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Abstract 

This work, separated into six chapters, deals with the study of the binding energy in III-nitrides-

based simple and multiple quantum wells. Considering the effective-mass and dielectric 

mismatches between the well and its surrounding matrix, the numerical calculations are performed 

within the framework of the parabolic band and the single band effective-mass approximations 

under the finite potential barrier using the finite element method (FEM). To be close to reality, the 

diffusion effect at the interface between the well and the barrier is taken into account and an 

expression of the effective mass and dielectric constant is adopted. In addition, the pressure and 

temperature dependencies of the effective masse and dielectric constant were taken into account. 

In the first chapter, we presented a general overview of the nanostructures based on III-nitrides, 

their classifications, and their fields of application. We also recalled the electronic properties and 

the methods of numerical resolution. In the second chapter, we studied the binding energy of a 

shallow hydrogen impurity in single and double-coupled quantum wells based on hexagonal 

(In,Ga)N/GaN. The binding energy increases under the effect of the coupling, and it decreases for 

an off-center impurity. In the third chapter, we calculated the binding energy of a 1s donor impurity 

in symmetric double-coupled quantum wells based on hexagonal (In,Ga)N/GaN. We have shown 

that binding energy increases (decreases) with pressure for thick (thin) wells, and it decreases with 

well coupling. In the fourth chapter, we studied the binding energy of the ground state and the first 

two excited states of the hydrogenic impurity at the center of the double quantum wells 

(In,Ga)N/GaN for rectangular-shaped confinements, parabolic and triangular. The effects of well 

width and Indium concentration were taken into account in the calculations. The binding energy 

decreases with temperature and depends on the shape of the confinement potential. We have thus 

shown that the binding energy is greater for confinements of parabolic and triangular shape than 

for rectangular shape. In chapter five, we investigated the binding energy of the ground state and 

the first two excited states of the hydrogenic impurity at the center of (Al,Ga)N/AlN double 

quantum wells for rectangular-shaped confinements, parabolic and triangular, under the combined 

effects of temperature and electric field. His results show that the system dimension and the 

geometric shape have a significant influence on the binding energy. The latter decreases as a 

function of the electric field and the temperature. The binding energy strongly depends on the 

position of the impurity, it decreases when the impurity moves from the center to the edge. In the 

last chapter, we showed that the photovoltaic conversion efficiency can be modulated by 

optimizing the number of quantum wells and the thicknesses of the well, and the barrier in the 

active layer of the solar cells. 

 

Keywords: Binding energy, quantum well, temperature, pressure, electric field. 
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Résumé 

Ce travail, réparti en six chapitres, porte sur l'étude de l'énergie de liaison dans les puits quantiques 

simples et multiples à base de nitrures III. Compte tenu des décalages de masse effective et 

diélectrique entre le puits et sa matrice environnante, les calculs numériques sont effectués dans le 

cadre de la bande parabolique et des approximations de masse effective à bande unique sous la 

barrière de potentiel finie en utilisant la méthode des éléments finis (FEM). Pour être proche de la 

réalité, l'effet de diffusion à l'interface entre le puits et la barrière est pris en compte et une 

expression de la masse effective et de la constante diélectrique est adoptée. De plus, les 

dépendances à la pression et à la température de la masse effective et de la constante diélectrique 

ont été prises en compte. Dans le premier chapitre, nous avons présenté un aperçu général des 

nanostructures à base de nitrures III, leurs classifications et leurs domaines d'application. Nous 

avons également rappelé les propriétés électroniques et les méthodes de résolution numérique. 

Dans le deuxième chapitre, nous avons étudié l'énergie de liaison d'une impureté hydrogène peu 

profonde dans des puits quantiques à simple et double couplage à base de (In,Ga)N/GaN 

hexagonal. L'énergie de liaison augmente sous l'effet du couplage, et elle diminue pour une 

impureté excentrée. Dans le troisième chapitre, nous avons calculé l'énergie de liaison d'une 

impureté donneuse 1s dans des puits quantiques symétriques à double couplage basés sur 

l'hexagone (In,Ga)N/GaN. Nous avons montré que l'énergie de liaison augmente (diminue) avec 

la pression pour les puits épais (minces) et qu'elle diminue avec le couplage des puits. Dans le 

quatrième chapitre, nous avons étudié l'énergie de liaison de l'état fondamental et des deux 

premiers états excités de l'impureté hydrogénée au centre du double puits quantique (In,Ga)N/GaN 

pour des confinements de forme rectangulaire, parabolique et triangulaire. Les effets de la largeur 

du puits et de la concentration en indium ont été pris en compte dans les calculs. L'énergie de 

liaison diminue avec la température et dépend de la forme du potentiel de confinement. Nous avons 

ainsi montré que l'énergie de liaison est plus importante pour les confinements de forme 

parabolique et triangulaire que pour la forme rectangulaire. Dans le chapitre cinq, nous avons 

étudié l'énergie de liaison de l'état fondamental et des deux premiers états excités de l'impureté 

hydrogénée au centre de puits quantiques doubles (Al,Ga)N/AlN pour des confinements de forme 

rectangulaire, parabolique et triangulaire, sous la effets combinés de la température et du champ 

électrique. Ses résultats montrent que la dimension du système et la forme géométrique ont une 

influence significative sur l'énergie de liaison. Cette dernière diminue en fonction du champ 

électrique et de la température. L'énergie de liaison dépend fortement de la position de l'impureté, 

elle diminue lorsque l'impureté se déplace du centre vers le bord. Dans le dernier chapitre, nous 

avons montré que le rendement de conversion photovoltaïque peut être modulé en optimisant le 

nombre de puits quantiques et les épaisseurs du puits, et la barrière dans la couche active des 

cellules solaires. 

 

Mots clés: Énergie de liaison, puits quantique, température, pression, champ électrique. 
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General Introduction 

Since the middle of the last century (first coherent emission: H. Maiman) many optical and 

optoelectronic devices such as lasers and light emitting diodes have entered our everyday life. 

Such devices were able to see the light of day thanks to the formidable materials that are 

semiconductors. Indeed, the physical properties of these allow them to efficiently convert electrical 

energy into light energy and vice versa (p-n junction).  

There are different families of semiconductors classified according to their chemical nature 

and physical properties. The study presented here was carried out on element III-nitrides, the best-

known representatives of which are GaN, AlN, InN and their alloys AlGaN and GaInN. These 

materials generally have a relatively high direct gap capable of covering a large part of the visible 

and UV spectrum (see Figure I.1). 

III-nitride materials (GaN, AlN, InN, and their alloys) exhibit remarkable properties, the 

most important of which is their direct forbidden bandwidth which varies between 0.65 eV (InN) 

and 6.2 eV (AlN), which thus makes it possible to cover a wide range of wavelengths ranging from 

infrared to ultraviolet. Other properties such as their high thermal and mechanical stability, their 

high piezoelectric constants, or their large spontaneous polarization make nitride materials very 

good candidates for the fields of electronic and optoelectronic applications. 

The effort on the development of nitride semiconductors, in particular GaN, intensified in 

the sixties and seventies due to the potential of this material and its alloys for the manufacture of 

light-emitting diodes in the spectral ranges. blue and ultraviolet (UV). In 1969, Maruska and 

Tietjen [1] developed GaN for the first time by hydride vapor phase epitaxy (HVPE). 

Shortly thereafter, GaN was synthesized by vapor phase epitaxy by decomposition of 

organometallics (metalorganic vapor phase epitaxy, MOVPE) [2]  and by molecular beam epitaxy 

(MBE) [3]. The advancement of nitride technology has been stunted by many problems. First, 

there was no GaN compatible substrate, so the material had to be deposited on high mesh mismatch 
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substrates, such as sapphire or Si (111). This heteroepitaxial GaN was very conductive due to 

impurities and crystal defects. This residual n-type conductivity, combined with the high activation 

energy of the acceptors, made the fabrication of p-n junctions difficult. Despite these problems, 

Pankove et al. [4]  presented in 1971 the first light-emitting diode (LED) based on GaN, a diode 

that consisted of a metal-insulator-semiconductor structure.  

Figure I.1.  Presentation of the band gap energies of several families of semiconductors according 

to their lattice parameter. 

In 1983, Yoshida et al. [5] demonstrated that the use of an intermediate AlN layer between 

the sapphire substrate and the GaN epitaxial layer significantly increased the luminescence of the 

material. Another major advance in research on nitride semiconductors was made in 1989 by 

Amano et al. [6]: These demonstrated that highly resistive Mg-doped GaN could become p-type 

conductive after exposure to an electron beam in a scanning electron microscope. This discovery 

made it possible to manufacture the first nitride LED with a p-n junction. Sometime later, 
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Nakamura et al. were successful in activating the acceptor Mg by annealing at 700 ℃ in an 𝑁2 

atmosphere [7]. 

The development of InGaN-based quantum wells by Nakamura made it possible to 

significantly improve the performance of LEDs [8–10], progress which culminated in November 

1993 with the announcement of the massive production and marketing of blue LEDs. 

manufactured by Nichia Chemical Industries. The first blue laser diode operating continuously at 

room temperature was published by Nichia in 1997 [11]. Blue and green diodes are a commercial 

reality today, as are laser diodes in these spectral regions. A new generation of high-density DVDs 

based on nitride technology is already on the market. Research efforts in the field of nitride 

optoelectronics are now focused on replacing illumination with white diodes and extending the 

emission wavelength to the far UV. On the photodetector side, Nitride-based Schottky photodiodes 

have been marketed by APA Optics since 1998 and their application in the assessment and 

monitoring of solar UV radiation has become widespread very quickly. 

Group III nitrides are also promising materials for applications in high-frequency and high-

power electronics. The defense industry needs advanced components for radar and satellite 

communications, but the most promising market for these components remains the replacement of 

GaAs technology in third-generation base stations. One of the biggest costs of these systems is the 

refrigeration required to reduce noise levels, an area in which nitride technology has clear 

advantages. Today, nitride transistors still pose stability and break-down problems, but experts 

expect these components to be commercialized within two years. 

Recently, the electronic properties were examined using different methods: variational 

approach [12–17], finite element method [18–22], difference finite method [23,24], plane wave 

expansion method [25–27], perturbation method [28], matrix diagonalization method [29] and 

density functional theory [30] . However, in the presence of a hydrogenic donor impurity, few 

studies were devoted to investigating the electronic properties of multiple quantum dots [31–34]. 

(Al,Ga)N/AlN multiple quantum wells (MQWs) with high structural and optical qualities have 

also been successfully fabricated and investigated [35–37]. Based on symmetric and asymmetric 

multiple quantum wells (MQWs) systems, several theoretical papers are reported in the literature, 

such as double parabolic quantum well (DPQW) [38], double inverse parabolic quantum well 

(DIPQW) [39], double asymmetric quantum wells (DAQW) [40,41], asymmetric multiple 
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quantum wells (AMQWs) [42]. 

Due to their particular properties, coupled double quantum wells (DQWs) contain an extra 

degree of electronic freedom in the growth direction, giving rise to new transport phenomena not 

found in single-electron layers. This system holds promise for future quantum effect electronic 

devices, and also photonic devices based on III-V compound semiconductors InN, GaN, and 

InGaN. This system consists of two quantum wells separated by a narrow barrier that electrons 

can tunnel through. Several quantum effect devices have already been proposed for DQWs. The 

DQWs are no longer only promising systems for fundamental research but are definitely important 

for future industrial applications. The purpose of this thesis is to the optimization of the binding 

energy in single and double quantum wells by taking into account the effect of the external and 

internal parameters (temperature, electric field, the composition of alloys, mismatch, ...) as well as 

the dimension and the shape of the structure and of confinement potential. 

More specifically, the studies carried out in this thesis are divided into five chapters as 

follows: 

In chapter 1, we present the state of the art on materials based on III-nitride. This chapter is 

mainly focused on the description of the basic properties of semiconductors based on element III 

nitrides to understand the nature of the materials and use them correctly for each application. We 

give a detailed description of the materials and techniques used for their manufacture which are 

essential to understand the performance of the devices. 

In the second chapter, we exploit the binding energy of the shallow hydrogen impurity in 

single and double quantum wells based on unstrained wurtzite (In,Ga)N/GaN. 

In the third chapter, we provide the calculation of the 1s-type binding energy of a shallow 

impurity donor in symmetric double-coupled quantum wells based on (In,Ga)N/GaN wurtzite. 

In the fourth chapter, we study the binding energy bound to shallow soil donors and two low 

excited states of the central hydrogen impurity in double quantum wells (In,Ga)N/GaN for 

rectangular (DRQW), parabolic (DPQW) and triangular (DTQW), under the combined effects of 

temperature and electric field. The effects of well width and gallium concentration were also taken 

into account in the calculations. 
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In the fifth chapter, we study the binding energy bound to shallow soil donors and two low 

excited states of hydrogen impurities centered in double quantum wells (Al,Ga)N/AlN for 

rectangular (DRQW), parabolic ( DPQW), and triangular potential profiles (DTQW), under the 

combined effects of temperature and electric field. 

In the last chapter, we summarized the influence of the insertion of MQW structure in the 

intrinsic region of p-i-n solar cells, as well as the influence of well thickness, barrier thickness, and 

the number of quantum wells in a structure on the binding energy.   
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1.1. INTRODUCTION  

In this chapter, the basic properties of III-nitride semiconductors are described to understand 

the nature of the materials and properly use them for each application. The first section of this 

chapter discusses the crystal properties, specifically crystal structure and crystal polarity, followed 

by their electronic properties, which are divided into band structure and effective mass. The 

concepts of stress, strain, and the intrinsic natures of spontaneous and piezoelectric polarization 

are then demonstrated. Furthermore, the defects found in the III-nitride system are discussed. The 

last part of the chapter is dedicated to the applications of III-N-based semiconductors such as light-

emitting diodes, laser diodes, ultraviolet photodetectors, and solar cells. 

1.2. STRUCTURAL PROPERTIES  

One element from column XIII (B, Al, Ga, In) and one element from column XV make up 

the III-V materials (N, P, As, Sb). They are isoelectronic with the elements of column XIV (C,

Si, Ge, Sn) and thus share properties such as crystal structure and semiconductor character. Since 

they are tetravalent, they form a chemical bond via sp3 hybridization. Crystals of wurtzite 

( P63mc − C 6v space group) or zinc-blende (space group F4̅3m − Td space group) are 

formed depending on whether the compact stack is hexagonal (ABAB stack. . . ) or 

cubic (ABCABC stack. . . ) respectively. This class of material includes III-N nitride 

semiconductors. BN, on the other hand, is a bit unique in that it, like carbon, can be formed via 

sp2 hybridization (which then forms graphite). If the stack is hexagonal, we get the "graphitic" 

structure of the space group P63 / mmc (D6h), and if it's cubic, we get the rhombohedral structure 

( R3m space group). 

The wurtzite structure is the most stable for InN, GaN, and AlN semiconductors, but only 

slightly, because the energy gain is only about the order of 15 𝑚𝑒𝑉 / 𝑎𝑡𝑜𝑚 once compared to the 

zincblende structure. As a result, the latter structure can be easily synthesized, either accidentally 

by introducing a stacking fault in the wurtzite structure (a C plane in the ABAB stack) or more 

extensively by changing the growth conditions. The graphitic is the most stable structure for BN. 
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The most stable structure for InN, GaN, and AlN is the wurtzite structure, but by little, 

because the energy gain is only of the order of 15 𝑚𝑒𝑉 / atom compared to the zinc-blende 

structure [43]. Thus, the latter structure can be formed easily, accidentally by introducing a 

stacking fault in the wurtzite structure (a C plane in the ABAB stack), or more extensively by 

changing the growing conditions [44]. For BN, the most stable structure is the graphitic structure.  

We can therefore see that GaN, AlN, and InN have similar stable structures, while that of 

BN is different. In this thesis, at the level of standard nitrides, we were interested in the ternary 

alloy 𝐼𝑛𝜐𝐺𝑎1−𝜐𝑁, which can be seen as an alloy formed from single nitrides InN and GaN, and 

has a crystal structure derived from them. We will now detail each structure in more detail, first 

the pure materials and then the alloy. 

Figure 1.1. Arrangement of atoms in the elementary lattice of (a) Hexagonal unit cell with the 

base vectors a1, a2, a3 and c (b) Cubic unit cell with the base vectors a1, a2 and a3. 

Element III-nitrides can exist in two different crystal forms (polytypes): the zinc-blende 

structure (cubic) and the wurtzite (hexagonal) structure both shown in Figure 1.1. The zinc-blende 

structure can be represented by two face-centered cubic networks occupied one by the III element 

atoms and the other by the nitrogen atoms and shifted by a quarter of the main diagonal of the 

mesh, i.e., (¼ ¼ ¼). Likewise, the wurtzite structure corresponds to two hexagonal networks each 
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composed of one of the two species of atoms and shifted along the c axis by 5/8 of the cell unit. 

These two polytypes are relatively close from a crystalline point of view; the direction (0001) of  

Figure 1.2. Schematic representation of (a) the wurtzite and (b) zinc-blende structures. The blue 

and red spheres indicate metal and N atoms, respectively. For the hexagonal the two tetrahedra 

are identical for the cubic there are opposites. 

the hexagonal phase differs from the direction (111) of the cubic phase only by the stacking 

sequence of the crystalline planes (see Figure 1.1). As a result, the two structures are differentiated 

for an atom only from its third neighbor (see Figure 1.2). Unlike the thermodynamically stable 

hexagonal structure, the cubic structure is metastable. The energy difference for each atom 

between the two phases was determined by ab initio calculations leading to the following values 

for the different materials: −11.44 meV for InN, −9.88 meV for GaN, and −18.41 meV for AlN 

[43]. Despite this metastable character, the cubic phase can appear, for example as a parasitic form 

in a hexagonal layer if the crystal has many structural defects, in particular stacking faults. It can 

also be obtained in the form of a thick single-phase layer by rigorously adjusting the growth 

parameters. One of the key points in the growth of good quality cubic and hexagonal layers is the 

choice of substrate, note that there is no tuned mesh substrate for these materials.  

Despite recent results obtained by Soukhoveev et al. [45]  showing solid GaN layers 5 𝑐𝑚 

diameter, massive nitride substrates are still confined to the laboratory research stage due to their 
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small size. The growth of nitrides is therefore generally heteroepitaxy (growth of one material on 

another of a different nature). It follows that there is an important difference in lattice parameters 

between the substrate and the epitaxial layer. This difference will cause the appearance of stress 

inside the first deposited monolayers. This stress will then quickly relax in the form of structural 

defects such as the dislocations so numerous in nitrides; hence the importance of the choice of 

substrate. The mesh parameters of the nitrides are presented in Table 1.1 for the hexagonal phase 

and the cubic phase. 

  

 For the hexagonal phase, the state of the art in terms of structural quality which is much 

better than its cubic counterpart, the values presented in Table 1.1 will be adopted as a reference. 

Regarding the cubic phase, some dispersion of the mesh parameters can be noted. This is partly 

due to the difficulty of obtaining thick layers of high structural quality today. Indeed, the presence 

of structural defects (point defects, inclusion of parasitic hexagonal phase), as well as the presence 

of stress in the layers, will cause this dispersion in the measurements. 

1.3. ELECTRONIC PROPERTIES  

1.3.1. Band structure 

 Knowledge of the band structure of a semiconductor is the essential parameter for the 

realization of devices. One of the important points of the band structure is the value of the energy 

separating the maximum of the valence band from the minimum of the conduction band (“gap” of 

the material).  

Table 1.1. Mesh parameters of III-nitrides in cubic and hexagonal phases. 

