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de l’évaluation de ma thèse. Votre expertise, vos conseils et vos commentaires
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Résumé

La présente thèse présente nos contributions au domaine des dérivations et

les applications associées sur les algèbres de chemin. Dans cette thèse, nous

avons étendu, introduit et développé des concepts et techniques intéressants.

Le premier objectif de cette thèse est d’étudier et de caractériser certaines

applications liées aux dérivations sur les algèbres de chemin afin de généraliser

des résultats existants et d’en introduire de nouveaux dans ce domaine.

Le deuxième objectif est d’introduire de nouvelles perspectives liées aux

dérivations pour résoudre une variante d’une conjecture et étudier des pro-

priétés catégorielles.

Mots clés: Dérivations généralisées de Lie, σ-dérivations de Jordan, σ-dérivations

de Lie, Gn-dérivations, Dérivations locales, σ-dérivations généralisées, Conjecture de

Lvov-Kaplansky, Algèbres de chemin, Algèbres du carquois liées, Carquois.
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Summary

The present thesis presents our contributions to the domain of derivations

and related maps on path algebras. In this thesis, we have extended, intro-

duced, and developed interesting concepts and techniques.

The first aim of this thesis is to investigate and characterize some related

maps to derivations on path algebras to generalize existing results and intro-

duce new ones to this domain.

The second aim is to introduce new perspectives related to derivations to

solve a variant of a conjecture and investigate categorical properties.

Keywords: Lie generalized derivations, Jordan σ-derivations, Lie σ-derivations,

Gn-derivations, Local derivations, Generalized σ-derivations, Lvov-Kaplansky con-

jecture, Path algebras, Bound quiver algebras, Quivers.
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CHAPTER 1

Introduction (Version Française)

If I have seen further, it is by

standing on the shoulders of gi-

ants.

Issac Newton
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DEEIVATIONS-LIKE MAPS WITH APPLICATIONS ON PATH ALGEBRAS

Cette thèse présente nos contributions au domaine des dérivations en étudiant cer-

taines sortes des dérivations sur une structure algébrique appelée algèbres de chemin.

Précisément, cette thèse traite des généralisations des dérivations sur des algèbres de

chemin appelées dérivations généralisées de Lie, σ-dérivations de Jordan, σ-dérivations de

Lie, Gn-dérivations de Jordan, dérivations locales et σ-dérivations généralisées. Rappelons
qu’une application additive d : R → R est une dérivation sur un anneau R s’elle satisfait

la règle de Leibniz; c’est-à-dire d(xy) = d(x)y + xd(y) pour chaque élément x et y en R.

Une dérivation d sur R est dite intérieure s’il existe un élément a en R tel que d(x) = [a, x]

pour chaque élément x en R, où [a, x] = ax− xa est appelé le commutateur de a et x.

D’après les articles [12] et [59], l’origine de la notion des dérivations abstraites re-

monte aux années trente du XIXe siècle avec Teichmüller [132], Hasse [62] et Jacobson

[69]. Cependant, il semble difficile d’affirmer avec certitude lequel d’entre eux est le fon-

dateur de ce domaine (voir également Ritt [123], Kaplansky [75] et Kolchin [88]). Dans les

années cinquante, la notion des dérivations abstraites a connu un développement fulgurant

après les travaux de Kaplansky [76] et Posner [121] ce qui a pousser de nombreux auteurs

à caractériser les dérivations dans différents contextes comme Baclawski [15], Benkovič

[18], Bennis et Fahid [27] et d’autres [41, 45, 67, 71, 72, 76, 79, 125, 131, 141].

Dans [63], Herstein a introduit la notion des dérivations de Jordan sur un anneau asso-

ciatif R comme des dérivations sur l’anneau de Jordan de R. C’est-à-dire une application

additive f : R → R qui satisfait f(x ◦ y) = f(x) ◦ y + x ◦ f(y) pour chaque élement x et

y en R où x ◦ y = xy + yx est appelé l’anticommutateur de x et y. Il a montré que toute

dérivation de Jordan sur un anneau premier avec une caractéristique différente de deux

est une dérivation. La notion des dérivations de Jordan a été étudiée dans des nombreux

contextes par des différents auteurs comme Cusack [44], Brešar [33, 34], Benkovič [19, 20],

Lie et Wei [101] et d’autres [6, 7, 46, 52, 53, 55, 81, 95, 102–104, 107, 109, 127, 137, 140,

142].

Dans [112], Martindale III a commencé l’investigation des dérivations de Lie sur un

anneau primitif1 R de caractéristique différente de deux et contenant un idempotent

non-trivial. C’est-à-dire une application additive f : R → R qui satisfait f([x, y]) =

[f(x), y] + [x, f(y)] pour chaque élement x et y en R. Il a montré que toute dérivation de

Lie sur R est d’une forme standard (ou propre). En d’autres termes, chaque dérivation

de Lie f : R → R est la somme d’une dérivation de R dans un anneau primitif R qui

1Un anneau R est dit primitif à gauche s’il possède un simple R-module fidèle à gauche.
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CHAPTER 1. INTRODUCTION (VERSION FRANÇAISE)

contient R et une application additive de R dans le centre2 de R qui s’annule sur les com-

mutateurs de R. Ce qui a pousser d’autres auteurs à étudier la question de savoir quand

chaque dérivation de Lie est d’une forme standard. Voir, par exemple, Brešar [35], Che-

ung [40], Benkovič [21, 23, 25] et d’autres [17, 47, 54, 84, 108, 115, 116, 126, 136, 137, 144].

Dans [120], Ore a introduit la notion des σ-dérivations en équipant l’anneau des

polynômes F [X] comme un F -module à droite avec la multiplication Xa = aX + a′ pour

tout élement a en F , où F est un corp non nécessairement commutatif. L’élément a est

appelé le conjugué de a, a′ est appelé la dérivée de a. En équipant F [X] avec la multipli-

cation de polynômes, F [X] devient un anneau non commutatif, appelé l’extension d’Ore.

Par conséquent, il s’ensuit que pour chaque élement a et b en F , nous avons a+ b = a+ b,

ab = ab, (a+ b)′ = a′ + b′ et (ab)′ = a′b+ ab′. Donc, une σ-dérivation (skew-derivation) d

d’un anneau R dans lui-même est une application additive associée à un endomorphisme

σ de R dans lui-même qui satisfait les deux dernières égalités. C’est-à-dire une application

additive d : R → R est appelée σ-dérivation si elle satisfait d(xy) = d(x)y + σ(x)d(y)

pour chaque élement x et y en R. La notion des σ-dérivations peut être obtenue à par-

tir d’une autre construction comme dans Cohn [42]. De nombreux auteurs s’intéressent à

l’étude de la notion des σ-dérivations et de ses extensions, nous citons Jacobson [70], Smits

[129], Leroy et Matczuk [98], Montgomery et Paul Smith [117], Kharchenko et Popov [78],

Bergen et Grzeszczuk [29], Mamouni, Oukhtite et Zerra [111] et d’autres [8, 9, 16, 30, 31,

38, 50, 61, 65, 68, 77, 87, 89, 91, 93, 94, 97, 99, 110, 113, 114, 130, 134, 139, 141, 143].

Étant donné que les algèbres de chemin ont diverses intersections avec de nombreuses

structures algébriques bien connues en fonction des carquois qui leur sont associés, cela

donne que les algèbres de chemin généralisent et/ou construisent des algèbres matricielles

triangulaires supérieures, des algèbres matricielles, des algèbres d’extension à un point,

des algèbres du carquois liées, des algèbres de chemin de Leavitt, des algèbres d’incidence,

des algèbres associatives libres et autres. Plusieurs auteurs sont intéressés et motivés pour

étudier et caractériser les dérivations et les applications liées aux dérivations en utilisant

l’aspect combinatoire des algèbres de chemin comme Guo et Li [58], Li et Wei [105], Hou

[66], Li et Wei [101], Lopatkin [106]. Par conséquent, la présente thèse s’inscrit dans la

même direction de recherche consistant à étudier les dérivations et les applications en

relation avec eux sur les algèbres de chemin. Ainsi, cette thèse comporte cinq chapitres

qui couvrent cinq articles publiés (i.e. [1–5]).

2Le centre d’un anneau R est le sous-ensemble {x : xy = yx,∀y ∈ R}.
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DEEIVATIONS-LIKE MAPS WITH APPLICATIONS ON PATH ALGEBRAS

Dans la suite de ce chapitre, K désigne un corps de caractéristique différente de 2 et

A une algèbre associative unitaire sur K.

Dans Chapitre 3, nous étudions les dérivations généralisées de Lie sur les algèbres du

carquois liées. Ce type des applications linéaires a été introduit par Bennis, Ebrahimi

Vishki, Fahid, Khadem-Maboudi et Mokhtari dans [26] comme contrepartie généralisée

des dérivations de Lie. Rappelons qu’une application linéaire f : A → A est appelée

d-dérivation généralisée de Lie si elle satisfait:

f([x, y]) = [f(x), y] + [x, d(y)], (1.1)

pour chaque élement x et y en A, où d : A → A est une application linéaire. Ainsi,

lorsque f = d, f n’est rien d’autre que la dérivation de Lie classique. Dans Section

3.1, nous donnons quelques préliminaires sur les algèbres de chemin, les algèbres de car-

quois liées et les algèbres triangulaires. Dans Section 3.2, nous étudions la propriété

des dérivations généralisées de Lie sur les algèbres du carquois liées. Théorème 3.2.2

énonce des assertions équivalentes sur les dérivations généralisées de Lie. Pour fournir

une caractérisation complète des dérivations généralisées de Lie sur les algèbres du car-

quois liée, nous n’avons qu’à nous concentrer sur la caractérisation des dérivations sur

les algèbres du carquois liées. Cependant, contrairement au cas des algèbres de chemin

[58, Théorème 2.3], la caractérisation des dérivations sur une algèbre du carquois liées Q

dépend aussi de la forme d’une base de Q vue comme un espace vectoriel. L’investigation

de cette question nous a conduit à établir une autre caractérisation d’une dérivation sur

une algèbre de chemin basée uniquement sur la détermination des images des sommets

et des arêtes plutôt que sur la détermination des images de tous les chemins comme cela

est fait dans [58, Théorème 2.3] (voir Proposition 3.2.3). Cela aide à déterminer la forme

d’une dérivation sur une algèbre du carquois liée (voir Proposition 3.2.4). Dans Corollaire

3.2.5, nous montrons que, lorsque nous ajoutons une condition sur la base d’une algèbre

du carquois liée, alors nous pouvons établir une condition équivalente sur la forme de

l’application linéaire (voir Proposition 3.2.4) pour qu’elle devienne une dérivation (voir

aussi Exemples 3.2.6 et 3.2.7). Dans Section 3.3, nous nous intéressons à la propriété

d’unicité de la décomposition en forme propre énoncée dans Théorème 3.2.2. Une étude

approfondie de cette question nous amène à étudier la décomposition des dérivations sur

une algèbre du carquois liée en une somme directe de dérivations sur des algèbres générées

par des composantes connexes (voir Lemme 3.3.3). Théorème 3.3.4 énonce des assertions

équivalentes sur l’unicité de la décomposition des dérivations généralisées de Lie.

4



CHAPTER 1. INTRODUCTION (VERSION FRANÇAISE)

Dans Chapitre 4, nous étudions les σ-dérivations de Jordan et les σ-dérivations de Lie

sur les algèbres de chemin, cette recherche est motivée par les articles de Benkovič [22,

24]. Rappelons qu’une application linéaire f : A → A est appelée une σ-dérivation de

Jordan si elle satisfait:

f(x ◦ y) = f(x)y + σ(x)f(y) + f(y)x+ σ(y)f(x), (1.2)

pour chaque élement x et y en A. Aussi, une application linéaire f : A → A est appelée

une σ-dérivation de Lie si elle satisfait:

f([x, y]) = f(x)y + σ(x)f(y)− f(y)x− σ(y)f(x), (1.3)

pour chaque x et y en A. Les σ-dérivations de Jordan et les σ-dérivations de Lie sont

respectivement des généralisations des dérivations de Jordan et des dérivations de Lie.

Dans les articles [22, 24], Benkovič a supposé la condition de fidélité. Dans le cas des

algèbres de chemin, Li et Wei [101] ont montré que la condition de fidélité peut être ig-

norée lorsque les algèbres de chemin peuvent être considérées comme des extensions à un

point. Par conséquent, nous nous inspirons des études [22, 24, 101, 102] pour étudier les

σ-dérivations de Jordan et les σ-dérivations de Lie sur les algèbres de chemin. A savoir,

on confirme la remarque de Li et Wei [101] et on la prouve sur toute algèbre de chemin

associée à un carquois fini et acyclique. Dans Section 4.1, nous inspectons la propriété de

fidélité et la propriété loyale sur les algèbres de chemin, et nous énonçons deux résultats

liés à ces propriétés sous certaines conditions (voir Théorème 4.1.4 et Proposition 4.1.5).

Dans Section 4.2, nous étudions les σ-dérivations de Jordan sur les algèbres de chemin,

et nous montrons que toute σ-dérivation de Jordan sur une algèbre de chemin est une

σ-dérivation (voir Théorème 4.2.2). Dans Section 4.3, nous étudions les σ-dérivations de

Lie sur les algèbres de chemin, et nous énonçons que chaque σ-dérivation de Lie sur une

algèbre de chemin est de forme standard (voir Théorème 4.3.1). Notez que, lorsque σ

est un automorphisme intérieur sur une algèbre de chemin, le problème de l’étude des

σ-dérivations de Jordan et des σ-dérivations de Lie sur les algèbres de chemin se réduit à

l’étude des dérivations de Jordan et les dérivations de Lie, respectivement, comme indiqué

dans [22, Proposition 2.4] et [24, Proposition 2.3].

Dans Chapitre 5, nous introduisons et étudions la notion des Gn-dérivations de Jordan
sur les algèbres de chemin qui généralise la notion des {g, h}-dérivations de Jordan. Rap-

5



DEEIVATIONS-LIKE MAPS WITH APPLICATIONS ON PATH ALGEBRAS

pelons qu’une application linéaire f : A→ A est appelée une {g, h}-dérivation de Jordan

si elle satisfait:

f(x ◦ y) = g(x) ◦ y + x ◦ h(y), (1.4)

pour chaque élement x et y en A. Pour g = f , une {g, h}-dérivation de Jordan n’est

qu’une dérivation généralisée de Jordan, et pour g = h = f , ce n’est rien d’autre que la

dérivation classique de Jordan (voir Brešar [36] pour plus de détails). De la discussion

au début de [36, Section 2], il s’est avéré que les {g, h}-dérivations sont en fait un cas

particulier de dérivations généralisées (voir [37] pour plus de détails sur les dérivations

généralisées). L’objectif principal de [36] est d’étudier quand une {g, h}-dérivation de Jor-

dan est une {g, h}-dérivation sur des algèbres tensorielles (voir aussi [90]). Dans Section

5.1, nous définissons la notion des Gn-dérivations de Jordan et nous étudions sa relation

avec la notion des {g, h}-dérivations de Jordan. Dans Section 5.2, Théorème 5.2.3 montre

qu’une G2-dérivation de Jordan sur une algèbre de chemin KQ est une G2-dérivation si

et seulement si g1(1) ∈ Z(KQ) ou g2(1) ∈ Z(KQ). Théorème 5.2.4 montre que, pour

tout n > 2, toute Gn-dérivation de Jordan sur KQ est une Gn-dérivation. A savoir, pour

chaque n > 2, Gn-dérivations de Jordan sur KQ sont Gn-dérivations contrairement au cas

n = 2, il existe des G2-dérivations de Jordan qui ne sont pas des G2-dérivations comme on

le verra dans Exemple 5.2.1, qui donne que Gn-derivations de Jordan généralise naturelle-

ment G2-dérivations de Jordan (i.e. {g, h}-dérivations de Jordan). Dans Section 5.3, nous

présentons nos investigations sur une variante de la conjecture de Lvov-Kaplansky. Rap-

pelons la question suivante connue sous le nom de conjecture de Lvov-Kaplansky (voir

Filippov, Kharchenko et Shestakov [49]):

Question 1.1. Soit ζ(x1, . . . , xn) un polynôme multilinéaire sur un corps F. L’ensemble

des valeurs de ζ sur l’algèbre matricielle Mm(F) est-il un espace vectoriel?

Le lecteur est renvoyé à [74] pour plus d’informations sur les résultats récents et im-

portants sur ce sujet. Notre enquête est motivée par le travail effectué dans Fagundes

[48], Wang [138] et Quispe Urure et Franca [122] sur des algèbres matricielles triangu-

laires supérieures particulières. En fait, puisque les algèbres matricielles triangulaires

supérieures sont des algèbres de chemin associées à des carquois linéaires (voir Birken-

meier, Park et Rizvi [32]), nous allons pousser la question plus loin dans une autre direction

et demander:

Question 1.2. Soit ζ(x1, . . . , xn) un polynôme multilinéaire sur K. L’ensemble des

valeurs de ζ sur KQ est-il un espace vectoriel?
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Théorème 5.3.1 répond positivement à Question 1.2 et donc il généralise le travail

effectué pour les algèbres matricielles triangulaires supérieures. Nous donnons aussi

quelques exemples qui appliquent Théorème 5.3.1 sur certains cas particulièrement im-

portants.

Dans Chapitre 6, nous étudions les dérivations locales et les dérivations locale généralisées

sur les algèbres de chemin associées aux carquois finis et acycliques. Rappelons qu’une

application linéaire δ : A→ A est appelée une dérivation locale si elle satisfait:

δ(x) = dx(x), (1.5)

pour chaque x élement en A où dx est une dérivation sur A. Une application linéaire

∆ : A→ A est appelée une dérivation locale généralisée sur A si elle satisfait:

∆(x) = Dx(x), (1.6)

pour chaque élement x en A où Dx est une dérivation généralisée sur A. La notion des

dérivations locales a été introduite indépendamment par Kadison dans [73] et par Larson

et Sourour dans [92]. À savoir, Kadison dans [73] a initié le problème de montrer quand

chaque dérivation locale est une dérivation. Par la suite, il y a eu de nombreuses études

sur les dérivations locales et d’autres applications locales comme les dérivations locales

de Jordan et les dérivations locales de Lie sur diverses algèbres. Voir par exemple [14,

39, 82, 119, 135, 145] et les références qui s’y trouvent. Puisque les algèbres d’incidence

finies associées aux posets et les algèbres matricielles triangulaires supérieures sont des

cas particuliers d’algèbres de chemin (voir [13, 128] pour la relation entre les algèbres de

chemin et les algèbres matricielles triangulaires supérieures, et Section 6.1 pour la rela-

tion entre les algèbres de chemin et les algèbres d’incidence), il est naturel de demander

d’étendre l’étude des dérivations locales au contexte des algèbres de chemins. Dans Sec-

tion 6.1, nous étudions la relation entre les algèbres de chemin et les algèbres d’incidence

(finitaire). Puisque tout poset fini (P,≤) a un carquois acyclique fini qui le représente, il

s’ensuit que toute algèbre d’incidence finie associée à un poset est une algèbre de chemin

(voir Ancykutty [10] et Spiegel et O’Donnell [131]). Dans la même section, nous donnons

un exemple des algèbres de chemin qui ne sont pas des algèbres d’incidence (voir Exemple

6.1.4). Dans Section 6.2, nous montrons que toute dérivation locale sur une algèbre de

chemin est une dérivation (voir Théorème 6.2.3), et nous étudions les dérivations locales

de Jordan et les dérivations locales de Lie sur les algèbres de chemin. Enfin, dans Section

7
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6.3, nous prouvons que toute dérivation locale généralisée sur une algèbre de chemin est

une dérivation généralisée (voir Théorème 6.3.4). Nous terminons Section 6.3 en étudiant

les dérivations locales généralisées de Lie sur les algèbres de chemin.

Dans Chapitre 7, motivés par le travail effectué de Nakajima dans [118], et le travail

effectué par Lee et Liu dans [96], nous introduisons la notion des σ-dérivations généralisées

dans le contexte des modules comme suit: Pour un élément m dans un S/R-module M et

un automorphisme σ sur l’algèbre S, une application R-module fσm : S → M est appelée

σ-dérivation généralisée, si fσm satisfait:

fσm(xy) = fσm(x)y + σ(x)fσm(y) + σ(x)ma,

pour chaque élement x et y en S, où R est un anneau commutatif. Il est clair que

les σ-dérivations généralisées généralisent et étendent les dérivations généralisées, il suf-

fit de prendre σ = Id alors les σ-dérivations généralisées cöıncident avec les dérivations

généralisées. Par conséquent, nous étudions les propriétés homologiques des σ-dérivations

généralisées, le premier résultat principal de Section 7.1 généralise Nakajima [118, Théorème

2.4] tel que la séquence suivante:

0 →M
ψM−−→ gDer(S,M, σ)

ϕM−−→ Der(S,M, σ) → 0,

est divisé et exact (i.e split exact), où σ est un automorphisme sur S et M est un S/R-

bimodule (voir Théorème 7.1.3). Le deuxième résultat principal de Section 7.1 indique

que les modules des σ-dérivations externes généralisées et des σ-dérivations externes sont

isomorphes (voir Théorème 7.1.4). Autrement dit, on a l’isomorphisme suivant

gDer(S,M, σ)/gInn(S,M, σ) ∼= Der(σ, S,M)/Inn(σ, S,M),

où σ est un automorphisme sur S et M est un S/R-bimodule. Dans Section 7.2, nous

construisons deux catégories notées AS et DS. La catégorie AS est une catégorisation du

groupe d’automorphismes Aut(S) d’un anneau S tel que les objets de AS sont des auto-

morphismes de S, et il existe un morphisme entre deux objets de AS s’ils sont conjugués

dans Aut(S) comme un groupe. La catégorie DS est définie comme étant une catégorie

de foncteurs, dont les objets sont des foncteurs gDer(S,−, σ) avec σ est un automor-

phisme sur S. Nous prouvons que les catégories AS et DS sont équivalentes. On définit

un produit tensoriel − ⊗p
n − avec p est un nombre premier et n est un entier positif, et

on donne des conditions nécessaires et suffisantes dans lesquelles − ⊗p
n − est un associ-
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atif bifoncteur (voir Lemme 7.2.4). Le résultat principal de Section 7.2 indique que la

catégorie (DS,⊗p
n) est semi-monöıdal sous certaines conditions nécessaires et suffisantes

(voir Théorème 7.2.6). Dans Section 7.3, nous appliquons les principaux résultats sur les

algèbres de chemin des carquois acycliques (infinis) pour donner les conditions nécessaires

et suffisantes lorsqu’une dérivation généralisée est une dérivation intérieure généralisée

(voir Théorème 7.3.5 et Théorème 7.3.11).
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If I have seen further, it is by

standing on the shoulders of gi-

ants.

Issac Newton
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CHAPTER 2. INTRODUCTION (ENGLISH VERSION)

This thesis presents our contributions to the domain of derivations by studying sorts

of derivations on an algebraic structure called path algebras. Precisely, this thesis treats

generalizations of derivations on path algebras called Lie generalized derivations, Jordan

σ-derivations, Lie σ-derivations, Jordan Gn-derivations, local derivations and generalized

σ-derivations. Recall that an additive map d : R → R is a derivation on a ring R if it

satisfies Leibniz’ rule; that is d(xy) = d(x)y + xd(y) for every x and y in R. A derivation

d on R is called inner if there exists an element a in R such that d(x) = [a, x] for every x

in R, where [a, x] = ax− xa is called the commutator of a and x.

From the papers [12] and [59], the origin of the notion of abstract derivations dates

back to the thirties of the nineteenth century with Teichmüller [132], Hasse [62] and Ja-

cobson [69]. However, it seems difficult to affirm with certainty which of them the founder

of this domain (see also Ritt [123], Kaplansky [75] and Kolchin [88]). In the fifties, the

notion of abstract derivations has got an over tremendous development after the works

of Kaplansky [76] and Posner [121] which led many authors to characterize derivations in

different contexts as Baclawski [15], Benkovič [18], Bennis and Fahid [27] and others [41,

45, 67, 71, 72, 76, 79, 125, 131, 141].

In [63], Herstein introduced the notion Jordan derivations on an associative ring R as

derivations on the Jordan ring of R. That is an additive map f : R → R that satisfies

f(x ◦ y) = f(x) ◦ y + x ◦ f(y) for every x and y in R where x ◦ y = xy + yx is called

anticommutator of x and y. He showed that every Jordan derivation on a prime ring

with characteristic different from two is a derivation. The notion Jordan derivation has

been investigated in many contexts by different authors as Cusack [44], Brešar [33, 34],

Benkovič [19, 20], Li and Wei [101] and others [6, 7, 46, 52, 53, 55, 81, 95, 102–104, 107,

109, 127, 137, 140, 142].

In [112], Martindale III started the investigation of Lie derivations on a primitive1

ring R with characteristic different from two and contains a nontrivial idempotent. That

is, an additive map f : R → R that satisfies f([x, y]) = [f(x), y] + [x, f(y)] for every x

and y in R. He showed that every Lie derivation on R is of a standard form (or proper).

In other words, every Lie derivation f : R → R is sum of a derivation from R into

a primitive ring R that contains R and an additive map from R into the center2 of R

that vanishes on the commutators of R. which led other authors to study the question

1A ring R is said to be left-primitive if it has a simple faithful left R-module.
2The center of a ring R is the subset {x : xy = yx,∀y ∈ R}.
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of when every Lie derivation is of a standard form. See, for example, Brešar [35], Che-

ung [40], Benkovič [21, 23, 25] and others [17, 47, 54, 84, 108, 115, 116, 126, 136, 137, 144].

