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Motivation and introduction

The classical Segal-Bargmann transform B is well-known in the literature [17, 47,
107]]. it was introduced in Bargmann’s seminal paper [17]. And It made the quantum
mechanical configuration space L?(IR,C) unitarily isomorphic to the phase space of

all holomorphic C-valued functions on the complex plane that are e~"I? |2dxdy-square
integrable.

The same Bargmann’s paper reveals an elegant way to define power of Fourier
transform, known nowadays as Fractional Fourier transform (FrFT). In fact, associ-
ated to the classical Segal-Bargmann transform 3, mapping L?(IR, C) onto the Fock—
Bargmann space, one considers Ry := B~ o Ty o B, with Tyf(z) := f(0z), which
defines a unitary homeomorphism transform on L?(C) when 6 = ¢*; « € R, and
satisfies the eigenfunction problem

R iuhn (x) = ™y (x).

For details, see also [19, 56, 96]. Such fractional Fourier transform (FrFT), which is
special generalization of the Fourier integral transform, is a powerful tool in many
tields of research including mathematics, physics and engineering sciences [5)}, 86,
73]. Its introduction goes back to 1929 when was considered implicitly in Wiener’s
work [99], discussing the extension of certain results of H. Weyl and leading later
to Fourier developments of fractional order. Mainly, Wiener sets out to find a one-
parameter family of unitary integral operators

Fap(x) := /+oo Ky(x,0)@(v)dv

on L2(RR,C), for which the n—th Hermite function /,(x) = H,(x)e /2 is an eigen-
function with ¢ as corresponding eigenvalue. The explicit Wiener formula for the
kernel function K, is a limiting case of Mehler’s formula for the Hermite functions.
This fact was rediscovered sixty years later in quantum mechanics by Namias [84],
and showed earlier by Hérmander [64].

Added to this transform, V. Bargmann has introduced in [17, p.203] the integral
operator

+o0 o ,—t
o ®(z) = (1 —z)"H/0 @(t) exp (Zt_zl) I,(tae+1)dt (0.0.1)

4



mapping isometrically the Hilbert space

o ,—t
L**(R*,C) := L2 (]R+; fe )dt); x>0,

I'a+1
onto the classical holomorphic Bergman space
A¥(D,C) = Hol(D,C) N L>*(D,C)

consisting of all C-valued holomorphic functions on the unit disk D = {z € C; |z| <
1} that are square integrable with respect to the hyperbolic measure

d(z) = (1 — |z|2)“_1%dxdy. (0.0.2)

The transform in is realized as a coherent state transform associated to the
lower hyperbolic Landau level of a special magnetic Schrodinger operator on the
Poincaré disk [42]. In fact, the involved kernel function is related to the generating
function of the generalized Laguerre polynomials L,(f‘).

The theory of slice regularity initiated by Gentili and Struppa in [54] is quater-
nionic conterpart of the classical theory of holomorphic functions on C and extends
in an appropriate way the holomorphic setting on C to H-valued functions of one
quaternoinic variable. It was extensively studied and has found many interesting ap-
plications in operator theory, quantum physics and Schur analysis [29 18}, 9} 53, 6, 10].
In [7], Alpay et al. have considered the slice hyperholomorphic Bargmann-Fock
space

FX (H) = SR(H) N L>"(C;, H), (0.0.3)

slice

where SR (IH) denotes the space of (left) slice regular H-valued functions on quater-
nion and L*Y(C;,H), v > 0, is the Hilbert space of H-valued functions that are
square integrable with respect to the Gaussian measure on an arbitrary slice C; =
R + RI. The corresponding Segal-Bargmann transform is considered in [35] and
maps isometrically the L?-Hilbert space L?(IR,H) onto the slice hyperholomorphic
Bargmann-Fock space F. szlz]é .(H). A quaternionic analogue of the Bergman theory in
the setting of the slice regular functions on the open unit ball (centered at the ori-
gin) has been introduced by Colombo et al. in [24] (see also [25]). Thus, the slice

hyperholomorphic Bergman space A%* (Bg), for arbitrary radius, is defined to be

slice

A% (Bg) := SR(Bg) N L>*(Bg;,H), a >0, (0.0.4)

slice

where L?#(B r1,H) is the L2-Hilbert space on Br ; = Br N Cy of H-valued functions
f subject to the norm boundedness

a—1
2 — |z|? w
1 stice = /]BRJf (2)8(2) < - ﬁ> —dxdy < too. (0.0.5)



The parameter a corresponds to « + 1 in [24, 25] and the measure in is the
volume measure associated to the quaternionic hyperbolic geometry on lB R 1nduced
from the scaled Poincaré-type differential metric

dsg, = R*(R* — [q[*) ?|dg/*.

The metric ds, (with R = 1) was defined in [20] by developing a variation of an
approach adopted by Ahlfors [2].

Motivated by these recent investigations in the theory of slice regularity and the
geometrical fact that the euclidean limit of the balls Br (hyperbolic case) gives rise to
the quaternionic space H (flat case), as the radius R goes to 400, quite natural ques-
tions arise of whether the analogue of the transform A7 ; can be constructed and

wether the two theories on F, 521 - (IH) and Aglf‘c .(Br) can be connected. This is Our
main purpose in the present paper is to answer these two questions. Namely, we
establish a quaternionic analogue of for the slice hyperholomorphic Bergman
space (Theorem [2.3.21). Moreover, related basic properties are studied and the ex-
plicit expression of its inverse is obtained (Theorem [2.3.23). We also exhibit an or-
thonormal basis (Proposition and give in Theorem the closed expres-
sion of its reproducing kernel generalizing the one obtained in [25, Theorem 4.1-
Proposition 4.3] for « = 1. We also provide an integral representation (Theorem
of this reproducing kernel. This integral representation involves the kernel
function of the quaternionic analogue of the second Bargmann transform for which
we present in Theorem [2.3.18]a closed form of its explicit formula. The study will be
done on the quaternionic ball of radius R centred at the origin so that the asymptotic
behavior as R goes to infinity can be discussed. We show in Theorem that
the pointwise limit of the weighted Bergman kernel of the slice hyperholomorphic
Bergman space A% =2 (Br), for the specific « = vR?, is exactly the reproducing kernel

of the slice hyperholomorphic Bargmann-Fock space F Szl;é ,(H). This is to say that
one can move from the Bergman universe to the Bargmann universe by taking the
“euclidean limit”. These ideas can be extended to the weighted hyperholomorphic
Bergman spaces. This will be the subject of Chapter 1.

In Chapter 3, we provide to Bargmann a general abstract formalism for con-
structing fractional transform associated to given special invertible integral trans-

form Sxy : Hx — Hy,

Sxyoly) = [ R(xy)g(x)wx(x)dAx)

on an arbitrary infinite separable functional Hilbert space Hx = L*(X;wx(x)dx).

Namely, we deal with integral transforms of the form S v © Tg o Sxy, where T is
an appropriate action of a group G. We show that the performed fractional integral
transform inherits numerous properties from the ones of Sx y. The explicit compu-
tation shows that the kernel function of Sily o Tp o Sx y can be expressed explicitly



in terms of the kernel function R(x,y) (see (3.3.3) below). As concrete application,
we deal with a special quaternionic fractional Fourier transform (QFrFT) acting on
the right quaternionic Hilbert space

Ly (RY) = L3; (R, x% %dx), a >0,

and associated to the second Bargmann transform for hyperholomorphic Bergman
space of second kind [39]. More precisely, they are the family of (left) integral trans-
forms

o9 (y) = /Ooo Ky (x,y)p(x)dx, (0.0.6)

whose kernel function can be shown to be given in terms of the modified Bessel
function I,. It verifies £§(¢5(x)) = 0" ¢%(x). We also prove that Lj is continuous,
interpolates continuously the identity operator to the Fourier-Bessel transform and
satisfies the index law (semi-group property) £y o L = Eg‘}?, so that the inverse of
L§ reads simply Lf ;. When || = 1, the constructed family of QFrFT for Ly(RY)
appears embedded in a strongly continuous one-parameter group of unitary oper-
ators and coincides with the fractional Hankel transform [83, 71] with quaternionic
parameter (QFrHT). The exposition of these ideas in the quaternionic setting add
some technical difficulties which we overcome using tools from the theory of slice
regular functions.

As another application of the presented formalism, we will consider the one-
parameter (left) integral transforms Sjj; & > —1, defined in [55], on Lﬂzf‘ (RT) as the
dual transform at y € (0,+0) of the quaternionic fractional Hankel transform Lj
defined in [44]. More precisely, we deal with

" S _x+0y 2,/9xy
Sy#(q) = 1 _q/o eXp( Ty ) Iy ( 1=, ) P, (0.0.7)
where I, stands for the modified Bessel function [15, p. 222, (4.12.2)]

(&)=}, nl(a+n+1) (E) '

n=0

The motivation of considering Sy lies on the observation that the limiting case y = 0
gives rise to the hyperholomorphic second Bargmann transform in [39]. Accordingly,
the study of these new operators is required in order to generate hyperholomorphic-
like Bergman spaces.

A concrete description of the spectral properties of Sj was completely described
in [65]. Namely, the identification of their null space and the range for arbitrary
y > 0. We show that the range of LHZQI“ (R") by the transform Sy is contained in a
reproducing kernel weighted slice hyperholomorphic with suitable weight function

. . 2,0
w on the unit ball B, extending A, ..



Afterwards, we consider L%, (H) := L3,(H; du) denotes the right Hilbert space of
quaternionic-valued square integrable functions on the quaternions H with respect

to the Gaussian density du = e~117dA, where dA is the standard Lebesgue measure
on H ~ R*. The associated norm denoted by ||- || is the one induced from the scalar
product

(f 8)m = /Hqu)g(q)du(q)- (0.0.8)

We introduce the new weighted quaternionic Cauchy transform (WQCT), with re-
spect to the measure y, defined as a singular integral operator on L% (H) by consid-
ering

Cuf@) = [ N@p)f(pdutp) 0.09)

for g € H, where N denotes the Cauchy kernel function given by

-1

N(pa)=((p=D)'p((p—2)—1q) - (0.010)

This weighted Cauchy transform is in fact a variant form of the one considered in
[40]. Here, we have taking into account the linearity of such transform when acting
on right vector spaces and the left slice regularity of the images when Cyy acts on left
slice regular functions

Our main purpose is to investigate some spectral properties of the WQCT in
(0.0.9). Mainly, we show that Cpy is a bounded compact operator in L%,(IH) and
belong to k-Schatten class for every k > 2. We also give its explicit action on the

so-called n-th S-polyregular Bargmann space of second kind A%z,sli . realized as the

space of L?-eigenfunctions of a slice differential operator [18]. This was possible
using the quaternionic Itd—-Hermite polynomials that constitute a complete orthog-
onal system in A2 ;. . Moreover, we study the operator P,Cp defined as the n-th
Bergman projection of Cy, P, being the n-Bergman projector onto ‘Aﬁ,sli . given by

1 —
Pf(@) = — | sy Lullg = pl )f(p)d(p), (0.0.11)

where the involved quantities are specified in the next section. Thus,we explicit its
Schwartz kernel function, we identify its range and determinate its singular values,
i.e the nonzero eigenvalues of |P,Cy| := ((P,Cx)*P,Cx)'/?. The obtained results
generalize in somehow those elaborated in [38] ?] for the weighted complex Cauchy
transform on Li (C) defined by

Ccf(z) := % i %e"‘z'zdxdy; EF=x+iyzeC. (0.0.12)



Chapter 1

Preliminaries on slice
hyperholomorphic functions

1.1 The algebra of quarternions H

We introduce the algebra of quaternions and discuss their main algebraic proper-
ties.

Definition 1.1.1. The algebra of quaternions H is defined as the 4-dimensional real vector
space with basis 1,e1,ep and es, that is,

H = {x0 + x1e1 + x2e2 + x3e3 : x; € R},

endowed with the associative R-bilinear product with unity 1 that satisfies

=6l =e5=—1
€162 = 63 = —epe1,6063 = €1 = —ezey and esze; = ex = —eqes. (1.1.1)

Sometimes, when it is more convenient, we will write eq instead of 1. Moreover, note that

(1.1.1) is equivalent to

16263 = —1.

As in the complex case, we will identify the subalgebra span {eg} with the field of real num-
bers R (see [30]). Moreover, we will identify R® with span{ey, s, e3}. The following defini-
tions are formulated in analogy to the case of complex numbers.

Definition 1.1.2. Let x = xp + 213:1 x;e; € H.

1) We call Re(x) = xq the real part of the quaternion x and Im(x) = x = Yo, x;e; the
imaginary or vector part of the quaternion. We call a quaternion x real, if Im(x) = 0
and we call it (purely) imaginary if Re(x) = 0.

9



2) Wecallx = xg — 2?21 x;e; the conjugate of x.

3) The norm or absolute value of x is defined as | x |= /Yo, X2,

Lemma 1.1.3.

i) The quaternionic conjugation is an R-linear involutive antiautomorphism, that is, for
all x,y € Hand all A € R, we have

X+ty=%+7y, Ax=Ax, Xx=x, and Xy=T{x.
Moreover, x = x if and only if x € R and X = —x if and only if x is purely imaginary.

ii) Let x,y € H. Similar to the complex case, the following identities hold true:
eRe(x) = 3(x + %) and Im(x) = 3(x — X),
oxx = x¥ =| x |?,
o lxy|=[x|ly].

Proof. From the definition, it is clear that the quaternionic conjugation is R-linear
and an involution. Moreover, we have

leg=e,=el=¢li=1,...3

and

e1ey =e3 = —e3 = epe; = (—ep)(—e1) = &6.

Similarly, we get e;e3 = €3¢ and ejes = €3¢67. Thus, Xy = ¥x holds if x and
y are elements of the basis of H. Hence, it holds for any x,y € IH because of the
R-bilinearity of the quaternionic product.

It is also clear that ¥ = x if and only if Im(x) = 0, that is, if and only if x is real,
and that ¥ = —x if and only if Re(x) = 0, that is, if and only if x is purely imaginary.
Therefore, i) holds true. The identities in ii) are also easy to check. We have

x + X = Re(x) 4+ Im(x) + Re(x) — Im(x) = 2Re(x)
and
x —X = Re(x) + Im(x) — (Re(x) — Im(x)) = 2Im(x).
Since eiej = —eje; fori #j€1,2,3, we get
3 3 3 3 3
xx = (xo— Y_xie)(xo+ Y_ xjej) = x5 — Y_ xixoe; + Y Xoxjej — Y Xixjeje; =
i=1 =1 i=1 =1 ij=1

3 3 3
=5 — ) Y (ixj — xxi)eie; — ) xpe; = xg+ ) a7 =[x |’
ij=1j>i i=1 i=1

10



Similarly, we obtain xX =| x |2. Finally,

| xy [P= xyay = xyay =| y P xx =y P x |
Hence | xy |=| x ||y | . O
Proposition 1.1.4. Every quaternion x € H \ {0} has an multiplicative inverse, namely

1
-1 _ —
X = ’xlzx.

In particular, the quaternions form a skew field. Although the quaternionic multiplication is
not commutative.

If x or y is real, then xy = yx. As the next Lemma shows, reals are the only quaternions
that commute with any other quaternion. We will specify this result later.

Lemma 1.1.5. A quaternion commutes with every other quaternion if and only if it is real.
That is, the center of H is the real line R.

Proof. Since 1 is the multiplicative neutral element of H, it commutes with every
quaternion. Moreover, as the multiplication is R-bilinear, any x € R = span {1}
commutes with every other quaternion, too.

Now, let x = xy + Z?:l x;e; € H. be such that xy = yx for all y € H. In particular,
xe; = e1x. But since

e1x = xpe1 + xle% + Xpe162 + X3€163 = Xp€1 — X1 + X283 — X362

and
xe1p = Xxpe1 + xle% + Xpepe1 + X36361 = Xp€1 — X1 — X2€3 + X3€2;

this implies x; = 0 and x3 = 0, Similarly xe; = epx together with
Xey = Xpey + X161 = Xpén + X163

And
€)X = Xp€y + X162€1 = Xp€2 — X163

yields x; = 0. Thus, x is real. H

Lemma 1.1.6. Let x,y € H\ {0}. Then x and y satisfy xy = —yx if and only if Re(x) =
Re(y) = 0 and x and y are orthogonal as vectors in IR>.

Definition 1.1.7. A purely imaginary quaternion with absolute value 1 is called an imagi-
nary unit. We denote the set of all imaginary units by S?, that is,

3 3
S?={Y xeecH:) 7 =1}
i=1 i=1

11



The name imaginary unit is justified by the fact that, for any I € S?, we have [ = —1I and
therefore -
P=-Il=—|IP=-1.

Thus
S2={IcH:I*=—-1}.

Corollary 1.1.8. For I € S?, the plane C; = {xo + x11 : xo, x1 € S*} is isomorphic to the
field of complex numbers C.

Remark 1.1.9. For any non-real quaternion g € H\IR , there exist, and are unique, x,y €
R withy > 0, and I € S? such that g = x + yI. Indeed

x=Req, I = %,andy = |ql.

1.2 Slice regular functions

In this section, we now introduce a new notion which called C-regular function,
was given by Cullen in [31] .

Definition 1.2.1. Let ) be a domain in H. A real differentiable function f : OO — H is
said to be C-regqular if, for every I € S?, its restriction f to the complex line C; = R + RI
passing through the origin and containing 1 and I is holomorphic on QQ N Cj.

Throughout the project, since no confusion can arise, we will refer to C-regular functions
as reqular functions tout court.

Remark 1.2.2. The requirement that f : Q) — H is reqular is equivalent to require that, for
every I € 52,

- 1/0 0
If(xtyl) = (a " I@) fi(x+y1) =0,
on QONCy.
We can define a notion of I-derivative as follows:

Definition 1.2.3. Let Q) be a domain in H and let f : QO — H be a real differentiable
function. For any I € $? and any point g = x + yI in Q (x and y are real numbers here) we
define the I-derivative of f in q by

a[f(x +yl) = % (aa—x — I%) f[(x +y[).

Because of the noncommutativity we also have another version of this notion us follows:

12



Remark 1.2.4. we say that fis a right slice regular function if, for every I € S?, we have

% (%fl(x + Iy) + %f;(x + Iy)l) =0.

The first important consequence of our definition of reqularity is that, for reqular func-
tions, we can introduce a notion of derivative.

Definition 1.2.5. Let Q) be a domain in H, and let f : (O — H be a regular function. The
Slice derivative of f , dcf , is defined as follows:

ac<f><q>={al(f @) da=xtyl with y 70

%(x) ifg=x s real,

This definition of derivative is well posed because it is applied only to reqular functions.
In fact, the value of the derivative at a real point x can be computed using different imaginary
units, and a priori there is no reason why the values which one obtains should coincide.
However, if a function f is reqular, its derivative in the point x is immediately shown to be
equal to % (x). It is easy to construct examples which manifest this problem if f is not reqular.
Note that this phenomenon is peculiar of the quaternionic case, and does not appear in the
complex case. The reason for this is that the unit sphere of imaginary numbers has dimension
2 in the case of quaternions, but it is only made of two points, {i, —i}, in the complex case.
Let f be a regular function. Since for every I € S? it is d;(dc(f)) = dc(91(f)) = 0 we
obtain that the Cullen derivative of a regular function is still reqular.

1.3 Power series and series expansions for regular func-
tions

In order to study polynomials and power series in g, we first note that the ba-
sic polynomial ¢4"a,, with a, a quaternion, is regular according to Definition ([1.3.9)),
however ag" is not. Since the sum of regular functions is regular, we immediately
have that polynomials with quaternionic coefficients on the right are regular. In or-
der to consider power series ) ;° ; 4" a,, we will endow the space of regular functions
with the natural uniform convergence on compact sets. The same arguments which
hold for complex power series, see e.g., allow to obtain the analog of the Abels the-
orem.

Theorem 1.3.1. For every power series Y ;- q"ay there exists a number R, 0 < R < oo,
called the radius of convergence, such that the series converges absolutely for every q with
| g |< R and uniformly for every q with | q |< p < R. Moreover if | q |> R, the series is
divergent.

13



Since convergence of power series is uniform on compact sets, it turns out that
power series are regular in their domain of convergence. Note also that every power
series is also real analytic.

The derivative of a power series can be done term by term because of the uniform
convergence, so that

dc (Z q”an> =Y q" nay,.
i=0 i=1

This new series has the same radius of convergence as of the original series. In
what follows, we will always restrict our attention to functions which are regular on
a ball B(0, R) centered in the origin and of radius R. In order for us to study regular
functions, we will need a simple representation of the restriction of a regular function
as a pair of holomorphic functions. To do so, we need a few simple preliminary
results on the set 52

Corollary 1.3.2. Fora,b € H, we have

o0 ai’lb}’l
Z n!

n=0

= (cos(yb) + I, sin(yb)) exp(xDb).

