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Résumé

Les résultats présentés dans cette thése sont dédiés a I'analyse et au développement de
schémas numériques pour des modéles de chimiotaxie. Nous nous intéressons particuliérement
& des systémes d’équations aux dérivées partielles non-linéaires se basant sur le modéle de
Keller-Segel et décrivant la formation de motifs soit dans le domaine de la bactériologie, ou
dans le domaine du développement embryonnaire.

Pour tous ces modéles, nous présentons des approximations numériques adoptant une dis-
crétisation temporelle implicite linéarisée. Cette approche permet d’obtenir des schémas li-
néaires découplés afin d’éviter le coiit élevé de la résolution d’un systéme non-linéaire couplé.
En ce qui concerne la discrétisation spatiale, nous adoptons des schémas volumes finis utili-
sant des approximations de type upwind, exponentiel ou hybride (upwind/centré), dans le but
d’assurer la positivité et la stabilité de la solution numérique.

Ce travail a deux objectifs principaux : le premier objectif consiste & donner une analyse
mathématique des schémas proposés. Ainsi, dans les différents chapitres de cette thése, nous
prouvons 'existence, 'unicité, la positivité et la convergence de la solution numérique. Les
schémas implicites linéaires usuels ayant comme désavantage principal leur manque de préci-
sion, notre deuxiéme objectif est de développer de nouveaux schémas du méme type qui soient
plus précis et plus performants. Dans le chapitre 4, nous construisons ainsi un schéma semi-
exponentiel en temps pour des modéles de chimiotaxie-croissance. Un schéma découplé corrigé
pour une classe de modéles de chimiotaxie est aussi développé dans le chapitre 5. Plusieurs
simulations et tests numériques sont présentés dans cette thése afin de valider les résultats
théoriques obtenus et pour démontrer 'efficience des méthodes développées.






Abstract

The results of this thesis are devoted to the analysis and development of numerical schemes
for chemotaxis models. We are particularly interested in nonlinear systems of partial differential
equations based on the Keller-Segel model, and describing the process of pattern formation
which is performed by bacteria, or which appears during the embryonic development.

For all these models, we present numerical approximations which make use of a linearized
implicit time discretization. This approach allows us to obtain linear schemes, and to avoid
coupling between the equations to gain efficiency in term of computational cost. For the spatial
discretization, we consider finite volume schemes, combined with upwind, exponential or hybrid
(upwind /central) approximations to ensure the nonnegativity and the stability of the numerical
solution.

This work has two main objectives. The first one is to give a mathematical study of the
proposed schemes. Thus, in the different chapters of this thesis, the existence, uniqueness,
nonnegativity and convergence of the numerical solution are proved. Since the main drawback
of usual linearized implicit schemes is their lack of accuracy, our second objective is to develop
new schemes of the same type which are more accurate and more efficient. In chapter 4, a
time semi-exponentially fitted scheme for chemotaxis-growth models is thus constructed. A
decoupled corrected scheme is also developed in chapter 5 for a class of chemotaxis models.
Several simulations and numerical tests are performed in this thesis to validate our theoretical
results and to demonstrate the efficiency of the developed methods.
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1.1 Contexte général et motivation

1.1.1 Les mathématiques et les sciences du vivant

Malgré que les mathématiques soient & l'origine un ensemble de connaissances abstraites,
elles jouent un role fondamental dans la compréhension du monde qui nous entoure. Cette
"déraisonnable efficacité des mathématiques dans les sciences de la nature" comme I’a décrite
Wigner [91] (prix Nobel de physique en 1963), est depuis longtemps une réalité universellement
reconnue, tant elles ont prouvé au cours des années, leur capacité d’adaptation aux problémes
du monde réel. En sens inverse, les mathématiques ont toujours bénéficié de leur implication
dans le développement des sciences. Les difficultés rencontrées dans celles-ci ont souvent stimulé
des progrés considérables dans ses différentes branches.

La relation qu’entreprend les mathématiques avec la physique reste I’exemple le plus fasci-
nant de cette complémentarité. En effet, il n’existe aucun domaine de la physique o elles ne
sont omniprésentes. Notre facon de concevoir les phénomeénes naturels de 'univers ne peut étre
précisément traduite que dans un langage mathématique. Les équations de Newton, d’Einstein,
de Maxwell ou de Schrédinger, et beaucoup d’autres formulations des lois physiques montrent
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avec clairvoyance ce fait, ou bien peut étre beaucoup plus, comme dit Feynman (prix Nobel
de physique en 1965) : "seules les propriétés mathématiques du monde nous sont accessibles".
D’autre part, 'intérét que portent les mathématiciens pour les problémes issus de la phy-
sique entrainent dans plusieurs cas, le développement de nouvelles méthodes, I’aboutissement
a de nouveaux résultats ou la création de nouvelles branches mathématiques. C’est le cas par
exemple du calcul différentiel et intégral qui a progressé grace a des échanges avec la mé-
canique et la thermodynamique, de la théorie des équations aux dérivées partielles qui doit
beaucoup aux travaux de d’Alembert sur la vibration des cordes, des séries de Fourier initiale-
ment développées pour la résolution de ’équation de la chaleur. L’influence de la physique sur
la communauté mathématique se voit aussi clairement par 'attribution de la médaille Fields,
plus prestigieuse récompense en mathématiques, au physicien théoricien Edward Witten en
1990, ainsi que par 'attribution de ce prix a plusieurs reprises pour des travaux en lien avec
la physique.

Il reste que, ces derniéres années, nous assistons & l’explosion de 'intérét des mathémati-
ciens pour un autre domaine scientifique fondamentalement différent : les sciences du vivant.
La biologie mathématique, aussi appelée biomathématique, est un champ de recherche avec un
vaste domaine d’application en sciences du vivant tels que : la biologie, I’écologie, la médecine,
etc. Le lecteur intéressé pourra consulter 'excellent ouvrage de J.D. Murray [57], qui est une
référence dans la matiére.

Cette branche des mathématiques appliquées qui ne suscitait 'intérét que d’un nombre
trés restreint de scientifiques dans la premiére moitié du vingtiéme siécle, compte actuelle-
ment des milliers de chercheurs. De plus, pour mener & bien leurs travaux qui nécessitent un
ensemble de connaissances et de compétences, les biomathématiciens ont souvent besoin de
la participation de spécialistes de différents domaines. Ainsi, beaucoup de résultats dans ce
champ de recherche ont été le fruit de collaborations entre biomathématiciens, mathématiciens,
biologistes, physiciens, biophysiciens, biochimistes, ingénieurs biologistes, physiologistes, can-
cérologues, biologistes moléculaires, généticiens, embryologistes, zoologistes, etc. D’autre part,
les disciplines mathématiques trouvant leurs applications dans la biologie et dans les autres
sciences du vivant sont de plus en plus nombreuses, on peut citer : les systémes dynamiques,
les équations différentielles et les équations aux dérivées partielles, le calcul scientifique, les
probabilités, les statistiques, I’algeébre linéaire, la théorie des graphes, la géométrie algébrique,
I’analyse combinatoire, la théorie des groupes, etc.

Par conséquent, et de fagon similaire & la physique, les sciences du vivant sont devenues un
véritable catalyseur pour le développement des mathématiques. Michael Mackey, ex-président
de la société de biologie mathématique, affirme ce fait : "Dans mes 40 années et plus de re-
cherche, je continue a constater que les problémes en biomathématique nous dévoilent presque
toujours des domaines inexplorés et inexploités des mathématiques", et Mackey est allé encore
plus loin : "Pour plusieurs années, la physique a été la source principale d’inspiration pour l'in-
novation en mathématiques appliquées, mais & mon avis, c’est les sciences biologiques, dans
leur sens le plus large, qui joueront ce role dans ce siécle" [4I]. Ainsi, et pour ne citer que
quelques exemples, les équations de Hodgkin-Huxley [37] et le papier de Turing sur la morpho-
géneése [89] ont inspiré beaucoup de travaux concernant les équations de réaction—diffusion, la
formation des motifs et les ondes progressives |27 [79]. Les statistiques algébriques, nouveau
champ de recherche des mathématiques appliquées, a été fortement stimulé par des problémes
en biologie [68]. Des progrés considérables en géométrie de I'information ont été le résultat de
son utilisation pour analyser différent phénomeénes biologiques [41]. En paléontologie, la ques-
tion de savoir comment comparer les dents a conduit & de nouvelles perspectives en géométrie
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conforme [51]. Pour d’autres exemples de 'influence de la biologie sur le développement des
mathématiques, nous référons a [73].

Cependant, malgré cette diversité des disciplines intervenant dans la biologie mathéma-
tique, le but ultime de celle-ci reste dans la plupart des cas, la modélisation mathématique
et son corollaire, la simulation numérique. L’utilité de la modélisation mathématique dans les
sciences du vivant peut se résumer en trois points essentiels :

e Meilleure compréhension des phénomeénes biologiques : et cela, par I’étude quantitative
des différents paramétres régissant un systéme biologique, ainsi que les relations existant
entre eux. Cette conceptualisation ou théorisation du systéme vivant, a besoin néan-
moins d’une validation expérimentale, et peut étre éventuellement révisée ou rejetée.
Elle a aussi parfois comme objectif de proposer de nouvelles approches expérimentales
pour approfondir les connaissances concernant le phénoméne étudié.

e Prédiction et anticipation : L’intérét des modéles mathématiques apparait aussi dans
leur habileté a prédire les événements, méme dans les situations les plus délicates. C’est
le cas par exemple de la modélisation de la propagation des maladies infectieuses [32].
Le nombre de cas d’infection, le nombre de malades qui doivent étre hospitalisés, le
pourcentage de la population qui doit étre vaccinée et bien d’autres informations que
peuvent procurer ces modéles, permettent d’élaborer des politiques de santé publique
efficaces. Il faut toutefois signaler que ces prédictions restent approximatives, et peuvent
étre totalement trompeuses si les hypothéses adoptées pour la construction du modéle
sont incompatibles avec le systéme étudié.

e Controles des phénoménes : les principaux parameétres déterminant 1’évolution d’un sys-
téme biologique étant représentés dans le modéle, différentes stratégies de controles
peuvent étre développer en agissant sur ceux-ci. L'impact de chaque stratégie peut étre
ensuite évalué par des simulations numériques.

1.1.2 Motilité cellulaire et taxie

La cellule est une structure microscopique complexe, constitutive de tous les étres vivants,
et caractérisée par son pouvoir d’assimilation. Comme tout organisme vivant, le mouvement
est une caractéristique essentielle de la cellule. Lors du déplacement de celle-ci, on peut dis-
tinguer deux cas différents :

e Déplacement passif : dans cette situation, le déplacement de la cellule se fait sans
consommation d’énergie, c’est le cas par exemple d’un globule rouge se déplagant d’une
maniére spontanée dans un vaisseau sanguin, poussé par la force motrice de la circulation.

e Déplacement actif : ce cas se caractérise par une consommation d’énergie lors du
déplacement. Le déplacement d’un spermatozoide dans un milieu liquide est un dépla-
cement actif, puisque sa force motrice est due a I'action de son flagelle.

En biologie, la motilité cellulaire référe a la capacité d’une cellule a se déplacer spontané-
ment ou sous leffet d’un stimulus (facteur naturel déclenchant une réaction physiologique).
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Toutes les cellules sont en mouvement & au moins une période de leur cycle de vie, méme les
cellules des tissus de l'organisme connaissent plusieurs migrations en phase embryonnaire.

Quand le déplacement actif d’une cellule est lié & un signal extérieur, on parle de la taxie ou
du tactisme. La taxie est un mouvement plus ou moins automatique qui rapproche ou éloigne
d’un stimulus (par exemple : s’approcher d’une source de chaleur ou s’en éloigner). Le terme
"taxie" (ou "tactisme") est souvent précédé d’un préfixe qui indique la nature du stimulus
auquel les organismes d’un systéme donné répondent. Il existe énormément de types de taxie,
dans ce qui suit, nous présentons quelques unes :

e Aérotaxie : migration d’un organisme vivant en fonction de la variation de la concen-
tration en oxygeéne. Certaines bactéries se servent de ’aérotaxie pour atteindre un milieu
avec une concentration d’oxygéne optimale pour leur croissance.

e Chimiotaxie : phénomeéne qui permet aux organismes vivants de diriger leurs mouve-
ments en réponse a des substances chimiques du monde extérieur.

e Electrotaxie : type de taxie référant au mouvement dirigé de cellules (ou d’organismes
pluricellulaires) sous l'effet d’un champ électrique.

e Magnétotaxie : capacité a se déplacer le long de lignes d’'un champ magnétique. Les
premiéres bactéries magnétotactiques ont été découvertes en 1975.

e Phototaxie : processus par lequel les organismes vivants dirigent leurs mouvements
sous l'influence de la lumiére présente dans leur environnement. Lorsqu’il y a attraction
vers la lumiére, la phototaxie est dite positive. Lorsqu’il y a répulsion, elle est dite né-
gative.

Parmi toutes les formes de taxies qui existent, la chimiotaxie reste le mécanisme le mieux
compris, et celui qui suscitent le plus d’intérét en raison de son roéle clé dans un large éventail
de phénoménes biologiques. La chimiotaxie joue un réle crucial durant le cycle de vie : les
spermatozoides sont ainsi attirés vers 'ovule par des substances chimiques qu’elle secréte [35] ;
dans la phase du développement embryonnaire, elle intervient par exemple dans la migration
cellulaire au cours de la gastrulation [2I] ou durant la formation de motifs sur la peau de
certains animaux [58] ; ce méme mécanisme est rencontré dans de nombreux autres phénomeénes
tels que la cicatrisation des plaies [20], la croissance tumorale [74], 'angiogenése [82] etc.

La chimiotaxie est aussi liée & un champ de recherche qui suscite I'intérét d’un trés grand
nombre de chercheurs : la formation des motifs dans les systémes biologiques. En effet, les
substances chimioattractantes qu’émettent plusieurs types de bactéries leur permettent de
s’organiser et de s’agréger formant une multitude de types de structures. C’est le cas des for-
mations hexagonales d’une bactérie de type Vibrio présentées dans la Figure des anneaux
continus générés par la bactérie Salmonella typhimurium (Figure ou des motifs sous forme
de spots remarquablement symétriques (voir Figure formés par la bactérie Escherichia coli.
Le mécanisme de chimiotaxie, supposé se déclencher & un stade du développement embryon-
naire, intervient aussi dans 'organisation des cellules mélanocytes. Ces cellules sécrétent un
pigment appelé mélanine, responsable de la couleur que prend la peau. Les motifs remarqués
sur la peau ou sur le pelage de certains animaux (voir les Figures et [L.5)) sont le résultat
de la présence ou de ’absence des cellules mélanocytes, et par conséquent de la mélanine.
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Figure 1.1 Exemple de motifs générés par des bactéries de type Vibrio (figure provenant de la référence

I88]).-

Figure 1.2 Anneaux continus générés par la bactérie Salmonella typhimurium (figure provenant de
la référence [94]).
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Figure 1.3 Exemple de motifs générés par la bactérie Escherichia coli (figure provenant de la référence

[12]).

Figure 1.4 Motifs sous forme de bandes sur le tégument d’un nouveau-né alligator (figure provenant
de la référence [58]).
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Figure 1.5 Exemple de motifs sur la peau d’un serpent.

1.2 Le modéle de Keller-Segel

1.2.1 Présentation du modéle

La modélisation mathématique en chimiotaxie joue un réle trés important dans la com-
préhension des observations expérimentales. Elle date des travaux pionniers de Patlak en 1953
[72], et de Keller et Segel en 1970 [44] [45]. Le systéme de (Patlak-) Keller-Segel ainsi que
ses nombreuses variantes restent, jusqu’a aujourd’hui, la classe de modéles la plus populaire
dans I’étude des mouvements cellulaires dirigés selon des gradients chimiques. Sous sa forme
classique, le modéle de Keller-Segel se présente comme suit :

{3tu:DuAu—V-(Xch), (1.1)

Os¢ = D. Ac+ au — fe.

Dans le systéme ci-dessus, D,,, D¢, X, « et 5 sont des constantes strictement positives. La
densité cellulaire ainsi que la concentration de la substance chimioattractante sont représentées
respectivement par u = u(z,t) et ¢ = c¢(z,t), ot x € Q C RN et t > 0. Le systéme est complété
par les conditions initiales positives (ug,cp), et dans le cas ou 2 est un borné de RV, par des
conditions de type Neumann homogéne :

Vu-v=Ve-v=0.

Concernant les paramétres du modéle , D, représente le coefficient de diffusion des
cellules et D, le coefficient de diffusion de la substance chimioattractante, x désigne la sensi-
bilité des cellules au chimioattractant, a et 8 sont respectivement les taux de production et
de dégradation de c(z,t).
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Le modéle de Keller-Segel a été initialement proposé pour I’étude du phénomeéne d’agré-
gation de certains étres vivants unicellulaires appelés amibes, et plus précisément des amibes
Dictyostelium discoideum. Celles-ci, en cas de manque de nutriments, sécrétent une substance
chimioattractante qui attirent les autres amibes pour former une entité pluricellulaire. Ce nou-
veau organisme se développe en une structure pouvant produire des spores qui seront alors
disperser dans le but de trouver un environnement plus viable.

Dans le systéme (|1.1), le terme V - (x uVc¢) modélise le mécanisme de chimioattraction.
Par opposition, si xy < 0, on dit qu’il y a chimiorépulsion. Le modéle de Keller-Segel présenté
refléte un nombre d’hypothéses qu’il est important de souligner :

e L’hypothése de diffusion a été prise en compte aussi bien pour les cellules que pour
le chimioattractant. Il est & noter cependant que, dans plusieurs cas, la diffusion de la
substance chimioattractante est beaucoup plus rapide que celle des cellules, de ce fait,
la deuxiéme équation du modéle peut étre remplacée par I’équation elliptique

0= D.AcH au — Bc. (1.2)

e La deuxiéme équation du modéle modélise le fait que le chimioattractant est produit par
les cellules elles-méme, et qu’il y a une dégradation de ce produit chimique au cours du
temps.

e La masse de la densité cellulaire est conservé au cours du temps dans la premiére équa-
tion du modéle. Cela est compatible avec le fait que 'amibe Dictyostelium discoideum
arréte sa prolifération lors du stade d’agrégation. Le modéle reste aussi applicable lors
de I'étude de I'agrégation des bactéries, puisque la majorité des expériences in vitro ne
durent que quelques minutes ou quelques heures, par suite la prolifération et la mort des
bactéries restent négligeables. Cependant, certaines expériences durent des jours, et la
prise en compte de la croissance bactérienne devient nécessaire [69].

Plusieurs variantes du systéme (1.1)) ont été développées pour modéliser différents phéno-
meénes. Nous référons a [69] pour une discussion sur ces différents modéles. Une forme générale
enveloppant la plupart de ces variantes se présente comme suit

{ 0w =V - (k1(u, c)Vu — ka(u, c)uVe) + kz(u, c), (1.3)

Orc = DcAc + ky(u, ¢) — ks(u, c)e,

ou k1(u,c) désigne le coefficient de diffusion des cellules, k2(u, c) représente la sensibilité des
cellules & la substance chimioattractante, k3(u,c) décrit la prolifération et la mort des cel-
lules, enfin, k4(u, c) et k5(u,c) sont des fonctions décrivant la production et la dégradation du
chimioattractant.

1.2.2 Existence et prévention d’explosion en temps fini

De point de vue mathématique, le modéle de Keller-Segel ainsi que sa forme parabolique-
elliptique (ou la deuxiéme équation de est remplacée par ) ont été 'objet de plusieurs
travaux, spécialement en raison de I'explosion en temps fini de leurs solutions. En effet, sous
certaines conditions, la diffusion cellulaire est dominée par le terme de chimiotaxie, ce dés-
équilibre implique une explosion de la densité des cellules. Dans ce contexte, il convient donc
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de savoir sous quelles conditions la solution explose-t-elle dans un borné  de RY, ou dans
I'espace tout entier de RV ?

Pour le modéle en dimension 1, I'existence de solutions globales en temps et uniformément
bornées est établie [66]. La situation est différente en dimension 2, plusieurs résultats ont été
prouvés dans ce cas, on se contente de présenter quelques uns :

e Si ) C R? est un borné connexe de frontiére C2, alors la solution du systéme parabolique-
elliptique existe globalement en temps et est uniformément bornée si ax||uo|| (o) <4m.

Dans le cas out ax||luo|lpi(q) > 4, la solution explose si / uo(z)|z — q|* dz est assez
Q

petit [63], oul ¢ est un point appartenant a la frontiére de €.

e Si  C R? est une boule et si la condition initiale ug présente une symétrie radiale,
alors la solution du systéme parabolique-elliptique existe globalement en temps et est
uniformément bornée si la condition axl|uglpi(q) < 87 est vérifice. Dans le cas ou

ax||uol| L1 () > 87, la solution explose si / ug(z)|z)? dz est assez petit [64, 61].
Q
e Si Q=R?, le seuil critique pour Pexplosion est aussi ax||ug|l 1) = 87 [62].

e Si O C R? est simplement connexe, et pour tout m > 47 tel que m ¢ {4kt \ k € N},
il existe une condition initiale (uo, co) avec ax|luol|z1(q) = m tel que la solution du sys-
téme parabolique-parabolique explose en temps fini ou infini [40, 80]. Par contre, si
ax|luol| L1 () < 4w la solution existe globalement en temps et est uniformément bornée
64, 29].

En dimension supérieur, si  C RY (N > 3) est une boule, alors pour toute masse m > 0
avec ax|uollz1) = m, il existe ug et vy tel que la solution du probléme (I.1)) explose en
temps fini ou infini [92]. Pour plus de résultats concernant I’analyse mathématique du modéle
de Keller-Segel, nous référons a titre d’exemple a [38], 39].

L’explosion en temps fini de la densité cellulaire n’étant pas un phénomeéne biologiquement
acceptable, plusieurs approches ont été proposées pour éviter ce comportement pathologique
de la solution du systéme de Keller-Segel. Une approche consiste & considérer une diffusion
non-linéaire pour la densité cellulaire en remplagant la premiére équation du systéme par :

Ou =V - (D(u) Vu — xuVe),

ott D(u) > duP, avec § > 0. Dans ce cas, si  est un ouvert borné de frontiére C? appartenant
a RY Iexistence d’une solution faible bornée a été établie sous la condition p > 2 —4/N [46].
L’existence d’une solution bornée est aussi vérifiée pour les modéles avec effet de remplissage de
volume (volume-filling models). Dans ces modéles, on modifie la sensibilité du chimioattractant
par une fonction x(u) qui s’annule lorsqu’elle atteint un certain seuil u,, [19]. En particulier,
on peut éviter ’explosion en temps fini de la solution en adoptant ’équation suivante

0w = Dy Au—V - (u(l —u)Ve).

D’autres approches visant a empécher 1'explosion en temps fini de la solution consistent a
ajouter un terme modélisant la croissance cellulaire a la premiére équation
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Ou = Dy Au—V - (xuVe) + f(u),

ou f vérifie certaines propriétés [86, 03]. L’existence d’une solution bornée est aussi vérifiée
en dimension 2 dans le cas du modéle de Keller-Segel avec diffusion croisée, c’est a dire en
remplagant la deuxiéme équation de (1.1)) par

Orc = D, Ac + §Au + au — fe,

avec 0 > 0, ou par la forme elliptique de I’équation ci-dessus [36]. Enfin, nous signalons que
si le terme source dans la deuxiéme équation du systéme (|1.1)) est borné, ’explosion en temps
fini n’a pas lieu. Un exemple de cette situation est de considérer I’équation suivante [18]

U
u+1

Oic=D.Ac+ « — Be.

1.2.3 Approximation numérique du modéle de Keller-Segel et de ses va-
riantes

Une littérature significative existe en ce qui concerne les méthodes numériques pour la
résolution du modéle de Keller-Segel (1.1]) et de ses variantes.

Des schémas différences finies ont été introduits dans [77] par Saito et Suzuki, et dans
[90] par Tyson et al.. Concernant la méthode des éléments finis, nous mentionnons le schéma
conservatif avec correction de flux de Strehl et al. [84] [83]. Une méthode éléments finis mixtes
a été aussi proposée par Marrocco [53]. Un schéma volumes finis d’ordre deux a été développé
par Chertock et Kurganov [I7]. D’autres méthodes ont été introduites pour différentes versions
du modele de Keller-Segel, a savoir la méthode de maillages mobiles adaptatifs développé par
Budd et al. [10], la méthode des différences de potentiels de Epshteyn [22] et la méthode de
lattice Boltzmann proposée par Yang et al. [95].

D’autres travaux se sont intéressés aussi & 'analyse mathématique des schémas proposés.
Des estimations d’erreurs pour un schéma élément finis conservatif ont été obtenues par Saito
[75,[76]. Des estimations d’erreurs ont été aussi prouvées pour un schéma de Galerkin discontinu
par Epshteyn et Kurganov [23] pour le cas semi-discret et par Epshteyn et Izmirlioglu [24] avec
prise en compte de la discrétisation temporelle. Une analyse de convergence a été aussi établie
par Blanchet et al. pour un schéma de plus forte pente [9], et par Haskovec et Schmeiser pour
une approximation particulaire stochastique [33], 34].