In [120], Ore introduced the notion of σ-derivations by equipping the polynomial ring

F [X] as a right F -module with the multiplication Xa = aX + a′ for every a in F , where

F is a field not necessary commutative. The element a is called the conjugate of a, a′ is

called the derivative of a. By equipping F [X] with the multiplication-like of polynomials,

F [X] becomes a non-commutative ring, which is called Ore extension. Hence, it follows

that for every a and b in F , we have a+ b = a + b, ab = ab, (a + b)′ = a′ + b′ and

(ab)′ = a′b+ ab′. Therefore, an σ-derivation (skew-derivation) d from a ring R into itself

is an additive map associated with an endomorphism σ from R into itself that satisfies

the last two equalities. That is an additive map d : R → R is called σ-derivation if it

satisfies d(xy) = d(x)y+σ(x)d(y) for every x and y in R. The notion of σ-derivations can

be obtained from another construction as in Cohn [42]. Many authors are interested in

studying the notion of σ-derivations and its extensions, we cite Jacobson [70], Smits [129],

Leroy and Matczuk [98], Montgomery and Paul Smith [117], Kharchenko and Popov [78],

Bergen and Grzeszczuk [29], Mamouni, Oukhtite, and Zerra [111] and others [8, 9, 16, 30,

31, 38, 50, 61, 65, 68, 77, 87, 89, 91, 93, 94, 97, 99, 110, 113, 114, 130, 134, 139, 141, 143].

Since path algebras have various intersections with many well-known algebraic struc-

tures depending on the quivers associated with them, it yields that path algebras gen-

eralize and/or construct upper triangular matrix algebras, matrix algebras, one-point

extension algebras, bound quiver algebras, Leavitt path algebras, incidence algebras, free

associative algebras, and others. Several authors are interested and motivated to study

and characterize derivations and related maps to derivations by using the combinatorial

aspect of path algebras as Guo and Li [58], Li and Wei [105], Hou [66], Li and Wei [101],

Lopatkin [106]. Therefore, the present thesis fall in the same research direction of study-

ing derivations and related maps to them on path algebras. Hence, this thesis has five

chapters that cover five published papers (i.e. [1–5]).

In the rest of this chapter, K denotes a field of characteristic different than 2 and A

a unital associative algebra over K.

In Chapter 3, we study Lie generalized derivations on bound quiver algebras. This

kinds of linear maps have been introduced in Bennis, Ebrahimi Vishki, Fahid, Khadem-

Maboudi, and Mokhtari [26] as a generalized counterpart of Lie derivations. Recall a

12
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linear map f : A→ A is called Lie generalized d-derivation if it satisfies:

f([x, y]) = [f(x), y] + [x, d(y)], (2.1)

for every x and y in A, where d : A → A is a linear map. Thus, when f = d, f is noth-

ing but the classical Lie derivation. In Section 3.1, we give some preliminaries on path

algebras, bound quiver algebras, and triangular algebras. In Section 3.2, we study the

properness of Lie generalized derivations on bound quiver algebras. Theorem 3.2.2 states

equivalent assertions about Lie generalized derivations. To provide a complete character-

ization of Lie generalized derivations on bound quiver algebras, we only need to focus on

characterizing derivations on bound quiver algebras. However, unlike the path algebra

case [58, Theorem 2.3], the characterization of derivations on a bound quiver algebra Q

depends also on the form of a basis of Q seen as a vector space. The investigation of this

question lead us to establish another characterization of a derivation on a path algebra

based only on the determination of images of vertices and edges rather than the determi-

nation of images of all paths as done in [58, Theorem 2.3] (see Proposition 3.2.3). This

helps in determining the form of a derivation on a bound quiver algebra (see Proposition

3.2.4). In Corollary 3.2.5, we show that, when we add a condition on a basis of a bound

quiver algebra, then we can establish an equivalent condition on the form of the linear

map (see Proposition 3.2.4) so that it becomes a derivation (see also Examples 3.2.6 and

3.2.7). In Section 3.3, we are interested in the uniqueness property of the proper form

decomposition stated in Theorem 3.2.2. A deep study of this question leads us to inves-

tigate the decomposition of derivations over a bound quiver algebra to a direct sum of

derivations on algebras generated by connected components (see Lemma 3.3.3). Theorem

3.3.4 states equivalent assertions about the uniqueness of the decomposition of Lie gen-

eralized derivations.

In Chapter 4, we investigate Jordan σ-derivations and Lie σ-derivations on path al-

gebras, this investigation is motivated by Benkovič’s papers [22, 24]. Recall that a linear

map f : A→ A is called a Jordan σ-derivation if it satisfies:

f(x ◦ y) = f(x)y + σ(x)f(y) + f(y)x+ σ(y)f(x), (2.2)

for every x and y in A. Also, a linear map f : A → A is called a Lie σ-derivation if it

satisfies:

f([x, y]) = f(x)y + σ(x)f(y)− f(y)x− σ(y)f(x), (2.3)

13
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for every x and y in A. Jordan σ-derivations and Lie σ-derivations are generalizations of

Jordan derivations and Lie derivations, respectively. In papers [22, 24], Benkovič assumed

a faithfulness condition. In the case of path algebras, Li and Wei [101] showed that the

condition of faithfulness can be ignored when path algebras can be viewed as one-point

extensions. Therefore, we are inspired from the studies [22, 24, 101, 102] to investigate

Jordan σ-derivations and Lie σ-derivations on path algebras. Namely, we confirm the re-

mark of Li and Wei [101] and we prove it on any path algebra associated with a finite and

acyclic quiver. In Section 4.1, we inspect the faithfulness property and the loyal property

on path algebras, and we state two results related to these properties under some con-

ditions (see Theorem 4.1.4 and Proposition 4.1.5). In Section 4.2, we investigate Jordan

σ-derivations on path algebras, and we show that every Jordan σ-derivation on a path al-

gebra is a σ-derivation (see Theorem 4.2.2). In Section 4.3, we study Lie σ-derivations on

path algebras, and we state that every Lie σ-derivation on a path algebra is of a standard

form (see Theorem 4.3.1). Note that, when σ is an inner automorphism on a path algebra,

the problem of studying Jordan σ-derivations and Lie σ-derivations on path algebras is

reduced to the study of Jordan derivations and Lie derivations, respectively, as stated in

[22, Proposition 2.4] and [24, Proposition 2.3].

In Chapter 5, we introduce and study the notion of Jordan Gn-derivations on path

algebras which generalizes the notion of Jordan {g, h}-derivations. Recall that a linear

map f : A→ A is called a Jordan {g, h}-derivation if is satisfies:

f(x ◦ y) = g(x) ◦ y + x ◦ h(y), (2.4)

for every x and y in A. For g = f , a Jordan {g, h}-derivation is just a Jordan generalized

derivation, and for g = h = f , it is nothing but the classical Jordan derivation (see Brešar

[36] for further details). From the discussion at the beginning of [36, Section 2], it turned

out that {g, h}-derivations are in the fact a particular case of generalized derivations (see

[37] for more details about generalized derivations). The main aim in [36] is to investigate

when a Jordan {g, h}-derivation is a {g, h}-derivation on tensor algebras (see also [90]). In

Section 5.1, we define the notion of Jordan Gn-derivations and we investigate its relation

with the notion of Jordan {g, h}-derivations. In Section 5.2, Theorem 5.2.3 shows that a

Jordan G2-derivation on a path algebraKQ is a G2-derivation if and only if g1(1) ∈ Z(KQ)

or g2(1) ∈ Z(KQ). Theorem 5.2.4 shows that, for every n > 2, any Jordan Gn-derivation
on KQ is a Gn-derivation. Namely, for every n > 2, Jordan Gn-derivations on KQ are

Gn-derivations unlike the case n = 2, there exist some Jordan G2-derivations which are not
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G2-derivations as will be shown in Example 5.2.1, which yields that Jordan Gn-derivations
generalize naturally Jordan G2-derivations (i.e. Jordan {g, h}-derivations). In Section

5.3, we present our investigations on a variant of Lvov-Kaplansky conjecture. Recall the

following question known as Lvov-Kaplansky conjecture (see Filippov, Kharchenko, and

Shestakov [49]):

Question 2.1. Let ζ(x1, . . . , xn) be a multi-linear polynomial over a field F. Is the set of
values of ζ on the matrix algebra Mm(F) a vector space?

The reader is referred to [74] for more information about recent and important results

on this subject. Our investigation is motivated by the work done in Fagundes [48], Wang

[138] and Quispe Urure and Franca [122] on particular upper triangular matrix algebras.

In fact, since upper triangular matrix algebras are path algebras associated with line

quivers (see Birkenmeier, Park, and Rizvi [32]), we will push the question further in

another direction and ask:

Question 2.2. Let ζ(x1, . . . , xn) be a multi-linear polynomial over K. Is the set of values

of ζ on KQ a vector space?

Theorem 5.3.1 answers Question 2.2 positively and so it generalizes the work done

for upper triangular matrix algebras. We give also some examples which apply Theorem

5.3.1 on some particular important cases.

In Chapter 6, we study local derivations and local generalized derivations on path

algebras associated with finite and acyclic quivers. Recall that a linear map δ : A→ A is

called a local derivation if is satisfies:

δ(x) = dx(x), (2.5)

for every x in A where dx is a derivation on A. A linear map ∆ : A→ A is called a local

generalized derivation on A if it satisfies:

∆(x) = Dx(x), (2.6)

for every x in A where Dx is a generalized derivation on A. The notion of local deriva-

tions was introduced independently by Kadison in [73] and by Larson and Sourour in [92].

Namely, Kadison in [73] has initiated the problem of showing when every local derivation

is a derivation. Subsequently, there have been many studies on local derivations and other

local maps as local Jordan derivations and local Lie derivations on various algebras see
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for example [14, 39, 82, 119, 135, 145] and the references therein. Since finite incidence

algebras associated with posets, and upper triangular matrix algebras are particular cases

of path algebras (see [13, 128] for the relation between path algebras and upper triangular

matrix algebras, and Section 6.1 for the relation between path algebras and incidence al-

gebras), it is natural to ask of extending the study of local-like derivations to the context

of path algebras. In Section 6.1, we study the relationship between path algebras and

(finitary) incidence algebras. Since every finite poset (P,≤) has a finite acyclic quiver

that represent it, it follows that every finite incidence algebra associated with a poset is a

path algebra (see Ancykutty [10] and Spiegel and O’Donnell [131]). In the same section,

we give an example of some path algebras which are not incidence algebras (see Example

6.1.4). In Section 6.2, we show that every local derivation on a path algebra is a derivation

(see Theorem 6.2.3), and we investigate local Jordan derivations and local Lie derivations

on path algebras. Finally, in Section 6.3, we prove that every local generalized derivation

on a path algebra is a generalized derivation (see Theorem 6.3.4). We end Section 6.3 by

studying local Lie generalized derivations on path algebras.

In Chapter 7, Motivated by the work done by Nakajima in [118], and the work done

by Lee and Liu in [96], we introduce the notion of generalized σ-derivations on the context

of modules as follows: For an element m in S/R-module M and an automorphism σ on

algebra S, an R-module map fσm : S → M is called a generalized σ-derivation, if fm

satisfies:

fσm(xy) = fσm(x)y + σ(x)fσm(y) + σ(x)my,

for every x and y in S, where R is a commutative ring. It is clear that generalized

σ-derivations generalize and extend generalized derivations, it suffice to take σ = Id

then generalized σ-derivations coincide with generalized derivations. Therefore, we study

homological properties of generalized σ-derivations, the first main result of Section 7.1

generalizes Nakajima [118, Theorem 2.4] such that the following sequence:

0 →M
ψM−−→ gDer(S,M, σ)

ϕM−−→ Der(S,M, σ) → 0,

is split exact, where σ is an automorphism on S andM is an S/R-bimodule (see Theorem

7.1.3). The second main result of Section 7.1 states that modules of generalized outer

σ-derivations and outer σ-derivations are isomorphic (see Theorem 7.1.4). In other words,
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we have the following isomorphism

gDer(S,M, σ)/gInn(S,M, σ) ∼= Der(σ, S,M)/Inn(σ, S,M),

where σ is an automorphism on S and M is an S/R-bimodule. In Section 7.2, we con-

struct two categories denoted by AS and DS. The category AS is a categorification of

the automorphism group Aut(S) of a ring S such that objects of AS are automorphisms

of S, and there exists a morphism between two objects in AS if they are conjugated in

Aut(S) as a group. The category DS is defined to be a functor category, which its objects

are functors gDer(S,−, σ) with σ is an automorphism on S. We prove that categories AS

and DS are equivalent. We define a tensor product −⊗p
n− with p is a prime number and

n is a positive integer, and we give necessary and sufficient conditions in which − ⊗p
n −

is an associative bifunctor (see Lemma 7.2.4). The main result of Section 7.2 states that

the category (DS,⊗p
n) is semi-monoidal under some necessary and sufficient conditions

(see Theorem 7.2.6). In Section 7.3, we apply main results on path algebras of (infinite)

acyclic quivers to give necessary and sufficient conditions when a generalized derivation

is a generalized inner derivation (see Theorem 7.3.5 and Theorem 7.3.11).
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CHAPTER 3

Lie generalized derivations on bound quiver algebras

‘Obvious’ is the most dangerous

word in Mathematics.

Eric Temple Bell
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The following chapter presents the published paper titled “Lie generalized derivations

on bound quiver algebras”1 on Communications in Algebra.

1A. Adrabi, D. Bennis, and B. Fahid: Lie generalized derivations on bound quiver algebras. Commu-
nications in Algebra. 2021; 49:1950–1965.
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Abstract

In this chapter, we investigate Lie generalized derivations on bound quiver alge-

bras associated with a finite acyclic quiver. The first main result shows that every

bound quiver algebra associated with a finite acyclic quiver has the properness Lie

generalized derivation property. The second main result investigates the uniqueness

property. Namely, among other things, we show that a bound quiver algebra asso-

ciated with a finite acyclic quiver E has the uniqueness Lie generalized derivation

property if and only if the quiver E does not contain any isolated vertex.
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CHAPTER 3. LIE GENERALIZED DERIVATIONS ON BOUND QUI . . .

Bound quiver algebras and particularly path algebras have attracted the intention of

many researchers. They serve among several things to provide combinatorial character-

izations of algebraic notions. Namely, they have been used in the theory of functional

identities as a natural rich source of examples as well as to provide a combinatorial char-

acterization of algebraic properties related to linear maps on rings such as derivations,

generalized derivations and Lie derivations. In this chapter, we deal with Lie generalized

derivations on bound quiver algebras.

Throughout this chapter K will denote a field with characteristic different than two, A

will be a unital associative algebra overK with the center Z(A). Let us recall the definition

of generalized derivation given in Gölbaşi and Kaya [56]: A linear map D : A → A is

called a right (resp., left) generalized derivation if there exists a linear map d : A → A

such that D(xy) = D(x)y + xd(y) (resp., D(xy) = d(x)y + xD(y)) for all x and y in

A. Thus, D is called a generalized derivation associated with d if D is both a left and

a right generalized derivation. Any derivation D on A (i.e., a linear map that satisfies

D(xy) = D(x)y+xD(y) for all x and y in A) is a generalized derivation. A Lie generalized

derivation f is said to be proper if it can be written as the sum of a generalized derivation

D : A → A and a linear map l : A → A with the set of images is a subset of Z(A) and

it vanishes on all commutators of A. In this chapter, we generalize the study done for

Lie derivations in [101] by studying the properness Lie generalized derivation property

and the uniqueness Lie generalized derivation property. We say that an algebra A has

the properness Lie generalized derivation property if every Lie generalized derivation on

A is proper. Also, we say that A has the uniqueness Lie generalized derivation property

if every Lie generalized derivation on A has a unique proper form decomposition. Notice

that a sum of a generalized inner derivation and a Lie derivation is a generalized Lie

derivation (see Chapter Introduction). This kind of generalized Lie derivations were first

discussed in Benkovič [21] and then characterized in Bennis, Vishki, Fahid, and Bahmani

[28]. They are called strong generalized Lie derivations.

3.1 Preliminaries

We assume some familiarity with the basic notions of path algebras and bound quiver

algebras (for more details, see Schiffler [128]). Nevertheless, we need to fix some conven-

tions and notations used throughout the chapter. We will recall certain useful results.

In the sequel, E = (E0, E1, s, t) designates a quiver, where E0 and E1 are sets of
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vertices and edges of E, respectively, and the pairs of maps s and t from E1 into E0

determine the edges of E. Moreover, E will be always a finite quiver; that is, E0 and E1

are both finite sets. For any edge e ∈ E1, s(e) is called the source of e and t(e) is called

the target of e. A non-trivial path p ∈ E consists of an ordered list e1, . . . , el with ei ∈ E1

and 1 ≤ i ≤ l such that t(ei) = s(ei+1) for each 1 ≤ i < l. We write p = e1 · · · el. The

integer l ≥ 0 is called the length of p and it is denoted by ℓ(p). By convention, a vertex

can be seen as a path with length zero, it is also called a trivial path. The notions of

source and target are extended to paths as follows: For every path p = e1 · · · el we define

s(p) to be s(e1) and t(p) to be t(el). The set of all paths in E will be denoted by P . If

s(p) = t(p) and ℓ(p) > 0, then p is called a directed cycle. If s(p) ̸= t(p), then p is called

an acyclic path. The set of acyclic paths will be denoted by PA. If E has no directed

cycles, then it is called acyclic. Two paths are called parallel if they start at same source

and end at the same range.

In this chapter, E is always a finite acyclic quiver and KE is the associated path

algebra over the field K. Recall that a two-sided ideal J of KE is called admissible, if

there exists m ≥ 2 such that

(RE)
m ⊆ J ⊆ (RE)

2,

where RE is the radical of KE (generated by all the edges of E). If J is an admissible

ideal of KE, the pair (E, J) is called a bound quiver and the quotient algebra KE/J is

called the algebra of the bound quiver (E, J) or, simply, a bound quiver algebra. It is

well-known that the admissible ideals are generated by a finite set of particular combi-

nations called relations. Recall that a relation σ on E over K is a linear combination of

parallel paths with length at least two. Thus, if J is an admissible ideal of KE, then

there is a set of relations ρ on E over K such that J is generated by ρ. So, we may denote

the bound quiver (E, J) by (E, ρ).

In this chapter, we set ρ as a set of relations on E over K that generates an admissible

ideal J (i.e., J =< ρ >) and we denote by Q the associated bound quiver algebra; that

is, Q = KE/J . Since the quiver E is finite and acyclic, J could be a zero ideal and in

this case Q = KE. So our results hold as well for path algebra associated with a finite

acyclic quiver.

For an element x ∈ KE, we write x the corresponding element in Q. It is proved in

[100, Lemma 2.3] that if p1, p2 ∈ P , p1, p2 ̸∈< ρ > and p1 = p2 ∈ Q, then p1 and p2 are
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parallel. Thus, the maps s and r defined on Q by s(p) := s(p) and r(p) := t(p), for every

p ∈ P , are well defined. If no ambiguity arises, we will denote s simply by s and also r

simply by r.

We also need to recall a construction of a particular basis of Q seen as a vector space

which will be useful throughout the chapter. Denote by P≥2 the set of all paths in E with

a length at least 2. By [100, Proposition 2.1], if X is a basis of < ρ >, then there is a

subset H of X ∪ P≥2 which contains X, such that P ′ = E0 ∪ E1 ∪ (H\X) is a basis of a

complement space of < ρ > in KE. Thus, B = {p : p ∈ P ′} is a basis of Q as a vector

space. In this chapter, whenever we consider a basis X of < ρ >, we mean a basis with

the form described above. Also, whenever we consider an element b of B, b is understood
to be in P ′. Denote the set of cosets of non-trivial paths in P ′ by BA and the set of cosets

of vertices in P ′ by BV . Whenever we consider p ∈ BA (resp., v ∈ BV ), then, without
explicit mention, p is a non-trivial path in P ′ (resp., v is a vertex in P ′). If E has n ≥ 1

connected component C1, . . . , Cn, then we denote the set of cosets of non-trivial paths in

Ci contained in P ′ by BiA, the set of cosets of vertices in Ci contained in P ′ by BiV and

their union by Bi. Thus, as above, whenever we consider p ∈ BiA (resp., v ∈ BiV ), then,
without explicit mention, p is a non-trivial path of Ci in P ′ (resp., v is a vertex of Ci in P ′).

Corrales Garćıa, Mart́ın Barquero, Mart́ın González, Siles Molina, and Solanilla Hernández

[43] described the centers of path algebras, Cohn algebras and Leavitt path algebras. The

following lemma describes the center of a bound quiver algebra.

Lemma 3.1.1. Suppose that E has n connected components C1, . . . , Cn where n ∈ N∗.

Let 1Ci
∈ Q where 1Ci

is the sum of all the vertices in Ci. Then, the center of Q is equal

to
⊕n

i=1K1Ci
. Consequently, it is isomorphic to Kn.

Proof. We can assume that the connected components are ordered by their number of

vertices in the sense that Ci has more vertices than Ci+1. If C1 has one vertex, then Q is

isomorphic to Kn. So, without loss of generality, we assume that C1 contains more than

one vertex. Then, 1C1 ∈ Z(Q) since 1C1p = p1C1 = 0 for every element p ∈ B\B1 and

1C1q =
∑
vC1q = s(q)q = qt(q) = q

∑
vC1 = q1C1 for every element q ∈ B1. Therefore,⊕n

i=1K1Ci
⊂ Z(Q). Suppose that the other inclusion does not hold. Then, there exists

an element x ∈ Z(Q)\
⊕n

i=1K1Ci
, which can be written as x =

∑
i(
∑
aCi

vCi
+
∑
bCi
pCi

),

where aCi
and bCi

∈ K, vCi
∈ BiV and pCi

∈ BiA. By taking an arbitrary element v ∈ BV ,
we obtain aCi,0v + bCi,0pCi,0 = xv = vx = aCi,0v + bCi,1pCi,1 where aCi,0, bCi,0 and bCi,1

are in K, pCi,0 and pCi,1 are in BiA. Since pCi,0 ̸= pCi,1, we obtain that all bCi
are zero.
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So, x can be written as x =
∑

i

∑
aCi

vCi
. By taking an arbitrary element e ∈ B1

A, we

obtain aC1,0e = xe = ex = aC1,1e where aC1,0 and aC1,1 are in K. Thus, aC1,0 = aC1,1.

By repeating the same calculation we deduce that aC1,0 = aC1,j for every j. Therefore,

x = aC1,01C1 +
∑

i≥2

∑
aCi

vCi
. By the same reasoning, we obtain that x is a linear

combination of 1Ci
, absurd.

It is known that any bound quiver algebra of a finite acyclic quiver has a triangular ma-

trix algebra representation. Explicitly, it can be seen as a one-point extension (see Li and

Wei [101]). Let us recall this fact. First, recall, for two unital associative algebras A and

B over K and an (A,B)-bimodule M , the triangular matrix algebra TK = Tri(A,M,B)

is the associative algebra of formal triangular matrices

TK =

{ (
a m

0 b

)∣∣∣∣a ∈ A, b ∈ B,m ∈M

}
.

endowed with matrix addition and matrix multiplication (see Birkenmeier, Park, and

Rizvi [32]). The center of TK is

Z(TK) =

{ (
a 0

0 b

)∣∣∣∣a ∈ Z(A), b ∈ Z(B), am = mb,∀m ∈M

}
.

[32, Theorem 5.1.4] states that a unital algebra A has a triangular matrix representa-

tion if there exists a non-trivial idempotent x ∈ A, such that (1 − x)Ax = 0. Namely,

in this case, A is isomorphic to Tri(A,M,B), where A = xAx, M = xA(1 − x) and

B = (1− x)A(1− x). Particularly, if A is isomorphic to K, then Tri(A,M,B) is called a

one-point extension of B by M . Therefore, every bound quiver algebra Q is a one-point

extension. Indeed, since E is acyclic, it admits a source s (i.e., there is no edge e such that

s = t(e)). Then, we take the corresponding element s ∈ Q as a non-trivial idempotent.

Hence, we have (1− s)Qs = 0, A = sQs ∼= K, M = sQ(1− s) and B = (1− s)Q(1− s).

So, Q has a triangular matrix representation which is a one-point extension.

The following result characterizes when a triangular algebra has the properness Lie

generalized derivation property. It is shown that this condition is linked with the smallest

sub-algebra of A containing all commutators and idempotents of A. This set will be

denoted by W (A). Recall that, from [101, Lemma 4.3], W (Q) = Q.

Lemma 3.1.2 ([26, Corollary 3.15]). Let A and B be unital algebras over the field K and

M be an (A,B)-bimodule. Then, the triangular algebra Tri(A,M,B) has the properness
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Lie generalized derivation property if the following two conditions are satisfied:

1. The algebras A and B have the properness Lie generalized property.

2. W (A) = A and W (B) = B.

3.2 The properness Lie generalized derivation prop-

erty on bound quiver algebras

The aim of this section is to give a complete characterization of Lie generalized derivations

on bound quiver algebras. Before we state the main result of this section, we give the

following lemma.

We recall that a linear map I : A→ A is called a generalized inner derivation if there

are fixed elements m and n in A such that I(x) = mx+ xn for every x ∈ A.

Lemma 3.2.1. Let D : Q → Q be a linear map. Then, the following assertions are

equivalents:

1. D is a generalized derivation.

2. D is a sum of a derivation d on Q and a generalized inner derivation I on Q of the

form I(x) = mx for every x ∈ Q, where m ∈ Z(Q).

Proof. (1) =⇒ (2). Let D be a generalized derivation associated with a linear map d.

