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Résumé

L’approximation de Padé permet de résoudre plusieurs problèmes dans des do-
maines différents, notamment dans l’analyse numérique l’approximation de Padé
donne de bon résultats dans les problèmes d’accélération de la convergence. Le cal-
cul de ces approximants a fait l’objectif de plusieurs travaux, dans cette thèse nous
allons proposer des algorithmes de calcul des polynômes orthogonaux et des poly-
nômes quasiorthogonaux afin de déterminer les approximants de Padé dans le cas
scalaire et vectoriel. Pour y faire, nous allons commencer par rappeler l’approxi-
mation de Padé et les polynômes orthogonaux, nous introduisons la définition des
polynômes quasiorthogonaux ayant une structure de matrice triangulaire inférieure.
Nous allons rappeler la définition du complément de Schur et donner quelques pro-
priétés qui seront utiles dans ce travail.

Dans le troisième chapitre, nous donnons une relation de récurrence entre deux
familles de polynômes orthogonaux. Nous dérivons deux algorithmes récursifs pour
calculer les polynômes orthogonaux en utilisant le qd algorithme et la relation de
récurrence bien connue des déterminants de Hankel. Nous donnons également une
relation de récurrence utile entre les polynômes orthogonaux de la même famille et
les polynômes auxiliaires que nous allons définir, ce qui nous permet de construire
un troisième algorithme pour calculer récursivement les polynômes orthogonaux.

Dans le quatrième chapitre, nous étendons le premier travail au cas vectoriel. La
théorie de l’approximation vectorielle de Padé étudiée dans notre travail est liée à
la théorie des polynômes quasi-orthogonaux.
Le calcul récursif des approximants vectoriels de Padé revient à calculer récursi-
vement les polynômes quasiorthogonaux. Nous introduisons une procédure efficace
pour calculer les familles adjacentes de polynômes quasi-orthogonaux. L’algorithme
dérivé utilise des relations récursives dont les coefficients sont écrits comme rapport
de deux déterminants de matrices triangulaires inférieurs par blocs. La stratégie de

iv



calcul de tels déterminants est donnée et analysée.

Dans le dernier chapitre, nous allons appliquer les algorithmes proposés dans ce
travail, sur un problème de réduction des modèles.
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Abstract

The Padé approximation solves several problems in domains different, in par-
ticular in the numerical analysis the approximation of Padé gives good results in
the problems of acceleration of convergence. The calculation of these approximants
has been the objective of several works, in this thesis we will propose algorithms for
calculating orthogonal polynomials and quasi-orthogonal polynomials in order to
determine the Padé approximants in the scalar and vector case. To do this, we will
start by recalling the Padé approximation and the orthogonal polynomials, we let
us introduce the definition of quasiorthogonal polynomials having a lower triangular
matrix structure. We will recall the definition of Schur’s complement and give some
properties that will be useful in this work.

In the third chapter, we give a recurrence relation between two families of ortho-
gonal polynomials. We derive two recursive algorithms for computing the orthogonal
polynomials by using the qd algorithm and the well known recurrence relation of
Hankel determinants. We also give a useful recurrence relation between the ortho-
gonal polynomials of the same family and auxiliary polynomials, which allows us to
build a third algorithm for computing recursively the orthogonal polynomials.
In the fourth chapter, we extend the first work to the vector case. The theory of
vector Padé approximation studied in our work is related to the theory of qua-
siorthogonal polynomials. The recursive calculation of vector Padé approximants is
equivalent to calculate recursively the quasiorthogonal polynomials. introduces an
efficient procedure to compute adjacent families of quasi-orthogonal polynomials.
The derived algorithm uses short recursive relations whose coefficients are written
in terms of lower triangular block determinants. The strategy of computing such
determinants is given and analyzed.

In the last chapter, we will apply the algorithms proposed in this work, on a
model reduction problem.
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CHAPITRE 1. INTRODUCTION

1.1 Motivation
Let f be a function that is infinity differentiable at a complex or reel variable.

We say that f admits a Taylor expansion of order n if it exists a polynomial P of
degree n such that

fpxq � P pxq � opxnq (1.1)

P is called Taylor polynomial of f with order n, the Taylor expansion gives a poly-
nomial approximation of f , increasing the order of approximation we obtain a well
approximation.

If we replace the polynomial P by a rational fraction P

Q
, such that

fpxq �
P pxq

Qpxq
� opxnq, (1.2)

we obtain rational approximation or Padé approximation which more accurate than
polynomial approximation.

Padé approximation consists of building a rational function so that its power se-
ries expansion matches the power series of the function to be approximated. These
approximants are applied in physics, chemistry and mathematics , they are especially
used in numerical analysis to accelerate the convergence of sequences and iterative
algorithms. The theory of Padé approximation was generalized to the vector case and
matrix case, approximating respectively series with vector coefficients and matrix
coefficients. The computation of a sequence of Padé approximants was the subject
of many works. We find recurrence schemes proposed to calculate the Padé approxi-
mants using the methods of acceleration of convergence, also recurrence relations
were proposed to calculate recursively scalar and nonscalar Padé approximants using
the theory of orthogonal polynomials thanks to their connection with denominators
of Padé approximants. which makes the theory of orthogonal polynomials a main
ingredient in the construction of Padé approximants.
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CHAPITRE 1. INTRODUCTION

1.2 History of Padé approximation
Before talking about Padé approximants, we must first introduce the notion

of continued fractions. The theory of continued fractions began with Leonhard
Euler(1707-1783) who showed that every rational number can be developed into
a continued fraction and each irrational number gives rise to an infinite continued
fraction.

In 1772, Joseph Louis Lagrange(1707-1783)[40] published a paper on the use of
continued fractions in integral calculus where he developed a general method to
obtain the continued fraction expansion of the solution of a differential equation.
He then gave some examples and reduced the continued fractions thus obtained to
ordinary fractions (by computing their convergents) whose power series expansions
in ascending powers of the variable agree with those of the functions up to the term
whose power is the sum of the degrees of the numerator and the denominator. This
gives rise to Padé approximation theory.

In 1845, Carl Gustav Jacobi Jacob (1804,1851)[11] made many contributions to
the theory of continued fractions, the well known of these being the writing of Padé
approximants as a ratio of determinants.

3



CHAPITRE 1. INTRODUCTION

In 1873, Charles Hermite (1822-1901) proved the transcendence of the number
e using a new type of Padé approximants which is currently known by the name
of Padé-Hermite. In 1882, using the same method as Hermite Carl Louis Ferdinand
Lindeman (1852-1939) showed that the number π is transcendent.

In 1892, Henri Eugène Padé (1863-1953) proposed to arrange these approximants
in a well known double-entry table called Padé table. Padé marked a great step
in the study of these approximants, he approached the problem of convergence by
formulating his famous conjecture and he even suggested certain generalizations of
these approximants, such as for example the quadratic approximants to which we
only have just recently gained prominence. He also showed that if the same rational
function appears more than once in the table this function occupies a square block
of cells. This result is known as : Block structure.

In 1894, continued fractions were used in the construction of an integral with
respect to a general measure by Thomas Jan Stielthes (1856-1894)[52]. These results
led Stielthes to lay down the basic notions of the theory of orthogonal polynomials .

For their part, mathematicians are interested by problems of convergence accele-
ration of sequences. In 1955, Shanks [26] proposed an interesting transformation of
sequences and in 1956 Peter Wynn gave an algorithm for computing Shanks trans-
forms recursively. This convergence acceleration process will be called "ε-algorithm"
and Shanks will show that the numbers calculated by the ε-algorithm are none other
than the values of Padé approximants at some points.

The problem that arises in the study of Padé approximants is that of their cal-
culation. A direct computation of each approximant is expensive, it is more optimal
to find recursively a sequence of approximants. There are recursive computation
methods in the case of a normal table but what made possible to link the adjacent
families of Padé approximants of Padé table is the systematic use of formal orthogo-
nal polynomials. In 1980, Claude Brezinski [15]. For the case of a non-normal Padé
table, we find the work of André Draux [2] who extended the recurrence relations
between the elements of the Padé table to non-normal case.

Padé approximants have been exploited by physicists, mathematicians and che-
mists, in particular, in numerical analysis these approximants were used to accelerate
the convergence of certain sequences and recursive algorithms.

Theory of Padé approximation was extended by mathematicians to the case of
series with vector coefficients and series with matrix coefficients, among which we
cite Jeannette’s vector approximants [41] for the approximation of several functions

4



CHAPITRE 1. INTRODUCTION

by rational approximants with the same denominator. We also cite the Padé-Hermite
approximation which consists in simultaneously approximating a vector function by
a vector of polynomials.

The generalization of the Padé approximation was also treated by R.Sadaka [48]
who introduced a new type of vector Padé approximants with a vector numerator
of polynomials and a triangular matrix lower than the denominator. The interest of
this work is in the use of vector Padé approximants for accelerating the convergence
of vector sequences .

In 1990, Guo-liang Xu and Adhemar Bultheel [31], gave a general definition of
matrix Padé approximants and introduced Padé approximants type I and type II,
Depending on the normalization of the denominator.

In 1999, Guo-liang Xu and Adhemar Bultheel [32] provided a recursive procedure
for computing the Matrix Padé approximants defined in their previous work.

1.3 Continued fractions
Euler was the first mathematician not only to give a clear exposition of continued

fractions but also to use them extensively to solve various problems.

He also proposed to develop a function of variable into a continued fraction. The
idea is to develop a function whose power series expansions in ascending power of
the variable into a continued fraction. For the function

fpxq �
8̧

i�0
cix

i (1.3)

then the continued fraction obtained by Euler

Lagrange proposed two formulas as solution of Euler’s problem
1.

a0 �
α0 |

| 1 �
α1 |

| 1 �
α2 |

| 1 � . . .

where αi , i ¥ 1, are monomials of the first degree, α0 is a monomial or α0 � 1
, and a0 equal 1 or zero.

5



CHAPITRE 1. INTRODUCTION

2.
a0 �

α0 |

| a1
�

α1 |

| a2
�

α2 |

| a3
� . . .

where αi, i ¥ 2 are monomials of second degree and ai, i ¥ 1 are binomials of
first degree.
a0, a1 are polynomials and α0 is a monomial.

The theory of continued fractions arises from consideration of expressions given in
the form

a0 �
1

a1 �
1

a2 �
1

... �
1

an
. . .

(1.4)

The quantities a0, a1, . . . , an are called te partial quotients and may be taken to be
integers , real or complex numbers , or functions of variables.
The expression (1.4) can be given as a rational fraction of the partial quotients, let’s
write

C0 � a0,

C1 � a0 �
1
a1

�
a0a1 � 1

a1
,

C2 � a0 �
1

a1 �
1
a2

�
a0pa1a2 � 1q � a2

a1a2 � 1

and so on, the Cn are called the nth convergents of the continued fraction.
Consider a simple example, the fraction number 415

93 , let’s find the continued fraction
, we have 415

93 � 4.4624..., so we can write 415
93 � 4 � 43

93 , we take the reciprocal 93
43

which approximately 2.1628 and 93
43 � 2 � 7

43 , and we have 43
7 � 6.1429..., then

43
7 � 6 � 1

7 and 7
1 � 7 � 0

1 . Consequently, we have a0 � 4, a1 � 2, a2 � 6, a3 � 7 and
we write

415
93 � 4 � 1

2 � 1
6 � 1

7

which we call the continued fraction of 415
93 .

Generally, a continued fraction is writing as follows

C � a0 �
b1

a1 �
b2

a2 �
b3

a3�
b4

. . . � bn

an�
...
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CHAPITRE 1. INTRODUCTION

and
Cn � a0 �

b1|

|a1
� . . . . . . �

bn|

|an

where n � 0, 1, 2, . . ., bi and ai are integers, real or complex numbers. If bi � 1 we
return to simple form (1.4). When the expression contains finitely many terms, it
is called a finite continued fraction. When the expression contains infinitely many
terms, it is called an infinite continued fraction.

Consider the function fpxq in (1.3), and let

Cpxq � c0 �
a1x|

|1 �
a2x|

|1 � . . . . . .

If the coefficients ai are chosen so that the convergent Ckpxq has an expansion of
power series identical to that of fpxq, so Ck is the approximant of fpxq, which is
equivalent to

Ckpxq � fpxq � Opxvkq

where vk is highest possible. We can prove that Ck is a ratio of two polynomials,
and consequently we can say that Ck is identical to the Padé approximant of fpx).

Padé approximants are also closely related to some methods which are used in
numerical analysis to accelerate the convergence of sequences and iterative processes.
We present here the ε-algorithm.

1.4 ε-algorithm
In numerical analysis, many methods produce sequences, in particular methods

for solving linear equations, but sometimes the convergence of these sequences is
very slow, for this reason we use the convergence acceleration methods, these me-
thods consist of transforming a sequence pSnqnPN to a sequence pTnqnPN such that
they converge to the same limit but the convergence of pTnqnPN is faster than the
original sequence, the known methods of acceleration of convergence we find ∆2-
d’Aiteken , Shank’s transformation and Richardson’s method. The expression of
Shank’s transformation is giving by

ekpSnq �

���������
Sn . . . . . . Sn�k

∆Sn . . . . . . ∆Sn�k
... ... ... ...

∆Sn�k�1 . . . . . . ∆Sn�2k�1

������������������
1 1 . . . 1

∆Sn . . . . . . ∆Sn�k
... ... ... ...

∆Sn�k�1 . . . . . . ∆Sn�2k�1

���������

, (1.5)
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CHAPITRE 1. INTRODUCTION

where ∆Sn � Sn�1 � Sn

P. Wynn gives a recursive process to compute recursively such ratio of determi-
nants denoted ε-algorithm, this algorithm is given as follows$'''&'''%

ε
pnq
�1 � 1, ε

pnq
0 � Sn, @n � 0, 1, . . .

ε
pnq
k�1 � ε

pn�1q
k�1 �

1
ε
pn�1q
k � ε

pnq
k

ε
pnq
2k � ekpSnq, @n, k � 0, 1, . . . .

(1.6)

The quantities ε
pnq
k are placed in the following table

Applying the Shank’s transformation to the sequence Sn �
ņ

i�0
cix

i, we can prove

that ekpSnq is the Padé approximant of f , with numerator of degree n�k and deno-
minator of degree k. Using the relations of ε-algorithm, then we can give a recursive
algorithm for computing the elements of Padé table.

The construction of Padé approximants is also possible by using the theory of
orthogonal polynomials, the relation existing between orthogonal polynomials and
the denominator of Padé approximants allows us to give a recursive procedure to
compute the Padé approximants, this will be the subject of our thesis.

8



CHAPITRE 1. INTRODUCTION

We will present new recursive algorithms for building a sequence of orthogonal
polynomials and adjacent systems of orthogonal polynomials, also we will extend
our work to vector Padé approximation defined by R.Sadaka[48], which are related
to quasi-orthogonal polynomials.
We will give a new expression of orthogonal polynomials, this expression will al-
lows us to find a three-terms recurrence relation using th Schur complements and
their properties, the qd-algorithm will be used to obtain a recursive algorithm for
computing the quantities denoted β

piq
k appearing in the recurrence relation. Using

an auxiliary polynomials and orthogonal polynomials, we will propose another al-
gorithm for computing orthogonal polynomial of the same family. An extension of
this work will be treated, we will introduce the definition of quasiorthogonal po-
lynomials, give an expression of these polynomials as a Schur complement, then
we will obtain a four-term recurrence relation of the quasiorthogonal polynomials.
The derived algorithm uses short recursive relations whose coefficients are written
in terms of lower triangular block determinants. The strategy of computing such
determinants is given and analyzed.
This thesis is organized as follows : In the second chapter, we will present the es-
sential results used throughout this work starting with the definition of scalar and
vector approximants and passing to the introduction of the properties of Schur’s
complements by showing the link with Padé approximants. In the third chapter, the
Schur complements, the Sylvester identity and qd algorithm will be used to derive
a recursive algorithm for computing the orthogonal polynomials without referring
to the relations of orthogonality. We will recover the recurrence relation between
the Hankel determinants when we apply the Sylvester identity to the expression of
Hankel determinant. This relation will help us to give another recursive algorithm
to calculate the orthogonal polynomials. We will also give an algorithm to calculate
the orthogonal polynomials of the same family by using the Sylvester and auxi-
liary polynomials. In the fourth chapter, we will present a recursive algorithm to
compute adjacent families of quasi-orthogonal polynomials of the form (4.3). New
short-term recurrence relations involving multiple families of such polynomials with
lower block determinants are introduced. An illustrative example with applications
to vector Padé approximations will be given.The fifth chapter is an application of
the algorithms proposed in this thesis to a single-machine infinite-bus(SMIB) power
system.
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2
Preliminary

This chapter is devoted to recall the definitions and proprieties of the notions
which will be used in this thesis. We first recall the Padé approximation of scalar
function, we give the expression of a Padé appproximant and we present the Padé
table, an other notion is the Padé-type approximants, in these approximants it
is possible to choose some of the poles and then to define the denominator and
the numerator so that the expansion of the approximant matches the series to be
approximated as far as possible. We recall vector Padé approximants introduced by
R.Sadaka [48] and a set of Padé tables are proposed as a extension to the scalar case.
In the last section the definition of Schur complements and some their properties
are recalled and we show the link with Padé approximation.

10
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2.1 Scalar Padé approximation
Let us consider a scalar function f expressed as a formal power series

fpxq �
8̧

i�0
cix

i

The goal of Padé approximation is to find a rational function P pxq

Qpxq
, with degree

of P ¤ p and degree of Q ¤ q such that its power series expansion agree the power
series expansion of the function to be approximated as far as possible. Let

P pxq

Qpxq
�

a0 � a1x � . . . � apxp

b0 � b1x � . . . � bqxq
(2.1)

verifying the following relation

Qpxqfpxq � P pxq � Opxp�q�1q

which is equivalent to the following system$''''''''''''''&''''''''''''''%

c0b0 � a0

c0b1 � c1b0 � a1

c0b2 � c1b1 � c2b0 � a2
...
cp�qbq � cp�q�1bq�1 � . . . � cpb0 � ap

cp�1b0 � cpb1 � . . . � cp�q�1bq � 0
...
cp�qb0 � cp�q�1b1 � . . . � cpbq � 0

with the convention ci � 0, @i   0 and we put b0 � 1. So we have two systems with
solutions are the coefficients a0, a1, . . . , ap and b1, b2, . . . , bq , we obtain�����

cp�q�1 cp�q�2 . . . . . . cp

cp�q�2 cp�q�3 . . . . . . cp�1
... ... . . . . . .

