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Abstract

The aim of this report is to prove new results of the strong law of large numbers in both
Bochner integration and Pettis integration cases, as will as to present some of its applica-
tions. First of all, we provide a new result of the strong law of large numbers for adapted
sequences. In this context, we establish a relationship between the strong law of large num-
bers and amart and we prove the strong law of large numbers for mils and for a set valued
supermartingale. We also prove some convergence results for the conditional expectation of
Pettis integrable random sets. This result allows us to establish a new version of reversed
martingale and dominated convergence theorem in Pettis integration. Finally, we provide a
new result of strong law of large numbers for random sets Pettis integrables. In this context

several auxiliary results are showed.

Keywords: Strong law of large numbers, adapted sequences, mils, set valued super-
martingale, reversed martingale, amart, random sets, Pettis conditional expectation, Mosco
convergence, dominated convergence theorem, Levy’s theorem, Bochner integration, Pettis

integration, Monte Carlo method.



Résumé

Le but de ce projet de these est, d’une part, de présenter et démontrer de nouveaux résultats
de la loi forte des grands nombres que ce soit dans le cas de Bochner intégration ou dans le
cas de Pettis intégration. D’autre part, de donner quelques applications concretes de la loi
forte des grands nombres. Dans ce manuscrit, nous avons contribué a la résolution de trois
types de problemes dans la théorie des probabilités et statistique en général et la loi forte
des grands nombres en particulier a savoir; la relation entre la loi forte des grands nombres
et les suites adaptées, ainsi que la convergence des espérances conditionnelles des ensem-
bles aléatoires Pettis intégrables et finalement la loi forte des grands nombres dans le cadre
de Pettis intégration. Dans ce contexte, nous avons démontré la loi forte des grands nom-
bres (LFGN) pour les suites adaptées. Dans ce sens nous avons €tabli la relation entre la
loi forte des grands nombres et amarts. Comme application, nous avons donné la loi forte
des grands nombres pour les mils et les surmartingales multivoques. Nous avons également
étudié la convergence des espérances conditionnelles des ensembles aléatoires Pettis inté-
grables. Cette étude a abouti a de nouvelles versions du théoreme de type Levy pour des
suites de tribus décroissantes et du théoreme de la convergence dominée pour les espérances
conditionnelles toujours dans le cadre de Pettis intégration. Par la suite nous avons utilisé les
résultats de la convergence des espérances conditionnelles Pettis intégrables, ainsi que des
techniques des martingales inverses pour démontrer la loi forte des grands nombres pour des
ensembles aléatoires Pettis-intégrables.

Dans ce contexte plusieurs résultats auxiliaires sont abordés.

il



il

Mots-clés: loi forte des grands nombres, suites adaptées, mils, amarts, martingales, mar-
tingale inverse, ensemble aléatoire, espérance conditionnelle, Mosco convergence, théoreme
de convergence dominée, théoreme de Levy, Pettis intégration, Bochner intégration, Méth-

ode de Monte Carlo.
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Acronyms

* SLLN : Strong law of large numbers

* cwk(IE) : the family of all nonempty convex and weakly compact subsets of E.

* ccb(E) : the family of all nonempty closed convex and bounded subsets of E.

. LIIE(LQZ ) is the set of all .#-measurable and integrable random variable from Q to E.

o 71
Lccb(]E)

from Q to ccb(E).

(.#)) is the set of all .#-measurable and integrably bounded multifunctions

o 71
Lcwk(E)

from Q to cwk(E).

(.#) is the family of all F-measurable and Bochner-integrable multifunctions

» EZX is the conditional expectation of X relative to .
* By is the closed unit ball of E.

. Pﬁ(%) is the space of all F-measurable and Pettis-integrable functions defined on

(Q,3,P) o E.

oPl

ewk(E) () is the set of all cwk(E)-valued Pettis-integrable random set.

. Pclcb(E) () is the set of all cchb(EE)-valued Pettis-integrable random set.
* S (%) is the set of all §-measurable and integrable selections of X.

. S§e(3 ) is the set of all §-measurable and Pettis-integrable selections of X.
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Thesis summary in french

0.1 Introduction

Dans une expérience aléatoire, nous nous sommes souvent intéressés a la réalisation ou non
d’un événement A. Notons p la probabilité de la réalisation de cet événement. Supposons
que notre expérience est répétée d’une facon indépendante et une infinité de fois. Notons
par 1 la réalisation de A et zéro si A est non réalisé. Ce que nous appelons I’expérience
de Bernoulli. Par simulation nous remarquons que plus le nombre de répétitions augmente
plus que la moyenne arithmétique des résultats obtenus se stabilise autour de p. Si nous
modélisons mathématiquement cette expérience par la réalisation d’une suite de variables
aléatoires indépendantes et ayant la méme loi, alors 57" = @ converge vers EX| =p .
C’est ce qu’on appelle la lo1 forte des grands nombres (LFGN).

La loi forte des gands nombres a attiré I’intention de plusieurs scientifiques, elle a été dé-
montrée en premiere fois par le mathématicien Suisse Jacobi Bernoulli en 1713. Vue ses
applications dans plusieurs domaines; pour estimer par exemple 1’intégrale d’une fonction
(ce qu’on appelle la méthode de Monte Carlo), 1’assurance et la mutualisation du risque,
I’évaluation de la fiabilité d’un systeme par I’estimation des bornes de probabilité de défail-
lance, en statistique inférentielle, pour déterminer une loi de probabilité a partir d’une série
d’expériences et en finance pour évaluer le prix des produits dérivés. Plusieurs mathémati-
ciens se sont joints a Bernoulli pour étudier la loi des grands nombres.

En théorie des probabilités, la loi forte des grands nombres est un théoreme fondamental qui

assure la convergence presque stire de la moyenne d’une suite de variables aléatoires sous
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certaines hypotheses vers une valeur déterministe. Autrement dit; étant donnée une suite de
variables aléatoires (X,),>1 définie sur un espace de probabilité (Q, #,P) et S, =YY" | X;
pour tout n > 1. On dit que (X,),> satisfait la loi forte des grands nombres s’il existe deux

suites réelles (a,),>1 et (by)n>1 telles que (b,),>1 est positive et croissante vers I’infini et

Sn - (ln
by

— 0 p.s. (D)

Généralement, on distingue entre deux grands types de la loi forte des grands nombres; le
premier type concerne les variables aléatoires indépendantes et identiquement distribuées,
cependant que le second type traite le cas ou les variables aléatoires (X,),>; ne sont pas
obligatoirement indépendantes et n’ont pas obligatoirement la méme moyenne.

Le premier type de la loi forte des grands nombres est généralement valide pour les variables
aléatoires a valeurs dans un espace de Banach. Tandis que le second type est difficile a traiter
dans un espace de Banach quelconque. Nous allons voir dans ce cas que la LEFGN est satis-
faite mais sous certaines conditions géométriques sur 1’espace de Banach considéré.

Les résultats les plus célebres dans le cas d’une suite de variables aléatoires indépendantes
identiquement distribuées sont la LFGN de kolmogorov (a, = ES, et b, = n) et la LFGN
de Marcinkiewicz—Zygmund (a, = ES,, b, = n% ou 1 < p < 2). Pour une suite de variables

aléatoires indépendantes et non-identiquement distribuées. Kolmogorov a établit que la con-

dition )~ ; VQZ%X”) < oo implique la relation (1) avec a,, = ES,,.
([34], [35] and [27] ) ont prouvé que dans la LEFGN de Kolmogorov, la condition de I’'indépendance
des variables aléatoires peut étre remplacée par la condition de I’indépendance deux a deux

des variables aléatoires. Cependant [66] ont obtenu la LEFGN pour une suite de variables
aléatoires uniformément intégrables indépendantes deux a deux.

Au cours des dernieres années, de nombreux auteurs ont présenté la LFGN en écartant
I’hypothese de I'indépendance des variables aléatoires (voir [21], [71], [87], [69]), [28],
[65]).

[23], [10], [37], [49], [50], [48] ont prouvé diverses généralisations de la LFGN, dont (X}, ),>

est une suite adaptée a valeurs dans un espace de Banach au lieu d’une suite de variables aléa-

toires réelles.

Ces dernieres années, la théorie des ensembles aléatoires a été largement étudiée car elle

Hamid Oulghazi - Contribution aux théorémes limites en probabilités: loi forte des grands nombres et simulations.
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généralise la notion des variables aléatoires et des vecteurs aléatoires. ([88], [89]) est le
premier qui a fourni le concept des ensembles aléatoires, et ses premiers travaux ont traité
les relations entre les ensembles aléatoires et les probabilités géométriques. Plus tard, [63]
et [73] ont construit une théorie mathématique complete des ensembles aléatoires qui a été
grandement influencée par la perspective de probabilité géométrique. Le cadre proposé ex-
erce une forte influence sur les théoremes limites en probabilités développés au cours des
dernieres décennies.

Avec le développement de la théorie des ensembles aléatoires et leur applications (voir [9],
[62], [68], [73], [18], [52], [53], [38], [55]), plusieurs variantes de la loi forte des grands
nombres ont été construites.

La premiere version de la LFGN multivoque a été donné par [7] pour une suite de variables
aléatoires indépendantes et identiquement distribuées (i.i.d) dont les valeurs sont des parties
compactes de R". Ce type de la LFGN dont la convergence est établie au sens de la distance
de Hausdorff a été traité par plusieurs auteurs (voir [26], [51], [6], [60], [40]) et [85].

En d’autre part, une nouvelle notion d’intégrale s’est développée pour des vecteurs aléa-
toires et ensembles aléatoires non forcément mesurables et intégrables mais uniquement
scalairement mesurable et scalairement intégrable, c’est I'intégrale de Pettis. Une notion
plus générale que I'intégrale de Bochner pour les variables aléatoires a valeurs dans un
espace de Banach de dimension infinie. Si I’espace est de dimension finie les deux inté-
grables coincident. Cette notion d’intégrale a été 1’origine du développement de la théorie
de I'intégration de Pettis qui a trouvé un grand succes ces dernieres années. En effet cette
théorie s’est développée suivant plusieurs directions; étude des nouveaux propriétés des in-
tégrales de Pettis, convergence des processus Pettis intégrables, existence et convergence
des espérances conditionnnelles Pettis intégrables et autres. Il est bien connu dans la lit-
térature que 1’espérance conditionnelle des variables aléatoires Bochner intégrables existe
toujours ([82], [61], [57], [62], [36], [18]). Cependant ce n’est pas le cas pour les variables
aléatoires (ou ensembles aléatoires) Pettis intégrables (voir les contres exemples de [90] et
[92]). Comme notre intérét dans ce travail se porte également sur la loi forte des grands
nombres des processus aléatoires Pettis intégrable, notre attention est attirée par 1’existence

de I’espérance conditionnelle des vecteurs aléatoires Pettis intégrables et ensembles aléa-
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toires Pettis intégrables comme étant la notion principale dans la définition d’un processus
aléatoire. En exploitant les résultats récement développés dans ce sens ([33], [2], [1], [4],
[38], [79] et [55]), nous avons démontré des nouvelles versions de la loi forte des grands
nombres aussi bien dans le cas de Bochner intégration et dans le cas de Pettis intégration. En
d’autre part nous présentons quelques applications concretes de la LFGN. Nous contribuons
avec quelques résultats dans trois types de problemes en théorie des probabilités et statis-
tique a savoir; la relation entre la LFGN et les suites adaptées ou plus précisément la relation
entre la loi forte des grands nombres et les martingales asymptotiques, la convergence des
espérances conditionnelles d’ensembles aléatoires Pettis intégrables et finalement la LFGN
dans le cadre de Pettis intégration.

Dans ce travail nous avons présenté et démontré des nouveaux résultats sur la loi forte des
grands nombres (LFGN). Notre intérét est focalisé sur trois types de problemes. Le premier
traite la loi forte des grands nombres pour les suites adaptées en général et la relation entre
cette derniere et la nature des suites adaptées considérées; en effet nous démontrons la re-
lation entre LFGN et les amarts. Comme application nous prouvons la loi forte des grands
pour les mils et les surmartingales multivoques.

Le deuxieme probleme traite la convergence des ensembles aléatoires Pettis intégrables, une
notion qui sera exploité dans le dernier travail de cette theése pour établir la loi forte des
grands nombres pour les ensembles aléatoires Pettis intégrables. Une notion qui généralise
la loi forte des grands nombres pour les ensembles aléatoires intégrablement bornés.

Dans cette partie nous donnons un résumé des principaux résultats de ce projet de these
comme suit: dans la section 0.2, nous traitons la loi forte des grands nombres pour les suites
adaptées et dans la section 0.3 un théoréme de la convergence des espérances conditionnelles
Pettis intégrables est proposé. L’utilisation des techniques de convergence des martingales
inverses pour prouver la LEFGN pour les ensembles aléatoires Pettis intégrables est donnée

en section 0.4 et dans la section 0.5, une application de 1la LFGN est discutée.

Hamid Oulghazi - Contribution aux théorémes limites en probabilités: loi forte des grands nombres et simulations.
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0.2 Loi forte des grands nombres et suites adaptées

Soit (Q,.7,P) un espace de probabilité et (X,),>; une suite de variables aléatoires inté-
grables a valeurs dans R.

Soit .%, la sous o-algebre de .# engendré par X;, X5, X3,..., X;,. Posons S, =Y X,
vn > 1. LL(F) (resp. Liwk(E)(gf), resp. Licb(E)(ﬁ)) désignent I’espace des fonctions
Z -mesurables et intégrables de Q dans R (resp. 1’espace des multifonctions .% -mesurables
et intégrablement bornées définie sur Q a valeurs dans ’ensemble des parties convexes et
faiblement compactes de [E, resp. I’espace des multifonctions .% -mesurables et intégrable-

ment bornées définies sur  a valeurs dans 1’ensemble des parties convexes fermées de ).

On dit que (X;,,-%,),>1 est une suite adaptée si pour tout n > 1, X, € L, (F,).

Définition 0.1 Une suite adaptée (X, 7y, )n>1 est une martingale (resp. surmartingale, resp.
sous martingale) si, pour tout n > 1, E7n nt1 =Xn p.S. (resp. pour toutn > 1, E‘%X,,H >
X, p.s., resp. pour tout n > 1, E‘O}"XHI <X, p.s)

oit EZnX désigne I’espérance conditionnelle de X € L%R(% ) par rapport a %,

Définition 0.2 Une application t: Q — N est un temp d’arrét borné, si T prend un nombre
fini de valeurs de N et si, V\n > 1, [t =n| € Z,.

Soit I' I’ensemble des temps d’arrét bornés.

Définition 0.3 (X,,.%,),>1 est un amart, si on a

lim sup/ |[E7°X; —X|dP=0, 7t,0€T.
Q

0 1>0

On Fs={Ac F/AN[oc =n|€ Z,,Yn>1}.

Définition 0.4 (X,,.%,),>1 est un mil si on a

limsup |[E7"X, — X,u| =0 p.p.
m

n>m

Hamid Oulghazi - Contribution aux théorémes limites en probabilités: loi forte des grands nombres et simulations.



0.2-L.OI FORTE DES GRANDS NOMBRES ET SUITES ADAPTEES 6

Définition 0.5 « La multifonction X : Q — 2R\ {0} est mesurable si, pour chaque ou-
vert U de R,
X HU)={weQ/X(0)NU +#0}

est un élément de % .

* la fonction mesurable f de Q a valeurs dans R est dite sélection de X, si f(®) € X(w)
pour chaque ® € Q. on note par S}((? ) I'ensemble de toutes les sélections inté-
grables et ¥ -mesurables de X. Il est bien connu d’apres [57] que toute multifonction
X a valeur fermée et convexe est mesurable, s’il existe une famille dénombrable de

sélections mesurables (f,)n>1 telle que, pour chaque ® € Q, on a

X(0) = {fu(®@),n € N}.

* La multifonction X est dite intégrable au sens d’Aumann si, S}((L@ ) # 0. L'intégrale

d’Aumann de la multifonction X est définie par:

/XdP: {/ FdP.f € SL(F)}.
A A

Définition 0.6 Une suite (X,),>1 € Licb(R)(y ) est une surmartingale multivoque si, X, €

LI

ch(R)(ffn) et E7n X, 1(0) C X, () pour chaque n > 1 et presque sitrement @ € Q.

Définition 0.7 ([/4])
Soit (Ap)n>1 un ensemble non vide. La limite inférieure forte et la limite supérieure faible de

A, respectivement sont données par:
s—liA,={x€Ex,—x, x,€A,,Vn>1}

w—IsA,={y€E, yp ==y, W €A, Vk> 1},

dont (A, )k>1 est une sous suite de (Ap)p>1.

Lemma 0.1 (/57])

Toute surmartingale multivoque (X, )n>1 € Licb(R) (F) admet au moins une martingale sélec-

Hamid Oulghazi - Contribution aux théorémes limites en probabilités: loi forte des grands nombres et simulations.
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tion ( c’est-a-dire qu’il existe une fonction f, telle que E7" f, 1 = f, et f(®) € X,(®), pour

tout n > 1 et presque siirement @ € Q).

Lemma 0.2 (/31])
Soit (X, - Fn)n>1 une suite adaptée. Alors il existe (Y, Fn)n>1 une martingale et (Z,, -7y )n>1

dans L]{Q(fn_l) telle que X,, =Y, +Z, on Yy =Xy, Z; =0 et

Yoi1 =Y = Sui1 —E7"(Spi1),
_ T
Zni1 —Zn=E7"(Sp11) — S

L’un des premiers résultats classiques sur la LEGN est le théoreme de Kolmogorov suivant:

Théoreme 0.1 ([64])
Soit (X, )n>1 une suite de variables aléatoires indépendantes et identiquement distribuées a
valeurs dans R, telle que E(X)) < oo. Alors

S,
lim = =E(X;) p.s.

n—+o n

L’extension du théoréme 0.1 dans le cas ou les variables aléatoires (X, ),> sont indépen-

dantes mais non identiquement distribuées est:

Théoreme 0.2 ([64]) Soit (X,,)n>1 une suite de variables aléatoires indépendantes a valeurs

dans R, telle que E(X;) =0 et E(Xl.z) <M Vi>1letMeR. Alors

lim == =0 p.s.
n—-4o n

[23] a montré un résultat plus général, il a pris S, = Y/, Xx une martingale au lieu d’une
suite de variables aléatoires indépendantes avec E(X;) = 0 et au lieu du coefficient % le
coefficient C,, ot (C,),>1 est une suite positive décroissante vers zéro. Son résultat est le

suivant:

Théoreme 0.3 (/23])

Soit (Xy)n>1 une suite de variables aléatoires a valeurs dans R telle que (S, =Y.! | Xi, Fn)n>1
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est une martingale et (Cy,),>1 une suite positive et décroissante avec lim,_, . C, = 0. Soit

A, et B telle que oo > 1,20 > B > 0 et A > 0. Si pour chaque i > igona :
(1) EISiP < AE(EL X2)%

@) i@ P <Ay 2ok < ACP,

3) L CLEIX[* < oo,

Alors
lim C,S, =0 p.s.

n— oo

Dans ce contexte, en se basant sur 1’inégalité de [15], la décomposition de Doob (Lemme
1.2, p. 33), une version de I’inégalité de Chow (Proposition 1.2, p. 29), I’'inégalité de Holder
et le lemme de Kronecker ( Lemme 1.1, p. 32), nous proposons un résultat qui généralise
le théoréme 0.3 (nous considérons une suite adaptée au lieu d’une martingale) avec moins
d’hypotheses.

