ROYAUME DU MAROC
Université Mohammed V dula!-/ A& drol>
-RABAT- |

- bb}‘ -
Faculté des sciences
pplell LS

CENTRE D’ETUDES DOCTORALES - SCIENCES ET TECHNOLOGIES

THESE

en vue de l'obtention du : DOCTORAT

N° d’ordre : 3923

Centre de Recherche : Centre de Recherches Mathématiques et Applications de Rabat.
Structure de Recherche : Laboratoire d’Analyse Mathématique et Applications.
Discipline : Mathématiques

Spécialité : Analyse non linéaire

Présentée et Soutenuele: 28/05/2024

par:

Lamiae MAIA

Existence, multiplicity and stability results for
Stieltjes differential equations and applications

Devant le JURY :

Omar EL-FALLAH
Nadia RATSSI
Zine-El-Abidine
GUENNOUN

Rodrigo LOPEZ POUSO

Fernando Adrian
FERNANDEZ TOJO
Abdellah ALLA
Marlene FRIGON
Noha EL KHATTABI

Faculté des sciences, Université Mohammed V de Rabat
Faculté des sciences, Université Mohammed V de Rabat
Faculté des sciences, Université Mohammed V de Rabat

Faculté des mathématiques, Université de Saint-Jacques-
de-Compostelle

Faculté des mathématiques, Université de Saint-Jacques-
de-Compostelle

Faculté des sciences, Université Mohammed V de Rabat
Faculté des arts et des sciences, Université de Montréal
Faculté des sciences, Université Mohammed V de Rabat

Année Universitaire : 2023 - 24

Président
Examinatrice/Rapportrice
Examinateur/Rapporteur

Examinateur/Rapporteur
Examinateur/Rapporteur
Examinateur

Co-Directrice de these
Directrice de theése

>4 Faculté des Sciences, avenue Ibn Battouta, BP. 1014 RP, Rabat —Maroc

@ 00212 (05) 37 77 18 76 = 00212(05) 37 77 42 61; http://www. fsr.umS.ac.ma




1ii



Dedication

To my beloved family,

to my parents,

to my sister, and my brother.
Thank you for always being here.

Lamiae MAIA, May 30" 2024.




i



Acknowledgments

This thesis represents the outcome of the support and assistance provided by
many individuals who played a crucial role in its completion. Their guidance, encou-
ragement, generosity, and genuine affection have profoundly influenced the outcome
of this work.

I am grateful towards the laboratory of Mathematical Analysis and Applications
(LAMA), department of Mathematics, Faculty of Sciences of Rabat, for their unwa-
vering support and the organization of enriching seminars and events. These gathe-
rings not only enhanced my academic experience but also contributed to my personal
growth. I extend my gratitude to the research group GI-1561 "Ecuaciones Differen-
ciales No Lineales", Faculty of mathematics at the university of Santiago de Compos-
tela that generously funded my research stay at the University of Santiago De Com-
postela. In particular, I would also like to express my appreciation to Professor Ro-
drigo Lépez Pouso and Professor Fernando Adrian Fernidndez Tojo for hosting me
during my research stay, where I was able to deepen my research on my thesis topic.
I would like to extend my gratitude to the Department of Mathematics and Statistics,
Faculty of Arts and Sciences at the University of Montreal, for generously funding
my research stay at the aforementioned university, which enabled me to enhance my
work in collaboration with my supervisors.

I express my deepest gratitude to my supervisors, Professor Noha El Khattabi and
Professor Marléne Frigon for their academic and human qualities. Their guidance
throughout my PhD journey, along with their warm gestures and availability during
my research stay, made that experience truly memorable.

I express my sincere gratitude to Professor Noha El Khattabi for her unwavering
trust and belief in me since my master’s degree. Her support, guidance, and bound-
less generosity have been instrumental throughout my PhD journey. Her invaluable
teedback, thought-provoking questions, her open spirit not only deepened and refi-
ned my research but also opened up new prospects for me.

I wish to convey my deep gratitude to Professor Marléne Frigon. Her meticulous
mentorship instilled in me the importance of rigor as I took my initial steps as a re-
searcher. Through her insights, corrections, and improvements, she played a pivotal
role in making this work possible. Moreover, I am truly grateful for her warm hospi-
tality and the enriching experience she provided me during my research stay at the
University of Montreal, which undoubtedly contributed to my growth as a scholar.

I would like to sincerely thank Professor Omar El-Fallah, for the honor he besto-
wed upon me by agreeing to chair my thesis committee.

I extend my sincere thanks to Professor Rodrigo Lépez Pouso for accepting to be
among the tribunal of my PhD thesis, and for his thoughtful suggestions. His contri-
bution in the field of Stieltjes differential equations served as an inspiration and un-
doubtedly the foundation of my research.

I am truly thankful to Professor Fernando Adridn Fernandez Tojo for accepting
to be a part of the tribunal for my PhD thesis, and for his careful review and valuable

1ii



feedback. In addition, I am sincerely grateful for him for making my research stay at
the University of Santiago de Compostela an incredibly enriching experience, as well
as for the insightful conversations we shared, which broadened my understanding
about the theory under study, provided me with valuable perspectives, and fostered
an excellent collaboration.

I would like to express my sincere thanks to Professor Nadia Raissi, for being
among my thesis referees, and for her meticulous evaluation of my manuscript. From
my master’s degree to my doctoral studies, her critical thinking has been inspiring to
delve deeper when exploring alternative paths of research.

I extend my sincere thanks to Professor Zine-El-Abdine Guennoun, for graciously
accepting to be among my thesis referees. His lectures on Fixed Point Theory during
my master’s degree were valuable instruments that contributed significantly to this
work.

I would like to express my special thanks to Professor Abdellah Alla for agreeing
to examine this manuscript and to be among my PhD referees, and for his valuable
teedback. In particular, I would like to thank him for encouraging me to prompt dee-
per exploration of topics related to the theory under study.

My deepest thoughts and feelings are reserved for my family, who have consis-
tently stood by my side : my mother Souad, my biological father Abdelhak, Mr. Mus-
tapha who became my father by choice and affection, my sister Aya, and my brother
Adam. Their love, and encouragement have been constant sources of motivation du-
ring challenging times. Their patience, understanding, and unwavering support have
guided me through complexities, and I am forever grateful for everything they have
done for me.

I would like to acknowledge my colleagues and friends, particularly : Hajar, Sa-
tae, Abdelmajid, Ilias, Amina, Wissal, Kenza, Imane and Oumaima... not only for their
continuous support but also for the valuable conversations and shared laughter du-
ring this journey. Their friendship has made these years not only memorable but truly
enjoyable.

Lastly, I express my sincere appreciation to the entities and individuals who have
contributed to making this work possible. Particularly, I want to thank the Natio-
nal Center for Scientific and Technical Research (CNRST) for funding my predoctoral
stage under the Excellence Scholarship Program 2021-2024. Additionally, I am gra-
teful to the members of our small family; the ANLIMAD Team at the Laboratory of
Mathematical Analysis and Applications (LAMA) within the Department of Mathe-
matics, Faculty of Sciences of Rabat. Their support and high spirit have been inva-
luable throughout this endeavor. In particular, the pertinent questions of Professor
Abdellah Alla and Professor Nadia Raissi, and their insightful discussions following
my presentations at the ANLIMAD Team Seminars, helped me to enrich the scope of
my research.

iv



Contents

Dedication

Acknowledgments

Abstract

Résumé

Résumé étendu

Introduction

1 Measure theory, continuity notions, fixed point theory preliminaries
1.1 Introduction to the Lebesgue-Stieltjes Integral . . . . . . ... ... ...

1.2
1.3
1.4
1.5
1.6
1.7
1.8

1.1.1
1.1.2
1.1.3
1.14

Measurable Functions . . . ... ............... ...
Integration of Nonnegative Functions . . . . .. ... ... ...
Integration of Real Valued Functions . . . . . ... ........
The Lebesgue-Stieltjes integral . . . . . ... ... ... .....

The g-topology intherealline . . . . ... .................
g-Continuity . ... ... ... ... ... o
The Stieltjes derivative . . . . .. ... ... .. oo 0oL
g-Absolute continuity . . . . ... ... L o L oo oo
Anexponential . .. ... ... . L o o o
Vector-valued derivatorsg : R —R" . . . . . ... ... ... ......
Preliminaries on fixed pointtheory . . . . .. ... ..... ... ... ..

1.8.1
1.8.2

Fixed pointtheorems . . . . . . ... ... ... ... . ....
Fixed point index onnormed spaces . . . . . ... ........

2 Motivation behind the notion of the Stieltjes derivative
2.1 Stieltjes differential equations and their relation with other problems .

211
2.1.2
2.1.3

Differenceequations . . . ... ...... .. ... .. .. ...
Impulsive differential equations . . . ... ... ... ... ...
Equationson timescales . . . . ... ................

3 Existence and multiplicity results for Stieltjes differential equations
3.1 Existence results for first-order Stieltjes differential equations . . . . . .

3.2

3.1.1 g-Carathéodory function. . . . ... ................
3.1.2 Notions of lower and upper solutions . . . . .. ... ......
3.13 Existenceresults .. ........... . .. ... . L.
Multiplicity results . . . .. ... ... .. o oo
3.2.1 Notions of strict lower and upper solutions . . . . .. ... ...

322

Multiplicity of solutions to the periodic boundary problem . . .

iii

vii

ix

xi

41
41
42
43
44

51
51
51
53
53
65
65
66

v



Contents

3.2.3 Multiplicity of solutions to the initial value problem . . . . . ..
3.3 Application to a population model with an extreme event. . . . . . ..

4 Systems of Stieltjes differential equations with several derivators
41 g-Carathéodory function . . . ... ...... .. ... .. ... .. ...
4.2 Ordered pair of vector-valued lower and upper solutions . . . . . . ..
43 Existenceofsolutions . . . ... ........ ... .. .o oL
4.3.1 Systems with an initial value condition . . ... ... ... ...
43.2 Systems with a periodic boundary value condition . .. .. ..
4.4 Existence of solutions for functional problems . ... ... ... .. ..
441 Functional systems with an initial value condition . . . . . . ..
442 Functional systems with a periodic boundary value condition .
4.5 Application to the dynamics of an exploited fishery . . ... ... ...

5 Prolongation of solutions and Lyapunov stability
5.1 Prolongation of solutions and maximal interval of existence . ... ..
52 Lyapunov-like stability results . . . . . .. ... ... ... .. L.
521 Lyapunov stabilitynotions . . . ... ... ............
5.2.2  Stability results based on Lyapunov’s function . . . . . ... ..
5.3 Applications to dynamics of population . . . .. ... ... ... ... .
5.3.1 Stable equilibrium of a population subject to train vibrations . .
5.3.2 Stable equilibrium of Bacteria-Ammonia dynamics . .. .. ..

Conclusion and perspectives

Bibliography

vi



Abstract

This manuscript investigates existence and multiplicity of solutions for Stieltjes
differential equations using the lower and upper solutions method and fixed point
index theory. It also examines the prolongation of solutions over the positive real
half-line to introduce Lyapunov-like stability results within the context of these equa-
tions. Practical examples are provided to demonstrate the real-world implications of
our results and showcase the applicability of Stieltjes differential equations in mod-
eling various phenomena. These equations employ a novel concept known as the
Stieltjes derivative, which involves differentiation with respect to a left-continuous,
non-decreasing function referred to as the derivator. Differentiating with respect to
this function, simplifies modeling phenomena with discontinuities and stationary
periods, reducing the right-hand side term, and integrates some properties of the
derivator such as jumps and stationary periods into the solution. After introducing
the preliminaries and the fundamental tools from Stieltjes calculus, we delve into the
motivation behind introducing the Stieltjes derivative. We then establish existence
and multiplicity results for first-order Stieltjes equations with periodic or initial value
conditions, using the method of lower and upper solutions and fixed point index
theory. We then generalize these results to systems of Stieltjes differential equations,
establishing existence results for functional systems as well. Our main results do not
involve monotonicity conditions imposed on the second member. Finally, in the last
chapter concerning Stieltjes dynamical systems, we focus on the extension of solu-
tions on the positive real half-line and the notion of maximal solutions to introduce
stability results in the Lyapunov sense. Practical applications are provided at the end
of each of the last three chapters, illustrating the theoretical findings.

Keywords: Existence; multiplicity; Stieltjes differential equations; Lebesgue-Stieltjes
integral; Lebesgue-Stieltjes measure; periodic boundary condition; initial value prob-
lems; lower and upper solution; strict lower and upper solution; systems of Stieltjes
differential equations; functional Stieltjes differential equations; predator-prey model;
prolongation of solutions; maximal solution; Lyapunov stability; Lyapunov’s func-
tion; applications of Stieltjes differential equations.
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Résumé

Ce manuscrit étudie 1'existence et la multiplicité de solutions pour les équations
différentielles de Stieltjes en utilisant la méthode des sous et sur-solutions ainsi que
la théorie de l'indice de point fixe. Il examine également la prolongation des solu-
tions sur la demi-droite réelle positive pour introduire des résultats de stabilité de
type Lyapunov dans le contexte de ces équations. Des exemples pratiques sont four-
nis pour démontrer les implications concrétes de nos résultats et mettre en évidence
I"applicabilité des équations différentielles de Stieltjes dans la modélisation de divers
phénomenes. Ces équations utilisent la dérivée de Stieltjes, qui implique une différenti-
ation par rapport a une fonction continue a gauche et croissante appelée le dérivateur.
En dérivant par rapport a cette fonction, on simplifie la modélisation des phénomenes
comportant des discontinuités et des périodes stationnaires, ce qui réduit le terme
du second membre, et intégre des propriétés du dérivateur telles que les sauts et les
périodes stationnaires dans la solution. Apres avoir introduit les préliminaires et les
outils fondamentaux du calcul de Stieltjes, nous nous penchons sur la motivation
derriere l'introduction de la dérivée de Stieltjes. Ensuite, nous établissons des ré-
sultats d’existence et de multiplicité pour les équations de Stieltjes du premier ordre
avec des conditions aux limites périodiques ou initiales, en utilisant la méthode des
sous et sur-solutions ainsi que la théorie de 'indice de point fixe. Nous généralisons
ensuite ces résultats aux systemes d’équations différentielles de Stieltjes, établissant
également des résultats d’existence pour les systemes fonctionnels. Nos principaux
résultats n'impliquent pas de conditions de monotonie imposées au second membre.
Enfin, dans le dernier chapitre concernant les systemes dynamiques de Stieltjes, nous
nous concentrons sur l'extension des solutions sur la demi-droite réelle positive et
la notion de solutions maximales pour introduire des résultats de stabilité au sens
de Lyapunov. Des applications concretes sont fournies a la fin de chacun des trois
derniers chapitres, illustrant les découvertes théoriques.

Mots-clés : Existence; multiplicité; équations différentielles de Stieltjes; intégrale de
Lebesgue-Stieltjes; mesure de Lebesgue-Stieltjes; condition périodique; Problémes a
valeur initiale; sous et sur-solutions; sous et sur-solutions strictes; solutions multi-
ples; systémes d’équations différentielles de Stieltjes; équations différentielles fonc-
tionnelles de Stieltjes; modeéle proie-prédateur; prolongation des solutions; Solution
maximale; stabilité au sens de Lyapunov; fonction de Lyapunov; applications des
équations différentielles de Stieltjes.
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Résumé étendu

Dans cette these, ’autrice présente le travail de recherche réalisé lors de sa phase
prédoctorale. Comme l'indique le titre "Existence, multiplicité et résultats de stabilité
pour les équations différentielles de Stieltjes et applications", I'objet central de cette in-
vestigation réside dans le domaine des équations différentielles de Stieltjes. Ce cadre
implique une notion modifiée de la différentiation connue sous le nom de dérivée de
Stieltjes. Généralisant la dérivée classique, la dérivée de Stieltjes implique de prendre
la variation par rapport a une fonction croissante et continue a gauche.

Par la suite, nous présentons un apercu condensé des cing chapitres qui composent
ce manuscrit. Dans le Chapitre 1, nous présentons en premier lieu les fondements
de la théorie de la mesure, en se concentrant particulierement sur les intégrales et
mesures de Lebesgue-Stieltjes, explorant la relation entre les fonctions continues a
gauche et croissantes et la mesure de Lebesgue-Stieltjes. La deuxieme partie concerne
les notions de topologie et de continuité générées par une fonction continue a gauche,
croissante g : R — R, introduisant le concept de g-continuité et g-continuité absolue,
et présentant la dérivée de Stieltjes et ses propriétés. Le chapitre se conclut par des
préliminaires de la théorie des points fixes, posant les bases pour les résultats princi-
paux des chapitres suivants.

Dans le Chapitre 2, nous nous intéressons a la motivation derriére 'introduction
des équations différentielles de Stieltjes. Celles-ci formeraient un cadre pour aborder
divers problémes d"un méme point de vue. Nous établissons en particulier le lien en-
tre les équations différentielles de Stieltjes et plusieurs problemes classiques, y com-
pris les équations différentielles ordinaires, les équations différentielles impulsives,
les équations de différence et les équations sur des échelles de temps.

Dans le Chapitre 3, nous introduisons les résultats d’existence et de multiplicité
que nous avons établis dans [60], liés aux équations différentielles de Stieltjes par la
méthode des sous et sur-solutions en utilisant les propriétés de 'indice du point fixe.
Nous nous intéressons aux probléemes de la forme

/

z,(t) = f(t,x(t)) g-presque pour toutt € [0,T),

T €8,

ott 2, désigne la dérivée de Stieltjes de = par rapporta g : R — R une fonction continue
a gauche et croissante, f : [0,7] x R — R, et B désigne une condition périodique ou
initiale:

2(0) = (T);

z(0) = .

Le chapitre est divisé en deux sections. Dans la premiere section, nous étudions
I'existence de solutions des problemes périodiques et a valeurs initiales. Ce faisant,
nous n'imposons pas de conditions de monotonie, généralisant ainsi les résultats ex-
istants dans la littérature. Dans la deuxiéme section, nous introduisons des résultats
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Résumé étendu

de multiplicité pour les deux problemes, introduisant les concepts de sous et sur-
solutions strictes. Le chapitre se termine par une application du résultat d’existence
pour modéliser la persistance d'une population apres un événement extréme a 'aide
d"une équation différentielle de Stieltjes.

Dans le Chapitre 4, nous présentons nos résultats a partir de 1’article [61] en nous
appuyant sur les résultats d’existence établis pour les équations différentielles de
Stieltjes avec un dérivateur g : R — R, afin d’étendre notre analyse aux systemes
d’équations différentielles de Stieltjes impliquant un dérivateur a valeurs vectorielles g:

/

X, (t) = f(t,x(t)) g-presque pour toutt € [0,7),
x € ‘B;

ouf:[0,7] x R" — R", et ceux avec une dépendence fonctionnelle:

Xg(t) = f(t,x(t),x) g-presque pour toutt € [0,T),

x € ‘B;
ou f : [0,7] x R" x C, C un sous-ensemble de l'espace fonctionnel BC4([0,7],R")
qui sera défini ultérieurement, et g = (¢1,...,9,) : R — R" est un dérivateur a
valeurs vectorielles tel que g; est une fonction continue a gauche et croissante pour
i =1,...,n. La condition x € B désigne une condition initiale ou périodique:
x(0) = %0 = (X01,---,Xon) € R
x(0) = x(T).

Nous introduisons ensuite les concepts de fonctions g-Carathéodory et de sous et sur-
solutions de valeurs vectorielles des systemes considérés. De plus, nous éliminons
également les conditions de type monotonicité courantes dans la littérature liée a la
fonction f. La derniére section du chapitre illustre une application de ces résultats
a la dynamique d’une population de poissons soumise a la prédation et a la péche
saisonniere.

Enfin, le Chapitre 5 est divisé en trois parties. Dans la premiere partie, nous nous
concentrons sur 1’étude des prolongations des solutions sur la demi-droite réelle posi-
tive lorsqu’il s’agit de systemes dynamiques d’équations différentielles de Stieltjes de
la forme

x, (t) = f(t,x(t)) g-presque pour toutt > t, > 0,

X(to) = Xp € Rn;

ouf = (fi,...,fn) : [to,+00) x R = R", et g : R — R continue a gauche et crois-
sante. Ce faisant, nous utilisons des ensembles compacts pour caractériser la solu-
tions maximale, et nous établissons des hypotheses garantissant 1’existence globale
des solutions. Dans la deuxiéme partie, nous appliquons la Deuxieme Méthode de Lya-
punov pour réaliser une étude qualitative du comportement du systéme au voisinage
d’un point d’équilibre. Cette approche, bien connue dans le cas classique de la déri-
vation, repose sur la recherche d"une fonction de Lyapunov, pour évaluer différents
types de stabilité d'un équilibre: stabilité, stabilité asymptotique, et leurs propriétés
uniformes. Dans la derniere partie de ce chapitre, nous suggérons des applications a
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Résumé étendu

la dynamique des populations: la premiére est un modele de dynamique de popula-
tion avec effet Allee, impactée négativement par les vibrations d’un train qui passe,
et la deuxiéme représente la dynamique d"une population de Cyanobactéries dans un
environnement cultivé observant les niveaux d’ammoniac dans le processus.
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Introduction

Real-world phenomena frequently exhibit abrupt changes. Epidemic outbreaks
surge, financial markets undergo sudden crashes, and ecological populations respond
dynamically to various factors. These factors include natural processes, environmen-
tal shocks such as earthquakes, sudden migrations. .., as well as external events re-
sulting from human interventions, forest implantation, fires. ... Rigorously modeling
such phenomena necessitates the incorporation of discontinuities into our models.
Using classical derivatives, there is a possible way to solve this by means of intro-
ducing impulses into these models to include the sudden changes. However, certain
species exhibit dormant phases during which reproductive activity significantly di-
minishes or ceases altogether. For instance, hibernation, migration, adverse condi-
tions impact population dynamics. Since the dynamics barely change during such
stationary periods, some of these periods can be regarded as 'negligible” during the
whole cycle, or even may necessitate specific parameter choices for accurate model-
ing. In such cases, equations on time scales can be very useful, since they provide
irregular time steps. Whereas, through the Stieltjes derivative, we will be permitted
to model these dormant phases in a more descriptive manner within the framework
of Stieltjes differential equations.