 InN GaN AlN References 

 

Zinc-blende 

𝑎 = 4.50 Å 

𝑎 = 4.53 Å 

𝑎 = 4.452 Å 

𝑎 = 4.38 Å 

𝑎 = 4.3996 Å 

𝑎 = 4.34 Å 

𝑎 = 4.98 Å 

 

𝑎 = 4.981 Å 

[46–48] 

[49,50] 

[51] 

 

Wurtzite 

𝑎 = 3.189 Å 

 

𝑎 = 5.185 Å 

𝑎 = 3.112 Å 

 

𝑎 = 4.982 Å 

𝑎 = 3.548 Å 

 

𝑎 = 5.760 Å 

 

[52] 
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Figure 1.3. Electronic band structures of InN, GaN, and AlN in wurtzite and zinc-blende crystal 

structures. The black full lines represent the calculations with PBE functional and the red dotted 

lines are representing the calculations with the TB −mBJ method. The Fermi level is shown as a 

horizontal dashed line (Figure extracted from the thesis of Araujo Rafael B. [53]). 
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We present in Figure 1.3 the band structures obtained for AlN, GaN, and InN in the two 

crystal phases by the empirical method of pseudo-potentials, this method provides the best results 

in terms of comparison with the experimental measurements of the gap.  

Figure 1.4.  Schematic illustration of the spin-orbit splitting and crystal field splitting in wurtzite 

(WZ) materials compared to zinc blende (ZB) materials [56]. 

Element III-nitrides generally have a direct gap, that is to say, that the minimum of the 

conduction band and the maximum of the valence band are aligned in the “k space” at the center 

of the zone of Brillouin. Despite the similarity between the direction (111) of the cubic phase and 

the direction (0001) of the hexagonal phase, we notice from Figure 1.3 that the band structure 

differs between the two phases. More precisely at the point 𝛤 where the radiative transitions for 

the two phases sit (see Figure 1.4), the spin-orbit coupling divides the top of the valence band into 

two levels for the cubic phase. One corresponds to the bands of heavy holes (HH), light holes (LH) 

degenerated at point 𝛤8, the second (state 𝛤7) corresponds to the band of “split-off” (SH) holes 

shifted by ∆𝑆𝑂 compared to 𝛤8. In addition to the spin-orbit coupling there exists for the hexagonal 

phase an electric field called crystalline field coming from the non-cubicity of this phase which 

will remove the degeneration at point 𝛤 of heavy holes and light holes. This will create three energy 

levels on the top of the valence band, thus leading to the existence of three excitons: A, B, and C 
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for the hexagonal phase. An exciton is the quasi-particle created by an electron and a hole in 

Coulomb interaction, the exciton binding energy is relatively high in 𝐺𝑎𝑁 ≈  30 meV, so this 

allows the presence of excitons in GaN at room temperature. We will simply add for information 

that the energy differences between these three excitonic levels can be calculated by the quasi-

cubic model of Hoppfield [54]  from the values of ∆𝑆𝑂 and ∆𝐶𝑅. Different values of ∆𝑆𝑂 and ∆𝐶𝑅 

obtained by calculation and experiment are available and referenced in the review done by Jain et 

al. [55]. 

 InN GaN AlN 

Wurtzite 1.994 3.507 6.23 

Zinc blende 1.94 3.299 4.9 

 

 In summary, we report in Table 1.2 the widths of the band gaps of AlN, GaN, and InN binary 

nitrides considered as “acquired” in the hexagonal phase and the cubic phase at low temperatures.  

1.3.2. Effective mass  

The effective masses of the carriers in a semiconductor are directly related to the band 

structure of the latter; they are proportional to the inverse of the curvature of the bands. and can be 

derived from Eq. (2.5) by assuming a parabolic curvature of the (E, k). 

𝑑2𝐸

𝑑2𝑘
=
ħ2

𝑚∗
                                                                             (1.1) 

It is interesting to note that the effective mass of the electrons in a direct gap semiconductor 

varies little with the crystallographic direction, so 𝑚𝑒
∗  will represent an average value according to 

the different directions. Thus, the effective mass has a smaller value for the bands with a higher 

degree of curvature (for example, the Γ-valley of GaN in comparison to the K-valley and M-L-

valleys, as illustrated in Figure 1.5). 

In approximations, the bands are assumed parabolic and the average effective masses are 

taken from different experimental measurements, such as infrared reflectivity, Hall effect [58], 

cyclotron resonance [59], and picosecond time-resolved photoluminescence [60].  

There are many values in the literature resulting from calculations or experimental 

measurements of the effective electronic masses in hexagonal GaN: the community of nitrides 

Table 1.2. Gap (eV) for binary nitrides of element III in hexagonal and cubic phase [57]. 
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today agrees on the value of 0.20 𝑚𝑒  ±  0.02. Concerning GaN in the cubic phase, we count a 

few experimental measurements, the theoretical data are also much less numerous than for GaN 

wurtzite. For AlN, there is currently no measurement of the effective mass of the electrons in either 

of the two crystal phases. The commonly used effective masses of electrons and holes of wurtzite 

GaN and AlN are summarized in Table 1.3. 

 

Figure 1.5. Valence band structure of GaN, indicating the anisotropy [61]. 

 InN GaN AlN 

Wurtzite 𝑚𝑒
∥ = 0.12 

𝑚𝑒
⊥ = 0.12 

𝑚𝑒
∥ = 0.20 

𝑚𝑒
⊥ = 0.20 

𝑚𝑒
∥ = 0.28 

𝑚𝑒
⊥ = 0.32 

 

Zinc blende 

𝑚𝑒
∗(Γ) = 0.12 

𝑚𝑙ℎ
∗ (𝑋) = 0.48 

𝑚ℎℎ
∗ (𝑋) = 0.27 

𝑚𝑆𝑂
∗ = 0.3 

𝑚𝑒
∗(Γ) = 0.15 

𝑚𝑙ℎ
∗ (𝑋) = 0.5 

𝑚ℎℎ
∗ (𝑋) = 0.3 

𝑚𝑆𝑂
∗ =  0.29 

𝑚𝑒
∗(Γ) = 0.25 

𝑚𝑙ℎ
∗ (𝑋) = 0.53 

𝑚ℎℎ
∗ (𝑋) = 0.31 

𝑚𝑆𝑂
∗ = 0.25 

Table 1.3. Effective masses of electrons and holes of InN, GaN, and AlN in hexagonal and 
cubic phases [57]. 
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Regarding the values of the effective masses of holes in nitrides, things are more complicated 

than for electrons because, according to theoretical results, these effective masses are strongly 

dependent on the crystallographic direction. For hexagonal GaN, the experimental data are very 

dispersed: between 0.3 𝑚0 [62]  and 2.2 𝑚0 [60]  (Vurgaftman et al. [57]  have done a good review 

on the field). This uncertainty can in part be explained by the non-parabolicity of the top of the 

valence band, the effect of stress on the band structure as well as the energetic proximity of the 

three bands of holes. The experimental measurement could be an "average" of these three 

components.  

1.4. ELASTIC PROPERTIES  

III-nitride materials are mainly synthesized on sapphire, SiC, or Si substrates. The lattice and 

thermal expansion mismatch between substrate and epitaxial layer impose stress on the epitaxial 

layer which can profoundly affect its optical and electronic properties. The magnitude of the effect 

depends on the degree of stress. For small stress, the lattice reacts elastically through a shape 

transition (strain). For large deformations, the relaxation occurs plastically, i.e., introducing 

dislocations or cracks. 

1.4.1. Strain and stress  

The stress (𝜎𝑖𝑗) applied to a material, in a linear elasticity regime, is related to the strain (𝜀𝑘𝑙) 

by Hooke’s law: 

𝜎𝑖𝑗 =∑𝐶𝑖𝑗𝑘𝑙 ∗ 𝜀𝑘𝑙
𝑘𝑙

                                                               (1.2) 

Where 𝐶𝑖𝑗𝑘𝑙 is the fourth-order elastic tensor. 

We introduce the indices 1, 2, 3, 4, 5, and 6, which replace the pairs of indices to simplify 

the notation, especially that of the fourth-order tensor 𝐶𝑖𝑗𝑘𝑙, 

  

𝜀1 = 𝜀𝑥𝑥 

𝜀2 = 𝜀𝑦𝑦 

 

𝜎1 = 𝜎𝑥𝑥 

𝜎2 = 𝜎𝑦𝑦 
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𝜀3 = 𝜀𝑧𝑧 

𝜀4 = 𝜀𝑦𝑧 , 𝜀𝑧𝑦 

𝜀5 = 𝜀𝑧𝑥 , 𝜀𝑥𝑧 

𝜀6 = 𝜀𝑥𝑦 , 𝜀𝑦𝑥 

𝜎3 = 𝜎𝑧𝑧 

𝜎4 = 𝜎𝑦𝑧 , 𝜎𝑧𝑦 

𝜎5 = 𝜎𝑧𝑥 , 𝜎𝑥𝑧 

𝜎6 = 𝜎𝑥𝑦 , 𝜎𝑦𝑥 

 

For hexagonal symmetry, the elastic tensor contains six elastic modules, five of which are 

independent and 𝐶66 = (𝐶11 − 𝐶12)/2 as illustrated in Eq. (1.2): 

(

  
 

𝜎1
𝜎2
𝜎3
𝜎4
𝜎5
𝜎6)

  
 
=

(

 
 
 

𝐶11 𝐶12 𝐶13
𝐶12 𝐶11 𝐶13
𝐶13 𝐶13 𝐶33

0      0     0  
0      0     0  
0      0     0  

  0    0     0  
  0    0     0  
  0    0   0

𝐶44 0 0
0 𝐶44 0
0 0 𝐶66)

 
 
 

(

  
 

𝜀1
𝜀2
𝜀3
𝜀4
𝜀5
𝜀6)

  
 
                           (1.3) 

Calculated and experimental values of the 𝐶𝑖𝑗 parameters of GaN and AlN are summarized in 

Table 1.4. 

When performing heteroepitaxy of III-nitrides on the (0001) plane, biaxial stress occurs, i.e., 

the in-plane stress is uniform (𝜎11 = 𝜎22 = 𝜎)and there is neither stress along with the c-axis nor 

shear stress. In that particular case (biaxial strain configuration), Hooke’s law is simplified: 

Table 1.4. Experimental and theoretical constants of InN, GaN, and AlN in GPa. 

 C11 C12 C13 C33 C44 References 

InN 223 115 92 224 48 [63] 

 

 

 

GaN 

374 106 70 379 101 [64] 

390 145 106 398 105 [65] 

365 135 114 381 109 [66] 

370 145 110 390 90 [67] 

396 144 100 392 91 [68] 

367 135 103 405 95 [63] 

 

 

AlN 

411 149 99 389 125 [69] 

410 140 100 390 120 [67] 

398 140 127 382 96 [68] 

396 137 108 373 116 [63] 
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(
𝜎
𝜎
0
) = (

𝐶11 𝐶12 𝐶13
𝐶12 𝐶11 𝐶13
𝐶13 𝐶13 𝐶33

)(

𝜀1
𝜀2
𝜀3
)                                                     (1.4) 

Due to the lattice symmetry, the strain components 𝜀1 and 𝜀2 are equal: 

𝜀1 = 𝜀2 = 𝜀𝑥𝑥 = −(𝑎𝑒𝑝𝑖 − 𝑎𝑠𝑢𝑏)/𝑎𝑠𝑢𝑏                                           (1.5) 

Where 𝑎𝑒𝑝𝑖  and 𝑎𝑠𝑢𝑏 are the lattice constants of the epilayer, and substrate, respectively.  

Consequently, the biaxial strain induces a strain 𝜀3 with the opposite sign of 𝜀𝑥𝑥  along the (0001) 

axis perpendicular to the surface, which is given by: 

𝜀3 = 𝜀𝑧𝑧 = −2(𝐶13/𝐶33)𝜀𝑥𝑥                                                    (1.6) 

1.4.2. Spontaneous and Piezoelectric polarization 

One of the peculiarities of element III-nitrides is the presence in GaN / AlGaN 

heterostructures of a strong internal polarization. A signature of the presence of such electrical 

polarization is the modification of the optical properties of the heterostructure containing quantum 

wells. The action of the electric field in an InGaN quantum well in GaN was advanced by 

Hangleiter et al. [70] to explain the shift between the observed exciton transition energy and that 

expected for a given indium concentration. This effect of the electric field on the optical properties 

in 𝐺𝑎𝑁/𝐼𝑛𝜐𝐺𝑎1−𝜐𝑁 heterostructures such as those we have studied will be detailed in the coming 

papers. This polarization will, of course, modify the electrical properties of the heterostructure: the 

creation possibility of a 2D gas at GaN / AlGaN interfaces [71]. The next two paragraphs are 

devoted to the presentation of the origin of the two types of polarization in nitrides. 

A. Piezoelectric polarization 

Piezoelectric polarization essentially originates from the symmetry of the crystal. The 

piezoelectric effect can be defined as the appearance of electrical polarization in a semiconductor 

layer when the latter is subjected to a stress σ which modifies the lattice of the crystal by breaking 

its symmetry. The opposite effect also exists in some materials, namely a change in crystal lattice 

volume when electrically polarized. Many devices allowing movements on the nanometer scale 

operating on this principle are marketed. As we have already mentioned, nitrides can crystallize in 

two crystalline phases. These two phases: zinc-blende (cubic) and wurtzite (hexagonal) are non-
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centrosymmetric. This induces the existence within them of the piezoelectric effect. The 

appearance of the electric field can be represented by a simple ionic model involving the 

displacement, under the effect of stress, of the barycenters of positive and negative charges within 

the tetrahedra forming the crystal lattice. There then appears inside each tetrahedron of the cell an 

elementary dipole oriented in the direction of the stress as can be seen in Figure 1.6. 

Figure 1.6.  Demonstration of the effect of the stress σ in the zinc-blende phase in the direction 

(001) and (111) as well as in the wurtzite phase in the direction (0001). No polarization is 

generated in the cubic phase for stress following (001). On the other hand, a stress following 

(0001) in the hexagonal phase will generate a piezoelectric polarization equivalent to stress (111) 

in the zinc-blende structure (Figure extracted from the thesis of J. Simon [72] ). 
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It is important to note that the two crystalline phases of nitrides will behave differently when 

faced with a state of stress. 

The stress following the direction of growth (0001) in the hexagonal phase will give rise to 

a polarization of piezoelectric origin in this direction because the relative displacement of the 

barycenters of the positive and negative charges is not zero. 

As regards the cubic phase, the same phenomenon is observed in the case where the layer is 

epitaxied in a polar direction such as (111). On the other hand, an epitaxial layer following (001) 

does not see any polarization appear with stress in this direction. Indeed, the relative displacement 

of the barycenters of the two types of loads is zero. 

 We have just highlighted the major difference between the two phases, namely that the 

epitaxial cubic phase in the (001) direction does not exhibit any piezoelectric polarization. We will 

show that this gives the cubic layers a definite advantage over the hexagonal phase for the 

realization of optoelectronic devices. 

The value of the polarization of piezoelectric origin can be quantified from the value of the 

stress present in the layer. We show that polarization can be written in the form: 

𝑃𝑖
𝑝𝑧 = 𝑑𝑖𝑗  . 𝜎𝑗𝑘                                                                        (1.7) 

Where 𝑃𝑖 is the piezoelectric polarization in the 𝑖 direction, 𝜎𝑗𝑘 is the tensor of the stresses 

in the layer and 𝑑𝑖𝑗  is the tensor of order 3 representing the piezoelectric coefficients specific to 

the material. These different tensors have several identical or zero elements for reasons of 

symmetry in the crystal lattice. After simplification, only a piezoelectric component remains along 

the z-axis of growth for the hexagonal phase. This component is written: 

𝑃3
𝑝𝑧
= 2 . 𝑑31 . 𝜎1                                                                 (1.8) 

The stress tensor sigma1 can be expressed according to the strains in the hexagonal layer 

thanks to the elastic coefficients of the material in the following way: 

𝑃3
𝑝𝑧 = 2 . 𝑑31. (𝐶11 + 𝐶12 + 𝐶13.

−2 𝐶13
𝐶33

) 𝜀1                                       (1.9) 
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Where ε1 = (a − a0)/a0 is the deformation in the plane, with a0 the parameter of the mesh 

not where constrained and a that of the layer under stress. In the literature many very dispersed 

values of piezoelectric coefficients are reported, we will simply cite the following references [73–

75]. We will conclude on this subject by noting that fields of piezoelectric origin can reach values 

as high as 10 MV / cm in nitrides. 

B. Spontaneous polarization 

In the absence of any stress in a wurtzite nitride layer, however, it can exhibit non-zero 

macroscopic polarization. The wurtzite structure is the structure of the highest symmetry allowing 

this phenomenon [73]. This spontaneous polarization is explained in the same way as the 

piezoelectric polarization, that is to say by a non-superposition of the barycenters of the positive 

charges with that of the negative charges. This shift between the two barycenters of the loads has 

two origins: 

• The first is the non-ideality of the Wurtzite structure, more precisely the irregularity of the 

tetrahedra forming the crystal. The distances between atoms with a strong ionic character 

vary according to the axis of growth, each tetrahedron will therefore have an elementary 

dipole. These elementary dipoles are added to give the structure a macroscopic 

spontaneous polarization directed along the axis of growth of the material (0001). 

• The second is a reason for the disruption of symmetry in the crystal from the third 

neighbor. Indeed, the crystal is no longer center-symmetrical from the third neighbor, 

which generates the creation of an electric dipole following the (0001) direction in the 

hexagonal phase (see Figure 1.2). 

The first contribution is more important than the others. 

B. The resulting polarization 

According to Bernardini et al. [73], the contribution of spontaneous polarization is 

comparable to that of piezoelectric polarization in nitrides, and therefore should not be neglected. 

The total polarization in the nitride layer in the hexagonal phase will then be the result of the sum 

of the two types of polarization: piezoelectric and spontaneous, it is therefore written: 

𝑃⃗ = 𝑃⃗ 𝑠𝑝 + 𝑃⃗ 𝑝𝑧                                                                 (1.10) 
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Figure 1.7. The polarity of hexagonal GaN layers. (a): gallium polarity (b) nitrogen polarity. The 

red and blue spheres indicate Ga and N atoms, respectively. 

Figure 1.8. Orientation of spontaneous and piezoelectric polarizations for gallium polarity 

nitrides according to the stress: (1) layer A is in tension on layer B, (2) layer A is in compression 

on layer. 
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In hexagonal phase nitrides, one orientation is important: it is the direction of the Ga-N bond 

along the (0001) direction. This orientation is called the polarity of the layer (see Figure 1.7). The 

samples we have studied are of gallium polarity. 

In nitrides of gallium polarity, the spontaneous polarization is oriented along the direction of 

growth in the same direction as the latter. As for the piezoelectric polarization, also oriented along 

the axis of growth. On the other hand, its meaning depends on the type of stress present in the 

layer. The different possibilities are shown in Figure 1.8. 

We have described the origin of the large internal polarization that exists in hexagonal phase 

nitrides. We have shown that this polarization is absent in the cubic phase when the latter is 

epitaxial in the (001) direction. This is one of the peculiarities that the cubic phase has compared 

to the hexagonal phase. 

1.5. STRUCTURAL DEFECTS  

Structural defects are any interruption of the crystal translation system and can be classified 

into point defects, line defects, and planar defects. Point defects are defects generated only at or 

around a lattice point so that the lattice distortion is rather local. Point defects can be vacancies, 

interstitial defects, or substitutional defects, as illustrated in Figure 1.9.  

Figure 1.9. Schematic illustration of point defect types in the crystal structure. 
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Vacancies are lattice sites that should be occupied in the perfect crystal but are vacant. 

Interstitial defects are atoms that occupy some sites in the structure where; usually; there should 

not be an atom. A pair of nearby vacancy and interstitial atoms is called Frenkel defect. 

Substitutional defects are the types of atoms that should not be in the lattice structure but they are 

in this latter; by occupying the vacant sites in the lattice. Hence, they can be called impurities. 

Such substitutional atoms can be either smaller (substitutional smaller atom) or larger 

(substitutional larger atom) than the fundamental atom. The effect of the position of these 

impurities on nanostructures such as quantum wells is studied in detail in the next chapters.  

1.6. RESISTIVITY,  MOBILITY,  AND CONCENTRATION OF HOLDERS  

The concentration of electrons and their mobility are directly related to the resistivity of the 

layer, measured by the van der Pauw technique, which will be detailed in the next chapter. In GaN, 

these parameters have been studied by several teams [76,77]. It appears that these parameters vary 

depending on the thickness of the layer, structural and morphological properties, extensive and 

point defects, the type of substrate, etc. Mobility is a very important characteristic of the material, 

as it reflects the ability of wearers to move through the material. It is therefore a determining factor 

for the devices. This is very important for areas like optoelectronics, or telecommunications. 

