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Abstract

To solve large linear systems, iterative methods and projection methods are commonly
employed. Among these methods, the Krylov subspace methods are widely utilized.
The primary principle of these methods is based on the Petrov-Galerkin condition.
Krylov methods involve computing an approximation of the solution to a linear system
within the Krylov subspace, with the requirement that the residual is orthogonal to
another subspace known as the left subspace. The choice of the left subspace leads to
different variants of Krylov methods, which vary in terms of execution time, memory
usage, and computational accuracy. Therefore, our research focuses on analyzing the
convergence of these methods. We have contributed to this field by proposing a uni-
fied approach and a general framework to simplify the study of these methods using
left inverses of the Krylov matrix. This approach is based on the fact that all Krylov
methods compute the coefficients of the minimal polynomial of the system matrix for
an initial residual. By leveraging mathematical tools and the properties of orthogonal
projectors, we have enhanced the computational accuracy of most of these methods
while preserving the same storage and execution time. Furthermore, our approach has
facilitated the development of new implementations that exhibit interesting computa-
tional performance for selected methods. We have also investigated the block case of
these methods in our studies.

Keywords: Krylov subspace, iterative methods, projection methods, linear system, or-

thogonal projectors, Left inverse, convergence improvement, accuracy and stability.
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Résumé

Pour résoudre un systéme linéaire de grande taille, on utilise souvent des méthodes
itératives et des méthodes de projection. Parmi ces méthodes, on trouve les méthodes
de sous-espace de Krylov. Le principe de ces méthodes repose sur la condition de
Petrov- Galerkin. En effet, les méthodes de Krylov consistent a calculer une approxi-
mation de la solution d"un systeme linéaire dans le sous-espace de Krylov, a condition
que le résidu soit orthogonal & un autre sous-espace, appelé sous-espace a gauche. Le
choix du sous-espace a gauche donne différentes variantes des méthodes de Krylov, qui
different les unes des autres en termes de temps d’exécution, de stockage en mémoire
et de précision de calcul. Notre axe de recherche porte donc sur 'amélioration de la
convergence de ce type de méthodes. Nous avons contribué en proposant une ap-
proche unifiée et un cadre général pour simplifier I’étude de ces méthodes en utilisant
les inverses a gauche. Cette approche repose sur le fait que toutes les méthodes de
Krylov calculent les coefficients du polyndme minimal de la matrice du systéeme pour
un résidu initial. En utilisant des outils mathématiques et des propriétés des projecteurs
orthogonaux, nous avons pu améliorer la précision de calcul de la plupart de ces méth-
odes tout en conservant le méme stockage et le méme temps d’exécution. Grace a notre
approche, nous avons également proposé de nouvelles implémentations qui offrent des
performances de calcul intéressantes pour certaines méthodes. Le cas par bloc de ces
méthodes a également été étudié.

Mots-clés: Sous-espace de Krylov, méthodes itératives, méthodes de projection, sys-
teme linéaire, projecteurs orthogonaux, inverse a Gauche, amélioration de la conver-

gence, précision et stabilité.
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Chapter 1

Introduction générale (version

francaise)

Nous souhaitons résoudre les systemes d’équations linéaires suivants
Ax® = 0 =1, .5 (1.1)

avec une méme matrice A de taille N x N, mais avec s différents second membres f (i)
pouri =1,---,s. Ces s systémes linéaires peuvent étre résumés sous forme de blocs
comme suit

AX =, (1.2)

o1 A est une matrice dans RV*N | F et X deux matrices dans RN*% o1 X = [x(l), s, x(s)}
et F = [f(l), . .,f(s)} . Des problemes tels que (1.1) et (1.2) apparaissent dans de nom-
breux domaines comme la physique, I'ingénierie, la chimie, la mécanique structurelle,
la biologie et bien d’autres encore [36, 53, 88]. La résolution algébrique de systémes
d’équations linéaires est 'un des problémes les plus fréquents dans le calcul scien-
tifique.

Pour résoudre un probleme du monde réel, la premiére phase consiste générale-
ment & établir un modele mathématique du probleme conduisant a des équations dont
la solution devrait donner les inconnues recherchés, ou du moins des approximations

utiles. Le modele peut étre discret (posé dans un espace de dimension finie) ou continu
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(posé dans un espace de dimension infinie). Il peut étre linéaire ou non-linéaire. De
nombreux problémes continus conduisent a des systemes d’équations différentielles
ordinaires ou aux dérivées partielles [36, 53].

Si le probleme est posé dans un espace de dimension infinie, la phase suivante du
processus de calcul consiste a discrétiser les équations du modele. On obtient alors des
équations discretes dans un espace de dimension finie, qui peuvent étre linéaires ou
non linéaires. En général, des méthodes itératives sont étre utilisées pour résoudre les
équations non linéaires. Dans de nombreux cas, cela conduit a résoudre des séquences
de systemes linéaires.

La troisieme phase consiste a résoudre un ou plusieurs systemes linéaires. Ces
systemes peuvent étre résolus par une variété de méthodes numériques différentes. La
plupart du temps, l'objectif est de résoudre le systeme linéaire rapidement tant que
possible avec précision a 'aide d"un ordinateur. La méthode numérique choisie pour
résoudre le systeme linéaire doit étre alors programmée le plus efficacement possible
et étre utilisée sur un ordinateur avec des calculs efficaces.

Nos recherches portent sur 1’application des méthodes de projection pour résoudre
des systemes linéaires de grandes tailles qui proviennent généralement de la discréti-
sation des équations aux dérivées partielles (EDP) linéaires et non linéaires en deux ou
trois dimensions. Si l’ordre N de la matrice A est petit, alors nous pouvons résoudre
(1.1) en utilisant des méthodes directes (LU, QR et Cholesky [80, 89],..). Cependant, si
N est grand, les méthodes directes peuvent étre cotiteuses en termes de mémoire et de
temps. Les méthodes itératives deviennent alors intéressantes. Parmi ces méthodes, on
trouve les méthodes du sous-espace de Krylov [73, 79, 89, 105]. L'analyse de la con-
vergence de ces méthodes est un probleme difficile. Nous trouvons dans la littératures
quelques livres autour de ce sujet [73, 95]. L'objectif principal de ces méthodes est de
chercher une approximation de la solution d’un systéme linéaire dans un espace appelé
sous-espace de Krylov tel que le vecteur résidu vérifie une propriété d’orthogonalité
avec un autre sous-espace appelé sous-espace a gauche. Le choix de ce dernier donne
toutes les différentes variantes des méthodes de Krylov. Par exemple, si le sous-espace

a gauche est exactement le sous-espace de Krylov, on parle des méthodes orthogonales.



De plus, si le sous-espace a gauche est différent au sous-espace de Krylov, on trouve
des méthodes obliques. Nous supposerons que 'ordre N de A est suffisamment grand
pour ne pas garder en mémoire qu'un nombre limité de vecteurs de dimension N et
que tous les seconds membres sont disponibles simultanément s << N. Sis = 1,
ces méthodes sont appelées méthodes du sous-espace de Krylov standard. Ensuite,
sis > 1, on trouve les versions global et par blocs des méthodes de Krylov. Quelques
recherches ont montré que la version par blocs est plus intéressante que la version
globale en termes de vitesse de convergence et de stockage [35]. Le probleme principal
de ces méthodes est I’existence des pannes. Mais, grace a leurs performances, ces méth-
odes connaissent un grand succes dans la communauté du calcul scientifique. Elles
sont maintenant largement appliquées aux équations matricielles de grande échelle
(Lyapunov, Sylvester, etc [70]). Ces méthodes sont intéressantes car elles sont moins
cotiteuses mais elles souffraient du probleme de panne lors de leur implémentation.
Ce probleme a été finalement résolu en utilisant une nouvelle approche de la méthode
de Lanczos et des algorithmes optimaux au niveau de cofit de calcul et de mémoire et
sans avoir le probleme de panne. On cite a titre d’exemples les références [73, 95].

Si la matrice A est symétrique et définie positive, les méthodes les plus popu-
laires pour résoudre le systeme linéaire sont les méthodes du gradient conjugué (CG
[100]), Lanczos [59] et MINRES (MINimal RESidual [40]) et leurs variantes. Cependant,
lorsque la matrice est non symétrique, de nombreuses généralisations de la méthode du
gradient conjugué ont été données au cours des trente dernieres années. On trouve par
exemple, la méthode d’Arnoldi FOM (Full Orthogonalization method [95, 69]), GMRES
(Generalized Minimal RESidual [101, 69]) et leurs variantes. Il y a aussi BiCG (Bi-
Conjugate Gradient), QMR (Quasi-Minimal Residual [38]), CGS (Conjugate Gradient
Squared [83]) et BiCGStab (Bi-Conjugate Gradient Stable [104]) qui sont des extensions
de la méthode de Lanczos dans le cas non-symétrique. Il existe une autre famille
de méthodes itératives appelées méthodes IDR (Induced Dimension Reduction) intro-
duites dans [97]. L'approche de cette famille est différente de celle des méthodes de
Krylov déja mentionnées [91, 92] .

Sis > 1, nous avons la version global ou par blocs des méthodes de Krylov. Le



4 Chapter 1. Introduction générale (version frangaise)

principe de ce type de méthode est similaire au cas standard, c’est-a-dire le cas ou
s = 1. Il s’agit de trouver une approximation de (1.2) dans un sous-espace appelé sous-
espace de Krylov global ou par blocs tel que la matrice résidu vérifie une condition
d’orthogonalité.

Nous avons contribué dans ce domaine, en développant une approche unifiée des
méthodes de Krylov, en améliorant la convergence de certaines de ces méthodes, et en
donnant une nouvelle implémentation de certaines d’entre elles. Nous avons proposé
un formalisme général pour unifier et étudier les méthodes du sous-espace de Krylov
d’une maniere tres efficace. Cela nous a permis de donner de I'importance a certains
nouveaux résultats. Nous avons également étudié la version par blocs de certaines
méthodes de Krylov et nous avons proposé une amélioration de leur convergence. Les
sujets de recherche tournent autour des méthodes du sous-espace de Krylov (analyse
de convergence et implémentation) et la résolution de systemes d’équations linéaires
avec plusieurs seconds membres. Ensuite, comme il est expliqué précédemment, cette
these fait partie d"un effort global pour améliorer la convergence des méthodes itéra-

tives afin de:
¢ Développer une approche unifiée pour les méthodes de Krylov,
e Améliorer la convergence de certaines méthodes de Krylov,

¢ Développer des nouvelles implémentation pour des méthodes existent.

Pour atteindre cet objectif, nous étudions en détail les versions standards et par blocs
de la plupart des méthodes du sous-espace de Krylov et les méthodes IDR(s). Ce
manuscrit comporte une introduction générale et trois chapitres.

Dans cet article, on va présenter un cadre général pour 1'étude des méthodes de
sous-espace de Krylov utilisées pour résoudre le systeme linéaire Ax = f. Ces méth-
odes visent a atteindre la convergence dans un nombre spécifié d’itérations, noté m,
étant donné un vecteur d’estimation initial particulier xq et son résidu correspondant
ro = f — Axp. Notre analyse porte sur le polyndme minimal ®,, de degré m de A pour
le vecteur ry. Nous établissons que ces méthodes englobent les méthodes de Petrov-

Galerkin et les méthodes de seminormes minimales en tant que cas particuliers. De



plus, nous démontrons que les méthodes de seminormes minimales satisfont les con-
ditions implicites de Petrov-Galerkin.
Nous fournissons une formulation générale pour les itérés basée sur des inverses général-
isés. Le choix d'un inverse gauche spécifique et la méthode de construction de la base
de Krylov sont des facteurs de distinction cruciaux entre les différentes méthodes de
sous-espace de Krylov. Nous décrivons et analysons les propriétés mathématiques
de ces méthodes, en soulignant leur dépendance a 1'égard de deux matrices. Nous
prouvons notamment que CMRH et QMR, en tant qu’exemples spécifiques, satisfont
également aux conditions d’orthogonalité implicites de Petrov-Galerkin.
En outre, nous explorons des techniques permettant d’améliorer le comportement de
convergence de ces méthodes en sélectionnant soigneusement les vecteurs dans leurs
implémentations. Grace a notre étude, nous visons a approfondir la compréhension
des méthodes de sous-espace de Krylov, a donner un apercu de leurs propriétés de
convergence et a identifier des améliorations potentielles.
Nous considérons également certaines méthodes de Krylov qui sont des méthodes de
produit. Dans ce cas, le kth résidu ry associé a 'approximation x; de la solution exacte
est donné par ry = ¥ (A)Dr(A)ro, et ¥i est un polyndme de degré fixe ou variable.
Nous examinerons des choix particuliers de ¥; impliquant la convergence locale, le
lissage, la mémoire fixe et le cotit de chaque itération. Nous donnerons également une
amélioration de certaines méthodes de produits telles que CGS. Pour illustrer la per-
formance des algorithmes dérivés, nous fournissons quelques exemples numériques.
Dans le chapitre 2, nous étudions la version par bloc de quelques méthodes de sous-
espace de Krylov pour résoudre le systéeme (1.2). Nous proposons une amélioration de
la convergence de ces méthodes en utilisant des projecteurs orthogonaux. Pour cela,
nous rappelons quelques définitions et propriétés dans le cas par bloc, a savoir le sous-
espace de Krylov par bloc. De plus, pour donner de I'importance a nos nouveaux
algorithmes, nous rappelons également la méthode GMRES par bloc BI-GMRES basée
sur le processus Bl-Arnoldi car elle est la plus optimale en terme de précision. Des ex-
emples numériques sont proposés pour comparer les nouvelles méthodes et la méthode

GMRES et pour illustrer les performances de notre technique.
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Enfin, le chapitre 3 est organisé comme suit, aprés une petite introduction, nous
donnons dans la section 2, un bref apercu de l'approche IDR et nous la comparons
mathématiquement avec les méthodes du sous-espace de Krylov en expliquons la rai-
son pour laquelle nous ne pouvons pas inclure la méthode IDR dans 1’approche des
méthodes de sous-espace de Krylov. Ensuite, nous proposons une amélioration de la
convergence de l'algorithme IDR en utilisant des projecteurs orthogonaux. La section
3 est consacrée a la comparaison de l’algorithme proposé avec la fameuse méthode
GMRES. De plus, nous présentons la version par bloc de la méthode IDR (BI-IDR) en
donnant une amélioration de la convergence. Nous développons la version global de
la méthode IDR nommeée pour GI-IDR . De plus, nous proposons une amélioration
qu’on va la comparer avec la méthode GI-GMRES. Enfin, dans la derniére section, nous
présentons quelques exemples numériques pour illustrer l'efficacité de 1’algorithme

dérivé.



Chapter 2

General introduction

We are interested in solving the following multiple systems of linear equations
AxD =0 =1, s 2.1)

with a same matrix A of size N x N, and s different right-hand sides f @) fori=1,---,s.
If all of the right hand sides are available simultaneously, these s linear systems (2.1)

can be summarized in a block form as follows
AX =F, (2.2)

with F and X two matrices in RN*® where X = [x(l), e ,x(s)] and F = [f(l), .. .,f(s)} .
Problems of the form (2.1) and (2.2) appears in many fields of applications such as
physics, engineering, chemistry, structural mechanics computation, biology [36, 53, 88]
and many others. Then, solving systems of linear algebraic equations is one of the most
frequent problems in scientific computing.

When one wants to solve a real-world problem, usually the first phase is to set up
a mathematical model of the problem leading to equations whose solution should give
the quantities (also known as variables or unknowns) that are sought, or at least opti-
mal approximations. Generally, the model can be discrete (posed in a finite-dimensional
space) or continuous (posed in an infinite-dimensional space). Also, it can be linear or

nonlinear. Many continuous problems lead to systems of ordinary differential or partial
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differential equations [36, 53].

If the problem is posed in an infinite dimensional space, the next phase of the com-
putational process consists of discretizing the model equations, which leads to discrete
equations in a finite dimensional space, that can be linear or nonlinear. In general, an
iterative method may be used to solve the nonlinear equations. In many cases, this
leads to solve sequences of linear systems.

The third phase consists of solving one or more linear systems. These systems can be
solved by a variety of different numerical methods. The best are those which preserve
the precision of the solution and the speed of the calculations.

Our research focuses on the application of projection methods to solve large linear
systems that typically arise from the discretization of linear and nonlinear partial dif-
ferential equations (PDEs) in two or three dimensions. If the order N of the matrix A is
small, then we can solve (2.1) using direct methods (LU, QR and Cholesky [80, 89],..).
However, with large value of N, direct methods can be expensive in terms of memory
and time. Iterative methods, then become appealing. Among these methods, we find
the Krylov subspace methods also known as Krylov methods [63, 73, 79, 105]. The
analysis of the convergence of these methods is a very difficult problem that has been
developed by several researchers. The major main of these methods is to search an
approximation of the solution of a linear system in a space called Krylov subspace
such that the residual vector satisfy an orthogonality property lies to another subspace
called left subspace. The choice of this latter gives all different variants of the Krylov
methods. For example if we have the left subspace is the Krylov subspace, we talk
about orthogonal type method. In the other hand, if the left subspace is different to the
Krylov subspace, we find oblique methods. We will assume that the order N of A is
sufficiently large to keep in memory only a limited number of vectors of dimension N
and that all right-hand sides are available simultaneously s < N. In the case where
s = 1, these methods are called standard Krylov subspace methods. However, in some
practical problems, such as in electromagnetism and signal processing [88], one has to
solve several linear systems with the same matrix and several second members. Instead

of solving these systems separately, it is interesting and less costly to solve them in



blocks. These methods have been developed into the block Krylov subspace methods
and in particular the global methods. Next, it is shown in [35] that the block version
is more interesting than the global version in terms of convergence speed. The main
issue in this methods is when breakdowns exist. But, thanks to their performances,
these methods are very successful in the scientific computing community. They are
now widely applied in large-scale general matrix equations (Lyapunov, Sylvester, etc).
These methods are interesting because of their low cost but they suffered from the
breakdown problem during their implementation. This problem was finally solved
using a new approach of the Lanczos method and optimal algorithms (cost and mem-
ory) without breakdown were proposed. There already exist excellent books describing
Krylov methods, see for example [73, 95].