Proof. Leta = x + I,y,b € H. Then

i ap" _ 00 E%Z()sz(lay)kxn_kbn
=0 n! =0 n!
00 (Iay)kxnfkbn
n!
C£+k(1ay)kxnbn+k
(n+k)!
(Iay)kxnbn—i—k
n'k!
)kbk 0y nph
k! =
(Lay)* 0" & (xb)"
k! n!
(Ia}/)kbk
k!
(Iay)Zkak 00 (Iay)2k+1b2k+1 )
I AT 2k 1) exp(xb)

@)
=5

I
1=

3
Il
o
T
o

I
gk
gk

T
o
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Il

=

I
gk
gk

»
Il
=
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<

Il
gk
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»
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o

I
gk

n=0

T
(e}

I
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»
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I
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o

14



00 k 2kb2k © T (_1)ky2k+1b2k+1)
Y S+ ) & exp(xb)
(k n = (2k +1)!

= (cos yb) + Ia sm(yb)) exp(xb).

Witch complete the proof. O

Proposition 1.3.3. Let [ = il; + jI + kI3 and | = iJ; + jJ» + kJ3 be two elements in S?, let
—(L]) = L1 + LJ» + I3]3 € R denote the Euclidean scalar product of their coordinates,
and let I x | = i(bJs — B]2) +j(I3J1 — LJ3) + k(I1]2 — LJ1) € R.S? be their natural
vector product. Then the quaternionic product 1] can be computed through the following
formula:

IJ= (L)) +1x].
Proof. The result follows immediately from the direct computation of the product
] = (ily + jl + kI3) (i]y + jJo + kJ3).
O

Note that the previous computation shows, in particular, that the product of two
orthogonal elements of 52 lies in 52 as well. We will use this simple fact to build
orthogonal bases in 5.

Theorem 1.3.4. Let I and | be two orthogonal elements in 82 and let K = I]. Then:
e K= 1] = —]lisan element of S,
e Kis orthogonal to both I and |,
e [K=1=—-KJand Kl =] = —

We will prove the three statements independently.

1. This follows immediately from the previous proposition, noting that I and J
are orthogonal, and that clearly I x | = —] x L.

2. This again is a consequence of the previous proposition, of the orthogonality
of I and J , and of the fact that I x | is always orthogonal to both I and J . These three
facts imply that (K, I) = (I],I) = (I x J,I) = 0.

3. Here we apply repeatedly the previous proposition to obtain the sequence of
equalities

JK=J]) =J(L])+1x])
= (JAL]) +Ix])+]x (L) +1Ix]).

Using the orthogonality of I and |, we obtain
JK = (J,Ix]) +J((Ix]).

15



Now note that (J,I x J) = 0 because I x ] is orthogonal to ], and that, by the same reason,
I] =1 x ]J. Thus to conclude the proof we only need to show that | x K = 1. This can be
obtained by a direct computation. Indeed, we have

Remark 1.3.5. The result we have just proved is simple, but it shows that we can use 1],
and K as a basis for §?; moreover, given any element I in S?, we can always construct such
a basis (though not in a unique way, as the basis will ultimately depend on the choice of |
among vectors which are orthogonal to I ).

The following lemma (we will often refer to it as the splitting lemma) is simple
to prove but is essential for all the results in this project.

Lemma 1.3.6. (Splitting lemma). If f is a reqular function on B = B(0, R), then for every
I € S2, and every ] in S?, perpendicular to I , there are two holomorphic functions F,G :
BNC; — Cjsuch that forany z = x +yl , it is

f1(2) = F(z) + G(2)].

Proof. Given any pair of orthogonal vectors I and J in S2, consider the third element
K of the orthogonal basis I, ], K, and write fi(x +yI) = f(x+yl)as f = fo+ If1 +
Jf> + Kfs. Since f is regular, we know that (- + I%)fl(x +yl) =0,1ie.

oy , 2fi O 2 +I(8fo+l ofi +,%+K%) —0,

o F gty HEG ay oy Tlay TRy

The expression above can be rewritten (taking advantage of the properties of the
imaginary units) as

This implies that the functions fy + I f1 and f, + I f3 satisfy the standard CauchyRie-
mann system and therefore they are both holomorphic. In particular, if we set fo +
Ify = F,and f, + If3 = G, we obtain that f;(x +yI) = F(x +yI) + G(x +yI)], and
so the lemma is demonstrated once we set z = x + yI.

Remark 1.3.7. Given that the functions F and G are holomorphic on the plane R + RI , it is
not surprising (we will show it in a second) that f admits, on that plane, a series expansion
in powers of z. What is more surprising is the fact that such an expansion can be used to
provide a series expansion for f in powers of q. This is a crucial result for this theory, and its
proof requires one more preliminary step.

Proposition 1.3.8. Let f : B — H be a regular function. Then forany n € IN, its Slice
derivative O} f : B — H is regular and it is O} f (x +yI) = axn (x4 yI).
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Proof. The fact that d7-f is well defined has already been established. To prove the
equality of f(x + yI) = I (x + yI) we proceed by induction. First we note that the

— ox"
equality is trivial for n = 1, since

dcf(+yD) =3 (55— 35 ) S +uD)

=5 (%—%) (x +yI)

L

E x+yl).

To prove the induction step note that since f is regular, then

P} d anf B an—Hf an+1f B " ) p) B
(ﬁ * I@) axn  axntl | Iaxnay o (E * I@) f=0

Thus we have that

n+1 n+1
T _ 18 f
dxntl dx"ay
and therefore (by the induction hypothesis)
a'f
<\ ox"

179 03 (9
2\dx dy/) \ox"
n+1 n+1
1oy oy
2 \ox"tl " ox"oy
an+1f
= ol

This concludes the proof. O

Now, we can deduce the following important result.

Theorem 1.3.9. A function f : B — H is reqular if, and only if, it has a series expansion
of the form

i 7

n! ax"
converging on B. In particular if f is reqular then it is C* on B.

Proof. Let A1 The disc centered in origin and with radius a > 0 in the complex num-
bers Cj, where a < R. Then we can use the representation from the splitting Lemma
to find an integral representation for f; inside A;. Specifically, using the fact

17



that both F and G are holomorphic in the domain B N C; of the complex plane C; ,
with values in the same complex plane C; , we obtain ({ —z) 'F(z) = F(z)( —z)~!
and ({ —z)71G(z) = G(2)(¢ —z) 7!, for any { # z € BN C;. Therefore for any z in

A1 we have: 0 0
1 F(C 1 G(C
fi(z) = 271 Jon, §d6+ ol ( . §d€> J.

Each of these two integrals may now be transformed into a power series as in clas-
sical complex analysis. For example (and the same process can be applied to the
integral containing G) one has, for any zin Ay,

/aA, 1 —g /aml 0( ) @dé = ;z” (/MI Z(QdC) (1.3.1)

Notice that in the above formula we have chosen to put (%) " on the left (instead

of on the right) of % so that the power series will have its coefficients on the right,
and will be regular in its domain of convergence. Equality (1.3.1) immediately yields
that

= , 10" f
_ n_-
Now, because of the last proposition, we can transform this equation as follows:
= .10 f = 1/0 a\\" = .10 f
_ n_— — n | — n_-
filz) = Z._ZOZ n! oz" (0) Z.;)Z ( (ax Iay>> f(0) Z.;)Z n! ox" (0).

In particular this shows that f;(z) can be given a series representation in z"* with
coefficients a,, = % % (0) which do not depend at all on the choice of I. Therefore the
representation we have found holds for any I € S?, and this concludes the proof [

Corollary 1.3.10. Let f : B — H be regular. If there exists I € S? such that f(C;) C C;
, then the series expansion of f

i 79f o

n! ax”

has all its coefficients in Cy .

Proof. If I € S? is such that f(C;) C C, then for any real number x we have f(x) =
f1(x) € Cy. Therefore % € Crforanyn € N, x € IR, and the conclusion follows [

18



1.4 Cauchy integral formulas

The power series expansion which we have proved for regular functions in the last
section is the key ingredient in proving the analog, for regular functions, of many
well-known results from the theory of holomorphic functions in one variable, such
as the identity principle, the maximum modulus, the Cauchy representation and
estimates, and the Liouville and Morera theorems (see [62]). This short section is
dedicated to the proofs of such results.

A basic result in the theory of regular functions that is valid is the following
version of the identity principle (see: [54]):

Theorem 1.4.1 (Identity principle). Let f : B — H be a regqular function. Denote by
Zs ={q € B: f(q) = 0} the zero set of f. If there exists I € S such that C; N Zs has an
accumulation point, then f = 0 on B.

Proof. On C; N B we can write
f(x+yl) = F(x +yl) + G(x+yI)]

with F and G holomorphic functions on C; . Now, under the assumption that C; N Z,
has an accumulation point, we deduce that both F and G are identically zero on

C; N B. This implies, in particular, that %(0) = 0 for all values of n. Since these
derivatives are the coefficients of the power series expansion of f , this implies that
f =0onB. [

Remark 1.4.2. Let f and g be reqular functions on the ball B. If there exists I € S? such
that f = g on a subset of C; N B having an accumulation point in C; N B, then f = g
everywhere on B.

Before proving the maximum principle, we need a preliminary result on the mean
value property.

Proposition 1.4.3 ([62]). If f : B — H is a reqular function, and if | € S?, then fi :
C; N B — H has the mean value property.

Proof. We know, from Lemma that we can write fi(x +yI) = F(x +yl) +
G(x + yI)]. Therefore, for all points a in C; N B, and all positive numbers r such that

A(a;r) C CrN B, we have

1 an (a+re®)do = 1 /zn(F(a + re!®) + G(a + re'®)])do
2 Jo 7! -2 Jo
= F(a) + G(a)] = fi(a).
This concludes the proof. O
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We are now in a position to prove the maximum modulus principle for reg-
ular functions.

Theorem 1.4.4. Let f : B — H be a reqular function. If | f | has a relative maximum at
a point a € B, then f is constant on B.

Proof. If f(a) = 0 the result is trivial. We will assume therefore that f(a) # 0. via a
this transformation | f(z) «— % f (z)> , we can reduce the theorem to the case in

which f(a) > 0. Let then I be the normalized imaginary part of 2 = x¢ + yoI, where
xo,Yy0o € R,and I € g2,
For r > 0 sufficiently small, we set that

M(r) = supger{|f(a +re'®)[}.

By hypothesis, we have that f(a) > M(r) when r is sufficiently small. On the other
hand, since f satisfies the mean value property from the previous proposition, we
simply obtain that f;(a) = M(r). Letz = x + yI, for sufficiently small r =| z —a |,
the function g(z) = Re(f;(a) — f1(z)) is non-negative. In fact, we have that g(z) =0
if and only if f;(z) = fi(a). By the mean value property

1 27T

f1(a) fr(a+ re'®)do

Since he real part of a holomorphic map also satisfies the mean value property,

we obtain
(a) = L /zn (a+rel®)do =0
3 27T Jo 3

The function g is continuous and non-negative on 0 A (a,r), and so we obtain
that g(a + re!?) = 0 for all § € R. As a consequence, g(z) = 0 for all z in the closed
disc, and therefore f;(z) = fi(a) for all points z in A(a, r). Since this last set clearly
has an accumulation point in C; N B, we use the identity principle to conclude the
proof O

In the futur, we will adopt the following notation. If 4 € B, we set

Im(q) 2 -
I = {Im(q” €S if Im(q) #0

any element of S>  otherwise ,

Remark 1.4.5. Forany ¢ € Cy,, { # q the equality

(—q) g =d7(—q)"
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Theorem 1.4.6. Let f : B — H be a reqular function, and let g € B. Then

1 dg
@ = 5ap /Mq on e /@

where ¢ € Cy, N B, and where r > 0 is such that
Aq(_O,r) ={x+yl,: x2 +y2 < 72}
is contained in B and contains q.

Proof. The result follows immediately from the splitting lemma, as indicated by the
following equalities.

1 dg 1 dg
2nl, /aAqm,r) /9= 2nl /emq(o,r) C-q/h®

As a consequence we obtain the Cauchy estimates:

Theorem 1.4.7. Let f : B(0,R) — H be a regular function, and let r < R, I € S%. Then
If M; = max{| f(q) |: g €9 (0,r)} and if M = inf{Mj : I € $*}, then
109"f

n!oxn

(0)’ <rMn, 1> 0.

Proof. The result follows the same ideas as in the case of holomorphic functions of
a complex variable. Specifically, the proof of the series representation for a regular
function shows that, for any I € 52 we can write

1of, 1 az
13 (0) = 57 210 Cn+1f(€)

Then we can write

an
: f(o)‘gi/ml(m)w(o’dggi/a = dgg%.

n! ox" pntl 27 Jan, (o) 1 rn

By taking the infimum, for I € S?, of the right-hand side of the inequality we prove
the assertion. m

We now have all the instruments needed to prove the analog of the Liouville
theorem.

Theorem 1.4.8. Let f : H — H be an entire regqular map (i.e. a regular map defined and
reqular everywhere on H). If f is bounded, i.e. there exists a positive number M such that
| f(q) |< Monall of H, then f is constant.
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Proof. The Cauchy estimates yield that, for any r € RR,

1o"f M;
ErT “’)’ S

By letting r go to infinity, we obtain that ngnf (0) = 0 for any positive n, and this
implies that f = f(0). Indeed, all the coefficients of the power series representing f

must be zero, with the possible exception of the first one. O

We close this section with a version of Moreras theorem.

Theorem 1.4.9. Let f : B — H be a differentiable function. If, for every I € S?, the
differential form f(z)dz,z = x +yI, x,y € R defined on C; N B is closed, then the function
f is regular.

Proof. The hypotheses imply, by the classical Morera theorem, that each r function
fr : C;N B — H is holomorphic. This concludes the proof, in view of our definition
of regularity. O
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Chapter 2

Second Bargmann transform for the
slice hyperholomorphic Bergman
space and asymptotic

Abstract:

We complete the study of basic properties of the slice hyperholomorphic Bergman
space, including the explicit closed formula for its reproducing kernel function. Next,
we give the exact statements and the proofs of our main results concerning the
quaternionic analogue of the second Bargmann transform, giving rise to an inte-
gral reprsentation of slice hyperholomorphic functions in the Bergman space. The
last section discusses the asymptotic behavior, as R goes to +oo, of some elements in
the slice heperholomorphic Bergman theory, like measure, basis and the reproducing
kernel function. It will be seen that they give rise to their analogues in the setting of
slice hyperholomorphic Bargmann-Fock space.

2.1 The slice hyperholomorphic Bergman space of the
first kind revised

In this section, we will work with the Bergman theory in quaternionic variable of
the first kind. We start by recalling some notations and next discuss the so called
C-property (see:[27]).

Definition 2.1.1. Let us denote the complex conjugation on C by Z¢(z) =z, forall z € C.
We will say that a domain Q) C C is Z-invariant if and only if Z¢ (Q)) = Q.

In this section, the domains () we consider are supposed to be Z-invariant. Note
that using the Cauchy-Riemann equations, one obtains that f € Hol(Q)) if and only
if Zc o f o Z¢ € Hol(Q).

Remark 2.1.2. In the sequel, the quaternionic conjugation will be denoted by Zy1(q) = g.
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Definition 2.1.3. Let A C H, we say that A is axially symmetric if whenever q = x + Iy
belongs to A all the elements x + Iy belong to A for all I € S%. We say that A is a slice
domain, or s-domain for short, if it is a domain intersecting the real axis and such that AN Cj
is connected for all I € S2.

In this section, I,] € S? are mutually orthogonal vectors, and A C H will be an
axially symmetric s-domain. Therefore for any I, the domain Ay is Z-invariant in the
complex plane Cj.

Theorem 2.1.4. (Representation Formula). Let f be a slice reqular function on an axially
symmetric s-domain A C H. Choose any | € S2. Then the following equality holds for all
g=x+1IyeA:

Flx+yD) = 50~ DGt yl) + 5 (14 T f(x— y]).

The Splitting Lemma and the Representation Formula, imply the good definition
of the following operators, which relate the slice regular space with the space of pairs
of holomorphic functions on Ar:

Q;:SR(A) — Hol(Ap) + Hol(Af)]
f — f|A11

and
P : Hol(Aj) + Hol(A1)] — SR(A),

defined for any f € Hol(Aj) + Hol(Aj)] by

Prifl(q) = Prlfl (x+yly) = 5 [+ LD f(x —yD) + (1 = LD f(x +yD)] .

Moreover, we have that

~—~

NI -

ProQr = ldsg(ay and Qg o P; = Idpoi(a)+Hol(A)]
where Id denotes the identity operator.
We now apply the results of the Appendix to deduce some properties of the reg-
ular Bergman spaces (see:[50]).

Definition 2.1.5. Let A C H be a bounded axially symmetric slice domain. We denote by
AZ(Ay) the holomorphic Bergman space associated to Aj, and by A, () the slice reqular
Bergman space associated to A i.e.

Aa(A):{fGSR(A)\ /A\f|2dAa<oo}.

Where dAy = (v +1) (1 - ‘IZ—‘;Y dA, and dA denotes the area element in H. The set
Ay () is equipped with the norm inherited from the L2( A, H)-space.
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In general, as the complex conjugation Z¢ preserves the norm of the complex
numbers and the differential element of area, then we have f € A2(Q) if and only if
ZcofoZc € A2(Q).

Moreover, we have

|1 £ PdAuz) = [ 1 Zeofoze(z) P dAa(z).

Proposition 2.1.6. (Evaluation functional for Aj) Let A be a bounded axially symmetric
s-domain, let I € S and let K C Aj bea compact set. Then there exists a constant cx > 0

such that
sup{| f(q) ;9 € K} <cx || f [aua) Vf € Aa(A).

Proof. From the [Theorem 2.1,p40] in [108]], one can find a constant cx > 0 depending
of K, such that

sup{| 5(a) i € K) < | [ 15 Paad@]”, vge A

Since every f € Ay(A) is of the form f| 5, = f1 + f2], where the unit vector ] is
orthogonal to I, then

sup{| f(a) [ € K} = sup{| fin,(0) .4 € K}

< sw{ fil) Lo Ky tsup | flo) Lo eK)
< alf 1hPaa@| | [ 1RPaAE]
< [ [ 1 Parua)] @11

]

Proposition 2.1.7. (Evaluation functional for A) Let A C IH be a bounded axially symmet-
ric s-domain. For any compact set K C A there exists a constant cx > 0 such that

sup{| f(q) ;9 € K} <ck || f [ aya) Vf € Aa(A).

Proof. Let ] € $? and let Kj := KN C;. Note that K; is a compact subset of A}, and
Proposition gives us a constant cx, > 0 such that

sup{| f(q) ;9 € Kj} <cx; | f | au(n)y Vf € Au(A).
Applying the inequality
[ faryD) <[ flx+y)) [+ flx—y]) [ Vx+yl € Ky >0,
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which is a direct consequence of Representation Formula

Fla) = 5 [+ DG —y1) + (1~ L) f e+ yD)].

We obtain that

sup {| f(q) [;:q € K} <ex; || f llaya) VF € Aa(A).
Setting cx = 2ck, the statement follows. O
Theorem 2.1.8. Let A C H be a bounded axially symmetric s-domain. The space (AR(A), [ ipw A)>
is complete.

Proof. Let {fu},cn C Ax(A) be a Cauchy sequence, then there exists f € L*(A, H)
such that

n@w I f = fu Iz2(a11)= 0-

Moreover, Proposition implies the following:

i) There exists the function f : A — H given by f(q) := lim, .« fx(q), for any
qg e A.

ii) The sequence { f,} converges uniformly to f on compact sets. Therefore f is a
slice regular function on A.

Now, for any compact set C C A there holds that
0 < [1F-FPaAc< [[1F=fulPadc+ [ |f=fu P dAq
< 1 F =S P dAct | f = llizasn @12

Then the previous inequality tends to zero when 1 — oo, f = f € A4 (A). O

2.2 The Slice Regular Bergman Kernel of the First Kind

By theorem we have A, is a is a quaternionic right-linear Hilbert space. And
for any q € A, the evaluation functional ®; : A,(A) — H defined by

4(f) = f(q),Vf € Au(A)

is a bounded quaternionic right-linear functional on A,(A). the classical Riesz rep-
resentation theory in functional analysis shows that each g € A, there exists unique
function Bf;‘ in A, such that

Fla) = (B-f) = [ B@F(0A(2) € Aa
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Denoting B(g,.) = B_g, then

fla) = [ B9, )fdAx f € An

For the future, we want to work on By the ball quarternionic centred in 0 of the
radius R.

Definition 2.2.1. The function B(.,.) : Bg x Br — H will be called the Bergman kernel
of the first kind associated with Brg.

We now recall some properties of the slice regular Bergman kernel of the first
kind, then we have the following proposition

Proposition 2.2.2. 1) The slice reqular Bergman kernel of the first kind is hermitian;

B(q,r) = B(r,q), r,q € A.

2) The function B(.,.) is slice reqular in its first coordinate and it is slice right anti-
reqular in its second coordinate.

Proof. 1) B(q,r) = By(r) = [, B/BgdAx = [, ByBrdAy = Br(q) = B(r,q).
2) We have B, € Ay(A), then

d 0
<$ +I@) Bq‘AI(x—i—yI) =0, on A,

or equivalently
d d
(a + I@) B‘AI(X +yl,K]) = 0,

which means that B is slice regular in its first variable. Finally, applying the
quaternionic conjugation we obtain that

d d
B‘Al(x—i—yl,q) (a — I@) =0,

which means that B is slice right anti-regular in its second variable.
O

Proposition 2.2.3. 1) The slice reqular Bergman kernel of the first kind is the unique
function which satisfies the properties of last proposition.