According to the definition of mobility, electron transport depends primarily on two parameters: 

the effective mass of electrons and the frequency of interactions with the crystal lattice. The 

average speed of electrons results from two antagonistic interactions: acceleration due to the 

electric field and diffusion through the crystal lattice. The action of crystal potential is described 

by the concepts of effective mass; two disturbing effects are added on an ad hoc basis to the action 

of the crystalline potential. On the one hand, due to thermal agitation, atoms vibrate around their 

position of equilibrium (phonon), on the other hand, there are local perturbations of the crystalline 

potential (dopant, alloys, etc.) which are also sources of other types of interactions of carriers with 

the network. Thus, the various interactions that limit mobility are mainly: 

• The interaction with ionized impurities 

The ionization of the impurities contained in the crystal leads to the appearance of a Coulomb 

potential which disrupts the periodic distribution of the crystal potential. Thus, electrons that pass 

in the vicinity of an ionized impurity find their trajectory altered, which reduces their efficiency in 
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transporting current, but they retain their kinetic energy (elastic interaction). This interaction has 

been the subject of several studies, Brooks et al. [78]  give the expression of mobility limited by 

ionized impurities, it varies in Ni -1T 3/2, with Ni the total number. This type of interaction is the 

most penalizing for mobility at very low levels. low temperatures, and it is all the more penalizing 

as the number of impurities is high. 

• The interaction with neutral impurities 

At low temperatures, when the Fermi level of the semiconductor is above the energy level 

corresponding to an impurity, it will not be ionized. If distortions in the crystal lattice are 

introduced, there is a break in the periodicity of the lattice. The coupling between carriers and this 

impurity is not Coulomb. This interaction is present throughout the temperature range and is not 

predominant in any particular temperature range. 

• Alloy diffusion 

Due to the disorder of an alloy, the crystal potential is not periodic due to local fluctuations 

in composition. This phenomenon exists throughout the temperature range, but at low levels, it is 

masked by other predominant interactions (ionized impurities and optical phonons). 

This is often the most detrimental interaction at intermediate temperatures. 

• Interaction with phonons 

Phonons are distinguished into two categories, depending on the vibrations of atoms: optical 

phonons, where atoms vibrate in phase opposition, and acoustic phonons, where atoms vibrate in 

phase. These phonon-electron interactions take place by absorption or emission of phonons while 

respecting the conservation of energy and the wave vector. We distinguish: 

➢ Interaction with acoustic phonons: With the two types of mechanisms that bring these 

collisions into play: are acoustic interaction (coupling by deformation of crystal potential) 

and piezoelectric interaction (Coulomb coupling). Acoustic collisions are elastic shocks 

the main effect of which is to randomize the direction of the electron velocity vector. These 

two mechanisms are penalizing for the transport of charges with the application of an 

electric field. This type of interaction is present throughout the temperature range but 

seldom prevails. 
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➢ Interaction with optical phonons: At low temperatures, the number of phonons is low, and 

electron-phonon interaction is unlikely. When the temperature increases, the vibrations of 

the network increase. Thus, the interaction with optical phonons becomes predominant at 

high temperatures. However, these are the impurities and the temperature.  

1.7. TERNARY ALLOYS  

The perfectly disordered alloy does not, by definition, have long-range chemical order and 

translational invariance. Thus, calculating a band structure, based on the periodicity of the crystal, 

is not entirely correct [57]. However, it is experimentally observed that the alloy has a forbidden 

band and that the value of the latter varies as a function of the concentration between the two mixed 

materials. As a first approximation, in an 𝑀𝜐𝑀1−𝜐
′ 𝑁 alloy, we account for the experimental 

variation of the gap as a function of the composition x by: 

𝐸𝑔
𝑀𝜐𝑀1−𝜐

′ 𝑁
= 𝜐. 𝐸𝑔𝑀𝑁 + (1 − 𝜐). 𝐸𝑔𝑀′𝑁

− 𝑏 . (1 − 𝜐) . 𝜐                      (1.11) 

With b, the bowing parameter, which describes the deviation from linearity. The 

experimental values of b are generally very dispersed. Indeed, the correct determination of this 

parameter requires a perfectly disordered alloy (without clusters for example), the composition of 

which is well determined (by quantitative EDX, with the use of a standard) and without residual 

stress. Thus, the values of b for 𝐼𝑛𝜐𝐺𝑎1−𝜐𝑁 and 𝐺𝑎𝜐𝐴𝑙1−𝜐𝑁 vary in the literature between 1 and 

3.5. In this thesis, it is taken as recommended by Vurgaftman et al. [57]. This bowing term can 

also be calculated, for example in the case of the virtual crystal approximation (VCA), where all 

the properties are determined by taking the average of the properties of the pure materials, 

weighted by their respective concentration. However, a difference with the experimental 

measurements is observed. Moreover, one notices that this law (Eq. (1.11)) is symmetric compared 

to 𝜐 =  0.5, which is a big simplification of the experimental measurements. 

This symmetry results from the fact that in virtual crystal approximation (VCA) calculations, 

it is considered that the excitonic quasi-particle positioned on a given atom feels the average alloy 

around it. However, the spatial extension of the exciton being limited, it probes a different alloy at 

each point, linked to the alloy disorder. To account for this statistical disorder, a more rigorous 

calculation can be undertaken, for example in the approximation of the coherent potential (CPA). 

This calculation uses as a starting point the properties of each pure constituent using Green's 
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functions. The gap felt by the quasi-particle is calculated for any composition. One then finds 

evolutions closer to those observed experimentally, and not necessarily symmetrical compared to 

𝜐 =  0.5. In this thesis, we will therefore keep the simplified model of Eq. (1.11). 

1.8. QUANTUM CONFINEMENT  

The electronic structure of bulk semiconductors is characterized by the delocalization of 

electronic states, as well as by an almost continuous energy spectrum in the valence and conduction 

bands. However, in the case of nanostructured semiconductors, the charge carriers are confined in 

a restricted region of space, of the order of a few tens of nanometers, which leads, due to quantum 

confinement, to a remarkable modification of the energy spectrum. In particular, as the size of the 

semiconductor decreases the bandgap energy increases. On the other hand, the density of states, 

which describes the electronic states for a given energy, goes from a continuous function of the 

energy (proportional to √𝐸 − 𝐸𝑔), in the bulk case, to a discrete function with the appearance of 

very distinct energy levels in the case of confinement along the three directions of space (Figure 

1.10). 

Figure 1.10. Representation of the density of state for a (a) bulk material, (b) quantum well, (c) 
quantum wire, and (d) quantum box. 
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In the following, we present an overview of the effect of quantum confinement on the behavior of 

charged particles in idealized nanomaterial structures. 

1.8.1. Quantum Well 

We discuss, in this paragraph, the case of a square quantum well. To do this, we will consider 

a semiconductor (w) as well material sandwiched between two layers of a semiconductor (b) which 

will play the role of the barrier material (Figure 1.11).  

 

Figure 1.11. Schematic representation of a quantum well. CB and VB are, respectively, the 

conduction band and the valence band. Lw and Lb are, respectively, the thickness of the well and 

barrier materials. 

Due to the discontinuity of the conduction (valence) bands at the interface between the two 

materials, a confinement potential appears. It is this potential that is responsible for restricting the 

movement of electrons (holes) in two spatial directions. In order to go back to the eigen energies 

of the charge carriers, confined inside a quantum well (QW), we can model, in a simple way, the 

discontinuity of bands between the two materials by a square potential. Moreover, it has been 

demonstrated that, for materials with a direct gap (GaAs, InP….), the wave function of the electron 

can, approximately, take the following form [79,80]: 

𝜓𝑒(𝑟) = 𝑢𝑘0
𝐴,𝐵𝜙(𝑟)                                                      (1.12) 
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𝑢𝑘0
𝐴,𝐵

, represents the Bloch function at the minimum of the conduction band in the material (w) or 

(b), while 𝜙(𝑟) is an envelope function solution of the Schrödinger equation below: 

(−
ℏ2

2𝑚𝑒
∗
Δ + 𝑉𝑐𝑜𝑛𝑓.)𝜙(𝑟) = 𝜀𝜙(𝑟)                                                   (1.13) 

Where 𝑚𝑒
∗  is the effective mass of the electron. Since the confinement potential depends only on 

the growth direction Z, the energies and the eigenfunctions of Eq. (1.13) are written, respectively, 

as follows: 

𝜀𝐤𝑛 =
ℏ2𝐤2

2𝑚𝑒
∗
+ 𝜀𝑛

𝑧                                                             (1.14) 

And  

𝜙𝐤𝑛(𝑟) =
1

√𝑆
𝑒𝑖𝐤𝜌𝜒𝑛(𝑧)                                                  (1.15) 

With 𝐤 = (𝑘𝑥, 𝑘𝑦), 𝑘 = |𝐤|, 𝜌 = (𝑥, 𝑦), 𝑆 = Lx, Ly, and 𝑛 is an integer. Therefore, the electron is 

free to move in the X-Y plane, while it is confined along the Z direction. Therefore, 𝜒𝑛(𝑧) obeys 

the following equation: 

(−
ℏ2

2𝑚𝑒
∗

𝑑2

𝑑𝑧2
+ 𝑉𝑐𝑜𝑛𝑓.)𝜒𝑛(𝑧) = 𝜀𝑛

𝑧𝜒𝑛(𝑧)                                     (1.16) 

It should be noted that the solutions 𝜒𝑛(𝑧) are bound states is less than the value of the potential 

barrier [81]. In the case of an infinitely deep potential well, 𝑉𝑐𝑜𝑛𝑓. = 0 for −
𝐿𝐴

2
≤ 𝑧 ≤

𝐿𝐴

2
 and 

infinity elsewhere, we can write the eigenstates of a confined electron in the following form: 

𝜒𝑛(𝑧) =

{
 
 

 
 
√
2

𝐿𝑧
sin (

𝑛𝜋𝑧

𝐿𝑧
)      𝑖𝑓 𝑛 𝑖𝑠 𝑝𝑎𝑖𝑟

√
2

𝐿𝑧
cos (

𝑛𝜋𝑧

𝐿𝑧
)      𝑖𝑓 𝑛 𝑖𝑠 𝑖𝑚𝑝𝑎𝑖𝑟

                               (1.17) 

And as a result, the application of the connection conditions in ±
𝐿𝑧

2
 leads us to eigen energies: 

𝜀𝐤𝑛 =
ℏ2

2𝑚𝑒
∗
(
𝑛𝜋𝑧

𝐿𝑧
)                                                      (1.18) 
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So, we can conclude that the one-dimensional confinement leads to a discretization of the energy 

along the direction of the confinement. However, in contrast to a smooth square root energy 

dependence found in bulk materials (Figure 1.10.a), the density of electronic states in a quantum 

well has the shape of a stair step (Figure 1.10.b), which can be formulated as follows: 

𝜌2𝐷(𝜀) = 2 ∑ 𝛿 [𝜀 − 𝜀𝑛
𝑧 −

ℏ2𝐤2

2𝑚𝑒
∗
]

𝑘𝑥,𝑘𝑦,𝑛

                                       (1.19) 

1.8.2. Quantum Wire 

In the case of quantum wires, the charge carriers are confined along two spatial directions 

(X,Y for example). However, their movement along the third direction (Z) is free. So, using a 

square confining potential, 𝑉𝑐𝑜𝑛𝑓.(𝑥, 𝑦) we can transform Eq. (1.13) into a differential equation 

with separable variables. Thus, the eigenvalues of energy are: 

𝜀𝑘𝑛𝑥𝑛𝑦 =
ℏ2𝑘2

2𝑚𝑒
∗
+ 𝜀𝑛𝑥

𝑥 + 𝜀𝑛𝑦
𝑦
                                            (1.20) 

while the eigenstates are of the form: 

𝜙𝑘𝑛𝑥𝑛𝑦(𝑟) =
1

√𝐿𝑧
𝑒𝑖𝑘𝑧𝜒𝑛𝑥(𝑥)𝜒𝑛𝑦(𝑦)                                   (1.21) 

If we consider, moreover, the case of infinite confinement, the bound states 𝜒𝑛𝑥(𝑥) and 𝜒𝑛𝑦(𝑦) 

have the form of Eq. (1.17). On the other hand, the number of states available to an electron in a 

given energy interval, or more commonly density of states is, in this case, a continuous function 

varying as the inverse of the square root of the energy (Figure 1.10.c). More precisely, the density 

of states is written: 

𝜌1𝐷(𝜀) = ∑
𝐿𝑧
𝜋
√
2𝑚𝑒

∗

ℏ2
√(𝜀 − 𝜀𝑛𝑥

𝑥 − 𝜀𝑛𝑦
𝑦
)

𝑛𝑥,𝑛𝑦

                            (1.22) 

and therefore, has a singularity at each band minimum 𝜀𝑛𝑥
𝑥 + 𝜀𝑛𝑦

𝑦
. Because the density of states is 

involved in all physical properties (electronic, optical, magnetic, etc.), two-dimensional 

confinement allows a remarkable improvement in semiconductor-based devices. 
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1.8.3. Quantum Dot 

The confinement of charge carriers along the three spatial directions gives rise to quantum 

dots. In this type of confinement, we witness a total discretization of the energy spectrum (Figure 

1.10.d). This property is close to that of an atom, for that reason, quantum dots are sometimes 

called "artificial atoms". In the simple case of a square confinement potential along the X, Y, and 

Z axes, we can easily arrive at the expressions for the eigenvalues and eigenvectors, of the confined 

electron, that we formulate them, in this order, as follows: 

𝜀 = 𝜀𝑛𝑥
𝑥 + 𝜀𝑛𝑦

𝑦
𝜀 + 𝜀𝑛𝑧

𝑧                                                   (1.23) 

And 

𝜙𝑛𝑥𝑛𝑦𝑛𝑧(𝑟) = 𝜒𝑛𝑥(𝑥)𝜒𝑛𝑦(𝑦)𝜒𝑛𝑧(𝑧)                                    (1.24) 

The density of states of a quantum dot is made up of a set of Dirac distributions at the energy of 

each discrete level: 

𝜌0𝐷(𝜀) = 2 ∑ 𝛿 (𝜀 − 𝜀𝑛𝑥𝑛𝑦𝑛𝑧)

𝑛𝑥,𝑛𝑦

                                      (1.25) 

This property of quantum dots can be exploited for the realization of logic gates in the field of 

quantum information. From a physical point of view, the three-dimensional confinement of the 

carriers in a quantum box gives them unique properties such as the extension of the coherence time 

or the freezing of spin relaxation mechanisms. In the case of infinite confinement, we have [82]: 

𝜀𝑛𝑥𝑛𝑦𝑛𝑧 =
ℏ2𝜋2

2𝑚𝑒
∗
[(
𝑛𝑥
𝐿𝑥
)
2

+ (
𝑛𝑦

𝐿𝑦
)

2

+ (
𝑛𝑧
𝐿𝑧
)
2

]                              (1.26) 

1.9. EFFECTIVE MASS APPROXIMATION  

It is well known that, in electronic devices, the movement of charged particles is altered by 

the presence of impurities or, again, due to the application of external fields; electromagnetic field 

for example. Therefore, the effective mass theory was essentially proposed to study the behavior 

of charge carriers in a perturbed periodic potential [83,84]. Note that there are two approaches to 

arrive at the approximation of the effective mass. The first is to introduce the concept of Wannier 

functions, while the second uses only Bloch functions. Wannier functions are Fourier transforms 
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of Bloch functions. Consequently, the two approaches are equivalent and will eventually give the 

same results. On the other hand, the Wannier function 𝑎𝑛(𝐫; 𝐑𝐢) is related to the Bloch function 

𝜓𝑛𝐤(𝒓) by: 

𝑎𝑛(𝐫; 𝐑𝐢) = 𝑁−1/2∑𝑒𝑥𝑝(−𝑖𝐤𝐑𝐢) ψ𝑛𝑘(𝐫) 

𝐤

                           (1.27) 

or 

 ψ𝑛𝑘(𝐫) = 𝑁
−1/2∑𝑒𝑥𝑝(−𝑖𝐤𝐑𝐢)𝑎𝑛(𝐫; 𝐑𝐢) 

𝐤

                            (1.28) 

𝐑𝐢 is a vector of the direct lattice, 𝑛 is an integer, k is the wave vector, and 𝑁 is the number of 

elementary cells in the crystal. Note, in passing, that the Bloch functions are indexed by the wave 

vectors of the reciprocal lattice, while the Wannier functions are indexed by the position vectors 

of the direct lattice. Therefore, Bloch functions are more convenient for representing delocalized 

states in crystals, whereas Wannier functions are more suitable for representing localized 

states[80,85]. Below we present some properties of Wannier functions: 

• 𝑎𝑛(𝐫; 𝐑𝐢) is uniquely a function of 𝐫 − 𝐑𝐢. 

• The Wannier functions, 𝑎𝑛(𝐫 − 𝐑𝐢) form, like the Bloch functions, an orthonormal basis. 

• The Wannier functions are eigenfunctions of a "lattice vector operator" 𝐑𝐨𝐩 defined by: 

𝐑𝐨𝐩𝑎𝑛(𝐫 − 𝐑𝐢) = 𝐑𝐢𝑎𝑛(𝐫 − 𝐑𝐢)                                         (1.29) 

The effect of 𝑹𝒐𝒑 on a wave function of type: 

𝜓(𝒓) =  ∑𝐴𝑛(𝐤)

𝑛,𝐤

𝜓𝑛𝐤(𝒓)                                             (1.30) 

can be approximately represented by: 

𝑅𝑜𝑝𝜓(𝒓) ≈∑(𝑖
𝛿

𝛿𝐤
𝐴𝑛(𝐤))

𝑛,𝐤

𝜓𝑛𝐤(𝒓)                                    (1.31) 
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We will now use Eq. (1.30) to simplify the problem of an electron in a crystal subjected to an 

external perturbation. To do this, we write the wave function 𝜓(𝒓) as a linear combination of 

Wannier functions: 

𝜓(𝒓) = 𝑁−1/2∑𝐶𝑛(𝐑𝐢) 𝑎𝑛(𝐫 − 𝐑𝐢) 

𝑛,𝐤

                                  (1.32) 

Thus, the coefficients 𝐶𝑛(𝐑𝐢), can be considered as the amplitudes of the Wannier functions. We 

will show later that they are a solution of a wave equation. Hence, they are called envelope 

functions. Assuming, at this point, that 𝑊𝑛(𝒌), are eigenvalues of the unperturbed Hamiltonian 

𝐻0(𝐫). Since ℏ𝐤 and 𝑅𝑜𝑝 are conjugate operators in the sense that 𝐑 ↔ (
𝑖𝜕

𝜕𝐤
)  and 𝐤 ↔ (

−𝑖𝜕

𝜕𝐑
) , we 

can write: 

⟨𝑛, 𝑅𝑖|𝐻0(𝐫)|𝑛
′, 𝑅𝑗⟩ ↔ 𝜕𝑛𝑛′𝜕𝑖𝑗𝑊𝑛(−𝑖𝜕/𝜕𝐑)                          (1.33) 

To obtain the operator corresponding to the external perturbation, 𝑈𝑒𝑥𝑡(𝐫), we assume that 

𝑈𝑒𝑥𝑡(𝐫), is a slowly varying function of 𝐫 such that the variation of  𝑈𝑒𝑥𝑡 over a lattice constant 

(𝑎0) is small compared to  𝑈𝑒𝑥𝑡: 

𝑎0|Δ𝑈𝑒𝑥𝑡(𝐫)| ≪ 𝑈𝑒𝑥𝑡(𝐫)                                          (1.34) 

The elements of the 𝑈𝑒𝑥𝑡(𝐫) matrix are: 

⟨𝑛, 𝑅𝑖|𝑈𝑒𝑥𝑡(𝐫) |𝑛
′, 𝑅𝑗⟩ ↔ ∫𝑎𝑛

∗ (𝐫 − 𝐑𝐢)𝑈𝑒𝑥𝑡(𝐫) 𝑎𝑛′(𝐫 − 𝐑𝐣)/𝑑𝐫               (1.35) 

Supposing, now, that r is linked to the primitive cell indexed by the vector of the lattice R, 

therefore: 

𝑈𝑒𝑥𝑡(𝐫) = 𝑈𝑒𝑥𝑡(𝐑) + (𝐑 − 𝐫)∇𝐑𝑈𝑒𝑥𝑡(𝐑)                                    (1.36) 

And as a result, by injecting Eq. (1.36) into Eq. (1.35) we get: 

⟨𝑛, 𝑅𝑖|𝑈𝑒𝑥𝑡(𝐫)|𝑛
′, 𝑅𝑗⟩

= 𝑈𝑒𝑥𝑡(𝐑)𝛿𝑛𝑛′𝛿𝑖𝑗    

+ ∇𝐑𝑈𝑒𝑥𝑡(𝐑)∫𝑎𝑛
∗ (𝐫 − 𝐑𝐢)(𝐑 − 𝐫) 𝑎𝑛′(𝐫 − 𝐑𝐣)/𝑑𝐫                                         (1.37) 
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So, according to the inequality Eq. (1.34), the second term of Eq. (1.37) can be neglected and the 

Eq. (1.37) reduces to: 

⟨𝑛, 𝑅𝑖|𝑈𝑒𝑥𝑡(𝐫)|𝑛
′, 𝑅𝑗⟩ ≃ 𝛿𝑛𝑛′𝛿𝑖𝑗𝑈𝑒𝑥𝑡(𝐑)                                  (1.38)   

This allows us to write: 

⟨𝑛, 𝑅𝑖|𝐻0(𝐫) + 𝑈𝑒𝑥𝑡(𝐫) |𝑛
′, 𝑅𝑗⟩ ↔ 𝛿𝑛𝑛′𝛿𝑖𝑗[𝑊𝑛(−𝑖𝜕/𝜕𝐑) + 𝑈𝑒𝑥𝑡(𝐫)]               (1.39) 

Finally, the use of Eq. (1.32) and Eq. (1.39) leads us to: 

[𝑊𝑛(−𝑖𝜕/𝜕𝐑) + 𝑈𝑒𝑥𝑡(𝐫)] ≃ 𝐸𝐶𝑛(𝐑)                                   (1.40) 

Eq. (1.39) can be used to solve the problem of donor impurity. For this purpose, let us place 

ourselves in the approximation of an isotropic, non-degenerate, parabolic conduction band, having 

its minimum in the center of the Brouillon zone. Therefore, the energy of the unperturbed electron 

is: 

𝑊𝑛(𝐤) = 𝐸𝑐(0) +
ℏ2𝑘2

2𝑚𝑒
∗
                                               (1.41) 

where 𝑚𝑒
∗  is the effective mass of the electron in the conduction band, while 𝐸𝑐(0) is the edge of 

the conduction band. Since we consider only one conduction band, the band index 𝑛 will be 

removed. 

