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ABSTRACT

quasilinear elliptic equation with variable exponent and nonlinear Robin bound-

ary conditions, quasilinear elliptic j(x)-Kirchhoff type problem with weight and
nonlinear Robin boundary conditions , perturbed Kirchhoff-type non-homogeneous prob-
lems. By using Mountain Pass, Fountain theorems, and three critical point theorem due
to Bonanno and Candito, we establish the existence non trivial weak solution and in-
finite many pairs of weak solutions to these problems and the existence of three dis-
tinct weak solutions for perturbed Kirchhoff-type non-homogeneous Neumann prob-
lems. And it contains four chapters. The first chapter is devoted to recall some back-
ground facts concerning the generalized Lebesgue—Sobolev spaces, anisotropic-Sobolev
spaces, anistropic Orlicz-Sobolev spaces and introduce some notations used below . In
the second chapter is mainly devoted to the existence and multiplicity of solutions of
quasilinear elliptic equations under nonlinear Robin boundary condition, it turns out
that the condition g~ > P plays an important role in the proofs of our main results. In
third chapters, we deal with the existence and multiplicity of weak solutions to a class
of quasilinear elliptic 7(x)-Kirchhoff type problems with weight and a nonlinear Robin
boundary condition. In fact, we are able in the third chapter to deal with more general
nonlinearities in the boundary condition than in [42] and with situations where the func-
tion M is unbounded. Perturbed Kirchhoff-type non-homogeneous Neumann problems
by means of a variational approach and the use of the anistropic Orlicz-Sobolev spaces
is studied in the last chapter, this is the first contribution in this direction. The readers
may consult the excellent survey article of M.Mihailescu [45].

The aim of this thesis is the study of the existence of solutions of: the anisotropic

Keywords: Anisotropic elliptic equations, nonlocal Kirchhoff equation, variable expo-
nents Lebesgue spaces, anisotropic elliptic system, nonlinear Robin boundary condi-
tions, non-standard growth condition, variational method, existence and multiplicity,
three distinct weak solutions, anistropic Orlicz-Sobolev spaces.
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RESUME

tique quasilinéaire anisotrope avec exposant variable et conditions aux limites

non-linéaires de Robin, elliptique quasilinéaire Probleme de type p(x)-Kirchhoff
avec poids et conditions aux limites non linéaires de Robin, probleme perturbé de type
Kirchhoff non-homogéne. En utilisant les théoremes de Mountain Pass et de Fountain, et
le théoreme des trois points critiques de Bonanno et Candito, nous établissons 1'existence
d"une solution faible non triviale et d'une infinité de paires de solutions faibles a ces pro-
blemes, et ]’existence de trois solutions faibles distinctes pour les problémes de Neumann
non homogenes de type Kirchhoff perturbés. Il contient quatre chapitres. Le premier cha-
pitre sera consacré a rappeler quelques faits de fond concernant les espaces généralisés
de Lebesgue-Sobolev, les espaces anisotropes-Sobolev et a introduire quelques notions
utilisées ci-dessous.
Dans le deuxieme chapitre sera principalement consacré a l'existence et a la multipli-
cité des solutions d’équations elliptiques quasi-linéaires sous condition aux limites non-
linéaire de Robin, il s’avere que la condition 4~ > P joue un role primordial dans
les preuves de nos principaux résultats. Dans le troisieme chapitres, nous allons trai-
ter 'existence et la multiplicité de solutions faibles & une classe de problemes de type
quasi-elliptique p(x)-Kirchhoff avec le poids et une condition aux limites non-linéaire
de Robin. En fin, nous serons capables de traiter des non-linéarités plus générales dans
la condition aux limites que dans [42] et des situations ot la fonction M est non bornée.
Le probleme de Neumann non homogene de type Kirchhoff perturbés au moyen d'une
approche variationnelle et 1"utilisation des espaces anistropiques d’Orlicz-Sobolev sont
étudiés dans le dernier chapitre, c’est la premiere contribution dans cette direction. Les
lecteurs peuvent consulter I'excellent article de M.Mihailescu [45]. .

L’objectif de cette these est 1’étude de 1'existence de solutions de I'équation ellip-

Mots Clés : Equations elliptiques anisotropes, équation de Kirchhoff non locale, ex-
posants variables espaces de Lebesgue, conditions aux limites de Robin non linéaires, ,
conditions de croissance non standard, méthode variationnelle, existence et multiplicité,
trois solutions faibles distinctes, espaces anistropiques Orlicz-Sobolev.



RESUME DETAILLE

Trouver quelque chose en
mathématiques, c’est vaincre une
inhibition et une tradition.

(Laurent Schwartz)

Les équations aux dérivées partielles représentent un outil mathématique qui per-
met de décrire un ensemble des phénomenes physiques observés. Les situations dépen-
dant du temps se traduisent plus particulierement par des équations d’évolution tenant
compte d’éventuelles interactions entre objets et événements.

Nous étudions des problemes elliptiques non-linéaires faisant intervenir 'opérateur
de Laplace p(x) défini sur des ouverts bornés de RN : La non homogénéité de 1'opé-
rateur rend 1'étude délicate et fait appel a des espaces fonctionnels non classiques. Ces
espaces sont des cas particuliers des espaces d'Orlicz dits espaces anisotropiques de So-
bolev généralisés a exposant variable

WL () (Q)), dont la topologie est induite par une norme de manipulation ardue, appelée
norme du Luxemburg. Les techniques d’approche restent la théorie des points critiques.

Les travaux présentés dans cette thése concernent quelques équations aux dérivées
partielles du type elliptique faisant intervenir I'opérateur A, , définit par :

N
Ayt = ) 0y, (\axiu\pi(x)_z axiu) :
i=1

L’analyse mathématique de ces équations aux dérivées partielles nécessite un choix ap-
proprié des espaces fonctionnels et une définition claire de la notion de solution (I'exis-
tence et parfois 1'unicité). Ce travail est divisé en trois parties.

Dans la premiere partie, on s’intéresse a 1'existence et multiplicité des solutions des
équations du type elliptique anisotrope avec un exposant variable et une conditions aux
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RESUME DETAILLE

limites de Robin non linéaire :

_ pilx)—2 0u pilx m(x)~2
Zaxl<‘8xl| axl) +Z\u| u—i—/\\u|

= vg(x, u) in O, B (0.1)

au
2 : pi(x g(x o)
‘a Z| ZU ’u| 1/[ on (2

Ou Q est un ouvert borné de RN (N > 2). avec frontiere lisse 9Q) et v; sont les com-
posantes du vecteur d’unité normale externe et pour i € {1,...,N}, p;,m € C(Q)),
g € C(0Q2).

Les fonctions p; et ¢ sont censés satisfaire a certaines conditions pour étre spécifié
ci-dessous, tandis que A, vy, et u sont des parametres réels, avec v, 4 > 0. Nous nous in-
téressons au cas ot g~ > P

Les résultats sur I'existence et la multiplicité des solutions de notre probléme dans le
cas ol g—” = 0 sur 0Q) et v = 0 ont été largement étudiés et ils sont bien documentés (voir

[7,28,34]).

Dans la deuxiéme partie on s’intéresse au cas probleme de type Kirchhoff p(x) ellip-
tique quasilinéaire avec poids et conditions aux limites de Robin non linéaires. On se
propose d’étudier l'existence et la multiplicité des solutions de I'équation suivante :

ou

N 1 pi(x) N pi(x)—2
<a+bK (; /. o lox d)) (—Aﬁ<x>u)+;vi<x>\u\ u

= 9(x) )™ ™) =2 3 + f(x,u) in Q, 0.2)

N pi(x au g(x
;‘83@‘ a_xz i =1|u| 21 onaQ),

ot1 Q) est un ouvert borné de RN (N > 3). avec frontiére lisse 9Q), les fonctions p;(x)
(1 <i < N) sont continues avec: 2 < p;(x) < N, a et b sont des nombres positives , les
fonctions m, q f, 6 et V;(1 < i < N) ont soumis a des conditions appropriées qui seront
présentées ci-apres.

Des résultats intéressants concernant 1’existence et la multiplicité des solutions posi-
tives sont obtenus par exemple dans [1], [3], [33] et [43] via des méthodes variationnelles.
Plus généralement, les problémes liés au probleme (0.2) ont été étudiés récemment par
de nombreux auteurs. L'article [42] de D.Liu semble étre plus proche de notre travail et
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lier au probleme suivant

(| [ (P + 2Py dep_l (g AEIP-2) = o),
inQ, 0.3)

\Vu\P_zg—Z = |ulP"?u; onaQ,

Nous avons l'intention ici d’étendre certains des résultats de [42] au probleme anisotrope
avec des exposants variables et des termes non locaux plus généraux. De plus, nous
allons traiter des non-linéarités plus générales dans la condition aux limites que dans
[42] et des situations ot la fonction M dans (0.3) n’est pas bornée d’en haut. Lorsque
A(x) :=0et pest Constant dans (0.3), nos résultats s’appliquent par exemple a la fonc-

tion M(t) = (bzlt +a)r- = , ou k1 est une constante réelle positive qui sera définie dans

I'hypothese (KO) ci- dessous. Bien que cette fonction ne satisfasse pas la condition (m1)
du théoréme 1.1 dans ([42]), I'existence d"une solution faible est cependant garantie par
nos résultats.

Dans la troisieme partie, nous nous intéressons au probléme de Neumann non homo-
gene de type Kirchhoff perturbés de la forme :
Jdu

_K<2/¢l - +¢i<|u>dx>iaixi( (|55]) 55+ ()

= O(x)|um u+)\f(x u)in Q, (0.4)

Z (laxl‘) 3%,V v; = ug(x,u) onoQ.

i=

tel que () C IR” est un domaine borné ou1 n > 2, avec la frontiére réguliere o) et v; sont
les composants du vecteur d'unité normale externe, m € C(Q)) et pouri € {1,...,N},
w; : (0,00) — R la fonction donnée pour que la fonction ¢; : R — R définie par:

o Jai(t)t fort #0,
pi(t) = {0 ci_o (0.5)

soit impaire , ’homéomorphisme strictement croissant de IR a IR. Pour la fonction précé-
dent ¢;, on définit

t
¢i(t) =/0 @i(s)ds forall t € R.

Les fonctions f et ¢ sont censées remplir certaines conditions pour étre spécifié ci-dessous.
L’outil principalement utilisé tout au long de ce travail demeure une variante du théo-
réme des trois points critiques de Bonanno et Candito.
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CHAPTER 1

PRELIMINARIES AND
DEFINITIONS

1.1 Classical Lebesgue-Sobolev spaces

The aim of this part is to suggest appropriate analogues of the Lebesgue spaces L” and
of the Sobolev spaces Wr?. Tt is clear that we cannot simply replace p by p(x) in the
usual definition of the norm in L”. However, the Lebesgue spaces can be considered as
particular cases of the Orlicz spaces belonging to a larger family of so called modular
spaces. This approach enables to define corresponding counterparts of the Luxemburg
and Orlicz norms in LP™). If the function p is finite a.e. in O, then LP(*) is a particular
case of the so called Orlicz-Musielak spaces treated by J. Musieiak.

We extend the definition of LP(¥) for functions p taking the values from [1, +col.

Let O C RY be a measurable subset with meas(Q) > 0. We write

C(Q) = {u : uis a continuous function in O},
C+(Q) ={ueC(Q):essinfqu > 1}.

Denote by S(Q) the set of all measurable real functions defined on ). Two functions
in S(Q) are considered as the same element of S(Q)) when they are equal almost every-
where.

Suppose that () is a bounded domain of RN with a smooth boundary 9Q), and p €
C(Q), R) with p(x) > 1, for any x € Q).

Denote p~ = infyeqp(x) , pt = sup,.qp(x) .



1 PRELIMINARIES AND DEFINITIONS

In addition, we denote

Np(x) £ p(x
p*<x>={N—p<x> frix) < N,
+ o0 if p(x) > N.
and (N—1)p(x)
W = D)pix) i ol
pa<x>{ N p() fpix) < N,
+ o0 if p(x) > N.

then we have, p~ > 1and p™ < o0. Denote by M be either Q) or 9Q). Define the variable
exponent Lebesgue space

Lp(x)(/\/t) = {u | u: M — Ris measurable and /M \u(x)|p(x) dx < oo},

endowed with the Luxembourg norm
‘u‘p(x)_ ‘u‘Lp(x)(M) —1nf{T>0,/M‘T‘ dxgl}

Proposition 1.1.1 ([20]). Let p(u) = [, ‘u(x)!p(x) dx. For u,ux € LPO) (M) (k=1,2,...),
we have:

N -
1. ‘u|LP(x)(M) <1l= ‘u|zp(x)( <p(u) < |”‘ZP<X>

M) (M)

- +
2. fulppeypgy > 1= ‘u|ip(x)( <p(u)<|u ZP(X)

M) (M)’

3. |kl ppeoypgy = 0 = p(ug) = 0.
4, \uk\Lp(x)(M) — 0 = p(uk) — 00,
If, in addition, (u,), C LF’(')(M) , then

Ml =1l g = 0 Hm p(un — 1) =0

< (uy), converges to u in measure and 1_1)111 p(un) = p(u) (1.1)
n (e.°]

We define the variable exponent Sobolev space
WP (Q) = {u e LFM(Q) : |[Vu| € LPM(Q)},

endowed with the norm

]| = inf {7 > o;/Q(|V”(x) 7™ |@\P<x)) dx <1},

T T

Denote by W(}’mx) (Q) the closure of C°(Q) in WLP(¥)(Q)). Hereafter, we always as-
sume that p~ > 1.



1 PRELIMINARIES AND DEFINITIONS

Proposition 1.1.2 (See [25]). The spaces LP(*) (Q0), WP (Q) and Wé’p (x)(Q) are separable
and reflexive Banach spaces.

Proposition 1.1.3 (See [25]). The Holder inequality holds, namely
/M juv| dx < 2[ulpy)lvlyn);  Vu € LPE(M), Vo e L1F) (M),

1 1 _
w}lerem-i‘m = 1.

Proposition 1.1.4 (See [25]). In Wé’p(x) (Q)) the Poincaré inequality holds, that is, there exists
a positive constant c such that

1,
|u‘LP(X)(Q) < C‘v”hp(x)(g)r Vu e W, p(x)(Q)~

So ]Vu\Lp(x)(Q) is an equivalent norm in Wé’p(x)(ﬂ).

Proposition 1.1.5 (See [20]). Let p(u) = [ (|Vu(x)|P™) + |u(x)[P(X))dx. For u,uy €
WP (Q)(k=1,2,...), we have

+ —
Lolull <1=flullP” <p(u) < |u|? .

- +
2. Jul] > 1= ful]P <p(u) < |ul|P.
3. ||ugl| = 0 < p(ug) — 0.

4. ||ug|] — o0 < p(uy) — oo.

Denote by Wg’p@ (Q) the closure of C°(Q) in WLP(¥)(Q). Hereafter, we always as-
sume that p~ > 1.

Proposition 1.1.6 (See [25]). The spaces LP¥)(Q)), WP(Y)(Q)) and W&’p (x)(Q) are separable
and reflexive Banach spaces.

Proposition 1.1.7 (See [25]). In Wg’p ) (Q) the Poincaré inequality holds, that is, there exists
a positive constant ¢ such that

1/
|”‘Lp(x)(()) < C‘v”hp(x)(g)r Vu € Wy p(X)(Q)-

So \Vu\mx)(ﬂ) is an equivalent norm in W&’pm (Q).

Proposition 1.1.8 (See [25]). Assume that the boundary of O C RN, N > 2 possesses the cone
property and p € C+(Q). Ifg € C(Q) and 1 < q(x) < p*(x) for x € Q, then there is a
compact embedding

WP (Q) — L1 (Q).

3



1 PRELIMINARIES AND DEFINITIONS

Proposition 1.1.9 (See [25]). Let () C RN, N > 2 be a bounded domain with smooth boundary.
Suppose that p € C4(Q)) and r € C(Q)) satisfy the condition

1<r(x) <p’(x), VYxeoQ
Then there is a compact boundary trace embedding
wirh(Q) < L'O0Q).

Two functionals that have interesting properties are ¢, ¢ : W'?()(Q) — R defined

by
b = [ oSlu@dy g = [ e 02

Proposition 1.1.10. The functionals ¢, : WP()(QQ) — R are weakly-strongly continuous,
that is, u, — u (weakly) implies ¢ (u,) — P(u), respectively, ¢(u,) — @(u), as n — oo.

Proof. Let (1), € WYP1)(Q) be such that i, — u (weakly) in W?()(Q). By proposition
(1.1.8) and proposition (1.1.9), we have

WPt (Q) < L10)(Q) compactly.

and
WPO(Q) < L')(3Q)) compactly.

