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Abstract

This thesis explores advanced poly-analytic polynomials, specifically extending the classi-
cal Gould-Hopper polynomials to two complex variables and introducing bivariate poly-
analytic Hermite polynomials.

Firstly, we extend the classical Gould-Hopper polynomials to encompass two com-
plex variables, incorporating the 1-D and 2-D holomorphic and polyanalytic Itô-Hermite
polynomials as particular cases. This study delves into their operational representations,
generating functions, and recurrence relations. We establish numerous special identities,
including multiplication formulas, Runge type addition formulas, and Nielson type for-
mulas. Higher-order partial differential equations are analyzed, revealing connections to
Gould-Hopper polynomials and hypergeometric functions.

Secondly, we introduce a new class of bivariate poly-analytic Hermite polynomials.
These are shown to be realizable as the Fourier-Wigner transform of univariate complex
Hermite functions, forming a significant orthogonal basis in the classical Hilbert space
over two-complex space with respect to the Gaussian measure. We explore their fun-
damental properties, including three-term recurrence relations, operational realizations,
and the differential equations they satisfy. Additionally, we derive various generating
functions and integral and exponential operational representations.

keywords: Orthogonal polynomials, (p,q)-heat polynomials, Bi-variate Hermite poly-
nomials, Heat equation, Fourier-Wigner transform.
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Résumé

Cette thèse explore des polynômes poly-analytiques avancés, en étendant spécifiquement
les polynômes classiques de Gould-Hopper à deux variables complexes et en introduisant
des polynômes de Hermite bivariés poly-analytiques.

Premièrement, nous étendons les polynômes classiques de Gould-Hopper pour inclure
deux variables complexes, incorporant les polynômes de Itô-Hermite holomorphes et
polyanalytiques en 1-D et 2-D comme cas particuliers. Cette étude examine leurs représen-
tations opérationnelles, fonctions génératrices et relations de récurrence. Nous établissons
de nombreuses identités spéciales, y compris des formules de multiplication, des formules
d’addition de type Runge et des formules de type Nielson. Les équations différentielles
partielles d’ordre supérieur sont analysées, révélant des connexions avec les polynômes
de Gould-Hopper et les fonctions hypergéométriques.

Deuxièmement, nous introduisons une nouvelle classe de polynômes de Hermite bi-
variés poly-analytiques. Ceux-ci se révèlent réalisables sous la forme de la transformée de
Fourier-Wigner des fonctions de Hermite complexes univariées, formant une base orthog-
onale significative dans l’espace de Hilbert classique sur un espace à deux variables com-
plexes par rapport à la mesure gaussienne. Nous explorons leurs propriétés fondamen-
tales, y compris les relations de récurrence à trois termes, les réalisations opérationnelles et
les équations différentielles (propriété de Bochner) qu’ils satisfont. De plus, nous dérivons
diverses fonctions génératrices ainsi que des représentations opérationnelles intégrales et
exponentielles.

Mot-clés Polynômes orthogonaux, Polynômes de chaleur (p,q), Polynômes de Hermite
bivariés, Équation de la chaleur, Transformée de Fourier-Wigner
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Résumé étendu

Le théorème de Stone-Weierstrass, un pilier de l’analyse fonctionnelle, affirme que toute
fonction continue définie sur un intervalle compact de la ligne réelle peut être unifor-
mément approximée par des polynômes. Ce théorème est essentiel pour approcher des
fonctions complexes avec des formes polynomiales plus simples, ce qui est avantageux
tant pour les méthodes computationnelles que pour l’analyse théorique. La simplicité
inhérente et les propriétés analytiques des polynômes en font le choix privilégié pour la
construction de bases hilbertiennes. Leur importance dans l’étude des espaces de Hilbert
réside dans leur capacité à fournir des représentations efficaces des fonctions, à faciliter
l’approximation et la solution de certaines équations différentielles, et à offrir des aperçus
sur les propriétés spectrales des opérateurs et des systèmes physiques.

Cette importance est particulièrement évidente lorsqu’on examine des sous-espaces
fermés de L2(R) et L2(C), constitués de toutes les fonctions mesurables et intégrables au
carré sur la ligne réelle et le plan complexe, respectivement, par rapport à la mesure de
Lebesgue. Ces sous-espaces comprennent des fonctions ayant une énergie finie lorsqu’elles
sont mises au carré et intégrées sur R ou C.

La structure mathématique riche et la large applicabilité de certaines classes de polynômes
motivent leur étude dans divers domaines des mathématiques et de la physique. Par ex-
emple, dans l’analyse fonctionnelle, l’espace L2(C2) est un espace de Hilbert équipé d’un
produit scalaire qui induit une norme, le rendant un espace métrique complet. Cette struc-
ture permet d’explorer les propriétés de convergence, de continuité et d’orthogonalité des
fonctions au sein de L2(C2).

En mécanique quantique, les éléments de L2(C2) sont interprétés comme des fonctions
d’onde décrivant les états de deux particules quantiques, encodant des informations prob-
abilistes sur leurs positions ou leurs moments. De plus, des classes spéciales de fonctions
au sein de L2(C2) apparaissent souvent comme solutions à des équations différentielles
partielles (EDP) spécifiques, et analyser leurs propriétés aide à comprendre le comporte-
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ment de ces solutions dans différentes conditions.
En théorie des opérateurs, les opérateurs agissant sur L2(C2) jouent un rôle central,

représentant diverses transformations telles que la différentiation, l’intégration ou les
transformations linéaires. Ces opérateurs sont étudiés pour comprendre leurs propriétés
spectrales, leurs fonctions propres et le calcul fonctionnel associé. De plus, dans le con-
texte des transformations intégrales, l’étude des fonctions génératrices pour des classes
spéciales de fonctions dans L2(C2) fournit des outils puissants pour résoudre des équa-
tions différentielles, analyser des distributions de probabilité et étudier des structures
combinatoires. Ces techniques impliquent souvent l’expression des fonctions en termes
de systèmes orthogonaux et complets au sein de L2(C2), conduisant à des méthodes com-
putationnelles efficaces et à des aperçus théoriques.

Motivés par ces considérations, ce travail propose d’étudier de nouvelles classes de
polynômes en deux variables complexes, notamment les polynômes de chaleur (p, q)
H(p,q)

n,m (z, w|γ) et les polynômes d’Hermite bivariés Hm,n,m′,n′(z, w).
L’intérêt pour ces polynômes réside dans leur capacité à décrire l’espace de Hilbert sous-
jacent L2(C2), connu pour sa structure mathématique riche et ses applications dans divers
domaines des mathématiques et de la physique.

La première classe, définie comme

H(p,q)
n,m (z, w|γ) = n!m!

⌊ n
p ⌋∧⌊

m
q ⌋

∑
k=0

γk

k!
zn−pk

(n − pk)!
wm−qk

(m − qk)!
,

étend diverses catégories de polynômes de type Hermite, y compris les polynômes d’Hermite
réels, les polynômes de Gould-Hopper, les polynômes itô-hermitiens polyanalytiques, et
les polynômes d’Hermite holomorphes. Cette extension permet un traitement algébrique
et analytique unifié de ces polynômes, en explorant leurs propriétés fondamentales, leurs
relations de récurrence, leurs formules additives, leurs fonctions génératrices, et les opéra-
teurs différentiels associés.

La seconde classe, les polynômes d’Hermite bivariés, définie comme

Hm,n,m′,n′(z, w) := Hm,n(z + iw, z̄ − iw̄)Hm′,n′(z̄ + iw̄, z − iw),

forme une base hilbertienne orthogonale pour l’espace de Hilbert des fonctions gaussi-
ennes sur C2, servant de point de départ fondamental pour la construction d’une base
hilbertienne non triviale pour L2(C2). Ces polynômes présentent un comportement ana-
logue à leurs homologues sous les opérateurs dérivés standard et sont examinés à travers
divers opérateurs différentiels, représentations intégrales et fonctions génératrices.
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Le document est organisé en trois chapitres, complétés par une introduction générale :

• Chapitre 1 : Un aperçu des outils mathématiques nécessaires tirés de la théorie des
fonctions spéciales, y compris les fonctions hypergéométriques, et les polynômes
d’Hermite réels et complexes.

• Chapitre 2 : Une étude systématique des polynômes de chaleur (p, q), explorant
leurs propriétés fondamentales, relations de récurrence, fonctions génératrices, et
équations différentielles.

• Chapitre 3 : Un examen détaillé des polynômes d’Hermite poly-analytiques bivar-
iés, incluant des formules de type Rodrigues, des relations de récurrence, des équa-
tions différentielles, et des fonctions génératrices, avec des applications discutées.

En explorant les propriétés des polynômes orthogonaux construits sur C2, cette étude
vise à investiguer des applications telles que la résolution des EDP, l’analyse des trans-
formations intégrales, et la dérivation des propriétés des opérateurs dans L2(C2). Ces
applications incluent la résolution de problèmes de valeur aux limites, l’étude des sys-
tèmes physiques décrits par des EDP, l’analyse des réseaux complexes ou des structures de
données, et le développement d’algorithmes numériques efficaces pour divers problèmes
scientifiques et d’ingénierie. Dans l’ensemble, cette exploration offre un riche voyage in-
terdisciplinaire dans les domaines de l’analyse fonctionnelle, la théorie des opérateurs, les
EDP, et les mathématiques appliquées.
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General introduction

The setting

The Stone-Weierstrass theorem is one of the fundamental results in functional analysis. It
states that any continuous function defined on a compact interval in the real line can be
uniformly approximated by polynomials. Such theorem is of immense importance as it
provides a way to approximate more complex functions by simpler ones, facilitating com-
putational methods and theoretical analysis. The simplicity and the analytical properties
of polynomials, with their broad applicability, justify they are considered as the natural
and the most practical choice for constructing Hilbertian bases. In fact, their importance
in studying Hilbert spaces lies in their ability to provide efficient representations of func-
tions, facilitate approximation and solution of special differential equations. Moreover,
they offer insights into the spectral properties of operators and physical systems. This is
the case when dealing with particular closed subspaces of L2 (R) and L2 (C) consisting
of all square-integrable measurable functions on the real line and complex plane, respec-
tively, with respect to the Lebesgue measure. In other words, the set of functions having
finite energy when squared and integrated over R or C.

Motivated by these facts, we propose to study, in the present work, new classes of poly-
nomials in two complex variables, each crafted through distinct methodologies. Namely,
the so-called (p, q)-heat polynomials H(p,q)

n,m (z, w|γ) as well as the bivariate Hermite poly-
nomials Hm,n,m′,n′(z, w). Our interest in the considered polynomials stems from their well
description of the underlying Hilbert space L2 (C2)on the two-dimensional complex space
whose rich mathematical structure and applications in various areas of mathematics and
physics is well known. Hereafter, we state some of them:

• Withing the framework of functional analysis, the space L2 (C2) is a Hilbert space
equipped with an inner product that induces a norm, making it a complete metric
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space. This structure allows the study the different notions and properties of con-
vergence, continuity, orthogonality of functions in L2 (C2).

• In quantum mechanics, the elements belonging to L2 (C2) are even seen as wave
functions describing the state of a system of two quantum particles. Such functions
encode probabilistic informations about the positions or the momenta of these par-
ticles (the probability density of finding them at specific locations).

• Special classes of functions in L2 (C2) often arise as solutions to certain specific types
of partial differential equations (PDEs). Studying the basic properties of functions
in L2 (C2) allows analyzing and investigating the behavior of such solutions under
different conditions.

• In operator theory, operators acting on L2 (C2) play a central role and represent
various transforms, including differentiation, integration, or linear transformations.
which they are studied to describe their spectral properties, eigenfunctions, and as-
sociated functional calculus.

• Within the setting of integral transforms, the study of generating functions, for spe-
cial classes of functions in L2 (C2), provide powerful tools for solving differential
equations, analyzing probability distributions, and studying combinatorial struc-
tures. These techniques often involve expressing functions in terms of certain or-
thogonal and complete systems in L2 (C2). This leads to efficient computational
methods and theoretical insights.

Studied polynomials

The first class is defined by

H(p,q)
n,m (z, w|γ) = n!m!

⌊
n
p

⌋
∧
⌊

m
q

⌋
∑
k=0

γk

k!
zn−pk

(n − pk)!
wm−qk

(m − qk)!
,

and serves as an interesting extension of various categories of polynomials of Hermite
type, including the real Hermite polynomials, Gould-Hopper polynomials, polyanalytic
Itô–Hermite polynomials, and holomorphic Hermite polynomials. Such polynomials al-
lows an unified algebraic and analytic treatment of the aforementioned ones. This inno-
vative extension delineates additional classes by manipulating different parameters (p, q).
Mainly, we explore their fundamental properties such as specific instances and values, re-
currence relations contingent upon indices (n, m), as well as the parameters (p, q). We
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also delve into additive formulas including Runge and Neilson formulas, and we pro-
vide closed expressions for their generating functions. These polynomials are elucidated
in terms of hypergeometric functions. We also examine the associated differential oper-
ator and the generalized heat equation satisfied by these polynomials. These properties,
which were the subject of a paper recently published in “Journal of mathematical Analysis,
530 (2024)”, are discussed in this document in some details with eventual applications and
interesting comments.

The second studied category of polynomials, termed the bivariate Hermite polynomi-
als, is crafted through a fusion of tensorial product and variable and special linear trans-
formations, and delineated by the following definition:

Hm,n,m′,n′(z, w) := Hm,n(z + iw, z̄ − iw̄)Hm′,n′(z̄ + iw̄, z − iw),

leading to an orthogonal Hilbertian basis of the Hilbert space of Gaussian functions on the
two-dimensional complex space C2, which serves clearly as a foundational step towards
constructing a a nontrivial Hilbertian basis for L2 (C2). A pivotal outcome in this setting,
facilitating our study, is the key observation of realizing L2 (C2) as the image of L2 (R2)×
L2 (R2) through the Fourier-Wigner transform

Vd( f , g)(p, q) =
1

2π

∫
R2

ei⟨y,q⟩ f
(

y +
p
2

)
g
(

y − p
2

)
dy (0.0.1)

The considered polynomials exhibit analogous behavior to their counterparts under stan-
dard derivative operators. However, under alternative operators, their characteristics di-
verge. This will be the task of a detailed discussion in the last chapter of this work, which
resumes the work published in “Results in Mathematics. 76 (2021)”.. The bivariate Hermite
polynomials can alternatively be defined via a Rodriguez type formula

Hm,n,m′,n′(z, w) =

(
−1

2

)m+n+m′+n′

e|z|
2+|w|2Dm,n,m′,n′

z,w

(
e−|z|2−|w|2

)
,

with

Dm,n,m′,n′
z,w :=

∂m

∂(z + iw)m
∂n

∂(z + iw)n
∂m′

∂(z − iw)m′
∂n′

∂(z − iw)n′ .

They are also shown to be special eigenfunctions of certain partial differential operators,
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including the Landau Hamiltonian

L = −1
4

(
∂2

∂z∂z̄
+

∂2

∂w∂w̄
+ i
(

∂2

∂z∂w̄
− ∂2

∂w∂z̄

)
− 2

(
z

∂

∂z
+ w

∂

∂w

)
− 2i

(
z

∂

∂w
− w

∂

∂z

))
.

Additionally, we provide an integral representation of these polynomials, alternative gen-
erating functions, and further elucidate their properties with more comprehensive details.

Description of the content

The present document contains three chapters in addition to a general introduction to the
studied subjects.

Chapter 1 deals with an extensive overview of different needed mathematical tools
from the theory of special functions, like hypergeometric functions, and real and complex
Hermite polynomials.

Chapter 2 is concerned with a systematic study of (p, q)-heat polynomials. Thus, by ex-
panding the standard Gould-Hopper to two complex variables, we present a new family
of holomorphic polynomials. The 1-D and 2-D holomorphic and polyanalytic Itô-Hermite
polynomials are among the considered polynomials as special examples. We focus on
investigating their recurrence relations, different generating functions, and operational
representation. Additionally, we define several unique identities, such as formulas for
Nielson types, Runge addition, and multiplication. Analysis is done on higher-order par-
tial differential equations, and the relationship with hypergeometric functions and Gould-
Hopper polynomials is looked into.

In Chapter 3, we provide a nontrivial class of bivariate poly-analytic Hermite polyno-
mials in this study. Certain fundamental characteristics, such as a Rodrigues-type formula
and three-term recurrence formulas, are demonstrated, and these polynomials are found
to satisfy certain particular differential equations. Various exponential-type generating
functions are found. Operational representations that are exponential and integral are
obtained. Additionally, a few applications are covered.

Discussion & comments

By exploring properties of the the constructed orthogonal polynomials over C2, we aim
to investigate some immediate applications such as solving partial differential equations,
analyzing integral transforms, and deriving properties of operators in L2 (C2). Such appli-
cations could include solving boundary value problems, studying the behavior of physical
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systems described by PDEs, analyzing complex networks or data structures, and develop-
ing efficient numerical algorithms for solving problems in various scientific and engineer-
ing domains. Overall, our exploration of L2 (C2) and its associated bases and applications
offers a rich and interdisciplinary journey into the realm of functional analysis, operator
theory, PDEs, and applied mathematics.

Related published papers

• Two-dimensional (p, q)-heat polynomials of Gould-Hopper type. J. Math. Anal.
Appl. 530 (2024), no. 1, Paper No. 127682, 18 pp.

• Bivariate poly-analytic Hermite polynomials. Results Math. 76 (2021), no. 1, Paper
No. 3, 21 pp.

6



Chapter1
Preliminaries and Background

1.1 Needed tools

1.1.1 Gamma funtion

The Gamma function Γ(z) is a fundamental special function that extends the factorial
function to complex numbers. It is defined by the following integral for Re(z) > 0 [16, 48]:

Γ(z) =
∫ ∞

0
tz−1e−t dt. (1.1.1)

By a change of variable, the gamma function (for Re(z) > 0) can also be written as:

Γ(z) = 2
∫ +∞

0
u2z−1e−u2

du and Γ(z) =
∫ 1

0
(− ln s)z−1 ds.

Fundamental properties of the Gamma function
The Gamma function has several key properties:

• Recurrence relation:
Γ(z + 1) = zΓ(z). (1.1.2)

• Reflection formula:
Γ(1 − z)Γ(z) =

π

sin(πz)
. (1.1.3)

• Value at positive integers:

Γ(n) = (n − 1)! for n ∈ N. (1.1.4)
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• Euler’s reflection formula:
Γ
(

1
2

)
=

√
π. (1.1.5)

• Duplication formula

The duplication formula, also known as Legendre’s duplication formula, is:

Γ(z)Γ(z +
1
2
) = 21−2z√πΓ(2z). (1.1.6)

This is a useful identity in various applications of the Gamma function [1]. as a
particular case we have

Γ
(

n +
1
2

)
=

(2n)!
22nn!

√
π for n ∈ N (1.1.7)

• Multiplication formula:
The multiplication formula is a generalization of the duplication formula [43],

Γ(z)Γ
(

z +
1
m

)
Γ
(

z +
2
m

)
· · · Γ

(
z +

m − 1
m

)
= (2π)(m−1)/2m1/2−mzΓ(mz)

(1.1.8)

• Weierstrass formulation

Weierstrass formulation of the Gamma function is:

1
Γ(z)

= zeγz
∞

∏
n=1

(
1 +

z
n

)
e−z/n, (1.1.9)

where γ is the Euler-Mascheroni constant. This formulation represents the Gamma
function as an infinite product [51].