We point out, however, that this approximation cannot be applied to the study of silicon and 

germanium, since their conduction band minima are degenerate and are not located in the center 

of the Brillouin zone. However, these hypotheses are valid for many semiconductors having the 

zinc-blende structure, such as GaN, AlN, and InN for example. 

Now, we substitute the expression for 𝑊𝑛(𝐤), Eq. (1.41), into Eq. (1.40): 

[−(
ℏ2

2𝑚𝑒
∗
)(

𝜕2

𝜕𝐑2
) +

ℏ2𝑘2

2𝑚𝑒
∗
] ≃ [𝐸 − 𝐸𝑐(0)]𝐶(𝐑)                      (1.42) 

This leads us to an equality equivalent to the Schrödinger equation of an electron of mass 𝑚𝑒
∗  

moving in a potential 𝑈𝑒𝑥𝑡. This approach is known as the effective mass approximation. We recall 

that Eq. (1.42) only allows obtaining the envelope function 𝐶(𝐑). This envelope function must be 
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multiplied by the Wannier function, 𝑎(𝐫 − 𝐑), in order to arrive at the final expression for the 

wave function of the electron 𝜓(𝐫). 

1.10. APPLICATIONS OF ELEMENT III-NITRIDES  

1.10.1. Light-emitting diodes 

Light Emitting Diodes (LEDs) are arguably a set of the major commercial applications for 

this family of materials. The operating principle of LEDs is based on the inter-band radiative 

recombination of carriers under the injection of electric current [86]. The first GaN-based 

luminescent devices appeared in the 1970𝑠 [87,88]. However, major developments were obtained 

by S. Nakamura's group within the Nichia company in 1993  [89]. The active structure initially 

made up of a thick layer of GaN, very quickly evolved into a heterostructure based on InGaN 

quantum wells [89]. 

 

Figure 1.12. Light output (without light extraction) for III-V semiconductor-based diodes, 

according to: a: [90], b: [91],  c: [92], d: [93]). 
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The wavelengths covered by varying the thickness and composition of the InGaN wells range 

from near-ultraviolet (380 nm) to yellow and green (600 nm). External quantum efficiency is 

typically in the order of 10% (see Figure 1.12), but can reach 20 − 30% with designs that optimize 

light extraction [94]. The quantum efficiency is very high considering that the dislocation density 

for sapphire devices is in the order of 108 − 1010 / cm3 [95] . The commonly accepted 

explanation today is that carriers are found to be localized to fluctuations in indium-rich 

composition and are thus less sensitive to non-radiative recombination due to dislocations [96–

100]. 

 

Figure 1.13. Structure of a light-emitting diode [101]. 

For display applications, the important parameter is light output. It is measured in lm/W and 

takes into account the response of the human eye which has a maximum at around 555 nm. Typical 

light output values for InGaN-based LEDs are 10 lm/W in blue and 60 lm / W in green [102]. 

A big industrial effort is devoted to the development of white diodes which could, in the long 

term, replace incandescent bulbs and fluorescent lamps. White light can be obtained by combining 
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the fundamental colors in adequate proportions. The role of nitride heterostructures is to provide 

blue or ultraviolet light which serves to optically pump phosphors or organic molecules with 

broadband luminescence [103]. The simplest system uses a combination of two colors (blue and 

yellow). In Figure 1.13, a simplified diagram of the operation of a blue-emitting LED that optically 

pumps yellow phosphor is shown. An alternative approach is to use InGaN quantum well stacks 

with different thicknesses emitting blue and yellow [104]. A three-color system gives a better color 

temperature but requires the presence of either a blue diode and two phosphors, or three LEDs at 

different wavelengths [93]. 

1.10.2. Laser diodes 

As for light-emitting diodes, the first demonstration of laser diodes (LD) based on nitrides 

was given in 1996 by the Nakamura group [89]. LDs operating continuously at room temperature 

with lifetimes in the order of 10,000 hours find immediate application in data storage on CDs. The 

use of wavelengths in blue (405 nm for Blu-ray technology) increases the information density by 

a factor of 4 compared to AlGaAs-based laser diodes operating at 780 nm. 

 

Figure 1.14. Schematic diagram of the structure of the GaN-based LD with different MQWs [105]. 



37                                                                                    Chapter 1. Structural and electronic properties of III-Nitrides 

As an illustration of the complexity and mastery of the growth techniques required for the 

development of nitride LDs, Figure 1.14 shows a GaN-based blue LD using symmetrical and 

asymmetrical multiple quantum wells. Multiple Quantum Well (MQW) as the active area of GaN-

based laser diodes is essential for device performance. whose material quality and structural 

characteristics play a decisive role in the optical performance of LDs. 

1.10.3. Ultraviolet photodetectors 

In a photodetector, the photons absorbed in the active layer generate electron-hole pairs. The 

internal potential, in the case of a p-n junction, or the applied voltage gives rise to an electric 

current proportional to the flow of photons [106]. The different types of detectors used are 

photoconductors, Schottky photodiodes, M-S-M photodiodes (metal-semiconductor-metal), M-I-

S photodiodes (metal-insulator-semiconductor), p-i-n photodiodes (Figure 1.15), etc.[107] .  

Figure   1.15. Schematic diagrams of non-polar GaN-based p-i-n photodetector [108].    
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The use of nitrides for photodetectors has advantages linked to good chemical stability, 

resistance to the effects of radiation, and good thermal conductivity. Aspects that require 

improvement are crystal quality, wearer mobility, and the development of reliable and 

reproducible technological processes for device development.  

1.10.4. Solar cells 

For the past ten years or so, several studies have been carried out on different structures of 

solar cells based on InGaN. This, as we have already pointed out, is thanks to its wide tunable 

spectral coverage covering an energy range between 0.7 eV to 3.4 eV and a high absorption 

coefficient. 

Structures Performance Realization References 

InGaN-based heterojunction solar cells 

InGaN/GaN (1 sun) 

InGaN/GaN (AM0) 

Schottky/InGaN/GaN 

InGaN/GaN (AM1.5G) 

𝑉𝑂𝐶 = 2.4 𝑉, 𝐼𝐶𝐶 = 3.8 mA/cm
2 

𝑉𝑂𝐶 = 1.81 𝑉, 𝐼𝐶𝐶 = 4.2 mA/cm
2 

𝑉𝑂𝐶 = 0.91 𝑉, 𝐼𝐶𝐶 = 7 mA/cm
2 

𝑉𝑂𝐶 = 0.25 𝑉, 𝐼𝐶𝐶 = 6 mA/cm
2 

MOVPE 

MOVPE 

MOVPE 

MOVPE 

[109] 

[110] 

[111] 

[112] 

P- (MQW) -N heterojunction solar cells based on InGaN 

P-(MQW)-N (AM1.5) 

P-(MQW)-N (AM1.5) 

P-(MQW)-N (AM1.5) 

P-(MQW)-N (150 sun) 

P-(MQW)-N (AM1.5) 

P-(MQW)-N (AM1.5) 

𝜂 = 2.9% 

𝜂 = 35% 

𝑉𝑂𝐶 = 1.89 𝑉, 𝐼𝐶𝐶 = 1.06 mA/cm
2 

𝜂 = 2.31% 

𝜂 = 2.3% 

𝜂 = 3.56% 

MOVPE 

Simulation 

MOVPE 

MOVPE 

MOVPE 

MOVPE 

[113] 

[114] 

[115] 

[116] 

[117] 

[118] 

Homojunction solar cells based on InGaN 

InGaN homo (AM1.5) 

InGaN homo (AM1.5) 

InGaN homo (AM1.5) 

InGaN homo (150 sun) 

𝜂 = 31% 

𝜂 = 31% 

𝜂 = 31% 

𝜂 = 17% 

MOVPE 

MOVPE 

MOVPE 

Simulation 

[119] 

[120] 

[121] 

[122] 

Multijunction solar cells based on InGaN 

InGaN homo (AM1.5) 

InGaN homo (AM1.5) 

InGaN/GaN MQW (AM1.5) 

𝜂 = 31% 

𝜂 = 35.1% 

𝜂 = 3.33% 

Simulation 

Simulation 

MOVPE 

[123] 

[124] 

[125] 

 

Table 1.5. State of the art of InGaN-based solar cells. 
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In Table 1.5, we have summarized the state of the art concerning the different structures of InGaN-

based solar cells. For each type of structure, we have reported the electrical characteristics of the 

cell or the efficiency obtained. 

1.11. CONCLUSION  

In this chapter, we have recalled the main properties of InN, GaN, and AlN binary nitrides 

in the two types of hexagonal and cubic structures. We have thus demonstrated their enormous 

potential in the field of optoelectronics for the production of luminescent (LED, laser) or electrical 

(transistors) devices. Some devices are already on the market and others are about to be. However, 

most of the studies reported to date have been carried out on the hexagonal phase, which is easier 

to synthesize. Recent advances in the growth of the cubic phase have rekindled interest in this 

crystalline phase. With this in mind, we demonstrated that the cubic phase can be an interesting 

alternative to the hexagonal for the realization of light-emitting diodes as well as heterostructures 

providing inter-sub-band transitions at telecommunications wavelengths. In the last part of this 

chapter, the applications of III-N-based semiconductors were summarized. 
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2.1. INTRODUCTION  

Low-dimensional systems (LDS) based on single and multiple quantum wells (SQW, 

MQW), quantum well wire (QWW), and quantum dots (QD) provide an excellent theoretical and 

experimental study field. During the last several decades, semiconductor systems based on III-

nitrides such as AlN, GaN, (In,Ga)N, and (Al,Ga)N have developed as suitable materials for 

applications such as solar cells, lasers, and diode lasers. As shown in chapter 1, they have appealing 

features such as chemical and thermal stability, strong radiation resistance, and high absorption, 

as well as recent advances in the quality of materials produced using various techniques. 

It is well understood that the presence of impurities in such a reduced system has a significant 

influence on electrical and optical characteristics. It has received a great deal of theoretical and 

experimental attention in several studies. Mutta et al., for example, used photoluminescence and 

transmission electron microscopy to investigate several internal and external factors affecting the 

(In,Ga)N/GaN SQW electronic characteristics. The impact of internal composition on optical 

characteristics has been described for wurtzite (In,Ga)N/GaN QW. On the SQW, the finite barrier 

and built-in electric field impacts are explored.  

2.2. THEORETICAL APPROACH  

We consider a hydrogenic shallow-donor impurity situated at 𝑍i = 𝐿𝑏 +
𝐿𝑤

2
 . The indium 

fraction in the composite material is denoted ν while 𝐿𝑤 is the width of each well and 𝐿𝑏is the 

width of the outer barrier and 𝐿𝑏1 is the width of the coupling barrier of SQW (DQW) wurtzite 

structure with 𝐺𝑎𝑁/InνGa1−νN composition. The schematic description of these structures is 

given in Figure 2.1.  

In this manuscript, the results are given in the effective units, i.e., the effective Rydberg 

energy R∗ (=
m∗e4

2ℏ2ε0
2 = 27.67 meV)  as the unit of energy and the effective Bohr radius  

a∗ (=
ε0ℏ

2

m∗e2
= 2.80 nm) as the unit of length. 
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 Figure 2.1. Single 𝐺𝑎𝑁/𝐼𝑛𝜈𝐺𝑎1−𝜈𝑁 QW and double coupled 𝐺𝑎𝑁/𝐼𝑛𝜈𝐺𝑎1−𝜈𝑁/ 𝐺𝑎𝑁/

𝐼𝑛𝜈𝐺𝑎1−𝜈𝑁/𝐺𝑎𝑁 QWs description under study. 

Within the framework of single-band effective-mass and the parabolic band approximations, 

the Hamiltonian of the electron in the presence of a shallow-donor impurity in structures 

mentioned in Figure 2.1 can be written as:  

H = −
ℏ2

2m∗ ∇
2 −

𝑒2

𝜀∗r
+ V(z)                                                 (2.1)                                                      

𝑒 is the electron charge, |𝑟 − 𝑟0⃗⃗  ⃗| = √𝑥2 + 𝑦2 + (𝑧 − 𝑧0)2 is the electron-impurity distance and V 

(z) is the finite potential barrier given as: 

V(z) = {
  0             well 
𝑉0        barrier

                                             (2.2)                                                          

𝑉0 = 𝑄. ∆Eg(ν)  denotes the height of the potential barrier, whereas Q (= 0.7) [183] and  ∆Eg are 

respectively the conduction band off-set parameter and the difference between the band gaps of 

GaN and  InνGa1−νN which are defined as follows: 
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∆𝐸𝑔(ν) = 𝐸𝑔(𝐺𝑎𝑁) − 𝐸𝑔(InνGa1−νN )                                        (2.3) 

For  𝐼𝑛ν𝐺𝑎1−ν𝑁, the band-gap energy is obtained as the interpolation between 𝐼𝑛𝑁 and 𝐺𝑎𝑁 

corrected by the bowing parameter [126] : 

𝐸𝑔(𝐼𝑛ν𝐺𝑎1−ν𝑁) = ν. 𝐸𝑔(𝐼𝑛𝑁) + (1 − 𝑣). 𝐸𝑔(𝐺𝑎𝑁) − 𝑏. (1 − ν). ν        (2.4) 

𝜀 and 𝑚∗ are respectively the main relative dielectric constant and the effective mass. 

For(𝐼𝑛, 𝐺𝑎)𝑁, they are equal to the linear combination of those of 𝐼𝑛𝑁 and 𝐺𝑎𝑁. 

𝑚∗ = {
            ν.𝑚𝐼𝑛𝑁

∗ + (1 − ν).𝑚𝐺𝑎𝑁
∗ − 𝑏. (1 − 𝑣). ν       𝑤𝑒𝑙𝑙

                                𝑚𝐺𝑎𝑁
∗                                                  𝑏𝑎𝑟𝑟𝑖𝑒𝑟

                  (2.5) 

𝜀∗ = {
            ν. 𝜀𝐼𝑛𝑁

∗ + (1 − ν). 𝜀𝐺𝑎𝑁
∗ − 𝑏. (1 − ν). ν       𝑤𝑒𝑙𝑙

                                𝜀𝐺𝑎𝑁
∗                                                𝑏𝑎𝑟𝑟𝑖𝑒𝑟

                         (2.6) 

The electron effective-mass in GaN (InN) is 𝑚𝐺𝑎𝑁
∗ = 0.19𝑚0  (𝑚𝐼𝑛𝑁

∗ = 0.1𝑚0) 𝑚0 is the 

free electron mass. The mean dielectric constant is 𝜀𝐺𝑎𝑁
∗ = 9.8𝜀0 (𝜀𝐼𝑛𝑁

∗ = 13.7𝜀0) for GaN (InN) 

ε0 is the static electrical permittivity of the vacuum. 

For the dielectric constant at the interfaces, we have used the model as follows: 

𝜀(𝐼𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒𝑠) = √𝜀(𝐺𝑎𝑁) ∗ 𝜀(𝐼𝑛ν𝐺𝑎1−ν𝑁)                                 (2.7) 

Using the effective units, the Hamiltonian described in Eq. (2.1) becomes 

𝐻 = −∇2 −
2

𝑟
+
𝑉(𝑧)

𝑅∗
                                                                (2.8) 

In such a situation, the analytical solution of the Schrödinger equation is impossible. For this 

reason, we have adopted the finite difference method (FDM) as the mathematical tool to solve 

𝐻Ψ = 𝐸Ψ. The ground state binding energy is obtained as follows:  

𝐸𝑏 = 𝐸0 − 𝐸𝐼                                                                          (2.9) 

Where 𝐸𝐼  ( 𝐸0) is the ground state energy in the presence (absence) of impurity. 

The hydrogenic shallow-donor impurity's binding energy in single and double quantum wells 

based on unstrained wurtzite GaN/(In,Ga)N/GaN is estimated as a function of quantum 
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well/barrier width, impurity location, and well coupling. The finite element approach is used in 

our computations. 

2.3. EFFECT OF THE STRUCTURE SIZE  

Based on theoretical predictions and studies of the microstructure using a variety of electron 

microscopy techniques [127–131] it is widely believed that indium segregates in InGaN layers 

during growth, leading to local fluctuations in the band gap that may be effective in localizing 

injected carriers. It should be noted, however, that well-width fluctuations should be expected to 

be highly effective as an alternative or additional mechanism for carrier localization in this material 

system [132–134]. As a result, several qualitative changes in electronic and optical properties are 

promoted to be properly controlled by adjusting the well/barrier width. 

2.3.1. Simple quantum well   

To investigate the influence of the well and barrier widths and the impurity position, we have 

primarily presented in Figure 2.2 the binding energy of wurtzite (In,Ga)N/GaN SQW versus the 

well width. For all impurity’s position and barrier’s width, the binding energy increases with     

Figure 2.2. Binding energy in GaN/(In,Ga)N/GaN SQW as a function of the well width under the 

effect of the barrier width. 
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decreasing the well width until it reaches a maximum corresponding to the critical value (𝐿𝑤
𝑐 ) of 

the well size around the effective Bohr radius. This is due to the diminishing of the electron-

impurity distance which enhances the binding energy. For the strong confinement regime 

(𝐿𝑤<𝐿𝑤
𝑐 the majority of the wave-function is in the barrier region. Therefore, the electron is less 

attracted by the impurity which is manifested by the reduction of the binding energy tending to the 

GaN bulk value. According to the same figure, the binding energy shows two behaviors limited 

by the width critical value. The binding energy drops (augments) with increasing the barrier width 

for a strong (low) confinement regime. The physical reason is that for strong confinement, the 

whole of the wave-function is in the barrier and then the barrier width increasing induces more 

spreading in the barrier which reduces the binding energy. For low confinement, with increasing 

the barrier width the wave-function spread in the barrier diminishes and then the binding energy 

can only enhance.  

