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Résumeé

L’approximation de Padé permet de résoudre plusieurs problemes dans des do-
maines différents, notamment dans l’analyse numérique ’approximation de Padé
donne de bon résultats dans les problemes d’accélération de la convergence. Le cal-
cul de ces approximants a fait I'objectif de plusieurs travaux, dans cette thése nous
allons proposer des algorithmes de calcul des polynémes orthogonaux et des poly-
noémes quasiorthogonaux afin de déterminer les approximants de Padé dans le cas
scalaire et vectoriel. Pour y faire, nous allons commencer par rappeler I'approxi-
mation de Padé et les polynémes orthogonaux, nous introduisons la définition des
polyndémes quasiorthogonaux ayant une structure de matrice triangulaire inférieure.
Nous allons rappeler la définition du complément de Schur et donner quelques pro-
priétés qui seront utiles dans ce travail.

Dans le troisieme chapitre, nous donnons une relation de récurrence entre deux
familles de polynomes orthogonaux. Nous dérivons deux algorithmes récursifs pour
calculer les polynémes orthogonaux en utilisant le qd algorithme et la relation de
récurrence bien connue des déterminants de Hankel. Nous donnons également une
relation de récurrence utile entre les polynémes orthogonaux de la méme famille et
les polynomes auxiliaires que nous allons définir, ce qui nous permet de construire
un troisieme algorithme pour calculer récursivement les polynémes orthogonaux.

Dans le quatrieme chapitre, nous étendons le premier travail au cas vectoriel. La
théorie de 'approximation vectorielle de Padé étudiée dans notre travail est liée a
la théorie des polynomes quasi-orthogonaux.

Le calcul récursif des approximants vectoriels de Padé revient & calculer récursi-
vement les polyndémes quasiorthogonaux. Nous introduisons une procédure efficace
pour calculer les familles adjacentes de polyndémes quasi-orthogonaux. L’algorithme
dérivé utilise des relations récursives dont les coefficients sont écrits comme rapport
de deux déterminants de matrices triangulaires inférieurs par blocs. La stratégie de
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calcul de tels déterminants est donnée et analysée.

Dans le dernier chapitre, nous allons appliquer les algorithmes proposés dans ce
travail, sur un probléme de réduction des modeles.




Abstract

The Padé approximation solves several problems in domains different, in par-
ticular in the numerical analysis the approximation of Padé gives good results in
the problems of acceleration of convergence. The calculation of these approximants
has been the objective of several works, in this thesis we will propose algorithms for
calculating orthogonal polynomials and quasi-orthogonal polynomials in order to
determine the Padé approximants in the scalar and vector case. To do this, we will
start by recalling the Padé approximation and the orthogonal polynomials, we let
us introduce the definition of quasiorthogonal polynomials having a lower triangular
matrix structure. We will recall the definition of Schur’s complement and give some
properties that will be useful in this work.

In the third chapter, we give a recurrence relation between two families of ortho-

gonal polynomials. We derive two recursive algorithms for computing the orthogonal
polynomials by using the qd algorithm and the well known recurrence relation of
Hankel determinants. We also give a useful recurrence relation between the ortho-
gonal polynomials of the same family and auxiliary polynomials, which allows us to
build a third algorithm for computing recursively the orthogonal polynomials.
In the fourth chapter, we extend the first work to the vector case. The theory of
vector Padé approximation studied in our work is related to the theory of qua-
siorthogonal polynomials. The recursive calculation of vector Padé approximants is
equivalent to calculate recursively the quasiorthogonal polynomials. introduces an
efficient procedure to compute adjacent families of quasi-orthogonal polynomials.
The derived algorithm uses short recursive relations whose coefficients are written
in terms of lower triangular block determinants. The strategy of computing such
determinants is given and analyzed.

In the last chapter, we will apply the algorithms proposed in this work, on a
model reduction problem.
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CHAPITRE 1. INTRODUCTION

1.1 Motivation

Let f be a function that is infinity differentiable at a complex or reel variable.
We say that f admits a Taylor expansion of order n if it exists a polynomial P of
degree n such that

f(x) = P(x) = o(z") (1.1)

P is called Taylor polynomial of f with order n, the Taylor expansion gives a poly-
nomial approximation of f , increasing the order of approximation we obtain a well
approximation.

P
If we replace the polynomial P by a rational fraction 0 such that

= o(z"), (1.2)

we obtain rational approximation or Padé approximation which more accurate than
polynomial approximation.

Padé approximation consists of building a rational function so that its power se-
ries expansion matches the power series of the function to be approximated. These
approximants are applied in physics, chemistry and mathematics , they are especially
used in numerical analysis to accelerate the convergence of sequences and iterative
algorithms. The theory of Padé approximation was generalized to the vector case and
matrix case, approximating respectively series with vector coefficients and matrix
coefficients. The computation of a sequence of Padé approximants was the subject
of many works. We find recurrence schemes proposed to calculate the Padé approxi-
mants using the methods of acceleration of convergence, also recurrence relations
were proposed to calculate recursively scalar and nonscalar Padé approximants using
the theory of orthogonal polynomials thanks to their connection with denominators
of Padé approximants. which makes the theory of orthogonal polynomials a main
ingredient in the construction of Padé approximants.
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1.2 History of Padé approximation

Before talking about Padé approximants, we must first introduce the notion
of continued fractions. The theory of continued fractions began with Leonhard
Euler(1707-1783) who showed that every rational number can be developed into
a continued fraction and each irrational number gives rise to an infinite continued
fraction.

In 1772, Joseph Louis Lagrange(1707-1783)[40] published a paper on the use of
continued fractions in integral calculus where he developed a general method to
obtain the continued fraction expansion of the solution of a differential equation.
He then gave some examples and reduced the continued fractions thus obtained to
ordinary fractions (by computing their convergents) whose power series expansions
in ascending powers of the variable agree with those of the functions up to the term
whose power is the sum of the degrees of the numerator and the denominator. This
gives rise to Padé approximation theory.

In 1845, Carl Gustav Jacobi Jacob (1804,1851)[11] made many contributions to
the theory of continued fractions, the well known of these being the writing of Padé
approximants as a ratio of determinants.
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In 1873, Charles Hermite (1822-1901) proved the transcendence of the number
e using a new type of Padé approximants which is currently known by the name
of Padé-Hermite. In 1882, using the same method as Hermite Carl Louis Ferdinand
Lindeman (1852-1939) showed that the number 7 is transcendent.

In 1892, Henri Eugene Padé (1863-1953) proposed to arrange these approximants
in a well known double-entry table called Padé table. Padé marked a great step
in the study of these approximants, he approached the problem of convergence by
formulating his famous conjecture and he even suggested certain generalizations of
these approximants, such as for example the quadratic approximants to which we
only have just recently gained prominence. He also showed that if the same rational
function appears more than once in the table this function occupies a square block
of cells. This result is known as : Block structure.

In 1894, continued fractions were used in the construction of an integral with
respect to a general measure by Thomas Jan Stielthes (1856-1894)[52]. These results
led Stielthes to lay down the basic notions of the theory of orthogonal polynomials .

For their part, mathematicians are interested by problems of convergence accele-
ration of sequences. In 1955, Shanks [26] proposed an interesting transformation of
sequences and in 1956 Peter Wynn gave an algorithm for computing Shanks trans-
forms recursively. This convergence acceleration process will be called "e-algorithm'
and Shanks will show that the numbers calculated by the e-algorithm are none other
than the values of Padé approximants at some points.

The problem that arises in the study of Padé approximants is that of their cal-
culation. A direct computation of each approximant is expensive, it is more optimal
to find recursively a sequence of approximants. There are recursive computation
methods in the case of a normal table but what made possible to link the adjacent
families of Padé approximants of Padé table is the systematic use of formal orthogo-
nal polynomials. In 1980, Claude Brezinski [15]. For the case of a non-normal Padé
table, we find the work of André Draux [2] who extended the recurrence relations
between the elements of the Padé table to non-normal case.

Padé approximants have been exploited by physicists, mathematicians and che-
mists, in particular, in numerical analysis these approximants were used to accelerate
the convergence of certain sequences and recursive algorithms.

Theory of Padé approximation was extended by mathematicians to the case of
series with vector coefficients and series with matrix coefficients, among which we
cite Jeannette’s vector approximants [41] for the approximation of several functions
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by rational approximants with the same denominator. We also cite the Padé-Hermite
approximation which consists in simultaneously approximating a vector function by
a vector of polynomials.

The generalization of the Padé approximation was also treated by R.Sadaka [48]
who introduced a new type of vector Padé approximants with a vector numerator
of polynomials and a triangular matrix lower than the denominator. The interest of
this work is in the use of vector Padé approximants for accelerating the convergence
of vector sequences .

In 1990, Guo-liang Xu and Adhemar Bultheel [31], gave a general definition of
matrix Padé approximants and introduced Padé approximants type I and type II,
Depending on the normalization of the denominator.

In 1999, Guo-liang Xu and Adhemar Bultheel [32] provided a recursive procedure
for computing the Matrix Padé approximants defined in their previous work.

1.3 Continued fractions

Euler was the first mathematician not only to give a clear exposition of continued
fractions but also to use them extensively to solve various problems.

He also proposed to develop a function of variable into a continued fraction. The
idea is to develop a function whose power series expansions in ascending power of

the variable into a continued fraction. For the function
0

fl@) =) e’ (1.3)

=0

then the continued fraction obtained by Euler

c—lx —2-x —%x
Fﬁl_l‘:o | _ % | 2 |
l o l c "'1 L meleeidde
1+ c—l»x 1+—2x 1+—3x
o ¢ 2

1.

«

11|
where «; , 1 = 1, are monomials of the first degree, oy is a monomial or ap = 1
, and ag equal 1 or zero.
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|a1 |a2 |a3

where «a;,7 > 2 are monomials of second degree and a;,7 > 1 are binomials of
first degree.
ag, a1 are polynomials and g is a monomial.

The theory of continued fractions arises from consideration of expressions given in
the form

a0 + L (1.4)
ay + 1
ao + 1
ot
Gy
The quantities ag, aq, ..., a, are called te partial quotients and may be taken to be

integers , real or complex numbers , or functions of variables.
The expression (1.4) can be given as a rational fraction of the partial quotients, let’s
write

Co = ay,
1 apa; + 1
Cl = Qo + — = 017,
aq aq
1 ap(aras +1) +a
Cy = ag + - oaraz + 1) + ap
a; + a2 a1a9 + 1
and so on, the C), are called the nth convergents of the continued fraction.
Consider a simple example, the fraction number %, let’s find the continued fraction
, we have % = 4.4624..., so we can write % =4+ % , we take the reciprocal Z—g

Z\;hich approximately 2.1628 and i—g =2+ 4—73, and we have % = 6.1429..., then

= =06+ % and % =7+ % Consequently, we have ag = 4,a; = 2,a, = 6,a3 = 7 and

we write
415 B 1

oy
o3 _*F T
6+ 2

2+

which we call the continued fraction of %.
Generally, a continued fraction is writing as follows

b

ba
ai + bs
as + b4

ST

an*’r. :

CZCL0+
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and bl b
Cp=ag+—+...... +
lay |la,

where n = 0,1,2,..., b; and a; are integers, real or complex numbers. If b; = 1 we

return to simple form (1.4). When the expression contains finitely many terms, it
is called a finite continued fraction. When the expression contains infinitely many
terms, it is called an infinite continued fraction.

Consider the function f(z) in (1.3), and let

If the coefficients a; are chosen so that the convergent Ci(z) has an expansion of
power series identical to that of f(x), so Cy is the approximant of f(z), which is
equivalent to

Ci(z) = f(zx) = O(z"")
where v, is highest possible. We can prove that C}, is a ratio of two polynomials,
and consequently we can say that Cy is identical to the Padé approximant of f(x).

Padé approximants are also closely related to some methods which are used in
numerical analysis to accelerate the convergence of sequences and iterative processes.
We present here the e-algorithm.

1.4 c-algorithm

In numerical analysis, many methods produce sequences, in particular methods
for solving linear equations, but sometimes the convergence of these sequences is
very slow, for this reason we use the convergence acceleration methods, these me-
thods consist of transforming a sequence (S, )nen to a sequence (7},)nen such that
they converge to the same limit but the convergence of (7),)nen is faster than the
original sequence, the known methods of acceleration of convergence we find A%
d’Aiteken , Shank’s transformation and Richardson’s method. The expression of
Shank’s transformation is giving by

ASH+I€—1 . e . e ASn+2k_1
ex(Sn) = ! ! ! , (1.5)
AS, ... ... AS.
ASn+k_1 ... ... ASTL+2I€—1
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where AS,, = S,,11 — S,
P. Wynn gives a recursive process to compute recursively such ratio of determi-

nants denoted e-algorithm, this algorithm is given as follows

e — 1,58") =S,,¥n=0,1,...
n n+1 1
51(€+)1 = 51&—? = RS ) (1.6)
€k &k
e = e(Sp),Vn, k =0,1,. ...

The quantities 6](:) are placed in the following table

©)
0

D },Ecm

e 5!
k)] mjjft(ﬂ}

E{E} (0)

[ . Sy €4
(3) x:ﬁ;(zﬁfﬁ (n .
o : L

7 @

0 2
() (3)
Y =i

Eéa) :

n
Applying the Shank’s transformation to the sequence S, = Z c;x', we can prove
i=0
that ey (S,) is the Padé approximant of f, with numerator of degree n+ k and deno-
minator of degree k. Using the relations of e-algorithm, then we can give a recursive

algorithm for computing the elements of Padé table.

The construction of Padé approximants is also possible by using the theory of
orthogonal polynomials, the relation existing between orthogonal polynomials and
the denominator of Padé approximants allows us to give a recursive procedure to
compute the Padé approximants, this will be the subject of our thesis.
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We will present new recursive algorithms for building a sequence of orthogonal
polynomials and adjacent systems of orthogonal polynomials, also we will extend
our work to vector Padé approximation defined by R.Sadaka[48], which are related
to quasi-orthogonal polynomials.

We will give a new expression of orthogonal polynomials, this expression will al-
lows us to find a three-terms recurrence relation using th Schur complements and
their properties, the qd-algorithm will be used to obtain a recursive algorithm for
computing the quantities denoted B,Ef) appearing in the recurrence relation. Using
an auxiliary polynomials and orthogonal polynomials, we will propose another al-
gorithm for computing orthogonal polynomial of the same family. An extension of
this work will be treated, we will introduce the definition of quasiorthogonal po-
lynomials, give an expression of these polynomials as a Schur complement, then
we will obtain a four-term recurrence relation of the quasiorthogonal polynomials.
The derived algorithm uses short recursive relations whose coefficients are written
in terms of lower triangular block determinants. The strategy of computing such
determinants is given and analyzed.

This thesis is organized as follows : In the second chapter, we will present the es-
sential results used throughout this work starting with the definition of scalar and
vector approximants and passing to the introduction of the properties of Schur’s
complements by showing the link with Padé approximants. In the third chapter, the
Schur complements, the Sylvester identity and qd algorithm will be used to derive
a recursive algorithm for computing the orthogonal polynomials without referring
to the relations of orthogonality. We will recover the recurrence relation between
the Hankel determinants when we apply the Sylvester identity to the expression of
Hankel determinant. This relation will help us to give another recursive algorithm
to calculate the orthogonal polynomials. We will also give an algorithm to calculate
the orthogonal polynomials of the same family by using the Sylvester and auxi-
liary polynomials. In the fourth chapter, we will present a recursive algorithm to
compute adjacent families of quasi-orthogonal polynomials of the form (4.3). New
short-term recurrence relations involving multiple families of such polynomials with
lower block determinants are introduced. An illustrative example with applications
to vector Padé approximations will be given.The fifth chapter is an application of
the algorithms proposed in this thesis to a single-machine infinite-bus(SMIB) power
system.