When the matrix A is symmetric positive definite, the most popular methods to
solve the linear system are the conjugate gradient (CG [100]), Lanczos [59] and MIN-
RES (MINimal RESidual [40]) methods and their variants. When the matrix is non-
symmetric, many generalizations of the conjugate gradient method have been given in
the last thirty years. We find for example, the Arnoldi’s method FOM (Full Orthogonal-
ization method [95, 69]), GMRES (Generalized Minimal RESidual [101, 69]) and their
variants. There are also BiCG (Bi-Conjugate Gradient), QMR (Quasi-Minimal Residual
[38]), CGS (Conjugate Gradient Squared [83]) and BiCGStab (Bi-Conjugate Gradient
Stable [104]) which are the extension of the Lanczos method in non-symmetric case.
There is another family of iterative methods named IDR (Induced Dimension Reduc-
tion) methods introduced in [97] and studied in [91, 92] whose approach is different to
Krylov methods.

In the case where s > 1, we have the block version of Krylov methods. Same as
in the standard case, the main goal is finding an approximation of (2.2) in a subspace
named block Krylov subspace such that the residual matrix in a left block or global
subspace.

We have contributed in this area, by developing a unified approach to the Krylov
methods by improving the convergence of some of these methods, and by giving a new

implementation of some of them. We have proposed a general framework to unify and
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study the Krylov subspace methods in a very efficient way. This allowed us to give
importance to some new results. We are also studied the block version of some Krylov
methods and we proposed an enhancement of their convergence and developed a new
implementation to avoid breakdown problems. The research topics revolve around
Krylov subspace methods (convergence analysis and implementation) and solving sys-
tems of linear equations with several right hand sides. Then, as previously explained,
this thesis is part of a global effort to improve the convergence of iterative methods in

order to:

¢ Develop a unified approach to Krylov methods,
¢ Improve the convergence of some Krylov subspace methods,

* Develop some new implementation to avoid breakdown problems.

To achieve this purpose, we study in detail the most variants of Krylov subspace meth-
ods in standard and block versions.The outline on the manuscript is as follow. In this
chapter we have presented a comprehensive framework for studying Krylov subspace
methods, explored their mathematical properties and convergence behaviour, and dis-
cussed techniques to enhance their performance. The paper covers various aspects in-
cluding the minimal polynomial of matrix A, the relationship between different meth-
ods, the role of generalized inverses, and the use of product methods. The provided
numerical examples further support the analysis and conclusions of the research.

We introduce a comprehensive framework for studying Krylov subspace methods used
to solve linear systems of the form Ax = f, where A is a matrix, x is the unknown
vector, and f is the right-hand side vector. The objective of these methods is to achieve
convergence within a specified number of iterations, denoted as m.

The minimal polynomial ®,, of matrix A, associated with the initial residual ry = f —
Axy, is a key focus of analysis in the paper. The degree of ®,, is m, and the properties of
this minimal polynomial play a crucial role in the convergence behaviour of the Krylov
subspace methods.

We establish that Petrov-Galerkin methods and minimal seminorm methods are spe-

cific cases of the broader framework of Krylov subspace methods. Additionally, it is
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demonstrated that minimal seminorm methods satisfy implicit Petrov-Galerkin condi-
tions.

In this chapter, we present a general formulation for the iterates of Krylov subspace
methods based on generalized inverses. The choice of a specific left inverse and the
construction method of the Krylov basis are important factors that differentiate various
Krylov subspace methods. The mathematical properties of these methods are described
and analysed, with emphasis on their dependency on two matrices.

The chapter proves that specific instances of Krylov subspace methods, such as CMRH
(Conjugate Minimum Residual with Hessenberg matrix) and QMR (Quasi-Minimal
Residual), satisfy implicit Petrov-Galerkin orthogonality conditions.

Techniques for improving the convergence behavior of Krylov subspace methods by
carefully selecting vectors in their implementations are explored. The aim is to deepen
the understanding of these methods, provide insights into their convergence proper-
ties, and identify potential enhancements.

We also discuss Krylov methods that are product methods, where the kth residual
1y associated with the approximation x; of the exact solution is expressed as r, =
Yy (A)Py(A)ro. Here, ¥y is a polynomial of fixed or variable degree. Specific choices of
Y, including local convergence, smoothing, fixed memory, and cost considerations for
each iteration, are examined.

Enhancements of product methods such like CGS (Conjugate Gradient Squared) is pre-
sented in the paper.

In conclusion, we present a comprehensive framework for studying Krylov subspace
methods, investigates their mathematical properties and convergence behaviour, ex-
plores techniques for improvement, and provides numerical examples to demonstrate
the effectiveness of the proposed algorithms.

In Chapter 2, we present our technique to improve the convergence of the block
version of some Krylov methods for solving non-symmetric linear systems of equa-
tions with multiple right-hand sides. This technique is similar to our technique in
standard case, we apply an orthogonal projector to the residual matrix to minimize

its norm. The considered method are block BiCG (BI-BiCG [74]) and block BiCGStab
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(BI-BiCGStab [58]) methods. Then, we first give a reminder of all these methods as well
as the definition of the block Krylov subspace. Secondly, To show the performance
of our derived algorithms, we give a comparison with the block GMRES method (BI-
GMRES [35]) since it is the most optimal method in the level of accuracy. Finally, some
numerical examples are proposed to illustrate the performance of our technique.

The remainder of the last chapter is organized as follow, after an introduction, we
give in section 2, a brief review of IDR approach and compare it mathematically with
Krylov subspace methods and give the reason why we can not include IDR method in
Krylov subspace approach. Next, we will propose an enhancement of the convergence
of IDR algorithm using orthogonal projectors. The subject of section 3 is to develop the
global version of IDR method and give a enhancement of this new method. Moreover,
we discuss also the possibility to improve the convergence of the block version of this
method. In the last section, we will present some numerical experiments to illustrate
the effectiveness of the derived algorithm compared with the standard, the global and

the block GMRES method.
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Chapter 3

A unified approach to Krylov
subspace methods for solving linear

systems

Abstract

In this paper, we present a comprehensive framework for studying Krylov subspace
methods used to solve the linear system Ax = f. These methods aim to achieve conver-
gence within a specified number of iterations, denoted by m, given a particular initial
estimate vector xo and its corresponding residual ro = f — Axy. Our analysis focuses
on the minimal polynomial ®,, of degree m of A for the vector ro . We establish that
these methods encompass Petrov-Galerkin methods and minimal seminorm methods
as special cases. Additionally, we demonstrate that minimal seminorm methods satisfy
implicit Petrov-Galerkin conditions.

We provide a general formulation for the iterates based on generalized inverses. The
choice of a specific left inverse and the method of constructing the Krylov basis are cru-
cial distinguishing factors among different Krylov subspace methods. We describe and
analyze the mathematical properties of these methods, emphasizing their dependency
on two matrices. Notably, we prove that CMRH and QMR, as specific instances, also

satisfy implicit Petrov-Galerkin orthogonality conditions.
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Furthermore, we explore techniques to improve the convergence behavior of these
methods by carefully selecting vectors in their implementations. Through our inves-
tigation, we aim to deepen the understanding of Krylov subspace methods, provide
insights into their convergence properties, and identify potential enhancements.

We also consider some Krylov methods, which are product methods. In this case the kth
residual ry associated with the approximation x; of the exact solution is given by ry =
Yy (A)Py(A)rg, and ¥y is a polynomial of fixed or variable degree. We will examine
particular choices of ¥y involving local convergence, smoothing, fixed memory, and
cost for each iteration. We will also give an enhancement of some products methods
such as CGS. To illustrate the performance of the derived algorithms, we provide some

numerical examples.

3.1 Introduction

Many problems in science and engineering require the solution of systems of linear
equations. Preconditioned Krylov subspace methods appear to be particularly suited

to solve linear systems when the matrix is sparse.

We consider the iterative solution of the linear system

Ax =f, 3.1)

where A is a real n x n nonsingular matrix and f is a given vector of R".

The classical Krylov subspace methods are often defined by an orthogonality or quasi-
orthogonality conditions for residuals or by minimal or semi-minimal residuals con-
ditions. The main difference between the many Krylov methods for solving linear
systems is in the choice of the construction of the Krylov basis and on the choice of
a left inverse, which characterizes the orthogonality or quasi-orthogonality conditions.
We will prove that many properties of Krylov subspaces methods can be obtained and

described in a general framework using generalized inverses.
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In 1950, Lanczos proposed a method for transforming a matrix into a similar tridiagonal
one. Since, by the theorem of Cayley-Hamilton, the computation of the characteristic
polynomial of a matrix and the solution of a system of linear equations are equivalent
problems, Lanczos [59], in 1952, used his method for that purpose.

Because of their many advantages, Krylov subspace methods have been the subject of
a great deal of research, and several algorithms have been obtained for their implemen-
tation. These include Hestenes and Stiefel’s famous conjugate gradient algorithm [50]
when the matrix is Hermitian, and Fletcher’s bi-conjugate gradient (BiCG) algorithm
[37] in the general case. For non-symmetric systems, the most commonly used Krylov
subspace methods are the FOM method, the GMRES method [84], and the BiCGStab
method [104]. The unknown parameters can be obtained for BiCG and GMRES by
imposing a Petrov-Galerkin condition (residual r is orthogonal to a subspace of di-
mension k). Moreover, we know that the GMRES method satisfies a minimal residual
condition. Other Krylov subspace methods constructed without imposing an explicit
Petrov-Galerkin condition, but using instead a semi-norm residue minimization (QMR)
method presented in [38], which has low storage (in general) and the CMRH (mini-
mum changing residue method based on Hessenberg’s algorithm) presented in [94].
BiCG, GMRES, FOM, QMR and CMRH can be implemented using a factorization of
the Krylov matrix [73, chapter 6]. FOM and GMRES use Arnoldi’s algorithm, while
CMRH uses Hessenberg’s algorithm [69]. Then the BiCG and QMR methods use the
Lanczos algorithm. We can have a possible breakdown and we need to use an antici-
pated Lanczos algorithm to avoid them [38, 7, 8, 9].

Let xo be the initial approximation of the exact solution,

x* = A~Lf, of the system (4.1) and 79 = f — Ax be the corresponding residual. We

recall the definition of the Krylov subspace [89, 105]

Definition 3.1. The Krylov subspace of dimension k associated to the matrix A and the

vector v is defined by

Ki(A,v) = span{v, Av, .. .,Ak‘lv}.
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Classical Krylov subspace methods [89, 105, 73] compute the approximate solution xj

and its correspond residual ry = f — Axy such that

xp—x0 € Kg(A,r9), andry=D(A)rg for k=1,...,m,

where @y is a polynomial of degree k.

Let K be the matrix defined by Ky = [ro, Arq, ..., A¥"1rg] and Wy = AKj. Then

X — X0 = dek/ and re =70 — Wkdk = qu(A)T’O for k= 1,. .oom.

In order to determine the unknown vector d, other conditions are needed, which ex-
plains why there are several Krylov subspace methods.

In the next section, we will discuss the convergence of Krylov subspace methods, which
typically converge after m iterations with the relation ry = ®(A)ro for k < m. Here, O,
represents the minimal polynomial of A for the vectorry. We will begin by providing
the general expression of the residual. Furthermore, we will explore how to charac-
terize classical Krylov subspace methods using the left inverses of the matrix Wy and
establish the dependence of this characterization on two matrices, Yy and Zj.
Additionally, we will conduct a detailed examination of various classical Krylov sub-
space methods. In Section 3, we will present a technique for selecting the parametric
matrix Z; to enhance the convergence of these methods. We will also consider some
Krylov product methods and illustrate the algorithm of selecting the polynomial ¥, for
using these methods efficiently. Moreover, we will introduce an improved version of
the CGS method [83], which is one of the methods under consideration.

To demonstrate the efficacy of the derived algorithms, we will provide several exam-
ples in the concluding section.

Throughout this paper H' denotes the pseudo inverse of a nonsingular square matrix
H. The matrix I is the identity matrix of size k and the vector ¢; its ith column. we also
use the notation Hy_ 1y for a rectangular matrix with k + 1 rows and k columns.

For simplicity of the exposition, throughout the paper we assume exact arithmetic and
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real data.

3.2 Preliminary results

In this section we will use the general left inverse of Wy [13], for characterizing the
Krylov subspace methods. This characterization depends on two parameters Yj and
Zy, which are two n X k matrices to be chosen for leading to Krylov subspace methods.

Then, we show how to improve the convergence of the BiCG method [63, 73, 89, 105].

3.2.1 Characterization of Krylov subspace methods

Let

m .
@, (8) =00+ i+ F+owl" =) o, with @,(0) =1,
i=0

be the minimal polynomial of the matrix A for the vector ry, i.e.

m .
(I)m (A)Yo = ZO’Z‘AI ro = 0, (32)
i=0

and

k .
m =min {k suchthat ) 0;A'rg =0, with op =1}.
i=0

Let w; be the vectors defined by
wo:r()/ wl:AerI for i:ll-..’m,

and ¢ be the vector whose components are —07, ..., —0y,. If we set Wy, = [wy, ..., wn),

then the relation (4.2) can be written in matrix form as
W€ = rg. (3.3)

It is important to remark that the system (3.3) has a unique solution and that the rank

of W, is m.
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We first recall the notion of general left inverses of W,. Let Wn% be a general left inverse
of W,, [13], i.e., Wn% W,, = I, then it has been shown that if W,ﬁ is a particular left

inverse of Wy, a general left inverse W,,I; can be given by [13]
WL = Wt 4 zT (In - wmw,i) , (3.4)

where Z,, is an arbitrary n X m matrix.
As the rank of W, is m (W, is a full rank matrix), there exists an arbitrary n x m matrix
Y, of rank m such that Y,z; W, is nonsingular (for example Y,, = Wy,). So, we define a

particular left inverse W,ﬁ of the matrix W, by
Wy, = (Y Wo) 1Y, (3.5)

Therefore, by using the general and particular left inverses, the linear system (3.3) can

be solved in two distinct ways. Thus, (3.3) becomes

ro — W Wpro = 0.

From the general left inverse WE, with k < m, the general residual vector r,If and the

approximate solution xK are defined by
k= (I - WWE)ro = f — AxE, (3.6)

with

K =1, K=Ab=x", K=o

Therefore, we obtain fork =1,--- ,m —1

XK = xo + KW, (3.7)
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where K, = A71W; is the Krylov matrix whose columns are wy, - - - ,wy_1. Using the

relations (3.4), (3.5) and (3.6) we get

T]If = (In — WkaL)T()
= (Ii = WeW{ + Z] (I, = WeW))]) 7o (3.8)

= (I = WiZ]) (I, = WeW{)ro.
Let Y be the matrix whose columns are denoted by y;, fori =1, - - - , k. We define
Vi = span{yy, -~ yi}-

By setting Zy = 0, or Z; = (W,f)T, and choosing the matrix Yj, we can obtain most of
the Krylov subspace methods. The residuals rf obtained by using the left inverse W/
are mathematically equivalent to the residuals of the known Petrov-Galerkin methods
defined by the Petrov-Galerkin condition, which consists in imposing that the residual

r}: is orthogonal to ), that is,
P P _ P
xp —xo € Ky (A, 1), and rp = f — Axp L M.

Hence rf = (I, — Wi (YT W) ~1Y]) o, and Y[rF = 0.

Theorem 3.2. The kth residual in Krylov subspace methods defined by
r,I{< =f- Axf, x,lf —x9 € Ky (A, 1), and rﬁ =0,

where m is the degree of the minimal polynomial of the matrix A for the vector ry, can be written,

Vk e {1,2,...,m—1},as

rK = <1n - wksz) (1,1 - wk(Ykka)—ly,Z) ro = (In - wksz) L,
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where Yy is an arbitrary n X k matrix such that YkT Wy is invertible and Zy is an arbitrary n X k

matrix.

The classical Krylov subspace methods are given in the following table, when Z; = 0.
For more details about the choice of the matrix Y} for the different methods see the

references associated to each method.

Method Condition Choice of Y;

FOM [89] KkTAKk nonsingular Ky

GMRES [84, 89, 105] A nonsingular AK;
Hessenberg [31] A nonsingular lep1s€pyr- - rep]
Lanczos [63, 89] Y] AKj nonsingular [y, Aly,..., (AT)k_1 yw

Table 1: The choices of the matrix Yj
3.2.2 Full Orthogonalization Method (FOM) and Generalized Minimum Resid-

ual Method (GMRES)

In this section we summarize the GMRES and Arnoldi methods. Let us first remark

that

(1 = WeWF ) (1, = Wt ) = (1 - Wi ),

and that

(In _ WkaL) (In _ wkw,j) - (In _ wkka) .

Hence if we set Z; such that ZkT = W,:f and choose Yj as an arbitrary n X k matrix such

that YkT W is invertible, we obtain the GMRES method

7S = (In - wkw,j) (In - wkw,f) ro = (In - wkw,j) o,
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and we have

G .
2|l = min b— A (xg+2)|l.
Il = _min [lb=4(x+2)|

Now, if we choose Yy = Wy and Z] = (W A~TW, )W A~T, we obtain

= (I — We(WTA-TW)WIA-T) (L, — W) ro
= (In — Wk(WgA_TWk)WgA_T) 7’19

= (L — We(WIA"TW)WTA-T) 1.

The GMRES and FOM implementations are based upon the Arnoldi recursion, which
corresponds to an implicit QR factorization based on the Gram-Schmidt algorithm. For
the usual description of FOM and of GMRES, see [84, 89].

Consider the QR factorization of

Ky = VkRy,

where V, € R"™ is such that VkTVk = I. We know that the columns of V; form an
orthonormal basis of K¢ (A, 79). and that Ry is upper triangular.

Since K1 = [ro, AKy] = [ro, Wk], we can then write

Ki+1 = Vir1Re = AKy = AVkRy.

I I

Since R, ! is also upper triangular, we can define the following (k + 1) x k upper Hes-

senberg matrix by the following relations

O1xk H Hy

Hii1k = Rea R'=V0L AV = = ,

k T
Ik U£+1Avk hk+1,k (6,(( ))



Chapter 3. A unified approach to Krylov subspace methods for solving linear
22 systems

and Hy = VI AV is a square upper Hessenberg matrix of dimension k. Moreover we

have the following Arnoldi relation

AVi = VigrHipf = Vi He + hi1c k1 €f - (3.9)

In GMRES and FOM, the starting vector v; = ro/||7o|| and the corresponding residual

vectors r,f and r,f are

rE = (In — We(KI W) K] o
— 19— AViR (RTVTAVLR,) ' RTVTAY
= ro— AV(VTAV)1VTr.
= 10— VigrHesrk (He) ™ Vo,
and
e = (I — We(WIW) 7TW]) 7o
= rg— AViRy (RT(AV)TAVLR,) ' RT(AV,)TH
= 19— AVk((AVk)TAVk)’l(AVk)TrO.
= 10— VirrHisrx (Hesrx) T V0.