2) Let {¢n},cn be an orthonormal total family of functions in Ay(A), and let K be a
compact subset of A. Then the series

Z $n (Q)W,

nelN

converges uniformly on K x K to the Bergman kernel B(q,r).

27



Proof. 1) Suppose that the function H satisfies the same properties of B, then

H(r,q) = = [\ B(q,.)H(.,r)dAy = [, H(r,.)B(.,q)dAs = B(r,q).
2) Since B(., r) € Aa(A), there exists a sequence of quaternions {v; () },,cp, such
that
B]BR q/ Z 4)7’1
n=0

Note that for any natural number m we have:

a0 = [ Br)e@dA@) = [ oa(@)B(0,1)dA)
= /¢n 204)11 vn r)dAq (q) (2.2.1)

From the uniform convergence on the compact set and from the fact that ¢, ()
are orthonormal, we get:

Therefore

Bp,(q,7) = Z Pn(q)Pu(r).

n=0

Theorem 2.2.4. For m,n € IN, we have

[ a'"dAu(q) € R
Br

Proof. Let m,n € IN, then

Gngmd A — Fiamd A
o, T «(q) B, T «(q)

— 7" d A, ().
/]BRCI q (9)

Since, the Quaternionic ball centred in 0 of radius R is Z-invariant, and also we have
dAy(q) = dAu(g) thus

Framd A, / mand A, (a).
/IBRq q (q) = ]BRq 7'dA(7)
m_ndA,x .

/]BRq q (q)

g and § are commute, so

nand A (q) — / Fa"dAL(7) € R
b, T (9) w74 (9)
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The family of functions {4" },eN is not an orthonormal family. Nevertheless, the
theorem tells us that this family generates the set of slice regular functions.
Thus, the family {g"},cn is contained in A,(Bg) and generates any element of
Ay(Bgr). Then we have the following calculation are obtained passing to the spheri-
cal coordinates.

For m,n € IN sach that m > n, we have

m-ndAa :/ m—n 2ndA,X
A (9) b ] 4] (9)

In spherical coordinates, we get

3
q= leel:x—i—lqy

1=0
where
Xo = rcos ¢y, r€[0,R], ¢1 € [0, [
X1 = rsin @1 cos @y, @2 € [0, 7|
X = rsing@psingpcos s, @3 € [0,27]
X3 = rsin @ sin ¢, sin @3
X = Xy
y = rsing
I, _ X
B RE N
| dAu(g) = (x+1) (1 - ;—i) TSI 92 v 91 d pad s

So we obtain

iA R 27 T T ligr m—n ’ iA
m =n — q n
/BRq 7'dAy(q) /0 /0 /0 /O (re ) r'dAq(q)

[ cos(tn = mign) + ysin(n - gL
(2.2.2)

An application of the previous theorem, we now get

/OR /Ozn /On /0” P sin((m — n)gy)r"d Ay (q) = 0

So, the integral formula will be as the following
R 72 & pn+m+3
/BR "' dAL () = 27'(/0 (a+1) (1 - ﬁ) i
X /On cos((m —n)¢1) sin(@q)dg; /On sin(¢@y)dgr
4 (R 72 & pn+m+3 T
= ;/0 (a+1) (1 - ﬁ) Tdr/o cos((m —n)¢1) sin(@q)dg,
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The first integral well be as the following formula

R 2\ % n+m+3 m+n sl
/ (x+1) (1 — r_) Ty = R (a +1) (1 — r2>a P13y
0

R? R* 2 Jo
= — / (a+1)(1—7r)"r 5 dr
0
Rm+1 4
= A DB, T
R+ T(a + 1)T(tmt4
s
2 I(a+ 55+2)

R™N T (o +2)T (252 +2)
2 T(a+25"+3)

In the second integral we get

/OHCOS((m_n)qol)sinz(%)d(pl _ /Oncos((mz—n)q)l)

_cos((m—n+2)¢;) Zcos((m —n— 2)(P1)d(P1

After computation, we obtain

B m/2if m=n
/7'( COS((m2 Tl)(Pl) sinz(q)l)d§01 — —7t/4 ifm =n+2
0 Oif m>nandm #n—+2
Therefore
nT(a+2)T(n42) _
(R gy if m=n
m=n — RZVH’Z F(oc+2)F(n+3) . _
/}BRq T'dAn(q) = § —RGRIDI00S) p oy — 4
( Oif m>nand m #n—+2

Finally, {4"},en does not an orthogonal system in SR(Bg).
By the orthonormalization process gives us the following

v1 =q; set ¢ S E—
L T o T
0
v =g — <q2/¢1>Aa(IBR)(P1; set ¢ = m
0= 4" ) O Sty =
n = adi Atx(]BR) ]’ n H o, HA[X(BR)
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Therefore, {¢, }, . is an orthonormal total family contained in A, (Bg).
As consequence, we now can define our Bergman space kernel was given

Proposition 2.2.5. The slice regular Bergman kernel of the first kind for the unit ball By is
given by

B I'(a+4) I'(a+5) _
Bsc(07) = Rerara r2) T RT@m 12

nR? nR?
+ A n + n—2:| |:;—,n + 7771—2 )
TEB o {q 2(oc+n—1—1)q 2@ +n+1)

qr +

['(a+n+3) (n+¢x+2)] -1

n
where )\a,n = T(x+2)T (n+1)R2" [n +1- 4(n+a+1)

Proof. Applying the orthonormalization of Gramm-Schmid process on the family
{9" },,enys we check the following orthonormal system {¢y }, o

_ Tla+4)
P1(a) = \/Rzr(3)r(a )7

B ['(a+5) _
$2(q) = \/R4I“(4)r(“ +2)q2’

| T(a+n+3) nn+a+2)]21 nR? —
4’”(”7)_\/n!1<2nr(o¢+2) ["H intatl) Tt sarnr)? |12

Thus, the Bergman space kernel in first kind given by

BIBR(q'r) = Z an(Q)W

n=0

]

2.3 The slice hyperholomorphic Bergman space of the
second kind

The slice hyperholomorphic Bergman space on the open unit ball B (centered at
the origin) was first presented in [24]. This was possible by extending the complex
holomorphic functions on the disc to the whole B by the representation formula
(Theorem [2.1.4). For arbitrary radius R, the slice hyperholomorphic Bergman space

A?l’?‘c .(Br) is defined by (0.0.4). Namely,
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Definition 2.3.1. For every I € S?, the slice hyperholomorphic Bergman spaces is defined
by

A% (Br) = {f € SRBR| I £ 13, m,= [ | fingy 2 dAas < eo},
R,I

where Br 1 = Br N Cjand dA, ; denotes the area measure in the complex plane Br 1 given
by:

Z2\“ i .
dA,1(z) = (1— 5 —radxdy, z=x+1y.

On The Bergman space A?ﬁ‘c .(BR) is quaternionic right linear Hilbert space. So, on A?l’?‘c .(BR)
we define the scalar product
2%\ dxd
<f/g>A§lr;"C€(BR) - ]BR,If(Z)g( ) - RZ TR2 xay
Therefore, we have the following result:
. 2, : : _
Proposition 2.3.2. The spaces (A (Bgr), || . || a2 (IBR)) contains the monomials e, (q) :=

q", n € IN which form an orthogonal basis. The square norm of the e, is given by

2 n!R¥T (& + 1)
||en||4x,slice = F(?l+0(+1) . (231)

Proof. The first assertion follows by similar arguments as in the classical case. The
norm of e,(q) := q" = r"e!"™ can be computed easily using the polar coordinates
and making use of the appropriate change of variable t = r?/R?. Indeed,

" - 2\ &—1
<en/ eTﬂ>p{,SliC€ = <m) /]BRI qnqm (1 - |1q{_|2) dXdy

1
= aRZ”(Sm,n/ (1 —t)¥ldt
0

n!R?'T(a +1)
T(n+a+1) ™"

The last equality follows making use of aI'(x) = I'(a + 1) as well as of the well-
known Euler’s Beta integral [29, Theorem 7, p. 19]

/01 ta—l(l _ t)b_ldt — rr((i)_l;(:))

valid for (a) > 0 and R(b) > 0. O
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Now, choose I € 82, and let us f an entire slice regular function in A% io(BR).
According to the theorem[I.3.9) we have
19
f@)= L5550,

for all g in H and a, are a constants in IH. Therefore, the norm of f was wrotten by

I s = 5 P 40" 2

slice 7’1>O

where 2n7( )
n!R"T" (a + 2
n J—
) e B0 = Tt et )
Let now ] € S?, such that I # J. Since (g", ")

depend to I, namely

A2 (Bp) is a real, imply that is does not

slice

2
|| f ||A§0¢€ || f ||Atx(]BR,]) )

Thus, the norm of f does not depend to 1maginary unit.

When R=1, the quaternionic Bergman space in setting of the slise regular func-
tions was introduced by Colombo and al. [24]. So, all analytics properties are still
holds howeover much R be nonnegatif real. Then, we have the following results:

Theorem 2.3.3. The space (A% (Bg), | - || A28 (IBR)) is complete.
slice

Proof. Let {f,}, be a sequence in A% ie(BRr). In particular case in complex plane,
we obtain that { f”UBRz}” converges uniformly on every compact subset of Bg; to

]}jmﬁ, i.e. that {f,}, — fin A?l;xce
olds.

Proposition 2.3.4. For any q € By, the evaluation functional ¢, : A?l;xce
defined by
¢q(f) == f(9)

is a bounded quaternionic right-linear functional on A% o (BR).

(Bg). Therefore the completeness of A% Jie(BR)
U

(]BR) — H,

Proof. With Spilliting lemma, we can write f|IBR , =F+GJ,whereF,G:Bg; — Cy,

are holomorphic functionsand | L I, then for f|p, , in the set consists of all AL Jio(BR)
there holds: two following inequalities

F|>?dA,; < 2 :
Jyo VE P aAwr <l fimg, e n,

and
/ | G P dAw1 <l figg, HAZ“ (Br) °
Bg,1

We can claim that the evaluation functional is a bounded quaternionic right-
linear functional on A2 ie(BR). O
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The Riesz representation theorem [24] for quaternionic right-linear Hilbert spaces

shows the existence of the unique function K,(I) € Agl’?‘c .(BBr), such that

Pq [f\]BR,I] - <K”7(I)’f“BRJ>A§i?ce(]BR)'

Denoting K% ... (4,-) := Ky (I) we have

f“BR,I(q) - /BRI K%{,slice(q/Z)f(z)dAm,I(Z); Vf|IBR,1 S Agi?ce(]BR)’

Notice for instance that by the representation formula (Lemma [2.1.4), the involved
integral does not depend on the choice of I € S2. Moreover, it is clear that the
restriction K‘l"m = K?{,sli c e|IBR,1xlBR,1 of the Bergman kernel to Br; X Bg coincides
with the classical Bergman kernel K%, (z,w) on Bg | given by

—a—1
KR ot (2, 0) = (1 - ﬁ) = KR 1(z, w). (2.3.2)

The answer is contained in the next result.

Proposition 2.3.5. The Bergman kernel K% ., ., coincides with the classical Bergman kernel
on Bg j, forany I € S2.

Proof. By the Splitting Lemma, f|IB <, = F+GJ,where F,G € Hol (Bg ). So, we have

q’q [f“BR,I] - <K5](I)/ F + G])Asl/?'cg(]BR) (233)
= <Kq(1)/ F>A2A (Bg) + <K6](I)/ G>A§l’?‘C€(IBR)]’vf‘]BR,I S A?ll?;e(]BR)' (234)

slice
If g € Cj, we get

F(q) = B K?{,slice(q/Z)F(Z)dAa,I(Z)I
RI

and

G(q): B Kllx%,slice(q/Z)G(Z)dAtx,I(z>'
R,I

However, on the complex plane Cj, the holomorphic functions F, G can be written
using the classical Bergman kernel in one complex variable. By the uniqueness of
the function K% ;. IBg ;xBg, (*, *), it coincides with the classical Bergman kernel. [

Definition 2.3.6. Let p be a quaternionic in H. Let us consider the function defined by

1 1
KR stice(x +yL,p) 2= 5 (1 = 1p)Ky 1, (x +yIp, p) + 5 (1 + 1) KR 1, (x — ylp, p)2.3.5)
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Both functions defined by the right-hand side of is slice regular, by con-
struction, and coincide with the Bergman kernel Kg,,(z, w) on the complex plane
C;. Thus, by the identity principle they coincide on By.

Then, the following definition is well posed.

Proposition 2.3.7. The function
1 1
KR stice(x +y1,p) = 5 (1 = 1)K 1, (x +ylp, p) + 5 (1 + 1p)Kg 1, (x = y1p, p)
(2.3.6)

- I'n+a+1)

IR (4 1) YD)

neN
so-called slice Bergman kernel of the first kind.

Some standard Properties of the slice Bergman kernel of the first kind are sum-
maries below.

Proposition 2.3.8. The slice Bergman kernel of the first kind K¢ satisfies the properties:

R,slice

(D) KR gice (@ P) = Kk g1ice (P 49), for p,q € Bg.

(ii) KR gjice (", *) 18 slice right anti-regular with respect to its first variable.

Proof. (i) We have the following equality :

1 1
K%{,slice(x +yI’ p) = 5(1 o IIP)K%,IP('X + yIP/ p) + 5(1 + IIP)K%,IP('X - yIP’ p)

1 1
= K, (x+ylp p)5 (1= 1) + K (x =yl p)5 (1 4+ 11)

1 1
= Kgp,(px+ ylp)§(1 —IpI) + K g, (p, x — I/Ip)i(l + IpI).

Since (2.3) is the right hand side of the representation formula for slice right
anti-regular functions, we get:

K%{,slice(x +yl, P) = Kllxi,slice(pf X+ yI)/
which is equivalent to the formula (i).

(ii) It follows from representation formula and ant-holomorphic with respect to its
first variable of Kp, (-, ).
[l

Remark 2.3.9. The integral
@)= [ Kiie0,2)f(2)dA01(2)
R,1
does not depend on 1 € S? by the representation formula.
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The explicit expression of KR slic e(q, p) for« = 1 and R = 1, is proved in [25,
Theorem 4.1-Proposition 4.3] to be given by

K% gice(q,p) = (1 =297 + 7°P°) (1 — 2R(9)P + |9/*P*) > (2.3.7)
= (1—29R(p) + 4*p|*) 2(1 — 2qp + ¢°p?). (2.3.8)

A direct computation shows that the two expressions (2.3.7) and (2.3.8) are the same.
For general & > 0, the expression of K% ;. .(q, p) can be given in terms of the special
function I

[e0]

Z

(2.3.9)

with real parameter a and quaternionic variables g, p € H, which is a particular case
of the left-sided Gauss hypergeometric function

o F*1 <[q, p] b ) = éq’zn% (2.3.10)

C)n
defined here for real ¢ and quaternionic a,b € H. Above (a); denotes the Pochham-
mer symbol (a)y =a(a+1)---(a+k—1)with (a)g = 1. The above series converges
absolutely and uniformly on K x K’ for any compact subsets K, K’ C Bg.

Theorem 2.3.10. The weighted Bergman kernel is given by

—a—1
_ a1 (4 P R(@)p , laPP
K?{,Slice(q/ p) =1" (E’ E) (1 -2 R2 + R4 (2.3.11)
and
K stice (9, p) = 147 (% %) : (2.3.12)
Proof. =

The explicit expression of K ;... (¢, p) in (2.3.11) in terms of the special function

[7*1in (2:3.9) can be suggested starting from 2) and using the extension Lemma
Indeed, fix p € Bg and let g = x + Iy G lBR and take z, to be z, = x +
Ipy. Then, by the representation formula and the explicit expression of the classical
weighted Bergman kernel given through (2.3.2), we obtain

K?Q,slice(q/ P) = K[Ix%,slice(x + Iy' P)

1 _ 11, _
= E ( llé,slice(zpf ) + K%,slice(zlﬂ P)) + 7 (KEXQ slice(ZP’ P) - K?{ slice(ZP’ P))

a+1 a+1 a+1
(%) (%) (-3 -(-F)

2 2P a+1 Zp a+1 + 2 2P a+1 P a+1
(1-%) (-%) (1-%) (-%)
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Straightforward computation shows that

__ _ _ 5\ a+l
( _ ﬂ)““ (1 _ %)““ _ (1 R |q|2p2>
R2 R? N R? R4

-\ a+1 57\ a+1 ) =\ k
Zpp Zpp (= =Dk gy oky (P
(%) (%) L (k)

The equality follows using the binomial theorem for real exponent

and

(a—b)f = i (_kl?)ka‘gkbk

k=0

valid for |a| > [b]. Consequently, the expression of K% ;.. (4, p) becomes

. (—a — —\k
KR stice (4, P) = (Z (k—,l)k% [(z,’;7 +5k) + Hp(z’; _zk)} (%) )

k=0

o ) —a—1
y <1_2%(q)p+ 1927 ) |

R? R4
Now, making use of the well-established fact

7= (= 1) = 2 () + (= )9 + (G Jy) — (= 9))

for every nonnegative integer k and arbitrary g € IH and | € S, we conclude easily

that

—n—1

« Z (—a— 1) 7P R(g)p | WA

KR stice(4, P) = (kZ: k! zqfk 1-2 R2 qR4 :
=0 °

The proof presented below is more simpler.

Proof. Fix I € S and q €eB R 1 The equality (2.3.11) holds trivially for every p € Bg
since both sides of (2.3.11) reduce further to K% ;(q,p) in (2.3.2). The assertion of
Theorem [2.3.10| for arbltrary p € Br immediately ‘follows from the identity principle
(Lemma|[[.4]) for right anti-slice regular functions. Indeed, the function

1
o a1 (P4 (1 R@p, laPp?
pr— Rslzce(q’p) R’ R R2 + R4

vanishes on By ; and is left slice regular for the coefficients in the expansion series of
[~*~1 being reals. Thus, it is identically zero on the whole Bg. The proof of
can be handled using similar arguments based essentially on the counterpart of the
identity principle for right slice regular functions. This completes the proof. O
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Remark 2.3.11. For a being a nonnegative integer the expression (2.3.11)) reduces further
to the following

—a—1
§R 2 2
K?{,slice(q’ p) = PoH—l <?{ Z) (1 2 522) |q1|{4 ) ’ (2313)

where Py11(q, p) is the polynomial of degree o + 1 given by

L a+1 N — 1 e
Pi1(7,7) = ). %qkpk
k=0 '

When taking « = 1, we recover ( obtained in [25]].
Corollary 2.3.12. We have the following identity (for the hypergeometric function oF*1 in

(4.2.9)),

_ _ 5 2 —a—1
s (%%) R (%@ (1_23“3;2) |”71|24 ) , (2.3.14)
In particular, for « = 1, we have
2(49 P aR(p) P qp P
I (E'E) = (1 2 R2 R4 1-— 2R2 +F (2.3.15)

Proof. The identity follows by equating the right hand sides in both
and (2.3.12). It can also be obtained using similar arguments as in the proof of The-
orem A direct proof outside the framework of slice regular functions seems
to be hard to obtain for the lack of commutativity in the quaternions. The second
identity (2.3.15) is a particular case keeping in mind the expression of Kg .. .(q, P),
for arbltrary R given through (2.3.8). O

Remark 2.3.13. The formula (2.3.12) and therefore the identity (2.3.14) can be reproved
using Proposition 2.3.1|below, since the K% . (g, p) can be realized as

R,slice

KR slice q1 Z (Pn (2.3.16)

for any orthonormal total family of functions (¢,)n in A%®

slice

verges uniformly on K x K for any compact subset K C Bg.

(Bgr). The involved series con-

As immediate consequence of Proposition one can easily obtain the follow-
ing

n!R2T (o + 1
<f/ g>4x,slice = Z ( )

anb
S Tn+at1) "

forany f(q) = noz_olo q"a, and g(q) = Z q"b, in Aslzce(]BR)' In particular, we assert
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Corollary 2.3.14. A given f(q) = 2 q"an; a, € H, belongs to Aglf‘ce(IBR) if and only if
the coefficients ay, satisfies the growth condztzon

» & nRMT(a+1)
||f||a,slice - Z I‘(n_i_“_{_l)

n:

|ay|? < +oo. (2.3.17)

Remark 2.3.15. The identity [2.3.17) shows in particular that the quantity | f||?
independent of the choice of the purely imaginary unit I € S.

Now, let define A% to be

R,slice

_[q]

o, slice !

1+
all (EX—y)) (2318

Rslzce(t x—l—qu) DIC{,hol(t;x—'_y])—"

defined on R™ x Bg, where

tz AN
AR ot (£:2) := exp (m) (1 - E) (2.3.19)

is the kernel function of the second Bargmann transform (0.0.1). The following result
shows that the sliced weighted Bergman kernel K% is connected to the kernel

14
function A R slice:

R,slice

Theorem 2.3.16. For every q,q" € Bg, we have
+o0 T —t ,
o . . _ o
R,slice(t’ q)AIIXQ,slice(t' q/) F((X + 1) dt = KR,slice(q/ q )

Proof. Thanks to the identity principle for slice regular functions, we need only to
prove the result for a fixed I € S. In fact, the function  — A%, »(£;z) belongs to
L>*(R*,C;) and satisfies
+o0 N - ttxe—f .