Therefore, passing eventually to a subsequence, we get the strong convergence of (uy),
to 1 in LI0)(Q)) and L) (3Q)). This only means that

|| ten — u||Lq(_)(Q) — 0, respectively, |[un — ul| () 50) — 0.
as n — 0. Using (1.1) we have arrived to

Jm 00,40 (n) = Pae) (1) , respectively Tim oo () (1n) = pacyr() (1)

Since

1
[9(0) = $()] < ooy () — g ()] and

1
|9(un) — @(u)| < =lpacq() (tn) = Pac,q() (1)1,
our proof is complete. O

Let us now consider the weighted variable exponent Lebesgue space.
Leta € S(Q) and a(x) > 0 for x € Q. Define

Q) = {ue s /Qa(x)\u(x)|p(x) dx < oo},

4



1 PRELIMINARIES AND DEFINITIONS

with the norm

— — : u(x) p(x)
00y = 1l p(a) = inf {7 > 0; /Qa(x>| = "dr <1},

then L,(x)a(x)) (Q)) is a Banach space. The following proposition follows easily from the
definition of [u]

a(x)

(@)

Proposition 1.1.11 ([23]). Let p(u) = an(x)]u(x)‘p(x) dx. For u,uy € LZ(X)(Q) (k =
1,2,...), we have:

P+
L Jul(pepate)) 1= 14000 000) < 00 <1000 0 000))

2. [l p(xyate) > 1= [l a0 < P < 10000
3. [ukl(p(x)a(x)) = 0 = p(ux) = 0.
4. gl (p(x)a(x)) — 0 & p(ug) —> oo

Proposition 1.1.12 (See [23]). Let () C RN, N > 2 be a bounded domain with smooth bound-
ary. Suppose that p € C(Q). Suppose that a € E')(Q), a(x) > 0for x € Q, r € C(Q) and
r~—>0ifqg e C(Q)) and

1"(X) —1 *

1<g(x) < p*(x), VxeQ (1.3)

T ()
Then there is a compact boundary trace embedding

W) () < LI%) ().

Proof. Let u € W) (Q)). Set h(x) = rO(x)r(x) = T(rx()xllq(x). Then (1.3) implies h(x) <

p*(x) and hence there is a compact embedding
WP () — LM ().
For u € WHP()(Q)) we have | u(x) [1¥)¢ Lro(x)(Q) and, by Proposition (1.1.3)

/Q u(2)|7) dx < 20al ] [ u(x) 1) |00 < co.

This shows WP(¥)(Q) ¢ LZ((;C))(Q) Now let {u,} ¢ W) (Q) and u, — 0 (weakly)

in W) (Q)). Then u, — 0 (strongly) in L"®)(Q)) and from this it follows that | |
up (x) |9) |40(x) — 0. Thus we have

/ 14 ()| 1) dx < 2[aly )] | t0a(x) |7 o) — 0.
&

5



1 PRELIMINARIES AND DEFINITIONS

which implies |u,|(g(x),a(x)) — 0. This shows that the embedding
1, q(x)
WP () — LT(Q)

is compact. The proof is complete O

Proposition 1.1.13 (See [23]). Assume that 0 € Q) and the boundary of Q) possesses the cone
property. o o
Suppose that p,s,q € C(Q)),0 < s(x) < N for x € Q. If q satisfies the condition

1<q(x) < N_Ts(x)p*(x), Vx € Q (1.4)

then there is a compact embedding

WirE Q) — L1 ().

x5

Proof. By the compactness of () we can find a positive constant € small enough such that

N —e— —
s(x) < N—¢, gq(x)< © S(x)p*(x), Vx € Q)
N —e¢
Applying proposition (1.1.12) to the case that a(x) =| x | **) and r(x) = %, we obtain
the proposition. O

1.2 Classical anisotropic Sobolev space

Now we can present the anisotropic variable exponent Sobolev space WL () (Q)) where
? : O — RY is the vectorial function

7 ()= (p1(), PN (),
where for alli € {1,..., N}, p; € C+(Q), we set

pm(x) = max{py(x),..., pn(x)} and py(x) = min{p;(x), ..., pn(x)}.

for all x € Q. The anisotropic Sobolev space with variable exponent is introduced by

WLF0(Q) = {u etm(Q):  dgu € LPO(Q) foralli € {1, ... N}}

WLPO(Q) = {uerrmti(@): ayue1rt(Q)foralli€ {1,..,N}}
- {u e Ll (Q): wuellb(Q),d.ue LPi)(Q)forallie {1,...,N}}.

6



1 PRELIMINARIES AND DEFINITIONS

and it is endowed with the norm
HuHWl,7(.)(Q) :| u ‘LPM(J(Q) + Z ‘axiulLPi(-)(Q)
i=1
%
the space (W7 (Q), H.le,?(ﬂ

p; > 1foralli € {1,..,N}. An important subspace of W' 7 Q) is Wl'7 7(Q), that
is, the subspace of the functions that are vanishing on the boundary. The anisotropic

)) a reflexive Banach space for any ? € C(0O,RN) with

variable exponent Sobolev space W Ze )(Q) as the closure of Cj°(Q2) with respect to the
norm

N
[ull5 ) = Z | Ot () -

In the case when p; € C4(Q) are constant functions for any i € {1,.., N} the result-
ing anisotropic Sobolev space is denoted by W, 7( ), where p is the constant vector

(p1, ., pN)- According to [28], the space (W, 1 ), |-l Wi 7 (0 ) a reflexive Banach space

forany 7 € C(Q, RN) with p;” > 1 forall i € {1,.., N}.
We denote by 7 ny T_ € RN the vectors

?+ = (p{, - P3), P_= (p1 s PN
and by P, P, P~ € R the following;

0)

Pj_r — max{p{r, . p?\L]}, P = max{p;,.., Py}, P =min{p;,...,py}-

Below we assume that

y L (1.5
i=1 pz_ '
and define P*,P_ ., € R™ by
* N + *
P*:= ——5—— and P_ :=max{P’, P’}
Li=1 - 1

Proposition 1.2.1 ([43], Theorem 1). Suppose that Q@ C RN(N > 3) is a bounded domain
with smooth boundary and relation (1.5) is fulfilled. For any q € C(Q) verifying

1<g(x)<P_o VxeQ, (1.6)

the embedding .
wh 7 (Q) — L10Q).

is continuous and compact.



1 PRELIMINARIES AND DEFINITIONS

Proof. Clearly LPi()(Q)) is continuously embedded in LP (Q) forany i € {1,..., N}, since
p; < pi(x) for all x € Q. Thus, for eachi € {1,.., N} there exists a positive constant
C; > 0 such that

@1, < Cilgl,,) forall € LV (0).

If u e Wl'7(')(Q), then dy,u € LPil)(Q) for each i € {1,.., N}. The above inequalities
imply

N N
lull_ = ; O]~ < C; [9xttl ) = Cllull 3 (),
1= 1=

where C = max{Cy,..,Cn}. Thus, we deduce that W1'7(')(Q) is continuously em-

bedded in W7 - (Q). On the other hand, since relation (??) holds true, we infer that
mt < P_. This fact combined with the result of Theorem 1 in [29] implies that

WL?*(Q) is compactly embedded in L™ (Q)). Finally, since m(x) < m* we deduce
that L™ (Q)) is continuously embedded in L™()(Q)). The above piece of information

yields to the conclusion that WL () (Q) is compactly embedded in L") (Q)). The proof
of proposition ?? is complete. [

Proposition 1.2.2 (See [9]). Let () C RN (N > 3) be a bounded domain with smooth boundary
and let q € C(Q)) satisfy the condition

1< gq(x) < min{pd(x),..., p%(x)},Vx € Q.
x€0Q)

Then, there is a compact boundary trace embedding
WLP Q) < L0 (30)).

Next, we introduce the notions of he Orlicz-Sobolev spaces W'Lg, (Q)) and the anisotropic
Orlicz-Sobolev space WL ¢»(Q), with variable exponent.

Assume that ¢; : R — R, i € {1,.., N}, are odd, increasing homeomorphisms from R
onto R. Define

$i(t) = /Ot pi(s)ds, (¢;)*(t) = /Ot((pi)_l(s)ds forallt € R,i € {1,..., N}.

We observe that ¢;, i € {1, ..., N}, are Young functions; i.e., ¢;(0) = 0, ¢; are convex, and

limy 00 ¢;(x) = +o00. Furthermore, since ¢;(x) = 0 if and only if x = 0, lim,_,g %x) =0,

and limy_seo @ = o0, then ¢; are called N-functions. The functions (¢;)*,i € {1,..., N},

are called the complementary functions of ¢;, i € {1,..., N}, and they satisfy

(¢i)*(t) = sup{st — ¢;(s);s >0}, Vt>0.
We also observe that(¢;)*, i € {1,..., N} are also N-functions, and Young's inequality

holds true:
st < ¢;(s) + (¢p;)*(¢), foralls, t > 0.

8



1 PRELIMINARIES AND DEFINITIONS

The Orlicz spaces Ly, (Q)), i € {1,...,, N}, defined by the N-functions ¢; (see [46]) are the
spaces of measurable u : () — R such that

luley, = sup { [ ux)oe) [ (90" (o))t <1} < o0

Then (L, ), |[ullL,,), i € {1,..,N} , are Banach spaces whose norms are equivalent to
the Luxemburg norms

1L, - mf{k>0/qbl( )d <1}

For Orlicz spaces, Holder’s inequality reads as follows (see [46]):

/qudx < 2||uHL¢1~HvHL(¢i)*

We denote by WLy, (Q) the Orlicz-Sobolev spaces defined by
0 ,
WLy, (Q) = {1 € Ly, (Q) : a_;t- €Ly, j=1,.,N},
]

These are Banach spaces with respect to the norms

[l = [lullg + 1 [ V[ Hlg,  Vie {1, N}
We also define the Orlicz-Sobolev spaces Wi Ly, (Q) as the closure of C} (Q)) in WLy, (Q0).
By [46], we obtain that on W& Ly, (Q),i € {1,..., N}, we may consider the equivalent norm
Hull:= {1V [ lg,
Moreover, it can be proved that the above norm is equivalent to the following norm:

N

ulli1:= Y [19ul] ;-

i=1

For an easier manipulation of Orlicz-Sobolev spaces, we define

(pi)o := inf t(Pi(t> (pl) st1>1£) ;il(( )), ie{l,., N}

The above relation implies that each ¢; satisfies the A;-condition; i.e.,
¢i(2t) < C;i(t), vVt >0, (1.7)

where C is a positive constant (see [46], Proposition 2.3).
Furthermore, in this paper we assume that for each i € {1, ..., N} the function ¢; satisfies
the following condition:

the function ¢ € [0,00) — ¢;(\/t) is convex . (1.8)
9



1 PRELIMINARIES AND DEFINITIONS

Conditions (1.7) and (1.8) ensure that for each i € {1,..., N} the Orlicz spaces Lg, ()
are uniformly convex spaces, and thus reflexive Banach spaces (see [[46], Proposition
2.2]). That fact implies that the Orlicz-Sobolev spaces WLy, (Q2), i € {1,.., N} are also
reflexive Banach spaces.

Finally, we introduce a natural generalization of the Orlicz-Sobolev spaces W' Ly, ()
that will enable us to study problem (4.1), with sufficient accuracy. For this purpose, let
us denote by ¢ : O — RY the vectorial function ¢ = (¢, ..., py). We define W'L @»(Q) ,

the anisotropic Orlicz-Sobolev space with respect to the norm

[lullg = Z 195241

By E;(i € {1,..., N} we mean the Orlicz-Sobolev spaces defined by

Ei:{ueL(pz( ) /(4’1<axl>+4’1(’”‘)) dx<00}

These are Banach spaces with respect to the norms,

-l (o (2] <o () rsa)

k | dx;
and (see [46]) the anisotropic Orlicz-Sobolev space W' L$(Q) can be defined as the clo-

sure of C}(Q) with respect to the norm

N
lull g = Y ull
=1

We have that WlL(I;(Q) is compactly embedded in C°(Q)) and there exists a constant
¢ > 0 such that

forallu € WL

lulle < cllu ;

I 1,6 (Q) (1.9)

where |1/ := sup |u(x)].
xeQ)

Proposition 1.2.3 (See [45]). Let u € WL

o2

withVi € {1,..,N}, r; > 0and Zri < 1. Then Hu||1/$ <1
i=1

5(0) and assume that

o, ) + ¢;(|ul)dx <, foralli e {1,.., N}

On the other hand, in order to facilitate the manipulation of the space W'L;

¢(Q), we
_>
introduce Pﬁ, Py € RN as

_>

P ()% (pw)) B = ((p1)or s (o)
10



1 PRELIMINARIES AND DEFINITIONS

and (P°)*, (P))*, (P))~ € R as
(P =max { (p1)° -, (pn)°}, (P)* = max {(p1)o, - (p)o}

(Po)™ = min {(p1)o, -, (PN)o} -
Throughout this paper we assume that

N1
> 1, (1.10)
X s
and define (Py)* € R* and Py € R™ by
* N %
(Po)" = N Po,co = max{(Po)+, (Po)"},
% s
(N =1)(pi)o .
f(pi)o < N,
and foralli € {1,...,N}; p? = { N — (pi)o if (pi)o
+ 00 if (pi)o > N.
Proposition 1.2.4 (See [45]). Let u € Wchﬁ(Q). Then
+
L. MWH”HL@ LR o il |5 (Ju])dx, if flully g <

2. WHL{M@ 1< Jo¢i(|5e

Proposition 1.2.5 (See [45]). Let O C RN (N > 3) be a bounded domain with smooth bound-
ary. Assume that relation (3.6) is fulfilled. Then, for any m € C4+(Q) satisfying 1 < m(x) <
Py o for all x € Q), the embedding

(ul)dx, if lufl 5 > 1.

W'Ls(Q) <= L"0(Q)

is continuous and compact.

Proposition 1.2.6 (See [46]). Let () C RN (N > 3) be a bounded domain with smooth boundary
and let q € C(Q)) satisfy the condition

1 < g(x) < min{p3, ..., p%}, Vx € 9Q.
Then, there is a compact boundary trace embedding

WIL-

5(Q) = L1V (20).

11



1 PRELIMINARIES AND DEFINITIONS

1.3 Laplace operator

1.3.1 Properties of p(x)-Laplace operator

In this section, we discuss the p(x)-Laplace operator :
—Appyu = —div(| Vu P2 7yy).
Consider the following functional:

1 x
J(u) = /QP( ] | Vu [P dx, ueX:= Wé’p( )(Q)

We know that (see [1]), ] € C!(X,R), and the p(x)-Laplace operator is the derivative
operator of | in the weak sense. We denote L = J' : X — X*, then

(L(u),0) = /Q | Vi |P9-2 VuVody Vu,v € X.

Theorem 1.3.1. i) L: X — X* is a continuous; bounded and strictly monotone operator;

(ii) L is a mapping of type (S4.), i.e. if uy — win X and limsup,,_, . (L(uy) — L(u), up —
u) <0, then u, — uin X;

(iii) L : X — X™ is a homeomorphism.

Proof. (i) It is obvious that L is continuous and bounded. For any ¢, 7 € RN, we have the
following inequalities (see [40]) from which we can get the strictly monotonicity of L:

(17172 = 1EP28) .00 =l + &) = (p— Dy &P, €RY, (111)

forl <p<2.

(I 1P 2n= 1P 28) (n—0) =27 lp—¢lP, neeRY, pz2 (112

(ii) From (i), if u, — u in X and limsup,, . . (L(uy) — L(u), uy —u) < 0. In view of
(1.11) and (1.12), Vu, converges in measure to Vu in (), so we get a subsequence (which
we still denote by (Vuy,) ) satisfying Vu,(x) — Vu(x), a.e. x € Q). By Fatou Lemma
we get

lim su Vi PO dx > / T [P (1.13)
msup [ o | Vil ax > [ 1o
From u, — u we have
nETw(L(un),un —u) = HEIBOO(L(L[”) — L(u),up —u) =0. (1.14)

12



1 PRELIMINARIES AND DEFINITIONS

We also have
(L(up),uy —u) = /Q | Vi, [P5) dx — /Q | Vi, P92 Vi, Vu dx
> / | Vi, [P dx—/ | Vi, [P Vi | dx
o) o)

> / | Vi, [P dx—/ (M | Vi, [P +L | Vu |p(x)) dx
O 0

p(x) p(x)
2/ ! | Vi, [P dx—/ L | Vu [P dx.
o p(x) o p(x)
(1.15)
According to (1.15)—(1.14) we obtain
1 1

i PO dy = / p(x)

n1—1>r£oo a0 () | Vuy, | dx o () | Vu | dx (1.16)

From (1.16) it follows that the integrals of the functions family {ﬁ | Vu, [P} possess
absolutely equicontinuity on () (see [48], Chapter 6, Section 3). Since

1 1 1
S v Y€ [ v P<X>>, 117
b(x) by | Ve T A TV (1.17)
1

the integrals of the family {(W) | Vi, — Vu [PO)} are also absolutely equicontinuous
on () (see [48]) and therefore

| Vi (x) — Vu(x) [PW< C (

nl_i)r}rqoo 0 ﬁ | Vi, (x) — Vu(x) P& dx = 0. (1.18)
By (1.18)
~ — p(x) —
lim /Q | Vit (x) — Vu(x) [P®) dx = 0. (1.19)

From Proposition (1.19) u,, — u, i.e. Lis of type (S4).
(iii) By the strictly monotonicity, L is an injection. Since

p(x)
i (Lu,u) — im Jo | Vu(x) | dx

ul|—=+oo || ]| =400 ]|

:—|—OO,

L is coercive, thus L is a surjection in view of Minty-Browder Theorem (see [51]). Hence
L has an inverse mapping L ™! : X* — X. Therefore, the continuity of L~ is sufficient
to ensure L to be a homeomorphism.
If fu, f € X*, fn — f,letu, = L7Y(f,),u = L71(f), then L(uy,) = fu, L(u) = f.
So {u,} is bounded in X . Without loss of generality, we can assume that u,, — u.
Since f, — f, then

nl_lg}oo(L(”n) — L(ugp), un — up) = ngr}r‘oo(fn/ up —ug) = 0.

