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ABSTRACT

In this thesis, our main purpose is to introduce some fractional Sobolev space with variable
exponent and kernel function on compact Riemannian manifolds (M, g). In addition, we
shall prove the fundamental properties of these spaces, such as completeness, reflexivity,
separability, compact embedding, and density. The second goal of this thesis is to study
some non-local elliptic problems in the setting of Sobolev spaces generalized on compact
Riemannian manifolds (M, g).

We divided our thesis into five chapters:

e In the first chapter, we present a comprehensive state of the art and mathematical
tools, then included the main results with a glimpse of the proof.

¢ In the second chapter, we extend Sobolev spaces with variables exponents to cover
the fractional case with compact manifolds. By using the variational methods, we

study the existence solution to elliptic problem:

{(—Ag>;(2)u<z>+v<z> [u(z)]10=2 = f(zuz)) in Q,
u =0 in 00.

e The main goal of the third chapter is to prove the fundamental proprieties of a
new fractional Sobolev space with a kernel function. As an application, using the
topological degree methods for solving the following problem:

{(ﬁﬁ)p(y,.)w(y) = ABW)[w(y) 'Y 2w(y) + f(y,w(y)) in U,
w =0 in M\U.

e In the fourth chapter, we discuss the existence of infinitely many solutions for
fractional double phase problems involving a singular term. Our treatments in this

chapter are based on Morse’s theory and computation critical group.

e In the last chapter, we study the multiplicity of the solution for p(x, -)— fractional
-Kirchhoff the following problem involving logarithmic non-linearity:

M (Jop(eyt) B3 i = Alul®2uloglul + Af(x,u) in U,
u =0 in RN\,

The approach is based on the computation the critical group and Morse’s theory.



Keywords: Fractional elliptic problems, kernel function, fractional Sobolev space, Morse’s
theory, Kirchhoff function, singular term, weak Solutions, local liking, logarithmic non-
linearity, infinitely many solutions, Compact Riemannian manifolds, topological degree
theory, Calcul of varaitions, Lévy-integrability.
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RESUME

Dans cette thése, notre objectif principal est d’introduire quelques espaces de Sobolev
fractionnaires avec un exposant variable et une fonction noyau sur des manifolds Rieman-
niens compacts (M, g). En outre, nous prouverons les propriétés fondamentales de ces
espaces, telles que la complétude, la réflexivité, séparabilité, I'injection de Sobolev et la
densité. Le deuxieme objectif de cette these est d’étudier quelques problemes elliptiques
non-locaux dans le cadre des espaces de Sobolev généralisés sur des varietes compacts
(M, g).

Nous avons divisé notre these en cinq chapitres:

e Dans le premier chapitre, nous présentons 'état de I'art et les outils mathématiques,

puis nous incluons les principaux résultats avec un apergu de la preuve.

e Dans le deuxiéme chapitre, nous étendons les espaces de Sobolev avec des exposants
variables pour couvrir le cas fractionnaire avec des variétés compactes. En utilisant
les méthodes variationnelles, nous étudions I'existence d"une solution a un probleme
elliptique:

{(—Ag>;(z>u<z>+v<z> [u(z)]1®72 = f(zu(z)) in ©Q,
u =0 in 00.

e L'objectif principal du troisieme chapitre est de prouver les propriétés fondamentales
d"un nouvel espace de Sobolev fractionnaire avec une fonction noyau. Comme
application, on utilise les méthodes de degré topologique pour résoudre le probleme

suivant:

{(ﬁﬁ)p@,)w(y) = ABW)w(y) "W 2w(y) + f(y,wly) in U,
w =0 in M\U.

e Dans le quatrieme chapitre, nous discutons de l’existence d’un nombre infini de
solutions pour les problemes fractionnaires a double phase impliquant un terme
singulier. Nos traitements dans ce chapitre sont basés sur la théorie de Morse et le

calcul du groupe critique.

e Dans le dernier chapitre, nous étudions la multiplicité de la solution pour p(x, -)—
fractionnaire -Kirchhoff du probleme suivant impliquant une non-linéarité logarith-

mique:



M (Jopgasn) By i = Al e -2ulog ] + Af(xw) in U

L’approche est basée sur le calcul du groupe critique et la théorie de Morse.

Mots clés: Problemes elliptiques fractionnaires, fonction noyau, espace de Sobolev
fractionnaire, théorie de Morse, fonction de Kirchhoff, terme singulier, solutions faibles,
vraisemblance locale, non-linéarité logarithmique, nombre infini de solutions, variétés rie-
manniennes compactes, théorie des degrés topologiques, calcul des variations, intégrabilité
de Lévy.
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Introduction

In this thesis, we are interested in a series of results concerning the qualitative properties
of the spaces (such as compactness, separability, solutions) of certain classes of PDE’s
governed by non-local diffusion-reaction operators, which have the following prototypes:
defined as follows:

CAfu—2 fim [u(x) — u(y) P2 ~uy)

X,
P e—o+ JU\Be(x) |x — y|"tsp

fors € (0,1),and 1 < p < oo. This kind of operator was firstly introduced in [10] in the
theory of stochastic partial differentials equations, the kernel corresponding K(x,y) =
W to (—A?®) determines the probabilities distributions jumps. In [36], the authors
introduced the fractional Sobolev space W*? as follows:

WP (U) = {u e LP(U): M e LP (U XU)}.
x =yl

This spaces have been a classical topic in functional and harmonic analysis all along,
and some important books, such as [53, 68] treat the topic in detail. Conversely, how-
ever, fractional spaces, and the corresponding non-local equations, are now experiencing
impressive applications in different subjects, such as, among others, soft thin films [52],
conservation laws [52], phase transitions [8, 23, 40, 46, 67], anomalous diffusion [56, 57, 71],
stratified materials [25, 8, 65], ultra-relativistic limits of quantum mechanics [41], water
waves [30, 31, 32, 33, 34, 35, 44], optimization [72], finance [69], optimal control , game
theory [24], gradient potential theory [55], and minimal surfaces [26, 25].
Very recently, a new non-local operators involving a generalized kernel of types IC(x,y) =
|X—Y|S+N”(X’Y)' and K(x,y) = W—+Ww, respectively in the Euclidean and non-Euclidean
cases where sp(x,y) < N, and d, is the distance between x, and y. The approaches for ensur-
ing the existence of weak solutions for a class of nonlocal fractional problems with variable
exponents, were addressed in greater depthin [1, 2, 6, 13, 14, 15,20, 27,29, 50, 54, 61, 60, 64]
and the references therein. In the non-Euclidean case, classical Sobolev spaces on Rie-
mannian manifolds have been investigated for more than seventy years [11, 12, 49]. The

theory of these spaces has been applied to isoperimetrical inequalities [49] and the Yamabe
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problem [70]. In [45], the authors investigated the theory of generalized Sobolev spaces
on compact Riemannian manifolds. Moreover, they proved the compact embeddabil-
ity of these spaces into the Holder space. They also studied a PDE problem involving
p(-)-Laplacian operator.

Now, we give briefly the outline of this thesis and the main results contained in every

chapter. This thesis is composed of five chapters:

e In the first chapter, we shall give some fundamental definitions and proprieties about
Riemannian manifolds, Sobolev spaces on Riemannian manifolds, fractional Sobolev

space with variable exponents, topological degree theory and Morse’s theory.

e In the second chapter, we extend the Sobolev spaces with variable exponents to cover
the fractional case with complete manifolds. We prove some qualitative properties
of this new space. Next, we study the existence of solutions to for the following
nonlocal problems involving potentials allowed for vanishing behavior at infinity

(P) { <—Ag>;<zéu<z> V(@) u(@)"E2 = f(zu(z)) ngQ,

u |aQ
where Q C M is an open bounded set with a smooth boundary 09, s € (0,1), p €
C(M, (1;00)) with sp(z) < n,

g : M — (1,00) satisfying 1 < g~ < g" < p= < pT < oo, where g7 =
, P

sup 4(2), g = inf (z), p* = sup p(z), p” = inf p(z), and

zeM zeEM z2EM
ALY P [u(z) —u(y)|P@2(u(z) —u(y))
Ayt =2 I Juneeo (dg(z,y)) (@) 5]

and functions f, V satisfy some suitable conditions. See section 2.2.

Our motivation on the one hand the work of Fu and Guo [43], who introduced
the variable exponent function spaces on Riemannian manifolds in 2012, after that,
Gaczkowski and Goérka [45] in 2013, examined the above space in the case of com-
pact manifolds, and in 2015 Guo [47] discussed the properties of the Nemytsky
operator and obtained the existence of weak solutions for Dirichlet problems of non-
homogeneous p(m)-harmonic equations. Finally, in 2016 Gaczkowski, Gérka, and
Pons [45], studied the variable exponent function spaces on complete non-compact
Riemannian manifolds. Furthermore, they proved the continuous embeddings re-
sults between Sobolev and Holder function spaces, using classic assumptions on the
geometry. In addition, they established the compact embeddings of H—invariant
Sobolev spaces, where H is a compact Lie subgroup of the manifold group of isome-
tries, and as an application, they showed the existence of weak solutions to non-
homogeneous q(z)—Laplace equations. For further background, we recommend that



readers consult [1, 19] and the references therein. On the other hand, we were also
motivated by the work of Guo, Zhang, and Zhang [48] who established the theory of
fractional Sobolev spaces on Riemannian manifolds. However, the main difficulty
is presented by the fact that the p(z)—Laplacian operator has a more complicated
non-linearity than the p-laplacian operator. For example, they are non-homogeneous.

To the best of our knowledge, there is no known result along this line.

In the third chapter, we will introduce a new Sobolev space with the kernel function
that satisfies Lévy-integrability and coercivity conditions on compact Riemannian
manifolds (M, g). Moreover, we will prove fundamental proprieties of this space,
such as, separability, reflexivity, completeness, and embedding compact. In addition,
we investigate the existence of weak solutions for the following nonlinear elliptic

problem involving p(y, -)— Laplacian general:

{(U;)p(y,.)w(y) = ABW)w) 'Y 2w(y) + f(y,w(y) in U,
w =0 in M\U.

Here, s € (0,1) is fixed, r € C(U, (1,00)), A > 0,U C M is an open bounded subset
of M, B is a suitable potential function in R™ with B € L*(U), p € C(U x U, (1,00))

satisfies the following conditions

p(z,a) = p(a,z), forevery (z,a) € M2,

1<p” = min 2p(y,Z) <plyz)<p = sup py2),
(y.z)eM (y,z)eM?

and f : M xR — Ris a Carathéodory function such that:
(B1) There exist « > 0 and a continuous function g4 : M — (1, +0c0) such that

Np(y,y)

1<q(y) <pi(y) = N sp(y, 1)

and
fly,z) <a (1 + |Z|‘7(y)_1> , ae. yeM, zeR,

Jr

rm=supr(y) <q = ;Ieliﬁ q(y) < pi(y),

yeM

and the operator (ﬁg )p(y,) is defined by
(L) pyw(y) =2 lim ML) [w(y) —w(2)[P¥*) 72 (w(y) — w(z))K(y, 2)dvg(2),
for every z € M, where,
Be(y) = {z€ M :dg(y,z) <e¢ } and dog(z) = \gij]%dz.

8



Furthermore, K : U x U — (0,+00) is a symmetric kernel function satisfying the
following variant of Lévy-integrability type condition:

gK € L' (M x M, dvg(y)dvg(z)), where g(y,z) = min{dq(y,z),1},

and the following coercivity condition for some ag > 0

(140} )
< . . .
dg(y,z)Ntsplyz) = K(y,z), ae. (y,z) € M*, y#z

Below, some examples of symmetric kernel functions illustrating our results.

Example 0.0.1. The following functions satisfy satisfy Lévy-integrability and coercivity type
conditions.

& K(y,2) = dg(y,z) N2,

- “0 . o .
& K(y,z)= PROELETEIL where w is a positive real.

& K(%Z) = exp (dg(ylz)l\}ﬂp(y,z))) :

& K(y,z) = exp (—6dq(y,2)?) , where 6 is a positive real.

The work presented in this chapter can be seen as a generalization of [14, 15, 42, 45,47,

, 50, 54]. Furthermore, the results are obtained using a topological degree method.
However, the main difficulty is presented by the fact that the p(-, -)-Laplacian opera-
tor has a more complicated nonlinearity than the p-Laplacian operator. For example,
it is non-homogeneous. Other complications are due to the non-Euclidean frame-
work of our problem. Also checking for example, the density of the space C*(M)
in le(y)’p v2) (U), because the notion the translation in Riemannian manifolds is not
defined.

In the fourth chapter, we discuss the existence of infinitely many nontrivial solutions
of (p1(x,.), p2(x,.)) double phase fractional Laplacian problem with singular term.
More precisely, using Morse’s theory and critical groups, we discuss the following
fractional double phase problem:

(L3 oy u(3) + (£2) )y yulx) = L80)gy,
u > in U, (1)
u = in M\U.

Here, Y C M is an open bounded set of M,0 < s; <8, <1,7: M — (0,1)isa
continuous function, py, p1 : M x M — (1, 00) are continuous functions satisfy the
following conditions: fori = 1,2

pi(z,a) = pi(a,z) forall (z,a) € M?,

9



1<p; = min p;(a,b) <pi(ab) <p/ = sup pi(ab)foralli=1,2,
(a,b)eM? (ab)eM?2

= su 2(a,b) < p = min pi(a,Db),
& (a,b)elj\/lzp( VSRS B

p1(x,y) < p2(x,y) forall (x,y) € M?,
L), yuis the p;(x,.)— Laplacian operator defined b
8 /pi(x.) P p p y

5 P [u(x) —u(y) [P 2 (u(x) — u(y)) -
(Lol =210 [ oo dg (x, y) N Hsipix) dog(y), fori =12,

f :U xR — Ris a Carathéodory function that satisfies the following condition
(F;) There exist B € L* (M), and a continuous function r : M — (1, +c0),

1<r(x) <ps(x) = NI:]Z L(;’(f() 3 satisfies:
floy) < B (1+ Iy ™), ae xeM,yeR

The problem (1) is said of double phase type because of the presence of two different
elliptic non standard growths p;(x,.) and pa(x,.). This kind of operators was firstly
introduced by Zhikov in 1986, [75], to describe models for strongly an-isotropic
materials in the context of homogenization and elasticity. In which, He studied the
behaviour of the the related energy functional to (1) defined by

s /u(|Vu]7’1+a(x)Wu\p2)dx. @)

This type of functional with (p1, p2) — growths, has been the subject of a great deal of
recent work, with applications in many areas of anisotropic physics, for instance see
[2, 3,16, 18].

We highlight here that the main hurdle in our analysis is the energy functional
associated with our problem, which is not differentiable due to the presence of a

singularity.

In the last chapter, we analyze the existence results for p(x, -)— fractional Kirchhoff-
type elliptic equation involving logarithmic non-linearity. The approach is based on
Morse’s theory. More precisely, we combine Morse’s relation with the computation
of critical groups to study the following equation:

M (Jopgasn) By i = Al e -2ulog ] + Af(xw) in U
u =0 in RN\,

where A is a positive parameter, ¥ € C (U, (1,00)),p : U x U — (1,00) is a continuous
function, f : U x R — R is Carathéodory function with f(x,0) = 0 and satisfies the

suitable conditions see section (5.2).

Furthermore, M : R™ — R is a continuous function called Kirchhoff’s function that

satisfies the following conditions:

10



(Bg) There exists m > 0, such that

m < M(t), forallt € R.

(By) There exists 6 € (0,1) such that

—

OtM(t) < M(t) forallt € R,

where ]\7(?) = fot M(s)ds is the primitive of function M, and

B 1 Ju(x) —u(y)[P&v) () p(xy)
Jop(a )t = /M TGy g Ny, forallu € W ).

e We end this thesis with a conclusion and further perspectives.
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Chapter 1

Preliminaries and auxilaries results

In this section, we briefly give some basic definitions and properties about Riemanniann

manifold. For more details, see [12, 48, 49].

1.1 Riemannian Manifold

Throughout this section, (M, ¢) will be a compact Riemannian manifold of dimension
N. A local chart on M is a pair (U, ¢), where U is an open subset of M and ¢ is a
homeomorphism of U/ onto an open subset of RN. Furthermore, a collection (U, ¢x ke of
local charts such that M = {Jx¢; U;, is called an atlas of manifold M. Let gy : M — [0,1]
be the map. For some atlas (U, ¢ )kcjof M, we say that a family (U, ¢, Bi)ke; is a
partition of unity subordinate to the covering (Uy, ¢ )e; if the following holds:

D YkejPe=1,
2) (Ur, ¢x)kej is an atlas of M,

3) supp(Bx) C Uy, forevery k € |.

Definition 1.1.1. (See [49].) Suppose that w : M — R is a continuous function with
compact support, (Us, Px)ke is an atlas of M, and (Uy, @k, Br)key is a partition of unity
subordinate to (U, @i ). We define the Riemannian measure of w in M as follows:
1 _
[ wtdest) =T [ sl B o o )y,
M ke]
where dvg(y) = | gij]%dy is the Riemannian volume element on (M, g), g;j are the com-
ponents of the metric g in the local chart (U, ¢x)rej, and dy is the Lebesgue volume of
RN,
Definition 1.1.2. (See [12].) Let 7y : [a,b] — M be a differentiable curve in M such that
v € C([a,b], M). Then the length of v is given by



Definition 1.1.3. (See [12].) For any (y,z) € M?, we define the distance d,(y, z) between y

and z as follows

de(y,z) = inf{L(7y) : y(a) =y, v(b) = z}.
Theorem 1.1.4. (Stine’s theorem [12].) For any (a,b) € M?, dy(a,b) defines a distance on
(M, g), and the topology determined by dg(a, b) is equivalent to the topology of M as a manifold.