AR,hol (t; Z)AR,hol(t; w) 1—‘(“ n 1) dt = KR,I (Z/ ZU)
for every fixed z, w € Bg ;. This follows readily using the generating function char-
acter of the kernel function A%, (¢ z) in 2.3.19), to wit A%, ,(t;z) = E L ( ),

combined with the orthogonality property [29, Eq. (4), p. 205 - Eq. (7), p 206]

0

tve=t  T(a+n+1)

T @) g @)
/0 Ln ()L (t)F(oc+1) ST+ D(a+1) """ (2.3.20)

Above L,({X) (t) denotes the generalized Laguerre polynomials defined by [29] p. 203
and P. 204]

DY I(a+n+1) (—t)k t=%et d" -
b (t)_kzol‘(n—k-i—l)l‘(zx-i—k—l-l) K ol odm (t ). @32

]
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Corollary 2.3.17. For every fixed q € B, the function t — A% . (¢ q) belongs to

te~t
——dt | ; 0,
T(a+1) ) *
the right quaternionic Hilbert space of all square integrable H-valued functions on the half-
real line with respect to the scalar product

e —t
‘P%”R*_/ oc—i—l)dt
We conclude this section by giving an explicit closed formula of the kernel A%
n (2.3.18).

Theorem 2.3.18. For every t € R and q € By, we have

A _fq
Rslzce(t q) Rslzce(t q) ( R) exp (q _ R) :

Proof. Fix t € R*. Itis clear that the restriction A% Rstice(t ) to any Bgj is holomor—
phic and coincides with the kernel function A% ,,(t;-), given through (2.3.19), of the
second Bargmann transform for the classical complex holomorphic Bergman space.
On the other hand, the function A% ;.. .(t;q) is clearly slice regular in g-variable and

coincides with A% /(¢ -) when restricted to Bg ;. Thus, by Lemma we con-

Lyt (RT) := L3 (]R*;

R,slice

clude that A%Shce( ") = AR gice(t; ) on the whole Br. O
Aflf‘ce( R) := SR(Bg) N L>*(Bg ,H). The extra normalisation factor a/7tR? in

0.0.5) defining the measure is implemented to simplify later formulas and mainly to
get the asymptotic behavior when R goes to infinity. It turns out that A?l iceBR) By, =
{fl,' fe Azl'?ce(IBR)} is the usual Bergman space on the disc Bg; = D;(0,R) C C;
with respect to the norm ||-|[, ;.. in (0.0.5). Moreover, it is shown in [24, Theorem

3, p. 50] that A% ie(BR) is a reproducing kernel Hilbert space with respect to (0.0.5),
whose the reproducing kernel K% (g, ") satisfies

:/ K% e (9,2) f(2) |Z|2 e —=dxdy
Br, R,slice\"1” R2 TR2

forall f € Aslzce(]BR) and every I € S2.

2.3.1 An integral transform from L' (R*) onto A%? (Bg)

In this section, we consider and study a special integral transform from L%“(R*)

2,0
into Aslm2

(Bg). A complete orthonormal system for L3#*(R*) is given by

1/2
bu(x) = (F(;(Ii)i(i51)> L), n=01,--, (2.3.22)
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where LSZ“) (x) denotes the generalized Laguerre polynomials given by (2.3.21). Re-
call also that the set of functions

fu(q) = (%)m (%)n (2.3.23)

. . . . 2,
is an orthonormal basis of the slice hyperholomorphic Bergman space A} (BR)

(see Proposition 2.3.1). Accordingly, by considering the kernel function A% .. (tq)

R,slice

defined on R* x By by (2.3.18) or equivalently by its explicit expression given in
Theorem 2.3.18, we can prove the following.

Lemma 2.3.19. The kernel function A% .., can be realized as

) = & onfola) = 1 (7)1

forevery t > 0and q € Bg.
Proof. This follows readily from the generating function [29, Eq. (14), p. 135]

v g () L tg
Lo = rgeee (1),

Indeed, we have

3 SEANID tq AN
pu0fi() = 1 (3) 100 =ew () (1-0) "
n;)” ! n;)(R> " g—R ( R)
O
Associated to A ;.. we perform the integral operator
« B B i —a—1 /-|-00 tq ot
kstee9(@) = ( R) ;P\ —r ) P OF (2.3.24)
Lemma 2.3.20. The integral transform Af .., is well-defined on Lt (RT).

Proof. This can be handled easily making use of the Cauchy-Schwarz inequality. In-
deed, we have
te!

|A%,slice¢(q)| < /0 |A%,51ice(t’. q)H(P(t”F(lX + 1)dt

00 . 9 tOCe—t % (o] 5 t“e_t %
< i . - —_— .
X (/0 |AR,Slzce(t’ Q)‘ F(OC 4 1)dt> (/0 ’q)(t” F(DC + 1)dt)

Now, since t — A% . (t;q) belongs to L>*(R*,H) for every fixed g € H (see

R,slice

Theorem [2.3.16), we deduce

|A?{,slice¢(q) | < ” Atlxi,slice ( "y q) ” L24(R+,H) || q)HLM(]Rﬂ]H) :
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Moreover, we can prove the following

Theorem 2.3.21. The integral operator A%, ., defines a unitary isometry transform from
L(RY) onto Aslzce(IBR)' Moreover, we have Ay .. .¢n(q) = fu(q), where ¢n(x) and
fn(q) are respectzvely the orthogonal bases of Ly#'(R") and the slice hyperholomorphic
Bergman space A% < (Br) given by 2.3.22) and (B.4.3), respectively.

Proof. Fix I € S. The identification of the slice C; with the complex plane C and Bg ;
with the disc Dg = D(0, R) of C leads to the consideration of the unitary isometry
A% from L>*(R™, C;) onto Ah " (Bg,1). Itis specified by the rescaled version of the
formula (0.0.7)), to wit

N B z\—a-1 pfee tz tte~t
AR,]’lOlq)(z) - <1 o E) /0 q)(t) eXp (Z o R) r(lX + 1)dt

for z,w € Brj. Now, for ] € S such that ] L I, we split any ¢ € L%I“(IRJF) as
@1 = F+ GJ for some F,G : R} — C;. Obviously, we have R} = R*, ¢; = ¢ as
well as

(‘AIZXQ,SliceQD)I = A%,slicel:—i_( %,SliceG)] = A?{,hOZF—i_ (’A?Q,holG)]

by means of (2.3.24) and therefore A% ;. .¢n(q) = fu(q). Moreover, it is evident to
see that F,G € LZ“(R+, C;) with

HA SlZC€q0||asllce = ||"4 lFHaslzcg_'_ ||"4 IGH

w,slice
= |IFllf2a(rc;) + Gl T2y

2
= ||§0||L2r“(]R+,]H)'
Accordingly, the transform A% slice from L ‘(RT) into A?lf‘c .(BR) is injective and an

isometry. On the other hand, since A}, is surjective, we see that so is Af ;..

Therefore, A% ., is a unitary isometry from LZ 1 (RT) onto A** (Bg). O

slice

Remark 2.3.22. The argument of splitting ¢ as ¢; = F + GJ for some F,G : R} — C;
with | € Sand that | L I is used in [89] and is the basic idea in the splitting Lemma [1.3.6]
The result of Theorem [2.3.21| can also be proved by using (2.3.18)) in order to rewrite the

integral transform A% .., acting on Ly (RY), in @23:24), as

1 — 1 ] +o0 taeft
Rslice®(q) q / R ol tzq)q’(t)mdt
1 + Iq] +o0 toce—t
/ Rl (E Zq)ﬁ”(f)mdt-
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The second main result of this section is the following

Asz

Theorem 2.3.23. The inverse transform [Af & dice) 1A (BR) — Lyt (R) of A“

is given by

R,slice

['ARslzce] 1f(t)

; g\ (-F)

R
(=2) /BR,, exp (q 4 R) o q)m Flq)dxdy.  (2.3.25)
Proof. The inverse of the unitary isometric transform A% , ; in (2.3.24) is given by its
hermitian conjugate (the adjoint). More explicitly, we claim that

Z|2 a—1
n -1 _ x tz <1_ﬁ>
Aol FO) = (55) [, FRow (558 St dedy 0329

for every F € A} ol(B g,1)- Consequently, the inverse transform of A% ., in (2.3.24),

the quaternionic analogue of Af 1,1, is given by (2.3.25). This follows readily from
the splitting Lemma combined with (2.3.26) above. O

2.3.2 Asymptotic behavior: from slice Bergman to slice Bargmann

Intuitively, the space H can be viewed as the euclidean limit of balls B in IH, as the
radius R goes to 4-oco. This intuitive limit can be justified geometrically. The ana-
logue of the Poincaré (the real hyperbolic) differential metric on the unit open ball
B in the quaternionic setting is given by ds% = (1 — |q|?) ~2|d;q|*, where g = x + Iy;
I € S,and djq = dx + Idy. It was proposed by Bisi and Gentili in [20] by develop-
ing a variation of an approach adopted by Ahlfors [2]. The quaternionic hyperbolic
geometry on By is described by the scaled Poincaré-type differential metric

dsg, = R*(R* — [q|*) ?|dg/*.

The associated volume measure is given by

o 2
dATR(g=x +1y) = ( RZ) (1 - ’Z’Z ) dxdy.

Therefore, the sectional curvature of (BR,dS%BR), given by kg = —4/ R?, tends to
0 which corresponds to the curvature of the flat hermitian manifold (H, ds2;) en-
dowed with the flat metric ds§; = |d;q|>. Moreover, if we parameterize a as x = vR?
for some fixed v > 0, we see that the sliced measure dA]  converges pointwisely to
the sliced volume measure on H,

dim =10 = () i (1 [3F) sty = ()
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With respect to this parametrization, the orthonormal basis of the slice hyper-
holomorphic Bergman space A% i..(Br) given by the functions

fuld) = [(n+vR?+1) 1/2<i>”
)= n!T(vRZ +1) R/’
(see Proposition ??), also gives rise to

en(q) = (ﬁ)m q",

n!

pointwisely, when R goes to infinity. The set of e,(g) is in fact an orthonormal basis
of the slice hyperholomorphic Bargmann-Fock space

Fir,(H) = SR(H) N L>(C1, H) (2.3.27)
with respect to the sliced Gaussian measure (%) eVl |2dxdy. This follows readily
thanks to the Binet formula [29]

. ['(x+a)
Iim ————— =
X—> 400 xﬂ—b]—'(x + b)

The main result of this section concerns the pointwise convergence of the reproduc-
ing kernel function.

Theorem 2.3.24. The pointwise limit of the weighted Bergman kernel KYX. . of the slice

R, slzce

hyperholomorphic Bergman space A" (lB R) is exactly the reproducing kernel of the slice

slice

hyperholomorphic Bargmann-Fock space .7-"521;2 L(H) in [2.3.27). More precisely, for every
fixed (q,p) € H x H, we have

oy ?
RET KR slzce(q' p)= equ 7 ;

Proof. Recall first that for « = vR? and R being reals, the expression of the reproduc-
ing kernel K% ;. given by (2.3.12) reads

* VRZ +1,0 7]
KR stice(q,P) = 2F"1 ( 0 ‘ {%%D .

Accordingly, what is needed to conclude is an asymptotic behavior of the involved
hypergeometric function. Thus, we claim that for every fixed ¢q,p € H and reals
a,b,c, we have (see [57] for a rigorous proof that we can extend to our context by
means of the identity principle for slice regular functions)

« (a+pb _ X b _
lim_aF ( - Hf—),p})zlzfl@‘[q,p])- (23.28)
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Moreover, the convergence is uniform on compact sets of H x IH. Therefore, one
obtains

+00 . n NN _

. 2 veqp [vq,p]

lim KYR. (g,p) = — L = )
R 100 R,slzce(q P) 1;) n! *

O

Remark 2.3.25. According to the uniform convergence of the series in (2.3.28)) on compact
sets of IH x H, the convergence in Theorem |2.3.24| of the reproducing kernel function is
uniform in (q, p) in any compact set of H x H.

2.4 Weighted hyperholomorphic left Bergman Hilbert
spaces

In order to identify the range of the integral transform Sj in when acting
on Lﬁf(lR*), we begin by examining a class of weighted hyperholomorphic left
Bergman Hilbert spaces for which we provide a closed expression of their reproduc-
ing kernel in terms of a x-regularization of Gauss hypergeometric function. Let w be

a given positive measurable mapping on (0,1) such that w(t)dt be a finite measure.

We extend w to the whole unit ball B C H by taking @ (q) := w(|g|?). We define
the w-hyperholomorphic left Bergman Hilbert space A?l’?cje = SR(B) N L (B;)
as the space of all slice left slice regular functions ¢ in B belonging to L]sz’(IB )=
L? (By, w(|g*)dxdy) and endowed with the norm induced from the slice inner prod-

ucton By = BNCy,

o8 = J, FOF I8t Iy + )y

More explicitly, the Hilbert space A?i?c] . consists of all convergent power series ¢(q) =

Yo—0q"cn on B for which the quaternionic sequence (c;), satisfies the growth con-
dition - )
Y. malen® <00 = / t"w(t)dt.
n=0 0
The specification of the weight function
wgy(t) =t 11 =111, 7, >0,
gives rise to the weighted hyperholomorphic Hilbert space

o0

2,8, - n
AP = {(PW) = Lo 1
n—= n—=

P eul? < oo}, 2.4.1)
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where
po . LT+ 1)
T = :
L(B+1n+n)
It should be mentioned here that the monomials e, (q) = ¢" form an orthogonal basis

of A sligcg with square norm given by

2
leall§,, = mvi”.

Moreover, appealing to the continuity of the evaluation linear form and the quater-
2B

nionic version of Riesz representation theorem, we claim that Aj;" is a reproducing
kernel Hilbert space, whose kernel function is expressible in terms of the quater-
nionic Gauss hypergeometric function (of first kind)

oy ( nh ’[P/ q]) -y ONOR . (2.4.2)

¢ k=0 (C)k k!

forp,g € B and reals a,b and ¢, where (a)y =a(a+1)---(a+k—1) with (a)y = 1.
The series in 2) converges absolutely and uniformly on K x K’ for any compact
subsets K, K’ C ]B The function »F;* can be seen as the slice regularization of the clas-
sical Gauss hypergeometric function with respect to star product fo slice functions,
in order to get a left slice regular function in p and a right slice one in . Namely, we
assert

Proposition 2.4.1. The reproducing kernel of A%P Slice 7 is given by
+ «( L+ _
Kgy(p,q) = ((ﬁ iy 1(7) 15 ( n+p ‘[p, q]) : (2.4.3)

)
9)

Proof. The explicit expression of Kz, (p, g

Kgy(p,g9) = ;Z (p)ﬁen()

follows easﬂy since

n=0 Y 1
I'(B + 17 — (B+ 17
= T ;0 (p)ea(q)- (24.4)

O

Remark 2.4.2. For B = 1, the space Aslwe 51703 =

A% Moreover, the Ky 1(p, q) reduces further to the reproducing kernel of classical weighted

slice’

is the one described in the introduction, A

Bergman space A% sJice Stven by [39, Theorem 3.1]

—n— ——1
Kyalpon) = Lk (71 1‘[:9,7]) (1-2R@p+P?) " . @45

The restriction of K, 1 to By coincides with the classical Bergman kernel K, 1(z,w) =
(n/m7)(1 —zw) 171, z,w € By.
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Chapter 3

Bargmann’s Versus for the FrHT and
applications

Abstract:

We begin by recalling the definition of FrHT due to Namias that we adapt to
the quaternionic setting. In Section 3, we present a general abstract formalism for
constructing QFrHT by means of eigenvalue equation involving orthogonal basis
of certain quaternionic Hilbert space. Section 4 is devoted to the reconstruction of

QFrHT for Lﬂzg" (R") by Bargmann versus, and show how to derive in a simple way
their basic properties such as the Plancherel and inversion formulas.

3.1 Hankel transform

The Hankel transform of order « of a function f from R to RR, such that is given in
[87] by

Holk) = [ F()Lalkrrar,
where I, is the Bessel function of the first kind of order « given in by

() = <g)a i n!F(zxinJrl) (g)zn

n=0

such that « > —1/2 . The inverse Hankel transform of , (k) is defined as

Fr) = [ Hal (k)

which can be readily verified using the orthogonality relationship described below.
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3.2 Quaternionic fractional Hankel transform (a la Namias)

In this section, we review a la Namias the classical approach of constructing frac-
tional Hankel transform that we adopt to give rise to the fractional Hankel transform

for the quaternionic right Hilbert space L%“(]R“L) ; o > 0, of all quaternionic-valued
functions on the half real line R that are square integrable with respect to the inner
product given by

(@, ), = /]R+ @(x)p(x)x%e *dx.

We denote by |||, the associated norm. A complete orthonormal system in
L%"‘(]RJF) is given by the functions ¢}, in (2.3.22) Accordingly, the series function in
Definition reduces further to Hille-Hardy identity [15, (6.2.25) p. 288]

+oo n!

o — : ny(a) (a)

_ 1179 (%)mexp @%) 2\/_9¢— (3.2.1)
y

valid for |#| < 1 and nonnegative integer a, where I, (&) denotes the modified Bessel

function [15] p.222]
B é{ o oo 1 C 2n
lu(¢) = (5) ngé)n!l"(ocikn—kl) (E) '

Thus, we can rewrite the kernel function K§(x,y) = x*e™*Rf(x,y) as

/2 0
0 = 1 (5) “ow () (). eas

so that the corresponding integral operator is well-defined on L%ﬁ“(]R*) by

—+o0

L)) = [ Kslx e 623

The Laguerre polynomial ¢f;(x) in (2.3.22) is (left) eigenfunction of L£j with 6" as
corresponding (right) eigenvalue,

L(pn(x)) = ¢y (x)"
This readily follows from the definition of £j.

Remark 3.2.1. Such transform is closely connected to the fractional Hankel transform [83,
71l. In fact the last one appears as the limit case of Lj when restricting 6 to |0] = 1 such
that 6 # 1.
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We concludes this section by proving that for [#| < 1, the integral transform L}
defines a continuous k—contraction from L3 (R*) into itself with k = (1 —|6]?)~1/2,

Proposition 3.2.2. For || < 1 and every ¢ € L3 (RT), we have

1
1250 < (1= ) IR

Proof. Since (¢% ), in (2.3.22) is a complete orthonormal system in L%&“(IR*), we can

+o0
expand any f € LI (R*) as f(x) = Y @hcn for some ¢, € H. Hence, using the fact
n=0
that £§(¢5)(x) = @5 (x)0", we get
—+00
Ly(f)(x) =) ¢h(x)8"c. (3.2.4)
n=0

Using the orthogonality of ¢, we obtain

+o0

1£5() 11" = Y 161" |cul?

n=0

< (EW) (gw)

1 2
<
< (=) ol

which requires |6] < 1. O

3.3 Bargmann’s Versus for fractional integral transform:
Abstract formalism

This section is devoted to present a general formalism for constructing like fractional
Fourier transform on an infinite functional right quaternionic separable Hilbert space
Hx on given set X. For this, we explore Bargmann idea related to Segal-Bargmann
transform. It will applied in Section 4 to recover the quaternionic fractional Han-
kel transform discussed in Section 2. Thus, let Hx and Hy be two arbitrary infi-
nite functional right quaternionic separable Hilbert spaces with orthonormal bases
{@n;n € N} and {¢,;n € N} defined on X and Y, respectively. The corresponding
inner scalar products are given by

(@ Buy = [ POPwx(x)dx

X
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and
(¥, )y, = [ F@)OW)wr w)dy,

respectively, for some weight functions wx and wy. Associated to the data (X, Hx, ¢»)
and (Y, Hy, ), we consider the integral transform Txy : Hx — Hy of the form

Txr(9)(y) = | R(xy)g(x)wx(x)dx.

We assume that Txy is well defined on Hx such that Txy(¢,) = ¥,. This is equiva-
lent to say that the kernel function R(x,y) on X X Y can be expanded as

R(x,y) = io on () 9n(y)

whenever the series in the right-hand side is uniformly and absolutely convergent.
Then we have the following result.

Proposition 3.3.1. Txy is an invertible integral kernel transform, whose inverse is given by

T9(x) = [ RGy)p)orv)dy
forx € Xandp € Hy.

Proof. With assumption that the series R(x,y) = Y oo @n(x)¥Pn(y) is uniformly con-
verges on all the compact subset of X x Y. Then we obtain for all n € N Txy(¢,) =
Yy, indeed

Txy(on) = /}((g%(y)W) @n(x) wx(x)dx
= Lot ([ oGen(x) wxt)ix)

i>0
= Yu(y)
(3.3.1)

Thus, Txy is an isometry transformation from Hx onto Hy. To etablish the unitarity
of Txy, it’s sufficient to show that its range is dense in Hy.

Since the principal vectors {R(x,.) : x € X} complete in Hy, i.e their finite linear
combinations are dense in Hy (because the only orthogonal to all of them is f = 0,
integral form). We obtain that the range of Txy is dense in Hy. O

We then perform the fractional transform associated to Ty to be the F, the dia-
grams commutative

HXA’HY YL-]H
fgl @) ll"g fg O rg

- —H
Hx p— Hy m

XY
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forevery g € G, ¢ € Hy,whereT : G x Y — Y; (g,y) — T(g,y) = T¢(y) = g(),
is a special action of some group G on Y that we have extended to Hy by considering
I':GxHy — HywithT'(g,¢)(y) = Te(¢¥)(y) = ¢(g(y)) withy € Yand ¢ € Hy.
Namely,

]—"g:Tg%oFgoTXy; g€ G.

