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Abstract

Motivated by recent Event Horizon Telescope collaborations findings, we investigate the
thermodynamics and the optics of black holes in different gravity models ineluding higher
cnergy physics theories. Precisely, we mainly study two relevant optical concepts being the
shadow and the deflection angle of various regular and non regular black holes. Using the
Hamilton-Jacobi algorithm, we find certain shadow geometries of certain black holes being
corroborated by observational data, Furthermore, we discuss Lthe deflection angle of light rays
near Lo black holes in several gravity theories with AdS space-time geometries. Concretely,
wi compute and analyze such an optical gquantity for certain models inspired by M-theory
using brane physics. Finally, we establish a bridging scenario between the thermodynamies
and the optlics of AdS hlack holes by the means of thermal variations of the deflection an-
gle. Interestingly, wo show Lhal the black hole thermodvnamics ean be approached from the
deflection angle formalism. Such thermal behaviors have been also implemented in shadows
of black holes in cavity systems. Precisely, we find similarities with thermodynamical prop-

erties.

Keywords: DBlack holes, Regular black holes, AdS space-time, phase transition, peother-

modynamic, shadows, deflection angle, M-theory, SBR gravity.




Résumeé

Motiviés par les récentes découvertes de la collaboration Event Horizon Telescope, nous étu-
dions la thermodynamique et oplique des trous neirs dans différents modéles de gravité,
y compris les théories de physique des haotes énergies. Plus précisément, nous étudions
principalement deux concepts optigues pertinents, a savoir 'ombre ot Uangle de déviation de
divers trous noirs régulicrs el non réguliers. En utilisant Palgorithme Hamilton-Jacobi, nous
trouvons certaines géométrics d'ombre de certains trous noirs qui sont corrobordées par les
données d’observation. En outre. nous discutons Pangle de déviation des ravons lumineux
prés des trous noirs dans plusicurs théories de la gravité dans 'espace-temps de type AdS.
En particulier, nous calculons ¢l analysons une telle quantité optique pour certains mod-
cles inspirés de la théoriec M utilisant la physique des branes. Enhin, nous établissons un
lien entre la thoermodynamique et loptique des trous noirs AdS en utilisanl ane variation
thermique de angle de déviation. En particulier, nous montrons que la thermodynamique
des trous noirs peul élre abordée en utilisant le formalisme de Vangle de déviation. Ces
comportements thermiques ont également é6¢ mis en ceuvre dans les ombres des trous noirs
dans les systémes de cavités, Précisément, nous trouvons des similarités avee les propriélés
thermodynamigues.

Keywords: Trous noirs, espace-temps AdS, ombre, transition de phase, angle de deévia-

tion de la lumicre, M théoric.




Résumé détaillé

Les trous noirs dans les théories physiques non triviales sont considérés comme des sujets
difficiles et intéressants qui ont regn un intérét remarquable.  Ces objets sont d'énormes
masses avee un champ gravitationnel si intense gue méme la lumitre ne peut éehapper a leur
pousscée une fois qu'ils traversenl Vhorizon des Gvénements. L'¢tude de ces objets a permis
de micux comprendre les lois fondamentales de la physique, v compris la relativité générale
el la mécanigue quantique. [ls offrent également des informations sur la mature de Munivers
¢t les phénoménes mystéricux qui se déroulent a 'intérieur [1-6]. En fait, le sujet des trous
noirs est d'une grande importance, non sculement dans Pastrophysique, mais aussi dans les
théories de la physique a haute énergie, v compris la théorie des cordes et des sujets connexes
explorés pour unifier la relativité générale avee les physiques quantiques [T-18]. En général,
I'enguéte sur les trous noirs est développiée 4 partir de 'examen de deux thémes elés @ la
thermodynamique el Uoplique.

La liaison inattenduce entre les trous noirs et la thermodynamique a ouvert un nouveau
domaine de recherche intrigant en physique du trou noir. En dépit d'étre auparavant eonsid-
crées comme des solutions exelusivement d’éguations d'Einsiein, les trous noirs ont montré
avoir des caractéristiques thermodynamiques interessantes qui diétfient notre compréhension
de la nature fondamentale de 'univers. Ce changement de paradigme est rendu possible par
le théoreme de la zone de Hawking, Hawking a pu non seulement confirmer la conjecture de
Bekenstein en établissant une relation thermodynamique entre 'énergie, la temperature ot
l'entropic, mais aussi démontrer que la superhicie d'un trou noir ne peat que diminuer avee le
temps. Cela apporte un aspect thermodynamique a ces objets astronomiques énigmatiques.

Dans cette perspective raffinée, la constanlbe cosmologique dans le contexte des géomdétries
anti-de Sitter (AdS) prend une nonvelle interprétation.  Elle devient une pression thermo-
dynamique ef sa variable conjuguée est interprétée comme le volume thermodynamique.
Cette coneceptualisation novatrice a approfondi notre compréhension de Uinteraction com-
plexe entre la gravité et la physique gquantique. La thermedynamigue des trous noirs est
devenue un domaine riche, offrant des apercus profonds sur la nature de U'espace-temps, le
comportement de la malicre dans ses conditions les plus extrémes en éludiant la structure
de phase et la stabilité des trouns noirs intégrés dans différentes théories [23-25]. Hawking

el Page (HP) ont fourni une preuve théorique de Pexistence de certaines transitions dans




Pespace des phases des trous noirs de Schwarzschild-AdS (SH-AdS). qui sont des solutions
non rotatives et non chargées [26]. Dans ce contexte, une transition de phase du premier
ordre dans le trou noir de Reissner-Nordstrom-AdS (RN-AdS) charge (non rotatifl) entre les
phases de trou noir massif (LBH) et les phases de trou noir petit (SBH) a ét¢ Studide. Cette
ctude a ét¢ étendue pour inclure d’autres notions thermodynamiques [27-34]. En particulier,
les comportements critigues des trous noirs dans les milicnx AdS ont é6¢ largement étudics
¢n relabion avee divers sujels, v compris la physigue sombre, Soutenus par la conjecture
AdS/CFT, de tels compertements ont 6t¢ étudiés dans des dimensions arbitraires en con-
sidérant certains modéles de physique des hautes énergies, v compris la théorie des cordes
¢l la M-théorie a I'aide d'objets solitoniques. En utilisant la physique des branes, plusicurs
modeles dans les supercordes de type 1B el la M-théorie onl é¢ étadiés, en tenant compte
du fait que la constante cosmologique est lice au nombre de branes. Le comportement de
stahilité thermodynamigue de ces trous noirs AdS dans les Lthéories de Ia supergravile avee
d dimensions a été dérive [35-10].

Une inspection approfondic montre que cette Stude thermodynamique a fourni de helles
universalités dans la physique des trous noirs AdS [11-45]. En particulier, le comportement
critique des trous noirs AdS chargés dans des dimensions arbitraires a 6t¢ lie 4 un nombre
universel dépendant uniquement de la dimension des trous noirs [16]. Ce nombre prend le
rapport critigue du [lnide de Van der Waals pour les trous noirs KN-AdS a quatre dimensions.
De plus. il a ét¢ prouvé qu'au peint de transition de phase HP, deux constantes universelles
peuvent étre obtenues [47].

Encouragés par les découvertes observationnelles, v compris la détection des ondes grav-
itationnelles, cela a fourni une forte preuve de Pexistence des trous noirs |48, 49]. De telles
observations intéressantes sont soutenucs par les images de trous noirs développées par le
groupe de collaboration de 'Event Horizon Teleseope (EHT). En avril 2019, cette collabo-
ration a réalisé une avancée majeure en publiant la premicre image directe d'un trou noir
situé an centre de la galaxic M87, confirmant la forme prédite par la théorie générale de la
relativité [50-52]. Par la suite, 'EHT a présenté unce autre image associée 4 un trou noir
supermassil Sgr A= [53-57]. En 2022, I'équipe de TEHT a fourni des images de N'ombre de
ee trou noir, offrant des informations précienses sur la taille, la masse el la rotation du trou
noir.

Maotivés par de telles données observationnelles, 'aspect optique de divers trous noirs a été

laroement dtudié a Uaide de differentes méthodes analytigues et numériques. Une inspeetion
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approfondie révele que deax notions optigues pertinentes ont ¢té explorées @ T'ombre of
I'angle de déviation des ravons lumineux prés des trous neirs.  Le coneepl d’ombre a été
éludic en utilisant le formalisme Hamilton-Jacobi dans différents modeles de gravité [58-66].
Ainsi, les équations du mouvement de particules sans masse prés de plusicurs trous neirs ont
éte tronvées eb largement examinées en utilisant des péométries réelles aleébriques.  Dans
gquatre dimensions, par exemple, les ombres onl 6t¢ éiudices en utilisant des courbes riclles
unidimensionnelles avee différentes configurations géométriques [67-70L. 11 a été démontré
que la taille et la forme de telles courbes dépendent de 'espace des paramitres du trou
noir. Conerétement, les ombres des trous noirs non rotatifs sonl des eercles parfaits dont
la taille peut ©ire controlée par ceriains paramdétres tels que la charge. Le paramétre de
rotation, cependant, déforme de telles geométries, produisant des conhigurations non triviales
connues sous le nom de formes en D ou de cardioides [71-77].  En effet, les formes en
cardiolde sont apparues pour les trous neirs rotatifs dans la superstring de type 1B et la
M-théorie. 1l a ¢t¢ démontré que les ombres des trous noirs a 5 dimensions intégrées dans
les gométries de superstring de type 1IB présentent une apparcnce en 1) pour de [aibles
valeurs du nombre de branes 13 et transitent vers des formes en cardioide pour des valeurs
clevees [T8-80]. Pour les ombres de trous noirs super-entropiques en dimensions arbitraires,
ectte transition géométrique a 6t¢ etudice et illustrée de maniere éégante. 11 a 64¢ prouve
gue les ombres subissent certaines transitions géométriques en fonction de la dimension de
Pespace-temps [81-83].

En paralléle. langle de déviation des rayvons lumineux prés des trous noirs a également été
ctudié. Cot angle pout fournir des informations intéressantes pouvant imposer des contraintes
physiques sur les modeles de gravité dans lesquels les trous noirs peavent &tre formes. De
nombreux travaux sur unc telle quantité optique ont éi¢ élaborés en utilisant différentes
methodes de ealeul [84-91]. Plus coneretement, Gibbons el Werner ont proposé une méthode
dircete pour ealculer un tel angle de déviation an moyen duo théoréme de GaussBonnet
[92-97]. Cette approche repose sur une métrique optique on Pangle est per¢u comme un
effet particllement topologique qui peut étre caleulé en utilisant la courbure gaussienne de
la métrigue optique el en utilisant les approximations de faible déviation. Alternativement,
cn supprimant les hypothtses [aibles, les trous noirs pourraient fortement courber les rayons
lumineux el Vangle dépasserait  [98-100]. Le lentillage gravitationnel est approximé par
des limites de déviation forte. Dans ce cas, d'autres méthodes ont ¢té utilisées, v compris

le formalisme des intégrales elliptigues combiné avee les éguations du mouvemnent. Plus




précisément, des fonctions elliptiques completes et incompletes ont également 6té utilisées
pour exprimer 'angle de déviation. Conerétement, une solution explicite a été lournie en
termes de formes fonctionnelles elliptiques de Welerstrass pour divers trous noirs [101]. Cet
angle a ét¢ largement utilisé pour dériver des images relativistes, leurs amplifications et les
courbes crifiques associées.

L'ahjectif central de ce travail de doclorat est d'investiguer certaines propriétés physiques
des trous noirs avee des géométries AdS. Nous nous concentrons d’abord sur Paspect de
I'ombre, [ournissant des prédictions pouvant étre analvsées a Paide du mécanisme de [alsifi-
cation. En exploitant le formalisme Hamilton-Jacobi, nous obtenons diverses configurations
géométriques des ombres de trons noirs.  Plus précisément, nous abordons les trous noirs
réguliers ef rrégulicrs. Moltivés par des théories physiques a haute énergie, nous étudions les
ombres de trous noirs dans la gravité Starobinsky-Bel-Robinson (SBR) en introduisant un
paramétre siringy. Nos résultats démontrent que ce paraméetre peul modifier les resultats
antérieurs of peut également affecter les valenrs de Mangle de déviation des rayons lumineux
pres de tels trous noirs. Le présent travail de doctorat révele des géomdéiries d'ombre di-
verses, s'alignant avee les donndées de la collaboration EHT grace a des contraintes imposées
sur les parametres des trous neirs impligués. De plus, nous étudions les comportements
lnmincux pris des trous noirs AdS. Plus précisément, nous calculons ot analysons 'angle de
diévialion des rayons lumineux pres de divers trous noirs dans différents modeles, vy compris
ceux liés a la physique des hautes énergics. Pour les trous noirs AdS, nous calculons cette
quantite optique pour les trous neirs réguliers et non réguliers, en considérant la présence ou
I"absence de sceteurs d'énergie sombre. Des discussions graphiques sont [ournics en [aisant
varier les paramétres pertinents des trous noirs. En particulier, nous élargissons nos éludes
pour couvrir des trous noirs de dimensions supéricurcs. Nous caleulons angle de dévia-
tion des rayons lumineux pris des trous noirs AdS a quatre et sepl dimensions; dérives des
compactifications de la M-théorie. Par conséguent, nous déveilons I'impact du nombre de
branes M couplé au paramitre de rotation sur ces angles, Dans la dermiére partic de notre
travail, nous établiss ons une connexion entre la thermodynamigque et 'optique par le caleul
de Pangle de déviation. Spécifiquement, nous montrons que les comportements thermody-
namiques des trous noirs AdS peuvent ¢tre obtenus 4 partir do formalisme de Pangle de
déviation. Nons dérivons la structure de phase el les comportements de stabilité des trous
noirs AdS chargis via la variation thermique de angle de déviation. De plus, nous explorons

la transition HP a travers des variations de comportements optiques. Enlin, nous étendons




ces comportements thermiques aux activités d’ombre en considérant des trous noirs dans
la cavité, Concrcternent, nous montrons certaines similitudes avee les comportements de
transition des trous noirs.

Cette these est divisée en deux parties. La premicre partie concerne les chapitres dévelop-
pis. tandis que la derniere expose nos contributions scientifiques. Dans le premicr chapitre,
nons fournissons un apérgu concis des trous noirs dans le cadre de la relativité générale.
Ensuite. nous explorons des solutions de trous noirs pertinentes pour cetbe thése.

Le chapitre deux est consacré & 'étude thermodynamigue des trous noirs AdS. Nous
présentons la structure de phase et la stabilité de tels trous noirs, élucidant les divers com-
portements thermodynamiques que les trous noirs AdS peuvent présenter, v compris les
transitions de phase ¢t les comportements eritigues.  De plus, nous introduisons cerbaines
guantités universelles intéressantes lices a ces aspects. Ensuite, nous présentons une étude
alternative des comportements thermodynamiques en examinant la courbure de: 'espace
géométrique des coordonnées thermodynamiques.

Le chapitre 3 se consacre a linvestigation oplique. Nous élaborons d'abord les formal-
ismes d'ombre des trous noirs rotatifs et non rotatifs. Ensuite, nous étudions les compeorte-
ments optiques des trons noirs résuliers Bardeen-AdS en examinant les ombres correspon-
dantes a 'aide de courbes réclles unidimensionnelles dépendant de la charpge de éleetrodynamique
non linéaire et de la présence des secteurs d'énergie sombre. De plus, nous effectuons un exa-
men ¢f une analyse de angle de déviation pour les trous noirs AdS réguliers et non réguliers,
accompagnés d'une diseussion comparative. Notamment, nous diseutons également des com-
portements optliques des trous noirs deérives de la compactification de la M-théorie.

Dans le chapitre 4, nous construisons d’abord un magnifique scénario de pont entre
I"aspect thermodynamique et aspect optigue par 'intermédiaire de la variation thermique
de Mangle de déviation. Nous présentons ésalement la transition de phase et 1a géothermody-
namique des trous noirs AdS on termes de variations de Uangle de déviation. Nous étendons
celte approche en éludiant également la variation thermigue de 'ombre des trous noirs dans
des systemes de cavite.

Dans la deuxiéme partice, nous présentons nos contributions scientifiques publices dans des
revues internationales. Plus précisemoent, nous fournissons 'essence de chagque travail suivi
de la version publiée. Nous terminons ce travail de doctorat par une conclusion générale et

des perspectives.
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Introduction

Introduction

Black holes in non trivial physical theories are considered as challenging and interesting
subjects Lthat have received a remarkable interest.  These: objects are immensely massive
with a gravitational ficld being so intense that not even light can eseape their pull onee they
cross the event horizon. The study of such objects has provided a better comprehension
of the fundamental laws of physics, including the general relativity and quantum mechan-
ics. They also offer insights into the nature of the universe and the mysterious phenomena
that take place within it [1-6]. Actually, the subject of black holes is of great importance,
not only in astrophysics, but also in high cnergy physics theories including string theory
and related topics explored to unily general relativity with quantum physics [7-18]. In gen-
cral. the investigation of black heles is developed from the consideration of two key topics:
thermodynamics and optics.

The unexpected link between the black holes and the thermodynamics has opened up an
intriguing new feld of research in black hole physics. Despite being previously thought to he
exclusively Einstein equation solutions, Cthe black holes have been shown Lo have interesting
thermodynamic [ecatures thal challenge our understanding of the fundamental nature of the
universe, This paradigm change is made possible by the pivotal Hawking area theorem.
Hawking was able to confirm the Bekenstein conjecture by establishing a thermodynamic
relationship between energy [19-22]. This brings a thermodynamic aspeet to these enigmatic
astronomical ohjects.

In this refined viewpoint, the cosmological constant in the context of the anti de Sitter
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(AdS) geometries takes a new interpretation. It ean be interpreted as a thermodynamie
pressure and ils conjugate variable interpreted as the thermodynamic volume. This novel
conceptualization has deepened our understanding of the intricate interplay between grav-
ity and quantum physics. Black hole thermodynamies has become a rich field, providing
profound insighls into the nature of spacetime, the behavior of matter at its most extreme
by studying the phase structure and stability of black holes embedded in diffierent theo-
ries [23-25]. Concretely, Hawking and Page (HP) have provided a theoretical evidenee for
the existence of certain transitions in the phase space of the Schwarzschild-AdS (SH-AdS)
black holes, being non-rotating and uncharged solutions [26]. In this respect, a frst-order
phase transition in the charged (non-rotating) Reissner Nordstrom-AdS (RN-AdS) black hole
between large black hole (LBH) phases and small black hole (SBH) phases has been investi-
gated. This study has been expanded to include additional thermodynamic notions [27-34].
Particularly, Lhe eriticality behaviors of the black holes in AdS backgrounds have been exten-
sively investigated in connections with various topics including the dark physies. Supported
by AdS/CFT conjecture, such behaviors have been studied in arbitrary dimensions by con-
sidering certain high energy physics models including string theory and M-theory by means
of selitonic objeets. Using brane physies, several models in type 1B superstrings and M-
theory have been studied, taking into account that the cosmological constant is related to
the mumber of branes. The thermodynamic stability behavior of such AdS black holes in
supergravity theories with d dimensions has been derived [35-40].