Definition 1.1.5. (See [49].) Let V be the Levi-Civita connection. For w € C®(M), VFw
denotes the k-th covariant derivative of w. In local coordinates, the pointwise norm of
Vkw is given by

Vhw| = g (VR0 (V)

When k = 1, the components of Vw in local coordinates are given by (Vw); = Viw. By
definition, one has that

Vw| = Y ¢V wViw.
=1

Definition 1.1.6. (See [12].) We say that the N-manifold (M, g) has property B, (A, v) if

its geometry is bounded in the following sense:
e The Ricci tensor of g noted by Re(g) verify, Re(g) > A(N — 1)g for some A.

e There exists some v > 0 such that |B;(z)|; > v for all z € M, where B;(z) are the

balls of radius 1 centred at some point z in terms of the volume of smaller concentric
balls.

1.2 Some fundamental results on integration theory

In this section, we recall some lemmas and elementary properties about integration theory

results will play a role in this thesis.

Lemma 1.2.1. ( Fatou’s Lemma, see [21].) Let {gn}, o be a sequence of functions in L' (U)
that satisfy

o foralln, g, > 0aeonl,

o supy [, gndx < co.

For almost all x € U we set g(x) = liminf,_, ¢, (x) < oo. Then ¢ € LY(U) and

< liminf | g(x
/ug( dx im in n(

Theorem 1.2.2. (Dominated Convergence Theorem, see [?1].) Let {gn}, o be a sequence of
functions in L (1) that satisfy

o ¢u(x) — g(x)ae onl,

14



e there is a function h € LY(U) such that for all n, |g¢| < h(x) a.e. onU.
Then, g € L(U) and g — gll 10

Theorem 1.2.3. (Vitali’s convergence theorem, see [21].) Let { g}, be a sequence of functions
in LP(U) with 1 < p < oo such that

e 9y —gae inl.
o {gn},N is equi-integrable.
Then g, — g in LP(U) as n — oo.

Theorem 1.2.4. (Tonelli- Fubini theorem, see [21].) Let G(x,y) : Uy x Uy C R?N — R bea

measurable function satisfying
o fbﬁ |G(x,y)]dx < oo,
o f, 1G(xy)ldy < co.

Then, G € LY (Uy x Uy, dxdy), and

G(x,y)dxdy = d/G,d:/d G(x,y)dx.
/Wu2 (x,y)dxdy L (x,y)dy L ), (x,y)dx

1.3 Fractional Sobolev spaces on Riemannian manifolds

Recalling some fundamental definitions and proprieties of Sobolev spaces on Riemannian
manifolds, along with proving a few lemmas that will aid in our study in chapter 5, are
the main goals of this part.

Let0 <s <1,and 1 < p < oo be real numbers. The fractional Sobolev space W (M)
is defined as follows:

s, B Ju(x) —u(y)| }
WsP(M)={ue lPIM): —L 22 c[P(MxM .

It is endowed with the natural norm

1/p
lallwsocany = ([, WO g0+ (lfnng )

with

1/p
_ [u() —u(y)l”
[u] WsP(M) — (//M M (dg (X, y))N+ps dUg(X)d?)g (X) ’
where [u]ws» is the Gagliardo semi-norm. We will work in the closed linear subspace

WP (M) = {u € WP(M) : supp(u) is a compact of M},

with supp(u) = {x € M :u(x) # 0}.

15



Remark 1.3.1. The space W, (M) is the closure of C3(Q) in WP (M).

Theorem 1.3.2. (See [45].) Let s € (0,1), p € (1,00), and (M, dg) be a compact Riemannian
manifold. Then the space W¥¥ (M) is separable and reflexive Banach space.

Theorem 1.3.3. (See [45].) Let s € (0,1), p € (1,00), and (M, dg) be a compact Riemannian
manifold. Then, there exists a constant C = C(N, s, p,q, M) such that for every u € Wy (M) it
holds that

[ullLaaey < Cllullwsr ), forall 1 < g < pg,

with

N .

P* _ N—Zp’ ZfSp < N/
> oo, ifsp =N,

That is, the space W3 (M) is continuously embedded in L7(M) for any q € (1, pZ). Moreover,

this embedding is compact.

1.4 Fractional Sobolev spaces with variable exponents

This section contains results that will be used throughout the document concerning frac-
tional Sobolev spaces with variable exponents and the generalized Lebesgue space.

For a bounded domain with Lipschitz boundary &/ C RN, we consider two variable
exponents, that is, we let g : & — (1,+c0) and p : U x U — (1, +00) be two continuous
functions. We assume that p is symmetric, p(x,y) = p(y, %), and that both p and q
are bounded away from 1 and +oo, that is, there exist 1 < g~ < g7 < 4o and 1 <
p~ < pt < +oosuchthatl < g~ <g(x) <gTand 1 < p~ < p(x,y) < p* for every

(x,y) €U x U, withq™ = minyg9(x), g7 =maxq(x), p~ =min, 7.5 P(xy),

p4S]
and p* = max, ) 777 P(%,Y)-
We define the generalized Lebesgue space L1(*) ({{) as usual:

Lq(x)(U) = {u : U — R is a measurable function : A > 0: / |@\q(x)dx < oo} ,
u
with its natural norm
. u(x) (x
’u‘L‘I(X)(U) = 1nf{§ >0: /M |T|q( Jdx < 1}-

Lemma 1.4.1. (Hélder’s inequality, see [39].) Let U C RN be a Lipschitz-bounded domain, and
g :U — (1,400) is a continuous function and bounded away from 1 and +oco. Then, the following
inequality holds:

1 1
| PO < (= Mo o 2l o gy

for all (v,w) € L1®)(RN) x Lq’(x)(]RN), where q(l—x) + m =1
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Proposition 1.4.2. (See [39].) Let u and {uy }pen € LN (U), then the following statements are
equivalent:
i) lim |u, — u|m<x)(u) =0,

n—>—4oo

ii) nin}roopq(x)(un —u) =0,

iii ) u, — uon measure in U and ngn}roo Pq(x)(Un) — pgou) =0,

where, pg(y) : L1 JU) — R is the mapping defined as follows:

Pyt (@) = [ Ju(9|7x.
Lemma 1.4.3. (See [39].) For every u € L1X) (1), the following properties hold:

. - +
DIl < 1 then T 00 < a0 @) < T

e + -
i) If Hu”m<X)(u) >1, then HuHZq(x)(u) < Pq(x)(u) < Hquu(y)(u)'
i) ||ullpger gy <1, =1L>1 ifonlyif pyn(u) <1,=1,>1

Lemma 1.4.4. ( See [39].) Let U C RN be a Lipschitz-bounded domain, and q : U — (1, +00) is

a continuous function and bounded away from 1 and +oo. Then, we have the following statements:

i) the space (Lq(x) (RN), ] Lo (]RN)) is a separable, reflexive, and Banach space,

ii) the space C*°(U) is dense in the space (Lq(x) Uu), |.|Lq(x>(u)> .

Now for 0 < s < 1, we introduce the variable exponent Sobolev fractional space as
follows:

WeA(x)p(xy) (U)=<(we 14() U) : w(x) —W(i’[) e LPxy) (U x U) for some B > 0 % .
Blx —y|" T
(1.1)
lw(x) — w(y)|Py)
Uxu ’BP(X,y) ’X — y’N—f—sp(x,y

Let [w]*P*Y) = inf {[5 >0: )dxdy < 1} , be the correspond-

ing variable exponent Gagliardo semi-norm. We equip the space W*1X)?¥) (1) with the
norm

Wl wsacopen @y = W] )+ Wy )

where (L1%) (1) is the generalized Lebesgue space.

g

Lemma 1.4.5. (See [15].) Let U C RY be a Lipschitz-bounded domain, and q : U — (1, +o0)
and p : U x U — (1,+00) be two continuous functions. Then W1X)PY (14) is a separable and
reflexive Banach space.
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Theorem 1.4.6. (See[15].) Let U C RN be a Lipschitz-bounded domain, q : U — (1, 400) and
p:U XU — (1,400) be two continuous functions, and

sp(x,y) < N, p(x,x) < q(x), forall (x,y) € U?

and £ : U — (1,+00) is a continuous variable exponent such that

: Np(x x) S
— > — .
pa(x) N = sp(o) > l(x) > ¢ rxrélgﬁ(x) > 1

Then, the space W) P0Y) (14) is continuously embedded in L*Y) (1) and there exists a positive
constant C = C(N, s, p,q,U) such that

(W02 < ClWllwsawipton gy, for all - w € WHAKPOY @),
Moreover, this embedding is compact.

In the following, we present several methods used to prove our existence results: the

variational method, Morse’s method, and the topological degree method.

1.5 Variational methods

Definition 1.5.1. (See [37].) Let X and Y be normed vector spaces, and X; C X, be an open
subset of X.

1) A function f : X; — Y is called Fréchet differentiable at x € Xj if there exists a
bounded linear operator A : X — Y such that

lim WGt h) = f(x) — Ahlly
]| x—0 17l x

2) The function fis class C'if A : X; — L(X,Y) is continuous, where L£(X,Y) is the
space of all bounded linear operators from X to Y.

Definition 1.5.2. (See [37].) X and Y are Banach spaces, U C X is open,and f : U — Y.
The Gateaux differential df (u;v) of f at u € U in the direction v € X is defined as

df(u;v) = lim flutTo) = flw) _ if(u~|—’cv)

T—0 T at =0

If the limit exists for all v € X, then one says that f is Gateaux differentiable at u.

Definition 1.5.3. (See [62].) Let X be a Banach space and f € C!(X). We say thatu € X isa
critical point of f, if df (1) = 0.

Remark 1.5.4. The critical point of of f are the solutions of the equation df(u) = 0 i.e for
allv € X :df(u) - v = 0. This corresponds to solving the EDP in the weak solution.

18



Definition 1.5.5. (See [62].) Let X be a Banach space and X* be its topological dual.
Suppose that ¥ € C1(X).

(a) We say that ¢ satisfies the Palais—-Smale condition at the level ¢ € R if the following
is true:

” every sequence {uy },~; C X such that ¢(u,) — cand ¥ (u,;) — 0in X* admits a
strongly convergent sub-sequence”.

(b) We say that ¢ satisfies the Cerami condition at the level ¢ € R if the following is true:

” every sequence {uy},~; C X such that ¢(u,) — cand (1 + [Jux|) ¥ (u;) — 0in
X* admits a strongly convergent sub-sequence”.

Theorem 1.5.6. (Ambrosetti-Rabinowitz 1973, see [9].) Let X be a real Banach space and
f € CH(X,R). Suppose that f satisfies the following conditions:

e f(0)=0.

o fsatisfies the Palais-Smalle condition.

e There exists v € X with ||v||x > p such that f(v) < 0.

e Thereexists p > Oand a > Osuch that f (u) > aforallu € S'(0,0) = {u € X : ||lul|x = p}.
Considering the set B := {y € C([0,1], X);y(0) =0, v(1) = v} . Then,

:= inf t))) >
c ;gBtgl[%f(v( ) =«

is a critical value of f.

1.6 Topological Degree Theory

Let E be a real separable Banach space and E* its dual. Given a non-empty set U C E,
denote by U and by dU its closure and boundary, respectively.

Definition 1.6.1. (See [21].) Let f : U C E — E* be an operator.
1) We say that f satisfies condition if for {{z, },eN,z} C U, we have

weakl .
Zn Yy weakly and limsup (fz,,z, —2) <0 = z, = z-
n—oo

2) We say that f is a quasi-monotone operator if for every {{z, },en, z} C U, we have

kI
Zn Y =S limsup (fzn,zn —z) > 0.

n—o00
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Definition 1.6.2. (Condition (54 )4, see [51].) Suppose that U; C E is such that U C Uj,
B : U; — E* is a bounded operator, and f : U C E — E is an operator.

1) We say that f satisfies condition (S )y if for every {{z,}nen,z} C U, the following
combined properties

Zn weakly z

weakly
an =B(zn) — a
limsup (fzu,ap —a) >0
n—r+o00

imply z, — z.

2) (Property (QM)q). We say that f satisfies condition (QM )y if for every {{z, }nen, 2} C
U, we have

weakl weakl .
Zy Y2 and a, = Bz, —\ya:>11msup(fzn,a—an)20~
n—oo

We consider the following sets

Fy(U) ={g:UCE— E*| gisdemi-continuous, of type (S;), and is bounded } .

Fp1(U) ={g:U C E — E | gis demi-continuous, bounded, of type (S+)y} -

Fe(U) ={f:U C E — E| fis demi-continuous and satisfies condition (S )y} .

Let U C Dy and B € Fj(U), where D¢ denotes the domain of f. We denote by A the
collection of all bounded open sets in E. The following operators will be considered

Fs.(E)={f € Fj(w) :weN},
./—"B(E) = {f € fg/l(w) Tw GN,% € Fg(w)},
FE)={feFp(@):weN,BecF(w)}-

Lemma 1.6.3. (See [51].) Let w be a bounded open set in uniformly convex Banach space E,
B : w — E* a bounded operator, and f : w — E. Then we have

1) If f is locally bounded and satisfies condition (S )y and B is continuous, then f has the
property (QM) .

2) The operator f has the property (QM)s, if for all {{zn}nen,z} C U

zn —zand ap =Bz, —a = liminf(fz,,a, —a) > 0.
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3) If operators f1, f>» : w — E satisfy (QM)wg condition, then f1 + fo and afy also satisfy
(QM)ss condition, for every positive numbers «.

4) Let f1 : w — E be an operator of the type (S ) and f, : w — E an operator satisfying the
property (QM)ss. Then fi + fo satisfies condition (S )g.

Lemma 1.6.4. (See [20].) Let B be a bounded open set in E, B € F}(B) continuous, and
g : D¢ C E* — E a demi-continuous operator such that B5(B) C Dg. Then the following
properties hold:

a) If g is quasi-monotone operator, then 1+ go B € Fup(B), where I denotes the identity
operator.

b) If g is an operator of type (S) , then go B € Fy(B).

Definition 1.6.5. (See [22].) Let B C E be a bounded open set, B € Fj (B) continuous, and
f,g € Fu(E). Then the map H : [0,1] x E — E given by

H(s,w) = (1 —s)fw +sgw, forevery (s,w) € [0,1] x B,
is called an admissible affine homotopy.

Lemma 1.6.6. (See [20].) Let B C E be a bounded open set, B € Fj(B) continuous, and
f,g € Fs(E). Then the homotopy H(s, ) satisfies condition (S )z.

Theorem 1.6.7. (See [20].) There exists a unique degree function
d:{(f,F,a):FeN,BeF;(B),feFpi(E)a¢ f(OE)} - Z
satisfying the following properties:
1) Ifa € F, thend(l,F,a) = 1.

2) IfG :[0,1] x B — F is a bounded admissible affine homotopy with a common continuous
essential inner map and b : [0, 1] — F is a continuous mapping in E, then d(G(x, -), F, b(x))
is constant for every x € [0,1] and b(x) ¢ G(t,dF).

3) If Fy and F, are disjoint open subsets of Ewith a ¢ f (F\ (Ey UE,)) , then
ad(f,F,a) =d(f,F,a)+d(f, F,a).

4) Ifd(f,F,a) # 0, then fu = a, has a solution in F.

Lemma 1.6.8. (Simon’s inequality, see [66].) For every y,z € RY, the following holds:

y—zl" <ea(lyl" Py —[2]"22) - (y —2), n > 2, -
y—z|" < Cu [(lyI" 2y — 21" %2) - (y —2)] 2 (ly|" +]z[") 2, 1<n<2,

1\ " 1
where, ¢, = (5) and C,, = et
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1.7 Morse’s theory and local linking

Morse’s theory and the computation of critical groups are useful tools for studying the
multiplicity and existence of solutions to nonlinear problems. As far as we know, this
method is rarely used in the study of problems of differential equations. For this, we’ll
provide a brief overview of the technique.

Let W be a real Banach space, ¢ € c! (W, R), satisfies the Palais Smalle condition, and
c € R. We consider the following sets:

p-={ucW:¢(u) <c} and Ky = {uEW:cp/(u):O}.
The critical groups of ¢ at u are defined by

Cr(9,u) = He(¢°NU, 9" N U\{u}),

where k € IN, U is a neighborhood of u such that K, " U = {u}, and H; is the singular
relative homology with coefficient in an Abelian group G, (see [62]), for more details.

Moreover, the authors in [17], introduced the critical groups of ¢ at infinity by

Ci(¢, 00) = Hr(W, ¢%),

where g is less than all critical values and k € IN. Concerning the connection between

critical groups and critical points of ¢.

Theorem 1.7.1. (See [62].) Let ¢ € C (Y, R) satisfy the Palais-Smale condition, and let a be a
regular value of ¢. Then, H, (Y, ") # 0, implies that Ky N ¢* # @.

Definition 1.7.2. ( See [63].) Given Y is a Banach space, ¢ € C(Y,R), and 0 is an isolated
critical point of ¢ such that ¢(0) = 0. Let m,n € IN. We say that ¢ has a local (m,n)—
linking near the origin if there exist a neighbourhood U of 0 and non-empty sets Fy, F C U,
and D C Ysuchthat0 ¢ Fy C F, FN D = @ and

1) ¢l <0< ¢lynp\foy -
2) 01is the only critical point of ¢ in ¢° N U, where ¢° = {u € Y : ¢(u) = 0}
3) Dimim (i*) — Dimim (j*) > n, where
i*: Hy—1 (Fo) = Hy—1(Y\D) and j* : Hy,—1 (Fo) = Hp—1(F)
are the homomorphisms induced by the inclusion mapsi: Fy — Y\D and j: Fy — F.

