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Résumé

L’objectif de cette these est double : La premiere partie est consacrée a 1’étude
de certains problemes elliptiques anisotropes. Plus précisément, nous examinons
deux problemes elliptiques anisotropes paramétriques avec des conditions aux lim-
ites de Dirichlet et de Robin, dans le but d’établir I'existence et la multiplicité de
solutions. Un défi majeur se présente lorsque 'on traite de 'existence de solutions,
notamment lorsque les non-linéarités dépendent du gradient. Cela implique que des
méthodes variationnelles telles que le théoreme du Mountain Pass ne peuvent pas
étre utilisées. Pour surmonter cet obstacle, nous utilisons une méthode topologique
basée sur la subjectivité des opérateurs pseudomonotones, comme démontré par
Carl et al. [24]. De plus, nous établissons I'unicité de la solution. De plus, nous
relachons la dépendance au gradient des non-linéarités et prouvons un résultat
de multiplicité pour trois solutions faibles en utilisant le principe variationnel de
Ricceri. Dans la deuxieme partie, nous étudions les problemes de résonance et
de non-résonance pour certains systemes elliptiques paramétriques. Dans les deux
cas, les informations disponibles concernant le spectre de Lusternik-Schnirelmann
du probleme de valeurs propres associé sont limitées. Dans le cas de la résonance,
nous nous concentrons sur un systeme elliptique paramétrique ou les non-linéarités
impliquent une convection et la convolution de la solution. A l'inverse, dans le cas
de la non-résonance, nous examinons la solvabilité a gauche de I'infimum positif
de toutes les valeurs propres pour certains problemes elliptiques quasi-linéaires
non-résonants avec des exposants variables. Nous établissons I’existence de la so-
lution en utilisant la méme méthode, a savoir la surjectivité des opérateurs pseu-
domonotones, 'unicité étant prouvée a l'aide d’arguments similaires. Enfin, nous
considérons des systemes de type gradient et prouvons l'existence d’une solution
en utilisant une approche variationnelle.

Mots-clefs: Equations elliptiques anisotropes, espaces de Sobolev a exposant
variable, existence et multiplicité, problemes de résonance et de non-résonance,
spectre de Lusternik-Schnirelmann.
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Abstract

The aim of this thesis is twofold: The first part is devoted to the study of
some anisotropic elliptic problems. Specifically, we investigate two parametric
anisotropic elliptic problems with Dirichlet and Robin boundary conditions, aim-
ing to establish the existence and multiplicity of solutions. One major challenge
arises when dealing with the existence of solutions, particularly when the nonlin-
earities are gradient-dependent. This implies that variational methods such as the
Mountain Pass theorem cannot be employed. To overcome this obstacle, we utilize
a topological method based on the subjectivity of pseudomonotone operators, as
demonstrated by Carl et al. [24]. Moreover, we establish the uniqueness of the
solution. Additionally, we relax the gradient dependence of the nonlinearities and
prove a multiplicity result for three weak solutions using Ricceri’s variational prin-
ciple. In the second part, we investigate resonance and non-resonance phenomena
for some parametric elliptic systems. In both cases, there is limited available infor-
mation concerning the Lusternik-Schnirelmann spectrum of the associated eigen-
value problem. In the resonance case, we focus on a parametric elliptic system
where the nonlinearities involve convection and the convolution of the solution.
Conversely, in the non-resonance case, we investigate the solvability on the left
side of the positive infimum of all eigenvalues for specific quasilinear elliptic prob-
lems with variable exponents, ensuring they are non-resonant. We establish the
existence of the solution by employing the same method, namely the surjectivity
of pseudomonotone operators, with uniqueness being proven using similar argu-
ments. Finally, we consider gradient-type systems and prove the existence of a
solution using a variational approach.

Keywords: Anisotropic elliptic equations, variable exponent Sobolev spaces,
existence and multiplicity, resonance and non-resonance phenomena, Lusternik-
Schnirelmann spectrum.
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Résumé détaillé

Cette these se concentre sur deux aspects principaux : I'étude de problemes el-
liptiques anisotropes avec des conditions aux limites de Dirichlet et de Robin,
et I'analyse de systemes elliptiques paramétriques en résonance et non-résonance.
Dans les deux parties, 'accent est mis sur l'existence et la multiplicité des so-
lutions, en utilisant des méthodes topologiques et variationnelles adaptées aux
non-linéarités dépendant du gradient.

Le manuscrit proposé comporte une introduction générale suivie de cing
chapitres, dont quatre répartis sur deux parties, que ’'on peut résumer ainsi :

Le premier chapitre est dédié aux notations, définitions et propriétés des espaces
fonctionnels généralisés de Lebesgue et de Sobolev. Nous y présentons également
des résultats fondamentaux basés sur la théorie du point fixe et des points critiques.

Le deuxieme chapitre traite d'une classe d’équations elliptiques anisotropes a
exposants variables avec des termes de convection, soumises a une condition aux
limites de Dirichlet :

N
=1

u=>0 on 0f2,

ou l'opérateur

N
Aq*(x) (u) = Z O, (|8xlu qi(z)—2 8%“),
i=1

est connu sous le nom de pseudo-p(z)-Laplacien. Dans ce cadre, nous prouvons
I’existence d’une solution en utilisant la surjectivité des opérateurs pseudomono-
tones et, sous certaines conditions supplémentaires, nous montrons I'unicité de
cette solution. Ensuite, nous considérons un cas sans dépendance en gradient
dans la non-linéarité et prouvons l’existence d’au moins trois solutions faibles en
appliquant le principe variationnel de Ricceri.

Le troisieme chapitre aborde une autre classe d’équations elliptiques
anisotropes a exposants variables, avec des conditions aux limites non linéaires
de type Robin, a savoir :



N
— Z O, i (2, Op,u) + () [u[P @2y = A f(x,u, Vu) + h(z)  dans Q,

N
Zaz x, Oy, u)v;(z) = pg(x, u) sur 02,
=1

ou nous obtenons des résultats similaires a ceux du deuxieme chapitre.

Dans le quatrieme chapitre, nous étudions des systemes quasilinéaires ellip-
tiques a exposants variables dans des domaines non résonants. Nous traitons des
problemes de la forme :

—Ap ()1 — 1A @)U = f1 (z,u1, uz, Vuy, Vug) + hy(x) dans Q,

_APQ(I)UQ - MQqu(z)Uz = fo (z,u1, u, Vuy, Vug) + ho(z) dans €,

Uy = uy =0 sur 052,
Nous prouvons l'existence et 1'unicité de solutions pour ces systemes, ainsi que
I’existence de solutions pour des systemes de type gradient non résonants, en

utilisant des méthodes variationnelles.

Le cinquieme et dernier chapitre est consacré a 1’étude de systemes elliptiques
paramétriques dégénérés avec des termes de convection pres de la résonance. Nous

considérons d’abord un systéeme avec convection proche de la résonance, de la
forme :

— Ay b — 1Ay g U = )\al(x)\u]pl_2u + fi(z,u,v, Vu, Vo) + hi(x) dans €,
_sz,pzv - /‘LQAUJQ,QQU = ﬂ,a2<l’)|1}|p2_2’l} + fg(l‘, u,v, VU’? VU) + hQ('I) dans Q7
u=v=>0 sur 0,

puis nous étudions un autre systeme elliptique a résonance avec termes de convec-
tion, sous la forme :

— Ay U — 1Ay = Arag () |[ulP 2+ Ajw() [u|* 2ulv|*?
+ fi(z,u,v, Vu, Vo) + hi(x) dans €2,

— Ay ¥ — M2y o0 = Maz(z)|[0[P2 20 + Mjw(x)|v|*?2v|u|™
+ fo(z,u,v, Vu, Vo) + ha(x) dans €,
u=v=0 sur 0f).

Dans les deux cas, nous prouvons l’existence d’une solution faible en utilisant
la surjectivité des opérateurs pseudomonotones et une approche variationnelle.
De plus, nous étudions un systeme de type gradient a la résonance et prouvons
I’existence d’une solution en utilisant une approche variationnelle.
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Introduction

Partial differential equations (PDEs) represent a field of mathematics that is both
ancient and profound, offering a blend of precision and beauty. Among these,
elliptic PDEs stand out for their clear and elegant structure. Starting from fun-
damental linear equations like Laplace, Poisson, and Helmholtz, one can quickly
advance to deep insights into nonlinear elliptic problems and the nuanced study of
their solutions. The application of PDEs to model physical phenomena has been a
driving force in their evolution, a tradition that traces back to the innovative ideas
of Poincaré. This modern analytical approach has revolutionized our understand-
ing of both linear and nonlinear PDEs. The concept of variable exponent Lebesgue
spaces first emerged in Orlicz’s work [72] in 1931. Orlicz explored function spaces
encompassing all measurable functions u : 2 — R that satisfy

p(\u) = / (M Ju())dz,

for some A > 0 and a function ¢ meeting certain conditions, where {2 is an open
subset of RV. These spaces, known as Orlicz spaces and denoted by L%, did not
initially include the case of |u(z)[P®*) with variable exponents. In the 1950s, Nakano
[68] furthered the study of modular function spaces, acknowledging variable expo-
nent Lebesgue spaces as a special case within a broader framework. Subsequent
research by Polish mathematicians like Musielak [66], and independent develop-
ments by Russian researchers such as Tsenov [83] and Sharapudinov [81], expanded
the understanding of these spaces. They investigated the minimization of func-
tionals expressed as

b
[ 1uta@) = o)

where u is a given function and v varies within a subspace of LP@®([a,b]). Zhikov
[90] initiated a new line of inquiry linking variable exponent spaces to variational
integrals with nonstandard growth conditions. Marcellini’s work [60] on minimiza-
tion problems with (p, ¢)-growth, described by

in / F(z, |Vul)dz,
Q

1



where F(z,t) satisfies t? < F(x,t) < t9+ 1 for all t > 0, further enriched this
field. The specific case of variable exponents corresponds to F(x,t) = t?*), with
p: Q —]1, 00[ being a bounded function.

In 1991, Kovacik and Rékosnik [54] laid the groundwork for the properties of
spaces LP@) and WP with variable exponents. Fan and Zhao [44] extended
these findings to the Sobolev spaces W™P(®)  Acerbi and Mingione [1] provided
foundational regularity results for functionals with nonstandard growth, while Ed-
munds and Rékosnik [35, 36] contributed to the understanding of smooth function
density in W™P®)(Q)) and related embedding properties. The Finnish research
group’s work on variable exponent spaces and image processing, aiming to explore
nonlinear potential theory in variable exponent Sobolev spaces, has been note-
worthy. The comprehensive theory of Lebesgue and Sobolev spaces with variable
exponents was systematically presented in the monograph by Diening, Harjulehto,
Hésto, and Ruzicka [32].

This thesis delves into two primary areas of interest: exploring anisotropic
elliptic problems and investigating resonance and non-resonance phenomena.
Anisotropic elliptic problems in PDEs are equations that model physical pro-
cesses where properties such as diffusivity or conductivity vary with direction.
These problems are described by differential operators that take into account the
anisotropy of the medium. The operator

N
Aﬁ(ﬂc) (u) = Z 8961 <|aa:,u pi(z)=2 a@“) )
=1

is known as the pseudo-p(z)-Laplacian. It generalizes the standard Laplacian to
accommodate variable exponents that depend on the spatial variables, reflecting
the anisotropic nature of the medium. An elliptic PDE involving this operator
might look like

—Ajay(v) = f(z,u),

where f is a nonlinearity that verifies some growth conditions. Many authors
have contributed to this aspect of PDEs, we cite Boureanu and Radulescu [21] for
instance who treated the following problem

N
— Z O ai(x, Op,u) + b(x)[ufPr @2y = f(z,u)  inQ,

=1



where a;, for i € {1,..., N}, is a more general operator that verifies conditions
(A1) — (A3) as mentioned in Chapters 2 and 3.

On the other hand, resonance and non-resonance in the context of elliptic
partial differential equations refer to the behavior of solutions in relation to the
eigenvalues of the associated differential operator. Resonance occurs when the
natural frequencies of the system, represented by the eigenvalues of the differential
operator, align with the frequencies of external forces or sources. In the case of
elliptic PDEs, this can lead to solutions that exhibit large amplitudes or particular
patterns. Mathematically, consider the elliptic operator L acting on a function
in a domain €2, with boundary conditions on 0f2

Lu = —Au+V(z)u,

where A is the Laplacian and V' (z) is a potential function. If X is an eigenvalue
of L, then resonance may occur when the external force has a component with
frequency A. Non-resonance, on the flip side, refers to the situation where the
external forces do not align with the system’s natural frequencies. In this case,
the solutions to the elliptic PDEs do not exhibit the amplified behavior seen in
resonance. For the same operator L as above, non-resonance would imply that the
external force’s frequency is not an eigenvalue of L. Consider the boundary value
problem for an elliptic PDE

—Au+v(z)u= f(z) inQ,
u=>0 on 0f),

where f(z) represents an external force or source term. The resonance condition
can be expressed as

léﬂ@@@ﬂx#&

for some eigenfunction ¢; corresponding to the eigenvalue \; of L. In contrast,
non-resonance would mean

téﬂ@@@ﬂw=&

for all eigenfunctions ¢; of L. In variable exponent spaces, the concept of resonance
and non-resonance can be extended to PDEs with p-Laplacian operators, where
the exponent p varies with position

—Apyu = —div (|Vu|p("”)_2Vu).



Here, the resonance and non-resonance conditions would involve the variable expo-
nent p(x) and the corresponding eigenvalues and eigenfunctions of the A, operator.

This thesis is organized in the following manner: The first chapter is dedicated
to notations, the definitions, and properties of functional spaces, as well as the
fundamental results upon which we build in subsequent sections. These results
are provided without proof, and for more details, we refer to the bibliography.

In the second chapter, we deal with a class of anisotropic elliptic equations with
variable exponents and convection terms, and with a Dirichlet boundary condition,
that is,

N
— Z Op, (2, Op,u) — gy () = A f (2, u, Vu) + h(x) in €,

u=10 on OS2,

where we prove the existence of the solution using the surjectivity result of pseu-
domonotone operators, and under additional conditions on the data, we show that
the solution is unique. Lastly, we drop the gradient dependence on the nonlinearity
and establish the existence of at least three weak solutions using the direct Ricceri
variational principle. Authored by Ouannasser and El Hachimi [75], this research
paper has been submitted for publication.

In the third chapter, we investigate another class of anisotropic elliptic equa-
tions with variable exponents, convection terms, but with Robin nonlinear bound-
ary conditions, that is,

N
— Z&ciai(x, Op ) + b(2)|uP @2y = \f(z,u, Vu) + h(z)  in €,

N
Zal x, O, u)vi(x) = pg(z, w) on 0L,
i=1

where we prove the same results as in Chapter 2. The difference here lays in
the fact that we do not make use of the first eigenvalue related to the following
anisotropic eigenvalue problem studied by Mihailescu and Morosanu [61]

N
-y, (I@miu
i=1

pi(x)—2 amlu) — )\|u|r(z)—2u in Q7

u=20 on 0.

Instead, we wuse the best Sobolev constant in the continuous embeddings
WEP@) (Q) s LI@(Q) and WHPE) (Q) < L4@)(9Q). This work, which is authored
by Ouannasser and El Hachimi [74], has been recently accepted in Filomat.



In the fourth chapter, we investigate the solvability on the left side of the
positive infimum of all eigenvalues for specific quasilinear elliptic problems with
variable exponents, ensuring they are non-resonant. In simpler terms, we deal with
the following problem

_Apl(a:)ul - MlAql(x)Ul = fi (95, Uy, g, Vg, VUQ) + h1($) in €2,
—Ap, Uz — P2l ytie = fo (2,1, U, Vur, Vug) + ho(z) in Q,
U =up =0 on 0f),

where we obtain the existence and uniqueness of the solution. Moreover, our focus
extends to non-resonant gradient-type systems, where we establish existence using
of a variational approach. The recent publication of this work by Ouannasser and
El Hachimi [73] appeared in the Moroccan Journal of Pure and Applied Analysis.

In the fifth and final chapter, we dedicate the first part to the study of the
following degenerate parametric elliptic system with convection terms near reso-
nance

=Dy gyt — 1Ay U = Aay () |[ufP*?u + fi(x,u,v, Vu, Vv) + hy(z) in Q,
=Dy oV — 12Dy 00 = uag(:ﬂ)]v\m_% + fo(z,u,v, Vu, Vo) + ho(x) in £,
u=0v=>0 on 0f),

while in the second part, we deal with another parametric elliptic system with
convection terms at resonance, that is,

— Ayt — 1Ay = Arag () |[uP 2+ Aw(z) [u|* v
+ fi(z,u,v, Vu, Vo) + hy(x) in Q,
— Ay po¥ — Moy 0,0 = Araa(z) |02 20 + Ajw(x)|v]*2 2v|u|™
+ fo(z,u, v, Vu, Vv) + ho(x) in Q,
u=v=>0 on 0f).

In both parts, we make use of the surjectivity result of pseudomonotone operators
to obtain the existence of at least one weak solution. Furthermore, we study a
gradient-type system at resonance and prove the existence of a solution using a
variational approach. This work is in progress and is currently being prepared for
submission.



Chapter 1

Functional framework

1.1 Classical Lebesgue-Sobolev spaces

The objective of this section is to propose suitable analogs for the Lebesgue spaces
LP and Sobolev spaces W¥*?. It is evident that a straightforward substitution of p
with p(z) in the conventional norm definition for L? is not viable. However, the
Lebesgue spaces can be viewed as specific instances of the Orlicz spaces within a
broader family known as modular spaces. This approach allows the establishment
of analogous counterparts for the Luxemburg and Orlicz norms in LP®*). When
the function p is almost everywhere finite in €, then LP(*) becomes a specific case
of the Orlicz-Musielak spaces, as treated by Musielak [66].

We extend the definition of LP® to include functions p with values in the
interval [1, +oo[. Let Q C RY be a measurable subset with a measure meas(Q) > 0.

The sets C(€2) and C, (2) are defined as follows
C(€) = {u: u is a continuous function in Q},
C+(Q) = {u €C(): ess 1%fu > 1}.
Let §(Q2) denote the set of all measurable real functions defined on 2. Two
functions in S(2) are considered identical in S(£2) when they are equal almost

everywhere. Assuming ) is a bounded domain of RY with a smooth boundary
0, and p € C(Q,R) with p(z) > 1 for any x € Q, we denote p~ = inép(an) and
xe

p" = supp(z).
e
Additionally, we define the functions p*(z) and p?(z) as follows
Np(z) .
. ———— if p(z) < N,
p(x) = N —plz)
+o00 if p(x) > N.



and

(N -l
P ={ Nopy MO
+00 if p(z) > N.

It follows that p~— > 1 and p™ < co. Let M be either Q or 92. The variable
exponent Lebesgue space LP(®)(M) is defined as the set of measurable functions

u : M — R such that lu(x)|P®dz < oo, equipped with the Luxembourg norm

p(z)
de <15.

Proposition 1.1.1 (see Fan and Zhao [44]). Let p(u) = / |u(x)[P@dz. For
M
u, u, € LP@ (M) with k € {1,2,...}, we have

M
”qu(x) = ||UHLP(I)(M) given by

u(z)

T

||u||p(z) = ||u||LP(¢)(M) = inf {7‘ > O,/
M

+ p—
1 ullproragy < 1= Tl < 20 (0) <l 00

2 lullsrgany > 1= [l < 2 (1) < 02
3. k] poor (pgy — 0 = pp() (u) — 0.
4 ||Uk||Lp(z)(M) — 00 <= py() (ur) — co.
In addition, if (u,), C LP® (M), then
Hm fjun — ull gy pg) = 0= lim_py) (up —u) =0

n—-+00 n——+oo

< (uyp), converges to u in measure and lim pp.) (un) = pp)(u).

n n—-—+o0o

Remark 1.1.2. From Proposition 1.1.1, we have

+ - + -
ooy () < max { [l ully } < Nl + Nl
We define the variable exponent Sobolev space

W@(Q) = {u e POQ) : |Vu| € MO (Q)},

p(z)
de <15.

endowed with the norm

\Y
||u||W1>P(x)(Q) = inf {7- > 07/ (‘ U(.’IZ)
Q T

p(z) u 1,)

T




In general, the smooth functions are not dense in W@ (Q), but if the variable

exponent p € C () is logarithmic Hélder continuous, that is

M

Ip(x) — p(y)| < Tlog(jz —y|)

1
, for all x,y € Q, such that |[x — y| < 3

then the smooth functions are dense in W' (Q). Now, denote by W™ (2) the
closure of C°(€2) in W'P(*)(Q)). Hereafter, we assume that p~ > 1.

Proposition 1.1.3 (see Fan and Zhao [44]). For any u € LP®(M) and v €
LI®) (M), the following inequality holds

/ luv|dz < 2||u|p@)l|v]lq@),  for all u € LP@ (M) and v € L‘I("E)(M).
M

1

where — 4+ —— =1
p(z)  q(@)
Proposition 1.1.4 (see Fan and Zhao [44]). The following Poincaré inequality
holds
lull ooy < ellVullpoey,  for all w € Wy (@),
where ¢ > 0.

Proposition 1.1.5 (see Fan and Zhao [44]). The spaces LP™ (), WP (Q) and
I/VO1 P (‘T)(Q) are separable and reflexive Banach spaces.

Proposition 1.1.6 (see Fan and Zhao [44]). Assume that the boundary of Q1 C
RN, N >2 possesses the cone property and p € C(Q). If ¢ € C(Q) and 1 < q(z) <
p*(x) for x € ), then there is a compact embedding

WP@(Q) — L1(Q).

Proposition 1.1.7 (see Fan and Zhao [44]). Let Q@ C RN, N > 2 be a bounded
domain with smooth boundary. Suppose that p € C(S2) and r € C(Q2) satisfy the
condition 1 < r(z) < p?(x) for x € 0, then there is a compact boundary trace

embedding
Whe@(Q) — L@ (09).