Preliminary

This chapter is devoted to recall the definitions and proprieties of the notions
which will be used in this thesis. We first recall the Padé approximation of scalar
function, we give the expression of a Padé appproximant and we present the Padé
table, an other notion is the Padé-type approximants, in these approximants it
is possible to choose some of the poles and then to define the denominator and
the numerator so that the expansion of the approximant matches the series to be
approximated as far as possible. We recall vector Padé approximants introduced by
R.Sadaka [48] and a set of Padé tables are proposed as a extension to the scalar case.
In the last section the definition of Schur complements and some their properties
are recalled and we show the link with Padé approximation.

10



CHAPITRE 2. PRELIMINARY

2.1 Scalar Padé approximation

Let us consider a scalar function f expressed as a formal power series
0
flz) = Z c;x’
i=0

P(z)
Q(z)

of P < p and degree of () < ¢ such that its power series expansion agree the power
series expansion of the function to be approximated as far as possible. Let

The goal of Padé approximation is to find a rational function with degree

P(x) ao+az+... +aa? 2.1)
Q(r) by + b+ ...+ byt '

verifying the following relation

Q(z)f(z) = P(x) = O("""")

which is equivalent to the following system
{CObQ = Qo
Cobl + Clbo = a1

C()b2 + Clbl + Cgbo = a2

Cp—gbq + Cp—gr1bg—1 + ... + by = a,
Cp+1b() + Cpbl + ...+ cp—q+1bq =0

[ Cp+qbo + Cprg—1b1 + ... + by =0
with the convention ¢; = 0,Vi < 0 and we put by = 1. So we have two systems with

solutions are the coefficients ag, a1, ..., a, and by, bs,...,b, , we obtain
Cp,q+1 Cp,q+2 “ e e e . Cp bq Cp+1
Cp—q+2 Cp—q+3 --- ... Cp+1 bq_1 Cp+2
. . : . =— " (2.2)
Cp Cptl oo ov Cprg—1 by Cptq
and
Co 0 c. 0 b a
0 0
cC1 O 0 . 0
by ay
Cy C1 (o 0o ... 0 ) = . (23)
b a
q P
| Cp Cp—q |

11



CHAPITRE 2. PRELIMINARY

we remark that coefficients of denominator are calculating from system (2.2), and
we replace the them in the system (2.3), so the problem of Padé approximation is
based on finding the coefficients of the denominator Q(z). The condition of existence
and uniqueness of Padé approximant is that matrix H, ép*q“) is of maximal rank

Cpqurl Cp7q+2 “ e .. Cp
Cp— Cp— e ... C
glo-a+1) _ | PTat2 Tpass p+1 (2.4)
q . . . .
Cp Cp+1 R & N |
and the explicit expression of Padé approximant is given by
Cp7q+]. Cp7q+2 PP Cp Cp+]_
Cp—q+2 Cp—q+3 --- Cp+1 Cp+2
Cp Cp+1 - Cpyg—1 Cpygq
P(m) x4 =t T 1
= (2.5)
Q(I) Cp—g+1 Cp—q+2 s Cp+1
Cp—q+2 Cp—q+3 s Cp+2
P—q p—q+1 p
Z c;xdt Z et Z c;t
i=0 i=0 1=0

These Padé approximants are denoted by [p/q], Padé proposed to place them in
a double array table called Padé table. The Padé approximants [p/p] are placed in
the diagonal of the table,

p/q 0 1 2 3
0 | [0/0] | [1/0] | [2/0] | [3/0]
1 [o/1] | [1/1] | [2/1] | [3/1]
2 | [0/2] ] [1/2] | [2/2] | [3/2]
3 1 0/3) [ [1/3] | [2/3] | [3/3]

TABLE 1 — Padé Table

12



CHAPITRE 2. PRELIMINARY

For example, the Padé approximant [2/2] of the function f(x) = sin(z) + 1 is

1+x+ 122
2/2](x) = ——8—
2/2)5(0) = =

Y

and graphically, we have

22 ! ! ! ! T !

apprmcfimant de atfj = [272](%)

05 i i i i i i i i i
A = Z :: =

FIGURE 1 — Padé approximant [2/2] and f(x)=sin(x)+1

13



CHAPITRE 2. PRELIMINARY

In general , the Padé approximants in diagonal [p/p| and the approximants
[p + 1/p] give best acceleration of convergence of the power series f.
Padé table is called normal if we have

HE=1*1 5£0,Vp,q = 0,

otherwise, the Padé table is called non normal. The recursive computation of the
elements of the normal and non normal Padé table was the subject of many works.
One the methods used is the e-algorithm , let consider the sequence {S,}

n

i

S, = Z ',
i=0

with So = (g, ASZ = Ci+1Ii+1,
applying Shank’s transformation in (1.5)

n n+41 n+k
E et E et E '
i=(]1 ?L=[][] ili‘=[]1
pntl 2, attk+1
& Cn41 & Cn4-2 v BT Cn+k+1
pitk pntk4l 2k,
L5 Cnpp X Cntk+1 r Cn+2k
ex(Sn)) = 1 1
P n+2 k41
My Cn+1 L Cn4-2 M A Cr4-k+41
itk k41, 42k
£ Cn4k & Cn4k+1 £ Cn+2k

We multiply first column of denominator and numerator by z* , the second by z*~1

ex(Sn)) =

finally , we divide the second rows of denominator and numerator by z"***! the

third by z"+k+2

n n+1 n+k
E etk E c;pitk-1 E c;xt
i=(]lii : =0 - if(]l
mTtk41 . el P L ol
€& Crn41 & Cn42 M Crn+k41
o422k . k41, on+2k .
€T Cnt+k X Cntk+1 &£ Cn+2k
z* e 1
k4L k41, pntk41
T Cny1 T Cn+2 T Cntk+1
P2k, w2k, P2k,
xZ Cn4 € Cndk+1 T Cn42k

14
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n n+1 n+k
E _f.'g.‘f.-'!-l_k E pptte=l E Gt
i=0 i=0) i=0)
Cn+1 Cn+2 M Chn+k+1
Cnd-k Cn4-k+1 ce Cn+-2k
? —
ex(Su)) = - 1
Cn+1 Cn+2 vee Cptk+l
Cn4k Cn4k+l .-+ Cniok

Consequently , we obtain the expression of the Padé approximant [n + k/k].
ex(Sy) = e = [0+ k/H]

and we apply the relations (1.6), the elements of the Padé table are computed, for
more details see [15] .

In the next section, we present another way to find the Padé approximants using
Padé-type approximation thanks to a wise choice of the of denominator of the Padé
approximant.

2.2 Padé-type approximation

Let’s consider the formal power series f(x) in (1.3). The goal of this approxi-
mation is to construct a rational function having a denominator of degree k and a
numerator of degree k — 1.

Let’s start with the definition of a functional ¢ which acts on the real space of
the polynomials P :

c(z') = ¢;, pour tout i =0,1,...
We define the generating function of f :

1

G(x,t) = T2t

we can also see that :

15
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indeed, we expand 1 " into a power series, then we apply the functional ¢ we

get :
c((l—at)y N =c(l+at+2°+..))
= c(1) + c(z)t + c(@®)t* + . ..
=co+att+ett. .. = f(t).

Let v be an arbitrary polynomial of degree k£ belonging to P :

v(z) = Z b;x’,
and define w by :
w() = o100

this polynomial is of degree k — 1 and it is written :
k=1 [k—1—i '
U)(t) = Z ( Z Cjbj+i+1> . (26)
i=0 \ j=0
Indeed, we write :
(% — %)
(z —1)

and applying ¢ we get the expression (2.6).

O e o L e A A S A

Then, let © and @ be the transformed polynomials of v and w
o(t) = thu(t™),
w(t) = t* 1wt ™).
We keep the same numbering of the coefficients of v and w to express v and w :
B(t) = bot" + bit" ™t L+ byt + by,

UNJ(t) = (Zotkil + altk72 + ...+ ak,gt + ak—1,

k—1—i
with a; = Y] ¢jbj4i41 Finally, the main result is the following :
j=0

Théoréme 1 : [16]
— f(t) = O(t") (2.7)

a(t)
o(t)

The approximant will be called of Padé type denoted by [k — 1/k];.

16
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2.3 Vector Padé approximants

Various generalizations of scalar Padé approximants have been proposed and
analyzed to develop Padé approximation for the non-scalar functions.

For the first time Hermite decided to approximate simultaneously a sequence of
functions e® using the rational approximation.

De Bruin introduces the simultaneous Padé approximation, his idea is to ap-
proximate a sequence of functions f; with a rational function P;/Q.

Vector Padé approximations are based on the approximation of a given vector
function F' = (f1,..., fn) from R to R™ by a pairwise (P, Q) so that the order of
approximation of the expression QF — P is high as possible. The pair (P, Q) is said
to be a Padé approximant of F, where P is a vector of polynomials, and @) is a
matrix of polynomials

Py
Py
P=| [ |,withdeg (P)=p;, i=1,...,k,

P
and

Qu Qi - Qum

oo |@ @ - Om

O Qo . Qu

with deg(Qij) = ¢ij, i=1,...,n,and j=1,... k.

The choice of the form of the matrix @) leads to different formulations of the
vector Padé approximation.
For instance, when n = k = 1, the approximation (P, Q) simplifies to the scalar
Padé approximation [34].
For k =1 and n e N, (P, Q) gives the Padé-Hermite approximation [35].
The situation when @) is a diagonal matrix that contains the same polynomial on the
diagonal and the polynomials P; have the same degree is provided by Van Iseghem
[41].
Sadaka [48] explored the case when the vector Padé approximants (P, Q(mn)) have
the form

mn = o s P = y 2.8
Q ’ [ Q(m:n)Q Q(m,n)l P ( )
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where deg(Qm.n),) = M, deg(Qm.n),) = n, and deg(Py) = deg(P,) = I, with m—n =
2p + 1, for an integer p [48].
The function F is defined from R to R? as

ro - | 10 |

where the components f; and f, have the following expansions

file) =Y cla',  falw) = > e,
1=0 =0

with ¢} and ¢? € R.
The function F' can be approximated by the vector Padé approximant (P, Q).

such that the order of Qp,, F' — P is (r+ 1 + 1), with r = 245 e

{Q(m,nhfl - Pl = O(‘ITH—H) (29)

for { = m — 1, the system (2.9) is equivalent to

)
clad+el _ja+...+cg, =0
s+ L+t G GGt nGh =0

gt emat .. +clgh, =0

J Qs+ gt + o g, F @G+ -+ i1 =0

1 1 1 1 11
Conr—190 F Cppr—2@i + -+ 614y, =0

2 1 2 1 2 1 1 2 1 2 1 2 _
\cm—i-r—lqo + Cm+r—2q1 +...t c'r—lqm + Cm—',—r—lq() + cm—i—rql +...t Cm—n—',—r—lqn - 0

with ¢} = 1, the necessary and sufficient condition for the existence and unique-
ness of @y, and P such that the system (2.9) holds is A,,,, # 0 where

1 1 1

g € - Cp_g 0 0
1 1 1

c, Cy ... Crn 0 0

1 1 1

A _ Crgl 672“ Cm+r72 0 : 10
m,n 1

CO Cl Cmfl Cm c Cmfn
2 2 2 1 1

€1 &) Cm Cm+1 Cm—n—i—l

2 2 2 1 1

Cr—1 G Cm+r—2 Cmtr—1 Crntr—n—1

18
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Under this condition, the polynomials Q. n), and Q. ), are expressed as follows

1 T x? R 0 e 0
1 1 1 1
1cm Cmfl Cr2 & 0 o 0
1 1
cerl Cm Cmfl Cl O 0
Q (x) = ! cl cl c ¢ 0 0
(m,n)1 A r+m—1 r+m—2 r+m—2 r—1
m,n c C2 02 C2 Cl Cl
2m m2—1 gn—Q g 1m 1m—n
Cm+1 Cin Cm—1 &1 Cn—1 Cmfn+1
1 2 2 2 1 1
Cr+m71 cr+m72 Cm+r72 Crfl Cm+r71 CmfnJrrfl
and
0 0 0 0 1 "
1 1 1 1
Cm Crmo1  Cm2 o 0 0
1 1 1 1
Cm-i—l cm Cm—l Cl O 0
Q () = ! cl cl cl cl 0 0
(m,n)2 - A r+m—1 r+m—2 r+m—2 r—1
m,n c C2 02 02 Cl Cl
2m mzfl 5n72 g 1m 1mfn
Crmt1 Cm Cn—1 51 Crm—1 Crm—n+1
1 2 2 2 1 1
Cr+m71 Cr+mf2 Cm+rf2 R Cm+r71 et CmfnJrrfl

By analogy of scalar case Sadaka [48] proposed to organize these vector Padé ap-
proximants in a table, he denotes the vector Padé approximants by [I/n] for each
fixed integer p , using the relation m —n = 2p + 1, then [ represents the degree of
Py, Py, n the degree of Q(yn), and n + 2p + 1 degree of Qg n),,

Tp
[0/0] | [1/0] | [2/0] | [3/0] | [4/0]
L0/ | (1] (2] | 3/1] | ..
[0/2] | [1/2] | [2/2]
[0/3] | [1/3] | [2/3]
[0/4]) | [1/4) | [2/4] | .. | ...

for each integer p, we can construct a table 7, which gives a family of Padé approxi-
mants of the vector function F'.

2.4 Orthogonal polynomials

In our thesis we will give recursive algorithms for computing orthogonal polyno-
mials and quasiorthogonal polyomials in order to exploit the relation between these

19
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polynomials and Padé approximants in scalar and vector case.

Orthogonal polynomials are special case of orthogonal functions, say that two
functions are orthogonal on an interval [a,b] if :

b
J filx)fj(x)de = 0,1 # j

In particular, a family of orthogonal polynomials is a sequence of polynomials
o> iy e - , with deg(q;) = n; and for all 4,5 = 0,1, ... we have

j ¢i(z)g;(x)dxr =0, i#j

a

In our work we use the following definition of orthogonal polynomials :

Définition 1 [15] Let P be the vector space of real polynomials and let {ci}, oy be
a given infinite sequence of real numbers. We define a linear functional ¢ on P by

c : P —-R
A e 1= 0.

The family of polynomials {Qy} such that each Q. satisfies

{Qr} is called a family of orthogonal polynomials with respect to ¢ (or with respect
to the sequence {cy}).

The following theorem gives the recurrence relation between the orthogonal polyno-
mials.

Théoréme 2 [15] The family {Qy} of orthogonal polynomials satisfies the following
three-term recurrence relationship :

Qr+1(2) = (Ap17 + Bri1) Qi (7) — Crp1Qr—1(2),

with @ _1(z) = 0 and Qo(x) is an arbitrary non zero constant. The constants are
given by

hii1 Qg Br-1hr41
Apy1= — By = —hpy1——— and Crpg = ————,
k+1 3, k+1 k+1 () k+1 Behry

with oy, = c(xQi(x)), Br = c(xQr(x)Qrr1(x)) and hy, = c(Q3(x)).