A close inspection shows that this thermodynamical study has provided beautiful uni-
versalities in AdS black hole physics [11-45]. Particularly, the eritical behavior of charged
AdS black holes in arbitrary dimensions has been linked to an universal number depending
only on the dimension of the black holes [46]. This number takes the critical ratio of the
Van der Walls Huid for four dimensional HN-AdS black holes. Moreover, it has been proved
that at the HP phase transition point, two universal constants can be obtained [17].

Encouraged by observalional findings, including the detection of the gravitational waves,
it has been provided a strong evidence of the black hole existence [48,49]. Such interesting
observations are supported by the images of black holes developed by Event Horizon Tele-
scopt (EHT) collaboration groups. In April 2019, this collaboration made a groundbreaking
achicvement by releasing the first-ever direcet image of a black hole located at the center of
the galaxy M87, confirming the shape predicled by the general theory of relativity [50-52].

Subsequently, the EHT presented another image associated with a supermassive black Sgr
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A= [53-57]. In 2022, the EHT team provided images of the shadow of this black hole, offering
valuable inlormation about the size, the mass, and the rotation of the black hole. This imapge
could provide data on the black holes shape.

Motivated by such ohservational data, the optical aspect of various black holes has been
largely studied using different analytical and numerical methods. A close inspection, in such
activitics, reveals that two relevant optical notions have been investigated: the shadow and
the deflection angle of the light rays near (o black holes. The shadow concept has been
investigated by using the Hamilton-Jacobi formalism in different gravity models [58-66]. In
this way, Lthe equations of motion of massless particles near to several black holes have been
[ound and largely examined using algebraie real geometries. In four dimensions, for instance,
the shadows have been studied using one-dimensional real curves with different geometrical
configurations [67-70]. It has been shown that the size and the shape of such curves depend
on the black hole parameter space. Coneretely, the shadows of the non-rotating black holes
are perfeet cireles where the size could be controlled by cerfain parameters such as the
charge. The rotating parameter, however, deforms such geomelrics producing non-trivial
configurations known as D or cardioid shapes [T1-77]. Effectively, the cardioid shapes have
been appeared for rotating black holes in type B superstring and M-theory. It has been
shown that the shadows of 5D black heoles embedded in type 1B superstring geometries
¢xhibit a D-appearance for small values of the D3- brane number and transition to cardioid
shapes for large values [T8-80]. For superentropic black hole shadows in arbitrary dimensions,
Lhis shadow geometry transition has been studied and illustrated in beautiful manner. 1t
has been proved that the shadows undergo certain geometrie transitions depending on the
space-time dimension [81-83].

In parallel studies, the dellection angle of light rays near to black holes has been also
investigated. This angle could provide interesting information which may impose physical
constraints on gravity models in which black holes ean be buill. Many works on such an
optical quantity have been claborated using different computation methods [84-91]. Con-
cretely, Gibbons and Werner have proposed a dircet method to caleulate such a deflection
angle by means of the Gauss-Bonnet theorem [92-97]. This approach relies on an optical
space metric where the angle is pereeived as a partially topological effect that can be eal-
culated by utilizing the Gaussian curvature of the opfical metric and employing the weak
deflection approximations. Alternatively, removing the weak assumptions, the black holes

could strongly bend light rays and the angle exceeds 7 [98-100]. The gravitational lensing
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is approximated by strong deflection limits. In this case, other methods have been used
including the elliptic integral formalism combined with equations of motion. Specifically,
complete and incomplele elliptic lunctions have also been utilized to express the deflection
angle. Concretely, an explicit solulion has been provided in terms of Weicrstrass elliptic
functional forms for various black holes [101]. This angle has been extensively employed in
deriving relativistic images, Lheir amplifications, and the associated eritical eurves,

The central aim of this doctoral work is to investigale cortain physical propricties of
black holes with different gravity backerounds including the AdS geometries and M-theory
inspired models. We focus first on the shadow aspect. providing predictions thal can be
analyzed using the [alsification mechanism. Exploiting the Hamilton-Jacobi formalism, we
obtain various geometrical configurations of the black hole shadows. More precisely, we
approach regular and irregular black holes. Motivated by high-cnergy physical theories,
we investigate the shadows of black holes in Starobinsky-Bel-Robinson (SBR) gravity by
introducing a stringy parameter, Our findings demonstrate that this parameter can modify
previous resulls and it can also affect the deflection angle values of the Light rays near to
such black holes. The present doctoral work reveals diverse shadow geometries, alizning with
EHT collaboration data through impoesed constraints on the involved black hole parameters.
Additionally, we study light behaviors near to AdS black holes. Specifically, we compute
and analyze the deflection angle of light rays near various black holes in different models,
including those related to high-energy physics. For AdS black holes, we calculate this optical
guanlity for both regular and non-regnlar black holes, considering the presence or Lhe absence
ol dark energy sectors. Graphical discussions are provided by varying relevant black hole
parameters. In particular, we enlarge our studies lo cover higher-dimensional black holes.
We calculate the deflection angle of light rays near to four and seven-dimensional AdS black
holes, derived rom M-theory compactifications. Consequently, we unveil Lthe impact of the
M-brane number coupled with the rotating parameter on these angles. In the final part
of our work, we establish a connection between thermodynamics and optlics through the
computation of the deflection angle. Specitically, we show that the thermodynamic behaviors
of AdS black holes ean be obtained from the deflection angle formalism. We derive the phase
structure and the stability behaviors of charged AdS black holes via the thermal variation of
the defleetion angle. Furthermore, we explore the HP transition through varialions in optical
behaviors. Finally, we extend these thermal behaviors to shadow activities by considering

black holes in Lthe cavity, Coneretely. we show cortain similaritics wilh black hole transition
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behaviors.

This thesis is divided into two parts. The first part concerns the developed chaplers,
while the last one exposes our scicntific contributions, In the first chapter. we provide a
concise overview of the black holes within the framework of general relativity. Then. we
explore pertinent black hole solutions that are relevant in this dissertation.

The chapier two is devoted to the thoermodynamic study of AdS black holes. Preeisely,
we present the phase structure and the stability of such black holes, clucidating the diverse
thermodynamic behaviors that AdS black holes can exhibit, including the phase transitions
and the eriticality behaviors. Additionally. we introduce some interesting aniversal quanti-
ties linked Lo these aspects. Subsequently, we present an alternative study of thermodynamic
behaviors by examining the curvature of the geometrical space of thermodynamic coordi-
nates.

The chapter 3 exposes Lo the optical investigation. We elaborate first the shadow for-
malisms of rotating and non rotating black holes. Then, we study the optical behaviors
of the regular Bardeen-AdS black holes by examining the corresponding shadows using one
dimensional real curves that depend on the charge of the nonlinear clectrodynamics and the
presence of the dark energy sectors. In addition, we perform an examination and analyse
of the deflection angle for hoth regular and non-regular AdS black holes, accompanied by a
comparalive discussion. Notably, we discuss optlical behaviors of black holes derived from
the M-theory compactification. In the chapter 4, we first construct a heautiful bridging sce-
nario between the thermodynamic aspect and Lthe optical one by the intermediation of the
thermal variation of the deflection angle. We present also the phase transition and peother-
modynamics of the AdS black holes in terms of the deflection angle variations. We extend
this approach by studying the shadow thermal variation of black heles in cavity systems.

In the sccond part., we present our scientific contributions published in international
journals. Specifically, we provide the published version. We finish this doctoral work with a

general conclusion and perspectives.
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CHAPTER 1

Black Hole Physics

In the infinite lapestry of the cosmos, [ew phenomena eapture Lhe imagination and the
curiosity of humanity as profoundly as black holes. These enigmaltie cosmic entitics stand as
Lestaments to the astenishing interplay between astrophysics and Einstein theory of general
relativity. In this chapter, we explore the hearl of darkness, where the gravitational pull is
so intense that not even light can escape, a realm where the very [abric of space and Lime
cantorts into a cosmic abyss. Firsily, we introdoee the hlack holes as astrophysical objecls.
Then, we present a concise review of general relativily formalism and black hole solutions

that are of mterest for this dissertation.

1.1 Black holes in astrophysics

1.1.1 Generalities on black holes

The structure of the Universe is controlled and shaped by a fundamental foree being the
gravitational foree. This gravitational pull of any celestial body alfeets all objeets loeated
in its gravitalional feld. To escape this gravitational pull, the objeel should overcome the
gravitational attraction and achieve a kinctic encrgy bigger then the gravitational potential

CIETEY |l- 7l. Indeed, an eseaped velocity is required. This veloeity can be caleulated using
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Lhe [ollowing formula

2GM
Viup = V7 (1.1)

where G is the gravitational constant, M is the celestial object mass and R is the distance
between the object and the center of the colestial body. A black hole is an extracrdinary
astronomical objeel with an incredibly strong gravitational field. [ts gravitational foree is so
intense that Lhe escape velocity surpasses the light speed. This means that beyond a certain
critical houndary, known as the cvent horizon, nothing, not cven light, can escape. The
event horizon marks the point of no return, where any objeet or information that crosses it
is forever trapped within the black hole, hidden from the external Universe [1-7|. Using the

newtonian physies, Lhis critical radius for an objeet of mass M is given by

2GM _
Ry=——. (1.2)

It is evident from Eq.{1.1) that a colossal mass mmst be compressed into an ineredibly small
volume to form a black hole. This process invelves a tremendous concentration of the mass
within a minuscule region. This cenbral region is referred to the singularity being a region
of infinite density. One of the most well-known processes that ean ereate a black hole is the
gravitational collapse of a massive star.

Throughout its life, a star is in equilibrium between two [orees. The first foree arises
from the fusion reactions in its core. generating outward pressure that fuels its brighiness
and counteracts gravitational collapse. The second foree is the relentless pull of gravity,
attempting to compress the star under the immense weight of its own mass [9]. As the
star reaches the end of its life and depletes its Tuel, the balance between the fusion and the
gravity is disturbed. With the loss of the energy sustaining its core, the gravily gains the
upper hand, eausing the core Lo rapidly contract. This gravitational eollapse releases an
immense amount of energy, leading Lo a huge explosion known as a supernova. During the
supernova, the onter layers of star are expelled into space, leaving behind a core. If the mass
of the core exceeds a ceritical value, the core continues to collapse and becomes inereasingly
compact., That it crosses the event horizon radius and a black hele is born |5, 9]. There
are other proposed mechanisms for the formation of black holes including the primordial
density fluctuations and high energy collisions (LHC) [10]. While the Large Hadron Caollider
(LHC) and other particle accelerators are primarily designed to study particle physies, there

have been speculations about the potential [ormation of microscopic black holes during high-
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energy collisions.

As mass is the main parameter characterizing black holes, these objects are classified
according Lo this parameter into four eategories. The hrst one corresponding to stellar-Mass
black holes. Their masses are ranged from a few to tens times that of the sun and they
are ohserved as part of binary svstems. They emit X-rays when they gather matter from
a companion star. The sccond category conserns intermediate-mass black holes, The mass
here can vary from hundreds Lo tens of thousands of solar mass. These black holes have
been hypothesized to exist in dense stellar environments like globular clusters, as well as at
the centers of dwarfl galaxies. The third one is Lhe supermassive black holes. They have
masses ranging from millions to billions times that of the sun. they are commonly found
al the conters of galaxies, The last one is a hypothetical class knowing as primordial black
holes. They could have a wide range of masses. There existence linked to the extreme
conditions of the carly mniverse. Furthermore, primordial black holes have been proposed
as potential contributors to the enigmatic dark matter [10]. Each type of the black holes
has different processes of formaltion. and some aspects of their formation are still not fully

understood |3, 9].

1.1.2 Black hole effects

Black holes have a profound impact on surrounding matter due Lo their intense gravitational

pull [4,5.9]. Here, we provide the manifestations of the main effects of hlack holes on matter:

+ Accretion Disks: The accretion disk forms when a black hole aceretes matter from
stars, pas or dust. This dise of pas and dust swirls rapidly around the black hole at
extremely high speeds. It is overheated by the friction and the collisions between the
particles of matter, giving it a very high temperature. As a resull of this overheating,
the aceretion disk emits the electromagnetic radiation at different wavelengths, includ-
ing X-rays. infrared and radio waves. This radiation is a distinetive feature ol aceretion

disks and allows astronomers to detect and locate the presence of a black hole.

+ Gravitational Lensing: The powerful gravity of the black holes can bhend and dis-
tort light from distant objects bhehind them, causing gravitational lensing, This phe-
nomenon creates several images or ares of Lthe object in the background, providing as-

tronomers with valuable information about both the black hole and the distant souree.
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Gravitational Wave Emission: Black holes that are in binary systems or undergo
mergers emit gravitational waves. These ripples in spacetime propagate through the
Universe and can be detected by gravitational wave observatories like LIGO and Virgo.
The study of gravitational waves from hlack hole mergers provides erucial insights into

Lheir properties and the extreme conditions of their environments.

Jets and Relativistic OutHows: When a black hole aceretes matter from stars, sas,
or dust, it can produce jets of particles and high-speed radiation emissions. These jets
and radiations generally emerge from Lhe poles of the black hole. They can extend over
considerable distances in the space-time. These relativistic speeds involve a remarkable
feature of the jets emitted by supermassive black holes at the center of galaxies. Certain
studies sugpest Lthat the jels eould be composed ol an electrically neutral mixture of
nuclei, electrons, and positrons. Other hypotheses consider thal the jefs are mainly

made up of the clectron-positron plasmas.

Tidal Forces: Tidal forces are gravitational forces that result from variations in the
gravitational field of a celestial body due to ils non-uniform mass. These forees are
called "tidal forces” because Lthey are analogous Lo the tidal forees observed on Earth
due to the gravitational attraction of the Moon and the Sun. When an object passes
close to a black hole, it undergoes tidal forees due to the intense gravitational attraction
of the black hole. These tidal forees ean streteh the object until it tears if they exceed

Lhe breaking strength of the objeet material.

Fig.(1.1) presents a visualization of the main characteristies of black holes.

1.1.3 Detection of black holes

The scenario of delecting and observing black holes is a fascinaling and challenging task due

Lo their unigue property of absorbing even light. This characteristic makes them invisible

Lo traditional telescopes that rely on detecting and capturing electromagnetic radiation. To

overcome this challenge, astronomers have developed indirect methods and instruments for

detection. Here, we present the key methods and the breakthronghs in the detection and

observation ol black holes that have provided strong evidenee for their existence.

10
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Relatrasiz J=i

Figure 1.1: Visualization of the main characteristics of black holes [11].

LIGO and Virgo and gravitational wave detections

Virgo is a gravity detector built by France and Italy. It is an L-shaped interferometer with
arms 3 km long, A laser beam is sent along cach arm, and the reflected beams are recombined
al the central point, called the beam splitter. When a gravitational wave passes through the
Virgo detector, il causes a slight stretching and tightening of Lhe space-time. This changes
the lengths of the arms, causing the recombined laser beams to move relative to each other.
The shifted laser beams create an interference pattern at the beam splitter. This pattern
contains information about the passing gravitational wave, such as its frequency, amplitude,
and polarization.

LIGO (Laser Interferometer Gravitational-Wave Observatory) is a collaborative project
of two observatorics. LICO Livingston in Louisiana and LIGO Hanford in Washinglon State.
LIGO has long arms (4 kilometers each) of leshape to detect minute changes in the length
of the arms caused by Lhe passage of gravitational waves.

LIGO and Virgo both utilize a Michelson interferometer desipn. The most significant
difference between them is their geographical locations. They have different operational
schedules, allowing for continuous and longer observation perieds. Additionally, LIGO con-
tributes Lo slightly higher sensitivity compared to Virgo duo Lo is longer arm. However. both
detectors are designed to be very sensitive to deteet extremely minute changes in spacetime
caused by gravitational waves. By combining the observations data from Virgo with LICO

detector, scientists can belter pinpoint the location and characteristics of the sources of
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eravilational waves.
On 14 September 2015, the LIGO detectors picked up a signal that scemed compatible
with the theoretical model of a gravitational wave signal. On December 26, 2015, the LICO
Virgo Collaboration detectors captured another gravitational wave signal. This detection
has removed the last doubts about the reality of this signal and its perfect fit with the theory
of general relativity, This signal is called GW150014. 1t is produced when two black holes
orbit each other in pairs. They slowly move towards cach other, losing energy in the form of
gravitational waves, This phenomenon eventually accelerates until they merge into a single
black hole. During the final moments of the merger, an intense burst of gravitational waves

is emitbed, erealing a distinetive signal Lthal was defeeted [48, 49].

EHT and black hole observation

A direet image of the event horizon of a black hole would provide observational confirmation
of the theory of general relativity. The initial aim of the international EHT collaboration
was Lo achieve a technological and scientific feal by capluring an image of the event horizon
of a black hole. An international collaboration between numerous observalories was essential
to bring together the necessary resources and a combined data to form a global network of
telescopes, enabling unprecedented resolution. The collaboration ereates a virtual Lelescope
with an aperture as large as the carth by applying the principle of very long bascline inter-
ferometry to eight telescopes placed in different specific locations. Fig (1.2) represents the

distribution of these telescopes on the earth.

Figure 1.2: Location of the EHT collaboration telescope |50, 51, 5_1?.5|_

12
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MS&T*(2019) MS87*(2021) Sgr A*(2022)

Figure 1.3: Images of the supermassive Mack hole captured by the EHT i-_'J”, 52,53, 5'1-'_1|

The signals colleeted by widely synchronized radio telescopes are combined to create a
high-resolution imaging. This virtual obserwatory is eapable of resolving [eatures with an
angular size of less than 20 micro-are seconds. The data recorded by the telescopes are
collected, ealibrated, and then used to ereate images of the event horizon of the black hole.
The collaboration focused mainly on imaging the supermassive black hole M8T*, located at
the center of the galaxy M87. This choice is based on the lact that this black hole is an active
hole, meaning that it exhibits energetic phenomena at its core, likely due to the accretion
of matter onto the black hole. This activity can produce observable emissions across the
clectromagnetic spectrum. ineluding radio waves, which can be detected and studied. Tis
radiation is vory intense and can be defected by teleseopes. In addition, ME7® is much more
massive ((6.5 £ 0.7) x 10* of the solar mass). This means that the event horizon is much
larger. offering a larger capture surface for ohservations. It is also located at a distance of
around 55 million light-vears from Earth. Despite this enormous distance, MABT® appoears
relatively bright and is therefore accessible to detection. These make it an interesting targoet
for observation. In April 2019, the first direct image of the evenl horizon of a black hole
was captured. The image represents the shadow cast by the event horizen of M87*. As a
resull of continued observaltions and improved data analysis lechnigues, EHT had released
a [ollow-up image ol the supermassive black hole ME7" in April 2021, which provided even
higher resolution and greater clarity, In addition, the collaboration has revealed the hrst
image of Sagittarius A*, the supermassive black hole at the center of the Milky Way in 2021,

These images are represented in Fig (1.3).
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1.2 Black holes via general relativity

General relativity is a prolound theory of gravity that revolutionized our understanding
of space. time, and the nature of pravity. It was formulated by Albert Einstein in 1915
as a peometric theory of gravity, replacing Isaac Newton's classical theory ol gravity., [t
remains a fundamental pillar of modern physies and higher encrgy physics. I this theory,
gravity is not scen as a force between objects, but rather as the curvature of the space-
time caused by mass and enersy. According to that, objects with mass or cnergy distort
the [abrie of space time around them, creéating what we perecive as gravity. This theory
provides a framework for studying the large-scale structure of the Universe, the evolution of
galaxies, the behavior of stars, the expansion of the Universe and the dynamics of objects
in strong gravitational ficlds [2-4|. Additionally, il is crucial for aceurate calculations in
satellite navigation systems, global positioning systems, and the modelling of gravitational
interactions in various astrophysical phenomena. One of the significant predictions of this

theory is the existence of the black holes [1-6].