At the intersection of mathematical disciplines, specifically analysis, and integra-
tion, Stieltjes differential equations emerge as a captivating field of study. These
equations introduce a novel concept of derivation: a derivative with respect to a
tunction. The idea of deriving with respect to a function has roots in early works
of Daniell [17,18] and Young [87]. In addition, similar concepts were investigated
in [6,12,23,39,52,74]. Recently, Lépez Pouso and Rodriguez focused their atten-
tion on the definition and meaning of Stieltjes derivatives in [58]. They derived a
practical definition of the Stieltjes derivative with respect to a nondecreasing function
g : R — R that is continuous from the left, which we will present rigorously later
in this work. Initially, the Stieltjes derivative of a real-valued function f at a point ¢,
such that the derivator g is not constant on a neighborhood of ¢;, can be formulated

as
— f(t
lim M, if g is continuous at t,
e = |99 =
g1 o f(s) = flbe) ,
lim —=———— if g is discontinuous at ;.

The Stieltjes derivative is notable for its ability to be defined even at points where a
function is discontinuous. This allows for the tracking of the function’s behavior at
those points, unlike classical differentiation, which requires the function to be contin-
uous at the point of differentiation. This particular feature make the Stieltjes deriva-
tive both relevant and intriguing, motivating further exploration of its properties in
light of the classical derivative properties and limitations. At the first glance, one
would notice that the Stieltjes derivative is not defined for points where ¢ is con-
stant on a neighborhood of these points, and this conforms an additional feature of
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Introduction

this derivative, since g is constant in such neighborhoods, g does not ‘separate’ those
moments. Considering this latter fact, modeling phenomena with stationary periods
through Stieltjes differential equations with a derivator having the same constancy pe-
riods proves to be both concise and descriptive. Specifically, as we will explore, those
stationary periods shall be negligible through derivation with respect to g, allowing
us to focus solely on the remaining dynamics. Moreover, when considering phenom-
ena presenting impulses, we gain a concise reformulation of impulsive differential
equations, via Stieltjes differential equations with a derivator presenting the same
discontinuities at these jumps. Through these settings, Stieltjes differential equations
encode prior information about the process through the derivator g, which makes
the solutions inherit the same discontinuities and the stationary periods, as we will
discover while defining the regularity of solutions.

In modeling a process using Stieltjes differential equations, a fundamental ques-
tion arises regarding the existence of solutions. This question was one of the pri-
mary focuses of the author’s research during her predoctoral stage, as explored in
works [60,61]. In [60], the focus was on the Stieltjes differential equation

xy(t) = f(t,2(t)) for g-almosteveryt € [0,T), xc B, (1)

where 27, is the Stieltjes derivative of x with respect to g : R — R a left-continuous and
nondecreasing function, f : [0,7] x R — R and ‘B refers to a periodic boundary con-
dition or an initial value condition. In [60] tackling both the periodic and the initial
value problems, via the method of the lower and the upper solutions, we were able to
prove existence under weaker conditions on a g-Carathéodory function f. Moreover,
we established multiplicity results using the notions of strict lower and upper solu-
tions for both problems. At this point, it is interesting to mention that this method
not only guarantees existence but also an a priori bound of solutions is ensured. This
can be regarded as a viability result ensuring existence of a solution which lies in the
region between the lower and upper solution. The method of the lower and upper
solutions has a long history in the classical case where g(f) = ¢. This method has
been applied to periodic boundary value problems when f is continuous function by
Mawhin in [68], by Nieto in [71], by Nieto and Rodriguez-Lépez in [72], and also by
Nkashama in [73] when f is a Carathéodory function. Several authors have extended
the concepts of upper and lower solutions, for instance in [53] the authors considered
functions which are not necessarily absolutely continuous and may exhibit disconti-
nuities. In the literature of Stieltjes differentiation, it is worthwhile to mention that
lower and upper solutions were used in [54] imposing a monotonicity condition on
the function f at every discontinuity point ¢ € [0,7):

the function z — x + f(¢,2)(g(t") — g(t)) is nondecreasing on [a(t), 3(t)], (2)

where o and 3 are lower and upper solutions respectively.

The notions of lower and upper solutions have been generalized in [69] to study
problems with an initial value boundary condition, specifically, to investigate solu-
tions of measure differential equations of the form

o(t) =0+ [ Fls,2(9) dg(s),

2



Introduction

where the integral on the right side is understood in the Kurzweil-Stieltjes sense [70]
which coincides with the Lebesgue-Stieltjes integral in our context. In the literature
related to Stieltjes differential equations, regarding the periodic boundary value, Satco
and Smyrlis [78] were the pioneers in achieving an existence result for the problem:

zy(t) + b(t)x(t) = f(t,x(t)) for g-almosteveryt € [0,T); z(0) =x(T). (3)

In their work [78], they examined the case where the function f is g-integrally bounded.
Furthermore, they extended their findings in [67,79] to encompass Stieltjes differential
inclusions. Our contribution in the first part of [60], was to drop the monotonicity con-
dition imposed on the function f as in (2), and the function f need not be p,-integrally
bounded, where i, is the Lebesgue-Stieltjes measure generated by g. Moreover, as an
application, we suggest a model describing the dynamics of population subject to an
extreme event, aiming to find a solution that ensures the population’s persistence. In
the second part of [60], we established results regarding the existence of multiple so-
lutions of (1) , which, to the best of our knowledge, constitute the first in the existing
literature. These results were based on the notions of strict lower and upper solu-
tions, which ensure that the solutions will lie strictly in the region between the strict
lower and upper solutions without reaching the boundary of this region. In a recent
paper [49], via topological methods, new existence and multiplicity results have been
established by Krajs¢dkova and Tojo for the problem (3) with linear boundary con-
ditions, using fixed point index methods on cones, assuming that f > 0 and b > 0.
Even in the case of the classical derivation, which corresponds to g = idg, there are
few results in the literature regarding the existence of several solutions of first-order
differential equations. Ambrosetti-Prodi type results have been obtained by Mawhin
in [68] and by Nkashama in [73] for periodic boundary value problems. In addition,
multiplicity results have been established in [32], for systems of first-order differential
inclusions, and also for equations with nonlinear differential operators in [20].

In [61], we generalized the existence results established in [60], to systems of
Stieltjes differential equations using vector-valued lower and upper solutions. The
study of systems of Stieltjes differential equations involving several Stieltjes deriva-
tors traces its origins to the work of Lépez Pouso and Marquez Albés in [56]. In [56],
they established Peano-type existence results were established for initial value prob-
lems, extending the first existence results in the literature due to Frigon and Lépez
Pouso [31], that dealt with systems using the same derivator for each component. Re-
cently, Marquez Albés and Tojo in [66] continued the study initiated in [56], focusing
on existence and uniqueness results involving Osgood and Montel-Tonelli conditions,
generalizing those in . In the work, we will be considering systems of the form:

x,(t) = f(t,x(t)) for g-almosteverytc [0,T), x € B, 4)

where f : [0,7] x R" — R", and those with a functional dependence:

x,(t) = f(t,x(t),x) for g-almosteveryt e [0,7), x € B, )

where f : [0, 7] x R" x C, C a subset of BCg(]0, 7], R") which is a functional space that
we define in the sequel, and g = (¢1,...,9,) : R — R" is a vector-valued derivator

3
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such that g; is a left-continuous nondecreasing function; for ¢ = 1,...,n. Here, x € B
refers to an initial value condition or a periodic boundary condition:

x(0) =x0 = (X01,---,Xon) € R (6)
x(0) = x(T). (7)

Existence results were established via the method of the lower and upper solutions
in [57] for initial value problems only, imposing monotonicity conditions on the func-
tion f. These monotonicity conditions are dropped in our work, ensuring existence
and a priori bound of solutions for additional initial value problems, and interest-
ingly for periodic problems as well. The functional dependency in the problem (5)
covers more general problems including delayed differential equations [4, 21] and
integro-differential equations [2], where the history or the memory of the solution
may influence the dynamics. As an application of our results, we address the dy-
namics of a predator-prey model in an exploited fishery subject to a seasonal fishing
strategy. Our results rely on the extension of the notions of the lower and the upper
solutions to systems of Stieltjes differential equations. The method of the lower and
upper solutions, to our knowledge, was first introduced by Knobloch in [47] for sys-
tems of differential equations with periodic boundary conditions. In [57], the method
of lower and upper solutions has been extended to initial value problems for systems
involving Kurzweil-Stieltjes integrals with a vector-valued measure, (for more details
on Kurzweil-Stieltjes integrals, see [70]) to obtain existence results for systems (4), (6)
and (5), (6). These extensions led to existence results for the considered systems, rely-
ing on monotonicity conditions for right-hand side member f, and other monotonicity
conditions involving f;(¢,-) fort € Dy, fori =1,...,n.

In contrast, few results can be found in the literature on periodic problems for
systems of Stieltjes differential equations. In particular, in the case of a single-valued
derivator where the right-hand side member is bounded by a function of the form
h(t)(1 + ||x||) for some g-integrable function i, existence results have been obtained
for the problem (4), (7) in [78]. These results have been extended in [67,79] to Stieltjes
differential inclusions on R" where ¢g; = --- = g,. To the best of our knowledge, our
work represents the first exploration of existence results for systems of Stieltjes differ-
ential equations (4), (7) with vector-valued derivators, and for the functional systems
of Stieltjes differential equations (5), (7) with single and vector-valued derivators. As
an application of our result, we model the dynamics of a predator-prey model in a
tishery subject to a seasonal fishing strategy.

In the last part of this work, we turn out attention to Stieltjes differential equations
on the positive real half-line rather than limiting ourselves to a finite interval. This
is motivated by the fact that many natural processes evolve over time without any
inherent time limit, while others can exhibit finite-time blow-up. Essentially, we will
be considering Stieltjes dynamical systems of the form:

x,(t) = f(t,x(t)) for g-almostevery ¢t > ¢, > 0,x(ty) =xo € R";

where f = (fi,..., fn) : [to, +00) X R" — R",and g : R — R a left-continuous and non-
decreasing. Leveraging the existence of the maximal solution, and the generalized
Gronwall lemma for the Stieltjes derivatives established by Lariviere in [50], we add

4
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results characterizing the maximal solution through compact sets, and others yield-
ing global existence. Along this study, inspired from the Lyapunov stability results
in [22,37] involving measure differential equations and dynamic equations on time
scales, we apply Lyapunov’s Second Method [59], to guarantee different types of stabil-
ity of an equilibrium: stability, asymptotic stability, and their uniform properties. Our
results extend some classical results from [44,48,84], in particular, the condition on the
upper bound of the g-derivative of the Lyapunov function along maximal solutions,
is improved. In the last part of this chapter, we suggest applications to the dynamics
of population: in the first application, we model the dynamics of a population with
Allee’s effect negatively impacted by train vibrations, and another application related
to the dynamics of a population of Cyanobacteria in a cultured environment observing
the levels of ammonia in the process.
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Measure theory, continuity
notions, and fixed point theory
preliminaries

In the opening chapter of this thesis, we delve into the essential groundwork re-
quired for our study. In the first section, we commence by introducing concepts from
measure and integration theory [5,16,76,77]. This will pave the way for a comprehen-
sive understanding of our subsequent study relying on the integral in the sense of the
Lebesgue-Stieltjes. The integration in this sense incorporates a left-continuous and
nondecreasing function g : R — R acting like a measure, expanding on the standard
Lebesgue integral. Furthermore, we present some recent notions related to the theory
of the Stieltjes differentiation, appealing to new notions analogous to continuity and
absolute continuity from classical analysis. The last section is devoted to a brief pre-
liminary from the fixed point theory [40], enhancing the fixed point theorems and the
notion of the fixed point index used to establish the existence results in Chapter 3 and
Chapter 4.

1.1 Introduction to the Lebesgue-Stieltjes Integral

This section is dedicated to preliminaries from the measure theory to introduce the
Lebesgue-Stieltjes measure and its associated integral. In doing so, we appeal to nec-
essary definitions and results related to notions of measurable and measure spaces,
measurable maps, Lebesgue’s integral, and fundamental theorems of integration fol-
lowing [5,16,76,77].

In what follows, given a set X, we denote by P(X) the set of all subsets of X, and
for any subset A C X, we denote by A° := X \ A its complement.

Definition 1.1.1 (Measurable Space). Let X be a set, and a collection M C P(X). M is
said to be a o-algebra if the following assumptions hold:

1. XeM;

2. If A€ M then A° € M;

3. Every countable union of elements of M is an element of M, i.e. if A, € M for

every i € N, then | ] 4, € M.
i=1

The pair (X, M) is a measurable space if M C P(X) is a o-algebra. In this case, the
elements of the o-algebra M are called measurable sets.

Remark 1.1.2. Every o-algebra M C P(X) satisfies in particular the following state-
ments:
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1. 0 e M;
2. IfA; e Mforie{l,...,n};n €N, then | J A; € M;

i=1
3. Every coutable intersection of elements of M is an element of M;
4. If A,Be Mthen A\ B € M.

Remark 1.1.3. The notion of o-algebra is quite similar to the notion of topology. How-
ever, one may observe that topological spaces are closed under finite intersections and
arbitrary unions while o-algebras are closed under complementation and countable
union only.

The following notion connects the concepts of o-algebra and topology. Specifi-
cally, it guarantees the construction of a o-algebra from open sets within a topological
space, thereby nurturing a rich variety of sets beyond the open and closed sets in a
topological space.

Definition 1.1.4. Let (X, 7) be a topological space, and let B C P(X) be the smallest
o-algebra containing 7. Then B is called the Borel o-algebra of (X, 7). For sake of
precision, it is usually denoted by B(7), and its elements are called Borel (measurable)
sets.

1.1.1 Measurable Functions

Analogous to continuous maps between topological spaces, measurable maps be-
tween measurable spaces can be defined as maps where the pre-images of measurable
sets are also measurable. Rudin [76] takes a slightly different approach, defining mea-
surable maps as those where pre-images of open sets are measurable. Both definitions
align when the target space is endowed with its Borel o-algebra.

Definition 1.1.5 (Measurable Function). Let (X, M) and (Y, My) be measurable
spaces. Amap f : X — Y is called measurable if:

Be My = fYB) € Mx.

It is worthwhile to mention that the measurability of a function depends on the
o-algebras associated with the spaces (X, 7x) and (Y, 7y). The next definition is a
special case of the previous definition taking My C P(X) and My C P(Y’) the Borel
o-algebras.

Definition 1.1.6. Let (X, 7yx) and (Y, 7v) be topological spaces. Amap f : X — Y is
called Borel measurable if the pre-image of every Borel measurable subset of ¥ under
f is a Borel measurable subset of X.

In particular, if (X, M) be a measurable space, consider the Borel o-algebra on
R, and let A C X be any subset. Then the characteristic function x 4 of the set A is
measurable if and only if A is a measurable set.

8
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Theorem 1.1.7 (Measurable and Continuous Maps). Let (X, Mx), (Y, My) be measur-
able spaces. Let 7v C P(Y) be a topology on Y such that My is the Borel o-algebra of

(Y, Ty).
1. Amap f: X — Y is measurable if and only if

Bern = f_l(B) € Mx.

2. Iftx C P(X) isatopology on X such that M x is the Borel o-algebra of (X, 7x). Then,
every continuous map f : X — Y is Borel measurable.

We conclude this subsection with a concise exploration of a specific class of mea-
surable functions: step functions, also known as simple functions. These functions will
be pivotal in approximating measurable functions and, consequently, in defining the
Lebesgue integral.

Definition 1.1.8 (Step Function). Let (X, M) be a measurable set. A function S : X —
R is called a step function (or simple function) if the image S(X) is a finite subset of R.

Remark 1.1.9. Given a step function S : X — R, we can write S(X) = {s1,...,5,}
with s; # s; for i # j, and define 4; := S™' ({s;}) = {r € X : S(x) = 5;} for i =
1,...,m. Based on this setting, the family {A,}!", is a partition of X, i.e.

X=A, andA,NA;=0 fori#j.

=1

Moreover,
S = Z SiXA;s
=1
where x4, : X — R is the characteristic function of the set 4;, fori = 1,..., m. In this
case, S is measurable if and only if the set A; C X is measurable fori =1,...,m.

These functions are advantageous, as shows the next theorem [76, Theorem 1.17],
a measurable can be approximated by a sequence of measurable step functions.

Theorem 1.1.10 (Approximation Theorem). Let (X, M) be a measurable space and let
[+ X — [0,00] be a function. f is measurable if and only if there exists a sequence of

measurable step functions S,, : X — [0,00); n € N, such that

N

flz), and f(x)= Jim Sn(x), foreveryx € X.

As a consequence of the previous theorem, step functions provide a characteri-
zation of regulated functions in the following sense: a function is regulated if and
only if it is a uniform limit of a sequence of step functions. The reader is referred
to [77, Theorem 1.26].




Chapter 1. Measure theory, continuity notions, fixed point theory preliminaries

1.1.2 Integration of Nonnegative Functions

Our goal in this subsection is to define the integral of a measurable step function,
followed by the integral of a nonnegative measurable function through approxima-
tion. We start by defining positive measures.

Definition 1.1.11 (Measure). Let (X, M) be a measurable space. A positive measure on
(X, M) is a function

M — [0, 0]
satisfying the following properties:

1. o-additivity: i.e. if {A;}ien C M is a sequence of pairwise disjoint measurable
sets, then

(34)-Eew

2. There exists a measurable set A € M such that u(A) < oo.
Given a set X, a triple (X, M, u) is said to be a measure space if M C P(X) is a o-
algebra on X, and p : M — [0, o] is a measure.
Definition 1.1.12. Let (X, M, 1) be a measure space.

1. A null-measure set is a measurable set N € M such that u(N) = 0.

2. Let ' C X be fixed. A property P is said to be satisfied ;i-almost everywhere in
E (p-a.e. in E) or that it holds for p-almost all z € F (u-a.a. x € E) if there exists
a null-measure set N € M such that P holds in £\ N.

We can concisely summarize the basic properties of measures in the theorem be-
low.

Theorem 1.1.13 (Properties of Measures). Let (X, M, 1) be a measure space. Then the
following assumptions hold:
1. () =0;
2. If A, B € M such that A C B then pi(A) < u(B);
3. If {A;}2, C Mis a sequence such that A; C A4y forall i € N. Then
H <G Ai) = lim p (4;);
i=1

i—00

4. Let A; € M be a sequence such that A;, C A, foralli € N. Then

H(A) <00 —> u(ﬁ/h) — lim i (Ay).

. 1—00
i=1

Having stated these elementary notions, we are now able to present the Lebesgue
integral of a nonnegative measurable function.

Definition 1.1.14 (Lebesgue Integral). Let (X, M, 1) be a measure space, and let £ €
M be a measurable set.

10
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1. Let S : X — [0, 00) be a measurable step function defined by

S = Z SiXA;s
i=1

where s; € [0,00) and A; € M fori = 1,...,m. The Lebesgue integral of S over E
is defined as:

/ES d,u::f:siu(EﬂAi) € [0, oc].

=1

2. If f: X — [0, 00] is a measurable function, then the Lebesgue integral of f over
E is defined as

/fd,u::sup{/ Sdu:SES:OéS(x)<f(x)foreveryx€X}E 0, o0,
B E

where S denotes the space of measurable step functions S : X — [0, c0).

Theorem 1.1.15. Let (X, M, u) be a measure space and E € M. Let ay,ay > 0, and let
[, fi, fa : X — [0, 00] be measurable function. Then the following properties hold:

1. the map ay f1 + as f2 is measurable, and we have that

/E(alfl‘Fazfﬂ dﬂzal/Efl dM+a2/Ef2 d u;

: < < ;
2. If f1 f20ﬂEth€”/Ef1dM /Ef2dl~b
3. [ fau= [ fxedp
4. Iff(x)zOforallerthen/ fdu=0;
E

5. If,u(E)zOthen/Ef du=0;

: < ;
6 IfAEMandECAthen/Efdu /Afdu
7. If py, o - M — [0, 00] are measures, then

/fd(alul—Fag/Lg):al/fdul—i—ag/fduz.
E E E

The reader is referred to [76, Section 1.24] for the proof. The next result [76, The-
orem 1.29] provides a way to build a measure given a nonnegative measurable func-
tion.

