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Abstract

The extensive development of numerical methods and the growing role of computer simulations
have greatly increased interest in special functions, the reason why we are interested in consid-
ering new classes of such functions. Firstly, we provide a theoretical study of a new family of
orthogonal functions on the punctured complex plane, extending the poly-analytic Ito-Hermite
polynomials to the poly-meromorphic setting and solving the eigenvalue problems for some per-
turbed magnetic Laplacian modeling an Aharonov-Bohm effect. Additionally, we define a novel
family of Hermite functions of real order p by means of a fractional Rodrigues formula involving
the Caputo derivative. We discuss also and establish some of their properties as well as their repre-
sentation in terms of the Kummer’s function. Finally, we consider the so-called fractional Zernike
functions defined on the punctured unit disc and generalizing the classical Zernike polynomials.
Mainly, we show that they are orthogonal L?-eigenfunctions for certain perturbed magnetic Lapla-
cian. We establish their algebraic and analytic properties such as the description of their zeros, the
differential equations, the recurrence and operational formulas they satisfy. Moreover, we discuss
their regularity as poly-meromorphic functions and obtain some of their integral representations
and generating functions, including a bilinear one of Hardy-Hille type. Furthermore, we prove
that a truncated subclass defines a complete orthogonal system in the underlying Hilbert space
giving rise to a specific Hilbertian orthogonal decomposition of a class of generalized Bergman

spaces.

Keywords:

Poly-meromorphic It6—-Hermite functions; Generating functions; Perturbed magnetic Laplacian
with Aharonov-Bohm effect; Fractional calculus; Fractional Zernike functions; g-modified poly-

Bergman spaces.
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Résumé

Le développement important des méthodes numériques et le role croissant des simulations infor-
matiques ont considérablement accru l'intérét pour les fonctions spéciales, raison pour laquelle
nous nous intéressons a des nouvelles classes de fonctions spéciales. Dans ce travail, nous pro-
posons premierement une étude théorique d"une nouvelle famille de fonctions orthogonales sur le
plan C* étendant les polyndmes poly-analytiques Ito—Hermite au cadre poly-méromorphe. Nous
résolvons les problémes aux valeurs propres du Laplacien magnétique perturbé par un vecteur
potentiel singulier et modélisant I’effet d’Aharonov-Bohm. De plus, nous définissons une nou-
velle famille de fonctions de type Hermite d’ordre réel B par une formule de Rodrigues frac-
tionnaire et faisant appel a la dérivée de Caputo. Nous donnons également certaines de leurs
propriétés ainsi que leur représentation en terme de la fonction hypergéométrique confluente.
Nous considérons ensuite une famille de fonctions de Zernike fractionnaires sur le disque unité
étoilé, généralisant les polyndmes de Zernike classiques. Principalement, nous montrons qu’il
s’agit de fonctions propres de carré intégrable, orthogonales pour certain Laplacien magnétique
perturbé, et nous établissons leurs propriétés algébriques et analytiques comme la description de
leurs zéros, les équations différentielles, les relations de récurrence et les formules opérationnelles
qu’ils satisfont. De plus, nous discutons leur régularité en tant que fonctions poly-méromorphes
et obtenons leurs représentations intégrales et fonctions génératrices, dont une bilinéaire de type
Hardy-Hille. De plus, nous prouvons qu'une sous-classe tronquée définit un systeme orthogo-
nal complet dans 'espace de Hilbert sous-jacent donnant lieu & une décomposition orthogonale

hilbertienne spécifique pour une classe d’espaces de Bergman généralisés.

Mots clés:

Fonctions It6-Hermite poly-méromorphes; Fonctions génératrices; Laplacien magnétique perturbé
avec effet de Aharonov-Bohm; Calcul fractionnaire; Fonctions de Zernike fractionnaires; Espaces

poly-Bergman p-modifié
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Résumé de la these

Ce travail contient nos contributions a 1’étude de trois nouvelles classes de fonctions orthogonales
spéciales qui s’étendent dans différentes directions des polyndmes orthogonaux classiques. Tout
d’abord, nous fournissons une étude théorique d’une nouvelle famille de fonctions orthogonales
sur Cx résolvant les problémes de valeurs propres pour un Laplacien magnétique perturbé par un
potentiel vectoriel singulier avec un champ magnétique nul modélisant I’effet d’Aharonov-Bohm.

Les fonctions sont définies par leur formule de type Rodrigues modifiée par f.

Yih(2,7) = (—1)nzﬁ€“22;(zﬁ+me“zz), (0.0.1)

étendons les polyndmes poly-analytiques d'Ito—Hermite au cadre poly-méromorphe. Nous dérivons
principalement leurs différentes représentations opérationnelles et donnons leurs expressions ex-
plicites en termes de fonctions spéciales. Différentes fonctions génératrices et représentations
intégrales sont obtenues. Ici, a et f sont des réels fixes donnés avec « > 0, et n et m sont des
entiers variables tels que n = 0,1,2,--- et m > —f — 1. Cela conduit a une généralisation spéciale
des polyndmes d’Hermite complexes de Ito.

Deuxiémement, nous introduisons et étudions les fonctions d’Hermite dites fractionnaires, et
leur extension au cadre fractionnaire d’un point de vue différent. Le point de départ de notre ap-
proche est la formule de Rodrigues pour les polynémes d’Hermite. Par conséquent, les principaux
résultats de ce travail concernent les fonctions définies par les formules généralisées de type Ro-

drigues impliquant la dérivée fractionnaire de Liouville-Caputo °DF. En particulier, nous traitons
2 42
LHg)(x) =" °DP(e7), (0.0.2)

pour B > 0, de sorte que pour l'ordre entier § = 1, nous retrouvons les polyndémes d’Hermite,
a savoir | H,)(x) = (—1)"Hy(x). Nous considérons également la classe associée a l'intégrale de

Riemann Liouville ; I~ définie pour 8 < 0 par
LGy (x) = e T7P(e™). (0.0.3)

Plus précisément, nous visons a étudier certaines de leurs propriétés utiles, y compris leurs trois
termes et leurs formules de récurrence différentielle, et a explorer leurs différentes représentations

hypergéométriques et intégrales.



Finalement, une généralisation spécifique des polynomes de Zernike sera le sujet principal de
la discussion dans le présent document en insérant un ordre fractionnaire. Leur construction fait
appel a la méthode de factorisation. Plus précisément, pour des nombres réels fixes p,x > —1 et

des entiers m et n tels que m > 0 et n + p > 0, nous traitons de la famille de fonctions

Zyh(2,2) = (=1)"z2 7P (1 - !Z\Z)"aazm (2 (1 — |z (0.0.4)

sur le disque unitaire D* = ID \ {0}. Nous considérons et fournissons une étude précise des fonc-
tions de Zernike fractionnaires sur le disque unitaire ID*, généralisant les polyndmes de Zernike
classiques et leurs fonctions de Zernike restreintes a f. Pour 1’étude concrete des fonctions de
Zernike fractionnaires Z,/,(z,Z) nous commengcons par établir leurs expressions explicites, leurs
différentes représentations hypergéométriques, leur expression en termes de polynéomes de Ja-
cobi ainsi que leur connexion aux polynémes de Zernike complexes. Ensuite, les ensembles de
zéro de Z,%(z,Z) sont décrits comme étant les cercles centrés dont les rayons sont les zéros des
polyndmes de Jacobi réels. L'orthogonalité dans 1’espace de Hilbert Lﬁ’K(JD) = L*(ID, djiyp) est dis-
cutée et la norme carrée est explicitement calculée. L’appartenance a une classe spécifique de fonc-
tions poly-méromorphes dans D est également considérée. De plus, nous étudions les formules
opérationnelles qu’elles satisfont, y compris celles de type Burchnall. Nous discutons également
de certaines relations de récurrence et des équations différentielles auxquelles elles obéissent. Cer-
taines fonctions génératrices associées sont obtenues, telles qu'une fonction génératrice bilinéaire
analogue a la fonction génératrice de Hardy—-Hille pour les polynomes de Laguerre généralisés,
qui peut étre utilisée pour dériver une représentation intégrale spéciale pour Z,’,({,pn (z,Z). Une autre
représentation intégrale de type Cauchy est obtenue sous la forme d’une intégrale sur le cercle

unitaire.

Mots clés:

Fonctions It6-Hermite poly-méromorphes; Fonctions génératrices; Laplacien magnétique perturbé
avec effet de Aharonov-Bohm; Calcul fractionnaire; Fonctions de Zernike fractionnaires; Espaces

poly-Bergman p-modifié.
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General introduction

State of the art and motivation

The theories of special functions and orthogonal polynomials have been the subject of intensive
research programs over the years. Most of these studies have been directed towards the frame-
work of the relevant theory within a unifying context, which from time to time has been identified
with the theory of differential equations , the group theoretic point of view , umbral calculus and
symbolic formalism, and so on. An important output of these studies has been the formalization
of the theoretical foundations of the relevant properties in terms of the ordinary or partial differ-
ential equations. It also should be mentioned that the theory of special functions provides power-
ful tools for solving diverse mathematical problems, especially in Fourier and harmonic analysis,
mathematical analysis and integral transforms [68, 84]. In fact, their well established properties
and mathematical structure make them invaluable tools in various fields of research. Indeed, they
are useful for solving the differential equations that model physical systems and problems related
to quantum mechanics, statistical mechanics, signal processing, control theory, electrical circuits
and mechanical vibrations[81]. They also appear in probability theory and statistics and used to
enumerate combinatorial objects [10, 64]. Multi-variable special functions, including orthogonal
polynomials, are natural solutions of the well-known equations of mathematical physics.

This work contains our contributions in studying three new classes of special orthogonal func-

tions extending in different directions of the classical orthogonal polynomials we review below.

Real and complex Hermite polynomials and extensions. One of the broadest famillies of special
functions, arising particularly in mathematical physics, consists of the Hermite polynomials H, (x),
n=20,1,2,---, defined by the formula

2 dr (e_xz) _ [%:2] (—1)kn!
dx" -2k (n = 2k)!

Hy(x) = (=1)"e (2x)" 2, (0.0.5)



introduced for the first time in 1810 in P.S Laplace’s work on the use of definite integrals in cal-
culating probabilities [67]. Next, they have been studied in detail by P. Chebyshev (1859) and
were later named after C. Hermite, who wrote on the polynomials in 1864 [44], considering them
as new. These Hermite polynomials form a fundamental class of orthogonal polynomials with
weight p(x) = e~ on the interval (—oo,+00), and appear in the solutions of the Schrodinger
equation for the quantum harmonic oscillator, one of the fundamental problems in quantum me-
chanics [41]. In fact, the real Hermite polynomials emerge naturally in the solution of the quantum
harmonic oscillator problem, which is a fundamental concept in quantum mechanics. The wave

functions ¢, (x) of the quantum harmonic oscillator

a2 o1
<_2mdxz + zmw2x2> Y =Ly

with corresponding energy levels given by

1
E, = hw <n+2>

are expressed in terms of the Hermite polynomials in (0.0.5) through

1 mw\1/4 _ o2 [ mw
l/]n(x):\/W<n:h) e 2h Hﬂ( hx), 7’1—0,1,2,...,

making them indispensable in this field.

On the other hand, such polynomials are systematically employed in signal processing and in
combinatorics [10, 20]. Their orthogonal property and mathematical structure make them a valu-
able tool in analyzing and processing signals and in expanding the probability generating function
of a generalized Poisson distribution [61]. Notice for instance that in 1961, Bargmann defined a
unitary integral transform mapping the Hilbert space L?(IR") onto the Bargmann space (the Fock
space), which consists of entire functions on phase space that are square integrable with respect to
a Gaussian measure using a generating function of the Hermite polynomials on C". Furthermore,
he showed that the Bargmann space is a reproducing kernel Hilbert space, and therefore provided
a mathematical framework for the study of quantum mechanics in phase space. The Bargmann
transform and the Segal-Bargmann space are now standard tools in the study of quantum me-
chanics, quantum field theory and related areas.

On the other hand, Hermite polynomials have been generalized and extended to higher di-
mensions. Particularly, a two dimensional analog that is the tensor product of the real Hermite
polynomials is given in [101] and it has been shown that Laguerre 2D-functions and Hermite 2D-

functions are eigensolutions of a two-dimensional degenerate harmonic oscillator. In his paper

2



of 1951 on multiple Wiener integral [56], Itd establishes a close relation between the real multiple
Wiener integral and the Hermite polynomials of real variable. This motivates the introduction of
the complex analog of the real Hermite polynomial within the framework of the complex multiple
Wiener integral [55]. In fact, they are defined by their Rodrigues formula

HY (2,2) = (—1)m+"e“|z|2£:;; (e—“|z|2) , a> 0. (0.0.6)
Here 0/0z and 9/0z denote the Wirtinger derivatives with respect to the variables z and z, respec-
tively. The polynomials in associated with the gaussian measure is close to the so-called
complex Hermite polynomials that are already introduced by It6 in [55] within the study of the
complex multiple Wiener integrals. They have been extensively studied in connection with vari-
ous branches of engineering sciences and mathematics and physics [32}134,135, 50,53} 52,55, 74, [91]].
They form an orthogonal complete system in the Hilbert space L2*(C) = L2(C,e = dxdy) (see
[50, 32]). Moreover, they provide a concrete description of the spectral analysis of the Landau

Hamiltonian [[66]]
) 2 9 2
Ay = (Zax — szy) + (lay +20cx) ; 2 =Xx+1y, (0.0.7)

which is a model of Schrodinger operator with a constant magnetic field, and describes a non-
relativistic particle confined to move on the complex plane in the presence of a constant homoge-
neous magnetic field. It is widely studied in the literature [8, 9] 36| 43} 48, 74, [77, 91] along with
interesting applications to Feynman path integral (Feynman-Kac formula), oscillatory stochastic
integral and theory of lattices electrons in uniform magnetic field [57, [73].

As already mentioned, their generalization in different directions has been investigated by
many authors, including their extension within the framework of quantum calculus [99, 25| [99]].
In fact, a specific generalized class of these polynomials is suggested by the magnetic Schrodinger
operator in (0.0.7) when acting on mixed planar automorphic functions attached to a given equiv-

ariant pair [24]. This gave rise to

_ —1)mtn s gmtn B e
617;1,)’1(ZIZ|§) — (VzneV|Z|2+ZZazmazn (e V‘z‘z 32) (0.08)

and has been studied in sufficient detail in [32], see also [12] for a quite variant class. Some generat-

ing functions are obtained for these polynomials when e~ f7is replaced by an arbitrary polynomial

function [6] or a specific holomorphic function [32].
Complex Zernike (or disc) polynomials. This is another important class of special functions on

3



the unit disc given by

am+n
0z™moz"

= (=1)"c) (1 — |z|2)_7$:n (z" (1- |z|2)”+’”) , (0.0.10)

Zya(z,2) = (=1)" (1= |z|*) 77 (1= 22" (0.0.9)

for varying nonnegative integers m and 7, and real v > —1. They are named after Fritz Zernike
(Noble prize in physics), and rapidly became popular within the optical community because of
certain special properties that allow them to be applied in cases where the Seidel polynomials are
not applicable. In Zernike’s paper on the knife edge test and the phase contrast method [103],
they have been defined as eigenfunctions of a rotational invariant second order partial differential
equation, and have next been used in the Nijboer’s works to develop the diffraction theory of op-
tical aberrations. Since then, they have been extensively employed to express the propagation of a
wavefront data in optical tests through imaging system [40, 51} |65] to represent the aberrations of
optical systems (by atmospheric turbulence) [82,98]. They are also used to study diffraction prob-
lems in the rotationally symmetric system with circular pupils [80, [104] and pattern recognition
[62, 97]. More recently, they become a standard tool in describing the optical aberrations of the
human eye. Moreover, they have been applied efficiently to characterize the shape of any portion
of molecular surfaces and to evaluate the shape complementarity of protein-protein interfaces [76]].
A systematic procedure for reconstructing this class of circle polynomials was presented in [13] by
looking for those on the unit disc that are invariant by rotation of axes about the origin and sat-
isfying the orthogonality relation. This approach was extended in [72] to construct two complete
orthogonal sets of polynomials (invariant in form under rotation) using the Gram-Schmidt orthog-
onalization process. The generalized complex Zernike (or disc) polynomials follow this scheme
and are defined as the orthogonal ones on the unit disc D = {z € C; |z| < 1} with respect to the
radial weight function (1 — |z|?)” with finite values at the boundary. They are given by the Ro-

drigues type formulas (0.0.9) or (0.0.10), up to a multiplication constant. The provided definition

agrees, up to a multiplicative constant, with the one provided by Koornwinder [64] (3.7)] as well
as the one considered by Dunkl [23] P. 534] and Wiinsche [100]. We need only to point out here
that for some reasons, which will be clear in Chapter 3| we have interchanged the roles of m and
n compared with [64] and [23]. This should not be confusing thanks to the symmetry relation-
ship satisfied by these polynomials. The algebraic and analytic properties of Z,) ,(z,z) have been
discussed in many papers [5} [64] [100]. The corresponding Wiener and Paley type theorems have

been obtained by Kanjin in [59]. Recently, they have shown to be useful in providing a concrete



description of the spectral properties of different types of the Cauchy transform [27, 26]].