Thus, we have D(x) = D(1)x+ d(x) for every x ∈ Q. It follows that

D(xy) = D(x)y + xd(y)

= (D(1)x+ d(x))y + xd(y)

= D(1)xy + d(x)y + xd(y), and

D(xy) = d(x)y + xD(y)

= d(x)y + x(D(1)y + d(y))

= d(x)y + xD(1)y + xd(y).

Hence, xD(1)y = D(1)xy for all x and y in Q. In particular, if we set y = 1, we get

xD(1) = D(1)x for every x ∈ Q. Then, D(1) ∈ Z(Q). We define an inner generalized

derivation I by I(x) = mx for every x ∈ Q where m = D(1). Therefore, since D(1)xy +

d(x)y + xd(y) = D(xy) = D(1)xy + d(xy) for all x and y in Q, we conclude that d is a
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derivation.

(2) =⇒ (1). Let D be a linear map that satisfies the hypotheses. Then, we have for all x

and y in Q

D(xy) = I(xy) + d(xy)

= mxy + d(xy)

= mxy + d(x)y + xd(y)

= (mx+ d(x))y + xd(y)

= D(x)y + xd(y)

= xmy + d(x)y + xd(y)

= d(x)y + x(my + d(y))

= d(x)y + xD(y).

Hence, D is a generalized derivation.

Now, we are in a position to give the main result of this section.

Theorem 3.2.2. Let T : Q → Q be a linear map. Then, the following assertions are

equivalents:

1. T is a Lie generalized derivation.

2. T is a proper Lie generalized derivation.

3. T is a strong generalized Lie derivation such that T = I+L with L is a Lie derivation

on Q and I is a generalized inner derivation on Q of the form I(x) = mx for every

x ∈ Q, where m ∈ Z(Q).

4. There exist m and bv in Z(Q) and a derivation d on Q such that T has the following

form:

(a) T (v) = mv + bv + d(v) for every v ∈ BV , and

(b) T (p) = mp+ d(p) for every p ∈ BA.

Proof. (1) =⇒ (2). This is proved similarly to [101, Theorem 4.4]. We set Q0 = Q.

We know that Q0 is isomorphic to Tri(K,M1,Q1), where, for a source s0 in E, M1 =

s0Q0(1 − s0) and Q1 = (1 − s0)Q0(1 − s0). By Lemma 3.1.2, to prove that Q0 has

the properness Lie generalized derivation property, we need to show that Q1 has the

properness Lie generalized derivation property, W (K) = K and W (Q1) = Q1. With
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[101, Lemma 4.3], we have W (K) = K and W (Q1) = Q1. Since Q1 is also a bound

quiver algebra, Q1 is isomorphic to Tri(K,M2,Q2). Again, with [101, Lemma 4.3], we

have W (Q2) = Q2. We repeat this process finite-times until we get Qn
∼= K for some

positive integer n. This is possible due to the fact that E is finite and acyclic. Therefore,

by applying Lemma 3.1.2 recursively from Qn−1 to Q0, we conclude that Q0 has the

properness Lie generalized derivation property. Hence, every Lie generalized derivation T

on Q is proper.

(2) =⇒ (3). Let T be a proper Lie generalized derivation. Then, by Lemma 3.2.1, T

can be written as T = D+ l = I + d+ l, where D is a generalized derivation on Q, I is a

generalized inner derivation on Q, d is a derivation on Q and l : Q → Q is a linear map

such that its set of images is a subset of Z(Q) and it vanishes on all commutators of Q.

Since the sum d+ l is a Lie derivation, T is the sum of a generalized inner derivation and

a Lie derivation. Therefore, T is a strong generalized Lie derivation.

(3) =⇒ (4). By the result [101, Theorem 4.4], every Lie derivation on Q is proper.

Then, a Lie derivation L can be written as L = d + l, where d is a derivation on Q and

l : Q → Q is a linear map such that its set of images is a subset of Z(Q) and it vanishes

on all commutators of Q. Therefore, we have T (x) = mx + d(x) + l(x) for every x ∈ Q.

On the one hand, for every p ∈ BA, we have T (p) = mp + d(p); indeed, this is due the

fact that p can be written as p = [p1, p2] where p1 and p2 are in B, hence l(p) = 0. Also,

for every v ∈ BV , we have T (v) = mv + bv + d(v), where bv = l(v).

(4) =⇒ (1). We suppose that T satisfies the hypotheses. Let L : Q → Q be a linear

map defined by L(v) = bv+ d(v) and L(p) = d(p) for every v ∈ BV and p ∈ BA. We claim

that T is a Lie generalized L-derivation. Indeed, we only need to verify it in the three

cases:

(a) The elements v, w are in BV .

(b) The elements p, q are in BA.

(c) The element v is in BV and the element p is in BA.

Case (a): Let v and w in BV . Then, we have [v, w] = vw − wv = 0. So, T ([v, w]) = 0

and,

[T (v), w] + [v, L(w)] = [mv + bv + d(v), w] + [v, bw + d(w)]

= [mv + bv, w] + [d(v), w] + [v, bw] + [v, d(w)]

= d(v)w − wd(v) + vd(w)− d(w)v

= 0.
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Hence, T ([v, w]) = [T (v), w] + [v, L(w)] for all v and w in BV .
Case (b): Let p and q in BA. Then, T ([p, q]) = T (pq)− T (qp) = mpq + d(pq)−mqp−
d(qp) = m[p, q] + d([p, q]) and,

[T (p), q] + [p, L(q)] = [mp+ d(p), q] + [p, d(q)]

= [mp, q] + [d(p), q] + [p, d(q)]

= m[p, q] + d([p, q]).

Hence, T ([p, q]) = [T (p), q] + [p, L(q)] for all p and q in BA.
Case (c): Let v ∈ BV and p ∈ BA. Then, T ([v, p]) = T (vp) − T (pv) = mvp + d(vp) −
mpv − d(pv) = m[v, p] + d([v, p]) and,

[T (v), p] + [v, L(p)] = [mv + bv + d(v), p] + [v, d(p)]

= [mv + bv, p] + [d(v), p] + [v, d(p)]

= m[v, p] + d([v, p]).

Hence, T ([v, p]) = [T (v), p]+[v, L(p)] for every v ∈ BV and p ∈ BA. Since the commutator

is anticommutative, we have T ([p, v]) = −T ([v, p]) = −m[v, p] − d([v, p]) = m[p, v] +

d([p, v]) and,

[T (p), v] + [p, L(v)] = [mp+ d(p), v] + [p, bv + d(v)]

= [mp, v] + [d(p), v] + [p, d(v)]

= m[p, v] + d([p, v]).

Hence, T ([p, v]) = [T (p), v] + [p, L(v)] for every v ∈ BV and p ∈ BA. Finally, the result

holds.

To provide a complete characterization of Lie generalized derivations on bound quiver

algebras, we only need by the fourth assertion of Theorem 3.2.2 to characterize derivations

on bound quiver algebras. Knowing that a characterization of derivations on path algebras

is already established in [58, Theorem 2.3], it is natural to try first to extend it to the

case of bound quiver algebras. However, the approach adopted in [58, Theorem 2.3] seems

to be complicated in the case of bound quiver algebras. This leads us to improve [58,

Theorem 2.3]. In fact, we observed that a derivation on a path algebra can be determined

once we know only the images of vertices and edges as shown in the following result.

Proposition 3.2.3. A linear map d : KE → KE is a derivation if and only if d can be
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expressed in the form:

1. For every vertex v,

d(v) =
∑
q∈PA,
s(q)=v

cvqq +
∑
q∈PA,
t(q)=v

cvqq, (3.1)

where all cvq are coefficients in K satisfying c
s(q)
q + c

t(q)
q = 0 for every q ∈ PA.

2. For every edge e,

d(e) =
∑
q∈PA,
t(q)=s(e)

cs(e)q qe+
∑
q∈PA,

s(q)=s(e),
t(q)=t(e)

ceq q +
∑
q∈PA,
s(q)=t(e)

ct(e)q eq, (3.2)

where all ceq are coefficients in K and the coefficients c
s(e)
q and c

t(e)
q are those obtained

in the expression (3.1).

3. For every non-trivial path p = e1 · · · en ∈ PA, where e1, . . . , en are edges in E,

d(p) =
∑
q∈PA,
t(q)=s(p)

cs(p)q qp+
∑

1≤i≤n

∑
q∈PA,

s(q)=s(ei),
t(q)=t(ei)

ceiq e1 · · · ei−1qei+1 · · · en (3.3)

+
∑
q∈PA,
s(q)=t(p)

ct(p)q pq,

where the coefficients c
s(p)
q and c

t(p)
q are those obtained in the expression (3.1), and

the coefficients ceiq are those obtained in the expression (3.2).

Proof. We only need to prove the “the only if” part. The converse implication is a

straightforward calculations. Thus, let d be a derivation on KE. For each vertex v in E0,

let d(v) =
∑

q∈P c
v
qq with cvq ∈ K. We have∑

q∈P

cvqq = d(v) = d(v2)

= d(v)v + vd(v)

= (
∑
q∈P

cvqq)v + v(
∑
q∈P

cvqq)

= 2cvvv +
∑
q∈PA,
t(q)=v

cvqq +
∑
q∈PA,
s(q)=v

cvqq.
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Hence, cvv = 0 and d(v) =
∑

q∈PA,
t(q)=v

cvqq +
∑

q∈PA,
s(q)=v

cvqq. Now, let v and u be two vertices in

E0 such that v ̸= u, then we have

0 = d(uv) = d(u)v + ud(v)

= (
∑
q∈PA,
t(q)=u

cuq q +
∑
q∈PA,
s(q)=u

cuq q)v + u(
∑
q∈PA,
t(q)=v

cvqq +
∑
q∈PA,
s(q)=v

cvqq)

=
∑
q∈PA,
s(q)=u

cuq qv +
∑
q∈PA,
t(q)=v

cvquq

=
∑
q∈PA,
s(q)=u,
t(q)=v

(cuq + cvq)q.

Hence, c
s(q)
q + c

t(q)
q = 0 for every q ∈ PA. Next, let p be a non-trivial path in PA. If

d(p) =
∑

q∈P c
p
qq, then in the case of p is an edge in E, we obtain

d(p) = d(s(p)p)

= d(s(p))p+ s(p)d(p)

= d(s(p))p+ s(p)d(pt(p))

= d(s(p))p+ s(p)d(p)t(p) + pd(t(p))

= (
∑
q∈PA,
t(q)=s(p)

cs(p)q q +
∑
q∈PA,

s(q)=s(p)

cs(p)q q)p+ s(p)d(p)t(p)

+ p(
∑
q∈PA,
t(q)=t(p)

ct(p)q q +
∑
q∈PA,
s(q)=t(p)

ct(p)q q)

=
∑
q∈PA,
t(q)=s(p)

cs(p)q qp+
∑
q∈PA,

s(q)=s(p)
t(q)=t(p)

cpqq +
∑
q∈PA,
s(q)=t(p)

ct(p)q pq.

Hence, d(p) =
∑

q∈PA,
t(q)=s(p)

c
s(p)
q qp +

∑
q∈PA,

s(q)=s(p)
t(q)=t(p)

cpqq +
∑

q∈PA,
s(q)=t(p)

c
t(p)
q pq. In the other case, p

can be expressed as p = e1 · · · en, where e1, . . . , en are edges in E such that n = ℓ(p) ≥ 2.

So, it follows that

d(p) =
n∑
i=1

e1 · · · ei−1d(ei)ei+1 · · · en
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= d(e1)e2 · · · en +
n−1∑
i=2

e1 · · · ei−1d(ei)ei+1 · · · en + e1 · · · ei−1d(en)

=
∑
q∈PA,

t(q)=s(e1)

cs(e1)q qe1 · · · en +
∑
q∈PA,

s(q)=s(e1)
t(q)=t(e1)

ce1q qe2 · · · en

+
n−1∑
i=2

∑
q∈PA,

s(q)=s(ei)
t(q)=t(ei)

ceiq e1 · · · ei−1qei+1 · · · en

+
∑
q∈PA,

s(q)=s(en)
t(q)=t(en)

cenq e1 · · · en−1q +
∑
q∈PA,

s(q)=t(en)

ct(en)q e1 · · · enq.

Hence,

d(p) =
∑
q∈PA,
t(q)=s(p)

cs(p)q qp+
n∑
i=1

∑
q∈PA,

s(q)=s(ei),
t(q)=t(ei)

ceiq e1 · · · ei−1qei+1 · · · en +
∑
q∈PA,
s(q)=t(p)

ct(p)q pq.

Therefore, d satisfies (3.1) and (3.3).

By following the same argument as in the proof of Proposition 3.2.3, we can get the

explicit form of derivations on bound quiver algebras. However, to prove the converse

implication as in Proposition 3.2.3, we need more information on a basis of the bound

quiver algebra seen as a vector space. In Corollary 3.2.5, we show that, for a particular

case of bases of a bound quiver algebra, we can establish equivalent conditions.

Proposition 3.2.4. Let d be a derivation on Q. Then, d can be expressed in the form:

1. For every vertex v,

d(v) =
∑
q∈BA,
s(q)=v

cvqq +
∑
q∈BA,
t(q)=v

cvqq, (3.4)

where all cvq are coefficients in K satisfying c
s(q)
q + c

t(q)
q = 0 for every q ∈ BA.

2. For every edge e,

d(e) =
∑
q∈BA,

t(q)=s(e)

c
s(e)
q qe+

∑
q∈BA,

s(q)=s(e),
t(q)=t(e)

ceqq +
∑
q∈BA,

s(q)=t(e)

c
t(e)
q eq, (3.5)
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where all ceq are coefficients in K and the coefficients c
s(e)
q and c

t(e)
q are those obtained

in the expression (3.4).

3. For every non-trivial path p = e1 · · · en ∈ PA, where e1, . . . , en are edges in E,

d(p) =
∑
q∈BA,

t(q)=s(p)

c
s(p)
q qp+

∑
1≤i≤n

∑
q∈BA,

s(q)=s(ei),
t(q)=t(ei)

ceiq e1 · · · ei−1qei+1 · · · en (3.6)

+
∑
q∈BA,

s(q)=t(p)

c
t(p)
q pq,

where the coefficients c
s(p)
q and c

t(p)
q are those obtained in the expression (3.4), and

the coefficients ceiq are those obtained in the expression (3.5).

As mentioned before, we see in the following result that if we add some restrictions

on the set of relations of the ideal < ρ >, we can get a complete characterization of a

derivation on bound quiver algebras.

Corollary 3.2.5. Assume that ρ is a subset of P≥2. A linear map d on Q is a derivation

if and only if it satisfies the following conditions:

1. d can be expressed as in Proposition 3.2.4,

2. If p = e1 · · · ei · · · en ∈< ρ > and there exists a parallel path q ∈ PA to ei such that

e1 · · · ei−1qei+1 · · · en is in BA, then ceiq = 0.

Proof. (=⇒) We only need to prove the second condition. Let d be a derivation on Q, we

claim that if p = e1 · · · en ∈< ρ > and there exists a parallel path q ∈ PA to some edge ei

such that e1 · · · ei−1qei+1 · · · en is in BA. Then, ceiq = 0. Indeed, d(p) = 0 since p ∈< ρ >.

Hence, by Proposition 3.2.4, we obtain

d(p) =
∑
q∈BA,

t(q)=s(p)

c
s(p)
q qp+

∑
1≤i≤n

∑
q∈BA,

s(q)=s(ei),
t(q)=t(ei)

ceiq e1 · · · ei−1qei+1 · · · en +
∑
q∈BA,

s(q)=t(p)

c
t(p)
q pq

=
∑

1≤i≤n

∑
q∈BA,

s(q)=s(ei),
t(q)=t(ei)

ceiq e1 · · · ei−1qei+1 · · · en.

This is due to the fact that pq and qp are in< ρ >. Thus, if the element e1 · · · ei−1qei+1 · · · en ∈
BA, then ceiq = 0, as desired.
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(⇐=) Let d be a linear map on Q. So, the second condition guarantees that for every

path p = e1 · · · en ∈< ρ >, we have

d(p) =
n∑
i=1

e1 · · · ei−1d(ei)ei+1 · · · en = 0.

The rest of calculations is similar to the ones done in the proof of the converse implication

of Proposition 3.2.3.

Example 3.2.6. Let E be the following quiver:

E : v1 v2 v3

e1

e2

e3 .

Consider the bound quiver (E, J) associated with the set of relations ρ = {e2e3}. Thus,

a basis of Q = KE/J can be described as the union of the sets BV = {v1, v2, v3} and

BA = {e1, e2, e3, e1e3}. Hence, Q is isomorphic as a vector space to K7. It follows from

Corollary 3.2.5 that a linear map on Q is a derivation if and only if it can be presented

by the following matrix

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

cv1e1 −cv1e1 0 ce1e1 0 0 0

cv1e2 −cv1e2 0 ce1e2 ce2e2 0 0

0 cv2e3 −cv2e3 0 0 ce3e3 0

cv1e1e3 0 −cv1e1e3 cv2e3 0 −cv1e1 ce1e1 + ce3e3


When the considered relations in ρ are not simply paths but rather linear combinations

of parallel paths, then the characterization of a derivation on bound quiver algebras could

be different of the one established in Corollary 3.2.5 as shown by the following example

in which we use the same quiver E of Example 3.2.6 but with different set of relations.

Example 3.2.7. Let (E, ρ) be a bound quiver associated with the set of relations ρ =

{e1e3 − e2e3}, where E is the quiver considered in Example 3.2.7. Then, a linear map d

is a derivation on Q if and only if it can be presented by the following matrix:
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M =



0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

cv1e1 −cv1e1 0 ce1e1 ce2e1 0 0

cv1e2 −cv1e2 0 ce1e2 ce2e2 0 0

0 cv2e3 −cv2e3 0 0 ce3e3 0

cv1e1e3 0 −cv1e1e3 cv2e3 cv2e3 −cv1e1 − cv1e2 ce1e1 + ce3e3+c
e1
e2


with ce1e1 + ce1e2 = ce2e2 + ce2e1 .

Proof. (=⇒) If d is a derivation on Q, then from Proposition 3.2.4,

d(v1) = cv1e1e1 + cv1e2e2 + cv1e1e3e1e3.

d(v2) = −cv1e1e1 − cv1e2e2 + cv2e3e3.

d(v3) = −cv2e3e3 − cv1e1e3e1e3.

d(e1) = ce1e1e1 + ce1e2e2 + cv2e3e1e3.

d(e2) = ce2e1e1 + ce2e2e2 + cv2e3e2e3

= ce2e1e1 + ce2e2e2 + cv2e3e1e3.

d(e3) = cv2e1e1e3 + cv2e2e2e3 + ce3e3e3

= −cv1e1e1e3 − cv1e2e1e3 + ce3e3e3

= (−cv1e2 − cv1e1)e1e3 + ce3e3e3.

d(e1e3) = ce1e1e1e3 + ce1e2e2e3 + ce3e3e1e3

= (ce1e1 + ce3e3 + ce1e2)e1e3.

Also, since e1e3 − e2e3 = 0,

d(e1e3 − e2e3) = d(e1)e3 + e1d(e3)− d(e2)e3 − e2d(e3)

= ce1e1e1e3 + ce1e2e2e3 + ce3e3e1e3 − ce2e1e1e3 − ce2e2e2e3 − ce3e3e2e3

= ce1e1e1e3 + ce1e2e1e3 + ce3e3e1e3 − ce2e1e1e3 − ce2e2e1e3 − ce3e3e1e3

= (ce1e1 − ce2e2 + ce1e2 − ce2e1)e1e3

= 0.

Therefore, ce1e1 + ce1e2 = ce2e2 + ce2e1 .
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(⇐=) Now, let d be a linear map presented by the matrixM . The condition ce1e1+c
e1
e2
=

ce2e2 + ce2e1 yields to

d(e2)e3 + e2d(e3) = ce2e1e1e3 + ce2e2e2e3 + ce3e3e2e3

= (ce2e1 + ce2e2 + ce3e3)e1e3

= (ce1e1 + ce1e2 + ce3e3)e1e3

= d(e1)e3 + e1d(e3)

Hence, d(e1)e3 + e1d(e3)− d(e2)e3 − e2d(e3) = 0. The rest of calculations is similar to the

ones done in the proof of the converse implication of Proposition 3.2.3.

3.3 The uniqueness Lie generalized derivation prop-

erty on bound quiver algebras

In general, a bound quiver algebra does not have the uniqueness Lie generalized derivation

property. For example, if E has an isolated vertex t, then we obtain (1 − t)Qt = 0,

tQ(1 − t) = 0, tQt ∼= K and B = (1 − t)Q(1 − t). Hence, Q is isomorphic to the

triangular algebra Tri(K, 0, B) which can be identified with the direct product of algebras

K×B. So, the center of Q can be described by Z(Q) = {(α, β)|α ∈ K, β ∈ Z(B)}. Let T
be a Lie generalized derivation on Q which it is not a Lie derivation. By Theorem 3.2.2,

T can be written as follows:

T (a, b) = D(a, b) + l(a, b)

= (α, β)(a, b) + d(a, b) + l(a, b)

where 0 ̸= (α, β) ∈ Z(Q), D is a generalized derivation on Q, d is a derivation on Q and

l : Q → Q is a linear map such that its set of images is a subset of Z(Q) and it vanishes

on all commutators of Q. Let λ ̸= 0 be an element in K. Then, we have

T (a, b) = (α + (λ− λ), β)(a, b) + d(a, b) + l(a, b)

= (α + λ, β)(a, b)− (λ, 0)(a, b) + d(a, b) + l(a, b).

Let Dλ be a linear map defined by Dλ(a, b) = (α + λ, β)(a, b) + d(a, b) and let lλ be a

linear map defined by lλ(a, b) = l(a, b)− (λ, 0)(a, b) for every (a, b) ∈ Q. By Lemma 3.2.1,

Dλ is a generalized derivation on Q, D ̸= Dλ, and by elementary calculations we deduce
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that lλ : Q → Q is a linear map such that its set of images is a subset of Z(Q) and it

vanishes on all commutators of Q with lλ ̸= l. This shows that the proper form of Lie

generalized derivation T is not unique.

Following the example above, the following natural question arises: Which kind of

bound quiver algebra has the uniqueness Lie generalized derivation property?

The aim of this section is to answer this question.

Lemma 3.3.1. Assume that the quiver associated with Q is connected and it is not a

one vertex. Let D be a generalized derivation on Q with D(x) ∈ Z(Q) for every x ∈ Q.

Then, D is zero.

Proof. Let D be a generalized derivation that satisfies D(x) ∈ Z(Q) for every x ∈ Q. Let

s be a source in E, then Q is isomorphic to the triangular algebra Tri(K,Ms,Qs) where

K ∼= sQs, Ms = sQ(1 − s) and Qs = (1 − s)Q(1 − s). Hence, by Lemma 3.1.1, Lemma

3.2.1 and [40, Lemma 5], the form of D is as follows

D

(
a m

0 b

)
= α

(
a m

0 b

)
+

(
pK,s(a) an− nb+ fs(m)

0 pQs(b)

)
∈ Z(Q)

for every

(
a m

0 b

)
∈ Q, where α ∈ K, n ∈ Ms, pK,s is a derivation on K, pQs is a

derivation on Qs and fs : Ms → Ms is a linear map which satisfies fs(am) = pK,s(a)m+

afs(m) and fs(mb) = mpQs(b) + fs(m)b. Due to the fact that every derivation on a field

is zero, the form of D is reduced as follows

D

(
a m

0 b

)
=

(
αa αm+ an− nb+ fs(m)

0 αb+ pQs(b)

)
∈ Z(Q).

By hypotheses, we have αa ∈ Z(K) = K, αb+pQs(b) ∈ Z(Qs), αm+an−nb+fs(m) = 0

and αac = c(αb + pQs(b)) for every c ∈ Ms. In particular, for 0 ̸= c ∈ Ms, a = 1 and

b = 0, we get αc = 0, then α = 0 since Ms is a non-zero vector space over K. Therefore,

D is a derivation. It follows from [101, Corollary 3.5] that D is zero.

Proposition 3.3.2. Assume that the quiver associated with Q is connected and it is not

a one vertex. Then, Q has the uniqueness Lie generalized derivation property.

Proof. Let T be a generalized derivation on Q. Let D1 and D2 be two generalized deriva-

tions on Q and l1 : Q → Q and l2 : Q → Q be two linear maps such that their sets of im-
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ages are subsets of Z(Q) and they vanish on all commutators ofQ. If T = D1+l1 = D2+l2,

then D1 −D2 = l2 − l1. Clearly, the set of images of D1 −D2 is a subset of Z(Q). There-

fore, by Lemma 3.3.1, we have D1 −D2 = 0. Consequently, D1 = D2 and l1 = l2. Thus,

Q has the uniqueness Lie generalized derivation property.

To generalize Proposition 3.3.2 to bound quivers with more than one connected compo-

nent, we suppose that the bound quiver (E, I) associated with Q has n connected compo-

nent, where n is a positive integer greater than one. So, Q is isomorphic to
⊕n

i=1K(Ci, ρi),

where Ci is the ith connected component of E and ρi is defined as follows:

ρi =

ρ ∩KCi, if ρ ∩KCi ̸= ∅,

0, otherwise.

Indeed, let ϕ be a homomorphism from KE =
⊕n

i=1KCi into
⊕n

i=1K(Ci, ρi) which

sends each element xi ∈ KCi to xi+ < ρi >∈ K(Ci, ρi), then KE/ ker(ϕ) is isomorphic to⊕n
i=1K(Ci, ρi). Since the kernel of ϕ is defined by ker(ϕ) = {(x1, . . . , xn) : xi ∈< ρi >} =⊕n
i=1 < ρi > and, for each 1 ≤ k, j ≤ n, we have < ρk > ∩ < ρj >= {0}, the equality⊕n
i=1 < ρi >=< ∪ni ρi >=< ρ > holds. Therefore, we get the desired result.