These properties are well-documented in various mathematical references [1, 51]. The in-
complete Gamma functions are generalizations of the Gamma function. They are defined
as follows:

Lower incomplete Gamma function
The lower incomplete Gamma function γ(s, x) is defined by [48]:

γ(s, x) =
∫ x

0
ts−1e−t dt. (1.1.10)

Upper incomplete Gamma function

8



The upper incomplete Gamma function Γ(s, x) is defined by:

Γ(s, x) =
∫ ∞

x
ts−1e−t dt. (1.1.11)

Properties of incomplete Gamma functions
Some important properties of the incomplete Gamma functions include:

• Relationship to Gamma function:

Γ(s) = γ(s, x) + Γ(s, x). (1.1.12)

• Differentiation:

∂

∂x
γ(s, x) = xs−1e−x,

∂

∂x
Γ(s, x) = −xs−1e−x. (1.1.13)

The Pochhammer symbol (rising factorial) (a)n is defined by [10, 48]:

(a)n =


1 if n = 0,

a(a + 1) . . . (a + n − 1) if n > 0,
1

(a−1)(a−2)···(a−|n|) , a ̸= 1, 2, . . . , |n| if n < 0,

(1.1.14)

Properties of the Pochhammer symbol
Key properties of the Pochhammer symbol include [10]:

• Recursive property:
a(a + 1)n = (a)n+1 (1.1.15)

• Addition formula
(a)m+n = (a)m(a + m)n (1.1.16)

• Reflection formula
(a)−n =

(−1)n

(1 − a)n
(1.1.17)

• Duplication formula
(2a)2n = 22n(a)n (1.1.18)

• Relation to Gamma function:

(a)n =
Γ(a + n)

Γ(a)
. (1.1.19)
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The Gamma function can be expressed as a limit involving the Pochhammer symbol. The
formula is given by[16]:

Γ(z) = lim
n→∞

n! nz

(z)n
, (1.1.20)

This limit provides a connection between the Gamma function and the Pochhammer
symbol.

We conclude this section with the Bohr-Mollerup Theorem, which states:
Theorem (Bohr-Mollerup): If a function f (x) satisfies the following three conditions,

then it is identical to the Gamma function within its domain of definition:

1. f (x + 1) = x f (x).

2. The domain of f (x) includes all x > 0 and is log-convex for these x.

3. f (1) = 1.

For more details, we can see [16].
In conclusion, The Gamma function, incomplete Gamma functions, and Pochhammer
symbols are essential tools in mathematical analysis, with numerous applications in var-
ious fields of mathematics and physics. Their fundamental properties and interrelation-
ships make them important subjects of study in special functions.

1.1.2 Hypergeometric funtions

Hypergeometric functions are a class of special functions defined by hypergeometric se-
ries. These functions appear in various areas of mathematics and physics, including solu-
tions to differential equations, combinatorial identities, and integrals [1].

The general hypergeometric function is defined as [51]:

pFq(a1, a2, . . . , ap; b1, b2, . . . , bq; z) =
∞

∑
n=0

(a1)n(a2)n · · · (ap)n

(b1)n(b2)n · · · (bq)n

zn

n!
, (1.1.21)

where (a)n is the Pochhammer symbol.
Conditions of existence: The series converges if [55]:

• p ≤ q: for all finite z.

• p = q + 1: for |z| < 1, and also for |z| = 1 if ℜ(∑q
i=1 bi − ∑

p
i=1 ai) > 0.

• p > q + 1: it diverges for any non-zero z.
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Gauss hypergeometric function: The most well-known hypergeometric function is
the Gauss hypergeometric function 2F1(a, b; c; z):

2F1(a, b; c; z) =
∞

∑
n=0

(a)n(b)n

(c)n

zn

n!
, (1.1.22)

where it converges for |z| < 1 and can be analytically continued to other values of z [51].
Transformations: Several transformations exist for hypergeometric functions, includ-

ing Euler’s transformation [1]:

2F1(a, b; c; z) = (1 − z)c−a−b
2F1(c − a, c − b; c; z). (1.1.23)

Integral representations: Hypergeometric functions can be represented as integrals.
For example:

2F1(a, b; c; z) =
Γ(c)

Γ(b)Γ(c − b)

∫ 1

0
tb−1(1 − t)c−b−1(1 − zt)−a dt, (1.1.24)

for ℜ(c) > ℜ(b) > 0 [55].
Differential equations: Hypergeometric functions satisfy a second-order linear differ-

ential equation. For 2F1(a, b; c; z), the equation is:

z(1 − z)
d2w
dz2 + [c − (a + b + 1)z]

dw
dz

− abw = 0, (1.1.25)

which is known as the hypergeometric differential equation [51].
Relations with classical orthogonal polynomials:
Hypergeometric functions are related to various classical orthogonal polynomials.

• Laguerre Polynomials: Laguerre polynomials L(α)
n (x) can be expressed using hy-

pergeometric functions:

L(α)
n (x) =

(α + 1)n

n! 1F1(−n; α + 1; x), (1.1.26)

where 1F1 is the confluent hypergeometric function [1]. We recall the expression of
L(α)

n (x) is [51]:

L(α)
n (x) = (1 + α)n

n

∑
k=0

(−1)kxk

k!(n − k)!(1 + α)k
, (1.1.27)

• Jacobi polynomials: Jacobi polynomials P(α,β)
n (x) are related to hypergeometric func-
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tions:
P(α,β)

n (x) =
(α + 1)n

n! 2F1(−n, 1 + α + β + n; α + 1;
1 − x

2
), (1.1.28)

which can be derived from the general properties of hypergeometric functions [55].

• Chebyshev polynomials: Chebyshev polynomials of the first kind Tn(x) and second
kind Un(x) can be written in terms of hypergeometric functions:

Tn(x) = 2F1

(
−n, n;

1
2

;
1 − x

2

)
, (1.1.29)

Un(x) = 2F1

(
−n, n + 2;

3
2

;
1 − x

2

)
, (1.1.30)

which follows from their definitions and generating functions [1].

In conclusion, Hypergeometric functions are a fundamental part of mathematical analysis,
with numerous applications in physics and other sciences. Their connections to classical
orthogonal polynomials further highlight their importance and versatility.

1.1.3 Useful summation techniques

The techniques outlined in this section is partially based on the reordering of terms in
double (or multiple) summations. Such rearrangements in iterated infinite series can be
justified in a straightforward manner when, for example, the series in question are abso-
lutely convergent. we have the following identities, for any positive integer p,

•
∞

∑
n=0

∞

∑
k=0

a(k,n) =
∞

∑
n=0

n

∑
k=0

a(k,n−k) (1.1.31)

•
∞

∑
n=0

n

∑
k=0

a(k,n) =
∞

∑
n=0

∞

∑
k=0

a(k,n+k). (1.1.32)

•
∞

∑
n=0

∞

∑
k=0

a(k,n) =
∞

∑
n=0

⌊
n
p

⌋
∑
k=0

a(k,n−pk) (1.1.33)

•
∞

∑
n=0

⌊
n
p

⌋
∑
k=0

a(k, n) =
∞

∑
n=0

∞

∑
k=0

a(k,n+pk). (1.1.34)

For more details see [43] page 100.
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1.1.4 Exponential of an operator

The exponential of an operator A, denoted as eA, is defined by the power series:

eA =
∞

∑
n=0

An

n!

where An is the n-th power of the operator A and A0 is the identity operator.
The exponential of an operator is a powerful tool in mathematics calculus, for example
the Taylor series for an analytic function f (x) is given by

f (x) =
∞

∑
k=0

(x − a)k

k!
f (k)(a),

where the series converges to corresponding values of f in a neighborhood of x . We can
reformulate as following:

f (x + a) =
∞

∑
k=0

f (k)(a)
k!

xk = f (a + x) =
∞

∑
k=0

f (k)(x)
k!

ak =
∞

∑
k=0

(
d

dx

)(k)
k!

ak f (x).

Therefore, we get
f (x + a) = ea d

dx f (x). (1.1.35)

1.2 The Hermite polynomials

This chapter provides a comprehensive overview of various Hermite polynomials, in-
cluding their Rodrigues formula, explicit expression, differential operators, generating
functions, recursion relations, differential equations, expression in terms of hypergeomet-
ric functions, orthogonality, integral representation, addition formulas, complex Hermite
functions, Mehler formul and other identities.

1.2.1 The classical Hermite polynomials

Hermite polynomials Hn(x) are a classical orthogonal polynomial sequence. They play a
significant role in probability, combinatorics, and mathematical physics, especially in the
context of the quantum harmonic oscillator.

Rodriguez formula
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The Hermite polynomials can be defined by the Rodriguez formula [56]:

Hn(x) = (−1)nex2 dn

dxn e−x2
. (1.2.1)

Operational formula
The Hermite polynomials can also be defined by the following operational formula:

Hn(x) = e−∂x ((2x)n) . (1.2.2)

Explicit expression
Hermite polynomials can also be expressed explicitly as [56]:

Hn(x) = n!
⌊n/2⌋

∑
k=0

(−1)k

k!(n − 2k)!
(2x)n−2k. (1.2.3)

Graph of some examples:

Figure 1.1: The first six Hermite polynomials: H0(x), H1(x), H2(x), H3(x), H4(x), and
H5(x).

14



Generating functions
The generating function for Hermite polynomials is given by [56]:

∞

∑
n=0

Hn(x)
tn

n!
= e2xt−t2

. (1.2.4)

If we translate the polynomials by k (in indexes), we get the following one:

∞

∑
n=0

Hn+k(x)
tn

n!
= Hk(x − t)e2xt−t2

. (1.2.5)

The generating function for the even-indexed Hermite polynomials is [18]:

∞

∑
n=0

tn

n!
H2n(x) =

1√
1 + 4t

exp
(

4t
1 + 4t

x2
)

. (1.2.6)

The generating function for the odd-indexed Hermite polynomials is [18]:

∞

∑
n=0

tn

n!
H2n+l(x) =

1
(
√

1 + 4t)l+1
Hl

(√
1

4t + 1
x

)
exp

(
4t

1 + 4t
x2
)

. (1.2.7)

Another interesting generating function for Hermite polynomials is [56]:

∞

∑
n=0

Hn(x)
⌊n/2⌋!

tn =
1 + 2xt + 4t2

(1 + 4t2)
3/2 exp

(
4x2t2

1 + 4t2

)
, (1.2.8)

The generating function of Hermite polynomials with Pochhmmer factor is given by [?]:

∞

∑
n=0

(c)n

n!
tnHn(x) = (1 − 2xt)−c

2F0

(
c/2, (c + 1)/2

−

∣∣∣∣∣ −4t2

(1 − 2xt)2

)
. (1.2.9)

Recursion relations
Hermite polynomials satisfy the following recursion relations [56]:

Hn+1(x) = 2xHn(x)− 2nHn−1(x), (1.2.10)

with initial conditions
H0(x) = 1 and H1(x) = 2x. (1.2.11)

Burchnall formula
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The Burchnall formula [9] for Hermite polynomials is given by:

(D − 2x)ny =
n

∑
r=0

(−1)n−r
(

n
r

)
Hn−r(x)Dry. (1.2.12)

An interesting result that can be derived from the Burchnall formula is:

Hm+n(x) = m!n!
min(m,n)

∑
r=0

(−1)r2r

(m − r)!(n − r)!r!
Hm−r(x)Hn−r(x). (1.2.13)

Differential equations
Hermite polynomials satisfy the differential equation [56]:

H′′
n (x)− 2xH′

n(x) + 2nHn(x) = 0. (1.2.14)

Realization by differential operator
The Hermite polynomials are eigenfunctions of the differential operator [56]:

H = − d2

dx2 + x2, (1.2.15)

such that:
HHn(x) = (2n + 1)Hn(x). (1.2.16)

Expression in terms of hypergeometric functions
Hermite polynomials can be expressed in terms of the confluent hypergeometric func-

tion [56]:

Hn(x) = 2n
1F1

(
−n

2
;

1
2

; x2
)

. (1.2.17)

Integral representation
The integral representation of Hermite polynomials is:

Hn(x) =
2n
√

π

∫ ∞

−∞
(x + it)ne−t2

dt. (1.2.18)

Orthogonality
Hermite polynomials are orthogonal with respect to the weight function e−x2

[56]:∫ ∞

−∞
Hm(x)Hn(x)e−x2

dx =
√

π2nn!δmn. (1.2.19)
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As a particular case, we have:

∥Hn∥L2(R,e−x2 dx) =
√

π2nn!. (1.2.20)

Some integrals involving Hermite polynomials
We have the values [56]:∫ ∞

−∞
Hn(x)e−x2

dx = 0 for odd n. (1.2.21)

And ∫ ∞

−∞
H2n(x)e−x2

dx =
22n√π

(2n)!
(2n − 1)!!. (1.2.22)

We have the following transformation [39]:∫ ∞

−∞
Hn(2t)e−t2−2tx dt = (−1)nex2

Hn(x). (1.2.23)

More general, we have [?]:

∫ ∞

−∞
Hn(x)e−x2+bx dx =

√
π(1 − b2)n/2Hn

(
b√

1 − b2

)
. for b /∈ {−1, 1}. (1.2.24)

Real Hermite functions
The real Hermite functions are defined as [56]:

ψn(x) = (2nn!
√

π)−1/2e−x2/2Hn(x), (1.2.25)

and form an orthonormal basis for L2(R), and they satisfy the differential equation:

ψ′′
n(x) +

(
2n + 1 − x2

)
ψn(x) = 0. (1.2.26)

The Hermite functions ψn(x) are a set of eigenfunctions of the continuous Fourier
transform F .
Graph of some examples:
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Figure 1.2: The first six Hermite functions: ψ0(x), ψ1(x), ψ2(x), ψ3(x), ψ4(x), and ψ5(x).

Mehler formula
Mehler formula provides a generating function for Hermite polynomials [56]:

∞

∑
n=0

Hn(x)Hn(y)
tn

2nn!
=

1√
1 − t2

exp
(

2txy − (x2 + y2)t2

1 − t2

)
. (1.2.27)

Nielsen formula
The Nielsen formula provides an expansion of Hn+m(x) in terms of Hermite polyno-

mials [56]:

Hn+m(x) = 2m
⌊m

2 ⌋
∑
k=0

(
m
2k

)
(2k)!

k!
(2x)m−2kHn(x). (1.2.28)

Addition formula
The addition formula for Hermite polynomials [56], called also Runge formula, is:

Hn(x + y) =
n

∑
k=0

(
n
k

)
Hk(x)Hn−k(y). (1.2.29)

Homogeneity formula The homogeneity formula or the multiplication formula of the
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polynomials Hn is given by [34] :

Hn(cx) =
⌊n/2⌋

∑
k=0

n!(−1)k

k!(n − 2k)!

(
1 − c2

)k
cn−2kHn−2k(x) (1.2.30)

Linearization formula
The linearization formula for Hermite polynomials is [56]:

Hn(x)Hm(x) =
min(n,m)

∑
k=0

2kk!
(

n
k

)(
m
k

)
Hn+m−2k(x). (1.2.31)

Relation with Laguerre polynomials The Hermite polynomials can be entirely recovered
by Laguerre polynomials with the parameters α = ±1

2 , we have [56] :

H2n(x) = (−1)n22nn!L(
− 1

2)
n

(
x2
)

, H2n+1(x) = (−1)n22n+1n!xL( 1
2 )

n

(
x2
)

. (1.2.32)

Relation with Jacobi polynomials We can express the Hermite polynomials as a limit of
Jacobi ones, more precisely we have:

Hn(x) = lim
λ→∞

λ−n/2n!P(λ)
n

(
λ− 1

2 x
)

(1.2.33)

1.2.2 The Gould-Hopper polynomials

Definition
Gould and Hopper introduced the following polynomials in their work [20]:
The Gould-Hopper polynomial is defined as:

H(p)
n (x|γ) = n!

⌊
n
p

⌋
∑
k=0

γk

k!
xn−pk

(n − pk)!
(1.2.34)

An operational form of the Gould-Hopper polynomial is given by:

H(p)
n (x|γ) = eγ∂

p
x (xn) (1.2.35)

Generating functions
Generating functions play a crucial role in studying the properties of polynomials. For

Gould-Hopper polynomials, the generating function for the polynomials H(p)
n is given by:
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+∞

∑
n=0

H(p)
n (x|γ)un

n!
= eγup+ux (1.2.36)

which will be useful in deriving additional properties.
We also define the following polynomials

Pn
k (z) =

k−1

∑
j=0

(−1)(k−j)(−n)(k−j)

(
k
j

)
zj (1.2.37)

For any j, k, p, q ∈ N and z, w, u, v, γ ∈ C, we have the following generating function:

∞

∑
n=0

(n)jH
(p)
n (x|γ)un

n!
= ux

(
(ux)j−1 + Pj

j−1(ux)
)

exu+γup
(1.2.38)

Relation in terms of hypergeometric functions
The Gould-Hopper polynomials can be expressed in terms of hypergeometric func-

tions as following :

H(p)
n (x|γ) = xn

pF0

(
−n
p , −n+1

p , · · · , −n+p−1
p

_

∣∣∣∣ (−p)pγ

xp

)
(1.2.39)

Using hypergeometric functions, we derive the following summation:

∞

∑
n=0

(a)nH(p)
n (x|γ)un

n!
= (1 − uz)−a

pF0

(
a
p , a+1

p , · · · , a+p−1
p

_

∣∣∣∣ ppγu
(1 − uz)p

)
(1.2.40)

Derivation and differential equations
The derivatives of the Gould-Hopper polynomials have significant properties, they are

given by:

∂xH(p)
n (x|γ) = nH(p)

n−1(x|γ) (1.2.41)

∂γH(p)
n (x|γ) = n!

(n − p)!
H(p)

n−p(x|γ) (1.2.42)

The polynomials H(p)
n (x|γ1, . . . , γp) satisfy the following generalized heat equation:

∂γH(p)
n (x|γ) = ∂xH(p)

n (x|γ) (1.2.43)

We also have the following operational formula:
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xn = n!

⌊
n
p

⌋
∑
k=0

(−γ)k

k!

H(p)
n−pk(x|γ)
(n − pk)!

(1.2.44)

This can be expressed as:

xn = e−γ∂
p
x
(

H(p)
n (z|γ)

)
(1.2.45)

Recursion relations
The recursion relations are vital for iterative computation of the polynomials. The

polynomials H(p,q)
n,m obey the recurrence relation:

H(p)
n+1(x|γ) = xH(p)

n,m(x|γ) + γp!
(

n
p − 1

)
H(p)

n+1−p(x|γ) (1.2.46)

An alternative form of the recurrence relation is:

H(p)
n+1(x|γ) = (x + pγ∂

p−1
x )H(p)

n (x|γ) (1.2.47)

For any n, p = 0, 1, 2, . . ., we have:

H(p)
n (z, w|γ) =

{
eγzn, if p = 0,
(z + pγ∂

p−1
z )n (1) , if p ≥ 1 and q = 0,

(1.2.48)

We have the following recursive formula:

H(p+1)
n (x|γ) = n!