Main question: Would happen when considering the case where such function is z"*#, for an

m—+n
el (e*V‘Z‘Z) in for the punctured complex plane and z"
in (0.0.10) for the punctured unit disc? What is the corresponding spectral realization as eigen-

arbitrary fixed real 8, replace

functions of a like magnetic Laplacian? and what can be the physical meaning of the associated

potential vector?

Main aims

In the present work, we mainly aim to answer the previous questions. Namely, this work is de-
voted to study some special extensions of the prescribed orthogonal polynomials, hoping that our
study leads to new insights into the behavior of quantum mechanical systems and provide more
accurate description of certain quantum phenomena. More precisely, we deal in Chapter [1| with
the so-called poly-meromorphic Ito—-Hermite functions, associated with a specific singular poten-
tial vector and modeling the Aharonov-Bohm effect on the punctured complex plane.

This is also the case of our introduced fractional Zernike functions that may lead to improve
new methods for characterizing and correcting optical aberrations brought to our attention by one
of the referees of [21]].

On the other hand, the possibility of extending the physical equations within the framework of
fractional calculus is one of the tasks of the present work. Thus, starting from the fact that the real

Hermite polynomials in (0.0.5) are the natural solutions of the integer order differential equation
y" —=2xy +2ny =0,

a special fractional analog has been discussed in Chapter [2|and arose as solution of the fractional
order differential equation

DFDP — 2xPDPy + 20y =0

using Caputo fractional derivative DP of order f.

It should be mentioned here that the fractional calculus, initiated by Leibniz and subsequently
developed by Liouville and Riemann during the 19th century, remains an evolving domain and a
valuable tool in understanding complex systems because of its ability to describe phenomena with
fractional-order. It also finds applications in many fields including finance, control theory, physics

and biology. For more details, one refers to [86]. Moreover, by incorporating fractional calculus

5



into physics, researchers can better understand and characterize intricate phenomena, providing
insights into the behavior of diverse physical systems and paving the way for advancements in
understanding complex dynamics and transport processes. Applications of fractional calculus in
image and signal processing have gained significant attention in recent years due to their ability
to handle non-local and non-linear features of signals and images. In signal processing, fractional
calculus techniques have proven valuable in the analysis and processing of non-stationary signals,
such as biomedical signals and seismic data. This is also the case when dealing with the heat
and mass transfer processes, image processing, electrical circuits, chemotherapy effects, electrical
spectroscopy and the resolution and quality of nanoimages [93) 70, 89].

The next section describes briefly the obtained results.

Description of the content

In Chapter 1, we identify a special class of orthogonal and poly-meromorphic functions associated

with the second order differential operator
Dlx,ﬁ = A, + Szx,ﬁ'

This is essentially the Laplacian A, in (0.0.7) perturbed by the first order differential operator S, g

(o .o p
Sup = BE <Zaz — Zaz> —B (2& — ]z\z) (0.0.11)

and attached with the closed and singular potential vector

explicitly given by

0p(z,2) = Zdz — zdz), (0.0.12)

_W(

modeling the Aharonov—Bohm effect. Mainly, we aim to explore the role played by the injection
of this singular potential in generating non-trivial orthogonal eigenstates within the factorization

formalism. In fact, we provide an accurate study of the special functions

n
2;(2“%—”2), (0.0.13)

Y (z,2) = (—1)"z Pett
referred to as poly-meromorphic (or f-modified complex) It6-Hermite functions. Here, a and S
are given fixed reals with & > 0, and n and m are varying integers such thatn = 0,1,2,--- and

m > —p — 1. This leads to a special generalization of the holomorphic It6-Hermite polynomials in



(0.0.6). The polynomial case, shown in Section [I.3|to correspond to m > n and p > 0, coincides
with the polynomials Zréz,n considered by Ismail and Zeng in [54, Section 3]. More precisely, we
are concerned with certain basic algebraic, analytic and spectral properties of gbﬁﬁ (z,z) defined
by their Rodrigues formula (0.0.13). In particular, the interrelation of lpﬁﬁ(z, z) with the special
functions such as the It6-Hermite polynomials and the confluent hypergeometric functions are
considered in Section Their spectral realization as eigenfunctions of the magnetic Laplacian
D, as well as their regularity and their exact bi-order as poly-meromorphic functions on the
complex plane are also studied in Sections [1.2]and respectively. Their associated generating
functions are obtained in Section 1.4} and next employed to discuss some of their applications such
as their integral representations (Section[L.5) and special attached integral transforms (Section|[I.6).

In Chapter we introduce and study the so-called fractional Hermite functions, the extension
of the fractional setting from a different point of view. The starting point in our approach is the
Rodrigues formula for the real Hermite polynomials. Therefore, the chief results of this work

concern the functions defined by the generalized Rodrigues type formulas involving the fractional

Liouville-Caputo derivative °Df. Namely, we deal with
x2cB(,—x>
LH(ﬁ)(x) =e' ‘D (6 ), (0014)

for B > 0. The exact definitions of °DP and of I~ above will be given in Chapter For the integer
order B = n, we recover the Hermite polynomials in (0.0.5), to wit . H,)(x) = (=1)"Hy,(x). We

also consider the class associated with the Riemann-Liouville integral ; I~ defined, for < 0, by
LGy (x) = X T Pe™™). (0.0.15)

More precisely, we aim to investigate some of their useful properties including their three terms
and differential recurrence formulas, and to explore their different hypergeometric and integral
representations. Additionally, we demonstrate that these families can be defined using an ex-
tended explicit formula even if the fractional parameter § is non-integer. Moreover, the relation to
the Bessel and Kummer’s functions are obtained together with an integral representation general-

izing the ordinary one

on+1 ® o nrit
H = X 2xt — — | dt.
n(x) r(1/2)/0 ¢ COS( ¥ )

We also show that | Hg) (x) and | G(4) are solutions of the fractional B-Hermite differential equation

y" (x) —2xy'(x) + 2By = 0. (0.0.16)



We anticipate that the acquired properties will provide advantages in modeling natural phenom-
ena and advance the understanding of complex systems [71]. They may also be instrumental in
representing the quantum mechanical harmonic oscillator through the application of fractional op-
erator calculus. In fact, the Schrédinger equation ¢ + (2m/h?)(E — V(x))g = 0, which reduces
further to ¢ — x%p = — (1 +2B) ¥, with g = (m/21*)V/2E — (1/2), admits the fractional Hermite

functions

e V2T ) = exi/zLH(ﬁ)r p=>0
e ¥ /ZLG(/S), B <0,

as a solution with the fraction k = 14 28 as corresponding eigenvalue, which means that the
function e~/ ZT( p) can be considered as a state of a particle of mass m in the potential V(x), with
fractional energy.

The content of Chapter [2|is outlined as follows. Needed preliminaries are reviewed and col-
lected in Section 2.1} Section[2.2]is devoted to show that the suggested fractional Hermite functions
can be expressed in terms of the hypergeometric functions. The main results are stated in Sections
and In Section we present numerical data to discern the distinctions between the pro-
posed fractional order Hermite function and the ones of integer order. Additionally, we provide
concluding remarks and discuss potential avenues for future research.

In Chapter (3] a specific generalization of the Zernike polynomials in will be the main
topic of the discussion by inserting a fractional order. Their construction made appeal to the fac-
torization method. Namely, for fixed real numbers p,x > —1 and varying integers m and n such

that m > 0 and n + p > 0, we deal with the family of functions

250 (5,2) = (—1)"2 P (1 — [22) 2

oz

(zPH(1 — |z[2)H™) (0.0.17)
on the punctured unit disc D* = DD \ {0}. It is worth noting that for an arbitrary nonnegative
integer p, they reduce further to the Zernike polynomials in (0.0.10), since for every ¢ = 0,1,- - -,
we have

2711(1,71-&-[ (Z’ Z)

Y d VA =
ZM(2,2) = —2 1~ .
2502 = G Do

(0.0.18)

Otherwise, they are no longer polynomials. The main aim of the present work is to provide a
systematic study of this class of functions. Notice for instance that their study for arbitrary p can

be reduced to the subclass corresponding to 0 < p < 1. More precisely, we have

23k (2,7) = 27 1P ZZZHP] (z,2),



whenever 1 + [p] > 0. Here [p] denotes the integer part of p and 0 < p = p — [p] < 1. This justifies
somehow the following nomination of the functions Z,/%(z,z) in (0.0.17), referred to as fractional
Zernike functions, which can also be justified from being poly-meromorphic (see Theorem 3.2.10).
Contrary to the classical Zernike polynomials satisfying the symmetry relationships m =
Zx 1(z,z) = Z§ ,(2,Z), which play a crucial rule in their study, this relation is no longer valid for
the fractional Zernike functions Z,/,(z,Z) even when p is a positive integer. In fact, we have

Zuhi(2,2Z) = Z45(Z,2) only for arbitrary p and one gets from (0.0.18) the identity

K+1 L ’ _
= szz P2y o m—o(2,2), (0.0.19)

valid for p being a nonnegative integer. This reveals in particular that the analytic and spectral
properties of the functions 2,5 (z,Z) can not be directly recovered from the Zernike polynomials,
and the relevant properties may be completely different from the classical ones, essentially when p
is non integer. Thus, a concrete description of their algebraic and analytic properties for fixed reals
p,x > —11is desirable. For this purpose, we begin by considering the so-called -restricted Zernike
functions ,;7, which are shown to be a special class of polyanalytic excited states in the weighted
Hilbert space leg’“(lD) = L*(D,dp,p) of all complex-valued functions that are square integrable

with respect to the positive measure
dpap(z) == (1 —|z|*)"z|Pdxdy; z=x+iy. (0.0.20)

The main results concerning the functions ¢,/ are summarized in Theorem Namely, we
prove that they form an orthogonal system of eigenfunctions in LE’“ (D) for a perturbed magnetic
Laplacian, which is essentially the classical magnetic Schrodinger operator on the hyperbolic unit

disc perturbed by a particular potential (with zero magnetic field) modeling the Aharonov-Bohm

effect (see Remark [3.1.3). Moreover, the Lé’“—eigenspace of the considered Laplacian associated

with its lowest eigenvalue is shown to be the f-modified Bergman space Aé’“ (D) on the punctured
unit disc ID*, recently introduced and studied in [37, 38]. The other LE’“-eigenspaces associated
with the hyperbolic Landau levels for the considered Laplacian can be seen as the polyanalytic

analogs of A%”"(]D) (see Remark (3.1.7).

The motivation behind considering 1, is that they can be seen as the spectral side of fractional

Zernike functions. For special values of y and 7 they are closely connected to 2,/ by

a+1l—Kkm _
2 (2,7) = |21 — |212) " g (2,2) (0.0.21)



for m,n > 0 with p = g — 21, and for x depending on m and given by x = x,, = a —2(y +m) — 1.
However, the latter fact can not be employed to recover the global properties of the fractional
Zernike functions 2,5 (z,z). Only the local ones for every fixed m, n and p with the specific x = x,,
can be derived.

For the concrete study of 2,/ (z,Z) we begin by establishing their explicit expressions, their
different hypergeometric representations, their expression in terms of the Jacobi polynomials and
their connection to the complex Zernike polynomials in (0.0.10). Subsequently, the zero sets of
Zuh(z,Z) are described (Corollary and shown to be the centered circles of radii being the
zeros of the real Jacobi polynomials. The orthogonality in the Hilbert space L%’K(]D) = L*(D, djixp)
is discussed and the square norm is explicitly computed. The membership to a specific class of
poly-meromorphic functions in ID is also considered (Theorem [3.2.10). Moreover, we investigate
the operational formulas of such polynomials they satisfy including those of Burchnall type. Fur-

thermore, we discuss some of its recurrence relations and the differential equations that it obeys

(Theorems3.2.12land [3.2.15)), and so on. Certain associated generating functions are obtained such

as bilinear generating function analogous to the Hardy-Hille generating function for the general-
ized Laguerre polynomials, which can be employed to derive a special integral representation for
Zuh(z,Z). Another integral representation of Cauchy-type is obtained as an integral on the unit

circle. In Theorem [3.2.25] we show that the truncated fractional Zernike functions
Y,Z’g(z,z) = zs]z\’SZ,’;{f;"(z,Z), sc”Z m=0,1,---, (0.0.22)

constitute an orthogonal basis of the Hilbert space Lg’K(ID). Accordingly, we introduce a class of
poly-meromorphic Bergman spaces leading to a complete microlocal orthogonal decomposition of
the underlying Hilbert space L%’K(]D). The obtained results will contribute efficiently in the study
of the associated isometric integral transforms (of Bargmann type) on the configuration space on
the positive half real line.

The different sections of Chapter [3]are organized as follows. Section 3.1 deals with the spectral
realization of the B-modified functions ¢, by Schrodinger’s factorization method. A proof that
tha family ¢, forms an orthogonal system of eigenfuctions in L%""(]D) is also presented in this
section. The basic properties of the fractional functions as described above are stated and proved

in Section

10



Chapter 1

Poly-meromorphic It6—Hermite functions
associated with a singular potential

vector on the punctured complex plane

We provide a theoretical study of a new family of orthogonal functions on the
punctured complex plane solving the eigenvalue problems for some magnetic
Laplacian perturbed by a singular vector potential with zero magnetic field
modeling the Aharonov-Bohm effect. The functions are defined by their -
modified Rodrigues type formula and extend the poly-analytic Ito—Hermite
polynomials to the poly-meromorphic setting. Mainly, we derive their differ-
ent operational representations and give their explicit expressions in terms of
special functions. Different generating functions and integral representations

are obtained.

1.1 Preliminary results

We begin by noticing that the functions wﬁﬁ satisfy l[),‘ff,i (z,z) = m as well as the symmetry
relation
Pty (27) = a PP (2,2), (1.1.1)

11



valid for B being integer and for given non-negative integers m and n such that n > max(0, —B).

We have in addition
Zﬁqj m(Z, Z)—Z ¢m+ﬁm /3( z)
and
ﬁfq (z,z) = z P ’Piﬁiﬂﬁ] (z,2),
valid for any real § such that § +m > —1, where [B] denotes the integer part of B. For the particular

case of B = 1/2 we have

\ 222 2(2,2) = Hppr (y/&]2]) = 2(—4)"m!(al2)) /LG (al2)),

where Hi(x) are the Hermite polynomials in (0.0.5) and L](C“)

denotes the generalized Lageurre
polynomials. For arbitrary non-negative integer B, the functions lpf,ﬂ (z,z) are closely connected to

the complex Ito-Hermite polynomials in on the punctured complex plane C* = C \ {0},

_ _ n—m—p _
zﬁlpﬁfn(z,z) = lpz:?n+ﬁ(z,z) =a 2 Hyypa(Vaz,Vaz). (1.1.2)

The interrelation with these polynomials for arbitrary B can be obtained by specifying f in the

Burchnall’s operational formula [34 Proposition 2.3]

n k
_1yrenlzP 97 ((moalzP 7S
( 1) e Jz" (Z e > Z k' mn k(Z,Z) azk‘
Thus, by setting f(z) = zP we obtain
Wby My (CDTE+D) g
Yum(z,2) = Lxmk;)k!(n—k)!r(ﬁ—k—f—l) Hy . k(2,2).

For the explicit expression of 1/)%3,1 (z,Z) (withm > —pB — 1), we claim that

0 = N ) B _m—kzn—k 113
lp”r’"(z’z) - kE Comn * z (1.1.3)
=0

where the starred minimum m A* b is defined by the classical minimum m A* b = min(m, b) when

p

b is an integer and by m A* b = m otherwise. The involved constants c,” | stand for

wp o (CDT(Btm+1)
mnk " Jl(n —k)T(B+m—k+1)

The expression in (1.1.3) can be handled by applying the Leibniz formula to (0.0.13) keeping in

[

mind the fact that

(B+m—k) ok B 0, B=0,1,2-- k> p+m,
(Bt o
z azk(z )_ F(‘B+m+1)

TBLm—k+1) otherwise.

12



Notice also that the monomials z7z” can be expressed in terms of the considered functions. In fact,

by rewriting them as a derivation of the Gaussian function e, we get

2 0"
ozP

p
? ip (z~B-np—aptnti—poalzl?y

aPZizP = (—1)Pze" (e~ =)

— <_1)pzqewlz
4 p—n n
=> <Z) (_1)p;an (Z*ﬂ*nﬂ?*q) quWIZIZE’aﬂ(ZHHquMz)'
n=0

The last equality holds making use of the Leibniz formula. Now, by means of the Rodrigues

formulas (0.0.13) with g — p > 0, it follows

_ P '+ “ _
W = n;o <z> r'(p +(§+ Z)— p) 1’0”’5”_” (=2) (114

for every non-negative integers p and g with p < g.
The first few terms of lpﬁﬁ are given by 1,[18‘,’51(2, z) = z" and 1[]?51 (z,Z) = 2" Y (azz — (B+m))
when n = 0 and n = 1 respectively, while for n = 2 we have

wg‘,’ﬁ(z,i) = 2" 2 (22’2 — 20(B+m)zz+ (B+m)(B+m—1)).

