce
0 Q "
then that

/QSk (un(T) — U(T))dx — /QSk (u()n — U(O))dx

+ @Tk(un — v)dxdt + / a(x,t, uy, Vu,) VT (u, —v)dzdt
Q Ot Q
+/ H,(x,t, up, Vuy) Ty (u, — v)dxdt (3.3.59)
Q

< / [Ty (u, — v)dzdt.
Q
Let us pass to the limit with n — oo in each terms in (3.3.59)).
We saw that u,, — u in C(0,T; L*(Q2)). Therefore, u,(t) — u(t) in L'(Q)

vt <T.
As S} is lipschitz continuous with constant k£ , when n — co we have

/ Si(un, —v)(T)dx — / Sk(u —v)(T)dz
Q Q
and /Q Si(tn — v)(0)dz = /Q Si(on — v(0))dz — /Q Sl — v(0))da.

Let v € KyNL®(Q) then & € L¥" (0, T; W~ (@(Q)) and by Lebesque’s theorem,

we have
/OT <%,Tk(un — v)>dt o /OT <%,Tk(u — v)>dt.

On the other hand we note M = ||v]|«. Then we get
/ a(x,t, uy, Vu,)VTi(u, — v)dxdt
Q

T

= / /a(a:,t,Tk+M(un), NV T n () VT (Thspr (uy) — v)dxdt
0o Jo
T

= / / a(x,t, Ty ar (Un), Vs (n))V T (Un)) 11 0 (un)—o| <k} ddt
0 Jo

T
—/ /a(x,t,Tk‘+M(Un),VTk+M(/UJn)v/U1{Tk+M(un)_USk}dﬂ:dt.
0 Q
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As Tyyn(uy) is bounded in LP (0,7 W()l’p<$)(Q)), Vu, — Vu a.e. in @ and by
Lebesgue’s theorem, we deduce that

T
/ / a(x, t, Thons (Un), VI () VOLi1, () - <ky ddt
0 Q

T
—>/ /a(xataTk:—kM(u)vVTIH—M(U)VUL{Tk+M(u—v)|Sk}dxdt-
0 Jo
Then

a(@, b, Tepnr (un), VIiar(un)) = a(@, b, Tepnr(w), VI (u)) ae.in Q

Since H,(x,t,un, Vu,) — H(z,t,u, Vu) in LY(Q) as [T} (u,—v)| < k and T}, (u, —
v) = T(u —v) weakly in L*(Q), by Lebesgue’s theorem, we have

T T
/ / H,(x,t, u,, Vu,) Ty (u, — v)dxdt — / / H(x,t,u, Vu)Tp(u — v)dxdt.
0o Ja 0o Ja

Due to (3.3.1)) and the fact that u, — u a.e. in @, we have

/OT/anTk:(Un — v)dxdt — /OT/Qka(u — v)dudt.

Due to (3.3.59)), we have

/QSk(u(T) —v(T))dx — /QSk <u0 —v(O))da:

+ %Tk(u — v)dxdt + / H(z,t,u, Vu)Ti(u — v)dxdt

—I—/ a(z,t,u, Vu)VTi(u — v)dzxdt
Q
< / fTie(u — v)dzdt.
As a conclusion of Step 1-5, the proof of theorem is complete. O]

3.4 Example.

Let us consider the following special case. Let €2 be a bounded open subset of
RY, N > 2, p(z) =sin|z|+ 3, p(.) € C’+(Q) and

H(w,t,5,6) = — |

1+ !
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The Carathéodory function H(x,t, s, &) satisfies the condition (3.2.4]). Indeed

4)s
[H(x,t,5,€)| < 1!4\5\1’(@ = g(s)l™”

4|
1+s4
Note that H(x,t, s, &) does not satisfy the sign condition and the coercivity condi-

tion. Set

where g(s) =

is a continuous and positive function which belongs to L!(R).

Au = =Dy = —div(| Vul[f® 2 Va). (3.4.1)

We have (|Vu|''")2Vu — |[VoP@)=2Vv)(u —v) > 0 for almost all z € Q, u,v € RY
and u # v, and so the monotonicity condition is satisfied.
The operator —div(|Vu[P*)~2Vw) is a Carathéodory function satisfying the growth

condition (3.2.1)) and the coercivity (3.2.3).

Define the obstacle function

l/)(l’, t) = [tX(O,T)(t) + C(l - X(Oﬂ_)(t))]W(l'),
where 7 € (0,7) is fixed, c is a real constant, and w € Wol’p(x)(Q) N L>(Q).

Remark 3.4.1 Finally, the hypotheses of Theorem are satisfied. Therefore,
the following problem :

(0> Y a.e in Qx(0,7);

Ti(u) € LY (0,T; Wol’p(x)(Q)), forall k> 0andu e C(0,T; L'(Q)),

/Sk(u—v)( )dx—/Sk(u—v)(O)da:

@Tk(u — v)dxdt + / VuP D2 TuNV Ty (u — v)dadt

ot

4u

_i1+ 4’VU|p Tk(U—U)dCl?dt</ka u—v)dxdt
Q

Vo e Ky L™(Q), where Si(s )—/ Ty (r)dr,
0
| and % € L7 (0, T; WP 0(Q)).

has at least one unilateral an entropy solution.
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Chapitre I

Obstacle problem for a non linear p(x)
parabolic inequalities

Abstact
This chapter deals, with the existence of solutions of some unilateral problems in
the Sobolev space with variable exponent associated to the equation :

% + Au+ div(¢(u)) = g(u)|Vu’™ + f —divF in Qx (0,T)

where the operator Au = —div(|Vu[P®*)=2Vu) , is a Leray-Lions operator which is
coercive. The right hand side f belong to L'(Q2 x (0,7)).

4.1 Introduction

Let © be a open bounded subset of RY, N > 2. T is a positive real number
and Q = Q x (0,T), while the variable exponent p : Q@ — (1,00) is continuous
function, the data f € LYQ), up € L'(Q) and F € (L'®(Q))N. The objective
of this chapter is to study the existence of an entropy solution for the obstacle
parabolic problems of the type :

;

u>YP a.e. in Q x (0,7,
Ge — div(| Va2 Vu) + div((u)) = g(u)| V)
{ +f —divF in Q x (0,7),
u(z,0) = ug in Q,
\ u=70 on 02 x (0, 7).
(4.1.1)
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The function ¢ is just assumed to be continuous of R with values in RY and ¢ is a
bounded and continuous positive function that belongs to L'(R). More precisely,
this paper is devoted to study the existence of a solution to the obstacle parabolic
problem associated to in the sense of an entropy solution (see definition
(4.2.1)).

The natural framework to solve problem (4.1.1)) is that of Sobolev spaces with
variable exponent. Recent applications in elasticity [87], non-Newtonian fluid me-
chanics [23], 80] or image processing [48], gave rise to a revival of the interest in thes
spaces, the origins of which can be traced back to the work of Orlicz in the 1930’s.
The interest of the study of Lesbesgue and Sobolev spaces with variable exponent
lies on the fact that most materials can be modelled with sufficient accuracy using
classical Lebesque and Sobolev spaces L? and WP where p is a fixed constant, but
for some materials with inhomogeneities, for instance electroheological fluids [80].
It would be interesting at this work to refer to Dall’ Algio - Orsina [50] and Por-
retta [70] proved the existence of solutions for the problem without obstacle
with dive(u) = 0, F=0 and —g(u)|Vu[P®) = g(z,t,u, Vu) satisfying the following
natural growth condition (of order p) :

g(x,t,5,8) < b(s)(€]" + c(x,1))
and the classical sign condition
g(:z:,t,s,f) 520

Recently, M. Sanchén and Urbano [81] studied a Dirichlet problem (4.1.1]) of p(x)
- Laplace equation and obtained the existence and uniqueness of entropy solutions
for L' data where g(u)|Vu[P®) = 0, F = 0 and div(é(u)) = 0 and the exis-
tence and uniquenss of a renormalized solution has been proved by D. Blanchard,
F. Murat and Redwane in [37] with v = b(z,u), F = 0 and g(u)|Vu[’® = 0.
For the degenerated parabolic equations the existence of weak solutions have
been proved by L. Aharouch and al [3] where FF = 0, g(u)|Vu/'™ = 0 and
f e L0, T;W-7(Q,w))*). Existence and uniqueness of renormalized solutions
was established by Blanchard and Murat in [34], besides, when ¢ = 0, F' = 0 and
g(u)|Vul[P®) =0 M. Bendahmane, P. Wittbold and A. Zimmermann in [29] proved
the existence of renormalized solutions and the existence of renormalized solution
in Orlicz spaces has been proved in E. Azroul, H. Redwane and M. Rhoudaf [25] in
the case where b(u) = u . We recall that the notion of renormalized solutions was
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introduced in [51] by Diperna and Lions in their study of the Boltzmann equation.
This notion was adapted to the study of some nonlinear elliptic problems with
Dirichlet boundary conditions by Boccardo, Diaz. Giachelte and Murat in [45] and
Lions and Murat (see Lion([65]). In the case F' = 0 and ¢ = 0 the existence of
solutions of some unilateral problems in the framework of Orlicz spaces has been
established by M. Kbiri Alaoui , D. Meskine, A. Souissi in [59] with the penaliza-
tion methods.

The plan of the chapter is as follows. Section 2 we make precise all the assumptions

on A, ¢, g, fand ug, the definition of an entropy solution of (4.1.1) . In Section 3
we establish the existence of such a solution in Theorem (4.3.1)).

4.2 Assumptions and definition
Throughout this chapter, we assume that the following assumptions hold true.

4.2.1 Basic assumptions

Let © be an open bounded subset of RY, N > 2. T > 0 is positive real number

and let set @ = Q x (0,7) and let p € C(€2) and assume that p(z) satisfies the
log-Holder condition (1.1.1)) with 1 < p~ < p™ < oo. The differential operator
A:Qx[0,T] x RxRY — R is defined by

Au = —div(|Vu[PW2Vw), (4.2.1)
is a Leray—Lions operator which is coercive and
g R—-R* (4.2.2)

is a bounded and continuous positive function that belongs to L(R)

¢ R — RYis a continuous function, (4.2.3)

fis an element of L*(Q),up € L*(Q) andp € C(Q) (4.2.4)

Let 1) be a measurable function with values in R such that ¢ € W, ""/(Q)NL*(Q)
such that ug(z) > ¥ (z) a.e. in  and let

Ky = {u e L (0,T; Wol’p(x)(ﬂ)), u > ae. in Q}.
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4.2.2 Definition of Entropy Solution.

Definition 4.2.1 Let f € L'(Q) and ug € L' (Q). A measurable function u defined
on Q is a unilateral entropy solution of problem (4.1.1)) if

u>1Y ae i Q,
Tie(u) €V, forall k> 0andu e C(0,T; L*(Q)),

/ Si(u —v)(T)dx + / @Tk(u — v)dxdt
+ / VulP 2V uV T (v — v)dedt — / O(u) VT (u — v)dxdt
Q Q
< / g(w)|[VulP T (u — v)dadt + / fTi(u — v)dxdt (4.2.7)
Q Q
+/ FVT,(u—v)+ / Sk(up — v(0))dx
Q 0
for allv € KyN L*®(Q), % € V* + LYQ) and Vk > 0,
where Si(s) = / Ty (r)dr.
0

4.3 The principal results

The aim of the present work is to prove the following

Theorem 4.3.1 Under assumptions (4.2.1)- (4.2.4)), there exists at least one uni-
lateral entropy solution of problem (4.1.1)).

Remark 4.3.1 Since, the function ¢(u) does note belong to (L}, .(Q))Y.Then, the
problem (4.1.1) can have an entropy solution, but not a weak solution.

Proof. The proof is divided into 4 steps.

In Step 1, we introduce an approximate problem. In Step 2, we establish a few a
priori estimates which allow us to prove that the approximate solutions u,, converge
to w a.e. in Q). In Step 3, we define a time regularisation of the field T (u) and prove
that w, satisfies (4.3.10). In this step using some techniques, we also prove the mo-
dular convergence of Ty (u,) to Ty(u) in LP (0,T; Wol’p(x)(Q)). In Step 4, we pass to
the limit which is the final step to prove Theorem (4.3.1)).

Step 1 : The approximate problem. Let us introduce the following regulariza-
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tion of the data :

fo€ LPD(Q), fo— fae. in Q, and strongly in LY(Q) as n — 00,(4.3.1)
Uy, € D(Q) : HUOnHLl(Q) < HUOHLl(Q) and Uy, — Up 1N L1<Q) asn — 007(432)
¢ is a lipschitz continuous bounded function from R in to RY, such that

¢, uniformly converges to ¢ on any compact subset of R as n — +00(4.3.3)

Let us mnow consider the following regularized approximate problem

(% div(|Vu, [P 2V u,) + divey, (un) — nT((u, — 1))
(Py), 4 = g(un) |V, [P + f, — divF in D'(Q),
up, =0 on 092 x (0,7
un(t = 0) = g, in €.

Moreover, since f,, € V* proving the existence of weak solution u, € V of (Py), is
an easy task (see [65] )

Step 2 : A Priori estimates. The estimate derived in this step rely on standard
techniques for problems of the type (Fy),.

Proposition 4.3.1 Assume that(4.2.1)-(4.2.4)) hold true and let u, be a solution
of the approximate problem (Py),. Then for all k > 0, we have

HTk(Un)HLpf(O’T;Wol,pm(Q)) <Ck forallneN,

where C' 1s a constant independent of n.

