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RESUME

Cette these est consacrée a 1'étude de certains opérateurs classiques sur
des espaces de fonctions analytiques. Nous nous sommes intéressés, d"une
part, aux opérateurs d’intégration définis sur l’espace de Hardy H? et sur
les espaces de Bergman a poids classiques A2. Nous avons obtenu des
estimations des valeurs singulieres des opérateurs d’intégration qui sont
compacts. Notre approche est basée sur des techniques qui utilisent les
suites d’interpolation et d’échantillonnage des espaces de Bergman.

Nous nous intéressons également a une autre classe d’opérateurs, a savoir
les opérateurs de composition. Nous avons caractérisé 1’appartenance
aux classes de Schatten des opérateurs de composition qui agissent sur
des espaces de Dirichlet a poids. La classe des poids considérée couvre
des poids classiques tels que les poids de Bekollé-Bonami et les poids
superharmoniques. Nous avons obtenu également une telle caractérisation
sur les espaces de Bergman a poids.
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ABSTRACT

This thesis is devoted to the study of certain classical operators on analytic
function spaces. We are interested in the class of integration operators act-
ing on the Hardy space H? and on Bergman spaces with classical weights
AZ. We have obtained estimates of the singular values of integration opera-
tors that are compact. Our approach is based on techniques using interpo-
lation and sampling sequences for Bergman spaces.

We are also interested in another class of operators, namely composition
operators. We characterized the membership in Schatten classes of compo-
sition operators acting on weighted Dirichlet spaces. The class of weights
considered covers classical weights such as Bekollé-Bonami weights and su-
perharmonic weights. We have also characterized the membership in Schat-
ten classes of composition operators acting on weighted Bergman spaces.

iv



PUBLICATIONS

1. O. El-Fallah, F. Mkadmi, and Y. Omari. “Integration operators on
Hardy and Bergman spaces.”, Results in Mathematics 77.5, (2022), p.
200.

2. M. Bourass, I. Marrhich, and F. Mkadmi, “Composition operators on
weighted analytic spaces.” Canadian Mathematical Bulletin, 2023, pp.
1-18.



CONTENTS

Dedication
Acknowledgements
Résumé

Abstract
Publications

1 INTRODUCTION
2 BACKGROUND

=

2.1 Reproducing kernel Hilbert spaces . . . . . ... ... .....
22 Hardyspaces . .............. ... .. ... .. ...
2.3 Weighted Bergmanspaces . . . .. ................
2.4 The Bergmanmetric . . ... ...................
2.5 Sampling and interpolating sequences . . . . . ... ... ...
2.5.1 Interpolating sequences . . .. ... ... ... .....
2.5.2 Sampling sequences . . .. ... .............
253 Rieszsequences . . ... ..................
INTEGRATION OPERATORS ON HARDY AND BERGMAN SPACES
3.1 Introduction and mainresults . . . . ... ... ... .. ...
3.2 Bergmanspaces .. ............. ... .. ... ... .
3.3 TheHardyspace H? . ... ....................
COMPOSITION OPERATORS ON WEIGHTED ANALYTIC SPACES
4.1 Introduction . ... ... ... ...
4.2 Composition operators on weighted Dirichlet spaces. . . . . .
4.2.1 Generalresults . . ... ... ... ... ... .. ...
422 Radialweights. . ... ... .. ... ... ... ....
423 Remarksand examples. . . .. ... ... ........
4.2.4 Composition operators on Dirichlet spaces induced by
perturbed superharmonic weights. . . . ... ... ...
4.3 Composition operators on weighted Bergman spaces. . . . . .
4.3.1 Radial weights. . . ... ... ... ... ... ...
4.3.2 Generalcase.. . . . ... ... ...

Vi



INTRODUCTION

The Hardy spaces are among the most important and well studied function
spaces, it has its origins in 1915 in a paper of Hardy [hardy19i5mean] in
which he answered a question of Bohr and Landau, he proved that for any
analytic function f on D, its integral mean

27 1/p
1 o\ [P
T— (—J ‘f(rele)‘ de) , for0<p <oo, (1)
271 0
and .
T — max f(rele)’
0<0<2t

is an increasing function on [0, 1[. The theory of Hardy spaces has been
developed by many authors such as Littlewood, Paley, the Riesz broth-
ers, Carleson, Duren and many others, see for instance [duren1g97otheory,
koosis1998introduction, hoffmanzooybanach]. Let D denote the open unit
disk of the complex plane. The Hardy space HP of the unit disk, for 0 <
p < oo, is the space of analytic functions on ID for which the limit of the
integral in expression (1), as r tends to 17, is finite. One of the essential
characteristics that Hardy spaces functions have is the boundary behavior.

The Bergman spaces, named after Stefan Bergman, are in turn among
the well known function spaces. The beginning of the study of function
theoretic is dating back to 1970’s marked by the works of Horowitz and
Korenblum. The evolution of the theory of reproducing kernels began with
Bergman, see his book [bergmanigsokernel]. There are several monographs
on Bergman spaces, see for example [durenzoo4bergman, hedenmalmzo1ztheory].
The Bergman space AP of the unit disc, for 0 < p < oo, is the subspace of
LP(ID) consisting of analytic functions. Let w: ID — (0, co) be a weight, that
is, a non-negative integrable function. The weighted version is the weighted
Bergman space A}, that consists of analytic functions f on D for which

J IflPwdA < oo,
D

where dA is the Lebesgue area measure on ID. The classical weights wy =
(x+1)(1— Izlz)“, with o > —1, give rise to the classical weighted Bergman
spaces Ak. The Bergman spaces are closely related to the Hardy spaces. In
fact, we have HP C ﬂ AY. In many respects the Hardy space HP appears

o>—1



INTRODUCTION

as a degenerate endpoint case of the spaces Ak. However, function theo-
retic properties in Bergman spaces are quite different from those in Hardy
spaces since all functions in Hardy spaces have a good boundary behavior
than some in Bergman spaces.

This thesis combines between the area of analytic function theory and
the area of operator theory. To understand the differences and similarities
between spaces of analytic functions, one approach that has proven very
fruitful is to study the differences and similarities in the behavior of opera-
tors acting on these spaces. Let g be an analytic function on ID and consider
the linear transformation

z

Iyf(z) = | 090z
These operators are called integration operators, the name Volterra type op-
erators also appears in the literature. The function g is said to be the symbol
of the operator 1. If g(z) = z or g(z) = —log(1 —z), then I4 corresponds to
the usual Volterra operator or the Cesaro operator respectively. Integration
operators have been introduced by Pommerenke in [Pom1], he proved that
I4 is bounded on H? if and only if g is of bounded mean oscillation, that
is, g € BMOA. An intensive study has been carried out later by Aleman
and Siskakis. Their interest arose at first from studying semigroups of ana-
lytic composition operators; in fact, for certain choice of g, the operator I is
related to the resolvent of such semigroups (see [siskakis1998semigroups]).

The study of operators has generally been marked by three types of
problems: boundedness, compactness and Schatten classes membership. In
[AS11, AS21], Siskakis and Aleman provide descriptions of boundedness,
compactness and Schatten classes membership on Hardy and weighted
Bergman spaces. In the boundedness criteria, the space BMOA arise in a
natural way on the Hardy spaces while the Bloch space arise on the classical
weighted Bergman spaces. In [PR1], the authors studied integration oper-
ators on weighted Bergman spaces when the weights decay rapidly than
the classical weights wy. These spaces lie between the Hardy spaces and
the classical weighted Bergman spaces. Their results illustrates the smooth
transition of boundedness theorems from the setting of the Hardy spaces
to the setting of the classical weighted Bergman spaces.

In this thesis, we study integration operators on the Hilbert spaces H?
and A2. Let X be a separable Hilbert space, if T is a compact operator on
X, then there exist orthonormal sets {e}, {fn} and positive numbers s1(T) >
s72(T) > ... such that

Tf =Y sn(T)(f, en)fn.

2



INTRODUCTION 3

By definition, the number s,(T) is the n-th eigenvalue of the operator
(T*T)]/ 2 and is called the n-th singular value of T. For p > 0, the Schat-
ten class 8,(X) is defined to be the class of compact operators for which
2 sn(T)P < oco. The sequence of the singular values of a compact opera-
tor decreases to zero. A natural question which arise is about the rate of
this convergence. Notice that if T € ﬂp>0 8p(X), then sy (T) = o(n~1/7)
for all p > 0. This problem has been considered for composition opera-
tors in a series of papers [queffelec_piazzazo12, QUEFFELEC _seip2o015,
queffelec2018], it originates from a question raised in 1988 by Sarason
about the existence of a compact composition operator that do not belong to
any Schatten class 8,(H?), that is, a compact composition operators whose
singular values have a slow decay. Over the last few years, This problem has
been studied for the class of Toeplitz operators acting on weighted Bergman
spaces (see [APP1, EMMN2, EEz]).

We obtain estimates of the singular values s, (Ig) in terms of the averages
of |g’* over well-known sequences of subsets of ID. Our method of esti-
mating is based on techniques using sampling and interpolating sequences
for Bergman spaces. On Bergman spaces, the corresponding subsets form
a pairwise disjoint covering of ID and their centers form a separated se-
quence. These subsets play the role of hyperbolic discs. We obtain upper
and lower estimates of sn(Ig,Aé). Some complications arise when we re-
place the Bergman spaces by the Hardy space. The corresponding sets are
Carleson sets which appear naturally in boundedness and compactness cri-
teria. We obtain only an upper bound estimate. Under some regularity con-
ditions, we reach an analog lower bound estimate.

In this thesis, we are interested also in the class of composition operators.
Let Hol(ID) denote the set of holomorphic functions on D. If ¢ is an analytic
function on ID such that ¢(ID) C D, the composition operator of symbol ¢
is defined as

Cy: Hol(D) — Hol(ID), f— Cy(f) =fo .

This operator appears for the first time implicitly, in 1871, in the work of
schroder [schroderi8yiiterierte]. The problem consists of finding functions
f and constants A solutions of the equation

fo@ = Af.

Koenigs [koenigs1884recherches] solved this problem, in 1884, in the case
when the domain is the unit disc. The study of the spectrum of compo-
sition operators began with Nordgren’s work [nordgren1968composition],
he described the spectrum when the symbol is an automorphism of the disc.
Schwartz developed further the theory, he obtained in his thesis [schwartz19g69composition]
several properties concerning boundedness, compactness and the spectrum.



INTRODUCTION

Since then, the literature has grown. The most frequent questions often re-
late the geometrical properties of the symbol ¢ to the theoretic properties of
Cy. Some questions include whether C,, is compact or in Schatten classes,
the answers depend on how the symbol ¢ behaves on the boundary of its
domain. The first results to emerge in this direction are on the Hardy space
H?, Littlewood’s subordination theorem [littlewood1925inequalities] guar-
anties that the operator C, is always bounded on H2. In 1992, Shapiro
[Joel2] characterized the compactness on HZ in terms of the Nevanlinna
counting function N, given by

Ny (w) = Zil%<é> if we@(D); New)=0 if wé¢ (D).
w=¢(z)

He proved that C,, is compact on H? if and only if

N(p(w)
1—wp?

