ROYAUME DU MAROC

Université Mohammed V
- RABAT -

7

- 'bou‘ -

Faculté des sciences

pslel) s

CENTRE D’ETUDES DOCTORALES - SCIENCES ET TECHNOLOGIES

N° d’ordre : 3509

THESE

En vue de 'obtention du : DOCTORAT

Centre de Recherche : CeReMAR

Structure de Recherche : Laboratoire Mathématiques Informatique et
Applications — Securité de l'information (LabMiA-SI)
Discipline : Mathématiques Appliquées

Spécialité : Analyse Numérique

Présentée et soutenue le 16/07/2021 par :

Safaa ELGHARBI

Méthodes Sinc exponentielles doubles, Méthodes de Lanczos par blocs et
globale et applications

JURY

Souad EL BERNOUSSI PES, Université Mohammed V - Rabat, Faculté des Sciences Présidente

Hafida BENAZZA PES, Université Mohammed V - Rabat, Faculté des Sciences Rappoteure/Examinatrice

Youssef BENTALEB  PH, Université Ibn Tofail, ENSA - Kenitra Rapporteur/Examinateur

Younes LOUARTASSI PH, Universit¢ Mohammed V - Rabat, EST - Salé Rapporteur/Examinateur

Bouchra ABOUZAID  PH, Université¢ Chouaib Doukkali, ENSA - El Jadida Examinatrice

Hassan SAFOUHI PES, Université d’ Alberta, Faculté Saint-Jean - Edmonton Examinateur

Said EL HAJJI Ex-PES, Université Mohammed V - Rabat, Faculté des Sciences  Invité

Mouna ESSAOUINI PH, Université Chouaib Doukkali, Faculté des Sciences - El Jadida Co-Directrice de Thése

Mustapha ESGHIR PH, Université Mohammed V - Rabat, Faculté des Sciences Directeur de Thése

Année Universitaire : 2020/2021

D4 Faculté des Sciences, avenue Ibn Battouta, BP. 1014 RP, Rabat —Maroc
& 00212(05) 37 77 18 76 = 00212(05) 37 77 42 61; http://www. fsr.um5.ac.ma




Remerciements

Ce travail a été effectué au laboratoire Mathématiques, Informatique et Applications - Sécurité de
I'information, de la Faculté des Sciences de Rabat, tout d’abord sous la direction du professeur Said
EL HAJJI et apres sa retraite, ce travail a été achevé sous la direction des professeurs Mustapha
ESGHIR et Mouna ESSAOUINI.

J’aimerais, remercier mon ancien directeur de these, monsieur Said EL. HAJJI, ex-professeur
d’enseignement supérieur a la Faculté des Sciences de Rabat, pour la confiance qu’il m’a accordée
en acceptant d’encadrer ce travail doctoral avant de prendre sa retraite, ainsi que pour la bonne
humeur et l'intérét manifestés a 1’égard de ma recherche qui m’ont permis de progresser dans
cette phase délicate de mon apprentissage et recherche. Qu’il soit apprécié aussi pour ses qualités
professionnelles et humaines qui m’ont facilité mon parcours doctoral.

Je souhaiterais exprimer ma gratitude a mon directeur de these, monsieur Mustapha ESGHIR,
professeur habilité a la Faculté des Sciences de Rabat, pour ses multiples conseils et pour les heures
qu’il a consacrées a diriger cette recherche. J’aimerais apprécier énormément ses qualités humaines
d’écoute, de motivation et de compréhension tout au long de ces années de these doctorale, ainsi
que sa disponibilité et son grand soutien a chaque fois que j’ai sollicité son aide.

Mes vifs remerciements vont également a ma co-directrice de thése, madame Mouna ESSAOUINI,
professeur habilitée a la Faculté des Sciences d’El Jadida, pour ses corrections et remarques per-
tinentes tout au long de ce travail de recherche. Je la remercie profondément pour ses multiples
encouragements, notamment lors de mes communications aux congres, ainsi que pour sa gentillesse,
sa grande générosité et son accueil chaleureux a chaque fois que je me suis déplacée a El Jadida.

J’aimerais aussi adresser ma gratitude a madame Souad EL BERNOUSSI, professeur
d’enseignement supérieur a la Faculté des Sciences de Rabat, pour avoir honoré cette soutenance de
these par la présidence de son jury, ainsi que pour son assistance administrative en tant que respon-
sable du laboratoire de Mathématiques, Informatique et Applications - Sécurité de I'Information.

Je tiens & remercier madame Hafida BENAZZA, professeur d’enseignement supérieur a la Faculté
des Sciences de Rabat, pour I'intérét qu’elle a manifesté a I’égard de cette recherche en s’engageant
a étre rapporteure et examinatrice.

Mes remerciements vont aussi & monsieur Youssef BENTALEB, professeur habilité a I’Ecole
Nationale des Sciences Appliquées de Kénitra, pour avoir accepté d’étre rapporteur et examinateur,
et consacré son temps et effort pour juger ce travail.

Je voudrais remercier monsieur Younes LOUARTASSI, professeur habilitée a I’Ecole Supérieure
de Technologie de Salé, d’avoir consacré son temps a examiner ce mémoire de these et d’avoir
accepté d’étre rapporteur et faire partie du jury.

J’aimerais également apprécier madame Bouchra ABOUZAID, professeur habilitée a I’Ecole Na-
tionale des Sciences Appliquées d’El Jadida, pour l'intérét qu’elle a porté a ce travail de recherche
en acceptant la fonction d’examinatrice, aussi bien que pour son accueil enthousiaste a chaque fois
que je ’ai rencontré.



Je saurais infiniment gré a monsieur Hassan SAFOUHI, professeur d’enseignement supérieur a
I'université d’Alberta, pour ses vives critiques, ses suggestions utiles et surtout sa précieuse contri-
bution qui a mené a achever ce travail de recherche.

Ma sincere reconnaissance va également a mes tres chers parents pour leurs encouragements
constants aussi bien que leur soutien affectif et matériel. Mes derniers remerciements vont a mes
fréres, ma famille, mes amis et mes collegues qui m’ont apporté leur soutien moral et intellectuel
tout au long de cette période doctorale.



Abstract

The current thesis work is presented in two parts. The first part is devoted to the solution of the
Schrédinger equation using Sinc numerical methods. The nonstationary version of this equation
is treated in two dimensions using the double exponential Sinc collocation method (DESCM) and
the double exponential Sinc-Galerkin method (DESGM). A comparison with the single exponential
Sinc methods is made to illustrate the superiority of the DESinc methods. The resolution of the
stationary Schrodinger equation using the DESCM and DESGM methods is also discussed in two-
and three- dimensional spaces. Numerical experiments are reported to confirm the accuracy of
the presented approaches for the Schrodinger equation with various separable and nonseparable
potential functions. The matrices arising from the discretization of the equation using the DESinc
methods are block centrosymmetric. This property is introduced as a two-dimensional extension
of the well-known centrosymmetric property which helps to significantly reduce the computational
time while calculating the eigenvalues of the system matrices.

The second part of this study is aimed at resolving large sparse linear systems with multiple right-
hand sides using Lanczos based methods. The block nonsymmetric Lanczos method (BI-NLM) as
well as the global nonsymmetric Lanczos method (GI-NLM) are introduced in new versions. A
new expression of the solution is presented basing on some Schur complements identities and con-
sequently some recursive formulas are occurred to give rise to new algorithms for implementing the
block and global Lanczos methods. The proposed approaches are tested numerically and compared
to other block and global Krylov subspace methods in order to illustrate their behavior and effi-
ciency for some matrices. The combination of the global nonsymmetric Lanczos process and the
Schur complements is also applied for the approximation of the transfer function. The global Lanc-
zos method is used as a model reduction method to transform the original linear dynamical system
into a smaller one and the Schur complements give new expressions of the approximate transfer
function.

Keywords. Sinc collocation method, Sinc-Galerkin method, Double exponential transforma-
tions, Two- and three- dimensional Schrédinger equation, Block centrosymmetry. Large sparse
linear systems with multiple right-hand sides, Block nonsymmetric Lanczos method, Global non-
symmetric Lanczos method, Schur complement, Transfer function.



Résumé

Ce travail de these est présenté en deux parties. La premiere partie est consacrée a la résolution
de ’équation de Schrodinger par les méthodes numériques Sinc. La version non stationnaire de cette
équation est traitée en deux dimensions en utilisant la méthode de collocation Sinc couplée avec
des transformations exponentielles doubles (DESCM) et la méthode Sinc-Galerkin couplée avec des
transformations exponentielles doubles (DESGM). Une comparaison avec les méthodes Sinc couplées
avec des transformations exponentielles simples est faite pour illustrer la supériorité des méthodes
DESCM et DESGM. La résolution de I’équation de Schrodinger stationnaire a l’aide des méthodes
DESCM et DESGM est également discutée dans des espaces a deux et trois dimensions. Des ex-
périences numériques sont rapportées pour confirmer l'exactitude des approches présentées pour
I’équation de Schrodinger avec diverses fonctions potentielles séparables et non séparables. Les ma-
trices issues de la discrétisation de ’équation a I’aide des méthodes DESinc sont centrosymétriques
par blocs. Cette propriété est introduite comme une extension bidimensionnelle de la propriété cen-
trosymétrique bien connue qui aide a réduire considérablement le temps d’exécution lors du calcul
des valeurs propres des matrices du systeme.

La deuxieme partie de cette étude vise a résoudre de grands systemes linéaires creux avec plusieurs
second membres en utilisant les méthodes de type Lanczos. La méthode de Lanczos non symétrique
par blocs (BI-NLM) ainsi que la méthode de Lanczos non symétrique globale (GI-NLM) sont intro-
duites dans de nouvelles versions. Une nouvelle expression de la solution est présentée en se basant
sur certaines identités de compléments de Schur et, par conséquent, certaines formules récursives
sont apparues pour donner naissance a de nouveaux algorithmes pour I'implémentation des méth-
odes BI-NLM et GI-NLM. Les approches proposées sont testées numériquement et comparées a
d’autres méthodes de Krylov par blocs et globales afin d’illustrer leur comportement et leur efficac-
ité pour certaines matrices. La combinaison du processus de Lanczos non symétrique global et des
compléments de Schur est également appliquée pour 'approximation de la fonction de transfert. La
méthode de Lanczos globale est utilisée comme méthode de réduction de modeéle pour transformer
le systeme dynamique linéaire en un systéme plus petit et les compléments de Schur donnent de
nouvelles expressions de la fonction de transfert approchée.

Mots-clés. Méthode de collocation Sinc, Méthode Sinc-Galerkin, Transformations exponentielles
doubles, Equation de Schrodinger en deux et trois dimensions, Centrosymmetrie par blocs. Grands
systemes linéaires denses avec plusieurs second membres, Méthode de Lanczos non symétrique par
blocs, Méthode de Lanczos non symétrique globale, Complément de Schur, Fonction de transfert.



Résumé Détaillé

Les méthodes Sinc comblent un vide en mathématiques d’une maniere similaire que les polynomes,
les fonctions splines et les polyndémes de Fourier. 1l est clair qu’on a pu longtemps se débrouiller sans
ces méthodes, mais leur présence a enrichi le domaine de ’analyse numérique. L’outil de base des
approximations Sinc est la fonction cardinale qui représente un développement de la fonction a ap-
proximer. Les identités basées sur la fonction cardinale fournissent des approximations pour presque
toutes les opérations de calcul. La fonction cardinale joue le méme role pour les méthodes sinc que
les polynémes pour les méthodes numériques classiques. Comme pour les polynémes, de nombreuses
opérations sur la fonction cardinale peuvent étre effectuées explicitement et chacune d’elles donne
lieu & des méthodes explicites d’approximation, telles que la régle des trapezes, la transformée de
Fourier rapide et bien d’autres techniques faciles a déduire du développement cardinal.

La plupart des processus d’approximation numérique tels que les méthodes de quadrature, les
méthodes des éléments finis et les méthodes des différences finies, sont basés sur des relations
satisfaites par des polyndémes. La simplicité et la diversité de ces identités ont permis la construction
d’un grand nombre de procédures qui ont prouvé leur efficacité dans des voisinnages ou la fonction
a aborder est suffisamment réguliere. Cependant, au voisinage des singularités, ces procédures sont
généralement moins précises. Ceci est tout a fait compréhensible puisque chaque méthode existante
excelle pour une classe particuliere de problemes. Par exemple, les fonctions polynomiales ont prouvé
leur efficacité dans 'approximation de fonctions lisses qui ne souffrent pas de singularités tandis que
les polynémes de Fourier excellent dans "approximation de fonctions & la fois lisses et périodiques
sur la droite réelle. Quant aux fonctions Sinc, elles ont montré leur talent dans I’approximation
des fonctions analytiques et dans la résolution des problémes avec des singularités définies sur des
domaines infinis ou semi-infinis.

Au cours des derniéres décennies, une large collection de méthodes numériques basées sur
I’approximation Sinc a vu le jour, appelées méthodes numériques Sinc. Ces derniers, en tant
qu’outils d’approximation, couvrent ’approximation de fonctions, de dérivées, d’intégrales définies
et indéfinies et de convolutions définies et indéfinies. Ils couvrent également 'approximation des
transformées de Fourier, des transformées de Laplace et des transformées de Hilbert, ainsi que
I’approximation de la solution des équations différentielles ordinaires aux valeurs initiales et aux
limites, des équations aux dérivées partielles et des équations intégrales.

La premiere partie de ce travail porte sur I'utilisation des méthodes numériques Sinc exponentielles
doubles pour la résoltuion de I’équation de Schrédinger. La version non stationnaire de cette
derniere est étudiée en deux dimensions en utilisant la méthode de collocation Sinc couplée avec
des transformations exponentielles doubles (DESCM) et la méthode Sinc-Galerkin couplée avec des
transformations exponentielles doubles (DESGM). On compare avec les méthodes Sinc couplées
avec des transformations exponentielles simples pour illustrer I’exactitude des méthodes DESCM et
DESGM pour 'approximation de la fonction d’onde.

La résolution de I’équation de Schrodinger stationnaire a 1’aide des méthodes DESCM et DESGM
est également discutée dans des espaces & deux et trois dimensions. Des exemples numériques
sont présentés pour confirmer la supériorité des approches présentées lorsqu’elles sont appliquées



pour le calcul de I’énergie de I’équation de Schrodinger. Dans le cas des fonctions potentielles
séparables en deux dimensions, la résolution du grand systeme obtenu est transformée a celle de deux
problemes valeur propre plus petits. D’ailleurs, on profite de I’étude unidimensionnelle pour choisir
les transformations adéquates aussi bien que les parametres liés au comportement asymptotique de
la fonction d’onde.

L’équation de Schrodinger avec des potentiels non séparables est également traitée numérique-
ment. En tenant compte de quelques hypothéses particulieres sur les fonctions potentielles et les
transformations exponentielles doubles, on constate que les marices issues de la discrétisation de
I’équation a l'aide des méthodes DESinc sont centrosymétriques par blocs. Cette propriété est in-
troduite comme une extension bidimensionnelle de la propriété centrosymétrique bien connue qui
aide a réduire considérablement le temps d’exécution lors du calcul des valeurs propres des matrices
du systeme.

Les méthodes numériques mentionnées précédemment, lorsqu’elles sont appliquées pour la dis-
crétisation de plusieurs équations différentielles multidimensionnelles, aboutissent a de grands sys-
temes linéaires de taille finie liée au nombre de points de discrétisation. La résolution de tels
systémes reste un des problémes majeurs rencontrés en analyse numérique, ce qui nécessite de trou-
ver les méthodes appropriées capables de réduire le nombre d’itérations, la complexité du calcul,
le temps d’exécution et ’espace de stockage. Un choix approprié de telles méthodes est basé sur
la structure de la matrice du systéme (creuse, pleine, symétrique, définie positive, etc.). On peut
trouver deux grandes familles de méthodes de résolution : les méthodes directes et les méthodes
itératives.

Les méthodes de résolution directe consistent a exprimer la matrice systeme sous forme d’un
produit de matrices plus faciles a inverser. Pendant le processus de décomposition, 1'utilisation
de la structure de la matrice et la réorganisation soigneuse des équations et des inconnues sont
nécessaires afin de controler le positionnement des entrées non nulles dans le cas de matrices creuses.
Les méthodes directes ont souvent été les plus utilisées dans les applications réelles grace a leur
fiabilité et leur comportement anticipé. Ils conviennent aux systémes denses de taille modérée, plus
précisément, lorsque l'espace mémoire est suffisant pour le stockage de I’ensemble de la matrice de
coefficients. Cependant, en raison des exigences de calcul lorsqu’il s’agit de systemes de grande
taille, les méthodes directes sont donc considérés comme inefficaces et les méthodes itératives sont
davantage préférées en raison de leur efficacité et de leur facilité de mise en oeuvre.

L’utilisation des méthodes itératives pour la résolution des grands systemes linéaires creux a
acquis de la popularité dans plusieurs domaines du calcul scientifique. Ces méthodes consistent a
générer une suite de solutions approximatives qui converge vers la solution exacte. Pour de telles
méthodes, seule la multiplication matrice-vecteur est utilisée lorsque la matrice du systéme est
impliquée, et cette propriété rend ces méthodes encore plus intéressantes.

Les méthodes du sous-espace de Krylov sont considérées comme 1'une des techniques itératives
les plus populaires et les plus pertinentes pour la résolution des grands systémes linéaires. Ces
méthodes dépendent essentiellement de la projection du systeme original sur des sous-espaces de
Krylov. Plus précisément, ces techniques visent & produire une base du sous-espace de Krylov et a
trouver une solution approximative du probléme dans ce sous-espace. Par conséquent, la matrice
du systeme d’origine est approchée par une matrice beaucoup plus petite et structurée.



Les méthodes du sous-espace de Krylov comprennent plusieurs méthodes connues telles que :
la méthode du gradient conjugué (CG), la méthode du gradient BiConjugué (BiCG), la méthode
stabilisée du gradient BiConjugué (Bi-CGStab), la méthode des résidus minimals généralisés (GM-
RES) et la méthode de Lanczos. D’autre part, afin de résoudre des systémes linéaires avec la méme
matrice de coeflicients et des second membres différents, il y a eu des généralisations pour donner de
nouvelles versions des méthodes classiques du sous-espace de krylov. On peut trouver les méthodes
par blocs telles que la méthode de Lanczos par blocs, la méthode BiCG par blocs (BI-BiCG), la
méthode BiCGStab par blocs (BI-BiCGStab) et la méthode GMRES par blocs (BI-GMRES), et les
méthodes globales telles que la méthode de Lanczos globale, la méthode BiCG globale (Gl-BiCG),
la méthode BiCGStab globale (Gl-BiCGStab) et la méthode GMRES globale (Gl-GMRES).

Dans la deuxieéme partie de cette étude, on tente de résoudre de grands systemes linéaires avec la
méme matrice creuse et plusieurs second membres en utilisant les méthodes de type Lanczos. Tel
systeme survient dans plusieurs problemes dans différents domaines. Les méthodes de Lanczos non
symétrique par blocs (BI-NLM) et de Lanczos non symétrique globale (GI-NLM) sont introduites
dans de nouvelles versions. On présente de nouvelles expressions de la solution en se basant sur
certaines identités du complément de Schur et sur les processus de Lanczos non symétrique par
blocs et de Lanczos non symétrique globale. Par conséquent, on développe certaines expressions
récursives pour donner lieu a de nouveaux algorithmes pour I'implémentation des méthodes BI-NLM
et GI-NLM.

Les approches proposées sont testées numériquement et comparées a d’autres méthodes de Krylov
par blocs et globales afin d’illustrer leur comportement et leur efficacité pour certaines matrices. La
combinaison du processus de Lanczos non symétrique global et du complément de Schur, précisement
I'identité de Sylvester matricielle, est également appliquée pour 'approximation de la fonction de
transfert. La méthode de Lanczos globale est utilisée comme méthode de réduction de modele pour
transformer le systéme dynamique linéaire en un systéme plus petit et le complément de Schur sert
a donner de nouvelles expressions de la fonction de transfert approchée. Appliquer cette version
directe de la méthode GI-NLM permet de réduire le temps d’exécution ainsi que ’espace de stockage
nécessaire pour approcher la fonction de transfer.
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Computation of the perturbed anharmonic Coulombic potential Vi(z,y). The absolute
error for the energy ground level Ey corresponding to Vs(z,y).

Computation of the perturbed anharmonic Coulombic potential Vg(x,y). The absolute
error for the first excited energy E; corresponding to Vi(z,y).

Convergence history of DESinc methods and comparison with SESinc methods for Ejy
corresponding to Vi (z,y, 2).

Convergence history of DESinc methods and comparison with SESinc methods for Fy
corresponding to Va(x,y, 2).

Convergence history of DESinc methods and comparison with SESinc methods for Ej
corresponding to Va(x,y, 2).

Convergence history of DESinc methods and comparison with SESinc methods for Ey
corresponding to Vy(z,y, 2).

Convergence history of DESinc methods and comparison with SESinc methods for Ej
corresponding to Vs(x,y, 2).

Convergence history of DESinc methods and comparison with SESinc methods for Ejy
corresponding to Vs (z,y, 2).

Convergence history of DESinc methods and comparison with SESinc methods for F;
corresponding to Vgs(z,y, 2).

Computation of the nonseparable potential Vz(z,y). The absolute error for the energy
ground level Ey corresponding to Vz(x,y).

Computation of the quartic potential Vg(x,y). The absolute error for the first excited
energy E; corresponding to Vg(x,y).

Computation of the sextic potential Vy(x,y). The absolute error for the energy ground
level Ey corresponding to Vy(z,y).

Computation of the two-well quartic potential Vig(z,y). The absolute error for the energy
ground level Fy + 2.5 corresponding to Vip(z,y).

The convergence history of BI-NLM and BI-BiCGStab for besstk09.
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5.2
5.3
5.4
6.1
6.2
6.3
6.4
6.5
6.6

The convergence history of BI-NLM and Bl-BiCGStab for lund_b.
The convergence history of BI-NLM and Bl-BiCGStab for add32.