...
cp cp�1 . . . . . . cp�q�1

�����
�����

bq

bq�1
...
b1

����� � �

�����
cp�1
cp�2

...
cp�q

����� (2.2)

and �������
c0 0 . . . 0
c1 c0 0 . . . 0
c2 c1 c0 0 . . . 0
... ...
cp . . . . . . cp�q

�������
�����

b0
b1
...
bq

����� �

�����
a0
a1
...

ap

����� (2.3)

11
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we remark that coefficients of denominator are calculating from system (2.2), and
we replace the them in the system (2.3), so the problem of Padé approximation is
based on finding the coefficients of the denominator Qpxq. The condition of existence
and uniqueness of Padé approximant is that matrix Hpp�q�1q

q is of maximal rank

Hpp�q�1q
q �

���������
cp�q�1 cp�q�2 . . . . . . cp

cp�q�2 cp�q�3 . . . . . . cp�1
... ... . . . . . .

...
cp cp�1 . . . . . . cp�q�1

��������� (2.4)

and the explicit expression of Padé approximant is given by

P pxq

Qpxq
�

�����������

cp�q�1 cp�q�2 . . . cp cp�1
cp�q�2 cp�q�3 . . . cp�1 cp�2

... ...
cp cp�1 . . . cp�q�1 cp�q

xq xq�1 . . . x 1

����������������������

cp�q�1 cp�q�2 . . . cp�1
cp�q�2 cp�q�3 . . . cp�2

... ...
p�q̧

i�0
cix

q�i
p�q�1¸

i�0
cix

q�i�1 . . .
p̧

i�0
cix

i

�����������

(2.5)

These Padé approximants are denoted by rp{qs, Padé proposed to place them in
a double array table called Padé table. The Padé approximants rp{ps are placed in
the diagonal of the table,

p{q 0 1 2 3 . . .
0 [0/0] [1/0] [2/0] [3/0] . . .
1 [0/1] [1/1] [2/1] [3/1] . . .
2 [0/2] [1/2] [2/2] [3/2] . . .
3 [0/3] [1/3] [2/3] [3/3] . . .
... ... ... ... ... . . .

Table 1 – Padé Table

12
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For example, the Padé approximant [2/2] of the function fpxq � sinpxq � 1 is

r2{2sf pxq �
1 � x � 1

6x2

1 � 1
6x2 ,

and graphically, we have

Figure 1 – Padé approximant [2/2] and f(x)=sin(x)+1

13
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In general , the Padé approximants in diagonal rp{ps and the approximants
rp � 1{ps give best acceleration of convergence of the power series f .
Padé table is called normal if we have

Hp�q�1
q � 0, @p, q ¥ 0,

otherwise, the Padé table is called non normal. The recursive computation of the
elements of the normal and non normal Padé table was the subject of many works.
One the methods used is the ε-algorithm , let consider the sequence tSnu

Sn �
ņ

i�0
cix

i,

with S0 � c0, ∆Si � ci�1x
i�1,

applying Shank’s transformation in (1.5)

We multiply first column of denominator and numerator by xk , the second by xk�1

finally , we divide the second rows of denominator and numerator by xn�k�1, the
third by xn�k�2

14
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Consequently , we obtain the expression of the Padé approximant rn � k{ks.

ekpSnq � ε
pnq
2k � rn � k{ks

and we apply the relations (1.6), the elements of the Padé table are computed, for
more details see [15] .

In the next section, we present another way to find the Padé approximants using
Padé-type approximation thanks to a wise choice of the of denominator of the Padé
approximant.

2.2 Padé-type approximation
Let’s consider the formal power series fpxq in (1.3). The goal of this approxi-

mation is to construct a rational function having a denominator of degree k and a
numerator of degree k � 1.

Let’s start with the definition of a functional c which acts on the real space of
the polynomials P :

cpxiq � ci, pour tout i � 0, 1, . . .

We define the generating function of f :

Gpx, tq �
1

1 � xt
,

we can also see that :
fptq � cpGpx, tqq,

15
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indeed, we expand 1
1 � xt

into a power series, then we apply the functional c we
get :

cpp1 � xtq�1q � cp1 � xt � x2t2 � . . .q

� cp1q � cpxqt � cpx2qt2 � . . .

� c0 � c1t � c2t
2 � . . . � fptq.

Let v be an arbitrary polynomial of degree k belonging to P :

vpxq �
ķ

i�0
bix

i,

and define w by :
wptq � cp

vpxq � vptq

x � t
q,

this polynomial is of degree k � 1 and it is written :

wptq �
k�1̧

i�0

�
k�1�i¸

j�0
cjbj�i�1

�
ti. (2.6)

Indeed, we write :

pxi � tiq

px � tq
� xi�1 � xi�2t � xi�3t2 � . . . � xti�2 � ti�1

and applying c we get the expression (2.6).

Then, let ṽ and w̃ be the transformed polynomials of v and w

ṽptq � tkvpt�1q,

w̃ptq � tk�1wpt�1q.

We keep the same numbering of the coefficients of v and w to express ṽ and w̃ :

ṽptq � b0t
k � b1t

k�1 � . . . � bk�1t � bk,

w̃ptq � a0t
k�1 � a1t

k�2 � . . . � ak�2t � ak�1,

with ai �
k�1�i°

j�0
cjbj�i�1 Finally, the main result is the following :

Théorème 1 : [16]
w̃ptq

ṽptq
� fptq � Optkq (2.7)

The approximant w̃ptq

ṽptq
will be called of Padé type denoted by rk � 1{ksf .
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2.3 Vector Padé approximants
Various generalizations of scalar Padé approximants have been proposed and

analyzed to develop Padé approximation for the non-scalar functions.

For the first time Hermite decided to approximate simultaneously a sequence of
functions eλix using the rational approximation.

De Bruin introduces the simultaneous Padé approximation, his idea is to ap-
proximate a sequence of functions fi with a rational function Pi{Q.

Vector Padé approximations are based on the approximation of a given vector
function F � pf1, . . . , fnq from R to Rn by a pairwise pP, Qq so that the order of
approximation of the expression QF �P is high as possible. The pair pP, Qq is said
to be a Padé approximant of F , where P is a vector of polynomials, and Q is a
matrix of polynomials

P �

�����
P1
P2
...

Pk

����
, with deg pPiq � pi, i � 1, . . . , k,

and

Q �

�����
Q11 Q12 . . . Q1n

Q21 Q22 . . . Q2n
... ... � � �

...
Qk1 Qk2 . . . Qkn

����

with degpQijq � qij, i � 1, . . . , n, and j � 1, . . . , k.

The choice of the form of the matrix Q leads to different formulations of the
vector Padé approximation.
For instance, when n � k � 1, the approximation pP, Qq simplifies to the scalar
Padé approximation [34].
For k � 1 and n P N, pP, Qq gives the Padé-Hermite approximation [35].
The situation when Q is a diagonal matrix that contains the same polynomial on the
diagonal and the polynomials Pi have the same degree is provided by Van Iseghem
[41].
Sadaka [48] explored the case when the vector Padé approximants pP, Qpm,nqq have
the form

Qm,n �

�
Qpm,nq1 0
Qpm,nq2 Qpm,nq1

�
, P �

�
P1
P2

�
, (2.8)
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where degpQpm,nq1q � m, degpQpm,nq2q � n, and degpP1q � degpP2q � l, with m�n �
2p � 1, for an integer p [48].
The function F is defined from R to R2 as

F pxq �

�
f1pxq
f2pxq

�
,

where the components f1 and f2 have the following expansions

f1pxq �
8̧

i�0
c1

i x
i, f2pxq �

8̧

i�0
c2

i x
i,

with c1
i and c2

i P R.
The function F can be approximated by the vector Padé approximant pP, Qm,nq,
such that the order of Qm,nF � P is pr � l � 1q, with r � m�n�1

2 , i.e.,#
Qpm,nq1f1 � P1 � Opxr�l�1q

Qpm,nq1f2 � Qpm,nq2f2 � P2 � Opxr�l�1q.
(2.9)

for l � m � 1, the system (2.9) is equivalent to$'''''''''''&'''''''''''%

c1
mq1

0 � c1
m�1q

1
1 � . . . � c1

0q
1
m � 0

c2
mq1

0 � c2
m�1q

1
1 � . . . � c2

0q
1
m � c1

mq2
0 � . . . � c1

m�nq2
n � 0

c1
m�1q

1
0 � c1

mq1
1 � . . . � c1

1q
1
m � 0

c2
m�1q

1
0 � c2

mq1
1 � . . . � c2

1q
1
m � c1

m�1q
2
0 � . . . � c1

m�n�1q
2
n � 0

...
c1

m�r�1q
1
0 � c1

m�r�2q
1
1 � . . . � c1

r�1q
1
m � 0

c2
m�r�1q

1
0 � c2

m�r�2q
1
1 � . . . � c2

r�1q
1
m � c1

m�r�1q
2
0 � c1

m�rq
2
1 � . . . � c1

m�n�r�1q
2
n � 0

with q1
0 � 1, the necessary and sufficient condition for the existence and unique-

ness of Qm,n and P such that the system (2.9) holds is ∆m,n � 0 where

∆m,n �

�����������������

c1
0 c1

1 . . . c1
m�1 0 . . . . . . 0

c1
1 c1

2 . . . c1
m 0 . . . . . . 0

... ... ... ... ...
c1

r�1 c1
r . . . c1

m�r�2 0 . . . . . . 0
c2

0 c2
1 . . . c2

m�1 c1
m . . . . . . c1

m�n

c2
1 c2

2 . . . c2
m c1

m�1 . . . . . . c1
m�n�1

... ...... ...
c2

r�1 c2
r . . . c2

m�r�2 c1
m�r�1 . . . . . . c1

m�r�n�1

�����������������
.
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Under this condition, the polynomials Qpm,nq1 and Qpm,nq2 are expressed as follows

Qpm,nq1pxq �
1

∆m,n

�������������������

1 x x2 . . . xm 0 . . . 0
c1

m c1
m�1 c1

m�2 . . . c1
0 0 . . . 0

c1
m�1 c1

m c1
m�1 . . . c1

1 0 . . . 0
... ... ... ... ... ... ... ...

c1
r�m�1 c1

r�m�2 c1
r�m�2 . . . c1

r�1 0 . . . 0
c2

m c2
m�1 c2

m�2 . . . c2
0 c1

m . . . c1
m�n

c2
m�1 c2

m c2
m�1 . . . c2

1 c1
m�1 . . . c1

m�n�1
... ... ... ... ... ... ...

c1
r�m�1 c2

r�m�2 c2
m�r�2 . . . c2

r�1 c1
m�r�1 . . . c1

m�n�r�1

�������������������
and

Qpm,nq2pxq �
1

∆m,n

�������������������

0 0 0 . . . 0 1 . . . xn

c1
m c1

m�1 c1
m�2 . . . c1

0 0 . . . 0
c1

m�1 c1
m c1

m�1 . . . c1
1 0 . . . 0

... ... ... ... ... ... ... ...
c1

r�m�1 c1
r�m�2 c1

r�m�2 . . . c1
r�1 0 . . . 0

c2
m c2

m�1 c2
m�2 . . . c2

0 c1
m . . . c1

m�n

c2
m�1 c2

m c2
m�1 . . . c2

1 c1
m�1 . . . c1

m�n�1
... ... ... ... ... ... ...

c1
r�m�1 c2

r�m�2 c2
m�r�2 . . . c2

r�1 c1
m�r�1 . . . c1

m�n�r�1

�������������������
By analogy of scalar case Sadaka [48] proposed to organize these vector Padé ap-
proximants in a table, he denotes the vector Padé approximants by rl{ns for each
fixed integer p , using the relation m � n � 2p � 1, then l represents the degree of
P1, P2, n the degree of Qpm,nq1 and n � 2p � 1 degree of Qpm,nq2 ,

Tp

[0/0] [1/0] [2/0] [3/0] [4/0]
[ 0/1] [ 1/1] [ 2/1] [3/1] ...
[ 0/2] [ 1/2] [ 2/2] ... ...
[ 0/3] [ 1/3] [ 2/3] ... ...
[ 0/4] [ 1/4] [ 2/4] ... .....

... ... ...
for each integer p, we can construct a table Tp which gives a family of Padé approxi-
mants of the vector function F .

2.4 Orthogonal polynomials
In our thesis we will give recursive algorithms for computing orthogonal polyno-

mials and quasiorthogonal polyomials in order to exploit the relation between these
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polynomials and Padé approximants in scalar and vector case.

Orthogonal polynomials are special case of orthogonal functions, say that two
functions are orthogonal on an interval [a,b] if :» b

a

fipxqfjpxqdx � 0, i � j

In particular, a family of orthogonal polynomials is a sequence of polynomials
q0, q1, . . . . . . , with degpqiq � ni and for all i, j � 0, 1, . . . we have» b

a

qipxqqjpxqdx � 0, i � j

In our work we use the following definition of orthogonal polynomials :

Définition 1 [15] Let P be the vector space of real polynomials and let tckukPN be
a given infinite sequence of real numbers. We define a linear functional c on P by

c : P Ñ R
xi ÞÑ ci i ¥ 0.

The family of polynomials tQku such that each Qk satisfies$'&'%
degpQkq � k

cpxiQkpxqq � 0 0 ¤ i ¤ k � 1,

cpxkQkpxqq � 0

tQku is called a family of orthogonal polynomials with respect to c (or with respect
to the sequence tcku).

The following theorem gives the recurrence relation between the orthogonal polyno-
mials.

Théorème 2 [15] The family tQku of orthogonal polynomials satisfies the following
three-term recurrence relationship :

Qk�1pxq � pAk�1x � Bk�1qQkpxq � Ck�1Qk�1pxq,

with Q�1pxq � 0 and Q0pxq is an arbitrary non zero constant. The constants are
given by

Ak�1 �
hk�1

βk

, Bk�1 � �hk�1
αk

phkβkq
and Ck�1 �

βk�1hk�1

βkhk�1
,

with αk � cpxQ2
kpxqq, βk � cpxQkpxqQk�1pxqq and hk � cpQ2

kpxqq.
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We can define the orthogonal polynomials with respect to the linear functional cpiq,
where cpiq is defined by

cpiqpxjq � ci�j, @j P N.

Définition 2 [4] The family of polynomials tQpiq
k u, such that each Q

piq
k satisfies$'&'%

degpQkq � k

cpiqpxjQkpxqq � 0 0 ¤ j ¤ k � 1
cpiqpxKQkpxqq � 0

(2.10)

is called the adjacent system of orthogonal polynomials.

The existence and uniqueness of Q
piq
k is given by the following proposition :

Proposition 1 [15] For i ¥ 0 and k ¥ 0 the solution of (2.10), Q
piq
k , exists and is

unique if and only if the Hankel determinant H
piq
k � 0, for k ¥ 1

H
piq
k �

���������
ci ci�1 . . . . . . ci�k�1
... ... ... ... ...
... ... ... ... ...

ci�k�1 ci�k . . . . . . ci�2k�2

��������� .
Remarque 3 The orthogonal polynomials and the adjacent orthogonal polynomials
can be placed in a two dimensional array as follows :

Q0 Q
p1q
0 Q

p2q
0 . . . . . . Q

piq
0 . . .

Q1 Q
p1q
1 . . . . . . Q

pi�1q
1 . . .

Q2
. . . . . .
. . . . . . . . .

. . . Q
p1q
k�1 . . .

Qk
. . .
. . .

(2.11)

2.5 Quasi-orthogonal polynomials
Theory of quasiorthogonal polynomials was introduced by Riesz [46] for the case

of order 1, with Chihara [53] quasiorthogonal polynomials are extended to order
r ¥ 1, he considered the polynomials

qn �
ķ

j�0
an,jpn�jrpxq, (2.12)

21



CHAPITRE 2. PRELIMINARY

where k ¥ 0, r ¥ 1 are fixed integers and an,j constants, define p�m � 0, m �
1, 2, . . . , kr.
Satisfying the relation» b

a

qmpxqqnpxqdαpxq � 0, form � n � jr pj � 0, 1, . . . , kq (2.13)

These polynomials are called quasiorthogonal polynomials of index (k,r), which are
an extension of quasiorthogonal polynomials of index (1,1) defined by Riesz[46] of
the form

Apnpxq � Bpn�1pxq

Quasiorthogonal polynomials are defined respect to a quasi-definite moment
functional c

Définition 3 [54] The moment functional c ia quasi-definite if and only if Hn �
0, @n ¥ 1.

Définition 4 [53] A monic polynomial qn of degree n ¥ r ¡ 0 is quasiorthogonal of
order r with respect to c if and only if

cpxjqnpxqq � 0, j � 0, . . . , n � r � 1. (2.14)

It is quasiorthogonal with respect to c , strictly of order r, if and only if#
cpxjqnpxqq � 0, j � 0, . . . , n � r � 1,

cpxjqnpxqq � 0, j � n � r.
(2.15)

Maroni [47] gave definition of sequence of quasi orthogonal polynomials

Définition 5 [47] A sequence tqnun¥0 is a sequence of quasiorthogonal polynomials
of order r if and only if

— every polynomial qn, for n ¥ r, satisfies (2.14),
— there exists at least l P N, l ¥ r, such that cpxl�rqlpxqq � 0,

— if n   r, qn is subject to no condition.
A sequence tqnun¥0 is sequence of quasiorthogonal polynomials strictly of order r if
and only if any polynomial qn , for n ¥ r, satisfies (2.15).

Chihara [53] proved that quasiorthogonal polynomials of order r verify a three term
recurrence relation

Théorème 4 [53] Let tqnun¥0 be a sequence of quasiorthogonal polynomials of order
r with respect to a quasi-definite moment functional c. These polynomials satisfy the
following three term recurrence relation

Enpxqqnpxq � Fnpxqqn�1pxq � Gnpxqqn�2pxq, (2.16)
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where Enpxq and Fnpxq are monic polynomials of degree at most equal to r and r�1
respectively. Gnpxq is a polynomial of degree at most equal to r. If the polynomials
qn�1pxq and qn�2pxq are quasi orthogonal strictly of order r, the degrees of Enpxq,
Fnpxq and Gnpxq are exactly respectively r, r � 1 and r.

In his paper [49] Sadaka proposed an algorithm for constructing the Padé approxi-
mant of a vector function defined in [48].

Our goal in this thesis is to give recurrence relations of quasiorthogonal polyno-
mials. In the second part of our work, we will study a special case of quasiorthogonal
polynomials related to vector Padé approximants defined by Sadaka [48], and we
will give a four term recurrence relation of the quasiorthogonal polynomials of order
p.

The paper in [48] extends results for the theory of orthogonal polynomials to ana-
logous quasi-orthogonal polynomials and discusses their connection with the Padé
approximants given by (2.8). It is shown that the polynomial, denoted by Qpm,nq can
be expressed as

Qpm,nq1pxq � xm rQpm,nq1px
�1q,

Qpm,nq2pxq � xn rQpm,nq2px
�1q,

where
Qm,n �

�
Qpm,nq1 0
Qpm,nq2 Qpm,nq1

�
.