In the following lemma, we give the expression of H,- 1— H;: and H,:r ke

Lemma 3.3. Let Hy be an invertible square upper Hessenberg matrix of dimension k and let

Hyi1 bea (k+ 1) x k upper Hessenberg matrix, then

+ + T
Hy oy — H gy

H''= [Hip1, i)™ = /

and
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H

h? h
Ht — = | g 1_ k+1k H 1g.aT k+1k H1
ktLk k T+hg o (qear) Tk T T+hg o (qear) Tk |

iy 1k (El(ck)) !

(I— Hee1H ) I
H(I - Hk,kle]:fk_l) hk| |2

where g =

Proof. . The proof of first formula is a consequence of formulas (8) and (16) in [41].
If we apply Corollary 1, page 267 of [13] to the matrix Hj .1, we obtain the second

formula. O
A consequence of this lemma is the following theorem

Theorem 3.4. Let us assume that the Arnoldi matrix Hy = VkTAVk is invertible, then

Lorg = —roll s k(qe €1) o1,

i (qeer) hi1 i (qeer)
2. 7,G = |lr k+1k Vi __Mer1k\gke1 v
k || 0” 1+h%+1,k(‘7kr‘1k) K9k 1+h£+1,k(11kr‘7k) k+1 )/

3. 16 = (I - AVi(AV)") 7L,

Proof. From Lemma 3.3, we deduce the following formulas

Ix
H H*] _
k"rl,k k - 7
T
By 1 k95
and
I — Mg G qT ey e
L+ 4 (qugr) TR 1+ 4 (qk4x)
+
HipixHe 1 p =
Bk qT 1— 1
1+h§+1,k(qk/qk) k 1+h§+1,k(‘lkﬁk) h
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Multipliply Hk+1,ka_1 by egk) and Hk+1,kH1:r+1,k by egkﬂ), we obtain

k
o o0 _ _Haala”
~1elk ! Tkl T T (9ei)
Hiernaly eg) N T, | and Hk+1rka+1,k"§ )= h k;:m
h e Mkl
k+1kq €1 THZ, 1 (9

We can now premultiply the above vectors by ||rg|| Vi1 to deduce the results of the first
two statements.

By subtracting £ from r¢, we get
Yy 8T k g

h%ﬂ,k(qkr e1)
11 (a0 gx

e —1i = [Irol

) (Viqie + M1, (Gir G1) Vk1) -

On the other hand
+ T F _ b (kt1)
Vit HerneHg 1 Vicare = = I1roll ig (e e0) Viers Hien e H g e )
= —|lroll i1k (qr.e1) M1k
O TH1Z, | (o) * K+ 2
k+1k (x, 9x)

We deduce that ry = (I = Viq1Hip o HE 4 VL )rE = (1= AVi(AVR)'Y) ri, which ends

the proof. O

3.2.3 Generalized Hessenberg algorithm

We describe now the Generalized Hessenberg method due to Hessenberg [107],
and to Householder and Bauer [51]. This algorithm is used for the reduction of a gen-
eral matrix to its Hessenbeg form. It contains the methods of Arnoldi, Lanczos and
Hessenberg as particular cases.

The Generalized Hessenberg algorithm constructs a basis {by, ..., bx} of Ki(A,ry) by

imposing an orthogonality condition on by.q

bes1 Lspan{ys, ..., i}
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Let Y be the n x k matrix whose columns y1, >, . . ., yx are linearly independent vectors
of R". These two properties are verified if we first choose a non zero scalar 1 such

that o = 101 and define 7.1 and by, such that
Yesibers = (1 — Ke(YTK) YT ) Akro. (3.10)

The non zeros scalars 71, ..., Y41 are scaling vectors and can be selected in several
manners depending of the choice of matrix Y. Let By be the n x k matrix whose

columns are by, by, ..., b, we deduce that
Yerrbers = (1 _ BkB,f) Aby = (I _ Bk(YkTBk)‘lYkT) Aby.

If we assume that y b; # 0, fori = 1,.. ., k, then the matrix Ly = Y,/ By, is an invertible
lower triangular matrix and we can prove by induction [86], that the matrix HJ =

B ABy is a square Hessenberg matrix and the generalized Hessenberg relation follows

ABy = BimHp, (3.11)
with
B{ AB H}
Hl;cl+1,k: =
\T 0\ T
Ok41 (e,g > hZ+1,k (ek )

An important choice for the matrix Y} in the Generalized Hessenberg algorithm is the
Krylov matrix K. This leads to the Arnoldi algorithm, since By = V4.

In his habilitation thesis [86], the author showed how to use the Generalized Hessen-
berg algorithm to derive some Krylov subspace methods based on the Petrov-Galerkin

condition. Since ry = y1b; = ’lekegk) and YkT Bk+1H;If k= L H", it holds
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e = (In— AK (Y] AKy) 1Y) 7o
= (L — AB (Y AB) 'Y 1o
= (s = Besr Hly O By H ) 1Y ) o
= To—m Bk+1H1;<Z+1,k (Hlil)il egk)-
The QMR and CMRH methods, based on Generalized Hessenberg algorithm, was pro-
posed to improve the convergence behaviour of Petrov-Galerkin methods. In [52],
Heyouni and Sadok proposed the Minimizing Residual Seminorm method(MRS) and

define its residual rM by

tok1
= ro—d BkHH}’?ﬂ,k (HIiZJrl,k) eg ) (312)

and gave a relationship between rf and M (see Theorem 2 of [52]).
In each iteration of the method, the iterate x}l{\/l is chosen suth that its residual has mini-

mal seminorm, i.e.,

M _ : _ . l
r = min — Ax = min B — Ax
| k |Tk+1 xexo+K(r0,A) |f |Tk+1 xexo+Ky(ro,A) || k-+1 (f )H'

T . . .
where |u|7,,, = Vu T, and Tpyy = (B,fﬂ) Bl€+1 is a symmetric matrix such that
uT Ty, qu is positive for all vector u in Kiy1(A, r9).

Let us now show that the vectors r verify also an orthogonality property. We have

_ 1 T ne
rt = 19— AB (Bi1ABx) Biyio

T\ (k1
= 01Bka (I - Hlilﬂ,k (Hl;czﬂ,k) ) eg =

T
We can now premultiply the above equality, first by By 41 and after by (H,i‘ +1’k> , to
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obtain

(Hl;(l+1k> Bary! = 4 <HII?+1 k)T - <HII<1+1,k)THI;<1+1,k (Hl}cl+1,k> +) "gkﬂ)

= 4 (H1]<1+1,k> o (Hlilﬂ,k) ' Hz’?+1,k <<Hl]<1+1,k> ! Hlil-&-l,k) N (Hilfﬂ,k) T) €§k+1)

This gives

T
((B£+1)THII<1+1k> 1,}1(\/1 = 0.

+
In addition, we remark that (H]’(1 " k) B,f “ is also a left inverse of ABjy, since

H" +Bf AB, = (H! +BZ By, H"
k+1,k k+1 k k+1,k k+1Pk+1H 41 k

= I.

(3.13)

If we write H,i’ = {H,i’/k_l, hZ] , and define qZ by

qh _ (I—Hz’?k 1(H1ilk 1>*)hZ
k — 7
(1= H} e (HE )P B2

we can give, in the following two theorems, the relationships between the residuals for

the Petrov-Galerkin method and the MRS methods.

Theorem 3.5. Let us set ro = d1by and assume that in the Hessenberg algorithm the matrix
Y By is invertible. If we set dy = by — By_y(H}! ) h}, the iterates x;, x}" and their residual

M
vectors r}j , 1) are such that

1. x,I:G — x{c‘{l = (qﬁ,q) dy and r,f — rk =0 (qk,e1) Adj
2. xM _ xM —(q;; 1) d and M _ M — —51(% 1) Ad
"k k=17 (h£+1k) (‘71}:/#) k k k=17 (hZHk) (‘I;ZZ ‘1%) ks

3oy —nty =1+ (hﬁ+1,k)2(qﬁ,qf))(r,€4 -y
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This Theorem was proved in [52]. We remark that if the matrix Hj is regular, we can

write the vector dy. as

1 -1
de = ——B (H!') 4} (3.14)
(al ) (1) "o

We have also the following results

Theorem 3.6. Let us set ro = 01by and assume that in the Hessenberg algorithm the matrix

YkT By is invertible, then

(Ht D% (gt er) h M1 (qte1)
1. M =g (Ve o) poon heaxlgpe) g )
k00 \ 0, 2D DRk T T, 2D ke

2. Moreover if the matrix YkT ABj invertible, then
P
k

re = —01 ]’ZZ_._L]((QZ, el)bk+1/

and
(B 1) (3e1)

h h bk
F g (Bt (gl o)

+
= (I=BraH gy (Hlilﬂ,k) Biyy)ry-

1,]1(\/1 = T]I:+51

The proof of this theorem is based on lemma 3.3 and is similar to that of Theorem 3.4.
From the last statement, we deduce that the methods can also be defined by the general

formula given in Theorem3.2, since we can write

.I.
e = (I-AB (Hllzﬂ,k) Bisn)y
= (I — Wka)T‘]I:
= (I — Wka) (I — Wk(YkTWk)_IYkT) ro.

In the next section we will examine particular cases of the Generalized Hessenberg

algorithm, and we will review the Krylov subspace methods under consideration, and

discuss their properties.

3.2.3.1 The FOM/GMRES pair

Let us set Yy = Kj. With this choice the Generalized Hessenberg algorithm reduces
to the Arnoldi’s algorithm and we have By = Vj and B,ﬁ = VkT. Moreover the Petrov-

Galerkin method becomes FOM. Finally the results of Theorem 3.4 gives a relationship



3.2. Preliminary results 29

between the residuals of GMRES and FOM methods, since the matrix Vj is orthogonal.

These results are summarized in the following theorem
Theorem 3.7. Let us assume that the Arnoldi matrix Hy = VkTAVk is invertible, then

1. |lrEll = llroll hesal (g e1)l,

G| F
2 el =Nl / o o

3. lIrg =il = I \/1 - m = £ 112 = (|72 ]I

We remark that the residuals in FOM are orthogonal and we have K[rf = 0. The

residuals in GMRES method can also defined by the orthogonality property W[ rC = 0.

3.24 The Hessenberg/CMRH pair

Instead of using an implicit QR factorization as in Arnoldi algorithm, we consider here

the LU factorization of the n x k Krylov matrix
Ky = LUy, (3.15)

with Ly € R"* a lower trapezoidal n x k matrix, and Uy upper triangular. As we did

in preceding subsection for the Arnoldi algorithm, we can now write

K11 = Lig1Ui41 = AKy = AL Uy,

Iy Iy

and similarly since U, !is upper triangular, we define the following (k + 1) x k upper

Hessenberg matrix

O1><k H]il

h -1
Hk+1,k = U1 Uk = ’

I hZ—b—l,k (el(ck)) '
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with H}' being a square upper Hessenberg matrix of dimension k. We also have the

following Hessenberg relation

ALy = LgpalUxn ulzl
Iy
= LipHp o= LeHE + 1 b ef (3.16)

Thus, the columns of Ly form a different (non-orthogonal) basis of Ky (A, 19).

The Hessenberg algorithm consists of building iteratively the basis {1, . .., ¢} of K (A, ro),
so that Ly = [1,..., ;] is a lower trapezoidal n x k matrix. It begins appropriately by
computing alq = ry, with & = (rp); the first component of ry.

By choosing Yy = IIEn) in the Generalized Hessenberg algorithm, we obtain the Hessen-

berg algorithm, without pivoting. Consequently the vector /i is defined by

Ml = (I - LkL1€> Al = (1 - Lk((I;Sn))TLk)fl(I;EH))w Aly,

and

(L¢)

(L%)

This equation can be rewritten as

h
Mg il = ,

Al — (L) (Ly) M Al

and hfj 41 18 chosen such that ({11)1 = 1. Moreover
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LAL (LY (1T AL H}!

Wy ()] oy (o) B (47

To avoid breakdown and to ensure a more stable algorithm, we can use a pivoting

strategy as in Gaussian elimination. We first compute the index 7; such that |(rg);, | =

max;—1,. |(r0)i| and set £ = ro/(ro);, and y; = 851")

i1,..., i have already been obtained and set Y; = [egln), ces, efkn)]. To obtain iy ;1 we have

. Let us assume that the indexes

to compute

Biagben = d = (1= L) L) (™)) Ak,

and define I .1 = d/(d and hﬁfﬂ,k = (d);,,,, where [(d);,.,| = max;—1,_, |(d);l.

ik+l)
Hence || 641/l = 1

By setting Y = [elgn) PR efkn)], the residual for the Hessenberg method for solving the

linear system is defined by

V]I;ICSS — (In — ALk(YkTALk)ilykT) "o

~1 (k
= 10— (r0)i, Lk+1HIiI+1,k (Hlil) eg .

The CMRH method is a Minimizing Residual Seminorm methods and its kth residual

is defined by

okt
T,S = ro— (ro); Lk+1HIIc1+1,k <Hlil+1,k) eg )
T -1 T
¢
= (In — AL (<H1i1+1,k) L£+1ALk) <Hll<1+1,k) Lk+1> To.

We have the two orthogonality conditions

T
[e(”) ) e(n)]Tr,’j =0, and <H11c1+1,k) LI€+1”IS =0.

11 [ ik
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+
h A : _ 17k
Moreover (Hk+1,k) Ly, isaleftinverse of ALy = Hk+1,kLk+1r and we have

+
”l? = <1n — ALy (Hll<1+1,k> L£+1> To

.[.
- <1n — AL (H], ) L,{H) pHess,
3.2.5 Lanczos biorthogonalization algorithm and the BiCG/QMR pair

We choose 7 a vector of R" and set y; = ATi_lfo. With this choice the Generalized
Hessenberg algorithm reduces to the Lanczos bi-orthogonalization algorithm, which is
a particular case of the two sided Gram-Schmidt algorithm introduced by Parlett [78].

We construct two basis {v1,...,0:} = Ki(A, 7o) and {61,...,0;} = Ki(AT,#) with
ro = 6101 and, for k > 1, we define Vy = [vq,...,v], Vi = [01, ..., 7], and vx, 1 and Ty 44

by
L. Spy10ks1 = ¢ = (I — KeK}) A trg = (I = V(YT Vi)"Y Avy = (I — Vi V) Ay,
~ ~ _ k—1_ ~ ~ N\ ~
2. ﬁk-ﬁ-lvk-i-l = Cx = (I - Yk(VkTYk) 1VkT) (AT) ro = (I - Vk(VkTVk) 1VkT) AT’()k,
where Y, = [ATT’O, e, (Ak_l)TT’O].

3. If we assume that &] ¢, # 0, which guarantees that the algorithm does not break-

down, By and 7y at iteration k, can be chosen such that 5[0;( = 1. Thus VkTVk =

AV; = Vi HY d ATV, = Vi H?
k k+1 k+1/k an k k+1 k+1/k1
where
VT AV HY VI ATV, H

n _ 2 _ _

Hy /= = c Hif e = =
M\ T o\ T O\ T O\ T
Ok41 <€;(< )) Ok41 (ff’;(< )> Br+1 (e,ﬂ )) Br+1 (e,({ ))

Consequently the matrices ngl) and H,Ez) are upper Hessenberg matrices, with H]EZ) =

T
(ngl)) . Therefore the matrix ngl) is tridiagonal and will be denoted by Ty = ngl). We
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also set Ty 14 = ngt)l,k' Therefore

AV = Vi Terax = ViTi + 6 O\ and ATV, = VT7 (k)"
k= Vie1Tkr1x = ViTk + Ok10k41 (€ an k = kT, + Bri1vk+1 (€

The Lanczos bi-orthogonalization algorithm generates two rectangular matrices V4, Vi

and a tridiagonal matrix Ty,

a1 B

b ar B3

Ok—1 k-1 Px

O g

It is a Krylov method defined by the Petrov-Galerkin condition 5 LKy (AT, 7). Hence

1’,13 = (In — AVk(VkTAVk)_lva) 10

1 (k
ro — 1ol Visa T (Te) " “el,

and its iterates are defined by x? = xo + ByyP. The coefficients y; are computed by

requiring orthogonality of the residuals. They are obtained by solving

Teyi = |rolles.

Hence the involved left inverse of AVyis (AVy)! = T, 'V and T, Vg = |[ro|| T, 'er =
o0 T le). The following lemma will be used to show that, for computing the iterates

xk iteratively, we need only the last row and the last column of T, *.

Lemma 3.8. If the matrices Ty_q and Ty are invertible and we set sy = T, Lo, and g =T, Ter,

then
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1. the inverse of the tridiagonal matrix Ty is given by
Tkill + %Skflqz—l g Sk—1
T, ' = ,
—3{61;3_1 [
where O, = ay — Bk g1 ex—1,
2. 5k = [—S—,’:sk,l fﬂ T, and gy = [—g—:qk,l gl—kr, for k>2 and sy =q1 = all,

1
3. Gk:T—:zxk—@ for k> 2 and 61 = ay,
qi €k Ok—1

) - _
() = =2, () = B ) fr k22

Proof. This is straightforward from the fact that T can be written as

Ti—1 Brer—1

T
5kek71 Ky
O

Let p be the vector py = V; T~ Lo, using Lemma 3.8, we deduce that the kth iterates x,’f

can be written, for k > 2, as

B = xB | —|lroll & (qx_r,eY)

1
= 2P+l 6 (g e) pr and pr = (06— Bipin),

Pk

1
with p; = —wvy. This gives us the direct version of Lanczos bi-orthogonalization algo-
X1

rithm.