Since L is of type (S+) , uy — ug, we conclude that u,, — u, so L1 is continuous. [

13



1 PRELIMINARIES AND DEFINITIONS

1.3.2 p(x)-Laplace operator

A new operator takes its place in the mathematical literature, namely
3 (x)-2
Aﬁ(X)u - Zaxi (|axiu‘pl : axiu) .
i=1

see also [9]. This operator will be referred to as the anisotropic variable exponent p(x)-
Laplace operator.
Consider the following functional:

Pit) dx, ue X:=W"PE(Q).

Qp axl

We know that (see [9]), ] € C'(X,R), and the ?(x)-Laplace operator is the derivative
operator of | in the weak sense. We denote L = |’ : X — X*, then

ou dv
-2
dx Vu,v e X.
( / ‘ axz la l
Theorem 1.3.2. i) L: X — X* is a continuous; bounded and strictly monotone operator;

(ii) L is a mapping of type (S+), i.e. if uy — win X and limsup,,_, . (L(un) — L(u), up —
u) <0, then uy, — uin X;

(iii) L : X — X* is a homeomorphism.

1.4 Some Technical Tools.

Theorem 1.4.1 ([41], Theorem 6.2.1.). Let X be a reflexive Banach space, and letf : M C
X — R be Giteaux differentiable over the closed, convex set M. Then the following conditions
are equivalent:

i) f is convex over M.

(ii)) We have
fu) = f(v) > (f(v),u—v)x:xx Yu,v €M,

where X* denotes the dual of the space X.

(iii) The first Gateaux derivative is monotone, that is

(f'(u) = f'(v),u —v)x:xx >0 VuveM,

14
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(iv) The second Gateaux derivative of f exists and it is positive, that is

(f"(u) ov,0)xixx >0 Vu,v€ M.

Theorem 1.4.2 ([41], Theorem 6.2.1.). Suppose X is a reflexive Banach space with norm ||.|| x
and let M C X be a weakly closed subset of X. Suppose ¢ : M — R U {oo} is coercive
and (sequentially) weakly lower semi-continuous on M with respect to X, that is, suppose the
following conditions are fulfilled:

i) p(u) —> ooas ||ul|x — oo, u € M.

(i) Forany u € M, and any subsequence (uy, )m in M such that u,, — u weakly in X, it holds
that

p(u) <lim inf ().
Then ¢ is bounded from below on M and attains its infimum in M.

Theorem 1.4.3. Let (X, ||.||x) be a Banach space. Assume that ¢ € C'(X,R) satisfies the
Palais-Smale condition; that is, any sequence (un), C X such that (¢p(uy))n is bounded and
¢$(un)—0in X* as n —> oo, contains a subsequence converging to a critical point of ¢. Also,
assume that ¢ has a mountain pass geometry; that is,

i) there exist two constants T > 0 and p € R such that ¢p(u) > p if ||ul|x = T
(ii) ¢(0) < p and there exists e € X such that |le||x > T and ¢(e) < p.

Then ¢ has a critical point uy € X\{0, e} with critical value

$(1p) = inf supp(u) > p >0,
YEP ucy

where P denotes the class of the paths v € C([0,1], X) joining 0 to e.

15



CHAPTER 2

EXISTENCE AND MULTIPLICITY
OF SOLUTIONS FOR
ANISOTROPIC ELLIPTIC
PROBLEMS WITH VARIABLE
EXPONENT AND NONLINEAR
ROBIN BOUNDARY
CONDITIONS.

The art of doing mathematics
consists in finding that special
case which contains all the germs
of generality.

(David Hilbert.)
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2 EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR ANISOTROPIC ELLIPTIC
PROBLEMS WITH VARIABLE EXPONENT AND NONLINEAR ROBIN BOUNDARY

his article presents sufficient conditions for the existence of solutions of
I the anisotropic quasilinear elliptic equation with variable exponent and
nonlinear Robin boundary conditions,

_ pi(x 281/1 pi(x m( —
Z o, (\ax ! 8x1> +IZ: |u] 1+ AMu| 2u = yg(x,u)

in Q),

q(x
8x = p|u] 2y on Q).

Under appropriate assumptions on the data, we prove some existence and mul-
tiplicity results. The methods are based on Mountain Pass and Fountain theo-
rems.

2.1 Introduction

Many problems in physics and mechanics can be modeled with sufficient accuracy
using classical Lebesgue and Sobolev spaces, LP(Q)) and W'?(Q), where p is a fixed
constant and () is an appropriate domain. But for the electrorheological fluids (Smart
fluids), this is not adequate but rather, the exponent should be able to vary. This leads to
study the problem in the frame-work of variable exponent Lebesgue and Sobolev spaces,
LPO)(Q)) and WP()(Q), where p(-) is a real-valued function; see, e.g. [25, 26].

On the other hand, it has been experimentally shown that the above-mentioned fluids
may have their viscosity undergoing a significant change; see, e.g. [7]. Consequently,
the mathematical modelling of such fluids requires the introduction of the so-called
anisotropic variable spaces.Indeed, there is by now a large number of papers and in-
creasing interest about anisotropic problems. With no hope of being complete, let us
mention some pioneering works on anisotropic Sobolev spaces [39, 50] and some more
recent regularity results for minimizers of anisotropic functionals [2, 15, 43].

Therefore, in the recent years, the study of various mathematical problems modeled by
quasilinear elliptic and parabolic equations with both anisotropic and variable exponent
has received considerable attention. Let us mention many works in that direction by
Antontsev and Shmarev; see, e.g. [3] and the references therein.

Our paper is mainly devoted to the existence and multiplicity of solutions of quasilin-
ear elliptic equations under nonlinear Robin boundary condition such as

pi(x 281/[ pi(x m(x)—2
283@(‘89@‘ axl) +l.;‘“| TutAlul

=78(x, u) in Q), 2.1)

pilx)-2 01 a(x 90,
Z’8x1| aXiv 1|ul 24 on

where QO C RN is a bounded domain with n > 2, with smooth boundary dQ) and v;
are the components of the outer normal unit vector and fori € {1,...,N}, p;, m € C(Q)),

17



2 EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR ANISOTROPIC ELLIPTIC
PROBLEMS WITH VARIABLE EXPONENT AND NONLINEAR ROBIN BOUNDARY
CONDITIONS.

g € C(0Q2). The functions p; and g are supposed to satisfy some conditions to be specified
below, while A, ¢, and p are real parameters, with y, 4 > 0.

We shall give conditions under which problem (4.1) has infinitely many solutions. Ac-
cording to the behaviour of ¢ and to the kind of results we want to prove, variational
methods turn out to be more appropriate.

When limg_,9 g(x,5)/|s|” = 0, ¢ to be made precise later, Mountain Pass theorem pro-
vides the existence of at least a solution of (4.1) and, on the other hand, when g is an odd
function, Fountain’s theorem yields the existence of infinitely many solutions.

A host of publications exist for this type of problems when the boundary condition is
replaced by g—fj‘ = 0ondQand v = 0; see, e.g. [34] and the references therein, where the
authors obtained existence results by means of standard variational tools. The associated
problem with Dirichlet boundary conditions has also been treated by many authors; see,
e.g. [7, 28]. Furthermore, existence of positive solutions for nonlinear Robin problem
involving the p(x)-Laplacian have been studied by S. G. Deng; in [21], by using the sub-
super solutions and variational methods. We consider here the case where y is positive
and g satisfies more hypotheses than in [36], to use the Mountain Passe and Fountain
theorems. It turns out that the condition g~ > P plays an important role in the proofs
of our main results.

This article is divided into four sections. In the second section, we introduce some
basic properties of the generalized Lebesgue-Sobolev space W#(* )(Q) and anisotropic
Sobolev spaces W 7 () ( ) , and state the existence and multiplicity results concerning
the problem (4.1). The third section is devoted to the proofs of the main results and

finally, in the fourth section we deal with a generalized equation related to our problem
(4.1).

2.2 Main results

We define
N1 ou e 1 pi(x)
— 1 X d
100 = | (L la™ + L) av
G(x,u) :/Oug(x,s)ds.
We have

pz 28” av N i( )_2
(J'u,v) / <Z ‘axl‘ 3% 9% z;\upﬂ x uv) dx

for all v € X. In all this paper C, C;(i = 0,1,2,...) represents different positive real
constants.
We make the following assumptions on the functions g and g.

(HO) g € C(9Q)) satisfies: 1 < g(x) <

%forallxeaﬂandq < Py
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2 EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR ANISOTROPIC ELLIPTIC
PROBLEMS WITH VARIABLE EXPONENT AND NONLINEAR ROBIN BOUNDARY
CONDITIONS.

(H1) g : QO xR — R is a Caratheodory type function and there exist a constant C > 0

and a function « € C(Q)) such that: 1 < a(x) < —== NP 5= forallx € () and

N—P-
x,5)| < C(1+ s[*™-1) forall (x,5) € QO x R.
8

(H2) There exists M > 0 and 6, > m™ (resp 0y < m~ )if A > 0 (resp A < 0). such that
for all s with |s| > M and x € Q), we have

0 < 6,G(x,s) <sg(x,s).

(H3) g(x,s) = O(|S|Pi) as s — 0 and uniformly for x € Q),
(H4) g(x,—s) = —g(x,s), x € Q,s € R.
We say that u € X is a weak solution of (4.1) if

pi(x)—2 0u U l
[y (L 00 3 ) 2um) e a2

= ,u)odx + / u|9x )2y dx,
/Q'ygxu) st

forallv € X.
The energy functional associated with problem (4.1) is

N1 ou N1
‘D(”)‘/Q@W‘a_xﬂ Lo ) (22)

1
)\/ m(x)d—/G,d— 9(x
gl dx = [ Glwdr—p [ i ful®
Proposition 2.2.1 (See [27, 24]).

(1) L=7] : X — X*isa continuous, bounded and strictly monotone operator;

(2) L isamapping of type (S4.), i.e. if uy — win X, and limy— oo (L(ty) — L(1), tty — u) <
0, then u,, — uin X;

(3) L : X — X* is a homeomorphism.

The following are embedding results on anisotropic generalized Sobolev spaces and
will be used later.

Proposition 2.2.2 (See [43]). Suppose Q C RN is a bounded domain with smooth boundary.
For any q € C+(Q) satisfying q(x) < _I;_ for all x € Q, the embedding

WL @) () s L10(Q)
is continuous and compact.
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2 EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR ANISOTROPIC ELLIPTIC
PROBLEMS WITH VARIABLE EXPONENT AND NONLINEAR ROBIN BOUNDARY
CONDITIONS.

Proposition 2.2.3 (See [43]). Assume that the boundary of () possesses the cone property and
pi € C(Q),2 < p; < Nforalli € {1,2,...,N}. If g € C(9Q)) satisfies the hypothesis

1<g(x) < (NN:%for all x € 0Q), then the embedding
WL @) () < L9 (300)

is continuous and compact.

The main results of this article are as follows:

Theorem 2.2.4. Suppose that (H0)—(H2), (H4) hold with m™ < NP
Then, for any A € R and y,«y > 0, problem (4.1) has at least a nontrivial weak solution.

— and Pf < min(a~,m").

Theorem 2.2.5. Suppose that (H0)—(H2) , (H5) hold with m™ <
Then, for any A € R and y,«y > 0, problem (4.1) has infinite many pairs of weak solutions.

N_PI;_: and P} < min(a~,m™).

2.3 Proof of Theorem (2.2.4)

This section is devoted to prove Theorem (2.2.4).To prove Theorem (4.2.3), we shall
use the Mountain Pass theorem [53]. We first start with the following lemmas.

Lemma 2.3.1. If (HO)-(H2) hold, then for any A € IR, the functional ® satisfies the Palais Smale
condition (PS).

Proof. Suppose that (u,) C X is a Palais Smale sequence, ie,
sup |®(uy)| < C, @' (uy) — 0,as n — oo.

We shall prove that (u,) has a convergent subsequence.
Let us show that (u,) is bounded in X. Denote by i := m™ if A > 0 and m := m~ if
A < 0. Since ®(uy,) is bounded, then by using (H1), we have for large n,

C+ C”””H > CD(Un) — QACI)/(Mn)

P——— L2 s ) o
1
- — — /\un\m dx—'y/ (x,un) — 018 (x, uy)uy) dx

—9l<<1>’<un> w)+n [ (5= a7 Il dx
P— 1

2( )Z|8u =
)
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PROBLEMS WITH VARIABLE EXPONENT AND NONLINEAR ROBIN BOUNDARY
CONDITIONS.

Now, according to [10, page 6], we have

-
R T T
oP=—17\P-—1 Z—:G +‘u‘l7i('))
3 pi )

< ! Pilx) ) dx.

—;/Owﬂ ) dx
Then,

1 1 1
Ct Cllnll 2 S (5 — ) Il )~ uunuﬁ

Since p > 0, then by using condition (H2) and the inequahty above, we deduce that u,
is bounded in X. The proof is complete. [

Lemma 2.3.2. There exist r1,C' > 0 such that ®(u) > C', for all u € X such that ||u| = r1.
Proof. Conditions (HO0), (H1) and (H2) ensure that, for any € > 0, we have

|G(x,s)| < e]S\P*J-r +C(e)|s|*™), forall (x,5) € QO x R.

For ||u|| small enough, we thus obtain

pi(x ;
_i / |8x1‘ + \u\P dx+)\/ \u\m dx
= elul? el o o
1 P ‘M » + 23)
> el % = o [l dx = / elul" dx
P27+ 7 INT+
—/cumwcu-ﬂ/\mwmx
0 g~ Jao
Since P < a~ < a(x) < yo-, forall x € Qand g(x) < 52, forall x € 90); then,

we have . . .
WL (Q) — LP(Q) and WP (Q) < L1 (900),

with continuous and compact embeddings. Consequently, there exist two constants
Ci > 0and C} > 0 such that

ul o gy < Chllull oy < G, forallu € X. .4

Q)
By using (2.4) for ||u|| small enough, we obtain from (3.7) that

L et - 1A

+ —
Plu) 2 proPi 1P -1 = max{ 1l e 14 e )}
_l’_

+ — —
—eGyflu|| ™ — C(e)Csllul® —qﬁ_CiHqu-
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Since W1'7(Q) < L™ (Q), we have

1 + AlC
o) > s — IS

mt m-
> ST max{ ", "}

Pf + - -
—eCy luf ™ — C(e)Csul|* —qﬁ_Cillqu :

Now, let € > 0 be small enough so that:

1
0< (—:C 2P+2P+ TP =: (p.

We have

yC

+ + -
D (1) > collul| ™ — == max{|lu|™, ul™ } = Cle)l[ull* — == [lul|”

+ AIC _pt - _pt
> ™ (co = 1S ma ™ %, 443

+ —_pt+ ]/IC —_pt+
= [l (Cle a7+ L= ),

Since PJr < min (a~,m~,q"), then there exist 1 > 0 and C’ > 0 such that
®(u)>C'>0, foranyu € X.

Hence, the proof is complete. O

Proof of Theorem 4.2.3. To apply the Mountain Pass theorem ([53]), we have to prove that
®(tu) — —oo ast — +oo, for some u € X. From (H2), it follows that

G(x,s) > C|s|%, VxeQ,V|s| > M.

Foru € Xandt > 1, we have

1 1
D(tu) gP—Z/ axz \” + |fu|Pix )dx—l—/\/ ( \tu\m

V/ x)
— G(x,tu)dx — tq
/ (x,tu) dx q+ an‘u‘
_P_Z/ axl

CteA/ |u]9Adx—ﬂqt—jL/a 1u]7%) d,
0 0

where again i1 = m* if A > 0and m = m~ if A <O0.

J|™%) dx

pi(x) pi(x) iz 1
+ |ul )dx—i—)\t /Qm(x)
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By (HO) and (H2), it follows that, for any A € R, ®(tu) — —ocoas (f — +o0). Since
®(0) = 0, it follows that P satisfies the condition of the Mountain Pass lemma, and so ®
admits at least one nontrivial critical point ug € X; which is characterized by

T = inf sup P(h(t)),
hel e (0]

where
I'={heC(]0,1],X);h(0) =0and k(1) = e}.

2.4 Proof of Theorem 2.2.5

Let X be a reflexive and separable Banach space. It is well know (see, e.g. [2]) that
there are {e]-}]?”:l C X and {e]’.‘ };";1 C X* (where X* is the topological dual of X) such that

X =span{e;:1,2,...}, X" =span{ej:1,2,...},

and

1 ifi=|,
o) = 25
e i) {0 ifi # ] @5)

For convenience, we write X; = span{e;}, Yy = @;‘ZlXJ- and Z; = @]?“’:kX]-. Denote

vy _ JNp(x)/(N—p(x)) ifp(x) <N,
prix) = {—i—oo if p(x) > N.