C’est le résultat principal de cette partie.

Théoréme 0.4 (Theorem 1.6, p. 33) Soit (X,,)n>1 une suite de variables aléatoires a valeurs
dans R telle que (S, = Y."_ | Xi, Fn)n>1 est une suite adaptée et (Cy,),>1 une suite positive et
décroissante avec lim,_, 1 C, = 0. Soit A, o et B telle que oc > 1, 2 > 3 > 0 and A > 0.

Si pour chaque i > ig on a:
Q) i1 P <A,y coke2 < ach,
(i) ¥ CPE X 2% < o,
(iii) Y% Ck(E74Spr1 — Sk) < oo,
Alors
lim C,S, =0 p.s.
n—r—+oo

En utilisant le résultat de ce dernier théoréme, nous établissons trois applications de la LFGN:

* Laloi forte des grands nombres appliquée aux mils
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Avant de donner ce résultat, présentons d’abord un théoreme important due a [12] dans le

cas d’une suite de variables aléatoires indépendantes:

Théoréme 0.5 ([12]) Soit (X,,)n>1 une suite de variables aléatoires indépendantes a valeurs

dans Ly (F) et F, = 6(X1,X2,...Xn). Alors les assertions suivantes sont équivalentes
(i) (Sn =X} Xk, Fn)n>1 est un mil.
(ii) La suite (E(Sy))n>1 converge dans R.
(iii) (Sn = Lj_1 Xk, Fn)n>1 est un amart.

Dans ce contexte, en se basant sur ce résultat et les mémes techniques de la démonstration

du théoréeme 0.4, nous obtenons le résultat suivant:

Théoréme 0.6 (Theorem 1.8, p. 39) Soit (X,)n>1 une suite de variables aléatoires in-
dépendantes a valeurs dans Lﬁ%(a@). Soit .7, = o(X1,Xa,...X,) et supposons que (S, =
" 1 Xi, Fn)n>1 est un mil intégrable. Soit A, o et B telle que o0 > 1, 2 > 3 >0 et A > 0.

Si pour chaque i > ig on a:
(i) i1 P <, v c2eke2 < ach.
(ii) X CPE|X, 2% < oo

Alors

lim C,S,=0 p.s.

n——+-o0

* Loi forte des grands nombres et amart:

Dans la deuxieme application, nous établissons une relation entre la LFGN et amart. Mais
mentionnons d’abord la proposition suivante due a [43], qui donne une condition suffisante

pour qu’une suite de variables aléatoires soit un amart.

Proposition 0.1 ([43]) Soit (Z,),>1 une suite adaptée dans L% (Q, 7, P) telle que,
Esup|Z,| < H-eo.
n

Alors les deux assertions suivantes sont équivalentes:
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1. (Z,)n>1 converge presque siirement.
2. (Zy)n>1 est un amart.

Maintenant, nous proposons le théoréeme suivant :

Théoréme 0.7 (Theorem 1.9, p. 42) Soit (X,),>1 une suite de variables aléatoires dans
LL(F) telle que (Sp = Y"1 Xi, Fn)u>1 est une suite adaptée. Soit A, a et 3 telle que o0 > 1,

200> B > 0et A > 0. supposons que les conditions suivantes sont satisfaites.
(i) i1 P <, v c2ke2<ach, vi> i,
(ii) L7 CLE|X % < oo.
(iii) ;7 ChE|Xi| < +oo a.s.
Alors (C, X1 Xi, Fn)n>1 est un amart.

Le dernier résultat de cette partie concerne la LFGN pour les surmartingales multivoque.
Dans cette application, nous démontrons 1’existence d’une sélection intégrable de (S,),>1

telle que C, g, converge presque slirement.
* Loi forte des grands nombres pour les surmartingales multivoque.

Avant d’énoncer la loi forte des grands nombres pour les surmartingales multivoque, rap-

pelons la proposition suivante due a [37].

Proposition 0.2 (/37]) Soit (X,,),>1 une suite dans Lcl‘cb(R) (%) telle que

(Sn = Xj_1 Xk, Fn) est une surmartingale. Alors, S, peut se réécrire sous la forme
Se=Xi+ 4 s+t fu, [i€LR(F),(i>2).

En utilisant cette proposition et le théoreme 0.4, nous avons démontré le théoréme suivant:

Théoreme 0.8 (Theorem 1.10, p. 44) Soit (X,)n>1 une suite dans Licb(R)(‘g) telle que
(Sn =X} Xk, F,) est une surmartingale et (C,),>1 une suite positive décroissante avec
lim, 1 C, = 0. Soit A, a et B telle que o« > 1, 2a > 3 > 0 et A > 0. Si pour chaque i > iy

ona:
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G) > P <A,y c2okel < ACP.
(i) ¥ CPEIX 2% < o,
Alors 0€s—1iC,S, p.s.

Remarque 0.1 Ce dernier résultat peut étre vu comme une généralisation du théeoréme 0.4.

0.3 Convergence des espérances conditionnelles Pettis inté-
grables

La convergence des espérances conditionnelles des variables aléatoires (ou des ensembles
aléatoires) joue un role indispensable dans la théorie des probabilités notamment dans la
théorie des martingales, la géométrie stochastique, I’économie mathématique, I’optimisation
et le controle.

L’ objectif de ce chapitre est d’utiliser les outils récents établis autour des espérances condi-
tionnelles (voir [38], [33], [2] et [1]), pour prouver une extension des résultats de [82], [61]
et [18] dans le cadre de Pettis intégration. Plus précisément, nous étudions la convergence
au sens de Mosco de deux suites d’ensembles aléatoires EP"X et E®nX,, ol (B)n>1 est
une suite décroissante de sous-c-algebres de .7 et (X,),>1 est une suite d’ensembles aléa-
toires Pettis-intégrables a valeurs convexes et faiblement compactes d’un espace de Banach
séparable.

Donnons d’abord quelques notations et définitions nécessaires, par la suite.

On se donne un espace probabilisé (Q,.7, P) et un espace de Banach séparable E dont la
norme sera notée ||.||. Notons E* le dual de E. Soit (B,),> une suite décroissante de sous-
o-algebres de 7.

Etant donné un sous ensemble B dans cwk(IE), la fonction distance et la fonction d’appui de

B sont respectivement définies par:
d(x,B) = inf{||x—y[|,y € B}, (x€E).

0" (x*,B) =sup{<x",y>, yeB}, (x"€E").
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Pour chaque B dans cwk(E), on a
|B| = sup{|lx][, xcB}.

Une suite (A,),>1 a valeurs cwk(E) est dite Mosco convergente vers Ac € cwk(E) (voir.

[78]), etonnote M —limA,, = Aw S, A =5 —liA, =w—Is A, Ol
s—1liA,={y€E, y,—y, yn€A,, Vn>1}

w—IsA,={y€E, v ==y, y €Ay, k> 1},

oit (A, )k>1 est une sous suite de (A ),>1.
Une fonction mesurable g : Q — [E est dite Pettis-intégrable, si g est scalairement intégrable

(i. e. < x*,g > est intégrable ), en plus pour toute A € .7, il existe un x4 dans E, telle que
/ <x*,g>dP=<x",x4>, Vx* €E".
A

PL(F) désigne Iespace des fonctions .7 -mesurable et Pettis intégrables définies de (Q,.%, P)
dans E. L’ensemble aléatoire X : Q — cwk(E) est scalairement intégrable si, pour tout
x* € E*, la fonction 6*(x*,X(.)) est intégrable.

On dit que I’ensemble aléatoire X est Pettis intégrable, si X est scalairement intégrable et

pour toute A € .Z, il existe K4 € cwk(E) telle que
/ 5% (", X)dP = §*(x*,Ky), Vx* € E*.
A

Une fonction g de Q dans E est appelée sélection de X si pour tout @ € Q, g(w) € X (®). No-
tons S4¢(.F) I’ensemble des sélections .7 -mesurables et Pettis intégrables de X. L’ensemble

aléatoire X est dit Aumann Pettis intégrable si S¥(.F) # ¢ eton a

| xap={ [ sar.sesE ().

Nous noterons par P IE)( #) I’espace des multifonctions .#-mesurables et Pettis inté-

grables définies de (Q,.7, P) a valeurs dans cwk(E).
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Soit X une variable aléatoire dans LllE(gJ ) et 8 une sous o-algebre de .#. 1l est connu dans la
littérature (voir [82]) que I’espérance conditionnelle de X relative a 4 est I’unique variable

aléatoire Bochner intégrable et Z-mesurable vérifiant
/ E?XdP = / XdP, VA € AB.
A A

L’extension de ce résultat pour les ensembles aléatoires intégrablement borné est donnée par
([62]) comme suit;

Etant donnée une multifonction X dans Lcl‘wk(E) (%) et une sous-c-algeébre A de .7, alors, il
existe un unique ensemble aléatoire intégrablement borné de Q a valeurs dans cwk(E) qu’on

note EZX et satisfaisant aux propriétés suivantes:

Spax(B) = c{E”f, f € Sx(3)},

§*(x" EZX(.)) =EZ8* (x*,X(.)),

ou la fermeture est prise au sens de la norme dans %(ﬁ ). Avant de présenter les résultats
principaux de cette partie, nous rappelons les deux corollaires suivants; le premier est un
théoreme de type Levy et le deuxieme est connu sous le nom de théoréme de la convergence
dominée pour les espérances conditionnelles de variables aléatoires Bochner intégrables rel-

ativement a (%, ),>1 ou (%,),>1 est une suite décroissante de sous c-algebres de 7.
Corolaire 0.1 ([99]) Soit (#,)n>1 une suite décroissante de sous G-algébres de F et f €

LL(F), posons B = Ny>1PBn. Alors

lim EZf()=E?=f(.) p.s.

n——+oo

Corolaire 0.2 ([18]) Soit (#,)n>1 une suite décroissante de sous c-algébres de .F et posons
Boo = Np>1PBy. Si Y une variable aléatoire positive vérifiant EZ=Y € [0, 40 et (X,)n>1

dans LL(.F) telle que:
1. Vn>1,|X,| <Y p.s.

2. im0 X (1) = Xeo (L) pos.
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Alors
lim EZX,(.) = E%~X.(.) p.s.

n——4-oo

Apres avoir introduit tous les outils nécessaires, nous présentons maintennant les résulats
principaux de cette partie. Dans un premier temps nous donnons une extension du Corollaire
0.1 et du Corollaire 0.2 dans le cas de I’intégration de Pettis, puis nous généralisons ces deux

résultats aux ensembles aléatoires a valeurs cwk(IE) Pettis intégrables.
Théoréme 0.9 (Theorem 2.1, p. 53) Soit (%, )n>1 une suite décroissante de sous c-algébres
de F et posons Be = Ny>1%By. Soit f € PL(F) telle que E?=|f| € [0,+oo]. Alors

lim EZ f(.)=E?=f(.) p.s.

n—r—+oo

Théoreme 0.10 (Theorem 2.2, p. 54) Soit (%) n>1 une suite décroissante de sous G-algébres
de F et posons Be = Np>1By,. Si Y est une variable aléatoire positive vérifiant EZ=Y €

[0, +o0[. Soit (Xn)n>1 une suite dans P(F) telle que
1. Yn>1,1X%,(.)| <Y(.) p.s.
2. 1limy 4100 Xy (1) = Xuo(.) pos.

Alors
lim EZ"X,(.) = E%~X..(.) p.s.

n——-oo

Le théoreme suivant présente une généralisation du théoreme 0.9 aux ensembles aléatoires

Pettis intégrables a valeurs dans cwk(E).

Théoreme 0.11 (Theorem 2.3, p. 55) Soit X un ensemble aléatoire Pettis-intégrable défini
de Q dans cwk(E) et (B,),>1 une suite décroissante de sous c-algébres de .. posons
Boo = Ny>1By. Si EP=|X| € [0, +oo], ona

M — lim E®"X(.)=E®=X(.) p.s.

n—o0

[1] ont démontré le méme résulat que le Théoréme 0.11 dans le cas ot (B,),>] est une suite

croissante de sous o-algébres de ..
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Maintenant, nous donnons une nouvelle version du lemme de Fatou pour I’espérance condi-
tionnelle d’un ensemble aléatoire Pettis intégrable et a valeur dans cwk(E). Ce théoréme peut
étre vu également comme une généralisation du Théoreme 0.10 ou comme une extension du

théoreme 4.6 dans [36].

Théoréme 0.12 (Theorem 2.4, p. 56) Soit (%, )n>1 une suite décroissante de sous c-algébres
de F. Posons B = My>1By. Si Y est une variable aléatoire positive vérifiant E®-Y ¢
[0, +o0[ et (X )n+U{ 4o} €St une suite d’ensembles aléatoires Pettis intégrables a valeurs dans

cwk(E) telle que
1. Vn e N*U {4}, [X,(.)] <Y(.) p.s.
2. Xoo(.) Cs—1i Xu(.) p-s.

Alors
E®*X.(.) Cs—LE®X,(.) p.s.

Le dernier résultat de cette section est la Mosco convergence de 1’espérance conditionnelle

d’une suite d’ensembles aléatoires Pettis intégrables a valeurs dans cwk(E).

Théoreme 0.13 (Theorem 2.5, p. 58) Soit (%By)n>1 une suite décroissante de sous G-algeébres
de F. Soit Boo = Ny>1B. Si Y est une variable aléatoire positive vérifiant EX=Y € [0, 4-oo|
et (Xn)N+U{4eo} €St une suite d’ensembles aléatoires Pettis intégrables a valeurs dans E telle

que
1. Vn e N*U {4}, |X,(.)| <Y(.) p.s..
2. Xo.) Cs—1i X,(.) p.s.
3 limy 10 0 (X", X, (L)) = 6% (X", X (L)) p.s. Vx* € EX.
Alors

M— lim E®'X, =E®*X. p.s.

n— oo
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0.4 Loi forte des grands nombres pour les multifonctions

Pettis-intégrables

L’ objectif de cette partie, est de prouver la LFGN pour les ensembles aléatoires indépendants
Pettis intégrables et a valeurs convexes faiblement compactes. Dans ce contexte, nous dé-
montrons que pour une suite d’ensembles aléatoires indépendants Pettis intégrable donnée,

il existe une suite décroissante (°8,),>1 de sous c-algebres de .7 telle que
S
— = E®X,
n

de sorte que la loi forte des grands nombres pour la suite (X;,),>; soit équivalente a la con-
vergence de la martingale inverse (E Buy, Yn>1-

Il est bien connu dans la littérature que le théoréme classique de la loi forte des grands nom-
bres est une conséquence d’autres théoremes ([95]) comme le théoréeme de convergence des
martingales inverses ([29]) et le théoreme ergodique de Birkhof, en relation avec ce travail il
est important d’indiquer un article de [99].

Avant de présenter les résultats essentiels de cette section, nous donnons quelques notations
et rappels qui seront utiles par la suite.

Soit (Q,.7, P) un espace probabilisé et E un espace de Banach muni de sa tribu borélienne
A(E). La norme de E sera notée par ||| et notons E* son dual. Soit (B,),>1 une suite
décroissante de sous-c-algebres de .. Notons que 1’espace des fonctions .% -mesurables et

Pettis intégrables Pbl(ﬁ ) peut étre muni de 1’une des topologies suivantes:

* La topologie de la norme de Pettis

gllpe = sup [ | <x",g>|dP.
X*GBE*

* La topologie induite par la dualité (P} (X),L” ® E*). Rappelons qu’une suite (g, ),>1

dans PL(X) converge vers g au sens de cette topologie, si pour chaque h € L™(.%) et
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pour tout x* € [£*, on a

lim | h(®)<x",gn(®w)>dP :/ h(o) <x*,g(®) > dP.
n—-+ JO Q

Cette derniere topologie est connue sous le nom de la topologie faible de 1’espace Pé(ﬂ ).

Il faut signaler que ||.|[p. et ||.||; sont équivalentes sur LIL: si est seulement si [ est de

dimension finie (p. 14 dans [29]) et sur P} la norme ||.|[p, est équivalente & la norme

g — supse 7 || [y 8dP| (175D.

La tribu d’Effros ‘B sur I’ensemble des parties convexes et fermées de E est engendrée par

les parties de la forme

U ={F€cc(E)/FNU # 0},

dont U parcourt I’ensemble des ouverts de E. La mesurabilité de X est donc relative a cette
tribu. On peut définir une tribu sur I’ensemble des parties convexes et faiblement compactes
de E, appelée la tribu trace de B sur cwk(E), cette tribu est engendrée par les parties de la
forme {cwk(E)NB/B € B} et sera notée par &.

SoitI': Q — cc(EE) une multifonction mesurable, la distribution de I" sur I’espace mesurable

(cc(E),*B) est définie par:
P-(B)=P(I'"'(B)), VB € B.

Deux multifonctions mesurables I and A sont dits indépendantes si, 1’égalité suivante est

satisfaite

Pray=Fr@PFa.

Pour plus des détails sur I’'indépendance des multifonctions nous renvoyons le lecteur aux
travaux de ([52]).
Avant de pésenter, le résultat principal de cette partie. Nous donnons une proposition qui

démontre la linéarité de I’espérance conditionnelle d’un ensemble aléatoire Pettis intégrable.

Proposition 0.3 (Proposition 3.3, p. 72) Soient X et Y deux multifonctions mesurables et

Pettis intégrables a valeurs dans cwk(E). Soit B une sous 6-algébre de F telle que E*|X| €
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[0,4-00[ et EZ|Y| € [0, 4-00[. Alors
EZ(X+Y)=E®X+E®Y p.s.

En utilisant le lemme de factorisation de Doob et le théoreme classique de transfert, nous

prouvons le résultat suivant:

Théoreme 0.14 (Theorem 3.3, p. 73) Soient X etY dans Pclwk(E) (), Z une variable aléatoire

a valeurs dans un espace mesurable (L,T') telle que (Z,X) et (Z,Y ) ont la méme distribution.

Si E°A)|X| € [0, +oo] et ECP)|Y| € [0, +oo]. Alors
EDX(0) = E°PYY(0) p.s.

L’extension de ce dernier résultat est donnée en [17] pour les ensembles aléatoires convexes
fermés Bochner intégrables et dans [99] pour les ensembles aléatoires indépendants iden-
tiquement distribués toujours Bochner intégrable.

Nous aurions également besoin du théoreme classique suivant ([75]).