—0 as |w — 1.

In case ¢ is univalent, this is equivalent to the fact that ¢ has no angular
derivative at 1. composition operators were the subject of several papers
on various spaces of analytic functions, see for instance [Zorz, PP12, EE2,
LLQRz2, SS2]. For general information on composition operators on spaces
of analytic functions, we refer the reader to the monographs by Shapiro
[JoelBookz] and by Cowen and MacCluer [CM2].

In this thesis, we study composition operators C, acting on weighted
Dirichlet spaces of the unit disc. Let w be a weight on ID, the associated
Dirichlet space D, is the space of analytic functions on ID for which

J ‘f’(z)}zw(z)dA(z) < 0.
D

* For w =1, the space D, corresponds to the classical Dirichlet space.

* The radial weights wy(z) = (1 — 1z, for —1 < a < 1, generate the
standard weighted Dirichlet spaces Dy.
1
¢ For w(z) = log (W)l by Littlewood Paley identity (see 2.5), we re-
cover the classical Hardy space H?.

A well-known class of weights that are not necessarily radial is the class of
Békollé-Bonami weights; for pg > 1 and n > —1, the class By, (n) consists of
weights w for which there exists a constant C > 0 such that

1/po / 1/ph
(J w(z)dAn(z)) <j (w(z)) Po/Po dAn(z)> < CA; (W(D)
w(l) W(I)

4



INTRODUCTION

for any Carleson square
W) ={zeD:1—zl<(1)/2m, z/|z| € I}, 1cCT:=0D

where dA;(z) = (1— 1zZ2)"dA(z), plo + plg = 1 and I(I) denotes the length of I.
In [bekolle198zinegalites], Bekollé showed that this condition is necessary
and sufficient that the weighted Bergman projection

- f(£)

Pnf(Z) = J]D WdAn (Z)
be bounded on LP°(w dA,). We define a larger class of weights. A function
weight w is said to belong to the class C,,, for py > 1, if there exists a
constant C > 0 such that

1/po 1/p%
(J w(z)dA(z)) (J (w(z)) Po/Po dA(z)) < ClA(z, o)l
Az,00) Alz,x)

where A(z, ) = {weD:z—w| < «(l1—|z])} and « € (0,1). This condi-
tion is independent of « (see [lueckingi985representationz]). Note that the
class Bp,(n) is included in the class Cp, for every n > —1 since if « is
given then for each z € ID there exists an arc I (depending on z) such that
Az, &) C W(I).

A weight w is said to satisfy the Littlewood-Paley formula, and we write
w e HL, if for all p > 0, n € IN* and for each analytic function f on ID we
have

—1

J]D If(z)Pw(z)dA(z) < :Z ‘f(k)(o)‘p +J

N )f“ﬂ(z) ‘p (1 — |z|2)”p w(z)dA(2).
=0

In [AC12], Aleman and Constantin proved that if 5 € By, (m), for

@
(T—1z%)
some pp > 1 and n > —1, then w € HL. For the converse, it is proved in
[Aleman20192] that if w € HL and satisfies

w(z) = ww), lz—w|<8(1—1zP), (forsome &€ (0,1)),

then ﬁ € By,(n), for some py > 1 and n > —1. In [BWZ20182],

they have introduced a new class of weights that satisty Littlewood-Paley
formula; for s € (—1,0] and t > 0, the set W consists of weights w such
that

w(&)(1—[g)*(0 —[z1)*

ws,t(z) = J]D 11— EZ|2+s+t

dA(¢) S w(z), (ze D).
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Consider the weight

)
(1—12)? Ja(z1,2)

In [BMvolterraz], they proved that if w € Cp, for some pg > 1, then

w(z) = w(&)dA(E), zeD.

weHL ifand onlyif wy S @ (forsome t>0),

where w¢ denotes wg . The class of such weights, denoted by €, +, is in-
troduced in [BMvolterraz] by M. Bourass and I. Marrhich. They studied
Toeplitz operators acting on Bergman spaces induced by such weights. One
of the key tools in their work is the fact that for w € C;,, po > 1, we have

2 2
Aw — A(I)'

Moreover,
HfHA%U = HfHAfb’ f € Hol(DD).

Note that the weight @ is invariant, that is
@) < @w(z), for CeAlz)

for some (or equivalently for all) r € (0,1) (see [CONSTANTINz2o0102]). If,
in addition, w € Cp + for some t > 0, then the weight @ satisfies more
regularity conditions. In particular, @ belongs to a certain class of weights
for which several studies have been carried out (see [EMMNZ2, EEz2]). In
this case, one can say that the wight @ is a kind of "regularization" of the
weight w.

We study composition operators acting on Dirichlet spaces induced by
weights in the class G, for some pg > 1 and t > 0. Note that The space
Do endowed with the norm

1/2
2 w(z)dA(z))

Il = (17102 + [ |72
D

is a Hilbert space, see Lemma 4.1. We obtain characterizations of the bound-
edness, compactness and Schatten classes membership. In [SS2], D. Sarason
and O. Silva characterized boundedness and compactness of operators C,
acting on a weighted Dirichlet space induced with a hamonic weight. In
[EMMNZ22], O. El-Fallah, H. Mahzouli, I. Marrhich and H. Naqos provide a
characterization of the membership in the Schatten ideals. We examine the
case of perturbed superharmonic weights defined as w(z) = (1 — 1z12)*u(z),
where « > —1 and u € (D) a positive superharmonic function on ID. We
are interested also in composition operators acting on weighted Bergman
spaces. In particular, we extend the result obtained by O. Constantin in
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[CONSTANTIN2o0102] concerning the membership of C, to SP(A%U), from
the case of p > 2 and the Bekollé-Bonami weights setting, to the general
case of all p > 0 and for w € Cp 1.

On the way to the proof of the main results of this thesis, many problems
have been reformulated in terms of Toeplitz operators which represents
one of the most significant operators. For a given Hilbert space of analytic
functions X with reproducing kernel K, we define the operator

T.f(z) = ,[ f(w)K(z, w)dp(w),

where p is a Borel measure. On Bergman spaces and for a measure p =
@dA, where ¢ € L, the operator T,, corresponds to the classical Toeplitz
operator on Bergman spaces T,f = P(¢f), where P is the Bergman projec-
tion. The classical Toeplitz operators have been extensively studied since the
seventies [coburn1973, McDonald1979, zhu1987vmo]. Luecking [LUECKING1987]
was probably the first author to introduce operators T, with measures as
symbols which are commonly given the same name. This type of Toeplitz
operators have been the subject of intensive studies during the last decades.
Their interest lies in the fact that they are closely related to other well known
classes of operators (composition operators, integration operators, Hankel
operators ...). We made use of different connections between Toeplitz op-
erators and integration and composition operators.

The remainder of this thesis consists of three chapters. Chapter 2 contains
some background and some basic tools. In the second Chapter 3, we study
integration operators on Hardy and weighted Bergman spaces, it contains
the results of paper [el2zo22integration]. Chapter 4 is devoted to the study
of composition operators on weighted Dirichlet space, it contains the results
of paper [bourass2023composition].



BACKGROUND

2.1 REPRODUCING KERNEL HILBERT SPACES

Let H be a Hilbert space of functions on some domain Q) of C. We say that
H is a reproducing kernel Hilbert space on Q if for each z € Omega the

mapping
E,:H—-C, f~ f(z2)

is a bounded linear functional on H.
By the Riesz representation theorem, for each z € Omega, there exists a
unique K, € H (the so-called reproducing kernel) such that

f(z) = (f, K)n, (feH)

Remark that
HKZH%I = <KZ, KZ>H = K;(z).

Theorem 2.1. Suppose that {e;}ic] is an orthonormal basis of H. Then

Kew) = Y eilw)eilz).

iel

Kz (w) is independent of the choice of the orthonormal basis {en}n>1.

2.2 HARDY SPACES

Definition 2.2.

For 0 < p < oo, the Hardy space HP = HP(ID) is the space of analytic
functions f on D such that

1/p
flhr = sup (j F(re)P dmm) <o,
0<r<«1 T

and H* = H* (ID) is the space of analytic functions f on ID such that

[ fll1ee == sup|f(z)] < oo.
zeD

where m is the normalized Lebesgue measure on T. If 1 < p < oo, the space
HP is a Banach space.



2.2 HARDY SPACES

Theorem 2.3 ([durenigyotheory]). Let f € HP, 0 < p < oo. Then the radial
limit
f*(¢) = lim f(r{)
T—=1-
exists for almost every C in T. Moreover, ||f|[up = ||f*||p ().

The Hardy space H? is a Hilbert space with the inner product

(f,g)py2 = lim Lr f(rg) g (rQ)dm(Q).

r—1

If f(z) = Z anz™ and g(z) = Z bnz" belongs to H?, then

n=0 n=0

o
(f, 92 = Z Anbn.
n=0

In particular
(0]
[fllz = 3 _ lanl.
n=0

Proposition 2.4 ([duren19yotheory)). In the Hardy space H?, the point evalua-
tions are bounded.

Then, for each z € D, there exists K, € HZ such that
f(Z) = <f, KZ>H2'

The sequence {e™}, >0, where e, (z) = z" is an othonormal basis of HZ. Thus
1
K: (W) = +——— zweD,
Zw

1
1—|z]2

The following identity [Gar1] provide an equivalent norm in terms of the
derivative.

and ”KZHZHZ =

Theorem 2.5 (Littlewood-Paley identity). If f is analytic in ID, then

1
w@qmwzhwwmaﬁmm,

where dA is the normalized Lebesgue measure on D.



2.3 WEIGHTED BERGMAN SPACES

2.3 WEIGHTED BERGMAN SPACES

Definition 2.6. Let w be a weight, that is, a non-negative integrable function.
For 0 < p < oo the associated weighted Bergman space, Al is the space of
analytic functions on ID such that

1/p
Il = (| H@PoEaam) <.

The Bergman spaces induced by the classical wy(z) = (x4 1) (1 — IZIZ)(X,
with « > —1, are denoted by Af.

For p > 1, Ak is a Banach space. The space A% is a Hilbert space with
inner product

(f,9)as = JD f(2)g(z)dA«(2),

where dAy(z) = wy(z)dA(z). If f(z Z anz™ and g(z anz be-
longs to A2, then
B = ana
(f,9)a2 = T% (nt 1)kt

Moreover, the space AZ is a reproducing kernel Hilbert space with kernel

1

K(X(Z,W) = W

There exists a type of Littlewood-Paley identity for the Bergman space AZ.

