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Introduction Générale

Les équations aux dérivées partielles (EDP) ont une grande variété d’applications en dynamique des struc-
tures, mécanique des fluides que dans les théories de la gravité, de I’électromagnétisme (équations de
Maxwell) ou des mathématiques financieres (équation de Black-Scholes) et dans la mécanique quantique
(les équations de Schrodinger et Heisenberg). Elles sont indispensable dans des domaines tels que la
prévision météorologique, la synthese d’images, sans oublier les équations les plus connus celle de la
théorie de la relativité. Ces équations proviennent tres souvent des bilans globaux traduisant des axiomes

ainsi que des paramétrisations rendant compte des lois des phénomenes observés.

le but principal d’un mathématicien confronté a une équation aux dérivées partielles est de présenter un
sens a cette équation dans des espaces fonctionnels convenable et plus précisément de prouver 1’existence
et 'unicité de la solution.Sans faire absence aux différentes difficultés liées au type de I’équation (ellip-
tique, parabolique, hyperbolique, dégénéré, ...), a la régularité des données et aussi a la définition des
espaces appropriés.

Ce travail a pour objectif 1’étude de certains problemes paraboliques et elliptiques dans les espaces de

Sobolev et les espaces de Sobolev généralisés .

Le mémoire comporte trois parties, les troix premiers chapitres constituent la premiere partie, les deux

chapitres qui suivent font I’objet de la deuxieéme et le dernier chapitre désigne la troisieme .

Dans le premier chapitre de cette these, nous étudions 1’existence de solutions de I’équation parabolique

suivante:

% —diva(t,x,Vu) + H(t,z,u,Vu) = f dans (0,7) x €,
u(0, ) = up(v) dans (0.0.1)
u(t,z) =0 sur  (0,7) x 0.



Avec  est un ouvert borné de RY, T > 0, N > 2,2 < p < +o00, ug € L®(Q) et 0 < f dans

T . N
L7(0,T; L()),avec &+ £ <p, 7 > Py, q > 1.

Une telle équation modélise des problemes de la théorie des fluides non-Newtoniens et la théorie de la
conduction thermique dans les matériaux conducteurs électriques, voir [59, 88] pour plus de détail. Dans

le cas elliptique, une équation type est donnée par

—Apu + B‘Z—Z'p = f dans (),
u(z) =0 sur 0,

(0.0.2)

icim > 0, B > 0 et f est une fonction positive (non identiquement nulle) dans L'(Q). Le probleme est

évidemment singulier puisqu’on demande a la solution d’étre nulle sur la frontiere de €2 .

Dans [21] I’existence d’une solution du probleme (0.0.2) dans I’espace H] () a été prouvé si m < 2

et pour une donnée f localement bornée.

Sim < 1 I’existence d’une solution dans H}(Q) a été prouvé dans [40] pour les données générales
positives (non identiquement nulle ),le cas m = 1 a été étudié dans [97] en supposant B assez petit. Des
problemes du type (0.0.2) avec des données qui changent de signe ont également été étudiés dans [81]

dans le cas m < 1 (voir aussi [82] pour une étude plus approfondie concernant le cas fortement singulier).

Dans le cas parabolique, le probleme comme

oo — Apju+ B = f dans (0,7) x Q,
u(0, z) = up(x) dans €, 0.0.3)

u(t,z) =0 sur (0,7 x 052,

a été étudie dans le cas p = 2 et m < 1 (voir [98]).

Sim = 1le probleme singulier du type (0.0.3) a été traité dans [124, 125] pour des données strictement
positives. Les problemes dégénérés i.e. (p > 2) ont été étudiés dans [128] dans le cas unidimensionnel
[98] et dans [64] ou les auteurs étudient I’existence de solutions pour une classe générale de probleme

singulier homogene (f # 0).
Notre but est d’étudier I’existence de solutions pour une classe de problemes paraboliques singulier
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non homogene (f # 0) comme le probleme (0.0.3) dans le cas m = 1. Nous nous occuperons principale-

ment de 1’étudier dans le cas p > 2.

Dans le chapitre 2, nous nous sommes intéressés a 1’étude de certains problemes quasi-linéaires
elliptiques avec des termes d’ordre inférieur et des sources variables, ici nous sommes concernés par

I’existence et les résultats de régularité d’une solution positive du probleme suivant :

—div (|[VulP=2Vu) + u* = % dans ),
u=>0 dans Q, (0.0.4)
u=20 sur  0f),

ou © est un ouvert borné de RY (N > p), 0 < a < 1, s > 1 et f une fonction positive de L'(Q2). La
présence de terme d’ordre inférieur dans le probleme elliptique de type (0.0.4) est tres important dans les
applications; habituellement, un terme d’ordre inférieur représente une absorption ou une réaction, selon
son signe. Le probleme (0.0.4) a été appliquée dans de nombreux domaines comme dans le contexte des
catalyseurs chimiques hétérogenes, des fluides non Newtoniens ou celui de la théorie de la conduction
thermique dans les matériaux conducteurs électriques, voir [101, 20] pour plus de détail. Dans ce travail,
nous traitons des termes absorbants d’ordre zéro, qui a habituellement un effet de régularisation sur les
solutions du probleme (0.0.4). Nous renvoyons le lecteur a [106, 107] pour une autre approche utilisant
les résultats sur les problemes elliptiques et paraboliques dans le cadre des espaces Sobolev. Voir aussi
(voir [44, 57]) . Dans [44] les auteurs étudient 1’effet de régularisation du terme u* sur la solution du

probleme classique suivant:

—Au = f(x) dans £,

(0.0.5)
u=0 sur  0f),
lorsqu’on ajoute le terme u* a c6té gauche de(0.0.5), le probleme devient :
—Au+u® = f(x) dans
f(x) (0.0.6)
u=20 sur  Of.
Dans [45] les auteurs ont étudi€ le probleme suivant:
~Au=L2" dans Q,
“ (0.0.7)
u=20 sur  Of2.



récemment dans [67] les auteurs ont étudié la régularité de la solution du probleme suivant :

—Au+u =12 dans Q,
v (0.0.8)
u=>0 sur 0f).

Le but du deuxieme chapitre est de donner un apercu des résultats prouvés pour le probleme (0.0.4)
et des questions li€s a notre probléme, certaines méthodes classiques ne peuvent pas étre directement
appliquées a notre probleme. Nous appliquons la méthode de régularisation et le théoreme du point fixe de
Schauder. Nous utilisons une fonction teste appropriée ainsi qu’un argument de compacité pour surmonter
les difficultés découlant de la non linéarité de I’opérateur différentiel et des conditions d’absorption, puis

nous prouvons ’existence et la régularité des solutions.

Dans le chapitre 3 nous avons étudié un cas plus général du probleme (0.0.4), il s’agit du probleme

suivant:

—div (|[VulP=2Vu) + ¢(u) = g(u)f(z) dans €
u>0 dans €, (0.0.9)
u=20 sur  Of).

Le terme d’absorption ¢ : R — R est une fonction croissante, continue sur R vérifiant les hypotheses

ci-dessous:
Y(t)t > 0 pour tout t € R, (0.0.10)
/(w(t)t)5 = o0, (0.0.11)
0
¥ (t) > t° pour tout £ > 0 et pour certain s > 1. (0.0.12)

Le terme source singulier g : R* — R™ est une fonction décroissante continue et bornée sur R* |,
telle que:

lim g(t) = +oo, (0.0.13)

t—0

et telle que

)<L si t<d
9(t) <5 (0.0.14)

il existe ¢ > 0,8 >8> 0anda,n € (0,1] s.t. /
gt) <& si t>9.

La deuxieme partie de cette these est consacrée a 1’étude de quelques types de problémes elliptiques

non-linéaire dans 1’espace d’Orlicz-Sobolev avec poids.
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Le chapitre 4 sera consacré a 1’étude d’une solution entropique pour le probleme elliptique non-

linéaire suivant :
A(u) = f(z) dans £,

u=20 sur OS2,

(0.0.15)

Avec A(u) = —div (p(x)a(z,u, Vu)), Qestun ouvert borné de RN, N > 2. a(z, u, Vu) = (a;(z,u, Vu))1<i<n,
a; : 2 x R x RY — R est une fonction de Carathéodoré (c.a.d. mesurable par rapport a z pour tout (s, )

et continue par rapport a (s, £) pour presque tout  dans 2 ) telle que pour tout £, &' dans RY | € # ¢,

lai(z, 5,6 < |6:(z)| + K P (p~ (2)M(cals|)) + KM M(er |€]), (0.0.16)
(a(z,5,6) = ale,5,€)) (€ =€) > 0, 0.0.17)
a(z,s,€)¢ > aM(\¢)), (0.0.18)

avec ¢y, o, A1 et K; appartient a R,. M, P sont deux N-fonctions tels que P << M. de plus M, P
soient les fonctions complémentaires de M and P respectivement, p est une fonction poids sur €2 (qui est,

mesurable et positive sur Q2 p.p ) et ¢o, ¢; € E77(£2, p).

fe L), (0.0.19)

Il est bien connu que dans les espaces d’Orlicz-Sobolev avec poids généralisent de nombreux es-
paces classiques, comme les espaces de Lebesgue, Lebesgue avec poids ou les espaces d’Orlicz, voir
[104]. Ces espaces ont de nombreuses applications dans divers domaines comme les EDP, les fluides
électrorhéologiques et la restauration d’images, voir [69, 58, 90]. Le but de ce chapitre, est de traiter
une classe de problemes pour lesquels les méthodes des opérateurs monotones classique (développée par
Minty [100], Browder [55], Brézis [54] et Lions [91] dans Wol’p () ) ne s’appliquent pas. La raison est

que a(z, u, Vu) ne vérifie pas nécessairement la condition de monotonie stricte:

(a(x, 5.6) — ala.s s’>) (6= &) >0, pourtout &, &' € RV, (€ £ €

d’un opérateur de type Leray-Lions, mais plutdt une condition de monotonie plus large:
<a<x, 5,€) — alz, s,§’>) (€ &) >0, pourtout &, ¢ € RV.

Nous montrons en effet dans ce chapitre I’existence de solutions pour le probleme (0.0.15) sous la

condition de monotonie large, sans faire appel a la convergence presque partout des gradients des solutions

11



approchées. Le principal outil de notre démonstration étant le lemme de Minty [103])
Le chapitre 5 de cette these a comme but d’étudier 1’existence de solution pour le probleme de Dirichlet

non-linéaire suivant:
A(u) = f(z) —div F(u) dans €,

u = sur  0f),
Avec f € LY(Q),F € (C°R))N et A(u) = —div (p(z)a(x,u, Vu)), Q est un ouvert borné de R,
N > 2.

(0.0.20)

Notez qu’aucune hypothese de croissance n’est supposée sur la fonction F',ce qui implique que le
terme div F'(u) peut ne pas avoir de sens, méme au sens des distribution. a(x, u, Vu) = (a;(x, u, Vu))1<i<n,
a; : 2 x R x RY — R est une fonction de Carathéodoré (c.a.d. mesurable par rapport a & pour tout (s, )
et continue par rapport 2 (s, &) pour presque tout = dans 2 ) telle que pour tout £, £ dans RY, £ # ¢, telle
que pour tout &, ¢ dans RV, ¢ #£ ¢/,

jai(, 5,6)] < |¢a(2)| + K P~ (p7 (@) M(es|s])) + KM M(ey [€]), (0.0.21)
(a(2,5,6) — alz,5,6)) (€~ €) 2 0, 0.0.22)

avec c1, ¢2, M\ et K; appartient a R,.. M, P sont deux N-fonctions tels que P << M. de plus M, P
soient les fonctions complémentaires de M and P respectivement, p est une fonction poids sur €2 (qui est,

mesurable et positive sur Q p.p ) et ¢g, ¢; € Ex7(£2, p).

La troisicme partie de ce mémoire a pour but le traitement d’un probleme elliptique non-linéaire

(I’existence d’une solution renormalisée) dans 1’espace de Musielak-Orlics-Sobolev.

Le dernier chapitre de ce travail a pour objectif d’étudier I’existence de solution renormalisée du

probleme aux limites non linéaire suivant:

A(u) —div ®(u) + g(z,u, Vu) = f in Q
u=0, on O0f)

(0.0.24)

dans le cadre des espaces de Musielak-Orlicz. Ou € est un ouvert borné de RN N > 2, A(u) =
— div a(x, u, Vu) est un opérateur de Leray-Lions définie de I’espace W} L,(2) vers son dual WL, (£2),

etd c C° (R, RY ) . Avec a est une fonction vérifiant les conditions suivantes :
a(z,s,€) : Q x R x RY — R¥est une function de Carathéodory. (0.0.25)
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Il existe deux fonctions de Musielak-Orlicz ¢ et v tel que v << ¢, Soit d(-) € E,(Q2) une fonction

positive et v, 3 sont des constantes positives tel que pour z € ) p.p, et pour toutes s € R, £ € RY

la(x,s,€)| < B (d(x) + b, 'y(z,v]s]) + ¢, ez, vIE])) ; (0.0.26)
(a(,s,&) —a(x,s,&))(E—=E)>0; (0.0.27)
a(z,s,8).£ > ap(z, £]). (0.0.28)

De plus, soit g(, 5,€) : 2 x R x RY — R est une fonction de Carathéodory tel que pour €  p.p.

et pour toutes s € R, £ € RY, verifiant les conditions:

l9(,5,8)] < e(x) +b(|s])e(x, |]); (0.0.29)

g(x,5,8)s > 0; (0.0.30)
avec b : RT — R™ est une fonction positive continue de L' (R™) et ¢(-) € L'(Q)

Le coté droit de (6.1.1) et ® : R — RY vérifient:

feWTEL(Q); (0.0.31)

® e’ (R,RY). (0.0.32)

Notez qu’aucune hypothese de croissance n’est supposée sur la fonction ¢, ce qui implique que le
terme —div ®(u) peut ne pas avoir de sens, méme au sens des distribution.

Notre but dans ce chapitre est de montrer I’existence d’une solution renormalisée au problem (6.1.1)
dans I’espace de Musielak-Orlicz, dans le cas ou la fonction de Musielak-Orlicz ¢ ne satisfait pas la
condition A,, tandis que le coté droit est dans W' Ey(2), ® € C° (R,R"). et le terme non-linéaire

g(z, s,&) ayant une condition de croissance par rapport au gradient.
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Chapter 1

On the existence of solution for degenerate

parabolic equations with singular terms

Abstract

This chapter is devoted to study the existence of solutions to the parabolic problems whose simplest model

is the following

9u — Apu (:= div(|VuP2Vu)) + B% =f in (0,7)xQ,
u(07 l’) - uO(x) in €,

u(t,z) =0 on (0,7) x 09,

with f € L1(Q2) and ¢ € C°(R, RY), also we will give some regularity results for these solutions.

1.1 Introduction

We are going to study the following parabolic problem

9 — diva(t,z, Vu) + H(t,z,u,Vu) = f in  (0,T) x Q,
u(0, ) = uo(x) in (1.1.1)
u(t,z) =0 on (0,T) x .

where € is an open and bounded subset of RY, 7' > 0, N > 2,2 < p < 400, up € L>=(2) and 0 < f in

L7(0,T; L(2)), with & + % <p, 7 = 555, ¢ > 1. Such equation arises in the theory of non-Newtonian
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fluids and also the theory of heat conduction in electrically conducting materials, see [59, 88] for detailed

discussion.
In the elliptic case, Consider the equation

~Ayu+BEE = f inQ,
u(z) =0 on 0%,

(1.1.2)

here m > 0, B > 0 and f is a nonnegative (not identically zero) function in L'(Q2). The problem is
obviously singular as we ask the solution to vanish at the boundary of 2. In [21] the existence of a finite
energy (i.e., in H}(Q)) solution to problem (1.1.2) has been proved if m < 2 and for data f locally
bounded away from zero. The case of a possibly degenerate datum f has been also considered. If m < 1
the existence of a solution in H}(2) was proved in [40] for general nonnegative (not identically zero)
data, while the case m = 1 was faced in [97] provided B was small enough. Problems as in (1.1.2) with
possibly changing-sign data have also been considered in [81] in the case m < 1 (see also [82] for further

considerations concerning the strongly singular case).

In the parabolic case, problems as

o Au+BYE = f in (0,T)xQ,
u(0,x) = ug(x) in  Q, (1.1.3)

u(t,z) =0 on (0,7) x 05,
have been considered in the case p = 2 and m < 1 (see [98]). If m = 1 singular problems as (1.1.3) have
been considered in [124, 125] for smooth strictly positive data, while degenerate problems (i.e. p > 2)

were studied in [128] in the one dimensional case and in [64], the authors study the existence of solutions

for a general class of singular homogeneous (f = 0).

The aim of this chapter is to study existence of solutions for a class of singular non-homogeneous
(f # 0) parabolic problems as (1.1.3) in the limit case m = 1. We will mainly be concerned with the case

p > 2.

1.2 [Essential Assumptions.

From now on, we will set Q = (0,7") x 2. Let us spend a few words on how positive constant will be

denoted hereafter. If no otherwise specified, we will write C', C” and C” to denote any positive constant
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(possibly different) which only depends on the data, that is on quantities that are fixed in the assumptions
(f, N, Q, T, B, a, p, 5, and so on. . . ). But they will never depend on the indexes of the sequences we

will often introduce. For the sake of simplicity we will often use the simplified notation

/Qf:/Qf(t,x)dtdﬁc

when referring to integrals when no ambiguity on the variable of integration is possible. For a fixed £ > 0,

we define the truncation functions 7%, : R — R and G}, : R — R as follows
Ty.(s) = max(—Fk, min(s, k)) and G1.(s) = s — Ty(s) = (|s| — k)" sign(s).
Let us state our main assumptions. ) is a bounded open set in RY, N > 2, T > 0. The function
0< fel(0,T; LYQ)), (1.2.1)
with 2+ % <p, r>p, q>1,satisfies

my,(f) =essinf {f(z,t) :x € w,t € (0,7)} > 0,YVw CC .

Moreover, we consider an initial datum ug(z) which is a function in L>°(€2) such that

ug > ¢ > 0 almost everywhere on (2, and we suppose that

me, (ug) = ess inf {ug(z) : z € w} > 0,Vw CC Q. (1.2.2)

Leta: (0,7) x Q x RY — RY be a Carathéodory vector-valued function such that

a(t,z, )& > al¢P, (1.2.3)
la(z, s, )| < BEPT, (1.2.4)
(a(tv z, 5) - a(tv z, 7]))(5 - 77) > 07 (125)

forae. (t,2) € (0,T) x Q, for every ¢ # n € RY and «, 3 are positive constants and p > 2.
Furthermore, let H(t,z,s,£) : (0,T) x Q2 x Ry x RY — RY be a Carathéodory function such that

0< H(t,x,s,§) < B@, (1.2.6)

fora.e. (t,z) € (0,T) x €, for every s > 0,£ € RY and B is a positive constant.

Consider problem (5.1.1). Here is the meaning of weak solution for such a problem.
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Definition 1.2.1 A weak solution to problem (5.1.1) is a function v € L?(0,T; W, ?(Q))NC(0,T; L'(Q))

such that for every w CC ) there exists c,, such that uw > ¢, > 0in (0,T) X w; furthermore, we have that

_/Q(u7gp’)—/Quogo(())—|—/Qa(t,x,Vu)Vgo—k/QH(t,x,u,Vu)go—/Qf%

forevery o € CH[0,T) x ), that is, for every C! function which vanishes in a neighborhood of {T} x
and of (0,T) x Of.

Note that under assumption (1.2.6), the function H (¢, z,u, Vu) belongs to L}, .(Q) thanks to the prop-

erty of local positivity required on w.

Our main result is the following:
Theorem 1.2.1 Assume that (1.2.1)—(1.2.6) hold. If p > 2 there exists a weak solution to problem (5.1.1).

Before the proof we recall some technical tools we will use. The first one is a well known consequence
of the Gagliardo-Nirenberg inequality which is valid on any cylinder of the type @ = (0,7") x Q with

bounded {2 (see for instance [105] , Lecture II).

Lemma 1.2.1 Let v € LP(0,T; Wy*(Q)) N L0, T; L (Q)), withp > 1, § > 1. Then v € L°(Q) with
o= pNTJFB and

Bp
Lt < O ey [ 1900 (127

Finally, we will need the following local version of a lemma by Stampacchia (see [120]).

Lemma 1.2.2 Let w(h,r) be a function defined on [0,+00) x [0,1], which is nonincreasing in h and

nondecreasing in r; suppose that there exist constants ko > 0, M, p,o > 0, and n > 1 such that

Mw(k,R)"
wh, 1) < Gty

forallh >k > kyand 0 < r < R < 1. Then, for every rin (0, 1), there exists d > 0, given by

n(p+o)
dr — M2 =1 w(kg,1)"1
B (1-r)e

such that

w(d,r) = 0.
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Finally, let us state the following result that will be very useful in the sequel; its proof relies on an easy

application of Egorov theorem.

Lemma 1.2.3 Let Q = Qx]0, T[, where Q is an open and bounded subset of RY and T > 0. Let p. be a
sequence of L'(Q) functions that converges to p weakly in L*(Q), and let 0. be a sequence of functions

in L*>(Q) that is bounded in L*°(Q) and converges to o almost everywhere on ). Then

e—0

lim [ p.o.dzxdt = / podxdt
Q Q

1.3 Proof of Main result.

Our strategy in order to prove Theorem 6.4.1 will rely on an approximation argument. The next subsection

will introduce our approximating problems.

1.3.1 The approximating problems

We consider the approximating problems

aaLtn —div a’(t’xvvun) -I—H(t,x,un,Vun) = f in Q7
(0, 2) = ug(x) + 1 in Q, (1.3.1)

up(t,z) = & on (0,7) x 09.
A weak solution to this problem is a function w,, such that u,, > % a.e. in ().
u, — 2 e LP([0, T); Wy () N C(0,T; LY(2)) and 2 € LY(Q) + L' ([0, T]; W~1#'()) and such
that

T
/ <%,v>+/a(t,x,Vun)Vv—i-/H(t,ac,un,Vun)v:/fv (1.3.2)
o Ot Q Q Q

for any v € LP(0,T; Wy"(2)) N L>°(Q). A nonnegative weak solution 1, to problem (1.3.1) does exist.

In fact, problem (1.3.1) is equivalent to

Qn — diva(t,x, Vo,) + H(t,z,0, + 2, Vv,) = [ in @,
0 (0, 2) = up(z) in (1.3.3)

vp(t,x) =0 on (0,7) x 09.

where v,, = u,, — %
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To prove that a solution of (1.3.3) exists, we first extend H (¢, z, s, &) to be zero for s < 0, and, for

e > 0, we consider the problem

82% —div a(t,z, Vu,.) + %H(t,x, Upe + %, Vu,.)=f in Q,
Une(0, ) = uo() in Q, (1.3.4)

Upe(t,z) =0 on (0,7) x 0.