Moreover, these polynomials satisfy the following quasi-orthogonality condition

CpxjQm,npxqq � 0R2 , 0 ¤ j ¤ n � p (2.17)

with Qp0,nq1 � 1 and Q0,�1 � I.
where the functional C is defined by$''''&''''%

CpIxiq �

�
c1

i

c2
i

�
,

CpJxiq �

�
0

c1
2p�1�i

�

and
CpMxIq � aCpIxiq � bCpJxiq, for M � aI � bJ, (2.18)

with
I �

�
1 0
0 1



, and J �

�
0 0
0 1



.
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Proposition 5 For i ¥ 0, p P N, m ¡ n ¥ 0, such that m � n � 2p � 1 the
polynomials Qpiq

m,n exists and is unique if and only if the following matrices are non
singular

Dpiq
m,n �

�������
c1

i . . . c1
i�m�2 c1

i�m�1 0 . . . 0
c2

i . . . c2
i�m�2 c2

i�m�1 c1
i�m�1 . . . c1

i�m�n�1
... ... ... ... ... ... ...

c1
i�r�1 . . . c1

i�m�r�3 c1
i�m�r�2 0 . . . 0

c2
i�r�1 . . . c2

i�m�r�3 c2
i�m�r�2 c1

i�m�r�2 . . . c1
i�m�n�r�2

������� (2.19)

Generally, in the determinant Dpiq
m,n, i represents the lower index of the first element,

m represents the number of columns in the first block and n � 1 the numbers of
columns in the second block.

According to (2.17), the quasi-orthogonal polynomials Qpm,nq1 and Qpm,nq2 can
be written as

Qpm,nq1pxq �

�������������

1 x . . . . . . xm�1 xm 0 . . . 0 0
c1

0 c1
1 c1

2 . . . c1
m�1 c1

m 0 . . . 0 0
c2

0 c2
1 c2

2 . . . c2
m�1 c2

m c1
m . . . c1

m�n�1 c1
mn

... ... ... ... ... ... ... ... ...
c1

r�1 c1
r c1

r�1 . . . c1
m�r�2 c1

m�r�1 0 . . . 0 0
c2

r�1 c2
r c2

r�1 . . . c2
m�r�2 c2

m�r�1 c1
m�r�1 . . . c1

m�n�r c1
m�n�r�1

�������������
|D

p1q
m,n|

and

Qpm,nq2pxq �

�������������

0 0 0 . . . . . . 0 xn . . . x 1
c1

0 c1
1 c1

2 . . . c1
m�1 c1

m 0 . . . 0 0
c2

0 c2
1 c2

2 . . . c2
m�1 c2

m c1
m . . . c1

m�n�1 c1
m�n

... ... ... ... ... ... ... ... ...
c1

r�1 c1
r c1

r�1 . . . c1
m�r�2 c1

m�r�1 0 . . . 0 0
c2

r�1 c2
r c2

r�1 . . . c2
m�r�2 c2

m�r�1 c1
m�r�1 . . . c1

m�n�r c1
m�n�r�1

�������������
|D

p1q
m,nq|

where Q0,�1 � I.
Let Qm,n quasiorthogonal polynomials defined in (2.25) and Q̃m,n the vector Padé

approximants then we have a relation between these polynomials

Q̃pm,nq1pxq � xmQpm,nq1px
�1q �

∆m,n

|D
p1q
m,n|

(2.20)

and
Q̃pm,nq2pxq � xnQpm,nq2px

�1q �
∆m,n

|D
p1q
m,n|

. (2.21)
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Adjacent systems of quasi-orthogonal polynomials denoted by Q
piq
pm,nq of the form

Qpiq
m,n �

�
Q
piq
pm,nq1

0
Q
piq
pm,nq2

Q
piq
pm,nq1

�
, (2.22)

are defined such that

CpiqpxjQpiq
m,npxqq � 0R2 , 0 ¤ j ¤ n � p (2.23)

with Q
pkq
p0,�1q1 � I and where the linear function Cpiq is defined by

CpkqpIxiq �

�
c1

i�k

c2
i�k



, CpkqpJxiq �

�
0

c1
k�2p�1�i



and

CpkqpMxIq � aCpkqpIxiq � bCpkqpJxiq, for M � aI � bJ, (2.24)

with I and J are the same in (2.17).
The results given in this work are obtained thanks to the use of Schur comple-

ments and their properties, we will recall some of these properties in the next section
and we will show the link with Padé approximation.

2.6 Schur complement
The Schur complement [39] has many applications in numerical analysis, it has

been used in extrapolation methods and projection algorithms.
In [7], the Schur complement and its properties are applied to give the recursive
polynomial interpolation algorithm (RPIA) for computing the polynomial interpo-
lation.
In [3], the Schur complement identities are used to give the matrix recursive po-
lynomial interpolation algorithm (MRPIA) for computing the Hermite polynomial
interpolation.
In [19], the Schur complement is applied to build two algorithms, called the recursive
interpolation algorithm (RIA) and the recursive projection algorithm (RPA).

We first recall the definition of Schur complements [39] and we give some of their
properties.

Définition 6 [17] Let M1 be a matrix partitioned into 4 blocks of the form

M1 �

�
A B
C D

�
, (2.25)
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where the submatrix D is assumed to be square and nonsingular. The Schur
complement of D in M1 denoted by pM1{Dq, is defined by

pM1{Dq � A � BD�1C. (2.26)

If D is not a square matrix then a pseudo-Schur complement of D in M1 can
still be defined as in [51] and [16].
Let us remark that having the nonsingular submatrix D in the lower right-hand side
corner of M1 is a matter of convention. We can similarly define the following Schur
complements :

pM1{Aq � D � CA�1B,

pM1{Bq � C � DB�1A,

pM1{Cq � B � AC�1D.

Now we will give some properties of the Schur complement.

Proposition 2 [17] We assume that the submatrix D is nonsigular and the matrix
M1 is a square matrix defined by (2.25), so we have

|pM1{Dq| �
|M1|

|D|
,

where |X| denote the determinant of the square matrix X.

Proposition 3 [18] If A � x P Rp and B is the vector row pz1, . . . , zkq with zi P Rp,
then,

pM1{Dq �
|M1|

|D|
. (2.27)

Proposition 4 [42] Let us assume that the submatrix D is nonsingular, then��
A B
C D

�
{D



�

��
C D
A B

�
{D



�

��
D C
B A

�
{D



�

��
B A
D C

�
{D



.

(2.28)

Proposition 5 [42] Assuming that the matrix D is nonsingular and E is a matrix
such that the product EA is well defined, then��

EA EB
C D

�
{D



� E

��
A B
C D

�
{D



. (2.29)
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We recall the Sylvester’s identity [42] which is a particular case of the quotient
property [27]. Consider the matrices K, M3, M2 and M4 partitioned as follows :

K �

�� A B E
C D F
G H L

�� , M1 �

�
A B
C D

�
,

M2 �

�
B E
D F

�
, M3 �

�
D F
H L

�
and M4 �

�
C D
G H

�
.

Proposition 6 (The Sylvester identity)[42] If the matrices M3 and D are nonsin-
gular, then

pK{M3q � ppK{Dq{pM3{Dqq � pM1{Dq � pM2{DqpM3{Dq�1pM4{Dq. (2.30)

Proposition 7 (The quotient property). If the matrices M2 and B are nonsingular,
then

pK{M2q � ppK{Bq{pM2{Bqq � p

�
A B
G H

�
{Bq� p

�
B E
H L

�
{BqpM2{Bq�1pM1{Bq.

Schur complements are related to Padé approximants, as is showed by C.Brezinski
[17].

Proposition 8 [17] Let f be the formal function in (1.3), the Padé approximant
rp{qs in (2.1), can be written as

rp{qs �

�����������

p�q̧

i�0
cix

i cp�q�1 . . . cp

�xp�q�1cp�q�1 cp�q�1 � xcp�q�2 . . . cp � xcp�1
... ... ... ...

�xp�q�1cp cp � xcp�1 . . . cp � xcp�1

�����������
|W |

where

W �

��� cp�q�1 � xcp�q�2 . . . cp � xcp�1
... ... ...

cp � xcp�1 . . . cp � xcp�1

���
Taking the Schur complement of W in the numerator of rp{qs and applying

Schur’s formula(2.26), we obtain

rp{qs �
p�q̧

i�0
cix

i � xp�q�1 @c, W�1c
D

(2.31)

where c �
�

cp�q�1 . . . cp

�T .
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3
Computing recursive orthogonal polynomial with

Schur complements

In this chapter, we will give three recursive algorithms for computing the or-
thogonal polynomials. The first algorithm is derived from the recurrence relation,
obtained by the Schur complement, and the qd algorithm. The second is given by
using the recurrence relationship of Hankel determinants, which we recover by ap-
plying the Sylvester identity and the Schur complement’s properties. These two
algorithms allow us to fill the table of orthogonal polynomials and adjacent sys-
tems. The third algorithm is obtained by applying the Sylvester identity and using
an auxiliary polynomial. It will be used for computing recursively the orthogonal
polynomials of the same family.
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3.1 The recurrence relation of orthogonal polyno-
mials

In this section, the orthogonal polynomials are expressed as Schur complements,
we will give a recurrence relation satisfied by the orthogonal polynomials.

3.1.1 Explicit expression of orthogonal polynomials
Let Qk P P , written as

Qkpxq �
ķ

i�0
aix

i,

then

cpxiQkpxqq � 0 for 0 ¤ i ¤ k � 1,

by the orthogonality relations and the linearity of c, we get$''''&''''%
c0 � a1c1 � . . . � akck � 0
c1 � a1c2 � . . . � akck�1 � 0

...
ck�1 � a1ck � . . . � akc2k�1 � 0

(3.1)

with a0 � 1.

The system (3.1) can be written as follows :�������
c1 c2 . . . ck�1 ck

c2 c3 . . . ck ck�1
... ... ... ... ...

ck�1 ck . . . c2k�3 c2k�2
ck ck�1 . . . . . . c2k�1

�������

�������
a1
a2
...
...

ak

������� � �

�������
c0
c1
...
...

ck�1

������� . (3.2)

The solution of (3.2) exists and is unique if and only if the coefficient matrix deno-
ted by D

p1q
k and called Hankel matrix, is nonsingular. We mention that |Dpiq

k | � H
piq
k .

The expression of Qkpxq is given by the following theorem :

Théorème 6 [15] Assuming that H
p1q
k � 0, then Qk exists and is unique. Qk can
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be computed by developing the following determinant with respect to the last row

Qkpxq �
1

H
p1q
k

�����������

c0 c1 . . . . . . ck

c1 c2 . . . . . . ck�1
... ... ...

ck�1 ck . . . . . . c2k�1
1 x . . . . . . xk

�����������
, for k � 1, 2, . . . , (3.3)

and Q0pxq � 1.

The polynomial Qk can be also expressed as a Schur complement. We will prove
this in the following theorem :

Théorème 7 Assuming that the matrix D
p1q
k is square and nonsingular, then we

have

Qkpxq �

�������

�������
1 x . . . . . . xk�1 xk

c0 c1 . . . . . . ck�1 ck

c1 c2 . . . . . . ck ck�1
... ... ... ...

ck�1 ck . . . . . . c2k�2 c2k�1

������� {D
p1q
k

������
, (3.4)

with Q0pxq � 1.

Proof.

From (3.2), the coefficients a1, . . . . . . , ak are given by�����
a1
...
...

ak

����� � �
�

D
p1q
k

	�1

�����
c0
c1
...

ck�1

����� ,

with the condition a0 � 1, then we have

Qkpxq � 1 �
�

x x2 . . . xk
�
pD

p1q
k q�1

�������
c0
c1
...
...

ck�1

������� . (3.5)

From (2.26) and (3.5), we see that Qk can be written as a Schur complement.
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Qkpxq �

�������

�������
1 x . . . . . . xk

c0 c1 . . . . . . ck

c1 c2 . . . . . . ck�1
... ... ...

ck�1 ck . . . . . . c2k�1

������� {D
p1q
k

������
. (3.6)

We can similarly prove that the polynomial Q
piq
k can be expressed as a Schur

complement.

Proposition 9 For i ¥ 0 and k ¥ 1, assuming that D
pi�1q
k is square and nonsingu-

lar. The polynomial Q
piq
k can be written as a Schur complement

Q
piq
k pxq �

�������

�������
1 x . . . . . . xk

ci ci�1 . . . . . . ci�k

ci�1 ci�2 . . . . . . ci�k�1
... ... ...

ci�k�1 ci�k . . . . . . ci�2k�1

������� {D
pi�1q
k

������
, (3.7)

with Q
piq
0 pxq � 1.

3.1.2 The recurrence relation
For k ¥ 2, the polynomial Qk is partitioned into nine blocks

Qkpxq �

���������

���������

1 x . . . . . . xk�1 xk

c0 c1 . . . . . . ck�1 ck

c1 c2 . . . . . . ck ck�1
... ... ... ...

ck�2 ck�1 . . . . . . c2k�3 c2k�2
ck�1 ck . . . . . . c2k�2 c2k�1

���������
{D

p1q
k

��������

, (3.8)

with Q0pxq � 1 and Q1pxq � 1 � c0

c1
x.

For k ¥ 1 and i ¥ 0, we define the polynomial

G
piq
k pxq �

�������

�������
1 x . . . . . . xk�1 xk

ci ci�1 . . . . . . ci�k�1 ci�k

ci�1 ci�2 . . . . . . ci�k ci�k�1
... ... ... ... . . .

...
ci�k�1 ci�k . . . . . . ci�2k�2 ci�2k�1

������� {D
piq
k

������
. (3.9)

We can prove that the polynomial G
p1q
k verifies the relation given by the following

proposition :
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Proposition 10 Let G
p1q
k be the polynomial given by (3.9) and Q

p1q
k is given by (3.7),

applying some properties of the Schur complement, we get the following relation :

G
p1q
k�1pxq � Q

p1q
k�1pxq � pD

p1q
k {D

p2q
k�1q

�1 � pD
p1q
k {D

p1q
k�1q, for k ¥ 1,

with Q
p1q
0 pxq � G

p1q
0 pxq � 1.

Proof.

Using Proposition 2 , we have

|G
p1q
k�1pxq| � G

p1q
k�1pxq,

then

G
p1q
k�1pxq �

�����������

1 x . . . xk�2 xk�1

c1 c2 . . . ck�1 ck

c2 c3 . . . ck ck�1
... ... ... ... ...

ck�1 ck . . . c2k�3 c2k�2

�����������
H
p1q
k�1

(3.10)

�

�����������

1 x . . . xk�2 xk�1

c1 c2 . . . ck�1 ck

c2 c3 . . . ck ck�1
... ... ... ... ...

ck�1 ck . . . c2k�3 c2k�2

�����������
H
p2q
k�1

�
H
p2q
k�1

H
p1q
k�1

(3.11)

�

�����������

1 x . . . xk�2 xk�1

c1 c2 . . . ck�1 ck

c2 c3 . . . ck ck�1
... ... ... ... ...

ck�1 ck . . . c2k�3 c2k�2

�����������
H
p2q
k�1

�
H
p2q
k�1

H
p1q
k

H
p1q
k

H
p1q
k�1

(3.12)

�

�������

�������
1 x . . . xk�2 xk�1

c1 c2 . . . ck�1 ck

c2 c3 . . . ck ck�1
... ... ... ... ...

ck�1 ck . . . c2k�3 c2k�2

������� {D
p2q
k�1

������
�
�

D
p1q
k {D

p2q
k�1

	�1 �
D
p1q
k {D

p1q
k�1

	
.

(3.13)

Hence, from the expression (3.7) and using Proposition 2, we get
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G
p1q
k�1pxq � Q

p1q
k�1pxq � pD

p1q
k {D

p2q
k�1q

�1 � pD
p1q
k {D

p1q
k�1q. (3.14)

Using (2.27), (2.29) and (3.14) , we will prove that the orthogonal polynomials
and the adjacent orthogonal polynomials satisfy a recurrence relation given by the
following theorem :

Théorème 8 For k ¥ 1, the polynomials Qk, Q
p1q
k�1 and Qk�1 verify the following

recurrence relation :

Qkpxq � Qk�1pxq � xQ
p1q
k�1pxq � pD

p1q
k {D

p2q
k�1q

�1pD
p0q
k {D

p1q
k�1q, (3.15)

where Q0pxq � 1.

Proof.

We apply the Sylvester identity to the polynomial Qk partitioned as follows :

Qkpxq �

���������

���������

1 x . . . . . . xk�1 xk

c0 c1 . . . . . . ck�1 ck

c1 c2 . . . . . . ck ck�1
... ... ... ...

ck�2 ck�1 . . . . . . c2k�3 c2k�2
ck�1 ck . . . . . . c2k�2 c2k�1

���������
{D

p1q
k

��������


�

�������

�������
1 x . . . . . . xk�1

c0 c1 . . . . . . ck�1
c1 c2 . . . . . . ck
... ... ...

ck�2 ck�1 . . . . . . c2k�3

������� {D
p1q
k�1

������
�
�������

�������
x . . . . . . xk�1 xk

c1 . . . . . . ck�1 ck

c2 . . . . . . ck ck�1
... ... ...

ck�1 . . . . . . c2k�3 c2k�2

������� {D
p1q
k�1

������

�pD

p1q
k {D

p1q
k�1q

�1pD
p0q
k {D

p1q
k�1q,

then

Qkpxq � Qk�1pxq � xG
p1q
k�1pxq �

�
D
p1q
k {D

p1q
k�1

	�1
�
�

D
p0q
k {D

p1q
k�1

	
,

we substitute the expression of G
p1q
k�1 given by (3.14) in the previous relation and

we obtain

Qkpxq � Qk�1pxq � xQ
p1q
k�1pxq � pD

p1q
k {D

p2q
k�1q

�1 � pD
p0q
k {D

p1q
k�1q.

Remarque 9 If we use Proposition 2, we have

33



CHAPITRE 3. COMPUTING RECURSIVE ORTHOGONAL POLYNOMIAL
WITH SCHUR COMPLEMENTS

pD
p1q
k {D

p2q
k�1q

�1 �
H
p2q
k�1

H
p1q
k

and
�

D
p0q
k {D

p1q
k�1

	
�

H
p0q
k

H
p0q
k�1

.

The relation given by (3.15) will be written as follows :

Qkpxq � Qk�1pxq � x
H
p0q
k H

p2q
k�1

H
p1q
k H

p1q
k�1

Q
p1q
k�1pxq.

In the general case where i ¥ 0, we have the recurrence relationship between two
families of orthogonal polynomials, Q

piq
k , Q

pi�1q
k�1 and Q

piq
k�1.

Théorème 10 For i ¥ 0 and k ¥ 1, the polynomials Q
piq
k , Q

piq
k�1, Q

pi�1q
k�1 verify the

following recurrence relation :

Q
piq
k pxq � Q

piq
k�1pxq � xβ

piq
k Q

pi�1q
k�1 pxq, (3.16)

with

β
piq
k �

H
piq
k H

pi�2q
k�1

H
pi�1q
k H

pi�1q
k�1

, (3.17)

and Q
piq
0 pxq � 1.

