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Notations

Q

0Q
x=(x1,...,XN)
dx=dx;...dxn
Vu

suppu
€ (Q)

€¢*

2(1Q)

L7 (Q)
L*®(Q)
whP(Q)

Wy (@)

open domain in RN for N = 1

topological boundary of Q

pointin RN for N = 1

Lebesgue measure in Q2

gradient of function u

support of function u

The function space of continuous functions in Q

for 1 < k < oo the function space of k times continuously
differentiable functions in Q

€°(Q) functions in Q, with compact support
{f:Q—-R/f measurable,f |f(x)IPdx < oo} for1<p<oo
Q

{f:Q—=R/ f measurable, esssup,.qlf(x)|<oo}

{f:Q—TR/ f measurable, feL’(Q) and aaf eLP(Q)}

dx;
forlsp=<oo
Closure of 2(Q) in WP (Q) for 1 < p < oo



Résumé

1

Lobjectif de ce travail est I’étude de divers probléemes d’équations aux dérivées par-
tielles non linéaires de type elliptique dans les espaces de Lebesgue Anisotropiques, et les
espaces de Sobolev a exposants variables, faisant intervenir des opérateurs du type Leray-
Lions avec des données peu régulieres . Cette these, est composée de deux parties chaque
partie contient trois chapitres :

Premiere partie :

Chapitre I : ce chapitre est totalement consacré a définir le c6té fonctionnel des espaces
anisotropique, ou les différentes dérivées partielles faibles de la solution u sont inté-
grables avec différents exposants, collectées dans le vecteur p = (py,..., pn) tel que 1 <
pi<oo, i=1,..,N.

Chapitre II : dans ce chapitre nous avons montré |’existence des solutions faibles du pro-

bléeme anisotrope suivant :

N .
—0y,a;(x,u,Vu)+ ) H'(x,u,Vu) = f—0y,g; dans Q, W
i=1

u=20 sur 0Q,

ol1 Q est un sous ensemble ouvert borné de RY, (N = 2), pouri =1,...,N, a;(x,u,Vu) est
une fonction Carathéodory avec ellipticité dégénérée et croissance par rapporta u , et le
terme d’ordre inférieur H; : Q x R x RY — R est une fonction carathéodory qui ne satisfait
qu'une condition de croissance par rapport au gradient Vu

Chapitre 111 : Notre objectif dans ce chapitre est de prouver I’existence et 'unicité de so-
lutions entropie pour le probléeme unilatéral associé a ’équation elliptique anisotrope
quasi-linéaire suivante

N .
-Y D'ai(x,u,Vu) +g(x,u)=f dans Q, 2
T

u=20 sur 0Q,

1. Mots clés et phrases : Problemes Elliptique, Espace de Sobolev, Solutions Renormalisées, Solutions
Entropique, problémes Unilateral, problémes noncoercive, Estimation L™, Méthode de Réarrangement.



oi1 f € L1(Q), les fonctions Carathéodory a;(x, s, x;) vérifient une condition de coercivité
non standard, et le terme d’ordre inférieur g(x, s) est une fonction Carathéodory satisfai-
sant seulement une condition de croissance.

La deuxiéme partie : On commence cette partie par un chapitre contenant un rappel sur
le cadre fonctionnel des espaces de Sobolev a exposant variable, on termine ce chapitre
par quelques propriétés de réarrangement relative

Chapitre V : dans ce chapitre nous avons etudié le probleme elliptique dégénéré non li-

néaire suivant :

3)

—diva(x,u,Vu) = f dans Q,
u=20 sur 0Q,

o1 Q est un sous-ensemble ouvert borné de RN (N = 2). De plus, nous supposons que
a:QxRxRY — RN est une fonction vectorielle de Carathéodory satisfaisant une condi-
tion de coercivité dégénéré.

Le premier résultat dans ce chapitre sert a montrer en utilisons la notion de réarrange-
ment ’estimation L™ et ’existence des solutions faible, et le deuxiéme résultat sera consa-
cré a I’étude de la solution renormalisée.

Chapitre VI : Notre objectif dans ce chapitre est d’étudier dans le cadre des espaces de So-
bolev a exposant variable, la classe des problemes elliptiques dégénéré non linéaire avec
des coefficients en L' (Q) de la forme :

—di ,u,Vu) = d Q,
{ iva(x,u,Vu) = f ans @

u=20 sur 0Q,

Nous prouvons I'existence des solutions faibles et entropiques sous quelques hypotheses
sur a. Nous étudions égalementle méme probléme avec un terme d’ordre inférieur H(x, s, €)
qui satisfie seulement la condition de croissance.



Abstract

2 This work focuses on the results of existence and sometimes uniqueness of solutions
for some class of degenerate elliptic problems in p(x) and Anisotropic Sobolev spaces.
The thesis is divided into two parts :

First part : We give some preliminary about the anisotropic spaces in the first chapter,
and then in the second chapter we study the following non-linear anisotropic degenerate
elliptic problem :

N .
-0y, ai(x,u,Vu) + ZH’(x, u,Vu)=f-0y8 in Q,
i=1
u=20 on 0Q,

where () is a bounded open domain in RN (N=2),fori=1,..,N, a;(x,u,Vu) is allowed to
degenerate with respect to the unknown u, and H;(x, u, Vu) is a nonlinear term without
a sign condition. Under suitable conditions on a; and H;, we prove the existence of weak
solutions.

In the last chapter of this part we are also interested in the unilateral problem associa-

ted to some quasilinear elliptic equation of the form

N .
=Y D'ai(x,u,Vu)+gx,u)=f in Q,
1

u=20 on 0Q,

where Q is a bounded open domain in RN (N = 2) with boundary 0Q, and g(x, s) verify
the growth condition, where the data f is assumed to be in L! (), we prove existence of
entropy solutions for this problem. Moreover, the uniqueness solution was proved under
some additional assumptions.

Second part : We start this part with a chapter containing a preliminary on the functional
framework of Sobolev spaces with a variable exponent and some rearrangement property.
In the second chapter we study the nonlinear degenerate elliptic problem with L!(Q) co-

2. Key words and phrases : Elliptic problems, Sobolev space, Renormalized Solutions, Entropy solutions,
Unilateral problem, noncoercive problems, L™ estimate, Rearrangement method.



efficients
{ —diva(x,u,Vu)=f in Q,

u=20 on 0Q,

where Q is a bounded open domain in RN (N = 2), a(x, u, Vu) is allowed to be degenerate
with the unknown u, and the data f are assumed to be in L™ (Q), m > 1, we prove the

N

L*°-estimation, and the existence of weak solutions if m > max{1, —} and the existence of
p

Renormalized solutions if m =1

We end this part with a chapter that would be dedicated to the study a class of non-linear

degenerate elliptic problem with coefficients in L' (Q) of the form

—diva(x,u,Vu)=f in Q,
u=20 on 0L,

where Q) is a bounded open domain in RN (N=2), a(x, u,Vu) is allowed to be degenerate
with the unknown u. We prove the existence of weak and entropy solutions under some
hypothesis on f. We also study the same problem with a lower order term.



Introduction

Notre compréhension des phénomeénes du monde réel et notre technologie sont au-
jourd’hui en grande partie basées sur les équations aux dérivées partielles, en effet elles
permettent d’aborder d'un point de vue mathématique des phénomeénes observés. Ces
équations ont été formulées pour la premiere fois lors de la naissance de la mécanique
rationnelle au cours du XVIleme siecle (Newton, Leibniz,...). La liste des types d’EDP s’est
enrichie au fur et a mesure du développement des sciences de la physique et en particulier
avec les travaux de Newton, d’Euler, de d’Alembert, de Lagrange et de Laplace etc... voir
[38]. Les modeles traités ici sont issus principalement de la mécanique des fluides, de la
géophysique, des biomathématiques, la théorie électromagnétique, la mécanique quan-
tique, la relativité générale, la lumiere électrique, le mouvement des planétes...., La préoc-
cupation premiere des mathématiciens confronté a une équation aux dérivées partielles
est de lui donner un sens dans des espaces fonctionnels appropriés et d'y démontrer
'existence et 'unicité de la solution. Lors de cette démarche, diverses diffcultés peuvent
apparaitre, diffcultés liées au type (elliptique, parabolique, hyperbolique, dégénéré, ...) de
I’équation, a la régularité des données et aussi a la définition des espaces appropriés.

Lobjectif de ce travail est I’étude de divers problemes d’équations aux dérivées par-
tielles non linéaires de type elliptique dans les espaces de Lebesgue anisotropiques, et
les espaces de Sobolev a exposants variables, faisant intervenir des opérateurs du type
Leray-Lions avec des données peu régulieres . Cette thése, est composée de deux parties
chaque partie contient trois chapitres. Nous allons présenter ici d'une manieére détaillée
le contenu de chacun d’eux

Premiere partie :

Chapitre I : ce chapitre est totalement consacré a définir le c6té fonctionnel des espaces
Anisotropique, ou les différentes dérivées partielles faibles de la solution u sont inté-
grables avec différents exposants, collectées dans le vecteur p = (py,..., pn) tel que 1 <
pi<oo, i=1,..,N.

Chapitre 11 : qui est 'objectif d'un article publié [34], nous avons montré I'existence des

10



solutions faibles du probleme Anisotrope suivant :

N .
=0y, a;(x,u,Vu)+ ) H'(x,u,Vu) = f-0y,g in Q, )
i-1

u=20 on 0Q,

ol1 Q est un sous ensemble ouvert borné de RY, (N = 2), pouri =1,...,N, a;(x,u,Vu) est
une fonction Carathéodory avec ellipticité dégénérée et croissance par rapport a u (voir
(2.3)), et le terme d’ordre inférieur H; : Q x R x RN — R est une fonction carathéodory qui
ne satisfait qu'une condition de croissance par rapport au gradient Vu (voir (2.7)).

La solvabilité des probléemes de type (5) a été bien étudié. Dans le cas isotrope, en particu-
lier, il existe une vaste littérature pour ’analyse du cas impliquant I’opérateur p-laplacien
et les problemes énoncés dans le cadre de I'espace de Lebesgue, dans le cadre elliptique
la fondation de la branche a été posée par Boccardo et al. [27], Dall’Aglio [39] et Murat
(66].

Pour les équations elliptiques anisotropes, nous avons commencé par les travaux de Ben-
dahmane généralisant le travail de H. Brésis et E Browder [37], a 'espace Anisotrope
whp (Q) en utilisant les approximations de type Hedberg. Pour plus de travaux sur les
sapces Anisotropes, nous renvoyons le lecteur a ([8], [26], [33], [40], [41], [47] et [83]).
Chapitre 111 : Notre objectif dans ce chapitre est de prouver I’existence et 'unicité de so-
lutions entropie pour le probléeme unilatéral associé a I’équation elliptique anisotrope

quasi-linéaire suivant

N .
-y D'a;(x,u,Vu)+gx,u)=f in Q,
(6)
1

u=20 on 0Q,

ou fe L'(Q), les fonctions Carathéodory a;(x, s, xi) vérifient une condition de coercivité
non standard, et le terme d’ordre inférieur g(x, s) est une fonction carathéodory satisfai-
sant seulement une condition de croissance.

Soit Q un ouvert borné de RN, (N = 2), dans [24], Boccardo et al. ont étudié le probleme

elliptique quasi-linéaire suivant

—div (A(x, w)Vu) = in Q,
{ iv(Alx, yVu)=f in o

u=0 on 0Q,

outla donnée f supposées étre dans L' (QQ) avec m = 1. Ils ont prouvé I'existence et quelques
résultats de régularité, voir [17, 25, 58], ainsi que [23] pour le probléme elliptique unilaté-
ral. Dans le cadre des espaces Orlicz-Sobolev, Aharouch et Bennouna [2] ont traité I'équa-

11



tion elliptique quasi-linéaire associée au probleme unilatéral

_d' ,V = i Q)
{ iv(a(x,Vu)=f in ®)

u=20 on 0Q,

Ot f e L1(Q). Ils ont prouvé 'existence et I'unicité de la solution entropie dans Wé LM (Q)
en supposant seulement la condition A, sur le conjugué de N—fonction M(-), on se réfere
aussi a [10, 18, 44] pour plus de détails.
Dans le cadre des espaces de Sobolev Anisotropes , Li Feng-Quan a considéré dans [59]
I’équation elliptique
—diva(x,u,Du)=f in Q,
{ u=20 on 0Q,

ou f e L"™(Q), il a prouvé I'existence de solutions au sens des distributions. Dans [41], Di-
Nardo, Feo et Guibé ont étudié la classe suivante de probléme elliptique anisotrope non
linéaire

N N N
=Y Oy (ai(x,u,Vu) + ) H;(x,Vu)=f - 0y(g) in Q, o)
i=1 i=1 i=1

u=20 on 0Q,

avec f € LP=(Q), gieLP i(Q). 1Is ont prouvé I'existence des solutions faibles pour le pro-
bleme (9). Ils ont également prouvé I'unicité de la solution sous certaines hypotheses sup-
plémentaires.

Le contenu de ce chatitre est I'objet d'un article soumis [3]

La deuxiéme partie :

On commence cette partie par un chapitre contenant un rappel sur le cadre fonctionnel
des espaces de Sobolev a exposant variable qui sont apparus pour la premiere fois dans
la littérature en 1931 dans un article de W. Orlicz [69], dont Orlicz a également examiné
I'espace de fonctions a exposant variable LP" sur la droite réelle et a démontré I'inégalité
de Holder dans ce contexte. Ensuite les espaces modulaires ont attiré I'intérét de plu-
sieurs mathématiciens. On cite par exemple les groupes de Sapporo (Japan), Voronezh
(U.S.S.R.) and Leiden (the Netherlands), les chercheurs russes qu’ont développés indé-
pendamment ces espaces. En effet en 1961 1. Sharapunov dans [78], introduit la norme
de Lexemberg pour I'espace de Lebesgue et a démontré que cette espace est reflexive si
1<p <p'"<+ooavec p~ et p* sont respectivement I'inf et le sup essentiel de I'expo-
sant p(-), parsuite Zhikov en [86] a étudié I'’espace a exposant variable pour les modeles
variationels avec la condition de croissance non standard. Aussi les travaux de H. Hudzik
[52, 53], A. Kaminiska [? 2] et J. Musielak [? ], (voir le monographe [42] pour plus de détail).
On termine ce chapitre par quelques propriétés de réarrangement relative introduite ini-

tialement par Mossino et Temam dans [65], et développé ensuite par d’autre auteurs, voir

12



par exemple [64, 74, 72].
Chapitre V : dans ce chapitre nous avons étudié le probleme elliptique dégénéré non li-

néaire suivant :

(10

—diva(x,u,Vu)=f in Q,
u=20 on 09,

o1 Q est un sous-ensemble ouvert borné de RN (N = 2). De plus, nous supposons que
a:QxRxRY - RN est une fonction vectorielle de Carathéodory satisfaisant : il existe
une fonction continue g : R* — R}, tel que g(0) = 0, g(s) > 0 Vs > 0 et a(x,s,&)E =
a(x)g(sDIEIP, VseR, a.e. x€ Q, VEE RN, ot1 la fonction a(x) satisfait, pourA>0,a€ L'(Q)
et a(x) = A. Le premier résultat dans ce chapitre sert a montrer en utilisons la notion de
réarrangement 'estimation L™ et 'existence des solutions du probléme suivant : Cher-

1 _ /
chons u € Vy tel que a(x, u, Vu)a(x)»' ! e P Q)N et
f alx,u,Vu)Vv dx = f frdxVve C(l)(Q), vrai
Q Q

avec
XP(Q) = {p e W, (Q) tel que f(x(x)IVq)lp<oo},
Q

et
N
Vo = {v est une fonction mesurable tel que n(v) € Wé’p(Q), nes) = f gﬁ (It dTi.
0

Etle deuxieme résultat sera consacré a 1’étude de la solution renormalisée :
Cherchons u: Q — R tel que

Tr((w) €XF(Q) Y k=0,
lim a(x,u,Vu)Vn(u) dx =0,
M=00 Jm<n(w)|sm+1

pour toute h € Wé'oo (Q2) avec un support compact et ¢ € W(’; Q) NL®(Q);

an(x, u, Vu)V(h(m(u))p) dx:foh(n(u))q) dx.

Un exemple modéle de 10

T p—2 — 1
{ div (a(x)[VulP™*Vu) = f(x) in Q, 11

u=20 on 09,

oi1 Q est un sous-ensemble ouvert borné de RN (N > 2). La version linéaire du probleme
(11) (p = 2), avec des coefficients généraux L (Q), a été abordée pour la premiere fois par

13



Trudinger dans [81], en utilisant la méthode de dualité entre les espaces de Sobolev avec
poids. Pour des résultats plus récents, dans le cas linéaire, est considéré dans [21] sans le
cadre de Sobolev avec poids mais avec hypothéses plus fortes sur la sommabilité de a(x),

Dans le cas a(-) = 1, il y a de nombreux résultats concernant I’existence de solutions
au probleme , nous mentionnons les travaux suivants [20, 46, 72, 76], ou l'existence de
solutions faibles bornées et de solutions renormalisées est prouvée.

Dans le cas de Sobolev avec poids pour o = {x;(x), 0 < i < N} soient des fonctions
poids satisfaisant certaines conditions d’intégrabilité et f € wLP (Q,a”). Les auteurs de
[6] ont prouvé I'existence du résultat des solutions pour () en utilisant la version L' du
lemme de Minty.

Signalons que ce chapitre est 'objet d'un article soumis [35]

Chapitre VI : Notre objectif dans ce chapitre est d’étudier dans le cadre des espaces de
Sobolev a exposant variable, la classe des probléemes elliptiques dégénéré non linéaire
avec des coefficients en L' (Q) de la forme :

—diva(x,u,Vu) = f, in Q.

Nous prouvons 'existence des solutions faibles et entropiques sous les hypothéses sui-
vantes: a: QxRxRY — RN est une fonction Carathéodory tel que quelques soient s dans R,
£ & dansRN (E#E), etppxeQ,

la(x, s,8)] < ya(x) (1 + g(s)EPP1,

a(x, s,8)&= a(x)g(s)EP>,
la(x,s,&) —a(x,s,E)E-ET>0,

ou Yy est une constante positive .

La fonction a satisfait, pour v >0
aell(Q), ax)>v,

Nous étudions également le méme probléme avec un terme d’ordre inférieur H(x, s, §) qui

satisfait seulement la condition de croissance suivant :
| H(x, 5,8 [< P As) | PP,
pour tout p.p x € Q, pour tout (s,&) € Rx RN, y > 0, avec la fonction B(.) satisfait, pour 8 > 0

BeLl(Q), P(x)=0 et P(x)<Ba(x) p.p.dans Q, et

14



h: R~ R*, est une fonction continue positive.
Soit Q un sous-ensemble borné de RY, N = 2. Porretta et Segura de Le6n [70] ont étudié
le probleme de Dirichlet pour certaines équations elliptiques non linéaires dont le modéle

exemple est :
—div(g(w)|Vul’>Vu) = h(w)|Vul’ + f in Q,
u=20 on 0L,

avec 1 < p < oo, g est une fonction positive continue. Toujours sous I’hypothese supplé-

mentaire
h(s) 3

Rt g(s) 0.

ils obtiennent L™ - estimation. Ce type de problemes ont été largement étudié, voir les
références classiques [56] et [60].

le contenu de ce chatitre est I'objet d'un article accepté [36].

Dans cette theése Trois articles sont publiés et deux autres sont soumis pour publication.
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Part 1

Existence Results For Some Nonlinear
Degenerate Problems In The Anisotropic

Spaces
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Chapter 1

Prelemineries of part 1

1.1 Anisotropic Sobolev spaces and Useful Lemmas

1.1.1 Anisotropic Sobolev spaces

Let Q be an open bounded domain in RY (N = 2) with boundary 8.
Let p1,..., px be N real constants numbers, with 1 < p; <oofori=1,...,N.
We denote

; ou
p=0,p1,....,pn), Du=u and D’u:a—x for i=1,...,N,
1

and we set
p=min{py,py,...,pnt  and  po=max{p,pa,..., pn}.

We define the anisotropic Sobolev space whp (Q) as follows :
wih(Q) = {u eW'l(Q) suchthat DiuelPi(Q) for i= 1,2,...,N},

endowed with the norm
N

el = el + D 1D ulliei o). (1.1)
i=1

The space (Wl”3 Q), lully, ﬁ) is a separable and reflexive Banach space [63].
We define also Wé’p (Q) as the closure of €° (2) in WP () with respect to the norm (1.1).
Let us recall the Poincaré and Sobolev type inequalities in the anisotropic Sobolev space.
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1.1.2 Some Technical lemmas and Proposition

Proposition 1.1.1 Let ue W, (Q), we have
(i) Poincaré inequality : there exists a constant C,, > 0, such that

lllriy < Cp ID" ullLriq) forany i=1,...,N.

(ii) Sobolev inequality : there exists an other constant Cg > 0, such that

C N
u —_—
lullLa) = N Z’ %,

Lri(Q)’
where B
—_x« Np —
1 131 =p'=——= i <N
== EZ— and =p N-p fop
p =1 Pi g€ [l,+oo] if Pp=N

Lemma 1.1.1 Let Q be a bounded open set in RN (N = 2), we set
=max(g, max p;),
Peo (CI 1=i=N Pz)

then, we have the following embedding :
— if p <N then the embedding Wé’ﬁ(Q) —<— L"(Q) is compact foranyr € 1, s|,
— if p=N then the embedding Wé’ﬁ(Q) —<— L"(Q) is compact for anyr € [1,+oo|,
— if p >N then the embedding Wé’ﬁ (Q) —— L®(Q) nC*(Q) is compact.

If we note by pso = max{p”™, p*}, we have the continuous embedding

Vg € (1, pool Wy P (Q) c LI(Q).

The proof of this lemma follows from the Proposition 1.1.1.