Theorem 1.7.3. ( see [63]) Given Y is a Banach space, ¢ € C(Y,R). If ¢ has a local linking at 0
with respect to Y. Then, we get Ci(,0) # 0.
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Lemma 1.7.4. (Morse relation, see [62].) IfY is a Banach space, ¢ € C}(Y,R),a,b € R\¢ (Kg) ,a <
b, 91 ((a, b)) contains a finite number of critical points {u;}_, and ¢ satisfies the Palais-Smale
condition, then

1) forall k € Ny, we have I, rank Cy. (¢, u;) > rank Hy (¢°,¢"),
2) if the Morse-type numbers Y ; rank Cy (¢, u;) are finite for all k € INg and vanish for all

large k € Ny, then so do the Betti numbers rank Hy (¢°, ¢*) and we have

) irankck (¢, u;) t* = ) rank Hy <4>b,4>”> K+ (1+8)Q(t) forall t € R,

k>0i=1 k>0

where Q(t) is a polynomial in t € R with non-negative integer coefficients.
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Chapter 2

On a new fractional Sobolev space with
variable exponent on complete manifolds

In this chapter, We present the theory of a new fractional Sobolev space in complete
manifolds with variable exponent. As a result, we investigate some of our new space’s
qualitative properties, such as completeness, reflexivity, separability, and density. We also
show that continuous and compact embedding results are valid. We apply the conclusions
of this study to the variational analysis of a class of fractional p(z)—Laplacian problems

involving potentials with vanishing behavior at infinity as an application.

2.1 Fractional Sobolev space with variable exponent on com-
plete manifolds

Let (M, g) be the complete manifold, @ C M, is an open bounded set with a smooth
boundary 9Q, s € (0,1), p € C(M, (1;00)) with sp(z) <n, p* =sup,.;p(z), p~ =
inf, 17 p(z), and g : M — (1,00) satisfying 1 < g~ < g7 < p~ < p™ < 400, where

gt = supq(z), g~ = inf g(z), We introduce in this section a new fractional Sobolev
zeM zeM

space with variable exponent and we state our mains results.
Definition 2.1.1. Let p : M — (1;0) be a continuous variable exponent and let s € (0,1).
We define the modular

_ u(z) —u(y)|P®
0p((w) = /MxM (dg(z,))"+5rG)

dvg(z) dvg(y),

where d, is the distance between z and y, and dv, is Riemmanian volume, see definitions
1.1.3and 1.1.1.

We introduce the variable exponent Sobolev fractional space in complete manifolds as

follows:

W (M) = {u: M = Ry u e L' (M) suchas g, (u) < oo |
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Consequently,

. u
ooy, =inf {2 05 ) () <1} = s any

The modular g,.) has the following properties.

2.1.1 Fundamental proprieties of a new space
In this part, we will go through some of our new fractional space’s qualitative lemmas.

Lemma 2.1.2. Let p € C(M, (1;00)) be a continuous variable exponent. Then for any u €
WP () (M), we get

- +
(1) [u]WSJ’(Z)(M) Z 1= [u]svs,p(z)(M) S Qp()(u) S [u]ws,p(z)(M)

p+

(2) [u]ws,p(z)(M) S 1 = [u]ws,p(z)(M) S Qp()(u) S [u]ws,p(z)(M)

Proof. (1) Forall 6 € (0,1), we have

So, if [u] wer( () > 1, then 0 < < 1,so we have

[u] W) (M)
o™ u PCOIL)
Pt = PO\ [ yyopes T )’ '
[U] Wsp(2) (M) Werp (M) [U] Wsp(2) (M)
and since, 0. 4 = 1, we obtain our result. We proceed in the same way for
pe) [u] W) (M)
(2). O

Remark 2.1.3. It is important to note that ¢,y fulfils the results of Proposition 1.4.2.

Lemma 2.1.4. If (M, g) be a smooth complete compact Riemannian n-manifold, then WPz (M)

is a Banach space.

Proof. Let {u,} be a Cauchy sequence in WP (M), since

{% if p(z) <n,

) if not,

p(z) <ps(z) =

forany z € M, it follows that for any 7 > 0, there exists p,; such that, if £, m > u,,

[[ue — um||Lp<z)(M) < Jug — umes,p(z)(M) <1 2.1)

Since LP(#) (M) is complete (see [47, Lemma 2.5 ]), there exists u € LP(?)( M) such that

uy — u strongly in LP(®)(M) as £ — +oo. By consequence, we may find subsequences
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{ug,} of {uy} in W) (M), such that u;, — u a.e on M.
Consequently, by the Fatou’s Lemma and (2.1) with 7 = 1, we obtain

u(z) — u(y)|P@
0= o i gy el

|u€t (Z) — Uy, (y) |p(Z)

~ 54 MM (dg(z,y))”+sp(2)

1 gim i (g, (2) = wpy () — (ug, () — w (2)) [P
=2 1t£rfoomf{/MXM : y(dg( y))nisp(z) - dvg(z) dvg(y)

[uy, (2) — uy, (y) [P
+/M><M ]Edg(zly))yn—l—:syp(z) dvg(z) dvg(}/)}

< 2P+*1[ lim inf Qp(.)(uét —uy,) + QP(-)(uP‘l)}

t— o0

dvg(z) dvg(y)

+_q y
<2 LET mf(Hu& W g

+||ugt-um||5vs,p(zw)) (||um||ws,, Il By )|

+_
<27 (24 [uy | P -I—HumH o) < oo

We.p(z Wsp(z
Hence, u € W5P(z )(/\/l) On the other hand, let ¢ > py, and according to (2.1) and Fatou’s
Lemma, we get
+ —
A/ L
Qp()(l,u—u)< Erjloolnfgp()( 0 — ugt) ST—U .
Thus limy_, , & 0,(.)(uy — 1) = 0. Thanks to Remark 2.1.3, limy_, ||uy — u |Ws,p<z)(M) = 0.

That is, u; — u strongly on W¥?(2) (M) as £ — 4-co. O

Lemma 2.1.5. Let (M, g) be a compact Riemannian n-manifold, and p(z) € C(M, (1, c0)) with
sp(z) < n, for z € M. Then W*2) (M) is a separable and reflexive space.

Proof. Given u,v € Wg’p(z)(/\/l) satisfy Hu”WS”’(Z)(M) = HUHWS”’(Z)(M) = 1 and ||u-—
v||Wg,p(z)(M) > ¢, where ¢ € (0,2).
For p(z) > 2 : By [7, inequality (28)], we have that
p(2) p(2) - ()
_ el _ p(z
u—2|—v op(e) = 5 ° op(e) < (%) ' / Ju(z) u(gﬁlp(z) dvg(z)dvg(y)
Wyt (M) Wy (M) MM (dg(z,y))

1 F; lv(z) — v(y)|P
i (§> /Mx,/\/l (dg(zly))n—&-sp(z) dvg(z)dvg(y)

u(z) —u (2) — (z)
“2 [/Mw |(d(gz<)z,y>)(”y+) AR |(Z;<gz<)z,y;)(3+)§<z> d0g(2)dvg(y)

1 1
— @) P

=1
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So,

s |P Ly S 1= (e/2)PF). Taking 6 = é(e) such as 1 — (e/2)/) = (1 - 9)¥®),

(M)
we obtain ||432| < (1-94).

Wy (M)

For1< p(z) <2:Letp/(z) = (pfz()zzl) we have

Pz P
P(2) _ lu(z) —u(y)|
||“”w5"’(z>w> B /MXM (((dg(z,y))p(’z)+s 105(2)05(y)

As a result of Minkowski inequality (see [21, Theorem 2.13] and [7, inequality (27)]), we
obtain that

1
p(z)-1

uto|f'® u—olr'®
+
2 Wg,p(z) (M) 2 Wg’p(z)(./\/l)
p'(2)
1 ( (u(z) — u(y)) + (v(z) = o(y)) )
MxM ) (dg(z,y))ﬁﬁ

P () p(z)—1 pl)=1
" < (u(z) B ;y(» —)gz,flj o ) ] dvg(2)dug )
g\zy))"e
, 1 '(z)-1
< (2 p(z) Zoll? =
< (2||U||ng<z)(M) + 2||v||WSp(Z)(M))) 1
Hence,
u+o|f'® e’

< e
WS/P(Z> (M) 2P (Z)

2
Taking 6 = d(¢) such as 1 — (e/2)7'(®) = (1 — §)#'(?). By the the Milman-Pettis theorem,

Wg’p(z) (M) is reflexive.
Now, we show that Wg’p @ (M) is a separable space. Defining the operator

T: WE (M) — LPE(M) x LPFEO(M x M)
u u) = | ulz —u(z) _ u(y) .
— T( ) ( ( )' dg(z,y)r’&)ﬂ)

o T is well defined.

* T is an isometry.

Indeed, for u € W," @) (M), we obtain

u(z) —u(y)

dg(zly)ﬁﬂ = HUHWS,p(z)(M).

||T(u)||Ln<2)(M)pr(Z>(Mx/\/l) = ||u||Lp(2)(M) +

LPE) (M x M)

So, T(Wg’p(z)(M)) is a closed subspace of LP(?)(M) x LP()(M x M). Thanks to [21,
Proposition 3.17 ], T(W,” @) (M)) is separable, therefore W,? @ (M) is also separable. [
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2.1.2 Embedding compact and density

Lemma 2.1.6. Suppose that (M, g) satisfies property By, (A, v) with finite volume. Then Ci° (M)
is dense in W32 (M).

Proof. Consider the following real-valued function

1 ift<o0,
fH=<1-t ifo<t<1,
0 ift>1.

Let ¢ € C®(M) N W) (M), and y a fixed point of M such as ¢, (a) = ¢(a)f(dg(y,))),
where dg is Riemannian distance associated to g and v € IN. We can easily see that
¢y (a) € WP (M) for v € N. Then, since M is a compact Riemannian n-manifolds, we
can be covered by a finite number of charts (Qy, ¢x)x—1,... - Let 17; be a smooth partition of
unity subordinate to the covering Qx. We can see that h = g, o ¢, 1 € W) (¢ (Qy)).

So, by [15, Lemma 3.2], we can extract a subsequence h; € C*(R) such that iy — h
strongly in W5P(2) (¢(Qy)) as t — 0. So, hy o ¢ € C®°(M) and k; o ¢ converge strongly
to 75y in WP (M) as t — co. O

Remark 2.1.7. We can also prove the previous lemma by using the following method:
For u € C{(M), we need to prove that

// |u —u(y) P dvg(z) dvg(y) < oo
MxM (dg(z,y))" 5P & g\Y '

Notice that, V(z,y) € M x M, we have

u(z) —u)| < [IDullr=m) - dg(2,y), [u(z) —uy)] <2 J[uf[L=(r

Thus,
[u(z) —u)|"® < [[DulfE),) - (dg(z,y))P), forall (z,y) € M x M,
and
lu(z) —u(y)|P@ < 2rz ||u||*’oo e forall (z,y) € Mx M.
Hence,

N _
[u(z) = u@)I"® < (IDu][fe gy + 1Dl ) - (g2, 9))", forall (z,y) € M x M,
and
n _
[u(z) = )P < 27 ([l fu gy + 1l fu ry), forall (z,y) € M x M.
Hence

+ - .
u(z) = u() P <27 (IR gy + 001G ) - mindL @z v)"):
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Therefore, according to [49], we obtain

[ ) (1s) () [P
MxM

(dg(z,y))n+sr) dog(z) dog(y)

B - (2)
pt—1 pt P / min{1, (dg(z,y))"'*}
<vwvol.2 (HUHC1(M) + HuHcl(M)) MM (dg(Z,y))’HSp(z)

dvg(z) dvg(y)
< 9,
where, (75) is a smooth partition of unity subordinate of the covering B;, () for any k, and

B, (r) denotes the Euclidean ball of R” of centre z; and radius r. Then we deduce that for
u € C°(M), we have

lu(z) — u(y) |P(Z)

/MXM (dg(z,y))rtsr@ dvg(z) dvg(y) < co.
Thus u € W3?(2)(M), and according to the fact that Cy (M) is dense in LPE) (M) (see
[49]), we conclude that C° is dense also in W¥P(2) (M),

Now, we will extend an embedding result between W?(2)(M) and W*(2) (M) to
manifolds.

Lemma 2.1.8. Suppose that the compact Riemannian n-manifold (M, g) has property Byo(A,0)
for some (A,v), p € C(M,(1,+00)) and s € (0,1). Then [|ulyspe g < ClIullpire vy
where C = C(n,s,A,v,p*, p~) > 0. In particular, WP (M) € WPE) (M).

Proof. Asin [48], let z,y € M considering the minimizing geodesic map ¢ € (0,1) - M
from z and y. Then for u € W3?(?) (M), we have

|u(z) — u(y)‘lf’(z)
/M /Mﬂ{dg(z,y)<1} (dg(zly))nJrsp(z) dvg(z) dvg(y) (2.2)
! [Du(g(t))"®)
- /M /Mm{dg(z/y)d} /0 (dg(z,y))rtr2) dvg(z) dvg(y) dt

| |Du| |LP(2)(M)
= /M (dg(z,y))r+-DpE) dvg(z) dug(y)

< C(n,5,4,0,p%,p™) - |Dul| o 23)

and

ju(z) — u(y) P
/M /Mﬁ{dg(z,y)21} (dg(z,y))”+SP(Z) dvg(z) dvg(y)
= (lu(z)[P@ = [u(y)[P@)) min{1, (dg(z,v))"@}
=2 1 //\/l /Mﬁ{dg(Z,y)zl} (dg(zly))wrsp(z) 2 dUg (2) dvg(y)

< 5,20, p%) 1l o - 2.4
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According to (2.2) and (2.4), we get that

||u||ws,P(Z)(M) < C(m,s,A0, P+r P_) ||yl |w1,p(2>(M)r
which completes the proof. O

Theorem 2.1.9. Given M a compact Riemannian manifold, p € C(M, (1;00)), s € (0,1) with
sp(z) <nand g € C(M, (1;00)). Assume that

1<g” :§r€1§\r41q(z) <q(z) < _np(z) forall x € M,

n—p(z)
then WP (M) < LIE) (M) is a continuous and compact embedding.

Proof. The demonstration of this theorem is based to an idea introduced in [39, 47, 48]. Let
¢ : V C M — IR" be an arbitrary local chart on M, and G C M an open set with closure
compact and contrained in V. Taking {G;},_ ... x of M a finite subcovering, such as G; is
homeomorphic to the open unit ball By(1) of R" and for any ! the components g jof gin
(g1, V1) satisty

1 1
06_51']‘ < gl] < 0651']',

like bilinear forms, for some constant « > 1. Let {71;};_1 ... x be a smooth partition of

unity subordinate to the finite covering {G;},_1 ... ;. It is clear that if u € WP (M), then
k
mu € W9PE)(G)) and (¢ ) * (myu) € Ws'p(‘Pfl(z))(Bo(l)) withu = ) _ 7ju. According to
I=1
Lemma 2.1.8, the Sobolev embedding theorem [39, 47], we get the continuous and compact

embedding
WPE)(G)) — LPE)(G)) forany [ =1,--- k.

Thus, we can conclude that W5?(?) (M) c LP(3)( M) and the embedding is continuous
and compact. O

2.2 Application: Existence results via variational method

In this part, as an application, we give an existence result to the following problem

- { (~8g)yu(2) + V(@) [u(2) 192 = hizu(z) inQ,

u!aQ:0,

where s € (0,1), p € C(M, (1;00)) with sp(z) < n, g: Q — (1,0) satisfy the following
condition @

np(z
——, (2.5)
n—p(z)
(M, g) is a compact Riemannian n-manifold, @ C M is an open bounded set with

l<q <q"<p <p'<

smooth boundary 09, h: Q x R — R is a Carathéodory function satisfying the following

assumptions:
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(h1) (AR- condition): There exist § > p™ and some I > 0 such as for each |a| > I we have

0< /M H(z, &) dog(z) < /M h(z,a) .% dvg(z) aez € M,

where H(z, &) = 3 h(z,v) dv being the primitive of /i(z, x).

(hp) h(z,0) =0,
«)

(h3) limy e # = 0 uniformly a.e z € M.

and (—Ag)p(z)u(z) is the fractional p(z)—Laplace operator with (up to normalization

factors) may be defined as

(895 u() = 2 tim [u(z) — ()" 2(u(z) ~ u(y))

d p
P e—oT JM\Be(z) (dg(z, y))”+5P(Z) Z)g(Z)

for x € M, where B¢(z) denotes the geodesic ball of M of centre z and radius € and
dg(z,y) defined a distance on M whose topology coincides with the original one M. The
vanishing potential satisfy the following assumptions:

(i) ¥V : M — R be a continuous function, and there exists 6 > 0, v > 0 such as
V(z) > 6 >0forallz € M, and

(2)
[ Y@ @I dog(z) < vllullie )

for all u € WP (M).
(i) V(z) = 4o as |z| — +oo.

Definition 2.2.1. A measurable function u € Wg’p =) (M) is said to be a weak solution of
(P) if

u(z) —u(y) P92 (u(z) —u(y)) (¢(z) — 9(¥))
/M><M (dg(z, )P d0g(2) dog(y)
+ /MV(z)|u(z)|‘7(z)_2u(x)(p(z) dvg(z) = /Mh(z,u(z)) ¢(z) dvg(z),

for all p € WP (M).