Théoreéme 0.15 (Theorem 3.4, p. 75) Soient ®; et P, deux sous c-algébres de ¥, ® =
o (D1, D)) est la o-algébre engendrée par Oy et @, et soit f| une fonction réelle intégrable

et mesurable. Si f| et @ sont indépendantes de ®,. Alors
E®fi(0) =E® fi(@) p-s.

Maintenant, nous présentons le théoreme principal de cette partie:

Théoréme 0.16 (Theorem 3.5, p. 75) Soit (X,)n>1 une suite de multifonctions mesurables
et indépendantes dans Pclwk(IE) (3).
Soient Sy =X1 + X2+ X3+ ... + X, By = 0(Sn, Xnt1, X125 ), Boo = Ny>1B, telle que les

conditions suivantes soient satifaites:
(i) vn,Vj e {1,2,...,n}, (Su,X1) et (Sn,X;) ont méme loi.

(ii) Vn,Vj € {1,2,....n}, E®n|X;| € [0,+o0].
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Alors, nous avons les affirmations suivantes:
1. Vn,¥j € {1,2,..,n}, EOSIX;(.) = ESIX;(.) p.s.
2. EBnX () =E°S)X () p.s.

30 M —limy e 30 = M —limy e E®7X,(.) = E®=X,(.) = [Xi(.) dP p.s.

0.5 Applications de loi forte des grands nombres

Les méthodes de Monte-Carlo constituent une application tres riche de la loi des grands
nombres. Ces méthodes se caractérisent par I’ utilisation du hasard ou des procédés aléatoires
pour résoudre des problemes centrés sur le calcul d’une valeur numérique.

L’idée de la méthode Monte-Carlo est de mettre la quantité recherchée sous la forme d’une
espérance de variable aléatoire, c’est souvent simple (calcul d’intégrale par exemple) mais
peut étre plus compliqué (équations différentielles stochastiques). A I'issue de cette étape,
il reste a calculer une quantité de la forme E(X), c’est a dire I’espérance d’une variable
aléatoire X. Pour calculer E(X), il convient de savoir simuler une variable aléatoire selon la
loi de X. On dispose alors d’une suite (x;);>; de N réalisations de la variable aléatoire X,
puis d’approximer cette quantité en utilisant la loi forte des grands nombres. Nous pouvons
résumer cette méthode en trois étapes, premierement nous écrivons la solution de probleme
traité sous la forme d’une espérance d’une variable aléatoire simple a simuler. Ensuite,
nous devons calculer une quantité de la forme E(X) ol X est une variable aléatoire. Nous
supposons que 1’on sait simuler une suite de réalisations (x;); de X indépendantes suivant la

méme loi que X. Nous simulons donc cette suite, puis nous approximons E(X) par :
1
;(xl +x24... —i—xn).

La qualité de cette approximation dépend directement de o2, la variance de la quantité
a calculer. Afin d’améliorer cette approximation, plusieurs méthodes dites de réduction
de variance se sont développées. Trois d’entre eux sont les plus utilisées; la méthode de
I’échantillonnage préférentiel, la méthode de la variable de contrdle et la méthode des vari-

ables antithétiques.
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Dans le but de comparer ces trois méthodes, nous proposons un exemple d’application dont

nous souhaitons estimer la quantité C suivante:
C=E[(e°—1)4].

Ou G est une variable aléatoire de loi normale centrée réduite. La quantité C provient de la
formule du prix de I’option a 1’équilibre, voir la formule (4.6) la section 4.4. Nous calculons
cette quantité 1000 fois avec les trois méthodes de réduction de variance ainsi qu’avec la
méthode de Monte-Carlo sans réduction de variance. Avec les résultats obtenus nous tragons

le boxplot comparatif des différentes méthodes.
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Figure 1: Boxplot comparatif des différentes méthodes

Nous voyons sur ce boxplot I’intérét d’utiliser une méthode de réduction de variance, en

effet, en utilisant I’une de ces méthodes nos calculs de C sont beaucoup plus précis.
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General introduction

Let (X,),>1 be a sequence of random variables defined on a probability space (2,.#,P) and
put S, =Y" ,X;forn> 1. Let (a,),>1 and (b,),>1 be sequences of real constants such that
(bn)n>1 1s an increasing and positive sequence that converges to c. We say that the sequence
(Xi)n>1 satisfies the strong law of large numbers (SLLN) with centering constants (a,),>1

and norming constants (by,),>1 if

Sn - an
by

— 0 a.s. ()

The strong law of large numbers has been extensively studied in the literature, for its effec-
tiveness it continues to play an important role in probability theory, especially in probability
limit theorems and in statistics, areas of economics and insurance.

Generally, we may distinguish two types of strong laws of large numbers. The first one is the
strong law for independent identically distributed (i.i.d.) random variables, and the second
is for independent random variables with the same mean and some L”-norm conditions. The
first type of strong law is generally valid for Banach space valued random variables. On
the other hand, the second type of strong law for Banach space valued random variables is
not necessarily valid and is closely connected with some geometric conditions of a Banach
space.

There are two famous SLLNs for a sequence of independent identically distributed ran-
dom variables: The Kolmogorov’s SLLN and Marcinkiewicz—Zygmund SLLN (p =1 and
1 < p < 2, respectively) state that E|X;|” < e if and only if the relation (2) holds with

1
a, = ES, and b, = nr. For a sequence of independent and not necessarily identically

22
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distributed random variables, Kolmogorov states that )~ , \/a;_(zx,,) < oo implies (2) with

a, =FES,.

([34], [35]) showed in an elementary way that in the classical SLLN of Kolmogorov, the
condition "independent and identically distributed (i.i.d) random variables" can be replaced
with the condition "pairwise independent and identically distributed random variables". [27]
proved, by a novel extension of arguments of [34], an analogue of the Kolmogorov’s SLLN
for pairwise independent random variables. On the other hand, [66] have obtained the SLLN
for a certain class of uniformly integrable random variables which are also pairwise indepen-
dent.

Over the last years, many authors have presented SLLN discarding the independence as-
sumption of the random variables (see [21], [71], [87], [69]), [28], [65] among others).

[23], [10], [37], [49], [50], [48] showed various generalizations of the SLLN, where the se-
quence (X,),>1 is a random adapted sequence with values in Banach space instead of real
random variables.

In recent years, the theory of random sets has been extensively studied because is both im-
portant theoretical (since they generalize random variables and random vectors) and practical
(since they represent geometrical objects in certain models of growth). ([88], [89]) appeared
to be the first author who provided the concept of random sets, and his early works inves-
tigated the relationships between random sets and geometric probabilities. Later, [63] and
[73] provided a comprehensive mathematical theory of random sets which was greatly influ-
enced by the geometric probability prospective. Their proposed framework exerted a strong
influence on the limit theorems developed in recent decades.

With the development of the theory and application of random sets (see. [9], [62], [68],
[73], [18], [52], [53], [38], [55]), several variants of SLLNs were built. Among them. A
multivalued strong law of large numbers was first proved by [7] for independent, identically
distributed (i.i.d) random variables whose values are compact subsets of R?. This strong
law with the Hausdorff distance convergence has been extended by several authors (see [26],
[51], [60] and [40]) and was recently completed in [5], [85] and [6].

With the development of the Pettis integral theory which is more general then de Bochner in-

tegral and the recent proof of the existence of the conditional expectation of random vectors
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and random sets provided by several authors (see. [79], [55], [38], [4], [33], [1] and [2]). It
is interesting to state SLLN in Pettis integration.

The aim of this work is to propose a new results of the strong law of large numbers whether
in the case of Bochner and in the case of Pettis integration, and to present some of its ap-
plications. In the first, the relation between the SLLN and the adapted sequences is given,
we also, prove some convergence of conditional expectation Pettis integrable. Finally, we
propose a new result of strong law of large numbers for random sets Pettis integrable. In this
context several auxiliary results are showed.

Our Contribution is organized as follows:

Chapitre 1- SLLN for adapted sequences and application to multivalued su-
permartingale: In this chapter, we propose a new result of the SLLN for an adapted se-
quences. And in the last section of this chapter we establish the relation between SLLN and
amart. Finally we prove the SLLN for mils and set valued supermartingales.

Chapitre 2- Mosco convergence of conditional expectation for sequences of
Pettis integrable random sets: In this chapter, we prove the convergence of the con-
ditional expectation for sequences of Pettis-integrable vector valued random variables. We
state a new version of type Levy theorem for a decreasing sequence of sub-c-algebras and
dominated convergence theorem in Pettis integration. At the last section of this chapter, we
present the almost sure Mosco convergence of Pettis-integrable random sets (E®7X),,>; and
(E®"X,,)u>1, where (88,,),> is a decreasing sequence of sub-c-algebras of § and (X,),>1
as well as X are the convex and weakly compact Pettis-integrable random sets.

Chapitre 3- SLLN for Pettis integrable random sets: In this chapter, by using
the property of Pettis integrable reversed martingale stated in chapter 2, we prove the SLLN
for Pettis-integrable multifunctions with convex weakly compact values. Which generalise
the concept of Bochner integrable random sets.

Chapitre 4- Simulation and Monte Carlo Methods: In this chapter, we present the
Monte Carlo method and its application to evaluate option pricing. At the last section of this
chapter, the addresses issues of simulating random sets and application to reliability analysis

are presented.
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Chapter 1

SLLN for adapted sequences and

application to multivalued supermartingale

1.1 Introduction

There are two main types of strong law of large numbers (SLLN) for random variables. The
first one deals with independent and identically distributed random variables. See for exam-
ple [34], [67], [44], [83]. And the second is concerned with independent random variables
with some additional conditions (see. [23], [37], [77], [22]) and so on. In this chapter, we
are interested in second type of strong law of large numbers. This chapter is organized as
follows.

In section 2, we recall some definitions and results that will be used after. In section 3, we
prove the SLLN for an adapted sequence which extends SLLN for martingale. The last sec-
tion of this chapter establishes the relation between SLLN and amart and provides the SLLN

for mils and set valued supermartingales.

1.2 Notations and preliminaries

Throughout this paper, we assume that (Q,.%,P) is a probability space, (.#,),>1 is an in-
creasing sequence of sub-c-algebras of .#, (C,),>] is a decreasing positive real sequence

that converges to 0. Let [E be a Banach space, we denote by cch(R) (resp. cchb(E)) the family

25



1.2-NOTATIONS AND PRELIMINARIES 26

of all nonempty closed convex and bounded subsets of R (resp. closed convex and bounded

subsets of E).L% (%) (resp. L! ®) (7)) is the set of all .#-measurable and integrable ran-

cch

dom variable from Q to R (resp. is the set of all .#-measurable and integrably bounded
random set from Q to cch(RR)). Let us recall some definitions and results that will be used in

the sequel.

Definition 1.1 Let (X,),>1 be a sequence of random variables defined from Q to R, let
(Zn)n>1 be an increasing sequence of sub-c-algebras of F. (Xn, Fn)n>1 is an adapted

sequence if, for all n > 1, X, is #,-measurable.

Definition 1.2 An adapted sequence (X, F)n>1, such that, foralln > 1, X, € Lﬁ%(ga )is a
martingale ( resp. supermartingale, resp. submartingale ) if, foralln> 1, E 7 "Xpi1=Xpa.s.

(resp. foralln > 1, E‘%X,Hl <X, a.s., resp. foralln > 1, E7n w1 > Xn a.s.)

Definition 1.3 An adapted sequence (X, Fp)n>1 in Lﬁ%(gf ) is an amart, if

limsup [ |[E7°X; —Xs|dP=0, 7t,0€T.
Q

S >0
Where F5={A¢c F/AN[o=n]€ %, Vn>1}.

Definition 1.4 An adapted sequence (X, Fn)n>1 in Ly (F) is a mil, if

limsup |[E7" X, — Xu| =0 a.s.

m p>m
Definition 1.5 (//9])

o A set valued function X : Q — 2F\ {0} is measurable, if for every open subset U of E
X LU)={wecQ/X(0)NU # 0}

is an element of F. A measurable multifunction is called a random set.

* A measurable function f from Q to E is called a selection of X, if f(w) € X(®) for
any ® € Q. We denote by Sx (-7 ) the set of all .7 - measurable selection of X. It is well

known that every measurable random set X with values in cc(E) admits at least one
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1.2-NOTATIONS AND PRELIMINARIES 27

measurable selection. Furthermore, a function X : Q — cc(E) is measurable, if, there

is a countable family of measurable selections (fy)n>1 such that, for each @ € Q

X(0) ={/fu(w),n €N},
where the closure is taken with respect to the norm in IE.

e LetC e ZE\{Q)}, the support function and radius of C are defined as follows:
s (xx,C) = supyec < Xk,X >,

ICl = supxec || x| -
* A random set X is integrably bounded, if |X (.)| is integrable.

* A random set with values in cc(E) is integrable if S)l( = 0, the Aumann integral of X is

defined by
/XdP _ {/ FdP,f € SL(F)}.
A A

Definition 1.6 A sequence (X,),>1 € Lcl_cb(R)(ﬁ’ ) is a multivalued supermartingale (resp.
submartingale multivoque) if, X,, € Llcb(R) (F) and E7" X,y 1 (0) C X, (@) (resp. E7" X, 1 (0) D

X, (®)) for all n > 1 and almost surely @ € Q.

Definition 1.7 ([//4])

Let (A;)n>1 be nonempty sets in E.
s—liAp={x€Ex,—x, x, €A,,Yn>1}.

w—IsA,={yCE, ypy ==y, W €A, ,Vk>1},
where (A, )k>1 is a subset of (Ap)n>1.

One of the first classical results on the SLLN is Kolmogorov’s strong law of large numbers
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Theorem 1.1 ([64]) Let (X,,)n>1 be a sequence of independent and identically distributed
random variables with values in R, such that E(X;) < eo. Then

S,
lim — =E(X]) a.s.

n——+e n

The extension of the Theorem 1.1 in the case of random variables independent but not iden-

tically distributed is given by the following theorem

Theorem 1.2 Let (X,),>1 be a sequence of independent random variables with values in R

such that E(X;) = 0 and E(X?) <M Vi>1et M € R. Then

. n
Iim — =0 a.s.
n—+o n

[25] proved a SLLN under the condition

+oo E|Xk‘2a

L e <

k=1

Theorem 1.3 ([25]) Let (X,,)n>1 be a sequence of independent random variables with values

in R such that E(X;) =0 Vi > 1 and

+o0 E|Xk‘2a

Z ka+1 < %,

k=1

for some o0 > 1. Then

. n
Iim — =0 a.s.
n—+o n

[23] proved the following inequality

Proposition 1.1 ([23]) Let (Xy, % )k>1 be a submartingale in LIIR and (Cy)x>1 be a positive

decreasing sequence to 0, then for all € > 0 and m > 1, we have

m
P X, >¢e|<CEXT E(X;"— X,
€ [lfgnkagmck k> €] <CLE( 1)+1<22Ck (X 1)

where X;" = max(X;,0).
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Using the same Chow’s techniques, we prove an another version of the previous proposition

that will be used in the proof of the main result.

Proposition 1.2 Let (Xi, %y )i>1 be a martingale in Lﬁ@ and (Cy)x>1 be a positive decreasing

sequence to 0, then for all € >0, o« > 1 and n > 1, we have

sP[Tng§“|Xk|2“ > el SCUEIX %+ Y, CRUE(IX]** — X1 ]*%),
zn k=n+1
Proof Let A= {maxy>,C%X,|** > ¢},
and Ay = {C?*|X,|** > € and forall j > k; CJZ-O‘|XJ'|2“ < €}, then A =U;>, Ak
Therefore

eP(A)=¢ Y P(4) < ¥ / X, [2%aP
k=n k:n Ak

<c / X, [>%dP + ) c / X, |**dP
An k=n+1 Ak

< CHE|X,|** — 2 /Q y 1X,|**dP+C2%, /A X,11|?%dP + ) e /A X |*“aPp.
n n+l k=n-+2 k

On the other hand, we have
Q\An - A,H_l U Q\An UAI’H—I

Then
£P(A) < C2UE|X, 2% — C2 / X, 24P+ C2%, / X 1[2%dP—
Q\A, Q\A,

_CZOt / X IZadP+ CZOC/ Xk 2adP.
O AR Ve o)

SCUERLUECE [ K~ ap-

n

_CZOC / X 1 2adP+ CZ(X/ Xk ZOCdP
i Q\AnUArH»l‘ il k—giz g Ak| |

< B+ CRAE (X P = X = €% [ X P2 = X, PP~

_CZ(X / X 2adP+ CZOC/ X 2(XdP
n+1 Q\AnUAn+1| n+1| k;ﬂ k Ak| k|
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And by the submartingale proprety, one has [ |Xn+1 2% — |X,|>**dP > 0 then

P(A) < CLUEN P+ CEE (ot PP =Gy [ X Pap
n 1

+Co%s /A X0 12| **dP +
n+2

Y /A | X |**dP.
k

k=n+3
And since

Q\An UAn+1 - An+2 U Q\An UAn+1 UAn+2.

Therefore

P(A) < CRUEI P+ RN EXua P~ P =Gl [ K PP
n 1

+C2%, / X, 12| *%dP — C2%, / X0 |*%dP + c* / X |**dP.
i Q\A,UA 1 " " Q\AUA, 1 UA, 2 " k;ﬁ

Then
£P(A) < C2UEIX, P + A (X 11 P = %) + G (o2 — X 1)
GO [ WP Xy PUdp -l [ Xy i2PdP+
AnUArH—l Q\AnUA,H_l UAn+2

Y [ ppear
Ay

+C%s /A [Xuy3[2%dP +
n+ k=n+4

And by the submartingale proprety, one has C%ffz fAnUAn+1 X022 — [Xpi12%dP > 0 and

since
Sz\AnLJAn+1Lh4n+2::14n+3LJSZ\4nLL4n+ILh4n+2th4n+3~
Then
eP(A) < CUE X + R E (X1 P — X 2) + CROE (Xosa P — X1 )+

Ca3E (1 X3 = [Xugal**) - ¥ Xpy3*%dP+ Y C,f“/A | Xi[**dP.
k

% [
Q\ARUA,+1UA,12UA, 13 k=n-+4
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Proceeding in the same manner, we obtain the desired result

ePmaxCP* X, [** > €] < CIUE|X, "%+ Y CRUE(IXi*™ — |Xe—1]**).
k=n k=n+1
[23] extended the SLLN of [25] to martingale and furthermore C,, instead of }l, where (Cy,),>1

is a positive decreasing sequence such that lim,,—, ;. C, = 0.

Theorem 1.4 ([23]) Let (X,,)n>1 be a sequence of random variables with values in R such
that (S, =Y. Xi, Fn)n>1 is a martingale and let (Cy,),>1 be a positive decreasing sequence
such that lim,,_, . C,, = 0. Let A, a et B such that o« > 1, 20t > 3 > 0 and A > 0. If for every

i > ig one has:
(1) E|Si|P* <AE(Yi_, X}
@) @12 P <Ay c2oxe2 < ACP.
3) L7 CPEIXG[** < .
Then
lim C,S, =0 a.s.
n——oo

[10] proved an another version of theorem 1.3. This result can be seen as a special case of

the theorem 1.4 (C,, = % andB=oa+1).