A nonnegative solution v, . to problem (1.3.4) exists by the results proven in [63]. Then, if we take a
sequence of values ¢ | 0, one can prove that the sequence {v,, . }. converges strongly in L?(0, T; W, " (€))
to some function v,,. Then one can pass to the limit for € | 0 in the first two terms of (1.3.4), in the sense
of distributions. As far as the third term is concerned, we observe that, on the set {v,, > 0}, the function
% converges a.e. to 1, while on the set {v,, = 0} (where we cannot identify the limit of %,
but where Vv, = 0 a.e. by Stampacchia’s result contained in [120]) the term H (¢, z, v, . + %, V)

converges to H(t,z,v, + £, Vv, ) a.e., which is zero a.e. on this set, since H(t,z,+,0) = 0 a.e. by

assumption (1.2.6). Therefore, v,, is a weak solution of (1.3.3).

1.3.2 A priori estimates

A standard argument allows us to show that some basic estimates on the approximating solutions hold.

We collect them in the following :

Lemma 1.3.1 Let p > 2, and let u,, be a solution to problem (1.3.1). Then,
ltnll vy < Cs ltnllzmoy < C and / H(t, 2, un, Vuy) < C. (13.5)
Q

Moreover; there exists a function v in LP(0, T; Wy (Q)) such that (up to subsequences) u,, — < converges

10 u weakly in LP(0, T; W, 7(Q)) and a.e. on Q. Finally,
Vu, = Vu, a.e. on Q.

Proof 1.3.1 The proof of the first two estimates is quite standard and can be deduced for instance as in
[42] (see also [41]) using the fact that the lower order term is positive. In order to get (1.3.5) one can use
%Tg(un — %) as test function in (1.3.1) . Integrating by parts, dropping nonnegative terms and letting € go

to zero one gets, by Fatou’s lemma
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/Q Ht, 2,0y, Vi) < /Q (uo(x)+%)+ /Q f,

which implies (1.3.5). The almost everywhere convergence of the gradients of u,, is a consequence of

(1.3.5) and of a result in [[41], Theorem 3.3.].

1.3.3 Concluding the proof of Theorem 6.4.1

We wish to pass to the limit in the weak formulation of (1.3.1).

Claim 1 : A key tool in order to pass to the limit will be the following one.

Lemma 1.3.2 Let p > 2, and let u,, be a weak solution of problem (1.3.1). Then, for any w CC §, there

exists a constant c,, such that
Up > ¢, >0, in(0,T) X w, foreveryninN.

In order to simplify notations, we henceforth write a(Vu,,) instead of a(t,z, Vu,) and H (u,,, Vu,)

instead of H(t, x, u,, Vuy,).

1.3.4 proof

We divide the proof into three steps.

Step 1. There is no loss of generality in assuming that the constant B which appears in (1.2.6) satisfies

B > max(a,p —1).

We use v = —u;; P4 in (1.3.2), for any nonnegative (t,z) € LP(0,T; Wy () N L=(Q) which is

zero in a neighborhood of (0,7") x 02, in order to obtain

T
_/ <au”7u;B >+B/a(Vun)Vunu;B_1¢+/ a(vun)V@WZB_/H(umv“")u;BQp
o Ot Q Q Q

= —/qun% <0,

from which taking into account the assumptions (1.2.3), (1.2.6) and B > «, one obtains
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ou, B B
_/ <8t’ - ;/)>+/Qa(Vun)V¢un <0.

Therefore, if we set u,, = B;_lfp wn PP i and v = %, we have
T 8 B(p—1)
/ (G +C/ T ) VewE T <0, (1.3.6)

for every nonnegative 1(t, z) € LP(0,T; W, " (Q)) N L>®(Q) which is zero in a neighborhood of (0, T') x
0f) and for some positive constant C' depending only on B and p. Observe that B > p — 1 and p > 2

imply that v > p — 1 > 1. Moreover, observe that

B+1—p

wy(t,z) = cn 1" on (0,7) x 09, wn(0,2) = c(ug + =)~ 77T = woy

for some positive constant c. In particular, since ug is bounded away from zero, then wy,, is bounded in
L*>(€2) and the values of w,, blow up on the boundary as n goes to infinity. We look for an a priori local

bound on the L*° norm of w,,.

Step 2. Local L*° bound for w,,.

Without loss of generality we assume that 0 € {2; we will prove that the bound holds true in a ball B,
centered at zero of radius p with 0 < r < p < R < 1, then a standard covering argument will allow us to

conclude.

We fix k > ||won || L= (B,) and we define the sets
Ak ,(t) ={x € B, : wy(t,x) > k}, A, =A{(t,z) € (0,T) x B, : w,(t,z) > k}
We consider a cut-off function p(z) € C2°(Bg) such that

0<op(x)<1, o(x) =1in B,, V| <

Rr’

and use 1 (t, ) = Gi(wn(t, 7))’ (x) as test function in (1.3.6) where § = Z;(_WTZT%. Integrating between 0

and ¢t < T', and using the assumptions (1.2.3) and (1.2.4), we obtain

t
/<8§;” W G (w / / IVGo(w,) P
0 Ak, R(7)

VGi(wy p_lgp‘s_lG Wy).
R_T/O/AWJ () ()
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We use Young’s inequality in order to absorb the term |VGy(w,)[P~! in the right hand side; using the

t a n
/ (i,uﬂ LGr(wn)p / / (VG (wn) [P’
0 ot Ak, R(7) P

< o f,,, et

definition of §, we get

Notice that, since 0 < ¢ < 1,

V(Grlwn)@)P < C(IVGk(wn) P’ + Gelenlie ")
W )P S P
< C(|VGi(wn) P + Celeale7)

so that, observing that § — p = we finally get

7= p+1’

/t<3wn wv—le(w )906> +/t/ ‘VG/C(W )s05|p < L/ Gk(w )p80477p;+1'
0 at ’ " 0 Ak,R(T) B (R_ T)p Ak,R

Since § > p — 1, we can use again Young’s inequality to have

v Ow,
[8 o [ | poor
0 Ak, R(7)

< — Grlwn) "’ + —\Ak,R’ 1.3.8
TR (R =)0 (139
1
< — Sup/ Gk(wn)7+1gp‘5 dx + ———557 | A,rl-
20+1) ¢ Jaae R— r)(v:ljp

Now we deal with the time derivative part. Let us define, for s > 0,

Ui(s) = /S Gr(o)o" tdo

0

Then it is easy to check that

1
U.(s) > Gr(s)'t
(92— Guls)
that k& > ||wo || (5,), We obtain
[ G e = [ mond > =7 [ ey
Therefore we can use (1.3.8) in order to deduce
1 1 C
—_— Grlwp) e < ———sup Gr(wn) M de + ——————|Aprl.
1, Gl < g | Gl pawe

and we can take the spermium over ¢ € (0,7") on the left in order to get
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C
sup/ Gr(wn) ™ da < ——— 57| Ak.rl.
t JAg () R— r) v +1-p

Gathering together all these facts, and using again that ¢° > %0+ we end up with the following

estimate

C
sup / Gr(wng’) " da + / VGi(wn)¢"IP dv < ————55 | Akl
t JAg R Air (R — r) yFi-p

We are now in the position to apply the Gagliardo-Nirenberg inequality (1.2.7) to the function G (w,)¢°,

with 3 = ~y + 1; recalling that ¢ = 1 on B,, we obtain

N4~y+1 C £
/ Gr(wn)” v dx < G | Anrl Y-
A g (R — 7") (F1-p)N

Stampacchia’s procedure is now quite standard. For i > k, one obtains

NA~+1 NA~+1

/ Gr(wa )P v dz > / Grwa)P 5 da > (h— k)P N | Al
Ak.R Apr

that is,

142
ClAkrl'tN

(v+1)p(N+p) *
(h,k)PNJrJCI{Jrl (Rfr) GEi-p N

‘Ah,r’ S

Therefore, if we choose w(h, r) = | Ay, |, we can apply Lemma 6.3.8 in order to deduce that, for every

fixed p € (1, R), |Ap | = 0if h is larger than some constant C,. It follows that

w, <), ae.on (0,T) x B,, for every n. (1.3.9)

Step 3. End of the proof. Recalling that B > p — 1 and the definition of w,, we use (1.3.9) to have,
a.e.on (0,7) x B,

p—1 p—1
_ B+1-p ~ B¥i—p B+1—-p, ~ B¥i—p __

n p—1 = p-1
As we said, by means of a standard covering procedure this estimate can be proven to hold on any set of
the form (0,7") x w, withw CC €.

Claim 2 : Passing to the limit. In order to pass to the limit as n tends to infinity, we need the following

result.
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Proposition 1.3.1 We have
u, — u strongly in LP(0,T; WP (w)),

for every open set w CC ().

Proof of Proposition 1.3.1

The sequence {24} is bounded in L¥ (0, T; W7 (2)) + L*(Q). Using the Aubin-Simon compactness

argument (see Corollary 4 in [119]), we deduce that, up to a subsequence,
u, — uwin LP(Q),
for some w in LP(0, T; W?(Q)) N L>(Q). We will prove that, for every open set w CC 2,

u, — win LP(0, T; WP (w)), (1.3.10)

We now introduce a classical regularization u, of the function u with respect to time (see [92]). For

every v € N, we define u, as the solution of the Cauchy problem

Juy

1 _
v Ot tu, =u
v

u,(0) = g,

where ug,, € Wy (Q)) N L®(Q), satisfies ug,, — ug strongly in L'(2), *— weakly in L>(2) and

lim, 4o %HUO,VHWOI”)(Q) = 0.

Then one has (see [92]) :

Ou,
u, € L0, TsWi (), S € L0, Ts W () and [luyl|z(@) < lullie(o.
and as v tends to infinity,
u, — u strongly in LP(0, T; W, ?(Q)). (1.3.11)

Let 5 (s) = se*” (with A to be chosen later). We will denote by (i, n) any quantity such that

lim, o0 limsup,,_, . |e(v,n)| = 0.
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For 0 < ¢ € C2°(£2), we have that

T ou,
<E> QOA(un - ’LLV)¢> > 5(1/7 TL) (1312)
0
Now, using (1.3.12) and ¢ (u,, — u, )¢ as test function in (1.3.2), we obtain
/ a(Vun)V (u, — )@ (un — uy ) + / a(Vu,)Voor(u, —u,) + / H (tp, V) px(u, — u,)d
Q Q Q

< /Q For(tin — )b — (v, ).

Moreover, if w CC € is such that supp ¢ C w since u, — u weakly in LP(0,T; W, ?()) and

o (u, — u, )¢ converges to py(u — u, )¢ *-weakly in L°(Q)), so that, by Lemma 1.2.3, we have
[ st = w)o~ [ alVu)Voga (-~ u) = (o)
Q Q

If ¢,, is the constant given by Lemma 6.3.3, we have, recalling that supp ¢ C w

[ B Vuestu, - e < B[ [o(tn — w)l6
Q B wx(0,7) Un
< — [V [Ploa(un — u,)| 9.
Cy Q
Thus,
, B
/ (V1) V (1, — 11y (10 —ul,)(b—c—/|Vun|p|g0,\(un — )6 < e(w,n). (13.13)
Q w JQ

Then we can write
/Qa(Vun)V(un — )P\ (U —uy)p = /Q(a(vun) — a(Vu,))V (tn — w,) o) (un —u,)d
+/ a(Vu,)V(u, — UV)SO/A(un —Uu,)¢

Q
_ /Q (@(Vitn) — a(Vt,))V (tn — 10,) ) (tn — )6 + (v, ).

Similarly,

/ VP lor(n — w)6 < ot / (V) Vit |02 (10 — 0]
Q Q
— o / (@(Vtw) — a(Vt,))V (1t — 10,0 (110 — )]
Q
n /Q (V) (1 — ) o (1t — 0] + /Q (V) Vit |0 (11 — )|

= a‘l/Q(a(Vun) — a(Vu,))V (un — w)|oa(un — uw)|o + e(v,n).
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Therefore, from (5.2.3) we obtain
, B
Q(G(Vun) — a(Vw,))V(un — u)[0) (un — w) — J’@AWH —w,)|]¢ <e(v,n).
Choosing A large enough so that ¢, (s) — %|g@,\(s)| > 1 for every s € R, we deduce that
/(a(Vun) —a(Vu,))V(u, —u,)p < e(v,n).
Q

From here it is standard (see for example [99]) to prove that u,,—u,, tends to zero strongly in L?(0, T; W?(w))

. Recalling (1.3.11), we thus have that (1.3.10) holds.

Using Proposition 1.3.1 we can prove the (local) strong convergence of the lower order terms.

Lemma 1.3.3 We have

H(u,, Vu,) — H(u, Vu) locally strongly in L'(Q).

Proof of Lemma 1.3.3

Gathering together the results of Proposition 1.3.1, Lemma 1.3.1, and Lemma 6.3.3, we can apply Lebesgue’s

dominated convergence theorem to prove that

[Vun|P [VulP
Un - u

locally strongly in L*(Q).

It is then straightforward to conclude using (1.2.6) and Vitali’s theorem.

Thanks to all the results proved so far we can pass to the limit in (1.3.1), to have that u is a solution of

(5.1.1) in the sense of Definition 6.4.1, thus concluding the proof of Theorem 6.4.1.

Remark 1.3.1 The hypothesis p > 2 seems necessary to obtain the boundlessness of Lemma 1.3.2, we

can not say if we can do without it or not.
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Chapter 2

On the existence solutions for some Nonlinear

elliptic problem

Abstract

In the present paper, we study the existence and regularity of positive solutions for the following boundary

value problem : —div (|Vu[P=Vu) + u* = 2 in {2 and © = 0 on OS2, where (2 is an open and bounded
ua

subset of RY (N >p>1),0<a<1s>1and f is a nonnegative function that belongs to some

Lebesgue space.

2.1 Introduction and Main Result

In this paper, we are concerned with the existence and regularity results for the positive solution to the

following problem :

—div (|Vu]p_2Vu) +ut = /() in

uOt
“>0 n 0 (2.1.1)
u=20 on 09,

where €2 is an open and bounded subset of RY (N > p),0 < a < 1, s > 1 and f be in L!(Q) function.

Problem (2.1.1) has been applied in chemical heterogeneous catalysts, non-Newtonian fluids and also
the theory of heat conduction in electrically conducting materials, see [101, 20] for detailed discussion.

In this work, we are dealing with absorption zero order terms, that usually has a regularizing effect on the
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solutions to (2.1.1), by starting from measure data for regularity results on the Lebesgue scale (in [44, 57])
and on the Marcinkiewicz one ([43]). We refer the reader to [106, 107] for another approach using results

on elliptic and parabolic problems in the setting of Sobolev spaces. See also [11, 26, 75] for related topics.

In [44] the authors studied the regularizing effect of the term u° on the solution to the following

classical problem
—Au = f(x) in Q

(2.1.2)
u=20 on OS2,
when the term «* is added in the left-hand side of (2.1.2), we obtain the following problem
—Au+u® = f(x) in €,
f(x) (2.1.3)
u=>0 on Of).
In [45] the authors study the following problem
~Au=12 in Q
“ (2.1.4)
u=20 on Of).
Recently in [67] the authors study the regularity of the solution for the following problem
—Au+uf = f(f) in
“ (2.1.5)

u=0 on Of).

Definition 2.1.1 A function u € VVO1 P(Q) is a distributional solution to problem (2.1.1) in case o < 1,
s>land f € L"(Q) withr > 1if

Yw CC Q exists ¢, > 0 s.t. u > ¢, a.e. inw, (2.1.6)
u® € L'(Q),
and
/]VUV’_QVUVgo + / uSp = / iagp Vo € CHQ). (2.1.7)
Q Q Qu

Our purpose is to establish the following result .

Theorem 2.1.1 Let v < 1, s > 1and 0 < f € L"(Q2) with r > 1. Then the problem (2.1.1) has at
least one distributional solution u in the sense of the Definition 2.1.1 . Moreover u belongs to Wy () N

L@ if
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(i) a=1, f € LY(Q) or
(ii)) a < 1, f € L"(Q) for somer > 1 and s > 1;%10‘ or
(iii) o < 1, f € L5 (Q)
while if

p(sta)

(iv) a <1, feLYQ), thenu e W, * ()N LT*(Q).

The paper is organized as follows: Section 2.2 is devoted to describing the approximated problems
and we prove some properties that we need in the proof of our main results. Finally, Section 2.3, we shall
give the complete proof of Theorem 2.1.1.

2.2 Preliminary results

For a fixed & > 0, we define the truncation functions 7}, : R — R and G}, : R — R as follows

Ty (s) := max(—k; min(s; k)) and Gx(s) := (|s| — k)" sign(s).

We will also use the following functions

Sg7k(8) =1- ‘/;57k(8) (221)
with
1 if s<k,
Vor(s) = q K== ifk<s<k+od,
0 if s > k490,

we will denote with R* the set R\{0}, with R* the set {t € R s.t. ¢ > 0}, with r* the Sobolev conjugate
of 1 <r < N, given by %, and with 7" = = the Holder conjugate of 1 < r < oo (if 7 = 1 we define
r’ = oo, if 1 = oo we define ' = 1). Moreover, if no otherwise Specified, we will denote by ¢ several
positive constants whose value may change from line to line and, sometimes, on the same line. These
values will only depend on the data (for instance ¢ can depend on §2, «, s, p) but they will never depend

on the indexes of the sequences we will introduce.
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2.2.1 Approximating problems

Let us consider the following approximating problems,

(|| + ) (2.2.2)
Upp =0 on 0f),

—div (|Vun,k|p_2vun,k) + Tk(\un,k\s_lunk) =

where n, k € N, 0 < f,(z) = T,(f(z)) € L*(Q),« < 1and s > 1.
There exists u, ; weak solution to (2.2.2), for each n,k € N fixed (see [[94], Theorem 2]). Moreover
Up i € L®(Q) for all n, k € N, since if m > 1 is fixed, taking G, (u, ) € Wy () as test function in

(2.2.2) and using that G, (u, 1) and Ty (|t x|*~ k) have the same sign of w,, ., we have taht

[ 196wl < [ Gt

and so we can proceed as in [118] to end up with u,, ,, € L>(2).
Moreover the previous L>° estimate is independent from k£ € N.

Now by chossing u,, ; as a test function in the weak formulation of (2.2.2), we obtain
Uy i, is bounded in WP (€2) with respect to & for n € N fixed .

Since u,, ; is bounded in L>°(£2) independently on k, for each n € N fixed we choose k,, large enough in

order to get the following scheme of approximation

—div (|Vu, [P~ Vu,) + [u,[* " u, = L:B)l in  Q,
(fun] + )7 (2.2.3)
U, =0 on 0f),
where u,, € W,7(Q) N L®(Q) is given by 1y, 1, .
As concerns the sign of u,, by chosing u; := min(u,,0) € W,7(Q) N L>®(Q) as test function in

(2.2.3), we obtain

_ o fn _
Vunp+/un51un2:/—un§0,
/Q\ P [t = [ e

and so that u,, > 0 almost everywhere in (2.

Now we prove some local positivity property that will guarantee that the limit of the approximations

(2.2.3) satisfies (2.1.6).
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Proposition 2.2.1 For eachn € N fixed, the nonnegative u,, € Wy (Q)NL>(Q) weak solution to (2.2.3)

is nondecreasing in n € N and it results

Yw CC Q,de, > 0 (independent of n € N) s.t. u, > ¢, inwVn € N 2.2.4)

Proof 2.2.1

We can prove that the sequence u,, is nondecreasing in n € N proceeding precisely as in [[45],
Lemma 2.2], namely taking (ty, — tny1)™ := max(u, — tni1,0) € Wy P(Q) N L>(Q) as test function in
the difference between the problem solved by u,, and the one solved by u,, 1, so we will omit the details.

To prove (2.2.4), we will instead use that
u, > u; Vn € Na.e. in (), (2.2.5)

and we will apply the strong maximum principle to uy € W, P(Q) N L>(RQ), that solves

—div (|Vu1|p72Vu1) +ud = h(x) > hiz) >0 in €
Yo+ T (Jur || ey + D T ’ (2.2.6)
u; =0 on 0.

Indeed, since uy,div (|Vui[P72Vuy) € L, (Q), wy > 0 almost everywhere in 2,

div (|Vu [P*Vuy) < uf

and
/(ts“)5 =00 5> 1,
0

we can apply [[123 ], Theorem 1] and deduce that
Yw CC Q,dec, > 0s.t. ugp > ¢y inw.

Then (2.2.4) follows from (2.2.5).

2.2.2 A priori estimates

Now we need some compactness results on the sequence of approximating solutions u,,, at least up to

subsequences.
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Proposition 2.2.2 Let n € N and u,, € Wy (Q) N L®(Q) be a solution to (2.2.3) where s > 1.

a) If one of the following holds

a=1, feLYN),

a <1, feL(Q)forsomer >1and s > =2

r—17

s+1

a <1, feLs+(Q),

then u,, is bounded in W, (Q) N L*+1(Q).

p(s+a)

b) Ifa < Land f € LY() then u, is bounded in W," 7 () N L¥+2(Q).

Proof 2.2.2

a) The first case. Let us take u,, € Wy (Q) N L(Q) as test function in (2.2.3). We obtain

/ Vu,|P + / ustt < / foule. (2.2.7)
Q Q Q

— If a = 1, we immediately find that u,, is bounded in W, *(Q) and in L¥t(Q).

- If a < 1, we apply Young’s inequality with weights (€, c(¢)) and exponents (r,1’) on the right

hand side of the previous, obtaining

1 / 1
Jvwp s [ur< s [ gve [uior s [ e [
Q Q C(E) Q Q C(E) Q Q

If € is small enough, we deduce the following estimate

1
Jvup e [uti< o [ <
Q Q c(e) Jo

-Ifa<land f € Lta (Q), we apply Young’s inequality with weights (e, c(€)) and exponents

<s+1 s+1>
s+a’'l—a«

on the right hand side of (2.2.7). Proceeding as before, we can easily prove the last assertion.

b) Here. by choosing (u, +€)* —e* € Wy P(Q) N L>®(Q) as test function in (2.2.3), where 0 < € < i

one has
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a/Q\VunP(un +e)* ! 4 /Qufl((un +e)* =€) < [ fa

Q

Then, we can deduce that

Lui((un +e)* =€) < [ f,

Q
/ufjag/f.
Q Q

p
/ |Vu,| <.
Q (Un + E)l_a o

Now, if ¢ < p, by thanking to Hélder’s inequality with exponents § and p%q, we obtain

V|1 o)t (1-a)g\ 1-4
/’vun|q = / |+|1‘1(Un+6)(1 )5 < C</(un—{—e) 1pﬂ1q> P
) Q (un + €)% Q

Now we choose q such that

and by letting ¢ — 0, we have

It follows that

1 —
(1=a)g _ s+a
pP—q
It is not difficult to verify that
p(s+ )
q= =p
(s+1)

which achieve the proof of this proposition.