The classical implementation of the algorithm, is usually deduced by using the LDU
decomposition of Tj; see for example [84]. We can deduce it also from our approach by

setting

ﬁk — Vk (Tk)_TEI((k).
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Algorithm 1 Direct Lanczos Biorthogonalization algorithm [89, 105]

Choose xg, compute rg = f — Axg, 61 = ||ro|| and choose 7y such that (7, 79) # 0,
set vg = 50 = po = 0, 01 = 1’0/(51, ,31 = (770,01), 51 = ﬁ)/ﬁl, €1 = (51 and /\1 =0
fork =1, -, until convergence, Do:

Compute u := Avy — Brog_1, il := A0, — 60,1 and ag = (1, v)

If k > 1 then compute Ay = gi and { = —Aklx_1
k-1
Ok = ax — AxPr
1
Pk = O*(Uk — BrPr-1)
k

Xp = X1+ CkPrs
If x has converged then Stop,
u:=u— v and i ;= 1 — a0

Skv1 =/ [(,u)| and vg 1 = u/ 841
,5k+1 = (ﬁ, bk+1) and Oy = fl/,BkH
EndDo.

If we set Py = [p1,...,px] and Py = [f1, ..., fix], we obtain the following properties
1. span{p1,..., px} = span{vy,..., v} = K(A, ro),
2. Spﬂifl{ﬁl, ey f)k} = Spﬂ?”l{'ﬁl, e ,’5](} = Kk(AT, 17'0),
1

3. the matrix PkTAPk is diagonal, with piT Apy = (g, ex) = o
k

Using these new bases, we have

x,lf = x0—|—Pk(13kTAPk)’1l5kTr0

k _,e(i)
xo+urouz((””) "
i=1

= (pi, Api)
(k) (k)
— B + ||T H (?k/el ) and 7B = T’B_ B 1,0| (f]k/el )
o (P, Ape) ¥ e =T Il A
On the other hands, from Theorem 3.6, we know that r? = —||ro[|0k11(qk, €1)vk11, it

follows that
_ 1, Bk
Pk = 0, k GkPk—l
1 B B
— T — —Py_1.
Ocllrollon(ge v en) *1 g !

Therefore, using the last statement of Lemma 3.8, we obtain

[70l|02(qr e1)px = 72+ |0l (Gk—1, €1) BrSkpr—1-
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Replacing k by k + 1 in the last formula and setting pf = ||r0]|62, | (qk+1,€1)prs1 We

obtain pg = 19,01 = a1 and

Br+10k+1 1
pp o= i+ 02 Pi1 Xp = x4+ *Pllil
1 k5k
R A S ST
k k-1
Define similarly the vectors 7y = 7171, x and pk by
fr = To— ATVk(T]z-)flvafo and ﬁ]lf = ’)/19]%+1 (Sk+1,€1)ﬁk+1,
we obtain
- - ,3k+15k+1 ~ ~ ~ 1
o= Tt g P and R, - g AT
k

Moreover using the fact that ?,lf = Y1Bk+1(Sk, €1)Tx11 and Lemma 3.8, we get

(71,77 1) = 7llrol6}(ske1)(grer) and (PP, Apg 1) = 7llrolBrs1dkia (e e1) (qr er)-
Consequently
1 () Bi+10k+1 o #rd)
= =8 1,8 3 and 2 T 5B By
Ok (Pk_yAPk_l) 0y (rk—l’rk—l)
Thus
=B B

~B B (7o, me) .3 ~B _ =B (Fe_1, 781 T ~B

Py = W+ 5 Py and T :r_—~—A

k k (rllg 1’rk 1) k—1 k k—1 (P 1/Apk 1)

Since BiCG ia a Petrov-Galerkin method, its corresponding Minimizing residual semi-
norm is the QMR method. Then if we denote by r,? the kth residual of the QMR method,
we deduce from (3.12) that

+(k+1
V,? = 10— 01 Vit1 Tewik (Th1k) 65 ),
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Algorithm 2 BiCG method [37, 89]

Choose xg, 1o = f — Axp, choose 7y such that (7o, 79) # 0,
set po = 1o, and py = 7o,
fork =0,1,- - ,, until convergence Do:
ax = (e, k) / (P, Apk)
Xk+1 = Xk + &Pk
Tkl = Tk — 0 Apx
Fry1 = P — e AT
Br = (Frs1,7kv1) / (Fro 7k)
Pk+1 = Tkv1 + BrPr
Pr1 = Frrn + Bix
EndDo.

We have the following Petrov-Galerkin orthogonality conditions

vIrf =0, and TkTH,kaTHer =0.

Moreover from (3.13) we know that T,j +1,kaT+1 is a left inverse of AV} = Tj41xViks1, and

we have
er = (In — AV (Tk+1,k)+ sz—l) "o

~ B

By using the second statement of Theorem 3.5, we obtain

(k)
Q _ .0 7ol (qx, €7 ") -1
X o= x5+ Vi gk
¢ 1 (qe q0) (1+5;3+(1k§11kz11k>) e A
= 2 4 Iroll (g, e1”) QO with pQ=WT lq,

U (o) U+ 62 (g a) "

From Theorem 3.7, we de decuce that

1 1+ 02(qk-1, Gx-1)
G = o [=okqi_y 1] and (g, qi) = g o :
k k
It follows that
Ok g Bi(1 4 0% (qk-1,9k-1))
_97( k—19k—-1 — 02 Sk—1
pg = VT e = [Vier, vl ;

14 07 (9k—1, 9k-1)
92
k

0
= —gipg_l + 0k (k. 9k) Pr-
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Algorithm 3 Quasi-Minimal Residual Method (QMR)
Choose xp, compute ryg = f — Axp, &1 = ||7o]| and choose 7y such that (7, ro) # 0,
set vg = Tp = po = 0,01 =r9/01, ‘51 = (170,01), 01 = TN()/‘Bl, {1="0,M= 0 and Po = 0
fork =1,---,, until convergence Do:
Compute u := Avy — Brog_1, il := AT0; — 601 and ay = (4, v)

)
If k > 1 then compute Ay = k_ and Ck = —Alr—q
k—1

Ok = ax — AkPBr
1

Pr = B*(Uk — BrPr-1)
k

pe = —?;P191 + Okox Pk

u:=u— v and i 1= 1 — a0
Sk = /(@ u)] and vg 11 = u/dy1
Br+1 = (#,vky1) and Oxy1 = 1/ iy
(1+0Fok—1)

Pk =

67 o
— kYk Q
Xk = X1+ Pi s
k(1402 00) "
If x has converged then Stop,
EndDo.

3.3 Enhancement of the convergence behaviour of some classi-

cal Krylov methods

In this section, we first discuss the choice of the Z; matrix. Then, we will discuss a
strategy for improving the convergence of BiCG and BiCGstab. A similar approach for
improving BiICGSTAB and IDR, which are product-type Krylov subspace methods, can
be found in [22, 23]. The Z; matrix should be chosen in such a way as to limit work
and storage per iteration. The improved algorithm should involve a limited number
of vectors and very little extra work. The preferred algorithms are those for which this
number is low (less than ten). In addition, we need to avoid adding additional matrix-
vector products.

By invoking Theorem 3.2 with r}: a residual vector of a Petrov-Galerkin method, we

obtain

rf = (In— AKZ])rg, and  xK =x0+ K Z[x}. (3.17)
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The matrix Z; will be chosen such that || (I — WyZ[')|| < 1. Then, using the preceding
relation, we get

Il = 1L = WeZOr( Il < N7 -

Let us consider in the following, some applications.

3.3.1 Enhanced BiCG method

As we have already seen, in BiCG, at each iteration of Krylov subspace methods, we

compute the vectors py and Apy, such that

span {po, p1,---, Pr-1} = Kr (A, 10) .

Let Py, be the matrix defined by Prs, = [pk—s,, .., pr—1] with 1 < s < k. The matrix

Zj can be chosen such that
+
I-WiZ{ =1— APys, (APcs,)
Then we obtain a new residual vectors such that ||rEB|| < ||rP||, with

rEB = (I — (AP, ((APys,) NPk, (3.18)

If sy = k,we have to use all the preceding vectors py, ..., px—1. We propose to use
only the a fixed small number of vectors. Hence we optimize the cost of work and
the memory per iteration of the modified algorithm. For example if we s, = 1 then
we obtain the simplest Enhanced BiCG algorithm. In this case we will refer to this
algorithm as EBiCG(1)

r,fB = r,’? — Apr—1 (Apk_l)Jr r,]f, (3.19)

and

xP = x,]? + pr_1 (Apk_l)Jr rEB. (3.20)
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We consider these new vectors, we get Simplest Enhanced BiCG method.

Algorithm 4 Simplest Enhanced BiCG method (sx = 1, Vk)
Choose xg, 1o = f — Axo, choose 7y such that (7, 79) # 0,
set pg = 1o, and fp = 7o,

fork=0,1,---,, until convergence Do:
ar = (P, 1%) / (Prr Apx)
Xk+1 = Xk + Kk Pk
Up = Apk
Tey1 = Tk — Ol
Pk = (g, Txr1) / (g, )
Xpy 1 = X1+ OkPk
ffﬂ = Tk+1 — PkUk
Frr1 = e — i AT i
Br = (Fer1,7e11) / (P 7k)
Pk+1 = Tky1 + BkPr
Pr1 = Fry1 + Bik
EndDo.

3.3.2 Some enhanced Krylov subspaces product type methods

The Krylov methods considered in this section are products methods in which the kth
residual is expressed by r, = ¥x(A)®Pi(A)ro, where &y is a polynomial of degree k
such that ®,, is the minimal polynomial of A for ry and ¥y a polynomial of degree k.
Sonneveld [83] propose to modify the BiCG by replacing the multiplication by AT by
a second one with A. The residual is CGS is r]fGS = ®2(A)ry, which correspond to
¥y = ;. If we set the direction vector pf in terms of polynomial in A applied to the
initial residuals, as

rpiCC = (A)ro,  pi© = Op_1(A)r,

where Oy is polynomial of degree less than or equal to k, we can derive the CGS algo-

rithm by setting

1S = ®F(A)ro, pe =07 (A)rg, up =D 1(A)Ox_1(A)rg, and g = P(A)O_1(A)r.

To avoid increasing the cost at each iteration, we can use the vectors already computed

and those with a matrix vector multiplication already done. For the storage problems,
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Algorithm 5 CGS method [83]
Choose xg, 1o = f — Axp, choose 7y such that (7o, 79) # 0,
set po = ug = ry,
fork =0,1,- - ,, until convergence Do:
ax = (Fo,1x) / (Fo, Apx)
Gk = up — axApg
Xky1 = X + ax (U + qx)
Tes1 = Tk — oAUk + qx)
Br = (Fo, 1xv1) / (Fo, 7x)
Ug1 = k1 + Brdis

Pr1 = g1 + Br(qx + Brpr),
EndDo.

we will use the vectors p; and uj; + g computed at each iteration. So, concerning
the CGS method, we remark that at each iteration we calculate two vectors Apy and

A (uy + qx) and we will use them to build the orthogonal projector. We get

r;<E+C1GS = rkCSS — [Apr, A (ux + q1)) [Ape A (e + q0)]" VkCS’Sr (3.21)
and
xkE-SGS = ka+(1;8 + [pr (g + )] [Apr, A (ug + qi)] T 7555 (3.22)

Of course we can use more than the last two vectors. A natural generalization is to

store a fixed number of preceding vectors from the sequence {py, uy + gx }, that is,
1.
rEctS = (I— (APes,) ((APes,) )ress, (3.23)

where

Pis, = [Pr—spr Uk—s, + Gk—sy - - - » Pk—1, Uk + k).

In [22, 23], similar techniques was used to improve the convergence behaviour of BiCGSTAB

and IDR.

3.4 Numerical examples

In this section, we consider the following convection-diffusion equation
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log10{nomi{Residual)

&0

iteration

Figure 3.1: Comparison between residual norms of BiCG and its enhancements
EBiCG(s), fors = 1,2,4.

—Au—aVu—pBu=f, in Q

u=20, on JdQ),

where Q) = [0, 1]3 and & = (ay, ay, a;)T € R3. The discretization of this equation is
performed using centered finite differences with the standard 7-point stencil in three di-
mensions, resulting in a sparse matrix. For all examples, we choose & = (0.5,0.5,0.5)7,
p = 5 and Ny = 30,N, = 20,N, = 20. The dimension of the system is N =
Ny x N, x N, = 12 000.

In these numerical examples, the right-hand side b of the system is determined by

x* = (1,...,1)T, and b = Ax*,
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where x* represents the exact solution of the given system. The initial guess is set to

zero. The tests are terminated as soon as |r¢|/|b] < 10710

4 T T T T T

J—
-------- EBIGG()
2 sessenns EBICGE)
EBICGH)
-------- EBICGI)
— ERCGHE

log10{ro miError)
.

-10 F

_.12 1 1 1 1 1
1] 10 20 a0 40 50 &0

iteration

Figure 3.2: The comparison between error norms of BiCG and its enhancements
EBiCG(s), fors = 1,2,4.

To demonstrate the effectiveness of our technique, we compare the BiCG method with
its enhanced variants, as outlined in Algorithm 4, utilizing only the previously stored
direction vectors px_si1,...,Pkx. The simplest enhanced BiCG algorithm corresponds
to the case where s = 1. Additionally, we compare the cases where s = 2,4, 8, which
involve the utilization of formula (3.18) with 2, 4, or 8 direction vectors. We denote
the Enhanced BiCG algorithm with s direction vectors px_s1,. .., px as EBiCG(s). To
illustrate the comparison of these algorithms in terms of residual and error norms, we
present the curves of residual norms and error norms for s = 1,2,4,8 in Fig. 3.1 and
Fig. 3.2, respectively.

Fig. 3.3 and Fig. 3.4 display the curves depicting the residual norms and error norms for

the CGS algorithm and its enhancements. In particular, ECGS(s) refers to the utilization
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a5

-------- ECGSR)
snneses ECGSH)
L ECGSE) |
-------- ECGSB)
ECGS{10)

(nomnResidual)

log10

Figure 3.3: The comparison between residual norms of CGS and its enhancements
ECGS(s), fors = 2,4,6,8

of formula 3.23, incorporating the available direction vectors py_;, ux_; fori =1,...,s.

3.5 Conclusion

In this paper we have presented a comprehensive framework for studying Krylov sub-
space methods, explored their mathematical properties and convergence behaviour,
and discussed techniques to enhance their performance. The paper covers various as-
pects including the minimal polynomial of matrix A, the relationship between different
methods, the role of generalized inverses, and the use of product methods. The pro-
vided numerical examples further support the analysis and conclusions of the research.
The paper introduces a comprehensive framework for studying Krylov subspace meth-
ods used to solve linear systems of the form Ax = f, where A is a matrix, x is the
unknown vector, and f is the right-hand side vector. The objective of these methods is

to achieve convergence within a specified number of iterations, denoted as m.
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Figure 3.4: The comparison between error norms of CGS and its enhancements
ECGS(s), fors = 2,4,6,8

The minimal polynomial ®,, of matrix A for the initial residual g = f — Axg is a key
focus of the analysis in the paper. The degree of ®,, is m, and the properties of this
minimal polynomial play a crucial role in the convergence behaviour of the Krylov
subspace methods.

The paper establishes that Petrov-Galerkin methods and minimal seminorm methods
are specific cases of the broader framework of Krylov subspace methods. Additionally,
it is demonstrated that minimal seminorm methods satisfy implicit Petrov-Galerkin
conditions.

The paper presents a general formulation for the iterates of Krylov subspace methods
based on generalized inverses. The choice of a specific left inverse and the construc-
tion method of the Krylov basis are important factors that differentiate various Krylov
subspace methods. The mathematical properties of these methods are described and

analysed, with emphasis on their dependency on two matrices.
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The paper proves that specific instances of Krylov subspace methods, such as CMRH
(Conjugate Minimum Residual with Hessenberg matrix) and QMR (Quasi-Minimal
Residual), satisfy implicit Petrov-Galerkin orthogonality conditions.

Techniques for improving the convergence behavior of Krylov subspace methods by
carefully selecting vectors in their implementations are explored. The aim is to deepen
the understanding of these methods, provide insights into their convergence proper-
ties, and identify potential enhancements.

The paper also discusses Krylov methods that are product methods, where the kth
residual 4 associated with the approximation x; of the exact solution is expressed as
ry = Yi(A)Pr(A)ro. Here, ¥y is a polynomial of fixed or variable degree. Specific
choices of Y, including local convergence, smoothing, fixed memory, and cost consid-
erations for each iteration, are examined.

Enhancements of product methods such like CGS (Conjugate Gradient Squared) is pre-
sented in the paper.

In conclusion, the paper presents a comprehensive framework for studying Krylov sub-
space methods, investigates their mathematical properties and convergence behaviour,
explores techniques for improvement, and provides numerical examples to demon-

strate the effectiveness of the proposed algorithms.
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Chapter 4

An enhancement of the convergence
of the BiCGStab method for solving
linear systems with single or

multipe right hand side

Abstract

In this paper, we present a technique to improve the convergence of the Bi-Conjugate
Gradient Stabilized (BiCGStab) method. This method was developed by Van der Vorst
for solving nonsymmetric linear systems with a single right-hand side. The global and
block versions of the BiCGStab method have been proposed for solving nonsymmetric
linear systems with multiple right-hand sides. Using orthogonal projectors to minimize
the residual norm in each step, we get an enhancement of the convergence of each ver-
sion of the BiCGStab method. The considered methods are BiCGStab, global BiCGStab,
and block BiCGStab methods, noted respectively GI-BiCGStab and Bl-BiCGStab. To
show the performance of our enhanced algorithms, we compare them with the stan-
dard, global, and block versions of the well-known Generalized Minimal Residual

method (GMRES).
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4.1 Introduction

The aim of the BiCGStab method studied in this paper is to solve the following non-
symmetric linear system

Ax = b, (4.1)

where A is a nonsingular matrix in RV*N and the vectors b and x are in RN. Problems
such as (5.1) occur in most applications of scientific computing, engineering applica-
tions, and Navier-Stokes equations in computational fluid dynamics and structural me-
chanics computations based on the finite element analysis. If the order N of the matrix
A is small, we can solve (5.1) using direct methods, but if N is large, direct methods can
be prohibitively expensive both in terms of memory and time. So, iterative methods
become appealing. These methods include Krylov subspace methods. It is true that
current methods give us interesting computational performance, but it is important to
realize that there is no single method that can solve every linear system with desirable
accuracy. However, a number of factors can influence the choice of the method, includ-
ing the conditioning of the matrix A and the number of nonzero values. In literature,
there are many problems of linear systems with a sparse matrix and which are obtained
from real applications (heat transfer, fluid flow, mass transport, etc) by using numerical
strategy for solving partial differential equations (finite difference, finite volume, and
finite element methods). The difference between all the existing methods for solving
linear systems is in the level of accuracy, turnaround time, and storage. For system (5.1)
with a symmetric positive definite matrix, we use the conjugate gradient method (CG).
If A is a symmetric matrix, we use usually the MINRES. Finally, the nonsymmetric case
can be solved using GMRES developed as the most popular and the most optimal in
terms of precision but suffers from storage problems. The nonsymmetric case can also
be solved using some short-recurrence Krylov subsapce methods. We find for example
the BiCG, CGS, and BiCGStab methods. These methods are derived from the extension
of the CG in the non-symmetric case. In this work, we focus on the non-symmetric

case, especially on the BiCGStab method as the most stable method compared with
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BiCG and CGS methods. For more details about all Krylov subspace methods see [95]
and the current book [73].