1.2.1 Theoretical backgrounds

The theory of general relativity is based on Riemannian peometry. This geometry provides
the mathemaltical framework for describing the properties of curved space-times. The key
idea of the Ricmammian geometry is to consider propertics of spaces thal are invariani under
continuous transformations [6,7]. Curved spaces are not vector spaces, but physical quanti-
ties are often veclors and tensors. In this geometry, we can continue Lo use these notions, by
denoting these quantities locally on Langent spaces, This has given rise Lo the concept of Rie-
mannian variety, which is a gencralization of Euclidean space. In a Ricmannian variety, the
distance betwoeen two points is denoted by a metric tensor. To understand tensor caleulus.
we first need to define some basic notions and concepts. The first one is the sealar. In the
Hiemannian geometry, a scalar S is a funclion that assigns a real or complex number Lo each
point on a4 Riemannian manifold. Scalars are invariant under the coordinate transflormations
and do not depend on the choice of the basis or the coordinate system [6,7]. 1f we consider

the [ollowing coordinates transformation

gty gl (1.3)
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Lhe sealar quantitics should verifv this equality
5'(=") = s{="). (1.4)

Alternatively, a vector at a particular peint on a Hiemannian manifold is an clement
of the tangent space. At thal point, it can be thoughl of as infinitesimally small arrows
attached to the manifold. Vectors are characterized by their components along a chosen
basis or a coordinale system and transform as follows

iz

Y= | e L5
=t (L5)

The vector is considered as a tensor of rank (1, 0). It is recalled that the Lensor is a
mathematical objeet that generalizes scalars and vectors. The tensors represent geometric
guanlitics thal may have multiple indices. allowing them Lo encode complex relationships
between veclors, such as measuring curvature or describing the metric structure of the man-
ifold. The rank of a tensor determines the number of vectors or co-veclors needed to form
the tensor. A tensor of rank (0. 0) is a scalar, which is a single value that does nol depend
on any indices [1,6, 7). The basic tensor of the Riemannian manifold is the metric tensor
which provides a way to measure distances, angles, and inner produets on the manifold. The
general expression for the metric tensor in curved spacetimes is given by the line element, or

the metric equation. Typically, it is written as
ds® = guudz’dz". (1.6)

ds? represents the space-time interval between two nearby events, dr® and dz? indicate
infinitesimal displacements in cach coordinate direction, where the value of indices represents
the spacetime dimensions. The clements g, are the components of the metrie tensor, which
can vary from a point to an other poinl in curved space-times.

To study the curvature of the space-time, we need to discus the concept of the derivative.
In Riemannian geometry, this concept is typically divided into two types. Simple or ordinary
derivative refers to the derivative of a [unction [6,7]. The sccond one is the covariant deriva-
Live is the derivative operator that acts on lensors, such as vectors or more general Lensor
ficlds in a manner that takes into account the eurvature of the manifold that characterized

by a metrie tensor. The covariant derivative is denoted as Vo and is designed to preserve
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tensorial properties under coordinate transformations. This derivation can be expressed as
[ollows

V,V* =g,V _ " y*, (1.7)

B

where @, is the partial ordinary derivation and I'j, are the Christoflel symbols. These

connection cocthicients can be caleulated from the metric of the given manifold as [ollows
i 1 e s : :
= 2l (op + Dol — Ostiup) . (1.8)

For a contravariant vector, we have

V. Vy=8V,+TEV, (1.9)
The second covariant derivative, acting on a scalar &, is given by
V.V,5=48,0,5-TI7,8,S=V,V,S (1.10)

It has the property of being symmetric under the index permutation because ordinary deriva-
tives commute and the Christoffel symbol is symmetric [6,7]. However, this property is nol
valid when the second derivative acls on a tensor of higher variance, such as a vector. In
this case, we have

[VuVo =V V| V2 =R} V7, (1.11)

where the tensor R:,‘W is written as

Ry, = 8,00, — 8,0, + TAT) — T8 T2 (1.12)

JuTE T [Tl v

The covariant form of this tensor is given by

ng,m- = ngHI-;_m-* { 1.1 3]

This tensor is named a Riemann curvature tensor or Riemann-Christoffel tensor. The Rie-
mannian tensor arises when we try to measure how much a vector changes as we parallel
transport it along different paths on the manifold. 1t is 2 mathematical objeel that encodes

the curvature of a Riemannian manifold [3,6,7]. This tensor verifies the [ollowing properties
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1. It is antisymmetric under the exchanege of Lhe first two or the last two indices

Byvps = —Buppe = — Bywop-

2. It is symmetric under the exchange of the g and po hlocks:
Ryvpr = Bpop-
3. It also verifies the following eyelie identitios

1 4 o - 5
R,rwpcr — E{ﬁndugyp = d.:rdug;m + dpduﬂ;n:r = flj.ﬂ'dugu:r}

H;uru,p = i{dﬂdﬂ.ﬂﬂ'}' =t dpdagm + dvdcrﬂpp = f-’lrdpgup}

Ry = ﬁwvdpﬂcrﬁ — Oylle gup + Dol Gpu — Dy )

which gives

R}Wﬁ"’ 'I' Hmylr; ‘I’ Rp‘?w = [I.. {I.I"]]

In a loecally inertial reference frame, the Christoffel symbols are zero and the covariant

derivative of the Riemann tensor ig written as

10 Phua  FPga | Pauy  Pgus

R = — - — | - : 1.15
Viliwas = 5522 mvtet * 0027 T Brvors  Gavoze” (35
which proves thal the tensor satisfics the Bianchi identity given by

VARL ., + VR, + Vo, = 0. (1.16)

The Einstein tensor G* is obtained by contracting the Bianchi identity [3,6]. This gives the
Einstein identity

Ve v (R.#"— %g“”‘ﬁ’) —0, (1.17)

where Ry, is Lhe Rieci curvature tensor of rank 2 obtained by contraction of the brst and
third index of the Ricmann Lensor

R.. =R,

e

(1.18)

R is the scalar curvature or the Ricei scalar. This scalar is defined as the trace of the Ricci
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Lensor
= Hf: = g“"fi‘-'.,,_,,.. {I.I‘!'J]I

The Einstein tensor G, has several important properties. First. it is symmetric, meaning
that one has G, = G, This symmetry arises due to the symmetry of the Ricci eurvature
lensor. Second, it is divergence-free, which means that its covariant derivative vanishes., This
property is a consequence of the contracted Bianchi identity [3,6,7]. This tensor considered
as the only svmmetric tensor that can be formed from the second derivatives of the tensor

metric.

1.2.2 Equivalence principle and geodesic equations

The gravitational force has a fundamental property, known as the principle of equivalence,
which distinguishes it from all the other forees of nature. This prineiple is based on the fact
that the free-falling motion of bodies is universal, independent of their mass and composi-
tion. According Lo second law of motion of Newtlon, the force acting on an object is direetly
proportional to its acceleration and inversely proportional to ils inertial mass [1,6,7]. Math-

ematically, this relationship is expressed as
F =ma. (1.20)

Om the other hand., a gravitational ficld g exerts on a body a gravitational force proportional

to g, where the coefficient is the gravitational mass. This law is given hy
Fy=m.g. (1.21)
An objeet placed in a gravitational field g acquires the aceeleration

Ay (1.22)

'il".'l,_';II

According to Lhe theory of Newton, Lhe mass tatio could vary from one object to another, just
as the ratio of electric charge (g) to mass (m) varies in the clectromagnetism. Therefore,
the acecleration should be different for each object and depend primarily on the internal
composition of the considered object. In fact, numerous experiments and ohservations have

consistently confirmed the cquivalence of gravitational mass and inertial mass, as stated by
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Lhe Equivalence Principle. In other words, there is no local experiment that can distinguish
betwoeen the gravitational force and the foree experienced in an acceelerating reference frame.
Indeed, a uniform gravitational held is cquivalent to an accelerated reference in a vacuum,

with acceleration a = —g. In this context, the [ollowing principles can be stated.

+« Weak Equivalence Principle: This principle establishes the equality of gravita-
tional and inertial mass, stating that all objects [all with the same aceeleration in a
eravitational ficld. In general relativity, this prineiple is incorporated by considering
that the molion of test particles. which have negligible mass. is determined by the

curvature of space-time caused by the presence of the mass and the energy [3,6,7].

« Eqguivalence principle of Einstein ; In a small repion of the space-time, it 15 impos-
sible to distinguish between a uniform gravitational feld and an equivalent acceleration
of the reference. This principle extends the weak equivalence principle Lo include the
laws of physics bevond just the motion of objects, stating that the physical laws take
the same form in a gravitational feld as they do in an aceclerated frame. General
relativity incorporates this principle by treating gravity as a geometric phenomenon,
where the curvature of space-time affects not only the motion of objeets but also the

hehavior of light, the passage of time, and the structure of the universe itself [7].

+» Strong Equivalence Principle: In any space-time region, il is always possible (o
choose a reference frame such that the laws of physics, ineluding the gravitational hield
equations. are locally equivalent to those in special relativity. This principle asserts
thal not only do the laws ol physics have Lthe same form in a pravitational field, but the
gravitational ficld itself hehaves as il it is nol present at all when viewed from a suitable
locally inertial frame. In general relativity, this principle implics that the pravitational
ficld can be fully deseribed by the geometry of the space-time, and the motion of
objects and the behavior of physical phenomena are determined by the curvature of

Lhis space-time [6, 7].

The principles of equivalence play a lundamental role in the theory of gencral relativity.
They serve as Lhe gniding prineiples for the development and fornmmilation of the theory.

In special relativity, the space and the time are represented by a mathematical set of
points called events, which form the Minkowski space-lime which is a [our-dimensional
pseudo-Fuclidean space. This means that cach event P is characterized by a four-vector

of real numbers, three dimensions for the space (z,, 2., 2y), and one for time (zg = o). The
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Lheory of special relativity is based on the assumption that all laws of natore are invariant
under a special set ol transformations in the space-time. The Minkowski space-time is a flat
spacee. In terms of Lthe curvature of the space-time, it has a zero curvature. This means that

the srometry of the Minkowski is described by a flat metric. This metric is expressed as

[ollows
-1 0 00
0 100
Wi = - (1.23)
010
001
and the line clement is given by
ds® = 7, 0x" 0z (1.24)
For a Riemannian manilold, it is recalled (that we have
ds® = g0z"ox". (1.25)

One can define a loeally inertial reference frame X in which the laws of physics near each

event resemble those ol special relativity, Indeed, one has

ds® = G X"0X"
ax* ax”

= Gope—— ——— O B” 1.26

W Gan By % 13.26)

= g, Ochioz”.

In the neighborhood of an event 7, we get the [ollowing developed form

1 PGag

G — P T g P —wy
ot =M ¥ 3 XaX

lp AXTAX?® + O(|AXH]). (1.27)
General relativity theory modifies the distinetion between locally "inertial” and "non-inertial”
¢lfects by replacing the "flat” Minkowski space of special relativity with a metric that pro-
duces a non-zero eurvature in space. Moreover, the space is considered asymptotically locally
Minkowskian. This means in a small region around a specific point that space can be con-
sidered flat and obeys the prineiples of special relativity [1,6,7].

The shortest distance between two points is the geodesic. For a flat space, this is a

straight line, which is not the case for the curved spaces. Indeed, in an inertial reference
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frame, Lhe motion of a particle is deseribed by the following equation

" o

where A is the proper time measured in the eenter of mass reference frame. The changing of

the reference gives
d*z" dz" dz”
lo——=10 1.29
dN? Flu dd dX ' E )

where the Christoffel symbols can be expressed in Lerms of the referential frame vectors as

follows -
drt X"
P — e 1.30
e X e geeiee ( )

These symbols appear in the geodesic equation in the form of a force which demonstrates

how Lhe gravitational forees arise from the space curvature .

1.2.3 Einstein equations

To deseribe the gravitational field completely, we neod to determine the specifie form of the
space-time melric, which characterizes the geometry of the curved space-times.  Einstein
field equations allow one to find precisely the equations that the metric of the space-time
must satisfy. By solving these equations, we can determine the metrie Lensor eomponents,
which in turn determine the curvature of the space-time in the presence of the matter and
the energy. The tensor object which, in special relativity, completely deseribes matter is the

energy-impulse tensor [1,6,7]. This tensor is given by
T;.ur = Plpty, (1.531)

where pis density, w, and u, are velocities along the four dimensions of the space-time. For

the speeial case of perfect Huids, the impulse-energy tensor is instead given by

€+

g — ST R B (1.32)

L

where ¢ is the energy density and p is the pressure.
Since the gravitational field ean be characterized by the ten independent components of
the symmetrie metrie tensor g, il is reasonable to seck ten field equations in the form of

the equality between two symmetric tensors of rank 2. Thas, we can consider Lhe following
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ecquality
G*'(g,0g,8g) = CT™(g), (1.33)

where G™ satisfies the following constraints

V.G® = 0, (1.34)
G = ':w{gtagtagg]! “35,1
& =0 il S = My I::L:Eﬁ]

Given these properties, the only lensor Lhat satisfies this is the Einstein lensor. Indeed, we
el
l
R — Eg*“‘f-i’. =N (1.37)
This equation establishes a profound connection between the curvature of the space-time
and the distribution of the matter and the energy. In the non-relativistic limit, the Ein-

stein equations are redueed to the usual Newtonian laws. The coupling constant ¢ can be

determined by imposing this constraint

&G

— (1.38)

where (7 is the gravitational constant and ¢ is the speed of light.
According Lo [3,6,7], we can derive the Emnstein equations by starting from the Einstein-

Hilbert (EH) action ceupled to matter
8 = Sgn + SMatters (1.39)
where the EH action is given by
Spny = : d'zv/—qR (1.40)
1 = 3_51 Iy —gh. .

The Einstein cquations can be oblained by varying the action with respect to the metric

tensor and applyving the principles of the least action

1 a8
.=, 1.41
J—q Dg (1.41)

22



1.3. Black hole solutions

The computation gives

1
B = g R =T, (1.42)

where the energy-impulse tensor has the lollowing expression

—2 E’SMM Lo

T = =
v—g dg"

(1.43)

1.3 Black hole solutions

In this section, we will explore various solutions of the Einstein eguations in different contexts.
These solutions not only give an insight into the nature of the space-time, bul also reveal

the diversity of black holes that emerge with distinet parameters in each case.

1.3.1 Ordinary solutions

In 1916, Karl Schwarzschild derived a [undamental exael solution to Einstein equalions.
This solution represents a pivotal step in understanding black holes and lays the foundation
for more complex models, It describes a remarkably simple confipuration of a black hole,
characterized by its spherical symmetry and a solitary parameter linked to its mass [3,6, 7]
To derive Lhis solution, the space-time is supposed to be statie

40
i ( )
The spherical svmmetry of the space-time allows Lthe choice of following line clement

ds = gudztdr’ = —A(r)Pdi® + B(r)dr® 4 rds?, (1.45)

where d(}* = d#* + sin® @de”. To solve the Einstein ficld equations for a vacuum spherically

symmetrie space-time, we first caleulate the Christofle]l svmbaols

1 dB(r) r rsin? @ 1 dA4
I, — OSSR | TSR il 1, - SE ani 1.46
TT3B() dr " B’ " B Y 2B dr (145)
i 1 i - =
,g=rﬂr=;$ iy = —sinfcosd, (1.47)
¢ ¢ -1 b _pe cosb (1.48)
T e T Tl T Ging? ’
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1 dA
T 9A(r) dr”

(1.49)
Using the Chnstollel symbals, we get the the non null components of the Ricei tensor

A" 1A B A A

By = ——+t-—=(=+=)——, 1.50
t set1elE 7)) 13.50)

A" 1A B A B
Bis 8 S e S 1.51
A 1aBtal B (Lad)

r A B 1

= 14 —(—= —-—")+—= 1.52
Hyp | 5B\ B]I B ( )
Ry,s = Rppsin®@, (1.53)

where the notations () and (") represent the derivative and the second derivative with respect
to r. A system of differential equations invelving the metrie coetlicients is obtained if we
introduce these quantitics into the Einstein equations. Solving these differential cquations

and applying the Newtonian limit yvields

2GM 200 M

ds® = &1 — —3 Ydt? — (1 — ?]—ldr“ — r*(dB” | sin® 0de”). (1.54)

Detailed caleulations can be found in [6]. Note that when » — 0o or M — 0, we find the
Minkowski space-time. An immediate analysis of Eq.(1.51) implics that the Schwarzschild
solution exhibits two singularities where the solution becomes indefined or divergent. Con-
gidering system of natural units in what follows, we can prove that these singularities oceur
al. two distinet radial coordinates r = 0 and r = r, = 2M. The first one is considored a
true singularity. It exists regardless of the choice of the coordinate system. This singularity
represents an infinitely curved and a dense point where the entire mass is concentrated. The
second sinpularity is a coordinate singularity. This means that the divergencee in the solution
is due Lo the cholee of coordinates. This singularity can be removed by transforming the
solution into a different coordinate system [6,7]. By calenlating the Kretschmann scalar, we
find
18 M°

rf e

H

pppT
e |« =

(1.55)

This quantity tends towards infinity for v = ) and it takes finite value for r = 2M. Indeed,
the first one is a physieal singularity.

The study of the geodesies of the light proves that the hypersurface + = ry,, called the
evenl horizon surface, separates Schwarzschild space-time into two very distinet regions. All

paths in the outside region of the event horizon can lead away from the central singularity
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and out into space. On the other hand, all paths in inside region lead inexorably toward Che
eoentral singularity r = 0.

An extension of this spherically symmetric solution is oblained by taking account of the
mass and the eleetric charge parameters to describe the geometry of the space-time around
a black hole. In this case, the EH action is coupled to the eleetromagnetic ficeld ereated by

the charge [6,7]. Indecd, the space-time is described by the following action

|
§= [:me__g (R Ll H.,,) , (1.56)
where F*7 is the eleetromagnetic field tensor that verifies the Maxwell equations

d.F™ = 0 (1.57)

B F 4 3,7 + 3,F°" = 0. (1.58)

Using these cquations. the energy-impulse tensor distribution is derived directly from the
Lagrangian

mo o L o e "
"!r.trf:#l}l(Eynﬁpwﬁw_gﬁv‘n:m'ﬁ ;.:)1 {IE!Q}

where g s the the vacuum permeability. The solution of the Einstein equations in the
presence of this energy-impulse Lensor is represented by the Reissner-Nordstrém solution
[6,7]. This solution describes a static, spherical black hole with an electric charge @, This
solution is formulated as

; 2 i 2y —1
24 f Q—E) di® 4 (l —EM + Q—) dr® + r*{d8® | sin®fda®).  (1.60)

T i r r

dsiy = — (] =

The event horizon is defined by g = 0 producing

Q

2M
.|.