This reveals in particular that the l/),oij’,i are no longer polynomials unless specifying B, m and n,
which is the case of B being a non-positive integer. This becomes clear from their hypergeometric

representation in terms of the hypergeometric functions defined by the series
ai,az, - ,4ap i (ﬂl)n(QZ)n Tt (ap)n x"

pEq x| =) ]

C1,C2, " /Cq n=0 (Cl) (CZ)H U :

n
provided thatc, # 0,—1,—-2,--- for { = 1,2,--- ,4q. Indeed, from (1.1.3) and making use of the

classical identities on Gamma function and Pochammer symbol, we get

nA*(m+p) vk
Yum(z2) = a"2"2" Y (—n)(—p - m)kMIZZ)
k=0 !
e ( B __ﬁ h ‘_ aiz) (1.15)
_(UTEmt) » 2
= F(,B+m—n—|—1)z 1P1</5+mn+1 ocz), (1.1.6)

provided that B € R\ Z or +m —n+1 > 0 whenever f is integer. Otherwise, ie p € Z

and B +m —n+1 < 0, the confluent hypergeometric function involved in (1.1.6) is undefined.

13



Subsequently, by means of (1.1.6) we obtain the following the identity expressing 1/;%5,1 in terms of
the generalized Laguerre polynomials [69, p. 240]. In fact, we have

Pk (2,2) = (=)t "L (a2, (1.1.7)

which holds only when g +m —n +1 > 0. This can also be recovered starting from (0.0.13) using
the derivation formula [69) p.241]. Accordingly, with the use of and (L.1.2), it is straight-
forward to prove the orthogonality of 1,0,');:51 in the Hilbert space Lé’“(C) := L*(C,dpyp) of square
integrable functions with respect to the measure d, (z) = |z[?Pe=2"dA (2), where dA(z) = dxdy
denotes the Lebesgue measure on the complex plane with z = x + iy, x,y € R. More explicitly, we

assert the following.

Proposition 1.1.1. For p+m —n > —1with p € R or B+ m > 0 when B integer we have

2 " n!
/ Vi (2,290 (2,2)[2PPe P dA(z) = ST (B+m+1)d0 00 (1.1.8)

Proof. 1t is worth noting that for B being integer, the functions 1,[1%1 are closely connected to the
complex-It6-Hermite polynomials through (1.1.2), which are known to be orthogonal with re-

spected to the gaussian measure e*|2|2d/\(z). For B € Z, we have

= (2P Yum, Py

<l/)n . > op <Z lpn,mlz lpk:]>a/0
_ /lx”*m%Hmw,n(\/&z' ﬁz)HjJrﬁ,k(\/&Z, \/&Z)ewlzlzd)x(z)
_ an*m*ﬁfl <H/3+m,n/ H]'+,3/k>1,0

= &P 4 ) 788, 0

However, for the remaining case, we make use of the identity expressing 1pﬁﬁ in terms of the

generalized Laguerre polynomials to get

& AV = —alz|?
(st uif), = [ ohDu o) P aa )

= 2”(_1)n+k”!k!5m—n,j_k/ rm*””’kL,S“m*”)(och)L,(fH*k)(ocrz)rzﬁe”’“zrdr
0

_1\n+k )
- a(mil,gﬂn!kmm,jén,k/o PP () LE (et
o n!
= T(B+m~+1)0y,i0nk

The last equality requires that p +m —n > —1.

14



In Section [I.2] below (Remark , we can prove that the orthogonality relation remains true
in the casem + B > —1.

We conclude these preliminaries by noticing that starting from (0.0.13), it is clear that

2pim(zZ) = 9ib L (2, 2).

Also, by rewriting 0"*1 as 9"9, one obtains the recurrence formula

azPih(z,2) = 9P (2 2) + (B+m)yit  (2,7). (1.1.9)

Additional recurrence formulas can be derived from the different known ones for the generalized

Laguerre polynomials. For example from those in [69] p. 241] one obtains

(1) ¢ohn(@2) = ¢rh (22 + ) (2,2)
@) ¢yl a0 = (2P = [+ p+m+1]) gz D) —n (B+m) g, 1 (27)
(3) aZyyhia(z2) = (alz —n) g)h 1 (22) —n (B+m+1)9)F, (2,2)

@) 927 = (a2 —n = 1) gih(z,2) — 2 (B+m) ¥y 1(22)

(5)

5) (B+m—n+alz?) pun(z2) =z (B+m) it (27) +azyih  (z,2).

1.2 Spectral realization

The result below shows that the functions 1/1,0;161 are L2-eigenfunctions of the perturbed magnetic

Lapalcian defined by

92 i)
Dap = _ 4 (a - ’52) Z— (1.2.1)

- P 3 pa
Bup = —5==tozs-— . (12.2)

Theorem 1.2.1. The functions lpﬁﬁ form an orthogonal system in LE’“(C) that solve the eigenvalue prob-

lems Ay p = an and Za,/; = am.
Proof. Notice first that the second order differential operator in can be rewritten as

Alxlﬁ = vz,zx,ﬁv; = Vz vz,a,‘B -,

15



where V,, = 9/9z and V;, «p are the first order differential operators given by

Vins = ~loap@)] " (0up2)f (). (123)

Here p,4(z) := |z[?Pe=*I=| Thus, using the commutation rule V;V/z,u(,ﬁ - V,Z’WV; = wld, one
proceeds by induction to get the identity

" !/ !

vz(vz,a,ﬁ)n+l = (vz,a,ﬁ)n+lv + 06(1’1 + 1) (vzzx /S) (124)

Subsequently, one gets

(Vo) (8)) = (ViVop = ) (Vo p)"(8)) = an((Vip)"(2)),

for any ¢ € ker(V,). Thus, by considering the case of the generic elements g,,(z) = 2" withm € Z

for z in the punctured complex plane, one deduces that the function

an

Pim(2,2) = (Vonp)" (gm) = (1) lowp(2)] " 5 (2"00p(2) (1.25)

is an eigenfunction of A, g with na as a corresponding eigenvalue.

Now, to prove that Zalﬁgbﬁfi = ocmlpﬁfq, we make use of the partial raising operations

0 B\ wp, - B -
— (az —az + z> wﬁ/m(z,z) = gbzﬂrm(z,z) (1.2.6)
and
1 a lX,‘B _ ,’B _
T ( z "‘Z) Pom(2.2) = 911 (2.2), 1.2.7)

which are immediate by straightforward computation. On the other hand, from (I.1.9) and (1.2.6)

one has

(E?z * f) wm(z,2) = (B+m)yyt 1 (22). (1.2.8)

Accordingly, by combining (1.2.7) and (1.2.8), it follows

(aaﬁﬁ) (aa "‘Z> in(2,2) = —a(B+ m+1)yi(z,2). (1.2.9)

This completes the proof by observing that the operator A, B in can be factorized, up to an

Z,X,/g = — (aaz+§) (aaz —zxz> —a(B+1).

additive constant, as
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Remark 1.2.2. Let E = zd/9z be the Euler derivative operator and E = Zd/9Z be its complex conjugate.
Then, the functions 1pﬁf1 satisfy
(E—E)giun = (m — n)ism,

which readily follows since fo,ﬁ — Ay p = «(E — E). This is the analog for lpﬁﬁ at arbitrary integer m such
that m > —PB — 1 of the one obtained in [54].

Remark 1.2.3. The orthogonality of 1/1%3” in Lz’“(C) can be reproved by observing that the operator V’Z’“,ﬂ
is in fact the formal adjoint of V', when acting on a densely domain of smooth functions in L%”" (C). Infact,

we get

(Wi 9i), o = (Vi(Tong)" (@), (Vonp) " (80))

= (Vo) Vi (gm) 1V (), (Vi) (50))

by means of (1.2.4). without lost of generality we can assume that n < p. Mathematical induction combined
with the fact V., (gm) = 0 both infer

< T > —“”< e 1m’ll)p lq> =@ n'<gm,lIJp M> o

The case of p = n leads to (gm, &), §= o~ "B (B4 m + 1)0,p0m,q, Since 1[ng’m = z4. However, for
p > n we get

(am 520), 5 = (8m (Vonp)"(80)), = (VY " (gn).a), =0

o,p B

This completes the proof of

' n!
< nmrlp > W (,B‘{‘m‘i‘l)énp(smq

Below, for given reals &« and  such that « > 0 we prove that the considered functions are

closely connected to the spectral analysis of a specific Schrodinger operator

'D,X,ﬁ = V:‘,ﬁvm’g =—(d+ ieXtGa,ﬁ)*(d + ieXtea,g)/

=

where exty, ;(w) := 0,5 A w is the exterior multiplication by the real-valued singular vector poten-

tial (differential 1-form) given by

Ou,p := —i(0 — 9)Log(0u,p)
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and V,p = (d + iexty,,)/2 is the co-derivation operator acting on Cg°(C), the space of smooth
complex-valued functions on C \ {0} with compact support. The operator V, p denotes its formal

adjoint with respect to the Hermitian scalar product

(f,g)o = [CfA*g, (1.2.10)

where * is the Hodge star operator mapping the space of compactly supported smooth differential
p-forms Q7 (C\ {0}), p = 0,1,2,into OF , (C\ {0}). It is defined to satisfy x(fw) = f(*w) for
scalar functions f, and %(dz A dz) = 2i. This readily follows for the metric ds? being conformal to
the Euclidean metric ds?(z) = dz ® dz.

The operator Dy := V), 5Va g, with the operator domain being C5°(C), is symmetric and
positive. Moreover, its deficiency indices are known to be (2,2) (see for example [29] or also [78)
Proposition 5.7]). Therefore, it has self-adjoint extensions parametrized by (2 x 2)-unitary matrices
[85]. Next, by considering the strong extensions (Cf. [46| p. 168 and p. 241] or also [31}147, ?,79}188])

of the differential operators d and V initially defined on a domain of functions in C°(C \ {0}), we

can extend D, g in the L2-Hilbert space to the operator domain

D(Dyp) = {f,f € C*(C\{0}), f € L2(C\{0}), Dugf € L2(C\ {0})}.

It should be mentioned here that all the possible hamiltonians, describing the non relativistic
Aharonov-Bohm effect, have been constructed in [4] using the theory of self-adjoint extensions

of von Neumann and Krein.

Lemma 1.2.4. Keep Dy p := V| sVap, Va,pand 0, as above. Then, Dy,p coincides with the second order
differential operator 75,,‘,45 in (??). More explicitly, we have

_ @ B 9 9 B\
Pus={amz t (v ) Gaz 7 (o ) 17 02w

Proof. Notice first that the differential 1-form 6,5 is explicitly given by 6,5 = ik(z) (2dz — zdz)
with k%(z) := a — B/|z|*. Straightforward computation making use of the well-known facts d* =

—xdx and (exty, ;)" = *(exty, ,)x shows that for every smooth differential 1-form w = Adz + Bdz

we have
% — J0A 0B
d* (Adz + Bdz) = -2 (82 + az) (1.2.12)
and
(extgw)* (Adz + Bdz) = —2ikg (zA —zB). (1.2.13)
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Therefore, by taking w = df = dfdz + dfdz in (T.2.12) one recovers the explicit expression of the
Hodge—de Rham operator

Moreover, the explicit differential expression of the operators d*(exty, ), (exty, ,)*d and (exty, ;)" (exty, ;)

are given respectively by

d* (exty, ,)f = 2ik&(E — E)f, (1.2.15)
(exty, ;)" df = —2ikg(E — Ef, (1.2.16)
(exty, ;)" (exty, ,) f = 4|zky °f. (1.2.17)

Subsequently, by expanding V; sV, g as
VipVas = {d*d +i(d"exty,, — (exty,,)"d) + (exty, )" (exty, ) |, (1.2.18)

and next making use of (1.2.14)-(1.2.17), we get its explicit expression given through D, g in (3.1.2).
O

Remark 1.2.5. The second order differential operator D, g in is a magnetic Laplacian with a constant

homogeneous magnetic field of magnitude « applied perpendicularly on the complex plane. Indeed, we have
d0,p = A0y = 2i09(Log(pa,p)) = 2indz A dzZ.

Moreover, the operator D, g is essentially the classical Landau Hamiltonian in (0.0.7) perturbed by a first
order differential operator associated with the potential 1-form % closed (with zero magnetic field), singular

(at the origin) and modeling the Aharonov—Bohm effect.

The spectral problem for a quantum system on the plane with a uniform magnetic field and
an Aharonov-Bohm magnetic flux has already been treated in depth in the literature and has a
rather long history. See for example [1} 4} 19, 49, 58| 75, [78} 94, 95] and the references therein. The
following result shows that the introduced functions are closely connected to the spectral theory

of Dy pin (3.1.2).

Theorem 1.2.6. The functions ]z|2ﬁe*“‘z‘2¢ﬁ%2 P are L2-eigenfunctions of the magnetic Laplacian Dyp =

VipVap with «(2n + 1) as associated eigenvalue.
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Proof. The proof is immediate using Theorem Lemma and observing that the operators
A;g in (1.2.1) and the magnetic Laplacian D, g in (3.1.2) are unitary equivalent. More precisely, we
have

oup (83 +2) ((up)'f) = Dug

which readily follows since
DD{,‘B = B*fﬂé/*ﬂ le) V/Z,IX,‘B + N = V/Z,[J(,‘B o B*fk,*ﬂ — .

Here V;/“,ﬁ is as in (1.2.3) and B*# is the differential operator given by

Bro f = [P:x,ﬁ(z)]_laaz (Pap(2)f) -

1.3 Analytical side (polymeromorphy)

In this section, we discuss the regularity of 1/)2151(2, Z) as polymeromorphic functions on the com-
plex plane and we determinate the “bi-order” of its unique pole. Recall first from [11} p 199] that
a n-meromorphic function (or polymeromorphic of order 1) on an open set U C C is a complex-
valued function for which there exist some meromorphic functions ¢4; k = 0,1,--- ,n —1on U

such that

f(z,2) = ¢o(z) + 21 (2) + - - - + 2" 1,1 (2). (1.3.1)

They are called simply n-analytic (polyanalytic of order n) when the component functions are
holomorphic in U, i, € Hol(U). The latter ones can equivalently be defined as those satisfying
the generalized Cauchy-Riemann equation 0" /0z" = 0. In order to give the exact statement of the
main result of this section, we need first to precise the notion of bi-order of a zero or a pole of a

given polymeromorphic function on C.

Definition 1.3.1. For a given non-constant n-analytic function f on an open set U C C, a point zo € U is
said to be a zero of bi-order (r,s), for given non-negative integersr,s with0 < r < n—1and (r,s) # (0,0),

if the following conditions are met

(a) f can be rewritten as f = (z — zo) § for certain (n — s)-analytic function

n—s—1 k
8= Z (z—20) ¢x, (1.3.2)
k=0
with ¢ € Hol(U) and ¢y is not identically zero on U.
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(b) zq is a zero of order r for the constant component function ¢g in (1.3.2).

The first condition (a) is to say that zg is a zero of order s for f seen as a polynomial in z. Notice
also that the suggested definition is equivalent to have
B ) . nosel
f(z%) = (z— =) ((Z —20) ¢o+ kg (z —20) 4’k) (1.3.3)
for @o, ¢; € Hol(U) with ¢@(zo) # 0. Notice here that zg does not need to be a zero of the holomor-
phic components ¢y; k =1,2,--- ,n —s — 1. However, for the particular case of zg being a common

zero of ¢y the expression in (1.3.3) reduces to

S

f(z,2) = (2= 20)"(z = 20) 8(2,2),
for certain non-vanishing polyanalytic function g. This makes z( a zero of f of bi-order (7,s).

Definition 1.3.2. A point zg € U is said to be a pole of order r (r < 0) for given n-polymeromorphic
function f in (1.3.1) if (z — ZO)M f is a n-analytic function on U and r is the smallest negative integer
satisfying this property.

This is equivalent to zp being a pole for certain component meromorphic function ¥; with
r = min{Ord, (zo,¢;) ,j =0,1,--- ,n —1},
where Ord,, (2o, ;) is exactly the multiplicity of z if it is a pole of ¢; and 0 otherwise.
Definition 1.3.3. A pole is said to be of bi-order (r,s), if in addition (a) is satisfied.

Accordingly, we denote by bi-Ord(zo; f) the bi-order of a point zg when it is a zero or a pole of

given n-polymeromorphic function f.