20



CHAPITRE 2. PRELIMINARY

We can define the orthogonal polynomials with respect to the linear functional ¢,
where ¢ is defined by -
D(27) = ¢iy;, VjeN.

Définition 2 [4] The family of polynomials {Q,(;)}, such that each Q,(;) satisfies

deg(Qr) = k
(27 Qp(x)) =0 0<j<k-—1 (2.10)
D (2KQp(x)) # 0

is called the adjacent system of orthogonal polynomials.

The existence and uniqueness of Q,(f) is given by the following proposition :

Proposition 1 [15] Fori > 0 and k = 0 the solution of (2.10), Ql(f), exists and is
unique if and only if the Hankel determinant H,ﬁ’) #0, fork>1

C; Civ1 ++o oo Ciyk—1
(1) _
Hy’ =

Citk—1 Citk --- -+ Ciyop—2

Remarque 3 The orthogonal polynomials and the adjacent orthogonal polynomials
can be placed in a two dimensional array as follows :

Q QY QP ... ... @V
o QM ..oy
Q2
(2.11)
(1)
k—1
Qk

2.5 Quasi-orthogonal polynomials

Theory of quasiorthogonal polynomials was introduced by Riesz [46] for the case
of order 1, with Chihara [53] quasiorthogonal polynomials are extended to order
r = 1, he considered the polynomials

k
G = )t iPnjr(2), (2.12)

7=0
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where & > 0,7 > 1 are fixed integers and a,; constants, define p_,, = 0,m =
1,2,... kr.
Satisfying the relation

f Gm()qn(x)da(z) =0, form #n=+jr (j=0,1,...,k) (2.13)

a

These polynomials are called quasiorthogonal polynomials of index (k,r), which are
an extension of quasiorthogonal polynomials of index (1,1) defined by Riesz[46] of
the form

Apn(x) + Banrl(x)
Quasiorthogonal polynomials are defined respect to a quasi-definite moment
functional ¢

Définition 3 [5/] The moment functional ¢ ia quasi-definite if and only if H, #
0,Vn > 1.

Définition 4 [53] A monic polynomial q,, of degree n = r > 0 is quasiorthogonal of
order r with respect to c if and only if

c(2q(2)) =0, 7=0,....,n—r—1. (2.14)
It is quasiorthogonal with respect to c , strictly of order r, if and only if

C(qu”(x)) =0, j: 0,....n—r—1,
{C(qun(x)) #£0, j=n—r. (2.15)

Maroni [47] gave definition of sequence of quasi orthogonal polynomials
Définition 5 [{7] A sequence {qn},~, is a sequence of quasiorthogonal polynomials
of order r if and only if
— every polynomial q,, for n = r, satisfies (2.14),
> r, such that c(z'~"q(z)) # 0,

— if n <r, q, is subject to no condition.

— there exists at least | € N,

A sequence {qn},, is sequence of quasiorthogonal polynomials strictly of order r if
and only if any polynomial q, , for n = r, satisfies (2.15).

Chihara [53] proved that quasiorthogonal polynomials of order r verify a three term
recurrence relation

Théoréeme 4 [53] Let {q,},,., be a sequence of quasiorthogonal polynomials of order
r with respect to a quasi-definite moment functional c. These polynomials satisfy the
following three term recurrence relation

En(@)qn(x) = Fo(2)gn-1(2) + Gn(@)gn—2(), (2.16)
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where E,(x) and F,(x) are monic polynomials of degree at most equal to r and r+ 1
respectively. G,(x) is a polynomial of degree at most equal to r. If the polynomials
Gn-1(x) and q,_2(x) are quasi orthogonal strictly of order r, the degrees of E,(z),
F,.(z) and G, (x) are exactly respectively v, r + 1 and r.

In his paper [49] Sadaka proposed an algorithm for constructing the Padé approxi-
mant of a vector function defined in [48].

Our goal in this thesis is to give recurrence relations of quasiorthogonal polyno-
mials. In the second part of our work, we will study a special case of quasiorthogonal
polynomials related to vector Padé approximants defined by Sadaka [48], and we
will give a four term recurrence relation of the quasiorthogonal polynomials of order

p-

The paper in [48] extends results for the theory of orthogonal polynomials to ana-
logous quasi-orthogonal polynomials and discusses their connection with the Padé
approximants given by (2.8). It is shown that the polynomial, denoted by (Q(mn) can
be expressed as

)i ($ _1)7
—1

= xmg(m,n
= an(m,n)z (:E )a

Q(m n) 0
Qm,n = [ o .
Q(m,n)z Q(m,n)l

Moreover, these polynomials satisfy the following quasi-orthogonality condition

where

with Q(O,n)1 =1 and Q07,1 = 1.

C(27Qmu(x)) = Oz, 0<j<n+p (2.17)
where the functional C' is defined by
C(Iz') = <C

1)
C(Jz") = ( . 0 )
Cop+1+i

C(Mz") = aC(I2") + bC(Jz"), for M = al +bJ, (2.18)

10 00
F (1), s (09)
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Proposition 5 Fori > 0, p e N, m > n > 0, such that m —n =

polynomials Qﬁf)n
singular

G

¢

PO
Cil-‘rr—l
i Crra

1+m—2
1+m—2

1

Cé+m+r—3

Citm+r—3

1

Citm—1

i+m—1

1
Ci+m+r—2
C2

i+m+r—2

0

1
Citm+r—2

1

Citm—ntr—2 i

2p + 1 the
exists and is unique if and only if the following matrices are non

(2.19)

Generally, in the determinant Dﬁfl),n, i1 represents the lower index of the first element,
m represents the number of columns in the first block and n + 1 the numbers of

columns in the second block.

According to (2.17), the quasi-orthogonal polynomials @, ), and Q(m ), can
be written as

1 oz ... ! ™ 0 0 0
& a ch e 0 0 0
2 2 2 2 2 1 1 1
Co 41 &) Cm—1 Cm Cm Cm—n+1 Crmn
1 1 1 1 1
Cr—1 G Cr+1 Cm+7‘—2 Cm+r—1 0 0 0
2, 2 A c c? c ct cl
o r—1 T r+1 m+r—2 m+r—1 m+r—1 m—n-+r m—n+r—1
Q(m,nh (l’) = @)
|Dm,n
and
0 0 0 . 0 z" T 1
c o ck ct 0 0 0
2 2 2 2 2 1 1 1
CO Cl CZ Cmfl Cm Cm CmfnJrl Cmfn
1 1 1 1 1
C1 G Cr+1 Cm+r72 cm+r71 0 O O
2 2 2 2 2 1 1
Q (iIZ’) C—1 G c7"—',—1 Cm—',—r—2 Cm+r—1 Cm+r—1 cm—n+r Cm—n—i—'r—l
(m,n)2 = 1
|Dfn)|
where QO,fl =1.

Let @ quasiorthogonal polynomials defined in (2.25) and Qm,n the vector Padé
approximants then we have a relation between these polynomials

S m — Am,n

Q(mm)l (l‘) =T Q(m,n)l (‘T 1) X |D(1) (2.20)
and

S n —1 Am,n

Qennys (2) = 2" Q) (277) X ponk (2.21)
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Adjacent systems of quasi-orthogonal polynomials denoted by Qg;)m) of the form

(1)
, 0
Qb = [ QE?S“”)I (i) ] ; (2.22)
Q(m,n)g Q(m,nh
are defined such that
CO(2'QY (2)) =0ge, 0<j<n+p (2.23)
with Qgg?_l)l = ] and where the linear function C® is defined by
. 1 )
cor) = (). e =, 0 )
Citk Ck+2p+1+i
and
CP(Mzt) = aCP® (1) + bC® (Jz'), for M = al + bJ, (2.24)

with I and J are the same in (2.17).

The results given in this work are obtained thanks to the use of Schur comple-
ments and their properties, we will recall some of these properties in the next section
and we will show the link with Padé approximation.

2.6 Schur complement

The Schur complement [39] has many applications in numerical analysis, it has
been used in extrapolation methods and projection algorithms.
In [7], the Schur complement and its properties are applied to give the recursive
polynomial interpolation algorithm (RPIA) for computing the polynomial interpo-
lation.
In [3], the Schur complement identities are used to give the matrix recursive po-
lynomial interpolation algorithm (MRPIA) for computing the Hermite polynomial
interpolation.
In [19], the Schur complement is applied to build two algorithms, called the recursive
interpolation algorithm (RIA) and the recursive projection algorithm (RPA).

We first recall the definition of Schur complements [39] and we give some of their
properties.

Définition 6 [17] Let M, be a matriz partitioned into 4 blocks of the form

A B ] , (2.25)

Ml:[c D
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where the submatrix D is assumed to be square and nonsingular. The Schur
complement of D in My denoted by (M,/D), is defined by

(M,/D)=A—BD™'C. (2.26)

If D is not a square matrix then a pseudo-Schur complement of D in M; can
still be defined as in [51] and [16].
Let us remark that having the nonsingular submatrix D in the lower right-hand side
corner of M is a matter of convention. We can similarly define the following Schur
complements :

(M,/A) =D - CA™'B,
(M,/B) =C — DB A,
(M,/C) =B — AC™'D.
Now we will give some properties of the Schur complement.

Proposition 2 [17] We assume that the submatriz D is nonsigular and the matriz
M, is a square matriz defined by (2.25), so we have

_ M,
|(M,/D))| D[

where | X| denote the determinant of the square matriz X.

Proposition 3 [18] If A = x € R? and B is the vector row (z1, . .., z) with z; € RP,

then, |
My
(My/D) = Dl (2.27)

Proposition 4 [}2] Let us assume that the submatriz D is nonsingular, then
A B C D D C B A
(L& o]m) =[5 5w - (5 Slm)- (5 &]m).
(2.28)

Proposition 5 [/2] Assuming that the matriz D is nonsingular and E is a matriz
such that the product EA is well defined, then

(o )-e((E ) em
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We recall the Sylvester’s identity [42] which is a particular case of the quotient
property [27]. Consider the matrices K, M3z, My and M, partitioned as follows :

A B FE
K=|cCc D F ,Mlz[ég],

G H L

B F D F C D
M2:|:DF:|’M3:|:HL:|and M4:|:GH:|

Proposition 6 (The Sylvester identity)[42] If the matrices M3 and D are nonsin-
gular, then

(K/My) = ((K/D)/(Ms/D)) = (My/D) — (M5/D)(Ms/D) ™ (My/D). (230
Proposition 7 (The quotient property). If the matrices My and B are nonsingular,
then

A B B FE _
(/M) = (K/B)/(Mz/B)) = ( /B)—( /B)(Ms/B)™!(M:/B).
G H H L
Schur complements are related to Padé approximants, as is showed by C.Brezinski

17).

Proposition 8 [17] Let f be the formal function in (1.3), the Padé approrimant
[p/q] in (2.1), can be written as

p—q
7
Z C;T Cp—g+1 e Cp
i=0
—q+
—xP Iy g4l Cp—gt1 — TCp—gq2 ... Cpt+ XTCpi
— P+l —
(p/q] = T Cp Cp — TCpy1 s Cp T TCpp
Wi
where
Cp—gt1 — TCp_gq2 ... Cp+ XTCpy1
W= : : :
Cp — TCpy1 s Cp T TCpp

Taking the Schur complement of W in the numerator of [p/q] and applying
Schur’s formula(2.26), we obtain

prP—q
[p/q] = ) cia® + 2779 (e, W) (2.31)
i—0

where ¢ = [ Cp—g4l --- Cp ]T.

27



Computing recursive orthogonal polynomial with
Schur complements

In this chapter, we will give three recursive algorithms for computing the or-
thogonal polynomials. The first algorithm is derived from the recurrence relation,
obtained by the Schur complement, and the qd algorithm. The second is given by
using the recurrence relationship of Hankel determinants, which we recover by ap-
plying the Sylvester identity and the Schur complement’s properties. These two
algorithms allow us to fill the table of orthogonal polynomials and adjacent sys-
tems. The third algorithm is obtained by applying the Sylvester identity and using
an auxiliary polynomial. It will be used for computing recursively the orthogonal
polynomials of the same family.
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WITH SCHUR COMPLEMENTS

3.1 The recurrence relation of orthogonal polyno-
mials

In this section, the orthogonal polynomials are expressed as Schur complements,
we will give a recurrence relation satisfied by the orthogonal polynomials.

3.1.1 Explicit expression of orthogonal polynomials

Let Q. € P, written as
k
Qu(z) = ) @i,
i=0
then

(@' Qu(x) =0 for 0<i<k-—1,
by the orthogonality relations and the linearity of ¢, we get

cot+aicy+...+apc, =0

c1+aico+ ...+ agcg1 =0

(3.1)
Cr—1+aicp + ...+ agcop_1 =0
with a¢¢g = 1.
The system (3.1) can be written as follows :

Cq Co e Cr—1 Ck ay Co

Co c3 ... Ck Cki1 % C1
: : = — : . (3.2)

Ck—1 Ckr ... Cop—3 Cok—2 :

| Cp Ck+1 .- Cok—1 1L ax | | cro1 ]

The solution of (3.2) exists and is unique if and only if the coefficient matrix deno-

ted by D,(:) and called Hankel matrix, is nonsingular. We mention that |D,Ef)| =H ,gi).

The expression of Q(x) is given by the following theorem :

Théoréme 6 [15] Assuming that H,S) # 0, then Qy exists and is unique. Q) can
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WITH SCHUR COMPLEMENTS

be computed by developing the following determinant with respect to the last row

Co Ct ... ... C
1 C1 Co ... ... Cgi1
Q) =~y | 1 2
k Ck—1 Cr ... ... Cok_—1
1z ... ... aF
and Qo(z) = 1.

for k=1,2,...

(3.3)

The polynomial (); can be also expressed as a Schur complement. We will prove

this in the following theorem :

(1)

Théoreme 7 Assuming that the matriz Dy’ is square and nonsingular, then we

have
1 T ¢
Co ct ... ... Ck_1 C.
Qk(ﬁ) = Ccq Co ... ... Ck Ck+1
| Ce—1 | C --. ... Cop—2 Cok—1 1
with Qo(z) = 1.
Proof.
From (3.2), the coefficients a4, .. .. .. ,ay, are given by
aq Co
—1 C
_ (1) 1
— ( D¢ :
ag Cr—1

with the condition ay = 1, then we have

Q) =1—[z 22 ... 2* ] (D)

Co
C1

Cr—1 |

/DY

(3.4)

(3.5)

From (2.26) and (3.5), we see that @y can be written as a Schur complement.
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1 x ... ... zF
Co Ct ... ... C
Qu(x) = a e oo oo e | /DM (3.6)
| Ck—1|C ... ... Cokp—1 ]

We can similarly prove that the polynomial Q,(;) can be expressed as a Schur
complement.

Proposition 9 Fori >0 and k > 1, assuming that D,giJFl) s square and nonsingu-

lar. The polynomial Q,(;) can be written as a Schur complement

1 r ... ... "
C; Cit1 «vv ... Citk
‘ ji+1
Q,(;) () = Ci+1 | Cit2 -+ - Citk+l /D,(CZ ) , (3.7)
| Citk—1 | Citk -+ --. Cig2k—1 |

with QY (x) =1.