= s
h Tji

0. (1.61)

This equation has multiple solutions. This gives rise to three different scenarios
« M?* <= ()% the solution corresponds Lo a naked singularity.
« M?* = (}*, the solution is an extremal black hole with one horizon

o M2 = (2 the solution represents a black hole with two horizon inner and outer horizon

ry, =M< VMZ =02 In the limit @ = 0. we obtain the schwarzschild black hole
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1.3. Black hole solutions

horzon.

The third parameter that should be introduced in the black hole solution is the rotating
parameter. As stars have anpular momentum as a resull of their rotation. This momentum
is conserved when Lthe star undergoes changes in volume, including when it collapses to lorm
a black hole. These black holes should have a rotating parameter a. The solution has been
deseribed by the Kerr metric. A peneral way to oblain the metrie is to use the Newman-
Janis method (103, 104]. This method replaces the original version used Lo generate the Kerr

metric by following the Newman-Janis algorithm. The solution is defined as follow

IM AaM
s = — (1 . r)dﬂ %d&dﬁ L Za
1.62)
oM 2g (
| Sde? (rﬂ gl r}; e )sinz Od?.
where we have
= 2 4 a2 _2Mr (1.63)
¥ = 4 a’cos?d. (1.64)

The rotating parameter is linked to the angular momentum via the the relation a = ir;

The properties of the space-time around a rotating black hole are sipnificantly diferent from

those of a non-rotating black hole. Firstly, the singularity in this case is constrained by
r=>0, cos ! = (. (1.65)

The singularity is not located al a precise point, but rather along a cirele. More precisely,
the singularity is located on a cirele of the radins r = acos#. This represents an annular
singularity. The metric form has new singularilics which need to be examined. Putting

qu = [ we pet the following solutions

r=M+ VM2 —a2cos?2f. (1.66)

These solutions correspond Lo two specific spaces, the inner and the outer ergosphere. In
these regions, the drageing of the space-time is so strong that even light cannot remain

stationary and the objects within Lthe ergosphere are foreed to move in the direetion of the
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1.3. Black hole solutions

rotation of the black hele. For the Schwarzschild black hole, this hyvpersurface coincides with
the black hole horizon. To find the event horizon of this black hole, we solve the [ollowing
equality

A=r4a®—2Mr=0. (1.67)

The solution is given by

rh, = M+ VM? — g (1.68)

If M =< a, there is no horizon. For M = a, we have an extreme black hole with a single
horizon. The last situation where M = a corresponds to black hole with an inner and outer
horizon. The outer horizon functions similarly to the event horizon. while the inner horizon
is located closer to the singularity.

Two years after the publication of the Kerr solution, T, Newman proposed a solution
for a charged and rotating black hole. This solution, known as the Kerr-Newman solution,
peneralizes the Kerr solution by adding the eleetric charge parameter. This general solution,

which takes into account the three parameters being rotation, charge and mass, is formulated

as follows
pe (1 B M) 2 2 (2Mr ;Qu]ﬁnzaMI + %m—‘-’
ey (-r2 o {QMr—Q;}uzsinze) in? 6dd?. (1.69)
where the function A takes the form
A=r*pa®—2Mr 4 Q% (1.70)

The ergosphere equation is aflected by the addition of the charge. 1L takes the [bllowing

CRPIession

r +a’cos” @ =2Mr — Q. (1.71)

The ovent horizon solution is cxtended to

rhy = M+ /M2 —a? —Q? (1.72)
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1.3. Black hole solutions

1.3.2 Regular black hole solutions

The irregularities present in the ordinary black hole solutions are considered as significant
challenges within the context of our current understanding of the gravity and the space-
time [2|. Particularly, at singularities, the curvature of the space-time becomes infinite and
the laws of physics as woe currently understand Lthem collapse, making the physical theories
unreliable. To avoid these irregularities, various theoretical approaches and alternative mod-
els have been explored by coupling the Einstein theory with non linear clectrodynamies. The
first model of regular black holes is propesed by Bardeen in 1968 [66,68, 105]. The dynamics

of the proposed theory is governed by Lhe aclion

S=fd*z,,f'__g[fz v 162L(F)) (1.73)

where L{F) is the Lagrangian density of the electromagnetic field and F is the Faraday-

Maxwell Lensor giving by F = %F”’“"Fm,. The stress-energy tensor is written as

OL(F)

T;u- 5= gjlﬂ'{:{F} . aF

FAF. (1.74)

To get the Bardeen metric, the following density has been used

P :'jlr'E
L(F) = e ( V25 F) g (1.75)

imgy \ 11 2gy

where gy is the magnetic charpge and m is the ADM mass. The associated line element reads
as

ds* = f(r)de® — [(r)'dr® — r(de? + sin® 0de?), (1.76)

where the metrie function should takes the form f(r) = 1 — %ﬂ From the Maxwell

equations, we can prove thal the mass lunction has the following expression

mr

M) = ——— .
T

(1.77)
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1.3. Black hole solutions

This mass generates Lhe Bardeen regular black hole solution. To analyze Lthe asymplotic

[orms, we expand the metric function as follows

12, 3

r r

(1.78)

This shows that the black hole is nol asymptotically Reissner-Nordstrom solution and it

behaves as Schwarzschild type. For small values of r, we have

Emr2

Qb

flry=1-— (1.79)

This can be interpreted as a de Sitter behavior inside of the black hole. The de Sitter
space-time will be examined in Lhe next seetion.
The second well-known regular black hole model is the Hayward black hole [106]. This

class solution is valid [or the following Lagrangian density

12 (aF)t

L(F) = - (1.80)
¥ (14 vaF)™
The & parameter is linked to the Hayward magnetic charge g, via the equation
o= ﬁ {1.81)
m
In this case, the computation gives the following metric function
2mr?
== = e (1.82)

The central singularity for these black holes 1s absent. The regularity can be seen by calou-
lating the Kretschmann sealar which is given by

ABm® (18g8r° — 2g77 - 2g;2 —Agir® 4+ +1%)

Riiiae RMPT =
w2 (r 4 Hh:l'

(1.83)

Near to the origin, we have

96M2  6T2M2

S B

+ O(r®). (1.84)
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1.3. Black hole solutions

The infinite behavior of this scalar, for r = 0, i1s romoved for this solution. This model leads
Lo more bounded curvature and density near to the center. It should be noted that the
horizon radius obtained by solving the equation [(r) = 0 takes the Shwarzschild radius if

we put gy = 0 for the first solution and gy = 0 for the second one,

1.3.3 Quintessential black hole solutions

As we have seen, Lthe solutions of the black holes depend on the density of the space-time.
This density is influenced by the distribution of the mass and the energy. The behavior of the
Universe as a whole, including its expansion, is affected by this distribution. In particular,
the accelerated expansion of the Universe ean be explained by the presenee of dark energy,
making it an important quantity to take into account in the theory that deseribes the space-
time, Moreover, Lhis energy is considered us a puzzling part of the Universe thal makes
up a large part of its energy content. The dark energy can be deseribed using quintessence
models. The concept of the gnintessence fields provides a compelling framework for deserib-
ing dark energy and its potential role in the Universe [67,71,72,107]. Mathematically, the
quintessence field is defined by its scalar field potential parameterized by a constant wy, where
the quintessence density g, and the negalive pressure of the universe p; are linked by the

[ollowing relation

Py = P, (1.85)

The Fricdmann equations that deseribe the dynamics and the evelution of the universe on

a large seale impose Lhe following constraint
1 3
—1 iy —3- (1.86)

To study the behavior of black holes surrounding by this matter, we consider a spherically

symmetric metric in the following form
ds’ = e)dt? — Mhdr? — 2 (df* 1 sin? 0dg?) . (1.87)
The energy-momentum tensor of the quintessence is given by

T, = palr), (1.88)
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which leads to
.f:,’ = Bpglriw, [—(14 35}::—:1 i Hﬁf} § (1.89)
where B is a [ree parameter. Without any loss of generality, we take
Alr) = —In(1 + p(r)). (1.90)
The additivity and the linearity principles give

T, =T, (1.91)

providing

Alr) +v(r)=0. (1.92)

This condition fixes the free parameter H te the following value

—dwg 1 1
DS . i) (1.93)
by
By solving the Einstein equation, we can prove that
JI{I"] = _T _ r:-'lk‘q"l'] l:]'gd;ll

where ¢ is the a normalization factor. In fact, the extended Shwarzschild solution with the

guintessential field is expressed as follows

e aM e 5 aM g NTE e i
ds _(I—T—r_u#l)di —(l——— ) dr® — 2 (d6 + sin®0dg?) . (1.95)

1.4 Black holes in different backgrounds

1.4.1 Black holes with a cosmological constant

In the process of general relativity [ormulation, Einstein introduces a cosmological constant
A when he recognize that his theory could deseribe a dynamie universe [6,7]. This constant is

an additional term that he added to the equations to account for the possibility of a Universe
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1.4. Black holes in different backgrounds

Lhat neither expands nor contracts. Thus, the field equations take Lthe [ollowing gencral form

Ars

i

3
R“‘"—Eﬁg’” A = o utf (1.96)

The presence of this cosmological constant implics that the space-time itsell is curved.
Interestingly, this curvature can take different [orms. When the constant carvature is pos-
itivee, il is associaled with a space-time known as de-Sitter (dS) space-time. On the other
hand, when the constanl eurvature is negalive, it corresponds bo a space-time called Anti
de-Sitter (AdS) space-time. To study cosmological black holes, we investigate an isotropic
and homopencous space-time thal possesses a maximal symmetry. This means Lhat the
space-time exhibits the highest possible number of continuous symmetries or, equivalently,
features the maximum number of lincarly independent Killing vector fields [6,65]. In a space

of dimension n. the count of such symmetries is given by

[n—1)rolations

" —_
. nin—1) ~ n(n 4+ 1)

i
- 2 2
n iranslations

2 (1.97)

It can be demonstrated that space-times exhibiting maximal symmetry are charactoerized

by the following confipuration of the Riemann tensor

RO =k (0290 — 050) . (1.98)

where |k is a constant. It is related to the curvature scalar B via the relation

R
= — 1.99
n(n+1) ( )
In the four-dimensional scenario, the Riecl tensor takes the following confipuration
Ro = H:u.u = k(00w — 0, 0m) (1.100)
= 3kgu-
In fact, we obtain the [ollowing filed equation
b
(A — 3k)g = %T. (1.101)
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From this, it follows that a maximally symmetric empty space-time, when the energy-
momentum lensor equals zero, must possess a cosmological constant that equals 3k, Fur-

thermore, we can establish three distinet scenarios that are contingent on the value of k
+ For k =0, we have a Minkowski space-time.
» For k = 0, the scalar curvature is positive and the space-time considered as de-Sitter.
« For k < 0, the sealar curvature is negative and the space considered as Anti-de-Sitter.

It is worth noting that Minkowski space-time is no longer a solution Lo the Einstein equations
when a cosmological constant is present in a vacuum. This means that the cosmologieal
constant modifics the background of the space-time. In fact, it becomes essential to delve
into an exploration of the metries associated with AdS and dS space-times. This can be done
by embedding the geometry of S, and AdS,; in four dimensions within the five-dimensional
Minkowski spacetime choosing appropriate coordinates and transformations thal preserve

the curvature propertics. For the dS, space-time, woe have

4
g+ Yy x5 =0. (1.102)
=1
For AdSy. this takes the following [orm

]
W - B S (1.103)

i=l

3
where € represents the radius of the space-time. For AdS,, we have £ = =Tg: The spatial
part of dS is spherical and the spatial part of AdS is hyperhbolic. To get the metric of the dS

space, we take the following coordinate transformations

o = V% — r2sinh (t/f), (1.104)

T =rcosd, (1.105)
T2 = rsinfdsing, (1.106)
Ty = rsinfeosd, (1.107)

24 = VI — 12 cosh (1/¢), (1.108)

which viclds the following metric
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< T dr® .,
ds? = — (1 -2 ) df® + —— + r2d0™. (1.109)
Iz 5

For the AdS space-time, the considered changes of the coordinates are

T =V r2sin(L/), (1.110)
T = reosh, (1.111)
s = 1 sin f sin o, (1.112)
T4 = rsinfl cos g, (1.113)
Ty =V L ricos(lf). (1.114)
The metric takes the form
2 2
digt== = (1 { r_) dt* | if;— L) (1.115)
o I+ 5

By employing the approach established in [6,64], we derive the subsequent solution for the
Eq.(1.96)

2 2 —1
d52=—(1—‘%—ﬁ) di* | (1—%—%) dr? |+ r2d02, (1.116)
r r

When A = 0 . the metric is referred Lo as the Schwarzschild-de Sitter metric. often denoted
as the Schwarzschild-dS metrie. Conversely, when A < 0, it is termed the Schwarzschild-
anti-de Sitter metric, commonly abbreviated as the Schwarzschild-AdS metrie. This metric
is reduced to the Schwargschild metric for A = 0. According to [6, 7], the charged version of
these black holes, knowing as the Reissner Nordstrom-AdS and the Reissner Nordstrom-dS
black holes, is given by

M z A2 N Ar2\ ! .
d53=—(1——+-9-———-—)dﬁ2-+ (1——-1-@—:-) dr® P9 (1117)

r rd 3 r ri 3

Applying the Janis-Newman method [103], one can obtain the following cosmological rotating
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and charged solution

2 ’
IMr — Q2 4 A 2a (2Mr — Q* + 4" ) sin* @ >
a 1 o .2
de” — — (1 =S S df™ — 5 dehedt 5:1!#"
(1.118)
, IMr —Q* + Ar%) a2gin?p .
| Yid6® + (r’- +a® ( i ’ ) sin” fde?,
where we have
2 2 2 Ar?
A=r"4+0" —2Mr+ Q@ ——— (1.119)

3
This solution is known as KN-AdS for (A < 0) and KN-dS (A = 0).

1.4.2 Black holes in M-theory

M-theory is a theorctical framework that seeks to unify all variants of superstring theory.
Before M-theory, There are five distinet superstring theorics Type 1, Type 1A, Type 1B,
heterotic SO(32), and heterolie Fy x Ey. These theories seemed to deseribe different aspects
of the same underlying physics, but they were not directly connected. M-theory aspires
to provide a consistent deseription that encompasses all these superstring theeries. This
emerged from the realization that the different superstring theories are related by non-
perturbative dualities. These dualities bridge the gap between weak and strong coupling
regimes, where traditional perturbative methods break down, One of the most hindamental
entities in this theory is the brane object, which can exist in higher-dimensional spacetimoes.
These objects are like hypersurfaces embedded in the higher-dimensional spacetime of M-
theory [38, 46,79, 80]. They can have tension, charge, and other properties that influence
their behaviors and interactions. Combining the principles of suporsymmetry with the con-
copts of general relativity brings the supergravity framework. The study of black holes in
this framework achieves important investigations due to the exploitation of the AdS/CFT
correspondence (65,74, 78], This correspondence ercates an interplay between gravitational
madels in d-dimensional AdS peometrics and (d — 1)-dimensional conformal field theories
living in the boundarv of such AdS spaces. By utilizing the physics of solitonic brancs.
various models within type the Il superstring and M-theory have been examined. These
studies involve considering the cosmological constant in the bulk, which is elosely conneeted
to the number of colors associated with the relevant branes. We consider d-dimensional AdS

black holes embedded in 11-dimensional M-theory (where (d = 4)). We presume that they
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arise from the compactification on real spheres of dimension (11 — d), which are denoted as
5=} I the presence of brane objects, the corresponding 11-dimensional geometry can be
writlen as follows

AdSy x §' 4 (1.120)

This spacetime structure could be seen as the near horizon geometry of (d—2) branes in such
M-theorv. An analysis of the sphere compactification reveals that these higher-dimensional
models shonld incorporate, at minimum, a gauge ficld Fy_g with strength (11 — d). This
gauge field contributes with the term [ d‘i:.‘}:?l _g to the corresponding action of the lower-
dimensional black hole. This inclusion is substantiated by a (11—d—1) gauge form coupled to
a (11—d—2)-brane, which is assumed to exist within these higher-dimensional models. Upon
a closer examination, il becomes evident that these proposed models present the potential
for two distinet types of brane objects. These types can be classified as (d — 2)-hranes
corresponding to the AdSy geometry of the black hole and (11 — d — 2) associated with the
S sphere compactification. 1t is recalled that (1.120) is a particular case of a gencral
statement associated with AdSy x 8% such that D = 2d 4 k with D is the dimension of

the inspired theory. These theory is indexed by a triplet (D, d, k). In M-theory, we have
2d 4+ k=11, (1.121)

where k is an arbitrary integer specifying the internal space of (11 —d) dimensions. Generally,

the non-rotaling solutions of the d-dimensional AdS black holes in such a theory is given by
ds® = —f(¥)dt* 4 f(r) dr® 4 2 d .. (1.122)

The metric unction is expressed as

fir) =1 —Td—”fﬂ } %. (1.123)
The physical parameter m is related to the black hole mass via the relation
d—2)05 om
M= % (1.124)
where we have ff,{ i syl o (s 1)2
Gy = m, Quayp = T{meIT‘— (1.125)
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The AdS radius is given by in lerms of the brane number N

{i[i; L)k _ 2—{d‘d—d}+3h"2r?{k—+2{d—5ﬂ _iﬁi'd_n'lfﬂfil:d_ l:H-k-. {-I I I.Eﬁ]
where £, denotes the Planck length. In the present investigation, we consider (11, d, k) mod-
els. Particularly, we focus on 4-dimensional and 7-dimensional AdS black holes embedded in
11-dimensional M-theory associaled with the triplets (11,4,3) and (11,7,3), involving M2

and M5-branes, respectively.

1.4.3 Black holes in Starobinsky-Bel-Robinson gravity

The EH action has been used to explain a wide range ol observations, particularly in the
solar system. However, it runs up against difficultics in the ficld of quantum gravity and
the extreme energy conditions, such as those present in the early Universe ( UV-regime) or
for cosmological distances (IR-regime). To solve these problems, a new gravitational theory
inspired by superstring theory is pul forth within the framework of four-dimensional space-
time, The proposed theory is presented as the sum of the modified B+ aR? gravity inspired
by Starobinsky inflation, along with the inclusion of the Bel-Robinson tensor squared term,
which finds its origins in the dimensional reduction of the eleven-dimensional M-theory to
four dimensions. The suggested Starobinsky-Bel-Robinson (SBR) action possesses solely two
parametors, rendering it well-suited for empirically testable applicalions in domains such as
black hole physics. cosmological inflation, and the phenomena of Hawking radiation during

the early stages of the universe [108-110]. This action is given hy

M3, ! B e )
Seup = fa'*z,,,f_ [RJ; R TIATE (P*-¢ )] (1.127)

where Myp; is the reduced Planck mass, m is Lhe mass parameter and 7 is the new dimension-
less coupling parameter, P is the Pontryagin topological density and G is the Euler density.