2.3.2. Double quantum well   

Binding energy in DQW for two different barrier widths and impurity’s position is displayed 

in Figure 2.3 for a fixed coupling width 𝐿𝑏1 = 2. It is revealed that the behavior of the binding 

energy in DQW versus the well size is the same as that of the SQW. 

Figure 2.3. Binding energy in GaN/(In,Ga)N/GaN DQW as a function of the well width under the 

effect of the barrier width. 
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The principal characteristic is that the binding energy in DQW is greater than that in SQW. 

This enhancement can be assigned to the coupling effect. For coupling barrier size equals to 𝐿𝑏1 =

2, the improvement rate is about 77%. In the same trend, the impact of the impurity’s position is 

more significant in DQW, particularly for the moderate confinement regime.  

2.4. EFFECT OF THE IMPURITY POSITION  

It is well known that the impurity in such a reduced system has a great impact on the 

electronic and optical properties, which may be adequately controlled by choosing the optimum 

sample geometry and external fields. It is widely studied through several papers [135–140]  

theoretically and experimentally. The majority of these theoretical calculations were performed 

for a hydrogenic impurity within the effective-mass approximation and using a variational 

procedure. 

2.4.1. Simple quantum well 

Figure 2.4 displays the results concerning the effects of the impurity’s position on the binding 

energy for a fixed value of the barrier width. With the displacement of the impurity far away the  

Figure 2.4. Binding energy in GaN/(In,Ga)N/GaN SQW as a function of the well width under the 

effects of the impurity’s position. 
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structure center the electron-impurity distance increases and therefore the binding energy shows a 

significant drop. It is clearly seen that this effect is more marked especially in the moderate regime 

confinement than in the strong one. 

2.4.2. Double quantum well  

Figure 2.5 contains the variation of the binding energy versus the well width for two different 

values of the impurity position. It is clearly seen that as the impurity moves from the left barrier to 

the structure center, the binding energy is strongly enhanced. For instance, the rate enhancement 

is about 36% when it is moved from 𝐿𝑏 to 𝐿𝑏+𝐿𝑤/2.  

Figure 2.5. Binding energy in GaN/(In,Ga)N/GaN DQW as a function of the well width under the 

effects of the impurity’s position. 

2.5. INDIUM COMPOSITION EFFECT IN A DQW   

As known, the internal composition of a structure affects the difference between the well and 

barrier band gaps, which has a great impact on the electronic and optical properties. Figure 2.6 

depicts the results corresponding to the ground-state the binding energy in double QWs as a 

function of the well width under the effects of the In-composition in the well. 
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Figure 2.6. Ground-state binding energy according to well width for three different values of the 

Indium concentrations. 

For instance, we have reported the results for 𝜐 = 0.1, 0.2 and 0.3 for 𝐿𝑏1 = 𝐿𝑏 = 2. As 

expected, two behaviors are obtained. On the one hand, for a low confinement regime, the binding 

energy drops according to the internal composition. The main reason for this change can be 

explained by the diminishing of the coupling effect, i.e., the increasing of Indium fraction in the 

wells leads to the enhancement of the potential barrier which induces more confinement of the 

electron wave function, and then the binding energy can only go down. On the other hand, for the 

strong confinement regime, it is found that the binding energy is enhanced versus In-composition 

in the wells. As known, in such a regime the wave-function is more spread in barriers, so, the In-

fraction increasing improves this confinement which enhances the binding energy. 
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2.6. COUPLING EFFECT IN DQW 

The single-particle tunneling probability through the central barrier induces the quantum-

mechanical coupling between adjacent wells. As a result, the coupling phenomenon causes a 

separation of wave-function between left and right wells altering the binding energy.  

Figure 2.7. Ground-state binding energy in DQW as a function of the well width for two different 

values of the coupling barrier width. 

The variation of the ground-state binding energy in DQW according to well width under the 

effect of the coupling barrier width is depicted on Figure 2.7. The calculation includes 𝜐 = 0.2, 

𝐿𝑏 = 10 and 𝑍𝑖 = 𝐿𝑏 + 𝐿𝑤/2 as fixed parameters and two different values of the intermediate 

barrier. It is observed that as the coupling barrier width increases the binding energy drops. We 

notice that the rate drop is about 20 𝑚eV representing 12.5% of the binding energy. This result can 

be assigned to the reduction of the wave-functions overlapping in both wells. 
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2.7. EFFECT OF NUMBER OF LAYERS  

The variation of the ground-state binding energy in SQW and DQW according to well width 

with fixed parameters for 𝜐 = 0.3 , 𝐿𝑏1 = 𝐿𝑏 = 2, and 𝑍𝑖 = 𝐿𝑏 + 𝐿𝑤/2 is depicted on Figure 2.8. 

We notice that at the pic of the Eb increase from 122 meV for SQW to 212 meV for DQW 

representing 74% enhancement of the binding energy. The large binding energy difference 

between SQW and DQW nanostructures we can observe here shows a strong dependence of the 

binding energy on the number of layers (well/barrier) in a nanostructure. This enhancement can be 

assigned to the coupling effect. Furthermore, the critical value (𝐿𝑤
𝑐 ) which corresponds to the 

maximum of the Eb increase from 0.85𝑎𝑏
∗  for SQW to 1.11𝑎𝑏

∗   for DQW representing 31% 

enhancement of the critical value of the well thickness which is a good factor for deposition 

techniques that cannot go below 1nm such as regular pulsed laser deposition (PLD), etc…  

Figure 2.8. Ground-state binding energy in simple and double quantum wells as a function of the 
well width. 
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2.8. CONCLUSION  

This chapter has been devoted to investigate the effects of the impurity’s position, the Indium 

composition, the structure size and the coupling on the ground-state binding energy in simple and 

double quantum wells. Based on the finite element method, the wave-function and the energy level 

are calculated within the framework of the effective mass approximation. The overall conclusion 

is that the binding energy is strongly depending on these parameters. Depending on the particular 

nature of the varying internal parameters, we found that:  

• The binding energy is enhanced versus the coupling effect.  

• The binding energy is reduced as a function of displacement of the impurity far away the 

structure centre.  

• The binding energy is 74% enhanced in DQW compared to SQW, showing a strong binding 

energy number of layer dependence. 

• The In-fraction impact depends on the confinement regime.
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3.1. INTRODUCTION  

External factors such as hydrostatic pressure is presented as the effective tools for 

investigating impurity-related electronic properties in semiconductor QWs. Consequently, it is 

interesting to take into account of such factor in these structures to control their properties. 

Hydrostatic pressure alters obviously the donor impurity-states in bulk material and in 

nanostructures such as QWs, quantum well wire (QWWs), quantum dot (QDs) and quantum ring 

(QRs) without distorting their crystal symmetry in particularly for low regime. It is well known 

that the parameters such dielectric constant, effective-mass, band-gap energy, width of QWs are 

strongly dependent on pressure [141–149]. Then, the energy levels are expected to be strongly 

influenced with applying the hydrostatic pressure. For instance, Kasapoglu et al. [150] have 

investigated theoretically the binding energy of shallow-donor in modulated doped as a function 

of the impurity position under the effects of the electric field.  

It is reported that the binding energy presented two different structures for all different values 

of doping concentrations in particularly for the case without applying external electric field. 

Additionally, Baskoutas et al. [151,152]  have performed theoretical investigation of the electronic 

and optical properties of ZnO nanorods and QDs versus an externally applied hydrostatic pressure 

based on the empirical pseudo-potential method. They reported that the applied pressure induces 

a linear enhancement of the optical band gap. Also, the pressure coefficient is found to be highly 

size dependent revealing a monotonic increase with increasing QD size. 

In almost all previous studies, the calculations have been completed in the framework of 

effective mass and one-band parabolic approximations using the Ritz-variational and pseudo-

potential approaches. However, Finite element method (FEM) and finite difference method (FDM) 

can be presented as the most powerful techniques originally developed to solve numerically the 

complex situations based on the PDEs encountered in different domains of engineering sciences. 

Nowadays, accurate eigen-values and eigen-states of 1D-, 2D- and 3D-nanostructures with 

different shapes can be obtained compared to variational method. 

In this chapter, considering the case of an (In,Ga)N/GaN double quantum well (DQW) 

structure with a rectangular confinement potential subjected to an external applied hydrostatic  
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pressure, we will attempt to investigate the influences of hydrostatic pressure, In-composition, 

structure size and impurity position on the 1s-like binding energy. 

3.2. THEORETICAL BACKGROUND  

Hydrogenic shallow-donor impurity in a symmetric wurtzite (In,Ga)N/GaN-DQWs is 

considered. It is worthwhile to point out that the dimension of symmetric DQWs is noticed as and 

for the barrier and well respectively. The reference of the studied system is located at the left 

barrier edge and the z-axis is taken to be parallel to the growth direction. The schematic diagrams 

of the structures under study are shown in Figure 3.1.  

The Schrodinger’s equation is treated based on the FDM considering the realistic finite 

potential barrier height and adequate boundary conditions at the interfaces. Using the framework 

of single-band effective-mass and parabolic band approximations, the electron confined in a 

rectangular DQW with the presence of a donor impurity located along the growth direction can 

be described by the Hamiltonian as follows: 

 

H = −
ℏ2

2
𝛻⃗ (

1

𝑚∗(𝑥, 𝑧, 𝑃)
𝛻⃗ ) −

𝑒2

𝜀∗(𝑥, 𝑧, 𝑃)𝜀0|𝑟 − 𝑟 0|
+ 𝑉(𝑥, 𝑧, 𝑃)                       (3.1) 

 

Where 𝑒 is the electron charge, |r − r 0| is the electron-impurity distance and 𝑉(ν, 𝑧, 𝑃) is the 

finite potential barrier given as: 

𝑉(𝑧) = {
          0                           𝑤𝑒𝑙𝑙 

    𝑉0 (= 𝑄∆𝐸𝑔(ν, 𝑃))     𝑏𝑎𝑟𝑟𝑖𝑒𝑟

          0                          𝑤𝑒𝑙𝑙

                                  (3.2) 

𝑉0 is the height of the potential barrier while 𝑄(= 0.7) and ∆𝐸𝑔(ν, 𝑃) are respectively the 

conduction band off-set parameter and the difference between the band gaps of 𝐺𝑎𝑁 and 

𝐼𝑛𝜈𝐺𝑎1−𝜈𝑁  semiconductor materials. 

According to the reference [143], the pressure-dependent band-gap energy is given as: 

𝐸𝑔(𝑃) = 𝐸𝑔(0) + 𝛾𝑃 + 𝛿𝑃
2                                                   (3.3) 

For  𝐼𝑛ν𝐺𝑎1−ν𝑁, the band-gap energy is obtained as the interpolation between 𝐼𝑛𝑁 and 

𝐺𝑎𝑁 corrected by the bowing parameter [141] : 

𝐸𝑔(𝐼𝑛𝜈𝐺𝑎1−𝜈𝑁) = 𝜈𝐸𝑔(𝐼𝑛𝑁) + (1 − 𝜈)𝐸𝑔(𝐺𝑎𝑁) − 𝑏(1 − 𝜈)𝜈                   (3.4) 
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Where 𝑏 is the bowing parameter taking account of bandgap non-linearity as a function of the 

indium composition. We have used the value (𝑏 = 3.8) as reported in the recent work [146] . 

      𝜀 and 𝑚∗ are respectively the main relative dielectric constant and the effective mass. 

For(𝐼𝑛, 𝐺𝑎)𝑁, they are equal to the linear combination of those of 𝐼𝑛𝑁 and 𝐺𝑎𝑁. 

𝑚∗(ν, 𝑧, 𝑃) = {
ν𝑚𝐼𝑛𝑁

∗ (𝑃) + (1 − ν)𝑚𝐺𝑎𝑁
∗ (𝑃)     𝑖𝑛 𝑡ℎ𝑒 𝑤𝑒𝑙𝑙

                               𝑚𝐺𝑎𝑁
∗                          𝑖𝑛 𝑡ℎ𝑒 𝑏𝑎𝑟𝑟𝑖𝑒𝑟

               (3.5) 

𝑚∗(𝑃) is the pressure-dependent effective mass. According to 𝑘⃗ . 𝑃⃗  theory, the pressure-dependent 

effective-mass is given by the formulas [143] : 

𝑚0

𝑚∗(𝑃)
= 1 +

𝐶𝑖
𝐸𝑔(𝑃)

                                                         (3.6) 

 𝑚0 is the free electron mass while C is the energy related to the momentum matrix element 

obtained from the previous equation at 𝑃 =  0 with 𝑚∗(0) = [0.1𝑥 + (1 − 𝑥)0.19]𝑚0 which 

gives 𝐶(𝐺𝑎𝑁) = 14.7 eV and 𝐶(𝐼𝑛𝑁) = 15.50 eV. 

The hydrostatic pressure-dependent static dielectric constant is given as [144] : 

𝜀∗(𝑃) = (1 + (𝜀∞(0) − 1)𝑒𝑥𝑝 [−
5(0.9 − 𝐴0)

3𝐵0
𝑃]) [

𝜔𝐿𝑂(𝑃)

𝜔𝑇𝑂(𝑃)
]

2

            (3.7) 

For the longitudinal and transversal compounds, the pressure dependence of the angular 

frequency 𝑖 ≡ (𝐿𝑂, 𝑇𝑂) is expressed as: 

𝜔𝑖(𝑃) = 𝜔0(𝑃) 𝑒𝑥𝑝 [
𝛼𝑖𝑃

𝐵0
]                                                   (3.8) 

For the dielectric constant at the interfaces, we have adopted the expression: 

𝜀(𝐼𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒𝑠) = √𝜀(𝐺𝑎𝑁) ∗ 𝜀(𝐼𝑛𝜈𝐺𝑎1−𝜈𝑁)                                (3.9) 

We notice that the pressure is applied among the z-axis and then the 𝐿(𝑃) well/barrier length 

pressure dependence is given [149]  as follows: 

     𝐿𝑖(𝑃) = 𝐿𝑖(0)[1 − (𝑆11 + 𝑆12)𝑃]          𝑖 ≡ (𝑊𝑒𝑙𝑙, 𝐵𝑎𝑟𝑟𝑖𝑒𝑟)                 (3.10) 

𝐿𝑖(0) is the z-direction without pressure effect, while 𝑆11 and 𝑆12 are the compliance 

constants expressed as follow: 

{
 

 𝑆11 =
𝐶11 + 𝐶12

(𝐶11−𝐶12)(𝐶11+2𝐶12)

𝑆12 =
𝐶12

(𝐶11−𝐶12)(𝐶11+2𝐶12)

                                            (3.11) 

Using the effective units, the Hamiltonian described in Eq. (3.1) becomes:  
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𝐻 = −∇2 −
2

𝑟
+ 𝑉(𝑧)                                                   (3.12) 

The eigenvalues of the Hamiltonian given in Eq. (3.12) can be obtained with a numerical 

method using the finite-element method. The ground-state binding energy is obtained as follows: 

𝐸𝑏 = 𝐸0 − 𝐸𝐼                                                                                   (3.13) 

Where 𝐸𝐼( 𝐸0) is the ground state energy in the presence (absence) of the impurity. 

3.3. RESULTS AND DISCUSSION  

Our numerical results are given in the effective units, i.e., the effective Rydberg energy as 

the unit of the energy and the effective Bohr radius as the unit of length. All used material 

parameters are listed in Table 3.1. We restrict ourselves to 0 − 40 GPa pressure range to avoid 

structural deformation. 

 

Figure 3.2. The 1𝑠-like binding energy in 𝐼𝑛0.2𝐺𝑎0.8𝑁/𝐺𝑎𝑁 DQW versus the impurity position for 

three different values of the hydrostatic pressure. 
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To investigate the 1s-like BE, we begin with the presentation of the structure schematic 

diagram and its rectangular confinement. The results regarding the electron ground-state wave-

functions and their eigenvalues are also reported for two different values of the impurity position 

in Figure 3.1. The electronic wave function is distributed symmetrically and mainly located in the 

left and right wells for on-center impurity. However, with displacing the impurity far away from 

the structure center toward barrier one, it is pushed in the same sense and becomes mainly localized 

in the left well. This can be assigned to the electron-impurity Coulomb attraction. On the other 

hand, this displacement leads to an electron energy enhancement of about 3.6%. 

Parameter GaN InN 

𝐸𝑔(𝑃 = 0)(eV) 3.42 0.78 

𝛾(meV/GPa) 40 16 

𝛿(meV/GPa2) -0.38 -0.02 

𝐶11(GPa) 293 187 

𝐶12(GPa) 159 125 

𝜔𝐿𝑂(𝑃 = 0)(cm−1) 731.51 621.53 

𝜔𝑇𝑂(𝑃 = 0)(cm
−1) 525.56 487.67 

𝛼𝐿𝑂 1.08 1.27 

𝛼𝑇𝑂 1.47 1.52 

𝜀∞(𝑃 = 0) 4.942 6.723 

𝐴0 0.365 0.406 

𝐵0 190 136 

𝜀(𝜀0) 9.8 13.7 

𝑚∗(𝑚0) 0.19 0.1 

 

To show lighter on the impurity position influences on the 1s-like binding energy in 

𝐼𝑛0.2𝐺𝑎0.8𝑁 − 𝐷𝑄𝑊𝑠, we display in Figure 3.2 its variation according to 𝑍𝑖 for 𝐿𝑏0 = 6 and 

𝐿𝑤0 = 2. Noticeable modulation of the binding energy becomes perceptible with the displacement 

of the impurity along the growth axis. The plots don't reveal any obvious qualitative change in 

their features from that without pressure, except the shift of both structures to impurity position 

lower values. The said shift originates from the size drop versus hydrostatic pressure according to 

Eq. (3.10). For instance, the maximum is located at 𝑍𝑖 = 7 and 𝑍𝑖 = 15 for 𝑃 = 0 GPa which 

Table 3.1. Materials parameters used in our calculation. 
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corresponds respectively to left (𝑍𝑖 = 𝐿𝑏 +
1

2
𝐿𝑤) and right (𝑍𝑖 = 2𝐿𝑏 +

3

2
𝐿𝑤) well centers. Just 

like the wave function (Figure 3.1), the BE reveals the same behavior according. This is consistent 

with the results reported by Kasapoglu et al. [150]  (For more details: see Figure 3 of Ref. [150] ). 

Furthermore, the observation indicates the presence of a local minimum 𝑍𝑖 = 11 corresponding to 

the structure middle. Also, the plot exhibits a huge enhancement of 1s-like BE minimum as the 

hydrostatic pressure increase. 

Figure 3.3. The 1𝑠-like binding energy in symmetric (𝐼𝑛, 𝐺𝑎)𝑁/𝐺𝑎𝑁 − 𝐷𝑄𝑊𝑠 as a function of 

the well width at room temperature for two different positions of the impurity. 

 In the same trend, Figure 3.3 illustrates the variation of the 1s-like BE in symmetric 

(𝐼𝑛, 𝐺𝑎)𝑁/𝐺𝑎𝑁 − 𝐷𝑄𝑊𝑠 as a function of the well width for two values of impurity position. The 

main characteristic is that the BE shows two different behaviors limited by a critical value of the 

well width (𝐿𝑤𝑐). For impurity located in the left well center (𝑍𝑖 = 𝐿𝑏 +
1

2
𝐿𝑤), it appears that the 

binding energy presents a maximum for 𝐿𝑤𝑐. The aforementioned maximum takes place when the 

wave-function began to be more spread in the barrier layer. With decreasing 𝐿𝑤 (𝐿𝑤 > 𝐿𝑤𝑐). the 

wave-function is found to be more confined in the well and then the binding energy increases while 

for 𝐿𝑤 < 𝐿𝑤𝑐 it began to penetrate more in the barrier which induces a significant diminishing of 
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the binding energy. However, unlike the previous case, a monotonic BE enhancement is depicted 

with decreasing the well width for impurity located in the left barrier center. In such a position, 

the electron wave-function is far away from the impurity and subsequently, with decreasing the 

well width it becomes closer which enhances the BE without showing any maximum. Additionally, 

an obvious increase of the BE is visualized as the impurity moves from the left barrier center to 

the left well one for all well sizes. For a fixed value of well width (𝐿𝑤 = 4) the binding energy is 

equal to 0.4𝑅𝑏
∗   and 1.02𝑅𝑏

∗   for two previous cases respectively. This result shows that the BE 

improvement is about 155%. 