Proposition 1.1.2 Wedenote the dual of the anisotropic Sobolev spacer’ﬁ Q) byW_l"; (),

where p' = (Pl p’li. .o, PN) With peo = max(q, po).
For each F € W™YP'(Q), there exists Fy € L¥(Q) and F; € L7 (Q) fori=1,...,N, such that

N -
F=Fp- Z D'F;. Moreover, for all u € Wé’p(Q) we have
i=1
N .
(EU>ZZ F;D'udx.
—0JQ

We define a norm on the dual space by

N N . ’ /
||F||_1,r;,:inf{;)||F,-||p§ / F=Fo=).D'Fi with Fpel’(@ and F; e LPi(Q)}.
1= 1=
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Let ay, ..., an be positive numbers, we have
N

11 X

N _2 ,

al. < N - a;.
i=1 i=1

Definition 1.1.1 Let k > 0, we consider the truncation function Ti(-) : R— R, given by

s if Islsk,
Ti(s) = k|_5| if Isl>k,
S

and we define

f/’ol’ﬁ(Q) :={u:Q— R measurable, such that T (u) € Wé’ﬁ(Q) forany k > 0}.

Lp()

Proposition 1.1.3 Let u € 9,7 (Q). For any i € {1,...,N}, there exists a unique measu-

rable function v; : Q — R such that
Vk>0  D'Ti(w) = viXquen a.e. X€Q,

where xa denotes the characteristic function of a measurable set A. The functions v; are
called the weak partial derivatives of u and are still denoted D'u. Moreover; if u belongs
to Wé’l(Q), then v; coincides with the standard distributional derivative of u, that is, v; =
D'u.

The proof of the Proposition 1.1.3 follows the usual techniques developed in [17] for the
case of Sobolev spaces. For more details concerning the anisotropic Sobolev spaces, we
refer the reader to [8, 13, 40, 41].

Lemma 1.1.2 (see [51], Theorem 13.47) Let (u,), be a sequence in LYQ) and u € LM(Q)
such that

i) u,—ua.e inQ,

(i) u,=0andu=0a.e. inQ,

(iii) f undxﬁf udx,
Q Q

then u, — uin L'(Q).
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Chapter 2

Existence of weak solution for nonlinear
degenerate elliptic equations in the

Anisotropic spaces

Our goal in this chapter is to prove the existence of solutions for the following nonli-

near anisotropic degenerate elliptic problem :

N
—0y,ai(x,u,Vu) + Y H;(x,u,Vu) = f-0y8 in Q, 2.1)

i=1
where fori = 1,...,N, a;(x, u, Vu) is allowed to degenerate with respect to the unknown u,
and H;(x, u, Vu) is a nonlinear term without a sign condition. Under suitable conditions

on a; and H;, we prove the existence of weak solutions.

2.1 Introduction

Let Q be a bounded subset of RN (N = 2) with smooth boundary 0Q. For the vectorial
exponent p = (p, ..., pN) we assume thatfori=1,...,N,1 < p; < oo.
Our aim is to prove the existence of weak solutions to the following anisotropic dege-

nerate elliptic equations

N .
0y, ai(x,u,Vu) + ) H'(x,u,Vu) = f—0y,8 inQ,
izl (2.2)

u=20 on 0Q),

where the source data f and g = (g1, ..., gn) belonging a suitable Lebesgue spaces (see as-
sumptions (2.9)).
We assume that for i=1,...,N, the function a; : Q x R x RN — R is a Carathéodory function
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with degenerate ellipticity and growth with respect to u (see (2.3)), and the lower order
term H; : QO x R x RN — R is a Carathéodory function satisfy only a growth condition with
respect to the gradient Vu (see (2.7)).

Existence to problems like (2.1) is very well understood, in the isotropic case, in particu-
lar, there is vast literature for analysis of the case involving the p-Laplacian operator and
problems stated in the Lebesgue space setting, in the elliptic setting the foundation of the
branch where laid by Boccardo et al.[27], Dall’Aglio [39] and Murat [66].

For the anisotropic elliptic equations, we started by the work of Bendahmane generali-
zing the work H. Brésis and E Browder [37], to the anisotropic space Wl’?(Q) using the
Hedberg-type approximations. For more works in the anisotropic sapces we refer the rea-
der to ([8], [26], [33], [40], [41], [47] and [83]).

Our main contribution is to prove the existence of weak solutions of the problems2.1,
which are in general non coercive, in order to overcome this difficulties, we split the do-
main Q in q finite number of small domain Q; (see lemma2.3.1 ), this method used by
Bottaro in [29]; and we avoid the smallness of || b; |- ( see (2.8)) to get the operator that
govern the equation coercive.

A major difficulties if we work with the terms a; (x, u, Vu) and H; (x, u, Vu), we encounter
problems because of the degeneracy, (at the level the problems that are well defined, se-
condly at the level of the a priori estimates of H) and in passing to the limit, we can not
apply the classical methods (Young, Holder, and Gagliardo inequalities..), to overcomes
this difficulties we use the positively homogeneous terms a;(x, u, Vu) and ﬁi (x,u,Vu) of
degree (p; — 1), with respect to Vu, instead of the terms a; (x, u, Vu) and H; (x, u, Vu), see
hypotheses (2.3) and (2.7).

2.2 Basic assumptions

We assume that a; : Q xRxRY — Rand H; : Q x Rx RN — R are Carathéodory functions
such that

N N

Z a;(x,s,&& = Z v(IsDIEIP! VseR,EeRVand a.ein Q, (2.3)
i=1 i=1

with v is a bounded continuous function such that v > 0, and

+oo 1
f v(t)Pi'dt = +oo, for i =1,...,,N. (2.4)
0

There is a Carathéodory vector function @ such that fora.e.x€ Q, VseR, V¢, &' € RN :
a;i(x,s,8) = v(sha;(x,s,&),
|a;(x,s,E)| < y[lsl”_;‘ + IE,ilpi_l], Y positive constant, (2.5)
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(G (x,5,8) — a;(x,5,E)]E; —&;1 >0 for & #E. (2.6)

There is a Carathéodory vector function H such that fora.e.x€ Q, VseR, VE e RN :
H;(x, 5,8 = v(sDH; (x,8),

[Hi(x, &)1 < bi (01§17, 2.7)
. 111 _
where b; belong to the space L' (Q2) with - = p_ - p_ fori=1,...,N.
i i 00
The function &; and H; are positively homogeneous of degree (p; — 1) with respect to the
variable &, i.e

a;(x,s,t8) = tPi a;(x,5,8), H;(x,s, &) = tP ' H;(x,5,8), Vt=0. (2.8)

felP~(Q) and g;€Lli(Q) for i=1,..,N. 2.9)

2.3 Principal results

We denote by # the function
$ 1
v(s) = f v(t)ri-tdt
0

and
V = {u is measurable functionin Q: 7 (u) € Wé’p Q1.

2.3.1 Definition of the weak solution

Definition 2.3.1 A function u inV is a weak solution to problem?2.2 if
a;(., u,Vu) € LPi (Q),H; (., u, Vi) € LP=(Q), and

N N "
Z Q[ai(xy u»vu)axi@"'Hi(x; u!vu)(p] :/;)[f(P"‘Zgzax,(P]» V(Pewé’p(ﬂ)
i=1 i=1

To avoid the smallness of the norm of b;, spliting the domain Q in a finite number of small
domains Qg, by adopting the technique introduced in [29] for the linear case, and [82] for
the nonlinear case.

Proposition 2.3.1 LetAc R andueV, (ie. #(u)e Wy (Q)).
Then there exists t measurable subsets Q1,...,Q; of Q and t functions v(u)y, ..., V(u); such
thatQ;NQj=@, fori# j,|Q <Aand|Qs|=Aforsefl,..t—1},

{x€eQ:|0x,0(w)s| #0 for i=1,..,N} cQq, 0y U(u) =0y, U(u)s a.e. in Qs, (2.10)
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Oy, [T + ... + [D(W)] ) [T ()]s = O, V() [0()]s, [D()]1 +... + [D(W)]s = D(w)  (2.11)
and sign(v(u)) = sign([D(w)]s) if [D(w)]s #0 forse{l,..., t} andie{l,...,N}.

Proof.Let0 < k < h < +o0o, define Sy, i (s) = Tx(s)=T},(s), where Ti(s) = sign(s)(min(|s|, k).
We put Q= {x € Q:10x,Sp(U(w)| #0, fori=1,.;N}, we have 0y,;Sy, x(U(1)) = 0y, V(1)
ae.inQh k) fori=1,...,N.

Construction of the subset QO and the function (7(u)); : the idea of our approach is inspi-
red from the paper of Del Vecchio et al.( see appendix, [82]).

Let {kj}jen < R* a decreasing sequence constructed in the following way :

If |Q] < Athen k; =0, else k; is chosen such that |{x € Q: |7 (u(x))| = k1| = A.

For j > 2,if {x € Q:0 < [0(u(x))| = k;j-1| < A then k; = 0 else k; is chosen such that
0<kj<kjiand|{xeQ:k;<|v(ux)| =kj-1| =A. Let t be the first index such that
k; = 0, then we put Q; = Q(ky,+00); Qs = Q(ks, ks—1) for s = 2,..,¢ and uy = Sg, 0(W),
Us =Sk, k,_, (W) fors=2,..,1.

2.3.2 Some a priori estimates

We consider a sequence of regularized problems :

N
0y a; (X, up, Vuy) + Y H (x,u,,Vu,) =f—0,g; in Q
P,) x; @i ( n n) ; . n n=f x; 8i 2.12)

u,=0 on 0Q,

where H. (x, u, Vi) = T, (H; (x, u, Vi)).
It is well known, for the functions b; with norms small enough, the problems2.12 has at
least a weak solution u,, € Wé’p (Q), we refer to ([60]).

Proposition 2.3.2 Let (uy) nen be a sequence inV such that v(uy,) — v(u) in Wé'ﬁ (Q) and

N
Z f (@i (X, up, VU (uy)) — ai(x, uy, Vo(u))] (axi v(uy) — ax,- v(up)) — 0,
i=1/Q

then 0y, 0(u,) — Oy, V(1) a.e. inQ and fori=1,..,N.

Proof. Let D!, = [, (x, up, V(1)) — @i (X, tn, V(1)) @, U(up) — Oy, D(14y)), D, = 0 and

Df, —0inLY(Q). Extracting a subsequence v(u,), bylemmal.l.1 we have u, — u a.e in Q,
DZ — 0 a.e in Q, which implies that u,, — u a.e. in Q.

Let A c Q, such that |A| =0, we have u,, — © and Dfl — 0 pointwise in Q\A. For all x € Q\A,
denoting &, = Oy, U(un(x)), &= Oy; U(u(x)), & = Oy, Up(x) and & = Oy, u(x).
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Dl = ai(x, ty, Vi(un))dy, 0(ttn) + @i (X, th, VI (1))0y, (14)
—a;(x, Up, Vﬁ(un))ax,- v(u) —a;(x, up, Vﬁ(u))axi U(up)

_1 _1
= a;(x, up, Vup)v(upl) Pi7' 0y, tp + a; (X, Up, VU)v(luyl) i~ Oy, u

i (X, tn, V0 (1n))Bx, () = G (X, U, V 5 ()3, Dl(1t) (2.13)
P b Bo o
= V(|up) P 1€+ v P IENPT = Yllupl P+ EPITIE
Poo | iy
—Yllual "t +18, 1P IEY,
by the fact that v is real positive bounded function we conclude that
D}, = c1 (18,17 = cx (1 + 18,1771 +1ELD). (2.14)

Since u, is bounded in Q\A. Then, |€f1| is bounded uniformly with respect to n, indeed
(2.14) becomes

Cx Cx & )
IEpIPE (ELIPTL (&

If Eﬁl — 00, (for a subsequence) implies that qu(x) — 00, which gives a contradiction.

D}, = €17 (1-

Denoting by E* the limit of subsequence of Eﬁq, for i=1,...,N. Applying the continuity of a

with respect to the two last variables we obtain
(@;(x, u, &) — a;(x, u, ) € - &) =0.
By using (2.6) we get EZ —& aeinQfori=1,..,N.
Proposition 2.3.3 Let u, €V be a solution of the approximate problem?2.12. Then we have

N
Y A 10, D(up)|Pi <C, (2.15)
i=1

where C=C(N,Q, Y, IBlloo, I fl ., 18ill 1) >0, fori=1,..,N.

Proof. Let u, €V, then v (u,) € Wé'ﬁ(Q), and [7(u,)]s defined as in lemma?2.3.1, we have

_1
Lai(x,un,Vun)Gxi[ﬁ(un)]s =f a;i(X, Up, Vip)Ox, U V(| Upl) Pi™!

Qg

_Pi_
2[ V(|un|)pi71|axiun|pi (2.16)

Qs

Zf 10, [0 ()]s 7"
Q
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We choose [T(uy)] as test function in the approximate problems2.12. By (2.16), Young,
Holder inequalities, and embedding results in lemmal.1.1, we have

N 1
Y| 10y [Bu)llP < cl(nfnp/ ay
= Ja 2.17)

+Z QIH"(x Un, Vup)|I[0(un)] I+leglll
i=1

N

where d; = [ (f 102, D1t 177 )
j=1"J0
Here and in what follows, the constants depend on the data but not on u. Using condi-

tions (2.7), (2.10), (2.11) Young, Holder inequalities, the embedding Wé’ﬁ (Q) c LP=(Q),
and H' (x, Uy, Vil,) = Ai(x, un, Vio(u,)) we get

N
Zf I, 0, Vi) 11515 = 3 [ 15101135, 5P 50l

i=1JQ

~.

N

Z |bi(x)||axi[ﬁ(un)]0|pi_ [0 (un)]sl

I/\

|/\

N

>

lfl ) s L

Y. Ibilsien Y [f |ax,.[ﬁ(un)]sl("f‘”’ﬂ[ﬁ(un)]slrz‘] L

i EEN )
Z t.

i (Of T (p,—l)r t; rtl _ HALL
il Z (f 10, [9Cu)l | | (fﬂcl[v(un)] rite)
pi
<) Wbl ng |10 [P IP + dY
i=1 o=1 o

N s—1 Pi
SCZX:”bi”L’i(Q’)[‘/‘ |axi[ﬁ(un)]s|pi+ Z |axi[ﬁ(un)]o|pi+dsN],
i=1 QS o=1 QO’

I/\

where Q' and ¢; is such that

1D;llyr @y = max{||b;llyr: Qq) 0= 1,.,s},
(pi=Drit; = p;
I _

Replacing the inequality (2.18) in (2.17) we obtain

N 1N o
D NCMUCRINGEE T a + Ll

+Z||b||Lrl(m[f 10, 5] IP + Z 10 1000,) |Pl+Zd ).

(2.19)

Choosing Q' such that

N
1-c1 ) bl >0, (2.20)
i=1
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(2.19) becomes

N 1 N ,
> o 10, [D(un)lsl” < calll fll r dg* + Z IIgi||p5
=1

1 S= 1 N
+(ZAm P) ()Y |axj[z7(un)10|”f) .
o= 1] 1
+ Z 1D llLri ) dsN |8

i=1

for some constant ¢z > 0. For s = 1 we get

Llaxi[ﬁ(un)]ﬂpi <Z |ax (D)1 P
i=1

N s (2.21)
< Cz[llfllpg,ole + Z 1817} + 3 Ibillurien dy®
i=1 L=l
Thanks to Proposition 4.3 in [40], by choosing Q' such that (2.20) and
N
1-c2 ) IIbilluriqy > 0. We get
i=1
N N 1 N o
di=cs|(IF17, +Ivh!, )y + 3 gl
o o i=1 i
Then there exists a constant ¢4 > 0 such that d; < ¢4, and by (2.21) we obtain
N
2 | 10x [Bunil” < cs, (2.22)

i=1

for some constant c5 > 0. Moreover, using (2.22) in (2.21) and iterating on s, we have

Z |ax [D(un)] |”l<c3[||f||,, dN+Z||gl||”’+1+Z||b||Lr,(ga)dN (2.23)
i=1

finally by (2.23), we get

1

N —_—
ol = X fQ 0, Hun)I”) "
i=1
(

IA
1=
S
(M-

|axi[z7(un)1s|)p')”" |
1

0 (B (a1 )

IA

toul
Mz
M-
S5

IA
o
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2.3.3 Existence Theorem

Theorem 2.3.1 We suppose that the conditions (2.3)-(2.8) holds true, then the problem?2.1
has at least one weak solution.

Proof. By proposition2.3.3, we conclude that 0, 7(u,) is bounded in L”i(Q), which gives a
weakly convergence of 0y, U(u,) to 0, U(u) in the space LPi(Q), fori =1,...,N, and conse-
quently by embedding theorem we get the strongly convergence of 7(u,) to #(u) in LP (),
for some u and some subsequence, still denote by u;,.

1. Almost everywhere convergence of the gradient
According to the proposition 2.3.2, it is enough to show that

N
lim [ai (X, un, VO (up)) — @i (x, un, VO(u))][0x, U(upn) — 0y, 0()] =0.  (2.24)

Te0i=1J0

Indeed, we can write the integral of 2.3.2 as follows

N
Y fQ (G (X, U, VO (Up) =i (X, Up, VI(U))] Oy, D(14) — O, U(14)]
i=1
N
=Y | [ai(x, un, VI(un) [0y, 0(1) — 0y, D(w)]dx
i=1YQ .

N

- Z [di(x, up, VU(1))][0x, U(up) — Oy, U(1)]dx
i=1JQ

=A, -B,.

By assumption (2.3) and (2.8), we have a;(x, u,, Vi(u,)) = a;(x, un, Vu,). Thus, we
can rewrite A, as

N
Ap =) | [ai(x, un, Vun)l [0y, 0(uy) - Oy, (1)) dx.
i=1/Q

We claim that A, goes to zero as n tend to infinity. Indeed, taking v = v (u,) — 7(u)

as test function in the approximate problem we get

N
Y| ai(x, tun, Vi) [0x, 0(un) — Oy, 0(w)]dx
i=1JQ
N .
+ > | HY(X, tn, Vun) (5(uy) - D(w)dx . (2.25)

i=1JQ
N
- f PO - 5w)dx+ Y. [ g1y, 5un) 0y, B(w)dx.
Q

i=1JQ

Since 0y, U(uy,) — Oy, ¥(u) is bounded uniformly in (L @)Y, and v(u,) converge
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strongly to #(u) in LP(Q), g;, f belong to L”i (Q), we conclude that
nlim f 8i(0yx, U(uy) — 0y, V(u))dx =0 and nlim f fO(u,) —o(w)dx=0. (2.26)
-0 Jq —JQ

By assumption (2.5), we can show that H' (x, u,,, Vut,,) — nin LP(Q) and since v(uy)
converge strongly to 7(u) in L% Q) for all d; < pL., we get

n—oo

limei(x, Up, Vi) (0(uy) — 0(u))dx = 0. 2.27)
Q

By 2.26 and 2.27, we conclude that nlim A, =0.
—00
Let E be subset of Q2, we have

Poodj

fIdi(x,un,Vﬁ(u))l""deQfIunl P dx+czfIaxiﬁ(u)lpidx,ti<pi/. (2.28)
E E E

Poodj

By the strongly convergence (u,) to #(u) in L Pi (Q) and since 7 is bijective (i.e uy

. Poo

qi—71
tend to u stronglyin L ”i (Q)) we have the terms in the right hand side in 2.28 goes
to zero as |E| tend to zero, and by almost everywhere convergence of a; (x, u,, Vi (u))
to a;(x,u,Vi(u)), we conclude by Vitali’s Theorem that, r}im B, =0,
—00

according to lemma2.3.2, we conclude that
Oy; U(up) — 0y, 0(u), a.ein Q. (2.29)

. Passage to the limit

By using the growth condition (2.4), we get
1 (%, e, VD ()P dx < cllu] P +185, 0 (1)1, (2.30)

by the continuous embedding in anisotropic space Wé’ﬁ (Q) into LP>(Q), Proposi-
tion2.3.3, (2.30) and (2.29) we conclude that

a; (%, tn, VI (tn)) — di(x, u Vi (w) weaklyin LPi(Q),

and since a;(x, u,, Vi(u,)) = ai(x, u,, Vuy), and a;(x,u,Vi(u)) = a;(x,u,Vu) we
have
a;(x,u,,Vuy) — a;(x,u,Vu) weakly in L”;' Q). (2.31)
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On the other hand, we have

0 (2, Vo)) 1P < b; ()P 05 (1) |PT~VPo0

. i—1 éor/_l’
< e31b; (01 + caldy, D(un)| PP (2.32)

= CSlbi(x)lri + C4|axiﬁ(un)|piy

with ¢3 and ¢, are the positive constant. (2.32), and (2.29) gives
I (x, Vi(up) — H; (x, Vi(u)) weaklyin LP=(Q). (2.33)

And since
L (x, Vi (un)) = Hi (x, tn, Vi) and H; (x, V() = Hi (x, u, Vi) we get

H;(x,u,, Vu,) — H;(x,u,Vu) weakly in L’”LO Q). (2.34)

Passing to the limit in the approximate problems (2.12), and using (2.31) and (2.34)
we conclude that the problem2.1 has at least a weak solution in the sense of defini-
tion (2.3.1).
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Chapter 3

Existence and uniqueness of entropy
solutions for some anisotropic unilateral

elliptic equation

In this chapter we study a unilateral problem associated to some quasilinear elliptic
N

equation of the forme —ZDiai (x,u,Vu)+ g(x,u) = f in Q, where Q is a bounded open
1

domain in RY (N = 2) with boundary 09, and g(x, s) verify the growth condition, where the

data f is assumed to be in L' (Q2), we prove existence of entropy solutions for this problem.

Moreover, the uniqueness solution was proved under some additional assumptions.

3.1 Introduction

Let Q be a bounded open subset of RN(N > 2). In [24], Boccardo et al. have studied the
following quasilinear elliptic problem

{—dlv(A(x,u)Vu)=f in Q, 3.1)

u=20 on 0Q,

where the data f in assumed to be in L (Q) with m > 1. They have proved the existence
and some regularity results, we refer the reader to [17, 22, 25, 58], and also to [23] for the
unilateral elliptic problem.

Bendahmane and Wittbold have studied in [16] the existence and uniqueness of solu-

tion for the quasilinear elliptic equation

{‘div(|Vu|"(“‘2Vu)=f in-Q, 3.2

u=20 on 0Q,
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in the Sobolev spaces with variable exponents, where the right-hand side f € L'(Q) and
the exponent p(:) : Q — (1,+00) is continuous, for more related results we refer to [9, 11,
77]. In the framework of Orlicz-Sobolev spaces, Aharouch and Bennouna [2] have treated

the quasilinear elliptic equation associated to the unilateral problem

{—dw(a(x,Vu))=f in Q, (3.3)

u=20 on 0Q,

where f € L'(Q). They have proved the existence and uniqueness of entropy solution in
WéLM (2) by assuming only the A,-condition on the conjugate of N—function M(-), we
refer also to [10, 18, 44] for more details.