Theorem 2.2.2. Under assumptions (hy) — (h3), (2.5) and (i) — (ii), if (M, g) satisfies the
property By, (A, v). Then problem (P) possesses at least one weak solution.

Consider the functional E : W,7 (=) (M) — R defined by
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where

_ 1 |u(z) —u(y)[r@ .
Au) = /MxM p(z) (dg(zly))nJrSp(z) dvg(z) dug(y) + /M 22 |u(z)|q( ) dug(z),

and

B(u) = /M H(z,u(z)) dog(z).

Lemma 2.2.3. Assume that the assumptions (i) — (iii) hold. Then A € C1(W, (./\/l)) and

), = [ 1) OO0 — w9 = 08D g ) oy

MxM (dg(z,y))”+sp(z)

+ / D2u(2)p(2) dvg(z), 2.6)

forallu, ¢ € WS’P(Z)(M).

Proof. Foru € Wy s (/\/l) Using Lemma 2.1.2 and (i), we have

_ 1 Ju(z) —u(y) ¥ V(@) e
Alw) = /MXM p(z) " (dg(z,y))" @ dvg(z)dvg(y)+/M a(2) u(z2) 1% dog(2)
1 [u(z) — u(y) " 1 .
: P Jmxm (dg(z,y))msp@) dvg(2) dvg(y)+q—_/M V(z) [u(2)|T* dog(z)
i p* p- l gt -
=y (HuHWS”’(Z)(M) * HuHWS’”(Z)(M)) T (HunS'p(z)(M) * ||u||wg'p<z>(M))
< +o00.

Hence, A is well defined.

To prove that A € Cl(Wg’p(Z)(M)), we consider {u;} C Wg’p(z)(/\/l) such as u; — u
strongly in Wg’p(z) (M) as t — +o0. Without losing generality, we further assume that
u; — u a.ein M as t — +00. So, we get

{ [ur(z) — ur () [P (ur(z) — ue(y)) }
(dg(z,y))"+p(e) {

is bounded in LP(*) (M) and according to Brezis Lieb Lemma in [42] we obtain

| w(z) —w PO Julz) — u(y)P )
L () D (dglz, )0 ) dee(@) o) =0

Similarly,

p(z)
Jim [ V(@) [u(2) 7520y (2) — [u(z)["®Pu(z) | dog(z) =0
Holder’s inequality, gives
||A/(ut) - A/(U) H(Wg,p(z)(M)), = o p(2) Sup |<A/(Ut> - A/(u)/ g0>| —0
peWy (M); o |Ws,p(z) (M):l
0
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ast — +o0. Hence, A € C! (Wg’p(z) (M)). Finally, we can easily verify that the functional
A is Gateaux differentiable on W,” =) (M) and (2.6) holds for all u, ¢ € W7 @ (M). O

Lemma 2.2.4. The functional E satisfies the Mountain pass geometry in the sense that
(i) E(0) =0.,

(ii) There exist {, u > 0 such that E(u) > u if ||u] | e >,
0

(M)

(iii) There exists u, |[ul[  cpe) ) > { such that E(u) < 0.
0

(M
Proof. i/ E(0) = 0is obvious.

ii/ According to (hy), (i), Lemmas 2.1.2, 1.4.2, and Theorem 2.1.9 we have

ulz) —u (2) z
E(u) = /MXM pl u(z) —u(y)|” dog(2) dvg(y)+/M YE) |20 dug(2)

(z) (dg(z,y))r+sr) q(z)
_ /M H(z, u(z)) dvg(z)
1 q7
> 0y )+ Sl g = 5 0
9C
P ‘7 q
> el + Huuwg,,,(z)w) el I

Since p™ > ¢ > g, we deduce that E(u) > 0.
iii/ Using there exists ¢ > 0 such that

H(x,t) > ¢, forall |t| > ¢ and ¢, > 0.

According to Lemma 2.1.2, (h1), (h3) and (i) we have for t > 1 and u # 0,

_ @ Ju(z) — u(y)|P®
E(tu) = /MxM P (dglz, )y e )

V(z2) o z
+ /M o) #a( )’u(z)yi( ) dvg(z) — /M H(z,tu(z)) dog(z)

(sl —/ H(z,t d
p Q()( u) + = [u || O~ S (z,tu(z)) dog(2)
/WKC} (z, tu(2)) dvg(z)
yt N
= p—Qm( W+l ||‘7 (M)—cztf’“/MluV’ g (2)

since g~ < p~, for t small enough, we infer that E(tu) < 0. This completes the
demonstration of the lemma.
0
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Lemma 2.2.5. Let (M, g) be a smooth complete compact Riemannian n-manifolds and p(-) €
C+(M). Assume that assumptions (hy) — (h3) and (i) — (ii) hold. Then the functional E satisfies
the Palais-Smale condition.

Proof. Let (um)men C Wg’p(z) (M) such that E(u,) is bounded and E’(u,,) — 0as m — oo,
there exists C > 0 such that dE(uy, u,) < C| |um||ws,,,(z) and |E(uy,)| < C. We prove that
0

(Wn)men is bounded in W, @) (M).
We prove the statement by using the method of contradiction. Indeed, if the assertion were

not true, up to a subsequence, ||uy,| |W§"’<Z> — o0 as m —» oo. From (hy), we have

(M)

1 1 1 +
-+ Clluanllygr gy 2 ECtn) = 5CE ) wnd > (5 = 5) llanl 2,
0

This is a contradiction as |[un||  sp) , , — 00 Since W, @) (M) is reflexive Banach space,
0

(M)
there exists u € W,"” =) (M) such that up to a subsequence,

u, —u  weaklyin Wg’p(z)(/\/l),
u; — u aein M,
Uy —u  stronglyin LY (M) for 1 < 9(z) < pi(z).

Since u;;, — u a.e in M, we have that

0 (2) = wn ()72 (0 (2) — un(y)) | Julz) —u@)lP®>(u(z) — u(y))
(dyz, ) (7 *2) D (e, y) (D)

a.e. (z,y) € M x M. On the other hand, [[u/[ s ( is uniformly bounded implies
0

that there exists a constant C > 0 such that

M)

(2) — un ()] )
/ - — dvg(z) dvg(y) < C  forall m>1
MxM dg(z,y)ﬁﬂ

that is,
p(z)—2 P(pz()zll
/MXM 2 um(y)l(n+ )(;nzz(f)l)_ U (9)) dvg(z) dvg(y) < C
dg(z, )\
Therefore,
[un(2) = ()PP 2 (un(2) —un(y) | u(z) = u@) P 2(u(z) - u(y)
dg(z,y) (ﬁ*’s)(p(z)_l) dg(z,v) (ﬁ“)(ﬁ(z)—l)
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weakly in LV (?) (M x M) with p'(z) = p(pz(le. Ifoe Wg’p(z)(/\/l), it follows —2—2)

LP) (M x M) . As a result,

[ (2) = un(1)]"® 72 (wn(2) — un(y)) (v(z) — v(y))
/MxM e y)( T =y s y)% dvg(z) dvg(y)
[u(z) — u(y)|P@2(u(z) —u(y)) (v(z) — v(y))

—
MxM dg(z,y)”+sp(z)

dvg(z) dvg(y).

By Vitali’s theorem, we have E’(u) = 0. We define the sequence w, = u,, — u. Since
(Um ) men is uniformaly bounded and u,, — u a.e in M. Thanks to Brezis-Lieb Lemma in
[42], we obtain that

[ (2) — um(y) [P B (W (2) — W (y)]P®
/MxM dg(z,y)”JrSP(Z) dvg(z) dvg(y) = /MxM dg(zly)n—f—sp(z) dvg(z) dvg(y)

u(z) —u (2)
[ EE N

<M dg(z,y)"+sP(2)
+0(1).

Therefore, a straightforward computation yields,

1w (z) — ww(y)]"®

lim E(up) = lim

dvg(z) dog(y) — /M H(z,u(z)) dog(z)

m—seo m—eo Jpxm p(z)  dg(z,y)" o)
V@) 2@
d
+ [ T @ dog)

1 |u(z) — u(y)|P®
+/MxM p(z) dg(z,y)m+sp) dvg (z) dvg (y)-

Using E'(u,) — 0 as m — oo, we have

1 ]wm(z) — wm(y)lp(z) 1 ‘um(z) . um(y)|p(z)
/MxM p(z)  dg(z,y)rtr 10(2) d05(y) = |\ m p( ) d (z y)ntsp(z) dvg(z) dog(y)

+/ &) oy (2)

/Mmz u(z)) - u(z)dog(2).

By E'(u) = 0, we have

. 1 fwn(z) = wa(y)"

m—s00 J M x M p(z) d (Z y)nJrsp( z) dvg(z) dvg(y) =0.

So, finally, from Lemmas 2.2.4 and 2.2.5, we conclude that our problem (P) possesses a

weak solution. O
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Conclusion

In this chapter, we have introduced a new fractional Sobolev space whose kernel is
. 1 . . . .

K(z,y) = i)V On Riemannian manifolds (M, g), for which we prove some fun-

damental properties. Then, we study an existence result in these spaces for an elliptic

problem. In the next chapter, we propose a generalization of this space with a symmetrical

kernel satisfying Lévy integrability and coercivity conditions.
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Chapter 3

Fractional Sobolev Spaces with Kernel

Function on Compact Riemannian
Manifolds

Let (M, g) be a compact Riemannian manifold of dimension N. The purpose of this
chapter is to present fundamental properties of a new class of Sobolev spaces with a kernel
function. Additionally, using the topological degree methods for solving the following
equation

(LX) iy yw(y) = ABW)|wy) " 2w(y) + f(y,w(y)) in U,
w =0 in M\U.
Here, s € (0,1) is fixed, r € C(U, (1,00)), A > 0,4 C M is an open bounded subset of M,
B is a suitable potential function in R™ with € L®(U), p € C(U x U, (1,0)) satisfies the
following conditions

p(z,a) = p(a,z), forevery (z,a) € M?, (3.1)
1<p = min p(yz)<plyz)<p" = sup py2) (3.2)
(y,z)eM? (y,2)EM?2

and f : M x R — Ris a Carathéodory function such that:
(B1) There exist « > 0 and a continuous function g : M — (1, +0c0) such that

Np(y,y)

1<q(y) <pily) = N—sp(y,y)

and
fly,z) <a (1 + |z|”/(y)_1> , ae. yeM,zeR,

r* =supr(y) <q~ =minq(y) < pi(y)
yeM yeM

and the operator (,Cé,< )p(y,) is defined by

)

37



(£ poe) =2Jim [ foly) — (@) wly) —w(z)K(y 2oy (2),

for every z € M, where,

Be(y) = {z € M :dg(y,2) < e} and dog(z) = |g;;|2dz.

Furthermore, K : U x U — (0, +00) is a symmetric kernel function satisfying the following

variant of Lévy-integrability type condition
gK € L' (M x M, dvg(y)dvg(z)), where g(y,z) = min{dq(y,z),1} (3.3)

and the following coercivity condition for some ag > 0

LA
dg (y’ Z)N+sp(y,z)

< K(y,z), ae. (y,z) € M?, y # z. (3.4)

The results of this chapter are based on the paper [5].

3.1 Fractional Sobolev Spaces with Kernel Function

In this section, we shall introduce fractional Sobolev spaces with a general kernel and

prove several qualitative lemmas.

Definition 3.1.1. Suppose that (M, g) is a Riemannian compact manifold of dimension N,
U is a smooth open subset of M, K : U x U — (0, +c0) is a symmetric function satisfying
Lévy-integrability and coercivity conditions, ¢ € Ct*(M),and p : U x U — (1, +0c0)
satisfying conditions (3.1)-(3.2). We define fractional Sobolev space Wﬁ(y Jp(y2) (U) with

general kernel K(y,z) on compact manifold M as the set of all measurable functions

w € LYW (1) such that/ w(y) — w(z)|P¥?)
M? AP(Y.2)

and endow it with the natural norm

K(y,z)dvg(y)dvg(z) < oo, for some A > 0

| 7Y @) = [l piyz) + 1@lo)s

where

w(y) — w(z)[PW?)
M2 AP(.2)

[Wlk p(y,-) = inf {A >0: K(y,z)dvg(y)dog(z) < 1} ,

is the Gagliardo seminorm of u and (L1W) (1), |.| 4(y)) is a variable exponent Lebesgue

space.
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3.1.1 Basic proprieties of the new space

Lemma 3.1.2. Suppose that (M, g) is a Riemannian compact manifold of dimension N, U is
a smooth open subset of M, K : U x U — (0, +00) is a symmetric function satisfying Lévy-
integrability and coercivity conditions, g € CT(M), and p : U x U — (1,+0c0) satisfies
conditions (3.1)-(3.2). Then (Wﬁ(y)’p(y’z) (U), ] - 1]) is a Banach space.

Proof. Let {wy, },en be a Cauchy sequence in Wﬁ(y)’p(y ) U)

N, > 0, such that for every n,m € IN, n,m > N,

. For any ¢ > 0, there exists

[wn — wm‘q(y) < |lwn — meWIZ(y)’M’Z)(U) <e (3.5)

Since (L1W)(U), |-[4(y)) is @ Banach space, there exists w € LW (U) such that w, — w
strongly in L1Y) (/) as n — +c0. Thanks to the converse of the Dominated Convergence
Theorem, it follows that for a subsequence still denoted {w, }, we have that w, — w as
n— 4+ooa.eonld.

Let ¢ be an integer such that / > N, and w, € Wg(y Jp(y:2) (U). We use Fatou’s lemma
and inequality (3.5) to get

/ |w(y) — w(z) [PYHK(y, z)dog (y)dog (2)

Uuxu

< limi — p(y.2)

< lim inf uxu|wn(y) wn (2)|PYHK(y, z)dvg (y)dvg (z)

< 2" Mimin(wi(y) — wily) - (wi(z) — we(z) PUIK(y,2)

+ |we(y) = we(2) [PYDK(y, 2))dog (y) dog (2)

+ .. pt P
S 2P I%gli&f(||w€ - wk“WIzi(y),p(y,z) (Z/[) + ||w£ - wk”WIq((y),p(y,z)(u)

p- P
+ ||w€||wz(y),p(y,z) ) + ||w£||wltz(y),l7(y,z) ) < +00.

Thus, w € qu((y Jpy2) (U). We combine with Fatou’s lemma and inequality (3.5), and

obtain
P s p
Wy, — W < liminf ||w,, — w Uu) <e.
H n szw),p(y,z)(u) ~ kot H n k”WIZ(y)'p(y'Z)( ) —
That is, w, — w in Wﬁ(y)’p(y’z) (U) asn — +oo. O

Lemma 3.1.3. Suppose that (M, g) is a compact Riemannian manifold with dim M = N,
U is a smooth open subset of M, K : U x U — (0,+00) is a symmetric function satisfying
Lévy-integrability and coercivity conditions, g € CT (M), and p : U x U — (1, 400) satisfies
conditions (3.1)-(3.2). Then (Wﬁ(y)’p(y’z) (U), | - ||) is a uniformly convex space.

Proof. Letw,v € Wﬁ(y)’p(y’z) (U),and 7 € (0,2), such that

1= HUHWIz(y),p(W) ) = ”w”WIz(y),p(y,Z) ) and [|w — UHWIZw),p(y,Z) ) > 1.
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Case 1: p~ > 2. Thanks to [7, Inequality 28], we get

1L=2 H”Z ||“’“u”2
Uu) U)

1 pyZ PyZ )
+ ||v .
(H || yz)( || || K yz)(u)

Thanks to (3.6), it follows that

(3.6)

H“’”HW

We take 6 = 6(77) such that

and get
”P(%Z) <1-— 1.

Case 2: 1 < p(y,z) < 2. Note that

1
p(yz)—1

ol 50y = | [ 00) = 0K (320 0200 D (o)

with ! + L
py.z)  plyz)
[7, Inequality 27], we have that

= 1. By the reverse Minkowski’s inequality [7, Theorem 2.13] and

w+v

_|_
I H = == || w

< { /M2 [!w(y) — w(z) + (U(y) — v(z))’P (v2) 4 w(y) —w(z) + (o(y) — U(Z))’p/(y,z)]

1 p (v.2)(p(yz)-1) .
. (—KW)) g (y)dog (z) } 757 |

1 I
< Pyz Pyz pyz)-1_1
< S0 ) + 510 ) ,
therefore
w—+v P ) <1 1 Pl(]/,Z)

To complete the argument, choose § = é(7) such that 1 — (g)pl W2 = (16 )”/ 2. O

Remark 3.1.4. According to the Milman-Petits theorem [7], WIZ(y Jpy2) (U) is a reflexive

space.
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Lemma 3.1.5. Suppose that (M, g) is a compact Riemannian manifold with dim M = N, U is
a smooth open subset of M, K : U x U — (0, 4o0) is a symetric function satisfying conditions
Lévy-integrability and coercivity conditions, g € CT (M), and p : U x U — (1, +00) satisfies
conditions (3.1)-(3.2). Then (Wﬁ(y)’p w2) (U), || - 1) is a separable space.

Proof. LetL: le(y Jpz) U) = LY (M) x LPYZ) (M x M) be the operator defined by

1

L(w) = (w(y), (w(y) — w(z)) K3 (y,2)).