Theorem 1.5 Let (X,),>1 be a sequence of random variables with values in R such that

(Sn =X Xi, Fn)n>1 is a martingale. If the following condition is satisfied

+o0 E|Xk‘2a

Z kOH—l

k=1

< oo

Then

.S
lim 2 =0 a.s.
n—+e° n

[15] proved the following proposition
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Proposition 1.3 (//5])
Let 1 < a0 < oo, then there exists two positive constants Ay and By such that, for all integrable

martingale (Xn, Fn)n>1 in L (F), we have
1 o i a
E(Y, ) < EXa|* <BaE(} dg)*,
k=1 k=1
where dk = Xk _Xk—l and dl = Xl.

Before giving our main results, we first recall the following lemma, which will be used later

on.

Lemma 1.1 (/70])
If (xp)n>1 is a real sequence such that the series Y. x, converge to l finite and (b,),>1 is a
positive increasing sequence to +o. Then

lim — Z bixy = 0.

n—+o p

Proof Let S, =Y _,xx et S =Y Xk then there exists an integer N such that, for every

And by the Abel’s transformation, we have

1 i 1l
— Y b =Sy — = ) (b1 —bi)Sk
b, = b, n =l
1 N—1 1 n—1
=5n— - (b1 — br) Sk — . Y (b1 — bi)Sk
n =l n =N
1 N-1 n—1 1 n—1
=Sn— - Y (i1 =bi)Sk— = Y, (brsr —bi)S = Y (biyr — bi) (S = S)
n =1 n =N n (=N
1 N—1 S 1 n—1
=Sy — = Y (bir1 = i) Sk — = (bn —bn) + = Y (bar1 —bi) (S — Sk)
by, k=1 by, bn k=N
1 N—1 1 n—1
= (Su—S8)+—[bNS— Y (brs1 —bi)SK]+— Y (b1 — bi) (S — Sk)
by k=1 bn k=N
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And since, when n tends to infinity, the three above terms converge to 0. Therefore

1 n
’b— Z bkxk] — 0.
n k=1
Lemma 1.2 ([31]) Let (Xg, Zk)i>1 be an adapted sequence in L]}%(f ). There exists two
adapted sequences (Yi, F)i>1 and (Zy, F)i>1 in Lﬁ%(ﬁ) such that, for all k > 1,X; =
Yi + Zy where (Y, Fi)i>1 is a martingale and Z is Fy_1-measurable for all k > 2 and

Z1 =0. (Z, Fi)k>1 is named predictable sequence.

Lemma 1.3 ([57]) Let E be a Banach space, any multivalued supermartingale (X;,),>1 with
values in cc(E) admits at least a martingale selection (i.e. there exists a function f, such

that EZ» f, | = f, and f,(®) € X, (), for all n > 1 and almost surely ® € Q).

1.3 Strong law of large numbers for adapted sequences

The following result proves SLLN for adapted sequence, which extends the Theorem 1.4.

It is the main result in this section.

Theorem 1.6 Let (X,,),>1 be a sequence of random variable with values in R. Assume that
(Sn=Y" 1 Xi, Zn)n>1 is an adapted sequence and (Cy)n>1 is a positive decreasing sequence
such that lim,_, 1C, = 0. Let A, o and B such that o« > 1, 2a > B > 0 and A > 0. If the

Jfollowing conditions are satisfied

Q) i 1P <A,y o2 < ACP i 1.
(i) ¥ CPE (X% < oo,

(i) X CL(E7*Spi1 — k) < oo,

Then

lim C,S, =0 a.s.

n—r—+oo
Proof Since (Sy,-Zn)n>1 is an adapted sequence, then by [31], there exists a martingale

(Yn, Fn)n>1 and a predictable sequence (Z,,.F,)n>1, such that,

vn>1,8,=Y,+7,,
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where, S1 =Y, Z; = 0.
On the other hand,

Yn+1 Y, = n+1 — Eﬁn (Yn-H) = Sn+1 _Zn-H _E% (Sn+1 _Zn+1 )
Moreover (Zy)n>1 is a predictable sequence, so
E7r (Zni1) = Zn11,

therefore

Yn+1 - Yn — On+l1 _Egzn(SnJrl)~

Proceeding in the same manner, we have
Zoit — Zn=E7"(Zyi1) = Z = E7"(Spi1 = Yui1) — (Su— Vo),
by using the fact that (Y,),>1 is a martingale, we obtain
Zni1 —Zn = E7"(Spi1) — Sp.

* We prove that lim,_, 1 C,Y,, =0 a.s.

Since (|Yy|, Zi)k>1 is a submartingale in Ly (F ), then by [23], we have

m

eP[ max G|Yi| > €] <CiE|V1|+ Y GE(|Vi| — Vi)
1<k<m )

On the other hand (|Yi|**, Zi)k>1 is a submartingale in L}, (F), then

e2P[supCi|Yi| > €] = e2“Psup Ci*| Vi [** > *]
k>n k>n

SGUEY+ Y, QUE(V* — Yot %)
k=n-+1
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So, we have to prove that

hm C2aEY 2OC+ CZOCE Y 2(1_ Y, 20 —
aul 4 k_Zn‘,H i E(|Yl Yi—1]7)

Also by [15], there exists a constant M > 0 such that

k
E|Y** <ME(Y. (Y;—Y,_1) (1.1)
=1

~.

On the other hand, by Holder’s inequality, we have

k
E(Y. (Y=Y 1)*)* <k* 1EZY Yip)*. (1.2)
i=1
Therefore
/(Yn—Ynl)zo‘dP:/ Y, — Y1 [>%dP
Q Q
:/Q|(Sn—sn1)—(Zn—zn1)|2“dp
g/Q(|Xn!+|Zn—Zn1|)2°‘dP=/Q(|Xn|+\EF"lSn—Snly)zo‘dP
We obtain
/Q|Y,Z—Yn1|2°‘dP§22“_1(/Q(|Xn|2“—|—EF"1|Sn—Sn1|2“)dP)
=260 [ (%2 + [ [Su=S,1)aP)
Q Q
:2206(/ \Xn\za)dP
Q
So

k k
ZY Yi1)?* <2%E(Y [X:[%) (1.3)
i=1 i=1

Hamid Oulghazi - Contribution aux théorémes limites en probabilités: loi forte des grands nombres et simulations.



1.3-STRONG LAW OF LARGE NUMBERS FOR ADAPTED SEQUENCES 36
then, by combining (1.1), (1.2) and (1.3), we obtain
k
E|Y** < 22*Mk*'E(Y |Xi*%) (1.4)
i=1
According to the first condition of Theorem 1.6 and (1.4), we obtain
k
CIUE|%|** < M2**ACPE(Y [Xi[**) (1.5)
i=1
So, by using the second condition of Theorem 1.6 and Lemma 1.1, we obtain
lim CIE|Y|** = (1.6)
k—~-o0
On the other hand, we have
Y CE(IV* — Y [*%) < Z (CF* — CRY)E Y[ *
k=1 k=1
oo k
Z k+1 2206Mka IE(Z’Xi‘za)
k=1 i=1
<M2**(Y EIX;[** Y (CR* — CR¥ k> (1.7)
i=1 k=i
and
Y (CR - CR = I Y R (o 1) k)
k=i k=i+1
<i*ICR%+ Y CR¥ Ak 2
k=i+1
So, by the condition (i) and (ii) of Theorem 1.6, we obtain
Y (G~ 2%k ! < ACP +AAq.CP
k=i
< (1+Ag)ACP (1.8)
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Again by (1.7) and (1.8)
Y CRUE(I%[2* — % 1[?%) <M22*(1 +Aq)A Y. CPE|X;[ (1.9)
k=1 i=1

So, by the condition (ii) of Theorem 1.6, we obtain

Y CRUE(|Y* — Y1 [*%) < oo, (1.10)
k=1

And by (1.6) and (1.10), we have

lim C22E|Y,*+ Y CPE(G** — %t **) =0

Therefore

lim C,Y, =0 a.s. (1.11)

n—r—+oo

* Showing that lim,,_, . C,Z, =0 a.s.

Since
n—1 n—1
CaZu| = CalZy| = Co| Y (Zisr — Zi)| = Cul Y (EF*Sj1 — Sk)| (1.12)
k=1 k=1
Then by using (1.12), condition (iii) of Theorem 1.6 and Lemma 1.1, we obtain

lim C,Z,=0 a.s.

n—4-o0

Therefore
lim C,S, = lim C.)Y,+C,Z,=0 a.s.
n—r+oo

n—r+oo

Remark 1.1 In the previous theorem, if (S, = Y."_; Xi, #n)n>1 is a martingale, the condition

(iii) is omitted.

As immediate result we get the following corollary.
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Corollary 1.1 Let (X,),>1 be a sequence of random variable with values in R. Assume that
(Sn =X Xi, Fn)n>1 is a martingale and (Cy),>1 is a positive decreasing sequence such
thatlimy,_, 1 C, =0. Let A, @ and B such that « > 1, 2ot > B > 0 and A > 0. If the following

conditions are satisfied

@) i1 P <A,y coke 2 < AcP i1,
(i) Y7 CPEIXG* < o.

Then

lim C,S, =0 a.s.

n——+oo

1.4 Applications

1.4.1 Strong law of large numbers for mils

In the first application, we establish the SLLN for mils. Before that, let us present an useful

theorem (see. [12])

Theorem 1.7 Let (X,),>1 be a sequence of independent random variable in Ly (.F). the

following statements are equivalent
(i) (Sn=X}_ Xk, Fn)n>1is a mil.
(ii) The sequence (E(S,))n>1 converges.
(iii) (Sn = Yj_1 Xk, Fn)n>1 is an amart.

Proof * Showing that (i) < (ii)

For every m < n, we have
E7nS,— S =E7"(Sy+ (Sp—Sm)) — Sm = E7"(Sp— Sp),

Then
E7nS, — S =E7"(Xpi1 +Xmyz+ ..+ X,) =
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=EXpt1+Xni2+ ... +X,) =E(Sp) —E(Sim).

Therefore
E7nS, — Sy =E(Sp) —E(Sp). (1.13)

Then by (1.13), it is easy to see that the statements (i) and (ii) are logically equivalent
* Showing that (iii) = (if)

Since (Sp =Y} Xk, Fn)n>1 1s a real amart , then

lim /\E‘%”Sn —Su| =0 a.s.

n>m—oo

So by (1.13) limp>m—e |E(Sy) —E(Sm)| =0 a.s. Then (E(Sy))n>1 is a Cauchy sequence in

R. Therefore the sequence (E(S,)),>1 converges.
* Showing that (ii) = (iii)

LetY, = Sy + Y5, 1 E(Xk) = Su+Zy, for every n > 1. On the other hard, one has

E7Yyi1 =E7"(Sp+ Y, E(X))
k=n-+2

o5}

=Sy +E7 X1 +E7 (Y E(Xy)) =
k=n-+2

=S+ Y, E(Xx) =Y.
k=n+1
This implies that (Y,,.-%y)n>1 is a martingale and since Z, —p—00 0. Then by [31]

(Sn=Y7_ 1 Xk, Fn)n>1 is an amart.
Now, we have the first application

Theorem 1.8 Let (X,),>1 be a sequence of independent random variable in LL(.F). Let
Fn=0(X1,X2,...Xy) and suppose that (S, =Y.' | Xi, Fn)n>1 is an integrable mil. Let A, &
and B such that oo > 1, 2 > B > 0 and A > 0. Assume that the following conditions are

satisfied
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(i) i*71C* P <A, Y c2ke2 < ACP, vi> 1.
(ii) X1 CPE|X, 2% < .

Then
lim C,S, =0 a.s.

n—r—+oo

Proof Since (S, =Y.! | Xi,-Fn)n>1 is an integrable mil, then by [31], there exists a martin-
gale (Y, %,)n>1 and a predictable sequence (Z,,Fn)n>1, such that, V\n > 1,8, =Y, + Z,
where, S1 =Y, Z; = 0.

By condition (i), (ii) and Theorem 1.6 we conclude that lim,,_; 1 C,Y, = 0 a.s. It is enough

to check that lim,,_, | . C,Z, = 0 a.s. We have

n—1

CnZ, =C, Z (Zk—H _Zk) =
k=1

Z 7S i1 —Sk).-

On the other hand, the random variable (X,),>1 are independent, so

E7%Spii — Sy = E7% Sy + E7* X,y 1 — Sp.

Since Sy is F-measurable, then
E7tSpi1 —Sp = E7" Xy = EXiy1.

Then
CnZ, =C,(E(S,) —EX)1).

By Theorem 1.7 and Lemma 1.1, we have lim,,_ 1 C,Z,, = 0 a.s. Therefore

Iim C,S, =0 a.s.

n—r+oo
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1.4.2 Strong law of large numbers and amart

In the second application, we establish a relation between the SLLN and amart. Before that,
let us mention the following proposition due to [43] which gives a sufficient conditions of

adapted sequence of random variables to be an amart.

Proposition 1.4 Let (Z,),>1 be an adapted real sequence in L' (Q,.% , P) such that,
Esup|Z,| < H-oo.
n

The following statements are equivalent:

1. (Zy)n>1 converges almost surely.
2. (Zu)n>1 is an amart.

Proof » Showing the first implication 1 = 2.

Suppose that Z, — Z a.s. Let (T,)nen be a sequence of bounded stopping times increas-
ing to infinity. So Z;, — Z.
On the other hand, we have |Z; | < sup,,|Z,|. Then, by using dominated convergence theo-
rem, we obtain

EZ, — EZ.
Therefore (Z,, F,) is an amart.

» Showing the second implication 2 = 1.
Let Z* = limsup,,_, . Z, and Z** = liminf,,_, o Z,. According to Lemma 3.1 in [52], there
exists two sequences of increasing bounded stopping times (T, )nen and (Gn)nen sSuch that
Zi —Z"asand Zs, — Z** a.s.
Since |Zy, — Zs,| < 2sup,, |Z,| which is integrable it follows by dominated convergence theo-
rem and the amart property that

0<E(Z —Z")= lim E(Z;, —Zs,)=0.

n—r—+oo

And hence that Z* = Z**, therefore (Z,),>1 converges almost surely.
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Now, we have the second application:

Theorem 1.9 Let (X,,),>1 be a sequence of random variable in L, (.7 r(F)andlet (S, =Y Xi, Fn)n>1
be an adapted sequence. Let A, o and B such that a > 1, 200 > B > 0 and A > 0. Assume

that the following conditions are satisfied
(i) i1 P <A, v 22 <ach, vis .
(ii) L7 CLE|X % < oo.
(iii) Y7 ChE|X| < +oo.
Then (C, Y1 Xi, Fy)n>1 is an amart.

Proof o Stepl: we prove that C,S, converges almost surely

Since (S, =Y.' Xi, #n)n>1 be an adapted sequence, so by [31] there exists a martingale
(Yn, Fn)n>1 and a predictable sequence (Z,, Fn)n>1, such that, Yn > 1,8, =Y, + Z, where
Si1=1,7Z=0.
By condition (i), (ii) and Theorem 1.6 we conclude that lim,_,1.C,Y, =0 a.s. So, it is
enough to check that lim,,_, ;. C,Z, = 0 a.s.

Since

n
|CnZn| = Z Zk_Zk 1

(E718 =S 1)| <

=

=|Cy
k

n
<Cp Y |ET1X,].
=1

1

On the other hand, by monotone convergence theorem, we have

[}

ZCkEjk HXe]) = Z CLEETH1(X, | = ZCkE|Xk|

So by the third condition of Theorem 1.9 we have

Y GET1|X;| < o0 as.
k=1
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Using the Lemma 1.1, we obtain

CnZn —> O a.s.

Then
lim C,S,= lim (C,Y,+C,Z,) =0 a.s.

n—r—oo n—r—oo

we deduce that C,,S, converges almost surely to 0.

o Step 2: we show that (C, Y7 Xi)n>1 is an amart.

We have
n n
Co Y IX| <Y CelXyl, Vn > 1.
k=1 k=1
Then
n =)
supCp ) X < Y GelXal.
n k=1 k=1
Then

n +o0
EsupCy, ) X < E(Y CilXil).
no k=l k=1

On the other hand, by monotone convergence theorem, we have

foo 40
Y GEIXi| = E(Y CilXkl)
k=1 k=1
SO
n oo
EsupCy Y X < Y GE|Xq].
n k=1 k=1

Then by the assumption (iii), we have

n
Esup|C, ZX,-\ < oo,
no =l

Then, according to the Proposition 1.4, we have (C, Y.} | Xi)n>1 is an amart.

The third application concerns the strong law of large numbers for multivalued super-
martingale in Licb(R) (.#). We prove the existence of selection (g,),>1 of a set valued (Sy,),>1
such that (C,g,),>1 converges almost surely to 0, where (C,),> is a positive decreasing se-

quence such that lim,,_, 1 C, = 0.
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1.4.3 Strong law of large numbers for multivalued supermartingale

Before stating the strong law of large numbers for multivalued supermartingale, let us recall

the following proposition due to [37].

Proposition 1.5 Let (X,,),>1 be a sequence in Licb(R) (F) such that

(Sn =Y7_| Xk, %) is a supermartingale. Then, S, has the form
Se=Xi+ ottt fu, fi€Lp(F),(i>2).

Proof Since (S,,-Fp)u>1 is supermartingale, then, ¥n > 1 Ef»S, .| C S,

and Vx* € E*, we have

/5*x EZS,1)dP( /5*x S2)dP(w),

then
/E "Sp+1dP(@ /S dP(w
hence
* x*,/ E7" X, 1dP(®)) <O0.
Q
Therefore

/ X1 1dP(®) = {0}.
Q

Then, by [60], for all n > 1, there exists an integrable random variable f,,| such that
Xpt1(@) = {fur1(0)} as.
Then

Spn=X1+fat+ f3+ ..+ fn

The last application is the strong law of large numbers for multivalued supermartingale. It is

the multivalued version of Theorem 1.6.

Theorem 1.10 Let (X,),>1 be a sequence in L! (R)(ﬁ) such that (S, = Y3 Xk, Fn) is a
supermartingale. Assume that (Cy,),>1 is a positive decreasing sequence such thatlim,_, . C, =
0. Let A, a and B such that oo > 1, 2a > 3 > 0 and A > 0. If the two following conditions

are satisfied
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Gy i*1c* P <A,y c2ekel < ACP vix 1.
(i) ¥ CPEIX 2% < o,
Then 0€s—1iC,S, a.s.

Proof Since (S, %n)n>1 is a supermartingale in Licb(]R) (.F) then by Proposition 1.5 S, has
the form

Sp=Xi+ ot st ot o fi€LL(F) (i>2).