In the recent years, the anisotropic Sobolev spaces have attract the attention of many
scientist and researcher, these studies are motivated by their applications to the mathe-
matical modeling of physical in flows of electro-rheological fluids, thermistor problem
and the processes of image restoration, (see also [12, 55, 63]).

In the framework of anisotropic Sobolev spaces, Li Feng-Quan has considered in [59]
the elliptic equation

—diva(x,u,Du)=f in Q,
{ u=20 on 0Q,

where f € L™ (Q), he has proved the existence of solutions in the sense of the distributions.
In [41], Di-Nardo, Feo and Guibé have studied the following class of nonlinear anisotropic
elliptic problem

N N N
=Y Oy (ai(x,u,Vu) + ) H;(x,Vu)=f- ) 0y(g) in Q,
i=1 i=1 i=1

u=20 on 09Q,

(3.4)

with f € LP=(Q), g; € L”i(Q). They have proved the existence of weak solutions for the
problem (3.4). Also they have proved the uniqueness of solution under some additional
assumptions.

Our aim in this work is to prove the existence and uniqueness of entropy solutions for

the unilateral problem associated to the quasilinear anisotropic elliptic equation

N
- Y Dig; x,u,Vu)+g(x,u) = in Q,
i:zl i )+glw=f 3.5)

u=20 on 0Q,

where f € L(Q), the Carathéodory functions a;(x, s,&) verify some non-standard coerci-
vity condition, and the the lower order term g(x, s) is a Carathéodory satisfier only some
growth condition.
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This chapter is divided into two sections. We introduce in the section 1 some assump-
tions for which our problem has at least one solutions. The section 2 will be devoted to
prove the existence of entropy solutions for our quasilinear elliptic problem (3.5). We
conclude this chapter by proving the uniqueness of entropy solution under some addi-

tional assumptions.

3.2 Essential assumptions

Let Q be abounded open subset of RN (N = 2), we assume that the vector j = (1, p1, ..., pN)
satisfying the requirements that 1 < p; <oo foranyi=1,...,N.
Taking  as a measurable function on Q with values in R, such that

yt ew P (@) nI®Q).

We set
p=min{py, py,...,pn}  and  po=max{pi,pz,..., px}

We define the convex subset Ky, by
Ky ={v EWé’ﬁ(Q) such that v=y a.e.in Q}.

We consider a Leray-Lions operator A: Wé’ﬁ Q) — WP (Q) given by
N .
Au=— ZD’ai(x, u,Vu)
i=1

where a; : Q x R x RN — R are Carathéodory functions, for i = 1,...,N, (measurable with
respect to x in Q for every (s,¢) in R x RN and continuous with respect to (s,§) in R x RN

for almost every x in ), which satisfy the following conditions :
|ai(x, 5,8 <P () +1sI" +[5;P"7Y)  for i=1,...,N, (3.6)

with0O<T1;<p;-1.
N

Y (ai(x,5,8) —a;(x,5,8))(E —E&) >0 forany &#&, (3.7)

i=1

for a.e. x € Q and all (s,&) € R x RY, where K; (x) is a nonnegative function lying in L7 (Q)
and 3 > 0.
We assume that the Carathéodory functions a;(x, s, §) verifying the non-standard coerci-
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vity condition
ai(x,s,8)& =b(IsDIE;|”" for i=1,...,N, (3.8)

such that b(|-]) : R* — R" is a decreasing function that belongs to L'(R)NL>®°(R), and there
exists a positive constant by which verifying

bo
m < b(lSD for any Sse¢ R. (3.9

where 0 < A < min(1,po — 1, ). The lower order g(x,s) is a Carathéodory function

po—1
which satisfies only the growth condition :

lg(x,s)| < Ifo(x)|+c(x)|s|6 forany seR, (3.10)

where fy(x) € L1(Q), the exponent 0 < 8 < py — A — 1, and the measurable function c(x) is
Po — A-1

po—A-8-1

We consider the anisotropic quasilinear unilateral elliptic problem

assumed to be in L2 (Q) for some p >

N
- Y Dig; x,u,Vu)+glx,u) = in Q,
i_Zl i( )+gx,u)=f .

0 on 01Q,

u

where f e L}(Q).
Now, we recall some important Lemma useful to prove our main result.

Lemma 3.2.1 (see. [12]) Assuming that (3.6) — (3.8) hold, and let (u,) ,ew be a sequence in
WP (Q) such that u, — u inW,” (Q) and

N . .
Y f (al- (x, U, Vi) — a;(x, up, Vu))(D’ u,-D'u)dx
=10 (3.12)
+) (Iunlg_zun—lulﬁ_zu))(un—u) dx—0 as n-— oo,
i=1JQ

thenu, — uin Wé’p (Q) for a subsequence.

3.3 Main results : Existence of entropy solutions

Firstly, we introduce the definition of entropy solutions for our quasilinear elliptic pro-
blem.

Definition 3.3.1 A measurable function u is called entropy solution of the unilateral pro-
blem associated to the anisotropic quasilinear elliptic equation (3.11) if Tr(u) € Ky, and
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g(x,u) € LY(Q), such that u verify the following inequality

N .
Z Qai(x,u,Vu)D’Tk(u—v)dx+f0g(x,u)Tk(u—v)dxszka(u—v)dx, (3.13)
i=1

forany v e Ky nL*(Q).
Our objective is to prove the following existence theorem :

Theorem 3.3.1 Assuming that the conditions (3.6) — (3.9) and (3.10) hold true, then the
problem (3.11) has at least one entropy solution. Moreover, we have

g .
lim — Zf a;i(x,u,Vu)D'udx=0. (3.14)
{lul<h}

Proof of Theorem 3.3.1

Step 1 : Approximate problems.

We set (f,,) new @ sequence of functions in wLY (Q) nLY(Q) which verify : f, — f in
L'(Q) and | fal =1f1 (for example f;, = T,,(f)). We consider the approximate problem :

l_lDiai(X,Tn(un),Vun)+gn(x’ Un) :fn(x) in 0, (3.15)

u,=0 on 01,

N

where g,(x,s) =T,(g(x,s)). We define the operator A, and G, :Wé’ﬁ(Q) — W_l”;/ (Q) by

N , .
Apu,v) = Z a;(x,T,(w),Vu)D'vdx and (G,u,v) :f gn(x,u)vdx ‘v’u,veWé’p(Q),
i=1JQ Q

Lemma 3.3.1 The operator B,, = A, + G, acted from Wé’p(Q) into W™ b7/ (Q) is pseudo-
monotone. Moreover, By, is coercive in the following sense : there exists vy € Ky, such that

(Brv,v—1p)
—no as vl — oo forany veKy.
(R2W18)

Proof of Lemma 3.3.1

Using the Holder’s inequality and the growth condition (3.6), we can show that the ope-
rator A, is bounded, and since |G, (v)| = [T, (g(x, v)| < n for any v € Ky,, we conclude that
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B, is bounded.
For the coercivity, let vy € Ky, for any v € K, we have

Bpv,ve) =(Anv,v0) +{Gprv, V)

N .
= Z a;(x,T,(v),Vv)D' vy dx+f gn(x, V) vodx
i=1JQ Q

N L
<3 ([ 140 Tuw), Vol dx) D vl + 1 [ ool

1
o
i

lvolly,s+n-llvol,

N .
<3P71p Y. (f (Ki(x)Ps + nP + D' v|P) dxc)”
i=1 JQ

and N
Buv,v) = Z al-(x,Tn(v),Vv)D"vdx+f gn(x,v)vdx
—1Ja Q

N .
=53 , b(T,(DID vIPidx—n-|lvi
i—O

(1+n)7\ f|D olP dx—n- vl

In view of Poincaré inequality, we conclude that

(Bnv, v — o) . f' DivlPi d _n-(lvls+ vl
vl 5o (1+n) ||v||1pl 1 vy, 5
Pir1B ol %
0ll1, .
- ’”Z(f Ki(x)P + 0P+ D vl dix) T — oo
lvly,p i1
as ” U” Lpe) — Q.

(3.16)

It remains to show that B, is pseudo-monotone. Let (1) ren be a sequence in Wé’p Q)
such that

U — u in WP (@),
BulUk — Xn in W' (), (3.17)
limsup(B, ug, ux) < (Xn, -

k—oo

We will prove that
Xn=Bpu and (Buug, ur) — (Xn,u) as k— +oo.
Thanks to Lemma 1.1.1, we have Wé’ﬁ Q) —— LP2(Q) with p> 1, then
ur—u inL2(Q) andae.inQ, forasubsequence denoted again (u¢)ken-

As (uy) ke is abounded sequence in Wé’ﬁ (Q), and by the growth condition, the sequence
(a; (x, T,(ur), Vur)) ken is bounded in L7 (Q). Therefore, there exists a measurable func-
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tion ¢; € L”i (Q) such that
a;i (x, Tp(ug), Vug) — @; in - LPi(Q) as k— oo, (3.18)

Also, we have (g, (x, u)) ken is uniformly bounded in 14 (Q), and g, (x, ur) — gn(x, u) al-
most everywhere in Q. In view of Lebesgue dominated convergence theorem, we deduce
that

gn(x, up) — gn(x,u) in 04 (Q) as k — oo. (3.19)

On the one hand, we have for any v € Wé'ﬁ Q)

X V) = kILm (Brug, v)

N
= 1‘ ] yT ,V Dl d + l. f ) d
kﬂo; |, 00 Tnu), VuD v dx+ lim | gn(x, up) v dx (3.20)
N .
= Z (Pi Dlvdx+f gn(X; u) de.
i=1JQ Q

From relations (3.17) and (3.20), we obtain

N .
limsup(B;, (ug), ug) :limsup(z ai(x,Tn(uk),Vuk)Dlukdx+fgn(x,uk)ukdx)
Q

k—o0 k—oo “i=1

N .
<) (p,-D’udx+ngn(x,u)udx.

i=1JQ
(3.21)
Thanks to (3.19), and since u; converges strongly to u in LZ(Q), then
f gn(x, up) ug dx—»f gn(x,u) udx as k— oo. (3.22)
Q Q
Therefore
N . N .
limsup ) | a;(x, Tp(ug), Vu)D'ugdx <) | ¢; D'udx. (3.23)
k—oo j=1YQ i=1
On the other hand, in view of (3.8) we have
N . .
> | (@i(x, Tn(ug), Vur) — a;(x, Tp(ur), Vi) (D ug — D' u) dx = 0, (3.24)
i=1JQ

then
N . N .
Y| ait, Tp(ue), Vur)D updx =) | ai(x,Tp(up), Vup)D'udx
i=1JQ i=1J0Q

N . .
+Y | ai(x, Tp(ur), V) (D up. — D' u) dx.
i=1JQ
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In view of Lebesgue dominated convergence theorem, we have T, (uy) — Ty (1) in L7 (Q)
then a;(x, T, (ur),Vu) — a;(x,T,(u), Vu) strongly in L”i(Q), and by (3.18) we get

N . N .
liminf) | a;(x, Tp(up), Vupr)D'urdx=) | @;D'udx.

k—co ;53 JO i=1JQ
Having in mind (3.23), we conclude that

N . N .
lim Y | a;(x,Tp(up), Vup)D'urpdx=)_ | @;D'udx. (3.25)
k—co;=yJ0 i=1JQ

According to (3.20), (3.22) and (3.25), we obtain
By, ug) — (Xn, ) as k — +oo.

Now, by (3.25) we can prove that

N
lim Y f (5%, T (10, Vatg) — @, T (1), Via) (D g~ D) dx = 0,
Q

k—’+00i=l
Since u,, — u in L2(Q) and by virtue of Lemma 3.2.1, we get
U — u in Wé’ﬁ(Q) and Diu;C — Dina.e. in Q,

it follows that a; (x, T, (ux), Vug) — a;(x,T,(u), Vu) almost everywhere in Q, and in view
of (3.6) we conclude that

a; (x, Tp(up), Vi) — a;(x, Tp(w), Vi)  in LPi(Q) for i=1,...,N,

and thanks to (3.19) we conclude that x, = B, u, which completes the proof of lemma
3.3.1.

In view of Lemma 3.3.1 (see [60], Theorem 8.2), there exists at least one weak solution
1, € Wy (Q) of the problem (3.15), i.e.

N .
Y| ai(x, Tn(un), Vur)D' (up — v) dx+f 8n(x, up) (Un— ) def fn(X) (U, —v) dx,
i=1JQ Q Q

(3.26)
for any v € Ky,.
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Step 2 : A priori estimates.

Let k= max(1, W |loo) and M = [y [l + k. Choosing 0 < & < p—A-38~1andwe set

H(T)—er forany reR
~Jo AxshieE Y .

By taking v = 14, — T (ttn — W) (1 + Ty ()N 14D € WP (Q), we have v e WP (Q) and
v =y for n > 0 small enough, then v € Ky is an admissible test function for the approxi-

mate problem (3.26), and we obtain
N
N2, G Talun), Vin)D! (Tl =y 1+ Ty aen) 00 dx
+angn(x, un) Te(un —wH) A + [ Tw(un)) e gy
= T]fﬂfn(x) Te(up—wHA+ |TM(un)|))‘eH(|””|) dx.

It follows that

N

f a; (%, Ty (tn), Vi) D' Ti(ty — W) (A + [ Tap(u) ) 040D d
i=1 {lun_w+|5k}

N .
+AY a; (2, Tn(tn), Vitn) D' tn| T (1t — YL + [T ()Mt 0D g
i=1Jluyl=M}
N A
i 1+ [Twm(un))) H(luyl)
+ a;(x,T,,(un),Vu,)D u, |Tr(u, —wh)| e il gy
; o i n\n n n I Le(Up =W (1+|un|)1+£
< fQ | f (O] I Th(ttn — )| (1 + [Ty () ) 104D gx
" fﬂ 180 (% )] Ti (1t — W] (1+ Taa () 08D .
Thanks to (3.8) and (3.10), we conclude that
N . N
f D(14n))ID’ P (1 + [Tyt () dx
i=1J{lup—y*|<k}
N .
+A Y () ID P Th (0 — WA + [T () DA 0D g x
i=1{lunl=M}

N A
- (I +[Tm(un)l) H
+ b(lu,) D  uy,|P Tr(u, —w) e gx
i:ZI |, PunDID tnl” == = e T =y 5.2

sz(|fn(x)|+|fo(x)|) ITs (2 — W A+ [T () 00D i x

+f () Ul [Tty =) (1 + [ Tya () ) 10D dx
Q

N

s f |15, T (1), Vit | (1 + Ta () ) DIyt 040D g
i=1Y{lup—wt|<k}
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In view of Poincaré inequality, we have forany i =1,...,N:

f lun|P dx < 2””_1[ lup—w*|\Pidx
{lun—y*|<k} {lup—y* 1=k}

+2pi~1 |w+|Pi dx
{lup—w*I<k}
2ri-icy ID'u, — D" P dx (3.28)
{lun—y*1<k}
+2pi_1 |w+|pl dx
{lun—y*|=<k}
22Pi=2CPhi D u,|P dx + Co
{lup—y*|=k}

IA

IA

For the second term on the left-hand side of (3.27), Let o > 0, in view of Young’s and Poin-
caré inequalities, and using the growth condition (3.6) and (3.28) we have

N

f a; (%, Ty (), Vi) |(1+ Ty () D 1Dyt e g x
i=1 {lun_w+|5k}

N
<petl 3 f“ Ul 1D P+ M) 1Dy
i=1Hlup—y*|=

N N N .
i=170 i=1/{lun—yrI=k} i=1J lun—w*1<k}
N .
+Cy Zf (1+ |TM(un)|))\pi ID’W+|pi dx
i=1 {lun_w+|5k}
N ‘ . N
<Cy+0) @%772Cy +1) ID unlPidx+Cs Y (1+ k)M
i=1 {lun_w+|5k} i=1
it follows that
N .
Zf bty (1 + [t D 1y | P1eM04nD g x
i=1Hlup—y*i<k}
N b(lu,)A + |u,D* .
+)\Z (l nl)( | nl) |Dlun|pi|Tk(un_W+)|6H(|un|) dx
i=1 HHlun <M} 1+ uyl)

N b(unDA+ I Tv(un)D
+ D! 1P | Ti(tty — ) 04D gy
izzl Q (1 + |up)) 1 *e ID 2l [Tie(ttn = y7)| (3.29)

< el fQ(lfn(xn +1 £ 1Tk — W 1+ Ty (un) D dx

+eH(OO)fQC(x)IunI6 ITeCttn =9 (1 + T (un) ) dx

N ) N
+Cp+0 )y (22PI72Ch +1) ID P dx+Cy Y (1+ k)M
i=1 {lun—w*I=k} i=1
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In view of (3.10), and by taking o small enough (for example o max (227 ch "+1) < —),

1<i<N

we conclude that

by Y A N Diu,|Pi
= f ID* up P dxH\bto lITk(un—\lf+)|o73x
2 i Hun—vyti=k Qlunl=My (1 +upl)

N ID up|Pi
+bo Y — ITi(uy—w)|dx
Ol-zlfuu,,—wﬂsk} (1+|unl)1+€| elitn =)
, (3.30)

N l pi
+bok(1+M)* Z[ Dt
0

S tuasmy (14 [y )A+1+e

N
<Cs Y. 1+ M + Gk I f Wy + 1 oDl ) + Cak™! fQ cunl® dx.
i=1

For the last term on the left-hand side of (3.30), in view of Poincaré inequality we have

N i i
D'u pi
s ua>my (1 + [upDAE

un| ds pi

N
zbok(1+k))‘2f )D’f — | ax

ITm (un)l (1 + S) P;
pi

[tnl
A+1
>b k Zcptf ‘»/T ()| )\+1+£ dx
Ml (1 4 )"

(tnl = 1Tm(uy) P!
> b k)\+1
Zcpl SNTEAPRICE

1 |u |pi
= by A —f — " dx
Z Hupl>My (1 + [y )A+1+e

(3.31)

i= 12p,—1cpl
b k)\+lz f |TM(un)|pl
iz 1C flupl>My (1 + Uy (1 + [unr+1+e
>Cs k)‘“Zf |lun P dy
|un|>M

_Cﬁk_)\+l Z kpi—)\—l—s
i=1

Concerning the second term on the right-hand side of (3.30), in view of Young’s inequality

we have
A+l A+l g e At Cs  a+1 A-1
Cak™ fc(x)lunl dx <Cik' flc(x)lpo AT x4+ — k * flunl”o_g_ “ldx
po—€-A-1 C5 Q
A+1 Po—e-A=5-1 A+l —e-A-1
<C7 kM e "Op’;_e_)\_l + =K f |1, |Po—¢ dx
Lt Ao () 2 {lunl =My
Cs e
_kA+l Iun|p0 e-A ldx.
2 {lun|>M}

(3.32)
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By combining (3.30), (3.31) and (3.32) we conclude that

b N . N Di pi
iZf{l | k}ID’unl”" dx+Aby ) i ITi(un— ™) dx
Uup—ytls

2 i3 1wy (1 + ug))

N i i

D up|Pi +

+bo f ———— [T (up -y )l dx
i:; flup—y=ky (1 + lu,)1+e n=V

Cs , pv1 v A-l-e
+—=k Y |1, |Pi dx
i=1Ylun|>M}

C
< CodML 4+ CgNEPoE 4 2 jM f lup P~ M dx
2 {lunl<Mj

(3.33)

< Cgkpo_g.

Having in mind that {|u,| < k} < {|u, —W"| < k+|W" ||}, and thanks to (3.33) we conclude
that

N . N .

Yo | D TenlPidx =) ID'up|Pt dx

i=1YQ i=1J{lunlsk}
N

< 1D u,|P dx

= fnun—w+|sk+||w+||oo}
=1 (3.34)

<Colk+ W lleo)?0~¢

<Ciok™™¢  with k=max(L W lle)-

We conclude that (Tk(u,)), is bounded uniformly in Wé’ﬁ (Q), then there exists a subse-
quence still denoted by (Ty(u,)),, and a measurable function Oy € Wé’p (Q), such that

(3.35)

T (1) — O weakly in Wo'P (Q)
Tk (u,) — 9y strongly in L°(Q) and a.e. in Q.

Now, we will show that (u,,) e+ is a Cauchy sequence in measure.

Indeed, for any T > 0 we have

meas{|u;; — U] > 1} < meas{|u,| > k} + meas{|u,,| > k} + meas{| T (u,) — Tr(um)| > 1.
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Thanks to Poincaré inequality and (3.34), we have

KPomeas{lun] > k} = f T ()P0 dx < f T ()P dx
{lunl>k} Q

< c,’,?Of DT (1) |P° dx

=Ch ID? 1,0 dx (3.36)
{lunl<k}
N .
<C)’ Z[ ID’ )P dx
i=1luyl<k}
<Cp kP75,
it follows that
CH]CPO—E
meas{|u,| > k} < o —0 as k— oo. (3.37)

Thus, for any p > 0, there exists k = k(u) large enough such that

meas{|u,| > k} < and meas{|u,,| > k} < (3.38)

w|E=
w|E

On the other hand, thanks to (3.35), we have T (u,,) — 9¢ in L' (Q) and a.e. in Q. then, we
can assume that (T (u,)) nen+ is @ Cauchy sequence in measure, i.e. there exists 1y (T, W, k)
large enough such that

meas{| T (u,) — Tr(uy)| > 1} < forall m,n = ny(t, y, k). (3.39)

wlE

Finally, by combining (3.38) and (3.39), we conclude that
V1,u>0 there exists nyg=ny(t,n) such that meas{lu,—uyl>1I<pn Vn,mz=ny(t,p),

which proves that the sequence (u,), is a Cauchy sequence in measure.
We conclude that the sequence of weak solutions (u,), converges almost everywhere to
some measurable function u, and thanks to (3.35) we obtain

Ti (i) — Tr () weakly in Wy 7 (Q) 3.40)
Tk (uy) — Ti(u) strongly in LP°(Q) and a.e. in Q. .
Step 3 : Equi-integrability of the term (g, (x, u,)) .
Now, we will show that
gn(x,uy) — g(x,u)  stronglyin L'(Q). (3.41)

We have

gn(x,uy) — glx,u) ae.in Q,
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using Vitali’s theorem, it is sufficient to prove that (g, (x, u,)) , is uniformly equi-integrable.
po—€—A—-1

Let k = max(1, W |loo), and let 0 < € < pg — A — & — 1 such that < p. We set
po—€e—A-06-1
H(T)—fr—ds forany reR
“Jo @HIshE Y -

By taking v = u,, —T1(u, — Tk(un))eH(lu”D, we have v € Wé’ﬁ(Q) and v =y for > 0 small
enough, then v € Ky is an admissible test function for the approximate problem (3.26),
and we obtain

N .
NY | a6 Tulwn), Vi) D! (T (1t — Tie () 10400y dx
i=1/0

+ﬂf gn (X, tn) Ty (y — Ti(un)) M) dx
Q

= ann(x) Tl(un—Tk(un))eH(lunl) dx.