Proposition 2.7 ([Zhu1)). Let f € A2, then we have

11 ~IFOF = | I (@IP(1— PP dAlz)
D

2.4 THE BERGMAN METRIC

The pseudohyperbolic metric on ID is defined by

Z—W

p(Z,W) - 7 Z,W E D,

1—ZzZw

and the hyperbolic metric, also called the Bergman metric, is defined by

Blzw) = 110g 1+ p(z,w)

_ D.
2% T pizw) “VE

10



2.4 THE BERGMAN METRIC 11

For r € (0, 1), the set
Alz,r) ={weD: B(z,w) <1}

is called the hyperbolic disk of radius r and center z. Note that A(z,r) is a
Euclidean disk with center

(1—s5?%) . (1—1z1%)
(_ITZ’Z’Z)Z and radius ms,

where s = tanhr € (0,1).
Let [A(z,7)| denote the normalized area of A(z, 1), we have the following
results.

Lemma 2.8. Suppose r and R positive numbers. Then there exists a constant C > 0
such that for all z,w € ID, we have

1. C1(1—1[z?) <1 —2zw| < C (1 —[z?) when B(z,w) < 1.
2. CMA(z,M)|a < ID(W, s)|a < CD(z,7)|a when B(z,w) < R.
Here s = tanh .

Lemma 2.9. Let 0 < v < 1. There exists a positive integer M and a sequence {zn },,
in ID such that

1. The disk D is covered by {/\ (zn,T)},,.
2. Every point in ID belongs to at most N sets in {A (zn, 21)},.
3. If n#m, then 3 (zn,zm) > 7/2.

Such sequence {zn} is called an r-lattice.

Lemma 2.10. Let f be an analytic function on ID, and let 0 < v < 1. Then there
exists a positive constant C such that

C
P < Ry

J fw)PdA(w), ze D,
A(z,1)

holds for all 0 < p < oo.
For further information see the monograph [Zhu1].

Remark 2.11. Note that the hyperbolic disks can be replaced equivalently
by the sets

Alz,r) = {w eD:|lz—w|<r(1— Izlz)} ,

whereze D and r € (0, 1).



2.5 SAMPLING AND INTERPOLATING SEQUENCES

2.5 SAMPLING AND INTERPOLATING SEQUENCES

Let H be a reproducing kernel Hilbert of analytic functions on ID. For z € D,

let K, denote the reproducing kernel of H at z and denote k, = HKEZHH'

2.5.1 Interpolating sequences

Definition 2.12. A sequence I' = {yn}, of points in D is called an interpo-
lating set for H if for every a = (ay) such that

2
a
g 1anl” > < 00,
Kz
there exists f in H such that

(f, Ky )1 = an, for every n.

The closed graph theorem shows that if Z is an interpolating set for H,
then there exists a constant C such that the interpolation problem can be
solved by a function satisfying

The smallest such constant C is called the constant of interpolation and we
denoted it by M(T').

2.5.2  Sampling sequences

Definition 2.13. A sequence I" of points in ID is called a sampling set for H
if there exist positive constants A and B such that

AY Ikl < [IFlIf < BY_IKfky)ul®,
yer yerl
for every f € H.

Remarks 2.14. e If a function f in H vanishes on T’, the lower inequality
will not hold. Thus a zero set can not be a sampling set in H.

e If I"is of sampling in H?, then for f = 1 the upper inequality forces to
I' to be a Blaschke sequence, that is a zero sequence in H?2.
As a conclusion, the Hardy space H? contains no sampling sets.

12
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2.5.3 Riesz sequences

Definition 2.15. A normalized sequence {un}n of elements in H is called a
Riesz sequence in H if there exist positive constants A and B such that for
every finite sequence any

2
AZlan|2 < Zunan < BZ|QTL’2'
n n H n

If moreover {u,}, is complete in H, then it is a Riesz basis.

In particular, for a sequence {yn}n C D, we say that {k,, }n is Riesz se-
quence in H if there exist positive constants A and B such that

A lan <|D anky,| <B) lanf
n n n

for all finite sequence {an}n C D.
Note that a Riesz sequence is a Riesz basis in its closed span.

2
H

Theorem 2.16. Let I' = {yn} C ID. Then T is an interpolating sequence for H if
and only if {k,, } is a Riesz sequence.

13



INTEGRATION OPERATORS ON HARDY AND
BERGMAN SPACES

3.1 INTRODUCTION AND MAIN RESULTS

Recall that the Hardy space H? consists of analytic functions f on ID such

that 12
27t
0., d0
]2 == supJ If(re'®)?— < o0.
0<r<1J0 2n

For an analytic function g on ID. The integration operator Io: H? — H?,
induced by g is defined as

z

I4f(z) = L f(Q)g’(Q)dL, fe HA
In [Pom1], Pommerenke proved that I; is bounded on H? if and only if
g € BMOA. The compactness and membership in Schatten classes have
been studied by Aleman and Siskakis in [AS11]. They proved that Ij is
compact if and only if g is in the space of analytic functions of vanishing
mean oscillation VMOA, and that I belongs to the Schatten class Sp(HZ),
for p > 1, if and only if g is in the Besov space B, given by

_ , p dA(z)
By = {g € H*: JD (=129 (=)1) m}

They also proved that if I € 8¢ then g’ = 0.

The weighted Bergman space A2, with « > —1, is the space of analytic
functions f on D for which

12
Ifllaz = ((a+])JD [f(z)2(1 —IZIZ)“dA(Z)) < c0.

In [AS21], Aleman and Siskakis considered the operator 14 acting on weighted
Bergman spaces. They proved that I, is bounded on A2 (respectively com-
pact) if and only if g is in the Bloch space B (respectively in the little Bloch
space By), and that I is in the class Sp(Aé), for p > 1, if and only if g is in
the space By,. For further information about the spaces used in this paper,
we refer the reader to the monograph [Zhu1].

14



3.1 INTRODUCTION AND MAIN RESULTS 15

This chapter is devoted to the study of the asymptotic behavior of the
singular values of compact integration operators acting on H? or on AZ. Be-
fore stating our main results, we give some basic notations.

The Carleson window (or box) associated with an arc I C T is defined

by
W()={zeD:1—z| <|1|/2m, z/|z| € 1},

Let R(I) denote the inner half of W(I) which is given by
R(I)={zeD: UI)/4n < 1—|z| < |1|/2m,z/|z| € 1}.
The family {R(In,k)}n,k constitutes a pairwise disjoint covering of ID, where
T i=1{e?:2rk/2" <0 < 2m(k+1)/2"), n>Tand 1 <k<2",

are the dyadic arcs.

The Bloch space B (respectively the little Bloch space B) consists of an-
alytic functions g on ID such that

sup(1—[z?)lg’(z)| < co (respectively lim (1—|zf*)|g’(z)| = 0).
zelD |z|]—1

Let dmgy(z) = 19’(2)]*(1 — |z]*)2dA(2). Tt is established in [AS21] that g is in
the space B if and only if

mg(R(Inx))
IR(Tn i)l

and that g is in the space By if and only if

lim sup M =0. (2)

N=00 12N |R(In,k)|

=0(1),

Hence, 14 is compact on A% if and only if g satisfies assumption (2). In this
case, let (I), > be an enumeration of (I, ), , so that the sequence

 my(R(In)
anlmg) = e

is nonincreasing.

First, we state the main result of this paper in the case of Bergman spaces.

Theorem 3.1. Let g € By. There exists an absolute integer p such that

A/ apn(mg) S Sn(Ig) N a[%](mg)/ nxl,

where %] is the integer part of %.

oI



3.1 INTRODUCTION AND MAIN RESULTS

An immediate consequence of Theorem 3.1 is given as follows.

Corollary 3.2. Let g € By. If n = (n(n))n is a nonincreasing sequence of positive
numbers such that n(2n) < n(n), then

sn(lg) < n(n) <= an(mg) < n(n).
To illustrate Corollary 3.2, we give the following explicit example.

Example 3.3. Let vy > 0 and

|
gy(z) = z e D.

T\
(1—2z)log” (1 —z)

Consider the counting function

N(t) = Card{(n,k): M>t}.

IR(Ln k)|
Let z,x = (1 — 21_11) exp (1(k2—: 1)). We have
mg (R(Inx)) 1 J 12 2,2
— 0 = gy (2)[7(T = |z[7)*dA(z2)
Rl ROl Jeg,, @070
_ (1 —lznxl)?
- 1
1— 2zt log?’ ———
1=z log T —zn il
= 1
= ST
1)2log?
(k-1)%log (k+1)

By an elementary calculation, we obtain

% if v>1

1 1
N(t) < — — i =
(t) tlogt if y=1

Thus

an(mg,) < %logn if y=1

— if y<1.
n

16



3.1 INTRODUCTION AND MAIN RESULTS

The situation in the Hardy space is more subtle. The first reason is that
the boundedness of I on H? can not be expressed using the sequence
(R(Inx))nk- The second one is that if (z, x)n k is @ sequence such that z,, . €
R(In k), then (z,x)nk can not be written as a finite union of interpolating
sequences for H2. These two facts will be used intensively in the case of
Bergman spaces.

Recall that I is bounded on H? if and only if g € BMOA, that is,

lgllemon = g(0)| +sup{||g o @wll2 : W € D} < oo,

where @, (z):= ]W —z is the Mobius automorphism of the unit disc. Recall

—Wz
also that Iy is compact on H? if and only if g € VMOA, that is,

lim [|go @w—g(w)ll2 = 0.
[w|—1
The membership of g to BMOA or to VMOA can be expressed using Car-
leson windows and the measure dvg(z) := lg"(2)*(1 — |z12)dA(2). Namely,
it is proved in [AS11] that

W(I
g € BMOA M =0(1)
|In,k|
and W
g€ VMOA <+ lim sup Yo(Wilnx)) = 0.
M=00 1 jon |In,k’

For g € VMOA, denote by

vg(W(In))
(ealv s = 22
WI(I
the nonincreasing rearrangement of the sequence (\/Q(H—(Tk)v .
Tl,k Tl,k

The main result in the case of the Hardy space is the following theorem.

Theorem 3.4. Let g € VMOA. Then

(i) There exists an absolute integer p > 1 such that
spnl(lg) S y/Tnlvg), m>1.

(ii) There exists an absolute constant B > 0 such that

.I n
5 D Tlvg) <) si(Ig), n=1.
=1 j

i=1

17



3.1 INTRODUCTION AND MAIN RESULTS

Under some regularity conditions, we obtain a description of the asymp-
totic behavior of the singular values of .

Let v > 0, a positive nonincreasing sequence (u,)n is said to belong to
Ry if there exists a nonincreasing sequence (xn)n such that nYx;, increases
to infinity and un < xy,. If, in addition, there exists o € (0,v) such that n*x,
decreases, (un)n is said to belong to Ry «.

Theorem 3.5. Let g € VMOA. The following statements hold.

(i) Lety € (0,1/2). If (sn(Ig))n € Ry or (Tn(vg))n € Roy. Then

snl(lg) </ Tn(vg).

(ii)) Lety € (0,1) andlet oc € (0,7). If (sn(Ig))n € Ry,a 0r (Tn(Vg))In € R2y 20
Then
snllg) </ Tn(vg).