2.3 Proof of the main results

2.3.1 Proof of Theorem 2.1.1

Proof 2.3.1 Let u,, be a solution to (2.2.2), then it follows from 2.2.2 that it is bounded in W, (Q) with

respect to n. Hence there exists a function u, € VVO1 P(Q) such that u,, up to subsequences, converges

to u, in L™(QY) for all r < ﬁ—ljp and weakly in Wol’p(Q). proposition 2.2.2 also gives that % is
Uy, n @

bounded in L}, .(Q) and clearly, |u,|* 'u, is bounded in L'(Q) with respect to n. Hence one can apply

loc

Theorem 2,1 of [46] which gives that Vu,, converges to Vu, almost everywhere in 2.
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Now we prove that u,, satisfies 2.1.7 by passing to the limit in n every term in the weak formulation of
(2.2.2) easily pass to the limit the first term in (2.2.2) with respect to n; hence we focus on the absorption
term u°, which we show to be equi-integrable.Indeed if we test (2.2.2) with S, ;(uy,)(defined in (2.2.1)

where n, k > 0 and we deduce

1
/ VulS, () + / 8 Sy (1) < SUPaefiio)— / FuSs ().
Q Q ST Ja

Which, observing that the first term on the left hand side is nonnegative and taking the limit with respect
ton — 0,implies

1
/ 4 Sy (1) < SUDaefioe)— fu 23.1)
{un>k} S S{un>k}

Which, since f,, converges to f in L"(Q),r > 1 easily implies that u}, is equi-integrable and so it
converges to uy, in LY(2).This is sufficient to pass to the limit in the second term of the weak formulation
of (2.2.2). For what concerns the right hand side, using (2.2.4), we find

fntp fe
‘ (U, + 1) = 2
nT oy suppy

Vi € CL(Q).

Then, thanks to Lebesgue Theorem, we can pass to the limit also in the right hand side of the distribu-

tional formulation of (2.2.3). This concludes the proof.

2.3.2 Some comments on the regularizing effect

Firstly, it is easy to verify that, if
(2.3.2)

< lands >
o) and s N_p

then

* /

s+1 p )
<
sta (1—a

* I

=)
Since f € L(1 — a/ () is the weaker assumption on the datum in order to find a priori estimates in
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Wol’p () for the sequence of approximating solutions to problem below:

—div (|Vu[P~*Vu) = @) in
UOC

uw>0 in (2.3.3)
u=0 on 0f),

it follows that, if we add the term «*, with s satisfying (2.3.2), in the left hand side of (2.3.3), we find a

priori estimates in VVO1 P(Q2) for the sequence of approximating solutions also for less regular data.

Furthermore, if f € L'(Q) and o < 1, the Sobolev space in which the sequence of approximating
N(a+1)

solutions to (2.3.3) is bounded is given by WOLN’“"’) (Q) (see [56, 60, 68] ).

It is easy to verify that, if
N+ ap

a<1lands > ,
-Pp

(2.3.4)

then

N(a+1) (s+a)
Nty < Tt

So we have another regularizing effect of the lower order term u*, with s such that (2.3.4) holds, on the a

priori estimates for the approximating solutions.

Finally we recall that, if f € L*(2) and s > Nl_p, then the sequence of approximating solutions to the
following problem:
—div (|Vu[P™?Vu) + v* = f(z) in Q,
u >0 in €, (2.3.5)
u=20 on 09,

is bounded in W,9(Q) for all ¢ € [1, ﬁ) (see [94]). Since

ps p(s +a)
G+ - (s+1)

— a >0,

we immediately obtain the, if we perturb the right hand side of (2.3.5) through the singular term u% with

a > 0, we find a priori estimates on the sequence of approximating solutions.
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Chapter 3

Semilinear elliptic problem with singular lower

order terms

Abstract

The aim of this chapter is to discuss the existence of solution to a more general case associated to the

following boundary value problem such as:

—div (|Vu[P=2Vu) + u* = fif) in €,
w0 n Q 3.0.1)
u=>0 on €,

where (2 is an open and bounded subset of RY (N >p),0 < a<1,s>1and f is a nonnegative function

that belongs to some Lebesgue space.
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3.1 Introduction and Assumptions

3.1.1 Introduction

In this chapter we establish the existence positive solutions to a more general case for the following elliptic

problem
—div (|[VuP2Vu) + v = fif) in  Q,
u>0 in Q, (3.1.1)
u=>0 on 0f),

where € is an open and bounded subset of RN (N >p),0<a<1,s>1and f is just a nonnegative
L*(92) function. The presence of lower order terms «* in elliptic problems of type (3.1.1) is quite important

in applications; usually, a lower order term represents an absorption or a reaction, depending on its sign.

Problem (3.1.1) has been widely applied in many areas such as the contexts of chemical heterogeneous
catalysts, non-Newtonian fluids and also the theory of heat conduction in electrically conducting materials,
see [101, 20] for detailed discussion. In this work, we are dealing with absorption zero order terms, that
usually have a regularizing effect on the solutions to (3.1.1), by starting from measure data for regularity
results on the Lebesgue scale (in [44, 57]) and on the Marcinkiewicz one ([43]). We refer the reader to
[106, 107] for another approach using results on elliptic and parabolic problems in the setting of Sobolev

spaces. See also [11] for related topics.

In [44] the authors investigate the regularizing effect of the term us on the solution to the following

classical problem
Au= f(z) in

(3.1.2)
u=>0 on 0f,
when the term «* is added in the left hand side of (3.1.2), namely when we consider the following
Au+u® = f(x) in €
/@) (3.1.3)
u=">0 on 0f,
In [45] the authors study the following problem
Au=18 iy Q,
“ (3.1.4)

u = on 0f2,

Recently in [67] the authors study the following problem when the addition of a singular sourcing

term to a problem with only an absorption term and the addition of an absorption term to a problem with
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only a singular sourcing term, will improve the regularity of the solution the following problem

Au+w =12 in  Q
“ (3.1.5)
u=0 on 0f),

3.1.2 Assumptions

The aim of this paper, is to study a more general case for problem (3.1.1), such as:

—div (|[Vul?Vu) + ¢¥(u) = g(u) f(z) in Q
u >0 in (3.1.6)
u=20 on Of).

The absorption term ¢ : R — R is a nondecreasing and continuous function on R satisfying the

assumptions listed below :

Y(t)t > 0forall t € R, (3.1.7)
/(w(t)t)5 = 0, (3.1.8)

0
Y(t) > t° forall t > 0 and for some s > 1. (3.1.9)

The singular souring term ¢ : R* — R™ is a non increasing function on R* | continuous and bounded

on R* such that
lim g(t) = +o0, (3.1.10)
t—0

and such that

gty < £ if t<o

there exist ¢ > 0,6 > 6 >0and a,n € (0,1] s.t. ,
gty < & if >4

(3.1.11)

We take the following example for the function 7 :

0 if t<0
vt)=<¢ t5 if 0<t<1
st Af > 1,

while the function g is a general singular non increasing function with two different behaviors near zero

and near infinite.

The plan of the paper is as follows : Section 3.2 is devoted to describe the approximated problems and

we prove some properties. In section 3.3, we shall give the our main results.
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3.2 Preminary results

Let us consider the approximating problem:

. n\T .
—div (\Vun,k]p”Vun,k) + The(Jtn i tun i) = (]uﬁ%l)a in Q, aa

Upg =0 on 0,

where n, k € N, 0 < f,(z) = T,(f(z)) € L*(Q),« < 1and s > 1.

There exists u, ; € L>(2) a weak solution( see [[94], Théoréme 2]) to (3.2.1), for each n, k € N fixed.

Now we choose : G, (un ) € WyP(Q) with m > 1is fixed , as test function in (3.2.1) and since

Gon(unr) and Ty (Jup |, 1) have the same sign of u, x, we obtain that

L1960 < [ .G,

and by the same argument introduced in [118] we find that u,,, € L°°(2).then the L> estimate is inde-
pendent from k € N.

Let us choose u,, ;, as a test function in the weak formulation of (3.2.1), we can obtain :
Uy ;. is bounded in W, (Q) for n, k € N fixed

Since u,,  is bounded in L>°(€2) independently on k , for each n € N fixed we can take k,, very large in
order to obtain the following approximation
Jn(@) in Q,

(lun| +3)® (3.2.2)
U, =0 on 0f),

—div (|Vun|p_2Vun) + U [y, =

where u,, € W, () N L®(Q) is given by 1y, 1, .

Let us take u;, := min(u,,0) € W,"(Q) N L>(Q) as test function in (1.2.1), we obtain

_ o fn _
Vunp+/un51un2:/—un§0,
/Q\ P [t = [ e

and so that u,, > 0 almost everywhere in (2.

Now we prove the following proposition in order that the limit of the approximations (3.3.3) satisfies

(5.3.1).
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Proposition 3.2.1 For eachn € N fixed, the nonnegative u,, € Wy (Q)NL>(Q) weak solution to (3.2.2)

is nondecreasing in n € N and it results

Yw CC Q,dc, > 0 (independent of n € N) s.t. u, > ¢, inwVn € N (3.2.3)

3.2.1 proof of proposition 3.2.1

By the same argument as in [[45], Lemma 2.2],the sequence u,, is nondecreasing in n € N we choose
(U — Ung1)T := max(t, — Upni1,0) € WyP(Q) N L=(Q) as test function in the difference between the

problem solved by w,, and the one solved by u,,1, .In order to prove (3.2.3), we can use:
Uy, > u1Vn € N a.e. in ) (3.2.4)

and by applying the strong maximum principle to u; € W, ?(Q) N L>°(€), that is a solution of

hla) o @ g
(ur + 1) 7 (fuallpoe @) + 1) (3.2.5)
u; =0 on Of).

—div (|[Vu [P2Vuy) + uf =

Since uy, div (|Vui[P7>Vuy) € Lj,.(), uy > 0 almost everywhere in (2,

div (|Vui [P7?Vuy) < uf

and

/ (t5+1)_% =00 < s >1,
0
By applying [[123],Theorem 1] we can obtain

Yw CC 2,3, > 0s.t. ug > ¢, in w.

Then (3.2.3) follows from (3.2.4).

3.2.2 A priori estimates

Now we need some thechnical results on the sequence of approximating solutions
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Proposition 3.2.2 Let n € N and u,, € Wy ?(Q) N L®(Q) be a solution to (3.2.2) where s > 1.

i) If one of the following holds

a=1, feLYQ),
a <1, feL(Q)forsomer >1ands > =2
a <1, feLw=(Q),

then u,, is bounded in W, " (Q) N L*+1(Q).

p(s+a)

ii) If instead o < 1 and f € L'(Q) then u,, is bounded in WOL Q)N Lt (Q).

3.2.3 proof of proposition 3.2.2

i) The first case. Let us take u,, € W,"(Q2) N L>®(Q) as test function in (3.2.2). We obtain

/]Vun|p+/u;i+1 S/fnu;_o‘. (3.2.6)
0 Q 0

— If @ = 1, we immediately find that w,, is bounded in W, ”(Q) and in L*+1(Q).

- If @« < 1, we apply Young’s inequality with weights (¢, ¢(¢)) and exponents (7, 7’) on the right

hand side of the previous, obtaining

/‘Vun|p_|_/ s+1<_/fr+€/ (lar /fr—FEC/ 8+1
Q

If € is small enough, we deduce the following estimate

/|Vun]p+c(Q,e)/ wHdy < _/ <
0 Q

-Ifa<land f € La (2), we apply Young’s inequality with weights (¢, c(€)) and exponents

(s—i—l s+1>
s+a’'l—a«

on the right hand side of (3.2.6). Proceeding as before, we can easily prove the last assertion.
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ii) The second case. Let us take (u,, +€)® — e* € W, ?(Q) N L>®(Q) as test function in (3.2.2), where

0 < e < <. We obtain

a/Q|Vun|p(un—|—e)a_1+/Qu ((up, + €)* /fn.

and so, in particular, we deduce that

/Qu;((uﬁe)a—ea) s/Qf,

that, letting ¢ — 0, implies

Moreover we deduce
p
/ |Vu,| <e
Q (Un + E)l_a

Now, if ¢ < p, applying Holder’s inequality with exponents e and , we find

Vu, —a)l (-ajg\1-5
/]Vun\q / | u(|1 mE: 7 (u, + €)1 Sc(/(un+e) lp—qq> !
(un + €) Z Q

Finally we choose ¢ such that

3

1—
t-aJg _ .,
p—q
It is easy to verify that
p(s+a)
q > P
(s+1)

and this gives us the result.

3.3 Main results

Let us start giving our definition of distributional solution to problem (3.1.6) :

Definition 3.3.1 Ler ) : R — R be a nondecreasing and continuous function satisfying (3.1.7), (3.1.8)
and (3.1.9) and let g : R* — R™ be a non increasing function on R*, continuous and bounded on

R* satisfying (3.1.10) and (3.1.11). Under these assumptions a function u € Wol’p(Q) is a distributional
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solution to problem (3.1.6), with f € L"(Q) and r > 1, if

VYw CC Qexiste, >0 5.t u>cya e inw,P(u) € LHQ) (3.3.1)

and

/[Vu]p2Vqu0dx+/w(u)g0dx :/g(u)ﬁpdw Vo € C3°(Q). (3.3.2)
0 0 0

Remark 3.3.1 The property (3.3.1) implies in particular that g(u) f € L}, (Q), in the case with monotone

loc

singularity given by g(u) = — (a > 0). Consequently, the right hand side of (3.3.2) has a mining.

Now our aim is to prove the following result.

Theorem 3.3.1 Let v : R — R be a nondecreasing and continuous function satisfying (3.1.7), (3.1.8)
and (3.1.9) and let g : R* — R' be a non increasing function on R*, continuous and bounded on R*
satisfying (3.1.10) and (3.1.11). If f € L"(Q2) (r > 1), then there exists a distributional solution u to
(3.1.6) then u belongs to Wy () N Ls+1(Q)

i)n,a=1, fe LY (Q)or

i) n,a <1, feL(Q)for somer >1and s > 1’_’? or

iii) n, a < 1, f € L= (Q), while if

v) n<a<land fe L' (Q),

p(s+a)

thenu € W," 7 () N L¥+2(Q).

3.3.1 proof of theorem 3.3.1

Let the following scheme of approximation for problem (3.1.6)

—div (|vun,k|p72vun,k) + Tk(dj(un,k:)) = gn(un,k)fn(x) in Qa
Upp =0 on ON.

(3.3.3)

where n, k € N, 0 < f,(2) = T,(/(x)) € L*(%2) and g, (x) = T (g(x)) there exists u,... € Wo"(Q)
weak solution to (3.3.3) for each n, k € N fixed (see [94]). Now, we show that u, , € L>(Q2) for all

n, k € N and that this L°°-estimate is independent on k and taking w,,  as a test function in the weak
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formulation of the previous, we find once again that u, ; is bounded in Wol’p (2) with respect to k for
n € N fixed. Since u,, . is bounded in L>(£2) independently on £, as already done for problem (3.1.4) we

choose k large enough to obtain the following scheme of approximation

—div (|Vun|p’2Vun) + Y(un) = gn(uy) fu(x) in Q
U, =0 on Of).

(3.34)

where u,, € W,7(Q) N L>(Q) is given by a certain u, ; for a k large enough.

Furthermore, analogously to what done in Proposition 3.2.1, we can to prove that the sequence u,, is

nonnegative and nondecreasing in n € N.

In order to prove the local positivity of u,, we will use, the strong maximum principle applied to

uy, € WyP(Q) N L®(Q) that solves
—div ([Vu[P?Vur) + 9 (w1) = gi(w) fi 2 gi([[unllz)) i in - Q,
u; =0 on OS2
thanks to (3.1.8) we apply ( [123], Theorem 1) and deduce that

Yw CC Q, de, > 0, s.t. up > ¢y, a.e.inw.

i) In this case, we take u,, as a test function in the weak formulation of (3.3.4), we deduce that :

/|Vun|pdx+/uff1dx§/\Vun|p+/w(un)un
Q Q Q

< fa+ gn(Un) fattn + fa
{un<é} {d<un<d’} {un>6"}

< 2c f+5l’g’L°°(6,5/)/f~
Q 0

Then w,, is bounded in W, (€2) N L>(Q) and we have no problems in passing to the limit in the approxi-
mation (3.3.4), with C§°(£2) test functions, we use Lebesgue Theorem for the singular sourcing term and

monotone convergence Theorem for the absorption term.

ii) If n, @ < 1, let u, as test function and we apply Young’s inequality with weights (€;c(¢)) and

exponents (7,7 ) on the last term of the right hand side of the weak formulation, obtaining

/|Vun|p+/ufl+1 §/|Vun]p+/w(un)un
Q Q Q

< c/ fnu};W + 5 / gn(un)fnun + c/ fnurl;a
d<un<d’ {un>8"}

{un<d
/ ]_ /
Scal-"/fwwu g [ 1 [ gree [aier
0 Gl 0 c(e) Jo 0

/ 1
S651_"/f+5|9|Loo(55’)/f+—/fT+C€/Ufz+1-
Q ’ Q c(e) Jo Q
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Thus, if € is small enough, we have

/]Vun\p + c/ ustt <e. (3.3.5)
Q Q

As in case i), we can pass to the limit the approximation scheme (3.3.4) in order to prove the existence

of a solution u € W, ”(€2) N L*+1() to problem (3.1.6).

iii) In this case we proceed in a similarly to what done for the case ii), we have

/|Vun|p+/ s+ < /\Vun]p /wun
Q

<c/ fn1”+57 (unfn+c/ Fotin®
{un<8} S<un<d’ +{luﬂ>5’}
S C(Sl_n/ f+6’HgHLOO(56,)/f+_ a+a +C€/ S-‘r-l
Q ’ Q c(e) Q

Q

And so we deduce (3.3.5) once again and to obtain a solution u € W, ”(Q) N L¥*1(Q) to (3.1.6)

iv) In this case we take (u, +¢)* —e* € Wy P(Q)NL>(N) as test function in (3.3.4), where 0 < e < 1.
We have

/|Vun| (uy + €)™ 1+/u;((un+e)a—ea)
Q

<a/ﬁmﬂ1m+d e [ )+ 0 e

foltn + €)? o foltn + €)?
S C/{un<6} * A<un<6/ gn(un)fn(un * 6) * C/

n
Un {unZJI} u%é

and so we have in particular

[t + o e
<c M +/ gn(un)fn(un + 6)04 + C/ fn(un + E)a
S<un<d’

n
{un <8} Un {un>d"} Up

that, letting ¢ — 0, implies

/ uste < ed* "+ c.
Q

Furthermore, we can reason as in proof case ii) of Proposition 3.2.2 obtaining that wu,, is bounded in
17p(s+a) . . . .
W, **' (Q) with respect to n. From here we conclude as in case i) of the current theorem. This concludes

the proof of Theorem 3.3.1.
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Part 11

On some nonlinear elliptic problems in

weighted Orlicz-Sobolev spaces
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Chapter I

On a nonlinear elliptic problems having large

monotonocity with L!-data in weighted

Orlicz-Sobolev spaces

Abstract

In this chapter,We prove in weighted Orlicz-Sobolev spaces, the existence of entropy solution for a class
of nonlinear elliptic equations of Leray-Lions type, with large monotonicity condition and right hand side

fel'(D)

4.1 Introduction.

This chapter deals with existence of solutions to the following nonlinear Dirichlet problem

(4.1.1)
u=>0 on 0,

where A(u) = —div (p(z)a(z,u, Vu)), Qis abounded domain of RN, N > 2. a(z, u, Vu) = (a;(z,u, Vu))1<i<n,
a; :  x R x RY — R is a Carathéodory functions (that is measurable with respect to z in € for every

(1,5,€) € Q2 x R x RY, and continuous with respect to (s,&) € R x RY for almost every z € ) such

that for all ¢, ¢’ in RY,
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jai(x,5,6)| < i) + KPP (07 (@) M(cals])) + KM M(c |€]), (4.1.2)

(a(e,5.9) —ala5,€) ) (=€) =0, (4.13)

a(z, s, §)§ > M(Alg]), (4.1.4)

where c1, ¢, A\; and K; belongs to R,. M, P be two N-functions such that P << M. Moreover
M, P be the complementary functions of M and P respectively, p be a weight function on ) (that is,

measurable and positive a.e. on §2) and ¢o, ¢; € E5;(Q, p).

fe L' (), 4.1.5)

It is well known that in the setting of weighted Orlicz—Sobolev spaces include many spaces as special
spaces, such as Lebesgue spaces, weighted Lebesgue spaces and Orlicz spaces; see [104]. These spaces
have many applications in various fields such as PDE, electrorheological fluids, and image restoration;

see [69, 58, 90].

The feature of this paper, is to treat a class of problems for which the classical monotone operator
methods (developed by Minty [100], Browder [55], Brézis [54] and Lions [91] in VVO1 (1) case) do not
apply. The reason for this, is that a(z, u, Vu) does not need to satisfy the strict monotonicity condition

that 1s,
(a<x, 56— ale, s,w) (6—€) >0, forall &, € RY, (¢ ¢

of a typical Leray—Lions operator but only a large monotonicity that is
((I(l’, 576) - a(x, 875/)> (5 - 5/) > 07 for all fa 6/ S RN'

The aim of this paper is to demonstrate the existence of solutions for (4.1.1) under the weaker assump-
tion large monotonicity condition, without using the almost everywhere convergence of the gradients of
the approximate equations, since this is impossible to prove in our setting. The main tools of our proof

are a version of Minty’s Lemma (Now we use an idea of G. J. Minty [103]).

The chapter is organized as follows: We introduce some basic definitions and properties in the setting
of weighted Orlicz—Sobolev spaces as well as an abstract theorem and we prepare some auxiliary results

to prove our theorem, in the next section 6.2. In the final section 5.3, we state the main result and proofs.
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4.2 Preliminary

This section present, some definitions and well-known about N-functions, weighted Orlicz-Sobolev spaces

(standard references see [1] and [71].

4.2.1 N-function
Let M : Rt — R™* be an N-function, i.e. M is continuous, convex, with

M(t) > 0fort >0, M()—>0ast—>0and ()—>ooast—>oo

Equivalently M admits the representation :

_ /0 (),

where m : R™ — R is non-decreasing right continuous, with m(0) = 0, m(¢t) > 0 for t > 0 and

m(t) — oo ast — oo. The N-function M conjugate to M defined by

= /Otm(T)dT

where m : RT — R is given by m(t) = sup {s : m(s) < t}. It is well known that we can assume that
m and T are continuous and strictly increasing. We will extend the N-functions into even function on all

R*.

Clearly M = M and has Young’s inequality

st < M(t) + M(s) forall s,t > 0.