⌊
n
p

⌋
∑
k=0

∑ j = 0k
(

k
j

)
γk(−1)k−j

H(p)
n−j−pk(x|γ)

(n − j − pk)!
(1.2.49)

This can be rewritten in an operational form as:

H(p+1)
n (x|γ) = eγ(∂x−1)∂p

x H(p)
n (x|γ) (1.2.50)

For any positive integer q, we have the general formula:

H(p+q)
n (x|γ) = eγ(∂

q
x−1)∂p

x H(p)
n (x|γ) (1.2.51)

Homogeneity property
The homogeneity property of the polynomials is expressed as follows:
For any scalar a, we have:

anH(p)
n (x|γ) = H(p,q)

n,m (ax|γap) (1.2.52)
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Taking the limit as t approaches 0, we find:

lim
t→0

(
t
2

)n
H(p)

n

(x
t

)
= xn (1.2.53)

We also have the following modification formula:

H(p)
n (x|cγ) = n!

⌊
n
p

⌋
∑
k=0

(c − 1)kγk

k!

H(p)
n−pk(x|γ)
(n − pk)!

(1.2.54)

In general, for any constants a and c, we have:

H(p)
n (az|cγ) = n!

⌊
n
p

⌋
∑
k=0

(c − ap)kγk

k!
an−pk

(n − pk)!
H(p)

n−pk(z|γ) (1.2.55)

Runge formulas
Runge formulas provide a way to combine polynomials, for the Gould-Hopper poly-

nomials we have:

H(p)
n (x + y|γ + γ′) =

n

∑
k=0

(
n
k

)
H(p)

k (x|γ)H(p)
n−k(y|γ

′) (1.2.56)

Specifically, we have:

H(p)
n (x|γ) =

n

∑
k=0

(
n
k

)
H(p)

k (z|2p−1γ)H(p)
n−k(z|2

p−1γ) (1.2.57)

Another form of the Runge formula is:

xn =
n

∑
k=0

(
n
k

)
H(p)

k

(x
2
|γ
)

H(p)
n−k

(x
2

∣∣− γ
)

(1.2.58)

Neilson Identity
Neilson identity provides another useful relationship for these polynomials. We have:

H(p)
n+n′(z|γ) =

n

∑
i=0

n′

∑
j=0

(
n
i

)(
n′

j

)
(z − z′)i+jH(p)

n+n′−i−j(z
′|γ) (1.2.59)

Similarly, we find:

H(p)
n (x + y|γ) =

n

∑
i=0

(
n
i

)
xiwjH(p)

n−i,m−j(y|γ) (1.2.60)

Moreover, we have:
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H(p)
n (x|γ) = 2n+m

n

∑
i=0

(
n
i

)
ziH(p)

n−i,m−j(x|2p−1γ) (1.2.61)

Integral representation
Haimo and Markett have studied, in [28, 29], a class of polynomials that have nearly the
same form as the Gould-Hopper polynomials:

pn,q(x, t) = n!

⌊
n
2q

⌋
∑
k=0

(−1)(q+1)k xn−2qk

(n − 2qk)!
tk

k!
(1.2.62)

We have the relation:

Pn,q(x, t) = (−i)nH(2q)
n (ix|(−1)qt) (1.2.63)

where t > 0, and they have proved that these polynomials have the following integral
representation:

pn,q (x, (−1)qt) =
∫ ∞

−∞
Gq(y + ix, t)(iy)n dy (1.2.64)

where Gq is defined by:

Gq(x, t) =
1

2π

∫ ∞

−∞
e−ts2q+ixs ds (1.2.65)

Then we could deduce that the polynomials H(2q)
n (ix|(−1)qt) can be expressed as an

integral as follows:

H(2q)
n (ix|(−1)qγ) = (−1)n

∫ ∞

−∞
Gq(u − x, t)un du (1.2.66)

For the polynomials H2q+1, we are working on it in independent work.

1.2.3 The complex Hermite polynomials

Definitions : The complex Hermite polynomials, or the poly-analytic Hermite polynomi-
als, had introduced By Itô in [?] by the following explicit expression:

Hn,m(z, z) = n!m!
n∧m

∑
k=0

(−1)k

k!
zn−k

(n − k)!
zm−k

(m − k)!
(1.2.67)

Where n ∧ m = min(n, m). as particular cases we have:
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Hn,0(z, z) = zn (1.2.68)
H0,m(z, z) = zm (1.2.69)

an equivalent definition by operational operator is :

Hn,m(z, z) = e−∂z∂z {znzm} (1.2.70)

The Rodriguez formula of the polynomials Hn,m(z, z) is obtained as following:

Hn,m(z, z) = e|z|∂m
z ∂n

z e−|z| (1.2.71)

Expression in terms of hypergeometric functions:
Complex Hermite polynomials can be expressed in terms of hypergeometric functions:

Hn,m(z, z̄) = (−1)mm!
(

n
m

)
zn−m

1F1(−m, n − m + 1, |z|2).

Generating functions the partial generating functions of Hn,m(z, z) (see [22]) is given by

+∞

∑
n=0

Hn,m(z, z)
un

n!
= (z − u)meuz (1.2.72)

+∞

∑
m=0

Hn,m(z, z)
un

n!
vm

m!
= (z − v)nevz (1.2.73)

Then it’s easy to deduce the generating function of the polynomials Hn,m(z, z), we
have:

+∞

∑
n,m=0

Hn,m(z, z)
un

n!
vm

m!
= e−uv+uz+vz (1.2.74)

by noting that

e|z|e−v∂z−u∂z e−|z| = e−uv+uz+vz (1.2.75)

The generating function of translated complex polynomials Hm+j,n+k(z, z̄) is [36]:

∞

∑
n,m=0

Hn+j,m+k(z, z̄)
unvm

n!m!
= (−1)j+keuz+vz̄−uvHj,k(z − v, z̄ − v̄). (1.2.76)

And the generating function of Hm+j,n+k(z, z̄) with Pochhammer coefficients is given by
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[36]:

∞

∑
n,m=0

(a)n(b)m

n!m!
unvmHn,m(z, z̄) = (1 − uz)−a(1 − vz̄)−b

2F0

(
a, b
−

∣∣∣∣ uv
(1 − uz)(1 − vz̄)

)
.

(1.2.77)
Recursion relations and PDEs:
The poly-analytic polynomials Hn,m(z, z) satisfy the following recursion relations

Hn+1,m(z, z) = zHn,m(z, z)− mHn,m−1(z, z) (1.2.78)

and
Hn,m+1(z, z) = zHn,m(z, z)− nHn−1,m(z, z) (1.2.79)

The first relation can be proved by using the generating function 1.2.74 (see [?] )or by using
operational formulas (see [22]), and for the second one it’s useful to apply the following
symmetry property :

Hn,m(z, z) = Hm,n(z, z) (1.2.80)

The partial derivatives of Hn,m(z, z) can found be easy by using its generating function
1.2.74, we have:

∂zHn,m(z, z) = nHn−1,m(z, z) (1.2.81)

∂zHn,m(z, z) = mHn,m−1(z, z) (1.2.82)

The recursion relations 1.2.78 and 1.2.79 can be expressed as

Hn+1,m(z, z) = (z − ∂z)Hn,m(z, z) (1.2.83)

and
Hn,m+1(z, z) = (z − ∂z)Hn,m(z, z) (1.2.84)

and by iterating
Hn+1,m(z, z) = (z − ∂z)

n(zm) (1.2.85)

and
Hn,m+1(z, z) = (z − ∂z)

m(zn) (1.2.86)

Then the Complex Hermite polynomials can be realized using differential operators as
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follows:
Hn,m(z, z̄) = (z̄ − ∂

∂z
)n(z − ∂

∂z̄
)m · 1. (1.2.87)

Now by combining the last equations and the recursion relations 1.2.78 and 1.2.79,the
polynomials Hn,m(z, z) satisfy the following partial derivative equation:

∂z∂zHn,m(z, z)− zHn,m(z, z)− nHn,m(z, z) = 0 (1.2.88)

and
∂z∂zHn,m(z, z)− zHn,m(z, z)− mHn,m(z, z) = 0 (1.2.89)

Burchnall formula:
Similarly to Hermite polynomials Hn(x) , the complex Hermite polynomials Hn,m(z, z)
have a Burchnall formula, more precisely in [22], for a given function f in two variables z
and z we have:

ezz∂n
z ∂m

z e−zz f (z, z) = (−1)n+mn!m!
n,m

∑
i=0,k=0

(−1)i+k

i!k!
Hn−i,m−k(z, z)
(n − i)!(m − k)!

∂i
z∂k

z f (z, z) (1.2.90)

And in the same article, we have also the following identity:

ezz∂n
z e−zz f (z, z) = (z − ∂z)

n( f ) (1.2.91)

Now by combining (1.2.90) and (1.2.91) , and by considering the symmetry property we
get the suitable Burchnall formula :

(z − ∂z)
n(z − ∂z)

m( f ) = (−1)n+mn!m!
n,m

∑
i=0,k=0

(−1)i+k

i!k!
Hn−i,m−k(z, z)
(n − i)!(m − k)!

∂i
z∂k

z f (z, z) (1.2.92)

An interest particular case is when f = 1, the complex Hermite polynomials can be real-
ized by:

Hn,m(z, z) = (z − ∂z)
n(z − ∂z)

m(1) (1.2.93)

Noting that we could find the last expression of Hn,m(z, z) by applying the recursion rela-
tions (1.2.83) and (1.2.84).
Rung formula:
The Runge formula or the addition formula , see [22] of the polynomials Hn,m(z, z) is given
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by :

Hn,m

(
z + w√

2
,

z + w√
2

)
= n!m!

(
1√
2

)n+m n,m

∑
i=0,k=0

Hi,k(z, z)
i!k!

Hn−i,m−k(w, w)

(n − i)!(m − k)!
(1.2.94)

The Runge formula can be proved by many ways, we can use the generating function.
Neilson formula:
The Neilson formula is a generalization of the recursion relations, for the complex Hermite
polynomials we have [23]:

Hn+p,m+q(z, z̄) = n!m!p!q!
min(n,q)

∑
j=0

min(m,p)

∑
k=0

(−1)j+k

j!k!
Hn−j,m−k(z, z̄)
(n − j)!(m − k)!

Hp−k,q−j(z, z̄)
(p − k)!(q − j)!

.

(1.2.95)

Linearization of product:
We can linear the product of two complex Hermite polynomials as follow [36]:

Hn1,m1(z, z̄)Hn2,m2(z, z̄) = ∑
j,k

m1!m2!Hn1+n2−j−k,m1+m2−j−k(z, z̄)
j!k! (n1 − j)! (m1 − k)! (n2 − k)! (m2 − j)!

(1.2.96)

Homogeneity identity:
The polynomials Hm,n(cz, c̄z̄) satisfy the following property:

Hn,m(cz, c̄z̄) =
n∧m

∑
j=0

Hn−j,m−j(z, z̄)
n!m!cn−j c̄m−j

j!(n − j)!(m − j)!
(cc̄ − 1)j . (1.2.97)

Integral representation:
The complex Hermite polynomials can be realized by he following integral [36]:

Hn,m(iz, iz̄) =
in+m

π

∫
R2
(r + is)n(r − is)m exp

(
−(r − x)2 − (s − y)2

)
drds. (1.2.98)

Orthogonality properties:
The complex Hermite polynomials satisfy the following orthogonality property [32]:

1
π

∫
R2

Hn,m(x + iy, x − iy)Hp,q(x + iy, x − iy)e−x2−y2
dxdy = n!m!δn,pδm,q· (1.2.99)
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and they form a ortogonal basis of L2
(

C, e−x2−y2
dxdy

)
.

Complex Hermite functions:
The complex Hermite functions are defined as:

ψn,m(z, z̄) =
Hn,m(z, z̄)√

πn!m!
e−|z|2/2. (1.2.100)

and they form an orthonormal basis of the space of L2 (C).
Mehler formula:
The Mehler formula is corresponding to a reproducing kernel of some Hilbert spaces, For
the complex Hermite polynomials we cite two of its variants. In [23], Ghanmi has establish
the Mehler formulas for the univariate Hermite polynomials Hµ

n,m(z, z) then for µ = 1 we
find those of Hn,m(z, z). More precisely,For every u, z ∈ C such that |u| < 1, we have the
first one is giving by:

+∞

∑
n,m=0

unHn,m(z, z̄)Hn,m(w, w̄)

n!m!
=

e⟨w,z⟩

(1 − u)
exp

(
−u|z − w|2

1 − u

)
(1.2.101)

And the second :

+∞

∑
n,m=0

unvmHn,m(z, z̄)Hn,m(w, w̄)

n!m!
=

1
1 − uv

exp

(
−
[(
|z|2 + |w|2

)
uv − uzw − vzw

]
1 − uv

)
(1.2.102)

Relation to the generalized Laguerre polynomials:
The complex Hermite polynomials z = |z|ei arg(z) can be expressed in terms of the gener-
alized Laguerre polynomials L(α)

n (x), by using the exponential form of z = |z|ei arg(z), see
[32, 22], as following:

Hn,m(z, z̄) = (−1)min(n,m)(min(n, m))!|z||n−m|ei(n−m) arg(z)L(|n−m|)
min(n,m)

(
|z|2
)

(1.2.103)

we have, as special case for q = p + k, the following expression :

Hn,m+k(z, z̄) = (−1)nn!z̄kL(k)
p

(
|z|2
)

(1.2.104)
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Chapter2
Two-dimensional (p, q)-heat polynomials
of Gould–Hopper type

2.1 Introduction

The classical Hermite polynomials are defined by

Hn(x) := (−1)nex2 dn

dxn (e
−x2

) = n!
[ n

2 ]

∑
k=0

(−1)k

k!
(2x)n−2k

(n − 2k)!

and are well studied in the literature. Different generalizations to the multivariate setting
have interesting applications in many branches of mathematics, physics, and engineering
and have been widely studied in the literature [30, 35, 36, 47, 56, 34]. Notice for instance
that the tensor product Hm(x)Hn(y) as well as the holomorphic Hermite polynomials
Hn(z) are specific 2D generalizations of Hn(x) to the complex plane C. The first class is
an orthogonal basis of L2(R2; e−x2−y2

dxdy), while the functions e−z2/2Hm(z) form an or-
thogonal basis of a Bargmann–Fock-like space [61, 7]. For their analytic and combinatoric
properties, one can refer to [56, 35].

The polyanalytic analogs are the complex Itô–Hermite polynomials

Hn,m(z, z̄) := (−1)m+ne|z|
2
∂n

z̄ ∂m
z

(
e−|z|2

)
= n!m!

n∧m

∑
j=0

(−1)j

j!
zn−jz̄m−j

(n − j)!(m − j)!
, (2.1.1)

where n ∧ m = min{n, m}, are solutions of the iterated Cauchy–Riemann equation

2n+1∂n+1
z̄ f = (∂x + i∂y)

n+1 f = 0.
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These polynomials, introduced by Itô [31] in the context of the complex Markov process,
are basic tools in the nonlinear analysis of traveling wave tube amplifiers [5]. More specif-
ically, they appear in the calculation of the effects of non-linearity on broadband radio
frequencies in communication systems. For their properties and applications, one can
refer to [21, 22, 35, 15, 23]. Their holomorphic counterparts Hn,m(z, w) and Hn,m(z, w, x)
were introduced and studied recently in [27, 35, 41], respectively.

Another class of generalized Hermite polynomials is referred to as Gould–Hopper [20]
and defined by

H(p)
n (z|γ) = n!

⌊ n
p ⌋

∑
k=0

γk

k!
zn−pk

(n − pk)!
. (2.1.2)

These polynomials enter into the study of the Novikov–Veselov equation [11]. The specific
ones H(2p)

n (x|(−1)p+1t) are solutions of the higher-order heat equation associated with
(−1)q+1∂2q/∂x2q (see e.g., [?, 20, 42]).

Analogously to (2.1.1), a natural extension of H(p)
n (z|γ) in (2.1.2) to two complex vari-

ables is suggested by the following

H(p,q)
n,m (z, w|γ) = n!m!

⌊ n
p ⌋∧⌊

m
q ⌋

∑
k=0

γk

k!
zn−pk

(n − pk)!
wm−qk

(m − qk)!
. (2.1.3)

We call them here two-dimensional complex (p, q)-heat polynomials of Gould–Hopper
type. Obviously, the particular cases of the considered polynomials reduce to the classes
mentioned above, the real, Gould–Hopper, as well as the 1-D and 2-D holomorphic, and
Itô–Hermite polyanalytic complex polynomials. More precisely, we have

1. H(2,0)
n,0 (2z, 1| − 1) = Hn(z), the holomorphic Hermite polynomials.

2. H(p,0)
n,0 (z, 1|γ) = H(p)

n (z|γ) and H(p,0)
n,m (z, w|γ) = H(0,p)

n,m (z, w|γ) = wmH(p)
n (z|γ), where

H(p)
n (z|γ) denotes the Gould–Hopper polynomials in (2.1.2).

3. H(1,1)
n,m (z, w| − 1) = Hn,m(z, w) and H(1,1)

n,m (z, z̄| − 1) = Hn,m(z, z̄), the 2-D holomor-
phic Hermite polynomials and their restriction to the non-analytic surface w = z̄,
respectively.

4. H(1,1)
n,m (z, w|γ) = Hn,m(z, w, γ), the Hermite polynomials considered in [41].

Even if this extension is natural, they give rise to new classes of polynomials. Their al-
gebraic properties seem to be derived in a standard way. However, there is no evidence to
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suggest exact formulas for their generating functions or the partial differential equations
they obey. Furthermore, their analytical properties, including orthogonality, description
of associated functional spaces, and integral transforms, are not an easy task. The study
of these polynomials H(p,q)

n,m (z, w|γ) will contribute to providing eventual representations
for the solutions of the partial differential equation in the (z, w)-plane

cp,q
∂p+q

∂zp∂wq u(z, w; γ) =
∂

∂γ
u(z, w; γ) (2.1.4)

with initial data. Other motivations for considering H(p,q)
n,m (x, y|γ) include potential ap-

plications in quantum mechanics, combinatorics, or applied mathematics. Mainly, they
can be used in evaluating transition matrix elements, studying the root dynamics of the
σ-flows associated with (2.1.4) similarly to [59], or computing the higher-order moments
of a given distribution.

In the present paper, we provide a complete unified description of the basic prop-
erties of H(p,q)

n,m (z, w|γ) in (2.1.3). More precisely, in Section 2 we are concerned with
their operational and hypergeometric representations (Subsection 2.2.1), generating func-
tions (Subsection 2.2.2), multiplication formulas (Subsection 2.2.3), and their connection
to Gould–Hopper polynomials (Subsection 2.2.4). Different types of recurrence relations
are discussed in Section 2.3. The analog of the magnetic Laplacians in connection with
H(p,q)

n,m (z, w|γ) is given in Section ??.