3.1.2 The recurrence relation

For k > 2, the polynomial @)} is partitioned into nine blocks

1 x ... ... zFt "

Co C1 F e & | CL

C1 Co e e Cl Cl+1 1

Qr(x) = : : | /| (3.8)
Ck—2|Ck—1 ... ... Cop 3| Cok_2
i Cr—1 Ck cee v Cok—2 | Co—1 1
c
with Qo(z) = 1 and Q1 (z) = 1 — .

C1

For k£ > 1 and 7 > 0, we define the polynomial

1 r ... ... zF! zF
Ci Ci+1 -+ . Citk—1 Citk
G,(;) (z) = Cit1  Cit2 - ... Citk | Cithtl /D,(:) : (3.9)
| Citk—1 Cit+k .-+ .. Citog—2 | Cit+2k-1 |

We can prove that the polynomial G,(gl) verifies the relation given by the following
proposition :
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Proposition 10 Let G,(:) be the polynomial given by (3.9) and Q,E}) is given by (3.7),
applying some properties of the Schur complement, we get the following relation :

with QY (z) = G (z) = 1.

GV, (@) = QW (x) x (DV/DP ) < (D)D), for k=1,

Proof.

Using Proposition 2 , we have

G (2)] = G, (),

then
1 T l.k72 ‘,L,kfl
C1 Cy ... Ck—1 Cp
(&) C3 ... CL Ck41
1 Ck—1 Cp ... Cop-3 C2k—2
Gy (@) = ) (3.10)
Hp
1 T ZEk_2 xk—l
C1 Co ... Ck—1 C
Co c3 ... Cr. Ck+1
Ck—1 Ck ... Cok—3 Cok—2 H ,@1
k-1 k-1
1 =z k=2 gkl
(6] Co ... Cp—1 Ck
Co Cs3 ... Cr Ck+1
B Ck—1 Ck ... C2gp—3 C2k—2 y ]__]122_)1 H}gl) 219
= e 70 70 (3.12)
k-1 k k—1
[ 1 T k=2 k1]
C1 Cy ... Ck—1 CL .
= Cy | C3 ... Ckr  Cpi1 /Dl(f_)1 % (Dlﬁl)/D;(f_)l) (D,ﬁl)/D;(f_)l) _
| Ck—1|Ck ... C2k—3 Cop—2 |
(3.13)

Hence, from the expression (3.7) and using Proposition 2, we get
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G (@) = QY (z) x (DV/DP )t x (D /DEY)).

Using (2.27), (2.29) and (3.14) , we will prove that the orthogonal polynomials
and the adjacent orthogonal polynomials satisfy a recurrence relation given by the

following theorem :

Théoreme 8 For k > 1, the polynomials Qy, ngl and Q1 verify the following

recurrence relation :

Qi(@) = Qra(z) — 2QY, () x (DY /D) (DY /DY),

where Qy(x) = 1.

Proof.

(3.14)

(3.15)

We apply the Sylvester identity to the polynomial () partitioned as follows :

[ 1 T k1 P
Co C1 Ck—1 Ck
C1 Ca Ck Cr41
Qulx) = S
Ck—2 | Ck—1 Cok—3 | Cok—2
| Ck—1 ] Ck -oo Cog—2 | C2k—1
[ 1 x zh=1 |
Co C1 Ck—1
= C1 Co Cr /Dl(cljl —
Ck—2 | Ck—1 - -- C2k-3 |

1) ;1) 0 1
(DY /D)) (DY /DY),

then

1
/D;”
T k-1 2k
C1 Ck—1 Ck
C2 Ck Ck+1
| Ck—1 C2k—3 | C2k—2

Qel) = Qx1(2) — G, () < (/D)™ % (D/D2,)

we substitute the expression of ngl given by (3.14) in the previous relation and

we obtain

Qi) = Q1 (2) — 2QV () x (D/DP )t x (DY /D).

Remarque 9 If we use Proposition 2, we have
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H(2) H(O)

1 2 — — 0 1

(DL/Diz)™ = o (D/p2) - O
k k—1

The relation given by (3.15) will be written as follows :

H(O) H .
Qr(r) = Qp_1(z) — 7[{(1)}[];1)1 (,) 1(z).

In the general case where ¢ > 0, we have the recurrence relationship between two
families of orthogonal polynomials, Qk ,QkHll and Q(Z)

Théoréme 10 For i = 0 and k > 1, the polynomials Q kl)l, gjll) verify the
following recurrence relation :

O (2) = QY () — 280 Q) (@), (3.16)
with
7 1+2
.
H}gz-‘rl)HIgz_—i-ll)

and QY (z) = 1.

Proof.

The proof of this theorem can be done in a similar way of the previous theorem and

we use (2.27) to replace the Schur complement by the ratio of Hankel determinants.
The recurrence relation given by (3.16) was introduced by C.Brezinski and al.[22],

with a parameter A defined from the orthogonality relations and the three-terms

recurrence relationship, but in our case we get directly the coefficients ﬂ,(f), 1 =

0,..., k=1,2,... given as ratio of Hankel determinants.

3.2 Formulation of the recursive orthogonal po-
lynomial algorithm

In this section, we will give two recursive algorithms for computing the orthogonal
polynomials.
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3.2.1 The qd algorithm

In the recurrence relation given by (3.16), we propose to compute recursively the
coefficients 6,(? given by (3.17) using the qd algorithm [37].

Définition 7 [36] Let the expressions of q,(f) and e,(f) given by

W H]gi+1)H,gi21

q. = — 3.18
TR o

and (i) ppli+)
6](;) = 7Hkﬂka_1

sz)H]gz—}—l) ’

The qd algorithm is a recursive algorithm which allows us to calculate the ex-

Pressions e,(;) and q,Ef) without computing all Hankel determinants in the expressions
given by (3.18) and (3.19).

fori=0k> 1. (3.19)

The following relations define the qd algorithm

gD =GO g 20,1,
G ,
91(62161(5) = q,(fl)e,(jﬂ) k=1,2,...i=0,1,... (3.20)

g’ +e =g e,

Using the relations given by (3.18) and (3.19) we find the second relation in
(3.20) and the third relation in (3.20) is obtained from (3.18), (3.19) and from the
recurrence relation between the Hankel determinants given by (3.23).

3.2.2 The computation of the coefficients 51(:)

The following theorem gives the algorithm for computing the 5,(? using the qd
algorithm.
Théoreme 11 For k = 1,..., and v = 0,..., the quantities ﬁ,gi),q,gi) and e,(f) are
given by (3.17) , (3.18) and (3.19) respectively. The following relations define a

recursive algorithm for computing the coefficients /B,Ef)

I L N (I B S

' G ' Cit+1
q,(ﬁle;f) _ q](cz+1)€](€z+1)7 k=1,2,...,i=0,1,...
o)+l =g+t k=1,2,..,i=01,...

gD B0 = giVBD k=12, =0,1,....

(3.21)
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Proof.
The proof will be done for 7 = 0 and can be generalized for all 7 > 0.

For k > 1 and 7 > 0, the q,(f) and e,(f) are computed recursively from the qd
algorithm.

We have
0 _ HOH
STy
wnd (1) ()
ql(cO) = %,
H, "Hy -,
then O @ WO O @
ngO)ﬁ’(cO) _ By H Hy "Hy oy k—lHk—l.
HOHE, HOHD, ()
We see that ©
B0 = T,
(Hy21)?
then we obtain
a6 = ai” 87, (3.22)

with q§°>5§°) =1.

Similarly, we can prove that q,g,i) 5,?) = q;(gljll)ﬁl(le.

Remarque 12 From the relation given by (3.22), the B,(CO) are obtained recursively
without computing each Hankel determinant in the expression given by (3.17).

Using the relations given by (3.21), then applying the relation given by (3.16),
we get the Recursive Orthogonal Polynomial Algorithm (ROPA) as follows :
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Algorithm 1 (ROPA)
1. Compute egi) = O,qgi) = CHI,BS) = ) t()i)(vf) =1
c

i Ci+1

2. Fork=2,.... m—1
— Fori=1,....m—2
— Compute e,(f) = (q,&”l) + e,(;:l)) - QI(:)'

— Fori=1,...,.m—2

() q(i+1)6(i+l)
— Compute ¢, = %
— Compute q,e.
— Fori=1,...,m—2
‘ q(i+1) A
— Compute 5,221 = k(i) ,(;).
Qxi1

3. Fori=1,....m—2
[=1+1

— Fork=2,...,min(l,m)
— Compute Q) (z) = QW | (x) — 280 QYD ().
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Example 1 Let the function f(x) = e, expressed as

IOED TS

=0 "

1
where ¢; = =5
7!

The Padé approximation consists to find a rational fraction g, to approach the

function f such that the following relation is verified

P(z)e” = Q(x) = O(a"4*h),
with deg(P) = p,deg(Q) = q.
In this example, we propose to compute recursively the orthogonal polynomial P

of degree p, such that )
P(x) = 2’ P(z ).

We will use the ROPA to compute ng), fork=1,...,10 andt=10,...,9.

We have i = 0 and x € R

C;
)

i i Ci+1 (i i
Q((])(w):l,qg): u 768):O7B§):

7 Cit+1
then

Qi(z) = Qo) —28QV (@) = 1—2x L =14,

(&1
QP (z) = Q) (x) — 28N QP () = 1 — 2u.
The polynomial Qs is obtained by using the recurrence relationship given by (3.16).

Qa() = Qu() — 25" Q1 (@),
The coefficient [)’éo) will be computed by the qd algorithm

((0) (1) (0) nH_ 2 _a

e =q —q tey = ——=—;3
a a8
R et
Co O
q<1>:9:1
1 c 2
(0) eil) (1 _1
4" = (0)(]1 = &
€1
0 q 0
Bé): (5)55)23'
4z

\
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We substitute the expression of the polynomials Q1 and le) in the expression of Qo
and we get

Q2(7) = 1 — 42 + 62

Thus, we obtain all the polynomials in the following table :

Q QF QY ... ... Q"
Q o ... ... QP

QQ c. oL :
Q QY
Q@10

The expressions of the polynomials Q1,Q, ..., Q10 are given by
Qo(l') =1
O(r)=1—2x

Q2(z) = 1 — da + 627

Qs(z) = 1 — 9z + 362 + 602°

Quo(x) = 1—(17592186256708872)/17592186044416+ (340161417486977°) /68719476736
—(27212913644755512%) /17179869184 + (7738672378815101x4) /2147483648
—(81256060541604732%) /134217728 + (7935162210985132°)/1048576
—(181375137241358727) /262144 + (57813325277801232%)/131072
—(578133255311435727) /32768 + (54922659471667852'°) /16384.

3.3 The Recurrence relation of Hankel determi-
nants

The coefficients B,gi) can be computed if we calculate every Hankel determinant
in the expression given by (3.17).
In the following theorem, we will prove that the well known recurrence relation
between the Hankel determinants can be found by using the Sylvester identity.
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Théoréme 13 [15] For k = 2 and i > 0, the Hankel determinants obey the recur-
rence relation
@) rr(i+2) (i+2) 77(%) (i+1)\2
H,"Hy 5" = Hy " HyZy — (Hk—l )% (3.23)
which initialized with H” =1 and HY = ¢;.
Proof.
: : (4) ) (i+2)
We apply the Sylvester identity to (D, /D,_;")
Ci Cit1 Cit2 Citk—2 | Citk—1
Ci+1 Ci+2 Ci+3 Citk—1 Ci+k
<D(z)/D (i+2) ) . . . . . /D" 1+2)
9
Citk—2 | Citk—1 Ci+2k—4 | Ci+2k—3
| Citk—1 | Citk  Citk+1 Cit2k—3 | Ci+2k—2 |
then we have
Ci Cit1  Ciq2 Ci+k—2
(D(Z)/D (i+2) ) B Cit+1 Cit+2  Cit3 Citk—1 /D (i+2)
Citk—2 | Citk—1 Cit2k—5 Cit2k—4
Cit+1 Civ2  Ci43 Citk—1
Ci+2 Ci+3  Cit4 Citk
o . . . . /_D Z+2) « ( Z+2)/D(Z+2))
Citk—2 | Citk—1 Ci+2k—5 Ci+2k—4a
| Citk—1 | Cit+k Ci+2k—4  Ci+2k-3 |
Ci+1 Ci+2 Ci+3 Citk—1
Ci+2 Ci+3 Cita Citk
(i+2)
X /D25
Citk—2 | Citk—1 Ci+2k—5 Cit+2k—4
| Citk—1 | Citk  Citk+1 Cit2k—-3 |
Hence,
(3) (i+2) (i+2) (i+1) (i+2) (i+2) (i4+2)
(DYDY = (D, /DY) — (DY /DD (DI D),

so using Proposition 2, we get

Therefore

i i i+1)\ 2 i+2
O 0
n e ) e
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i) pp(i+2 i+2) (i i+l
ng)ngjz) = ngjl )ngzl - (ngjl ))2-
We recall that the relation given by (3.23) was obtained by Brezinski in [15]
using the orthogonal polynomials, in our work we used the Sylvester identity which

allows us to find (3.23) from the Hankel determinant’s expression.
Using the relation (3.23), then applying the relation (3.16), we give Algorithm 2.

Algorithm 2 ( The computation of Q\")
1. Initialisation Q(()i) (x) =1, Héi) =1, Hl(i) = ¢
2. Fork=2,...,m do
— Fori=1,...,p—2(k—1)

i 1 i i i
— Compute H = ) (H,iff)H,i_)l - (H;E_ﬁl))Q) :
k2
— end
— Putl=1
3. Fori=1,....,p+m—2
l=1+1

— Fork=2,...,min(l,m)
HYHY

— Compute Q(i) 2) = QW () — p—Fk TEL_lit
k ( ) k 1( ) H’glJrl)H]gl:rll) k—1

— end
4. end

Remarque 14 Algorithm 2 allows us to calculate recursively the orthogonal polyno-
mials by computing each Hankel determinant in 5,(:) (3.17), but if we use the ROPA

we get the B,Sf) recursively with the qd algorithm.

3.4 Some Properties

In this section we will give some properties of the ROPA given in the previous
section.