It follows that

N

f a; (%, Ty (Un), Vi) D uy et g x
i=1Y{k=sluylsk+1}

+ Ty (= Ty (1)) [ 114D d x

S f a; (%, Tp(tn), Vi) Dy,
i1 Jtk<lunh (L+|uy)te

= fQ | CONT (2t = Tre ()] €00 dix + fQ 18 (%, )] I T1 (4 — Tie(un))| €104 dx

< eH("‘”f (fu )]+ fo(0)]) dx + eH("")f c(x)|un|® dx.
tk<lun) tk<lunl)

Having in mind (3.8) and (3.10), we obtain

N f b(|un)) D’ up|”"
{k=lupl}

i=1 (1+|un|)1+€

N - N b(lu,)|D u,|Pi
S| b w17 dx+ Y- [ QunDID 2
{k<|un|<k+1} k+1<luylt (L +|ugl) (3.42)

i=1 i=1
po—€—A-1

< eH(w)f (fn (O +1fo(x)) dx + CoeH("o)f |lc(x)|Po-sA=0T dx
{k<lup,l} {k<lu,l}

+oetl™ lup| PO M dx
{k=<lunl}
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For the last term on the right-hand side of (3.42), we have

Po
f |un|p0—£—)\—1 dx S2)\+8+1f de
{k<l ) tk<luglt (1+ [up)A+e+t

_ ke f b(|un))|un|P°
— bo Juksiuy (L e

2A+8+1f ’j«lunl b(|sl)p0
———ds
Ten)l (1 + | ) 70

Po
dx

1
oA+e+l . lunl b(ls) Po p
B iy | V) A LAPNLYR
ITk(unl (1 +|s]) Po
cp02“€+1 f b(| ) |D 14, [P0
bo  Jiksiu,y A+ Iup)Et!
d by choosi 0 small h (f leo < bo btai
and by choosing o > 0 small enoug (orexampec_2A+8+2C£08H(m)),weo tain
1N D! pi
GeH(oo)f [P g < L f b(lun))| thn| 3.43)
k<luyl} 2 o diksiuay L+ ]upt*e
It follows that
1 Nf b(lupl)ID  uy |Pi N
2 Skt L+ lu,tre - (3.44)
po—e-A-
e [ oD des o™ [ epom e dx
{k<lunl} {k<lunl}

Since c(x) € L?(Q), and thanks to (3.43) and (3.44), by letting k tends to infinity we deduce
that
lim lunP M dx = 0. (3.45)

k—o0oJ{k<|upl}

In view of Young’s inequality we conclude that

f |gn (X, )| dx SI Ifn(x)ldx+f ()| un)® dx
{lunl>k} {lupl>k} {lunl>k}

po—€—A-1

< | fn(X)] + [c(x)|Po—e-A-0-1 d x (3.46)

{lunl>k}

+ lun P E A dx —0 as k— oo.
{k<lupl}

Let n > 0, we deduce that : there exists h(n) > 0 such that

J

f lgn(x, up)ldx < = (3.47)
[ty | =R (M)} 2
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On the other hand, for any measurable subset E of 2, we have

flgn(x, un)ldefIgn(x,Th(n)(un))IdHf |gn(x, up)ldx, (3.48)
E E {lunlzh(n)}

it’s clear that, there exists p(n) > 0, such that for all E c Q, we have

fElgn(x,Thm)(un))ldxs for meas(E) < p(n). (3.49)

N =

By combining the inequalities (3.47) and (3.49), we conclude that : For any n > 0, there
exists p(n) > 0 such that

f lgn(x,u,)ldx <n, forany E cQ, such that meas(E) < u(n). (3.50)
E

Thus, the sequence (g, (x, u)), is equi-integrability, which conclude the prove of (3.41).

Step 4 : Some regularity results

This step is devoted to show that

1Y .
lim limsup—Zf a;(x, T, (u,),Vu,)D'u,, dx =0.
{lunl=h}

h—oo n—o0 i=1

T _ +
 Tn(n =W Biu ¢
Lp f
Wo’p (Q) for n small enough, we have v, € Ky, thus v, is an admissible test function for

Let h > k> [y loo and M = k + | W ||oo, we consider v, = u, —

the approximate problem (3.26), and we obtain

N T o
n) ai(x,Tn(un),Vun)D’(weBtlunn)dx
i=14Q

T -yt T et
+nf 8n(x, un)MeB(lunl) dx < r]f fn(x)MeB(lunl) dx,
Q h Q h

it follows that

N .

Zf ai(x;Tn(un),vun)DluneH(lunD dx
i=1J{lup—w*I=h .

+ 1 ai(ern(un),Vun)Dlun

N
700 R PUBNIIEE '
T —
< M fQ (fu )]+ 18n(% unmw dx
1 N

+—Zf a;(x, Tp(un), V) D'yt el gy,
h iz Jiu,—wi=h

S| =

ITh(up — )| 1) ax
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Let 0 > 0, by using (3.8) and (3.10) we conclude that

1Y , 1 Y P
—Zf ai(x,Tn(un),Vun)D’undx+—Zf b(|u)ID upl” dx
Zh, i {lun—yr+I<h} 2h i3 Jjup—wti<h

Z b(|n)) D’ 1y |P:
hifiJa Q+lughtte

< ol fQ (fn)] + 18n(x, wn)])

ITh(up — )| 1) ax

T -yt C Y Diyt|Pi
| h(unh W )ldx+71 f | \V |pl dx
=L WTISRY

N
(0) ’ v : X
2 (IK; (0171 + |nl Pt + D tn| P b(|upl) dx
i:l {lun_w+|5h}
~ T (up—w™)| No ,
< oMl )fQUf(xn+|gn(x,un)|)udx+ g 1K (017 b)) dx

h iz h Jiun—yrisn
2 bunDlunl "7 dx+ 2" (unDID t P dix
hi:1 {lun—y*I<h} " " h j=1J{lun—w*I=h} " "
G & - i
— Zf D IPI(L + |uy)) Pi dx.
o =1 lup—yt|<h)
hb,’
(3.51)
For the first term on the right-hand side of (3.51), we have meas {|u,| > h} — 0 as h tends
T _ +
to infinity, then M}ZWN — 0 weak—x* in L>(Q). Thanks to (3.41) we have g, (x, u,) —
g(x, u) strongly in L' (Q), and since | f(x)| € L}(Q) it follows that
T _ +
e1(h) =eH(°°)f (01 +1gn(x, uanh‘V” dx—0 as h—oo.  (3.52)
Q

Concerning the second term on the right-hand side of (3.51), we have K;(x) € LPi (Q) for
anyi=1,...,N, then

N1 ' NbO
(=Y - KO b dx = Y- “”f K0P dx — 0.as i — oo,
i1 b Jun-wri=sm izl
(3.53)
: 1 Api . .
and since 0 <A < 1then —<1foranyi=1,...,N, it follows that
Po — p;
1 X : 2hL
es(h) =—)_ ID'WHIPI L+ [upl) 7t dx
h = Jiun—y1<ny
A_p,z (3.54)
2h i
Z IDiy*|Pidx—0 as h—oo.
i=1JQ

46



and since {|u,, — ¢*| < h} < {|u,| <M}, it follows that

o 4 (0 .
g e PibGunddx <2 [l bluahdx
h Jjun—y+i1<h) h Jjun=my
SE f |b(s)|Pi ds‘ dx
0
acgi - (I 1 (3.55)
s—f ‘D’f |b(s)|Pi ds‘ dx
h Ja 0
oGy’ i i
=— ID"u, P b(|lundx.
b Jjunismy
. . 1 1.
By taking o > 0 small enough (for example o < m1n(w, 5)) it follows that
p
iif a;(x, Ty (up), Vu )D"undx+i§f b(|un)) D uplP dx
1 y+n n’ n
2h S -1 4h i3 Sy ishy
1Y b(lu,|)|D uy|Pi +y H(]
+— Ty (u, - M gx < e, (h).
hizl o (1+|un|)1+s | h( n— W )l 4( )
(3.56)
By letting & tends to infinity in (3.56) we conclude that
1N .
lim limsup — Zf a(x,T,(uy),Vuy)D u, dx =0. (3.57)
—00 p—o0 i=1Jlunl<h}
Moreover, we have
o 1Y P
lim limsup — ) b(lu,) D 'u,Pidx =0, (3.58)
h—oo n—oo i=1Hlugl<h}
and N .
b D'uy|Pi
lim limsup ) (unDID tn| dx=0. (3.59)

h—co n—oco imyJlun>ny (1 +[up)i*e

Step 4 : Strong convergence of truncations
ITh(un —Th(un))l )

Let h > k = max {1, |y |}, and we set W, (u,) = (1 —
By taking n small enough, we have v = u;, — (T (1) — T (W) Wi (1) € Ky is an admissible
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test function for the approximate problem (3.26), we obtain

N . .

2 ) @16 Tn(un), Vit (D T (utn) =D T @) () dx

B .

—EZf{h <20 a; (%, T (tn), Vi)D" tun| T () — Tie ()| d x
i=1 =slup|=

+[ gn(x; un)(Tr(up) _Tk(u))qjh(un) dx

=)o Fn () (Tr(un) = Ty p(uy) dx.

It follows that

N . .
> Qa,-(x,Tn(un),Vun)(D’Tk(un)—D’Tk(u))wh(un) dx
i=1

SfQIf(x)l ITk(un)—Tk(u)ldx+fﬂ|gn(x,un)| ITk(uy) —Tr(w)ldx
1 N

+_Zf ai(x;Tn(un),vun)DiunITk(un)_Tk(u)|dx-
h = Jihsiuq1<2n}

(3.60)

For the first and second terms on the right-hand side of (3.60), we have T (u;,) — Ti(u)

weak—% in L>°(Q), and since |g,(x, u,)| — |g(x, u)| strongly in L'(Q), with fx) e L'(Q)), it

follows that
Ee(n)=f9|gn(x,un)|ITk(un)—Tk(u)Idx—>0 as n— oo.

and
85(n):f9|f(x)||Tk(un)—Tk(u)|dx—»o as n— oo,

On the other hand, according to (3.57) we have

1Y .
e7(h) =— Z[ a; (x, Ty (Un), Vi)D" 1| Tr () — Tre(u)| dx
h 3 Jin<|unl<2h)
2 N
S —_—
h i=1

By combining (3.60) and (3.61) — (3.63) we conclude that

N . .
> R a; (%, Tp(un), Vi) (D' Ty () = D' T ()W (uy) dx < eg(n, h).
i=1
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(3.61)

(3.62)

(3.63)

(3.64)



For the term on the left-hand side of (3.64), since a;(x, s,0) = 0, it follows that

N . .
> Qai(x,Tn(un),Vun)(D’Tk(un)—D’Tk(u))wh(un)dx
i=1

>
- i=1
N .
- Zf a; (X, Tpe1(Un), VT 1 (un))D' T (1) Wp(uy) dx
i=1J{k<|un|=2n}

f{l <k ai(x,Tk(un),VTk(un))(DiTk(un)_DiTk(u))dx
Upl<

(3.65)

N | |

= ZfQ(ai(x»Tk(un),VTk(un))—ai(x,Tk(un),VTk(u)))(D’Tk(un) —DITi(w) dx
i=1

N . .
+) Qai(x,Tk(un),VTk(u))(D’Tk(un)—D’Tk(u))dx
i=1

N

- Zf a; (%, Tps1(Un), VT a1 (Un))D T () Wi () dx.
io1Jtke<|upl<2h}

For the second term on the right-hand side of (3.65), we have Ty (u,) — Ti(u) in LP/(Q),
then, a;(x, Tix(u,), VI (1) — a;(x, Ti(u), VT (1)) strongly in L”;‘ (Q), and since DiTk(un)

converges to D' T (1) weakly in L (Q)), we obtain
N . .
eo(n) =) | ai(x, T(un), VT(w))(D'Ti(uy) -D'T(w)) dx — 0  as n— oo. (3.66)
i=1/Q
Concerning the third term on the right-hand side of (3.65), we have

(l@; (%, Top (t4), Vo1, (t4n))]) » is bounded in Li (Q), then there exists v; € LPi (Q)
such that |a; (x, Top (1), VT2, (uy))| — v; weakly in L7 (Q) for any i =1,...,N, therefore,

N .
e =<|Y, f 1%, To 1t), Vo1 (1)) D T (10) Wiy ()
 Jik<lunl<2h)

i=
N

<y f 121 (6, Top (1), VTgn ()| DT (1) dx (3.67)
o1 tk<lunl<2h
N .
— Z[ v; ID'Tr(u)|dx=0 as n— oo.
i=1Y{k<|ul=2h}

By combining (3.64) — (3.67), we conclude that

N , .
izzl A (ai (X, Tre (1), VT (uy)) — ai(x,Tk(un),VTk(u))) (D' T (uy) —D'Tr(w)dx (3.68)

< Ell(l’l, h)
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Having in mind that Ty (u,) — T (1) strongly in LP°(Q). Thus, by letting n then & tend to
infinity we deduce that

N . .
D | (@00 T, VTt = i (6 T, V(1)) D Tt) = DI Te(w) dx
i=1

+f(lTk(un”pO_sz(un)_|Tk(u)|p0_2Tk(u))(Tk(Mn)—Tk(u))dx—>0 as n— oo.
Q

(3.69)
In view of Lemma 3.2.1, we conclude that
Ti(uy) — Tr(u) strongly in Wé’ﬁ(Q), (3.70)
Diun—>Diu ae.in Q for i=1,... N. ’

Moreover, we have a; (x, T, (1), Vun)Di u, tends to a;(x, u, Vu)D' u almost everywhere in
Q, and in view of Fatou’s lemma and (3.57), we conclude that

N .
lim ) — a;(x,u,Vu)D'udx
h—»oo,-:zih (h<lul<2h}
1 N .
< lim liminf—Zf a;(x,T,(u,),Vu,)D'u, dx (3.71)
h—oo N—00 i=1Y{h<|uy|<2h}
1Y ,
< lim limsup—Zf a;(x,T,(u,),Vu,)D'u,, dx =0,
h—oo n—oo i=1J1h<luyl<2h}

which conclude the prove of (3.14). Moreover, we have

1N , 1Y ,
lim — b(u))|D'u|Pi dx < lim limsup — b(lu,,NID*u,|Pidx =0,
h_'OOhizzl lul<h) vy lzzl Yunl<hl "

(3.72)
and

N b(lu|)|Di u|Pi N b(|u,) D u,|Pi
lim f des lim limsupi (. 12' dx=0. (3.73)
h—oo =y Jyu>ny (1 +[ul)**€ h—oo n—oco j=1Munl>ht (1 +|uUyl)**E

Step 5 : Passage to the limit

In this step, we will passe to the limit in our approximate problem.
Let ¢ € Ky NL*(Q) and M = k + ||@lloo. By taking v = u,, — T (1, — @) as a test function in

the approximate problem (3.26), we obtain

N .
Y | ai(x,Tp(un), Vur)D' Ti(uy — @) dx+f 8n(x, up) T (up— @) dx
= Jo Q (3.74)

< fon(x)Tk(un — @) dx.
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Firstly, we have {|u;,,—¢| < k} < {|lu,| < M}, then the first term on the left-hand side of (3.74)

can be written as

N .
Y , ai(x, Tp(un), V) D' Ty (up — @) dx
i=1

N . .
=3 L (o, Tni(un), VM (1)) (D' Tt (Un) — D' @)X (- pi<k) A X
i=1
N . .
= ZL(ai(xyTM(un),VTM(un))—ai(X,TM(un),V(P))(DlTM(un)—DI(P)X{Iun—cplsk} dx
i=1

N . .
+) || @i (0 Ta(un), Vo) (D' Tm(tn) — D' @)X {up—gl <k} AX.
i=1
(3.75)

In view of Fatou’s Lemma, we obtain

n—oo ¥

N .
liminf) " | a;(x, Ty (un), Vun)D' Ti(up — @) dx
i=1JQ

N . .
= Q(ai(x, Tm(w), VIm () = a; (x, Tm(w), V) (D' Ty (1) = D' @)X fju—gl<k) dX
i=1

N . .
+ lim ) Qa,-(x,TM(un),v(p)(DlTM(un) —D Q) X{up—gl=k) AX (3.76)
i=1

n—oo

N . .
=y fQ a; (x, Tw (1), VT () (D Tag (1) = DY @)X ik A

i=1

N .

Z[ a;(x, u, Vu)D'Tr(u— ) dx.
i=1JQ

Secondly, we have Ty (u, — @) — Tr(u — @) weak—* in L>°(Q), Having in mind (3.41) and
that f,,(x) — f(x) in L' (Q) we conclude that

fon(x)Tk(un—(p)dx—»/;Zf(x)Tk(u—(p)dx, (3.77)

and
ngn(x,un)Tk(un—(p)dx—»];Zg(x,u)Tk(u—(p)dx. (3.78)

Consequently, by combining (3.76) — (3.78) we deduce that

N .
Z Qai(x,u,Vu)D’Tk(u—cp) dx+ng(x,u)Tk(u—(p)dxszf(x)Tk(u—(p)dx, (3.79)
i=1

for all ¢ € Ky, nL>(€2), which completes the proof of the theorem 3.3.1.
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3.4 Uniqueness of entropy solution

In this section, taking 1 < p; <2fori =1,...,N, we will show the uniqueness of solution
for our quasilinear elliptic unilateral problem (3.11).

N . . .
(A1) We consider the Leray-Lions operator Au = — Z D(a;(x,uw)|D' ulP*D' u)
i=1
where a; : QO x R— R are Carathéodory functions which verify the assumption :

b(lsl) <laij(x,s)| <P for i=1,...N, (3.80)

where > 0and b(]-|): R" — R" is a decreasing function that belongs to

1
L!(R) N L*°(R) verifying the condition (3.9), moreover, we assume that 0 < A < —.

p
(A2) Let ¢(-) be a real valued function belonging to C!(R), such that
@0)=0 and ¢'()=1, (3.81)
. 1
and there exists 0 > > such that
!/
gp— 2 forany  seR. (3.82)

— <L
A+ lpEn2 = °

Let Ko > 0 small enough and 0 < K < K, we assume that : for any s, = 1 such that
lp(s) —@(r)| <K, we assume that

!
Lis$’§75’;SLl and
1a(x,s) _alx,r) ‘<( b(s) N b(r) ) L,K (3.83)
@' P71 @ (NPT Q)P @' (P (L + () + ()9

where L; and L, two strictly positive constants.

(A3) The lower order term g(x, s) is a Carathéodory function that verifying (3.10), and we
assume some additional monotone condition, i.e.

(g(x,8)—glx,r))(s—r)=0 forany r,seR. (3.84)

We consider the unilateral problem associated to the anisotropic quasilinear elliptic equa-
tion
SN ' 2 i
— ) D'a;(x,w)ID'ulPi—“D'u) + g(x, u) = in Q,
Zl i(x,w)D"ul g f (3.85)
0 on 09Q,

~
I

u

where f € L'(Q).
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Theorem 3.4.1 Assuming that the conditions (Al), (A2) and (A3) hold true, then the pro-
blem (3.85) has a unique entropy solution.

Proof of Theorem 3.4.1

The existence of solution : In view of the assumptions (Al), (A2) and (A3), the hypothesis

of the Theorem 3.4.1 are verified, thus the problem (3.85) has at least one entropy solution.

The uniqueness of solution : In this part, we assume that there exist two entropy so-
lutions u and v of the problem (3.85), and we will show that u = v a. e. in Q.

Note that the proof of the uniqueness of solution is based essentially on the technics
used by the author in [48], (see also [41, 40, 49]).

Let 0 < K < Ky and we set K < h. We consider u as an entropy solution of the elliptic

problem (3.85), and by taking w = T}, (u) — Tk (@ (1) — @ (v)) we have
N
i:zl Qai(x,U)|Diu|pi_2DiuDiTK(u—Th(u)+TK((p(u)—(p(y)))dx
+ng(x, )Tk (u—Th(w) + T (@) — @) dx (3.86)
szfTK(u—Th(u)+TK((p(u)—(p(v)))dx.

It follows that

N

Z[ a; (x, 1) D' ulP2 D' uD T (p(u) — () dx+
i=1Y{lu-y|=K}

N .
f a;(x,w)|D"ulP" dx +f g(x, Tk (p(u) — @(v) dx
i=1HHlu—y|=Kin{lu|>h} {lu—y|=K}
+f glx,u)(u—-Tp(u) dx +f glx,u)-K-sign(u—-wy)dx (3.87)
{lu—wI=Kin{lul>h} {lu—w[>K}
Sf fTK(tp(u)—q)(V))dx+f fu-Tyrw)dx
flu—wi=K} {lu—wI=Kin{lul>h}
+f f-K-sign(u—¢)dx.
flu—w|>K}

Concerning the third and last terms on the left-hand side of (3.87), we have g(x, u) belong
to L' (Q), and since {|u— v| > K} < {|u| > h}, with meas{|u| > h} — 0 as h tends to infinity,
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then

g(h) = g(x, u)(u—Th(u))dx+f glx,u)-K-sign(u—¢)dx

’f{lu—wlsK}ﬂ{lubh} {lu—y|>K}

=K Ig(x,u)ldx+Kf lg(x,u)ldx—0 as h—0.
{h<|u|<h+X} {lu—y|>K}
(3.88)

Similarly, we have f € L'(Q) then

eo(h) = U f-(u—Th(u))dx+f £-K-sign(u— o) dx
flu—wI=Kin{lul>h} {lu—yI>K} (3.89)

<K |f|dx+K[ | fldx—0 as h—0.
{h<|u|<h+K} {lu—y|>K}

By combining (3.87) — (3.89), we conclude that
N

> f a;(x, u)|D ulP"*D' uD Tk (¢ (1) — p(v)) dx

i=1Y{lu-y|=K}

+f glx, )Tk (p(w) — (V) def fTx(p(w) — @) dx +e2(h).
{lu—y|=K} {lu—y|=K} 3.90)

It’s clear that the set {|u — | < K} tends to Q as h goes to infinity, thus we conclude that

N . . .
Z a;(x, )| D' ulP"*D' uD T (¢ (1) — 9(v)) dx
i=1YQ

(3.91)
+ng(x, WTk(p) —p) dx < foTK(cp(u) -@)dx.
Similarly, taking v as an entropy solution of the elliptic problem (3.85), and using
v =Ty (v) — Tk (p(v) — @(u)). By follows the same steps we obtain
N . . .
Z a;(x, v)|D'v|P 2D vD T (@ (v) — p(u)) dx
i=1JQ (3.92)

+ng(x, V)TK(cp(v)—cp(u))defoTK(cp(V)—tp(u)) dx.