Proposition 1.1.16. Let (X, M, u) be a measure space, and let f : X — [0, 00| a measurable
function. The set function defined by

uf(E):/Ef du, forall BEe M,

is a measure. Moreover, for every measurable function g : X — [0, o] on X, we have that

[gdau=[ gf an.
X X
11
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The converse of Proposition 1.1.16 is a significant tool within the realm of measure
theory, serving in deriving a new measure from an existing one, both defined on the
same measurable space. This process involves assigning a density function, known as
the Radon-Nikodym derivative, to each point in the space and integrate over the relevant
measurable subset. To state this theorem, we need to define the notion of absolute
continuity related to measures and the property of o-finiteness.

Definition 1.1.17. Let (X, M) be a measurable space, and i, v : M — [0, +00] be two
measures. The measure v is said to be absolutely continuous with respect to ;, and we
denote v < i, if, for every € > 0, there exists 6 > 0 such that for all £ € M:

w(E) <o=v(E)<e.
Now, we define the notion of o-finiteness .

Definition 1.1.18. Let (X, M, 1) be a measurable space. p is said to be o-finite if there
exists a sequence {4, },en C M satisfying the following:

1. pu(A,) < oo, foralln € N;
2. X = | A,

neN

Theorem 1.1.19 (Radon-Nikodym Theorem). Let (X, M) be a measurable space, and
p,v 2 M — [0,400] two o-finite measures satisfying v < p, then there is a measurable
function f : X — [0,400) such that

v(E) = /Ef dp, forevery E € M.

Moreover, the function f is unique up to a pi-almost everywhere equality, and it is called the
Radon-Nikodym derivative.

In the context of the Lebesgue-Stieltjes measure, the Radon-Nikodym Theorem [16,
Theorem 4.2.2] plays a crucial role in deriving the Fundamental Theorem of Calculus
for the Lebesgue-Stieltjes integrals, which we will state further later. In the state-
ment of the Radon-Nikodym Theorem, notice that the o-finiteness is indispensable,
the reader is referred to [5, Remark 4.1.1] for a counter-example.

We conclude this subsection by stating the Lebesgue Monotone Convergence The-
orem [76, Theorem 1.26].

Theorem 1.1.20 (Lebesgue Monotone Convergence Theorem). Let (X, M, 1) be a mea-
sure space and let f,, : X — [0, 00| be a sequence of measurable functions such that

fo(x) < fog1(z)  forevery x € X andn € N.
Let us define f : X — [0, 00| by
f(z) = lim fn(x) forz e X.

Then, f is measurable and
lim / f, du:/ Fdu
n—oo X X

12
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1.1.3 Integration of Real Valued Functions

The Lebesgue integral of a real-valued measurable function is derived by subtract-
ing the integrals of its positive and negative part. This definition is applicable when
at least one of these integrals is not infinite leading to the following definition of the
Lebesgue integral.

Definition 1.1.21 (Lebesgue Integrable Functions). Let (X, M, 1) be a measure space
and A € M. A function f : X — R is said to be Lebesgue integrable or p-integrable

over A if f is y-measurable and /A |fl dpu < co. We denote by £, (A, R) the space of

pi-integrable functions over A equipped with the norm || - |1 (4 r) defined by

112 camy ;:/Am du, forall f € L1(A,R).

When there is no ambiguity, we use the notation | - || to refer to || - [z1(ar). The
Lebesgue integral of a function f € L] (A,R) over the set A is defined as the real

number
/Afdu::/Af*du—/Af* dp,

where the functions f* : X — [0, co) are defined for every = € X by

fr(x) == max{f(x),0}, f~(2):=max{—f(x),0}.

Remark 1.1.22. The functions f* are measurable satisfying 0 < f* < |f|. Hence, their
integrals over A are finite by Condition (1) of Theorem 1.1.15.

Remark 1.1.23. In subsequent sections of this work, when considering a measure
space (X, M, 1), A € M and a function f : X — Y, whereY C Rand f € £, (A4,R),
we will adopt the notation f € £}(A,Y) instead of f € £,,(A, R) to explicitly indicate
the codomain Y.

Now that we have defined the Lebesgue integral, we provide some properties
resulting from Theorem 1.1.15, the reader is referred to [76, Theorems 1.32 and 1.33]
for the proof and further results.

Theorem 1.1.24 (Properties of the Lebesgue Integral). Let (X, M, 1) be a measure space
and A € M. Then the following statements hold.:

1. The function h : L), (A,R) > R: f / f du is linear;
A
2. Forall f,g € L},(A,R), we have:

< A dp < d p;
f<g on = /Af I /Ag p
3. If f € L,(AR), then |f| € L,(A,R") and,

[l < [ s an

13
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4. If f € EL(A, R) and {A;}ien is a sequence of pairwise disjoint measurable sets such
that A := | ) A;, then

1€N
Afduzifqifdu;

5. For f € C;(A, R), we have that

/Afduz/XfXAdu;

6. For f € LL(A,R), if u(A) = 0 or f|4 = 0, then /Af du=0.

Theorem 1.1.25 (Lebesgue’s Dominated Convergence Theorem). Let (X, M, 1) be a
measure space. Let h : X — [0,00) be a p-integrable function, and {f,} be a sequence of
p-integrable functions f, : X — R, n € N, satisfying

|fu(x)] < h(z) forallz € X, andn € N,
and converging pointwise to f : X — R, i.e.

f(z) = lim f,(x) foreveryz e X.

n—o0

Then f is p-integrable and, for every A € M,

/fd,u: lim/fndu.
A n—oo J A

Now, we define Carathéodory functions with respect to a measure .
Definition 1.1.26. Let /, X C R such that (/, M, 1) be a measure space. A function
f 1 x X — Ris said to be p—Carathéodory if it satisfies the following assumptions:
(i) forevery x € X, ¢ — f(t,x) is y-measurable;
(ii) for y-almosteveryt € I, x — f(t, ) is continuous on R;
(iii) Vr > 0, 3k, € L,(1,]0,00)) such that

|f(t,x)| < h.(t), forp-almostallt e I, forall x € X, such that |z| < r.

1.1.4 The Lebesgue-Stieltjes integral

The aim of this subsection is to introduce the Lebesgue-Stieltjes integral over the
real line. Later on, this integral would be viewed as a generalization of the Lebesgue
measure.

We start by the defining the Lebesgue-Stieltjes measure. Here and afterwards, we
take X C R and we denote 7, the usual topology on X.

Definition 1.1.27 (The Lebesgue-Stieltjes measure). Given a measure space (X, M, ).
w is the Lebesgue-Stieltjes measure if the it fulfills the following assumptions:

14
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1. B(r,) C M;
2. For any bounded set B € M, u(B) < cc.

Remark 1.1.28. It is noteworthy that the Lebesgue-Stieltjes measure is a generalization
of the Lebesgue measure m, observe that the o-algebra £ of Lebesgue measurable sets
is a Borel o-algebra. Moreover, for any bounded set B € L, there exist K > 0 such
that B C [—KB, KB] Thus, 0< m(B) < m([—KB, KB]) =2Kp < oc.

As we progress through this work, the Lebesgue-Stieltjes measure, which is intro-
duced in Definition 1.1.27, will be defined as a measure generated by a left-continuous
nondecreasing function known as the integrator. This measure will be essentially de-
termined by its associated outer measure using a semialgebra.

Definition 1.1.29 (Outer measure). Let X be a set. A set map p* : P(X) — [0, 00] is
said to be an outer measure if it satisfies the following conditions:

L p(0) =0;

2. for A C B, we have u*(A) < u*(B);

3. for any sequence {4;};,en C P(X), we have that

M*(Z‘X’l Ai) < i 1 (Ag).

1=1

Definition 1.1.30 (Semialgebra). Let X be a set. A class C C P(X) is said to be a
semialgebra if it satisfies the following assumptions:

1. For A,B € C,wehave AN B € (;

2. For any A € C, there exists a collection of pairwise disjoint sets {A4;}/~; C C for

some m € N, and A° = J A..
=1

Definition 1.1.31. Given a measure x on a semialgebra C, the outer measure induced
by p is the set function p* : P(X) — [0, 0o] defined by

pe() =t {3 p(4) : {Adien €A C | A}

1€N

Using Carathéodory’s Extension Theorem [5, Theorem 1.3.3], we can construct a
complete measure space from a given outer measure p* using a semialgebra. Recall
that a complete measure space has the property that any subset of a null-measure set
is measurable, i.e. given a measure space (X, M, 1) and E € M such that u(£) =0, if
AC Ethen A e M.

Theorem 1.1.32 (Carathéodory’s Extension Theorem). Given a set X, a semialgebra C C
P(X), and amap ¢ : C — [0, oo] satisfying:

1. ¢(0) =0;

15
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2. for every sequence of pairwise disjoint sets {A;};°, C C, such that | J A; € C, we have
i=1

that - .
¢Qﬁm):;m&x

Then, the map 1* : P(X) — [0, 0o] defined by

Pty = inf { S04 (A, e ac Ua, (1.1)

1=1
is an outer measure, and (X, M-, j1) is a measure space where
My ={AeP(X): u*(E)=p(ENA°) forall E € P(X)} (1.2)

is a o-algebra on X, and p = ji*| m,,. is a measure on M.
Moreover, if { B; }ien C C such that

X =B, ¢&B;) <oo,foralliecN.
=1
Then, if i is a measure defined on the smallest o-algebra containing C, o(C), such that i = ¢
on C, then ji = " on o(C). In other terms, the measure yi is unique on o(C).

Remark 1.1.33. In Carathéodory’s Extension Theorem, note that since C C M+, then
the o-algebra generated by C, ¢(C), is contained in M- as M- is a o-algebra. This
fact motivates calling p* an extension of x. In addition, (X, o(C), 1*) is also a measure
space, however, it may fail to be complete, see [5, Section 1.4]. Furthermore, observe
that the completeness of the resulting measure space (X, M-, ;1) results in essentially
from Condition (2) of Definition 1.1.29. Indeed, given a p*-measurable set £ C M,
such that u(£) = 0,and A C F, then

0 < p(A) < p'(E) = u(E) = 0.

Consequently, 1 (A) = 0 and therefore, by [5, Theorem 1.3.2], P(A) C M+, and hence
Ae M.

Now, given a left-continuous, nondecreasing function g : R — R, it is possible
to define a Lebesgue-Stieltjes measure space using the measure associated to g [5,
Definition 1.3.7]. This definition relies on the notion of the outer measure previously
introduced using Carathéodory’s Extension Theorem. In [62, Example 1.46], Marquez
Albés provided a constructive proof for this alternative definition. The primary idea
was through considering the semialgebra C of subsets of R:

C=A{la,b) =00 <a<b< +oo}U{(—00,a): —oc0 <a< +oo}, (1.3)
and the map ¢ : C — [0, oo] defined by
0, if I =0,
g(b) — g(a), if I =[a,b),a,b € R, a<b,
o(1) = tlgnoog(t) —g(a), if I =[a,+0), a € R, (14)
g(a)—tkr_n g(t)7 lf]:<—OO,CL)7CL€R,
tLieroog(t) B tLiI}loog(t)’ if [ =R.
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Consequently, it has been shown that this map fulfills the conditions of Theorem 1.1.32.
Precisely, the map p* in (1.1) is an outer measure, the set M, is a o-algebra, and
#|m,. is a measure. Furthermore 1 is a Lebesgue-Stieltjes measure in the sense of
Definition 1.1.27. In the sequel, we denote this measure by p, and the o-algebra M,
by M, relatively to the function g. In addition, observe that for a given z € R, we
have that R = (—o0, z) U [z, +00), also

C8

[z,400) = J[z+i—1,2+1),

-
Il
—

and

e

.
I
—

(—o0,x) = | J[x —t,x —i+1).

This implies that every element of the semialgebra C defined in (1.3) can be written as
a countable pairwise disjoint semi closed intervals [a,b) C R, yielding that the outer
measure ;* in (1.1) can be given as

J*(A) = inf { S (g A Ulasby), {las, b)}iex C T pairwise disjoint }

=1

.
—_

where Z = {[a,b) : a,b € Rwith a < b}, the reader is referred to [62, Theorem 1.50] for
the proof.

This expression does not only permit to compute the outer measure 1, but it guar-
antees also an explicit expression of the sum of Lebesgue-Stieltjes measures generated
by a finite family of left-continuous and nondecreasing functions, as shows the follow-
ing proposition [66, Proposition 2.4].

Proposition 1.1.34. Let {gl L be a family of left-continuous and nondecreasing functions
g R—=R fori=1,...,n Let us define the left-continuous and nondecreasing function
g:R—Ras

9t) = g1(t) + -+ ga(t), forallt €R. (1.5)
Then,

ps(A) = g (A) + -+ py (A),  forall A€ P(R).

In particular, if A is p,,-measurable, then A is j1,-measurable, and
NQ(A) = :U'gl(A) +ot :ugn(A)a fOT all A € Mg = ﬂ M.‘]i'
i=1

Remark 1.1.35. Observe that Proposition 1.1.34 provides a way to convey the concept
of measurability through functions as well.

Through Carathéodory’s Extension Theorem, a left-continuity and nondecreasing
function g : R — R generates a Lebesgue-Stieltjes measure in the sense of Defini-
tion 1.1.27. Now, one may ask the question about the converse, whether for each
Lebesgue-Stieltjes measure on R we can find a left-continuous and nondecreasing
function that defines the measure over the class of Borel sets. According to [5, Chap-
ter 1, Section 2, Subsection 3], the answer is affirmative. Given a Radon measure i, i.e.
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a measure defined on (R, B(R)) which is finite on bounded intervals, we can construct
a function g : R — R as follows:

w(la,t)) ift > a,
g(t) = {0 ift = a, (1.6)
—u((t,a)) ift <a.

The function g generates a Lebesgue-Stieltjes measure 1,4, such that y, = p on the
semialgebra C of subsets of R defined in (1.3). In particular, from Carathéodory’s
extension theorem, Theorem 1.1.32, it follows that y1, = p on ¢(C) O B(R), and we
obtain the following proposition.

Proposition 1.1.36. Let (R, M, 1) a measure space, such that  is a Lebesgue-Stieltjes mea-
sure. Then, there exists a left-continuous function g : R — R satisfying

p(la,b)) = g(b) — g(a), forall a,b € R, such that a < b. (1.7)

Remark 1.1.37. In the previous proposition, observe that the function g satisfying (1.7)
is not unique. Instead, there is an infinite family of functions {g, },r such that g,.(t) =
g(t) 4+ r, for all r € R, where g as given in (1.6).

Now, we are able to define the Lebesgue-Stieltjes integral.

Definition 1.1.38. The Lebesgue-Stieltjes integral is the integral with respect to the Lebe-
sgue-Stieltjes measure. We denote the Lebesgue-Stieltjes integral of a ji,-measurable
function f over A € M, by

Afd%,fmAeA@

For A € M,, we denote by L} (A, R) the space of integrable functions on A with
respect to the Lebesgue-Stieltjes measure 4, and we endow it with the norm || - || z; as
in Definition 1.1.21. Recall that for A = [a,b) € T and [ = x[4), we recover i4([a, b)) =
g(b) — g(a) as given in (1.4). In the sequel, we adopt the following terminology:

e g-measurability: to refer to the measurability with respect to the o-algebra M,;
e Null g-measure sets: to refer to null-measure sets with respect to the measure ,;
e g-Carathéodory functions: to refer to u,-Carathéodory functions.

Additionally, we say that a property holds for g-almost everywhere (g-a.e.) in some
set £ C X or that it holds for g-almost all x € E (g-a.a. x € E'), if it holds except on a
null g-measure subset of F.

Based on Proposition 1.1.34 regarding the function § : R — R given in (1.5), the
following proposition [66] provides an explicit expression to compute the integral of
g-integrable function with respect to the measure ;.

Proposition 1.1.39. Let j be the function given in (1.5), if X C Rand f € L; (X,R) for
everyi € {1,...,n}, then h € L(X,R) and

hdﬂz/ d . / du, .
A /’Lg P f Mgl + + X f Mgn
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In this part of this section, we focus on the sets associated to g : R — R being
left-continuous and nondecreasing, to derive further properties about the measure 41,
associated to g. First, throughout this work, for a given regulated function « : [a, b] —
R, we employ the notation u(¢") to denote

u(th) == lim u(t + €),

e—0
forallt € [a,b).
Let us define the set C;, by
C,={t € R:gisconstanton (t — ¢,t + ¢) for some ¢ > 0}, (1.8)

which is the union of all connected components where g remains constant, and the set
of the discontinuity point D,:

D,={teR:gt")—g(t) > 0}. (1.9)

The set Cy is open in the usual topology 7, of R, and since 7, is second countable [46],
the set C; can be written as a union of pairwise disjoint open intervals:

Cg = U (a’TU bn)?

neA

where A C N. Based on this notation, we define the set:
Ny = N, UN], (1.10)

where
N, :={an} \ Dy, and N := {b,} \ D,. (1.11)

In particular, we have the following properties, the reader is referred to [58, Proposi-
tion 2.5] for the proof of Item (1), while Item (2) is commonly referred to as Froda’s
theorem [36].

Proposition 1.1.40. The measure y, satisfies the following statements:

1. pg(Cy) = pg(Ng) = 0.
2. The set D, is at most countable.

Remark 1.1.41. It is worthwhile to emphasize that, the measure 11, may have some
atoms which are sets of positive measures containing no subset with a smaller pos-
itive measure. This holds particularly in the case when D, # (. This primary fact
differentiates the Lebesgue-Stieltjes measure from the Lebesgue measure, since this
latter is non-atomic on the real line. Indeed, for t € Dy, and using the property in
Statement 5 from Theorem 1.1.13, observe that

(18 = 1y (ﬁ [ i)) = tim g ([t 1)

n=1

= lim g(t + rlz) —g(t) =g(t") —g(t) > 0.

n—-4o00

It is noteworthy that an analogous approach can be applied for right-continuous
and nondecreasing integrators, in fact, such integrators form the usual case in the the-

ory of probabilities involving right-continuous cumulative distribution functions [5,
38].
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1.2 The g-topology in the real line

Given a left and nondecreasing function g : R — R, g defines a pseudometric
pg i R x R — R* given by
py(s,t) =|g(t) —g(s)|, foreverys,teR.
The pseudometric p, induces a topology on R, which we refer to as the g-topology (or
7,-topology) and denote by 7,. The reader is referred to [62, Section 2.1] for further
details. The basic neighborhoods of a point ¢, € R in the g-topology are given by the

open balls:
B(to,e) = {t € R:py(t,to) <€}, fore>0.

In the case where g = idg, the topology 7, coincides with the usual topology 7, of R.

Remark 1.2.1. The topology 7, is not necessarily Hausdorff as mentioned in [31, Sec-
tion 2]. Indeed, let us consider:

t fort <1,
g(t)y =<1 forl1 <t<2,
t—1 fort> 2.

pg(1,2) = |g(1) — ¢g(2)| = 0, while 1 # 2. Thus, this pseudometric fails to be a genuine
metric.

Nevertheless, in [31, Poposition 2.1], the authors established that (R, 7,) is second
countable.

Proposition 1.2.2. Let us consider §, and § the collections of intervals defined as
§1={(a,b) CR:a,b€Q}and Fo ={(c,d| CR:c€Q, d e D,}.
B := §1 US> is a countable base of 7,. Moreover, T, is a second countable topology.
Definition 1.2.3. A set U C Ris g-open if, for all t, € U, there exists 6 > 0 such that
B(ty,d) C U.

In particular, if ¢, € D,, then (ty — 6, o] is a g-open set for some § > 0 sufficiently
small.

In [66, Theorem 3.12], the authors provided a classification of the topologies of
derivators based on their sets of constancy and discontinuity points.

Theorem 1.2.4 (Classification of derivator topologies). Let G be the family of all deriva-
tors that are both left-continuous and nondecreasing. Let us define the equivalence relation ~
on G by:

g1~ go == Ty = Ty,
the class G = G|. and H = {(C,D) € P(R) x P(R) : C open, D at most countable,
C N D = 0}. Then, the map:

d:G—- H
g~ ®([g]) = (Cy, Dy)

is a bijection.
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Corollary 1.2.5. Given gy, g» : R — R two left-continuous and nondecreasing function, then
g1~ G2 = Ty =Ty, <= Dy, = Dy, and Cy, = C,,.

This classification of derivators was primarily developed based on the notion of
continuity with respect to a function, in the sense that g; ~ ¢ if and only if g; is
continuous with respect to g, and vice-versa [66, Corollary 3.11]. The concept of g-
continuity will be discussed in the next section.