Concernant les schémas volumes finis, une analyse de convergence d’un schéma volumes
finis de type upwind pour la version parabolique-elliptique de a été réalisée par Filbet
[28]. Pour la preuve de convergence aucune hypothése de régularité sur la solution du systéme
n’a été supposée. Cependant, a cause de 'explosion en temps fini de la solution du modéle, la
convergence du schéma n’a été établie que dans le cas ou Cox||luol| i) < 1, ou Cq est une
constante liée a I'inégalité de Gagliardo-Nirenberg-Sobolev. Une généralisation de ce schéma
pour le modéle de Keller-Segel avec diffusion croisée a été analysée par Bessemoulin-Chatard
et Jiingel [7]. Aucune condition sur [lug||z1(q) n’est obligatoire dans ce cas puisque le terme
de diffusion croisée prévient Iexplosion de la solution (voir Section 1.2.2). La non-nécessité
d’une telle condition apparait aussi dans le papier d’Andreianov et al. [5], ou les auteurs ont
prouvé la convergence d’un schéma volumes finis pour un modéle de Keller-Segel avec effet de
remplissage de volume et une diffusion non-linéaire. Des schémas volumes-éléments finis ont
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été aussi analysés pour ce dernier modéle par Chamoun et al. [15], et Ibrahim et Saad [42],
mais dans le cas de présence d’un tenseur anisotrope dans les termes de diffusion.

Enfin, nous notons que dans tous ces travaux, différentes approches pour la discrétisation
temporelles ont été adoptées. Pour les schémas explicites, on peut consulter par exemple les
travaux [17), 22] 24 [34]. Pour les schémas implicites, on peut citer par exemple [53], 28] [7, 9],
et pour des discrétisations semi-implicites, on mentionne a titre d’exemple [84] 42} 5] [15].

1.3 Schéma volumes finis pour I’équation de diffusion

Dans cette section, nous donnons une présentation simplifiée du principe de la discrétisation
volumes finis. Nous nous restreindrons pour cela & des problémes de diffusion elliptiques en deux
et trois dimensions d’espace, les équations paraboliques de convection-diffusion seront traitées
plus en détails dans les chapitres qui suivent, étant donné que les modéles de chimiotaxie se
basent sur de telles équations.

On considére le probléme suivant :

{ —Au=f sur (), (1.4)

Vu-v=0 sur 012,

ot Q est un ouvert de R? d = 2 (resp. d = 3), de frontiére assez réguliére 99, et v est la
normale & 0f) extérieure a €). Comme on peut voir, les conditions aux limites considérées sont
de type Neumann homogéne. Les modéles de chimiotaxie qui vont étre étudiés dans cette thése
adoptent tous le méme type de conditions aux limites.

Avant de construire le schéma volumes finis pour le probléme (|1.4]), nous commencons
d’abord par donner la définition d’un maillage admissible 7" de €2, au sens de [26 Définition
5.1].

Définition 1.3.1. Soit Q un ouvert borné polygonal (resp. polyédrique) de R, d = 2 (resp.
d = 3). Un maillage volumes finis admissible T de 2, est constitué d’une famille de volumes
de controle, aussi notée par T, d’une famille d’arétes € (resp. de faces), et d’une famille de
points distincts P, vérifiant les propriétés suivantes :
e La cloture de l'union de tous les volumes de controle est §).
o Si K et L sont deux volumes de contréle voisins, alors K N L est un sommet ou une
aréte (resp. une face).
e Pour tout K € T, K est un ouvert convezxe polygonal (resp. polyédrique) et 0K =
K\KcCE.
e La famille de points P = (xx)gcr telle que i € K (pour tout K € T) vérifie la
propriété suivante : si 0 = K|L est l’aréte entre K et L, alors la droite passant par xx
et z1, est orthogonale & o (voir Figure[1.6). Dans le cas ou o € £, 0 C Q et xk & 0,
alors ’existence d’une droite passant par xx et orthogonale o est vérifiée.

Pour tout K € T, on désigne par N (K) 'ensemble des volumes de controle voisins de K,
et par £ 'ensemble des arétes du volume K. On notera par h le diamétre maximal de tous
les volumes de contréle appartenant a 7.

On notera par m la mesure de Lebesgue d-dimensionnelle ou (d — 1)-dimensionnelle.

Pour tout o € £k, on définit
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Figure 1.6 Volumes de contrdle triangulaires en deux dimensions.

4 — d(zg,0) si o C 09,
7 | d(zk,zr)  sinon, o= K|L,

ou d est la distance Euclidienne. On notera aussi par 7, la transmissibilité a travers I'interface
o

ocef.

En intégrant I’équation aux dérivées partielles du probléme ((1.4) sur K € T, on obtient

| ~duds= [ fan

En utilisant la formule de Green-Gauss, on a alors

— Vu(z) - vidy(z) = /K f(z)dz.

oK

Dans la formule ci-dessus, vg est la normale unitaire & K extérieur & K. En utilisant le fait
que K est polygonal (ou polyédrique si d = 3), on peut écrire :

- Z / Vu - vg  do = / f(x) dex,
oefk g K
oll Vi o, représente la normale unitaire & o extérieur a K. La derniére étape de la construction
du schéma est 'approximation du flux — / Vu - vk do. Dans le cas ott 0 C 02, on peut faci-

g
lement voir que le flux s’annule en utilisant les conditions aux limites de Neumann homogéne.
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Dans le cas ot 0 = K|L ¢ 0%, on adopte I’approximation suivante qui est consistante dans le
cas d’un maillage admissible :

—/Vu-prdaR:—Tg (ur, —ug),
(o

oll (uf)ger sont les inconnues discrétes supposées approximer la valeur moyenne de u sur
chaque K. Le schéma final du probléme (1.4)) se présente comme suit :

- Z TO'DuK,O' = m(K)va

oefk
avec
D 0 si o C 092,
UK.y = i
Ko U — UK sinon , 0 = K|L,
et

1
fK:nm/de”

Soit ¢ une bijection de ’ensemble T vers {1,2,...,1}, ou [ est le nombre d’éléments de T
(i.e le nombre de volumes de contrdle). On utilise cette fonction pour numéroter les volumes
de contréle. Similairement au probléme unidimensionnel, le schéma présenté peut s’écrire sous
la forme matricielle suivante :

AU = b,

ou pour tout K € T, les vecteurs U et b sont définis par
Upiy = UK, byxy = m(K)fk.

La matrice du systéme A se présente comme suit :

Acp(K),go(L) =—7,, siLe€ N(K),

Ap(Ky),pr) =0, sinon.

1.4 Plan de la thése et présentation des travaux

Nous nous intéressons dans ce manuscrit & I’étude et au développement de schémas volumes
finis implicites linéarisés pour des systémes d’équations aux dérivées partielles non-linéaires
basés sur le modéle de Keller-Segel. L’avantage principal de tels schémas réside dans leur faible
cotit de calcul. L’objectif de cette thése peut étre résumé en deux points :

e [’analyse de convergence de différents schémas volumes finis implicites linéarisés : cet
objectif a été réalisé pour les chapitres 2 et 3 ot des schémas upwind combinés avec
des discrétisations temporelles implicites linéarisés usuelles ont été utilisés, et pour les
chapitres 4 et 5 ol on a utilisé respectivement des schémas exponentiels et des schémas
hybrides combinés avec de nouveaux types de discrétisations temporelles.
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o Le développement de nouveaux schémas implicites linéarisés : notre apport en ce qui
concerne la conception des schémas apparait dans les chapitres 4 et 5, ot de nouvelles dis-
crétisations temporelles ont été présentées. Ainsi, un schéma semi-exponentiel en temps
a été développé dans le chapitre 4 et un nouveau schéma découplé avec un terme de
correction a été présenté dans le chapitre 5. Les simulation numériques qui ont été effec-
tuées montrent que ces deux schémas sont plus performants que les schémas linéarisés
usuels.

Le travail présenté dans cette thése a fait 'objet de trois articles |2} 3, 4] publiés dans les revues :
Indagationes Mathematicae, Calcolo, et Journal of Computational and Applied
Mathematics.

Dans ce qui suit, un résumé des travaux effectués est présenté. Nous adopterons aussi
les notations de la Section 1.3. Les détailles de chaque chapitre se trouvent dans la version
anglaise.

Chapitre 2 : Schémas volumes finis semi-implicites pour un modéle de chimiotaxie-
croissance

Dans ce chapitre nous nous intéressons & I’équation de chimiotaxie-croissance suivante :

Ou=Au—V - (xuVe) + f(u) dans Qrp, (1.5)
0=Ac+u—c dans Qr, '
avec les conditions aux limites et initiales :
Vu-v=Ve-v=0 surdQx(0,T7), wu(.,0)=up(z) dans S, (1.6)

ott Q = Q x (0,T), Q est un ouvert borné de R? d = 2 (resp. d = 3), de frontiére assez
réguliére Q. T > 0 représente le temps final, et f(u) = au(b—u®"1) aveca > 0,b > 0 et a > 3.
Le systéme (|1.5]) ressemble a la version parabolic-elliptic du modéle classique de Keller-Segel
(premiére équation de avec I’équation ), hormis le faite que la croissance cellulaire est
prise en compte cette fois par 'ajout de la source logistique f(u). Ce terme a une importance
primordiale dans la modélisation des expériences in vitro de longue durée. En effet, dans le cas
par exemple de la mise en culture de la bactérie Escherichia coli, on remarque la formation de
spots bactériens d’une symétrie remarquable [I1], [12] (voir Figur. Le mécanisme par lequel
ces motifs sont générés peut étre expliqué par trois phénomeénes : la chimiotaxie, la diffusion
et la croissance.

Nous considérons un maillage admissible au sens de la Définition 1.3.1. Pour des raisons
techniques liées a la démonstration de la convergence du schéma qui va étre proposé, nous
considérons une extension de l'intervalle de temps (0,7 +€) ot € > 0. Soit 0 =ty < t1 < ... <
tny =T < tny1 =T + € une partition de (0,7 + €) avec N € N, le pas de temps est défini par
Aty =tp41 —tp, n =0,..., N. Nous notons At = max g<,<nAt, et § = max(At, h).

Pour la résolution numeérique du systéme (|1.5)—(1.6)), nous proposons deux schémas numé-
riques. Le premier schéma est donné par les équations suivantes :

pour tout K € T et n=0,...,N
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uptt - U 1
m(K)KT - Z TUDu"KTU
n o€k
x> ((Dc?g;)m";l - (Dcy;)—ug“) —m(K) f (u) =0, (1.7)
o€efk
oc=K|L
— Y 7 Dt = m(K) (uf — ), (1.8)
c€EK

complétées par la condition initiale :

1
0
= d 1.
i = 2R /K up(x) de, (1.9)
avec
2T = max(z,0), 2~ = max(—z,0)

1
o — t") dx.
= g f e

Le deuxiéme schéma consiste a remplacer I’équation ([1.7) dans le schéma (1.7)—(1.9)) par

I’équation suivante :

uitt — uf 1
m (K)o = 3 e D)
n A%
33 7 (DR Pt = (DD ) m() (o) = b) =0, (110
o€l
o=K|L

On définit (ug, ¢s), 'approximation volumes finis de (u, ¢) par :
us(z,t) = uptt,  cs(zt) =i, e K, te [t "), (1.11)

Les deux schémas proposés utilisent une approximation upwind pour discrétiser le terme de
convection. La discrétisation temporelle utilisée dans ainsi que les schémas semi-implicites
proposés pour la premiére équation de permettent de construire des schémas découplés
et linéaires. A chaque itération, nous commencons donc par résoudre pour calculer c’}(ﬂ,
puis on résout ou pour obtenir u"KH. Cette stratégie est beaucoup moins cotiteuse
par rapport a la résolution du schéma non-linéaire couplé. On mentionne dans ce contexte
les travaux intéressants [50} 31, 49], ot on démontre en utilisant de nouvelles techniques que
les schémas éléments finis implicites linéarisés pour les équations de Joule ne nécessitent pas
de conditions CFL pour converger. La méme remarque reste valable pour les schémas semi-
implicites volumes finis appliqués au systéme de dérive diffusion [13], 14].

Comme on peut voir, la seule différence entre le schéma (1.7)) et le schéma (1.10) est la
discrétisation du terme de croissance, qui est explicite dans le cas du schéma (1.7)), et semi-

implicite dans le cas du schéma (|1.10)).
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Définition 1.4.1. Soit ¢ € D(Q x [0,T)). On appelle solution faible du probléme (|1.5])—(1.6))
un couple (u,c) € L2(0,T; H'(2))? solution de :

/ / (wOpp — Vu -V + xuVe- Vi + f(u)p) dmdt—l—/uow(a:,O)dx:O,

//vc Vi dzdt = //u—cwda:dt

Les deux propositions suivantes donnent des conditions suffisantes pour la stabilité et la
positivité des solutions des deux schémas.

Proposition 1.4.1. Supposons que ug > 0, et que la condition suivante sur le pas de temps

est satisfaite

1
At < e (1.12)

Alors, il existe une unique solution {(uj ', citt), K € T, 0 < n < N} au schéma (L1.10),(L.8) -
-, telle que u"+1 >0 and Cn+1 > 0 pour tout KeT,0<n<N.

Proposition 1.4.2. Supposons que ug > 0, et que pour tout 0 <n < N

a—1
At, - -b) <1 1.13
‘ ((% ) ) : 119

Alors, le schéma admet une unique solution positive {(uj', i), K € T,0 <
n < N}.

On peut remarquer que la condition de stabilité du premier schéma ne dépend que du
pas de temps et des paramétres du modéle, tandis que la condition de stabilité du deuxiéme
schéma dépend aussi de la solution du schéma.

Le résultat principal de ce chapitre concernant la convergence du schéma ((1.7)—(1.9)) se
présente comme suit :

Théoréme 1.4.1. Supposons que ug € L?() et que ug > 0. Supposons que la condition (1.13))
est vérifiée. Alors la solution volumes finis (ug, cs) du schéma (L.7)—(1.9)) converge vers (u,c)
quand § — 0, ot (u,c) est une solution faible du systéme (1.5)—(1.6) au sens de la Définition
1.4.1.

Dans la derniére partie de ce chapitre, nous présentons des simulations numériques afin
d’étudier la capacité des deux schémas a capturer les formations bactériennes de motifs. Une
comparaison entre les cotlits de calcul des deux schémas est aussi présentée.

Chapitre 3 : Un schéma volumes finis pour un modéle de chimiotaxie issu
de I’embryologie

L’objectif principal de ce chapitre est ’analyse mathématique d’un schéma volumes finis
découplé pour le modéle suivant

Ou = pAu —aV - (uVe) dans Qp,

. (1.14)
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muni des conditions aux limites et initiales suivantes :
Vu-v=Ve-v=0 surdQ x (0,T7), wu(.,,0)=up dans, (1.15)

ott Qr := Q x (0,7), Q est un ouvert borné de R?, de frontiére assez réguliére Q. T > 0
représente le temps final, et 1 et @ sont deux constantes strictement positives.

Dans [58], Murray et al. ont proposé ce modéle pour modéliser la formation des motifs
sous forme de bandes qui se développent sur le tégument des alligators (voir Figure ,
principalement durant la période embryonnaire. La formation de ces bandes est le résultat
de secrétions chimioattractantes dont la concentration est représentée dans le modéle par la
variable ¢, la densité des cellules mélanocytes responsables du changement de la couleur de la
peau est représentée par la variable wu.

Le maillage considéré dans ce chapitre est un maillage admissible au sens de la Définition
1.3.1. Cependant, nous aurons aussi besoin de supposer que le maillage satisfasse la condition
suivante : il existe & > 0 tel que

d(zk,0) > Ed(zk,zL), (1.16)

cette condition sera utilisée lors de la dérivation des estimations a priori nécessaires pour prou-
ver la convergence du schéma. Contrairement au Chapitre 2, nous considérons une partition
uniforme de (0,7) : 0 =ty <t; <..<ty=TouN € Net t, =nAt pour n =0,...,N. Nous
notons aussi 0 = max(At, h).

Le schéma volumes finis proposé pour le systéme (|1.14)—(1.15]) est :

pour tout K € T and n=0,....,N — 1

u —
m(K)KTtK —H Z TUD“TIL(Jral
c€EK
+ta Y ((Da;g;)mgﬂ - (Dc’;g;)—ugﬂ) —0, (1.17)
o€k
oc=K|L
n
= 3 7 D = mlE) e - () 6 (1.18)
o€k
. 1
U = () Kuo(x) dx. (1.19)

La solution volumes finis (us, ¢s) calculée & partir de la solution du schéma ([1.17)—(1.19) est
définie par :

us(z,t) = uitt,  cs(x,t) =t x e K, te [t tvth). (1.20)
Nous définissons ci-dessous la solution faible du probléeme ((1.14)—(1.15]).
Définition 1.4.2. Soit ¢ € D(Q2x[0,T)). On appelle solution faible du probleme (1.14])—(1.15))
un couple (u,c) € L2(0,T; H'(2))? solution de :

T
/ /(u@tw—,uVu-Vw—l—ach-Vd}) dxdt+/u01/)(az,0)d:x:0,
0o Ja Q

/()T/ch-vw d:rdt—/OT/Q(uil—c>¢d:rdt.
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Comme il a été déja mentionné dans la Section 1.2.3, la convergence du schéma volumes finis
proposé dans [28] pour la version classique du modeéle de Keller-Segel est obtenue a condition
que la masse cellulaire initiale ne dépasse pas un certain seuil. De plus, la démonstration
proposée suppose que la donnée initiale est strictement positive. Dans ce chapitre, nous nous
inspirons des techniques de démonstration de [28] et nous démontrons que la bornitude du

terme source dans la deuxiéme équation du systéme (1.14) permet d’éviter de telles

o u +
restrictions.

Théoréme 1.4.2. Supposons que ug € L*(Q) et que ug > 0. Supposons que la condition
sur le maillage spatial (1.16) est vérifiée. Alors la solution volumes finis (us,cs) du schéma
1.17)—(1.19) converge vers (u,c) quand § — 0, ot (u,c) est une solution faible du systéme
1.14)—(1.15) au sens de la Définition 1.4.2.

Des simulations numériques en deux dimensions d’espace sont proposées en fin de chapitre.

Chapitre 4 : Un schéma semi-exponentiel en temps pour des modéles de
chimiotaxie-croissance

Dans ce chapitre, nous nous intéressons a des modéles de chimiotaxie avec un terme de
croissance polynomial. Nous nous proposons de développer pour de tels modéles un schéma
numérique ayant les propriétés suivantes : le schéma ne requiert que la résolution de systémes
linéaires découplés tout en étant stable sous aucune contraintes liée au pas de temps. La
positivité des solutions numériques est aussi obtenue inconditionnellement.

Nous considérons en premier lieu le systéme :

Oou=Au—V-(uVe)+u(l—u) dans Qr,

1.21
02A0+L—c dans Qrp, ( )
u+1
avec les conditions aux limites et initiales suivantes :
Vu-v=Vec-v=0 surdQx (0,T¢), u(.,0)=ug(x) dans, (1.22)

ou Qp := Q x (0,T),  est un ouvert borné de R2, de frontiére assez réguliére S Ty >0
représente le temps final. Le systéme ci-dessus a été proposé dans [59] pour modéliser la for-
mation de motifs sur la peau des serpents (voir par exemple Figure . La discrétisation des
domaines spatial et temporel est similaire & celle du Chapitre 3, la restriction sur le maillage
(1.16)) est supposée aussi vérifiee. Un schéma numérique pour le systéme f vérifiant
les propriétés désirées est le schéma semi-implicite suivant :

pour tout K € T and n=0,....,N — 1

n+l
m(K)“K “K + ) FpE - m(EK) u (1 - upt) =0, (1.23)
o€fK
n
Y 7% D = m(K) K~ m(K) (1.24)

u +1
oe€i K T
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1
0
= —0 dx. 1.25
Le flux numérique Fﬁtl choisit dans ce chapitre est défini par
. 0 si o C 09,
}ﬁy_ = n+1Y\, nt+l n+1 n+1 :
o T (B <*DCKU)UK B<D0K0>uL ) sinon, o = K|L,

(1.26)

ou B est la fonction de Bernoulli définie par
B(0) =1, B(z) = Vz € R\ {0}. (1.27)

exp(z) — 1

Dans le schéma ci-dessus, le flux / (Vu(z,t) —u(x,t)Ve(x,t)) - vk o do a été approché par le

ag
schéma exponentiel d’Il’in [43], contrairement aux deux chapitres précédents ot on a utilisé un
schéma upwind. Le schéma semi-exponentiel en temps qu’on propose pour la premiére équation
de (1.21)), combine I'idée du schéma d’I'in initialement proposé pour la discrétisation spatiale,
avec l'idée de la discrétisation semi-implicite. Le schéma se présente comme suit :

pour tout K € 7T and n=0,....N — 1

Tt + ) Rt = (1.28)
oefk
avec
B (At (1 —uj))uft! — B(-At (1 - uf)) u
At ’
Fy ”H et B sont définis respectivement par ) et ( - On définit la solution volumes finis
par

Tt = m(K)

(1.29)

us(z,t) = uptt, cs(zt) =i, e K, te [t "), (1.30)

Théoréme 1.4.3. Supposons que ug € L*() et que ug > 0. Supposons que la condition
sur le maillage spatial (1.16)) est vérifiée. Alors la solution volumes finis (us,cs) du schéma
(1.28]),(1.24) —(1.25) converge vers (u,c) quand 6 — 0, ow (u,c) est une solution faible du

systeme 1.217 au sens de :
/ / (u —Vu-Vi+uVe- Vi +u(l —u)l/1> dxdt
+/ wo(x, 0) d = 0,
Q

/OT/ch-vw dmdt:/OT/Q<uj_1—c>z/)dmdt.

Une comparaison entre le schéma f et le schéma semi-exponentiel en temps
(1.28),(1.24)—(1.25) est effectuée dans la derniére partie du chapitre. Dans les tests numériques
présentés, on démontre qu’on peut atteindre une précision donnée en moins de temps a ’aide
du schéma semi-exponentiel. La méme comparaison est aussi réalisée dans le cas d'un modéle
de chimiotaxie-croissance en bactériologie. L’efficacité du schéma pour la capture des motifs
bactériens est aussi étudiée par des exemples numériques.
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Chapitre 5 : Un schéma découplé corrigé pour des modéles de chimiotaxie

Le but de ce chapitre est de proposer un nouveau schéma numérique découplé pour des
modéles de chimiotaxie. Comme il a été déja mentionné, les schémas découplés présentent
un avantage considérable au niveau du coiit de calcul par rapport aux schémas couplés, mais
peuvent étre parfois trés insatisfaisants au niveau de la précision. Notre objectif sera donc
d’améliorer la précision des schémas découplés classiques, sans avoir & augmenter leur cott de
calcul.

Une attention particuliére sera donnée au modéle (|1.14)—(1.15) pour qui le schéma pro-
posé sera analysé. La discrétisation des domaines spatial et temporel est similaire a celle du
Chapitre 3. Nous commengons par présenter un schéma découplé classique pour (|1.14)—(1.15]) :

pour tout K € 7T and n=0,...,N — 1

un+1 —un
m(K)- & K _ Z TgDu?(J;}
o€elk
ta Y (s (Dei)uiett = 8 (=Dej ) uitt) = o, (1.31)
o€EK
o=K|L
un
=Y 7 D)+ m(K) it = m(K) (1.32)
uf + 1
ocelk
ufe = 1/ uo(z) dz (1.33)
m(K) Jx ’
avec
0, ifr <2(—p+e)/a,
S@)=4{ 5. il <2(-e)/a,
x, if ,x>2(u—e¢)/a,

ol € est une constante telle que € > 0 et € << p. Dans le cas ot € = 0, on retrouve le schéma
hybride de Spalding [81] utilisant le schéma centré dans son domaine de stabilité et le schéma
upwind en dehors de ce domaine. Il est clair qu’on peut obtenir une bien meilleure précision
en utilisant le schéma couplé non-linéaire, c’est a dire en remplagant 1’équation dans le

schéma (1.31)—(1.33) par :

n+1
- Z Ty D(:”Jrl m(K) ¢t = m(K) # (1.34)
+1
o€EK
Cependant, un tel schéma nécessite le résolution d’'un large systéme non-linéaire & chaque

itération, ce qui peut s’avérer trés coiiteux en temps de calcul.