1.2 Classical anisotropic Sobolev spaces

Now, we introduce the anisotropic variable exponent Sobolev space W@ (Q),
where 7 : Q — R¥ is a vectorial function defined as

where for all i € {1,..., N}, p; € C. (), we set

py () = max {py(z),...,pn ()} and py(z) = min{pi(z), ..., pn(2)},

for all z € Q. The anisotropic Sobolev space with variable exponent is introduced

by
WEPE(Q) = {u € LPMO(Q) : 9,,u € LP(Q), for alli € {1,...,N}}.
and it is endowed with the norm
N
[ullwrse @) = |U|LpM(x>(Q) + Z |6€Ciu|LPi(z)(Q)'
=1

The space (W'P(Q), | - [lwis)) forms a reflexive Banach space for any p €
C (Q,RN), where each component p; > 1 for all i« € {1,...,N}. A notewor-
thy subspace within WL2@(Q) is W, (m)(Q), representing functions that vanish
on the boundary. The anisotropic variable exponent Sobolev space VVO1 P (x)(Q) is
defined as the closure of C5°(€2) with respect to the norm

N
vl pzy = Z |0z, ul )
=1

When each p; € C,(Q2) is a constant function for all i € {1,..., N}, the resulting
anisotropic Sobolev space is denoted as VVO1 P(€)), where p represents the constant

vector (p1,...,py). As indicated in Fan [42], the space (Wol’ﬁ(Q), || - ||W1,ﬁ‘(9))
0

forms a reflexive Banach space for any p' € C (Q,RN ), given that p; > 1 for all
i€ {l,...,N}. Now, denote

pu(x) = max{pi(z),....pn(2)},  pm(r) = min{pi(z),....pn(2)},

and

pi =max{p],....pN}, py=max{pr,....,px}, p,=min{p;,....py}



Below we assume that

Al
> —>1, (1.2.1)
iz1 i
and define p* ,p_ . € R by
X N — *
pt o= ﬁ and p_ o := max {pM,p_}.
S Lo
im1 Pi

For any ¢ € C,(Q) with 1 < q(z) < p_ o, for a.e z € Q, we denote S, q the best
constant in the continuous embedding W@ (Q) — L@ (Q), that is,

vew 7D @\{0} [[0]| Lar)

Sq(z),0 =

Similarly, for any ¢ € C, () verifying 1 < g(z) < mg%{p?(x), o, p%(2)}, where
e

(o) = {(N = Dpi(@)/[N = pil@)] i i) < W,
' 00 if pi(x) > N,

for all z € Q and for i € {1,..., N}, we denote Sy(x),00 the best constant in the
embedding WP@) (Q) < L) (9Q).

Proposition 1.2.1 (see Mihailescu et al. [62]). Suppose that Q@ C RY(N > 3) is
a bounded domain with smooth boundary and relation (1.2.1) is fulfilled. For any
q € C(Q) verifying 1 < q(x) < p_ for all x € Q, the embedding W P& (Q)
L1®)(Q) is continuous and compact.

Proposition 1.2.2 (see Boureanu and Radulescu [21]). Suppose that p €
(C+(Q))N and q¢ € C(Q) satisfying 1 < q(z) < rIelgsl2 {P(z),....0% ()}, for
all z € 9. Then, the embedding W P®) (Q) < LI (9Q) is compact.

Remark 1.2.3. If p;(z) < ¢;(z) fori € {1,..., N} and any x € Q. Then, we have
LE@(Q) — LP(Q).

Therefore, there exists k; > 0 such that

HU pi(z) < lequi(r)? for all u € LQi(x)(Q)7

Remark 1.2.4. If p;(z) < ¢;(z) for all i € {1,..., N} and for any x € Q. Then,
we have

10



Wol’(j(w)(Q) SN W[)l’ﬁ($)(Q).
Therefore, there exists ky > 0 such that
ullgey < allullg, for all u e WeT (@),

Moreover, using Proposition 1.2.1 and Remark 1.2.3, there exists k3 > 0 such that
N N
Z Ppi (aﬂczu) < ks +pX/I Z Pq; (a’l«“zu)
i=1 =1
Remark 1.2.5. Using Proposition 1.2.1, we obtain

N a7 ]
10, u""@ > Tollsty _ . for all w € WHP(Q) with [Ju] > 1.
— Npm—1 °

1.3 Preliminary results

Lemma 1.3.1. (see Carl et al. [24]) Let X be a real reflexive Banach space, and
assume that J : X — X* is a bounded, pseudomonotone and coercive operator.
Then, there ezists a solution to the equation J(u) = h, for all h € X*.

Theorem 1.3.2. (see Ricceri [78]) Let X be a reflexive real Banach space and I
a real interval. H : X — R a continuously differentiable and sequentially weakly
lower semi-continuous functional whose derivative admits a continuous inverse
on X*, K : X — R a continuously differentiable functional whose derivative is
compact. Assume that

(2) lim (H(u)+ AC(u)) = oo, for all X € I.

l[ul| =00

(i7) There exists v € R such that

sup inf (H(u) + MK (u) + 7)) < inf sup(H(u) + A(K(u) +7)).

Ael UEX ueX \egr

Then, there exist an open interval A C I and a positive real number p such that,
for each A € A and for every M : X — R continuously differentiable, with compact
derivative, there exists 6 > 0 such that Y € [0, 6], the equation

H (u) + pM' (u) + A (u) = 0,

has at least three solutions in X whose norms are less than p.

11



Part 1

On some anisotropic elliptic
problems

12



Chapter 2

Parametric anisotropic elliptic
problems with variable exponents
and convection terms

In this chapter, we study a class of parametric anisotropic elliptic equations with
variable exponents where the nonlinearity may depend on the gradient of the
solution. We prove the existence of the solution using the surjectivity result of
pseudomonotone operators, and under additional conditions on the data, we show
that the solution is unique. Moreover, we establish the existence of at least three
weak solutions using the direct Ricceri variational principle when the nonlinearity
does not depend on the gradient.

2.1 Introduction

The attention towards anisotropic elliptic problems with variable exponents has
grown due to their capability to capture complex physical phenomena that exhibit
different behaviors or intensities across various parts of the domain. The variable
exponents can arise from the nonlinearity of the underlying physical process or
from the heterogeneous nature of the problem domain. Studying these problems is
of utmost importance as it allows for a more accurate modeling of real-world sit-
uations, including materials with spatially varying properties, porous media flow,
and non-Newtonian fluid flows. The investigation of problems with convection
terms holds great importance, as they play a vital role in several physical and
engineering applications, including fluid dynamics, combustion, heat transfer, and
environmental modeling.

In this chapter, we deal with a class of anisotropic elliptic equations with
variable exponents and convection terms, and with a Dirichlet boundary condition.

13



In other words, we study the following problem

N
— Z(‘?xiai(x, Op ) — Gy (w) = AMf (@, u, Vu) + h(z)  in Q, (2.1.1)
i=1 1.

u=>0 on 0f),

where  is a bounded domain of RY with smooth boundary 9, N > 2, A\, > 0
are real numbers, h € (Wol’ﬁ(x)(Q)> and f: Q x R x RY — R is a function of

Carathéodory verifying some growth conditions that will be stated later.

In the last few years, a new operator captured the attention of many authors,
and this is thanks to the development of the theory of anisotropic Sobolev spaces.
This operator is the pseudo-p-Laplacian, that is,

N
Ap(u) = 0y, (|05,ul" " 0y,u) . (2.1.2)

i=1

The same operator is generalized to ultimately become the pseudo-p(z)-Laplacian,
that is,

N
=1

In the current chapter, we deal with a problem that involves a more general type
of operator, that is

N
> 0,ai(x, 0g,u), (2.1.4)
=1

where, for all i € {1,...,N}, a; : 2 x R — R are Carathéodory-type functions
verifying

(A1) Ai(x,0) =0 and A;(z, —t) = A;(x,t), for all 2z € Q and t € R, where

t
Az(xat):/ ai(.’E,S)dS,
0

for all x € 2 and t € R.
(As) ai(z,-) is strictly monotone in R, for all z € €2, that is
(ai(x,s) —a;(x,t)) (s —t) >0,

14



for all (s,t) € R?, with s # ¢.

(A3) There exist positive constants o; and p; such that

Pi@ < gi(z, )t and  |ag(z,t)| < pgltPe) 1,

O'l|t
for all zx € Q2 and t € R.
Note that by hypotheses (A1) and (Ajz), we have

pi(x) < pi(l')Ai(iL’,t) < pi‘t pi(z)

O'zlt

for all x € 2 and t € R.

Many works have discussed problems in which the term on the right-hand side
depends on the gradient of the solution in the context of anisotropic elliptic equa-
tions. For example, Akdim and Salmani [6] and Di Nardo and Feo [31] investigated
this type of problem in the anisotropic Sobolev space W'?(Q). Our aim here is on
one hand to deal with a gradient-dependent nonlinearity in the anisotropic variable
exponent Sobolev space in the context of parametric elliptic equations. Such class
of problems brings many difficulties to overcome, such as the fact that the use of
variational methods is no longer possible because of the gradient dependence on
the right-hand side. The difficulty also lies in the fact that both p(-)-Laplacian
and p(-)-Laplacian operators are nonhomogeneous, unlike the p-Laplacian opera-
tor. Recall that the existence of solutions for isotropic elliptic equations has also
been obtained by Wang et al. [84].

On the other hand, we are also interested in proving the existence of multiple
solutions for nonlinearities that do not depend on the gradient. Recall that varia-
tional methods have been employed in several papers to establish the existence of
solutions for quasilinear anisotropic elliptic equations, characterized by constant
or variable exponents, particularly when the second term lacks dependence on the
gradient. We quote Boureanu et al. [20, 22|, Ellahyani and El Hachimi [41], Fan
[42] and the references therein.

In Section 2.3, we shall also prove the uniqueness of the solution under specific
hypotheses on the data for our problem. Now, we situate our work in relation to
some publications already produced on this subject.

Example I. The isotropic case a;(x,t) = [t|P®~%, with w(z) = 1, A = 1
and h = 0 has been treated by Wang et al. [84]. They obtained existence and
uniqueness results for the p(z)-Laplacian equation of the form

(2.1.5)

—Apyu = f(z,u, Vu) in €,
u=20 on 0f).
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Example I1. Considering the general isotropic case related to our problem with
h(z) =0, p = 0, and when dropping the gradient dependence of the nonlinearity
f Ge. f(z,u,Vu) = f(x,u)), Liu and Yu [57], studied the following problem

{_ div A (z, Vu) = A\f(z,u)  in €, (2.1.6)

u =20 on 0,

where, under adequate conditions on the data that are close to ours, the authors
showed existence of three weak solutions.

Example III. In the case where a;(x,t) = [t[P*®72t, h(z) =0, p =0, A =1
and also when dropping the gradient dependence of f, Boureanu et al. [20] inves-
tigated the multiplicity of solutions for the following class of anisotropic elliptic
equations

N
_Za’%‘ (|8Iu pi(@)=2 &Eiu) = f(z,u) in Q,
i=1

(2.1.7)
u=0 on 0.

Example IV. El Amrouss and El Mahraoui [37] dealt with the following
anisotropic elliptic problem

N
— Zaxiai(x, Op,u) + b(x)\u]pﬂﬁu = Af(z,u) in Q,
i=1

(2.1.8)
u =20 on 02,

where the a; satisfy the same hypothesis as in this work. They obtained existence
of three weak solutions in the case where the primitive F' of f is superlinear in
some sense. Here, we are conversly interested in the case where F' is sublinear and
the existence of three weak solutions is obtained.

Example V. Zhou and Ge [87] showed the existence of three solutions for the
following problem

(2.1.9)

—div (A(z, |Vu|)Vu) = Af(z,u)  in Q,
u=>0 on 0f),

where

= |§|p($) p(z)—2
Az, §) = <1+W> €] -

Our result, in Section 2.3, includes the anisotropic version of their problem which
corresponds to the case where

16



J1+ |m2p¢(w)77’

for n € R, 1 <14 < N, satisfiy hypotheses (A4;) — (As).

On the other hand, many works concerning anisotropic elliptic problems with
Neumann boundary conditions have been treated in recent years. We quote the
papers of Boureanu and Radulescu [21], Ellahyani and El Hachimi [41] and Our-
raoui and Ragusa [76]. In a forthcoming paper, we shall deal with existence,
uniqueness and multiplicity for general parametric anisotropic elliptic problems
with nonhomogeneous Neumann boundary conditions.

The remainder of this chapter is organized as follows. In Section 2.2, using
the surjectivity result of pseudomonotone operators, we prove the existence of a
solution for problem (2.1.1). Moreover, under some suitable hypotheses, we show
that the solution is unique. In Section 2.3, we establish the existence of at least
three weak solutions using a recent Ricceri variational principle in the case where
there is no dependance of the nonlinearity f on the gradient. Finally, in Section
2.4, we give a few concluding examples that verify our theorems.

p,-(w)—?n +

ai(x,m) = |n

2.2 Main results

All along this chapter, we shall use the following hypothesis

N
1
(Ad) 1<) — <N+1

i=1 Pi

Definition 2.2.1. We say that u € Wol’ﬁ(ac)(Q) is a weak solution of problem (2.1.1)

if v N
/ Z a; (z, 0y, u) Op,vdx + 1 Z/ 0, u
=1 i=1 /8

= /\/ f(z,u, Vu)vdx + (h,v),
0

4(®)=20 ud,, vdx

(2.2.1)

for all v € Wy ™™ (Q), where (h,v) is the duality pairing between W™ (Q) and
its dual space.

Definition 2.2.2. Let X be a reflexive Banach space, X™* its dual space and denote
by (-,-) its duality pairing. Consider an application J : X — X*. Then, J is
called

(a) to verify the (S™)-property if u, — v in X and limsup (Jt,, u, — u) < 0
n—oo

imply u,, — u in X.
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(b) pseudomonotone if u,, — win X and lim sup (J u,, u,, — u) < 0imply Ju, —

Ju and (T uy, uy) — (Ju,u). THOO

(¢) coercive if

i Jww)
lull x—oo ||l x

Before proving the existence and uniqueness of the solution, we first recall the
following anisotropic eigenvalue problem studied by Mihailescu and Morosanu [61]

N
- o, (]&ciu
=1

u=0 on 0f).

pi(@)=2 ax,u> = )\\u]r(””)_zu in Q,
; (2.2.2)

One can also see the works of Chung [26] and Stancut [82] for some results on
eigenvalue problems with weights and variable exponents. The basic assumptions
on the functions p;, 7 involved in problem (2.2.2) will be the following

(P1) There exists j € {1,..., N} such that r(z) = 7 (21,..., Tj_1,Tjs1, ..., TN)
(i.e. 7 is independent of z;) and p;(z) = r(z) for all z € Q,

(P,) There exists k € {1,..., N} (k # j with j given in (A;)) such that

maxr(x) < minpg(x).
z€Q ( ) xeﬁpk( )

We define the Rayleigh type quotients Ag and \; associated with problem (2.2.2)
as

N
. Q=1
A= inf M=
weWe 7 (@)\{0) / ] @y
Q
|
o h— pi(z)

inf i
uewg 7 @)\ (0} / @y
o r(x)

The main result in Mihailescu and Morosanu [61] reads as follows.

18



Theorem 2.2.3. (see Mihdgilescu and Morosanu [61]) Under assumptions (P)
and (Py), we have 0 < \g < Ay and every X € |\, 00[ is an eigenvalue of problem
(2.2.2), while no X € |0, \g| can be an eigenvalue of problem (2.2.2).

Now, in order to prove the existence of a solution for problem (2.1.1), we assume
the following assumptions on f

(F) There exists k € L"@(Q) and ¢y, ¢, > 0 such that

Pi@)

Y

N
(@, 1,8)] < k(z) + et + 6 ) 16
i=1

for a.e. x € Q and all (¢,€) € R x RY.

(F3) There exists 6 € L*(2) and ¢z, ¢y > 0 with [A| (¢ + esAg') < 00 + iJr such
DPyp
that

Pi(l),

N
fla,t, Ot < 0(x) + eslt]"™ +ca Y |4

=1
for a.e. z € Q and all (t,£) € R x RV,

Proposition 2.2.4. (see Fan and Zhang [43]) We define X = Wol"ﬁ(w)(Q) and

= [

Q

N N
(D" @i (2, 00w) Buvde + 03 100,020, )y, 0) de,
i=1 i=1

for all u,v € X. Then
i) J: X — X* is a continuous, bounded and strictly monotone operator.
i1) J is of type (ST).
i) J is a homeomorphism.

The following theorem is the subject of a third publication with my

supervisor Professor El Hachimi, which has been submitted for publi-
cation.
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Theorem 2.2.5. (see Ouannasser and El Hachimi [75, Theorem 3.4.]) Let us
suppose that 1 < 17(z) < P, for all x € Q and 1 < pi(x) < ¢(x), for any
i € {l,...,N}. Assume that hypotheses (Ag) — (A43), (P1), (), (F1) and (Fy)
are satisfied. Moreover, suppose that we have || (04 + 03/\0_1) < o0p+ %, where
Py

0y = 1r<n.i<nN o;. Then, for any h € (Wol’ﬁ(r)(Q)) , problem (2.1.1) admits a weak
solution in Wy ™™ (Q).

Proof. We define the Nemytskii operator Ny : X C L'®(Q) — L"®(Q) by
(Nyu) (z) = f(z,u(z), Vu(z)). Furthermore, let i* : L"®@(Q) — X* be the
adjoint operator for the embedding of i : X — L™@(Q). We then define N; =
i* o Ny : X — X", which is well-defined by assumption (F7). We set

A(u) = J(u) — Ng(u) — h.

Our aim is to apply Lemma 1.3.1. Hence, we need to show that A is bounded,
pseudomonotone and coercive.

e A is bounded:
Thanks to growth conditions stated in (F}) on f and the boundedness of 7, we
obtain the boundedness of A.

e A is pseudomonotone:
Let (un)nen be a sequence such that

up, — win X and limsup (A (u,,), u, —u) <O0.
n—+0o00

Thanks to the compact embeddings X — L™®) (), we get
Uy, — u in L"@(Q). (2.2.3)

Thus, using (F}) alongside Holder’s inequality and the boundedness of (u,)nen, we
obtain

/ f(x7un7 vun) : (Un — U)d.’E
Q

< [/ k(x)|u, — u|dx + cl/ |t |" @ |y, — |
Q Q

N
+ C2/ Z |arlun
Q=1

< IQHkHT’(I)“un - u”r(w)

@)1
POS@ |u, —u|dx]

+ 2¢y H\un\r(x)_l

N
i=1

20

() ”un - UHr(a:)

()@=
r'(z)



Therefore, we obtain

f(@,un, Vuy,) - (u, —u)dr
0

< FHMV@HMn—lmwm
+2¢1<uw-1u +HW-1
+2022 (‘

o=

un u T
,,.+71)

) >||un - UIlrm]'
pi(x)

This, in combination with (2.2.3), leads to the conclusion that

lim /f Ty U,y V) - (U, — u)dx = 0.

n—-+o00

Ty

Passing to the limit in (2.2.1), and replacing v with u, and v with u, — u, we
obtain
lim sup(A(u), u,, — u) = limsup(J (u), u, —u) < 0.

n—-+o0o n—-+00

Hence, it follows that u,, — u because J is of type (S*). Furthermore, due to the
continuity of A, then we get A(u,) — A(u) in X* which demonstrates that A is

pseudomonotone.
e A is coercive:
Hereafter, we shall denote |lu|| = ||ul/54). We need to show that
A
im B0 (2.2.4)
Jul—=+o0  ||ul]

Denote the dual norm in X* by |.||«. For any v € X, using (F3) and Proposition
1.1.1 alongside Remark 1.2.4, we obtain
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(A(u),u)z/ﬂ(Zai (2, Ds,0) Do - 3 0
- <h’7 u)

N N
> 0’0/ Z |0,,ulP"™ dx + pi Z |02, u
Q=1

+ +
M =1 Py

N
_ _ r(z) _ pi(z) _
(] o@de = es | e —eq [ 510,00 dz) = il
N
([ 30
=1

= [IAlllfull

qi(z))dx—/)\f(x,u,Vu)ud:c
Q

ks

pi(z) _

@ dw) (00 + - — el Al — csAAGY) — AL
Py

1 - H
> Pm __ - — -1y _
> (Np;—l [ N) (o0 + = ca| Al = es[A[AgT) = (A0l

= [IAlllfull

Now, since oy + % > Al (cs +c3Ag!) and p,, > 1, then (2.2.4) is satisfied.

. . pM
Hence, A is coercive.
Consequently, all the conditions outlined in Lemma 1.3.1 are met. Hence, there

exists a solution u € X such that A(u) = h. With this, the proof is concluded. [

Following that, we investigate the uniqueness of the solution for problem (2.1.1)
under the following additional hypotheses

(F3) For all £ € RY and for a.e z € Q, s — f (z,s,£) is decreasing.

(Fy) For all s € R and for a.e x € Q, we have f(x,s,§) = f(z,s,/¢]) and
€] = f (x,s,]€]) is decreasing.

(F5) A>0and ¢(z) > 2, forallie {1,...,N} and for a.e x € Q.

The following theorem is the subject of a third publication with my
supervisor Professor El Hachimi, which has been submitted for publi-
cation.

Theorem 2.2.6. (see Ouannasser and El Hachimi [75, Theorem 3.5.]) Suppose
the hypotheses outlined in Theorem 3.2.4 alongside hypotheses (F3) — (F5) are met.
Then, problem (2.1.1) admits a unique solution.

Proof. Let uy and uy be two weak solutions to problem (2.1.1). Using the weak

formulation of u; and uy and choosing ¢ = (u; — uy), as a test function, we find
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N
/ Z (ai (z,0p,u1) — a; (x,0p,u2)) (Op,u1 — Op;uz), do
=1

+ u_/ﬂ (\&ciul

= )\/(f(x,ul,Vul) — f(w,ug, Vuy)) (u1 — uz) . dx.
Q

qz‘(:v)—Zaxiul _ yaxlul qz'(z)—zaxizw) (axzul . awiu2)+ dx

By hypotheses (As) and (F5), we obtain
N
0< M/ D10 (= ua),
€ =1
N
< / Z (ai (2, 0p,u1) — a; (2, 02,u2)) (O, ur — Op,u2) , dx
Q=1

Q

< )\/Q(f(x,ul, (Vuil) — f(x, uz, [Vus|) (w1 — us), dz.

‘“(x)_Q&ciul — |8xiu1|q"(””)_28$iu2) (8%11/1 — Gziu2)+ dx

Denote

/Q (s us, IVas]) — (@ s, (Vo) (1 — ws), da = Ty + T,

where

L = / (f (@, ur, [Vur|) = f (2, us, [Vua])) - (ur — ug) , da,
Q
I, = / (f (@, ug, [Vu|) = f (2, us, [Vua|)) - (ur — ug), do.
0
According to hypothesis (F}), we have Z; < 0. On the other hand, we get

T, =
(ul - u2)+

x,us, |Vui|) — f (x,us, |[Vusl)) - (|Vui| — |Vus dx,
6 19D = £ 5, 192 - (9] = VoD, ity

where Qy = {z € Q,(|Vui| — |[Vug|), (z) # 0}. Thus, according to hypothesis
(Fy), we have Z, < 0. Therefore, we obtain

/\/ (f(z,u1, Vuy) — f(z,u2, Vug)) - (ug — ug) , dv <0,
Q
which implies that

4(@) dr = 0.

/Qé |0, (w1 — ua)

23



From this, we find Vui(xz) = Vuy(x) for a.e z on U = {z € Q : uy(z) > ug(z)}.
Now, for x € U, we have (u; —up), () = (uy —u2) (v) and V (u; —ug), (z) =
Vuy(r) — Vuy(z) = 0, while for x € Q\U, we have (u; —up), () = 0 and
V (ur —ug), (v) = 0.