1.3 g-Continuity

Throughout this section, we consider g : R — R a left-continuous and nonde-
creasing function. Let us denote by || - || the maximum norm in R", ie. |[x| =
max{|zi|,...,|z,|} forx = (z1,...,2,) € R™

Definition 1.3.1. Letu : A € R — R". The function u is said to be g-continuous at
t € Aif, for each € > 0, there is some 6 > 0 such that

s€A, py(s,t) <d = |lu(s) —ut)| <e

The space of g-continuous functions u : [a,b] — R" is denoted by C,([a, b], R").
In [31, Proposition 3.2], the authors reveal nice properties of g-continuous functions.
Proposition 1.3.2. If u : [a, b] — R" is g-continuous function on [a, b|, then:
(1) wis left-continuous at every to € (a, b|.
(2) If g is continuous at ty € [a,b), then so is u.
(3) If g is constant on some [c,d] C |a, b], then so is u.

Example 1.3.3. Constant functions are clearly g-continuous. Furthermore, the func-
tions Ag for A € R are nontrivial examples of g-continuous functions.

A g-continuous function has also interesting measurability properties, as shown
in [31, Corollary 3.5].

Lemma 1.3.4. Given a Borel set A C R and a functionu : A — R", the following statements
hold:
(1) Ifuis g-continuous, then u is Borel-measurable.
(2) If uis Borel measurable, then u is g-measurable.
Although g-continuous functions have advantageous properties regarding conti-
nuity and measurability, they can fail to be bounded or even regulated on bounded

intervals unlike in the classical case where g = idg, as shown in the counter-example
in [31, Example 3.3].
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Example 1.3.5. Let consider the functions g, f : R — R defined by

0 if t <0,
g(t) = and  f(t) = { sin(1/t)
t

t+1 ift>0, ift > 0.

{t ift <0,

The function f is g-continuous on R but not bounded. Figure 1.3.1 shows the be-
haviour of g and f around ¢ = 0.

2.0 30

151 20

1.0 C 104

0.5 04

0.0 —104

—0.51 =201

. T T T T T T T -30 T T T T
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00 -0.5 0.0 0.5 1.0 1.5 2.0

(a) Graph of g around t = 0. (b) Graph of f around ¢ = 0.

Figure 1.3.1 — Graphs of f and g showing their behavior around ¢ = 0.

In the sequel, we denote by BC,([a, b], R") the space of bounded g-continuous func-
tions u : [a, b] = R". The space BC,([a, b}, R") equipped with the supremum norm is a
Banach space, see [31, Theorem 3.4].

1.4 The Stieltjes derivative

In this section, we shed light on the notion of the Stieltjes derivative. As men-
tioned in the general introduction, the concept of taking derivatives with respect to
a function can be traced back to the early works of Daniell [17,18] and Young [87],
this concept involves deriving with respect to a left-continuous nondecreasing func-
tion g : R — R, referred to as the derivator. Similar ideas were also explored in other
works, see for instance [6,12,23,39,52,74]. Recently in [58], Lopez Pouso and Ro-
driguez delved into the significance of the Stieltjes derivative, coming up with a prac-
tical definition of the Stieltjes derivative with respect to a left-continuous and non-
decreasing function. Thanks to their definition, a generalized framework unifying
discrete and continuous calculus has been established, providing various connections
between classical problems, as we will explore in Chapter 2. In the sequel, we fix
g : R — R a left-continuous and nondecreasing function.

Definition 1.4.1. Let u : A C R — R be a function, and let ¢t € A\ C,. The Stieltjes
derivative of u with respect to g, also referred to as the g-derivative, at the point ¢ is
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defined by

hnlggaii—ﬁﬂ— ift ¢ D,,
(1.12)
itt e Dy,

provided that the limit exists, where Cy and D, are defined as in (1.8) and (1.9). In this
case, u is said to be g-differentiable at t.

In [58, Proposition 2.2] and [62, Proposition 3.13], the author explored classical
results regarding the properties of the derivative within the context of the Stieltjes
derivative.

Proposition 1.4.2. Lett € Rand fi, fo : A C R — R functions defined on a neighborhood
oft € A\ Cy. If f1 and f, are g-differentiable at t, then:

(i) The function Ay f, + Ao f» is g-differentiable at t for any Ay, As € R, and
(A + Xafa)y(t) = M(fi)g (1) + Aa(fo)y (8).
(ii) The product f,fs is g—differentiable at t and
(ffo)y(8) = (F1)y(0) fa(t) + F®)(f2)y () + (F1)g () (fo)y (g ({£)-

In particular, if t € D,, then
(fufa)y(t) = (fr),(0) f2(tF) + fLt)(f2)y (1)
(iii) If fo(t) (fQ(t) + (fg)’g(t),ug({t})> # 0, then the quotient fy/ fy is g—differentiable at t

and
(4 ) OO AQTCRIGIVAAD
f N / '
o OB+ Ry Om )

Remark 1.4.3. Observe that the product formula in Statement (ii) in Proposition 1.4.2
fort € Dy

(f1f2)g(8) = (F1)g (D) f2(7) + () (f2)g (D) (1.13)
is derived from
Fo(87) = fo(8) + (f2)g (B ({1)-
However, (1.13) does not hold in general at any point in R \ C,. For instance, for

g : R — R defined for ¢ < 1by g(t) = t, and g(t) = 1 for ¢t > 1. Let us consider
f1, f2 : R = R such that f; = idg and f; is defined by

t—1 ift<1,
1 ift > 1.

i) = {

We have that
tt—1) ift <1,

t ift > 1.

0 = {
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lim (fifo)t) = (fifo)(1) ! t(t—1)

(f1f2)g(1) = lim g(t) — g(1) T o1

p— ]_ 5
while

(fl);(l)f2(1+) + AW (f2)y(1) = L14+11 =2 # 1= (f1f2),(1).

In [24], the authors extended the product rule for a finite number of functions. In
doing so, they introduce the following notation:
Forn,k € Nand (z1,...,x,) € {0,1}", let us set

|(z1,...,2,)| :i=card{k € {1,...,n} =1}, F,p:={oc€{0,1}":|o| =k},

and denote fg(o) = f, fg(l) = f,- The following proposition is an adaptation of [24
Proposition 2.7].

Proposition 1.4.4 (Product rule). Let n € N, such that n > 2, and f; : R — R; for
i =1,2,...,n, be g-differentiable at t € R. Then, the product [ f; is also g-differentiable at

=1

(Hf)( =3 (wl() (z 1 (e ) (114)

k=0 0€F, k+1 =1

t and

Remark 1.4.5. When & = 0, one may notice that the term (,({t}))* might not be
properly defined. This is due to (1.14) being just a concise way to write

(]jf) ()= > lﬁ[(fi)_ff” () + TLZ(ug ({t})) ( > H £ )

0'an,1 =1 k=1 ogeF, 41 =1

In other terms, in (1.14), (1, ({t}))" is treated as 1.

In [62, Proposition 3.15], a formula for the g-derivative of the composition of two
functions was established. Another version of this formula can be found in [25, Propo-
sition 4.1].

Proposition 1.4.6. Let t € R\C,, f : R — Rand h a real function defined on a neighborhood
of f(t). We assume that there exist h'(f(t)), f,(t) and that the function h is continuous at
f(tT). Then, the composition h o f is g-differentiable in t,, and we have the formulae

W) f5(0) ift ¢ Dy,
(ho flg(t) =\ h(f(t1)) = h(£(2)) :
(1) ift € D,
p) a0 e
A more general chain rule formula was established in [35, Proposition 5.4] with
respect to two derivators that are not necessary monotonic.

Remark 1.4.7. In the context of classical differentiation, differentiability of a function
implies its continuity at each point. However, in the context of the Stieltjes derivative,
this implication does not generally hold. This remark was also mentioned [25, Re-
mark 3.3] providing an example of g-continuity loss at a point of the set IV, defined
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in (1.10). In the sequel, we provide a counter-example on the set D,. Let us consider
the derivator g : R — R and the function f : [0,2] — R defined by:

. 0 ifog<t<l,
t ift <1, )
g(t) = } and f(t)=<1 ift=1,
t+1 ift>1, )
2 ifl<t<2.

The function f is g-differentiable at 1 and f;(l) = 0. However, by Proposition 1.3.2, f
is not g-continuous at 1 on since it is not left-continuous at 1.

In the particular case where the derivator g : R — R is increasing and continuous
on an interval [a, b] C R, we can easily derive a generalized version of the Mean Value
Theorem in the context of Stieltjes differentiation.

Theorem 1.4.8. Let g : R — R be a left-continuous and nondecreasing function, continuous
and increasing on an interval [a,b] C R. Let f : [a,b] — R be g-continuous on [a,b] and

g-differentiable on (a,b). Then, there exists ¢ € (a,b) such that f,(c) = ‘M.

Proof. Let us consider the function F': [a,b] — R defined by

_ f(b) = f(a)
F(t)=f(t) — (M(Q(t) —g(a)) + f(a)) , forallt € [a,b].
Clearly F'is g-continuous on [a, b], g-differentiable on (a, b), and
/ / f(b) — f(a)
Fi(t) = f,(t) — O] forall t € (a,b).

It satisfies also F'(a) = F(b).
Proposition 1.3.2 implies that ' is continuous on [a, b]. We set

m = min F(t) and M = max F(t).
t€la,b] tela,b]

If m = M, then F is constant on [a,b] and F,(t) = 0 for every t € (a,b). Otherwise
if m < M, it follows that F'(a) # m or F(a) # M. As F(a) = F(b), without loss
of generality, we assume that F'(a) = F(b) # M. Thus, there exists ¢ € (a,b) such
that F'(¢) = M. Therefore, there is some 6 > 0 such that (¢ — d§,c+ 0) C (a,b) and
F(s) < F(c) = M forall s € (¢ — d,c+ 0). Since g is increasing and continuous on
(a,b),

0< Fl(c) = lim ————2> = lim_wg().

T et g(s) —gle)  smem g(s) —g(e)

We deduce that F(c) = 0. Hence, there exists ¢ € (a, b) such that f;(c) =
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1.5 g-Absolute continuity

In the classical case of derivation, certain functions can be reconstructed as the
integral of their derivatives, which is only possible when the function is absolutely
continuous. In the setting of the Stieltjes derivative, an analogous definition was in-
troduced through the notion of absolute continuity with respect to a left-continuous
and nondecreasing function g : R — R by [58, Definition 5.1].

Definition 1.5.1. A map F': [a,b] — R is said to be g-absolutely continuous, if, for each
e > 0, there exists § > 0 such that, for any family {(a;, b;) };=]" of pairwise disjoint open
subintervals of [a, b],

m

> g(bi) —gla;) <6 = fj |F(b;) — Fla)| < e.

i=1 =1

We denote by AC,([a, b],R) the vector space of g-absolutely continuous functions
F : [a,b] — R on the interval [a,b]. Furthermore, the product of two g-absolutely
continuous functions on [a, b] is g-absolutely continuous on [a, b}, the reader is referred
to [31, Proposition 5.4] for the proof.

Analogously to the case of classical derivation, we state the Fundamental Theo-
rem of Calculus for the Lebesgue-Stieltjes integral. In [58, Theorem 5.4], the authors
used modern elementary techniques in the proof based on the definition of g-absolute
continuity stated in Definition 1.5.1.

Theorem 1.5.2 (Fundamental Theorem of Calculus for the Lebesgue-Stieltjes integral).
Let F : [a,b] — R. The next statements are equivalent:
(1) Fis g-absolutely continuous;
(2) F satisfies the following properties:
(i) F,(t) exists g-almost everywhere in [a,b),
(ii) F, € Ly([a,b),R),
(iii) Barrow’s rule: for every t € [a, b],

F(t) = F(a) + Fi(s) d pg(s).

[a,t)

Remark 1.5.3. If F' : [a,b] — R is a g-absolutely continuous and ¢ € D, N [a,b), it
follows that u,({t}) = g(t*) — g(t) > 0 and

F(E) = F(t) = [ Fy(s) dngls) = Fy(0) (o) ~ 0(0)) = Ey(O{1)).

This implies, in particular, that functions that are g-absolutely continuous may exhibit
discontinuities at points where the function g is discontinuous.

Nevertheless, despite the fact that g-absolutely continuous functions can exhibit
discontinuities, the following result [58, Proposition 5.3] ensures that they have to be
g-continuous.
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Proposition 1.5.4. Given a g-absolutely continuous function F' : [a,b] — R, then F' is
g-continuous and has bounded variation.

The next theorem combines the results in [58, Theorem 2.4 and Proposition 5.2]
to enhance the g-differentiability of Lebesgue-Stieltjes integrals g-almost everywhere,
moreover, its will play a crucial role to deduce the g-absolute continuity of functions
defined by Lebesgue-Stieltjes integrals.

Theorem 1.5.5. Let f € E;([a, b),R) and consider its Lebesgue-Stieltjes primitive defined by

F(t) = /[ F(s) dngls)  forallt € [a, ]
a,t
Then, there exists a null g-measure set N C |a, b] such that

F)(t)= f(t) forallte [a,b]\ N.

g

Furthermore, F is g-absolutely continuous in [a, b).

The proposition below [31, Proposition 5.6] provides sufficient conditions to guar-
antee the relative compactness in BC,([a,b],R) of a set in AC,([a, b],R). The proof
of this result relies on [31, Theorem 4.2] where the authors established further rela-
tive compactness results for a family of g-continuous functions. This result is based
on Frainikovd’s Theorem [27, Proposition 2.3] characterizing relative compactness in
spaces of regulated functions. Given that g-continuous functions may not be regu-
lated at the discontinuity points of g, as shown earlier in Example 1.3.5, additional
assumptions were necessary to control the behavior of these functions at such points.

Proposition 1.5.6. Let D C AC,([a, b],R) be such that {F(a) : F' € D} is bounded. If there
exists a function h € L,([a,b), [0,+00)) such that

|E(t)] < h(t)  for g-almost all t € [a,b), and all F € D,
then, D is relatively compact in BC,([a,b], R).

The previous proposition will play a fundamental role in ensuring complete con-
tinuity of operators that we use in Chapter 3.

The following principle that we established in [60, Lemma 2.13] serves to com-
pare two g-absolutely continuous functions through comparing their g-derivatives
g-almost everywhere. In the classical case of derivation, for g = idg, this result was
established in [20, Lemma 2.5], based on the comparison of the derivatives composed
with an increasing homeomorphism. Whereas, when we shift our focus to the gen-
eral case of Stieltjes differentiation, where the derivator g may exhibit discontinuities,
we encounter the necessity of an additional assumption. To the best of our knowl-
edge, a result of this type has not yet been established within the context of Stieltjes
derivatives.

Lemma 1.5.7 (Comparison principle). Let u,v € AC,([a, b], R) be such that
(i) uy(t) < v (t) g-almost everywhere in {t € [a,b) : v(t") < u(t™)};
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(ii) u(a) —v(a) < u(b) — v(b) or u(a) < v(b).
Then, one of the following alternatives holds:
(A1) there exists ¢ > 0 such that u(t) = v(t) + c forall t € [a,b],
(A2) u(t) < v(t) for every t € [a, b).
Proof. Assume that {t € [a,b] : v(t) < u(t)} # 0.

Observe thatif ¢t € D, and v(t") < u(t"), then by Remark 1.5.3 and Condition (i),
we obtain N / . /
u(t) —v(t) = u(t™) — uy(E)pg({t}) — v(t™) + v, (£)ne({t}) (1.15)
>u(tt) —o(tT) >0 '
Let

c= til[ipb] (u(t) —o(t)) > 0.

By (1.15), and since u — v is a left-continuous function, it follows that
A={r€la,b]:u(r) —v(r)=c} #0.
Case 1: If A = [a, ], then
u(t) —v(t) =c forallt € |a,b. (1.16)
Observe that this case cannot hold if v(a) > u(a).
Case 2: If A # [a, b], we choose t; € AN (a,b] as follows:
t1 € Aifa¢ A, and t; =bifa € A. (1.17)
Indeed, in this last case, u(a) — v(a) < u(b) — v(b) is satisfied in Condition (ii), and

{a,b} C A.
Since u — v is left-continuous, then there is some § > 0 such that

u(t) —v(t) > g for every t € [t; — 0, 1]. (1.18)
Let us define
to = inf{s 0] u—v3 gon [s,tl]},
which is such that 0 < ¢y < ¢; by (1.18). Moreover, one has that
u(tt) —o(tt) > g >0 foreacht € [ty 1).

Combining the Fundamental Theorem of Calculus for the Lebesgue-Stieltjes integral,
Theorem 1.5.2, and Condition (i), we obtain

() —u(t) = /Wl)u'g(s) dpuy(s) < /Wl)v;(s) dpy(s) = v(t1)—v(t) for every t € [to, t1).

Therefore,
c=u(ty) —v(t1) <u(t) —v(t) foreveryt e [to,t1).
Hence, [to,t1] C A. If ty > a, this contradicts ¢, being the infimum, as u — v is left
continuous and given (1.15). Otherwise, ty = a, and by (1.17), t; = b. This contradicts
that A # [a, b].
From both cases, we deduce that u(t) < v(t) for every t € [a, b], or there exists some
¢ > 0 such that v(t) = u(t) + cfor all ¢ € [a, b]. O
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Condition (i) of Lemma 1.5.7 cannot be omitted. In the following example, this
condition fails for t = 1. Consequently, neither alternative holds.

Example 1.5.8. Let us consider the derivator g : R — R defined by g(¢) =t for¢ < 1
and ¢(t) =t + 1 for ¢t > 1. Let us take the functions: u, v : [0,2] — R defined by

0 telo,1], 5 telo,1],
“(t)_{2 te(,, U(t)_{1 te(1,2).

For t € [0,1] u(t) < v(t), and for ¢t € (1,2] u(t) > v(t) on (1,2]. Observe that u; (1) >
vy (1) while u(1%) > v(17).

As we proceed, the comparison principle 1.5.7 will play a technical role in estab-
lishing the existence and a priori bound of solutions of the Stieltjes differential equa-
tions under study:.

1.6 An exponential

The aim of this section is to explore the notion of exponentials within the context

of linear Stieltjes differential equations, as introduced in [31, Definition 6.1], while

considering improvements made in [63].

Definition 1.6.1. Let h € E;([a, b),R) be such that
1+ h(t)(g(t+) - g(t)) > 0 foreacht € [a,b) N D,. (1.19)

Let us define the function e, (-, a) : [a,b] — (0, 00) for each t € [a, b] by

eh(t, a) = ef[zm) h(s) d“9(5)7
where
h(t) ift c [(l, b] \Dg/
hH =\ _ 1.20
Rk <1 +gfé§i))(9_(tg+(1) g(t))) ift € [a,b) N D,. (1.20)

The next lemma [31, Lemma 6.2] enhances the g-integrability of the function fz,
which will guarantee some nice properties of the exponential function with respect to
the Stieltjes derivative.

Lemma 1.6.2. Let h € L,([a,b),R) be a function satisfying Condition (1.19). Then, h €
Ly([a,b),R).
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Remark 1.6.3. It follows from Lemma 1.6.2, that the map e, (-, a) is well-defined.
Moreover, for every ¢ € [a,b) N D,, it follows that

eh(t+a&) = lim ef[a s) ( ) dpg(s)

s—tt
— 11m ef[a,ﬂ d/"g +f S) dlu'g )

s—tt
= lim ef[uﬂ flt s) dpg(s)

s—tt

) (1.21)

— en(t, a)erOnotie)
— e (t, a)PEOHHOR((1)
= en(t,a)(1 + h(t)ug({t})) = en(t, a)(L + h()(g(tT) — 9(t))),

which implies that

! eh(tJr? CL) - €h<t7 CL)
en(-,a t) = = h(t)ey(t,a).
(ent)) (1) = FE = = bt a)

In light of this remark at the discontinuity points, the following theorem ensures
that the exponential function can be viewed as a solution of a linear Stieltjes differen-
tial equation g-almost everywhere, the reader is referred to [31,63] for the proof.

Theorem 1.6.4. Let h € L;([a,b), R) be a function satisfying Condition (1.19). Then, the
function defined by

x(+) = xoen(-, a), (1.22)
is g-absolutely continuous, moreover, it solves the initial value problem
x,(t) = h(t)x(t) for g-almost every t € [a,b), x(a) = xo. (1.23)
Equivalently,

z(t) = xoep(t,a) = xo + h(s)zoen(s,a) duy(s) foreveryt € [a,bl.

[a,t)

In the classical case of derivation, we know that the multiplicative inverse of the
exponential map solves the linear equation 2'(t) = —h(t)z(t). Now, given the def-
inition in the context of the Stieltjes derivative, a natural question arises: Does the
multiplicative inverse of the exponential map (as defined in Definition 1.6.1) solve a
different linear equation? Indeed, [62, Proposition 4.15] provides an answer to this
question.

Proposition 1.6.5. Let h € [,;([a, b),R) satisfy Condition (1.19) in Definition 1.6.1. Then
the map y : [a,b] — R defined by

y(t) = (eh<t’a’))_17 te [avb]7
is well-defined, y € ACy([a,b],R) and

L —h(t)
B = U A (9 — 9(0)
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Remark 1.6.6. It is worthwhile to mention that Proposition 1.6.5 shows that if h €
L;([a,b), R) satisfies Condition (1.19), then (e, (¢, a)) " solves the Stieltjes differential
equation

for g-almost every ¢ € [a,b) \ D,.