The BiCGStab method has been developed in [104] for solving (5.1). The block ver-
sion of this method has been given in [33] for solving linear systems with several right
hand-sides. Using projectors and an idea for improvement the convergence of the IDR
method [91], given in [23], we will apply it for giving an enhancement of the BiCGStab
method.

The rest of this paper is organized as follows: in the next section, we recall the algo-
rithm of BiCGStab method [104]. Then, we propose an improvement of the conver-
gence of this algorithm using orthogonal projectors. A partial and full improvement of
the BiCGStab method is proposed and will be called PEnha-BiCGStab(k) and FEnha-
BiCGStab respectively. In Section 3, we focus on the solution of linear systems with
multiple right-hand sides. We will recall the global version of the BiCGStab [57], which
will be called global BiCGStab (GI-BiCGStab) method. We will also propose two im-
provements of this method, partial and full improvements, which will be called partial
and full enhancement of the global BiCGStab and denoted by PEnha-GI-BiCGStab(k)
and FEnha-GIl-BiCGStab, respectively. In section 4, we will recall the block version
of the BiCGStab (Bl-BiCGStab) method. We will also propose two improvements of
this method, partial and full improvements, which will be called partial and full en-
hancement of the block BiCGStab and denoted by PEnha-Bl-BiCGStab(k) and FEnha-
Bl-BiCGStab, respectively.

In Section 5, we will present some numerical experiments to compare the proposed
algorithms with the well-known GMRES [92], the global GMRES (GI-GMRES) [55] and
the block GMRES (BI-GMRES) [103] methods.

Throughout this article, all vectors and matrices are assumed to be real and the fol-
lowing notation is used. First, MT represents the transpose of any matrix M. For two
vectors x and y in RY, the inner product is (x,y), = xTy, with ||x||, = /(x,x), the
Euclidean norm. In the block and global cases, we consider for two matrices X and Y
in RN*™. The inner product is defined by (X, Y), = Tr (X"Y), where Tr (Z) denotes

the trace of a square matrix Z. Moreover, the associated norm is the Frobenius norm
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noted ||.|| ;. We denote by I the identity matrix of order N.

4.2 BiCGStab method and its enhancement

The Bi-Conjugate Gradient Stabilized (BiCGStab) algorithm has been developed for
solving nonsymmetric linear system (5.1). This algorithm has been given from the
Conjugate Gradient Squarred (CGS) algorithm of Sonneveld [83], which is obtained
from the Bi-Conjugate Gradient (BiCG) algorithm (see [95]). This last algorithm was
obtained by using the Lanczos bi-orthogonalization (see [95]). All this methods are
Krylov subspace methods for solving linear systems. So, in this section, we give some
theoretical background and some preliminary results. For an initial guess xo, we asso-

ciate a residual vector rp = b — Axy.

Definition 4.1. We define the Krylov subspace of order k associated to the matrix A
and vector rg by

K3 (A, r9) = Span {ro, Arg,. .., Ak_lro} .

Classical Krylov subspace methods compute the approximate solution x; and its corre-

spond residual r, = f — Axy such that
X —x9 € K (A,i’o), and rp = CDk(A)ro for k=1,...,m,
where @ is a polynomial of degree k. Let
m .
Pu(l) =00+ 018+ +owl" =) oid', with $,(0) =1,
i=0
be the minimal polynomial of the matrix A with respect to the vector ry, i.e.

bm(A)ro = im-Ai ro =0, (4.2)
i=0

1
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and

k .
m = min {k such that ZaiA’ro =0, with oy =1}.
i=0

If the considered method converge after m iterations, the polynomial matrix ®;(A) can

be written as follow

O (A) = P (A)Yr(A).

The way in which the coefficients of these two polynomials are calculated gives us the

different variants of Krylov subspace methods. For example, in GMRES method
¢r(A) = Tand Y (A) = [ — W W,

with Wy = [Arg, A%rg, ..., AFrg] and Wi = (WIWy) - W/ is the pseudo-inverse of the

matrix Wy. The BiCG method is obtained if we consider the following choice
x T T
$u(A) = Tand yi(A) = pi (A) = 1= We (WIW) W,

with W = [ro, ATro, ..., (AT)k*1 ro] . For more details of this characterization see [23,

95].

Remark 4.2. Hy = I — WyW{ is an orthogonal projector. Then, the associated resid-
ual vector of GMRES method is defined by an orthogonal projector, hence the optimal

property of this method.

The CGS method is developed to avoid the calculation of the transpose of the matrix A

in the BiCG method, then the residual associated to CGS method is given as follow
£ = pi(A)ro 4.3)

The CGS algorithm is based on squaring the residual polynomial, and, in cases of irreg-
ular convergence, this may lead to substantial build-up of rounding errors, or possibly
even overflow. The BiCGStab algorithm is a variation of CGS method which was devel-
oped to remedy this difficulty. Instead of seeking a method which delivers a residual

vector of the form (4.3), BICGStab produces iterates whose residual vectors are of the
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form

rBiCCStab —y, (A) py (A) 1o (4.4)

in which, as before, py (A) is the residual polynomial associated with the BiCG algo-
rithm and ¥y (A) is a new polynomial which is defined recursively at each step with
the goal of “stabilizing” or “smoothing” the convergence behavior of the original algo-

rithm. Specifically, ¥y (A) is defined by the simple recurrence,

‘Fk-‘rl (A) = (I - ka) Tk (A) (45)

with wy is determined by minimizing the norm of the residual. Based on this fact
of minimization and from Remark 4.2, our idea of improving the convergence of the
BiCGStab method comes from the fact that we can give another form to these poly-
nomials to improve convergence, using the data that we have and keeping the other
properties, namely storage and computation time.

The BiCGStab method is summarized by the following algorithm

Algorithm 6 Bi-Conjugate Gradient Stabilized (BiCGStab) [104]

1. xp € RN guess initial vector;
2. ro = b — Axo, po =T, 70 =To,

3. fori=0,1,2..;

4, v = Ap;;

5 aj = (Fo, 7i)y / (Fo, Vi)y;

6 S; =71 — ;v;;

7 t; = As;;

8. wi = (ti,si)y / (ti ti)o;

9. Xit1 = X +a;pi + w;s;;
10. rig1 = S; — wity;
11. Bi = — (Fo, ti), / (Fo, Vi)os
12. Pi+1 = tiq1 + ,Bi(pi - wivi);

13. end for.
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We will propose an improvement of the convergence of the BiCGStab method. Two en-
hancements of this method are studied, the first one will be called partial enhancement,
denoted by PEnha-BiCGStab(k), and the second one will be called full enhancement,
denoted by FEnha-BiCGStab. We propose to improve the convergence of the BiCGStab

method by using the following well-known result.

Proposition 4.3. Consider the orthogonal projector
Q =1-22Z,
where the rectangular matrix 7 is a full rank matrix in RN*! and
+ T\ ! oT
Zt = (zl z) 7,

is its pseudo-inverse (Moore-Penrose) (for more details of the pseudo inverse see [13]). Applying

the projector Q; to any vector r € RN, we obtain a new vector, which we denote by
pEnha _ Qyr.

Then, we have

HrEnhu

<l (46)

The proof of this proposition is given in [95] page 38.

To improve the convergence of an iterative method for solving linear systems, it is
necessary to minimize and decrease the norm of its residual in as few iterations as
possible. Then, by invoking Proposition 5.3 with the residual vector r;, we obtain
an improvement in the accuracy and stability of the BiCGStab algorithm. Thus, we
will apply an orthogonal projector Q to the residual of this method to obtain a new
residual with a smaller norm. Furthermore, to avoid a storage problem, we use the k
pairs of vectors already calculated in the BiCGStab method to construct the orthogonal
projector.

The partial enhancement of the convergence of the BiCGStab method (PEnha-BiCGStab(k))
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is given by choosing Z equal to the k last pairs of vectors [v;, t;], and by adding to line

10 in Algorithm 6 the following instructions

1. Z1 = [Pi—k41,Si—kt1s Pi-k+2s Si—k+2s - - -, Pis Sil;

2. Zy = AZ1 = [0i_jq1, tick1, Vicksos tickaos -, O il

3. Z= Z;(rri;

4. xPEnha — x, + 717;

5. pPEmha — 4, — 7, 7.
The full enhancement of the convergence of the BiCGStab (FEnha-BiCGStab) method
is defined by choosing Z equal to the all last pairs of vectors

[UOI tO/ 01, tl/ ce, 04y ti]/

and by adding to line 10 in Algorithm 6 the following instructions
1. Z1 = [po,s0, P1,51, - - -, Pi,Sil;
2. Z=AZ1 = [vg, to,v1,t1,...,0;,t];
3. 22="7";
4. xfFmh = x; + 7172;

5. rfEnha — v, — 772,

4.3 Global BiCGStab method and its enhancement

In this section, we consider the solution of large and sparse nonsymmetric systems with

multiple right-hand sides of the form

AX =B, (4.7)
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where the coefficient matrix A is a nonsingular real matrix of order N,
X=[x1x ... xy] and B=[b by ... by] € RN*",

with m < N.

One class of solvers for solving problem (5.11) are the global methods, which are based
on the use of a global projection process onto a matrix (global) Krylov subspace, in-
cluding global FOM and GMRES methods [55], global BiCG and Bi-CGStab methods
[33], global Hessenberg and CMRH methods [32].

The other class is that of the block solvers which are much more efficient when the
matrix A is relatively dense. The first block solvers are the block conjugate gradient
(BI-CG) and block bi-conjugate gradient (BI-BiCG) methods proposed in [74], for non-
symmetric problems, the block generalized minimal residual (BI-GMRES) algorithm
[103], the block quasi-minimum residual (BI-QMR) algorithm [39], the block BiCGStab
(BI-BiCGStab) algorithm [33].

In what follows, we recall the global Bi-Conjugate Gradient Stabilized (Gl-BiCGStab)
algorithm.

We will propose an improvement of the convergence of the Gl-BiCGStab method. Two
enhancements of this method are studied, the first one will be called partial global
enhancement, denoted by PEnha-Gl-BiCGStab(k), and the second one will be called
full global enhancement, denoted by FEnha-Gl-BiCGStab. We propose to improve the

convergence of the GI-BiCGStab method by using the following well-known result.

Proposition 4.4. Consider the orthogonal projector
Q =1-22Z2,
where the rectangular matrix Z; is a full rank matrix in RN*" and

zf = (27 2) S
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Algorithm 7 Global Bi-Conjugate Gradient Stabilized (Gl-BiCGStab) [57]

1. Xo € RNxm guess initial matrix;
2. Ro =B — AXO, P() = Ro, Ro = Ro;
3. fori=0,1,2..;

4. Vi = AP;

5. a; = (Ro,Ri)p / (Ro, Vi) i

6. Si = Ri —a;Vj;

7. T; = AS;;

8. wi = (T;, Si)p / (Ti, Ti) 5

9. Xit1 = Xi + ;P + w;S;;
10. Rit1 = S; — wiT;
11. Bi=—(Ro, Ti)p / (Ro, Vi)
12. Piy1 = Rip1 + Bi(Pi — w;Vi);
13. end for.

is its pseudo-inverse (Moore-Penrose). Applying the projector Q) to any matrix R € RN*™,

we obtain a new residual, which we denote by
REnha — QIR

Then, we have

HREnha

L < IR 8

The proof of this proposition is similar to that of the proposition in the standard case.
By invoking Proposition 5.12 with the residual matrix R;, we obtain an improvement of
the convergence Gl-BiCGStab algorithm. Thus, we will apply an orthogonal projector
Oy to the residual of this method and then to minimize its norm. To avoid a storage
problem, we use the k pairs of matrices already calculated in the GI-BiCGStab method
to construct the orthogonal projector.

The partial enhancement of the convergence of the GI-BiCGStab method (PEnha-Gl-

BiCGStab(k)) is given by choosing Z equal to the k last pairs of matrices [V}, T;], and
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by adding to line 10 in Algorithm 7 the following instructions
1. 21 = [Pi_k41, Si—k+1, Picks2, Sicks2, - - -, P, Si ;
2. Zy = AZ1 = [Vickyr, Tik1, Viekso, Tickso - - -, Vi, T
3. 22=Z[R;
4. XPEnha — X, + Z1Z2;
5. RPEnha = R, — 2, 22,

The full enhancement of the convergence of the GI-BiCGStab (FEnha-Gl-BiCGStab)

method is defined by choosing Z; equal to the all last pairs of matrices

[POISOIPllsll---/Pi/Si]/

and by adding to line 10 in Algorithm 1 the following instructions
1. Z1= [P(),SO,P1,51,. . -/Pirsi];
2. Z=AZ1= [Vo,To,Vl,T1,.. .,Vi,Ti],‘

3. 22 = Z'R;;

S

. XFEnhe — X, + 2122;

a1

. RFEnha — R, — ZZ2.

4.4 Block BiCGStab method and its enhancement

As for GI-BiCGStab method, we will propose an improvement of the convergence of
the block BiCGStab method by applying the Proposition 5.12. Two enhancements of
this method are proposed, the first one will be called the block partial enhancement,
denoted by PEnha-Bl-BiCGStab(k), and the second one will be called block full en-
hancement, denoted by FEnha-BI-BiCGStab.

First let us recall the block version of BiCGStab (BI-BiCGStab).
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Algorithm 8 Block Bi-Conjugate Gradient Stabilized (BI-BiCGStab) [33]

1. Xo € RNxm guess initial matrix;
2. Ro =B — AXO, P() = Ro, Ro = Ro;
3. fori=0,1,2..;

4. Vi = AP;

5w (RIV) " (RER);

6. Si = Ri — Vinj;

7. T, = AS;;

8. wi = (T;, Si)p / (Ti, Ti) 5

9. Xit1 = X; + ;P + w;S;;
10. Ri1 = Si —wiT;
11. Bi=— (RIv)) " (RTT);
12. Piy1 = Riy1 + (P — w;V;)Bi;
13. end for.

By invoking Proposition 5.12 with the residual vector R;, we obtain an improvement
of the BI-BiCGStab algorithm. Thus, we will apply an orthogonal projector 9y to the
residual of this method. To avoid a storage problem, we use the k pairs of matrices
already calculated in the Bl-BiCGStab method to construct the orthogonal projector.

The partial enhancement of the convergence of the Bl-BiCGStab method (PEnha-Bl-
BiCGStab(k)) is given by choosing Z equal to the k last pairs of matrices [P;, S;|, and

by adding to line 10 in Algorithm 8 the following instructions
1. Zx = [Pi—k41, Si—k+1, Pick+2, Si—k+2,-- -, Pi, Sil;
2. Z1=AZ,
3. 22 = Z1'R;;
4. XPErhe — X, + 2, 22;

5. RPEmha = R, — 2122,
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Remark that Z1 = AZj is given by Algorithm 8

Z1=AZ = A[Pii41,Si—k+1, Picki2, Si—ks2, -, Pi, Sil

= WVickst Ticks1, Viekso, Tickga, - - -, Vi, Ti.

The full enhancement of the convergence of the BI-BiCGStab (FEnha-BI-BiCGStab) method

is defined by choosing Z; equal to the all last pairs of matrices
[POISOIpllsll' . -lpilsi]l

and by adding to line 10 in Algorithm 8 the following instructions
1. Z=1[Py,So,P1,51,...,P,S);
2. Z1=AZ;
3. Z2 = Z1'R;;
4. XFEnha — X, + ZZ2;
5. RFEmha = R, — 2122,

We notice that at each iteration we compute two matrices P; and S;. The choice of
the matrix Z; is crucial because we have 2km vectors in each matrix for the partial
enhancement instead of 2k like in the standard case. Then, the convergence is clear in
these two cases. In other words, if the number of vectors that we use to construct the
orthogonal projector is large, we obtain a clearer improvement in accuracy and stability

and then the convergence will be faster.

4.5 Numerical examples

In this section, we consider the following convection-diffusion equation

—Au—aNVu—Bu=f, in Q
u=20, on JQ),
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where Q = (0,1)% and & = (&, 0y, 22)7 € R3. The discretization of this equation is
done via centered finite differences. The obtained matrix is sparse. Then, we have used
an example where the existing methods converge. We have shown numerically that the
new methods give an improvement to this convergence. That is what we have shown

theoretically. For all the examples we choose « = (0.5,0.5,0.5)7, B = 5 and
N, =30, Ny =20, N, = 20.

The order of the system is N = N, x N, x N; = 12 000.

In general, to compare two iterative methods in terms of convergence accuracy and
stability, we need to compare the history of the norm of the residual and error vectors.
Numerically, sometimes, even if the residual norm gives calculation results, the error
norm does not. That is why it is necessary to check this also for the new methods too.

We define the residual norm ||7¢||, and the error norm ||e||, in the standard case as

Irelly = /(i) = /7l

lexll, = ||xx — xtrue||, = \/(xk — xtrue)" (x — xtrue).

follow

For the global and block case, we use the following formulas

IRkl = \/(Rk, Ri)p = \/trace (RTRy).

1Ekllp = [ Xx — Xtrue||p

= \/<Xk — Xtrue, X — Xtrue)p

= \/trace ((Xk — Xtrue)" (X — Xtrue)),

with xtrue and Xtrue are the exact solution in standard and block cases. We would also
compare the execution time of each method, but in this case, the difference between
the improved and unimproved methods is negligible (See Tables 1, 2 and 3). Because
to minimize the norm of the residual, we have used the matrices and vectors already

computed at each iteration.
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To illustrate the efficiency of our technique we compare the BiCGStab and its enhance-
ments methods for systems with single right-hand sides, given by Algorithm 6 with the
GMRES methods. Then, we apply the classical BICGStab and new enhanced BiCGStab(k)
(partial and full enhancement of BiCGStab), denoted by PEnha-BiCGStab(k) and FEnha-
BiCGStab for k = 5 and k = 12, we give the curves of residual norms and error norms.