These densitics have the following form

G = R2—ARR™ 4 Ry R (1.128)
1
p = EU_EEM;HRNHHR#M!#* {1]29J

37



1.4. Black holes in different backgrounds

Varying the action (1.12T) with respeet to the metric, the equations of motion are given by

1 i
Cuw + —=H ‘

fm2 P"_mf(mr:[}f {1]3“]

where the tensors have the lollowing form

1
v = By — 59 R, (1.131)
1
Hy =2RuR— Egﬁuﬂﬂ—wﬁpﬁ |- 2g,,, R, (1.132)
I
Ko = 598" — E[EQHHFW — AGR.Ryy+ 2GR Rupors + 4GR™ Ryypru (1.133)

¢ 24,,R0G — 2RV, V,G — 4R, OG + 4(R,,V'V,G + R,,V*V,G)
— A9, R VPG 4 ’Iprmvgvﬂg]'

To get the black hole solution, the following metric form was considered

. 1 a
dst = —{r)de* + zodr® 4 rd0}, (1.134)

where the function f(r), associated with the Schwarzschild solution, is
2M
f(r) =1———Ha(r), (1.135)
r

According to [108-110)], the calculations give

(1.136)

2M 12873 2MN\* 194M
() (=)

=145

=
To obtain the rotating metric of the SBR black hole, we could use the Newman-Janis alpo-
rithm through a series of specific steps [103,104]. The initial step involves a modification
of the relevant variables to establish a null surface with spherical symmetry, Coneretely, we

take the ollowing variable change

du = dl — —. (1.137)
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In the Eddington-Finkelstein tvpe coordinates; the black hole metrie is expressed in the

[ollowing mannor
ds* = —f(r)du® — 2du dr + v* (d6* + sin® 0 di?) . (1.138)
The next step is to identify a null tetrad (8¢, o m* ") that meets the following constraints
Lt =mamP = =0m =nm” =0, Ln'=—mm* =1, (1.139)
The contra-variant form of the metric can be expressed as
g¥ ==Mn" - En® 4+ m"m" m'TR. (1.140)

Utilizing the metric expression, the null tetrad veetors are determined as follows

e i 1 r. 1084 (dv"’iﬂﬂr,)u 1 97, »
=0, W=-g =54 5 (5 -~ o) | ot 1141
it = L (ﬁjp 4 Lﬁ!") sl — | (ﬁp ,-}:") (1.142)
V2r \? O sinf ? y@r sin #f

where m" represents the complex conjugate of m®. 1t is noteworthy thatl the radial coordinate

r may assume complex values, As a result, the null vectors of the tetrad are given by

&+
1 ;. (1 1 ) 54 (1V2rGr,) (1 1 o7, ) i
E 1

M= h, =g —= |l == -+ — -+ — —
k! " 2 2 \r 7 S(rre)t ror+*  Hdrrs
il = . (&'" é“) = L8 (d;‘ xS d'“) (1.143)
Var sin ¢ Var sinf /7

where r* is the complex conjugate of r. Roughly, the [ollowing complex coordinate changes

should be adopled

= u—tacosh, r=r 4 tacosf (1.144)

P =8 F=g (1.145)

39



1.4. Black holes in different backgrounds

The computation gives

o= (1.146)
3
o = 5 (44/27Gr, a7
R | | (RS B ( J : (2?- ”*‘) 8% (1.147)
2 ™ +a*cos’ 0 E(Fﬂ | rlzml’ﬂ)' 5
1 - i
a— = (msinﬂ & — 0F) + 85 + -15="') L148
V2(F + iacosf) (% — &)+ sinf ( )
—= 1 ( T R | i -jL i -j.l.)
= — ( —iasind {8y — 87) + 8 — =d5 ]. 1.149
" V2(F — iacosf) tasin (g ') sinf ( )

To derive the rolating metrie solution, certain additional transformations are required.

Specilically, these transformations are outlined as follows

T2 3
i = rﬂ.—( ;G)d’r (1.150)

d5 = fil.p—-grfr,

where the function A is given by

! L =, L 3 - g i
A=Alr)=a?+r2[1— 2 M | 10247 G M (108r — 194G M) . (1.151)
r Hrld
Indeed, the covariant components of the rotating metric are
[ z asin® (il T
al a-r::iﬂ—ﬂ i E[‘&“{ + }]
0 % 0
v = 0 0 % 0 (L3
sein? ﬁ[ﬁ—{r2+uﬂ}] 5 sin? 0 [{r—‘-i—ng}ﬂ—ﬂugsini E]
L | H M _

Finally, the metrie lor the rotating SBR black hele ean be expressed in the following form

; Alr) —a?sm?0) ., ¥ ; A(r) — a?sin? @ ;

ds? — _( (r) E‘“““ )drﬂmﬂdrﬂ_zmn*e(l_ (r) ;‘“‘I“ )dmf;nzde-
, . A(r) — a?sin?#

b sin® @ [EJrquinJH(i&— (r) ;,1 - )ldﬂ‘sﬂ. (1.153)
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where one has nsed

Y = P pafeas®l (1.154)
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CHAPTER 2

Black Hole Thermodynamics

The thermodynamics of black holes is regarded as a cornerstone of a deep and fundamen-
Lal relationship between gravitation, thermodynamics and guantum mechanics. Connecting
black holes with the fancy word "thermodynamics”, reveals a fascinating interplay between
Lhe laws of thermodynamics and the nature of black holes. This connection has been es-
tablished by relating the arca of a black hole to its entropy and the surlace gravity to its
lemperature. This was initially explored in the early 1970s by Jacob Bekenslein, He has
observed a similarity hetween the area law, which asserts that the event horizon area of a
black hole can never diminish, and the second law of thermedynamics. Digeing deeper into
this analogy, the four laws ol the black hole mechanics were subsequenily formulated by
Bardeen, Carter, and Hawking [19-21]. In addition, the cosmological constant has involved
a new interpretation that brings it into the realm of thermodynamics. casting it as a sort of
Lhermodynamic pressure. 1L has been treated as a dynamic variable within its own context of
thermodynamics [22,23]. This causes an extended siudy of the black hole thermodynamices
which leads Lo the emergence of new guantities and thermodynamic notions. This chapter
embarks on an exploration of the profound thermodynamic principles that steer the behav-
ior of black holes, revealing a relevanl interplay between the cosmic and Lhe microcosmic
aspects. Indecd, we first deseribe the thermodynamie laws of the black holes by defining var-
ious thermodynamic quantitics. Then, we study the the thermodynamical behaviors which

can be exhibited by black holes including the eritieality and the phase transitions. Finally,
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2.1. Thermodynamical guantities of black holes

we illustrate a beautiful established link between Lthe geometrie space ol the thermodynamie

variables and such hehaviors,

2.1 Thermodynamical quantities of black holes

2.1.1 Laws of black hole thermodynamics

Here, we list the laws of the black hole thermodynamies:

Law 0: Considering the black hole like a cosmie vacuum cleaner that pulls everything
in, the strength of this pulling is called “surface gravity”. This strength is the same all over
the outer boundary of a black hole. Since ne matter at this boundary, the pulling force feels
the same, Indeed, the low zero states that the surface of gravity & is constant over Lthe event

horizon of a stationary black hole. This guantity verifics the [ollowing equation
2 —1 gl
K™= ‘T{v A }{vu—“lb}a (2.1)

where A is the killing vector of hlack hole. This type of vector fields has been used in
differential geometry to describe symmetrics in the space-time. 1L represents a direction or
transformation that prescrves the geometry and the properties of the space under consider-
ation. Considering the Schwarzchild space-time, as we have shown in the first chapter, the

line element metrie of this space reads as

' 2M o 2My\7T ="
ds? — — (1 - —) di* (1 . —) dr? | 12 (d#? | sin® 0dg?) . (2.2)
r ) r
The spherically symmetric manifold has three Killing vector ficlds satisfying the commuta-
tion relations of the SG{3) group, which is a three-dimensional rotation group. These Killing
vector fields ereate a sphere 52 Moreover, any vacuum spherically symmetric metric pos-
sesses a timelike Killing veetor [6,34]. The two Killing vectors that lead to the conservation

of the dircetion of angular momentum imply that 8 = 5. The Killing vector of the timelike

k, = (_ (1 — ﬂ) ,um,n) \ (2.3)

r

type is given by

The Killing vector leading Lo the conservation of the angular momentum magnitude is

ke = (0,0,0,72sin?6) = (0,0,0,77). (2.4)
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2.1. Thermodynamical guantities of black holes

Using the Eq.(2.1), we obtain

¥ = s (VR Vik, 1 VRV, (25)
— VK Vik. (26)

Then, the surface gravity of the Schwarzschild black hole is expressed by the lollowing formula
K= (2.7)

As is evident from this equation, the zeroth law is verificd. It is worth noting that the
thermodynamic analogue of this law is that the temperature of a body in thermal equilibrium
is constant. J. Bardeen, B. Carter, and 5. Hawking demonstrated this law for any solution
of the Einstein eguations.

Law 1 : The hrst law of black hole mechanics affirms that when a small change is
made to the black hole parameters, there exists a relationship corresponding to changes in
the area of its evenl horizon 8A, the angolar momentum 8.J, and the clectric charge 80).
These relationships are mediated by the surface pravity x, the angular velocity £2, and the

tlectrostatic potential € parameters. This law is expressed as follows
SM — girm Q8T | B0, (2.8)
3

serves as an analogue to the first law of thermodynamics, It is noteworthy that Eq.(2.8)
exhibits the same structural form as the first principle of thermodynamics for a4 grand-
canonical system. which deseribes the variation of its internal energy E in the following
MANNCr

SE=T { udN — P8V, (2.9)

where S represents the entropy of the system. N stands for the number of particles, P denotes
pressure, and V osignifies the volume. The comparison of the two expressions (2.8) and (2.9),
coupled with the application of the zeroth law, allows one to cstablish the identification

between the entropy of the black hole and its event horizon area

Sex A, (2.10)
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where the area of the horizon ean be caleulated using the following equation
m I
= rﬁf dﬂ[ sin 8dip. (2.11)
0 o

This proportionality hetween the entropy and the arca of the event horizon can be established
by a quantum study.

Second law: This law corresponds to the area theorem, which is the counterparl of
the second law of thermodynamices. This theorem stales thal the arca of the event hori-
zom can never decrcase over fime for of the Einstein equation solutions in the presence of
matter. This statement provides an analogy between the increase of the entropy in classical
thermodynamics and the inerease of the tetal evenl horizon arca in the black hole context.

Third law : The third law of thermodynamics states that it is impossible to reach abso-
lute zero temperature. 1L asserts that it is lundamentally impossible to lower the temperature
of a system Lo T = 0, regardless of the number of physical processes. In a similar vein, this
concepl can be translated as the impossibility of reaching a certain state, represented by

x = 0, by any sequence of operations.

Quantum aspect of black holes

The similarity between the mechanical laws of the black hole and those of thermodynamies
is purcly formal. In particular, the analogy between mass and energy, surlace gravity and
temperature, and horizon arca and entropy might appear questionable. One key reason for
doubting a thermodynamic interpretation is the fundamental characteristic ol a classical
black hole (it is entirely black)., This means that it only absorbs incoming cnergy and
does nol cmit any cnergy. Conscquently, it is tyvpically assigned a temperature of zero,
which challenges the idea of the surface gravity being direetly equated to temperature at
the classical level. Therefore, the apparent conneetion between the mechanieal laws of the
black holes and the four principles of thermodynamics might seem to be nothing more than
4 simple analogy [19].

To address this challenge, a deeper examination of the black holes is required within the
framework of guantum Held theory. Within this framework, Stephen Hawking demonstrated
that when quantum effects are taken into account, the black holes can undergo a process
known as Hawking radiation. This process indicales that the black holes must comt photons,

similar to a black body with a nonzero temperature. This gquantum perspective provides a
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more nuanced understanding of black hole behaviors, bridging the gap between black hole
mechanies and thermodynamics. This reveals that the black holes ean indeed possess a
lemperature and emit radiations due to quantum effects.
In quantum mechanies, the vacuum is a very complex and hundamental concept. Accord-
ing to the following relationship _
AEAT > g, (2.12)

a perfect vacuum does not exist beeause the variation in energy can be non-zero in a very
short time of the order of constant of Planck divided by a time interval. The vacuum can
spontancously give rise to a particle-antiparticle pair, continually appearing and disappear-
ing. These Huctuations are similar to the oscillations around zero of a harmonic oscillator.
Under normal conditions. these Huctuations are undeteetable and their average corresponds
Lo zero energy. Near Lhe event horizon of a black hole, the tidal forees generated by the black
hole separates a particle from its corresponding antiparticle before they annihilate each other.
The particle that is drawn away from the black hole by these tidal forees can escape and is
recopnized as the Hawking radiation. Conversely, the other partiele ends up being absorbed
by the black hole. Importantly, this absorption process involves a particle with a negative
energy, which contributes to a reduction in the mass of the black hole [6,7,19], Considering
guantum cffects. Hawking discovered that the black holes do emit radiation. This radiation
exhibits a black body speetrum at a characteristic temperature
hu

kT = —, (2.13)
2me

where kp is is the Boltzmann constant. Therelore, the expression for the entropy of the

black hole takes the form
Aky

gi=s =t
i

(2.14)

where £, = ‘/g is the Plank length. To approach this entropy expression, we make an
estimation using the second law of the black hole thermodynamics. For this purposc, we
consider a cubic box of gas with a volume of I*, a mass of m, and a temperature of T. Assume
that the length of the box is greater than the thermal wavelength of the gas (I ~ R/T).

The descenti of the gas into the Schwarzschild black hole of mass M with an air horizon
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A = 16G2M? will lead to a decreasing behavior in the entropy

Az~ _¥ ~ (2.15)

The cubic box will merpe with the black hole when the distance g between the two is of the
order of [. For a Schwarzschild black hole, Lhis distance is given by

2 M -br dr
o= ——
WM 1 2GM]r

where g = [ valid when = I*/G M. The gas initially has mass m, but its energy sceing from

~ VG Mbr, (2.16)

infinity is redshifted as the box moves towards Lthe black hole. Indeed, when the box reaches

the distance r = 2GM + dr, the black hole gains the following mass

2GM o
AM i1 — S 217
"’\{ SGM +or  GM (217

As there is a varialion in mass, il consequently leads Lo the [bllowing modification in the
area of the black hole
AA ~ GEMAM ~ Gml. (2.18)

This shows thal the black hole must gain an entropy of the [orm

AA
ASpp ~ —ASpes ~ . (2.19)

Hawking was thus able to postulate thal the black holes possess an entropy. This entropy is

determined by the surface area A, as deseribed by the following formula

kpctA
5= : 220
Ak ( )
The calenlation for the Schwarzschild black hole gives
drkpc*GM*®
§= " (2.21)

hi

On the other hand, if we consider matter falling into a black hole, the initial entropy of
the matter is lost, and there is no compensation from a elassical perspeetive. Consequently,

the entropy of the Universe containing a black hole decreases over time, which contradicls
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the second law of thermodynamies. However, taking into account the guantum phenomena
involved in the evaporation of a black hole, an entropy is created outside the bhlack hole
even as the area of the horizon decreases. This does not violate the arca theorem, as the
energy-momentum tensor associated with Hawking radiation does not satisfy the null energy
condition [19,34]. Farthermore, by feeding matter into the black hole, the area of the horizon
increases according to the first law, even il the entropy of the region outside the black hole

decreases. These considerations, therefore, lead us lo reformulate the second law as follows
5= San + Smatter, 85 = 0. (2.22)

Another important concept thal can be extracted from quantum studies is the lifetime of a
black hole. The encrgy E radiated by a black hole is given by the formula of Stefan Boltzman
as follows

dE
— = AoT", (2.23)

where @ is the Boltzman constant. As the black hole emits more and more energy, its mass
decreases, which inereases its temperature and accelerates the radiation. It has been shown

that a black hole of mass M, isclated in a vacuum, has a lifetime of

M
— 2.005.10° (
L M

) VEATS. (2.24)

A solar-mass black hole would therefore survive for approximately 2.10% years after the
Llemperature of the Universe drops below 60 nanokelvins. A black hole with a mass of 1 kg
wonld only survive for (L083 seconds before evaporating. Therelore, the end of a black hole

evaporation is always explosive, regardless of its initial mass.

2.1.2 Thermodynamic quantities of the black holes

In the first law of the black hole thermodynamie, the mass of the black hole is interpreted
as the internal energy. However, it was suggested in [25,26,41] that a more accurate inter-
pretation is to consider the mass as the enthalpy which is the total energy of a system that
includes the internal energy of a system and the energy required to displace the vacuum en-
orgy of its environmenl, PdV . Notably, in Lthis context, there is an absence of the term PdlV
in Eq.(2.8), which significs a lack of consideration for volume change at ambient pressure

P. This problem was solved by introducing the cosmological constant A [36,37]. A natural

a8



2.1. Thermodynamical guantities of black holes

pressure candidate emerges as P = A/(87). Indeed, the volume of the black hole is then
defined as the thermodynamie variable conjugate to . For an asymptotically AdS black
hole space-time, the volume of the black hole is given by

aM
V= (m) . (2.25)
B ) e

Initially, this variable was onstrueted with a geometric meaning as a finite, effective volume
for the region beyond the AdS black hole horizon, Subsequently, it was highlighted that the
Eq.(2.25) remains unaffected by any specific geometric volume for the majority of the black
holes [34,38,39]. ecmphasizing that it should be recognized as a thermodynamic volume. The
formulation (2.25) was initially associaled to an asymptotically AdS black hole spacetime.
Howoever, it has been revealed that taking the limil towards asymptotically lal spacelimes
(P — () often vields a finite outeome for the thermodynamic volume, seamlessly connected
Lo its AdS counterpart. This discovery offers a method for defining the thermodynamic
volume of asymptotically flat black holes. Applying this concept Lo the charged AdS black
hole spacetime, For instance, one gels the thermodynamic volume of the Schwarzschild black
hole in four dimensions as follows

V= %m"ﬁ. (2.26)
Using the concept of the heat capacity to black holes is unconventional, particularly in the
context of thermodynamics. In classical thermodynamies, the heal capacity is a measure of
the heat required to inerease the temperature of a system by a specific amount. Similarly, in
black hole thermodynamics, this coneept is adapled to understand how the mass of a black

hole responds to changes in its temperature. Indeed, it is formulated as follows

s
c :T(, ) ; (2.27)
' ) pa.y

The sign of the heat capacity is a crucial [actor to understand how the mass of a hlack

hole responds to changes in the temperature. providing indications of its overall stability.
A positive heat eapacity suggests a relatively stable system where an increase in Lhe tem-
perature leads to an inerease in mass. A decrease in temperature results in a decrease in
mass [31,32,34]. Indeed, the black holes can absorb or emit energy without undergoing
drastic changes. They are somewhat analogous to systems with a positive heal capacity in

classical thermodynamies, where the temperature changes are proportional to the added or
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removed energy. Conversely, a negative heat capacity means that when Lhe temperature
increascs, the mass tends to decrease. Despite its counter-intuitive nature, a negative heat
capacity does not necessarily imply instability. 1t can be tied to the emission of Hawking ra-
diation. As the black hole loses mass through radiation, its temperalure decreases, creating
a self-regulating mechanism. This process stabilizes the black hole against small fluctuations
in the temperature.

The Gibbs free energy, commonly known as the thermodynamic potential, holds a pivotal
role in describing and predicting the behavior of physical systems, and plays the same erucial
role in understanding the thermodynamic stability and phase transitions of the black holes
[34]. It is defined as the maximum reversible work that can be performed by a system at
comstant temperature and pressure. Generally, the Gibbs free energy G is expressed by the
[ollowing equation

G=H-T8S, (2.28)

where H is the enthalpy. We will show in the following sections that the behavier of this
cnergy is particularly useful for understanding phase transitions in black holes, critical points,

stability and system characteristics.