Afin de présenter notre schéma découplé corrigé, nous définissons d’abord pour tout K € T
etn=0,..,N —1, la différence TI@H par :

T+ = m(K) i’ Ui 79 =0 (1.35)
= m — = U. .
K w1 u 1) F
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L’idée du schéma vient du faite que I’équation ([1.34)) peut étre écrite sous la forme suivante :

n
Ug

gy 1.36
w1 K (1.36)

= " 7 DA 4 m(K) G = m(K)

o€k
La seule différence entre I’équation ci-dessus et (|1.32]) est le terme T]"(H. Nous supposons
donc qu’en ajoutant un terme de correction a I’équation ([1.32]) approximant T}?l, on pourra

améliorer la précision du schéma découplé. Notre approche consiste alors a remplacer ([1.32))
par ’équation suivante :

n
Uk

n+1 n+1
- Z TUDCKJ,FU +m(K)CK+ =m(K) up +1

o€k

+ BT, (1.37)

la constante 3, est choisi de tel facon que le membre de droite de ’équation reste positive
afin de ne pas affecter la positivité de CT}(H. En pratique, cela est généralement vérifiée pour le
choix le plus naturel de f3,, i.e. 8, = 1. La solution volumes finis du schéma (1.31)),(|1.37)),(1.33)

est défini par

us(z,t) = uptt,  cs(zt) =i, e K, te [t "), (1.38)

Théoréme 1.4.4. Supposons que ug € L?(Q) et que ug > 0. Supposons que la condition
sutvante sur le pas de temps est satisfaite : il existe o > 0 tel que 1 — 2aAt > «, ou que la
condition sur le maillage spatial @ est vérifie et € > 0. Alors la solution volumes finis
(us,cs) du schéma (1.31)),(1.37 ,@ converge vers (u,c) quand § — 0, ot (u,c) est une
solution faible du systeme (1.14)—(1.15) au sens de la Définition 1.4.1.

En fin de ce chapitre, nous comparons notre approche avec les schémas découplés usuels
en effectuant des tests numériques sur trois systémes de chimiotaxie différents. Les résultats
numériques obtenus montrent que le schéma découplé corrigé est beaucoup plus précis que les
schémas découplés classiques.
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Chapter 2

Semi-implicit finite volume schemes
for a chemotaxis-growth model
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2.1 Introduction

One of the crucial features of living organisms is their ability to move and migrate. Che-
motaxis, the phenomenon that enables cells (or organisms) to migrate in response to chemical
gradients, is the most encountered mechanism that drives living cell motility. Chemotaxis plays
a key-role in aggregation and self-organization of bacteria. It plays also a fundamental role in
several physiological and pathological process such as : embryogenesis, wound healing, leuko-
cytes moving in response to bacterial inflammation and tumor growth. In the last decades,
many mathematical models have been developed to describe several biological phenomena
where chemotaxis is involved. The most known one has been introduced by Patlak [72], and
Keller and Segel [44]. The classical form of this model reads :

{atu: Au—V - (xuVe) in Qp, (2.1)

Oic=Ac—c+u in Qp,
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with homogeneous Neumann boundary conditions and initial conditions. Herein, Qp := Q x
(0,T), Q is an open bounded domain in R? (d € N\ {0}) and 7" > 0. In this model, u(z,t) and
c(x,t) denote respectively the cell density and the chemoattractant concentration in (z,t) €
Q x (0,T), and x is a positive constant describing the chemotactic sensitivity. In an other
version of the (Patlak-) Keller-Segel model, the second equation in has been replaced by
the elliptic equation

Ac—c+u=0 inQ x (0,7). (2.2)

This substitution can be justified by the assumption that the diffusion of the chemoattractant
is much faster than that of the cell .

This model was originally proposed to describe the aggregation of slim molds in response to
chemical signal. The Keller-Segel system and its parabolic-elliptic form (by considering
(2.2)) may blow up in finite time. This blow up occurs for specific initial conditions for w.
The occurrence of the blow-up depends also on . Several works are devoted to mathematical
analysis of these systems (see, e.g., [38, [39]).

In the literature, a number of numerical methods for the Keller-Segel system and
its variants have been proposed, such as the central-upwind finite volume method [I7], finite
difference methods [77], finite element methods [84] 83 53], moving mesh methods [10], lattice
Boltzmann method [95], and upwind-difference potentials method [22]. Some other works are
devoted to the convergence analysis of numerical schemes for the classical Keller-Segel model
and its paraobolic-elliptic version. Saito proved error estimates for a conservative finite element
method [75] [76]. In [28|, a fully implicit finite volume scheme was proposed by Filbet. After
proving the existence and uniqueness of the numerical solution, he shows that the numerical
approximation converges to the weak solution of the problem under a smallness condition on
the initial cell density for d = 2. A generalization of this scheme for a Keller-Segel model
with additional cross-diffusion was studied by Bessemoulin-Chatard and Jiingel [7]. In [23], a
numerical analysis of a semidiscrete discontinuous Galerkin scheme was performed by Epshteyn
and Kurganov. The convergence analysis of the fully discrete scheme was then shown by
Epshteyn and Izmirlioglu [24]. A stochastic interacting particle scheme [34, [33] and a steepest
descent scheme [9] were studied for a more simplified Keller-Segel model. We note also the
works of Andreianov et al. [5], Chamoun et al. [I5], and Ibrahim and Saad [42], which are
devoted to the numerical approximation of volume-filling chemotaxis problems.

In the model , the total mass is conserved in time, which means that growth of bacteria
(or cell) is ignored. However, growth can have an important effect on the dynamics of bacteria
[47]. In [11] and [12], Budrene and Berg found that motile cells of Escherichia coli aggregate
to form stable patterns of remarkable regularity when grown from a single point on certain
substrates. One of the models which describes this process of pattern formation reads

Ou = Dy Au—V - (xuVe)+ f(u) in Qr, (2.3)
Oic = D, Ac— Be+ pu  in Qp, '

where f(u) is a logistic source representing the growth rate of w, and x, Dy, D., 8, p are
positive constants. In this chapter, we are concerned with the parabolic-elliptic version of the
above model with the generalized logistic source (see, e.g., [65]), f(u) = au(b — u®~1) defined
for u > 0, with @ > 0 and b > 0. We focus in particular on the case a@ > 3, and we may assume
without loss of generality that

Dy=D,=B=p=1 (2.4)
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So, the studied model reads :

O =Au—V - (xuVe)+ f(u) in Qp, 2.5)
0=Ac—c+u in Qp, '
with zero flux boundary conditions and initial conditions
Vu-v=Ve-v=0 ondQx(0,7), wu(.,0)=up(z) inf, (2.6)

where Q@ ¢ R?, d = 2 (resp. d = 3) is an open bounded subset with sufficiently regular
boundary 02, and v denotes the outward unit-normal on the boundary 0.

The systems ([2.3)),(2.6]) and (2.5)—(2.6|) were studied for different quadratic and cubic forms

of f(u) (see the references below). These models were theoretically discussed in several papers
(see, e.g., |93, 86l 55, [66] [1]), and it is shown that the logistic source may prevent their solutions
from blowing up in finite time. It is also shown in [86] that, under some assumptions on the
logistic source, there exists a weak solution of f for d > 1, without any restriction
on the parameters of the system. From the numerical viewpoint, there are few works devoted
to describe numerical methods for the system ,. In [42], Ibrahim and Saad proposed
and analyzed an implicit control volume finite element scheme for a volume-filling version of
,, with nonlinear degenerate diffusion and anisotropic diffusion tensors. Finite element
method was developed in [84] for two spatial dimensions and in [83] for three spatial dimensions
with simulations, but a convergence analysis was not given. Other papers are concerned with
the numerical investigation of the same parabolic-parabolic model (see, e.g., [70, []).

In this chapter, we propose two semi-implicit finite volume schemes to solve f.
The existence of nonnegative solution of each scheme is proved under time step conditions.
However, for one of these schemes, the condition depends on the discrete solution, so we
need to adjust the step size throughout the calculations. Such strategy have been used in
the framework of finite difference [77] and finite element approximations [76] to the simplified
Keller-Segel model. For this scheme, we show that the numerical approximation converges to
a weak solution of (2.5)-(2.6), without needing to impose a threshold on [[ug|[11(q) to prove
the convergence. We note that is supposed only to alleviate the formulae, and does not
affect the mathematical analysis of the finite volume scheme.

This chapter is organized as follows. In the next section, we present our finite volume
schemes to approximate the solution of f and state our main result. Existence,
uniqueness and nonnegativity of the numerical solutions are shown in Section 2.3. A priori
estimates are given in Section 2.4. In Section 2.5, we use these estimates to prove that the
approximate solution converges to a weak solution of the studied model. Finally, numerical
simulations are performed in Section 2.6.

2.2 Finite volume schemes and main result

2.2.1 Finite volume approximation

Let Q C R? d =2 (resp. d = 3) be an open bounded polygonal (resp. polyhedral) subset.
We consider an admissible finite volume mesh of €2, denoted by 7, which verifies the properties
of Definition 5.1 in [26] (see also Définition 1.3.1). This mesh is given by :
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e A family of control volumes which is commonly denoted by the same notation of the
mesh 7. All control volumes are open and convex polygons (resp. polyhedra).

e A family & of edges (resp. sides), where the set of edges of any control volume K € T
is denoted by £x. We denote also by o = K|L the interface between K and L (0 € £k
and o ¢ 00)

o A family of points (7x)ker such that zx € K (for all K € T). The straight line going
through zx and z7, must be orthogonal to o = K|L.

For all K € T, we denote by N (K) the set of control volumes which are neighbors to K,
and by m the measure in R? or R%~1,

For all 0 € £k, we define

g - d(zg,0) if o C 09,
7 | d(zk,xr)  otherwise, 0 = K|L,

where d is the Euclidean distance, and we denote by 7, the transmissibility coefficient given
by :

For technical reasons, we extend the time interval to (0,7 + €¢) where ¢ > 0. Let 0 =
to <t1 < ..<ty=T < tnyy1 =T+ € be a partition of (0,7 + ¢) with N € N, and let
Aty =tyy1 —tn, n=0,..., N. We define At = max g<p<nAty.

We denote by h the maximal size (diameter) of the control volumes included in 7, and we
define
0 = max(At, h).

We present now the finite volume schemes proposed for the problem ([2.5)—(2.6[). The first
scheme reads as follows :

forall K € T andn=0,....N

UTIL(+1 - UK 1
N g
n A%
T Y o (D Ut — (D Tup™) —m(K) f () =0, (27)
O‘ESK
o=K|L
— Z To DC”KT; =m(K) (uK — C?(H) ) (2.8)
oefk

with the compatible initial condition

1
0
= — d 2.
e = oy [ wo(e) e (2.9)
and the following notations
2T =max(z,0), 2~ = max(—=z,0)

7,
v R ——— | v(x,t")dz,
K HK ) X ( )
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and for all o € £

0 for o C 09,

Dvy , = .
Ko v} — v} otherwise , 0 = K|L.

For the second scheme, we replace the equation (2.7 in the scheme (2.7)—(2.9) by the

following equation :

UTIL(H_UK 1
m(K) K S D!
n c€fK
XX 7o (DA uiet = (D) ™)+ m(K) ! ()™ —b) = 0. (2.10)
c€fK
o=K|L

The proposed finite volume schemes use a linearized semi-implicit time discretization, which
is well known to be more efficient in term of computational cost than a fully implicit one. At
each time step, the numerical solution can be obtained by solving only two decoupled linear
systems. As in [28], the convective term is discretizated using an upwind technique. The only
difference between the two schemes is the discretization of the logistic source, which is explicit

for (2.7)—(2.9), and semi-implicit for (2.10)),(2.8)—(2.9).

We define ug, cg, the finite volume approximations of u and ¢ by :
us(z,t) = uptt,  cs(zt) =i, e K, te [t "), (2.11)

Let X (7) be the set of functions from € to R which are constant over each control volume of
the mesh. For 1 < p < oo, and for v € X(7), the classical discrete LP norm reads

1/p
lvllp = (Z m(K)\vKlp) :

KeT
where v(x) = v for all z € K and for all K € T.

Following [8], we define also the discrete WP seminorm and the discrete W1» norm :

(o) v
v 17p7T: <Z dp ’DO' ‘p) 9

el

lvllipr =lvlp+lvipT,
where for all 0 € €, Dyv =0 if 0 C 9Q and D,v = |vg — vp| otherwise, with o = K|L.
2.2.2 Weak solution and main result
Definition 2.2.1. A weak solution of the chemotazis-growth problem (2.5)—(2.6|) is a pair of

nonnegative functions (u,c) € L?(0,T; H*(Q))? which verifies the following identities for all
test functions ¥ € D(Q x [0,T)) :

/ /< *—V“ Vi +xuVe- Vi + f(u w) dmdt+/uo¢(x,o)dm:0, (2.12)

/ /vc Vi dadt = / /u—cwdxdt (2.13)
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To prove the convergence of the scheme, the strong compactness of the finite volume
solution is necessary, and it will be proved in Section 2.5. The proof requires the definition of
an approximate gradient. Therefore, we begin by defining T, which is the cell formed from
the extremities of o , xx and x, if 0 = K|L ¢ 09, and from the extremities of o and = if

o C 0 (see Figure [2.1)).

o C i

e

Figure 2.1 Construction of Tk , for two-dimensional triangular mesh

Following [13], we define dvs the approximation of Vv by

dvs(z,t) = m(mi(’;)) Dv?(';l Vo, €Ty, te[t" "), (2.14)
R

forall K € T and n =0, ..., N — 1, where v , denotes the unit normal on ¢ which is outward
to K.

We now recall the discrete Gronwall inequality which will be used in the a priori analysis
in Section 2.4.

Lemma 2.2.1 (Discrete Gronwall inequality). Let M, b, and a, (for integers n > 0) be
nonnegative numbers such that ani1 < M+ p_qarbg. Then

any1 < M exp (Z bk> .

k=0

Before we state our main result, we note that the nonnegativity of the solution is necessary
to prove the convergence of the scheme. Consequently, the time step should satisfy the following
condition (see Proposition 2.3.2) : for 0 < n < N , we have

a—1
At, n —-b| <1. 2.15
‘ ((% ) ) . 219

We present now the main result of this chapter :

Theorem 2.2.1. Assume that ug € L*(Q)) and ug > 0. Assume that the condition ([2.15) is
satisfied. Then the finite volume solution (us,cs) to the scheme (2.7)—(2.9)) converges to (u,c)
as 6 — 0, where (u,c) is a weak solution of (2.5)—(2.6) in the sense of Definition 2.2.1 .
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2.3 Existence, uniqueness, and nonnegativity of finite volume
solutions

In this section, we prove existence, uniqueness and nonnegativity of solutions to the pro-
posed schemes.

Proposition 2.3.1. Assume that ug > 0, and assume that the following time step condition
1s fulfilled

1
At < — 2.16
< (2.16)

Then there exists a unique solution {(up, i), K € T,0 < n < N} to the scheme
- . ., where for all K € T,0<n <N , wehaveunHZO andc"+120

Proof. Let ¢ be a bijection from the finite set 7 to the finite set {1,2,...,1}, where [ is
the number of elements in 7 (i.e the number of control volumes). The aim of this function

is to number the control volumes. The decoupled scheme ([2.10)),(2.8)—(2.9) can be written
equivalently as

Ar Tt = (2.17)
BC"T = @Gn, (2.18)

where for all K € T, the vectors of (2.17)—(2.18]) are defined by : U:;(JrKl) = u?;rl Fliey =
m(K)ul /Aty, Cm(ﬂ) = it and Gy = m(K)uf. The associated system matrices are
defined by :

A% 0y iz = WUK) /Bt + 3 7o (14 (DGENT) 4+ mK) a((ui)* ™ = b),

o€k
o7 02
A ey o) = (1+X(Dc"+1) ) ifL e N(K),
AZ(K)#)(L) =0, otherwise.
and by
oK) p(K) = D, To +m(K),
oefk
o7 00

By)p() = —Tor L € N(K),

By(r),pr) =0, otherwise.

To prove the Proposition 2.3.1, we proceed by induction on n. Taking into account that
up > 0 and G° > 0, the first step of the induction (i.e. n = 0) can be shown similarly as the
inductive step.

Let us assume now, that U™ and C"™ are known, and that U™ > 0 and C™ > 0, we have for
all K e T :

1Bor)oi)l = D 1B m(K) > 0,

LeT
L#K



30 Semi-implicit finite volume schemes for a chemotaxis-growth model

then the matrix B is strictly diagonally dominant by rows, and since B has nonpositive off-
diagonal and positive diagonal entries, B is a nonsingular M-matrix. Finally, by the induction
supposition, we have G™ > 0, which implies that there exists a unique vector C"*! satisfying

[2.18), such that C"*! > 0.

On the other hand, since holds and u’, > 0 for all K € T (by the induction assump-
tion), we can simply verify that A™ has nonpositive off-diagonal and positive diagonal entries.
Furthermore, since for all ¢ = K|L € k, Dt = —Delie. (D tH T = (D)=, and
under the condition , we have for all K € T 7 7 7

A (K) (i) — > [ A (L)) | = m(K) /Aty + m(K) a((ufe)* ! = b) > 0.

LeT
L#K

We conclude that A” is a nonsingular M-matrix, then there exists a unique vector U™ which
satisfies (2.17)), moreover, since F™ and (A™)~! are positive (A" is an M-matrix), we have
U1 > 0, which finishes the proof.

Proposition 2.3.2. Suppose that ug > 0, and assume that (2.15)) holds. Then there ezists a
unique nonnegative solution {(uj, itt), K € T, 0<n < N} to the scheme [2.7)-([2-9).

Proof. The proof is similar to that of Proposition 2.3.1. Using the same notations as the
previous proof , the equation ([2.7)) can be written as

Arynt = (2.19)

where for all K € T,

L)) = M) /At + D7 7 (14 X (DT
ocelk
oZ o

Ay oy = =7 (L4 X (D)) L L € N(K),

AZ(K)#’(L) =0, otherwise.
Fl ey = m(K)uf (1 /AL, +a (b - (u?()a_l>> .

Following the guidelines of the previous proof, we can simply deduce that A™ is a nonsingular
M-matrix unconditionally. And since is satisfied and u} > 0 (by induction supposition),
F™ is nonnegative. Equation is treated exactly in the same manner as in the proof of
Proposition 2.3.1. Then, we obtain the existence of a nonnegative unique solution to the scheme

2729

Remark 2.3.1. In contrast to [28] where a fully implicit scheme is used, the time step res-
trictions (2.15)) and (2.16]) ensuring stability of the schemes do no depend on the spatial mesh

size h. In general, schemes with CFL condition become costly if the mesh is very fine.

2.4 A priori estimates

In this section, we provide some a priori estimates for the approximate solution (ug,cs)

of the scheme (2.7)—(2.9). We recall that € is an open bounded polygonal (resp. polyhedral)
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subset in R%, d = 2 (resp. d = 3), and we assume that ug € L?*(Q) with ug > 0. Since the
arguments used in this section are based on the nonnegativity of the solution, we suppose
also that holds. Finally, we denote by C' a generic positive constant which is always
independent of ¢, and which may take different values.

Proposition 2.4.1. Let {(u}t!, "), K € T,0 < n < N} be the solution of the scheme
2-7)-[(2.9). Then there emsts a constant C >0, depending on Q, T, a, b and ||ug|/1 such that

N N

S5 Aty m(K) [+ S At 7 | D! gyl (2.20)
n=0 KeT n=0 KeT o€k

Z > At, m(K) |uf|* < C. (2.21)
n=0 KeT

Proof. We begin by summing (2.7) over K € T, which gives
Z m(K) (upt —ulk) = ab Z At, m(K)uy —a Z Aty m(K) |uf|®.
KeT KeT KeT

Then, summing over n = 0,1, ...,p, with p < N , we find that

Z p+1+aZZAt m(K) [ul | _abZZAt m(K

KeT n=0KeT n=0KeT

+ZmK U

KeT
Using Lemma 2.2.1, we have
Y m(K) up < Juoll exp(abT),
KeT

which, together with the last equality, implies the estimate (2.21)).

Now, multiplying the equation (2.8) by At, c’}(“, summing over K € T, and using a
summation by parts, we have

1 1]? 1|2 1
5 Z Z At,, T DC”KTU‘ + Z At, m(K "Jr Z At, m(K cnKJr k.
KeT o€lk KeT KeT

Summing over n = 0,1, ..., N, and using a Young inequality, it follows that

N N
S Y At D 430 S At m(E) [ < ST Aty m(K) .

n=0KeT ocefk n=0KeT n=0KeT

Since o > 3, and since we have (2.21)), we can use the Holder inequality to control the right-
hand side of the latter inequality

2/
Z > Aty m(K) |uf|* < [Tm(Q (Z > Aty m )\u?(\a> .

n=0 KeT n=0KeT

This completes the proof.
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Proposition 2.4.2. Let {(u}t!, %), K € T,0 < n < N} be the solution of the scheme
27)-R.9). There eists a constant C > 0, depending on 2, T, a, b, x and ||ug||2 such that,
foralln=0,1,...p, withp< N —1:

Zm( ‘u’}jl‘ +ZZ Z Aty T

KeT n=0 KeT cefk

Du";; <C. (2.22)

Proof. We begin by multiplying the equation ([2.7)) by At,, u"Jrl and summing over K € T,
we find that

G1+ Gy = G3 + Gy, (2.23)
where
Gu= 3w (),
KeT
— Z Z At, T4 u”HDu’}(t,l,
KeT o€k
= x> Y Aty rui (DI U - (DN T
KeT oe€k
o=K|L
Gy = ab Z At, m(K) Ju| [uitt] — a Z Aty, m(K) [ul]® [u .
KeT KeT
. . . 1 2 2
Using the inequality a(a — b) > B ( b?)
1
G > 3 Z m(K (‘u"“ |u’}(|2) .

KeT
Then, we perform a summation by parts on GGo. This yields,

=LY At

KeT oelk

2
n+1
DUK(7

To deal with the term Gz, we begin by establishing the inequality :
1
i < B (Fy + Fy), (2.24)

where

+1 +1 +1y—, n+1 +1 +1
=3 > (Dt it — (D ~ut™) (™ = i)
KeT oelk
o=K|L

n+1 n+1 n+1 n+1
Z Z ToU DCKO')(UL Uk )7
KeT oe€k
oc=K]|L

;= E E Tl "H DC"H) (uz+1 u"KH).
KeT oefi
o=K|L

Since Dc”'H (Dc’};ral) — (D)~ we have
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S Y D (T ) (i - <0,
KeT o€k
o=K|L
ST n D - (- ) <o,
KeT oelk
o=K|L
which gives ([2.24]).
Now, multiplying ) by ‘u 2, and sum by parts, we get
- Z Z TUDCn—I—l <|uL+1‘ ‘ n+1 ) Z m(K) ‘u?(—‘rl 2 (u?{ . C’V[L{'f’l).
KGT €€k KeT
oc=K|L
which implies that
- Z Z Ta n+l z+1) DCnK+01D n+1 < Z |UKH n—i—l‘ (225)
KET cefk KeT
o=K|L
A summation by parts on G5 gives
=33 Y At (DN U = (D) U ) Dus).

KeT oelk
o=K|L

From the above equality, (2.25) and (2.24]), we deduce that

At 2
Gy < 2523 m(K) Ju] |uf
KeT

IN

KeT KeT
Using a Young inequality for G4 we obtain

Gy < %b (Z Aty m(K) [uf >+ > Aty m

KeT KeT
—a > Aty m(K) |ug|* |upt!|.
KeT

xAt, (1 n 2 113
e (33w i+ 2 3wt

’un+1 >

Employing the previous inequalities in (2.23), and summing over n = 0, 1, ..., p, with p <

N — 1, we obtain

S IISITEINES 95 S SPES

KeT n=0 KeT o€k

JraZZAt m(K) |u| a‘un+1’<%Zm(K

n=0KeT KeT
p+1 p+1

XZZAtnm VP +ab > ST Aty m(K

n=0KeT n=0KeT

n+1
DuK -

‘UK|

) [ud|?
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From the fact that up € L? (), and since we have from (2.21)) that us is bounded in L% (1)
(a > 3), the right-hand side of the latter inequality is bounded, which finishes the proof.

2.5 Convergence of the scheme

This section is devoted to prove that the approximate solution (ug, c5) given by the scheme
7, converges to a weak solution of f. We suppose naturally that the as-
sumptions of Section 2.4 hold. The key of the proof is the discrete Aubin-Simon lemma [30]
Theorem 3.4]. The proof is based also on Lemma 4.4 in [13], and uses some techniques from
the proof of Proposition 4.1 in [28] and Section 5 in [7].

Proposition 2.5.1. There exists a subsequence of (ug,cs)s, not relabeled, and a function
(u,c) € L*(0,T; H(Q))? such that as § goes to zero we have
us —u  strongly in L*(Qr),
dus — Vu  weakly in L*(Q7),
cs —c¢, deg— Ve weakly in L*(Q).

Proof. We define ¢ € H? () with ¢ > 2 and we denote by ¢k the average of ¢ in the
control volume K. Multiplying equation (2.7) by ¢k, we have :

Z m(K) (upf! —ul) ox = h + L+ I,
KeT
where

— Z Z TUDU?(TOJ:DQZ)K,O’

KeT oelk

Aty
< < 9slz7luslizT.