L is clearly well-defined and is an isometry. By [21, Proposition 3.17], the space ( le @).p(y.2) ), |-
||) is indeed separable. o

3.1.2 Embedding Compact

Theorem 3.1.6. Suppose that (M, g) is a compact N-dimensional Riemannian manifold, U is
a smooth open subset of M, K : U x U — (0, +00) is a symmetric function satisfying Lévy-
integrability and coercivity conditions, g € CT (M), p : U x U — (1, +c0) satisfies conditions
(3.1)-(3.2) and

sp(y,z) <N, p(y,y) < q(y), forevery (y,z) € U?,

and £ : M — (1,+00) is a continuous variable exponent such that

. Np(y,y) - :
Hy) = — 5 p(y) > 07 = min f(y) > L.
P: () N —sp(y,y) v yeM v)

Then the space Wﬁ(y)’p(y ) (U) is continuously embeddable in L'Y)(U) and there exists a positive
constant C = C(N, s, p, q,U) such that

|w] 1) ) < C| |w||wlq<<y),p(y,z) wy for every w € Wl‘z(y)/r’(yz) ).

Moreover, this embedding is compact.

Proof. Let p, g, and ¢ be continuous functions and ¢/ an open subset of M. There exist two

positive constants a1 and a; such that

) = ply,y) +a1 >0 3.7)
and Np(y,y)
P\Y, Yy

N—sp(n, 1) > L(y) + a2 >0, (3.8)

for every y € U. Let t € (0,s). We use the continuity of p,q, ¢, (3.7), and (3.8) to find
a constant ¢ = ¢(p, g, ¢, a1, x2) and a finite family of disjoint Lipschitz sets I/; such that
U= U]-Zil Uj and diam(U;) < ¢,

%]

Np(m,z) “ .
. S A > > a1 3
N—tpimz) = (W5 >0aly) = plmz)+ 5> 0, Vly,zm) el
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Putp; = inf {p(y,z) — J}. By the continuity of the involved exponents, we can
(y,z)el;xU;

choose 6 = é(ap), with p~ —1 > 6 > 0 such that

Np] Qs
> hte} y
N—tp; = Uy) + 3 for every y € U;

So, we have the following

N .
N pt]p > l(y) + %, for every y € U;. (3.9)
]
pi+ % <q(y), forevery y € U;. (3.10)

By [48, lemma 2.4 ], there exists a constant C = C(N, t, ¢, Pis Z/l]-) such that (see [48] for
more details)

loll e < Cl ol + [071@)) forevery we WoPi@g). (1)

;)
Now, we shall prove the following three inequalities.
N
a) There exists a constant ¢1 > 0, such as: ¢1|w| ) g < Y |fw] |Lp;f wy
j=0 /

N
b) There exists a constant ¢; > 0, such as: ) _ ||w]], s, ) < c2|w| g )"
j=0 :
N
c) There exists a constant c3 > 0, such as: Y _[w]""i(U;)) < c3[w]*” W2 ().
j=0

We shall first prove (a). We have that

N
w(y) = ) lw)lxu,
j=0

where Xu; is a characteristic function. Hence, we have

N
|w|Ll(y) W) < Z(:) |w|L€(y) ;)"
]:
Combining the statement (3.9) with the Holder inequality, we obtain

|w|Lf(y)(uj) < C||w||Lp]’f 11 i

o)

1 1
where —— +

) 4y
Similarly, by using the fact that g(y) > p; for every y € U;, we get (b).

, foreveryy € U;. (3.12)
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Now, we show (c). Put w(y) )
o) [wly) —w(z
G(y,2) RO

We use the Holder inequality and the definition of pj, to get

[wW%%)Z(l, “””_w@”%wawwan)m

ixUj dg(}//Z)N+tp]

1
_ / (|w(y)—w(z)|)pj dog(y)dvg(z) |7
Z/[]Xu] dg(y,Z)s dg(y/z)N_'_(t_s)p]'
< C|G|Lp(yz)(yg,uj><uj|1|L%j(yz) (g U <UL
e C(Z/[], %])|G|U’(V'Z)(}lg,u]><u])’

where fouly)ioe(2)
1 1 1 V(Y )dvg(z
— = + and du,(y,z) = 8 _
b ) By D g e

Next, we prove that |G|,z < Clw]*P¥?) (U;). Let A > 0 be such that

w(y) — w(z)|P¥2)
[ eI e <1

Uy APWR g (y, z)N+sp(v2)

Putk =sup{l, sup dg(y,z)° '} and A = Ak. Then we have
(y,z)eU xU

/uz lw(y) — w(z )|P(%Z) dvg(y)doug(z) < /uz - [w(y) — w(2)|p(y’z) <1, (3.13)

; ((dg(y )5 ) p(y.z) dg(y,Z)N+(t_S)pf - g(y,Z)N—&-sp(y,z))\p(y,z)

therefore

|G|Lp(y,2) (ng (U xUy) < Ak.

It now follows from (3.4), inequalities (a), (b), (¢), and [48, lemma 2.4] that
N
|w|L€(y>(z,{) <c Z HMHLP;F(L{)

N .
<} (Nl + @]7@4)
j=0

¢ ([0l a0 gy + 1P @)
sMomﬂ )+ [] P02 W)

= caol[w]],

IA

WZ)(U)

We show that this embedding is compact. Let {w, } be a bounded sequence in Wq( vpy2) u),
we need to prove that there exists w € L‘¥) (M) such that for every £(y) € (1, p),

wy, = win LXO(M) as n — +co.
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Since M is a compact Riemannian N-manifold, we can cover M by a finite number of
charts (Uj, ¢;)j-1,..,m satisfying

1

6(51']' < gij < Qdyj,
where gls-j are bilinear forms and Q > 1. Let 7; be a smooth partition of unity subordinate
to the chart (U;, ¢;)i—1,..,.m- Letw, € Wz(y)’p(y’z) (M). Then

fjn € Wﬁ(y)’p(y'z)(/\/l) and (1jjw,) o 9"]'_1 c Wﬁ(y)’p(y'Z)(Bo(l)),

where By (1) is an open unit ball of RY. By [50, Theorem 1.1], there exists w; € L) (¢i(U;))
such that
(17jwn) o (p]._1 — w; strongly in L“v)((pj(uj)) as n — —+oo.

Hence

jwn — w; o @; = ajstrongly in LA )(q)](Z/l )) as n — +oo.
Finally, we put
W= Za] ZwJO(p] e L'O(M).

j=1
]

3.2 Application: Existence result via topological degree
method

In this part, as an application, we give an existence result to the following problem:

{<ﬁ§>p<y,.>w<y> = AWl ely) + f(y,w(y) i U, 614
w =0 in M\U. '

Definition 3.2.1. We say thatw € Wﬁ(y)’p ) (U) is a weak solution of problem (3.14) if for
every h € (le(y Jp(y2) (U))* we have,

[ 0®) = 0@ P2 w(y) = w0(2)) (h(y) — h(z)) Ky, 2)dvg (y)do (2
= A [ B 20()h)doy) + [ Flyw)hy)dog(y)

We consider the functional { : Wﬁ(y Jpy2) (U) — R defined by

() = [ )~ 9@ K 2o (y)dog )

A [ P Wl Wdog(y) — [ F(yw()dog(y).
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Then it follows from [15, 50] that { € C1(W1q<(y),p(y,2) (U),R) and

(@ (), )
= [ ) =) "0 (w(y) — w(@) (h(y) — h(z)K(y,2)dvg (y)dog 2)
-2 / Blw(y) ) 2a(y)h(y)dog(y) / £y, w(y) (y)dog ()

=< L(w),h > — < S1(w),h > — < S(w)

Lemma 3.2.2. Suppose that (M, g) is a compact N-dimensional Riemannian manifold, U is
a smooth open subset of M, K : U x U — (0, +00) is a symmetric function satisfying Lévy-
integrability and coercivity conditions. Assume that assumption (131) holds. Then the operator
L: Wz(y)’p v2) U) — (Wﬁ(y)’p(y ) (U))* is continuous, bounded and strictly monotone, and

i) L is an operator of type (S4),
ii) L: Wz(y)’p(y ) U) — (Wﬁ(y)’p(y ’Z)(L{ ))* is a homeomorphism.

Proof. It is obvious that L is bounded. We show that L is continuous. Assume that w,, — w
in w;z@)"’(y'z)(u) and we show that L(w,) — L(w) in (WQ( ply2) (U))*. Indeed,

— Lw, ¢) = Wy (y) — wn (2)|PY 72 (wa(y) — wa(z
Ly — Lw,9) = [ [([wa(y) = wa(2)" 7 (waly) — w(2)
~ f(y) = w(2) P92 aw(y) — w(z)]|  Ky,2) (p(y) - 9(z) dog(y)dog(2)

plyz)—1

= [ [louy) — 0@ P2 (a(y) — wa(2)) K(y,2) 767

" (y,2)—
~ Juy) — w2 w(y) - w()K(,2) 7 ]

1

X (@(y) — ¢(2))K(y, 2)"¥7 dvg (y)dvg(z).
Put

rlyz)—-1
Gu(y,2) = [wa(y) — wa(2)PY) 2(wa(y) — wa(2)K(y,2) 707 € LP 02 (U x 1),

plyz)—-1

G(y,2) = |w(y) — w(z)|"" 2 (w(y) — w(z)K(y,2) 07 € LP WU xU),

and
F(y,2) = (p(y) — 9())K(y,2) 7 € LPU2) (U x ),
where, 1 + — 1 = 1. Thanks to the Holder inequality, we have
p(y.z) P (y.2)
(L (w0a) = L(), ) < 20Ga(1,2) = G021 400 |l s
Thus,

HL (wn) - L(w)H(WI@y),p(yz)(u))* < ZIG”(E/’ ) (y’ )’ W2 (UxU)"
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Let
Va(y,2) = (wa(y) — wn(2)K(y, 2) 757 € LPO2) (U x U),
and )
V(y,z) = (wly) —w(z))K(y,2) 7™ € PO U xU).
Since w, — w in Wﬁ(y)’p(y’z) (U), we have V,, — V in LPU2) (1 x U). So, there exist a

subsequence of {V, },en and h(y, z) € LPY?) (U x U) such that V,, — V a.einUf x U and
\Vu| < h(y,z). Therefore we have G, — G a.einU x U and

Gy, 2)| = |Va(y, 2) P21 < h(y, )P -1,
We use the Dominated Convergence Theorem to get
Gu — Gin LP WA (U x ).

By Lemma 1.6.8, L is strictly monotone. Now, we show that L is mapping of type
(S+). Let {wy }pen C Wﬁ(y)’p(y’z) (U) be a sequence with w, — w in Wz(y)’p(y’z) (U) and
limsup (L (w,) — L(w), w, —w) < 0. Using (i), we get

n—r+00

0= lim (Lw,— Lw,w, —w)- (3.15)

n—-+oo

By Theorem 3.1.6, we have that w,(y) — w(y) a.e. in . This, in combination with
Fatou’s lemma, gives us

lim inf |wu (y) — wn(z)|PY? K(y, z)dvg(y)dvg(z)

n——+oo J A2
> /M2 w(y) — w(z)[PY2K(y, z)dvg (y)dvg (2). (3.16)
On the other hand, we have
nl_i)rfoo (L (wn),w, —w) = nl_i)rfoo (L (wy) — L(w), w, —w) =0. (3.17)

Using Young's inequality, we can see there is a positive constant ¢ > 0 such that

(L (wn) Wy — )

= [ (y) = wa(2) ") K(y, 2)dog (y)dog ()

- /Mz [wn(y) — w(2) Y772 (wa(y) — wa(2)) (w(y) — w(2))K(y, 2)dvg(y)dvg ()
> [ Jwn(y) = wa (@) P Ky, 2dog(y)dog(2)

- /Mz wa(y) — wa(2)[PY " w(y) — w(2)[K(y, 2)dvg (y)dog(2)

> [ on(y) = wn(2) "7 Ky, 2)dog(v)dog (2)

—c [ l0ly) —w(@) UK, 2)dog(v)dog (=)
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According to (3.15) - (3.17), we get

Jim () = wa(2)" K(y, 2)dog (y)dog (2)

= /0 0W) = w(z) [PV K(y, z)dvg (y)dog(2)- (3.18)
As a consequence of the Brezis-Lieb Lemma [21], (3.15), and (3.18), L is of type (S4)-

We show that L is a homeomorphism. It is easy to see that L is coercive and injective.
Thanks to the Minty-Browder Theorem [73, Theorem 26 A], L is surjective. So, L is a
bijection. There exists a map
G : (WIWPYA )y — Wi PV (1) such that Go L = id,yq
id

Z()andLOG:

(WI‘Z(W”’(W)(U))*'

We show that G is continuous. Let g, ¢ € Wﬁ(y Jpy2) (U) besuch thatg, — gin Wz(y),p v2) U).
Let t, = G(gn),w = G(g). Then L(t,) = g» and L(w) = g. Since {t, },eN is bounded in
Wz(y Jpyz) (U), we have t, — win WIZ(}/ Jpy2) (U). Tt follows that

lim < L(t,)—L(w),tn—w>= lim < gut, —w>=0.

n——+oo n——+oo
Since L is of type (S4), we get t, — win Wq( y)plyz) (U). This completes the proof. [

Lemma 3.2.3. If f satisfies (BB1), then the operator S : Wﬁ(y)’p(y’z) Uu) — (Wﬁ(y)’p(y’z) Uu)*
defined by

(Sw, ¢) = —/\/ |7 w(pdvg / fly, w(y))pdog (),

for every ¢ € (Wz(y Jpy) u )) T compact.

Proof. Let
Sq: le(y)’p(y’z) (U) s Lq/(y) (U) S, : WIZ(y)/P(]//Z) (U) N Lq/(y) (U)
w — S1w = —AB(y)|w(y)"Y w(y) w— Sw = —f(y,w(y)).

We shall show that S; and S, are both bounded and continuous. For every w &
Wz(y),r?(yz) ),

Siwlyy =2 [ BRI o) Vo)
< AllBlles [, w77 Vog(y)
< ACH|Blle [ lo(y) #7117 Wi (y)
< ACllBlle [ )1V dog(y).
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This implies that S is bounded in lez(y),p w2) (U). By condition (B ), there exists & > 0
such that

f v w())] < a(l+ [w(y) 1),

Therefore

/

szoff ) = [ 1)l Vdog(y)

< [ &0+ Wdog(y)

/

<217 (1M [ ()| 707 Wdug (y)

/

<ad (Mq(y) [ ()] 107 Do (y))
< o U, a0l 4

Hence S; is bounded in WIZ(y v (y’z)(l/{ ). Next, we show that S; is continuous. Let

wy € Wﬁ(y Jpy2) (U) such that w, — win Wﬁ(y)’p(y ) (U). Then w, — win L1Y) (/). Hence
there exists a subsequence, still denoted by w,, and a measurable function g in L1¥) (/)
such that w,(y) — w and |w,(y)| < g(y), aeinl.

Since f is a Carathéodory function, we have

fly,wn) = f(y,w(y)) ae. in U. (3.19)

According to condition (B;), we have that
!

fywa(y)] < a(1+gy) 1" e LTV ).

Using Dominated Convergence Theorem, we obtain
/M F W wn() = £y, wy))|T Vdvg(y) — 0 asn — oo,

The Dominated Convergence Theorem implies that S,w, — S,w in qu (v) (U), so Sy is
continuous in le(y Jpy2) (U). Because the canonical embedding i : Wﬁ(y Jp2) Uu) —
L7W)(14) is compact, its adjoint operator i* : L7 W) Uu)— (Wﬁ(y)’p(y ) (U))* is also compact.
As a result, compositions i* o S and S, o i* are compact, so we come to the conclusion that

the operator S is compact and this completes the proof. O

Theorem 3.2.4. Suppose that (M, g) is a compact N-dimensional Riemannian manifold, U is
a smooth open subset of M, K : U x U — (0, 4o00) is a symmetric function satisfying Lévy-
integrability and coercivity conditions. Assume that assumption (By) holds. Then problem (3.14)
has at least one weak solution w & le(y Jp ) U).
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Proof. Letw € Wﬁ(y VP2 (U). Then w is a weak solution of problem (3.14) if and only if
Lw+ Sw =0, (3.20)

where L, S are the operators defined in Lemma 5.24 and Lemma 3.2.3. Since S is bounded,
continuous, and quasi-monotone (see Lemma 5.24) and L is strictly monotone, thanks
to the Minty-Browder Theorem [73, Theorem 26 A], we have that L~! = G is bounded
continuous of type (S4).

Equation (3.20) is equivalent to

w=Gh and h+SoGh=0. (3.21)

To solve (3.21), we shall use the Berkovits topological degree introduced in Section 1.6. To
this end, we first show that the set

= {h € (Wﬁ(y)’p(y’z)(U))* :h+tSoGh =0 forsome t € [0,1]},

is bounded. Let i € D and take w = Gh. Using the growth condition (), the Holder
inequality, the Young inequality, and continuous embedding
WIZ(”"’W'Z)(M) s 1) (U), we get

GAIlygrwa) gy < /MxM w(y) — w(z)|PY? K(y, z)dvg (y)dog (2)
= (Lw,w) = (h, Gh)
< |t/ (S o Gh, Gh)

</\/ y)|w(y)|Wdog(y +/ fy,w(y))w(y)dug(y)

< MBIl Callell e cz(/Mm )i Vo (y) )’

1
q(y)
4C / W do( )
([, ooy

< AlIBllCall0l e, + CallBllo [ (14 a0(y)[70-D50)) 77

1
)

G ([ et dvg<y>) "

+
<A||/3||ooC1||W||r + 27 Cyl[Blleol 0] 010

yz)( ) .1//2>(u)

+ C4HwHW2y PwA) g0

Since S is bounded, it follows that D is bounded in (WQ( V)py2) (U))*. As a result, there
exists a positive constant 7 > 0 such that

Al gt <1, forevery heD.
W

Ay
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Furthermore, i +tS o Gh # 0 for every (h,t) € 9B,(0) x [0,1]. Using Lemma 1.6.3,

andi+SoG € Fyu(By(0)) andi = Lo G € F(B,(0)) are present. Next, i + S o G is also
bounded because the operators i, S and G are all bounded. We come to the conclusion that

i+S0G€e fgll(Bq(O)) and i € .F%J(BW(O)).