Consequently, we have V (u; —ug), (z) = 0, a.e in  and then (u; —ug), =
0 because (u; —ug), € Wg"ﬂm)(ﬂ). Then, we obtain u; < uy = 0, a.e in €.
Correspondingly, we obtain u; > us = 0, a.e in §2. Hence, u; = us and the

solution is unique. O

2.3 Three weak solutions

In this section, we establish the existence of at least three weak solutions using a
Ricceri’s recent variational principle to the following problem

N
— 3 Onai(w, 0ayu) — By () = Af(,u) + h(z)  in ©,
=1

(2.3.1)
u=>0 on 0f),
/ 1
where h € L®) (Q) where — + —— =1, 1 <r~ <r* <p, <py <q,, \is
Py (Pap)

a real number, and p > 0. For ¢ € (2 and ey > 0, denote
N
By (zo, D) = {x ERY : |z —xoli = |a — w04 < D} c Q.
i=1

First, we state the following assumptions on f to be used in order to obtain our
existence theorem.

r(z)
(F) There exists k € L*@-1(2) and ¢g > 0 such that
1fz, )| < k(z) + clt]" @,

for a.e. x € Q and all (¢,¢) € R x RY.
F(z,t)

= 0, uniformly with respect to x € €.

F(z,t)
|¢]7 (@)

(Fg) limsupr(x) < A1, uniformly with respect to x € Q.

[t| =400
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(Fy) There exist ¢y > 0 and xy € 2, such that
F(x,e0) + eoh(x) > 0, for a.e x € By(xg, D), (2.3.2)
and there exist 0 < ag < 1 such that

F(x,e0) + eoh(x) >0, for a.e x € By(xg, D), (2.3.3)

(F19) There exist vy € R such that

G(z,y) := F(z,y) +yh(z) > v,  V(z,y) € Bi(zo, D)x] — e, eqf. (2.3.4)

Remark 2.3.1. Note that, under the hypotheses (F7) and (F3), the following
hypothesis (Fig) is satisfied.

(Fy1) For all € > 0, there exist an e- uniformly integrable M, € L'(Q) such that
for all t € R for a.e. x € (),

()\1 + 6)
r(z)

Indeed, let € > 0. By using (F7), there exists 1. > 0 such that

F(x,t) < e[t + t["@ + M, (x), Vt € R.

|F(z,t)] < ¢€|t|Pm, for all [t]| < 7. (2.3.5)

Moreover, using (Fy), there exists an e-uniformly integrable function L. € L*(Q)
and v, > 0 such that

()\1 + 6)

P o) <

t"® + L(z), V|t > ve. (2.3.6)
Now, by using condition (Fg) as well as (2.3.5) and (2.3.6), there exists kg > 0
depending on r , k and ¢ such that

- A
F(x,t) <elt|P™ + MMT(“) + M (x) + ko, Vt € R.

r(z)
Then, take L.(z) = M(z) + ko. Now, we will state the main result of this section.
The following theorem is the subject of a third publication with my
supervisor Professor El Hachimi, which has been submitted for publi-
cation.
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Theorem 2.3.2. (see Quannasser and El Hachimi [75, Theorem 4.3.]) Assume
that hypotheses (Ao) — (A3), (P1), (P2), (Fs) — (Fy) are verified and suppose that
h € (LpM(Q)) with 1 < r= <r* < p. <pi, <gq, and N < pi,. In addition,

suppose that |\| < og where oy := 1I<n,i<nN o;. Then, there exist an open interval
_/L_

A C |—o00,00[, two positive constants p and & such that for any X € A and any

€ [0,0], problem (2.3.1) has at least three weak solutions in Wol’ﬁ(x)(Q), whose
norms are less than p.

Proof. In order to apply Ricceri’s result, we define the functionals H, M, K :
Wy (Q) = R by

N
:/ZAi (x, Oy, u) dz
Q=1

u)= /ZN: o Oal
K(u) = — /Q Fle, u)ds — / w(x)h(z)dz.

Q

\

One can see that H, K, M € CY(Wy™™(Q),R) just by using similar arguments as
in Kone et al. [53, Lemma 3.4.] (see also Boureanu [18, Lemma 1.]), with their
respective derivatives given by

(

(H'(u),v) /ZaZ x, Op,u) Oy, vdx,

Z/ |0, u| 7@ =20, 10, vdz,

\ (K'(u) /fx uvdx—/hvdx

for any u,v € W, 7 (m)(Q). Hence, if there exists a critical point u of the operator
H + pM + AK, we conclude that u € Wy (m)(Q) is a weak solution of equation
(2.3.1). Then, we can apply Theorem 1.3.2 to look for the weak solutions of
problem (2.3.1).

First, by standard arguments (Minty’s argument or Lions method), the func-

tional M’ is compact. Denote ®(u) = H(u)+AC(u). According to the assumption
)\161

|A| < 09, there exists 0 < € < o0y such that |A\| < o9 — €. Take ¢y = :
0p — €1

. Now, for u € W™ (Q) with ||lu| > 1, and using (Fs)

0'0)\1
Then, we get || <
& | | )\1 + €p
we obtain
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= /inlflZ (x,0p,u)de — A (/Q F(x,u)dx—i—/gh(x)u(:r)dm)
=0 ;‘ /Q pi(w)

PO dr — (g + o) / Sl e — A ]

T

— [All[Mellx
(>\1+€0)|>\|> S / ! @
> (0g — ———F— Oy uP da — | M|||ul|l||h|]« — [N]]| M.
> ( 0 N Zl i )| ; (Al 7]l = [AT Meo |1
1 (A €)ALY [ flullP
> _ _ _ _
2T (Uo " vt~ V) = AulllAl = AT Mo
1 ()\1 +€0)|)\| o
> i (o0 = B0l — . = A
As p, > 1 and |\ < 007)\1, we then deduce that ®(u) — oo as ||ul| — oo,
(A1 + €0)

which means that ® is coercive for any A € |—oy, 0o[. Therefore, (i) of Theorem
1.3.2 is verified.

Now, in order to establish (ii) of Theorem 1.3.2, by Bonanno and Candito [17,
Proposition 1.3], it suffices to show that there exists w € X and r > 0 such that

(B1) H(w) > p,

K(w)
(Ba) sup (W) <p3itay

Let us prove (B;). Consider 2y € ©, D > 0 and ey given by hypothesis (Fy). For
a such that 0 < a < 1, define u,, such that
0 if x € Q\ By(zo, D),
o () = ﬁw — |z —zolli)  if 2 € Bi(zo, D) \ By (o, aD),
eo if x € By(zo,aD).

Then, straightforward calculations give that u, € X. Moreover, for a less and

close to 1, we have
N pi(2)
;/Q da: = Z/ ( D —a) > dx
>N <|€—O|)pm meas(T,)
- D( ) )y

g, |71
al’i

l—«
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where T, = By (xo, D)\Bi(zo, D). Therefore, we get

Oy, pl(m NUO €o Pm
R ) et

ox; 2pM 1—«

NO'O ( €p )p:n

To = meas(T,).
2py \D(1— )

It is well known that meas(B;(zq, D)) = DV

Denote

% Therefore, we have
(

. (D(le(ia)) e

As 1 < p, we deduce that

lim r, = +o0.
a—1—

In order to complete the proof of (B;), it suffices hence to choose w = u, and

P =T
Next, we prove (Bs). Let u € X such that H(u) < r,. We have

Therefore, we obtain

ul| < Kp—Mra n N) prn—l} o
0o

1

< Argm,
for some A > 0. In order to obtain (Bz), we shall prove the following lemma.

Lemma 2.3.3. Suppose that hypothesis (Fy) is satisfied and that
F(z,ep) + eoh(z) > 0, for a.e x € B(xg, D), (2.3.7)
and there exist 0 < ag < 1 such that

F(z,ep) + eoh(z) > 0, for a.e v € B(xg, apD), (2.3.8)
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and vy € R such that
G(z,y) := F(z,y) + yh(z) > v, V(z,y) € B(xy, D) x Bg(o,¢p). (2.3.9)

Then, we have

lim SPARW/AW) <ra} (2.3.10)
a—1- Ta
Let us first point out that IC(u,) is positive for a close to 1. Straightforward
calculations give

K(ug) = 1oy + Ja,

where
o = / (F(x,e9) + eoh(z)) dx,
B(xo,aD)

and
€o

J, = /a (F(;p, = (D — ||z — xo]|1) + mh(x)(D — |z — 150”1)) dz,

where T,, = B(xo, D) \ B(xg,aD). Choosing 0 < o < 1 very close to 1, and using
hypothesis (2.3.7) and (2.3.8) we have I, > I,, > 0, for any ap < o < 1. On the
other hand, thanks to (2.3.9), J, can be made sufficiently small so that we can
have K(uq) > 0 (Note that 15{{ meas(T,) = 0). On the other hand, it is clear

K(uq
that H(u,) is positive. Now, if (2.3.10) is satisfied, then for 0 < € < H((u O;, there
Uq
exists 0 < 1 < 1 such that, for any « satisfying 0 <1 —n < a <1, we have

K (o)
H(ta,)’
which gives (Bs). Choosing 0 < o < 1 very close to 1, Then, by hypothesis (Fy),
we have I, > 0; and also, thanks to (Fjg), J, can be made sufficiently small so
that we can have K(u,) > 0. On the other hand, it is clear that H(u,) is positive.

Now, if (2.3.10) is satisfied, then for 0 < € < KMua)
H(uaq)

that, for any « satisfying 0 <1 —7n < a < 1, we have

sup {K(u)/H(u) <1y} < ery <rq

, there exists 0 < n < 1 such

~—

(U

() ’

|

sup {(u)/H(u) < 1o} < €ry <rg

which gives (By).
Proof of Lemma 2.3.3. Let € > 0. By hypothesis (F7) and (Fg) , (Fip) is
satisfied and then, we obtain
()\1 + 6)
r(z)

F(x,t) < elt|Pm + t" @ da + M (), Vt € R.
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Therefore, for u € X and a positive constant cg, we have

_ r— r+
K(w) < el + s (™™ + Jull™) + Ml + IRl Jlull. - (2:3.11)

1
Moreover, for u € X such that H(u) < r,, we have ||u|| < Arg™. Then, thanks to
(2.3.11), there exist positive constants K, Ky and K3 such that

o+ r— a
K(u) < eAry + K, (Ar_rg’_” + Ar_r§m> + Ky + K3Argm.

Consequently, we obtain

K(u)

T

«

| n e K, L1
<eA+ K | A" rgm + A ram + —= + AKzrig™ . (2.3.12)

1 - -
As — < 1, T < 1 and T < 1, then by letting a tend to 1 and € to 0, we can
Pm DPm P
make the second term in (2.3.12) as small as we want. Hence, the proof of the
lemma is complete.
Now, we shall end the proof of theorem. Take 0 < ay < 1 such that K(uq,) > 0
1 K(uq
and choose € such that 0 < € < ¢y 1= = (o)
2 H(uq,)
7o such that, for any 1 — 7y < o < 1, we have

sup {K(u)/H(u) < ro} < e

Ta

. Using Lemma 2.3.3, there exists

(2.3.13)

Choose ag > 1 — 1y and take

£ = sup {K(u)/H(u) < rao}’

Tag

=3 with b > 1. By Bonanno and Candito [17, Proposition 1.3], for a
€0 — <o
suitable $ > 0, we have

sug ig)f( (H(u) + N8 — K(u))) = inf sup (H(u)+ A8 — K(u))).

e u€EX N\g0,6]

Then, using Ricceri [78, Theorem 1], there exist a non empty set U C |—og, 09|
and p > 0 such that for any A € U, there exists v > 0, such that for any p € [0, ],
the equation

H'(u) + A" (u) + pM'(u) = 0,
has at least three solutions in X whose norms are less than p. This complete the

proof of Theorem 2.3.2. O
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2.4 Concluding examples

Example 2.4.1. Let the function f be defined by

) 5 s €1°
f(x, 56 =—a(zx)s — - (arctans+ 1 —|—s2> (1 +d(£13)1 n ’£|2>7

where a and d are positive functions in L>(f2), subject to the condition that
llallco < A1. We have

T sl

Iﬂ%&MSHWAQ+%(_+

S+ ) (U o))
<Al (14 2) (1 @)l

Then, hypothesis (F}) is satisfied for r(z) = 2, for a.e. x € Q). Moreover, we have

f(z,s5,6)s = —a(x)s* — % (arctan(s)s + | j_:2> (1 +d(x) 1 _HZP)

2 /m
< CONT i (i
< flalloos® + = (55 + 1) (1 + ld(@)]1)
2
< \is?+ (s + %) (1+||d]l)

2
< s+ p (1+ ldllso) -

Therefore, hypothesis (F5) is satisfied. Furthermore, hypotheses (F3) and (F}) can
easily be verified. Consequently, f fulfills all the assumptions of Theorem 2.2.6.

Example 2.4.2. Let D > 0 and consider

/
Q = Bi(xg,D) and h € (prf(Q)> such that h(x) > 0, for all z € Q,

fw) =3 B

Bt with p,, < Bi < qji;, foralli € {1,... N}.

One can see that hypothesis (F) is easily verified. In what follows, set F(u) =
f(v)dv and take ey > 0 such that F'(ep) + egh(zg) > 0. Then, hypothesis (Fy)

0
is satisfied. Moreover, we have
F F
W _, (W) _

ful =0 [ulpm Jul =00 |qy] %

Therefore, hypotheses (F7) and (Fg) are also satisfied with r(z) = ¢}, for all
x € Q. So, Theorem 2.3.2 can be applied.
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Chapter 3

Existence and multiplicity results
for a class of anisotropic Robin
elliptic problems

The aim of this chapter is to study a class of anisotropic Robin elliptic equations
with variable exponents where the nonlinearity may depend on the gradient of the
solution. First, we demonstrate the existence of at least one weak solution using
the surjectivity result of pseudomonotone operators. Moreover, under additional
conditions on the data, we show that the solution is unique. Furthermore, we prove
the existence of at least three weak solutions using the direct Ricceri variational
principle when the nonlinearity does not depend on the gradient.

3.1 Introduction

Through recent years, Neumann and Robin elliptic problems have sparked im-
mense interest for their ability to unravel the complexities of physical phenomena
that vary in intensity across different areas within a domain. These intriguing
problems, characterized by variable exponents, often emerge from the nonlinear
dynamics inherent in physical processes or the diverse nature of the domain itself.
Understanding these nuances is crucial, as it allows us to create more accurate
models of real-world scenarios, including materials with spatially varying proper-
ties, porous media flow, and non-Newtonian fluid flows. Henceforth, investigating
Robin problems, especially those that may involve convection terms, is pivotal as
they play starring roles in fields such as fluid dynamics, combustion, heat transfer,
and the intricate world of environmental modeling.

In this chapter, we deal with a class of anisotropic elliptic equations with
variable exponents, convection terms, and Robin nonlinear boundary conditions.
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In simpler terms, we investigate the following problem

A(u) 4 b(2)|uP7 @2y = N\ f (2, u, Vu) + h(z)  in Q
N

S i@, O u)ni(e) = pgla, w) on 99,

=1

Y

(3.1.1)

where 2 C RY is an open bounded domain with smooth boundary, A(u) :=

N
— Z Oy, a;(z,0,,u) is an anisotropic elliptic operator defined by the functions a;
i=1
subjected to the conditions (A4;) below and associated to the continuous variable
exponents p; with inf p;(x) > 1, and where py/(+) := max p;(-), while f: Q xR x
e

1<i<N

RY — R and g : 9Q x R — R are Carathéodory functions and h € LPM(’”)(Q) with
1 1

ph(x) such that + = 1. Finally, b(z) € L*>(Q2) with ess inf b(x) =

bp > 0, A > 0 and p > 0 are real parameters, and v; constitute the elements
comprising the outer normal unit vector for all i € {1,..., N}.

This chapter addresses a problem featuring the forementioned class of opera-
tors, associated with the operaor

N
Au) == — Z O, ai(x, 0y, 1), (3.1.2)
i=1
where, for all i € {1,...,N}, a; : 2 x R — R are applications of Carathéodory
verifying
(A1) Ai(z,0) =0, for all z € 2 and t € R, where A; is such that

0A;
ai(xat) = at (l‘,t),

for all x € 2 and t € R.
(As) a;(x,-) is strictly monotone in R, that is
(a;i(x,s) —a;(x,t)) (s —t) >0,
for all (s,t) € R* with s # ¢ and z € Q.

(A3) There exist positive constants o; and p; with o; < p; such that

oiltlP'@ < ai(z, )t and  |ai(z,t)] < pi (14 [¢[re@=1),
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for all z € Q and t € R.

Numerous studies have addressed questions regarding the dependence of the
right-hand side on the gradient of the solution in the context of anisotropic el-
liptic equations. For instance, Benboubker et al. [13] (see the references cited in
this article) mentioned this category of problems in the anisotropic Sobolev space
WLP(Q) . Our focus here is twofold: First, to tackle gradient-dependent nonlinear-
ity in variable exponent Sobolev space under anisotropic conditions in the context
of parametric elliptic equations. This class of problems presents many challenges,
including the limitation of variational methods owing to the dependence of the
right-hand side on the gradient. The complexity is further aggravated by the non-
homogeneous nature of the p(-)-Laplacian and p(-)-Laplacian operators, which is
distinct from the homogeneous p-Laplacian operator.

Second, our focus extends to establishing the existence of multiple solutions
for nonlinearities that do not depend on the gradient. Notably, previous papers
employing variational methods have addressed the existence of solutions concern-
ing quasi-linear anisotropic elliptic equations with constant or variable exponents,
specifically, when the right-hand side term remains independent of the gradient.
Furthermore, our problem adds another layer of difficulty when dealing with non-
linear Robin conditions, as well as an additional term h(z).

Now, we situate our work in relation to some publications already published on
this subject. Colasuonno et al. [27] studied the following isotropic Robin boundary
type problem

{—dw(a(x, Vu)) = A (b(@)[ufu + f(z,u))  inQ (3.1.3)

a(z, Vu) - v = —a(z)|ulP2u 4+ Aug(z,u)  on 09,

where p(x) = p and the operator —div(d(z, Vu)) is driven by the p-Laplacian. In
the case where b(z) = 0, they showed the existence of either two nontrivial solu-
tions or only trivial solutions under specific growth conditions verified by functions
fand g.

In parallel, in the case where A = p = 1 and h(z) = 0, the nonparametric
isotropic problem

A(u) + b(x)[ufP @2y = f(z,u)  in Q,

Zaz(z’a&u)l/z(x) = g(ﬁU,’U,) on 89, (314)

=1

was treated by Boureanu and Radulescu [21]. The authors proved the existence of
at least a nonnegative solution using the standard minimization result for a weakly
lower semicontinuous and coercive functional.
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On the other hand, the authors in [19, 28] dealt with problem (3.1.3) in the case
where a(z) = 0 and obtained the existence of infinitely many solutions. Interest-
ing multiplicity results of solutions for some problems related to problem (3.1.1)
have been obtained by several authors, especially Ahmed and Elemine Vall [5],
Aydin and Unal [12], Khademloo et al. [51], Kim and Park [52], and Marano and
Motreanu [59]. Furthermore, Ourraoui and Ragusa [76] studied a slightly different
problem than (3.1.1) when g = 0 and obtained results regarding the existence
of solutions without requiring Ambrosetti-Rabinowitz-type conditions. Ellahyani
and El Hachimi [41] also studied a similar problem to (3.1.1) with a Robin bound-
ary condition and established existence and multiplicity results. All these authors
established the existence of infinitely many solutions using different variational
methods.

Finally, let us point out that the paper by Kim and Park [52] seems to be
closer to our present work. These authors obtained the existence of at least three
solutions for problem (3.1.3) in the isotropic case and functions f that satisfy the
following hypotheses

(KPy) |f(z,1)] < ki(x) 4+ oy (2)|t]* @1, with 7 < p~, for all (z,t) € Q x R,

S

f(z, t)dt‘
KP,) limsu ess su 0
( 2) s—0 P xeg |S|q(x)

< +oo, with g € CL(Q), pt < ¢ <q<
p*, where C, (Q) and the parameters p~, p™ and p* are defined in the next
section.

Note that our hypotheses (H;), (H2) and (H3) or (H}) in Section 3.4 differ from
these assumptions. For example, the function given in Example 3.4.2 in the
isotropic case, does not verify the conditions (K P;) and (K P) for B(z) < p™,
for a.e. z € ). However, it satisfies our hypotheses (H) and the existence of three
solutions is assured.

The remainder of this chapter is organized as follows. In Section 3.2, using the
surjectivity result for pseudomonotone operators, we demonstrate the existence of
a solution concerning problem (3.1.1). Moreover, under suitable hypotheses, we
show that the solution is unique. In Section 3.3, we demonstrate the existence of a
minimum of three weak solutions by applying a recent Ricceri variational principle
in the case where there is no dependence of nonlinearity f on the gradient. Finally,
in Section 3.4, we give a few concluding examples that verify our theorems.

3.2 Main results

Over the course of this chapter, we suppose that
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N

Z 1
- D;
=1 47

Definition 3.2.1. An element u € W@ (Q)) is termed a weak solution of problem
(3.1.1) if

N
/Zai (x,0p,u) Gxivd:c+/b(:v)|u|”’(z)_2uvd:c = )\/ f(z,u, Vu)vdz
2 =1 @ @ (3.2.1)

b [ glauyuds+ (o),
20
for all v € WHP@)(Q), where (h,v) is the duality pairing between W'7(#)(Q) and
its dual space.

Definition 3.2.2. Let X be a reflexive Banach space, X™* its dual space and denote
by (-,-) the duality pairing. Consider an application J : X — X*. Then, J is
called

(a) to verify the (S*)-property if

u, — uin X and limsup (Jup, u, —u) < 0 imply u,, — w in X.
n—o0

(b) pseudomonotone if

up, — uwin X and limsup (Juy, u, —u) < 0 imply Ju, —
n—oo

Ju and (T, u,) — (Ju,u).
(¢) coercive if

(Ju, u)

11m
fullx—oo  ||u||x

= OQ.

Now, in order to state the main existence result for problem (3.1.1), we assume
the following assumptions on the functions f and g.

(Fy) There exists 1,79 € C(Q2) with 1 < 7 (x) < max {(p)*, pam(z)} for all z € €,
and 1 < ry(z) < m})ré {p)(x),....p%(x)} for all z € 9Q |, ky € L@(Q),
Te

ko € L2®)(0Q) and ¢;, ¢y, ¢} > 0 such that
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N
) r1(z)—1
|f(2,t,8)] < ki(z) + et @71 + ¢y Z &P @ for ace. € Q and all
i=1

(t,§) e R x RV,

and
lg(z,t)| < ko(z) + ¢, [t]2@) 71, for ae. & € OQ and all (t,€) € R x RV,

(Fy) There exists 6; € L'(Q), 6, € L'(09) and c3, ¢4, ¢y, > 0 such that

Pi(x),

N
flw, b, < 01(x) + eslt] " 4+ ¢4 Y |6

i=1

g(z, 1)t < () + ht*),

for a.e. z € Q and all (¢,£) € R x RV,
Proposition 3.2.3. We define X = W'7®)(Q) and

N
(J(u),v) = / (Z a; (z, 0y, u) Oy, vdx + b(a:)|u|pM(””)_2uv) dx,
Q"=
for all u,v € X. Then
i) J: X — X* is bounded and coercive.
i1) J is of type (ST).