For these methods the right-hand b of the system is chosen as follows

xtrue = rand(N,1), b= A xtrue,

where xs is the solution of the considered system and the rand function creates a ran-
dom N-vector for xs, with coefficients uniformly distributed in [0, 1] and the initial
guess was taken to be zero. For this case, the tests were stopped as soon as || r, ||
/ || b ||< 10719, Figure 1 and Figure 2 illustrate the comparison of these algorithms
for residual and error norms respectively. Remark that the function randn can be also
used, which creates a random matrix or vector, with real random coefficients.

For global and block methods the right hand B of (5.11) is chosen as follows

Xtrue = rand(N,m) B = A Xtrue,

the initial guess matrix equal to zeros(N, m). The tests were stopped as soon as

| Ry |lr/ || B||p< 10710,

For the global case we compare the global BiCGStab (Gl-BiCGStab) and its enhance-
ments, partial enhancement of global BiCGStab(k) (PEnha-GIl-BiCGStab(k)) and full
enhancement of global BiCGStab (FEnha-GI-BiCGStab) for k = 5, k = 12 and for m = 6,
with the GI-GMRES method. Figure 3 and Figure 4 give this comparison of residual and
error norms respectively.

For the block case we compare the block BiCGStab (BI-BiCGStab) and its enhancements,
partial enhancement of block BiCGStab(s) (PEnha-Bl-BiCGStab(k)) and full enhance-
ment of block BiCGStab (FEnha-BI-BiCGStab) for k = 5, k = 12 and for m = 6, with the
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BI-GMRES method. Figure 5 and Figure 6 show this comparison of residual and error

norms respectively.

4.5.1 BiCGStab method
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Figure 4.1: The comparison between residual norms of BiCGStab, its enhancements
and GMRES methods, for k = 5 and k = 12.

Method CPU time (s)
BiCGStab 5.01 x 1071
PEnha-BiCGStab(5) 5.48 x 101
PEnha-BiCGStab(12) 6.15 x 1071
GMRES 5.89 x 1071

Table 4.1: Comparison of CPU time in the standard case

From the curves of Figures 4.1 and 4.2, we remark that the residual norm and the er-
ror norm of the enhanced algorithms decreases quickly comparing with the existing
methods. Furthermore, for k = 12, the convergence is clearly faster than the case when

k =5.
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Figure 4.2: The comparison between errors norms of BiCGStab, its enhancements and
GMRES methods, for k = 5 and k = 12.
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Figure 4.3: Comparison between residual norms of GI-BiCGStab, its enhancements,
GI-GMRES, for k = 5, k = 12 and for m = 6.

4.5.2 Global BiCGStab method

In Figures 4.3 and 4.4, we observe that the enhanced solvers FEnha-GI-BiCGStab and

PEnha-Gl-BiCGStab(k) give the best result. In this example, we can remark also that
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Figure 4.4: Comparison between errors norms of GI-BiCGStab, its enhancements,
GI-GMRES, for k = 5, k = 12 and for m = 6.

Method CPU time (s)
GI-BiCGStab 3.69 x 10°
PEnha-GI-BiCGStab(5) 5.69 x 10°
PEnha-Gl-BiCGStab(12) 7.36 x 10°
GMRES 1.46 x 10°

Table 4.2: Comparison of CPU time in the global case

for k = 12, the PEnha-GI-BiCGStab(k) is faster. A slight improvement of stability is
also observed. For k = 5 the enhanced method is still better than GI-BiCGStab and

Gl-GMRES methods.

4.5.3 Block BiCGStab method

Method CPU time (s)
BI-BiCGStab 1.90 x 10V
PEnha-BI-BiCGStab(5) 4.01 x 10°
PEnha-BI-BiCGStab(12) 7.01 x 10°
GMRES 5.80 x 1071

Table 4.3: Comparison of CPU time in the block case
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Figure 4.5: Comparison between residual norms of BI-BiCGStab, its enhancements,
and BI-GMRES, for k =5, k = 12 and for m = 6.
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Figure 4.6: Comparison between errors norms of Bl-BiCGStab, its enhancements, and
BI-GMRES, for k = 5, k = 12 and for m = 6.
The curves clearly show that accuracy of the block enhanced methods is better than that
of the BI-BiCGStab and BI-GMRES. And this is totally normal, as we have in the global
and block cases, km vectors to construct an orthogonal projector. The Convergence is

faster as the number of vectors increases. Hence the importance of choosing matrices
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Z; for constructing the orthogonal projectors in the global and block cases. The main
aim of this paper is to improve the convergence of the BiCGStab method in terms of
accuracy and stability with keeping the same storage properties and computation time.
Tables show that when using this technique, the difference in computation time is neg-
ligible between the BiCGStab method and the improved BiCGStab method in all three
cases. Here, we have also included the GMRES method as the most optimal, to show
that even though we lose a little in terms of computation time, we still get a significant
improvement in accuracy. So, in tables 1, 2, and 3, we focus on the comparison between

the BiCGStab method and its improved version.

4.6 Conclusion

In this paper, we proposed a new technique to improve the convergence behavior
of the BiCGStab method for the standard, global and block cases. Using orthogonal
projectors, we have proposed an enhancement of the the convergence of BiCGStab
method. The orthogonal projector are constructed using vectors and matrices already
computed in each method to avoid storage problem and then keep the advantage stor-
age of BiCGStab in all cases. Numerically we see that for all three cases, the enhanced
algorithms of BiCGStab are more efficient and they converge faster than BiCGStab and

GMRES methods with negligible deference to the turnaround time.
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Chapter 5

An enhancement of the convergence

of the IDR method

Abstract

In this chapter, we consider a family of algorithms called IDR, based on the induced
dimension reduction theorem. IDR is a family of efficient short recurrence methods,
introduced by Sonneveld and Van Gijzen, for solving large systems of non-symmetric
linear equations. These methods generate residual vectors that must be in a sequence
of nested subspaces. We present the IDR(s) method and give two improvements of its
convergence. We will also define and give the global version of the IDR(s) method, and
describe the partial and complete improvement of its convergence. We will also recall
the block version and give its improvements. Numerical experiments are provided
to illustrate the performances of the derived algorithms compared to the well-known
classical GMRES method for systems with only one right-hand side as well as the global
GMRES method and the block GMRES method for systems with multiple right-hand

sides.
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5.1 Introduction

The aim of the IDR method studied in this chapter is to solve the following non-
symmetric linear system

Ax = f, (5.1)

where A is a matrix in RN*N and the vectors f and x are in RN. The IDR method is a
short recurrence method developed by Sonneveld and Van Gizen [91]. It is shown by
Simoncini and Szyld [92], that IDR(s) is a Petrov Galerkin type method with a particular
choice of the left Krylov subspace like other well-known Krylov subspace methods
(FOM, GMRES, Lanczos, Hessenbeg, QMR).

The rest of this chapter is organized as follows: in the next section, we give a brief
overview of the IDR(s) method. Then, we propose an improvement of the convergence
of the IDR(s) algorithm using orthogonal projectors. A partial and full improvement
of the IDR(s) method is proposed and will be called PEnha-IDR(s) and FEnha-IDR(s)
respectively. In Section 3, we focus on the solution of linear systems with multiple
right-hand sides. We will define the global version and recall the block version of the
IDR(s) method, which will be called global IDR(s) (GI-IDR(s)) and block IDR(s) (BI-
IDR(s)) methods. We will also propose two improvements of these methods, partial
and full improvements, which will be called global and block IDR(s) and They noted
by Gl-PEnha-IDR(s) and Bl-FEnha-IDR(s), respectively. In Section 4, we will present
some numerical experiments to compare the proposed algorithms with the well-known
GMRES method [101], the global GMRES method [55] and the block GMRES method
[103].

Throughout this chapter, all vectors and matrices are assumed to be real and the fol-
lowing notation is used. First, MT represents the transpose of any matrix M. For two
vectors x and y on RY, the inner product is (x,y) = xTy, with ||x|| = 1/(x, x) is the
Euclidean norm. In the block and global cases, we consider for two matrices X and Y
in RN*™. The inner product is defined by (X,Y); = Tr (X'Y), where Tr (Z) denotes
the trace of a square matrix Z. Moreover, the associated norm is the Frobenius norm

noted ||.|| ;. We denote by Iy, the identity matrix of order N.
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5.2 The IDR(s) method

Let xo be an initial guess and vy = f — Axy is its associate residual. The Krylov subspace
methods are defined by choosing at the kth iteration an approximation x; such that

xr — xo in K = K} (A, r9). Thus, the residual

ty=f—Axx =10+ A(xg —x0) € Kipr-

Moreover, these methods satisfy the Petrov-Galerkin condition. Then, for a given set
{Lx} of nested subspaces, the Petrov-Galerkin condition consists of imposing that the
residual ¢ be orthogonal to the subspace £y, and finding an approximate solution xj €
xo + Ky such that rp = f — Ax, L L. All different choices of the left subspace £ give
different variant of iterative methods. For example, when Ly = K}, we obtain the Full
Orthogonal Method (FOM) (see [89]). On the other hand, when £ = AK, one has a
minimal residual methods, such as the well-known GMRES method.

The IDR(s) method is a variant of IDR, using s shadow vectors, developed by Sonn-
eveld and Van Gizen [91]. The subspaces used by the IDR algorithms are related to
the Krylov subspace. We will first recall the definition of Krylov subspace of order n

associated to the matrix A and the vector rq by

IC; (A, ro) = span{ry, Arg, - - - ,A”_lro},

where ryp = f — Axg with xg a guess initial approximation of the solution of system
(5.1).
5.2.1 The IDR theorem

The IDR(s) method is based on the following Induction Dimension Reduction (IDR)
theorem [82], which is a generalization of the original IDR theorem [91] to the complex

case, we first review this theorem.

Theorem 5.1. (IDR) [82]
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Let A be any matrix in CN*N, and let Gy be the full Krylov space Ky(A,rq). Let S be any
eigensubspace of CN such that S and Gy do not share a nontrivial invariant subspace of A, and

define the sequence G;, j = 1,2,-- -, as

g] - (I — w]A) (Q]-_l N S) ’ (52)

where the w;’s are nonzero complex scalars. Then the following hold:
] Q]- C g]‘,l, Vi > 0.

e G, = {0}, for somev < N.

From this theorem, we know that the dimension of the nested subspaces §; decreases.
If all the residual r, = f — Ax;, can be constructed in the nested subspaces G;, we may
get the approximate solution in finite steps. At most N + N /s matrix-vector products

will be needed in the generic case for the IDR(s) method [91].

5.2.2 The IDR(s) algorithm

Consider S = N (PT), where P = [py,py,...,ps) is a full rank matrix in RN*® with

s < N. For all nonzero integers j, the IDR spaces are recursively defined as follows

According to the IDR theorem for all j < N, we have G; C G; 1 and there exists v < N
such that G, = {0}. This is why the IDR theorem can be used to develop an algorithm
for solving linear systems. This is done by constructing residuals r, € §;, because
according to this theorem, it is possible to generate a sequence of smallest possible
subspaces. Then, the aim of Sonneveld’s approach is, first, to construct subspaces G, for
all nonzero integer j where w; are nonzero scalars. Then, we compute the approximate
solution x, associated to the residual vector r, = b — Ax, which is necessarily in G;.

Thus, the residual 7, € G; can be written as follows

n = (I — (,(J]A) Uy—1 witho,,_1 € g]'_l nS. (5.4)
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Since, there exists v such that G, = {0}, it follows that there exists an integer m such
that 7, € G, = {0}. The scalars w; are chosen such that ||r,|| is minimal.

Now, to compute 7, at each iteration, it is necessary to compute v,,_; and this can be
done by using the fact thatv,_; € S.

In [48], Gutknecht consider

Uy—1 =11 — Gu10, (5.5)

where for all integers | < s, ¢ = ((51,...,51)T € Rl and G, = (8n-1-1,---,8n—2] €

RN*! with gi€Gj1,fori=n—1-1,---,n—2 From equations (5.4) and (5.5), we get
'n = Tn-1— wjAv, 1 — Gy_1c. (5.6)

Remark 5.2. In order to determine the s variables J;, the space S can be chosen to be the
left null space of some N x s matrix P = [p1 p2 ... ps, e g, S = N (PT), which
can be generated randomly, since the probability that the space Go N S contains some

eigenvectors of A is zero. Then §; can be determined from the equation
PTv,_; =0. (5.7)

We obtain therefore the following s x [ system

1
pitn—1—pi (Z 5ign—i> = pirn-1—pf (Gpoic) = 0
i=1

1
psTrn—l - psT <Z‘5i8ni> = PsTrn—l - PsT (Gp1c) = 0.
i=1

Under normal circumstances the previous system is uniquely solvable if | = s. Then, to
compute all scalars §; fori = 1,...,s, we need s vectors in G;. Consequently, computing
the first vector in G; requires s + 1 vectors in G; 1, and we may expect r, to be in G; only

for n > j(s +1). Define the following matrices

anl — ARn - [Arn,1 ATn_z st Arnfs] ’ (5.8)
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and

AXy = [Axp1 Axpo -+ Axy_], (5.9)

where the forward difference operator Au, = u,,1 — u, is used. Then the computation

of r, € Gj can be implemented by the following algorithm

Calculate ¢ € R® from (PTAR,)c = PTr,_4,
v=r,1— AR, 1¢,

ry =0 — ijv.

Since G; 1 C §j, repeating these calculations will produce new residuals 7,11, 42, .-
in G;. Once s + 1 residuals in G; have been computed, we can expect the next residual
tobe in G; 1. The approximation x, associated with the residual r, = f — Ax, is given
by

Xn = Xp-1+ wjv — AXy-1c.
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Putting all the relations together, we get the IDR(s) algorithm.

V. Simoncini and D. Szyld was approved in this work [92] that IDR method can also
be considered as a Petrov Galerkin type method. In this context, the left subspace

considered in IDR method is the following rational Krylov subspace

= (o, (a7)) "1 (4.0).

-1 -1 T
where (0 (A7) ™ = (01 (A7) (1= w;4)") , (o(4) = Tand K; (A7, Q) =
S
Z le (AT, qi) . Then, this method consists of finding at the kth iteration, an approxi-
i=1
mation x; € xo + K (A, ro) such that for all k > s the residual ry satisfies the following

orthogonality condition

Tk 1L Wj.

The prototype IDR Algorithm that is described in [91] is only one of many possible
IDR variants see for example [74, 6, 29, 47, 48, 81]. One of the possibilities to make
alternative IDR method is different computation of the intermediate residuals. In IDR
method, the residual is uniquely defined in every s + 1 step. This step corresponds
to the calculation of the first g]-. In order to advance to Q]-H, s additional residuals in
G; should be computed. These intermediate residuals are not uniquely defined and
their computation leaves freedom to derive algorithmic variants. The residuals do not
depend on how the intermediate residuals are computed. The numerical stability and
efficiency of the specific IDR Algorithm, however, depending on the computation of
the intermediate residuals. On the other hand, to start, we have to choose the s vectors
pi fori = 1,...,s which must be linearly independent. Then, we can use any Krylov
subspace method to compute these vectors or simply choose s linearly independent
random vectors as in [91]. While in Krylov subspace method, we start only with one
vector rp. For this reason, IDR method can not include in the unified Krylov subspace
approach as we did in [23] for FOM, GMRES, Hessenberg, Lanczos [59], OMR, CGS [83]

and Bi-CGStab [104] methods. But, for s = 1, we have IDR method is mathematically
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Algorithm 9 IDR(s) Algorithm [91]

1. A € RVN, x5, f € RN, P € RN*S, P = orth(P), tol € [0,1], itemax > 0,
ro = f — Axo;

2. forn = 0tos —1do (build s vectors in Gy)

3. v = Ary;

4. w=(0"r,)/(v"0);

5. Ax, = wry; Ary, = —wv;

6. Tni1 =Tn+ A1 Xpp1 = Xn + Axy;

7. end for

8. ARy 11 = [Ary, ..., Ar); AXyi1 = [Axy, ..., Axol;
9. n=s;

10. while ||r,|| / ||b|| > tol and n < itemax do

11. for k = 0 to s do (build s vectors of G;)

12. solve ¢ from PTAR,c = PTr,;

13. compute g = —AR,c, v =1, —q;

14. if k = 0 then

15. t = Av; w = (tT0)/(t't);

16. Ar, = g — wt; Axy, = —AXyc + wo;
17. else

18. Ax, = —AX,c + wv;

19. Ary = —AlAxy,;

20. end if

21. Tuil = T+ Ary; Xpy1 = Xy + Axy;

22. n=n+1;

23. AR, = [Arp_1,. ., Arp—s|; AXy = [Axp—1,. .., Dxp—s);
24. end for

25. end while.
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equivalent to the BiCGStab method as shown in [48, 90] and it is related to MI(k)Bi-
CGStab method for s > 1 (see [93]) for more details. Then, IDR in this case can be

considered as a product type method.

Now, comparing IDR with GMRES in term of accuracy, in [73], it shown that GMRES
is best than IDR. But IDR is cheaper than GMRES in term of storage and time. For us,
the fact to construct s vectors at each iteration is not a disadvantage. In the following
section, we will show how we can use these vectors to improve the convergence of the

IDR method for any integer s.

5.2.3 Partial and full enhancement of the convergence of the IDR(s) method

We will propose an improvement of the convergence of the IDR(s) method. Two en-
hancements of this method are studied, the first one will be called partial enhancement,
denoted by PEnha-IDR(s), and the second one will be called full enhancement, denoted
by FEnha-IDR(s). We propose to improve the convergence of the IDR(s) method by

using the following well-known result.

Proposition 5.3. Consider the orthogonal projector

where the rectangular matrix Z; is a full rank matrix in RN and 74 = (272,) 7' 27 is its
pseudo-inverse (Moore-Penrose) (for more details of the pseudo inverse see [62]). Applying the

projector Q; to any vector r in RN, we obtain a new residual, which denoted by
rEnha — er.

Then, we have

[ | < e (5.10)
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Remark 5.4. The matrix computed in Algorithm 9
ARy, = [A?’n,1 Ary 2 A7’7175] ’

is of full rank. Therefore, the pseudo-inverse of AR, is well defined and its columns

can be used for building the orthogonal projecteur Q.