Z 3 At Tg(Dcygﬁ (D) ”+1) Do

KET o€k
o=K|L
X
< §Atn Z Z At Toult! ’Dc”le
KeT o€k
< [[61]1,00,7-

L= Aty m(K) f (uf) ¢k

KeT
< Aty (ab luglly + alluglls) ésllo

Now, using the Holder inequality, the estimates obtained in Proposition 2.4.1 and Proposi-

tion 2.4.2, and the appropriate Sobolev embedding, we obtain the following uniform estimate
for the time translation of us in L? (0,T; (H?(S2))")

T—71
/0 /Q (us(,t +7) — us(z, 1)) G t) d dt < C 7|9l 2 001102
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where 7 € (0, At) and C is independent of §. Since H! () << L? (Q) — (H1(Q))'), we
conclude from the discrete Aubin-Simon lemma [30, Theorem 3.4| (see also Remark 4 in [30]),
that there exists a subsequence of (ug)s, not relabeled, such that

us — u strongly in L?(Qr),

and since dus is bounded in L? (Q7) from (2.22)), there exists a subsequence of (dus); not
relabeled, such that
dus — k weakly in L2(QT),

where from [I3] Lemma 4.4] we have k = Vu.

Finally, from the boundedness of cs in L?(0,T; H'(Q)) and using [I3, Lemma 4.4], there
exists a subsequence, which is not relabeled, such that

cs — ¢, des— Ve weakly in L?(Qp).

Proposition 2.5.2. The function (u,c) defined in Proposition 2.5.1 is a weak solution of
(2.5)—(2.6)) in the sense of Definition 2.2.1 .

Proof. The proof is similar to that of Theorem 5.1 and Theorem 5.2 in [13], or that of
Proposition 4.2 and Proposition 4.3 in [28]. We recall it here since it is important to understand

why we consider that the straight line going through zx and xy must be orthogonal to o =
K|L.

Let ¥ € D(Q x [0,T)), we set

J10(6) :_/T/ des - Vb da dt,
Ja0(8 / /(%H —05> b da dt,

with )\1(5) = J10(5) + Jzo((S).

From the weak convergence of (dcs)s to Ve, the weak convergence of (cs)s to ¢ and the
strong convergence of (us)s to u in L?(€7) with the continuity of the function z o if
x > 0, we have when § — 0

5)%—/0T/ch-w dxdt+/0T/Q<uj‘rl—c>wdxdt.

Let ¢ = ¢ (t",zk) for all K € T and n = 0,1, ..., N. By multiplying the equation ([2.8)
by At, ¢} and summing for K and n, we get

J1(0) + J2(6) =0

where
N-—1
— n+1
= E At To DCK UT/JK,
n=0 K€T o€k
N—-1

8ty ()G ) v
0 KeT ug +1

n
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Now, we need to prove that J;(6) — Jjo(d) = 0as é — 0 for j =1,2.

For j = 2, we have

N-1 tnt1 un—i—l
Jo(8) — Jag(8) = / / — L (Y = (t, @) dadt
n=0 KeT ’tn K Uk +1
N-1 tnit )
- [ [ et i e dade
n=0 KeT ”/tn K
U
+ At, m(K)——X / / du dt.
KEEJT (K)o vk = | il

Since ¢ is uniformly bounded in L?(Qr) and since v is smooth, we have

112(6) — Ta08)] < [l (leslh + Tm ()5 + CAE -0, as5 -0,
where C > 0 is a constant.

Using a summation by parts, we have

_ Atn Z Z Z TO'DCT]L('+;D¢}KU

n=0 KeT o€k

From the definition of Jyg, we can write

ln
Jio(8 %Z > /tn +1/TK des - Vo dwdt.

n=0 KeT ogefk

The last two equalities imply that

tnt1 sz?(a 1
) _ V -V o dl‘ dt-
/tn (d (@r,2r)  mTko) 1y, v )

Now, using the fact that the straight line going through zx and zy, is orthogonal to o = K|L,
we have v — z1, = d(2k, L) VK s, which implies that

DYk

m = v’(/J (tn,l'L) VK,U + O(h)

=V (t,2) vko + O(0), (t,x) € [t", t" ) x Tk,

It follows then that there exists a constant C' > 0 such that

/tn+1 Di/}?(a 1 Vo dr | dt| < CAts
) _ VK. dx < .
. d(zx,z) m(Tro) Jry, "
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Since the mesh 7T is regular, there exists a constant C' > 0, only depending on the geometry
of T, such that for 0 = K|L

d(zg,zr)m(o) < Cm (Tx,q) -
which implies that
m(o ‘c"“ "+1‘ = \/E’cnﬂ ”H‘ Vd(zg,zp)m(o)
< o |t | Jom (T o)
Finally, using the Cauchy-Schwarz inequality with the estimate , we can conclude that
|J1(8) — Jip(8)| < C6 — 0, asd — 0,

where C' is a positive constant.

We define now

T
0
Elo(é):—/o /Qu(s (;fdmdt—/gu(;(x,())d)(x,())dx
T
EQO((S) = /0 /Qdu(s : v¢ dx dt

T
Esp(6) = —x / / ugs deg - Vi da dt
0 Q

Euo(8) = — /0 ' /Q F(ug)t da dt

and AQ(d) = — (E10(5) + Ego((S) + Ego((s) + E40<5)) .
Multiplying the scheme (2.7)) by At,¢% and summing for K and n, we have

El((S) + E2(5) -+ E3((5) + E4(5) =0

where
N-1
= Z m Tl+1 - ’U,;L() w?{7
n=0 KeT
N-1
Ey(8) = — > Aty 7, Dul i,
n=0 KeT oc€k
N-1
E3(0) = x Z Aty 7o (D o) Fulfdtt — (D o)~ ulft!) o,
n=0 KeT o€k
oc=K|L
N—1
Es(0) ==Y > Aty m(K)f (uf) vk
n=0 KeT

From the weak convergence of (dcs)s to Ve, (dus)s to Vu, and the strong convergence of
(us)s to win L2 (Q7)), with the continuity of the function f, we have when § — 0

/ /(u—Vu Vi +xuVe- Vi + f(u )Lb) dmdt—l—/uow(x,())dm
Q
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As before, we need to prove that F;(d) — Ejo(0) = 0 as 6 — 0 for j = 1,2,3,4. The proof of
E5(5) — E90(d) — 0 as 6 — 0 is exactly similar to the proof of J;(d) — Jig(6) — 0 as § — 0.

E4(0) — E4(0) — 0 is obvious from the continuity of the function f, the strong convergence
of the sequence (us)s, and the estimate (2.21)).

For j =1, we have

N-1
Ei(6) =Y > m(K)upt (v —vith) = > m(K)ufdi
n=0 KeT KeT
N-1 tns )
Z/t / Uy 8tt1:dedt Z/UK¢01‘K
0 KeTv'™™m KeT
tn+1 a
E10(0) :ZZ/ / ’}(Haqfddt—Z/quOx
n=0 KeT “tn KeT

Then, from the regularity of 1, we obtain

IB1(8) — Bro(0)] < (T + 1) m(®) Jugll 2any |l cxgan) b — 0, as 6 0.
Now, using the identity (for 0 = K|L) :
+
(Dc"KJFUI) unt - (DCTIL{-‘F;) uttl = ’Dcn—l-l

1

and using a summation by parts, we can write E3(0) = E31(0) + E32(9), with

N-1

E31(5) = % S 3 S Aty 7 | DY Duptl D,
n=0 KeT o€k

—1
E3(5) = % D" Aty Toul DI DY .
n=0 KeT o€k
For E30(6), it is easy to see that

L V-1 _—

FEs30(0) = -5 >y / / ug deg - Vi dadt

tn K o

n=0 KeT c€fk
= E310(5) + E320<5).
with

N—-1 a1
/ Duj ) des - Vi dwdt
tn SL N

&
—
o
—~
(=)
~—
Il
|
N~

n=0 KeT o€fk
o=K|L

1 tn+1
Es20(0) = —3 / / upt deg - Vip dadt.
tn TK o
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where Sp, » = L N Tk . Since we have
Egg((s) - E320(5) = —% Z Z m(a) u’}('HDc’}(Tle

tn+1 D@b?(o_ 1
) _ V VK o dl’ dt;
/tn d(zk,zr) mTke) oy, v )

the proof of E32(d) — E320(5) — 0 as 5 — 0 is similar to that of J2(d) — J29(d) — 0 as 6 — 0.
Using the estimates and , we get

as 0 — 0.

xh
|E31(0)| < T||¢||01(QT)

Finally, using the definition (2.14)) and since St » C Tk s, it follows from the Cauchy-Schwarz
inequality.

N-
|Ei310(6 gz > Atyd(zk,wn) 7o | Dup )| | D) (Qr)
n=0 KeT o€k
oc=K|L
<xhl¥llcrar as 0 — 0.

This ends the proof of Theorem 2.2.1.

2.6 Numerical results

In this section, we show some numerical results for the chemotaxis-growth model f
(2.6) in two space dimensions, using the finite volume schemes presented in this chapter. To
compute the discrete solution, we need only to solve two linear systems at each time step.
For example, in the case of (| . ., and at each time step, we begin by solving (12.8]) to
compute c"Jrl and then we compute ' 1 from (2.7). The same iterative procedure is used

for the scheme .

The schemes used in this section include the parameters omitted by the assumption .
In all numerical experiments, unless otherwise stated, we assume that « =3,a =1 and b = 1.
We adopt also the following parameter values taken from [1] : D, = 0.0625, D, = 1, pu =
1, B = 32. The solution is very sensitive to the choice of parameters. It is also sensitive to the
spatial domain 2 and to the initial conditions (see [70]). We set Q = (—4,4)2, and we use a
uniform mesh grid 100 x 100.

For the initial cell density, we consider that an inoculum of cells is added to the center of
the domain at ¢ = 0, so we write

0 otherwise .

wo(x) = { random(0,1]  if [|z[|2 < 0.5,

Numerical simulations using an other pattern formation model with such initial datum can be
found in [90].
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Figure 2.2 Solution (u) at t=100 using the scheme (2.7)—(2.8)), with the step size control (2.26)).

A uniform time step At = 0.1 is a reasonable step size for such problem. It is clear that for
this value, the condition holds true, but in the other side, we have verified throughout
the calculations that the time step condition may be violated for certain values of x.
So, to ensure the nonnegativity of the solution and the convergence of the scheme —,
we use the following step size control :

At if \2—-1<0,
1

Atn - min <At, CL()\Q—[))> OtherWise,

(2.26)

with A = max v .
KeT

In Figure and Figure the cell density is plotted at ¢ = 100 for a chemotactic

sensitivity x = 60, using the schemes (2.7)—(2.8) and (2.10]),(2.8)) respectively. We see that

both numerical solutions have no negative values, moreover, spot pattern formations are shown
in whole domain.

Figure 2.3 Solution (u) at t=100 using the scheme (2.10)),(2.8]), with a uniform time step At = 0.1.

We recall that in the case of the classical Patlak-keller-Segel (i.e. @ = 0) and, for such
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Figure 2.4 Solution (u) when a = 0 at ¢ = 100, using a finite volume scheme with a uniform time
step At = 0.1.

initial conditions, only one peak is observed (see Figure, which means that all cells migrate
towards one point.

In Figure 2.5, we examine the influence of the parameter y on the solution using the scheme
f with the step size control . For sufficiently small values of x, the numerical
solution converges to the homogeneous steady state w = 1. This fact is illustrated in Figure[2.5
(left top) in the case x = 4. When x = 8.8, we observe that hexagonal pattern (also called ho-
neycomb pattern) appears. This pattern is similar to that of Vibrio bacteria (see Figure .
Then, the solution changes its structure to chaotic spots pattern with the increasing of y.
Finally, we note that the symmetry of these spots increases for high values of y (see Figure
(right bottom)).

The results obtained by the scheme (2.10)),(2.8) for the same values of the chemotactic
sensitivity y are presented in Figure As we can see, the numerical solution exhibits the
same patterns shown in Figure [2.5

| X | 88 [ 30 60 100
Number of time steps | 1000 1171 1058 1047
Scheme R1-R8) 555 tme (s) 504.38 | 610.69 | 551.53 | 536.65
Number of time steps | 1000 1000 1000 1000
Scheme 210).2:8) 5ptme (s) 523.95 | 523.99 | 520.78 | 530.58

Table 2.1 Number of time steps and computational time needed to reach the final time T" = 100, for

the two schemes (2.7)—(2.8) and ([2.10),(2.8)), in the case when At = 0.1.

In Table 2.1 and Table we depict the number of time steps and CPU time needed to
reach the final time T' = 100, for different values of x. As in the previous numerical examples,
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Figure 2.5 Cell density by the scheme (2.7)—(2.8) at ¢ = 100, for x = 4 (left top), x = 8.8 (right top),
X = 30 (left bottom), x = 100 (right bottom).

the results of Table are computed for At = 0.1, and by using the step size control ([2.26))
to ensure the stability of the scheme (2.7)—(2.8). For Table the time step is chosen to be
At =0.5.

We observe from Table that for small and high values of x (y = 8.8, 60, 100), there is
not a significant difference between our two schemes. The case when y = 30 is slightly different,
since the condition is somehow restrictive and, consequently, the scheme , is
a little faster than f. However, for the large time step size At = 0.5, Table shows
that the scheme f becomes much more costly than ,, the condition
becoming too restrictive. We note that if the step size control is not used to adjust the
time step, negative values appear at certain times and the solver breaks down very early.

Finally, in Figure 2.7 we show temporal evolution of the solution for y = 60. As we can
see, the cells propagate throughout the whole domain in a wave-like manner. These numerical
results seem in good agreement with the experimental data reported in [12] (see Figure [1.3).



2.6. Numerical results 43

015959 1 1.0001 06 07 08 0% 1 1 2 4 14

05 1 15 2 25 3 35

Figure 2.6 Cell density by the scheme(2.10)),(2.8) at ¢ = 100, for x = 4 (left top), x = 8.8 (right top),
X = 30 (left bottom), x = 100 (right bottom).

] X 8.8 30 60 100
Number of time steps 203 1070 592 435

Scheme @128 550 time (5) 109.79 | 560.45 | 303.20 | 218.86
Number of time steps 200 200 200 200

Scheme 2:10),28) =555 tme (5) 106.57 | 108.97 | 105.94 | 108.75

Table 2.2 Number of time steps and computational time needed to reach the final time 7" = 100, for

the two schemes (2.7)—(2.8]) and (2.10)),(2.8)), in the case when At = 0.5.
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5 3 34

.

Figure 2.7 Cell density for x = 60 by the scheme (2.7)—(2.8) at ¢ = 10 (left top), ¢ = 12 (right top),
t = 20 (left bottom), ¢t = 60 (right bottom).
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A finite volume scheme for a
chemotaxis model arising in
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3.1 Introduction

The mechanism which generates integumental patterns in animals has sparked the interest
of many scientists. The first approach proposed to produce such biological patterns is the
reaction diffusion theory, due to Turing in 1952 [89]. In embryology, several applications of
reaction diffusion systems in pattern formation problems can be found in literature (see, e.g.,

57, 56, 554]).

In [67], Oster and Murray discussed a cell-chemotaxis model involving motile cells that
respond to a chemoattractant secreted by the cells themselves. In its dimensionless form, the

model reads

Ou = pAu —aV - (uVe),

u

8150 = AC+

—c,
u—+1
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where 1 and a are positive constants, u is the cell density and ¢ is the concentration of
chemoattractant.

The above system is based on the Keller-Segel model , which is the most popular
model for chemotaxis. The migration of cells is assumed to be governed by Fickian diffusion
and chemotaxis, and the mass of cells is conserved. The chemoattractant is assumed also to
diffuse, but it increases with cell density in Michaelis-Menten way and undergoes decay through
simple degradation.

In [58], Murray et al. suggest that the presented cell-chemotaxis model is an appropriate
mechanism for the formation of stripe patterns on the dorsal integument of embryonic and
hatchling alligators (Alligator mississippiensis) (see Figure. These skin pigment patterns is
associated with the density of melanocyte cells : melanocytes are abundant in the regions where
the black stripes appear, and are insufficient in the regions of the white stripes. The formation
of these regions is a result of a chemoattractant secretion which starts at the anterior end
and progresses towards the tail. The system is known to produce propagating pattern
of standings peaks and troughs in cell density in the case of one-dimensional space. This
patterning process was numerically and analytically investigated by Myerscough and Murray
in [60].

In this chapter, we are concerned with the following parabolic-elliptic system

Ou = pAu—aV - (uVe) in Qp,

3.2
Y —c in QT, ( )

0= Ac+
u—+1

with the homogeneous Neumann boundary and initial conditions
Vu-v=Ve-v=0 ondQx(0,7T), u(,0)=uy inf, (3.3)

where Q7 := Q x (0,T),  C R? is an open bounded subset with sufficiently regular boundary
092, T > 0 is a fixed time and v denotes the outward unit-normal on the boundary 02 . As we
can see, the system is a simpler version of the original model in which the second
equation of the system is elliptic, using the reasonable assumption that the diffusion of the
chemoattractant is much faster than that of the cell. Such a model was theoretically discussed
in [I8], where the existence and uniqueness of global solution are established.

As mentioned in Chapter 2, Filbet established the convergence of a fully implicit finite
volume scheme for the parabolic-elliptic version of the Keller-Segel model , but only for
a sufficiently small and positive initial cell density. This result is in good agreement with
the behavior of the solution in the continuous case, when the solution of the problem may
blow-up in finite time, and only an L'(Q)-boundedness of u is known to exist [61](unless one
imposes a threshold on [lug||z1(q)). So, the discrete a priori estimates needed to prove the
convergence of the finite volume solution cannot be established for all values of the initial cell
density. However, it is proved in [7], that by adding an additional cross-diffusion term to the
chemoattractant equation (which prevents the blow-up [36]), we do not need this restriction
to obtain the convergence of the scheme. The same remark is valid for the volume-filling
Keller-Segel model [5] [15], [42].

This chapter is devoted to the numerical analysis of a semi-implicit finite volume scheme
for the problem f. We show that if we modify the simplified Keller-Segel model such
that the cells produce the chemoattractant in Michaelis-Menten way (which is the case of
(3.2)), we do not need to impose a smallness condition to the initial datum to establish the



48 A finite volume scheme for a chemotaxis model arising in embryology

convergence of the finite volume scheme. Then, the convergence of the approximate solution
can be obtained for all nonnegative initial cell density uy € L%(Q), without any time step
restriction.

This chapter is organized as follows. In the next section, we present our finite volume scheme
to approximate the solution of f and state our main result. In Section 3.3, we prove
the existence and uniqueness of the solution of the proposed scheme. Positivity preservation
and mass conservation are also shown in this section. A priori estimates are given in Section
3.4. In Section 3.5, we use these estimates to prove that the approximate solution converges to
a weak solution of the studied model. Finally, numerical simulations are performed in Section
3.6.

3.2 Finite volume scheme and main result

3.2.1 Finite volume approximation

Let Q C R? be an open bounded polygonal subset. We consider in this chapter an admissible
finite volume mesh of 2, denoted by 7T, which verifies the properties of Definition 5.1 in [26] (see
also Définition 1.3.1). We will also use the same notations related to the spatial discretization
and discrete norms as in Section 2.2.1.

Let 0 =ty < t; < ... <ty =T be a uniform partition of (0,7") with N € N and ¢, = nAt
forn=0,..., V.

We denote by h the maximal size (diameter) of the control volumes included in 7, and we
define

0 = max(At, h).
We assume that the mesh satisfies this additional constraint : there exists £ > 0 such that
d(zg,0) > Ed(xk, xL), (3.4)

which is specially needed to apply the discrete Gagliardo-Nirenberg-Sobolev inequality (see
Lemma 3.2.1).

The proposed finite volume scheme for the problem (3.2)—(3.3) is given by the following
discrete equations :

forall K e Tandn=0,...N

un+1 —un
m(K)-&——X& AL K _ 4 Z 7‘0Du"Jrl
celi

ta Y 7 (D ! = (D up) =o, (3.5)

o€k

o=K|L

n+1 u’r[z{ n+1
- Z To D' = m(K) — —m(K) g, (3.6)
' u'p + 1

o€fK
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with the compatible initial condition

1
0
= — d 3.7
Upe m(K)/KuO(:U) x, (3.7)
and the following notations
2t = max(z,0), 2~ = max(—z,0),
and for all o0 € Ex
Do — 0 for o C 09,
Ko™ o7 —v%  otherwise , o = K|L.

The terms u% and c% denote respectively the approximations of ﬁ I} i u(z,t") dz and

ﬁ Jr c(x, t™) dz. We use a linearized implicit discretization in time which leads to a de-
coupled linear system i.e. : at each time step, we need only to solve two decoupled linear
systems.

We define ug, cs, the finite volume approximations of u and ¢ by :

us(z,t) = utt,  es(x,t) =t oz e K, te [t t"th). (3.8)

3.2.2 Definitions and main result

We define a weak solution of the system (3.2) with boundary and initial conditions ({3.3])
as follows :

Definition 3.2.1. A weak solution of the initial-boundary value problem (3.2)—(3.3)) is a pair
of nonnegative functions (u,c) € L?(0,T; H'(Q))? which verify the following identities for all
test functions ¥ € D(Q x [0,T)) :

T
/ / (wopp — uVu - Vo + auVe- V) dedt + / uo ¥ (x,0)dzr =0, (3.9)
0 Q Q

/OT/QVC.W dxdtz/j/ﬂ(uil —c>¢dxdt. (3.10)

We now recall the discrete Gagliardo-Nirenberg-Sobolev inequality (see [§]), which will be
useful to establish a priori estimates in Section 3.4.

Lemma 3.2.1. Let Q be an open bounded polyhedral domain of R%, d > 2. Let T a mesh
satisfying andv € X(T).

e If1<p<d let1<s<m<p*=pd/(d—p),

o Ifp>d, letl <s<m< +o0.
Then there exists a constant C > 0 only depending on p, s, m,d and Q such that

C _
1l < gy 10107 101370, v € X(T),

where 0 is defined by
1/s—1/m

T 1/s+1/d—1/p
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Now, we define approximations of the gradients of w and ¢. To this end, we begin by
defining Tk -, which is the cell formed from the vertices of o, g and zp, if 0 = K|L ¢ 09,
and from the vertices of ¢ and z g if 0 C 00 .

Following [13], we define the discrete gradient dvs which is the approximations of Vv by

m(o)

dvs(z,t) = mTica)

Dvitl vig, ®€Tkg, telt™t"),

forall K € T andn =0,..., N — 1, where v , denotes the unit normal on ¢ which is outward
to K.

We present now our main result :

Theorem 3.2.1. Let T be an admissible discretization of Q. Assume that (3.4)) is fulfilled
and that ug € L*(Q) with ug > 0. Then the finite volume approzimation (us,cs) given by the

scheme (3.5)—(3.7) converges as 6 — 0 to (u,c) which is a weak solution of (3.2)—(3.3)) in the
sense of Definition 3.2.1 .

3.3 Existence and uniqueness of a discrete solution

In this section, we prove existence and uniqueness of the solution of the proposed scheme.
We show also that the scheme is mass conserving and positivity preserving.

Proposition 3.3.1. Assume that ug > 0. Then, the scheme (3.5)—(3.7) admits a unique
solution {(u?{H, 07}(“), KeT,n=0,..,N — 1}, which satisfies the following properties

u?(“ >0 and C?(—H >0 foral KeT,n=0,...,N—1, (3.11)
Z m(K)uy = Z m(K)u’ = uwollpr(q), for alln=0,..,N. (3.12)
KeT KeT

Proof. Let ¢ be a bijection from the finite set 7 to the finite set {1,2,...,1}, where [ is the
number of elements in 7 (i.e the number of control volumes). The aim of this function is to
number the control volumes.

Now, for all n =0, ..., N — 1, we define the following /-dimensional vectors :

[]n+1 = UTIIJ(+1, F;L(K) = m(K)u}l{/At,

PlK) =
n+l _ n+l m _ U?(
Cotre =+ Gy = mE) 7

We also define for n =0,..., N — 1, the matrix A" = (A?j)l l by
’ X

b)) = M) /AL + Y 7 (u +a (Dc@}ﬁ) ,
o€l
o702
A p(n) = ~To (u +a (DC%TJ)‘) . ifLe N(K), 0 = K|L,

AZ(K),@(L) = 0, otherwise.
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And we define the matrix B = (B;;),,; by

By(r)p(i) = Y To +m(k),

o€e€K
o 002

Bok)o(n) = —Toy L€ N(K), o = K|L,

By(r),pr) =0, otherwise.

The decoupled scheme (3.5)—(3.7) can be then written equivalently as

Aryntt = (3.13)
BC" = Gn. (3.14)

To prove the existence of a discrete solution satisfying (3.11)) , we proceed by induction
on n. For n = 0, u% > 0 is given by the initial condition (3.7) for each K € T. Then,
the existence and nonnegativity of u}( and c}( for all K € T can be shown similarly as the
inductive step.

Let us assume now, that U™ and C™ are known, and that U™ > 0 and C™ > 0. We have
forall K € T :

|Bo(ry, o)) = D |Boi) o)) = m(K) >0,

LeT
L#K

then the matrix B is strictly diagonally dominant by rows, and since B has nonpositive off-
diagonal and positive diagonal entries, B is a nonsingular M-matrix. Finally, by the induction
supposition, we have G™ > 0, which implies that there exists a unique vector C"*! satisfying

(3.14), such that C"+1 > 0.
On the other hand, since for all ¢ = K|L € &k, Dc’Lljz_l = —Dc%‘; ie. (Dcﬁz}fr —
(D)=, we have for all K € T

A% )00 = D 1A ()| = m(E) /AL > 0.