Therefore, for every ¢ € Hy, we have

Fel@)(x) = [ R(x,y) [ | R, g(y))e(x)wx(x)dx" | wy(y)dy. (33.2)
Y X

To change the order of the integrals, stronger conditions need to be imposed on
the integrand so the requirements of Fubini’s theorem are met. This holds true
when for example wy(y)dy is a finite measure on Y and the function (x/,y) —
R(x,y)R(x',¢(y)) belongs to L?*(X x Y, wx(x")wy(y)dx'dy) for every fixed x € X
and g € G. A sufficient condition, when wx (x")dx" and wy (y)dy are finite measures
on X and Y, respectively, is |R(x, y)|? € L?(Y, wy(y)dx'dy) for every fixed x € X and
IR(x,g(y))|* € L>(X x Y, wx(x")wy(y)dx'dy) for every fixed ¢ € G. Thus, under
such kind of conditions, we get

Proposition 3.3.2.
Folg) (x) P /X Ry (¥, %) g(x ) (x')dx,
where I/{g(x’ , X) stands for

Rg(x',x) = (R(x', g(1)), R(x,¥) ), - (3.33)

An expansion of If{vg(x’ ,x), at least formally, is the following

Proposition 3.3.3.
I?é(x’,x) = Zo Zoﬁon(x)<1/’nrrg1/’m>7iy§0m(xl)
= Zoq)n(X)xn(g) n(x') =t Rg(x', x). (3.34)

The last equality follows under the additional assumption that

Lethm(y) = ¥m(g(y)) = m(¥)xm(g)- (3.3.5)

According to the above discussion, we reformulate the following definitions.
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Definition 3.3.4. If the series in the right-hand side of (3.3.4) converges absolutely and
uniformly to Re(x’, x), then

Folg)(x) := /X Ry (¥, %) (¥ )aox (x')dx’

defines a like-fractional Fourier transform for the data (Hx, ¢n, Xn)-
Remark 3.3.5. We have Fo(¢n) = @uxn(g). This gives an integral representation for ¢,.

Definition 3.3.6. We call fractional Fourier transform associated to Txy and I the integral
transform

Frgl) () = | Ry, )9 yox ()’
with

Rg(x',x) = (R(x, (1), R(x, 1)), (3.3.6)

provided that (3.3.6) exists.

Remark 3.3.7. The equality f’-:rg(go) (x) = TyyTeTxy (@) (x) holds true under further as-
sumptions on the kernel function allowing the application of Fubini’s theorem to (3.3.2)). In
this case, if xm in (3.3.9) is a character of the group G, then Fq is invertible with inverse

given by Fo1.
As immediate consequences

Remark 3.3.8. The formalism presented here is valid for the complexe context. Here we have
prefered to present it in the quaternionic context to avoid technical problem associated to the
non commutatif of the product when passing from C to IH.

Remark 3.3.9. Possible description of other properties of the considered QFrFT, like its be-
havior with ordinary derivatives, with fractional derivatives, with fractional integrals, as
well as the discussion of its eventual role in the resolution of ordinary and partial differential
equations is closely connected to the initial transform Tx y and its kernel function.

3.4 The Quaternionic Fractional Fourier Transform for
2’06 + .
(Application 1)
In view of the explicit expression of the kernel function in (3.5.1), we see that we can

consider the limit case of the Hille-Hardy formula which corresponds to |#| = 1 with
§ # 1. We show below that this can recovered by the formalism presented in Def-

inition and specified for L%&‘"(]R*), so that for 6 = 1 the considered transform
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reduces further to the identity operator of Lﬁ&“(lR*). To this end, we begin by recall-
ing that the hyperholomorphic second Bargmann integral transform [39], defined in
which represent the quaternionic analogue of the complex second Bargmann
transform introduced by Bargmann himself in [17, p.203]. It establishes a unitary

isometry from L%“ (R™) onto the slice hyperholomorphic Bergman space (of second
kind) on the unit ball B in R?,
A2 o

slice

(B) := SR(B) N L>*(By). (3.4.1)

Notice for instance that the definition of Aglf‘c .(B) is based on the classical one
on a given disc B;. This was possible by extending the complex holomorphic func-
tions to the whole B by the representation formula (see for example [28]). While the
transform Ay ., in (2.3.24) is associated to the kernel function

1

¢ () e X
slice(x/ q) : 7_(1_,(“) (1 ~ q)DéJrl exp (q — 1) (3.4.2)

on RT x ]B and obtained as bilinear generating function involving the functions
(¢%),, in (23:22) and the orthonormal basis of A% i..(Br) given by the functions

n [ 172
ful) = (Fopa )

Now, by means of Ay .., its inverse [A% .|~ ! and the angular unitary operator
To(f)(q) = f(q8), we perform the transform

(3.4.3)

Zg = [A[I)‘Q,slice]_lrf?A‘]XQ,slice (3.4.4)

on LHZ&“ (RT). Here we consider the Ug(1)-action 0(g) := g6 of G = Uy(1) on B,
that we extend to the hyperholomorphic Bergman space A?lf‘c .(BBr) by considering

To(f)(q) = fx(q6) : Z q"0"cy (3.4.5)

for given f(q) = Yo 0q"cn € Asllce(IBR) The function g — f,(g0) is in fact the
slice regularization of g — f(g6) obtamed by makmg use of the left xL-product for

left slice regular functions f(gq) = Z q"a, and g(q Z q"b, on H defined by [51]
n=0 =0

f*s g Z q <Z akbn—k) . (346)
k=0

In particular, we have
(fn)+(90) := fu(q)8", (34.7)

and therefore we may prove the following.
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Theorem 3.4.1. For 0 € H with |6| < 1, the transform ng‘ in (3.4.4) defines a continuous
integral transform from Ly (Rt) onto L7 (R*) with norm not exceed 1. For 8] = 1, we

have o
<£5‘¢,ffé¢> = {9, 9).

Proof. The operator L'“ in ( is well-defined from L% (R*) into itself if and only

if the action Ty leaves the space A e (BR) invariant, which is clear from the defini-
tlon of Ty given through (3.4.5). Moreover, using the fact A% ;@5 = fn as well as

(34.7), we get
LE(@3(Y)) = [ARaice] " (£2()0") (v) = @s(y)0"

In addition, under the condition that || = 1, it is clear that I'y preserves the scalar
product in Asll :.(Br). Indeed, for every f = Y7 fucn and g = Yoo fudn €

A?lf“ce(IBR), we have
(Tof,T08) 2 () = mz 07 fn) e () 0"

<f >A§,f; (Br):

Accordingly, the identity <£9 ®, £g‘¢> = (¢, ) follows as composition of operators
preserving scalar product. O

Remark 3.4.2. As particular case we have the Plancherel formula HZE‘([JH = ||| when

|6| = 1. This can be recovered directly from the definition of L8, since in this case Ty is un
isometry like the Bargmann transform and its inverse.

Corollary 3.4.3. If |6| = 1, then the QFrFT in (3.4.4) defines a unitary transform from
LH(RY) into Lgf (RH).

Remark 3.4.4. The family of one—parameter transforms Ly verifies the semi-group property
Ly o [,g = Eg‘ﬂ, so that its inverse is ['Lf/e when 0 # 0. But we do not have Lj o L’g =

L3 o Ly in general, for lack of commutativity in H. However, Lg o Ly, = Egﬂ = Ly oLy
holds only when 0 and  belongs to the same slice C; := R+ IR C H; I> = —1.

The next result gives the explicit expression of the inverse of ZEQ‘.

Proposition 3.4.5. For any quaternionic 6 # 0, the inverse of ng is given by

(L5t =ATr A = £1/9
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Proof. It is immediate form the definition of ng‘ and the fact that I'y o I'y = I'y,,. H

The following result identifies the kernel function given by (3.3.6),

R (%) = (Alice(%:0(-)), Alice (0:)) 12w (3458)

of the QFrFT transform

£5(9)1v) = (RsC1v).9)

LA(R+)

Theorem 3.4.6. The kernel function lvag‘(x, y) is a left slice reqular and coincides with the
kernel function of the fractional Hankel transform on the quaternionic unit ball. Moreover,

the explicit expression of L is given by

By

Lioly) = g)e(;y) e ( (12_\[99) \/x_y> eCigx)dx (349)

forany 6 € Hwith |0| < 1and 6 # 1.

Proof. Notice first that for 6 = 1 there is nothing to prove since in this case, the

operator E“ reduces further to the identity operator of the Hilbert space L% i (RT)
and the R“(x y) in (3.4.8) can be considered as the Dirac delta function. To identify

the closed expression of the kernel Rg (x,y), we should notice that the T'y-action reads

(q — Aslzce(x q)) (1 o 6]9) *exp* (qu [qe o 1] >

where

y /@) x87 (),

n!

exp, (f(q),8(q)) = N

For 6 being a non real quaternionic number, there exists a unique imaginary unit Ip;
Ig = —1, such that 6§ € C;, N S3. By means of (3.4.8) and the independence of the

scalar product (f, ), in I when acting on A% i, (B), we may write

R (%,y) = (ToAlice(%: ), Altice 03 )) 2ap, )

_ 1 / exp <z§i€l> P ( i ) (1 B |Z|2>"‘1 dri(2)

nl(a) JB; (1 —z0)a+1(1 —z)atl

in view of the explicit expression of the kernel function Ajj,; , in (3.4.2). Using the
generating function for generalized Laguerre polynomials [15} p.288]

Xz v @)
z—1> _EL”
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provided |z| < 1, as well as Fejer’s formula [95, Theorem 8.22.1, p. 198], it is not hard
to see that the involved z-function series are uniformly convergent on any compact
set contained in unit disk. Therefore, direct computation yields

Ry = =5 | ( io L%"‘)(x>9”2”> ( mio Ly () (1- |z|2)“_1> aA(2)
_ 1l vy @@ n=m a1
= ngon;oe L@ (218 (y)/]Dz 7 (1-22)" dr2)
= Z n+1+a)9" L (1)L (y) (3.4.10)

for |0z| < 1 which holds true when |0| < 1 and |z| < 1. This provides the expansion

series of the restriction of Rvg‘(x, y) to any B;. For || < 1, we recognize the Hille-
Hardy identity (3.2.1) for Laguerre polynomials. Thus, we have

_ a/2 1/2
R0 = =55 (39 a<2" Qr)exp( ) ean

for [#] < 1and 6 ¢ R. This leads to by considering the kernel function
IA{g (x,y)x%e~*. The right-hand side in (3.4.11) is clearly a slice regular function in 6 €
B for x, y being reals. The extension of to the whole unit open ball B relies on
the Identity Principle for left slice regular functions [51]], since both sides of
are left slice regular and coincide at least on the upper half unit ball. To conclude, we
need only to examine the validity of the closed expression in the right-hand side of
for the expansion of R} (x,y) which remains valid when |6 = 1 with 8 # 1.
This can be handled by fixing 6 and let ¢ € (0,1), so that holds true for
lef| < 1, and next sending € to 17, at least formally. This can be rigorously justified
making use of test functions and classical argument from the Schwartz theory of
distributions. O

Remark 3.4.7. By taking 6 = —1 with VO =iin (3.4.9), we recover the classical Fourier-
Bessel transform [83,|71]]

(o) () = [l (yu) (u)d

for ¢ € L2(R™), where ], is the Bessel function. Indeed, by setting Lr = Z&/—1 and making

the change of variable u? = x and the function p(u) = x¥/2e=*/2p(x) = u%e " /2¢p(u?)
we get

ey2/2 o 2
ilxy,x / u“HLX (zyu) e U /Zq)(uz)du _
0

The last equality follows since I (x) = i~ *J,(ix).

ev’/2

Lo(y?) =

 (Ha) ()
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Remark 3.4.8. The considered family of QFrFT on the real half-line appears embedded in
a strongly continuous one-parameter group of unitary operators the quaternionic context.
Moreover, it is continuous and interpolates continuously the identity operator (8 = 1) to the
Hankel transform [15] p. 216] corresponding to 0 = —1.

Remark 3.4.9. The considered transform can be used to reintroduce the hyperholomorphic
Bergman space Agl’f‘c .(B) in (3.4.1) as well as some of their specific generalization in the con-
text of slice reqular functions on the unit quaternionic ball by considering the dual transform
of 0 — ng‘(p(y),forﬁxed y € (0,+00). For the limit case of y = 0, the last transform is
nothing than the Bargmann transform in (2.3.24). The concrete study of the spectral proper-

ties of these dual transforms is studied in [55]].

3.5 The dual transforms S :Application 2

We begin by noticing that the transform Sj satisfies Sj(pq) = Sy o Li(¢)(p) by
means of the semi-group property £;, 0 L = L3, for the quaternionic fractional Han-
kel transform, as well as the eigenvalue equation Sj(¢5;) = ¢5,(y)e, since the normal-

ized generalized Laguerre polynomials given in [2.3.22)are solutions of Lg( L,(f‘)) =

q”L,(f‘). Moreover, the kernel function

5y ) — 1 q(x +y) 2\/qxy
4w = g aer ()R () e

for the transform Sj; in (0.0.7), has the expansion series [83) 44],

Ry(xy) = éen(zﬁ)qf)%(x)%(y) (3.5.2)

which follows from the Hille-Hardy formula for the Laguerre polynomials [15, (6.2.25)
p- 288]. Such kernel function satisfies the following reproducing property.

Proposition 3.5.1. Let Kg, (p, q) be as in 2.4.3). Then, for every y € (0, +00), we have

Ry(x,y) = /B K, (P, )R (x,y)wp, (p)dA1(p) (3.5.3)
1
and
Ry (v, y) = /IR+ RS (x,y)*x"e” *dax. (3.5.4)

Proof. Both (3.5.3) and (3.5.4) can be proved, at least formally, using the expansion
series of the involved kernels given by (2.4.4) and (3.5.2). O
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Proposition can be used to reprove the reproducing property satisfied by
the functions in the range of S by means of the kernel K ;. Indeed, by rewriting Sy

as S"‘ = (R%(-,y), .
for every ¢ € Ly (RY).

Proposition 3.5.2. See [55]: The transform Sy is well defined on Lﬁ&“ (RT). In addition,,
under the assumption that

/ R|q|2 y,y)w(|q)?)dudv < +o0; q=u+Iv, (3.5.5)

the transform Sy is a bounded operator from L “(R*) into L2 i (Br).

For y = 0, the assumption that (3.5.5) reduces further to

1 1 1wt
/0 RE(0,0)cw(#)dt = Z“F(oc—i—l)/o (1f(t))a+ldt (3.5.6)

be finite. The convergence of the integral in o) readily holds when 7 > « + 1 for
the special case of w(t) = wg,(t) := tP~ 1(1 - t)’7 'with« > —1and B,7 > 0. The
next results extends this condition to includes y > 0 qnd it was proved in [ [55] |.

Proposition 3.5.3. Let « > —1, B, > Oand y > 0. It in addition 1 > « + 1, then the

integral operator Sy : Ly (RY) — L;wﬁ "(By) is bounded.

The next result refines the boundedness condition of 5y provided in the previous
assertion. It shows that 7 > a 4 1 can be relaxed. To this end, we distinguish two
casesy = 0and y > 0.

Proposition 3.5.4. Let &« > —1, B, > O0and y > 0. Then, the integral operator Sy :

Ly (RY) — Li&“’ﬂr” (By) is bounded for any y > 0. The boundedness of Sy at y = 0 holds
when n > a.
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Chapter 4

Cauchy transform on H.

Abstract: We investigate some spectral properties of the weighted quaternionic Cauchy
transform when acting on the right quaternionic Hilbert space of Gaussian integrable
functions. We study its boundedness, compactness and memberships to k-Schatten
class, and we identify its range. This is done by means of its restriction to the n-th
S-polyregular Bargmann space of second kind, for which we provide explicit closed
expression for its action on the quaternionic Itd6—Hermite polynomials constituting
an orthogonal basis. We also exhibit an orthogonal basis of eigenfunctions of its n-
Bergman projection leading to the explicit determination of its singular values. The
obtained results generalize those given for weighted Cauchy transform on the com-
plex plane to the quaternionic setting.

4.1 Introduction

Let C denotes the complex plane endowed with dA(z) = dxdy;z = x + iy, being the
usual Lebesgue area measure. We denote by L?(G) the space of square integrable
complex valued-functions on given domain G for which the norm

1= (| rerean)’

is finite. The Cauchy integral operator on L?(G), is

_1 7 f(@
co(f)w) = = [ S ).
If G be a bounded domain with smooth boundary, the operator C; is compact
as an operator from L?(G) to L?(G). For more details, we can see the work of J.

M. Anderson, D. Khavinson, and V. Lomonosov, [14]. Precisely, the case when the
domain G is the unit disk D = {z, |z| < 1}, ]. M. Anderson and A.Hinkkanen, [13]
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determine the precise value of its norm which is given by f the smallest positive zero
of the Bessel function ]y of order zero

_ v (CDFx
]O(X) —kg] (k!)z (E)Zk

More precisly, we have ||C||= %, where = 2,4048256.

In addition, in [14], the authors investigated the spectrale estimates of eigenvalue
of Cauchy operator which is related with the product of the Cauchy operator Cg
and its adjoint C5. In [16] are derived a number of results concerning more subtle
operator-theoretic properties of operator Cg. It is oberved that the singulars values
of the product of Bergman projection and Cauchy operator decrease as those of C,
and show that Cg belongs to the “weak Schatten ideal”.

In the other hand, when G is the whole complex plane C. The Cauchy integral
operator is not bounded when Cg is considered as an operator on L?(C), the Hilbert
space of all complex valued functions in C with respect to ordinary Lebesgue mea-
sure in C to itself as quoted in[13]. In fact, the Cauchy transform action of the char-
acteristic function of any bounded domain whose modolus bahaves like |w|~! as
w — oo, Hence does not belong to L?(C).

Nonetheless, the boundness and compactness are yeild when Cauchy operator is

considered as an operator from L2(C,dyu(z)) to itself, where dju(z) = e~ #’dA(2) is
the Gaussian density on the complex plane C.

The authors in [16] have investigate some numbers spectrale properties of Cauchy
transform defined on L?(C) by

_ [ [
Ce(f)(w) = C mdﬂ(z)~
Namely, they studied the asymptotic bahevior of the sequence of singulars val-
ues of the Cauchy operator and its relation with those of the product operators of
Cauchy operator with orthogonal projection operator from L?(C,dyu(z)) onto By(C)
the Bargmann space of entire functions in L?(C, dj(z)). But, Abdelkader Intissar and
Ahmed Intissar in [66] discussed some spectral properties of the Cauchy transform
Cc on the orthogonal complement By(C)~ of Bargmann space By(C) in L?(C, du(z)).

4.2 quaternionic Cauchy singular integral

Let H denotes the real skew algebra of quaternions defined as the 4-component ex-
tended complex numbers q = xo + x1i + x2j + x3k € H, where xg, x1, x2, x3 € R, en-
dowed with the Hamiltonian computation rules so that the imaginary components
i, j and k satisfy i> = j?> = k* = ijk = —1; ki = —ik = j. The algebraic conjugate
and the modulus are defined by xg — x1i — xj — x3k and |q| = /4, respectively.
If S denotes the set of imaginary units > = —1, identified to the unit sphere S? in
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SH = Ri + Rj + Rk, then we can rewrite any g € H as g = re's? (polar representa-
tion) or as g = x + I,y (slice representation). Herer = |g| > 0,1, € S, 6 € [0,27[ and
x,y € R. The last representation gives rise to the notion of slice plane C; := R + R,

so that mIGSCI =R and
H=|JC=JC

IeS =

where S denotes the hemisphere of purely imaginary quaternions defined as

S := {I = cos(¢)i + sin(¢) cos(¢p)j + sin(¢) sin(p)k; ¢, ¥ € (0,7)},

and endowed with surface area measure do(I) = sin(¢)dpdyp. Thereafter, |S| will
denote the area of S.

In accordance with the slice representation of quaternionic numbers, Gentili and
struppa were able in 2007 to develop the theory of slice regular functions on specific
domains of H and similar to the one of holomorphic functions on complex domains
[54]. A given quaternionic valued real differentiable function f on H ~ R* is said to
be left slice regular and we write f € SR(IH), if its restriction f|c, to any slice Cy;
€S ={q¢cH;q> = —1}, satisfies the Cauchy-Riemann equation 9;f = 0, where
d; f stands for the conjugate of the left slice derivative,

@)+ 1y) = 5 (55 + 137 ) Fley(x-+ v, @21)

As specific space of these functions is the slice quaternionic Bargmann space de-
fined in [7] as

+o0o
As%lice = {f = Z q”Cn; cp € H; Z n!|Cn|2 < +00} (4.2.2)
n=0 n=0

and can be seen as closed subspace of all slice regular functions f € SR(H) belong-
ing to the Hilbert space L%l ,(Cy) := L} (Cy,dp;) endowed with the scalar product

(@ )e, = [ oG+ Ipx+ I)dpi(o), 423

I

where dyur(x + Iy) = e’xz’ydedy. In [18], the space A%,  has been realized as a

slice
specific L2-eigenspace of the semi-elliptic (slice) second-order differential operator

Dq - _asa_s + ﬁa_s/ (4-2-4)

where for g = x + I;y € H, we have

o) { %f(x +1Ly), ify #0,
sf\g) = .
ﬁ(x), ify=0.