2.2 Complex (p, q)-Heat Polynomials of Gould–Hopper Type

2.2.1 Equivalent Definitions

The two-dimensional complex (p, q)-heat polynomials of Gould–Hopper type we deal
with are defined by (2.1.3) with the convention that H(0,0)

0,0 (z, w|γ) = eγ and
⌊

j
k

⌋
= +∞

when k = 0. Notice for instance that the monomials znwm can be recovered by taking
γ = 0 or n < p and m < q, H(p,q)

n,m (z, w|γ) = znwm, while for n = p and m = q, we have
H(p,q)

p,q (z, w|0) = zpwq + γp!q!.
Notice also that for z = w = 0 we get

H(p,q)
n,m (0, 0|γ) = n!⌊

n
p

⌋
!
γ

⌊
n
p

⌋
δ

n−p
⌊

n
p

⌋
,m−q

⌊
m
q

⌋

when p | n and q | m. Otherwise, we have H(p,q)
n,m (0, w|γ) = 0 if p ∤ n and H(p,q)

n,m (z, 0|γ) = 0
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if q ∤ m. The case p = 0 gives rise to

H(0,q)
0,qm (0, 0|γ) = (qm)!

m!
γm

and H(0,q)
0,qm+j(0, 0|γ) = 0 when j = 1, . . . , q − 1. This recoups the well-known identity for

the real Hermite polynomials H2n(0) = (−1)n (2n)!
n! and H2n+1(0) = 0.

Furthermore, it should be mentioned here that the polynomials H(p,q)
n,m (z, w|γ) satisfy

the symmetry property
H(p,q)

n,m (z, w|γ) = H(q,p)
m,n (w, z|γ). (2.2.1)

An equivalent definition of H(p,q)
p,q (z, w|γ), which offers a broader direction by general-

izing e∂z to several variables and to higher order in the exponent, is given by the following
operational formula.

Proposition 2.2.1. We have

H(p,q)
n,m (z, w|γ) = eγ∂

p
z ∂

q
w (znwm) . (2.2.2)

Proof. The result is clear for p = q = 0. The particular case of p = 0 and q ≥ 1 immediately
follows from the one corresponding to p ≥ 1 and q = 0 by the symmetry property (2.2.1).
For the latter one (p ≥ 1 and q = 0), we use [14, Eq. (6)] to get

eγ∂
p
z (znwm) = wmeγ∂

p
z {zn} = wmH(p)

n (z|γ) = H(p,0)
n,m (z, w|γ).

The result for arbitrary p ≥ 1 and q ≥ 1 follows by making use of the fact that

∂
pk
z (zn) =

n!zn−pk

(n − pk)!

for k ≤
⌊

n
p

⌋
and vanishes otherwise, so that one obtains

eγ∂
p
z ∂

q
w (znwm) =

∞

∑
k=0

γk

k!
(∂

p
z ∂

q
w)

k{znwm}

= n!m!

⌊
n
p

⌋
∧
⌊

m
q

⌋
∑
k=0

γk

k!
zn−pk

(n − pk)!
wm−qk

(m − qk)!

= H(p,q)
n,m (z, w|γ).
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The next result gives the representation of H(p,q)
n,m (z, w|γ) in terms of the hypergeomet-

ric function

rFs

(
a1, a2, . . . , ar

c1, c2, . . . , cs

∣∣∣∣x
)

:=
∞

∑
k=0

(a1)k(a2)k · · · (ar)k
(c1)k(c2)k · · · (cs)k

xk

k!
.

Proposition 2.2.2. We have

H(p,q)
n,m (z, w|γ) = znwm

p+qF0

(
−n
p , −n+1

p , · · · , −n+p−1
p , −m

q , −m+1
q , · · · , −m+q−1

q

_

∣∣∣∣ (−p)p(−q)qγ

zpwq

)
.

(2.2.3)

Proof. Starting from (2.1.3), we can rewrite the explicit expression of H(p,q)
n,m in the following

form

H(p,q)
n,m (z, w|γ) = n!m!znwm

⌊
n
p

⌋
∧
⌊

m
q

⌋
∑
k=0

( γ
zpwq

)k

k!(n − pk)!(m − qk)!
.

Making appeal to the identity [?, Eq. (21), p. 21] as well as the Gauss multiplication
theorem [?, Eq. (26), p. 23],

(n − pk)! =
(−1)pkn!

(−p)pk ∏
p
j=1

(
j−1−n

p

)
k

,

we can rewrite the involved factorial (n − pk)! as

(n − pk)! =
(−1)pkn!

(−p)pk ∏
p
j=1

(
j−1−n

p

)
k

.

Therefore, one obtains

H(p,q)
n,m (z, w|γ) = znwm

⌊
n
p

⌋
∧
⌊

m
q

⌋
∑
k=0

p−1

∏
j=0

(
−n + j

p

)
k

q−1

∏
j=0

(
−m + j

q

)
k

(
(−1)p+q ppqqγ

zpwq

)k

k!
.

This is exactly the desired result (2.2.3).

Remark 2.2.3. By means of the fact

2F0

(
−n,−m

_

∣∣∣∣−1
z

)
=

z−(n∧m)(n ∨ m)!
(|n − m|)! 1F1

(
−(n ∧ m)

|n − m|+ 1

∣∣∣∣z
)

, (2.2.4)

where n ∨ m = max(n, m), we can express the classical classes of Hermite polynomials described
in the introductory section in terms of the confluent hypergeometric function 1F1.
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2.2.2 Generating functions.

In this section, we derive several generating functions for the polynomials H(p,q)
n,m .

Proposition 2.2.4. We have

∞

∑
n=0

H(p,q)
n,m (z, w|γ)un

n!
= H(q)

m (w|upγ)ezu, (2.2.5)

∞

∑
m=0

H(p,q)
n,m (z, w|γ)vm

m!
= H(p)

n (z|vqγ)ewv, (2.2.6)

and

∞

∑
n=0

∞

∑
m=0

H(p,q)
n,m (z, w|γ)unvm

n!m!
= ezu+wv+γupvq

. (2.2.7)

Proof. The proof of (2.2.5) lies on the operational realization in (2.2.2). Indeed, we have

∞

∑
n=0

H(p,q)
n,m (z, w|γ)un

n!
= eγ∂

p
z ∂

q
w (ezuwm) = eγup∂

q
w (wm) ezu = H(q)

m (w|upγ)ezu.

The assertion in (2.2.6) can be obtained by the symmetry (2.2.1). Subsequently, it follows
from (2.2.5) that

∞

∑
n=0

∞

∑
m=0

H(p,q)
n,m (z, w|γ)un

n!
vm

m!
=

∞

∑
m=0

(
∞

∑
n=0

H(p,q)
n,m (z, w|γ)un

n!

)
vm

m!

=
∞

∑
m=0

H(q)
m (w|upγ)

vm

m!
ezu.

Therefore, the result in (2.2.7) then follows making use of the generating function for the
Gould–Hopper polynomials [13, p.72]

∞

∑
m=0

H(q)
m (w|γ)vm

m!
= ewv+γvq

. (2.2.8)

Remark 2.2.5. For p = q = 1, we retrieve from (2.2.6) the partial generating functions for the
complex Hermite polynomials given through [22, Proposition 3.4], while (2.2.7) generalizes the
corresponding formula for the Hermite polynomials defined in the introductory section.
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As an immediate consequence of the generating function (2.2.7) we establish the fol-
lowing identity needed to prove some coming results.

Corollary 2.2.6. We have

anbmH(p,q)
n,m (z, w|γ) = H(p,q)

n,m (az, bw|γapbq). (2.2.9)

Proof. Identity (2.2.9) follows by identification in

∞

∑
n=0

∞

∑
m=0

anbmH(p,q)
n,m (z, w|γ)un

n!
vm

m!
=

∞

∑
n=0

∞

∑
m=0

H(p,q)
n,m (az, bw|γapbq)

un

n!
vm

m!
,

which can be obtained starting from the observation that

exp (auz + bvw + γ(au)p(bv)q) = exp (auz + bvw + (γapbq)upvq)

combined with (2.2.7).

The previous result is the key tool in extending the classical limit identities [61, 27]

lim
t→0

(
t
2

)n
Hn

(z
t

)
= zn and lim

t→0
tm+nHm,n

(z
t

,
w
t

)
= zmwn

to the (p, q) complex Hermite polynomials.

Corollary 2.2.7. For p + q ≥ 0, we have

lim
t→0

tn+mH(p,q)
n,m

(z
t

,
w
t

∣∣∣γ) = znwm. (2.2.10)

Proof. By specifying a = b = t and z := z
t , w := w

t in (2.2.9) and next tending t to zero, we
get

lim
t→0

tn+mH(p,q)
n,m

(z
t

,
w
t

∣∣∣γ) = lim
t→0

H(p,q)
n,m (z, w|tp+qγ) = H(p,q)

n,m (z, w|0) = 0.

We conclude this section by establishing the closed expression for the next generalized
generating functions

Sp,q,γ
a,b (z, w|u, v) =

∞

∑
n=0

∞

∑
m=0

(a)n(b)mH(p,q)
n,m (z, w|γ)unvm

n!m!
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and

Gp,q,γ
j,k (z, w|u, v) :=

∞

∑
n=0

∞

∑
m=0

(n)j(m)kH(p,q)
n,m (z, w|γ)unvm

n!m!
. (2.2.11)

To this purpose, we set

Pn
k (z) =

k−1

∑
j=0

(−1)(k−j)(−n)(k−j)

(
k
j

)
zj.

Theorem 2.2.8. We have

Gp,q,γ
j,k (z, w|u, v) = uvzwezu+wv+γupvq

(
(uz)j−1 + Pj

j−1(uz)
) (

(vw)k−1 + Pk
k−1(vw)

)
(2.2.12)

and

Sp,q,γ
a,b (z, w|u, v) = (1 − uz)−a(1 − vw)−b (2.2.13)

× p+qF0

(
a
p , a+1

p , · · · , a+p−1
p , b

q , b+1
q , · · · , b+q−1

q

_

∣∣∣∣ ppqqγuv
(1 − uz)p(1 − vw)q

)
.

Proof. Using (2.1.3), we get

Gp,q,γ
j,k (z, w|u, v) =

∞

∑
k=0

(γupvq)k

k!

(
∞

∑
n=0

(n)j
(uz)n

n!

∞

∑
m=0

(m)k
(vw)m

m!

)
= eγupvq

uzeuz
(
(uz)j−1 + Pj

j−1(uz)
)

vwevw
(
(vw)k−1 + Pk

k−1(vw)
)

= uvzwezu+wv+γupvq
(
(uz)j−1 + Pj

j−1(uz)
) (

(vw)k−1 + Pk
k−1(vw)

)
.

The second equality results from the use of the generating function [50, Theorem 2.1],

∞

∑
n=0

(n)j
zn

n!
= zez

(
zj−1 + Pj

j−1(z)
)

.

Now, using the identity [?, Eq. (5), p. 101] combined with the formula [?, Eq. (20), p.
22], we obtain

Sp,q,γ
a,b (z, w|u, v) =

∞

∑
n=0

∞

∑
m=0

∞

∑
k=0

γk

k!
(a)n+pk(b)m+qkupkvqk (uz)n

n!
(vw)m

m!

=
∞

∑
n=0

∞

∑
m=0

∞

∑
k=0

γk

k!
(a)pk(a + pk)n(b)qk(b + qk)mupkvqk (uz)n

n!
(vw)m

m!
.
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But, by applying the Gauss multiplication theorem [?, Eq. (26), p. 23] and the binomial
theorem 1F0(a|t) = (1 − t)−a, we get

Sp,q,γ
a,b (z, w|u, v) = (1 − uz)−a(1 − vw)−b

∞

∑
k=0

p

∏
j=1

(
a + j − 1

p

)
k

q

∏
j=1

(
b + i − 1

q

)
k

× 1
k!

(
ppqqγuv

(1 − uz)p(1 − vw)q

)k
.

which gives the right-hand side of (2.2.13).

Remark 2.2.9. The identity (2.2.12) can be seen as a special generalization of (2.2.7). Notice also
that for p = q = 1, w = z, and γ = −1, we retrieve [35, Eq. (4.15)]. When p = 2, m = q =

0, z = 2x, and γ = −1, we get [51, p. 190]

∞

∑
n=0

(a)n

n!
tnHn(x) = (1 − 2xt)−a

2F0

(
(a)
2 , (a+1)

2

_

∣∣∣∣ −4t2

(1 − 2xt)2

)

2.2.3 Multiplication formulas.

We begin with the following multiplication formula which will be employed to prove
certain recursion relation with respect to parameters p and q.

Proposition 2.2.10. We have the identity

H(p,q)
n,m (z, w|cγ) = n!m!

⌊
n
p

⌋
∧
⌊

m
q

⌋
∑
k=0

(c − 1)kγk

k!

H(p,q)
n−pk,m−qk(z, w|γ)

(n − pk)!(m − qk)!
. (2.2.14)

Proof. From

∞

∑
n=0

∞

∑
m=0

H(p,q)
n,m (z, w|cγ)

unvm

n!m!
= euz+vw+γupvq

e(c−1)γupvq
,

=
∞

∑
n=0

∞

∑
m=0

∞

∑
k=0

(c − 1)kγk

k!
H(p,q)

n,m (z, w|γ)un+pkvm+qk

n!m!
.

Then (2.2.14) follows by equating the coefficients of unvm on both sides of the last equation.

Another multiplication formula is the following.
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Proposition 2.2.11. We have

H(p,q)
n,m (az, bw|cγ) = n!m!

⌊
n
p

⌋
∧
⌊

m
q

⌋
∑
k=0

(c − apbq)kγkan−pkbm−qk

k!(n − pk)!(m − qk)!
H(p,q)

n−pk,m−qk(z, w|γ). (2.2.15)

Proof. Applying (2.2.9), we get

H(p,q)
n,m (az, bw|cγ) = anbmH(p,q)

n,m (z, w|ca−pb−qγ).

By (2.2.14), we obtain

H(p,q)
n,m (az, bw|cγ) = n!m!anbm

⌊
n
p

⌋
∧
⌊

m
q

⌋
∑
k=0

(ca−pb−q − 1)kγk

k!

H(p,q)
n−pk,m−qk(z, w|γ)

(n − pk)!(m − qk)!

which reduces to the right-hand side of (2.2.15).

Remark 2.2.12. The Gould-Hopper polynomials satisfy

H(p)
n (az|cγ) = n!

⌊
n
p

⌋
∑
k=0

(c − ap)kγk

k!
an−pk

(n − pk)!
H(p)

n−pk(z|γ). (2.2.16)

We note also that for p = 2, q = 0, w = 1, c = 1 and γ = −1, we recover the multiplication
formula for real Hermite polynomials Hn in [34, Eq. (4.6.33)], while for p = q = 1, w = z̄,
γ = −1, b = a and c = 1, we find the multiplication formula for polyanalytic polynomials Hn,m

proved in [35, Eq. (4.13)].

2.2.4 Connection to Gould-Hopper polynomials.

The main aim here is to express the polynomials H(p,q)
n,m in terms of the Gould-Hopper

polynomials H(p)
n and vice-versa.

Proposition 2.2.13. We have

H(p)
n (z|γ) =

n

∑
k=0

(
n
k

)
H(p−q,q)

n−k,k (z − w, w|γ) (2.2.17)
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and

H(p,q)
n,m (z, w|γ) = n!m!

⌊
n
p

⌋
∑
k=0

⌊
m
q

⌋
∑
j=0

⌊
n−pk

p

⌋
∑
l=0

⌊
m−qj

q

⌋
∑
i=0

(−2)−l−i(−γ)
k+j

l!i!(k − l)!(j − i)!

H(p)
n−p(l+k)(z|γ)

(n − p(l + k))!

H(q)
m−q(i+j)(w|γ)

(m − q(i + j))!
.

(2.2.18)

Proof. The expression of H(p)
n in terms of H(p,q)

n,m as given through (2.2.17) is in fact equiva-
lent to the following

H(p+q)
n (z + w|γ) =

n

∑
k=0

(
n
k

)
H(p,q)

n−k,k(z, w|γ) (2.2.19)

which readily follows by identification process. Indeed, by taking v = u in the generating
function (2.2.7) and substituting there n by n − k, we obtain

∞

∑
n=0

n

∑
k=0

H(p,q)
n−k,k(z, w|γ) un

(n − k)!k!
= e(z+w)u+γup+q

=
∞

∑
n=0

H(p+q)
n (z|γ)un

n!
.

The last equality follows by making use of the generating function (2.2.8) for Gould–
Hopper polynomials.

Using the generating function (2.2.7) and the fact that ezu+wv+γupvq
= ezu+ γ

2 upvq
ewv+ γ

2 upvq
,

as well as the identity (2.2.16), it follows

∞

∑
n=0

∞

∑
m=0

H(p,q)
n,m (z, w|γ)unvm

n!m!

=
∞

∑
n=0

∞

∑
m=0

n!

⌊
n
p

⌋
∑
k=0

( vq

2 − 1)kγk

k!

H(p)
n−pk(z|γ)
(n − pk)!

un

n!

m!

⌊
m
q

⌋
∑
j=0

(up

2 − 1)kγj

j!

H(q)
m−qj(w|γ)
(m − qj)!

vm

m!


=

∞

∑
n=0

∞

∑
m=0

⌊
n
p

⌋
∑
k=0

⌊
m
q

⌋
∑
j=0

k

∑
l=0

j

∑
i=0

(
k
l

)(
j
i

)
(−1)k+j(−2)−l−i γk+j

k!j!

H(p)
n−pk(z|γ)
(n − pk)!

H(q)
m−qk(w|γ)
(m − qk)!

un+lpvm+iq

Replacing n + ip by n and m + iq by m, we get

∞

∑
n=0

∞

∑
m=0

H(p,q)
n,m (z, w|γ)unvm

n!m!
=

∞

∑
n=0

∞

∑
m=0

n!m!

⌊
n
p

⌋
∑
k=0

⌊
m
q

⌋
∑
j=0

⌊
n−pk

p

⌋
∑
l=0

⌊
m−qj

q

⌋
∑
i=0

(−2)−l−i(−γ)
k+j

l!i!(k − l)!(j − i)!

×
H(p)

n−p(l+k)(z|γ)
(n − p(l + k))!

H(q)
m−q(i+j)(w|γ)

(m − q(i + j))!
unvm

n!m!
.
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This completes the proof of (2.2.18).

Remark 2.2.14. The specification of p = q = 1, γ = −1 and m = 0 in (2.2.17) (or (2.2.19))
provides us with a new expression of the holomorphic Hermite polynomials Hn(z) in terms of the
polyanalytic Ito–Hermite polynomials,

Hn(z) =
n

∑
k=0

(
n
k

)
Hn−k,k(2iℑ(z), z).

2.3 Recurrence Relations

In this section, we establish recurrence relations for the polynomials H(p,q)
n,m . We start by

presenting the behavior of the derivative operators with respect to the variables z, w, and
γ.

Proposition 2.3.1. The partial derivatives of H(p,q)
n,m (z, w|γ) are given by

∂zH(p,q)
n,m (z, w|γ) = nH(p,q)

(n−1,m)
(z, w|γ) (2.3.1)

and

∂wH(p,q)
n,m (z, w|γ) = mH(p,q)

(n,m−1)(z, w|γ). (2.3.2)

Proof. Using the operational formula (2.2.2) and acknowledging that eγ∂
p
z ∂

q
w and ∂z com-

mute, we derive (2.3.1). Specifically, we have

∂zH(p,q)
n,m (z, w|γ) = eγ∂

p
z ∂

q
w ∂z (znwm) = neγ∂

p
z ∂

q
w
(

zn−1wm
)

.