By invoking Proposition 5.3 with the residual vector r,,, we obtain an improvement in
the accuracy and stability of the IDR(s) algorithm. Thus, we will apply an orthogonal
projector Q; to the residual of this method. However, we will fall into the storage
problem. This problem can be avoided by using the s vectors of §; already computed
in the IDR(s) method to construct the orthogonal projector.

The partial enhancement of the convergence of the IDR(s) (PEnha-IDR(s)) method is
given by choosing Z; equal to the last column of AR, (I = 1), and by adding to line 26

in Algorithm 9 the following instructions
1. Z1 = AR, (:,n);
2. Z=ZV xrypq;
3. xﬁﬁ’{h" = Xy11 +AXu(5,n) % Z;

4. rﬁf’}h” =rpi1 — AR, (5, n) % Z;

The full enhancement of the convergence of the IDR(s) (FEnha-IDR(s)) method is de-
fined by choosing Z; equal to ARy, (I = s), and by adding to line 26 in Algorithm 9 the

following instructions
1. Zs = ARy;
2. Z =27 xr,iq;
3. xFEnha — 5+ AX, * Z;

n+1

4. rEEha — 5 — AR, x Z;
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Remark 5.5. For building the orthogonal projector Q;, we can also take some of the latest

columns of the matrix AR,,.

Using these new vectors, we obtain a new algorithm that improves the convergence of

IDR algorithm which is denoted by EnhalDR and summarized in Algorithm 9.

Proposition 5.6. When s is large we obtain a remarkable enhancement of accuracy and stabil-
ity.

Proof. We can show this mathematically by remarking that, if we have more than s lin-
early independent vectors, we can use them to construct an other orthogonal projector.

Then, we minimize the norm of the last enhanced residual vector. This can be observed

numerically in the last section. O

5.3 Global and block IDR(s) methods

In this section, we consider the solution of large and sparse nonsymmetric systems with

multiple right-hand sides of the form

AX =F, (5.11)

where the coefficient matrix A is a nonsingular real matrix of order N, X = [x1 x2 ... Xy]
and B=[f1 fo ... fm] € RN*" with m < N.

One class of solvers for solving problem (5.11) are the global methods, which are based
on the use of a global projection process onto a matrix (global) Krylov subspace, includ-
ing global FOM and GMRES methods [55], global BiCG and BiCGStab methods [33],
global Hessenberg and CMRH methods [32].

The other class is that of the block solvers which are much more efficient when the
matrix A is relatively dense. The first block solvers are the block conjugate gradi-
ent (BI-CG) and the block bi-conjugate gradient (Bl-BiCG) methods proposed in [74],
for nonsymmetric problems, the BI-BiCG, the block generalized minimal residual (Bl-

GMRES) algorithm [103], the block quasi-minimum residual (BI-QMR) algorithm [39],
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Algorithm 10 PEnhalDR algorithm

1. Ae R™™, xo, f € R",Q € R"*5, tol € [0,1], itemax > 0,1y = f — Axy;
2. Fork=0,...,s —1,do (Construct s initial vectors in Gy)
3. u=Ar; w=(ure)/ (uu);

dxy = wry; dry = —wu;

Tkp1 = 1 +drg X = X +dxg;

4

5

6. End for
7. dRyyq = [dry, ..., dro]; dXxy1 = [dxg, ..., dxo];
8. k=s

9. While ||rg|| > tol or k < itemax

10. Forj=0,...,s, do (Construct s vectors of gj)

11. Solve the system QTdRyc = QTry and compute u = r, — dRyc;
12. If k =0, then

13. t= Au;

14. w=(tu)y/(tt);

15. driy = —dRyc — wt; dxy = —dXic + wu;

16. Else if

17. dxy = —dXyc + wu; dry = —Adxy;

18. End if

19. Tpo1 = Tk +drg; X = X +dx k=k+1;

20. ARy = [dry_1,...,drc_s); dXx = [dxg_1, ..., dXc_);
21. wy = dRlreiq;

22. rEha = i1 — dRgwy; P = Xy + dXjwy;

23. End for

24. End while
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the block BiCGStab (Bl-BiCGStab) algorithm [33], the block Lanczos method [34] have

been developed.

5.3.1 Global IDR(s) method

In this section we will recall some products that will be used to define the global version
of IDR(s) method for solving the system of non-symmetric linear equations (5.11). As
for the IDR(s) method, partial and full enhancement of this version will be proposed.
We will recall the definition of the Kronecker product [62] and of the ¢ product [14] and
give some fundamental properties of the later.

A matrix system of RN*" is said to be F-orthonormal if it is orthonormal with respect to
(Y,Z)p = Tr(YTZ). For any matrix A = (a;;) and any matrix B, the Kronecker product
of A and B is defined by A ® B = [a; ;B].

In what follows, we recall the product denoted by ¢ and defined as follows [14].

Definition 5.7. Let A = [A1, Ay, -+ -, As] and B = [By, By, - - -, B;] be matrices of dimen-
sion N x sm and N X Im, respectively, where A; and Bii=1--,sj=1,--- ,1) are

N x m matrices. Then the s x [ matrix AT ¢ B is defined by

(AuBYr (AuBap - (Ay B
g | (ABO (Al e (4B
<AS/Bl>P <ASIBZ>F <AS/B1>F

Remark 5.8. 1. If m = 1then AToB = ATB.

2.Ifm=1,5s = 1land [ = 1, then setting A = u € RN, B =0 € RN, we have

AToB=uTv e R.
3. The matrix A = [A1, Ay, - , A;] is F-orthonormal if and only AT ¢ A = [.
4. If X € RN then XT 0 X =|| X ||2.

We will give properties of this product combined with the Kronecker product.

Proposition 5.9. Let A,B,C € RN*sm D ¢ RN*N T, € RS and a € R. Then we have
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1. (A+B)ToC=AToC+BToC.
2. ATo(B+C)=AToB+ AToC.
3. (xA)ToC=a(ATC).
4. (AToB)T = BT s A.
5. (DA)T o B = AT o (DTB).
6. | AToB [[r<[| A [l B [|r.
7. ATo (B(L®1I,)) = (AT o B)L.
Proof. The first six assertions are proved in [14]. We will prove the last one. We define

A= [Al Ay ... As] € ]RN><sm’ B = [Bl B, ... Bs] c IRNXSM, with A;, B; € RN*m and

L= (I I, ..., I;)T € R®L. Then using the definition of the product ¢ we get

ATo(B(L®In)) = ATO(iBill)
i=1

= i(AToB)

i=1

= (AT o B) L,
and the result follows. O

We recall the definition of the global Krylov subspace of order n associated with the ma-
trices A and Rp, where Ry = F — AXj with X an initial approximation of the solution,

X*, of the system (5.11).

Definition 5.10. The subspace Ky (A, Ry) generated by A and increasing powers of A

applied to Ry

K&(A,Ry) = {Z%Al 'Ro; vi EIR}

i=1
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is called the global Krylov subspace of order n associated with A and Ry; see e.g.,[55].

It can be also defined by
’Cé,;(A, Ro) = span {R(), AR(), N ,An_lRo} .

If we set K, = [Rg ARy ... A" 'Rg] and v = (71,72,.--,7s)7, then using the Kro-

necker product, the subspace K5 (A, Rg) can be written as follows

n .

Kf(A,Ro) = {ZAllRO')’i} Yi € IR} = {Kn('Y@ Im)/' v e IRS}'
i=1

5.3.1.1 The global IDR(s) algorithm

The global version of the IDR theorem can be given as follows, whose proof is similar

to that of the IDR theorem.

Theorem 5.11. (global IDR)
Let A be any matrix in CN*N, and let G be the full global Krylov space K§;(A, Ro). Let
S8 denote any eigensubspace of CN such that S8 and G§ do not share a nontrivial invariant

subspace of A, and define the sequence Q].g, j=1,2,---,as follows

G5 = (1-w;A) (95, NS¥), (5.12)

where the wj's are nonzero complex scalars. Then the following conditions are satisfied:

. (S g ;

e Gy = {0}, for some v < N.
The global IDR(s) algorithm is an extension of the IDR(s) algorithm. It can be de-
rived as a translation of the global IDR theorem. Assume that all column vectors of

Ry—s,...,R,—1 belong to gf_l. Then, we can construct the global residual R,, whose

column vectors belong to Q]-g , by defining

Rn = (I — (,L)]'A)Vn,b
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where V,,_1 is an N x m matrix such that V,,_ € g]{l N 8¢ and the scalar parameter is
obtained by minimizing the Frobenius norm of the residual R,. To obtain such V;_1,

suppose that the subspace S8 can be written as follows
S8 =N(PH) ={Z e RV, PT 6 Z = 0,1},
for a certain N x sm matrix P. Let

s
Vn,1 = Rn,1 - ZARn—l—iéi/ where ARk = Rk+1 - Rk.
i=1

Then, the condition V,,_1 € S8 can be written
Pl oV, = 05y1. (5.13)

The coefficients 1, J, ,..., Js can be obtained by solving the previous equation.

Define ¢ = (41,62, ..., (55)T € R® and the following matrices
AR = [AR,_1 AR, 5 --- AR,_], (5.14)

and

AXy = [AXy 1 DXp—g -+ AXys]. (5.15)
Then, the matrix R,, can be written

Rn = (I—CUjA)Vn_1

s
= (I — CU]A) (Rn—l — ZARnli5i>
i=1

1

= Ry1—wjAV,_1 — ARG (c ® L),
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and using Proposition 5.9, equation (5.13) can be written as follows

S
PTov, , = PTo(Rn_l—ZARnliél)
i=1
= PToR,_1 —PTo (AR} (c® In))
= PToR,_1— (PToAR})c

= Os><1-

The computation of R, € Q}g can be implemented by the following algorithm

Calculate ¢ € R® from (PToARj)c=PToR,_4,
Vici=Ry-1— AR%(C ® L),

Rn = Vn,1 — w]'Aanl.

The approximation X, is obtained as follows

S
Xy = Xpo1+wjVio1— Y AXy1-i6;
i-1

= X1+ wjVyo1 —AXE (c® Ly).
The scalar wj is given by

- <T, Vn—1>1f _ TF(TTVn_l)

= = here T = AV, _;.
wj (7,7, T(TTT) ’ where Vi1

Finally we obtain the following global IDR(s) algorithm.

5.3.1.2 Partial and full enhancement of the global IDR(s) method

As for IDR(s) method, we will propose an improvement of the convergence of the
global IDR(s) method. Two enhancements of these methods are studied, the first one
will be called the global partial enhancement, denoted by Gl-PEnha-IDR(s), and the
second one will be called global full enhancement, denoted by Gl-FEnha-IDR(s). We
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Algorithm 11 Global IDR(s) algorithm (GI-IDR(s))

1. A e RVN X, Fe RN, P e RN*" P = orth(P), tol € [0,1],
itemax > 0, Rg = F — AXyp;

forn = 0tos — 1 do (build s matrices in Qg )
V = ARy;
w=(V,Ro)p /(V,V)p;
AX, = wRy; AR, = —wV;
Ryt1 =Ry + ARy X1 = Xy + AXy;

N o Aol LW D

end for

8§ _
ARn—i—l -

—pT 8
9. H=PToARS, |,

S

[AR, ... ARo[; AXS ., =[AXy ... AXq);
h=PT o Ry

10. n =s;

11. while ||R, ||z / ||B||p > tol and n < itemax do

12. for k = 0 to s do (build s matrices of Q]g )

13. solve the system Hc = I;

14. compute Q = —ARS (c®Ly),V=R,—Q;

15. if k = 0 then

16. T=AV;,w= (T, V);/(T,T)s

17. AR, = Q — wT; AX, = —AX§ (¢ ® Iy) + wV;
18. else

19. AXy = —AX3 (¢ ® Iy) + wV; AR, = —AAX,;
20. end if

21. Ry11 =Ry +ARy; X1 = X + AXy;

22. n=n-+1;

23. ARG = [AR, 1 ... AR, _|; AXS = [AXy 1 ... AXy—s;
24. Ah =PT o AR,;

25. H(:,n) = Ah;

26. end for

27. end while
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propose to improve the convergence of the global IDR(s) method by using the following

result.

Proposition 5.12. Consider the orthogonal projector
Q =1-22,

where the rectangular matrix 2, is a full rank matrix in RN*" and Z[ = (2] Z)) - Zl its
pseudo-inverse (Moore-Penrose). By applying the projector Q) to any matrix R € RN*™, we

obtain a new residual that denote by
REnha — QIR

Then, we have

H REnha

<RI (5.16)

By invoking Proposition 5.12 with the residual vector R,;, we obtain an improvement of
the global IDR(s) algorithm. We will therefore apply an orthogonal projector Q; to the
residual of this method by using the s matrices of (_J;g already computed in the global
IDR(s) method to construct the orthogonal projector.

The partial improvement of the convergenceof of the global IDR(s) (Gl-PEnha-IDR(s))
method is given by choosing Z; equal to the last column matrix of AR, (I = 1), and by

adding to line 27 in Algorithm 11 the following instructions
1. 2y =ARS(:, (n —1)m +1:nm);
2. Z :ZJ*RYH—l;

3. XS PRt — X, 1 + AXE(, (n— 1)m +1: nm) = Z;

. RSP = Ry — ARS( (1= 12 m) + Z;

The full improvement of the convergence of the global IDR(s) (Gl-FEnha-IDR(s)) method
is defined by choosing Z; equal to AR}, (I = s), and by adding to line 27 in Algorithm

11 the following instructions
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1. Zs = ARS;
2. Z=Z%Ryq;

3. XS PR — X, 1 + AXG x Z;

4. RGFEMT = R,y — AR} x Z;

5.3.2 The block IDR(s) method

In this section we consider nonsymmetric linear systems with multiple right-hand sides
(5.11). In order to propose the block version of IDR(s), we first give a variant of the
IDR theorem, which is an extension of IDR theorem to the block case. We will also
recall the block IDR(s) (BI-IDR(s)), as defined in [28] and we will define the partial
enhancement (PEnha-BI-IDR(s)) method, and the full enhancement (FEnha-BI-IDR(s))
of the convergence of this method. We first recall the block Krylov subspace of order n

associate to the matrices A and Ry.

Definition 5.13. The subspace K% (A, Ry) generated by A and increasing powers of A

applied to Ry,

n .
K5 (A, Ro) = {ZAl_lRo’Yi; Yi € ]Rme} ,
i=1

is called the block Krylov subspace; see e.g.,[35].

Now we will recall the definition of the block grade of Ry with respect A [47].

Definition 5.14. Let B, (A, Ry) be the subspace defined as follows
Bu(A,Ry) :=Ku(A Ro(:,1)) + ...+ Kyu(A Ro(:,m)).
Then, the positive integer v(A, Ry) defined by

v(A,Rp) = min{n|dim(B,(A,Ry))} = dim(B,,+1(A, Ro))

= min{n| B,(A,Ro)} = Bu11(A, Ryp)
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is called the block grade of Ry with respect to A.

Remark 5.15. If X* is the exact block solution of AX = B, then

X* € Xo + K5 4 g,y (4 Ro).

5.3.2.1 The block IDR(s) algorithm
Now we will recall the extension of the IDR theorem to the block case given by [28].

Theorem 5.16. (Block IDR). Let A be any matrix in CN*N, and let G} be the full block Krylov
space K! (AR, (A Ro). Let SP denote any eigensubspace of CN such that S® and G} do not

share a nontrivial invariant subspace of A, and define the sequence g}’, j=12,---,as follows
G! = (I-w;A) (gjb,l N S”) , (5.17)

where the w;’s are nonzero complex scalars. Then the following conditions are satisfied:
b b ;
* G/ CGl V>0

o Gb = {0}, for some v < v(A, Ry).

The block IDR(s) method is a natural extension of the IDR(s) method. It can be de-
rived as a translation of the block IDR theorem. Suppose that all column vectors of
Ry—s,...,Ry—1 belong to Q]b_l. Then we can construct the block residual R, whose

column vectors belong to G?, by defining
Ry = (I —wjA)V,_1,

where V,,_; isan N x m matrix whose column vectors belong to G ;’_1 N S? and the scalar

parameter is obtained by minimizing the Frobenius norm of the block residual R,. To

obtain such V,,_1, suppose that the subspace S’ can be written as S? = N/ (PT) for some
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N x sm matrix P. Let

S
Vi1 =Ru—1— Y AR, 17, where ARy = Riy1 — Ry
i=1

Then the condition V,,_; € S’ can be written
PV, =0.

The m x m matrices y1, 72, ,..., s can be obtained by solving the previous equation.

The approximation is obtained as follows

S
Xn = Xp-1+ wiVu1 — Y AXy_1-i7i
=1

1

The scalar wj is given by

W — <T, Vn71>13 _ TT’(TTVn_l)
/ (T,T); Tr(TTT) '

where T = AV,_1.

Finally we obtain the following block IDR(s) algorithm.
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5.3.2.2 Partial and full enhancement of the block IDR(s) method

As for IDR(s) method, we will propose an improvement of the convergence of the block
IDR(s) method by applying the proposition 5.3. Two enhancements of this method are
proposed, the first one will be called the block partial enhancement, denoted by BI-
PEnha-IDR(s), and the second one will be called block full enhancement, denoted by
BIl-FEnha-IDR(s).

The partial enhancement of the block IDR(s) (Bl-PEnha-IDR(s)) method is given by
choosing Z; equal to the last column matrix of ARz, I =1, and by adding to line 27 in

Algorithm 12 the following instructions
1. Z1 =ARY(:;,(n —1)m+1: nm);
2. Z :ZJ*RYH—l;

3. Xﬂ’lpE”h’l = Xpp1 +AXE(, (n—1)m+1:nm) x Z;

4. REPEWR — Ry oy — ARE(, (n—1)m +1: nm)  Z;

The full enhancement of the convergence of the block IDR(s) (Bl-FEnha-IDR(s)) method
is defined by choosing Z; equal to ARﬁ, | = s, and by adding to line 27 in Algorithm 12

the following instructions
1. Zs = ARY;
2. Z=Z%Ry1;

3. XBIFEhe — X, 1+ AXE % Z;

4. REZFEnha — R, .1 — AR x Z;

Using this notations and formulas, we propose a new algorithm named for us BI-

EnhalDR, which improve the convergence of the BI-IDR algorithm

Remark 5.17. We will see in the numerical examples that, the enhancement is clearly
seen in the block global case. In fact, we assume that any breakdown occur, we use
the s blocks matrices AR (3, (j —1)p + 1 : jm) of size n x m which form a family of in-

dependent blocks considering the inner product (.,.).Then, as we said in section 3, if
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Algorithm 12 Block IDR(s) algorithm (BI-IDRs))

1.