Theorem 1.3.4. The functions 1p,01‘;§1 (z,z) are polymeromorphic on C. The origin is either a zero or a pole of

bi-order
bi-Ord(0; ph) = (m — [n A* (B+m)],n — [n A* (B +m)]). (1.3.4)

Proof. First of all, we point out that in view of (T.1.3), it is clear that the terms z"~* are always
regulars for every k < n A\* (m + B) < n. The singularity of lpzﬁ (z,Z) then lies in 2% for k <

n A* (m + B). In particular, the functions t/JZﬁ(z, z) are polyanalytic (since they are polynomials in
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z and z) if and only if m > n A* (m + B). The latter condition is equivalent to § be a non-positive

integer or m > n. In this case, the expression of 1[1%51 (z,Z) reduces further to

1/12151(2,2) = i Bl [nA*(ﬁ+M)]sz:51;nA*(ﬁ+m)(Z’Z)’
where the involved R,/ ﬁ ~(2,Z) are the radial polynomials given by
RQQN(zz);:§:c2ﬂkpﬁqm“@+m”—”. (1.3.5)
=0
Subsequently, since B+ m +1 > n A* (B + m) and then cmi nA* (m1+B) # 0, the origin is a zero of

gbnjm(z, z) whenever min(m, n) > n A* (B 4 m). Its bi-order is then

. 0B (m—mn,0), if BER\Z orm>n,
bi-Ord (0; ) =
(=Bpn—m—p), if peZ ,#0andn > B+ m.

To achieve the proof, it remains sufficient to discuss the case of m < n A* (m + B) (i.e. n > m >

—B —1land B ¢ Z7). In this case we have

nA*(B+m) 5
m— k —n—k 1% m—kzn—k
Z Cm n, kZ + E Cm n, kZ z
k=m+1
(27" (B4m)]—m—1 FlnT (B+m)]—m—1—j
_ =n—mp&p = sn—[nA*(B+m aB z
— Ry (z,Z) + 2"~ I (B+m)] Y Con,n,m+1+4] |
=0

monf B Z”_[”/\*(ﬁ‘f‘m)] op 3
= 2 R (2/2) + i Snompnn () -m-1 (32
where RZﬁ,;m(z, z) is as in (1.3.5) with N = m, and

nA* m)|—m—1
b [nA*(B4m)]

o N(zZ) = Y Cf;'fz ,mﬂﬂ,|z,2([m*(/s+m)}fmfjfl)‘
j=0

It convenient to mention here that both R/ 5 y(z.Z)and S ﬁ .n(z,Z) are polyanalytic radial polyno-

mials on the whole complex plane for wh1ch the origin is not a zero (for again cmi A (Bm) # 0).

This proves that the functions wﬁfi are purely polymeromorphic functions with 0 as unique pole

if and only if B ¢ Z~ and m < n. The multiplicity of their unique pole is given by Ord(0; b)) =
— [nA* (B+ m)] < 0and then

(m—mn,0) BeR\Z,n>m,
" —n,0 ceZ ™, B+m>n>m,
bi-Ord (0; ph) = (m =n,0) p p
(~Bn—p-m) BEZTnzprm>m,
(=-Bn—p—m) BeZ*n>m.
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Remark 1.3.5. The polynomial case, i.e., the restriction to the case of m > n (with B > 0) leads to the class
of polynomials Z,[,i,n (z, w) introduced and studied by Ismail and Zeng [54] Section 3]. Some of the obtained

results in the previous section generalize the one derived in [54, Section 3].

1.4 Generating functions

Notice first that using the relation of ¢ﬁj§1 to the generalized Laguerre polynomials and the gener-

ating function for the latter ones [15} 69], one obtains

(_1)n i+n &, = - (_1)ka «, _
S Vi (z7) = LR = (= v (22)

for all j > max(—p,n). Moreover, by [69, p 242] with 8 + k > —1, we have

YD) (e WOF( =
N t(1—1t)2 |-
B+k+1

= n!(1+B+k), (1 — t)ptk+1

The next one is an analog of the standard one for the Ito—-Hermite polynomials [34} p. 7], which
appears as the special case when B = 0 and a = 1. For its exact statement, we set Cg := C \ Ry

and Cp, := C\ R, where Rg and R, stand for

R™:={xeR,x <0} Bnoninteger,
Rp =4 {0} =012,
@ B=12-.
and
{x+i3¥(z),x > R(z)} P non integer,
Rp. = {z} —B=1,2,---,
% B=012--.

Theorem 1.4.1. Let B > —1. Then, for every z € Cg and v € Cg, the functions lpzﬁ satisfy

oo L mon B z
L itz = (1= F) e D
mmn=0 """

Proof. Starting from the left hand-side of (1.4.1), inserting (0.0.13) and next interchanging the sum

in m and the n-th derivative, one obtains

—+o0

)3

m,n=0

umoh Ipoc,ﬁ (Z,Z) _ Z_ﬁe“‘z‘z Jio (—ZJ)” dr ((Pf(x))

min! 7" n! dxn 2=

n=0

= z‘ﬁe"“z‘z(pg(z —0),
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with @z(x) := zPe~*ZF#)*_ The last equality follows using the translation operator of the Taylor

series of the involved function and gives rise to the right hand-side of (1.4.1). O
The following results are partial generating functions for lpzﬁ (with fixed n or m).

Proposition 1.4.2. For f > —1 and for every z € Cgand v € Cg,, we have

400 ot 7D k+pB B
Yyl = B e (1.42)
n=0 '
as well as
+o0 z m B -1 nn! _
2 00 2) = Ul L (0= ) 2P, (1.4.3)

forp—n>—landa > 1.

Proof. The first assertion can be handled starting from the Rodrigues formula (0.0.13) and next by
expanding e* 2" in the second right hand-side of (T.4.1). Indeed, the identity immediately
follows from Theorem [I.4.1|by identifying the obtained series in u.

For (1.4.3), we have

’)/Z)mip(a,ﬁ) (le) _ (_1)nelX|Z|2 an

9 B (r—a)|z]?
m! zB 9z" (27 )

= L (= leP).

Zn "

The latter expression, given in terms of the generalized Laguerre polynomials, is immediate by

making use of the explicit expression of the generalized Laguerre polynomials [69, p.240]

L (x) = ¥ (-1 ( e ) i

m=0 n—m

O]

The exact statement of the next result, concerning a special generating function for the 1/),01‘731 (z,2),

makes appeal to the lower incomplete Gamma function defined by
X
(s, x) = / t=te~tdt, R(s) > 0. (1.4.4)
0

Its expansion series reads [69, p.337]

(1.4.5)



Theorem 1.4.3. For every p >0, u,z € Cgand v € Cgy such that luv| < |uz|, we have

IS u"v" ) _
Z Wlﬁn:m (z,2) = lgu*ﬁzfﬁeu(zfv)+azv,y(’8, u(z — ). (1.46)
m,n=0 mits

Proof. The left hand-side in (1.4.6) can be expressed as

400 umoh wp _ B ) 400 (—U)” " i 00 (Zu)mﬂ%
U (2,2) = Bz Pel ~—L [y .
mmzzo B on(z2) =P L PR

This follows making use of (0.0.13)) as well as the expansion (1.4.5). Moreover, we get

v u"v" wp =y B apzp - (_v)n 09" z(u—az)
m,nZ:O mlﬁn,m(z,z) - zﬁuﬁe g ng%) al ozt < (B, Z”))
n—k(__,,\k
B zﬁuﬁ - nEOkZ M) k)!( L1~ Bev(p— b zu)

400 ukvk
=@%ﬁ““wz (1= B (B —kzu).
The second equality follows using the Leibniz formula combined with the derivative formula

given for the lower incomplete Gamma function in [15, p. 21]. Finally, by means of the series

formula in [15] p. 460] we arrive at the expression

Z umo" wpB B i
75"‘ / 1\Z, 2 ,3, Z—1Uulve - ,

m,n:O( 1)"1”! " ( ) (Zu)ﬁ’y( ( ) )

valid for all z, v € C such that |v| < |z|.

Corollary 1.4.4. For every complex numbers u, v and z such that z € Cg, v € Cg,, |z| > |v| and

R(u(z —v)) > 0with p >0,
u(z — v)) .

Proof. This can be handled by means of Theorem and the hypergeometric representation of

we have
—+o00

u™o" wp NP 20 1
L gt = (1-2) ﬂﬁ<5+1

m,n=0

the lower incomplete Gamma function [69, p.337]

e 1
(s, x) = x°1F
5 s+1

x) , R(x) > 0. (1.47)
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Remark 1.4.5. The generating function in (1.4.6)) can be rewritten in terms of the upper incomplete Gamma
function [69, P. 337]

T(s,x) = / 1o tdt, (1.4.8)
X

since (s, x) = T'(s) —I'(s,x). Indeed, for B being a positive integer we have

= o = "o I —I'(B, — azo+u(z—o
e (149)

m,n=0
Remark 1.4.6. As immediate consequence of Theorem one can prove that the partial generating
function in (1.4.2) remains valid for (v, z) in a special region of C x C.

1.5 Integral representations

The aim below is to derive some integral representations for the considered polymeromorphic It6—
Hermite functions wﬁ,“,f ). The first one involves the Bessel function of order v > —1 of the first

kind defined by [15, p. 675],

2

Ju(z) = F(vl—l—l) (%)VOH <1/+1;—Z4> .

More specifically, we assert the following.

Proposition 1.5.1. For fixed real B and integers n,m such that n = 0,1,--- and B+m —n > —1, we
have

S ptt|z[*

+o0 Iy
lpg:ﬁd(zrz) = (_1)11(\/&‘2’)&%-"1—11/0 xn+m+ﬁ+1]ﬁ+m_n(2\/&’Z|x)€_x dt. (1.5.1)

Proof. Making use of the close connection of wzﬁ (z,Zz) to the Laguerre polynomials combined with
their integral representation in terms of the Bessel function [69, p. 243]
x M/ 26X

+o00
Ly (x) = / e’ttw%jy (2V/tx)dt,
0

n!

valid forn =0,1,2,--- ,and n+ u > —1 with x being a real positive number, the expression (1.1.7)
of lpzﬁl implies

, _ Zm_nea‘z‘z o0 _, ntm+p
lPﬁﬁ(zf-Z):(—l)”W/o e 't T Jpimon(2]z|Vat)dt, (1.5.2)

for every integer m such that § + m > —1. Finally, the change of variable t = x? infers the expres-

sion in (1.5.1)). I
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The next integral representations are obtained by means of the generating functions (1.4.1) and
(1.4.2).

Proposition 1.5.2. The integral representation

o . 1
P (2,2) =

=\B ,—ul?—=|v]*+avz+iz—uv
) u"o" (z — o) e WPl ez g (4 ) (1.5.3)

holds for every p > —1and z € Cg . Moreover, we have
l[Jwﬁ( |Z)|2] / +k f(v az)vd/\( ) (1.5.4)
nk Z,z ]1 Zﬁ
Proof. Thanks to 1/)2‘1’?1 (z,z) = gbmlli (z,z), we can rewrite the generating function (1 in the fol-

lowing equivalent form
+oo —m=n g
Y Pl grb(z2) = (1 - ) QAT (1.5.5)
e Min! z
for any z € Cg and v outside the zero-Lebesgue measure set Rg.. Next, by multiplying the both
sides by the monomials in u and v and integrating on the whole two-dimensional complex space

endowed with the Gaussian measure, it follows

7\ P
/ <1 - ”) wyle” IR0 (1, 0) = 7Py (2, 2),
C2

z

which leads to (1.5.3). Analogously, one gets (1.5.4) starting from (1.4.2). O

The generating function in Theorem can be also employed to establish the following inte-

gral representation.

Proposition 1.5.3. Let B be an integer such that B +m > 0. Then, for every z € Cg, we have

(_1)m+ﬁan+1

o [Leg e e B ), (1.5.6)

Yt (2,2) =

Proof. Note that making use of the 2d fractional Fourier transform (1.2) introduced in [12] one

obtains the following integral formula
gz — & / el T g (&) (1.5.7)
T JC

for every complex numbers z, w and real « > 0. It can also be viewed as a reproducing property for
the reproducing kernel of the Segal-Bargmann space. Next, by rewriting the generating function

in (1.4.2) in the following equivalent form

n _ 1)k k _
Z l[)nk 5(z.2) )2 = (zxkig ez (e"‘(v’z)z) (1.5.8)



and making appeal to the formula (1.5.7), it follows

vn _1k[x =\k ,—« —|z a(E(v—z)+Ez
Yo 0% - s /C<«¢>ke (6053007 g

_ ; w( e /gn o ((ZR— [P+ E-E m(g))

The result in ( is then immediate by identification.

O]

Remark 1.5.4. The identity (1.5.6) can be reproved starting from (1.1.2) and making use of the classical

integral representation of the Ito—Hermite polynomials in [35]].

1.6 Applications

1.6.1 New integral formula for the generalized Laguerre polynomials

Using the obtained results one can derive new interesting integral formulas for the generalized

Laguerre polynomials. Thus, we claim the following.

Theorem 1.6.1. The integral identity

(_1)nzn7

LE " (= )le) =

/ 7" (z — v)P @ MRl g (o)
C
holds when g > —1,—n> —1,a > yand z € Cg.

Proof. From (1.4.1), one has

© (2" wpo 1S (@) ap ok
2y YA =5\ L S WA

m,n=0

oY1z

= 2F /e 7 (z — v)P eVl g (o).

Accordingly, the proof of (1.6.1)) readily follows from (1.4.3).

Remark 1.6.2. As particular case we get

(B—n) _ (_1)nzn—ﬁ/n _ \B ,—v(v-1)
L 7 (z) = e .7 (z—v)e dA(v)

(1.6.1)

(1.6.2)

forany z € Cgand B —n > —1 by specifying « = 0 and u = —1. Also, by taking & = 1 and u = 0, we

get

_1\n-n—p _
L (|zP) = (D; / 7" (z—0)P e PPN (v), B—n> -1
C

n:
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1.6.2 Associated integral transforms

The orthogonality property of the functions lpfﬁjﬁl suggests the consideration of two special func-
tional spaces Féz (C) and F; éf; (Cp) of polymeromorphic and anti-polymeromorphic functions on

the punctured complex plane in LE’“ (C) for fixed non-negative integers m and n with m + g > —1.

o

These spaces are spanned by 1/)2‘? ,j > [—B], and l[)k:ﬁ, k =0,1,2,---, respectively. Moreover,
they can be seen as the polymeromorphic analogs of the true polyanalytic (and anti-polyanalytic)
Bargmann spaces [2, 96] defined as specific closed subspace in ker (9" +1/9z" ") N Lz,’“ (C), and re-
alized also as L2-eigenspace F2*(C) = ker(A, — an) associated with the n-th Landau level of the

self-adjoint magnetic Laplacian

92 _
Ba=Bup = =557 ToZg
acting on L3*(C) (see [8,01]). 2
- L*(C)
Next, we show that F. Ef‘n(Cﬁ) = Span{lplfl’fﬂ k=0,12,---} ’ can be realized as the image

of the classical Segal-Bargmann space F>*(C) = Hol(C) N L?“(C) of holomorphic functions in
the Hilbert space of the Gaussian functions, Lé’“(C) := L2(C,e*¢”dA), by means of the specific
integral transform

prm 12 F\Fm

on Cg, provided that the integral exists. Here m is a fixed integer such that m > —B — 1 for given
B > —1. In fact, the transform Baf is well defined and maps the orthonormal basis €% (z) =

(™1 / tn!)1/22" of F2*(C) to an orthonormal basis of F é:’;(C g). More precisely, we have

aBtm+1 1/2 B
B @) = (ot V)

This follows by observing that the integral kernel of the transform B in (1.6.4) is the generating
function in (1.4.2). Its inverse is given by

o,y — _ & D‘ﬁ+m V2 (E_ w)ﬁ+m —a(z—w)z
(Bu) M) (w) = p (W) /0227/56 E02f(2)dM(z), w € Cp. (L6.5)

It is worth noticing that for the particular case of p = 0, the corresponding transform B;',‘{O reduces
further to the one considered in [12, Remark 2.13] mapping unitarily the Segal-Bargmann space to

the true anti-polyanalytic Bargmann spaces F2*(C).
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Similarly, associated with the kernel function on C x C given through the partial generating

function in (1.4.3)),

P

—1)"*n! _
u,z) = (Zzne”ZLgﬁ n)(zx|z]2 —uz), B—n>-1, (1.6.6)

we consider the integral transform
—1)"n! _
S f(z) = “Z)” /C L (a|z? — uz)e "2 f(u)dA(u), B—n> —1. (1.6.7)

The image of ]—'2,04(@) by SZ’ﬁ for arbitrary B > —1 and f —n > —1 is the closed subspace of
Lf{a(c) spanned by l/in]ﬁ for varying j = 0,1,2,- - -,

L3*(C)

SiP(F¥(C)) = Span{y,; j=0,1,2,- -} = F2%(Cp).