(4.2.5)
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The generalization to the n-polyregular functions SR, (H), i.e., those whose (1 +

1)-th slice derivative B_InH vanishes identically on H for every I € S, is performed
by considering the eigenvalue problem O,f = nf for f in L]%(H) Here, we focus
our attention on the one defined as the n-th S-polyregular space of second kind and
denoted A2 stice- More explicitly, the space A? . is characterized as the right H-
vector space of all convergent series (on the whole lH) of the form

e
= Z Hm,n(q/ﬁ)“m

m=0

belonging LI%I (C1). The occurring quaternionic coefficients «,, are independent of g
and I, and satisfy the growth condition (clearly independent of I)

—+00
Y ml|ay|* < 4oo.

m=0

Above, the H,%n stand for the (m, n)-th quaternionic Itd6—Hermite polynomials [41],

HSu(0.0) = 3 (—1)0 (’Z) (Z)q’“‘gﬁ”‘f, (4.2.6)

(=0

where here and elsewhere after m A n = min(m,n) and m V n = max(m,n). The
system ¢ n(q, q) == (rmm!n!|S|)~ 1/ZHQ »(q,q) with varying m, n is orthonormal in

L3, (H). For fixed n, they form a complete orthonormal system in An slicer €Ndowed

with the norm induced from @2.3). To authorize HS, taking negative index, we
have to use its hypergeometric representation

Q =\ __ qmqn m A\ T’l 2
Hysin(q,9) = Cnn | 2lmn) 1Fi ( m—n|+1 |19 (4.2.7)
with (1 "
- mVmn)!
Cl’l’l,n = |m — Tl|! (4.2.8)
Here, 1 F; denotes the classical Kummer’s function [79] Ch. 6, p. 262]
a I'(c) &T(a +]
F 4.2.
111 ( c x) (@) ; c+)) ] (4.2.9)
for givena,c,x € Rwith ¢ #0,—1, -2, - -. Thus, we write
q?’l+1 )
_m(q,q)- +11F1 ( ) 'Iql > (4.2.10)
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The performed sequence of spaces A2 form an orthogonal slice Hilbertian de-

n,slice

composition for L% ! (Cyp) [18I,

@ 'An slice’

I

in the sense that for every ¢ € L%, L(Cp) there exists a sequence of quaternions «;, ,,,

depending in I € S, and satisfying the growth condition

Y Y minllag, ,|* < +oo (4.2.11)
m=0n=0
such that -
=Y on(q) Z Z HS.(9,3
n=0 m=0n=
with
pr(x+1Iy) =Y HE ,(x + Iy, x — Iy)ah, . (4.2.12)
m=0

The functions ¢, can be extended to the whole H leading to a S-polyregular of order
n — 1 by considering

Pr(x+Jy) = i H o (x + Jy, x — Jy)al, , (4.2.13)
m=0

for any | € S. Clearly, we have ¢}, € .An slice The situation is different when consid-
ering functions f on IH which admits a slice decompositions in terms of the quater-
nionic Itd6—Hermite polynomials, i.e. for each I € S, we have

f‘CI Z fn Z i Hn%n(qrﬁ)“gnn

m=0n=0
In this case the f! are S-polyregular but do not belong necessary to .An slice HOWever,
fle L}zl( ) (resp. f € L}%( )) if and only if the coefficients satisfy
“+o00 400
Z m'n'/ g, o> < 400 (resp. Y ) m'n'/ |y, |2 < +00). (4.2.14)
m=0n=

This holds true when for example a/, ,, are constant with respect to I. This conditions
is fulfilled if we restrict ourself to the space H%. ,(H) of all quaternionic valued
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functions on H, f : H — H, whose restriction f|c,, belongs to L%, (Cy, dy;) for any
I € 5 and such that

Iflleo := sup [|fle, llc, (4.2.15)
I1€S

is finite. We claim that ||-||, defines a norm in %2, (H) and that (%%, ,(H), |||/
is a complet space which is contained in L%, (H) and we have

1Flex < 1511l

We conclude this section by noticing that .42
satisfy the estimation

L slice C M2,,(H) and its elements

f(@)] < \/—||f||o:, (4.2.16)

for any I € S. This to say that the evaluation map d;f = f(q), for every fixed
g € H, is a continuous linear form on .An slicer @nd therefore .An slice 18 @ reproducing
kernel Hilbert space, i.e., there exists some function K, on H x H such that p —
Kn(9,p) = Ku(p, q) belongs to A2
(Kn(-,q), f)c, forevery f € A2

and satisfies the reproducing property f(gq) =

n,slice
This kernel function can be expanded as

n,slice”
& Hiu(9,9)Hya(p, P)
Ku(q,p) = mZ_ZO p— : (4.2.17)

Its closed expression is given by [18, Theorem 3.6]

e
Kn(a,p) = =—*pLlla—pl3 ), (4.2.18)

where |g — p|?, denotes the regularization of the modulus function ¢ — (p —
*sp

q)(p — q) with respect to the left star product *ZP for S-polyregular functions in g,

L the classical Laguerre polynomials and
b o kpk

€x = T

k=0 ™

Moreover, the integral operator
Puf(q) / Kn(p, 0)f (p)ddps(p) (4.2.19)

is the orthogonal projection of L2 (Cp) on An stice” The problem of extending P, to
a larger Hilbert space can be handled by averaging the coefficients over the hemi-

sphere S. Thus, for each nonnegative integer 1, we define the transform P, on
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H2,.,(H) by the series

=5 L Ha0) [ e (1), (4.2.20)

which is absolutely and uniformly convergent on compact sets of H thanks to (4.2.14).
It belongs to An slice and one recovers the (4.2.19) when f € L%,I(C 7). This justifies
the use of the same notation. Moreover, using the fact

<H,%n,f>H = tm!n! /gzx,lnlnda(l)

and the orthogonality of H,,Qw in L%l (H), we can rewrite P, in (4.2.20) as

P.f(q) = ‘;T‘Ucn(-,q), Jary (4.2.21)

Thus, we have proved the following

Lemma 4.2.1. The transform P, in (4.2.21)) defines an orthogonal projection of Li (H) onto
the S-polyregular Bargmann space A? Its integral representation is given by (4.2.21)),

n,slice’

Pyf(q) |s|/ (lg - P|2 *spe* e (p)du(p). (4.2.22)

Remark 4.2.2. For n = 0, Py is the quaternionic Bergman projector on the slice hyperholo-
morphic Bargmann space in (4.2.2).

Definition 4.2.3. We call n-th Bergman projection the transform P,.

4.3 Weighted quaternionic Cauchy singular integral

In order to develop the quaternionic analogue of the Cauchy transform, one can
consider the kernel function p — (g — p)~!. However, this function is in general
neither left nor right slice regular, unless g € R. Instead, one has to consider the one
given by the power series representation

+00
— Z qép—l—ﬁ; pe mc
N, p) =4 5 4.3.1)
> a7 peBy
=0
where for given g € H, we have denoted by B, := {p € H; |p| < [g]} the ball
of radius |g| in H = R* and centered at origin and by mc ={p € H; |p| > 4|}
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the complement of its closure. It turns out to be an appropriate combination of the
p-left and the g-right non-commutative Cauchy kernel series in the terminology of
Colombo and his collaborators (see e.g. [23]49]). More precisely, the closed expres-
sion is the one given by or equivalently [23, Theorem 2.10]

Ngp) = (4 —248(p) +1p) " (4 —P)

forgc Handp € V; := {p € lH pq gp # 0}. It should be mentioned here that
the Cauchy kernel functlon in in variable p, can be identified as the regular
inverse (g — p)* in the slice regular sense (see [53} 52], which is the unique left slice
regular extension of C; 3 p — (g — p)~!. The next uniform estimation is needed
forthcoming investigation.

Lemma 4.3.1. For every 0 < r < 2, we have

' S| r
N (g, p)l'du(q) < =T (1- 1), 432
sup LN, p)ldu(a) (1-3) (4.32)

where T'(-) is the Euler gamma-function.

Proof. By observing that the modulus |[N(g, p)| is independent of I, and I, for p =
x + Iy and g = x’ + Iy’ in H, we obtain

N pldpe) = [ [ NG p)ldps(p)do(r)

-/ /C p)'dya, () (1)
=[S / p)l"du1, (p).

But since for p € Cj,, we have N'(q,p) = (q — p)~! and therefore we can conclude
for (4.3.2) by appeahng to Lemma 3.2 in [66]. O

Corollary 4.3.2. For the specific case of r = 1, we get

sup | |N(g,p)ldp(p) < VS| (4.3.3)

geH

Associated to the Schwartz kernel N (p,q), there are several ways to extend the
definition of weighted Cauchy transform in (0.0.12) to acts on the right quaternionic
Hilbert space L% (IH). Notice for instance that Ci;f(q) and Cg, f (q) below are defined
by means of slices, i.e., by restricting the occurred integral to a fixed slice

Chf(@) =+ [ N p)fle,(p)dr(p) @34)
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for given fixed I € S independently of g4 € H, or to dynamic slice depending in g, to
wit

/ N(a,p)f(p)dui(p); q€H\R,

Ciy (4.3.5)
/ £(b) 4, g=xeR

Remark 4.3.3. We notice that the computation with Cg; in is quite similar to the one
considered in the complex setting [38,166ll, and the restriction of C 1f|c to the complex plane
C = C; with f being complex valued function on H reduces also to (0.0.12).

Remark 4.3.4. The emplacement of the kernel function N'(q, p) in the left hand-side of the
testing function f is required to get the linearity of the constructed integral transform when
acting on right vector spaces. Otherwise we have to regularize the product f(p)N (p,q)
in the integrand to overcome technical difficulties for the lack of commutativity. This fol-
lows a general scheme for constructing linear quaternionic analogue of the classical integral
transforms.

Cirf(q)

According to the last remark, we can suggest

Cirf(@) = - [ Fp)#"s? N (a, p)(p). 436)
One can also consider the singular integral operator defined by
Cuf(q) / N(q,p du(p). (4.3.7)

The following result shows that the Cauchy transform Cpy can be seen as the aver-
aging operator of the I-slice Cauchy transform Cf; over the hemisphere S of purely
imaginary quaternions.

Lemma 4.3.5. We have
Cirf(q) / cLf(q)do(1).

Proof. The identity is immediate by definition of the integral on IH. O
Subsequently, the uniform boundedness of the operators Ci;; I € S, restricted to
An slicer 18 @ sufficient condition for the boundedness of Cy on An sice- I fact, by

applying the Cauchy-Schwartz inequality, we get
2
I flf; =0 (Sulg k| Hf!|?;1> -

Now, since ”f”o: is independent of [ when f € Anslwe, we get HfH%Q = O(lIflIz)
and therefore

ICuflf =0 (sup HCI%{HZ) 1
IeS
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Clearly, this argument is also valid for C acting on #2,_,(H). We note also that the
boundedness of Cjy can also be deduced by applying the Schur sufficiency condition
for boundedness of integral operator with Schwartz kernel. Below, we present a
variant proof.

Theorem 4.3.6. The weighted Cauchy transform Cy is a bounded and compact linear oper-
ator from L%l (H) to L%l (H) with norm operator satisfying

sl
N

Moreover, it belongs to the k-Schatten ideal of bounded operators Sy (L3 (H)) for every k > 2.

1Chll <

For the proof, we use the following lemma:

Lemma 4.3.7 (Russo’s Lemma [90]). An integral operator of the form

Tf(y) = [ S fx)dv(),

for given finite measure v on X, belongs to the k-Schatten class as an operator on L*(X,dv),
if its kernel function satisfies

ol '3<q'v>l’dv<p>)k” aviqyand [ ([, |s<q,p>|fdv<q>)k”dv<p>

are finite for 1 < r < 2 which is the exponent conjugate of k, 1/k +1/r = 1.
Proof. of theorem: The Cauchy-Schwartz inequality and Lemma imply

(N < 2z ([, Wapln) ([ NG I )

< B[ @Ry

Therefore,

ICu(PI < o [ [ 1N p)IF(p) Pa(p)an(a)

< % [ ([ @ plan) e

< B (sup [ WGp )\dﬂ(q)> 11

peH
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Finally, by Lemma again, we get

(Isl)?

7T

[Fa=

The compactness of Cjy follows in a similar way as in [66] for the complex Cauchy
transform (0.0.12). Indeed, using the estimation provided by Lemma and the
fact that du is a finite measure on H, we get

k/r (182 NN

ICu(f)lIF <

71'1"_1

for every 1 < r < 2, where k is its exponent conjugate 1/k +1/r = 1. Thus, since
IN(q,p)| = IN(p,q)|, the two requirements in Russo’s lemma [90], for compactness
and membership in k-Schatten class of integral operator with Schwartz kernel, are

satisfied.
O

Remark 4.3.8. The compactness of Ciy can also be studied by performing the operator Cf;C
and proceed as in [16l], where Cy; denotes the adjoint of Cyy defined as operator from L’%(]H)

into L%(IH) by

Cir()(p) = = [ Na pla@du(a) = — [ NEDz@duo).

The theorem just proved and the upcoming ones remain valid for the Cauchy
transform Cy; in (4.3.6). This readily follows by observing that Cyy; coincides with
Cp in (4.3.7) (see Corollary below). For the proof, we use the following result
giving the explicit expression for Cp and Cj; on the generic elements ey, (g,9) =
q™q". For exact statement, we let ¢; stands for

. _ [ 1ifk>0,
k=Y 0 ifk<o.

Proposition 4.3.9. For every nonnegative integers m,n and q € H, we have Cj;(emn) =
Cri(em,n) and

(Cii(emn)] (9) = 8] (4"H, (g, @)e 11 = ntey 1" ~1). (438)
Proof. We need only to prove the identity (4.3.8), since the computation of Cyy(em,n)

can be handled in a similar way to give rise to the right hand-side in (4.3.8). To this
end, we keep notation of the ball of radius B, the complement of its closure mc
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and the hemisphere S as above. Thus, making use of the expansion series (5.3.1) of
the Cauchy kernel A/, we can rewrite (4.3.6) as

(Ci(emn)] (9) = %( Blpmp”*q*”/\f(q, p)du(p +/ PP N (g, p )dﬂ(P)>

W\

1+°O m n m— n
=;Z< ) —q' [y “PMP))

(=0 By \q\

1 & lq] 2
:_Zq 1- €/ // prt el =m)8 =4 (16
—+o00
_lzq /I // pn= 1— £+n I(m—1—(— n) Tzrdrda(l)d@
lq

- /2 o0
= |S|g" ! (sn_m/ t”e_tdt—sm_n_l/z t”e_tdt> , (4.3.9)
0 q

where we have used the polar coordinates g = re!® with r > 0, 8 € [0,277] and I

in the hemisphere S, and next the change of variable t = r2. Above dr and df are
the Lebesgue measure on positive real line and unit circle, respect1ve1y. Therefore,

keeping in mind the expression of HQ _1,(q,9) in (4:2.10), we can check (4.3.8) by
observing that

lq|? o
¥n(lql?) ::/o t"e_tdt:n!—/w'z te~t

and using &, + €,—y—1 = 1, as well as

2 |q|2(n+1) 2 —|q/?
i) =i (L ) e 43.10)

which follows thanks to the integral representation of confluent hypergeometric
function [79, p. 275]

a
1F1(C

witha=1landc=n+ 2. OJ

I'(c)

1
V4 —ztyc—a—1 a—1
x) = T@rc—a) a)e /0 e “'t (1—¢t)" " dt (4.3.11)

Remark 4.3.10. The result of Proposition (4.3.9) generalizes the one obtained for the stan-
dard unweighted complex Cauchy transform on the monomials z"z".

Corollary 4.3.11. We have Cf; = Cp.

Proof This readily follows form Proposition 4.3.9| since the polynomials e, (q) =
q"g" are dense in L (). O
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In order to provide concrete description of basic properties of Cyy, we need to
its explicit expression when acting on the quaternionic Ito—-Hermite polynomials
H,%n (9,9). From now on, we normalize the area measure on the hemisphere S such
that S| = 1.

Theorem 4.3.12. The explicit action of Cyy on the orthonormal basis go%/n = (rm!n!)~ 1/ ZH,% n
for every m > 0, is given by

Q g —ql?
[ClHﬁvm,n} (9) = N Pre_1,(0,7), (4.3.12)
while for m = 0, we have
e_|‘7|2 0

Cnof] (@) = — —HE, @0

Proof. Notice first that the specific case of m = 0 can be checked easily by taking
m = 0 in Proposition4.3.9} Indeed,

oo (H2 ) — ¢ _ i 2) g-lal?
H( O,n)_ H(eon) = — PR n+2 q|” ) e

which is close to the hypergeometrlc function H* Q ,(9,9) in (.2.10).
For m > 0. we make use of (4.3.9) and the hnearlty of Cy to have

CotHonn(q) = 0"~ (n-mlnn(141%) = emn-1Jmn(1P))

with

—1)"n! la® —m -
Lun(l91%) = ﬁ/o TS ( p—m a1 't) e ldt

2. [T —n 4
]mﬂﬂ)—ﬁwﬂ(m_n+dgedt

Direct computation making appeal to indefinite integrals for the confluent hyperge-
ometric function 1 Fj, see for instance [79, p. 266], or equivalently the differentiation
formulas in [22, 4, p. 73] witha =1—m, b = n—m+2and c = 1 = k for the
evaluation of I, ,(|q|?) and [22, 6, p. 73] witha = —n, b = |m —n|and ¢ = 1 = k for

and

Jmn(]q]?), keeping in mind the hypergeometric representation of H < “ _1,(q,9) given
through (4.2.7), we arrive at

Lun(q?) = =" " HS_ | (0, 9)e7 1 = ] u(lq]?). (4.3.13)
Therefore, the identity (4.3.12) follows since &,y + €—n—1 = 1. O
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Remark 4.3.13. Green formula was employed in [16, 33] to get the explicit expression of
the unweighted complex Cauchy transform on bounded domains when acting on specific ele-
mentary functions. See also [66]] for the weighted complex Cauchy transform on the complex
[to—Hermite polynomials of total degree great than 1. Adoption of similar approach for the
quaternionic Cauchy transform requires an appropriate quaternionic analogue of this famous
Green formula (which can be obtained starting from quaternionic version of Cauchy repre-
sentation theorem [23|126]]). Here, we have given a direct proof using the expansion series of
the kernel function combined with integral formula for special function.

For every nonnegative integers m,n, we denote by 1, , the Hermite functions
defined by

Pun(p) = —e PPHS _ (p,7) = Cua(HZ) (p). (4.3.14)

Accordingly, for given nonnegative integer j, we perform the spaces

L2 (H
E;r = span{ynij; n =10,1,2,---} w(E)

and

L3 (H
E = span{{psijnin=0,1,2,---} HED
as well as the spaces E; = E@ if¢ >0and E; = E‘E‘ when ¢ < 0.

Theorem 4.3.14. The spaces E, for varying integer ¢, form an orthogonal Hilbertian de-
composition of the range of the weighted Cauchy transform Cy in Li—l (H).

Proof. We begin by noticing that ¢, € L;;(IH). Indeed, we have

< 0

2 P2 2
= || PP ER L, < 181 A

mlnCI

by means of (v) in [66 Proposition 3.2]. Next, by Theorem [4.3.12} the hypergeometric
representation (4 of H Qn and Fubini’s theorem, we can show that the orthogo-
nality of the system ($nm)mn in L3 (H) is equivalent to the nullity of the angular

part in the integral giving (1, lPk,j> y 8iven by

k)e
mn]k —/ ly(ntj=—m— d9—271’(5m —jn—k-

Indeed, direct computation shows that

00 €_3ttm+n_1Rm,n,j,k(t)

(P Vi Ygg = TG rin gk [ e sar, (@315)
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where the constants ¢y, , are as in (4.2.8) and R, ;¢ is given by

' o —(m—=1)An —(j—1)Nk
Ry jk(t) := 1Py ( 1 e |t)1B ik ) (4.3.16)
Thus, form —j = £ # n—k = £/, we have ({,m, Yx,j); = 0. This proves in particular
that the Ey; ¢ € Z, form an orthogonal sequence in lel (H). Moreover, we have

P E =Cn (@ Ai,slice) :

leZ n=0
OJ

Corollary 4.3.15. The functions y, m, for varying m = 0,1,--- , and fixed n, (resp. for
varyingn = 0,1, - - -, and fixed m) constitute an orthogonal system in L%l (H) whose square
norm is given by

)
4m=1((n)1)? 1—-m1—m]|1
R S S 4 N <

- (n—m+1)!“< n—m+2 ’4) mentl

2
||¢n1m||H = 3m+n

(4.3.17)

4" ((m —1)1? r, ( —n,—n

(m—1—n)!? m—n

1
T > 1.
4), m>n-—+

Proof. The orthogonality in Lf,(lH) of the systems (¢, )m, for fixed n, and (tan,m)n,

for fixed m, readily follows from (4.3.15). We need only to compute its norm. We
have

o
nm|lg = 7T\Cm—1n 0 T Rmnmn(t)e .
I m 151 = 7( )? A A (t)e>dt

Thus, we get (4.3.17) by appealing to the integral formula [79, p. 293]. O

4.4 The k-Bergman projection of Cy

The proposition just proved shows that the functions ¢, ,, = CIHH,%H ;myn=20,1,2,---
belong to L]Z” (Cy) which possesses the slice orthogonal decomposition in the sense
described in the preliminaries section. Accordingly, the determination of the compo-

2 . requires the consideration of the orthogo-

nent function of ¥, ,, = C]HHnQi,n in A7 slice

nal projection in (4.2.21).