Proof. i) The boundedeness of J is a consequence of hypothesis (As) and the
coerciveness is obtained in the proof of Theorem 3.2.4 below.

i) The proof is similar to that of Boureanu [18, Lemma 2| and is omitted
here. U

The following theorem is the subject of a second publication with my
supervisor Professor Abderrahmane El Hachimi accepted in Filomat.

Theorem 3.2.4. (see Quannasser and El Hachimi [7}, Theorem 3.3.]) Assume

that hypotheses (Ag) — (As), (F1) and (Fy) are satisfied. Furthermore, suppose

that 1 <r; <rf <p,, foralli € {1,2}. Then, for any \ € ] —@, @{ and any
Cq4 C4

h e (Wl’ﬁ(’”)(Q))*, problem (3.1.1) admits a weak solution in WP ().

37



Proof. We define the Nemytskii operators Ny : X C L"@(Q) — L"@®(Q) and
N, : L®(9Q) — L@ (9Q) by (Nfu) (x) = f(z,u(z), Vu(x)) and (N )( ) =
g(x,u(x)) respectively. Furthermore, denote 7* : L™ z)(Q) — X* the adjoint
operator for the embedding ¢ : X — L’"l(x)(Q) and j* : L2(®(0Q) — X* the
adjoint operator for the embedding j : X — L@ (OQ) Subsequently, define
Ny=i"oN;: X - X*and N, = j*o Ng 07 :X — X" which are well-defined,
bounded and continuous operators by assumption (F}). Now, define the operator
A: X — X7* as follows

A(u) = T (u) = AN;(u) — uNy(w) — h.

Our aim is to apply Lemma 1.3.1. Hence, we need to show that A is bounded,
pseudomonotone and coercive.

e A is bounded:
Thanks to growth conditions on functions f and g stated in (F}) and the bound-
edness of J, we obtain the boundedness of A.

e A is pseudomonotone:
Let (u,)nen be a sequence such that

Uy, — uin X,
lim sup (A (uy,) , u, —u) <0.
n—-+oo

Thanks to the compact embeddings X << Ln@(Q) for 1 < ri(z) <
max {p*(z),pp(2)} for all z € Q, and X —— L2@(9Q) for 1 < ry(x) <
mén {p(x),....p%(x)} for all 2 € I, we obtain
S

U, — w in L"@(Q) and u, — u in L@ (99Q) (3.2.2)

Thus, using (F}) alongside Holder’s inequality and the boundedness of (u,)nen, we
obtain

/ f(xvunv vun) : (Un - u)da:
Q

< / ki (z)|un — uldz + ¢ / |t |y, — w|da
Q Q
N r1(z)—1
" ‘32/ > 100 [P [y, — ulda
Q=1

< 2HleLT/1(Z)(Q)Hun - UJHLH(I)(Q)
+ 2¢; H|u |t (@)- 1|

—f-QCQZ

=1

L@ (q ||Un — Ul L)

ri(z)—1
Pi(@) T1(1)

|a:vzun ||un - UHLH(r)(Q)y

L1 ®) ()
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and

/8 () - (= e

< / ko (x)|u, — uldr + c’l/ |t |2y, — w|da
o9

o0N

< 2||k2||Lr2(x> o9) lun — U||Lr2<x>(aﬂ)

+2¢) || [ |7

L) (50) [wn — UHLW(Z)(BQ)‘

Therefore, we obtain

f(@,un, V) - (u, —u)dr| <
0

< [2||k1||Lr @ ol = vl prie q)

2 ([T # )
Lrl(x)(ﬂ) LT x)(Q)
l W
. ||’U,n — U/HLrl(z)(Q) + 2C2 Z
i=1 Lpi(w)(Q)
T
+ |awzun| " ||Un_u||L’"1(x)(Q) s
LPi(®)(Q)
and
| a(aa) (= 0] < 20l 0 = o

+ 2¢; (H|un|7”2+_1

Nwn —u

i

Lm2(@)(5Q) >

Lm2(®)(5Q)

||LT/2(Z)(39)'

This, in combination with (3.2.2), leads to the conclusion that

lim /f Ty U, VUy,) - (U, —u)dr =0,

n—-+o0o

and

nl_lgloo . g(z,up) - (U, — u)dx = 0.

Taking the limit in (3.2.1), and substituting « with u,, and v with wu,, — u, yields
lim sup(A(u), u, —u) = limsup(J (u), u, —u) < 0.

n—+00o n—-+00
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Therefore, u,, — u follows from 7 being of type (ST). Moreover, considering the
continuity of A, we deduce A(u,) — A(u) in X*, establishing the pseudomono-
tonicity of A.
e A 1s coercive:
We need to show that
(A(u), u)

lim ——F— = +o0. (3.2.3)
Jull =400 ||ul]

Initially, let us give the following notations
Ly = {z € (L, N} 2 10rsttall prucorey < 1}
Ly — {Z € (Lo NY < 100 tll o g > 1}.

Then, we get
Z/ Oyt i = Z/ OytenP@ iz + Z/ Oyt
€Ly 1€Lo
2 Z ||a$iun||21;1i(z)(g) + Z ||3xiun||iﬁi<z>(g)
€Ly 1€Lo

N
2 Z ||8Izun||z£;1(z) Z ||awzun||Lp (w

€Ly

2 Z ||6$zun||Lpl(w)

N Pm
— 1 <Z ||amiun”1;pi(w)(g)> — N.
=1

Case 1: If [[ul| pys@)(q) > 1, we have

N
—— (Z |0z, u
i=1

(7 (u),u) = min{og, bo}

Pm
|Lm<w>(ﬂ)> - N+ ||u||LpM<z> @)

> W90, boy mln{Go,bo} !Z 18,0

mln{Jo,bo}“ o —
— (2N)pm

Case 2: If [[ul| pys @) (q) < 1, we have

Pm
’sz) + ||U||me<z>(9)] — N min{oyg, by}

N min{og, by }.
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N Pm
(Z ||acc,u LPZ(I) QO ) + ”uHLpM(I) () —-1-N

N Pm
-_1 (Z ||a'rzu |Lm(1)(Q)> + ||u||LPM(z) ()
i=1

—(N+1) min{-ao, bo}

(7 (1), u) = min{og, bo}

> l'IliIl{O'g, bo}

min{og, b } _
> Pm — (N + 1) min{og, by }.
Z Ny [P = ( ) min{oo, bo}

Therefore, in both cases we obtain

(T (u),u) > do||u|Pm — di, (3.2.4)
where
min{og, by }
Ny
and
| Nmin{oo, bo} if [Jull poare ) = 1,
e {(N +1)min{o,bo} if [[ufl poaseer oy < 1.

Now, denote the dual norm in X* by || - |[s. For any u € X, using (F3) and
Proposition 1.1.1, we obtain

N
i=1 79

- /uc/(99 g(z,w)udo — (h,u)

N
20—02/ 10,1, [P dx+b0/ |u|PM @ yda — w(/ 16, ()| da
= Ja Q Q
N
+03/ \u|”("”)+c4/2|6miupi($) da:) _ |u|</ 10(2)|do
Q Q5 o9

+d /a ) |u|r2<x>da> 2l

which gives us

pi(z) dx+bo/ |u|p1w(:c)udx—)\/f(x,u, Vu)udz
Q Q
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N
(A(uw),u) = min{og — [Ales, bo} (/ Z |0, u)"* ) d: +/ |u|”M(m)dx>
Q=1 Q

rt

Lr1@(Q)’ HUHLln(z)(Q) }

ry Ty
- |/u|cl2 maX{HUHLQT‘Q(m)(aQ)’ ||u||L2T2($)(aQ)} - |)‘|||01||L1(Q)
= |pll02| L1 o0y = llullllP]l«

Now using either Case 1 or Case 2, it follows

~ [ Mles max { [Jul

1 el
(A(u),u) > min {og — Aey, bp} ———||u/|P™ — ez max —
(2N)pmt Slma S
r1(x),Q r1(x),Q
[
— picmax § ————, —= = MOyl 2@y = pllballLr o) — [lullllA]l-

7o

Srj(x),aﬂ ro(x),00

Since 1 < r; < r} < p,., for all i € {1,2}, then (3.2.3) is satisfied. Hence, A is
coercive.

Thus, all the assumptions of Lemma 1.3.1 are satisfied. Therefore, there exists
u € X such that A(u) = h. This completes the proof. O

In what follows, we consider the uniqueness of the solution for problem (3.1.1)
under the following additional hypotheses.

(F3) For all ¢ € RY and for a.e z € Q, we have s — f(r,s,&) and s — g(z,s)
are decreasing.

(Fy) For s € R, a.e z € Q and all £ € RY, we have f (z,s,€) = f(x,s,|¢]) and
€] — f (z,s,]&]) is decreasing.

(F5) A >0 and py(z) > 2, for a.e x € Q.

The following theorem is the subject of a second publication with my
supervisor Professor Abderrahmane El Hachimi accepted in Filomat.

Theorem 3.2.5. (see Quannasser and El Hachimi [74, Theorem 3.4.]) Let’s
consider that the assumptions of Theorem 3.2.4, in addition to hypotheses (F3) —
(Fs), are upheld. Then, problem (3.1.1) admits a unique solution.

Proof. Consider u; and usy as two weak solutions to problem (3.1.1). By using the
weak formulation of u; and us, and selecting ¢ = (u; — us) + as a test function, we
derive
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N
/ Z (a’i (17, 8ﬂl@zul) — G (:Ca azZUQ)) (8331101 - ain2)+ dx
Q=1
" / b(@) ([P 2uy — Jug [P 2 u5) (ur — ug) , d
Q
= )\/(f(%uh Vuy) — f(x, uz, Vug)) (uy — ug), du
Q

+ u/m(g(:r,ul) —g(w,u2)) (uy — up), dr.

By hypothesis (F5), we obtain

0< bo/ |(u1 . u2)+|pM(cc) dr
Q
N
< / Z (ai (z,0p,u1) — a; (T, 0p,u2)) (Op,ur — Opyuz), dx
=1
+ / b(x) (|u1]pM(x)_2u1 — ‘UleM(z)_2U/2) (u1 —up), dx
Q
< /\/(f<x7u17 |VU1|) - f(.T,UQ, |V'Ll,2|) (ul - u2)+ dx
Q

[ (glerwn) = 9o, w)) (s = ). de
o9
On the other hand,
)\/(f(%ul, IVup|) = f(z, ug, [Vusl) (ur — U2)+ dz + M/ (9(z,u1) —
Q 09
9(z,u2)) (uy — uz), dv =T, + I,

where

T\ [ (f @ Vi) = £ o [Vaal) - (1 = ), da
e (oloam) =gl ) (0 = ), do.

I, = )\/Q (f (z,u2, [Vur]) — f (,u2, |Vusl)) - (u1 — up) . dx.

According to hypothesis (F}), we have Z; < 0. On the other hand, we get
I, =
/\/ (f (2, uz, [Vua]) = f (2, uz, [Vusl)) - ([Vua| = [Vua|)
Qo

(w ~ ua), dz,
(IVur| = [Vugl)
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where Q = {z, (|[Vui| — [Vus|), (z) # 0}. Thus, according to hypothesis (£3),
we have Zo < 0. Therefore, we obtain

)\/Q (f(w,ur, Vur) — f(2,ug, Vuy)) - (w1 — ug), dx <0,

pM(fE
RICEEN

From this, we find uy(z) = us(x) for a.e z on U = {x € Q : uy(x) > uy(x)}; while
for » € Q\U, we have (u; —up), (z) = 0 . Consequently, we have u; < uy on €2.
Similarly, we find u; > us, in €2. Hence, u; = us and the solution is unique. O

which implies that

3.3 Three weak solutions

In this section, we investigate and obtain the existence of three weak solutions for
the following problem

N
— " i, By + () [ulM O 2 = Mf(w,u) + h(z) i Q,
= (3.3.1)

N

S il O u)i(x) = pgl, w) on 99,

i=1
where 2 C R¥ is an open bounded domain with smooth boundary, f: Q xR — R

is a Carathéodory function, g : R — R is a nonnegative continuous function,

/ 1
he LPW (Q) with —+-——=1,1<r; <rf <p;,, <py, be L=(Q) verifying

v ()
ess insf2 b(x) = by >0, A >0 and p > 0 are real parameters, and v; constitute the
Te
elements comprising the outer normal unit vector for all : € {1,..., N}.

Definition 3.3.1. An element u € W17®) () is termed a weak solution of problem
(3.3.1) if

N
/Zai (x, 0z, u) Oy, vdz + / b(z)|u|PM @2 ypde = )\/ f(z,u)vdzx
=1 Q Q

[ gl uodo + (ho),
o0

(3.3.2)

for all v € WHP@)(Q), where (h,v) is the duality pairing between W@ (Q) and
its dual space.

44



Define
F(z,u) := / f(x,s)ds, for all (z,u) € 2 x R, and G(z,u) := / g(x,s)ds,
0 0

for all (z,u) € 0 x R.
First, we make the following assumptions regarding f and g to obtain the
desired result.

(Hy) There exists ¢,r,79 € C () with 1 < ¢(z) < p,., 1 < ¢,nr(x) <
max {(p)*, pu(x)}, for all z € Q, 1 < ro(x) < rng(l2 {p?(x),...,p?v(x) for
faSS

all 2 € 0Q, ky € L"®(Q), ky € L@ (99Q) and cg, ¢; > 0 such that
|f(x,1)] < Ey(2) + cglt| @71, for all (z,u) € Q xR,
l9(z,1)| < ka(z) + cr|t]2@7L) for all (z,u) € 9Q x R.

F(x,t
(Hy) limsup (x,_ )
Ho [t[Pm

= 0, uniformly with respect to z € €2, and

F(x,t
(H3) limsup g(x) |t(|f(;)) = A(x), uniformly with respect to z € Q with A such
[t| =400
that Ap := ||Al|s > 0, or

F(x,t)

W = 0, uniformly with respect to z € €.

(H3) limsup pas(2)
[t| =400
Remark 3.3.2. Note that, under hypotheses (H,) and (Hs) (resp. (H})), for all

€ > 0, there exist M, € L'(Q) such that, for a.e. z € Q and all ¢ € R, we have

F(x,t) < e|t|P + (AO(%G)W(I) + M. (z), (3.3.3)
(resp. )
Flz,t) <e (|t|1’5t + ey |t|pM(‘”)) + M(z)). (3.3.4)

Let € > 0. Using (Hj3), there exists 7 > 0 such that
F(x,t) < €|t|?@, for all |t| < 7., uniformly for a.e z € Q. (3.3.5)
Moreover, using (H,), there exists an e-uniformly integrable function L. € L'(Q)
and v, > 0 such that
(A(z) +¢)
q(z)

uniformly for a.e x € . Now using hypothesis (H;), (3.3.5) and (3.3.6), there
exists ko(€) > 0 that depends on €, ¢, k; and ¢g such that

F(x,t) < t]9® + L (x), for all |t| > v, (3.3.6)
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(Ao +¢)

F(z,t) < e|t]rm + ]9 + Lo(x) + ko(e), for all t € R,

q(z)
uniformly for a.e x € Q. Then, it suffices to take M.(z) = Lc(x) + ko(e) and
Ay = ||Al|- Note that the same remark stands for relation (3.3.4), starting from

hypotheses (Hs) and (H}).

For the last hypotheses (H), we suppose that there exists a real ey > 0 such
that

(Hy) F(x,e9)+eoh(x) >0, for a.e z € B(xg, D),

(Hs) There exists 0 < ap < 1 such that F(z,ep) + eph(x) > 0, for a.ex €
B(.To,aoD),

(Hg) There exists 79 € R such that G(z,y) := F(x,y) + yh(x) > v, Y(z,y) €
B(xg, D)x] — eq, o[, where zg €  and D > 0 are such that

N

B($0,D) = {LE € RN : ||.’L’ —I‘o”l = Z |.TZ — IIZOZ-| < D} C Q.

=1

b
Put 6y := —. The main result of this section is the following.

Ay
The following theorem is the subject of a second publication with my
supervisor Professor Abderrahmane El Hachimi accepted in Filomat.

Theorem 3.3.3. (see Ouannasser and El Hachimi [74, Theorem 4.4.]) Assume
that hypotheses (Ag) — (A4), (H1), (Ha), (Hs) (resp.(HY)), and (Hy) — (Hg) are

!/

verified and suppose that h € (LPITT(Q)) . Additionally, suppose that |\ < 6

(resp. \ €] — 00, 4+00[). Then, there exist an open interval A C| — 6y, 0q] (resp.
C|] — 00, 4+0]), two positive constants p and & such that for any X € A and any
p € [0,08], problem (3.3.1) has at least three weak solutions in W P@)(Q), whose
norms are less than p.

Proof. In order to apply Ricceri’s result [78], we define the functionals H, K, M :
WP (Q) — R by

( N
H(U)Z/ZAZ (l',aziu)dx—l—/b(—x))|u|PM(z)dx’
Q=1

opu(z
K(u) = —/QF(x,u)d:c—/Qu(a?)h(x)dx,

M(u) = — /BQ G(x,u)do.
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One can see that H, K, M € C*(W'P@)(Q),R) just by drawing on similar rea-
soning as demonstrated in the proof of [53, Lemma 3.4.], with their respective
derivatives given by

N
:/Zai (z,0,,u) 8xivdx—|—/bi(ac)|u|p”’(x)2uvda:,

1 (K (u) /fx uvd:l:—/hvda:
<Mmmw=—éﬂmwwm

for any u,v € W'P@)(Q). Hence, if there exists a critical point u of the operator
H + MK + M, we conclude that u € WP (Q) is a weak solution to equation
(3.3.1). Then, we can apply Theorem 1.3.2 to look for weak solutions to problem
(3.3.1). First, the fact that M’ is compact can be shown easily by adapting to the
case of 02 (instead of €2) the proof of Colasuonno et al. [27, Lemma 3.2.]. Next,
we prove (i) in Proposition 1.3.2.

Case 1: Suppose hypothesis (Hs) is satisfied. We denote ®(u) = H(u) + M (u).

b _

Let € > 0 be fixed such that [A| < = and u € W@ (Q) with |ju|| > max{1, 7.}
€0

(where 7,, is given in (3.3.5)). By using (3.3.6), it follows that

/ZA 2, 0,.1) d:v+/ b(())|u|w<w d:c—)\/QF(a:,u)dx
—)\/Qu(a:)h(a:)dx

Op. U pi pM(f) A + E
>%/§ﬂ47rd+% [ w/( 049 )]
Q=

pi(x pM

\

+ |Meo(fﬂ)|) da — [A[[[ull[|A]]+

Now, we have

1 1 -
—u:cQ(””)d:c<—/ua:q(””)dx<c ul|” + [Juf?).
éﬂ@|U| < = [ @ e < e (Jull” -+ )

Then, we get
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o pu(z)

pi(2) |u|Par (@)
®(u) > min{og, bo} ————dzx + dx

— (Ao + €0 / ST = MM~ ).
N (z)
|u|Pr (%) - N

> — q q

min{og, by} ( Z / oo (@) dx Cx (||u|| + [|ul| )

— [Alll Mgl — ||U||Hh|

d - d
> —[lul|P" — e (||U||q + [Jul? ) — (MM 1 = Il Bl — —

pM pM

where ¢y 1= ¢|\|[(Ao + €). For 1 < ¢~ < ¢© < p,,, we deduce that ®(u) — oo
is |lu|| — oo, which means that ® is coercive for any A € R. Therefore, (i) in
Proposition 1.3.2 is verified.

Case 2: Suppose hypothesis (Hj) is satisfied. Let ¢y > 0 be fixed such that
b
|)\| < —O and let u € W'P@)(Q) with ||u|| > max{1,n,,} (where 7, is mentioned
n (2.3. 5)) By using (3.3.6), it follows that

/ZA x, O,,10) dx+/ b(())|u|PM<ff dx—)\/QF(x,u)dx
1 /Q w(@)h(z)dz

N i () (z)
|0, ul” |u|pM /
20/ Pl dr+b d—)\ )|pru (@)
o3 et A ")
+ |Mﬁo(x)|> dr — [[|ul[[[R ]
Then, by (3.2.4), we get
N i(x) (z)
d(u 20/ ————dx + (by — |\|e dx
— A Ml = (Al Al
) |ax pz(l / |u|pM(:r)
> bo — |\ 194l ~ d
i< [ 520 [ B
— (MM l[x = [ Al [ 2]«
d min{og, by — |\|e d
o mintoo,bo = Mo}y o — |\ g, s — [\l — -
pM Pu
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Because p,, > 1, we deduce that ®(u) — oo as ||u]| — oo, which means that ® is
coercive for any A € | — oo, +00|. Therefore, (i) in Proposition 1.3.2 is verified.

Now, in order to establish (i7) of Proposition 1.3.2, by Bonanno and Candito
[17, Proposition 1.3], it suffices to show that there exists w € X and r > 0 such
that

(B1) H(w) > p,
K(w)

(Ba) sup K(w) <3ty

We now prove (By). Consider zg € €, eg and D > 0 as defined in hypothesis (Hg).
For « verifying 0 < a < 1, define u, such that
0 if v € Q\ B(z, D),
o () = ﬁ(l)_ |z — 2oll1) i @ € B(zo, D) \ B(xo, aD),
€o if z € B(zg,aD).

Straightforward calculations show that u, € X. Moreover, for a less and close to

1, we have
pi() () S e \""
imdm+/uam‘4wdw>/ <7> dx
ol 2\ pi—a

N
/ E |0z, Ua
Q= a =1

where T,, = B(zq, D)\B(z¢,aD). Therefore, we get
o al b
Hlua) > 22 / 100,110 d + 22 / 1PV @ da
biy o2 ot Jo

5 oo (D( “ )>pmmeas(Ta),

p}\} 1l—«
Denote
0'()N €o Pm
To = meas(1,),
Py (D(l —a)) (Zo)
and recall that 07 DIV
meas(B(zg, 7D)) = ( 7}\”) :

for any 7 > 0. Therefore, we have
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lim r, = +o0.
a—1—

To complete the proof of (Bj), it suffices to consider w = u, and p = r,, with
0 < a < 1. Next, we prove (Bz). Let u € X be such that H(u) < r,.
Case 1: Suppose that hypothesis (Hj) is satisfied. We have

N
U_f/ meiu'pi(ﬂc) dx-l-b—_g/ |u|pM(:r)dx
Z mln{do,bo} (/Z|8 upl (z) dx—l—/ |u|pM(x)dI>

> % (d0||u||pfn - dl) .

Therefore, we obtain

That is,
[Jul| < Arg™. (3.3.7)

for certain A > 0.
Case 2: Suppose that hypothesis (H}) is satisfied. We have

o N
0
=1

_ b
pi(x) dx—i——f:/ |u|pM(”)da:
Py Ja

> ﬁ | |PM ZL‘
pM
bo
p—i]\;f ppM(ﬂﬁ)( )

It gives
Par
pPM(ﬂC)(U) < bO Tq- (338)

To obtain (Bsy), we prove the following lemma.