By adding the two previous inequality, and in view of the monotonicity of the Carathéo-

dory function g(x,-) we conclude that

N . . . . . .
f (al-(x, WD ulPi 2Dl u—a;(x, v)|Di v|Pi 2D v) (Di@()-Dip(v))dx <0.
o<l () - (v)I<K}

(3.93)

i=1

54



We set Ux = {0 < [p(u) —@(v)| <K}, it’s clear that

N . . . . . .

Y | (ai(x,w)D'ulP"*D'u— a;(x, v)|ID'v|" 2D v) (D@ (u) - D'p(v)) dx
i= 1 U
= Z

al (x, u) a;(x,v)

: Pi=2pip(u) — D! pi-2pyi
@ pi1 T g/ ypi1) ID @D M) ~ DI D ¢ (w)

x (D@ (1) - D () dx
(3.94)
1N al(x 1) a;(x,v)
5,:1 Uk q) WPl @/ (p)pi-]

)(ID @(w)P 2D p(w) + D ()17 ~2Dl (1))

x (D@ (u) - D () dx

<0.
Thanks (3.80) we have

al (x, u) a;(x,v)

Z U q)(u)p, +(p/(v)pi_l)(|Di(P(u)|pi_2Di(P(u)—|Diq_)(v)|Pi—2Di(p(U))
K

x (D@ (u) - D () dx

19 b(u) - b(v) IDip(u) - Dip(v)?
2,:1 Uk q)(u)"l @' (v)Pi~1" (IDigp(u) + IDi@(v) )2 Pi

(3.95)
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By using (3.83) and Young’s inequality, we have

az(x u) ai(x,v) i pi—21i i pi—21i
|A2| = \Z o (PW,[ (p,(y)pi_lmD QWP Dl @(u) + D @) [P *Dl @ (v))
-(D"cp(u)—Di(p(v))dx]
- % al b(u) . b(v) , (ID'g@)|P"! +|D'e)|”" HID'ew) -D'e)] ,
T2 U @ (wPi~l @/ (v)Pi-l (L+]pw)| + @)
N i _nNi 2
- lz ( b(u) . b(v)_1 ID @(u) D'tp(v)l_.
4 T Jue @' (Pt @' ()PiT (IDi@(w)| + IDi@(v)])2Pi
L2K2 Nf b(u) b(v)
Uch(u)”l tp’(v)’?i‘1 ‘ ‘
X(ID’(p(u)I”’ L+ D) P H2(ID )|+ ID'wD* P
1+l + 1)) ,
- Z b(u) - b(v) ID'¢p(w) —D'p(v)]
@' WP~ @' ()P~ (IDI(w)] + D@ (v) )2 Pi
C0L2K2 N f b(u) b(v) _|IDi@w)|Pi+|Dip(v)|P
Ug @' (w)pi~1 cp’(v)”i‘l (1+ )] +|@)])20
(3.96)
Since Al < |A2], it follows that
lif( bw - b() ID'g(w) - D)
25 Jue (Pl @' ()P~ (IDi@(w)| + IDi@(v)|)2Pi
N i N 2
lef ( b(u) - b(v)_1 D ¢ (w) Dcp(vn__ (3.97)
47 Jue @'wPitl @' (v)Pi (ID’q)(u)I+|D’cp(v)|)2 p,'
,Co Lsz Nf b(u) b(v) _IDi@w)|Pi + |Dig(w)|P:
Uk cp(u)”l @' (WP 1+ + p@)])20

Thanks to (3.83), we conclude that

Z b(u) - b(v) ID'¢(w) — D)
4K2 UK tp(u)pl @' (v)pi~1 (IDicp(u)+|Di<p(v)_|)2‘pi
CoL b(u) b(v) _|ID'@)|Pi+|D'@(v)|Pi
Z Tt 1 g 9+
Uk (p "(w)pi—1 cp '(v)Pi A+ )|+ le)? (3.98)

¢, L b(1)|D (1) P
< 1+ |b( ooLpl
n ( 16() looLy )Z Ug @ (u)pz L1+ |p(u)])20

b(v)|D!@(v)|Pi
Uk @' (W)Pi~1(1 + |p(v)])20

L3 pie
(1+ 1B oLy’ )Z
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Since 20 > 1 and ¢'(-) = 1, having in mind (3.73), we conclude that

b(w)|D!@(u)|Pi el  and b(v)|Di(v)|Pi

e Ll Q). (3.99)
@ (W)Pi~1(1 + | (u))2° @' (W)Pi~ 11+ |p((v)])20

Therefore, by letting K goes to 0, the measUyx tends to zero, it follows that

Di _Di 2
lim —— f b(w) bw) D @@ =D oWIE .6 (3100
K—04K?2 = Ju @' (w)pi~! cp’(l))”l‘l (ID'p(u) + D (V) [)2~Pi
T =T $
Now, we set Py (s) = 1— | Zh(s)h n(8)l and B(s) = f b(t) dt. Thus, in view of Poincaré
0

inequality, we conclude that

_ N , _
fPh(B(u))ITK(tp(u) tp(v))ldxscpzf ‘D,(Ph(B(u))ITK(cp(u) tp(v))l)‘d
Q K K
|DlTK((P(u)_(P(V))|d

K

N
<GCp Z PL(B(w)
i=1JQ

C . T —
Cp b(IuI)ID’ull k(p(u) (p(v))ld
h h<|B(u)|52h} K
CP i i CP X i
— ID'@(u) -D'ow)|dx+—) b(|lul)|D" ul dx.
~ K 3 JukniBui=en h 3 Jin<iBwi<2ny
(3.101)

For the first term on the right-hand side of (3.101), it’s clear that
bo((1+uD' ™ = 1) = B(lul) = 1b()leolsl,

it follows that
th<|B(uw)|<2h}< {|u| sclhﬁ},

1 2\
with Cy = andC; =2 for h large enough.

o= Thoim =215, srenots
(1 +ul) Pi

< 1, it follows that — is bounded on the

1 1+
LetO<e<p(l—A)—1 thus —— - —°
- 1-A pi
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set {ju| < C; hﬁ}, and in view of (3.73) we conclude that

Cp b(lumDiul|TK(<p(u)—(p(v))Id
h h<|B(u)|<2h} K
S_ f b(|ul)|D ul dx
h i3 Jih=Bwi<2n .
<&§f b—(lunlDlu' (A +luah ¥ dx
= h = 0h<|u|<C1h1 )\}(1+|un|)1;le n
N b(lul) 77 Dyl o
= ZH—W LPi ({Coh=Iul}) Hb(lu”pl ARl P ey
S oh 1 1
N bQuDIDIwP |\ p ()
1B L — dx|" | —— .
§| Ol (R)(f{cohslul} (1+upi+e x) H Ll lul=Cih )
It follows that
C ;T -
lim limsup — plupiD L= g (3.102)
h—oo x—o NI Jin<Bwi<2hy K

Concerning the second term on the right-hand side of (3.101), we have

C, N . .
- f P, (B(w))ID'@(u) -D'¢p(v)|dx
K iz i UKnnB(unszh} . |

b(u) D! (u) —Dipv)|?

<C f

pZ( UkN{lul<Cy hT-X 5@ (u)Pitl (IDigp(w)| + IDi@(v)])2Pi

@' WP P
] L (D )]+ D p(u))* P dx]

Uxnilul<C;h =X} b(u) ' '

i( f b(u) ID!@(u) - D@(v)? xf

Pt Uxn{ju|<CyhT-X A} @' (W)Pi~1 (IDi@(w)| + |Dig(v)])2Pi
4f @'
|u|<c1h%m{|u|<czh%} by

i i 2 1
<C(h,u,v) Z( f b(u)_l ID'¢(u) - D) alx)2
K? Jugniiui=c, hT=x A} @' ()P~ (IDi@(u)| + DI (v)])2Pi

1
dx)2

NI~

D=

A+ uD (Dl pw)| + D @) Pi dx)

where C(h, u, v) is a positive constant which depends only on u, v, ¢(-) and h. Thus, in
view of (3.100) we conclude that
Cp N

hm—Z

f P, (B(1)|D (1) -Digp(v)|dx = 0. (3.103)
K=0 K ;=71 JukniBwis2n

Having in mind that P;,(B(u#)) — 1 almost everywhere in Q2 and weak—x* in L°(Q) as h
tends to infinity. By combining (3.101) — (3.103), we obtain

dx=0. (3.104)

fPh(B(u))ITK(tp(u)—tp(v))l
Q

f l1dx= lim lim
fp)#@(w)} h—o0oK—0 K
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We conclude that ¢(u) = ¢(v) almost everywhere in 2, and since (') is strictly increasing
function we conclude that u = v almost everywhere in Q.
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Part 1l

Study of Degenerate Elliptic Equations
with L' Coefficient
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Chapter 4

Prelemineries of part 2

4.1 SobolevSpaces with Variable Exponent and Useful Lem-

mas

4.1.1 Lebesgue and Sobolev Spaces with Variable Exponent

In this section, we define at first Lebesgue and Sobolev spaces with variable exponent
and recall some of their properties. Let Q be an open bounded set in RY, N = 2. The func-
tion p(-) satisfies the log-Hdélder continuity on Q if

_ 1
forall x, y€ Q suchthat|y—x| < —, 4.1)

Ip(y) —px)| = 2

llogly — xII’

with C being a positive constant.
We denote

C*(Q) = {log-Hélder continuous function p: Q — Rwith 1< p~ < p* <N},

where

p"=maxp(x) and p~ =minp(x).
x€Q) xeQ

The variable exponent Lebesgue space is defined as
LPY(Q) = {u: u is a measurable real-valued function, f lu(x)|PW dx < oo}.
Q
We can introduce the norm on LP(Q) by
. U(X) i
el pey = inffA >0 |—P¥dx < 1}.

o A

The variable exponent Lebesgue spaces resemble classical Lebesgue spaces in many res-
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pects : they are Banach spaces, the Holder inequality holds, they are reflexive if and only if
1 < p_ < p; < oo and continuous functions are dense in L”" (Q) if p,; < oo, see (Kovdcik
and Rdkosnik [73]).

We denote by L”'0(Q) the dual space of LP")(Q) where 1/p()+1/p'(.) = 1 (see [68],[60]).
For any u € L”"(Q) and v € L” ¥ (Q), the generalized Holder inequality

1 1
‘Lul/‘ =< (Z + Z)”u”p(x) v ”p’(x)’
holds true.

Proposition 4.1.1 (see[45],[85])
if we denote

o = [ 1upP® dxvu eV,
Q

then the following assertions holds :
@Dl ullp<l (resp,=1,>1) < p(u) <1 (resp,=1,>1),

p- p+
" { Lulp>1= 1 ul?, e =l ul’,

p p-
Fullpoo<l= lul,iy<e@)<lul,,
(i) | ullpn—0 & p) =0; || ullpxy— oo < pu)—oo.

We define the variable Sobolev space by
WHPOQ) = {uelPY(Q) and |VuleLPY Q).

normed by,
Ll po=lullpe + 1 Vulyy YueW-POQ). (4.2)

We denote byWé'p © (Q) the closure of 6,°(Q) in wWPOQ) and
Np()

p*()={ N=p()
oo for p()=N.

for p() <N,

Proposition 4.1.2 (see [45])

(i) Assuming p— > 1, the spacesz'p Q) and Wé'p ) (Q) are separable and reflexive Banach
spaces.

(i) if g € €.+ (Q) and q(x) < p* (x) for any x € Q, then

W P0(Q) = PO () 4.3)

is compact and continuous (for more details we refer to Theorem 8.4.2 [42]).
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(iii) Let p € 6, (Q). Then, foru e Wé'p(') (Q), the p(-) —Poincaré inequality
| ullpy=Cll Vulpe holds,
where the positive constant C depends on p(-) and Q.

Remark 4.1.1 By (iii) of Proposition 2.2, we know that || Vu || () and || u ||, are equiva-
lent norms on Wé'p Q.

4.1.2 Some technical Lemmas

Lemma 4.1.1 [85] Let g € 6,(Q), g€ LI (Q) and (g,,),, € L1 (Q) with
I 8n llgy<C, ifgn(x) — g(x) a.einQ), then g,(x) — g(x) in LI (),
where C is a positive constant.

Lemma4.1.2 [85] Let F : R — R be uniformly lipshitz function, with F(0) = 0 and p €
€+ (Q).

ifue Wé'p(') (Q), then F(u) € Wé'p(') (Q). Moreover, if the set D of discontinuity point of F' in
finite, then,

1
ax,-

0(Fou) _ F’(u)% forae in {xeQ\u(x)¢D},
0 fora.e.in {xeQ\u(x) €D},

Lemma4.1.3 [45] Letu € Wé'p(') (Q), then, we have T.(u) € Wé'p(') (Q), with k > 0. Moreo-

ver, we have also T (u) — u e Wol'p(') (Q) when k — oo.

Lemma4.1.4 [12] Let (u,), be a sequence in Wé'p(') (Q) with u, — u in Wé'p(’) (Q). then,
Tr(un) — Tr(w) inWé'p(') Q).

4.2 Properties of the relative rearrangement

Let Q be a bounded open subset of RY , and let u be a measurable function of from
Q into R, we denote by |Q| the Lebesgue measure of O and |E| denote more generally
the Lebesgue measure of a set E. We also write |u > | for the Lebesgue measure of {x €
Q, u(x) > t}, the definition of |u = ¢|, |u = t|, are similar. We recall that the distribution

function of u the real function

tER— u(t) =|u>tl,
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and the decreasing rearrangement of u, denoted by u., is the generalized inverse function
of u defined on Q*, where Q" = (0.|Q|) as follows

u,(s)=inf{rveR, |u>t|< s} Vsel0.1Q]].
We recall that the functions © and u. are equimeasurable, i.e
lu>tl=|u>tl; lu=tl=|u,=t|; VieR

which implies that for any Borel function f, f =0

12|
fo(u(x))dxz | fux(s))ds, (4.4)
and if E ¢ Q a measurable subset, then
[E|
fu(x)dxsf u.(s)ds. (4.5)
E 0

In particular f(r) =|r| (1 < p <o0), we have
lullir = lusllry Vp, 1= p<oo
and the mapping
uel’(Q) — u,eLP(Q")
is well defined from L”(Q) into L”(Q™)

Definition 4.2.1 (see[54]) Let now v € LP(Q) and u a measurable function; we define a

function win Q" by

f v(x)dx if|lu=u.(s)| =0,

w(s) = Uzt (s) s—lu>uy ()]

f v(x)dx+f (v/P(8)«(D)dt if not,
U>uy(S) 0

where (v/P(s)) . is the decreasing rearrangement of the restriction of v to P(s) = {u = u.(s)}.

. dw | . .
The function s is called the rearrangement of v with respect to u and is denoted as v.,.
s

Lemma 4.2.1 (see[65]) Let v € LP(Q) and u a measurable function from Q to R, then
1. weW"P(Q").

2. 1% 10 < 10l
A= llo* = 1IV|qQ.
ds

dw
3. ifv=0a.e.inQ thend— >0a.e inQ.
s
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Lemma 4.2.2 (see[76]) Let Q be a bounded open set of RN and let us assume that u €
Wé'l (Q); u>0and ve L (Q). Then, for almost every t € R,

1 d L d L
NCY ()N < ——f Vil dx < (p’u(t))ll’(——f Vul? dx)?, (4.6)
at Jus: dtJy

>t

where Cy denotes the measure of the unit ball in RN,

Lemma 4.2.3 (see[76]) If fi = 0 is locally integrable function on Q*, then for every s, s',
0<s<s'<|Q|,

Uy (5) s
f RO ') db < f fi(0) do.
Uy (8 S

*

Definition 4.2.2 For all k >0 and s € R, the truncation function T (.) can be defined by

s iflsl<k,

T =
K(s) { k.sign(s) if|s|>k.

LetS; 1,(s) be a real function defined for t >0; h >0 by

if s>t+h,
if t<s<t+h,
Sen(s)=40 if Isl<t,

if —h—-t<s<-t,

-1 if s<—t—h.
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Chapter 5

Existence of solution for degenerate
elliptic equations with L' (Q) coefficients

In this chapitre, we study the existence solutions for the nonlinear degenerate elliptic
problem with L' (Q) coefficients

—diva(x,u,Vu) = fin Q,

where a(x, u, Vu) is allowed to be degenerate with the unknown u, and the data f are as-
sumed tobein L"(Q), m>1.

5.1 Introduction

Consider the following nonlinear degenerate elliptic problem :

(5.1)

—diva(x,u,Vu)=f in Q,
u=20 on 09,

where Q is a bounded open subset of RN (N =2).

Moreover we assume that a: Q x R x RN — RN is a Carathéodory vector function satisfying
the following structural assumption : there exists a continuous function g : R* — R", such
that g(0) =0 and g(s) >0if s> 0and a(x, s, &&= a(x)g(sDIEP, VseR, a.e. xeQ, VEe RN,
where the function a(x) satisfies, for A > 0, a € L' (Q) and a(x) = A. So problem(5.1) is de-
generate on the subset {x € Q, u(x) = 0}. The main objective of this study is to show that,
despite the presence of the singular coefficient a(x), the proplem5.1 admits a bounded
weak solution for all f € L™ (Q), m > max{g, 1}, and if m = 1 we always prove that there is

a solution of (5.1) in the renormalized sense (see definition5.3.2).
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A model example of this problem

(5.2)

—div(@(®)|VulP™?Vu) = f(x) in Q,
u=20 on 01,

where Q is a bounded open subset of RN (N > 2). The linear version of problem 5.2 (p =
2), with general L'(Q) coefficients, has been addressed for the first time by Trudinger in
[81], using duality method between weighted Sobolev Spaces. For more recently results,
in the linear case, is considered in [21] without the weighted framework but with stronger
assumptions on the summability of a(x).

In the case a(.) = 1, there are many results concerning the existence of solutions to
problem5.1. Without the aim to be complete, we only mention the works of [20, 46, 72, 76],
where the existence of bounded weak solutions and renormalized solutions is proved.

Concerning the case that a = {a;(x), 0 < i < N} be a vector of weight functions (i.e.,
every component «a;(x) is a measurable function which is strictly positive a.e. in Q) sa-
i
0...N}. The authors in [6] proved the existence result of solutions for problem5.1 by using

tisfying some integrability conditions and f € W~ (Q,a*), where o = {of =« i=
the L!-version of Minty’s lemma.

The main difficulties in dealing with this problem are in the first the non linearity
of the operator and the singularity of the coefficient a(x), plus we can’t expect that Vu
belongs to LP(Q), due to the fact that the main operator is degenerate for the subset
{xe€Q, u(x)=0} (see [20]).

Secondly, we want to extend our results to the case of f € L!(Q). Since no growth condi-
tion is required for b (see (5.4)), it is not obvious that the term —diva(x, u, Vu) makes sense
even as a distribution.

We stress that in our treatment we avoid the use of weighted Sobolev spaces.

5.2 Assumptions and useful lemmas

Lets Q is a bounded open subset of RN (N =2).
We assume that a: Q x R x RY — RY is a Carathéodory vector function satisfying : there
exists a continuous function g : R — R*, such that g(0) =0 and g(s) > 0if s >0 and

a(x,s,&=ax)g(sDIEP, VseR, a.e. xeQ, VE€ RN, (5.3)

+00
where[ g(T)ﬁdT = 400,
0

and the function a(x) satisfies, for A >0 a € L' (Q) and a(x) = A

There is a Carathéodory vector function a such that for a.e.x € Q, V¢, ¢e RN : (5.4)
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1. a(x,s,€) =g(sha(x,s,¢),
2. [a(x) S, E,) _ﬁ(x’ S, El)] [E, - EI] > Oy E; # E;,)

3. There is an increasing function b: R* — R*, and y > 0 such that :
a(x,5,8)| < Ya(x)(1+ b(sDIEP.

4. The function a is a positively homogeneous of degree (p — 1) with respect to the

variable &, i.e. a(x, s, t&) = tP 1a(x,s,&) V=0,

feLl™Q) withm=1.
Notations and definitions
We define the spaces of functions
XP(Q) = {p € W, P (Q) such that fQ a(x)|Vepl? < oo},
and
Vo = {v is measurable function such that n(v) € Wé'p (Q)},
where the function 1) is defined by

1

S
n(s) :fo grl(thdr.

Then, for u € Vy, we can define the field Vu on Q through the formula

Vu=4 g (lul)

0 if u=0.

Now, we give some lemmas that will be often used in the sequel.

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

Lemma 5.2.1 Assume that there is a measurable sequence (u,), € L°°(Q) and a measu-

rable function u satisfying
n(u,) — n(u) weakly in Wé'p(Q), and || uyllreq) < oo,
and
n—oo
whereay(x,s,¢) is defining as (5.27).Then

vn(u,) — Vn(u) a.e. in Q.
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Proof. Let D, defined by
Dy = [an(x, un, V(Up)) — an(x, up, V(u)1Vn(u,) — Vn(w)l.
Then by (5.3), D, is a positive function and (5.10) implies
D, — 0 strongly in L}(€).
Extracting a subsequence (still denoted by u,), we have
nN(u,) — n(uw) a.e.in Q and D, — 0 a.e. in Q.
Then there exists a subset E of Q of zero measure, such that for x € Q\E
In(u(x))| < oo, [VN(u(x)) <oo, and n(u,(x)) — n(u(x)), D, — 0.
Defining &, = Vn(u,(x)), & = Vn(u(x)) we have
Dy (%) = [a@n(x, un,&n)) — an(x, upn, O1E, — &l,
and using (5.3)-(5.4) we get

Dy (%) 2 0ulEnl? + anl€l” = Yon (1 + b(|unl)Enl P~ E]
= Yan(L+ b(unD)) P E
= AP +1E1P = YA+ b(unDIERIP T EN = Y (L + BUunD)EP LD
= C(I&xl” = CX)(EnlP™ + €0,

where C(x) is a constant which depends on x but does not depend on n. Thus [§,] is
bounded uniformly with respect to n, since D, (x) — 0.