The convergence history of BI-NLM and Bl-BiCGStab for tols4000.
The convergence history of GI-NLM and GIl-BiCGStab for 662 bus.
The convergence history of GI-NLM and GI-BiCGStab for 685_ bus.
The convergence history of GI-NLM and GI-GMRES(20) for add32.
The convergence history of GI-NLM and GI-GMRES(20) for odep400b.
The convergence history of GI-NLM and Gl-BiCG for besstk09.

The convergence history of GI-NLM and Gl-BiCG for fidap003.

13
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General Introduction

Sinc methods fill a mathematical gap in a similar way as polynomials, spline functions and Fourier
polynomials. It is clear that we could manage without these methods for a long time, but their
presence has enriched the field of approximations and computer science. The basic tool of Sinc
approximations is the cardinal function which represents an expansion of the function to be ap-
proximated. The identities based on the cardinal function provide approximations for almost all
computation operations. The cardinal function plays the same role for Sinc methods as polynomials
for classical numerical methods. As for polynomials, many operations on the cardinal function can
be performed explicitly and each of them gives rise to explicit approximation methods such as the
trapezoidal rule, the fast Fourier transform and several other techniques that are easy to deduce
from the cardinal expansion.

Most of the numerical approximation processes such as: quadrature methods, finite element meth-
ods and finite difference methods are based on relations satisfied by polynomials. The simplicity
and diversity of these identities have made possible the construction of a large number of proce-
dures that have proven their effectiveness in neighborhoods where the function to be approached
is sufficiently smooth. However, in the vicinity of singularities, these procedures are generally less
accurate. This is quite understandable since each existing method excels for a particular class of
problems. For example, polynomial functions have proved their efficiency in the approximation
of smooth functions that do not suffer from singularities while Fourier polynomials excel in the
approximation of functions which are both smooth and periodic on the entire real line. As for the
Sinc functions, they have shown their talent in the approximation of analytical functions and while
solving problems with singularities defined on infinite or semi-infinite domains.

Over the past decades, there have been emerged a wide collection of numerical methods based on
Sinc approximation that are referred to as Sinc numerical methods. These latter, as approximation
tools, cover the approximation of functions, derivatives, definite and indefinite integrals and definite
and indefinite convolutions. They also cover the approximation of Fourier transforms, Laplace
transforms and Hilbert transforms, as well as the approximation of the solution of initial and
boundary ordinary differential equations, partial differential equations and integral equations.

The numerical methods mentioned previously, while applied for the discretization of various multi-
dimensional differential equations, result in large linear systems of finite size related to the number
of the gridpoints. Solving such systems remains a severe issue in numerical analysis. Therefore,
it requires finding the appropriate methods taking into account the reduction of the number of
iterations, the calculus complexity, the execution time and the storage space. An appropriate
choice of such methods is based on the structure of the system matrix (sparse, full, symmetric,

17



GENERAL INTRODUCTION 18

positive definite, etc.). One can find two main families of resolution methods: direct methods and
iterative methods.

Direct solution methods consist in expressing the system matrix as a product of matrices that
are easier to invert. During the decomposition process, the use of the matrix data structure and
the careful reorder of the equations and the unknowns is needed in order to control the fill-in of
the nonzero entries in the case of sparse matrices. Direct methods were often recommended in
real applications thanks to their reliability and anticipated behavior. They are suitable for dense
systems of moderate size, more precisely, when the memory space is sufficient for the storage of
the whole coefficient matrix. However, due to the computational requirements when dealing with
large systems, direct solvers are thus considered inefficient and iterative methods are more preferred
because of their effectiveness and ease of implementation.

The utilization of iterative methods for the solution of large sparse linear systems has gained
popularity in several fields of scientific computing. These methods consist in generating a sequence
of approximate solutions that converges to the solution at a satisfactory rate. For such methods,
only the matrix-vector multiplication is used when the matrix of the system is involved, and this
property makes these methods even more interesting.

The Krylov subspace methods are regarded to be among the most popular and relevant iterative
techniques for the resolution of large linear systems. These methods depend basically on projecting
the original system onto Krylov subspaces. More specifically, these techniques aim to produce a
basis of the Krylov subspace and find an approximate solution of the problem in this subspace.
Consequently, the original system matrix is approximated by a much smaller and structured ma-
trix. The Krylov subspace methods include various known methods such as: Conjugate Gradient
method (CG), BiConjugate Gradient method (BiCG), BiConjugate Gradient Stabilized method (Bi-
CGStab), Generalized Minimum Residual method (GMRES) and Lanczos method. On the other
hand, in order to solve linear systems with the same coefficient matrix and different right-hand sides,
there have been generalizations to give new versions of the classical krylov subspace methods. One
can find the block solvers such that Bl-Lanczos method, Bl-BiCG method, Bl-BiCGStab method
and BI-GMRES method, and the global solvers such as Gl-Lanczos method, GI-BiCG method,
GI-BiCGStab method and GI-GMRES method.

The current thesis is divided into two parts. The first part addresses the use of double exponential
Sinc numerical methods for the Schrédinger equation. It includes three chapters: Chapter 2 studies
the numerical resolution of the time-dependent Schrodinger equation in a two dimensional space
using double exponential Sinc collocation and Sinc-Galerkin methods. Chapter 3 treats the two-
and three- dimensional time-independent Schrédinger equation by applying double exponential Sinc
methods for separable potential functions. The nonseparable potentials are considered in Chapter 4
in which the block centrosymmetry is introduced as an extension of the centrosymmetric property
in two dimensions. The last three chapters are contained in the second part of this thesis in which
we attempt to use some identities of the Schur complement to establish new versions of the block
nonsymmetric Lanczos method and the global nonsymmetric Lanczos method, by developing new
recursive expressions for the approximate solution. Chapter 5 and Chapter 6 present new variants
of the block and global Lanczos methods for solving large sparse linear systems with the same
coefficient matrix and different right-hand sides. Chapter 7 uses the incorporation of the global
Lanczos method and the Schur complements in order to approximate the transfer function.
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All along this thesis, numerical examples and comparisons have been shared to confirm the
reliability and efficiency of the proposed approaches.



Chapter 1

General Preliminaries

In this chapter, we present some introductory material [1, 2] about the Sinc numerical methods.
We share a brief insight into the Sinc function and some of its properties, and we provide the
interpolation and the quadrature rules of the Sinc methods. This chapter also reviews the resolution
of linear systems using the Lanczos method based on the Lanczos biorthogonalization. It recalls the
definition and some of the properties of the Schur complement. The latter has several applications
in applied mathematics and matrix theory [3, 4, 5]. Some products definitions and properties are
also recalled to be helpful in upcoming chapters.

1.1 Sinc Definitions and properties

Definition 1.1.1 The function defined on the whole real line by:

sin(7x)

sinc(z) = T Jor @#0 (1.1.1)
1 for x=0.

1s called the normalized sinc function.

Definition 1.1.2 For h > 0 and k € Z, the Sinc function S(k,h) is defined by:

Sk, h)(x) = sine (”3 _hkh> . (1.1.2)
Sinc functions satisfy the discrete orthogonality property, that is to say that for all k,l € Z:
S(k,h)(lh) = 6, (1.1.3)

where Oy is the Kronecker delta function.

Theorem 1.1.3 Let 5](.2) forn =0,1,2 stand for the n-th Sinc differentiation matriz which is given

20
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by:
1 for j=k
59 = S(j,h = 1.
7 M) a=kh { 0 for j#k (1.14)
) d 0 for 7=k
_ 3 & . o 1\k—j
O = ho-S(5,h)(2) T (kzlzj] for ik (1.1.5)
2
@ g & 7‘;: for j=k
O = h"= 350, h)(2) =\ —2(-1)k- (1.1.6)
w=kh W fOT ] 75 k.

The following definition presents the so-called Whittaker cardinal expansion or cardinal function,
which is an infinite series involving the Sinc basis functions.

Definition 1.1.4 For a given function f defined on the whole real line R, we define the Whittaker
cardinal expansion of f by the following series:

i F(kh) S(k, h)(z), (1.1.7)

k=—o00

where h > 0. The truncated cardinal expansion of f is defined by:

Cun(f,h) Z f(kh) S(k,h)(z), (1.1.8)

where M and N are integers.

The following definition presents a class of functions that are successfully approximated by Sinc
expansions.

Definition 1.1.5 Let d > 0 and let Dy denote the strip of width 2d about the real axis:
Dy ={2€C: |Im(z) | < d}. (1.1.9)
For e € (0,1), let Dy(€) denote the rectangle in the complex plane:
Dy(e) = {z€C: | Re(z) | < 1/e, | Im(2) | < d(1—¢)}. (1.1.10)

Let By(Dy) denote the family of all functions g that are analytic in Dg, such that:

d 1/p
/ lg(z +iy)|dy - 0 as x— £oo and Ny(g,Dg) = lim </ ]g(z)|p]dz|> < 0.
—d dDg(€)

e—0

(1.1.11)
Forp=1, let N(g,Dq) = N1(g,Dg) and B(D;) = B1(Dy).
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In several problems arising in applied mathematics, the whole real line is not the natural domain.
In order to apply Sinc methods to problems given on general intervals, the processes can be adapted
with the aid of appropriate selected conformal mappings. The basis functions on an interval I C R
are then given by:

Si(z) = S(k,h) o ¢(z), kel (1.1.12)

and the grid points z; € I are:
zp = ®(kh) = ¢~ (kh). (1.1.13)

where ¢ is a one-to-one transformation which maps I onto R.

To implement the single exponential (SE) or the double exponential (DE) Sinc numerical methods,
an adroit choice of the conformal mappings needs to be made to force the solution to decay single
exponentially or double exponentially. The table below gives the selected transformations.

Interval SE-transformation DE-transformation

(a.5) (55%) tanh (5) + (%2)  (%5%) tanh (3sinh(t)) + (%52)
(0, 00) exp(t) exp(sinh (1))

(—00,00) sinh(t) sinh(sinh(?))

Table 1.1: Variable transformations

1.2 Convergence of Sinc methods

The following theorems show the convergence rate of the interpolation and the quadrature rules of
the single exponential and the double exponential Sinc numerical methods.

Theorem 1.2.1 Let ¢'f € B(Dy), with d > 0. If there exist positive constants oy, aa, C' so that:

exp(—aqlp(x)]), zelTi={rel:¢(x) € (—00,0)},

(1.2.1)
exp(—az|p(x)]), xeTy={zrel:¢(x)€|0,0)},

| fa) | < c{

1/2
where I' = {®(t) € Dy : —oo < t < oo}, and if the selections N = [¢LM + 1] and h = (ojlr—%/[) / <
2md

n(2)
are made, then for all x € T,

N
]f(x)— > F@R)S(k,h) o d(@) | < KM exp (—(rdarM)'/?), (1.2.2)
k=—M

where K is a constant depending on f, d, ¢, Dy.
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Theorem 1.2.2 [6, 7] Suppose there are positive constants 51, B2, Y1, Y2, C so that:

\f(x)] < C{eXp(—ﬂlexp(’yﬂd)(a})])), fOT xely, (123)
exp(—paexp(y2|o(z)|)), for x €Tq.
Let ¢' f € B(Dy) with d < % where v = max{vy1,v2} and make the selection h = W ,
where 5 and n are given in [6]. Then for all x € T,
3 S(k,h < K mdyn 1.2.4
‘f(x)—kng(iﬂk) (k, )°¢($)‘ S Aexp <_10g(7rdw/5)>’ (1.2.4)

where K is a constant that depends on f, d, ¢, Dy.

Theorem 1.2.3 Let the function % verify the relation (1.2.1) and select N as in Theorem 1.2.1

1/2
and h = (51%) / , then we have:

< K exp (—(2mdai M)'/?), (1.2.5)

_ > f (@
/Ff(x)d:c hk:z_:M &

)
xk)

where K is a constant depending on f, d, ¢, Dy.

Theorem 1.2.4 [6, 7] Let the function QJ; verify the relation (1.2.3) and make the selections vy, n

log(2mdyn/B)
n

L flaw)
/Ff(x)dw hk;M 7 (zr)

and B as in Theorem 1.2.2 and h = , then we have:

2
mdyn ) , (1.2.6)

<Ko (g

where K is a constant depending on f, d, ¢, Dy.

1.3 The Lanczos method

In this section, we aim to apply the Lanczos method for the resolution of the linear system:
Ax = b, (1.3.1)

with A is an n by n real nonsymmetric and nonsingular matrix, b is a real n-vector and z is the
n-vector of unknowns.
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1.3.1 Lanczos biorthogonalization procedure

Given an n X n real nonsymmetric and nonsingular matrix A and initial vectors vi,w; such that
(v1,w1) = 1. The Lanczos biorthogonalization process consists in constructing two bi-orthogonal

bases {v1,va,..., v} and {wi,we, ..., wy,} of the two Krylov subspaces:
K (A, v1) = span {vl, Avq, ... ,Amflvl} (1.3.2)
and .
—
Km(AT, wi) = span {wl, Alwy,. .., (AT> wl} , (1.3.3)
respectively, such that (v;,w;) = &5, 4,7 = 1,...,m. The algorithm is given as follows:

Algorithm 1 Lanczos biorthogonalization process [8/
1 Choose two vectors vy and wy in R™ such that (vy,w1) = 1;
2 Set 81 =61 =0 and wyg = vg = 0;
3 Forj=1,2,...,m Do:
o ;= (Avj,wy)
o Uiy = Av; — ajv; — Bjvj_1

. — AT — v — 8o
o Wiy = A wj — ajw; — dwiq

o djt1=|(0j11,W)11) |1/2

o Bit1 = @41, 0541) [/
o Uit =0j41/0541

o Wit = Wjt1/Pjs1

End Do.

This algorithm may break down in the j-th iteration if (9,41, w;41) = 0.

Denote V,,, = [v1,v2,...,0p] and Wy, = [wy,wa, ..., wy] two n X m matrices. Let T, be the
m x m tridiagonal matrix defined by:
ar B 0
by as B3
T, = : " (1.3.4)

Om—1 Qm—1 ﬂm
0 Om Qm

where «;, B; and §; are the scalars defined in Algorithm 1.



GENERAL PRELIMINARIES 25

Proposition 1.3.1 [8] Assume that the Algorithm 1 does not break down before the m—th step.

Then {vi,va,...,um} and {wy,wa,...,wy} form bi-orthogonal bases of the Krylov subspaces
Kn(A,v1) and K,,(AT,wy), respectively. Then, we have the following relations:
AV = Vi T + O 1 Um0, (1.3.5)
ATW, = Wi T, + B 1Wms 16, (1.3.6)
W, AV,, = T,,. (1.3.7)

where e, = (0,...,0,1)T € R™,

1.3.2 Lanczos algorithm for linear systems

Consider the linear system (1.3.1). Assume that an arbitrary initial guess to the solution is given by
xo and let the corresponding residual be rg = b — Axg. Recall that the Lanczos method for solving
the linear system (1.3.1) consists in determining an approximate solution x,, such that:

Tm — x0 € Kn(A,ro) (1.3.8)
P = b — Ay L Ko, (AT, fo) (1.3.9)

where 7 is a column vector chosen so that (rg,7) # 0.

Let {v1,v9,...,vp} and {wq,ws, ..., wy} the sets of vectors defined by Algorithm 1 and which

span the Krylov subspaces K,,(A,rg) and K,,(A",7y), respectively, with the initialization v; =
0

and w; satisfies (v1,w;) = 1.
170l

The relation (1.3.8) is expressed as:

Tm = 2o + VinYm, (1.3.10)

where y,,, is the vector of R™ obtained by the relation (1.3.9). That is:

(ro = AVinym, wi) =0, (1.3.11)

for i = 1,...,m, which gives:
Wt AV Y = W0, (1.3.12)
W0 = Wy, (Bur) = Bex, (1.3.13)
where 3 = |ro||, and e; = (1,0,...,0)" € R™. Consequently, the approximate solution takes the

following form:
Tm = To + Vinlm, (1314)
with

ym =Ty, (Ber), (1.3.15)

where T, given by (1.3.7) is assumed to be nonsingular.
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1.4 The Schur complement

This section recalls the definition of the Schur complement [9] and gives some of its properties.
The notion of Schur complement was first introduced by Schur [10]. It is of great importance in
numerical analysis as well as in linear algebra [4, 11, 12]. The Schur complements are used in later
chapters to present new variants of the block and global Lanczos methods.

Definition 1.4.1 Let M be a matriz partitioned into four blocks:

M_lé g] (1.4.1)

where the submatriz D is assumed to be square and nonsingular. The Schur complement of D in

M, denoted by (M/D), is defined by:

(M/D)=A—-BD™'C. (1.4.2)

We can similarly define the Schur complement as follows:

(M/A)=D—-CA™'B if A is a nonsingular matrix, (1.4.3)
(M/B)=C —-DB'A if B is a nonsingular matrix, (1.4.4)
(M/C)=B— AC™'D if C' is a nonsingular matrix. (1.4.5)

The following propositions show some properties of the Schur complement.

Proposition 1.4.2 Assume that the submatriz D is nonsingular, then we have:
A B | ]
(12 2]m)-([2 <] ) s
= ( /D) (1.4.7)
= ( / D) . (1.4.8)

Let M be the matrix defined by (1.4.1) and K the matrix partitioned as follows:

O »Q WU

E F G
K=|H A B|. (1.4.9)
L C D

If the matrices A and M are nonsingular, then the following property holds:
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Proposition 1.4.3 The matriz Sylvester identity
(K/M) = ((K/A)/(M/A)) (1.4.10)

(21 s (2 2] o

1.5 The Kronecker product ®

The Kronecker product is defined for two matrices of arbitrary sizes.

Definition 1.5.1 Let A = (a;;) € R™*™ and B = (b;;) € RP*4, the Kronecker product of A and B,
denoted A ® B, is defined by:

a11B algB v alnB
ang a22B e agnB

A9B=| . o .| e Rmpxne (1.5.1)
am1B amaB ... amnB

The following proposition gives some of the Kronecker product properties.

Proposition 1.5.2 Let A € R™*" and B € RP*9. We have:

e (aA)® B=A® (aB)=a(A® B), acC,

e (A®B)"T=AT®@BT,

o ifC €R™" then (A+C)®B=A®B+C®B,

o ifC €RP*Y then AQ (B+C)=A®B+A®C,

o if CER™, then (AR C)®@B=A® (B®C),

o if C € R"** and D € R, then (A® B)(C ® D) = AC @ BD,

e if A € R™" and B € RP*P are nonsingular, then (A® B)™' = A~ @ B~L.

1.6 The ¢ product

Let X and Y be two n by s matrices. We consider the inner product:

<XY >p=tr(XTY). (1.6.1)

Let ||.|| » denote the Frobenius norm associated to this product.
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Definition 1.6.1 Let V = [V4, Vs, ..., Vi] and W = [W1, Wa, ..., W], where V;, W; € R"**. The o
product is defined by:

<V1,W1 >p <V1,W2 D A <V1,Wl >p

T <WV,Wi>p <V, We>r ... <Vo,W;>p
Vi oW = . . ) . . (1.6.2)

<Vi,Wi>p <V, Wo>p ... <V, W;>p

The product ¢ verifies the following properties:

Proposition 1.6.2 Let A, B,C € R™* D c R"*" L € R¥** and oo € R. Then, we have:

e (A+B)ToC=AToC+B"oC,

e ATo(B+C)=AToB+AToC,

e (aA)T oC=0a(ATc0),

e (AToB)T =BToA,

e (DA)ToB=ATo(D"B),

e ifAToA=1T1, and A(L®I,) =B, then AT o B =L,
e ATo(B(L®I,)) = (A" oB)L,

e (AL®L) oB=LT (AToB).
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Introduction

Over the last four decades, Sinc methods have been widely used to approximate functions over
bounded and unbounded regions, derivatives, definite and indefinite integrals [1, 13, 2]. They
have also been used to solve initial and boundary value ordinary differential equations, partial
differential equations, and integral equations, particularly when the solutions have singularities,
infinite domains, or boundary layers [14, 15, 7, 16, 17].

The Sinc-Galerkin method [1] depends on Galerkin’s idea that the residual must be orthogonal
to each Sinc basis function, and have been applied by many researchers, including Stenger [18]
who used the method to solve boundary value problems, McArthur et al. [19] who introduced a
numerical implementation of the method for second-order hyperbolic equations, and Lund [20] who
proposed a symmetrization of the method for boundary value problems.

The Sinc collocation method [21, 22| consists in approximating the solution using Sinc basis
functions and collocating the approximate solution at the Sinc grid points, which results in a matrix
eigenvalue problem and gives an approximation of the eigenpair of the initial problem. The Sinc
method has been applied to a number of numerical problems. For example, Carlson et al. [23]
used the Sinc collocation method for initial value problems, Amore [24] applied a variation of the
method for strong coupled problems, and Wu et al. [25] applied a boundary treatment when using
the method to solve two-point boundary value problems.

Initially, the Sinc methods only provided approximations on the whole real line, but it has been
shown that they also provide approximations over arbitrary intervals and contours by using ap-
propriate variable transformations [26]. The choice of the transformation plays an important role
in improving the convergence of the methods. Many authors [27, 28] have focused on single ex-
ponential Sinc methods, which combine Sinc methods and single exponential transformations and
provide efficient results for a large class of problems with a convergence rate of O(exp(—k+/m)) for
some x > 0, where m is the number of nodes used. The double exponential transformations came
twenty years later following the single exponential transformations. Despite, they have known a
big concern for a long time. The earliest seems to be due to Takahasi and Mori [29] in 1974 for
numerically evaluating integrals. Years later, thanks to Sugihara [30], it turned out that the double
exponential transformation can be paired with the Sinc expansion, resulting in a better convergence
rate which is O(exp(—«'y/m/log(m))) for some ' > 0. Sugihara [31] also proved the optimality of
this convergence rate realized by the double exponential transformations.