Lemma 3.3.4. Suppose that hypotheses (Hy), (Hs), (Hs) (resp. (Hj)) and (Hy) —
(Hg) are satisfied. Then, we have

i SUP {K(u)/H(u) < ry}

a—1— Ta

=0. (3.3.9)
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Let us first point out that IC(u,) is positive for a close to 1. Straightforward

calculations give
K(ua) = Iy + Ja,

where
I, = / (F(x,e0) + eoh(z)) dx,
B(zo,aD)

and
€o

Jy = /a (F(:B, T—a)D (D = ||z = zoll1) + mh@)(D — |z - 950”1)) dz,

where T,, = B(xg, D) \ B(xy,aD). Choosing 0 < a < 1 very close to 1, and using
hypotheses (Hy) and (Hj;), we have I, > I,, > 0, for any oy < a < 1. Similarly,
based on hypothesis (Hg), J, can be made sufficiently small such that we can
obtain IC(u,) > 0 (note that hj?_ meas(T,) = 0). On the other hand, it is evident

K(uq
that H(u,) is positive. Now, if (3.3.9) is satisfied, then for 0 < e < ng O%, there
Ug,
exists 0 < 1 < 1 such that, for any « satisfying 0 <1 —n < a <1, we have

K(ta,)

sup {K(u)/H(u) < 1o} < e€ry < TQH(UaO)’

which yields (Bs).

Proof of Lemma 3.3.4.
Case 1: Suppose hypothesis (Hs) is satisfied. Let € > 0. By using (3.3.3) we
derive that, for some positive constant cg that may depend on ¢, we have

K(w) < ellull + s (™™ + Jull™) + Ml + IRl ull, — (3.3.10)

for all u € X. Therefore, for u € X with H(u) < r,, thanks to (3.3.7) and (3.3.10),
there exist positive constants K;, Ky and K3 (K5 depending on €) such that

a  a" 1

K(u) < eNPr, + K, (rﬂm + 7“5’") + Ky + Kardm.
Consequently, we obtain

- +

K _ -1 11 K L1

—(u) § eAPm + Kl (T’apm + Tapm ) + -2 + Kg?”gm . (3311)
To To

Because p,, > max{1,q~, ¢}, by letting « tend to 1 and € tend to 0, we can make
the second term in (3.3.11) as small as desired.
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Case 2: Suppose that hypothesis (H}) is satisfied. Let ¢ > 0. By using (3.3.4),
we derive

- €
K(u) < ellul[P + PO [ Mel[ L2 () + Al ] ul], (3.3.12)
M

for all w € X. Then, for v € X with H(u) < r,, thanks to (3.3.8) and (3.3.12),
there exist positive constants K, Ky and K3 (K5 depending on €) such that

_ + L
K(u) <e (Apm + P ) o + Ko+ K3ré™.
bopar

Consequently, we obtain

K(u)

Ta

_ Iy K -1
<elArm 4 M) B2 pepen (3.3.13)
bopM Ta

Because p,, > 1, by letting o tend to 1 and € to 0, we can make the second term
in (3.3.13) as small as desired. Hence, the proof of Lemma 3.3.4 is complete.

Now, we conclude the proof of Theorem 1.3.2. Let 0 < a; < 1 such that
1 K(ta,)

K(tq,) > 0 and choose € such that 0 < € < ¢ := S H(un ) Using Lemma 3.3.4,
U,
there exists 79 such that, for any 1 — 179 < a < 1, we have
sup {f(u)/Hw) <ra} _ (3.3.14)
Ta
By choosing a; > 1 — 19 and taking
£ = sup {K(u)/H(u) < rq,} and 5 — b ,
Tay 260 - 50

with b > 1 and applying the result by Bonanno and Candito [17, Proposition 1.3],
we deduce that

sup inf (H(u) + A8 — K(u))) = inf sup (H(u)+ A5 — K(u))),

AeR ueX u€X \e[0,6]

for a suitable 5 > 0. Then, by using Ricceri [78, Theorem 1], there exist a non-
empty set U C |—09, 00| (where oq := 0y if (H3) is satisfied and oy := 400 when
(H}) is supposed) and p > 0 such that for any A € U, there exists 6 > 0, such that
the equation

H'(u) + AK(u) + pM'(u) =0,

has at least three solutions in X whose norms are less than p. This completes the
proof of Theorem 3.3.3. O
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3.4 Concluding examples

Example 3.4.1. Let the functions f and g be defined by

) 5 s €1
f(x,s,€6) =—a(x)s — - (arctans+ 1 —|—32) (1 +d(m)1 n |§|2> ’

2

s
=—b - — t :
g(z,s) (x)s - (arc ans + r 32>

where a, b, and d represent positive functions in L>°(2). We have

) (1 + [d@)])

T sl

2
75,61 < lallcls] + (— ;

2 1452
2
<l + (14 2) 1+ ).

In addition, we have

2 (m Kl
< Bllclsl + = ( 2
o691 < Dolll + 2 (5 4 12L)

2
< ||bllo]s] + 1+ —.
T
Then, hypothesis (F}) is satisfied for r;(z) = 2, for i € {1,2} and for a.e. x € Q.
Moreover, we have
s

f(x,s,6)s = —a(z)s* — % (arctan(s)s + 1 +252> (1 +d() £]? )

1+ [

2 /m
< 242 (=
< flallos® + = (F5+1) (1 + ld(@)ll)
2
< M\is®+ (s + ;) (1+[|d]ls)

2
< ers+ = (14 ldle)

On the other hand, we have

2 2
g(x,5)s = —b(z)s* — - (arctan(s)s +7 j_ 32>

2
< blloes® + = (55+1)
m™\2

2
< ||b||0032 + (s + —)
T

5 2
< 98”4 —.
s
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Therefore, hypothesis (F5) is satisfied. Furthermore, hypotheses (F3) and (F}) can
easily be verified. Hence, f and g satisfy assumptions of Theorem 3.2.5.

Example 3.4.2. Let Q be a smooth bounded domain of RY, p; € C*(Q) with

pi(x) > 2 for all i € {1,...,N} and (ry,7ry) € (C’jL(Q))2 with 2 < ri(z) <

max {(p)*, pu(x)}, for all x € Q© and 1 < ry(x) < mingesq {p?(x),...,p?\,(x)}.
(

Consider § and ¢ in CT(Q) such that 1 < ¢(z) < p,, < B(z) and 1 + ¢q(z) <
ri(z) < B(x) for all z € Q. Take h € LPu@(Q) and A € L>(Q) with

h(z) :== ( L )p/Ml(z) and A(z) := @ (z)ﬂ(x)_q(x),

1+ a2 q(z) \2
Bt s\ -1

for all x € Q. Note that ||Aljoc = — (5) . Now, define

Bla)lul"@ 2 i u] < 3,

f(.iL',’LL) = _9 . . s

q(2) A(x) [u|"®2usin u + A(z)|u)?® cos u if |u| > 5

for all (z,u) € Q@ x R, and
1
g(x,u) = e u|”@ cosu, V(x,u) € 0N x R,

with o € CT(Q) such that 1 < o(z) < ry(z) — 1, Va € 9. Straightforward
calculations give that

(@, 0)] < colul ™1 V(w,u) € Q xR, (resp. |g(z,u)| < [ul*@1, ¥(z,u) €
00 x R),

2
with ¢g := max {B+, (q+ + ;) ||A||oo} and

u |ul#® if Ju| < —,
F(z,u) := / f(z,s)ds = .
0 Az |[u)?@if |u] >

)

(NI

for all (z,u) € Q x R. Moreover, we have
F(.Cl?,y) + yh(.ﬁl?) > 07 V(a:,y) € QX BR<O760)7

with 0 < eg < g and

F(x,u .
lim sup ( — ) =0 and limsup
w0 |ulPm Ju|—+00



uniformly for a.e x € 2. Then, all hypotheses of Theorem 3.3.3 are satisfied and
we obtain the existence of at least three solutions for the following problem

N
= [Opu(@) P20 JulP P = Af () + h(z) i Q,
=1

N
S 100, ul@) [P0 20, u(2)i(x) = pgle,w) on 0.
=1
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Resonance and non-resonance
phenomena
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Chapter 4

Solvability of parametric elliptic
systems with variable exponents

In this chapter, we study the solvability to the left of the positive infimum of all
eigenvalues for some non-resonant quasilinear elliptic problems involving variable
exponents. We first prove the existence of at least a weak solution for some non-
variational systems by using a surjectivity result for pseudomonotone operators.
Furthermore, under additional conditions, we show that the solution is unique and
provide examples. Second, we deal with non-resonant gradient-type systems and
obtain existence by using a variational approach.

4.1 Introduction

In recent years, the p(z)-Laplacian has gained increasing attention in various fields
of science and engineering. This operator, defined as Apyu = div (|Vu|p(w)_2Vu),
is a generalization of the standard Laplacian operator and is commonly used in
mathematics, physics, and engineering to describe physical phenomena such as
heat flow, fluid dynamics, and electrostatics. One of the main advantages of the
p(z)-Laplacian is its ability to provide a more flexible description of nonlinear
diffusion processes, which are often encountered in real-world applications. In
addition, the p(z)-Laplacian can also model non-Newtonian fluids, which exhibit
nonlinear behavior due to the dependence of viscosity on the applied stress.

Furthermore, it’s worth noting that there are other applications of the p(x)-
Laplacian, such as its use in electrorheological fluids (studied by Acerbi and Min-
gione [1] and Ruzicka [79]), image restoration (employed by Chen et al. [25]), and
thermorheological fluids (explored by Antontsev et al. [10, 11]).

Given a bounded smooth domain Q C R¥ with Lipschitz boundary 052, this

chapter is concerned with the existence of a solution (uy,us) € W,* 1(g”)(Q) X
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W, P2 (w)(Q) for the following elliptic system

_Apl( yu NlAql(z ur = fi (95 Ulauz,vul,vw) h1(55) in €2,
_Apz( yu M?Aq2(x)u2 fo (z,ur, ug, Vg, Vug) + ho(z) in Q, (PS)

U =ugy =0 on 0,

where for i € {1,2}, 1 < ¢i(z) < pi(x) < N are variable exponents of class
CHQ), fi : 2 x R x R — R are Carathéodory functions, corresponding essentially
to some perturbation below the positive infimum of all eigenvalues of a related
eigenvalue problem that we defined in (2.1.2) below and satisfying some structure
conditions, (see hypotheses (H,) and (H5> in Section 4.2), u; are positive constants
and h; € WHE(Q) with s + 5 =1, for all z € Q.

Many works have been deaicated to existence results for such quasilinear elliptic
systems with constant or variable exponents. We quote for example Alves and
Moussaoui [8], Boccardo and De Figueiredo [16], El Hachimi and De Thélin [38],
Felmer et al. [46], Faria et al. [45], Hsu [48], Motreanu et al. [64], Nabab and
Vélin [67] and the references therein. Recall that there are few works dealing with
eigenvalue problems for elliptic systems. One can see De Thélin [30], El Khalil
et al. [40], Kandilakis et al. [50], Moussaoui and Vélin [65], Zographopoulos [89]
and the references therein. We refer especially to the paper of Moussaoui and
Vélin [65], where the authors are concerned with the positive infimum A.(p), with
p = (p1,p2), of all eigenvalues for a nonlinear gradient-type elliptic system with
weight and involving variable exponents such as

=A@ = Ae(z)on (@) [ua| 7wy fug|**® in @
A0 = Ae(@) o (@) [un | g |ug |2 in @, (VP,)
up =uz =0 on Of).

Let be associated to (PS) the eigenvalue problem

— Ay V1 = A () [0 0y ) in Q,
—Dpy(2)V2 = () 1| @72 0y [og | in Q, (VP,)
v =y =0 on 012,

where for i € {1,2}, a; verify

ai(x), as(x) > 0 and a1(2) + () =1, for all z € Q.

pi(z)  pa(z)

On one hand, we were motivated by the paper of Motreanu et al. [64] where the
authors studied quasilinear parametric elliptic systems, and proved existence and
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uniqueness of solutions to the following elliptic system with constant exponents

Di, qi
_Apllh - MlAqlul = fi (37,U17U2, Vuy, VU2) in €,

—Ap s — Ay us = fo (x,u1, uz, Vg, Vug) in §, (CPS)
U =upy =0 on 052,
Their results are obtained for functions

F* : (ula U’Q) — fl ('T7 Uy, U2, vula VUQ) Uy + .f2 ($7 Uy, U2, vul; VUQ) U,
that are, in some sense, below the first eigenvalues of the related p;-Laplacian
operators. Their principal condition reads

Ji(x,81,82,81,82) 51+ fa (2,51, 82,61, &2) 52 S w(w) 4+ ¢ (|51 " + [52]™)
+d (G +1617),

for a.e x € Q, all (s1,52) € R? and all £ = (£,&) € R*Y, with w € LY(Q) and
positive constants ¢ and d such that

(4.1.1)

1—-c

7
where Ay ,, denotes the first eigenvalue of the p;-Laplacian operator for ¢ € {1,2}.
This condition ensures the coerciveness of the operator associated with the problem
as defined in Motreanu et al. [64]. On the other hand, the motivation of the
present work was to extend to the case of a non-gradient-type system with variable
exponents. The earlier results by El Hachimi and De Thélin [38] for the existence
of solutions to the problem

min ()\1’:01, Al,pz) <

oF :
Ayt = () + Iu(z) s
u; =0 on 012,

is obtained when the function F satisfies a non-resonance condition near the first
eigenvalue of an associated eigenvalue system. Unlike the variational case used in
Section 4.3, where solutions are obtained as critical points of C'-functionals, we
shall use in Section 4.2, a topological method based on a fixed point theorem for
bounded, pseudomonotone and coercive operators.

Our aim is to establish the existence of a solution for (PS) based on the findings
of Moussaoui and Vélin [65]. Broadly speaking, if the condition Ve > 0,35, >
0,3M, € L*(Q),Vs = (51, 52) € R? with |s|oe > 0., VE = (&1,&) € R Vo € Q,

Ji (2, 81,82,61,82) 51+ fa (2,81, 52,61, &2) 59

4.1.2
< ) +9) (I o) 4 ¢ (j629 + 1670 + M (a), )
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is satisfied, where ¢ is a positive constant and A (p) is the positive infimum of all
eigenvalues of (VPq), then we prove the existence of at least one weak solution for
problem (PS). Note that (4.1.2) is verified if one has for example

fi(x,s1,892,&1,&) 81+ fa (2, 51,52,61,82) s2
5171 |

fos(z) = limsup <M(p), (41.3)

|$]oo —>+00
uniformly with respect to & = (£1,&2). Moreover, under additional conditions on
the functions f; and f, and the variable exponents, we show that the solution is
unique.

It should be noted that, even in the case of constant exponents and functions f;
that are not depending on the gradients of the unknown functions, little is known
about resonance and non-resonance issues, when considering the interaction with
the variational spectrum of the (py, p2)-Laplacians eigenvalue system (VP;) of the
function

fi(x,s1,82) 81+ fa(x,s1,52) 2
\Slfal |52|O‘2

(s1,82) —

The same remark is also valid in the case of gradient-type systems and functions
fi not depending on Vu; for the function

F (.’1?, 81782)

(81782) —> g )

|51 [s2]

F
where g— (x,81,82) = fi(x,s1,s2) for i € {1,2}. Let us recall that the positive
infimum )Z\l(p) of all eigenvalues can be defined by the expression

'AI? (u17 u2)

Mi(p) = (ul,uzl)GV\{O} B, (u1,us)’ (4.1.4)
where
A, (ug,ug) = / (L |Vu1]p1(x) + L |Vu2|p2(m)) dz and By, (u1,uz) =
o \p1(z) pa(z)

g |1 iy |2 .

It is worth noting that condition (4.1.1) implies (4.1.2) which clearly implies that
Ve > 0,36, > 0,3IM,. € L*(Q),Vs = (s1,55) € R%VE = (£,&) € R vz € Q,
fi (2,81, 82,61,&2) 51+ fa (2,81, 82,61, &2) 52

ap(x a2(x 1(x 2T (415)
< ) + ) (I 1521) + ¢ (16" + &) + Mc(a).

Now, according to a recent result by Bozorgnia et al. [23, Theorem 3.3] obtained
in the case of constant exponents, the following situation may occur

60



min (/\1’1)17 /\l,pg) < )\1(]7)

Therefore, in the case of constant exponents, condition (4.1.3) is weaker than that
in condition (4.1.1).

The remainder of this chapter is organized as follows. In Section 4.2, we present
and prove our main existence result for the problem (PS) and provide conditions
to obtain the uniqueness of the solution in Section 4.3. We conclude this section by
providing examples of applications. In Section 4.4, we treat the case of a gradient-
type system and demonstrate an existence result using a variational approach,
similar to that employed in El Hachimi and de Thélin [38]. Finally, in Section 4.5,
we give a few concluding examples that verify our theorems.

4.2 Main result

4.2.1 General hypotheses

(Hy) € is a bounded open of RY, with boundary 9 of class C*°, for some 0 <
d <1

(Hy) 11 and pp are two positive constants and p; and ¢;, for i € {1,2}, are two
functions in C'(Q) satisfying p;(z) < pj(z) and ¢;(x) < ¢ (x), respectively,
for all x € €2, with

1 < p; = inf pi(z) < pi(x) < pf = suppi(x) < o0,

1 < ¢ = inf ¢;(z) < gi(z) < ¢ =supgi(z) < 0.
z€Q e

(Hs) For i € {1,2}, oy : 2 — ]0, +-00[ are two continuous functions satisfying

0 <a; =inf qi(z) < ai(z) < af =supay(r) < oo,
€ xe)

with

() + a2(7) =1, forallze.

pi(z)  pa(z)

(Hy) Fori e {1,2}, fi : QxR xR — R are Carathéodory functions such that there
exist three positive continuous functions o, ¢ and ¢;, and a nonnegative

i (@)
function e; € va‘W(z)—l(Q) with 1 < v;(x) < pf(x), satisfying the following
conditions
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and nonnegative constants a;, b;, such that for a.e. x € {2 and all s1,s9 € R,
we have

|f1 (IL',Sl, 52761752” <a |81|0f{($) |32|a;(1)

. 31 (x)ga (=)
+ (|51|‘”“+|£z| ne )*61(:13),

and

as(z)

|f2 (95 31,82751752” < as |31| i

2(z)q1(x)
by (|§1| 2@ 4 |& \52 ) + eo(z).

(Hs) Ve > 0,36, > 0,3M, € L'(Q),Vs = (s1,82) € R? with |s]oc > 6, VE =
(61,62) € RQN,Vx e

fi(x,51,82,61,82) 51+ fa (2,51, 52,61,82) 52
< up) + ) 3@ + e (J679) + 16/ + M(a).

4.2.2 Preliminary results

Denote V = W™ (Q) x Wy (), = W-1rnE)(Q) x W-17@)(Q) and for
u= (u,uz) €V and ¢ = (¢1,¢2) € V'

<U, 90> <’U1, 901> 191(9”)((2) w-b pl(w)( Q) + <U2, (P2> 11’2(5”)( )W—l»Plz(x)(Q)'
The norm considered on V is given by
|ully = max HU1|| Lp1@) (g HU2|| Lp2@) () [ Vu = (ur,uz) € V.
(V)

For u = (uy,u2) € V, define the functionals A, and B, on V by

A(“)_/( @
)= [ ™ g
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For fixed R > 0, set Qp = {u € V,B,(u) = R}. It is clear that Qg is not empty,
see Moussaoui and Vélin [65]. Define the Rayleigh quotients as follows

Melp) = jnf
Ai(p) = Ay (u) '

inf
uev\{0} B,(u)
Now, we recall the following result by Moussaoui and Vélin.

Theorem 4.2.1. (see Moussaoui and Vélin [65, Theorem 2.2]) Assume that
(Hy) — (H3) hold. Then, system (VPy) has a one-parameter family of nontrivial
solutions ((Gy, g, Uo,r) , \y) for all R € 10, +00[. Moreover, if one of the following
conditions holds

(Py) There are two vectors Iy, 1o € R¥\{0} such that for all x € Q,0, (t;) =
p1(x +t1l) and 05 (ta) = pa(xz+taly) are monotone for t; € I, =
{t;,x + t;l; € Q}, forie {1,2}.

(Py) There are xy and x4 ¢ Q) such that for all wy, ws € R\{0} with ||Jw:||, [|ws|| =
1, the functions 0, (t;) = p1(xo+tiwy) and O (t2) = po (T2 + tows) are
monotone for t; € I, .,, = {t; € R, z; + t,w; € Q}, fori e {1,2}.

Subsequently, \(p) = }zrifo Ar(p) > 0 is the positive infimum eigenvalue of problem
(VP1).

Definition 4.2.2. A couple (uy,u2) € V is called a weak solution of problem (PS)
if

/Q (Foi(z) (Vur) + pnFyy @) (Vur)) - Vor + (Fpo) (Vur) + peFe @) (Vur)) -

Vodr = / f (2, u, Vuy, Vus) - pdx + (h, @),
Q

for any couple ¢ = (¢1,2) € V, where F,,)(t) = [t]"™2, for t € RN and
(h,) = (h1,¢1) + (ho, o) is the duality pairing between V and its dual space,
where we denote

f(x,5,6,8).5= fi(x,51,52,&1,&) 51+ fa (@, 51,52,61,62) s2.

Definition 4.2.3. Let X be a reflexive Banach space, X™* its dual space and denote
by (-,-) its duality pairing. Let Z : X — X*, then Z is called

(a) to satisfy the (S, )-property if u,, — w in X and limsup (Zu,, u, —u) < 0
n—oo

imply u, — uin X,
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(b) pseudomonotone if u,, — w in X and lim sup (Zu,, u, — u) < 0 imply Zu,, —

n—oo

w and (Zuy,, u,) — (Zu,u),

(¢) coercive if

lim (Z(u),u) _
lullx =00 [Jul|x

Theorem 4.2.4. (see Motreanu et al. [64]) Let X be a real, reflexive Banach
space, T : X — X* be a bounded, pseudomonotone, and coercive operator, and
h € X*. Then, a solution to the equation Zu = h exists.

Now, for all u = (u1,us) € V, we define

A(u) = (=D, )1 — 118, @)1, —Dpyaytn — 2Dy (a)U2)

] ~ (4.2.1)
Ap(u) + Aq(u),

Ap() = (D@, —Bpuz)  and  Ag(u) = (=g @), —H2D ) z).
The following result summarizes the properties of the operator A.

Lemma 4.2.5. The operator A:V — V', defined in (4.2.1), is bounded, continu-
ous, monotone (hence mazimal monotone), and of type (S;).

Proof. The proof is similar to that obtained by Fan and Zhang [43, Theorem 3.1]
for a single equation and p; = 0 for i € {1,2}, and is omitted here. O

Next, we provide and prove our first main result.
The following theorem is the subject of a first publication with my
supervisor Professor El Hachimi published in the Moroccan Journal of
Pure and Applied Analysis.

Theorem 4.2.6. (see Ouannasser and El Hachimi [73, Theorem 3.1.]) Suppose

that the hypotheses (Py) or (P,) and (Hy) — (Hs) are verified. Moreover, suppose

that ¢ < ﬁeq, where 0, := max {q%, q%} < 1 and pg = min {py, s }. Then, for all
2

h €V, problem (PS) admits at least one solution, u = (uy,uz) € V.