Proposition 11 From the expressions (3.9) and (3.17), we have
1. c(@GP0) =0, for j=i,...i+k—1.
o _ @O ()

2. By ) ; , for i=0andk > 1.
c(@ QP ()
O
3. 5]5‘1) = ('Llj-l) ](.;21; fO’f’ 1 = 0 and k = 1.
€k
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Proof.
1. We have
[ i pitk=1 itk
G Cit+1 Citk—1 Cit+k
c(xJG,(;) (x))=c| (| Ci+1 Cis2 Civk | Citk+1 /D,(;)) ,
| Citk—1 Citk Ci+2k—2 | Ci+2k—1 |
forj=id,0+1,...,i+k—1 we will get two rows similar, then c(a:jG,(j) (x)) will
be null.
' +2)
. H(l) H(Z,
2. We have B = —& k1_ then
H(Hl) H(z+1)
k1 k
G Ci+1 Citk—1
Ci+1 Ci+2 Ci+k
H,gz) Cit2 Ci+3 Cithk+1 DD
G T : : /Dy |
k—1
Citk—2 | Citk—1 Ci+2k—3
| Citk—1 | Citk Cit2k—2 |
so using (2.28), we get
Ci+k—1 | Cit+k Ci+2k—2
G Ci+1 Citk—1
HY Cit1 | Cit2 Citk JDED
D Ci+2 Ci+3 Citk+1 k=1
k_l . . .
| Cit+k—2 | Citk—1 Cit2k—3 |
if we apply the functional ¢ we obtain
Pkl | itk it 22
‘ & Ci+1 Cit+k—1
1
H,g) ( Ci+1 Ci+2 Citk /D(Hl) )
L =
D Cit2 Ci+3 Citk+1 k=1
k_l . . .
| Citk—2 | Citk—1 Cit2k—3 |
1 x k!
Ci Ci+1 Citk—1
( k1 Ci+1 Cit2 Citk /D(Hl) )
Ar Ci+2 Cit+3 Cithk+1 k=1 |/
| Citk—2 | Citk—1 Ci+2k—3 |
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(i | H*Y
Therefore, we have (ik—i-l) = c(xiJrk*lQ,(Ql(:z:)), likewise we find that H’Z:_l) =
k—1 k
(el Qi (@)
3. We have

(l 1)

k i
ﬁkz—i—l (1) I(c)a
Qi1

and from the qd algorithm, we have

(z’+1)
(i) _ Ck (i+1)
T+1 = — @ %
€k

we substitute the expression of q,@rl in the expression of b’,@rl, we obtain

(@
(i) _ €k (@)
k (i+1) Fk=1"
€k

3.5 The recursive orthogonal polynomial algorithm

with auxiliary polynomial
In this section, we will use an auxiliary polynomial g,(f) to find a recursive algo-
rithm for computing the polynomials Q) given by (3.4).
We recall the expression of Q)

1 |z ... 2R
Co Ct ... ... Cr
Qk(x) = C1 Co ... ... Cky1 /D](Cl)
| Ch—1|C, .. ... Cok—1 ]

If we apply the Sylvester identity, we get

I i N B
(&1 F O & | C
Qu(r) = Qua(2)—| | @ - - & |an | /DY |(DY/DM) (DY /DY)
| Ck—1 -+ ... Cok_3 | Cok—2 ]

(3.24)
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For k > 1 and ¢ > k, we set the following auxiliary polynomial :

g ()

where g (r) = 2"

' T k-t xk
C; C1 Ck—1 Ck
Ci+1 Co Ck Ck+1
| Citk—1 | Ck Cok—2 C2k—1 |

/DY

(3.25)

We need the following lemma to compute recursively the polynomials Q).

(4

Lemma 1 Let gk‘) be the polynomial defined by (3.25), applying some properties of
the Schur complement, we have

_ k
(DV/DY) = e(a* 1P (2)),

Proof. Using Proposition 3, we have

(DYDY =

Using Proposition 4, we get

(DV/DY) = e

for k> 1.
C1 Ca C3 Crk—1 Ck
C2 C3 Cyq Ck Ck+1
/D
Ck—1 Ck  Ck41 Cok—3 | Cok—2
Ck  Ck4+1 Ck+2 Cok—2 | C2k—1 |
Cok—1 | Ck  Ck+1 Cok—2
Ck C1 Co Ck—1
1
Chyr | C2 3 o | /DY,
| C2k—2 | Ck—1 Gk C2k-3 |
xk x a2 k-l
Ck C1 Ca Cr—1
1
Ck+1 | C2 C3 Ck /D1(421 )
Cokp—2 | Ck—1 Ck Cok—3

(3.26)

(1)
k—1

(k)

= (2"l (@)

We substitute the expression given by (3.26) in (3.24), we get the following theorem :

Théoréme 15 For k > 1, the polynomials Q) and Qr_1 satisfy the following recur-

rence relationship :

Qi) = Quoi () — c(@" 1 Qron () (c(a™ 1) (2)) g

with Qo(z) = 1.

(k)
k—1

(),
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Proof.
We have
I L B L
C1 N & | Ck
On(@) = Qua(@)= | | 2 oo e fan | /DR (D)D) (DD,
| Ck—1 +++ .. C2k_3 | Cok—2 1

So using Proposition 3 and the relations given by (3.25) and (3.26), we obtain

Qu(#) = Qi (@) — e Qi (@) (e g% (0) Mg (a). (3.27)
Proposition 12 For k£ > 1 and i > k, the polynomials g,gf) verify the following
recurrence relationship :

7 7 _ k _ _ 7 k
g (@) = g1 (x) — e(z" g () e gl (1)) g, (), (3.28)
with ¢ = .

Proof. The polynomial g,(:) is partitioned as follows :

[ x ... ... xRt k]
C; C1 P &7 P | Ck
(i) Cit1 Co e e Cr Ck+1 (1)
9 (x) = . . ; . /Dy |,
Citk—2 | Ck—1 --- ... Cop—3 | Cok—2
| Citk—1| Ck  -.- ... C2k—2 | C2k—1 |
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we apply the Sylvester identity

Ii T [ [Ekiz flfkil
C; C1 cee ven Cp_2 Cr—1
DN — , (1)
g (x) = Ci+1 Co ... ... Cg—1 Ck, /Dk_1
| Citk—1 | Ck—1 .-+ ... C2k—4 C2k—3 |
r ... .. aFt ] ook
C1 A & | Cp
1
— Co cee e Ck Ck+1 /Dl(cjl
| Ck—1 -+ .. Cp_3 | Cok_2 ]
C; C1 P & Py |
Cit1 Co el e Ck
D) /D -1 : : : (1)
x (Dy"/DyZy) ™ % : : : /Dy
Citk—2 | Ck—1 .- ... Cok_3
| Citk—1 CL e o Cok—29 ]

Using Proposition 3, Proposition 4 and the relations given by (3.25), (3.26) we get

i i 1 (k - -1 G k
g (@) = g2 (@) = (@ g () el g (@) g ().
From the relation given by (3.28), we compute recursively the polynomials g,(:) as
follows :
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Algorithm 3 (The computation of g,gf))
1. Fori=1,...,n
2. Compute g(()i) (r) = 2"

— Fork=1,...,i—1

7 7 _ k _ _ 7 k
— Compute g\ (z) = g (z) — c(a* g, (@) L e(a* g L (2)) g, ().
— end

3. end
Then, applying Algorithm 3 and the relation given by (??7), we get Algorithm 4.

Algorithm 4 (The computation of Qy)
1. Choose Qo(z) = 1.
2. Fori=1,...,n
— Compute ¢ (z) = .
3. end
4. Fork=1,...,i—1
— Compute g (x) = g (x) — e(a* 7 g% (0)) (e g7 ()i, ().

— Compute Qx(x) = Qi1 (2) — (¥ Qs () (c(a® g, () 1 ().
5. end
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Remarque 16 Algorithm 4 allows us to calculate the orthogonal polynomials Q,, of
the same family of orthogonal polynomials {Qm}men, but the ROPA give a relation
between two families of orthogonal polynomials {QW} en and {QU1}, ex.

Example 2 We choose in this example to calculate the polynomials Qy, for k =1, 2.

Let the function

ee)
1.
Z;xa

=0

with the initial settings g(()i) (r) = 2* and Qo(z) =

For computing the polynomial QQo, we should calculate the polynomial g§2) recur-
siwely from Algorithm 3.

i ¢ - % i C;
o () = 0" () = cla0l (@) el (@))of (@) = ' = T
We finally get

Q) =1-Lr=1-u,
&1

and

2
CoC3 — C1C2 CoC2 — €1
T — =1 — 4a + 62°.

QQ(.%’) =1-

cic3 — 3 cicg — c2
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Computing recursive quasiorthogonal polynomials

This chapter, is interested in exploring efficient recursive algorithms to compute
the quasi-orthogonal polynomials as defined in [48]. We provide new algebraic pro-
perties of the adjacent families of quasi-orthogonal polynomials. We show that they
can be generated by four-term recurrence relations whose coefficients are written in
terms of lower triangular block determinants. The algorithms presented generalize
algorithms discussed in [50], which compute Hankel determinants, to allow the com-
putation of lower triangular block determinants.The derived algorithms allow us to
connect various quasi-orthogonal polynomials in the Padé table.
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4.1 Recurrence relations

In this section, we give a short-term recurrence relation of quasi-orthogonal po-
lynomials. Based on this short-term relation, we define the Padé table with different
values of p.

4.1.1 Explicit expression of quasi-orthogonal polynomials

Consider the polynomials

Q) () = Z g; " and Qnny, (v) = Z ¢:x', with ¢t = 0.
i=0 i=0

These polynomials can be expressed as a Schur complement. We will prove this
in the following Proposition.

Proposition 17 Assume that the matriz DY is nonsingular, then the polynomials

m,n

Qumny, and Qumny, can be expressed as a Schur complement as follows

[ 1 x ... ...zt m 0 0 0
1 1 1 1 1
G |1 & m—1 m 0 0 0
2 2 2 2 2 1 1 1
Co & &) Cm—1 m Cm Cm—n-‘rl Cin—n
Q(m,n)1 (JZ) = (
1 1 1 1 1
05*1 : cg+1 o Cazwrr—z ngr—l 1 0 e 0 0
1 1
| G1 T Cr+1 tet cm+r72 Cm+r71 Cerrfl tet CmfnJrr CmfnJrrfl
and
[ 0 0 0 .. 0 z" T 1
1 1 1 1 1
o | o Crn_1 Crn 0 0 0
2 2 2 2 2 1 1 1
Co & &) Cm—1 Cm Cm CmfnJrl Crn—n
Q(mn)s(2) = (
1 1 1 1 1
Cgfl Cg 072“+1 Cm+r72 0314’7‘71 . O 0 O
1 1
[ C1 | G Cr+1 tet Cm+r72 Cm+r71 Cm+r71 et CmfnJrr CmfnJrrfl

Proof.
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The quasi-orthogonality condition in (2.17) yields the following system

_ 1 -

[t . c 0 0 i q.l [ ) ]
A a3 ... 2 ct . ck : —c?
1
: : : : Grm—1 :
o e
. . 2 .
.1 1. . 1 . 1 . . . qn .1
c5 c£+1 CQ”M*Q chMf1 X 0 S 0 : —0571
L S Gi1 oo Cppr—2 Cgr—1 Cmgr—1 Cr—n+4r—1 q(Q) | — G
(4.1)
Under the condition |[D{) | # 0 and q(()l) — 1, the coefficients ¢\", . .. g\, q((]g), )
are given by
- -
i =R
1: G
Qm—l 1 1 .
d | =—0W) | (42)
T |
: T
—C -
| Q(Q) | L r—1
then
C
&
Quun (@) =1=[ @ .. ™t ™ 0 .. 0JDR)™ | |,
s
| Cro1
and
S
&
Qi () =0—[0 0 ... 0 a" x 1D )™
cé,l
| Cr—1

From (2.26) and (4.2), the polynomials Q(m.n),, @(m.n), are written as a Schur com-
plement.
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4.1.2 Formulation of recurrence relations

Before describing the short-term recurrence relation of the quasi-orthogonal po-
lynomials of the form (2.8), we need to define some auxiliary polynomials that will

be used in this section. We define the matrix polynomial QE,?,W of this form

where Q (), () = 2 gr® and Q(uy nn, () = Z qie®, with ¢} = 1, deg(Q,y
k=0 k=0

m’, and deg(QEin,m,)z
for p’ € N.

O]

The matrix polynomial @, ,

%o

) (0
s Qo

(9)

the function C'¥) as given by (2.24). This leads to the following equations

{c@ (29 Qe () = Oge,

) (xrilQm’,n’ (IL‘)) =0

m' +n'

with r =

formulated be as the linear system

B 1 1 1
Cit1 te Citm/—1 Citm/
2

Civ1 -+ Cipmra i+m/

1

1 1
Civr—2 -+ Cigmyr—3 Ciym/4r—2
2 2 2
Citr—2 -+ Ciymi4r—3 Cigm/4+r—2
cr c cr
L “i4r—1 - i+m/+r—2 i+m/+r—1

0 0
1 1
Ci+m’ <o Ci+m’7n’
0 0
1 1
Ci+m’+r72 cee ci+mum+7»4

0<j<r—2,

(q} -

—C
1
Qpy—1 .
1 _ :
G | = )
q721’ Ci+ r—2

Lqﬁ_

This shows that the existence and uniqueness of ngl),m, holds when D

nonsingular, where

1 1
Cé cZé 41
G Cit1
@ _ :
D m/,n’ T 1 1
CiJrrfl CiJrr
2 2
Civr—1  Cigr
cl cl
i+r i+r+1

1
C% -1 , 0
Citm'—1 Citm’'—1
1
Citm/+r—2 0
1
ci+m’+r—2 Ci+m’+r—2
1
Ci+m’+r—1 0

Citm!—n/—1

0
Citm/—n/+r—2

0

m

(4.3)

,n’)l) =

) =n'. Here m’ and n’ are two integers such that m’ —n’ = 2p/,

, is defined to be quasi-orthogonal with respect to

(4.4)

. Using the linearity of the function C) equations (4.4) can

(4.5)
(i

% is
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POLYNOMIALS

Proposition 18 Assume that the D( 2 is nonsingular, then the polynomials QE 9 (x)

m/ ,n')1

and Q(m,m,h(w) exist, and admit the followmg expressions

Q(m’ n’)l( ) =
_ ’_ ’ -
1 x .oapmt ™ 0 0
T T T T T
cé cl;rl c%” e C%—&-m’—l cz;rm/ 1O e ) 0
G C+1 G2 - Cipmw Citny Citmy e Gt
: : : : : : : : (i+1)
(| . S . . . . /D)
1 1 1 1 1
Citr—2 | Cigr—1 Ciyr -+ Cigmi4r—3 Cirm/4r—2 0 e 0
c? c? c2 c? 2 cl cl
i4r—2 i4+r—1 i+r i+m/4+r—3 i+m/+r—2 i+m/4r—2 i+m/—n/+r—1
1 1 1 1 1
L Cigr—1 Citr Crp1r oo Cipmigr—2 Cigmigr—1 0 s 0 _
and
(4) _
Qs s (T) =
_ n—1 —
0 0 o o 0 0 T . 1
T T T T i
CZ Cl-‘rl CZ+2 DEEER Cz—i—m’—l c’L-‘r?’fL’ 0 DY O
2 2 2 2 2 1 1
G Cit1 Ciyo - Citm'—1 Citm/ Citm e Gl
: : : : : : : : (i+1)
(f . S . . . . /D)
1 1 1 1 1
Citr—2 | Cigr—1  Citr - Cipmigr—3 Cigmiqr—2 0 e 0
c? c? c? c? c? cl cl
i+r—2 iJirfl 1i+7“ zi+m’+r73 zi+m’+r72 i+m’+r—2 i+m/—n/+r—1
1
L Cipr—1 | Cigr Cigr Civm'+r—2  Citm'+r—1 0 e 0
Proof.

The proof is analogous to the proof of Proposition 17. The system (4.5) is used.

In the following lemma, we show that the quasi-orthogonal polynomials of the
form (2.8) can be computed with short-term recurrence relation in terms of the
auxiliary polynomials as defined by (4.3).

Lemme 19 For m > 1,n > 1 such that m —n = 2p + 1, we have the following
relation

Q(m,nh(w) = Q(m,nflh( ) $anQ(m 1,n)1 ( ) (4'6)
and
Q(m,n)z(x) = x@ mn—l)g( ) ﬁmn@(m 1,n)2 ( ) (47)
|D(0+1n 1||Dm 1n

mn 1|
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Proof.