Proof. Let h > k > 0 and consider the following test function
w="1"T, (un — Tk(un)> exp(G(uy,)) in the approximate problem (Py),. where G(s) =
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/ g(r)dr, we have
0

<<%’ Th (“ N Tk(“n)> eXP(G(un)>>

+/{k§|un|§k+h} (!VunIP(x)—2Vun> Vuy, exp(G(uy,))dzdt
+/Q (\Vun\p(x)2Vun> Vu, 1y, (U/n — Tk(un))g(un) exp(G(uy,))dxdt
_ /Q On(un)V (Th (un — Tk(un)) eXP(G(Un))>dxdt
_ / nT((wn — )" )T (un - Tk(un)> exp(G(uy,))dzdt

Q

_ / g(un)|Vu, PO, (un — Tk(un)) exp(G(uy))dzdt
Q
+ /Q JnTh (un — Tk(un)> exp(G (uy,))dzdt

+ /Q FV (Th (un — Tk(un)) eXp(G(Un))>d:Udt

The Lipschitz character of ¢, and Stockes’ formula to gether with the boundary
condition 2 of problem (F}),, give / gbn(un)V(Th(un — T (uy)) exp(G(un))da:dt =
Q

0, then we obtain

<<%7 T (upn — Ti(un)) eXp(G(u"))>>

u, [P®) ex U T
+/{k§|un|§k+h}\v nl p(G(up))dxdt
- /Q W ((t = ) )Tty — Ti(1a)) exp(G(u,))dadl
= [ 5T (= Tu(w)) exp(Gla) o
Q

+ /Q AV <Th <un — Tk(un>> eXP(G(Un)>dxdt.
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On the one hand, we have

/{k<| |<k-+h} [V [P exp(G (un))drdt
_ /Q Do ((up, — )7 ) Th(un — Ti(uy)) exp(G(uy,))dxdt

< hexp(llglee) | Ifallr o) + oLz

: F (Th (un — Tk(un)) Vung(u,) exp(G(uy,))dxdt

_|_

1
+= / |V, [P exp(Guy, ) )dzdt
2 J (k< un| <k+h)

P (x)
{k

x

<hual<k by pf () (5p()) 7

< hexp(llgllz @) [ILfall sy + luonll 1)

+ / F (Th (un — Tk(un)> Vu,g(uy,) exp(G(uy,))dxdt
Q
1
+— / IV, [P exp(G(uy,))dzdt
2 J (k< un|<k-+h}

+C'/ |F|P"@) exp(G(uy,))dadt,
{k<un|<k-+h}

then

1

2 /{k<| |<k+h} V) exp( Gl
<|un|<k+

- /Q T, (= ) )T (10— Tiun) ) exp(G(u)
< hexp(llglli) [ fallr@) + luonll 2oy | +

+ /Q FT (= Ty(un) ) utng () exp(G ) dadt.

Our objective in the following is to prove the proposition next :

Proposition 4.3.2 /

FVu,g(u,) exp(G(uy,))dzdt < C + C”/ T, ((uy,
Q

Q
for alln >0
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Let us observe that if we take ¢ = p(u,) = / 9(8)X (r<|s|<ktnyds exp(G(uy)) a
0

test function in the approximate (Py),, we obtain

T
[/gol(un)dx] —i—/ |V, [P g (u) exp(G (uy))dadt
Q 0 {k<|u,|<k+h}

_ / T ((y — 1)) p(un)dadlt — / b (1) V pluty )t
Q . Q
< (| atoris)exp (lallo) Il

+/QFVUn9(Un)X{kg|ungk+h} exp(G(uy,))dzdt

#( [ 0t01s) | 1FFalg(m) exp(Glm) X syt

r

where ¢1(r) = / p(s)ds, which implies, using ¢;(r) > 0 , and the Lipschitz cha-

0
racter of ¢,, we obtain

/ [V, [P g(u,) exp(G (uy))dadt
{k<|up|<k+h}
— [ Tl = ) ol
Q
< g(s)ds ) exp ( ||g]l Fullzicon + Nluol| 21
</0 (5) ) <H Iz (R)> [H 21 @) + lluollz (Q)}
* /Q FNUng (un) X k<, [ <k+ny eXP(G (un) ) dxdt

+</ g(s)ds)/Q|FVun|g(un)eXp(G(un))X{k§|un|§k+h}dxdt,
0
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then

/ IVt [P g (uy ) exp(G (uy,))dadt — / nT,((u, — )7 ) puy,)dzdt
{k<|u,|<k+h} Q

9(un) exp(Glu)) |7
[mp(x)] "

1 = e
<) [g(un> xp(G ()| " VX iy <ty drdt

2(1+ [|glloc]
{ (uy) exp(G(uy,) } 1 L
+Hg”°°/‘F| [ . ]p(x)}h [2[14—“9”00];0(:6)}

2
X [Q(Un) eXP(G(Un))} " VUun X (k< u, | <k+nyd2dt,

< lglkeexp (o) [Mllr + luolla)] + [ F

and by using Young’s Inequality , we have

/ IVt [P g (uy) exp(G (uy,) )dadt — / nT,((u, — ) ) puy,)dzdt
(| <h)} Q

< ligllooexp (Ilglz ) [ Ifalliria) + Nuollzaio)

n / IFIP®g(u,) exp(G(uy)) Jdt
Q 1 pl<(z>)
V() [—2[1+||g||m}p(x)}

1 /
o T T Vuy, p(x)g Uy ) €XP G X " drdt
2[1 + lglloc] Q‘ | (n) exp(G (Un))X fr<lun|<k+h}

Hl [ st o))

Q p(z)
V(@) grstgrp(@)]

1

+——llg oo/ Vu, p(x)g up,) exp(G(un)) X k<, dxdt,
ST T | 19 8(00) xp(G0) Xtk <
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Since g is bounded function, then we have

/ IV, |P@) g () exp(G (uy,))dadt — / nT,((u, — )7 pluy,)dzdt
{k<un| <k-+h} Q
< llgllcexp (llgllae ) [I1fullrc) + luollzoio
+Clglloesp (o) | [Pt
T

e VP g(uy) exp(G(un)) X 1h<lu dxdt

2[1+H9H00] Q‘ ‘ ( ) ( ( )) {k<|un|<k+h}

gl gl exp (gl ) / P dadt

1

+——||9 OO/ Vu, p(xg up,) exp(G(un)) X k<, dxdt,
2[1+"g|’00]‘| H Q’ | ( ) ( ( )) {k<|un|<k+h}

then

/ IV tun [P g () exp(G (uy))dadt — / nT, ((uy, — ) 7)) p(uy,)dxdt
{k<|un|<k+h} Q
< ligloo exp (llgllzam) ) [1Fallzsie) + ol saio

#Clllooxp (ol ) [1+ o] | 1PV

+3 o ||9H /|Vu 1P g () exp (G (1n) )Xty | < sy AT

1

—l-—goo/ V[P g(u,) exp(G(uy,))x w dxdt,
ST Tl 191 1Vl exp(G ) Xpuchn i

and since

/Q|F|p Vdedt = P(F)SmaX{HFHLP’() N’HFHLP’() @)~ }:C”

92



then, we have

/ IVt [P g (uy) exp(G (uy,))dxdt
{k<|un|<k+h}

—/ nT, (u, — ) p(uy,)dxdt
Q
< gl ( explliglzre)) [l + ol

1
+Cy + / IV, |P@) g (1) exp(G (uy,) ) dadt
2[1 + llglloc] J th<iun | <ksn)

1
19l / Vi, [P g (uy) exp(G (uy) ) dadt
(k<|un|<k-+h}

where Cy = C'||g||» exp (HQHLl(R)) [1 + HgHoo} c”
hence

2/ IVt [P g(uy) exp(G (uy))dadt — 2/ nTy(un, — )~ p(uy,)dxdt
{k<|un|<k+h} Q
< 2(llgll explllgllze) (1 fall @) + luollire ) + C2]

+ / IV, [P g(u,) exp(G(u,))dedt
(k<|un|<k+h}

which give

/ Vi, P9 g (uy,) exp(G (uy,))dadt — 2/ L ((un, — )7 ) p(uy,)dzdt < Cs,
{k<|un|<k+h} Q

then

/ |V, |P@ g () exp(G (uy))dadt < Cs + 2/ n((un — 1Y) ) p(uy)dzdt
{k<un|<k+h} Q

< Gy +2(h+ B)gllselexp(lglm) /Q BT, (un — )t
< C5+ hC’4/ nT, ((u, — )" )dxdt
Q
with Cy = 49| (exp(||g]|z1(r)) S0, We obtain

/ Vi, P9 g (uy ) exp(G (uy))dadt < hC5/ nT,((u, — )" )dxdt.
{k<|un|<k-+h} Q
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Un

Let us take pi(u,) = / 9(8)xqs|<irds exp(G(uy,)) a test function in the approxi-
0

mate (Py),, we obtain

[ [ eatwadaa] -+ [ 1900500 exp(Gln) g iyt
[ (= ) s dadt — [ 6 Vi)t
Q . Q
< ([ i) exp (lallom) I1ollo

—|—/ FNu,g(wn) X fju, <k} exp(G(uy))dzdt
Q

+</Ooog(8)d8)/Q|FVun|9(un)eXp(G(un))X{|un|§k}da:dt,

r

where po(r) = / p1(s)ds, which implies, using ¢o(r) > 0, the Lipschitz character

0
of ¢, and by using Young’s Inequality, we obtain

/ |V, | g (uy,) exp(G (uy,))dadt
{lun|<k}
< liglooexp (lgllzrm) [1allzsie + ol + Co

1 /
+ \Vun|p<x)g(un) exp(G(uy,))dzdt
2[1 + llglloo] Jfjunl <}

Lo
2

T Ty 700 50G )t

then

/{ <k} [Vuun [P g ) exp(Gun)drdt < hCr /Qn:rn«un — )7 )dwdt

UTL

Similarly, taking p, = / 9(8)x{s|>k+nyds exp(G(uy)) as a test function in the
0

approximate (Py),, we conclude that

/ IVt P g (uy) exp(G (uy))dedt < hC’g/ T, ((u, — )~ )dxdt
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Conclusion, we have

using (4.3.4)), we have

/ IV, [P g(uy,) exp(G (uy,))dadt
Q
- /Q T, () )T (1, — Tiluw,) ) exp(G(u,))drdt
< th/ nT,, (u, — ) dxdt + hChy,
Q
we obtain
_ / T, (a0 T (1 — Ti(a)) exp(G )
Q

< th/ nT, (u, — 1) dxdt + hCyy
Q

so, that

Th (un - Tk(un))
—/ nT, (u, — )~ r exp(G(uy,))dzdt
Q
< Cg/ T, (u, — )~ dzdt + Chy.
Q

Let us now fix k > ||¢]|~, by the fact that
N (un — V) (un — k)X {u,<¢; k<u,<i+ny = 0 and letting h — 0, one has

/ nT (u, — )" dedt < Ch.
Q
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/ IV, [P g () exp(G (uy,) )dadt < / IV, "W g(u,) exp(G(uy,))dadt

Q {lun|=k+h}
+ Vi, | g (uy) exp(G (uy))dadt
& {|un|§k}
+ |V, |P@) g () exp(G (uy,) ) dazdt
{k<|un|<k+h}
< th/ nT,((u, — 1) )dxdt
\ Q

(4.3.5)



Let use v = Ti(uy,) exp(G(uy,))x(0,7) as a test function in (Py),,

{/9(104(Un)d$}j+/T<|vun|p(z)—2vun)VTk(un)exp(G(un))dajdt

* / | VunPT () g (un) exp(G un)) dat
_ On(un)V (Tk(un) exp(G(un))> dadt
QT
_ /T nTn(<Un - w)i)Tk(un) exp(G(un))dxdt
= /Tg(un)wun\p(@Tk(un)eXp(G(un))dxdt

+ [ fuTli(un) exp(G(uy,))dadt
QT

+ /T FTy(un)Vung(uy,) exp(G(uy,))dxdt

—l—/ FVTy(uy) exp(G(uy,))dzdt

r

where ¢4(r) :/ Ti(s) exp(G(s))ds.
0
Due the definition of ¢4 and |G(u,)| < [|g]|z1(®), We have

0 < /904(u0n)da: < kexp(||gllzr®))l|wonl 21 (). The Lipschitz character of ¢, and
Q

Stok’s formula to gether with the condition 2 of problem (Pj), and by Young’s
inequality, we give

/ gbn(un)V(Tk(un) eXp(G(un)>de‘dt = 0, and by using (4.3.5)) then,
Q

VT (uy) |p(f”) exp(G(uy,))dzdt
QT

< kexp(llglom) | Ifull@) + luollzo) + Cu] + Cio

1 /
F— VT (un) ™ exp(G(uy))dzdt
2[1+ Hg”oo] er k( )’ ( ( ))

1
_|_—
2[1 + [lglloc]
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Un

Let us take ps(u,) = / 9(s)x¢s>01ds exp(G(u,)) a test function in the approxi-
0

mate (Py),, we obtain
T
[/Q%(un)dx]o —I—/Q|Vun\p(x)g(un) exp(G (un)) X fu, >0y dxdt
—/nTn((un—w)_)p5(un)dxdt—/gbn(un)Vp5(un)da:dt
Q Q
< g(s)ds)exp | |g|lr follp
(] ats1as) e (Il I15lsio
+/ FVu,g(un) X fu,>01 exp(G(uy,))dzdt
Q

+</Ooog(5)d5>/Q|Fvun\g(un)eXp(G(un))x{unZO}dxdt,

r

where p5(r) = / ps(s)ds, which implies, using ¢5(r) > 0, the Lipschitz character

0
of ¢, and by using Young’s Inequality, we obtain

/ Vi, | g (u) exp(G (uy,))dadt
{un>0}

< liglocexp (lgllze) [1fallzie + luolliro] + Cus

1 €T
T Jy 700 50

1 : x
TR [y 7000 Gl

then
/ |V, [P g (uy ) exp(G (uy))dzdt < Chy
{un=0}

0
Similarly, taking ps = / 9(s)x(s<oydsexp(G(u,)) as a test function in the ap-

proximate (Py),, we conclude that

/ |V, |P@ g (1) exp(G (uy))dadt < Cys
{u,<0}

Consequently,
/ |V, [P g (uy) exp(G (uy))dzdt < Chg.
Q
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Above, (1, ...., (g are constants independent of n, we deduce that
/ VT (un) [P @ dadt < k Cyr. (4.3.6)
Q

This implies that by Proposition ([1.1.3]), we get
T3 (un) llv = 1Tk (un) || oo @) < kCis + 1.