On the other hand by Lemma 1.3, there exists an integrable martingale selection (g,)n>1 for
(Sn)n>1. Then this implies the existence of an integrable selection h of X such that for all

n>1, we have

gn=H'+Fr+ s+ fat ot fo as. (1.14)

And since (gn, Fn)n>1 is a martingale, Then by the relation (1.14), the condition (i) and (ii)
of the Theorem 1.10, it is easy to see that the martingale (g,)n>1 satisfied all conditions of
Corollary 1.1.

Therefore

lim C,g,=0 a.s.

n—r+oo
This implies that
0es—1iC,S, a.s.
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Chapter 2

Mosco convergence of conditional

expectation for sequences of Pettis

integrable random sets

2.1 Introduction

The convergence of conditional expectation of random variables (resp. random sets) plays
a crucial role in the probability theory. This concept was used in many concrete problems,
more precisely in the theory of martingales, optimization and control, stochastic geometry
and in the mathematical economics.

The conditional expectation of random variables (resp. random sets) Bochner-integrable al-
ways exists and has been treated by several authors (see. for example [82], [61], [56], [62],
[36], [97], [18] and others). However, the conditional expectation of Pettis-integrable ran-
dom variables (resp. random sets) doesn’t generally exist (see. [90] and [92]). Recently,
several authors have been studied the existence of this operator (see. [33], [2], [1]), [4], [38],
[79] and [55].

By using the recent tools established in this theory, we prove an extension of results stated by
[61] and by [18] in Pettis integration. More precisely the aim of this chapter is the study of
almost sure Mosco convergence for sequences of random sets (E*"X,,),>1, where (8,,),>1 is

a decreasing sequence of sub-c-algebra of § and (X,),>; is a sequence of Pettis-integrable

46
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convex and weakly compact random sets in a separable Banach space. It is interesting to
know that the same result for vector valued Pettis-integrable function is not established yet.
This chapter is organized as follows. In section 2, we present some definitions, preliminaries
and needed results. Section 3 is devoted to the convergence of the conditional expectation
for sequences of Pettis-integrable vector valued random variables; we state a new version
of Neveu’s theorem and dominated convergence theorem. In section 4, we present the al-
most sure Mosco convergence of Pettis-integrable random sets (EZ7X) n>1 and (E Bux,) n>1s
where (8,),>] is a decreasing sequence of sub-c-algebras of § and (X,),>; as well as X
are the convex and weakly compact Pettis-integrable random sets. At the last section of this
chapter, we present the convergence of conditional expectation for a cc(E)- valued Pettis-

integrable random sets.

2.2 Notations and preliminaries

Throughout this paper (,F,P) is a complete probability space, (B,),> is a decreasing
sequence of sub-o-algebras of § and B., = N,>1°B,. Let E be a separable Banach space
with the dual space E*. Let cwk(E) (resp. cc(E)) be the family of all nonempty convex and
weakly compact subsets of E (resp. the family of all nonempty closed convex subsets of
E). Let LL(%) (resp. ngk( £) (§)) be the family of all F-measurable and Bochner-integrable
multifunctions X : Q — E (resp. the family of integrably bounded random sets with values

in cwk(E)). Denoted by Bg (resp. Bg~) the closed unit ball of E (resp. E*).

Given B in cwk(E), the distance function and the support function of B are defined by
d(x,B) = inf{|x— ||y € B}, (x€E).

0*(x*,B) =sup{<x",y>, yeB}, (x"€E").

For any B in cwk(E), we get

|B| = sup{|[x[|, xeB}.
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A cwk(E)-valued sequence (A,),>; is called Mosco convergent to a closed convex and

weakly compact set A (see. [78]), if Aew =5 —1i A, = w—Is Ay, where
s—liAp,={y€E, yo—y, yn€A,, Vn>1}

w—IsA,={y€E, y =y €A, ,Vk>1},

where (Ap, )r>1 is a subsequence of (4,),>1. If (A,),>1 Mosco converges to A. in cwk(E),
we write M — limA,, = Aw.

The topology determined by convergence of support functional is denoted by 7;. A sequence
A, is Tg-convergent to subset A if lim, 10 0 (x*,A,) = 0% (x*,Ax) for all x* € E*.

The topology determined by the convergence of distance functionals is called the Wijsman
topology and is denoted by 7,,. A sequence Y, is T,, convergent to subset Y if lim,,_, ;o d(x,Y;) =
d(x,Y) forall x € E.

The linear topology 7z, (see. [11]) on cc(E) is the upper bounded of the two previous topolo-

gies Ty and T,,,.

Proposition 2.1 ([11]) Let (Ay) peNu{+} be a sequence in cc(E), then Ao = T, —limy ;o Ap,
if and only if

o lim, 10 6" (x",A,) = 0% (x*,Ax), forall x* € E*.
o limyted(x,A,;) =d(x,Ax), forallx€E.

A measurable function g : Q — E is Pettis-integrable, if g is scalarly integrable (i.e. <

x*, g > is integrable), and for each A € §, there exists x4 in E, such that
/ <x*,g>dP=<x",x4 >, Vx* € E".
A

x4 is called the Pettis-integral of g over A. We will denote by Pg(&) the space of all §-
measurable and Pettis-integrable E-valued function defined on (Q,§,P). We consider the

space P} (g) provided with the following topologies:
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* The topology of the usual Pettis norm

llgllpe = sup Q| <x*,g>|dP.

x* GBE*

* The topology induced by the duality (P}(F),L” ® E*). Recall that a sequence (g,)n>1
in PL(F) converges to g in this topology, if for each h € L™(F) and for all x* € E*, one
has

fim h(a))<x*,gn(a))>dP(a)):/h(a))<x*,g((o) > dP().
n—-+o J0o Q

This topology is known as the weak topology and is denoted by w-Pe.

A multifunction X : Q — cc(E) is said to be measurable, if for every open set U of E the
subset

X~ (U) = {w e Q/X(0)NU #0}.

is an element of §. The Effros o-field £ on cc(E) is generated by the subsets U~ = {F €
cc(E),/FNU # 0}, so the multifunction X : Q — cc(E) is measurable if, for any B € &,
one has X~ (B) € §. A measurable multifunction is called a random set.

A measurable function f : Q — E is said to be a selection of X, if, for any o € Q, f(w) €
X (w). We denote by Sk () the set of all F-measurable and integrable selection of X. It is
known that if E is a complete space (see. theorem 1.0 in [62]) a closed and convex valued
multifunction X is measurable if and only if dom(X) € § and X has a Castaing representation
(i. e. there exists a sequence (f;),>1 of measurable selection of X such that for all ® € Q,
X(®) = cl{fn(w), n > 1}), or if and only if the real function d(x,X(.)) is measurable for
any xin E .

The random set X : Q — cwk(E) is scalarly integrable, if for any x* € E*, the real function
0*(x*,X(.)) is integrable. We say that the random set X is Pettis-integrable, if X is scalarly

integrable and for each A € §, there exists K4 € cwk(E) such that

/ 5 (", X)dP = 8* (", Ky), V" € E*.
A
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Ky := [, XdP is called the Pettis-integral of X over A.
A random set X is said to be Aumann-Pettis integrable if Sg;e = ¢ and the multivalued Au-

mann Pettis-integral of a Pettis-integrable random set X is defined by

/ XdP — {/ FdP.f € SE(3)}.
Q Q

We will denote by Pclwk(E)

Let X be in LL(F) and # a sub-c-algebra of F. It is known in the literature (see. [82])

() the set of all cwk(E)-valued Pettis-integrable random set.

that the conditional expectation of X relative to % exists and is the unique almost surely

Z-measurable and Bochner integrable random variable such that
/ E?XdP = / XdP, VA € AB.
A A

The extension of this result is stated by [62] of integrable random sets;
If X is an integrable random set and Z is a sub-c-algebra of §, then there exists a unique

almost surely Z-measurable and integrable random set denoted E#X such that

Spax(B) = cl{E”f, f € Sx(3)},

where the closure is taken with respect to the norm in LL ().

The conditional expectation for Pettis-integrable random variable not always exists ( see.
[90] and [92]). Recently ([1], [2]), [33] and [93] gave a sufficient conditions of the existence
of this operator for Pettis-integrable vector random variables and Pettis-integrable random
sets. For the convenience of the reader, we recall the following propositions which will be

used after.

Proposition 2.1 ([1]) Let & be a sub-c-algebra of § and let X be a Pettis-integrable E-
valued function such that E” |X | € [0, +oco[. Then there exists a unique J8-measurable Pettis-
integrable E-valued function denote by E?X which enjoys the following property, for every
h € L*(%), one has
/ hE?XdP = / hXdP.
Q Q

E”X is called the Pettis conditional expectation of X relative to .
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Proposition 2.2 ([1], [33]) Let & be a sub-c-algebra of § and let X be a cwk(E)-valued
Pettis-integrable random set such that E”|X| € [0,+oo[. Then there exists a unique %-

measurable cwk(E )-valued Pettis-integrable random set which enjoys the following property,

for every h € L*(%), one has
/ hE?XdP = / hXdP.
Q Q

E?X is called the Pettis conditional expectation of X relative to % such that

Spax(B)={E”f. f € SF®)}-

[2] extended the previous proposition to cc(E)-valued Pettis-integrable multifunction.

Proposition 2.3 Assume that E* is separable. Let % be a sub-c-algebra of § and let X be

a cc(E)-valued Pettis-integrable random set satisfying the following conditions
o EZ|X()| €[0,+0] a.s.
* The set {6" (x*,X),x* € Bg+} is uniformly integrable.

Then there exists a unique 9-measurable cc(E)-valued Pettis-integrable random set denote

by E#X such that
Spiax () = c{E”f, f € SE(F)}.

It is interesting to note that, if X is a cc(E)-valued Pettis-integrable random set and % is a

sub-o-algebra of §§. Then the two following statements are equivalents
« EZ|X()| €[0, 4] a.s.

* There exists a partition (By,)>1 of Q F-measurable, such that foreachm > 1, [ |X|dP <

oo,

We close this section with the following lemmas. The first one is known as Levy theorem
for decreasing sequence of sub-c-algebras (°8,),>; and the second is the dominated con-

vergence theorem for the conditional expectation of Bochner integrable random variables.
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Lemma 2.1 ([99]) Let (*B),),>1 be a decreasing sequence of a sub-c-algebra of § and let
f€LL(D), set Boo = Ny>1B,,. Then

lim EPf()=E®=f(.) as.

n—r+-oo

Proof Since f € L}; () so f is bounded and §-measurable then, there exists a §-measurable
simple functions (fin)m>1 such that limy,_s e fm = f a.s.

On the other hand
|E®f = E®= £l = | E®(f = fu) + E® fon = E®=(f = fon) = E* fu
And by the triangular inequality, we obtain
|E®nf = BR[| < [E®(f = f) | +1ED=(f = S |+ I E®" fon = £ fo]

By the Jensen’s ineguality |[E®(f — fu)|| < E®"||f = full and |[E®=(f = fu) || < E®=||f -
fml|- Therefore

|E®nf —EB=fl| S E®f = full + ER< NS = full + |1 E®" fon = E® fu].
For a fixed m, applying the Neveu’s Corollary (corollary II-2-12 in [82]), we obtain

limsup ||[E®" f — E®=f|| < 2E®=||f — foul|

n—yoo
And by the dominated convergence theorem, the second term of inequality converges to zero
as m — +oo. Which implies the desired result

lim E®nf(.)=E®=f(.) a.s.

n—y+oo

Lemma 2.2 ([18]) Let (B,),>1 be a decreasing sequence of a sub-G-algebras of § and set
Boo = Ny>1Bp. Let Y be a positive random variable satisfying E®=Y € [0, +oo[ and (X,)n>1
in L, () such that:
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1. Vn>1,|X,| <Y.

2. limy 40 X () = Xu(.) a.s.

Then the following equality holds

lim E®X,() = E®*X.(.) a.s.

n—y+oo

2.3 Convergence of conditional expectation for a sequences

of E-valued Pettis-integrable random variables

In this section, we give an extension of Lemma 2.1 and Lemma 2.2 in Pettis integration case.

Theorem 2.1 Let (°B,),>1 be a decreasing sequence of a sub-c-algebras of § and set Bo, =
Mu>1Bn. Let f € PL(F) such that E®=|f| € [0,+oo|. Then

lim E®nf(.)=E®=f(.) a.s.

n——+oo

Proof Since E®=|f| € [0,+o0], so is E®"|f| for each n > 1.

Then by the Proposition 2.1, E®n f exists and is in PE(8,). The condition E®=|f| < 4-oo
provides a Bo-measurable partition (Ay)x>1 of Q such that fi = fla, € L, (F). Using the
Lemma 2.1, we obtain

lim E®" f, = E®=f, a.s.
n——+oo

As Ay € B C By, for every n € N* and for every k € N*, then by using the Proposition 2.1,
it is easy to see that

EPifi =E®n 1, f =14 EP f as.

On the other hand
E®f = Y5 EP fi = L5 limy o E™ fi as.
=Y 1 imy o EBr f = limy o ED f as.
We conclude that
lim E®f() =E®=f(.) a.s.

n——4-oo
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Now, we give a new version of dominated convergence theorem for a sequences of E-valued

Pettis-integrable random variables.

Theorem 2.2 Let (°B,),>1 be a decreasing sequence of a sub-c-algebras of § and set Bo, =
Nn>1B,. Let Y be a positive random variable satisfying EZ=Y € [0, +oo[. Let (X,),>1 be a

sequence in PL(F) such that

1. Vn>1,|X,()| <Y()

2. limy 1w X (L) = Xw(.) a.s.
Then

lim E®X,(.) = E®~X.(.) a.s.

n— oo

Proof By assymption (i), the condition E By < +oo and Proposition 2.1, we have E®nX,
exists and it is in PL(B,). Also, there exists a Be-measurable partition (Ay)m>1 of Q such
that fAm YdP < +oo forallm > 1.

On the other hand

* |Xn|1Am S YlAm'
o lim,H%x,Xn lAm :XoolAm a.s.

Then X,14, and Y14, satisfied all conditions of the Lemma 2.2, consequently

lim EP"(X,14 ) = E®*(Xwlya,) as. 2.1)

n——-oo

Since Ay € Bo C By, for every n € N* and for every m € N*, then

E®n(14 X,) =14 E®"X,, as. (2.2)

m m

By (2.1) and (2.2), we have E®*Xoo =Y 51 E®*(X)1a, = Yot E2* (X la,,) a@.s.

=Y o1 imys i P (X 14,,) = Lot limyo oo 14, E®7 (X5,

= lim,HjLwE%"Xn a.s.

We conclude that

lim E®X,(.) = EZ~X..(.) a.s.

n—r—+-oo
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2.4 Convergence of conditional expectation for a cwk(E)-

valued Pettis-integrable random sets

Now, we provide an extension of the Neveu’s theorem for a cwk(E)-valued Pettis-integrable

random set which extends Theorem 2.1.
Theorem 2.3 Assume that E is separable. Let X be a cwk(E)-valued Pettis-integrable ran-
dom set and let (B,),>1 be a decreasing sequence of a sub-c-algebra of §. Set B =
Nn>1B,. If ET=|X| € [0, 40|, we have

M — lim E®"X(.)=E®=X(.) a.s.

n—yoo

Proof * Stepl: we prove that E¥=X(.) C s—1i E®"X(.) a.s.

Since X is cwk(E)-valued Pettis-integrable random set, then by [32], S¥(F) # 0. On the
other hand E®=|X| € [0, +oo[, then by Proposition 2.2, E¥"X exists and it is in Pclwk(E) (B,).
Let h € S¥(3), then E®nh exists and by [33], E®"h(.) € E®"X(.) a.s. Using Theorem 2.1,
we have

lim E® h(.) = E®=h(.) a.s.

n—oo

Since E®=h is Pettis-integrable, then

EB=h €SP 10, (Be), Vh € SF(F).

By Proposition 2.2, we have Sg%wx(%m) ={E®=f,f € S¥(3)}.

Therefore Sge%mx(%oo) C SfiliE%nX(%”>'
Consequently

EPX(0) Cs—1li E®"X(0) a.s.
o Step2: we chow that w—Is E®"X(.) C E®=X(.) a.s.

Let (e})i>1 be a dense sequence in E* for the Mackey topology, so by [2] for all k > 1 and
foralln > 1, we have
8* (e}, E®X(.)) = E®§*(e},X(.)) a.s. and §*(e},E®=X(.)) = EP~8* (e}, X(.)) a.s.

This yields the existence of a negligible set N; such that, for every @ € Q\N;, foreveryn>1

Hamid Oulghazi - Contribution aux théorémes limites en probabilités: loi forte des grands nombres et simulations.



2.4—~CONVERGENCE OF CONDITIONAL EXPECTATION FOR A CWk(E)-VALUED PETTIS-INTEGRABLE RANDOM SETS 56

and for every k > 1 one has

8* (e}, E®X(w)) = E®"6*(e},X(w)) and 8* (e}, E®~X(0)) = E®~5*(e}, X ()).

Using, the Lemma 2.1 applied to integrable real function 6* (e}, X), so there exists a negligi-
ble set Né such that for every k > 1 and ® € Q \Né

lim E®8*(e}, X(0)) = E®=8* (¢}, X (w)). (2.3)

n— oo

So, let € Q\N; UNé and x € w— s E®r X (®), then there exists (xp)m>1 in (EPmX),>1

such that x,, —— x, where (E®mX),,> is a subsequence of (E®"X),>1. Then by (2.3)

<ep,x >= linﬁ < e}, Xy >< limsup 8* (e}, E®mX (®)) = limsup E®m §* (¢}, X (w)) =
m oo

m—oo m-—oo
= E®=5%(e}, X (0)) = 6" (e} ,E®~X (w)), Vk>1.

Therefore, for all k > 1 and for almost surely ® € Q, < ef,x >< 5*(€Z,E%°"X((D)).

Then x € E®=X (o), which implies that
w—IsE® X () C E®=X(.) as.

This yields
M —lim E®X () =E®X(.) a.s.

n—yoo

Now, we give a new version of Fatou’s lemma for the conditional expectation of the strong
lower limit of a cwk(E)-valued Pettis-integrable random sets. The following theorem is an

extension of Theorem 2.2 to multivalued case.

Theorem 2.4 Let (°B,),>1 be a decreasing sequence of a sub-c-algebras of § and set Bo, =
Nn>1B,. Let Y be a positive random variable satisfying E®=Y € [0,4-o0[. Let (X,)n+u (o0}

be a sequence of a cwk(E)-valued Pettis-integrable random sets such that,
1. Vn e N*U{+eo}, [X,(.)| <Y(.).
2. X)) Cs—1i Xu(.) a.s.

Then
E®=X..() Cs—LE®"X,(.) a.s.

Hamid Oulghazi - Contribution aux théorémes limites en probabilités: loi forte des grands nombres et simulations.