LeT
L#K

Then A™ is strictly diagonal dominant by columns, moreover since A™ has nonpositive
off-diagonal and positive diagonal entries, we conclude that A™ is a nonsingular M-matrix,
then there exists a unique vector U1 which satisfies (3.13). Furthermore F™ and (A")™! are
positive (A™ is an M-matrix), which implies that U"*! > 0. This establishes (3.11)).

Now, summing (3.5 over K € T, we have :
> m(K) (uft — k) = 0.
KeT
Then, summing over n =0, 1,...,p, with p < N — 1 we get (3.12) :
Z m(K) uII)(Jrl = Z m(K)ud = luoll1(q), forallp=0,.,N—1,
KeT KeT

which ends the proof.
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3.4 A priori estimates

In this section, we assume that ug € L?(Q) with ug > 0. We denote by C' a generic positive
constant which is always independent of §, and which may take different values.

Proposition 3.4.1. Let {(u;"! "H) K e ’T n=0,...,N—1} be the solution of the scheme

.. Then, wehaveforalln—() lKET
<1, (3.15)
2
> 7 D <m(Q). (3.16)
KeT o€k

Proof. Now, for alln =0,..., N—1, we fix K such that c}?“l = ma,x{czH}LeT. Multiplying
the equation (3.6]) by ( ot 1)+, we get

— Z TUDcn—H n+1 1)+ < m(K) (1 _C?{-H) (C}z(—l—l 1)+.
€€k

The right-hand side of the above inequality is clearly nonpositive. Moreover, according to the
choice of K, we have DCn+1 <0 for all o € £k, which implies that

— > 1Dt (! —1)">o0.

o€k

Thus, we can deduce that ( ntl _ 1) < 0, which implies the estimate (3.15)).

The estimate , is obtained by multiplying the equation (3.6) by cn+1 summing over
K € T, using a summatlon by parts, and applying the Young 1nequahty on the right hand
side :

- Z Z T Dc"Jrl

KETO’GSK KeT

This concludes the proof.

Lemma 3.4.1. Let {(u}; el "Jrl) KeT,n=0,. — 1} be the solution of the scheme
. . Assume that is fulfilled. Then, there em'sts a constant C > 0 only depending
on Q, T ug, a, p and & such that

Z Z At m(K) |ul|? < C. (3.17)

n=0KeT

Proof. Performing the following change of variable :

@ =y +1 foral KeT,n=0,..,N, 3.18
K K
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the scheme f becomes

~n+1 ~n

m(K)W — 1 Z 7'(7Du”Jr1
oefk
ta Y 7 (D adt = (e hTartt) —a Y 7D =0, (3.19)
O'E;‘é}I(L O'EgK
o=
o n+l _ ﬂ?{ —1 _ n+1
> 7. D) = m(K) = m(K) ¢, (3.20)
ocefk K
1
al = m(K)/Kuo(x) + 1daz, (3.21)
and from (3.12)), it is clear that
> m(E)ik =Y m(K)ik = uo+ 1), foraln=0,..,N. (3.22)
KeT KeT

From ([3.20) we can easily see that
— Z 7, DAL > —m(K) .

o€EK

Using the above inequality in (3.19)), we obtain

“ntl _ =n

U —a
m(K)KTtK — Z 7'0]_)u”+1

o€k
< -a Z Ty ( DC"Jrl g (Dc?jal) uﬁ“) +am(K) .
o€e€k
o=K|L

"+1) and summing over K € T, we find

Let us now multiply the above inequality by At log (
that
L+ I < I3+ 14, (3.23)

where

I = Zm(K)( - k) log (ak™)

KeT

I = —pu Z Z AtTUDu?(H log (@ "H),
KeT oelk

=—a Z Z At 1, ( DC"'H)Jr el (Dc’}(ﬂ) "+1> log (@),
KeT o€k
o=K|L

Iy=a Z Atm(K) ! log (@ "H) .
KeT

From the expression of I, we can see that

o= m(K) (ag " log (apt!) — il log ()
KeT

- > m(K)ig (log (a3) —log (@),

KeT
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and since we have from a Taylor expansion of log

(log( "'H) — log (ﬁ’}()) < fL"K+1 — U,

we deduce using the mass conservation property ([3.22) that

L= )" m(K) (@5 log (ajt") — a log (@%)) -
KeT

By an integration by parts on Iy, we get

B ~n ~m n
= 5 Z Z AtTaDqual (log (uLH) log( “)).

KeT o€lk

Then, by a Taylor expansion of log we get

MZ ZAtTU—

KeT oelk

~n+1 2

\/T—H

where 0271 = t, @7 + (1 — ¢,) @)™ with ¢, € (0,1). Hence, using the fact that

Y

(45

> ’D (W)

K,o K,o

we infer that

IQZ%Z ZAtTg

KeT o€k

D (W)

K,o

Now, performing the same computations as in |28 p. 468|, we get

< % Z Z AtTgen-l-chnJrl (log( n+1) log( n+1))’

KeT oelk

which leads using the Taylor expansion of log to

Z Z At7,Dep I D).

KETo'EgK

Multiplying - by At ~n+1 and using an integration by parts, we can easily see that

- Z Z AtTaDc}l(HD%Jrl < Z At m( "H.
KGTO’EgK KeT

From the two last inequalities, and due to the mass conservation ([3.22)), we deduce that
13 < aAtHU() + 1HL1(Q)
Next, using the L*°(Q) bound ([3.20)), it is clear that

I4 S aAt”’U,O + 1HL1(Q)
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Collecting the estimates obtained for Iy, I, I3 and 14, and summing over n =0, ..., N — 1,
we obtain

2
Zm(K)uKlog uK gz Z Z Aty |D (v&”“)
KeT n=0 KeT o€k Ko
<2aT||uo + 1) + Z m(K)a% log (a%) -
KeT
Therefore, we have
N— 2
Z S 3 atr,|D (mnﬂ) <, (3.24)
n=0 KeT c€fk Ko

where C' > 0 is a constant depending on 2, T ug, @ and .

Now, we denote by @t € X(7) the function defined by : @y (z) = @}t for all z € K.
andn=0,..,.N —1,

From Lemma 3.2.1, we have
H fartt || < \/u? H Wﬂ
4 1,2,7

_ C N
laip < S V| e

1,2,7

which implies that

where C' > 0 depends on {2.

Finally, gathering the above inequality with (3.22)), (3.24)) and (3.18]), we deduce that us is
bounded in L? (7). This completes the proof of the lemma.

Proposition 3.4.2. Let {(u™, %), K € T, n=0,...,N—1} be the solution of the scheme
. - Then, there emsts a constant C' > 0 dependmg on Q, T ug, a, i and & such that,
foralln=0,1,...p, withp< N —1:

> () fuf| XY Y

KeT n=0 KeT o€l

2
Duptll < C. (3.25)

Proof.
Multiplying the equation (3.5) by At unH, and summing over K € T, we get
Fi + F> = F3, (3.26)

where

Fo=3" m(K)uit (ut - k).

KeT
F=—p Z Z At 7, u"HDu%’LUl,
KeT oelk
——a Y} > Attt (D) !t = (D Tupt),
KeT o€k

o=K|L
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—_

1)
% Z < n+1|2 ”U,?(‘Z) )
KeT

Next, we perform a summation by parts on F5. This yields,

:%Z ZAtTg

KeT o€k

Using the inequality a(a — b) > 3

2
n+1
Dqu

To deal with the term F3, we begin by establishing the inequality :
1
FE < B (EQ + Eg) , (3.27)

where

n+1\+ n+1 n+1\—, n+1 n+1 n+1
E E TU(DC o) Tu (DCK’U) uy )(uL — Up ),
KeT o€l
oc=K|L

By= > D moui (D) (wp™ —ui™),

KeT oelk
o=K|L

Be Y Y rat 0 (7 ).
KeT o€k
oc=K|L

Since Dc""H (Dc”“) — (D)=, we have

Z Z 7_0 Dcn+1 (UTLL—H U}L{—H) (u?{-i-l o u7LL+1) < 0’

KeT o€k
o=K|L

Ei—Ey=)  » 7(De)" (it —upth) (uptt —uitt) <0,

KeT o€€k
oc=K]|L

which gives (3.27).

Now, multiplying . by ‘u"“ , and sum by parts, we obtain

z Z Z ToDCch(}UnH | n+1 ) Zm ’un+12<u7§%_1_c?(>'

KeT cE€EK KeT
oc=K|L

which leads to

- Z S r (Wt ) Dt Du < ST (k) [t (3.28)

KET c€EK KeT
oc=K|L

A summation by parts on Fj gives
a 1 1 1y—, n+l 1
=23 Y Atn ((DeEh gt - (DN Uyt ) Dugt).

KeT oe€k
o=K|L
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From the above equality, (3.27) and (3.28]), we deduce that

a At 112
KeT

Employing the previous estimates for Fj, Fy and F3 in (3.26]), and summing over n =
0,1,....,p, with p < N — 1, we obtain

P
%Zm(K)‘u‘?—l‘Q—f—%ZZ ZAtTU ’

KeT n=0 KeT celk

p
< % > m(K) % |* + % > Atm(K) [upt! 2 (3.29)
KeT n=0KeT

n+1
DuK’U

It follows from Lemma 3.4.1 that the right hand side of the above inequality is bounded,
which gives the desired result.

3.5 Convergence of the finite volume scheme

Proposition 3.5.1. There exists a subsequence of (ug,cs)s, not relabeled, and a function
(u,c) € L3(0,T; H'(2))? such that as § goes to zero we have

us — u  strongly in L*(Qr),
dus — Vu weakly in L*(Q7),
cg — ¢, dcsg — Ve weakly in LQ(QT).

Proof. The proof will be omitted since it is similar to that of Proposition 2.5.1.

Proposition 3.5.2. The function (u,c) constructed in Proposition 3.5.1 is a weak solution of
(13-2)—(3.3) in the sense of Definition 3.2.1.

n
Uk

uf + 1

Proof. The proof is similar to that of Proposition 2.5.2. The treatment of the term
is straightforward, since it is bounded for all K € T and n =0,..., N — 1.

3.6 Numerical results

We now show some numerical results in two dimensions with the proposed finite volume
scheme. This section gives some insights on the effect of the initial condition on the behavior
of the cell density given by the the system f. In all numerical tests, we consider the
problem in a rectangular domain §2 = (—=9/2,9/2) x (=75, 75), discretized via a uniform mesh
of 33750 control volumes. The time step is At = 1, and we take the following data used in
58, [60] : 1o = 0.25, a = 2.

Test 1. In this test, we consider the following initial condition :

1—e(x) if x € (-9/2,9/2) x (=75,—73),

uo(z) = { 1 otherwise, with z € Q, (3.30)
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where €(x) is a positive perturbation such that e(x) < 1.

The above initial condition is in concordance with the case of stripe patterning on the
dorsal of the embryonic alligator. As mentioned in Section 3 in [58], the default colour of the
embryo is the dark pigmented form, and the the white pigmentation appears first in the head
region. The white stripes (see Figure are the result of an insufficient density of Melanocyte
cells u. Note that the long rectangular domain reflects the geometry of the alligator dorsal.

-4 3 2 -1 0 1 2 3 4 -4 -3 -2 -1 ] 1 2 3 4

Figure 3.1 Initial condition of the cell density ug (3.30)) (left), and the solution (u) at time ¢ = 800
(right).

In Figure (left), we show the initial condition . The strip patterning predicted by
the model at t = 800 can be observed in Figure (left). In both figures, we supposed that in
the region when u = 2, there is a sufficient Melanocytes to have a black colour. The 3D view
of this patterning and its contour along the line L = {0} x (—75,75) are shown in Figure

60 -40 =20 0 0 40 60

Figure 3.2 Three dimensional plot of the solution (u) from Figure (right), and its contour along
the line L (left).

In Figure [3.3] we show the evolution of the cell density by plotting the contour of u along
the line L at different times. We can observe that the wave patterning moves to the right which
reflects the fact that the pigment starts in the anterior part of the embryo and proceeds down
the body in time.



3.6. Numerical results 59

B L i L ' : . B g . ! . !
94 5
44 14
34 34
24 i
14 14
] T i}
&0 40 20 0 20 40 80 50 40 20 ] 20 40 B0
B : ! 1 ' : ! L B ! : L L i L L
5 a4
44 4
34 3
24 o
14 14
0 T 1] T
B0 40 20 1] 20 40 B0 -60 40 20 1] 20 40 B0

Figure 3.3 Contours along the line L of the cell density (u) computed from the initial condition (3.30)
at t = 100 (left top), t = 200 (right top), t = 400 (left bottom), ¢ = 600 (right bottom).

Test 2. Now, a positive perturbation is made in cell density as follow :

1+e(z) ifaxe(—9/2,9/2) x (=5/2,5/2),

uo(x) = { 1 otherwise, with x € Q. (3.31)

The above initial condition and the computed solution at ¢ = 400 are shown in Figure [3.4]
We can see the ability of the model to generate stripe patterning for such initial condition.
Contours along the line L of v at t = 200 and ¢t = 400 are plotted in Figure (left) and
Figure (left). In this case, we observe that the patterning begins at the middle of L and
progresses to the boundaries symmetrically.

Test 3. In this test, the initial condition is similar to the previous test, except that the
perturbation in initial cell density is done on a thinner strip :

1+e(z) ifze(-9/2,9/2) x (-1/2,1/2),

uo(z) = { 1 otherwise, with = € Q. (3.32)

Figure (right) and Figure (right) show that the propagation pattern is similar to
the previous test, but with a difference in peaks.
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Figure 3.4 Initial condition of the cell density ug (3.31)) (left), and the solution (u) at time ¢ = 400
(right).
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Figure 3.5 Contours along the line L of the cell density (u) at ¢ = 200, computed from the initial
condition (3.31) (left), and from the initial condition (3.32]) (right).

Test 4. Finally, we consider a zero initial condition with a perturbation in a small strip :

o) ={ 7 e it g e 339

The computed cell density at times ¢ = 10 and ¢ = 1000 are plotted in Figure As we
can see, the model does not generate any spatial patterns in this case.
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Figure 3.6 Contours along the line L of the cell density (u) at ¢ = 400, computed from the initial
condition ([3.31)) (left), and from the initial condition (3.32)) (right).

-100

Figure 3.7 Solution (u) computed from the initial condition (3.33) at t = 10 (left), and at ¢ = 1000
(right).
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4.1 Introduction

In this chapter, we are interested in the following general form of the Keller-Segel model

(4.1)
Orc = D Ac+ g(u, c),

{ dyu =V - (DyVu —ux(c) Ve) + f(u),
where u(z,t) denotes the cell density at spatial position x and time ¢, ¢(x, t) is the concentra-
tion of the chemoattractant substance, D, is the diffusion coefficient of the cells, x(c) is the
chemotactic sensitivity, f(u) is a function describing cell proliferation and reduction, D, is the
chemical diffusion coefficient while g(u, ¢) is a kinetic function that describes production and
degradation of the chemical signal.
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Several chemotaxis models are derived from the above generic system. The classical Keller-

Segel model ([2.1)) can be obtained from (4.1)) by taking :

X(C) =X f(u) = 07 g(U,C> =u-—=_c,
with y is a positive constant. Many other parabolic systems based on (4.1)) are used to model
complicated phenomena by incorporating new equations, variables, and terms. In this work,
we focus on such models, and in particular on the chemotaxis models with a polynomial
cellular growth term f(u) (the growth term may depend on other variables). Such function is

widely used in modeling of cell proliferation and reduction in chemotaxis systems (see, e.g.,
[16, 69, [57, [85]) and other population dynamics models.

In Chapter 2, we give an overview of existing papers focused on numerical treatment
of chemotaxis models. In these works, different approaches for time discretization have been
adopted. Explicit schemes were proposed by many authors [17, 22 24] [34]. The main drawback
of these schemes is the CFL condition needed to ensure stability, which becomes too restrictive
when a fine mesh is used. To avoid such constraint, implicit schemes were developed in several
works such as [53], 28], [7, 9]. However, such time discretization requires the numerical resolution
of a large nonlinear algebra system, which is in general too expensive. The third approach which
can be used is the linearized semi-implicit discretization, used in chapters 2 and 3. In terms of
computational cost, this discretization is more advantageous compared with the fully implicit
one, since we only need to solve decoupled linear systems. This strategy was used in |77, [75] for
the classical Keller-Segel model. In [84] 83], a semi-implicit finite element scheme was derived
for two and three dimensional chemotaxis-growth system. This scheme is unconditionally stable
and positivity-preserving if the growth term in the weak form of the system is positive [84]
Theorem 3.2|. Unfortunately, this last condition is not satisfied in general.

In this chapter, a finite volume scheme combined with a semi-exponentially fitted time
discretization is presented. The scheme is applied to two chemotaxis-growth models. However,
it may be easily adapted to a class of chemotaxis models with polynomial growth based on
. The method uses II'in discretization for the approximation of the convection-diffusion
fluxes. The time discretization, which is the main goal of this chapter, is developed in a such way
that the numerical scheme verifies the following properties : first, it may only require to solve
decoupled linear systems, which excludes the fully implicit schemes. Second, the scheme should
be stable without any time-step restriction. Finally, it should be unconditionally positivity
preserving. As mentioned previously, the explicit and semi-implicit methods that have been
proposed do not fulfill the last two properties.

In the framework of embryonic pattern formation, Oster and Murray proposed in [67] a
cell-chemotaxis model based on (4.1). In its dimensionless form, the model reads [59, 52]

0w = pAu —V - (xuVe) + sru (1 —u),

8tc:Ac+s(u—c>,
u—+1

where p, X, s and r are positive constants. The model is completed with the zero-flux boundary
conditions.

(4.2)

The above model can generate different forms of spatial patterns [52]. It describes also the
mechanism which generates the condensations of cells leading to embryonic pattern formations.
In [59], several numerical simulations were presented to demonstrate the ability of , in
its steady state form, to reproduce the patterns found on the skin of snakes (see for example

Figure .
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In this chapter, a particular attention will be given to the following model

Ou=Au—V-(uVe)+u(l—u) in Qp,

4.3
0=Ac+ Y —c¢ in Qrp, (43)

u—+1

with the homogeneous Neumann boundary and initial conditions
Vu-v=Ve-v=0 ondQx(0,Tf), u(.,0)=up(x) in Q. (4.4)

Herein, Q7 := Qx(0,7%),Q C R? is an open bounded subset with sufficiently regular boundary
09, Ty > 0 is a fixed time and v denotes the outward unit-normal on the boundary 9€.

The above model was theoretically discussed in [18], where the existence and uniqueness
of global solution are established for suitable initial data. As we can see, the system is
a modified version of the original model in which the second equation of the system is
elliptic, using the reasonable assumption that the diffusion of the chemoattractant is much
faster than that of the cell. Without loss of generality, we have also assumed that

pu=x=s=r=1. (4.5)

Contrary to the classical Keller-Segel model, the solutions of the system do not blow-
up in finite time, since the source term in the elliptic equation is bounded. It also should be
noted that the reactive term u (1 — u) prevents the blow-up of the solutions, even if the second
equation of the model is similar to that of the classical Keller-Segel model [86] 93].

The chapter is organized as follows. In section 4.2, we derive our semi-exponentially fitting
in time and finite volume in space scheme for the system f. Some semi-implicit
Euler schemes are also presented. The existence and uniqueness of a discrete solution for the
presented schemes are shown is Section 4.3. The advantage of our time discretization over
linearized backward Euler schemes will be underlined in this section. A priori estimates on
the discrete solution of the new scheme are given in Section 4.4. In Section 4.5, we use these
estimates to prove that the approximate solution converges to a weak solution of the studied
model. In Section 4.6, we present some numerical experiments that show the efficiency of the
scheme. The scheme is then applied to another chemotaxis-growth model to demonstrate its
ability to capture bacterial pattern formations.

4.2 Presentation of the numerical schemes

Let © C R? be an open bounded polygonal subset. We consider in this chapter an admissible
finite volume mesh of €2, denoted by 7, which verifies the properties of Definition 5.1 in [26] (see
also Définition 1.3.1). We will also use the same notations related to the spatial discretization
and discrete norms as in Section 2.2.1.

The mesh is assumed to satisfy this additional constraint : there exists £ > 0 such that
d(aﬁK,U) Zﬁd(xK,a:L). (4.6)

Let 0 =ty < t; < ... <ty = T be a uniform partition of (0,T%) with N € N and t,, = nAt
forn=0,..., V.
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We denote by h the maximal size (diameter) of the control volumes included in 7, and we
define
0 = max(At, h).

4.2.1 Semi-implicit finite volume schemes

We present some numerical schemes for the cell density equation, in which we apply a finite
volume approximation in space, and semi-implicit Euler discretizations in time.

Let € K and t € [ty,tp41). We denote by u’ an approximation of ﬁK) S u(z, ") da,
and similarly for c.. We begin by integrating the first equation of the system over the control
volume K, then by applying the Green-Gauss formula, we get for all K € T

/8tux t)dx — Z / (Vu(z,t) —u(z,t)Ve(z,t)) - vi o do

o€k
_ / w(e 8) (1 — u(w, 1)) do = 0, (4.7)
K

where v ; denotes the unit normal on ¢ which is outward to K. Now, by approximating the
average of the product by the product of the averages in the reaction term, and by using a
backward Euler discretization for the time derivative and the convection-diffusion flux, with a
semi-implicit discretization for the last term, we obtain the following scheme :

foral K e Tandn=20,...N—1

un—‘rl —un
m(K) KK+ 3" PRt —m(K)uf (1-upt!) =0, (4.8)
o€EK
where F”ng is an approximation of the convection-diffusion flux at ¢t = t"*1. In the equation

(4.9), a seml-lmphclt discretization is used to linearize the reaction term. It should be noted,
however, that in order to achieve this purpose, two other schemes can be proposed

un—f—l —
m(K) K+ 3" el —m(K) uf (1-uf) =0, (4.9)
o€k
“?{H - “K n+1 nt1 n
m(K)E—X + Y Fp (K)u (1 —uf) = 0. (4.10)
o€k

In this chapter, we focus on the scheme (4.§]), since it is unconditionally stable, as it is
proved in Section 4.3.

For the numerical flux F}é‘;l, we will consider the following exponential fitting approxima-
tion

1 for o C 09,
R (B (*DC?(J;}) Wttt - B (Dc}}t}) qu) otherwise , 0 = K|L,
(4.11)
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where B is the Bernoulli function defined by

B(0) =1, B(z) = Ve € R\ {0}, (4.12)

exp(x) —

and where for all o € &, Dc?(fgl is defined by

Dcn-i—l _

0 for o C 01,
K,o —

At — et otherwise , 0 = K|L.
Using the definition (4.11]), the same approximation can also be expressed by
n+1 n+1 Dcn+1
1 1Ug  tup Ko 1
=, <Dc’;§cf E L ¢ (2 Dl (4.13)

where Du}‘(':l is defined similarly to Dc?;rgl, and £ is the 1-Lipschitz continuous function :

£(0) =1, £(z) = xzcoth(z) Ve € R\ {0}, (4.14)

a plot of this function is presented in Figure

4.5 T T T T T T T

4L
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a3+
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1k
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Figure 4.1 Plot of the function £.

The numerical scheme , which has been developed to approximate the convection-
diffusion flux, is called II'in scheme [43] (or Scharfetter-Gummel scheme [78]). It is derived
from an appropriate one dimensional local Dirichlet problem. The II'in scheme is suitable to
solve convective dominated problems and it is second order accurate [48]. The spatial finite
volume approximation has been generalized to the case of nonlinear diffusion [6], and
when both convection and diffusion terms are nonlinear [25].

The finite volume scheme for the second equation of the system (4.3)) will be presented in
the next section.
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4.2.2 Time semi-exponentially fitted scheme for the chemotaxis problem

The time discretization, which will be introduced in this section, is inspired by the II'in
scheme and the semi-implicit scheme (4.10). We focus first on the volume integrated time
derivative and reaction terms obtained from ({4.7)

/Katu(x,t) dx—/Ku(x,t) (1 - u(z, b)) da.

Let ¢ € [tn,tn+1). We approximate the above nonlinear term by

m(K) (ux — uk (1 —uk)) where ug(t) = (K )/ u(zx,t) dzx.