2.2 Black hole stability and phase transitions

In this section, we delve into the examination of both the stability and the phase structures
of the black holes introduced in Lhe hirst chapter. Additionally, we elucidate the various
transitions that can occur. Then, we draw parallels between these transitions and classieal

thermodynamic ones.

2.2.1 Ordinary black holes

The thermodynamical behavior of black holes is encoded in the metric function. We start
with the Schwarzschild black hole. From Fq.(1.54), the metric function is given hy
2M
fir)=1—— (2.29)

r
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Using Eqs.(2.27) and (2.28), we get the associated thermodynamical quantities

Tl
M = 25
1
T =
dmry”
1
G =
167T"
Cp = —Ei'ﬂ”ﬁ:

(2.30)
(2.31)

(2.32)
(2.33)

where the rg is the horizon radius. In Fig(2.1), we plot the variation of the Gibbs free

energy in terms of the temperature.  Since this potential energy and the heal capacity

are positive whatever the value of the mass, the black hole has one unstable phaso. The
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Figure 2.1: Variation of the Gibbs free energy in terms of the lemperature for Schwarzschild B

Shwarzschild black hole has no inleresting features and
identify the effect of the second parameter, we conside

where the metrie function takes the following expression

M Q2

) =1-==1+%.

re

indicates no phase transitions. To

r the Reissner-Nordstrom solution

(2.34)
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The associated thermodynamic quantities are given by

vy +@Q*

M = : (2.35)
21"&

. g —*

R gl = 2 2.36
2 4 3

G = M (2.37)
4r

: 2y (ry — Q) i

G =g (2.38)

In this case, the specific heat capacity could be positive il the following constraint is verified

VaM
2

IQl =Th = VEEQi =

< Q] < M. (2.39)

This provides two branches, The first one is associated with the small strongly charged black
holes with pesitive €, and the the second one has a negative specific heat capacity which
is unstable. These two branches are clearly illustrated in Fig.(2.2) where we present the
variation of the Gibbs [ree in terms of the temperature, As in the ease of the Schwarzschild

hlack hole, no interesting thermodynamic features are presented.
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Fignre 2.2: Varintion of RN-IHH Gibbs free energy in levms of the temperature for (= 1.

For the rotating black holes, we use the metric expression, given by Eq.(1.69) in order to
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obtain following thermodynamics quantitics

ri +a’
M = -k 2.40
Er% i E :]
, T 1
T = = \ 241
2n(a® +ri) Aary { )
342 | 2
o — “—4‘"{ (2.42)
fl'rh
¢ = Zu—argiay (2.43)
dat + 6ria? —r}

In Fig.(2.33), we plot the Gibbs free energy in terms of the temperature. The behavior of
this energy closely resembles that of the charged black hole. Two branches are present. The

lower one corresponds to a small fast rotating black hole with a positive specific heat capacity

V34 2v3la| = > o] = MV2v3 -3 < |a| < M. (2.44)

The upper branch of slowly rotating black holes has a higher Gibbs [ree energy and a negative

constrained by

specific heal and it is thermodynamically unstable.
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Figure 2.3: Variation of Kerr B Gibbs free energy fu terms of the temperature for o = 1.

2.2.2 AdS black holes

To explore how the cosmological constant enhances the thermodynamies of the black hole

filed, we start, wilth the simplest asymplotically AdS black hole. This black hole is deseribed
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by the following Schwarzschild-AdS metric function

S5 2
s PR (2.15)

Jir)=1- =

As we are mentioned in the previous chapter, the AdS radius £ is expressed in terms of the
vosmological constant

2 =3/A. (2.46)

The thermodynamic guantitics read as follows

M = fz-fl—"’i (2.48)
G = % (2.49)
o = 2”51{_;‘"_% etz &) (2.50)

Analysing the expression of C'p, we deduee thal, for vy = rom = I’f\/ﬁ, 'p is positive. It is
negative for rp < rmin. and indelerminable or ry = rog. The minimum which corresponds
Lo Ponin 15 dehined by .
_ V3

Tmin = +
2l

(2.51)

Eqs.(2.47) and (2.49) allow us to wrile G as a [unction of the lemperature. The variation of
(7 at constant pressure is plotted in Fig.(2.4).
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Figure 2.4: Variation of AdS SH-BII Gibbs free energy in terms of the temperature for £ — 17.
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For T' < Tin, no black hole ean exist. Above this temperature, we have two branches of
the black hole. The upper brianch deseribes a black hole with a negative heal capacity. Thus,
it represents an thermodynamically unstable system and cannot be in a thermal equilibrium.
Omn the contrary, the lower part for vy > romm presents a positive heat capacity. This defines
a locally thermodynamically stable system. We consider Lhe AdS thermal space as an AdS
space coupled to a radiation (G = 0). Al a specific value of the temperature noted Thp, the
Gibbs free energy is approximalely zero, we observe a discontinuity in the hrst derivative of

the Gibhs enerzy. Indeed, the computations givies

1
Tap = e (2.52)

m

The Gibbs [free energy becomes negative for v, = rgp, marking a first-order phase tran-
gition. Thus, at T = Typ, there is a Hawking-Page phase transition a firsl-order transition
between the large (stable) black hole and thermal radiation in anti de Sitter space. This tran-
sition has been largely studied in the context of AdS/CFT (Anti-de Sitter/Conformal Field
Theory) correspondence [12]. 1t is linked to the duality between a gravitational theory in AdS
spacetime and a non-gravitational conformal ficld theory defined on the boundary of that
spacetime. Indeed. the black holes and the thermal AdS spaee are regarded as macroscopic
cmergent states or phases within the framework of the AdS/CFT correspondence [34,36]. 1t
also interpreted as a confinement /de-confinement phase transition in the glion plasma with
double quarks.

The phase transition occurs when the Gibbs frec energy G of Lhe AdS black hole beecomes

zero, which defines the two-phase coexistenee line as [ollows

3;
Bt = f f (2.53)

This line is shown in Fig.(2.5). Similar to the solid /liquid phase transition, this line continues
up to an inhnite pressure, where a thermal radiation acts as a solid.

To explore how the presence of the charge will affect the phase structure of the AdS black
holes, we consider the metrie of a RN-AdS black hole given in Eq.(1.60). The thermodynamie
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Figure 2.5: Two-phase coezistence line in (P —T) diagram.

quantities take the following forms

Air— Q%) + 3

£ e (251)
# i i
o = TR, (255)
C, = 2 ,.33’:_ if ;E;f; (2.56)
In this case, the unstable phase is constrained hy
Wi iweTE  ofii fi-were |
RS (2.57)

76 ;

otherwise the specific heat capacity is positive. In Fig.(2.6). the behavior of the Gibbs free
energy of the charged AdS black hole is displayed lor a fixed value of the charge @@ = 0.11
{canonical ensemble). The swallowtail behavior of this energy proves thal this black hole
exhbits a first order small-hlack hole/large black hole (SBH/LBH) phase transition marked
by a non-analytic behavior in the Gibbs free energy, indicating the coexistence of the two
phascs [34].

It is worth noling thal the thermodynamic properties of rotaling AdS black holes in

four dimensions closcly resemble those of the charged AdS black holes. The thermodynamic
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Figure 2.6: Variation of the (libbs free energy in terms of the lemperature for £ =1 and ) = 0.11.

quantities of the Kerr-AdS black holes are given by

Lo 1 (a® +3r3)(rZ /e + 1) ;
= 27Ty, ( 2a? | 17) — 1} (2.58)
g ol
> %* (2.59)
o (r2 1 3a2)6* — (r2 — a2 | (a® + 3rd)a’r?
¢ Crp( 2 — a¥) : (2.60)

The Gibbs free energy behavior is qualitatively similar to Fig.(2.6) with fixed a replacing the
fixed charge. Notably, similar qualitative patterns emerge when examining Lhe behaviors of

the charged and rotating AdS black holes.

2.3 Criticality behaviors and universality

The concept of an equation of state is a landamental aspect of thermodynamics, describing
the relationship hetween state variables. Similar to the ordinary Lthermodynamic systems,
black hole systems may exhibit eritical behaviors near phase transitions [12,43]. The equation
of stale can play a crucial role in understanding and identifying critical phenomena, More-
over, the variation of the entropy in terms of the temperature is relevant in the identification

ol interesting universal quantitics.
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2.3.1 HP transition and universality behaviors

To get the equation of state of the Schwargschild-AdS black hole, we use the associated

temperature and the the pressure expressions. Indeed. we obtain the [ollowing equation

T 1
gL 1 9261
v Drp? ( )

where v is the speeific volume of the Huid given by
3V .\
= (__]) — 97y, (2.62)

In Fig.(2.7), we present this equation of state for various temperatures. For each isotherm
curves, there is a maximum point where the specific volume attains the value of ﬁ
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Figure 2.7: (P — v) diagrmm of SH-AdS black holes for T =003, T = 0.04, and T' = 0.05.

The section where the pressure is an increasing function is associated with small black
holes, while the deereasing section corresponds Lo large black holes. For this black hole,
non-critical points are present, as the coexistence line is continunous, and the equation of
stale does not exhibit any critical behavior. However, an interesting investigation shows
that the Hawking-Page phase transition of AdS black holes involves two universal critical
constants [16,47]. This can be starting [rom the the third law of thermodynamic which asserts
that when the temperature approaches the absolute zero, its entropy converges towards a

fixed value noted Spin. It is worth noting that the Gibbs free energy reaches a maximum at
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Lhis point. The two universal constants at the HP transition poinl are defined as follows

SI”‘ = Smiﬂ

cg = T {3(’13]
i "_T.min
or = *”!— (2.64)

Amazingly, these two eritical expressions have the same numerical values for non rotating

black holes. Coneretely, the caleulations give

g = 2 (2.65)
op = 3;,32’@. (2.66)
Equivalently, they ean be given by
Spp = 35,0, (2.67)
243
Tup = %Tmmﬁ (2.68)

For the rotating AdS black holes, however, these ratios depend on other thermodynamic

parameters [47].

2.3.2 Criticality in LBH/SBH phase transitions

To unveil the eriticality behaviors for the charged AdS black hole, we consider the associated

equation of stale which is given by

P —

(2.69)

2mp?  ww

/i 1 200°
v

The (P — v) diagram of this equation is depicted in Fig.(2.8). The eritical point occurs
when P(v) has an inflection peint. Evidently, for T" < T, there is an inflection point that

ecan obtained from

P o2p
=0  ===0 (2.70)
v d?
which gives
Po=(967Q") ", T.=V6(187Q)7.  u.=2V6Q (271)

The isotherm curves illustrated in Fig.(2.8) mimic qualitatively the behavior of the Van
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Figure 2.8: (P —v) diagram of charged black hole for () = 1.

der Waals fluids. Moreover, an other critical ratio can be defined for the charged black hole

linked to the above critical values. This ratio is found to be

P,
T

3 '
== (2.72)
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Figure 2.9: Variation of the Cibbs free emergy in lerms of the temperature Jor (Q = 1.

This wvalue is precisely identical to that of the Van der Waals fluid and it stands as a
universal number predicted for any RN-AdS black hole with arbitrary charge [12-44]. In
Fig.(2.9), we illustrate the behaviors of the Gibbs free energy in terms of the temperature
for tree values ol the pressure. It is clear from Lhe higure that the characteristic swallowtail
behavior is observed only for P < P., corresponding to a small/large black hole phase
transition. In this ease, the corresponding cocxistence line terminates at Lhe eritical point

{Pr.? Uy Tr}
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2.4. Geothermodynamics of black holes

2.4 Geothermodynamics of black holes

In this section, we delve into the exploration of the thermodynamic geometry of black holes.
This approach provides a solid tool to understand the microscopic and the phase structure
of black holes. In this context, one often considers a geometric space described by ther-
modynamic variables as coordinates to study certain propertics of black holes [111-115].
This way is motivated by the idea suggesting that the relationships and the behavior of

thermodynamic systems can be effectively captured and analyzed in a geometric space.

2.4.1 Riemannian thermodynamic potential

It has been considered that the Hessian of the thermodynamie potential funetion ¥( X ) given
by
G5 — ﬁiﬁ_f ‘prL {3?3]

can be thought of as a Riemanmian metric on the thermodynamic state space. The coordi-
nates X; generate some preferred affine spaces [42]. The Ruppeiner geometry is ebtained hy
taking W = 8. Whereas, in the Weinhold geometry, the metric is obtained from the hessian
of the internal energy U [111,114]. In the the ordinary thermodynamie, the coordinates of
the space are choosing to be the extensive variables of the system. Intercstingly, the two
metrics are conformally related via the following identification

. ) 1 ) )
ds* = gidM*'dM? = ?g“frdS‘dSJ. (2.74)

i

A systematic way to calculate the Ricei curvature scalar B was developed by Weinhold [115]
and Ruppeiner [114]. The sign of R has been related to the type of interparticle interactions.

o R =0 is associated to a repulsive interaction as the ideal Bose gas.
+ K = ) corresponds to o an attractive interaction as the ideal Fermi gas.
+ R =1} is associated with no interaction like the ideal gas.

Moreover, the critical points are defined by a divergence behavior of the sealar curvature.
Interestingly, this geometric quantity can share the same divergence behaviors provided

by the heat eapacity. Indeed, this geometrical quantity is exploited to study the phase
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2.4. Geothermodynamics of black holes

structure and the eritical points of black holes as a nice interplay between thermodynamics

and Riemannian geometrices.

2.4.2 Geothermodynamics of RN-AdS black holes

As clucidated in the preceding sections, the charped AdS black hole reveals noteworthy
thermodynamic implications. Consequently, in the subsequent discussion, we examine the
geothermodynamics associated with this specifie category of black holes. Indeed, we express

the mass in terms of the entropy

2 32
m=Y5, @ | | (2.75)
2 2S5 22/
The Hawking temperature can be expressed also in terms of the entropy as follows
r_OM _ 1 VS 35 (2.76)
85 48 52 12,/8
The eleetric potential is given by
oM )
°Q ~ Vs )
Using the above equations. we can gel the Weinhold metric in the [ollowing form
1 35 307 ;
Isyy = —— | =1+ — + — ) d5* — 8QdSdQ | 854 2,78
The appropriate internal energy U of the RN-AdS black hole is given by
U=M—3Q. (2.79)
Therefore, the Ruppeiner metric beeomes
A5t = dUcf( : ) Q dTdd ! dQ)dd (2.80)
S B T 'I'ﬂ L T_ = 2,
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2.4. Geothermodynamics of black holes

Considering the Ruppeiner metric, the curvature sealar reads as

W] ']
R - 2 (E+%)(1-2-%) (2.81)
e g Qn)° s _ @) ‘
(-2-%) (0+8-%)
We can also express Lhis scalar in terms of the horizon radius
p_ 1870 (307 — ri) + 38 (109" — 9%, + 3r) + £ (Q* — ) (2:62)

wft (3rh /0 — Q* + rE) (3rh/ + 3Q* —f)’

The ecurvature sealar shares similarities wilth the divergence behaviors associated with the
heal capacity in terms either of the event horizon or the entropy, Al constant charges, the

heat capacity should be computed. Indeed, it takes the following form

35) 2mrd (B — Q) + 3rd) (2.83)
Q

Ca=T[Z2
@ (aT 2(3Q2 —r2) | 3r

It has been observed the phase transition LBH/SBH can occur when € < Q.. We consider,
[or instance, specific regions of the moduli space where one has used £ = 1. We lind that the
critical value is around ). = 0.408. We illustrate the heat capacity variation as a funetion
of ry, by considering constant charges, in the left and the right of Fig.(2.10) for @@ < @, and
() = (., respeclively.

8 c
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Figure 2.10: Variation of the specific heat caparity in terms of ry for € = 0.3 left and € = 0.5 right.

For €2 < ()., the phase transition is manifested, ensured by discontinuous curve hehaviors.

However, for @@ = (J,, a continuous line with non divergence behaviors is obtained showing
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2.4. Geothermodynamics of black holes

that there is ounly one black hole selution. In Fig(2.11), we depict the varation of the
sealar curvature in terms of the horizon radius, using the same constant values as those
employed for the heal capacity plots. The figure clearly indicates that the same critical
behavior ebserved in the heat capacity is shared with the curvature scalar. Morcover, cven

for non-phase transition behavior, this scalar exhibits also continued variations.
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Figure 2.11: Variation of Ruppeiner curvadure in terms of ry, for @ = 0.3 lefi and Q@ = 0.5 right.
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CHAPTER 3

Optical Aspects of Black Holes

The study of the optical aspect of black holes becomes a warm subject being largely inves-
tigated using analytical and numerical approaches. The significant interest in this area has
received backing and motivation from the empirical findings presented by EHT collabora-
tions and gravitational wave detections [18-52]. A detailed analysis reveals that two crueial
aspects have been explored: the shadow and the deflection angle of light rays in proximity
to black holes [60-63,65]. In this chapter, we investigate the characteristics of shadows and
light behaviors in the vicinity of certain AdS black holes. This has been motivated by re-
cenl investigations of thermodynamical behaviors. Morcover, we provide constraints on the

stndied black holes from the observational EHT data.

3.1 Shadows of black holes

In this section, we first present a general review on the formalism used to obtain the shadow
of rotating and non rotating black holes by considering the RN and the Kerr solutions, Then,
we study shadows of rotating Bardeen AdS black holes by invesligating the notions of the
shape and the distortion behaviers. Furthermore, we explore the effect of the quintessential

field on Lhese shadow properties,




3.1. Shadows of black holes

3.1.1 Shadow of black holes

The shadow of a black hole is defined as the apparent boundary or the eritical eurve which
appears when light rays asymplotically approach an unstable circular orbit called photon
sphere and return towards the observer. This information is encoded on the null geodesics

around black holes [68-70[. Indeed, we start rom the following Hamiltonian

1
H = 59" pup", (3.1)

where p, is the momentum veetor of the photon expressed in terms of the lagrangian density

of the system
)

Cggn’

Py (3.2)

In this context, the dot ropresents the derivative concerning the affine parameter that controls
the trajectory. To illustrate the calculations, we consider the metric of the RN black hole
solution

) =i, 8 (3.3)

r r?

Considering the equatorial plane defined by # = 7/2, we can obtain

po= [iri=E (3.4)
P = -ﬂ—] (3.5)
pe = rig=12 (3.6)

where L is the angular momentum of photon and F is the energy [68, T0]. Substituting these

in Eq.(3.1), we obtain the Hamiltonian of the system which takes the form

1 2 e re
LN LIS . i () 3.7
" E(rﬂ 7 f[r}) )

Applying the Hamillonian-Jacobi formalism, we hnd the eguations of motion of the photon
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3.1. Shadows of black holes

d  E

a ()

dr e 2
dp L

o

The complete motion the pholon is defined through a radial effective potential Vipp(r) sat-
islying the following céquation

Varr(r) + 7 = 0. (3.9)

Using the Eq.(J.8), we can obtain the effective polential expression

) B2 IM
Verr(r) = 5 (‘ =5y B ng) -1 (1)

72
where b is Lthe impact parameter of the light rays defined as follows
L
b= .11
= (3.11)

The derivation of Lhis scalar quantity with respect to v is given by

AVers(r) _ _op (l 2, 20 ) (3.12)

dr rd ot 2

The circular orbits are defined by the follewing conditions

dVerp(r)

Virrlr) - =0, e 1Y =4 (3.13)
Combining Eqs(3.10) and (3.12), we get the trajectories
P2 3Mr 4 2% = 0. (3.14)
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3.1. Shadows of black holes

This equation has two solutions which read as

3 1

ry = 5M+5/9M*—8Q? (3.15)
3 1 , :

5 = M —5\/9M2 —8Q%. (3.16)

For the SW black hole (@ = 0), we gel one solution rj = 3M. For the charged one,
we consider only the physical solution 'r;' . This defines the distance between the center of
the black hole and a point in space at which non-massive particles ean move in a circular

motion |[65].