Then, we conclude that Ty (u,) is bounded in V', independently of n for any k& > 0.
Now we turn to proving the almost everywhere convergence of wu,,.
Consider a non decreasing function g, € C?(R) such that

s if\s\gg
gk(s){k if |s| > k.

Multiplying the approximate equation by g; (u,), we get

ot

— div(| V2V u)gh (1)) + [V g () (43.7)

+div¢n(un)g,;(un) - Cbn(un)vungllc,(un) - nTn(un - ¢)_92(Un)
= g(un)|Vun|p(x)g;€(un) + fng;fwn) - diV(Fg;c(un)) + FVungg(un)

in the sense of distributions. This implies, thanks to the fact that ¢, has compact
support, that gi(u,) is bounded in L? (0,7 I/VO1 P (x)(Q)), while it’s time derivative
%ﬁ”) is bounded in L'(Q)+ V* Due to the choice of g, we conclude that for each
k, the sequence T} (u,) converges almost everywhere in ), which implies that the
sequence u,, converge almost everywhere to some measurable function v in ). Thus

by using the same argument as in [34], [35], [36], we can show the following lemma.

Lemma 4.3.2 Let u,, be a solution of the approximate problem (Py),. Then,

U, — u  ae in Q. (4.3.8)
We can deduce from that
Te(un) — Ti(u)  in LY (0,T;: Wi (). (4.3.9)

Lemma 4.3.3 [10] Let u,, be a solution of the approximate problem (Py),. Then,

lim lim sup / a(x,t, uy, V(u,))Vu,dedt = 0. (4.3.10)
{m<|un|<m+1}

m—oo  n_o0
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Step 3 : Almost every convergence of the gradients :

This step is devoted to introducing for a fixed k£ > 0 fixed, a time regularization
of the function Ty(u) in order to perform the monotonicity method.

This specific time regularization of Ty (u) (for fixed k& > 0) is defined as follows.
Let (vf), be a sequence of functions defined on €2 such that

uh € L*(Q) N Wol’p(x)(Q) for all pn > 0, (4.3.11)

vy |l e) £k for all p >0, (4.3.12)
1

vy — Ti(uo) a.e. in Q and —||vy]| g o) — 0, as p — oo. (4.3.13)
0

For fixed k, ¢ > 0, let us consider the unique solution (7j(u)), € L>(Q) N
Lr (0,7 Wol’p(x)(Q)) of the monotone problem :

OB (@)~ Tiw) =0 D@, (4314)
(T (u),(t=0) =0 in . (4.3.15)
Note that due to (4.3.14]), we have for u >0 and k > 0,
—a(T’é(t“))“ e L7 (0,15 Wy " (). (4.3.16)
We just recall here that (4.3.14)—(4.3.15) imply that
(Tr(w)),y — Ti(u) a.e.in Q, (4.3.17)

as well as weakly in L>°(Q)) weakly and strongly in L? (0, T’ Wol’p(x)(Q)) as [t — 00.
Note that for any 1 and any k > 0, we have

(T )l < max (ITk(w) @ 10 liiey ) < &, (4.3.18)

We introduce a sequence of increasing C*°(R)—functions S,, such that
Sm(r) =1 for |r| <m, supp(S;,) C [=(m+1),m+ 1], Syl =) <1,
for any m > 1, and we denote by w(n, u,n, m) the quantities such that

lim lim lim lim w(n,u,n,m) = 0.
m—»o00 N—0 p—00 n—+00

The main estimate is
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Lemma 4.3.4 ([9,136]). We have

/O ' <a§;”,T,7 (u _ (Tk(u))u>+ exp(G(un))s;n(un)> dt > w(n, u,n) ¥Ym > 1.
(4.3.19)

+
Taking now v =T, (un — (Tk(u))u) S) (uy) exp(G(uy,)), in (Py),, we get

/OT <85;n7 T, (un — (T/rf(u))u)>Jr eXp(G(un))S;n(un)> dt
+ /Q(|Vunlp(x)—2VUn)V<Tn (Un — (Tk(u))ﬂ)+) exp(G(u,))S! (u,)dzdt
+ /{ e |<m+1}(‘Vun|P(x)—2Vun)Tn(un  (Th(w)) ) exp(Clun)) S, () Vandardt

+/Q(|Vun|p(x)_2Vun)g(un)Vun exp(G(un))T, (un — (Tk(u))u))JrS;l(un)dxdt

n / T, (un—w)_T,< (1)) exp(G (1))}, ()l (4.3.20)
/ (1) V (w)) )+> eXp(G(un))S;l(un>dxdt
= | otV (u = (Tw),) S, ) explG )t
/ fT) un— (Th(u S! (u,) exp(G (u,))dzdt

+ [ PV (0, - (Tl >>u) S/, 1) (G )
Q

From (4.3.5)),(4.3.10)),(4.3.19),(4.3.20) and the Lipschitz character of ¢, it follows
that

/Q (V29 u,) 9 (T (0 (Tk(u>)u)+) exp(G () S () ddt

< Cn+wn,pu,n,m)+ /Q FT, (un — (Tk(u))u) Vung(uy) exp(G(uy)) S, (uy,)dzdt

+ /{ o PO E(Gl) (73 (1~ (Tw)),) ) S

" /Q P (T (- (Tk<u>)u>+> exp(G (un)) Sy, (uy ) dadt, (4.3.21)
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where C' is a constant independent of n and m. Then

Jr
/ (V" 2Vu,)V (T, (0 = (Te(w), ) ) exp(Gl1)) Sy, (1)t
Q
<Cn+ N+ 1L+ (4.3.22)
We have

) /{méunémﬂ} FVn <T” (u" - (Tk(u))u> +> d:cdt‘

< 2nexp <||9HL1(R))C°</
{m<|u|<m+1}

Thanks to (4.3.10]), we have

1

(|t [P 2vun)vundxdt)

lim lim I; =0 and lim lim Iob =0
M—00 N—>00 m—00 N—00

and by Lebesgue’s theorem and F' € LP)(Q))Y, we have I3 converges to zeros as
n,m and p tend to infinity, then

/Q (190 P25,V (T, (10— (Tiw)) ) xD(G 110)) S} (0l
< COn+w(n, p,n,m) (4.3.23)

On the other hand, let A = {0 < Ty(u,) — (Tx(u)), < n} and B = {0 < u,, —
(Th(w)), < n}. Then, we have

/Q (IVun\p(I)‘QVun)V@n( )+) exp (G (up))S!, (uy)dxdt (4.3.24)
_ /B<|vun‘1?(:v)—2vun) <vun _ M) exp(G S (uy,)dxdt
_ / (\Vun|p(”“")_2Vun)> (v:rkwn) - V(Tk(u))ﬂ) exp(G(u))S! (un)dwdt
A

w. [P@)=2v7,, Uy — U ex U ' () )dadt.
+/{|un>k}ﬂB(IV n| \Y, n)(v n— V(Ti( ))M) p(G(un))S", (u,)dxdt

The coercive character of a and the definition of S) (S! (u,) = 1 a.e. in {|u,| < k}
if & < m), it is possible to obtain from (4.3.23) and (4.3.24)), that

/A (IV T () P2V T () (VTk(un) - V(Tk(u))u> exp(G(un)S!, (u,)dzdt

S/ (| VP92V, )V (Th(w) ) exp(G(u,) ) SL () et
{lun|>k}NB
+Cn+ w(n, u,n,m). (4.3.25)
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Since VTj.,(u,) is bounded in (LF@)(Q)N and w, — wu aein @, then
VT (tn) = Vi, (u) weakly in (LP(Q))Y, consequently,

/ (I T (1) P2V T (1) |V (T (1)) ] €xD(G () S}, () dadt
{lun|>k}NB

/ Ty 1) P29 (T3 (), exp(G () S () dalt + ().
{lul>k}{0<u—(Tk(u))<n}

Thanks to (4.3.17)) one easily has,

/ (IV T () P2V (T (1)) exp(G (w) Sy, (u)dadt = w(pa).
{Jul>k}n{0<u—(Ti(w)), <n)

Hence,
/A (V" 72Vu, )V (T, (0, (Tk<u))u)+) exp(G () S (wn)dwdt

< On+w(n,p,n,m). (4.3.26)
On the other hand, note that

/A (VT () P2V T () (VTk(un) - V(Tk(u))u) exp(G(uy))dwdt
— /A(|VTk‘(un)‘p(x)_szk(un)) (ka(un) — VTk(u)) exp(G(uy,))dzdt

+ / (VT3 (1) PP 2V Ty (uy)) (VTk(u) — V(Tk(u))u) exp(G(uy))dzdt, (4.3.27)
A
and the last integral tends to 0 as n — oo and u — oo. Indeed, we have that

/A (IV T () P2V T () (VTk(u) - V(Tk(u))u) exp(G (uy))dzdt

- (VT3 () P92V T, () (VTk(u) _ V(Tk(u))u> exp(G(u))dzdt
{0<T}(w) = (Ti(u)) p<n}
as n — 0.

Using((4.3.17)) and Lebesgue’s theorem , we have

Sdg(u)—(Le(uw))u<
as f1 — o0o. !

We deduce then that,

/A (IV T (un) P2V T () (VTk(un) - VTk(u)> exp(G(uy)dzdt
< Cn+w(n,u,n,m) (4.3.28)
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Let
M, = ([|VTk(un)|p<x>—QVTk(un)] [VTk(un) . VTk(u)D X
% ((exp(Glun)) ).

Then for any 0 < 6 < 1, we write

In = / MCdxdt
{lun*(Tk(u))lAZO

/ M dadt
{17 (1) = (T () )| <0, =T ()20}

n / M dzdt.
(T 0)~ ()3, 0 (T)),20)

Since VT}(u,) is bounded in (LP*)(Q))V, then by applying the Holder’s inequality,
we obtain

0
I, < Cl( / Mndxdt) (4.3.29)
(0T ()~ (T (w) <)

1-6
O meas{(x,t) cq: ‘Tk(un) _ (Tk(u))u‘ >0 g — (To(w)), > o} .

On the other hand, we have,

/ M,, dz dt
{0< T (un) = (Tie(u)) ) <n}

= a(x,t,Tk(un),VTk(un))x
{0<Th(un)—(Th(u))u)<n}

< (VTk(un) = VIx(w)) exp(Gluy)) da dt (4:3.30)

—/ a(m,t,Tk(un),VTk(u)>><
{0<T (un)—(Tr(u)),.)<n}

X (VTk(un) — VTk(u)) exp(G(uy,)) dz dt
=1+ 12

Using (4.3.28)) we have,

I} < C n+w(n, pu,n,m). (4.3.31)

Concerning 12, that is, the second term of the right hand side of the (4.3.30)), it is
easy to see that

I? = w(n, p). (4.3.32)

n
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Because for all i = 1,..., N, we have BTS_W — ag}(g) in LP*)(Q). Combining

([A329), (-3.30), ([1.3-31) and (£.3.32) we get,

I, <Cy (C’ n+w(n, w,n, m))e + Cy (w(n,,u))le

and by passing to the limit sup over n, u and 7

/ ([IVT0 () P2V T (1)) = [V T () P2V T () |
{un—(Tk(u)), =0}

x [VTk(un) - VTk(u)} )9 drdt = w(n). (4.3.33)

On the other hand, we choose v =T, (un — (Tk(u))ﬂ) exp(—G(uy)) in (Py),, we
obtain :

/{ ey TPV w0) = [V T P29 T )]
x [VTk(un) - VTk(u)Do dedt = w(n).  (4.3.34)
Moreover and imply that
/Q ([T () P29 T () = [V T () P2V T ()] %
x [VTk(un) _ VTk(u)} )9 dz dt = w(n) (4.3.35)
which implies that
Te(up) = Th(uw) in LY (0,T; WeP™(Q)) V &k > 0. (4.3.36)

By using [35], [34]), there exist a subsequence also denoted by wu, such that
Vu, — Vu ae. in Q. (4.3.37)

Proposition 4.3.3 Let u,, be a solution of the approximate problem (Py),. Then

u>Y ae mQ.

C
Proof. Thanks to (4.3.5)), we can write / T (u, — ) dzdt < —. And by using
Q n

Fatou’s Lemma as n — 0o, we have that / (un, — )~ dxdt converges to zeros, we
Q
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get (u, — 1)~ =0 a.e. in (). Consequently we conclude that v > 1 a.e. in Q.
Step 4 : Passing to the limit

4-1 We claim that u € C(0,T; L'(Q))

Is easy by adapting the same way as in [11].