We recall that u is an approximation of the mean value of u(x,t") on K. The last expression
is then approximated by a constant value T}?Fl, using the solution of the following local
boundary value problem :

{ (u —ur (1 —u%)) =0 on (0,At),
ur(0) = uf, ug(At) =uft

n—+1
1}(

Hence, the numerical approximation may be defined by the following expression

B (At (1 —uf))ug — B(=At (1 —uf)) u
At ’

which, by using the definition of the Bernoulli function (4.11)), can also be written as

o mgj) (—At(l ) KJ;@“ Lo <A’f(12—“?<)> (it — u@) . (4.16)

Tt = m(K) (4.15)

The convection-diffusion flux is discretized implicitly similarly to the schemes presented in
Section The final time semi-exponentially fitted scheme reads :
forall K € T andn=0,....N —1

Tptt+ Y Rt = (4.17)

ocelk

For the concentration equation, we adopt the following classical finite volume scheme

n
- Z T, DAL + m(K) i = m(K) nuK .
: up +1

celk

(4.18)

This allows us to avoid coupling and nonlinearity of the numerical discrete system (4.17))—
(4.18)). We note that all schemes defined in this section and in Section should be completed
by the following compatible initial data :

0 1

up = i) /Kuo(:n) dr forall K €T. (4.19)
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Finally, the piecewise constant finite volume approximations of u denoted by wus and its
discrete gradient dus (see [13]) are defined by :

us(x,t) = u?;rl, cs(x,t) = c’}(ﬂ, re K, telt "),
m(o)

dus(z,t) = Mg

DunKJ;jl VKo, TE MK,m te [tn,tn+1),

forall K € T and n=0,...,N — 1, where Mg , is the cell formed from the vertices of o, zx
and zy, if 0 = K|L ¢ 09, and from the vertices of o and xg if o C 0. The same notations
hold for the variable c.

4.3 Existence, uniqueness, and nonnegativity of finite volume
solutions

Proposition 4.3.1. Assume that ugp > 0. Then, the schemes (4.17)—(4.19)) and (4.8]),(4.18)—
(4.19) admit a unique solution {(U%H,c?{“), KeT,n=0,..,N —1}, where for all K €
T,0<n<N-1, wehaveu}?‘lzo andc”K'Irl > 0.

Proof. At each time-step, the decoupled scheme (4.17)—(4.18) can be written equivalently
as

AMyntt = g (4.20)
Jortt = gn, (4.21)

where for all K € T, the vectors of ([{:20)-(4.21) are defined by : ULt = wi, Sp =
m(K)B (—At (1 —ul))ul /At, Ot = it and G = m(K)-%5. The associated system

ulpe+1

matrices are defined by :

A e = m(K)B (AL (1= w})) /At+ Y 7,B (=Dt

c€EEK
o702

kL= —ToB (Dc’;{;) , ifL € N(K) with o = K|L,
% =0, otherwise,
and by
Tk = Y To +m(K),

o€k
o7 o0

Jrk = —T,, ifL EN(K) with 0 = K|L,

Jr,, =0, otherwise.

To prove the uniqueness and nonnegativity of the solution of the scheme —7
we proceed by induction on n. Since we have from that u% > 0 for each K € T,
the existence and nonnegativity of u}( and c}( for all K € T can be shown similarly as the
inductive step.
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Let us assume now that U™ and C" are known, and that U™ > 0 and C™ > 0. Then, we
have for all K € T :

[Tiexl = Y [k.o| = m(K) >0,

LeT
L#K

which implies that the matrix J is strictly diagonally dominant by rows, and since J has
nonpositive off-diagonal and positive diagonal entries, J is a nonsingular M-matrix. It follows
that J—! is positive. Consequently, since G™ > 0 by the induction supposition, there exists a
unique nonnegative vector C"*1 satisfying .

On the other hand, since for all o = K|L € &g, Dcztl = —Dc"Kt,l, we get for all K € T

A% x| = Y 1AT k| = m(K)B (At (1 - uf)) /At > 0.

LeT
L#K

Thus, since the function B (defined in (4.12))) is positive, A™ is strictly diagonal dominant
by columns. Furthermore, the matrix A™ has nonpositive off-diagonal and positive diagonal
entries. Therefore, A™ is a nonsingular M-matrix. Hence, since S™ and (A™)~! are positive (A"
is an M-matrix), there exists a unique nonnegative vector U"*! which satisfies (4.20]).

Finally, the uniqueness and nonnegativity of the solution of the scheme (4.8)),(4.18)—(4.19)
can be established in the same way, using the fact that the scheme (4.8) can be written as :

A" Un+l — Sn7

with Si = m(K)u} (1/At + 1) and

fore =m(K) (1/A+uf) + Y 7B (D)),
ocelk
oo

Wor =B (D)), L € N(K) with o = K|L,

Af =0, otherwise.
O

Remark 4.3.1. As mentioned in Section 4.2.1, the linear schemes ,f and
(4.10),(4.18)—(4.19) require time-step restrictions to obtain stability and nonnegativity of the
discrete solutions. Arguing similarly to the proof of Proposition 4.3.1, we can show that the
time-step condition in the case of the scheme based on depends on the solution, while the
time-step condition in the case of the scheme based on (4.10) depends only on the parameters

of the model.

4.4 A priori estimates

In this section, we will derive the a priori estimates on the nonnegative approximate solution
(us, ¢5), which are needed to prove the convergence of the scheme f. To this end, we
assume that ug € L?(2) with ug > 0. In this and following sections, we denote by C' a generic
positive constant which is always independent of §, and which may take different values.
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Proposition 4.4.1. Let {(u%™, %), K € T, n=0,...,N—1} be the solution of the scheme
- - Then there eazzsts a constant C > 0, only dependmg on 0, Tt and ug, such that
foralln=0,...N—1,and K € T

> m(E)upt <C, (4.22)

KeT

N-1

> m(K)B(—A (1 —uf)) (ufd! —uk) < C, (4.23)

n=0 KeT

A <1 and Z Z Ty DC?(J’FC} ’ <m(Q). (4.24)
KeT o€€k

Proof. Since the Bernoulli function B is decreasing, using (4.11)) and (4.15]), and summing

(4.17) over K € T, we get n=10,..., N — 1

B(At) > m(K)up = B(-At) > m(K)uf < 0.

KeT KeT

Now, multiplying the above equation by 1/B (At), and using the fact that B(—z)/B(z) =
exp(z), we can easily see by induction that

> m(E)uj < exp(Ty) Y m(K)uf,

KeT KeT

which gives the estimate (4.22)).
Summing (4.17) over K € T, it is easy to see that

> m(E )i (B (At (1 = uf)) — B(=At (1 - uf)))
KeT

+ ) m(K)B (=At (1 - uf)) (uf™ — uf) = 0.
KeT

Next, summing over n = 0,..., N — 1, and since B verifies
B(z) — B(—x) = —x, (4.25)

we get

ZAt Z K)u e + Z Z —At (1 —uk)) (UTIL(H — ul)

= KeT n=0 KeT

= Z At m(K)uptt,

n=0 KeT

Together with (4.22)), we deduce 1’
The proof of the estimate is similar to that of Proposition 3.4.1.

The second estimates of | -, is obtained by multiplying the equation (4.18]) by c"'H,
summing over K € T, using a summation by parts, and applying the Young mequahty on the
right hand side :
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1 1
n+1 n+1|2
32 3 | 3 Xm0 < o)
KeT o€k KeT
This concludes the proof.
O
Lemma 4.4.1. Assume that ( is fulﬁlled Let {(u o "H) KeT,n=0,. -1}

be the solution of the scheme 4.17 , and let a be a constant defined by 0 < a < B(l).
Then, there exists a constant C > 0 only depending on Q, T, ug, a and § such that

ZAt > m(K) Jugl* < C. (4.26)
n=0 KeT
Proof. Forall K €T,n=0,....N, we set
Uy = up + 1, (4.27)
and for all z € R, we define

B(z) = B(z) —a, where 0 <a< B(1). (4.28)

By multiplying the equation (4.17)) by Atlog (H?(H), summing over K € T, and performing
the changes of variable ([{.28)) (only for the expression of Fi-t!) and (4.27), we get

e (A

where

[ =) m(K) (B (A2 —uk))upt' — B(-At(2 - k) uk) log (wy') |

KeT
Ig“ —a Z Z AtTaDu’}(H log( "'H),
KeT o€l
pt=-3 % atr, (E (—Dc?;j;) @ B (Dc";;) "H) log (),
KeT o€k

oc=K|L

= Z Atm(K) | ux + Z TgDc’};rUl —2 | log (@),
KeT o€k

where we have used the definitions (4.11)) and (4.15)), and the identity (4.25)).

For the term I f“, using the fact that B is a decreasing function, we have

> Z B (2At)u  log () — B (—2At) wj log (W)
KeT

— > m(K)B(-At (2 —uk)) uf (log (wpt") — log (k) -

KeT
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Then, since we have from a Taylor expansion of log
uj (log (ait') —log (uk)) < uy™ —uk, (4.29)
we deduce that
> Z B (2At) it log (u "H) B (—2At) u log (u}))
KeT
— Z —At (2 —uk%)) (u?jl - ﬂ’}()
KeT
By a summation by parts on I;LH, we get
+1_ @ +1 +1 +1
Iy =5 Z Z AtTgDu" (log( " ) log( u'’y ))
KeT o€k
oc=K|L
Next, using the Taylor expansion
1 1 unK+1 _ ﬁi+1
—n-+ —n—+
IOg ( ) IOg ( ) + T, (430)

where 07! = t, 7% + (1 —t,) @}t with ¢, € (0,1), we can write

7n+1 2

o = Z Z At T, \/W

KETO’ESK

Now, since

‘Dﬂ?;rl \/E \/—nﬁ
i ﬂ1+1 > | D (1 /fn+1>
Nl N ( ) Ko —’ Y ) ke

it follows that

I""‘1 Z Z At1,|D

KETUGEK

Using a summation by parts, we obtain

= Z > atr, (B(-Dedt)wdt - B (D)) aptt)
KET oc€lk
o=K|L

x (log (™) = log (™)) -

Let us now define fg“

In—f—l Z Z AtTagn-&-lDCTIz{—!—; (log( n+1) log( n—l—l)) .

KGT o€k
oc=K|L
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Then, using (4.25)) and the last expression of I§L+1, it yields

Bt =L S S AtnB(-Dad)) (@ - o)

KeT €€k
oc=K|L
(log( "H) 10g( "H Z Z AtT,B (Dc’;;ral)
KGT ocelk
oc=K|L

x (077 ;™) (log (@) —log (™))

:1 —lo B (_Dc?(-l-l) (u?(—&-l z-&-l)
KeT o€k ’
oc=K|L
(log ( "H) log ( "H Z Z At 7,B (DC"H)
KET oefk
oc=K|L

x (it =g (log (@) —log (W) -
From the nonnegativity of C”H for all K € T and (4.24)), it is easy to see that B (:l: Dc"“) >
B(1) (B is decreasing), which implies that B (:l: DCT}QL;) > 0. Thus, from the above equality,

we obtain Ig‘“ < fg,}“, which leads using (4.30) to

1

n+1 n+1 y=—n+1

Lt < > > Atr.Dct ) Dupt).
KeT o€lk

Therefore, by multiplying (4.18)) by @ *”H and summing by parts we can easily deduce that

ot < >y Atm(K)
KeT

Finally, using (4.29), and since we have from (4.18) and (4.24) that > . TUDC?(TUl <m(K),

we deduce that

I < At (Z m(K)uy log (uf) + Z K)yapt + Z K)log ( ”+1)> )

KeT KeT KeT

Collecting the previous inequalities, summing over n = 0,...,p with p < N — 1, and using

, we obtain
B((2Ty) ) m(K) p+llog( p+1> ZAt DI ( n+1)K

2

KeT n=0 KeT o€k
<3 Z At > m(K)af log () + 2 Z At > m(K)upt!
n=1 KeT n=0 KeT
ZAt D m(K)log (wi) + (B(—2Ty) +1) Y m(K)u) log (k)
n=0 KeT KeT

+ Z S m(K)B (A2 - ) (W )

n=0KecT
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From ({£.22), ([#.23) and since ug € L? (), we can deduce by applying Lemma 2.2.1 that :
there exists a positive constant C' only depending on 2, T and ug, such that

Z m(K)uh, log< p+1> <C,

KeT

which implies the existence of a positive constant C' only depending on €, T}, ug and a, such

that ,
> ary X w|p (Vi)

n=0 KeT o€k
We denote by @i € X(7) the function defined by : @y (z) = @it for all » € K and
n=20,..N—1. An application of Lemma 3.2.1 gives
+1
a7

<C. (4.31)

- 51/4 12,7

So, it follows that
4
w1 < 1

—n+1
Us

a5y

where C' > 0 is a constant depending only on €.

Therefore, from the above inequality, (4.31) and (4.22)), the statement of the lemma follows.
O

Proposition 4.4.2. There exists a constant C > 0 only depending on Q, T, ug, a (see (4.28))
and & (see (4.6) ) such that, for alln =0,1,...,p, withp < N —1 :

> (k) [ +2At S nlpu <o (4.32)
KeT =| KeT oeli

N-1

SN m(K) (upt —ul)? < C. (4.33)
n=0 KeT

Proof. Multiplying the equation (4.17) by At u}?‘l, using (4.13)) and (4.15)), and summing
over K € T, we get

Fptt 4 et = et (4.34)

where

Fi* =" m(K) (B (At (1 —ufe) uc™ = B(=At (1~ wi%))tt’z%) uth,
KeT

DCnK+1
R X Y arme (20
KeT oelk
1
Fitt=—o ) D AtnDedy (ui! +upth) uidt

KeT o€k
o=K|L
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Using Young inequality, we have

Frt > Z "+1 (B (At (1 —u%)) — B(—At (1 — u}z))>
KeT
- % > m(K) (B (At (1 —uf)) | P = B(=AL(1 - u})) |u?<|2) .
KeT

Using the identity (4.25)) on the first term on the right-hand side, and since B is decreasing,
we get

1
F{™ 20 37 Atm(K) fug! 2l — 1)
KeT

+ % Y m(K) (B (Af) [ut!)? - B(~At) |u’}<|2) . (4.35)

KeT

Using a summation by parts, and since £(z) > 1 (zcoth(z) > 1 for all z € R\ {0}, and
£(0) = 1), we obtain

Fptl > 2 Z > Atz Du”+1 (4.36)
KETUGSK
By using a summation by parts, we have
1
F§L+1 =3 Z Z AtTaDc”'H (}un—l—l | n+1 )
KeT oelk
oc=K|L

Now, multiplying the equation (4.18)) by At ‘u”“ and summing by parts, we deduce that
1 2
Fpl < 3 > Atm(K) |up| (4.37)
KeT

Gathering (4.34)), (4.35)), (4.36]) and (4.37), and summing over n =0, ...,p, with p < N — 1, we
obtain

B(QTf) ‘ p+1‘ 4o ZAtZ Z - Dun+1
KET n=0 KeT oelk
p
—i—%ZAt Z m(K) ‘u}‘(ﬂfu?(
n=0 KeT
p
< A wE) [ P+ ZNZ K) [uf |
n=0 KeT n=1 KeT
+ BEID S (i) .
KeT

In view of the estimate (4.26]), (4.32) follows from the above inequality.

Now, we set

B(xz) = B(x) — 1. (4.38)
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Using the above definition, we have

Fptl = ot g ot (4.39)
where

n+1 __ n+1 n+l_ n
JIT = E m(K (‘u — U uK)

KeT

B =Y m(K) (B (At (1 —ul)) u — B(=At (1 — ) u’;() unt,
KeT

Since B is decreasing, we can easily see that B(At) < 0 and B(—At) > 0 for At > 0, so using
the Young inequality and (4.25), we get

T > ST m(K) (B (At ui! - B(—Af)u ) it

KeT
1 n
> =3 > Atm(K) [ui 2
KeT
1
+5 > m(K) (B[ [ = B(-a0) [u ).
KeT

From the above inequality, the definition of J"'H, 4.39), (4.34), and summing over n =
0,...,IN — 1, we can easily see that

LS ) P+ LS S ml) (- )

KeT n=0 KeT

ST AT S o
n=0 KeT o€k
1= n+1|2 B(Tf) N |2
<5 DAY m(E) [up T = =05 D m(K) [ui]
n=0 KeT KeT
N-1 7
1 B(-Ty) +1
+3 SOALY T m(K) ufl® + (Qf) 3" m(K) [ul [
n=1 KeT KeT

Hence, (4.33)) follows from the estimate (4.32). This concludes the proof of Proposition 4.4.2.
O

4.5 Convergence of the scheme

This section is devoted to prove the convergence of the finite volume solution (ug,cs) of
the scheme - - to a weak solution of (|4.3] . . The a priori estimates established
in Section 4.4 are crucial to prove the convergence of the scheme, so, we suppose naturally
that the assumptions of Section 4.4 hold.
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Proposition 4.5.1. There exists a subsequence of (ug,cs)s, not relabeled, and a function
(u,c) € L*(0,T; H(Q))? such that as § goes to zero we have

us — u  strongly in L*(Qp),
dus — Vu weakly in L*(Qr),
cs — ¢, dcg— Ve weakly in L?(Qr).

Proof. The key of the proof is the discrete Aubin-Simon lemma [30, Theorem 3.4]. The proof
is based also on Lemma 4.4 in [13], and uses some techniques from the proof of Proposition
4.1 in [2§].

Let ¢ € HY(Q2) with ¢ > 1 and let ¢ be the average of ¢ in the control volume K.

Multiplying the equation (4.17) by ¢x, using (4.13) and (4.16)), and summing over K € T, we
obtain

Z m(K) (W —ul) ¢x = E1 + By + B3 + By,

KeT
where
At n n+1
KeT
At (1 —u%
Ey = — Z m(K) <2 <(2K)> — 1) (u?;“l — u’}() oK,
KET
Z Z ToDanrl n+1 n+1) d)K,
KeT o€k
o=K|L
Dcn+1
Ey= At Z Z To A < Kg) Dun+1¢K
KeT oelk

Now, using the Cauchy-Schwarz inequality, and since us is bounded in L°(0,T; L? (Q)) ,
we can easily see that

At n n n
1Bl < = > m(K) 1=kl |uf +ui | 16| < CAL|¢] oo

KeT

Similarly, and since £ (defined in (4.14))) is a 1-Lipschitz continuous function, we have

At n n
|B2| < =~ > m(E) 1 —uf| [uit! —uk| [6x| < CAL|¢] o

KeT

For the term FE3, we can be write
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|E3| = Z Z Dc”HDu"“'1 — At Z Z TUDCTIL{+;uTI‘{+1¢
KeT oelk KeT ok
< At]|¢]lso Z S 1o D DU+ Y | > meDe upt!

KETUGEK KeT |oce€k
Using the Cauchy-Schwarz inequality, (4.24) and (4.18]), it is easy to see that
|Es| < CAt|]loo (uslli2m +1).

Using a summation by parts, the Cauchy-Schwarz inequality, the estimate (4.32)) and since
we have from (4.24)) that ’Dc”“’ < 1, we can write

‘E4| < _ Z Z To Du”“
KeT o€k
n+1
Z Z To <> ‘DunJrl
KeT o€k

Now, similarly to the proof of Proposition 4.1 in [28], and using the estimates obtained for
E;, with j = 1,2, 3,4, we obtain the following uniform estimate of the time translation of us

in L2(0,T; (H? ()" :

T—71
/0 /Q (us(,t+7) — us(z, 1)) G t) dz dt < Cr|9l| 2 001102

where 7 € (0, At). Since H' (Q) < L?(Q) — (H?(Q))"), we conclude from the discrete
Aubin-Simon lemma [30, Theorem 3.4] (see also Remark 4 in [30]), that there exists a subse-
quence of (ug)s, not relabeled, such that

us — u strongly in L?(Qr).

Finally, using the estimates (4.32) and (4.24]), and following the proof of Lemma 4.4 in [13],
we can prove the existence of a subsequence still labeled (ug, c5)s such that

dus — Vu weakly in L*(Qr),
cs — ¢, des— Ve weakly in L?(Qp).
This ends the proof.
O
Theorem 4.5.1. The function (u,c) defined in Proposition 4.5.1 is a weak solution of the

system f in the sense of :
/ / ( —Vu-Vyp+uVe- Vi +u(l —u) w> dxdt (4.40)

+/Quo¢(x,0>dm=0,

/OT/ch-vzﬁdxdt_/oT/QQil

— c) 1 dadt, (4.41)
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for all test functions ¢ € D(2 x [0,T)).

Proof. Let v € D(Q x [0,T)), and let

G10(0) =—/T/U5 wdazdt—/ﬂucg(:c,O)zD(:c,O) de,
Goo(0 / /dU5 Vi dx dt,

G30(0) = — / /Qu5 des - Vi dx dt,
0

T
Gao(8) = /0 /Q ws (1 - ug) o dadt,

and 6((5) = — (Glo(é) + GQO((S) + G30(5) + G40(5)) .

Let ¢ = ¢ (t",2k) for all K € T and n = 0,1, ..., N. Multiplying the scheme (4.17) by
At} using (4.13) and (4.16]), and summing for K and n, we get

G1(0) + G2(0) + G3(0) + G4(0) = 0,

where

G =3 3 () (2 (55 (- ) ) o,

n=0 KeT
N-1
Cal0) = —5 3 At S m(K) (1~ ufe) (e + ™)) v,
n=0 KeT
N—-1

Dc?gal 1
G3(0) :—ZAt Z Z To <£< 2’ )Dqul{Jra) Vi

n=0 KeT oelk
-1

G4(9) % At Z Z 7’(,Dc"‘H WLt

n=0 KeT o€k
oc=K|L

From the weak convergence of (dcs)s to Ve, (dus)s to Vu, and the strong convergence of
(us)s to win L?(Qr), with the continuity of the function z — x (1 — ), we have when § — 0

/ /(u—Vu Vi +uVe- V¢+u(1—u)1j}> dxdt+

/Quow(x,O) da

To prove the convergence of the scheme (4.17)), we need to prove that G;(5) — Gjo(d) — 0
as d — 0 for j =1,2,3,4.

We begin by rewriting G1(9) as : G1(8) = G11(0) + G12(9), with

N-1

Gu(d) =Y > m(K) (™ — ) v,

n=0 KeT
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G12(0) = Nzl > m(K) ((2 (W) - 1> (uptt — u%)) Y.

n=0 KeT

The proof of G11(8) — G19(6) — 0 as § — 0 is discussed in the proof of the Proposition 2.5.2.
Now, to prove that G1(§) —G19(d) — 0 as § — 0, it suffices to prove that G12(d) — 0 as § — 0.
Thus, since £ is a 1-Lipschitz continuous function, and using the Cauchy-Schwarz inequality,
we have

1 N—
Cua(0) < 5 Z S m(K) AL (1 — )] | (e — )| o
n=0 KeT
N 1/2
< ol L (Z 'Y 1—uzz|2>
=0 KeT
N 1/2
: (Z > m(K) (u —u’f@z) |
n=0 KeT

Using the L?(Qr) bound of us and the estimate ({4.33)), we conclude that Gi3(d) — 0 as
o —0.

For G2, we have G2(0) = G21(9) + G22(0), with

Go1(6 Z At m(K)uptt (1—upth) o,

KeT

Go2(0) = —At Y m(K)ufe (1 —ul) ¥ + At > m(K)uy (1 - uy) ¥k

KeT KeT
At = n n+1 n n
Y Z Z m(K) (1—uk) (UK - UK) VK-
n=0 KeT

Now, since we have
N-— tn+1
Gaa(5) — Giol0) Z > / [ (= ) = v 1) dot,
—0 ke /tn

we obtain, using the L?(Q7) bound of us and the regularity of v

|G21(5) — G20(5)| < C(SH’(ﬁHCq(QT) — 0, as 6 — 0.

Next, using the L>(0,T; L%(Q2)) bound of us and arguing similarly to the estimate of
|G12(0)|, we can easily see that

Ga2(8) < C 9]l (At + \/At) 0, asd 0.

Hence, we prove that Ga(6) — Ga9(d) = 0 as § — 0.
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For the proof of G;(d) — Gjo(6) — 0 as § — 0 when j = 3,4, we refer to [6, Theorem
1]. The limit § — 0 in the equation (4.18)) is performed as in the proof of Proposition 2.5.2 .
Ui

The treatment of the term
n=0,...N—1.
This ends the proof of the theorem.

7 is straightforward, since it is bounded for all K € T and
Uk

4.6 Numerical experiments

4.6.1 Chemotaxis-growth model for embryonic pattern formation

At first, we compare the numerical results obtained from the two unconditionally stable and

positivity preserving schemes : (4.8)),(4.18)—(4.19) and (4.17)—(4.19). The numerical solutions

are obtained by solving two linear systems at each time-step. For example, in the case of

(4.17)—(4.19), and at each time-step, we begin by solving (4.18) to compute C"KJrl and then,
we compute u}?l from (4.17). The same procedure is used for the semi-implicit Euler scheme

(1-8),(4.18)-(4.19).
We consider that the two studied schemes include the parameters omitted by the assump-
tion (4.5). Thus, the expression of the II'in flux becomes :

_XDCn-i-l XDCn+1
Fitl = rp (B (u Ko ) untt - B 7/;‘” ut )

In all numerical experiments presented in this subsection, we consider a rectangular compu-
tational domain €2 = (0,4) x (0, 10), discretized via a uniform mesh of 25000 control volumes,
and we take Ty = 10. We restrict us to the following parameter values which are picked in
[59] : p = 0.25, x = 134, s = 1 and r = 1.52. The steady-state form of the system (4.2))
generates stripe patterns when these values are adopted.

We consider also the following initial condition :

() = { 1+e(xz) ifze(0,4)x(4.8,5.2), (4.42)

1 otherwise, with x € §,

where €(x) is a random perturbation which is constant on each cell of the mesh. In our test,
it is equal on each control volume to the average of ten uniformly distributed random values
in [0,1] .