The double exponential Sinc collocation method (DESCM), which combines the double exponen-
tial transformations with the Sinc collocation method, has gained popularity due to its efficiency
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and accuracy. It is qualified by its double exponential decaying and its rapid convergence rate which
rarely make it face the instability problems. Safouhi’s group have used the DESCM to deal with
several one-dimensional problems. In particular, they have applied the method to compute the
eigenvalues of the one-dimensional singular Sturm-liouville problems [6], the energy eigenvalues of
the one-dimensional time-independent Schrédinger equation with anharmonic oscillators [32], the
anharmonic Coulombic potentials [33] where a scaling factor was introduced to improve conver-
gence and increase the stability of the approach, and the eigenvalues of Harmonic oscillators with
a perturbation by a rational function [34]. Essaouini et al. [35] proceeded to use the DESCM for
the anharmonic Coulombic potentials with irregular singularities.

The matrices stemming from the DESinc methods resolution of the one-dimensional Schrédinger
equation are centrosymmetric. The latter property has been studied extensively long ago [36, 37].
Although, recent years has showed more interest in the properties of this type of matrices resulting
from the resolution of linear equations and inverse eigenvalue problems using iterative methods
[38, 39]. In one dimension [40], the authors took advantage of the symmetric property of the Sturm-
Liouville operator and used it for the discretization of the differential equation. The DESCM has
been applied to the Sturm-Liouville eigenvalue problems and using the eigenspectrum properties
of symmetric centrosymmetric matrices, it has been proved that the resolution of the resulting
generalized eigenvalue problem is equivalent to that of two smaller problems which gave more gain
in efficiency and a substantially reduction in the computation complexity.

In this first part of this thesis, we aim to apply the double exponential Sinc collocation method
and the double exponential Sinc-Galerkin method for the time-dependent Schrédinger equation in
two dimensions and for the time-independent Schrédinger equation in two and three dimensions. We
take advantage from the separable case which helps transform solving one large eigenvalue system
into solving two or three smaller one-dimensional eigenvalue problems. We treat the nonseparable
case where we use the centrosymmetric system matrix and expand its properties to a bidimensional
space.



Chapter 2

Double exponential Sinc methods for
the time-dependent Schrodinger
equation

The current chapter provides a numerical solution of the time-dependent Schrédinger equation in a
two dimensional space, for the wave function ¢ (z,y,t) with nonhomogeneous initial and boundary
conditions:

oY 0% 0% )
o T 52T 5% < .0.
Yot = oz T TV, (z,y) EQCR%L 0<t<T, (2.0.1)
¥(z,y,0) = f(z,y), (z,y) € Q C R?, (2.0.2)
w(m7y7t) = g((ll‘,y,t), (m,y) S (9(2, 0<t<T, (203)

where i is the imaginary unit, V, f, g are smooth known functions, T is the final time and 02 is the
boundary of Q2. We select the domain 2 = (a,b) x (a,b).

This form of the equation is the most general form which gives a description of systems evolving
with time. It is used in physics, more especially in quantum mechanics and most of chemistry to
deal with problems about the atomic structure of matter. Molecular dynamics [41], electromagnetics
[42], diffraction optics [43] and collision dynamics [44] are some of the fields that are governed by
such kind of an equation. Its resolution basically involves the computation of the function v which
is a wave that describes the quantum aspects of the system.

Numerous methods have been used for the numerical solution of the time-dependent Schrédinger
equation by various researchers. Dehghan et al. [45] proposed a numerical scheme to solve the
equation using collocation points and approximating the solution using multiquadrics and thin
plate splines radial basis functions. In another work [46], they applied a compact finite difference
approximation of fourth-order for discretizing spatial derivatives and a boundary value method of
fourth order for the time integration of the resulting linear system of ordinary differential equations.
In [47], Sinc collocation and Sinc-Galerkin methods have been used for solving the two-dimensional
Schrédinger equation with nonhomogeneous boundary conditions. An implicit semi-discrete higher
order compact scheme, with an averaged time discretization, has been presented by Kalita et al.
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[48] for the numerical solution of unsteady two-dimensional Schrédinger equation. The bi-conjugate
gradient stabilized method have been employed for solving the complex algebraic system arising at
every time level. Numerical schemes based on a Crank-Nicolson-type discretization of the equation
were studied by Antoine et al. [49] using non-reflecting boundary conditions. The full discretization
is realized by way of a standard finite element method to preserve the stability of the scheme. For
the solution of the time dependent Schréodinger equation in its application to physical and chemical
molecular phenomena, Kosloff [41] presented a Fourier method based on discretizing space and time
on a grid to produce both spatial and time derivatives. The method conserves norm and energy,
and preserves quantum mechanical commutation relations.

This chapter is aimed at applying the double exponential Sinc collocation method and the dou-
ble exponential Sinc-Galerkin method for the resolution of the two-dimensional time-dependent
Schrédinger equation. A numerical comparison between the double exponential and single expo-
nential approaches is provided in the last section.

2.1 Double exponential Sinc collocation method

First of all, in order to deal with the time dependency, we discretize the equation (2.0.1) using the
f-weighted scheme:

n+1 _ /n
oYt
dt

where 0 < § < 1, dt is the temporal step length with "1 = t® 4 dt, 4™ is the value of the unknown
function ¢ at time t" = ndt and 1), and 1, denote the second derivatives of 1) with respect to x
and y, respectively. The approximate solution of the equation (2.0.1) at time " can be written as:

—9 (wn—&-l wn-i-l + V(z, y)¢"+1> +(1-06) ( . wn + V(x,y)¢"), (2.1.1)

¢A(xayatn) = Wﬁ(%y) - Z Z u?gcl(x)@(y)? (2'1'2)

i=— My —1 j=—My—1

where u!. are the coefficients that must be determined and the two linear functions are given by:

Z7]
2 = Me- N
Gi(x) =< Si(x), i =—M,,...,N,, and Gy) =4Sily), i=—-My,....,N,, (2.1.3)
=2 i=Ny+1 == j=N,+1

where S;(z) = S(i, hy) 0 ¢z (x) and S;(y) = S(J, hy) 0 ¢y(y). Using the boundary conditions (2.0.2),
the approximate solution becomes:

Ya(x,y,t") = Ys(z,y,t") + Pp(z,y, "), (2.1.4)

where

Ys(x,y,t") = Z Z Si(y), (2.1.5)

i=—My j=—My

¢b<$7 Y, tn) = X(a7 Y, tn) C—Mx—l(x)—i_o—(ba Y, tn) CNx—‘rl ($)+g($7 a, tn) C—My—l(y)+g(y7 ba tn) CNy—i(—l (y),)
2.1.6
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with

X(a Y, tn) = —g<CL, a, tn) C—My—l(y) + g<a7 Y, tn) - g(a7 ba tn> CNy—i-l(y)? (217)

o(b,y,t") = —g(b,a,t") C*Myfl(y) +9(b,y,t") — g(b,b,t") CNerl(y)' (2.1.8)

The Sinc collocation method consists in substituting the approximate solution into the
Schrodinger equation and calculating the resulting system at the Sinc grid points:

(h, ) = (65" (kha), 6, (1hy))
for k = —M,,...,N; and | = —M,, ..., N,. That is:

(2.1.9)

n+1
¢ — Yy — Y S ((IZ)A)Z;FIJrW )n+1+V(xk,yl)¢n+1) (1-90) ((1/;A)M (1/}A) —{—V(gjk,yl)wA)‘
(2.1.10)
Thus,
n+1
o +dt L (W + W+ Vom0 ) = (1= 0) () + (), + V(e o)
n+1
LT B Yy ((%)Z:l + (W), + V (ko) nH) +(1-0) ((%)m (¥p)yy + V(xkayl)q/)b)

(2.1.11)

Multiplying by dt, we obtain:
— iy (wr, y) — O dt ((%)"“ (1) + (W) (s wn) + V(@ y) 2 (i, yl))
= iyt (g, ur) + 0 dt ((%)Z;H (@ y) + (W) (ks ) + V(@ ) ¥ (s yl))
— i (zp, ) + (1 - 0)dt ((%)Zm (@hs y1) + (Vs)yy (Tr, 91) + V (@8, y1) 5 (g, yl))
— iy (g, 1) + (1= 0) dt ((%)Zm @k, 91) + (¥0)yy (T yi) + V(@k, 91) z/z{](xk,yl)) :
(2.1.12)

It follows that:

—fdt Z Z upt! [S" 1) S;(y) + Si(zx) S (1) +V($kvyl)si($k)sj(yl)} — iy (ki ")
i=—My j=— My

Z Z u”+Sa;k

i=—My j=—My

Z Z Si(yr) — i vp(Tr, i, t")

1=—My j=—DMy

(1-0)dt Z Z

i=—My j=—My
+0dt [(wb)xx (;Ek‘a Ui, tn+1) + (¢b)yy (.I'k;, Y, tn+

—0)dt {(”Lﬂb)m(xm Yi, t") + (V) yy (T, v, 1) + V(2 vi)u(r, vi, tn)}-

+Q

[ Sj(y1) + Si(zx) S5 (y1) + V (ax, yl)Si(xk)Sj(yl)}

Y+ V(g y)vs(zr, yht"H)]

(2.1.13)
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The Sinc function computation requires using the n-th derivatives 62(,?), n = 0,1,2, of the Sinc
function at the Sinc nodes. Thus, we get:

N, N,
>N a3 z

1) 2 0
5| (o) + pona?sl? ) o)

1=—My j=—DMy —My j=—
1 2 0 0
+<h (u)ay + hzcby( )5§l>> 5§k)+V(xk,yl)5l(k)5](l)] Z Z a6 s
Y i=—My j=—My
. n 1
+ivnon ) + (1= 0) Z Z [ (e oteold + oo ) o
—My j=— T

1 . n
+<h ")) + hm( u)? j’) 5§,S>+v<xk,yl>6§2)6§0’]—wbm,yl,t)

+ 9 dt {(Tbb)m:(xka i, tn+1) + (wb)yy(Wm Yi, tn+l) + V(xkv yl)wb(xka Yi, ZL’nJrl):|

+(1—0)dt {(%)m(fﬂk,yl? ")+ (wb)yy(xk’ylatn)+V(xkayl)¢b(xkayl»t)]
(2.1.14)

We use the same notations as in [47]: For z = z or y, define Ir(,?z) = [5](2)} , n=20,1,2, to be the
m, X m, Toeplitz matrix, where m, = M, + N, + 1. Define as well D(g.) (g, is a function based
on z) to be the m, x m, diagonal matrix, whose diagonal entries are g,(z_us,), ..., 92(2n,), where
zi = ¢;1(ihy), i = —M,, ..., N,. In addition, let U™,V to be the m, x m, matrices whose ij—th
entries are ug;, Vi; = V (s, y]) Besides, assume that J", K", L™ are m, x m,, matrices whose ij—th

entries are ¢b($l,y], ™), (Vp)az (@i, yj, 1), (Vb)yy(xi, yj,t"), respectively. We use the symbol (.,) to
show the componentwise multiplication of a constant to the matrix and the symbol (o) to represent
the Hadamard matrix multiplication.

Following these notations, the system (2.1.14) can be written in the matrix form as follows:
— i UM = gdt. (ATUM L UM B 4 Vo UM = i M 4 fdt (K 4 LM 4V 0 )
— iU+ (1= 0) dto (ATU" + UMB+ Vo U™) = iy™ + (1= 0) dba (K" + L" + V0 J"),

(2.1.15)
in which the matrices A and B are given by the following expressions:
1 1 )
A= (B2 D60) + 57 (120 ((62)7)) (2.1.16)
1 1 9
_ (1) " L 2) /
b= hy (I (¢y)) + hg‘* (Imy D (<¢y) )) . (2.1.17)

In the particular case where the potential function is separable, i.e. V(x,y) = p(x) + q(y), the
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system (2.1.15) can be written as:

—ix U = gdt s« [(AT 4+ D(p)) U™ 4+ U™ (B + D(q))] =i+ S
— ik U™+ (1— 0) dt. * [(AT + D(p)) U™+ U"(B+ D(q))} s Jm

+0dt.x (K™ 4 L 4 Vo J™) 4 (1= 0)dt.x (K" + L + Vo J"),
(2.1.18)

where D(p) and D(q) are diagonal matrices whose entries are the values of the functions p and ¢
evaluated at the nodes (:Ui)i\g_Mz, (yj);y:y_My, respectively.

The matrix system (2.1.18) takes the form of a Sylvester equation:

RU™! 4 U™tls = H, (2.1.19)

with R = —i. * I,S?j —0dt. * (AT + D(p)) , S=—0dt.« (B+ D(q)), and H is the right hand side
of (2.1.18). The Sylvester equation (2.1.19) can be solved using the Bartels-Stewart schemes.

One last note that needs to be mentioned is the computation of the unknown matrix U at the
first time step. Using the initial condition (2.0.3), the entries of the matrix U can be given by:

(Uto)ij = f($i7yj) o wb(xi’yj’to)? (2.1.20)

with ¢ the first time step.

2.2 Double exponential Sinc-Galerkin method

In order to solve the equation (2.0.1) and determine the unknown coefficients, the Sinc-Galerkin
method requires that the residual should be orthogonal to the product of the basis functions, that
is:

(P(Ya) — G(¥a), SkS1) = (P(¥s + p) — G(ths + p), S(k, hy) 0 92 S(L,hy) 0 ¢y) =0,  (2.2.1)

where

P(y) = =i " = 0dt ()™ + (y)" T + V(2 y)0" ), (2.2.2)
GW) =1 d)n + (1 - 9) dt ((d’xm)n + (wyy)n + V(l'7 y)w"),

and the inner product (.,.) of two functions f and g on 2 = (a,b) x (a,b) is defined by:

b rb
(fvg)z/a /a f(@,y)g(z, y)v(z)w(y) dz dy, (2.2.4)
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with v(z)w(y) a weight function. Then, we have:

b rb
(P($4) — G(a), S5) = —i / / (s + )" LSS v(@)w(y) de dy
+1i /ab /ab(ws + )" SkSp v(x)w(y) de dy — 6 dt /ab /ab ((ws + wb)gil + (¢s + ww;;l
V) 0+ )" SiSeuty) dedy — (10t [ [ (Gt

+ (¥s + o)y, + Vi(@,y) (¥s + )" )Sksl v(@)w(y)dedy =0.  (2.2.5)

Using the integration by parts with v and w chosen such that the boundary terms:

n+1
byt =0t /m l S (,y) a?\, (Se@)Siy)v(@)wy)) = Su(@)Si(y)v(@)w(y) 8}/;;\, (w,y)l do,
(2.2.6)
= (=0 [ [0200) o (Se@)Si0)0(@)00)) — Su@)Si0)o(@uly) G (2. do
(2.2.7)

vanish, where N is the outward normal direction to €2, we obtain:
b rb b rb
i [ [ eSSt dedy+i [ [ W+ ) SiSi(@)uly) dedy
b b
—edt// (1) A (S Syv(@)w(y)) dady — (1 -0 dt// (10)" A (SkSp(@)w(y)) dady
7’L+1 +1 n+1
oar [ [ ((),0) ((wwyy) FV(0) (s + 0™ ) SiSivleuly) dady

1 - dt/ / % mc ¢b)yy) + V(x, y) (77/)3 + wb)n> SkSlU(:L')w(y) dx d(y — 0)'
2.2.8
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Applying the quadrature rule [1] to the inner products, we get
oy g ey 0t {w((yl)) %ﬂg i+ 8 5 b
AV el ((yl))] = thohy el ) T i, ¢(<f,3> g
+ 0 dt hyh, ¢,(( )) {(%)m(ﬂﬂkayz?tnﬂ) + (p)yy (@r, 1, ) + V(xkyyz)wb(xkyyz,tnﬂ)} Z/(Zl})
+ (1= 0) dt hyh, [ iy Z anptiy + Z biguf, <Z>’<( ))V(mk,yl)ukl %((le))]
_ihxhygg(?k))@bb( T, Y1, b );2%3) + (1 —=0)dth hy(b,(( >) {(%)m(fﬂk’yl,tn)
+ (V6)yy (@, Y1, 1) + V (i, Y1) o (e, yut")} ¢>’y((?;lz))’ (2.2.9)

where

app = <h25k?¢m( vl )+hi5’(;) (qbgc/(:”p)v(xp) —I—ZU/(xp)) +5() //(flfp))

¢ (2p) P ()
by = (s bt + ) (BN ) 40 5508

Dividing by hghy, it follows:

o) e w) [ wl) A v@) <A, aa
G G [%() 2., *cb;;(a:k)q%,b

qukq
— M,

v(ﬂﬂk) oy ) weny W) o v(@k) g wy)
o e yn] T ! )%(’yz) (r) ™8l ()
U(xk) w ( U, tn) w(yl) +( 9) dt Z aj, u + ( ) %y: b U
~ (o) T ) ¢y<yz>p_, T () e,
+ ¢(sz) V() ;‘;((yy’l)) ot ;&(éj; () (s, )+ W)y (s, )
+ V(xk,yz)wb(xk,yl,tnﬂ)} (Z:,)((y )) +(1-6)dt ;J,I(EC;Z) [(wb):m:(xbylatn)
+ (V) yy (Ths v, 1) + V(@e, yo) s (e, i, t”)] ;lj((‘lg//ll))- (2.2.10)

Premultiplying by the diagonal matrix D(¢}), postmultipying by D(¢;) and utilizing the same
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notations used before, the system (2.2.10) can be represented in the following matrix form:
—i.% D(v) U™ D(w) = O dt. + | D(¢),) A(v) U™ D(w) + D(v) U B(w) " D(¢,)
+ D(v) (VoU™) D(w)| = ~i.+ D) U" D(w) + (1 - 0) dt. + [ D(¢),) A(v) U™ D(w)
+ D(v) U" B(w) " D(g),) + D(v) (Vo U") D(w)] +i. % D(v) J"* D(w)

+0dt.x D(v) [K™ 4 L™ £V 0 "] D(w) — i. x D(v) J" D(w)
—0)

+ (1= 0)dt.« D(v) [K" + L™+ V 0 J"] D(w), (2.2.11)
where
1 1 v v
Av) = e * (L%D( ;v)) + W * (L(TQD ( o + 21/)) + I,(gzD (%) , (2.2.12)
1 (2) / 1 (1) Pyw / (0) w"
B(w) = - (12 D(sw)) + ot VD o 2w' | | + 190D o) (2.2.13)

In the separable case, the system (2.2.11) can be expressed as:
— i« N 9t « [(A + D(p)) \" 4 A"TH(B + D(q))} = —i.x A" 4 4. % D(v) J"™! D(w)
+ (1= 0)dt. « [ (A+ D(p)) \" + X" (B + D(q)) | +0dt. + D(v) [K"+! 4 L™+

+V o " D(w) i D(v) J" D(w) + (1 = ) dt. + D(v) [K" + L" + Vo J"| D(w),

(2.2.14)
where
1 1
AL = Do) U™ D(w), A" = D(v) U™ D(w), A = D(,) A(v) D () B=D <) B(w)TD()).
v w
(2.2.15)
Finally, we can get the matrix U"*! using the following expression:
n+1 1 n+1 1
Uttt =D (=)D (=), (2.2.16)
v w

where A" ! is obtained by solving the Sylvester equation (2.2.14).

On the other hand, a choice of the weight functions v(z) and w(y) needs to be made. To obtain
the standard Sinc-Galerkin method, we choose:

v(@) = (¢2(2))7", wly) = (&) ™", (2.2.17)

with m = 1, and m = 1/2 to obtain the symmetric Sinc-Galerkin method.
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2.3 Numerical experiments

In this section, we will examine the efficiency of the Sinc Collocation Method (SCM), Standard Sinc-
Galerkin method (StandardSGM) and Symmetric Sinc-Galerkin method (SymmetricSGM) when
applied to solve the two-dimensional time-dependent Schrédinger equation. We will compare the
performance of the double exponential Sinc methods with the single exponential Sinc methods [47].
We will report the maximum error and the CPU time used for each method and will also show
the surface plot of real(Re) and imaginary(Im) parts of exact and approximate solutions of the
equation.

For both examples considered below, we choose the positive integer M, arbitrarily and M, = N, =
N; = M,. The study domain is chosen as Q = (0,1) x (0,1), the final time is 7" = 1 and the
temporal step length dt = 0.001. We select d = 7/2 and § = 1/2.

2.3.1 Example 1

Consider the Schrodinger equation (2.0.1) with V(x,y) = 1 — 2/2% — 2/y?. The exact solution is:
Y(x,y,t) = exp(it) 2®y?, 0<z,y <1, (2.3.1)
We can get the initial and boundary conditions using the exact solution as follow:

P(z,y,0) = 2%y, P(0,y,t) =0, P(1,y,t) =y’ exp(it), (x,0,t) =0 and t(x,1,t) = 2% exp(it).
(2.3.2)
Using (2.1.6), we get:

(Y — ) (z,y,t) = exp(it) zy (v — 1) (y — 1). (2.3.3)

Applying the transformations in Table 1.1, we obtain: o =1, § =7 and v = 1.

Sinc collocation method

Method M, Max error CPU time(s)

8 5.72.10~% 42
SESCM 16 5.47.107° 112
24 7.73.10~6 211
32 1.91.1076 354
8 3.34.107° 45
DESCM 16 1.42.1076 113
24 1.26.10~7 234
32 2.05.1078 357

Table 2.1: Numerical results of SESCM and DESCM for different values of M, (Example 1).
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(Example 1).

Figure 2.1: Convergence history of SESCM and DESCM

Re(Exact solution)

Re(Approximate solution)

Im(Exact solution)

Im(Approximate solution)

Figure 2.2: Surface plot of real and imaginary parts of exact and approximate solutions for SESCM

8 (Example 1).

with M,
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Re(Approximate solution) Re(Exact solution)

Figure 2.3: Surface plot of real and imaginary parts of exact and approximate solutions for DESCM
with M, = 8 (Example 1).

Table 2.1 gives the numerical results for single exponential and double exponential Sinc colloca-
tion methods. The table confirms the efficiency of both methods especially that using the double
exponential transformation which shows a better performance.

Figure 2.1 curves the maximum error for different values of M, which gives an idea about the
exponential convergence rate of the methods.

Figure 2.2 and Figure 2.3 show the surface plot of real and imaginary parts of exact and approxi-
mate solutions of the equation for single exponential Sinc Collocation method(SESCM) and double
exponential Sinc Collocation method(DESCM), respectively.

Standard Sinc-Galerkin method

Figure 2.4 curves the maximum error for different values of M,. Table 2.2 gives the numerical
results for single exponential and double exponential standard Sinc-Galerkin methods.