We first show (4.6), the polynomial Q(, ), can be decomposed as

Q(m,nh( ) =
R molo gm 0 0 0 ]
o | o o cl ct 0 0 0
G | d o Chl O Cm Cm—n+1 | Cmen
: : : : : (1)
( Cg |1 G Crnir3 Crr2 0 0 0 /D)
ol o C%Hr—:a anwfz C}n+r72 C%nfn+r71 C11nfn+r72
Cro1 | G Cra Cnr—2  Cmar—1 0 0 0
| C%—l 072« Cgﬂ C%L+r—2 C$n+r—1 C%n+r—1 Cyln—nJrr Celn—n+r—1
We apply the Sylvester identity (2.30) to Q(m,n),, we obtain
1| 2 m-1 m 0 0o ]
a | a o I e 0 0
G | d o m-l  Cm Cm Com—n41
Q(m,nh(x) = ( : : : : /Dv(i,n—l
Cro|C1 G Critr 3 Cogr o 0 0
ol < C?n+r—3 C$n+r72 C}n+r72 C%nfnJrrfl
| G| o qun+1 Cvln+r—2 cvln—i-r—l 0 0 ]
[z gt g 0 0 0o ]
cl 5 7177,—1 c,ln 0 0 0
cf c Cry Ch Chn Conent1 Chnen
- : : /D
671“71 C% 67171+r73 CinJrer 0 0 0
c? c? c c? cl ct ct
r—1 T m+r—3 m+r—2 m+r—2 m—n+r—1 m—n+r—2
| ¢ iy Contr—2  Crtr1 0 0 0 ]
X (Dgnl,)n/Dg,)nfl)_l(Dg@)zrl,nfl/DS,)nfl)'
An application of Proposition 3 gives
[z g m 0 0 0o ]
i cl ct 0 0 0
ad 4 Cn1 Cn Cm Cnt1 | Cmen
(| :+ : : z /Dit) =
1 G C;n+r73 Cinﬂuz 0 0 0
02—1 C? C?n+r—3 Cm+r—2 Cfln-i-r—2 07177,—n+r—1 01171—71-&-7“—2
i G G Crsr—2  Cmtr—1 0 0 0 ]

)

(1)

m,n—1
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x o m—1 m 0 0 0
c% c% c}nfl %n 0 0 0
2 2 2 2 1 1 1
Cl 02 ce Cm—l m Cm s Cm—n-‘rl Cm—n ( )
( : : : : : : : : /D1 n) X
1 1 1 1
Cr_i | G i Coyr—3 Crr—o 0 0 0
c? c? c c cl cl cl
7”11 1r T §n+r73 ”:rln+r72 m-+r—2 m—n+r—1 “m—n+r—2
Cr Cr+1 Cm+r72 Cm+r71 0 O O i
|Dm 1n
|Dm n—1
It follows that
1 T xmt ™ 0 0
& o ch ch 0 0
2 2 2 2 2 1 1
Co ] Ccy ... Chq Cry Crn R R
_ . : } ) ) i . ) (1)
Q(m,nh(w) = ( : : : : : : : : /Dm,n—l)
1 1 1 1 1
05—2 cg—l 072” Cg%-&-r 3 cgn-i—r—? L 0 L 0
C11”72 Cr;l Cr C’iﬁr‘r'f‘ 3 C71n+r 2 Cm+r 2 cm n+r—1
1
| Cr1 Cr Cry1 Contr—2 Crmir—1 0 .. 0 ]
T o xm ! z™ 0 0 0
T T T T
e Cs Crn1 Crn, 0 0 0
2 2 2 2 1 1 1
& &) e Cm—1 Cm Cm c Cm n+1 Crn—n )
- ( : : : : : : : : /Dm,nfl)
1 1 1 1
cg_1 c5 C§n+r—3 an+r—2 0 1 0 ) 0
Cr;l 1Cr 07171+r73 C”:rln+r72 Cm+r72 Cm n+r—1 Cm n+r—2
| Cr Cr+1 e Cm+r 2 Cerr 1 0 te O 0 i
1 €] -1/ (0
x (Dm,)n/Dm,nfl) (Dm+1,n 1/Dmn 1)
Finally, we get
_ |Dm+1n 1||Dm 1n|
Qe () = Qump—1), (¥) — Q1 ().
|DSnlIDS),

The relation (4.7) can be shown in a similar way.
We have the following theorem

Théoreme 20 Form >n =1, p > 0 such that m —n = 2p + 1, the polynomials
Q(mn), (1) and Q(mn), () satzsfy the following relations

Q(m,n)1 (CL’) = Q(m7n72)1 (x)_x(ﬁm,n +6m,n—1)Q(mfl,n71)1 (x)+x26m,n67(r})71,n)Q(m72,n)1 (IL‘)
(4.8)
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and
1 1
Qune (@) = 7* Q-2 (@) =2 (B tBrnn1) Q101 (@) BBl 10 Q) 2.y, (2)
(4.9)
with Q(m,0),, Q(m,—1), are two polynomials of degree m,
|Dm+l,71|
Q(O,fl)l(x) =1 Qun-1,=0, Qo) = W»
m,0
1 3
ﬁ |Dm+1n 1||Dm 1n 5(1) |D( 2i—ln 1HD7(n)—1,n|
m,n — ) m,n 2)
[DinlI D) DRl DL

D(Z) is given by (2.19). Moreover, the polynomials Q(m.0y,, Q(m,—1), are computed

using the following relations

Qun-1), (2) = Qun2,-13, (&) = T (B, 1 + Brn1,- Q5 13, (@) + B 1851 1Q) 5 1,
Q(m,0)1($) = Q(m 1,-1) (@) = 2(Bno + B, 1)Qm 1,-1)1 (z )+$257(7z IO/BmOQ(m 2,0)1 (z),

- D, Dy 1||DS) DY IDE)
UW@T@QEQLD _ | +1 1|;5m = | 1|| it 1, 1| 5(1) | m,— 1|| e 1, 1|.
DS |Dm,fl||Dmfl,fl| DR IDS |
Proof.
We apply the Sylvester identity to the polynomials ), ,—1 and Qm 1.n and the
same techniques as the proof of the lemma 19. Then
1
Q(m,nfl)l(w) = Q(m,n72)1 (:E) - wﬁmvn_lQEnz—l,n—lh (l’) (410)
Q(mm*lb (ZE) = xQ(m,an)z (ZL‘) - 57”7”_1@873—1,71—1)2 (SB) (4.11)
and
2
Q1. () = Q10 1, = TBm1.0Q0 2, () (4.12)
QEW?, l,n)g( ) :L‘Qm 1,n—1)2 6m_1anQ(m—2,n)2(J}) (413)

(4.8) and (4.9) relations can be established by substituting (4.10) and (3.16) with
(4.6) and also (4.11), (4.13) with the expression of Q(mn), given by (4.7).

We now state the following results which glve the short-term recurrence relations
to compute the polynomials Q ), (@) and Q(m ), (), for i = 0.

Théoréme 21 Let Q(m (@) and QEQL ), (2) be two polynomials as given by (2.22).
Fori=0,m>n>1,p>0 such that m —n =2p+ 1. Q(mn) () and Q%%n)g(x)
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are computed as follows

Qlonns (®) = Qh oy, (@) = (B8, + B QG ), (@) (4.14)
+ 2280, BiHYQ :22 n)l( x)
Qg'ln)z,n)g( ) = x2Q(mn 2)2( ) - 17(6 an 1)Q ::1)1,71—1)2 (‘T) (415)

+ 89,85 .QTE) <>

with @ m0)17QE1Z‘7)L,71)1 are two polynomials of degree m,

(i)
(i) - (i) B Dyl |
Q@) =1, Q) _1, =0, Qg = DU

DS ||DEED |
|D(’L+1)||D Z+1

mnl

B0, -
Furthermore, the polynomials Q(QL 1), () and Q (m.0)s OT€ computed as follows

Q(m -1) ():QEQL 2,-1)1 ()—x(ﬁ 1+B7(72 1, 1)@%2:1)2 1, (@)

+6m -1 nzerll)—l 5:2)2 1)y (4.16)
(#) (4) . () (i+1)
Qim0 () = Q1 1y, ( ) x(ﬁmo+ﬁm,—1)Q(m71,71)1($)
+ 220D, o (), (4.17)
(i+2)
with 6(1) |Dm 1||Dm 1,—-1
O DSEIDSE
Proof.

The relations (4.14) and (4.15) are proved using the same techniques as in Theorem
20.

In the following, we define the Padé table, including the adjacent families of
quasi-orthogonal polynomials Q mny Of the form (2.8), where m —n = 2p + 1, for
some pe Nand:=10,1,.... We dlsplay these polynomials in a table denoted by 7T;
for each integer i. Denote by (m,n) the i-th adjacent quasi-orthogonal polynomials

Q! ) in this table.

T = (170)
(3,0) (2,1)
(5,0) (4,1) (3,2)
(7.0) (6.1) (5.2) (4,3)
9,0) (8,1) (7.2) (6,3) (5.4)

This table is made to fill the first diagonal with the polynomials QE;) ) when p = 0.
The second diagonal handles the polynomials Q(n 3.m) , when p = 1, etc.
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4.2 Formulation of the recursive quasi-orthogonal
polynomial algorithm

This section introduces the proposed algorithm to compute the quasi-orthogonal
polynomials of the form (4.3) recursively using (4.14) and (4.15) formulas. The pro-
posed algorithm provides an efficient procedure to generate the coefficients ﬁ,(jt)n
without computing the lower block determinants. Note that the computation of the
short-term recurrence relations of quasi-orthogonal polynomials in (4.14) and (4.15)

require evaluating Bm s Bﬁ?n,l and ﬂgj)n, where m — n is assumed to be odd. Two
procedures are described to compute these quantities : the first one for computing
5%)71 when m —n is odd, and the second one for m —n is even. First, we define some

notations that will be needed.

(4)
In the following, we set 3{), to be B{), = Fmiln 1 ioh

(i+1)
Om,n
» | D(l) |
2 —
Ul = o — (4.18)
| m— 1 n
For m —n = 2p, i.e., r = ™ we define 7(’) as
(B —
m,n
i 1 1 1 7
CQ CZQJrl C%+m_1 ) 0 1 0
G Cit1 Citm—1 Citm—1 Citm-n—1
: : (i+1)
1 1 1 0 0 /Dm—l,n (419)
Civr—2 | Ciyr—1 - Ciymir—3 e
c? c? c? cl cl
i+r—2 i+r—1 i+m+r—3 i+m+r—3 i+m—n+r—3
2 2 2 T i
| Citr—1| Cigr Citm+r—2  Citm+r—2 Citm—ntr—2 |
. m+n-+1 .
and form—n=2p+1,ie,r=————, we define 5,(7?” as
2 )
() —
5m,n -
i 1 1 1 7
G Cit1 Citm—1 0 0
2 2 2 1
G Ci-‘rl Ci+m—1 Cz—i—m 1 Citm—n—1
o 1 o : : (i41)
C’L2+7‘—3 CZ2+7’_2 PR Cz2+m+7‘—4 1 O PR 1 O /Dmfl,n (4.20)
Citr—3 | Civr—2 -+ Cigtmir—4 Citmtr—4 -+ Citm—ntr—a
cl ch c! 0 0
i+r—2 i+r—1 - 1+m+r—3 ce
T T 1
| Civr—1 | Cir o0 Cipmar—2 0 e 0 ]
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4.2.1 Computation of coefficients 3,,, with m —n =2p + 1

The following theorem gives the procedure to compute the coefficients 57(2)71 when
m —n is odd.

m-+n+1

2
the quantities a(i) (i) are giving in (4.18) and (4.19) respectively. The following

relations define a recursive algorithm for computing the coefficients B(’) The coef-

ficients 5mn are computed via the following equations

Théoreme 22 For all m > n > 0, with m —n = 2p+ 1, and r =

B(i) B Oégrlz)-i-l,n—l
m,n - (’L+1) ’
< O
< ( ) ’Ymnf ’Ym lnﬁm 1,n» (421)
’77(72)71 1= CZQ—H“ 1 + <C’(Z 1,n— 17%(71) 1,n—1
1+1 i+1 i+1
’yr(nJr l)n - Cz+r < ’r(71+2)n7 ’SnJFQ)n 3

where (-, -y is the 2-inner product for two vectors,

- 1

- 2 B q; )
C’i+7” q;’z
9 :
() _ Citrem—2 (@) Li
Cmfl,nfl - Cl ’ Ay — 1n—1 — Am—1
i+r+m—2 q2,i
. n—1
1 .
L Citrem-n—1 _ q2,i
0
1,
and{ql 7"'>qm 1} {q 7qn 1} are the COG]ﬁC’LQanS OfQ(m 1,n—1)1° Qm 1,n—1)2
respectively.
Proof.

According to (4.18), a%n can be written as Schur complement as

1 1 1
c; Ciz1 -+ Cipm—1 0 e 0
2 2 2 1 1
&5 Cir1 -+ Citm—1 Citm—-1 -+ Citm—n—1 :
(i) _ . . . (i+1
O[m,n - . . . /Dm 1n
1 1 1
Citr—1 Cixr -+ Cipmir—2 0 A 0
c? c? c? cl c!
i+r—1 i+r i+m+r—2 i+m4r—2 i+m—n+r—1 |
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We apply the Sylvester identity to

1 1 1
cé cl;rl Céerfl ) 0 0 1 0
G ciJrl Cierfl Cierfl +m—n Ci+m n—1
(@ 1 1 1 i (i+1)
am,n C§+7‘—2 cé+r_1 . ]. C§+m+T_3 . O . 0 ) O /Dm—l,n
Czi+7“—2 Ci—&ir—l Czi+m+7‘—3 Citm+r—3 Citm—n+r—2 | Citm—n+r—3
Cé—i—r—l C’é—i—r Cé—i—m-&-r—Q : 0 i 0 . 0
| Citr—1 Citr Citm+r—2  Citm+r—2 Citm—n+r—1 | Citm—ntr—2
We obtain
[ 1 1 1 ]
G Civ1 Citm—1 0 0
2 2 2 1
G Cit1 Citm—1 Citm—1 Citm—n
(i) — : : : (i+1)
CVm,n - 1 1 1 0 0 /Dmfl,nfl
CZé—i—r—Q Cé—‘rr—l cé—&-m-ﬁ-r—i’) .
Citr—2 | Citr—1 Citmtr—3  Citm+r—3 Citm—ntr—2
2 2 2 1 1
| Citr—1 Citr Citm+r—2 Citm+r—2 Citm—n+r—1
— 1 1 _
Cit1 Cé—‘rm—l ) 0 ) 0 ) 0
Cit1 Citm—1 Citm—1 Citm—n Citm—n—1
: : : +1)
J— . . D('L
1 1 / m—1,n—1
C;Jrrfl Cz;rerrfS L 0 ) 0 ) 0
Ci+2r—1 Czé+m+r73 Czi+m+r—3 Cz‘1+m—n+r—2 Ci1+mfn+r73
| Ciyr Citmtr—2 Ci+m+7“72 Citm-ntr—1 | Citm-—ntr—2 i
. —1
(i4+1) i+1 (i+1)
x (Dmfl,n Dm—l,n—l x mn 1/Dm 1,n—1
. | M| o
By using the Schur complement property : (M /D) W, and multiplying by
(i+2)
|Dm 2n . we ot
D (i+2) &
| m— 2n
1 1 1
Cit1 Cit2 Citm—1 Cigm-1 - Citm—n Citm—n—1
1 1 1
Citr—1 | Citr Citmr—3 0 0 0
c? c? c? ct cl ct
i+r—1 i+ i+m+r—3 i+m+r—3 i+m—n+r—2 i+m—n+r—3
2 2 2 1
() () Civr | Citry1 Citmtr—2  Citmtr—2 Citm—n+r—1  Citm—n+tr—2
Oém ’Ymn 1 (i+2)
‘Dm 2n
(i+2) (3)
‘Dmfln Dm,nfl
(i+1) (i+1)
‘Dmfl,nfl Dmfl,n
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Therefore
() (1) (i+1)
am fym n—1 fym 1 nﬁm 1,n-
i+1 .
%(n)n , and 7( ) in (4.21) can be written as follows :

(1) _ 2 2 2 1 1 (i+1) -1
’Ymn 1 CZ+T 1+[ z+r c Ci+r+m72 Ci+r+mf2 ce Ci+r+mn71 ](Dmfl,nfl)
, and

(i+1) _ 2 +[ 2 2 ol L ] (D(i+2) )—1
Tm—1n = Cigr itr+1 - Cirem—2 Ciyr4am—2 -+ Cijrim-n—2 m—2,n
Set -~ o

1
B ) i q1
1,
Citr (D}
(i) c; (@) 1
i _ i+r+m—2 i _ i
Cm—l,n—l = cl and n—1n—-1 = | 9m—1
i+r+m—2 2,0
qnfl
. )
| Citrim—n—1 i t.
2.
| do
such as,

1
—C?
(@) (i+1) ~1 .
Am—-1,n-1 = (Dm—l,n—l) : )
1
_C§+r72
“Ciyr—2

(9)

with ¢, ,_; are the coefficients of the polynomial Qg?_ljn_l given by (4.1). It

follows that

77()?n l_cz—i-r 1+<C’f(2 1,n— 17Qm 1,n— 1>

(i+1) O+ (z+1
mel,n - z+r+ m 2n7 m—2n

Which completes the proof.

and
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4.2.2 Computation of coefficients 3,,, with m —n = 2p

The computation of the quantities 57(7?,7” when m — n = 2p is described in the next
theorem.