All computations of this section are performed in MATLAB 7.8.0. To reduce the cost of
computations, the identity (4.25]) is taken into account in the implementation of the proposed

scheme. We note also that since the mesh considered is very fine, the value of Dc?;rgl can be
X Dcn+1
very close to 0. This may cause a severe instability if the term B S Ko ) computed
7

in a naive way. Indeed, the quantity exp(z) — 1 can be 0 for a small |z|. This problem can
be resolved by using the MATLAB function expm1(x), which computes exp(z) — 1 accurately
when z is close to 0.
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It is well known that, compared with the classical upwind discretization, a greater accuracy
can be obtained by using the II'in scheme, albeit at the expense of increasing complexity. For
the time discretization, and contrary the two linearized implicit schemes ,f
and (4.10)),(4.18)—(4.19)), the proposed semi-exponentially fitted scheme has the advantage to
ensure the stability and the positivity of the numerical solution unconditionally (see Section
4.3). However, these advantages are also provided by using the linearized backward Euler
scheme ,7, which is less expensive in terms of computational cost. Indeed,
it is easy to see that an exponentially fitted discretization is more time consuming than an
Euler one because of the involved exponentials. Therefore, an efficiency comparison must be
performed to assess the interest of the proposed scheme.

Now, to compare the accuracy of the two schemes, and since the exact solution of the
chemotaxis system f is unavailable, we compute the reference solution via the ana-
lysed scheme 4.177 on a very fine time-stepping At = 104 up to T. The relative L?
errors are then calculated for the two schemes by choosing two sequences of time-stepping :
At =107 with j =0,1,2,3 and At =5.1077 with j = 1,2, 3.

At L2-error Rate L?-error Rate
exponential Euler
1 1.320x 10~*  —  1.372x107Y

5.107% 1.029 x 107! 0.359 1.225x 10~' 0.164
1071 3.619x 1072 0.649 6.196 x 1072 0.423
5.1072 1.985 x 1072 0.866 3.779 x 1072 0.713
1072 4.262x 1073 0.956 9.089 x 1073  0.885
5.1073  2.130 x 1073 1.00 4.642 x 1073 0.969
1073 3940 x107* 1.05 9.137x107* 1.01

Table 4.1 Relative L?-errors and convergence rates obtained for (u) by using the time semi-

exponentially fitted scheme (4.17)—(4.19)) and the linearized backward Euler scheme (4.8)),(4.18])—(4.19)).

We observe from Table (see also Figure that the semi-exponentially fitted scheme
is more accurate than the linearized backward Euler scheme ,f. The presented
results show also that, for both schemes, the approximations are already acceptable even for
coarse time-steps. The two schemes are first order convergent for At — 0.

In the tests performed in Table the Euler scheme requires between 91.18 and 95.12%
of the time needed by our scheme to compute the approximate solution. The question then
arises is : to what extent does the accuracy of our time semi-exponential discretization jus-
tifies its complexity ? The results reported in Table [£.2] respond clearly to this question, and
demonstrate the efficiency of such discretization. The presented results show that for each
numerical solution computed via the linearized backward Euler scheme using At (see Table
, we can find a suitable time-step At*, for which our scheme is more accurate and needs
less computational time. The ratio I'a¢ a4+ used in Table @ is defined by :

CpU*
T'At- At = —=—= x 100
At At = "5pU X )
where CPU* is the computational time for the scheme (4.17)—(4.19) using At*, and CPU is

the computational time for the scheme (4.8)),(4.18)—(4.19) using At.
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35 T T T T T
—=— Exponential

|| —=— Euler X

-Ingm[Lz-errnrj

1
0 0.5 1 1.5 2 2.4 3

-log, o (At)

Figure 4.2 Relative L?-errors and convergence rates obtained for (u) by using the time semi-

exponentially fitted scheme (4.17)—(4.19)) and the linearized backward Euler scheme (4.8)),(4.18)—(4.19).

At* L?-error CPU* (s) At CPU (s) Tasac
1.111 1.357 x 1071 11.9 1 12.1 98.35%
6.25 x 1071 1.129 x 10! 17.5 5.1071 19.5 89.74%
2.1071 6.112 x 1072 46.5 10~1 83.6 55.62%
1071 3.619 x 1072 86.0 51072 1541  55.84%
2.1072 8.399 x 1073 499.8 1072 939.5  53.20%
1072 4.262 x 1073 997.4 51073 1876.1  53.16%
2.1073 8.304 x 107*  5041.1 1073 8960.8  56.25%

Table 4.2 Relative L2-errors obtained for (u) by using the time semi-exponentially fitted scheme
(4.17)—(4.19) for At*. The computational time and the obtained results for the ratio I'a« a¢ are also
presented for different values of At* and At.

The strip patterns generated by the model f can be observed in Figure .
The cell density u is computed at the final time T = 10, using the two compared schemes,
with At = 1073, In Figure three-dimensional plots illustrating the time evolution of the
reference solution of u are presented. As we can see, the obtained numerical solution does not
exhibit oscillatory behavior and has no negative values.
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0.9a 0.85
09 09

0.ea 0.es
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Figure 4.3 Cell density (u) at final time 7 computed via the scheme (4.17)-(4.19) (left) and the
scheme (4.8),(4.18)-(4.19) (right) with At = 1073, White denotes high cell density (u > 1).

Figure 4.4 Reference solution of (u) at ¢t = 0.5 (left top), ¢ = 2 (right top), ¢t = 5 (left bottom), T
(right bottom).
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4.6.2 Chemotaxis-growth model for bacterial pattern formation

In this subsection, we are concerned with the following chemotaxis system :

{ Ou = pAu = xV - (uVe) + f(u) in Qx(0,Ty), (4.43)

Oc =Ac—sc+u in Q x (0,Ty),

with the homogeneous Neumann boundary conditions. The term f(u) is a logistic source
representing the growth rate of u, and u, x and s are positive constants. The above model
has the ability to describe the process of pattern formation performed by bacteria [I]. In all
numerical tests, the computational domain is the square Q = (—8,8)?, and is discretized with
a uniform mesh grid 100 x 100. For all = in €2, we choose the following initial conditions :

[ 1+e(@) if|z]2 < 0.7,
w(@,0) = { 1 otherwise, (4.44)

and c(z,0) = 1/32, ¢(z) is defined as in (4.42]).

Test 1. For this test, we take the following data : u = 0.0625, x = 6, s = 16, f(u) = 2u(1—u)
and Ty = 30. As before, we compare the numerical results obtained using the time semi-
exponentially fitted scheme and the linearized backward FEuler scheme. For the first equation
of , the two schemes are similar to and . The second equation of the model is
approximated using an implicit Euler scheme with an explicit discretization of the cell density
reaction term. The reference solution is computed via the time semi-exponentially fitted scheme
with At =107

The comparison between the two schemes is performed similarly as in the previous test and
leads to the same conclusions. The results presented in Table (see also Figure show
that the time semi-exponentially fitted scheme is more accurate than the linearized backward
Euler scheme. Moreover, it appears from Table [£.4] that we need less computational time to
reach a better accuracy using the exponentially fitted scheme. The definitions of CPU, CPU*
and I'a¢+ a¢ are similar to that of the previous subsection.

At L2-error Rate L%-error Rate
exponential Euler
1 2324 x 1072 — 2489 x 1072 —

51071 1.720 x 1072 0434 2194 x 1072 0.182
1071 5.953 x 1072  0.659 1.096 x 1072 0.431
51072 3.257 x 1072 0.870 6.662 x 1072 0.718
1072 6.978 x 10~* 0.957 1.594 x 102 0.889
51073 3488 x107* 1.00 8.137x10"* 0.970
1073 6.456 x 107° 1.05 1.604 x 10~* 1.01

Table 4.3 Relative L2-errors and convergence rates obtained for the solution (u) of (4.43)) (Test 1)
by using the time semi-exponentially fitted scheme and the linearized backward Euler scheme.

In Figure , we plot the numerical cell density u of the model (4.43)) computed using both
schemes with At = 1073. As we can see, the solution forms a periodic arrays of continuous
rings. Such formations are similar to the patterns formed by Salmonella typhimurium (see

Figure .
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Figure 4.5 Relative L2-errors and convergence rates obtained for the solution (u) of (4.43) (Test 1)
by using the time semi-exponentially fitted scheme and the linearized backward Euler scheme.

At* L?-error CPU* (s) At CPU (s) Tae At
7.5x 1071 2.041 x 1072 13.1 5.1071 17.2 76.16%
2.1071 1.010 x 1072 43.4 1071 71.2 60.95%
1071 5.953 x 1073 83.4 51072  139.5  59.78%
2.1072 1.376 x 1073 403.6 1072 679.5 59.4%
1072 6.978 x 10~* 820.5 51073 14029  58.49%
2.1073 1.360 x 107*  3987.3 1073 7061.1  56.47%

Table 4.4 Relative L?-errors obtained for the solution (u) of (4.43) (Test 1) by using the time semi-
exponentially fitted scheme for At*. The computational time and the obtained results for the ratio
LAt A+ are also presented for different values of At* and At.

Test 2. In some situations, capturing solutions of the model may be very challenging
due to their spiky behavior. To demonstrate the ability of our numerical approach for capturing
such solutions, we consider in this test the following data picked in [I] : © = 0.0625, s = 32
and f(u) = u? (1 — u). For the final time, we take 7} = 100.

The time semi-exponentially fitted scheme with the II’in discretization of the convection-
diffusion fluxes are then used for the approximation of the solutions of the system (4.43)). Since
the logistic source has now a cubic form, we adopt the following approximation :
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@ae

Figure 4.6 Solution (u) of (4.43) (7est 1) at final time Ty computed via the time semi-exponentially
fitted scheme (left) and the linearized backward Euler scheme (right) with At = 1073.

2 ~~
/K@tu(x,t) dac—/Ku(x,t) (1 —wu(x,t)) doe ~

B (Atul (1 —ul)) U}?Ll — B (—Atuf (1 —uy)) uy
At ’

m(K)

for all t € [t,,tp+1) and = € Q.

|

Figure 4.7 Initial condition (4.44) (left), and solution (u) of (4.43) (Test 2) by the time semi-
exponentially fitted scheme at the final time T (right), for x = 60.

In all numerical tests, we take for the step size At = 107!, The initial cell density is shown
in Figure [4.7| (left). The solution at the final time T’ is plotted in Figure [4.7] (right) in the case
of x = 60. As one can see, spot patterns of remarkable regularity are shown in whole domain.
The three-dimensional plots of the solution at ¢ = 1 and at the final time are presented in
Figure The expected spiky behavior of the solution is obtained, and no negative numerical
values have been developed.

In Figure[4.9] we examine the influence of the parameter x on the solution. When y = 8.8, a
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Figure 4.8 Three dimensional plots of the cell density (u) of (4.43) (Test 2) by the time semi-
exponentially fitted scheme at t =1 (left) and at the final time T (right), for x = 60.

Figure 4.9 Cell density (u) of (4.43) (7est 2) by the time semi-exponentially fitted scheme at final
time T, for x = 8.8 (left top), x = 15 (right top), x = 50 (left bottom), x = 70 (right bottom).

moving perforated labyrinthine pattern is observed. Then, the solution changes its structure to
chaotic spots pattern for y = 15. Finally, Figure[4.9| (left bottom) and Figure[4.9| (right bottom)
show that the symmetry of these spots increases for high values of x. These symmetric spots



90 A time semi-exponentially fitted scheme for chemotaxis-growth models

seem in good agreement with the Escherichia coli patterns reported in [12] (see Figure [I.3).
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Chapter 5

A corrected decoupled scheme for
chemotaxis models
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5.1 Introduction

In this chapter, we develop a decoupled finite volume scheme which can be applied to a
class of chemotaxis models. For the convection-diffusion term, the approximation used is quite
similar to the hybrid scheme of Spalding [81]. Concerning the time discretization, which is
the main aim of this chapter, it is developed such that the scheme only requires to solve
decoupled systems, which excludes fully implicit discretizations. We require also that the
scheme converges without needing to fulfill any CFL condition, which is not the case of the
fully explicit schemes. In the literature, a number of decoupled methods for the Keller-Segel
model and its variants have been proposed (see, e.g., [76] [75, B4 [5, 42, [I5]). In all these
works, the time discretization is based on the classical backward Euler scheme with an explicit
approximation of some terms to avoid coupling of the system. However, it is well known that
the main drawback of this strategy is its lack of accuracy. A more efficient approach will be
presented in this chapter.

This chapter provides also a convergence analysis of the proposed scheme applied to the
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chemotaxis system studied in Chapter 3 :

Ou = pAu—aV - (uVe) in Qp,

5.1
0:Ac+uL+1—c in Qp, (5.1)

with the homogeneous Neumann boundary and initial conditions
Vu-v=Vec-v=0 ondQx(0,T¢), u(.,,0)=up inQ, (5.2)

where p and a are positive constants, Q7 := Q x (0,T%), Q C R? is an open bounded subset
with sufficiently regular boundary 02, Ty > 0 is a fixed time and v denotes the outward unit-
normal on the boundary 9€). It is proved that the convergence of the approximate solution
can be obtained for any nonnegative initial cell density ug € L?(£2).

The outline of this chapter is as follows. In the next section, we present our corrected
decoupled finite volume scheme to approximate the solution of f. In section 5.3,
we prove the existence and uniqueness of the solution of the proposed scheme. Positivity
preservation and mass conservation are also shown in this section. A priori estimates are given
in Section 5.4. In Section 5.5, we use these estimates to prove that the approximate solution
converges to a weak solution of the studied model. Finally, we present some numerical tests
in Section 5.6 and compare the accuracy of our approach with that of more usual decoupled
schemes.

5.2 Presentation of the numerical scheme

We assume that  C R? is an open bounded polygonal subset. We consider in this chapter
an admissible finite volume mesh of €2, denoted by 7T, which verifies the properties of Definition
5.1 in [26] (see also Définition 1.3.1). We will also use the same notations related to the spatial
discretization and discrete norms as in Section 2.2.1.

The time discretization of (0,T%) is given by a uniform partition : 0 =ty < t; < ... <ty =
Ty with N € N and t,, = nAt forn =0,..., N.

We denote by h the maximal size (diameter) of the control volumes included in 7, and we
define
0 = max(At, h).

In Section 5.4, the following time-step condition will be used : there exists o > 0 such that

1 —2aAt > a. (5.3)
We will also need this additional constraint on the mesh : there exists £ > 0 such that

d(zk,0) > Ed(ok, zL), (5.4)
which is specially needed to apply the discrete Gagliardo-Nirenberg-Sobolev inequality (see
Lemma 3.2.1).

We define a weak solution of the system (j5.1)) with boundary and initial conditions (/5.2)
as follows :
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Definition 5.2.1. A weak solution of the initial-boundary value problem (5.1)—(5.2)) is a pair
of nonnegative functions (u,c) € L?(0,T; H'(Q))? which verify the following identities for all
test functions ¢ € D(2 x [0,Ty)) :

T
/ / (wopp — puNVu -V + auVe - Vip) dedt + / up Y(x,0)dz =0, (5.5)
0o Jo Q

/OT/QVC.W dxdt:/OT/Q<uil—c)1/}dxdt. (5.6)

Now, we recall the classical decoupled finite volume scheme studied in Chapter 3 for the

problem f :

foral K e Tandn=20,...N —1

n+l

m(K)iuK A7 UK _ L Z 7'¢7Du"+1

o€€K

ta Y 1 (S (D) uitt = 5 (~Deptt ) uptt) =o, (5.7)
o€EK
oc=K|L
=Y 7 D) 4+ m(K) it = m(K) Ui
K ul +17

oc€lk

with the compatible initial condition

uly = m(lK)/Kuo(x) dx, (5.9)

and where for all o € £

Dup, = { 0 for o C 012,

v} — v} otherwise , 0 = K|L.
In the above scheme, the function S is defined by
0, ife <2(—p+e¢)/a,
x
S(x) = > if || <2(pu—¢) /a, (5.10)
x, if ;o >2(u—ce)/a,
where ¢ is a small constant such that ¢ > 0 and ¢ << p.
The terms u; and ¢ denote respectively the approximations of ﬁ[{) f i u(z,t") dr and

# f i C(x,t") dx. The discretization used for V - (uVc) is equivalent to the second order
n+1

(1 —¢€) /a and to the first order upwind scheme

when Dcitl < 2(—p+¢) /a or Dc?;ral > 2 (u—¢€) /a. When € = 0, the scheme is identical to
that of Spalding [81] (see also [71]).

Central difference scheme when ‘Dc

It is clear that we can obtain a best accuracy if we replace (|5.8) by the equation

n+1
+1 +1 __ Uk
=Y 7 D)+ m(K) e m(K)W (5.11)
o€k
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however, it will be expensive in term of computational cost to find the solution of the scheme
(5.7),(5.11)) since we have to solve a large nonlinear system at each time step.

Now, for all K € T and n=0,..., N — 1, we define

Tt (K) “Tfl(ﬂ Ui Ty =0 (5.12)
= 1m — U. .

The equation (5.11)) can then be written as

— 3 Dl fm(K) et = m(K) K T (5.13)

o€k

As we can see, the only difference between and is the term T}}H, SO we conjec-
ture that we can improve the accuracy of the decoupled scheme (| - . if we add to the
right hand side of a correction term which approximates T Hence, we propose to
replace with the following scheme :

n
= > % DA+ m(K) G = m(K) K+ 8, T, (5.14)
oefk ’ uK T 1

where 3, > 0. The purpose of §, is to ensure the nonnegativity of the right-hand side of
-, to do not affect the nonnegativity of c”+1 Then, by supposing that u} > 0 (this will
be proved in Section 5.3), we define 3, for n =0, ..., N — 1 as follows :

1, if 75 =10,
U
= 41
Bn min — ?K + —, otherwise , (5.15)
KeTy uK Uk
o1 wlh+1
u't u“_l
* K K _ *
where 7 = (K €T |2— - — <0p forn =0,..,N—1and T = (. We can

easily verify that 0 < £, < 1. We mention however that, in practice, we will take 3, = 1,
which seems the most natural choice. Indeed, several numerical tests are performed and, as
expected, the right-hand side of is always positive for this value unless the time-step
size is extremely large.

We define ug, cg, the finite volume approximations of u and ¢ by :

ug(x,t) = u}?ﬂ, cs(x,t) = c’}{ﬂ, re K, te [t "), (5.16)

We define also approximations of the gradients of v and c. To this end, we begin by defining
Mk o, which is the cell formed from the vertices of o, zx and z, if o = K|L ¢ 09, and from
the vertices of o and x if o C 0N.

Following [13], we define the discrete gradient dvs which is the approximation of Vv by

m(o)

dvs(z,t) = (M)

D’U?(—j_gl VKo, T € MK,O’? te (tnvtn+1)7
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forall K € T and n =0,..., N — 1, where vk , denotes the unit normal on ¢ which is outward
to K.

5.3 Existence and uniqueness of a discrete solution

In this section, we prove existence and uniqueness of the solution of the proposed scheme.
We show also that the scheme is mass conserving and positivity preserving.

Proposition 5.3.1. Assume thatug > 0. Then there exists a unique solution {(u’}{'ﬂ, c}?rl), K e
T,n=0,..,N —1} to the scheme (5.7),(5.14)) which satisfies the following properties :

Wittt >0 and >0 foral KeT,n=0,..,N -1, (5.17)
> mE)ut =) m(K)ul = |uolliq)y,  for alln=0,..,N —1. (5.18)
KeT KeT

Proof. Foralln =0,..., N —1, we define the vectors U"*! = (UI”(H)
cntl = (optt and G" = (G ) g7 for which :

wer F = (F) ket

)KeT

Uptt =it FR = m(K)ul /At

1 1 u
Cln(+ :CnK+ ) ?(:m(K)uTIL(Ij_l_F/BnTI%'
We also define the matrix A" = (A?(’K> T and B = (Bg k) et by

e =m(K)/At+ 3 1 (n+as (Dett)),
o€€fK
Y]

KL= "To <M+ as <—DC?(+;>> , ifL e N(K) with o = K|L,
k. =0, otherwise,
and

BK,K = Z To +m(K),

o€
o 02

Bk, = —7,, ifL e N(K) with o = K|L,

B, =0, otherwise.

The decoupled scheme ((5.7)),(5.14) can be then written equivalently as

Arynt = (5.19)
BC"t = Gn. (5.20)
To prove the desired results, we proceed by induction on n. The proof in the case of n =0 is

similar to that of the inductive step. We argue now that the vectors U™ and C" are defined
and nonnegative. We have
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|Brx| = Y [Bro| =m(K) >0

LeT
L#K

which means the matrix B is strictly diagonally dominant by rows. Moreover, since the diagonal
elements of B are positive and its off-diagonal entries are nonpositive, we can conclude that
B is a nonsingular M-matrix, which implies the unique solvability of with B~! > 0 .
Therefore, in view of the nonnegativity of G (by the definition of 3, (5.17)), we deduce that
C™*1 > 0. Since for all 0 = K|L € &k, Dc"+1 —DC”K+;, we have for all KeT

KKl — Z |AT k| = m(K)/At > 0.
LeT
LZK

Then A" is strictly diagonal dominant by columns. Now, since p+ a S (z) > 0 for all x € R
(by the definition ), the matrix A™ has nonpositive off-diagonal and positive diagonal
entries, which implies that A™ is a nonsingular M-matrix. Consequently, the existence and
uniqueness of U™t is proved, and since F™ > 0, it is clear that U1 > 0.

Now, summing (5.7)) over K € T, we have :

> m(K) (uit — k) = 0.
KeT
Then, summing over n = 0,1, ...,p, with p < N — 1 we get (5.18)) :
> mE)uh ™ = > m(K)uk = ||luollprq), forallp=0,...N—1,
KeT KeT

which ends the proof.

5.4 A priori estimates

In all this section, we assume that ug € L2(€2) and ug > 0. We assume also that { (u}s"!, cit!) , K €
T,n=0,..,N — 1} is the solution of the scheme . -

Proposition 5.4.1. For alln=0,....,N — 1 and for all K € T, we have

At <2, (5.21)
YN Dc”+1 <C. (5.22)
KeT o€k

where C' is a positive constant which only depends on €).

Proof.

Let K be the control volume which verifies c}}“ = max{cTLLH} Le7- Multiplying the equa-

tion ([5.14) by ( ntl _ ) , and using the fact that 0 < 5, < 1, we get

_ Z ToDan n+1 2)+ < m(K) (2 _C?(H) (CTIL(+1 _ 2)+7
ocefi
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it follows that

-3 Dt (G -2)" <o,
o€€K

In view of the choice of K, Dc?;ral < 0 for all o € £k, which leads to

_ Z TUDCnJrI n+1 )+ > 0.

o€fk
Hence, we deduce that (cxt' —2) < 0. This establish (5-21)).

Now, multiplying the equation (5.14)) by C”H, summing over K € 7, using a summation
by parts and -, we get

53w e+ S mm) [ < am(@),

KET o€l KeT
which gives (5.22)).

Lemma 5.4.1. Assume that (5.4) is fulfilled and that € > 0 (see (5.10) ). Then, there exists a
constant C > 0 only depending on Q, Ty, ug, a, € and § such that

Z Z At m(K) [u%|* < C. (5.23)

n=0KeT

Proof. Performing the following changes of variable :

Uy =ur+1 foral KeT,n=0,..N, (5.24)
and )
S(x) = S(x) + (1 —e) /a, (5.25)
and using the identity
S(z) — S(—x) ==, (5.26)
the scheme ) becomes
a"“ —an
m(K)E—FX —¢ Y r.Dujl}
o€fK
+a Z TO—< (DC’I?L;) aptt — 8 (—Dc}‘{j) N”'H) a Z T Dcl , = 0. (5.27)
oelk o€lK
o=K|L

From ([5.14)), using ([5.21)) and since 0 < 8, < 1, we can easily see that
> 75 D, < 3m(K).

o€EK
Using the above inequality in ([5.27]), we obtain
~n+1 _mn
m(K)% — & Z TgD'LLn+1
o€€K
<-—a Z Tg< <Dc"+1> alptt — S(—Dc}?ﬁ}) "+1> +3am(K).
c€EK

o=K|L
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Let us now multiply the above inequality by At log ( ”+1) and summing over K € T, we find
that
E1 + Ey < Es+ Ey, (5.28)

where

Er= ) m(K) (@ — i) log (a5H)
KeT

By = —¢ Z Z At 7'C,Du"le log( "H) ,

KeT o€k
=—a Z At 7, ( <Dc}‘(+1> ﬁ’};rl S <—Dc7};;1> ”'H) log( ”+1) ,

o€k
o=K|L

E;=3a Z Atm(K)log (@)
KeT

From the expression of E1, we can see that

By =Y m(K) (i log (ap) — il log (i)
KeT

— > m(K)ilk (log (i) —log (i) ,

KeT

and since we have from a Taylor expansion of log
iy (log (@pth) —log (uf)) < @t — af,

we deduce using the mass conservation property (|5.18) that

E > Z m(K "+1 log( "H) — U log (ﬂ?()) .
KeT

By an integration by parts on Fo, we get

Z Z AtTUDu?(Jrl (10g( "H) 10g( "H)).