Let &£ be a cluster point of ,,. We have |£*| < oo and
[a(x) u;ﬁ*) _a(xr u, E)] [ﬁ* - E] = 07

because of the continuity of @ with respect to s and &, (5.3) implies that £* = £. The uni-

queness of the cluster point means that for the whole sequence
Vn(u,(x)) — Vn(u(x)) Vx € Q\E.

i.e. Vn(u,) — Vn(w) a.e.in Q.

Lemma 5.2.2 Assume that u,, and u are two measurable functions such that for fixed k > 0,
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TrM(uy)) — Tr(n(w) weakly in Wl'p(Q), and

lim f [an(x, T (un), VT (N(tn))) — an(x, Ty(un), VI (n(w)))] G.11)

X [VTr(n(un)) = VT(n(u)] dx =0,
then VT((uyn)) — VTr((uy)) a.e. in Q.

The proof of Lemma 5.2.2 is the same as that of Lemma 5.2.1.

Lemma 5.2.3 (see [31] Lemma 3.3) Let 6, be a sequence of non negative bounded func-
tions, almost everywhere convergent to some function o, and letp,, : RN — RN be a sequence
of functions which is weakly convergent in (LY Q)N (g > 1) to some function p. If the se-
quence o ,|p,|? is bounded in L' (Q), then o|p|? belongs to L' (Q) and

fﬂolpl"slrilglggffgonlpnl". (5.12)
If moreover 6, — o strongly in L} (Q) then it holds true also that
o0, — 690 weakly in (LY (Q))N.
Proof. Let k >0 and v € (L7 (Q))N we have that
Ti(o)p, — T(0)9p weakly in (L7(Q)N.
Hence by the lower semi-continuity of the L7-norm it results
fQTk(U”mq < l}lrgjgfLTk(on)lpnlq < l}lrgjgoffgonlpnlq < Co.

Then letting k tend to infinity and using the monotone convergence theorem we obtain
(5.12). Let now W be an arbitrary element of L7 @), then

f”qpnwf Gilqpn f o Tonw
{o>k}

1/ 1/
= n+f o qu+f O ony.
{o=<k} {on>k}

Moreover

1/ 1/ 1/
fc Tpy = o "pw+f Tpy

:en+f 0”"p1|/+f al'9py.
{o<k} {o,>k}
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It follows that

‘fg[qupn—o”qpl.w‘ 5€n+f

{on>k}

oi/"|pn||w+f ooyl

{on>k}

Using Holder inequality we have that

fowko}mpnllxm < (fgaﬂpnl")l/q(fg|w|q’)”"',
_[Upkcrl/ﬂpnlhlfl = (j;zmp'q)l/q(fglwlql)l/q,,

Thanks to the assumption o, — o in L'(Q) we deduce that the limit with respect to

and

k — oo of the quantities above is zero uniformly with respect to n. So we can conclude

that o), 7p,, — o/9p weakly in L(Q).

5.3 Existence results

We first give the definition of a weak and renormalized solution to problem5.1 Then,
we will discuss the existence of a bounded weak solution and renormalized solution to

problem5.1.

Definition 5.3.1 A measurable function u € Vy is called a weak solution to problem5.1 if
1 _ ’
a(x, u,Vua(x)? Le w” Q)N and

f a(x,u,Vu)Vv dx:f fvdxVveCy(Q), hold (5.13)
Q Q
Definition 5.3.2 A measurable function u: Q — R is a renormalized solution of problem5.1
if
Tr(n(w) € X5 (Q) forany k=0, (5.14)
n%l_r)n a(x,u,Vu)Vn(u) dx =0, (5.15)

m<n(wlsm+1

and for any h € W (Q) with compact support and ¢ € Wg (Q) NL>(Q), u satisfies

an(x,u,Vu)V(h(r](u))(p) dx:fgfh(r](u))cp dx. (5.16)

Remark 5.3.1 By the results of [17], (5.14) allows us to give a sense to Vn(u) almost everyw-
here in Q) Therefore, we can give the definition of Vu as in (5.9).

The main results of this section are as follows :
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N
Theorem 5.3.1 Assume that (5.3)-(5.5) hold, and m > rnax{;, 1}. Then any weak solution

u to problem 5.1 satisfies the following estimates :
lullio) =M,
where M is a constant which depends onlyon N, p, m, \, p, and || f L)

N
Theorem 5.3.2 Assume that (5.3)-(5.5) hold and m > max{—, 1}. Then there exists a boun-
p
ded weak solution u € Wé'p to problem5.1 in the of definition5.3.1.
If m = 1, the solution of problem5.1 may not be bounded. Since no growth condition
is required for b (see assumption (5.4), (3)), it is not obvious that the term —diva(x, s, ¢)

makes sense even as a distribution. To overcome this difficulty, here we will use the notion

of a renormalized solution introduced by DiPerna and Lions in [43] (see also [28, 62]).

Theorem 5.3.3 Assume that (5.3)-(5.5) hold and m = 1. Then problem5.1 admits a renor-

malized solution u in the sense of Definition 5.3.2.

Proof of Theorem 5.3.1

Taking v =S, ;,(n(w)) as test function in (5.13), it is easy to see that
Sen(n(w) € Wé’p (Q) NL*(Q), by (5.3) we get the following estimate

1 1 _p_
AL VNP dx < —f a0 g(Iu 7T |VulP dx
h t<In(w)l<t+h t<In(w)l<t+h
vn(w) (5.17)
Sf alx,u,Vu) l dxsf |1 dx,
t<In(w)ist+h h N>t
and ifwelet h — 0in (5.17), then
d
)\—f IVn(w)|?P dxsf If| dx,
at Jinw|>e Inw|>t
setting w = [n(uw)|, then it follows from (4.5) that
d M (£)
A— IVn(u)|? dxsf Ifl.(s) ds. (5.18)
at Jwst 0
(4.6) and (5.18) imply that
N 1-+ / L0 fre® %
ACT (0¥ = w7 ([ 110 ) (5.19)
0
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it follows by Lemma4.2.3 that

(_w*(s))’_m f |f1«(0) dc)z. (5.20)

ANCY s 1-%

Applying Young’s inequality in (5.20), we get

<=

(—w4(s)' = (—f |f1«(0) dcr) . (5.21)
()\NCN N)P

Since w. (|Q]) = essigfw =0 and w.(0) = |wlli=q), a simple integral of (5.21) leads to

o] z
o= [ (——— f fle@) do)”. 5.22)
0 ()\NCN I—N)p
. . N
By Holder’s inequality (4.4) and m > max{;, 1} we have
m (p-D 19]] 1 -1/m
LTl | < s as
ANCYyp  Jo sUToP
NT (5.23)
_ [ @) D mm—um(p n(p—DNm — My,
Nyp' pm—N
(ANCY)”
it follows
In() L) = Mo. (5.24)

The function 1 is continuous, odd, and strictly increasing, so it is invertible and its inverse
n~! is also strictly increasing. Thus, (5.24) is equivalent to

lullio) <M, where M = 0~} (M). (5.25)

Proof of Theorem 5.3.2

Step 1 : Approximation and a priori estimates Let us set for n € N*

a"(x,s,&) = %I&I”_zﬂan(x, 5,6), (5.26)
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where a,(x, s,&) = a(x,Tn(ii));)E)(xn(x) ,and o, (x) = T, (a(x)).

Note that by definition a,(x, s,&) satisfies a, (x, s,£)& = a,, (x) gn (IsDIEIP,

a(x, Ty(s),8)a,(x)
a(x)

(2) [an (x,s, E) _En(x; S, E,,)] [E - E,,] >0, (5.27)
3) [@n(x,5,8)] < Yo, (x) A+ b,(IsDIEP,

(4) Gn(x,s,t8) = tP71a,(x, 5,8),

(1) an(x,s,&) =gnlshan(x,s,8), an(x,s,§) =

’

for almost every x € Q, every s € R and every &,&' € RN with EA£C.

Here, we consider the following approximate problem :

(5.28)

—diva”(x,u,Vu)=f in Q,
u=20 on 0Q.

Then by the classical method in [60], problem5.28 admits a weak solution u,, € for any
fixed n > M such that

1

;fQIVunI”_ZVunU dx+f9an(x,un,Vun)Vv dx
(5.29)

:fov dx veW,"(Q).

where M is the same constant as in (5.25).

Arguing as in the proof of Theorem5.3.1, we get
lunll =M,

where M is the constant given in (5.25) It is easy to see that n(u,) € Wé’p (Q) NL*(Q) with
In(u,)|l < Cy, where C; is constant, only depends on M Take v = n(u,) as a test function
of problem (5.29).Noting that T,(u,) = u,, by (6.2) and Hoélder inequality and Young’s

inequality we obtain

)\Lan(un)lp defQ(xn(x)Wn(un”p dx,
! -1 ’

< —f g(lunl)ph IVu,|P dx+f a(0)g(un)? IVu,lP dx, (5.30)
nJao Q

SCI(”f”Ll(Q)).

As a consequence, there exists a subsequence (still denoted by n(u,)) and a measurable
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function w: Q — R, which is finite almost everywhere in Q, such that

n(u,) — w weakly in Wé’p(Q),
n(u,) — wa.e.in Q, (5.31)
n(u,) — w weakly* in L>(Q).

For almost every x in ), let us define a function u by
u(x) =inf{s e R, w(x) <n(s)}. (5.32)

Note that u is well defined since n is strictly increasing. Furthermore, it is easy to check
that u is measurable on Q. Thus, (5.32) shows that n(#) = w and (5.31) can be rewritten as

n(u,) — n(u) weakly in Wé’p(Q),
n(u,) —nu) a.e. in Q, (5.33)
n(u,) — n(u) weakly* in L*(Q).

Since 1 is strictly increasing, we also have
U, — ua.e.inQ, (5.34)
and on the other, by Lemma 5.2.3

(xn(x)%Vn(un) —»(x(x)%Vr](u) weakly in (LP (Q)N,

(5.35)
a(x)|Vn(w|? e LY(Q).

Step 2 : Vn(uy) — Vn(u) a.e. in 2
Since n > M, taking v = u,, as a test function for problem (5.29), (5.3) and (5.25) lead to

1
;[QIVunI” dx+Lan(x)g(lunl)|Vunl” dx <=Ml fllp1q))- (5.36)
Taking v = n(u,) — n(w) as test function in (5.29) and noting T, (u,) = u, for n > M we get

1
- f IV 1P~V U, (V1) (1) — V(1)) dx
0 (5.37)
+ann(x, Un, V) (Vn(u,) —Vn(w) dx:fgf(n(un)—n(u)) dax.
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Holder’s inequality and (5.36) yield

1
- fQ IV 1P 2V 11y (V1 (1) — V) (10))

1 _
s—f VP (VN (un) — Vn(w)| dx
nJa
1 L
< —IVn(un) ~ VNl @ IVunl{y g

1 L
< Cz(;) PV (un) — V) liLe ),

1
where C; is a positive constant such that C; = M(| flIL1q)) *' -

(5.38)

(5.30) and (5.36) imply that Vn(u,) — Vn(«) in bounded uniformly in (L” (2))N. Therefore

by (5.38) we get

n—oo

— 1
lim —|f IV, |P ™2V, (Vn(u,) — Vn(w) dx| <0,
n Jo

which show that

. 1
lim —
n—oon

f IVunlP 2V u, (Vn(u,) — Vn(w) dx = 0.
Q

N
By (5.33) and f € L™ (Q) with m > max{—, 1} we have
p

lim f fM(uy) —n(w) dx=0.
n—oo Q
From (5.37), (5.39) and (5.40) we obtain

lim | a,(x,u,, Vu,)(Vn(u,) —Vn(u)) dx = nlim D, =0.

n—oo Q

(5.39)

(5.40)

(5.41)

By (5.27), it is easy to get that a, (x, u,, Vu,) = a,(x, u,, Vn(u,)) Thus, we can rewrite D,

as

Dn:f an(x, Uy, Vu,)(Vn(u,) —Vn(w) dx
Q

= fﬂﬁn(x, Un, VN(uy))(Vn(uy,) —Vn(w) dx

= fQ[En (x, upn, VN (up)) — an(x, uy, V(@) 1(Vn(u,) = Vn(w)) dx

+Lﬁn(x, un, V(W) (Vn(uy,) — Vn(w)) dx.
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The last term above can be written as

fQﬁn(x, Up, Vn(w)) (Vn(u,) —Vn(w)) dx

_f a(x, up, Vn(u))
~Ja (x)

(5.43)

o, (x)(Vn(uy) —Vn(w) dx.

That converges to zero as n diverges thanks to (5.35), the a.e. convergence of u,. Hence,
taking n — oo in (5.42), by (5.41) and (5.43) we get

fﬂ[ﬁn (X, Un, VN (Up)) = Gn (X, up, VM(@)1(VN(up) — VN(w) dx — 0, (5.44)
and by Lemma 5.2.1 we get
Vn(u,) — Vn(u), a.e. in Q. (5.45)

Step 3 : passage to limit We prove that u is a weak solution to problem (5.29) in the sense
of Definition .
(5.25),(5.30), (5.34) and (5.45) imply that the sequence

E}'l (xy un, Vn(un))

1 /
a,(x)7 is bounded in (LP ()N,
a(x)

1_
and converges almost everywhere to a(x, u, Vn(u))a(x) 1. Hence it also converges weakly
in (L Q)N to its a.e. limit, i.e.

an(x, Un, Vi)

e an(x)# — a(x, u,Vu)o‘(x)#‘1 weakly in (L” (Q)N. (5.46)

Noticing that for every v € X(’)j Q)
(xn(x)ll” v— cx(x)% v strongly in (LP (Q)N (5.47)
We deduce from (5.46) and (5.47) that
nh_r)lgo Qan(x, un,Vun)Vvdxzfga(x, u,Vu)Vvdx. (5.48)

Arguing as (5.39), it is easy to get that

n—oo n

1
lim = [ |[Vu,|”?Vu,Vvdx=0. (5.49)
Q

Let n tend to infinity in (5.29) and note that T, (u,) = u, for n > M; it follows from (5.48)
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and (5.49) that

fa(x,u,Vu)Vvdxszvdx ve W, (Q.
Q Q

Thus we complete the proof of Theorem 5.3.2.

Proof of Theorem 5.3.3

Step 1 : Approximation and a priori estimates.
For n > 0, let f;, be a sequence of L™°(Q) such that

fn— f stronglyin L(Q). (5.50)
We consider the approximate problem :

{ —diva,(x,u, Vu,) = f, in Q, (5.51)

u,=0 on 0.

By the Theorem 5.3.1 for n > 0, there exists at least a weak solution u,, satisfying n(u,) €
W, 7 (Q) nL®(Q) such

f an(X, Up, V) Vv dx:f fav dx, VveWé’p(Q). (5.52)
Q Q

For any given k > 0, let us take Ty(n(u,)) as the test function in (5.52). So form (5.3) and
Holder’s inequality

)\fQIVTk(n(un))lp deann(x)IVTk(n(un))l’” dx

(5.53)
5fﬂan(x, Un, Vup)VTM(un) dx < kil flip q)-

It follows that

f IVTr(M(up)|P dx < Csk. (5.54)

Q
where Cs is a positive constant independent of n.
Let k = 1, we have kmeas{|n(u,)| > k} = f ITr(A(uy))dx < Cgk%,
(un)l>k

which implies that meas{|n(u,)| > k} <Cs —s0as k — oco.

1
K'p

Reasoning as in the proof of Theorem 6.1 of [17] it follows from (5.54) that. Conse-
quently, we can assume that (T (n(u,))) nen is @a Cauchy sequence in measure. Thus, (T (n(2,))) nen
is a Cauchy sequence in measure. Hence, there exists a measurable function « and a sub-

sequence (still denoted by (n(u;))), such that
n(uy) — nuy,) a.e.in Q. (5.55)
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From (5.54) and (5.55), we deduce that
T (N(1n)) — Tr(n(1)) weaky in W, 7 (Q). (5.56)
Since 1) is strictly increasing, we also have
U, — ua.e.in(, (5.57)

and on the other, by Lemma 5.2.3

a(0) VT (n(w) P e L1(Q),
1 1 (5.58)
a(x)? VT (n(un)) —a(x)? VT(m(w)) weakly in (L7 (Q)N.

Step 2 : Strong convergence of truncations.

Let j > k and take v = Tor(n(uy) — Tj(M(u)) + Tr(M(1,)) — Tr(n(14))) as a test function
in (5.52).
Note that Vv =0 as In(u,)| > 4k + j =], therefore for n > ] we can writ (5.52) as

f an(x, Tj(un), VT(un)) Vo dx:f fav dx, (5.59)
Q Q

where T is a positive constant depending on J such that {|n(u,)| > J} can be equivalently
replaced by {|u;| >T} (recall that n strictly increasing and continuous).

Splitting the integral on the left side of (5.59) on the sets {In(u,)| > k} and {In(u,)| < k} by
(5.3) we obtain

| a5, 950

x Vo (N(un) — TjM(up)) + Tr(n(uy)) — Ti(n(w)))dx

(5.60)
> fQ n (%, Tz (tn), VT2 (n) V(T (1)) — Te () dx

—f |an (x, Ty (un), VI (up))IVT ()| dx,
{In(un)1>k}
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where k is a constant defined as 7. From (5.59) and (5.60)

L[an(x;TE(un);VTE(un)) —an(x, Tﬁ(un);VTE(u))]
x [VTr(M(uyn)) = VTi(m(w)] dx

= |an(x)TA(un))VTA(un))”VT ( (u))ldx
f{|n(u,,)|>k} J ) K (5.61)

f an (%, Tt (un), VI (W) VT (n(un)) — VT (n())] dx

ffnv dx.

By (5.4), it is easy to check that a,(x, s,&) = a,(x,s, g(s)ﬁﬁ). Thus, by the definition of 1
we can rewrite (5.61) as
fg[ﬁn(x,T@(un),VTk(n(un)))—ﬁn(x,T@(un),VTk(n(u)))]
x [VTr(M(uyn)) — VTr(m(w)] dx

Sf lan(x, T(un), VT n(udDIIVT(n(w)| dx
[n(up) >k} (5.62)
+_[anT2k(n(un)—Tj(n(un))+Tk(n(un))—Tk(n(u))) dx

- fgﬁn(x,TE(un), VTiM@)[VTr(M(un) — VT (n(w)] dx

=A;+A+As.

The first term on the right hand side of (5.62) can be written as

Ay = f [an (x, T(un), VT j(un)DIIVT(n(w)| dx
{n(un)|>k}

f ’a(x T5(un), VT ;(n(un)))

el o, ()| IVT e M@ X ()13 AX-

For any j >0, (5.4) and (5.58) imply that the sequence

a(x, T(un), VT j(n(un)))

1 /
o, (x)7 is bounded in L” (QN. (5.63)
a(x)

1
While o, (x) ? VT (0 (1)) X {in(u,)> k} cOnverge strongly to zero in L” (Q)
as n tends to infinity. Hence we have

lim A, = hm f la,(x, T; (un) VT] (T](un)))HVTk(n(u)”X {In(un) >k} dx 0. (5.64)

n—oo
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By (5.55) and (5.57) we can deduce that

Tor(M(un) = Tj(n(wn)) + TrM(un)) = Te(M())) — Tor(M(un) =T (n())

weakly in Wé'p Q)

and weakly* in L°°(Q) as n — oo. So, from (5.50) we obtain

lim A, = foTgk(n(u) =T;j(n(un)) dx.

n—oo
By (5.4), (5.57), (5.58) and (5.63) it gollows that

. a(x, Tg(un), VT (n(w)
lim
n—oo Jo (X(X)
= lim A3 =0

n—oo

Let n tend to infinity in (5.62) ; it follows from (5.64)-(5.66) that

im [ [@,(x, Tg(un), VIeM@n))) = @n(x, T (n), VT (n(10))]

n—oo Q
x [VTr(M(un)) = VIr(m(w)] dx < foTZk(T](u) - Tj(n(un))) dx.
Furthermore by (5.55)-(5.57) we have

Tor (1) = T;(N(1,))) — 0 weakly in W, ”(Q),

and weakly* in L™(Q) as j — oo.
Let j tend to infinity in (5.67)
lim fQ (@ (6, T (14n), VT (M (Un))) = G (6, T (un), VT (N (10)))]
x [VTr(n(un) = VTr(n(w)] dx < 0.
Hence by (2) of (5.4), we obtain
fﬂ[ﬁn(x,TE(un),VTk(n(un)))—ﬁn(x,TE(un),VTk(n(u)))]
x [VTr(M(un)) — VTr(n(w)] dx =0 as n — oo.

By Lemma 5.3.3 and (5.68), we have

VTir(M(uy)) — VTr(m(w) a.e.in Q as n — oo.
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Furthermore, we have

fgﬁn(x,T@(un),VTk(n(un)))VTk(n(un))
=fgﬁn(x,T@(un),VTk(n(un)))VTk(n(u)) dx
+fgﬁn(x,Tg(un),VTk(n(u)))[VTk(n(un))—VTk(n(u))]

+ fg[ﬁn (x, Tz (un), VT (1)) — an(x, T3 (un), VT (n(w)))]

x [VTr(n(up)) = VT (n())] dx

(5.4),(5.57) and (5.58) imply that

lim | ap(x, T3 (un), VI (M@ VT (M(uy) — VT ((w))] = 0 dx.

n—oo Q

By assumption (5.4), (5.57), (5.58) and (5.69), we get

lim | @, (x, T3 (un), VTe(M(un))) VT (n(w)) dx

n—o0 Q
=fQE(x,T;(u),VTk(n(u)))VTk(n(u)) dx.
Now from (5.68), (5.70), (5.71) and (5.72) we deduce
,111_{{)10 Qﬁn(x,TE(un),VTk(T](un)))VTk(n(un)) dx

=fgﬁ(x,TE(u),VTk(r](u)))VTk(n(u)) dx.