The following corollary is a direct consequence of Theorem 3.5.

Corollary 3.6. Let g € VMOA. Let « € [0,1[ and $ > 0 such that o« > 0 or
B > 0. We have

1 1

sn(ly) < < TnlVvge) = .
nllg) n*logP(n+41) n(vg) nz“logzﬁ(nJrU

As application, we consider the family of functions g,, with y > 0, given

by
1
91//(2) = z e D.

-I 7
(1—2z)log (1 —z)

For vy € [0, 1[, Using the same argument as in Example 3.3, we have

Tn(vg) < v

By Corollary 3.6, we obtain

This chapter is organized as follows. In Section 3.2, we prove Theorem
3.1. Section 3.3 is devoted to the proofs of the main results in the Hardy
space.

18
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3.2 BERGMAN SPACES

We start this section by recalling the definitions of sampling and interpolat-
ing sets for Bergman spaces which play an important role in this paper.

Let Z = (zn)n>1 be a sequence of points in D.

* Z is said to be separated if H;if p(zi,z;) > 0, where p(z,w) :=
i#

zZ—Ww
1—zw
is the pseudohyperbolic metric on ID.

e Zis called a sampling set for A? if

Ifl32 = D If(z)P(0 =z, fe AL

n>1

e Z is called an interpolating set for A2 if for every sequence (An)n>1
satisfying
D Ml (1= [za)* T < oo,

n>1

there exists f in A%( such that f(z,) = A, foralln > 1.

We draw attention to the fact that every interpolating set for A2 is separated.
Interpolating and sampling sets for Bergman spaces have been studied by
many authors, we refer the reader to [Seip11, Seip21] for more details.

Let p be a positive Borel measure on ID. Define the operator T, by

Tuf(z) = | fw)K=(z,m)(1 — ) duw), T € A
D

where K*(z,w) = (1 —zw) 2 % is the reproducing kernel of Aé. A simple

computation yields

(Tt fhag = | 200~ 122)%dute),

These operators are called Toeplitz operators on Bergman spaces. Their
boundedness was considered by Hasting [Has1]. Later, Luecking obtained
necessary and sufficient condition on p for which T, belongs to a Schatten
class 8, (A2), with p > 0 (see [Lue11]). Recently, the asymptotic behavior of
the singular values of such operators has been studied on a large class of
weighted Bergman spaces (see [APP1, EE2]).

In the specific case of discrete measures, one can obtain explicit lower and
upper bounds for the singular values of the associated Toeplitz operators.
We have the following two lemmas.

19



3.2 BERGMAN SPACES

Lemma 3.7. Let Z = (zn)n>1 be a separated sequence and let (cn)n>1 be a se-
quence of positive numbers such that (cn(1 — sznlz)*z)nﬂ decreases to zero. For

n= Z cnd.,, the operator T, is compact on A2, and

n>1
Cn
(1 —lznl?)?

Proof. First, recall [GGK1] that for a compact operator T on a Hilbert space
H,

Sn(Tu) 5

sn(T) =inf{||T—R||: R: H — His of rank < n}.
n—I1
For u, = Z cjézj, the associated operator T, is of rank n — 1. Thus, it
j=1
suffices to show that

Cn
T —To|<—S
|| H HnH ~ (-I _|Zn|2)2

Let f € A2. We have

(Tu—Tw ) Haz = )1 —Iz)f(z)P
j>n
— ") (z)) P
|Zn|2 2 ; j

Moreover, since the sequence Z is separated, there exists a small constant
& > 0 such that the discs D;5(zj) ={z € D : [z—zj| < 6(1 — |z;|)} are pairwise
disjoint. By subharmonicity, we get

()P (1= Iz S J [f(2)P(1 = [21)* dA(2).

Ds(z5)
Therefore
(Tu=Te ), f)az < zzzJ —z1*)* dA(z)
x 1—|Z | Ds(z;)

Cn 2 2\

< O )R- A

S G sz P01~ | dA(2)
Cn

=1z )2 113 A2
Since the operator T, — Ty, is positive, we obtain

Cn
To—To || < —0 .
|| o unH ~ (1 _|Zn|2)2

20



3.2 BERGMAN SPACES

Lemma 3.8. Let Z = (zn)n>1 be an interpolating set for A(ZX and let (cn)n>1 be a

sequence of positive numbers such that (cn(1 — Iznlz)*z)m] decreases to zero. For

n= Z cnd.,, the operator T, is compact on A2, and

n>1
Cn
(1 —lznl?)?

Proof. The upper bound result follows from Lemma 3.7. To obtain the lower
bound, we use an alternative characterization [GGK1] of the singular val-

ues:
ITufllaz

sn(Ty) = su inf ——= .
A E,dimIlz:n (fGE\{O} 1llaz

sn(Tw) <

Set X7 = span{kg‘j :j = 1}, where kg; denotes the normalized reproducing

kernel of A%. We choose as subspace E the orthogonal complement in Xz
of the linear span of {k¢ : j > n}. Since Z is an interpolating set for A2, the
family {k;"j :j > 1}is a Riesz basis of Kz and then the vector space E is of
dimension n. Let f € E, we have

n
Ifl2y < )17y [(E k) azl = MalZ)1 Y I(F k) az
j>1 j=1

Furthermore

(Tt Paz = D o(1—I5)* [f(z)]"

j=1

= chm — 2% |f(z) |

2
1—I7«nI“ZHkCx ral

which finally leads to

- (T —lznf?)?
[l

Proof of Theorem 3.1. We start with the the upper bound of the singular
values of Iy. Let Z = (zn)n>1 be a sampling set for A2 &2 such that each
R(I,) contains N points of Z, where N is a large integer (see [Luez1]). We

21



3.2 BERGMAN SPACES 22

denote these points by (zni)n>1, wherei =1, ..., N. Using the fact that Z is
a sampling set for AZ , with the subharmonc1ty of |g'|?, we get

| @) @P0— R aAR) = Y zg s
n>1
< 2\« AR — 222
S RLCNIREE, L(In)m (2201 - 2P)2dA ()

— Zw(zn,inzu—m,uz)“j ' (P — 122 dA(2)

ni n)
N
= (Y Tuh Az
i=1

where p; = Z mg(R(In))0,, ;- Using identity (2.7), this implies

n>1

We use a known inequality of the singular values from [GKG1]. If A and B
are two compact operators, then

STTH—TI—1(A+B) < Sm(A)+5n(B)/ m/n: ]/21'-“ (3)

Thus we obtain

snn I Ig) an w) <N max sp(Ty,).

1<G<KN

This, together with Lemma 3.7, gives

) ¢ malRlln))

Snllg) SN max sn(Ty) 0 —1z.P)

Now, we turn to prove the lower bound result. Choose a point &, in R(I,)
so that |g’(z)] < 2|g’(&n)| for all z € R(I,). Then

mg(R(In)) = JRH )Ig’(Z)IZU —121*)?dA(2) S lg'(En)P (1 — (&)™, 4)

Note that (&n)n>1 can be written as a finite union of separated sets. Since
every separated set itself can be expressed as a finite union of interpolating
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sets (see [Seip21]), there exist Aj, Ay, -+, Am such that {&,, n € Aj}is an
interpolating set for AZ. Therefore

M

JDH(z)g'(znzm—|z|2)“+2dA(z) Z D > &P (&) (1 —[En) <
i=1 neA;
M

> ) D (&P —1E) mg(R(In))
i=1 neAy
M

= <Z T f, f>A(2xr
i=1

where @ = Z mg(R(I))d¢,, . The first inequality follows from the fact
neA;
that (&,)n>1 is a finite union of separated sets. Therefore

M
Llg2 ) Ty >T,, ke{l,., M.
i=1

This implies
snl(Tu) Ssi(ly), ke{l,., M

Finally, using the fact that each set {&,, n € Ay}, fori =1,...,M, is an
interpolating set for A2 along with Lemma 3.8, we get

Sn(Tuk) 2 an(ux),

where an (1) is the nonincreasing rearrangement of the sequence (%) .
n

Remark that

U fan(m): n=>1={an(w): n>1}.
1<k<M
Therefore
ann (W) < min an (i) S $5(T).
Consequently, there exists an integer p such that an(mg) < s% ](Ig). O

n
P
3.3 THE HARDY SPACE H?

This section is devoted to prove Theorems 3.4 and 3.5. We start by recalling
the connection between integration operators acting on the Hardy space H?
and some standard operators.



3.3 THE HARDY SPACE H?

Let u be a positive Borel measure on ID, and let J, denote the embedding
operator from H? into L?(p). Carleson proved in [Car1] that ], is bounded
if and only if u(W(I))/1(I) is uniformly bounded for all arcs I C T. This
result can be expressed in terms of the family of the dyadic arcs. Indeed,
one can see that ], is bounded if and only if there exists C > 0 such that

w(W(Iyx)) < ClInx), n>1land 1<k <2™
Note also that ], is compact if and only if

y ROV (Iy,0))
m sup ——

n—00qqom  UInx)

=0. (5)
We introduce the operator
Suflz) = | Kz widutw), fe
D

where K(z,w) = (1 —zw) ! is the reproducing kernel of HZ. A straightfor-
ward computation shows that

(Suf, fh2 = LD [f(2)Pdu(z) = Tuflt2 -

This implies that S, is bounded, compact, or belongs to a Schatten class
SP(HZ) if and only if J, is. In [Lue11], Luecking proved that S, € Sp(Hz),

for p > 0, if and only if
)N <M(R(In,k))>p
nk 1(In,k)

It is worth noting that Luecking’s characterization can also be expressed in
terms of Carleson windows W(I, i) (see [LLQRJFA1]). However, this is no
longer the case for Carleson boundedness criterion (see [PR1]).

Now, we fix and recall some notations. Let p be a positive Borel measure
on D which satisfies condition (5), and let (I,(i))n>1 be an enumeration

p(W(In (1))

UIn (1)
cording to the notation used in the introduction, we define

p(W(In(p))
L(In(p)

The following lemma is the key to prove the first assertion of Theorem 3.4.

of (I x)nk such that the sequence ( ) is nonincreasing. Ac-
n>1

Tn(p) :=

Lemma 3.9. Let u be a positive Borel measure on ID such that S,, is compact on
HZ2. Let I, = Ly(n), and let (zn)n>1 be a sequence such that z, € R(1,). Fix an
indexn > 1, and set u, = Z 1(R(Ix))d,, . We have

k>n
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3.3 THE HARDY SPACE H?

Proof. We begin with part (1). First, note that if n = 1, then 7j(u) = 7j(n)
and the result is obvious. Now, suppose that n > 2.

Forj > 1,let [j = {k > n: R(Ix) € W(;)}. Then
W) = > m(R(L)) =) w(R(L) < p(W().
keTj keTj
Thus for all j > n, we have
i (WL _ wW(G) _ p(W(l))
U5 U)o T U
Letj €{1,...,n—1}. If we assume that

pn(W(E)) _ p(W(Ly))
UT) L)

we will end up with a contradiction. Indeed, we will prove that there exists

. W(l, n(W(,))
ji € {1,...,n—1} such that W(I;,) & W(J;) and ll(I(IEI) d et 1(111)) '

which is absurd since one can repeat this operation indefinitely.