KGTO’EgK

Then, by a Taylor expansion of log we get

Z Z At 1,

KETO’ESK

~n+1 2

where 0271 = t, 0% + (1 — ¢,) @)™ with ¢, € (0,1). Hence, using the fact that

Dﬂn-i-l ~n+1 + ~n+1
‘ Ko VK VL D (,/anﬂ) > |D <w/ﬂn+1) 7
\% 9;14—1 V 92+1 Ko K,o
we infer that )
= At
> 5 Z Z At T, D( unt >K,o

KeT oelk
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Using a summation by parts, we obtain

gt =2 DD AtTa( (DC"K“) antt - S*(—Dc?gc}) a}j“)
KGT cefk
oc=K|L

x (log (™) = log (™)) -

Now, we define EgLH

Bl = g ST 3T At 02 D! (log (apt) — log (@) .
KeT o€k
oc=K|L

Next, using the identity (5.26)) and the last expression of Eg”rl, we can write

ngrl En+1 Z Z At 7,3 <DcnK+1) (u?;rl 92+1)

KGT cefk
o=K|L
x (log (@) —log (a5)) + 5 - Y. Atr,S (~Dej)
KeT O’_GIE("['{L

(9n+1 ~n+1) (log( n+1) log( n+1))

_all—ts) . Z > Atr,S (Dc’}(“) (At —apth)

KeT o€k
o=K|L
x (log (1) ~log (i) + “2 37 37 Avm§ (~Deitt)
KeT O'_EI(‘E(‘;'(L

x (g —ap™) (log (") — log (™)) -

Since we have from (5.10) that S(z) > (—pu+¢€) /a Vz € R, it follows that S(x) > 0. Conse-
quently, the above equality implies that E”Jr1 < E"+1 which yields by a Taylor expansion of
log to

n+1 a n+1my~n+1
By < 5 Z Z AtT(,DcKUDuK,U.
KeT oeli

Multiplying (5.14)) by u ~"+1 and summing by parts we can easily see that
EZt < 2aAt [lug + 1] 11 (o)
Finally for FE,, we have
E4 § 3a At||uo + 1||L1(Q)'

Collecting the estimates obtained for Ey, Fo, F3 and E4, and summing over n =0, ..., N — 1,
we obtain

N—-1
3 m(K)al log (al) + % S 3 S atr|D (\/anﬂ)

KeT n=0 KeT o€k

<5aT||uo + 1|1 () + Z m(K)a% log (a%) .
KeT

K,o
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Therefore, we have

P (45

< 2
| SO (5.29)

N-—
Z YD At
n=0 KT 0€fk

where C' > 0 is a constant depending on €2, T, ug, a and ¢ .

Now, we denote by @y ™! € X(T) the function defined by : @} (z) = @} for all z € K
andn=0,...N—1,

From Lemma 3.2.1, we have

[/ ~n+1
4

1/2

W

1,2, 7

which implies that

~ 2
las™ |, <

Hua

m|Q
=g}
3
?
—
N

12,7
where C' > 0 depends on 2.

Finally, gathering the above inequality with (5.29) and ([5.18]), we deduce that us is bounded
in L? (Qr). This completes the proof of the lemma.

Proposition 5.4.2. Assume that (5.4) is fulfilled and that € > 0. Then, there exists a constant
C > 0 depending on 2, Ty, ug, a, p and § such that, for alln =0,1,...,p, withp < N —1 :

> m(K ( 7}“‘ +Z > At Du"KH‘ <C, (5.30)
KeT n=0 KeT c€€k

Z 3 m(K) (gt —uf)® < C. (5.31)
n=0 KeT

Proof.
Multiplying the equation (5.7) by At u"+1 and summing over K € T, we have

L+ I, =13, (532)

where

I = Z m(K)ug (ug™ —uf),

KeT
Li=-—pY > Atz upt'Duif),
KeT o€k
= —q Z Z At Tou "+1 (S (DC?(J;}) u}?l S (—Dc?;fgl) u?fl) .
KeT oc€e€i

o=K|L

Performing a summation by parts on I, yields,

:gz ZAtTa

KeT oelk

2
n+1
DuK,a
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A summation by parts on I3 gives

a
=5 Z Z At 74 (S (Dc?g;l) 1/}(“ S (—Dc%t}) uerl) Du"KJrO,1
KeT oe&
UU:KIFL
Now, using (5.26)), we can easily verify that

213—7 > > AtrDcg, (uptt +uptt) Dupt)

KET o€EK
o=K|L

< 2 Z Z To AL (S (Dc’};ral) + 5 (—Dc’}(trl)) (u’}jl u’L"H) Du}ljgl
2 b K b
KeT o€k
oc=K|L

<0,

and since by multiplying (5.14]) by ‘u

2 2 2
sy Taw“( = ) <2 3 m) o
KeT oeég KeT
o=K|L

, and sum by parts, we have

we deduce that

I3 < aAt Z m(K) ‘U?(H‘z.
KeT

Employing the previous estimates for I3 and I3 in (5.32), and summing over n = 0,1, ..., p,
with p < N — 1, we obtain

3 3 w0 i[53 5 i) (i’

KeT n 0KeT

YT Y arn

n=0 KeT o€k

2
n+1
DuK,U

1 p+1
< 5 Z ’uK‘ —l—az Z Atm(K) [u]?. (5.33)
KeT n=1KeT

It follows from Lemma 5.4.1 that the right hand side of the above inequality is bounded, which
gives the desired results.

Proposition 5.4.3. Assume that the time step condition (5.3|) is fulfilled. Then, the estimates
(5-30) and (5.31)) hold for a constant C' > 0 depending on 2, Ty, ug, a , 1 and .

Proof. From ([5.33)), and since ([5.3) is verified, we have
p—l—l’ 2aAt ||U0”2
> w(K)| Z B

KeT KeT

Using Lemma 2.2.1, we get
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2 _ |luoll2 2aTy
K ‘ p-‘rl‘ < 7
Z m(K) [y < e | —

KeT

which with (5.33) completes the proof.

5.5 Convergence of the finite volume scheme

Proposition 5.5.1. Assume that ug € L*(Q) and ug > 0. Assume that the time step condition

(5.3) is fulfilled or that (5.4) is fulfilled and e > 0 (see (5.10) ). Then, there exists a subsequence
of (us, cs)s, not relabeled, and a function (u,c) € L*(0,T; H'(2))? such that as & goes to zero
we have

us — u  strongly in L*(Qr),
dus — Vu weakly in L*(Qp),
cs — ¢, dcg— Ve weakly in L*(Qr).

Proof. The proof will be omitted since it is exactly similar to that of Proposition 4.1 in
[28]. We need only to note that S(x) < |z| for all x € R.

Theorem 5.5.1. Assume that ug € L?(Q)) and ug > 0. Assume that the time step condition

(5.3) is fulfilled or that (5.4)) is fulfilled and € > 0 (see (5.10))). The function (u,c) constructed
in Proposition 5.5.1 is a weak solution of (5.1)—(5.2)) in the sense of Definition 5.2.1 .

Proof. Let ¢ € D(2 x [0,T¥)), and let

T

Jio(0) = —/0 /Qu(; %fdxdt—/gug(x,O)w(:c,O) dx,
T

J20(0) = ,u/o /Qdu(; -V dz dt,

T
J30(0) = —a / / ug deg - Vo dx dt,
0 Q

with )\((5) = — (Jlo((S) + Jgo(d) + J30((5)) .

Let ¢} = ¢ (vk,t") for all K € T and n = 0,1,..., N. Multiplying the scheme (5.7)) by
Aty and summing for K and n, we have

J1(5> + JQ(5) + J3((5) =0
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where

J3(0) =a Z Z At 74 (S (Dc?(t}) uptt — 8 (—DC?QE) "H) V.

From the weak convergence of (dcs)s to Ve, (dus)s to Vu, and the strong convergence of (us)s
to u in L?(Qr), we have when 6§ — 0

—>/ /(u—uVu-V¢+ach-V¢> dmdt+/§2uow($,0)dm

To prove that (u,c) defined in Proposition 5.5.1 verifies (5.5)), we need to prove that J;(4) —
Jio(6) = 0 as § — 0 for i = 1,2,3. The proof is exactly similar to that of Proposition 2.5.2,
we simply have to note that, using the identity (for o0 = K|L)

S (Dc’};ral) u?{'ﬂ S (—Dc?{ﬁ}) u’i“ -9 ( Dc”“) Du"+1 + u"HDc”Jrl

we can write J3(9) = J31(0) + J32(0), with

N—

a 1 1
J51(8) = 5 Z > At S (-Deit)) DUt D,
n=0 KGTUEE}{
N

J32(0) = —= Z Z Z At Tgu”HDc”HDwKU

n=0 KeT o€k

[asy

The limit § — 0 in the equation (5.14)) is performed as in the proof of Proposition 2.5.2. The

n

e T is obvious, since it is bounded for all K € T andn =0, ..., N —1.
Uk

For the correction term, using the Cauchy-Schwarz inequality and the fact that 0 < 8, < 1,

we obtain

treatment of the term

N—1 N-1 1/2
SN AtB TRy <VAL ( > Atm(K >|w?<12>
n=0 KeT n=0 KeT

o\ 1/2
n ur[z{

UK—i—l uK i

XNZKZ

is smooth for all x > 0, there exists a constant C such

Now, since the function x —

that
1
Uk up

1
w1 i) = Ol
K
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From the two last inequalities, and from the regularity of ¢) and the estimate (5.31)), it is easy

to see that
N-1

Z Z At Ty — 0 asd— 0.

n=0 KeT

This completes the proof of Theorem 5.5.1.

5.6 Numerical experiments

In this section, we use the proposed corrected decoupled scheme to solve a number of
two-dimensional chemotaxis systems. The obtained numerical results are compared with those
of more usual decoupled methods. We mention that the computational time of all compared
schemes is almost the same, so the comparison is only performed with respect to accuracy.
For the value of €, reference solutions are computed with € = 0, and we take € = 107° for the
other computed solutions. Finally, as mentioned in Section 5.2, 5, = 1 in all numerical tests.

Test 1. This test deals with the comparison between the corrected decoupled scheme
, and the decoupled scheme f. The spatial domain is Q = (=7/2,7/2) x
(—35,35) and is discretized via a uniform mesh of 12250 control volumes, whereas the final
time is Ty = 150. We adopt the following parameters used in [60] : 4 = 0.25 and a = 2, and
we consider the following initial condition :

[ l4e(a)  ifze(=7/2,7/2) x (~1,1),
uo(z) = { 1 otherwise, with z € Q, (5.34)

where €(x) is a positive perturbation which is constant on each control volume. It is equal on
each cell of the mesh to the average of ten uniformly distributed random values in [0, 1].

Since the exact cell density solution w of the studied system f is unavailable,
we compute a reference solution by the proposed corrected decoupled scheme on a very fine
time-stepping At = 1073, so the number of time-steps needed to reach the final time Ty is
150,000. We then use the obtained reference solution to compute the relative L2-errors for
the two schemes , and 7. These errors are presented in Table (see also
Figure . From this table, we can see that both schemes are first-order accurate and stable
for any time step At used in this test. However, the corrected decoupled scheme is about three
to five times more accurate than the decoupled scheme f.

The initial condition and the reference solution at final time 7T are plotted in
Figure The presented figure demonstrates the ability of the model f to generate
stripe patterns. Three-dimensional plots of the cell density using both studied schemes at final
time with At = 1072 are presented in Figure Finally, in Figure we plot the contour
along the line L = {0} x (—35,35) of the reference solution and of the solutions computed
using both schemes with At = 1. We can see from this figure that even for a large time-step
size, the corrected decoupled scheme is in close agreement with the reference solution, which

is not the case of the scheme (5.7)—(5.8).
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At L2-error Rate L2-error Rate
corrected decoupled decoupled

5 1.320 x 1071 — 4042 x107t —

1 2.923 x 1072 0.937 1.435x 10! 0.643
5.107! 1.703 x 1072 0.779 7.767 x 1072 0.886
1071 3.817 x 1073 0.929 1.630 x 1072 0.970
5.1072 1.918 x 1073 0.993 8.205 x 102 0.990
1072 3.566 x 1074 1.05 1.672x 1073 0.988

Table 5.1 Relative L2-errors and time convergence orders obtained for (u) using the corrected decou-

pled scheme (5.7)),(5.14)) and the decoupled scheme (5.7)—(5.8).

35 1 1 T T T
—— Corrected decoupled
3| —*— Decoupled .

I:l 1
-1 -0.5 o 0.5 1 1.5 2

-log, o fAt)
Figure 5.1 Relative L2-errors and time convergence orders obtained for (u) using the corrected de-

coupled scheme (5.7)),(5.14)) and the decoupled scheme (5.7)—(5.8).

Test 2. The purpose of this test is to investigate the efficiency of the corrected decoupled
scheme in the case of the parabolic-parabolic version of the model (5.1])—(5.2).

We consider the same data used in the previous test. Nevertheless, we need to define an
initial condition for the concentration of chemoattractant, we take then c(x,0) = 1/32. The
schemes adopted are similar to those of the previous test, we only need to replace the equation

(5.8) in the scheme (5.7)—(5.8) by

n
= 3 7 D m(K) e = m()
' ulp +1

o€k

e
K K K
m(K) =5

(5.35)
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-3 -2 -1 ] 1 2 3

Figure 5.2 Initial cell density (5.34) (left) and cell density (u) at final time Ty computed via the
corrected decoupled scheme (5.7)),(5.14) with At = 1072 (right).

Figure 5.3 Three-dimensional plot of the cell density (u) at final time T computed via the corrected
decoupled scheme (5.7),(5.14) (left) and the decoupled scheme (5.7)—(5.8)) (right) with At = 1072

and we substitute the equation (5.14]) in the scheme (5.7)),(5.14)) by (we recall that 3, = 1)

cn-‘rl —n un
m(K)E— K — N 7, Dt + m(K) e = m(K) —E— + Tk (5.36)
At 7 u' + 1
oc€EK
The following decoupled scheme is also investigated in this test :
uett —
m(K)KTtK —p Z TUDU?(T;
ocelk
+a Z Ty (S (Dc?(’a) u’}(ﬂ -8 (—Dcrf(ﬁ) u’L"H) =0, (5.37)
o€k
o=K|L
C?(“ — Ck +1 +1 “nf;rl
K2 —=— Dc’, K)cym =m(K) ——F—— 5.38
m( ) At Oezg:KTa CK,U +m( )CK H’l( )UTI?_I—Fl’ ( )

such scheme is used for example in [84].
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Figure 5.4 Contours along the line L at final time T of the reference solution, the solution computed
via the corrected decoupled scheme (5.7)),(5.14) with A¢ = 1, and the solution computed via the

decoupled scheme (5.7)—(5.8) with At = 1.

The reference solution is computed similarly to the previous test. We observe from Table
(see also Figure that the scheme (5.37)(5.38)) is the less accurate one. We can see
also that the corrected decoupled scheme ([5.7)),(5.36) is about four to five times more accurate

than the scheme (5.7)),(5.35).

At L2-error Rate L2-error Rate L%-error Rate
corrected decoupled ,m (5.37)-(5.38)

5 8.450 x 1072 —  3775x107t — 4231 x1070 —

1 2.323 x 1072 0.802 1.117x 10! 0.756 1.243x10~' 0.761
5.1071 1.344 x 1072 0.790 6.109 x 1072 0.871 6.846 x 1072 0.861
1071 2.971 x 1073 0.938 1.314 x 1072 0.955 1.477x1072 0.953
5.1072 1.490 x 1073 0.996 6.634 x 1072 0.986 7.456 x 1073  0.986
102 2.765 x 1074 1.05 1.354 x 102 0.987 1.519 x 1073 0.988

Table 5.2 Relative L%-errors and time convergence orders obtained for (u) using the corrected decou-

pled scheme (5.7)),(5.36]), the decoupled scheme (5.7)),(5.35), and the decoupled scheme ([5.37)—(5.38).

In Figure [5.6] we show the evolution of the cell density by plotting the contour of the
reference solution along the line L = {0} x (=35, 35) at different times.

Test 3. The purpose of this test is to study the accuracy of our corrected decoupled scheme
when the source term in the equation for concentration c is linear. To this end, we consider the
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'4 T T T T T
—=— Caorrected decoupled
3.5 F| —s—Decoupled (5.71,(5.35)
—— Decoupled (5.37)-(5.38)

2481

-Ingm[Lz-errnrj
I

|:| 1
-1 -0.5 o 0.5 1 1.5 2

-log, o (At)

Figure 5.5 Relatlve L2-errors and time convergence orders obtained for (u) using the corrected decou-

pled scheme -, the decoupled scheme (| . - and the decoupled scheme -

following chemotaxis-growth model for bacterial pattern formation studied in Section 4.6.2 :

{ dyu = pAu— XV - (uVe) + f(u) in Qx (0,T}), (5.39)

Oc=Ac—vyc+u in Q x (0,Ty),

endowed with the homogeneous Neumann boundary conditions. We consider the following
data : p = 0.0625, x =6, v =16, f(u) = 2u(1 — u) and Ty = 30. The computational domain
is the square Q = (—8,8)? discretized with a uniform mesh grid 100 x 100. For all z € €2, we
choose the following initial conditions :

wl(z,0) = { 1+e(x) if ||z|l2 <0.7,

11 otherwise,

and c(z,0) = 1/32. The random perturbation €(x) is defined as in ([5.34).

In this test, we compare the numerical results obtained from the decoupled scheme :

un-i—l —yn
m(K)KTtK — Z 7’(,Du"+1
o€fK
tx 3 7 (S (D) it = 8 (=Dt uptt) = 2m(K) wi (1 wit) =0, (5.40)
o€k
o=K|L
Cn+1 )
m(K)LE——2 — " 7, Dt} + ym(K) ¢ = m(K) uf, (5.41)

ocelk
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Figure 5.6 Contours along the line L of the reference solution (u) at ¢ = 25 (left top), ¢ = 75 (right
top), t = 100 (left bottom), Ty (right bottom).

with those of the corrected decoupled scheme, consisting of (5.40) and the following equation

At en
m(K)u

A > 7o D)+ ym(K) et = m(K) ulf + T (5.42)

o€k

where for all K €¢ T andn=1,...,.N — 1

Tk =m(K) (u?{ — u}‘(_l) , T?( = 0.

The reference solution is computed by the corrected decoupled scheme using a very fine
time-step size At = 1074, The results presented in Table (see also Figure show that
the corrected decoupled scheme is highly accurate compared to the scheme 7. In
the case when At = 1073, the corrected decoupled scheme is about 32 times more accurate

than the scheme ((5.40)—(5.41).

The numerical cell density u of the model computed using both schemes with At = 1073
is shown in Figure [5.8] As we can see, the solution forms periodic arrays of continuous rings
which match well with the patterns formed by Salmonella typhimurium [94] (see Figure [1.2)).
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At L2-error Rate L2-error Rate
corrected decoupled decoupled

5.1071 4.216 x 1073 — 2234 x1072% —

1073 6.022 x 10~4 1.21 1.119 x 1072 0.430
5.1072 2.947 x 1074 1.03 6.806 x 1073 0.717
1072 5.863 x 107 1.00  1.636 x 1072 0.886
5.1073 2.907 x 107 1.01  8.385 x 10~* 0.964
1073 5.347 x 1076 1.05 1.707 x 10=* 0.989

Table 5.3 Relative L2-errors and time convergence orders obtained for (u) using the corrected decou-

pled scheme ([5.40),(5.42)) and the decoupled scheme ([5.40)—(5.41)).

5.5

4.5

-Ingm[L?-errnrj
]
m

—— Caorrected decoupled
—+— Decoupled

1
1.5
-log, 4 (At

Figure 5.7 Relative L2-errors and time convergence orders obtained for (u) using the corrected de-

coupled scheme (|5.40)),(5.42)) and the decoupled scheme (5.40)—(5.41)).
p p

2.4 3

Test 4. In this test, we present some numerical simulations which illustrate the ability of
the presented corrected decoupled finite volume scheme to capture different forms of bacterial
spatial patterns. For this purpose, we consider the chemotaxis model with the following
data used in [I] : # = 0.0625, v = 32 and f(u) = u?(1 —u). The domain is the square
Q) = (—10,10)?, which is discretized via a uniform mesh grid 150 x 150, and the time-step
used is At = 107!, For the final time, we take Ty = 150 and we consider the following initial

conditions

and c(x,0) = 1/32.

1+ €(x)

u(z, 0) :{ X

if ||l’H2 < 1,

otherwise,
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@@

Figure 5.8 Cell density (u) at final time Ty computed via the corrected decoupled scheme ([5.40)),(5.42)
(left) and the decoupled scheme (5.40)—(5.41]) (right) with At = 1073.

The corrected decoupled scheme used is similar to that of the previous section. However,
since the logistic source f(u) has now a cubic form, we use the following linearized finite volume
discretization :

/Ku(ac,t)2 (1 —u(z,t)) dv =~ m(K)uFuly (1 - ul).

For x = 80, the computed solution at ¢ = 30 is shown in Figure We observe from
Figure (left) the formation of symmetrical spots in whole domain. The 3D view of this
patterning is presented in Figure (right).

Figure 5.9 Cell density (u) for x = 80 at t = 30 computed via the corrected decoupled.

In Figure we examine the effect of the parameter x on the numerical solution. When
X = 6, a honeycomb pattern is observed, which is similar to that of Vibrio bacteria (see
Figure . Then, the solution changes its structure to continuous rings for y = 7.4. When
x = 20, chaotic spots appear. The symmetry of these spots increases for high values of x
(see Figure (right bottom)). These symmetric spots seem in good agreement with the
Escherichia coli patterns reported in [12] (see Figure [L.3)).
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Figure 5.10 Cell density (u) computed via the corrected decoupled scheme at final time T, for x = 6
(left top), x = 7.4 (right top), x = 20 (left bottom), x = 70 (right bottom).
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Conclusion et perspectives

Dans cette thése, nous avons proposé et analysé différents schémas numériques pour des
modeéles de chimiotaxie. Les schémas qui ont été présentés sont de type volumes finis en espace
utilisant différentes approximations : upwind, exponentielle et hybride (upwind/centré), afin
de maintenir la positivité de la solution numérique et d’assurer sa stabilité. En ce qui concerne
la discrétisation temporelle, nous nous sommes intéressés a des approximations implicites li-
néarisés qui permettent d’obtenir des schémas découplés. Ce type de schémas est sans doute
moins précis par rapport aux schémas couplés, mais reste trés avantageux au niveau du cofit
de calcul. La facilité d’implémentation de tels schémas est aussi un atout qui explique leur
large utilisation.

Dans les chapitres 2 et 3, nous nous sommes penchés sur ’analyse de convergence de
schémas implicites linéarisés usuels, utilisant une discrétisation volumes finis en espace. Dans
les deux derniers chapitres, nous avons développé deux nouveaux schémas : un schéma découplé
semi-exponentiel en temps dans le chapitre 4 et un schéma découplé corrigé dans le chapitre
5. Les résultats numériques obtenus a l'aide de ces deux schémas montrent qu’ils sont plus
précis et plus performants que les schémas implicites linéarisés classiques. Enfin, en utilisant
les schémas proposés dans cette thése, nous avons étudié 'habileté d’un nombre de modéles de
chimiotaxie issus de ’embryologie et de la bactériologie a générer différentes formes de motifs
biologiques.

Nous concluons cette thése en présentant plusieurs points qui peuvent étre encore abordés
ainsi que les pistes de recherche qui se dégagent des travaux effectués. Nous commencons par
signaler que l'analyse de convergence des schémas volumes finis pour les modéles de chimio-
taxie étudiés dans [28] et [7], ainsi que pour ceux présentés dans cette thése, n’a été effectuée
que pour les systémes paraboliques-elliptiques. Dans la littérature, les schémas volumes finis
pour les systémes paraboliques-paraboliques n’ont été analysés que dans le cas des modéles
avec effet de remplissage de volume (voir par exemple [5]). Il serait aussi intéressant de géné-
raliser le résultat de convergence obtenu pour le modéle de chimiotaxie-croissance du chapitre
2 au cas d’une source logistique quadratique. Pour se faire, il faudrait essayer d’obtenir ’ana-
logue discret des résultats qui ont été prouvés pour le cas continu dans [86]. D’autre part,
nous pourrions étendre les résultats obtenus dans les chapitres 3, 4 et 5 pour des conditions
aux limites plus générales, comme celles considérées dans [I8]. En ce qui concerne le schéma
semi-exponentiel en temps proposé dans le chapitre 4, nous pouvons envisager de développer
un schéma complétement exponentiel en temps. On pourrait pour cela s’inspirer de [87] ot un
schéma complétement exponentiel en espace a été développé en incorporant le terme de dérivée
temporelle dans la discrétisation exponentielle spatiale. Enfin, nous pensons qu’il serait trés in-
téressant de généraliser I'idée du schéma découplé corrigé proposé dans le chapitre 5 & d’autres
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systémes d’équations aux dérivées partielles tels que les équations de Navier-Stokes, les mo-
déles d’écoulement en milieu poreux, le systéme de dérive-diffusion pour les semi-conducteurs,

etc...
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