M=1, =0 M=1, @=1

Figure 3.1: Effective potential in lterms of the radial coordinates v for different values of b .

To understand the behavior of the light rays near to the black hole, we plot in Fig.(3.1) the
variation of the cflective potential in terms of radial components for charged and unchanged
black holes. A close examination shows that the value of the effective potential increases
with b [or both types of black holes and the maximum potential corresponds to the value
of the radius of the circular orbil. The behavior of the effective potential reveals that hight
coming from infinity can deviate by returning te infinity if r = rp. If ¢ = rp, the light
approaches the black hole by spiraling in Lo eventually describe a circle. Otherwise, the light
from infinity leads to engulfment in a coiled path around a black hole.

We approach the shadow using the radial and the angular geodesic equations that appear
in Fq.(3.8). Indeed, the equation of the photon erbit is formulated as follows

dr _ (r [, _Bf(r) -
E_ﬂ:(hw L2 (3.17)
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3.1. Shadows of black holes

The trajectories of Lthe light rays are deseribed by Lhe fbllowing constraint

dr

a5l =° (3.18)

r=rp

Using Eq.(4.43), one can get

dr NEOH
== :!:rJ £(r) [mrgf{r] 1] (3.19)

Considering the light rays emitted by a static observer located at v and transmitted at an

angle ag;, we have

col trgy = —"H-E-_r-tﬁ = ! ﬁ . {3.20)
/T AP I "m dep |r—ra
Using Eq.(4.45), we obtain the angle of the observer
sin? gy — 27 (3.21)
ropd (1)

In this scenario. we can establish the anpular radius of the black hole shadow as a function
of the radius of the photon eircular orbit. Specifically, the radius of shadow observed by a

stationary observer positioned at ru is expressed as

.!r{rubj
I(R)

Ry =rapsinag, = K {3.22)

H==rpy

For a static observer located far from the black hole, we have f(ras) = 1. The apparent
shape of the shadow of the black hole in such a space-time can boe obtained using the colestial

coordinates o and 3. Aceording to [60-63,65], these coordinates can be expressed as follows

. 4 .. di v

== 3 il g S 3.23

= ".:bl-T 0 ( ot B ab dr ( )
df

4 = K g 3.24

L‘ Fa .IF}-la:- (Td. d‘l‘) { :]

where rgp 15 Lthe distance of the observe from the black hole. 8y indicales the angle of
inclination between the line of the observer and the black hole's axis of rotation. The

coordinate o represents the apparent orthogonal distance of the observed image from the
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3.1. Shadows of black holes

axis of symmetry, while the coordinate 4 denotes the apparent perpendicular distance of
the image from its projection onto the equatorial plane. It is noteworthy that the light has
the capability to orbit around the black hole before returning to the observer, leading to
the creation of the photon ring [60-63]. The region cncircled by this ring is the shadow
ol the black hole. To illustrate this shadow, we use the celestial coordinate system. This
eoordinate system is illustrated in Fig.(3.2). These coordinates verify the following algebraice
relationship

e’ + fF=R. (3.25)

Upon close examination, it becomes evident that the non-rotating black hole shadows exhibit
a circular shape. The dimension of the shadow diminishes as the charge value increases, while

it enlarpes with an increase in the mass value.

M=1
4 '——.‘_:H;‘\‘“ 2
. ce
2
oa
g o
-2

Figure 3.2: Shadow of the RN black hole in the velestial plane for diffevent values of the chamge Q. The
red and green circles eorrespond Lo the shadow of the Schwarzschild (SW) and exivemal Reissner-Nordsirdm
(RN} back holes, respectively.

To approach the shadow oplical aspeels of the rotating black holes, we consider the
Kerr metrie. The eonservation of the momentum with respect to the coordinates { and & is

deseribed by the ollowing relations

aL = : : ‘
Po = Hi © Gut + gt = —E 13.26)
ﬁ.ﬂ = X L
Pa = —= =gt +gup = L. (3.27)
b
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3.1. Shadows of black holes

After a ealeulation, we find

Lj—; = a(L—aEsin?g) 4 TEKL“E (E(* + a?) —al) (3.28)
% = (Lesc?0 —aE) %(E(r‘r" +a?) —al). (3.29)

In the above equations, the separation of variables is necessary to obtain the cquations of
motions. Indeed, we wuse the Hamilton-Jacobi [actorization based on the Carter method

[16,68,70]. The Jacobi action is defined as follows
S=—FEl + Lo + Sp(r) + Sp(). (3.30)
It is denoted that Sy(#) and S.(r) are inetions which involve only # and r spatial variables,

respectively, This action verifics the Hamilton-Jacobi identity for massless particles given by

1 dS dS dS _
e g e 3.31
29 dzrdz | dx (3:31)

Introducing the Carler constant, we can gel Lthe following system of ecguations

df i
¥2 (EE) t (Lescl —aEsind)’ — (L —aE) =K. (3.32)
Y2 (dr\® (aE —aE | Er?)?
< (%) _f= "ﬁ FETY (L. —aE)Y =—K. (3.33)

Immediately. we obtain

}jg = a(L—aHsin®0) | TE‘;'IE (E(* + a?*) —aL) (3.34)
.dr :

2 - N (3.35)
G (3.36)
}_::_i = {1, c&c"’ﬂ—uﬁ)!E(I(z4n)—a.L). (3.37)

For the rotaling black holes, two impact parameters should be defined. Using the above

conserved guantities, we dehine two parameters £ and v as follows

L K

'5=E’ "= fa (3.38)
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3.1. Shadows of black holes

The quantitiecs R and © take the following forms

- E? ((ﬂ,2 —af+ :r'ﬂ)2 — A (q (& - -:1]2)) (3.39)
6 = E*(n—(fcsch—asing)’ + (€ —a)’). (3.10)

For the rotating model, the eircular orbits are determined by the following two constraints

dR .
R 1r-:rp|:u}: 0. E 1r_r,{n.}: 0, ::JJ]]]

where r(a) is the radins of the unstable circular orbit for the rotating black hole. Considering
that ©(#) = 0 for 0 < # < 27, the above impaet parameters can be eblained by solving
Eq.(3.41). The computations provide
_ (M —ry(@)r3(a) — a(M + ryfa) _—
a(ryla) — M)
ra(a)(4e® M — ry(a)(3M — ry(a))?
a*(rp(a) — M)* ‘

(3.43)

To visnalize the shadow of the Kerr black hole, we could use the two celestial coordinates a
and 4. This can be derived from the null geodesics. Placing an observer at the inelination

angle #,, these coordinates are expressed as [ollows

a = —Ecsely (3.44)
B = £\ +a?cos? O, — E2cot? . (3.45)

It should be noted that in the limit @ — 0, the two celestial coordinates are reduced to
generate the geometrie shape of the non-rotaling shadow. By lixing the mass M = 1. we
illustrate in Fig.(3.3) the shadow by varying a. From this figure, we can immediately deduee
that a can be considered as a geomelric parameter controlling the shape of the shadow by
leading to a visible deformation. Indeed, for small values of the rotation parameter, the
deformation of Lthe apparent shape of the black hole is small. The main effect is to shift the
shadow region in the (o, 3) plane to the right. This shift is important for larger values of
the rotation parameter. In order to obtain and analyze the geomelrie shadow data of this
black hole, it is necessary to introduce the two geometric ohservables, the size parameter R,

and the distortion parameter 8. which approximately characterize the shape of Lhe shadow.
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Figure 3.3: Shadow of the Kerr black hole in the celestial plane for different values of the rotation parameter
it. The ved rirele corvesponds Lo the shadew of the Schwarsschild (SW) black hole.

13 (oo, Sr)

{evge, )

Figure 3.4: Representation of essential parameters associaled with the deformation of the black hole shadou:

As illustrated in Fig.(34), the shape of the shadow is a distorted cirele. Thus, we
approach the shadow by a reference cirele passing through the three points of the coordinates
(oo, 3), (ap. Bp) and (an,0). The radius B of the shadow, which is defined here by the

radius ol the reference cirele, is given by

R, — (ap —ap)® + 37

T — (3.46)
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Considering the size of deformation in the left side of the shadow D)., wo define the distortion

parametor 8, of Lthe shadow as follows

_ 1D _ (ac—ap)

=R R,

(3.47)

In Fig.(3.5), we present Lhe variation of these two observables quantities in terms of the
rotating parameter. A close examination shows that the variation of the shadow size as
a himction of a is very small. However, the distortion of the Kerr shadow is increased by

increasing the rotation parameter with a translation of the shadow from its origin.

515} ot
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Figure 3.5: Geometric quantilics associuled with the deformation of the shadow of the rotaling back hole.

3.1.2 Optical shadows of the regular rotating Bardeen AdS black
holes

In this part, our [ocus lies on the investigations of the optical characteristics of charged
rotating Bardeen black holes in four dimensions within the context of the AdS geometrics.
Specifically, we explore the seometrie representations of Lthe shadows, considering various
parametors, among Lthem the cosmological constant A. Initially, we delve into solutions that
lack contributions [rom dark fields. Subsequently, we analyze the impact of an external
dark ficld. This examination will be conducted within the framework of a moduli space,
coordinated by pertinenl parameters, including those associated with dark field sectors.
Before investigating the shadows behaviors of these regular solutions, we provide a brief

overview of rotating Bardeen-AdS black holes in four dimensions [116]. In Boyer-Lindquist
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coordinates, the line clement is expressed as [ollows

A, sin?0 \° X ¥ Agpsin?6 2 a2\’
ds® ==L (df. o dt_b) 4 ET.:sr? +do? 4 % (arﬂ. g m,a) . (348)
= : =

—_ —

The involved reduced terms are given by

a
&= () (14 8) ~2m o) M=l

=1—-5%, ¥ = r* + a®cos®6.

111

In this context, the symbols m and e corregpond Lo the mass and the rotational parameter
of the black hole, respectively. The variable g represents the charge associaled with the
nonlinear electrodynamics. Additionally, the parameter ¢ sipnifics the AdS radius. For this

model, the radial and the polar function are expressed as [ollows

Rir) = E* [[(r“ +a?) - ruEE]g _A, ] (3.50)
ef) = E* [:r;ﬂm — e [:n:ﬁinE 0 — -EE)z] : (3.51)

These equalions can be ebtained by using the Korr black hole shadow formalism. Houghly,

the circular orbits condilions provide

16r*
= ;,?1 (3.52)
2, SVNE
- (r°+a”) AL —4rA, (3.53)

azAlL = )

Here, the spatial derivative Al = %"‘,‘f has been atilized. A detailed examinalion indicates
that in non-trivial backgrounds, employing the shadow formalism, necessitales specific con-
siderations. For instance. the presence of the cosmoelogical constant A introduces a visible
way Lo approach such considerations. Indeed, it is essential Lo fix the position (re, 0.4) of
the ohserver using the Boyer-Lindquist system coordinates [65,68]. By situating the observer
within the ouler communication domain (A, = 0) and assuming that light ray trajectories
are emitted from the position (re, fs) into the past [117, 118]. The observer’s position can

be described using the orthogonal tetrads (eg, €1, €2, €4). In relation to the metric black hole
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data, these tetrads are defined as

n : L:_ ' i -: - f
g = {T e :]dlxi ﬂ._.d,;, ey = %ﬂaﬂ E:]El'-‘”
VAX (rat-Pon) ""';E (rat «on}
& 2 a 1:_
5 = _ﬂb’!l’l H{}: {_- -....-dql'r £y = __5"'5:‘0._ {355]
VAsinf (rob os) VI (rab dos)

In this scenario, the timelike veetor e represents the four-velocity of the observer. On the
other hand, ey is specihically linked to the spatial orientation directed towards the eenter
of the black hole. The directions eg + ey indicate vectors tangential to the principal null
congruences. Within this veetor representation. the parametrization of the light rays can he
denoted as A(s) = (r(s),0(s), d(s), t{s)). Additionally, one may consider the decomposition

of the tangent vector A as follows
A= tr(—eg + sinpeosd ey | sinpsind ey + cos peg), (3.56)

where a is a sealar factor. p and 4 are the celestial coordinates [118]. After performing the

necessary caleulalions, one can derive

1

=~ —(alZ — (" + a®)E) : (3.57)

(ros Don)

a = g(A, e0) =

t\.d

To analyze the optical shadows of AdS black holes, it is essential Lo incorporate all relevant
paramcters, including geometric ones. Specifically, the boundaries of the optical shadows
are controled by a reduced moduli space. According to [117,118], the boundaries of these
geometrical optical shadows can be characterized wilh the assistanee of two carlesian coor-

dinates:

r = —Et.ﬂ.ﬂ[g]sinéf (3.58)
3§ = —ELﬂn{g]::cﬁﬁ. (3.59)
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The eelestial coordinates p and 6 are expressed in lerms of £ and n as lollows

T 7.
ginp = 2t __ , (3.60)
({T + a ] _E‘E:'] (rob Pot)
VA, sinb [S(a— Scsc? 0
I ( e 'E}) (3.61)

VAgsinp \ a=£ —(r? + a?)

(ron fon)

The geometric characteristics of the shadow are contingent on the parameters characterizing
the rotating black holes. Notably, the charge associated with nonlinear electrodynamics is
considered a significant paramoeter in these solutions. The corresponding shadow properties
are portrayed in the (z, y) plane using the explicit expressions for z and y. For the current
discussion, specific parameter values and observer positions have been taken into account.
Preciscly, the observer is situated at ry, = 50 and #,, = 3. Chosen values for A = —10~* and
m = 1 have been applied. The resulting behaviors are depicted in Fig.(3.6). In particular,

the shadow features are illustrated by varying the two relevant parameters g and a. This

study has been considered for 3- However, it could be interesting to consider other observing
positions.
It 15 crucial to note that, for a fixed value of @ = 0.9, the shadow deviates from a

perfect circle. Specifically, with a = 0.9, the D-shaped peometrical configurations emerge as
g increases. When g = 0.2, the eircles become distorted and displaced from the center with
an increase in a. The prominence of the D-shape confipuration becomes more apparcnt for
larger values of the rolating parameter. In previous studies on the rotating AdS black holes,
it has been established that the D-shape geometry is solely linked to the rotating parameter
a. However, in the present scenario. the D-shape configuration is influenced not only by the
rotating parameter a but also by the charge of the nonlinear clectrodynamics g. Specifically,
the D-shape geomelry is controlled by the parameters @ and g. I has been observed that the
parameter g nol only affects the spacetime configuration of the black hole but also influcnces
Lhe observed form ol the shadow.

To analyze the distortion of the black hole shadows, the deformation parameters need to

be reformulated. Specifically, the B, parameter is expressed in the [ollowing form

R.— {Ii _Irlz 1 yla
Eia:; —a:,.|
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Figure 3.6: Optécal shadows of Hardeen-AdS black holes. Right panel: variation related 1o 0 = 0.9 for
variows values of g. Lefl panel: behavior corresponds Lo g = 0.2 for variows values of a .

In these optical behaviors, the distortion parameter reads as

=]

= (3.63)

To broaden our analysis beyond the optical examination of rolating Bardeen-AdS hlack holes,
we delve into the exploration of the astronomical quantitics mentioned carlier. These param-
eters are visualized in Fig (3.7) using a reduced moduli space defined by Lhe coordinates (a,

g). For small values of a and g, it is evident that the shadow parameter R, which controls
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3.1. Shadows of black holes

Lhe size, is large, in contrast Lo large values of a and g. Furthermore, when we consider large
values of a, the size parameter deereases with an increase in g. This behavior aligns with the
results of the regular Bardeen black hole [121,122], where the cirenlar geometry transforms
into D-shaped configurations as a increases. Similarly, for fixed large values of g, the size
parameter deereases with an inerease in a.

Turning to the analysis of Lthe distortion parameter variation 4., when we fix the values of
a, the distortion parameler increases with ¢ However, for small values of a, this parameter
remains small and constant. On the other hand, when we fix g, the geometric parameter 4.
increases with Lthe rotating parameter and takes small values for small values of a. These
results highlight the influence of g on both the size and the shape of the observed shadow.

Now, we extend our study to the shadow behaviors of guintessential rotating Bardeen-
AdS black holes by introducing two additional paramelers associated with dark ficld con-
tributions [123]. Specifically, the solution is extended by incorporating external dark field
contributions [123]. Our locus is particularly on dark energy (DE), utilizing quintessence

ficld contributions. This leads Lo a generalization of the [ollowing delta term

a
o 2 3
- -9 9 T . " &3
A¥ = (1 + a?) (1 t ﬁ) == Jm( : gﬂ) R SR (3.64)

The parameter a represents the intensity of dark energy (DE). while w signifies the quintessen-

tial state parameter.

By introducing AY into the previous computations of the equations of molion, various
models can be examined by fixing the state equation parameter w. However, for the purposes
of our analysis, we consider specific values that have been explored in diverse black hole
contexts.  Specifically, we concentrate on three w-models with w = -1, —1/3,-2/3. In
a broader context, we will explore the characteristics of the shadow by manipulating the
internal and external black hole parameters. These parameters collectively generate the

associated moduli space, which can be broken down as follows
M = My % Muwi, f3-ﬁ5)

In this context, M, represents the dark field sector, while M,,, is the internal factor
involving parameters associaled with the black holes. Following a similar approach to the

previous scetions, one-dimensional shadow configurations can be visualized by varving one
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parameter while keeping the others ones. The resulting shadow geometries are illustrated in

Fig.(3.8).
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Figure 3.8: Shadow behaviors of quintessential rotating Bardeen-AdS black holes for various values of a,
g, o and w.

Concerning the variation of the parameter e, two regions are explored. For small values
of this parameter, the shadow size decreases, and a D-shape emerges. Conversely, for large
values of a. the D-shape disappears, and the size inereases. These behaviors are consistent
across all w models. Notably, the size increases as w decreases. The D-shape geometry
disappears when a = 0.3, and these configurations remain unaltered even when varying the
rotation parameter a. As a increases, the circles deviate from the erigin. For a = 0.3, it is
observed that the parameter g controls the shadow size, decreasing as ¢ inereases. A close
cexamination reveals that this parameter influences the shape deformations, in contrast to
the electric charge. 1t plays a role similar to the rolating parameter observed in many black
hole shadow activities. The appearance of the D-shape geometry is linked to the existence of

three parameters a, which controls the shape deformation in ordinary black hole solutions,
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3.1. Shadows of black holes

along with g and .