This leads us to write every derivation on Q as a direct sum of derivations on K(Ci, ρi)

as follows.

Lemma 3.3.3. Let d be a derivation on Q. Then, d can be written as d =
⊕n

i=1 di, where

di is a derivation on K(Ci, ρi) for every 1 ≤ i ≤ n.

Proof. First, we need to show that every K(Ci, ρi) is invariant by d. Let Ci0 be a fixed

connected component in E where 1 ≤ i0 ≤ n. For every vertex v ∈ Ci0 , we have by

Proposition 3.2.4

d(v) =
∑
q∈BA,
s(q)=v

cvqq +
∑
q∈BA,
t(q)=v

cvqq.

Since every element in the linear combination d(v) starts or ends at v, d(v) is inK(Ci0 , ρi0).

Now, for every path p ∈ Ci0 , we have by Proposition 3.2.4

d(p) =
∑
q∈BA,

t(q)=s(p)

c
s(p)
q qp+

∑
q∈BA,

s(q)=s(p),
t(q)=t(p)

cpqq +
∑
q∈BA,

s(q)=t(p)

c
t(p)
q pq.
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Since every element in the linear combination d(p) starts or ends at s(p) or t(p), d(p)

is in K(Ci0 , ρi0). Therefore, the space K(Ci0 , ρi0) is invariant by d and the restriction

di = d|K(Ci,ρi)
on K(Ci, ρi) defines a derivation on K(Ci, ρi). Moreover, we get d =⊕n

i=1 di.

Lemma 3.2.1 shows that every generalized derivation D on Q can be written as a sum

of a derivation d on Q and a generalized inner derivation I of the form I(x) = mx for

every x ∈ Q, where m ∈ Z(Q). By the definition of I, the space K(Ci, ρi) is invariant by

I and since K(Ci, ρi) is invariant by d, we get that K(Ci, ρi) is invariant by D, this yields

to D =
⊕n

i=1Di, where Di is a generalized derivation on K(Ci, ρi).

Now, we can give the main result of this section.

Theorem 3.3.4. Let I be the set of all generalized inner derivations I of the form I(x) =

mx for every x ∈ Q with m ∈ Z(Q) and L be the set of all linear maps from Q into itself

such that their sets of images are subsets of Z(Q) and they vanish on all commutators of

Q. Then, the following assertions are equivalents:

1. The bound quiver algebra Q has the uniqueness Lie generalized derivation property.

2. The associated quiver with Q does not contain any isolated vertex.

3. I ∩ L = {0}.

Proof. (1) =⇒ (2). By contrapositive, we suppose that (E, ρ) contains an isolated vertex

t. So, Q is isomorphic to K ⊕ (
⊕n

i=2K(Ci, ρi)). Let T be a Lie generalized derivation

on Q, then T can be expressed as T =
⊕n

i=1Di + l, D1 is a generalized derivation on

K, Di is a generalized derivation on K(Ci, ρi) for each i = 2, . . . , n and l ∈ L. By using

the same reasoning as we did in the example at beginning of this section, we obtain that

T = Dλ + lλ for some 0 ̸= λ ∈ K, where Dλ is a generalized derivation on Q defined by

Dλ = D + ϕλ and lλ ∈ L defined by lλ = l − ϕλ, with ϕλ ∈ I ∩ L defined by ϕλ(x) = λtx

for all x ∈ Q. It follows that D ̸= Dλ and l ̸= lλ. Consequently, Q does not have the

uniqueness Lie generalized property.

(2) =⇒ (3). By contradiction, we suppose that the associated bound quiver with Q

does not contain any isolated vertex and I ∩ L ̸= {0}. Let 0 ̸= I ∈ I ∩ L, by hypothesis,

we have I(x) = mx ∈ Z(Q) for every x ∈ Q where m ∈ Z(Q). On the one hand, we have

I vanishes on all commutators of Q. In particularly, I vanishes on the set BA, since for

every element p ∈ BA can be written as [s(p), p]. On the other hand, we have for every

v ∈ BV , I(v) = mv = λvv ∈ Z(Q) for some λv ∈ K. This can be true only if λv = 0, this
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is due the fact that by hypotheses E does not contain any isolated vertex, which yields

by Lemma 3.1.1 to v /∈ Z(Q) for all v ∈ BV . Therefore, I vanishes on BV , hence I is zero,

contradiction.

(3) =⇒ (1). By contradiction, we suppose that I ∩ L = {0} and Q does not have the

uniqueness Lie generalized derivation property. Let T be a Lie generalized derivation on

Q such that T = I1 + d1 + l1 = I2 + d2 + l2 and I1 − I2 + d1 − d2 = l1 − l2 ̸= 0, where I1

and I2 ∈ I, l1 and l2 ∈ L and d1 and d2 are two derivations on Q. Let v be an element

in BV , by Proposition 3.2.4 the linear combination (d1 − d2)(v) is in < BA >, hence we

obtain (d1−d2)(v) = 0. Suppose that E does not contain any isolated vertex. So, for any

element v ∈ BV , (I1 − I2)(v) = (l1 − l2)(v) = αvv ∈ Z(Q) for some αv ∈ K, by Lemma

3.1.1, this is true only if αv is zero. Therefore, we have (l1 − l2)(b) = 0 for every element

b ∈ B, a contradiction. Now, suppose that E contains an isolated vertex. In the first case,

we assume that for every isolated vertex u in E we have (I1 − I2)(u) = (l1 − l2)(u) = 0.

Then, for any element v ∈ BV associated with a non-isolated vertex v in E, (I1− I2)(v) =
(l1 − l2)(v) = αvv ∈ Z(Q) for some αv ∈ K. Again by Lemma 3.1.1, this is true only if

αv is zero. Thus, we get a contradiction. In the second case, we assume that there is an

isolated vertex u in E such that (I1 − I2)(u) ̸= 0, then (I1 − I2)(p) = 0 for every p ∈ BA.
Indeed, if (I1 − I2)(p) ̸= 0, then (I1 − I2)(s(p)) ̸= 0 ∈ Z(Q), which yields by Lemma 3.1.1

a contradiction. Therefore, 0 ̸= I1 − I2 ∈ I ∩ L, contradiction.

Notice that Theorem 3.3.4 shows that Q has the uniqueness Lie generalized derivation

property if and only if the space of all Lie generalized derivations on Q can be written as

a direct sum of the space of all derivations on Q, I and L.

Since an upper triangular matrix algebra is isomorphic to the path algebraKAn, where

An is the finite linear quiver, we deduce, from Theorem 3.3.4, that every upper triangu-

lar matrix algebra with a dimension great that one has the uniqueness Lie generalized

derivation property.
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CHAPTER 4

Jordan (Lie) σ-derivations on path algebras

I am still learning.

Michelangelo
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The following chapter presents the published paper titled “Jordan (Lie) σ-derivations

on path algebras”1 on FILOMAT.

1A. Adrabi, D. Bennis, and B. Fahid: Jordan (Lie) σ-derivations on path algebras. FILOMAT. 2022;
36:6231–6243.
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Abstract

In this chapter, we investigate Jordan σ-derivations and Lie σ-derivations on

path algebras. This work is motivated by the one of Benkovič done on triangular

algebras and the study of Jordan derivations and Lie derivations on path algebras

done by Li and Wei. Namely, main results state that every Jordan σ-derivation is

a σ-derivation and every Lie σ-derivation is of a standard form on a path algebra

when the associated quiver is acyclic and finite.

42



CHAPTER 4. JORDAN (LIE) σ-DERIVATIONS ON PATH ALGEBRAS

Throughout this chapter K denotes a field of characteristic different then two. Let

A be a unital algebra over K and let σ be an automorphism on A. The set of all σ-

derivations on A is denoted by Derσ(A) and the set of all inner σ-derivations on A is

denoted by Innσ(A). We denote the set of all Jordan σ-derivations on A by Jorσ(A), and

the set of all Lie σ-derivations on A by Lieσ(A).

In the sequel, E = (E0, E1, s, t) denotes a finite acyclic quiver, where E0 and E1 are

sets of vertices and edges of E, respectively, and maps s, t : E1 → E0 determine the edges

of E. We denote by KE the path algebra over K associated with E and by P the set of

all paths in E. Also, we denote by PA the set of all non-trivial acyclic paths in E (for

more details, see Schiffler [128]). However, it is important to notice that in our paper the

product of two paths in E is defined as follows: A non-trivial path p = e1 · · · en in E is a

sequence of edges such that t(ei) = s(ei+1) for every 1 ≤ i < n, and the product of two

paths p = e1 · · · en and q = f1 · · · fm in E is defined by

pq =

{
e1 · · · enf1 · · · fm, if t(en) = s(f1),

0, otherwise.

There are some authors (see for instance [101, 102]) who prefer to define the product of

paths in the opposite way as follows: A non-trivial path p = en · · · e1 in E is a sequence

of edges such that s(ei+1) = t(ei) for every 1 ≤ i < n, and the product of two paths

p = en · · · e1 and q = fm · · · f1 in E is define by

pq =

{
en · · · e1fm · · · f1, if s(e1) = t(fm),

0, otherwise.

The relationship between path algebras and their opposite path algebras was discussed in

details by [57, Section 1].

4.1 The faithfulness property on path algebras

In this section, we investigate the faithfulness property and the loyal property on path

algebras, and we give a construction of a non-trivial idempotent e in a path algebra KE

such that the bimodule eKE(1− e) is a left faithful eKEe-module as well a right faithful

(1− e)KE(1− e)-module under some constraints.

Recall that a triangular algebra A is a unital algebra that contain a non-trivial idem-
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potent e such that eA(1− e) = 0. Hence, it can be written as A = eAe+ eA(1− e) + (1−
e)A(1− e) or in a matrix form (

eAe eA(1− e)

0 (1− e)A(1− e)

)
.

When eAe is isomorphic to a field K, it is called a one-point extension algebra rather than

a triangular algebra. Since for a path algebra KE over a field K, the subspace sKEs is

isomorphic to K for any source s of E, thus one can view KE as a one-point extension

with sKE(1− s) is a vector space over K (see [4, Preliminaries]). Hence, sKE(1− s) is

faithful as a left K-module.

Recall that a (A,B)-bimodule M is called loyal if aMb = {0} implies that a = 0 or

b = 0 for every a in A and b in B. We have the following immediate result:

Lemma 4.1.1. Let KE be a path algebra which admits a source s. Then, sKE(1− s) is

a loyal (K, (1− s)KE(1− s))-bimodule if and only if E has only one source.

Since sKE(1−s) is a K-vector space, it is evident that to check sKE(1−s) is a loyal,

it suffices to show that it is faithful as a right (1 − s)KE(1 − s)-module. Here, we give

some examples and counterexamples.

Example 4.1.2. Let E be the following quiver:

s v1 v2 v3 v4

v5

e1 e2 e3 e4

e5

Since E has only one source, it follows by Lemma 4.1.1 that sKE(1 − s) is a loyal

(K, (1− s)KE(1− s))-bimodule.

Example 4.1.3. Let E be the following quiver:

s v1 v2 t
e1 e2 e3

Since E has two sources s and t, it follows by Lemma 4.1.1 that sKE(1− s) is not a loyal

(K, (1− s)KE(1− s))-bimodule. This can be checked by a straightforward calculations.

Without loss of generality, choose the source s as a non-trivial idempotent. Then, we

have sKE(1 − s)t = sKEt = {0}, but t ̸= 0, hence sKE(1 − s) is not a right faithful

(1− s)KE(1− s)-module, so it is not a loyal (K, (1− s)KE(1− s))-bimodule.
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One may ask what will happen if we choose either the vertex v1 or the vertex v2 instead

of the source s or the source t in Example 4.1.3. To investigate this case, we recall first

the definition of generalized matrix algebra. Let A and B be two K-algebras,M a (A,B)-

bimodule, N a (B,A)-bimodule, and ΦMN : M ⊗B N → A and ΨNM : N ⊗A M → B

two bimodule homomorphisms, called the pairings, satisfying the following commutative

diagrams:

M ⊗B N ⊗AM A⊗AM

M ⊗B B M
∼=

∼=

ΦMN⊗IdM

IdM⊗ΨNM
,

N ⊗AM ⊗B N B ⊗B N

N ⊗A A N.
∼=

∼=

ΨNM⊗IdN

IdN⊗ΦMN

Then, the set (
A M

N B

)
=

{(
a m

n b

)∣∣∣∣a ∈ A,m ∈M,n ∈ N, b ∈ B

}

forms an K-algebra under matrix-like addition and matrix-like multiplication. There is

no constraint condition concerning bimodules M and N . Such a K-algebra is called a

generalized matrix algebra. Let A be a unital K-algebra with a non-trivial idempotent e,

then A is isomorphic to the generalized matrix algebra(
eAe eA(1− e)

(1− e)Ae (1− e)A(1− e)

)
,

without the assumption of the bimodule (1−e)Ae equals to zero as in triangular algebras.

Now, choose v1 in Example 4.1.3 as a non-trivial idempotent. Then, we have

KE ∼=

(
v1Kv1 K{e2}
K{e1} K{s, t, v2, e3}

)
∼=

(
K K{e2}

K{e1} K{s, t, v2, e3}

)
.

And, neither K{e2} is a right faithful K{s, t, v2, e3}-module nor K{e1} is a left faithful

K{s, t, v2, e3}-module even for Example 4.1.2. Then, by choosing a vertex which is neither

a source nor a sink, we obtain the following result.

Theorem 4.1.4. There is no quiver such that the (K, (1−v)KE(1−v))-bimodule vKE(1−
v) or the ((1− v)KE(1− v), K)-bimodule (1− v)KEv is loyal, when v is a vertex which

is neither a source nor a sink.

Proof. Let E be a quiver and v be a vertex which is neither a source nor a sink. Since

vKE(1 − v) and (1 − v)KEv are vector spaces over K, it follows that we only need to
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show that vKE(1− v) is not a right faithful (1− v)KE(1− v)-module and (1− v)KEv

is not a left faithful (1− v)KE(1− v)-module. By hypotheses all sources and sinks are in

(1− v)KE(1− v), therefore by choosing any source s, we obtain that vKE(1− v)s = 0,

also by choosing any sink t, we obtain t(1− v)KEv = 0. Finally, bimodules vKE(1− v)

and (1− v)KEv are not loyal.

Now, we aim to construct a non-trivial idempotent e in KE such that the bimodule

eKE(1− e) is faithful as a left eKEe-module and also as a right (1− e)KE(1− e)-module.

To this end, we state the following proposition. Recall that a vertex is called isolated if

there is no edge that starts or ends at it.

Proposition 4.1.5. Let e be the sum of all sources in E. Then, the bimodule eKE(1− e)

is faithful as a left eKEe-module and also as a right (1− e)KE(1− e)-module if and only

if E does not contain isolated vertices.

Proof. Let e be the sum of all sources in E. Assume that the bimodule eKE(1 − e)

is faithful as a left eKEe-module and also as a right (1 − e)KE(1 − e)-module, hence

eKE(1 − e) contains all paths that start from all sources in E. Then, for every source

s in E, we have seKE(1 − e) ̸= 0, and for every vertex v in E not a source, we have

eKE(1− e)v ̸= 0. Hence, E does not contain an isolated vertex.

Now, assume that E contains an isolated vertex w, then weKE(1−e) = eKE(1−e)w =

0. Hence, eKE(1− e) is not a faithful module as a left module nor as a right module.

In general, the bimodule eKE(1− e) is not a loyal bimodule even if E is a connected

quiver. Indeed, in Example 4.1.3, we set e = s + t, then it follows that eKE(1 − e) =

K{e1, e1e2, e3}, and for the elements t and v1, we have teKE(1−e)v1 = 0. So, eKE(1−e)

is not a loyal bimodule.

4.2 Jordan σ-derivations on path algebras

In this section, we study Jordan σ-derivations on path algebras. The main result of this

section states that every Jordan σ-derivation is a σ-derivation.

The following lemma is useful throughout the paper, it states that an automorphism

on a path algebra cannot translate vertices back and forth on the same non-trivial path.

Lemma 4.2.1. Let σ be an automorphism on KE. Then,
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1. For a non-trivial path p ∈ PA, we have σ(t(p))(KE)s(p) = {0}.

2. For a vertex v ∈ E0, we have σ(v)(PA)v = {0}.

Proof. Assume by contradiction that σ(t(p))(KE)s(p) ̸= {0}. Then, there exists a path

k ∈ P such that σ(t(p))kp ̸= 0. Hence, σ(σ(t(p))kp)σ(t(p))kp = σ(σ(t(p))kp)kp ̸= 0 with

the length of all paths in the linear combination σ(σ(t(p))kp)kp is greater than the length

of p. By repeating the same reasoning recursively, we obtain a contradiction since E is a

finite and acyclic quiver.

Now, assume by contradiction that σ(v)kv ̸= 0 for some k ∈ PA. Then, we have

σ(σ(v)kv)kv ̸= 0. By the same reasoning as we did before, we obtain a contradiction.

The main theorem of this section shows that every Jordan σ-derivation on a path

algebra is a σ-derivation without assuming the faithfulness property of the bimodule

sKE(1 − s), where s is a source in E. A similar result has established in [22, Theorem

3.1] for triangular algebras with the faithfulness condition. But before that, we construct

a new Jordan σ-derivation gf on KE from an arbitrary Jordan σ-derivation f on KE

which is constructed by a similar reasoning as in [22, Lemma 3.3] on triangular algebras.

Let σ be an automorphism on KE, f be a Jordan σ-derivation on KE, and af be an

element in KE defined as follows

af =
∑
u∈E0

σ(u)f(u)(1− u)− σ(1− u)f(u)u.

Let df be an inner σ-derivation on KE defined by df (x) = σ(x)af−afx for every x ∈ KE.

Then, we have

df (v) = σ(v)f(v)(1− v) + σ(1− v)f(v)v −
∑
u∈E0

u̸=v

σ(v)f(u)u−
∑
u∈E0

u̸=v

σ(u)f(u)v,

for every v ∈ E0. Since f(v) = f(v)v + σ(v)f(v) for every vertex v ∈ E0, it follows that

σ(v)f(v)v = 0 and f(v)(1 − v) = σ(v)f(v)(1 − v) for every vertex v ∈ E0. Hence, for

every vertex v ∈ E0, we obtain

f(v) = f(v)v + f(v)(1− v)

= σ(v)f(v)v + σ(1− v)f(v)v + f(v)(1− v)

= σ(1− v)f(v)v + σ(v)f(v)(1− v).
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Therefore, we define gf on KE by gf = f − df , then gf is a Jordan σ-derivation on KE,

and it satisfies the following equality:

gf (v) =
∑
u∈E0

u̸=v

σ(v)f(u)u+
∑
u∈E0

u̸=v

σ(u)f(u)v, (4.1)

for every v ∈ E0. Since for every vertex w ̸= v where v is a fixed vertex we have

σ(v)gf (v)w = σ(v)f(w)w and σ(w)gf (v)v = σ(w)f(w)v,

it follows that the equality (4.1) can be written as

gf (v) =
∑
u∈E0

u̸=v

σ(v)gf (v)u+
∑
u∈E0

u̸=v

σ(u)gf (v)v, (4.2)

for every v ∈ E0. Note that non-trivial paths are nilpotents in KE.

The main result of this section is stated as follows.

Theorem 4.2.2. Every Jordan σ-derivation on KE is a σ-derivation.

Proof. Let f be a Jordan σ-derivation on KE. According to the discussion above, we

may assume that f is the sum of an inner σ-derivation on KE and a Jordan σ-derivation

gf on KE satisfies the equality (4.2). Let v and w be two different vertices. Then, we

have

0 = gf (v ◦ w) = gf (v)w + σ(v)gf (w) + gf (w)v + σ(w)gf (v)

=

( ∑
u∈E0

u̸=v

σ(v)gf (v)u+
∑
u∈E0

u̸=v

σ(u)gf (v)v

)
w

+ σ(v)

( ∑
u∈E0

u̸=w

σ(w)gf (w)u+
∑
u∈E0

u̸=w

σ(u)gf (w)w

)

+

( ∑
u∈E0

u̸=w

σ(w)gf (w)u+
∑
u∈E0

u̸=w

σ(u)gf (w)w

)
v

+ σ(w)

( ∑
u∈E0

u̸=v

σ(v)gf (v)u+
∑
u∈E0

u̸=v

σ(u)gf (v)v

)

= σ(v)gf (v)w + σ(v)gf (w)w + σ(w)gf (w)v + σ(w)gf (v)v.
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By multiplying the last line by σ(v) (resp. σ(w))) from the left and by w (resp. v) from

the right, it yields to

σ(v)gf (v)w + σ(v)gf (w)w = σ(w)gf (v)v + σ(w)gf (w)v = 0. (4.3)

Hence, we deduce

0 = gf (v)w + σ(v)gf (w)

=

( ∑
u∈E0

u̸=v

σ(v)gf (v)u+
∑
u∈E0

u̸=v

σ(u)gf (v)v

)
w

+ σ(v)

( ∑
u∈E0

u̸=w

σ(w)gf (w)u+
∑
u∈E0

u̸=w

σ(u)gf (w)w

)

= σ(v)gf (v)w + σ(v)gf (w)w.

Therefore, we obtain 0 = gf (vw) = gf (v)w + σ(v)gf (w). When vertices v and w are

equal, it follows immediately that gf (v) = gf (v)v + σ(v)gf (v) for every vertex v. For a

non-trivial path p ∈ PA, by the equality (4.2) and Lemma 4.2.1, we have:

gf (p) = gf (s(p) ◦ p)

= gf (s(p))p+ σ(s(p))gf (p) + gf (p)s(p) + σ(p)gf (s(p))

=
∑
u∈E0

u̸=s(p)

σ(u)gf (s(p))p+ σ(s(p))gf (p) + gf (p)s(p) (4.4)

= gf (t(p) ◦ p)

= gf (t(p))p+ σ(t(p))gf (p) + gf (p)t(p) + σ(p)gf (t(p))

= σ(t(p))gf (p) + gf (p)t(p) +
∑
u∈E0

u̸=t(p)

σ(p)gf (t(p))u. (4.5)

By substituting (4.5) in (4.4) and using Lemma 4.2.1, we obtain

gf (p) =
∑
u∈E0

u̸=s(p)

σ(u)gf (s(p))p

+ σ(s(p))

(
σ(t(p))gf (p) + gf (p)t(p) +

∑
u∈E0

u̸=t(p)

σ(p)gf (t(p))u

)
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+

(
σ(t(p))gf (p) + gf (p)t(p) +

∑
u∈E0

u̸=t(p)

σ(p)gf (t(p))u

)
s(p)

=
∑
u∈E0

u̸=s(p)

σ(u)gf (s(p))p+ σ(s(p))gf (p)t(p) +
∑
u∈E0

u̸=t(p)

σ(p)gf (t(p))u.

Therefore, we obtain gf (p) = gf (s(p))p + σ(s(p))gf (p) = gf (p)t(p) + σ(p)gf (t(p)). Let v

be a vertex and p a non-trivial path such that pv = vp = 0. Then, we have

gf (p)v + σ(p)gf (v) =

( ∑
u∈E0

u̸=s(p)

σ(u)gf (s(p))p+ σ(s(p))gf (p)t(p) +
∑
u∈E0

u̸=t(p)

σ(p)gf (t(p))u

)
v

+ σ(p)

( ∑
u∈E0

u̸=v

σ(v)gf (v)u+
∑
u∈E0

u̸=v

σ(u)gf (v)v

)

= σ(p)

(
σ(t(p))gf (t(p))v + σ(t(p))gf (v)v

)
.

By equality (4.3), we obtain gf (p)v + σ(p)gf (v) = 0. Then, gf (pv) = gf (p)v + σ(p)gf (v).

Similarly, we have

gf (v)p+ σ(v)gf (p) =

( ∑
u∈E0

u̸=v

σ(v)gf (v)u+
∑
u∈E0

u̸=v

σ(u)gf (v)v

)
p

+ σ(v)

( ∑
u∈E0

u̸=s(p)

σ(u)gf (s(p))p+ σ(s(p))gf (p)t(p) +
∑
u∈E0

u̸=t(p)

σ(p)gf (t(p))u

)

=

(
σ(v)gf (v)s(p) + σ(v)gf (s(p))s(p)

)
p

By equality (4.3), we obtain gf (v)p+ σ(v)gf (p) = 0. Then, gf (vp) = gf (v)p+ σ(v)gf (p).

Now, let p and q be two non-trivial paths in PA. On the first hand, we assume that

p ◦ q ̸= 0. Without loss of generality we suppose that pq ̸= 0, then we have

gf (pq) = gf (p ◦ q)

= gf (p)q + σ(p)gf (q) + gf (q)p+ σ(q)gf (p)

= gf (p)q + σ(p)gf (q)

+

( ∑
u∈E0

u̸=s(q)

σ(u)gf (s(q))q + σ(s(q))gf (p)t(q) +
∑
u∈E0

u̸=t(q)

σ(q)gf (t(p))u

)
p
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+ σ(q)

( ∑
u∈E0

u̸=s(p)

σ(u)gf (s(p))p+ σ(s(p))gf (p)t(p) +
∑
u∈E0

u̸=t(p)

σ(p)gf (t(p))u

)

= gf (p)q + σ(p)gf (q).