We can clearly deduce from Table 2.2 and Figure 2.4 that the double exponential standard Sinc-
Galerkin method (DEStandardSGM) is much more accurate than the single exponential standard
Sinc-Galerkin method (SEStandardSGM).
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Figure 2.4: Convergence history of SEStandardSGM and DEStandardSGM (Example 1).
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Figure 2.5: Surface plot of real and imaginary parts of exact and approximate solutions for SES-

tandardSGM with M, = 8 (Example 1).
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Method M, Max error CPU time(s)
8 5.64.10~% 48
SEStandardSGM 16 6.77.107° 117
24 8.56.1076 231
32 1.53.10°6 366
8 6.05.107° 47
DEStandardSGM 16 1.47.10°6 118
24 1.21.1077 248
32 1.94.10°8 375

Table 2.2: Numerical results of SEStandardSGM and DEStandardSGM for different values of M,
(Example 1).

Figure 2.5 and Figure 2.6 show the surface plot of real and imaginary parts
of exact and approximate solutions of the equation for single exponential Standard
Sinc-Galerkin  method(SEStandardSGM) and double exponential Standard Sinc-Galerkin
method(DEStandardSGM), respectively.

Re(Approximate solution) Re(Exact solution)

Figure 2.6: Surface plot of real and imaginary parts of exact and approximate solutions for DE-
StandardSGM with M, = 8 (Example 1).
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Symmetric Sinc-Galerkin method

Figure 2.9 curves the maximum error for different values of M,. Table 2.3 gives the numerical
results for single exponential and double exponential symmetric Sinc-Galerkin methods.

Method M, Max error CPU time(s)
8 6.11.10~4 40
SESymmetricSGM 16 5.84.107° 107
24 9.45.10~6 219
32 1.53.106 370
8 4.49.10~° 45
DESymmetricSGM 16 1.58.1076 115
24 1.28.1077 229
32 1.98.108 360

Table 2.3: Numerical results of SESymmetricSGM and DESymmetricSGM for different values of
M, (Example 1).

Re(Approximate solution) Re(Exact solution)

Figure 2.7: Surface plot of real and imaginary parts of exact and approximate solutions for SESym-
metricSGM with M, = 8 (Example 1).
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Re(Approximate solution) Re(Exact solution)

Figure 2.8: Surface plot of real and imaginary parts of exact and approximate solutions for DESym-
metricSGM with M, = 8 (Example 1).
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Figure 2.9: Convergence history of SESymmetricSGM and DESymmetricSGM (Example 1).
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Figure 2.7 and Figure 2.8 show the surface plot of real and imaginary parts
of exact and approximate solutions of the equation for single exponential symmetric
Sinc-Galerkin  method(SESymmetricSGM) and double exponential symmetric Sinc-Galerkin
method(DESymmetricSGM), respectively.

2.3.2 Example 2

Consider the equation (2.0.1) with V(x,y) = 3 — 2tanh?(x) — 2tanh?(y), where the exact solution

is:
iexp(it)

cosh(z) cosh(y)’

We can get the initial and boundary conditions from the exact solution and we have a =1, =
and v = 1.

Y(z,y,t) = 0<uzy<l. (2.3.4)

Sinc collocation method

Figure 2.10 curves the maximum error for different values of M, and Table 2.4 gives the numerical
results for single exponential and double exponential Sinc collocation methods.

Figure 2.11 and Figure 2.12 show the surface plot of real and imaginary parts of exact and
approximate solutions of the equation for single exponential Sinc Collocation method(SESCM) and
double exponential Sinc Collocation method(DESCM), respectively.

Method M, Max error CPU time(s)

8 1.25.107° 55
SESCM 16 1.01.10° 167
24 1.79.107 311
32 3.80.1078 514
8 1.29.1076 59
DESCM 16 3.02.1078 147
24 3.3.1079 316
32 1.42.107° 381

Table 2.4: Numerical results of SESCM and DESCM for different values of M, (Example 2).
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Figure 2.10: Convergence history of SESCM and DESCM (Example 2).

Re(Approximate solution) Re(Exact solution)

Figure 2.11: Surface plot of real and imaginary parts of exact and approximate solutions for SESCM
with M, = 16 (Example 2).
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Re(Approximate solution) Re(Exact solution)

Figure 2.12: Surface plot of real and imaginary parts of exact and approximate solutions for DESCM
with M, = 16 (Example 2).

Standard Sinc-Galerkin method

Method M, Max error CPU time(s)
8 1.31.107° 58
SEStandardSGM 16 1.43.10°6 156
24 1.82.10~7 315
32 3.59.10~8 501
8 1.43.1076 59
DEStandardSGM 16 3.49.10~8 222
24 3.55.107 311
32 1.39.107? 507

Table 2.5: Numerical results of SEStandardSGM and DEStandardSGM for different values of M,
(Example 2).

Table 2.5 shows the numerical results for single exponential and double exponential standard
Sinc-Galerkin methods. Figure 2.13 curves the maximum error for different values of M,
for these methods. Figure 2.14 and Figure 2.15 show the surface plot of real and imag-
inary parts of exact and approximate solutions of the equation for single exponential stan-
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dard Sinc-Galerkin method(SEStandardSGM) and double exponential standard Sinc-Galerkin
method(DEStandardSGM), respectively.

10'4 3 T T T T T T
E —m— SEStandardSGM
—&— DEStandardSGM
10° F 3
. 100 ¢ i
<]
>
>
=
107 £ E
108 F E
10.9 1 1 1 1 1 1
0 5 10 15 20 25 30 35

Mx
Figure 2.13: Convergence history of SEStandardSGM and DEStandardSGM (Example 2).

Re(Approximate solution) Re(Exact solution)

Figure 2.14: Surface plot of real and imaginary parts of exact and approximate solutions for SES-
tandardSGM with M, = 16 (Example 2).
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Re(Approximate solution) Re(Exact solution)

Figure 2.15: Surface plot of real and imaginary parts of exact and approximate solutions for DE-
StandardSGM with M, = 16 (Example 2).

Symmetric Sinc-Galerkin method

Method M, Max error CPU time(s)
8 1.19.107° 56
SESymmetricSGM 16 1.19.1076 151
24 1.86.1077 304
32 3.48.1078 489
8 1.41.10° 57
DESymmetricSGM 16 3.49.1078 149
24 3.74.1079 304
32 1.35.107? 503

Table 2.6: Numerical results of SESymmetricSGM and DESymmetricSGM for different values of
M, (Example 2).

Table 2.6 shows the numerical results for single exponential and double exponential symmetric
Sinc-Galerkin methods. Figure 2.16 curves the maximum error for different values of M,.
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10'4 F T T T T T T

—— SESymmetricSGM
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10°

Max error

108 F

10°°
35

Figure 2.16: Convergence history of SESymmetricSGM and DESymmetricSGM (Example 2).

Re(Approximate solution) Re(Exact solution)

Figure 2.17: Surface plot of real and imaginary parts of exact and approximate solutions for SESym-
metricSGM with M, = 16 (Example 2).
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Re(Approximate solution) Re(Exact solution)

Figure 2.18: Surface plot of real and imaginary parts of exact and approximate solutions for DESym-
metricSGM with M, = 16 (Example 2).

Figure 2.17 and Figure 2.18 show the surface plot of real and imaginary parts
of exact and approximate solutions of the equation for single exponential symmetric
Sinc-Galerkin method(SESymmetricSGM) and double exponential symmetric Sinc-Galerkin
method(DESymmetricSGM), respectively.

Conclusion

In this chapter, we applied the Sinc collocation method and the Sinc-Galerkin method incorporated
with double exponential transformation in order to solve the time-dependent Schrédinger equa-
tion with nonhomogeneous initial and boundary conditions in two dimensions. We compared the
proposed approaches with those using single exponential transformation. According to the tables
and figures presented above, we can conclude that all methods are reliable and efficient, particu-
larly those using the double exponential transformation which give better results and much more
performance accuracy than the methods using single exponential transformation.



Chapter 3

Double exponential Sinc methods for
the time-independent Schrodinger
equation

The time-independent Schrodinger equation is expressed as:

Hi(x) = E(x) for x € (3.0.1)
P(x)=0 for x € 082, (3.0.2)

where 1 is the unknown wave function, F is the energy eigenvalue, 0f) is the boundary of €2, and
‘H stands for the Hamiltonian operator which is made up with the kinetic energy operator A and
the potential energy operator V:

H=-A+V. (3.0.3)

The Schrodinger equation was one of the greatest achievement of twentieth century science.
Solving this equation involves finding the energy levels of quantum mechanical systems by find-
ing the energy eigenvalues E of the eigenvalue problem (3.0.1). Obtaining the exact solutions of
the Schrodinger equation using analytical methods is possible only for few particular potentials.
However, for many other potentials, numerical methods must be employed.

The resolution of the two-dimensional Schrodinger equation has been of great interest in math-
ematical physics [50, 51, 52]. In [50], the Schrédinger equation with one- and two-dimensional po-
tentials were solved in the framework of the sla(R) Lie algebra. Eigenfunctions of the Schrodinger
equation for various asymmetric double-well potentials have been determined and the eigenstates are
expressed in terms of the orthogonal polynomials. Ixaru [51] introduced a new numerical method
for the eigenvalue problem arising from the two-dimensional Schrédinger equation. The method
consists in a flexible transformation from a two-dimensional problem into a set of one-dimensional
single and coupled channel problems. This set of problems is then solved numerically using highly
tuned codes based on CP methods. The energy eigenvalues of coupled oscillators in two dimensions
with quartic and sextic couplings have been calculated in [52] where the unbounded domain of the
wave function has been truncated and various combination of trigonometric functions are employed
as the basis sets in a Rayleigh-Ritz variational method.

o4
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The three-dimensional Schrédinger equation is of great importance in different phenomena with
many applications in physics and chemistry. It is a partial differential equation involving three coor-
dinates per particle. The mathematical difficulty behind such an equation with different potentials
has been surmounted by many exact analytical means and approximate numerical methods. Dong
[53] applied the ansatz method for analyzing the Schrodinger equation in D dimensions with three
anharmonic potentials: sextic potential, singular even-power potential and singular one-fraction
power potential. He applied a suitable ansatz to the wave functions to obtain restrictions on the
parameters of the potentials. In [54], Ikhdair and Sever found the polynomial solution of the 3D
Schrédinger equation for the Pseudoharmonic potential for any arbitrary angular momentum. The
exact bound-state energy eigenvalues and the corresponding eigenfunctions are analytically calcu-
lated. By a proper transformation, this problem is reduced to a harmonic oscillator potential plus
an additional centrifugal potential barrier which can be solved by using the known eigensolutions
of anharmonic oscillator potential. In [55], Farizky et al. have solved the Schrédinger equation
in three dimensions for Eckart and Manning-Rosen non-central potential by using the asymptotic
iteration method. They have obtained the unnormalized wave function and the energy spectrum
for a particle influenced by this potential for a certain value of quantum numbers.

Despite the amount of attention the equation (3.0.1) has attracted in literature, it hasn’t been
treated sufficiently using Cartesian coordinates. The current chapter is devoted to numerically
handle the stationary equation and the numerical examples are restricted to the particular case
where there is no interaction between particles, i.e. when the potential is considered with variables
separated. Examples where the variables are nonseparated are given in the next chapter.

3.1 Two-dimensional Schrodinger equation

In this section, we discuss the resolution of the two-dimensional time-independent Schrodinger
equation using double exponential Sinc collocation method (DESCM) and double exponential Sinc-
Galerkin method (DESGM). The basis functions and the grid points we use are extensions of those
used in the one variable study.

3.1.1 Double exponential Sinc collocation method

The DESCM consists in inserting in equation (3.0.1) the approximate solution given by:

Nac Ny
vale,y) = D > uiSi(x)S;(y), (3.1.1)
i=—M, j=—M,
where S;(z) = S(i, hy) 0 ¢z (x) and S;(y) = S(J, hy) 0 ¢y(y), and calculating the resulting system at
the grid points:
(ho ) = (02 (kha), & (Uhy)) (3.1.2)
for k= —-M,,...,Nyand | = —M,, ..., Ny, with ¢, and ¢, are the double exponential transforma-
tions. This results in:

(9*Ya +321/1A
0x? 0y?

) (ks 1) + Vg, yi) Yalxr, yi) = € Yalze, yi), (3.1.3)
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where € is the approximation of the energy eigenvalue E in (3.0.1). Using (3.1.1), we obtain:

Ny Ny
S uy [—Sé'(xk)sj(yz) — Si(xx) S} (yr) + V(xkyyl)si(xk)sj(yl)}

i=—M, j=—M,

=e Z Z wijSi(x)Si(y), (3.1.4)

1=—My j=—DMy
where u;; are the coefficients to be determined. From this, it follows that:

1
z z:%( @3 + 3

— Mgy j=—M, z

¢>;<:ck)26§2)> o)

Z Z uzg m ( Z(yl)(sj(l h2¢y( ) 3(12)>

i=—My j=—My

+ Z Z iV (wk, y1)o zk ]z = Z Z Uij0g, 53(?)-

i=—Mpy j=—DMy i=—Mpy j=—DMy
(3.1.5)
In a matrix form, the above system can be written as:
~(ATU+UB) +VoU =, (3.1.6)

where (o) represents the Hadamard matrix multiplication and the matrices A and B are given by:

A= hlx (L%Z D (¢2§)) + ;712 (17532 D ((¢;)2)) , (3.1.7)
B = (D () + g (190 (6,). 5.18)

where ".x" denotes the componentwise multiplication of a constant by a matrix, m, = My + Ny + 1

and my, = My, + Ny, + 1, U and V are the m, X m, matrices whose ¢j—th entries are u;; and
Vij = V(x;,y;), respectively. Furthermore, L(?? ) and I,(,?y) are the Toeplitz matrices whose elements

T

are 52(,?), 53(1) for i,k = —M,,...,Ng, j,l = -M,,...,N, and n = 0,1,2. Let g, be a function of

and g, be a function of y. D(g,) and D(g,) are the diagonal matrices whose diagonal entries are
9z(T-n1,), -5 9e(2nN,) and gy (y—n1,), - - -5 9y(yn, ), Tespectively.

Using the matrix vectorization operator (vec) and the Kronecker product notation (®), the matrix
system (3.1.6) can be written as:

- (I @ AT + BT @ I{)) + D(V)] vec(U) = evec(U), (3.1.9)

where D(V) is the mgm, x mym, matrix given by D(V) = diag (D(Vi-n,),-..,D(Vin,)) and
T
vec(U) is the mym,, x 1 vector defined by vec(U) = {[uiy,My]T, e [uiny]T} fori=—My, ..., Ny.
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In the special case where the potential function is separable, i.e. V(z,y) = Vip(z) + Vy(y), the
system (3.1.9) takes the following form:

10 @ (=AT + D)) + (=BT + D(Vy)) @ I vee(U) = evec(U), (3.1.10)
which can be easily solved by solving the two smaller eigenvalue problems:

(fA—r + D(Vx)) w; =€ w; and (—B—r + D(Vy)> Wy = €9 Wo, (3.1.11)
where € = €] + €2 is the approximation of the exact energy eigenvalue E and vec(U) = wy ® w; is

the associated eigenfunction.

3.1.2 Double exponential Sinc-Galerkin method

Unless otherwise stated, the same notations given previously are also used in this section.

The inner product of two functions f and g is given by:

(f.9) = //ﬂ f(z,y)g(x, y)v(r)w(y) dz dy, (3.1.12)
where the product v(z)w(y) serves as a weight function. Using the DESGM, we require the residual:
R(z,y) = —Ad(z,y) + (V(z,y) - E) P(z, ), (3.1.13)

to be orthogonal to each S (x)S;(y), for —M, <k < N, and —M, <1 < N,. That is:

(R, SkS;) = 0. (3.1.14)

More specifically:

[ 80 G) + V)i ) Si@)Siwe@ly) de dy
8 [[ e p)Si@Siw@u) dedy =0, (3.1.15)

In order to remove the derivatives from U, we apply Green’s identity:

- [ élapAS@ S w) dedy +br + [| Vi nsi@siwe@y) didy
Q Q

-5 /Q ¥, 9)Sk()Su(w)v(@)w(y) da dy,
(3.1.16)

where the boundary term b7 is defined by:

br = /asz {1/1(3:,11)8(1 (Sk(@)Si(y)v(z)w(y)) — Sk(m)Sz(y)v(a:)w(y)?ﬁ(x,y)}da, (3.1.17)
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and n is the outward normal direction to €2. Assuming that by = 0, we get:
— [ wlaw) [(Si@)@) Sityywl) + S@)e@) (Si )] dody
+ [ V)i )Si@s o)) drdy

= [[ vla.p)si@siwe@u(y) dedy.
(3.1.18)

By applying the quadrature rule in [1] and eliminating the error terms, we obtain:

Z Z/J xp,yl th 51(;)¢ ({L'p)u(xp) + i(sl(c;)) <¢g(xp)v(xp) + 21},(.%'}))> n (5( )U//(Jip)]

y<25'( he ¢ (2p) gl (xp)
5@ 1oy (9wl o
y¢, Z ¢ l‘k’yq h2 lq ¢y(yq)w(y ) h 5 d)/( ) + 2w (yq)
(O w (Z/q) v(zk) o oy L) v(zg) ooy W)
+6l(1 QSI( ) + hxhy(ﬁfr(l”k)v( kayl)d)( k7yl)¢;(yl) hxhyE qblx(l'k)q/]( kayl)d){q(yl)'
(3.1.19)

Dividing by h;hy and replacing ¢ (zy, y;) and E by 1)y, and €, respectively, yields:

Z wpl [hQ kp ¢w($P) (zp) + hlxélgj) (W—FQU’(:UP)) 5(0)U (p )]

1o 2 Tz 4 (ay)
(xk) My 5@y 0y (Ya)w(yq) / ) w”(yq)
k) q:ZMy wkq |]l2 lg ¢y(3/q) (yq) h 5 ( 5 (ZS;J( ) + 2w (3/(1)) 5lq (z)/( )]
o) wiy) o), )
g G ) = GG M ) (120

Premultiplying by the diagonal matrix D(¢/) and postmultipying by D(#), the system can be
represented in the following matrix form:

- (D(QS;).A(U) U D(w) + D(v) \I/B(w)TD(qﬁ;)) + D(v) (VoV¥)D(w) =e¢D(v)¥ D(w), (3.1.21)

where W is the m, x m, matrix containing the unknowns ¢;; and:

1 / 1 ¢CE / "
Alw) = 33-» (12 D(g0)) + - (I(l ( AR )) +19D (;;) (3.1.22)
_1 w« (12 / 1 w« [ 1 %’ ’ (0) w”
B(w) = e (12 D(w)) + e ot 7 +2u' )| + 19D ) (3.1.23)

Using the Kronecker product notation, the system (3.1.21) may be expressed as the large sparse
System:
- (I @A+ BT @ 1)) + D(V)| vee(U) = evec(U), (3.1.24)
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with:

U= D) Dw), A=D(¢.)Av)D (i) and B=D <i}> Bw)TD(¢).  (3.1.25)

In the present work, our interest is in the computation of the energy eigenvalues but if we want
to solve the equation for the wave function, ¥ can be recovered from U by:

v-p(1)up(s). (3.1.26)

(% w

where U is obtained by solving the discrete system (3.1.24). Finally, in order to eliminate the
boundary term bp, we let the weight functions:

v(z) = (¢,(2))""  and  w(y) = (4,(y) " (3.1.27)

3.1.3 Numerical results

In this section, we will examine the efficacy of DESCM and DESGM when applied to solve the two-
dimensional time-independent Schrédinger equation. We also compare their performance with the
corresponding Sinc methods combined with the single exponential transformation, namely SESCM
and SESGM. The figures presented in the examples show the absolute errors corresponding to each
method in terms of the number of its collocation points. The absolute error is defined by:

Absolute error(N;) = |E — e(Ng)|, (3.1.28)

where E is the exact value of the energy and €(NN,) is the approximation of the energy eigenvalue,
which corresponds to N,.

The mesh sizes hy, = h; = h are defined by:

h = W(”jzn/ﬁ), (3.1.29)

where W is the Lambert function and n, 8 and « are given in [6, Lemma 3.1]. Unless otherwise
stated, we choose the positive integer IV, arbitrarily and N, = M, = M, = N,.

Anharmonic oscillator potentials

We present numerical results for the energy values corresponding to the anharmonic oscillator
potentials. The domain is chosen as 0 = (—00,00) X (—o00,00). We use the conformal mapping
sinh(¢) as a double exponential transformation.

Some of the potentials presented in one-dimensional space in [32], which have known analytic
solutions for energy levels are extended to the two-dimensional space as follows:

Vi(z,y) =a? —dat + 28+ 2 -4y +4° = Eyj=-2-2=—4, (3.1.30)
Va(z,y) = 42® — 62t + 2%+ 49 —6y* +4° = E; =-9-9=-18 (3.1.31)
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Figure 3.1: Computation of the anharmonic oscillator potential V;(z,y). The absolute error for the
energy ground level Ey corresponding to Vi(z,y).
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Figure 3.2: Computation of the anharmonic oscillator potential V5 (z,y). The absolute error for the
first excited energy F4 corresponding to Va(z,y).
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In the above calculation, the performance of the SESCM and SESGM is exactly the same.

Anharmonic Coulombic potentials

Consider the two-dimensional Schrodinger equation with anharmonic Coulombic potentials [33]:

2 2

Vé(:c,y):?+x2+?+y2$E0:5+5:10, (3.1.32)
3 5 3 9

w(x,y):rx?—i-x +4T/2+y = Fy=4+4=28. (3.1.33)

We select 2 = (0, 00) % (0, 00) as our domain and apply the following conformal mapping log(esmh(t) +
1).
For the implementation of the DESCM and the DESGM, we choose:

M, = maz (U’sz n WJ ,0) : (3.1.34)

for an arbitrary N, where 8y, =1, g = %, v =1, v =2 and Ny = N, My, = M,.