Proof.
The proof of this theorem can be done in a similar way of the previous theorem and
we use (2.27) to replace the Schur complement by the ratio of Hankel determinants.

The recurrence relation given by (3.16) was introduced by C.Brezinski and al.[22],
with a parameter λ defined from the orthogonality relations and the three-terms
recurrence relationship, but in our case we get directly the coefficients β

piq
k , i �

0, . . . , k � 1, 2, . . . given as ratio of Hankel determinants.

3.2 Formulation of the recursive orthogonal po-
lynomial algorithm

In this section, we will give two recursive algorithms for computing the orthogonal
polynomials.
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3.2.1 The qd algorithm
In the recurrence relation given by (3.16), we propose to compute recursively the

coefficients β
piq
k given by (3.17) using the qd algorithm [37].

Définition 7 [36] Let the expressions of q
piq
k and e

piq
k given by

q
piq
k �

H
pi�1q
k H

piq
k�1

H
piq
k H

pi�1q
k�1

(3.18)

and

e
piq
k �

H
piq
k�1H

pi�1q
k�1

H
piq
k H

pi�1q
k

, for i ¥ 0, k ¥ 1. (3.19)

The qd algorithm is a recursive algorithm which allows us to calculate the ex-
pressions e

piq
k and q

piq
k without computing all Hankel determinants in the expressions

given by (3.18) and (3.19).

The following relations define the qd algorithm$''&''%
q
piq
1 �

ci�1

ci

, e
piq
0 � 0 i � 0, 1, . . .

q
piq
k�1e

piq
k � q

pi�1q
k e

pi�1q
k k � 1, 2, . . . i � 0, 1, . . .

q
piq
k � e

piq
k � q

pi�1q
k � e

pi�1q
k�1 .

(3.20)

Using the relations given by (3.18) and (3.19) we find the second relation in
(3.20) and the third relation in (3.20) is obtained from (3.18), (3.19) and from the
recurrence relation between the Hankel determinants given by (3.23).

3.2.2 The computation of the coefficients β
piq
k

The following theorem gives the algorithm for computing the β
piq
k using the qd

algorithm.

Théorème 11 For k � 1, . . . , and i � 0, . . . , the quantities β
piq
k , q

piq
k and e

piq
k are

given by (3.17) , (3.18) and (3.19) respectively. The following relations define a
recursive algorithm for computing the coefficients β

piq
k$''''&''''%

q
piq
1 �

ci�1

ci

, e
piq
0 � 0, β

piq
1 �

ci

ci�1
, i � 0, 1, . . .

q
piq
k�1e

piq
k � q

pi�1q
k e

pi�1q
k , k � 1, 2, . . . , i � 0, 1, . . .

q
piq
k � e

piq
k � q

pi�1q
k � e

pi�1q
k�1 , k � 1, 2, . . . , i � 0, 1, . . .

q
piq
k�1β

piq
k�1 � q

pi�1q
k β

piq
k , k � 1, 2, . . . , i � 0, 1, . . . .

(3.21)
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Proof.

The proof will be done for i � 0 and can be generalized for all i ¡ 0.

For k ¥ 1 and i ¥ 0, the q
piq
k and e

piq
k are computed recursively from the qd

algorithm.

We have

β
p0q
k �

H
p0q
k H

p2q
k�1

H
p1q
k H

p1q
k�1

,

and

q
p0q
k �

H
p1q
k H

p0q
k�1

H
p0q
k H

p1q
k�1

,

then

q
p0q
k β

p0q
k �

H
p0q
k H

p2q
k�1

H
p1q
k H

p1q
k�1

H
p1q
k H

p0q
k�1

H
p0q
k H

p1q
k�1

�
H
p0q
k�1H

p2q
k�1

pH
p1q
k�1q

2
.

We see that

q
p1q
k�1β

p0q
k�1 �

H
p0q
k�1H

p2q
k�1

pH
p1q
k�1q

2
,

then we obtain
q
p0q
k β

p0q
k � q

p1q
k�1β

p0q
k�1, (3.22)

with q
p0q
1 β

p0q
1 � 1.

Similarly, we can prove that q
piq
k β

piq
k � q

pi�1q
k�1 β

piq
k�1.

Remarque 12 From the relation given by (3.22), the β
p0q
k are obtained recursively

without computing each Hankel determinant in the expression given by (3.17).

Using the relations given by (3.21), then applying the relation given by (3.16),
we get the Recursive Orthogonal Polynomial Algorithm (ROPA) as follows :
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Algorithm 1 (ROPA)

1. Compute e
piq
1 � 0, q

piq
2 �

ci�1

ci

, β
piq
2 �

ci

ci�1
, Q

piq
0 pxq � 1.

2. For k � 2, . . . , m � 1
— For i � 1, . . . , m � 2

— Compute e
piq
k � pq

pi�1q
k � e

pi�1q
k�1 q � q

piq
k .

— For i � 1, . . . , m � 2

— Compute q
piq
k�1 �

q
pi�1q
k

e
pi�1q
k

e
piq
k

.

— Compute q, e.
— For i � 1, . . . , m � 2

— Compute β
piq
k�1 �

q
pi�1q
k

q
piq
k�1

β
piq
k .

3. For i � 1, . . . , m � 2
l � l � 1

— For k � 2, . . . , minpl, mq

— Compute Q
piq
k pxq � Q

piq
k�1pxq � xβ

piq
k Q

pi�1q
k�1 pxq.
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Example 1 Let the function fpxq � ex, expressed as

fpxq �
¸
i¥0

1
i!x

i,

where ci �
1
i! .

The Padé approximation consists to find a rational fraction Q̃

P̃
, to approach the

function f such that the following relation is verified

P̃ pxqex � Q̃pxq � Opxp�q�1q,

with degpP̃ q � p, degpQ̃q � q.

In this example, we propose to compute recursively the orthogonal polynomial P
of degree p, such that

P pxq � xpP̃ px�1q.

We will use the ROPA to compute Q
piq
k , for k � 1, . . . , 10 and i � 0, . . . , 9.

We have i ¥ 0 and x P R

Q
piq
0 pxq � 1, q

piq
1 �

ci�1

ci

, e
piq
0 � 0, β

piq
1 �

ci

ci�1
,

then

Q1pxq � Q0pxq � xβ
p0q
1 Q

p1q
0 pxq � 1 � x �

c0

c1
� 1 � x,

Q
p1q
1 pxq � Q

p1q
0 pxq � xβ

p1q
1 Q

p2q
0 pxq � 1 � 2x.

The polynomial Q2 is obtained by using the recurrence relationship given by (3.16).

Q2pxq � Q1pxq � xβ
p0q
2 Q

p1q
1 pxq.

The coefficient β
p0q
2 will be computed by the qd algorithm$''''''''''''&''''''''''''%

e
p0q
1 � q

p1q
1 � q

p0q
1 � e

p1q
0 �

c2

c1
�

c1

c0
� �1

2

e
p1q
1 � q

p2q
1 � q

p1q
1 � e

p2q
0 �

c3

c2
�

c2

c1
� �1

6

q
p1q
1 �

c2

c1
� 1

2

q
p0q
2 �

e
p1q
1

e
p0q
1

q
p1q
1 � 1

6

β
p0q
2 �

q1
1

q
p0q
2

β
p0q
1 � 3.
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We substitute the expression of the polynomials Q1 and Q
p1q
1 in the expression of Q2

and we get
Q2pxq � 1 � 4x � 6x2.

Thus, we obtain all the polynomials in the following table :

Q0 Q
p1q
0 Q

p2q
0 . . . . . . Q

p10q
0

Q1 Q
p1q
1 . . . . . . Q

p9q
1

Q2
. . . . . . ...

. . . . . .
Q9 Q

p1q
9

Q10

The expressions of the polynomials Q1, Q2, . . . , Q10 are given by

Q0pxq � 1

Q1pxq � 1 � x

Q2pxq � 1 � 4x � 6x2

Q3pxq � 1 � 9x � 36x2 � 60x3

...

...

Q10pxq � 1�p1759218625670887xq{17592186044416�p340161417486977x2q{68719476736

�p2721291364475551x3q{17179869184 � p7738672378815101x4q{2147483648

�p8125606054160473x5q{134217728 � p793516221098513x6q{1048576

�p1813751372413587x7q{262144 � p5781332527780123x8q{131072

�p5781332553114357x9q{32768 � p5492265947166785x10q{16384.

3.3 The Recurrence relation of Hankel determi-
nants

The coefficients β
piq
k can be computed if we calculate every Hankel determinant

in the expression given by (3.17).
In the following theorem, we will prove that the well known recurrence relation
between the Hankel determinants can be found by using the Sylvester identity.
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Théorème 13 [15] For k ¥ 2 and i ¥ 0, the Hankel determinants obey the recur-
rence relation

H
piq
k H

pi�2q
k�2 � H

pi�2q
k�1 H

piq
k�1 � pH

pi�1q
k�1 q2, (3.23)

which initialized with H
piq
0 � 1 and H

piq
1 � ci.

Proof.

We apply the Sylvester identity to pD
piq
k {D

pi�2q
k�1 q

�
D
piq
k {D

pi�2q
k�1

	
�

�������

�������
ci ci�1 ci�2 . . . ci�k�2 ci�k�1

ci�1 ci�2 ci�3 . . . ci�k�1 ci�k
... ... ... ...

ci�k�2 ci�k�1 . . . . . . ci�2k�4 ci�2k�3
ci�k�1 ci�k ci�k�1 . . . ci�2k�3 ci�2k�2

������� {D
pi�2q
k�1

������
,

then we have

pD
piq
k {D

pi�2q
k�1 q �

�����
�����

ci ci�1 ci�2 . . . ci�k�2
ci�1 ci�2 ci�3 . . . ci�k�1

... ... ...
ci�k�2 ci�k�1 . . . ci�2k�5 ci�2k�4

����� {D
pi�2q
k�2

����


�

�������

�������
ci�1 ci�2 ci�3 . . . ci�k�1
ci�2 ci�3 ci�4 . . . ci�k

... ... ... ...
ci�k�2 ci�k�1 . . . ci�2k�5 ci�2k�4
ci�k�1 ci�k . . . ci�2k�4 ci�2k�3

������� {D
pi�2q
k�2

������
�pDpi�2q
k�1 {D

pi�2q
k�2 q�1

�

�������

�������
ci�1 ci�2 ci�3 . . . ci�k�1
ci�2 ci�3 ci�4 . . . ci�k

... ... ... ...
ci�k�2 ci�k�1 . . . ci�2k�5 ci�2k�4
ci�k�1 ci�k ci�k�1 . . . ci�2k�3

������� {D
pi�2q
k�2

������
.

Hence,

pD
piq
k {D

pi�2q
k�1 q � pD

piq
k�1{D

pi�2q
k�2 q � pD

pi�1q
k�1 {D

pi�2q
k�2 q2pD

pi�2q
k�1 {D

pi�2q
k�2 q�1,

so using Proposition 2, we get

H
piq
k

H
pi�2q
k�1

�
H
piq
k�1

H
pi�2q
k�2

�

�
H
pi�1q
k�1

H
pi�2q
k�2

�2

�
H
pi�2q
k�2

H
pi�2q
k�1

.

Therefore
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H
piq
k H

pi�2q
k�2 � H

pi�2q
k�1 H

piq
k�1 � pH

pi�1q
k�1 q2.

We recall that the relation given by (3.23) was obtained by Brezinski in [15]
using the orthogonal polynomials, in our work we used the Sylvester identity which
allows us to find (3.23) from the Hankel determinant’s expression.
Using the relation (3.23), then applying the relation (3.16), we give Algorithm 2.

Algorithm 2 ( The computation of Q
piq
k )

1. Initialisation Q
piq
0 pxq � 1, H

piq
0 � 1, H

piq
1 � ci

2. For k � 2, . . . , m do
— For i � 1, . . . , p � 2pk � 1q

— Compute H
piq
k �

1
H
pi�2q
k�2

�
H
pi�2q
k�1 H

piq
k�1 � pH

pi�1q
k�1 q2

	
.

— end
— Put l � 1

3. For i � 1, . . . , p � m � 2
l � l � 1

— For k � 2, . . . , minpl, mq

— Compute Q
piq
k pxq � Q

piq
k�1pxq � x

H
piq
k H

pi�2q
k�1

H
pi�1q
k H

pi�1q
k�1

Q
pi�1q
k�1 pxq.

— end
4. end

Remarque 14 Algorithm 2 allows us to calculate recursively the orthogonal polyno-
mials by computing each Hankel determinant in β

piq
k (3.17), but if we use the ROPA

we get the β
piq
k recursively with the qd algorithm.

3.4 Some Properties
In this section we will give some properties of the ROPA given in the previous

section.

Proposition 11 From the expressions (3.9) and (3.17), we have
1. cpxjG

piq
k p0qq � 0, for j � i, . . . , i � k � 1.

2. β
piq
k �

cpxi�k�1Q
piq
k�1pxqq

cpxi�kQ
pi�1q
k�1 pxqq

, for i ¥ 0 and k ¥ 1.

3. β
piq
k �

e
piq
k

e
pi�1q
k

β
piq
k�1, for i ¥ 0 and k ¥ 1.
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Proof.
1. We have

cpxjG
piq
k pxqq � c

�������p
�������

xj . . . . . . xj�k�1 xj�k

ci ci�1 . . . ci�k�1 ci�k

ci�1 ci�2 . . . ci�k ci�k�1
... ... ... ... ...

ci�k�1 ci�k . . . ci�2k�2 ci�2k�1

������� {D
piq
k q

������
,

for j � i, i�1, . . . , i�k�1 we will get two rows similar, then cpxjG
piq
k pxqq will

be null.

2. We have β
piq
k �

H
piq
k

H
pi�1q
k�1

�
H
pi�2q
k�1

H
pi�1q
k

, then

H
piq
k

H
pi�1q
k�1

�

���������

���������

ci ci�1 . . . . . . ci�k�1
ci�1 ci�2 . . . . . . ci�k

ci�2 ci�3 . . . . . . ci�k�1
... ... ...

ci�k�2 ci�k�1 . . . . . . ci�2k�3
ci�k�1 ci�k . . . . . . ci�2k�2

���������
{D

pi�1q
k�1

��������

,

so using (2.28), we get

H
piq
k

H
pi�1q
k�1

�

���������

���������

ci�k�1 ci�k . . . . . . ci�2k�2
ci ci�1 . . . . . . ci�k�1

ci�1 ci�2 . . . . . . ci�k

ci�2 ci�3 . . . . . . ci�k�1
... ... ...

ci�k�2 ci�k�1 . . . . . . ci�2k�3

���������
{D

pi�1q
k�1

��������

,

if we apply the functional c we obtain

H
piq
k

H
pi�1q
k�1

� cp

���������

���������

xi�k�1 xi�k . . . . . . xi�2k�2

ci ci�1 . . . . . . ci�k�1
ci�1 ci�2 . . . . . . ci�k

ci�2 ci�3 . . . . . . ci�k�1
... ... ...

ci�k�2 ci�k�1 . . . . . . ci�2k�3

���������
{D

pi�1q
k�1

��������

q

� cpxi�k�1

���������

���������

1 x . . . . . . xk�1

ci ci�1 . . . . . . ci�k�1
ci�1 ci�2 . . . . . . ci�k

ci�2 ci�3 . . . . . . ci�k�1
... ... ...

ci�k�2 ci�k�1 . . . . . . ci�2k�3

���������
{D

pi�1q
k�1

��������

q.
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Therefore, we have H
piq
k

H
pi�1q
k�1

� cpxi�k�1Q
piq
k�1pxqq, likewise we find that H

pi�2q
k�1

H
pi�1q
k

�

pcpxi�kQ
pi�1q
k�1 pxqqq�1.

3. We have

β
piq
k�1 �

q
pi�1q
k

q
piq
k�1

β
piq
k ,

and from the qd algorithm, we have

q
piq
k�1 �

e
pi�1q
k

e
piq
k

q
pi�1q
k ,

we substitute the expression of q
piq
k�1 in the expression of β

piq
k�1, we obtain

β
piq
k �

e
piq
k

e
pi�1q
k

β
piq
k�1.

3.5 The recursive orthogonal polynomial algorithm
with auxiliary polynomial

In this section, we will use an auxiliary polynomial g
piq
k to find a recursive algo-

rithm for computing the polynomials Qk given by (3.4).
We recall the expression of Qk

Qkpxq �

�������

�������
1 x . . . . . . xk

c0 c1 . . . . . . ck

c1 c2 . . . . . . ck�1
... ... ...

ck�1 ck . . . . . . c2k�1

������� {D
p1q
k

������
.

If we apply the Sylvester identity, we get

Qkpxq � Qk�1pxq�

�������

�������
x . . . . . . xk�1 xk

c1 . . . . . . ck�1 ck

c2 . . . . . . ck ck�1
... ... ...

ck�1 . . . . . . c2k�3 c2k�2

������� {D
p1q
k�1

������
pDp1q
k {D

p1q
k�1q

�1pD
p0q
k {D

p1q
k�1q.

(3.24)
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For k ¥ 1 and i ¡ k, we set the following auxiliary polynomial :

g
piq
k pxq �

�������

�������
xi x . . . . . . xk�1 xk

ci c1 . . . . . . ck�1 ck

ci�1 c2 . . . . . . ck ck�1
... ... ...

ci�k�1 ck . . . . . . c2k�2 c2k�1

������� {D
p1q
k

������
, (3.25)

where g
piq
0 pxq � xi.

We need the following lemma to compute recursively the polynomials Qk.

Lemma 1 Let g
piq
k be the polynomial defined by (3.25), applying some properties of

the Schur complement, we have

pD
p1q
k {D

p1q
k�1q � cpxk�1g

pkq
k�1pxqq, for k ¥ 1. (3.26)

Proof. Using Proposition 3, we have

pD
p1q
k {D

p1q
k�1q �

�������

�������
c1 c2 c3 . . . ck�1 ck

c2 c3 c4 . . . ck ck�1
... ... ... ... ...

ck�1 ck ck�1 . . . c2k�3 c2k�2
ck ck�1 ck�2 . . . c2k�2 c2k�1

������� {D
p1q
k�1

������


�

�������

�������
c2k�1 ck ck�1 . . . c2k�2

ck c1 c2 . . . ck�1
ck�1 c2 c3 . . . ck

... ... ... ...
c2k�2 ck�1 ck . . . c2k�3

������� {D
p1q
k�1

������
.

Using Proposition 4, we get

pD
p1q
k {D

p1q
k�1q � cpxk�1

�������

�������
xk x x2 . . . xk�1

ck c1 c2 . . . ck�1
ck�1 c2 c3 . . . ck

... ... ...
c2k�2 ck�1 ck . . . c2k�3

������� {D
p1q
k�1

������
q � cpxk�1g
pkq
k�1pxqq.