We can obtain (2.3.2) by utilizing the symmetry in 2.2.1.

Remark 2.3.2. The formula

∂
j
z∂k

wH(p,q)
n,m (z, w|γ) = n!

(n − j)!
m!

(m − k)!
H(p,q)

n−j,m−k(z, w|γ) (2.3.3)

is valid for any j ≤ n and k ≤ m, and can be shown through mathematical induction. The left-hand
side of (2.3.3) is zero otherwise. Consequently, we derive

∂k
γH(p,q)

n,m (z, w|γ) = n!
(n − pk)!

m!
(m − qk)!

H(p,q)
n−pk,m−kq(z, w|γ) (2.3.4)

40



if k ≤
⌊

n
p

⌋
∧
⌊

m
q

⌋
, and it vanishes otherwise.

Based on the preceding proposition, we affirm the following result.

Proposition 2.3.3. We have

znwm = n!m!

⌊
n
p

⌋
∧
⌊

m
q

⌋
∑
k=0

(−γ)k

k!

H(p,q)
n−pk,m−qk(z, w|γ)

(n − pk)!(m − qk)!
. (2.3.5)

Consequently, the operational formula

znwm = e−γ∂
p
z ∂

q
w
(

H(p,q)
n,m (z, w|γ)

)
(2.3.6)

is valid.

Proof. By expanding the Taylor series of the polynomials H(p,q)
n,m (z, w|γ + h), viewed as a

function in the third variable, and utilizing (2.3.4), we get

H(p,q)
n,m (z, w|γ + h) =

n

∑
k=0

hk

k!
∂k

γH(p,q)
n,m (z, w|γ)

= n!m!

⌊
n
p

⌋
∧
⌊

m
q

⌋
∑
k=0

hk

k!

H(p,q)
n−pk,m−qk(z, w|γ)

(n − pk)!(m − qk)!
.

By setting h = −γ and using the fact that H(p,q)
n,m (z, w|0) = znwm, we derive (2.3.5). The

proof of (2.3.6) follows from operational calculus. Starting from the right-hand side, we
use the result from Proposition 2.2.11 with a = b = 1 and c = 0 to obtain

e−γ∂
p
z ∂

q
w
(

H(p,q)
n,m (z, w|γ)

)
= n!m!

⌊
n
p

⌋
∧
⌊

m
q

⌋
∑
k=0

(−γ)k

k!

H(p,q)
n−pk,m−qk(z, w|γ)

(n − pk)!(m − qk)!
= znwm.

Thus, we can establish the primary three-term recurrence formulas in this section.

Proposition 2.3.4. The polynomials H(p,q)
n,m satisfy the recurrence relations

H(p,q)
n+1,m(z, w|γ) = zH(p,q)

n,m (z, w|γ) + γp!q!
(

n
p − 1

)(
m
q

)
H(p,q)

n+1−p,m−q(z, w|γ) (2.3.7)
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and

H(p,q)
n+1,m(z, w|γ) = (z + pγ∂

p−1
z ∂

q
w)H(p,q)

n,m (z, w|γ). (2.3.8)

Proof. Using the generating function in (2.2.7), replacing n with n + p − 1 and m with
m + q, we obtain

(up−1vq)ezu+wv+γupvq
=

∞

∑
n=p−1

∞

∑
m=q

H(p,q)
n+1−p,m−q(z, w|γ) unvm

(n + 1 − p)!(m − q)!

=
∞

∑
n=0

∞

∑
m=0

(p − 1)!q!
(

n
p − 1

)(
m
q

)
H(p,q)

n+1−p,m−q(z, w|γ)unvm

n!m!
.

Since ∂uezu+wv+γupvq
= (z + pγup−1vq)ezu+wv+γupvq

, we have

∂uezu+wv+γupvq
=

∞

∑
n=0

∞

∑
m=0

(
zH(p,q)

n,m (z, w|γ) + γp!q!
(

n
p − 1

)(
m
q

)
H(p,q)

n+1−p,m−q(z, w|γ)
)

unvm

n!m!
.

Additionally, since H(p,q)
n+1,m(z, w|γ) = ∂n

u∂m
v (∂uezu+wv+γupvq

)u=v=0, we deduce that

H(p,q)
n+1,m(z, w|γ) = zH(p,q)

n,m (z, w|γ) + γp!q!
(

n
p − 1

)(
m
q

)
H(p,q)

n+1−p,m−q.

This confirms (2.3.7). For (2.3.8), note that

∂
p−1
z ∂

q
wH(p,q)

n,m (z, w|γ) = (p − 1)!q!
(

n′

p − 1

)(
m′

q

)
H(p,q)

n′+1−p,m′−q.

Therefore,

H(p,q)
n+1,m(z, w|γ) = zH(p,q)

n,m (z, w|γ) + γp!q!
(

n′

p − 1

)(
m′

q

)
H(p,q)

n′+1−p,m′−q(z, w|γ)

= (z + pγ∂
p−1
z ∂

q
w)H(p,q)

n,m (z, w|γ).

Remark 2.3.5. Using the symmetry identity (2.2.1), we can derive the following three-term re-
currence relations:

H(p,q)
n,m+1(z, w|γ) = wH(p,q)

n,m (z, w|γ) + γp!q!
(

n
p

)(
m

q − 1

)
H(p,q)

n−p,m−1−q(z, w|γ) (2.3.9)
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and

H(p,q)
n,m+1(z, w|γ) = (w + qγ∂

p
z ∂

q−1
w )H(p,q)

n,m (z, w|γ). (2.3.10)

Based on the previously derived recurrence relations, the polynomials H(p,q)
n,m can be

reformulated using certain creation-like operators, with the monomials zn and wm serving
as generators. We propose the following:

Proposition 2.3.6. For any n, m, p, q = 0, 1, 2, · · · , we have

H(p,q)
n,m (z, w|γ) =


eγznwm, if p = q = 0,
(z + pγ∂

p−1
z )n (wm) , if p ≥ 1 and q = 0,

(z + pγ∂
p−1
z ∂

q
w)

n (wm) , if p ≥ 1 and q ≥ 1.

(2.3.11)

Proof. The first identity in (2.3.11) is evident, considering the convention that [ j
k ] = +∞

when k = 0. The second identity, for q = 0 and p ≥ 1, can be derived using H(p)
n (z|γ) =

(z + pγ∂
p−1
z )n(1) from [14, Eq (6), p. 18]. Specifically, we have

H(p,0)
n,m (z, w|γ) = wmH(p)

n (z|γ) = (z + pγ∂
p−1
z )n (wm) .

The last identity, for p ≥ 1 and q ≥ 1, can be shown by induction on n, noting that
H(p,q)

0,m (z, w|γ) = wm. Indeed, we have

H(p,q)
n,m (z, w|γ) = (z + pγ∂

p−1
z ∂

q
w)H(p,q)

n−1,m(z, w|γ) = (z + pγ∂
p−1
z ∂

q
w)

nH(p,q)
0,m (z, w|γ).

Remark 2.3.7. The analogues of the second and third recursion formulas in (2.3.11), with re-
spect to the z variable, are H(p,q)

n,m (z, w|γ) = (w + qγ∂
q−1
w )m (zn) and H(p,q)

n,m (z, w|γ) = (w +

qγ∂
p
z ∂

q−1
w )m (zn), respectively, due to the symmetry property.

An immediate consequence of (2.3.11) is the following:

Corollary 2.3.8. We have

H(p,q)
n,m (z, w|γ) = (z + pγ∂

p−1
z ∂

q
w)

n(w + qγ∂
p
z ∂

q−1
w )m(1). (2.3.12)
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Proof. This follows from H(p,q)
0,0 (z, w|γ) = 1 and from (2.3.11):

H(p,q)
n,m (z, w|γ) = (z + pγ∂

p−1
z ∂

q
w)

nH(p,q)
0,m (z, w|γ)

= (z + pγ∂
p−1
z ∂

q
w)

n(w + qγ∂
p
z ∂

q−1
w )mH(p,q)

0,0 (z, w|γ).

Next, we present a recursion relation with respect to the parameters p and q.

Proposition 2.3.9. We have

H(p+1,q)
n,m (z, w|γ) = n!m!

⌊
n
p

⌋
∧
⌊

m
q

⌋
∑
k=0

k

∑
j=0

(
k
j

)
γk(−1)k−j

H(p,q)
n−j−pk,m−qk(z, w|γ)

(n − j − pk)!(m − qk)!
. (2.3.13)

Proof. Using the generating function in (2.2.7), we obtain

Rp+1,q
γ (z, w|u, v) = euz+vw+γup+1vq

= euz+vw+(γu)upvq
= Rp,q

uγ (z, w|u, v).

In view of (2.2.15), we have

Rp+1,q
γ (z, w|u, v) =

∞

∑
n=0

∞

∑
m=0

⌊
n
p

⌋
∧
⌊

m
q

⌋
∑
k=0

γk(u − 1)kH(p,q)
n−pk,m−qk(z, w|γ)unvm

n!m!

=
∞

∑
n=0

∞

∑
m=0

⌊
n
p

⌋
∧
⌊

m
q

⌋
∑
k=0

k

∑
j=0

(
k
j

)
γk(−1)k−j

H(p,q)
n−j−pk,m−qk(z, w|γ)

(n − j − pk)!(m − qk)!
unvm

n!m!
.

Therefore, the result (2.3.13) follows by identification.

The previous recursion relation is equivalent to the operational formula

H(p+1,q)
n,m (z, w|γ) = eγ(∂z−1)∂p

z ∂
q
w H(p,q)

n,m (z, w|γ), (2.3.14)

which can be derived from the definition of H(p+1,q)
n,m (z, w|γ) using (2.3.3). Specifically, we

44



have

H(p+1,q)
n,m (z, w|γ) =

⌊
n
p

⌋
∧
⌊

m
q

⌋
∑
k=0

γk
k

∑
j=0

(
k
j

)
∂

j
z(−1)k−j∂

pk
z ∂

qk
w H(p,q)

n,m (z, w|γ)

=

⌊
n
p

⌋
∧
⌊

m
q

⌋
∑
k=0

γk(∂z − 1)k(∂
p
z ∂

q
w)

kH(p,q)
n,m (z, w|γ)

= eγ(∂z−1)∂p
z ∂

q
w H(p,q)

n,m (z, w|γ).

More generally, we have the following results for any positive integers h and k:

Proposition 2.3.10. For any positive integers h and k, we have:

H(p+h,q)
n,m (z, w|γ) = eγ(∂h

z−1)∂p
z ∂

q
w H(p,q)

n,m (z, w|γ), (2.3.15)

H(p,q+k)
n,m (z, w|γ) = eγ(∂k

w−1)∂p
z ∂

q
w H(p,q)

n,m (z, w|γ), (2.3.16)

and

H(p+h,q+k)
n,m (z, w|γ) = eγ(∂h

z ∂k
w−1)∂p

z ∂
q
w H(p,q)

n,m (z, w|γ). (2.3.17)

Proof. First, we note that

H(p+h,q)
n,m (z, w|γ) = H(p+(h−1)+1,q)

n,m (z, w|γ) = eγ(∂z−1)∂p+h−1
z ∂

q
w H(p+h−1,q)

n,m (z, w|γ).

By successive application (h − 1 times) of (2.3.14) and the commutative property of the
operators (∂z − 1)∂p+i

z ∂
q
w for 1 ≤ i ≤ h − 1, we get

H(p+h,q)
n,m (z, w|γ) =

h−1

∏
i=1

eγ(∂z−1)∂p+i
z ∂

q
w H(p,q)

n,m (z, w|γ)

= e

h−1

∑
i=1

γ(∂z − 1)∂p+i
z ∂

q
w

H(p,q)
n,m (z, w|γ)

= e
γ(∂z−1)

h−1

∑
i=1

∂i
z∂

p
z ∂

q
w

H(p,q)
n,m (z, w|γ).
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Finally, using the following identity

(∂z − 1)
h−1

∑
i=1

∂i
z = ∂h

z − 1,

we obtain the first relation (2.3.15). Subsequently, the recurrence formula (2.3.16) fol-
lows from (2.3.14) by the symmetry property for the polynomials H(p,q)

n,m . The last iden-
tity (2.3.17) follows by combining (2.3.15) and (2.3.16), considering that the operators
(∂h

z − 1)∂p
z ∂

q+k
w and (∂k

w − 1)∂p
z ∂

q
w commute. Indeed, we proceed as follows:

H(p+h,q+k)
n,m (z, w|γ) = eγ(∂h

z−1)∂p
z ∂

q+k
w H(p,q+k)

n,m (z, w|γ)

= eγ(∂h
z−1)∂p

z ∂
q+k
w eγ(∂k

w−1)∂p
z ∂

q
w H(p,q)

n,m (z, w|γ)

= eγ(∂h
z ∂k

w−∂k
w+∂k

w−1)∂p
z ∂

q
w H(p,q)

n,m (z, w|γ)

= eγ(∂h
z ∂k

w−1)∂p
z ∂

q
w H(p,q)

n,m (z, w|γ).

Remark 2.3.11. These recursion relations are novel even when restricted to the Gould–Hopper
polynomials.

2.4 High-Order Magnetic Laplacian

We extend the classical results applicable to Hermite, Ito-Hermite, and Gould–Hopper
polynomials to the (p, q) Gould–Hopper polynomials in a unified manner. These polyno-
mials are likely to be essential in studying the high-order partial differential equation in
(2.1.4).

The previously derived recurrence formulas demonstrate that the polynomials H(p,q)
n,m

satisfy specific partial differential equations, generalizing those obtained for real and com-
plex Hermite-type polynomials. Notably, the complex Itô-Hermite polynomials Hn,m(z, z)
form an orthogonal complete system of eigenfunctions of the magnetic Laplacian

∆̃ = − ∂2

∂z∂z
+ z

∂

∂z
, (2.4.1)

acting on the Hilbert space of Gaussian functions, possessing a purely discrete spectrum
(Landau levels) given by an arithmetic sequence of eigenvalues with infinite degeneracy.

This operator is unitarily equivalent to the Schrödinger operator (Landau Hamilto-
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nian)

∆L =

(
i

∂

∂x
− 2y

)2

+

(
i

∂

∂y
+ 2x

)2

, (2.4.2)

which describes a non-relativistic particle moving in the complex plane in the presence of
a constant homogeneous magnetic field.

The generalization of ∆̃ in (2.4.1) to higher-order partial differential operators is given
by

∆̃p,q
γ := w∂w + γ∂

p
z ∂

q
w. (2.4.3)

For w = z and p = q = −γ = 1, we recover ∆̃. Similarly, we define the generalized
high-order Landau-like Hamiltonian as

∆p,q
γ := z∂z + γ∂

p
z ∂

q
w. (2.4.4)

Theorem 2.4.1. The polynomials H(p,q)
n,m satisfy the (p, q)-heat differential equation

∂γH(p,q)
n,m (z, w|γ) = ∂

p
z ∂

q
wH(p,q)

n,m (z, w|γ). (2.4.5)

Moreover, the polynomials H(p,q)
n,m are eigenfunctions of the operators ∆p,q

γ and ∆̃p,q
γ , with ∆p,q

γ H(p,q)
n,m =

nH(p,q)
n,m and ∆̃p,q

γ H(p,q)
n,m = mH(p,q)

n,m .

Proof. By noting that ∂γeγ∂
p
z ∂

q
w = ∂

p
z ∂

q
weγ∂

p
z ∂

q
w , it is evident that the polynomials H(p,q)

n,m are
solutions of the heat equation in (2.4.5).

For the second part, using (2.3.1) and (2.3.7), we find that

(z + γ∂
p−1
z ∂

q
w)∂zH(p,q)

n,m (z, w|γ) = nH(p,q)
n,m (z, w|γ)

and
(w + γ∂

p
z ∂

q−1
w )∂wH(p,q)

n,m (z, w|γ) = mH(p,q)
n,m (z, w|γ).

This shows that the polynomials H(p,q)
n,m are eigenfunctions of the differential operators ∆p,q

γ

and ∆̃p,q
γ with eigenvalues n and m, respectively.

Remark 2.4.2. From the previous result, the polynomials H(p,q)
n,m are also eigenfunctions of the

operator (z + γ∂
p−1
z ∂

q
w)(w + γ∂

p
z ∂

q−1
w )∂z∂w. Specifically, they satisfy

(z + γ∂
p−1
z ∂

q
w)(w + γ∂

p
z ∂

q−1
w )∂z∂wu = nmu. (2.4.6)
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This holds because the operators ∂z and (w + γ∂
p
z ∂

q−1
w ) commute.

2.5 Runge and Nielsen formulas

2.5.1 Runge formulas

In this section, we present a Runge-type formula for H(p,q)
n,m . This formula generalizes the

known Runge-type formulas for the real Hermite and the Itô–Hermite polynomials, as
found in [53] and [22] respectively.

Proposition 2.5.1. We have

H(p,q)
n,m (z + z′, w + w′|γ + γ′) =

n

∑
k=0

m

∑
j=0

(
n
k

)(
m
j

)
H(p,q)

k,j (z, w|γ)H(p,q)
n−k,m−j(z

′, w′|γ′). (2.5.1)

Proof. Define

Tp,q
γ,γ′(z, z′, w, w′|u, v) :=

∞

∑
n=0

∞

∑
m=0

H(p,q)
n,m (z + z′, w + w′|γ + γ′)

unvm

n!m!
.

Using (2.2.7) and rewriting e(z+z′)u+(w+w′)v+(γ+γ′)upvq
as ezu+wv+γupvq

ez′u+w′v+γ′upvq
, we

get

Tp,q
γ,γ′(z, z′, w, w′|u, v) =

(
∞

∑
n=0

∞

∑
m=0

H(p,q)
n,m (z, w|γ)unvm

n!m!

)(
∞

∑
n′=0

∞

∑
m′=0

H(p,q)
n′,m′(z′, w′|γ′)

un′
vm′

n′!m′!

)

=
∞

∑
n=0

∞

∑
m=0

 n

∑
k=0

m

∑
j=0

H(p,q)
k,j (z, w|γ)

k!j!

H(p,q)
n−k,m−j(z

′, w′|γ′)

(n − k)!(m − j)!

 unvm.

Equating the coefficients of unvm in the last equation yields (2.5.1).

Remark 2.5.2. A special case of γ = −γ′ in (2.5.1) leads to the identity

n

∑
k=0

m

∑
j=0

(
n
k

)(
m
j

)
H(p,q)

k,j

( z
2

,
w
2

∣∣γ)H(p,q)
n−k,m−j

( z
2

,
w
2

∣∣− γ
)
= znwm.