Proof. In order to apply Theorem 4.2.4, we need to show that the operator 7
associated with (PS) , which is defined on V by

T(u) == A(u) — N(u) — h,
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where N(u) = (Ni(u), Na(u)), and for ¢ € {1,2}, N; : V — V' denotes the
Nemytskii operator associated with f;, that is, N;(u) = f; (z, w1, us, Vuy, Vug).

e 7 1s bounded:
From (H,), it is easy to see that the Nemytskii operators N; and N, are well-
defined, continuous and bounded. Because A : V — V' is bounded, we conclude
that Z is bounded.

e 7 1s pseudomonotone:
Let {u, = (Un,1,Un2)},cy C V be a sequence such that

up, > uinyV and  limsup (Z (u,), (u, —u)) <0. (4.2.2)

n—oo
Taking the compact embedding W, i(m)(Q) < LY ®@)(Q) into consideration gives
Upy — uy in L9@(Q)  and  wu,o — uy in L2O(Q), (4.2.3)

since o (z) < pi(x) and o(z) < pi(x), respectively. We need to show that

lim fi (@, un 1, Uung, Vg, Viga) (un 1 — uy) de =0 (4.2.4)
n—oo Q
and
lm [ fo(x, un1,Un2, Vp1, Vigs) (Un2 — uz) de = 0. (4.2.5)
n—oo Q

We proceed as described in Motreanu et al. [64]. In order to establish (4.2.4),
we use hypothesis (Hy), Holder’s inequality and compactness embedding relation
(4.2.3). We have

/ fi (@, un 1, Uno, Vg, Vg a) (U —uy)de| < Kpy + Kpo + Kns + Kp g,
Q

* * 1
oi(z) | oh(@) — 1 with p = L 42204
() ) mnl) M V3

1
—— and applying Remark 1.1.2; we have
Y1+

where, by using the relation

Kn1= / ay [t 1|7 [t 2] 2 Jt g — wy| da
Q

o+ - + -
< paxl (Hunl”gﬂl()) + ”uanEﬂl))(Q)) (HuanE/YQ()) + ||'U/n1HE~/2()) ))

: Hun,l - ulHL’Yl(-)(Q) — 07
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Ko = / by |Vt 2@ [ty — ug| da < 2 H|Vun’2|‘“(x)H a @)
Q L1 (Q)

Ny —wll  q@ =0,
Ln()=81(z) ()

31 (z)qa(x) 02(z)
Kn,3 = bl‘vun,Q‘ (@) |un,1 - ul’ dz S 2 || ’VUn,zf || q1(x)
Q L1 (Q)

Nty =il qw =0,
La1(@)=01(z) (Q)

Ko = [ 1)ty = wa]do < 21 o g 11 = 1l ooy = 0
Q

Therefore, (4.2.4) is fulfilled. Applying similar calculations yields (4.2.5). Taking
the weak formulation in Definition 5.4.1, replacing u; by w1, us by v,2,¢1 by
Up1 — Uy and g by u, 2 — us and using (4.2.2) as well as (4.2.4) and (4.2.5) lead
to

lim sup <./~l (un) , (un — u)> = limsup (Z (u,) , (u, —u)) <O0. (4.2.6)

n—oo n—oo

Since A satisfies the (S )-property, we deduce from (4.2.2) and (4.2.6) that u, —
win V. Lastly, because Z is continuous, we conclude that Z (u,) — Z(u) in V',
which proves that Z is pseudomonotone.

e 7 1s coercive:
For u = (uy,us) € V, we have

(A(u), u) = (/ |VU1’pl(x) + |VU1|Q1(m) dx + / |VU2|p2(r) + o ‘VU2|QQ(I) dx)
f Q

2 ‘|U1’|;1,01,p1<x)(9) + HU2”;01,pz<x)(Q) T ”Ul”l‘:‘l,ol,ql(x)(m + p2 HU2H;;01,42(@(Q)
> |ully + pollully,

where for i € {1,2}, we have

;

Q

T =pj, if/|Vui
\ Q

(

Pi(®) o < 1,

and

v; = q;, if / (V| %) d > 1,
0

v =q, if / |Vui|‘“(m) dr <1,
Q

\
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with 7 = min {7, 72} > 1 and v = min{»,1n} > 1. Using (Hy) and (Hs),
for any € > 0, there exists M. € L'(Q2) such that for all s = (s1,s2) € R? and
€= (&,&) € R?Y for ae. o € Q, we have

£(z,5,6)5 < (a(p) +) (Is1™ lsal @) +¢ (I + &1*) + Me(@).

Consequently, we obtain

(Z(u),u) = (A(u),u) — /Qf(:r,u, Vu) - udx — (h,u)
> () = o)+ ) [l ol o + (A ). )
_C/ <|Vu1|Q1(‘r)+|Vu2|q2(I)> I
Q

—Awuwm—uwwwm.

On the other hand, we have

Ay(w) <0, (Ay(w)u)  and M(p)B,(u) < Ay(u) < 6, (Ayu).u).

with
1 1 1 1
0, :max{—,—} <1 and ¥, —max{—,—} <1
b1 Do 4y 9>
Hence,
A s _
(Z(u),u) > <1 — Qp%> <Ap(u),u> + (1 — cpoby) <Aq(u), u>
1
Qp r 1 -
- “MEHLl(Q) - 7”“”1} - th”v:
where 0 < ag < 7, with 7/ = T T Therefore, we get
7— —
Zw),u)  (Aw),u) Ml Q01 — [
Jully = lully [l T aor ully
ao\ i Ml 1 Rg
> (v =22) llul;™ - el
T [[ully aor’ [ully

)\1 (p) + €

where v = min {1 -0, M)
1

1= cuOQq}. Now choosing ¢, € and «q such that
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1

C<M09q’

0<e< (1_017))‘1(17)’
Op

0 < ay <717,

7
we obtain lim M

= oo. Thus, 7 is coercive.
lulv—oo  [lully

Thus, all the assumptions of Theorem 4.2.4 are satisfied. Therefore, there exists
ug € X such that Z(ug) = 0. This completes the proof. O

4.3 Uniqueness result

Next, we consider the uniqueness of the solutions of system (PS). We consider the
following hypotheses

(F}) For all s = (s1,82) and t = (t1,t5) € R?, and for all £ = (£1,&) and n =
(7717 772) € RNa we have
(f (xasaglvé-Z) - f(xvtanb?b)) : (S - t)
< prlsi—tl|s2 — to| + p2 (160 = m” + & — ml?)

for a.e x € (),
(Fy) We have py < 1 and p; < 2(1 — p2) M(2,2),

(F3) For all £ = (&,&) € RY and for a.e z € Q, we have s; — f; (2, s1, $2,&1,&2)
is decreasing, for 4, j € {1,2},

(Fy) For 1,7 € {1,2}, for all s = (s1,52) € R? and for a.e z € Q, we have

f(x7$1a827€17€2) = f(.T, S1, S2, |€1| ) |§2|) and Ui — fz ($7317527n1an2) is de-
creasing,

(Fs) For i € {1,2}, we have ¢; = p;.

The following theorem is the subject of a first publication with my
supervisor Professor El Hachimi published in the Moroccan Journal of
Pure and Applied Analysis.

Theorem 4.3.1. (see Ouannasser and El Hachimi [73, Theorem 4.1.]) Suppose
that the hypotheses of Theorem 4.2.6 alongside (Fy) and (Fy) are verified. In
addition, if p;(z) = 2 and oy(z) = 1, for all x € Q and for i € {1,2}, then problem
(PS) has a unique solution.
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Proof. Let u = (uy, uz) and v = (vq, v2) be two weak solutions to (PS). Considering
the weak formulation of (ui,us) and (v, v3), by choosing ¢ = u; — vy and ¢ =
Uy — vy as test functions, and adding the obtained equations to each other, we get

/ |V (uy(z) — vl(a:))\Q dr + ul/ (]—"ql(x) (Vuy) = Foy () (Vvl)) - (Vuy — Vo) dx

Q Q

+ /Q IV (ug(z) — va())|? da + ,ug/Q (]:qQ(x) (Vug) — Fopa) (VUQ)) - (Vug — Vo) dz
= /Q(f(x,u, Vu) — f(x,v,Vov)) - (u—v)de.

Moreover, for r(z) > 1 for all z € Q and wy, ws € W ™(Q), we have
0< (Jrr(m) (vwl) - fr(m) (VU)Q)) -V (w1 — ’LUQ) dz.

Therefore, using assumption (F}) leads to
19 (la) = v @) + 1V (uala) = vale)) o
Q

<o [ =l iz = val + pa( IV a(0) = wa(@) + |V (wnle) = wa(o)* ) o

Hence, we have
(=) ([ 19 (uae) = ws(e)P e+ [ 19 (ua(o) — va(o) e

< /Q luy — 1] [ug — va| d.
Thus, we obtain
2(1 = p2) Ao (u—v) < p1Baa(u—v). (4.3.1)
On the other hand, by using the definition of A\;(2,2), we get

1
Bz (u—v) < m*‘m) (u—v).
By using (4.3.1), we obtain
P1
—) < — ).
A(2,2) (U U) =9 (1 — pQ) )\1 (2’ 2) A(2,2) (U U)
If Aig2)(u—v) # 0, we obtain p; > 2 (1 — pa) A1(2, 2), which contradicts hypothesis
(F2).
Therefore, we have A3 9)(u —v) = 0, which means that u = v, since (u,v) € V.
This completes the proof. O
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The following theorem is the subject of a first publication with my
supervisor Professor El Hachimi published in the Moroccan Journal of
Pure and Applied Analysis.

Theorem 4.3.2. (see Ouannasser and El Hachimi [73, Theorem 4.2.]) Suppose
that the hypotheses of Theorem 4.2.6 and (F3) — (F5) are verified, then problem
(PS) has a unique solution.

Proof. Let u = (uj,us) and v = (v,v2) be two weak solutions to problem
(PS). Considering the weak formulation of (u;,us) and (vq,vs), by choosing
¢ = (uy —vi),and ¥ = (up — o), as test functions, and adding the obtained

equations to each other, we have as in the proof of Theorem 4.3.1

0= / (]:pl(x) (V(u1 = U2))) -V (uy — vy)de
{ur(z)>v1 ()}

_|_
—

(»7:;;2(3:) (V(uz — UQ))) -V (ug — vg) dx

{u2(z)>va(z)}

(erl(x) (Vul) — fm(m) (Vvl)) -V (ul — U1)+ dx

(’FPQ(CU) (VU2) - ]:pz(x) (VUQ)) -V (UQ - UQ)+ dx

dz

(fi(x,u, Vu) — fi(x,v, Vo)) - (ug — v1)

+
S— T 5—

J’_

T / (£, 0, V) — (i, 0, V0)) - (3 — v2)., dr.
Q
Then,

/ (fi(z,u, Vu) — fi (2,0, Vv)) - (ug —v1), dov =Ty + Iy + I3 + Iy,
Q
where

7, = / (f (z, ur, ug, |Vur|, |[Vug|) — £ (2,01, ug, Vs |, [Vusl)) - (u1 —v1), dz,
Q

I, = / (f (z,v1,ug, [Vur|, [Vug|) — £ (2,01, 02, [Vur |, [Vug|)) - (ur — 1), da,
Q

I3 = / (f (x7,u’17/U27 |VU,1| 9 |V'U,2|) —f (xavl7v27 |vu1| ) |VU2|)) ) (Ul - U1)+ de,
Q

Iy = / (f (z,v1,v2, [Vuu |, [Vug|) — £ (2,01, v, [Vui], [Va]) - (ug —v1), dz.
Q

According to the hypothesis (F3), we have Z; < 0. Similarly, we have
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I, = / (f (z,v1,us, |Vuq|,|Vus|) — £ (2,01, v9, |Vus|, |Vusl|)) -
Qo

Ll — v1)+dx,
(uz —v2),
where Q = {z, (uz — v2), (x) # 0}. Using hypothesis (F3), we have Z, < 0. On

the other hand, we get

(u2 — v2),

I3 = / (f (z,v1,v9, |Vuy|, |Vus|) = £ (x,v1, 09, [Vv1]|, |Vus|)) -
Q3

(w — v, dz

(IVua| = [Vou])

where Q3 = {z, (|Vuy| — [Vu1]), (x) # 0}. According to the hypothesis (F3), we
have Z3 < 0. On the other hand, we get

:a:/ (£ (00, 03, [Vou |, [Vaua]) — £ (&, 01, 9, [Vou ] [Va])) -
Q4

(= v, dx

([Vua| — [Vea]),

where Qy = {z, (|Vus| — |[Vua|), (2) # 0}. According to the hypothesis (F3), we
have Z, < 0. Therefore, we get

/Q(fl(x,u, Vu) — fi(z,v,Vv)) - (uy — 1), dov <0.

(IVur| = [Voi])

(IVua| = [Vea])

Using the same arguments, we obtain
/ (f2(z,u, Vu) — f5(x,v, Vv)) - (ug — v2), dz <0,
Q

which implies that
/ (Fortor (V1) = Foney (Vo)) - ¥ (g — 1) dz = 0,
{ur(z)>v1(x)}
and

/ (‘sz(:v) (VUQ) - ‘Fm(x) (VUQ)) -V (u2 — 1)2) dr = 0.
{uz(z)>v2(z)}

respectively. From this, it follows Vu;(z) = Vui(z) for ae z on
Uy = {ze€Q:u(r) >v(x)} and Vus(z) = Vuy(x) for ae z on Uy =
{r € Q:ui(x) > vi(z)}. Now, for x € Uy, we have (u; —v1), (z) = (v —v1) (v)
and V (u; —v1), () = Vuy(z) — Voi(z) = 0, while for x € Q\U;, we have
(ur —v1), () =0 and V (u; —v1), () = 0.

71



Consequently, we have V (u; —v1), (z) =0, a.e in Q and then (u; —v1), =0
because (u; —v1), € Wol’pl(gc)(ﬂ). Then, we get u; < vy = 0, for a.e z in €.
Similarly, we obtain us < vy = 0 for a.e x in €. Similarly, we obtain u; > v; = 0,
for a.e z in Q and uy > vy = 0, for a.e x in ). Therefore, u = v and the solution

is unique. ]

4.4 Case of a gradient-type system

In this section, we focus on gradient-type systems. Hence, we assume that

F
filz,u) = 6—(3:,u) for i € {1,2}. The system (PS) becomes
Us
OF :
— Ay @) Ui — il (2) Ui = a—m(:r:, u) + hi(z) in Q, (GS)
u; =0 on 0f).

For u = (uy,uz) € V, define Ag (uy,us) and B (uy, us) as in Section 4.2 by

'Ao(u):/ ! |Vu1|p1(z)dx+/ LV, da
o pi(z) o pa2(z) ’

q Alu) = Ao(u) + / <)|Vu|q””)dm+/ M(Q)IV 22

/|u |** x)|u |a2 d:v—/|u|a dz,

Fyo(z) = limsup

[$]oo —>400

and denote

Suppose that function F' satisfies the following hypotheses

oF OF
(h) E. and 9 - : 0 xR xR — R are Carathéodory functions such that there
51 52

exist positive continuous functions o, nonnegative functions e; € L'(2) with
1 < af(z) < pf(x), and nonnegative constants a; for i € {1,2}, such that for
a.e. z € Q and all (s1, s2) € R?, we have

OF

E < ayan () 51| 55| 4 ey (),
S1

(I S1, 82)

and
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OF . iy
\— (, 51, 89)| < azag(z) 51|17 |52 2F 7 4 ey ().

882

(he) There exist a nonnegative constant A; and a nonnegative function A, €
LY(2) such that, for all z € Q we have

|F(x,s)| < A1|s|a(””) + As(z).

(h3) Fwo(z) < Ay uniformly for a.e x € €.

In this section, we state and prove a non-resonance result below the positive infi-
mum ;. Define

I(u) = A(u) — /QF(x,u(x))dx — (h,u),

where (u, ¢) = (u, )y denotes the duality pairing between V and V'

The following theorem is the subject of a first publication with my
supervisor Professor El Hachimi published in the Moroccan Journal of
Pure and Applied Analysis.

Theorem 4.4.1. (see Ouannasser and El Hachimi [73, Theorem 5.1.]) Under
hypotheses (Py) or (Py) and (hy) — (hs), problem (GS) admits at least one solution
v €V, for any h € V'. Moreover, suppose that (Fy) and (F») are verified and
pi(x) > 2, for all x € Q and i € {1,2}, then the solution is unique.

Proof. We want to minimize the following energy functional Z associated with
problem (GS)

Z(u) = A(u) — /QF(x,u(x))dx — (h,u),Yu € V.

To this end, we show that Z is weakly lower semicontinuous and coercive.
e 7 1s weakly lower semicontinuous:
Let (un)nen C V be a sequence such that

Uy — u in V. (4.4.1)

Then, taking the compact embedding W, i(x)(Q) < LP'@)(Q) into consideration
gives
Ui — u in LP@(Q). (4.4.2)

Moreover, there exist § € LPi(®)(2) such that
[t; ()| < 6;(z), for a.e x € Q.
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Therefore, by hypothesis (hs), we have
F (2,un (7)) < Ay |un|*® + Ag(x)
< A1|9<$)|a(m) + AQ(Z’)

Using the fact that F' (z,u,(z)) — F(z,u(x)), for a.e z € Q and applying Fatou’s
lemma, we obtain

l;giuog/ﬂﬁ’(:c,un(az))dxg/QF(x,u(x))dx

Hence
T(u) = A(u) — /Q Fla, u(z))dz — (u, h)

< liminf A (u,) — lim Sup/ F (z,u,(x))de — lim (h,u,)
Q

n—-+00 n—-+o0o n—-+o0o

n——+00

gliminf{A(un)—/QF(:r,un(x))dfC—(h,un>}
< it ().

Consequently, Z is weakly lower semicontinuous.
e 7 is coercive:
Using Remark 1.1.2 for u = (uy, uz), we have

Alu) > Ao(u) > (uall5y + llu253)

> nlull$,
: 1 1 .
where 7 = min { —, — ¢, and for 7 € {1,2}, we have
P1 P2
o;=p; if / |V [P da > 1,
Q
Q

where ¢ = min (0y,02) > 1. By (hs), for any € > 0 there exist . > 0 and
M, € L*(Q) such that

F(z,5) < (Fo(z) 4 €) |s]*® + M.(z), Vs:|s| > &, for a.e z € Q.
By the embedding theorem, there exist 7,7, > 0 such that

/ Pl 19, @ dy +/ P2 19uy| 2@ d > yodo(u) — 7.
o q(x) o @(z)

Now, using hypothesis (hy), we have
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F(z,5) < (Fxo(x) 4 €) 5| 4+ M.(z), Vs € R? for a.ez € Q.
Let € > 0 be fixed. We then have

T(u) = A(u) / Fla,u)dz — (u, h)

> (14 70) Ao(u Ay+e/hwmwx—/df el llly = 1.

On the other hand, we have

1
= / lu|*@dz < —Ag(u).
Q A1

Hence
/\1 +€ 1 '
2(0) 2 (1420~ 255 ) Aolw) = IMlsey — -l = S =
7 (p7)
where 0 <y < p~ and (p_)’ = 7p T Now, we have Ag(u) > n|jul}, , then
p —
“o(v) = 00,
lully—so [[u]v
and

€ ol 1 /
Tw) > (o — — — ) Ag(u) — || M. L TAT
<>(% WQ o(w) = Ml ) — =l

By choosing v and € such that vy > )\i + %, we obtain
1 np

Z(u)

lully—=oo ||ul]y

Hence the coerciveness of Z. Now, Z being lower semicontinuous and coercive,
there exists u € V such that Z(u) = in£I(v). Owing to hypothesis (hy), Z is a
ve

C'-functional and u € V is a weak solution of problem (GS) if and only if it is a
critical point of V.

The proof of uniqueness of the solution is similar to that of Theorem 4.3.1.
This completes the proof. O
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4.5 Concluding examples

Now, we provide some examples that verify the hypotheses of the existence and
uniqueness theorems.

Example 4.5.1. Let the function f = (f1, f2) be defined by

_ d -
i (@, s1,52,6, &) = [s2] ) |51 2 s, (alm - ﬁf)u 6" )),
and
_ d
fo (@, 51, 89,61, ) = |51]" 7 |5 12 s, (az(:c) + % |§2|q2(x)),

where the functions o4 (x) and as(x) are defined in the first section and a4, as, dy,
and dy are in L>(Q) where they satisfy the condition |ja; + a2l < M(p). We
have

ai(z)—1 ag(x)d q1(x)
ai(z)—1 asz () |81| ' |82| 1($)|§1|
|f1(‘r7517827€17€2)| S ||a’1H00|81| |82| + 1 + |S|Oé(w)

< llarllool s [ 52l + 1o 2]

Similarly for f,, we obtain

[fa(x, 51, 82,61, €2)| < llazlools |5 27 4 | dp| oo €] 2,

which implies that hypothesis (H,) is verified for o (z) = ay(z)—1, ab(z) = as(x),
01(z) = qi(x) and da(x) = go(x), for a.e. o € Q. Furthermore, we have

|8‘a(w)

fh(:r) QQ(.Z)
1+ [s]o@ (dl("’f) & + da(2) |2 )

< M(P)[s + [ldyflocl€r ) + [[da|solE2] =,

f(x,5,€) -5 = (ar(x) + az(x)) [s]**) +

which implies that f satisfies hypothesis (H5) and hence all hypotheses of Theorem
4.2.6 are satisfied.

Example 4.5.2. Let the function f = (f1, f2) be defined by

fi (2, 81,52,61,82) = ar(x) sin sy + di(2)&1,

and

f2 (2, 81,52,61,82) = az(x) sin sy + dy(2)&s,
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where the functions «q(x) and as(z) are defined in the first section and ay, as, d;
and dy are in L*°(2) where they satisfy the condition ||ai]| + |laz|l, < M(p).
One can easily check that f; and fo satisfy hypothesis (F}). On the other hand,
we have

f(z,5,£) - s = a1(v)s;sin sy + az(x)sz sin sy + di(v)s1§1 + da(x) 5282

||d1||oo 2 ||d2||oo 2

< (llarlloo + llazlloo) 8] +
< Mls|+ e (|G + &)

which implies that f; and f, satisfy hypothesis (F5). Furthermore, we have

(f (x,8,&1,&) — £ (z,t,m1,m2)) - (s — t) = ai(x)sy sin(sy) + di(2)s1&1 — a(x) sy sin(tz)
— di(@)s1m — a1 (z)ty sin(s2) — di(z)11&

+ a1 (z)ty sin(ta) + dy(x)t1m + ag(x)se sin(sy)

+ do() 8282 — ag(x)se sin(ty) + da(x)sams

— ag(x)tysin(sy) — do(x)tas + ag(x)te sin(ty)

+ da(2)tom:

which implies
< ay(z)s; (sin(se) — sin(ta)) — a1(x)ty (sin(sz) — sin(ts))

+ as(z) sy (sin(sy) — sin(ty)) — as(x)ts (sin(sy) — sin(ty))
+di(7)(s1 —t1) (& — m) + da(7) (52 — t2) (€2 — 12)
(

)
_ _ _ di(z) 2
< ay(z)(s1 —t1)(s2 — ta) + ag(x)(s2 — t2)(s1 — t1) + WE 2)(51 m)
da ()
+ M2.2) (& —m2)?
< (llarlleo + [lazloo)[s1 — t1l|s2 — 2]
Uhlee Il 1, — a4k — e

(ld1lloo + [Ida]loo) (I
A1(2,2)

Then, f satisfies all hypotheses of Theorem 4.3.1.