4-2 We prove that u satisfies (4.2.7)

Indeed let v € Ky N L®(Q), % € LV (0,T; W1)(Q)). By the pointwise multi-

plication of the approximate problem (FPy), by Ti(u, — v), we get

/QSk (un(T) — v(T))d:c — /QSk <u0n — v(O))dm

@Tk(un — v)dxdt + / (|VuPD =2 u) VT (uy — v)dadt
Q 0t Q

_/ ¢n(un)VTk(Un — v)dxdt
Q
_/ nT5, (wn — ) T (u, — v)dadt
Q

< / (1) |V, PO T (wy, — v)ddt
Q

+/ fuTr(uy, — v)dzdt + / FVTi(u, — v)dzdt,
Q Q

where Si(s) :/ T (r)dr.
0

Since v € K N L*(Q), we have —/ nT,(u, — ) Ti(u, — v)dxdt > 0, we deduce

Q
then that

/QS;€ (un(T) — U(T))dZU — /QS;€ (u()n — U(O))dx

@Tk(un — v)dzdt + / (IVuPD =2 u) VT (uy — v)dadt

Q Ot Q
_/ an(un)VTk(Un - v)dxdt
Q
< / g(n) |Vt PO T (uy, — v)dadt (4.3.38)
Q
+/ foTr(uy — v)dzdt + / FVTy(u, — v)dzdt.
Q Q
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Let us pass to the limit with n — oo in each term in (4.3.38)).
e As S;. is lipschitz of constant k, when n — oo we have

/ W — 0)(T) da:—>/Sk (1 — 0)(T)dz
and/QSk( /QSk upn, — (0 dx—)/Sk up — v(0))dw.

e Since % € V* + L*(Q), that is

/O <% Ty (un, )>dt_>/OT<%Tk(u—v)>dt.

e Let us pass to the limit with n — oo for the term /(|Vun|p(x)_2Vun)VTk(un —
v)dxdt. Since v € L>®(Q), we note M = ||v||o, we get

/ (IVun P2V, ) VT (wy, — v)dadt
Q
T
:/ /(‘vun|p(x)_2vun)VTk(Tk+M(Un) — v)dxdt
0 Q
T
:/0 /Q(‘vun|p(x)_2vun)VTk+M(Un))1{|Tk+M(un)_U|§k}d:Udt

T
—/ /(|Vun‘p(x)_QVun)VUl{|Tk+M(un)_v|§k}dl‘dt.
0 Jo
As Ty p(uy) is bounded in V', Vu, — Vu a.e. in Q,

VTiin(uy) = VT (u) almost everywhere

and by using Lebesgue theorem, we deduce that

/ (V™72 )V T 01 () 1[50 1) ol < A0
Q

—>/(\Vu]p(w)_2Vu)1{|Tk+M(u_U)<k}dxdt
Q

and

T
/0 /Q(|Vun|p(:c)—2Vun)Vvl{|Tk+M(un)v|§k}dggdt —

T
/ /Q(\Vu\p(“")_2Vu)Vvl{Tk+M(u_v)|<k}dxdt
0
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then

/(\Vun\p(x)_QVun)Tk(un — v)dxdt — /(\Vu]p(x)_QVu)Tk(u — v)dxdt.
Q Q
e Let us pass to the limit for other term
| ) VT = o)zt = [ 6,(0) VT Thsas() = 0)ddt
Q Q

Since Ty p(uy) is bounded in V' and ¢, is a Lipschitz continuous bounded function
R in to RY, such that ¢, uniformly converge to ¢ on any compact subset of R as
n tend to +00. Then, we have

[ o) VT, = 0)dzdt > [ GV (T () — v)dade
Q Q
and by Lebesgue theorem, we deduce that
/ On () VT (u, — v)drdt — / &(u)VTi((u) — v)dzdt
Q Q

Due to (4.2.4)) , Ti(u,) — Tp(uw) in VV k>0

and u, — u a.e. in (), we have
fuTi(un —v) — fTu(u —v) strongly in LY(Q)
and by Lebesgue theorem, we have

/ foTr(u, —v) — / fT.(u —v) strongly in L'(Q)
Q Q

e Similarly, since g is a bounded and continuous functions belong to L}(R) and
U, — u a.e. in (),we obtain

/ 9(un) |V |2 T (uy, — 0) — / 9(u)|Vul"") 72T} (u — v) strongly in L'(Q)
Q Q
e For the second term of the right hand side of (4.3.38)), we have
/ FVTi(u, —v) — / FVTi(u—v) asn — +o0,
Q Q

since VTj(up — v) = VTi(u — v) in (LP@(Q))N, while F € (LF®(Q))N and
Lebesgue theorem. Then, we conclude that u satisfies (4.2.7)).
As a conclusion of Step 1 to Step 4, the proof of Theorem (4.3.1)) is complete. [
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This part is constituted of the following chapters :
CHAPTER V

Existence of Renormalised Solutions for Nonlinear Elliptic Problems in Weighthed
Variable -Exponent Space with L' -Data

CHAPTER VI

Renormalized Solutions of Nonlinear Parabolic Equations in Weigthed Variable-
Exponent Space
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Chapitre 5

Existence of Renormalised Solutions for
Nonlinear Elliptic Problems in
Weighthed Variable -Exponent Space
with L! -Data

Abstract
In this chapter we study the existence of a renormalized solution for the nonlinear
p(z)—elliptic problem in the Weighted—Variable-Exponent Soblev spaces, of the
form :

—div(a(z,u, Vu)) + H(x,u,Vu) = f in €,
where the right-hand side f belong to L'(Q2) and H(z,s,£) is the nonlinear term

satisfying some growth condition, but no sign condition on s.

5.1 Introduction

Let Q be a bounded open subset of RY with N > 2, p € C,(Q), p(z) > 1. Let A
be the nonlinear operator defined from Wol’p(m)(Q, w) into its dual W~17@)(Q, w*)
by the formula Au = —div(a(x,u, Vu)).

The objective of this chapter, is to study the existence of a renormalised solution

for a class of nonlinear p(x)- elliptic problems of the type

{Au + H(r,u,Vu)=f  in Q (5.1.1)

u=>0 in 09,
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where f € LY(€Q). The operator Au is a Weighted Leray-Lions operator (see as-

sumption ([5.2.1])-(5.2.3)) of section 2) which is coercive and where H is a non linear

lower order term.

Partial differential equations with nonlinearities involving non constant exponent
have attracted an increasing amount of attention in recent years. The develop-
ment, mainly by Ruzika [80] of a theory modeling the behavior of electrorheolo-
gical fluids. Other applications relate to thermistor problem [86], or the problem
of image recovery [48]. This notion was adapted yet to the study with H = 0 of
some nonlinear elliptic problems on Sobolev space a exponent variable with Diri-
chlet boundary conditions by Boccardo-Diaz. Giachette and Murat[45]. Recently,
Bendahmane and Wittbold in [30] proved the existence and uniqueness of renor-
malized solutions to nonlinear elliptic equations with variable exponent and L'
data, besides, when f € L'(Q) + W~7@)(Q) E. Azroul. M. B. Benboubker and
M. Rhoudaf in [24] proved the entropy solutions for some p(z) quasilinear problem
with right-hand side mesure. In the case where p(x) is a constant some results have
been proved by, L. Aharouch and Y. Akdim [4], to the case of parabolic equations,
is studied by Y. Akdim, J. Bennouna and M. Mekkour [9], where H = 0 and
fe L’ 0,T; W1 (Q,w)).

This chapter is organized as follows. In Section 2, we give our basic assumptions
and the definition of a renormalized solution of the problem for which our
problem has a solution. In Section 3, we establish the existence of such a solution
in Theorem (5.3.1)). In Section 4, we give the proof of Theorem (5.3.1)), Lemma

(5.3.3) and Proposition (5.3.2) (see appendix)

5.2 Essential Assumption

Throughout the paper, we assume that the following assumption hold true.
ASSUMPTION (H1)

Let Q is a bounded open set of RY(N > 2), p € C,(Q), such that 1 < p~ < pt <

oo and zﬁ + ]ﬁ = 1. We consider a Leray—Lions operator defined by the formula :

Au = —div a(z, u, Vu).
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The function a : © x R x RY — R is a Carathéodory function satisfying the
following conditions

la(z, 5,€)| < Bwl/?@ () {k(x) 4 P @ gp@) -1 U@ ()@t (5.2.1)

[a(a:, s,&) — a(z, 3,77)} (E=n)>0VE#£neRY, (5.2.2)
a(z, s, &) - € > aw|PW), (5.2.3)

for all (s,1,£) € R x RY x RY and for almost every z € Q,

where k(z) is a positive function lying in L?®)(Q) and «, /3 are a positive constants.
ASSUMPTION (H2)

Let H:Q xR xRY - R be a Carathéodory function such that for a.c. z € Q
and for all s € R, ¢ € RY, the growth condition

[H(x,5,6)| < v(x) + g(s)wlg [, (5-2.4)

is satisfied, where ¢ : R — R™ is a bounded continuous positive function that
belongs to L'(R) while v € LY(Q).

fe LY. (5.2.5)

Definition 5.2.1 Let f € LY(Q). A real-valued function u defined on Q is a re-
normalized solution of problem (5.1.1)) if

Te(u) € WP N(Q,w))  forallk >0, (5.2.6)
/ a(x,u, Vu)Vudr — 0 as m — oo, (5.2.7)
{m<lul<m+1}

—d’é’u(S’(u)a(x, u, Vu)) + S"(w)a(x,u, Vu)Vu + H(x,u, Vu)S'(u)
= fS'(u) in D'(Q), (5.2.8)

for all S € W2*(R) which are piecewise C* and such that S’ has a compact sup-
port in R.

Remark 5.2.1 Equation is formally obtained through pointwise multipli-
cation of problem by S'(u). However, while a(z,u, Vu) and H(z,u, Vu)
do not in general make sense in (5.1.1]), all the terms in have a meaning in
D'(€2). Indeed, if M is such that supp S C [—M, M], the following identifications
are made in (5.2.8)).
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— S(u) belongs to L*>°(Q2). Since S is a bounded function.
- S(u) a(z,u Vu) identifies with S'(u) a(x, Ta(u), VTy(u)) a.e. in Q.
for any ¢ € D(Q), using Holder inequality

/S’ a(x,u, Vu)Vpdr —/S’ a(z, Tar(uw), VT (u))Vedz

< CMHS’HLoo(Q) max / ‘VTM(UHP(:”)M(,@))”',

/ VT3 () o)) HIVepl e

where M > 0 is that supp S" C [—M,M]. Since |Ty(u)] < M a.e. in Q and
S’ (u) belongs to L>(Q2). We deduce from (5.2.1) and (5.2.7) that

div(S"(uw)a(x, u, Vu)) € (L7 @(Q, w)V.
- S"(u) a(x,u, Vu)Vu identifies with S"(u) a(x,w, Thr(uw), VI (uw)) VT (u) and
S"(u)a(, u, Tar (u), VI (u)) VT (u) € LH(Q).

— S'"(u)H (x,u, Vu) identifies with S'(u)H (z,t, Ty (uw), VT (u)) a.e.in Q. Since
|TM(u)\ < M ae in Q and S'(u) € L*(), we see from that
S'(uw)H (z, Ty (u), VI (u)) € LN(Q).
— S'(u) f belongs to L*(Q).
The above considerations show that equation hold in D'(Q)) and
0 ¢ T )

5.3 Existence Results.

Theorem 5.3.1 Let f € L'(Q), p € C.(Q). Assume that (H1) and (H2) hold
true. Then, there exists a renormalized solution u of problem (5.1.1) in the sense

of Definition (5.2.1]).

proof. The proof is in five steps.
STEP 1 : Approximate problem :
For n > 0, let us define the following respective approximation of H and f;

. H(x7 87 5)
Hn(JJ,S:f) — 1+%|H(x,5,€)|
Note that |H,(z, s, §)| |H(z,s,§)]

and |H,(x,s,&) n for all (s,¢) € R x RY,



Let (f,)n be sequence of smooth functions such that

fo — fae. inQ, strongly in L'(Q) asn — oo and | fallzvey < il
(5.3.1)

We consider the sequence of approximate problems
Uy € Wol’p(x)(ﬂ,w)
(Ps)n & —div(a(z, uy,, Vuy)) + Hu(z, up, Vuy,) = fo in D'(Q)
U, =0 on Of).
Let f, € W=WP@(Q,w*), p e CL(Q) for fixed n, the approximate problem (P),
has at least one weak solution wu, € W, " (x)(Q,w). See[65].
STEP 2 : A Priori Estimates :

Proposition 5.3.1 Let wu, a solution of the approximate problem (Ps),. Then,
there exists a constant C'( which does not depend on the n and k) such that

HTk(un>HW01,p(z)(Q7w) < Ck VEk>DO0.

Proof. Let ¢ € Wol’p(x)(Q,w) N L>(§2), with ¢ > 0. Choosing v = exp(G(u,,))p as
a test function in (Ps),, where
G(s) = / Malr.
0

o

(the function g appears in (5.2.4))), we have
/a(:z:,un,Vun)V(eXp(G(un))g))da:+/Hn(x,un,Vun)eXp(G(un))god:U

Q Q

= /an exp(G(uy))pdz.
In view of ((5.2.4)), we obtain
/a(x,un,Vun)Vun
Q
+/ a(x, up, Vuy,) exp(G(uy,))Vedr
Q

< /Qy(:z;) eXp(G(un))godx+/anexp(G(un))godx

@ exp(G(uy,))pdz
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by using ([5.2.3)), we obtain
/ a(x, up, Vu,) exp(G(uy,))Vedr < /
Q

(”y(x) n fn) exp(Gun))pdz  (5.3.2)
Q

for all p € W P(Q,w) N L¥(Q), with ¢ > 0.
On the other hand, taking v = exp(—G(uy,))y as a test function in (Ps),,, we deduce

as in that
[ ot ) s s
+/Qv(a:) exp(—G(up))pdr > /anexp(—G(un))gpdaj (5.3.3)

for all p € WP (Q,w) N L¥(Q), with ¢ > 0.
Letting ¢ = Ty(u,)" in (5.3.2)), we have

/Q a(x, un, V) exp(G(u,)) VT (u,) " dx

< [ [pta)+ ] explGiun) i) (534

- lgll L1 :
since G(u,) < —==, we obtain

/Q a(z, un, VI (un)™) exp(G(u,))VTi(u,) " dx

< kosp (128 [0 4 U] < ok
by using (5.2.3), we have
/Q (VT () T PP () exp(Gluy ))de < Cik. (5.3.5)
Similarly to (5.3.5)), we take ¢ = Ti(u,)” in (5.3.3), we deduce that

/ VT3 ()™ PPw(z)de < Cok. (5.3.6)
Q

Combining (5.3.9), (5.3.6) and Remark (1.3.2)), we conclude that

. —+ —
min {HT AC . HTk(un)HﬁV&,p@)m’w)} < p(VTi(un)) < Csk.
T (un) |l anor ) < Caks (5.3.7)
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where C, Cy, C3 and Cy are constants independent of n. Thus, T} (u,,) is bounded
in I/VO1 P (I)(Q,w) independently of n for any £ > 0. Now we turn to proving the
almost everywhere convergence of u,. Consider a non decreasing function g, €

C?(R) such that
s if |s| <k
gk(s) = | sl <5
k if|s| > k.
Multiplying the approximate equation by g; (u,), we get

—div(a(z, up, Vu,)gp(un)) + alz, wn, Vug) gy (un) Vu,
+H, (T, U, Vun)gr.(wn) = frgh(un). (5.3.8)
in the sense of distributions. This implies, thanks to the fact g) has compact sup-
port, that gi(u,) is bounded in W, ") (Q,w), while it’s time derivative 69’“8—(;‘”)
bounded in L'(Q) + Wy (, w). Due to the choice of g;, we conclude that for
each k, the sequence Ty (u,) converges almost everywhere in {2, which implies that

18

the sequence u,, converge almost everywhere to some measurable function v in 2.
Thus by using the same argument as in [34], [35], [36], we can show the following
lemma.