Bn

For B > 0, it reduces to the restricted p-polymeromorphic space F é:’;(Cﬁ) which is strictly con-
L*(C)

tained in féz(C) = Span{gbzf; j=1[1-Bl,[-B]+1,---} * For-1< B < 0, this is exactly the
polymeromorphic space F 2,’2‘(03 g) = ]-'éf;(C)
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Chapter 2

Fractional Hermite functions

Special functions of arbitrary order play a significant role in the theory of frac-
tional differentiation and integration. The present work is devoted to study a
new generalization of the Hermite polynomials of real order p obtained by a
fractional Rodrigues formula based on the Caputo derivative. The proposed
functions are solution of the known Hermite equation. Some properties of the
fractional Hermite functions are derived. Also their representation in term of

the Kummer’s functions is given.
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2.1 Notations

We fix and review from [45, 83] some needed notations and concepts in fractional calculus. Thus,
for arbitrary fixed positive real number « and for a locally integrable function f on a given segment

[a,b] in the real line, the left-sided Riemann-Liouville integral of order « is defined by

LI f(x) = r(la) / " H) (x — b 21.1)

Also, for given f € C"~Va,b] such that f("~1) is absolutely continuous on [a,b], we denote by

‘D*(f),n —1 < a < n, the left-handed Liouville-Caputo fractional derivative defined by

D) = D) = gy [ (=00 212)
where D = d/dx. Here « is clearly assumed to be a noninteger positive real number. The n-th
derivative D" (f) is then recovered from the Caputo derivative ‘D% ( f) by letting « — n. From now
on, we put a = —co, and the corresponding fractional integral in and the Caputo fractional
derivative in will be denoted simply I* and °D*, respectively. Both can be considered as
limits when @ — —oco of those in @.1.1) and ([2.1.2), respectively. By taking f(t) = @(t) := e~*’
in and (0.0.15), it becomes clear that the functions ; H gy and 1 G(g) can be defined by the

integrals
2
e’ X a4
LH (x) = r(i’l—ﬁ)/_oo(x_ S A KO (2.1.3)
withn —1 < B < n,and
2
e’ x a4
LG (*) = 7 [m(x—t) Prle " dt, (2.14)

and

LG(/S)(_X) = F(—ﬁ) /xJFOO(t — X)_ﬁ_le_tzdt = RG(ﬁ)(.’Xf)

This means that the suggested Hermite functions are related to the both right-handed Liouville-

Caputo fractional derivative and the right-sided Riemann-Liouville integral at 2 = +oc0. It is also
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not difficult to see that the fractional Hermite function . H,) can be expressed in terms of Riemann-

Liouville derivative defined by RED¥ f(t) := D" o | I"~*(f), since we have

n—1(y_, k—a ¢(k) a
(i) (1 = (Foif) (o -y UL

n—1<a<mn,

= Tk—a+1)
for any absolutely continuous function f [63} p. 91], then by specifying f(f) := e, we get
agrpooCDg (f) - ugrzloo RLDZ{ (f) - LH(“)‘
Thereafter, we use the unified notation T4, to stand for
Hpy, >0 ithn—1< B <n),
T, =4 tHer P (wi p<mn) (2.15)
(B)
LG(ﬁ) , 5 < 0.

2.2 Hypergeometric representation for the fractional Hermite functions

In this section, we provide two equivalent explicit expressions of the considered fractional Hermite
function in terms of the confluent hypergeometric functions ;F;, and next discuss some special
cases. For this purpose, let ], stands for the exponential integrals

x oo
Sp(x) := / (x — t)_ﬁ_lexz_tzdt and Ju(x):= / ute AUy (2.2.1)

J —o0 0

They are somehow equivalent. We first establish the following.

Lemma 2.2.1. Fix the reals B < 0and B # 0,—1,—2,---. We have

Sp(x) = F(—ﬁ)rrg:g) 1F (;ﬁ,;;ﬁ) +T (1_2ﬁ> x1F <1; ;;x2> (2.2.2)

and

Jp(x) = %r (ﬁ;rl) 1\F ('8;1 ;;xz) +aT (’3;2> 1Fi (erz,g,-ﬁ) . (2.2.3)

Proof. Using the variable change u = x — t, we get
S‘B(x) = /0 uflgflefl/lz‘FZdeu — /O ufﬁflefuz (Z (21/;;()) du‘
k=0 "

However, since

teo a1 e (Qux)k 2k=1xk (k-
p-1 w2 _
/o W = r( 2 )
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and by splitting up the obtained series into the following two separated hypergeometric series

pran(3) "D ga oozt

Kl 2 2 &K (D), (3)e

k=0 2

we can interchange the integral and the summation, to obtain
400 2k 1 k k— ﬂ
L),

which reduces further to the right hand side of (2.2.2). The proof of (2.2.3) can be handled in an

analogical way making use of similar arguments as above. O

With the help of the above result, we can prove the following providing a unified hypergeo-

metric representation for the fractional Hermite functions. Namely, we assert the following.

Theorem 2.2.2. For any noninteger real B, the fractional Hermite function T(g) in (2.1.5) can be expressed

as

25 15
Tig)(x) = ;(g_zﬁ))lﬂ <—§ % x ) +xrr((_2ﬁ)>1pl (1;[3 ; x2> (22.4)

Proof. The case B < 0 follows from (2.2.2) in Lemma The main idea in proving (2.2.4) when

p > Ois to rewrite | Hg) as

+o0 5
L) () = (1) gy [ P = e 2, 225)

and next use the explicit expression of the classical real Hermite polynomials to re-express | H )

in terms of the exponential integral ], in (2.2.1). Namely, we obtain

ﬂ n—2m _1)m+n son— 2m S
LH(ﬁ)(x) =(-1) Z Z —2m)! <n _2m>x ](Z(n—m)—ﬁ—s—l)(x)'

m=0 s=
Now, from (2.2.3) combined with the following recurrence relations for the Kummer’s functions

[69, § 6.2., p. 267]
(c—1)1F(ac—1Lz)+(a+1—c)1F(a;cz) —amFi(a+1;¢2) =0 (2.2.6)
and
c1F(a;¢;z) —c1F(a—1,¢2) —z1F(a;c+ 1;2z) =0, (2.2.7)

one reduces the expression of the Hermite functions | H ) in terms of the special functions 1 F; (—/2,1/2; x?)

and x1F; ((1—B)/2,3/2; x?). O
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Subsequently, for specific values of 3, we get special linear combinations of the modified Bessel

function of the first kind given by its series expansion [69, p. 66]

oo 1 z 2k+v
lo(z) :k;)F(k—H)—i—l)k! (E) ’

Corollary 2.2.3. For the special values B = 1/2 and p = —1/2, we have respectively

B r(é)r(l) 2/ : X2 X2 x2 x2
LH((x) = We x| x| (143 (2> +1 (2> — I (2> -1 (2>) (2.2.8)

(x) = \fzr(%gz)exz/ﬂxﬁ (141 (’i) +1 <x;>> . (2.2.9)

Proof. For the case of B = 1/2, the obtained hypergeometric representation of | H (1) in Theorem

reduces further to (2.2.8) making use of the identity [15| p. 622, Eq. (5)] asserting

_ 1 1_, x X X
1Fi(a;2a 4+ 1;x) 2 <a+2> z2 %2 (Iaf% (E) —IH% (E»' x> 0.

However, the expression (2.2.9) corresponding to f = —1/2 follows by means of the fact

and

LG(

=1
2

1 2
1Fi(a;2a;z) = ¢/20Fy (;a + E; i6>

combined with
_ 1\ 1_ z
1F1(a;20;2) = 21T (a " 2) e,y (E) '

O]

The next result provides another generalized and equivalent expression for the fractional Her-

mite functions.

Corollary 2.2.4. Foranyreal B #0,—1,—-2,- - -, we have

1) =210 o () 1 (£.42) < p 2o () n () o (152 32

2
Proof. The proof can be handled by rewriting the involved constants in ; Hg) giving by (2.2.4) as

FA=5) T (7P (50 2B (B o (7P
al = 2. =9 cos <> and a4} := . <> sin <> ,
PTTA-p) 1B\ 2 PTTER) T Vr o \2 2
which readily follows using the following well known identities for the Gamma function [69, p.

2-3]

I(x)T(—x) = _xsinﬂ(rcx) and T(x)T <x+ ;) = \/EZ%_ZXF(ZJC).
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Remark 2.2.5. By specifying p = n in the Rodrigues formula of | H g, we easily recover the Hermite
polynomials, H,y = (—1)"Hy,. This can also be recovered from the established corollary. In fact, by
evaluating at 2n, the term sin(7tn) vanishes and a3, reduces further to a3, = (—1)"(2n)!/n!. Therefore,

one gets
2n)! 1
LHon (x) = (—1)"(71,) 1F <—ﬂ,2;x2> = Hu(x).
In a similar way we have a3, | = 0 when B = 2n + 1, and the remaining coefficient leads to

! 3
LHpiny(x) = 2(—1)“1795 1F <—n,2;x2> = —Hppy1(x).

As immediate consequence of Theorem one provides an integral formula for the product

of gamma function which for our knowledge seems to be a new result.

Corollary 2.2.6. For all B €|n — 1,n[, and n a positive integer, we have

T(n—B)T (1 - g) —T(1-p) /0+°° WV H, (u)e " du.

Proof. The proof follows from the integral formula (2.2.5) for the case x = 0. O

2.3 Fractional Hermite functions as solutions of the f-Hermite equation

In this section, we show that the considered fractional Hermite functions are solutions of the S-
Hermite equation in (0.0.16) with fractional order. To this end, we first derive an explicit expansion

series for the functions T( B)-

Lemma 2.3.1. For every noninteger real B, the functions T (g are analytic and are explicitly given by the

absolutely convergent series

1 = /i i
Tio ™) = 370 L,2T (5°) 5
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Proof. The proof follows by direct computation starting from Theorem Indeed, we have

1-8
=gy (- 5) g (23
Dy, T7) 52 (),

B I (2%/3> A (_ 24 X
S T(1-8) & (1)K L(=B) = (3) K
1 =T (M%ﬁ) 2y 1 =T HZZk?ﬁ) (2t
CI(-B) & 2(3), K T(=B) = (3)K
oT 2k—B T 1+2k—pB
=) . ,) 2%+ g ) - .><ZX>2"“
Ir'(—p) = 2(2k)! I'(—p) = 2(2k+1)
1 +oor(#> .
“ap g A

The absolute convergence of the occurred series can be proved using the ratio test. In fact, one

shows that

G+1rGE) V2

vanishes for j being large enough. O

rehr

For B = n being an integer, it is known that the Hermite polynomial H, is solution of the
classical Hermite equation in [?, p. 608], to wit y’ — 2xy’ + 2ny = 0. However, for arbitrary p, we

establish the following.

Theorem 2.3.2. The fractional Hermite functions T(g) are solutions of the generalized B-Hermite equation
y" —2xy + 2By = 0. (2.3.1)

Proof. By the expressions defining T(4), and the derivatives 2xT(’ 8) and T(///5) obtained by means of

Lemma/2.3.1] it is clear
1 +00 2j+1

L

forany § #0,1,2,- - -, where sp,j stands for

or (1F2=B _ i (1P j—PB
sp,j =2l (2 —jr — )t pr — )
for any non-negative integer j. Moreover, we have sg; = 0. Thus, it becomes clear that the frac-

tional Hermite functions T{g) are solutions of (2.3.1). This completes the proof since for f = n being

a nonnegative integer, the function T(, is exactly the Hermite polynomial (—1)"H, which is well

known to satisfy (2.3.1). O
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Proposition 2.3.3. The fractional Hermite functions T|g) satisfy the differential-recurrence formula T(/ g =
—2B T(ﬁ,l) as well as the recurrence relation T(ﬁﬂ) 4+ 2x T(ﬁ) +28 T(ﬁ,l) =0.

Proof. Follows from Lemma by straightforward computation. O

Remark 2.3.4. In view of Remark the previous result is a generalization of both the classical re-
currence formula Hy,1(x) — 2xH, (x) + 2nH,_1(x) = 0, n > 2, and the derivative formula H,,(x) =

2nH,_1(x) for the Hermite polynomials.

2.4 Integral representations and generating functions

We begin by proving the following.

Theorem 2.4.1. We have the integral representations

LHp) (x) = 2/3\/;1 0+°° e~ yP cos <2xu + 7T2ﬁ> du, B>0, (2.4.1)
and
G (x) = 1 /+OO 2wy =Bty B < 0. (24.2)
L>=(p) T(—B) Jo ,

Proof. From the integral formula in [69] p. 275], and the first transformation formula giving in [69,

p. 267], we get

and

1-83 , 2 B3 e gt s (3
F|—, = =e"1h(1+%,5— = / ft20F; ( =; —tx® | dt
11<2 2x> 611<+22 X r(#)o e 'tzph > X

for B > 0. However, making use of the facts oF (1/2; —z) = cos (2y/z) and 2+/zoF(3/2; —z) =
sin(24/z), it follows

B "0 _
LHg)(x) = 2 cos <7Tﬁ> /0 e 1T cos(2]x|VE)dt

VT 2
B +00 _
— sign(x)\z/E sin <7T2ﬁ> / et sin(2|x|v/t)dt.
0

The variable change u = +/t completes the proof of (2.4.1). The second integral (2.4.2) can be
deduced from the definition given through (2.1.4) making use of the variable change u = x — t.
Ul
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The main results of this section are fractional generalizations of the generating function for
Hermite polynomials [7Z, p. 817]

0 n
¢TI = Y H, () (2.4.3)
n=0 n:

Theorem 2.4.2. For positive noninteger real B, let n be the integer satisfying n —1 < B < n. Then, for

given reals x and z we have

B e () (P )
L ,;;(erz)Z)}.

. <n—§—1>r<”;ﬁ) (x +2)1F) <2ﬁ

Proof. The integral expression in (2.1.3) defining ; H ) and the ordinary generating function (2.4.3)

show that the series

= tHipike) (%) g
S(x,z) = — T Ty
2= X

can be re-expressed in terms of the quantities J, in (2.2.1) as

S(x Z) = —Zﬁi /+OO(Z +x— u)(u)ﬂ—ﬁ—le—u2+2u(z+x)du
T TT(n—B) Jo
e—zz—sz
= —ZW ((Z + X)]n,‘gfl(z + X) — ]nfﬁ(z + x)) .
The last equality follows from (2.2.3). The assertion of the theorem then holds by means of (2.2.6)
and (2.2.7). -

Remark 2.4.3. It is worth noting that when B is an integer we recover the generating function in [69, p.

252]. The particular case of B = 0 (and then n = 1 and B,, = 0) reduces further to the generating function
in [7, p. 817] given by (2.4.3).

Theorem 2.4.4. We have the following

) LG(,n)(x)z”’1 = \/2E (1 + Erf(x + %)) el t3)?, (2.4.4)
n>1

where Erf(x) is the error function [69, p. 349] defined by

2 o p
Erf(x) = \/E/o e "dt.

Proof. 1t follows from formula (2.2.3) combined with the obtained integral representation (2.4.2).
O
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2.5 Discussion

A notable point is that well-known formulas used to derive orthogonal Hermite polynomials can
be extended for the generalization of fractional derivatives. An illustration of this is found in the
integral representation, differential equation and recurrence formulas of Hermite polynomials.

Fractional Hermite Functions

150
100
50 1
x
EI 0 1
I
_II
_5(] -
—— L H_8.111(x)
L H 0.5(x)
~100 - —— LH 1.1111111111111112(x)
—— L H_4.444444444444445(x)
—— L H 9.2(x)
_15':] T T T T T T II T T
-0.8 -06 -04 -0.2 0.0 0.2 0.4 0.6 0.8

x

The explicit expression of fractional Hermite functions assists in plotting their truncated forms.
Nonetheless, considering the large function values, the plot is confined within the specified inter-

val [—0.8,0.8].
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Nonetheless, the suggested functions lack the polynomial characteristic, presenting difficulties
in expressing them in relation to other special functions, or in studying their orthogonality. In this
setting, it is worth noting that the Hermite polynomials satisfies the orthogonality relation over
the real line with respect to the gaussian weight w(x) = e, which explicitly reads

—+o0
/ Hy (x)Hyy (x)e ¥ dx = 2!/ 76 .

—00
However, the orthogonality of functions of fractional order is still an open problem and needs
further investigation, including the one for our introduced fractional Hermite functions T(g) (a
problem under consideration). Notice for instance that the orthogonality relation is not valid with

the weight function e . In fact, we have

= [Z§)Z(a) = Ziw) Z ()75
= [2BZ(p-1)Z () — 20Z(u 1) Z(p)) 7,

2

for given reals  and a (not both positive integers), where we have set Z ) = e™2 T{). Therefore,

<T( B)r T(,x)> = +o0. Indeed, by means of [69, p.289] it follows that

8
o= e o )]

for x large enough (x — +400), and

C1—a—B 2 1 1

Moreover, x — —oo, we have

r(é) —1-B x? 1
and then 2
2(CG))" | 1wy (]
2BZ(p-1)Z () — 20Z(a-1)Z(p) = r(—/s)lz(—oc) 7 PO (x4> '
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Chapter 3

Fractional Zernike functions

We consider and provide an accurate study for the fractional Zernike functions on the punctured
unit disc, generalizing the classical Zernike polynomials and their associated B-restricted Zernike
functions. Mainly, we give the spectral realization of the latter ones and show that they are orthog-
onal L2-eigenfunctions for certain perturbed magnetic (hyperbolic) Laplacian. The algebraic and
analytic properties for the fractional Zernike functions to be established include the connection
to special functions, their zeros, their orthogonality property, as well as the differential equations,
recurrence and operational formulas they satisfy. Integral representations are also obtained. Their
regularity as poly-meromorphic functions is discussed and their generating functions including a
bilinear one of Hardy-Hille type are derived. Moreover, we prove that a truncated subclass defines

a complete orthogonal system in the underlying Hilbert space giving rise to a specific Hilbertian

orthogonal decomposition in terms of a class of generalized Bergman spaces.