105 T T T T T T T

| — — SESCM

— DESCM
SESGM

—— DESGM

Absolute error

Figure 3.3: Computation of the anharmonic Coulombic potential V3(z,y). The absolute error for
the energy ground level Ej corresponding to V3(z,y).
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Perturbed anharmonic Coulombic potentials
Consider the anharmonic Coulombic potentials with singular perturbation [34] of the form:

9 9

We select the domain Q as (0,00) x (0,00) and use the following conformal mapping: exp(t).

10°%
r — — -SESCM
DESCM
SESGM
ol = DESGM
10°
S
>
D
s 1051
6 L
w
e}
=
10710 |
10_15 1 1 1 1 1 1
o 5 10 15 20 25 30 35
N

X

Figure 3.4: Computation of the anharmonic Coulombic potential Vj(z,y). The absolute error for
the energy ground level Ey corresponding to Vi(z,y).

General potentials with randomly selected coefficients

In order to confirm the efficacy of the proposed approaches, we will now apply the method to more
complicated potentials of the following form:

q q
Volz,y) = Y aix’ + ) ay' (3.1.36)
i=—p i=—p
with p = 3 and ¢ = 8. The ten coeflicients a;, i = —2,...,7 are selected randomly such that

—5 < a; < 5, and we choose a_3 = 10 and ag = 5 to guarantee that the two parameters are positive.
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Figure 3.5: Computation of the perturbed anharmonic Coulombic potential V;(x,y). The absolute
error for the energy ground level Ey corresponding to Vs(x,y).
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Figure 3.6: Computation of the perturbed anharmonic Coulombic potential Vi(x,y). The absolute
error for the energy ground level Ey corresponding to Vs(x,y).
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Since the exact values of the ground state energy E;y and of the first excited energy F; are
unknown, we use the following equation as an approximation for the absolute error:

Err (N;) = |e(Ny) — e(Ny —1)|. (3.1.37)
In this example, we set:
l
M, = mag (PRNQC n Og(ﬁR/ﬁL}J ,0) : (3.1.38)
YL Yo ha

for an arbitrary N,, where 5, = %, Br = %, YL = %, Yg =5 and Ny = N, M, = M,.

1010 T T T T T
I — — SESCM
—— DESCM
s SESGM
107 [ N ——DESGM | |
100 1
L
10° y
10710 i 1
10-15 I 1 1 1 | L
0 5 10 15 20 25 30
N

Figure 3.7: Computation of the perturbed anharmonic Coulombic potential Vi(x,y). The absolute
error for the first excited energy E; corresponding to Vs(z,y).

The numerical results clearly show the high efficiency and accuracy of the DESCM and DESGM
for solving the two-dimensional Schrédinger equation with separable potential functions.

3.2 Three-dimensional Schrodinger equation

The discretized Schrédinger equation in three variables is considered in this section. Sinc numerical
methods are applied for the resolution and double exponential transformations are used to improve
the convergence of the solution. The basis functions and the grid points we use are extensions of
those used in the one and two variables studies.



CHAPTER 3 DOUBLE EXPONENTIAL SINC METHODS FOR THE TIME-INDEPENDENT
SCHRODINGER EQUATION 65

3.2.1 Double exponential Sinc collocation method

The approximate function
va(,y, 2 Z Z Z Uijk Sijh(T, Y, 2), (3.2.1)
—M, j=—My i=—Mj,

where

Sijk(x, Y, Z) = SZ(.’L‘) S](y) Sk(z)
= 5(i, ha) 0 ¢2(x) S(4, hy) © ¢y (y) S(k, hz) 0 $(2), (32.2)

provides an accurate approximation of the exact solution 1 of the Schrédinger equation.

The method requires substituting the above approximation into the equation (3.0.1) and evalu-
ating the resulting system at the grid nodes:

(21, Y 20) = (6 (1he), 6 (mhy), 67" (nhs)) (32.3)

forl = —M,,...,Ny, m = —M,,...,Ny,and n = —M,,..., N, with h,, hy and h, the step sizes.
That is,
0? 0? 0?
_(9%a, 04 O7¥a
0x? 0y? 022

) (xluy’ma Zn) + V(xla Ym Zn) wA(xlaym) Zn) =€ wA(iﬂl,ym, Zn)a (324)

where € is an approximation of the energy eigenvalue E. It follows that:

Z Z Z Wijk o2 + 8y2 + 922 (wz,ym,zn)
k=—M, j=— M, i=— M,
Ny

+ V (21, Ym, 2n) Z Z Z Wik Sijk (T1s Ym, Zn)

k=—M_ j=—My i=—M,
N,

Ny Ng
Yoo D wikSiw(a Ym, 2n), (3.2.5)

k=—M, j=—M, i=— M,

which can be written as:

Z Z Z u”k< 1)S(Ym)Sk(2n) + Si (wl)Sé'/(ym)Sk(zn) + Si(ml)Sj(ym)SlZ<zn))
k=—M, j=—My i=—M_
Ny
—|—V 'rl?ymazn Z Z Z uzij xl (ym)Sk(Zn)
k=—M, j=— Myz— M,
N,

Z Z Z UZJkS x) (ym)Sk(Zn) (3.2.6)

k=—M, j=—M, i=—M,



CHAPTER 3 DOUBLE EXPONENTIAL SINC METHODS FOR THE TIME-INDEPENDENT
SCHRODINGER EQUATION 66

Thus, we get:

DS uwk[( (a3l + (o 2>)a§9,za,aa>

k=—M_ j=—My i=—M,

1 1
; z

+ V(@1 Ym, 2n) Z Z Z iy 84 Z Z Z wid V5050,

k=—M_ j=—My i=—M, k=—M, j=—My i=—M,
(3.2.7)

In the matrix form, using (mat) operator, this system can be expressed as follows:

- {(Imy A" +B"T® Iml>mat(U) + mat(U) C’} + mat(V) omat(U) = emat(U) (3.2.8)

with
A= fjx (1) D (¢)) + ;2 « (I D ((¢,))), (3.2.9)
B = hly (18D (#))) + 55 h2 - (12 D ((6,)?)), (3.2.10)
1

= e (10D (6) + g (12D (). (3:2.11)

where ".x" denotes the component-wise multiplication of a constant by a matrix, m, = M, + N, +1,
my = My + Ny +1 and m, = M, + N, + L. Iy(ffz, Iy(r]fg and I,(,fz are the Toeplitz ma-

trices whose elements are 51-(57), 5(73 and 5( P) for il = —My,...,Ngz, jym = —My, ..., Ny,
kkn = —M,,...,N, and p = O7 1,2. Furthermore, D(¢z), D(¢y) and D(¢.) are the di-
agonal matrices whose diagonal entries are ¢.(z_nr,),...,¢z(zN,), &y(Y-nr1,),. .., ¢y(yn,) and
¢2(2-0, )5 - -+, 0z(2N, ), respectively. mat(U) and mat()) are the m,m, x m. matrices given, respec-
tively, by mat(U) = [vec (u;j—n.) ;- -, vec (u;jn,)] and mat(V) = [vec (Vi j—n.),- .., vec(Vijn,)l,

where V; ;. = V (i, 95, 21).
Using the matrix vectorization operator (vec) and the Kronecker product notation (®), we obtain:

[ = (L. @ (I, ® AT+ BT @ L, ) + CT @ Lym, ) + DOV)|vec(U) = evee(U).  (3.2.12)

That is,
[~ (I @ L, ® AT 4 I, @ BT @ I, + CT @ I, @ Ly, ) + D(V)]vee(U) = evee(U), (3.2.13)
where vec(U) = vec(mat(U)) and D(V) = diag(vec(mat(V))).

Particularly, when the potential function is separable, i.e. V(z,y, 2) = Vy(x) + Vy(y) + V. (2), the
system (3.2.13) takes the following form:

L. ® I, @ (<A + D(V)) + L. ® (~=B" + D(V,)) @ L,

I (—C’T + D(Vz)> ®Im, ® Imz}vec(U) = evec(U). (3.2.14)
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We take advantage from the particular form of the system matrix (3.2.14) which transforms the
resolution of one m,mym. x mymy,m, system into the resolution of three m, x m,, m, x m, and
m, X m, systems and leads to reduce the computing time and cost:

(= AT +D(V2))wi = ey wi, (3.2.15)
(= BT+ D(Vy))ws = e s, (3.2.16)
(= CT+D(V2))ws = egws, (3.2.17)

where € = €1+€e9+€3 is the approximation of the exact energy eigenvalue E and vec(U) = w3®@wo®@w1
is the associated eigenfunction.

3.2.2 Double exponential Sinc-Galerkin method

In this section, unless otherwise mentioned, we keep the same notations used previously.

We apply the DESGM for the three-dimensional Schrédinger equation and we obtain the dis-
crete system for the unknown coefficients by orthogonalizing the residual with respect to the inner
product:

(f.9) = [[[ F..2)ge..2)ula)olw)w() dody dz, (3218)
where u(x)v(y)w(z) serves as a weight function. That is:
(R, Stmn) = 0, (3.2.19)
where
R(x,y,2) = —Ad(z,y,2) + (V(2,y,2) — E)P(z,y, 2), (3.2.20)
and
Slmn(l‘a Y, Z) = Sl(x)sm(y)sn(z)7 (3'2'21)

with =M, <1 < Ny, =M, <m < Ny, =M, <n < N, and hg, hy, h. the step sizes. More precisely,
we have:

[ (= 80@0.2) + V20000, 2) $i@)Su0)Su(u@)e(my(:)de dy d:
= E///Q (x,y, 2)S1(x)Sm (y)Sn(2)u(x)v(y)w(z) de dy dz. (3.2.22)

The derivatives of ¢ are eliminated using Green’s identity. Thus,
- ///Q (z,y, 2) A (Si(2) S (y) S (2)u(z)v(y)w(z)) dody dz + by
+ / / /Q V@, g, 2)0 (2, 5, 2) S (2)Som (1) S (2)u(2 )0 () (2) da dy d
- E///Q V(@Y. 2)Si(@) S (y) Sn(2Ju(@)v(y)w(z) dedy dz,  (3.2.23)
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where the boundary term b7 is defined by:

br = [ [0 2) g (S0 ) (St )(S010)(2)) = S0 2) (510 () (St () (S0) ()] 5,
(3.2.24)

and n is the outward normal direction to 2. Supposing the boundary term br vanishes, we get:

- / / o V(@:0:2) (Sl(”f)“(x))HSm(y)v(y)Sn(z)w(z) dz dy dz
- // | W,y D)5 (@)u(z) (Sm)o) " Su(=)(z) d dy d=
~ ][ ¥@v. 281 @u@) S w00 (5. (=) dodydz
- ///Q V(. 2)9(@, Y, 2)S1(2) S () S (2)u(2)v(y)w(z) da dy dz
— £ [[[ 04098 @SS ula)oly)ule) ddy

(3.2.25)

Applying the quadrature rule and removing the error terms yield:

_ V(ym) w e o | L@ e 4 L (@)
hhh¢,( )d’(z)p_z U( P> Yms n)[h25lp¢x( p) (p) h5 ( & () +2 (p))

//( 1
+o xp)] — hahyh. “;((ﬂzl)) ¢z(( )) q_ZM D@1, Y, 2n) l 5 O By (V)0 () + Eagg

Yq)v(yq) o 0" (W) | u(w) v - .
42 (yq)> + 5mq¢/ (yq)‘| hzhyhz QZ);;(QUZ) d) (ym) rz; 7/} 15 Ym, 7“)
”(Zr)]

L 5@0 o w(s) + 25w L (zr)w(zr) e 0)

|:h25m“ (z)z( 7”) ( T‘)+ h 5717“ ( ¢ (Zr) +2 ( T)) +5nr (ZSQ«(ZT)
u(@) v(gn) wiz) |,

“ (1) &y (ym) 9 (2n)

_ u(@) vlgm) W),
= hyhyh.E 5 (01) 9 ) ¢/Z(Zn)¢( L Yy Zn)- (3.2.26)

N~

(xIJ ym7 Zn)w(:ch ym7 Zn)

If we divide (3.2.26) by hyhyh. and replace ¢(zp,yq, 2r) and E by 1)y, and e, respectively, we
obtain the following discrete system:
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- ) v op)ula ) (nutz) |y, ,
¢§/(ym) ¢/Z(Zn) Z d’pmn [hQ Ip ¢z( p) ( p) h 5 < ¢/( ) +2 ( p)) +5lp ¢/

u(xy) w(zy) Ny ) 1 @y (Yq)v(yq)
QS?E(J:Z) lez Z wlqn |]12 5mq¢y(yq) (yq) + h 5mq ( (yq)

Zn) q=—M, Y

v
+ 2v’(yq)> + 040

N, "
0(Ym) S e {125,(3)%(%)10(%) L hlz(s’(llr) <¢z(;rgzgzqn) i 2w/(2r)>

hZ
(#1) ©(ym) w(z) w(wr) v(ym) w(z)
S ] Gy st ) = € S S 5 S
(3.2.27)

Multiplying (3.2.27) by (1)) (ym)&.(zn), we get:

(2) ¢ (p)u(zp) ,
— ¢ (x0)v(Ym)w(2n) Z ¢pmn[h2 2¢( p)u(zp) + h—d <¢,()+2U($p)>

(cb”( Yq)v(Yq)
Yy i ng/(yq)

+5l(](;))u ($p)] o u(xl)¢y ym Z '(/)lqn

¢l () =, 2 mq¢y(yq> (Yq) + — h

+20'(y,)) +(57(m)1¢, EZZ;] w(zy)v(Ym) @ (2n) Z Yirmr [hQ nr)(pz(z,,)w(z) . 57(112

7¢/Zl(zr)w<zr) w’ Z, (0 ) /,(Z ) u\x Wl z T Z
( ¢;(Zr) +2 (T)> +5nr ¢,( )] + ( l) (ym) (n)V( 1y Ym, n)wlmn

= eu(z1)v(Ym)w(2n) Vimn- (3.2.28)

r=—»M

Using the matrix operator (mat) and the Kronecker product notation (®), (3.2.28) can be ex-
pressed in a matrix form as follows:

~ (I ® A+ BT @ IfY)) mat(U) + mat(U) CT | + mat (V) o mat(U) = emat(U), ~ (3.2.29)

where
A= D(¢.) A(u) D (i) , B=D (i) B(v)' D(¢,) and C=D (;) C(w)" D(¢) (3.2.30)
with
Alu) = % # (I D(¢u)) + hi x <1,§11$D (qf/u . 2u'>> +19D (Zf) (3.2.31)
B(v) = % « (1) D)) + hi * (IWQD (ﬁ’:v - 27/)) +19D (:;:) (3.2.32)
Yy Y Yy Yy
C(w) = % * (Inle(qb’zw)) + hi « (1D <¢;}U + zw’)> +19D <¢>/H> (3.2.33)
mat(U) = (D(v) ® D(u)) mat (V) D(w), (3.2.34)
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where mat(¥) is the m,m, X m, matrix given by mat(¥) = [vec (¢; ;- ), ..., vec (¥;jn.)] and
D(u), D(v) and D(w) are the diagonal matrices whose diagonal entries are u(z_pz,),...,u(zn,),
v(y-n,)s--->v(yn,) and w(z_az, ), ..., w(2n,), respectively.

After solving (3.2.29) for U, we can readily get ¥ by the equation:

vec(V) = {D (1> D (1) ® D <1>} vec(U), (3.2.35)

w (Y u

taking into account the operators relation vec(U) = vec(mat(U)). Finally, in order to eliminate the
boundary term br, we let the weight functions:

u(@) = (¢ ()", v(y) = (¢,)"" and  w(z) = (¢L(2)"" (3.2.36)

3.2.3 Numerical results

In this section, we attempt to illustrate the efficiency of the double exponential Sinc collocation
method (DESCM) and the double exponential Sinc-Galerkin method (DESGM) when applied to
solve the three-dimensional time-independent Schrédinger equation. We compare the performance
of the DESCM and DESGM with the performance of the SESCM and SESGM, respectively.

We utilize the mesh size stated as:

p = Wrdm/B) (3.2.37)

n
Unless otherwise stated, we choose the positive integer N, arbitrarily and N, = Ny = M, = M, =
M, = N,.

The figures presented below show the absolute error between the exact values of the energy and
the approximations obtained using the proposed approaches. For each example, the curve in the
left-hand side shows the results obtained using the DESCM and its comparison to the SESCM, and
that in the right-hand side shows the results obtained using the DESGM and its comparison to the
SESGM.

Example 1: Anharmonic Oscillator potentials

We present numerical results for the energy values corresponding to the anharmonic oscillator
potentials. The study domain is chosen as 0 = (—00,00) X (—00,00) X (—00,00). We utilize the
following conformal mappings: ¢;(t) = sinh(¢). We extend some of the potentials presented in the
one-dimensional study and which have known analytic solutions for energy levels :

Vi(z,y,2) = Va1 (@) + Vi (y) + Ver(2), where Viu(t) =% —4t* +1% = Ey=-2-2-2= -6,
(3.2.38)

Vo(z,y, 2) = Vaa(x) + Vo (y) + Vaa(z), where Vio(t) = 42 —6t* +1° = By =-9-9—-9=—27,
(3.2.39)

for t = x,y or z.
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Figure 3.8: Convergence history of DESinc methods and comparison with SESinc methods for Ejy

corresponding to Vi (z,y, 2).
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Figure 3.9: Convergence history of DESinc methods and comparison with SESinc methods for F

corresponding to Va(z,y, 2).
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Figure 3.8 displays the absolute error for the energy ground level Ej corresponding to the potential
Vi(z,y, z) and Figure 3.9 shows the absolute error for the first excited energy level E; corresponding
to the potential Va(z, vy, 2).

Example 2: Anharmonic Coulombic potentials

Consider the three-dimensional Schréodinger equation with the following anharmonic coulombic po-
tentials:

2
Vi(,y, 2) = Viz(x) + Vis(y) + Vas(2), where Vig(t) = 3 +t2 = Ey=5+5+5=15,
(3.2.40)

3
Vi(z,y, 2) = Vea(x) + Vya(y) + Vaa(z), where Viu(t) = yr i t? = Ey=4+4+4=12.
(3.2.41)

The domain 2 is selected as (0, 00) x (0, 00) x (0, 00). We utilize the following conformal mappings:
for t = x,y or z, ¢(t) = log(e™"® 4 1). For the implementation of the DESCM and the DESGM,

l
we choose: M, = max ({VRNz + Og(’BRh/BL)J ,0) , for an arbitrary N,, where 8, = 1, g =
YL YL
Loy =1v=2and N, = N, = N,, M, = M, = M,.
Concerning the comparison with the SESinc methods, we implement the SESCM and SESGM
using the transformations in Table 1.1.

10°% - - - 10°%
I — — -SESCM | | I — — - SESGM
DESCM | | I DESGM
10° 10°
S
> L
D
= 105 107°
§ L
K]
=
10710 10710
10_15 1 1 1 10_15 1 1 1
o 10 20 30 40 o 10 20 30 40
N N
X X

Figure 3.10: Convergence history of DESinc methods and comparison with SESinc methods for Ej
corresponding to Vz(z,y, 2).
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: 3 10 .
10—2 g— E L
~ : !
S : 3
& 10°F I -
=2 : ! 1075 .
) E E L
& 10°¢f 3
_8 E E L
10°F 1 1610 ]
1010 F :
1012k : 10718
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Figure 3.11: Convergence history of DESinc methods and comparison with SESinc methods for Ej
corresponding to Vy(z,y, 2).

Figure 3.10 and Figure 3.11 show the convergence history of the DESCM and the DESGM for
the potentials V3(z,y, z) and Vy(x,y, z), respectively, with known analytic solutions for the ground
state energy Ej.

Example 3: Perturbed Anharmonic Coulombic potentials
Consider the anharmonic Coulombic potentials with singular perturbation of the form:

9
Vs(x,y,2) = Vas(x)+Vys(y) +Vas(2), where Vis(t) = t2+@ = Fp=4+4+4=12. (3.2.42)

We select the domain €2 as (0, 00) x (0, 00) x (0, 00) and we utilize the following conformal mappings:
¢(t) = e, for t = z,y or 2.

Figure 3.12 presents the absolute error between DESinc and SESinc methods approximations and
the exact value of the energy ground level Ej for the potential Vs(x,y, 2).

Now, we will try more complicated potentials in the following form:

q
Vo(z,y,2) = Vas(z) + Vis(y) + Ves(2), where Vig(t) = Z a;t" (3.2.43)

1=—p

for t = x,y and z, with p =3 and ¢ = 8.
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Figure 3.12: Convergence history of DESinc methods and comparison with SESinc methods for Ejy
corresponding to Vs(z,y, 2).
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Figure 3.13: Convergence history of DESinc methods and comparison with SESinc methods for Ejy

corresponding to Vg(z,y, 2).
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We pick the 10 coefficients a;, i = —2,...,7 randomly such that —5 < a; < 5, and we choose
a_3 = 10 and ag = 5 to guarantee the positivity of these two parameters. For the potential Vg, we

l
pick M, = maz (| 22, - L0/ P 2 =L

VL Yrhe
L g =5 and Ny = N, = Ny, M. = My = M,.

J ,0) , for an arbitrary N, where 8, = L =

1010 - - 1010
I — —-sescM | | [ — — - SESGM
DESCM DESGM

10° |

10° - 10° ]
L
1075 n 1075 .
10710 . . 10710 . 7
10715 . : : - 10715 .
f6) 20 40 60 o 20 40 60
N N
X X

Figure 3.14: Convergence history of DESinc methods and comparison with SESinc methods for F;
corresponding to Vg(x,y, 2).

The Figures 3.13 and 3.14 display the approximation of the absolute error Err for the ground
state energy Ey and the first excited energy E1, corresponding to Vs(z,y, z), respectively.

Conclusion

In this chapter, we applied the double exponential Sinc methods for the two- and three- dimensional
time-independent Schrodinger equation. Numerical experiments illustrate the behavior and the
accuracy of the proposed methods. As can be seen in the figures, the DESCM and DESGM perform
better than the SESCM and SESGM for high values of N,. In two and three dimensions, the size of
the Hamiltonian matrix grows rapidly as the number of spatial grid points increases which requires
more computing time and cost. Here, we benefited from the separable case which reduces the
Schrodinger equation to one-dimensional problems and lowers the computational resources.