Lemma 5.3.2 Let u,, be a solution of the approximate problem (Ps),. Then,

U, — u a.e. in Q.

We can deduce from ( (5.3.7)) that
Ti(uy) = Ti(u) in Wol’p(x)(Q,w),

which implies by using (5.2.3) that for all k > 0, there exists o € (LP @ (Q, w*))Y
such that

a(z, To(un), V() — op in (Lp’<x>(9,w*))N. (5.3.9)

Lemma 5.3.3 Let u,, be a solution of the approximate problem (Ps),. Then,

m—oo  pnoo

lim lim sup / a(x, up, Vu,)Vu,dx = 0. (5.3.10)
{m<[un|<m+1}

Proof. See Appendix.
STEP 3 :Almost everywhere convergence of the gradients :
We will use the following function of one real variable s, which is defined as follows
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p

1 if lsl<m

0 1 sl>m+1
m+1—s if m<s<m+1
\m+1+s if —m—-1<s<—m,

where m is a non negative real parameter.
To prove the strong convergence of truncation T}, (u,, ), we have to prove the following

assertions :

Proposition 5.3.2 The subsequence of u, solution of problem (Ps), satisfies, for
any k > 0 the following assertion :
Assertion (i)

lim lim sup/ga(a:,Tk(un), VTk(un))VTk(un)(l — hm(un))dx =0. (5.3.11)

m—0o0 N—00

Assertion(ii)

lim lim sup/Q [a(x,Tk(un),VTk(un)> — a(x,Tk(un),VTk(u)ﬂ X

m—00 N—00

[VTk(un) - VTk(u)} o (1) = 0. (5.3.12)
Assertion(iii)

lim [a (:z:, Ty (uy), VTk(un)) — a(a:, Ty (uy), VTk(u))} X

n—o0 [0)

[VTk(un) . VTk(u)} dz = 0. (5.3.13)

The proof of the above proposition is shown in the appendix. Thanks to (5.3.13))

and lemma, ([1.3.5]), we have
Ti(un) — Tk(u) strongly in Wol’p(w)(Q,w) vk (5.3.14)

and
Vu, - Vu. a.e.in ()

which implies that
a(z, Ti(un), VTi(un)) — a(z, Tp(v), VTi(w)  in  (LX@Q,w))N.  (5.3.15)

STEP 4 : Equi-integrability of the non linearity sequence :
We shall now prove that : H,(z,u,, Vu,) — H(z,u, Vu) strongly in L'(), by
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using Vitali’s theorem. Since H, (z,u,, Vu,) = H(z,u, Vu) a.e. in .
Un
Considering now ¢ = pp(u,) = / 9(8)X{s>nyds as a test function in
0

obtain

/Q a(x, Uy, Vi) Vg (tn) X qu, >0 exp(G(uy,))dx

x lgll s
< ([ atsxionds) exo (XL [l + o)
using ((5.2.3)), we have
o[ ITul ey ) exp(Glun)ds
{un>h}

< ([ otas) e (“20Y [y + I

«

and since g € L'(R), we deduce that

lim Sup/ |Vt [P w () g (u)da = 0.
{un>h}

0
Similarly, taking ¢ = pp(u,) = / 9(8)X{s<—n}ds as a test function in
Un,

conclude that
lim sup/ |V [P w(2) g (un)dz = 0.
{un<—h}

Consequently,
lim sup/ Vi, [P () g(uy)dz = 0.
{lun|>h}

h—o0 neN

Which implies, for h large enough and for a subset E of {2,

measE—0 measE—0

+/ \Vun|p(x)w(x)g(un)d:c,
{lun|>h}

50 g(ty)|Vun|P™w(x) is equi-integrable. Thus, we have shown that

lim /\Vun\p(x)w(x)g(un)dxdtgHg||oo lim /\VThun\p(x)w(:L‘)dx
E E

g(un)\Vun|p(x)(x)w(x) —>g(u)|Vu\p(x>(x)w(x) stongly in  L'Y(Q).

consequently, by using ((5.2.4)), we conclude that
H,(z,u,, Vu,) = H(z,u,Vu) strongly in L'(Q).
STEP 5 : Passing to the limit :
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a) Proof that u satisfies ((5.2.7)). For any fixed m > 0, one has

/ a(x, Uy, Vi) Vu,dr
{m<|up|<m+1}

:/Qa(:c,un,Vun) [VTm+1(Un)—VTm(Un):|dx
_ / (@, Tt (), V1 (1)) V T ()
_ /Q (2, Tor (1), VT (1)) T (1)

According to (5.3.14]) and (5.3.15]), one can pass to the limit as n — oo for fixed
m > 0 to obtain

lim a(x, up, Vu,)Vu,dx
n—00 {m<|uy|<m+1}

= /Qa(aj,Terl(u),va+1(u>)va+l(u)
- /Q a(, Tou(w), VT3 () VT (u)da
:/ a(x,u, Vu)Vudz. (5.3.17)
{m<|u|<m+1}

Taking the limit as m — oo in ((5.3.17)) and using the estimate ((5.3.10)), shows that
u satisfies ((5.2.7)).

b) Proof that u satisfies ([5.2.8))
Let S be a function in W?>(R) with S’ has a compact support in R. Let M >

0 such that supp(S")C [-M, M] . Pointwise multiplication of the approximate
problem (Ps), by S(u,) leads to :

—div [S'(un)a(a:, U, Vun)} + 5" (up)a(z, wn, Vu,)Vuy,
+H, (x, up, Vup)S (uy) = 5 (u,) in D'(Q). (5.3.18)

In was follows we pass to the limit in (5.3.18]) as n tends to oc.
0S(uy)
ot -
Since S is bounded and continuous, u, — w a.e. in £ implies that S(u,) converges
to S(u) a.e. in Q and L*> weakly.

Then, 95(tn) — 95(u) in D'(Q) asn— oo.
ot ot
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e Limit of —div {S’(un)a(:p,un, Vun)]
Since supp(S’)C [-M, M], we have for n > M

S (up)a(x, uy, Vu,) = S (uy)a(z, Ty (uy), VT (uy)) a.e. in Q.

The pointwise convergence of u, to u and (5.3.15)) and the bounded character of
S’ permit us to conclude that as n — oo,

S (up)a(z, up, V) — S'(w)a(z, Tar(w), VI (w)) in (LX@Q,0 NN, (5.3.19)

S'(w)a(x, Th(u), VTy(u)) has been denoted by S'(u)a(z,u,Vu) in equation
(5.2.8)).

e Limit of S"(u,)a(x, up, Vu,)Vu, .

Consider the "energy” term

S"(up)a(x, wp, Vu,)Vu, = S" (uy)a(z, T (uy), VT (un)) VT (uy,) ae. in €.

The pointwise convergence of S’(u,,) to S'(u) and and as m — 0o

and the bounded character of S” permet us to conclude that

S (up)a(x, tn, Vi)V, — S"(w)a(z, Ty (u), VI (w)) VT (u) in L(Q).
(5.3.20)
Recall that
S"(w)a(z, Ty (uw), VI (w) VT ((w) = S"(w)a(z, u, Vu)Vu a.e. in €.
e Limit of S'(u,)H,(x, uy,, Vuy,).
From supp(S’)C [-M, M] and (5.3.16)), we have

S (up) Hy (2, up, V) — S'(u)H (z,u, Vu) strongly in L'(Q) as n — oo.

(5.3.21)

e Limit of S'(uy,)f, .

Since u, — u a.e. in Q, and (5.3.1)), we have

S'(up) fr — S'(u)f strongly in L'(Q), asn — oo.

As a consequence of the above convergence result, we are in a position to pass to

the limit as n — oo in equation (5.3.18)) and to conclude that u satisfies (5.2.8)). As

a consequence, an Aubin’s type Lemma (see, [82] implies that S(u,) converge to

S(u) strongly in L'(€). As a conclusion, of steps 1 to step 6 the proof of Theorem

(5.3.1]) is complete.

119



5.4 Appendix

Proof of lemma [5.3.3]
Set v = T1(up — Tpn(uy))™ in (5.3.2)), this function is admissible since
Y € Wol’p(x)(Q,w) and ¢ > 0. Then, we have

/{ o H}a(%umVun)exp(G(un))Vunda: (5.4.1)
< / y(z) exp(G (un))T1 (wn — Ty () " dx
Q
T / £ exp(Gun)) Ty (ty — T (1))
Q

Since f,, — f in L'(Q) and
frexp(G(up)) Ty (un — T (un))t < exp (%) fn, then by Lebesgue’s theorem, we
have

lim lim fnexp(G(un))T1(uy — Trn(uy))dz = 0. (5.4.2)

m—00 N—00 Q

Similarly, since v € L'(2), we obtain

m—00 N—00

lim lim dexp(G(un))Tl(un — T(up)) dz = 0. (5.4.3)

Together (5.4.1)), (5.4.2)) and (5.4.3)), we conclude that

lim lim sup / a(x, uy,, Vu,)Vu,dx = 0. (5.4.4)
{m<u,<m+1}

m—oo  noo

On the other hand, taking ¢ = T7(u, — T),(u,))” as a test function in (5.3.3) and
reasoning as in the proof of (5.4.4)), we deduce that

lim lim sup / a(x, uy,, Vu,)Vu,dr = 0. (5.4.5)
{=(m+1)<u,<—m}

m—0o0  n oo

Thus, proof of Lemma (/5.3.3)) follows from ((5.4.4)) and ((5.4.5)).
Proof of Proposition [5.3.2]

Assertion (i)
We take ¢ = Ty.(u,) (1 — Ay (uy)) (where hy, is defined in step 3 ) as test function
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in (5.3.2), we obtain
/ a(z, wn, Vuy) exp(G(uy))Vu, Ty (u,) " dx
{m<u,<m+1}
+/ a(x, Ty (un), VTi(un) ) VT (un) exp(G(up)) (1 — hy(uy))dx
{1y (u,)>0}
< /Q <7(x) + fn> exp (G (un)) T (un) T (1 — Ry (uy))da (5.4.6)
because
/ a(z, un, V) exp(G(u,)) Vu, T (u,) " dx
{m<u,<m+1}

< C/ a(x, up, Vu,)Vu,de.
{m<u,<m+1}

By using ((5.2.3)) and (5.3.10)), the first integral of (5.4.6) converges to 0 as firstly n

goes to infinity and m tend to infinity. On the other hand, in view of Lebesgue’s
theorem, we can deduce that the right hand side of ((5.4.6]) goes to zero. Hence, by

passing to the limit of ((5.4.6]), becomes

m—00 N—00

lim lim sup/ a(az,Tk(un),VTk(un))VTk(un) exp(G(uy,)) X
{Tk(un)ZO}

(1 — hp(uy))de =0

which gives

lim lim Sup/ a(:v,Tk(un), VTk(un))VTk(un)(l — hp(uy))dz = 0. (5.4.7)
{Th(un) >0}

m—0o0 N—00

On the other hand, let ¢ = Ti(u,) (1 — hp(uy)) in (5.3.3) as test the function,
then similarly to (5.4.7), we deduce that

lim lim a(az, T (), VTk(un)>VTk(un)(1 ~ (un))dz = 0. (5.4.8)

Finally, combining ((5.4.7)) and (5.4.8]), we conclude assertion (i).

Assertion (ii)
On one hand, let ¢ = (T} (u,) — Ti(w)) T hp(u,) € Wol’p(x)(Q,w) N L>*(Q), with hy,
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is defined in step 3 and ¢ > 0, then we take ¢ as test function in ([5.3.2)), we obtain
/ a1, V)V (Tiity) = Ty (1) ) P (1,) exp(C )
{Th(un) =T (u) >0}
_|_
—/ a(x, uy, Vu,)Vuy, <Tk(un) — Tk(u)> exp(G(uy,))dz
{m<u,<m+1}

< [ (360 + ) (Tiwn) = Tiw)) " hosfta) xp(G )
Observe that

| (i, Vi) Vit (Tin) — Ti()) " exp(Gluy))de|

{mgungm—kl}

< 2k exp <H9HL1(R)) / la(x, uy, Vu,)Vu,|dx
Q {m<u,<m+1}

thanks to the second integral tend to zero as n and m tend to infinity, and
by Lebesgue theorem, we deduce that the right hand side converge to zero as n
and m goes to infinity.