The N-function M is said to satisfy the A,-condition every-where (resp. infinity) if there exist

k > 0 (resp. to > 0) such that, M (2t) < kM (t) for all t > 0 (resp. t > t).

Let P and () be two N-functions, the notation P << () means that P grows essentially less rapidly

Q()

Gk = Oas t — +oo. That is the case if and only if $=3 — 0 as

Q(et)

than (), that is to say for all € > 0,

t — 00.
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4.2.2 Orlicz-Sobolev space.

Let €2 be an open subset of R"Y and M be an N-function.

The Orlicz classe K/ (2) (resp. the Orlicz spaces Ly, (2)) is the set of all (equivalence classes modulo

equality a.e. in €2 of) real-valued measurable functions u defined in €2 and satisfying

/QM(u(x))dx < 00 (resp. /QM(W(;N)dx < oo for some A > 0>.

Ly(Q2) is a Banach space under the norm :

HuHM,QIinf{/\>O:/M(|u(x)|>dx§ 1}. 4.2.1)
Q

A

The closure in L, (£2) of the set of bounded measurable function with compact support in € is denoted

by En(€2) (we have usual Ey(2) C K (2) C Lar(2)).

The equality Ly, (Q2) = Ey(£2) hold if and only if M satisfies the Ao-condition, for all ¢ or for ¢ large

according to whether € has a infinite measure or note .

The dual of E)/(€2) can be identified with L3;(€2) by means of the pairing / u(z)v(z)dr where
Q
u € Ly(Q2) and v € Ly7(€2) and the dual norm on Ly7(€2) is equivalent to [|.[|57 o

The space Lj;(Q) is reflexive if and only if M an M satisfy the A,-condition for all ¢ or for ¢ large,

according to whether () be infinite measure or note.

We return now to the Orlicz-Sobolev spaces W' Ly, (2) (resp. W Ey(€2)) is the space of all function
w such that u and its distributional derivatives up to order 1 lie in Lj;(€2) (resp. in Ej/(€2)). It’s Banach

space under the norm :

lullyp = 1D ullare- 4.2.2)

o<1
Thus WL (Q2) and W Ey(Q2) can be identified with subspaces of [ L, we have the weak topology
o(I1 Las 11 E5p) and o (I ] Las, [T Lyz) -
The space Wi Ey () (resp. Wi Ly (Q)) is defined by the closure of D(Q) in W!Ey(Q) (resp.
WLy (Q)) for the norm (4.2.2) (resp. for the topology o ([T Las, [ Es7))-

Definition 4.2.1 The sequence u,, converges to u in Ly(S) for the modular convergence (denoted by

U, — u (mod) LM(Q))lf/]\4<|un/\_u|
Q

)dx—>()asn—>oof0rs0me/\>0.
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4.2.3 Weighted Orlicz—Sobolev space

Let  be a domain in RY, M be an N-function and p(x) be a weight function on (2, i.e. measurable

positive a.e. on €2 such that :

p €LY ) (4.2.3)

The weighted Orlicz classe Kj/(€2, p) (resp. the weighted Orlicz space Ly, (€2, p)) is the set of all
(equivalence classes modulo equality a.e. in €2) of real-valued measurable functions u defined in (2 and

satisfying m,(u, M) = /QM(]u(:c)Dp(a:)da: < 00

(resp. mp<;, M) = / M('u()\xﬂ)p(az)dx < oo for some A > 0).
Q
Ly (9, p) is a Banach space under the norm :

ullar, = inf {A > o;mp<§, M) < 1} . 4.2.4)

The closure in Ly (€2, p) of the set of bounded measurable function with compact support in Q is

denoted by Ej/(€2, p) (we have usual Ey/ (2, p) C K (2, p) C La(€2, p)).

The equality Ly (€2, p) = En (€, p) hold if and only if M satisfies the Ay-condition, for all ¢ or for ¢

large according to whether € has a infinite mesure or note.

Remmember that spaces Ly, (€2, p) and Ly;(€2, p) are naturally associated by duality
(u,v) = /Qu(:c)v(a:)p(x)dx, u € Ly (Q,p),v € Lyz(, p)
giving what’s called the orlicz norm on L, (€2, p), which is
lallar, = sup{ | ale)olio)pl)da.mv, ) < 13

can be identify the dual of E)y;(€2, p) with Ly7(€2, p) (see[34])

It is easy to prove (as in the case of non-weighted spaces) that

lullare < Mlulllare < 2lullar,
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The space Lj;(€2, p) is reflexive if and only if M an M satisfy the A,-condition for all ¢ or for ¢ large

according to whether €2 be infinite measure or note.

We return now to the weighted Orlicz-Sobolev spaces WLy (€, p) (resp. WEy(€, p)) is the space
of all function u such that u € L/(2) (resp. u € E)y;(£2)) and its distributional derivatives up to order 1

lie in Ly (2, p) (resp. Ep (2, p)). It’s Banach space under the norm
lelly ar,p = lullar + 1Vllar, (4.2.5)

(where [ull,, = [[ully0). Thus WLy (2, p) and W' Ey (€, p)) can be identified with subspaces of
I1 Loy = Las ¥ [T Las(€2, p) we have the weak topology o ([ Las,, [ [ E37,) and o ([ ] Larp, [ L3z ,)-
The space W3 Ey (€, p) (resp. Wi Las (€, p)) is defined by the closure of D(€) in W!Ey (€, p)) (resp.
WLy (9, p)) for the norm (4.2.5) (resp. for the topology o (I Las,p, [T F37.,))-

Definition 4.2.2 The sequence u,, converges to u in Ly (S, p) for the modular convergence (denoted by

u, — u (mod) Ly(S2, p)) zf/ M(|un>\_ ul
Q

)p(m)dﬂc — 0.asn — oo for some \ > 0.

Definition 4.2.3 The sequence u,, converges to u in WLy (Q, p) for the modular convergence (de-

noted by u, — u (mod) WLy (S, p)) if for some X > 0 M(M)dz —0asn — oo and
Q

/ M(w)p(aﬁ)dw — 0asn — oo for |a| = 1.
Q

Lemma 4.2.1 [22] Let M be an N-function. If u, € Ly () converges a.e. to u and w,, bounded in

Ly (S2), then u € Ly (Q2) and u,, — u for the topology o (L (), Ex7(S2)).

Lemma 4.2.2 [22] If the sequence u,, € Ly(2, p) converges to u a.e. and bounded in Ly;(S, p), then
u € Ly(Q, p) and w,, — u for the topology o(La (2, p), E57(§2, p)).

4.2.4 Compactness results

Let © an open bounded locally-border lipschitzian in R”, p the weight function and M an N-function.
Let the following integrability assumptions :

There exists a real s > 0 such that :

(M(t))++1 be N-function and that p=* € L(f2), (4.2.6)
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> t
———dM(t) = o0, 4.2.77
/1 o (1) = o 4.2.7)

IS eEsy

s+1

) 1 B MY (u)
Remark 4.2.1 In the particular case where M (t) = % (1 < p < ), the first part of (4.2.6) is satisfied

. 1
lfS>E.

Theorem 4.2.1 (See[2] Theorem 9-5) Let Q an open bounded subset of RYN with locally- lipschitzian
and M an N-function. Suppose that assumptions (4.2.6)—(4.2.8) are satisfied. So we have the following
compact injection :

WL (9, p) > Eyn(Q).

We will also use the following technical lemmas.

4.2.5 Some technical lemmas

Lemma 4.2.3 Let f,, f € L'(Q) such that f,, > Oa.e. in €, f, — fa.e. in€) et/ fo(z)dx — / f(z)dz.
Q Q
Then f,, — f stongly in L*(Q).

Lemma 4.2.4 Let F' : R — R be uniformly Lipschitzian, with F(0) = 0. Let u € W3 Ly (Q, p). Then
F(u) € W)L (Q, p). Moreover, if the set D of discontinuity points of F' is finite, then
0 F'(u)2x a.e. in{xre€ Qu(x) ¢ D},

F(u) = o
ox; 0 a.e. in{r€ Qu(z) € D}.

4.2.6 proof of lemma 4.2.4

We suppose for the moment that F is also C', there exist a sequence u,, € D() such that u,, — u (mod)

WL (82, p)). Passing to subsequence, we can assume that

Du,, — D% VY |a| < 1lae.in (.
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From the relation |F'(s)| < k |s|, where k denote the Lipschitz constant for F', and
(%F(un) =F (un)%, we deduce that F'(u,,) remains bounded in W L;(€2, p). Thus going to to a

further subsequence, we obtain
F(up) —w € Wy Lay(Q, p) for o ([ Las, [1 Faz,)»

and also by a local application of the compact imbedding theorem, F'(u,,) — w a.e. in 2. Consequently

w = F(u), and F(u) € Wy Ly (€, p). Finally, by the usual chain rule for weak derivatives,

0 r Ou
aale(u) = F (u)

a.e. in (2. 4.2.9)
a[L’i

For the general case. Taking convolution with the mollifiers, we get a sequence F,, € C*°(R) such
that F,, — F uniformly on each compact, F,(0) = 0 and |F7/L‘ < k. For each n, F;, € W, Ly (€, p), and
we have (4.2.9) with F' replaced by F;,. Finally (4.2.9) follows from the generalized chain rule for weak

derivatives. The following lemmas follow from the previous lemma.

Lemma 4.2.5 Let u,v € Wi Ly (9, p) and let w = min(u,v). Then w € Wi Ly (€, p) and

ow g—; a.e. in {x € Qu(x) <v(x)},
d; g—;’i a.e. in {x € Q;u(x) >v(x)}.

4.2.7 proof of lemma 4.2.5

Note that min(u,v) =« — (u — v)* and apply Lemma 4.2.4 with F'(s) = s™.

We introduce the truncate operator. For a given constant k£ > 0, we define the function 7}, : R — R as

sif |s| <k,
kit [s| > .

Ti(s) =
Lemma 4.2.6 Assume that (4.2.6)—~(4.2.8) holds. Let uw € WLy (S, p), and let Ty(u), k € RT, be the
usual truncation then Ty, (u) € Wy Ly (Q, p). Moreover we have

Ty (u) — u strongly in Wy Ly (S, p).

Lemma 4.2.7 Let u, be a sequence in Wy Ly (S, p) such that u, — u for the topology o (] Laz,, [ Ext,p)-
Then Ty, (u,) — Ty(u) for o(I] Loz, [ 1 E37,)-
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4.2.8 proof of lemma 4.2.7

Since u,, — w and Wy Ly (Q, p) =< En(2), we have u,, — u strongly in /() and a.e. in €, then

Ty (un) — Ty (u) a.e. in . On the other hand, for some A > 0,

[y [l

and

/g)M(’ka—)\(um>p(x)dm = AM(W)p(m)dm < /g)M<|v;Ln|>p(a:)da7
imply that

1T Cun) h arp < Mnlly ary -
Then (T} (u)), is bounded in W L/(£2, p) hence by Lemma 4.2.2, we have Ty(u,) — Ti(u) in

W()lLM(Q’ p) for U(LM(Qa P), EM(Q’ p))

Lemma 4.2.8 [f the sequence u,, € Ey (S, p) converges a.e. in Q) with p € L*()), then it converges in
norm in Ep(Q, p) if and only if the norms are uniformly absolutely continuous, i.e. for each € > 0 there

exist 6 > 0 such that ||un,Xg|y,, <€ forall nand E C Q with |E| < 6.

4.2.9 proof of lemma 4.2.8

by the same argument introduced in the proof of Lemma 11.2in [89] we find E,, ,,, = {x € Q : |u,(x) — u,(2)] > a},
where o = M1 <TZH1) and with 6 > 0 such that
€
Junxelaey < 5
We denote by H(FEj/(2),r) the set of functions u € Ly, (€2) whose distance to F),(€2) (with respect
to the Orlicz norm) is strictly less than r and by By, (€2)(0,7) the ball in L/(€2) (with respect to the

Orlicz norm) of radius r and center 0.

Lemma 4.2.9 Let ) be bounded subset of RY with finite mesure.let M, R and () be N-functions such that

Q << R, and let f be a Carathéodory function such that for a.e. x € Q and all s € R :

f(2,8)] <b(z) + kiR (p7H(2)Q(ka |s])) (4.2.10)
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where 0 < b(z) € Ex(Q,p), p € LY(Q) and ki1, ko € RY. Then the Nemytskii operator

satisfies :

1. Sends <H(EQ(Q), é))p into Lr(Q, p) and is continuous from (H(EQ(Q), é))p to the norm topol-
ogy of (Lg(2))P into Lr(€2, p) to the modular convergence;

2. It’s uniformly bounded on (BLQ(Q) (0, %))p ;

3. Ifb(x) € Eg,(Q, p) with Ry << R, then Ny is continuous to the norm topology of Er, (S, p).

4.2.10 proof of lemma 4.2.9

(1) Let v = (u,ug,...,up) € (H(EQ(Q) i)>p. Since d(u;, Eg(2)) < 1?12 (1 < i < p), we have
/Q (ko |u])dz < 1, (see Theorem 10.1 [89]). Let A > 2k; such that ( ) ¢ Kgr(€, p). By the growth

condition (5.2.10) and the convexity of R, we get

/QR ('N’;’S)') p(2)dz < %/QR (Qbi"’“")) p)dz + %/QRU@ lu(z)]) dz < oo.

On the other hand, suppose that

Uy — U E (H(EQ(Q), k%))p,

and let > 0 such that d(ks |u|, Eg(©?)) < o < Land d(kz |u|, Eg(Q?)) <1 —a < 1.

We have 22 |u| € K(Q) and £ |u| € Kq(Q2) (see Theorem 10.1 [89]) and for A > 4k; such that
@ € Kr(Q,p), we get

2b(x) + kiR~ (p~ () Q(ks [un])) + kR (07 (2)Q (R IUD)) pl)dx

[ A
- fa(5

D) oy + 1 4“[2Q(1ﬁza|un—u|) plo)do
( \u]) dr + - /Q (ko |u]) d
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Since @ (k2 [u]) < Q (% |u]), the last inequality becomes
ks
un —ul | dz + | Q (k2 |ul)dz,

A
f(z,u,) = f(z,u) (mod) in Lg(£2, p),

Q

g%/gR(@)p(@dﬁng(l

which implies by using the Vitali’s theorem

for a subsequence denoted again u,, (which holds for the whole sequence).

2b
R ( i\:c)) p(x)dr < 1.
By the growth condition (5.2.10) and the convexity of R, we get

|7 (M) poyie < [ 7 (@) pla)ds + 5 [ Qialuta)do <1,

which implies (2).

p
(2) Let now u € (BLQ(Q)(O, k_12)> and let A\ > 2k such that/
0

(3) Suppose that b(x) € Eg, (2, p) with Ry << R. Asin (1), since Lr(Q2, p) C Eg,(£2,p)), we can
show that f(z,u) € Eg, (2, p) forall u € <EQ(Q), é))p. Suppose now that

Up —> U E (EQ(Q), k%))p in (Lo(Q))”,

We shall show that
f(z,u,) = f(z,u)(mod) in Eg, (2, p).

Fix € > 0, we have as above

/QR1 <|f(fc‘aun)€—f(u"tcau)|>p(%,)dajS }l/ﬂRl (4b£$>>p(m)dx
+}L/QRl (ﬁR-l (p_l(x)Q(k2|Un|))) p(:x)d:er%/QRl (4—’“13—1 (0~ (2)Q(k |u|))) p(z)dz.

€ €

Since Ry << R, there exists K such that R, (%t) < R(t)+ K forallt > 0. Then, the last inequality

can be written as the form

/QRl (‘f(x’“”);f(w’“”) plx)d < 1/31 (%) p(w)dw%—i/ﬂ@(kg lup|)da

1
+/ (k:2|u|dx+—/
4 Jo

As in (1) by using the Vitali’s theorem, we get
/ Ry (|f(x,un) — f(:}:,u)|> p(x)dz — 0asn — oo,
QO €

for a subsequence (which holds for the whole sequence). Since € is arbitrary, we conclude.
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4.3 Main results

Let Y be a closed subspace of W' Ly(Q, p) for o(]] Las,, [ Ey7,,) and let
Yo=Y NW'Ly(, p),

such that Y is the closure of Yy for o([] Larp, [[ £57,). In the next, we consider the complemen-
tary system (Y, Y0, Z, Zy) generated by Y i.e. Y, can be identified to Z and Z} can be identified
to Y by the means (.,.). Let the mapping 7" (associated to the operator A) defined from D(T) =
{u eY, ap(x,u, Vu) € Ly;(), a;(z,u, Vu) € Ly;(2, p)} into Z by the formula

a(u,v):/Qag(w,u, Vu)v(z)dx + Z /Qai(x,u, Vu)a;—;f)p(x)dx Yu €Y.

1<i<N

We consider the complementary system

(Ya }/E)v Z7 ZO) = (WOILM<Qa p)v W()IEM(Qu p)a W_IEM(Q7 p)7 W_ILM(Q) P))
Our main results are collected in the following theorem.

Theorem 4.3.1 Under the assumptions (4.1.2)-(4.1.5), (4.2.6)—(4.2.8) and p(x) be a weight function on

Q satisfy 4.2.3 there exist an entropy solution u of the problem (4.1.1).

4.3.1 Main Lemma

Lemma 4.3.1 Let u be a mesurable function such that Ty,(u) belongs to W} Ly(S2, p) for every k > 0.
Then

/ a(z, u, VO)VTi(u — ¢) da < / f Tilu — ¢)d, 4.3.1)
is equivalent to ' '

/ a(z, u, Vu)VTi(u — ¢) do = / f Tilu — ¢)d, (4.3.2)
for every ¢ € WLy (9, p),ﬂand for every k > 0. '

4.3.2 Proof of lemma 4.3.1

In fact (4.3.2) implies (4.3.1)is easily proved adding and subtracting
/ a(z,u, Vo)VTi(u — ¢) dx,
Q
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and then using assumption (4.1.3). Thus, it remains to prove that (4.3.1) implies (4.3.2). Let h and k be
positive real numbers, let A € |—1,1[and ¥ € W L(2, p) N L>(Q).

choose, ¢ = Ty (u — ATy (u — W) € Wi Ly (€, p) N L>®(N) as test function in (4.3.1), we have :

Ink < Jhi, (4.3.3)
with
L = /a(aj,u,VTh(u AL - O))VThu - Th(u — ATh(u — ©))) da,
Q
and
Jhk:/ka(u—Th(u—)\Tk(u—\I/))) dz.
Q
Put
Ahk = {ZL’ S Q, |U — Th(u — ATk(u — \I’>>| < ]{Z},
and

By = {ZL‘ €, |u — /\Tk(u — \I/)| < h}
Then, we obtain
L = / a2, 1w, VT (1 — NTy(u — )V T(u — Th (1 — My(u — ¥))) da
AgnNBhri
+ / a(z,u, VI (u — N (u — U))) VT (u — Th(u — NI (u — W))) dx
AppNBE,
+ / a(z,u, VT (v — NTp(u — V))) VT (u — Th(u — AT (u — V))) dz.
Al
Since VT (u — Ty (u — XNTg(u — ¥))) is different to zero only on Ay, we have
/ a(x,u, VI (u — X (u — W))) VT (u — Th(u — XTi(u — 0))) dx = 0. (4.3.4)
ALy
Moreover, if z € BS,, we have VT},(u — AT}, (u — ¥)) = 0 and using (4.1.4), we deduce that,
/ o, u, VT(u — My(t — 0)))VTk(u — Th(w — My(u — ©))) da
AgpNBE,
= / a(z,u,0)VTg(u — Th(u — ATg(u — V))) de = 0. (4.3.5)
AkhﬁB}(L’vk
From (4.3.4) and (4.3.5), we obtain

Iy, = /A - a(z,u, VT (u — NTp(u — 0)))VTi(u — Th(u — NT(u — W))) dx.
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Letting h — 400, |A| < 1, we have
Apn, = {z, M| T (u — ©)| < h} = Q, (4.3.6)

By, — Q) which z'mplies Akh N By — Q. 4.3.7)

Which and using Lebesgue theorem, we conclude that

lim a(x,u, VI (u — X (u — V) ) VT (u — Th(u — NTp(u — 0))) da
h=+00 ) AjnNBhy.
= )\/ a(x,u, V(u— NTp(u—¥)))VT(u — V) dz. (4.3.8)
Q
thus implies that,
lim [ = )\/ a(x,u, V(u— NTg(u—V)))VTi(u— V) dz. (4.3.9)

On the other hand, we have,

T = /Qf Th(u — Th (1 — Ny(u — WY)) da.

Then

lim / F Tl — T — \Tx(u — ©))) d )\/ FTo(u — W)da, (4.3.10)
Q Q

h—+00
1.e.,
hl—i>I—Poo Jhi = )\/Qka(u — U)dzx. (4.3.11)
Together (4.3.9), (4.3.11) and passing to the limit in (4.3.3), we obtain,
A (/Q a(z,u, V(u— NTg(u —V)))VTi(u— V) dw) <A (/Q fTi(u— \I/)dx>

for every W € W{ Ly (Q,p) N L*°(R), and for every k& > 0. Choosing A > 0 dividing by ), and then

letting A tend to zero, we obtain

/Qa(a:,u, Vu)VTi(u— V) dx < /Qka(u — U)dzx. (4.3.12)
for A < 0, dividing by A, and then letting A tend to zero, we obtain

/Qa(x, u, Vu)VTi(u— V) dx > /Qka(u — U)dzx. (4.3.13)
Combining (4.3.12) and (4.3.13), we conclude the following equality :

/Qa(x, u, Vu)VTi(u — V) dx = /Qka(u — U)dz. (4.3.14)
This completes the proof of Lemma 4.3.1.
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4.3.3 Proof of Theorem 4.3.1

Approximate problem and a priori estimate

For n € N, define f,, := T,,(f). Let u,, be solution in W L, (2) of the problem

—div(a(z, u,, Vu,)) = f, inQ
Uy, =0 on 0f),

which exists thanks to [94]. Choosing 7T} (u,,) as test function in (4.3.15), we have
/ a(x, uy, Vu,)VTi(uy,) de = / fuTx(uy)dz,
Q Q

using V73, (un) = Vtlny{ju,|<k} and thanks to assumption (4.1.4), we obtain

/Q 0,y Vot )V Tk () diz > / p(2) MM |V T ()|,

Q
then
[ oM T ) < Kl
Then

/Q,o(a:)M()\l\VTk(un)Ddx < Cik,

where (' is a constant independently of n.

Locally convergence of u,, in measure

Taking §|Tk(un)| in (4.3.15) and using (4.3.17), one has

VT (un)|

/Qp(x)M()\lf)dx < /Qp(x)M()\l\VTk(un)])dx < Chk.