(6)

Suppose that assumption (6) is satisfied, and write W(I;) = R(I;) UW(I;,) U
W(Ij{ ), where

UL, = I(Ijé) = UL)/2.
Without loss of generality, we assume that u, (W(l;,)) > un(W(Iﬂ )). Then,
since pn (R(I)) = 0, we have

(W) en(WIE ) H W) (W)
L) LTy, )+ LT) Uy,
This implies HW () (WL, ) and then j; € {1,...,n—1}. The proof
In) L1,

of (1) is complete.

To prove (2), recall that s, (S,,) = inf{||Sy, —R| : rank R <n}. For R =
Sy —un, We have

un (W(L))
sn(Suy) < Sy = Syl = S|l S sup =757
)

The second inequality comes from the embedding Carleson’s Theorem. Us-
ing the first part of the lemma, we obtain s, (Sy,) < Tn(p). ]
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3.3 THE HARDY SPACE H?

The proof of the second assertion of Theorem 3.4 requires the following
lemma. We include the proof for completeness.

Lemma 3.10. Let H and K be two Hilbert spaces and T : H — K a compact
operator. Suppose that there exist (un)n>1 C Hand (vi)n>1 C K such that

> lun, P < ClIfIR and Y Iovw, gk < Cllgl}, fEeH, g€k,
n n

for some constant C > 0. Then we have

Z |<Tu)',\))'>K} < CZZ SJ(T)
- =1

j=1

Proof. Let (en)n and (fn)n be two orthonormal bases of H and K, respec-
tively. Let A and B be the operators given by

Af = Z(f, Un)nen and Bg= Z(g,vn>Kfn.

n n

By assumptions, A and B are bounded and ||A[|, ||B|| < C. Note that the
adjoint operators A* and B* satisfy A*e, = u, and B*f, = v,,. By Theorem
3.5 of [GGK1], we have

> |(BTA%;, ;)| < Y s(BTA").

j=1 j=1

Thus

M=

D |Tw,v)| =

=1

|<TA*€)', B*f]>‘
1

—.

[
M=

[(BTA*e;, fj)|
1

—.

N
M=

Sj (BTA*)
1

n n
IBIIA™I ) s(T) < C2 ) s5(T).
j=1 j=1

—.

N

]

The Littlewood-Paley identity (2.5) gives rise to the following formula
which relates the operators I and Sy . We have

(Ip1gf, f)p2 = LD [£(2)1*1g’ (2)]* log(1/1z1*)dA(z) < (Sv,f, )12 7)
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3.3 THE HARDY SPACE H? 27

Proof of Theorem 3.4. It is immediate, from formula (7), that if f € H? then
fg’ € A%. We have seen in the proof of the upper bound result from The-
orem 3.1 that there exist a sampling sequence Z = (zn)n>1 for A? and an
integer N such that each R(I,) contains N points of Z denoted by (z,, i)n>1,
wherei=1,...,N. Then

J]D H2)g' (P — 2P)dAZ) = Y [H(z)g (zn)P(1 — lzn)?

n>1

S Y IteP | 1920 - 12P)aAC)

n>1 R(In)
N
= Y 3 iz | g @R - EPdAG)
n>1i=1 R(In)
N
= () Svf e
i=1
where v; = Z vg(R(In))0,, ;- Using inequality (3), we obtain
n>1
stin(Ig) < snn(Svy) S max sn(Sy,).

1<KN

By Lemma 3.9, we deduce s%,(I5) < tn(vg) as desired and the proof of

assertion 1 is complete.

To prove assertion 2, we use Lemma 3.10. Let &;, be the center of R(I,) and

set : | |2)3/2
_ _ 1 Eyn
Un(z) =vn(z) = —(1 an)z .

For f € H2, we have

2
/(z)(1 —|z1*)dA(z)

[(wn, £)12lF < un(0)F(0)1* +

~

J (1—|En|?)3/2
D (1_Enz)3

= (1= 1ElPPIFO)P + (KL, ) ol

Thus

Y el S Y (=GP0 + 3 Ik )l

n n

< (1 —I&PPIFO) + 115

n
2
S Il
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The second inequality follows from the fact that (&n)n is a separated se-
quence. Then, by Lemma 3.10 applied to Sy, there exists an absolute con-
stant ¢ > 0 such that

Furthermore

(1~ lan)
(Svytin, Uny T g9 @1 =) dA )

1 - |an|2)

> jw T lg (2P — A L)

R

J 19201 — [z dA(2).
W(l,)

—

(In)
Combining these two facts with formula (7), we get
o) S
j=1 j=1 j=1
0

We turn now to prove Theorem 3.5, we start with the proof of the first
statement which is completely based on Theorem 3.4.

Proof of assertion 1 of Theorem 3.5 . Suppose that (sy(Ig))n € Ry for some
Y € (0,1/2). Then there exists a nonincreasing sequence (x)n of positive
numbers such that nYx;, increases to infinity and s, (Ig) < xn. For an integer
p = 1, we have

Pfan < Xpn < Xn.
By assertion 1 of Theorem 3.4, we have
X8 = st (Ig) < Tnlvg). (8)

Moreover, assertion 2 of Theorem 3.4 implies

n
nTn(vg) ZT) < Zsjz(lg)
j=1

24\
.M:
Eal

N

:SN

N
M
2 | -
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The last inequality follows from the fact that (j2'x;); is increasing. Since
2y < 1, we have

LA

Z,— = nl%,
i

j=1

Thus ntn(vg) S nxZ. This along with inequality (8) leads to T (vg) < X2,

Now, suppose that (tn(vg))n € Ry, and let (xn)n be a nonincreasing se-
quence of positive numbers such that n?Yx,, increases to infinity and T (vg4) =
xn. It follows at once from assertion 1 of Theorem 3.4 that

s2(Ig) < Tny(vg) X Xn.

n
P

Let k be a large constant. Assertion 2 of Theorem 3.4 yields

Kn n Kn
Sy Y Y sy
j=1 j=1 j=n-+1

n

< D) x5+ knsh(Iy).
j=1

n
Using the same line of reasoning as in the previous part, we obtain Z X S
j=1
nx,. Therefore

Kn

ij < nxn~|—|<ns$l(lg).
j=1

In contrast

ij = KNXgn
j=1

1-2
> kK nxg.

The first inequality follows from the fact (x;); is nonincreasing and the sec-
ond one uses the fact that (j2x;); is increasing. Thus

K0 < xn + Ksﬁ(lg).
For k large enough, we obtain the result. O

The proof of the second statement of Theorem 3.5 requires some prepara-
tory results. The following technical lemma is a generalization of Proposi-
tion 3.3 in [LLQRJFA1].

29
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Lemma 3.11. Let h : [0, oo[— [0, o[ be an increasing function such that h(0) = 0.
Suppose that there exist € € (0,1) and p > 1 for which t — h(t*®) is concave and
t — h(tP) is convex. Let u be a positive Borel measure on ID. There exists B > 0,
which depends on € and p, such that

() <2 ()

Proof. We use the argument given in [LLQRJFA1]. Let « = 1/¢ and let
B =1/(1 — ¢) be the conjugate of . Write

=J U ROw, n>Tand1<j<2,

I>nkeHy n ;

j k 1
whereHLn,j:{kE{L..., }'2] <21<);1

that 2 < aP. It is proved in [LLQRJFA1] that

} . Consider a € (1,2) such

WIS Y amY (R

I>n; kEHl,n,k

Recall that the function hy /,(t) := h(t!/*) is increasing and concave. Conse-
quently,

R WW(In))) = R (2PRW(I)%)
> hue (VR0

I>n, keH n

> h((%>l_nle(R(Il,k))>

1>n, keHy 1

y (%)(1_n)/ph(ZlH(R(ILk)))-

1>n, keHl,n,k

N

N

The last inequality follows from the fact h(tP) is convex. Then we obtain

> 2 n 0 2] ay (I-n)/p
oo 211
< Clpe) Y Y n(2uR).
1=1 k=0

]

Theorem 3.12. Let p be a positive Borel measure on 1D such that |, is compact.
Let h : [0, co[— [0, oo be a convex increasing function with h(0) = 0 and such
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that t — h(t%) is concave for some ¢ € (0,1). Then there exists B > 0 which
depends only on ¢ such that

Sy ) < X nisi),
j j

Proof. The proof is based on Lemma 3.10. Let &;, be the center of R(I,,), and
set

u(z):%&lndv :CeX
n (1 _Enz)z n nYnXR(I, )’
_ Up S S
where 0, = 1% and ¢ = =R if u(R(I,)) #0.
We proved before

3 lun, 2P S IfI2e,  f e HA
n
By Cauchy-Schwarz inequality, we have
D v vzl < D cpnlR(In) LH | vPdp = [V[F2, v E (W)
n n n
Note also that
(
R(In) U(In

<Juun; Vn>L2(u) = CnJ [un|dp =<

Applying Lemma 3.10, we get

>

j=1

w(R(;))

O =

where C is a positive constant. Then by Corollary 3.3 of [GGK1], we obtain

1 /u(R(T;))
;h<6 &0, )glzh(sjuun.

)

The desired result follows from Lemma 3.11. N

Corollary 3.13. Let g € VMOA. Let h : [0, co[— [0, oo be a convex increasing
function with h(0) = 0 and such that t — h(t*) is concave for some ¢ € (0,1).
Then there exists B > 0 which depends only on € such that

Zh(%,/Tj(vg)) < Y h(s(I))).
j j

Proof. 1t suffices to apply Theorem 3.12 and to remark that sy (Ig) = sn(Jv,)-
O
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The following lemma is proved in [EEz].

Lemma 3.14. Let (an)n and (bn)n be two positive nonincreasing sequences. Sup-
pose that there exist 31 > 1 and 3, > 1 such that (MP1by ) is nonincreasing and
(nB2by, )y is increasing. Let B > B, and let B > 0. If for each positive increasing
concave function h such that h(tP) is convex we have

Y n(gan <Y nlbw) < Y h(Ba)

then a,, < by.

Proof of assertion 2 of Theorem 3.5. Suppose that (sn(Ig))n € Ry« Then
there exists a nonincreasing sequence (xn)n such that (nYxy ), is increasing,
(n*xn)n is nonincreasing, and x, < sn(lg). We have to prove that x,, =<
VTn(vg). Let B > 0 be such that foc > 1. Put 37 = B and B, = By. Let h
be a positive increasing concave function such that h(0) = 0 and hg = h(tP)
is convex. The function hg satisfies the assumptions of Corollary 3.13 with
e = 1/f. Then there exists By such that

ZhB (%\/Tj(vg)) < ZhB(X]‘).
j j

By the first assertion of Theorem 3.4, we have

1.