Chapter 4

Block centrosymmetry

Centrosymmetric matrices arise in several problems in statistics, engineering, communication theory
and in the numerical resolution of differential equations [56, 57, 58, 40]. This class of matrices is
characterized by its rich eigenstructure which has been widely explored by many authors [59, 36, 37].
The most known results about the centrosymmerty were based on the orthogonal similarity trans-
formations that were useful in block-diagonalizing the centrosymmetric matrices. In this chapter,
we extend the centrosymmetric property to a bidimensional space, by working with block matrices
as components of the total matrix.

4.1 Centrosymmetric basic properties

In this section, we give some preliminaries [36] about the centrosymmetric matrices.

Definition 4.1.1 An exchange matrix denoted by J is an m X m square matriz with ones along the
anti-diagonal and zeros everywhere else:

J = ] (4.1.1)

Definition 4.1.2 Let M be a square matrix of dimension m x m. M is centrosymmetric if and
only if it verifies the following property:

MJ = JM, (4.1.2)

where J is an exchange matriz of dimension m X m.

The lemmas below will show the internal block structure of centrosymmetric matrices and its
usefulness for the computation of the eigenvalues.

76
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Lemma 4.1.3 If H is a square centrosymmetric matrix of dimension m x m where m = 2N + 1,
then H can be expressed as:

S z JCJ
H=|y h yJ |, (4.1.3)
C Jx JSJ

where S, C are matrices of size N x N, J is the exchange matrix of size N X N, x and y are vectors
of length N and h is a scalar.

Lemma 4.1.4 Let H be a square centrosymmetric matrix as given in Lemma 4.1.3 and let V be a
square matriz of dimension m x m defined by:

S—JC 0 0
V= 0 h V2y |, (4.1.4)
0 V2r S+ JC

then H and V are orthogonally similar. That is, the matrices H and V have the same Jordan
normal form and thus the same eigenvalue spectrum.

The above lemmas will be helpful to prove the following theorem that facilitates solving an
eigenvalue problem with a centrosymmetric matrix.

Theorem 4.1.5 Let H be a square centrosymmetric matriz as given in Lemma 4.1.3, then the
resolution of the eigenvalue problem:

det(H — \I) =0 (4.1.5)

1s equivalent to the resolution of the two smaller eigenvalue problems:

det(S — JC —AXI) =0 and det((\/%x S:{%’C)—A(é ?)):o. (4.1.6)

4.2 Block centrosymmetry of the system matrix

In the present section, we introduce a property of the matrix resulting from the DESinc methods
resolution of the two-dimensional Schrodinger equation with nonseparable potentials. This property
will be helpful in the calculation of the eigenvalues of the system matrix and in significantly reducing
the computational time and storage.

Definition 4.2.1 [60] Let J, denote the parity operator with respect to y, defined by:

Tyf(x,y) = fz, —y), (4.2.1)

where f(z,y) is a well defined function being acted upon 7.
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Definition 4.2.2 [40] An operator B is said to commute with the operator [Jy if it verifies the
following relation:

Bjyf(az,y) = ijf(x,y). (4.2.2)
Equivalently, we may say that the commutator between B and Jy is zero, that is:
[B,J,] = BJ, — J,B=0. (4.2.3)
2

Definition 4.2.3 A block exchange matriz denoted by J is an m? x m? square matriz with identity
matrices I of size m x m along the block anti-diagonal and zeros everywhere else:

J= ] (4.2.4)

Definition 4.2.4 Let M be a matriz of dimension m?> x m?, with block components of dimension

m x m. M is block centrosymmetric if and only if M wverifies the following property:

MJ = JM, (4.2.5)

2 2

where J is a block exchange matriz of dimension m* X m=.

The resolution of the two-dimensional Schrédinger equation using DESinc methods results in the
discretized systems (3.1.9) and (3.1.24) whose matrices have the following form:

M= (I @ A+ Ba 1)) + D(V), (4.2.6)

assuming that My, = M, = N, = N, = N and m; = my, =m = 2N + 1.

Given some particular parity assumptions on the functions V(z,y) and ¢,(y), the result below
will show the connection between the Schrodinger operator and the resulting matrix approximation.

Theorem 4.2.5 [/0] Let H denote the operator of the two-dimensional Schrédinger equation given
by:

0? 0?
=—|=—+ = V . 4.2.7
H <8x2+8y2>+ (z,y) (4.2.7)
If the commutator [H,J,] = 0, where J, is the parity operator with respect to y, and if the DE
transformation ¢,(y) is an odd function, then the matriz M is block centrosymmetric.

Remark 4.2.6 The commutator [H,J,] = 0 if and only if the potential function V(x,y) verifies
the following property:
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Remark 4.2.7 If the transformations ¢, and ¢, are both odd functions, then the matriz M is
centrosymmetric.

The lemmas below will show the internal block structure of block centrosymmetric matrices and
its convenience to facilitate the computation of the eigenvalues.

2

Lemma 4.2.8 If H is a square block centrosymmetric matriz of dimension m? x m? where m =

2N + 1, then H can be expressed as:

S X JCJ
H=|Y H YJ|, (4.2.9)
C JX JSJ

where S, C are matrices of size Nm x Nm, J is the block exchange matrix of size Nm X Nm, X is
a matriz of size Nm x m, Y is a matriz of size m x Nm and H is a matrix of size m x m.

Lemma 4.2.9 Let H be a square block centrosymmetric matriz as given in Lemma 4.2.8 and let
V be a square matriz of dimension m? x m? defined by:

S—-JC 0 0
V= 0 H V2Y |, (4.2.10)
0 V2X S+JC

then H and V are orthogonally similar. That is, the matrices H and V have the same Jordan normal
form and thus the same eigenvalue spectrum.

The above lemmas will be useful to prove the following theorem that helps solving an eigenvalue
problem with a block centrosymmetric matrix.

Theorem 4.2.10 Let H be a square block centrosymmetric matrix as given in Lemma 4.2.8, then
solving the eigenvalue problem:

det(H— XI) =0 (4.2.11)
1s equivalent to solving the two smaller eigenvalue problems:

det(S—JC —AI) =0 and det <<\/I§—IX S\fJYC> - (é 2)) =0. (4.2.12)

In this section, we presented some useful results that give advantage in solving two eigensystems
of dimensions Nm x Nm and (N + 1)m x (N + 1)m rather than one eigensystem of dimension

m? x m2.

4.3 Numerical results

We consider the two-dimensional time-independent Schrédinger equation with nonseparable poten-
tial functions.
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4.3.1 Nonseparable potentials

The choice of these potentials is based on the examples presented in [51, 52]. We display numerical
results for the energy values corresponding to different nonseparable potentials. The domain is
Q = (—00,00) X (—00,00), and we used the double exponential conformal mapping sinh(t).

We first consider the Schrodinger equation with the following potential:

Va(z,y) = (1+2%)(1+ 97, (4.3.1)

where the convergence of the corresponding eigenvalue is illustrated in Figure 4.1:

Err

Figure 4.1: Computation of the nonseparable potential V7(z,y). The absolute error for the energy
ground level Ey corresponding to V7 (z,y).

Figures 4.2 and 4.3 are devoted to the quartic and sextic potentials given, respectively, by:
Va(z,y) = 2% + y* + c(z* + 2a2y* + y*), (4.3.2)
Vo(z,y) = 22 + y? + d(2® + 3bzty? + 3b2%y* + 49), (4.3.3)
where ¢ >0, -1 <a<1, d>0and —1/3<b< 1.

Finally, we consider the two-well quartic potential V;y whose energy’s convergence is given in
Figure 4.4:
Vio(z,y) = —2 —y* +0.1(2? + y*)2 (4.3.4)
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Figure 4.2: Computation of the quartic potential V3(z,y). The absolute error for the first excited
energy F; corresponding to Vg(x,y).
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Figure 4.3: Computation of the sextic potential Vy(z,y). The absolute error for the energy ground
level Ey corresponding to Vo(z,y).
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Figure 4.4: Computation of the two-well quartic potential Vig(x,y). The absolute error for the
energy ground level Ey + 2.5 corresponding to Vig(z,y).

The figures showed a great performance of the DESCM for different types of nonseparable po-
tentials. DESGM produced the same accuracy as DESCM. The method was also efficient when
applied for the quartic potential with ¢ = 1073,102,10°, 00, a = 0,1 and for the sextic potential
with d = 1,10% 00, b = —1/3,0,2/3,1. As for the comparison, the results acquired are in agreement
with those obtained in [51, 52]. Due to the block centrosymmetric property, the computation time
is reduced by a factor 2 for nonseparable potentials.

Conclusion

The numerical results show the efficacy of DESCM and DESGM for solving the Schrédinger equation
not only with separable potentials but also with nonseparable potentials. The matrices obtained
from the discretization are block centrosymmetric, leading to a substantial reduction in the calcu-
lation time.
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Introduction

This second part of this thesis is devoted for the resolution of large sparse linear systems with the
same coefficient matrix and multiple right-hand sides expressed as:

Az =p i =1,... s, (4.3.5)

where A is an nx n nonsingular real matrix. Assuming all the right-hand sides b(®) € R™ are available
simultaneously, the sequence of linear systems (4.3.5) can then be seen as one linear system written
as:

AX = B, (4.3.6)

where B = b 53 ... )] and X = [z, 23 .. 2)] are n x s rectangular matrices with n
large and s << n. These systems arise in many scientific and engineering applications such as
control theory and model reduction [61, 62].

Classically, in order to solve a linear system with small matrices, we use the direct methods
such as LU decomposition, but if n is a very large number, then solving the system using standard
techniques may be a serious challenge due to large memory and computational requirements. These
latter were some of the incentives to utilize iterative methods that have gained popularity dealing
with large problems in different areas. Iterative methods are among the sparse matrix techniques
that exploit the large number of zero elements of a matrix and their locations, and benefit from the
fact that these elements need not be stored which leads to a reduction in the storage requirements.
Starting with a given approximate solution, these methods construct a sequence of approximations
that converges to the exact solution. Unlike the direct methods, during the execution of the iterative
methods, matrix-vector products are used rather than directly operating on the matrix elements,
which allow to avoid the repetitive operations on the zero elements of the matrix.

Basic iterative methods such as Jacobi, Gauss-Seidel and SOR, were the first iterative methods
applied for the resolution of large linear systems. Basing on the relaxation of the coordinates, they
aim to find an approximate solution by modifying one or few components of the approximation
until convergence is reached. These techniques are in turn barely used since their convergence is
not always guaranteed and it is generally slow, especially for large systems. Although, they can be
quite efficient when incorporated with other iterative methods.

Currently, the iterative Krylov methods have been the best known and the most widely used
among the existing iterative techniques. They use projection processes for seeking an approxima-
tion to the solution in Krylov subspaces either by imposing Petrov-Galerkin conditions, such as
Arnoldi method [8], Lanczos method [63], BiConjugate Gradient method (BiCG) [64] and BiConju-
gate Gradient Stabilized method (BiCGStab) [65], or by utilizing minimization conditions such as
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Generalized Minimum Residual method (GMRES) [8] and Quasi-Minimal Residual method (QMR)
[64]. Recently, these methods have known development in order to be adjusted to the resolution of
linear systems with several right-hand sides. The block Krylov subspace methods are generaliza-
tions of the classical Krylov methods, which attempt to find the solution of all the linear systems
simultaneously instead of solving each system independently. The block solvers such as Bl-Lanczos
method [12], BI-BiCG method [66], BI-BiCGStab method [67] and BI-GMRES method [68], project
each column of the initial matrix residual onto a Block Krylov subspace, whereas the global Krylov
subspace methods such as Gl-Lanczos method [69], GI-BiCG method [70], Gl-BiCGStab method
[70] and GI-GMRES method [71], project globally the initial matrix residual onto a matrix Krylov
subspace. These global solvers are efficient, comparing to the block solvers, when applied for solving
large and sparse low rank right-hand sides Lyapunov and Sylvester matrix equations [72, 71].

In this part, new versions of the block nonsymmetric Lanczos method and the global nonsym-
metric Lanczos method are established in order to solve large linear systems with the same matrix
and various right-hand sides. These versions are based on the new expressions developed using the
Schur complement formulas and the block and global Lanczos process. This new variant of the
global Lanczos method is applied for the approximate computation of the transfer function.



Chapter 5

Block Lanczos method for large linear
systems with multiple right-hand sides

When dealing with large linear systems with the same coefficient matrix and different right-hand
sides, it is preferable to apply a method for all the linear systems simultaneously rather than using
a method for each system. The block Lanczos method is among the block Krylov subspace solvers
which are generalizations of the standard Krylov subspace methods, for which the matrix system
works on a block of vectors instead of a single vector.

Several researchers have used the block Lanczos method for the resolution of large linear problems.
In [12], El Guennouni et al. presented new block Lanczos-type algorithms for linear systems with
multiple right-hand sides. They have expressed the matrix residual using matrix-valued orthogonal
polynomials and derived recurrence formulas for computing these polynomials basing on the Schur
complement. In [73], Esghir et al. used the properties of the Schur complements to give a new
algorithm for implementing the block Lanczos method in order to approximate the transfer function
of linear dynamical systems. These latter were also studied in [74] by applying an extended version
of the block Lanczos method with moment matching techniques for model reduction. The authors
in [75] proposed a new numerical method, based on the connection between the block Lanczos
algorithm and the block Gauss quadrature rules, for the Tikhonov regularization of large linear
system of equations with multiple right-hand sides, where the right-hand side matrix is contaminated
by an error.

In this chapter, we yearn for incorporating the block nonsymmetric Lanczos algorithm and some
Schur complements identities which take advantage from the block partitioning of the matrix to
give recursive formulas that help constructing a new variant of the block nonsymmetric Lanczos
method.

5.1 Block nonsymmetric Lanczos method

The block Lanczos algorithm is a block analogue of the classical Lanczos algorithm, which uses
matrix-matrix products instead of matrix-vector products, and does not need to operate on the
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matrix components. It is a projection method that enables the resolution of a large sparse linear
system by transforming the system matrix into a smaller banded block tridiagonal one.

5.1.1 Block nonsymmetric Lanczos procedure

Given an n x n real nonsymmetric and nonsingular matrix A and initial n x s block vectors V7 and Wy
such that WlT V1 = I, where I, denotes the s x s identity matrix. The block nonsymmetric Lanczos
process consists in generating basis block vectors {Vi, Va,..., Vi, } of the block Krylov subspace:

Kn(A, Vi) = span {V1, A1, ..., A"V (5.1.1)

and basis block vectors {Wy1, Wy, ..., W,,} of the block Krylov subspace:

m—1
Kn(AT, W) :span{Wl,ATWl,...,(AT) Wl}. (5.1.2)

The block vectors V; and W, for 4,5 = 1,...,m, are constructed so that:

W.'V. = S Js

where 05 denotes the s x s zero matrix. The algorithm given below executes m steps of the block
Lanczos process applied to A:

Algorithm 2 Block nonsymmetric Lanczos process [76]
1 Choose two matrices V1 and W1 in R™"*® such that W;Vl =1I;
2 Set Ry = (WlTA)T and S1 = AVy;
3 Forj=1,2...,m Do:
o A =W]/S;
e R;=R;— V[/}AjT and S; = S; — V;A;j
o Compute the QR decomposition: R; = Wj+1BjT+1 and S; = Vj11Cj41

e  Compute the singular value decomposition: Wj—l——i-l‘/j‘f'l = Uj Zj f/jT

.1 1
e Bjyi=BjUi X} and Cjp =32 Vi Cip

N

- _1 ~ —

o Wit =W;nU;>;* and Vi = ViV,
T T T

® Rj+1 = (WjJrlA - Cj+1Wj ) and Sj+1 == A‘/j+1 — ‘/}Bj+1

End Do.
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Notice that a breakdown may occur in Algorithm 2 if R;Sj, Sj or R; is not of full rank. In [76],
several strategies are proposed to overcome breakdowns and near-breakdowns in order to preserve
the numerical stability of the block Lanczos process.

Denote V,, = [V1, Vo, ..., Vin] and W, = [Wh, Wa, ..., Wp,] two n X ms matrices. This algorithm
generates a nonsymmetric banded block tridiagonal matrix T;,, similar to A, expressed as:

A1 B
Cy Ay Bj
Cm—l Am—l Bm
Cm  Am
where A;, B; and C; are the blocks given in Algorithm 2.

Proposition 5.1.1 Assume that the Algorithm 2 does not break down before the m—th step. Then
{Vi,Va, ..., Vin} and {W1,Wo, ..., W,,} form bi-orthogonal bases of the block Krylov subspaces
Kn(A V1) and K,,,(AT,W1), respectively. Then, the following relations hold:

AV = VT + Vs 1Cm i1 )L, (5.1.5)
Wi A =T, W, + EnBuiaWoh 1, (5.1.6)
WAV, = Ty, (5.1.7)

where B = (0,,...,0,,I,) € R®X™s

5.1.2 Block nonsymmetric Lanczos method for linear systems

Consider the linear system (4.3.6) and let Xy € R™*® be an initial guess of the solution and
Ry = B — AXj the corresponding residual. Set Ry = ViR (QR factorization) and let Wi be a
chosen matrix in R™** satisfying WlT Vi = I;. Assume that the matrices V7 and Wi are of full rank.
The block nonsymmetric Lanczos method consists in finding a sequence of matrices X,,, defined by
two conditions:

X — Xo € Kin(A, V1) (5.1.8)
Ry =B —AX,, L K,,(AT, W) (5.1.9)
Using the first condition (5.1.8), the approximate solution can be expressed as:
Xm = X0+ VinVm, (5.1.10)
where, due to the second condition (5.1.9), V,, = [y1, - . -, Ym] satisfies the following relation:

W) R = W, Ry — W] AV, Y
— Opons. (5.1.11)
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It 7, = WHTIAVm is nonsingular, it follows that:
Vm =T;,'W] Ry. (5.1.12)

Since W,| Ry = RE; with E = (I, 04,...,0,) € R**™3 e obtain:
YV =T, ' REN, (5.1.13)

and consequently:
X = X0+ VT, 'RE;. (5.1.14)

Definition 5.1.2 T,, is said to be a block strongly nonsingular matriz if det(Ty) # 0, for k =
1,...,m.

We note that the matrix X,, given by the expression (5.1.14) is a Schur complement and we have
the following result:

Theorem 5.1.3 Let X,, be the approximate solution given by the relation (5.1.14). If the matrix
T, given by (5.1.7) is block strongly nonsingular, then X, is a Schur complement and it may be
computed as follows:

-1
X = X1+ Gy, (Tm/Tmfl) G;n? (5115)
where Gy, and G., are matrices given by:
Vi Vi oo Vi 0s O 0 Cp
Os R
Gn=11: T [Tooi | G=||%  Tmm /Tt
0s
B 0
(5.1.16)

Proof 1 At step m, the approrimate solution is expressed as a Schur complement which gives:

X = X0+ VT 'RE, (5.1.17)
= — (- X0 = VT, 'RE) (5.1.18)
X0 Vi ... Vp
R
=—1 O T /Tom (5.1.19)
0s
_XO Vl mel Vm
R 05
= - 0, Tt /T |- (5.1.20)
. B
0 O Cm  Am
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Using the matriz Sylvester identity (1.4.11), the matriz X,, can be calculated recursively as fol-
lows:

Xm = m—1 + (Em/Tmfl) (Tm/Tmfl)_l (E;n/Tmfl) s (5]_2]_)
where
Vi s mel Vm R
Os 0
En = Tt : and Ej, = | : T : (5.1.22)
Os 0
B, 0s 0 0, Cp,

Using the properties (1.4.7) and (1.4.8), we get:

Vi oo Vit Vi Ve Vi .. Vi
04 0
(Em/Tn-1) = Tt C T | = : T 1 [Tm—1 | = G,
04 0
B, By,
(5.1.23)
R 0s O 0s Cn
O R
(En/Tm-1) = | | ¢ Ty [T | = | |0 T [T | =Gy
0, :
0s 0 0s Chm 0
(5.1.24)
0

The matrices G, and G/, used to calculate the approximate solution X, verify the following
result:

Theorem 5.1.4 Let Gy, and G}, be the matrices defined by (5.1.16). If T,, is a block strongly
nonsingular matriz, then:
Gm =V — G (Tin—1/Tyn—2) "' By, (5.1.25)
Gl = —Con(Trn1/Tn—2) 'G5 (5.1.26)

Proof 2 Note that the matriz Gy, is a Schur complement given by:

Vo Vi oo Vi Vo Vi oo Voo Vi
0s 0s 0s
Gm = T /Tm—1 = Th_o /Tm—l
05 Os Bmfl
Bm Bm Os Cm—l Am—l
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Applying the matriz Sylvester identity, we obtain:
Ve Vi . Voo
0s
Gm = . /Tm—2
. Tmf2
0s
‘/1 v Vm—? Vm—l Os
0s 1 : T
- . /Tm—2 (Tm—l/Tm—Q) ’ m—2 /Tm—2
Ti—o : 0s
Br—1 B, 05...Cm_1
(5.1.28)
VieoVina Vi
0s 1
=Vin — . /Tm—2 | (Tn=1/Tm—2)  Bm (5.1.29)
Tro :
Bm—l
= Vi = Gt (Ton1/T—2)"" Bum. (5.1.30)

Similarly, we apply the matriz Sylvester identity to G), which is also a Schur complement ex-

pressed as:
0s Og 0 Cm 0s O Os C'm
R R 0,
Glm = OS Tm—l /Tm—l = Os Tm—2 ; /Tm—l
: : Bm-1
05 Os OS Cmfl Am,1
(5.1.31)
Thus, we obtain:
Os 0Og...04
G % /T,
= . —2
" . Tm72 "
0s
O0s5...0s Cp R
0s -1 . T
— . /Tm_2 (Tm_l/Tm_Q) . m—2 /Tm_2 (5.1.32)
Tin—2 : Os
Bmfl 05 Os . Cmfl
0s Os...Ch-1
—1 R e Yal
= —Co (Tt /Tons) _ [Tos | = —Con(Tonr/Trnz) G,y (5.1.33)
. Tm—2
0s
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g

The following theorem gives a recursive expression to calculate the matrix (7},/T;,—1). This
result can be easily proved using the matrix Sylvester identity.