2.4—~CONVERGENCE OF CONDITIONAL EXPECTATION FOR A CWk(E)-VALUED PETTIS-INTEGRABLE RANDOM SETS 57

Proof By (1) and the condition E®=Y € [0, 40|, E¥nX,, exists and it is in Pgwk(E) () and by
[33], we have

Spwny, (Bn) = {E™"g, g€ SY(3)} (2.4)

Since Xy, is cwk(E)-valued Pettis-integrable random sets, then by [42 ] there exists a sequence
(fi)k>1 of Pettis-integrable selection of X, such that, Vo € Q, X,(®) = cl{ fr(®), k > 1}.
Let g € S¥ (§) and w € Q, set

(@) = [y € X,(0), [[8(0) ]| < d(g(®), Xu(0)) + .

On the other hand, we have

d(3(0), Xx(0)) = inf{[[g(@) —z]|, 2 € Xs(0)} = infd(g(w), fi(@)).

Then, according to the lower bound property, there exists p € N* such that

1

(@) = fp(@)|] < d(g(@), Xn(w)) + .

Which implies that H,(®) # ¢. Moreover X, is closed and convex, so is H, and since H,
is weakly compact and H,(®) C X,(®), then H,(®) € cwk(E). Consequently, it follows
from theorem I11.41 in [20] that H, is measurable and by theorem I11.6 in [20], there is a
measurable selection g, of H,. So g, is also a measurable selection of X,,, then by theorem

5.4 in [32], g, is Pettis-integrable and for all ® € Q, we have

I8(@) — gu(®)]| < d(g(®), Xu(®)) +%.

By (2), we have Xo(.) C s —1i X,(.) a.s. and since g(.) € X(.) a.s.
then lim,_, 1 d(g(.),Xu(.)) = 0 a.s. Therefore

lim [[g(.) = gn(.)[| =0 a.s.

n——+oo
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From the conditions (1), we deduce that the sequence (g,)n>1 satisfied all conditions of the

Theorem 2.2, which implies that

lim E®Prg,(.)=E®>g(.) a.s.

n—r+oo

By the definition of the strong upper limit (s-1i) and (2.4), we conclude that
E®=g()es—1i E®X,(.) as.

Then

E®=ge % ro,y (Be), Ve € SE.(3).

On the other hand Sge%mxw (Boo) = {E®=f, f€ S§i (3)}-
Therefore

sggmxw(%w) C SffliE%an(%oo).

Consequently
E®*X.() Cs—1li E®"X,(.) as.

Now, let us state the Mosco convergence of conditional expectation for a cwk(E)-valued

Pettis-integrable random sets.

Theorem 2.5 Assume that E is separable. Let (%y),>1 be a decreasing sequence of a sub-
o-algebra of § and set Bo. = Mp>1By,. IfY is a positive random variable satisfying E®=Y ¢
[0, +o0]. Let (Xy)N+uf+w) be a sequence of a cwk(E)-valued Pettis-integrable random sets

such that

1. Vn e N*U {4}, [X,(.)] <Y(.).

2. X)) Cs—1i X,(.) as.

3. im0 0% (x*, X)) = 6 (x*, X)) a.s.  VX* € E*.
Then

M — lim E®"X,=E®~X. a.s.

n—r—+oo

Hamid Oulghazi - Contribution aux théorémes limites en probabilités: loi forte des grands nombres et simulations.



2.4—~CONVERGENCE OF CONDITIONAL EXPECTATION FOR A CWk(E)-VALUED PETTIS-INTEGRABLE RANDOM SETS 59

Proof By condition (1), (2) and Theorem 2.4, we conclude that
E®*X.() Cs—1li E®"X,(.) as.

So, it is enough to check that w —Is E®"X,,(.) C E®=X.(.) a.s.
By the condition (1) and (3), it is easy to check that, the sequence (6*(x*,X,))n>1 satisfied
all conditions of Lemma 2.2, then

VXt € E*,  lim ET8*(x",X,(.)) = EP=8"(x", X (.)) a.s.

n—-—+too
Let (e} )k>1 be a dense sequence in E* for the Mackey topology, so by [2] for all k > 1 and
for every n > 1, we have
E®n§* (e}, Xu(.)) = 8% (e}, E®nX,(.)) a.s. and E®=8* (e}, Xwo(.)) = 8* (€}, EP~Xwo(.)) a.s.
This yields the existence of a negligible set N; such that, for every @ &€ Q\Ng and every

k> 1, one has

E®n§* (e}, Xu(0)) = §* (e, EP X, (®)), E®=8* (e}, Xoo(®)) = 8" (e}, E®Xoo(®@)) and

lim E®"8*(x*, X,(0)) = E®=8* (x*, Xoo (@)).

n—4-o0
Let w € Q\N; and x € w— s E®1X, (@), then there exists (Xpy)m>1 in (E®mX,, Ym>1 such
that x,, — x, where (E®m Xu,, )m>1 is a subsequence of (E %”Xn)nzl. Then

<ep,x>= mlg-lkl < e, xy ><limsup 8*(ej, EPmX, (o)) =
b m—soo

= limsup E®m §* (e, X, (@) = ET=8" (e}, Xeo(®)) = 8 (¢}, EX~Xoo(®)),Vk > 1.

m—yoo

Therefore x € E®=Xo,(®). This yields w —IsE®"X,(.) C E®=X..(.) a.s. Hence

M— lim E®X,() = E®~X..(.) a.s.

n—r+oo
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2.5 Convergence of conditional expectation for a cc(E)-

valued Pettis integrable random sets

In this section, we give a new version of the dominated convergence theorem for the condi-
tional expectation of a closed convex and integrably bounded random sets and we extend this
theorems of a cc(E)-valued Pettis integrable random sets. The notion of convergence taken

in this section is the linear topology.

Theorem 2.6 Assume that E* is strongly separable. Let (*B,,),>1 be a decreasing sequence
of a sub-c-algebras of § and set B, such that B = Ny>1°B,. If Y is a positive random
variable satisfying sup, E Bry < oo, Let (Xy)peny {+e0) be a sequence of a closed convex and

integrably bounded random sets. Assume that

1. Vne N*||X,()|| < Y(.) a.s.

2. limy 400 0% (x*, X, (1)) = 67 (", X (1)) a.s.
Then

17— lim E®X, () =E®X.() as.

n—+oo

Proof e Claim I: chow that¥x* € E*, lim, . 8*(x*, E®"X,(®)) = §* (x*, EP=Xo(®)) a.s.
Since X, € Lic(E) (F) then Vx* € E*, 8*(x*,X,) € Ly(F). On the other hand by the

condition 1, we have Vx* € E*, Vn € N,
67", X) | < | |1Xal| < XY as.
Furthermore, by the condition 2, we have

lim 6" (x",X,) = 6" (x",Xw) a.s.

n— oo

Then the sequence (6*(x*,X,)),) satisfied all conditions of Lemma 2.2, which implies

lim E®"8*(x*,X,) = EX~8*(x*, X..) a.s.

n— oo
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Let (¢})i>1 be a dense sequence in E* with respect to the norm topology in E*, so by Propo-
sition 3.1 in [18], for all k > 1 and for every n > 1, we have
E®n8* (e, X,) = 8% (e}, E®X,) a.s. and E®=8* (e}, Xw) = 8*(e},E®*X) a.s. Then

lim 8*(ef, E®nX,(.)) = 8* (e}, EP~Xo(.)) a.s

n— oo

And since sup, |[E®"X,| < sup, E®"|X,| < sup,E®"Y < +oo a.s. Then for almost surely
o € Q, the sequence (8*(.,E®"X,))n>1 is uniformly continuous with respect to the norm

topology in E*. Therefore for almost surely @ € Q and for all x* € E*, we have

lim 8" (x*, E®'X,(0)) = 8* (x*, E®X.(0)) a.s.

n— oo
e Claim 2: chow thatVx € E, lim, ,,.d(x,E®"X,(®)) = d(x, EZ~X..(®)) a.s.

By the Lemma 2.5 in [98], there exists an integrable sequence (fi)m>1 in S ,l(n such that
Sptey (Beo) = cH{E®=frn, m>1}.
And by the Lemma 2.1, we have

lim E® f,,(.) = E®=f,,(.) a.s

n——+oo

Let x € &, then for every € > 0 there exists an integer mg > 1 such that

|x — EB=f, || < d(x, EP~X..) + €.

And since
limsup d(x,E®"X,) < hm lx—E®B1 f || = |lx— E®> f. ]| a.s.
n—r+oo
Therefore
limsup d(x,E®"X,) < d(x,E®~X..) a.s. (2.5)
n— oo
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On the other hand ¥n € N*,

d(x,E®"X,) = sup (<x",x>—8"(x*,E®"X,))
X*GBE*

Then, Vx* € Bp+, <x*,x = —8*(x*,E®"X,) < d(x,E®"X,). By passing to the lower limit,

we obtain
< x* x> —8*(x*, EP=X.,) < liminf d(x,E®"X,) a.s.
n—y+oo
Which implies
sup (< x*,x = —8*(x*,E®*X..)) < liminf d(x,E®"X,) a.s.
X*GB]E* n—r+eo
Therefore
d(x, E®=X.(.)) < lim inf d(x,E®"X,()) as. (2.6)
n——+o0

By (2.5), (2.6) and using the fact that the family of distance functionals (d(.,E®"X,))n>1 is

equicontinuous and the separability of I, the claim 2 holds, which proves the theorem.

Theorem 2.7 Assume that E* is strongly separable. Let (*B,),>1 be a decreasing sequence
of a sub-c-algebra of § and set B, such that ‘B = Ny>1B,. If Y is a positive random
variable and let (Xy)enu(+w} be a sequence of cc(E)-valued Pettis-integrable random sets

such that
1. sup,E®"Y(.) < a.s.
2. Vn > 1, the set {0*(x*,X,), x* € Bg:} is uniformly integrable.
3. Vne N* ||1X,()]| <Y(.)a.s.
4. limy—y 40 0% (X", Xy (1)) = 6 (x*, X (.)) a.s.
Then

1 — lim E®X,(.) = E®~X.(.) a.s

n—4-oo
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Proof By the condition 1, 2, 3 and Proposition 2.3, we have E®" X, exists and is in Pclc( E) (B,).
So for all m > 1 set B,, = {®, E®=Y < m}. It is clair that (By,), is a partition of Q, B

measurable and Ym > 1 we have
/ ||Xn||dP§/ YdPg/ E®=YdP < m.P(B,,) < +oo.
B B B

Which implies that the random set X, 1 is in Lic(IE) (), Furthermore, by the condition 4 we

have

lim 8 (x* X,(.)) = 8" (", Xoa(.)) a.s.

n——4-oo
Then X, 1p, satisfied all conditions of the Theorem 2.6. Therefore

7 — lim E®"(X,.1p )= E®*(X..1g ) a.s. 2.7)

n—r—+oo

On the other hand, B, C B C B, for every n € N* and for every m > 1 then
E®(1p,X,) = 1, E®"X, (2.8)

By (2.7) and (2.8)
E®Xoo =Y 51 EP* (Xea) 18, = Lous1 E¥* (Xeo-18,,) = Yopz1 T — limys 4o P (X, 15,,)
=Yoot 18, T — iy oo EP7 (X)) = 7 — limy— o EZ7(X;,)
Consequently,

7. — lim E®"X, =E®<X., a.s.
n—4-o0

Remark 2.1 If the sequence of random sets (X,), does not depend on n, we obtain the
following corollary. It is the Neveu’s theorem of the conditional expectation for a cc(E)-

valued Pettis-integrable random sets.

Corollary 2.1 Assume that E* is strongly separable. Let (B,),>1 be a decreasing sequence
of a sub-c-algebra of § and set B such that Be. = Np>1B, and let X be a sequence of

cc(E)-valued Pettis integrable random sets such that

1. sup, ET"|X| < o a.s.

2. The set {0*(x*,X), x* € E*} is uniformly integrable
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Then

7. — lim EPrX = E®=X a.s
n—r—+oo

Proof it is sufficient to take Y = |X| and applying the previous theorem to X, = X = Xw.
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Chapter

SLLN for Pettis integrable random sets

3.1 Introduction

The strong law of large numbers (SLLN) is used in a variety of fields including statistics,
probability theory, and areas of economics and insurance. In recent years, SLLN has been
extensively studied by several researchers. Let’s mention [6], [34], [60], [58], [17] and [37].
In the theory of integration in infinite dimensional spaces, Pettis-integrability is a more gen-
eral concept than that of Bochner-integrability. The purpose of this chapter is to prove the
SLLN for measurable and Pettis-integrable multifunctions by using the techniques of re-
versed martingale. The proof is based on the recent properties of Pettis-integrable multi-
functions. See for example [1], [24], [32], [39], [42] and [80].
In this context, we show that, if (X,),>1 is a sequence of independent random sets Pettis-
integrable, then there exists a decreasing sequence of sub -c-algebra of .# such that

S _ gy,

n
Wich implies that the strong law of large numbers for (X),),>; is equivalent to the conver-
gence of the reversed martingale (E®"X),>1.
It is well known in the literature that the classical theorem of the SLLN is a consequence of
other theorems ([95]), it can be obtained by reversed martingale convergence theorem ([29])
or also by the ergodic theorem of Birkhof. In relation to this work, it is important to state an

article of [99]. More recently, many of work has been obtained in finite dimension ([7]) for
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bounded random sets and ([6]) in the unbounded case. We also mention the work of [54],
[60] and [17] for unbounded random sets with values in infinite-dimensional space. The
idea of reducing SLLN for independent closed convex random sets and independent random
lower semicontinuous integrands to Mosco convergence of integrand reversed martingales
was announced in [16] and developed in [98] for convex and weakly compact random sets.
This chapter is organized as follows.

In section 2, we recall some definitions and results that will be used after. In section 3, we

prove the SLLN for Pettis-integrable multifunctions with convex weakly compact values.

3.2 Notations and definitions

Throughout this chapter, we assume that (Q,§,P) is a probability space, (B,),>1 is a de-
creasing sequence of sub-o-algebra of §, such that B., = N,>1°B,. E is a separable Banach
space with the dual space E*.
Let (e})ren be a dense sequence in E* with respect to the Mackey topology T(E*,E), Bg
(resp. Bgx) the closed unit ball of E (resp. E*). Let cc(E) (resp. cwk(E)) be the family of
all nonempty convex and closed (resp. convex weakly compact) subsets of E.
Given B in cc(E), the distance function and the support function associated with B are de-
fined by

d(x,B) =inf{[|x—y[|,y € B}, (x€E),

0" (x*,B) =sup{<x",y>, yeB}, (x"€E").

For any C in cwk(E), we get
|Cl = sup{]|x]|, x € C}.

A cc(E)-valued sequence (Y,),>1 is called Mosco convergent to a closed convex set Y, if

Yo=s5s—10liY, =w—1IsY,, where
s=1liYy,={y€E, Iy, —y, yn €Yy, Vn>1},

w—IsY,={y€E, 3y, —y weakly, y,, €Y, ,Vk>1}.
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If (Y,,)n,>1 Mosco converges to Yo in cc(E), we write M — limY,, = Y.
A measurable function g : Q — E is Pettis-integrable, if g is scalarly integrable

(i. e. < x*,g > is integrable), and for each A € §, there exists x4 in E, such that
/A <x*,g>dP=<x",x4 >, Vx* €E".

x4 is denoted by Pe- [, gdP and is called the Pettis-integral of g over A. We will denote
by Pé(&) the space of all measurable and Pettis-integrable E-valued function defined on

(Q,,P). We consider the space PL(%) provided with the following topologies:

* The topology of the usual Pettis norm

l\gllpe = sup | <x*,g > |dP.
x* EBE* Q
* The topology induced by the duality (P} (X),L” ® E*). Recall that a sequence (g, ),>1
in P]} (X) converges to g in this topology, if for each & € L (F) and for all x* € E*, one
has

lim [ h(w)<x*,g,(®)>dP :/ h(w) <x*,g(w) > dP.
n—+o J0 Q

This topology is known as the weak topology of the space Pé (%) and is denoted by

w-Pe.

A multifunction X : Q — cc(E) is said to be measurable, if for every open set U of E the
subset X (U) ={w € Q/X(w)NU # 0} is an element of §. The Effros o-field B on cc(E)
is generated by the subsets U~ = {F € cc(E)/FNU # 0}, so X is measurable if, for any
B € B, one has X! (B) € 3.

Two measurable multifunctions X and Y are said to be equal scalarly almost surely, if the

following equality holds:
O (x",X(.)=0"(x"Y(.) a.s. Vx* € E".

For any convex and weakly compact measurable multifunction X, the measurability of X is

equivalent to that of its support functional 6*(x*,X). (See. [19]).
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The tribe trace of B on cwk(E) is defined by the set {cwk(E)NB/B € 98} and is denoted by
&,
A measurable function f : Q — F is said to be a selection of X, if, for any o € Q, f(®) €
X (®). We denote by Sk(F) the set of all F-measurable and integrable selection of X. It
is known that a convex and closed valued multifunction X in separable Banach space is
measurable if dom(X) € § and X has a Castaing representation (i.e. there exists a sequence
(fn)n>1 of measurable selections of X such that for all ® € Q, X (@) = cl{fu(®), n>1}).
The distribution Pr of the measurable multifunction I": Q — cc(E) on the measurable space
(cc(E),*B) is defined by

P-(B)=P(I'"'(B)), VB € B.

Two measurable multifunctions I" and A are said to be independent, if the following equality

holds
Pray =P ®PFa.

The measurable multifunction X : Q — cwk(E) is scalarly integrable, if for any x* € E*,
the real function 8*(x*,X(.)) is integrable.
We say that the measurable multifunction X is Pettis-integrable, if it is scalarly integrable

and for each A € §, there exists Ky € cwk(E) such that
/ 5 (x*, X)dP = 8" (x*,Ky), Vx* € E*.
A

Ky is called the Pettis-integral of X over A. Let S¥() the set of all §-measurable and Pettis-
integrable selectors of X.

The multivalued Pettis-integral of a cwk(E)-valued multifunction X is defined by

/ XdP = {/ fdP,f € SE(3)},
Q Q

and [, XdP is convex and 6 (E,E*) compact and for each A € §, we have

/ 5 (x*, X)dP = 8" (x", / XdP), Vx*€E*.
A A
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We will denote by Pclwk( E) () the set of all Pettis-integrable cwk(E )-valued multifunctions.
Given a sub-c-algebra % and a cwk(E)-valued Pettis-integrable multifunction, the Pettis
conditional expectation of X is a Z-measurable cwk(E)-valued Pettis-integrable multifunc-

tion denoted by EX which satisfies
/ E?XdP = / XdP, VA€ .
A A

The two following propositions (see. [1]), give a sufficient condition of the existence of the
conditional expectation for a Pettis integrable E-valued function and for a cwk(E)-valued

Pettis-integrable multifunction.