We consider the map H : [0,1] x B;(0) — (W;L(W'PW'Z)(U))* given by
H(t,w) = w+tSo Lw.
By the statements (1)-(2) in Theorem 1.6.7, we can deduce
d(i+SoG,B;(0),0) =d(i,B,(0),0) =1,

by applying the homotopy invariance and normalization properties of the degree d from
Theorem 1.6.7. Therefore there exists w € B, (0) such that & + S o Gk = 0. We can now
deduce that w = Gh is a weak solution to problem (3.14) in WIZ(y Jp2) (U). This completes
the proof. O

Conclusion: We have treated the Sobolev spaces with a general kernel, and we have
illustrated an existence result via topological degree theory. There are still questions raised
about the qualities of these spaces, such as the density of D(U) spaces, which makes
approximation techniques very hard. In the next chapter, we’ll look at another type of
fractional problem called fractional double phase operators.
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Chapter I

Existence and infinitely many solutions to
double phase problem involving a singular
term

In this chapter, by computing critical groups, we establish the existence of solutions for
a class of fractional (p;1(x,.), p2(x,.))— Laplacian problems involving singular terms and
some vanishing potential. More precisely, we use Morse’s relation to prove that our

problem has infinitely many solutions. The results of this chapter are based on the work

[3].

4.1 Analysis of double phase fractional problems with sin-
gularity

Let (M, g) be a compact Riemannian manifold of dimension N. In this chapter, we discuss
the existence of multiple nontrivial solutions of (p1(X,.), p2(x,.)) fractional Laplacian prob-
lem with singular term. More precisely, we using Morse’s theory to study the following

problem:

(€8 pa () + (L) paiulx) = EEER in U,
u >0 in U, (4.1)
u =0 in M\U.
Here U C M is an open bounded set of M,0 < s; < s < 1,7: M — (0,1)isa
continuous function, g1, 4, : M — (1, 00) are continuous functions such that g;(x) < g2(x)
forall x € M, p1,p2 : M x M — (1,00) are continuous functions satisfy the following
conditions: fori =1,2

pi(z,a) = pi(a,z) forall (z,a) € M?, (4.2)
1<p; = min pi(a,b) <pi(ab) <p/ = sup pi(ab)foralli=12  (43)
(a,b)eM? (ab)eM?
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= su 2(a,b) < pS = min pi(a,b), (4.4)
P b PRSP = (e
p1(x,y) < p2(x,y) forall (x,y) € M?, (4.5)

f U xR — Ris a Carathéodory function that satisfies the following condition

(F;) There exist p € L*(M), and a continuous function r : M — (1, +00),

N
p1(x,x) satisfies:

1 <r(x) <pg(x)= N —s1p1(x,x)

floy) < B (1+ly"™1), ae x€M,y€R,
and (Ly) ,(x,) is defined by
s P u(x) —u(y)|P¥)2(u(x) —u(y))
(L5 )pixyulx) = Zslir& M\ Be(x) dg (x, y)NFsipilxy) dog(y),

for all x € M, where B.(x) := {y € M :dg(x,y) < €}, dvg(y) := |gi]~]%dy, see section (1.1)
for more details.

Since the energy functional associated with our problem is not differentiable because

of the presence of a singular term, we introduce an approximate problem sequence

4.2 The Approximated Problem

We introduce an approximate problem sequence as follows:

(L) pa 5 0 00 + (L) ot e (x) - = il un () iy i U,
u, >0 in U, (6

t
where f,(x,t)) = min(n, f(x, 1)), Fa(x, t) = /0 %ds, and f, satisfies the following
S n X

conditions: (F,) There exist f > p;” and r > 0 such that for a.e x € M and |x| > r,

tfn(x, 1)

(F3) It holds

= I; uniformly for a.e x € M,

fu(x,t)

(F4) There existaz > 0and [ : M x M — (1, p; ) such that
fu(% )t = P& Fa(x, 1) > —as]t]/0Y)

forallx € Mandt € RR.
Notation: For the sake of simplicity, we note W := W31)-P(xy) (M), Wy := Wsrn(X)pily) (ML),
and W, := Ws2200:72) (M), See (1.1).
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Definition 4.2.1. We say that {u, },c to be a weak solution of (4.6) if

/MXM [ (x) — wa ()15 : ()N(—s-s)lp?;;)(Y))((P(X) — 90D 4y, (x)dog(y)+

)-
dg(

/ |un (X) — un(y )|P200Y) =2 (1, (x) — un(y)) (p(x) — (P(Y))dvg(x)dvg(y) =
(

N
MxM dg X, y) +s2p2(x,y)

1 *
/M o 1n () — £y #0940 (x), forall ¢ € Wy
Now, we will use Morse’s theory and the critical groups, which are effective tools for
studying the multiplicity and existence of solutions to the approximative problems (4.6).
4.2.1 Computation of group criticals

In this section, we will consider the associate energy functional to (4.6), we shall prove that
ct(wl, R), and we compute the criticals groups at 0 and oo.
Consider the energy functional ¢ : W; — R defined by

¢(un) = ¢1(un) — P2(un),

where

1 Jun(x) =y (y) 1)
/MxM p1(xy)  dg(x,y)N+sipi(xy) dvg(x)dvg(y)
1T Jup(x) = uy(y)|P2000)
/ MxM P2(%y) - dg(x,y)NHoar2ey) dvg(x)dvg(y),

@m@;@amwuw%m@mamﬂafﬁ%ﬁ%“

Lemma 4.2.2. If { f,} nen satisfies condition (Fy), then ¢» € C1(Wy,R) and

o) = [ B o),

forall u,, v, € Wy.

Proof. (i) ¢ is Gateaux differentiable in Wj.

Letu,, v, € Wj,and 0 < t < 1, we have

1 B Un+tvy fnxs) 1o fu(xs)
st~ Ry) = [1 PO U P

::_/W“w " ton ks
w o D

t (%)
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By the mean value theorem, there exists 0 < § < 1 such that

fn(x,uy + 5tvy)
(up + 5ty + 1)1

ne

1
?(Fn(x,u;/l + tVn) - Pn(X,Un)) —

Combining with (F;) with Young's inequality, we have

fu(X, upy + 0tvy) < f(x,uy + 6tvy)
< B(|va| + [un + 5tVn’r(X)‘VnD
< B2 (1 + [un "™ + v, ™).

Since r(x) € (1, psr), we have u,, v, € L"X(M). Thanks to the Lebesgue’s dominated
converge Theorem, we get

! L fn(X, up + 6tvy)
}1_% ?(Fn(x, u, +tvy) — Fy(x,uy)) = }135/ M T 0ty & 1700 Vdvg(x)

B fn(Xx, up + 6tvy,)
/ lzmt_>0 (up + otvy, + )7( )Vndvg(x)

_/ fnxun Vnd”()g()

]

(ii) The continuity of Gateaux-derivatives. Let {u, s }ren C Wi, u, € Wi such that
u, y — Uy strongly in Wy as k — +oco. We use Holder’s inequality and condition (F;), we
have that

[ TR o) < [ 1,00 Vo)

Uy fe + E),Y(
< [ 1F6un) Vdog(x)
S|

<2THIBIE [ el Vo)

<C(Br") [, funel Mdog(x)
< C(IBll )

T(x) H1H psT(x)
L rx) (M) I PST (X)*V(X)

fi’l(xl ul’l,k) _ f?’l(xl un) |r(x
(o + D)7 (u, + 1))
integrable in L!(M). Thanks to Vitali converge theorem implies

So, the sequence {| N een is uniformly bounded and equi-

lim fulx uln'k) _ (x,lun) |r/(x)dvg(x) =0,
koo J M (e + )70 (g o+ )7

1 1
where —— +

r() (%)

= 1. Thus, by Theorem 1.4.6 and Holder’s inequality, we have
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o (W) = pa(wn)llwz = sup  [(@a(unr) — Pa(un), va)l

V€W, ||y le <1

SH fn(Xlun,k) - fn(xzun) ” /

(u”/k + %)W(X) (un + % Y(x) " (M) HVnHqu(x) (M)

— 0

as k — 400, where Wy is the dual space of Wj.

Remark 4.2.3. 1) Clearly, ¢; € C'(Wy,R), and

(91t ), V)
u, r(x) —u, P1xY)=2(y, 1 (x) — u, Vi (X) — vy

By TR dg<x,(y>§is1>m<x,y>’k<y»( 0 =40 gy (i)
u, x(x) —uy, P2(x¥)=2(y, 1 (x) — u, Vi (X) — vy

+ /MXM [k (X) = U e(y)] dg(X,(y) ﬁsz)pz(w),k(y))( (%) (y)>dvg(x)dvg(y>

2) Consequently, critical points of ¢ are the weak solutions to problem (4.6).
Theorem 4.2.4. The functional ¢ satisfies the Palais-Smalle condition at level c € R.

Proof. Let {u,x}xew C Wi such that ¢(u,, ) — cask — +oo and <p/ (uyx) = 0ask — +oo
in Wy.

* We shall prove that {u, x }xen is bounded in Wj. By contradiction. We assume the

claim does not hold, thatis up to a sub-sequence still denote by {u, i } ke such that

U, — +ocoask — +ooin Wy. Letus v, := . Clearly {v,, x }xen is bounded

IIun ||
in Wj. Since Wj is a reflexive Banach space, up to a subsequence still denoted by

{Vuktken such that v, , — v, as k — +ocoin Wj and v,y — v, strongly k — +o0 in

1
L*O)(M) for 1 < a(x) < ps, (x). We use the fact lim ————— = 0, we have that
k—+4o0 ||unk||W1

1
Hm — ||V, ”Pl XY) _||unk|p2 (xy)—p1(xy) [ |P2 (xy)
k—+o00 Py p2 @7)
~ i WO | Eu(xw0dog(x),
tim [ Bl ey ()
and
tim[fviell ™ 4 el 577 O vl
X, Uy k (48)
= tim ey [ g ().
e M (un,k+ Z)
We use (4.8) and (4.7), we have
, ps Ps
lim _5_1_1 an,kHW1+ _5_2_ Hun HPz (y)=p1(xy) an HPz (xy)
k=0 \ Py P2
4.9)

X, * Xlu ,k
= tim sl | [ Fou) - L o
(s 3)
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Using (Fy), we get

. Ps ' e
iy (2522) I, = [0 250 4

k—+ P1
* (X/u ,k)
W |l pl xy)p51 (/M Fu(x, uyg) — ﬁq—fv(x)un,k(x)dvg(x))
(Wk + 5) (4.10)
. p X X, X,
fkﬂlﬂ,@[( ”)H w5 e
sl O Il 52 )

This is a contradiction as ||v,|/w, = 1. We have also {u,,x }xen is bounded in W;.
Since u, , — u, a.e. in M ask — +oo,

we have that

|un,k(x) — Uy k( )|p1 e 72(un,k(x) - un,k(Y))

d (x y)(Pl Goy) TsD (Pr(xy)=1)

110 () =t (3) [P0 72 (0 () — ()
- d (X y)(ﬁl xy) T8 D(p1(xy)—-1)

a.e(x,y) € M x Mask — +oo. Since {u, x } xe is bounded in W, there exist ¢ > 0
such that

_ )2 - o
/ ’|u”’k(x) Wi () P10 72 (1 () um(Y)ﬂ%dv (x)dvg(y) < C.
M dg(x, y)(pl wy) 51 (P1(xy)—1) g o(y) <
So, we have that

W (X) = u, i (y )|p1 )72 (U, (x) — Ui (y))
d (X Y)( +51)(?1("6’)*1)

(0 = un(9) [P0V () — ua(y))
4o () Tt T ) =D

p1(xy)

Uy
(x

in LP10<y) 1 1 _ it i
weakly in L1 (M x M), where o + e 1. Let w,, € W, it is follows

that
Wn(X) - ‘:}771 (Y) € Lpl(x,y(M > M), and Wi (X) W”(y) LPZ(XrY(/\/l X ./\/l)
dg(x, y) i) 1 dg(x,y) "2l b
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Finally, we get that

|un,k(x) — Uy k( )|p1 et 72( k( ) — unlk(y))
Jues 4, (x, ) b TP G53) dog(x)dvg(y)

. |un(x)—un( )|V1XY ( n(X)_un(Y))dvg(X)dvg(y) as k — oo

MxM d (X y)(P1XY+1)p1( y)

and

[k (%) = W (7)[P20Y) 2 (w1 (x) — wu(y))
/MXM dg(x, Y)(m xy) T52)P2(xy) dug(x)dvg(y)

L D0 — PN R0 —w9)) gy i () ask oo

MxM d (X y)(pznyrz)Pz( y)

* We shall prove that u, y — u, strongly in Wy as k — +oco.
Consider the sequence defined by v, = u, y — u, ;. Since u, y — u, a.e in M and
{uy, k }ken is uniformly bounded in W; and W,. Thanks to Brezis-Lieb Lemma in [42],
we have that

%) = (DI N2 00 3) = 00al) g g0

lim
k=400 J Mx M d (X y)(l’lxy +31)P1(XY)
) V(X)) —v p1xy)=2(y \%
:khm [/ | n,k( ) nk(Y)] ( k( ) — n,k(Y))dvg(X)dvg(y) (4.11)
—Feo LIMM dg(x, y)(p1XY)+Sl)p1(XY)
uy(x) —u P1Y)=2 (g, (x) —u
+ [un (x) n(y )‘( +()n(( )) n(Y))dvg(x)dUg(y)},
MxM d (X y) p1( xy 51)P1{X
thus Tim_[Ju,c|[j*" - ||vnk|“” A
k—+oc0
Similarly, we get lim ||unk||p2 ||Vnk||p2Xy [ anzxy So, we have that
k— 400
c= lim ¢(u,) = lim {—n Vil + —— || ell
S Ly ) a
ol + s - /MFn<x,un<x>>dvg<x>]

On the other hand, using ¢’ (u,x) = 0as k — 400, we have that

X, u
Jim s+ ol = [ R oy
e (4.13)
~[lun |23 — ||y H’W).

We combine (4.13) with ¢(u,) = 0, we obtain that

tim [ vl + vl 522] = o.
k—+c0
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(xy)

Pl (xy) and HVn,k”g\Z

Since ||vy k[ are bounded sequences, we can write lim ||v,, x Hp 100y)
a k—+o0

a and khm an sz &¥) — p. Since a,b > 0and a+b = 0, we getthata = b = 0.
— 400
Finally, u,, y — u, strongly in Wy as k — +oco.
O

Now, we will use the notion of the local (m, n)— linking for computing dim Cy (¢, 0).
Theorem 4.2.5. The functional ¢ has a local (1,1)— linking at the origin.

Proof. We define V = RR. Clearly V is a one dimensional vector space subspace of W;. We
choose 7 € (0,1) such that Ky N B, B,(0) = {0}, where B,(0) = {u, € Wy : |Juu|lw, < r}
and Ky = {u, € Wy : ¢ (u; = 0)}. We consider the set E = V N B,(0) for small enough

€ (0,1). Recall the on a finite dimensional normed space all norms are equivalent. So, by

taking r € (0,1) even smaller as necessary, we obtain that

|lunllw, <7 =|uy| <6 forall u, eV =R

Then, for any u, € VN B,(0), we have

Un(X) — uy 100
Pun) = /Mx/\/l P1(>1<,Y)| dg((i,Y)N-l-(S}llzllerY)y dvg(x)dvg(y) — /M (%t () )dog (x)

/ T Jun(x) = uy(y)|P20y)
MxM p2(X,y) dg(x,y)N+52p2(Xfy)

dvg(x)dug(y)

uu(X) —uy p1(xy)
= /MxM P1(>1<,y)‘ d:(:,y)NfS}l,i)?ll(X/y) dvg(x)dug(y) — /M Fa(x, u (x) ) dog (x)

1 Jun(x) — up(y)|P20y)
/MxM p2(Xy)  dg(x, y)NFsap2(xy) vg(x)dvg(y)

1 [un (x) — uy, (Y)|p1(X’Y)
< Z/MxM dg(xly)N‘i‘Slpl(X/Y) dvg(x)dvg(y) — /M Fy(x, up(x))dog(x)

1 [tn (%) — un (y)[P20¥)
i iy 400
<0.

Further, we consider the set

. 1 1 !
D= {un € Wi : min (F’F) | > zuguwuunu;vj)} :
2 1
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By (F;), and Lemma 1.4.6, we have that for any u, € D,

u(x) —uy, 1(xy)
$(uy) = /MXM p1(>1<,y) | di (z(,y)wgl)p'ix/y; dvg (x)dvg(y) — /M Fu (%, 1y (x) ) dog (x)

1 Jun(x) —un(y) |20

MxM pz(x y) d (X y)N+52P2(XzY)

1
H un[ |30 + pgrunu””y — 2] Bl|eol[n 1) > 0
2

_|_

Ug (X)dvg(}’)

Let U = B,(0), Eg = VNB,(0), E = VNB,(0),and D as above, we have that 0 ¢ Ey C
E C U = B,(0) and Ey N D = @. Therefore, we arrive the following

$1E <0 <9 b5 )

Let Y be the topological complement of V. We have that W; =V @ Y. So, every u, € W
can be written in unique way as

U, =vy+y, with v, € V,y, €Y.
We consider the map 7 : [0,1] x W; — W;\D defined by

h(t,u,) = (1 —tu, + tr——-
(b00) = (0= Bt

We have h(0,u,) = u, and h(1,u,) = r—— € VN9B,(0) = Ey. It follows that Ey is a

I n”

deformation retract of Wy \D. Hence
i* : Ho(Eo) — Ho(Wh)

i an isomorphism. Note that Ey = {a, —a} for some a # 0. Therefore, from dim Hy(Ep) = 2,
since Hy(Eg) = REPR. Thus,
dimim(i*) = 2.