In view of (5.3.1]), the convergence f, to f in L'(Q) and v € LY(Q).

Let €;(n,m) i = 1.....,n various functions tend to zero as n and m tend to infinity,
then we obtain

/{Tk(un)—Tk (u)=0}
< €1(n,m). (5.4.9)

Moreover, ([5.4.9)

/ a(x, Ty (uy,), Vu,)V (Tk(un) — Tk(u)) hon(uy) exp(G(uy,))dx
{T(un) =T (u) 20, |un| <k}

— lim lim a(x, Uy, V) VT (w)hy, (u,) exp(G(uy,))dx
e TEO0 J{ T ()~ Ti(u) 20, |un| >k}
< El(na m)

Since

| 4,y V) VT (1)) (1) (G (1)t
{Th(wn) =Tk (u)>0,|un | >k}

< Cl/ la(x, wy, Vu,)||VTi|(w)hy(uy,)de — 0 as n — o0
{lun|=k}
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which implies that

/{T (1) T3 (1) 20, [un | <k} exp(G(un))a(z, Tr(un), VTk‘(un))V<Tk(Un) — Tk(u)>hm(un)dx

S €92 (nv m)
and so that

/ a(z, Th(up), Vi (1)) V <Tk(un) - Tk(u)) hon (1)
[T ) ~Te(w)20)
< e3(n, m). (5.4.10)

Moreover
la(x, Ti(un), VTi(u,)) — a(x, Ti(uy), VT (w)] by (u,)dz

/{Tk(un)—Tk(u)ZO}

—/ a(x, Ty(uy), VT (w)) [V (uy) — VI (w)]hp(u,)dx
{Tk (un ) =T (u) 20}

< 63(”’7 m)

Since a(z, Ty (un), VTi(uy)) — o in LP@(Q, w*) and Ty(u,) — Ti(u) weakly in
VVO1 P (x)(Q, w) hence, the last integral tend to zero as n — +o00. Which yields,

m—00 N—00

lim lim sup / i, Ty (), VTi(a)) — (e Ty (), VTi()]
{Th(wn)—Ti(u)>0}

X [VTk(un) . VTk(u)} ho(w)de = 0. (5.4.11)

On the other hand, take ¢ = (Ti(u,) — T(w)) " hpm(uy,) in (5.3.3)). Similarly, we can
deduce as in (5.4.11)that

lim lim sup [a(:c,Tk(un), VTi(u,)) — alx, Ty (uy,), VTk(u)} X

X [VTk(un) - VTk(u)} ho(w)de = 0. (5.4.12)

Combining (5.4.11)) and (5.4.12)), we obtain the desired assertion (ii).

Assertion (iii).
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First, we have

/Q [a <x,Tk(un), VTk(un)) — a(a:,Tk(un), VTk(u)ﬂ [VTk(un) — VTk(u)}dx

_ /Q 0. T3 (). Vi) — a2 Telw), VTiw) )|
X [VTk(un) - VTk(u)} hon (1) iz

+ /Q (@, Ti(n), VT4(n) ) = a2, Tilw,), V() ) | %
x| VT () = VT(w) | (1 = B () e

By (5.3.12)), the first integral of the right hand side converge to zero as n and m
goes to infinity. For the second term, we have

/Q {a(m,Tk(un),VTk(un)) — a(x,Tk(un),VTk(u)ﬂ X
« [VTk(un) . VTk(u)] (1 — hyn(u))dz

= /Qa(x,Tk(un),VTk(Un))VTk(Un)(l — P (un))dez
—/Qa(:lz,Tk(un),VTk(Un))VTk(U>(1 = hup(u))dz
—/Qa(az,Tk(un), VT (w) V[T (u,) — Tk(U)} (1 = hip(u))dz.

From the first term of the right hand side converge to 0 as n,m — +oo0,
and since (a(m, T (up), VTk(un))) in is bounded (LP®)(Q, w*))Y and VT}(u,)(1—
hp,(u)) converge to zero as m and m goes to infinity. For the third integral it’s
converge to zero because VTj(u,) — VTi(u) weakly in (LP")(Q,w))" and by
using Lemma (|1.3.5]), we deduce that

7111320 . {a(:z:,Tk(un),VTk(unD — a(x,Tk(un),VTk(u)ﬂ X

x [VTk(un) - VTk(u)} dz = 0.

The proof of Proposition (5.3.2)) is complete.
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Chapitre 6

Renormalized Solutions of Nonlinear
Parabolic Equations in Weigthed
Variable-Exponent Space

Abstact

This chapter is devoted to study the existence of renormalized solutions for
the nonlinear p(x)-parabolic problem in the Weighted- Variable- Exponent Soblev
spaces, without the sign condition and the coercivity condition

6.1 Introduction

In the present chapter we establish the existence of renormalized solutions for a
class of nonlinear p(x)-parabolic equation of the type :

G — div(a(z,t,u, V) + H(z,t,u, Vu) = f in@=x(0,7T)
u(z,0) = ug in Q
u=70 on 02 x (0,T).
(6.1.1)

In the problem , ) is a bounded domain in RY, N > 1, T is a positive real
number, while ug € L'(Q), f € LY(Q).

The operator —div(a(z,t,u, Vu) is a Weighted Leray—Lions operator defined on
LY (0, T: Wi (0, w)) (see assumption (6.2.1)-(6.2.3) of section 2) which is coer-
cive and where H is a non linear lower order term, satisfying some growth condition
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but no sign condition or the coercivity condition and the critical growth condition
on H is with respect to Vu and no growth with respect to w.

For the degenerated parabolic equations the existence of weak solutions have been
proved by L. Aharouch and al [3] in the case where a is strictly monotone,

H = 0and f € LY(0,T; Wofl’p/(Q,w*)) and the problem (6.1.1)) is studied by
Y.Akdim .J.Bennouna. M. Mekkour [9] in the degenerated Weighted Sobolev space
with u = b(z, u).

This notion was adapted to the study with H = 0 of some nonlinear elliptic pro-

blems on Sobolev spaces a exponent variable with Dirichlet boundary conditions
by Boccardo.Diaz Giachette and Murat [45] and Lions and Murat (see Lions[65].
In the case where p(x) is a constant, some results have been proved by Y.Akdim
and al [7].

Recently, while a(z,t,u, Vi) = |Vu[P®)=2Vy C. Zhang and S. Zhou [85] proved
the existence of a renomalised and entropy solutions with L' -data and see also M.
Bendahmane, P.Wittbold, A. Zimmermane [29].

This chapter is organized as follows. In Section 2, we give our basic assumption
and the definition of a renormalized solution of the problem for which our
problem has a solution. In Section 3, we establish the existence of such a solution

in Theorem (6.3.1). In Section 4, we give the proof of Theorem (6.3.2)), Lemma
(6.3.4) and Proposition (6.3.2) (see appendix).

6.2 Essential Assumption

Throughout the chapter, we assume that the following assumption hold true.
ASSUMPTION (H1)
Let Q is a bounded open set of RY(N >2), p € C(Q), T > 0 is given and we set
Q=Qx10,7T).
We consider a Leray -Lions operator defined by the formula :

Au = —div a(z,t,u, Vu)

where a : Q x [0,7T] x R x RY — R is a Caratheodory function, i.e., (measurable
with respect to z in Q for every (s,€) in R x RY and continuous with respect to
(5,€) in R x RY, for almost every z in Q) which satisfies the following conditions
there exist k € L”@)(Q) and a > 0, 8 > 0 such that for almost every (z,t) € Q all
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(5,) e R x RN

0l t,5,€)| < A7) (@) [ k(w, £) + WO P4 IO (@)t (6.2.1)
[a(:v,t, s,§) —a(x,t, s, n)} (E=n) >0 VE£nERY, (6.2.2)
a(z,t,s,€) - € > awl|g). (6.2.3)

ASSUMPTION (H2)
Let H:Qx[0,T] xR xRY — R is a Carathéodory function such that for a.e.
(x,t) € Q and for all s € R, £ € RY, the growth condition

[H(x,t,5,6)| < 7(x,t) + g(s)wlE", (6.2.4)

is satisfied, where ¢ : R — R™ is a bounded continuous positive function that
belongs to L'(R) while v € LY(Q).

Definition 6.2.1 Let f € L'(Q) and ug € L'(Q). A real-valued function u defined
on @ is renormalized solutions of problem (6.1.1)) if :

Tp(u) € L7 (0, T; WoP(Q,w)) for allk >0, u € C(0,T; L)),  (6.2.5)
/ a(x,t,u, Vu)Vudxdt — 0 as m — oo, (6.2.6)
{m<|u|<m+1}

0S5 (u)
ot

— div(S’(u)a(m,t,u, Vu)) + 5" (u)a(x, t,u, Vu)Vu
+H (z,t,u, Vu)S' (u) = £S5 (u) in D'(Q), (6.2.7)

for all S € W?*(R) which are piecewise C* and such that S’ has a compact sup-
port in R, where

S(u)(|i=0) = S(ug) in €. (6.2.8)

Remark 6.2.1 Equation 1s formally obtained through pointwise multiplica-
tion of problem by S'(u). However, while a(z,t,u,Vu) and H(x,t,u, Vu)
do not in general make sense in (6.1.1]), all the terms in have a meaning in
D'(Q). Indeed, if M is such that supp S C [—M, M], the following identifications
are made in :

— S(u) belongs to VN L>®(Q). Since S is a bounded function.

- S'(u) a(x,t,u, Vu) identifies with S'(u) a(x,t, Thr(u), VI (u)) a.e. in Q,

127



for any ¢ € D(Q), using Holder inequality

/S/ a(x,t,u, Vu)Vodrdt = /S’ a(x,t, Ty (u), VI (u))Vpdrdt
< CMHS,HLOO(Q) max{(/ |VTM(u)‘P(x)w(x))p”
Q
([ 9Tl @) 960,
Q

where M > 0 is that suppS’ C [—M, M]. As D(Q) is dense in V, we deduce that
div(S'(w)a(z,t,u, Vu)) € V*.
- S"(u) a(z,t,u, Vu)Vu identifies with S"(u) a(x,u, Tyr(u), VI (u)) VT (u)

and

S"(w)a(z, u, Tas(w), VI (w) VT (u) € LYQ).

- S'(u)H (x,t,u, Vu) identifies with S"(u)H (z,t, Th(uw), VT (u))
a.e.in Q Since [Ty (u)| < M a.e. in Q and S'(u) € L>(Q),
we see from that  S"(u)H (x,t, Thr(u), VT (u)) € LYQ).

— S'(u) f belongs to L}(Q).

The above considerations show that equation hold in D'(Q) and 8%(:) €
LYQ)+ Lw) ( 0,7, W-1r (Q,w*))) It follows that u belongs to C(0,T; LY(Q)) so
that the initial condition make sense.

6.3 Existence Results.

Theorem 6.3.1 Let f € LY(Q), p(.) € C(Q) and ug € L*(Q). Assume that (H1)
and (H2) hold true. Then, there exists a renormalized solution u of problem ((6.1.1))
in the sense of Definition (6.2.1).

Proof. The proof is in five steps.
STEP 1 : Approximate problem :
For n > 0, let us define the following respective approximation of H, f, and uy,

H(x,t
Hn($,t,8,€) — 1('1’.7 7875) .
1+E‘H(x7t75a€)|
Note that |H,(z,t,s,§)| |H(z,t,s,8)|

and |H,(x,t,s,¢)| n for all (s,£) € R x RY.



and select f,, ug, so that

fn € Lp/(x)(Q) and f, = f a.e.in Q , strongly in L'(Q) as n — oo. (6.3.1)

ug, € D(Q) and ug, — ug a.e. in Q and strongly in L'(Q) asn — co.  (6.3.2)

Let us now consider the approximate problem

% — div(a(a, b, Vuy)) + Holotu, Va) = fo - in D(Q),
(Fo)n U (|i=0) = von in 0
u, =0 on Of) x (O,T),

Theorem 6.3.2 Let f, < LY (0,T;W=7@(Q w), p() € C.(Q) for
fized n,the approximate problem (Ps), has at least one weak solution wu, €
L2 (0, T; W' (Q, w)).

Proof. See Appendix.

In view of Theorem there exists at least one weak solution wu, €
L (0;T; Wol’p(')(Q,w)) of the problem (F), See[65].