Proposition 3.1 Let # be a sub c-algebra of § and let X be a Pettis-integrable E-valued
function such that E?|X | € [0, +-oo|. Then, there exists a unique %-measurable Pettis-integrable
E-valued function denote by EZX, which enjoys the following property, for every h € L>(%),
one has

/ hEZXdP = / hXdP.
Q Q

Proposition 3.2 Let A be a sub-c-algebra of § and let X be a cwk(E)-valued Pettis-integrable
multifunction such that EZ|X| € [0, +oo[. Then, there exists a unique 9B-measurable cwk(E)-
valued Pettis-integrable multifunction, which enjoys the following property, for every h €
L>(9AB), one has
/ hEZXdP = / hX dP.
Q Q

[2] extended the previous theorem in a cc(E)-valued Pettis-integrable multifunction.
For the convenience of the reader, we also recall the following results, which will be used

after.

Lemma 3.1 ([84]) Let E and G be two sets. Given a mapping f defined in E with values
in a measurable space (F,.%) and g a function of a set E in G. Then g is measurable with
respect to the c-algebra o(f) = f~1(A), A € .Z if and only if there exists a measurable
function h: (F,.#) — G such that g = ho f
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Theorem 3.1 ([98]) Let (2,5, P) be a probability space and let X : (Q,F,P) — E be a ran-
dom variable, then for every measurable function ¢ : IE — R one has ¢ o X is P-integrable

if and only if ¢ is Px-integrable. Also we have

/Q 00 X()dP(®) = /E 0 (x)dPx (x).

We close this section by the following useful corollaries. We begin with the famous Neuveu’s

corollary ([82])
Corollary 3.1 Let (°8,),>1 be a decreasing sequence of a sub c-algebra of § and let f €

LL(3), set Boo = Niy>1By. Then

lim E® () =E®<f(.) a.s.

n—4-oo
The following Corollary ([99]) gives an extension of the Corollary 3.1 in the vector case.
Corollary 3.2 ([99]) Let (B,),>1 be a decreasing sequence of a sub-c-algebras of § and

let f € LL(F), set Boo = My>1B,,. Then

lim E®"f =E®=fa.s.

n—r—+oo
We also need the following

Corollary 3.3 Let & be a sub-c-algebra of § and let X be a cwk(E)-valued Pettis-integrable
multifunction such that E”|X| € [0,4-co[. Then for all f € SP(F), the following properties
hold

1. EZf(.) € E”X(.) as.
2. 8*(x*,EZX () =EZ8*(x*,X()) as.

Proof 1. Let f € S§"(S) and (e} )k>1 be a dense sequence in E* with respect to the

Mackey topology t(E*,E), then

VA € B, /<e,t,f>dpg/5*(e;§,x)dp,
A A
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<ez,/fdp> < 5*(ez,/xczp),
A A

<e;,/E@fdP> < 6*(e,t,/E%X)dP,
A A

hence

<€ ,EZf()> < &(el,E?X())a.s.

We conclude that

EZf() € E?’X()a.s.

2. Forany A € %, we have 6" (x*, [ XdP) = [,0%(x*,X)dP,
then by Proposition 3.2, we have §*(x*, [y E”XdP) = [, 8" (x*,X)dP.

Since EZX is a Pettis-integrable multifunction, then
/ 5*(x*, EZX)dP = / 8*(x*,X)dP = / EZ§*(x*,X)dP.
A A A
And hence by uniqueness of the conditional expectation of §*(x*,X), we obtain

§*(x EZ?X () =EZ8* (x*,X(.)) a.s.

3.3 Strong Law of large numbers for Pettis-integrable mul-

tifunctions

Before stating the main result of this section, we present the following important theorem:
Theorem 3.2 Let (°8,),>1 be a decreasing sequence of sub-c-algebras of § and set B =

Mu>1Bn. Let f € PL(F) such that E®=|f| € [0,+oo]. Then

lim E®nf(.)=E®=f(.) a.s.

n—y+oo

Proof Since ET=|f| € [0,+oo[, so by the Proposition 3.1 , we have E*" f exists and is in

PL(B,), provides a B.-measurable partition (By)i>1 of Q such that f, = flg, € LL(T).
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Using the Corollary 3.2, we obtain

lim E®"f, = E®=f, a.s.
Jim E™ fy fras

As By C Bo C B, for every n > 1 and for every k > 1, then
E%"fk = E®n Ika = IBkE%”f.

On the other hand
E®=f =Y N EP=fi = Y limy, o E®n fi=

= Z;—::] lg, lim,, E®n f=lim, e E®Bn f. Therefore

lim E®f()=E®<f() a.s.

n—y+oo
Let us prove the following results which will be used after.
Proposition 3.3 Ler X and Y be two cwk(E)-valued Pettis-integrable multifunctions and B
be a sub-G-algebra of § such that E®|X| € [0, +oo[ and E®|Y| € [0, +oo[. Then

EZ(X+Y)=E®X+E®Y as.

Proof Let (¢f)i>1 be a dense sequence in E* with respect to the Mackey topology t©(E*,E).
Since X and Y are cwk(E)-valued Pettis-integrable multifunctions, then, for any A in B,
there exist two sets Ky(X) and K4(Y) in ¢cwk(E), such that for all k > 1 §*(ef,Ka(X)) =
J4 0% (e, X)dP and 6* (e}, ka(Y)) = [, 6" (e}, Y )dP.

By the Theorem 5.1.6 in [24], X +Y is cwk(E)-valued Pettis-integrable multifunction, then
for any A in B, there exists a set Ky(X +7Y) in cwk(E) such that

8 (el Ko(X +7)) :/6*(e,t,X+Y)dP.
A
On the other hand

6" (e, Ka(X) + Ka(Y)) = 67 (eg, Ka(X)) + 87 (e, Ka(Y)) =
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:/5*(ez,x)dp+/5*(ez,y)dp:/5*(ez,x)+5*<ez,y)dpz
A A A
:/5*(6;7X+Y)dP:6*(e7;7KA(X+Y)).
A

Then Ko(X +Y) = Ka(X)+Ka(Y) a.s. Therefore

/A(X—i-Y)dP:/AXdP—i—/AYdP a.s. 3.1

And since
As*(ez,E%(xw))dp _ 5*(eZ,/AE%(X+Y)dP) _ 5*@;,/Ax+m)
By (3.1)
5* (el / X +YdP) = 8 (e}, / XdP+ / YdP) = 8*(¢], / E®XdP + / E®YdP) —
A A A A A

= / 5*(e},E®X +E®Y)dP,
A

then
/6*(eZ,E%(X+Y))dP:/6*(62,E%X +E®Y)dP.
A A

Therefore
EP(X+Y)=E®X+E®Y a.s.

Theorem 3.3 Let X and Y in Pclwk( E) (%), let Z be a random variable with values in a mea-
surable space (2,T) such that (Z,X) and (Z,Y) have the same distribution. If E°?)|X| e
[0, +oc0[ and E°'Z)|Y| € [0, +oo. Then

E°DX()=E°@y() a.s.

Proof Since X is Pettis-integrable with values in cwk(E), then S¥(o (X)) # 0. So by [42],

there exists (f,)n>1 selection Pettis-integrable of X such that

X(w) =cl{fy, n>1}.
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Let f: Q — E be a fixed element in S¥(0(X)), h € L”(0(Z)) and x* € E*. Then, by Doob’s
factorisation lemma (Lemma 3.1), we can find a &-measurable mapping u from cwk(E)
into E (i.e. (cwk(E),E) == (E,B(E))) and a T-measurable function v from X into R (i.e.
(Z,T) 5 (R,B(R))), which satisfy

FQFP) = (cwk(E),&) = (E,B(E)), ()= (uoX)(w),

h:(Q,3,P) 25 (E1) -5 (R,B(R)),  h(w)=(voZ)(o).
On the other hand
/Q 5 (hex*,X)dP = sup{/Q h®) <x*, f>dP, feS¥(a(X) (3.2)
And since

/h(a))<x*,f>dP:/voZ(a))<x*,u0X(w)>dP.
Q Q

By using the application
(Q.5.P) = (Ex cwk(E), T ®&) — (R, B(R))
o — (Z,X) —r voZ(®) < x*,uoX (@) >=h(®) < x*, f(®) >.

And by the classical transfer theorem, we have

/(pog(a))dP:/h(a))<x*,f(a))>dP:/voZ(a))<x*,uoX(a))>dP:
Q Q Q

- 0 B1dRx)(B) = [ (@) <¥'.u(B) > Py (aB) =
YRcwk(E) IRcwk(E)

= Vo) <¥ulB) > dPyy)(aB) = [ @(B)dPyy)(B) =
E@cwk(E) E@cwk(E)

:/voZ(a))<x*,qu(a))>dP:/h(a))<x*,qu(a))>dP.
Q Q

Then
/h(a))<x*,f(w) >dP:/h(a))<x*,qu(a))>dP. (3.3)
Q Q

By combining relation (3.2), (3.3) and the fact that VB € cwk(E), u(B) € B, Py a. s.
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we obtain

/5*(h®x*,X)dP:sup{/ h(co)<x*,f(a))>dP,feS§e(G(Y))}:/ §*(hex*,Y)dP.
Q Q Q
Then

/5*(h®x*,X)dP:/ §*(hex",Y).

Q Q

In particular, if h = 14, for any A € 6(Z), we have

/ 146" (x*, X)dP — / 146" (x*,Y)dP,
Q Q
then
5 (x", / XdP) = &*(x", / YdP),
A A

therefore

8 (x*, / E°PDXdp) = &*(x", / E°@yap),
A A
And hence by uniqueness of the conditional expectation of X relative to 6(Z), then
E°DX()=E°DY()a.s.
Before giving the principal result, we also need the following classical theorem (see p. 52 in

[75D.

Theorem 3.4 Let B and B, be two sub-G-algebras of §, ® = o(B1,B,) is a 6-algebra
generated by *B| and B, and let f| an integrable real measurable function. If f| and B are
independent of *B,. Then

E?f()=E®fi()a.s.

Now, we give the main result of this section:

Theorem 3.5 Let (X,),>1 be a sequence of independent measurable multifunctions in Pclwk( E) (3)-

Let S, = X1+ X0+ X3+ ...+ X, By = 6(Sn, Xp+1, X042, ---), Boo = Ny>1By, and assume that

(i) vn,Vj e {1,2,...,n}, (Su,X1) and (Sn,X;) have the same distribution.
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(i) Vn,Vj€ {1,2,....n}, E®"|X;| € [0, 4o,

Then, we have the following assertions
1. Vn,Vj€{1,2,...,n}, ESSIX;() =E°SIX; () a.s.
2. EBnX () =E°S)X () a.s.

3 M —lim, e = M —lim, . E®X,(.)=E®=X;(.)a.s.

n

Proof  The first equality follows from the Theorem 3.3.
* Now let us prove the second equality.

Let (ef)i>1 be a dense sequence in E* for the Mackey topology. Set By = 6(S,), Br =
0 (Xnt1,Xn+42,...) and fi = 8% (e}, X1).
Since X1 and S,, are independent of °B,, so f| and S, are independent of *B,, then by applying

the Theorem 3.4, we have

E%”fl(.) = E%]fl(.) a.s.

So, E®n8* (e}, X1) = E®18%(e},X) then by using the Corollary 3.3, we obtain
8* (e}, E®n X)) = §* (e}, EP1Xy),
and since E®rX,(.) and E°SVX,(.) are convex and weakly compact, then
E® X () =E°S)X () a.s.

e Now, we show the last assertion

Step 1: we claim that % =E®X () a.s.
We have S, =Y! | X;=E o (Sn) (X1 Xi), so by the Proposition 3.3, the first and the second

assertions of the theorem, we obtain

n

ESI(Y X;) =

i=1 i

-

n
E°SYX; = Y EOSWX) = nE°SX) = nE®rX;.
1 i=1
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Then

S
T E®X () a.s.
n

Step 2: we show that M —lim,_,.. E®"X| = E®=X; (.)a.s.
o We begin by proving that E®=X,(.) C s—1i E®"X;(.) a. s.

Since X is Pettis-integrable, then there exists (gx)x>1 Pettis-integrable selection of X; such

that
X1 = cl{ge, k>1}. (3.4)

On the other hand E®"|X,| € [0,+4-co[, then E®"X; exists and is in Pclwk(E)(‘Bn). Let g €
Sﬁf(%n), by Corollary 3.3, E®rg exists and E®7g(.) € E®X,(.) a. s.

Using the theorem 3.2, we have lim,_,.. E¥ng = E®=g a.s.

Since by [33]

Spwey, = (EX°f. f€SE(®)})

and by (3.4), we obtain St C SPe

DBeo P
Then E=~g € sz Ee‘BwXI(.) s—1li EBnX|(.

li E%nX, ) &5

Then
E®X () Cs—LE®X|()a.s.

s Now, we show that w— s E¥"X(.) C E®=X;(.) a. s.

Let (¢})i>1 be a dense sequence in E* for the Mackey topology, then by the Corollary 3.3 we

have

5* (e}, E®nX,(.)) = E®n8* (e}, X1(.)) a.s.

Then, there exists a negligible set N*, for all k > 1 and for every @ € Q\N*, we have
5*(€Z,ESB”X] (w)) = E%"S*(eZ,Xl ()).
And by the Corollary 3.1

lim E®8*(ef,X1(.) = E®=5* (e, Xi1(.)) a.s.

n—r+oo
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Hence, there exists a negligible set N = Ug>| Ny, for all k > 1 and for every @ € Q\N, we
have

lim E®§*(e},X)(0)) = E®=8* (e}, X, (0)) = §* (e, ET~X; (w)).

n—y+oo

So, for all k > 1 and for all ® € Q\N UN*

lim 8% (e}, EBnX(w)) = 8" (¢}, E®*X,(0)).

n—r+oo

Let ® € Q\NUN* and x € w—Is E®"X| (o), then there exists (X )m>1 in EXm X1 (®) such

that X, — x, which implies lim,_ 1o < e Xy >=<Xx*,x > for every k > 1. Then

<ef,x>= lim <ef,x, ><limsup&*(x*,E®mX(0)) =

Mm—y+oo m—oo

— limsup E®m 8" (e}, X, (@) = 8" (e}, E¥=X, ()

m-—yoo

Consequently, x € E®=X|(®), then
w—Is E®X|(0) C E®=X|(0) a.s.

This yields
S
M —lim = =M — lim E®"X,(.) = E®~X;(.) a.s.

n—e 1 n—soo

Corollary 3.4 Under the same hypothesis of the theorem 3.5, we have

S
M — lim =2 = EB=X, = /dep a.s.

n—eo n

Proof By the previous theorem, we need only to check that
E®=X() = / X1(.)dP a.s.
Q

Since [oX1dP is convex and weakly compact. Now let (e} )x>1 be a dense sequence in E* for

the Mackey topology, we have

lim §* (e, ET X)) = lim E®"8* (e}, X)) = E®~8% (e}, X)) = 8% (e}, E®~X)) a.s.  (3.5)

n—oo n—oo
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On the other hand, (E%"5*(e,t,X1))n is a Pettis reversed martingale, so for each positive
integer m, set, Fm = O (X, Xint1,Xm+2,...) and Foo = Niy>18m. Hence, for all any n > m,

the multifunction Z?:m X is §m-measurable, Moreover by the previous theorem, we have

n m—1 n

=) 8 (e X)) =~ ), 8T (er X))+~ Y, 8 (ef. X)) =
i = 7 j=m

m—1 1 & m—1 % 1 2
L5 e Y X)) Y 86 X)) = S e X)) - Y 8 (e]. X))
=1
Then

n m n

1 —1 1
-V 5 (e X)) = EBn-15%(e* X))+ - Y &8*(e’.X;) as. 3.6
nJ:ZI (ekv J) n (ekv 1)+nJ;n (ek? J)as ( )

Since, for every fixed positive integer m, we have lim,,_o ’”T_IE%"H 0*(e;,X1)=0 a.s.

Then by (3.6)

* * . * 0 % B, _ B S* (%
,}1_r>r°10n 25 er, X —r}grolonZS er, X )—nh_r>r°1°5 (er,E™"X1) =E~>8"(ex,X1) a.s(3.7)
Since for all fixed integer m, the multifunction 1 Yi_nXj(.) is Sm-measurable and by (3.7),

E®=X| is §n-measurable so is Fo.-measurable. Then by the independence of (0(Xy))nen

and the Kolmogorov’s Zero-One law (see. [81]), we conclude that for all k € N*

5 (ef, E2=X,(.)) = E®=8* (e}, X1 () / 5 (e, X1 (.))dP = 8*( ek,/ X, (.)dP) a.s.(3.8)
Since E®=X| and [ X,(.)dP are cwk(E)-valued multifunctions and (3.8) is true, so for all
k> 1, E®=X(.) = [oXi(.)dP a.s. Therefore

S,
M —lim = = E®=X,(.) /X1 YdP a.s.

n—oo 1
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Chapter I

Simulation and Monte Carlo Methods

4.1 Introduction

The main idea of the Monte Carlo method is to approximate an expected value E(X) by an
arithmetic average of the results of a big number of independent experiments which all have
the same distribution as X. The strong law of large numbers ensures that this estimate con-
verges to the correct value as the number of draws increases and the central limit theorem
provides information about the error of this estimate after a finite number of draws. The
Monte Carlo method is used in several areas including the finance and insurance industry,
the reliability analysis of technical systems, the design of telecommunication networks and
the estimation of risks.

The first publication about Monte Carlo methods was made by [45] while organizing the
stochastic process of experimental determination of 7 number by means of throwing of nee-
dle on the sheet of lined paper.

[94] and [74] applied this method to a solution of linear integral equations, in that publication
was implicitly revealed the problem of the passing of neutrons through the substance. In this
context it is could mention the work of [96]. And side by side this Method obtained their
proper place in computational mathematics ([72], [76], [91], ...).

This chapter is organized as follows.

In section 2, we introduce the principle of Monte Carlo method and we concentrate on var-

ious methods for obtaining variance reductions. Section 3 is devoted to the simulation of
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4.2-MONTE CARLO METHOD 81

random variable and application to evaluate option pricing. At the last section of this chap-
ter, the addresses issues of simulating random sets and application to reliability analysis are

presented.

4.2 Monte Carlo method

The generic problem for Monte Carlo method is about evaluating the integral

Efh(x)) = [ h(o)f(dx @

where 2~ denotes the set where the random variable X takes its values, which is usually equal
to the support of the density f. The principle of the Monte Carlo method for approximating
(4.1) is to generate a sample (X, ...,X,) of random variable X with density f and calculate

the empirical average

which will be the approximation of E[1(X)]. The empirical average is computed by mean(h(x))
in logiciel R.