\%

Xn X Spnllg) S y/Tnlvg), M

Then there exists B > 0 such that

3 hy (%. /T]-(vg)) <Y hpls) < X hg (By/m(vg)).
j j

j
Lemma 3.14 yields xﬁ = Tﬁ/z(vg), that is, xn =< \/Tn(vg).

The result in the case (Tn(Vvg))n € R2y,24 can be proved in the same way. [

Using Theorems 3.4 and 3.13 with the same line of reasoning as in the
proofs of Theorem 1.2 and Proposition 5.2 of [BEMN1], one can obtain the
following result. We omit the proof here.

Corollary 3.15. Let g € VMOA. We have

. sn(Ig) =0 (%) = Ig=0.

2.sn(lg) =0 (1) <« ¢ eH.

1
n



COMPOSITION OPERATORS ON WEIGHTED ANALYTIC
SPACES

4.1 INTRODUCTION

Let o > —1, and let H{y denote a scale of Hilbert spaces of analytic functions
Hy = {f € Hol(D) : J I (2)]? dAy(z) < oo},
D

where dA4(z) = (1 —|z]%)*dA(z). Incase a € (—1,1), Hy corresponds to the
standard Dirichlet spaces Dy. The parameter value « = 1, corresponds to
the Hardy space H?. In case o > 1, H4 cover the standard Bergman spaces
Aifz- In [LZ2], D. Luecking and K. Zhu characterized the membership of
Ce in the class &, (Hy), p > 0, in case o > 1. ]J. Pau and P. A. Pérez in
[PP12] obtained an analogous characterization for the standard Dirichlet
spaces Dy, « € (0,1). Let @ be an analytic self map of D and let o > —1.
The Nevanlinna counting function N,  of ¢ associated to H is defined by

Neoaw)= Y  (1-12%)% if weD); Neow)=0 if w¢ e(D).

w=@(z)

We summarize the results obtained in [LZ2, PP12] as follows. Let & > 0
and p > 0. Then

)
(M)p dA(w) < oo, 9)

Co € Sp (Ha) <:>J 0= wi”

D
where dA(z) := dA(z)/ (1 — |Z|2)2 is the Mobius invariant measure on D.

In this chapter, we study composition operators acting on D, for w in the
class Cp, 1. We obtain characterizations of boundedness, compactness and
Schatten classes membership. Our results cover Bekollé-Bonami weights,
superharmonic weights and the radial admissible weights introduced by
K. Kellay and P. Lefevre in [kellay20122]. In particular, we are interested
in perturbed superharmonic weights on ID. Let u € C*(ID) be a positive
superharmonic function on ID. The function u admits the representation

u(z) = LD log L__CCZ 1dj(|§:|)2 +Py(z) =t Sel(z) + Py(2), (10)

for a unique finite positive Borel measure ¢ on ID and a unique finite posi-
tive Borel measure v on T(see [Alemaz]), where

. 1— |z
Pulz) = | G—Esavie)

33



4.1 INTRODUCTION 34

is the Poisson transform of the measure v. Let w be a weight of the form
w(z) = (1—z2)%*u(z), « > —1. The space D, is called the perturbed super-
harmonically weighted Dirichlet space. We adopt the notation D (resp. D)
instead of Ds_ (resp. Dp, ). The generalized Nevanlinna counting function
of ¢ associated with a weight w is given by

NpowWw) = Y  w(z) ifwe D) ; Npow) =0 ifw¢ (D).
w=0(z)

We write N, v instead of N, p, . In [SS2], D. Sarason and O. Silva character-
ized boundedness and compactness of operators Cy,: Dy — D, in terms of
No,v. They proved that C,, is bounded (resp. compact) on Dy if and only if

J § T\t':—zz()Z)dA(Z) =0(lAwl)  (resp. o(|Awl) as [w| — 17),

where A,, = A(w, %). In [EMMNZ22], O. El-Fallah, H. Mahzouli, I. Marrhich
and H. Naqos proved that C, € §,(D), for p > 0, if and only if

P
2

+oo 2™ —1 1 N(p,v(Z)
22 <|Rn,j|Ln,j P2 dA(Z)) <o

On the space Dy, G. Bao, N.G. Gogiis and S. Pouliasis [BAO2018CJM2z]
proved that C, is bounded (resp. compact) if and only if

v

Ng,o(w) =0(Ug(w))  (resp. o(Ug(w))as (wl —17)),

L2
with U.G(z):J 1 -l do(¢) and

D |1 — Cz]2

Npolw) = Y Uslz) ifwe (D) ; Npolw) =0 ifw ¢ (D).
w=(z)

We characterize boundedness, compactness and Schatten classes member-
ship of composition operators on perturbed superharmonically weighted
Dirichlet spaces Dy, with w(z) = (1 — 1212)* (S¢(z) 4+ Pv(z)). More precisely,
we prove that Cy: Dy — D¢ belongs to §,(Dy), for p > 0, if and only if

. /2
N(p,c(z) ’
JD (—Ug(z) ) dA(z) < oo.

We are interested also in composition operators acting on weighted Bergman
spaces. For the case of a Bekollé-Bonami weight w, O. Constantin obtained,
in [CONSTANTINz2o0102], a characterization of the membership of C, in
Sp(Aﬁ,), for p > 2. We extend this result to the general case of w € Cp,+
and for all Schatten classes §,, (Aﬁ)), p > 0.



4.2 COMPOSITION OPERATORS ON WEIGHTED DIRICHLET SPACES.

Throughout this paper, we decompose D by using the disks A(z, 1), 0 <
v < 1. The sets A(z, 1) give a (p,d)—lattice of D for p(z) = (1 — |z|2) /2
and for some choice of 6. Let (A(zy, 8)),, be the corresponding (p, 5)—lattice
of D and let (An)n be an enumeration of A(z,,d). Let b > 1 such that
bA;, = A(zn, bd) is a covering of ID of finite multiplicity, see [Oleinik19782]
and [EMMN2] for details and generalization.

4.2 COMPOSITION OPERATORS ON WEIGHTED DIRICHLET SPACES.
4.2.1  General results

Let w be a weight in the class Cy,,  for some pg > 1 and t > 0. The associated
weighted Bergman space is given by

1/2
A2 = {f € Hol(D) : [[f]lz2, == (J If(z)lzw(z)dA(z)) < oo}.
D

Notice that A2 is a reproducing kernel Hilbert space since each point eval-
uation e; : A%U — C, which takes f to f(z), is a bounded linear functional
on AZ, see [BMvolterraz]. The reproducing kernel of AZ will be denoted
by K. The Toeplitz operator T,, associated with a positive Borel measure
i on D, acting on A2, is the transformation

Tuf(z) = | fOK® (2 Ow(Qdu(d), fe Al zeD.
D
In the sequel, for a positive Borel measure p on ID, we denote dpy, = wdp.

The following results are proved in [BMvolterraz].

Theorem A. Let w be a weight in the class G, for some py > 1 and t > 0,
and let p be a finite positive Borel measure on ID. The following assertions
are equivalent.

1. The Toeplitz operator T, is bounded (resp. compact) on A2
2. Hw(An) = O (Au(An)) (l‘eSp- How(An) =0 (Aw(An))), n — oo.

Theorem B. Let w be a weight in the class € + for some pg > 1 and t > 0.
Let u be a finite positive Borel measure on ID such that T, is compact on
A2, and let p > 0. Then T, belongs to 8,(A2)) if and only if

= Ko (An) P
2 <Aw(An)> =

n=0

We will use a known relationship of Toeplitz operators and composi-
tion operators in order to deduce boundedness, compactness and Schatten
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4.2 COMPOSITION OPERATORS ON WEIGHTED DIRICHLET SPACES.

classes membership for composition operators. Before going into the details,
we need the following lemma which states that for w € Gy, (po > 1), the
point evaluations on D, are bounded. In particular, D, is a reproducing
kernel Hilbert space.

Lemma 4.1. Suppose that w is a weight such that w € Cy, for some pg > 1.
Then, each point evaluation is bounded on (D, ||.||p,, )-

1
Proof. Fix z in D and let f € D,. We have [f(z) —f(O)!2 < ,[ ‘f’(sz)‘z ds.
0

Since f' € A% and w € G, then

1
/ 2 <« 2 11.

see [AC12] or [BMvolterraz]. Let r € (|z|,1). We have

inf @(w)> inf @©w) 2z ®©(0) >0,
wel0,z] weA(0,r)

36

since @ (w) < @(0) whenw € A(0, ) (see Lemma 2.2 in [CONSTANTIN2o0102]).

We obtain

1
fz) ~HOF S IRy | -

1—|sz]?)2d(sz)

2 2
ds S 1f'l3z, < IIfllp,,-

Consequently 1f(z)]> < |f(z) — f(O)I2 +1£(0)> < 1113 o ]
Theorem 4.2. Suppose that w is a weight such that w € G, 1 for some py > 1
and t > 0. Let ¢ be an analytic self-map of ID. Then
1. C is bounded on D, if and only if
J Now(z)dA(z) < J w(z)dA(z), neN.

2. Cy is compact on D, if and only if
J No,w(z)dA(z) =0 (J w(z)dA(z)> , (M — o00).
An n

Proof. Suppose that C, is bounded on D,. Let V,, : Dy, — A2 be the
bounded operator defined by V,,f = f’ and let Dy, : AZ — AZ be the
operator defined by

Dy, = Vo Co VT
By a direct calculation we have D, f = @'.fo @, f € AZ. The operator
D%,wDe,w is then bounded on AZ. For f € A2, the change of variable
formula [Az2] gives

D} wDewf(z) = (Dgwf, Do wK)az
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where w, is the measure defined on ID by dw, = Ng“’ dA. It follows that

Tw,, is bounded on AZ. By (1) of Theorem A, we deduce that

J No,w(z)dA(z) SJJ w(z)dA(z), neN. (11)

n n

Conversely, assume that (11) holds and let f € D,. By using once again
the change of variable formula we get

ICo Il = (@O + (Tw, ', 1) 12
2
<IF (@O + [T I [l 22,
SI(@(O)2 +[If13, .

By Lemma 4.1 we deduce that ||C(pf||2Dw < ||f||%w, f € Dy. Therefore, C, is
bounded on D,.

To prove the second assertion we may assume that C, is bounded on D.