STEP 2 : A Priori Estimates :

Proposition 6.3.1 Let u, a solution of the approximate problem (Ps),. Then,
there exists a constant C'( which does not depend on the n and k) such that

Proof.
Let ¢ € L? (0,7} Wol’p(')(Q,w)) N L>(Q), with ¢ > 0, choosing v = exp(G(uy,))y
as a test function in (F),, where

6= [ 0y

Q
the function g appears in (6.2.4), we have

U

— exp(G(uy))pdrdt + /
Q Ot Q

+/Hn(x,t,un,Vun) exp(G(un))wd:Udt:/fnexp(G(un))gpd:Udt.
Q Q

a(z,t, u,, Vu,)V ( eXp(G(un))g0> dxdt
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In view of ([6.2.4]), we obtain

ou,,
o Ot

exp(G(un))pddt

+ /Q oz, 2, un, wn)vun@ exp(G () pdadt
n /Q 0,1, 1y, Vi) exp(G(uy)) Vepdadt
SLH@&+#M@@WWWWﬁ

+/ g(un) [V, [P w(z) exp(Gun)) pdadt.
Q

By using (/6.2.3)), we obtain

aaitexp(G(un))apd:vdtJr/a(m,t,un,Vun) exp(G(uy,))Vpdzdt
Q

< /Q [’y(:p,t) + fn} exp(G(uy))edzdt,  (6.3.3)

for all o € LP (0, T: Wi (Q,w)) N L¥(Q), with ¢ > 0.
On the other hand, taking v = exp(—G(u,))y as a test function in (Fg),, we deduce

as in (6.3.3)), that

%exp( G(un))cpdsvdt+/a(x,t,un,vun) exp(—G(uy))Vpdadt
Q

+/ny(x,t)exp(—G(un))g0dxdt2/anexp(—G(un))cpdxdt, (6.3.4)

for all ¢ € LP (0,7 Wol’p(x)(Q,w)) N L>*(Q), with ¢ > 0.
Letting ¢ = Ty (u,) " x(0,7), for every 7 € [0,7] in (§6.3.3)), we have

/ /—exp )T ()t dadt
/T a(z, t, Uy, Vuy) exp(G(u,)) VT (u,) " dadt

g/lﬁ@ﬂ+h%mﬂ%@ﬂﬂwﬁ®¢ (6.3.5)
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which gives

//%Tk (un) " exp(G(uy,))dxdt

/T a(x, t, up, VTi(un) ") VTi(u,) " exp(G(uy,))dzdt

< / )+ 1] Tl exp(G )

Since G(u,) < ”g”fw, we have |op(r)| < kexp(”g”f%)\ﬂ where

or(r) = /0?" Ti.(s)* exp(G(r))ds

then,
ou,

— Tk (un) " exp(G(uy))dxdt
or Ot

g 1
> / o1 (un(7))dz — Kk exp (H I (R)>HUOHHL1(Q)
0 (0%

Then, we deduce that

/§2¢k(un(7>)d$+/Ta(x,t,un,VTk(un)Jr)eXp(G(un))VTk(un)erxdt

lgllz: e
< kexp (<) [l + Iall ) + ol xe | < Cik
Since a satisfies (6.2.3) and by using the fact @i (u, (7)) > 0, we get ¥V n > 0

(VT (u) T PP () exp(Gluy))dadt < Cik, (6.3.6)
Qr

where (] is a positive constant.
Similarly to (6.3.6)), we take ¢ = Tj(u,)” x(0,7) in (6.3.4]), we deduce that

/ (VT ()~ PP (x)dadt < Cok. (6.3.7)
Q

Combining (6.3.6)), (6.3.7) and Remark (1.3.2)), we conclude that

T
. pt 2
A min { ||Tk; (Un) || 1 () (Q,w)’ HTk(U’n) H W&»P(@(Q’w)

||Tk(un)||L1"_(O,T;W01’p(z)(§27w)) S C4k (638)

}dt < p(VTi(un)) < Csk.
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Where Cy, Cy, C5and Cy are constants independent of n. Thus, T (u,,) is boun-
ded in L? (0,7} Wol’p(x)(ﬂ,w)) independently of n for any £ > 0. Now we turn to
proving the almost everywhere convergence of u,. Consider a non decreasing func-
s ifls| <34

k if|s| > k.

Multiplying the approximate equation by g; (u,), we get

Ogr(un)
ot

tion g, € C*(R) such that gi(s) =

— div(a(x, t, un, V) gp(un)) + alz, t, wy, Vug,) gy (un) Vuy,
+Hy (2, t, U, Vug) g, (un) = fugh(un). (6.3.9)

in the sense of distributions. This implies, thanks to the fact g) has compact sup-
port, that gi(u,) is bounded in L (0, T} Wol’p(m)(Q,w)), while it’s time derivative
% is bounded in L'(Q) + V*. Due to the choice of g., we conclude that for
each k, the sequence Ty (u,) converges almost everywhere in @), which implies that
the sequence u,, converge almost everywhere to some measurable function v in Q).
Thus by using the same argument as in [34], [35], [36], we can show the following

lemma.

Lemma 6.3.3 Let u, be a solution of the approzimate problem (Ps), then,
U, — uwa.e Q.
We can deduce from that
Ti(up) — Ti(w) in L (0,T; Wy P (Q,w)),

which implies, by using (6.2.3)), that for all k > 0 there exists ¢}, € (L7 @(Q,w*))N
such that

) N
a(@, t, Ti(un), VIk(wa) = ¢ in € (D(Q,w)) (6.3.10)
Lemma 6.3.4 Let u, be a solution of the approximate problem (Ps),. Then,

lim lim sup / a(x,t, u,, Vu,)Vu,drdt = 0. (6.3.11)
M0 n—oo J{m<|up|<m+1}

Proof. See Appendix.

STEP 3 : Almost everywhere convergence of the gradients :

This step is devoted to prove the strong convergence of truncation of T} (u,) that

we will use the following function of one real variable s, which is define as where
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1 if  |s|<m
him(s) =<0 if sl >m+1
m+1+]s| if m<|s|<m+1.
Let ¢; € D(€Q) be a sequence which converges strongly to wug in L(€).
Set v, = (T (u)), + e " Ty (1;) where (Tj(u)), is the mollification of Ty (u) with

respect to time. Note that w’ is a smooth function having the following properties :

I
v, i i i
5 = w(Ti(u) —vy), v, (0) =Ti(i), |v,| <k, (6.3.12)
vi— Ti(u) in LV (0,7 Wy P (Q,w))  as p— oo (6.3.13)

The very definition of the sequence wL makes it possible to establish the following
lemma.
Lemma 6.3.5 (See[d, [57]). For k > 0, we have

/ Oty exp (G (un))(Tx(uy) — VZ)hm(un)dxdt > e(n,m, p,1).
(Ti(un) w20 O

Proposition 6.3.2 The subsequence of u, solution of problem (Fs), satisfies for
any k >0 following assertion :

lim [a(Tk(un), VT () — a(Ty(un), VTk(u))} - [VTk(un) ~ VTi(w)| dedt = 0.

n—0o0 Q

Proof. See Appendix.
Thanks to the lemma ([1.3.5)), we have

Ty (un) — Ti(u) strongly in  LP (0,T; Wol’p(x)(Q,w)) VEk. (6.3.14)
and
Vu, =+ Vu a.e. in (@,

which implies that
a(z,t, Tp(un), VTi(un)) = a(z, t, Ti(u), VIi(w)) in (LPXO(Q,w*)N.  (6.3.15)

STEP 4 : Equi-integrability of the non linearity sequence :
We shall now prove that : H,(x,t, u,, Vu,) — H(z,t,u, Vu) strongly in L(Q). by
using Vitali’s theorem. Since H,(z,t, u,, Vu,) — H(x,t,u, Vu) a.e. in Q,
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Un
considering now ¢ = pp(u,) = / 9(8)x(s>nyds as a test function in (6.3.3
0

obtain

T
{/Gh(un)d:v]o +/a(x,t,un,Vun)Vung(un)X{un>h} exp(G(uy,))dzdt
Q Q

«

> gz (m
< (/h g(S)X{s>h}dS) exp (—()) [anHLl(Q) + 7l

where 0j,(r) = / pn(7)d7, which implies, since 0, > 0 and (6.2.3
0

o) / |V, PP w () g(uy) exp(G(uy))dadt
{upn>h}

, We

> l9llz:
< ([ ais) exp (CED) Il + Il + o)

«

and since g € L'(R), we deduce that

lim sup/ |V |P@w(2) g (up ) dadt = 0.
{un>h}

0
Similarly, taking ¢ = pp(u,) = / 9(8)X{s<—nyds as a test function in (6.3.4

conclude that
lim sup/ |Vt [P () g () dadt = 0.
{u,<—nh}

Consequently,

lim sup/ |V, |P@w(z) g (uy)dadt = 0.
{lun|>h}

Which implies, for A large enough and for a subset F of @,

lim /|Vun|p(x)w(:v)g(un)dxdt§HgHoo lim /|VTh(un)\p($)w(x)da:dt
E E

measE—0 measE—0

+ / IV, |P@w(2) g (uy, ) dadt
{lun|>h}

50 g(ty)|Vun|P™w(x) is equi-integrable. Thus we have shown that
9(wn) |V [ (@)w () — g(u)| Val"'™) (z)w(x) stongly in L1(Q).
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Consequently, by using (6.2.4]), we conclude that
H,(x,t,u,, Vu,) — H(z,t,u,Vu) strongly in L'(Q). (6.3.16)
STEP 5 : Convergence of u, € C([0,T]; L}(Q)) :

Proposition 6.3.3 The sequence (u,) is a Cauchy sequence in C([0,T]; L}(Q)),
moreover, u € C([0,T]; L'(Q)) and u, converges to u € C([0,T]; L'(Q)).

Proof. Let m and n be two integers, since u, and u,, are the solutions of the
problem (Fs),. Taking ¢ = Ti(u, — wn)X0.s I (F5)n, With s < T, we well have
o€ LV (0,T; Wi (Q,w)) N L>®(Q), hence

[ o= un o, i

/ [ (x,t, up, Vuy,) — a(x,t,um,vum)}Vgpdxdt

/ / (,t, Upn, Vuy,) — Hy(x, t, tp, Vum)}Tl(un — Uy )dxdt

_ /0 /Q £, - fm} T (uy, — ) dadt

Which implies that,

S0
/0 /Qg(un — Up) 11 (U, — Uy )dxdt

—|—/ / a(x,t, uy, Vuy,) — a(z, t, uy, Vum)}VTl(un — U )dxdl
/ ‘H (x,t, up, Vuy,) — Hy (2, Uy V) )dmdt

[ | = | dwat. (6.3.17)

Q
Recall that ¢ is a primitive function of 77, thus

/8t tn = ) T (ttn = )i = gt(/sm(un—um)).

Because of u,, € C([0,T]; H), we can write

/ / 5 (Un — Um) T (U — ) dwdt = /Q p1(tp — ) (s)dz — /Q 01 (ty — ) (0)da

Remark that, VT (u, — tn) = V(Uy — Um) X {ju,—u,|<1} and also
/ / {a(x, ty U, V) — a(x, t, ty, Vum)} V (Un — U)X {Jup—u,n|<13ddt > 0,
0o Ja
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due to the monotonicity of a, then we deduce from (6.3.17)) that

/cpl(un—um)(s)dxg/cpl(uOn—uOm)dx—i—/ |Hn—Hm\dxdt—|—/ | fro — fin|dxdt.
Q Q Q Q

On the other hand, since ¢1(r) < |r|, we get for all s <T

/ 01 (U — up)(s)dr < / [won — Uom |dx + / |H, — H,,|dzdt + / | frn — f|dzdt.
Q Q0 Q Q

(6.3.18)
Denoting o, », the second membre of (6.3.18)) and observe that
/ y — i [2(s)dwdt + / [t = tm]
{un—tm|<1) {un=unf>1} 2
< / ©1(Up — Up,)(s)dx (6.3.19)
0
and that
/ Uy, — U (s / |y, — wp|(s)dadt
{Jun—1tm|<1}
-l—/ Uy, — Uy |(s)dadt
{|Un_um|>1}
< (/ luy, — um\Q(s)dxdt) i(meas(ﬂ))%
|un UM‘<1}
+/ U, — wp|(8)dxdt. (6.3.20)
{Jtbn—tm |>1}

Thus, by (6.3.18]), (6.3.19)) and (6.3.20]), we get

N[

sup / [tun, — Um|(s)dx < (2meas()) (ozmm)% + 200, .-

{s€]0, T}

Tanks to (6.3.16)) and the fact f,, and ug, converge in L', we conclude that,
apm — 0 asm, n — oo.

Hence, u, is a Cauchy sequence in C([0,T]; L*(2)), also u € C([0,T]; L*(2)) and
for s < T, we have u,(s) — u(s) in L'(Q2). This achieves the proof of the proposi-

tion.
STEP 6 : Passing to the limit :
a) Proof that u satisfies (6.2.6)). For any fixed m > 0 one has
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/ a(x, t, u,, Vu,)Vu,dzdt
{m<|un|<m+1}
= / a(x,t, uy, Vuy,) [VTmH(un) — VTm(un)}da:dt
Q
= / a(x,t, T1(un), Vi1 (un)) VT (uy,)dzdt
Q
— / a(x,t, To(uy), V(1)) VT, (uy,)dxdt.
Q

According to (6.3.14) and (6.3.15)), one can pass to the limit as n — oo for fixed

m > 0 and to obtain

lim a(x, t, u,, Vu,)Vu,drdt

n—r00 {m<|uy|<m+1}

= /Q a(:c, t, Tm+1 (u), va+1(U))va+l (u)

— / a(x,t, T (uw), VT, (uw) VT, (u)dxdt
Q
:/ a(x,t,u, Vu)Vudzdt. (6.3.21)
{m<|u[<m+1}

Taking the limit as m — oo in (6.3.21)) and using the estimate ((6.3.11]) shows that

u satisfies (6.2.6)).
b) Proof that u satisfies (6.2.7)).

Let S be a function in W2°°(R) with S’ has a compact support in R.
Let M > 0 such that supp(S’)C [—M, M| . Pointwise multiplication of the ap-
proximate problem (Fs), by S(u,) leads to

S (uy,)
ot

_div [S/(Un)a(l'y t’ Up, Vun)} + S"(un)a(x, t, Up, Vun)vun

+ Hy(z,t, up, Vuy)S (uy) = f,5"(u,) in D'(Q). (6.3.22)

In was follows we pass to the limit in ((6.3.22)) as n tends to oc.

e Limit of % :
Since S is bounded and continuous, u, — u a.e. in ) implies that S(u,) converges

to S(u) a.e. in @) and L™ weakly.

0S(un)  0S(u)
o ot
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e Limit of —div {S'(un)a(x,t,un, Vun)}
Since supp(S’)C [-M, M], we have for n > M

S'(up)a(z, t, uy, Vuy) = S (un)a(z, t, Tar(un), VT (uy)) ae.in Q.