Set
Z=a(x,Tz(w), VT M) VT (N(w), Zn = an(x, Tz (un), VT M(un))) VT (N(un)

Then it is easy to see that

znzozn—»Za.e.ianal(Q),fzn—»fz.
Q Q

Q 0<Z,<Z Q

Combining this with Lebesgue’s dominated convergence theorem, we obtain

Note that

7, — Zstrongly in L),
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i.e.

an(X, T3 (un), VT M(un))) VT (N(upn)) —

(5.74)
a(x, T¢(w), VT (n(w))) VT (n(w)) strongly in L'(Q).

Now from (5.74) and assumptions (5.3), (5.4) and (5.58) we deduce, using Vitali’s theorem,
VTir(M(un)) — VTr(n(w)) strongly in LP Q)N as n — oo. (5.75)
Furthermore by (5.53),(5.75) and Lemma 5.2.3

a(x0) VTP e L' (),
1 1 N (5.76)
o, (x) P VT (M(uy)) — alx)? VT (n(u)) strongly in (LP Q)"
Step 3 : Renormalized solution.
In this step we will show that u is a renormalized solution to problem.
Letg e Wé'p(Q) NL*(Q) and h € Cé (Q) with supp(h) c [-k.k], taking v = h(n(u,))y as a
test function in (5.52)

f an(x,un, Vuy)h(n(u,))Ve dx = —f an (X, Un, Vi) Vn(uz) h' m(un) e dx
Q Q (5.77)
+f9fnh(r](un))cp dx=-B; +B,.

Since a; (x, u,, Vuy,) = ay(x, uy, Vn(u,)) and a(x, u, Vu) = a(x, u, Vn(u)), from assumption
(5.4), (5.55), (5.57),(5.75) and (5.76)

1 1 _
An (X, Uy, VN (up) h(M(u)) o, (x) P — alx, u, Vin(w) h(n(u)a(x) ' !
weakly in (L” ()N,

i.e.

1 (%, 1ty V1) B (1)) 0 (1) 7 — (%, 14, Vi) () a(x) 7~

(5.78)
weakly in (LP )N,
Noticing that for every ¢ € Wé'p Q)
(1) PV — a(x) P Vep strongly in (LP Q). (5.79)
(5.78) and (5.79) imply that
r}l_I}go A an(x, un, Vuy)h(in(u,))Vedx = fQ a(x,u,Vu)h(n(w))Vedx. (5.80)
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By (5.53), (5.55), (5.75), (5.76) and Vitali’s theorem, we obtain

1 1
o (X) 7 V() B (1)) @ — () P V() B (0 (14)) 5.81)
strongly in (L” ()Y, .
on the other, we have that the sequence

1 /
(%, Un, VN (Un))atn ()7 is bounded in (LP (Q)N,

1_
and converges almost everywhere to a(x, u, Vn(u))a(x) ' ! tanks to (5.53), (5.55) and (5.57).
Hence it also converges weakly in (L” "@)N toits a.e. limit. i.e.

1 1_ !
an (X, Uy, Vuy)a,(x)r — alx, u, Vu)a(x)?' 1weakly in (L” (Q))N. (5.82)
By (5.81) and (5.82), we have

lim By = lim | a,(x, tyn, Vi) Vn(u,) ' (n(u,)e dx
n—oo n—oo Q
(5.83)
:f a(x, u, Vu)Vn(u)h' m(w) Ve dx.
Q

It follows from (5.50), (5.55) and Vitali’s theorem that
nlgroloBg = ’}Erolofgfnh(n(un))(p dx = foh(n(u))(p dx. (5.84)
Let n tend to infinity in (5.77) ; by (5.80), (5.83) and (5.84) we obtain
fga(x, u, Vu)V(im(u,))e) dx = j;th(n(u))(p dx. (5.85)

For any given m > 0, taking v = T},+1(n(uy) — T1n(n(uy))) in (5.52), we have

Lan(x; un»vun)VTm+l(r](un) _Tm(n(un))) :LfnTm+l(n(un)_Tm(r](un))) dx- (586)

For the term of the left hand side of (5.86), by the condition (4) of (5.4) we have

Lan(x; Up, VUup)VT 1 (M(uy) = Tra((ugy)))

f an(x, un, Vuy)Vn(uy,) dx (5.87)
{m=In(up)l=sm+1}

= Lan(x;T,ﬁ M(uw), VI 1 M(un))) VT (r](un))X{msln(un)lsm+l}dx-
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Using (5.4), (5.57), and replacing k by m + 1 in (5.75) and (5.76), we get

lim Qan(x;Tm(T](un)),VTm+1(r](un)))VTm+l(n(un))X{mslr](u,,)lsm+l} dx

n—oo
@, Ty N(@n)), VT (0(1)))

= lim (Xn(.XZ)
n—oo Jq a(x)

X VTm+1(T](un))X{msln(un)lsnﬁl} dx (5.88)

=Lﬁ(x,Tn’l:l(n(u)),VTmﬂ(T](u)))VTm+1(n(u))x{msm(unsmﬂ} dx

f a(x,u,Vu)Vn(u) dx.
{m=In(un)l=m+1}

From (5.55) we have T+ (1) — Trn(N(©r))) = Trpe1 (1) — T1,,(n(w))) weakly* in L™(Q)

as n tends to infinity. So, from (5.50) we obtain

r}i_{{:o‘/;)fnTm+l(n(un)_Tm(ﬂ(un))) dx:foTmH(n(u)—Tm(n(u))) dx. (5.89)

Let n tend to infinity in (5.86) ; it follows from (5.88) and (5.89) that

f a(x, u, Vu)Vn(u) dx:f FTm+1(n(@) = Try(n(w))) dx. (5.90)
{m=In(uy)lsm+1} Q

From (5.90), we deduce

lim a(x,u,Vu)Vn(u) dx =0. (5.91)

Mm=00 Jim=n(uy)|<m+1}

We conclude that u is a renormalized solution to problem5.1 in the sense of Definition
5.3.2.
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Chapter 6

On some class of degenerate elliptic
equations with L' (Q)-coefficient in

p(x)-Sobolev spaces

In this chapter we study a class of nonlinear degenerate elliptic problem with coeffi-
cients in L'(Q) of the form —div a(x, u, Vu) = f, where a(x, u,Vu) is allowed to be dege-
nerate with the unknown u. We prove the existence of weak and entropy solutions under
some hypothesis on f. We also study the same problem with a lower order term.

6.1 Introduction

Let Q be a bounded subset of RN, N = 2. Porretta and Segura de Le6n [70] have studied

the Dirichlet problem for some nonlinear elliptic equations whose simplest model is

—div(g(w)|[VulP2Vu) = h(w)|VulP + f  in Q,
u=20 on 0Q),

with 1 < p < o0, gis a continuous positive function. Also under the additional hypothesis

he _

im 0,
$—00 g(g)

they obtain L*™-estimate. This kind of problems has been widely studied. The classical
references are [56] and [60].
In this chapter we study the existence of weak and entropy solutions for the following

nonlinear degenerate elliptic problem :

{ —diva(x,u,Vu)=f in Q, (6.1)

u=20 on 0Q,
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in the setting of the Sobolev space with variable exponent Wé’p Y(Q), where Q is a boun-

ded open subset of RN (N=2),and

feL™Q), where m=1orm=(p*).

Moreover we assume that a: Q xR xRN — RY is Carathéodory function such that for every

sinR, & & inRY (£ #&'), and for almost every x € Q,
la(x,s,&)| < ya(x) (1 + g(s)[EPDIL

a(x, s,8)&= a(x)g(s)gIP™,
la(x,s,&) —a(x,s,ENE-E1>0,

where Y is a positive real constant.
The function a(x) satisfies, for v >0

acell(Q), ax) >v,

and

g: R— R*, is a positive continuous function, and
+00
1
f g r-1(t)dt = +oo.
0

Then we study the perturbated problem

—diva(x,u,Vu) +H(x,u,Vu) = f in Q,
u=20 on 0Q,

where H(x, s,&) is a Carathéodory function satisfying

|H(x,s,&) < Bx)h(s) | E1PD,

(6.2)

(6.3)

(6.4)

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)

for almost every x € Q, for all (s,§) € R x RN, Yy > 0, where the functions f(.) satisfies, for

6>0
Be L'(Q), B(x) =0 and PB(x) <0Oa(x) a.e.in Q, and

h: R— R",is a positive continuous functions g > 0,

h 1
—el'®.
g

Furthermore, we will study the case when f € L'(Q) and f € L7 @ (Q).
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To deal with this kind of problem, it is natural to work under the framework of Sobolev
spaces with variable exponents. The study of differential equations with variable expo-
nents has been a very active field in recent years, with applications in electro-rheological
fluids and image processing, and so on. We refer the readers to [67] and references therein.

Some remarks concerning the difficulties in dealing with this problem are in order.
First of all, the nonlinearity of the operator and the singularity of the coefficient will be

solved by coupling energy estimates of type f a(x)[VulPY) < 0o, on the one hand, we sup-
Q

pose no growth limitation on function g so that it can happen a(x, u, Vu) ¢ W17 '0(Q) for
all ue Wé’p © (Q) and, on the other hand, it is not coercive. To deal with that equation we
will obtain the solution by approximation, getting a sequence of approximated solutions
(1), which converge to the solution u. To avoid some troubles in this convergence pro-
cess, we will consider the convergence of another sequence (A(u,)),, function A being
the primitive of gﬁ such that A(0) = 0. The other remark is about the lower order term :
it does not satisfy the sign condition, since # is positive. Thus, it appears the problem of
getting the a priori estimates. This hindrance is overcome by considering test functions of
exponential type.

With a modified version of the classical Minty Lemma (see [30]). We stress that in our
treatment we avoid the use of weighted Sobolev spaces.

6.2 Main results
6.2.1 Some definitions and technical lemmas
Definition 6.2.1 Forall k >0 and s € R, the truncation function Ty(.) can be defined by

s if Isl<sk

T =
() { k-sign(s) if |IsI>k,
and we define G(s) = s — Ti(s).

We define

Sh(t)
= | =ir, 6.12
nes) fo g1 ' ( )

we moreover define the space of functions
XP(@Q) = (9 e Wy " (@) such that f ()| VIP™ < oo}, (6.13)
Q

and
F,""(Q) = {u: Q — R measurable such that Tj(u) € W, (@)},

88



i.e. the set of measurable functions whose truncates belong to Wé’p Y(Q) (we refer to [17]
for more details).

We note s
A(s) =f g(®Y? ~Vgr if g is unbounded, (6.14)
0

N —
A(s):f gV Y4z if g is bounded. (6.15)
0

We state and prove a preliminary Lemma (see [31] Lemma 3.3) that will be often used in
the sequel.

Lemma 6.2.1 Let o, be a sequence of nonnegative bounded functions, almost everywhere
convergent to some function o, and let p,, : RN — RN be a sequence of functions which is
weakly convergent in (LYY Q)N (q(x) > 1) to some function p. If the sequence o ,|p,| 7™ is
bounded in L.} (Q), then Glplq(x) belongs to LY(Q) and

fcxlplq(x) <lim inf o,lp,l?™. (6.16)
Q n—+oo
If moreover 6, — o strongly in L} (Q) then it holds true also that

ol 1o 190 weakly in LIW (Q)N. 6.17)

Proof. Since p,, weakly convergent to p in (L™ ()N, then there exists a functional
he (LIYQ)N such that [p,| < hLet k>0and y e LI @ )N we have
Tk )10, w1 < kM99 B(x) .y (x) and T (0) Y19 0,0 — Te(0) Y9 Wp .y ace. in Q, witch
give
Trlo) %0, = Tr(0)9¥p weakly in (LI (Q)N. (6.18)

Hence by the lower semi-continuity of the LY -norm it results

ka(o)lpIq(x)slirn inf ka(Gn)Ipnl"(x)slim inf o,lp,l9™ <C. (6.19)
Q n—+oo Q n—+oo

Then letting k tend to infinity and using the monotone convergence theorem we obtain
(6.16). Let now ¥ be an arbitrary element of (L9 ™ (Q))N, then

1/q(x) _ 1/q(x) 1/q(x)
f(fn PV = Op pn‘V"‘f Onp  PnV¥
Q {o,<k} fo,>k}

1/q(x) 1/g(x)
{o<k} {o,>k}
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Moreover

Q {o <k} {on>k)
:en+f O‘l/q(x)pl[l+f a1y,
{o<k} {on>k}

It follows that

‘f[ l/q(x) Gl/q(x)p]_w‘58n+f

fon>

l/q(x)lpn||w|+f O'I/q(X)|p||\|/|-
{on>k}

Using Holder inequality we have that

1/q(x) 1/q(x)
f pnw <1167 7 pull g Wl g, 5100
{on>k}

and

1/ 1/
f a1y < 169 pll 400 1Wll g0 (5, 5 -
{on>k}

Lemma 6.2.2 [85] Assume that (6.2)-(6.4) hold, with g = X\ in (6.3), A > 0 and let (u,), bea
sequence in Wé'p(') (Q) such that u,, — u in Wé'p(') (Q) and

f [an(x, up, Vuy) — an(x, uy, V)IV(u, — u) — 0.
Q

Then, u,, — u in Wé'p(') Q).

6.2.2 Existence results

Theorem 6.2.1 Assume that (6.2)-(6.7) hold true, then for every f € L' (Q) there exists u €

0_1 PO () entropy solution of (6.1) in the following sense

Yk >0, f a(x)g(wP (X)IVTk(u)I”(x) < 00, and
Q

fa(x, u,Vu)VTk(u—q)):f fTelu—d) YoeW, " @) nIL=@Q). (6.20)
Q Q

If moreover f € L") (Q), then ue W, (@)
f (X(x)g(u)p/(x)Nulp(x) < oo,and
Q

fa(x, u,Vu)Vq):f fo Yoew, " (.
Q Q
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Theorem 6.2.2 Assume that (6.2)-(6.7) and (6.9)-(6.11) hold true, then for every f € L1(Q)

Lp(®)

there exists u€ 9, (Q) entropy solution of (6.8) in the following sense

Vk>0,fa(x)g(u)f"m|VTk(u)|P(X)<oo, H(x, u,Vu) € LY(Q), and
Q

fa(x,u,Vu)VTk(u—q)Hf H(x,u,Vu)Tk(u—qn:fka(u—q)),v¢ewé"’")(9)mL°°(Q).
Q Q Q

If moreover f € " (Q), then u EWé'p(.) Q)
f a0 g(w” P VulP® < oo, H(x, u, Vi) € L1 (Q)
Q

and
fa(x, u,Vu)V([)+f H(x, u,Vu)¢:f fo, Vo ew, " (@) nLe@Q).
Q Q Q

With C;, i € N, we indicate generic positive constants that may depend on the dimension
N, on the domain 2, and on the other data of the problem, while with €, we indicate a

generic sequence that goes to zero as n diverges.

Proof of Theorem 6.2.1

Step 1 : Approximation and a priori estimates.
Let (fu)uen be a sequence of smooth function such f, — f in L}(Q) and | f,| < |f], we
consider the following problem

f (X, tn, Vi) Vddx = f faddx, VoW @), (6.21)
Q Q
where T
an(x,s,& = a(x’—”(s)’a)(xn(x),
a(x)

ap(x) =Tr(a(x)), gn(s)=g(Tr(s)).
Note that g is continuous, so there exists A, = 0 such that g,(s) = A, and since

1

f gn’”i__1 (t)dt = co. Then by definition a,(x, s, &) satisfies
0

| (%, $,E)] < YO, (X) (1 + gn(s)[E[PDOL,

an(x, 5, = 0, (%) gn(9EPD = Aot (1) E]P,
[al’l(x) S! E) - an (x) S! a/)] [é - &l] > 0) for Ep # al)

we can use the theorem 4.3 of [4] to infer the existence of u,, € Wé'p ) (Q)NL>(Q) solution
to problem (6.21).
Case 1. The function g is unbounded, i.e. Sli1+n g(s) =+o0

—+00
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Then, there exists go > 0 such that a(s) > 1 for all s = gy since slir+n g(s) = +oo. For every
— 100
k> A(go), with

$ +
A(s) = f g Vdr,
0

taking Ty (A(u,)) as test function in (6.21), there exists Cy > 0, and by assumption (6.3), we

have

Cov f VT (A1) PP < Gy f 0 () VT (A1) [P
[A(w)|<k |A(u)|<k

IA

px)
f 0 (%) g (1) P71 |V 1ty [P
[A(w)|sk
.

Co
f (0 g (1) 7T |V PP
o, (x)g(u,)r-1|\Vu
Aizk B " (6.22)

IA

IA

_1
f an(x, un, Vu)Vu,gr 1 (u,)dx
|A(u)|<k

5[9|fn||Tk(A(un))|dx

< kllfly.

Case 2. The function g is bounded, i.e. there exists a constant M > 0 such that g(s) <M,
for every s € [0, +oo[. Taking T (A(u,)) as an admissible test function in (6.21), with

A(s) :f g P V.
0

There exists C; > 0, and by assumption (6.3), we have

Crv f VTR AP < G f 6 (O IVT (A1) [P
[A(u)|<k |A(u)|<k

£ px)
= le O‘n(x)g(un)p 1Vuyl
A(w)I=k

Sf an(x, un’vun)vungﬁ(un)dx (6.23)
IA(w)|<k
= j;) |fn||Tk(A(un))|dx
<kl flp.
And consequently there exist C,, C3 > 0 such that
[ T @ dx < Co [ o ITTLAGDIP < Csk (6.24)
Q Q
Therefore,
IVTe(A(un) ) ,dx < Csk, (6.25)

p()
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with
) opT it IVTRA@)) pe < 1,
p- if [IVTrAw)llpe = 1.

Let k=1, we have

kmeas{|A(uy,)| > k} = f [Tk (A(un))ldx < Cs k7,
Aun) 1>k

which implies that

meas{|A(u,)| > k} < Cs —s0as k— oco.

K7

r

By the usual method we get that Ty (A(u,)) is bounded in Wé'p 0 (Q)), then there exists a
subsequence still denoted (T (A(u,))) nen such that

Te(A(un) — ni weakly in Wy " (@),
and by the Sobolev compact embedding, we have
Tr(A(up)) — Ng stronglyin LPY(Q), and a.e.in Q.
Consequently, we can assume that (T (A(u,))) nen is @ Cauchy sequence in measure. Thus,

meas{|Tr(A(uy,)) — Tr(A(uy))| > 06} < =, forall m,n = ny(d,¢).

€
2
We conclude that for all §, € > 0 there exists ny = ny(8, €) such that meas{|u, — u,,| >0} <e
for all 6, > 0. It follows that (T (A(uz)))nen is @ Cauchy sequence in measure, then it
converges almost everywhere, for a subsequence, to some measurable function u.
Consequently, we have

Ti(A(un) — T(A(w) weaklyin W, 7" (Q),

(6.26)
Tr(A(un)) — Ti(A() stronglyin LPV(Q), anda.e.in Q.
Moreover by (6.24), (6.26) and Lemma 6.2.1 we get
0 ()79 VT (A(14)) — () 79 VT (A1) weakly in LPO(@)N, and 697

a(x)[VT(Aw)|PX e LH(Q).

Step 2 : Strong convergence of truncations. Let w, = T,r(Z,) be a test function in (6.21),
where Z,, = (A(up) = Tr(A(up)) + Ti(A(uyn)) — Tr(A(w))), for h > k > 0. Taking M = 4k + h we
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get that,
fan(x,un,Vun)andxsf | fullwyldx.
Q Q

We have

fan(x, un,Vun)andx:f a,(x,u,, Vu,)Vw,dx
Q

{IA(un) >k} (6.28)

+f a,(x,u,, Vu,)Vw,dx.
{IA(un) I=k}

Concerning the first term on the right hand side of (6.28), since Vw,, =0 on
{IA(u,)| > M}, we have

f an(x, un,Vun)andx=f a(x, Tg(un), Vg (un))Vay
{1A(un) >k} {1A(un)|>k}

2 —f an(x, T (un), Vg (un)) VT (A(w))dx
1A >k}

> —go(n).