Lemma 2.4.1 (See [20, 23]). Let B(x) € C+(Q), with B(x) < p*(x) for x € Q and ay :=
sup{|u\L5(x)(Q); \|lul| =1,u € Zy}. Then, we have limy_,o, ax = O.

To prove Theorem 4.2.4, we shall use the Fountain theorem (see [53, Theorem 3.6] ).
Obviously, ® € C'(X,R) is an even functional. By using (HO) and (H1) we first prove
that if k is large enough, then there exist p; > vy > 0 such that

b = inf{®(u)/u € Zy, ||u|| = v} = +o00 ask — +os; (2.6)
ay = max{®(u)/u € Yy, ||u|| =px} -0 ask — +oo. (2.7)
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Proof of (3.20): For any u € Zy, |u| = ry > 1, we have

pi(x _|_|u‘p, |/‘ ‘m
+;/ ‘8x1|

—c/ (1 4 [u] )dx—ﬁ/ )70 dx
Q)

q
W m(
Ly 12 1
—l—z 1 1 (2.8)
—c/ (1+ [ul* X>)dx—ﬁ/ 1))
o) q- Jaa
1 ClA
g — S2 )
~ pfoP-TINP--
—C1|u|w( MH —Cz, for some ¢ € Q.

So, for the study of the previous inequality, we only need to consider either the case
where m(x) > a(x) or the case where m(x) < a(x) for all x € Q).

Let us assume that m(x) < a(x) for all x € Q. Then, we have L**)(Q) c L") (Q).
Thus, there is a positive constant C3 > 0 such that

|M\Lm(x)(0) < C3|M|Lu¢(x)(0) forall u € X.
So, for any ¢ € (), we have

m(¢) m m(¢)
[ty < € (é)‘”‘mm(n)'

Let us denote e := 1/(2P:*1NP:*1). Then, for any ¢ € (), we have

D(u)
e p- m(&) (%) Boya()

> EHI’[H _C/‘u|th(x) _Cllu‘LlX(x)(Q) _q_—|u‘L‘7(x)(aQ) —C (2.9)
e P- a(g) m(¢) _ K a(@) _

Z EHMH —Cmax{‘u|m(x)(0),‘M|La(x)(0)} q_|u‘Lq(x)(aQ) C2.

Denote

E = L*¥(Q) N L1%)(aQ0),
AI{MEEC ‘u‘L”‘ (Q) <1, \u\m(x)(aﬂ) Sl},

B={uekE:|uljq) > Llulpmen) <1}
C={uckE \u|L,X <1 ] L4 a00) > 1},
D = {u € E; [u o) >1 |l 190 a0y > 13-
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From (2.9), we have
(2 [|ul| P~ — ifucA,
+ —
Ll = = Caaglu)* — G if u € B,
(I)(M) Z < : P U + .
prllull™= = = (BeluDT — =G ifuecC,
ﬁHuHP: — Cy (ae|u] )™ — qﬂ_(ﬁklu\)q+ — G, ifueb,

where B = sup{]u\m(x)(am; |u|| = 1,u € Z;}. Itis obvious that ®(u) — +oo as ||ul| —
400 in A.
For u € BUC, we have

e
P(u) = P—+Hu|| - = Co(@[u))* G,
+
By taking &} to be either ay or By and & = at or g, we obtain

P

1
. _ _ e T\ T
Since @y — Oask — oo and &7 > P, then ( 2ata )™~ %" — coask — . Conse-
k —+ e k

quently, we have
®P(u) — +oo  as |jul]| — 4oo,u € Z.

If u € D, then

- + + U + +
®(u )>E” ul| - — Clagt |ul® )—q—_(ﬁZ ulf) = C.

By assuming a™ < g™, we obtain

+ + + +
O(u) > |l — Cla ul7) — (8] ulT) — ¢y
I q
e - + + +
> prllull™ = (Caf + =BTl -G
+
e q+
> P—+||”|| - C3(“k +/5k Nul? —C
+

P

1 1 + +\ 1t

> - s q P fq"' . )

2 e(pr = 77) [Cant (o + 1) G
+ T

Since g™ > P, we then have [C3q"(a? + B )]*~ " — oo, as k — oo. Consequently,

we obtain ®(u) — 4o as ||u|| = 400, u € Z;. Now, from condition (H2), we have

G(x,8) > Cy|s|% — Cp, forany (x,5) € QO x R.
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Then there exist constants C}, C; > 0 such that

C{ ou
- P_ Z/ |8x1

where i = m~ if A > 0and i = m™ if A < 0. Hence, we obtain the inequality

+

ou pf N 9u p
D TG SC(;‘B_%‘LW@) K
1=

Where C is a positive constant.
In the case A > 0, we obtain

C’ + C4)\
P(u) < o= uf

But we have W17 (¥)(Q) — L"(*)(Q), and W' 7 (*)(Q) < LI%)(3Q). Then,

as 0, > max(P},m") and dim Y = k, it is easy to see that
®P(u) - —oo  as ||u|| - +ooforu € Y.

For the case A < 0, we have

C’ +
D (u) < P-JWW — Cyllu|® — C5.

Now, as we have 0, > ij and dim Yj = k, it is also easy to see that

®P(u) - —oo as ||u|| = +ooforu € Y.

2.5 A generalized equation

We shall now consider the generalized equation

— pi(x Zau pilx
Zaxz(‘axl‘ axl)+§|”‘

= )Lgl(x u) +1/g2(x u) inQ,

pi(x)—2 aM 20
Ej}axz\ 35V = Mf(x ) ondQ,

PO dx 2 [ Jul ) de - Chllul -~
m Jjo

+
+ S — s - 5

(2.10)

where A, v, > 0 are real numbers, p;(x) € C(Q)) with 2 < p;(x) < N foralli €
{1,2,...,N},and g1,%> : O x R — R are two functions of class C 1 with respect to the
Q-variable, and f : 9Q x R — R is of class C! with respect to the d)-variable. We make

the following assumptions on the functions g, g1, g2 and f.
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(H5) Fori=1,2,q; € C(Q) satisfies 1 < g;(x) < NNE;_: for all x € Q).

(H6) (1) Fori =1,2, g; : O xR — R satisfies the Caratheodory condition, and there
exist some positive constant C; such that

12i(x,5)| < C1 + Cols|%™)=1 for (x,5) € Q x R.
(ii) There exists M > 0, 0 > ij such that for all [s| > M and x € (),
0 < 0Gy(x,s) < go(x,s)s.
(H7) There exist 6; > 0,C3 > 0 and g3 € C(Q)) such that
Gi(x,5) > Cls|7™),¥(x,5) € QA x (0,81],
where max(q;, 47 ) < P~ < P{ <gq;.
(H8) g2(x,s) = o(|s]Pi_1) as s — 0 uniformly for x € Q).

(H9) (1) f : 00 xR — R satisfies the Caratheodory condition and there exists a con-
stant C > 0 such that

1f(x,5)] < C(1+[s|PO71), V(x,5) € 0Q X R;

(N=1)P-
N—P_

where B(x) € C(9Q)) with1 < B~ < BT < P~ and B(x) <
x € Q).
(ii) There exist R > 0, such that for all |s| > R and x € 9Q)

0 < oF(x,s) < f(x,s)s.

for all

(H10) There exist 6, > 0, C4 > 0 and g4(x) € C(9Q) such that

F(x,s) > Cy4ls|™),  vx € 9Q), V|s| < 6,

(N—1)P~
N-—-P~

(H11) Fori =1,2, gi(x, —s) = —gi(x,s) forall (x,5) € Q xR, and f(x, —s) = —f(x,s) for
all (x,s) € 00 x R.

We denote

where 1 < g4 <

and qf < P~ forall x € 9Q).

S

g(x,s) = Ag1(x,s) +v%(x,s), Gi(x,s) = /0 Qi(x, t)dt (i=1,2),
S S
G(x,s) :/0 g(x,t)dt, F(x,s) :/0 f(x, t)dt;
and the associated functional
1 0u )
— = (| EEp pi(x) _/ _
D(u) ;/Qpi(x)oaxi‘ + |u] )dx OG(x,u)dx u aQF(x,u)dx.
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2 EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR ANISOTROPIC ELLIPTIC
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Proposition 2.5.1. If (H5), (H6) and (H9) hold, then for every A, vy, u > 0 the functional ®
satisfies the Palais Small condition (PS).

Proof. We use the following inequalities: For x € (),s € R
cGa(x,8) < g2(x,5)s + Cs,
cG(x,s) —g(x,s)s < [0Gy(x,8) —sg1(x, )] + [0Ga(x,s) — sga(x,s)]
< (C1 + Cys| 1)) 4+ Cs.
Suppose that (1,) C X is a (PS) sequence ; i.e,
sup |®(uy,)| < C, @ (uy) — 0, asn — oo,

Let us show that (u,) isbounded in X. Since ®(u,) is bounded, then by using hypothesis
(H6) and (H9), we have for n large enough

C + Clfunl| > o (1) — @' (uy)
1 1\ & oU | p;(x) pi(x)
Z(E_‘;)z;/fl(‘a_xi‘ + | [P0 ) dlx
_/Q(ac(x,un)—g(x,un)un) dx

—H - (of (x,un) — f(x,un)uy) dx
1 1 1 - , 1
= SP-—1NP- 1 (E B E) Hu””?() -C /Q | dx
—C' - /an (o f (x,upn) — f(x,up)uy) dx.

Applying (H9) for ||uy|| large enough, we then get
1 1 1 _ .
oP-—17P- -1 (E - (_T) Hun”P— — C/“unH‘h — Cé.

(2.11)

C + Clluy| >

Now, as W17 (x) (Q) — L (Q)) is a continuous and compact embedding, from the in-
equality above, we deduce that 1, is bounded in X. The proof is complete. ]

Remark 2.5.2. It follows from (H6) that
Go(x,5) > Cs|s|'/7 —Cs, Vx €, Vs €R.
The main results of this section are as follows:

Proposition 2.5.3 ([27]). Assume that p : X — R is weakly-strongly continuous and that
P(0) = 0. Let v > 0 be given. Set

Br=PBr(v) = sup [¢(u)|.

UEZy,||ul|<v

Then By — 0as k — co.
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Theorem 2.5.4. Assume that (H5), (H6) and (H9) hold.

(1) If in addition, (H10) holds, then for every vy, u > 0, there exists ro(y) > 0 such that when
0 <A, u <rg(y), problem (3.8) has a nontrivial solution uy such that ®(uy) > 0.

(2) If in addition, (H7) and (H10) hold, then for every vy, u > 0, there exists ro(y) > 0 such
that when 0 < A, u < ro(7y), problem (3.8) has two nontrivial solutions u1,vq such that
®(uy) > 0and &(vq) < 0.

(3) If in addition, (H7), (H10) and (H11) hold, then for every A,«y, u > 0O, problem (3.8) has a
sequence of solutions {tuy} such that ®(+u) — +ooask — +oo.

Proof. (1) We denote

u) :A/QGl(x,u(x))dx, Po(u) = 'y/QGz(x,u(x))dx

When the assumptions in (1) hold, then for sufficiently small ||u||, we get

Golx,u) < elulPr +Cle)|ul, V(x,5) € AxR,

Then
pa2(u) < 76/0 ul P+ dx—l—fyC(e)/Q‘qu(x) dx.

Sincel < g <

WLP@(Q) < LPY(Q), and WYPE(Q) — L2(0)(Q),

with continuous and compact embeddings. This implies the existence of C;,C, > 0 such
that

Pa(u) < yeCallul P +7C(e)Collu] %
Choose € > 0 small enough so that 0 < yeC; <

N 1 au
1-; /Q pi(x) |ax

[ull ™ = C(e)Calfu| .

1
NG . Then, we have

P fufP ) i — g ()

— oPI NP1

Since g, > P, there exist r; > 0 and a > 0 such that

pi(x pi(x) _ > —
Z/Q 8x1| i) dx — () > >0, for [Jull = 1.

We can find r¢(y) > 0 such that when p, A < rg(-y), we obtain

/\

Pr(u) < VueS, ={ueX|ul|=n}

E
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Therefore, A, 1 < rp(7y). So, we obtain

Ou)>2>0, Yues,.

N

Letu € Xand t > 1, we have

¢pi(x au
tu Z /Q |8x pil

— Go(x, tu)dx — F(x,tu)dx.
7/0296”)96 P F(xtu) dx

—I—\u\pl )dx—A/ Gy (x, tu) dx
0
(2.12)

From Remark (2.5.2), we obtain

N
D(tu) < 9L a—xu}pi(x) + \u\”i(x)) dx — A/ G1(x, tu) dx
i 0

(2.13)
— GtV [ |u|Y7 dx — F(x,tu)dx.
0 # Jaa

Now, since
Gy (x, tu) = o((t!u\)”’f), F(x,tu) = o((t\u|)5+) when t — o0,
(because P! < ¢qf and B+ < P < 1), we obtain
d(tu) — —o0, when t — +oo.

Hence, It follows that there exist 1y € X such that ||up|| > r; and ®(up) < 0. There-
fore, By the Mountain Pass theorem, problem (3.8) has a nontrivial solution u; such that
(D(Ml) > 0.

(2) Under the assumptins in (2) hold, (1), we know that there exist ro(y) > 0 such
that when 0 < A, u < r¢(y), problem has a nontrivial solution u; such that ®(u1) > 0.
For t € (0,1) small enough, and vy € C3°(Q2) such that 0 < vg(x) < min{dy, s, }, we have

CID(tvo)
tZJ()) pilx B /
—Z/Q T RPN ) dx—A Gl tog) dx
—fy/QGz x, tvg) dx—y/ F(x, tvg) dx (2.14)
N
< tP- avo‘pl + v |Pit )dx—)LC'g,/ |tvg|13(*)

- G,td—c/t%(")d.
7 [ Gl ton) dx = uCy | [rool ) v

For t € (0,1) small enough, we obtain

Go(x, tvg) = o(|tvg|™+), ast — oo
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So, we have
D(tog)
_ N 1 dtvg | p: +
< P / 0pi(x) pi(x) _ q / g3(x)
= z; o pi(x) (} 0x; 7 [t )dx ACSE® Q|UO| dx (2.15)

Since min(q3,q; ) < P_, by factoring the right side of (3.13) by 13 if q; > q5, and by
194 if g+ > g, we obtain

lim ®(tvy) < 0.

t—0

Then there exist w € X such that ||w|| < 1, and ®(w) < 0.
(3) @ is an even functional. We denote

P(u) :)\/QGl(x,u)dx+'y/QG2(x,u)dx+pt/aQF(x,u)dx

As By (v) is defined in Proposition (2.2.2), for each positive integer, there exist a positive
integer ko such that Bi(n) < 1 for all k > ko(n). We can assume ko(n) < ko(n + 1) for
each n. We define {vx : k=1,2,...} by

{n if ko <k < ko(n+1),
Vi =

2.16
1 if1 <k < k. (2.16)

We see that v, — oo when k — oo, then for u € Zj with ||u|| = v, we obtain
N
1 U | p;(x) ‘
D(u) = /— — P u|Pi ™)) dx — g (u
0= X J ooy U™+ 17 dx = g()
1

()= — 1.

- PizP:—lNP:—l

Consequently,

inf  ®(u) > o0 ask — oo
UEZy, ||ull=v

So the hypotheses (3.21) of Fountain theorem are satisfied. Indeed, by (H6), (H9) and
Remark (2.5.2), for ||u|| > 1 we obtain

C Pt 97 1/ pt
D(u) < =l + Cudluff ) — Colull/ + Ceplulf, + Cr.
As the space Y} has finite dimension i.e all norms are equivalents, we then have

C + + +
D(u) < P_—H”HP+ + CiA ]| = Coyllull V7 + C'pflul|P + C.

Since min(q],q5) < P{ < L, we obtain ®(u) — —o0 as ||u|| — +o0, u € Y;. Finally, the
proof of (3) is complete. O
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CHAPTER 3

SOLUTIONS FOR A
QUASILINEAR ELLIPTIC
P(X)-KIRCHHOFF TYPE

PROBLEM WITH WEIGHT AND
NONLINEAR ROBIN
BOUNDARY CONDITIONS

Mathematics, rightly viewed,
possesses not only truth, but

( Bertrand Russell)
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3 SOLUTIONS FOR A QUASILINEAR ELLIPTIC P(X)-KIRCHHOFF TYPE PROBLEM

his paper deals with the existence and multiplicity of weak solutions to
I a class of quasilinear elliptic 7(x)-Kirchhoff type problems with weight
and a nonlinear Robin boundary condition such as

oy |Pi®)

N
} |5 d)) (=850) + L Vi) Juf P02

- e(x) ™72y 4 f(x,u) in Q,

(a—i—bK(Z/Q

d
Daxll’” v =11 on a0,

where () is a smooth bounded domain. Under suitable conditions on

the data, we show the existence and multiplicity of weak solutions to

this problem by means of a variational approach and the use of the
anisotropic Sobolev spaces with variable exponents setting.