The set E = V N B,(0) is contractible (it is an interval ). By [38, Theorem 11.5], we have
that Hy(E, Eg) = 0. Thanks to [38, Remark 6.1.26], we get dim im(j*) = 1. So, finally

dimim(i*) —dimim(j*) =2—-1=1.

Thus, the hypothesis of Definition 1.7.2 are satisfied. Hence, ¢ has a local (1,1)— linking at
0. O

Remark 4.2.6. For all k € IN, Ci(¢,0) # 0.

Proof. Since ¢ has a local (1,1)— linking at the origin. By [55, proposition 2.1], we get that
dim Cy(¢,0) > 1. 0
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Now, we will compute the group critical of ¢ infinitely.

Theorem 4.2.7. Under assumption (F3), there exists a constant A > 0 such that ¢* is homotopic
to S' = {u, € Wy : ||un||w, =1}, foralla < —A.

Proof. We use the condition (F3), we get that

(o) = | 109 [, () = un(y) 1)
Plbn) = MM Pl(x,y) dg(xly)N-i-SlPl(X,Y)

/ t206) (%) — uy(y)|P206Y)
MxM P2(X,y) dg(x,y)NJrSsz(X,y)

dvg (x)dog(y) = [ Falx, tun(x))dog ()

dvg(x)dvg(y)

1 1 l 1 *
< — 1 7 | 30V - tp” 0" g,
P1 P2 M

where p;* = max ps (x). Since p{* > p” > p7, we have that ¢(tu,) — —co as t — +oo.
Xe

Let A € R there exists f € R such that ||tuy,|lw, > B, we have that ¢(tu,) < A.

Since u, € S', we have that

d [un (%) —un(y )’pl xy)
—¢(tu,) = pi(xy)—1 y
dt () /MxMt 1 dg(x, y)N+S1p1(Xy) dvg (x)dvg (y)

. fun(x)
™ 0 G+ Dy )

pa(xy)—1 [Un (X) = (y)[P20)
T S dg(x, y)NF22(x) dug(x)dvg(y)

< AT g, | 20— /M “"<")<tﬁi(<§>ti"f§1)<x>dvg<><>

+ + X, tuy, (x

< pTl A+ / (x, tuy (x))dog(x) — pTl M tu (x) (tﬁz((x)t+ ;)7)(x) dvg(x)]
pi | 11 fu (X tun (x))

S (5 . E) Ju o ey 20 dvg(x)]

< ? _A+C1 (%—%>] <0.

By the implicit function Theorem, there exists an unique T € C(S',R) such that for any
u, € S,

¢(T(un)un) = A.
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1
For any u, # 0, set T(u,) = mT(HE—nH) Then T € C(W;\0,R) and for all u, € Wi,
n n

¢$(u,t(uy)) = A. Moreover, if ¢(u,) = A, then 7(u,) = 1.
Define a function 7y : W; — R as

] t(ue),  ifg(un) > A,
alun) = {1, if p(u,) < A.

Since ¢(u,) = A implies that T(u,) = 1, we conclude that 7; € C(W;\ {0}, R).
Finally, we set H : [0,1] x W;\ {0} — W;\ {0} as

H(t,uy) = (1 —t)u, + t1y(uy)uy.

We have H(0,uy,) = u,, H(1,u,) = 1y (uy)u, € qu, and H(t, .)|¢A = id|¢A forall t € [0,1].
It follows that
¢* is a strong deformation retract of W\ {0} . (4.14)

We consider the radial retraction r : Wi — R defined by

Uy

r(u,) = for all u, € Wi.
[[un|

This map is continuous and 7|1 = id|s1. Therefore, Sl is a retract of W;\ {0} .
We consider the map defined by

h(t,u,) = (1 —t)u, + tr(u,) forall (t,u,) € [0,1] x Wi\ {0} .

Then, (0, u,) = uy, h(1,u,) = r(u,) € S, and h(l,.)‘51 = id|51. Hence, we refer that

S! is a deformation retract of Wi\ {0} . (4.15)

Finally, by (4.14) and (5.23) it follows that ¢** and S! are homotopie equivalent. O
Remark 4.2.8. Ci(¢,00) =0, for all k € IN.

Proof. Since ¢”* and S! are homotopy equivalent, we have that

Ci(¢p, 00) = Hy(Wy, ™)
= Hi(Wy, SY).

The space W is infinite dimensional and S is contractible. Hence, from [62, p.147]we have
Hi (W1, SY) = 0 for all k € N. Therefore, Cy(¢,00) = 0. O

Theorem 4.2.9. Assume that (F;) — (Fy). Then, the problem (4.6) has nontrivial weak solution in
Wy,

Proof. Since ¢ has a local (1,1)— linking near the origin, then dimCy(¢,0) > 1, ie
Cik(¢,0) # 0 for some k € IN. Thanks to [62, Theorem 6.2.42], there exists u,, € Ky. N
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Theorem 4.2.10. Assume that (Fy) — (Fy). Then, the problem (4.6) has at least nontrivial weak
solution in Wj.

Proof. Thanks to Theorem 4.2.4 ¢ satisfies the Palais-Smalle condition and is bounded from
below and the trivial solution u, = 0 is homological nontrivial and is a minimizer. The

conclusion follows from [55, Theorem 2.1]. O

Now, using Morse’s relation for proving problem (4.6) has many solutions.

Theorem 4.2.11. Assume that (F;) — (Fy). Then, the problem (4.6) has an infinitely nontrivial
weak solutions in Wj.

Proof. Suppose that these are the three nontrivial solutions of problem (4.6) that is, Ky =
{0,uy, v, }. By Morse relation, we get that

S

0, otherwise,

where m(0) is a Morse index of 0.

We use the Morse relation, we get that
Y rank Ci (¢, 00) X* + (14 X)Q(X) = ) rank Cr(¢,0)X* + Y rank Ci (¢, uy) XK
k>0 k>0 k>0

+ Y rank C(¢, vi) X
k>0

=x"0 +2Y" g, x*.
k>0

Since Ci (¢, o0) = 0, we obtain that

1+X)Q(X) = X" 12y g X%,

k>0
where B non-negative integer and Q is a polynomial with non-negative integer coefficient.

In particular, for X = 1 wehave2a =1+2 Z Bk Since By € IN, we have that Z B = +o0
k>0 k>0
leads to a contradiction. Thus, there exist infinitely many solutions to problem (4.6). [

4.2.2 Existence and multiplicity of solutions via Morse’s theory

Now, introduce our fundamental result.
Definition 4.2.12. We say that u is a weak solution of (4.6) if
/ u(x) = u(y)[P*¥)"2(u(x) — u(y))(e(x) — ¢(y))
MxM d

)—

(X )N+51P1 (xy)

u(x) —u pa(xy)—

/MXM| (x) —u(y)| e é)}(w)sw2 X(y)))(go( x) — (P(y))dvg(x)dvg(y)

dvg (x)dvg (y)+

%(p(x)dvg(x), for all ¢ € Wy
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Theorem 4.2.13. Assume that conditions (Fy) — (Fy) holds. Then, problem (4.1) admits an
infinitely weak solutions in W.

Proof. Let {u, },en C Wi be the sequence of solutions to problem (4.6). So, we have that

[t (%) — wa (y) [P 0972 (1 (x) — un(y)) (9(x) — (y))
/M « M A (x, y)N 171 (y) dvg(x)dog(y)

+

[ () = wn ()P0 2 (1 () — wan(y)) (9(6) — 9(y))
MxM dg (x, y)N+520200y) dvg(x)dvg(y) (4.16)
1

- /M il 0 (X)) 5 90 (1), forall g € W

n

Choosing u, as test function in (4.16), we obtain that

[un (x) — uy (Y) |p2(X’Y)

[un () = u(y) [V iy
/MXM dg(x,y)N+51P1(X,y) vg(x)dvg(y) + MM dg(x, y)N+s2p2(xy) vg(x)dug(y)
= [ falxua(0) o (X)i%w og(x) < [ 7l (6] )7y

< /M B (L [un (x)) "7V Jun () I' 7™ dg (x).

Since r(x) — 1 < r(x) — y(x) for all x € M, we get that

[unliw, < [BllewC (r(x), P10 ), 41(x), 7 (%), 51, M) .

Hence, the sequence {u, },en is bounded in Wj. Since W is a reflexive Banach space, up
to a subsequence, still denoted by {u,} such that u, — u weakly in Wy, u, — u strongly
in L"™(M) for1 < a(x) < ps, (x), and u, — ua.e in M. Similarly, be proof of Theorem
4.2.4, we get that

. u, (x) —uy Py)=2(y, (x) — uy, X) —
lim [/MXMI (x) — un(y)| dg(x,é)N(ﬂ)m Xy)(Y))((P( ) (P(Y))dvg(x)dvg(y)
[t (%) = 1 () [P209) 72 (1 (x) — un () (9(x) = (y))
" S d (x y ) N+s2p2(xy) dog(x)dug(y) @17
_[ -t i S}g )~ ) 009 = 90)) 1, )3+
[u(x) —u(y)[2>Y 2 (u(x) — u(y)) (9(x) — ¢(y))
/MxM dg(x,y)N+52P2(X,y) dvg(x)dvg(y).
Since u,(x) > 0, we get that
S un(x)) g ( ) %, u(x
I( L4 ()70 L= 1foux)e(x)].
By the dominated converge theorem, we conclude that
fnxun )e(x) fxu(x))e ()
i e e 10500 = [ S o
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Finally, passing to the limit in (4.16), we conclude that

u(x) —u 1Y) =2 (y(x) —u X) —
[ CR GO R PR

dg(x, y)N+s1P1(xy)
lu(x) — u(y)|P2(x,y)*2(u(x) —u(y))(p(x) — ¢(y))
* MxM dg (X, y)N‘*‘Ssz(X,y) dvg(x)dvg(y) (4.18)
[ fxut)el) *
B /M (u( ))7(x) dvg(x), forall ¢ € Wy,
namely u is a weak solution to (4.1). 0

4.2.3 Remarks and comments

Similarly, we prove the existence of solutions for a general class of fractional non-local

problems involving a singular term and vanishing potential of the form:

(L3 pr ) u(X) + (L) o yu(x) = L2200 4 Y u(x) |70 2u(x) in U,

u(x)'Y(X)
u >0 in u, 419
u =0 in M\U,

has infinitely many solutions. Where ¢ : & — (1,00), is a continuous function, and V

vanishing potential satisfies the following assumptions:

(V) V: M — Ris a continuous function, there exist 61 > 0, and 0 < 77 < 1 such that
V(x) > 01> 0and [ VOOIG)"dx < i ullw,

forallx € M,andu € W1.

This results is a content of the accepted paper [4].
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Chapter 5

Infinitely many Solutions to a Kirchhotf
type equation involving logarithmic
nonlinearity via Morse’s Theory

This chapter is devoted to the study of a fractional elliptic problems involving the Kirchhoff
function. Combining variational methods and Morse’s theory for studying the existence of

infinitely many solutions. The results of this chapter are based on the paper [59].

5.1 Auxiliary Inequalities

Now, we give some lemmas that are basic in our main result.
Lemma 5.1.1. For every a > 0. Then, we have:

1) t*[1log(t)| < —=my iy, forall t € (0,1];

2) log(t) < for all t > 1.

Proof. For (1). We con81der the function by ¢ : (0,1] — R as g(t) = t*|log(t)|. The function
is continous on (0, 1], and lim;_,o #*| log()| = 0. Using a direct computation, we show that
the function g acheies the maximum at o = exp(=!). Finally, we have | log(t)| <

— a exp( )’
forall t € (0,1]. Now, we prove (2). We construct the following function:

f(t) =log(t) — aexi:)(l)ta' forall t € [1,00).

Obvious, we prove that the function f achieves the maximum at t* = exp(%), for all
t € [1,00). S0, we get f(t) < f(t*). O

Lemma 5.1.2. Let r : U — (1,00 be a continuous function such that 1 < r— <r(x) <rt <
pi(x), for each x € U. Then, we have the following estimate:

[ 71601 tog [uGoldx < Cmase {1} + 1o ] [ o< lul i,
for all u € WA Py) (14)\{0}, where C = C (|U|, 7, pt(x)) is a suitable constant.
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Proof. Letly = {x e U : |u(x)| < |Jul|},and Up = {x € U : |u(x)| > ||u]|} . From Lemma
5.1.1 (1) with a = r—, we obtain that

" - ﬁ/ (ru\)“”
ul"™ 10 dx<—max u u -
L 7o s U AN

Ui S
max{[u]|™ flul]"}-

< =t
~ () exp(1)

Estimating the second integral expression. Combining Lemma 3.1.6 (2) with Lemma 5.1.1

such thata = (pf)” — e — rT, for some sufficiently small € > 0, we have that

Ll 1 u
lo dx < 1™ log 121 gy
oy 08 g < = [ 1l tog

(p) —e—r"
< ! ] (M) ix
r~exp ((p;‘)_—e—r+> Us ]
(ps) —e—r(x)
< 1 / |7 (M) dx
exp ((p1)" —e—rt)r it Jul
1 o
< - - 1| (P5) —€dx
min ((|ul| 7)<, [|ul| %)~ ) exp ((p2)~ —e—rt) r= i (5.2)
< Cpi e | (P =€
min ({afl (747 [l (7€ Y exp ((p2) " —e—rt) -
Co . )
= s min (], |u]"")
exp ((p2) " —e—r)r
C. )
< = max ([[ull”, llul”" ),
exp ((p3)~ —e—rt)r
where C e > 0 is constant. From (5.1), and (5.2, we deduce that
[ 71601 tog [uolds < Comae{jl” i} + 1o ] ol

5.2 Analysis of Kirchhoff fractional problems

Let 4/ C RN be an open bounded set (N > 2). Our objective in this chapter is to discuss
the existence of multiple nontrivial solutions of the Kirchhoff-type elliptic equation. More
precisely, we combine Morse’s relation with the computation of critical groups for studying
the following equation:

M (]s,p(x,-) (u)) At = Alul"®-2ulog|u| + Af(x,u) in U, 53)
u =0 in RN\,
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where A is a positive parameter, r € C (U, (1,00)), p : U xU — (1,00) is a continuous
function that verifies the following conditions:

p(y —m,z—m) = p(y,z), forall (y,z,m) € RN x xRV, (5.4)

p(z,a) = p(a,z), forall (z,a) € RN x RN, (5.5)

1<p = min (v,z) <ply,z) <p™ = su (v,2), (5.6)
g (y,Z)GIRleRNp ! Py P (y,z)eRngN Py

f:U xR — Ris Carathéodory function with f(x,0) = 0 and satisfies below conditions:

(By) There exist a > 0 and a continuous function g : RN — (1, 4+c0) such that

1<) < pil) = i,

and

flxy) <a (1 + |y[‘7(x)_1> . ae. xeRYN, yER, rt = su}?\] r(x) <g- < p;i(x),
x€R

(Bz) There exists R > 0 such that Hi:(—t)zt is increasing for t > R and is decreasing for
t < —Rforallx € U.

F(xt) _
et

(B3) im0 +00, where F(x, t) fo x,5)ds is the primitive of function f.
(Bs) There are small constants and R with 0 < r < R such that
Co|t|*™) < B(x)F(x,t) < C3|t|P®) forallr <t <R, aex €U,

where C;, C3 are positive constants with0 < C; < C3 < 1,and a, p € C (U) with
1 <a(x) < B(x) < pr(x).

(Bs) There exist B > p™ and some I > 0 such that, for each |a| > I, we have
«
0< [ Flyxdy < [ flyx)5dy,
 Fomdy < | fly,x)gdy

A; () is the fractional p(x, .)-Laplace operator which (up to normalization factors) may be
defined as

- lu(x) — u(y)[P*¥) > (u(x) — u(y)) N
s _
Ap(x,.)u(X) = 281—1>%1+ R, () x— gy dx, forally € RY,
(5.7)

where B,(x) denotes the bole of center x, and radius ¢, M : R™ — R is a continuous

function called Kirchhoff’s function that satisfies the following conditions:
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(Bg) There exists m > 0, such that

m < M(t), forall t € R.

(By) There exists 6 € (0,1) such that

OtM(t) < m forallt € R,

where ]\//I(\t) = fot M(s)ds is the primitive of function M, and

— 1 |u(X) B u(Y) |p<x,y> slq(x),p(xly)
]S,p(x,-)(u) = /uxu py) [x—y Ny dxdy, forallu e W U).

5.2.1 Computation of group critical
In this section, the major result is following theorem:

Theorem 5.2.1. Under assumption (B1) — (By). Then, the problem (5.3) has a weak solution in
WsaE)py) ().