Where M is a positive constant depending on M such that {|A(u,)| > M}, can be equiva-
lently replaced by {|u,| > Mj.
For the second term on the right hand side of (6.28) ; we have for k defined as M

f{lA(un)lsk} an (X, Tp(un), VIZ(un) (VT (A(un)) = VT (W) d x
Sfﬂlfnllwnldx+eo(n).
On the other hand, we have
f{IA(un)lsk} an (%, Tp(un), VIZ(un) (VT (A(un)) = VT (W) dx

= (an (%, Ti(ttn), VT (1)) = @ (%, T (un), V(1)
j{‘IA(un)ISk} g g k k
x (VT (A(u)) = VT (A()))dx

+ f an(x, Tg(un), VI (1)) (VT (A(un)) - VT (A(w))) d x.
{IAun)| <k}
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By (6.27) and the definition of a, (x, Tz (1), VI (1)) the third terms of the right hand tend
to 0, as n tend to infinity. So, we have
f (an(x, T}(un)) VTﬁ(un)) —an(x, Tz(un); VT%(U)))
{IA(un) 1=k}
x (VT (A(un)) — VT (A(u))dx

(6.29)
:/{le( <k an(X,TE(Un),VTE(un))(VTk(A(un)) _VTk(A(u)))dx+81(n)

< fQ [ fn)lwyldx+¢€1(n) +€9(n) <ez(n),
then

fQ[an(x,T@(un),VTg(un)) — an (%, T3 (un), VI (un))] (VT (A(un)) — VT (A(w))dx

<& (n),

as f, — f strongly in L'(Q), and w,, — 0 weakly* in L°(C).
So by the Lemma 6.2.2, we conclude that

Tr(A(un)) — Tr(AwW) in WP (@),

VTi(A(uy,)) — VT (A(u)) almost everywhere in Q

If g is unbounded, we have

IVTLA @) PP = [VA@D) 1P X iaw)<k

px)
= g7 L (Wn)XiAwy)<k VitnP®,

g7 D U)Xy, < Vital?® = PO T ) VT () P,

VT (A(up))|P™
p(x)

g7 1 (T (up))

VT (un)P =

)

and if g is bounded we have

W
18 TkA ) P™ = VAW " X A<k = 87 T (Un)Xia@ni<k|Vitnl P,

L9 W _ 2 )
87 W)Xy, 1<k Vun!”™ = 7 T (T (un)) VT m (un) 1P,

IVT (A1) | PYY
px)

g7 1 (Tx(up)

M

IV (un) PP =
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since g continuous we we have g(T;(u,)) = min(g(s)) = gz. Finally, we have
[0,k]

IVT 0 (1) [P < CIVT k(A1) [P, (6.30)

and on the other, by Lemma 6.2.1, that for every k > 0

a(x) VT () |PY e LY(Q),

and

0 (X) P9 VT (1) — () PO VT () weakly in P @), 6.31)

Step 3 : Entropy solutions. Case 1. The function a is unbounded, taking T (A(u,)) as test
s —
function in (6.21), with A(s) :f g(@Y P Vg1, we obtaining
0

(%)

p 1
C4f oy (x) g (uy,) Pt |Vun|p(X) = f an(x, up, Vuy) VT (u,)gr ! (up)dx
[A(w)|<k |A(u)|<k

< fQ |l Tk (A2)) | dx

< Kkl fllr.
(6.32)

Case 2. The function g is bounded, taking T (A(u,)) as test function in (6.21), with
s +
A(s) = f gV P "V, we have
0

px) e
C5\/|L\( )| k(xn(x)g(u”) p(x)_l|vun|p(X) Sfl‘A( | kan(x; un,Vun)VTk(un)g”+‘1 (un)dx
u)|=< W<

< fg I T (M) | dx

<kllfly.
(6.33)

By means of (6.32) and (6.33), we obtain

| ant0gen)” TP < ok i, (6.3
Letdpe Wé’p Y@Q)nLe @), taking T (u, —¢) as a test function in the approximate problem

(6.21), we get
f an(x, un,Vun)VTk(un—(b)dx:f fnTk(uy—d)dx.
Q Q
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Adding and subtracting in the equation above the term

f an(X, Un, VO)VT i (up — Pp)dx,
Q

and taking advantage of the monotonicity condition (6.4) we get

jan(x,un,V(p)VTk(un—cb)dxsffnTk(un—q))dx. (6.35)
Q Q

Noticing that {|u,, — | < k} < {|luy,l < k+ | pll~} and that

n n )V
fQ (X, i, VO) VT (1t — ) dx = f A Lnn) VO 0T (11— ),

Q a(x)

we can pass to the limit in (6.35) using assumption (6.2),(6.30),(6.31) and (6.34). Hence we
obtain, for every k > 0,

fa(x,u,Vq))VTk(u—cp)dxsfka(u—q))dx. (6.36)
Q Q

To recover (6.20), let h and k be positive real numbers, let ¢t = £1, and let @ be a function
in Wé'p ™ Q) N\L™(Q). Choose ¢ =Ty (u)+ tTr(u— ) in the inequality in (6.36) we obtain

f (%, 1, VT (1) + VT (1t~ W) VT k(G (10) — 1Tt — 9 dx
Q

(6.37)
SfoTk(Gh(u) —tTr(u—-y))dx,
and we follow the same steps as the Lemma 7 in [30] we get
- tf a(x,u,Vu+tVT(u—-v)VTi(u—y)dx < —tf fTr(u—w)dx. (6.38)
Q Q

for every v € Wé'p Y(Q) N L), and for every k > 0. Choosing ¢ > 0, dividing by ¢, and

then letting ¢ tend to zero, we obtain

fa(x,u,Vu)VTk(u—w)defka(u—uJ)dx.
Q Q

While the reverse inequality is obtained choosing ¢ < 0, dividing by —¢, and then letting ¢
tend to zero.

Step 4 : weak solutions. In this last part of the proof we consider the stronger assumption
feL?P" Q). Recalling that u,, € Wé P0/(Q) \L®(Q), we can choose A(uy) as test function

s +
in (6.21), where A(s) :f gy P Vgr.
0
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We obtain

fan(x,un,Vun)Vungﬁ(un)def [T (A(up)ldx
Q Q

(6.39)
< |A(up) ll ps0 “f”L(p*(x))"
Using Sobolev inequality we get
, Collf e eon)?”
fan(x)g(un)p(X)IVunl”‘X)s il S (6.40)
Q At
Thanks to the a.e. convergence of Vu,, to Vu and Fatou Lemma,
, Colfllgpeeon)?”
f a0 gw? O < S L (6.41)
Q

v 1+pt
Thus we have that the sequence

a(x,Ty(uy),Vuy)

_1 /
o, (x) 7@ is bounded in (L” Y (Q)N,
a(x)

1
and converges almost everywhere to a(x, u, Vu)a(x) »'® ' Hence italso converges weakly
in (L” O (@)N to its a.e.-limit. Noticing that for every ¢ € X7 ()

an(x)ﬁvq) — (x(x)ﬁvq) strongly in LPO(Q)N,

we can pass to the limit in (6.21) and conclude the proof.

Proof of Theorem 6.2.2

Step 1 : Approximation and a priori estimates.
Let (fu)uen be a sequence of smooth function such f;,;, — f in L1(Q) and | fal = 1f1, we
consider the following problem

(6.42)

—diva,(x,u,, Vu,) +Hy(x, uy, Vuy,) = f, in Q,
u, e WP ().

Where

H,(x, 5,8) = min[T, (B, (x) iy (8)[E]PY), max (=T, (B (x) hn (9)IEIPY), H, (x, 5, )],

h
h,(s) = gn(8)£, Brn(x)=T,Px)), and P (x) < 0a,(x).
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Note that the function H,, is bounded and
IHp (%, 5,8 < Tp(Bn () ha()IEPP ™) < Br(x) hn(s)E]PD71 (6.43)

h h
We also observe that g—" = —eLYR) and
n

h
h, < max{g(s):| s|< n}E, so that h, € L' (R).

Let (Tr(A(uy,))) " e®1%) be a test function in (6.42), we have

f an(x, Un, vun)VTk(A(un))een(un) dx
Q

+f H,,(x, up, Viey) (Tr(A(u,)) * e dx
Q

(6.44)
+ L al’l(x: Up, Vun)Vun egh((u’;) (Tk(A(un)))+een(un) dx

n

= f Fu(Tr(AGuy)) "™ g x.
Q
By (6.3) and (6.9), we have

f Hy (x, un, Vup) (Tk(A(un)))+een(un)dx
Q

" fg A (X, U, Vi) Vi, e;((u? (Tr(A(un)) ") dx > 0.

n

It follows that
f (X, U, Vi)V (T (Au,))) e dix < f | Ful (Ti(A(up))) 20
Alun)>0 Q
so we get, if g unbounded,
1
f an (%, Un, Vip) Vit g7 1 (1) e dx < f | full Te(A(un)) €M dx.  (6.45)

0<A(up)<k Q

By the assumption (6.3), there exist Cg, Cg > 0 such that

v f IVT(A(un) PP dx < Cg f 0ty () VT (A () [P
0<A(un)<k 0<A(un)<k (6 46)

p(x)
< f 0 ()8 (1) P 1 [V PP < Cokll £,
0<A(up)<k
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and if g bounded we obtain
1
f (%, U, Vi) Vit g7 7 (1) e dlx < f |l TkA )M dx.  (6.47)
0<A(un)<k Q

Using again the assumption (6.3), there exist C;p,Cq; > 0 such that

v f IVTi(A(un) PP dx < Cg f 0 () VT (A1) [P
0<A(uy)<k 0<A(up)<k
e " (6.48)
Sf 0 (0)g(un) P 1 |Vuy P < Ciikll fllp1,
0<A(u,)<k
By using the test function —(Ty(A(u,)))”e "7, and reasoning as before we get
v f VT (A(u) PP dx < Cip f 0 () VT (A1) [P
—k<A(u,)<0 —k<A(un)=0 (6.49)
< Ciskll flly1.
Combining (6.48) and (6.49), we get
v fg IVTi (A1) IPY < Cpy fQ 0 () VTR (A ) IPX < Crskll £l (6.50)
Therefore,
IVT, Al dx < Cisk, (6.51)

LT i IVTA @) e <1,
1= -
p- if [IVTrAwn)lpe = 1.

Thatimplies that (T (A(u5))) nen converges almost everywhere, for a subsequence, to some

measurable function u. Consequently, we have

Ti(A(uy) — Ti(A(w) weaklyin W, " (@),
Tr(A(un)) — Tr(A(w)) stronglyin LPY(Q), anda.e.in Q,

and on the other, by Lemma 6.2.1, that for every k > 0

0 () P VT (A1) — () P9 VT (A(w)) weakly in L (@), and

(6.52)
o (x) VT r(Aw)|PX e LH(Q).

Step2 : Strong convergence of truncations.
Let w; @) be a test function in (6.42), where wy, = T2x(Z,) be a test function in (6.21),
where Z,, = (A(up) —Tr(A(uy)) + Tr(A(uyn)) — Tr(A(w))), for h > k > 0. Taking M = 4k + h, we
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have

f an(x, u,, Vu,)V wnee“(”")dx+f H, (x, un,Vun)w,“;ee”(“”)dx
wp>0

wyp>0
h(u,)
+0 a, (x, un,Vun)Vun(—” w;egn(””)dx: fn w;ee”(“")dx,

wy>0 g(uy) wy>0

(6.53)

by (6.3) and (6.9), we have

f H,, (X, i, Vi) w; €91 dx
wyp>0

()

h
+0 a,(x, un,Vun)Vun—w;ee”(”")de 0.
w,>0 g(up)

So we get that,

f (X, tn, Vi) V1w, ") dx Sf faw e dy,
wy>0

wy,>0

We have
f a,(x, un,Vun)anee”(””)dx:f (X, Uy, Vi)V w, e dx
{w,>0} {wn>0tn{|A(up)|>k}

+[ (X, Uy, Vi)V w, e dx.
{wp>0In{|A(u,) <k}

(6.54)

Concerning the first term on the right hand side of (6.54) ; since Vw, =0 on
{IA(u,)| > M}, we have

f (%, Uy, Vi)V w, e dx
{wn>0In{A(uy,) >k}

Qan (x’ TM(un), VTM(un))VZneen(un)

f{wn>0}ﬂ{|A(un)|>k}

=

{wn>0N{|A(uy)|>k}

> — ¢l f (X, Ty (), Vg (un)) VT (A(w)) dx
{IA(un) 1>k}

> —g3(n).
For the second term on the right hand side of (6.54) ; we have for k>0

f a(x, T3 (tn), VI () (VT (A(un)) — VT (A1) €™ d x
{wn>03N{|A(u,)|<k}

See”("o)f | fullwyldx +e3(n).
{w;, >0}
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On the other hand, we have

f an (%, T (n), VT (Un)) [VTk(A(un)) — VT (A(w))] MW dx
{wn>0N{|A(uy) =k}

f [an(x, TE(un); VTg(un)) —an(x, T@(un)» VT@(U))]
{wy>0in{|A(uy) <k}

X[V (A(un) - VT (A(w))] €™ d x
+ f an (6, T7(Up), VI (W) [VTi(A(up)) — VTi (A1) dx.
{wy>0in{|A(uy) <k}
The third terms of the right hand tend to 0, as n tend to infinity. Thanks to step 2 of theo-
rem 6.2.1. So, we have

f [@n (%, Tg(tn), VT (1)
{wn>0In{A(uy) =k}

—an (%, Tp(up), VIZ () VT (A(n)) — VT (Aw)] ™) d x

o) (6.55)
=f an (X, T (un), VI (un)) [VTk(A(un)) — VT (Aw))] e dx +€4(n)
A=k

se9“‘°°)f{ }|fn(x)||wn|dx+€4(n)+83(7l)585(71),
Wnp>

as f, — f strongly in L'(Q), and wy, — 0 weakly* in L*°(Q).
Let —(w;)~ exp(—0n(u,)) be a test function in the problem (6.42), we obtain

f a,(x, un,Vun)ane_en(“”)dx+f —H,,(x, tp, Vit,) (wy) e ) g
w,p<0

wy,<0

h
+0 a,(x, u,, Vu,) —Vuy, () -
wn<0 g(un)

(wy)”e” MW dx = f — fa(wp) "M gy,

wy,<0

(6.56)

Reasoning as before, we get that

f a(x, uy, Vi) Vw,e M dx > —ec(n),
{w=0In{|A(uy,) >k}

where €¢(n) tend to 0 as n tend to infinity.

f an(x, T@(un), VT@(un)) (VT/E(un) — VTE(u))e—Bn(un)dx
w=0

Sf Ifnllwnle_e“(”")dx+86(n).
w=<0

Since w,, tend to 0 weakly * in L(Q), and f,, converge strongly to f in L!(Q) we conclude
that
an(x, Tz (un), VI (un)) (VT (A(uy)) — VTi(Aw))e M dx < e7(n).

w=0
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By adding the term to the last expression, we get

[an(x, T2 (), VIz(uy))—an(x, Tx(uy), VI (u,))]
fwso k k k k (6.57)

x (VT (A(un)) — VTr(A(w)) e ) dx < g7(n).

Combining (6.55) and (6.57), we get

/(;[an(xy T@(un),VT@(un)) —ap(x, TE(un); VT@(un))] X

(VTk(Aun)) — VTi(A(w))) e " dx < eg(n),
so by the Lemma 6.2.2, we conclude that
Ti(Aun) — Tr(Aw) in Wy (Q), VA(u,) — VAW) ae.in Q,
moreover we have
VT )P < ¢l VT (A ()P, (6.58)

thanks to the continuity of g.
By Lemma 6.2.1, for every k >0 we have

o(x)|VTr(w)| € L1H(Q), (6.59)

and

an(x)ﬁVTk(un) — & (X) P9 VT (1) weakly in (LP“ ()N, (6.60)

Step 3 : The equi-integrability of H,, (x, u,, Vuy)
In order to pass to the limit in the approximate problem, we shall show that
Hy (%, tn, Vi) — Hix, u, Vi) in L1(Q). (6.61)

Let E a set of Q such that meas(E) =0, and [/ > 0. We have

fIHn(x,un,Vun)Idxsfﬁ(x)h(un)|vun|p(x)dx
E E

:f ﬁ(x)h(un)IVunIP(x)dx+f ﬁ(x)h(un)lvunlp(x)dx
En{lu,|>1} Endlu,l <]}

:f ﬁ(X)h(un)|Vun|P(x)dx+f ﬁ(x)h(Tl(un)”VTl(un)|p(x)dx
En{lu,|>1} En{lunl<l}

5[ B(X) R (1) IV up P dx + max(h(s)) BV (un)PP dx.
Endlunl>1 [0,1] Enflu,|<l)

From (6.59), we deduce that the second term of the right hand side of the last inequality
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equal to 0 as meas(E) = 0. Prove that
f B(x) A(un) VT (un)|PPdx — 0.
En{lu,|>0}
Let (T (w4, = Ty (un)* exp(20n(uy,)) be a test function in the problem (6.42). We have

f an(x, up, Vup) VT (u, —Ti(uy,)) exp(20n(uy,))dx
I<up<l+1

+ f 20a,(x, uy, Vun)vurzM(Tl (up— Tl(un)))+ eXp(ZGT](un))dx
I<uy g(up)

+ H, (x, uy, vun)Tl(un_Tl(un))+exp(29r](un))dx

I<uy

= fn(T1(uy =Ty (un)) " exp@n(uy))dx.

I<uy,

By assumption (6.3) and (6.9) we have

f 1V 1l PO ) Att) (T (1t — T1 (16))* exp(20n () dx < Cg f fldx.  (6.62)
I<uy

I<up
Let — (T (u, — T;(u,))” exp(—20n(uy)) be a test function in the problem (6.42). Reason as

above, we get

f 1920 A) (T (1t =Ty 1) exp@n(un)dx = Cay f fldx.  (6.63)
Up<— u

n<-1

From (6.62) and (6.63) we conclude that
f IV, POB () M) dx < clgf |fldx. (6.64)
I<|upl

I<|upl

Let  tend to infinity we get
f V1| PO (x) h(un)dx — 0.
I<|uy|

Finally we get the equi-integrability of H.
Step 4 : Entropy solutions.
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Let (Tr(A(uy))) " e®%) be a test function in (6.42), we have

f an(x, Un, vun)VTk(A(un))een(un) dx
Q

+f H,,(x, up, Viey) (T (A(u,)) e dx
Q

0h(u,)

= f Fr(TeAGun))t e dx.
Q

(Tr(A(up))) ") g x

+f a,(x,u,, Vu,)Vuy,
Q

By (6.3) and (6.9), we have

f Hy (x, un, Vup) (Tk(A(un)))+een(un)dx
Q

0h(u,)
+f an(x, uy, Vuy)Vuy,
Q gl

n

It follows that

f A (X, 1, Vi)V (T (A1) €M) d x < f | ful (Ti (A1) "),
A(uyn)>0 Q

) (Tr (A1) e dx > 0.

(6.65)

s -
If the function g is unbounded, taking A(s) = f g(@Y? Vgt and by (6.3) we have
0

px)
Cig f Oy (1) g (1) POT [V 14, | P ON(00n)
0<A(uw)<k
L on(uy)
< an (X, un, Vu))VTi(u,)gr 1 (uy)e " "dx
0<A(uw)<k
< fQ | Full T (A () |91 dx

< Cookll fllyr.
$ +
Else, taking A(s) :f g(‘r)l/(” _Dd‘r, and by (6.3) we obtain
0
P () N (1)
Co1 0 (X) 8 (Up) POV, [P N Hn
0<A(uw)<k

1
0<A(w)<k

< f | Ful T (A)) €210 g
Q

< Co2kll fllyr.
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By means of (6.66) and (6.67), we obtain
f 0 (X)8n (Un)” V1 |PD < Cogkll fllpa. (6.68)
0<A(w)<k

Let (Tr(A(un))) exp(—6n(u,)) be a test function in the problem (6.42). Reason as above,

we get
f 0 (%) €n (1)P PV 10, |PP < Coskll fllpa. (6.69)
—k<A(u)<0

Combining (6.68) and (6.69), we have
fQ (0 g ()P PV Uy P9 < Coskll £l (6.70)

Letp e X} Y(Q) nL®(Q), where X7 9 (Q) is the space defined in (6.13),

taking ¢ = Ty (u,, — @) as a test function in the approximate problem, we get

fgan(x,un,Vun)VTk(un—(p)dx+fQHn(x,un,Vun)Tk(un—(p)dx:fgfnTk(un—Lp)dx.

Adding and subtracting in the equation above the term

/(;an(x» Up, VO)VT i (uy — @) dx

we obtain

J

an(X, Up, Vy) — an(x, un,ch)] VTi(up—@)dx+ fQ an (X, up, VO)VT(uy —@)dx

+fQHn(x, un,Vun)Tk(un—cp)dx:fﬂfnTk(un—cp)dx.

We then have, once again by (6.4)

an"(x’ un,V(p)VTk(un—cp)dx+fQHn(x, Un, V) Tr(uy —@)dx < fonTk(un —)dx.
(6.71)
Noticing that {|u,, — | < k} < {lu,| < k+ l|@ll1~} and that

a(x,T,(u),Ve)
a(x)

ann(x, un,V(p)VTk(un—cp)dx:fQ o (X) VT (uy —p)dx

we can pass to the limit in (6.71) using assumption (6.2), the a.e. convergence of u;, and
1
the weak convergence of a(x)»® VT (u,) proved in Step 2. Hence we obtain, for every

k>0,

fa(x,u,V(p)VTk(u—(p)dx+fH(x,u,Vu)Tk(u—(p)dxsfka(u—(p)dx. (6.72)
Q Q Q
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As in the last part of Theorem 6.2.1 we take advantage of Lemma 7 of [30] to infer that, for
every k >0,

fa(x,u,Vu)VTk(u—(p)+fH(x,u,Vu)Tk(u—cp):fka(u—(p),
Q Q Q

Vo e W, "M@ nLe@).

Step 5 : weak solutions. Let f € L» *('))’(Q), for each n € N, there exists a weak solution
Uy, € Wé'p N (), which is an admissible test function in the weak sense (6.42). By Theorem
2.10 in [4], we have u, € L*(Q), and so A(u,) € Wé'p(') (Q) NL>*(Q) for all n € N, where

s —

0
Let v = " (A(u,,))* be a test function in (6.42), we obtain

f (X, Uy, Vi) VA(uy,) e d x + f H,,(x, ttyy, V) Alu,) e dx
A(u,)=0

Alitn)=0 (6.73)

0h
+f a,(x, un,Vun)A(un)ﬂeen(“”)Vundx:f FAu) e dx.
Al1,)=0 g(uy,) Alty)=0

Un

On the other hand, by (6.3) and (6.9) we have

6h
f a,(x, un,Vun)A(un)ﬂeen(”")Vundx
Aup)=0 g(uy)

Un

+f H; (x, un,Vun)A(un)eB”(”")dx >0
Aup)=0
So (6.73) becomes

f (X, U, Vi) VA (1) M) d x < f FAG,) ™M dy. (6.74)
A(uy)=0 A

(un)=0

By the assumption (6.3), there exists Cyg > 0 such that

P px) ,0n(uy,) on(un)
Cog 0 (%) g (Up) PO-T |V, |7 e M < fA(up)e" " dx. (6.75)
A11,)=0 Al1,)=0

Let v = —e M) (A(1,))” be a test function in (6.42), and reasing as above we get
px)
C27f (xn(x)g(un) px)-1 |Vun|p(x) ee”(””) < f fA(un)ee“(””)dx (676)
Aun)<0 Alun)=0

Adding up (6.75) and (6.76), we conclude that there exists Cpg > 0 such that

p(x)
fQ 0 (1) g (1) PO T V14, [P < Cog fQ FA@Ax < Cogl AW I peco Il pecor- 6.77)

Using Sobolev inequality and, thanks to the a.e. convergence of Vu, to Vu and Fatou
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Lemma,
px) x) p+l
an(x)g(un) p-1 |vun|P = C29(”f” (p*(-))’) .
Q

Thus we have that the sequence

a(x, Tp(uy), Vuy)

_1 /
o, (x) 7@ isbounded in (LP ' (Q)Y, (6.78)
a(x)

_1 /
and converges almost everywhere to a(x, u, Vu)g(|ul) 7@ ! and weakly in LP )N to its
a.e.-limit. Noticing that for every ¢ € Xg Q)

o (x) ﬁwp - (x(x)ﬁV(p strongly in LPO ()N,
Let ¢ € X?(Q) NL®(Q), then

fan(x,un,Vun)(pdx+fHn(x,un,Vun)(pdx:ff(pdx, (6.79)
Q Q Q

it follows from (6.61) and (6.78) that we may pass to the limit in (6.79) and conclude the

proof.
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