Théoréme 23 For allm > n > 0 and m —n = 2p, for some p and r = ™" the
quantities o)) 60 are giving in (4.18) and (4.20) respectively. The following rela-

m,n’ “m,n

tions define a recursive algorithm for computing the coefficients Bg)n The coefficients

5,(,?” are computed as

%
6(1) o am+1,n71
- i+1
<a " )
N () z+1
< O./( 5 - m 1n5m 1,n

(1
57(7271 1= Ci+r + <Cm11,n71a qq(’rzz) 1,n—1

G+1) 1 (1,5+1), (i+1)
\5m—1,n = Cipr1 T Ol G2

where B ) B -~ . B

Citr/+1 Cz‘l+r'+2

1
Citr+2 Citr/+3
(Li) I @it _ | 4
Cm’—l,n’—l - Citm/4r—1 ’ C =20 T Cigm/ 4r1—1 )
0 0

i 0 il | 0 |

(4) (i+1)

and ¢’ 11, Gm-2m are the coefficients of the polynomials Qm 1n-1, and Q,;HQTL ;
respectively.

Proof.

The proof is similar to the ones given in Theorem 22.

4.2.3 Computation of coefficients 3,, _; with m=2p

Now, we present a recursive procedure to compute 3, _1 as defined below (4.17).
Consider

(2)
() | Dy 1]
Qm—1 = TGy (4.22)
|l)m+ 1)71
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When m is even, and r = % we define the matrices DU, )_1,77(7? 11

B 1 1 1 T
Cé C;Jrl Cz;rmq
G Civ1 - Citm—1
i . ; :
Dm,—l = : : : )
1 1 1
Citr—1 Citr -+ Cigmir—2
c? c? c?
i4+r—1 i+r i+m+r—2 |
B 1 1 1 T
Cé CéJrl .. Cé+m72
o G Cit1 - Ciym—2 -
[ . . . i+1
Tm—-1 —1 = : : : /Dm—2,—1 . (423)
2 2 2
Civr—2 | Cyr—1 -+ Ciymir 4
c? c? c?
| “it+r—1 i+r to i+m+r—3 |

When m is odd, and r = mT_, we define

Czl Cz'1+1 e Czl-i-m—l
c i o Clime
7 : .
Dfﬂ)’_l | ct .oocl
i+r—1 i+r i+m+r—2
sz+r 1 Gyr e sz+m+r—2
Citr  Ciyril Citmer— ]
Czl Czl+1 e Cz‘1+m—2
A c G o Chmes
57(7?71,71 = : : : /fofll -1 (4.24)
C}Jrr—l Czl+r e Cz'1+m+r—3
Civr | Citrp1 -+ Citmir—2 ]

The following lemmas give the procedure to compute the coefficient 57(7?7_1 used in
(4.17) recursively.

Lemme 24 Let oV ’y?(q?’_l be defined by (4.22) and (4.23) ; respectively. When m

m,—1»

is even, and r = . Then 57(2_1 can be computed by using the following formulas.

i)
5(i) Oy By 1= 01(050%—0(2)0%)
,—1 = ) ,—1 =
" ol ci(cics — ciez)’

m,—1

) [ ) 1
()—1 = %(n) 1,—1 ’Yerl—lﬂm 1 —1

77()?1—1_01-&-7* 1+< m— 2_17C]m 2—1>
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where
i+r
(@) .
C —2,—1 — . 9

2
Citm+r—3

and qm 9.1 18 the vector column of the coefficients of the polynomial Qm 9_1-

Lemme 25 Let o) (5,,2 _y be defined by (4.22) and (4.24) respectively. When m

m, la
is odd and r = m2 . Then an are computed as
(@) 1
7 CYm,— &
ﬂr(n),fl = TS7BL—1 = 7(1)7
i “ (4.25)
0457? 1= 57(7? 1,-1 7 ltl)—lﬁr(r? 1 -1 '

55,?1—1: z+r+<C Z)Q 17qm 2, 1>

with
1
Citrel
1(4) . .
Cm—Q,—l - : 9
L
i+m+r—2

and qm 9.1 are the coefficients of the polynomial QSB_Z_I.

Algorithm 5 describes how the matrix polynomials Qgﬁ)n of the form (4.3) are com-
puted by the short-term recurrence relations (4.14) and (4.15).
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Algorithm 5 (Recursive Algorithm for computation of quasiorthogonal polynomials)

1. Inputs : Q9 (z) = 1, QU (x) = 0, Q{Yy), (x) = F1 =1, Q@) =

D(i) ‘
| 12771 ) |D§Z)| = zl
(cit1)?
2. Fork=0,...... h
— Set m = 2k
— Compute Q5)(x) = Qplo(2) (B + 8,1 1) Q"3 (2) + AL ALY Q3 ().
— end
3. Fork'=1,...... Jh

— Setm=2k"+1

7 7 i 7 7 i+2
— Compute Q1) (x) = Qh_y _), () =2 (B0 +B)QE ), (1) 42285 0B Qi 2 o), (@

— end

4. Forp=1,...... N/
— Form=1,...... , S
— Forn=1,...... .8

— Ifm—n=2p+1do
0 0 9 (i+l)
ompute Q ( ) Q(mn 2)1( z) — (B +an I)Q(m 1n—1); () +
— ComputeQ ( )— :BQQ(mn 2),(T) — x(ﬁ(z) +5mn 1)@ :;1)1@71)2(33) +
Bi (i+1) (z+2) ( )

mln (m—2,n)2

— end

Outputs : polynomials Q) mn)l( x), Q(m ) (T)-
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We give the following example to illustrate the different steps of the proposed algo-
rithm to compute the quasi-orthogonal polynomials with applications to the vector
Padé approximant of the form (2.8).

4.3 Example

Consider the function

2 3 4 5
Pay= |, & =ttt e a |
m(+2) |~ la-g+5 g2 -5+

The main of this example is to compute the vector Padé approximant @mm, for
m =5 and n = 2. First, we apply the Algorithm 5 to compute the quasi-orthogonal
polynomial @, .

We start to compute @)1 and Qo ;.

1 ct

C; ;
1—2x (1’) 0 l—w (1l)
C; (i) Cit1
_ +1 _ _ “i
Ql,—l = 3 Cl 7Q0,—1 = 1,Q170 = |D(z) Cl
1 -+ 172 oyt
0 ) D+ 1z (1)
Cit1 1,0 Cit1
1/,1.2 2.1 1 1
By 4 = 02(0001 - Cocl) B 4= &) n_4a
1= 1712 2 1\’ —1 = 1 1 = 1
a (C102 - 0102) C1 Ca

From (4.16), we have

1
Q(Q,,l)l(x) =1- ix — z?

Q) (@) = 1— (2/3)z — 4a?
Q1 (@) =1 (9+2?)/2 — (15 2)/8
Q) 1), () =1— (16 +2%)/3 — (44 + 2)/15.
According to (4.25), we get

(0 G371
3,—1 — 1
0 04%11 1 0
) a:g,zl = 55,21 - 55,}155,21 = T72
5 =l + cé_c—fo =1/2
1
1
50 = b+ =1 =1/6
\ 3
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C1 C1 (1)
such that —1 and —— are respectively the coefficients of Ql and Q)
c cd
Similarly, ' ’
(o)) = 0 — 07850, = §
Baly = —4/3
< 1
S = b+ eb—2 =1/24
c3
[)’3 71 = 2.625.
and @
2,-1 — _9/ 8
82 =1/120
(| = 4.3573
and

( NOB
), = =L — 0.2660

043)1

o, =4 - 7§1)5§?21=0.1874
afly =757 =585, = 07044
¢

1 V3,51 = C% + [C% C%] qu =11/12
2

W =@+ [E 3 Zil — 0.2778
2

1,2
W =@+ [e @, | =—00979

qy’

\ L _

with the ¢, and ¢o" are the coefficients of ng)_l
Q4-1(x) and QEQ)_l(x) are now given by

Q4,—1(I) =
1 —3.3913z + 2.087x2 + 9.391323 — 5.21742* 0
0 1 —3.3913z + 2.087x2 + 9.3913x3 — 5.21742*
and
1
51,)—1(55) =
52.865z* + 40.0997x3 — 9.319122 — 3.11635x + 1 0
0 52.865x* + 40.099723 — 9.319122 — 3.11635x + 1
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(B, = —1.907613,
§2>1 = 5.1962
with { 689 = 1/720,

<2> = —0.369587,
G

(73,21 = 47/900
5 a®) ) ) 054(12) )
Now, we compute the coefficients 658 = 362) and @gg = (;) via
Q30 s
3
(58) = 7.0667,
B3 = 0.0423,
1
ol =689 = e+t = 1/720
5
Jafy =80 — 808 = —8.7223
1,3
q I’
Yy = o + [ ] [ L ] 00522
4o
. e
1
7%,3 =cd+[¢ ¢l 2 ] = 149/120
\ 0

with q1 ,qQ are the coefficients of Q2 1, and q1 ,qg A

we obtain

are the coefficients of Ql 0

Qg?l)l and Qg?l)Q are given by
Q(2 b, = 302% — 10z + 1,

Qi) = 6280 — 32460z

Similarly, we have

Q(3 M —2102° + 90.0000000000002272* — 15.000000000000034x + 1

QE?Q) (z) = 5262599.9998330052 — 1718399.999945471x + 166889.9999947042

The computation of QSH leads to
Qi (@) = Q41 (@) — 28] + 519 Qfzy, (0) + #*601B1 Q) (@)
Qi (@) = —2(B5Y + BLDQE, (2) + 2801 B Q5), ()
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with
( Ne)
B = —5 = T.91688;
Q31
1 Oégl) 1
8 = 5 = 8.0667322
a4 0
3\ A Oéélg
Bl = —g = 0.02813
Q41
all) = NOl VB = —1.9239
agl = 54”1 591 1) = 0.02534
65", = 0.019317; 67, = 0.00315831
Then, we find

QUi = —154.47570256 72" —52.54557553152° +48.49016676 792 — 11.2100094 + 1

Qg)l = —6865.406140101707x + 1398.567520032000

We continue with the same steps and compute Qé?%
0 © 0
Q(so () = QE4) 1 ( )+ 55 )1)Q(4 _1y, (@) + 3325( e Q(g 0)1( z)
2
Q(5 0)2( ) = 65 (3,0)2 (x)

the coefficients are given by

0 ag‘)) 0 C!((SO)
2, = (7 = 3661339568 0 = = 0085831395

o, 5<0 — 5,80 = 0.0927783 ), = 7§°>1 4,880 = 0.06235819

then, it holds
Q§§?0)1 = —207.2787469952° —156.272574x"* +47.636932°+12.53194872%—6.9668081 7z +1

QP (x) = —31.0908986.

It remains to compute the coefficients ﬁég, ﬂé and ﬁ5 5, then we compute the auxi-

liary polynomials Q3 1, g‘”, QE&% as follows
Q) = Qi (@) — 28Y1Q5), = —211.06232° + 90.334022 — 15.0304z + 1

0 0
Q(s 1)y T 4(1,)1() xﬁé)l 4, 1($)

QW) 1), = —193.50572" — 151.98262" + 43.51192% + 13.49172 — 7.0526 + 1
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QW = Q1 (2)—2B3Q%)), (x) = —160.46640" ~49.98164° +48.06362>—11.18162+1.

According to these relations, we compute ﬂffl)n

89 = =2k = 9.147103 o as
o) 0‘(4%% 5 51 = ﬁ = 8.08036
04472 = (54,1 - 532 3,2 000014654 6 31 5(1) (0) . 0 0108314
(1) — 5(1) 5(2) 1 = 0.02813 50750 — Y-
a5 1 5,0 4,1P4,1 . .
and

(0)
B = “%1 = 0.018490509
Qs 2
o) = ) — 480 — —10.658012
ol =1 =338 (” —0.00057645034

Finally, the desired quasi-orthogonal polynomials Qs 2y, () and Qs 2), (v) are

Q(5,2), (x) = 1008.9448947° + 284.53801z" — 347.6142” + 103.462072* — 15.05892x + 1

QEE’Q (z) = 945662.9182% — 301969.1050032 + 28227.0101

According to (2.20) and (2.21), the vector Padé approximants ©(5,2)1 and @(572)2 are
shown as

Qs (2) = 1+ 0.2820z — 0.34452° + 0.10252° — 0.01492* + 9.9113 x 107425
( ) )1

Q<5 0y, (%) = 937.2791 — 299.2920x + 27.97682”.
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Reduction model using Padé approximation

The modeling of phenomena or physical systems often requires representations
by mathematical models that will be simulated, analyzed or controlled. Mathema-
tical models are represented by dynamical systems that can be with high-order,
which makes the task of mathematicians more complicated given the capacity com-
puter storage space and execution time. A number of techniques for the reduction
of large-scale dynamical systems have been proposed, among them we find Proper
Orthogonal Decomposition [10, 10], Balanced Truncation [44, 38|, Interpolatory me-
thods including methods referred to as Rational Krylov Methods [25]. There exist
also methods based on the Routh stability criterion and the Padé approximation
technique[56].

In this chapter, we propose to apply the Padé approximation technique for re-
duction in order of high-order systems. Let consider the single-machine infinite-bus
(SMIB) power system as an application of the algorithms proposed in this thesis
and we will see how to reduce the order of this system.
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5.1 The problem setting

The principle of the reduction of linear models using the Padé approximation
can be defined as follows :

Let consider the linear system LTT :

{i(t) = Ax(t) + Bu(t) (5.1)
y(t) = Cx(t) + Du(t),

where A e R™*" Be R"™™ (CeRP*™ and D e RP*™ e R" ye RP and u e R™.
If n = m = 1, the dynamic system is called a single-input, single-output (SISO)
system, otherwise it is called a multi-input, multi-output (MIMO) system.