This is due to Lemma 4.2.1. On the other hand, we assume that p ◦ q = 0, it follows that

pq = qp = 0. Then, we have

gf (p)q + σ(p)gf (q) =

( ∑
u∈E0

u̸=s(p)

σ(u)gf (s(p))p+ σ(s(p))gf (p)t(p) +
∑
u∈E0

u̸=t(p)

σ(p)gf (t(p))u

)
q

+ σ(p)

( ∑
u∈E0

u̸=s(q)

σ(u)gf (s(q))q + σ(s(q))gf (p)t(q) +
∑
u∈E0

u̸=t(q)

σ(q)gf (t(q))u

)

= σ(p)gf (t(p))q + σ(p)gf (s(q))q

= σ(p)

(
σ(t(p))gf (t(p))s(q) + σ(t(p))gf (s(q))s(q)

)
q.

Hence, by equality (4.3), we obtain gf (pq) = gf (p)q + σ(p)gf (q) = 0. Which yields that

gf is a σ-derivation on KE, thus f is a σ-derivation on KE. The proof is completed.

In the next example, we will fix an automorphism σ on KE and we will show that

for an arbitrary Jordan σ-derivation on KE, it is a σ-derivation. We express every linear

map f on KE by

f(p) =
∑
q∈P

cpqq (∀p ∈ P).

This is true due to the fact that the set P is finite, and it is a basis of KE as a K-vector

space.

Example 4.2.3. Let E be the following quiver:

v1 v3 v2.e1

e2 e4

e3

Let σ be an automorphisms on KE defined as follows: σ(v1) = v1 + e1 + e2, σ(v2) =

v2 + e3 + e4, σ(v3) = v3 − e1 − e2 − e3 − e4, σ(e1) = e2, σ(e2) = e1, σ(e3) = e3 and

σ(e4) = e4. Let f be a Jordan σ-derivation on KE. We only need to compute the image

of the elements of the basis P . The computation is as follows:

f(v1) = 2−1f(v1 ◦ v1)
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= 2−1(f(v1)v1 + σ(v1)f(v1) + f(v1)v1 + σ(v1)f(v1))

= f(v1)v1 + σ(v1)f(v1)

= f(v1)v1 + (v1 + e1 + e2)f(v1)

= 2cv1v1v1 + cv1e1e1 + cv1e2e2 + cv1v3(e1 + e2).

Hence, we get f(v1) = cv1e1e1 + cv1e2e2. Similarly, we obtain f(v2) = cv2e3e3 + cv2e4e4. We have

f(v3) = 2−1f(v3 ◦ v3)

= 2−1(f(v3)v3 + σ(v3)f(v3) + f(v3)v3 + σ(v3)f(v3))

= f(v3)v3 + σ(v3)f(v3)

= f(v3)v3 + (v3 − e1 − e2 − e3 − e4)f(v3)

= 2cv3v3v3 + cv3e1e1 + cv3e2e2 + cv3e3e3 + cv3e4e4 − cv3v3(e1 + e2 + e3 + e4).

Hence, we get f(v3) = cv3e1e1 + cv3e2e2 + cv3e3e3 + cv3e4e4. We compute the images of all edges

as follows

f(e1) = f(v1 ◦ e1)

= f(v1)e1 + σ(v1)f(e1) + f(e1)v1 + σ(e1)f(v1)

= (v1 + e1 + e2)f(e1) + f(e1)v1

= 2ce1v1v1 + ce1e1e1 + ce1e2e2 + ce1v3(e1 + e2)

Hence, we get f(e1) = ce1e1e1 + ce1e2e2. Similarly, we obtain f(e2) = ce2e1e1 + ce2e2e2, f(e3) =

ce3e3e3 + ce3e4e4 and f(e4) = ce4e3e3 + ce4e4e4. By straightforward verification, we deduce that f

is a σ-derivation on KE.

Denote by Id([A,A]) the ideal of A generated by all commutators in A. As in [22],

an algebra A is not of a triangular form if for each idempotent e in A the condition

(1 − e)Ae = {0} implies that eA(1 − e) = {0}. In the next theorem, we assume that

eA(1− e) is faithful as a left eAe-module and also as a right (1− e)A(1− e)-module.

Theorem 4.2.4 ([22, Theorem 4.1]). Let A be a 2-torsion free triangular matrix algebra.

Let us assume that one of the following statements holds:

1. eAe is not of a triangular form,

2. (1− e)A(1− e) is not of a triangular form,

3. eAe = Id([eAe, eAe]),
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4. (1− e)A(1− e) = Id([(1− e)A(1− e), (1− e)A(1− e)]),

5. eA(1− e) is a loyal (eAe, (1− e)A(1− e))-bimodule.

Then, any Jordan σ-derivation on A is a σ-derivation.

Here, an immediate consequence of Lemma 4.1.1, Proposition 4.1.5, and Theorem

4.2.2.

Corollary 4.2.5. In the case when A = KE with E is a quiver without isolated vertices,

the faithfulness constraint for Theorem 4.2.4 is unnecessary and one of the conditions (1),

(2) or (5) is always satisfied.

4.3 Lie σ-derivations on path algebras

In this section, we study Lie σ-derivations on path algebras. The main result of this

section states that every Lie σ-derivation is of a standard form. Also, we show that

Lieσ(KE) = Der(KE)σ ⊕ Lσ(KE), where Lσ(KE) is the set of all maps that vanish on

all commutators of KE and their values are in the σ-center of KE.

Recall a σ-centre Zσ(A) of A is the set defined by Zσ(A) = {λ ∈ A : σ(x)λ = λx,∀x ∈
A}, where σ is an automorphism on A. A more detailed discussion about σ-centres was

provided in [24, Section 2].

The main result of this section shows that every Lie σ-derivation a standard form

without assuming the faithfulness property of the bimodule sKE(1−s) with s is a source

in E. A similar result established in [24, Theorem 3.5] for triangular algebras with the

condition of faithfulness. As in the previous section, we construct a new Lie σ-derivation

gf on KE from an arbitrary Lie σ-derivation f on KE, and it is done by a similar

reasoning as in [24, Lemma 3.2] on triangular algebras. Let σ be an automorphism on

KE, f be a Lie σ-derivation on KE, and af be an element in KE defined as follows

af =
∑
u∈E0

σ(u)f(u)(1− u)− σ(1− u)f(u)u.

Let df be an inner σ-derivation on KE defined by df (x) = σ(x)af−afx for every x ∈ KE.
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Then, we have

df (v) = σ(v)f(v)(1− v) + σ(1− v)f(v)v −
∑
u∈E0

u̸=v

σ(v)f(u)u−
∑
u∈E0

u̸=v

σ(u)f(u)v,

for every v ∈ E0. We define gf on KE by

gf = f − df , (4.6)

hence gf is a Lie σ-derivation on KE satisfies the following equality:

gf (v) = σ(v)f(v)v + σ(1− v)f(v)(1− v) +
∑
u∈E0

u̸=v

σ(v)f(u)u+
∑
u∈E0

u̸=v

σ(u)f(u)v, (4.7)

for every v ∈ E0. Now, let δf be a linear map on KE defined as follows:

δf (v) =
∑
u∈E0

u̸=v

σ(v)f(u)u+
∑
u∈E0

u̸=v

σ(u)f(u)v, (4.8a)

δf (p) = gf (p), (4.8b)

for every v ∈ E0 and p ∈ PA. We claim that δf is a σ-derivation on KE. Indeed, let

v ∈ E0. Then, we have

δf (v)v + σ(v)δf (v) =
∑
u∈E0

u̸=v

σ(u)f(u)v +
∑
u∈E0

u̸=v

σ(v)f(u)u

= δf (v).

Let v and w be two different vertices. Then, we have

0 = δf (v)w + σ(v)δf (w)

= σ(v)f(w)w + σ(v)f(v)w

= δf (vw).

This is due to the fact that

0 = gf ([v, w])

= gf (v)w + σ(v)gf (w)− gf (w)v − σ(w)gf (v)
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= σ(1− v)f(v)w + σ(v)f(w)w + σ(v)f(w)(1− w) + σ(v)f(v)w

− σ(1− w)f(w)v − σ(w)f(v)v − σ(w)f(v)(1− v)− σ(w)f(w)v. (4.9)

Hence, by multiplying (4.9) from the left by σ(v) and from right by w, we obtain

σ(v)f(w)w + σ(v)f(v)w = 0, (4.10)

for every two different vertices v and w. Let p be a non-trivial path in PA. Then, we have

δf (s(p))p+ σ(s(p))δf (p) =
∑
u∈E0

u̸=s(p)

σ(u)f(u)p+ σ(s(p))gf (p),

δf (p)t(p) + σ(p)δf (t(p)) = gf (p)t(p) +
∑
u∈E0

u̸=t(p)

σ(p)f(u)u.

Also, we have

gf (p) = gf ([s(p), p])

= gf (s(p))p+ σ(s(p))gf (p)− gf (p)s(p)− σ(p)gf (s(p)) (4.11)

= gf ([p, t(p)])

= gf (p)t(p) + σ(p)gf (t(p))− gf (t(p))p− σ(t(p))gf (p). (4.12)

Then, by multiplying (4.11) from the left by σ(t(p)) and multiplying (4.12) from the right

by s(p), and by applying Lemma 4.2.1, we obtain

gf (p)s(p) = σ(t(p))gf (p) = 0.

Also, we have by equality (4.7):

gf (s(p))p = σ(s(p))f(s(p))p+
∑
u∈E0

u̸=s(p)

σ(u)f(u)p,

σ(p)gf (t(p)) = σ(p)f(t(p))t(p) +
∑
u∈E0

u̸=t(p)

σ(p)f(u)u,

σ(p)gf (s(p)) = σ(s(p))gf (s(p))p = σ(s(p))f(s(p))p,

gf (t(p))p = σ(p)gf (t(p))t(p) = σ(p)f(t(p))t(p).
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Hence, we deduce that

gf (p) =
∑
u∈E0

u̸=s(p)

σ(u)f(u)p+ σ(s(p))gf (p) = gf (p)t(p) +
∑
u∈E0

u̸=t(p)

σ(p)f(u)u. (4.13)

Which yields by equality (4.7) to

δf (p) = δf (s(p))p+ σ(s(p))δf (p)

= δf (p)t(p) + σ(p)δf (t(p)).

Let v be a vertex in E0 and p be a non-trivial path in PA such that [v, p] = 0. Then, we

have

0 = δf (v)p+ σ(v)δf (p)

= σ(v)f(s(p))p+ σ(v)f(v)p

= δf (p)v + σ(p)δf (v)

= σ(p)f(v)v + σ(p)f(t(p))v.

Hence, by equality (4.10), we obtain δf (vp) = σ(v)f(v)p+σ(v)f(s(p))p = 0 and δf (pv) =

σ(p)f(v)v + σ(p)f(t(p))v = 0. Let p and q be non-trivial paths in PA such that pq ̸= 0.

By Lemma 4.2.1 and the equality (4.13), we have δf (q)p = gf (q)p = σ(s(q))gf (q)p = 0

and σ(q)δf (p) = σ(q)gf (p) = σ(q)gf (p)t(p) = 0. Thus, we obtain

δf (pq) = δf (p)q + σ(p)δf (q).

Let p and q be non-trivial paths in PA such that pq = qp = 0. Then, we have

0 = δf (pq) = δf (p)q + σ(p)δf (q)

= σ(s(p))δf (p)q + σ(p)δf (s(q))q.

This due to the fact that

0 = gf ([p, q])

= gf (p)q + σ(p)gf (q)− gf (q)p− σ(q)gf (p)

= σ(s(p))δf (p)q + σ(p)δf (s(q))q − σ(s(q))δf (q)p− σ(q)δf (s(p))p.

Which yields to σ(s(p))δf (p)q + σ(p)δf (s(q))q = 0. Finally, we obtain that δf is a σ-
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derivation on KE and the claim is proved. Therefore, gf is the sum of δf and the linear

map lf on KE defined by

lf (v) = σ(v)f(v)v + σ(1− v)f(v)(1− v), and lf (p) = 0, (4.14)

for every vertex v and a non-trivial path p. Now, we are in a position to state the main

result of this section.

Theorem 4.3.1. Every Lie σ-derivation on KE is of a standard form.

Proof. Let f be a Lie σ-derivation on KE. According to equality (4.6), we may assume

that f is a sum of a Lie σ-derivation gf on KE and an inner σ-derivation df on KE.

And, by the discussion above, we assume that gf is a sum of σ-derivation δf on KE and

linear map lf on KE defined as in (4.14). Since lf vanishes on commutators of KE by

construction, we only need to show that lf (v) ∈ Zσ(KE) for every vertex v in E to prove

that f is of a standard form.

Let v ∈ E0 be a fixed vertex, from the hypotheses, we obtain that lf = gf − δf is a

Lie σ-derivation on KE. Hence, for every non-trivial path p ∈ PA, we have lf ([v, p]) =

lf (v)p − σ(p)lf (v) = 0. Which yields to σ(p)lf (v) = lf (v)p for every p ∈ PA. Let

v ̸= u ∈ E0, then we have

0 = lf ([v, u]) = lf (v)u+ σ(v)lf (u)− lf (u)v − σ(u)lf (v). (4.15)

Multiplying (4.15) from the left by σ(u), we obtain

0 = σ(u)f(v)u− σ(u)f(v)(1− v). (4.16)

And, multiplying (4.15) from the right by u, we obtain

0 = σ(1− v)f(v)u− σ(u)f(v)u. (4.17)

Hence, we have σ(u)f(v)(1− v) = σ(1− v)f(v)u, which yields to σ(u)lf (v) = lf (v)u. For

the case when v = u, we have σ(v)lf (v) = σ(v)f(v)v = lf (v)v. Therefore, σ(u)lf (v) =

lf (v)u for every vertex u ∈ E0. Finally, we deduce that lf (v) ∈ Zσ(KE) for every vertex

v ∈ E0.

Denote by W (A) the algebra generated by idempotents and commutators of A. In the

next proposition, we assume that eA(1− e) is faithful as a left eAe-module and also as a
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right (1− e)A(1− e)-module, where e is a non-trivial idempotent in A.

Proposition 4.3.2 ([24, Corollary 4.4]). Let A be a 2-torsion free triangular algebra such

that A = W (A). Then, any Lie σ-derivation d of A is of the form d = ∆ + γ, where

∆ : A→ A is a σ-derivation and γ : A→ Zσ(A) is a linear map the vanishes on [A,A].

One can state a similar result to Corollary 4.2.5. Since every non-trivial path in E

can be viewed as a commutator and all vertices are idempotents, we have the following

consequence of Theorem 4.3.1 and Proposition 4.1.5.

Corollary 4.3.3. In the case when A = KE with E is a quiver without isolated vertices,

then the faithfulness constraint for Proposition 4.3.2 is unnecessary.

In the next example, we use a quiver from [51], which we can define on it an automor-

phism does not map a vertex to vertex.

Example 4.3.4. Let K = F5 and let E be the following quiver v1 v2
e and

σ an automorphism on KE defined as in [51, Page 1398], i.e.:

σ(v1) = v1 + e, σ(v2) = v2 − e and σ(e) = e.

Then, the σ-centre of KE is Zσ(KE) = {0, v1+v2+4e, 2v1+2v2+3e, 3v1+3v2+2e, 4v1+

4v2 + e}. Let f be the Lie σ-derivation on KE defined by

f(v1) = v1 + v2 + e, f(v2) = 4v1 + 4v2 + 4e and f(e) = 3e.

Then, f can be written as a sum of a σ-derivation d on KE defined by

d(v1) = 2e, d(v2) = 3e and d(e) = 4e,

and a linear map l on KE that vanishes on all commutators of KE and its values are in

σ-center of KE, which is defined by

l(v1) = v1 + v2 + 4e, l(v2) = 4v1 + 4v2 + e and l(e) = 0.

Denote the set of all maps that vanishes on all commutators and their values are in

the σ-center of A by Lσ(A). Notice that every element of Lσ(A) is a Lie σ-derivation on

A. Indeed, let l be an element in Lσ(A), thus by definition, we have l([x, y]) = 0 for every

x and y in A. And, we have

l(x)y + σ(x)l(y)− l(y)x− σ(y)l(x) = 0,
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due to the fact that Im(l) is a subset of σ-center of A. Hence, we obtain the next result.

Corollary 4.3.5. The following sequence is exact and split as K-vector spaces.

0 Lσ(KE) Lieσ(KE) Derσ(KE) 0,
φ ψ

(4.18)

where φ is a canonical inclusion and ψ : f 7→ f − lf with lf is the associated map with f

that vanishes on all commutators and its values are in the σ-center of KE as defined in

(4.14).

Proof. On the first hand, the map φ is K-linear by definition. And, on the other hand, by

Theorem 4.3.1, ψ is an epimorphism and Im(φ) = Ker(ψ). Thus, the sequence (4.18) is

exact. To show it splits, define ψ : Derσ(KE) → Lieσ(KE) to be the canonical injection.

Then, for every derivation d in Derσ(KE), we have ψψ(d) = ψ(d) = d − ld = d, due to

the fact that ld = 0. Therefore, ψψ is the identity on Derσ(KE) and the sequence (4.18)

is split.
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CHAPTER 5

Jordan Gn-derivations on path algebras

Just because we can’t find a solu-

tion, it doesn’t mean there isn’t

one.

Andrew Wiles
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The following chapter presents the published paper titled “Jordan Gn-derivations on

path algebras”1 on Communications of the Korean Mathematical Society.

1A. Adrabi, D. Bennis, and B. Fahid: Jordan Gn-Derivations on Path Algebras. Communications of
the Korean Mathematical Society. 2022; 37:957–967.
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Abstract

Recently, Brešar’s Jordan {g, h}-derivations has been investigated on triangular

algebras. As a first aim of this chapter, we extend this study to an interesting

general context. Namely, we introduce the notion of Jordan Gn-derivations, with
n ≥ 2, which is a natural generalization of Jordan {g, h}-derivations. Then, we

study this notion on path algebras. We prove that, when n > 2, every Jordan

Gn-derivation on a path algebra is a {g, h}-derivation. However, when n = 2, we

give an example showing that this implication does not hold true in general. So, we

characterize when it holds. As a second aim, we give a positive answer to a variant

of Lvov-Kaplansky conjecture on path algebras. Namely, we show that the set of

values of a multi-linear polynomial on a path algebra KE is either {0}, KE or the

space spanned by paths of a length greater than or equal to 1.
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Throughout this chapter, K will denote a field with characteristic zero, A will be a

K-algebra with the center Z(A).

5.1 Definitions

One can naturally continue the way started by Brešar and introduce a rather general case

of Jordan {g, h}-derivations using the following notations: denote x1 ◦ x2 by ◦2xi for all
x1, x2 ∈ A and (◦n−1xi) ◦ xn by ◦nxi for all x1, . . . , xn ∈ A with n ≥ 2. By convention,

we set by ◦0xi = 1
2
and ◦1xi = x1 for all x1 ∈ A. Whence, the generalization of Jordan

{g, h}-derivations is stated as follows: let Gn = {gi}1≤i≤n be a finite family of linear maps

on A with n ≥ 2. We say that a linear map f : A → A is a Jordan Gn-derivation, if for
every n-tuple (x1, . . . , xn) ∈ An

f(◦nxi) =
n∑
j=1

(((◦j−1xi ◦ gσ(j)(xj)) ◦ xj+1) · · · ) ◦ xn, ∀σ ∈ Sn, (5.1)

where Sn is the symmetric group of degree n. Also, following Brešar’s approach, we

consider the following notion: we say that a linear map f : A → A is a Gn-derivation on

A, if for every (x1, . . . , xn) ∈ An,

f(
n∏
i=1

xi) =
n∑
i=1

x1 · · ·xi−1gσ(i)(xi)xi+1 · · ·xn, ∀σ ∈ Sn. (5.2)

However, following similar argument done by Brešar, we deduce that Gn-derivations and
{g, h}-derivations are the same. In fact, let f be a Gn-derivation with n ≥ 2. Then, by

taking x2 = · · · = xn = 1 in (5.2), we obtain

f(x1) = gσ(1)(x1) + x1gσ(2)(1) + x1(
n∑
i=3

gσ(i)(1)), ∀σ ∈ Sn. (5.3)

And taking x1 = x3 = · · · = xn = 1 in (5.2), we obtain

f(x2) = gσ(1)(1)x2 + gσ(2)(x2) + x2(
n∑
i=3

gσ(i)(1)), ∀σ ∈ Sn. (5.4)

Comparing both expressions, we see that every gi(1) lies in Z(A). Setting λ = f(1) =∑n
i=1 gi(1), we then infer from (5.2) and (5.3) that, for all i ∈ {1, . . . , n}, f(x) − λx =

gi(x) − gi(1)x. If we set d(x) = f(x) − λx for all x ∈ A, then d is a derivation. Thus,
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every Gn-derivation f can be written as

f(x) = λx+ d(x). (5.5)

Therefore, every Gn-derivation can be viewed as a generalized derivation on A. Conversely,

if a linear map f has the form as in (5.5) and λ =
∑n

i λi, where λi ∈ Z(A). Then, f is a

Gn-derivation on A where each gi is defined by

gi(x) = λix+ d(x) (x ∈ A). (5.6)

In this context, it is natural to ask whether a Jordan Gn-derivation is nothing but a Jordan

G2-derivation?

In order to answer this question, we investigate Jordan Gn-derivations on path alge-

bras associated with a finite acyclic quiver. Thus, we assume some familiarity with basic

notions of path algebras (for more details, see [128]).

In the sequel, E = (E0, E1, s, t) designates a finite acyclic quiver, where E0 and E1

are sets of vertices and edges of E, respectively, and the maps s and t from E1 into E0

determine the edges of E. We denote by KE the path algebra over K associated with E.

5.2 Main results

In this section, the set Gn will be a fixed family {gi}1≤i≤n of linear maps on KE, where

n ≥ 2. We show when every Jordan Gn-derivation on path algebras is a Gn-derivation.
We will see that for every n > 2 this implication holds, however for the case n = 2, it

does not as shown by the following example.

Example 5.2.1. Let E be the following quiver: v2 v1 v3
e1 e2 and let f be a

Jordan G2-derivation on KE defined by:

f(v1) = 2v1, g1(v1) = v1 + e1 + e2, g2(v1) = v1 − e1 − e2,

f(v2) = 2v2, g1(v2) = v2 + e1, g2(v2) = v2 − e1,

f(v3) = 2v3, g1(v3) = v3 + e2, g2(v3) = v3 − e2,

f(e1) = 2e1, g1(e1) = e1, g2(e1) = e1,

f(e2) = 2e2, g1(e2) = e2, g2(e2) = e2.

By elementary calculations, we have g1(v1)v1 + v1g2(v1) ̸= f(v21), hence f is not a G2-

derivation on KE.
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To prove the main results of this section, we need the following lemma.

Lemma 5.2.2. For every Jordan Gn-derivation f on KE with n ≥ 2, f(1) is in Z(KE).

Moreover, if n > 2, then gi(1) is in Z(KE) for all i ∈ {1, . . . , n}.

Proof. Assume f to be a Jordan Gn-derivation on KE with n ≥ 2. Let z be a non-trivial

idempotent in KE. Then, we have

0 = f((((z ◦ (1− z)) ◦ 1) · · · ) ◦ 1)

= (((g1(z) ◦ (1− z)) ◦ 1) · · · ) ◦ 1 + ((((z ◦ g2(1− z)) ◦ 1) · · · ) ◦ 1 + 0

= 2n−2(g1(z) ◦ (1− z) + z ◦ g2(1− z))

= g1(z) ◦ (1− z) + z ◦ g2(1− z)

= 2g1(z)− g1(z)z − zg1(z) + zg2(1)− zg2(z) + g2(1)z − g2(z)z (5.7)

Multiplying (5.7) by z from the left, we obtain

0 = zg1(z)− zg1(z)z + zg2(1)− zg2(z) + zg2(1)z − zg2(z)z (5.8)

Multiplying (5.7) by z from the right, we obtain

0 = g1(z)z − zg1(z)z + zg2(1)z − zg2(z)z + g2(1)z − g2(z)z (5.9)

By comparing the equalities (5.8) and (5.9), we get

zg1(z) + zg2(1)− zg2(z) = g1(z)z + g2(1)z − g2(z)z. (5.10)

Similarly, by the definition of Jordan Gn-derivations, we obtain

zgσ(1)(z) + zgσ(2)(1)− zgσ(2)(z) = gσ(1)(z)z + gσ(2)(1)z − gσ(2)(z)z, (5.11)

for every σ ∈ Sn. Therefore, we have

zg2(z) + zg1(1)− zg1(z) = g2(z)z + g1(1)z − g1(z)z. (5.12)

It follows from (5.10) and (5.12) that

z(g1(1) + g2(1)) = (g1(1) + g2(1))z. (5.13)

Since every element s(p)+p is a non-trivial idempotent in KE with p is a non-trivial path
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in E, g1(1)+ g2(1) commutes with all paths in KE. Thus, g1(1)+ g2(1) ∈ Z(KE). Hence

by the definition of Jordan Gn-derivations, we conclude that gσ(1)(1) + gσ(2)(1) ∈ Z(KE)

for all σ ∈ Sn. Now, assume that n > 2, then it follows that g1(1)+g2(1), g3(1)+g2(1) and

g1(1)+g3(1) are in Z(KE). Since Z(KE) is a group, we have g1(1)+g2(1)−g3(1)−g2(1) =
g1(1)− g3(1) ∈ Z(KE). Therefore, g1(1)− g3(1) + g1(1) + g3(1) = 2g1(1) ∈ Z(KE). So,

g1(1) ∈ Z(KE). By similar reasoning, we obtain that all gi(1) are in Z(KE).

We start with the first main result which treats the case n = 2.

Theorem 5.2.3. Every Jordan G2-derivation f on KE is a G2-derivation if and only if

g1(1) ∈ Z(KE) or g2(1) ∈ Z(KE).

Proof. It is clear that if f is a G2-derivation, then g1(1) ∈ Z(KE) and g2(1) ∈ Z(KE).