We substitute the expression given by (3.26) in (3.24), we get the following theorem :

Théorème 15 For k ¥ 1, the polynomials Qk and Qk�1 satisfy the following recur-
rence relationship :

Qkpxq � Qk�1pxq � cpxk�1Qk�1pxqqpcpx
k�1g

pkq
k�1pxqq

�1g
pkq
k�1pxq,

with Q0pxq � 1.
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Proof.

We have

Qkpxq � Qk�1pxq�

�������

�������
x . . . . . . xk�1 xk

c1 . . . . . . ck�1 ck

c2 . . . . . . ck ck�1
... ...

ck�1 . . . . . . c2k�3 c2k�2

������� {D
p1q
k�1

������
pDp1q
k {D

p1q
k�1q

�1pD
p0q
k {D

p1q
k�1q.

So using Proposition 3 and the relations given by (3.25) and (3.26), we obtain

Qkpxq � Qk�1pxq � cpxk�1Qk�1pxqqpcpx
k�1g

pkq
k�1pxqq

�1g
pkq
k�1pxq. (3.27)

Proposition 12 For k ¥ 1 and i ¡ k, the polynomials g
piq
k verify the following

recurrence relationship :

g
piq
k pxq � g

piq
k�1pxq � cpxk�1g

pkq
k�1pxqq

�1cpxk�1g
piq
k�1pxqqg

pkq
k�1pxq, (3.28)

with g
piq
0 � xi.

Proof. The polynomial g
piq
k is partitioned as follows :

g
piq
k pxq �

���������

���������

xi x . . . . . . xk�1 xk

ci c1 . . . . . . ck�1 ck

ci�1 c2 . . . . . . ck ck�1
... ... ... ...

ci�k�2 ck�1 . . . . . . c2k�3 c2k�2
ci�k�1 ck . . . . . . c2k�2 c2k�1

���������
{D

p1q
k

��������

,
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we apply the Sylvester identity

g
piq
k pxq �

�������

�������
xi x . . . . . . xk�2 xk�1

ci c1 . . . . . . ck�2 ck�1
ci�1 c2 . . . . . . ck�1 ck

... ... ... ...
ci�k�1 ck�1 . . . . . . c2k�4 c2k�3

������� {D
p1q
k�1

������


�

�������

�������
x . . . . . . xk�1 xk

c1 . . . . . . ck�1 ck

c2 . . . . . . ck ck�1
... ... ...

ck�1 . . . . . . c2k�3 c2k�2

������� {D
p1q
k�1

������


� pD
p1q
k {D

p1q
k�1q

�1 �

�������

�������
ci c1 . . . . . . ck�1

ci�1 c2 . . . . . . ck
... ... ...

ci�k�2 ck�1 . . . . . . c2k�3
ci�k�1 ck . . . . . . c2k�2

������� {D
p1q
k�1

������
.

Using Proposition 3, Proposition 4 and the relations given by (3.25), (3.26) we get

g
piq
k pxq � g

piq
k�1pxq � cpxk�1g

pkq
k�1pxqq

�1cpxk�1g
piq
k�1pxqqg

pkq
k�1pxq.

From the relation given by (3.28), we compute recursively the polynomials g
piq
k as

follows :
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Algorithm 3 (The computation of g
piq
k )

1. For i � 1, . . . , n

2. Compute g
piq
0 pxq � xi.

— For k � 1, . . . , i � 1
— Compute g

piq
k pxq � g

piq
k�1pxq � cpxk�1g

pkq
k�1pxqq

�1cpxk�1g
piq
k�1pxqqg

pkq
k�1pxq.

— end
3. end

Then, applying Algorithm 3 and the relation given by (??), we get Algorithm 4.

Algorithm 4 (The computation of Qk)
1. Choose Q0pxq � 1.

2. For i � 1, . . . , n

— Compute g
piq
0 pxq � xi.

3. end
4. For k � 1, . . . , i � 1

— Compute g
piq
k pxq � g

piq
k�1pxq � cpxk�1g

pkq
k�1pxqq

�1cpxk�1g
piq
k�1pxqqg

pkq
k�1pxq.

— Compute Qkpxq � Qk�1pxq � cpxk�1Qk�1pxqqpcpx
k�1g

pkq
k�1pxqq

�1g
pkq
k�1pxq.

5. end
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Remarque 16 Algorithm 4 allows us to calculate the orthogonal polynomials Qm of
the same family of orthogonal polynomials tQmumPN, but the ROPA give a relation
between two families of orthogonal polynomials tQpiq

m umPN and tQpi�1q
m umPN.

Example 2 We choose in this example to calculate the polynomials Qk, for k � 1, 2.

Let the function

fpxq �
8̧

i�0

1
i!x

i,

with the initial settings g
piq
0 pxq � xi and Q0pxq � 1.

For computing the polynomial Q2, we should calculate the polynomial g
p2q
1 recur-

sively from Algorithm 3.

g
piq
1 pxq � g

piq
0 pxq � cpx0g

p1q
0 pxqq�1cpx0g

piq
0 pxqqg

p1q
0 pxq � xi �

ci

c1
x.

We finally get

Q1pxq � 1 � c0

c1
x � 1 � x,

and

Q2pxq � 1 � c0c3 � c1c2

c1c3 � c2
2

x �
c0c2 � c2

1
c1c3 � c2

2
x2 � 1 � 4x � 6x2.
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4
Computing recursive quasiorthogonal polynomials

This chapter, is interested in exploring efficient recursive algorithms to compute
the quasi-orthogonal polynomials as defined in [48]. We provide new algebraic pro-
perties of the adjacent families of quasi-orthogonal polynomials. We show that they
can be generated by four-term recurrence relations whose coefficients are written in
terms of lower triangular block determinants. The algorithms presented generalize
algorithms discussed in [50], which compute Hankel determinants, to allow the com-
putation of lower triangular block determinants.The derived algorithms allow us to
connect various quasi-orthogonal polynomials in the Padé table.
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4.1 Recurrence relations
In this section, we give a short-term recurrence relation of quasi-orthogonal po-

lynomials. Based on this short-term relation, we define the Padé table with different
values of p.

4.1.1 Explicit expression of quasi-orthogonal polynomials
Consider the polynomials

Qpm,nq1pxq �
m̧

i�0
q1

i xi and Qpm,nq2pxq �
ņ

i�0
q2

i xi, with q1
0 � 0.

These polynomials can be expressed as a Schur complement. We will prove this
in the following Proposition.

Proposition 17 Assume that the matrix Dp1q
m,n is nonsingular, then the polynomials

Qpm,nq1 and Qpm,nq2 can be expressed as a Schur complement as follows

Qpm,nq1pxq � p

�����������

1 x . . . . . . xm�1 xm 0 . . . 0 0
c1

0 c1
1 c1

2 . . . c1
m�1 c1

m 0 . . . 0 0
c2

0 c2
1 c2

2 . . . c2
m�1 c2

m c1
m . . . c1

m�n�1 c1
m�n

... ... ... ... ... ... ... ... ...

... ... ... ... ... ... ... ... ...
c1

r�1 c1
r c1

r�1 . . . c1
m�r�2 c1

m�r�1 0 . . . 0 0
c2

r�1 c2
r c2

r�1 . . . c2
m�r�2 c2

m�r�1 c1
m�r�1 . . . c1

m�n�r c1
m�n�r�1

�����������
{Dp1q

m,nq

and

Qpm,nq2pxq � p

�����������

0 0 0 . . . . . . 0 xn . . . x 1
c1

0 c1
1 c1

2 . . . c1
m�1 c1

m 0 . . . 0 0
c2

0 c2
1 c2

2 . . . c2
m�1 c2

m c1
m . . . c1

m�n�1 c1
m�n

... ... ... ... ... ... ... ... ...

... ... ... ... ... ... ... ... ...
c1

r�1 c1
r c1

r�1 . . . c1
m�r�2 c1

m�r�1 0 . . . 0 0
c2

r�1 c2
r c2

r�1 . . . c2
m�r�2 c2

m�r�1 c1
m�r�1 . . . c1

m�n�r c1
m�n�r�1

�����������
{Dp1q

m,nq.

Proof.
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The quasi-orthogonality condition in (2.17) yields the following system

���������

c1
1 c1

2 . . . c1
m�1 c1

m 0 . . . 0
c2

1 c2
2 . . . c2

m�1 c2
m c1

m . . . c1
m�n

... ... ... ... ... ... ... ...

... ... ... ... ... ... ... ...
c1

r c1
r�1 . . . c1

m�r�2 c1
m�r�1 0 . . . 0

c2
r c2

r�1 . . . c2
m�r�2 c2

m�r�1 c1
m�r�1 . . . c1

m�n�r�1

���������

�����������

q1
1
...

q1
m�1
q1

m

q2
n
...

q2
0

�����������
�

���������

�c1
0

�c2
0

...

...
�c1

r�1
�c2

r�1

���������
.

(4.1)
Under the condition |Dp1q

m,n| � 0 and q
p1q
0 � 1, the coefficients q

p1q
1 , . . . , qp1qm , q

p2q
0 , . . . , qp2qn

are given by �����������

q1
1
...

q1
m�1
q1

m

q2
n
...

q2
0

�����������
� �pDp1q

m,nq
�1

���������

�c1
0

�c2
0

...

...
�c1

r�1
�c2

r�1

���������
. (4.2)

then

Qpm,nq1pxq � 1 � r x . . . xm�1 xm 0 . . . 0 spDp1q
m,nq

�1

���������

c1
0

c2
0
...
...

c1
r�1

c2
r�1

���������
,

and

Qpm,nq2pxq � 0 � r 0 0 . . . 0 xn . . . x 1 spDp1q
m,nq

�1

���������

c1
0

c2
0
...
...

c1
r�1

c2
r�1

���������
.

From (2.26) and (4.2), the polynomials Qpm,nq1 , Qpm,nq2 are written as a Schur com-
plement.
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4.1.2 Formulation of recurrence relations
Before describing the short-term recurrence relation of the quasi-orthogonal po-

lynomials of the form (2.8), we need to define some auxiliary polynomials that will
be used in this section. We define the matrix polynomial Q

piq
m1,n1 of this form

Q
piq
m1,n1 �

�
Q
piq
pm1,n1q1

0
Q
piq
pm1,n1q2

Q
piq
pm1,n1q1

�
, (4.3)

where Qpm1,n1q1pxq �
m1¸

k�0
q1

kxk and Qpm1,n1q2pxq �
n1¸

k�0
q2

kxk, with q1
0 � 1, degpQpiq

pm1,n1q1
q �

m1, and degpQpiq
pm1,n1q2

q � n1. Here m1 and n1 are two integers such that m1�n1 � 2p1,
for p1 P N.

The matrix polynomial Q
piq
m1,n1 is defined to be quasi-orthogonal with respect to

the function Cpiq as given by (2.24). This leads to the following equations#
CpiqpxjQm1,n1pxqq � 0R2 , 0 ¤ j ¤ r � 2,

cpiqpxr�1Qm1,n1pxqq � 0
(4.4)

with r �
m1 � n1

2 . Using the linearity of the function Cpiq, equations (4.4) can
formulated be as the linear system

�����������

c1
i�1 . . . c1

i�m1�1 c1
i�m1 0 . . . 0

c2
i�1 . . . c2

i�m1�1 c2
i�m1 c1

i�m1 . . . c1
i�m1�n1

... ... ... ... ... ... ...

... ... ... ... ... ... ...
c1

i�r�2 . . . c1
i�m1�r�3 c1

i�m1�r�2 0 . . . 0
c2

i�r�2 . . . c2
i�m1�r�3 c2

i�m1�r�2 c1
i�m1�r�2 . . . c1

i�m1�n1�r�2
c1

i�r�1 . . . c1
i�m1�r�2 c1

i�m1�r�1 0 . . . 0

�����������

�����������

q1
1
...

q1
m1�1
q1

m1

q2
n1

...
q2

0

�����������
�

���������

�c1
i

�c2
i

...
�c1

i�r�2
�c2

i�r�2
�c1

i�r�1

���������
.

(4.5)
This shows that the existence and uniqueness of Q

piq
m1,n1 holds when D

piq
m1,n1 is

nonsingular, where

D
piq
m1,n1 �

���������

c1
i c1

i�1 . . . c1
i�m1�1 0 . . . 0

c2
i c2

i�1 . . . c2
i�m1�1 c2

i�m1�1 . . . ci�m1�n1�1
... ... ...

c1
i�r�1 c1

i�r . . . c1
i�m1�r�2 0 . . . 0

c2
i�r�1 c2

i�r . . . c2
i�m1�r�2 c1

i�m1�r�2 . . . ci�m1�n1�r�2
c1

i�r c1
i�r�1 . . . c1

i�m1�r�1 0 . . . 0

���������
.
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Proposition 18 Assume that the D
pi�1q
m1,n1 is nonsingular, then the polynomials Q

piq
pm1,n1q1

pxq

and Q
piq
pm1,n1q2

pxq exist, and admit the following expressions

Q
piq
pm1,n1q1

pxq �

p

�������������

1 x . . . . . . xm1�1 xm1 0 . . . 0
c1

i c1
i�1 c1

i�2 . . . c1
i�m1�1 c1

i�m1 0 . . . 0
c2

i c2
i�1 c2

i�2 . . . c2
i�m1�1 c2

i�m1 c1
i�m1 . . . c1

i�m1�n1�1
... ... ... ... ... ... ... ...
... ... ... ... ... ... ... ...

c1
i�r�2 c1

i�r�1 c1
i�r . . . c1

i�m1�r�3 c1
i�m1�r�2 0 . . . 0

c2
i�r�2 c2

i�r�1 c2
i�r . . . c2

i�m1�r�3 c2
i�m1�r�2 c1

i�m1�r�2 . . . c1
i�m1�n1�r�1

c1
i�r�1 c1

i�r c1
r�1 . . . c1

i�m1�r�2 c1
i�m1�r�1 0 . . . 0

�������������
{D

pi�1q
m1,n1 q

and
Q
piq
pm1,n1q2

pxq �

p

�������������

0 0 . . . . . . 0 0 xn1�1 . . . 1
c1

i c1
i�1 c1

i�2 . . . c1
i�m1�1 c1

i�m1 0 . . . 0
c2

i c2
i�1 c2

i�2 . . . c2
i�m1�1 c2

i�m1 c1
i�m1 . . . c1

i�m1�n1�1
... ... ... ... ... ... ... ...
... ... ... ... ... ... ... ...

c1
i�r�2 c1

i�r�1 c1
i�r . . . c1

i�m1�r�3 c1
i�m1�r�2 0 . . . 0

c2
i�r�2 c2

i�r�1 c2
i�r . . . c2

i�m1�r�3 c2
i�m1�r�2 c1

i�m1�r�2 . . . c1
i�m1�n1�r�1

c1
i�r�1 c1

i�r c1
i�r�1 . . . c1

i�m1�r�2 c1
i�m1�r�1 0 . . . 0

�������������
{D

pi�1q
m1,n1 q

Proof.

The proof is analogous to the proof of Proposition 17. The system (4.5) is used.
In the following lemma, we show that the quasi-orthogonal polynomials of the

form (2.8) can be computed with short-term recurrence relation in terms of the
auxiliary polynomials as defined by (4.3).

Lemme 19 For m ¥ 1, n ¥ 1 such that m � n � 2p � 1, we have the following
relation

Qpm,nq1pxq � Qpm,n�1q1pxq � xβm,nQ
p1q
pm�1,nq1

pxq. (4.6)

and
Qpm,nq2pxq � xQpm,n�1q2pxq � βm,nQ

p1q
pm�1,nq2

pxq. (4.7)

with Qpm,nq1p0q � 1 and βm,n �
|D

p0q
m�1,n�1||D

p2q
m�1,n|

|D
p1q
m,n||D

p1q
m,n�1|

.
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Proof.

We first show (4.6), the polynomial Qpm,nq1 can be decomposed as

Qpm,nq1pxq �

p

�������������

1 x . . . . . . xm�1 xm 0 . . . 0 0
c1

0 c1
1 c1

2 . . . c1
m�1 c1

m 0 . . . 0 0
c2

0 c2
1 c2

2 . . . c2
m�1 c2

m c1
m . . . c1

m�n�1 c1
m�n

... ... ... ... ... ... ... ... ...
c1

r�2 c1
r�1 c1

r . . . c1
m�r�3 c1

m�r�2 0 . . . 0 0
c2

r�2 c2
r�1 c2

r . . . c2
m�r�3 c2

m�r�2 c1
m�r�2 . . . c1

m�n�r�1 c1
m�n�r�2

c1
r�1 c1

r c1
r�1 . . . c1

m�r�2 c1
m�r�1 0 . . . 0 0

c2
r�1 c2

r c2
r�1 . . . c2

m�r�2 c2
m�r�1 c1

m�r�1 . . . c1
m�n�r c1

m�n�r�1

�������������
{Dp1q

m,nq.

We apply the Sylvester identity (2.30) to Qpm,nq1 , we obtain

Qpm,nq1pxq � p

�����������

1 x . . . . . . xm�1 xm 0 . . . 0
c1

0 c1
1 c1

2 . . . c1
m�1 c1

m 0 . . . 0
c2

0 c2
1 c2

2 . . . c2
m�1 c2

m c1
m . . . c1

m�n�1
... ... ... ... ... ... ... ...

c1
r�2 c1

r�1 c1
r . . . c1

m�r�3 c1
m�r�2 0 . . . 0

c2
r�2 c2

r�1 c2
r . . . c2

m�r�3 c2
m�r�2 c1

m�r�2 . . . c1
m�n�r�1

c1
r�1 c1

r c1
r�1 . . . c1

m�r�2 c1
m�r�1 0 . . . 0

�����������
{D

p1q
m,n�1q

� p

�����������

x . . . . . . xm�1 xm 0 . . . 0 0
c1

1 c1
2 . . . c1

m�1 c1
m 0 . . . 0 0

c2
1 c2

2 . . . c2
m�1 c2

m c1
m . . . c1

m�n�1 c1
m�n

... ... ... ... ... ... ... ...
c1

r�1 c1
r . . . c1

m�r�3 c1
m�r�2 0 . . . 0 0

c2
r�1 c2

r . . . c2
m�r�3 c2

m�r�2 c1
m�r�2 . . . c1

m�n�r�1 c1
m�n�r�2

c1
r c1

r�1 . . . c1
m�r�2 c1

m�r�1 0 . . . 0 0

�����������
{D

p1q
m,n�1q

� pDp1q
m,n{D

p1q
m,n�1q

�1pD
p0q
m�1,n�1{D

p1q
m,n�1q.