< Ai]s1 —tal|s2 — to| + § —771|2+|§2—772|2)

Example 4.5.3. Let the function f = (f1, f2) be defined by

2 So |§2’2
f1(x, s1,89,&1,&) = —ay(r)sy — - <arctan32 + T+ s%) (1 + dl(l')l I |€2|2 )
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and

2
Fo,51,50,60,8) = ~aafa)ss = 2 (arctansy + 5 ) <1 +ay(o) 5 )

m 1 1+ &)

where ay,a9,d; and dy are positive functions in L>°(Q2) that satisfy the con-
dition ||a1]|, + [lazll, < Ai(p). One can easily check that f; and f, satisfy
hypotheses (Hy) and (Hs). Furthermore, it is obvious that for i,j € {1,2},
s; — fi(z,81,52,6,&) and n; — f; (2,51, 52,m,12) are decreasing, whilst
f(x,s1,58,&,8&) =f(x,s1,589,|&],|&|) is verified. Then, f satisfies all hypotheses
of Theorem 4.3.2.
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Chapter 5

On degenerate parametric elliptic
systems near and at resonance

In this chapter, we study two degenerate parametric elliptic systems in which the
nonlinearities are gradient-dependent. The first part is devoted to investigating
a system near resonance, where we establish the existence of a weak solution. In
the second part, we deal with a system at resonance and prove the same result as
in the first part, without the need for Landesman-Lazer conditions. Our existence
results are based on a topological method using fixed point theory. Furthermore,
we study a gradient-type system at resonance and prove the existence of a solution
using a variational approach.

5.1 Introduction

The study of degenerate parametric elliptic systems near resonance is crucial, offer-
ing insights into subtle nonlinearities and their effects across multiple disciplines.
In engineering, these insights help in designing structures that avoid catastrophic
failures and optimize circuit performance (see Bleck-Neuhaus [15]). In physics,
they reveal novel quantum states crucial for quantum computing advancements,
as explored in depth in the field of magnonics (see Rezende [77]). In environmen-
tal sciences, they improve understanding and mitigation strategies for extreme
weather events.

Similarly, the investigation of these systems at resonance has provided deep
insights into the nonlinear dynamics and coupling effects in such systems. This
research has broad applications, from modeling complex fluid dynamics and en-
hancing understanding of multiphase flows to aiding in the study of material fail-
ures like crack propagation. The study of optical and microwave systems using
Fano resonances has further highlighted the widespread applicability and signifi-
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cant impact of resonance phenomena in various fields (see Kamenetskii et al. [49]).
Collectively, studies near and at resonance offer a rich field of inquiry with pro-
found implications in understanding and manipulating complex systems in various
scientific fields.

The aim of this chapter is twofold: Given a bounded domain Q C RY (N > 3)
with Lipschitz boundary, the first part is concerned with the following degenerate
parametric elliptic system with convection terms near resonance

— Ay gy — DAy U = Aay () |[ulP?u+ fi(x,u,v, Vu, Vo) + hy(z) in Q,
=Dy ¥V — 12Dy sV = uag(x)|v|p2_zv + folz,u,v, Vu, Vv) + ha(x) in €,

u=v=>0 on 0,
(5.1.1)
where for i € {1,2}, we have —A,, ,.u = — div(w;(2)|Vu|' ?Vu), 1 < ¢ < pi <

N, X and p are nonnegative parameters, fi, fo : 2 X R x R — R are functions of
Carathéodory satisfying some conditions that will be specified later, 0 < ay,ay €
L>(€) are weight functions, j; are positive constants and h; € (W, (w;, Q)" We
revisit certain details concerning the homogeneous degenerate eigenvalue problem
defined, for 7 = 1,2, by

{— div (w;(z)|Vu

PiVu;) = Aag(z)|ulPPu in €,

u=>0 on 052,

where  is a bounded domain in RY,1 < p; < N and w; is a weight function
that verifies the conditions (A;) and (Ay) given in Section 5.2. In this chapter, we
assume that for every i € {1,2}, the coefficient function a; satisfies

meas{z € Q:a;(x) >0} >0, a; € L%(Q), for some p; < r; < pj g,

where p; . is also given in Theorem 5.2.2 of Section 5.2. Lé and Schmitt [56] have
proven the existence of a sequence of positive eigenvalues {\y;}ren, Where each

Ak, 1s determined as follows. Consider
r; = {u € Wy (wy, Q) : / a;(z)|ulPidx = 1} )
Q

Ii(u) = / wi(x)|VulPide, we Wy (w;, Q).
Q

We then find

) = inf I
Ae(Di) A sup i(u),
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where X, ; = {Ai C I'; : there exists a continuous, odd and surjective function =; :

Sk=1 Ai} and S*~! represents the unit sphere in R*, A\(p;) — oo as k — oo.
Drébek et al. [33, Chapter 3] established that the principal eigenvalue \;(p;) is
identified as simple and isolated, and all corresponding eigenfunctions maintain a
consistent sign within €2. Moreover, it is clear that

)\1(}91) = inf Il(u),

u€el’;

which implies that for all u € Wy (w;, ), we have
/ w;(x)|VulPide > A (p;) / a;(x)|ulPidz, for all u € Wy (w;, Q).
Q 0

Furthermore, the corresponding normalized eigenfunction ¢; is also in W(} P (w;, Q).
Consider also the set

W' = {w = (u,v) € Wol’pl(wl,Q) X Wol’pz(wg,Q) : / a(x)|o1 [P 2o ude =
Q
0 and / b(x)|2|P2 2 ppvda = 0}.
Q

It is straightforward to demonstrate that W’ is a complementary subspace to
W = (p1) X (p2), resulting in the direct sum

H=WaoW.

There are many papers that have dealt with problems such as (5.1.1) near reso-
nance, we cite Afrouzi et al. [2, 3, 4], An et al. [9], Zographopoulos [89] and the
references therein. Most of these works investigated systems that do not involve
gradient-dependent nonlinearities, where many existence and multiplicity results
were obtained using several variational tools. In this study, we employ a topolog-
ical method to obtain the existence result for system (5.1.1).

In the second part of this chapter, we deal with the following parametric elliptic
system with convection terms at resonance

( — Ay U — 1Ay U = /\lal(x)|u|p1_2u + )\1w(:6)|u|°“_2u|v|a2

+ fi(z,u,v, Vu, Vo) + hy(x) in Q,
— Ay po¥ — My 4,0 = Araa(z)[0[P2 20 + Ajw(w)|v]|*2 2v|u|™
+ fo(z,u, v, Vu, Vo) + hy(x) in Q,
u=v=0 on 0N2.

(5.1.2)
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where for i € {1,2}, we have —A,, ,,u = — div(w;(z)|Vu|" *Vu), 1 < ¢ < pi <
N, f1, fo : QxR xR — R are functions of Carathéodory satisfying some conditions
that will be specified later, w € C(2) N L>°(2) satisfying w* = max{w(x),0} # 0,
1; are positive constants and h; € (I/Vo1 P (wy, Q))* Let be associated to system
(5.1.2) the following eigenvalue problem

— div(wy (2)|VuP 2Vu) = My (@) [ul” 7> u + Mw(z) [u|* 2w lo|* in Q,
— div(wy ()| Vo |2 2Vo) = My () [0 v 4+ Aw(z) [v]** v |ul* in Q,
u=v= on 012,
(5.1.3)
where for ¢ = 1, 2, «; verify

ai>0andﬂ+%:1, for all z € €.
b1 P2

Define the functionals ¢, p : X = Wy (wy, Q) x W2 (ws, Q) — R as

o(u,v) = ﬂ/wl(oc)|Vu\7"1aloc+%/wg(oc)|Vv|1”2dx,
Q P2 Jo

P
@ @ aq Qg
o(u,v) = [ w@)ul*o|de + — [ di(z)[ul""dz+ — [ da(z)[v[*dz,
Q P1 Ja P2 Ja
and the manifold
Y ={(u,v) € X :p(u,v) =1}
One can easily prove that ¢(u,v) and ¢(u,v) are (pi, p2)-homogeneous, i.e.,
B/, 1/70) = t(u,v)  and (P, 1) = to(u, o),

for all t > 0 and (u,v) € X. We also have ¥ as a symmetric manifold in X. Using
the same arguments as in Zographopoulos [88], the eigenvalue problem (5.1.3)
admits a sequence of eigenvalues where they can be variationally characterized as
follows

A = inf  su u,v),
g A€y (u,v)IE)A ¢< )

where ) = {A C X : there exists a continuous, odd and surjective function ¢y :

Sk=1 A}, with S*~1 is the unit sphere in R*. We also have

D<M <<...<MA..., A = 400 as k — +o0.
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Now, let us define the following

Ap = inf il wl(x)|Vu|p1d:v+%/wg(x)|Vv|p2dx. (5.1.4)
(uw)eX p1 Jo P2 Jo

Hence, \] is the first eigenvalue of (5.1.3) as well, and taking the definition of \
into account, one can easily derive that A} = \;. Moreover, \; is a simple, positive,
and isolated principal eigenvalue of (5.1.3). In view of the fact that ¢(u,v) and

(u,v) are (p1, p2)-homogeneous, the eigenfunction space corresponding to the first
eigenvalue \; is

Ey, ={(u,v) € X : ¢(u,v) = Mp(u,v)},

where (t'/P1u, t1/P20) € Ey, for all t > 0 and (u,v) € E),. In addition, there exists
to > 0 such that

1
It

uo| o+ It ™ w72 =1,

P1
1, 1, -
|WO P1 (w1,92 W, P2 (w2,9)

where (ug,v9) is a normalized eigenvalue satisfying uy > 0, vg > 0 and
||’U/0||W01,I71 ('UJLQ) + ||’U0||W3,pz(w279) = 1

Recently, Ouannasser and El Hachimi [73] studied a similar problem to (5.1.2)
for the non-resonance case, but with variable exponents. More specifically, they
obtained existence and uniqueness results for the following system

_Apl(ac)ul - MlAql(x)Ul = fi (xvula ug, Vuy, VUQ) + h1($) in €,
—Apz(m)UQ — ugAqQ(I)ug = fg (117, Uy, U2, Vul, VUQ) + hg(l‘) n Q, (515)
Uy = ugy =0 on 0f).

Because of the lack of information on the spectrum in the case of variable expo-
nents , we limit ourselves to the study of problem (5.1.2) for constant exponents.
One can see that even in the case of constant exponents, little is known about res-
onance and non-resonance issues, when there is interaction between the Lusternik-
Schnirelmann spectrum of the eigenvalue problem (5.1.3) and the function

fl (xa87t7§7n)8+ f2 (I,S,t,f,’l’])t
w(a) [s[™ |6

(s,t) — (5.1.6)

The same observation holds also when considering gradient-type systems, that is
when functions f; and f, do not have a dependency on Vu and Vv and when the
interaction of the spectrum is with the function

F (z,s,t)

t) —
0 G
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where aa—F (x,s,t) = fi1(x,s,t) and aa—]; (x,s,t) = fa(x,s,t). The study of res-
onance his been of a great deal of importance. In our case, it follows that the
function should be, in some sense, greater than the first eigenvalue. There are
many works dedicated to the study of quasilinear elliptic problems at resonance,
we cite Alves et al. [7], Benouhiba and Belyacine [14], De Népoli and Mariani
[29], Haddaoui et al. [47], Ou [69, 70], Ou and Tang [71], and the references
therein. Most of these studies established the existence of weak solutions under
Landesman-Lazer-type conditions.

In this work, we extend the aforementioned works to a parametric weighted
(p1, p2)-Laplacian system, where the nonlinearities depend on the gradient of the
solution, and obtain the existence of the solution. Similar to the first part of the
chapter, the lack of variational structure in problem (5.1.2), caused by convec-
tion terms, prevents the use of variational methods. Instead, and without using
Landesman-Lazer-type conditions, we employ a topological method based on the
surjectivity result of pseudomonotone operators. To the best of our knowledge,
this is the first chapter that deals with parametric weighted elliptic systems near
and at resonance where the nonlinearities may depend on the gradient of the solu-
tion. Such problems bring about many issues to overcome, such as the interaction
of the variational spectrum with the function given in (5.1.6).

Similarly, we address the scenario of a gradient-type system and establish the
existence of at least one weak solution, following a standard variational method
similar to that used by El Hachimi and de Thélin [38]. More specifically, we deal
with the following system at resonance

F
A e TAVA N T Alw(x)|u\°‘1_2ulv|a2 + g—u(x, u,v) + hy(z) in

OF
— Ay pp U — 12Dy oV = )xlw(x)|v]ar2fu\u]a1 + %(-’LU,U) + ha(x) in Q,

u=v=0 on 0.

(5.1.7)
Many studies have dealt with similar problems to the system (5.1.7), studied their
resonance, and obtained the existence of solutions using different methods, such
as Zhao and Tang [86]. In this section, we extend the works of Lv and Ou [58], El
Hachimi and de Thélin [38], Ouannasser and El Hachimi [73], Ou [69], De Népoli
and Mariani [29], Zhao and Tang [86], and deal with a more general class of systems
where we obtain the existence of a solution at resonance.

The remainder of this chapter is organized as follows. In Section 5.2, we present
the necessary elements regarding the weighted Sobolev spaces. In Section 5.3,
we deal with the degenerate parametric elliptic system near resonance given in
(5.1.1) and prove the existence of at least one weak solution using the surjectivity
result of pseudomonotone operators. Moreover, we establish the same result for
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the system (5.1.2) at resonance in Section 5.4. In Section 5.5, we delve into the
case of a gradient-type system at resonance, and demonstrate the existence of a
solution using a variational approach. Finally, in Section 5.6, we give an illustrative
example.

5.2 Functional framework

For i € {1,2}, let w; be a measurable and a.e. finite function in RY such that

—1

(Al) w; € Llloc(Q) and wipi_l € Llloc(Q)’

(Az) w;* € LY(Q) for s E}E,-{—oo[ﬂ [

7

pi_l,-i-oo[.

In what follows, let X = WO1 P (wy, Q) x WO1 P2 (wy, Q) be the product space endowed
with the norm

I, )l = mas {1 gy 10t |

1

p1
where HUHWOI,m(wl,Q) = </Qw1($)|vu‘pld$) and HUHWOLPQ('LUQ,Q) -

1

P
(/ wg(x)|Vv|p2dx) 2, for every (u,v) € X. It is important to note that
Q

condition (a;) is mandatory in order for W, (w;, Q) to be a Banach space, for
i € {1,2}. Furthermore, we recall a few more results in relation to this space such
as the continuous and compact embeddings.

Theorem 5.2.1 (see Kufner and Opic [55]). Assume that (A;) is verified. Then,
fori € {1,2}, the weighted Sobolev space Wy (w;, Q) is a Banach space.

Theorem 5.2.2 (see Drabek et al. [33]). Let Q C RY be an open set and assume
that (Ay) is verified. Then, for i € {1,2}, we have the following continuous and
compact embeddings

Np;s;
N(s; +1) —pis;
and r; > 1 is arbitrary for p;s; > N(s; + 1), the embedding Wol’pi (w;, ) —
L™ (Q) is continous.

i) For any r; verifying 1 < r; < pj,. = for pisi < N(s; +1),

Np;s;

ii) For any r; verifying 1 < r; < pi, = NG+ 1) .
i — DiSi

, the embedding
Wy (w;, Q) << L"(Q) is compact.
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N
iit) In particular, if s; > — then p;, > p;. Consequently, the embedding

Wy (w;, Q) < L (Q) is compact.

Other interesting results and properties of weighted Sobolev spaces can be
found in Drébek et al. [33] and Kufner and Opic [55]. Now for i € {1,2}, let

Ny, - Wyt (wy, Q) x Wy (wq, Q) € L™ () x L™2(Q) — L'(Q) x L"2(Q)
be the Nemytskij operators associated to f; . In addition, let
g1 s L(Q) x L2(Q) — (Wo P (wr, Q)" x (W (ws, Q)
be the adjoint operators for the embedding
g1 Wa P (wy, Q) x WyP? (wq, Q) — L™ () x L"™(9).
Eventually, we define
Ny i 310 N, 5 TV (0, 0) X W 1, ) = (Wi (w0, 0)) x (W 1, )

Definition 5.2.3. Let X be a reflexive Banach space, X™* its dual space and denote
by (-,-) the duality pairing. Consider an application Z : X — X*. Then, Z is said

(a) to verify the (S*)-property if

up, — uwin X and limsup (Zu,, u, —u) <0 imply u, — u in X.

n—oo

(b) pseudomonotone if

Uy, — uwin X and limsup (Zu,,u, —u) < 0 imply Zu,, —
n—oo

Zu and (Zuy, u,) — (Zu,u).
(¢) coercive if

(Zu,u)

lull x =00 |Jul|x

Theorem 5.2.4 (see Carl et al. [24]). Let X be a real reflexive Banach space, and
assume that T : X — X* is a bounded, pseudomonotone and coercive operator.
Then, there ezists a solution to the equation Z(u) = v, where v € X*.
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5.3 Degenerate parametric elliptic system near
resonance

In this section, we investigate the following system given in (5.1.1) and we prove
the existence of at least one weak solution

— Ay U — 1Dy g U = Aay(2)|ulP?u+ fi(x,u,v, Vu, Vo) + hy(z) in Q,
— Ay oV — 12Dy oV = uag(x)|vlp2’2v + fo(z,u,v, Vu, Vo) + ha(z) in Q,
u=v=0 on 0f).

For this purpose, for all (¢1,¢2) € X, let

(T3, 0), (1, 02)) = (a1, ). (91 02)) — A / a2 (2) |l gy de

_ ,u/ a2(:1€)|v|1’2—21)<,02d1’ — Ny, (u, v) (1, @2) (5.3.1)
Q

- Nf2<u7v)(9017 902) - <(h17 h2)7 (9017 902)>7

where

(J1(u,v), (1, 92)) = / wi (2)|VuP 2V uV e, + pw ()| Vul? ?VuVip,de
Q

+ / w(2) [ Vo2 2VuVey + paws(z)|[ Vol 22 VoVpada.
0
(5.3.2)

Definition 5.3.1. A couple (u,v) € X is called a weak solution of the system
(5.1.1) if

(Fi(u,0), (g1, 02)) = A/

Q
/ f(l.a u, v, VU, vv)@l + g(x,u, v, VU, Vv)()Ode + <<h17 h2)7 ((1017 902)>7
Q

ay ()| ulP ~2up dr + u/ as () |v[P2 " vpadx +
Q

for all (¢1,92) € X, where ((h1, ha), (¢1,92)) = (h1, 1) + (ha, p2).
In order to prove the existence result, we need the following assumptions

(Hy) fi: QxRxR — R are Carathéodory functions such that, for i € {1,2}, there
exist three positive continuous functions o, ¢; and ¢;, and a nonnegative

%
function e; € L%-1(Q) with 1 < ; < pj ., satisfying the following conditions

i o a —1
0<aj <p;, —1, O<5i<%7 &1 2 _ N ’
7 (q) Y1 72 T
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and nonnegative constants [;, b;, such that for a.e. x €  and all s,t € R, we
have

* * 5_(1
1 (st &m)] < sl 1 + by (161" + In 57 ) + ea (@),
and
af al S2q1 b2
fo (.0, € m)] < Do sl 5 + ba (€] %" + 1nf*) + ea().

(Hs) Ve > 0,35, > 0,3C. € L' (Q),V (s,t) € R? with max{|s|, |t|} > 0.,V ({,n) €
R2N Yz € Q, we have

fl ($a87t7§an)s+f2(x757ta€777)tS
I (a1 (@)[s[P* + az(@)[t[P?) + A (wi (@) [€]" + wa(2) [0]*) + Cc(2),

where the constant A satisfies 0 < A < min{yuy, 2}. On another note, using
the embedding theorem, there exist 6y, 0; > 0 such that

(min{jur, o} — A) UQ (w1 (2)|Vu|™ + ws(z)|Vo|®?) dl’} (533)

> 6, Uﬂ (w1 (2) [Vl + ws ()| Vo[?) dl} 0,

(Hz) max {(A+T)(Mi(p1))™" (n+T)(Ai(p2)) ™'} < 1+ 6o

The main tool in this section is based on the surjectivity result for pseudomonotone
operators from Carl et al. [24, Theorem 2.99], given in Theorem 5.2.4.

Lemma 5.3.2. The operator Ji : X — X* defined in (5.3.2), is bounded, contin-
uous, monotone (hence maximal monotone), and of type (ST).

Proof. The proof bears resemblance to the one given by Fan and Zhang [43, The-
orem 3.1] for a single equation when taking p; = 0 for i € {1,2}, and is omitted
here. O

The following theorem is the subject of a fourth publication with my
supervisor Professor El Hachimi in preparation.

Theorem 5.3.3. Suppose that hypotheses (Hy) and (Hs) are verified. Then, for
all (hy, ho) € X*, the system (5.1.1) admits at least one weak solution (u,v) € X.
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Proof. First, it is worth mentioning that both Nemytskij operators Ny and N, are
well-defined thanks to hypothesis (H;). Now, and in order to apply Theorem 5.2.4,
we need to show that the operator 7, associated with problem (5.1.2) is bounded,
pseudomonotone and coercive.

e 71 ts bounded:
Thanks to the boundedness of J; given in Lemma 5.3.2 and the growth conditions
stated in (H;), then J; is bounded.

e 71 is pseudomonotone:
Let (tn, Un)nen C WP (w1, Q) x WyP?(ws, Q) be a sequence such that

(Un, ) = (u,v) in X, (5.3.4)
and

limSUP <j1 (unyvn) ) (un —u,v, — /U)> S 0

n—oo

For i € {1,2}, taking the compact embeddings W, (w;, Q) << L"(Q) into
consideration gives

U, — uin L™ () and v, — vin L™(Q). (5.3.5)

since r; < p; .. For i =1,2, we want to show that,

lim [ f; (2, un, V0, Vg, Vo,) (u, —u) de =0, (5.3.6)

n—oo [¢)

Considering the first term of (5.3.6), and thanks to (H;), we find
/ fi(@, wp, vy, Vg, Vo) (u, —u)de < / 1| T |00 |22 [y, — u|da
Q Q
+/b1 (|vun|51 + |vUn|51%) lp — uldz
Q

+/Q|el(a:)\|un — uldzx.
(5.3.7)

Taking the first term of (5.3.7), and applying Holder’s inequality with exponents
x,1y,z > 0, where

1 1 1
xal =7y, Yoy =7y, z=7vy with —4+-4+-=1,
xr Yy z
we obtain
/Ql1|un aj Un, o Up — U|d$ < ll”“nHZLIz(Q)||'Un||zz§y(ﬂ)||un — u“L’Yl(Q) — 0.
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As for the second term of (5.3.7), we apply Holder’s inequality once again to obtain

b Vun‘sl-i—an&lZ_f Uy — uldr < by ||Vu,l o ||, —
b (190l 190,75 ) = wlde < 0 (19l g

UH q1
La1—31 (92)

L1 (
q2 -
Vel o =l o)
— 0.