So, it remains to prove the converse implication. Let f be a Jordan G2-derivation on KE,

then we have

f(x ◦ y) = g1(x) ◦ y + x ◦ g2(y) (x, y ∈ KE). (5.14)

Take y = 1 in (5.14), then we obtain

f(x) = g1(x) + x ◦ g2(
1

2
) (x ∈ KE). (5.15)

Similarly, take x = 1, then we obtain

f(y) = g2(y) + y ◦ g1(
1

2
) (y ∈ KE). (5.16)

Without loss of generality, suppose that g1(1) ∈ Z(KE). It follows by Lemma 5.2.2, that

g2(1) ∈ Z(KE). Therefore, the equalities (5.15) and (5.16) become f(x) = g1(x)+ g2(1)x

and f(y) = g2(y) + g1(1)y for all x, y ∈ KE, respectively. For all x, y ∈ KE, we have

f(x ◦ y) = g1(x) ◦ y + x ◦ g2(y)

= (f(x)− g2(1)x) ◦ y + x ◦ (f(y)− g1(1)y)

= f(x) ◦ y + x ◦ (f(y)− f(1)y).

Hence, f is a Jordan generalized derivation on KE. Therefore, by the discussion in

[4, Preliminaries] and [101, Proposition 3.7], f is a generalized derivation with f(1) =

g1(1) + g2(1). Hence, it follows that f is a G2-derivation.

In the rest of this chapter, P will denote the set of all paths in E including vertices.
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Note that P is a basis of KE as a K-vector space. Now, for the case where n > 2, we

have the following second main result.

Theorem 5.2.4. Every Jordan Gn-derivation on KE with n > 2 is a Gn-derivation.

Proof. Let f be a Jordan Gn-derivation on KE with n > 2. Then, for every path p ∈ P ,

we have

f(p) =
1

2n−1
f(((p ◦ 1) · · · ) ◦ 1)

=
1

2n−1

(
((g1(p) ◦ 1) · · · ) ◦ 1 + · · ·+ ((p ◦ 1) · · · ) ◦ gn(1)

)
=

1

2n−1

(
2n−1g1(p) + 2n−1(

n∑
i=2

gi(1))p
)

= g1(p) + (
n∑
i=2

gi(1))p. (5.17)

And,

f(p) =
1

2n−1
f(((p ◦ 1) · · · ) ◦ 1)

=
1

2n−1

(
((g2(p) ◦ 1) · · · ) ◦ 1 + · · ·+ ((p ◦ 1) · · · ) ◦ gn(1)

)
=

1

2n−1

(
2n−1g2(p) + 2n−1(

n∑
i=1
i ̸=2

gi(1))p
)

= g2(p) + (
n∑
i=1
i ̸=2

gi(1))p. (5.18)

This is due to the fact that by Lemma 5.2.2, all gi(1) ∈ Z(KE). We claim that f is a

Jordan generalized derivation, we only need to check it on every element in P . Let x and

y be two elements in P . Then, we have

f(x ◦ y) = 1

2n−2
f((((x ◦ y) ◦ 1) · · · ) ◦ 1)

=
1

2n−2

(
(((g1(x) ◦ y) ◦ 1) · · · ) ◦ 1 + (((x ◦ g2(y)) ◦ 1) · · · ) ◦ 1

)
+

1

2n−2

(
(((x ◦ y) ◦ g3(1)) · · · ) ◦ 1 + · · ·+ (((x ◦ y) ◦ 1) · · · ) ◦ gn(1)

)
= g1(x) ◦ y + x ◦ g2(y) + (x ◦ y)(

n∑
i=3

gi(1)). (5.19)
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It follows by (5.17) and (5.18) that

(5.19) = (f(x)− (
n∑
i=2

gi(1))x) ◦ y + x ◦ (f(y)− (
n∑
i=1
i ̸=2

gi(1))y)

+ (x ◦ y)(
n∑
i=3

gi(1))

= f(x) ◦ y + x ◦ (f(y)− (
n∑
i=1

gi(1))y).

Hence, f is a Jordan generalized derivation on KE. Therefore, by the discussion in

[4, Preliminaries] and [101, Proposition 3.7], f is a generalized derivation with f(1) =∑n
i=1 gi(1) and gi(1) ∈ Z(KE). Hence, it follows that f is a Gn-derivation.

5.3 Application on a variant of Lvov-Kaplansky con-

jecture

In this section, we investigate a variant of Lvov-Kaplansky conjecture (see Question 2.2

in the introduction). Our main result is as follows.

In the proof, we denote the length of a path p in E by ℓ(p) (i.e. the number of edges

in the path p). By convention, we set the length of vertices to zero.

Theorem 5.3.1. Let ζ(x1, . . . , xn) =
∑

σ∈Sn
cσxσ(1) · · ·xσ(n) be a multi-linear polynomial

over K, with cσ ∈ K. Then, the set of values of ζ on KE is either {0}, KE or the space

spanned by paths of a length greater than or equal to 1.

Proof. We prove the result by recurrence on the length l of the longest path in E. Let

Vj be the space spanned by paths in E with a length greater than or equal to j ∈ N. It

follows that V0 = KE and Vl+k+1 = {0} for all k ∈ N, since there is no path with a length

greater than l. Now, define Ip to be

Ip = {(x1, . . . , xn) ∈ (P ∪ {1})n : ∃σ ∈ Sn,

n∏
i=1

xσ(i) = p}, (5.20)

where p ∈ P . Let ζ(x1, . . . , xn) =
∑

σ∈Sn
cσxσ(1) · · · xσ(n) be a multi-linear polynomial

over K, where cσ ∈ K. Let dσ be a Gn-derivation on KE with gi =
cσ
n
I, where I is the
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identity map on KE. Then, ζ can be written as

ζ(x1, . . . , xn) =
∑
σ∈Sn

cσ

n∏
i=1

xσ(i) =
∑
σ∈Sn

dσ(
n∏
i=1

xσ(i)),

for every (x1, . . . , xn) ∈ (KE)n. Let p ∈ P with ℓ(p) = 0. Assume that there exists an

element x ∈ Ip such that ζ(x) ̸= 0. Then,
∑

σ∈Sn
cσ ̸= 0. Hence, we have

ζ(x) = (
∑
σ∈Sn

dσ)(p) = αpp,

for every p ∈ P and for every x ∈ Ip, where αp ∈ K∗. Therefore, by linearity, the set

of values of ζ on KE is KE itself. Now, to prove the set of values of ζ on KE is Vj,

where 0 < j ≤ l, we assume that, for every q ∈ P with ℓ(q) < j, and for every y ∈ Iq,

we have ζ(y) = 0 and there exists x0 ∈ Ip0 for some p0 ∈ P with ℓ(p0) = j such that

ζ(x0) ̸= 0. Then, there exists a subset Sx0 = {σ ∈ Sn :
∏n

i=1 xσ(i),0 ̸= 0} of Sn such that∑
σ∈Sx0

cσ ̸= 0. Hence, we have

ζ(x) = (
∑
σ∈Sx0

dσ)(p) = αpp,

for every p ∈ P with ℓ(p) ≥ j and for every x ∈ Ip with the components of x has a similar

decomposition of sub-paths of p as x0 of p0, where αp ∈ K∗. Therefore, the set of values

of ζ on KE is Vj. Otherwise, if ζ(y) = 0 for every q ∈ P and every y ∈ Iq, then the set

of values of ζ on KE is {0}.

We end this section with the following examples. We assume in these examples that

KE has some paths of length greater than or equal to 2 and K = C or K = R.

Example 5.3.2. Consider the multi-linear polynomial ζ(x1, x2, x3) = (x1◦x2)◦x3 overK.

Then, the set of values of ζ on KE is KE itself. This is due the fact that all coefficients

are positive. Therefore, for every p ∈ P , we have ζ(p, 1, 1) = αpp, as desired.

In the following example, we use the notation of the proof of Theorem 5.3.1.

Example 5.3.3. Consider the multi-linear polynomial

ζ(x1, x2, x3, x4) = x1x2x3x4 − x1x2x4x3 − x2x1x3x4 + x2x1x4x3

over K. Then, the set of values of ζ on KE is the space spanned by all paths of a length

greater than or equal to 2. This can be checked by choosing a path p0 = e1 · · · el in P with
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ℓ(p) ≥ 2 and x0 = (t(e1), e1, t(e1), e2 · · · el). Hence, ζ(x0) = −p0. Therefore, by similar

decomposition of all paths with a length greater than or equal to 2 as the decomposition

done for p0 into sub-paths in x0, we obtain the desired result.

Recall the following definition of Lie polynomials of order 3.

Definition 5.3.4 ([11, Definition 4]). A non-zero multi-linear Lie polynomial ζ of degree

3 is a polynomial over K that can be written in the form

ζ(x1, x2, x3) = c1[[x1, x2], x3] + c2[[x1, x3], x2],

where c1 and c2 are not both 0 and ci ∈ K.

Example 5.3.5. Let ζ be the Lie polynomial of the order 3 defined as:

ζ(x1, x2, x3) = [[x1, x2], x3] + [[x1, x3], x2]

= x1x2x3 + x1x3x2 − 2x2x1x3 + x2x3x1 − 2x3x1x2 + x3x2x1.

Then, the set of values of ζ on KE is the space spanned by all paths with a length greater

than or equal to 1. Indeed, for every p ∈ P with ℓ(p) = 0, and every x ∈ Ip, ζ(x) = 0,

where Ip is defined as in (5.20). Now, for an edge p0 in P , we have x0 = (p0, t(p0), t(p0)) ∈
Ip0 and ζ(x0) = 2p0 ̸= 0. Hence, for every path p with ℓ(p) > 0, we have

ζ(p, t(p), t(p)) = 2p.

By linearity, we deduce that the set of values of ζ on KE is the space spanned by paths

with length at least one.

For the definition of Lie polynomials of order 4, we have the following definition.

Definition 5.3.6 ([11, Definition 5]). A non-zero multi-linear Lie polynomial ζ of degree

4 is a polynomial over K that can be written in the form

ζ(x1, x2, x3, x4) = c1[[[x1, x2], x3], x4] + c2[[[x1, x2], x4], x3] + c3[[[x1, x3], x2], x4]

+ c4[[[x1, x3], x4], x2] + c5[[[x1, x4], x2], x3] + c6[[[x1, x4], x3], x2],

where ci are not all 0 and ci ∈ K.

Example 5.3.7. Let ζ be the Lie polynomial of the order 4 defined as:

ζ(x1, x2, x3, x4) = [[[x1, x2], x4], x3] + [[[x1, x3], x4], x2]− 2[[[x1, x4], x2], x3]
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= x1x2x4x3 + x1x3x4x2 − 2x1x4x2x3 − x2x1x3x4 + x2x1x4x3

+ x2x3x1x4 − x2x4x1x3 − x2x4x3x1 − x3x1x2x4 + x3x1x4x2

− x3x2x1x4 + 2x3x2x4x1 − x3x4x1x2 − x3x4x2x1 + x4x1x2x3

− x4x1x3x2 + x4x2x1x3 + x4x3x1x2.

By the same reasoning as in the previous example, we choose an edge p0 in P , we have

x0 = (s(p0), p, t(p0), t(p0)) ∈ Ip0 and ζ(x0) = p0 ̸= 0. Hence, we conclude that the set of

values of ζ on KE is the space spanned by paths with length at least one.

Since 2 × 2-upper triangular matrix algebra T2(K) is isomorphic to path algebra as-

sociated with the line quiver E2 : v1 v2,
e we have the following result:

Corollary 5.3.8 ([138, Theorem 1.1]). Let K be a field with characteristic zero. Let

ζ(x1, . . . , xn) =
∑

σ∈Sn
cσxσ(1) · · ·xσ(n) be a multi-linear polynomial over K, with cσ ∈ K.

Then, the image of ζ on KE2 is KE2, Ke or {0}.

By similar reasoning, when K is a field with characteristic zero, the main result

[48, Theorem 3] is generalized from strictly upper triangular matrix algebras to upper

triangular matrix algebras Tm(K) ∼= KEm, where m ≥ 2 and Em is the line quiver

v1 v2 · · · vm−1 vm.
e1 em−1
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CHAPTER 6

On local (like) derivations on path algebras

Without knowledge action is use-

less and knowledge without ac-

tion is futile.

Abu Bakr
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The following chapter presents the published paper titled “On Local (like) Derivations

on Path Algebras”1 on Acta Mathematica Vietnamica.

1A. Adrabi, D. Bennis, and B. Fahid: On Local (like) Derivations on Path Algebras. Acta Mathematica
Vietnamica. 2023; 48:387–399.
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Abstract

In this paper, we investigate local derivations and local generalized derivations

on path algebras associated with finite acyclic quivers. We show that every local

derivation on a path algebra is a derivation, and every local generalized derivation

on a path algebra is a generalized derivation. Also, we apply main results on several

related maps to local derivations. The established results generalize several ones on

some known algebras such as incidence algebras.
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Throughout this paper K is a field of characteristic different than 2 and A is a uni-

tal algebra over K. We assume some familiarity with the basic notions of path algebras

(for more details, see [128]). In the sequel, Q = (Q0, Q1, s, t) designates a finite acyclic

quiver, where Q0 and Q1 are sets of vertices and edges of Q, respectively, and the maps

s, t : Q1 → Q0 determine the edges of Q. We denote by KQ the path algebra over K

associated with Q. Also, we denote by PQ the set of all paths in Q, and we denote by

PQA the set of all non-trivial acyclic paths in Q.

6.1 Path algebras and (finitary) incidence algebras

In this section, we discuss the relationship between path algebras and (finitary) incidence

algebras. This section is aimed to be self-contained to expose the relationship between

path algebras and (finitary) incidence algebras. We start by recalling the definition of

pre-ordered sets and partially ordered sets.

We recall the definition of incidence algebras of partially ordered set.

Definition 6.1.1 ([131, Definition 1.2.1]). The incidence algebra I(X,R) of a locally

finite partially ordered set X over a unital commutative ring R is the set:

I(X,R) = {f : X ×X → R|f(x, y) = 0 if x ̸≤ y},

with operations given by

(f + g)(x, y) = f(x, y) + g(x, y),

(f · g)(x, y) =
∑
x≤z≤y

f(x, z)g(z, y), and

(r · f)(x, y) = r · f(x, y),

for f and g in I(X,R) with r in R and x, y and z in X.

The unity element 1 of I(X,R) is given by 1(x, y) = δx,y for x ≤ y, where δx,y is the

Kronecker delta. If x and y in X with x ≤ y, let exy : X ×X → R be defined by

exy(a, b) =

1 if x = a and y = b,

0 otherwise,
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where a and b are inX. Then, we have exyewz = δy,wexz, and we write ex for exx. Moreover,

the set {exy|x ≤ y} is a linear basis of I(X,R). Some authors define incidence algebras

on more general settings (see [131]). For example, X being a pre-ordered set which can

be illustrated by the work of [119], where they investigated local derivations on finite

incidence algebras defined as follows: Let X is a pre-ordered set such that card(X) = n

with n is a positive natural number, then the algebra I(X,R) can be seen as a sub-algebra

of the full matrix algebra Mn(R) and I(X,R) is called a finite incidence algebra over R.

In other words, let n be a fixed positive natural number and In = {1, . . . , n}, and let ρ

be a reflexive and transitive relation on In. Then, the set

Mn(R)ρ = {M ∈Mn(R) :Mij = 0,∀(i, j) /∈ ρ},

where Mij is the (i, j)-coefficient in the matrix M with (i, j) is in In× In. Then, Mn(R)ρ

is a finite incidence algebra.

An algebra B is called a Kadison algebra if every local derivation on B is a derivation

on B. In [119], Nowicki and Nowosad state that every local derivation on a finite incidence

algebra over R is a derivation as follows:

Theorem 6.1.2 ([119, Theorem 3]). Let R be a unital commutative ring. Then, every

algebra of the form Mn(R)ρ is a Kadison algebra.

Therefore, a path algebra over K associated with a acyclic quiver without parallel

paths is a particular case of finite incidence algebras (see [10] for more details). Hence,

we have the following corollary.

Corollary 6.1.3. For every finite acyclic quiver Q without parallel paths, the path algebra

KQ is a Kadison algebra.

When a quiver Q has parallel paths, the path algebraKQ is no longer a finite incidence

algebra as showed by the next example.

Example 6.1.4. Let Q be the following quiver:

Q : v u
f

e

.

Then, KQ is isomorphic to sub-algebra of M3(K) generated by the set

S =


1 0 0

0 0 0

0 0 0

 ,

0 0 0

0 1 0

0 0 1

 ,

0 1 0

0 0 0

0 0 0

 ,

0 0 1

0 0 0

0 0 0


 .
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Hence, there is no reflexive and transitive relation ρ on the set I3 = {1, 2, 3} such that

M3(K)ρ is isomorphic to KS. Therefore, KS is not a finite incidence algebra.

In [80], Khripchenko and Novikov generalized the notion of incidence algebras to

finitary incidence algebras as follows: Let (X,≤) be a partially ordered set and denote by

MI(X,R) the R-module of formal sums:

a =
∑
x≤y

a(x, y)exy, (6.1)

where a(x, y) is in R. The sum (6.1) is called finitary series if for every (x, y) inX×X such

that x < y there exists a finite number of elements (u, v) in X ×X satisfy x ≤ u < v ≤ y

and a(u, v) ̸= 0. The set of finitary series is a sub-module of MI(X,R) and it is denoted

by FI(X,R). By [80, Theorem 1], FI(X,R) is an associated unital algebra over R.

In [82], Khrypchenko studied local derivation on finitary incidence algebras and he

stated the following main result.

Theorem 6.1.5 ([82, Theorem 2.7]). Let R be a unital commutative ring. Then, FI(P,R)

is a Kadison algebra.

But, we still unable to consider Example 6.1.4 as a finitary incidence algebra even for

finitary incidence algebras of quasiorders (i.e. pre-ordered sets) in [83]. Therefore, we get

rich examples of path algebras that are not finitary incidence algebras due to the fact of

parallel paths in quivers.

We end this section by the following facts.

1. Finite incidence algebras of posets are a particular case of finitary incidence algebras,

2. Finite incidence algebras and finitary incidence algebras are particular cases of fini-

tary incidence algebras of quasiorders,

3. Path algebras without parallel paths are the same as finite incidence algebras of

posets,

4. Path algebras with parallel paths are not finitary incidence algebras of quasiorders,

and

5. (Finite) Incidence algebras are not path algebras in general.
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6.2 Local derivations on path algebras

In this section, we investigate local derivations on path algebras associated with finite

acyclic quivers. The main result of this section shows that every local derivation on a

path algebra is a derivation. We also discuss local Jordan derivations and local Lie deriva-

tions on path algebras.

The following result is needed all along this paper.

Proposition 6.2.1 ([4, Propostion 3.3]). A linear map d : KQ → KQ is a derivation if

and only if d can be expressed in the form:

1. For every vertex v,

d(v) =
∑

q∈PQA,
s(q)=v

cvqq +
∑

q∈PQA,
t(q)=v

cvqq, (6.2)

where all cvq are coefficients in K satisfying c
s(q)
q + c

t(q)
q = 0 for every q ∈ PQA.

2. For every non-trivial path p = e1 · · · en ∈ PQA, where e1, . . . , en are edges in Q,

d(p) =
∑

q∈PQA,
t(q)=s(p)

cs(p)q qp+
∑

1≤i≤n

∑
q∈PQA,
s(q)=s(ei),
t(q)=t(ei)

ceiq e1 · · · ei−1qei+1 · · · en (6.3)

+
∑

q∈PQA,
s(q)=t(p)

ct(p)q pq.

where all ceq are coefficients in K.

Before we state the main result of this section, we state first the following lemma.

Lemma 6.2.2. Let δ be a local derivation on KQ. Then, there exists an inner derivation

da on KQ such that δ − da vanishes on the set of vertices.

Proof. Let δ be a local derivation on KQ and (di)i∈KQ be the family of derivations asso-

ciated with δ. Then, we have

0 = δ(1) = δ(
∑
v∈Q0

v) =
∑
v∈Q0

dv(v) =
∑
v∈Q0

(dv(v)v + vdv(v)).
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Define a in KQ as follows

a =
∑
v∈Q0

dv(v)v = −
∑
v∈Q0

vdv(v).

And, define the inner derivation da on KQ by da(x) = ax − xa for every x in KQ.

Therefore, the map δ = δ − da is a local derivation on KQ, and δ vanishes on the set of

vertices as desired.

Notice that we can write the second term in the equality (7.16) as follows∑
q∈PQA,
s(q)=s(p),
t(q)=t(p)

cpqq =
∑

1≤i≤n

∑
q∈PQA,
s(q)=s(ei),
t(q)=t(ei)

ceiq e1 · · · ei−1qei+1 · · · en.

We use this short notation in the rest the paper. Now, we are in a position to state the

main result of this section.

Theorem 6.2.3. Every path algebra is a Kadison algebra.

Proof. Let δ be a local derivation on KQ and (di)i∈KQ be the family of derivations asso-

ciated with δ. By Lemma 6.2.2, we assume that δ vanishes on the set of vertices. Let p

be a non-trivial path in PQA. It follows by Proposition 6.2.1 that

δ(s(p) + p) = ds(p)+p(s(p) + p)

=
∑

q∈PQA,
s(q)=s(p)

as(p)q s(p)q +
∑

q∈PQA,
t(q)=s(p)

as(p)q qs(p)

+
∑

q∈PQA,
t(q)=s(p)

as(p)q qp+
∑

q∈PQA,
s(q)=t(p)

at(p)q pq +
∑

q∈PQA,
s(q)=s(p),
t(q)=t(p)

apqq

= δ(t(p) + p)

= dt(p)+p(t(p) + p)

=
∑

q∈PQA,
s(q)=t(p)

bt(p)q t(p)q +
∑

q∈PQA,
t(q)=t(p)

bt(p)q qt(p)

+
∑

q∈PQA,
t(q)=s(p)

bs(p)q qp+
∑

q∈PQA,
s(q)=t(p)

bt(p)q pq +
∑

q∈PQA,
s(q)=s(p),
t(q)=t(p)

bpqq

= dp(p)
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=
∑

q∈PQA,
t(q)=s(p)

cs(p)q qp+
∑

q∈PQA,
s(q)=t(p)

ct(p)q pq +
∑

q∈PQA,
s(q)=s(p),
t(q)=t(p)

cpqq,

where coefficients aeq, b
e
q and c

e
q are in K. Hence, we obtain

δ(p) =
∑

q∈PQA,
s(q)=s(p),
t(q)=t(p)

cpqq.

for every non-trivial path p in PQA. To show that δ is a derivation, it suffices to show

that for every non-trivial path p in PQA with a length greater than or equal to 2 and

a vertex v such that p = p1vp2 where p1 and p2 are non-trivial paths in PQA, we have

δ(p) = δ(p1)p2 + p1δ(p2). Let x = p1 + p2 − p− v and y = p1 + p2 − p. Then, we have

δ(y) =
∑

q∈PQA,
s(q)=s(p),
t(q)=v

bp1q q +
∑

q∈PQA,
s(q)=v,
t(q)=t(p)

bp2q q −
∑

q∈PQA,
s(q)=s(p),
t(q)=t(p)

bpqq

= dx(x)

=
∑

q∈PQA,
t(q)=v

cs(p)q qp1 +
∑

q∈PQA,
s(q)=v

cvq p1q +
∑

q∈PQA,
s(q)=s(p),
t(q)=v

cp1q q

+
∑

q∈PQA,
t(q)=v

cvqqp2 +
∑

q∈PQA,
s(q)=t(p)

ct(p)q p2q +
∑

q∈PQA,
s(q)=v,
t(q)=t(p)

cp2q q

−
∑

q∈PQA,
t(q)=s(p)

cs(p)q qp−
∑

q∈PQA,
s(q)=t(p)

ct(p)q pq −
∑

q∈PQA,
s(q)=s(p),
t(q)=t(p)

cpqq

−
∑

q∈PQA,
s(q)=v

cvqvq −
∑

q∈PQA,
t(q)=v

cvqqv.

It yields to ∑
q∈PQA,
s(q)=s(p),
t(q)=v

bp1q q =
∑

q∈PQA,
s(q)=s(p),
t(q)=v

cp1q q −
∑

q∈PQA,
s(q)=s(p),
t(q)=v

cvqqv. (6.4)
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∑
q∈PQA,
s(q)=v,
t(q)=t(p)

bp2q q =
∑

q∈PQA,
s(q)=v,
t(q)=t(p)

cp2q q −
∑

q∈PQA,
s(q)=v,
t(q)=t(p)

cvqvq. (6.5)

∑
q∈PQA,
s(q)=s(p),
t(q)=t(p)

bpqq =
∑

q∈PQA,
s(q)=s(p),
t(q)=t(p)

cpqq −
∑

q∈PQA,
s(q)=v,
t(q)=t(p)

cvq p1q −
∑

q∈PQA,
s(q)=s(p),
t(q)=v

cvqqp2. (6.6)

By multiplying the equality (6.4) from the right by p2 and the equality (6.5) from the left

by p1, we obtain ∑
q∈PQA,
s(q)=s(p),
t(q)=v

bp1q qp2 =
∑

q∈PQA,
s(q)=s(p),
t(q)=v

cp1q qp2 −
∑

q∈PQA,
s(q)=s(p),
t(q)=v

cvqqp2. (6.7)

∑
q∈PQA,
s(q)=v,
t(q)=t(p)

bp2q p1q =
∑

q∈PQA,
s(q)=v,
t(q)=t(p)

cp2q p1q −
∑

q∈PQA,
s(q)=v,
t(q)=t(p)

cvqp1q. (6.8)

Therefore, by substituting (6.7) and (6.8) in (6.6), we obtain∑
q∈PQA,
s(q)=s(p),
t(q)=t(p)

bpqq =
∑

q∈PQA,
s(q)=s(p),
t(q)=v

bp1q qp2 +
∑

q∈PQA,
s(q)=v,
t(q)=t(p)

bp2q p1q

= δ(p1)p2 + p1δ(p2).