3.1 Introduction and statement of main results

This work is mainly devoted to the existence and multiplicity of weak solutions to the
following class of p(x)-Kirchhoff type quasilinear elliptic prooblems
ou

pi(x) N ()2
a+ bK 8xl dx (—A;—,»(x>u) + ;Vi(x) ul|Pi u

= 0(x) [u|"™ 24+ f(x,u) in Q, (3.1)

Qp

0
Z\axlpl v =l on a0,
1

where Q) C RY is a smooth bounded domain (N > 3), the pi(x ) ( <i < N) are contin-
uous functions with : 2 < p;(x) < N, A U = 21 | (’axz |Pz zg_z) is the so-called

anisotropic p(x)-Laplacian operator, a and b are positive reals and the functions m, g f,
6 and V;(1 < i < N) are subjected to some appropriate conditions that will be presented
hereafter.

Concretely, we are interested in the existence of at least a nontrivial weak solution for
problem (3.1) and on existence of infinitely many solutions as well. Actually, by using
the Mountain Pass theorem, we prove that (3.1) has at least a nontrivial solution; while
Fountain’s theorem provides us with the existence of infinitely many solutions when f
is odd.

This chapter is motivated by recent works on nonlinear Kirchhoff elliptic equations
(see for example[1],[3],[17],[42],[33] and the references therein). When b = 0, these ques-
tions have been treated by the authors in a recent work [22] .The main goal here is to ex-
tend the results in [22] to the case of p(x) -Kirchhoff type quasilinear elliptic prooblems
of the form (3.1).
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Let us point out that, in the last decade, many authors studied the following elliptic
nonlocal Kirchhoff type problem

- <a+b/Q|Vu\2> Au= f(x,u), inQ,
u=0, onoadQ),

(3.2)

Interesting results concerning the existence and multiplicity of positive solutions are ob-
tained for example in [1],[3], [33] and [43] by means of variational methods.

More generally, problems related to problem 3.1 have been studied recently by many
authors. The paper [42] by D.Liu seems to be closer to our work and is related to the
following problem

(] [ (7 + a0y dep—l (g AIP-2) = o),
inQ, (3.3)

We intend here to extend some of the results in [42] to the anisotropic problem with
variable exponents and more general nonlocal terms. Besides, we are able to deal with
more general nonlinearities in the boundary condition than in [42] and with situations
where the function M in 4.6 is unbounded from above. When A(x) := 0 and p is constant

1
in 4.6, our results apply for example to the function M(t) = (%t +a)P~1 , where ky is

some positive real constant that will be defined in hypothesis (K0) below. Although this
function does not satisfy condition (m1) of theorem 1.1 in [42], the existence of a weak
solution is however guaranted by our results.

This chapter is organized as follows: In section 2 we recall some basic properties of the

Lebesgue-Sobolev space W7 (Q)) and the anisotropic Orlicz-Sobolev space WL () (Q),
and state our existence and multiplicity results concerning problem 3.1. Section 4 is de-
voted to the proofs of the main results and finally in section 5, we give some concluding
examples.

3.2 Preliminaries

Let us first recall the definition of the Cerami condition which was introduced by G.
Cerami in [18].

Definition 3.1. Let X be a real Banach space and ¢ € C'(X,R). We say that ¢ satisfies the
Cerami condition at level ¢ € R ((C). for short) if any sequence {u,} C X along with

@(un) —> ¢ and (1+ ||unl]) ||¢’(un)|| — 0, asn — oo (3.4)
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possesses a convergent subsequence. On the other hand, we say that ¢ satisfies the Cerami con-
dition if ¢ satisfies (C). forall c € R.

Let us mention that the Cerami condition is weaker than the Palais-Smale (PS) condi-
tion. We have the following well-known result

Proposition 3.2.1. (See [52]) Let X be a real Banach space, ¢ € C*(X,R), e € X and r > 0 be
such that ||e|| > r and

b= HirHlf ¢(u) > max{p(0), p(e)}. (3.5)
Let
= inf t)),
c ;grtgl[gﬁqo(v( )
where

[:={y € C((0,1], X) [ 7(0) = 0,7(1) = e}.
If @ satisfies the condition (C)., then c is a critical value of ¢.

In order to discuss our problem, we need to state some properties concerning the

spaces LP(Q), W'P(Q) and WL () (Q)), with a real scalar p > 1 and a real vector func-
tion 7 (x) = (p1(x), p2(x), ..., pn(x)), such that p;(x) > 1(1 <i < N). Let

C+(Q) ={ueC(Q)):essinfqu > 1}.

Denote by p~ = infyeqp(x) and p* = sup,.op(x).We have p~ > 1 and p* < 0.
Let S be either () or dQ). Define the variable exponent Lebesgue space

Lp(x)(S) = {u | u: S — Ris measurable and /M ]u(x)\p(x) dx < oo},

endowed with the Luxembourg norm

_ .y ) )
\u|p(x) = ‘M|Lp(x)(8) = mf{T > O,/S‘T| dx < 1},
and define the variable exponent Sobolev space
W) = {u e LPO(Q) : |Vu| € LFM(Q)},

endowed with the norm
. . Vu(x) px) | 1 u(x) p(x)
Hu||—1nf{T>O,/Q(|T| + == )dxg1}.

Now, we introduce the anisotropic Orlicz-Sobolev space WL () (Q)). Set
Pr =max{p{,py,....r5}, PT =max{p],p5,.... PN}

P~ =min{p,,p5,---, PN}
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WL (x) (Q) is defined by

ijmﬂnz{uefﬂﬂ)ggeLM)(LWG{LWNH,
1
and is endowed with the norm
N N
ou
lull g =2 3|  +Xluly
P (x) Z; 3%i () 1221 pi(x)

By E;(i € {1,..., N}) we mean the Orlicz-Sobolev spaces defined by

pi(x)
E; = {u € Lpi(x)(Q);/Q<a

These are Banach spaces with respect to the norms, For i € {1, ..., N}

ou
a_xl-(x)

+W@)M@Wugdx<w}.

(x)
ull; = me>0/ yax <1},

a%“)

and (see [20]) the anisotropic Orlicz-Sobolev space X = WL (x) (Q) can be defined as
the closure of C} (Q)) with respect to the norm

N
[« = ) Nuellis
i=1
which is itself equivalent to the norm
N
Ju
[[ua] = |50
P i=1 0x; pi(x)
Throughout this work we shall assume
N o1
Y —>1. (3.6)
1 Pi
We also define N
P := ————— and P_ o := max{P*,P*}
oy L -
(N —1)pi(x) :
fp; < N,
and for alli € {1,.., N} p?(x) = { N — pi(x) if pi()
+ 0 if p;(x) > N.

The following are embedding results on anisotropic generalized Sobolev spaces and will
be used later.
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Proposition 3.2.2 (See [43]). Let (2 C RN (N > 3) be a bounded domain with smooth bound-
ary. Assume that relation (3.6) is fulfilled. Then, for any m € C+(Q) satisfying 1 < m(x) <
P_ « forall x € Q, the embedding

WLP Q) < Lm0 (Q)
is continuous and compact.

Proposition 3.2.3 (See [9]). Let () C RN (N > 3) be a bounded domain with smooth boundary
and let q € C(Q)) satisfy the condition

1<q(x) < rg%m( x), . PR (%)}, Y € 00,

Then, there is a compact boundary trace embedding

WLPO(Q) — 110 ().

3.3 Main results

In this section we state the main existence theorems of this work.
Throughout this paper, by weak solutions of problem (3.1) we understand critical points
of the followmg associated energy functional ¢, acting on the anisotropic Orlicz-Sobolev

space X = W17 Px )( ) and defined by

pi(x) pi(x)
1 1 ou dx + bK ou dx
x) 0x; Qp axl
x) |u|Pi* dx—/ F(x,u)dx (3.7)
Qp 0
9( ) m 1
— dx — — u]7™) gy,
/Qm()\u\ vy [l dx

u

where R(t) = /O 'K(s) ds and F(x, u) = /0 F(x,b) dt.

In all this paper C, C;(i = 0,1, 2, ...) represents different positive real constants .

Now, we introduce the followings assumptions:

_ X — _3Pf+2 4 N 1
P)2<P- <P <N,2P" > Zpi‘HP—I_ and ) ; - >1

i

(T) 6 € L®(Q)) is non-negative, m € C,(Q) verifies 1 < m(x) < P_ o, forall x € Q and
g € C(Q) satisfies the condition

1< q(x) < min{p}(x), ., piy(x)}, ¥x € 20
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(V) Foralli € {1,..,N}, V; € C(Q),R) is such that in(f) Vi(x) > aj, for some a; > 0
xe

and for each M; > 0, meas {x € Q) : V;(x) < M;} < +oo, where meas denotes the
Lebesgue measure.

(K0) K : RT — R is a continuous nondecreasing function and there exist two con-
stants kg > 0 and k1 > 0 with kg < k; such that

ko < K(t) < kqt, forall t > 1.

+ - _pt
Pf+1 2P~ P

2P} +1 <<

—= such that
P—l—

(K1) There exists a postive constant 7 with

A

K(t) > (1 —n)K(t)t, forallt > 0.

(f0) f: QO xR — Ris a continuous function and there exist ¢ > 0 and a € C(Q) such
that: PT < a(x) < P_, forall x € Q) and

F(x, )] < e(1+ 1Y) forall (x,4) € Q x R.

(f1) f(x,t) = o(|t|P"- 1) uniformly in x as t — 0.

+
(f2) There exist two constants ¢ > max{m, 1P_—+,7} and r > 0 such that

inf  F(x,u) >0

xeQ),u|=r

and
cF(x,u) < f(x,u)u, forallx € Q) and |u| >r;

which is an Ambrosetti-Rabinowitz type condition (see [24]).

(f3) There exists a constant r > 1, such that for any s € [0,1] and t € R, we have the
inequality
rF(x,t) > F(x,st) hold for a.e. x € Q,

where F is defined by

Flx,t) = flx, )t — %P(x,t).

(f4) f(x,—t) = —f(x,t),x € Q,t €R.

38



3 SOLUTIONS FOR A QUASILINEAR ELLIPTIC P (X)-KIRCHHOFF TYPE PROBLEM
WITH WEIGHT AND NONLINEAR ROBIN BOUNDARY CONDITIONS

Finally, denote by )\Jr and Ay the first eigenvalues of the problems — A1 = A [u] Pi2y,
and —Agu = A 1P~ ~% u respectively, that are defined by
Ay a dx
/\;r = inf e axl
ueWL 7 () (Q)\{0} fQ u| P+
and
ey dx
Ay = inf & ax’
ueWl 7 () (0)\ {0} fQ |-

The main results of this article are as follows:

Theorem 3.3.1. Suppose that (P),(T),(V), (K0),(K1), (f0),(f1) and (f2) hold with q— > Pj_r.
Then, problem (3.1) has at least a nontrivial weak solution.

Theorem 3.3.2. Suppose that (P),(T),(V), (K0),(K1), (f0),(f2) and (f4) hold with q— > Pj_r.
Then, problem (3.1) has infinite many pairs of weak solutions.

Theorem 3.3.3. Suppose that (P),(T),(V), (f0),(KO) and (K1) hold with min{m~,q~} > 1P—

7
Furtheremore, assume that

|t|—=+c0

1 Ay -
(F1) lim (Ef(x,t)t — F(x,t) + %tlp> = +oo, uniformly for a.e. x € O3,

(F2) there exists A < A{ such that F(x,t) < #Mpi,for |t| small and a.e. x € Q.
NPE -

Then, (3.1) has at least a nontrivial weak solution.

Theorem 3.3.4. Assume that (P),(T),(V),(K0), (f0) and (f3) hold with max{q™,m™} < P~ and
a> /\f. Furtheremore, assume that

(f'1) | |11 fz(pﬁ’ tz oo, uniformly fora.e x € Q),
t|—-+oo ¢t

(f'2) there exists a nonnegative function k € L*(Q)) such that

[k|jeo < A{ and
lim sup flxt) = k(x), uniformly for a.e x € Q,
t—o At
(K3) K(t) > 2P+K( )t, forallt > 0.

Then, problem (3.1) has at least a nontrivial weak solution.
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3.4 Proofs of main results

Proof of Theorem 3.3.1. First, we show the following lemmas.

Lemma 3.4.1. Under the assumptions (P), (T), (V), (K0), (K1) and (f0) to (f2), ¢ satisfies the
condition (C)., where c is defined in proposition (3.2.1) .

Lemma 3.4.2. Under the assumptions (P), (T), (V), (K0), (f0) and (f1), there exist two positive
reals 11 and C' such that (u) > C', for all u € X satisfying ||u|| = r1.

Proof of lemma 4.1 . The constant c defined in(3.2.1) proposition is positive. Let us
show that ¢ satisfies the condition (C).. By hypothesis, there exists a sequence {u,} C X
such that

9(1n) — ¢, (14 [[un]) || 9" (un) || — 0. (3.8)

Let {u,} C X be a Cerami sequence of ¢. It suffices to show that {u,} is bounded.
We shall argue by contradiction. Assume that ||u,|| — o0 as n — oo and consider
Wy = Uy / ||unl|; then |jw,|| =1, Vn > 1. Since X is a reflexive Banach space, there exists

w € X such that
wy, = w in X,

w, — w inL'(Q), (3.9)
wy(x) — w(x) forae. x €Q),

forany r with1 <r < P_
From (3.8) we obtain

| < ¢'(un),up > —0, asn— .

On the other hand, we have

au pl
< @' (uy), un —a/ Z ax': dx—I—Z/ x)|up|Pi) dx
N
1 ou du,, [Pi¥)
K / [ g / i I
(l; pi(x) ox; ) 2 ox; (3.10)
/9( ) || ) dx—/ f(x, uy)u, dx
0
_ (%) dx.
n 20 |t X
Therefore, it yields for large n that
‘A—B—/ fx,up)u,dx| <1, (3.11)
Q
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where
N 19u, pi(x) 4 nx) g
_a/QlZ{ ox; JH_Z/ %)l g
b (3oL [ [ "y N "
+ / X / X
i—1 pi(x) ' i axz
and
B.— / 9 m(x) 4 / 9(x)
[ o)l dx+p [
Hence

/Qf(xrun)undXSA—B—i—lgA—l—l.

So, we obtain

N du |Pi(%)
n pi(x)
/f(x,un)undxSZZ_I;/Q (a o + Vi(x) |uy| ) dx
Noq ouy, |7 (%)
. (2 pi(x) /Q ox; )/ Z axl dx

By virtue of hypotheses (K0), we then get

/fxunundx<2/<

(x)

ou, |7

+Vi(x)unpi(x)> dx

2
bk1 N Quy [P
(Z%/ ox; dx | .
We use the following notation
G=fic{l, N} |24 <1}, #=fic{l,.,N}:uli <1}
9%i | py(x)
and 5
=lie{l,. N} |22 s1) g={ie {1, N}:|ul;>1}.
9%i | py(x)
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We get

ouy, |?
0Xx;

| fmmdx< ¥ [ (

ict)

(%)
+ V() [ | i >> dx + N
bk
+E (Z

pi(x) 2
dx+ N
37

n 2
pt Dbk duy | T+
< 2: [unll; *‘j;% (tZ: ax: )%—PJ> + N
X

ict) i€l pi(

it
axi

+ P+
N T N T
bkq duy,
< Z”n”') +— X ) +N
(z’l l PY I\S 9%l
+ N.

Consequently, there exists ¢c; > 0 such that

2
£ e < P 35|l P ] 612)
Q) Py
By (£2) we know that
lim f adeal ‘_‘f dx _ (3.13)
n S0 2P

Set )1 = {x € O : w(x) # 0} and suppose meas();) > 0. We have
|tn(x)| —> 00, as 1 —> oo, for a.e. x € ()1. Moreover, by (f2) there exits C > 0 such that

F(x,t) > C|t|7,Vx € Q,V|t| > 1;
which implies that
lim F(x,t)
t—stoo M2P++1 o
Now, it follows from (f1), (f2) and (3.14) that there exist C1, C, > 0 such that

(3.14)

Flax, )t > G — Golt|P,  VY(x,t) € Q x R.