Figure 3.4. The 1𝑠-like binding energy in (In,Ga)N/GaN-DQWs versus the well width at 𝑇 = 300K 

and 𝑍𝑖 = 2𝐿𝑏 +
3

2
𝐿𝑤  for three different values of hydrostatic pressure. 

We now turn to consider the influence of the hydrostatic pressure on the symmetric 

(𝐼𝑛, 𝐺𝑎)𝑁/𝐺𝑎𝑁 − 𝐷𝑄𝑊 1s-like binding energy for impurity located in the right well center (𝑍𝑖 =
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 2𝐿𝑏 +
3

2
𝐿𝑤). Figure 3.4 shows the variation of the binding energy to the well width for three 

different values of hydrostatic pressure. The main feature is that the curves show similar behavior 

for all pressures. The plot exhibits two different behaviors limited by the critical value. A persistent 

BE increment (decline) is obtained with increasing hydrostatic pressure for large (thin) well. The 

physical reason can be given as follows: the wave-function is mainly located in the well for 𝐿𝑤 >

𝐿𝑤𝑐 and then the reduction of its size can only improve the BE. However, for 𝐿𝑤 < 𝐿𝑤𝑐, the whole 

wave function is located in the barrier and the reduction of the well width causes more separation 

between the electron and impurity provoking a significant drop of BE. It is also found that the BE 

maximum is dropped whereas the critical value increases with increasing hydrostatic pressure. For 

instance, the maximum of the binding energy changes from 0.77 to 0.64 showing a substantial 

decrease of about 17%. At last, the pressure-dependent binding energy is principally related to the 

effective mass, dielectric constant, and potential barrier changes. 

 

Figure 3.5. The 1𝑠-like binding energy in (In,Ga)N/GaN-DQWs versus the well width at 𝑇 = 300K 

and 𝑍𝑖 = 2𝐿𝑏 +
3

2
𝐿𝑤  for three different values of In-composition. 
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In addition, Figure 3.5 reports the variation of the binding energy according to the well width 

for three different values of In-compositions. It is seen that the binding energy is insensitive to the 

increment of the In-composition in particularly for large wells. This reflects that the electronic 

wave-function located mainly in a large well remains invariably (unperturbed) with increasing the 

potential barrier height due to In-fraction increasing. On the other hand, a noticeable binding 

energy increase is obtained for the thin well. Aforesaid increment obtained because a gradually 

increasing of In-composition enhances the geometrical confinement stopping the spread of the 

electronic wave-function in the barrier. This effect can only enhance the binding energy.  

Moreover, Figure 3.6 describes the variation of the BE as a function of the well width under 

the effects of the barrier width. It is established that with increasing the barrier width BE falls for 

all well sizes. The physical basis is due to the coupling phenomenon which diminishes with 

increasing the barrier width. This reflects somewhat separation of wave-function between left and 

right wells can alter the BE. 

Figure 3.6. The DQW 1s-like binding energy as a function of the well width at room temperature 

for three different values of the barrier width. 
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Finally, our obtained results are generally in good agreement with those reported in the 

literature concerning different low-dimensional nanostructures-shapes based on InGaN QWs [22], 

𝐺𝑎𝐴𝑠/𝐴𝑙0.3𝐺𝑎0.7𝐴𝑠 symmetric double QWs [153] , GaN [154]  couple QWs, InGaN couple QDs 

[31] , 𝐺𝑎𝐴𝑠/𝐴𝑙0.3𝐺𝑎0.7𝐴𝑠 symmetric DQWs [150]  and InGaN coupled QWS [149] . Nevertheless, 

some discrepancies remain due to the analytical method and structure shape used in each paper. 

For example, Tianxing et al. [155]  have used the same dielectric constant for well (In,Ga)N and 

barrier (GaN) layers ignoring the mismatch between them for asymmetric multiple QWs. 

3.4. CONCLUSION  

In summary, the 1s-like binding energy in symmetric (In,Ga)N/ GaN-DQWs is computed 

according to the well width considering different perturbations such as hydrostatic pressure, barrier 

size, well chemical concentration, and impurity position. The calculations are performed within 

the approximations of the effective-mass and one-parabolic band given finite potential barrier 

height at the interfaces and the mismatches between wells and barriers using the FDM. The 

pressure- and Indium-dependent binding energy are principally associated with the effective mass, 

dielectric constant, and potential barrier changes. Our numerical results reveal that the BE: 

• is enhanced (dropped) with increasing pressure for large (thin) well, 

• decreases as the well coupling increases, 

• is quite significant (insensitive) with increasing In-composition for thin (large) well, 

• is strongly modulated and conditioned by the impurity position. 
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4.1. INTRODUCTION  

Based on symmetric and asymmetric multiple quantum wells (MQWs) systems, several 

theoretical papers are reported in the literature, such as double parabolic quantum well (DPQW) 

[38], double inverse parabolic quantum well (DIPQW) [39], double asymmetric quantum wells 

(DAQW) [40,41], asymmetric multiple quantum wells (AMQWs) [42]. The effects of external 

perturbation such as electric field, magnetic field, temperature, and pressure on the physical 

properties of low dimensional systems constitute a subject of considerable interest from both 

theoretical and technological point of view, due to the importance of these systems in the 

development of new semiconductor devices and applications. The temperature effect modifies the 

energy levels, the masses of carriers, the dielectric constant, the potential barrier, the stability of 

exciton, and the Γ–X band cross over on the ground-state as well as of some low-lying excited 

states [156] . The temperature effect has been investigated by Elabsy [157]  and Nithiananthi and 

Jayakumar [158] in a 𝐺𝑎𝐴𝑠/𝐺𝑎1−𝑥𝐴𝑙𝑥𝐴𝑠 quantum well, and R. Khordad [159] in a V-groove 

𝐺𝑎𝐴𝑠/𝐺𝑎1−𝑥𝐴𝑙𝑥𝐴𝑠 quantum wire. The electronic properties and strain effects in GaN and InN 

have also been investigated theoretically [160]. InGaN/GaN multiple quantum wells (MQWs) with 

high structural and optical qualities have also been successfully fabricated and extensively 

investigated [161–164]. However, the effect of temperature on shallow-donor-related binding 

energy in DQWs under an electric field has not been studied enough.  

In this chapter, we study the effect of temperature, impurity position, coupling (inner) and side 

barrier widths on the binding energy of ground state and low-lying excited states in the presence 

of a hydrogenic impurity in WZ (In,Ga)N/GaN rectangular (DRQW), parabolic (DPQW) and 

triangular (DTQW) double quantum wells. 

4.2. THEORETICAL FRAMEWORK  

 We are dealing with an on-center hydrogenic shallow-donor impurity in WZ (In,Ga)N/GaN 

rectangular (DRQW), parabolic (DPQW), and triangular (DTQW) double quantum wells of a 

height 𝑉0(ν, T), side barriers width (L𝑏), coupling barrier width (Lb1), and a maximum well width 

(Lw). The description of the nanostructures understudy is included in Figure 4.1, and the 

corresponding confinement potentials are given in Eqs. (2-4).  
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The results are given in the effective units, i.e., the effective Rydberg energy 

𝑅𝑏
∗ (=

m∗e4

2ℏ2ε0
2 = 27.67 meV) as the unit of the energy and the effective Bohr radius  

𝑎𝑏
∗ (=

ε0ℏ
2

m∗e2
= 2.80 𝑛𝑚 ) as the unit of length. Within the framework of single-band effective-mass 

and the parabolic band approximations, the Hamiltonian of the electron in the presence of a 

shallow-donor impurity in the nanostructures shown in Figure 4.1 can be written as:  

H = −
ℏ2

2m∗
∇2 −

𝑒2

𝜀∗|r − r 0|
+ V(z)                                          (4.1) 

𝑒 is the electron charge, |r − r 0| = √x2 + 𝑦2 + (𝑧 − 𝑧0)2 is the electron-impurity distance and V 

(z) is the finite potential barrier given for each profile as: 

 

• rectangular double quantum wells 

𝑉(𝑧, υ, T) =

{
 
 

 
 
0,                                                                                                                𝐿𝑏 < 𝑧 < 𝐿𝑏 + 𝐿𝑤

           
0,                                                                           𝐿𝑏 + 𝐿𝑤 + 𝐿𝑏1 < 𝑧 < 𝐿𝑏 + 2𝐿𝑤 + 𝐿𝑏1

  
𝑉0(υ, T),                                                                                                                  𝐸𝑙𝑠𝑤ℎ𝑒𝑟𝑒

                 (4.2) 

• parabolic double quantum wells 

V(𝑧, υ, T) =

{
 
 

 
 (

4

𝐿𝑤
2 ) (𝑧 − 𝐿𝑏 −

1

2
𝐿𝑤)

2

𝑉0(𝜐, 𝑇),                                                            𝐿𝑏 < 𝑧 < 𝐿𝑏 + 𝐿𝑤
 

(
4

𝐿𝑤
2 ) (𝑧 − 𝐿𝑏 − 𝐿𝑏1 −

3

2
𝐿𝑤)

2

𝑉0(𝜐, 𝑇),               𝐿𝑏 + 𝐿𝑏1 + 𝐿𝑤 < 𝑧 < 𝐿𝑏 + 𝐿𝑏1 + 𝐿𝑤
 

𝑉0(𝜐, 𝑇),                                                                                                                  𝐸𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

              (4.3) 

 

• triangular double quantum wells 

V(𝑧, υ, T) =

{
 
 
 
 

 
 
 
 (−

2

𝐿𝑤
) (𝑧 − 𝐿𝑏 −

1

2
𝐿𝑤) 𝑉0(υ, T),                                                      𝐿𝑏   < 𝑧 < 𝐿𝑏 +

1

2
𝐿𝑤

 

(
2

𝐿𝑤
) (𝑧 − 𝐿𝑏 −

1

2
𝐿𝑤)𝑉0(υ, T),                                               𝐿𝑏 +

1

2
𝐿𝑤 < 𝑧 < 𝐿𝑏 + 𝐿𝑤

 

(−
2

𝐿𝑤
) (𝑧 − 𝐿𝑏 − 𝐿𝑏1 −

3

2
𝐿𝑤) 𝑉0(υ, T),         𝐿𝑏 + 𝐿𝑤 + 𝐿𝑏1 < 𝑧 < 𝐿𝑏+

3

2
𝐿𝑤 + 𝐿𝑏1

 

(
2

𝐿𝑤
) (𝑧 − 𝐿𝑏 − 𝐿𝑏1 −

3

2
𝐿𝑤) 𝑉0(υ, T),         𝐿𝑏 +

3

2
𝐿𝑤 + 𝐿𝑏1 < 𝑧 < 𝐿𝑏 + 2𝐿𝑤 + 𝐿𝑏1

 
𝑉0(υ, T),                                                                                                                    𝐸𝑙𝑠𝑤ℎ𝑒𝑟𝑒

                   (4.4) 
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𝑉0(ν, T) =  𝑄 ∗ ∆𝐸𝑔(ν, 𝑇) is the height of the potential barrier while Q(=0.7) and ∆𝐸𝑔(ν, 𝑇) are 

respectively the conduction band off-set parameter and the difference between the band gaps of 

𝐺𝑎𝑁 and 𝐼𝑛ν𝐺𝑎1−ν𝑁 semiconductor materials. 

According to the Ref. [165], the Temperature-dependent band-gap energy is given as: 

𝐸𝑔(𝑇) = 𝐸𝑔(0) −
𝛼 ∗ 𝑇2

𝑇 + 𝛽
                                                          (4.5) 

For  𝐼𝑛ν𝐺𝑎1−ν𝑁, the band-gap energy is obtained as the interpolation between 𝐼𝑛𝑁 and 𝐺𝑎𝑁 

corrected by the bowing parameter (b=1.40) [166] : 

𝐸𝑔
𝐼𝑛ν𝐺𝑎1−ν𝑁(ν, 𝑇) = ν𝐸𝑔

𝐼𝑛𝑁(𝑇) + (1 − ν)𝐸𝑔
𝐺𝑎𝑁(𝑇) − 𝑏(1 − ν)ν               (4.6) 

where 𝐸𝑔
𝐼𝑛𝑁and 𝐸𝑔

𝐺𝑎𝑁 are respectively the band-gap energies of InN and GaN, while b is the band-

gap bowing parameter taking account of bandgap non-linearity as a function of the indium 

composition. 

Several parameters of III-nitrides are reported in many experimental and theoretical works, the 

bandgap energy of GaN and InN at T= 0K is also reported in the literature. In this chapter, we have 

used those obtained by Vurgaftam et al. [141]   which are listed in Table 4.1. 

 

 𝐸𝑔(0 K) 

(eV) 

𝛼 

(meV. K−1) 

𝛽 

(𝐾) 

        𝜀∗(300 𝐾) 

(𝜀0) 

𝐶 

(eV) 

GaN 3.299 0.909 830 9.8 14.07 

InN 0.78 0.245 624 13.7 25.50 

 

The indium composition dependence of 𝐼𝑛ν𝐺𝑎1−ν𝑁 electron mass is calculated by linear 

interpolation between GaN and InN. It is given as: 

𝑚∗(𝑣, 𝑇) = {
ν𝑚𝐼𝑛𝑁

∗ (𝑇) + (1 − ν)𝑚𝐺𝑎𝑁
∗ (𝑇)                  𝑖𝑛 𝑡ℎ𝑒 𝑤𝑒𝑙𝑙 

                            𝑚𝐺𝑎𝑁
∗ (𝑇)                                    𝑖𝑛 𝑡ℎ𝑒 𝑏𝑎𝑟𝑟𝑖𝑒𝑟 

         (4.7) 

𝑚∗(𝑇) is the temperature-dependent effective-mass. According to 𝑘⃗ . 𝑃⃗  theory, the temperature-

dependent effective-mass is given by the formulas [167]  : 

𝑚0

𝑚∗(𝑇)
= 1 +

𝐶

𝐸𝑔(𝑇)
                                                          (4.8) 

𝐸𝑔(𝑇) is the band-gap temperature dependency, 𝑚0 is the free electron mass while C is the energy 

related to the momentum matrix element, and it is a constant for each material.  

Table 4.1. Parameters used in the computation. 
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The values of the dielectric constants 𝜀𝑟(𝑇) for GaN and 𝐼𝑛ν𝐺𝑎1−ν𝑁 versus the temperature 

are approximated by [168] : 

𝜀𝐺𝑎𝑁(𝑇) = 𝜀𝐺𝑎𝑁(300𝐾) ∗ 𝑒𝑥𝑝((𝑇 − 300) ∗ 10
−4)                                  (4.9) 

𝜀𝐼𝑛ν𝐺𝑎1−ν𝑁(𝑇) = 𝜀𝐺𝑎𝑁(𝑇) + 6.4 ∗ ν                                                             (4.10) 

At the interface between the well and the barrier, there is an overlap between GaN and InGaN 

materials. Thus, as we adopted in recent work [169]  the dielectric constant at the interfaces is 

expressed as follows: 

𝜀𝐼𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒𝑠 = √𝜀𝐺𝑎𝑁 ∗ 𝜀𝐼𝑛ν𝐺𝑎1−ν𝑁                                 (4.11) 

Using the effective units, the Hamiltonian described in Eq. (4.1) becomes:  

𝐻 = −𝛻2 −
2

𝑟
+ 𝑉(𝑧)                                                      (4.12) 

Using the finite-element method with a numerical method, the eigenvalues of the Hamiltonian 

given in Eq. (4.12) can be calculated. The binding energy of a hydrogenic impurity is known as 

the difference between the energy states without impurity and with impurity for a particular state. 

4.3. NUMERICAL RESULTS AND DISCUSSION  

In this section, we present numerical results for the temperature, size, impurity position and 

coupling effects on the ground state, first and second excited states in finite InGaN/GaN 

rectangular (DRQW), parabolic (DPQW) and triangular (DTQW) double quantum wells.  

In order to facilitate the interpretation of the binding energy results, we have presented 

primarily the probability densities of all states in Figure 4.1. The main common characteristic is 

the fact that the electronic wave-functions are symmetrically distributed. In addition, the ground 

and first excited states are mainly located in the wells (InGaN regions) while the second excited 

one is principally located in the barrier (GaN) especially for rectangular-shape. However, for 

parabolic and triangular shapes, the states are located in the barriers due to the strong confinement 

compared to rectangular profile. 

In Figure 4.2, we present our computed results for the ground, first and second excited states 

energies in the presence (a) absence (b) of the impurity for different In.1Ga.9N/GaN DQW-shapes 

versus the well width. These results are obtained for 𝑇 = 0, 300 and 900 𝐾 and (𝐿𝑏 = 1, 𝐿𝑏1 =

1.5). As illustrated by these figures, for a fixed temperature the electron-energy monotonically  
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Figure. 4.2. Variation of the donor 1s, 2s and 2p states energies versus well width in a 

𝐺𝑎𝑁/𝐼𝑛0.25𝐺𝑎0.75𝑁 rectangular, parabolic and triangular DQWs for fixed parameters 𝐿𝑏 = 1 and  

𝐿𝑏1= 1.5, in the presence (a) absence (b) of impurity, at T=0K (solid curve), T=300K (dashed curve) 

and T=900K (dotted curve). 



Chapter 4. Effect of temperature on the binding energy in InGaN/GaN DQWs for different shapes  71 

  

Fi
gu

re
 4

.3
. 

Th
e 

1
s,

 2
s 

an
d

 2
p

 s
ta

te
s 

b
in

d
in

g 
en

er
gy

 𝐸
𝑏
 a

s 
a 

fu
n

ct
io

n
 o

f 
th

e 
w

el
l w

id
th

 in
 a

 𝐺
𝑎
𝑁
/𝐼
𝑛
 ν
𝐺
𝑎
1
−
 ν
𝑁

 D
R

Q
W

, D
P

Q
W

 a
n

d
 D

TQ
W

 

fo
r 

fi
xe

d
 p

ar
am

e
te

rs
 ν
=
0
.1

, 𝐿
𝑏
=
1
,
𝐿
𝑏
1
=
1
.5

, f
o

r 
d

if
fe

re
n

t 
te

m
p

er
at

u
re

 v
al

u
es

 T
=

0
K

 (s
o

lid
 c

u
rv

e)
, T

=
3

0
0

K
 (d

as
h

ed
 c

u
rv

e)
 a

n
d

 T
=9

0
0

K
 

(d
o

tt
ed

 c
u

rv
e)

. 

 



72                          Chapter 4. Effect of temperature on the binding energy in InGaN/GaN DQWs for different shapes 

decreases according to the well width as expected. The curves show similar behavior for all 

structures for both cases with and without impurity. It is clearly seen that the presence of the 

impurity leads to the drop of the electron energy which can be due to the Coulomb interaction. It 

is obviously shown that the electron energy decreases when the temperature increases for all the 

well widths. This can be assigned to the effective-mass, dielectric constant and potential barrier 

height dependence according to the temperature as reported in Table 4.2. It is important to mention 

that this behavior is quite significant in parabolic and triangular DQWs compared to rectangular 

one. 