Remark 2.5.3. By taking z = z′, w = w′, and γ = γ′ in (2.5.1) and using (2.2.9), we obtain the
identity

H(p,q)
n,m (z, w|γ) =

n

∑
k=0

m

∑
j=0

(
n
k

)(
m
j

)
H(p,q)

k,j (z, w|2p+q−1γ)H(p,q)
n−k,m−j(z, w|2p+q−1γ).
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As an immediate consequence of Proposition 2.5.1, we assert the following:

Corollary 2.5.4. We have

H(p,q)
n,m

(
z + z′

2p
√

2
,

w + w′

2q
√

2

∣∣∣∣γ) = 2−( n
2p+

m
2q )

n

∑
k=0

m

∑
j=0

(
n
k

)(
m
j

)
H(p,q)

k,j (z, w|γ)H(p,q)
n−k,m−j(z

′, w′|γ).

(2.5.2)

Proof. Equation (2.5.2) follows from the case γ = γ′ in Proposition 2.5.1 and equation
(2.2.9) with a = 21/2p and b = 21/2q.

Remark 2.5.5. For p = q = 1 and w = z̄, we recover the Runge formula for the Itô–Hermite
polynomials in [22, p.9, Eq 3.22]. For p = 2 and m = q = 0, we recover the formula for the real
Hermite polynomials from [53].

2.5.2 Nielsen Identities

In this section, we prove some summation formulas of Nielsen type for the polynomials
H(p,q)

n,m , which can be used to derive additional summation formulas.

Theorem 2.5.6. We have the following identities:

H(p,q)
n+n′,m(z, w|γ) =

n

∑
i=0

n′

∑
j=0

(
n
i

)(
n′

j

)
(z − z′)i+jH(p,q)

n+n′−i−j,m(z
′, w|γ) (2.5.3)

and

H(p,q)
n,m+m′(z, w|γ) =

m

∑
k=0

m′

∑
l=0

(
m
k

)(
m′

l

)
(w − w′)k+l H(p,q)

n,m+m′−k−l(z, w′|γ). (2.5.4)

Proof. We need to prove only the first identity. Using (2.2.5), we have

H(q)
m (w|(u + t)pγ)ez(u+t) =

∞

∑
n=0

H(p,q)
n,m (z, w|γ) (u + t)n

n!

=
∞

∑
n=0

∞

∑
n′=0

H(p,q)
n+n′,m(z, w|γ)un

n!
tn′

n′!
. (2.5.5)
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Applying this fact twice for given z and z′, we get

∞

∑
n=0

∞

∑
n′=0

H(p,q)
n+n′,m(z, w|γ)un

n!
tn′

n′!
= e(z−z′)(u+t)

∞

∑
n=0

∞

∑
n′=0

H(p,q)
n+n′,m(z

′, w|γ)un

n!
tn′

n′!

=
∞

∑
k=0

(z − z′)k(u + t)k

k!

(
∞

∑
n=0

∞

∑
n′=0

H(p,q)
n+n′,m(z

′, w|γ)un

n!
tn′

n′!

)

=
∞

∑
k=0

k

∑
j=0

(z − z′)k+j uk

k!
tj

j! ∑
n,n′=0

H(p,q)
n+n′,m(z

′, w|γ)un

n!
tn′

n′!
.

The last equality uses [?, Eq. (1), p. 100]. Now, substituting n by n − k and n′ by n′ − j
leads to

∞

∑
n=0

∞

∑
n′=0

H(p,q)
n+n′,m(z, w|γ)un

n!
tn′

n′!
=

∞

∑
n=0

∞

∑
n′=0

n!n′!
n

∑
k=0

m

∑
j=0

(z − z′)k+j

k!j!

H(p,q)
n+n′−k−j,m(z

′, w|γ)
(n − k)!(n′ − j)!

un

n!
tn′

n′!
.

This proves (2.5.3).

A generalization of Theorem 2.5.6 follows from applying (2.5.3) to H(p,q)
n+n′,m+m′(z, w|γ)

and (2.5.4). we denote (
n, n′, m, m′

i, j, k, l

)
:=
(

n
i

)(
n′

j

)(
m
k

)(
m′

l

)
.

Proposition 2.5.7. We have

H(p,q)
n+n′,m+m′(z, w|γ) =

n

∑
i=0

n′

∑
j=0

m

∑
k=0

m′

∑
l=0

(
n, n′, m, m′

i, j, k, l

)
(z − z′)i+j(w − w′)k+l (2.5.6)

× H(p,q)
n+n′−i−j,m+m′−k−l(z

′, w′|γ).

Remark 2.5.8. For the particular case m = q = 0, we recover the result for the Gould-Hopper
polynomials as in [38].

As an immediate consequence, we obtain the following addition formula with respect
to the variables z and w.

Corollary 2.5.9. We have

H(p,q)
n,m (z + z′, w + w′|γ) =

n

∑
i=0

m

∑
j=0

(
n
i

)(
m
j

)
ziwjH(p,q)

n−i,m−j(z
′, w′|γ). (2.5.7)
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Proof. This follows directly from (2.5.6) by setting n′ = m′ = 0 and substituting z with
z − z′ and w with w − w′.

Corollary 2.5.10. We have

H(p,q)
n,m (z, w|γ) = 2n+m

n

∑
i=0

m

∑
j=0

(
n
i

)(
m
j

)
ziwjH(p,q)

n−i,m−j(z, w|2p+q−1γ). (2.5.8)

Proof. It suffices to replace z and z′ by z
2 , and w and w′ by w

2 in (2.5.7), and then apply
(2.2.9).
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Chapter3
The bi-variate Hemite polynomials

3.1 Introduction

The univariate (poly-analytic) complex Hermite polynomials (UHCP), denoted by Hm,n(z, z),
serve as an orthogonal basis in the classical Hilbert space on the complex plane with the
Gaussian measure e−|z|2dxdy. These polynomials were introduced by Itô in [31] within
the context of complex Markov processes and have since found applications in various
fields. They are utilized in the analysis of nonlinear phenomena in traveling wave tube
amplifiers [5], spectral theory of certain second-order differential operators [23, 44, 58],
studies of special integral transforms [8, 32], coherent states theory [4, 3], combinatorial
mathematics [37, 36], and signal processing [12, 54]. For comprehensive properties and
applications, see [22, 37, 15, 8, 23].

Bivariate complex Hermite-type polynomials can be defined in multiple ways. A natu-
ral approach involves considering the tensor product Hm(z)Hn(w) of the univariate holo-
morphic Hermite polynomials Hm(z), or by substituting z in Hm,n(z, z) with the variable
w, resulting in the two-variable holomorphic Hermite polynomials Hm,n(z, w) studied
in [37]. An in-depth examination of their analytic properties is presented in [27], while
[65] explores a three-variable variant Hm,n(z, w, u). The variable u can be interpreted as
a physical parameter representing time or the magnitude of a magnetic field [8, 23]. An-
other class arises from the tensor product Hm,n(z, z)Hm′,n′(w, w), leading to bivariate poly-
analytic Hermite polynomials.

This paper introduces a novel class of bivariate (poly-analytic) complex orthogonal
polynomials. These are not simple tensor products of UHCP but involve special compo-
sition operators. Specifically, following the approach that yields UCHP from real Hermite

52



polynomials via a binomial-like formula, we define

Hm,n,m′,n′(z, w) := Hm,n(z + iw, z − iw)Hm′,n′(z + iw, z − iw). (3.1.1)

We will explore their fundamental properties, including creation and annihilation oper-
ators, three-term recurrence relations, Rodrigues-type formula, and specific differential
equations. We will also discuss their connection to UCHP, provide various representa-
tions (e.g., exponential operational and integral representations involving monomials),
and investigate their realization as the Fourier–Wigner transform of UCHP.

Additionally, we will demonstrate that these polynomials form an orthogonal basis
in the Hilbert space H2(C2

z,w) := L2(C2, e−2(|z|2+|w|2)dλ), where dλ is the Lebesgue mea-
sure on C2. Summation formulas, including generating functions, will be derived. Ap-
plications in integral transforms and L2-spectral analysis of special magnetic Laplacians,
though beyond the scope of this paper, will be briefly described and will be the focus of a
subsequent study.

The foundational topics needed for these developments are compiled in Section 2,
which includes a review of the Fourier–Wigner transform and univariate poly-analytic
Hermite polynomials. Our main results are presented in Section 3, followed by conclud-
ing remarks and applications in the final section.

3.2 Backgrounds

3.2.1 Fourier–Wigner Transform

The Fourier–Wigner transform is a bilinear mapping defined on L2(Rd)× L2(Rd) by

Vd( f , g)(p, q) =
(

1
2π

) d
2 ∫

Rd
ei⟨y,q⟩ f

(
y +

p
2

)
g
(

y − p
2

)
dy (3.2.1)

for every (p, q) ∈ Rd × Rd. This transform is crucial in various fields such as harmonic
analysis, signal processing, engineering, and physical sciences. It is particularly important
in studying the Weyl transform [19, 60, 63] and interpreting quantum mechanics as a form
of nondeterministic statistical dynamics [46]. The Fourier–Wigner transform Vd maintains
the tensor product property:

Vd(⊗d
j=0 f j,⊗d

j=0gj)(p, q) =
n

∏
j=1

V1( f j, gj)(pj, qj), (3.2.2)
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for given f j, gj ∈ L2(R), where V1 denotes the one-dimensional Fourier–Wigner trans-
form. Additionally, it satisfies the Moyal formula:

⟨Vd( f , g),Vd(φ, ψ)⟩L2(Cd) = ⟨ f , φ⟩L2(Rd) ⟨ψ, g⟩L2(Rd) . (3.2.3)

This property, along with the action of the Fourier–Wigner transform V1 on the classical
univariate real Hermite functions

hreal
n (x) = e−

x2
2 Hreal

n (x) = (−1)ne
x2
2

dn

dxn (e
−x2

),

is fundamental in reproving that the UCHP constitute an orthogonal basis of the Hilbert
space L2(C, e−|z|2dxdy) (see [32, ?] for details). In fact, we have [2, Theorem 3.1]:

Hm,n (z, z) = (−1)n
√

2
√

2
m+n e

|z|2
2 V1(hreal

m , hreal
n )(

√
2x,

√
2y). (3.2.4)

It is therefore natural to consider the set of functions V2(hm,n, hm′,n′), where

hm,n(z, z) := e−|z|2/2Hm,n(z, z)

denotes the Hermite functions associated with UCHP, and to investigate their explicit
expressions and fundamental properties. This is the subject of Section 3. Below, we collect
the basic properties of UCHP needed for the development of this paper.

3.2.2 The Univariate Poly-analytic Hermite Polynomials

The orthogonal UCHP are defined by the Rodrigues formula:

Hm,n(z, z) = (−1)m+ne|z|
2 ∂m+n

∂zm∂zn

(
e−|z|2

)
(3.2.5)

and satisfy the orthogonality relation:∫
C

Hm,n(z, z)Hj,k(z, z)e−|z|2dλ(z) = πm!n!δm,n. (3.2.6)

Their expression in terms of the generalized Laguerre polynomials is provided in [32, Eq.
(2.3)], while their form in terms of the univariate real Hermite polynomials hreal

m is given
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by [22, 37]:

Hm,n (z, z) =
(

1
2

)m+n
m!n!

m

∑
j=0

n

∑
k=0

(−1)k(i)j+k

j!k!

Hreal
m+n−j−k(x)Hreal

j+k(y)

(m − j)!(n − k)!
(3.2.7)

with z = x + iy; x, y ∈ R. The corresponding exponential operational formula is given by
[37, Theorem 2.1]:

Hm,n(z, z̄) = e−∆C (zmzn) , ∆C :=
∂2

∂z∂z
. (3.2.8)

In addition to the integral representation (3.2.4) via the Fourier–Wigner transform, these
polynomials satisfy [8, Theorem 2.4]:

Hm,n(z; z) =
µ(−α)m(β)n

π
e|z|

2
∫

C
ξmξ

ne−γ|ξ|2+α⟨ξ,z⟩−β⟨ξ,z⟩dλ(ξ). (3.2.9)

Here α, β are complex numbers such that αβ = γ > 0. For instance, by taking γ = 1 and
α = −β = i, the integral representation (3.2.9) simplifies to the form given by Ismail in
[37, Theorem 5.1].

3.2.3 Generating and Bilinear Generating functions

The considered polynomials can also be defined using the generating function:

+∞

∑
m=0

+∞

∑
n=0

um

m!
vn

n!
Hm,n(z, z) = e−uv+zu+zv. (3.2.10)

Moreover, the polynomials Hm,n satisfy several interesting partial generating functions
[8]. We summarize here some bilinear generating functions of Mehler type that generalize
the classical Poisson kernel for real Hermite polynomials Hreal

m (x). The following result
[8, Theorem 3.1] holds for every t in the unit circle and z, w ∈ C:

+∞

∑
n=0

tn

n!
Hm,n(z, z)Hn,m′(w, w) = (−t)m′

Hm,m′(z − tw, z − tw)etwz. (3.2.11)

Three broader generalizations of (3.2.11) exist. The first one asserts that the quantity

E(u, v|z, w) :=
+∞

∑
m=0

+∞

∑
n=0

umvn

m!n!
Hm,n(z, z)Hm,n(w, w)
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is given by the formula:

1
1 − uv

exp
(
−uv(|z|2 + |w|2)− uzw − vzw

1 − uv

)
(3.2.12)

for u, v ∈ C such that |uv| < 1. This is Mehler’s formula for Hm,n(z; z) given by Wün-
sche [64] and recovered by Ismail [37, Theorem 3.3] as a specific case of his Kibble-Slepian
formula [37, Theorem 1.1] (see [23, Theorem 4.1] for a special generalization). As a con-
sequence of (3.2.12) and the integral representation (3.2.9), one can derive an interesting
self-reciprocity property [23, Theorem 4.2]. The explicit expression of the heat kernel func-
tion for a special magnetic Laplacian is given in [23, Theorem 3.3]. Extending to t in the
unit circle and |u| < 1, we have [8, Theorem 2.4]:

E(u, t|z, w) =
1

(1 − tu)
exp

(
−tu|z − tw|2

1 − tu

)
etwz (3.2.13)

as well as [8, Theorem 2.3]:

+∞

∑
m=0

+∞

∑
n=0

umtn

m!n!
Hm,n(z, z)Hn,m′(w, w) = (w − tz + u)m′

etzw−ut(w−tz). (3.2.14)

These identities have significant applications in integral transforms connecting L2(C, e−|z|2dxdy)
or the generalized Bargmann–Fock spaces to the two-dimensional Bargmann-Fock space
F 2(C2), as presented in [8].

3.3 Bivariate Complex Hermite Polynomials

The polynomials Hm,n,m′,n′ defined in (3.1.1), which depend on the variables z, w, and
their complex conjugates, are referred to as bivariate complex poly-analytic Hermite poly-
nomials (BCPHP). Throughout this paper, we will use both the notation Hm,n,m′,n′(z, w)

and the abbreviated form HM(Z, Z) to denote the BCPHP. Here, M is a 4-tuple, and
Z = (z, w) with Z = (z, w). Additionally, we will use multi-index notation. For a given
M = (m1, m2, m′

1, m′
2) and N = (n1, n2, n′

1, n′
2), we define |M| = m1 + m2 + m′

1 + m′
2 and

the Kronecker delta δM,N := δm1,n1δm2,n2δm′
1,n′

1
δm′

2,n′
2
, with M! := m1!m2!m′

1!m′
2!. The bino-

mial coefficient for N ≤ M (i.e., mℓ ≤ nℓ and m′
ℓ ≤ n′

ℓ for ℓ = 1, 2) is given by(
M
N

)
= ∏

ℓ=1,2

(
mℓ

nℓ

)(
m′

ℓ

n′
ℓ

)
.
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From (3.1.1), it is clear that Hm,n,m′,n′(z, w) are polynomials in z + iw of degree m, in
z− iw of degree n, in z+ iw of degree m′, and in z− iw of degree n′. These polynomials are
also functions in z, z, w, and w of degrees m + n, m′ + n′, m + n, and m′ + n′, respectively.
Specifically, we have Hm,n,0,0(z, w) = Hm,n(z+ iw, z− iw), Hm,0,m′,0 = (z+ iw)m(z+ iw)m′

,
and Hm,0,0,n′ = (z + iw)m(z − iw)n′

.
Additionally, these polynomials exhibit the following symmetry properties under com-

plex conjugation:

Hm,n,m′,n′(z, w) = Hn,m,n′,m′(z, w) = Hm,n,m′,n′(z,−w) (3.3.1)

and

Hm,n,m′,n′(z, w) = Hm′,n′,m,n(z, w). (3.3.2)

To each (z, w) ∈ C2, we associate the complex numbers ξ = z + iw, ξ∗ = z + iw,
ξ = z − iw, and ξ̃ = z − iw. Note that ξ and ξ̃ are the complex conjugates of ξ and ξ∗,
respectively. The operations −, ∗, and ˜ are involutions, meaning ξ∗∗ = ˜̃ξ = ξ = ξ. These
operations are pairwise commuting, as ξ

∗
= ξ∗ = ξ̃, ξ̃ = ξ̃ = ξ∗, and ξ̃∗ = ξ̃∗ = ξ.

Therefore, z and w are real if and only if ξ = ξ∗ and ξ̃ = ξ.

3.3.1 Orthogonality

The main result in this subsection demonstrates that the polynomials HM are orthogonal
in H2(C2

z,w).

Theorem 3.3.1. The bivariate complex Hermite polynomials HM form an orthogonal basis for the
Hilbert space H2(C2

z,w), and we have

∫
C2

HM(Z, Z)HN(Z, Z)e−2|Z|2dλ(Z) =
π2

4
M!δM,N, (3.3.3)

where |Z| :=
√
|z|2 + |w|2 represents the Euclidean norm of the 2D complex number Z.

Proof. Let IM,N denote the left-hand side of (3.3.3). Using the fact that the Lebesgue mea-
sure on C2 = R4 satisfies 4dλ(Z) = 4dλ(z, w) = dλ(ξ, ξ̃), and applying Fubini’s theorem,
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we get

IM,N =
1
4

∫
C2

Hm1,m2(ξ, ξ)Hm′
1,m′

2
(ξ∗, ξ̃)Hn1,n2(ξ, ξ)Hn′

1,n′
2
(ξ∗, ξ̃)e−|ξ|2−|ξ̃|2dλ(ξ, ξ̃)

=
1
4
⟨Hm1,m2 , Hn1,n2⟩L2(Cξ ,e−|ξ|2 dλ)

〈
Hm′

1,m′
2
, Hn′

1,n′
2

〉
L2(Cξ ,e−|ξ̃|2 dλ)

,

where M = (m1, m2, m′
1, m′

2) and N = (n1, n2, n′
1, n′

2). The result follows from the orthog-
onality property (3.2.6) for the UCHP.

To complete the proof, we need to show completeness. Suppose f ∈ H2(C2
z,w) such

that ∫
C2

f (z, w)Hm,n,m′,n′(z, w)e−2(|z|2+|w|2)dλ(z, w) = 0

for every 4-tuple M = (m, n, m′, n′). This implies

∫
C

(∫
C

f (ξ, ξ̃)Hm,n(ξ, ξ)e−|ξ|2dλ(ξ)

)
Hm′,n′(ξ∗, ξ̃)e−|ξ̃|2dλ(ξ̃) = 0.

Therefore, the function ψ : ξ̃ 7−→
∫

C
f (ξ, ξ̃)Hm,n(ξ, ξ)e−|ξ|2dλ(ξ) vanishes almost every-

where on C, as ψ ∈ L2(C, e−|ξ̃|2dλ(ξ)) and the UCHP form a basis of it. By the same
reasoning, f (ξ, ξ̃) = 0 almost everywhere on C2. This completes the proof.