2P +1 P~
%d’@q/ %dx“h/ %dx
Q ||+ N [[u||*F N [[u||*F

Therefore, we get

Hence

’wn|

de > Cl/ jwa 2P+ dx — G T 1 (3.15)
O uy 2P+ o L
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Thus, by using (3.15) and Fatou’s lemma we obtain

d
0= lim fx, un)lin *> Cl/ \w|2pi+1 dx > 0.
n—+o0 J), ”u HZP +1 o}

This is a contradiction. Hence meas(Q)1) = 0. Therefore, we get w(x) = 0, for a.e. x € Q).

pi(x)

Now, we have
0
il dx

(o) = < >) =1 [ (5~ 2) e
-FEZU/ ( ) {0 P o+ [ o ( 1x )\ W) dx

+/Q (%.f(x,un)un—l:(x,un)) ax-+ (E_q%)

where
b 1 |ou Pt du |
et (o o) (B,
o (; o pi(x) |9x; )(Z ox; )
N i(x
~ 1 au Pl( )
+ bR / I dx ).
(121 Q pi(x) [9x; )
On the other hand, we have
Ity | pi(x) Py 8
z/ T2 V) [Py dx = Yl Y el
! icl] i€l
N P~ pP- P
> ) Ml = 3 lunll; = Nl )
i=1 iel]
N _
> Y flunll{ —N.
i=1

Applying the Jensen inequality to the convex function i : Rt — RT,
h(t) = tP~ (we have P~ > 2), then yields

1 P~
2P:—1NP——1Hu””7( _N<Z/<

Now, by (f0), (f1) and (f2) we know that there exist C3 > 0 such that

(%)

ou, |*
ox;

+ Vi(x) un|p"(x)> dx. (3.16)

tf(x,t) —oF(x,t) > —Cst’-; V(x,t) € Q x R.
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Then, we get

1, 1 11 -
S (

- R N 1 aun pi(x) 4
~Cs [ ol dx 4 K Z/QW s
Therfore, for large n one has

duy,
ox;

=L
—
|
S5
=
=
Q.
=

pi(x)
1 dx)
i

1 1 1 P-
02 2P~ —17P- -1 (E B E) — Galwlp-;

which implies that 0 > (P—+ — E . We obtain a contradiction.

Therefore, u, is bounded in X. This completes the proof.

Proof of lemma 4.2. By (f0) and (f1), for each € > 0 there exists C(e) > 0 such that

|F(x,t)| < e|t|™- + C(e)|¢]*™), forallt € R.
For ||u|| small enough, by (K0) we thus obtain
ou

pi(x)
> 1 yN / e : pi(x) _/ P}
o(u) > pr Yy <a o, + Vi(x) | u | dx € | u |+ dx

/ ‘M|“ dx — ||9H00/ ‘ ql_/aQ‘uw(x)dx’

> 1 up+—/eupidx—/Ce u |2 qy
_szpjrrlNPj—ln ” Q ‘ | Q ()‘ |

e [ ax— L[l 617)
90 g~ Jao
Since m(x) < P_ o ,q(x) < még{pl( X), . (x)} and Pi < a(x) < P_, we then
xe

have

WLP @) () < LY (Q) and WY D (Q) < L1 (30),
with continuous and compact embeddings.
Consequently, there exist C{ > 0, C; > 0 and C} > 0 such that for all u € X

[t )= Collull, | 2 [y )< Callull and [u] 4 o) < Callull. (3.18)
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For ||u|| small enough, we obtain by applying (4.18) in (3.17)

1
P+2P+—1NP+—1

+ + -
p(u) = ull ™= — eCallul|™ — C(e)Ca]lul|*

gl

- C}
S R UL

1

Now, let € > 0 be small enough so that: 0 < eC} P{ <
2P+2 - In Py

1

Denote by cg := L Wehave
P+2P+ RN

16]1oCy

+ - _pt +_pt - _pt
(1) =[] (co — Cle)ful|* ~ — ==L max{[u]™ =, [jul|™ ~})

/
— ™ (L2 ).

Since Pj_r < min (a~,m~,q" ), there exist therefore two real constants r; > 0 and C' > 0
such that
@(u) > C' >0, forall u € X satisfying ||u|| = rq.

The proof of lemma 3.4.2 is then complete.

Now, in order to apply the Mountain Pass theorem ([53]), we have to prove that
¢(tu) — —oo ast — oo, for some u € X. It follows from (f2) that

F(x,s) >C|s |7, Vx e O,V |s|> M.

On the other hand, when t > ty with ty an arbitrarily positive constant, we can easily
obtain from (K1) that

K(to) 1 1

K(t) < FT=1 = ct 177,

Therefore, for u € X\ {0} and t > 1, we have
p(tu) < =1L / (a

—/ F(x,tu) dx+I<<

—/Qe(x)mgx) | dx—”qi/mmm(x) dx
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and

oy |Pit¥)

tpi N . i(x)
o)< HrN [ ( |V el ) dx
Pl pi(x)
ettt (Zizil Ja pz%x dx) - ta/ ul” dx

-
T Jo 17

sz

+
Now, as 0 > 1P_—+77, it follows that
¢(tu) — —oo as (t — +o0).

Since ¢(0) = 0, then ¢ satisfies the condition of Mountain Pass lemma and so ¢ admits
at least a nontrivial critical point 1y € X such that ¢(uy) = T where 7 is characterized by

T = inf sup ¢(h(t)),

her 10,1
where
I'={heC([0,1],X);h(0) = 0and h(1) = e}.
This completes the proof of theorem 3.1. [

Proof of Theorem 3.3.2. Let X be a reflexive and separable Banach space. It is well know
(see, e.g., [2]) that there are {¢;}72; C X and {e;}?2; C X*(X* being the topological dual
of X) such that

X = spanie; : 1,2,...}, X* =spanie’ :1,2,...},
p j p j

PN t R T
G700 ifi £

. . o ) _ k ) _ 0 )
For convenience, we write X; = span{e]}, Y, = EszlX] and Z; = EBj:kX].

Lemma 3.4.3. (see [27]) Let B be a real such that 1 < p < P*.

Set ay := sup{| u | p(qy); lull« =1L, u € Zx}. Then, we have hm ap = 0.
k—o0

To prove theorem 3.2, we shall use the Fountain theorem ( see [53] theorem 3.6). Ob-
viously, ¢ € C!(X,R) and is an even functional. We first prove that if k is large enough,
then there exist reals py and v, with p; > vx > 0 such that

and

b :=inf{@(u)/u € Zy, ||u||« = vy} = +o0 ask — +oo, (3.20)
ar :=max{e(u)/u €Yy, |ul|x =px} = 0 ask — +oo. (3.21)
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Proof of (3.20): For any u € Z; with |u] =r; > 1, we have

w§/<

—C/ (1+ |u*®))dx — H6H°°/| () dx — s 1)) dx

au pl

axl

F Vi) [ |Pf<x>) dx

1 q- Jooy (3.22)
2 o - clwié%

0|0

”mH | ‘Lm . ’7\ \ —Cz, for some ¢ € Q).

So, to prove (3.20) we only need to con51der the case where m(x) < a(x), for all x € Q).
The case where m(x) > a(x) for all x € (), is similar.

Let us assume that m(x) < a(x) for all x € Q. Then, we have L**)(Q) c L") (Q).
Thus, there is a positive constant C3 > 0 such that

|u‘Lm(x)(Q) < C3|U|La(x)(0) forallu € X.
Therefore, for any ¢ € () we have

m(¢) m m(¢)
[l oy = € (§)|u‘m<x>(0)'

Define e := 1/(2"- "INP-~1). We have

@(u) >

m(¢)
4 ‘u‘Lm

oyt

[ul| = — C max{u|*¢)

() ()
.4
_qt‘u‘Lq(x)(BQ) — Cz.

> 2|
+
P+

Let us write

E = L*¥(Q) N L1%)(3Q0),
A={u€E: |ulwg) <Ll pwea) < 11

B={uckE: \u|L,x ) > 1 \u\m )gl},
C={uckE \u|L,X < 1, \u\m J000) > 1},
D ={u € E |ufjaw, >1 |l 140 (90 > 1}-

From (3.4), we have

(éHuHP—Cl ifueA,
o) > %H””p__cl(“k‘uba_CZ TfueB,
g!lullpf — - (Brlul)T= = C ifuecC,
ﬁ\lullpz — Ci(aelul)*= = Z(Bilul)?- — Cp, ifu €D,
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where B = sup{\u|m(x)(am; |lu||« =1, with u € Z;}.

Using the same steps as in ([22]), we easily obtain that ¢(u#) — +o0 as ||u|| — oo,
u e Z.

Proof of (3.21): From condition (f2), we have
F(x,s) > Cy|s|]” — Cp, forany (x,5) € O x R.
Since we have

3|5 ey < S i)

where C is a positive constant, then we get

1

1 Y Pt c N ou [P\ T
< 5= Ll 1(2/ 5
— =1 (P:)lfr] i—17Q X
— Gallull” -
Therefore, it yields
C \ ipt C L8
p(u) < P—JIHIIP+ +——ul"7 = Glu|” - Ca.
- (P)T
Consequently, as 0 > 1= and dim Y} = k, it is easy to see that

p(u) - —oco as ||ul]| — +ooforu € Yj.

This completes the proof. O]

Proof of Theorem 3.3.3.

Lemma 3.4.4. Assume that (P),(T),(V),(K1), (f0), (F1) and (F2) hold with min{m~,q~} >
+

ﬁ. Then, the functional ¢ satisfies the Cerami-condition (C).

Proof. Letc € Rand {u,} C X be a Cerami sequence of ¢ at level c. Let us show that
{u,} is bounded. We argue by contradiction. Suppose that {u,} is unbounded. Then,
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up to a subsequence we may assume that

1
1+c¢> o(uy) — SpF < ¢ (up),uy >
_|_
1 1 N L,y pi(x) '
- . pz(x)
> (gL, ( 2 Vi) L 709 i

11 1
= L1900 4 / ) uy ™9 g
K (2131 q) / a7 (2191 m(x)> a7 dx

1
+/Q <2P—+f(x,un)u13(x,un)> dx.

duy | P ar{ P
L -d
—2lezl/ x; 2P+/Q‘”"‘ *
b e o nen — Fx) + 22 )
——f(x,uy)u, — F(x,u —— Uy | ~ X.
0 2P1 e Yoap
By (F1), there exists M > 0 such that
1 ar; _
—f(x, )t — F(x,t) + —=[t|"- > —M. 3.23
ZPIf( )t —F(x,1) P |t > (3.23)
Then, we get
) A / 14| P~ dix
> P~ |1 _ 0 _ : .
1+c PiaP NP lun [ 1 PTE M|Qf; (3.24)

dx

N
lel /Q ) X;
from which We deduce a contradiction. Therefore, 1, is bounded in X; which completes
the proof.

Now, let us show that ¢ satisties the hypotheses of lemma 3.4.2 .
By (F2) it is easy to see that

F(x,t) <

A
—|HPF et forall (x,t) € QX R.

Consequently, we get

.
(u) c— A/“W -
qD u 2 P+ P+_1 u + 1_ .
P25 NP Zz\il/ u pi(x) "
(@) axi
o nC;
— Ol — €y Ny ) - My 19, for some ¢ €
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Since Pj_r < min (a~,m~,q~), we conclude that there exist r; > 0 and C’ > 0 such that
@(u) > C' >0, forallu € X satisfying ||u| =r; .

Hence, the proof is complete.
Now, to apply the Mountain Pass theorem, we need to prove that ¢(tu) — —coast —
~+o0, for some u € X. We have

ol < x| (a

oy |Pitx)

ox;

+Vi(x) | u Pf<x>> dx

pt

_+
+ctt (Zf\il Jast

pi(x)

Ju

1
pi(x)\ =7 q-
) T )

+
Due to the relation 4= > 1P_—+,7 , it follows that

¢(tu) — —oo as (t — +o0).

Proof of Theorem 3.3.4. It is similar to that of lemma 3.4.1 and theorem 3.3.1.
We use the same notations therein.

First step. We show that u,, is bounded in X.

Let w, = uy/||un||, where u, is an unbounded sequence such that w, — w in X. It
suffices to consider the cases w = 0, a.e. and w # 0, separately.

Let us suppose w = 0, a.e. By (f0), (3.9) and the Lebesgue dominated convergence theo-
rem, we get

lim F(x,w,)dx = 0. (3.25)

n——+oo JO)

Following [35], we choose a sequence (s,) C R such that

@(Snitn) := max @ (sun).

For any given positive integre [ > 1, set
v (x) = ||uy||wn(x), forallx € Qand n > 1.

By (3.25), we can easily conclude that

Jim [ F(x,00)dr = /Q F(x,0) dx = 0. (3.26)
Note that ||u,|| — oo by assumption, then we can choose a subsequence {u,}, still de-
noted by {u,} such that

4]

0 < tn = S 1.
(e
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By (3.8) and (3.26), we then have for n large enough

@(sutn) > @(tuttn) = @(vn)
pi(x)

+ Vi(x) | on pi(x)) dx
1 |dv,

. el R N pi(x)
_/Q (x,0,) dx + ;/ﬂpi(x) I

8B i) g 7(x)
/Qm(x) | vy | dx = /aa'vn‘ dx.

By (KO0), (K1) and (4.18), it follows that

1 N avn Pi(x) ‘
> —n \V/ L P )
e b (o3 v )
oo [0 1109 de = 2L [, [109 dx
m q

On the other hand, there exists a positive constant D such that
[ on ") dx < Dmax{lonI™, oul” } 627)

By using (3.16), we therefore get

1 1 P~ ﬂCé + -
> _ _ 175 q q
o) 2 gz (il ) = N) = T2 max(lonl”” ol )

D@ _
_ DllOllee e ol o™}

1 1 pP-
> - _ .
= 2pF (sz—l””m”m) N)'

which implies that

@(sply) —> 00, asn —» oo. (3.28)

Now, for s, € (0,1) we have
< ¢ (spuy), spty >— 0;

that is, for large n
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/f(xsu)sudx—a/iasnu”pxdx+2/ X)|spun [P dx - (3.29)
0 rontn)entn - Ql: axl n“n .
LBK % 1 |9s,u,|” /Z 9s, 1y |7 )dx
= pi(x) | ox; ox;

— /Qe(x)|snun\m(x) dx — 17/80 |51ty |1 dix.

Hence, for large n, the combination of (3.28) and (3.29) implies that

1
/()(2]3—+f(xl Snun)snun - F(x/ Snun)) dx Z gO(Snun) o b’C(SnMn)
_l’_

2ol 2 , (

1 1 1 1
0(x) | o = ooz | | swun [ d ) s |7 4
+/Q (x) (m(x) 2ij>5” | X an(q(x) 2ij)|5“ | X
> @(sntn) — bI(snttn), (3.30)
ou

pi(x) N pi(x)
8x1 ;
pi(x)
iR ( : ) |
i=1

Therefore, for n large enough, by (£3), (3.28) and (3.26) it follows that

ovy, |P
axl

(x)
£ Vi) [ on P09 ] dx

where K is the function definded by

flw) = 2P+ (Z/Q

ou
9x;

ou
8xl

ap

1 1
/Q [Ef(x,Un)un P(x,un)] dx = /0213—+]:(x’u”)dx

_|_

1
> F(x,s dx
= /Q 2py 7 (Fsnitn)

1 1
=2 /s [ﬁf() ~ F(x,501t,) | dx

P+NP e L 1”7 __’C(u") N rP+'
D 9 o B C/ _
0O e a3 = S a9, a7}

rm- rq-
(3.31)
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On the other hand, by choosing 7 sufficiently large and using (3.8), there exists a constant
Ct > 0 such that

1

/Q [%f(x, Uy ) Uy — F(X,I/ln)] dx = q)(l/ln) - E < q)/(u”)’ Un >

1 1
—b/C(un)—i—/Q (W — E) 0(x) | up ™% dx

1 1
- q9(x) g
MK 20 (q(x) 2ij> [t | *

1 1 _
< 4+ Do (m— - 2P—+> max ([l " 1"}
1 1 gt g
—bK(un) + G | — — o | max{[Jun[|?, [Jun][” }. (332)
g~ 2P]
Now, combining (3.31) and (3.32) yields
1 p- / / m* m-
W\\”m”mx) < Cg + Crmax{|[un]|™, [|un]|™ }

- b
+Cgmax{ a7, [[un]| 7} + ~(r =K (un),

r rm— (P:)Z
which is the desired contradiction due to the fact that max{m™,q"} < P~ and the arbi-
trariness of . Consequently, {u, } is bounded in X.

It N 1 _ D|fleo [ 14r P\,
where C, = C5 + T and C; = — ;

Second step. The sequence {u,} satisfying (2.1) has a convergent subsequence in X, by
the reflexivity of X. From step 1, there exists a positive constant B such that ||u,| < B.
We can therefore assume that there exists u € X such that

up —u inX,u, — u inL"(Q)andin L"(dQ), u,(x) — u(x), forae.x e Q,

where 1 < r < P_ . Hence, by (f0) there exists C > 0 such that, as n — +oc0 we have

L £ G (= ) e < € £ )] s 1=t

a(x)—1
< C‘M — Mn‘a(x) — 0,

and
1
|

[ 0" el dx < €0l ™ g = sty — 0.
1

m(x)—

() — -1
/ 5O — | dx < G T i Un gt 90y — 0-
90 Li0-1 (300)
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S V) Pt |t < Vel 7 i i ) O,
Pi(x)—l
foralli e {1,..,N}.
Moreover,
N -2
1 ou Ay [P 2 3u, D (u — uy)
bK / n / n n n
" (2 pi(x) Jo ax,- )] Z 9% TR
- Z/ ) |1 | P ) 200 (w0 — 1) dx — /Q 0(x) |1 |™ ) 2, (1 — uy) dax (3.33)
/fxun u— uy, dx—;y/ \un|”’ un(u—un)dx
=< ¢'(un), (u —uy) >— 0.
From (kO) and (3.8), it must be
-2
ou, (ou Juy,
Bxl o, <8_x1 — axi) dx — 0. (3.34)
Furthermore, since u, — u in X, we have
ou P23y fou  ou,
/ Z 5 5 (E)_xI _ 8xl-> dx — 0. (3.35)
From (3.34) and (3.35), we deduce that
ou (P2 51 | ou, [P 2 qu, ou  Juy,
/ 2 ( o = o e (a_xi - axi> dx — 0. (3.36)

Next, we apply the following well-known inequality:

(\ G |2 &i— i |2 1/’:') (Gi—w) =27 — il Gy € RY, (3.37)
valid for all r; > 2. From the relations (3.36) and (3.37), we infer that

U, — u inX

Now, since ¢ € C!(X,R), we have
¢ (u) =0, and @(u) = c > 0.