An application of Proposition 3 gives

p

�����������

x . . . . . . xm�1 xm 0 . . . 0 0
c1

1 c1
2 . . . c1

m�1 c1
m 0 . . . 0 0

c2
1 c2

2 . . . c2
m�1 c2

m c1
m . . . c1

m�n�1 c1
m�n

... ... ... ... ... ... ... ...
c1

r�1 c1
r . . . c1

m�r�3 c1
m�r�2 0 . . . 0 0

c2
r�1 c2

r . . . c2
m�r�3 c2

m�r�2 c1
m�r�2 . . . c1

m�n�r�1 c1
m�n�r�2

c1
r c1

r�1 . . . c1
m�r�2 c1

m�r�1 0 . . . 0 0

�����������
{D

p1q
m,n�1q �
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p

�����������

x . . . . . . xm�1 xm 0 . . . 0 0
c1

1 c1
2 . . . c1

m�1 c1
m 0 . . . 0 0

c2
1 c2

2 . . . c2
m�1 c2

m c1
m . . . c1

m�n�1 c1
m�n

... ... ... ... ... ... ... ...
c1

r�1 c1
r . . . c1

m�r�3 c1
m�r�2 0 . . . 0 0

c2
r�1 c2

r . . . c2
m�r�3 c2

m�r�2 c1
m�r�2 . . . c1

m�n�r�1 c1
m�n�r�2

c1
r c1

r�1 . . . c1
m�r�2 c1

m�r�1 0 . . . 0 0

�����������
{D

p2q
m�1,nq�

|D
p2q
m�1,n|

|D
p1q
m,n�1|

.

It follows that

Qpm,nq1pxq � p

�����������

1 x . . . . . . xm�1 xm 0 . . . 0
c1

0 c1
1 c1

2 . . . c1
m�1 c1

m 0 . . . 0
c2

0 c2
1 c2

2 . . . c2
m�1 c2

m c1
m . . . c1

m�n�1
... ... ... ... ... ... ... ...

c1
r�2 c1

r�1 c1
r . . . c1

m�r�3 c1
m�r�2 0 . . . 0

c2
r�2 c2

r�1 c2
r . . . c2

m�r�3 c2
m�r�2 c1

m�r�2 . . . c1
m�n�r�1

c1
r�1 c1

r c1
r�1 . . . c1

m�r�2 c1
m�r�1 0 . . . 0

�����������
{D

p1q
m,n�1q

� p

�����������

x . . . . . . xm�1 xm 0 . . . 0 0
c1

1 c1
2 . . . c1

m�1 c1
m 0 . . . 0 0

c2
1 c2

2 . . . c2
m�1 c2

m c1
m . . . c1

m�n�1 c1
m�n

... ... ... ... ... ... ... ...
c1

r�1 c1
r . . . c1

m�r�3 c1
m�r�2 0 . . . 0 0

c2
r�1 c2

r . . . c2
m�r�3 c2

m�r�2 c1
m�r�2 . . . c1

m�n�r�1 c1
m�n�r�2

c1
r c1

r�1 . . . c1
m�r�2 c1

m�r�1 0 . . . 0 0

�����������
{D

p1q
m,n�1q

� pDp1q
m,n{D

p1q
m,n�1q

�1pD
p0q
m�1,n�1{D

p1q
m,n�1q.

Finally, we get

Qpm,nq1pxq � Qpm,n�1q1pxq � x
|D

p0q
m�1,n�1||D

p2q
m�1,n|

|D
p1q
m,n||D

p1q
m,n�1|

Q
p1q
pm�1,nq1

pxq.

The relation (4.7) can be shown in a similar way.
We have the following theorem

Théorème 20 For m ¡ n ¥ 1 , p ¡ 0 such that m � n � 2p � 1, the polynomials
Qpm,nq1pxq and Qpm,nq2pxq satisfy the following relations

Qpm,nq1pxq � Qpm,n�2q1pxq�xpβm,n�βm,n�1qQpm�1,n�1q1pxq�x2βm,nβ
p1q
m�1,nqQpm�2,nq1pxq

(4.8)
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and

Qpm,nq2pxq � x2Qpm,n�2q2pxq�xpβm,n�βm,n�1qQ
p1q
pm�1,n�1q2pxq�βm,nβ

p1q
m�1,nQ

p2q
pm�2,nq2

pxq
(4.9)

with Qpm,0q1 , Qpm,�1q1 are two polynomials of degree m,

Qp0,�1q1pxq � 1, Qpm,�1q2 � 0, Qpm,0q2 �
|Dm�1,�1|

|D
p1q
m,0|

,

βm,n �
|D

p0q
m�1,n�1||D

p2q
m�1,n|

|D
p1q
m,n||D

p1q
m,n�1|

, βp1qm,n �
|D

p1q
m�1,n�1||D

p3q
m�1,n|

|D
p2q
m,n||D

p2q
m,n�1|

.

Dpiq
m,n is given by (2.19). Moreover, the polynomials Qpm,0q1 , Qpm,�1q1 are computed

using the following relations

Qpm,�1q1pxq � Qpm�2,�1q1pxq � xpβm,�1 � βm�1,�1qQ
p1q
pm�2,�1q1pxq � βm,�1β

p1q
m�1,�1Q

p2q
pm�2,�1q1 ,

Qpm,0q1pxq � Qpm�1,�1q1pxq � xpβm,0 � βm,�1qQ
p1q
pm�1,�1q1pxq � x2β

p1q
m�1,0βm,0Q

p2q
pm�2,0q1pxq,

where Q
piq
pm,0q2 �

|Dm�1,�1|

|D
p1q
m,0|

, βm,�1 �
|Dm,�1||D

p2q
m�1,�1|

|D
p1q
m,�1||D

p1q
m�1,�1|

and β
p1q
m,�1 �

|D
p1q
m,�1||D

p3q
m�1,�1|

|D
p2q
m,�1||D

p2q
m�1,�1|

.

Proof.

We apply the Sylvester identity to the polynomials Qm,n�1 and Q
p1q
m�1,n and the

same techniques as the proof of the lemma 19. Then

Qpm,n�1q1pxq � Qpm,n�2q1pxq � xβm,n�1Q
p1q
pm�1,n�1q1pxq (4.10)

Qpm,n�1q2pxq � xQpm,n�2q2pxq � βm,n�1Q
p1q
pm�1,n�1q2pxq (4.11)

and
Q
p1q
pm�1,nq1

pxq � Q
p1q
pm�1,n�1q1 � xβm�1,nQ

p2q
pm�2,nq1

pxq (4.12)

Q
p1q
pm�1,nq2

pxq � xQ
p1q
pm�1,n�1q2 � βm�1,nQ

p2q
pm�2,nq2

pxq (4.13)

(4.8) and (4.9) relations can be established by substituting (4.10) and (3.16) with
(4.6) and also (4.11), (4.13) with the expression of Qpm,nq2 given by (4.7).
We now state the following results, which give the short-term recurrence relations
to compute the polynomials Q

piq
pm,nq1

pxq and Q
piq
pm,nq2

pxq, for i ¥ 0.

Théorème 21 Let Q
piq
pm,nq1

pxq and Q
piq
pm,nq2

pxq be two polynomials as given by (2.22).
For i ¥ 0, m ¡ n ¥ 1 , p ¡ 0 such that m � n � 2p � 1. Q

piq
pm,nq1

pxq and Q
piq
pm,nq2

pxq
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are computed as follows
Q
piq
pm,nq1

pxq � Q
piq
pm,n�2q1pxq � xpβpiqm,n � β

piq
m,n�1qQ

pi�1q
pm�1,n�1q1pxq (4.14)

� x2βpiqm,nβ
pi�1q
m�1,nQ

pi�2q
pm�2,nq1

pxq

Q
piq
pm,nq2

pxq � x2Q
piq
pm,n�2q2pxq � xpβpiqm,n � β

piq
m,n�1qQ

pi�1q
pm�1,n�1q2pxq (4.15)

� βpiqm,nβ
pi�1q
m�1,nQ

pi�2q
pm�2,nq2

pxq

with Q
piq
pm,0q1 , Q

piq
pm,�1q1 are two polynomials of degree m,

Q
piq
p0,�1q1pxq � 1, Q

piq
pm,�1q2 � 0, Q

piq
pm,0q2 �

|D
piq
m�1,�1|

|D
pi�1q
m,0 |

,

βpiqm,n �
|D

piq
m�1,n�1||D

pi�2q
m�1,n|

|D
pi�1q
m,n ||D

pi�1q
m,n�1|

.

Furthermore, the polynomials Q
piq
pm,�1q1pxq and Q

piq
pm,0q2 are computed as follows

Q
piq
pm,�1q1pxq � Q

piq
pm�2,�1q1pxq � xpβ

piq
m,�1 � β

piq
m�1,�1qQ

pi�1q
pm�2,�1q1pxq

� β
piq
m,�1β

pi�1q
m�1,�1Q

pi�2q
pm�2,�1q1 , (4.16)

Q
piq
pm,0q1pxq � Q

piq
pm�1,�1q1pxq � xpβ

piq
m,0 � β

piq
m,�1qQ

pi�1q
pm�1,�1q1pxq

� x2β
pi�1q
m�1,0β

piq
m,0Q

pi�2q
pm�2,0q1pxq, (4.17)

with β
piq
m,�1 �

|D
piq
m,�1||D

pi�2q
m�1,�1|

|D
pi�1q
m,�1||D

pi�1q
m�1,�1|

,

Proof.
The relations (4.14) and (4.15) are proved using the same techniques as in Theorem
20.

In the following, we define the Padé table, including the adjacent families of
quasi-orthogonal polynomials Q

piq
pm,nq of the form (2.8), where m � n � 2p � 1, for

some p P N and i � 0, 1, . . .. We display these polynomials in a table denoted by Ti

for each integer i. Denote by pm, nq the i-th adjacent quasi-orthogonal polynomials
Q
piq
pm,nq in this table.

Ti � p1, 0q
p3, 0q p2, 1q
p5, 0q p4, 1q p3, 2q
p7, 0q p6, 1q p5, 2q p4, 3q
p9, 0q p8, 1q p7, 2q p6, 3q p5, 4q
. . . . . . . . . . . . . . .

This table is made to fill the first diagonal with the polynomials Q
piq
pn�1,nq when p � 0.

The second diagonal handles the polynomials Q
piq
pn�3,nq, when p � 1, etc.
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4.2 Formulation of the recursive quasi-orthogonal
polynomial algorithm

This section introduces the proposed algorithm to compute the quasi-orthogonal
polynomials of the form (4.3) recursively using (4.14) and (4.15) formulas. The pro-
posed algorithm provides an efficient procedure to generate the coefficients βpiqm,n

without computing the lower block determinants. Note that the computation of the
short-term recurrence relations of quasi-orthogonal polynomials in (4.14) and (4.15)
require evaluating βpiqm,n, β

piq
m,n�1 and β

pi�1q
m�1,n, where m�n is assumed to be odd. Two

procedures are described to compute these quantities : the first one for computing
βpiqm,n when m�n is odd, and the second one for m�n is even. First, we define some
notations that will be needed.

In the following, we set βpiqm,n to be βpiqm,n �
α
piq
m�1,n�1

α
pi�1q
m,n

with

αpiqm,n �
|Dpiq

m,n|

|D
pi�1q
m�1,n|

. (4.18)

For m � n � 2p, i.e., r � m�n
2 , we define γpiqm,n as

γpiqm,n ����������

���������

c1
i c1

i�1 . . . c1
i�m�1 0 . . . 0

c2
i c2

i�1 . . . c2
i�m�1 c1

i�m�1 . . . c1
i�m�n�1

... ...
c1

i�r�2 c1
i�r�1 . . . c1

i�m�r�3 0 . . . 0
c2

i�r�2 c2
i�r�1 . . . c2

i�m�r�3 c1
i�m�r�3 . . . c1

i�m�n�r�3
c2

i�r�1 c2
i�r . . . c2

i�m�r�2 c1
i�m�r�2 . . . c1

i�m�n�r�2

���������
{D

pi�1q
m�1,n

��������

(4.19)

and for m � n � 2p � 1, i.e., r �
m � n � 1

2 , we define δpiqm,n as
δpiqm,n ������������

�����������

c1
i c1

i�1 . . . c1
i�m�1 0 . . . 0

c2
i c2

i�1 . . . c2
i�m�1 c1

i�m�1 . . . ci�m�n�1
... ... ... ...

c1
i�r�3 c1

i�r�2 . . . c1
i�m�r�4 0 . . . 0

c2
i�r�3 c2

i�r�2 . . . c2
i�m�r�4 c1

i�m�r�4 . . . c1
i�m�n�r�4

c1
i�r�2 c1

i�r�1 . . . c1
i�m�r�3 0 . . . 0

c1
i�r�1 c1

i�r . . . c1
i�m�r�2 0 . . . 0

�����������
{D

pi�1q
m�1,n

����������

(4.20)
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4.2.1 Computation of coefficients βm,n with m� n � 2p� 1
The following theorem gives the procedure to compute the coefficients βpiqm,n when

m � n is odd.

Théorème 22 For all m ¡ n ¡ 0, with m � n � 2p � 1, and r �
m � n � 1

2
the quantities αpiqm,n, γpiqm,n are giving in (4.18) and (4.19) respectively. The following
relations define a recursive algorithm for computing the coefficients βpiqm,n. The coef-
ficients βpiqm,n are computed via the following equations$'''''''&'''''''%

βpiqm,n �
α
piq
m�1,n�1

α
pi�1q
m,n

,

αpiqm,n � γ
piq
m,n�1 � γ

pi�1q
m�1,nβ

piq
m�1,n,

γ
piq
m,n�1 � c2

i�r�1 �
A

C
piq
m�1,n�1, q

piq
m�1,n�1

E
,

γ
pi�1q
m�1,n � c2

i�r �
A

C
pi�1q
m�2,n, q

pi�1q
m�2,n

E
,

(4.21)

where x�, �y is the 2-inner product for two vectors,

C
piq
m�1,n�1 �

���������

c2
i�r
...

c2
i�r�m�2

c1
i�r�m�2

...
c1

i�r�m�n�1

���������
, q

piq
m�1,n�1 �

������������

q1,i
1

q1,i
2
...

q1,i
m�1

q2,i
n�1
...

q2,i
0

������������
and tq1,i

1 , . . . , q1,i
m�1u, tq

2,i
0 , . . . , q2,i

n�1u are the coefficients of Q
piq
pm�1,n�1q1 , Q

piq
pm�1,n�1q2 ;

respectively.

Proof.

According to (4.18), αpiqm,n can be written as Schur complement as

αpiqm,n �

�������

�������
c1

i c1
i�1 . . . c1

i�m�1 0 . . . 0
c2

i c2
i�1 . . . c2

i�m�1 c1
i�m�1 . . . c1

i�m�n�1
... ... ...

c1
i�r�1 c1

i�r . . . c1
i�m�r�2 0 . . . 0

c2
i�r�1 c2

i�r . . . c2
i�m�r�2 c1

i�m�r�2 . . . c1
i�m�n�r�1

������� {D
pi�1q
m�1,n

������
.
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We apply the Sylvester identity to

αpiqm,n �

�����������

�����������

c1
i c1

i�1 . . . c1
i�m�1 0 . . . 0 0

c2
i c2

i�1 . . . c2
i�m�1 c1

i�m�1 . . . c1
i�m�n c1

i�m�n�1
... ... ...

c1
i�r�2 c1

i�r�1 . . . 1 c1
i�m�r�3 0 . . . 0 0

c2
i�r�2 c2

i�r�1 . . . c2
i�m�r�3 c1

i�m�r�3 . . . c1
i�m�n�r�2 c1

i�m�n�r�3
c1

i�r�1 c1
i�r . . . c1

i�m�r�2 0 . . . 0 0
c2

i�r�1 c2
i�r . . . c2

i�m�r�2 c1
i�m�r�2 . . . c1

i�m�n�r�1 c1
i�m�n�r�2

�����������
{D

pi�1q
m�1,n

����������

.

We obtain

αpiqm,n �

���������

���������

c1
i c1

i�1 . . . c1
i�m�1 0 . . . 0

c2
i c2

i�1 . . . c2
i�m�1 c1

i�m�1 . . . c1
i�m�n

... ... ...
c1

i�r�2 c1
i�r�1 . . . c1

i�m�r�3 0 . . . 0
c2

i�r�2 c2
i�r�1 . . . c2

i�m�r�3 c1
i�m�r�3 . . . c1

i�m�n�r�2
c2

i�r�1 c2
i�r . . . c2

i�m�r�2 c1
i�m�r�2 . . . c1

i�m�n�r�1

���������
{D

pi�1q
m�1,n�1

��������


�

���������

���������

c1
i�1 . . . c1

i�m�1 0 . . . 0 0
c2

i�1 . . . c2
i�m�1 c1

i�m�1 . . . c1
i�m�n c1

i�m�n�1
... ... ...

c1
i�r�1 . . . c1

i�m�r�3 0 . . . 0 0
c2

i�r�1 . . . c2
i�m�r�3 c1

i�m�r�3 . . . c1
i�m�n�r�2 c1

i�m�n�r�3
c2

i�r . . . c2
i�m�r�2 c1

i�m�r�2 . . . c1
i�m�n�r�1 c1

i�m�n�r�2

���������
{D

pi�1q
m�1,n�1

��������

�
�

D
pi�1q
m�1,n{D

i�1
m�1,n�1

	�1
�
�

D
piq
m,n�1{D

pi�1q
m�1,n�1

	
.

By using the Schur complement property : pM{Dq �
|M |

|D|
, and multiplying by

|D
pi�2q
m�2,n|

|D
pi�2q
m�2,n|

, we get

αpiqm,n � γ
piq
m,n�1 �

�������������

c1
i�1 c1

i�2 . . . c1
i�m�1 0 . . . 0 0

c2
i�1 c2

i�2 . . . c2
i�m�1 c1

i�m�1 . . . c1
i�m�n c1

i�m�n�1
... ... ...

c1
i�r�1 c1

i�r . . . c1
i�m�r�3 0 . . . 0 0

c2
i�r�1 c2

i�r . . . c2
i�m�r�3 c1

i�m�r�3 . . . c1
i�m�n�r�2 c1

i�m�n�r�3
c2

i�r c2
i�r�1 . . . c2

i�m�r�2 c1
i�m�r�2 . . . c1

i�m�n�r�1 c1
i�m�n�r�2

����������������Dpi�2q
m�2,n

���
�

���Dpi�2q
m�2,n

��� ���Dpiq
m,n�1

������Dpi�1q
m�1,n�1

��� ���Dpi�1q
m�1,n

��� .
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Therefore
αpiqm,n � γ

piq
m,n�1 � γ

pi�1q
m�1,nβ

piq
m�1,n.

γ
piq
m,n�1 and γ

pi�1q
m�1,n in (4.21) can be written as follows :

γ
piq
m,n�1 � c2

i�r�1�
�

c2
i�r . . . c2

i�r�m�2 c1
i�r�m�2 . . . c1

i�r�mn�1
�
pD

pi�1q
m�1,n�1q

�1

�������
�c1

i

�c2
i

...
�c1

i�r�2
�c2

i�r�2

�������
, and

γ
pi�1q
m�1,n � c2

i�r�
�

c2
i�r�1 . . . c2

i�r�m�2 c1
i�r�m�2 . . . c1

i�r�m�n�2
�
pD

pi�2q
m�2,nq

�1

�������
�c1

i�1
�c2

i�1
...