Finally, for the last term of (5.3.7), similar techniques lead to

[ ter@lan = ulda < el g g1 = s
Combining everything above gives

lim [ fi (%, un, vn, Vg, Vo,) (u, —u) de = 0.

n—oo [¢)

Similarly, applying the same arguments, we have

lim [ fo(x,up,vn, Vg, Vu,) (v, —u) dx = 0.

n—oo 0

Taking the weak formulation in Definition 5.3.1, replacing u by u,, v by v,, ¢ by
u, — u and g by v, — v and taking (5.3.4) and (5.3.6) into account lead to

lim sup <j1 (Un, vp) , (Uy, — uy v, — v)> = limsup (J1 (tn,vn) , (up — w, v, — v))

n—oo n—oo
<0.
(5.3.8)
Because J; satisfies the (S*)-property as seen in Lemma 5.3.2, and from (5.3.4)
and (5.3.8), we obtain

(Un,vp) = (u,v) in X.

Ultimately, since J; is continuous, we find J; (up, v,) = J1 (u,v) in X*. Thus, J;
is pseudomonotone.

e J1 1s coercive:
Using hypothesis (H;) and (5.3.3), we have
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(T (u,v), (u,v)) = / wi(z) ([Vul" ?Vu + 1 |[Vu|"*Vu) Vudz
Q

+ / wa(z) (|Vo|2 2V + 1| V|2 *Vu) Vudz
0

—)\/al(x)|u|”1da;—,u/ag(x)|v|p2da:

Q Q

—/ (fi(z,u,v, Vu, Vo)u + fo(x,u,v, Vu, Vo)v) dx
Q

- <(h17 h2)7 (’LL, U)>

It follows
(aw0), (0.0)) 2 [ (@) Tup + wala) TP da
 minf ) = 8) | [ @@ 9ul? + walo)| Vo) ]
A [ @l de g [ )l de = o) Ll )

—F</Qa1(3:)|u|p1da:+/Qa2(x)|v|”2dx) —/QCe(a:)dx

> (14 60) [ (w@)|VuP" + (o) Vo) da
—01 ()\‘*‘F )\1 p1 /U)l |V’U,|p1d$
Q
(T Oupe) ! [ wala) TP = )

o)l )
> 1465 — max {(A+ ) apa) ™ (1 + D) (22)) |

/Q(wl(ﬂf)IVUI’” +ws(2)[ Vo) dz — 61 — [|Ce(2)]| 11 g
= [ (w, V)l [ (ha, o) ||+

> (146 — max {(A+ D) (p0) ™% (4 T)Ou (p2))) '} |-
Qp
(Huupam( oy T ) - HCe(x)Hm) -~ 2, 0)5
— hy, ho)|%s —
Ll )l — 6,
where 0 < ap < 7 < min{py, po} is chosen as small as we want with 7" = T T
’T J—

91




Thus, we obtain
<j1(u,v),(u,v)> Z [1+90—max{(>\+F)(/\1(p1)) <M+F >‘1 pQ 1}__i| :
[(w, )% = [|Ce(@) ]| 1 (g
Using hypothesis (H3) and choosing appropriate values for oy and 7 such that
14 0o > max {(A+T)(Ai(p1)) ", (n+T)(Malp 1}~+

1
|| (ha, ho)||5%- — 61

we obtain the coerciveness of 7.

Thus, all assumptions of Theorem 5.2.4 are verified. Therefore, there exists
(u,v) € X such that J;(u,v) = 0. Adhering to the definition of J; in (5.3.1), it
follows that (u,v) is a weak solution to system (5.1.1). This finishes the proof. [

5.4 Degenerate parametric elliptic system at res-
onance

In this section, we deal with the following system defined in (5.1.2) and we establish
the existence of at least one weak solution

( — Ay ¥ — 11Dy = Arag () |ulP %u 4+ Ajw(z) [u|* v
+ fi(z,u,v, Vu, Vo) + hy(x) in Q,
— Ay ¥ — Moy o0 = AM1az(2) [0[P2 720 4+ Njw(x)|v|**2v|u|™
+ fo(z,u,v, Vu, Vo) + ho(x) in Q,
u=v=>0 on 0f).

\

To this end, for all (1, ¢s) € X, we set forth

(Ta(w, ), (1, 92)) = (ol 0), (91, 02)) — Mo / ar ()l gy dz

-\ / as(2)|v[P2 2vpadr — A {(A(u,v), (01, 02))
)

- Nf1 (U, U)((;Ob 902) - NfQ(u7 U)(Solv 902) - <(h1’ h2)7 (9017 902»’
(5.4.1)

where
(Ta(u,v), (1, 2)) = / wy(z)|[VulP* *VuVer 4 prw (z)|[Vul " *VuVida
Q

+ / wo ()| V|2 2VuVpy + pews ()| V|2 2VoVpadz,
0
(5.4.2)
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and

(A, v), (01, 92)) = /Qw(w) (]2 ulv] ™21 + [v]**"20lu]™ p2) da.

Definition 5.4.1. A couple (u,v) € X is called a weak solution of the system
(5.1.2) if

<%@wxwh@»=M/

ay (z) [ulP up do + N\ / as(z) [v[P*2vpd
Q Q

+ >‘1 <A(U’ U)? (9017 @2)) + Nf1 (uv U)(Qpla (PQ) + Nf2 (u7 ,U)(Spla 902)
+ (h1, o) + (2, @2),

for all (o1, ¢2) € X, where ((hy, ha), (p1,02)) := (h1, 1) + (ha, @2).
In order to prove the existence result, we need the following assumptions

(H)) fi,fo + @ x R xR — R are Carathéodory functions such that, for i €
{1,2}, there exist three positive continuous functions «, ¢ and J;, and
i
a nonnegative function e; € L%-1(Q2) with 1 < ~; < pj,., satisfying the
following conditions
i o] g -1
0<af <pi, —1, 0<6Z~<%, M BT
’ (g) 7172 T

and nonnegative constants [;, b;, such that for a.e. x € Q and all s,t € R, we
have

* * m
i (st &m)] < Wlsl™ 1% 40 (161" + Inl ) + e (@),
and
* * 5_‘1
fo (5., Em)] < ol |11 4 ba (115" + [nl™) + ea(a).

(H}) Ve > 0,35, > 0,3C, € L*(Q),V (s,t) € R? with max{|s|, [t|} > .,V (£,7) €
RN Vx € Q, we have

fi(z,s,t,€,m) s+ fa(w,s,t,8,m)t <
(Aa(p) + €)w(x)]s[*1[t|*2 + ¢ (wir(z) [§" + wa(z) []*) + Ce(),

where the constant ¢ satisfies 0 < ¢ < min{uy, po}.

93



Remark 5.4.2. The hypothesis (H3) is fulfilled, for instance, when the following
condition holds
lim sup f<x7 S, t, 57 77)8 + g(il?, S, ta fa ?7)t —C (w1<x)’£‘fh + U)Q(.T)IT]‘QQ)
[(5.6)| o0 w()|s|ot|t]2

< )\Q(p)

uniformly with respect to x,&,n.

The main tool in this section is based on the surjectivity result for pseudomonotone
operators from Carl et al. [24, Theorem 2.99], given in Theorem 5.2.4.

Lemma 5.4.3. The operator Jo : X — X* defined in (5.4.2), is bounded, contin-
uous, monotone (hence mazimal monotone), and of type (ST).

Proof. The proof bears resemblance to the one given by Fan and Zhang [43, The-
orem 3.1] for a single equation when taking p; = 0 for i € {1,2}, and is omitted
here. ]

The following theorem is the subject of a fourth publication with my
supervisor Professor El Hachimi in preparation.

Theorem 5.4.4. Suppose that hypotheses (Hy) and (H}) are verified. Then, for
all (hy, ho) € X*, the system (5.1.2) admits at least one weak solution (u,v) € X.

Proof. In order to apply Theorem 5.2.4, we need to show that the operator 7,

associated with problem (5.1.2) is bounded, pseudomonotone and coercive. The

proof of the boundedness and pseudomonotonicity of J5 is identical to the one

given in the proof of Theorem 5.3.3. It remains to prove that 7, is coercive.
First, using the embedding theorem, there exist ¢, 0] > 0 such that

in{n )~ )| [ (@) Ful? + walo)| Vo) ] "
>0 [/ﬂ (w1 (2)| V] +w2(x)|wp2>dx] g

Therefore, using hypothesis (H5) and (5.4.3), we find
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(Fa(u,v), (u,v)) Z/le(fv)(WUV“+u1|VUI‘“)+W2($)(|Vv|p2+M2|Vv|‘”)d33

-\ / w(x)|u| |v|**dx — / (fl(a:,u,v, Vu, Vo)u
Q Q
+ fg(x,u,v,Vu,Vv)v>dx — (hy1,u) — (ha,v)

> / (wr (2)[Vul?" + ws (@) [Vo[??) da + (min{pn, pa} — o)
[ @I+ ws@IVe) do] - A [ wl o
—()\2+6)/Qw(x)]u\°‘1\v|°‘2dx—/QCE(x)dx

— [[(u, v)[[x[|(ha, B2) | x+
> (14 6y) /Q (w1 (2)|VulP* + we(z)|Vo|P?) do — 6]
— (M + A +€) /Q w(x)|ul |v|*?dx

— [Ce(@)ll 11y — 1w, )l x| (R, ha)|

X*,
which implies

(J2(u, ), (u,v)) = (1+6p) /Q (w1 ()| Vul” + wa(z)[Vo[P?) de — 0 — [|[Ce(@) ]| 1 q)

A+ A
e
A1 Q DM

| 22wa(2) |Vv|”2d:v)
D2

> [1+96 B (A + A2 +€) max{al,ag}} <|

A min{py, po}
(7)) r
8 ) = O = 1O rgy = 2 (w0

1 /
i, o) || e,
— I, I

P1
|u||ngP1 (UJ1,Q)

where 0 < ap < 7 < min{p;, po} is chosen as small as we want with 7" = T
T —
Thus, we obtain

(M + A + e max{ar, as}

A min{py, p2} T
(h, ha)|| %

1w, )% — 6

(To(u,v), (u,v)) > {1 + 0y —

1
~ @) = 57
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Choosing appropriate values for € and «q such that
A1+ Ao+ €) max{aq, « «
1+0{,>(1 2 .) fon 2}+—0,
Armin{py, pa} T

with the conditions
N < A [mm{phpQ} (1 Lo — @) _ 1] and
max{ay, as} T
min{py, ps }
> 1,

max{ay, as} max{pi, ps}

leads to the coerciveness of Js.
Thus, all assumptions of Theorem 5.2.4 are verified. Therefore, there exists

(u,v) € X such that Jo(u,v) = 0. Adhering to the definition of J, in (5.4.1), it
follows that (u,v) is a weak solution to system (5.1.2). This finishes the proof. [

5.5 Case of a gradient-type system

In this section, we focus our study on a gradient-type system. In other words, we
consider the following system

OF )
— Ay p 6 — Ay U = )\1w(x)|u|‘3“_2u|v|a2 + —(z,u,v) + hy(z) in Q,

ou
ag—2 « aF :
_Aw27p2v - MQAwQ,QQU = Alw(x)lm ’ v|u| t+ %(‘%uﬂ)) + h2(x) m Q,
u=u=0 on 0f).

(5.5.1)
Similarly, in order to prove the existence of at least one weak solution, we need
the following assumptions on F'

F F
(F1) or and or : 2 x R xR — R are Carathéodory functions such that there

0s ot

exist positive continuous functions «}, nonnegative functions e; € L'(Q)
verifying 1 < af < pj,., and nonnegative constants a; for i € {1,2}, such
that for all (s,t) € R?, we have

aF *_ *
or <x,s,t>' < ayw(e) s |1 + ex(2),

0s

and
OF S
S (@) < (o) [ 757 4 o)
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(F,) There exist a nonnegative constant C; and a nonnegative function Cy €
L'(Q) such that, for all z € Q we have

|F(x,s,t)| < Crw(z)]s|*|t|** + Co(z).

(F3) Fo(z) = limsup F(z,s,1)

Lo W < Ao uniformly for a.e x € €.
s,t)|—+o00

Define

To(u,v) = Jo(u,v) — \iB(u,v) — /QF(:v,u,v)d:v — (hy,u) — (ha,v),

where
jg(u,v) :/ (wl_<x)|vu|p1 + M|VU|‘“) dx
Q y4! q1
_|_/ <w2—(‘r)‘vfu‘?2 + M‘VM@) dac,
Q b2 q2
and

B(u,v):/w(x)|u|a1|v|a2dx.
Q

Next, we state and prove the existence result for the system (5.5.1) at resonance.
The following theorem is the subject of a fourth publication with my
supervisor Professor El Hachimi in preparation.

Theorem 5.5.1. Suppose that hypotheses (Fy) — (F3) are verified. Then, the
system (5.5.1) admits at least one weak solution.

Proof. In order to obtain the desired result, we need to minimize the energy func-
tional associated with the system (5.5.1), that is,

To(u,v) = jQ(u,v) — M B(u,v) — / F(z,u,v)dz — (hy,u) — (ha,v).

Q

To this end, we show that J5 is weakly lower semicontinuous and coercive.
e 75 is weakly lower semicontinuous:

Let (tn, vn)nen be a sequence such that

(U, vy) = (u,v) in X.

Taking the compact embedding W, (w;, Q) << L"(Q) into consideration, for
i € {1,2}, we obtain

(Un, V) = (u,v) € L™(Q) x L™(Q),
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since r; € [1,p;, ], for i € {1,2}. In addition, there exist §; € L™(Q) and
0, € L™(Q2) such that

for a.e. z € Q. Hence, using hypothesis (F5), we find
Bz, un (), vn(2)) < Crw(z)lun|* [on]** + Cs(2)
< Chw(x)|61]7162]% 4+ Co(z).

Using the fact that F(z,u,(x),v,(x)) — F(x,u(x),v(z)) for a.e. = € , and
applying Fatou’s lemma, we obtain

limsup/ F(z,u,(z),v,(x))dx < / F(z,u(z),v(z))dz.
n—+oo JQ Q
Thus, we derive
Jo(u,v) < liminf jg(un,vn) — A1 lim inf B(u,, v,) — lim sup/ F(z,up,v,)dx
n—+40o00 n—+o0 n—+oo JQ

T s tm = B ey )

n—-+00

< liminf {jg(un,vn) — M B(up,v,) — / F(z,up,v,)dx
Q

- <h1>un> - <h2,1}n>}

< liminf J5 (up, vy).

n——+o00

Therefore, 75 is weakly lower semicontinuous.

e Jo5 1S coercive:
Using hypotheses (F3), and for all € > 0, there exist 6. > 0 and C. € L*(Q2) such
that

F(z,u,v) < (F(z) + €)w(z)|ul*|v]*? + C(z),

for every (u,v) € R? satisfying |(u,v)|s > d¢, for a.e. z € Q. On the flip side,
applying the embedding theorem, there exist 7y, n; > 0 such that

min{ e, po} (/ wlq(x) |Vu|? + w2—(x)|Vv\‘I2dx)
Q

1 q2

(5.5.2)

wy () ws(x)

> 1o (/ ——|VulPr + —\V'U|p2dx) — 1.
Q D D2

Therefore, using (5.5.2) we find
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To(u,v) = jg(U, v) — \MB(u,v) — | F(z,u,v)dr — (hy,u) — (hg,v)

Q
z/ ) gy lemw)rv [ d */ 2w
0 m P2
| (@ )|v |2 da — /C’e(fv)dx—)\l/w(f)\u|al|v|a2dx
qz Q @

- L(M +eJw(@)|ul* o] dz — [|(u, v) || x[|(h1, ko)l x

Using the definition of the first eigenvalue in (5.1.4), we find

)2 2O ([ @)Vur 4 @) Tolde) = 16l

B ()\1-1-)\2-!-6) (/ aywy (z )|V ” aws(z )|V |p2dx)
A o Mn P2
— [[(u, v)[|x[|(h1, h2)||x+ —m

> [asti - () RG] (L

Bo

1 ,
+ w2($)|Vv|p2dl“> —Ce()l 1) — ?II(U»U)IIS’( - ﬁop’H(hl’ ha)ll% —m

S (1+mo) (Mt A te max{aq, @} (” "
- lpl(w Q)

maX{p17p2} A min{pl,pz}
Bo
0l ) = 1@ a0y = )~

1
Bop
p

where 0 < By < p < min{py, p>2} is chosen as small as we want with p’ = 7
p J—

(R, o) |5 — s

Thus, we obtain

To(u,v) > [ (L+m) ()\1 + A2 —i—e) max{ay, as} Sy

% o)l -

max{py, p2} /\11 min{pl,pz} p
1Ce(@) 110y — Bop/ 5 1(has ho) 5 = m1

Choosing appropriate values for € and 3y such that

(1+mo) - ()\1+/\2+€> max{ay, as} +@
maX{pl ) pQ} A1 min{pl ) pQ}
with the conditions
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Ao < Ay {mm{php?} ( L+ @)—1} and

max{aj,as} \max{pi,p2} p
min{py, p
> 1,
max{ay, s} max{py, p2}
leads to the coerciveness of J5.

Hence, J5 being weakly lower semicontinuous and coercive, then J5 admits a
minimum point (u,v) in X. Thanks to hypothesis (F}), Jo is a C'-functional.
Furthermore, (u,v) € X is a weak solution for the system (5.5.1) if and only if
(u,v) is a critical point. This completes the proof. O

5.6 Concluding examples

Example 5.6.1. Let the functions f; and f5 be defined by

d1 (l’)

| olo1—2 Qg a1
fl (x757t7§77]) - ‘8| S ’t| (al(x) + 1+ |8|o¢1|t|a2 |£‘ )7

and

_ dg(l‘)
t _ ar g2 2t q2
f2 (56,37 75777) |S| | | <a2(x) + 1+ |8|O‘1|t|a2 |77| )

where oy and ay are defined in Section 5.1, and ay, as,di,dy € L>®(2) with the
condition [la1 + @zl q) < A2 satisfied. We have

i 1ppan , ISITHE (@) || oo o) €]
’fl(xa‘S?tag?n)l < HCL1HL°°(Q)|5‘ ! ‘t’ 4 1+ ’Slal‘t|a2

< llanllzoe(@lsI™ 2 + [l [l o o [€]™

Similarly for f5, we obtain

[ fo(@, 5,8, & m)] < llaal| oo oy 1™ [H17 71 + lldal| oo o ],

which implies that hypothesis (Hj) is verified for af = a3 — 1, o = s, 01 = @1
and 0y = ¢o. Furthermore, we have

filz, s, t,6,m)s + fa(w, 5,8, )t = (a1(x) + az(x)) |s|[t]*?
|| [¢]*2
d q1 d q2
—1+|s|al|t|a2( 1(2) € + da(z) [n|*™)
< X ()| E]** + ||y || oo ) [§]7 + || dal| Lo (o) 1],

which implies that f; and fo satisfy hypothesis (H}) and hence all hypotheses of
Theorem 5.4.4 are satisfied.
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Résumé

L'objectif de cette these est double : La premiére partie est consacrée a I'étude de certains problemes
elliptiques anisotropes. Plus précisément, nous examinons deux problémes elliptiques anisotropes
paramétriques avec des conditions aux limites de Dirichlet et de Robin, dans le but d'établir I'existence et la
multiplicité de solutions. Un défi majeur se présente lorsque I'on traite de I'existence de solutions, notamment
lorsque les non-linéarités dépendent du gradient. Cela implique que des méthodes variationnelles telles que le
théoreme du Mountain Pass ne peuvent pas étre utilisées. Pour surmonter cet obstacle, nous utilisons une
méthode topologique basée sur la subjectivité des opérateurs pseudomonotones, comme démontré par Carl et
al. (Nonsmooth Variational Problems and Their Inequalities, Springer, 2007). De plus, nous établissons I'unicité
de la solution. De plus, nous relachons la dépendance au gradient des non-linéarités et prouvons un résultat de
multiplicité pour trois solutions faibles en utilisant le principe variationnel de Ricceri. Dans la deuxiéme partie,
nous étudions les problemes de résonance et de non-résonance pour certains systémes elliptiques
paramétriques. Dans les deux cas, les informations disponibles concernant le spectre de Lusternik-
Schnirelmann du probléme de valeurs propres associé sont limitées. Dans le cas de la résonance, nous nous
concentrons sur un systéme elliptique paramétrique ou les non-linéarités impliquent une convection et la
convolution de la solution. A I'inverse, dans le cas de la non-résonance, nous examinons la solvabilité a gauche
de I'infimum positif de toutes les valeurs propres pour certains problemes elliptiques quasi-linéaires non-
résonants avec des exposants variables. Nous établissons I'existence de la solution en utilisant la méme
méthode, a savoir la surjectivité des opérateurs pseudomonotones, l'unicité étant prouvée a l'aide d'arguments
similaires. Enfin, nous considérons des systéemes de type gradient et prouvons |'existence d'une solution en
utilisant une approche variationnelle.

Mots-clefs (5) : Equations elliptiques anisotropes, espaces de Sobolev a exposant variable, existence
et multiplicité, problemes de résonance et de non-résonance, spectre de Lusternik-Schnirelmann.

Abstract

The aim of this thesis is twofold: The first part is devoted to the study of some anisotropic elliptic problems.
Specifically, we investigate two parametric anisotropic elliptic problems with Dirichlet and Robin boundary
conditions, aiming to establish the existence and multiplicity of solutions. One major challenge arises when
dealing with the existence of solutions, particularly when the nonlinearities are gradient-dependent. This
implies that variational methods such as the Mountain Pass theorem cannot be employed. To overcome this
obstacle, we utilize a topological method based on the subjectivity of pseudomonotone operators, as
demonstrated by Carl et al. (Nonsmooth Variational Problems and Their Inequalities, Springer, 2007).
Moreover, we establish the uniqueness of the solution. Additionally, we relax the gradient dependence of the
nonlinearities and prove a multiplicity result for three weak solutions using Ricceri's variational principle. In the
second part, we investigate resonance and non-resonance issues for some parametric elliptic systems. In both
cases, there is limited available information concerning the Lusternik-Schnirelmann spectrum of the associated
eigenvalue problem. In the resonance case, we focus on a parametric elliptic system where the nonlinearities
involve convection and the convolution of the solution. Conversely, in the non-resonance case, we investigate
the solvability on the left side of the positive infimum of all eigenvalues for specific quasilinear elliptic problems
with variable exponents, ensuring they are non-resonant. We establish the existence of the solution by
employing the same method, namely the surjectivity of pseudomonotone operators, with uniqueness being
proven using similar arguments. Finally, we consider gradient-type systems and prove the existence of a
solution using a variational approach.

Keywords (5) : Anisotropic elliptic equations, variable exponent Sobolev spaces, existence and multiplicity,
resonance and non-resonance issues, Lusternik-Schnirelmann spectrum.
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