Theorem 5.1.5 At step m, the matriz T,, is assumed to be block strongly nonsingular. Then the
matriz (T, /Tm—1) can be determined as follows:

(Trn/To-1) = Am — Con (Ton—1/Tyn—2) "' Bon. (5.1.34)

Proof 3 The matriz (T, /Tm-1) is given by:

Ay By 0 ... O
0s
C .
2 Tm_1 .
(T Tr—1) = 0, 0, [Tm—1 | = 0, [Tm—1]. (5.1.35)
. B
: . . B, m
0, 0. C. A 0s5...0s Cpy Am
Using the relation (1.4.6), we can write:
Ay 0g...05 Cpy Am 0s...04 Cm
0 0 0s
(Tin/Ti—1) = : T 1 [T | = : T s C | /T
05 Os Bmfl
B By 0s...CpH-1 Am-1
(5.1.36)
The matrixz Sylvester identity yields:
A Og...0s
0s
(Tm/Tm—l) = . /Tm—2
: Tm—2
0s
0s...0s Cn 0s
05 _1
- T . /Tm72 (Tmfl/Tme) 0 Tin—2 /TmfZ
m—2 s
Bmf2 Bm Os Bmfl
(5.1.37)
= A — Cop (To—1/Ty—2) "' B, (5.1.38)
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Utilizing the block nonsymmetric Lanczos procedure and Theorem 5.1.3, Theorem 5.1.4 and
Theorem 5.1.5, we obtain the new algorithm for implementing the block nonsymmetric Lanczos
method. It is given as follows:

Algorithm 3 Block Nonsymmetric Lanczos Method
1 Choose Xy € R"**, set Ry = B — AXy and compute [V1,R] = QR(Rp)
2 Choose W71 € R™ % such that W1TV1 =1
38et Gy =V, Gy =R, Ri=WA)T and S; = AV
4 Set C1 =0, By =0 and (Tp/T-1) =0
5 Forj=1,2,... Do:
o A= W]TSj
e Rj.1=R;—WjA] and Sj11 = 55 — V;A;
o (Compute the QR decomposition: Rj 1 = Wj+1B;+1 and Sjy1 = V;41Cj11
e  (Compute the singular value decomposition: WLIVjH = Uj > f/jT
o Bjn =Bl Z]% and Cj1 = Z]% VT Cin
o Wini =Wl Zj_% and Vi1 = VinVj Zj_%
o Ri= (WA -CraW)) and S = AVj - ViBjia
o (T/Tjm1) = 4= Cj (Ty-1/Tj2) ' B,
o X;=X;1+G;(Tj)Tj—1) ' G
o Gy =V —G;(Tj/Tj)" Bin
o Gy =—Cin (T/Tin) ' G
End Do.

5.2 Numerical experiments

In this section, we present some numerical examples to illustrate the effectiveness of the proposed
algorithm for large and sparse equations. The test matrices are taken from the Matrix Market
[77]. We compared the block nonsymmetric Lanczos method (BI-NLM) with the block biconjugate
gradient stabilized method (BI-BiCGStab). The value of s is taken to be 20. The tests were stopped
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[ Bl
as soon as HROHQ < eps.
Matrix " Time(s) Iterations eps
BI-BiCGStab BLINLM BI-BiCGStab BI-NLM
lund b 147 0.34 0.11 147 16 10715
cddeb 961 2.39 1.33 100 39 108
tols4000 4000 42.64 48.05 201 201 1076
t01s2000 2000 9.83 9.06 101 97 106
shermand 1104 0.56 0.28 57 35 10~ 14
besstk09 1083 22.23 3.56 1083 90 10~14
add32 4960 74.39 52.01 249 128 10~15

Table 5.1: Matrices and numerical results of BI-NLM and Bl-BiCGStab.

Residual norms

1

T T

— BI-NLM
— BI-BiCGStab

-14
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800 1000

Figure 5.1: The convergence history of BI-NLM and BI-BiCGStab for bcsstk(09.

94

Figure 5.1, Figure 5.2, Figure 5.3 and Figure 5.4 show the convergence rate of the methods

BI-NLM and BIl-BiCGStab for the matrices besstk09, lund__b, add32 and tols4000, respectively.
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Figure 5.2: The convergence history of BI-NLM and BI-BiCGStab for lund_ b.
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Figure 5.3: The convergence history of BI-NLM and BI-BiCGStab for add32.
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Figure 5.4: The convergence history of BI-NLM and BI-BiCGStab for tols4000.

For all these matrices, the BI-NLM gives a better performance than the Bl-BiCGStab. In table
5.1, the computing time and the number of iterations were given. The BL-BiCGStab takes more
time to give the results comparing to the BI-NLM for the majority of the matrices listed in the
table. Besides, the BI-NLM converges in less number of iterations than the Bl-BiCGStab.

Conclusion

In the present chapter, we use the Schur complement and the block Lanczos process to define the
block nonsymmetric Lanczos method for solving large linear systems with multiple right-hand sides.
The numerical examples show that the proposed algorithm is effective and less expensive than other
algorithms for some matrices.



Chapter 6

Direct global Lanczos method for
large linear systems with multiple
right-hand sides

In several practical situations, it is recommended to operate on a block of vectors instead of operating
on a single vector, which is the case of solving large linear systems with the same coefficient matrix
and various right-hand sides. The global Lanczos method is a projection method that has for
purpose the resolution of all the linear systems simultaneously rather than using a standard iterative
method for each system. The global Lanczos method has been frequently used for solving large linear
problems. In 2005, Jbilou et al. [70] derived the global Lanczos process to construct biorthonormal
bases and gave some of its properties. They introduced then some global Lanczos-based alorithms,
such as the global BiCG algorithm and the global BiCGStab algorithm. In [72], Heyouni et al.
considered matrix Krylov subspace methods based on the global Arnoldi process and on the global
Lanczos process for solving large coupled Lyapunov matrix equations. The global Lanczos method
was also applied in [78] for solving ill-posed linear matrix equations stemming from the restoration
of blurred and noisy images. It was showed that restoring the available image can be accomplished
using Tikhonov regularization based on the global Lanczos method and its connection to Gauss-
type quadrature rules. In [79], Barkouki et al. proposed a rational version of the global Lanczos
algorithm for model-order reduction problems using multi-point moment matching-based methods.
In the present chapter, we are aimed at using the global nonsymmetric Lanczos algorithm with
some Schur complements identities in order to obtain recursive formulas that help constructing a
new variant of the global nonsymmetric Lanczos method.

6.1 Global nonsymmetric Lanczos method

The global Lanczos method is another extension of the classical Lanczos method as the block Lanczos
method presented in the previous chapter. Although, this method differs from the standard and
the block Lanczos methods in that it uses the Frobenius inner product between matrices, which
allows using matrix-matrix products throughout the implementation. The global Lanczos method
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is based on the global oblique projection of the initial residual onto a matrix Krylov subspace in
order to reduce a large sparse matrix to a small tridiagonal one.

6.1.1 Global nonsymmetric Lanczos procedure

Given an n x n real nonsymmetric and nonsingular matrix A and initial n x s block vectors V7 and Wy
such that < Wy, V7 >p= 1. The global Lanczos process consists in constructing two bi-orthogonal
bases {V1,Va,..., Vi, } and {Wy, Wa, ..., Wy} of the matrix subspaces

Kn(A, V1) :span{m,Am,...,Amflvl} (6.1.1)
and
T T T\ !
Km(A ,Wl):span{Wl,A Wl,...,<A ) Wl}, (612)
respectively, such that:
< Vi, Wy >p=tr (VW) = 6, (6.1.3)
fori,j =1,...,m. The algorithm given below executes m steps of the global Lanczos process applied

to A:

Algorithm 4 Global Lanczos process [70]
1 Choose two matrices Vi and Wi € R™*® such that < W1,V} >p=1
28etB1=0=0and Wy =Vy=0
3 Forj=1,2,...,m Do:
o ;= tr(W;AVj)
o Vi =AV;—a;V;— B;Vj
o W1 =ATW; —a;W; — §;W,;_1
o G = (VTW5)[ "
e [fBip=tr (leleﬂ) /8j+1
e Vi =Vi/6in

o Wit =Wjn/Bin
End Do.

This algorithm may break down in the j-th iteration if tr (YN/jIleH) = 0.

Denote V,,, = [V1, Va, ..., Vin] and W,,, = [Wy, Wa, ..., W] two n X ms matrices. Let T},, be the
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m X m tridiagonal matrix defined by:

ar B2 0
dy 2 3
T, = (6.1.4)
5m—1 Qm—1 Bm
0 Om Qm

where «;, B; and §; are the scalars defined in Algorithm 4.

Consider the matrices:

A T 1 FAT T, 1
T4 = m o) e RMAEDXMand TA = m ) e Rm+h)xm (6.1.5)
Om+1€m, Bm+1€m,

with e, = (0,...,0,1)T € R™.

From now on, we will use the notation * given in [71] to define the following product:

m
Vinxy =Y y'Vi=Vuly®Is), (6.1.6)
i=1
where y = (y',...,y™)" is a certain vector of R™. Similarly, we have:
Vi T, = Vi *T 1, oo, Vi % T ], (6.1.7)

where T’ ; is the i-th column of the matrix 7T},. Using these notations, we have the following result:

Proposition 6.1.1 [70] Assume that the global Lanczos algorithm does not stop before the m—th
step. Then the sets {V1,Va,..., Vi } and {W1, Wa, ..., Wy} form bi-orthogonal bases of the matriz
Krylov subspaces K, (A, V1) and K,,(AT,W1) respectively. Then, we have the following relations:

AV = Vo % Ty + 01 [Onxcss - - -, Oncsy Vi 1], (6.1.8)
AV = V1 * T, (6.1.9)
AWy = Wi # T} + Bt 1[0nxss - -+ Onxcs, Win1], (6.1.10)
AW,y = Wiy T2 (6.1.11)
W o AV, = T, (6.1.12)

6.1.2 Global nonsymmetric Lanczos method for linear systems

Consider the linear system (4.3.6). Let Xy be an initial guess of the solution and Ry = B — AX)
be the corresponding residual. The global Lanczos method for the resolution of the system (4.3.6)
consists in determining a sequence of approximations X,, such that:

X — Xo € Kn(A, Ry), (6.1.13)
Rm=B—AX,, Lr K,(AT,Ry), (6.1.14)
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where Ry is a n X s matrix chosen so that < Ry, Ry > r# 0.
Let {Vi,Va,..., Vi, } and {Wy, Wy, ..., W, } be the sets of matrices defined by Algorithm 4 and
which span the matrix Krylov subspaces K,,(A, Ro) and K,,,(AT, Ry), respectively, with the initial-

ization V; = and Wy satisfies < Vi, Wy >p= 1.

Ry
[ Roll
The relation (6.1.13) yields:

Xpn = Xo + Vin % U, (6.1.15)

where y,,, is the vector of R™ obtained by the relation (6.1.14):

< Ro—AVm*ym,Wi >p=0, (6.1.16)
which is equivalent to:
< Ry, W; >p=< AVm*ym,Wi >F, (6.1.17)
for i = 1,...,m. This relation can also be written in the form:
S uhtr (W AV)) = [Rollp  and >yl tr (W, AV;) =0, (6.1.18)
j=1 j=1
for i = 2,...,m. Then, we get the following linear system:
T = | Roll )™, (6.1.19)
where egm) = (1,0,...,0)" € R™. If the matrix T}, is nonsingular, then the approximations X,,

obtained by the global Lanczos method, are given by the following expression:

X = Xo + | Roll p Vi * T tel™. (6.1.20)

We note that the matrix X,, given by (6.1.20) is a Schur complement and we have the following
result:

Theorem 6.1.2 Let X,,, be the approximate matriz of X given by the relation (6.1.20). If the
matriz Ty, is block strongly nonsingular, then X,, is a Schur complement and it can be expressed in

the following form:
Xon = X1+ G (T @ Is/Tpp 1 @ 1) G, (6.1.21)

where the matrices Gy, and G, are defined by:

Vie Vi oo Vi 05 Oy ... Sl
05 | Roll - Is
G = Lo wls |/Tma®Is|, G = Os T ®Is | T, @ 1Is
0s :
Bl 05

(6.1.22)
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Proof 4 According to (6.1.20), we have:
X = Xo + || Rollp Vin * (T ei™) . (6.1.23)
Thus:
X = Xo + || Bollp Vin (T e™ @ 1) (6.1.24)
= Xo + ||Roll jp Vin (Tp ® I,) ™" (eg"” @15) (6.1.25)
=~ (- X0 =V (T ® L) (IR0 g ef™ @ L) ) (6.1.26)
-Xo W Vin
[ Roll p 1
- 0s Tm®Is /T ® Is (6.1.27)
0s
—X() Vl Vm—l Vm
||R0||F I 0s
= - 05 T1®Is L | /T ®Is (6.1.28)
: Bmls
Os Os Omls  amls
Using the matriz Sylvester identity (1.4.11), the matriz X,, can be expressed as follows:
X =Xm-1+ (Bn/Ton-1 ®18) (T @ I8/ Th—1 ® Is)_1 (B, /Tm—1®Is), (6.1.29)
where
‘/1 Vm—l Vm HROHFIS
0 0s
B = Tt @ Is : and  E,, = : Ty @ Is
0s 0s
IBTTLIS 03 03 5m_[5
(6.1.30)
According to the properties (1.4.7) and (1.4.8), we have:
Viooo Vine1 Vi
0s
(Em/Tm_l(X)IS) = Ty ® Is : /Tm_1®]S
0s
B s
Vi Vioooo Vit
0s
= Ty @ Is /Tm_1 RIs| =G, (6.1.31)
0s

Bt
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| Roll - Is
0s
(Epn/Tn1®1s) = : Ty ®Is | /Tm1®1s
0s
OS 08 m+s
O 0 . Omds
| Roll - Is
= Os Tna®Is |1, 1 0ls| =@, (6.1.32)
Os
O

The matrices G, and GJ, used to express the approximate solution X, satisfy the following
result.

Theorem 6.1.3 Let G, and G), be the matrices defined by (6.1.22). If T,, is a block strongly
nonsingular matrix, then:

Gm = Vm - /Bme—l (Tm—l @ IS/Tm—Z ® IS)_l ) (6133)
Gl =6 (Tt @ Is/Tro®@1s) ' Gl . (6.1.34)

Proof 5 We can see that the matrices Gy, and G, are Schur complements and may be expressed

as:

Vm Vl “ o mel
0s

G = : Tpoq ® Is [Tt ®1Is |, (6.1.35)
0s

Bmls
Vm Vl e Vm,Q mel
0s 0s
= ; T2 ® Is : [Tna®1s |, (6.1.36)

Os /Bm—lls

Bmls O Om—1ls o1l
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and
04 0 . Om1s
[ Roll g L
G = 0s T ®Is [T 1®1Is |, (6.1.37)
Os
04 04 . 0, Om s
[ Roll L 0,
= 5 Tz ® Is |/ eis|. (6.1.38)
Os /Bm—ljs
05 OS 6m,115 am,1]5

Applying the matriz Sylvester identity, we get:

‘/1 cee Vm—2 Vm—l
Os
Gm:Vm_ﬁm Tm—1®15 /Tmf2®15 (Tm71®IS/Tm72®IS)_1a
Os
Bm—ljs
(6.1.39)
= Vi — BnGm-1 (Tm—l & IS/Tm—2 X 13)71 ) (6140)
and
05 03 e 5m—1-[s
[ Roll p I
G;n = —5m (Tm—l 1Y IS/Tm—Q &® 18)71 Os Tn—2®1s /Tm—2 ® Is ’
0s
(6.1.41)
= b (Tn1 ®18)Tpo®@1s) " Gl . (6.1.42)
O

The following theorem is an immediate consequence of the matrix Sylvester identity.

Theorem 6.1.4 At step m, we assume that the matriz T,, is block strongly nonsingular, then we
can calculate the matriz (T, @ Is)/(Tm-1 @ Is)) using the following expression:

(T @ Is/T—1 @ Is) = Iy — 6y fm (Tyno1 @ 1/ Tn—o @ Is) " (6.1.43)
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Proof 6 The property (1.4.6) yields:

0s
Tm—1®1Is
(T ® I8 /Ty ® Is) = 0, |/Tma@Is|, (6.1.44)
6mIs
O, o Omls ol
amls 0O - Omls
0s
= Ty @ Is /Tm_1 ®Is |, (6.1.45)
0s
Brmls
amls O O Om 1
0s 0s
= : T 0@ Is : JTm—1®1Is|. (6.1.46)
Os 5m71]s
Bmls Os o 5m—1Is am—lls

If we apply the matriz Sylvester identity, we immediately get the result :

(T @ Is/T—1 @ Is) = Iy — 6 (Tyno1 @ 1/ Tno @ Is) " (6.1.47)
O

Using the global Lanczos process and the three theorems above, we procure the new algorithm
for implementing the global nonsymmetric Lanczos method. The algorithm is given as follows:

Algorithm 5 Direct Global Nonsymmetric Lanczos method
1 Choose an initial guess Xy and set Ry = B — AX
2 Sety = ||Rollp and Vi = Ro/~
3 Choose W1 € R™™® such that < W1,V1 >p=1
4 SetGi=V1, Gy =71, 1 =061 =0, Wo=Vo =0 and (Thy ® I;/T-1 ® I;) =0
5 Forj=1,2,... Do:
o ;= tr(W;AVj)
° ‘7j+1 = AVj — o5V — B;Vj
o Wi =A"W; —a;W; — ;W4

o bjen = [(V W) 2

o By =tr(V;L,Wi1)/850
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o Vg1 =Vip1/dj4
o Wip1=Wj1/Bin
o (T30Is/Tj_1®1Is)=a;ls— ;5 (Tj_1®IS/Tj_2®IS)_1
o X;=X;1+G;([j®Is/Tj1@1s) " G
o G =Vin =BGy (T Is/Tj @ 1s)
o Gl=—0n(Tels/Ti@1s) ' G
End Do.

6.2 Numerical examples

The current section describes some numerical experiments to examine the efficiency of the Global
Nonsymmetric Lanczos Method (GI-NLM) when applied to large linear systems with multiple right-
hand sides. In these experiments, we compare the performance of the GI-NLM with the GI-BiCG, the
GIl-BiCGStab and the restarted GI-GMRES. Here, the GI-GMRES is restarted every 20 iterations.
The test matrices are taken from the Matrix Market [77]. The parameter s is taken as s = 20 for

all the experiments. The stopping criterion in all iterative methods is ‘||’1;T§|”’F < eps.
F
Matrix  eps CPU time(s) ‘ Iterations ‘ Storage(GB)
GI-BiCGStab GI-NLM GI-BiCGStab GI-NLM GI-BiCGStab GI-NLM
662 bus 1077 1.06 2.51 130 130 1.47 1.47
685_bus 107! 4.73 9.46 685 685 1.39 1.39
e05r0300 107! 0.046 0.023 13 13 1.36 1.34
ghl484 1073 1.05 1.30 76 33 1.35 1.35
rdb2048] 1073 1.18 1.40 104 98 1.35 1.35
tols4000 1073 1.59 1.79 201 119 1.35 1.35

Table 6.1: Matrices and numerical results of GI-NLM and Gl-BiCGStab.

Figure 6.1 and Figure 6.2 show the convergence rate of the methods GI-NLM and GIl-BiCGStab
for the matrices 662_ bus and 685_ bus, respectively. For both matrices, the GI-NLM gives a better
performance than the Gl-BiCGStab. In Table 6.1, the CPU time and the memory storage were
given. The GI-NLM takes more time to give the results comparing to the GL-BiCGStab but it
converges in less number of iterations for the last three matrices.

As shown in Figure 6.3 and Figure 6.4, the convergence curves are very close, but the GI-NLM
is faster than the GI-GMRES(20). For the matrix odep400b, the latter method converges in 42
iterations whereas the GI-NLM method converges in about 21 iterations. Table 6.2 demonstrates
that the GI-NLM works better than the GI-GMRES(20) for the different matrices listed above, in
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terms of CPU time and storage required.

1 T T T T T

— GI-NLM
0.5 — GI-BiCGStab
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iterations

Figure 6.1: The convergence history of GI-NLM and GI-BiCGStab for 662_ bus.
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Figure 6.2: The convergence history of GI-NLM and GI-BiCGStab for 685_ bus.
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Matrix  obs CPU time(s) Iterations Storage(GB)
P GI-GMRES GI-NLM GI-GMRES GI-NLM GI-GMRES GI-NLM
add32 1071 140.84 71.71 200 200 2.22 1.66
bfw398b  10~* 0.18 0.10 21 20 1.36 1.35
bfw782b 1077 1.25 0.24 41 39 1.37 1.35
dwb512 1014 0.35 0.16 27 26 1.36 1.34
fidap007 107° 4.23 1.42 83 76 1.40 1.32
odep400b 10716 0.64 0.15 42 21 1.50 1.49
Table 6.2: Matrices and numerical results of GI-NLM and Gl-GMRES(20).
O T T T T T T T T
—— GI-NLM
ot GI-GMRES(20) | 1
-4+ i
(%)
£ \
2 -6r 1
= :\\
@ 8 .
“— \\
S)
o -10 5
42tk \ -
sl \ N
N
_16 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45
iterations
Figure 6.3: The convergence history of GI-NLM and GI-GMRES(20) for add32.
Matrix ens CPU time(s) Iterations Storage(GB)
P Gl-BiCG GI-NLM GI-BiCG GI-NLM GI-BiCG GI-NLM
662__bus 1073 0.09 0.16 35 35 1.32 1.31
685_ bus 1073 0.08 0.15 36 34 1.34 1.34
cry2500 1072 0.83 1.53 126 126 1.35 1.34
dwg961b 107! 0.53 1.13 50 50 1.34 1.34
odep400b 10-16 0.02 0.05 20 21 1.35 1.35
bfw398b 107° 0.03 0.08 21 21 1.35 1.35

Table 6.3: Matrices and numerical results of GI-NLM and GIl-BiCG.
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Figure 6.4: The convergence history of GI-NLM and GI-GMRES(20) for odep400b.
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Figure 6.5: The convergence history of GI-NLM and GI-BiCG for besstk09.
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Figure 6.6: The convergence history of GI-NLM and GI-BiCG for fidap003.