The next assertion gives the closed integral representation of P,Cyy, the k-Bergman
projection of the weighted Cauchy singular integral Cpy, in terms of the special poly-
nomials

* = = Lo m\(n *1(m— = =\x(n—
/=0
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obtained as the unique left slice polyregular extension in g and right slice polyregular
in g to the whole H of g — H]?_’“ik(q —p,q—p) on C,, for fixed p. It is also the
unique right slice polyregular extension in p and left slice polyregular in p to the

whole H of p — H,? ’; «(@—p,9—p) onCy, for fixed g.

Theorem 4.4.1. The integral transform PiCyy : L2 w(H) — Ak slice 18 given by

PCuf(@) = [ Rila.p)f(p)dn(p) (44.2)
where Ry stands for
1 —
Ri(q,p) := pols ~lpl? e[”’ Pl *Zp Hf 1 (a—p,9-7)- (4.4.3)
Proof. By means of (4.2.21)), the definition of Cyy and the Fubini’s theorem,
PiCrif(q) / Ki(q,8)Cuf(5)dn(S / Ri(q,p)f(p)dp(p)

for g € H, where the kernel function is given by

/ Ki(q,$)N (&, p)du(f)

oo HQ

= nm,k, / N (& p)du(@)
) HQ )
Q

o Z_; nm'k' CrH,, (p)
o m,k(q,q) 0 v —|pl2
= ZO WHk_l,m(p,p)e . (4.4.4)

m=

Above we have made use of the expansion series of Ky as given by (4.2.17) and

the facts N'(¢, p) = —~N' (P, %), HY,,(p, P) = Hy ((p,P) = HS,, (B, p) and CHS,,(P) =
CIHHISm (p). The last equality ( - 4.4.4) follows from Theorem 4.3.12
Now, the function

_ © HS (q,7)
2 7
Ri(q,p) = e ' Ryq,p) = Y~ 20

m=0

ikt 1 (P/P)

is clearly left slice polyregular of order k + 1 in g and right slice polyregular of order
k in p, since it can be rewritten as

Z 7f Z g7
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with f].(p ) (resp. g](q))

Moreover, Proposition 3.6 in [58] shows that the expression of Ry(g, p) := el?" Ry (g, p)
reduces to

being left (resp. right) slice regular functions in g (resp. in p).

elpP _
Ex(q,p) = ﬁHk,k_l(q —p,q9-7)

on Cj, (resp. Cj,) as function in ¢ (resp. p) for fixed p (resp. ¢). Finally, using
Identity Principle for slice regular functions, one can proceed as in [18] to prove that
the function in the right hand-side of (in the (g, p) variables) is the the unique
extension to left slice hyperholomorphic function in 4 and right one in g outside of C,
and right slice hyperholomorphic in p and left slice hyperholomorphic in 7 outside
of C;. Thus, we have

_ elP 0 O o
Ri(q,p) = ik *sp Huin (@—pq-7)
This completes the proof. O

Proposition 4.4.2. For every nonnegative integers k, m, n, there exists certain nonzero real
constant d"" such that

€ — dm,n B
PCrpmn(9) = — (n”j‘r k’"_ ’;ﬂ 7 k!H%k_m,k(q,q). (4.4.5)

In particular, the systems PyCry (Ymn); n = 0,1,2,---, for fixed m, and PCry (Pmn);
m=0,1,2,- -, for fixed n are orthogonal in L7, (H).

Proof. By taking into account the expansion series of the kernel given by (4.4.4), we
can rewrite the integral in (4.4.2) in terms of ¢;; in (4.3.14), as

o HP(q,7)
/k ’
PkCIHf(q) = Z ]ﬂjlk'
=0 k!

/H ri(p)f(p)du(p),

so that for the specific function f = ¢, 4, we see from (4.3.15) that the only possible
nonzero term corresponds to j = n + k — m under the assumption that n + k > m.
Thus, we have

& _ _
PkCIH’ubm,n(EI) = 7'[(71 :;k_r;)!k!d?,nHr%rkm,k(q"ﬂ-

The constant d;" is given by d;"" := (Y y1k—m, Pmn)yy Which is finite and real. [

Remark 4.4.3. The polynomials H;?k are eigenfunction of the operator P CyyCyy . This clearly
follows from the fact

_ HCH(HEH) i

PeCh () () HH? (9,9). (44.6)

tn'k!
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Remark 4.4.4. The image of E by PCyy reduces to zero for all £ > k. Otherwise, it is one
dimensional vector space. thle P.Cu(E, ) is always a one dimensional vector space.

We conclude by giving the explicit sequence of eigenvalues of the integral oper-

ator .
|PCri| = ((PeCr)*PiCr)'.

Proposition 4.4.5. The functions {y,; n = 0,1,2,-- -, are eigenfunctions of |P,Cpy|* =
(PeCr1)*PCry with Ay = ||@x||>/ 7enik! as associated eigenvalues.

Proof. Notice first that the formal adjoint of P,Cyy is given by
(PiCr)"g / Ri(9, p)g(a)dp(q).

Hence, from the expansion series of Ry(q, p) = Ry (7,7), we get

003|p|Hk1p’

(PCr)'s(p) = 1 —— 2 / (9)dn(a).
so that
* —|p|? —
(PCh)" (HY,) (p) = e P HS,_ (p, 7). (44.7)
This combined with (4.4.5) yield
* 8”+k—£d1€’n *17Q
(PChi) " PCrprn(p) = 2n+ k= Ok (PeCr) " Hyy g1 (P)
n
Entk—0dy —Ip|217Q —
cn koo Hee o (PP)
C enked” TS 14
Ca(n+k—£)k! H kf”*"—f(p) (4.4.8)
This shows in particular that for £ = k, we have
2
k,
| PeCr* i = Hinr:]!,H Ykn = AnWin-

Corollary 4.4.6. The singular values of P,Cyy are given by

n—1 | . B 1/2
4" 1(k)! )'2P1<1k_n,1 n ’1)} Cn<kal

;

. nl(k—n+1 n+2 |4
k
Sy = =75 .
3(n+k)/2 1/2
45 (n —1)! —k,—k |1
7 - . > .
\ nk!(n—1—k)!2F1( n—k ‘4)] ;oo omzkAl

76



Remark 4.4.7. The previous result shows in particular that the product of k-Bergman pro-
jector with the weighted quaternionic Cauchy transform Cy and its complex analogue have
the same singular values, up to multiplicative constant. Subsequently, these singular values

are asymptotically as
1/2
¢ 45(n —1)!
S, ~
" 3rtknkl(n — 1 —k)!

for k is fixed and n large enough.

Remark 4.4.8. The previous result can be obtained using the integral representation of the
operator (PyCry)* PCr1,

(PeCr)* Pl f (p / Sk(p,q)f(q)du(q) (4.4.9)
where the Schwartz kernel Sy is given by

Silp,) = [ Rel@ pRAE 0)dp(2)

00 Q - Q _
= e_‘p|2_‘q‘2 Z Hmrkfl(p, p)Hm,kfl(q'q).

o (4.4.10)

m=0

The last equality follows from (4.4.4) and the orthogonality of H nQ1,k'

Remark 4.4.9. For k > 1, the kernel Sy is closely connected to the reproducing kernel of
‘A%—l slice’

e IpPP=lal? .
Si(pq) = ——— Kk (P9 (4.4.11)
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Chapter 5

Cauchy transform on the hyperbolic
complex and quaternionic disc

5.1 Complex Cauchy transform on the unit disc

The main tool in the description of the complex Cauchy transform C is the so-called
Zernike polynomials. An accurate analysis of the basic analytic properties of Z,} ,(z, 2),
like recurrence relations, differential equations they obey, generating functions and
so on, have been developed in various papers. For a very nice account on these poly-
nomials, one can refer to Koornwinder seminal works [74, [75], as well as [100] for
an elegant reintroduction of them. See [1] for useful operational formulas of Burch-
nall type and generating functions. An complete overvied of needed properties are
given Appendix. We give the explicit action of the Cauchy transform C defined as
bounded compact operator from L?(D) into L?(D) by

() @) == [ L1 gy

on the associated Zernike functions 3., ,(z,2) = (1 — |z|?)7 2}, ,. More precisely, we
show the following

[CGhn)] (z) =30 1 (z,2); mn>0,. (5.1.1)
Accordingly, special identities for integrals involving the Gauss hypergeometric func-

tions are derived. We also discuss some spectral properties of C such as the bound-
ness and compactness of C.
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5.2 The action of the Cauchy transform on 2 ,

We define the Cauchy transform C,; v > —1, of a given f € L? (D, du,) by

(@ =2 [ 1 g ).

7TJDW—2Z

To provide the explicit expression of the Cauchy transform C.,, on the generalized
Zernike polynomials, we proceed by steps. We begin by giving the action of C, of
the functions

S
ey n(z,2) :=2"2" <1 - |z|2> (5.2.1)

in terms of the Gauss hypergeometric function. To this end, we need to the following
elementary results.

Lemma 5.2.1. For every z € D and nonnegative real number r, we have

27 Hi(n—m)d 2™ .
/ ¢ dg={ g Fr<ld (5.2.2)
o re—z 0 if |z <r
when m > n, and
27 pi(n—m)0 0 ifr <|z|
/ Lo ——dp={ omrmt (5.2.3)
o re?—z — iflz] <r

otherwise.

Proof. The proof is straightforward and can be handled by expanding (re® —z)~! as
power series and next using the fact that fozn el(k—K)9g0 — 276y o for every integers
kK. O

Lemma 5.2.2. The functions C,, (€5, ,) (z) admit the integral representation

Cy (enn) (z) = —Z;% /0 (1 — 1) 7"5dt (5.2.4)
forn < mand
2t -l
Cy () (2) = o /0 (1 — £yt (5.2.5)

when n > m.
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Proof. Using the polar coordinates, one can rewrite C, (e, ,,) in the following form

1 1 27 pi(n—m)o
Cy (€,0) (2) = —/ P (1 — )7t / ———d0 | rdr.
0 0

T reif — z

In virtue of (5.2.2) for m > n and the change of variable t = r2, we get

-2 k4
Cy (e5,0) (2) = zm——”“/o r2M(1 — r2) T Srdr

_ —1 ‘leml T+sg
= S =y

To prove (5.2.5) for n > m, we proceed in a similar way making use of (5.2.3)). Indeed,
we have

1
Cy (eh,n) (2) = 22”’”1/ (1 — )" Srdr

2|

o (YR
= g / (1 — £)™dt.
0

Lemma 5.2.3. For %(b) > 0and x € [0; 1], we have

* b—1¢1 _ ,\—a _1 b o\ 1-a 1,b+1—61
/Ou (1—u) du—bx (1—x)"""2F b1

x) . (5.2.6)

Proof. Recall first that the Euler integral representation of the Gauss hypergeometric
function [15, Theorem 2.2.1, p. 65] reads

. c—b— —a I'(0)I(c—D) a,b
/Otb Y1 — 1) b1(1 — xt) dt:TzFl( ' ‘x)

for R(c) > R(b) > 0 and arg(z). In virtue of the change of variable u = xt with
c=b+1and R(b) > 0 we get

* b—1 . —a _xb ﬂ,b
/Ou (1—u) du—?zFl bo1 ¥

from which we deduce (5.2.6) by applying Euler’s transformation [29, Theorem 21,

p. 60]
JF, < a,cb ‘x) _a _x)c—a—szl ( c—a,cc—b ’x) .
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Accordingly, we can formulate the following.

Proposition 5.2.4. Let m, n be two given nonnegative integers and s > 0. Then, form > n,

we have
—z"zm 1 Y5+l Ly+s+m+2
Cr)/ (ei,m) (Z) = m——f—l (1 — |Z|2> 2F1 ( v m +2 ‘|Z|2> . (527)
If n > m, then
z"z" 1 T+s+1 1,y +s+m+2
s = — 1 — 2 F ! 1 - 2 .
C’Y(em,n)(z) (’Y+S+1)< |Z|> 21( ’)/+S-|-2 ’ |Z|)

(5.2.8)

Proof. The proof is immediate using Lemmas and Indeed, the case of
m > n follows by applying to the integral in the right hand-side of with
b=m+1,—a = v+sand x = |z|?. The identity corresponding to n > m
follows in a similar way withb =y +s+1,a = —mand x = 1 — |z|%. O

Therefore, the action of Cy on Z (z,Z) and Z{,(z,%) is given by the following,.
Corollary 5.2.5. For v > —1, If m > 0, we have

_ 1 m—m+l 1— 2\7
Cy (Z$,o> (z) = o+ )(;Hg =) oFy < 1”Ym+f2+2 ‘\zF) (5.2.9)

and if n > 1, we have

¥ _ 2"z o\ Ly+m+2 |
cy(zoln) @)= (1 |z|> oF Sl T-leP) 6210

Proof. It suffices to observe that Z) ((2,Z) = (7 + 1)mz" = (7 + 1)me), o(2,Z) and
Z&n (2,2) = (v +1)nz" = (v +1)ne] ,(z,Z), and then apply Proposition O
The following is the main theorem of this section.

Theorem 5.2.6. For every nonnegative integers m > n > 1 and real v > —1, we have

[CGmn)] (22) =501 1 (2,2). (5.2.11)

mn—1

Proof. Letm > n > 0 and notice that the explicit expression (5.3.4) of the polynomials
Z) 1(z,Z) can be rewritten as

T (22) = mn! Lo (1) e{ﬂ—jm—j(z’z)
P2 2) = v+ Do L o )7 o i 0
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By Proposition[5.2.4 (Eq. (5.2.7)), the linearity of the Cauchy transform and the fact
(1) (m+1)m! = (—(m+1));(m+1—j)!, we get

ZzmH
[CH(Zhn)] () = ~(r+ DS (1-12) "

(r+1);  fe—pr =\ m2

(1 [ |Z|2>

—(m+1)); 2

XH'Z ))] |Z| 2 (1'y—l—m—|—2" ’2)
far

Now, in virtue of [22, p.415]

()

4 1_C X ab (1—C)n _ a—nb

| ’ — n s
nz 1 710 ])lel(C—]"x> (b—c+1)u" 2F1< c—n ‘x>

witha=1,b=94+m+2,c=m+2and x = |z|2, we see that the expression pf
[Cy(Zh,1)] () reduces to

(7+1)m+ﬂ(_m_1)n—m+lfn 2 7+l IT—ny+m+2 2
 (y+Da(m+1) z (1_|Z|> 2h m—n+2 2

and moreover to

e (y Dm0\ T Cn1, ’Y+1+m+1 ,
O e M (1-12P)"" 2R oA 2|

Thus, we recognize the expression of an;l 1(z,2) given through (6.0.6). This com-
pletes the proof of Theorem

O
The counterpart of Theorem for 0 < m < n is the following.
Theorem 5.2.7. For every positive integers 0 < m < n and real y > —1, we have
(C,(Zh0)] (2,2) = (1 - |z|2> Zgjj (z,2). (5.2.12)

Proof. The proof for n > m can be handled as follows. By direct computation, using

(5.2.8)) and the facts (y +j+1)(y +1); = (y+1)(y +2); and (( )];1' = (—n)j, we
arrive at

[C’y(Z%,n)] (Z) = %anm—l—l( . |Z|2)7+1

o\ (—m)j (1—|z|2>j <1,'y—|—m—|—2 ‘ 2)
X ) F 11—z
Z%<J<v+nj ) 2 e [P
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Now, by settinga = 1,b =y +m+2,c = v +2and x = 1 — |z|?, and extending the

sum to n for (—m); = 0 when j > m, the quantity [C-(Z,),,)] (z) takes the form
j ] q Yy Ly ,

[Co(2n)]) (2) = T dmenanzmi g — ey

" ]é () (C@)f)j (i x)jz’?l (&)

for which we can apply the summation formula [22, Eq. 5., 5.16.1., p. 414] to get

1 _
[C'y(z%,n)} (Z) — Mzm+lfn(1 _ ’2’2)7+12F1 ( 1 Tl,’)"f‘m +2 ’1 B |Z|2>

(v+1) v +2
1 —m, — 1
— _(’Y + )m‘i‘”zmznfl(l . |Z|2)'y+121:1 ( m,—n+1 _2) .
(v+1) —y—m—n ||z

The last equality is immediate from (see:equality: 15.8.6)

—m, b b —m,c—b | 1
21:1( c x>:_gc§::(1_x)m2p1(1—b—m‘1—3(:).
This completes the proof of (5.3.11) thanks to (6.0.5). O

In the sequel, we denote by E the orthogonal complement of the subspace spanned
by the set { Z,),,(z,2); forall m € N} in the Hilbert space L? (D, dyu.,).

Proposition 5.2.8. If v > —1/2, the Cauchy transform is contunious on E, with ||C, ||<
v+ 1

Proof. We need only to proof the assertion for f belonging to {Z,),,(z,z)for all m €
IN}+. Such function can be expanded as

f@)= Y anwuZha(z2).
m=0,n=1
Thus using Theorem 5.3.11} combined with y > —1/2, we get
2 o0 2
lem@|| =|| & o lc @)@
07 m=0,n=1 0%
2
i 7+1 1
= Y. mpn (1 — |z|2> [Z’Z—;_l] (2)
m=0,n=1 v
oo 1/2 . 2
< Z Amn <1 - |Z|2> [Z;;fl} (Z)
m=0,n=1 0%

<[ Y Y ezl ez @0 =R) T\

m=0,n=1k=0,l=1

< Y% i [ 2] @[E] @ (- E) e



or Z;;l_l is an orthogonale basis in the L2 (ID, (1 — |z|?)71d\) space, from|6.2.3 we
get

= 1
NSO @IF < X Tamn P 125, 1 (2)34
m=0,n=1
> T(y+2)?
< m:%ﬂ | @y |2 em!(n — D) (y +24+m)_1(y+1+ n)m’y +(;’+ m)+ -
> (v +1)2rm!n! T(y+1)>2
< mn [° F14+m)u(y+1+n
szZ,n:l| mn | n(y +1+m) (7 Jn(y )m’)f—f—l—l—m—i—n
- (y+1)7 2
< Amn > ——2—|[Z) ] (z
mzoz,n:l | mn | n(’y—l—l-i—m) ||[ m,n] ( )H’y
< Z | @mn |2 | [Z;ryzn] (z)||,2Y
m=0,n=1
< (v +DIIFIE-
this completes the proof. O

Corollary 5.2.9. The adjoint operator of C,, on E is given by
[C] () = =Cof

Proof. We know that Z,} ,(z,z) with m, n are a nonnegatives integers forn an orthog-

onal basis in L2 (D,d ‘uy) space. So the result follows from: For all m, n, p,q € IN with
n,p > 0, we have

(CH(Ehn(22)), Z39(2 D)y = (1~ 2P ZLL (2,2), Z]0(2.2))y

_ /D(_l)mm—l% ((1 B |Z|2>7+m+n)
% (_1)p+q£:_;p ((1 _ yzlz)wpw) du(z)

_ _/ﬂg(_l)m+n82:g;” ((1 _ |Z|2>7+m+n)
<t P (1= 1) ) )

=~ [~ P2z 2) (1 - 2P E] (2, 2) ()

_ /D (1= 1z 20 4(2,2))Cy (2] (2, Z) )du(z)

= —(Z}4(z,2),Cy <%)>7

The result follows from the linearity of Caushy transform C,. O
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Proposition 5.2.10. Let M., denote the multiplication operator by (1 — |z|2)7. Then, the
following first order differential equation

anf B
5z = Mo,

holds true for every f € E.

Proof. We need only to proof the assertion for f belonging to {Z,), ,(z,z); for all m €
IN}+. Such function can be expanded as

f2)=Y Y annZ)a(z2).
m=0n=1
Thus using the linearity of Cauchy operator C and Theorem we get

0n=1

PN = & Y aha [C4(Z)] 2 5219
- (1 — Il > (i i A2 (2 E)) : (5.2.14)
m=0n=

Thus,

d [Cvé];)] (z) _ i i al, <<1 _ |Z|2)WZ%,n(z,Z)> (5.2.15)

m=0n=1

= —M,f. (5.2.16)

This, which is completes the proof.