Definition 5.2.2. A measurable function u € W51).P(x¥)(1{) is said to be a weak solution
of (5.3) if

u(x) —u ¥)=2(u(x) — u vix) — v
M (@) [ 100 =B 20)— )4 (2) ()

|X — y|N+SP(er)
= A/ |u]r(x)_210g|u]uvdx+)t/ f(x,u)vdx,
U U
for all v € Wsa0)P(x¥) (1),

We consider the functional ¢ : W¥1().P(x¥) (/) — R defined by

() = 51 Loyt <u>) 4 [ g (Gor tog Gl = 25 b )
—/\/ x, u(x (5.8)
= L1(u) — Lo(u ) Ls(u)

Then it follows from [15, 50] that L; — L3 € C! (WS'Q(’CW (@y) (U ),IR) and

(L1 =La) (w),v)
u(x) —u (¥)=2(u(x) — u v(x)—v
:M<]s,p(x,~)(u)) /UXU\ (x) — u(y) [P (u(x) — u(y))(v(x) (sf))dxdy

’x _ Y‘N—l—sp(x,x)

Ouar first result is the folowing Lemma.
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Lemma 5.2.3. Let U C RN be a Lipschitz-bounded domain, A be a parametre positive, and
r:U — (1,00) be a continuous function. Then, we have L, € C! <W5"7(x)'p(x'3’) u ),]R) , and

(L2, v) =2 [ a0 2u() log fu()|v(x)dx,
forall u,v € WAP(xy)(14).

Proof. Let v,u € W1)P(xY)(1f). For each x € U, and 0 < t < 1. By the definition of
Gateaux-differentiable, we get

<L§(u),v> _ Jim 220 T 8V) — La(u)

t—0 t

. (yu+tvv log [+ tv[ — [ul ™ log |u[ + ;5 (\u+tvy \uyr<x>))
=limA
t=0 " Juy r(x) t

X.

We consider the function defined by K : [0,1] — R as

lu+ ytv]" ™ log |u + ytv|  [u+ ytv|"®)

r(x) r(x)

According to the mean value Theorem, there exists 6 € (0,1) such that

K(y) =

Combining the Lebesgue’s dominated converge theorem with a direct computation, we

have
(L), v) =2 [ Jueor®2u(x) log [u(lv(x)dx
Using the same method as appears in paper [45], we can easily prove that
L, € C1 (Wsa#e) (U, R) 0

Lemma 5.2.4. We assume that the conditions (Bs) — (By) are fulfilled. Then, the functional {
satisfies the Palais- Smalle condition at level ¢ € R.

Proof. Let {uy }pen C WO PEY) (14) with ¢ (u,) — casn — +coand 7 (u,) — Oasn —
+o0 in W) P(x¥)(1/). Without loss of generality, we assume that ||t || ,ysg.pxy) w = 1
By contradiction, we prove the sequence {u, },cN is bounded in W4(X).P(x¥) (14). So, there
exist C > 0 such that

<Cunrun> < C||un||ws,q(><),ﬂ(><,y)(u) and C(un) <C.
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We combine condition (Bs5) with condition (3;), we have

1 /.
C - Clutnlygsacotss gy = §lun) = = (& (wn), wn)

= 1 (ot () =4 [ = (10 (6 og ()] = -5 a9 9 )
— A/ X, up(x))dx
(y) )

u r(x
M (g o) [ =B gy 2] a1 tog funx)
— s,p(x,)\Un oy |x _ y|N+sp(x,x) = Ju "

[, () = ()P

1
> (1= )M (Jope) () ) Jop(s) () = =M (]S,p oton)) [ Py
_/ |u |r 10g|un |dx—)L/ |u1’l 10g|un( )ldX
+r_—/uf(x’u” X)) up(x) dx—)t/uF x,un(x))dx
1 |ug(x) — un(y)|p(x,y) 1 lu, (x) — un(y)|P(x/Y)
= dxdy — — dxd
_m[/l/{xup( x4y _/leu ) xay

X, y) |x_y|N+sp (x,x) 7 |x_y|N+sp(x,x

2 [ ()7 tog fu >|dx——/|un %) log [un (x)|dx

1
2 (= 2 ) Tl oy

This is a contradiction as ||t || jysgx),pxy) () — ©°- From Lemma 3.1.5, we get that there

exists u € W) P(xY)(1f) and a subsequence of u, still denoted by u,, that satisfies the
following inequality:

— u weakly in Ws1(X)P(xy) (1), (5.9)

u, > ua.einl,
u, — u strongly in L7 () for 1 < o(x) < pi(x).

Since W1(X):P(x¥) (14) is a reflexive space, we deduce that
<C/(un),un - u> — 0asn — oo.

Thus, we get that

(=) = =2 [ ()"0 og () () (o () = ) s = A £ 300 () () = o)
u —u (¥)=2(u, (x) —u uy(x) —u —(u(x) —u
+M(,S,p(x,.)(un>)/m| 20 = 5P 20 ) 0 3)) () 3) = ()~ ()

|X _ y‘N+sp(x,x)

as n — oo. Now, we show that

tim [ s (9] ) (0 (6) = 10 () Log ) e = Jim [ 10017 2u(x) (s () = u(x)) log [u(x) .

n—oo
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From (5.9) it easy to see that

lim |u, (%)™ |Tog |us (x)| = [u(x)["™ |log |u(x)| a.e inU. (5.10)

n—00

Lety € (0, pf~ — ™). From lemma 5.1.1, and theorem 3.1.6, we have that:

], Tun G [10g fun () = [ ()| Log 14 () [dx

UN{Jun(x)|<1} (5.11)

r(x) 1 d
+/Uﬂ{un<x>|>1} [ ()7 [ Jog [un (x) | dx

where L = sup ||u, || T7 < 0. So, the sequence {|un(x)|r(x) | log |un(x)||} . is equi-
n>

integrale in L' (2/), and uniformaly bounded. Combining (5.11), (5.10) with Vitali’s conver-
gence theorem, we have that

tim [ ua(x)"™ | log [y (¥) 14 = | [ [10g |u(x) | dx. (5.12)

n—oo Jiyy

Similarly, we prove

Hm [ [un(x) "9 72w, (x)| log [un (x)||dx = /u lu(x)|"™ |log u(x)||dx, (5.13)

n—oo Jif
and
tim [ 1 (x) [0 ()2 [og Ju(x) [u()dx = [ [u(ol™™log|u(x) dx. (514

From (5.12), (5.13), and (5.14), we have that:

Tim [ )7 0 (x) (10 () = () log () = Jim [ [u(0]"®)2(x) (1 (x) = u(x)) log u(x) .
(5.15)

Combining (5.15) with the same argument in Lemma 3.1 [2], we get that u, — u strongly
in WA (x).p(x y)(z,{) n

Remark 5.2.5. We assume that the conditions (B31) — (By) are fulfilled. Then, the functional
{ satisfies the (C.) condition.

Proof. We use the same technical in Theorem 4 [62] and from Lemma 5.2.4, we deduce that
the functional ( satisfies the (C.) condition. O

Nown we compute the criticals groups. From Lemma 5.2.5, it follows that Ci({, o)

make sence.

Theorem 5.2.6. We assume that the functional { satisfies the conditions (By), (By). Then, we get
Ck(é ’ OO) =0.
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Proof. Let G(x,t) = f(x,t)t — p"F(x,t) and c; = 1+ osup G(xt)— _inf  G(xt).

Ux[—R;R] UX[-R;R]
From the condition (Hs), we get that
G(x,8) < G(x,t) +ciforallx e dand 0 < s < tort <s <O. (5.16)
By (5.16), we get
G(x,t) > —cy whens =0 (5.17)

Letu € S! = {u e WA PEY) (14« ||ju| = 1} and t > 1. From Fatou’s Lemma and
condition (B3), we get that

Foo = PO t) |t e < lim /F(x’tu)dx. (5.18)
u

ut—>oo |1‘1,[|7Jr t—o0 |1f|r+

Using the condition (By), it is easy to see that

M(t) < c;t. (5.19)

By (5.19) and (5.18), we have
(1) = M (J (1)) =2 / 7o 1 GO tog )

+A urz()|t|r Ju(x /\/ (x, tu(x

i u(x) — u(y) [P r(x) /

< P [N —

<At foon r= |N+sp(x,y) duy + 2/\ / (I dx =2 [ F(x, tu(x))dx

gt”(ﬂ’ —’+C1+ /|u )| dx—A/ xtu x>—>—ooast—>+oo.

. [ —A|U|ey
Choosing a < mm{ inf ((u), ———
& g, S =

{(tou) < a. Therefore, if

} , then for u € S!, there exists to > 1 such that

(x) |u(x)|r(><)dx

2ttu) = 7 (Jopge (1)) =2 [ oSl uG0 ) tog () +2 [

—/\/ F(x, tu(x))dx
u
<a

Then,

u(x p(xy) rix i
(1) /MMW'”HQ |N<+3p'xy dxdy A/ 7o TGOl og Jtu(x) x

M (Jspto
S%[ﬂ—l-)L/ (x, tu(x ))d}.
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Using (5.17), we get that

L2y = 7 (¢ (tw), )
_ % (M (fs,p(x,.)(f”)) /u [P Ce) |11|(Xi—|bz\l](+ys)p|(j;‘;y') B
%/ 1709 [ (50) 7% dx——)\/fxtu )eu)dx)
< % (ap +p+A/uP(x,tu(x))dx—A/uf(x,tu)tu)dx)
< % (ap™ + AalU]) <0,

)

where || denote the measure of the domain /. Thanks to the implicite function theorem,
there exists an unique T € C(S?,R) such that {(T(u)u) = a for any u € S'. We extend T

to all of W1X)P(xY) (14) by

To(u) = ” HT(H ||) for all u € WY (1)) {0},

Then Ty € CH(W*1(), ( R)\{0}, and ¢(Ty(u)u) = a. Also, if {(u) = a, then Tp(u) =
s (

1. We define a function Ty : )PEY) (1) — R as

Ty

O LR
DTN i <a

Clearly, Ty € C(W*10)PY) (14), R)\O. Let i : [0,1] x WT)PEy) (14) — woapy) )

be the map defined as

h(t,u) = (1 — H)u + tuTy(u) for all (£,u) € [0,1] x WHIE)PEY) (14)\0.

Evidently, we have
h(0,u) = u, and h(1,u) = To(u)u € °

From (5.20), we get
h(t, .)|€’u = l'd|€a forallt € [0, 1].

It is follows that
7% is a strongly deformation of W*7(¥)P(xY) (14).

We consider the radial retraction T : W¥1(X)P(%¥)(14) — R defined by

T(u) = H || for all u € W1 P(y) (74)\ {0}.

This map is continuous and T| s1 = id|s1. Then S 1is a retract of W*1(¥
B2 [0,1] x WA Py) (1) — WeA)P(4y) (14) be the map defined as

h(t,u) = (1 —t)u+ tT(u).
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(5.21)

Y (U)\{0}. Let



Clearly, we have
h(0,u) = u, h(0,u)and i(1,.) 51 = id|g1. (5.22)

Hence, we refer that

S' is a deformation retract of W¥7(X)P(x¥) (14)\ {0}, (5.23)
Combining (5.23) with (5.21), it follows that

" and S! are homotopie equivalent .
So, we have

Hy (wsfﬁﬂx)fp(m (U),gﬂ) = H, (wsfﬂx)fﬂxw (U),Sl) for all k € N.

We already know that the space W*7(X)?(*¥)(1{) is an infinite dimensional Banach space
and S is a contractible space. See Remark 6.1.13 in [62]. So, it follows that

Ce (¢, 00) = Hy (wsq( )P (1), gﬂ) = H (wsfﬂx)fi’(xw)(u),sl) = 0forall k € N.
(5.24)

]

Theorem 5.2.7. We assume that the conditions (By) — (By) are fulfilled. Then, there exists
ko € IN such that Cy (Z,0) # 0

Proof. Evidently, the zero function is a critical point of {. Since W31(X)P(*¥)(1/) is a
separable and reflexive Banach space, from Theorem 2-3 in [74], there exist {¢;}°; C
WeAx)PEy) (1) and {f;}2, € WAE)PEY)(14)* such that

1, ifn=m,

fn(em):5n,m:{0, i1 £ m,

WA(x)p(xy) (U) = span{e;:j=1,2,...}, and WA py) (1) = span{fi:j=1,2,...}

For convenience, we write X; = span{e;}, Y = Eszl Xj, and Z; = EB]?”:k Xj. Thus, we
have W) P(¥Y) (1) = Y, @ Zy. Let u € Yy. Since Yy is a finite dimensional space, we get
that for given R > 0, there exists 0 < p < 1 small such that

u € Y ||lullly, <o = |u(x)] < Rforall x € U.

Let 0 < r < R. We consider the following sets: U; = {x el : |u(x)| <r}, Uy =
{xeU:r<|u(x)| <R},and Us = {x €U : |u(x)| > R}. We put G(x,t) = F(x,t) —
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p@ u|*™). Obviously, we get that I/; N U; and U = U?_,U;. We combine condition (B7) with
condition (B,), we obtain that

20 = 71 (Tpia,) (@) = [ sglub0rde=2 [ Fxu)ds

< Cry i (8 ——/ u(x) |’de—A/ F(x, u(x))dx
< CrJpan) ——/|u )|rx dx—A/ x) A dx—)\/ (x, u(x))dx
—A | G(x,u(x)dx—A | G(x,u(x))dx.

Z/lz L{g,

From Theorem 3.1.6, there exists a positive constant such that
1] o) U) < Cllutllyysampten @y < 2CH 1l lly, < 2Cp.

If p < %, then |u ;) ) < 1. Since U is compact, there exist a finite sub-covering {Q]-};”:l
such that

Notice that fbﬁ G(x,u(x))dx — 0asr — 0. Therefore, we get

o + 1 1
u) < p (%) L a) ] _/ G(x, dx < 0.
) — ]Zl |u Lr(x)( ‘u|Lr( )(Q]) p+ |u|La(x)(Q]) Z/[l ( u(X)) X X~

Let u € Z. Since gq(x), r(x) < pi(x), from Theorem 3.1.6, we deduce that, there exist a

constant ¢ and ¢; such that

] o oy < Calillsacpo @y a0 1] g gy < c2lttllpysaropn gy (5.25)

Using (5.25), (By), and (By7), we deduce that

C(u) =M <]S’p(x,,)(u)) — /\/L{ % <]u(x)|7(X) log |u(x)| — r(l—x)|u(x)‘f(><)> dx — )\/uF(x,u(x))dx

zﬁowmﬂwyiéj%m&www—A/me@»u

> 1, —~—/m e w—»—/|

WsAa(x),p( || ||qu (xy H ”qu )
Since r~, B~ < p*, we deduce that
C(u) > 0forallu € Z.

Finally, from Theorem 1.7.3, there exists kg € IN such that Gy (Z,0) # 0.
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Conclusion and proof of theorem 5.2.1

By Theorem 5.2.6 and Theorem 5.2.7, we deduce that our problem admits at least three
solution in W4(x).P(xy)(14). O

5.2.2 Fundamental Theorem

Theorem 5.2.8. Under assumption (By) — (B7). Then, the problem (5.3) has an infinitely weak
solutions in W1(X)P(xy) (1),

Proof. We suppose that our problem admits three solutions W1().?(*¥)(1/). That is K; =

{0, u, v}. From the Morse’s relation, it follows that

R, ifn=m(0),
0, otherwise,

Cn(Z,0) := {

where m(0) is a Morse index of 0. See [17] for more details. We use Morse’s relation, we
get that

Y Ce(g,00) Xk + (1+ X)Q(X) = Y rank Ci(g,0)X* + Y rank Cy (g, u) X*
k>0 k>0 k>0

+ ) rank Ce(Z,v)XE
k>0

=x"0 +2 Y gxt.
k=0

From (5.24), it follows that

(1+X)Q(X) = X" +2 ¥ px¥,
k>0
where B nonnegative integer and Q is a polynomial with nonnegative integer coefficient.

In particular, for X = 1wehave2a =142 ) By. Since B € N, we have that } | By = +o0
k>0 k>0
leads to a contradiction. Thus, there exist infinitly solutions to problem (5.3). O
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Conclusion and further perspectives

In this thesis, we focused our attention on the results on the existence of weak solutions
to different types of fractional elliptic problems in fractional Sobolev spaces involving a
kernel function and exponent variables in both Euclidean and non-Euclidean cases.

was the study some non-local problems involving Kirchhoff function or
double phase operator with Carathéodory function, term singularity, and logarithmic
non-linearity. Using Morse’s theory, topological degree methods, and variational methods.

Namely by considering the non-local ellpitic PDE’s
Au = f(x,u), (5.26)

where A is an operator non local and f is the Carathéodory function that satisfies Ambrosetti-
Rabinowitz condition, convergence uniform, limit uniform, and super-linear growth con-
dition in the first state. In the second state, we use the topological degree methods to
prove the existence of solution to problem (5.26) with f satisfying Ambrosetti-Rabinowitz
condition, convergence uniform, and limit uniform.

of this thesis was to introduce a new fractional Sobolev space with a
kernel function that satisfied the Lévy integrability and coercivity conditions.

We conclude this thesis with some remarks

- In the second chapter, we have introduced the new fractional Sobolev space with
kernel function and we have obtained the existence of solutions for the following

problems:

(L) =ABW)wy) W 2w(y) + f(y,w(y) in U,
{ gp(y)w 0 in M\U, (5.27)

with p : U x U — (1,00) is a continuous function. A natural question is: What
happens if p is a measurable function. A second question is: what are the conditions
that the function f must fulfill in order for equation (5.27) to have a unique solution

using Picone’s inequality.
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- In the third chapter, we have used Morse’s theory to study the existence of infinitely

many solutions to the following equation:

(Esgl)r’l(x/-)u(x) + (Lsgz)lﬂz(x,‘)u(x) = f(x)’(u(x)) in U,
u > in U,

under condition 0 < y(x) < 1. A natural question is: what happens if y(x) > 1.
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