�c1
i�r�1

�c2
i�r�1

������� .

Set

C
piq
m�1,n�1 �

��������
c2

i�r

. . .
c2

i�r�m�2
c1

i�r�m�2
. . .

c1
i�r�m�n�1

�������� and q
piq
m�1,n�1 �

������������

q1,i
1

q1,i
2
...

q1,i
m�1

q2,i
n�1
...

q2,i
0

������������
such as,

q
piq
m�1,n�1 � pD

pi�1q
m�1,n�1q

�1

�������
�c1

i

�c2
i

...
�c1

i�r�2
�c2

i�r�2

������� ,

with q
piq
m�1,n�1 are the coefficients of the polynomial Q

piq
m�1,n�1 given by (4.1). It

follows that
γ
piq
m,n�1 � c2

i�r�1 �
A

C
piq
m�1,n�1, q

piq
m�1,n�1

E
,

and
γ
pi�1q
m�1,n � c2

i�r �
A

C
pi�1q
m�2,n, q

pi�1q
m�2,n

E
Which completes the proof.
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4.2.2 Computation of coefficients βm,n with m� n � 2p

The computation of the quantities βpiqm,n, when m � n � 2p is described in the next
theorem.

Théorème 23 For all m ¡ n ¡ 0 and m � n � 2p, for some p and r � m�n
2 .the

quantities αpiqm,n, δpiqm,n are giving in (4.18) and (4.20) respectively. The following rela-
tions define a recursive algorithm for computing the coefficients βpiqm,n. The coefficients
βpiqm,n are computed as$'''''''&'''''''%

βpiqm,n �
α
piq
m�1,n�1

αi�1
m,n

αpiqm,n � δ
piq
m,n�1 � δ

pi�1q
m�1,nβ

piq
m�1,n

δ
piq
m,n�1 � c1

i�r �
A

C
p1,iq
m�1,n�1; q

piq
m�1,n�1

E
δ
pi�1q
m�1,n � c1

i�r�1 �
A

C
p1,i�1q
m�2,n1 ; q

pi�1q
m�2,n

E
.

where

C
p1,iq
m1�1,n1�1 �

�����������

c1
i�r1�1

c1
i�r1�2

...
c1

i�m1�r1�1
0
...
0

�����������
, C

p1,i�1q
m1�2,n1 �

�����������

c1
i�r1�2

c1
i�r1�3

...
c1

i�m1�r1�1
0
...
0

�����������
,

and q
piq
m�1,n�1, q

pi�1q
m�2,n are the coefficients of the polynomials Q

piq
m�1,n�1, and Q

pi�1q
m�2,n ;

respectively.

Proof.

The proof is similar to the ones given in Theorem 22.

4.2.3 Computation of coefficients βm,�1 with m=2p
Now, we present a recursive procedure to compute βm,�1 as defined below (4.17).

Consider

α
piq
m,�1 �

|D
piq
m,�1|

|D
pi�1q
m�1,�1|

(4.22)
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When m is even, and r �
m

2 , we define the matrices D
piq
m,�1,γ

piq
m�1,�1

D
piq
m,�1 �

�������
c1

i c1
i�1 . . . c1

i�m�1
c2

i c2
i�1 . . . c2

i�m�1
... ... ...

c1
i�r�1 c1

i�r . . . c1
i�m�r�2

c2
i�r�1 c2

i�r . . . c2
i�m�r�2

������� ,

γ
piq
m�1,�1 �

�������

�������
c1

i c1
i�1 . . . c1

i�m�2
c2

i c2
i�1 . . . c2

i�m�2
... ... ...

c2
i�r�2 c2

i�r�1 . . . c2
i�m�r�4

c2
i�r�1 c2

i�r . . . c2
i�m�r�3

������� {D
pi�1q
m�2,�1

������
. (4.23)

When m is odd, and r �
m � 1

2 , we define

D
piq
m,�1 �

���������

c1
i c1

i�1 . . . c1
i�m�1

c2
i c2

i�1 . . . c2
i�m�1

... ... ...
c1

i�r�1 c1
i�r . . . c1

i�m�r�2
c2

i�r�1 c2
i�r . . . c2

i�m�r�2
c1

i�r c1
i�r�1 . . . c1

i�m�r�1

���������

δ
piq
m�1,�1 �

�������

�������
c1

i c1
i�1 . . . c1

i�m�2
c2

i c2
i�1 . . . c2

i�m�2
... ... ...

c1
i�r�1 c1

i�r . . . c1
i�m�r�3

c1
i�r c1

i�r�1 . . . c1
i�m�r�2

������� {D
pi�1q
m�1,�1

������
 (4.24)

The following lemmas give the procedure to compute the coefficient β
piq
m,�1 used in

(4.17) recursively.

Lemme 24 Let α
piq
m,�1, γ

piq
m,�1 be defined by (4.22) and (4.23) ; respectively. When m

is even, and r � m
2 . Then β

piq
m,�1 can be computed by using the following formulas.$''''&''''%

β
piq
m,�1 �

α
piq
m,�1

α
pi�1q
m,�1

, β2,�1 �
c1

2pc
1
0c

2
1 � c2

0c
1
1q

c1
1pc

1
1c

2
2 � c2

1c
1
2q

,

α
piq
m,�1 � γ

piq
m�1,�1 � γ

pi�1q
m�1,�1β

piq
m�1,�1

γ
piq
m�1,�1 � c2

i�r�1 �
A

C
piq
m�2,�1; q

piq
m�2,�1

E
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where

C
piq
m�2,�1 �

��� c2
i�r
...

c2
i�m�r�3

��� ,

and q
piq
m�2,�1 is the vector column of the coefficients of the polynomial Q

piq
m�2,�1.

Lemme 25 Let α
piq
m,�1, δ

piq
m,�1 be defined by (4.22) and (4.24) respectively. When m

is odd and r �
m � 1

2 . Then βpiqm,n are computed as

$''''&''''%
β
piq
m,�1 �

α
piq
m,�1

α
pi�1q
m,�1

, β1,�1 �
c1

0
c1

1
,

α
piq
m,�1 � δ

piq
m�1,�1 � δ

pi�1q
m�1,�1β

piq
m�1,�1

δ
piq
m�1,�1 � c1

i�r �
A

C
1piq
m�2,�1; q

piq
m�2,�1

E (4.25)

with

C
1piq
m�2,�1 �

��� c1
i�r�1

...
c1

i�m�r�2

��� ,

and q
piq
m�2,�1 are the coefficients of the polynomial Q

piq
m�2,�1.

Algorithm 5 describes how the matrix polynomials Qpiq
m,n of the form (4.3) are com-

puted by the short-term recurrence relations (4.14) and (4.15).
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Algorithm 5 (Recursive Algorithm for computation of quasiorthogonal polynomials)

1. Inputs : Q
piq
0 pxq � 1, Qpiq

m2pxq � 0, Q
piq
p1,0q1pxq � 1� c1

i

c1
i�1

, |Dpiq
0 | � 1, Q

piq
p1,0q2pxq �

|D
piq
2,�1|

pc1
i�1q

2 , |D
piq
1 | � c1

i .

2. For k � 0, . . . . . . , h

— Set m � 2k

— Compute Qpiq
m pxq � Q

piq
m�2pxq�xpβpiqm �β

piq
m�1qQ

pi�1q
m�2 pxq�βpiqm β

pi�1q
m�1 Q

pi�2q
m�2 pxq.

— end

3. For k1 � 1, . . . . . . , h1

— Set m � 2k1 � 1

— Compute Q
piq
pm,0q1pxq � Q

piq
pm�1,�1q1pxq�xpβ

piq
m,0�βpiqm qQ

pi�1q
pm�1,�1q1pxq�x2βi�1

m�1,0β
piq
m,0Q

pi�2q
pm�2,0q1pxq

— end

4. For p � 1, . . . . . . , l

— For m � 1, . . . . . . , s

— For n � 1, . . . . . . , s1

— If m � n � 2p � 1 do

— Compute Q
piq
pm,nq1

pxq � Q
piq
pm,n�2q1pxq � xpβpiqm,n � β

piq
m,n�1qQ

pi�1q
pm�1,n�1q1pxq �

x2βpiqm,nβ
pi�1q
m�1,nQ

pi�2q
pm�2,nq1

pxq

— ComputeQ
piq
pm,nq2

pxq � x2Q
piq
pm,n�2q2pxq � xpβpiqm,n � β

piq
m,n�1qQ

pi�1q
pm�1,n�1q2pxq �

βpiqm,nβ
pi�1q
m�1,nQ

pi�2q
pm�2,nq2

pxq

— end

Outputs : polynomials Q
piq
pm,nq1

pxq, Q
piq
pm,nq2

pxq.
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We give the following example to illustrate the different steps of the proposed algo-
rithm to compute the quasi-orthogonal polynomials with applications to the vector
Padé approximant of the form (2.8).

4.3 Example
Consider the function

F pxq �

�
ex

lnp1 � xq

�
�

�
1 � x � x2

2 � x3

6 � x4

24 �
x5

120 � . . .

x � x2

2 � x3

3 � x4

4 � x5

5 � x6

6 � . . .

�
.

The main of this example is to compute the vector Padé approximant rQm,n, for
m � 5 and n � 2. First, we apply the Algorithm 5 to compute the quasi-orthogonal
polynomial Qm,n.
We start to compute Q1,�1 and Q0,�1.

Q1,�1 �

�����
1 � x

c1
i

c
p1q
i�1

0

0 1 � x
c1

i

c
p1q
i�1

����� , Q0,�1 � 1, Q
piq
1,0 �

�����
1 � x

c1
i

c
p1q
i�1

|D
piq
2

D
pi�1q
1,0

1 � x
c1

i

c
p1q
i�1

����� .

β2,�1 �
c1

2pc
1
0c

2
1 � c2

0c
1
1q

c1
1pc

1
1c

2
2 � c2

1c
1
2q

, β1,�1 �
c1

0
c1

1
, β

p1q
1 �

c1
1

c1
2

From (4.16), we have
Qp2,�1q1pxq � 1 � 1

2x � x2

Q
p1q
p2,�1q1pxq � 1 � p2{3qx � 4x2

Q
p2q
p2,�1q1pxq � 1 � p9 � x2q{2 � p15 � xq{8

Q
p3q
p2,�1q1pxq � 1 � p16 � x2q{3 � p44 � xq{15.

According to (4.25), we get$'''''''''&'''''''''%

β
p0q
3,�1 �

α
p0q
3,�1

α
p1q
3,�1

α
p0q
3,�1 � δ

p0q
2,�1 � δ

p1q
2,�1β

p0q
2,�1 �

7
12

δ
p0q
2,�1 � c1

1 � c1
2
�c1

0
c1

1
� 1{2

δ
p1q
2,�1 � c1

2 � c1
3
�c1

1
c1

2
� 1{6.
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such that �c1
0

c1
1

and �c1
1

c1
2

are respectively the coefficients of Q
p0q
1 and Q

p1q
1 .

Similarly, $'''''&'''''%

α
p1q
3,�1 � δ

p1q
2 � δ

p2q
2 β

p1q
2,�1 �

2
9

β
p1q
2,�1 � �4{3

δ
p2q
2,�1 � c1

3 � c1
4
�c1

2
c1

3
� 1{24

β
p0q
3,�1 � 2.625.

and $'&'%
β
p2q
2,�1 � �9{8

δ
p3q
2,�1 � 1{120

β
p1q
3,�1 � 4.3573

and $'''''''''''''''''''&'''''''''''''''''''%

β
p0q
4,�1 �

α
p0q
4,�1

α
p1q
4,�1

� 0.2660

α
p0q
4,�1 � γ

p0q
3 � γ

p1q
3 β

p0q
3,�1 � 0.1874

α
p1q
4,�1 � γ

p1q
3 � γ

p2q
3 β

p1q
3,�1 � 0.7044

γ
p0q
3,�1 � c2

1 � rc2
2 c2

3s

�
q1,0

1

q1,0
2

�
� 11{12

γ
p1q
3,�1 � c2

2 � rc2
3 c2

4s

�
q1,1

1

q1,1
2

�
� 0.2778

γ
p2q
3,�1 � c2

3 � rc2
4 c2

5s

�
q1,2

1

q1,2
2

�
� �0.0979

with the q1,i
1 and q1,i

2 are the coefficients of Q
piq
2,�1.

Q4,�1pxq and Q
p1q
4,�1pxq are now given by

Q4,�1pxq ��
1 � 3.3913x � 2.087x2 � 9.3913x3 � 5.2174x4 0

0 1 � 3.3913x � 2.087x2 � 9.3913x3 � 5.2174x4



and
Q
p1q
4,�1pxq ��
52.865x4 � 40.0997x3 � 9.3191x2 � 3.11635x � 1 0

0 52.865x4 � 40.0997x3 � 9.3191x2 � 3.11635x � 1



,
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with

$''''''&''''''%

β
p1q
4,�1 � �1.907613,

β
p2q
3,�1 � 5.1962

δ
p4q
2,�1 � 1{720,

α
p2q
4,�1 � �0.369587,

γ
p3q
3,�1 � 47{900

Now, we compute the coefficients β
p3q
2,0 �

α
p3q
3,�1

α
p4q
2,0

and β
p2q
3,0 �

α
p2q
4,�1

α
p3q
3,0

via$'''''''''''''''&'''''''''''''''%

β
p3q
2,0 � 7.0667,

β
p2q
3,0 � 0.0423,

α
p4q
2,0 � δ

p4q
2,�1 � c1

5 � c1
6
�c1

4
c1

5
� 1{720

α
p3q
3,0 � γ

p3q
3,�1 � γ

p4q
2,0β

p3q
2,0 � �8.7223

γ
p3q
3,�1 � c

p2q
4 � rc2

5 c2
6s

�
q1,3

1

q1,3
2

�
� 0.0522

γ
p4q
2,0 � c2

5 � r c2
6 c2

6 sr
q1,4

1

q2,4
0

s � 149{120

with q1,3
1 , q1,3

2 are the coefficients of Q
p3q
2,�1, and q1,4

1 , q2,4
0 are the coefficients of Q

p4q
1,0,

we obtain
Q
p2q
p3,0q1 � 26.4441x3 � 11.1652x2 � 7.1135x � 1,

Q
p2q
p3,0q2 � 44.904458598726023.

Q
p3q
p2,1q1 and Q

p3q
p2,1q2 are given by

Q
p3q
p2,1q1 � 30x2 � 10x � 1,

Q
p3q
p2,1q2 � 6280 � 32460x

Similarly, we have

Q
p2q
p3,2q1 � �210x3 � 90.000000000000227x2 � 15.000000000000034x � 1

Q
p2q
p3,2q2pxq � 5262599.999833005x2 � 1718399.999945471x � 166889.9999947042

The computation of Q
p1q
4,1 leads to

Q
p1q
p4,1q1pxq � Q

p1q
4,�1pxq � xpβ

p1q
4,1 � β

p1q
4,0qQ

p2q
p3,0q1pxq � x2β

p1q
4,1β

p2q
3,1Q

p3q
p2,1q1pxq

Q
p1q
p4,1q2pxq � �xpβ

p1q
4,1 � β

p1q
4,0qQ

p2q
p3,0q2pxq � x2β

p1q
4,1β

p2q
3,1Q

p3q
p2,1q2pxq
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with $''''''''''''''''&''''''''''''''''%

β
p2q
3,1 �

α
p2q
4,0

α
p3q
3,1

� 7.91688;

β
p1q
4,0 �

α
p1q
5,�1

α
p2q
4,0

� 8.0667322

β
p1q
4,1 �

α
p1q
5,0

α
p2q
4,1

� 0.02813

α
p1q
5,0 � γ

p1q
5,�1 � γ

p2q
4,0β

p1q
4,0 � �1.9239

α
p1q
5,�1 � δ

p1q
4,�1 � δ

p2q
4,�1β

p1q
4,�1 � 0.02534

δ
p1q
4,�1 � 0.019317; δ

p2q
4,�1 � 0.00315831

Then, we find

Q
p1q
p4,1q1 � �154.475702567x4�52.5455755315x3�48.4901667679x2�11.2100094x�1

Q
p2q
p4,1q2 � �6865.406140101707x � 1398.567520032000

We continue with the same steps and compute Q
p0q
5,0

Q
p0q
p5,0q1pxq � Q

p0q
p4,�1q1 � xpβ

p0q
5,0 � β

p0q
5,�1qQ

p1q
p4,�1q1pxq � x2β

p0q
5,0β

p1q
4,0Q

p2q
p3,0q1pxq

Q
p0q
p5,0q2pxq � β

p0q
5,0β

p1q
4,0Q

p2q
p3,0q2pxq

the coefficients are given by$'&'%β
p0q
5,�1 �

α
p0q
5,�1

α
p1q
5,�1

� 3.661339568

α
p0q
5,�1 � δ

p0q
4,�1 � δ

p1q
4,�1β

p0q
4,�1 � 0.0927783

,

$'&'%β
p0q
5,0 �

α
p0q
6,�1

α
p1q
5,0

� �0.085831395

α
p0q
6,�1 � γ

p0q
5,�1 � γ

p1q
5,�1β

p0q
5,�1 � 0.06235819

then, it holds

Q
p0q
p5,0q1 � �207.278746995x5�156.272574x4�47.63693x3�12.5319487x2�6.96680817x�1

Q
p2q
p5,0q2pxq � �31.0908986.

It remains to compute the coefficients β
p1q
4,2 , β

p0q
5,1 and β

p0q
5,2 , then we compute the auxi-

liary polynomials Q
p2q
3,1, Q

p0q
5 , Q

p1q
4,0 as follows

Q
p2q
p3,1q1 � Q

p2q
p3,0q1pxq � xβ

p2q
3,1Q

p3q
p2,1q1 � �211.0623x3 � 90.3340x2 � 15.0304x � 1

Q
p0q
p5,�1q1 � Q

p0q
4,�1pxq � xβ

p0q
5,�1Q

p1q
4,�1pxq

Q
p0q
p5,�1q1 � �193.5057x5 � 151.9826x4 � 43.5119x3 � 13.4917x2 � 7.0526x � 1
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Q
p1q
p4,0q1 � Q

p1q
4,�1pxq�xβ

p1q
4,0Q

p2q
p3,0q1pxq � �160.4664x4�49.9816x3�48.0636x2�11.1816x�1.

According to these relations, we compute βpiqm,n$''''&''''%
β
p1q
4,2 �

α
p1q
5,1

α
p2q
4,2

� 9.147103

α
p2q
4,2 � δ

p2q
4,1 � δ

p3q
3,2β

p2q
3,2 � 0.00014654

α
p1q
5,1 � δ

p1q
5,0 � δ

p2q
4,1β

p1q
4,1 � 0.02813.