We have
Cof =V Dp,wVof+Kf, feDyg,, (12)

where Kf(z) = f(¢(0)), f € Dy, and z € D. By Lemma 4.1 the operator K
is bounded, then by the definition of D « and by formula (12) we deduce
that the operator C,, is compact on D, if and only if D« is compact on
AZ,. In other words, C,, is compact on D, if and only if T, » 18 compact on
AZ . The result follows now by (2) of Theorem A. H

Theorem 4.3. Suppose that w is a weight such that w € Gy« for some py > 1
and t > 0. Assume that ¢ is an analytic self-map of ID such that C, is compact
on Dy,. Then Cg, belongs to 8,,(Dy,), for p > 0, if and only if

© (4 New(z)dA(z)\"?
[, 0(z)dA(Z) = o

n=0

Proof. Note that, by (12), C, belongs to 8,(D) if and only if D, «, belongs
to SP(A%U). Since

D}, wDeaf =Tw,f, f€ A2,

then Cy, € 8,(Dy) if and only if Ty, € 8% (Ai,). The result follows by
Theorem B. O

If w is a weight such that for some (equivalently for all) r € (0, 1) we have
w(z) < ww), we Az,), (13)

then w € €, for all py > 1. Moreover, under condition (13), we have

o)
w(()dA(l) < w(z), ze D,
Az, 8)| Ja(z,5) (aALS) ?
for all & € (0,1). In this case Theorems 4.2 and 4.3 can be reduced to the
following result.
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Corollary 4.4. Let @ be an analytic self-map of ID. Suppose that w is a weight
satisfying (13) and such that wy S w for some t > 0. Then

1. C is bounded on D, if and only if

1 No,w(z) B
Al Ln wlz) WA =00 el

2. Cy is compact on D, if and only if

1 [ Newl(@ oo
rAann o) AR =o(l), (n—co).

3. Cg belongs to 8,(Dy), for p > 0, if and only if

>/ Ng,w(z) p/2
Z(|An|Jn e dA(z)) < 0.

n=0

4.2.2  Radial weights

A radial weight w in €2[0, 1) is called admissible if
(W1) w is non-increasing,
(W;) w(r)(1—1)"0+3) ig non-decreasing for some & > 0,
(W3) 11m w(r) =0,
r—1—
(W4) One of the two properties of convexity is fulfilled

(WL(‘U) : w is convex and lir]n w'(r)=0
L d I

(ng) . w is concave.

If w satisfies (W;)-(W3) and (WE‘I)) (respectively (ng)), then we say that
w is (I)-admissible (respectively (II)-admissible). K. Kellay and P. Lefevre
[kellay20122] proved the following result.

Theorem C. 1. Let w be a (II)-admissible weight. Then C, is bounded
on Dy, if and only if Ny (z) = O (w(z)), z € D.

2. Let w be an admissible weight. Then C,, is compact on D, if and only
if No,w(z) =0 (w(z)), |zl = 17.

As noticed in [kellayzo0122], C, is always bounded on D, if w is a (I)-
admissible weight. We describe in the following theorem the membership
of Cy in 8,(D,) for admissible weights.

Theorem 4.5. Let @ be an analytic self-map of ID and let w be an admissible
weight. Then C, belongs to 8,(Dy,), for p > 0, if and only if

/2
J (N(p,—w(z))p dA(z) < 0. (14)
D

w(z)
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Proof. Let z in ID and let w € A(z, 7). Suppose that |z| < [w[. By (W), we
have w(z) > w(w), and by (W;) we have

w(w)
(1—w[)e+!

w(z)

a2 (1= [2)™ = w(w),

w(z) = (1—1z)®*" <
where § is the constant in (W;). Similarly if [w| < |z|, we have w(z) < w(w).
Therefore, w satisfies the condition (13). On the other hand, the conditions
(Wq) and (W;) imply that w;425 S w (see [kellayzo0122]). By (3) of Corol-

lary 4.4, it follows that C, belongs to 8,(D,), for p > 0, if and only if

o] /2
Z(1 J N(p’w(z)dA(z)>p < 00. (15)

0 |An| w(z)

Now, since N, , satisfies the sub-mean-value property, that is

1
N @,w (z) S

S ATy NomOMAAM, zED, (9

(see Lemma 2.2 and Lemma 2.3 in [kellay20122]) then, similarly to the proof
of Theorem 4.9 bellow, the condition (15) is equivalent to the condition

(14). =
4.2.3 Remarks and examples

e A radial weight w is called almost standard if w satisfies (W) — (W3).
In the recent paper [kellay20222], K. Esmaeili and K. Kellay studied
the boundedness and the compactness of weighted composition op-
erators on Bergman and Dirichlet spaces associated with almost stan-
dard weights. As noticed in the proof of Theorem 4.5, every almost
standard weight satisfies (13) and w475 < w. Therefore, Corollary
4.4 can be applied for any almost standard weight.

e Let w be a weight on ID such that there are constants s € (—1,0) and
n = 0 for which

w(&)(1— &5 —Jz*)
— <
Winle) = | SHE A S i), zeD. @)
This condition is similar to the one that appears in [BWZ20182]. Note
that the classical weights wy(z) = (1 — 1z|8)%, for o« > —1, satisfy con-
dition (17) since for s € (max(—1,—1— «),0) and n > max(0, x) we
have

_ |¥|2)0+s
J =™ A = (1—wP)*", weD.
D

|] _ WZ|2+3+T1

The following lemma is stated in [BMvolterraz].
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Lemma A. Let w be a weight satisfying condition (17) for some con-
stants s € (—1,0) and 1 > 0. Then w satisfies (17) for all s’ > s and

B >n.

If w is a weight such that (P\% € Bp,(m) for some py > 1 and
n > —1,then w € Cp, ¢ for all t > p(n +2) — 2 (see [AC12]).

If w is a weight on ID that satisfies condition (17), then by Lemma
A we obtain wy S w for some n > 0. Using [Alemanz0192] (see the
proof of (c) = (b)), we find that (1 — 1z Mw belongs to By, (1) for
all po > 1. We conclude that if w satisfies (17), then w € €+ for all
po > 1 and for some t > 0.

As examples, we consider here weights which appear in [BWZ20182].
Let pu be a finite positive Borel measure on ID and let b € R such that

j(1—mﬁwder<w.
D

Let v be a finite positive Borel measure on T. Let a > —1 and let
¢ < a+ 2. Using [OF2], one can verify that the weight

o 2\b
wurzm—uﬂaﬂgg—ﬁﬂldemjgiﬂgL)

1T —zw 11—z

satisfies condition (17) for alln > a and ¢ — a — 2 < s < 0. Notice that
the previous weight satisfies, in addition, condition (13).

We end this subsection by the following remark.

Remark 4.6. Let w be a weight that satisfies condition (17) with s &
(—1,0) and t > 0. Then the weight (1 — z]*)*w satisfies (17) for all
« > s. Indeed, if « > 0, then for € € (0,1) such that x — e > 0 and
B >t+ a—e¢, by Lemma A, we have

dA(z) S w(w).

J w(z)(1—[z[2)*€(1 — jw?)B-ote
D |] —WWZ|2—H‘:5

If « € (s,0), then for s’ = s—a and B = t+ o+ 1 once again by
Lemma A, we obtain

w(z)(1 = [22)*"(1 — jw})P _ [ @@ (1 =251 — )
J]D [T —wz|2+s'+B dA(z) = LD 1T —Jwz3rstt dA(z)

< (1= wP)*w(w).
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4.2.4 Composition operators on Dirichlet spaces induced by perturbed superhar-
monic weights.

In this subsection we examine the case of perturbed superharmonic weights.
We begin with the following proposition.

Proposition 4.7. Let w € C*(ID) be a positive superharmonic function on .
Then (1 — |z*)*w verifies condition (17) for all & > —1.

Proof. Let o and v be the unique finite positive Borel measures on ID and T
respectively such that w = Sy + Py. It is proved in [liuzoischaracterizationsz]
that P, satisfies (17) for all s > —1 and t > 1. On the other hand, note that
for s € (—1,0) and t > 1 we have
2
26 ) dA(2)

(1—z)s 1—(z _ (1—1z2)s
JD : ‘ dAlz) = JID [T —wz[+stt (1 11—

|1—Wz|2+s+t 0g z—(
1_|Z|2)s+1
=(1— ZJ ( ——dA
e e e T AL
(1—1¢%)

=T - owf

Therefore, for s € (—1,0) and t > 1, we have
1—z

Se(z)(1—[z?)s B
J]D 1 —wzfFs+t dAlw) = J]D (LD log z—(
1—Cz dA(Z)) do(()

‘J J (0—lzPe
“ o Up T—wz2rst %8| 2= 1— 2

o J <(1—|¢|2)(1—|w|2)) do(¢)
~ (=Pt p 11— w2 1—¢f?

Se(w)
~ (=)t

do(C) ) (1 —Iz1%)®

T—102) I — a2t

dA(z)

Thus S; satisfies (17). It follows that Sy + Py satisfies (17) for all s > —1 and
t > 1. Therefore, by Remark 4.6, (1 — |z|*)*w verifies (17) for all o« > —1. [

In the rest of this subsection, let w(z) = (1 — |zI2)* (Ss(z) + Pyv(z)), for a
fixed « > —1 and finite positive Borel measures o and v on ID and T respec-
tively. Let & be the weight given by d(z) = (1 — 1Z8)* (Ug(z) + Py(2)), z€
ID. We have the following result.

Theorem 4.8. Let w and @ be as given above, and let ¢ be an analytic self-map
of ID. The following assertions hold.

1. C is bounded (resp. compact) on Dy, if and only if

1 J N(vp,a,(z) dA(z) =0(1), (resp.o(1)asn — oo.)
@
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2. Cy belongs to 8,(Dy), for p > 0, if and only if

feo /g Noo(z) t
T;)(MTJJAH sirinn) <o
Proof. Let f € D,. We have
Do(f) —J #(2)R(1 — 2P)*Py (2) dA(2)
D
_~ [ / 201 _ 1412\« 1_ZZ dG—(C)
_J]DJ]DIf (2)[7(1 —z]7)* log — dA(z)1_|C|2
_ vz e (1| 2= do(Q)
=) @R =2 (1 — )dA(ZH—w
[ wera -2 da o
JoJp 11— z|2
= I (2)2(1 — 22U (2) A (2).

It follows that Dy, = Dy with equivalent norms. Therefore, C, is bounded
(resp. compact) on D, if and only if C, is bounded (resp. compact) on
Dy. Taking into account that d(z) < d(zn) for z € Ay, the first assertion
follows by combining Proposition 4.7, Lemma A and assertions (1) and (2)
of Corollary 4.4.

For the proof of the second assertion, note that since D, = Dy with
equivalent norms then the operator I : D, — Dy which takes f to f
is bounded and invertible. It follows that I*, the adjoint of I defined by
(I'f, g)p,, = (f,1g)p,, is bounded and invertible on Dy This implies

I (Cpe) (Comy) I (Cony) (Com)
where C, p, denote the operator Cy, : Dy, — Dy and Cg, p,, denote the
operator Cy : Dy, — Dy, It follows that if C, p , is compact, then Cy p
belongs to 8§,(D,) if and only if C, p , belongs to 8,(Dy). Hence, using
once again Proposition 4.7, Lemma A and assertion (3) of Corollary 4.4, we
obtain the second assertion of the theorem. O

* *

The following theorem extend the result obtained by J. Pau and P. Pérez
[PP12] in standard Dirichlet spaces setting to the Green potential of the
Riesz measure of any positive superharmonic function. Recall that

Npolw) = Y Uslz) ifwe @(D) ; Npolw) =0 ifw ¢ (D).
w=0(z)

Theorem 4.9. Let p > 0 and let @ be an analytic self-map of ID. Let o be a finite
positive measure on ID. Then, C, belongs to 8,(Dy) if and only if

. /2
N(p,a(z) ’
J]D <—U.g(z) > dA(z) < oo.