In order to recover an equality at g-almost everywhere in [a, b), we need to modify
the map % analogously to (1.20) so that —h satisfies Condition (1.19), which is the
framework of Theorem 1.6.4.

In [31], the authors defined another exponential map that solves a similar prob-
lem, this required a condition weaker that Condition (1.19) in Definition 1.6.1. In the
proposition below, we combine [31, Lemmata 6.4 and 6.7], taking into account im-
provements from [62, Theorem 3.4].

Proposition 1.6.7. Let h € L,([a,b), R) satisfy
1+ h(t)(g(t") — g(t)) #0  for every t € [a,b) N D,

Then the set T, = {t €la,b)ND,: 1+ h(t)(gth) —g(t)) < 0} has finite cardinality.
Moreover, if T;, = {t1,...,tx} for some a < t; < to < -+- < t < tgy1 = b, then it
follows that:

1. the map h : [a,b) — R defined by
h(t) ift €la,b)\ Dy,

h(t) = ¢ log (|1 + A®)(g(t") — 9(1))])
g(t*) —g(t)

ift € [a,b) N Dy,

belongs to L} ([a,b),R);
2. the map €,(-,a) : [a,b] — R* given by

R ef[a,t) h(s) d pg(s) Zfa < t < tl;
én(t,a) =

(_1).7‘6\[[11,0 h(S) d,ug(s) l:ftj < t < t]+17j = 17 cee k,

is g-absolutely continuous on |[a, b];
3. the map x : [a,b] — R defined by z(t) = x¢ex(t,a), for all t € |a,b], solves the initial
value problem

x,(t) = h(t)z(t), for g-almost every t € [a,b), x(a) = .

The reader is referred to [31, 63] and [50, Sections 2.1.2 and 2.2.2] for more prop-
erties of the exponential function, also explicit solutions of nonhomogeneous Stieltjes
differential equations have been explored in this context.
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1.7 Vector-valued derivators g : R — R"

In what follows, let us consider a vector-valued function g = (g1,...,9,) : R - R"
such that g; : R — R is a left-continuous and nondecreasing function, fori =1, ..., n.
In this subsection, we explore the notion of continuity with respect to the vector-
valued function g.

In [56], the authors introduced the notion of g-continuity.

Definition 1.7.1. Letu: A C R — R". uis said to be g-continuous att € A if, for each
€ > 0, there is some § > 0 such that

se A, |gls) —g) <0 = [luls) —u()] <e

We can readily observe that u : A C R — R" is g-continuous if and only if it is
g-continuous in the sense of Definition 1.3.1.

Remark 1.7.2. Given u = (uy,...,u,) : A C R — R" such that v; is g;-continuous for
every i = 1,...,n, this implies that u is g-continuous. The converse does not hold in
general. Take for instance the derivator g = (g1, g2) : R — R? defined by

t if t <0,
g1(t) =<0 ift € (0,1],

t—1 ift>1;

t ift <1,
g2(t) =<1 ift € (1,2],

t—1 ift>2.

The function u = (uj,uy) : R — R* defined by u,(t) = uy(t) = t is g-continuous,
however, u; is not g;-continuous for i = 1,2. Indeed, for t = 1 and ¢ = 1/2, there is no
d > 0 such that if py,(s,t) = |g:(s) — ¢:(t)| < I, one has |u;(s) — w;(t)| < €. Take s =0
and s, = 2. One has

Pg;(sis1) =19i(si) —g:(1)| =0 and |u;(s;) —wi(l)]=1>€ fori=1,2.
We denote .
BCq([a,b],R™) = HBcgi([a’bLR)’
equipped with the supremum norm || - ||o:

IIx|lo = sup ||x(t)|]|, forallx € BCgx([a,b],R").

t€la,b)]
Observe that, according to Remark 1.7.2, we have in general:

BCq([a, b, R") & BCg([a, b, R") := {u: [a,b] — R" :

u is g-continuous and bounded}.
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Similarly, we will denote
ACq([a,b],R") = [] ACy ([a, b], R).
i=1
On R" and BCq([a, b], R™), we consider the following partial orders:
a=(ay,...,a,) <b=(b,...,b,) <= a;<b; Vi=1,...,m
x<y <= x(t)<y() Vte]a,bl.
Fora < bin R" and u < v in BCgx([a, b], R"), we denote
[a,b]:{ceR”:agcgb},
[, v]se, (jap)rn) = {x € BCg([a,b],R") :u < x < v},
[u, V].ACg([a,b],R") = {X - ACg([a, b], R" < <v

):u

Arguing as in the proof of [31, Proposition 5.3], we establish the following lemma
for g-absolutely continuous vector-valued functions.

Lemma 1.7.3. Let u = (uq,...,u,) : [a,b] — B C R" be a g-absolutely continuous func-

tion, i.e. u; € AC, ([a,b],R) fori =1,...,n, and let v : B — R be a Lipschitz continuous

function on B. Then, the composition vou € AC,,([a,b],R) fori=1,...,n.

Proof. Let L > 0 denote the Lipschitz constant of the function v, and let us fix e > 0

andi € {1,...,n}. Since u; € AC,,([a,b],R), then for ¢; = Li > (), there is some 0., > 0
n

such that, for any family {(a;, b;)}j=, of pairwise disjoint open subintervals of [a, b],

So(rlbr) —la)) < 0 = D hualhy) — wilag)| < <

Now, for a fixed family {(a;,b;)}7-, of pairwise disjoint open subintervals of [a, b],
such that

> _(9i(b;) = gilay)) < 0.,
j=1
we have that
>_lvou(b;) —vou(e;)] <3 Liu(b;) —u(ay)]
j=1 j=1
<YLY fuilby) — wilay)]
=1 =1
= LZ Z |ui(bj) - U’Z(aj)|
i=1j=1
< LZ € =€
i=1
Hence, the composition v o u is g;-absolutely continuous on [a, b]. O
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Remark 1.7.4. In the case where g = (g1,...,9,) = (g, . .., g) for some left-continuous
and nondecreasing function ¢ : R — R, we adopt the notations BC,([a, b],R") and
AC,([a,b],R") instead of BCg([a, b],R") and AC4([a, b], R") respectively.

In the same context, we appeal to the generalization of the Gronwall lemma to the
context of the Stieltjes derivative introduced by Lariviére in [50, Proposition 4.1.3].
We concisely present this result in the next lemma, providing a simpler proof. Let us
define the space of vector-valued g-integrable functions as

£3([a,b),RY) = {£ = (fi,..., fu) : fi € £1([a,b) R) fori = 1,....,n}.
Lemma 1.7.5. Let g : R — R be a left-continuous and nondecreasing function, and x =

(1,...,@,) € ACy([a,b], R™). Assume that there exist k = (k1,...,k,) € L}([a,b),R"),
and p € Ly([a,b), [0, 00)) such that

x,(t) < k(t) 4+ p(t)x(t) for g-almost every t € [a, D).

Then,
e, (s, a)k(s)

<0 <t [, T e M0 X0)

foralli=1,...,nandt € [a,b].

Proof. Let i € {1,...,n} be fixed. For g-almost every ¢ € [a,b), since (z;),(t) —
p(t)zi(t) < ki(t), and e, (t,a) (1 + p(t)uy({t})) > 0, it follows that

(%);(t) — p(t)zi(t) < ki(t) '
ep(t,a)(1+p(ug({t})) — enlt, a) (1 + p(t)y({t}))

Using the derivation formula of the quotient in Proposition 1.4.2, we obtain for g-
almost all ¢ € [a,b),

(xi(') )' o= olta)@)y(t) — pt)ep(t a)ui(t) - (2i)y(t) —p(H)zi(t)

ep('aa) a

o elta)(eta)+pletau{t)) et a)(1+pEn({t})

It follows from the Fundamental Theorem of Calculus for the Lebesgue—Stieltjes inte-
gral, Theorem 1.5.2, that

mz(> ! ep—l(t’ a)kz-(t)
<€p('>a)>g ®) < L+ pt)p,({t}) (1.24)

Integrating (1.24) from a to ¢ yields

z(t) e, (s, a)ki(s)
er(ta) S /[a,t> T+ o) ({5}

) < ot (| (I 400+ ).

at) 1+ p(s)py({s}

J dig(s) +a)

Therefore,
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Using this lemma, we deduce a concise expression of the upper bound in [50, Propo-
sition 4.1.4] deriving an integral version of the Gronwall lemma.

Proposition 1.7.6. Let g : R — R be a left-continuous and nondecreasing function, and x =
(21, ..., 20) € ACy([a,b],R"). Assume that there exist q = (q1,-...qx) € L,([a,b),R")
with q; > 0fori=1,....n,and p € L}([a,b),[0,00)) such that for all t € [a,b]:

x(t) < q(t) + . t)p(s)x(s) d pey(s). (1.25)
Then,
&) (sap(s)als) | )
x(t) < q(t) + ¢(t,a) /W) ey Wals) forallt € o)
Proof. Fort € [a,b] and i € {1,...,n}, let us consider the function

p(t) = [ pe)ai(s) dg(s)

Observe that (y;);(t) = p(t)x(t) < p(t) (qi(t) + yi(t)) = p(t)q;(t) + p(t)y;(t) for g-almost
all ¢t € [a,b), by (1.25). Thus, using the previous lemma, for k; = p - ¢;, we obtain

yi(t) < 6p(t,a)(/[a7t) % (S7a)p(gs()Qi(s) d pg(s) + yi(@))
et [ OO

Hence,

zi(t) < @i(t) + vi(t) < @:(t) + €L, a) /[a,t) L+ p(s)pg({s})

1.8 Preliminaries on fixed point theory

In this section, we compile relevant results from the literature on fixed point the-
ory, primarily focusing on the results in [1,40]. As we delve into Chapters 3 and 4,
we demonstrate that the problems under investigation can be reduced to the search
for fixed points of certain constructed operators within a specified bounded "solution
region". This motivates our exploration of various properties of the fixed point index
throughout this section.

1.8.1 Fixed point theorems

We start this subsection by some definitions.
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Definition 1.8.1. Let X, Y be topological spaces.
(i) Amap f: X — Y issaid to be compact if f(X) is relatively compact.

(ii) If X is a metric space, a function f : X — Y is said to be completely continuous
f(B) is relatively compact for every B a bounded set of X.

We state Schauder’s fixed point theorem, which generalizes the Brouwer fixed
point theorem [40], from the unit ball of R" to normed linear spaces.

Theorem 1.8.2 (Schauder fixed point theorem). Let C' be a nonempty closed convex of a
normed linear space E and let f : C' — C' be a continuous and compact map, then f has at
least one fixed point.

The proof of Schauder’s theorem [1, 40] relies on approximations of the compact
map by maps with finite rank, and on the concept of the e-fixed point. Further ver-
sions of the Schauder theorem are discussed in [88].

The alternative of Leray-Schauder theorem [40, Theorem 5.4] pertains to com-
pletely continuous operators.

Theorem 1.8.3 (Leray-Schauder alternative). Let C' be a nonempty closed convex of a Ba-
nach space E such that 0 € C. Let f : C' — C be a continuous and completely continuous
operator. Consider the set

E(f)={ze€C:x=A\f(x) forsome A € (0,1)}.

Then, one of the following alternatives holds:
(A1) &E(f) is unbounded;
(A2) f has a fixed point.

1.8.2 Fixed point index on normed spaces

In this subsection, we define the notion of the fixed point index on normed spaces.
Given a normed space X, and an open U C X, roughly speaking, the index of a
function f : U — X corresponds to an algebraic count of the fixed points of f within
the set U. If f is compact, then the fixed point index of f is naturally related to the
Leray-Schauder topological degree [40].

Given a normed space X, and an open set U C X. We denote by K(U, X) the set
of compact, continuous maps f : U — X. Furthermore, we denote by Ky (U, X) the
set of the functions from K (U, X) that are fixed point free on 9U.

The following theorem defines and provides essential properties of the fixed point
index.

Theorem 1.8.4. Let X be a normed space, and an open set U C X. Then there exists an
integer-valued fixed point index function index(-,U) : Koy (U, X) — Z satisfying the follow-
ing properties:

1. Existence: index(f,U) # 0, then Fix(f) # 0.
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2. Normalization: If f € Koy (U, X) is a constant map x — x,, then

1, ifxg c U,
0, otherwise.

index(f, U) = {

3. Homotopy: If H : [0,1] x U — X is a continuous and compact homotopy such that
H(\, ") € Kou(U, X) forall X € [0,1]. Then

index(H (A, -),U) = index(H(0,-),U) forall X € [0, 1].

4. Excision: If f € Koy(U,X) and V is an open in U such that Fix(f) C V, then f|y €
Kov(V, X), and we have that

index(f, U) = index(f|y, V).

Theorem 1.8.5. Let X be a normed space, and an open set U C X. Let Uy and U, be two
open subsets of U satisfying Uy N Us # 0, and f € Koy (U, X) such that Fix(f) € Uy U Us.
Then, we have the following properties:

5. Additivity:

index(f, U) = index(f,Uy) + index(f, Us).
6. Localization: If index(f,U) # 0and index(f,U;) = 0, then Fix(f|y,) # 0.
7. Multiplicity: If index(f,U) = 0 and index(f,U,) # 0, then

FiX(f|U1) 7’é () and FiX(flUQ) 7é 0.

It is worth mentioning that the localization and multiplicity properties hold as
consequences of the additivity and the normalization properties.
The following theorem provides additional properties of the fixed point index.

Theorem 1.8.6. Let X, Xy be normed spaces, and let U, and U, be open subsets of X, and
X, respectively. Then, we have the following properties:

8. Commutativity : Let f1 : Uy — Xy and fo : Uy — X, be continuous functions such that
f1 0r fais compact. Let us define Vi = Uy N f~H(Uy) and Vo = Uy N f5 *(Uy). Then

(i) faofi:Vi— Xyand fi1o fy: Vo — Xy compact maps;
(ii) If Fix(fy o fi) C Vi and Fix(fy o f2) C Va, then

index(g o f, V1) = index(f o g, V3).
9. Multiplicativity. Iff1 € K6U1 (71, Xl) and f2 € KBU(E, XQ), then
fix fa € ’Ca(leUg)(ﬁl x Uy, X1 X Xs),

and
index(f1 X fg, U1 X UQ) = index(fl, Ul) ineX(fg, UQ)

The following property follows from the commutativity property of the index.
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Theorem 1.8.7. Let (X, D) be a pair of normed spaces such that D is a closed subset of X, U
isan open in X, and let f € Koy (U, X).

10. Contraction If f(U) C D, let us define the map
f|UﬂD :UND—D
z— flunp(z) = f(z).

Then
index(f,U) = index(f|ynp, U N D).

Now, we introduce the notion of the local index, which provides insights into
the behavior of isolated fixed points. Our objective is to derive fundamental index
formulae to compute the fixed point index for particular cases of functions. This will
be one of the tools to establish existence of solutions in Chapters 3 and 4.

Definition 1.8.8. Let 2y € U be an isolated fixed point of a function f € Kyy (U, X).
The local index of the isolated point z, for f is defined by

index;oe(f, zo) := index(f, B(zo,€)),
where B(z,€) C U is an open ball of radius ¢ > 0 centered at z, € U such that

FiX(f|B(:c075)) = {‘Z‘O}

Remark 1.8.9. Since B(x¢,¢) C U is an open ball such that Fix(f|p(z,,)) = {%0}. Then,
from the excision property of the fixed point index, Theorem 1.8.4, it follows that

index(f, B(xo, €)) = index(f|B(zo,5), B(%0,9)),

for any choice of § > 0 such that B(zy, ) C U. Hence, index,.( f, ) does not depend
on the choice of e.

The additivity property of the fixed point index yields the following theorem [40,
Chapter 1V, Section 12, Theorem 8.2].

Theorem 1.8.10. Let f € Koy (U, X ) be a map such that Fix(f) = {z1,...,x,}, then

¢
index(f,U) =Y indexjoc(f, z;).
i=1

We conclude this part by some results providing formulae to compute the local
point index for some particular maps. The reader is referred to [40, Chapter IV, Sec-
tion 12, Subsection 8, Examples 1 and 2].

Theorem 1.8.11. Let X =R, U = (a,b) C R, and let f : R — R be a continuous function
such that f(a) # aand f(b) # b. Thus,

index(f,U) = ;sgn (b - f(b)) - ;sgn (a - f(a))
In addition, if f is differentiable at xq = f(xo) and f'(xo) # 1, then

d
index,.(f,U) = sgn %@c — f(x))

T=x0
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Theorem 1.8.12. Let X = R", and let T': R" — R" be a linear operator such that 1 ¢ o(T),
where o(T') stands for the spectrum of T'. Then

index,.(T,0) = sgndet(I — T) = (—1)°,
where I is the identity matrix of M(nxn) and £ := card ({/\ ceo(T): X> 1}) e{l,...,n}.

Taking 7" = 2idg~ in the previous theorem, we have that ¢(7') = {2} and £ = n.
Thus, we derive the following corollary.

Corollary 1.8.13. Let U = Bgn(0,€) C R" for some ¢ > 0. Then,

index(21idgn, U) = index;oe(2idgn, 0) = (—1)".
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Motivation behind the notion of
the Stieltjes derivative

As seen in the previous chapter, the Stieltjes derivative allows differentiating a
function f at the discontinuity points as well, unlike the classical derivative which
requires f to be continuous at the derivation point. Moreover, the Stieltjes deriva-
tive does not have meaning when the function g is constant on an neighborhood of
the derivation point, since such neighborhoods are negligible sets with respect to .
Leveraging these features, provides a descriptive framework to model phenomena
presenting discontinuities or stationary periods using Stieltjes differential equations.
This requires a judicious choice the derivator g, controlling the following parameters:

e The discontinuities, D,: should account for the sudden jumps that occur in the pro-
cess, for instance in dynamics of population: moments of hatching of eggs, im-
plantations. .. Frequent environmental shocks and extreme events such as earth-
quakes, fire forests, epidemics.

e The constancy set, C,: should align will periods where the dynamics are stationary,
for instance closed seasons of fishing, hibernation, or periods when it is not
possible to keep track of the population. ..

e The slopes-variations of ¢g: have an important role in enhancing the "weight" of
every time in the process, g taking greater slopes, implies that the process goes
through important dynamics during the corresponding time intervals.

As we defined the notion of g-absolutely continuous functions in Chapter 1, Sec-
tion 5, we can anticipate in this chapter that we will be looking for solutions that are
g-absolutely continuous. This regularity is motivated by practical applications and
proves to be descriptive. Indeed, with a suitable choice of g, this setting will encode
prior information about the process, yielding solutions that effectively account for the
same discontinuities and stationary periods.

In the following section, we emphasize another motivation behind introducing the
Stieltjes derivative. By means of a particular choice of the derivator g, we recover a
particular type of differential equations. This highlights that the Stieltjes derivative
offers a unification of discrete and continuous calculus, providing that when a result
is proven for a Stieltjes differential equation, it will also apply to various types of
differential equations.

2.1 Stieltjes differential equations and their relation with
other problems

The aim of this section is to establish the connection between Stieltjes differential
equations and various classical differential equations, contingent upon the choice of
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the function g. It is evident that when g = idg, we recover the conventional ordi-
nary differential equations. In the subsequent subsections, we will investigate the
relationships between Stieltjes differential equations and classical problems, includ-
ing difference equations, impulsive differential equations, and equations defined on
time scales.

2.1.1 Difference equations

In this subsection, we show that Difference Equations are Stieltjes differential equa-
tions with a particular choice of derivator g : R — R. First of all, let us consider a
difference equation of the form

Az, = f(n,z,), neN, xy=r,
where A is the difference operator defined by
Axy, == Tpi1 — Ty

Based on this setting, the solution of this difference equation changes as every natural
n € N. Thus, our derivator g should have discontinuities such that D, = N, and for

allt € Dy:
py({t}) = 1.

A natural choice of function g is therefore:

(0) = 0 ift<0,
W=\ it >o,

where [-] is the ceiling function, and [¢] the smallest integer greater than or equal to ¢.
In this case, the difference equation can be viewed as the Stieltjes differential equation

x,(t) = f(t,x(t)), for g-almosteveryt > 0, 2(0) = x.

where the solution z is a piecewise constant function that coincides with the solution
{xn }nen of the difference equation on D, = N.

Observe that the subsets of C;, = R \ N are the stationary periods of Z since the
solution of the difference equation changes only on N.

Hence, based on the definition of the Stieltjes derivative (1.12), the g-derivative of
the solution z : Rt — R exists for t = n € N.

Since the function g is constant and left-continuous on (n, n + 1], then z is constant
on (n,n + 1), and z(s) = x(n+ 1), for s € (n,n + 1]. In particular, if t = n € D,, then
r(tT) =x(n+1).