Therefore, u is a nontrivial critical point of ¢. This completes the proof. O

54



3 SOLUTIONS FOR A QUASILINEAR ELLIPTIC P (X)-KIRCHHOFF TYPE PROBLEM
WITH WEIGHT AND NONLINEAR ROBIN BOUNDARY CONDITIONS

3.5 Concluding examples

In this section we present examples of the application of Theorems,

- _pt
Example 3.5.1. Set K(t) = t* and f(x,t) = u|t|* 1t with 0 < & < min{1, —2;_ ;;r and

u > 0. Then, all the hypotheses of theorems (3.3.1) and (3.3.2) are satisfied by K and f.
It is easy to see that condition (KO) is satisfied, To check that condition (K1) holds, let
. t N tDH—l
K(t‘):/O S ds:thl.
In order to have K(t) > (1 —#n)K(t)t, forallt > 0 with a postive constant 77 such that

Pl +1 2P~ — P+
<n < —=,
+
2P7+1 n P

it suffices to suppose that .= > 1 — 7 ; thatis
+ - _ pt
N g
2(Pf —P7) 2(PF—P)
Note that f(x,t) = u|t|* 2t for u > 0, satisfies the conditions (f0), (f1) and (f2).

Example 3.5.2. For small € > 0, set F(x,t) = |u|2p te 4 e]u\z +5in (|u| ). Then, f satisfies
all conditions of theorem (3.3.3).

Let f : O x R — R be defined by

al . L. op+PPi-l
x,t) = —— AP Il P +
A _
+ZTieP_tP Loos(tP-).
+

We have F(x,t) :/0 f(x,u)du.

It is easy to see that condition (F1) is satisfied. Indeed, it follows from the following
equality

ary ( 3P ePtPcos(tP)>

1 ar]
——fo(x, )t — F(x,t) + —= [P~ +

2P 4p+

ar]
_|_

4P+ (Z\t\P esin(tP:))

1 ars _
that lim | ——f(x, )t — F(x,t) + —L|t|”~ | = +o0, uniformly in x € Q.
Hm( 001 = F(xt) + 5L ) y

- +
To check that condition (F2) holds, we choose € such that agf < M which implies
+

Npiq’
F, t aA; €
that lim e(x,i) = }k X
|t|—0 ‘t|P7 Py
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Example 3.5.3. The function f(x,u) = k(uﬁpi +u) with p = P% +4and |k| < aA], satisfies
+
the hypotheses of theorem (3.3.4).

Let us show that f satisfies the condition (f0). From the definition of f, it is clear that
there exists ¢ > 0 such that

1f(x,u)| <c(1+|ul*1) forall (x,t) € QO xR,

witha = BP{ 4+ 1if [u| > 1and « = BP if |u| < 1. We have for all cases P} < a < P*.
To check that condition (f3) holds, we write

F(x,u) = f(x,u)u— %F(x,u)

1 4 1
— 1 — ﬁP++1 1— — 2 )
K 2Pi<ﬁpi+1>> ”‘ *( 4Pi> ]

1
2P (BPT+1)
s € [0,1] and u € R, the following inequality holds for a.e x in ()

Since we have 1 — >0and 1 — 413% > 0, we can easily conclude that for any
+

1F(x,u) > F(x,su).

The hypotheses (f'1) and (f'2) are also satisfied since we have

lim flru) _ lim —k(uﬁpi+u)
lu[—+eo y2PE =1 julseo  32PE-1

= oo, uniformly uniformly for a.e x € (); and

flx,u) k

lim sup =,
ul—0 M a

respectively.
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4 EXISTENCE OF THREE DISTINCT WEAK SOLUTIONS FOR PERTURBED
KIRCHHOFF-TYPE NON-HOMOGENEOUS NEUMANN PROBLEMS WITH

he paper deals with the existence multiple solutions for perturbed
I Kirchhoff-type non-homogeneous problems with anistropic Orlicz-
Sobolev spaces and nonstandard growth conditions such as

—K<Z/

)+ @, (|u|)dx> i% (zxi( ou

i axi

) o +ay ()
= 0(x)|u|"™u + Af(x,u) in Q,

% (’ax !) ax v; = ug(x,u) onoQ.

1_

where () is a smooth bounded domain. Under suitable conditions on the
data, We establish the existence of three distinct weak solutions for per-
turbed Kirchhoff-type non-homogeneous Neumann problems by means

of a variational approach and the use of the anistropic Orlicz-Sobolev spaces .

4.1 Introduction

Our paper is mainly devoted to the the existence of three distinct weak solutions
for perturbed Kirchhoff-type non-homogeneous Neumann problems with nonstandard

growth conditions such as
ou ou
) o+l
l

_K (E/ o1 axz )+ ¢i(Jul dX>Za ( <8x1

— —O(x)|um u+)\f(x u)inQ, (4.1)

i | ‘ ou v; = ug(x,u) onoQ
0X; Bx ’ '

1i

where (3 C R" is a bounded domain with n > 2, with smooth boundary dQ) and v;
are the components of the outer normal unit vector, m € C(Q) and fori € {1,...,N},
®; : (0,00) — R be such that the mapping ¢; : R — R defined by

oi(t) = {(xi(t)t fort # 0, “2)

0 ift =0.

is an odd, strictly increasing homeomorphism from IR onto IR. For the function ¢; above,
let us define

t
¢i(t) = /0 @i(s)ds forall t € R.

The functions f and g are supposed to satisfy some conditions to be specified below,
while A and yu real parameters, with y > 0. The problem (4.1) is related to the stationary
problem of a model introduced by Kirchhoff [4]. More precisely, Kirchhoff introduced a
model given by the following equation

ou po
o~ (

) 5 =0. (4.3)
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which extends the classical D’ Alembert’s wave equation by considering the effects of the
changes in the length of the strings during the vibrations.

Concretely, in the present paper, employing two kinds of three critical points theorems
obtained in [12, 13] and on of at least three weak solutions as well. Actually, by using
Bonanno and Candito, we prove that (4.1) has at least three weak solutions;

This chapter is motivated by recent works on nonlinear Kirchhoff elliptic equations
(see for example ,[11], [14], [30] and the references therein). When ¢(t) = |t|P~!t, Vt € R
and ©® = 0, these questions have been treated by the authors in a recent work [31].
In the case K(t) = 1, V¢t > 0 and © = 0, in the Orlicz-Sobolev space W!L;(Q)), while
Mihdilescu and Repovs in [44] by combining Orlicz-Sobolev spaces theory with adequate
variational methods and a variant of Mountain Pass Lemma established the existence of
at least two non-negative and non-trivial weak solutions for the problem

—div(a(|Vu(x)|)Vu(x)) = Af(x,u(x)), inQ,
u=0, onodQ),

where « is the same with «; fori € {1,.., N} in problem (4.1), f : O xR — Risa
Carathéodory function and A is a positive parameter. The main goal here is to extend
the results in [31] to the case of p(x) -Kirchhoff type quasilinear elliptic prooblems of the
form (4.1).

Let us point out that, in the last decade, many authors studied the following kirchhoff-
type non-homogeneous neumann problems through orlicz-sobolev spaces

(4.4)

K ([ 17D+ plJul)ex ) (~dio(a( 7)) Vi) + (),

= Af(x,u)+ug(x,u), inQ),
u=0, onoaQ),

(4.5)

Interesting results concerning the existence of three distinct weak solutions are obtained
for example in [12],[13] and [32] by means of variational methods.

More generally, problems related to problem 4.1 have been studied recently by many
authors. The paper [31] by Shapour Heidarkhani seems to be closer to our work and is
related to the following problem

M (/Qﬁ (|1x(x)u(x)\p(x) +1x(x)\u(x)\p(x)> dx> (—Apu+1x(x)\u|p(x)_2u)
= Af(x,u), inQ), (4.6)

VU2 = gy (u(x); on a0,
The main goal here to extend some of the results in [30] to the anistropic Orlicz-Sobolev
spaces and more general nonlocal terms. Besides, we are able to deal with more gen-
eral nonlinearities in the boundary condition than in [30] and with situations where the
function M in 4.6 is unbounded from above. Although this function does not satisfy con-
dition my < M(t) < my forall t > 0 in [31] and [32],the existence of at least three weak
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solutions is however guaranted by our results.

4.2 Preliminaries and main results

Our main tools are the following three critical point theorems. In the first one the coer-
civity of the functional ® — AY is required, in the second one a suitable sign hypothesis
is assumed

Theorem 4.2.1 (See [12]). Let X be a reflexive real Banach space, | : X — R be a coercive
continuously Gateaux differentiable and sequentially weakly lower semi continuous functional
whose Gateaux derivative admits a continuous inverse on X*, I : X — R be a continuously
Gateaux differentiable functional whose Gateaux derivative is compact such that J(0) = 1(0) =
0. Assume that there exist r > 0 and 0 € X, with r < J(0) such that

SUP;1(_eo, 1(1)  I(7)
. < ) 4.7)

J(9) r . . .
oreach A € A\, = —, the functional | — Al is coercive. (4.8)
f ' ] I(U) Supjfl(—oo,r] f

Then, for each A € A the functional | — Al has at least three distinct critical points in X.
Our main tool to ensure the existence of three solutions for the problem (4.1) is the
following three critical point theorem due to Bonanno and Candito.

Let X be a nonempty set and J,I : X — IR be two functions. For all r, 71,15 > Infx],
rp > 11,13 > 0, we define

(e inf Puer (e 1) 7 1)
ueJ=1(]—oo,r]) r — ](u)

r,12) = inf su A A
Alri ) ueI*l(]—oo,r[)verl([z,rz[) J(0) = J(u)

SUP e 7-1(1—co sy L (1)
Y(r2,13) i= £l (i3 B

a(ry,r2,13) == max{@(r1), p(r2),v(r2,73)},

Theorem 4.2.2 (See [12]). Let X be a reflexive real Banach space, | : X — R be a convex,
coercive and continuously Gateaux differentiable functional whose Gateaux derivative admits a
continuous inverse on X*, I : X — R a continuously Gateaux differentiable functional whose
Gateaux derivative is compact, such that
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(ay) infx ] = J(0) = 1(0) = 0;
(ap) for every uy, uy such that 1(uy) > 0and I(up) > 0, one has

inf I(su;+ (1—s)up) > 0.
s€[0,1]

Assume that there are three positive constants r1,t, 13 with r1 < ry, such that
(El3) @(7’1) < 13(1’1,1’2);
(ag) @(r2) < B(r1,12);
(as) y(r2,13) < 5(71172)'
Then, for each A €] 5 (r1 r2) e’ [ the functional | — AT admits three distinct critical points
uy, up, ug such that uy € J=1(] — oo, r1[), uz € J=Y([r1,r2[) and uz € J=1(] — 00,172 + 13]).
Write X = WIL-(Q).

¢ i,
Corresponding to f, ¢ and K we introduce the functions F : Q) x R — R, G : Q) X

R — R, , respectively, as follows

= /Otf(x,s)ds, V(x,t) € Q xR,

t
G(x,t) := / g(x,s)ds, V(x,t) €00 xR.
0

Moreover, we set G¥ = L0 SUpP ||<g G(x,t) dx for every 6 > 0 and G, = infy, o,y G for

)+l d )

every i > 0. If g is sign-changing, then G? > 0 and Gy <0.

We define
<Z/¢( )+ (1 d ><z/¢(
/0 "K(s) ds. We have
e (Z/¢( )+l d )

ou 0
. 2/ ( (‘ax )%£+ (\u\)uzp) dx
. The energy functional associated with problem (4.1) is
(Z/‘Pz< )+¢z u]) d )(Z/cpz(

—/ (x)‘ |m(x dx—)\/ X, U dx—y G(x,u)dx.

m(x)

axl axl

where K(t)

9x;

0X; 0X;

)+@wu )
(4.9)
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It is easy to verify that ® € C!(X,R) and u is a weak solution of problem (4.1) if and
only if u is a critical point of ®.
In all this paper C, C;(i = 0,1, 2,...) represents different positive real constants.

(S) 2(Py)” < min {Po,oo, p?, e p?\]} .

(K0) K : RT — RT is a continuous nondecreasing function and there exist two con-
stants kg > 0 and k; > 0 with kg < kq such that

ko < K;(t) < kqt, for all t > 1.

(K1) There exists a postive constant { < 0 such that

K(t) > (1 - Q)K(t)t, forallt > 0.

(HO)
sup,cq F(x, 1)
12(Po)~

1\ (P)7F
k <9N(PO)+ )
0 2c

0)|© || max{m™ om"
mes()]|O]or max Ly [, sup F(x, 1) dx

|t <6

lim sup <0, V(xt)eQxR.

t—o0

Finally, denote Jg , by

59/g —

To introduce our first result, fixing two positive constants 6 and # such that

mes(Q) (Zf\il Pi (’7)) K (Zf\il Jo¢i () dx>
k™

o 1©ll 1) + o Fx, 1) dx

< 59,g.

and taking
mes(Q)) (Zizil i (77)) 1 (Zf\il Ja @i () dx)
)\ € Al - | |m+ , 9,8
Zm+ H®HL1(Q) + Jo F(x, 1) dx
Set

~ mes(Q)||©]o max{™, 0" }
e

(P1)+,1 (Po)*
ko <9N+> — A [ sup F(x,t)dx
|¢[<6
06,8 = GP ’
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1 (Po)
ko (N(Pg)c-i- > (QéPo)+ _ 9§P0)+) — A [q sup F(x,t)dx

|t|<63

005,03, =

G
mes(Q2)]|®]|co max{62" om }

m
GY% ’

mes(02) (£ 91 (1)) R (ZX4 oy s () dx) = 0111y — A fiy Flx, )y

g = G, ,
PAg = Min {0, TTyg } - (4.10)
VA,g = Min {‘791,8' 00,87 702,63,8 } : (4.11)
and
1
Prg =N ¢ P) o, (4.12)
e s max { 0 200 NP lim su SUPcan G(%/1)
' o e 2R
klmes( ( | (P X, B
- . 77) dx F(x,@l)dx)
V)¢ = min {V/\,g, =117 - _f(éel Ja
(4.13)

The main results of this article are as follows:

Theorem 4.2.3. Suppose that (P),(K0)-(K1),(HO)—-(H1) hold, assume that there exist two posi-
tive constants 0 and n with

c N g
0 < ——3——;min {1, [(mes Z ¢i (n ) (mes(Q) Y i (;7))] }
N (Po)™ i=1

such that

mes( )(Z 1471( )) ( f\ilfﬂ(:bi(ﬂ) dx)

Am+ H@HLl(Q) + Jo F(x,7) dx

Then, for each A € Ay and for every L'(9Q))-Carathéodory function ¢ : 90 x R — R
satisfying the condition

< dog (4.14)

SUp,can G(x, t)
12(Po)~

lim sup
|t| —o0

< H-00.

there exists p ¢ given by (4.12) such that, for each p € [0, p, o, the problem (4.1) possesses at

least three distinct weak solutions in WL $(Q).
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Theorem 4.2.4. Assume that there exist positive constants n €]0,1[, 01 < 1, 6, and 03 with
1
63 > 0, max{6;,60,} < —F—— min {1, (mes(Q) YN i () |) (P } and

N (Po)+ -

1
kymes(Q)2\ )T N 2
oo > (S Y )
0 i=1

(A1) f(x,t) > 0foreach (x,t) € Q x [—03,03];
(A2)

max{fQF(xlel)dx fQ F(X,Gz) dx fOF(x,93) dx }

T g R g

+mes(Q)||®||oomax{GT_,9?+,9§”_}
m‘@%PO)Jr
2k (ZC)(PO)+ JoF(x,n)dx — [ F(x,6;) dx

B 1 (Po)™ N ,
kymes(Q))? (N(Poﬁl) (XiZq [ i (1) [)?

Then, for every A € R such that:

max { Jo F(x,61)dx [, F(x,62)dx [ F(x,63)dx }

9(130)+ ! 9§P0)+ ! 9§P0)+ . 9§P0)+

1

+mes(Q)||®||oomax{9’1"_,9m+,9§”_}
m‘@%PO)Jr
2k (2c)(PO)+ JoF(x,n)dx — [ F(x,01)dx

1 (Po)* N ,
kimes(Q))? (NU’O)+ 1) (Xt [ ¢i () 1)?