42
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Proof. By Theorem 4.8, we have

“+0o0
1
Co €8,(Dy) &= J
0 €5 (Pe) Té(mﬂ A

Therefore, it suffices to show that

1 J Ny, o(2)
|An|

Xlg.o(2) P2
9,0
Uelz) dA(z)) < oo.

n

dA(z) € (P2 = No,olw) c 1LP/2(D, dN).

An Ug(z) Us

We use for the proof some standard arguments. First, we prove that for all
p > 0 we have

\Z

v 1
N(p,o‘(z)p S m ‘[A( : N(plo-(W)pdA(W), zeD. (18)
7 T

The function N, , satisfies the sub-mean-value property, that is

\Z

v 1
Nool®) S iy |, NootwdAGw), zeD,
7 zr

see [BAO2018CJMz]. Therefore, there exists a subharmonic function u on
D such that Ny ¢ < uwon D and u = Ny ¢ almost everywhere on ID, see
[LZ2]. Since

1
u(z)? < —J u(w)PdA(w), zeD,
|A(Z/ T)| Alz,r)

by [LZ2] we obtain (18). Now, we have
. /2 +o0 o p/2
N(p,(r(W) ’ - N(p,G(W)
Jo ( Uow) ) M) = %J . ( Uow) ) M)

Taking into account that Ugs(w) =< Ug(z) if w € A, and z € bA, the in-
equality (18) gives

90t 0,0
LD ( Ug(w) ) Ao S ZJAn (lAnl JbAn Us(z) dA(Z)) dA(w)

n=0
_ +00 1 N(p,O-(Z) p/2
=2 <M LAn Uz M)

Since (bAn),, is a covering of ID of finite multiplicity, then for all n there ex-
ist ny, Ny, ..., Ny such that bA,, C U]T:‘:1Ank, for some N € IN* not depending

.H
on n. Hence J Ngol(z) aA(2) <J N,o(2) dA(2)
vA, Uolz) ~Jam, Uol(z) '
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Ncp,o(z)

N@’G(Z) = max J
1<k<N Ja,, Ugs(2)

Us(z)

where m, is such that J A(z) dA(z). There-

Amp

. /2 +o0 v p/2
0,0(W) ’ L N,0(2)
Jo < Uo(w) ) Mo 52 <|An| J,.. w5 dA(Z))
400

fore

u
+00 Y p/2 +00 v p/2
1 <p,0(Z) N(p,o(Cn)
2 (|An| Ln U (z) dA(Z)) . ; ( U (G )

n=0

The proof is complete. O

4.3 COMPOSITION OPERATORS ON WEIGHTED BERGMAN SPACES.
4.3.1 Radial weights.

Let w : [0,1) — (0,00) be a continuous radial weight. We associate to w the
weight w, defined by

:
Wy (1) :J (t—r)w(t)dt.

As pointed in [kellayzo122], A2, = D, with equivalent norms and w,

always satisfies (W7), (W3) and (Wf)). Therefore, as a consequence of The-
orem 4.5, we have the following result.

Theorem 4.10. Let ¢ be an analytic self-map of ID and let p > 0. Let w be a
continuous radial weight such that w, satisfies (W;). Then

/2
(M)p dA(z) < oo.

Cop € 8p(AL) <:>J . (5]

D
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Corollary g4.11. Let ¢ be an analytic self-map of ID and let p > 0. Let w be
a continuous radial weight such that w, satisfies (W) fore some & > 0. The
following assertions hold.

1. If Cy belongs to 8,,(H?), then C, belongs to 8, (AZ).
2. If Cg belongs to 8,(AZ), then Cg belongs to Sp(A% ;).

Proof. Since w, satisfies (W) and always satisfies (W;) then, by [kellayzo0122],
each composition operator induced by the symbol q4()(z) = ]‘i[%g]zz i
bounded on A2 = Dy, . It is also known that each composition operator in-
duced by g0 is bounded on H,. Hence, by standard arguments, we may

assume without loss of generality that ¢(0) = 0. The condition (W,) gives

Wy (1) o <1 .

wi(t) S\ 1—t

148
> , 0<r<t«l.

Wy (s)

On the other hand, by a direct calculation, s € [0,1) — =
increasing function. It follows that

is a non-

Wy (1) 1—1r

>, 0<r<t<l,
0.0~ 1—1t rSsts

Let z € @(ID) and w € D such that ¢(w) = z. By Schwarz’s Lemma and
the above inequalities, we obtain

o+1
(1 —er) Towew) T

1—1zJ? wi(z) ~ 1—[z]2"

It follows that

N(P,5+1(Z) < No,w,(2) < N1 (2)
(T—1zRP)®T ™~ wa(z) ™~ (1—1z)’

The assertions of the corollary are obtained by combining Theorem 4.10
and (9). ]

1 1
w(s)ds < J w(s)ds,

T1+r

ze D. (19)

A radial weight w belongs to the class D if J

T

€ [0,1). ]. A. Peldez and ]. Réttyd obtained in [pelaeztracez] a trace class
criteria for Toeplitz operators on Dirichlet spaces associated with regular
weights. They obtained that, for w € D, C ¢ belongs to SP(A%U), forp >0, if

and only if
. p/2
J (M) dA(z) < oo,
D\ w*(z)

where w*(r) := fl slog (%) w(s)ds, v € (0,1). We point out that Lemma 2.4
in [kellay20122] and Theorem 4.5 for (I)-admissible weights still hold if we
replace the condition (W;) by the following one

(W) there is & > 0 such that w(r)(1—1)"0") < wt)(1—-t) " o< r<t < 1.
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Theorem 4.10 can be applied to continuous weights belonging to D thanks
to the following lemma.

Lemma 4.12. If w belongs to D, then w, satisfies (W}).

Proof. Assume that w belongs to D. We have

1 1

w(t)dt = (1 —r)J w(t)dt.

T

(t—rw(t)dt = (1 —r)J

141
2

It follows that w.(r) < (1—7) fl w(t)dt. On the other hand, since w € D,

there exists a constant & > 0 such that

1 o 1
1-—
Jw(s)ds§( T) Jw(s)ds, o<r<t< 1.
T T—t t

see [PR1]. We obtain

wo(r) 1 ! 1 1 o walt
A= = (=18 J wls)ds S Ty L wls)ds = Fyys

for0<r<t<. O

—

(o4}

4.3.2 General case.

Let w be a weight not necessarily radial and consider the composition op-
erator C,, : A2, — A2, For a weight w such that w € Bp,(m) for some
po > 1 and n > —1, O. Constantin [CONSTANTIN2o0102] characterized
boundedness, compactness and membership of C, in SP(A%U), forp > 2,
in terms of the pullback measure of wdA under ¢. If C, is bounded on
AZ then CoCop = T%du with p(E) = Ay (¢ '(E)) for any Borel subset
E of D. Using Theorem B, we obtain the following result which extend
[CONSTANTIN2o0102].

Theorem 4.13. Let w be a weight in Cp + for some po > 1 and t > 0. Assume
that @ is an analytic self-map of D such that C, is compact on A2,. Then C,
belongs to 8,(A2)), for p > 0, if and only if

5 (I ¢~ (8n) w(z)dA(z)>P/2 .

IAn w(z)dA(z)

n=0

In particular, if w is an almost standard weight, then C, belongs to

SP(A%U) if and only if
© [ Aw (0 (A0) \7
nZ_O ((1 - |zn|2)2w(zn)> =
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Note that in case w is an almost standard weight, C, is bounded (resp.
compact) on AZ if and only if Ay (¢7'(A;)) = O ((1—[z1*)?w(z)) ( resp.

o((1—1z") w(z)), Izl =1~

We characterize boundedness, compactness and membership of C, in
8p(AZ,), for w in some class €4, in terms of the Nevanlinna counting
function. Denote wpy = (1 — |z?)?w.

Theorem 4.14. Let ¢ be an analytic self-map of ID and let p > 0. Suppose that w
is a weight such that w € Cp 1 for some po > 1 and t > 0. Then

1. C, is bounded on A2, if and only if

1
mj No,wp (2)dA(Z) S J w(z)dA(z), Yn €.
nl JAn An

2. Cy is compact on A2 if and only if

|A1_n| JAn No,wp (2)dA(z) =0 (Ln w(z)dA(z)) , (M — o0).

3. Cg belongs to 8,(A2)) if and only if

i IAﬁ Jan Nowp (2)dA(2) " < o0
Ja,, w(z)dA(z)

n=0

Proof. Note that, since w € Gy, for some py > 1 and t > 0, we have the
following Littlewood-Paley estimates

713, = O + | [P0~ PPw(z)dA), feHolD), (o)

see [BMvolterraz]. Therefore

J]D Cof(2)Pw(z)dA(z) < !f(cp(O)NZJrJ]D (Cof)'(2)Pwiy(2)dA(z), f € Hol(D).

It follows that C, : A% — AZ is bounded (resp. compact) if and only if
Co : Dwy = Dy, is bounded (resp. compact). Also, note that if w € Gy 1,
then wpy € Cp, 42 - By Theorem 4.2 we obtain the first and the second
assertion of the theorem.

Using identity (20), the operator X : A% — Dy, defined by Xf = fis
bounded and invertible. Similarly to the proof of the second assertion of
Theorem 4.8, it follows that C,, : A2, — AZ belongs to 8,(AZ)) if and only if
Co: Dwy = Daypy, belongs to Sp(Dwm ). Hence, by Theorem 4.3, we obtain
the third assertion of the theorem. ]

47
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Remark 4.15. Let « > —1. D. Luecking and K. Zhu proved in [LZ2] that the

condition
1— |Z|2 2+ 5
(Ere R

is necessary when p > 2 and sufficient when p < 2 for C, to be in Sp(Aé).

Suppose that w is a weight in Cp + for some pp > 1 and t > 0. It is proved
in [BMvolterraz] that A% = A% with [flaz, < [If]l 2 for all f € Hol(DD). It

is proved also in [BMvolterraz] that A% is a reproducing kernel space with
kernel K® satisfying
1

KO3, = , zeD.
e = 0 zpraE *

Since Cy € 8p(A2) if and only if C, € 8,(AZ), using the same argument
given in [LZ2], we obtain that the condition

e LP/2(ID, dA
atoz, 01022 QAL ( ) (21)

is necessary when p > 2 and sufficient when p < 2 for C,, to be in 8,(A2).

Note that if in addition w verifies (13), then the condition (21) is equivalent
to
(0 -z w(z)

p/2
M= leM (o) <& B
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Résumé

Cette these est consacrée a I'étude de certains opérateurs classiques sur des espaces de fonctions analytiques. Nous
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