This is due the fact that

0 = s(p)(dx(p)− dx(p1)p2 − p1dx(p2))t(p)

=
∑

q∈PQA,
s(q)=s(p),
t(q)=t(p)

cpqq −
∑

q∈PQA,
s(q)=v,
t(q)=t(p)

cp2q p1q −
∑

q∈PQA,
s(q)=s(p),
t(q)=v

cp1q qp2.

Finally, δ is a derivation on KQ, the proof is completed.

We apply the previous result to local Jordan derivations and local Lie derivations. A

linear map J on A is called a local Jordan derivation if for every x ∈ A, there exists a

Jordan derivation Jx on A such that J(x) = Jx(x) (see [145]). Similarly, a linear map L
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on A is called a local Lie derivation on A if for every y ∈ A there exists a Lie derivation

on A such that L(y) = Ly(y) (see [39]).

As consequences of Theorem 6.2.3, we obtain the following corollaries.

Corollary 6.2.4. Every local Jordan derivation on KQ is a derivation.

Proof. The proof follows from [101, Theorem 3.4] and Theorem 6.2.3.

Corollary 6.2.5. Every local Lie derivation on KQ is a Lie derivation.

Proof. Let L be a local Lie derivation on KQ. By [101, Theorem 4.4], every Lie derivation

f on KQ is a sum of a derivation and a linear map on KQ that has values in the center

of KQ and vanishes on all commutators of KQ. Define the map l : x 7→
∑

v∈Q0
lv(vx) for

every x ∈ KQ, where lv is the center valued map that vanishes on all commutators of KQ

and associated with the Lie derivation Lv. By construction l is a linear map, center valued

and vanishes on all commutators of KQ. Denote L − l by L, then for every path p in

PQ, we have L(p) = dp(p), where dp is the associated derivation to the Lie derivation Lp.

Hence, L is a local derivation on KQ and therefore, By Theorem 6.2.3, it is a derivation.

Finally, L is a Lie derivation on KQ.

6.3 Local generalized derivations on path algebras

In this section, we investigate local generalized derivations on path algebras. We show

that every local generalized derivation on a path algebra is a generalized derivation. We

apply the main result of this section on other local maps.

We start by recalling the following result.

Lemma 6.3.1 ([104, Proposition 2.1]). Let f : A → M be a generalized derivation with

an associated linear map d. Then d is a derivation and f(x) = f(1)x + d(x) for all x in

A.

Recall that a generalized inner derivation on A is a linear map I : A → A such that

there exists two fixed elements m and n satisfying I(x) = mx+xn for every x in A. Then,

we have the following lemma.

Lemma 6.3.2. Let ∆ be a local generalized derivation on KQ. Then, there exists a

generalized inner derivation I on KQ such that ∆− I vanishes on the set of vertices.
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Proof. Let ∆ be a local derivation on KQ and (Di)i∈KQ be the family of generalized

derivations associated with ∆. By Lemma 6.3.2, we have ∆(v) = Dv(v) = Dv(1)v+ dv(v)

for every vertex v with dv is a derivation on KQ. Define a, b1 and b2 in KQ as follows

a =
∑
v∈Q0

Dv(1)v, b1 =
∑
v∈Q0

dv(v)v, and b2 =
∑
v∈Q0

vdv(v).

Hence, the linear map I(x) = (a + b1)x + xb2 for every x in KQ is a generalized inner

derivation on KQ and ∆ = ∆− I is a local derivation on KQ that vanishes on the set of

vertices as desired.

Notice that the linearity of local derivations prevent arbitrary families of derivation

to be a local derivation. One can use Theorem 6.2.3 to prove that every local generalized

derivation is a generalized derivation under some certain conditions as the next remark

shows.

Remark 6.3.3. Let ∆ be a local generalized derivation on KQ and (Di)i∈KQ be the family

of generalized derivation associated with ∆. Assume that there exists a local derivation

δ on KQ associated with the family of derivations (di)i∈KQ where di is an associated

derivation with Di for every i in KQ. Then, by Theorem 6.2.3, δ is a derivation on KQ.

Hence, the linear map ∆1 = ∆ − δ is a local generalized derivation on KQ defined as

follows:

∆1(x) = Dx(1)x (∀x ∈ KQ).

By Lemma 6.3.2, there exists a generalized inner derivation I such that ∆ = ∆1 − I

vanishes on the set of vertices. Let p be a non-trivial path in PQA then it follows that

∆(s(p) + p) = Ds(p)+p(1)(s(p) + p) = ∆(p) = Dp(1)p.

Hence, we obtain ∆(p) = 0 for every path p in PQ. Therefore, ∆ is a generalized

derivation on KQ.

Following the terminology used in Section 6.1, we call a generalized Kadison algebra

an algebra on which every local generalized derivation is a generalized derivation. The

main result of this section is stated as follows.

Theorem 6.3.4. Every path algebra is a generalized Kadison algebra.

Proof. Let ∆ be a local derivation on KQ and (Di)i∈KQ be the family of derivations

associated with ∆. By Lemma 6.3.2, we assume that ∆ vanishes on the set of vertices.
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Let p be a non-trivial path in PQA. It follows by Proposition 6.2.1 that

∆(s(p) + p) = Ds(p)+p(s(p) + p)

=
∑

q∈PQA,
s(q)=s(p)

as(p)q s(p)q +

Ds(p)+p(1) +
∑

q∈PQA,
t(q)=s(p)

as(p)q q

 s(p)

+

Ds(p)+p(1) +
∑

q∈PQA,
t(q)=s(p)

as(p)q q

 p+
∑

q∈PQA,
s(q)=t(p)

at(p)q pq

+
∑

q∈PQA,
s(q)=s(p),
t(q)=t(p)

apqq

= ∆(t(p) + p)

= Dt(p)+p(t(p) + p)

=
∑

q∈PQA,
s(q)=t(p)

bt(p)q t(p)q +

Dt(p)+p(1) +
∑

q∈PQA,
t(q)=t(p)

bt(p)q q

 t(p)

+

Dt(p)+p(1) +
∑

q∈PQA,
t(q)=s(p)

bs(p)q q

 p+
∑

q∈PQA,
s(q)=t(p)

bt(p)q pq

+
∑

q∈PQA,
s(q)=s(p),
t(q)=t(p)

bpqq

= Dp(p)

=

Dp(1) +
∑

q∈PQA,
t(q)=s(p)

cs(p)q q

 p+
∑

q∈PQA,
s(q)=t(p)

ct(p)q pq +
∑

q∈PQA,
s(q)=s(p),
t(q)=t(p)

cpqq,

where coefficients aeq, b
e
q and c

e
q are in K. Hence, we obtain

∆(p) = Dp(p) = s(p)Dp(1)p+
∑

q∈PQA,
s(q)=s(p),
t(q)=t(p)

cpqq. (6.9)
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for every non-trivial path p in PQA. To show that ∆ is a generalized derivation, it suffices

to show that for every non-trivial path p in PQA with a length greater than or equal to

2 and a vertex v such that p = p1vp2 where p1 and p2 are non-trivial paths in PQA, we

have ∆(p) = ∆(p1)p2 + p1d(p2) with d is a linear map on KQ. Let x = p1 + p2 − p − v

and y = p1 + p2 − p. Then, we have

∆(y) = s(p)Dp1(1)p1 + vDp2(1)p2 − s(p)Dp(1)p+
∑

q∈PQA,
s(q)=s(p),
t(q)=v

bp1q q

+
∑

q∈PQA,
s(q)=v,
t(q)=t(p)

bp2q q −
∑

q∈PQA,
s(q)=s(p),
t(q)=t(p)

bpqq

= Dx(x)

= Dx(1)(p1 + p2 − p− v) +
∑

q∈PQA,
t(q)=v

cs(p)q qp1 +
∑

q∈PQA,
s(q)=v

cvq p1q +
∑

q∈PQA,
s(q)=s(p),
t(q)=v

cp1q q

+
∑

q∈PQA,
t(q)=v

cvqqp2 +
∑

q∈PQA,
s(q)=t(p)

ct(p)q p2q +
∑

q∈PQA,
s(q)=v,
t(q)=t(p)

cp2q q

−
∑

q∈PQA,
t(q)=s(p)

cs(p)q qp−
∑

q∈PQA,
s(q)=t(p)

ct(p)q pq −
∑

q∈PQA,
s(q)=s(p),
t(q)=t(p)

cpqq

−
∑

q∈PQA,
s(q)=v

cvqvq −
∑

q∈PQA,
t(q)=v

cvqqv.

It yields to vDx(1)v = 0 and

s(p)Dp1(1)p1 +
∑

q∈PQA,
s(q)=s(p),
t(q)=v

bp1q q = s(p)Dx(1)p1 +
∑

q∈PQA,
s(q)=s(p),
t(q)=v

cp1q q −
∑

q∈PQA,
s(q)=s(p),
t(q)=v

cvqqv. (6.10)

vDp2(1)p2 +
∑

q∈PQA,
s(q)=v,
t(q)=t(p)

bp2q q =
∑

q∈PQA,
s(q)=v,
t(q)=t(p)

cp2q q −
∑

q∈PQA,
s(q)=v,
t(q)=t(p)

cvqvq. (6.11)
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s(p)Dp(1)p+
∑

q∈PQA,
s(q)=s(p),
t(q)=t(p)

bpqq = s(p)Dx(1)p+
∑

q∈PQA,
s(q)=s(p),
t(q)=t(p)

cpqq (6.12)

−
∑

q∈PQA,
s(q)=v,
t(q)=t(p)

cvq p1q −
∑

q∈PQA,
s(q)=s(p),
t(q)=v

cvqqp2.

By multiplying the equality (6.10) from the right by p2 and the equality (6.11) from the

left by p1, we obtain

s(p)Dp1(1)p1p2 +
∑

q∈PQA,
s(q)=s(p),
t(q)=v

bp1q qp2 = s(p)Dx(1)p1p2 +
∑

q∈PQA,
s(q)=s(p),
t(q)=v

cp1q qp2 (6.13)

−
∑

q∈PQA,
s(q)=s(p),
t(q)=v

cvqqp2.

p1Dp2(1)p2 +
∑

q∈PQA,
s(q)=v,
t(q)=t(p)

bp2q p1q =
∑

q∈PQA,
s(q)=v,
t(q)=t(p)

cp2q p1q −
∑

q∈PQA,
s(q)=v,
t(q)=t(p)

cvqp1q. (6.14)

Therefore, by substituting (6.13) and (6.14) in (6.12), we obtain

s(p)Dp(1)p+
∑

q∈PQA,
s(q)=s(p),
t(q)=t(p)

bpqq = s(p)Dp1(1)p1p2 +
∑

q∈PQA,
s(q)=s(p),
t(q)=v

bp1q qp2

+ p1Dp2(1)p2 +
∑

q∈PQA,
s(q)=v,
t(q)=t(p)

bp2q p1q

= ∆(p1)p2 + p1∆(p2).

This is due the fact that

0 = s(p) (Dx(p)−Dx(p1)p2 − p1(Dx(p2)−Dx(1)p2)) t(p)

= s(p)Dx(1)p+
∑

q∈PQA,
s(q)=s(p),
t(q)=t(p)

cpqq − s(p)Dx(1)p1p2 −
∑

q∈PQA,
s(q)=s(p),
t(q)=v

cp1q qp2 −
∑

q∈PQA,
s(q)=v,
t(q)=t(p)

cp2q p1q.
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Hence, ∆ is a derivation on KQ, therefore it is a generalized derivation on KQ.

Recall that a linear map f is called a Jordan generalized derivation on A if there exists

a linear map d on A such that

f(x ◦ y) = f(x) ◦ y + x ◦ d(y),

for every x and y in A. A linear map f is called a generalized Jordan derivation on A if

there exists a linear map d on A such that

f(x ◦ y) = f(x)y + f(y)x+ xd(y) + yd(x),

for every x and y in A. We call a linear map J on A a local Jordan generalized deriva-

tion if for every x ∈ A, there exists a Jordan generalized derivation Jx on A such that

J(x) = Jx(x). Similarly, we call a linear map J on A a local generalized Jordan derivation

on A is for every y ∈ A, there exists a generalized Jordan derivation Jy on A such that

J(y) = Jy(y).

By using the first statement of [101, Proposition 3.7] and Theorem 6.3.4, we obtain

the following fact.

Corollary 6.3.5. Every local Jordan generalized derivation on KQ is a generalized deriva-

tion.

Also, by using the second statement of [101, Proposition 3.7] and Theorem 6.3.4, we

obtain the following fact.

Corollary 6.3.6. Every local generalized Jordan derivation on KQ is a generalized deriva-

tion.

A linear map L is said to be a local Lie generalized derivation on A if for every x ∈ A,

there exists a Lie generalized derivation Lx on A such that L(x) = Lx(x).

Corollary 6.3.7. Every local Lie generalized derivation on KQ is a Lie generalized

derivation.

Proof. The proof is similar to the proof of Corollary 6.2.5.
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CHAPTER 7

Categorical properties of generalized σ-derivations on modules

The beginning is the most impor-

tant part of the work.

Plato
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The following chapter presents the published paper titled “Categorical Properties of

Generalized σ-Derivations on Modules”1 on Communications in Algebra.

1A. Adrabi, D. Bennis, and B. Fahid: Categorical Properties of Generalized σ-Derivations on Modules.
Communications in Algebra. 2023; 51:1950–1965.
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Abstract

In this paper, we investigate the notion of generalized σ-derivations on modules

with σ is an automorphism on an algebra S over a commutative ring R. Which

is an extension of the generalized derivations on modules introduced by Nakajima.

Namely, we study homological properties of generalized σ-derivations. Also, we

equip a category of functors from the category of S/R-modules to the category of

R-modules with a tensor product where each functor sends an S/R-module to an

R-module of generalized σ-derivations with σ is an automorphism on an algebra S.

We show that category is semi-monoidal. As an application, we characterize when

a generalized derivation on a path algebra of an acyclic quiver is a generalized inner

derivation.
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Throughout this paper, K denotes a field with characteristic different than two, R a

commutative ring, A an algebra over K and S an algebra over R. Recall that an S/R-

bimodule M is a left and a right S-module such that x(my) = (xm)y, r(xm) = x(rm)

and rm = mr for every x and y in S, r in R, and m in M . An R-module map d : S →M

is called a derivation if d satisfies d(xy) = d(x)y + xd(y) for every x and y in S, and d is

called an inner derivation if there exists an element m in M such that d(x) = mx − xm

for every x in S.

We denote the set of generalized σ-derivations by gDer(S,M, σ). In the case when the

element −m is equal to 0, fσ := fσ0 is called a σ-derivation, and the set of σ-derivations

is denoted by Der(S,M, σ). For elements m and n in M and an automorphism σ on S,

an R-module map fσ−m−n : S → M is called a generalized inner σ-derivation, if fσ−m−n is

satisfies:

fσ−m−n(x) = mx+ σ(x)n,

for every x in S. The set of generalized inner σ-derivations is denoted by gInn(S,M, σ).

In the case when m and n are equal, fσ−m−n is called inner σ-derivation, and the set of

inner σ-derivations is denoted by Inn(S,M, σ).

7.1 Homological properties of generalized σ-derivations

In this section, we study homological properties of generalized σ-derivations. We focus

on the relationship between R-modules gDer(S,M, σ) and Der(S,M, σ).

The following result generalizes [118, Lemma 2.1] in the context of generalized σ-

derivations.

Lemma 7.1.1. Let fσm be a generalized σ-derivation. Then, there exists a σ-derivation

dfσm : S → M such that fσm(xy) = fσm(x)y + σ(x)dfσm(y). If {m ∈ M |Sm = 0} = 0, then

dfσm is uniquely determined by fσm.

Proof. Define a map dfσm : S → M by dfσm = fσm +ml; that is, dfσm(x) = fσm(x) +mx for

every x in S. Then, we have

dfσm(xy) = fσm(xy) +mxy
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= fσm(x)y + σ(x)fσm(y) + σ(x)my +mxy

= (fσm(x) +mx)y + σ(x)(fσm(y) +my)

= dfσm(x)y + σ(x)dfσm(y),

for every x and y in S. Moreover, if {m ∈ M |Sm = 0} = 0, assume that fσm(xy) =

fσm(x)y + xdfσm(y) = fσm(x)y + xd(y), where dfσm and d are two σ-derivations, then we

obtain S(dfσm − d)(y) = 0 for every y in S. Therefore, we have dfσm = d.

Similarly to [118, Remark 2.3], for a generalized σ-derivation fσm, the map d : S →M

defined by d(x) = fσm(x)+σ(x)m for every x in S is a σ-derivation, but we have fσm(xy) ̸=
fσm(x)y + σ(x)d(y) for every x and y in S.

Remark 7.1.2. Let dσ : S → M be a σ-derivation and lm : S → M be an R-linear

map defined by lm(x) = mx for every x in S. Then, fσ−m := dσ + lm is a generalized

σ-derivation. Indeed, we have

fσ−m(xy) = dσ(xy) +mxy

= dσ(x)y + σ(x)dσ(y) +mxy + σ(x)my − σ(x)my

= (dσ(x) +mx)y + σ(x)(dσ(y) +my)− σ(x)my

= (dσ(x) + lm(x))y + σ(x)(dσ(y) + lm(y))− σ(x)my.

Assume that S contains the unity element 1. Then, we can write a generalized σ-

derivation fσm as

fσm(x) = fσm(1)x+ dfσm(x) and dfσm(1) = 0, (7.1)

for every x in S, where dfσm is the associated σ-derivation with fσm.

Now, if fσm and gσn are generalized σ-derivations, then fσm+gσn and rfσrm for every r in R

are generalized σ-derivations. Thus, the set gDer(S,M, σ) is an R-module. The following

theorem states the relationship between R-modules gDer(S,M, σ) and Der(S,M, σ).

Theorem 7.1.3. Let M be an S/R-bimodule. Then, the following sequence is split exact

as R-modules.

0 →M
ψM−−→ gDer(S,M, σ)

ϕM−−→ Der(S,M, σ) → 0, (7.2)

where ψM(m) = lσ−m, ϕM(fσm) = fσm + lσ−m where lσ−m(x) = mx for every x in S.
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Proof. Since gDer(S,M, σ) is an R-module, ψM and ϕM are R-module maps. Then by

Lemma 7.1.1 and Remark 7.1.2, ϕM is an epimorphism and kerϕM = ImψM . Define

an R-linear map ϕM : Der(S,M, σ) → gDer(S,M, σ) by ϕM(dσ) = dσ for every dσ in

Der(S,M, σ). Thus, ϕM ◦ ϕM is the identity map on Der(S,M, σ) and therefore (7.2) is

split exact.

The sequence (7.2) gives a functorial relation between functors Der(S,−, σ) and gDer(S,−, σ)
from the category of S/R-bimodules to the category of R-modules as follows: Let α :M →
N be a homomorphism of S/R-bimodule. Then, α induces an R-module map

α∗ : gDer(S,M, σ) −→gDer(S,N, σ)

fσm 7−→(αfσm)
σ
α(m)

Generally, let σ, τ and ζ be three automorphisms on S such that τ = ζ−1σζ. Let α :M →
N be a homomorphism of S/R-bimodule. Then, the following diagram commutes:

gDer(S,M, σ) gDer(S,N, σ)

gDer(S,M, τ) gDer(S,N, τ)

Der(S,M, σ)⊕M Der(S,N, σ)⊕N

Der(S,M, τ)⊕M Der(S,N, τ)⊕N

ζM

ϕσM

ζM

ϕτM

ατ
∗

ασ
∗

ατ
∗

ζN

ϕτN

ϕσN

ασ
∗

ζN

Maps are defined as follows:

αx∗ : gDer(S,M, x) −→ gDer(S,N, x), fxm 7−→ (αfxm)
x
α(m); (7.3)

αx∗ : Der(S,M, x)⊕M −→ Der(S,N, x)⊕N, dx ⊕m 7−→ (αdx)x ⊕ α(m); (7.4)

ζY : gDer(S, Y, σ) −→ gDer(S, Y, τ), fσy 7−→ (lζY f
σ
y ζ)

τ
y ; (7.5)

ζY : Der(S, Y, σ)⊕ Y −→ Der(S, Y, τ)⊕ Y, dσ ⊕ y 7−→ (lζY d
σζ)τ ⊕ y; (7.6)

ϕxY : gDer(S, Y, x) −→ Der(S, Y, x)⊕ Y, fxy 7−→ (fxy + ly)
x ⊕ y; (7.7)

for each x = α, τ ; Y =M,N ; where ly : Y → Y , ly(a) = ya for every a in Y and R-linear

maps lζY : Y → Y , lζY (sy) = ζ−1(s)y, lζY (ys) = yζ−1(s) and lζY (y) = y for every s in S

and y in Y . Therefore, the top square diagram gives a natural transformation which will
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be discussed in detail in Section 7.2, and the front (also, back) square diagram gives the

following natural transformation:

Φx : gDer(S,−, x) −→ Der(S,−, x)⊕ F

where x = σ, τ and F is a forgetful functor from the category of S/R-modules to the

category of R-modules. Thus, functors gDer(S,−, x) and Der(S,−, x)⊕ F are naturally

equivalent, where x = σ, τ .

Now, for an automorphism σ on S, we have the functor gInn(S,−, σ) is subfuctor of
gDer(S,−, σ). Then, we obtain the commutative diagram of functors

gInn(S,−, σ) Inn(S,−, σ)

gDer(S,−, σ) Der(S,−, σ)⊕ FΦσ

Φσ
res

I I1

where Φσ
res is a restriction of Φσ and I, I1 are canonical injections. Recall that a derivation

is called outer if it is not an inner derivation. We extend this notion to our context.

So, a (generalized) σ-derivation is called a (generalized) outer σ-derivation if it is not a

(generalized) inner σ-derivation. The next main result of this section shows that every

generalized outer σ-derivation is an outer σ-derivation.

Theorem 7.1.4. Let σ be an automorphism on S. Then, we have

gDer(S,M, σ)/gInn(S,M, σ) ∼= Der(S,M, σ)/Inn(S,M, σ).

Proof. By a similar reasoning as in [118, Theorem 2.8], we obtain the commutative dia-

gram with exact rows:

0 M gInn(S,M, σ) Inn(S,M, σ) 0

0 M gDer(S,M, σ) Der(S,M, σ) 0
ψM ϕM

i0 i i1

where i0, i1 and i are canonical injections. Since the category of R-modules is abelian, it

follows by [124, Corollay 6.12 (Snake Lemma)] that

0 gDer(S,M, σ)/gInn(S,M, σ) Der(S,M, σ)/Inn(S,M, σ) 0

as desired.
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In the case where S has the unity element 1, the above theorem is straightforward fact

from the equality (7.1).

7.2 Category of functors gDer(S,−, σ)

In this section, we study the category of functors gDer(S,−, σ) from the category of S/R-

modules to the category of R-modules equipped with a tensor product.

First, we construct the category DS with objects gDer(S,−, σ) for every automorphism

σ of S as its class of objects, and morphisms between objects are natural transformations:

Nζ : gDer(S,−, σ) → gDer(S,−, τ)

that makes the following diagram commutes:

gDer(S,M, σ) gDer(S,N, σ)

gDer(S,M, τ) gDer(S,N, τ),

ασ
∗

ατ
∗

ζM ζN (7.8)

as defined in (7.5) and (7.6) (i.e. the top square diagram). Now, we categorify the set of

automorphisms Aut(S) by letting automorphisms be its class of objects, and there exists

a morphism between two automorophisms σ and τ if there exists an automorphsim ζ such

that τ = ζ−1σζ. We denote this category by AS. Let ∆S be a functor from the category

AS to the category DS defined by

∆S : AS −→ DS

σ 7−→ gDer(S,−, σ)

Indeed, each automrphism σ is sent to the functor gDer(S,−, σ), and every morphism aσζ :

σ → τ is sent to the natural transformation ∆S(a
σ
ζ ) from gDer(S,−, σ) to gDer(S,−, τ).

For morphisms aσζ : σ → τ and aτη : τ → µ, we have µ = η−1ζ−1σζη, so by definition the

big square commutes
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gDer(S,M, σ) gDer(S,N, σ)

gDer(S,M, τ) gDer(S,N, τ)

gDer(S,M, µ) gDer(S,N, µ)

ασ
∗

ατ
∗

ζM ζN

αµ
∗

ηM ηN

which proves the composition of natural transformations. The associativity and identity

are straightforward. Note that by definition, for every pair of objects σ and τ in AS,

there is only one and unique morphism between them which it is an isomorphism when

it exists. Therefore, AS is a groupoid category. Similarly, the category DS is a groupoid

category by construction.

Remark 7.2.1. Categories AS and DS are equivalent. Indeed, let ΛS be a functor from DS

to AS defined by ΛS(gDer(S,−, σ)) = σ and ΛS(Nζ) = lζ , where Nζ : gDer(S,−, σ) →
gDer(S,−, τ) and lζ : σ → τ . Then, ∆S ◦ ΛS ∼= IdAS

and ΛS ◦∆S
∼= IdDS

.