Then we deduce by using (4.3.18), that

1
meas{|u,| >k} < —/ M(|un(x)|)dx
{lun|>k}

infM(g) A
M (=T (uy)
- 1nfM§ / | k(U
Vn, Vk>0.
- 1nf]\/[(§) "
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For any 3 > 0, we have

meas{|u, — upn| > B} < meas{|u,| > k} + meas{|u| > k} + meas{|Ty(u,) — Tx(un)| > B},

and so that

204k
meas{|un — um| > f} < n;fM—(g) +meas{|Ti(un) — Ti(um)| > B} (4.3.20)
By using (4.3.17) and Poincaré inequality in weighted Orlicz-Sobolev spaces, we deduce that (7} (uy,))
is bounded in W Ly/(€, p), and then there exists wy € W Ly (€, p) such that Ty (u,) — wy weakly in
Wa L (2, p) for o(TILyy, ITE7;); strongly in E7(€, p) and a.e. in Q.

Consequently, we can assume that (7 (u,)), is a Cauchy sequence in measure in €.

Let ¢ > 0, then by (4.3.20) and the fact that _n?]\(?(’i) — 0 as k — +oo there exists some k = k(g) > 0
lk by

such that

meas{|u, — u,| > A} <e, forall n,m > ho(k(g), ).

This proves that u,, is a Cauchy sequence in measure, thus, u, converges almost everywhere to some
measurable function . Finally, there exist a subsequence of {u,},, still indexed by n, and a function

u € Wi Ly (€, p) such that

up, — u weakly in Wi Las (S, p) for o(I1 Ly p, 1E7z )

(4.3.21)
u, —> u strongly in Fy;(€, p) and a.e. in 2.
An intermediate Inequality
In this step, we shall prove that for ¢ € Wi Ly (Q, p) N L>°(2), we have
/Qa(x, Up, VO)V TR (uy, — @) dx < /anTk(un — ¢)dx. (4.3.22)

We choose now T}, (u,, — ¢) as test function in (4.3.15), with ¢ in W L/ (€2, p) N L>(§2), we obtain
/ a(x, uy, Vu, ) VT (u, — ¢) de = / Ty (uy, — @)dx. (4.3.23)
Q Q

Adding and substracting the term / a(x, Uy, Vo), VTi(u, — ¢) dx i.e.,
Q

/ a(x, up, Vu,)VTi(u, — ¢) de + / a(x, up, VO)VTi(u, — ¢) dz
0 Q

— / a(x, Uy, VO)VTi(u, — @) doe = / Tk (u, — @)dx.
Q Q
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Thanks to assumption (4.1.3) and the definition of truncation function, we have
/(a(x, Up, V) — a(z, Uy, V§)) VT (u, — ¢) dz > 0.
Q

Combining (4.3.3) and (4.3.3), we obtain (4.3.22).

Passing to the limit
We shall prove that for ¢ € W, Ly (€2, p) N L>(£2), we have

/ a(x,u, Vo)VT(u — ¢) de < / fuTi(u — @)dz.
0 Q

Firstly, we claim that

/ a(z, up, VO)VTi(u, — ¢) dv — / a(x,u, Vo)VTi(u — ¢) dr as n — +o0.
Q Q

Since Ty (un) — Tas(u) weakly in WLy (€2, p), with M = k + ||¢]| o, then

Ti(un — &) — Ti(u — &) in W2 Ly (€2, p), (4.3.24)
which gives
T, T;
gx’f (Up — @) — 2; (u—¢) weakly in Ly,(€, p)  Vi=1,.., N. (4.3.25)

Show that
a(x, Th(uy), Vo) — a(x, Th(u), Vo) strongly in (LM(Q))N.

Thanks to assumption (4.1.2), we obtain

a2, Tar (), VO)| < |63(2)] + KPP (071 (@) M(cal Tas (un))) + KM M(ex [ V),

with 3 and y are positive constants. Since Ty (u,) — Thr(u) weakly in Wi Ly (€2, p) and Wy Ly (Q, p) <

Ly7(€2, p), then Ty (uy,) — Ths(u) strongly in L/ (€2, p) and a.e. in €2, hence
la(x, Th(uy), Vo)| — |a(x, Ty (u), Vo)| a.e. in Q.

and

(6s()| + KPP (p (2) M (ca| Tag (un)])) + KM M(er [Vg]) —
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0:(@)] + KiP(p @) M (cal Tu (w)) + KM My [V9)),
a.e. in ). Then, By Vitali’s theorem, we deduce that
a(z, Tar(un), V@) — a(x, Tas(u), Vo) strongly in (L77(, p))Y, asn — oc. (4.3.26)
Combining (4.3.25) and (4.3.26), we obtain
/Qa(x, U, VO)VTi(u, — ¢) de — /Qa(:v, u, Vo)VTi(u — ¢) dr asn — +oo. (4.3.27)

Secondly, we show that
/ foTr(upy, — @)dx — / fTi(u— ¢)dx. (4.3.28)
Q Q
We have [, Ty (u, — @) = fTp(u—¢)ae. inQand |fTy(u, — ¢)| < k|f
we obtain (4.3.28). Thanks to (4.3.27) and (4.3.28) allow to pass to the limit in the inequality (4.3.22), so
that Vo € W Ly (2, p) N L>®(£2), we deduce

, then by using Vitali’s theorem,

/ a(x,u, Vo)VT(u — ¢) de < / fTi(u— ¢)dz.
0 Q

In view of main Lemma, we can deduce that u is an entropy solution of the problem (5.1.1). This com-

pletes the proof of Theorem 4.3.1.
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Chapter 5

Existence of entropy solutions for nonlinear

elliptic problem having large monotonocity in

weighted Orlicz-Sobolev spaces

Abstract

We prove an existence result of entropy solution for a class of nonlinear elliptic problems of Leray-Lions
type with large monotonicity condition in the framework of weighted Orlicz-Sobolev spaces and with

right hand side f € L'(Q).

5.1 Introduction

This paper deals with existence of solutions to the following nonlinear Dirichlet problem

A(u) = f(z) = div F(u) in Q,
u=>0 on €,

(5.1.1)

where f € L1(Q), F € (C°(R))Y and A(u) = —div(p(z)a(x,u, Vu)),  is a bounded domain of R,
N > 2.

Note that no growth hypothesis is assumed on the function F', which implies that the term div F'(u)
may be meaningless, even as a distribution. a(z,u, Vu) = (a;(z,u, Vu))i<i<y, a; - Q X Rx RY - R

is a Carathéodory functions (that is measurable with respect to x in  for every (s,&) € R x RY, and
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continuous with respect to (s,£) € R x RY for almost every = € €2) such that forall ¢, ¢ in RV, (z,s) €

OxR

@i, 5,€)| < |¢u(@)] + KP~ (o7 (@) M cals])) + K (M M(ex [€])), (5.1.2)
(a(ar,s,i) —a(x,s,é")>(£—£') >0, (5.1.3)
a(l‘,S,f)g > M()\1|§|)7 (514)

where ¢, ca, A1, K; > 0. Let M, P are two N-functions such that P << M. Moreover M, P are the
complementary functions of M and P respectively, p is a weight function on §2 (that is, measurable and

positive a.e. on ) and ¢, ¢; € Ey; (2, p), (E77(€2, p) is introduced later.)
fe L), (5.1.5)

and F' = (F}, ..., Fiy) satisfies
F e (C°R))N. (5.1.6)

The notion of entropy solution, used in [47], allows us to give a meaning to a possible solution of

(5.1.1)

In fact Boccardo proved in [47], for p(x) = 1 and p such that 2 — 1/N < p < N, the existence
and regularity of an entropy solution u of problem (5.1.1) . For the case p(z) = 1, ¢ = 0 and f is a
bounded measure, Bénilan et al. proved in [48] the existence and uniqueness of entropy solutions,the same
problem is treated using the notion of entropy solution introduced in [95] where p(z) = 1,f € L'(Q2), and
F € L”(Q)N. We mention as a parallel development, the work of Lions and Murat [96] who consider
similar problems in the context of the renormalized solutions introduced by Diperna and Lions [66] for the
study of the Boltzmann equations. They can prove existence and uniqueness of renormalized solution,and

afterwards by Dal Maso, Murat, Orsina and Prignet in [61] with general measure data.

In the general framework of weighted Orlicz-Sobolev spaces , the authors in [29] deal with the equa-
tion

—div(p(z)a(z,u, Vu)) — div ®(u) + g(x,u, Vu) = f
with ® = 0 and g is a nonlinear with the following (natural) growth condition:

l9(z, 5, &) < b([s])(c(x) + M([€])p(x)),
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which satisfies the sign condition

g(x7 87 5)8 2 07

and the right-hand side f € W~1Ey/(Q, p),in the case where f € L'(), ¢ = 0 and g = 0 existence

theorem have been proved by the authors in ([75]).

Several researches deals with the existence solutions of elliptic and parabolic problems under various
assumptions and in different contexts (see [9, 8, 14, 18, 17, 19, 15, 13, 16, 12, 36, 37, 26, 27, 28, 49, 50,
51,52, 53, 62,70,75, 78,76, 109, 110, 111, 112, 113, 126, 127] for more details).

It is well known that the setting of weighted Orlicz—Sobolev spaces include many spaces as special
spaces, such as Lebesgue spaces, weighted Lebesgue spaces and Orlicz spaces; see [104]. These spaces
have many applications in various fields such as PDE, electrorheological fluids, and image restoration;
see [69, 58, 90].

The feature of this paper, is to treat a class of problems for which the classical monotone operator
methods (developed by Minty [100], Browder [55], Brézis [54] and Lions [91] in Wol’p (Q) case) do not

apply. The reason for this, is that a(z, u, Vu) does not need to satisfy the strict monotonicity condition

that is,

(a<x, 56— ale, s,w) (6—€) >0, forall &, € BY, (¢ #¢)

of a typical Leray—Lions operator but only a large monotonicity that is
(a(x, 575) - a(.fE, 875/)> (5 - 5,) > 07 for all 57 6/ € RN'

The aim of this paper is to prove the existence of solutions for (5.1.1) under the weaker assumption
large monotonicity condition, without using the almost everywhere convergence of the gradients of the
approximate equations, since this is impossible to prove in our setting. The main tools of our proof are
a version of Minty’s Lemma (here we use an idea of G. J. Minty [103]. We note that the techniques we

used in the proof are different from those used in [35, 33, 72].

The paper is organized as follows: We introduce some basic definitions and properties in the setting
of weighted Orlicz—Sobolev spaces as well as an abstract theorem and we prepare some auxiliary results

to prove our theorem, in the next section 6.2. In the final section 5.3, we state the main result and proofs.
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5.2 Preliminary

This section present some definitions and well-known about N-functions, weighted Orlicz-Sobolev spaces

(standard references see [1] and [71].

5.2.1 N-function
Let M : Rt — R™* be an N-function, i.e. M is continuous, convex, with

M(t) > 0fort >0, M()—>0ast—>0and ()—>ooast—>oo

Equivalently M admits the representation :

_ /0 (),

where m : R™ — R is non-decreasing right continuous, with m(0) = 0, m(¢t) > 0 for t > 0 and

m(t) — oo ast — oo. The N-function M conjugate to M defined by

= /Otm(T)dT

where . : RT™ — R* is given bay mi(t) = sup {s : m(s) < t}. It is well known that we can assume that
m and 77 are continuous and strictly increasing. We will extend the N-functions into even functions on all

R*.

Clearly M = M and has Young’s inequality

st < M(t) + M(s) forall s,t > 0.

The N-function M is said to satisfy the A,-condition every-where (resp. infinity) if there exist

k > 0 (resp. to > 0) such that, M (2t) < kM (t) for all t > 0 (resp. t > t).

Let P and () be two N-functions, the notation P << () means that P grows essentially less rapidly

Q()

Gk = Oas t — +oo. That is the case if and only if $=3 — 0 as

Q(et)

than (), that is to say for all € > 0,

t — 00.
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5.2.2 Orlicz-Sobolev space

Let € be a open subset of R and M be an N-function.

The Orlicz classe K/ (2) (resp. the Orlicz spaces Ly, (€2)) is the set of all (equivalence classes modulo

equality a.e. in €2 of) real-valued measurable functions u defined in €2 and satisfying

/QM(\u(x)Ddx < 00 (resp. /QM<|U(;)|)dx < oo for some A > 0).

Ly (Q) it is a Banach space under the norm:

HuHM,QIinf{/\>O:/M(|u(x)|>dx§ 1}. (5.2.1)
Q

A

We denote by B() the set of bounded measurable functions with compact support in 2 and by £,,(Q)
the closure of B(2) in Ly, (€2) (we have usual E/(2) C Kp () C Ly ().

The equality Ly, (Q2) = Ey(£2) hold if and only if M satisfies the Ao-condition, for all ¢ or for ¢ large

according to whether €2 has a infinite measure or not .

The dual of E)/(€2) can be identified with L3;(€2) by means of the pairing / u(z)v(z)dr where
Q
u € Ly(Q2) and v € Ly7(€2) and the dual norm on Ly7(€2) is equivalent to [|.[|57 o

The space Lj;(Q) is reflexive if and only if M an M satisfy the A,-condition for all ¢ or for ¢ large,

according to whether () be infinite measure or note.

We return now to the Orlicz-Sobolev spaces W' Ly, (2) (resp. W Ey(€2)) is the space of all function
w such that u and its distributional derivatives up to order 1 lie in Lj;(€2) (resp. in Ej/(€2)). It’s Banach

space under the norm :

HUHLM = Z | Dul| ar,- (5.2.2)

o<1
Thus WL (Q2) and W Ey(Q2) can be identified with subspaces of [ L, we have the weak topology
o(I1 Las 11 E5p) and o (I ] Las, [T Lyz) -
The space Wi Ey () (resp. Wi Ly (Q)) is defined by the closure of D(Q) in W!Ey(Q) (resp.
WLy (Q)) for the norm (5.2.2) (resp. for the topology o ([T Las, [ Es7))-

Definition 5.2.1 The sequence u,, converges to u in Ly(S2) for the modular convergence (denoted by

U, — u (mod) LM(Q))lf/]\4<|un/\_u|
Q

)dx—>()asn—>oof0rs0me/\>0.
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5.2.3 Weighted Orlicz—Sobolev space

Let QO C RY be a bounded domain, M be an N-function and p(x) be a weight function on 2, i.e. measur-

able positive a.e. on € such that :

p e LY Q). (5.2.3)

The weighted Orlicz classe Kj/(€2, p) (resp. the weighted Orlicz space Ly (€2, p)) is the set of all
(equivalence classes modulo equality a.e. in €2) of real-valued measurable functions u defined in €2 and

satisfying m,(u, M) = /QM(|u(x)|)p(x)dx < 00

(resp. mp<§, M) = LM(’ug\x)‘>p(x)dx < oo for some A > 0>.

Ly (€2, p) is a Banach space under the norm :
[ullar,p = inf {A > 0;m<§, M) < 1} : (5.2.4)

We denote by B(€) the set of bounded measurable functions with compact support in Q and by
En (9, p) the closure of B(Q) in Ly (€2, p) (we have usual Ey;(Q, p) C Ky (€, p) C Ly (2, p)).

The equality Ly, (2, p) = Ep (2, p) hold if and only if M satisfies the A-condition, for all ¢ or for ¢
large according to whether € has a infinite measure or note.
The dual of Fy,(€2, p) can be identified with Ly7(€2, p) by means of the pairing / u(z)v(x)p(x)dx where

Q
u € Ly(Q,p) and v € Lgz(€, p) and the dual norm on Lyz(€2, p) is equivalent to ||.||57 o (see [34]).

The space Ly;(€2, p) is reflexive if and only if M an M satisfy the A,-condition for all ¢ or for ¢ large

according to whether €2 be infinite measure or note.

We return now to the weighted Orlicz-Sobolev spaces WLy, (€2, p) (resp. WIEy(Q, p)) is the space
of all function u such that u € Lj,(Q) (resp. u € Ey(Q2)) and its distributional derivatives up to order 1

lie in Ly, (€, p) (resp. En (€2, p)). It’s Banach space under the norm
lelly arp = llllay + [1Vullar, (5.2.5)

(where [lull,, = [[ully;q)- Thus W'Ly (€2, p) and W' Ey(Q, p)) can be identified with subspaces of
[T Lap = Lo x [T Lu (2, p) we have the weak topology o (] Las,, [ 1 F37,) and o ([T Las, [1 Laz,)-
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The space W3 Ey (€, p) (resp. Wi L (€, p)) is defined by the closure of D(Q) in W' Ey (€, p)) (resp.
WLy (9, p)) for the norm (5.2.5) (resp. for the topology o (I Las, [T Esz,,))-

Definition 5.2.2 The sequence u,, converges to u in Ly;(§2, p) for the modular convergence (denoted by

Up, — u (mod) Ly (22, p)) lf/ M(W"—)p(x)dx — 0asn — oo for some \ > 0.
0

A
Definition 5.2.3 The sequence u,, converges to u in WLy (Q, p) for the modular convergence (de-

noted by w, — u (mod) W'Ly(Q, p)) if for some X > 0 M(@)dm —0asn — oo and
Q

/ M(M)p(aj)dm — 0asn — oo for |a] = 1.
Q A

Lemma 5.2.1 [22] Let M be an N-function. If u,, € Ly () converges a.e. to u and w,, bounded in
Ly(Q2), thenw € Ly (Y) and u,, — u for the topology o (L (), E57(S2)).

Lemma 5.2.2 [22] If the sequence u,, € Ly (€2, p) converges to u a.e. is bounded in Ly (€, p), then
u € Ly(Q, p) and w,, — u for the topology o (L (2, p), Eq7(§2, p)).
5.2.4 Compactness results

Let ) be a bounded open subset of RY with locally Lipschitzian boundary, p the weight function and M
an N-function. Let the following integrability assumptions :

There exists a real s > 0 such that :

(M(t))s+1 is N-function and an p—* € L'(Q), (5.2.6)
o t
————dM(t) = oo, 5.2.7
/1 M ()T Ve ) 27
s+1
) 1 P MY ()
Remark 5.2.1 In the particular case where M (t) = % (1 < p < ), the first part of (5.2.6) is satisfied

. 1
lfS>E.

Theorem 5.2.1 (See[2] Theorem 9-5) Let 2 an open bounded locally- lipschitzian boundary in RY and
M an N-function. Suppose that assumptions (5.2.6)—(5.2.8) are satisfied. So we have the following
compact injection :

WLy (2, p) = Ep(Q).
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Theorem 5.2.2 (Weighted Poincaré inequality) Let Q be a bounded open subset of R with locally Lips-
chitzian boundary, p a weight function, and M an N -function. If u € W} Ly (S2), then

[ullar < e[ Vullar,

where c is a positive constant, which implies that ||Vu|| v, and ||u||1 v are equivalent norms on Wy Ly .

Proof 5.2.1 Under the assumptions (5.2.6)-(5.2.8), the Sobolev conjugate N -function M} of M, is well
defined by

S M—l
o M,

1
0o ttw

and we have WolLMS C L. And since M < M7, we have Ly C Lyy. Hence

lullar < edllullar < eaflullia,

where ¢, and cy are two positive constants. Then, by using the Poincaré inequality in the non-weighted

Orlicz-Sobolev space, there exists a positive constant ¢ such that

lulliar, < NIVullag,-

We will show that

IVulla, < el Vulla,.

For that we have

1
[v][a, </M d:c—l—l—/M mp(m)dm—l—l
< [ S 080N )i+ [ —ptarda+2

/M d:c—l—/ps(a:)dx+1,
Q

[ollaz, < ellvllarp,

which implies that

for some positive constant c. In fact, if this is not true, then there exists a sequence v,, such that ||v,|| M,

oo and for n large, o, < 1. Hence, for n sufficiently large we get

/M vn(2)) p(z)dz < |loglly,, < 1.
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Then

lonlls, < [ Meo@)pado + [ oo +1

< ol + / (@) + 1,

which is a contradiction, since the left hand-side tends to infinity while the right hand-side is bounded.

Finally, by taking v = Vu, we conclude the result.

We will also use the following technical lemmas.

5.2.5 Some technical lemmas

Lemma 5.2.3 [87]Let f,,, f € L'(Q) suchthat f,, > Oa.e. in$), f,, — fa.e. inQet/ fo(z)dr — / f(z)dz.
Q Q
Then f,, — f stongly in L*().

Lemma 5.2.4 Let ' : R — R be uniformly Lipschitzian, with F(0) = 0. Let u € W} Ly (Q, p). Then
F(u) € W3 Ly (9, p). Moreover, if the set D of discontinuity points of F' is finite, then

9 (W) F/(u)% a.e. in{r e Qu(x) ¢ D},
O 0 a.e. in{r € Qu(x) € D}.

Proof 5.2.2 We suppose for the moment that F is also C', there exist a sequence u,, € D()) such that

U, — u (mod) WLy (Q, p)). Passing to subsequence, we can assume that

D%u, — Du Vo] < 1a.e. in (.

From the relation |F(s)| < k

s|, where k denote the Lipschitz constant for F', and

%F(un) = F'(u,) 22, we deduce that F (u,,) remains bounded in W3 Ly (S0, p). Thus going to a further

8331- ’

subsequence, we obtain
F(uy) = w € Wy La (2, p) for o(I] Lar, T Exp),

and also by a local application of the compact imbedding theorem, F (u,) — w a.e. in §). Consequently

w = F(u), and F(u) € W3 Ly (Q, p). Finally, by the usual chain rule for weak derivatives,

8 ’ @u
amiF(U) =F (U)axi

a.e. in ). (5.2.9)
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For the general case. Taking convolution with the mollifiers, we get a sequence F,, € C*(R) such
that F,, — F uniformly on each compact, F,(0) = 0 and |F,| < k. For each n, F,, € W§ Ly (S, p), and
we have (5.2.9) with F' replaced by F,,. Finally (5.2.9) follows from the generalized chain rule for weak

derivatives.

The following lemmas follow from the previous lemma.

Lemma 5.2.5 Let u,v € Wi Ly (9, p) and let w = min(u,v). Then w € WLy (S, p) and

ow g—; a.e. in {x € Qu(x) <v(x)},
Iz g—;’i a.e. in {x € Qyu(x) > v(zx)}.

Proof 5.2.3 Note that min(u,v) = u — (u — v)* and apply Lemma 5.2.4 with F(s) = s*.

We introduce the truncate operator. For a given constant k£ > 0, we define the function 7, : R — R as

sif |s| <k,

Ti(s) = .
ki it || > k.

Lemma 5.2.6 Assume that (5.2.6)—(5.2.8) holds. Let u € WLy (S, p), and let Ty(u), k € RT, be the

usual truncation then Ty, (u) € Wy Ly (Q, p). Moreover we have

Ty (u) — u strongly in Wy Ly (2, p).

Lemma 5.2.7 Let u, be a sequence of Wi Ly(Q, p) such that w,, — u weakly in W3 Ly(Q, p) for the
topology o (L (2, p), E57(2, p)). Then Ty (uy,) — Ti(u).