Therefore, fort =n € N:

=
3

2
|
2

2 (1) = (n):x(n—i-l)—:c(n):x .
! g(n*) —g(n) — gn+1)—gn) T "

Hence,
zy(n) = Ay,
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2.1.2 Impulsive differential equations

In this section, we emphasize the connection between Stieltjes differential equa-
tions and impulsive differential equations, based on the ideas in [31,58]. Let J = {t; :
k € N} be a countable subset of an interval [a, b) such that the set of its accumulation
points J' is a null-measure set. Let us consider the impulsive ordinary differential
equation

2 (t) = f(t, z(t)), for almost all t € [a,b) \ J, (2.1)
Az(t) == x(tT) — z(t) = L(x(t)), fort e J, (2.2)

where f : [a,0) x R — R, and I; : R — R are some given functions for t € J.
Let us consider the left-continuous and nondecreasing function ¢g : R — R defined
fort € Rby
gy =t+ >, 27

{neR:t, <t}

where the sum is assumed to take the value zero if {n € N : ¢, <t} = 0.

[e.9]

g is well-defined, since the series » ~ 27" converges to 1. Moreover, g is an increas-
n=1

ing derivator. Indeed, for s, ¢ € R with s < ¢, observe that

g(t) =t+ Z 27" =t—s+g(s)+ Z 27" > g(s),

{neN:t, <t} {neN:s<tp, <t}

which yields also

lim g(s) — g(t) = lim (t -5+ > 2") = 0.

st st {neEN:s<tn <t}

Therefore, g is left-continuous on R. Similarly, we can prove that g is right-continuous
onR\ J. Indeed, fort € R\ J:

lim gfs) —g(t) = im (s =1+ X o) =lim (s—t+ ¥ 27)=0
s—tT s—tt {neN:t<t, <s} {neN:t<t,<s}

ast # t, for all n € N, which yields that ¢ is continuous on R \ J. Moreover, for every
t, € J, we have that

9(th) = glt) =27 > 0.

Remark 2.1.1. In particular, we observe that ¢ is continuous on the points of .J ' which
implies that J' is a null g-measure set.

Now considering the function f : [a,b) x R — R defined for (¢, z) € [a,b) x R by

R ft,x), iftée J,
ftx) =1 L(x)
Ng({t})7
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we can show that the impulsive equation (2.1), (2.2) can be reduced to the Stieltjes
differential equation

x,(t) = f(t,x(t)), for g-almost every t € [a, b). (2.3)
Fort ¢ (JUJ'), t ¢ D,, it follows that

L2l —at) | als) — ()
ORI T

This means that z/ (t) exists if and only if 2'(t) does and x (t) = 2/(t). Moreover, since
pg(J) = 0, then z solves (2.1), (2.2) if and only if = solves (2.3) on [a,b) \ J. What
remains to show is that « fulfills (2.2) if and only if x solves (2.3) on J. If x fulfills (2.2),
then for ¢ € J, we have that 2(t*) = x(t) 4 I;(x(t)) exists and so does (). Thus,

) —alt) _a(0)+ L) — () _ 5
WO = T g —em )

Now conversely, if the function z solves (2.3) on J, then z(¢") exists and we have

T(x(t))
PR

2(t) = o) + g (O ({t}) = =(t) + ({t}).

Hence, Az(t) = z(t*) — x(t) = L(z(t)).

2.1.3 Equations on time scales

In this subsection, we will explore a connection between equations defined on time
scales and Stieltjes differential equations using Stieltjes derivatives. The theory of time
scales goes back to Stefan Hilger developed in his PhD thesis [43], studying calculus
on time scales as a means to unify discrete and continuous analysis. This equivalence
between problems allows us to use differential equations with Stieltjes derivatives to
study both discrete and continuous problems. To emphasize this connection, we fol-
low the ideas in [31, 58, 65]. For this purpose, we need to delve into essential concepts
related to time scales from [10], in order to define equations on time scales.

A time scale refers to any nonempty closed subset of R. For instance, N, Z, [0, 1] U

[2,v/13], the Cantor set, are time scales, while Q, R \ Q, C are not time scales.

Definition 2.1.2. Given a time scale T. We define the forward jump operator o : T — T
forallt € T by
o(t)=inf{s e T:t < s}, (2.4)

and the backward jump operator p : T — T for every t € T by
p(t) =sup{s € T:t> s}, (2.5)

with inf ) = sup T, i.e. o(t) = t if ¢ is the maximum of T, and sup ) = inf T, i.e. p(t) = ¢
if ¢ is the minimum of T. Moreover, a point ¢ is said to be:

(i) right-scattered if o(t) > t;
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(ii) left-scattered if p(t) < t;
(iii) isolated if t is right and left-scattered;

)
)
(iv) right-denseift < sup T and o(t) = ¢;
(v) left-dense if inf T < ¢t and p(t) = t;

)

(vi) dense if t is right and left-dense.

In the sequel, we will define the A-derivative, also known as the Hilger derivative
given a time scale T. This requires introducing the set T" associated to T defined as:

— T\ (p(supT),supT], if supT < oo,
T, if supT = oco.

Definition 2.1.3. Let T be time scale, and f : T — R be a function. Let ¢t € T".
The A-derivative of f at ¢, denoted as f~(t) (provided that it exists), is defined as
the real number such that for each ¢ > 0, there is a neighborhood of ¢ of the form
V =(t—4,t+0)NT for some § > 0, such that

f(a(t) — f(s) = FA)(o(t) — s)| < e|a(t) — s, forevery s € V.

In the case, where f2(t) exists, f is said to be A-differentiable at ¢ (or Hilger dif-
ferentiable). Moreover, if f is A-differentiable at every ¢t € T", then f is said A-
differentiable on T".

The next proposition enhances useful properties of the A-derivative, the reader
is referred to [10, Theorem 1.16] for the proof and more interesting properties of the
A-derivative.

Proposition 2.1.4. Given a time scale T, and a function f : T — R. Ift € T", then the
following statement hold:

(i) If f is A-differentiable at t, then f is continuous at t;

(ii) If f is continuous at t and t is right-scattered, then f is A-differentiable at t and

Ay _ Fo®) = ft),
(iii) If t is right-dense, then f is A-differentiable if and only if the limit
)~ 1(1)
s—t s—1
exists. In this case,
fls) = f(t)
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In the sequel, let us fix a time scale T and a, b € T such that a < b. The aim in what
follows is to show the connection between solutions of the equation on the time scale
of the form:

z2(t) = f(t,z(t)), foreverytc TN a,b) (2.6)

and the Stieltjes differential equation

T, (t) = f(t,2(t)) for g-almost every t € [a,b), (2.7)

given a convenient choice of g. In doing so, let us consider the function

a, if t <a,
gt)y =< inf{s e T:t < s}, ifa<t<y, (2.8)
b, ift > b.

By definition, g is left-continuous and nondecreasing such that C; = R\T, and ¢(t) = ¢
foreveryt e T.
Now, given f : T — R, let us consider its Slavik extension f : R — R defined for
every t € Rby
7(t) = F(o(t). 2.9)

The next lemma is consequence of [81, Lemma 4].

Lemma 2.1.5. Let us consider a function f : T — R. If f is left-continuous on T, then f is
left-continuous on T". If f is right-continuous on T, then f is right-continuous at right-dense
points of T.

The following theorem [62, Theorem 3.49] outlines the conditions under which we
can convert a solution of a Stieltjes differential equation into a solution for an equation
on a time scale.

Theorem 2.1.6. Let x : T — R be a left-continuous function at each right-scattered point of
T. Let us consider the function g from (2.8) and T the Slavik extension of x given in (2.9). If
x solves (2.6), then T solves (2.7).

This theorem is an adaptation of [58, Theorem 3.1], we include the proof as in [62,
Theorem 3.49] for sake of completeness.

Proof. Lett € [a,b) N T be fixed. Since b € T, then ¢ € T". We distinguish two cases:
either ¢ is right-scattered or ¢ is right-dense.

Case 1: If ¢ is right-scattered: In this case, x is left-continuous at ¢. By Statement (ii)
from Proposition 2.1.4, it follows that 2 (¢) exists and

z(o(t) — x(t)
xA(t) = W.

Now, for every s € (t,0(t)), we have g(s) = o(t). Thus, since ¢(t) = ¢, we obtain

a2l —alog®)
B0 == S € b)), (2.10)
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On the other hand, ¢ being right-scattered, implies that g is discontinuous at t.
Indeed, observe that since t € T", we must have that

o(t)=inf{s e T:t < s},

as the other definition of ¢ in (2.4) can only happen when ¢ = sup T", which would
contradictt € T" =T \ (p(supT),sup T| = T \ (p(¢), t]. Thus, since ¢ is right-scattered,
this implies that o(t) > t, and

lim g(s) = liminf{reT:s<r}=inf{reT:t<r}=0()>t=g(t). (2.11)

s—tt s—tt

Consequently ¢ € D,. Hence, it follows from (2.10) that 7 () exists and

o) = iy T T alo) — 00 _ s

st g(s) —g(t)  s=tt g(s) —g(t)
which concludes Case 1.
Case 2: If t is right-dense, it follows from Proposition 2.1.4 that z is A-differentiable
at ¢ if and only if the limit

lip “(8) = 2(®) (2.12)
s—t s —t
seT

exists. In this case, 2°(t) takes the value of that limit. Moreover, since g is continuous
att by Lemma 2.1.5, we know that 7 is g-differentiable at ¢ if and only if the following
limit exists B B
lig 208 = 7(0) (2.13)
ot g(s) — g(t)
and in that case, T, (¢) takes that value. Hence, it is enough to show that (2.12) exists
if and only if (2.13) exists, and that in that case, both of them take the same value.
First, assume that (2.12) exists. Since ¢ is right-dense, there exist sequences {t,, } ,en
such that {¢, },en converges to ¢t and ¢(t,) # t, n € N. Indeed, we have that

t=gt)=inf{reT:t<r}<inf{reT:s<r}=g(s), s>t

Thus, we can at least construct one of those sequences. Let us take an arbitrary se-
quence {t, },en such that ¢, — t and g¢(t,,) # ¢, for every n € N. Since ¢ is continuous
at ¢, it follows that g(¢,,) — g(t) = t. Therefore, g(t,) € T \ {t}, and

lim M — lim z (g(tn)) —x(g(t)) — lim M
n=oo g(t,) —g(t)  nooe g(t,) — g(t) st s — t

Since the sequence was arbitrarily chosen, it follows that (2.13) exists and coincides
with (2.12).
Conversely, assume that (2.13) exists. In that case, consider a sequence {¢, }nen C
(T '\ {t}) such that ¢, — ¢. It follows that (2.12) exists since
() —7(t) . F(s) —F()

i L) —2() 2 (g(ta)) —2(g®) _ lim
n—oo  f, —t n=oo  g(t,) — g(t) n=oo g(t,) —g(t) s>t g(s) —g(t)
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From Case 1 and Case 2, it follows that T; (¢) exists for all t € T N [a, b) and

Ty(t) = 22(t) = f(t, a(t) = f(t.a(g(t) = f(t.T(2)).

g

Since [a,b) \ T = [a, b) N C,, then, it is a null g-measure set, which completes the proof.
[

The converse of this theorem does not yield an equivalence between the prob-
lems (2.7) and (2.6). Indeed, observe that given a solution of the problem (2.7), this
equation holds true for g-almost every point in the interval [a, b), which may not in-
clude all points of T. Nevertheless, we can still construct a solution for the prob-
lem (2.6), given a solution of the Stieltjes differential equation (2.7) provided that the
latter holds everywhere in [a,b) N T, and we have the following theorem [62, Theo-
rem 3.51], again, we include its proof for sake of completeness.

Theorem 2.1.7. Let g be the function from (2.8). If & : R — R is a g-continuous solving the
problem
z(t) = f(t,z(t)) foreveryt € [a,b)NT,

g

then, x := Z|[q p)nr 15 a solution of (2.6).

Proof. Lett € [a,b) NT. Recall that this implies that ¢ € T*. Again, We distinguish two
cases: either ¢ is right-scattered or ¢ is right-dense.
Case 1: Ift is right-scattered: In this case, t € Dy, and we have

F(t) — (1)
g(tt) —g(t)

In addition, since t is right-scattered, then ¢ is constant on (¢,0(¢)). Thus, T being
g-continuous, yields that 7 is constant on (¢, 0(¢)) as well. Therefore, since 7 is left-
continuous, then Z(t*) = Z(o(t)) and as mentioned in (2.11), we have g(t") = o(t).
Moreover ¢g(t) = t, then

Ft,2(t)) = (1) =

ST = 0 =90 = ol

Now, since ¢, 0(t) € T and using Proposition 2.1.4, we obtain that

_a(o(t) —#(t) _ a(o(t))
o(t)—t o(t)
Case 2: If t is right-dense, in this case we need to prove that z°(t) exists and

equals f(t,z(t)). Equivalently, it follows from Proposition 2.1.4 that we can prove
that the following limit exists,

z(t7) —z(t) _ z(ot)) —2(t)
t) —

t

: {L‘(t) J/’A<t).

f(t’x(t» = f(tvi(t)) t

lim M’ (2.14)
s—t s —1t
seT

and that this limit equals to f (¢, z(t)).
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Since ¢ is a right-dense point, it follows that g(s) > ¢(¢) for all s € [a,b] N T, with
s > t. Consequently, for each s € (¢,b] N T, we obtain

z(s) —x(t)  z(s) — z(t)
s—t  g(s)—g(t)’
this implies that the following limit exists and
im M — lim M — () = 7 _ .
T S T g~ B0 = J630) = e )

If ¢ is left-scattered, then this is equivalent to (2.14) and the result follows imme-
diately. Otherwise, if ¢ is left-dense, then g is continuous at ¢, and it follows that
g(s) < g(t) for s € [a,b] N'T, s < t. Therefore, for each s € [a,t) N'T, one has

x(s) —z(t) Z(s)—Z(t)

s—1 g(s) —g(t)
Hence, the following limit exists and
B - im T =30 = .5(0) = £(t.0(0),

and the proof is complete.
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Existence and multiplicity
results for first-order Stieltjes
differential equations

In this chapter, we investigate existence and multiplicity of solutions for Stieltjes
differential equations. Our approach incorporates the method of lower and upper
solutions, alongside the properties of the fixed point index revisited in Chapter 1. We
investigate solutions for Stieltjes differential equations of the form

z,(t) = f(t,x(t)) for g-almosteveryt € [0,T),
x € ‘B; (1)

where g : R — R is left-continuous and nondecreasing, f : [0,7] x R — R a g-
Carathéodory function, and B stands for the boundary conditions: the periodic bound-
ary condition

z(0) = o(T); (3.2)

or the initial value condition:
z(0) = . (3.3)

In order to establish the existence of a solution that is a priori bounded by a pair of
lower and upper solution, the next monotonicity condition was required in previous
studies [54,57,67]:

The map = — = + f(t,z)pu,({t}) is nondecreasing on [a(t), 5(t)] (3.4)

for every t € [0,7) N D,, where a and (3 are respectively lower and upper solutions of
the problem (3.1). In this chapter, we present existence and multiplicity results for the
solutions for the problem (3.1) without imposing the monotonicity condition (3.4).

3.1 Existence results for first-order Stieltjes differential
equations

3.1.1 g-Carathéodory function

Let us fix a,b € R such that a < b, and let us recall the definition of a g-Carathéodory
function according to in Definition 1.1.26 with respect to the measure .

Definition 3.1.1 (9-Carathéodory function). A function f : [a,b] x R — R is said to be
g-Carathéodory, if it fulfills the following conditions:

(i) foreach z € R, t — f(t,x) is g-measurable;
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(ii) for g-almost everyt € [a,b], x — f(t, x) is continuous on R;
(iii) for every r > 0, there is a function h, € £,([a,b), [0,400)) such that

|f(t,x)| < h.(t), forg-almostallt € [a,b), forall z € R, such that |z| < r

In the classical case of derivation, it is well-known that given a Carathéodory func-
tion f and a continuous function x, the composition f(-, z(-)) is a measurable function.
By Condition (iii) of Definition 1.1.26, if = is a bounded function, then the composition
is integrable. The following lemma [31, Lemma 7.2] asserts that a similar result can
be deduced for g-Carathéodory functions.

Lemma 3.1.2. Let f : [a,b] x R — R be a g-Carathéodory function. Then, the map
f(,x()) € Ly([a,b),R) for every x € BCy([a, b], R).

Given a g-Carathéodory function f, the following lemma states that f is associated
to a completely continuous operator.

Lemma 3.1.3. Let f : [ b)) x R — R be a g-Carathéodory function. Then the operator
Ny : BCy(la, b],R) — BCy([a, b], R) defined by

Ni@)(E) = [ fls,a(s)) dpgls),

[a;t)
is continuous and completely continuous.

Proof. Ny is well defined, since f is a g-Carathéodory function. Now, we prove that
Ny : BCy(la,b],R) — BCy([a,b],R) is continuous.

Let {x, } ,en be a sequence converging to z € BC,([a, b], R), then {x,, } e is bounded
in BC,([a, b], R) by some r > 0. Since f(t, -) is a continuous function for g-almost every
t € [a,b], it follows that

f(t,zn(t)) — f(t,z(t)) for g-almosteveryt € [a,b].
Using Definition 3.1.1 (iii), there is a function h, € £;([a,b), [0,+00)) such that
|f(t,z,(t))| < h,(t) for g-almost every t € [a,b).

By means of Lebesgue’s Dominated Convergence Theorem, Theorem 1.1.25, we ob-
tain

/[t)f(S,l’n( d f14(s) / f(s,z(s)) duy(s) foreveryt € [a,b].
Therefore,
[INf(2n) = Ny (@)llo < /[a y 1 (8 8n(8)) = f(s,2(s))] d pg(s) = 0.

Hence, the operator Ny is continuous.
Now, let M > 0 be fixed. Thus, there is a function hy, € £;([a,b), [0,+00)) such

that, for all z € B(0, M) C BC,([a,b],R),
|f(t,z(t))| < ha(t) for g-almost every t € [a,b).

Combining Lemma 3.1.2, Theorem 1.5.5 and Proposition 1.5.6 yields that N;(B(0, M))
is relatively compact. Hence, V; is completely continuous. O
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3.1.2 Notions of lower and upper solutions

We start this subsection by defining a solution of (3.1) assuming that 7" ¢ D,, and
some remarks regarding the solvability of the problem (3.1) even in the case when
T € D,.

Definition 3.1.4. A function z : [0,7] — R is said to be a solution of the problem (3.1), if
z is g-absolutely continuous on [0, 77, x € B and

) (t) = f(t,x(t)) for g-almostallt € [0,T).

The concept of lower and upper solutions has been extended to Stieltjes differen-
tial equations. In the following definition, we introduce these tools which will serve
as an a priori bounds of our solutions.

Definition 3.1.5. A function a € AC,(]0, 7], R) is said to be a lower solution of (3.1), if

(i) ay(t) < f(t,a(t)) for g-almost every t € [0,T);
(ii) «(0) < a(T), if B refers to the periodic boundary condition (3.2), or

a(0) < zy, if *B refers to the initial value condition (3.3).

A function 8 € AC,([0,T],R) is said to be an upper solution of (3.1), if it satisfies (i)
and (ii) with the reversed inequalities.

3.1.3 Existence results

In this subsection, we present results ensuring the existence of solutions for Stielt-
jes differential equations with a periodic boundary condition (3.1), (3.2), as well as for
those with an initial value condition (3.1), (3.3). In doing so, we will make use of the
following assumptions:

(Hy) f:]0,T] x R — Ris a g-Carathéodory function.

(L-Ug) There exists o, 8 € AC,([a, b], R) respectively lower and upper solutions

of (3.1) such that a(t) < f(t) for all ¢ € [0, T7.

Remark 3.1.6. For the sake of accuracy in notations, we will replace the assumption
(L-Ug) with (L-Up) if B corresponds to the periodic boundary condition (3.2), and
with (L-Uz) when ‘B refers to the initial value condition (3.3).

Problems with a periodic boundary value condition

In this subsection, we consider the periodic problem (3.1), (3.2):

z;(t) = f(t,2(t)) for g-almosteveryt € [0,T),
z(0) = (7).

In the classical problem with ¢(t) = idg and f being a Carathéodory function,
the existence of lower and upper solutions is sufficient to ensure the existence of a
solution (see, for instance [73]). However, when the problem exhibits discontinuities,
this requires additional conditions at these discontinuity points in addition to (L-Ugy).
To this aim, we assume the additional condition:
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(Dag) att) < o+ ft,2)p,({t}) < B(t") for every t € D, N[0,T) and z €
fa(t), (D).
The following theorem is the main result of this subsection. It demonstrates the
existence of a solution for the problem (3.1), (3.2).

Theorem 3.1.7. Let us assume that (Hy), (L-Up) and (D, 3) are satisfied. Then, the prob-
lem (3.1), (3.2) admits at least one solution x € AC,4([0,T],R) such that o(t) < x(t) < B(t)
forevery t € [0, 7).