Figure 6.5 and Figure 6.6 plot the curves where the convergence rate of the GI-NLM and the
GI-BiCG methods is almost the same. According to Table 6.3, the GI-NLM requires almost the
same memory storage and number of iterations as the GI-BiCG for different matrices. These results
explain the fact that the two methods are similar, since the Gl-BiCG method is also derived from
the nonsymmetric Lanczos process.

Conclusion

In this chapter, we derive a new method for solving large linear systems with multiple right-hand
sides, basing on the global Lanczos process and some properties of the Schur complement. The
numerical experiments show that the proposed approach is efficient than the other methods for
some matrices.



Chapter 7

Global Lanczos method for the
approximation of the transfer function

The mathematical description of a linear dynamical system is expressed as first-order differential
equations known as the state equations given in the following state-space form :

s. {:t(t) = Axz(t) + Bu(t)
y(t) = Ca(t)

where the matrices A € R™*™ and B € R"*? describe the properties of the system and are deter-
mined by the system structure and elements, C'T € R™ P is the output equation matrix, z(t) € R™
is the internal variable, u(t) € R? and y(t) € RP are, respectively, the inputs and outputs of the
System.

(7.0.1)

If ¢ =1 and p = 1, the dynamical system is called single input single output system (SISO); if
g > 1and p > 1, it is called multi-input multi-output system (MIMO); ¢ =1 and p > 1, it is called
single input multi-output system (SIMO); ¢ > 1 and p = 1, it is called multi-input single output
system (MISO).

Using the Laplace transform, the state-space form of the state equations can be transformed into
the transfer function H : C — CP*? defined as:

H(s)=C(sI — A)7'B. (7.0.2)
It represents the relation between the inputs and outputs of a linear dynamical system.

Numerous physical phenomena, such as wave propagation and heat transfer, are modeled accu-
rately using linear dynamical systems. In the simulation and control of such systems, the dimension
of the latter is quite large which causes limited computational resources and a poor accuracy due
to the ill-conditioning of the system matrices. In order to surmount this difficulty, the model order
reduction attempts to generate a smaller system whose characteristics are similar to those of the
original system and which requires less computing time and cost. Many model reduction methods
[80, 81, 82] have been used for this purpose. Examples include the Krylov based model reduction
methods [83] which are based on matching the so-called moments of the original transfer function
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around selected frequencies. Krylov based methods are iterative methods that are numerically effi-
cient when applied to systems of high order such as those arising from structure dynamics, control
systems, circuit simulations, computational electromagnetics and microelectromechanical systems
(80, 84].

The goal of the present chapter is to introduce a new algorithm to approximate the transfer
function associated to the state equations. The global Lanczos procedure is used as a model order
reduction method. The proposed approach is based on the Schur complements properties which
give recursive relations that are useful for the implementation.

7.1 Global nonsymmetric Lanczos process

Given an n by n real nonsymmetric and nonsingular matrix A and initial n by ¢ block vectors
V1 and Wj such that < Wp,V; >p= 1. The global Lanczos process consists in constructing two
bi-orthogonal bases {Vi, Va,..., Vi, } and {Wy, Wa, ..., W,,} of the matrix Krylov subspaces:

K (A, V) = span{Vy, AV, A%Vy,..., A"V} (7.1.1)
and
Kn(AT, W) = span{Wy, ATW1,(A")2Wy,...,(AT)y™ 1wy, (7.1.2)
respectively, such that
<Vi,W; >p=tr(V;,' W;) = 6;5, i,j=1,...,m. (7.1.3)

The algorithm is given as follows:
Algorithm 6 Global Lanczos process
1 Choose two matrices Vi and Wi € R™*® such that < W1,V} >p=1
28et 1 =0=0and Wy =Vy=0
3 Forj=1,2,...,m Do:
o ;= tr(W;AV))
o Vin=AV;—a;V; BV
o Wiy =A"W; —a;W; — ;W4
o G = (V)|
e [fBip=tr (‘7]'11Wj+1) /8j+1
o Vin=Viu1/dn

o Wit =Wi1/Bjn
End Do.
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Denote V,, = [V1,Va,..., V] and W,,, = [W1, Wa, ..., W,,] two n X mq matrices. The global
Lanczos process generates an m x m tridiagonal matrix 7T, similar to A, given by:

ap o 0
do s f3
Ty = (7.1.4)
5m—1 Am—1 ﬂm
0 Om Qm

where oy, B; and §; are the scalars defined in Algorithm 6.

Assume that the global Lanczos algorithm does not stop before the m—th step. Then the sets
{Vi,Va,...,Vin} and {W;y, Wy, ..., W,,} form bi-orthogonal bases of the matrix Krylov subspaces
Kn(A, V1) and K, (AT, W7), respectively and the following relations hold true:

Avm = Vm*Tm+6m+1[0n><q7-'-70n><qum+1]a (715)
AW = Wi Ty + B 1[0nxgs -+ Onxegs Win1], (7.1.6)
W/ oAV, = T,,. (7.1.7)

7.2 Approximation of the transfer function

Model order reduction aims to replace a large-scale system by a system of lower dimensions that
has almost the same features. The Krylov subspace based methods appear to be often used as one
of the model reduction techniques.

Consider the large linear dynamical system S, we aim to construct a reduced system S,,, by
applying the following change of variable: x = V,, * Z, with & € R™.

Set V1 = and let W7 be a matrix that satisfies < Vi, W7 >p= 1. Adopting the global

B
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Lanczos procedure, the produced matrices V,,, and W,, verifying the condition )/VnT1 & Vi = I,
result in finding the lower dimensional dynamical system given by:

- {ai:(t) = Tmift) + Bu(t) (721)
gt) = C=2(t)

where T}, = W, o AV,,, B = W/ o B and C = CV,,. The associated transfer function is then
expressed in this form:
Hp(s) = Chy (sI — Ap) "' By, (7.2.2)

with A, = T), ® I, Bjy = B® I, and C,, = C.

We notice that the approximate transfer function H,,(s) given by (7.2.2) is a Schur complement
and we have the following theorem:

Theorem 7.2.1 Let H,,(s) be the transfer function that approzimates H(s). If sI — T, is a block
strongly nonsingular matriz, then H,,(s) is a Schur complement and we can express it as follows:

Hyp(8) = Hp—1(8) + G (I — Tp) @ I/ (sI — Tppy) ® I,) " G, (7.2.3)
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where the matrices Gy, and G, are given by:

cv,, Cw . CVpy1
Og
G = (SI - Tm—l) ® Iq / (SI — Tmfl) ® Iq R (724)
Og
_5mIq
and
Og Og —0m 1y
1Bl Iq
G = 0q (8] = Tip1) ® Ig /(8] = Tr1) @ I, (7.2.5)
Og

Proof 7 According to (7.2.2), we express the approximate transfer function Hy,(s) as:

Hyn(s) = CVp (sT = (T @ 1))~ (W0 B) © 1) (7.2.6)
= CVn (5T = T) @ L)~ (1Bl pef™ @ 1) (7.2.7)
= — (Opg = CVin (s = To) @ 1)~ (1Bl p ei™ © 1)) (7.2.8)

Opxg CWVi e CVp,
1Bl I
S 0g (sI —Tn) ® Iy J(sI —Tn) @ 1, (7.2.9)
Oq
Opwg CVA S CViy OV,
1Bl I 0g
=— 0, (sI = Tp1) ® I ; /(s —Tp) @1,
: Bl
0qg 04 e —0mly (s —am)ly
(7.2.10)

Using the matriz Sylvester identity, Hy,(s) can be written as follows:

H,,(s) = Hp-1(9)

+ (B/ (5 = Ton1) ® Ig) (I = Tyn) @ Iy (ST = Tre1) @ 1) (B / (I = Tru1) @ 1)
(7.2.11)
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where
cvy CViper CVy 1B 1q
Oq Oq
Em=| (sI-Tp1)®I, : and  Ej, = : (s — Tpn_1) ® I,
0‘1 Oq
_BmIq Oq Oq ce. - 6mIq
(7.2.12)

It follows that:

cv,, Cawn .. CViy1
0q
(Em/ (sI = Tp1) @ 1) = (s] = Tp1) ® 1, (s —=Tp1) @I, | = G,
0q
_BmIq
(7.2.13)
and
0Oq 0q —omly
1Bl 1q
(EL,/) (sSI = Trpe1) @ 1) = Og (I =Tp-1)@Iy | J(sI=Tp1)®I, | =G,
Og
(7.2.14)
[l

The matrices G, and G, defined in Theorem 7.2.1 satisfy the following result.

Theorem 7.2.2 Let G, and G, be the matrices defined by (7.2.4) and (7.2.5), respectively. If the
matriz sI — T, is block strongly nonsingular, then:

G = CViy + BnGrm1 ((sI = Ty 1) @ I/ (I — Tp2) @ 1), (7.2.15)
G =6 (8] = Ton1) ® I,/ (I — Tpps) @ I) Gy 1. (7.2.16)

Proof 8 We notice that the matrices Gy, and G, are Schur complements and they can be written
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as:

and

CV,, CWV
Oq
Oq
BmIq
CV, CWV
OCI
Oq
_ﬁmIq Oq
Oq Oq
1Bl 1q
Oq
q
q Oq
1Bl 1q
Oq
Oq Oq

(sI — Tp1) ® 1,

(sI —Tip—2) ® 14

Cvm—l

CvmfZ

b1,

bl

/(SI_Tm—1)®Iq )

- m—qu

J(sI —=Tp1)® 14 |,

Cvmfl

*Bmfllq

(s — am-1)1

b,
Oq
_5m—1Iq

(s — m—1)14
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(7.2.17)

/(SI_Tmfl)®Iq 3

(7.2.18)

(7.2.19)

/ (sI = Tp—1) ® 1,

(7.2.20)

According to the matriz Sylvester identity, we have:

Gy = CVpt+
CV1 Cvm_2 Cvm—l

Oq
B | | (sI = Tm_2) @1, : J (ST = T2) @ Iy | (I — Trpmr) @ Lo/ (I — Tyna) @ 1)) ™

Oq

_/Bm—llq

(7.2.21)
= OV + BinGm1 (8] = To 1) @ I/ (I — Tp2) @ I,) ", (7.2.22)
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G =
0, O ... —0ml,
1Bl 1q
O (($I = Ti—1) @ I/ (ST — Tr—2) ® Iq)_l Oq (sI —Tim—2) ® Iy [ (sI —Tp—2) ® I
Oq
(7.2.23)
= G (ST = Tpp1) ® I/ (ST — Tro_2) ® 1) G, 1. (7.2.24)
O

The theorem below is an immediate consequence of the matrix Sylvester identity.

Theorem 7.2.3 At step m, we assume that sI — Ty, is a block strongly nonsingular matriz, then
we can express the matriz ((sI —T,) ® I/ (sI — Trm1) ® 1) in the following form:

((sI = Tpn) ® I/ (I — Tyre1) @ 1) = (5 — atm) Ly — 6B ((sI = Tpre1) @ Iy /(ST — Tp_9) @ I,) .

(7.2.25)
Proof 9
((s] = Tin) ® 1o/ (I = Tin—1) ® 1)
Og
(SI - Tmfl) & Iq
= Oq /(SI — Tmfl) X Iq ,
_Bmlq
04 .. 0g —0mly (s—am)ly
(7.2.26)
(s —am)ly 0 0q —dmi
Og
= : (sI = Th1) ® I [(sI =Tmn1) @14 |,
Og
_ﬁmIq
(7.2.27)
(s —am)ly  0q 04 —0m 1y
Og 0q
= : (sI = Th_s) ® I, : [ (8] =Tp1) @1,
Oq _Bm—qu
BmIq Oq 5m71]q (8 — Oémfl)fq

(7.2.28)
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Applying the matriz Sylvester identity, we obtain:

((sI = Tin) @ Ig/ (I = Trn—1) ® Ig) = (s — cm)Iq — OmBm ((sI — Tin—1) @ Ig/ (sI — Trp—2) ® Iq)_l :
(7.2.29)

O

Using the global Lanczos process and the three previous results, we introduce the new algorithm
for approximating the transfer function:

Algorithm 7
1 Sety=|B|y, Vi =B/yand C; = CV
2 Choose W1 € R™™4 such that < W1, Vi >p=1
3 Set Gy = C1, Gy =~I, and f1 = 61 =0
4 Set Wo=Vo=0, (sI —To)®@1;/(sI —T-1) ®1;) =0 and H(s) =0
S5 Forj=1,2,... Do
o ;= tr(WjTAVj)
o Vi=AV;—a;V; — BiVia
o Wi=ATW; —a;W; —6;W;_4
o i = [tr(Vi Wi
* fin= tV"(‘Z’LWjH)/‘sJ‘H
o Vi1 =Vit1/dn
o Cj1=CVin
o Wi =Wi1/Bin
o ((I-Tj) @I/ (sI —Tj1) @Iq) = (s—a;)Ig—0;B; ((sI = Tj—1) @ Ig/ (s] = Tj2) @ Iq)il

o Hj(s)=Hj_1(s) + G; ((s] — Tj) ® I/ (sI = Tj—1) @ L)~

Gj
o Gy =Cia =BG ((sI-T) @I/ (s -~ Tj1) @ 1,) "
¢ G;'H =0j41 (8] = Tj) @ Ig/ (s] = Tj—1) ® Iq)_l G;‘

End Do.

7.3 Numerical examples

In order to test the reliability of the algorithm 7, the first example considers a SISO system of order
200. Given the dynamical system (7.0.1) where the state-space matrices A, B and C' are chosen
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randomly of sizes n X n, n X ¢ and p X n, respectively, with p = ¢ = 1.
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[H (s) — H(s)]
e Hon() 1))

0.1 6.533910158717696 .107 6.533910197690468 .107 5.96 .107%

88.895032156779010 88.895032156779038 3.19 .10716
10 4.833910416480292 4.833910416480292 1.83 .10716
102 0.461081699369726 0.461081699369726 2.40 .10716
103 0.045895770811674 0.045895770811674 1.51 .1016
10° 4.587252077456183 .10~* 4.587252077456183 .10~* 0

Table 7.1: Comparison of the exact transfer function H and the approximate transfer function H,,
(SISO system).

In the second example, we consider a MIMO system of order 200, where the state-space matrices
A, B and C are chosen randomly of sizes n X n, n X ¢ and p X n, respectively, with p = ¢ = 2.

s H(s) Hp,(s)

o1 [1094196466.383238  0657035780.480597 | [1094196787.392356  0657035927.126166 |
: 1663204459.810768  1001176218.056392 1663204949.140197 1001176441.258157
. [102.8383938210619  103.1640812780378 | [102.8383938210618  103.1640812780378 |

118.2309104280803 118.1814831820834 118.2309104280801 118.1814831820833

10 [5.205552861383067 5.187197376674791] [5.205552861383066  5.187197376674787 ]

5.757836148044022 5.535028447816985 5.757836148044020 5.535028447816984
102 [0.497783910472145  0.495584448641896) (0.497783910472145  0.495584448641896
0.549259818805492  0.525441779341035 0.549259818805492  0.525441779341035
168 [0.049563392434554  0.049340468986459 ] [0.049563392434554  0.049340468986459 ]
0.054676907227190  0.052280088880533 0.054676907227189  0.052280088880533
L7 [0.000495398753840  0.000493166314807 | [0.000495398753840  0.000493166314807 |

0.000546496782016

0.000522512116250

0.000546496782016

0.000522512116250

Table 7.2: Comparison of the exact transfer function H and the approximate transfer function H,,
(MIMO system).
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s 0.1 1 10 102 103 10°

1H (s) — Hm(s)|l

()] 267.10797 1.26 10715 4.71 10716 8.26 .10-16 5.83 .10~16 5.07 .10~16
S

Table 7.3: Relative error between the exact transfer function H and the approximate transfer
function H,, (MIMO system).

Table 7.1, Table 7.2 and Table 7.3 present the transfer function H and the approximate transfer
function H,, for different values of s. The relative error is also given to show the good performance
of the proposed algorithm for both SISO and MIMO systems.

Conclusion

In the present work, we attempt to approximate the transfer function using the Schur complements
properties and the global nonsymmetric Lanczos procedure which belongs to the category of the
Krylov based model reduction methods. Some numerical experiments are afforded to illustrate the
efficacy and the accuracy of the presented approach.



Conclusion and future work

In the present work, we have been interested in the resolution of the Schrédinger equation by ap-
plying Sinc numerical methods combined with double exponential transformations. Chapter 2 was
a double exponential version of a study that has been done previously where the authors applied
the single exponential Sinc collocation and Sinc-Galerkin methods for the wave function of the two-
dimensional time-dependent Schrédinger equation. In Chapter 3, we also utilized the DESCM and
SESGM for the computation of the energy eigenvalues of the time-independent Schrodinger equa-
tion in two and three dimensions. We treated the special case where the potentials are separable
and consequently the resolution of the resulting large system is transformed into that of two smaller
eigenvalue problems. In the numerical experiments, we took advantage from the one dimensional
study while selecting the appropriate conformal mappings as well as the coefficients in relation with
the asymptotic behavior of the wave function. Besides, we compared the results obtained using
DESCM and DESGM with the corresponding SESCM and SESGM and the numerical results illus-
trated clearly the high accuracy and efficacy of DESCM and DESGM. The Schrédinger equation
with nonseparable potential functions has been numerically treated in Chapter 4. Given some par-
ticular parity assumptions on the potential function and the double exponential transformation, we
realized that the discretized systems stemming form the DESinc methods are block centrosymmet-
ric. In fact, we extended the well-known centrosymmetric property to a bidimensional space by
working with block matrices as components of the total matrix. The computation time is reduced
by half due to the block centrosymmetry.

On the other hand, our interest has been also focused on solving large sparse linear systems
with the same coefficient matrix and different right-hand sides. Such systems result from the
discretization of differential equations arising in several fields. In Chapter 5, we proposed a new
variant of the block nonsymmetric Lanczos method (BI-NLM) based on the block nonsymmetric
Lanczos process. We established new expressions of the sequence of solutions in the form of Schur
complements. The properties of the latter helped constructing recursive formulas that have been
useful for the execution of the block nonsymmetric Lanczos method. The Schur complements have
been also utilized in Chapter 6 for the implementation of a direct variant of the global nonsymmetric
Lanczos method (GI-NLM). We developed recurrence expressions basing on the matrix Sylvester
identity in order to elaborate a new version of the global nonsymmetric Lanczos method based on the
global nonsymmetric Lanczos process. We compared our numerical results with those obtained while
using other block and global Krylov subspace methods. The block and global nonsymmetric Lanczos
methods ensured a better performance for some matrices, in terms of the number of iterations
as well as the memory storage required. Chapter 7 can be seen as an application of the new
version of the global Lanczos method for the approximation of the transfer function. The global

120
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nonsymmetric Lanczos procedure was used as a model order reduction technique to produce a
smaller linear dynamical system with lower time and storage requirements. Whereas the use of the
Schur complements helped expressing the transfer function in a recursive form which gives a new
implementation of the approach.

For future work, we aim for the eventuality of gathering the two aspects described in the two parts
constituting this thesis. More specifically, it would be worthwhile utilizing the double exponential
Sinc methods for the discretization of other multi-dimensional differential equations and trying to
solve the resulting large systems using Lanczos-based methods.
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Abstract

The current thesis work is presented in two parts. The first part is devoted to the solution of the Schrodinger equation using
Sinc numerical methods. The nonstationary version of this equation is treated in two dimensions using the double exponential
Sinc collocation and Sinc-Galerkin methods (DESCM and DESGM). The resolution of the stationary Schrodinger equation
using the DESCM and DESGM methods is also discussed in two- and three- dimensional spaces. The matrices arising from
the discretization of the equation using the DESinc methods are block centrosymmetric. This property is introduced as a two-
dimensional extension of the well-known centrosymmetric property. The second part of this study is aimed at resolving large
sparse linear systems with multiple right-hand sides using the block and global nonsymmetric Lanczos methods (BI-NLM and
GI-NLM) which are introduced in new versions. A new expression of the solution is presented basing on some Schur
complements identities and consequently some recursive formulas are occurred to give rise to new algorithms for implementing
the block and global Lanczos methods. The combination of the global nonsymmetric Lanczos process and the Schur

complements is also applied for the approximation of the transfer function.

KeyWOI‘dS: Double exponentiel Sinc methods, Schrédinger equation, Block centrosymmetry, Block and global Lanczos
methods, Schur complement, Transfer function.

Résume

Ce travail de thése est présenté en deux parties. La premicre partie est consacrée a la résolution de 1'équation de Schrédinger
par les méthodes numériques Sinc. La version non stationnaire de cette équation est traitée en deux dimensions en utilisant les
méthodes de collocation Sinc et Sinc-Galerkin exponentielles doubles (DESCM et DESGM). La résolution de 1'équation de
Schrodinger stationnaire a 1'aide des méthodes DESCM et DESGM est également discutée en deux et trois dimensions. Les
matrices issues de la discrétisation de l'équation a l'aide des méthodes DESinc sont centrosymétriques par blocs. Cette propriété
est introduite comme une extension bidimensionnelle de la propriété connue de centrosymétrie. La deuxiéme partie de cette
étude vise a résoudre de grands systémes linéaires denses avec plusieurs seconds membres en utilisant les méthodes de Lanczos
non symétrique par blocs (BI-NLM) et globale (GI-NLM) qui sont introduites dans de nouvelles versions. Une nouvelle
expression de la solution est présentée en se basant sur certaines identités du complément de Schur et, par conséquent, certaines
formules récursives sont apparues pour donner naissance & de nouveaux algorithmes pour 1'implémentation des méthodes Bl-
NLM et GI-NLM. La combinaison du processus de Lanczos non symétrique global et des compléments de Schur est également

appliquée pour I’approximation de la fonction de transfert.

Mots-clés : Méthode Sinc exponentielles doubles, Equation de Schrodinger, Centrosymmétrie par blocs, Méthode de

Lanczos par blocs et globale, Complément de Schur, Fonction de transfert.
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