Proof 5.2.4 Since u,, — wand Wy Ly (Q, p) << Ey(Q), we have u,, — u strongly in Ey(Q)) and a.e.

in Q, then Ty (u,) — Ti(u) a.e. in §2. On the other hand, for some X > 0,

[y [y

and

/g)M(WTk—)W)p(x)dx = LM(W)/)(@C& < /QM<|V—;"|>,0(x)dx



imply that
1T Cun) h arp < Mnllyary -
Then (Ty(u)), is bounded in Wy Ly (2, p) hence by Lemma 5.2.2, we have Ty(u,) — Ty(u) in

Wi Lai(, p) for o (L (2, p), Exr(2, ).

Lemma 5.2.8 [f the sequence u,, € Ey (S, p) converges a.e. in Q with p € L*()), then it converges in
norm in Ep(Q, p) if and only if the norms are uniformly absolutely continuous, i.e. for each € > 0 there

exist § > 0 such that ||un,xgll,,, <€ foralln and E C Q with |[E| <.

Proof 5.2.5 by the same argument introduced in the proof of Lemma 11.2 in [89] we find E,,, =

{z € Q: |uy(x) — up(z)| > a}, where « = M1 (ﬁ) and with 6 > 0 such that

€
ltnxellar, < 5

We denote by H(E\(Q2), 1) the set of functions u € Ly (Q) whose distance to Ey(2) (with respect to
the Orlicz norm) is strictly less than v and by By,,,(2)(0,r) the ball in Ly (2) (with respect to the Orlicz

norm) of radius r and center .

Lemma 5.2.9 Let Q) be bounded subset of RN with finite measure.let M, R and () be N-functions such

that () << R, and let f be a Carathéodory function such that for a.e. v € Q and all s € R :

|f(z,s)| < blx) + kR (p ' (2)Q(k2 |8])) (5.2.10)

where 0 < b(z) € Ep(Q,p), p € LY(Q) and ky, ky € RT. Then the Nemytskii operator

satisfies :

1. Sends (H(EQ(Q), é))p into Lr(SY, p) and is continuous from (H(EQ(Q), é))p to the norm topol-
ogy of (Lg(2))P into Lr(€2, p) to the modular convergence;

P
2. It’s uniformly bounded on (BLQ(Q)(O, k_12)> ;

3. Ifb(x) € Eg,(Q, p) with Ry << R, then Ny is continuous to the norm topology of Er, (S, p).
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Proof 5.2.6 (1) Let u = (uy,uz, ..., up) € (H(EQ(Q),é)Y. Since d(u;, Eg(2)) < é (1 <i<p),

we have / Q (ks |u|)dx < 1, (see Theorem 10.1 [89]). Let A\ > 2k such that @ € Kg(£2, p). By the
Q

growth condition (5.2.10) and the convexity of R, we get

/QR ('ﬂi’s)') p()dz < %/QR <2b§x)) plz)dz + %/QRUQ lu(z)]) dz < oo.

On the other hand, suppose that

1 p
U, = U € (H(EQ(Q), —)) )
k2
and let o > 0 such that d(ks |u|, Eg(Q?)) < a < land d(ks |u|, Eg(Q)) <1 —a < 1.

We have %2 |u| € Ko(Q) and 2 |u| € Ko(Q) (see Theorem 10.1 [89]) and for X > 4k; such that
@ € Kgr(Q, p), we get

[ (U sl o,

< [ (DR QU ) R 0 @) '“'”) p(x)ds

Q
1 4b(x) e ko
f§/QR(T)CZ“T/QQ(1_a‘“"—“')df”

+%/QQ(%|U|> dx+%/g@(k2|u|)dx.

Since Q (ks [u|) < Q (£ |ul), the last inequality becomes

[ (Ut

A

S%/{)R(@)p(w)dwr/ﬁ(

which implies by using the Vitali’s theorem

ko
1_a|un—u|) to+ [ QUeluar,

f(.il?, un) - f(:z:,u) (mOd) in LR(Q>p)>

for a subsequence denoted again u,, (which holds for the whole sequence).

R (%i‘”’”)) p(2)dz < 1.

p
(2) Let now u € (BLQ(Q)(O, é)) and let \ > 2k such that/
Q
By the growth condition (5.2.10) and the convexity of R, we get

/QR(W;“)')MC@ < %/QR(%@);)@MH%/Q@(@ u@))) dr < 1.

which implies (2).
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(3) Suppose that b(z) € Eg, (2, p) with Ry << R. As in (1), since Lr($2, p) C Eg,(£2,p)), we can
show that f(z,u) € Eg, (9, p) forall u € (EQ(Q), k%))p. Suppose now that

Uy = € (EQ(Q), k%))p in (Lo(Q)),

We shall show that

f(z,u,) — f(z,u)(mod)in Eg, (2, p).

Fix e > 0, we have as above

QlRl (|f(z:n)e—f(a:,U)|> o) < }l/ﬂRl (4?:17)) p(xizx
#1 [ R (R (@@ ) ) s+ 1 [ R (R (7 000 ) ) el

€

Since Ry << R, there exists K such that Ry (*t) < R(t)+ K forallt > 0. Then, the last inequality

can be written as the form

/QRl (\f(x,un) e_ f(x,u)|> p(x)dr < }l/QRl (4bix)> p(m)dm%—i/ﬂ@(kg |u,|)dx

As in (1) by using the Vitali’s theorem, we get

/QRl (|f(:v,un)€—f(:v,u)|) p(z)dr — 0asn — oo,

for a subsequence (which holds for the whole sequence). Since € is arbitrary, we conclude (3).

Definition 5.2.4 [1] ( Segment property ) : A domain () is said to satisfy the segment property, if there

exist a finite open covering {0}*_, of Q and a corresponding nonzero vectors z; € R" such that (Q N Qi) +

tz; C Qforallt € (0,1)andi=1,... k.

Lemma 5.2.10 [84] Suppose that ) satisfies the segment property and let u € Wi Ly (S, p). Then, there

exists a sequence u,, € D(S) such that
u, — u for modular convergence in Wy Ly (€, p).
Furthermore, if u € Wi Ly (2, p) N L=(Q) then |Juy,|| ., < (N 4+ 1)||u|co-
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Lemma 5.2.11 Let 2 be a bounded open subset of RY with the segment property. If u € (W Ly ,(Q2))Y
then / div(u)dz = 0.
Q

Proof 5.2.7 Fix a vector u = (u',...,u") € (W Lar,(Q)Y . Since WLy »(Q) is the closure of
Cs° () in WLy ,(2), then each term u' can be approximated by a suitable sequence uj, € D(SY) such
that u}, converges to u' in Wy Ly ,(Q). Moreover, due to the fact that uj, € C§° (), then the Green

formula gives

ou, / :
= uynds = 0. (5.2.11)
/Q O; a0 g

dul i, dul i, . . L
On the other hand, 5= — S“ in Ly (). Thus 5= — 9 in L*(Q), which gives in view

of (5.2.11) that
/ div(u)dz = 0.
Q

5.3 Main results

Let Y be a closed subspace of W' Ly(Q2, p) for o([] Las,, [ F4z,) and let
Yo=Y NW'Ly(Q,p),

such that Y is the closure of Yy for o([] Las,, [] E57, ,)- In the next, we consider the complemen-
tary system (Y,Y(, Z, Zy) generated by Y i.e. Y, can be identified to Z and Z} can be identified
to Y by the means (.,.). Let the mapping 7" (associated to the operator A) defined from D(T) =
{u eY, ap(z,u, Vu) € Ly;(Q), a;(z,u, Vu) € Ly;(2, p)} into Z by the formula

= Ao\, U uj)v\xr)ax a;\Tr,u Uav(x) x)ax v
au0) = [ aote.u Vup@ide + 3 [ wlew VoG pande v e e

1<i<N

We consider the complementary system

(K YE)a Za ZO) = (W()lLM<Qv p)v W()lEM(Qa p)a W_lEM(Qa p)? W_lLM(Q7 p))

As in [47], we define the entropy solution of our problem.
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Definition 5.3.1 An entropy solution of the problem (5.1.1) is a measurable function u such that Ty,(u) €
Wi Ly (9, p) for every k > 0 and such that

/ a(z,u, Vu)VTi(u — ¢)p(x)dr < / [T (u — ¢)dz + / F(u)VTi(u — ¢)
Q Q Q
for every ¢ € Wi Ep(Q, p) N L®(Q).

Our main results are collected in the following theorem.

Theorem 5.3.1 Under the assumptions (5.1.2)-(5.1.6),(5.2.6)—(5.2.8) and p(z) be a weight function on §)

satisfy (5.2.3) there exist an entropy solution u of the problem (5.1.1).

5.3.1 Main Lemma

Lemma 5.3.1 Let u be a mesurable function such that Ty,(u) belongs to W} Ly(S2, p) for every k > 0.
Then

/ a(z,u, Vo)VTi(u — ¢) de < / [ Ti(u— ¢)dx +/ F(u)VTi(u— ¢) (5.3.1)
Q Q Q

is equivalent to

/Qa(:v,u, Vu)VTi(u — ¢) doe = /Qf Ti(u — ¢)dx + /Q Fu)VTi(u— ¢) (5.3.2)

for every ¢ € WLy (2, p) N L>(Q), and for every k > 0.

5.3.2 Proof of lemma 5.3.1

In fact (5.3.2) implies (5.3.1) is easily proved adding and subtracting

/ a(x,u, Vo)VTi(u — ¢) dx,
Q

and then using assumption (5.1.3). Thus, it remains to prove that (5.3.1) implies (5.3.2). Let h and k be
positive real numbers, let A € |—1,1[and ¥ € W Ly (Q, p) N L>=(£2).

choose, ¢ = Ty (u — ATk (u — W) € Wi Ly (€2, p) N L>®(R) as test function in (5.3.1), we have:

Ik < Jhi, (5.3.3)

with
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L = /a(aj,u,VTh(u AL - O))WVThu — Th(u — ATh(u — ©))) da,

and
I = /Qf Ti(u —Th(u — ANTp(u — ¥))) dx + /QF(u)VTk(u — Th(u — ATy (u — ))).
Put
Ape ={z € QO |u — Th(u — N (u— V)| <k},
and

By = {ZE €, |u — /\Tk(u — \I/)| < h}

Then, we obtain

Iy, = / a(z,u, VT, (u — N (u — V) VTe(u — Th(u — ATp(u — V))) dx
ApnNBhk
+ / a(x,u, VT (u — NTi(u — U))) VT (u — Th(u — XTp(u — U))) dx
ApnNBE,
+ / a(z,u, VI (u — NI (u — U)))VTi(u — Th(u — AT (u — 1)) dx.

AL

Since VT, (u — Tp(u — AT (u — W))) is different to zero only on Ay, we have

/ a(z,u, VT (u — AT (u — 0)))VTi(u — Th(u — AT (u — ¥))) dx = 0. (5.3.4)
Akch
Moreover, if z € B, , we have VT},(u — AT},(u — ¥)) = 0 and using (5.1.4), we deduce that,
/ a(z,u, VT (u — NTp(u — V) )VTi(u — Th(u — AT (u — V))) dx
Akhﬁng
= / a(x,u,0)VTi(u— Tp(u — NTj(u — ¥))) de = 0. (5.3.5)
Akhﬂng
From (5.3.4) and (5.3.5), we obtain
I, = / a(x,u, VI(u — N (u — V) ) VT (u — Th(u — AT (u — V))) dx.
AprNBhy
Letting h — 400, |A| < 1, we have

Ay — {a, M| Telu — 0)| < B} = Q, (5.3.6)

By, — Q) which implies Akh N B — €. (5.3.7)

90



Which and using Lebesgue theorem, we conclude that

lim a(z,u, VT (u — AT (u — V) )VTi(u — Th(u — AT (u — V))) dx
h=+20 J Ann B,
= /\/ a(x,u, V(u— NTg(u —V)))VTi(u— V) dx. (5.3.8)
Q
thus implies that,
lim Ip, = )\/ a(x,u, V(u— NTp(u—V)))VTi(u— V) dz. (5.3.9)
h—+o00 Q

On the other hand, we have,

0
Then
lim / F To(u — Th(u — MTy(u — ©))) da (5.3.10)
h—+oco Jq
+/F(u)VTk(u—Th(u—/\Tk(u— U))) dx (5.3.11)
Q
— )\(/ FTo(u — W)dar + / F(u)VTi(u — 0) dz), (5.3.12)
Q 0
i.e.,
lim Jop = /\(/ FTo(u — U)dz + / F(u)VT(u — W) da),. (5.3.13)
h—+00 Q Q

Together (5.3.9), (5.3.13) and passing to the limit in (5.3.3), we obtain,

A (/Q ala, u, V(u — ATy(u — 0)))VT(u — ) dm) <A (/Q FT(u— U)dz + /

Fu)VTi(u— ) dx)

for every W € W3 Ly(Q, p) N L*>(Q), and for every k& > 0. Choosing A > 0 dividing by ), and then

letting A tend to zero, we obtain

/Qa(x, u, Vu)VTi(u — V) dr < /Qka(u —VU)dzr + /Q F(u)VTi(u— ) dz. (5.3.14)
for A < 0, dividing by A, and then letting A tend to zero, we obtain

/Qa(x, u, Vu)VTi(u— V) dx > /Qka(u —U)dzr + /Q F(u)VTi(u— V) dx. (5.3.15)
Combining (5.3.14) and (5.3.15), we conclude the following equality :

/Qa(x,u, Vu)VTi(u— V) de = /Qka(u — U)dz + /Q Fu)VTi(u— ) dz. (5.3.16)
This completes the proof of Lemma 5.3.1.
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5.3.3 Proof of Theorem 5.3.1
Approximate problem and a priori estimate

Forn € N, define f,, := T,,(f), F,, = F(T,). Let u,, be solution in Wy L,(£2) of the problem

- diV(CL(Z‘, Unp, vun)) = fn —div Fn(un) in €

(5.3.17)
Uy, =0 on 0,
which exists thanks to [94]. Choosing T} (u,,) as test function in (5.3.17), we have
/a(w,un,Vun)VTk(un) dr = / foTy(uy,) do + / Fo(un)VTi(uy,) dz,
Q Q Q
We claim that:
/ Fo(un) VT (uy) dz = 0, (5.3.18)
Q
5 t
using V715, (un) = Vlny{ju,|<k}» define O(t) = F,(t)x{t| < k}, and O(t) = / O(r) dr,
0
We have by Lemma 6.3.9 O(u,,) € (W} L,(Q))V
/ Fo(un) VT () dr = / Fo(un)x{ ] < K}V da
Q Q
= / O(u,)Vuy, dr = / div(©(uy,)) dz =0 (5.3.19)
Q Q
(by 6.3.9) which proves the claim.
Now thanks to assumption (5.1.4), we obtain
/ a(x, uy, Vu,)VTi(u,) de > / p(x)M (N |VTy(uy,)|)dz,
Q Q
then
[ A@M OV T )i < 2o (5.3.20)
Q
Then
[ oM T Ti ) < ok (5.321)
Q

where (' is a constant independently of n.
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Locally convergence of u,, in measure

Taking A|7(uy,,)| in (5.3.17) and using (5.3.21), one has

/Q o)t ) gy / o) M|V T () ) < Crk, (5.322)

Then we deduce by using (5.3.22), that

1 n
meas{|u,| >k} < —/ M(|u <x>|)dx
{lun|>k}

infM(§) A

<—— | M(=|Tw(up)

= infi( % / ! k(u (5.3.23)
——_ VWn, VE>O0.

- 12fM(§) "

For any 8 > 0, we have

meas{|u, — un| > f} < meas{|u,| > k} + meas{|u,,| > k} + meas{|Ti(u,) — Tx(um)| > 5},

and so that

201k
fM( )

xEQ

meas{|u, — un| > 5} < + meas{|Ty(u,) — Te(um)| > B} (5.3.24)
By using (5.3.21) and Poincaré inequality in weighted Orlicz-Sobolev spaces (Theorem5.2.2), we deduce
that (Ty(u,,)) is bounded in W L/ (€2, p), and then there exists wy, € Wi Ly (€, p) such that Ty (u,,) — wy,
weakly in W L (9, p) for o(TIL s, [T E5;); strongly in E57(€2, p) and a.e. in Q.

Consequently, we can assume that (7} (u,)), is a Cauchy sequence in measure in §.

Let ¢ > 0, then by (5.3.24) and the fact that in?i}’(“b) — 0 as k — +oo there exists some k = k(¢) > 0
z€Q A

such that

meas{|u, — u,| > A} <e, forall n,m > ho(k(g), ).

This proves that u,, is a Cauchy sequence in measure, thus, u, converges almost everywhere to some
measurable function u. Finally, there exist a subsequence of {u,},, still indexed by n, and a function
u € Wi Ly (€, p) such that

u, = u weakly in Wi Ly (€, p) for o(TIL s, T E57)

(5.3.25)
u, — u  strongly in Fy; (2, p) and a.e. in (2.
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An intermediate Inequality
In this step, we shall prove that for ¢ € W3 Ly (Q, p) N L>°(2), we have

/Qa(x, Upy, VO)V Tk (U, — @) dx < /anTk(un —¢) dxr + /ﬂ F,VTi(u, — ¢) dx. (5.3.26)
We choose now T}, (u,, — ¢) as test function in (5.3.17), with ¢ in W} L(£2, p) N L>(Q2), we obtain

/ a(x, up, Vu,)VTi(u, — ¢) do = / foTr(un, — @) do + / FE.VTi(u, — ¢) dx. (5.3.27)
Q
Adding and substracting the term / a(x, Uy, Vo), VTi(u, — ¢) dx i.e.,

Q

/ a(x, up, V) VT (u, — ¢) de + / a(z, up, VO)VTi(u, — ¢) dz (5.3.28)
Q Q

/ a(x, Uy, VO)VTi(u, — @) doe = / Tk (u da:+/FnVTk(un — ¢) dx
Q

Thanks to assumption (5.1.3) and the definition of truncation function, we have
/(a(ﬂf, Un, Vi) = a(&, tn, V)V Tk (un — ¢) dx = 0. (5.3.29)
Q

Combining (5.3.28) and (5.3.29), we obtain (5.3.26).

Passing to the limit
We shall prove that for ¢ € W, Ly (€2, p) N L>(£2), we have

/ a(x,u, Vo)VTi(u — ¢) de < / fTi(u— ¢)dx + / FVTi(u— ¢) du.
Q 0 Q

Firstly, we claim that

/ a(x, uy, VO)VTi(u, — @) do — / a(x,u, Vo)VTi(u — ¢) dx as n — +0o0.
0 e
Since Ty (uy) — Tar(u) weakly in W Ly (€2, p), with M = k + ||¢]| o, then

Ti(tn, — @) — Ti(u — @) in Wy L (2, p), (5.3.30)
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which gives
oTy,
ox i

n
ém

(Un, — @) —

(u— ¢) weakly in Ly (£2, p) Vi=1,.,N. (5.3.31)

Show that

a(x, Ty (u,), Vo) — a(z, Tar(u), V) strongly in (L77(Q))".

Thanks to assumption (5.1.2), we obtain

a2, Tar (), VO)| < |6u(2)] + KPP (p~ (@) M(cal Tas (un))) + KM M(ex | V),

with 3 and 1 are positive constants. Since Ths(u,) — Tys(u) weakly in Wi Ly (2, p) and Wi Ly (2, p) <>

Ly7(€, p), then Ty (u,,) — Ths(u) strongly in Ly, (€2, p) and a.e. in €2, hence
la(x, Th(uy), Vo)| = |a(x, Th(u), V)| a.e. in Q.

and

(i@ + KPP (p7 (1) M (e Tag(wn))) + KM M(eq [Vo]) —

[6:(@)] + K:P ' (p7 (@) M(eo| Tag (w)]) + KD M(er |[Vg)),

a.e. in ). Then, By Vitali’s theorem, we deduce that
a(z, Tas(un), Vo) — a(z, Tar(u), Vo) strongly in (L57(Q2, p))~, asn — ooc. (5.3.32)

Combining (5.3.31) and (5.3.32), we obtain

/ a(x, up, VO)VTi(u, — ¢) do — / a(z,u, Vo)VTi(u — ¢) dx asn — +oo. (5.3.33)
Q Q
Secondly, we show that
/ foTr(uy, — @)dx — / fTi(u— ¢)dx. (5.3.34)
9) Q
and
/ F.VTi(u, — ¢) de — / FVT(u— ¢)dx (5.3.35)
Q Q

We have f, Ty (u, — ¢) = fTp(u — ¢) a.e. in Q and | fT)(u, — ¢)| < k|f|, and
F.VTi(u, — ¢) = FVTE(u— ¢) ae. in Q, and |FVT(u, — ¢)| < k|F| then by using Vitali’s theorem,
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we obtain (5.3.34)and (5.3.35) . Thanks to (5.3.33), (5.3.34)and (5.3.35) allow to pass to the limit in the
inequality (5.3.26), so that V¢ € Wi Ly (€2, p) N L>(Q), we deduce

/ a(z,u, Vo)V (u — ¢) de < / [T (u— ¢)dx + / FVT,(u— ¢)dz.
0 Q Q

In view of main Lemma, we can deduce that v is an entropy solution of the problem (5.1.1). This com-

pletes the proof of Theorem 5.3.1.
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Part 111

Nonlinear elliptic problem in

Musielak-Orlicz-Sobolev spaces
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Chapter 6

Existence of renomalized solution for nonlinear

elliptic boundary value problem without A,

-condition

Abstract

In this paper we will prove in Musielak-Orlicz spaces, the existence of renomalized solution for nonlinear
elliptic equations of Leray-Lions type, in the case where the Musielak-Orlicz function ¢ doesn’t satisfy

the A, condition while the right hand side f belongs to W~ E,(Q).

6.1 Introduction and Basic Assumptions

This work deals with existence of solutions for strongly nonlinear boundary value problem whose model

is:

A(u) —div ®(u) + g(x,u,Vu) = f in Q
u=0, on O0f)

(6.1.1)

where ) be a bounded domain of RN, N > 2, A(u) = —diva(x,u, Vu) be a Leray-Lions operator
defined from the space W L,(£2) into its dual WL, (Q), and € C" (R, RN ) . where a is a function
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satisfying the following conditions :
a(z,5,6) : Q x R x RY — RY is a Carathéodory function. (6.1.2)

There exist two Musielak-Orlicz functions ¢ and -y such that v << ¢, a positive function d(-) € E,;(12)

and positive constants ki, ko and k3 such that for a.e. z € Q and for all s € R, ¢ € RY

la(z,5,6) < ky (d(x) + 1, 'y (x, kals])) + o5 o, kslé]); (6.1.3)
(a(z,5,6) —a(z,s,E)) (€ -¢&) >0 (6.1.4)
a(z,s,&).£ > ap(x,|]). (6.1.5)

Furthermore, let g(x, 5,€) :  x R x RY — R be a Carathéodory function such that for a.e. z € Q

and for all s € R, ¢ € RV, satisfying the following conditions

l9(z,5,8)| < c(x) + b(|s])e(, [£]); (6.1.6)

g(x,s,§)s > 0; (6.1.7)

where b : RT — R is a continuous positive function which belongs to L' (R*) and ¢(-) € L*(2) The

right-hand side of (6.1.1) and ® : R — R¥ are assumed to satisfy

feWTEL(Q); (6.1.8)
® e’ (R,RY). (6.1.9)

Note that no growth hypothesis is assumed on the function ®, which implies that the term —div ®(u)

may be meaningless, even as a distribution.