The pointwise convergence of wu, to u and (6.3.15)) and the bounded character of
S’ permit us to conclude that as n — oo

S'(up)a(z, t, uy, Vu,) — S (u)a(z, t, T (uw), VT (u)) in (Lp/(')(Q,w*))N (6.3.23)

S (w)a(x,t, Th(u), VT (u)) has been denoted by S'(u)a(x,t,u, Vu) in equation
(6.2.7)).

e Limit of S"(u,)a(x, t, u,, Vu,)Vu, .

Consider the "energy” term

S (up)a(x, t, uy, Vuy)Vu, = S"(uy)a(x, t, Tar(un), VT (un)) VT (uy) ae. in Q.
The pointwise convergence of S’(u,,) to S'(u) and and as nm — 0o

and the bounded character of S” permet us to conclude that

S" (wp)a(x, t, wy, Vi, )V, — S”(u)a(x, t, Tas(w), VT (u)) VT (u) in LNQ).
(6.3.24)
Recall that
S"(w)a(z,t, Th(u), VI (u)VTy((u) = S"(u)a(z, t,u, Vu)Vu a.e. in Q.
e Limit of S'(u,)Hy(x,t, u,, Vuy,).
From supp(S’)C [—-M, M] and (6.3.16]), we have

S (up)Hy (2, t, Uy, Vuy,) — S'(u)H (2, t,u, Vu) strongly in L'(Q) as n — oo.

(6.3.25)

e Limit of S'(u,)f, .

Since u, — w a.e. in Q, and (6.3.1), we have S'(u,)f, — S'(u)f strongly in

LYQ), asn — oo.

As a consequence of the above convergence result, we are in a position to pass to

the limit as n — oo in equation and to conclude that u satisfies (6.2.7).

As a consequence, an Aubin’s type Lemma (see, e.g, [82] implies that S(u,) lies in

a compact set of C°([0, T, L'(2)).

It follows that on the hand, the smoothness of S implies that

S(tn)(Ji=0) = S(ugn) in Q converge to S(u) |=¢ strongly in L'(€2) implies that
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S(u)(li=0) = S(up) in Q.
As a conclusion of steps 1 to step 6, the proof of Theorem is complete. [

6.4 Appendix

Proof of Theorem [6.3.2. We define the operator
Ly - L7 (0, T; Wy P (9, w)) — LY (0, T; W-70(Q,w*)) by

<Lnu,v> = / 8u”vdm dt, Yo e LP (0,T; Wol’p(x)(Q,w)),
o Ot

according to the Holder inequality, we have

T
‘<Lnu,v>‘ S/ )/%w_mvwmdx’dt

<(=+- )/ % H at
R Lo/ @) Q) 1Vl v o
p= /) Whro(Q, Wy P (Qw)
1 1 ou s T L
<0(— )(/ T dt)p (/ o dt)p
— - + p 0 || HW 0 () (Qw*) 0 HUH lp( )(Q,w)
(9un
“LPO(Q,w"))

We define the operator Gn (O,T; VVO1 p()(Q,w)) — LY (0, T,W
by
<G u,v /H x,t,u, Vu)vdedt Yu,v € L (0,T; W, ’p()(Q w))

Thanks to the Hélder inequality, we have that for w,v € LP (0,T Wit )(Q w))
T
’/ Hn(x,t,u,Vu)vdxdt‘ < / ‘/Hn(x,t,u, Vu)vda:‘dt
0o 1Ja

T
</ ‘/Hn(x,t,u, Vu)wpﬁz)vaé@d:c‘dt
Q
/ . 0
' da) ol o

~Jo
< (%4—]%) /OT</Q}H,L(x,t,u,Vu)p()
0

(L1 g “d dt
< <E+F) ) " ( 0" 2) Tollygro e

dt

< L + Lyt *d 9 dt
< — /_)TL < 0 w .T) ; |‘U‘|Wg’p(I)(Q,w)

< 02||UHLp—(o,T;W(}’p(')(Q,w)) ’
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/9~ 4 H,(x,t,u,V > 1
with 4 — /pl+ ff | H(,t,u, Vu) || 1)
1/p if ]|Hn(x,t,u,Vu)HL1(Q) <1.

Lemma 6.4.1 Let B, : L' (0, T; Wy (Q, w)) = L (0, T, W17 @(Q, w*)).
The operator B, = A+ G, is

a) coercive

b) pseudo-monotone

c) bounded and hemi continuous.

Proof. a) For the coercivity, we have for any u € L? (0, T; W, ™"(Q, w))

<Bnu,u> _ <Gnuu> v <Au,u>
= (Buw,u) = (Guu) = (Au,u)

then <Bnu,u>—<Gnu,u> = /a(a:,t,u,Vu)Vudxdt
Q

T
= / / a(x,t,u, Vu)Vudzdt
0 Jo

T
Z/ a(/ Vu|''®w(z)dz)dt  (using (6.2.3

> OéHqu OTwlp(w)(Qw))

which is due to Poincaré inequality Wlth

A if HVUHLP*(o,T;WJ’““(W)) > 1
Pt i IVull e o o gy 1

hence <Bnu,u> - <Gnu U> > Bllull}, (0,75 W Y (Qw)

then, (Buw,u) = 8l ulll, v = Colil e o e o,

<Bnu, u>

HUHLp— 0,T;W ) (Qw))

<Bnu, u>

[Jel] L~ (0,T; WP (Qw))

> Bllully,-,

then, we have

=

— 400 as — +00

el o .27 (000

then, B,, is coercive.

b) It remains to show that B, is pseudo-monotone.
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Let (uy)r a sequence in LP (0,7} Wol’p(x)(Q,w)) such that
up —u in L (0,T; Wol’p(x)(Q,w))

Loyup — Lyu in LY (0,7; W1 @(Q, w*)) (6.4.3)
lim sup <Bnuk, up — u> <0
k—oo

then, we have prove that
Buup, — Byu in LP (0, T; Wy (Q,w))  and (Buug, ur) — (Bou, u).

By the definition of the operator L, defined in Definition (1.5.2)), we obtain that
uy is bounded in Wol’p(x)(Q,w) and since Wol’p(')(ﬂ,w) — LP@(Q) then uj, — u
in L? (0,7} Wol’p(x)(Q,w)), then the growth condition (6.2.1)) (a(x,t, ug, Vug))x is
bounded in (L7 ®)(Q,w*))" therefore, there exists a function ¢ € (L”®(Q,w*))N
such that

a(x,t,ur, Vug) = ¢ as k — +00. (6.4.4)

Similarly, using condition (|6.2.4 <Hn(x,t,uk,Vuk))k is bounded in L'(Q) then,
there exists a function v, € L'(Q) such that

H,(x,t, up, Vup) — ¥, in LY(Q) as k — +oo0. (6.4.5)

lim <Bnuk,uk> = limk%oo[<Gnuk,uk> + <Auk,uk>}

k—oo

k—o0

= lim {/ a(:z:,t,uk,Vuk)Vukda:dtJr/ H(x,t,uk,Vuk)ukdxdt}
Q Q

= /QOVukdxdt—i—/wnukda:dt (6.4.6)
Q Q

using ((6.4.3) and ((6.4.6]), we obtain
lim sup <Bnuk,uk> = lim sup{/a(x,t,uk,Vuk)Vukd:cdt
Q

k—o00 k—o00

+ /H(w,t,uk,Vuk)ukdazdt}
Q

< /goVud:z:dt+/¢nuda:dt. (6.4.7)
Q Q

Thanks to ([6.4.5), we have

/Hn(x,t,uk,Vuk)da:dt%/wnda:dt. (6.4.8)
Q Q
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Therefore,

lim sup/ a(x,t, ug, Vug)Vuy < / oVudxdt. (6.4.9)
Q Q

k—o0

On the other hand, using (6.2.2)), we have
/ {a(m, t,ug, Vug) — a(z, t, ug, Vu)} (Vug — Vu)dzdt > 0. (6.4.10)
Q
Then,

/a(m,t,uk,Vuk)Vukdxdt > —/a(aj,t,uk,Vu)Vudxdt
Q Q

+/a($,t,uk,Vuk)Vud:L’dt

Q

+/a(:€,t,uk,Vu)Vukdxdt
Q

and by (6.4.4), we get

lim inf/ a(x, t, ug, Vug)Vugdrdt > / oVudzxdt.

This implies, thanks to (6.4.9)that

lim a(z,t,uk,Vuk)Vukdxdt:/@Vudxdt. (6.4.11)

Now by(6.4.11]), we can obtain

klim a(x,t,ug, Vug) — a(x, t,ug, Vu)) (Vur, — Vu)dzdt = 0.
— 00 Q

In view of the Lemma ([1.3.5]), we obtain

up — u o in Lp_(O,T;WOl’p(')(Q,w))
Vu, — Vu ae.in Q.

Then,
a(z,t,up, Vug) — a(z, t,u, Va) in (LPO(Q,w")N

H,(x,t,up, Vup) = Hy(x, t,u,Vu) in  LYQ).

We deduce that
Au — Au  in (LY (Q,w )N
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and

Goup — Gupuin LYQ)

which implies
Byuy — Byu  in L (0,T; Wol’p(x)(Q,w))

<Bnuk,uk> — <Bnu, u>

completing the proof of assertion(b).

and

c) Using Holder's inequality and the growth condition (6.2.1]), we can show that
the operator A is bounded, and by using (6.4.2)), we conclude that B, is bounded.
For to show that B,, is hemi continuous.

Let up — w in LP (0,T; Wol’p(')(ﬂ,w)) and prove that

<Bnuk,¢> s (Byu,y))  forall € LV (0,T; W99, w)).

Since a(z,t,ug, Vug) — a(z,t,u,Vu) as k — oo a.e. in @), then by the growth
condition (|6.2.1) and Lemma (|1.3.4))

a(x,t,ug, Vug) = a(z,t,u, Vu) in (Lp/(x)(Q,w*))N

and for all ¢ € L? (0, T; Wol’p(x)(ﬂ,w)) , (Aug, ©) = (Au, @) as k — oo
similarly, G,ury — G,u as k — oo a.e. in () then, by the (6.2.4) and Lemma (|1.3.4))
Gnup — Guuin  LP'@(Q,w*) and for all ¢ € L (0,T; Wol’p(')(Q, w)),

<Gnuk, ¢> o <Gnu, ¢ ) as k — oo which implies B,, is hemi continuous.
;6 3.4)

Proof of Lemma
Set ¢ = Th(uy, — Trn(un))™ = am(uy) as a test function in (6.3.3), this function is
admissible since ¢ € LP (0,7} Wol’p(x)(Q,w)) and ¢ > 0. Then, we have

Oty exp(G(un))tm (uy, ) dxdt
o Ot

-l—/ a(x,t, u,, Vuy,) exp(G(uy,)) Vu,dxdt
{m<u,<m+1}

< [ [0+ 14l exp(Glm)on ).

Which gives, by setting

Pm(s) = /O 8 exp(G(r)) Ty (r — T, (r)) Tdr.
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Observe that ¢,,(s) < exp (M> |s]

(07

/Sﬁm(un(T))dx + / a(z,t, un, Vuy,) exp(G(uy,))Vu,drdt
Q

{m<u,<m+1}

<o (M) [ 1+ 1]

+/ |U0n‘d3§'
{luon|>m}

Since @, (u,)(T) > 0, v € LYQ), f, — fin LY(Q) and ug, — ug in L'(Q) then,
by Lebesgue’s theorem, we conclude that

lim lim sup / a(x, t, u,, Vu,)Vuy,dedt = 0. (6.4.12)
{m<u,<m+1}

m—o0 pnco

On the other hand, taking ¢ = T1(u, — T},,(uy,))” as a test function in (6.3.4) and
reasoning as in the proof (6.4.12)), we deduce that

lim lim sup / a(x,t, uy, Vu,)Vu,dxdt = 0. (6.4.13)
{=(m+1)<u,<—m}

m—00  n o

By using ((6.4.12)) and (6.4.13)), we have

lim lim sup / a(x,t, u,, Vu,)Vu,dzdt = 0. (6.4.14)
M=% noyoo S s <m+1}

Proof of Proposition [6.3.2]

For m >k, let ¢ = (Ti(un) — v},) " hp(un) € LP (0, T Wol’p(')(Q,w)) N L>(Q) and

@ > 0 . If we take this function in (6.3.3)), we obtain

/ Ot (G ) (T (tt) — V2 ) (1)t
(T(un)—vi, >0} OF
+/ a(x, t, uy, Vu,) V(T (u,) — I/Z)hm(un)dxdt
{Tk(un)_yﬁzo}
—/ exp(G(uy))a(x, t, uy, Vu,) Vi, (Ti(u,) — I/Z)—i_diljdt
{m<u,<m+1}
< / [fn + ’y} exp(G (un))(Tx(uy) — VZ)+hm(un)da?dt. (6.4.15)
Q
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Observe that
’ / exp(G(uy))a(x, t, up, Vu,) Vi, (Ti(u,) — VZ)+d:Udt
{m<u,<m+1}

HgHLl(R)

< 2kexp (
o

) / a(x, t, u,, Vu,)Vu,dzdt.
{m<u,<m+1}

Tanks to (6.3.11) the third and fourth integrals on the right hand side tend to
zero as n and m tend to infinity and by Lebesgue’s theorem, we deduce that
the right hand side converges to zero as n, m and p tend to infinity. Since

N N+
(Tk(un) — I/L) P () — (Tk(u) — VL) hp(u) in L>®(Q) as n — oo and strongly

in L¥ (0,7 Wol’p(’)(Q,w)) and (Ty(un) — v},) T hpm(u,) — 0 in L>(Q) and strongly
in LV (0,7 Wol’p(')(Q, w)) as p — oo, it follows that the first and second integrals
on the right-hand side of converge to zeros as m, m, pu — 00, using [51]
Lemma and Lemma the proof of Proposition ([6.3.2) is complete.[]
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