3.1 The B-restricted Zernike functions (spectral realization)

In this section we are concerned with the functions

m
WD) = (1) P R A P, 3

for given reals «, B, 7, 17. They referred to as the B-restricted Zernike functions (justified by Remark
below). We aim to derive their basic properties and show that they form an orthogonal system

of L%’“-eigenfunctions for a perturbed magnetic Laplacian of the form

A = By + (1= 12 (HS(Z)E — H?(Z)F) + HY(z)HY (z) |22 (3.1.2)
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acting on the weighted Hilbert space Lé’“(]D). Above a, b, c and d are given real numbers, Ap,, =
—(1 — |z|*)29? /9207 is the Laplace-Beltrami operator on the hyperbolic disc, E = zd/9z denotes

the complex conjugate of the complex Euler operator E := zd/0dz and

b

Hé’() =a+b— ’ 7

(3.1.3)

It is worth noting that for particular values of 4, b, ¢, d one recovers the magnetic Schrodinger op-
erator on the hyperbolic unit disc, representing the Hamiltonian of a charged particle in motion
under an external uniform magnetic field [18) 14} 36} 39].

To this end, we have to factorize the considered Laplacian in terms of some first order differ-
ential operators (leading in particular to their Rodrigues type formula). Thus, if we set 1, (z) =

h(z)*|z|*f with h(z) = 1 — |z|?, we can consider the first order differential operator

Anf(2) = b1y (2) o (U ) 2)

for given fixed reals 7y and 7. Its explicit expression is given by

Ay f(z) = {(1 122~ H(z >}f<z>. (3.1.4)

The corresponding null space is closely connected to the set Hol(ID*) of holomorphic functions
on the punctured unit disc. Namely, we have ker(A, ;) = h_,,_,Hol(ID*). Moreover, the formal

adjoint operator A;"‘,f of A, , with respect to the inner scalar product

.8 = [ F@3EAHp(2) (315)
in Lé’”‘(lD) is given by

*a 0
A“Yéﬁﬁ (z) := _h’yfﬂc,r]fﬁ(z)E(hafwrl,ﬁﬂyf) (2) (3.1.6)

in account of the conventional calculation. Accordingly, we perform
wpt *ap op,— s
Lyy " = Ay yAyy and Lo = Ay Ay (3.1.7)
Straightforward computation leads to the explicit expression of these second order differential
operators in terms of A% op i (3.1.2) (we omit the proof).

Lemma 3.1.1. The expression of E%’Jr in the z-coordinate is given by

LT = AT P =y + 1),

Moreover, the operators L2, ﬁ " and ﬁ " satisfy

E%,Jr _ Eo;,f,ljﬂ + (2 —27). (3.1.8)
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Remark 3.1.2. For a = —2 and B = 0 we have £i;’,,€’+ = Ei;f_l_,] —2(y+1). Also Hf:zH = —HZH S0

that the Laplacian L‘%’Jr reduces further to

« 0 =
LyPt = —n {hazaz —H!,,(2) (E- E)} + (H! ()2 = (v + 1) (3.1.9)

For the particular cases of -y, § we recover the Landau-like Hamiltonian on ID (see e.g. [14,136,139]).

Remark 3.1.3. The considered operators ﬁ‘;’,gﬂr and L%’* can be realized geometrically as magnetic
Schrodinger operators associated with a singular real differential 1-form (vector potential) 0,5 = 60, + 9~ﬁ
with d@; = 0 and db, is the Khiler two form on the hyperbolic unit disc up to a multiplicative constant.
More precisely, we have

onp(z) = T2 i (”’Z - dz) . (3.1.10)

z Z
Now, by means of the identity (3.1.8) we can establish the following (we omit the proof).
Lemma 3.1.4. The following commutation rules hold trues
(1) Ly Ay = Aqy Ly and  AVTLYT = L7 AT,
.. ,ﬁ,+ *q, _ *a, r,Br+
(i1) LYy A’Hﬁllﬂ = A7f1’,] ('CD;H,W + (o — 27)) :

B+ B+
(ii) A'y—i—l,vy['l;,g = (Eﬁw + (o — 27)) Ay

@ A, = (O - w-2m) A3

Lemma is efficient in analyzing and studying the family of functions ¥, in (3.1.1). In

fact, we show that they can be obtained by successive application of A j=12,---,m,to the

* L.
Y+
ground state functions. Namely, we consider the differential operator

, e pAfap *a,p *a,p
Ai‘;,?; (f) = Afyl:—l,ry © A'yﬂikZ,;y 00 Ava-&-m,q (f)

Then, we claim the following.

Lemma 3.1.5. The closed expression of Rodrigues type for A% is given by

" 0"
Proof. Starting from the definition of A% one gets
a m
A0 = (1) (5] Gy
Then (B.1.11) readily follows thanks to the fact (k%9)™(f) = k" 19™ ("~ f) in [33]. O
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The main result in this section is the following.

Theorem 3.1.6. Fix <y such that x > 27 + 1. Then, for integers m,n such that n > 2y — p — 1 and
0<m< (a«—1—27)/2, the following assertions hold.

(i) The function " is a L%’“—eigenfunctian of L/ §’+ with Ey" = (m+1)(a — 27y — m) as correspond-

ing eigenvalue.

(ii) The functions P, form an orthogonal system in the Hilbert space L%’“(]D) and their square norm

(induced from (3.1.5)) is given by

mtm! I(a—2y—m)(n+p—2n+1)

T2
Hlpm’””“rﬁ - (a—2(y+m)—1) T(n+a+p—2(y+n+m)) (3.1.12)

Here T is the Gamma Euler function.

Proof. In virtue of the algebraic identity (iii) in Lemma and the identity (3.1.8) we can proceed

by mathematical induction to get

m—1
Bt p % * Bt . *
LB Az — prm B L (2= 2(v+])AT
]:

T Ty mg
B~ m—1
= Ay (L =2y +m)) + Y (@ =207+ AT
]:

m
*, 0‘:/5:_ . *,
= A’Y,771£'y+m+1,11 + Z()(DC - 2(’)/ +]))A’y,77771
]:

— A% w,B,— *,
= AL + (m+1)(a — 2y —m)AYY.

1A y+m+Ly
Accordingly, it becomes clear that the functions A% (¢,;") are eigenfunctions of Ei’lgﬂ' whenever
¢@» belongs to the null space of A, 1,
ker(Ayymity) = {f D" — C; Ayymyryf =0} C ker (£;+m+1,17) .
This is the case when considering
on(z) = eul(z) := 2"(1 — |z[2)~Ortm+ D 2721,y € 2. (3.1.13)
More precisely, the functions A} (@) = AYy (2"h_ (o 1m+1),—,) are given by
*,M (N m " n
A’y,;y (Z h7(7+m+1),717) = (_1) h'yfzx+m,177ﬁazim(z h0¢7277m71,/57217) (3.1.14)

_ (_1)WZ(1 . |Z|2)7a+m|2’2(r]ﬁ)g:n(zn‘z|2(ﬁ217)(l . ‘Z|2)zx72('y+m)+m71)
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thanks to Lemma The latter formula reduces further to the expression of the p-restricted
Zernike functions in (3.1.1). Moreover, they satisfy

LY (k) = (m+1) (w — 2 — m)yilih = EJ gih. (3.1.15)

Now, for their orthogonality in LIZS”"(ID) one can use their explicit expressions in terms of certain

special functions (see for example Remark[3.2.7)below). However, we present below another proof

using the factorization method. To this purpose, notice first that A7 = A;’wa o AV ,71 and that

oul = @Y1 Tt follows

, , *a, m—1 , *a, +1,
17031/71 = A’ﬂ;”,?((P;?);Z) = A'yofl,q © Aj;jjl,ly ((1721,’171) = A’yofl,q( ;—1,1111)'

Accordingly, making use of (3.1.15) we obtain
VTN AN &B+ v +Ly YHLyN _ opy+tla /o v+ Ly oy +ly
< m,ns llbj,k > - <‘C'y+l,17( m—l,n)’wj—l,k - Em—l ll]m—l,n’ j—Lk /*
More generally, by induction we arrive at
S
(/TN A YO [yt s
<‘/’me' ik > = HEm—Z < m—sp ¥j_sk > 1<s<m.
(=1
Therefore, without lost of generality we can assume that m < j and take s = m to get
m
YA YN Y+ba f y+may ytm
< mns Wik > =[1E." < onWi-mk >
(=1
- +4 v+m,y y+m,n
_ Y+l , * * * ,
— H Emfé < o ’A’Y+m+1,11 o A’Y+m+2,17 0---0 A,Y+]‘,,7((P];m,k )>
=1
& +¢ yHmay - ytmy
— T o . :
=T1E. <A7+m o0 Ayt (Pou ) P i >
(=1

The last identity holds by observing that e — (pg,:s’”, which readily follows from (3.1.11) or

n
(3.1.14). Next, since qog;rm’" belongs to ker(A, y1,y) andthen A, 0+ 0 Ay 1my2y0Ayfmity (q)g’:m,ry)
vanishes whenever m < j, we obtain

m

Y YN\ Y+l Yy+my y+my )
< mns Pk > = (H En-i > <(P0,n ok >‘5m4'
(=1

To the computation of the quantity <(p07,:m"7, q)g;m’”> we make use of (3.1.13) giving the explicit

expression of (p%’,@ This yields
<<P3,Z'””’, <P3,Zm’”> = /D(l — |z?)a-20rtmD) | 5| AB-2) g1 Zk G A ()
1
=T </0 (1 o t)a—2(7+m+1)tn+/3—2th> 5n,k

=nBn+p—-2n+1,a—2(y+m)—1)d,,
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where B(a, b) denotes the classical beta function. The validity of the previous formula requires that
n>2n—pB—landa — 2y —1> 2m witha — 27y — 1 > 0. Finally, since

I'(a—2y—m)
T(w—2(y +m))’

m
HE;ZJ:%“ =ml(a—2(y+m))y =m!
=1

we arrive at

<¢w7 7”7>: ! Fla—2y-—m)I(n+p—-2n+1) .
e Tk («=2(y+m)—1) Tn+a+B—2(y+n+m)) "

This completes the proof. O

Remark 3.1.7. The functions in (3.1.1)) corresponding to v = —1, y = 0 and m = 0O reduce further to

%ji’o(z, zZ) = 2", for varying integer n > — (B + 1), whose square norm in Lé”"(]D) is given by

2 _ﬂr(a+1)r(n+ﬁ+1)
wp  T(n+a+pB+2)

-1,0
H%,n

They form an orthogonal basis of the B-modified Bergman space Aé’“(]D) defined as the closed subspace in
L%*(ID) formed by the holomorphic functions on the punctured disc ID* (see [37, 38] for details). In other

p
words, the B-modified Bergman space is the L?-eigenspace of our magnetic Laplacian [f;‘ffn

associated with
its lowest Landau level. For the particular case of p = 0 we recover the classical Bergman space on the unit

disc with respect to the weight function being of the generalized Gegenbauer form (1 — |z|?)%.

Remark 3.1.8. The functions ¥,y do not form a complete system in Lé’“(lD). However, for fixed m such
that 0 < m < (a —1—2v)/2 and varying integer n > 2y — B they span a specific closed subspace
A;”};(ID) in Lf;’“(ID). This gives rise to what can be called the m-th generalized (or also poly-meromophic)
B-modified Bergman space on ID* and can be seen as the polyanalytic analog of the B-modified Bergman
space. Its reproducing kernel is given in Remark 3.2.20] below.

3.2 Fractional Zernike functions

In this section we provide an accurate theoretical study for the fractional Zernike functions in
(0.0.17). We discuss their connection with some special functions, zeros, orthogonality in L%'K(ID),
regularity, differential equations, recurrence and operational formulas. Some results concerning

the generating functions, the integral representations and completeness are also obtained.
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3.2.1 Connection to special functions and explicit expression

We begin by establishing the explicit expression of the fractional Zernike functions Z,/5, in terms
of the classical Zernike polynomials. Thus, for given real b and nonnegative integer m we define
the infected minimum m A* b to be

min(m,b), b=0,1,2,---
mA*b =
m, beER, b#£0,12, .

Proposition 3.2.1. For every p > —1 we have

miT(p+1) mMA*p (—1)/ (1 — |z]2)jZK+j (z,%). (3.2.1)

kK+m+1), g) jim—)T(p—j+1) Z m—j,n

Zuhi(z,2) = (
j

Proof. Using the facts (3.2.4) and
CV

ne1 — 2\k+m _ R
(1= ) = T o

((1 o |Z’2)K+m+n) ,

we get
25 (2,7) = (K(:r?nr:)nzm _ |z]2)”‘% <ZP§; (- |z\2)'<+m+n)>
= w7 O EE s (e,
which can be rewritten as (3.2.1). O

Remark 3.2.2. For p = 0 we recover the Zernike polynomials 2}, , (z,Z) up to the multiplicative constant

1/ (x + m + 1), while when p = 1 we get

m—1,n

2y p1(22) = (kHm+n+1) (225,(z2) +m (1-[2) 257 (7)),

which is exactly the three terms recurrence formula for the Zernike polynomials [5, p. 403, Eq. (5.1)]. This
follows since that (—p); = 0 for j > p 41 whenever p = 0,1,2, - - -. More generally, from (0.0.18) with p
being a nonnegative integer we obtain new recurrence formula for the classical complex Zernike polynomials

o e (1) (1= ) e

mntp(2Z) =mT(p+1)(k+m+n+1), ) -

. : - (z,Z). 3.2.2
=0 ]'(m—])lr(p_]+1) m—],n(z Z) ( )

The explicit expression of the few first terms of 2,5 (z,Z) can be computed easily from the
Rodrigues formula (0.0.17) or also using (3.2.1). Thus, those corresponding to m = 0 reduce to the

monomials, Zg’,f (z,z) = z". For m = 1 and m = 2 we get respectively

Zf'S(Z,f) = (K +np+1)z2" — nyz" !
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and
Z;’S(z,f) = (k+ 1+ 1) (k + 1, +2)2°2" — 2np(k + np + 1)22" " + ny(n, — 1)2" 2,

where we have set n, = n + p. A general formula for the explicit expression of Zuh(z,Z) is given

by the following assertion.

Proposition 3.2.3. We have

2 (2) — "Wf;*") (=1)/m!T(n+p+1)T(x+m+1)
s = Mm=I(n+p—j+DI(k+j+1)

(1= |z?) zn—izm, (3.2.3)

Proof. Using the known fact that (x)2 = I'(x+1)/T'(x — n + 1) for the decreasing factorial defined
by (x) =x(x—1)---(x —n+1), we obtain

o . n Lla+1) a—m
21— — (2T 1—
T (1—x2)" =(-1) Ta+1 _m)x (1—xz)
and
am a a—m r(ﬂ + 1) a—m
2 - (— =gt " 7 2.4
azm (Z ) ( El)mZ Eu,mr(a +1— T’l’l)z 4 (3 )
where for the nonnegative integer m we have set
1, a>m;a=0,1,---
8;,”1: 0/ 11<m,'11:0,1,--'
1, aeR,a#0,1,---.
Thus, applying the Leibnitz formula for high order derivation of a product yields
m
i (2,2) = (1) P (1= o) 2 (21— 2y
— ie* ) (—1)fm!F(n tpo+ 1)F(K +m+ 1) mejznfj (1 _ ’Z‘Z)] ]
= P m = I+ — j+ DI (+j+1)
This gives rise to (3.2.3). O

Below, we present different hypergeometric representations of 2/, in terms of the Gauss hy-

pergeometric function defined on the open unit disc by the power series
a,b & (a)n(b)n 2"
F z| =) ————
241 ( c ) Z ( C)n n!

n=0
provided thatc #0,—1,-2,---.