Several researches deals with the existence solutions of elliptic and parabolic problems under various
assumptions and in different contexts (see [9, 12, 13, 26, 31, 32, 29, 75, 65, 66, 76, 14, 15, 16, 17, 18,
19, 36, 37, 27, 28, 126, 127, 108, 114] for more details), indeed we can’t recite all examples; we will just

choose some of them, So we mention that:

the problem (6.1.1) was treated by Boccardo (see [47]) in the case ¢ = 0 and for p such that 2 — 1/N <

p < N where he proved the existence and regularity of an entropy solution u thatis u € VVO1 1Q), q<
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p= 2N Ty (u) € WyP(Q), VE > 0. The same problem have been studied by Diperna and lions in

[66] where they introduced the idea of renormalized solutions.

In the framework of variable exponent Sobolev spaces in [38] have proved the existence result of so-

lutions for the problem 6.1.1 without sign condition involving nonstandard growth.

In the setting of Musielak spaces and in variational case, the existence of a weak solution for the problem

(6.1.1) was treated by M. L. Ahmed Oubeid, A. Benkirane and M. Sidi El Vally in [5] where div ® = 0.

Our purpose in this paper is to show the existence of renormalized solutions for problem (6.1.1) in
Musielak Orlicz spaces in the case where the Musielak-Orlicz function ¢ doesn’t satisfy the A, con-
dition,while the right-hand side belongs to W~'E,(2), ® € C° (R,RY). and a nonlinearity g(z, s, &)

having natural growth with respect to the gradient.

The paper is organized as follows: In section 6.2 , we give some preliminaries and background. Section
6.3 1s devoted to some technical lemmas which can be used to our result. In the final section 6.4, we state

our main result and give the prove of an existence solution .

6.2 Some Preliminaries and Background

Here we give some definitions and properties that concern Musielak-Orlicz spaces (see [104]).

Let € be an open subset of R”, a Musielak-Orlicz function ¢ is a real-valued function defined in
2 x R, such that
a): p(x,t) is an N-function i.e. convex, nondecreasing, continuous, ¢(x,0) = 0, ¢(x,t) > 0 forall t > 0

and

t t
lim sup M =0, lim inf @ =0

t—0 40 t t—00 £EQ

b): ¢(z,t) is a measurable function for all ¢ > 0 .

Now, let . (t) = ¢(x,t) and let ¢! be the non-negative reciprocal function with respect to ¢, i.e the
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function that satisfies

0, (o(z, 1) = ¢ (z,0, (1) =t

The Musielak-orlicz function ¢ is said to satisfy the A, -condition if for some £ > 0, and a non

negative function h, integrable in {2, we have

o(x,2t) < ko(z,t) + h(x) forallz € Qand t > 0. (6.2.1)

When (6.2.1) holds only for ¢ > t; > 0, then ¢ is said to satisfy the A, -condition near infinity. Let ¢ and
~ be two Musielak-orlicz functions, we say that (o dominate y and we write 7 < ¢, near infinity (resp.

globally) if there exist two positive constants ¢ and ¢, such that for almost all = € ()

v(z,t) < @(x,ct) forall t > ty, (resp.forallt > 0i.e.ty =0) We say that -y grows essentially

less rapidly than ¢ at O (resp. near infinity) and we write v << ¢ if for every positive constant ¢ we have
t t
lim (sup M) =0, (resp. lim (sup M) = O)
=0 \ e ¢(7,1) t—00 \ geq @(x,1)

”Remark 2.1”: (see [7]) If v < ¢ near infinity such that v is locally integrable on €2, then Vc > 0 there

exists a nonnegative integrable function A such that

v(z,t) < p(x,ct) + h(x),.forallt > 0 and fora. e. x € Q.

For a Musielak-Orlicz function ¢ and a measurable function u : {2 — R, we define the functional
peale) = [ ol futa)ds
Q

The set K,(Q2) = {u: Q2 — R measurable /p, o(u) < oo} is called the Musielak-Orlicz class (or
generalized Orlicz class). The Musielak-Orlicz space (the generalized Orlicz spaces) L., (€2) is the vector
space generated by K, (2), that is, L,(12) is the smallest linear space containing the set /,({2). Equiva-

lently

L,(Q) = {u : 2 — R measurable /p, (%) < 00, for some A\ > O}

102



For a Musielak-Orlicz function ¢ we put: (x,s) = sup,.o{st — ¢(z,t)}, 1 is the Musielak-Orlicz
function complementary to ¢ (or conjugate of ¢ ) in the sens of Young with respect to the variable s In

the space L, (2) we define the following two norms:

fulloo = int {2 >0/ [ ¢ (o) do <1}

which is called the Luxemburg norm and the so-called Orlicz norm by:

Il = sup / ju(z)o(x)|de

vl <1

where 1) is the Musielak Orlicz function complementary to ¢. These two norms are equivalent (see [104])

The closure in L, (§2) of the bounded measurable functions with compact support in Q) is denoted by

E, (), It is a separable space (see [104], Theorem 7.10) .

We say that sequence of functions u, € L,(£2) is modular convergent to u € L ({2) if there exists a

Up — W)
JL“SOWQ( A )_O'

For any fixed nonnegative integer m we define

constant A > 0 such that

W™L,(Q) ={u e L,(Q) : V]| <m, D € L,(Q)}
and
WTE,(Q) ={ue E,(Q) :V|a| <m, D% € E,(Q)}

where a = (ay, . . ., ay,) with nonnegative integers «;, |a| = |aq| + ... + |a,,| and D%u denote the distri-

butional derivatives. The space W™L(€2) is called the Musielak Orlicz Sobolev space.

Let
Po.0(u ZpWQ (D%u) and ||ul[7q 1nf{)\>0 p¢9<)\><1}

|a|<m
for u € W™L,(12). These functionals are a convex modular and a norm on W™ L (€2), respectively,

and the pair (W™ L, (), ||||7) is a Banach space if ¢ satisfies the following condition (see[104]):

there exist a constant ¢y > 0 such that ingf2 oz, 1) > ¢ (6.2.2)
e

The space W™ L, (€2) will always be identified to a subspace of the product [, <, L,(€2) = IIL

s

this subspace is o (IIL,, I[1E,,) closed.
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The space W{"L,,(€?) is defined as the o (IIL,, IIE,) closure of D(2) in W™ L, (£2). and the space
W E,(§2) as the (norm) closure of the Schwartz space D(€2) in W™ L, (€2).

Let W{" L, (€2) be the o (IIL,,, I1E,) closure of D(£2) in W™ L,(£2) The following spaces of distribu-

tions will also be used:
WmLy(Q) =< fe€D(Q);f= Y (-1)PDf, with f, € L,(Q)
o <m

and

WrE(Q) = e Q)i f = 3 (11D, with f, € Ey()
laj<m
We say that a sequence of functions u,, € W™L,({2) is modular convergent to u € W™ L () if there

. _ Up — U .
Jim g () =0

For ¢ and her complementary function 1), the following inequality is called the Young inequality (see[104]):

exists a constant £ > 0 such that

ts < p(z,t) +¥(x,s), Vt,s>0,z€ (6.2.3)

This inequality implies that

[ullo0 < pealu) +1 (6.2.4)

In L,(£2) we have the relation between the norm and the modular

ullp0 < ppalu)if [[ullpo > 1 6.2.5)
[ullp0 > poa(u)if [lullpo <1 (6.2.6)

For two complementary Musielak Orlicz functions ¢ and v, let u € L,(€2) and v € L(€2), then we have
the Holder inequality (see[104]):

/Q w(@)o(z)da

< Jlullpelllolly.0 (6.2.7)

We will use the following technical lemmas.
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6.3 Some Technical Lemmas

Lemma 6.3.1 [31]

Let Q) be a bounded Lipschitz domain in R™ and let ¢ and 1) be two complementary Musielak-Orlicz

functions which satisfy the following conditions:

i)There exist a constant ¢ > 0 such that inf ,cqp(x,1) > c.

ii) There exist a constant A > 0 such that for all z,y € Q with |z — y| < % we have

A
plat) t<l°g(wlyl>>, Vi > 1 6.3.1)
(y.t)
iii)
If D C Q) is a bounded measurable set, then / o(x,1)dr < 0o (6.3.2)
D

iv) There exist a constant C' > 0 such that {(z,1) < C a.e in S

Under this assumptions, D () is dense in L, () with respect to the modular topology, D({2) is dense

in Wi L,(Q) for the modular convergence and D(Q) is dense in W' L () the modular convergence.

Consequently, the action of a distribution S in WL (2) on an element u of Wy L, () is well defined.

It will be denoted by < S, u >.

Lemma 6.3.2 ([113]) Let F : R — R be uniformly Lipschitzian, with F(0) = 0. Let @ be a Musielak-
Orlicz function and let w € Wi L,(Q). Then F(u) € W L,(Q) Moreover, if the set D of discontinuity

points of F' is finite, we have

aa Flu)= F’(u)g—; 'a.e in{x € Q:u(zr) € D}
Li 0 aein{r e Q:u(x) ¢ D}

Lemma 6.3.3 [6] (Poincare’s inequality). Let ¢ a Musielak Orlicz function which satisfies the assump-
tions of lemma 6.3.1, suppose that o(x,t) decreases with respect of one of coordinate of x Then, that

exists a constant ¢ > 0 depends only of ) such that

/go(x, lu(z)|)dx < / o(x, c|Vu(x)|)de, Yue W&L¢(Q)
Q Q
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Lemma 6.3.4 [31] Suppose that ) satisfies the segment property and let uw € Wy L,(S2). Then, there

exists a sequence (u,) C D(2) such that

u, — u for modular convergence in Wy L,({2)
Furthermore, if u € W L,(Q) N L>(Q) then |Ju,| ., < (N + 1)t -
Lemma 6.3.5 Let (f,), f € L*(Q) such that
i) fn>0aein()

ii) f, — fa.ein)

iii) [o, fo(@)de — [, f(z)dx
then f,, — [ strongly in L'(Q)

Lemma 6.3.6 [32] If a sequence g,, € L, (§)) converges in measure to a measurable function g and if g,

remains bounded in L, (), then g € L,(2) and g,, — g for o (I1L,, I1E})

Lemma 6.3.7 (Jensen inequality). [115] Let ¢ : R — R a convex function and g : ) — R is function

s@(/gdu> S/soogdﬂ-
Q Q

Lemma 6.3.8 (The Nemytskii Operator)[7]. Let 2 be an open subset of R™ with finite measure and let

measurable, then

and 1) be two Musielak Orlicz functions. Let f : {2 X R? — R be a Carathodory function such that for

ae. v €Qandall s € RP :
(2, 8)] < (@) + kv o (x, ko))
where ky and ko are real positives constants and ¢(.) € E,(Q2) Then the Nemytskii Operator Ny defined

by N¢(u)(x) = f(x,u(z)) is continuous from

P (EM(Q), k%)p ~1I {u € Lu(Q) : d (u, By () < —}

into (L (2))? for the modular convergence.
Furthermore if ¢(-) € E,(Q2) and v << 1 then Ny is strongly continuous from P (EM(Q)7 k%)p o
(B, ()"

Lemma 6.3.9 Let 2 be a bounded open subset of RN with the segment property. If u € (W3 L,(Q))Y
then/ divu dx = 0.
)

Proof of lemma 6.3.9: The proof of this lemma is based on [[73], Lemma 3.2 ]
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6.4 Main Result

We consider the following boundary value problem

Au) — div®(u) + g(.,u, Vu) = f € WLEL(Q), inQ
u=0, ondf2

(P)

Let us define

75 9(Q) = {umeasurable  suchthat Tj(u) € WyL,(),Vk > 0} .

Asin [39] we define the following notion of renormalized solution, which gives a meaning to a possible

solution of (P)

Definition 6.4.1 Let ¢ be a Musielak function satisfying the conditions of Lemma 6.3.1 and lemma 6.3.3.

Suppose that assumptions (6.1.2) — (6.1.8) and (6.1.9) hold true. A function u is a renormalized solution
of the problem (P) if

(

u € T (Q), 9., u, Vu) € L), g(.,u, Vu)u € L*(Q)

/Qa(x,u, Vu)h(u)Vvd:L‘—l—/

Q

+ /Q oz, u, V) h(w)odz — /Q Fh(u)vdz

a(z,u, Vu)h' (u)Vuodz + /

q)(u)h(u)Vvdx—l-/@(u)h’(u)Vuvdx

Q

(6.4.1)

for all h € WH*°(R) such that h' has a compact support in R, and for all v € Wy L,(2) N L>=(2).

The weaker problem (6.4.1) is obtained by using the test function 4 (u)v where h € WH(R). and v €
Wi L,(2) N L>=(Q2) in (P).

Remark 6.4.1 Let us note that in (6.4.1) every term is meaningful in the distributional sense.

Theorem 6.4.1 Let p be a Musielak function satisfying the conditions of Lemma 6.3.1 and lemma 6.3.3.
Suppose that assumptions (6.1.2) — (6.1.8) and (6.1.9) hold true. there exists at least a renormalized

solution u in the sense of definition 6.4.1 of problem (P).

Let us introduce the truncate operator. For a given constant £ > (0, we define the function 7}, : R — R

as
sif |s| <k,

kit if || > k.

Tk(S) =
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6.4.1 Proof of Theorem 6.4.1

Approximate problem and a priori estimate

We use an idea contained in [114] (Theorem 1.1), based on the approximation of the original problem and

a priori estimate. Forn € N, let (f,,),, be a sequence in W~ E,,(Q) N L*(Q) such that f,, — f in L'(Q)
with [[fll; < [[fll1,¢n(s) = ¢ (Th(s)) and g,(x,s,&) = T,(g(x,s,€)). The following approximate

problem

—div (a (-, up, Vuyn)) + gn (-, tun, V) = fr +div(®,(u,))  in D'(Q)
(Pn)
Up, =0 on 0f),
has a solution u,, in W L,(2) .

Now Choosing u,, as a function test in problem (P, ), we have

/ a (z,up, V) - Vu,dr + / b, (uy,) - Vupdr + / Gn (T, Uy, V) upde = (f, uy)
Q Q Q

By posing

we obtain

6.4.2)

As each component of D, is uniformly Lipschitizian, and according to [[85], Lemma 2], it follows that

the function ®,, (u,) belongs to (Wi L, (€2))"

therefore by using Lemma 6.3.9

/Q ®,, (u,) - Vupde = /Q div (6n (un)> dz = 0

According to (6.1.7) and using Young’s inequality, we have

/ a(x,u,, Vuy,) - Vu,dz
Q

gCl—i—%/go(x,\VTk (u,)]) da.
Q
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which together with (6.1.5) gives
/ o (2, |V Tk (w)]) dz < Cs (6.4.4)
Q

Poincare inequality (see Lemma6.3.3) implies that
T (un
/ ® (x, M) dr < / o (x, VT (uy)]) de < cok (6.4.5)
Q ¢ Q

On the other hand we have
/an (2, Up, V) upde < Cs (6.4.6)
so it follows that (T} (u,)),, and (VT}, (uy,)),, are bounded in L. (€2), Thus
(Ty (uy,)),, is bounded in Wy L,(€),
there exists some vy € W L,(2) such that

Ty (u,) — v, weakly in Wy L, (Q) for o (1L, T1E)
(6.4.7)
Ty (un) — vy, strongly in Ey(€2).

Now one suppose that exists a function ¢ satisfies lim; ., @ = oo and p(t) < essinf,cq p(z,t) Let
k > 0 large enough, by using (6.4.5) we have
(k) meas {|un| > k} = o (ITk (un)|) dz
{lun|>k}
<[ eimhde < [ o)) d
{lun|>k} Q
S Cgk‘

Hence

k
meas {|uy,| >k}§i—>0ask—>oo

o(k)

For every A > 0, we have

meas {|u, — un,| > A} <meas {|u,| > k} + meas {|u,,| > k}
(6.4.8)
+ meas {| Ty, (un) — Tk (um)| > A}
then, by using (6.4.5) one suppose that (7}, (uy,)),, is a Cauchy sequence in measure in 2, Let € > 0, then
by (6.4.8) there exists some k& = k() > 0 such that
meas {|u, — up| > A} <e, foralln,m > ho(k(e), \)
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which means that (u,),, is a Cauchy sequence in measure in €2, thus converge almost every where to u.

Consequently

u,, — u weakly in Wy L, (Q) for o (IIL,, IIE,,)
o o (6.4.9)
u, — u strongly in E,(Q).

In this step we shall show the boundedness of (a (-, Ty (u) , VT (1)), in (L ()

Let Y € E ()" such that |||, o < 1, the hypothesis (6.1.4) gives We have
P ©

/Q [a (z, Ty (un), VT (un)) — a (a:,Tk () Z)] [VT;C () — k:% dz > 0

b

This implies that
(x, Tk (un) , VT (u,)) ddx

a(z, Ty (uy) , VT (uy)) VT (uy,) dz

(s d) (-2

§02k—/a m,Tk(un),ﬁ VT (uy,) dx
Q ks

1 9
— Ty (u,), — | vd
+ s Qa (m, k() k‘g) T

By using Young’s inequality in the last two terms of the last side and (6.4.5) we get

Q\PTIH

/ a(z, Ty (un) , VI (uy)) Vdx < cokks
0

‘a (w, Ty (uy), k%) ’

+3ky (1 + K / x, dx
1 ( 3) le 3%

+3k1k3/ o (x,|VTy (un)]) dz + 3k, / o(x, |0|)dx
0 0

S Cgkkg + 3k1k362k + Bkl

dx

a (x, Ty (uy) k%) ’
+3/€1 (1 + kg) / w x,
Q 3k
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Now, by using (6.1.3) and the convexity of ) we get

‘a <x,Tk (uy), k%) ’
3kq

W

(G

<

Thanks to ”Remark 2.1” there exists & € L'(€) such that

v (2, ko [Ty (un)]) < v (w0, kok) < @(,1) + h(x);

then by integrating over {2 we deduce that

/Qw z) a<x’Tl;§:”)”%>‘ dr < % </Qq/1(:c,c(x))dx—|—/ﬂh(:c)dx

+/Q<p(x,1)dx+/ﬂg0(x,|19|)dw) < ¢,

where ¢y is a constant depending on k. So,
/ a(x, Ty (un) , VI (uy)) Vde < ¢, VU € (Ecp(Q))N with [|[J][,0 =1
Q

and thus [|a (z, Tj, (un) , VT (un))ll o < cx, which implies that,

(a (2, Tk (un), VTk (u,))),, is bounded in Ly ().

Let us show that :

lim lim a(z,up, V) - Vu,de =0

Defining
Om(r) = Ty (r) — Trn(r) For any m > 1,

in view of [[85], Lemma2] one get 0,, (u,,) € Wy L,(9).

Now let us taking 6,, (u,) as a test function in (P,) we have

/ a(z, Up, Vp) VO, (u,) dx + / D, (up,) Vb, (uy,) dz
Q Q
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[ 0 0, V) O ()l = [ 10 )

Consider,

X{SER m<|s|<m+1}( )

/¢ )

hence ¢ (u,,) € (W(}L@(Q))N (by Lemma6.3.2). We obtain, by Lemma 6.3.9,

/ CDn (un) vgm (un) dx = / CDn (un) X{seR,m<|s|<m+1} (un) VundI
Q Q

= /Qqﬁ (un) Vupdr = /Qdiv (gg (un)) drx =0

Using the sign condition (6.1.7) we have g, (x, u,, Vu,) 0, (u,) > 0 ae. in Q, and knowing that

Vb (Un) = VUnX m<|un|<m+1} a.€. in §2, we get
/ a (z, up, V) Vupydr < (f, 0, (u,)) .
{m<|un|<m+1}

It is not difficult to see that

VO (un)l 0 < [Vunll,q -

then in view of (6.4.4) and (6.4.9) it follows that

Om () = O (u)  weakly in Wy L, () for o (ILL,(Q), ILE,(Q2))
Therefore, we get
lim a(z, Up, V) - Vupde < (f, 0,,(u))
"0 Jm<uy| <m1}

as 0,,(u) — 0 weakly in Wy L,(£2, ) for o (IIL,(2), [1E,(2)) one obtain

lim lim a(z,up, Vuy,) - Vuyde < lim (f, 0,,(u)) =0
By (6.1.5), we get
lim lim a(x,uy, Vuy,) - Vuyde =0 (6.4.11)
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(k)

2a

b(k)

2
In this subsubsection we pose ¢(s) = se* * where \ = < > . it is easy to get,

1
for all s € R, ' (s) — —=|o(s)| > 3 (6.4.12)
o
For m > k, definning
1 if |s] <m
Um(s) =4 m+1—|s| ifm<|s|<m+1
0 if [s| >m+1

Let {v;}; C D(Q) be a sequence such that v; — u in Wy L,(2) for the modular convergence and a e.

in €. And let us define the functions
0% =Ty, (un) — Tk (v)) 67 = Ty (u) — Ty (v;) and zfim =¢ (Gﬁl) Um (uy) .

Using 2/ € Wy L, () as a test function in (P,) we get

/ a(z, Uy, Vuy,) - sz;,mdx + / D, (un) - Vupy, (un) ¢ (Th (un) — T (v;)) dz (6.4.13)
Q

{m<un|<m+1}
+/ D, (up,) - Vo (Tk (un) — T (v5)) U () dx + / Gn (T, Up, Vuy,) thmdx = / fzflmdx
Q Q Q

From now on, we denote by €;(n, j),i =0, 1,2, ..., various sequences of real numbers which tend to
zero as n and j — oo, i.e.,

li li i =0
B ) =

by using (6.4.7) one has 2}, — ¢ (67) ¥, (u) weakly in L>(€2) for o* (L, L") as n. — oo which

give

n—o0

lim [ fz) ,dv= / fo (67) thm(u)da
Q Q

and ¢ (07) — 0 weakly in L>°(Q) for o (L>, L') as j — oo, we have

lim fd)(ej)?ﬂm() =0

]—)OO

[
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the divergence lemma implies that
/ @ (1) - Vit () 6 (T () — Ty (1)) d = 0.
{m<|un|<m+1}
The third term in the left-hand side of (6.4.13) can be written as follows
[ (w2) - V6 (T () = Ti () i (1)
Q
= / D, (uy) - VT, (un) ¢ (62) thm () dz — / D, (up) - VT, (v;) ¢ (67) Y (wn) da

Q

Q
Applying the divergence lemma we have,

[ @) VT 1) (8]) b () d = .
By (6.4.7) one obtain
By, () & (07) s (1) — B(w) (07) () ae. inQ as n— +oo
now, we can verify that

@ (un) ¢ (65) Yo (un) ||, < ¥ (2, e (2K)) ] + 1

with ¢, = maxjy<mi1 P(t).