3.3.2 Rodrigues-Type formula

In this context, any function f in (z, w) ∈ C2 can also be viewed as a function of ξ = z+ iw
and ξ̃ = z − iw (and implicitly in ξ = z − iw and ξ∗ = z + iw). We introduce the following
first-order differential operators:

Aξ :=
1
2

(
∂

∂z
− i

∂

∂w

)
=

∂

∂ξ
, and Aξ∗ :=

1
2

(
∂

∂z
− i

∂

∂w

)
=

∂

∂ξ∗
(3.3.4)

and their conjugate-like operators:

Aξ :=
1
2

(
∂

∂z
+ i

∂

∂w

)
=

∂

∂ξ
, and A

ξ̃
:=

1
2

(
∂

∂z
+ i

∂

∂w

)
=

∂

∂ξ̃
. (3.3.5)

The notation on the right-hand sides of (3.3.4) and (3.3.5) is justified by the following
lemma, whose proof is straightforward.

Lemma 3.3.2. The operators Aξ , Aξ , Aξ∗ , and A
ξ̃

commute pairwise. Moreover, they act as

derivation operators with respect to ξ, ξ, ξ∗, and ξ̃ (seen as independent variables), respectively.
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Specifically, we have:

Aξ(ξ
mξ

n
ξ∗ jξ̃k) = mξm−1ξ

n
ξ∗ jξ̃k, Aξ(ξ

mξ
n
ξ∗ jξ̃k) = nξmξ

n−1
ξ∗ jξ̃k,

Aξ∗(ξ
mξ

n
ξ∗ jξ̃k) = jξmξ

n
ξ∗ j−1ξ̃k, A

ξ̃
(ξmξ

n
ξ∗ jξ̃k) = kξmξ

n
ξ∗ jξ̃k−1,

Aξ(ξ
n
ξ∗ jξ̃k) = Aξ(ξ

mξ∗ jξ̃k) = Aξ∗(ξ
mξ

n
ξ̃k) = A

ξ̃
(ξmξ

n
ξ∗ j) = 0.

The following observation is crucial.

Lemma 3.3.3. We have:

(−1)me|ξ|
2
(

Am
ξ
(ξ

ne−|ξ|2)
)
= Hm,n(ξ, ξ)

and

(−1)m′
(

Am′

ξ̃
(ξ̃n′

e−|ξ∗|2)
)
= Hm′,n′(ξ∗, ξ̃).

Proof. The result can be proved using Leibniz’s rule for the operators Am
ξ

and Am′

ξ̃
along

with appropriate variable changes. However, the proof we present here relies on the com-
mutation rules and their explicit actions on monomials (Lemma 3.3.2), which can be ex-
tended to Gaussian functions.

Consequently, we state the following.

Theorem 3.3.4. Using the above notation, the bivariate complex Hermite polynomials Hm,n,m′,n′

satisfy:

Hm,n,m′,n′(z, w) := (−1)m+n+m′+n′
e|ξ|

2+|ξ∗|2 Am
ξ

An
ξ Am′

ξ̃
An′

ξ∗

(
e−|ξ|2−|ξ∗|2

)
. (3.3.6)

Proof. Starting from (3.1.1) and using Lemma 3.3.3, we obtain:

Hm,n,m′,n′(z, w) = Hm,n(ξ, ξ)Hm′,n′(ξ∗, ξ̃)

= (−1)m+m′
e|ξ|

2+|ξ∗|2
(

Am
ξ
(ξ

ne−|ξ|2)
) (

Am′

ξ̃
(ξ̃n′

e−|ξ∗|2)
)

= (−1)m+n+m′+n′
e|ξ|

2+|ξ∗|2 Am
ξ

An
ξ Am′

ξ̃
An′

ξ∗

(
e−|ξ|2−|ξ∗|2

)
.

This completes the proof of (3.3.6).
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3.3.3 Creation and Annihilation Operators

The three-term recurrence relations for the polynomials Hm,n,m′,n′ can be derived from the
Rodrigues-type formula (3.3.6) and Lemma 3.3.2. These relations are given by:

Hm+1,n,m′,n′ = ξHm,n,m′,n′ − Aξ Hm,n,m′,n′

Hm,n+1,m′,n′ = ξHm,n,m′,n′ − Aξ Hm,n+1,m′,n′

Hm,n,m′+1,n′ = ξ∗Hm,n,m′,n′ − A
ξ̃
Hm,n,m′+1,n′

Hm,n,m′,n′+1 = ξ̃Hm,n,m′,n′ − Aξ∗ Hm,n,m′,n′

Thus, the operators ξ − Aξ , ξ − Aξ , ξ̃ − Aξ∗ , and ξ∗ − A
ξ̃

act as raising operators for
the polynomials Hm,n,m′,n′(z, w):

(ξ − Aξ)Hm,n,m′,n′ = Hm+1,n,m′,n′ (3.3.7)

(ξ − Aξ)Hm,n,m′,n′ = Hm,n+1,m′,n′ (3.3.8)

(ξ̃ − Aξ∗)Hm,n,m′,n′ = Hm,n,m′+1,n′ (3.3.9)

(ξ∗ − A
ξ̃
)Hm,n,m′,n′ = Hm,n,m′,n′+1 (3.3.10)

The following representations of Hm,n,m′,n′ are particularly noteworthy.

Proposition 3.3.5. We have:

Hm,n,m′,n′ = (ξ∗ − A
ξ̃
)m′

(ξ̃ − Aξ∗)
n′

Hm,n,0,0 (3.3.11)

= (ξ − Aξ)
m(ξ − Aξ)

nH0,0,m′,n′ (3.3.12)

= (ξ − Aξ)
m(ξ − Aξ)

n(ξ∗ − A
ξ̃
)m′

(ξ̃ − Aξ∗)
n′ · (1) (3.3.13)

as well as:

Hm,n,m′,n′ = (ξ − Aξ)
m(ξ∗ − A

ξ̃
)m′

(ξ
n
ξ̃n′

) (3.3.14)

= (ξ − Aξ)
n(ξ̃ − Aξ∗)

n′
(ξmξ∗m′

) (3.3.15)

Proof. The proof of (3.3.13) follows immediately from (3.3.11) and (3.3.12) since H0,0,0,0 =

1. The proofs of the first and second assertions are similar.
The proof of (3.3.11) follows directly using Hm,n,m′,n′ = (ξ − Aξ)

mH0,n,m′,n′ and Hm,n,m′,n′ =

(ξ − Aξ)
nHm,0,m′,n′ , which can be shown by induction using the three-term recurrence for-

mulas (3.3.7) and (3.3.8).
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By similar arguments, we get:

Hm,n,m′,n′ = (ξ − Aξ)
m(ξ∗ − A

ξ̃
)m′

H0,n,0,n′ .

This leads to the identity (3.3.14) since H0,n,0,n′ = ξ
n
ξ̃n′

. The proof of (3.3.15) is similar,
but it can also be obtained by complex conjugation using (3.3.1) and the identities ξ = ξ,
ξ∗ = ξ̃, and ξ̃ = ξ∗.

Remark 3.3.6. Notice that the operator ξ̃ − Aξ∗ commutes with ξ − Aξ and ξ − Aξ but not with
ξ∗ − A

ξ̃
. This fact leads to other possible forms of the polynomials Hm,n,m′,n′ . For example, we

have:

Hm,n,m′,n′(z, w) = (ξ∗ − A
ξ̃
)m′

(ξ̃ − Aξ∗)
n′
(ξ − Aξ)

m(ξ − Aξ)
n · (1) (3.3.16)

= (ξ − Aξ)
m(ξ∗ − A

ξ̃
)m′

(ξ − Aξ)
n(ξ̃ − Aξ∗)

n′ · (1). (3.3.17)

As an immediate consequence of Proposition 3.3.5, we show that Aξ , Aξ , Aξ∗ , and A
ξ̃

are lowering operators for the Hm,n,m′,n′ . Specifically, we have the following.

Proposition 3.3.7. We have:

Aξ Hm,n,m′,n′ = mHm−1,n,m′,n′ (3.3.18)

Aξ Hm,n,m′,n′ = nHm,n−1,m′,n′ (3.3.19)

Aξ∗ Hm,n,m′,n′ = m′Hm,n,m′−1,n′ (3.3.20)

A
ξ̃
Hm,n,m′,n′ = n′Hm,n,m′,n′−1 (3.3.21)

Proof. The identity (3.3.19) (resp. (3.3.21)) follows directly from (3.3.15) (resp. (3.3.14)) by
applying the operator Aξ (resp. A

ξ̃
) and using the identity Aξ(ξ

mξ
n
) = nξmξ

n−1
(resp.

A
ξ̃
(ξ∗m′

ξ̃n′
) = n′ξ∗m′

ξ̃n′−1). The identities (3.3.18) and (3.3.20) can be obtained by complex
conjugation using (3.3.1).

3.3.4 Exponential Operational Representation

This result establishes an analog of the operational formula (3.2.8). To this end, we denote
by

∆C2 :=
∂2

∂z∂z
+

∂2

∂w∂w

the Laplace-Beltrami operator on C2.
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It should be noted here that

Aξ Aξ =
1
4

∆C2 +
i
4
□C2

and
Aξ∗ A

ξ̃
=

1
4

∆C2 −
i
4
□C2 ,

so that
Aξ Aξ + Aξ∗ A

ξ̃
=

1
2

∆C2 .

Above, □C2 denotes the second-order differential operator given by

□C2 :=
∂2

∂z∂w
− ∂2

∂w∂z
.

Theorem 3.3.8. For every (z, w) ∈ C2, we have the following operational formula:

Hm,m′,n,n′(z, w) = e−(Aξ Aξ+Aξ∗ A
ξ̃
)
(

ξmξ
n
ξ∗m′

ξ̃n′
)

. (3.3.22)

Proof. The result readily follows using (3.2.8). Indeed, by viewing ξ and ξ∗ as complex
variables with complex conjugates ξ and ξ̃, respectively, we can write

Hm,m′,n,n′(z, w) = Hm,n(ξ, ξ)Hm′,n′(ξ∗, ξ̃)

= e−Aξ Aξ

(
ξmξ

n
)

e−Aξ∗ A
ξ̃

(
ξ∗m′

ξ̃n′
)

= e−(Aξ Aξ+Aξ∗ A
ξ̃
)
(

ξmξ
n
ξ∗m′

ξ̃n′
)

.

Thus, one concludes for (3.3.22) since Aξ Aξ and Aξ∗ A
ξ̃

commute.

Remark 3.3.9. The result of Theorem 3.3.8 can also be derived using Theorem 3.3.13 below.

3.3.5 Special Second Order Differential Equations

Using the introduced lowering and raising operators, it is easy to see that the polynomials
Hm,n,m′,n′ solve some second-order differential equations. Indeed, by applying ξ − Aξ

(resp. ξ − Aξ , ξ∗ − A
ξ̃
, and ξ̃ − Aξ∗) to (3.3.18) (resp. (3.3.19), (3.3.20), and (3.3.21)), it is

easy to check the following result.

Lemma 3.3.10. The polynomials Hm,n,m′,n′ satisfy Bochner’s property for being eigenfunctions of
the second-order differential operator Lξ := ξ Aξ − Aξ Aξ (resp. Lξ := ξAξ − Aξ Aξ , Lξ∗ :=
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ξ∗Aξ∗ − Aξ∗ A
ξ̃
, and L

ξ̃
:= ξ̃ A

ξ̃
− Aξ∗ A

ξ̃
) with m (resp. n, m′, and n′) as the corresponding

eigenvalue.

Consequently, the polynomials Hm,n,m′,n′ are solutions of the eigenvalue and the com-
mon eigenvalue problems for the second-order differential operators

Sξ := −1
4
(∆C2 + i□C2 − 2(Ez + Ew) + 2i(Fzw − Fwz)) (3.3.23)

Sξ∗ := −1
4
(∆C2 − i□C2 − 2(Ez + Ew) + 2i(Fzw − Fwz)) , (3.3.24)

and their complex conjugates Sξ and S
ξ̃
. Here, Ez := z ∂

∂z and its complex conjugate Ez :=
z ∂

∂z are the usual Euler operators on C, and Fzw, Fzw, Fzw, Fzw, Fwz, Fwz, Fwz, and Fwz are the
coupled Euler operators defined by

Fuv := u
∂

∂v
.

For proving the previous assertion, it suffices to make the following observation.

Lemma 3.3.11. The operators Sξ , Sξ , Sξ∗ , and S
ξ̃

are exactly those involved in Lemma 3.3.10, i.e.,
S• = L•.

Moreover, the L2-eigenvalue problem associated with the special Landau Hamiltonian
Sξ = Lξ := ξAξ − Aξ Aξ acting on H2(C2

z,w) can be explicitly described. Namely, we prove
the following:

Theorem 3.3.12. The spectrum of the operator Sξ (resp. Sξ , Sξ∗ , and S
ξ̃
) acting on H2(C2

z,w) is
purely discrete and consists of the eigenvalues ℓ = 0, 1, 2, · · · .

Proof. Lemmas 3.3.10 and 3.3.11 show that the polynomials Hm,n,m′,n′ are eigenfunctions
of Lξ (resp. Lξ , Lξ∗ , and L

ξ̃
). Moreover, they belong to the Hilbert space H2(C2

z,w), thanks
to Theorem 3.3.1, with m as the corresponding eigenvalue (Lemma 3.3.10). Therefore, one
may conclude in virtue of their completeness proved in Theorem 3.3.1.

3.3.6 Connection to the UCHP

As a variant of (3.1.1), the polynomials HM are closely connected to the univariate com-
plex Hermite polynomials Hj,k by means of the so-called (4, 2)-binomial operator B(4,2)

M ,
defined on double function sequences f = ( fm,n)m,n on the complex plane by

B(4,2)
M ( f )(z, w) :=

M

∑
J=0

(−1)k+k′ i|J|
(

M
J

)
fm+n′−j−k′,m′+n−j′−k(z, z) f j+k′,j′+k(w, w).
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with M = (m, n, m′, n′) and J = (j, k, j′, k′).

Theorem 3.3.13. Set Hcomplex := (Hm,n)m,n. Then, we have

Hm,n,m′,n′ (z, w) =
1

√
2
|M|B

(4,2)
M (Hcomplex)(

√
2z,

√
2w). (3.3.25)

Proof. Direct computation shows that the quantity

Qa
m,n,m′,n′(z, w) := e−a∆

C2
(
(z + iw)m(z − iw)n(z + iw)m′

(z − iw)n′
)

,

for any positive real number a > 0, is equal to

Qa
m,n,m′,n′(z, w) = B(4,2)

M (e−a∆C(E))(z, w),

where E stands for the sequence (em,n)m,n with em,n(z, z) := zmzn. Therefore, using the fact
that

e−a∆ζ (ζmζ
n
) =

√
am+nHm,n

(
ζ√
a

,
ζ√
a

)
,

we get

Qa
m,n,m′,n′(z, w) =

√
a|M|B(4,2)

M (Hcomplex)

(
ζ√
a

,
ζ√
a

)
.

Finally, the identity (3.3.25) follows by taking a = 1/2 and making use of Theorem 3.3.8,
since Q1/2

m,n,m′,n′ = Hm,n,m′,n′ .

Remark 3.3.14. The result of Theorem 3.3.13 can also be obtained starting from Theorem 3.3.4
and making use of the binomial identity for commuting operators and Rodrigues’ formula (3.2.5)
for the UCHP.

Remark 3.3.15. By taking m′ = n′ = 0 and replacing w by −iw in (3.3.25), we recover the
Runge formula for the UCHP [22, Proposition 3.8],

Hm,n (z + w, z + w) =
m!n!

√
2

m+n

m

∑
j=0

n

∑
k=0

Hm−j−k′,n−k(
√

2z,
√

2z)
(m − j)!(n − k)!

Hj,k(
√

2w,
√

2w)

j!k!
. (3.3.26)

A linearization formula for the product Hm,n(z, z)Hm′,n′(z, z) is proved by Ismail in
[37, Theorem 4.1]. Here, Theorem 3.3.13 furnishes another linearization formula for such
a product.
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Corollary 3.3.16. We have

Hm,n(z, z)Hm′,n′(z, z) =
1

√
2
|M|

M

∑
J=0; j+k′=j′+k

(−1)j+k(j + k′)!i|J|
(

M
J

)
(3.3.27)

× Hm+n′−j−k′,n+m′−j−k′(
√

2z,
√

2z).

Proof. It is immediate by taking w = 0 in Theorem 3.3.13 and the fact that Hm,n,m′,n′(z, 0) =
Hm,n(z, z)Hn′,m′(z, z) as well as Hr,s(0, 0) = (−1)rr! when r = s and Hr,s(0, 0) = 0 other-
wise.

3.3.7 Integral Representations

The first integral representation for HM(Z, Z) follows immediately from their definition
and the integral representation (3.2.9) of Hm,n(z, z). Namely, if for given complex numbers
α, α′, β, β′ such that µ := αβ > 0 and µ′ := α′β′ > 0, we let Eα′,β′

α,β (u, v|X, Y) denote the
exponential function

Eα′,β′

α,β (u, v|X, Y) := exp
(
−µ|u|2 − µ′|v|2 + α ⟨u, X⟩ − β⟨u, X⟩+ α′ ⟨v, Y⟩ − β′⟨v, Y⟩

)
,

(3.3.28)

then the following holds true

Hm,n,m′,n′(z, w) =
(−1)m+m′

µµ′αmβn(α′)m′
(β′)n′

π2 e2(|z|2+|w|2) (3.3.29)

×
∫

C2
umunvm′

vn′
Eα′,β′

α,β (u, v|z + iw, z + iw)dλ(u, v).

It should be mentioned here that the independence of the left hand-side in the parameters
α, β, α′, β′ can be proved making specific change of variables. Thus one can rewrite it in a
simple form for specific values of such parameters. However, we preferred to keep this
form for later use.

A variant integral representation of (3.3.29), involving the auxiliary variables ξu,v :=
u + iv, ξu,v := u − iv, ξ∗u,v := u + iv and ξ̃u,v := u − iv in the integrand, is the following.
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Theorem 3.3.17. For every α, β ∈ C such that µ = αβ > 0, we have

Hm,n,m′,n′

(
z√
2

,
w√

2

)
=

µ2(−α)m+n′
βm′+n

π2
√

2
|M| e|z|

2+|w|2 (3.3.30)

×
∫

C2
(u + iv)m(u − iv)n(u + iv)m′

(u − iv)n′
Eα,β

α,β(u, v|z, w)dλ(u, v).

Proof. We make use of Theorem 3.3.13 and the integral representation of the UCHP given
through (3.2.9). Indeed, the quantity Hm,n,m′,n′

(
z√
2
, w√

2

)
can be rewritten as

µ2(−α)m+n′
βm′+n

π2
√

2
|M| e|z|

2+|w|2
∫

C2
SM(u, v)Eα,β

α,β(u, v|z, w)dλ(u, v),

where SM(u, v) := B(4,2)
M (E)(u, v). Straightforward computation shows that SM(u, v) is

simply given by

SM(u, v) = (u + iv)m(u − iv)n(u + iv)m′
(u − iv)n′

.