49



Proposition 3.2.4. The functions 2, (z,z) are given in terms of the o Fy function by

Z;;’g (Z, Z) = (K + 1)mz”2’”2Fl

P ‘ ! (3.2.5)

K+1 - W
Proof. By means of (a)" = (—1)"(—a), = I'(a+1)/T'(a —n+ 1) combined with (—1)/(—m);(m —
j)! = m!, we can rewrite (3.2.3) as

mA*(M+0) (N (— — A). i
Zr,;l/,el(zrz) — (K + 1)mznzm Z ( m)]( n P)] <1 o 1)
i=0

: (k+ 1) 22
—m,—n— 1
= (K + 1)mz”Z’”2F1 P ’1 ~ 12
K+1 2|

O]

There are several equivalent expressions for Z,/;, in terms of the Gauss hypergeometric func-
tions which follow from the well-known linear transformations for , F;. Thus, from the second and

the third ones in [69, § 2.4., p. 47], it follows

—-mn+x+p+1
K+1

Zyn(2,2) = (kK + 1)z" "2 F ‘1 — |z (3.2.6)

and

—-n—o,k+m+1
Z50(2,2) = (K 4+ 1)mz 2" "0, F, P

7

'1 —z* ] . (3.2.7)
x+1

However, starting from (3.2.5) and applying the linear transformation [69, § 2.4.1, p. 47], one

obtains

|Z1’2> . (3.2.8)

Z0(2,2) = (K +p + 1+ 1)nz"2"5F <__m’ L

K—p—n—m

The same transformation applied to (3.2.6) gives rise to

(3.2.9)

> — _m,K“I—]’l—‘l- +1
Zyn(2,2) = (—n = p)mz" "2Fy ( P ’|z|2> :

n+p—m+1

The latter one remains valid for p being integer and m < n 4 p.
The next result is concerned with the expression of Z,/,(z,Z) in terms of the the real Jacobi

polynomials.
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Proposition 3.2.5. For p = 0,1, - - -, we have

_ (€ + 1)y (nrp) (M A (n 4 p))! zZ"z™
i,0 . n+p (x,|m—n—pl) 2
Zutn(z,2) = (x+ Durs BECA p))P A(4p) (2|1z]7 = 1), (3.2.10)

while when p > —1 is non-integer or m = m A\ (n + p) we have
ZE0 (2,2) = mizZ" P (2122 - 1). (3.2.11)

Proof. Consider first the case of p = 0,1, - - -. Starting from (3.2.6) and the assumption m < n +p
one can make use of the facts (—n —p), = (-=1)"(n+p—m~+1),, P,Ef’b)(x) = (—1)”11’,5117’“)(—3()

and
—mm+a+b+1 m! (a.b)
2 Fy x| =—Py ' (1—2x) (3.2.12)
a+1 (a4 1)m
to get
ZE0 (2,2) = mizZ" PP (222 - 1). (3.2.13)

The result corresponding to the case m > n + p is immediate from the previous one using the

like-symmetry relationship (0.0.19) (it is also immediate from (3.2.7)). In fact, we have

(k+ 1)m(n+p)!
(K+ 1)n+p

Zh(2,Z) = 2 PP T ) (222 - 1), (3.2.14)

To conclude one observes that both expressions can rewritten in the unified form

e z (K+1)mv nt (7’}’1/\ (7’1—|—p))' m—n—p|—p i(n—m)argz p(K,/m—n—
Zuhi(2,2) = ((K_i)nner 2| pl—ppi(n—m)arg P‘rsi/\‘(ner) PI)(2’2‘2_1)’

which clearly leads to (3.2.10). This can also be deduced from the functions z° Z,, being the
classical Zernike functions in (0.0.10) up to multiplicative constant and next making appeal to the
one in [33].

Finally, the formula (3.2.11) is exactly (3.2.10) when p integer and m < n + p. It can be obtained

by means of (3.2.6) and (3.2.12)) valid whenever m = m A* (n 4 p), which corresponds to p > —1

being non-integer or also to m = m A (n+ p). A direct proof can be handled starting from the

derivation formula [15] p. 1, 1.1.2 Eq. 2] that we can rewrite as

d}’l’l

T (2°(1 — x2)") = miz" (1 — xz)> " PE " (1 — 2xz). (3.2.15)

Therefore, with the specification a = n + p, b = x + m and x = Z, the expression of 2, in (0.0.17)
becomes (3.2.11). O
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The next result concerning the zeros of Z,,, is an immediate consequence of Proposition

Corollary 3.2.6. The point 0 is a zero of ZZ’,‘; when p = 0,1,2,--- ifand only if n > m or m > n with
o = 0. However, when p is non-integer, it is a zero of Z,;5, only when n > m. The other zeros are the circles

centered at the origin with radii (1 + ry5,) /2, where 1,5, are the zeros, located at the segment (0,1), of the

plln—mp)

real Jacobi polynomials P,SJ"”**”*P ) (x) when p is non-integer and A (n-+p)

(x) when p is a non-negative

integer.

Remark 3.2.7. According to Proposition m the expression of the B-restricted Zernike functions g, in

terms of the Jacobi polynomials reads

n—m

Yuin(z,2) = (—1)mmlzlz|z17 (1= |25 PP (1 - 2)z), (3.2.16)

where p = p — 2y > —1is non-integer and k = o — 2(y +m) — 1.
We conclude this subsection by discussing the orthogonality of the considered functions.

Corollary 3.2.8. The functions Z,5, form an orthogonal system in LE’K(]D) with square norm given by

(n+p)T(m+x+1) 1
Z5 2y = d — 3.2.17
120 1z (m+n+p+x+DI(n+p+r+1)  5h (3.2.17)

Proof. We provide explicit computation only when p being integer. For the case of p non-integer

one can proceeds as for m = m A (n+ p) and p is integer. Thus, let p a fixed integer and set

(K + 1)m\/(n+p) (m A (TZ + P))'
(K +1)nsp '

Then, from Proposition and the use of the polar coordinates z = v/te®; 0 < t < 1,0 < 0 < 27,

L
yn 1=

we get
Iﬁf,tz,j,k ::/DZ,’j;ﬁl(z,z)z]?ff(z,z)|z|2p(1—|z|2)di(Z)

1
_ 0, —n— (| m—n—p|) (1| m—n—p|)
= mudydfy < /O Hmrl (1 — <P Y (20 = 1) P (2t—1)dt> S mj
A
_ n%jk . (s |m=n—p|) (__ pl|m—n—p])
= SimnpTertl < /_ ()l — ) B () B (x)dx> On—mk—j-

Now, by the orthogonal property for the classical Jacobi polynomials [69, p.212], it follows

0,6 10K
ok ﬂdm,ndj,k
maik = o lm—n—p|4+k+1

om!(n + p)!IT'(m+x +1)
S (m+n+p+x+1)T(n+p+x+1)

([ m—n—p]) ||*
H mA(n+p) H ‘Sn—m,k—j5m/\(n+p),j/\(k+p)

m,jOn k-
This proves the orthogonality of 2, in the Hilbert space L3*(ID). O
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3.2.2 Poly-meromorphy

In analogy with the definition of the polyanalytic functions defined as those satisfying the Cauchy—
Riemann equation 9" /dz" = 0 one has to suggest the following or fthe poly-meromorpy [11} p.

199].

Definition 3.2.9. A complex-valued function f on an open set U in the complex plane is said to be poly-
meromorphic of order n (of first kind) if there exist certain meromorphic functions ¢; k = 0,1,--- ,n —1

on U such that
f(z) = ¢o(2) + 21 (2) + - +2" 1 (2).

The main result in this subsection discusses the regularity of the considered fractional Zernike

functions.

Theorem 3.2.10. The fractional Zernike functions Z,, are polynomials in z and z if and only if p = 0 or
m < n. Alternatively, they are poly-meromorphic functions of order m with 0 as unique pole. Its order of
multiplicity is given by Ordyf, = p form > n+ pwhen p =1,2,- -+, and by Ord,\, = m —nform > n

when p > —1 is non-integer, or whenn < m <n-+pwithp =1,2,---.

Proof. Set

0 (—=1)/mT(n+p+ 1T (k+m+1)

Coni = fim — WT(n+p—j+I(x+j+1)

and for p < g < m A* (n + p) consider the quantities

Kpommn . pkomn _ K,0,m,n
Saip™" = Ry — XPTARPM,

where RZ’p " is the polynomial of degree less or equal to p given by

P [pk i
K,0,M,1 (j+k)! K, _
Ry (X) =} (Z<_1)] (]j!k!) Cm,pn,j+k> XpE. (3.2.18)

Notice for instance that its constant coefficient is given by ngs’m’” 0) = RZ’p 0) = c%)n,q. Thus,

starting from (3.2.3) we can rewrite Z,,%,(z,Z) as

Z;;{‘;z (z,2) = an[m/\*(ner)]Emf[m/\*(”ﬂLPﬂRZ‘/’\’Z’E’:_FP)(’z‘z), (3.2.19)

But, since ¢,/ np 7 0, it becomes clear from (3.2.19) that the functions Z,.5, are polynomials if and

only if p = 0 or m < n independently of p > —1 being integer or not. This assertion is also
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immediate from Proposition n Next, using the fact that RKP = X VRKP Iy SKP " we

obtain

ZKP (z,2) =2"" nRK‘Omn(‘Z|2) n—[mA*(n+p)|zm—[mn* (n+p)]s"m€\:”(:+p (’Z‘ (3.2.20)

A meticulous study of the different possible cases of m compared to n and n + p for given p > —1

leads to

(2R (f2P) s

2" Ry (|2)7) ifm > p =0
1
Zuh(2,2) = { "R (12P) + S (12?) it m > n; p non-integer
orn<m<n+p;p=12-

EminRK,pIMIn(’ZF) + MSK’p’m’"(’zF) itm>n+p,0=12,---

\ n zP ntp prb ==

Moreover, this reveals that the regular part of 2,/ is always a polyanalytic function of order m

and anti-polyanalytic of order n. It is given by

2RI (1212 m <
Ritn(|21%) = ) ST premngmmin g 12) (32.21)
2R (12]2), m>n
However, in general 2, are poly-meremorphic with 0 as the unique pole for p # 0 and m > n.
Thus, for m > n+ p with p = 1,2,-- -, the singular part is clearly Z_me_(”+P)SKpmn(|z] ). It
reduces to z""S,”"" (|z|?) whenever n < m and p > —1 non-integer or n < m < n + p when

p=1,2,---. Therefore, it becomes clear that the multiplicity of the singularity is given by

1Y iftm>n+4+p,p=12,---
Ord%fn = m —n if n < m; p non-integer

orn<m<n+p;,p=12---.

This completes the proof. O

Remark 3.2.11. The obtained result can justifies somehow the appellation of Z, by fractional Zernike
functions.

3.2.3 Differential equations

In this subsection we are concerned with some second order differential equations satisfied by the

fractional Zernike functions.
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Theorem 3.2.12. Let m, = m + p. Then, the function 2,4, is solution of the differential equation

Z2(1 - |z]2)aazz2 + ((mp—n+1) — (k+my, —n+2)z|?) zaa—Z +n(x +mp+1)|z> = p(n — m).
Proof. Consider the first order differential operator
v (1)) = - (- 1P - 2569 (DE. (6222)
Also, for varying j = 1,2,--- ,m we set
VE(f) o= a1 )T (21— [T, (3223)

so that V**(f)(z) = V[*(f)(z). Successive application of V;{’p leads to the operator V" :=

V11(4) © Vg’p ooV satisfying ﬁzpﬂ = V’f’p o 67;;1“"7 since V;{fl = V}(H’p. It is explicitly given
by

VALY _(_1\M—P(1 _ |2 —Kai 0(1 _ |~|2\k+m

Vil (F)(2) = (=1)"z 2 (1 = [2*) 7o (2 (1 = [27)"' ). (3.2.24)

Thus, in view of (0.0.17) it is clear that V5 (e,)(z) = Znh(2,Z) for e, (z) := 2", and therefore

%

VA (Zat P (2,7)) = VIF (v’{“ﬂ oVt o 0 v"m“fp> (en) = 250, (2,2). (3.2.25)

Now associated with the Euler differential operator E, = zd/9z and ¢y, = m(n+p +x + 1), we

define the first order differential operator

o = g 6= (257,

y %o \ =
CmnZ Cmn \2 0z 4

Hence making use of (3.2.11) combined with the differentiation formula of Jacobi polynomials in
[69, p. 213 ] we obtain the identity

Db (Z0h) = 2571 (3.2.26)

m—1n"

Therefore, from (3.2.25) and (3.2.26) it is immediate that V¢ o D/ (2,/.(2,2)) = Zuh(z,2Z). A

direct computation shows that —c};,zZV*? o Dy is given b
p , n18 g y
2

z(1—|zyz)aazz+([mp—n+1]—[K+mp—n+z]|z|2);Z+(m—n) (E—+p+1E).

This shows that the fractional Zernike function Z,,", satisfy the desired differential equation.  [J

Remark 3.2.13. In view of (3.2.25) and (3.2.26)) the considered operators V** and Dy’ appear as creation

and annihilation operators for the fractional Zernike functions.
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Remark 3.2.14. Let (Pif)(z) = 2/f(z). Then, the commutation relation P; oV, o Pj’1 = V5 holds
forall z € ID*. This follows by observing that from (0.0.17), we have

ZZ00(2,2) = Zm’;H]] (z,%). (3.2.27)

The following can be proved using the close connection of Z,% to the B-restricted Zernike

functions studied in Section 2.

Theorem 3.2.15. For given fixed nonnegative integer m and reals o and <y such that x,, = o« — 2(y +m) —

1, the fractional Zernike functions Z,"! for varying n are eigenfunctions of
—(1— 22200 — (1= |22) (mE = HY, |1 (2)E) +mHE 0 (2)]2P (3.2.28)
with m(k, + m + 1) as corresponding eigenvalue.

Proof. For the proof observe that the fractional Zernike functions 2, are closely connected to the
B-restricted Zernike functions ¢, (z,Z) by (B.1.1) for every fixed nonnegative integer m. The latter
ones are eigenfunctions of the hamiltonian ﬁ“rl, L in with Ef" = (m+1)(a — 2y —m) as

corresponding eigenvalue (see (i) in Theorem [3.1.6). The key observation to conclude is that the

a+2a,p+2b,+
y+an+b

since Ay (hapf) = ha,bAfy"i:;fﬁZb (f)and A, (hapf) = hapAqyiays(f), One obtains

,+ *q, «+2a, +2a,842b,+
f;lfl ( a bf) A’Y 17A ﬁ( a bf) - ha bA'era 17+bA7_:; ,fﬁ;b (f) = hﬂ,bﬁi-l,-ai]é-b (f)

operators L/ /’5;,+ and £ are unitary equivalent for arbitrary reals a and b. More precisely,

Subsequently, for k,, = a —2(y+m) -1, p=—-2n,b=—yanda = (ky, —a—1)/2 = —(y+
m + 1), the fractional Zernike function 2, satisfies

EKm 1,0, +ZKm O Ey aZK,,, p.

—m— 1 0 mmn
However, from Lemma it is clear that the second order partial differential equation in (3.2.28)

is exactly E'i";;_l’lpﬂr — (km +m+1). O

Corollary 3.2.16. The Zernike polynomials Z,,},, corresponding to the limit case of i, = —1 and fixed m,

are harmonic functions for the Laplacian
{(1 —|22)33 +m (E —E) — m2} zZL

Proof. This readily follows by specifying p = 0 in Theorem [3.2.15/and choosing &« and -y such that
m = (a/2) — <. Indeed, in this case we have «,, + m + 1 = m and the left hand side of (3.2.28)
reduces further to the Landau Hamiltonian (1 — |z|?) {(1 — |z|*)90 + m (E — E)} + m?|z|? with

quantized constant magnetic field of magnitude m. O
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3.2.4 Recurrence and operational formulas

From the three terms recurrence formula in [69, p. 213] for the Jacobi polynomials one can deduces
A2 2502, Z) + By pz 2l (2,2) + Cup Z0F 50 (2,2) = 0,

valid for all m = 2,3,4, - - -, where we have set A, , := (b —m)(b+2), By :=b(b—1)(b—x —1)
and C,p :==b(m —1)(k +m —1)(b — k — m) with b = k + n + m + p. However, starting from the

Rodriguez formula for the fractional Zernike functions and rewriting it in the form
Zuin = (—1)"z7P (1= [2[?) 7007 (0.(2" TP (1 — [2[1)™),
one derives the recurrence formula

Zib(2,2) = (K m)ZZf | (2,2) — (n+p) (1~ |z2)2) 71 1 (2,2). (3.2.29)

m—1n—-1

But, by means of (3.2.27) we can rewrite the recurrence formula (3.2.29) as

225(2,2) = (Kt m)2Z,0 ) 4 (2,2) = (n+p) (1= 1) 2,750 (2,2). (3.2.30)

, m m—1,n

Moreover, we can prove the following

z;;jl'gfl = [k|zP+ (m—n—p)(1 — |z 255 —m(n+p+x+1)z(1 — yz\z)z;tll';. (3.2.31)

Indeed, this follows from the use (3.2.26), leading to
0

za—(z,m) —(n—m)Zyh =zZm(n+p+x+1)25°,
z
combined with the derivation formula
9 x, o+l | ok, -1,
<1 . |Z’2)87(Z,’,(1pn) = —p(l — ]z‘Z)ZZﬁltl + KZZ;;,F; — Z;:H_lil.
z

The latter one follows from the Rodrigues Formula (0.0.17). In the sequel, we obtain non-trivial
recurrence formulas of Nielsen type for the fractional Zernike functions. This follows as specific
cases of the so-called Burchnall representation type formulas for such functions. For the exact

,0,1,1 K0 . _
statement, we let a Gk andb, ik respectively, be the constants given by