Thanks to [[89], Theorem 14.6], we have

lim [ ®, () - VT4 (0,) & (69) th (un) d = / () - VT (v) & (67) tn(u)de

n—-4o00 Q Q

Using the modular convergence of the sequence {v; }j , 1t follows that

lim lim [ @, () - VT4 () & (03) b (1) d = / () - VT ()b ()

JoFoon—+oo [o Q

Then, thanks to Lemma 6.3.9 we obtain

/QCID(u) - VTi(w)hm(u)dx =0

Therefore,we denote

[ (00)+ 96 (T ) = Ti (0) s (1) d = s 5)

Q

since gy, (, up, Vu,) 22 > 0 on the set {|u,| > k} and ,,, (u,) = 1 on the set {|u,| < k}, by according
to 6.4.13 we get

/ a (z,Un, Vu,) - V2, dr + / Gn (T, un, Vuy,) ¢ (HZL) dr < €3(n, j) (6.4.14)
Q

{lun|<k|
For the first term of the left-hand side of (6.4.14) we can write

/ a (T, Un, Vu,) - V2, | do = / a(z,up, V) - (VTi (un) — VT (v;)) ¢ (67) ¥ (wn) da
Q Q
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+ /Q a (@, tn, V) - Vun¢ (67) ¢, (u,) dz
= /Qa (2, Tk (un) , VT (un)) - (VT (un) — VT (v5)) ¢ (Qfl) dx

—/ a (@, up, Vuy,) - VT (v;) ¢’ (9%) U (uy) do + / a (z,up, Vuy,) - Vu,d (97]1) P! (uy,) dx
[|un|>FK|

Q

therefore

/ a(z,up, Vuy,) - V2l de
— /Q (a (z, T (un) , VTi (un)) = a (2, T (un) , Vi (05) X5)) (VTk (un) = Vi (0;) x5) &' (65) da
* /Q a (2, Ti (un) , Vi (v5) X5) - (Vi (ua) = VT (v5) X5) & (67) do

— /Q\m a(z, Ty (un), VT (un)) - VT (v;) ¢ (6)) da

— / a(z,up, V) - VI (v5) ¢ (62) ¥ () dx + / a(z,up, V) - Vu,d (02) ¢, (u,) do
(et |> K] Q
(6.4.15)

let us define x5, s > 0, and the characteristic function of the subset Q3 = {z € Q : [VT} (v;)| < s}.

By fixing m and s, we will pass to the limit in » and in j in the second, third, fourth and fifth term on

the right hand side of (6.4.15) .

For the second term, we have

/Qa (:v, Ty (un) , VI}, (v5) st) . (VTk (un) — VT (v)) X;) ¢ (9%) dx

— /(a (2, Ti(u), VTi (v;) x5) - (VTi(w) — VT (v;) x5) ¢ (7))dz asn — +oo
0
thinks to 6.3.8, one has

a(z, Ty (un) , Vi (vj) 23) ¢ (07) = a (2, Ti(u), VIk (v;) x5) ¢/ (67) strongly in (E,()Y asn —

o

115



and by (6.4.4)
VT (un) = VTi(u) weakly in (L,(Q))"

Let us define x* the characteristic function of the subset
O ={reQ:|VIi(u)| < s}
As VT, (v;) x5 — VT, (u)x® strongly in (E,()" as j — oo, we get
/Qa (2, Ti(w), VT, (v;) X3) - (VTe(u) — VT, (v;) x5) ¢ (¢7) dz — 0 asj — oo
thus,

/Q a(z, Ty (un) , VT (v;) X3) - (VT (un) — VT (v7) x5) ¢ (62) )dx = e3(n, j) (6.4.16)

For third term estimation of (6.4.15) . It’s it is clear that by (6.1.5) one can verify that a(x,s,0) = 0

for almost every x € (2 and for all s € R.

Thus, from (6.4.10) we have that

(a (2, Ty (un), VTx (u,))), is bounded in (L,(Q))" forall k > 0.

Therefore, there exist a subsequence still indexed by 7 and a function Iy, in (L,(€))" such that
a(z, Ty (un) , VT (1)) — I weakly in (L,(Q)Y for o (I1Ly, TIE,) .
Then, by using the fact that VT};, (v;) xo\as € (E,(0)", we get

/ a(z, Ty (up) , VT (un)) - VT (v;) ¢ (62) do — i - VT, (v;) ¢ (¢#7) dz asn — oo.
Qs o0

The modular convergence of {v,} give

—/ li - VT, (v;) ¢ (¢7) dw — — li - VT (u)dr asj— oo
Q\Qy Q|

Consequently

— / a(z, Ty (up) , VT (un)) - VT (v;) ¢ (67) do = — / Iy - VT (u)dx + e4(n, j) (6.4.17)
Q\Q;=* Q\Qs

For the fourth term, we remark that 1, (u,,) = 0 on the subset {|u,| > m + 1}, then we obtain
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— / a(x, up, Vuy,) - VT (v;) ¢’ (Gfl) Um (Uy) dx
{lun|>k}

== / a(z, L1 (un) , Vg (un)) - VI (v)) ¢’ (97]1) Y (un) do
{lun|>k}
By using the same procedure as above we have

B /{| ) (@, i1 (n) s Vg1 (n)) - VT (v) ¢ (67) m (un) dv

_ / Lnss - VT(w)tom(w)d + e5(n, )
[}

By observing that V7, (u) = 0 on the subset {|u| > k}, we can write

—/ a(z, Uy, V) - VI (v;) ¢ (02) ¥ (un) dz = €5(n, j) (6.4.18)
{lun|>k}

For the last term of (6.4.15) we obtain

/ a(z, U, V) - Vu,d (602) ¢, (uy) do
Q

= ‘/ a (z, Uy, V) - Vo (9%) ! (uy,) dx
{m<|ug|<m+1}
< qb(Qk)/ a(z, up, Vu,) - Vu,dzx
{m<|ug|<m+1}

By taking T3 (u,, — Ty, (un)) € Wi Ly() as test in (P,) one has

/ a(x,up, Vuy,) - Vu,dr + / b, (uy,) - Vuydx
{m<|ug|<m+1}

{m<]un|<m+1}
+/ gn (@, tn, V) Ty (un — T (un)) d = (f, Ty (un — T (un)))-
{luz|zm}
by according to Lemma 6.3.9, we get
/ ®,, (uy,) - Vuy,dr =0
{m<ug|<m+1}
Since gy, (z, upn, Vuy,) Ty (4, — Ty, (uy)) > 0 on the subset {|u,| > m}, we have

/ a(z, uy, Vuy) - Vuyde < (f, 11 (u, — T (uy)))
{m<|ug|<m+1}
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By observing f as f = — div F, where F' € (ESD(Q))N , and applying Young’s inequality, we get

2
/ a(z, Up, Vuy) - Vupdr < « / P <x, —|F|) dx
{m<Jux|<m+1} {m<un|<m+1} a

which implies that

/ a(z,up, V) - Vu,d (61) ¢, (u,) do
Q

<ao(zh) |

{m<|ug|<m+1}

2

W <:c, —|F\) dr  (6.4.19)
Q@

thinks to (6.4.15), (6.4.17), (6.4.18) and 6.4.19 we get

/a@mmv%yvﬁmmz (6.4.20)
Q
/Q (a (x, Tk (uy) , VT (uy)) — a (a:, Ty (un) , VI}, (vj) xj)) (VTk (un) — VT} (v)) xj) @ (921) dx
—ap(2k) / Y <x, z|F\) dx — / ly. - VT (u)dx + eg(n, ) (6.4.21)
{m<|ug|<m+1} & Q\Qs

Now, we turn to the second term on the left-hand side of (6.4.15) and by using the hypothesis (6.1.6) one

has

’/ Gn (T, Up, V) ¢ (Qﬁl) dr| = ‘/ Gn (2, Ty (up) , VT (uy,)) ¢ («9%) dx
{lun|<k} {lua|<k}

<80) [ (@ VT, () [6 ()| do +0) [ o) (63)] do

L U

o /Qan (2, T (un) , VT (un)) - Vi (un) |6 (62) | dz + e7(n, )

Therefore,

<

lur| <k}

M0 [ (0 i) VT () = (0T 1) 9T 05) ) (VT () = 9 ()5 |6 (0

(0%

+@ /Q a (l‘, Ty, (un) , VI}, (v5) X;) ' (VTk (un) = VT (v;) Xj) ‘Qﬁ (0%) ‘ dr

(07

0 [ T ) T ) VT )6 () o enns) (6422

Using the same procedure as above we get

118



" /Q a (2, Ty (un) , Vi (v)) X5) - (Vi (un) = VTk (v5) X5) |6 (6) | dz = es(n, j)

(%

and
@

o /Qan (2, Ty (un) , Vi (un)) - VT (v5) X ‘gb (0;) ‘ dr = €9(n, 7).

thus, we obtain

< ) / (a (2, T (wn) , VT () = a (2, Ti (), VT (1) X5))

{lun|<k} Q

% (VT (un) = VTi (0,) %) |6 (603) | de + ero(n. )
(6.4.23)

By combining (6.4.14),(6.4.20) and (6.4.23) we have

/Q (a (x, Ty (un) , VT (uy)) — a (L Ty (un) , VI} (v)) Xj)) (VTk (un) — VT} (v)) X;)

(e -2l a

< [ VT + sk (a: 2|F|> 4z + en(n, )
0\0s a

thinks to (6.4.12), we get

/Q (a(z, Tk (un) , VTk (un)) — a (2, Tk (un) , Vi (05) X5)) (VTk (un) — VTk (v5) X5) p(2)da

m

2
w(%-ﬁﬂ)dx+qﬂmj) (6.4.24)
<Jun|<m+1}

«

On the other hand, we have

/Q (a(x, Ty (un) , VTi (un)) — a (z, T (up) , VTE(u)x?)) (VT (uy) — VTi(uw)x?®) de
= /Q (a (2, Ty (un) , VT (un)) — a (2, Ty (un) , VT3 (v5) X5)) (VT (un) = VT (v5) X5) do
+/ a (SL’, Tk (Un) s VTk (un)) . (VTk (’Uj) X; — VTk(U)XS) dx
Q

_ /Q 0 (2, Ty (1) , VTR (W)X) - (VTx (1) — VT(0)x) da
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b [ 0o T ) 9T (0)) - (VT () — 9 1))

We will passe to the limit in n and then in j in the last three terms of the right-hand side of the above

equality.

using the same procedure as is done in (6.4.15) and (6.4.22), we get

/Qa (2, Ty (un) , Vi (un)) - (VTk (v5) X5 — VTk(u)X®) do = e12(n, j)
/Qa (¢, Tk (up) , VT (u)x?) - (VT (uy) — VT (u)X®) dz = €13(n, j) (6.4.25)

/Qa (2, T (un) , VTk (05) X5) - (VTk (un) = VTi (v;) X5) dz = €14(n, j)

Therefore,

/Q (a(x, Ty (un) , Vi (uy)) — a (z, Ty (), VTe(u)Xx?)) (VT (uy) — VTi(u)x?®) da

= / (a(z, Tk (un) , Vi (un)) — a (2, Tk (un) , VI3 () X3)) (VTk (un) — VT (v;) X5) da + e15(n, )
0
(6.4.26)
Let » < s. Thinks to (6.1.4) , (6.4.24) and (6.4.26) we have

0= /Q (a (z, Tx (un) , VT (n)) = a (@, T (un) , VTi(w))) (VT (un) = VTi(w) do
< /ﬂ S (a(x, Ty (un) , Vi (un)) — a (2, Tp (un) , V() (VT; (un) — VTi(w)) da
= [0 T (00, T 00) ~ 0 (T ). VTG0V (97 1) — VL)1)
< /Q (a(x, Tk (un) , VT (un)) — a (z, Ty (un) , VIk(1)x*)) (VTk (un) — VTi(u)x®) dz

= / (a(z, Tk (un) , Vi (un)) = a (2, Tk (un) , Vi (07) X5)) (VTk (un) — VTi (v7) X5) d2 + e15(n, )
Q
by passing to the limit in n and then in j one has,

0 < lim sup / (@ (2, Ty (1) , VT () — (20, Ty (1)  VTi(w))) (VT (1) — VT(w))

n—o0

2
< 2/ e - VT(w)dz + 2a¢(2k)/ ” (x —\F|) da.
Q\Qs {m<|u|<m+1} a

Let s — 400 and m — +00, using the fact that [, - VTj,(u) € L' (), |F| € (EW(Q))N ,|Q\Q°| — 0 and

{m < |u] < m + 1} — 0, we obtain

/T (a(z, Ty (un) , VTg (un)) — a(x, Tk (un) , VIr(w))) - (VIy (uy) — VI (u))de — 0 asn — oo
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Thinks to [83] there exists a subsequence of {u,, } still indexed by n such that
Vu, - Vu ae.in () (6.4.27)

Thus, by taking account that (6.4.7),(6.4.9) and (6.4.10) we can apply [[89], Theorem 14.6] to obtain
a(z,u, Vu) € (Ly(2))" and

a (2, un, V) — az, u, Vu) weakly in (L,(2))" for o (ITL,(Q), TTE,(Q)). (6.4.28)

Now,we shall prove that

forevery k >0, Ty (u,) = Ti(u) in Wy L,(Q) for the modular convegence

From inequality (6.4.24), we obtain

/ﬂa (, Tk (up) , VT (un)) - VT (uy,) de < /Qa (2, Tk (un) , VT, (un)) - VT, (v5) Xjdx
-I—/ a (2, Ty (un) , VT (v5) 25) - (VT (u) — VT (v;) X5) da
Q
+20p(2k) /

2
W (x, —|F|) dx
{m<|ug|<m+1} «

—|—2/ a(z, Ti(u), VIi(u)) - VI (u)dz + €11(n, j).
Q|Qs
thinks to (6.4.25), we obtain

/ 0 (2, Ty (1), VT (un)) - VT (1) d <

Q

[ @@ T 0n) VT (0) - VT (05) e+ 200028) [ o (2. 211 as
Q {m<|un|<m+1} a

+2 /Q|QS a(z,Ty(u), VIi(u)) - VI (u)dz + e17(n, j).
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the passage to the limitto the limit in n on both sides of this inequality and using (6.4.28) implies that

lim sup/ a(x, Ty (un) , VT (un)) - VI (uy,) dx <
0

n—o0

[ 40T, V) - VT (o) i+ 200028) [ o (22101} s
Q {m<|u|<m+1} o

+2/ a(z,Ty(u), VIi(u)) - VI (u)dz.
0\Qs
and by passing to the limit in 7 we obtain

imsup [ o (2. i (1) Vi (1)) - Vi () d
Q

n—oo

< / o (2, Te(w), VTk(w) - VTh(u)x dz + 206(2k) / ¥ <x E\F\) iz
Q {m<|u|<m+1} o

+2 /Q 4T, VI) - VT

Let s and m — oo, we get

lim sup/Qa (x, Ty (un) , VTy (uy)) - VT (uy,) de < / a(z, Tp(u), VIg(u)) - VI (u)dx

n—o00 Q

Now, thinks to (6.1.5),(6.4.4),(6.4.27) and applying Fatou’s lemma, we get

/Q o (2, To(w), V() - VTi(u)dz < lim inf /Q 0 (2, Te (), VT (1)) - VT () da

n—oo

thus,
1i_>m a(z, Ty (up) , VT (uy)) - VI (uy,) de = / a(x, Tp(u), VTg(u)) - VT (u)dx
n x Q Q

In view of Lemma 6.3.5, we deduce that for every £ > 0

a(z, Ty (un),VTy (un)) - VT (up) = a(z, Tp(u), VTi(u)) - VTi(u)  strongly in L'(Q)  (6.4.29)

by vertu of hypothesis (6.1.5) and using the convexity of ¢ we get

o (i, L) DI < L (2, Ty (), VT (tn) - VT () + sk (2, T(w), VTi(w) - VTi(w)

2 —_

By applying Vitali’s theorem we obtain

lim Sup/ o (l‘, VT (un) — VTk(U)|> de — 0
E

lel=0 n 2

Consequently, for every £ > 0
T (un) = Ti(u)  in Wy L, ().

for the modular convegence.
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We shall show that
Gn (7, U, Vu,) = g(z,u, Vu) in  L'(Q) (6.4.30)

From (6.4.9) and (6.4.27) we have
Gn (2, Uup, Vuy,) = g(z,u, Vu) ae. in§) (6.4.31)

Let E be a measurable subset of {2 and let m > 0. by taking account of (6.1.5) and (6.1.6) we obtain

/ g0 (2, 10, V)| d — / g0 (2, 0, V)| dr + / 190 (2, V)| da
E EN[lug|<m} En{|un|>m}

< b(m) [E o(x)dz + b(m) /E 0 (2, Ty (1), VT (1)) - VT (1) dm+% /Q oo (2210, Vi) und

By (6.1.7) and (6.4.6) it follows that

1
lim — [ g, (x,u,, Vu,) u,de =0

By using (6.4.29) the sequence

{a(z, T, (un), VT (un)) - VT, (uy,)},, is equi-integrable |

Consequently

lim sup/ a(x, T (un), VT (uy)) - VI, (uy) de =0
E

|[E|=0 n

This proves that g, (=, u,, Vu,) is equi-integrable.

Therefore, Vitali’s theorem allows us to get

g(x,u, Vu) € L*(Q),

and

Gn (7, Uy, Vu,) — g(z,u, Vu)  strongly in L'(€). (6.4.32)
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In this subsubsection we prove that

lim a(x,u, Vu) - Vudz = 0 (6.4.33)

M0 Jm< |u|<m+1}

for any m > 0 we have

/ a(z, Uy, Vuy,) - Vupdr = / a(z, Up, V) - (Vi (u,) — VT, (uy,)) do
{m<|un|<m+1} Q

- /Q 0 (2, Tosr (1n) s Ven (10) - Vs (1) d — /Q 0 (2, Ty (), VT (1)) - VT () i

Thinks to (6.4.29) and passing to the limit as n — +oo for fixed m > 0

lim a(x,uy, Vuy,) - Vu,dx
N0 Jim< un | <m+1}

:/a(x,Tm+1(u),VTm+1(u))-VTm+1(u)dx—/a(a:,Tm(u),VTm(u)) VT, (u)dx
Q Q

= [ w0, 90 (Vs 0) = V) o

= / a(z,u, Vu) - Vudz.
{m<Jul<m+1}

according to (6.4.11), we can pass to the limit as m — +o00 in order to have (6.4.33).

Finally, in this step thanks to (6.4.29) and Lemma 6.3.5, one has

a(z,tn, Vu,) - Vu, — a(z,u, Vu) - Vu  strongly in L'(£2) (6.4.34)

Let h € CL(R) and ¢ € D(Q). we choose h (u,,) o as a test function in (P,) we obtain

/ a(x,up, Vu,) - Vu,h' (u,) odx + / p(z)a(x,u,, Vuy,) - Voh (uy,) dx
Q Q
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+ /Q D, (up) - V (h(uy,) 0) de + /an (@, U, Vuy,) h (u,) odx = (f, h (u,) 0) (6.4.35)

Now, we can pass to the limit as n — oo in each term of equality (6.4.35). since h and A’ have a
compact support on R, there exists a real number v > 0, such that supp h C [—v, v] and supp A’ C [—v, v].

For n > v, we can have

Moreover,

the functions ®% and ®h' belong to (C°(R) N LOO(R))N .

Now we can see that the sequence { (u,,) ¢}, is bounded in W L,(€2).
Indeed, let ¢ > 0 be a positive constant such that || (u,) V|, < ¢ and |1’ (u,) o], < c.
Thinks to (6.3.2) we obtain

[0 (0 gy o [ (1) T )Tl

2¢

/ng(af,l)dx—i—%/go(x,WTM (1)) da

Q

<

IA D=

Cc

Which jointly with (6.4.9) it follows that

h (uy,) 0 — h(u)o weakly in W, L,(Q) for for o (ILL,, [1E). (6.4.36)
Which give
(fyh(un) @) = (f, R(u)g).
Let E be a measurable subset of ). we pose ¢, = maxj<, ®(t). And denoting by ||v|,q the Orlicz

norm of a function v € L, (2). We thinking to the strengthened H dlder inequality with both Orlicz and

Luxemburg norms, we have

1 (T, (un)) XElly0 = sup

vllp.0<1

/E (T, (uy)) v

<c sup |xellyg lvlles
vl st

_ 1
<o ()
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Consequently,

y (T, (u, ~0
B P 1 (T (em)) xE .0

Then, in view of (6.4.9) and by applying [[89], Lemma 11.2], we get
B (T, (un) = @ (T,(u))  strongly in (E,(€2)"
which together with (6.4.36) allow us to pass to the limit in the third term of (6.4.35) to obtain
[ @@t e~ [ @@ w)- Vb

Observing that
la (2, un, Vu,) - Vu,h' (u,) o] < ca (2, Up, Vug) - Vuy,

Therefore, thinks to (6.4.34) and applying Vitali’s theorem, we get
/ a(x, un, Vuy,) - Vu,h' (u,) ode — / a(z,u, Vu) - Vuh'(u)odx
Q Q

Concerning the second term of (6.4.35) using the same procedure as above we obtain

h(u,) Vo — h(u)Veo  strongly in (E,(Q))"
which jointly with (6.4.28) implies that
/ a(z, u,, Vuy,) - Voh (u,) dv — / a(x,u, Vu) - Voh(u)dzx
Q Q

Remark that h (u,) 0 — h(u)o weakly in L*>°(2) for o* (L>, L') with (6.4.30) we can pass to the

limit in the Fourth term of (6.4.35) in order to have

[ 90 s V) ) oo = [ gla0, Vuh(uwods
Q Q
Finally, we can pass to the limit in each term of (6.4.35) so as to obtain

/Qa(ac, u, Vu) - [Voh(u) + b (u)oVu] dex + /@(u)h'(u)g - Vudz

+ [ @t Vede + [ gla.u, Vuh(weds = (5. hu)e)
Q Q
for all h € C!(R) and for all ¢ € D(). Thus, as well (6.1.7),(6.4.6) and (6.4.31) we apply Fatou’s

lemma to get g(z, u, Vu)u € L*(Q).

Consequently, thinks to (6.4.9),(6.4.28),(6.4.32),(6.4.33), the function u is a renormalized solution of
problem (P).
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