In order to demonstrate the previous theorem, let us first introduce some nota-
tions. Consider the family of problems defined for A € [0, 1]:

N k— X ~ i
7(t) =Mt 2(0) + = /M) Jlo.0(s)) dp(s). for gaa 1€ 0.7). o
z(0) = z(T),
where k£ > 0 is chosen such that
E+Xg(0) A0 VAe|0,1], (3.6)

and f: [0, 7] x R — R is given by

) f@t,B@1) —ws(t)(x — B(t) ifz > B(2),
ft,x) =1 f(t z) if a(t) <z < B(1), (3.7)
flt,at) + wa(t)(x — a(t) ifx < at);

with w,, wg € L£}([0,T),R) functions chosen such that
wa(t) <min{0, f(t, a(t))} and  wg(t) > max{0, f(t,3(t))}, ift €[0,T)\ Dy, (3.8)
and, ift € [0,7) N D,,

wﬂ(t):=ma><{07min{f(t76(t)), 1 }}

Ng(_{f}) (3.9)
W (t) := min {0, max {f(t, a(t)), () }} .
Moreover, let us denote the sets
1
Ts = {t €0, T)ND, : ws(t) = },
({0 610
To = {t € 0,T)N D, : w(t) = ug(_{t})}
Remark 3.1.8. Observe that the sets 7,73 C D, are finite. Indeed,
1 :
ard(Ty) = [ s dm®) < [ £(000) dpa(®) < [ 17 80)] dpyft) < oo,

Similarly, we deduce that card(7,) < oc.
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Now, let us consider the operator # : [0, 1] x BC,(]0,T],R) — BC,([0,T],R) defined
by
k+ Ag(t)
9(T) —9(0) 7

where N stands for the operator defined in Lemma 3.1.3; associated to f.
First of all, let us establish the existence of a solution to (3.5,).

H(N, z)(t) = 2(0) — N~( WT) + )\N];(x)(t), vt € [0,T7; (3.11)

Proposition 3.1.9. Let us assume that the assumptions (Hy), (L-Up) and (D, g) hold. Con-
sider the operator H as in (3.11). Then, there exists R > max{||a/||o, || 5]|o} such that

index(H(A,-),U) =—1 forall X € [0,1],

whereU = {z € BC,([0,T],R) : ||z|jo < R}.
In particular, the problem (3.5,) has at least one solution for every A € [0, 1].

Proof. Using Lemma 3.1.3, the operator # is continuous and completely continuous.

Now, let us fix A € [0,1]. We claim that the fixed points of 7 (), -) are solutions of
the problem (3.5,). Indeed, if + € BC,([0,7],R) such that + = H(\, z), then, for all
t e [0,7],

k+ Ag(t) ~
JEA S, Tl () digls) - T o0 /m Fls.2(s) dpg(s).  (3.12)
Taking the g-derivatives of both sides of (3.12) yields
N A
xy(t) = Mf(t, (1)) — ST = (0] NJ;(:L')(T) (3.13)
Moreover, for t = 0 in (3.12), we obtain
2(0) = 2(0) — k+ Ag(0)
(0) = =(0) ST = g(0) 7 >N~( z)(T).
By (3.6), k + Ag(0) # 0, which yields
Nj;{x)(T) =0. (3.14)

On the other hand, taking ¢t = 7" in (3.12), we have
k+ Xg(T)

wT) = 2(0) + ANH2)(T) = ==y V@) (T)-
This equality combined with (3.14) yields
x(0) = z(7T). (3.15)

Also for all ¢ € [0,7), it follows from (3.13) and (3.14) that

") = Nt z(t)) = Mf(t, x _k=A x
zg(t) = Af(t, z(t)) = Af(¢, (t))+g(T)_g(0)Nf( N(T). (3.16)
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Hence, x is a solution of the family of problems (3.5,).
Let R > 0 be such that

R>1+ sup {max{B(t), —a(t)}}. (3.17)

te[0,7)

Now, by means of the comparison principle, Lemma 1.5.7, we aim to establish a priori
bound of solutions of the family of problems (3.5,). Initially, let us show that

|z]lo < R, for any solution of (3.5,). (3.18)

For this purpose, we prove that z; (t) < 0 for g-almostall ¢ € [0, T') such that z(t*) > R,
by considering the following two cases.

Case 1: For g-almost every ¢ € [0, T)\ D, such that z(t*) > R, it follows from (L-Up),
(3.7), (3.8) and (3.17), that (t) = z(t*) > R and

<A(£(8800) = ws(r)) (3.19)
0

Case 2: For each t € [0, 7) N D, such that z(t*) > R, we distinguish three subcases.
Subcase 1: If z(t) € [a(t), 5(t)], then by (D, 3) and since j is an upper solution
of (3.1), (3.2), we have

2 (t) = Af(t, z(t) A(ﬁu{t} > (3.20)

Subcase 2: If z(t) > (1), it follows from (L-Up), (3.7) and (3.9) that

<>—A( (8, 8() — wal®)(a(t) - A(1) )
A (E5() i (1, 5(0) <0,
_ (st = gm0 - @) it £50) € (0, s,
A(£(0.50) — s O = BO)) 0. 50) > s,
0 if £, 5(1)) <0,
. 1
MJ B0 +80) —a0)) it 500 50) € (0]
and z(t) > 1+ B(t),
N 1 !
(@ £0.00) < (02
~fEAE) a0 - W) anda(t) € (B(0).1+ ().
5(t%) — (1) i 1
) OO =
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; if f(t,8(t) <0,
and z(t) > 1+ B(¢),
<9\ (B +1—a(t) .
() s e (0
)
)

Therefore,

/ ABET) +1 —x(t))
7y (t) < max {0, PReEY) } : (3.21)

Subcase 3: If z(t) < a(t), then given (L-Up), (D, ) and (3.7), we obtain

2y(t) = A£(t.a(0) + wal)x(t) - a(0))
A (talt) i f(t,a(t) > 0,
_ A a) + 0@ —aw) i Fta) € [—0),
A(Fh00) ~ ) —at) i (o) < s,
5) - a(t)
/\< o ) i F(t,a(t) = 0
B = alt) | o N -1
<P e —a) i ) € | es0),
3(t+) - x(t) (i) < )
() a0 <y
B — a(t)
(T )
0 i £ (t,a(t)) > 0,
1 . —1
gy 600 @) —o) i 5(0) € | 0),
. -1
0 if (1, 0(0) < o
C tly,
onsequently o B() — (1) )
WS @ ) '

To sum up Case 2, it follows from (3.20), (3.21) and (3.22) that

AB(ET) +1 - (1))
1g({t}) '

:L"g(t) < max {O,
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Since x(t*) > R, (3.17) implies that

() —alt) B 41— a(t)
W= T wm)

From the two previous inequalities, we obtain

2, (t) <0 for g-almost every ¢ € [0,7) N D, such that z(t") > R. (3.23)
Hence, combining (3.19) and (3.23) permit to deduce that
x,(t) <0 for g-almostall ¢ € [0,T) such that z(t*) > R. (3.24)

It follows from the comparison principle, Lemma 1.5.7, that z(t) < R for all t € [0, T
or there is ¢ > 0 such that z(t) = R + ¢ forall ¢t € [0, T].

Let us assume that last case holds, then for all t € [0,7], z(t") = z(t) = R + ¢
By (3.7), (3.8), and (3.9), we have

wgs(t) > B, (t) for g-almost every t € [0,T) \ D,,

wg(t) > 6;(1;) forevery t € [0,7) N (D, \ T3), (3.25)
ws(t) = (D) for every t € 7.
This inequality combined with (3.14), (3.7), (3.16), and (3.25) yields
0=NH=)(T) = | ., Ft (1)) dp(t)
= oo, T2 ) A0+ [ Fea) A+ [ Fra(0) dig)
= [ FBE) = ws(O(R + e = B(0) dpy(t)
+ [ 50) — ws(R + e = 5(0)) d 1)
/[0 oy T B0 = w0 O + ¢ = 5(0) dg(0)
<[ B = walO) (R + e = B(0) dpy(t)

i /[OT oy LB = waO) (R + e = B(1) dsg(t)
+/ B(t)(ﬁb+0 — B(t)) dpy(t)
< /Tﬁf L B(0)) — ws(t) (B + e — (1)) d )

/ 1 D
< a By(t) — m(R +c— (1) dpy(t)
— / . P’“_'_C_B(t)
=3 (0= =gy )
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~R-

= teZT@ —({t}) Mg({t})
< 0.

This is a contradiction. Therefore, z(t) < R for every ¢ € [0, T7.

Using an analogous argument, we can show that z(t) > —R for every ¢ € [0, T].
Hence, we conclude that

|z]lo < R, for any solution of (3.5,).
Now, let us fix R > R such that

card(T5)R > card(T3)(t) + Y- f(t. B(t))y({1})

tE’TB

card(7,)R > —card(7, = > fta)u({t}),

teTa

(3.26)

where 73 and 7, are the finite subsets of D,, defined in (3.10).
We denote the open convex set of the Banach space BC, ([0, 77, R):

U= {zeBC,0,T],R) : ||z]lo < R}. (3.27)

It follows from (3.18) that 7 (), -) has no fixed point on 0/ for every A € [0, 1]. Thus,
using the homotopy property of the fixed point index in Theorem 1.8.4, we obtain

index (H(A, ), U) = index (H(0,-),U), forevery A € [0, 1]. (3.28)
Observe that, for every = € BC,([0,T],R),

ke
9(T) = 9(0)

Let us consider Xy the one dimensional subspace of BC,([0, 7], R) given by

H(0,z)(t) = x(0) — N]r(q:)(T) for every t € [0, 7.

Xg ={u € BC,(]0,T],R) : u(t) = u(0) foreveryt e [0,T]}.

Notice that Y N Xg = {u € BC,([0,T],R) : u(t) = cte with cte € [—-R, R]}. Thus,
J(UN Xg), the boundary of U N Xy in Xg is {—R, R}, where R are the constant maps
such that +R(t) = £ R for all ¢ € [0, T]. Therefore, one has

HOF) = Rt [ R) diuft)
k
= B ) fo 0 50) = ws()(R = 5(6)) d (1)
k
= B Jo, (B0 = ws()(R = 5(0))) d 1)

_ M/TB <f(t,6(t)) ({t})( —p(t ))) d py(t),
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since wg(t) = 1/p,({t}) for t € T3 by (3.10). Moreover, (3.8) and (3.9) ensure that

ws(t) = max {0, F(1,5()} on [0,7) N (Dy\ Tp).
wga(t) > max {O, f(t, ﬁ(t))} g-almost everywhere in [0, 7)) \ D,.

So, since R > R, by (3.17) and (3.26), one has

k
HOR) =B = /[OM (F(£. B() — wa(t)(R — B(£))) dpig(t)
k 1
- =3 [ (70,50 - gy - A0)) )

k
>R — m /[O’T) (f(t,ﬂ(t)) - wg(t)) d puy(t)

K . 5()
o) = g0) \ AT [ f“’ﬁ“”*ugw}))d"’“”)

A G _ B(t)
+ 57 |card(Ta) R =3 (f(t,ﬁ<t>>+ ug({t})>“g({t}))

=R o, (6 0) — ) d g

k
+ —————— | card(73)R — S(t)card(73) F(t, B(t) g ({t
g(T) _g<0) ( ( 5) ( 5 teZTB g { })
> R.
Similarly, we obtain that #(0, —R) < —R.
Using the contraction property of the fixed point index in Theorem 1.8.7, and The-

orem 1.8.11, we obtain

index (7—[(0, -),L{) = index (7{(07 xe, UN XR))
— ;sgn (R — H(0, R)) — ;sgn ( — R —H(0, —R))
= —1.

Combining this with (3.28), we deduce that
index (H(A,-),U) = —1, forevery A € [0,1].

Therefore, for every A € [0, 1], the operator # (), -) has a fixed point. Hence (3.5,) has
a solution. n

Now, let us demonstrate the main result of this subsection.
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Proof of Theorem 3.1.7. Proposition 3.1.9 ensures that the family of problems (3.5,)
has a solution for each A € [0, 1]. Let « be a solution of (3.5,) for A = 1. Thus, x satisfies

x,(t) = f(t,z(t)) for g-almost every t € [0,T),
z(0) = z(T).

Given (3.7), it remains to prove that a(t) < z(t) < S(¢) for every ¢t € [0,7]. In doing
so, we apply again the comparison principle, Lemma 1.5.7.

Observe that
o (t) =f(t, B(t)) — ws(t)(z(t) — B(¢)) < f( 6(t)) B3y (t)
g-ae in{te[0,T)\ Dy: B(t) <a(t)} = {t € [0,T)\ Dy: B(t") < x(t")}.

On the other hand, for each t € [0,7) N D, such that z(t*) > 3(¢*), one has

wy(t) = f(t, B(t)) —ws()(x(t) = B(1)) < (£, 5(1) < By(1)  ifx(t) > B(B);
while if 2(¢) < 3(t), we obtain using (D, 3)

= {0 i a(t) < o(1)
I [t a(t) + wa(t)(z(t) — a(t) if z(t) <aft),
f(t, z(t)) if a(t) < x(t),
f(t, at)) ifx(t) < at)and f(t,a(t)) >0
[t a(t) + fE o) (@) —at) if z(t) < at)
_ and f(t, a(t)) € L@o)
1
f(t,a(t)) ({t})< (1) —a(t)) ifz(t) <a(t)
1
and f(t,a(t)) < ()
BtT) —=(t)
S (@)
0 if a(t) < z(t),
z(t) — a(t) )
ey if z(t) < a(t) and f(t,a(t)) >0,

. (o + 0 (0~ att) i 2(t) <) |
and f(t,a(t)) € {MO)
0 if 2(t) < a(t)

and f(t, a(t)) < ——

pg({t})’
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This is a contradiction, since,

) = T =) 5 — ()

Hg({t}) Mg({t})

Thus,
2 (t) < B (t) g-almost everywhere in {t € [0,T) : x(t") > B(t")}.
By Lemma 1.5.7, it follows that either x(t) < [5(¢) for every ¢ € [0,T] or there is a

constant ¢ > 0 such that z(t) = 5(t) + cforall ¢t € [0,T]. If we assume that the last case
holds, then by (3.7), (3.8), (3.9), and (L-Up), we obtain

/[O,T) ﬁé(t) dﬂg(t) = /[O,T) x;(t) d:ug(t) = /[O,T) flt,x(t)) d,ug(t)
- f(t,B(t) —ws(t) (x(t) - ﬂ(t)) d (1)

[0,7)
< [ o0) = cws(t) (1)
< "(t) d g (t

[0,7) Bg( ) :U’g( )7

which is a contraction.

Hence, we deduce that z(t) < g(¢) for all ¢ € [0,7]. Similarly, we obtain that
a(t) < z(t) forall t € [0,T].

Finally, from the two previous inequalities, (3.7) and (3.14), and since x is a solution
of (3.5,) for A = 1, one has that z(0) = 2(T") and

A AF(h e e L
7y(®) = M2 ) + =

Thus, x is a solution of (3.1), (3.2). O

NHz)(T) = f(t, x(t)) for g-almost every ¢ € [0,T).

Example 3.1.10. Consider the function g : R — R defined by ¢(¢) =t for ¢ < 1, and
g(t)=t+n forallte (n,n+1], andn e N={1,2...}.

The function g is left-continuous and nondecreasing. In addition, D, = Nand p,({t}) =
1 foreacht € D,.
Let T' > 1 be fixed, and consider the periodic problem

x,(t) = f(t,x(t)) for g-almostevery t € [0,T), (3.29)
2(0) = 2(T), '
where f: [0,7] x R — R given by
1, 1
f(t.2) = Tk 2x + 3 ift €[0,7) N Dy, (3.30)
—tx® —x+1  otherwise.
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[ is a g-Carathéodory function. In addition, the constant maps a« = 0 and 3 = 1 are
respectively lower and upper solutions of (3.29). Indeed,

1
~ ifte[0,T)NnD
o) =0< ftat) =42 €[0,7) N D,
1  otherwise,
{—1 ift € [0,7)N D,

—t  otherwise.
In addition, the condition (D, s) is satisfied since
at™)=0< hy(z) <1=p(t") foreacht € D,N[0,T) and = € [a(t), B(t)],

where
1

ho(w) = @+ F(t 2y ({1}) = ;:ﬁ —a+3

Indeed, h; is decreasing on [0, 1], thus ht([O, 1]) = [0, 1/ 2].

Finally, it follows from Theorem 3.1.7 that the problem (3.29) has at least one solu-
tion z : [0,7] — R such that 0 < z(¢) < 1 for every ¢ € [0, 7. Figure 3.1.1 illustrates a
periodic solution of the problem (3.29) on the interval [0, 7] = [0, 4].

1.0
0.8 1
061 /
N (/
0.2 a

— X C

— B ¢
0.0 T

0 1 2 3 4

Figure 3.1.1 — A periodic solution of the problem (3.29) for T' = 4.

Problems with an initial value condition

In this subsection, we provide existence of a solution to (3.1), (3.3), establishing an
existence result analogous to the one obtained for the periodic problem in the previ-
ous subsection, assuming (Hy), (L-Uz) and (D, g). To this aim, we consider the family
of problems defined for A € [0, 1]:

z,(t) = Af(t,z(t)) for g-almosteveryt € [0,7),

y 3.31
z(0) =z € R, (3.31)
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where f is the function defined in (3.7). Let F : [0,1] x BC,([0,T],R) — BC,([0,T],R)
be the operator defined by

F(A\x)(t) =z + )\NJ;(:B)(t), forevery t € (0,77, (3.32)

where N is the operator defined in Lemma 3.1.3 and associated to f.

Proposition 3.1.11. Let us assume that (Hy), (L-Uz) and (D, p) hold. Then, there exists
R > max{||c|o, || 8]|o} such that

index(F(A,-),U) =1 forevery X € [0, 1],

where U = {x € BC,([0,T],R) : ||z|lo < R}. In particular, the problem (3.31,) has at least
one solution for every A € [0, 1].

Proof. Arguing as in the proof of Proposition 3.1.9, and using Lemma 3.1.3 yields
that the operator F is continuous and completely continuous. Moreover, for every
A € [0, 1], the fixed points of F (), -) are solutions of (3.31,).

We fix R > 0 such that

R> 14 sup {max{f(t),—a(t)}}, (3.33)
te[0,T
and we denote
U= {zeBC,0,T],R) : ||z]lo < R} (3.34)

Lemma 1.5.7 and an argument analogous to the proof of Proposition 3.1.9 imply
that 7 (), -) has no fixed point on 0U/ for all A € [0, 1].

Observe that F(0,z) = zo € U for all z € U. Thus, the normalization property of
the fixed point index from Theorem 1.8.4 yields

index (F(0,-),U) = 1. (3.35)
The homotopy property of the fixed point index from Theorem 1.8.4 ensures that
index (F(A,-),U) = index (F(0,-),U), forevery A € [0, 1]. (3.36)
This combined with (3.35), we obtain that
index (F(\,-),U) =1, forevery A € [0,1].

Therefore, for every A € [0, 1] the operator F (), -) has a fixed point in /. Hence (3.31))
has a solution. O

Arguing similarly to the proof of Theorem 3.1.7, we derive an analogous existence
result for the initial value problem (3.1), (3.3).

Theorem 3.1.12. Assume that (Hy), (L-Uz) and (D, ) are satisfied. Then, the initial value
problem (3.1), (3.3) has at least one solution v € AC,([0,T],R) such that o(t) < z(t) < B(t)
forevery t € [0, 7).
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Remark 3.1.13. Let us consider the problem in Example 3.1.10, with an initial value
instead:
z,(t) = f(t,x(t)) for g-almosteveryt € [0,T),

xé(’o) Ly (3.37)

where f : [0,7] x R — R is the function defined in (3.30). It is immediate to show
that the functions & = 0 and 3 = 1 are respectively lower and upper solutions of the
problem (3.37). Also, (D, ) is satisfied. Therefore, using Theorem 3.1.12, we deduce
that the problem (3.37) admits a solution z such that z(¢) € [0,1] for every ¢ € [0,T].
It is worthwhile to mention that Theorem 3.1.12 ensured the existence of a solution
for (3.37) even though monotonicity condition introduced in [69],

(Cy) foreveryt € [0,7) N D, the map

x € [a(t), B(t)] — z + f(t,2)uy,({t}) is nondecreasing,

does not hold, as mentioned in Example 3.1.10. This is an example of a case where [54,
Theorem 2.5] is inapplicable.

3.2 Multiplicity results

This section is devoted to multiplicity results for the problem (3.1). First, let us
introduce notions of Strict lower and upper solutions which are our main tool.