Ko s (=)™ g T (o + 1)T(x +m + 1)
a =gt — . , (3.2.32)
9., P (m — (G- O g—OT(o—m—+j+1)T(k+m—+n+1)
and
Komn | (—1)j+km!n!l“(1c—|—m—|—n—|—1)
bk = i — )i — )Tk m k1) (3:2.33)
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Proposition 3.2.17. Let x, p,m and n be as above. Let p be a nonnegative integer and u a real such that

u > max(—x, —1). Then, we have

2|2 m+l—j .
Zgen -2 SR () mes, e
j=0(=
_ T (k+m+1) "o —1)i 1— 2PV eiio,
ZM (2,Z) = g 21 i AR 3.2.35
g (2/%) Lk +m+n+1) ,;)Eoﬂ —] q—=)'\ =z moin(%%) (3235
and
Fk+u+m+1) & & - ik,
AR E —1)itkppmn ZU IR (o F), 3.2.36
mn " (2/2) = F(k+u+m+n+1) ]_Zékg( YUk ik (27 ( )
Proof. Consider the operator
K0 " 09" 2\k+m+n
Buin(f) = 5 \ @ 5gn (L= 121777 f) ), (3:2.37)

for every sufficiently differentiable function f. Making use of the Leibnitz formula applied from

outside to inside we arrive at the Burchnall type formula

m amJ o /o
2( )22 (el —leyme) 623%)
l+k
— p K+m m ktl—j Zrtmtk+l—j d
A ];););am”]”kz B R P

where the involved constant is given by

m+n+kn!(q — 0T (k+m+n+1) K0,

1,0
a = (=1) qkl(n —k)T(x +m+1) "ol

mn]ék

Similarly, we get (by Leibnitz formula from inside to outside)
om no/u\ 9n—k ok
K,0 _ 2\k+m+n
B () = o (zp [ 3 () e (0= =By 2 (f)] )

k,
_ m+nzp Z Z bm - k )K+]+kZ;<1+]]4;l Pk( ) - — (f) (3_2_39)
j=0k=0 20z

Therefore, since the action of By, for the specific case of f = e; = z7 reduces to

B (27) = (=1)""(k +m +1)52f (1 = [22)" 2,51, (2,2),

we obtain (3.2.34) (resp. (3.2.35)) from (3.2.38) (resp. (3.2.39)). The identity (3.2.36) follows from
(3:2.39) by considering the particular case of f(z) = (1 — |z|?)* and observing that By, ((1 —

[21)") = Buun ™ (g)- N
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Remark 3.2.18. The Burchnall representation in (3.2.39) for f being an holomorphic function simply reads

K ; o/
Buin(f) = (= >m“%”f23bmmol ||V34%i@z>ag7. (3.2.40)

Analog representation for arbitrary f (not necessary holomorphic) can be developed using the differential

operator
K " n K+m
A (f) = o (Z"P (1= [z f) . (3.241)
More precisely, one obtains
X - (DA [2P) s JIf
AL (F) = (—1)mizfne Y ¢ -z e : 3242
m,n(f) ( ) m:z ];O ]|(m _ ])| m—],n(z )aZ] ( )

3.2.5 Generating and bilinear generating functions

The aim here is to obtain some generating and bilinear generating functions for the fractional
Zernike functions. First, it is worth noting that from Proposition and making use of the

generating function for the Jacobi polynomials in [69, p. 213] we obtain

AT YR SRS I i RS U2
m=o "M R(u,z)

Here R(u,z) = 1 for u = 0 and R(u,z) = (2% + 2uz(1 — 2|z|?) + z2(1 — 2|z|?)?)'/? when u # 0.
The next result gives the expression of a special bilinear generating functions as derivative of

the confluent and Gauss hypergeometric functions by means of the partial differential operator

1 92m
K,0 — oYY o 2\k+m o 2\Kk+m
R f2) = (0 = 2P = [w )~ azam” (@) (1= [z (1 = [w[) " f) (2)
for sufficiently differential function f.

Proposition 3.2.19. We have

+o00
)y n(!L(ZZ’;n Zuh(2,2) Znit (w0, @) = Ry (1F1 ( i Zw)) (3.243)
and
—+o0 ,b
)y (‘:Z)!*(‘gznzﬂ(z,z)zmn(w,w) =Ry’ (2F1 ( ac ZZU)) : (3.2.44)

Proof. This readily follows by means of the Rodrigues” formula for Z,f{,pn(z, Z). Indeed, we can

rewrite the left-hand side in (3.2.43)) as

1 T G0 = P~ ) 3
(zw)P (1 — |z|2)*(1 — |w|?)* ozmow™ — ()n ’
which reduces further to (3.2.43). The formula (3.2.44) follows in a similar way. O
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Remark 3.2.20. For the special values of a = 1, b = x+p+1landc = p+1withp = -2y
and x = Ky = o — 2(y +m) — 1, the quantity n!(c),/(a),(b), reduces to be the square norm of P
in B.1.12) up to a multiplicative constant d,; independent of n. Thus, formula in (3.2.44) leads to the

reproducing kernel

= Yoy (2,2) Y (0, )
7112

=0 [yl

of the m-th generalized B-modified Bergman space introduced in Remark In fact, we have

K5h (2, w0) =

1—|z|2)(1 = |w|?)]rtm a,b |
(0RO oBI g o, (7 |
c

Kyym(z,w) = dyf

A closed formula for Kf';’,g,m(z, w) needs further investigation.

Below, we prove another bilinear generating function for the fractional Zernike function that

looks like the Hardy-Hille formula for the generalized Laguerre polynomials. Thus, we deal with

P 2 (22) Znta (W, w)
n (er’t) T Z m'(K+1)m

m=0

(3.2.45)

Proposition 3.2.21. For every sufficiently small t, the closed expression of G, (z, w|t) is given by

GZ’p(z, wlt) =

(z + tw)" P (w + tz)" P P e el ‘ 1=z = |w]?)
(zw)P (1 + tzaw)20mte) 1) 271 41 Zrtw)(@+tz) |

Proof. Using the hypergeometric representation (Proposition 3.2.5) we can rewrite G,* (z, w|t) as

G (2, wlt) = (z0)" i)W(tzw)m

—m, —n —p 1 —m, —n—p 1
XzFl ‘1—2 2F1 '1—2 .
K+1 2] K+1 |w|
Thus, one concludes for the result in Proposition (3.2.21| by making use of the Meixner bilinear
relation in [28, Eq. (12), p. 85]. O

3.2.6 Integral representations

By means of the classical integral representations for the Gauss hypergeometric functions in the

right hand side of (3.2.6) and (3.2.9) or for the Jacobi polynomials in (3.2.11), we can derive different

integral representations for Z;,(z,z). However, we give below some non-trivial ones. The first

one is based on the Cauchy integral formula for holomorphic functions as in [60].
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Theorem 3.2.22. The fractional Zernike function Z,5, admits the following integral representation

(=1 ) (7
Z:l(f[f;fl(Z,Z) == Tz P(l — |Z‘2) K%t|_1 tn+m+P+Kmdt. (3246)

_ Z) K+m

Proof. Make use of the ordinary binomial expansion with the factorial function [84, p. 56],

-0 =Y @5,
=

to expand the factor (1 — |z|?)/ in the explicit expression of Z," given by (3.2.3). Also, we need to

recall that
om m! thrner

— (Tt = -
Bzm( ) 27t fit:l (t —z)m+1 @
which follows from the Cauchy integral formula applied to the function ¢, (t) = t"*¢ /(t — z).

Thus, we obtain

400 (4 .. am .
Zuh(2,2) = (-1)"zP(1—|z) " ) (x—m); m)]?a— (z”ﬂ’ﬂ)

j=0 J! Jz"
(—1)mm' _ PN tVlJr,D +o0 (tZ)]
=g O e (L
j=
— MZ—PG _ |Z’2)—Kj{ tn+p<1 — tZ)Ker
27 =1 (t—z)mHl
(=)"m!__, . (F = z)etm
= — 1— K]{ tn+m+p+K7dt.
52 (1= 1z) o o
This proves (3.2.46). -

The next integral representation for the fractional Zernike functions appears as corollary of the

bilinear generating function in Proposition 3.2.21

Proposition 3.2.23. Let 7/, be as in (3.2.17). The fractional Zernike functions have the integral represen-

tation

! 1),y —mn+x+p+1
25 (w, W) = = U LYo /D B (z, w|t)2Fy ( P ‘1 - 22) (3.2.47)

y o= | (=[P wl) )
2h ( 1 ' (w + t2)(z + tw) )M( ).

where
Z" (w + tz2)" TP (Z 4 tw) P
(1 i tzw>2(n+p)+x+1

Em(z,w]t) =

(1- [z12)%.
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Proof. Starting from the expansion (3.2.45) one gets

m!(x +1)

Zpbi(w, @) = o

K0
mYmmn <GZ’P(.I wlt), ZZ&>L§,K(]D)

Next, by means of the explicit expression of the kernel function G,”(z, w|t) given in Proposition
3.2.21| combined with the hypergeometric representation in (3.2.6), one derives the integral repre-
sentation (3.2.47). O

Remark 3.2.24. The integral in the right hand side of (3.2.47) is a rigid integral on complex domain D in

the sense that it is nontrivial and can not be reduced to classical integral on real domains.

3.2.7 Completeness

Here we discuss the completeness of the fractional Zernike functions in L,ZJ’K(]D). Notice for in-
stance that for p = 0,1,2,- - -, the functions z* Z,'fﬂi for varying m,n+p = 0,1,2,- - -, constitute
an orthogonal basis of L%’K(ID) since they are closely connected to the complex Zernike polyno-
mials Z},,, by (0.0.18). The latter ones are known to form an orthogonal basis for the Hilbert
space Lé"‘( ) (see e.g., [23,59]). A direct proof starts from the observation that each (Z.%,),., is a
polynomial of exact degrees m in z and 7 in z, so that any z"z" can be rewritten as

ZMz" = ZZQ’””Z“

j=0k=0

The coefficients a;”k’” are explicit and can be computed by the formula
W =i [ 22 @ DR (1 - 2P)dAG),
where 7, is as in (3.2.17). In the sequel, we consider only the case of p is non-integer p > —1.

Theorem 3.2.25. The functions Y := 2 /220" jg 7o, for varying nonnegative integer m and varying

integer s, form an orthogonal complete system in Lg (D).

Proof. The orthogonality in L%,’K(]D) is quite trivial for Y/ being a direct product of an orthogonal
system in radial variable and an orthogonal system in the angular variable. This also follows by

(x.p)

means of the Jacobi polynomials P,, " in the Hilbert L%,p of square integrable functions on [—1,1]

with respect to the measure (1 — x)*(1 + x)Pdx, since

s .
Y (2,7) = &Zﬁ{m(z,i) = mle P (x),
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forz = \/(1+x)/2¢" with x € [-1,1][ and 0 € [0,27[. More exactly, we have

Sl’

/vmszz YiP(z,2) |22 (1 — |z2)"dA(z —’“””H

2K+p+1

For their completeness, let f € F*, the orthogonal of F = Span{Ym’f;;m =0,12,---,s€ Z}in
L,%’K(ID). Thus, by Proposition the assumption that f € F* becomes equivalent to

m! 1 p
(£ 30 =smmes [ (L= )2 (L )P 2 BED () fo4 () =

for every integer sand m = 0,1, 2, - - - . The involved function is defined by
P (x) = (1= )" (14 x)°2 fi(x),

where f;(x) denotes the s-th Fourier coefficient of the function fy := 6 — f(/(1+ x)/2¢")
for every fixed x € [—1,1[. Clearly fi belongs to L?([~1,1[;dt) since by means of the Cauchy-

Schwartz inequality and the Fubini’s theorem one gets

/_11 |fP (x)[Pdx < 271/_11 (1—x)(1+x) (/0271 f (Wem) ?

Therefore, fi* = 0 a.e on [—1,1] for every s € Z for the functions (1 — x)*/? (1 + x)/? P,

de) dx = 253 7| f||§5,x.

m = 0,1,2,- -, being an orthogonal basis of L2 ([—1,1[,dt). This implies in particular that the
Fourier transform of f, € L?([0,27[,d6) satisfies F(f)(£) = f_s(x) = 0 for every s € Z and every
fixed x € [~1,1[\N, where we have set N := Us{x € [~1,1[; fs(x) # 0}. This proves that the
function f, = 0 a.e. on [0,27[ for almost every x € [—1,1[. Therefore, f is a vanishing function
almost everywhere on D. This completes the proof. O

LZ,K

Corollary 3.2.26. The Hilbert spaces A;” (D) := Span{Z’S/ZZZ%jg/zz;m =0,1,2,---} “LsexZ

defines a Hilbertian orthogonal decomposition of L%’K (D). Namely, we have

L>*(D) = P AT*(D

se€Z
Definition 3.2.27. The closed subspace Ag” (D) are called generalized (poly-meromorphic) Bergman spaces
of second kind.

FUTURE WORK

The fractional side as well as the associated functional spaces of Segal-Bargmann type will be

introduced and studied in details in a forthcoming research paper.
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3.3 Concluding remaks

The set of the classical real Zernike polynomials has found numerous applications in a variety
of fields as explained in the introductory section, including optical engineering and geometrical
optics. In particular, they have been applied in visual optics and for fitting visual surfaces as
corneal and eye surfaces [16, 90, 92, 102]. For example, recent discussions address the precision
and accuracy of these polynomials when applied to surfaces such as the human cornea. In this
context, their accuracy of different orders when fitting several types of theoretical corneal and
wave-front surface data has been investigated in [16]. The introduced fractional Zernike functions
appear as special generalizations of these polynomials and contain additional parameters that may
encode many information. Accordingly, we think that the present theoretic study will serve as a
valuable resource for experts aiming to illustrate the usefulness of this new class in various optical
disciplines. Moreover, this study may shed new light on some new and potential applications for

generating representations of corneal surfaces, optical testing and ophthalmic optics.
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Résumé

Le développement important des méthodes numériques et le r6le croissant des simulations informatiques ont
considérablement accru l'intérét pour les fonctions spéciales, raison pour laquelle nous nous intéressons a des
nouvelles classes de fonctions spéciales. Dans ce travail, nous proposons premiérement une étude théorique
d'une nouvelle famille de fonctions orthogonales sur le plan C* étendant les polyndmes poly- analytiques It6-
Hermite au cadre poly-méromorphe. Nous résolvons les problémes aux valeurs propres du Laplacien
magnétique perturbé par un vecteur potentiel singulier et modélisant I'effet d'Aharonov-Bohm. De plus, nous
définissons une nouvelle famille de fonctions de type Hermite d'ordre réel $\beta$ par une formule de
Rodrigues fractionnaire et faisant appel a la dérivée de Caputo. Nous donnons également certaines de leurs
propriétés ainsi que leur représentation en termes de la fonction hypergéométrique confluente. Nous
considérons ensuite une famille de fonctions de Zernike fractionnaires sur le disque unité étoilé, généralisant
les polynémes de Zernike classiques. Principalement, nous montrons qu'il s'agit de fonctions propres de carré
intégrable, orthogonales pour certain Laplacien magnétique perturbé, et nous établissons leurs propriétés
algébriques et analytiques comme la description de leurs zéros, les équations différentielles, les relations de
récurrence et les formules opérationnelles qu'ils satisfont. De plus, nous discutons leur régularité en tant que
fonctions poly-méromorphes et obtenons leurs représentations intégrales et fonctions génératrices, dont une
bilinéaire de type Hardy-Hille. De plus, nous prouvons qu'une sous-classe tronquée définit un systéme
orthogonal complet dans I'espace de Hilbert sous-jacent donnant lieu a une décomposition orthogonale
hilbertienne spécifique pour une classe d'espaces de Bergman généralisés.

Mots-clefs : Fonctions d'Hermite polyméromorphes ; Fonctions génératrices ; Laplacien magnétique
perturbé ; Calcul fractionnaire ; Fonctions de Zernike fractionnaires.

Abstract

The extensive development of numerical methods and the growing role of computer simulations have greatly
increased interest in special functions, the reason why we are interested in considering new classes of such
functions. Firstly, we provide a theoretical study of a new family of orthogonal functions on the punctured
complex plane, extending the poly-analytic I1t\*o--Hermite polynomials to the poly-meromorphic setting and
solving the eigenvalue problems for some perturbed magnetic Laplacian modeling an Aharonov-- Bohm
effect. Additionally, we define a novel family of Hermite functions of real order $\beta$ by means of a
fractional Rodrigues formula involving the Caputo derivative. We discuss also and establish some of their
properties as well as their representation in terms of the Kummer's function. Finally, we consider the so-
called fractional Zernike functions defined on the punctured unit disc and generalizing the classical Zernike
polynomials. Mainly, we show that they are orthogonal $L"2$-eigenfunctions for certain perturbed magnetic
Laplacian. We establish their algebraic and analytic properties such as the description of their zeros, the
differential equations, the recurrence and operational formulas they satisfy. Moreover, we discuss their
regularity as poly-meromorphic functions and obtain some of their integral representations and generating
functions, including a bilinear one of Hardy--Hille type. Furthermore, we prove that a truncated subclass
defines a complete orthogonal system in the underlying Hilbert space giving rise to a specific Hilbertian
orthogonal decomposition of a class of generalized Bergman spaces.

Keywords : Poly-meromorphic Ito-Hermite functions; Generating functions; Perturbed magnetic
Laplacian; Fractional calculus; Fractional Zernike functions.
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