This proves (3.3.30).

Remark 3.3.18. For the particular case of α = −β = i, the identity (3.3.30) reads simply

Hm,n,m′,n′

(
z√
2

,
w√

2

)
=

(−i)|M|

π2
√

2
|M| e

|z|2+|w|2 (3.3.31)

×
∫

C2
ξm

u,vξu,v
n
ξ∗u,v

m′
ξ̃u,v

n′
e−|u|2−|v|2+2iRe(⟨u,z⟩+⟨v,w⟩)dλ(u, v).

3.3.8 Realization as Fourier–Wigner transform of the UCHP

The next result provides another integral representation of the bivariate complex Her-
mite polynomials by means of the UCHP. To this end, we consider the two-dimensional
Fourier–Wigner transform V2 (d = 2) and we set

V(ψ, φ)(z; w) := V2(ψ, φ)((x1, x2); (y1, y2))

for given complex variables zℓ = xℓ + iyℓ; ℓ = 1, 2, with xℓ, yℓ ∈ R, and ψ, φ ∈ L2(R2).

Theorem 3.3.19. Let hm,n (z, z) := e−
|z|2

2 Hm,n (z, z) denote the complex Hermite functions.
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Then, we have

Hm,n,m′,n′(z, w) = 2(−1)m′+ne|z|
2+|w|2V(hm,n′ , hm′,n)(2z, 2w). (3.3.32)

Proof. Direct computation using (3.2.7) and the product formula (3.2.2), shows that for
M = (m, n, m′, n′) we have

V2(hm,n′ , hm′,n)(
√

2z,
√

2w)

=
1

2|M|

M

∑
J=0

(−1)k+k′ i|J|
(

M
J

)
V2(hreal

m+n′−j−k′ ⊗ hreal
j+k′ , hreal

m′+n−j′−k ⊗ hreal
j′+k)(

√
2z,

√
2w)

=
1

2|M|

M

∑
J=0

(−1)k+k′ i|J|
(

M
J

)
V1(hreal

m+n′−j−k′ , hreal
m′+n−j′−k)(

√
2z)V1(hreal

j+k′ , hreal
j′+k)(

√
2w).

With M = (m, m′, n, n′) and

V := (Vr,s)r,s = V1(hreal
r , hreal

s ).

But, in view of (3.2.4), we arrive at

V2(hm,n′ , hm′,n)(
√

2z,
√

2w) =
1

2|M|
(−1)m′+n

√
2
|M|

2
e−

1
2 (|z|2+|w|2)

M

∑
J=0

(−1)k+k′ i|J|
(

M
J

)
× Hm+n′−j−k′,m′+n−j′−k (z, z) Hj+k′,j+k′ (w, w)

=
(−1)m′+n

2
√

2
|M| e−

1
2 (|z|2+|w|2)B(4,2)

M (Hcomplex) (z, w)

=
(−1)m′+n

2
e−

1
2 (|z|2+|w|2)HM

(
z√
2

,
w√

2

)
.

This establishes (3.3.32) by means of Theorem 3.3.13.

Remark 3.3.20. Orthogonality and completeness (Theorem 3.3.1) of HM(Z, Z) in the Hilbert
space H2(C2

z,w) can be recovered via the realization of these polynomials as the Fourier–Wigner
transform of the UCHP and using the Moyal identity.

The previous result implicitly states that the bivariate complex Hermite polynomials
are expressible as a finite sum of the Fourier–Wigner transform of the tensor product

hreal
m,m′(t, t′) := hreal

m (t)hreal
m′ (t′). (3.3.33)

The next result gives a direct representation of Hm,n,m′,n′ as the Fourier–Wigner transform
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of such a tensor product. Thus, we set

Vm,n
m′,n′ := V2(hreal

m ⊗ hreal
m′ , hreal

n ⊗ hreal
n′ ). (3.3.34)

Theorem 3.3.21. We have

Hm,n,m′,n′

(
z√
2

,
w√

2

)
=

(−1)n+n′

√
2
|M|−2

e
1
2 (|z|2+|w|2)Vm,n

m′,n′(z + iw, z + iw). (3.3.35)

Proof. Starting from (3.3.34) and using the product formula (3.2.2) as well as (3.2.4), we get

Vm,n
m′,n′(ξ, ξ∗) = V1(hreal

m , hreal
n )(ξ)V1(hreal

m′ , hreal
n′ )(ξ∗)

= (−1)n+n′
√

2
|M|

2
e−

1
4 (|ξ|

2+|ξ∗|2)Hm,n

(
ξ√
2

,
ξ√
2

)
Hm′,n′

(
ξ∗√

2
,

ξ∗√
2

)
.

By taking ξ = z + iw, ξ = z − iw, ξ∗ = z + iw and ξ∗ = z − iw = ξ̃ for given z, w ∈ C, we
obtain

Vm,n
m′,n′(ξ, ξ∗) = (−1)n+n′

√
2
|M|

2
e−

1
4 (|ξ|

2+|ξ∗|2)Hm,n,m′,n′

(
z√
2

,
w√

2

)
.

This is exactly (3.3.21).

3.3.9 Exponential generating function

In this section, we investigate some basic generating functions. The few first ones follow
from Mehler formulas for the UCHP presented in Subsection 2.3.

Proposition 3.3.22. We have

+∞

∑
n=0

tn

n!
Hm,n,n,m′(z, w) = (−t)−m′

Hm,m′(ζt,z,w, ζt,z,w)et(z2+w2). (3.3.36)

where ζt,z,w := (z − tz) + i(w − tw).

Proof. From (3.2.11), one deduces

+∞

∑
n=0

tn

n!
Hm,n,n,m′(z, w) =

+∞

∑
n=0

tn

n!
Hm,n(ξ, ξ)Hn,m′(ξ∗, ξ̃)

= (−t)m′
Hm,m′(ξ − tξ∗, ξ − tξ̃)etξ∗ξ .
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This yields (3.3.36) since ξ∗ξ = z2 + w2 and ξ − tξ∗ = (z − tz) + i(w − tw) = ζt,z,w.

Remark 3.3.23. The particular case of t = −1 reduces further to

+∞

∑
n=0

(−1)n

n!
Hm,n,n,m′(z, w) = Hm,m′(2ζ−1,z,w, 2ζ−1,z,w)e−(z2+w2).

with ζ−1,z,w = Re(z) + iRe(w).

The next one concerns the generating function

G2(u, v|z, w) :=
+∞

∑
m=0

+∞

∑
n=0

umvn

m!n!
Hm,n,m,n(z, w). (3.3.37)

Proposition 3.3.24. For any u, v ∈ C such |uv| < 1, we have

G2(u, v|z, w) =
1

1 − uv
exp

(
(u + v − 2uv)|z|2 − (u + v + 2uv)|w|2 + 2iRe(zw)

1 − uv

)
.

Proof. The proof is straightforward and follows easily making use of (3.2.12).

Proposition 3.3.25. For |u| < 1 and |t| = 1, we have

+∞

∑
m=0

+∞

∑
n=0

umtn

m!n!
Hm,n,n,m(z, w) =

et(z2+w2)

1 − ut
exp

(
− ut

1 − ut
|z − tz + i(w − tw)|2

)
. (3.3.38)

In particular, we have

+∞

∑
m=0

+∞

∑
n=0

um

m!n!
Hm,n,n,m(z, w) =

ez2+w2

1 − u
exp

(
− 4u

1 − u
(Im(z)2 + Im(w)2)

)
(3.3.39)

for every u ∈ C such that |u| < 1.

Proof. The proof of (3.3.38) is immediate in view of (3.2.13). While the generating function
(3.3.39) is in fact a particular case with t = 1.

Proposition 3.3.26. For |u| < 1 and |t| = 1, we have

+∞

∑
m=0

+∞

∑
n=0

umvn

m!n!
Hm,n,n,m′(z, w) = (tu + ζt,z,w)

m′
exp

(
t(z2 + w2) + uζt,z,w

)
. (3.3.40)
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Proof. The direct use of (3.2.14), that we rewrite in the form

+∞

∑
m,n=0

umtn

m!n!
Hm,n,n,m′(z, w) = (tξ − tξ + tu)m′

etξξ∗+u(ξ−tξ∗),

which yields (3.3.40), since ξ∗ξ = z2 + w2 and ξ̃ − tξ = (z − tz)− i(w − tw) = ζt,z,w.

The next result concerns the special sum

G4(z, w|u, v, u′, v′) :=
+∞

∑
m=0

+∞

∑
n=0

+∞

∑
m′=0

+∞

∑
n′=0

um

m!
vn

n!
u′m′

m′!
v′n

′

n′!
Hm,m′,n,n′(z, w). (3.3.41)

Proposition 3.3.27. The function G4(z, w|u, v, u′, v′) is given by

G4(z, w|u, v, u′, v′) = e−uv−u′v′ez(u+v′)+z(v+u′)+iw(u−v′)+iw(u′−v). (3.3.42)

for every z, w, u, v, u′, v′ ∈ C.

Proof. The closed expression of G4(z, w|u, v, u′, v′) is immediate from the definition of the
BCPHP and using the classical generating function (3.2.10) for the UCHP.

The last results of this section are partial generating functions for HM.

Proposition 3.3.28. For any z, w, u, v, u′, v′ ∈ C, we have

+∞

∑
m=0

+∞

∑
m′=0

um

m!
u′m′

m′!
Hm,n,m′,n′(z, w) = (z − iw − u)n(z − iw − u′)n′

eu(z+iw)+u′(z+iw). (3.3.43)

and

+∞

∑
m=0

+∞

∑
n=0

um

m!
vn

n!
Hm,n,m′,n′(z, w) = euv−u(z+iw)−v(z−iw)Hm′,n′(z + iw, w − iw). (3.3.44)

Proof. By rewriting the left hand-side in (3.3.43) as(
+∞

∑
m=0

um

m!
Hm,n(z + iw, z − iw)

)(
+∞

∑
m′=0

u′m′

m′!
Hm′,n′(z + iw, w − iw)

)

and next applying the identity [22, Proposition 3.4, Eq. (3.13)]

+∞

∑
m=0

um

m!
Hm,n(ζ, ζ) = (ζ − u)euζ ,
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we get the identity (3.3.43). While (3.3.44) is immediate from (3.2.10) since the left hand-
side takes the form(

+∞

∑
m=0

+∞

∑
n=0

um

m!
vn

n!
Hm,n(z + iw, z − iw)

)
Hm′,n′(z + iw, w − iw).

Remark 3.3.29. Similar partial generating functions to the ones in Proposition 3.3.28 can be
obtained by means of the symmetry properties (3.3.1) and (3.3.2).

3.4 Concluding Remarks

Many interesting algebraic properties of the introduced polynomials can be derived as im-
mediate consequences of those obtained in Section 3. The simpler ones, like the generating
functions in Propositions 3.3.22–3.3.27, follow directly from different Mehler formulas for
the UCHP. For instance, a Runge addition type formula for the polynomials HM can be
easily proved using (3.3.26):

Hm,n,m′,n′(z + z′, w + w′) =
1

√
2
|M|

M

∑
J=0

(
M
J

)
HJ(

√
2z,

√
2w)HM−J(

√
2z′,

√
2w′). (3.4.1)

Similarly, employing the Nielson identity for the UCHP [22, Proposition 3.2],

Hm+p,n+q (z, z) = m!n!p!q!
m∧q

∑
j=0

n∧p

∑
k=0

(−1)j+k

j!k!
Hm−j,n−k(z, z)
(m − j)!(n − k)!

Hp−k,q−j(z, z)
(p − k)!(q − j)!

,

where m ∧ q := min(m, q), we can derive the following quadratic recurrence formula:

HM+N(z, w) =
M∧Nt

∑
J=0

(−1)|J|
(

M
J

)(
N
Jt

)
HM−J(z, w)HN−Jt(z, w) (3.4.2)

for given M = (m, n, m′, n′) and N = (p, q, p′, q′), with M ∧ Nt := (m ∧ q, n ∧ p, m′ ∧
q′, n′ ∧ p′). Here, Jt is defined by Jt = (k, j, k′, j′) for J = (j, k, j′, k′).

Notice also that the closed formula of the following special generating function for the
UCHP:
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TM(u, v|z, w) :=
∞

∑
j=0

∞

∑
k=0

∞

∑
j′=0

∞

∑
k′=0

(−1)k′ ijujvj′zkwk′

j!k!j′!k′!
Hj′+m′,k′+n′(z, z)Hj+m,k+n(w, w) (3.4.3)

readily follows by rewriting Hm,n,m′,n′ in the form

Hm,n,m′,n′(z, w) = Hm,n(iw − (−z),−iw − (−z))Hm′,n′(z − (−iw), z − iw)

and next applying [37, Theorem 4.10]:

∞

∑
j=0

∞

∑
k=0

Hj+m,k+n(z, z)
ujvk

j!k!
= (−1)m+neuz+vz−uvHm,n(z − v, z − v),

keeping in mind the fact that Hm,n(iz,−iz) = im+nHm,n(z, z). Hence, we assert:

TM(u, v|z, w) = (−1)|M|im+n′
euξ+vξ∗ Hm,n,m′,n′(z, w). (3.4.4)

Some analytic aspects of HM are encoded in Theorems 3.3.1, 3.3.1, 3.3.19, and 3.3.21.
For example, Theorem 3.3.1 shows that the Hilbert space H2(C2

z,w) possesses different
special L2-Hilbertian orthogonal decompositions in terms of new functional poly-analytic
Hilbert spaces of Bargmann type spanned by the polynomials Hm,n,j,k(z, w). By consider-
ing, for example,

A2
n,j,k(C

2) = Span{Hm,n,j,k(z, w); m = 0, 1, · · · }H
2(C2

z,w),

for fixed n, j, k, we claim that A2
n,j,k(C

2) is a Hilbert subspace of H2(C2
z,w). The spe-

cial case A2
0,0,0(C

2) is realized as A2
0,0,0(C

2) = ker(Aξ) ∩ ker(Aξ∗) ∩ ker(A
ξ̃
) ∩ H2(C2

z,w)

and therefore is contained in the two-dimensional Bargmann–Fock space F 2(C2) of L2-
holomorphic functions on C2. It coincides with the phase space:

A2(C2) :=
{

F ∈ F 2(C2);
(

∂

∂z
+ i

∂

∂w

)
F = 0

}
(3.4.5)

which is unitary isomorphic to the configuration space L2,ν(R, C) by means of the in-
tegral transform:

Gν f (z, w) :=
(

c2
ν

π

) 1
2 ∫

R
f (x)e−(x− z+iw

2 )
2

dx (3.4.6)
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obtained as the composition of 1d- and 2d-Segal–Bargmann transforms (see [6]).
Another interesting class of functional spaces in H2(C2

z,w) are those defined by

A2
m(C

2) = Span{Hm,n,j,k(z, w); n, j, k = 0, 1, · · · }H
2(C2

z,w),

leading to another orthogonal Hilbertian decomposition of H2(C2
z,w). For every fixed

m, the space A2
m(C

2) is closely connected to the concrete spectral analysis of the second-
order differential operator Sξ in (3.3.23) acting on H2(C2

z,w). In fact, one can show that
A2

m(C
2) is an L2-eigenspace of Sξ with m as the associated eigenvalue:

A2
m(C

2) = ker(Sξ − mId)|H2(C2
z,w)

.

In addition to A2
m,n,j(C

2), A2
m(C

2), and their variants, one can define the spaces A2
m,n(C

2)

(as well as their variants) similarly. The following local orthogonal Hilbertian decompo-
sitions hold true:

A2
m(C

2) =
∞⊕

n=0
A2

m,n(C
2)

and

A2
m,n(C

2) =
∞⊕

j=0

A2
m,n,j(C

2).

Therefore, the global ones for H2(C2
z,w) are the following:

H2(C2
z,w) =

∞⊕
m=0

A2
m(C

2) =
∞⊕

m,n=0
A2

m,n(C
2) =

∞⊕
m,n,j=0

A2
m,n,j(C

2).

The concrete description of these spaces is the subject of a forthcoming work.
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Abstract  
This thesis explores advanced poly-analytic polynomials, specifically extending the classical 
Gould-Hopper polynomials to two complex variables and introducing bivariate poly-analytic 
Hermite polynomials. Firstly, we extend the classical Gould-Hopper polynomials to 
encompass two complex variables, incorporating the 1-D and 2-D holomorphic and poly -
analytic Itô-Hermite polynomials as particular cases. This study delves into their operational 
representations, generating functions, and recurrence relations. We establish numerous 
special identities, including multiplication formulas, Runge type addition formulas, and 
Nielson type formulas. Higher-order partial differential equations are analyzed, revealing 
connections to Gould-Hopper polynomials and hypergeometric functions. Secondly, we 
introduce a new class of bivariate poly-analytic Hermite polynomials. These are shown to be 
realizable as the Fourier-Wigner transform of univariate complex Hermite functions, forming 
a significant orthogonal basis in the classical Hilbert space over two-complex space with 
respect to the Gaussian measure. We explore their fundamental properties, including three-
term recurrence relations, operational realizations, and the differential equations (Bochner’s 
property) they satisfy. Additionally, we derive various generating functions and integral and 
exponential operational representations. 
 
Keywords (5): Orthogonal polynomials, (p,q)-heat polynomials, Bi-variate Hermite 
polynomials, Heat equation ,Fourier-Wigner transform. 

 

Résume 
Cette thèse explore des polynômes poly-analytiques avancés, en étendant spécifiquement les 
polynômes classiques de Gould-Hopper à deux variables complexes et en introduisant des 
polynômes de Hermite bivariés poly-analytiques. Premièrement, nous étendons les polynômes 
classiques de Gould-Hopper pour inclure deux variables complexes, incorporant les 
polynômes de Itô-Hermite holomorphes et poly-analytiques en 1-D et 2-D comme cas 
particuliers. Cette étude examine leurs représentations opérationnelles, fonctions 
génératrices et relations de récurrence. Nous établissons de nombreuses identités spéciales, y 
compris des formules de multiplication, des formules d'addition de type Runge et des formules 
de type Nielson. Les équations différentielles partielles d'ordre supérieur sont analysées, 
révélant des connexions avec les polynômes de Gould-Hopper et les fonctions 
hypergéométriques. 
Deuxièmement, nous introduisons une nouvelle classe de polynômes de Hermite bivariés 
poly-analytiques. Ceux-ci se révèlent réalisables sous la forme de la transformée de Fourier-
Wigner des fonctions de Hermite complexes univariées, formant une base orthogonale 
significative dans l'espace de Hilbert classique sur un espace à deux variables complexes par 
rapport à la mesure gaussienne. Nous explorons leurs propriétés fondamentales, y compris 
les relations de récurrence à trois termes, les réalisations opérationnelles et les équations 
différentielles qu'ils satisfont. De plus, nous dérivons diverses fonctions génératrices ainsi que 
des représentations opérationnelles intégrales et exponentielles. 
 
Mots-clefs (5) : Polynômes orthogonaux, Polynômes de chaleur (p,q), Polynômes de Hermite 
bivariés, Équation de la chaleur, Transformée de Fourier-Wigner. 
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