O
5.3 The quaternionic Cauchy transform on unit disc
To deal with a quaternionic analogue of the Cauchy transform, one consider again

Zq p% peBiINByS
N(g,p) = (5.3.1)

Zq P peEBy

where B, := {p € H; |p| < |q|} the ball of radius [q] in H = R* and centered

at origin and by By, := {p € H; |p| > |g|} the complement of its closure. It is
an appropriate combination of the p-left and the g-right non-commutative Cauchy
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kernel series in (see e.g. [23] 49]). More precisely, the closed expression is the one
given by (5.3.1) or equivalently [23, Theorem 2.10]

-1
N(g,p) = (£ =24R(p) +Ipl?) (3= P)

forg € Hand p € V; := {p € H,pq — qp # 0}. It should be mentioned here that
the Cauchy kernel function in variable p, can be identified as the regular inverse
(9 — p) " in the slice regular sense (see [53}52], which is the unique left slice regular
extension of Cy > p— (g —p) L.

The quaternionic Zernike polynomials 2, ,(g,7) of the two conjugate quater-
nionic variables z = x + I;y and Z = x — Iy, x,y € R, in the unit ball B; = {g €
C, |q| < 1}, are defined by the Rodrigues formula (up to a multiplicative constant)

m-+n

0
a0 0) = (0" A= ) g (A laP ) 632)

With respect to slice derivative

o) {Zr}f(xﬂqy), ify #0, .
s/\q) = — 3.
%(x), ify =0.
where for g = x + qu € H. Explicitly
mAn (_N\i(1 — |z|2)]  gm—i n—j
Zhn(q,q) = mn! (7 + 1) msn Z (=DM~ 2[7Y g 1 (5.3.4)

R R Yy R T i
So, the following result is refered by Kanjin in [68]. And we have

Theorem 5.3.1. The polynomials Z,) ,(q,q) form an orthogonal basis of the Hilbert space
L2(By, (1 - |qP%)7) with

0% R _ _ ]glnr(7+1)2m!n!('y+n+1)m(fy+m+1)n
By Znn (0, 3) Znm (4, D)ty (0) = m+n+y+1 '
(5.3.5)

Proof. We have

/B1 erryl,n (q/ (7) Z;ly,m (q/ Q)d:u’Y(q) = /Iqeg /B1ﬂC1q an,n (q/ q)ZT;y,m (q/ q)d‘u’Y (q)dU(IQ)
(5.3.6)
From the theorem [6.2.3]in Appendix, we obtain

_ISIAT (y + 1)2minl(y + n 4 Dy +m+ 1),
m+n+y+1

[ 20, D E (@, D (0
1

(5.3.7)
Witch complete the proof. O
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Now, we give the explicit expression of the Cauchy transform C defined from
L*(By, (1 |q|*)7) into L*(By, (1 — |4I*)7) by

Co())(g) = = 1N(qu)f(rﬂ)(1 — |p*)7dA(q)

7T JB

on the associated Zernike functions Z, ,(,7). Now for instance that for the
generic elements ey, ,5(q,9) := ¢"g" (1 — |q|?)°. we have

. _ [ 1ifk>0,
k=Y 0 ifk<o.

Then, as analog of Cauchy’s actions on the generic eleements in quaternionic
setting. We have the following result:

Theorem 5.3.2. Let m,n be two given nonnegative integers and s such that . Then, for
m > n, we have

_ S|gtgmt! s+l Ly+s+m+2
Cg (emn,s(q,7)) = Hq— (1 - |‘7|2) 2h ( 7 ‘|q|2) (a)

(m+1) m+2

And if n > m, we have
’ |qn m+1

v+s+1 1, +s+m+2
gy (1= 1R) R (MR ) o

Proof. The proof is immediate using Lemmas|5.2.2land [5.2.3| Then, we have

/BN(M prdu(p +/

|q]

Ce (emns(q,9)) =

7T
Iq\

Ci(emns)(q) = 1 ( ndﬂ(P))

- (“ | P A= pP)dAG)

By

—g [l >'Y+Som<q>)

lq]
1 +°°

_ e f/|‘7|// pmtlrnolme=mé (1 _ 2)Y4S 1 drdor (1) d6
——Zq /||/~/ rmflfﬁJrneI(mflf@*n)g(l_rz)'wrsrdrd(f(l)d@
ql /S JO

9/ 1
P — )75 — ey /| 2 ”Y*Sdt)

~ q
— |S|qm—n—1 €nm /
0 q|

s lal? 1
= [S|g" ! <€n—m/ P11 — )74t — ey 1/| ) "1-t) 7+Sdt>
0

ql
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By taking the case of n > m and applying to the integral in the right hand-side
of 524 withb =m+1, —a = y+sand x = |g]2.

The identity corresponding to m > n follows in a similar way with b =
Y+s+1,a=—-mand x =1— |g|% O

The next result is another equivalent hypergeometric representation of Z,), ,,(q,q).

Proposition 5.3.3. For nonnegative integers m,n € IN, we have

(=1)"" (Jm = n] + Dman (v + D7 @)"q"

Zhn(q,q) =
m,n(q q) (v+Du(y+ Dy +mVn+1)man |Q|2.mAn
—nAm,y+mvVn+1 2
2h ( lm—n|+1 “q‘ ) . £

Proof. The proof is immediate by making use of the previous proposition in
complex setting , and takingk = n Am, b = —mVn,c = —(y+m+n)and x =
1/]q/?, so that

((,Y—J’_l)”“r”)z (_1)nAm(_mVn)nAm (ﬁ)mqn
(’7+1)m\/n(’)’+1)n (—(’y—|—m+n))n/\m |q|2.mAn

—n,y+m+1 D)
2F1< m—n-+1 ‘|q|)
which completes the proof. O

Remark 5.3.4. The right-hand side of (5.3.9) can be used to extend the definition of Z,), , to
negative integers n, m. Therefore for v > —1, if m > 0, we have

Zr’vym (9,9) =

(v + 0™ (0= 1aP) (1rems

Ce (Zrliyq,0> (q) = _|§| (m + 1) m-+2 ‘|ﬁl|2) (5'3'9)

If n > 1, we have

y _ISlg"g Ly+m+2 |
CJB(Zo,n)(q)—(,YH) (1 |q|) 2B 2 | %),  (5.3.10)

Theorem 5.3.5. For every positive integers 0 < m,n and real v > —1, we have

~ 1
Co(Zh)] (0) =Bl (1 - 1) 2240, (0.9). (53.11)

Proof. The proof can be handled as follows. By direct computation, using (5.3.2))) and
the facts That the polynomials Z,), ,,(g,7) in (5.3.4) can be rewritten as

AT (1) O (30)
Binl,) = '(’YH)M”]% (v +1)j! (m—j)l(n—j)r
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we arrive at
[CB(23,0)] (a) = 18] [Cv(Z%,n(q,ﬁ))} ()
=181 (1-1aP)"" 210 0.0
This completes the proof of theorem . O

Now, we denote E the orthogonal complement of the subspace spanned by the
set {Z),,(q,9); forallm € N} in the space L? (B, dy.) .

Proposition 5.3.6. The adjoint operator of C, on E was given by

[CB]" (f) = —CBf
Corollary 5.3.7. If v > —1/2, the Cauchy transform is contunious on E with

ICwI< 8] vy + 1.

Proposition 5.3.8. Let M., denote the multiplication operator by (1 — |B|?)7. Then, the
following first order differential equation

oCp f
05

holds true for every f € {2, ,(q,9); for all m € N} in the space L? (B, dy.,).

Proof. We need only to proof the assertion for f belonging to { Z, ,(g,7); forall m €
IN}+. Such function can be expanded as

= Z Z”Zmznyi,n(q/q)

m=0n=1

Thus using the linearity of Cauchy operator C and Theorem we get

[Co(A] (@) = Y X amn [CB(Zmn)] ()

=8 (1 1q2)"" <Z Zamnz;’ﬁf 1 q)).

~[S|My f,

m=0n=

So,

A _ g - zamn (1-1aP)" 28nta )

m=0n=

—[SIM,f.
This, which is completes the proof.
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Chapter 6

Appendix: Generalized Zernike
functions

We review and complete the study of the generalized 2D Zernike polynomials. We
provide a hypergeometric representation and we derive a new integral representa-
tion involving a modified Blaschke function restricted to the unit circle. To this end,
we follow the idea in [72] by Kazantsev and Bukhgeim.

The remaining sections are organized as follows. In Section 2, we review the
Schrodinger factorization algebraic method for generating the disk polynomials Z,), ,(z, 2).
We also establish an integral representation for this class of polynomials and show
that they form an orthogonal basis for the Hilbert space L?(D, dy.,), with respect to
the measure dy, (z) = (1 — |z|?)7dxdy; v > —1. Section 3 is devoted to the explicit
action of the Cauchy transform C, on the associated functions. Furthermore, it is
shown there that the construction of Z) ,(z,Z) is intimately related to the factoriza-
tion of a special magnetic Laplacian.

The disk polynomials Z,) ,(z,z) of the two conjugate complex variables z = x +
iyandz = x — iy, x,y € R, in the unit disk D = {z € C,|z| < 1}, are defined by the
Rodrigues formula (up to a multiplicative constant)

m+n

Zin(z,2) = ()= )T I (= P 60

and are often referred to as generalized Zernike polynomials. Their explicit expres-
sion is given by

mAn -1 j 1— ZZj mej anj
er%,n(z,f) =mn!(y+ 1) min Z (=1)/( 1z]%)

j=0 (Y+1);7t (m— )l (n—j) (6.0.2)

The suggested definition of Z,), ,(z, z) agrees with the one provided by Koornwinder
[74, 75] and Dunkl [34] 36] as well as the one considered by Wiinsche [100], being
indeed

Z) (22) = (v + Dinsn P n(z,2) = (7 + DR (2).
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The limit case of v = —1 leads to the so-called Scattering polynomials, while for
v = 0 and m < n, they turn out to be related to the real Zernike polynomials R} (x),
introduced by Zernike himself ([104]) in his framework on optical problems involv-
ing telescopes and microscopes. More exactly, we have

20, n(2,2) = (m + n)le U ABIRIT((/27).
The polynomials R} (x) play an important role in expressing the wavefront data in

optical tests and in studying diffraction problems [105]. The polynomials Z}, ,(z,2)
are closely connected to the real Jacobi polynomials

g (—1)"

PR (x) = (1—x) ™ (1+x) 2l dx"

((1 . x)n—l-zx (1 + x)n-i-ﬁ) )
Namely, we have ([59,69])
2 1(2,2) = cpu|z| il -m argZ plm ) (4 _172), (6.0.3)
Where ¢ = T(y +1)(=1)"Mm An)!(y+ mAn+1)myn.
Moreover, starting from (6.2.3) or (5.3.4), one can express Z; ,(z,z) in terms of
the Gauss-hypergeometric function > F; reads ([100, p. 137])

—m,—n

Za(22) = (v Dsa2"2'aF: (1

1-— #) . (6.0.4)

Equivalently ([34, p. 692] or [36] p. 535]), we have

- +1) +n)2 _ —m,—n
Z’)’ — ((’Y m mon_r. s
mn(2:2) (’Y+1)m(7+1)nz s —y—m—n

#) (6.0.5)

The next result is another equivalent hypergeometric representation of Z,), ,,(z, ).

Proposition 6.0.9. For nonnegative integers m,n € IN, we have

(=D)""™(y + Dinlm = 1l + Dman (2)"2"

Zr (z,2) =
(3 2) = O Doy + 10V 1 T Do [227
—n/Am,y+mVn+1 2
><2P1< |m_n|+1 “Z‘ ) (606)

Proof. This is immediate making use of (6.0.5) combined with [85, Eq. (15.8.6)]

Kb\ Ok, k1—c—k |1
ZFl( c ‘x)—c—)k“x)zﬁ 1-b—k |x
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fork=nAmb=-mVnc=—(y+m+n)and x = 1/|z|? so that

((7r + 1)m+”)2 (_1)n/\m(_m V 1) pam (Z)"2"
(r)’ + 1)m\/n(’)’ + 1)n/\m(—(’)/ +m+ n))n/\m|z|2.m/\n

—nAm,y+mvVn+1 5
<ah (T ).

Z,?m(z, Z) =

Therefore, we get since

and
(Y 4+ Dman = (y+mVn+ 1D pam(y + 1) mvn
O

Remark 6.0.10. The right-hand side of can be used to extend the definition of Z,, ,
to negative integers n, m.

6.1 Integral representation for Z,),,

The expressions (6.0.4)), (6.0.5) and (6.0.3) can be used to derive integral representa-

tions for Z,), ,,(z, Z), using the classical integral representations of the Gauss hyperge-
ometric functions and the Jacobi polynomials. However, using elementary facts we
give a new integral representation which is of independent interest.

Theorem 6.1.1. The following integral representation

-1)"(y+m+1),m! - F—z)""
Z,Y/n(Z,Z) ( ) (7 ) (1 | 2 |2> ryj{ﬂ_l pytmtn ((t z; — dt
6.1.1)

holds for the generalized Zernike polynomials Z,) ,(z,Z).

Proof. For the proof, we proceed as in [72]. Start from

(2 = () (b m ) (1-2) T ( (1- 1 |2>v+m>

and use the ordinary binomial expansion with the factorial function

(1-¢)" f%a
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to get

1S (= —m)j 9"

Zin(z2) = ()" (y D (1= 2 P) L T
j=0 ’
Now, since ,
m . ! ptn
s ]+n — m. \%
oz (™) 27i Jig=1 (t — z)m“dt'
it follows

27ti —z)m+l

—1\m | — n T (v —m

This proves (6.1.1)).

Corollary 6.1.2. For every nonnegative integers m and n, real y > —1and z € D, we have

the following estimate
0 - y—1 (1 2\ 7
[Zmn(2,2)] < 27 (y +m 4 D)|m! (1= |2 7).

Proof. From (6.1.1), we obtain

—y 27 1_ei92|7+m
7 oy < L Em Dulmt gl |
Zha(z2)| < B S (1 2 )
! - 21 . -1
21 0

-

< 27 (y o Dl (1= | 2 )

O
Another immediate consequence, we derive the following.
Corollary 6.1.3. We have
Zh1(0,0) = (=)™ (y +m+ 1) ym! Sy . (6.1.2)

Proof. The result readily follows from (6.1.1) by specifying there z = 0. Indeed, we

have

2711
= (=1D)"(y+m~+1)um!'6p .

-1)"™(y+m+1),m! — _
Z;}y/[n — ( 1— 2 tTl (m+1)dt
4(0,0) . (1-121) "¢
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Moreover, we recover its analogue obtained in [67, Eq (3.13) Theorem 3.3] for for
the complex Hermite polynomials

—+n
o ymrn 22 9T P
Hpyn(z,z) == (=1)"""e TR (e ) :

Corollary 6.1.4. We have
Hpn(0,0) = (=1)"m!dy, .

Proof. Starting from the explicit expression of Z,) ,(z,z) and Hy, »(z,2), it is not hard
to prove the following limit

2
. Zha(z/p.2/ _
tim Enn IO ),
Thus, using the Binet formula, we get
Hypn(0,0) = Lim (—1)"m!é L(p*+2m+1) _ (—1)™m!s
mn\\Ys p—s-+o0 . m,anmr(p2+m_|_1) Ymn-

]

We conclude this section by proving that the polynomials Z,), ,,(z, Z) constitute an
orthogonal basis of the Hilbert space L>7(D) := L? (D, du.,) of all square integrable
complex-valued functions on D with respect the measure

Y
dy(z) = (1— | z ]2> dxdy,y > —1,

dxdy being the Lebesgue measure on D; where z = x +iy and x,y € R.

6.2 Spectral realization of generalized Zernike polyno-
mials

The unit disk D = {z € C; |z| < 1} is endowed with the standard hyperbolic geom-
etry associated to its Poincar metric

1
2. =
dS = m{ﬁ@dz

The magnetic Schrodinger operator associated to a given the potential vector 6 (dif-
ferential 1-form) is defined by

£, = (d +ivext(0))*(d + ivext(0)),
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where d and ext(6) are respectively the differential operator and the exterior multi-
plication by the differential 1-form 6. The adjoint operation is taken with respect to
the Hermitian scalar product on compactly supported differential forms

(a, B) ::/D(x/\*ﬁ,

where x is the Hodge star operator canonically associated to the hyperbolic metric
ds?.
For the particular

—iv(zdz — Zdz)‘v
1|z 7

0(z) = (3 — ) log(1 — |z|?) = >0,

the associated £, leads to the twisted Laplacian
02 d d
—_ (1 _ 22 Y i 2 v -9 2112
£, =—(1—1z|%) 5295 v(1l—|z| )(zaz ZE)Z) + v7|z|

acting on the L2-Hilbert space L?(D; (1 — |z|?) "2dxdy). It is essentially the Laplace—

Beltrami operator
82

—(1=|z]?)2=2—

(1=1=%) dz0z’

perturbed by the rotation operator

J _0
N =v(1-|z[?) (ZE —zg) :

The second order differential operator £, is clearly an elliptic self-adjoint and
their spectral properties are well-known in the literature (see for example [106) [60]
and the references therein). Its discrete L?-spectrum is nontrivial if and only if v >
1/2. It is given by the eigenvalues

Ay i=v(2m+1) —m(m+1)

for varying positive integer m such that 0 < m < v —1/2. Its factorization la
Schrodinger involves the first order differential operators V,, and and its formal ad-
joint Vg,
Ve=—-(1- \z\z)i +az, Vy=(1- |z|2)i +(a+1)z
‘ 0z ’ ! 0z '
More exactly, we have the following algebraic relationship ([46} 59]])

»81/ - V:VV —V = vv_lv;i_l + v,
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and therefore
LV, = (Vy,1V$_1 + 1/) Vi1 =Vy1 (-1 + (2v — 1)) .

Hence, the first order differential operator V,_1 allows one to generate L?-eignefunctions
of £, from those of £, _1. More generally, if ¢g is a nonzero L?-eigenfunction associ-
ated to the lowest eigenvalue of £,_;;, then

V’fn(Po =V,10V, 50--:0 v1/—;11(1)0
is an Lz-eigenfunction of £,.

Proposition 6.2.1. For every fixed real number v > } and nonnegative integer m such that
0<m<v-— %, the functions

¢%Azf)ﬁ=vﬁ(be—VFYPm), (6.2.1)
varyingn = 0,1,2, - - -, constitute an orthogonal basis of the generalized Bergman spaces
AV (D) := {¢p € L*(D; (1 — |z|*) "*dxdy); £, = Avm@}. (6.2.2)

Sketched proof. From the discussion above, The function ¢}, , in (6.2.1) are clearly
eigenfunctions of £,. Moreover, [

Associated to ¢}, ,(z,Z), we consider the polynomials
Zh(z,2) = (r 4 m+ (L= [22) 77V (21— 2.
Therefore, one recovers the Rodrigues representation of Z) ,(z,z) given through

(6.2.3) with y =2(v —m) — 1.

Theorem 6.2.2. The disk polynomials Z,), ,,(z,Z) form an orthogonal basis of the Hilbert
space L>7 (D) with

al(y +1)?minl(y+n+1)pu(y +m—+1),

. (623
myn4y+1 (62.3)

[, 2z 2) 2Lz, 2 () =
D

Proof. Notice first that under the condition y > —1, the monomials z™, and so z",
z"z" and Z,} ,(z,z), belong to the Hilbert space L>7 (D).

The orthogonal relation follows from writing the integral in polar coordinates
and applying the orthogonality of the Laguerre polynomials.

For completeness of Z,), ,,(z,Z) in L>7(D), we show that for every function i €
L?>7(D) such that Sy, (h) := (h, Z} ) 27(p) = 0, for all m, n, then h is a vanishing
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function. To this, notice that we can rewrite S, ,(h) as
Sun(h) = [ h(z)Z]0(z2)(1 - [2)"dxdy
D

1 r2n . . lm—n|
/ / h(rele)r‘m_ﬂel(m_”)epmm (1 —2r*) (1 —r*)rdrde
0 JO

1 2 —t . .
/ </ “h (,/1 5 te19> e’(m_”)9d9> P (1) (1 — )mnl2(1 4y,
-1 0

This follows using polar coordinates as well as the explicit representation of Z,), , in
terms of the Jacobi polynomials (See (6.0.3)) and the change of variable t = 1 — 22,
By discussing the signum of the integer k = m — n, we conclude that S, ,(h) = 0,
for all m, n, is equivalent to

[ </omh (V %89) eiked()) PR~ M1+ ty1dr =0,

for all nonnegative integer s (=min(m, n)). Making use of the Cauchy inequality, we
can show that involved function

27T _ . .
ts (14872 (1); Y A n (1t ) ik
8 8 ; 5

belongs L? ([—1,1],dt), for which it is known (see e.g. [45]) that the functions
ts PEY (1) (1= 21 4 £)172,

for varying s, form an orthogonal basis. Therefore, (14 t)7/2¢; = 0 and hence g = 0
a.e on [—1,1], for every k € Z. Subsequently, for every t € [—1,1] \ N, with N :=
Ur{t € [-1,1]; g« # 0}, we have

[0,277] 5 60 — h(0) = h (@ew)

belongs to L2 ([0,27] ;d0), by means Fubini theorem, and its Fourier transform van-
ishes at k, F(h¢)(—k) = gx(t) =0fort € [-1,1] \ N.

Thus, the function /i; = 0 a.e. on [0,27], and for almost every ¢t € [—1,1]. But, the
explicit expression of the norm is given in [68] by:

120 = (FE Pty 4 Dy 1) 12
i m4n+y+1

This completes the proof.
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