A€ RN*N Xo, F e RN P e RN P = orth(P), tol € [0,1],
itemax > 0, Ry = F — AX;

2. forn =0tos—1do (build s matrices of Qg )
3. V = ARy;
4. w=(V,Ru)p/(V,V)p;
5. AX, = wRy; AR, = —wV; Ryp1 = Ry + ARy; X1 = X + AXy;
6. end for
7. AR) ., = [AR, ... ARo}; AX!., =[AX, ... AXo);
8. H=PTARY |, h = PTR,.y;
9. n=s;
10. while ||Ry ||z / ||B||p > tol and n < itemax do
11. for k = 0 to s do (build s matrices of Q]b)
12. solve the system HC = h;
13. compute Q = —ARYC, V=R, — Q;
14. if k = 0 then
15. T=AV,w=(T,V). /(T,T)p;
16. AR, = Q — wT; AX, = —AXC + wV;
17. else
18. AX, = —AXEC +wV; AR, = —AANX,;
19. end if
20. Rut1 = Ry +ARy; X1 = Xy + AXy;
21. n=n+1;
22. AR = [ARy_1 ... ARu_s; AXE = [AXy 1 ... AXp_s);
23. Ah = PTRy;
24. H(:;,(n—1)m+1:nm) = Ah;
25. end for
26. end while
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Algorithm 13 Block PEnhalDR method

1. Rg = F — AXp; Q € R"**P;

2. Fori=0tos—1do

_ _ (V.Ri)p.
3. V=AR, w= R
AXZ' = wRi; ARi = —(,UVZ','
Xip1 = Xi+ AX(I, Zp +1: (l + 1)m), Riy1 =R;+ AR(:, lp +1: (l + 1)71’1),
. End for

J=Li=s;

® N o Ul

. M= QFAR; h = QFR;;

\O

: ‘ [Ri ()l
. While max;—1., Bl > € do

10. Fork =0tosdo

11. Solve ¢ from Mc = h;

12. H = —ARcg;

13. V =R;+H;

14. If k = 0 then

15. T = AV;w = {rplE;

16. AR; = H — wT; AX; = —AXc + wV;

17. Else

18. AX; = —AXc + wV; AR; = —AAX;

19. End if

20. Rit1 = Ri + AR;; Xiy1 = X; + AX;;

21. Djiy1 = AR'Riys

2. RERha — R,y — AR;Dyyq; XER® = X, + AX;Dj 4
23. Ap = PHAR;;

24. M; = Ap;

25. h=h+ Ap;

26. i=i+Lj=j+1

27. j=(j—1) mod s+ 1 with ‘mod’ is the modulo operation
28. End for

29. End while
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the number of vectors that we use to construct the orthogonal projector is large, we
obtain a clearer improvement of accuracy and stability. This is the case because we

have [ARy_1,- -+ ,ARy_;] of size n x sm.

Even if their approaches are different, IDR and GMRES methods solve nonsymmetric
linear systems. The difference between these methods is in cost, storage and accuracy.
GMRES method is a long-recurrence method this is why it suffers from storage prob-
lems while IDR method is a short-recurrence method. But GMRES method remains the
best in terms of accuracy because it is an orthogonal projection method (see [81]). For
this reason, we tried to give the orthogonality property for IDR method to achieve the
accuracy and stability of GMRES method and keep the fact that IDR method is better
than GMRES method in term of time and storage. Therefore, to compare EnhalDR with
GMRES in term of memory requirements and time, it is enough to compare IDR with
GMRES because the difference between IDR method and its enhancement is only the

calculation of the new residual

Enh t
rk+1a - rk+1 - dederk+1

5.4 Numerical experiments

In this section, we consider the following convection-diffusion equation

—Au—aVu—pBu=f, in Q

u=0, on JQ),

where O = (0,1)° and & = (ay,a,a:)7 € R3. The discretization of this equation is
done via centered finite differences with the standard 7-point stencil in three dimen-

sions. For all the examples we choose & = (0.5,0.5,0.5)7, B = 5 and
N; = 30, Ny = 20, N, = 20.

The order of the system is then, N = N, x N, X N, = 12 000.
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To illustrate the efficiency of our technique we compare the enhanced IDR(s) methods
for systems with one right-hand side, given by Algorithm 9 with the GMRES method.
Then, we apply the classical IDR(s) and new enhanced IDR(s) (partial and full enhance-
ment IDR(s)), denoted by PEnha-IDR(s) and FEnha-IDR(s) for different values of s. For

these methods the shadow vectors P and the right-hand b of (5.1) are chosen as follows

P = orth(rand(N,s)), b =rand(N,1),

where the rand function creates an N x s random matrix for P and a random N-vector
for b, with coefficients uniformly distributed in [0, 1] and the initial guess was taken to
be zero. For this case, the tests were stopped as soon as || r, || / || b [|[< 10710, Fig 4.1
and Fig 4.2 illustrate the comparison of these algorithms.

For global and block methods the shadow matrix P and the right hand B of (5.11) are

chosen as follows

P = orth(rand(N,sm)), B = rand(N,m),

the initial guess matrix equal to zeros(N, m). The tests were stopped as soon as

| Ry |lr / || B ||p< 10710,

For the global case we compare the global IDR(s) (GI-IDR(s)) and its enhancements,
global partial enhancement IDR(s) (Gl-PEnha-IDR(s)) and global full enhancement IDR(s)
(GI-FEnha-IDR(s)) for different values of s and m. Fig 4.3-Fig 4.6 give this comparison.
For the block case we compare the block IDR(s) (BI-IDR(s)) and its enhancements, block
partial enhancement IDR(s) (BI-PEnha-IDR(s)) and block full enhancement IDR(s) (BI-

FEnha-IDR(s)) for different values of s and m. Fig 4.7-Fig 4.10 show this comparison.
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5.4.1 IDR(s) method

We consider different values of s. The following figures illustrate the cases where s = 3

and s = 7 and where s = 8 and s = 12.
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Figure 5.1: The comparison between residual norms of IDR(3), IDR(7), PEnha-
IDR(3), FEnha-IDR(3), PEnha-IDR(7), FEnha-IDR(7) and GMRES methods.

IDR(8)
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----------- PEnha-1DR(8)

----------- FEnha-IDR(&)

===== PEnha-IDR(12)
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Figure 5.2: The comparison between residual norms of IDR(8), IDR(12), PEnha-
IDR(8), FEnha-IDR(8), PEnha-IDR(12), FEnha-IDR(12) and GMRES methods.
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Table 6.2: Numerical results using some MatrixMarket examples.

MatrixMarket IDR IDREnha GMRES
pde225 RES || 7.64e-11 1.12e-12 6.92e-11
itemax=100 CPU || 4.41e-03 1.82e-02 3.41e-02
gr3030 RES || 7.79e-11 1.99e-12 7.36e-11
itemax=60 CPU || 1.43e-02 3.55e-02 5.24e-02
jpwh991 RES || 2.13e-08 2.29-10 1.84e-09
itemax=70 CPU || 1.51e-02 3.1e-02 6.25e02
pde2961 RES || 1.81e-11 7.11e-12 9.61e-11
itemax=260 CPU || 1.51e-2 1.83e-01 6.21e-2

jagmeshl RES || 4.10e-02 4.55e-03 6.58e-04
itemax=300 CPU || 5.51e-02 1.62e-01 4.41e-01
shermanl RES || 9.81e-11 9.91e-12 9.45e-11
itemax=400 CPU || 4.22e-02 1.81e-01 1.15e02
nos3 RES || 1.38e-09 9.11e-11 1.21e-10
itemax=400 CPU || 4.01e-02 1.21e-02 9.67e-01
cavity05 RES || 9.17e-11 1.95e-11 8.87e-11
itemax=500 CPU || 1.26e-01 2.33e-01 4.89e-01
cavity10 RES || 4.71e-09 1.33e-11 9.74e-11
itemax=600 CPU || 4.11e-01 7.56e-01 1.54e00
wattl RES || 8.15e-10 5.46e-11 9.91e-11
itemax=300 CPU || 3.74e-01 3.93e-01 6.12e-01
add32 RES || 3.45e-11 1.75e-12 8.82e-11
itemax=100 CPU || 6.32¢-2 3.98e-1 3.52e-01
rdb2048 RES || 2.98e-09 8.12e-11 9.58e-11
itemax=100 CPU || 1.24e-01 2.94e-01 1.15e01

cddel RES || 2.32e-11 7.94e-13 9.87e-11
itemax=100 CPU || 2.50e-2 6.10e-02 2.11e-01
orsregl RES || 5.40e-09 5.74e-10 8.32e-10
itemax=400 CPU || 2.31e-01 5.20e-01 3.45e01
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In Table 5.4.1, we present different results using GMRES, IDR and IDREnha methods
applying to all matrix market problems used by Meurant in his recently book [73]. In

all this examples, we choose s = 6, the shadow vectors are chosen as follow

Q = orth(rand(n, s)).

The initial guess equal to zero and the stopping criterion was ||r¢|| < 1078. Then, If
we compare the CPU time and the last residual norm of each method, we deduce that,
this result confirm the fact that the derived algorithm gives best accuracy comparing
with GMRES method and keep the fact that IDR method is better in term of time and

storage.

5.4.2 Global IDR(s) method

We consider different values of s and of m. We compare the different global IDR(s)

methods and their enhancements with GI-GMRES method.

GI-IDR(4)
GI-IDR(8)
_____ GI-PEnha-IDR(4)
........... Gl-FEnha-IDR(4}
----------- GI-PEnha-IDR(8) | |
----------- GI-FEnha-IDR(8)
GI-GMRES

log10{norm{Residuals))
IS

0 5 M 15 20 25 30 35 40 45 5D
iterations
Figure 5.3: The comparison between residual norms of GI-IDR(4), GI-IDR(8),

GI-PEnha-IDR(4), GI-FEnha-IDR(4), GI-PEnha-IDR(8), GI-FEnha-IDR(8) and GI-
GMRES for m = 4.
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4
G-DR(7)
. GHDR{12)
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Figure 5.4: The comparison between residual norms of GI-IDR(7), GI-IDR(12), GI-

PEnha-IDR(7), GI-FEnha-IDR(7), Gl-PEnha-IDR(12), GI-FEnha-IDR(12) and GI-
GMRES for m = 4.
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Figure 5.5: The comparison between residual norms of GI-IDR(4), GI-IDR(8) Gl-

PEnha-IDR(4), GI-FEnha-IDR(4), GIl-PEnha-IDR(8), GI-FEnha-IDR(8) and GI-
GMRES for m = 6.
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Figure 5.6: The comparison between residual norms of GI-IDR(7), GI-IDR(12), GI-
PEnha-IDR(7), GI-FEnha-IDR(7), GI-PEnha-IDR(12), GI-FEnha-IDR(12) and GI-
GMRES for m = 6.

5.4.3 Block IDR(s) method

We consider different values of s and of m. We compare BI-IDR(s), Bl-PEnha-IDR(s),

BI-FEnha-IDR(s) with BI-GMRES.
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Figure 5.7: The comparison between residual norms of BI-IDR(4), BI-IDR(8),
Bl-PEnha-IDR(4), Bl-FEnha-IDR(4), BI-PEnha-IDR(8), Bl-FEnha-IDR(8) and BI-
GMRES for m = 4.
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Figure 5.8: The comparison between residual norms of GI-IDR(8), GI-IDR(12), BI-
PEnha-IDR(8), BI-FEnha-IDR(8), Bl-PEnha-IDR(12), BI-FEnha-IDR(12) and BI-
GMRES for m = 4.

In all these figures, we remark that the derived methods in standard, global and block

cases give more precision than IDR. If we compare also the smoothness of all curves,
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Bl-PEnha-IDR(4), Bl-FEnha-IDR(4), BI-PEnha-IDR(8), Bl-FEnha-IDR(8) and BI-
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Figure 5.10: The comparison between residual norms of BI-IDR(8), BI-IDR(12), BI-
PEnha-IDR(8), BI-FEnha-IDR(8), Bl-PEnha-IDR(12), BI-FEnha-IDR(12) and BI-
GMRES for m = 6.

we remark that the enhanced methods are more stable than IDR method. For s > 8, the

Enhanced IDR gives a better precision comparing with IDR. In this case, the enhanced
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method can also achieves GMRES method in term of accuracy and stability and we
keep the fact that our algorithm is better in term of time and storage. . Then, we
conclude from this example that, we have a clearer enhancement of accuracy when s

increase.

5.5 Conclusion

In this chapter, we proposed a new technique to improve the convergence behavior
of the IDR(s) method for the standard, global and block cases. Using the s linearly
independent vectors already computed, we have constructed orthogonal projectors to
improve the convergence of the IDR(s) method. Furthermore, we have shown numer-
ically that these methods are as efficient as the GMRES method for the standard and
block cases. For the global case, we have given the global version of the IDR(s) and
its improvement. The derived algorithms are also as efficient as the global GMRES

method in term of the precision.






103

Achievements and conclusion

In this thesis we have presented a comprehensive framework for studying Krylov sub-
space methods, explored their mathematical properties and convergence behaviour,
and discussed techniques to enhance their performance. The paper covers various as-
pects including the minimal polynomial of matrix A, the relationship between different
methods, the role of generalized inverses, and the use of product methods. The pro-
vided numerical examples further support the analysis and conclusions of the research.
We introduce a comprehensive framework for studying Krylov subspace methods used
to solve linear systems of the form Ax = f, where A is a matrix, x is the unknown
vector, and f is the right-hand side vector. The objective of these methods is to achieve
convergence within a specified number of iterations, denoted as m.

The minimal polynomial ®,, of matrix A, associated with the initial residual oy =
f — Axy, is a key focus of analysis in the paper. The degree of ®,, is m, and the proper-
ties of this minimal polynomial play a crucial role in the convergence behaviour of the
Krylov subspace methods. We establish that Petrov-Galerkin methods and minimal
seminorm methods are specific cases of the broader framework of Krylov subspace
methods. Additionally, it is demonstrated that minimal seminorm methods satisfy im-
plicit Petrov-Galerkin conditions. In this thesis, we present a general formulation for
the iterates of Krylov subspace methods based on generalized inverses. The choice of a
specific left inverse and the construction method of the Krylov basis are important fac-
tors that differentiate various Krylov subspace methods. The mathematical properties
of these methods are described and analysed, with emphasis on their dependency on
two matrices. The thesis proves that specific instances of Krylov subspace methods,

such as CMRH (Conjugate Minimum Residual with Hessenberg matrix) and QMR
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(Quasi-Minimal Residual), satisfy implicit Petrov-Galerkin orthogonality conditions.
Techniques for improving the convergence behavior of Krylov subspace methods by
carefully selecting vectors in their implementations are explored. The aim is to deepen
the understanding of these methods, provide insights into their convergence proper-
ties, and identify potential enhancements. We also discuss Krylov methods that are
product methods, where the kth residual r; associated with the approximation xj of
the exact solution is expressed as ry, = ¥y (A)Px(A)ro. Here, ¥y is a polynomial of
fixed or variable degree. Specific choices of Y, including local convergence, smooth-
ing, fixed memory, and cost considerations for each iteration, are examined. Enhance-
ments of product methods such like CGS BiCGStab and IDR(s) method are presented
in the thesis and. In conclusion, we present a comprehensive framework for studying
Krylov subspace methods, investigates their mathematical properties and convergence
behaviour, explores techniques for improvement, and provides numerical examples to

demonstrate the effectiveness of the proposed algorithms.
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Conclusion

Pour conclure, dans cette these, on a étudié les versions standard et par blocs de toutes
les méthodes de sous espace de Krylov pour la résolution d"un systéme linéaire AX = F
avec A une matrice supposée inversible dans R"*", F et X deux matrices de R"** avec
s < n.Pour s = 1, on a proposé une approche unifiée pour les méthodes standard du
types Krylov. Cette approche est basée sur le fait que toutes les méthodes de Krylov cal-
culent les coefficients de polynome minimal de la matrice A pour un vecteur résidu ini-
tial. En effet, le vecteur résidu de toute méthode de Krylov s’écrit comme un polyndme
P, appliquée a la matrice A pour un vecteur initial rg. Si la méthode considérée con-
verge apres m itérations le polyndme peut se décomposer en produit de deux autres
polynomes P, = Q;;M,, avec M,;, est le polyndme minimal de A pour le vecteur résidu
initial. En utilisant le calcul récursif de I'inverse a gauche de la matrice de Krylov,
on a pu retrouver la plupart des méthodes de Krylov et développer un algorithme
général pour la résolution des systemes linéaires. L'inverse a gauche de la matrice de
Krylov dépend de deux matrices. Le choix de ces deux matrices et le polynome Qi
donne les différentes variétés des méthodes de Krylov. Pour un choix particulier des
deux matrices, on a pu améliorer la convergence de quelques méthodes de Krylov. En
effet, on a appliqué des projecteurs orthogonaux aux vecteurs résidus pour minimiser
leurs normes et améliorer la précision de calcul par la suite. De plus, pour éviter les
problemes de stockage et garder le méme stockage, on a pensé a utiliser pour chaque
méthode tous les vecteurs calculer a chaque itération pour construire ces projecteurs
orthogonaux. D’autre part, on a étudié une autre famille de méthodes itératives pour
la résolution des systémes linéaires appelés IDR. On a montré que 1’approche des méth-

odes IDR est différente de celle des méthodes Krylov. Alors, on ne peut l'inclure dans
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notre approche. Ceci n’était pas un inconvénient pour nous car on a pu améliorer sa
convergence au niveau de la précision et la stabilité pour atteindre la précision de la
méthode la plus optimal GMRES en gardant le fait que la méthode IDR est mieux au
niveau du stockage et au niveau de temps. L'amélioration de la convergence se voit
clairement lorsque le nombre de vecteurs utilisés pour construire le projecteur orthog-
onal est grand. Pour ceci, on a considéré les versions par bloc de quelques méthodes de
Krylov et on a appliqué la méme technique. Pour illustrer la performance des méthodes
dérivées, on a considéré la fameuse méthode BI-GMRES en tant que la méthode la plus
optimale. On a montré numériquement qu’on peut atteindre la précision et la stabilité

de la méthode BI-GMRES.
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