Let n be a positive integer and p a prime number, and let σ be a fixed element in

Aut(S). For every object τ in AS, define σ ⊗p
n − : AS → AS to be

σ ⊗p
n τ := (σ ⊗p

n −)(τ)

= σ−1τnσ

where n = nmodulo p. And, for every morphism lµ : τ1 → τ2 in Aut(S) (i.e. µ−1τ1µ = τ2),

define σ ⊗p
n lµ to be

σ ⊗p
n lµ := (σ ⊗p

n −)(lµ) : σ
−1τn1 σ → σ−1τn2 σ.

Indeed, σ ⊗p
n lµ is well defined due to the fact that

(σ−1µ−1σ)(σ−1τn1 σ)(σ
−1µσ) = σ−1τn2 σ. (7.9)

Remark 7.2.2. All morphisms between objects in AS are isomorphims. Indeed, let lζ :

σ → τ . By definition we have ζ−1σζ = τ , it follows that ζτζ−1 = σ. Denote ζ−1 by ζ,

hence the morphism lζ : τ → σ is well defined and morphisms

lζlζ : σ → σ, lζlζ : τ → τ,

are identity maps on σ and τ , respectively.
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To show that σ ⊗p
n − is a functor, we only need to check the other conditions. Let

lµ1 : τ1 → τ2 and lµ2 : τ2 → τ3 be two morphisms in AS. Since we have µ
−1
2 µ−1

1 τ1µ1µ2 = τ3,

similarly to the equality (7.9), it implies that σ⊗p
n lµ2lµ1 : σ⊗p

n τ1 → σ⊗p
n τ3 is well defined.

Also, we have σ ⊗p
n lµ1 : σ ⊗p

n τ1 → σ ⊗p
n τ2 and σ ⊗p

n lµ2 : σ ⊗p
n τ2 → σ ⊗p

n τ3, which gives

the following equalities:

(σ−1µ−1
1 σ)(σ−1τn1 σ)(σ

−1µ1σ) = σ−1τn2 σ

(σ−1µ−1
2 σ)(σ−1τn2 σ)(σ

−1µ2σ) = σ−1τn3 σ.

By substitution, we get σ−1µ−1
2 µ−1

1 τn1 µ1µ2σ = σ−1τn3 σ. Therefore, the equality σ ⊗p
n

lµ2lµ1 = (σ ⊗p
n lµ2)(σ ⊗p

n lµ1) holds. For the identity morphism 1τ : τ → τ , we have

σ⊗p
n 1τ : σ⊗p

n τ → σ⊗p
n τ . From the fact that there is a unique morphism from an object

to itself, it yields that σ ⊗p
n 1τ = 1σ⊗p

nτ . Thus, σ ⊗p
n − is a functor on AS. Now, for a

fixed object τ in AS, define −⊗p
n τ : AS → AS by

σ ⊗p
n τ := (−⊗p

n τ)(σ)

= σ−1τnσ,

for every object σ in AS. For every morphism lζ : σ1 → σ2 in AS (i.e. ζ−1σ1ζ = σ2),

define lζ ⊗p
n τ to be

lζ ⊗p
n τ := (−⊗p

n τ)(lζ) : σ1 ⊗p
n τ → σ2 ⊗p

n τ.

Indeed, lζ ⊗p
n τ is well defined due to the fact that

(σ−1
2 σ1)(σ

−1
1 τnσ1)(σ

−1
1 σ2) = σ−1

2 τnσ2. (7.10)

The rest is straightforward calculations as above. Finally, we obtain that − ⊗p
n − :

AS ×AS → AS is a bifunctor.

From now on, we assume that n is a fixed positive integer. Recall the definition of

semi-monoidal categories.

Definition 7.2.3 ([64, Definition 1]). A semi-monoidal category is a category C with

a bifunctor − ⊗ − : C × C that is associative up to an object-indexed family of natural

isomorphims aX,Y,Z : (X⊗Y )⊗Z → X⊗(Y ⊗Z) satisfying MacLane’s pentagon condition

(1W ⊗ aX,Y,Z)aW,X⊗Y,Z(aW,X,Y ⊗ 1Z) = aW,X,Y⊗ZaW⊗X,Y,Z .
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A functor between semi-monoidal categories that (strictly) preserves the tensor is a (strict)

semi-monoidal functor.

Lemma 7.2.4. The bifunctor −⊗p
n− is associative if and only if every automorphism σ

in Aut(S) is conjugated to σn.

Proof. Let σ, τ and η be three objects in AS. Thus, we have

(σ ⊗p
n τ)⊗p

n η = (σ−1τnσ)⊗p
n η

= (σ−1τnσ)−1ηn(σ−1τnσ).

Also, we have

σ ⊗p
n (τ ⊗p

n η) = σ−1(τ ⊗p
n η)

nσ

= σ−1(τ−1ηnτ)nσ

= σ−1(τ−1ηn
2

τ)σ.

Hence, (σ ⊗p
n τ) ⊗p

n η and σ ⊗p
n (τ ⊗p

n η) are isomorphic if and only if there exists an

automorphism ζ such that

ζ−1(σ−1(τn)−1σ)ηn(σ−1τnσ)ζ = σ−1(τ−1ηn
2

τ)σ. (7.11)

In other words, every automorphism ηn is conjugated to ηn
2
. Since p is a prime number,

it follows that n has an inverse element denoted by n−1. Thus, for every automorphism δ

in Aut(S), we substitute η by δn
−1

in the equality (7.11), hence we obtain

τσζ−1(σ−1(τn)−1σ)δ(σ−1τnσ)ζσ−1τ−1 = δn. (7.12)

Therefore, the equality (7.12) holds if and only if every automorphism δ in Aut(S) is

conjugated to δn.

Proposition 7.2.5. The category (AS,⊗p
n) is a semi-monoidal category if and only if

every automorphism σ in Aut(S) is conjugated to σn.

Proof. By Lemma 7.2.4, we need to check MacLane’s pentagon to prove that (AS,⊗p
n)

is a semi-monoidal. In other words, we only need to show that the following diagram

commutes:
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(σ ⊗p
n τ)⊗p

n (η ⊗p
n θ)

((σ ⊗p
n τ)⊗p

n η)⊗p
n θ σ ⊗p

n (τ ⊗p
n (η ⊗p

n θ))

(σ ⊗p
n (τ ⊗p

n η))⊗p
n θ σ ⊗p

n ((τ ⊗p
n η)⊗p

n θ)

f1 f2

f3

f4

f5

Using the fact that AS is a groupoid, the problem is reduced to maps between objects

(i.e. to show the objects are conjugated). Let σ, τ , η and θ be objects in AS. It is clear

that the morphism f3 exists. For the rest of morphisms, we have

((σ ⊗p
n τ)⊗p

n η)⊗p
n θ = ((σ ⊗p

n τ)⊗p
n η)

−1θn((σ ⊗p
n τ)⊗p

n η),

(σ ⊗p
n (τ ⊗p

n η))⊗p
n θ = (σ ⊗p

n (τ ⊗p
n η))

−1θn(σ ⊗p
n (τ ⊗p

n η)),

σ ⊗p
n ((τ ⊗p

n η)⊗p
n θ) = σ−1((τ ⊗p

n η)⊗p
n θ)

nσ

= σ−1((τ ⊗p
n η)

−1θn(τ ⊗p
n η))

nσ

= σ−1((τ ⊗p
n η)

−1θn
2

(τ ⊗p
n η))σ,

σ ⊗p
n (τ ⊗p

n (η ⊗p
n θ)) = σ−1(τ ⊗p

n (η ⊗p
n θ))

nσ

= σ−1(τ−1(η ⊗p
n θ)

nτ)nσ

= σ−1(τ−1(η−1θnη)nτ)nσ

= σ−1(τ−1(η−1θn
3

η)τ)σ.

(σ ⊗p
n τ)⊗p

n (η ⊗p
n θ) = (σ−1τnσ)⊗p

n (η
−1θnη)

= (σ−1(τn)−1σ)(η−1θnη)n(σ−1τnσ)

= (σ−1(τn)−1σ)(η−1θn
2

η)(σ−1τnσ).

Therefore, morphisms f1, f2, f4 and f5 exist if and only if every automorphism σ in

Aut(S) is conjugated to σn.

By a similar reasoning, let n be a positive integer and p a prime number, and let σ

be a fixed automorphism in Aut(S). Then, for every automorphism τ in Aut(S), define

gDer(S,−, σ)⊗p
n − : DS → DS by

gDer(S,−, σ)⊗p
n gDer(S,−, τ) := (gDer(S,−, σ)⊗p

n −)(gDer(S,−, τ))

= gDer(S,−, σ−1τnσ).

Let τ1 and τ2 be two automorphisms in Aut(S) such that there exists an automorphism

µ that satisfies µ−1τ1µ = τ2. Let Nµ : gDer(S,−, τ1) → gDer(S,−, τ2) be a natural
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transformation. Then, the following natural transformation is well defined:

gDer(S,−, σ)⊗p
n Nµ := (gDer(S,−, σ)⊗p

n −)(Nµ)

= gDer(S,−, σ)⊗p
n gDer(S,−, τ1) → gDer(S,−, σ)⊗p

n gDer(S,−, τ2)

= gDer(S,−, σ−1τn1 σ) → gDer(S,−, σ−1τn2 σ).

Indeed, due to the fact that (σ−1µ−1σ)(σ−1τn1 σ)(σ
−1µσ) = σ−1τn2 σ, it yields that for

every homomorphism α : M → N of S/R-bimodule, we have a commutative diagram

as in (7.8), hence it is a natural transformation, as desired. Also, we obtain that

− ⊗p
n gDer(S,−, σ) : DS → DS is a functor. Therefore, − ⊗p

n − : DS × DS → DS is

a bifunctor.

Now, we are in a position to state the main result of this section.

Theorem 7.2.6. The category (DS,⊗p
n) is a semi-monoidal and the functor ∆S is a strict

semi-monoidal functor if and only if every automorphism σ in Aut(S) is conjugated to

σn.

Proof. The proof of semi-monoidal property is word by word as in Lemma 7.2.4 and

Proposition 7.2.5. Thus, by replacing every object σ in AS by the corresponding object

gDer(S,−, σ) in DS. To show that ∆S is a strict semi-monoidal functor, let σ and τ two

objects in AS. Then, we have

∆S(σ ⊗p
n τ) = ∆S(σ

−1τnσ)

= gDer(S,−, σ−1τnσ)

= gDer(S,−, σ)⊗p
n gDer(S,−, τ)

= ∆S(σ)⊗p
n ∆S(τ).

Therefore, we have ∆S preserves ⊗p
n. To show associativity, let σ, τ and η be three objects

in AS. Then, we have

∆S((σ ⊗p
n τ)⊗p

n η) = gDer(S,−, (σ−1τnσ)−1ηn(σ−1τnσ))

= (gDer(S,−, σ)⊗p
n gDer(S,−, τ))⊗p

n gDer(S,−, η), (7.13)

∆S(σ ⊗p
n (τ ⊗p

n η)) = gDer(S,−, σ−1(τ−1ηn
2

τ)σ)

= gDer(S,−, σ)⊗p
n (gDer(S,−, τ)⊗p

n gDer(S,−, η)). (7.14)

Therefore, there is an isomorphism between (7.13) and (7.14) if and only if every auto-
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morphism σ in Aut(S) is conjugated to σn. Finally, ∆S is a strict semi-monoidal functor

if and only if hypothesis is satisfied.

Note that for both categories (AS,⊗p
n) and (DS,⊗p

n), the left unitary constraint as in

[133, Definition 1.2.1] (i.e. morphisms Id ⊗p
n σ → σ) exists for every σ in AS, similarly,

for DS, but not the right unitary constraint. Also, it might to note that by construction,

every element of categories (AS,⊗p
n) and (DS,⊗p

n) is self-similar as in [64, Definition 4].

7.3 Application to path algebras

In this section, we apply previous results to the vector space gDer(KQ) over K and its

subvector spaces, where KQ is a path algebra over the field K.

We assume some familiarity with the basic notions of path algebras (for more details,

see [128]). In the sequel, Q = (Q0, Q1, s, t) denoted an (infinite) acyclic quiver, where Q0

and Q1 are sets of vertices and edges of Q, respectively, and the pairs of maps s and t

from Q1 into Q0 determine the edges of Q. We denote by KQ the path algebra over K

associated with Q. Recall, a path which contains at least one edge is called a non-trivial

path in quiver Q, otherwise, it is called a trivial path (i.e. the elements of the set Q0).

We denote by PQ the set of all paths in Q which it is a linear basis of KQ. Also, we

denote by PQA the set of all non-trivial acyclic paths in Q.

Denote gDer(KQ,KQ, Id) by gDer(KQ), gInn(KQ,KQ, Id) by gInn(KQ), Der(KQ,KQ, Id)

by Der(KQ) and Inn(KQ,KQ, Id) by Inn(KQ).

Remark 7.3.1. By the proof of Theorem 7.1.4, we obtain the following commutative dia-

gram with the rows are split exact:

0 KQ gInn(KQ) Inn(KQ) 0

0 KQ gDer(KQ) Der(KQ) 0.

7.3.1 Generalized inner derivations on path algebras of finite

quivers

In this subsection, we investigate generalized inner derivations on path algebras of finite

and acyclic quivers. First, we recall the characterization of derivations on KQ.
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Lemma 7.3.2 ([4, Propostion 3.3]). Let Q be a finite and acyclic quiver. A linear map

d : KQ→ KQ is a derivation if and only if d can be expressed in the form:

1. For every vertex v,

d(v) =
∑

q∈PQA,
s(q)=v

cvqq +
∑

q∈PQA,
t(q)=v

cvqq, (7.15)

where all cvq are coefficients in K satisfying c
s(q)
q + c

t(q)
q = 0 for every q in PQA.

2. For every non-trivial path p = p1 · · · pn in PQA, where p1, . . . , pn are edges in Q,

d(p) =
∑

q∈PQA,
t(q)=s(p)

cs(p)q qp+
∑

1≤i≤n

∑
q∈PQA,
s(q)=s(pi),
t(q)=t(pi)

cpiq p1 · · · pi−1qpi+1 · · · pn (7.16)

+
∑

q∈PQA,
s(q)=t(p)

ct(p)q pq.

where all cpiq are coefficients in K.

The following proposition characterizes inner derivations depending on the second

term in the equality (7.16).

Proposition 7.3.3. Let Q be a finite acyclic quiver and d : KQ → KQ be a derivation.

If for every non-trivial path p in PQA, we have s(p)d(p)t(p) = 0. Then, d is an inner

derivation on KQ.

Proof. Let d be a derivation that satisfies the hypotheses, hence by Lemma 7.3.2, we

obtain that, for every path p in PQ, we have

d(p) =
∑

q∈PQA,
t(q)=s(p)

cs(p)q qp+
∑

q∈PQA,
s(q)=t(p)

ct(p)q pq

where all ceq are coefficients in K, this is due to the fact that Q is acyclic. Let C = C1∪C2

be a subset of KQ, where C1 and C2 are defined as follows:

C1 =
⋃
v∈Q0

{cvqqv ∈ KQ|Cv
q qv in d(v) as a linear combination},

C2 =
⋃
v∈Q0

{−cvqvq ∈ KQ|Cv
q vq in d(v) as a linear combination}.
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Let a =
∑

c∈C c, then da(x) = ax− xa is an inner derivation, and it is equal to d.

As an immediate consequence, every derivation on KQ is a sum of an inner derivation

and a derivation that vanishes on all vertices. Which is similar to [60, Lemma, page 116].

Corollary 7.3.4. Let Q be a finite acyclic quiver. Then, every derivation d on KQ can

be written as d = da + δ, where da an inner derivation on KQ with a in KQ and δ is a

derivation on KQ such that δ(v) = 0 for every vertex v in Q0.

Now, we are in a position to state the main result of this subsection.

Theorem 7.3.5. Let Q be a finite acyclic quiver and δ be a derivation on KQ such that

δ vanishes on the set of vertices Q0. Then, we have δ is an inner derivation if and only if

(∀p ∈ PQA)(∀q ∈ PQA) q is parallel to p =⇒ δ(q) = cpq, (7.17)

where cp is the coefficient of p in δ(p).

Proof. Assume that δ is not an inner derivation. Then, by hypotheses and Lemma 7.3.2,

there is no linear combination a in KQ of vertices such that δ(x) = ax − xa for all x in

KQ. Hence, there exists a non-trivial path p such that δ(p) ̸= αp for all α in K, or there

exists two parallel non-trivial paths p and q in PQ such that cp ̸= cq, where cp and cq

are coefficients of p and q in δ(p) and δ(q), respectively. Therefore, the implication (7.17)

does not hold. Conversely, if the implication (7.17) is not satisfied, then δ is not an inner

derivation.

Hence, from [60], we have the following corollary.

Corollary 7.3.6 ([60, Corollary, page 111]). Let Q be a finite acyclic quiver without

parallel paths. Then, HH1(KQ) = 0 if and only if Q is a tree.

By using Remark 7.3.1 and Corollary 7.3.6, we obtain the following result.

Corollary 7.3.7. Let Q be a finite acyclic quiver without parallel paths. Then, every

generalized derivation on KQ is a generalized inner derivation on KQ if and only if Q is

a tree.

Proof. By Corollary 7.3.6, we have that every derivation on KQ is an inner derivation on

KQ. Hence, by Remark 7.3.1 and [124, Proposition 2.72 (Five Lemma)], we obtain the

desired result.
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7.3.2 Generalized inner derivations on path algebras of infinite

quivers

In this subsection, we investigate generalized derivations on path algebras of infinite

acyclic quivers with infinite set of vertices and finite number of edges between every

two vertices. With this setting, we obtain path algebras without the unity element 1.

In the case when Q is an infinite acyclic quiver with the set of vertices is infinite,

Theorem 7.3.5 does not hold. As an example, let Q be an infinite line quiver

v1 v2 v3 v4 · · ·e1 e2 e3 e4

and δ a derivation on KQ that vanishes on the set of vertices and for every edge e in Q1,

we have δ(e) = e. Then, δ is not an inner derivation, this is due to the fact that infinite

sum is not allowed by axioms of algebras (i.e. the sum of all vertices in Q0). But, for

every finite sub-quiver of Q, Theorem 7.3.5 holds. This leads us to define the map Γ as

follows: Let Q0 be the power set of the set Q0 and Q be the set of all sub-quivers of Q.

Define Γ : Q0 → Q to be a map that sends a subset S0 of Q0 to a sub-quiver that contains

all paths (i.e. trivial and non-trivial paths) between vertices S0.

Example 7.3.8. Let Q be the following quiver:

Q : v1 v2 v3 v4

e1

e2

e3 e4 .

Then, for {v1, v3} in Q0, we have Γ({v1, v3}) = v1 v2 v3

e1

e2

e3 . Now, if Q is the

following quiver:

Q :

v5

v1 v2 v3 · · ·

v4

.

Then, for {v1, v3} in Q0, we have Γ({v1, v3}) = v1 v2 v3 .

Denote the property: An infinite quiver with infinite set of vertices and a finite num-

ber of edges between every two vertices by (∗). With this setting, the sets Inn(KQ) and
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gInn(KQ) are strictly included in Der(KQ) and gDer(KQ), respectively.

The following definition is one of key ingredients of the main result of this subsection.

Recall, the support of a map f on A is the subset supp(f) of A defined as supp(f) = {x ∈
A|f(x) ̸= 0}.

Definition 7.3.9. The disconnected support of a linear map f on KQ, denoted by

suppd(f), it is a subset of PQ ∩ supp(f) such that for every element p in suppd(f),

there is no element q in suppd(f) that starts or ends at s(p) and t(p), respectively.

Here is an example of a disconnected support.

Example 7.3.10. Let Q be an infinite line quiver that starts at vertex s. Let d be an

inner derivation on KQ defined by d(x) = sx− xs for every x in KQ. Then, we have for

every non-trivial path p that starts at s, d(p) ̸= 0. Hence, the sets {p} are disconnected

supports of d, where sp ̸= 0.

The next theorem gives necessary and sufficient conditions for a derivation on a path

algebra of a quiver that satisfies (∗) to be an inner derivation.

Theorem 7.3.11. Let Q be a quiver that satisfies (∗) and d is a derivation on KQ. Then,

d is an inner derivation if and only if

1. d has a finite disconnected support, and

2. One of the following assertions holds:

(a) For every non-trivial path p in PQA, we have s(p)d(p)t(p) = 0,

(b) d vanishes on the set of vertices Q0 and

(∀p ∈ PQA)(∀q ∈ PQA) q is parallel to p =⇒ d(q) = cpq,

where cp is the coefficient of p in d(p),

(c) d can be written as sum of two derivations as in (a) and (b).

Proof. Assume that d is an inner derivation. Then, by the definition of inner derivations,

d must satisfy (1). Let S0 = {v ∈ Q0|∃p ∈ P , vd(p) ̸= 0 or d(p)v ̸= 0} and Q̃ = Γ(S0).

It yields that d(KQ̃) ̸= 0 and d(KQ) ⊂ KQ̃, this is due to Lemma 7.3.2. Let d̃ be

the restriction and co-restriction of d on KQ̃, it follows that d̃ is an inner derivation on

KQ̃. Hence, by Lemma 7.3.2, d̃ can be written as sum of a derivation d̃1 as in (a) and a

105



7.3. APPLICATION TO PATH ALGEBRAS

derivation δ̃ that vanishes on the set of vertices. Since by Proposition 7.3.3, d1 is an inner

derivation on KQ̃, it yields that δ̃ is an inner derivation on KQ̃. Therefore, by Theorem

7.3.5, δ̃ satisfies the property

(∀p ∈ PQ̃A)(∀q ∈ PQ̃A) q is parallel to p =⇒ δ̃(q) = cpq.

By extending δ̃ to KQ, we obtain a derivation that satisfies (b). The converse implication

is straightforward verification by using Lemma 7.3.2, Proposition 7.3.3 and Theorem

7.3.5.

The set of derivations with infinite support is not closed under addition. As an exam-

ple, let d be a derivation with infinite support, then also −d is a derivation with infinite

support. Thus, d + (−d) is equal to the zero derivation, however the zero derivation has

a finite support. Therefore, Der(KQ) cannot be written as a directed sum of the set of

derivations with finite support and the set of derivations with infinite support.

Again, by using Remark 7.3.1 and Corollary 7.3.11, we obtain the following result.

Corollary 7.3.12. Let Q be a quiver that satisfies (∗) without parallels paths and D is a

generalized derivation on KQ. Then, every generalized derivation on KQ is a generalized

inner derivation on KQ.
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CHAPTER 8

Perspectives

Adventure is worthwhile.

Aesop
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By reading the introduction of this thesis, one can have many ideas for many research

questions. It is nearly impossible to focus on one direction without a constant temptation

by other directions. So, we decide to focus on something else related to derivations called

Hopf actions. A classical examples of actions are group actions on algebras in which a

group acts on an algebra by automorphisms, also Lie algebra actions on algebras in which

a Lie algebra acts by derivations on an algebra.

Recently, some authors start to investigate Hopf actions on path algebras as in [85,

86]. So, our perspectives is two folds: The first one is study Hopf actions on path algebras

that act as derivations-like, and the second is to use the language of tensor categories as

toolbox to prove results.
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[9] M. Almulhem and T. Brzeziński: Skew derivations on generalized Weyl algebras.

Journal of Algebra. 2018; 493:194–235.

109



BIBLIOGRAPHY

[10] J. Ancykutty: On incidence algebras and directed graphs. International Journal of

Mathematics and Mathematical Sciences. 2002; 31:301–305.

[11] B. E. Anzis, Z. M. Emrich, and K. G. Valiveti: On the images of Lie polynomials

evaluated on Lie algebras. Linear Algebra and its Applications. 2015; 469:51–75.

[12] M. Ashraf, S. Ali, and C. Haetinger: On Derivations In Rings And Their Applica-

tions. The Aligarh Bulletin of Mathematics. 2006; 25:79–107.

[13] M. Auslander, I. Reiten, and S. O. Smalo: Representation Theory of Artin Algebras .

Cambridge University Press, 1995.

[14] S. Ayupov and K. Kudaybergenov: 2-Local derivations on matrix algebras over

semi-prime Banach algebras and on AW ∗-algebras. Journal of Physics: Conference

Series. 2016; 697:012001.

[15] K. Baclawski: Automorphisms and Derivations of Incidence Algebras. Proceedings

of the American Mathematical Society. 1972; 36:351–356.

[16] I. Bajo: Skew-symmetric derivations of a complex Lie algebra. Monatshefte für

Mathematik. 1994; 118:1–6.

[17] R. Banning and M. Mathieu: Commutativity preserving mappings on semiprime

rings. Communications in Algebra. 1997; 25:247–265.
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Résume 
La présente thèse présente nos contributions au domaine des dérivations et les 
applications associées sur les algèbres de chemin. Dans cette thèse, nous avons 
étendu, introduit et développé des concepts et techniques intéressants. Le 
premier objectif de cette thèse est d'étudier et de caractériser certaines 
applications liées aux dérivations sur les algèbres de chemin afin de généraliser 
des résultats existants et d'en introduire de nouveaux dans ce domaine. Le 
deuxième objectif est d'introduire de nouvelles perspectives liées aux dérivations 
pour résoudre une variante d'une conjecture et étudier des propriétés 
catégorielles. 
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Abstract  
The present thesis presents our contributions to the domain of derivations and 
related maps on path algebras. In this thesis, we have extended, introduced, and 
developed interesting concepts and techniques. The first aim of this thesis is to 
investigate and characterize some related maps to derivations on path algebras to 
generalize existing results and introduce new ones to this domain. The second 
aim is to introduce new perspectives related to derivations to solve a variant of a 
conjecture and investigate categorical properties. 
 

Keywords : Lie generalized derivations, Jordan 𝐺𝑛-derivations, Generalized 𝜎-derivations, 

Lvov-Kaplansky conjecture, Path algebras. 
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