T (K) 
 
 

Effective mass 
(𝑚0) 

Dielectric constant 
(𝜀0) 

Barrier height 
(meV) 

In 
well 

In  
barrier 

In 
barrier 

In 
well 

0 0.182 0.199 10.15 9.51 286.57 

300 0.179 0.196 10.43 9.80 284.09 

900 0.168 0.184 11.04 10.40 273.27 

 

Figure 4.3 exhibits the variation of 1s-state, 2s and 2p states binding energy associated with an 

on-center hydrogenic donor impurity in DRQW, DPQW and DTQW as a function of the well 

width with similar parameters as those fixed in Figure 4.2, for different temperature values T=0 

K, 300 K and 900 K. This figure indicates that, as the well width decreases, the binding energy 

increases reaching a maximum value near the effective Bohr radius, then decreases. The physical 

reason can be given as follows. A decrement of the well width leads to an increment of the quantum 

localization effect of the electron wave function and therefore much stronger quantum confinement 

effect. Thus, the mean relative electron–impurity distance is reduced and the donor binding energy 

is increased. Additionally, the behavior of the 2p-state is quite different from 1s and 2s states. This 

difference behavior is in good agreement with those reported in Refs. [170–172]  . Moreover, it 

can be seen from this figure that, the increasing temperature 𝐸𝑏 drops for all well widths. Table 

4.2 shows that, as the temperature increases dielectric constant increases whilst effective mass and 

the potential barrier height decrease, leading to an increase in the kinetic energy of donor electrons. 

Table 4.2. The variation of the barrier height, the effective mass and dielectric constant for both 
well and barrier regions with temperature T for ν = 0.1. 
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Furthermore, an increase in the temperature weakens the Coulomb interaction between the electron 

and the impurity. As a result, the binding energy drops as the temperature increases. Our findings 

are in good agreement with those reported in Ref. [173] . 

The dependencies of the donor ground state (blue curve), first (green curve) and second (red 

curve) excited states binding energy upon the temperature 𝑇 in a 𝐺𝑎𝑁/𝐼𝑛0.1𝐺𝑎0.9𝑁 rectangular, 

parabolic and triangular DQWs are shown in Figure 4.4, with donor impurities located in the 

structure center (solid curve), the right well center (dashed curve), and the right barrier center 

(dotted curve). As demonstrated in Figure 4.3, the donor binding energy decreases as temperature 

increases for a constant impurity position. For instance, the on-center impurity binding energy 

difference 𝐸𝑏
1𝑠(0 K) − 𝐸𝑏

1𝑠(900 K) is equal to 3.48 meV for DRQW, and 4.26 meV for both 

DPQW and DTQW. Additionally, we can see that the donor binding energy 𝐸𝑏 is largest when the 

impurity is located at the center of each structure, as expected. This may be due to, as A. M. Elabsy 

and P. Nithiananthi [157,158] suggests; the temperature-dependent wavefunction is more localized 

for on-center impurity. For instance, as the impurity moves from the right barrier center to the 

structure center, for a fixed value of temperature 𝐸𝑏
1𝑠(T = 0K)  improvement is about 77.6% in 

DRQW, whereas it exceeds 91.4% in DPQW and DTQW. 

In Figure 4.5, we simulate the ground state, first and second excited states binding energy 𝐸𝑏 of an 

on-center shallow donor impurity as a function of the side barrier width Lb for diverse values of 

Lb1 and fixed parameters ν =  0.1, T=300 K. The behavior of the ground state binding energy as 

a function of Lb is similar to that found in our previous work [22]  in simple and double rectangular 

QWs. More precisely, BE augments (drops) with decreasing the barrier width for a low (strong) 

confinement regime. The physical reason is that for strong confinement, the entire wave function 

is in the barrier, the more the barrier width increases the more the wave function spreads in the 

barrier which reduces the binding energy. In parallel, for low confinement, with increasing the 

barrier width the wave-function spread in the barrier diminishes, which leads to enhance the 

binding energy. The same figure (inset) contains the variation of the 2s and 2p states binding 

energy versus the barrier width. the binding energy of those states increases, reaching a maximum, 

then decreases as the barrier width is increased. this behavior is different from that of the ground 

state, 𝐸𝑏 is more significant for barrier width near the effective Bohr radius.  Moreover, the binding 

energy drops as the coupling barrier width increases. For instance, the ground state binding energy  
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drop rate is about 8.5% in DRQW and 20.8% in both DPQW and DTQW. This result can be 

attributed to the lowering of the wave-functions overlapping in both wells. 

In Figure 4.6, we study the 𝐸𝑏  as a function of the side barrier width L by varying the amount 

of indium in the 𝐼𝑛ν𝐺𝑎1−ν𝑁 alloy with similar parameters as those fixed in Figure 4.5. As the 

indium fraction increases, the electron effective mass decreases while the band discontinuity 

increases, thus the geometric confinement of the electron wavefunction increases. Subsequently, 

as the electron gets more energy, its barrier penetration enhances, approaching the bulk behavior. 

This penetration weakens the Coulomb interaction between the electron and the impurity; thus, the 

overlap function gets smaller and the binding energy begins to decrease. Our findings are in good 

agreement with Ref. [174]. 

4.4. CONCLUSION  

Using the effective-mass approximation within the finite element method, the wave functions, 

binding energy, energies with and without impurity of the 1s, 2s, and 2p states of a shallow donor 

impurity in InGaN/GaN DQWs have been investigated. This chapter has been devoted to 

investigate temperature, system dimensions, impurity position and indium mole fraction effects 

under finite rectangular, parabolic and triangular confinement potentials shapes. The effective-

mass, dielectric constant, band-gap energy, and potential barrier temperature dependencies have 

been taken into consideration. Based on numerical results our conclusions are summed up in the 

following points: (1) The binding energy is enhanced versus the coupling effect. (2) It is reduced 

as a function of displacement of the impurity away from the structure center. (3) It is reduced as 

the In-concentration increases. (4) The binding energy is a decreasing function of temperature. (5) 

The binding energy is enhanced in DPQW and DTQW more than in DRQW; thus, the changes in 

the BE dependent on the confinement potential shape. 
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5.1. INTRODUCTION  

Understanding the impurity states in semiconductors is critical, as the incorporation of 

impurities can drastically alter the performance of optoelectronic devices. The application of an 

external electric field along the crystal growth direction enables the carrier distribution to polarize 

and the quantum energy state to shift, Dalgic and co-workers [175]  have investigated the electric 

field effect on the non-hydrogenic binding energy of shallow donor impurity in a square and 

cylindrical GaAs/(Ga, Al)As QWW. In a similar context, Aktas and co-workers [176,177]  have 

investigated the shallow donor impurity binding energy (𝐸𝑏) under applied electric and magnetic 

fields in a coaxial GaAs/(Ga,Al)As QWW. Authors have calculated the 𝐸𝑏 versus the impurity 

position and barrier width for several values of magnetic and electric fields. Such effects can 

induce significantly alters in the energy spectrum of carriers, which can be a useful tool to 

modulate the output of optoelectronic devices. The temperature effect is to modify the dielectric 

constant, the masses of carriers, the stability of exciton the energy levels, and the potential barrier 

[156] . The temperature effect has been investigated by Elabsy [157] and Nithiananthi and 

Jayakumar [158]  in a 𝐺𝑎𝐴𝑠/𝐺𝑎1−𝑥𝐴𝑙𝑥𝐴𝑠 quantum well, and R. Khordad [159]  in a V-groove 

𝐺𝑎𝐴𝑠/𝐺𝑎1−𝑥𝐴𝑙𝑥𝐴𝑠 quantum wire, and M. Hu [25]  in a cylindrical GaInAs/GaAs quantum dot. 

This chapter is dedicated to investigate the shallow-donor-related binding energy of the ground 

and two low-lying excited states of on-centre hydrogenic impurity in (Al,Ga)N/AlN double 

quantum wells for rectangular (DRQW), parabolic (DPQW), and triangular (DTQW) potential 

profiles, under the combined effects of temperature and electric field, taking into account the 

difference in the effective mass and the dielectric constant between the well material (Al,Ga)N and 

the barrier material, AlN. The effects of the well width and the gallium concentration have also 

been taken into account in the calculations. The Schrodinger equation is treated based on the FDM 

considering the realistic finite potential barrier height and adequate boundary conditions at the 

interfaces. 
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5.2. THEORETICAL APPROACH  

The Hamiltonian of the studied system in the presence of a shallow donor impurity located 

along the z-axis of the DTQW in using the effective mass approximation is expressed: 

H = −
ℏ2

2
∇⃗⃗ (

1

m∗
∇⃗⃗ ) −

𝑒2

𝜀∗|r 𝑒 − r i|
+ V (𝑧, υ, T) + |e|𝐹𝑧                      (5.1) 

F is the external applied electric field along the z-axis, r 𝑒 is the position of the electron, r 𝑖 is the 

position of the impurity, 𝑧𝑒 is the position of the electron along the z-axis, and V (𝑧, υ, T) is the 

finite confinement potential for the electron, which has the form: 

• rectangular double quantum wells 

𝑉(𝑧, υ, T) =

{
 
 

 
 
0,                                                                                                                    𝐿𝑏 < 𝑧 < 𝐿𝑏 + 𝐿𝑤

           
0,                                                                               𝐿𝑏 + 𝐿𝑤 + 𝐿𝑏1 < 𝑧 < 𝐿𝑏 + 2𝐿𝑤 + 𝐿𝑏1

 
𝑉0(υ, T),                                                                                                                       𝐸𝑙𝑠𝑤ℎ𝑒𝑟𝑒

             (5.2) 

• parabolic double quantum wells 

V(𝑧, υ, T) =

{
 
 

 
 (

4

𝐿𝑤
2 ) (𝑧 − 𝐿𝑏 −

1

2
𝐿𝑤)

2

𝑉0(𝜐, 𝑇),                                                            𝐿𝑏 < 𝑧 < 𝐿𝑏 + 𝐿𝑤
 

(
4

𝐿𝑤
2 ) (𝑧 − 𝐿𝑏 − 𝐿𝑏1 −

3

2
𝐿𝑤)

2

𝑉0(𝜐, 𝑇),               𝐿𝑏 + 𝐿𝑏1 + 𝐿𝑤 < 𝑧 < 𝐿𝑏 + 𝐿𝑏1 + 𝐿𝑤
 

𝑉0(𝜐, 𝑇),                                                                                                                  𝐸𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

              (5.3) 

• triangular double quantum wells 

V(𝑧, υ, T) =

{
 
 
 
 

 
 
 
 (−

2

𝐿𝑤
) (𝑧 − 𝐿𝑏 −

1

2
𝐿𝑤)𝑉0(υ, T),                                                                𝐿𝑏 < 𝑧 < 𝐿𝑏 +

1

2
𝐿𝑤

 

(
2

𝐿𝑤
) (𝑧 − 𝐿𝑏 −

1

2
𝐿𝑤)𝑉0(υ, T),                                                          𝐿𝑏 +

1

2
𝐿𝑤 < 𝑧 < 𝐿𝑏 + 𝐿𝑤

 

(−
2

𝐿𝑤
) (𝑧 − 𝐿𝑏 − 𝐿𝑏1 −

3

2
𝐿𝑤) 𝑉0(υ, T),                    𝐿𝑏 + 𝐿𝑤 + 𝐿𝑏1 < 𝑧 < 𝐿𝑏+

3

2
𝐿𝑤 + 𝐿𝑏1

 

(
2

𝐿𝑤
) (𝑧 − 𝐿𝑏 − 𝐿𝑏1 −

3

2
𝐿𝑤) 𝑉0(υ, T),                   𝐿𝑏 +

3

2
𝐿𝑤 + 𝐿𝑏1 < 𝑧 < 𝐿𝑏 + 2𝐿𝑤 + 𝐿𝑏1

 
𝑉0(υ, T),                                                                                                                             𝐸𝑙𝑠𝑤ℎ𝑒𝑟𝑒

          (5.4) 

L𝑏 , L𝑏1, and  𝐿𝑤 present respectively the width of the edge barriers material (𝐴𝑙𝑁), the width of 

mid barrier material (𝐴𝑙𝑁), and the width of the well (𝐺𝑎𝜐𝐴𝑙1−𝜐𝑁). 

𝑉0(υ, T) is the barrier height expressed as a function of the Gallium concentration υ and 

temperature is given by: 

𝑉0(υ, T) =  1.5 ∗ (𝐸𝑔
𝐴𝑙𝑁(𝑇) − 𝐸𝑔

𝐺𝑎𝜐𝐴𝑙1−𝜐𝑁(𝜐, 𝑇))                             (5.5) 
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Using Vegard law, and based on the energy gaps of AlN and GaN, the gap energy of 

𝐺𝑎𝜐𝐴𝑙1−𝜐𝑁 alloy can be calculated as follows: 

𝐸𝑔
𝐺𝑎𝜐𝐴𝑙1−𝜐𝑁(𝜐, 𝑇) = 𝜐𝐸𝑔

𝐺𝑎𝑁(𝑇) + (1 − 𝜐)𝐸𝑔
𝐴𝑙𝑁(𝑇) − 𝑏(1 − 𝜐)𝜐                   (5.6) 

with b=0.7 [166]  is the bowing parameter. 

According to Ref. [165] , the Temperature-dependent band-gap energy is given as: 

𝐸𝑔(𝑇) = 𝐸𝑔(0) −
𝛼 ∗ 𝑇2

𝑇 + 𝛽
                                                           (5.7) 

where 𝐸𝑔(0) is the band-gap energy at 𝑇 = 0K, and 𝛼 and 𝛽 are constants. The suggested 

parameters used in Eq. (5.7) in our calculations are summarized in Table 5.1 for wurtzite AlN and 

GaN. 

The electron effective mass is affected by temperature, it is given as [167] : 

𝑚0

𝑚∗(𝑇)
= 1 +

𝐶

𝐸𝑔(𝑇)
                                                                (5.8) 

where 𝑚0 is the mass of the free electron, 𝐸𝑔(𝑇) temperature-dependent band-gap energy and 𝐶 

is the energy related to the momentum matrix element obtained from Eq. (5.8) at 𝑇 = 300K which 

gives 𝐶(𝐴𝑙𝑁) = 17.91 eV and 𝐶(𝐺𝑎𝑁) = 14.67 eV.  

Using a linear interpolation of the AlN and GaN binaries, the effective mass of the electron 

and dielectric constant of GaAlN alloy can be formulated as: 

𝑚𝐺𝑎υ𝐴𝑙1−υ𝑁
∗ (υ, 𝑇) = υ𝑚𝐺𝑎𝑁

∗ (𝑇) + (1 − υ)𝑚𝐴𝑙𝑁
∗ (𝑇)                              (5.9) 

𝜀𝐺𝑎υ𝐴𝑙1−υ𝑁
∗ (υ, 𝑇) = υ𝜀𝐺𝑎𝑁

∗ (𝑇) + (1 − υ)𝜀𝐴𝑙𝑁
∗ (𝑇)                                 (5.10) 

The dielectric constant 𝜀∗ is related to the temperature, which is approximated by the linear 

interpolation [168] : 

𝜀∗(𝑇) = 𝜀𝑖
∗(0) ∗ 𝑒𝑥𝑝((𝑇 − 300) ∗ 10−4)                      𝑖 ≡ (𝑊𝑒𝑙𝑙, 𝐵𝑎𝑟𝑟𝑖𝑒𝑟)        (5.11) 
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At the interface between the well and the barrier, there is an overlap between AlN and (Al,Ga)N 

materials. Thus, as adopted in recent work [169] the dielectric constant at the interfaces is 

expressed as follows: 

𝜀𝐼𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒𝑠
∗ = √𝜀𝐴𝑙𝑁

∗  ×  𝜀𝐺𝑎υ𝐴𝑙1−υ𝑁
∗                                        (5.12) 

By adopting the effective Bohr radius (EBR) ab
∗ = εb

∗ℏ2/mb
∗e2(=   1.19 nm)  for the length 

unit, the effective electron Rydberg Rb
∗ = e2/2εb

∗ab
∗ (= 71 meV) as the unit of the energy and the 

effective electric field η = eab
∗F/Rb

∗  as the unit of the electric field , the effective Hamiltonian can 

be expressed as:  

𝐻̂ = −𝛻2 −
2

𝑟
+ 𝑉(𝑧𝑒 , υ, 𝑇) + η𝑧                                           (5.13) 

Using the finite difference method, the eigenvalues of the Hamiltonian given in Eq. (5.13) can 

be calculated. Then, the ground state and two low lying-excited states shallow-donor binding 

energy are obtained as follows: 

𝐸𝑏
𝑗
= 𝐸0

𝑗
− 𝐸Imp

𝑗
              𝑗 ≡  1𝑠, 2𝑠 𝑎𝑛𝑑 2𝑝 𝑠𝑡𝑎𝑡𝑒𝑠                        (5.14) 

5.3. NUMERICAL RESULTS AND DISCUSSION  

Here, we present our numerical results for the temperature, electric field, impurity position, 

size, and coupling effects on the ground state, first and second excited states in a finite 

(Al,Ga)N/AlN double rectangular (DRQW), parabolic (DPQW) and triangular (DTQW) quantum 

wells. The solution of the Schrödinger equation for the ground and excited states are obtained 

numerically by using the FEM. The parameters used in our calculations are those reported by 

Vurgaftman et al. [141] which are listed in Table 5.1. 

Table 5.1. Physical parameters of wurtzite AlN and GaN used in our computations. 

 Eg(0K)(eV) α (meV. K−1) β (K) ε∗(300K)(ε0) 

AlN 6.23 1.799 1462 8.5 

GaN 3.299 0.909 830 9.5 
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First of all, for a proper understanding of the results that shall be presented below, it is 

necessary to recall the main features of the application of static electric field on finite 

(Al,Ga)N/AlN double quantum wells. Thus, we present the variations of the potential energy 

profile with the three lowest energy states and their corresponding probability densities for the 

DRQW, DPQW, and DTQW in Figure 5.1.    

 

Figure 5.1. The variations of the confinement potential profile, ground, first and second excited 

state energies and the squared wave functions for related energy levels for different values of 

the electric field. 
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Figure 5.2. The 1s, 2s, and 2p states binding energy Eb(meV) as a function of the well width 

Lw(ab
∗ )  in AlN/Al1−υGaυN DRQW, DPQW, and DTQW for fixed parameters υ=0.1, Lb= 1, Lb1 

=0.5 at T = 300°K, for two values of electric field η = 0 (blue curve) and η = 60  (red curve). 
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When an electric field is applied to the growth direction, the shape of the quantum wells is 

deformed. Thus, the conduction band edge is not flat anymore. It is tilted because of the electric 

field. With the impact of the electric field, the electrons are transferred partially to the right side 

of the QWs. Consequently, the energy position of the QWs bottom shifts upwards and therefore 

the energy of 1s and 2s states increases as well. Such an increase becomes more notorious for 

higher electric field intensities [178]. 2p state is less affected and shifts upwards slightly. With the 

increase of F, the overall tendency is that the energy differences between the ground state and the 

first (second) excited states increase (decrease), which results in blue-shifts (red-shifts) (see Table 

5.2). With regard to the polarization of the system, the presence of an electric field causes the 

spatial displacement of the electron probability density. As in the case of the energy values, this 

effect is more pronounced for the 1s and 2s states, in which |𝜓1𝑠|
2 confines in the right well and 

|𝜓2𝑠|
2 confines in the left well.  The wave functions of the 2p state become also deformed by the 

electric field effect and, more importantly, pushed in the opposite direction of the electric field. 

When the electric field is about 10, almost the whole wave function is located in the barrier 

material, so the binding energy is close to the binding energy of bulk material. The same behavior 

is reported for a rectangular parallelepiped-shaped QD by Shu and Jian [179] by means of a 

traditional Ritz variational method. This effect is more pronounced in triangular and parabolic 

profiles than in the rectangular profile. The physical reason behind such behavior is the geometric 

confinement which is stronger in parabolic and triangular profiles compared to rectangular profile.  

 

The results regarding the effects of the electric field and the well width on the binding energy 

are shown in Figure 5.2 at T=300ᵒK. This figure indicates that, as the well width decreases, the 

 η ∆𝐸1𝑠−2𝑠 ∆𝐸1𝑠−2𝑝 

RDQW 

0 58 876 

1 85 482 

10 90 361 

PDQW and TDQW 

0 44 730 

1 58 605 

10 90 440 

Table 5.2. The variation of the energy difference ∆𝐸 (meV) between the two lowest excited 
states and the ground state with the electric field. 
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binding energy increases reaching a maximum value at half of the effective Bohr radius, then 

decreases. The physical reason can be given as follows. The quantum localization impact of the 

electron wave function increases as the well width decreases, resulting in a considerably stronger 

quantum confinement effect. Thus, the mean relative electron–impurity distance decreases. and 

the donor binding energy is increased. However, the behavior of the 2p-state is quite different from 

1s and 2s states and it agrees with the findings stated in Refs. [170–172] . As the electric field is 

applied, the binding energies of the ground state and low-lying excited states decrease for all well 

width values and their maximum value is pushed in the opposite direction of the applied EF (near 

the effective Bohr radius). This can be explained by the fact that the application of an external 

electric field breaks the symmetrical distribution of the electron wave functions. As a result, the 

electron is pushed against the field direction and the charge distribution is concentrated near the 

right wells, which leads to a decrement of the electronic quantum confinement effect. The electric 

field effect dominates over the confinement effect and yields a decrease in the binding energy. 