<1<
A

for every nonnegative continuous function g : R — R there exists v o > 0 given by (4.13)
such that, for each y € (0,V) 4), the problem (4.1) possesses at least three distinct weak solutions

u; € WlL(ﬁ(Q)fori =1,2,3. such that

max |u;(x)| < 0;, Vie{l,3}.
xeQ)
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4.3 Proofs of main results

To prove Theorem 4.2.3, we shall use the theorem (4.2.1). We take X = WL
we introduce the functionals |, [ : X — R. For each u € X, as follows

(2/"’1( )+ (i) )(2/@( )+¢i<|u>dx>.

_ 1 ®(x) m(x) H
I(u) =3 Qm(x)w dx+/QF(x,u)dx+X aQG(x,u)dx.

4;(0) and

axl axl

Let us prove that the functionals I and ] satisfy the required conditions in Theorem 4.2.1.
It is well known that I is a differentiable functional whose differential at the point u € X
is

)\/ x)|u ™) uvdx—k/ﬂf(x,u)vdx—i—%/E)Qg(x,u)vdx.

for every v € X. Furthermore, I’ : X — X* is a compact operator. Moreover, | is
continuously differentiable whose differential at the point u € X is

(/' u (2/4)1( )+l d )

X Z/ < (‘ax )g—;aa—;Jrai(M)uv) dx.

for every v € X, we prove that J' admits a continuous inverse on X*. Assuming ||u|| > 1,
we have

9x;

1 0)- 2
) = ko Syl 1)

and since (PY)~ > 1, it follows that is coercive. Since |’ is the Fréchet derivative of J, it
follows that |’ is continuous and bounded. Using the elementary inequality

x —y|P < 2P(|x|P2x — |y[PPy) (x —y) if r > 2
forall (x,y) € RN x RN, N > 1, we obtain for all u,v € X such that u # v
(J'(u) = J'(v),u —v) >0,

which means that ]’ is strictly monotone. Thus ]’ is injective. Consequently, thanks to
Minty-Browder theorem [51], the operator |’ is an surjection and has an inverse '~ :
X — X*, and one has J'~! is continues. Furthermore, | is sequentially weakly lower
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14\ (Po)
+
semicontinuous. Put r = ko (%) and w(x) = n €]0,1] for all x € Q). We

have w € X. Hence

Since 0 < ch_(Po% [(mes(ﬂ) YN o (y )) (mes( )YN | ¢ (n))} (Pol)+, one has r <

J(w). Hence, recalling 6 < ———. Therefore, r < kg. So, we obtain
N®)+

]_1(—00,1’ g {u S X/

1 (PO _ 7
- o< —
= { sty < ko}
I
C {u €X; |ulleo <2 <L) TN (P0)+}
ko
Cl{ueX;, |u(x)|<89, forallx € O}
Therefore, it yields

1[0k M
sup  I(u) < — up | dx+/ sup F(x,t)dx + = sup G(x,t)dx
ue]1(—oor| A Q m( ) |t|<9 Q¢<o A Jaa |t|<6

m m-
< mes(Q)[|Ol max{o™ 0™ } sup F(x,t) dx + £G?
Am Q 1<6 A

On the other hand, we have

I(w) :% Qigiihﬂm(") dx+/QF(x,17)dx+%/BQG(x,n)dx.

that we have
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KIRCHHOFF-TYPE NON-HOMOGENEOUS NEUMANN PROBLEMS WITH
NONLINEAR ROBIN BOUNDARY CONDITIONS

mt gm~
sup (1) mes(Q)|\®||oj\rnr113x{9 A Jiysup F(x, ) dx + Koo
uej1(—oor] _ It|<6 A
r - 1\ (Po)F (4.15)
oN (Po)™
On the other hand, we have
I(w) Ame ’W‘m dx"‘f() (x, 1) dx + & [50 G(
j(w) mes(Q)) (Zi:1 P (’7)) K (Zizl Ja @i (1) x)
and
I(w)> m+ Qm dx+f0 (x,17) dx + & [50 G(x, ) dx
J(w) ~ J(w)
(4.16)

. W10 1) + Jo F(x ) dx + §Gy ,
mes(Q)) (Zf; $i (’7)) R (Zzl\il Ja @i (1) dx)

Moreover, by virtue of u < p, o, one clearly has

! (o) mes(Q)||O]|co max{0™ ", 0™ }
ko | N — — [ sup F(x,t)dx — 2 :

2c |t|§9 Am—
herewith,
mt am~—
mes(m"@""j\;ﬁx{e LIS Jq sup F(x, t)dx + %Gg
|t|<6 < 1
14\ (Po)* A
K (91\](1’0)Jr )
0 2c
Furthermore,

mes(€2) (22 s (7)) K (SN Joy i () ) = 01001130y — A fpy Fx, )
p< Gy

herewith,
mt
|;7t|m+ H®HL1(Q) + [ F(x,7)dx + LGy,

mes(Q)) (ZII-L Pi (77)) R (le\il Ja®i (1) dx)

<

>
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So, we obtain

mesl)Ols max{0" 0" } [ gup P, £) dx + 2 G

Am 1)< A
1\ (Pt
K oN (Po) ™
o\ =2 — (4.17)
mt
1 31Ol + o Flxn) dx + 56,

A mes(Q)) (Zf\; b (’7)) K (Zzl\il Ja¢i (7) dx) .

Hence, the combination of (4.15), (4.16) and (4.17) implies that the condition (4.2.1) of

proposition (4.2.1) is satisfied. Now, in order to apply the proposition (4.2.1), we have to

provethat lim (J(u) — AI(u)) = +o0. Sincem(x) < P_ o ,2(Py)~ < min{P_ s, min {p?(
|| || —+o0 x€0Q)

we then have

W'Ls(Q) = L"0(Q), W'Li(Q) = L) (Q), and

W'Ls(Q) = L) (30).

with continuous and compact embeddings.
Consequently, there exist C; > 0, C; > 0 and C3 > O such thatforallu € X

|| < Collull, [ u | pneo () < Cal[ul and [u] < Gllull.  418)

L2~ () L2(P)~ (300)

It follows since p < p, ¢ that there exist I > 0 such that

SUp,can G(x, 1)

12(P0) < 1Cs.

lim sup
[t|— o0

ko
(pO)—,lN(pO)-ﬁ-,

with 5 - — ulC3 > 0. Therefore, there exists a function & € L'(9Q)) such that

G(x,t) < 12RO L h(x); V(x,t) € 9Q x R. (4.19)

Now, let € > 0 be small enough so that

ko
0 < AeCy < Z(PO)*—lN(POV—l — “I/lng,
From (HO0), there is a function ke € £1(Q) such that
F(x,t) < et?P)” 4 ho(x); V(xt) € QxR (4.20)
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J(u) = Al (2/ i < o, )—HPl ul) dx) 2/ i ( S ) + ¢ (Ju) dx)
_/ng§|u\mx dx_/\/QF(x/”)dX—Pl/aQG(X,u)dx

(2/4’1(%)*"’1(' e )2&/ |
_Ae/ | 2(P0) A/h dx—yl/ 2P0 dx

[ el dx
k 0 C @ 00 + _
> 1Z°wo+ a2 S e gy
0\ —
— AeCall 2P — Mlhellysay — Gl PP~ g1y
ko 0y—
= (2(P0)—_1N(P0)+_1 —AeCy — VZC3) ””HZ(P )
C1/|O|| n _
~ GO e,y

4.21)
Since m~ > 2(P%)~. Then, we have

lim  I(u) — AJ(u) = +oo0.

||ut]| — o0

which means the functional | — Al is coercive. The proof of the theorem (4.2.1) is now
completed.

Proof of Theorem 4.2.4. Our aim is to apply Theorem to our problem. Let X be the anistropic
Orlicz-Sobolev spaces WL gE(Q) We consider the auxiliary problem
Ju

K(Z/‘Pl 5%, )+ ¢i(|u| dx)Za ( <a—m)§;i+“z(\”|) )

— O(x)|u|m™ u+/\f(x u)in Q, (4.22)

% ‘ | E)u = ug(x,u) onoQ
ox; 8xl '

l:

where f O xR — Risan L! -Carathéodory function, defined as follows
A f(x,0) if ¢<—63
f(x,8) =19 f(x,¢), if —06;<5<0;
f (x, 93) , if C > 93

If any solution of the problem (4.1) satisfies the condition —63 < u(x) < 65 for every x €
(), then, any weak solution of the problem (4.22) clearly turns to be also a weak solution

69



4 EXISTENCE OF THREE DISTINCT WEAK SOLUTIONS FOR PERTURBED
KIRCHHOFF-TYPE NON-HOMOGENEOUS NEUMANN PROBLEMS WITH
NONLINEAR ROBIN BOUNDARY CONDITIONS

of (4.1) Therefore, for our goal, it is enough to show that our conclusion holds for (4.1). in
order to apply the theorem 4.2.2, we have | is sequentially weakly lower semicontinuous.

(Pl)*il (Po)* 7(p1>+ -1 (Po)™ L1 (Po)*
o.N (7o 6N (o (%)
Put r; := ko <1T> , 12 = ko <2T> , 13 1= ko <N gc ) X

(Gép(’)+ — 9§P0)+) and w(x) = n €]0,1] for all x € (). We have w € X. Hence, we have
definitively,

N mes(Q)? X
komes(Q)(Y |1 (1) 1) < J(w) < SGER (T )

#_1 1
From the conditions, 6; < (Pf) — min{N(PoC>+ 1, (mes(Q) le\il | ¢; (17) ’) (Po)* }’
N o)+
2N\ T 2
63 > 0, and (%) P (YN ¢ () |) T < 65, wegetrs > 0andry < J(w) < 7o

From the definition of rq, it follows that
J H—oo,r]) C{ueX; |u(x)| <0y forallx € Q}

By using the assumption (A1), one has

sup /QF(x,u(x))de/qup F(x,t)de/QF(x,Ql)dx

u€J~1(—oo,r] £ <61

In a similar way, we have

sup /()F(x,u(x))dxg/QF(x,Gz)dx

MG]_l (—00,1’2}

and

sup /QF(x,u(x))dxg/QF(x,Gg))dx

MG]_l(fOO,1’2+1’3]
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Therefore, since 0 € J~!(—oo,71) et I(0) = J(0) = 0 it yields

¢(r1)

@(r2)

<

<

IN

IN

IN

IN

o (supuej ooy 1(1)) — I(u)
ue]~1(]—co,r[) — J(u)
SUPyej-1()—oo, | (1)

"
1 1 Okx), ., i
)L/Qm(x)‘ul dx+/ X, U dx+/\

20}

G(x,u) dx.}

ueJ1(J—eom)

r1

+ [ sup F(x,t)dx + el
|t[<61 A

14y (P
o,N (Po)™*
ko 2c

0) |0t
me( IO 4 o F(x61) dx + K™
e o '

(Supuelfl(]—oo,rz[ I(u)) - I(u)

mes(Q)) O]l
Am~

inf
uef~1(]—oo,r2) r1—J(u)
SUP e 1] —oo,ro[ 1 (#)
)
: 1 ()| im H
i X/Qm(x)‘ | dx+/ xuyde+ £ | G(x,u)dx.}

r2

mt gm™
sl l@llemax{0” 4}, [ p(y g,y dy + K

A
. (Po)*
kO (921\](2(;) )

SUPyej1(]—coryral) L)

r3

0)[|0]|eo o gm
(Ol maxi® ) L E(,0) dv + LGt

Lo (Po)* . N
kO <N(Pg)c ) (QCE)PO) _Gépo) )

71

Y(rp, 13) 1=

<
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On the other hand, we have

I(w) :% Q%m\m(’c)dx—l—/ﬂlf(x,iy)dx—k%/aQG(x,iy)dx

> ‘17\m+||®H 1 +/ F(x 17)dx+EG
= Am+ L1(Q) 0 ’ A UM

For each u € J~1(] — o0, 71[) one has

I’IWL_em+
- U )10 ) + fo F(x ) dx — [ F(x,60:) dx + £(Gy — GP)

B(ry,12) > =T
JaF(x,n)dx — [ F(x,61)dx + %(G,7 — G%)

kumes( Q2 (7N | gy () |)2

>

Due to (A2) we get
a(ry,12,13) < B(r1,12).

Now, we show that the functional I satisfies the assumption (a2) of Theorem 2.2. Let u;
and u; be two local minima for I. Then u; and u; are critical points for I, and so, in the
same way as for theorem 3.2 in [32] they are nonnegative weak solutions for the problem

(4.1). Thus, it follows that suq + (1 — s)up > 0 for all s € [0,1], and that

(Af 4+ ug) (x,su1+ (1 —s)up) >0

and consequently, I (su1 + (1 —s)up) > 0, for every s € [0,1]. Hence, Theorem 2.1 im-

plies that for every A € IR such that:

max { JoF(x,01)dx [ F(x,0,)dx [ F(x,65)dx }

9§Po)+ ! g(Po)* ! gl _ g(P)*

2 3 2

+mes(Q)||@Hoomax{9’1"_,9§1+,9§”_}

(Po)™
1

2kg (ZC)(PO)+ JaF(x,n)dx — [ F(x,61)dx
AT TN i) 1)
kymes(Q)2 (N“’O)+ ) =1

m—0

the functional | — A has at least three distinct critical points which are the weak solu-

tions of problem (4.1). This completes the proof.
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Abstract:

he aim of this thesis is the study of the existence of solutions of: the anisotropic quasilinear elliptic
equation with variable exponent and nonlinear Robin boundary conditions, quasilinear elliptic 7 (x)-
Kirchhoff type problem with weight and nonlinear Robin boundary conditions , , perturbed
Kirchhoff-type non-homogeneous problems. By using Mountain Pass,
Fountain theorems, and three critical point theorem due to Bonanno and Candito. , we establish the existence
non trivial weak solution and infinite many pairs of weak solutions to these problems and the existence of three
distinct weak solutions for perturbed Kirchhoff-type non-homogeneous Neumann problems . And it contains four
chapters. The first chapter is devoted to recall some background facts concerning the generalized Lebesgue—
Sobolev spaces, anisotropic—Sobolev spaces and introduce some notations used below . In the second chapter is
mainly devoted to the existence and multiplicity of solutions of quasilinear elliptic equations under nonlinear
Robin boundary condition,it turns out that the condition g~ > P} plays an important role in the proofs of our
main results. In third chapters, we deal with the existence and multiplicity of weak solutions to a class of
quasilinear elliptic 7 (x)Kirchhoff type problems with weight and a nonlinear Robin boundary condition. In fact,
we are able in the third chapter to deal with more general nonlinearities in the boundary condition and with
situations where the function M is unbounded. Perturbed Kirchhoff-type non-homogeneous Neumann
problems by means of a variational approach and the use of the anistropic Orlicz-Sobolev spaces is studied in
the last chapter, this is the first contribution in this direction. The readers may consult the excellent survey
article of M.Mihailescu.

Keywords: Anisotropic elliptic equations, nonlocal Kirchhoff equation, variable exponents
Lebesgue spaces,non-standard growth condition, variational method, existence and multiplicity, three
distinct weak solutions, anistropic Orlicz-Sobolev spaces.

Résumé :

elliptique quasilinéaire anisotrope avec exposant variable et conditions aux limites non-linéaires de

Robin, elliptique quasilinéaire Probleme de type p(x)--Kirchhoff avec poids et conditions aux
limites non linéaires de Robin, probléme perturbé de type Kirchhoff non-homogene. En utilisant les théorémes
de Mountain Pass et de Fountain, et le théoréme des trois points critiques de Bonanno et Candito, nous
établissons I'existence d'une solution faible non triviale et d'une infinité de paires de solutions faibles a ces
problémes, et I'existence de trois solutions faibles distinctes pour les problemes de Neumann non homogeénes de
type Kirchhoff perturbés. Il contient quatre chapitres. Le premier chapitre sera consacré a rappeler quelques faits
de fond concernant les espaces généralisés de Lebesgue-Sobolev, les espaces anisotropes-Sobolev et & introduire
quelques notions utilisées ci-dessous. Le deuxieme chapitre sera principalement consacreé a I'existence et a la
multiplicité des solutions d'équations elliptiques quasi-linéaires sous condition aux limites non-linéaire de Robin,
il s'avére que la condition g~ > P2 joue un réle primordial dans les preuves de nos principaux résultats. Dans le
troisieme chapitre, nous allons traiter I'existence et la multiplicité de solutions faibles a une classe de probléemes
de type quasi-elliptique 7 (x)-Kirchhoff avec le poids et une condition aux limites non-linéaire de Robin. En fin,
nous serons capables de traiter des non-linéarités plus générales dans la condition aux limites et des situations ou
la fonction M est non bornée Le probléme de Neumann non homogeéne de type Kirchhoff perturbés au moyen
d'une approche variationnelle et I'utilisation des espaces anistropiques d'Orlicz-Sobolev sont étudiés dans le
dernier chapitre, c'est la premiére contribution dans cette direction. Les lecteurs peuvent consulter I'excellent
article de M.Mihailescu.

I ‘objectif de cette thése est I'étude de I'existence de solutions de I'équation

Mots-clés : Equations elliptiques anisotropes, équation de Kirchhoff non locale, exposants
variables espaces de Lebesgue,, conditions de croissance non standard, méthode variationnelle,
existence et multiplicité, trois solutions faibles distinctes, espaces anistropiques Orlicz-Sobolev.
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