And since E (hy) = E¢[h(X)], then the Monte Carlo estimator h, is an unbiased estimator for
E¢[h(X)]. Although this already ensures that a Monte Carlo estimator is correct in the mean,

it does not help us to get a feeling for the absolute value of the error. Therefore, we look at

the standard deviation of the difference between h, and Ef[h(X)]. As we have

2

Var(ly — E5h(X)]) = Var(l) = 15 Y- Var(h(x)) = -

where 6% = Var(h(X)). So the standard deviation of the error is of order O(\/Lﬁ) and the

asymptotic variance of the approximation is

Var(iy) = [ (hx) ~ /4] P (),

n
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which can also be estimated from the sample (X1, ..., X,) through

More specifically, by the Central Limit Theorem, for large n

hn — Ey[h(X)]

T

is approximately distributed as a .47(0, 1), and this leads to the construction of a confidence

interval of the approximation of E s[h(X)].

4.3 Variance reduction techniques

The main disadvantage of the Monte Carlo method is its slow convergence, in this section,
we present the methods of increasing the efficiency of Monte Carlo simulation by reduc-
ing the variance of estimator. We discuss control variables method, antithetic variates and

importance sampling (for more details see. [8], [41], [46]).

Antithetic variables

The antithetic variables method is the easiest variance reduction method. It is based on the
idea to combine a random choice of points with a systematic one. Its main principle is
variance reduction by introducing symmetry. Assume that, we want to compute E(h(X))
with X a random variable uniformly distributed on [0, 1]. While the Monte Carlo estimate
would be

h(X) =Y h(Xi),

i=1

S| =

with X; being independent copies of X, in the method of antithetic variates we would also

use the numbers 1 — X1, ..., 1 — X,, and introduce the antithetic Monte Carlo estimator

n

h(Xi)+th(1 —X;)). (4.2)

1 i3

hanti (X ) =

(

| =
S| =
.M:

~
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4.3—VARIANCE REDUCTION TECHNIQUES 83

Note that as X and 1 — X have the same distribution, both sums on the righthand side of
Equation (4.2) are unbiased estimators for E(h(X)). Therefore, the antithetic estimator is

also unbiased. Let 62 = Var(h(X)). Then the variance of the antithetic estimator is given by

Var(hami(X)) = %c + 21nC0v(h(X)7h(1 —X)),

1.e. we have a reduction of the variance compared to the Monte Carlo estimator based on 2n

random numbers if 2(X) and (1 — X) are negatively correlated.

Control variables

The principle of control variables is based on the idea that if we want to compute E(X), we
should try to compute as much as possible exactly and should only compute that part by
Monte Carlo simulation that we cannot avoid. More precisely, if we know a random variable
Y which is (in some sense) close to X and for which we can compute E(Y) exactly, then this

random variable can be chosen as a control variate, i.e. we use the relation
EX)=EX-Y)+E({Y),
which motivates the following control variable Monte Carlo estimator
1 n
== Z (X;—Y;)+E(Y)
n :
for E(X) with X;, Y; being independent copies of X and Y. By the relation

(X—Y)) = %Var(X) + %Var(Y) - %Cov(X, Y),

S | =
1=

N
Il
—

Var(Xy) = Var(

we obtain a reduction of the variance for the control variable estimator compared to the crude
one if we have
Var(X —Y) <Var(X).

So, if we have

1 2
—Var(Y) —=Cov(X,Y) <0.
n n
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Importance sampling

In importance sampling method, we change measures to try to give more weight to "impor-
tant" outcomes thereby increasing sampling efficiency. To make this idea concrete, consider

the problem of estimating

o= EIhCX)) = | i) f(x)ax

where X is a random variable with probability density f, the ordinary Monte Carlo estimator
is
_1E
a p—
2
with X1,..., X, independent draws from f. Let g be any other probability density satisfying

f(x) > 0= g(x) > 0. Then we can alternatively represent & as

X

o=E[hX /hf—xd

This integral can be interpreted as an expectation with respect to the density g, we may

therefore write

where E indicating that the expectation is taken with X distributed according to g. If X1, ..., X,,

are now independent draws from g, the importance sampling estimator associated with g is

4.4 Simulation of random variable and option pricing

A formal definition of an option states that it is a type of contract between two parties that
provides one party the right but not the obligation to buy or sell the underlying asset at a
predetermined price before or at expiration day. There are two major types of options: calls

and puts.

 (all is an option contract that gives the right but not the obligation to buy the underly-
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ing asset at a predetermined price before or at expiration day.

* Putis an option contract that gives the right but not the obligation to sell the underlying

asset at a predetermined price before or at expiration day.

Options may also be classified according to their exercise time:

* European style options may be exercised only at the expiration date.

* American style options can be exercised anytime between purchase and expiration

date.

In this section, we focus on evaluating the price of European option.

Let S(¢) denote the price of the stock at time 7 and C(T,K) denote the option price. Consider
a call option granting the holder the right to buy the stock at a fixed price K at a fixed time
T in the future. In the current time 7 = 0, if at time T the stock price S(T') exceeds the
strike price K, the holder exercises the option for a profit of S(T) — K, if, on the other hand,
S(T) < K, the option expires worthless. This is a European option, meaning that it can be

exercised only at the fixed date 7. Then, the payoff to the option holder at time 7 is thus

(S(T) - K)" = max{S(T) — K,0}.

r

To get the present value of this payoff, we multiply by a discount factor e’ , with r a contin-

uously compounded interest rate. We denote the expected present value by E[e "7 (S(T) —
k)*.

For this expectation to be meaningful, we need to specify the distribution of the random vari-
able S(T'), the terminal stock price. In fact, rather than simply specifying the distribution at
a fixed time, we introduce a model for the dynamics of the stock price.

The Black-Scholes model describes the evolution of the stock price through the stochastic

differential equation (SDE).

dS(t) =rS(t)dt + cdW (1), 4.3)
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with W a standard Brownian motion and dW (t) = W (¢ +dt) — W (t). The parameter o is the
volatility of the stock price.

The solution of the stochastic differential equation (4.3) is
S(T) = S(0)e(r—20MT+oW(T), (4.4)

As S(0) is the current price of the stock, we may assume it is known. The random variable
W(T) is normally distributed with mean O and variance 7, this is also the distribution of
VTZ if Z is a standard normal random variable (mean 0, variance 1). We may therefore

represent the terminal stock price as
S(T) = §(0)elr—20)T+0VTZ, (4.5)

It follows that, the average gain for the holder of this option at time 7' taking into account

the discount factor of the value of the stock is:
E[e—rT(S(O)e(r—%GZ)T—O—G\ﬁZ —K)']-C(T,K).
Taking into account the market equilibrium, the price of European option C(T,K) is thus
C(T,K) = E[e T (5(0)e(r=200T+0VTZ _ gyt (4.6)

And using Monte Carlo simulation, we can approach C(T,K) by

1 Nmmp

C(T,K) ~ e T (S(0)elr— 20T +oVTx _ gyt

b

Nsamp i=1

where x;: samples of a standard normal variable.
With Sp = 100, K =120, r =0.02, 0 = 0.2 et T = 10. We have evaluated the quantity
C(T,K) and in order to improve the convergence, we have used the importance sampling

method seen in the previous section.
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30
I

= Estimation MC
= |IC
B yvaleur_exacte

28

26

Prix

22

20

T T T T T
0 2000 4000 6000 8000 10000

Simulations

Figure 4.1: Price of Call with Sy = 100, K = 120, r =0.02, T =10

* Basket option

A basket option is an option on the weighted average of several underlyings. The price of

the underlying asset is written in this case as
ST — ZSO[ T+GlfG
and the price of the basket option is written:
- T 02)T+0,VTG
E(p e (Sue! 20T HONTG ) ),

Assume that, we have a basket of 5 assets such that K = 1500, 7 = 10 and

Asset 1 :Sg; = 100, o1 =0.3.
e Asset 2 :Spp =200, 0, =0.2.
e Asset 3 :Sp3 =100, 03 =0.1.
e Asset 4 :Sgq4 = 200, 04 =0.4.
e Asset 5 :Sps =500, 05 =0.1.

we have evaluated the basket option and we obtain the following graph
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Figure 4.2: Price of call in basket option

In the case of a basket option, the Monte Carlo method is power perfect, because there is no

numerical formula for the exact calculation of the option pricing.
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4.5 Simulation of random sets and reliability analysis of

Structures

The analysis of the reliability of a structure in an input-output model is generally performed

by evaluating the probability of failure. This probability can be expressed as

Pe(®) = [ dPc= [ e @)

Such that:

* fx: is the probability density function (PDF) for the basic random variables X with

values in R”.

* x: vector of basic variables represents the material, loads, shape and size of structural

elements.

* B: is the failure region defined by the limit state function g : R — R as follows

B={xeX; g(x)<0}.

It is important to mention that the problem of the structural reliability described by (4.7) is
juste a simple example of calculating the probability of an event when all the basic variables
are imprecise. In this section, we suppose the imprecision of the input is described in terms
of a family of random variables (X )qecy Where V is an index set.

The main purpose of this section is to invest in the theory of random sets: [59], [7], [60],
[30], [73], [47] and Monte Carlo simulation [3] , [86] and [74] to evaluate the probability of
system failure. Precisely;

Given a function g : R” — R : x — g(x) and a family (X )gev of random variables mod-
elling the uncertainty of variable x. We focus on the evaluation of the upper and lower prob-
ability of the event {X, € B} i.e. the upper and lower probability of the event {g(Xy) <0}
(upper/lower probability of failure).

We address this issue by following two different approaches:

* Evaluating the lower and upper probability of failure by Monte-Carlo simulation of

(g(Xoc))aeV-
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* First, forming random sets .2~ based on the family (g(X))«ev and then evaluating the

lower and upper probability as belief and plausibility ([13]) of an event.
Let’s start with the first approach: Monte-Carlo simulation of (g(Xy))gev-
e First approach: approximation of P(g(Xy)<0) and P(g(Xy) <0).

Let (Q,Y, P) be a complete probability space, V be an index set and (X4 )gey be a family of
random variables. Then the probability of {g(X) < 0} for every fixed « is:

P(o(X <0=/ dP:/l dP,
(g(Xa) <0) (2(Xa)<0} {8(Xa)<0}

And in the similar manner, we define the lower and upper probability of {g(Xy) < 0} re-

spectively by

Plg(Xa) < 0) = sup P(g(Xe) <0) = sup [ 1(505,)<01dP(@)

acV acV

acV acVv

P(g(Xy) < 0) = inf P(g(Xe) <0) = inf / 1 gt <0} dP().

And by the Monte Carlo method, we approach the upper and lower probability of failure

respectively by:
P(g(Xq) <0)=supP(g(Xg) <0)~ max P(g(Xy) <0)=
acV l:172>3>“'Ngrid
1 Nsamp
2 1
i=172rgfl.§Ng,,»d Nsamp /;1 {8(xi)=0}
And

P(5(Xe) S0)= inf P(Xa SO)~ _ min  P(g(Xe) <0)~
TRyt gr

1 Nsamp

Q

min 1
i=12,3,...Ngrig Nsamp kz {g(x)=0}>

where x;, follows the same law as X¢;, i = 1,2,3,...Ng/iq.

* Second approach
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We consider the multifonction 2" : Q — ¢/(R) based on the family (g(X¢))aev as
Z(0) = {g(Xa)(®), @€V}

Then 2" is a random set, if for every Borel set B, the upper and lower inverses
e 27 B)={oeQ: Z(0)NB #£0}
e 2Z2.B)={weQ: Z(w)CB},

are ) - mesurables.

These upper and lower inverses lead to upper and lower probabilities based on the random

set 2:
P(B) = (2 (8) = | 1z (wrmmdP(o)
P(B) = P(2-(B)) = [ 1{(0)cmdP(®)

The following theorem, gives the sufficient conditions for the set .2~ generated by the family

(g(Xq))aev to be a random set.

Theorem 4.1 Let (Xy)qev be a family of random variables. Suppose that V is a compact of
a metric space and the applications o — g(Xq(®)) are continuous for every fixed @ in Q.

Then

1. The multifunction 2~ defined by:
2 (0) ={g(Xa)(®); a €V}

is a compact random set.
2. The application 1p : ® — supycy Lio(xy(w))eB) s L-measurable.
3. The application 1y : @ — infacy 11g(x,(w))cB) IS L-measurable.
where B is a Borel set.

Proof 1. It is easy to see that V is separable (as a compact subset of a metric space).

Then, there exist a countable dense subset of element (ak)kzl in'V, and since the
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application o« — g(Xg) is continuous.
Therefore {g(Xo, ) (@), k=1,2,3,...} is dense in 2 for every fixed .

Let B be an open set in R, Then
2 B)={ocQ: Z(w)NB#0}

={weQ: Jk, g(Xq)(®)cB}
= U1 {0 €Q: g(Xy)(0) € B}

is Y -measurable as a countable union of measurable sets. Moreover 2 is the contin-

uous image of a compact set. Therefore 2 is a compact random set.

2. Using the following equivalences

1g(w) = Sugl{g(xa)eB} =1 << JaeV, gXq)(w) €eB <= 2 (0)NB #0.
oc

We obtain "~ (B) = 5 ({1}). Then 5 ({1}) €Y. (because Z is Y. -measurable).

And since 1y takes only the two values 0 and 1, this implies that 1y is measurable.

3. It enough to see

Ig(w) = ;ggl{g(xa)eB} =1 <= VacV, gXo)(w) eB <—= Z'(w) CB.

Then

2-B)=1g (1) eY.

(because 2 is }.-measurable). And since 1y takes just two possible values 0 and 1,

this implies that 1g is measurable.

Under the same assumptions of Theorem 4.1, we have 2 is a compact random set with
values in R, then 2" () is contained in a random interval of the form [2 (®), Z (0)],
where .2 (@) = min 2 (®) and 2" (®) = max 2" (®).
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Let B = (—e0,0], we have
P(B) = P((~o, 0[N [, 7] #0) = P(Z < 0) = Fy-(0)

And
P(B) = P([2, 7] C (~o0,0]) = P(Z" <0) = F7(0)

And by the Monte Carlo method, we approach the upper and lower probability of failure

respectively by:
R pe— T
- Nsamp 5 =)=
And N
PB) = Fpr(0)~ —— Y Ly oot
- & Nsamp % {Z (@)=0}

The purpose of the following theorem is to compare the probability bounds obtained by the

two approaches

Theorem 4.2 Let (Xy)qev be a family of random variables satisfies the same conditions of

the Theorem 4.1 and let 2" be a random set such that

2 (0) = {g(Xa)(®); eV}

Then

e
IA
[~
IN
~ol
IN
=

Proof Let B € A(R)

e Let’s show that P(B) < P(B). By definition, we have

P(B) = P(g(Xa) € B) = sup P(¢(Xa) € B) = sup [ 1(,0x,)cmdP(@)
acV acV

< / SUp 1, ey dP(0 / T5(0)dP(® / (2 (o) p20)AP(®) = P(B).
oc

* Proceeding in the same manner, we obtain that P(B) > P(B).
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The Theorem 4.2, allowed us to deduce that the information given by the upper and lower
probabilities induced by the simulation of random set is not equivalent to this given by the

class of the probabilities determinated by its measurable selections.
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Conclusion

La loi forte des grands nombres n’est autre que la convergence presque siire de la moyenne
empirique d’une suite de variables aléatoires (resp. ensembles aléatoires), sous diverses con-
ditions de dépendance, d’intégrabilité portant sur les variables aléatoires et sur les propriétés
géométriques de I’espace considéré, vers une valeur déterministe. Dans ce projet de these,
nous avons démontré des nouveaux résultats de la loi forte des grands nombres. Notre étude
a été se focalisé sur les variables aléatoires et les ensembles aléatoires dans le cas de Bochner
intégration et Pettis intégration.

Dans notre premiere contribution de ce travail, nous avons étendu le théoréme de Chow pour
les martingales (Theorem 0.3, p. 7) aux suites de variables aléatoires quelconques adaptées
a une filtration (Theorem 1.6, p. 33). Comme conséquence de ce résultat, nous avons établi
la loi forte des grands nombres pour les amarts (Theorem 1.9, p. 42), les mils (Theoem 1.8,
p. 39) et les surmartingales multivoques (Theorem 1.10, p. 44).

Comme notre intérét se porte également sur la théorie de I’intégration de Pettis, le deuxieme
résultat essentiel de ce projet a été dédi€ a la convergence des martingales inverses multi-
voques Pettis intégrables. Nous avons établi la convergence au sens de Mosco de ces pro-
cessus. Ce résultat généralise la convergence des martingales inverses Bochner intégrables.
Ce travail nous a également amené a établir des nouvelles versions de quelques théorémes
classiques en probabilités comme le théoreme de type Levy (Theorem 2.1, p. 53 et Theorem
2.3, p. 55) le théoreme de convergence dominée (Theorem 2.2, p. 54 et Theorem 2.5, p. 58)
et le lemme de Fatou (Theorem 2.4, p. 56).

Le champs nous a été ouvert pour établir des nouveaux résultats de la loi forte des grands
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nombres pour des ensembles aléatoires Pettis intégrables. Dans ce sens nous avons prouvé
la convergence au sens de Mosco de la loi forte des grands nombres pour des ensembles
aléatoires Pettis intégrables a valeurs dans I’ensembles des parties convexes et faiblement
compactes d’un espace de Banach séparable. Ces résultats ont généralisé la loi forte des
grands nombres établie pour les ensembles aléatoires Bochner intégrables.

A la fin de ce projet de these nous avons présenté quelques applications de la loi forte des

grands nombres.
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Perspectives

Ce projet de these a donné lieu aux plusieurs problémes ouverts comme suit:

e [’étude de I'inégalité de Chow pour les sous martingales et I'inégalité de Burkholder

pour les martingales dans le cas multivoque.

* Laloi forte des grands nombres pour des suites adaptées a valeurs vectorielles et mul-

tivoques.

* Laloi forte des grands nombres pour une suite de variables aléatoires (ensemble aléa-

toire) a double indice.
* La convergence des martingales inverses Pettis intégrables a valeurs non bornées.

* La loi forte des grands nombres pour des ensembles aléatoires Pettis intégrables non

forcément iid.

* Etendre les méthodes classiques de simulation des variables aléatoires aux ensembles

aléatoires.
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Résumé de la thése

Le but de ce projet de thése est, d'une part, de présenter et démontrer de nouveaux résultats de la loi
forte des grands nombres que ce soit dans le cas de Bochner intégration ou dans le cas de Pettis intégration.
D’autre part, de donner quelques applications concrétes de la loi forte des grands nombres. Dans ce
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intégration. Les résultats obtenus démontrent la loi forte des grands nombres (LFGN) pour les suites
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également étudié la convergence des espérances conditionnelles des ensembles aléatoires Pettis intégrables.
Cette étude a abouti a de nouvelles versions du théoreme de type Levy pour des suites de tribus
décroissantes et du théoréme de la convergence dominée pour les espérances conditionnelles, toujours dans
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conditionnelles Pettis intégrables, ainsi que des techniques des martingales inverses pour démontrer la loi
forte des grands nombres pour des ensembles aléatoires Pettis-intégrables.

Dans ce contexte plusieurs résultats auxiliaires sont abordés.
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