3.2.1 Notions of strict lower and upper solutions

Definition 3.2.1. (1) Let a € AC,([0,T],R). The function « is said to be a strict lower
solution of (3.1), if,

(i) foranyt, € (0,77 \ Cy, there exist ¢ > 0 and N;, a g-neighborhood of ¢, such
that

oy (t) < f(t,z) for g-almost every t € Ny, Vo € [a(t), a(t) + €;

(ii) a(0) < «(T), if B corresponds to the periodic boundary condition (3.2), or
a(0) < x, if B corresponds to the initial value condition (3.3).
2) Let g € AC,([0,T],R). The function § is said to be a strict upper solution of (3.1), if,
9 pp

(i) foranyt, € (0,77 \ Cy, there exist ¢ > 0 and N;, a g-neighborhood of ¢, such
that

pi(t) = f(t,x) for g-almost every t € N;,, Ve € [B(t) — €, B(1)];

g

(ii) B(0) > B(T), if B refers to the periodic boundary condition (3.2), or
B(0) > xy, if B refers to the initial value condition (3.3).
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3.2.2 Multiplicity of solutions to the periodic boundary problem

In this subsection, we will establish a multiplicity result for (3.1), (3.2) based on the
existence of strict lower and upper solutions. Specifically, we will search for solutions
strictly lying within some regions defined by pairs of well-ordered strict lower and
upper solutions («, #). With this intention, the assumption (D, 3) should be replaced
by a more stringent condition:

(D;5) a(t™) < z+ f(t,x)ps({t}) < B(tT) for every t € [0,T7) N Dy and z €

(), B()]-

The following lemma provides conditions that guarantee that the solution of (3.1)

lies strictly between o and §.

Lemma 3.2.2. Let us assume that (Hy) is satisfied. Let o, 5 € AC,([0,T],R) be respectively
strict lower and upper solutions of (3.1) satisfying «(t) < [(t) forall t € [0,T]. Let us
assume also that (D, 5) is fulfilled, and x € AC,([0,T],R) is a solution of (3.1) such that
a(t) < x(t) < B(t) forall t € [0,T]. Then there is € > 0 such that

a(t) +e<z(t) < B(t) —e foreveryt € [0,T].

Proof. First, observe that if 2(t*) = «(t*) for some ¢t € [0,7) N D,, then, by using
(D;, 5), we obtain

a(t™) =a(th) = x(t) + 2y () ({t}) = x(t) + f(t, () pe({t}) > atT).
This is a contradiction. Consequently,
z(tT) > a(t*) foreveryt € [0,7)N D,. (3.38)
Assume that
A={te0,T]:a(t)=z(t)} #0.

We claim that
0¢ A. (3.39)

Indeed, by Definition 3.2.1, if B denotes (3.3), then (3.39) is immediate. Otherwise,
if B denotes (3.2), then

z(0) — a(0) > x(T) — a(T) = 0. (3.40)
Lett; = inf A € [0, 7). It follows from (3.38) and (3.40) thatt; € AN (0,7]. Thus,
z(t;) = a(t;) and x(t) > at) foreveryt € [0,¢;). (3.41)

By the definition of strict lower solution, there exist ¢ > 0 and N, a g-neighborhood
of t; such that

ag(t) < f(t,y) for g-almostallt € N,,, and all y € [a(t), a(t) + €].

Since z is left-continuous, there is some ¢, € (0,¢;) such that z(t) € (a(t), a(t) + €] for
every t € [to, t1). Hence,

a(ty) — alty) > z(ty) — a(ty) = /

[tOvtl)

2y(t) d pig(t)
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= ft,2(t)) dpg(t)

[to,t1)

> [ el dpy(t) = a(t) ~ alty),

which is a contradiction. Therefore, A = () and hence a(t) < z(t) for every t € [0,T].
The last inequality combined with (3.38) permit to deduce that there is € > 0 such
that z(t) > «a(t) + € for every ¢ € [0, 7.
Similarly, we deduce that x(t) < 3(t) — € for every ¢ € [0, T]. O

Theorem 3.2.3. Assume that (Hy) holds. Assume also there exist oy, and [y, 32 €
AC,([0, T, R) respectively strict lower and upper solutions of (3.1), (3.2) such that

(i) a1(t) < Bi(t) < Baft) and oy (t) < ao(t) < So(t) forall t € [0,T];

(ii) the set {t € [0,T]: f1(t) < aa(t)} # 0;

(iii) (D}, 5,), (D, 5,) and (D}, 5,) are satisfied.

Then the periodic boundary value problem (3.1), (3.2) has at least three solutions x, 1, x2 €
AC,(]0,T7,R) such that

fori=1,2, o;(t) < x;i(t) < Bi(t) for every t € [0,T],
and
ay(t) < zo(t) < Ba(t) for every t € [0, T] and {t € [0,T] : f1(t) < xo(t) < aa(t)} # 0.

Proof. Let H,, H1 and H; be the operators defined in (3.11) and associated to the pairs
of lower and upper solutions (a1, 32), (a1, 51) and (as, B2) respectively. We consider
the open sets of BC,([0,T],R), Uy, U, and Us, defined as in (3.27) and associated to H,,
‘H1 and H, respectively. It follows from Proposition 3.1.9 that for A = 1, we have

index(H;(1,),U;) = -1, fori=0,1,2.

Arguing as in the proof of Theorem 3.1.7, every fixed point x of #;(1, ) is a solution
of the problem (3.1), (3.2) such that, for all ¢ € [0, 7],

ar(t) < z(t) < fa(t) ifi=0,and  a4(t) < z(t) < Gi(t) ifi =1, 2. (3.42)

Given the assumptions, and since a;,ay and (3, B, are respectively strict lower
and upper solutions of the problem (3.1), (3.2), Lemma 3.2.2 and (3.42) imply that, for
every z = H;(1,x),

Je >0 suchthat z(t) € [on(t) + ¢ Ba(t) — ] ifi =0,

and  x(t) € [ai(t) + ¢ Bilt) — ] ifi=1,2.

Thus, for i = 0,1,2, H;(1,-) has no fixed points in ¢; \ V;, where V; are the open sets
given by

Vo = {x € BC,([0, T, R) : 3e > 0 such that a;(t) + € < (t) < foft) — €Vt € [0,T]},
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and, for: =1,2,
Y, = {:c € BC,([0,T],R) : 3¢ > O such that a;(t) + € < z(t) < fi(t) —e Vi€ [O,T]}.

By means of the excision property of the fixed point index from Theorem 1.8.4, we
obtain
index(#H;(1,-),V;) = -1, fori=0,1,2. (3.43)

Using Conditions (i) and (ii), we deduce that

V1UV2CV0and Vo\(V1UV2)7A®

Therefore,
Hl(l,x) = Ho(l,&?), Vr € Vi, 1= 1, 2.

Combining this with (3.43), and using the additivity property of the fixed point index
from Theorem 1.8.4, we obtain

index (Ho(1,-), Vo \ (VIUW2))
= index (Ho(1,-), Vo) — index (Ho(1, ), V1) — index (Ho(1, ), Va)
= 1.

Hence, the problem (3.1), (3.2) has at least three solutions z, 1, z2 such that
SL’OGV()\ (V1UV2), T GVl, ) GVQ.
Il

In Figure 3.2.1, we illustrate the positioning of the multiple periodic solutions ensured
by Theorem 3.2.3.

B

AL /A/

N

0 T

Figure 3.2.1 - Illustration of the positioning of multiple periodic solutions.
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Example 3.2.4. Let g : R — R be defined for ¢t < 1 by ¢(t) =t, and g(t) = ¢t + 1 for all
t > 1. Let T' > 1 be fixed and consider the periodic problem:

zl(t) = f(t,xz(t)) for g-almosteveryt € [0,7T),

! 3.44
2(0) = (1), .
where the function f : [0, 7] x R — Ris defined by
1

1
—prt =t ift=1,

3 oos (3x +7) otherwise.

We will show that the problem (3.44) has at least three solutions.
Observe that f is g-Carathéodory. Now, let us define the functions a4, as, 51, 5 :

0,7] — R by
{2 ift € [0,1], —1 ift € [0,1],
ai(t) = 1 . pi(t) = 1 .
-2+ 0 otherwise, —-1-— 10 otherwise,
and
0 ifte01], ‘5* ift € [0,1],
a(t) =4 1 . Pa(t) =9 3
10 otherwise, s otherwise.

Let us show that ay, as, and 1, 3, are respectively strict lower and upper solutions
of (3.44) with ¢ = 1/100.
Foreacht € [0,7)N D, = {1} and z € R,

of

3, 3
%(1@) =5 —2r=—x (2x—|—2>.

Thus, f(1,-) is increasing on [— ;1, 0} and decreasing on ( — 00, —;ﬂ U [O, +oo).

0.5

0.0 +

fit, x)

~1.0 1

-1.5 1

2.0 T T T T T
-2.0 -1.5 -1.0 -0.5 0.0 0.5

Figure 3.2.2 - f(1,-) on [— 2,4/5}.
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Therefore,
f(,x) = f(1,04(1) +¢€) Vo € [a;(1),a;(1) + €], fori=1,2,
f(Lz) < f(1,5(1)) Vo e [6i(1) —€ Hi(1)],
f(L ) < f(1,B2(1) —€) Vz € [B2(1) — € fa(1)].

By simple computations, one can obtain

Fai) +6) > al(l) = —, fori=1,2,

10
, 1
f(1,5:(1)) < Bi,(1) = 10’
FOL A1)~ ) < 1) =~
For every ¢t € [0,T]\ D, and z € R, we have
gi(t, x) = —sin(3x + 7).

0.5 1

”\\\\,/////F\\\\\\

< —0.51

£

=

—1.0 A

-1.54

-2.0 T T T T T
-2.0 -1.5 -1.0 -0.5 0.0 0.5

Figure 3.2.3 - f(¢,-) on [ 9, ;1] fort € [0,7]\ D,.

Since,

(0,7) for z € [y (t), ca(t) + €,
3rx+ 7€ (2m3m) forx € [aa(t), as(t) + €] U [Ba(t) — €, Ba(t)],
(m,2m)  forx € [B1(t) — €, [1(t)],

f(t,-)is decreasing on [ay (1), a1 (t)+€]U[aa(t), aa(t)+€]U[B2(t) —€, B2(t)], and increasing
on [Bi(t) — €, B1(t)]. Thus,

ft,z) = f(t, ai(t) +e) Vo € [au(t), ai(t) + ¢, fori=1,2,

70



Chapter 3. Existence and multiplicity results for Stieltjes differential equations

ftx) < f(t, Bu(t)) Vo € [i(t) — € Bu(D)],
ftx) < f(t, Ba(t) —€) V€ [Ba(t) — € Ba(t)]-

By computations, one can show also that

ft, ca(t) +€) = (ai)y(t) =

f(t,81(t) < (Br)g(t)

f(t, Ba(t) — €) < (B2)g(t)

We conclude that a4, s, and 1, 32 are respectively strict lower and upper solutions

of (3.44) with e = 1/100.
Observe that

fori=1,2,

0,
0,
0.

a1(t) < Bi(t) < as(t) < Bo(t) foreveryt € [0,T].

Now, it remains to prove that (D}, 5 ), (D;, 5,) and (D}, ;,) are satisfied. For every
te {1} =10,7)N Dy, we consider
1

1 .
hy:x—ax+ f(1,x)u,({1}) =2 — 53:3 —x2—|—1.

0.5 1

0.0 1

=< —0.51

ha(

-1.01

—1.5

-2.0 T T T T T
-2.0 -1.5 -1.0 -0.5 0.0 0.5

4
Figure 3.2.4 - h; on [ -2, 5] :

3
Observe that b} (z) = —§x2 — 2z + 1 and h, is increasing on [z1, 23], and decreasing

4
n[—2,z]U [22, 5], with

Also, it is easy to verify that

hi(21) < ha(—2) < hy(—1) < h1<§> < 7(0) < ha(2).
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Thus, by simple computations, we obtain

on(1%) = -2+ 110 i) i) forallze -2 ‘5‘] — [aa(1), Bo(1)],

an(1+) = 0 < h1<§> < ha(2) for all 2 € [0, ;‘] ~ laa(1), B(1)],
and

BT = 1= o> m(-1) > @) foralle € [-2,~1] = [or(1), 4i(1)],

B7) = 2 > hi(z) > () forallz e [~ 2, ;‘] — [aa(1), Ba(1)].

Hence, (D}, 5,), (Ds,5,) and (D, 5,) hold. It follows from Theorem 3.2.3 that the
problem (3.44) has at least three solutions. Figure 3.2.5 illustrates a three periodic

solutions of the problem (3.44) on the interval [0, 7] = [0, 4].

1.0
0
O X1 o
0.5 O — B
Xo
0.0 - a2
—_— B
—0.5 A1
-1.0 A
O
-1.5 4
\V/
—2.0
0 1 2 3 4

Figure 3.2.5 — Three periodic solutions for the problem (3.44) for 7' = 4.

3.2.3 Multiplicity of solutions to the initial value problem

Using an approach analogous to the one used in the previous Subsection, given
two pairs of strict lower and upper solutions, we deduce that the initial value prob-
lem (3.1), (3.3) has at least three solutions.

Theorem 3.2.5. Assume that (H ) holds, and that there exist o, cp and 3y, B € AC4([0,T], R)
respectively strict lower and upper solutions of (3.1), (3.3) such that

(i) a1(t) < Bi(t) < Paolt) and ay(t) < ao(t) < Sa(t) for every t € [0, T;

(ii)) {t € [0,T]: B1(t) < aa(t)} #0;

(iii) (D}, 5,), (D, 5,) and (D}, 5,) are satisfied.
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Then, the initial value problem (3.1), (3.3) has at least three solutions x4, x4, x5 € AC4([0,T],R)
such that
fori=1,2, o;(t) <z;(t) < Bi(t) foreveryt € [0,T],

and
a1 (t) < x3(t) < Pa(t) forevery t € [0,T] and {t € [0,T] : f1(t) < z3(t) < aa(t)} # 0.

In Figure 3.2.6, we illustrate the positioning of the multiple solutions ensured by
Theorem 3.2.5.

B

Figure 3.2.6 — Illustration of the positioning of multiple solutions for the initial value
problem.

3.3 Application to a population model with an extreme
event

The persistence of a species is a critical concern in dynamics of populations. In
order to determine the likelihood of a population persisting, several models with pe-
riodic boundary conditions have been studied, as referenced in [9, 51, 89].

As climate change continues to worsen and pollution levels rise [28], there is a
noticeable increase in the frequency of extreme events compared to previous years.
Therefore, it is realistic to incorporate models that account for the occurrence of at
least one extreme event annually. Hence, modeling such events involves the presence
of discontinuities.

In addition, in some models, it is appropriate to consider that the population size
does not change during specific periods of time. These period may be followed by
a sudden variation. This might be the case, for instance, when there are periods of
dormancy or when population changes are not observable during specific times like
winter or migration between habitats.

Impulsive differential equations and the theory of dynamic equations on time
scales have been applied to address problems involving discontinuities, see [9,51,89].
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However, Stieltjes differential equations prove to be particularly advantageous in
modeling various situations occurring in the dynamics of a population. Indeed, the
derivator g can also account for fluctuations corresponding to particular periods of
the year. Specifically, the periods when the variations of the population size are likely
more important correspond to higher slopes of g.

In our example, we consider a population (such as fish, trees, perennials...) as it
progresses through its life cycle. We assume that the population goes into a form of
predictive dormancy during the final month of autumn, as a way to prepare for the
harsh winter conditions. Once winter sets in, the species the species shifts into a strict
dormancy phase to protect itself from the unfavorable weather conditions. Towards
the last month of winter; at time ¢ = 2, a number of dead individuals are observed,
and the species begins to resume growth at a slower pace. In the early stages of spring,
the conditions become more favorable, leading to increased growth. One month later;
for t = 4, new individuals are introduced through fish seedings, new plantations....
During the summer season, the natural growth of the species diminishes in while the
harvest activity begins. One month before the end of summer; for ¢ = 8, we assume
that an extreme event causes a decline in the population, which subsequently impacts
the overall rate of natural growth. In the early autumn months, natural growth stops
but harvesting activities persist until dormancy is triggered one month prior to winter.
The dynamics can be incorporated in the diagram given in Figure 3.3.1.

Dormancy, : Dd rmancy :

€ - -— — 5
2+ z* 6 8 ! 17 12 +

Dead New Dead

individuals | individuals : individuals

& Harvest _)5

Winter | Spring Autumn | Winter

Figure 3.3.1 — Diagram of dynamics.

Let us denote the size of the population at time ¢ by z(¢). Then, the dynamics of
this population can be modeled using the Stieltjes differential equation:

zl(t) = f(t,z(t)) for g-almostevery ¢ € [0,12), (3.45)

g
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where [ : [0,12] x R — Ris defined by

_?x if t € [0,2] U (11,12],
% ift € (2,6]\ {4},
. 4
f(t,x) f_ggﬁ ift € (6,8), o
3 3
2, :
_ggj lft S (8711]

In order to ensure the persistence of the population, we seek a solution satisfying
the periodic condition:

z(0)

+(12). (3.47)

Additionally, our model should take into account that the variation is smaller
during autumn, late winter, and late spring. Therefore, we introduce the following
derivator g : R — R which incorporates the aforementioned discontinuities and the
stationary periods:

0 ift €0,2],
t 2

1+2(2—1) ifte(2,4],

/ ift € (4,8,

gty =4t +1 ift e (8,9, (3.48)

11N 2

11— (t 211) ift e (9,11,

11 ift € (11,12,

1In+4g(t—12n) ift—12n€[0,12),n € Z\ {0}.
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12

10 /
(¢

4 <
21 /
q
0 . . . . .
0 2 a 6 8 10 12

Figure 3.3.2 — Graph of the derivator g.

We notice that

Dy = J{2+12n,4+ 12n,8 + 12n},

nez

Cy = | (12n,2 +12n) U (11 4 120,12 + 12n).

ne”L

In what follows, we show that the problem (3.45), (3.47) has a solution. Clearly f

defined in (3.46) is a g-Carathéodory function. Now, let us consider o, 5 : [0,12] — R
defined by

a(t)=0 foreveryt € [0,12],

and
1 ift €10,2],
(t—1)? ift €(2,4],
2 4 ¢ ift € (4,6],
6+ 16(8—t) ifte (6,8,
B(t) = 10 —
3(02” f1e (8,9,
o 2
1+(t811> ift € (9,11],
1 ift € (11,12].
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35 A
30 A
25 A
20 1
15 A
104

S-J (¥

0 1 2 3 4 5 6 7 8 9 10 11 12

Figure 3.3.3 — Graph of 5.

Observe that a, 5 € AC,([0,12],R), and «a(t) < S(t) for every ¢ € [0,12]. In addi-
tion, o (t) = 0 for every ¢ € [0,12) \ Cy, and

0 ift=2,
2—-2
{:—72 lft € <2, 4),
9 ift =4,
21 ift € (4,6),
/

Byt =1-16  ifte(6,8),
-3 ift=28,
= e (s,9)
2 7 7
—1
5 dfte (1)

Also, we have

0 ifte(2,4)U(4,11),

a0)=0=0(12) and o) =0<s(00 = {| 17

The function [ satisfies

p(0) = 1= p5(12),
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and
fort =2, 5/9(2) =

'y = 272
fort e (2,4), /Bg(t) - t—292
fort =4, By(4) =9
fort € (4,6), By(t) =2t
fort € (6,8), By(t) = —16
fort =8, 5;(8) -3

-3

fort € (8,9), By (t) b3

, —1
fort e (9,11),  Bi(t) 3

> f(2,5(2) = —53<2> -
>f@¢%w):5$) (t;1V7

> (W) ~ 1.

> 1t 60 = 2,

26_§my

> (¢, Bt =(6+1a8_ﬂ)1f@+&M8—ﬂ)7
> f(8,8(8)) = 62<8> _

> f(t,8(t) = —2§<t>2 _ —3(12 =

Therefore, the functions « and /3 are respectively lower and upper solutions of the

problem (3.45), (3.47).

We claim that Condition (D, g) is satisfied. Indeed, for t € D, N [0,12] = {2,4, 8}

and z € [a(t), 5(t)],

Oé(t+) =0<z+ f(tax)ug<{t}) =T+ f(t’x) =

Also,
fort=2  p(2")
fort =4  p(4")
fort =8 (8"

= =y,
1+a ift=4,
g ift =8,
>2 Wec o)) =0.1)
8=1+uz, Vxe|a4),5(4)]=1]0,9]
> 2, v € [a(8), B(8)] = [0.6].

Hence, applying Theorem 3.1.7, it follows that there exists € AC,([0, 12], R) a solu-
tion of the problem (3.45), (3.47) such that a(t) < z(t) < §(¢) for every ¢ € [0, 12].

Comments and discussion

We have demonstrated that there exists at least one positive periodic solution x
defined on [0, 12] for the problem (3.45), (3.47). To ensure the persistence of the species,
it is essential to confirm that this solution is positive for all ¢. The following study will
enable us to do so and to determine the trajectory shape. Applying the resolution
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approach outlined in [55], we obtain that solutions of the problem (3.45), (3.47) have
the form

r ift €0,2],

?)Tei(g(t)—gm)) i1 e (2.4],

(3(4) + 1)es@®=9() if ¢ € (4, 6],

|
z(t) = ift € (6,8], (349)
2+ (s — 2)ed® o) (6,8]
1
ift € (8,11],
- T 3(g(t) —g(87))
r if € (11,12],

for some r € R. In order to find the value r € R, one must first observe that since
11 ¢ D, it follows that z(11) = r, i.e.

1
22 (g(11) - g(87)

—r (3.50