In Figure 5.3, the well width and the temperature dependence of the binding energy is depicted 

for Lb= 1, Lb1 =0.5 and υ=0.1. It can be seen from this figure that the increasing temperature 

decreases the binding energy for all well widths. Table 5.3 shows that, as the temperature increases 

dielectric constant increases whilst effective mass and the potential barrier height decrease, leading 

to an increase in the kinetic energy of donor electrons. Furthermore, an increase in the temperature 

weakens the Coulomb interaction between the electron and the impurity. As a result, the binding 

energy drops as the temperature increases. Our findings are in good agreement with those reported 

in Refs. [173,178–181] . 

 

 

𝑇 (°𝐾) 
Effective mass (m0) Dielectric constant (ε0) 

Barrier height (meV) 
well barrier well barrier 

300 0.330 0.378 8.77 8.5 1.278 

500 0.324 0.372 8.94 8.67 1.262 

Table 5.3. The variation of the barrier height, the effective mass, and dielectric constant for both 
well and barrier regions with temperature T for υ= 0.1 and η=0. 
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Figure 5.3. The 1s, 2s, and 2p states binding energy Eb(meV) as a function of the well width 

Lw(ab
∗ )  in AlN/Al1−υGaυN DRQW, DPQW, and DTQW for fixed parameters υ=0.1, Lb= 1, Lb1 =0.5 

with η = 0, for two values of temperature T = 300°K  (blue curve) and T = 500°K (red curve). 
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To clarify the binding energy behavior with studied geometrical shapes under the effects of 

temperature and electric field, the difference between the binding energies as a function of the 

electric field  ∆Eb(η) = Eb(0) − Eb(η) and temperature (∆Eb(T) = Eb(0) − Eb(T) ) is 

illustrated in Figure 5.4(a) and (b) respectively, for DRQW, DPQW, and DTQW. 

Figure 5.4(a) depicts the results obtained for the difference binding energy as a function of the 

external electric field.  It is shown that the ∆Eb(η) increases nonlinearly as a function of the 

external electric field; i.e, the binding energy decreases, while it tends to saturation regime for all 

confinement profiles. The results concerning the binding energy as a function of an external 

electric field effect are in good agreement with those reported in the literature. For (In,Ga)N–GaN 

parabolic QWW [182]  and spherical QD [183]  we have reported in our previous work that the 

main effect of the external electric field is to reduce the ground-state binding energy. When the 

electric field is greater than about 10 (F = 6. 108 V/m ), the binding energies quickly decrease to 

reach the saturation regime. This is because the electric field pushes the impurity wave function 

into the barrier material. When the electric field is greater than about 10, almost the whole wave 

function is located in the barrier material, so the binding energy is close to the binding energy of 

bulk material. The same behavior is reported for a rectangular parallelepiped-shaped QD by Shu 

and Jian [179]  by means of a traditional Ritz variational method. 

From Figure 5.4(b), we can observe that ∆Eb(T) is sensitive to the variation of the temperature. 

∆Eb increases as T increases; i.e., one can see that the binding energy of a hydrogenic donor 

impurity in its ground state and two low lying excited states is decreased by increasing of 

temperature. For this behavior, we can mention an explanation with the help of the thermal energy 

concept. It may be due to the fact that with the application of thermal energy, the donor impurity 

gains more kinetic energy and the wavefunction is delocalized to a smaller extent and becomes 

less bound with the impurity atom. The same behavior is reported for GaAs/AlυGa1−υS for a 

rectangular quantum well by Nithiananthi and Jayakumar [184] and for a V-groove quantum wire 

by Khordad [159]. One can see that parabolic and triangular profiles are more sensitive to the 

external electric field and temperature than the rectangular form. With decreasing the length of the 

bottom of the wells, the Coulomb interaction between the electron and impurity decreases. As a 

result, the binding energy drops moving from the rectangular to the triangular profile. These results 

are in good agreement with those reported by Akankan et al. [185]. 
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5.4. CONCLUSION  

Using the effective-mass approximation within the finite element method, the density 

probabilities and the binding energies of the 1s, 2s, and 2p states of a shallow donor on-center 

impurity in (Al,Ga)N/AlN DQWs have been investigated. The temperature, electric field, system 

dimension, and geometrical shape effects are investigated. The effective mass, dielectric constant, 

band-gap energy, and potential barrier temperature dependencies have been taken into 

consideration. Based on our numerical results conclusions are summed up in the following points: 

(i) The system dimension and geometrical shape have a great influence on the binding energy. (ii) 

The binding energy drops versus both electric field and temperature. (iii) When the electric field 

is greater than about 6. 108 V/m , the binding energies quickly decrease to reach the saturation 

regime and the impurity wave function is pushed into the barrier material.  
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6.1. INTRODUCTION  

Multi quantum well (MQW) solar cell approach is based on the insertion of a MQW structure 

in the intrinsic region of p-i-n solar cells with a bunch of wider(barrier) and narrow (well) band 

gap semiconductor to improve the spectral response below the absorption edge of ‘barrier’ 

material. Absorbing layers in the form of a multiple quantum well (MQW) structure are often used 

to delay strain relaxation. This idea was pioneered by Barnham et al. in 1990 [186]. The MQW 

structure improves the p-i-n solar cell's efficiency and numerous researchers are working on this 

structure. This idea is developed by the Imperial College group [186–190]. The quantized energy 

levels in quantum structures become the driving force for more carrier generation [191]. Several 

theoretical models have been developed to explain the performance of the MQW solar cells [192–

195]. 

An important difference between organic and conventional inorganic solar cells is in the minus 

binding energy. In both systems, excitons (induced states) occur upon photon absorption. In 

inorganic semiconductors, the energy required to decompose these excitons into charge carriers is 

relatively small (a few millielectric volts easily obtained at room temperature) [196].  

Binding energy is another analysis that also elaborates the performance of a solar cell. The 

presence of small values of binding energy offers high power conversion efficiency and high 

charge transfers in an excited state. In addition, binding energy also provides strong information 

about Coulomb forces of attraction, the higher Coulomb forces always contain a small value of 

binding energies and vice versa [197]. 

In inorganic solar cells, regarding the design of the active region, many groups have focused 

on the optimization of the photovoltaic performance of the InGaN/GaN MQW solar cells by 

modulating the quantum well thickness [198], the barrier thickness [199–201], the In mole fraction 

of the wells [202], and the number of quantum wells[203–205]. 

6.2. INFLUENCE OF THE NUMBER OF QUANTUM WELLS ON PHOTOVOLTAIC 

CHARACTERISTICS  

The number of QWs determines the total thickness of the active region in terms of absorption 

and carrier generation. Usually, in LED devices, the thickness of QWs is chosen to be relatively 
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small (less than 5 nm for In-content less than 30% to manage the strain balance). But in 

photovoltaic devices, it is necessary to stack as many wells as possible in the structure to get an 

effective absorption of incoming light. Although the presence of QWs helps to postpone the 

relaxation, anyway, it still appears when stacking too many periods leading to linear defects (for 

example threading dislocations and v-pits) [203].   

There is also another problem showing up with an increase in the period number. The internal 

electric field created by the p-n junction decreases with the active region thickness. This hampers 

the separation of the electron and hole pairs and their drift to the n- and p- contacts. Therefore, the 

determination of the appropriate active region thickness is necessary for the development of an 

efficient device. 

QW number (Nw) EQE at 380 nm (%) Voc (V) Jsc (mA/𝑐𝑚
2) FF (%) η(%) 

5 4 1.6 0.11 54 0.09 

15 16 1.8 0.24 56 0.24 

30 38 2.1 0.42 54 0.48 

40 36 2.4 0.63 56 0.85 

60 31 2.3 0.68 56 0.88 

100 24 1.9 0.68 60 0.78 

 

Therefore, Mukhtarova et al. [206] investigated In0.11Ga0.89N(1.7nm)/GaN(8 − 9nm) solar 

cells with QW number from 5 to 100 (see Table 6.1). The conversion efficiency of 0.88% for the 

sample with 60 QWs under 1 Sun AM1.5G equivalent illumination was reached. This relatively 

low (compare to Si or GaAs) value shows that such kind of solar cells can not be used as an 

independent photovoltaic solution because it absorbs light only with a wavelength less than 415 

nm, while the peak of the solar spectrum on the Earth is in 470-550 nm range. Therefore, it is 

necessary to increase the absorption wavelength of InGaN-based devices. This can be done by 

optimizing the QW design.  Moreover, A low value of conversion efficiency under 1 Sun AM1.5G 

illumination is related to the lack of absorption at a wavelength higher than 415 nm. An 

enhancement of η by 1 order of magnitude is observed when increasing the number of QWs from 

Table 6.1. Experimental values of the structural properties and photovoltaic performance of 
In0.1Ga0.9N/GaN multiple-quantum-well solar cells: number of quantum wells (Nw), external 

quantum efficiency (EQE), open-circuit voltage (Voc), short-circuit current (Jsc), fill factor (FF), and 
overall conversion efficiency (η) under 1 sun AM1.5 G equivalent illumination [206]. 
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5 to 60. This increase is mainly associated with the variation of the short-circuit current density, 

which is enhanced by a factor of 6 with increasing the number of periods (See Table 6.1) [206]. 

QW number (Nw) Binding energy (meV) 

1 100 

2 180 

3 210 

 

Similarly, we investigated the dependence of the binding energy of In0.1Ga0.9N/GaN  MQWs 

as a function of the number of quantum wells (Nw) (see Table II). BE increases with increasing 

Nw consequently decreasing the power conversion efficiency and low charge transfers in an 

excited state. However, besides the number of quantum wells, a MQW solar cell is optimized using 

the ideal MQW model by varying parameters such as Indium composition of the ‘well’ and 

‘barrier’; band gap difference of ‘well’ and ‘barrier’; and the thickness of ‘well’ and ‘barrier’. 

6.3. INFLUENCE OF THE QUANTUM WELLS THICKNESS ON PHOTOVOLTAIC 

CHARACTERISTICS  

Light absorption is one of the most critical points of the InGaN/GaN solar cells that determines 

the value of Jsc. One of the ways for light absorption enhancement is to increase the thickness of 

the absorbing InGaN layer. An increasing number of QWs leads to a thicker active region and 

decreases the internal electric field inside the structure damaging the collection efficiency. Another 

way to increase the thickness of the absorbing layer is to change the QW thickness.  

QW thickness (nm) Jsc (mA/𝑐𝑚
2) Voc (V) FF (%) η (%) 

1.3 0.42 2.2 54 0.49 

3.1 0.46 1.3 42 0.25 

5.4 0.14 1.1 47 0.07 

 

Table 6.2. Theoretical values of the binding energy (meV) of In0.1Ga0.9N(1nm)/
GaN(1nm) multiple-quantum well with number of quantum wells (Nw). 

Table 6.3. Electrical characteristics of samples with different QW thicknesses: short-circuit 
current Jsc, open-circuit voltage Voc, fill factor FF and conversion efficiency η [207]. 
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The deepening of the energy levels with QW thickness increases the confinement of the carriers 

and prevents their escape from the well. Also, the enhancement of the strain inside the QW 

structure causes plastic relaxation and dislocation formation. Dislocations degrade the collection 

efficiency of the devices and induce a decrease of the EQE from 0.52 for the sample with 1.3 nm 

QW thickness to 0.13 for the sample with 5.4 nm QW thickness (See Table 6.3). Carriers are 

created inside the QWs, but they cannot be collected because of recombination with the defects. 

Therefore, the collection of the carriers is very poor. It induces a strong decrease in the values of 

open-circuit voltage and fill-factor leading to conversion efficiency degradation. Consequently, 

the best value of conversion efficiency of 0.49% is obtained for the sample with the thinnest QWs 

(1.3 nm). 

Lw (nm) Binding energy (meV) 

1 100 

2 120 

3 100 

 

Similarly, we investigated the dependence of the binding energy of In0.1Ga0.9N/GaN DQWs 

as a function of quantum wells thicknesses (Lw) (see Table 6.4). BE increases with increasing Lw 

until it reaches its maximum at Lw = 2nm then decreases.  The increase of QW thickness induces 

a lowering of the energy difference between hole and electron-states together with increased 

Quantum Confined Stark Effect, consequently decreasing the power conversion efficiency and low 

charge transfers in an excited state.  

6.4. INFLUENCE OF THE BARRIER THICKNESS ON PHOTOVOLTAIC 

CHARACTERISTICS  

The increase of In-content induces several problems that have to be overcome to avoid any 

damage to the device's electrical properties. One of them is the enhancement of the carrier 

confinement because of energy level deepening in the QWs. It becomes more difficult for carriers 

to escape and to be collected at the electrical contacts. Therefore, there are two main ways for 

Table 6.4. Theoretical values of the binding energy (meV) of In0.1Ga0.9N(Lw)/GaN(1nm) 
multiple-quantum well with quantum wells thickness (Lw). 
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carriers to escape from the QWs: thermal emission and tunneling [203]. Thermal emission is 

efficient for low In-content devices because carriers can move easily out from the well at room 

temperature, but as the energy levels go deeper (as for thicker QWs) the thermal emission becomes 

insufficient.  Normally, for GaN barrier thicknesses of 9 nm, the tunneling effect is negligible as 

it is shown in the literature [208,209]. Therefore, it is necessary to decrease the barrier thickness 

to enhance the tunneling probability of the carriers from the QWs. In this section, we will 

investigate the samples having a 15 × In0.17Ga0.83N(2nm)/GaN structure with 9 nm, 5.5 nm, and 

3.7 nm GaN tuning barrier thickness.  

QW thickness (nm) EQE at 380 nm (%) J𝑠𝑐  (mA/cm
2) Voc (V) FF (%) η (%) 

3.7 27 0.60 2.2 57 0.78 

5.5 30 0.61 1.9 63 0.73 

9 35 0.69 1.9 70 0.92 

 

From the device's point of view, the decrease of the barrier thickness enhances carrier 

tunneling. This creates an additional way for carriers to escape from QW improving the values of 

external quantum efficiency, short-circuit current and fill factor. However, a thinning of the 

barriers causes the appearance of strain relaxation accompanied by defect formation. This 

increases the leakage current through the active region of the device and reduces the value of open-

circuit voltage (which falls from 2.2 V to 1.9 V) (See Table 6.5). Consequently, the best value of 

conversion efficiency of 0.92% is obtained for the sample with the thickest barrier (9 nm). 

Lb (nm) Binding energy (meV) 

2.5 120 

7.5 100 

15 95 

 

Table 6.5. Summary of the electrical characteristics: external quantum efficiency EQE, open-
circuit voltage Voc, short-circuit current J𝑠𝑐, fill factor FF, conversion efficiency η for 

15 × In0.17Ga0.83N(2nm)/GaN −based devices with different barrier thicknesses under 
1 Sun AM1.5G equivalent illumination [207]. 

Table 6.6. Theoretical values of the binding energy (meV) of In0.1Ga0.9N(1nm)/GaN(Lb) simple-
quantum well with the barrier thickness (Lb). 
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Similarly, we investigated the dependence of the binding energy of In0.1Ga0.9N/GaN MQWs 

as a function of the barrier thickness (Lb) (see Table 6.6). BE decreases with increasing Lb. It is 

necessary to decrease the barrier thickness to enhance the tunneling probability of the carriers from 

the QWs. 

6.5. CONCLUSION  

The most important limitation for InGaN-based photovoltaics is a small value of short-circuit 

current. The Jsc strongly depends on the absorption of the light. One of the ways to increase 

absorption is to increase the thickness of QWs. losses in collection efficiency induced by the 

deepening of the electron and hole energy levels and defect formation due to strain relaxation 

enhancement with QW thickness.  

The decrease of barrier thickness can also improve the collection efficiency and electrical 

performance of the InGaN QW-based solar cells by stimulating carrier tunneling. Despite of 

decreased absorption wavelength, the value of the short-circuit current was improved with barrier 

thickness decrease. This is related to enhanced carrier tunneling fraction in the total value of Jsc in 

addition to carriers that escaped QWs through thermionic emission.  Thanks to carrier tunneling, 

the current under illumination becomes less sensitive to the change of the band diagram with 

applied bias and this improves the value of the fill factor as well. 

Moreover, the conversion efficiency can be modulated by optimizing the number of quantum 

wells in solar cells’ active layer. 
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Conclusions and perspectives  

 

 

 

This work, separated into four parts, deals with the study of the binding energy in III-nitrides 

based simple and multiple quantum wells. Considering the effective-mass and dielectric 

mismatches between the well and its surrounding matrix, the numerical calculations are performed 

within the framework of the parabolic band and the single band effective-mass approximations 

under the finite potential barrier using finite element method (FEM). To be close to the reality, the 

diffusion effect at the interface between the well and the barrier is taken into account and an 

expression of the effective mass and dielectric constant is adopted. In addition, the pressure and 

temperature dependencies of the effective masse and dielectric constant were taken into account. 

In the first part, we exploit the binding energy of hydrogenic shallow-donor impurity in simple 

and double coupled quantum wells based on unstrained wurtzite (In,Ga)N/GaN. The binding 

energy is enhanced versus the coupling effect, while it is reduced as a function of displacement of 

the impurity far away the structure center, a strong binding energy number of layer dependence is 

shown.  

In the second part, we provide the calculation of the 1s-like binding energy of shallow-donor 

impurity in symmetric double coupled quantum wells based on wurtzite (In,Ga)N/GaN. The 

binding energy is enhanced (dropped) with increasing pressure for large (thin) well, declined with 

increasing wells coupling, and it is quite significant (insensitive) with increasing In-composition 

for thin (large) well.  

In the third part, we investigate the shallow-donor-related binding energy of the ground and 

two low-lying excited states of on-centre hydrogenic impurity in (In,Ga)N/GaN double quantum 

wells for rectangular (DRQW), parabolic (DPQW), and triangular (DTQW) confinements, under 

the combined effects of temperature and electric field. The effects of the well width and the gallium 
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concentration have also been taken into account in the calculations. The binding energy is a 

decreasing function of temperature and the changes in the BE is dependent on the confinement 

potential shape. The binding energy is enhanced in DPQW and DTQW more than in DRQW. The 

confinement potential shape has a strong impact on the binding energy.  

In the fourth part, we investigate the shallow-donor-related binding energy of the ground and 

two low-lying excited states of on-centre hydrogenic impurity in (Al,Ga)N/AlN double quantum 

wells for rectangular (DRQW), parabolic (DPQW), and triangular (DTQW) potential profiles, 

under the combined effects of temperature and electric field. The system dimension and 

geometrical shape have a great influence on the binding energy. The BE drops versus both electric 

field and temperature.  

In the last chapter, we summarized the influence of the insertion of MQW structure in the 

intrinsic region of p-i-n solar cells, as well as the influence of well thickness, barrier thickness, and 

the number of quantum wells in a structure on the binding energy.   

In addition, our results show that the binding energy is strongly modulated and conditioned by 

the position of the impurity, it is reduced as a function of displacement of the impurity away from 

the structure center. The indium (gallium) fractions have an impact on the binding energy and it is 

dependent on the confinement regime. Moreover, the conversion efficiency can be modulated by 

optimizing the number of quantum wells, the quantum well thickness, and barrier thickness in 

solar cells’ active layer. 

In This thesis, we focused on the study of the binding energy which besides the Bohr radius 

are the two most essential properties of an impurity in nanostructured semiconductor systems. 

Advanced properties can be further investigated in the future such as the photoionization cross 

section (PICS) which also plays a crucial role in the characterization of impurities in 

semiconductors.   
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