,

$'&'%β
p0q
5,1 �

α
p0q
6,0

α
p1q
5,1

� 8.08036

α
p0q
6,0 � δ

p0q
6,�1 � δ

p1q
5,0β

p0q
5,0 � 0.0108314

and $''''&''''%
β
p0q
5,2 �

α
p0q
6,1

α
p1q
5,2

� 0.018490599

α
p0q
6,1 � γ

p0q
6,1 � γ

p1q
5,1β

p0q
5,1 � �10.658912

α
p1q
5,2 � γ

p1q
5,1 � γ

p2q
4,2β

p1q
4,2 � �0.00057645034

Finally, the desired quasi-orthogonal polynomials Qp5,2q1pxq and Qp5,2q1pxq are

Qp5,2q1pxq � 1008.944894x5�284.53801x4�347.614x3�103.46207x2�15.05892x�1

Q
p0q
p5,2q2pxq � 945662.918x2 � 301969.105003x � 28227.0101

According to (2.20) and (2.21), the vector Padé approximants rQp5,2q1 and rQp5,2q2 are
shown as

rQp5,2q1pxq � 1 � 0.2820x � 0.3445x2 � 0.1025x3 � 0.0149x4 � 9.9113 � 10�4x5

rQp0q
p5,2q2pxq � 937.2791 � 299.2920x � 27.9768x2.
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5
Reduction model using Padé approximation

The modeling of phenomena or physical systems often requires representations
by mathematical models that will be simulated, analyzed or controlled. Mathema-
tical models are represented by dynamical systems that can be with high-order,
which makes the task of mathematicians more complicated given the capacity com-
puter storage space and execution time. A number of techniques for the reduction
of large-scale dynamical systems have been proposed, among them we find Proper
Orthogonal Decomposition [10, 10], Balanced Truncation [44, 38], Interpolatory me-
thods including methods referred to as Rational Krylov Methods [25]. There exist
also methods based on the Routh stability criterion and the Padé approximation
technique[56].

In this chapter, we propose to apply the Padé approximation technique for re-
duction in order of high-order systems. Let consider the single-machine infinite-bus
(SMIB) power system as an application of the algorithms proposed in this thesis
and we will see how to reduce the order of this system.
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5.1 The problem setting
The principle of the reduction of linear models using the Padé approximation

can be defined as follows :

Let consider the linear system LTI :#
9xptq � Axptq � Buptq

yptq � Cxptq � Duptq,
(5.1)

where A P Rn�n, B P Rn�m, C P Rp�n and D P Rp�m, x P Rn, y P Rp and u P Rm.
If n � m � 1, the dynamic system is called a single-input, single-output (SISO)
system, otherwise it is called a multi-input, multi-output (MIMO) system.

This representation is not unique, one can use the representation by the transfer
function given by :

Hpsq � CpsIn � Aq�1B � D (5.2)
The goal is to determine a simpler, lower-order LTI dynamical system than the
original system : "

9xrptq � Arxrptq � Bruptq
yrptq � Crxrptq � Druptq

where Ar P Rr�r, Br P Rr�m, Cr P Rp�r and Dr P Rp�m, r ! n having the reduced
transfer function is written :

Hrpsq � CrpsIr � Arq
�1Br � Dr,

the Padé approximation makes it possible to approximate the transfer function of
the high order system by a lower order transfer function equalizing their moments
in s0.

The transfer function of a linear system is a rational function :

Hpsq �

m°
i�0

ais
i

n°
j�0

bjsj

, (5.3)

where
Hpsq � m0 � m1ps � s0q � m2ps � s0q

2 . . . (5.4)
such that the mi are the moments of the system (5.1) at s0, which are written :

mi �
diH

dsi
ps0q @i � 0, . . .,
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a lower order model represented by the reduced transfer function which is also a
rational function of the following form :

Hrpsq �

k°
i�0

dis
i

r°
j�0

ejsj

, @j   r et r   n

where
Hrpsq � pm0 � pm1ps � s0q � m2ps � s0q

2 . . . � mrps � s0q
r, (5.5)

and

diHr

dsi
ps0q @i � 0, . . . , r,

so that the reduced order model corresponds to a certain number of moments

mi � pmi, @i � 1, . . . , r

we put e0 � 1 : $''''''''''''''&''''''''''''''%

d0 � c0

d1 � c1 � c0e1

d2 � c2 � c0e1 � c1e2
... � ...
dk � ck � ck�1e1 � . . . � c1ek � c0ek�1

0 � ck�1 � cke1 � . . . � c1ek � c0ek�1
... � ...
0 � cr�1 � cr�2e1 � . . . � c1er�1 � c0er

(5.6)

this system of equations , allows us to calculate the polynomial values in numerator
and denominator of transfer function Hrpsq.

These e quations remind us of linear systems used to find the Padé approximant,
so, Using the Padé approximation we will try to construct an approximation of
the function Hpsq, the transfer function with lower order than n, which allows us
to obtain a simpler system, following the principle of this approximation we can
approach Hpsq by a fractional function noted pp{qqH whose power series expansion
around s0 coincides with that of Hpsq up to the order p � q. This approximant is
none other than the reduced order transfer function.
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5.2 Presentation of Power system
Let consider the single-machine infinite-bus (SMIB) power system illustrated in

the schema in Figure 2 as an illustrative application. The machine is supplying po-
wer through a step-up transformer and a high-voltage transmission line to an infinite
grid. XT and XL represent the reactance of the transformer and the transmission
line respectively ; VT and VB are the generator terminal and infinite bus voltage,
respectively.[33]

The system consists of three-phase 160-MVA synchronous machine with automa-
tic excitation control system. The simple synchronous machine model was developed
by Heffron and Phillips. [55]
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Figure 2 – The single-machine infinite-bus (SMIB) power system

Figure 3 – Block diagram representation of Philips-Heffron model of single-machine
infinite bus (SMIB)power system)

The system of Fig.3 may be described in the state-space form as :#
9x � Ax � Bu

y � Cx

with, xT �
�

Eq ω δ v1 v2 v3 v4 v5 vR EF D

�
; uT � r∆VRef ∆Tms ; yT �

rδ Vts .
For more details see [28, 29] with

A �
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����������������

�0.5517 0 �0.3091 0 0 0 0 0 0 0.195
�0.041 0 �0.035 0 0 0 0 0 0 0

0 314.1593 0 0 0 0 0 0 0 0
9.554 0 �0.866 �20 0 0 0 0 0 0

0 0 0 0 �1 0 0 0 0.0421 �0.0328
�0.1962 10.8696 �0.1672 0 0 �10.8696 0 0 0 0
�0.9386 51.9849 �0.7999 0 0 �41.1153 �10.869 0 0 0
�0.9386 51.9849 �0.7999 0 0 �41.1153 �10.869 �0.1 0 0

0 0 0 �1000 �1000 0 0 1000 �20 0
0 0 0 0 0 0 0 0 1.0526 �0.8211

����������������

B �

����������������

0 0
0 0.0926
0 0
0 0
0 0
0 0.4428
0 2.1179
0 2.1179

1000 0
0 0

����������������
, C �

�
0 0 1 0 0 0 0 0 0 0

0.4777 0 �0.0433 0 0 0 0 0 0 0

�
.

According to (5.2), the transfer function matrix (based on the numerical values
of the matrices A, B and C) of the 10th order two-input two-output linear time
invariant model of practical power system under study is given by :

Gpsq �
1
D

�
a1

1psq a2
1psq

a1
2psq a2

2psq

�
where : Dpsq � s10 � 64.21s9 � 1596s8 � 1.947 � 104s7 � 1.268 � 105s6 � 5.036 �
105s5 � 1.569 � 106s4 � 3.24 � 106s3 � 4.061 � 106s2 � 2.905 � 106s � 2.531 � 105

a1
1psq � �2298s5 � 9.845 � 105s4 � 1.376 � 106s3 � 6.838 � 106s2 � 6.1 � 106s �

5.43 � 105,

a1
2psq � 85.23s7 � 3651s6 � 5.208� 104s5 � 2.98� 105s4 � 8.471� 105s3 � 3.105�

106s2 � 2.752 � 106s � 2.45 � 105

a2
1 � 29.09s8 � 1868s7 � 4.61 � 104s6 � 5.459 � 105s5 � 3.185 � 106s4 � 8.702 �

106s3 � 1.206 � 107s2 � 7.606 � 106s � 6.483 � 105,

a2
2psq � �1.26s8 � 85.18s7 � 2089s6 � 2.568 � 104s5 � 1.909 � 105s4 � 7.123 �

105s3 � 1.084 � 106s2 � 2.972 � 105s � 1.942 � 104
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5.3 Numerical simulation
First, we will apply the Algorithm ROPA(algorithm 1) for computing the ortho-

gonal polynomials which are the denominator of scalar Padé approximant and we
calculate the numerator of this approximant. The transfer function G is a matrix
then we calculate the approximant of each component.

We propose to give the 4th order reduced transfer function

G4psq �

�
g11psq g12psq
g21psq g22psq

�
, (5.7)

let compute the scalar Padé approximants of g11psq, g12psq, g21psq, and g22psq , using
the algorithme 1, we obtain the following orthogonal polynomials

Q̃41 � 0.391s4 � 4.4375s3 � 5.391s2 � 3.5378s � 1

Q̃42psq � 0.4952s4 � 5.5332s3 � 6.1985s2 � 3.7191s � 1

Q̃43psq � 0.1692s4 � 2.1706s3 � 4.9501s2 � 1.6460s � 1

Q̃44psq � �2.0105s4 � 21.032s3 � 9.9087s2 � 5.2527s � 1

Then the denominators of scalar Padé approximants r3{4s are

Q41psq � 2.557s4 � 11.3491s � 14.422s2 � 9.04808 � 1

Q42psq � 2.0202s4 � 7.5102s3 � 12.517s2 � 1.173s � 1

Q43psq � 5.91016s4 � 9.7281s3 � 29.255s2 � 12.828s � 1

Q43psq � �0.49s4 � 2.612s3 � 4.928s2 � 10.461s � 1

From these polynomials polynomials numerator are computed

P1psq � �2.1454 � 18.8887s � 24.8057s2 � 6.5784s3

P2psq � 0.968 � 0.8983s � 11.2968s2 � 4.6406s3

P3psq � 2.5614 � 23.8281s � 41.9077s2 � 31.8699s3

P4psq � �0.0767 � 0.9878s � 3.4451s2 � 2.9984s3

Consequently , we have reduced the order of the original system to the 4th order.
Let’s consider the following form of the original transfer function

Gpsq � rG1psq, G2psqs (5.8)
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with G1psq �

�
g11psq
g12psq

�
, and G2psq �

�
g21psq
g22psq

�
we propose to give vector Padé approximants r1{2s, which give a reduced trans-

fer function of order 4, of G1and G2. Using the proposed algorithm Algorithm 5,
we compute the quasiorthogonal polynomials associated to the vector Padé approxi-
mants studied in this work

For the vector G1 we have

Q̃1
2,1pxq �

�
1.0078s2 � 1.3988s � 1 0
�0.041s � 0.0633 1.0078s2 � 1.3988s � 1

�
and for G2, we obtain

Q̃2
2,1pxq �

�
1 � 8.6025s2 � 16.2348s 0
�7.8921s � 14.2896 1 � 8.6025s2 � 16.2348s

�
The reduced system of order 4 is computed from the approximant with denomi-

nator of degree 2 , so the denominator matrix is giving

Q1
2,1psq �

�
1 � 1.3879s � 0.99226s2 0
�0.04068 � 0.06281s 1 � 1.3879s � 0.99226s2

�
with vector numerator

P 1
1 psq �

�
�2.1454 � 2.454s
1.0553 � 1.2198s

�
.

and the approximant of vector G2psq

Q2
2,1psq �

�
�0.1162s2 � 1.8872s � 1 0

1.6611 � 0.9174s �0.1162s2 � 1.8872s � 1

�
,

with
P 2

1 psq �

�
2.5614 � 4.1819s
�0.3744 � 2.1253s

�
.

The computation of Padé approximant with denominator degree is 2 is due to the
calculation of inverse of the matrix polynomial Q2,1 which give a transfer function
of order 4 .
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Conclusion and Perspectives

In order to compute recursively a sequence of Padé approximant of scalar or non
scalar function, we can use the link with the theory of orthogonal polynomials and
quasi orthogonal polynomials.

We are focused in this thesis on the recursive computation of orthogonal po-
lynomials and quasiorthogonal polynomials we proposed the first algorithm called
ROPA : Recursive Orthogonal Polynomial Algorithm, as an extension of this work
we obtain a recurrence schemes for computing quasiorthogonal polynomials.

In the second chapter, we present the essential results used throughout this work
starting with the definition of scalar and vector approximants and passing to the
introduction of the properties of Schur’s complements by showing the link with Padé
approximants.

In the third chapter, the Schur complements, the Sylvester identity and qd al-
gorithm to derive a recursive algorithm for computing the orthogonal polynomials
without referring to the relations of orthogonality. We recovered the recurrence re-
lation between the Hankel determinants when we apply the Sylvester identity to the
expression of Hankel determinant. This relation helped us to give another recursive
algorithm to calculate the orthogonal polynomials. We have also gave an algorithm
to calculate the orthogonal polynomials of the same family by using the Sylvester
and auxiliary polynomials.

In the fourth chapter, we present a recursive algorithm to compute adjacent fa-
milies of quasi-orthogonal polynomials of the form (4.3). New short-term recurrence
relations involving multiple families of such polynomials with lower block deter-
minants are introduced. An illustrative example with applications to vector Padé
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approximations is given.

The fifth chapter is an application of the algorithms proposed in this thesis to a
single-machine infinite-bus(SMIB) power system.

In the next works, we wish to improve our algorithm for calculating quasi poly-
nomials and we are going to give an extension of the Qd-algorithm in our case.

In another axis, we will focus our attention to the theory of tensors, exploiting
the results obtained in this work since we find that in the case of quasiorthogonal
polynomials, the elements of each adjacent family can be organized in a table and
related to two other different table of families of quasiorthogonal polynomials.

As an extension of Sadaka’s work [48], we propose in future works to define a
Padé approximants of matrix function of the form :

F �

�
F1 0R2

F2 F1

�
(5.9)

with F1 �

�
f 1

1
f 1

2

�
, F2 �

�
f 2

1
f 2

2

�
.

Then, we consider the block matrix polynomials :

Q �

�
Q1ptq 0R4

Q2ptq Q1ptq

�
, (5.10)

with Q1 �

�
Q1

1 0
Q1

2 Q1
1

�
, Q2 �

�
Q1

1 0
Q2

2 Q2
1

�
,

we have also the numerator

P �

�
P1 0R2

P2 P1

�
(5.11)

P1 �

�
P 1

1
P 1

2

�
, P2 �

�
P 2

1
P 2

2

�
Let

degpQ1q � u1 �

�
u1

1
u1

2

�
, degpQ2q � u2 �

�
u2

1
u2

2

�
and degpP1q �

�
v1

1
v1

2

�
, degpP2q ��

v2
1

v2
2

�
.

Then we have :
QptqFptq � Pptq � OptW�1q, (5.12)
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with W � r
w1

w2 s �

�
w1

1 w1
2

w2
1 w2

2

�
, and Qp0q � I4�4.#

Q1ptqF1ptq � P1 � Optw1
1�1q

Q1ptqF2ptq � Q2ptqF1ptq � P2ptq � Optw2�1q.
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Résumé 

L'approximation de Padé permet de résoudre plusieurs problèmes dans des domaines différents, 

notamment dans l'analyse numérique l'approximation de Padé donne de bon résultats dans les 

problèmes d'accélération de la convergence. Le calcul de ces approximants a fait l'objectif de 

plusieurs travaux, dans cette thèse nous allons proposer des algorithmes de calcul des polynômes 

orthogonaux et des polynômes quasiorthogonaux afin de déterminer les approximants de Padé dans le 

cas scalaire et vectoriel.  Dans un premier temps, nous donnons  une relation de récurrence entre 

deux familles de polynômes orthogonaux. Nous dérivons deux algorithmes récursifs pour calculer les 

polynômes orthogonaux en utilisant l'algorithme qd et la relation de récurrence bien connue des 

déterminants de Hankel. Nous donnons également une relation de récurrence utile entre les 

polynômes orthogonaux de la même famille et auxiliaires polynômes, ce qui nous permet de construire 

un troisième algorithme pour calculer récursivement les polynômes orthogonaux.  Dans le cas 

vectoriel, nous étendons le premier travail au cas vectoriel. La théorie de l'approximation vectorielle 

de Padé étudiée dans notre travail est liée à la théorie des polynômes quasi-orthogonaux. Le calcul 

récursif des approximants vectoriels de Padé revient à calculer récursivement les polynômes 

quasiorthogonaux. Nous introduisons une procédure efficace pour calculer des familles adjacentes de 

polynômes quasi-orthogonaux. L'algorithme dérivé utilise des relations récursives courtes dont les 

coefficients sont écrits en termes de déterminants de blocs triangulaires inférieurs. La stratégie de 

calcul de tels déterminants est donnée et analysée.  

Mots-clefs (5):  Approximants de Padé, Polynômes  Orthogonaux, Approximants de Padé 

vectoriels, Polynômes quasi-orthogonaux, Compléments de Schur. 

Abstract 

          The Padé approximation solves several problems in domains different, in particular in the 

numerical analysis the approximation of Padé gives good results in the problems of acceleration of 

convergence. The calculation of these approximants has been the objective of several works, in this 

thesis we will propose algorithms for calculating orthogonal polynomials and quasi-orthogonal 

polynomials in order to determine the Padé approximants in the scalar and vector case. To do this, we 

will start by recalling the Padé approximation and the orthogonal polynomials.  We give a recurrence 

a recurrence relation between two families of orthogonal   polynomials. We derive two recursive 

algorithms for computing the orthogonal polynomials by using the qd algorithm and  the well known 

recurrence relation of Hankel determinants. We also give a useful recurrence relation between the 

orthogonal polynomials of the same family and auxiliary polynomials, which allows us to build a third 

algorithm for computing recursively the orthogonal polynomials.  In the second part, we extend the 

first work to the vector case. The theory of vector Padé approximation studied in our work is related 

to the theory of quasiorthogonal polynomials. The recursive calculation of vector Padé approximants 

is equivalent to calculate recursively the quasiorthogonal polynomials. introduces an efficient 

procedure to compute adjacent families of quasi-orthogonal polynomials. The derived algorithm uses 

short recursive relations whose coefficients are written in terms of lower triangular block 

determinants. The strategy of computing such determinants is given and analyzed.   

 
Key Words (5): Padé approximants, Orthogonal polynomials, vector Padé approximants, 

quasi-orthogonal polynomials, Schur complements. 
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