This representation is not unique, one can use the representation by the transfer
function given by :

H(s)=C(sl, —A)™B+D (5.2)

The goal is to determine a simpler, lower-order LTI dynamical system than the
original system :

{ .(t) = A.x,.(t)+ Bou(t)
yr(t) Crx,(t) + Dyu(t)

where A, € R™" B, e R™”™ (. € RP*" and D, € RP*™ r « n having the reduced
transfer function is written :

H.(s) = C.(sI, — A,) " 'B, + D,,

the Padé approximation makes it possible to approximate the transfer function of
the high order system by a lower order transfer function equalizing their moments
in sq.

The transfer function of a linear system is a rational function :

1z
2
C"D@

H(s) = 57—, (5-3)
ZO bjS]
where
H(s) = mg +my(s — so) + ma(s — s0) ... (5.4)

such that the m; are the moments of the system (5.1) at sg, which are written :
_d'H
~ dsi

my;

(80) VZ:O,,
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a lower order model represented by the reduced transfer function which is also a
rational function of the following form :

-
&
c‘sﬁ

H(s)=2%— Vi<retr<n
2, ¢S
j=0
where
H,(s) = Mg + Mi(s — sg) + ma(s —s0)? ... +m(s—s)", (5.5)
and
d'H,

dsi (S()) Vi=0,...,’l“,

so that the reduced order model corresponds to a certain number of moments

ml-:fﬁi, Vizl,...,T
we put eg = 1 :

rdo = Co
dl = (1 + ¢cpé1
dg = g+ cger + Cc1e9

‘. (5.6)
dp = cp+cp 161+ ...+ creg + colrin
0= crpp1+cker+ ...+ creg + colryt

kO = C-1+C o1+ ... Fcre41 + coer

this system of equations , allows us to calculate the polynomial values in numerator
and denominator of transfer function H,(s).

These e quations remind us of linear systems used to find the Padé approximant,
so, Using the Padé approximation we will try to construct an approximation of
the function H(s), the transfer function with lower order than n, which allows us
to obtain a simpler system, following the principle of this approximation we can
approach H(s) by a fractional function noted (p/q)y whose power series expansion
around sy coincides with that of H(s) up to the order p + ¢. This approximant is
none other than the reduced order transfer function.
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5.2 Presentation of Power system

Let consider the single-machine infinite-bus (SMIB) power system illustrated in
the schema in Figure 2 as an illustrative application. The machine is supplying po-
wer through a step-up transformer and a high-voltage transmission line to an infinite
grid. X7 and X represent the reactance of the transformer and the transmission
line respectively; Vi and Vg are the generator terminal and infinite bus voltage,
respectively.[33]

The system consists of three-phase 160-MVA synchronous machine with automa-
tic excitation control system. The simple synchronous machine model was developed
by Heffron and Phillips. [55]
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VB
G VI 11. XL

Ot

FIGURE 2 — The single-machine infinite-bus (SMIB) power system

Kﬂ
1+1,5

_____________________________________________

F1GURE 3 — Block diagram representation of Philips-Heffron model of single-machine
infinite bus (SMIB)power system)

The system of Fig.3 may be described in the state-space form as :

© = Ax + Bu
y=Cx

with, 27 =[ B, w & v vy v3 vy vs vg Epp |;u” = [AVey AT,];y" =

[0 Vi].

For more details see [28, 29] with

A=
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[ —0.5517 0 —0.3091 0 0 0 0 0 0 0.195
—0.041 0 —0.035 0 0 0 0 0 0 0
0 314.1593 0 0 0 0 0 0 0 0
9.554 0 —0.866  —20 0 0 0 0 0 0
0 0 0 0 —1 0 0 0 0.0421 —-0.0328
—0.1962 10.8696 —0.1672 0 0 —10.8696 0 0 0 0
—0.9386 51.9849 —0.7999 0 0 —41.1153 —-10.869 0 0 0
—0.9386 51.9849 —0.7999 0 0 —41.1153 -10.869 —0.1 0 0
0 0 0 —1000 —1000 0 0 1000 —20 0
i 0 0 0 0 0 0 0 0 1.0526 —0.8211 |
C o 0
0 0.0926
0 0
0 0
B 0 0 C=[ 0 0 1 000O0O0O O]
0 0.4428 |’ 04777 0 —0.0433 0 0 0 0 O O O
0 21179
0 21179
1000 0
L O O -

According to (5.2), the transfer function matrix (based on the numerical values
of the matrices A, B and C) of the 10" order two-input two-output linear time
invariant model of practical power system under study is given by :

G@s) =5 [ Z;ig 228 ]

where : D(s) = s'0 + 64.21s7 + 1596 + 1.947 x 10%s” + 1.268 x 10°s% + 5.036 x
10%s° + 1.569 x 10%s* + 3.24 x 10953 4 4.061 x 10652 + 2.905 x 10%s + 2.531 x 10°

al(s) = —2298s° — 9.845 x 10°s* — 1.376 x 10°s® — 6.838 x 105s* — 6.1 x 10°s —
5.43 x 107,

al(s) = 85.23s7 4+ 3651s% + 5.208 x 101s% +2.98 x 10°s* +8.471 x 105s® + 3.105 x
10952 4 2.752 x 10%s + 2.45 x 10°

a? = 29.09s% + 1868s” + 4.61 x 10%s% + 5.459 x 10°s° + 3.185 x 10%s* + 8.702 x
1085 + 1.206 x 107s% + 7.606 x 10°s + 6.483 x 105,

a3(s) = —1.26s5 — 85.18s7 — 208956 — 2.568 x 10%s® — 1.909 x 10°s* — 7.123 x
1053 — 1.084 x 10552 — 2.972 x 10°s — 1.942 x 10*
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5.3 Numerical simulation

First, we will apply the Algorithm ROPA (algorithm 1) for computing the ortho-
gonal polynomials which are the denominator of scalar Padé approximant and we
calculate the numerator of this approximant. The transfer function G is a matrix
then we calculate the approximant of each component.

We propose to give the 4" order reduced transfer function

_ g11(5)  g12(s)
Cals) = [ 921(5)  g22(s) ] 7 5.7

let compute the scalar Padé approximants of ¢11(s), g12(8), go1(s), and gaa(s) , using
the algorithme 1, we obtain the following orthogonal polynomials

Ou = 0.391s* + 4.43755% + 5.391s% + 3.5378s + 1

Qu2(s) = 0.4952s* + 5.53325° + 6.1985s2 + 3.7191s + 1
Qus(s) = 0.1692s" + 2.17065> + 4.9501s2 + 1.6460s + 1
Qu(s) = —2.0105s* — 21.0325® — 9.9087s% — 5.2527s + 1

Then the denominators of scalar Padé approximants [3/4] are

Qu1(s) = 2.557s* + 11.3491s + 14.4225% + 9.04808 + 1

Qu2(s) = 2.0202s* + 7.51025% + 12.517s% + 1.173s + 1
Qu3(s) = 5.910165* + 9.7281s” + 29.2555> + 12.828s + 1
Qus(s) = —0.49s* + 2.6125> 4+ 4.9285% + 10.461s + 1

From these polynomials polynomials numerator are computed
Pi(s) = —2.1454 — 18.8887s — 24.8057s* — 6.5784s"

)
Py(s) = 0.968 + 0.8983s + 11.2968s> + 4.64065s"
Ps(s) = 2.5614 + 23.8281s + 41.9077s* + 31.8699s”
Py(s) = —0.0767 — 0.9878s — 3.44515% — 2.99845"

Consequently , we have reduced the order of the original system to the 4" order.
Let’s consider the following form of the original transfer function

G(s) = [Gi(s), Ga(s)] (5.8)
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G12(s) g22(s)

we propose to give vector Padé approximants [1/2], which give a reduced trans-
fer function of order 4, of Giand G,. Using the proposed algorithm Algorithm 5,
we compute the quasiorthogonal polynomials associated to the vector Padé approxi-
mants studied in this work

with Gs (s) = [ gu(s) ] and Ga(s) = [ g21(5) ]

For the vector G; we have

0! (z) = 1.0078s% + 1.3988s + 1 0
21 —0.041s — 0.0633 1.0078s? + 1.3988s + 1

and for G, we obtain

02 (z) = 1 —8.6025s% — 16.2348s 0
21 —7.8921s — 14.2896 1 —8.6025s% — 16.2348s

The reduced system of order 4 is computed from the approximant with denomi-
nator of degree 2 , so the denominator matrix is giving

L (s) = | 1138795 + 0.992265° 0
2087 —0.04068 — 0.06281s 1+ 1.3879s + 0.992265>

with vector numerator

oy [ —2.1454 — 2.454s
Fi(s) _[ 1.0553 + 1.2198s |

and the approximant of vector Gs(s)

02 (s) = | 0116267 — 188725 +1 0
218/ = 1.6611 +0.9174s  —0.1162s2 — 1.8872s + 1 |’
with
2.5614 — 4.1819s
2 —
Fils) = [ —0.3744 + 2.1253s ] '

The computation of Padé approximant with denominator degree is 2 is due to the
calculation of inverse of the matrix polynomial ()1 which give a transfer function
of order 4 .
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Conclusion and Perspectives

In order to compute recursively a sequence of Padé approximant of scalar or non
scalar function, we can use the link with the theory of orthogonal polynomials and
quasi orthogonal polynomials.

We are focused in this thesis on the recursive computation of orthogonal po-
lynomials and quasiorthogonal polynomials we proposed the first algorithm called
ROPA : Recursive Orthogonal Polynomial Algorithm, as an extension of this work
we obtain a recurrence schemes for computing quasiorthogonal polynomials.

In the second chapter, we present the essential results used throughout this work
starting with the definition of scalar and vector approximants and passing to the
introduction of the properties of Schur’s complements by showing the link with Padé
approximants.

In the third chapter, the Schur complements, the Sylvester identity and qd al-
gorithm to derive a recursive algorithm for computing the orthogonal polynomials
without referring to the relations of orthogonality. We recovered the recurrence re-
lation between the Hankel determinants when we apply the Sylvester identity to the
expression of Hankel determinant. This relation helped us to give another recursive
algorithm to calculate the orthogonal polynomials. We have also gave an algorithm
to calculate the orthogonal polynomials of the same family by using the Sylvester
and auxiliary polynomials.

In the fourth chapter, we present a recursive algorithm to compute adjacent fa-
milies of quasi-orthogonal polynomials of the form (4.3). New short-term recurrence
relations involving multiple families of such polynomials with lower block deter-
minants are introduced. An illustrative example with applications to vector Padé
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approximations is given.

The fifth chapter is an application of the algorithms proposed in this thesis to a
single-machine infinite-bus(SMIB) power system.

In the next works, we wish to improve our algorithm for calculating quasi poly-
nomials and we are going to give an extension of the Qd-algorithm in our case.

In another axis, we will focus our attention to the theory of tensors, exploiting
the results obtained in this work since we find that in the case of quasiorthogonal
polynomials, the elements of each adjacent family can be organized in a table and
related to two other different table of families of quasiorthogonal polynomials.

As an extension of Sadaka’s work [48], we propose in future works to define a
Padé approximants of matrix function of the form :

. F1 0R2
F = [ B ] (5.9)
1 2
WlthFlz[;;l :|,F2: ;;2 .
Then, we consider the block matrix polynomials :
Ql (t) 0R4 :|
= , 5.10
2= & oy (5.10)

1 1
wine=| & g o=@ &)

we have also the numerator

. P1 ORQ
P = [ n B ] (5.11)

pl] "pz]
P=| [ .P=]
1 |: 2 _P22

deg(Q1) = uy = ul

2

2 1
U1

] ,deg(Qs) = uy = [ Zé ] and deg(P;) = [ I ] ,deg(Py) =

2

Then we have :

QM)F(1) —P(t) = O(t" ™), (5.12)
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w;
’LU2 s and Q(O) = [4><4.
2

(t) = P = O(t"i*)

~—" N =N =
=
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Resume

L'approximation de Padé permet de résoudre plusieurs problémes dans des domaines différents,
notamment dans I'analyse numérique I'approximation de Padé donne de bon résultats dans les
problémes d'accélération de la convergence. Le calcul de ces approximants a fait I'objectif de
plusieurs travaux, dans cette thése nous allons proposer des algorithmes de calcul des polynémes
orthogonaux et des polyndmes quasiorthogonaux afin de déterminer les approximants de Padé dans le
cas scalaire et vectoriel. Dans un premier temps, nous donnons une relation de récurrence entre
deux familles de polynémes orthogonaux. Nous dérivons deux algorithmes récursifs pour calculer les
polyndmes orthogonaux en utilisant I'algorithme qd et la relation de récurrence bien connue des
déterminants de Hankel. Nous donnons également une relation de récurrence utile entre les
polyndmes orthogonaux de la méme famille et auxiliaires polyndmes, ce qui nous permet de construire
un troisiéme algorithme pour calculer récursivement les polynémes orthogonaux. Dans le cas
vectoriel, nous étendons le premier travail au cas vectoriel. La théorie de I'approximation vectorielle
de Padé étudiée dans notre travail est liée a la théorie des polyndmes quasi-orthogonaux. Le calcul
récursif des approximants vectoriels de Padé revient a calculer récursivement les polynémes
quasiorthogonaux. Nous introduisons une procéedure efficace pour calculer des familles adjacentes de
polyndmes quasi-orthogonaux. L'algorithme dérivé utilise des relations récursives courtes dont les
coefficients sont écrits en termes de déterminants de blocs triangulaires inférieurs. La stratégie de
calcul de tels déterminants est donnée et analysée.

Mots-clefs (5): Approximants de Padé, Polyndmes Orthogonaux, Approximants de Padé
vectoriels, Polyndmes quasi-orthogonaux, Compléments de Schur.

Abstract

The Padé approximation solves several problems in domains different, in particular in the
numerical analysis the approximation of Padé gives good results in the problems of acceleration of
convergence. The calculation of these approximants has been the objective of several works, in this
thesis we will propose algorithms for calculating orthogonal polynomials and quasi-orthogonal
polynomials in order to determine the Padé approximants in the scalar and vector case. To do this, we
will start by recalling the Padé approximation and the orthogonal polynomials. We give a recurrence
a recurrence relation between two families of orthogonal polynomials. We derive two recursive
algorithms for computing the orthogonal polynomials by using the qd algorithm and the well known
recurrence relation of Hankel determinants. We also give a useful recurrence relation between the
orthogonal polynomials of the same family and auxiliary polynomials, which allows us to build a third
algorithm for computing recursively the orthogonal polynomials. In the second part, we extend the
first work to the vector case. The theory of vector Padé approximation studied in our work is related
to the theory of quasiorthogonal polynomials. The recursive calculation of vector Padé approximants
is equivalent to calculate recursively the quasiorthogonal polynomials. introduces an efficient
procedure to compute adjacent families of quasi-orthogonal polynomials. The derived algorithm uses
short recursive relations whose coefficients are written in terms of lower triangular block
determinants. The strategy of computing such determinants is given and analyzed.

Key Words (5): Padé approximants, Orthogonal polynomials, vector Padé approximants,

quasi-orthogonal polynomials, Schur complements.
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