Similar to the previous section, we analyze the corresponding distorted peometries by

introducing two additional parameters associaled with the dark sector.

Specifically, we

examine their effects on the K. and 8. parameters. These behaviors are illustrated in Fig{3.9)

by varying the dark sector parameters and the charge of the nonlinear electrodynamies.
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Figure 3.9:  Variations of B, and §_ parameters for rolating quintessential Bardeen-AdS back holes as a

Junction of dark secior paramefers.

With fixed values for a and w, the depicted figure illustrates that B, exhibits a linear
increase with e for various values of g, while il experiences a decrease with an increase
in g. This observed pattern is also consislent for varjations in w. In contrast to K., 4.
diminishes with an increase in o for different values of g, and it elevates with an increase in
g. The opposite trend is observed for variations in w. For constant values of w, the geometric
parameter 4. diminishes as o increases. These findings underscore the impact of g and & on
the size and shape characteristies ol the shadow,

Upon thorough examination, recent ohservational results from the shadows of the super-
massive hlack hole ME8T*, as obtained by EHT, have emerged as a compelling avenue for
investigating various gravity theories and alternative modified physical models. Motivated
by these endeavors, there is a keen interest in establishing connections with such observa-
Lional findings. Notahly, it has been observed that data [rom observations could impose

constraints on the black hole parameters [124-126). Specifically, the behaviors of the shad-
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3.1. Shadows of black holes

ows can be analvzed in terms of the external sector of the moduli space [or different values
of the rotation parameter a. In units of the ME7* mass, we can superimpose the shadows of
the ME7* black hole and those from the present work by considering appropriate black hole
parametors. These parameters could facilitate alisnment with observational findings. The

associated behaviors, considering different values of a, are illustrated in Fig.(1.13).
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Figure 3.10: Shadows for different values of the rolating parameler a, compared to the M8T shadow, by
taking A — —0,002 and M = | in wunits of the M87 black hole mass given by Mpy = 6.5 x 10° My and

ro = 91.2kpe.

Comparing the shadow radii ol both black holes depicted in this figure, it is apparent that
the ME7® shadow aligns scamlessly with that of the rotating quintessential AdS black holes
[or specitic values of the relevant parameters. When varying the rotating parameter, certain
computations reveal that the pertinent parameters are @ = 0.3, g = (04, and w = —1/3.
Additionally, for w = —2/3, it is observed that the shadows of the rotating quintessential AdS
black holes can closely resemble the M87* shadows. In the case of non-distorted geometrics,
similar behaviors are noted, echoing those of M87. However, for a = 0.9 where the shadows
are distorted, it becomoes intriguing Lo discuss the distortion of the shadow in comparison to
that of ME7*.

It is noted that the distortion of the quiniessential AdS black hole aligns with that of
M8T for a = (0.3, g = 04, and w

distortion is observed to differ from that of MBT'. This graphical analvsis could serve Lo

—1/3. However, for other parameter values, the

validate the specifie constraints on these black hole parameters as mentioned earlier.
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3.2. Deflection of light rays by black holes

3.2 Deflection of light rays by black holes

The essence of gravitational lensing lies in the bending of lighlt due to gravitational felds,
as predicted by Einstein’s general relativity, especially in the weak field limit [84-86, 91].
This phenomenon ocenrs when light passes near Lo massive objects like planets, black holes,
or dark matter. The weak deflection, being a consequence of this gravitational lensing,
is a valuable tool in detecting dark matter filaments. Understanding and studying weak
deflection is erucial as it provide insighls into the large-seale structure of the universe.

To calculate the defleetion angle, we will adopt the approach based on the Gauss-Bonnet
theorem is one of the important method to calculate the weak detlection angle using oplical
geometry proposed by Gibbons and Werner [92-94]. This theorem establishes a connection
between the intrinsic differential geometry of a surface and its topology. Thaking into account
that both the ohserver and the source loeated ab finite distances within the equatorial plane,

the deflection angle can be formulated as
B ="y — Vg + dsp, (3.66)

where dgp represents the longitude separation angle, ¥y and Vs denote the angles between
the light ravs and the radial direction at the ohserver and the source position, respectively
[92-94|. The calculation of the deflection angle can be derived by applying the Gauss-Bonnet
theorem [92]. This theorem asserts that

J[.Kdas+ 3 [ kgt + Y 00 =2 (3.67)
= =] "o =]

In this context, ¥ represents a bwo-dimensional orientable real surface bounded by ecurves
Cuolor = 1,...,n). 8, denotes Lhe external angle at the a-vertex. K indicates the Gaussian
curvature of the surface ¥, and &, is the geodesic enrvature of C,. Dy considering the
quadrilateral *=r[0%S formed by light curves from the source to the observer, it has been

demonstrated that Eq.(3.66) and Eq.{(3.67) yield a reduced integral formula given by

It
6=— f[ KdS 4 [ kdl, (3.68)
St Js

where dS represents the area element ol the involved surface. The line element dl can

be computed using the metric of the associated black hole. Specifically, we first consider
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3.2. Deflection of light rays by black holes

[our-dimensional black holes with the ollowing gencral stationary metrie form
ds® = —A(r,0)dt* + B(r.8)dr® + C(r.0)d6" + D(r.8)d¢" — 2H (r,0)dtde. (3.69)

To define the Hiemannian manifold in which light geodesies are interpreted as spatial curves,
it is essential to consider the null geodesic condition ds® = 0 [84-86]. This eondition cffec-
tively vields

di = 1y vydaidazd + mydi, (3.70)
where 75 is a spatial metrie called the optical metric. In the equatorial plane (8 = 7/2)
and al a constant time { of the space-time metrie, one can get a 2-dimensional curved space

which is represented by

dl* = vydz'de’. (3.71)

In this manner, the Gaussian curvalure is expressed as

_:Hr-.!-rm:i E ﬂ&)_i(ﬂ )) ‘
K== ﬁ(ﬁnh(’rnr" 5\ v ) (3:72)

where one has v = det(7;;). The arca clement of Eq.(3.67) takes the form
dS = f7drde. (3.73)

Aceording to [92], the geodesic curvature within this Ricmannian manifold is expressed as

1
fizrs T (3.74)

J.Fu.r,ﬂﬂ

Using the same principle, we can also adopt an alternative approach to derive the dellection
angle by caleulating ¢ and ¢ps angles directly. To write down the associated formmnla, the

[ollowing unit tangential vector along the light will be used

(e",e?, e?) =¢ (j_;.nfl) ._ (3.75)

where e represents a radial gnantity that can be derived from the solution of the black hole.
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3.2. Deflection of light rays by black holes

More precisely, it is defined as

_ A(r)D(r) + H*(r)

= ANED T AN (3.76)

where b represents the impact parameter, characterized as Lthe ratio of two constants of
motion derived from the orbit equation. A simplificd form ean be oblained by restricting

the analysis to the equatorial plane. These two conserved quantities are expressed as

E=A(r){+ H(r)p L= D(r)é— H(r)i, (3.97)

where the derivative with respect to the atfine parameter has been used. Based on the Gauss

Bonnet theorem, one can prove that the ¥ angles verily

cos U = y;e" RS, (3.78)
where the components of a radial veetor given by

: 1
R = (——.0,0). 3.79
(00 (3:79)

Exploiting Eq.(3.75) and Eq.(3.78), the sin ¥ term can be obtained from the following rela-

tion

H(r)+ A(r)b
VA(r)D(r) + H(r)

The caleulation of the defleclion angle of the light rays needs also the explicil expression of

sin 'l =

(3.80)

the separation angle ¢gp which is defined by

. sz?dqé:/: v/}ﬁdu | f:" x/ﬁdu, (3.21)

where one has used

2

1

Flu) = (@) . = - (3.82)
du r

It is worth noting that ws and up represent the inverses of the source and the observer

distanees from Lhe black hele, respectively. Additionally, uy denotes Lhe inverse of the closest

approach rg associated with Lhe impact parameter through the constraint Flug) = 0. This

representation proves more advantageous for calculating the deflection angle of the AdS




3.2. Deflection of light rays by black holes

black holes: We extend this formalism to d-dimensional non-rotating AdS black holes by
considering the ansalz metric
d—3
ds® = —A(r)di® + B(r)dr® + r2d ,, dQ 5 = db* + J] sinfsin dp. (3.83)
k=1
Here, d€5 , denotes the metric of the (d — 2)-dimensional unil, sphere. @ and ¢ represent
the local spherical coordinates. A(r) and B(r) are radial functions specified later on . The
optical metric of the light rays, denoted as 55, can be determined from the null condition,
which yiclds

P Bir)

2
‘
dr®

Alr)" " Afr)

dSY 5. (3.84)

This corresponds to a (d—1 -dimensional Riemannian space. Within this space, the deviation
of a spatial curve can be computed by choosing an equatorial plane constrained by ¢ = 3.
This plane is defined by the radial eoordinate and one periodic coordinate from the set g,
while the remaining ones are held constant. ¢ is singled oul as the only non-fixed coordinate.
Before proceeding further, certain conserved quantities are essential, including the eneregy £

and the angular momentum L. These conserved gquantities are expressed as {ollows

dt

E = Afr)z (3.85)
2dep .
L= g (3.86)

where A represents the athine parameter. These quantitics can be combined to lormulate the

impact parameter b of the moetion

L .
b= — 3.87
= (3.87)
The computations provide
r d :
b= Jl{r}ﬁ' (3.8R)

The unit tangential vector of the light ray eurve e and the radial vector B7 are defined as
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3.2. Deflection of light rays by black holes

[ollows

dz*  bA(r) [ dr

o = H — T ﬁiu.“.?u!] . EJSQ]
-
: 1
R = (——nu) (3.00)
"'I|l',_r i
d-2

In the plane coordinated by (r, ), the angle between the light rays and the radial direction

can be derived from the following relation
cos W = }'fj-Rj. (3.91)

The orbit equation can be extracted from the unity of the tangential vector as

. B f 3: i B ri o
P‘*[r)_(dqa) BA(rB(r) B(r) (3:92)

In the (r, @) plane of the d-dimensional space, the computations simplify to those of a spher-
ically symmetric black hole in four dimensions. This enables the consideration of the deflee-
tion angle equation related to the (r, ¢) plane within the context of the Ganss-Bonnet theory
applicd to four-dimensional black holes. When accounting for finite distances between the

observer (R) and the source (S), this equation is expressed as follows
By =TV — Vg + ops. (3.93)
The separation angle can be rewritten as

g 1 u ]
bns = f el [ e A (3.04)
ug S Falw) Suie ) Fulu)
From the aforementioned formalism, it is apparent that the functions A(r) and B(r) encom-
pass all contributing effects. including the dimension of the black hole space-time.
With this established formalism, we can proeeced o caleulate the deflection angle of the
light rays by various black holes in difforent backgrounds. This will be the focus of the

upcoming investigation.
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3.2. Deflection of light rays by black holes

3.2.1 Deflection light behaviors by ordinarily AdS black holes

Here, we are inlerested in the deflection angle behaviors of the RN-AdS black holes in four
dimensions. By applying the null geodesic conditions in the equatorial plane, one obtains

the expression for the optical metric

1 3, r

d? = — _dr?
T e

de, (3.95)

where f(r) indicates the metric function of RN-AdS black hole given by f(r) = 1 — Y
ol

3 3 Th Fx . ! A 4
7 %.— Using Eq.(3.72) and Eq.(3.95), we get the expression of the Gaussian curvature

1 6M  6Q° M 3Q° GAMQ? |
M e N O(M2,Q*,1/¢%). 3.96
7w e @ T s FOMLEL e (3.96)

In this situation, the determination of the optical metrie determinant is achieved i the

S L ¥ _3
T:rz(l B (ﬁ _%; - Q;)) (3.97)

viclding the ollowing necessary approximation

[ollowing form

VIz=r+OM', Q@ 1/8). (3.98)

To maintain the order of O(M?, %, 1/£) in the calenlations of deflection angles, we utilize

Eq. (3.98). Indced, the computation provides

™ o i ro 3% 6Q* 6M 2M  6MQ*
K /Adrdg :f [d-d s o a0 L
o L [ awies i ===

r T

+ O(MEQP /Y (3.99)

To carry oul these computations, the impact parameler of motion is required. Using the

equation of motion, one can get

_1&|_ e (3.100)

b="% f(r) dt

fata]



3.2. Deflection of light rays by black holes

The mull grodesic condition gives

(%) = % — % —u? (—:h'.-}'u ST e 1) . (3.101)

To solve Eq.(3.101), we need to employ the perturbative method, leading to the following

resull

() = _bmw)} FO(M). (3.102)

Taking into account weak field approximations and small AdS radius values, the integral of

Eq. (3.99) can be expanded as follows

i L b puld)=f sin(sh) = 1 6M EQ“
_LE Eﬁﬁnfrd:ﬁ ~ j.;sjf M —3Q%u 4 BMQP® — i |+ o —

i) [Jl ~(bus)? 4 1 {E:-m.-}“]

6% 30Q°
[F T

- = [mmm + s/ T— (Y]
_ MQ [(m F (Bur)®) /1 — (bur)? + (16 + (bus)?) /1 — {bu_;,-}ﬂl

2

:| [ — arcsin(bug) — arcsin{bup)|

wdep

b [\1—(bunf 1 —(bus)?] Mb i

* [ 7

lug arclan(ugh) + ugarctan{ugh))].

LT H g

6O2h
2

In this situation, where the coefficient H{(r,#) governing the coupling term didg is absent,
it has been observed that the second term in the deflection angle expression related to ky
becomes null. The integration in Eq. (3.103) scemingly exhibits a potential divergenee as
bug — 0 and buy — 0. This divergence could be associaled with the impact of the cosmo-
logical constant. Combining Eq. (3.103) with Eq. (3.68) and considering the asymplotic
case when bug << 1 and bug << 1, the deflection angle of the RN-AdS black hole is found
Lo be

8 ~ = - 4 — P e | O M QR 1/8%).. (3.104)

AM 3% 32MQ 6% Mb b [1 1
T 358 i 7 22 |uy | ug

- ['5‘”11'?2]

(3.103)
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3.2. Deflection of light rays by black holes

As £ — oo, the expression corresponds Lo the RN black holes [65]. 1t is evident that
the deflection angle expression displays a divergent behavior associated with the vanishing
limits of the funclions us and wy. This behavior is linked to the presence of the cosmological

constant.

Figure 3.11:  Behaviors of the deflection angle as a function of the impact pomameter for various values
of £, where ug = up =001 M =1, and = 0.2. The dashed red cwrve depicts the deflection angle of the
Sehwaerzschild black hole.

Firstly, we examine the impact parameter-dependent behavior of the deflection angle
in AdS backgrounds. The variation of this optical quantity, as derived from Eq.(3.104),
is illustrated in Fig(3.11). With the mass and the charge held constant, we investigate
specific AdS radius values where their contributions become notable. The depicled figure
shows a rapid decrease in the deflection angle [or small impact parameter values, followed
by an increase with b, As the AdS radius £ increases, the dellection angle tends to deerease.
This observation implics that the presence of the AdS peometry can indeed influence the
deviation of the light rays. For small impact parameter values, the deflection angle of the
Schwarzschild black hele is slightly larper compared to the one associated with the AdS
contributions. Fixing £ = 50 and considering large values of b, a similar behavior is observed
in the deflection angle of the Schwarzschild black hole solution. However, for £ < 50, the
deflection angle in the presenee of the cosmological constant becomes more pronounced.

In Fig.(3.12), we investigate the impact of the charge on the deflection angle of RN
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3.2. Deflection of light rays by black holes

Figure 3.12: Deflection angle in terms of the impact parameter for various charge values by laking ug =
=101, =2 and M = 1.

AdS black holes. For small values of b, the deflection angle decreases with an inerease in
charge. However, this behavior is inverted for large impact parameter values. The reversal
in behaviors commences at a specific impact parameter value, approximately b ~ 8.716 for
M=1and £ = 20. As apparcnt [rom the hgure, all carves representing different values
of ) converge at a critical point b.. This indicates that the critical value should depend
solely on M and £. A closer examination reveals that an explicit expression for b, can be
derived by computing the derivative of the delléetion angle with respeet to the charge. This

computalion results in

_(AVE)PE 4 (6m) e

% 12(z A1/

A= (VERRIGME — 6m20° + 256ME°) . (3.105)

The obzerved change in the behavior of the defleetion angle with respect to the charge re-
sembles the behavior seen in the quintessential RN black hole |65, 89, 96]. However, Lhis
characteristic is absent in Lhe case of regular RN black holes, This distinetion can be under-
stood by examining the expression for the metric funetion f(r). For small values of b, the
charge effect is notable while the influence of the cosmological constant is negligible. Tn this
scenario, the dellection angle exhibits a maximum, decreasing as Lthe charge ) is reduced.
Conversely, lor large values of b, these tendencies are reversed. In Lhis ecase, the impact of
the cosmological constant becomes significant, resulting in linear variations in the deflection

angle of light rays. We cxpect to observe similar optical aspects for a large class of the AdS
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3.2. Deflection of light rays by black holes

black holes in four dimensions.
To examine the impact of Lhe rotation parameter within the AdS geometry, we explore
the deflection angle of Kerr-Newman AdS black holes. As articulated in [65], the line clement

characterizing this particular class of black holes is provided by

A, | asin®d ; X X Apsin’h r? L a .
B = =T s —diP 4+ it —de? =
g5t = S [ = dep — dt]” 4 &ri’r I &ﬂdﬂ | 5 {mﬂ = dg| (3.106)
where the relevant elements are given by
B = F4doel; ZT=1 @ Ag=1 s 0
= r 4+acoEd, o= _EE' ——fzcm:
2
A = (7P aE](I t %) —2Mr + Q2 (3.107)
The mull geodesic consideration gives
r (3.108)
Ter — L] *
(a2 +72) (3 +1) —2Mr + Q) (r (1™ —2M +7) + Q2)
4 (a® (2 + ) + £ (—2Mr- 2y 4t
r(a® (2 + )+ £ r+? )+ rt) (3.100)

T = (a2 — 27 (r2 (a2 + ) + 2 (r(r —2M) + 2"

- al? (v (a? 4 r2) + 2 (Q* — 2Mr)) (3.110)
e = _Eﬂz_fﬂ]{.rz[:ﬂ’z +r2) + B (r(r—2M) 4 Q-i.ﬁ ‘

The arca clement is found to he
dS =~ rdrdg | U{M’] P an, I_ffe}. (3.111)

In the context of weak ficlds and slow rotation approximations, and assuming small values
for the AdS radius, we can derive the expression for the Gaussian curvature. Specifically, it

iz formulated as

L _6M  6Q° a®M M  156°Q° 3Q° 6MQ® 2Ua’M 6a’M

H- L) e —_—
7 2 c 2 2 y< ; £r : ri ¥ £y r3
8a®Q*  12a°MG? 1
AR R (M”.fﬁaﬂ.—). (3.112)
r r ot
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3.2. Deflection of light rays by black holes

Using Eq.(3.102), the integral ealeulation yields to

_j: f K/ ydrd¢ == "Mr [\/1—{&&5 2y \/I b’unh}
] .ﬁ{gl ‘5{23

T B T —:| |7 — aresin(bug) — aresin(buy)|

£ A2

- 3(22 [Em”"lfll — (bup)* + bugy/1 — [bug}z}
= ﬁ’;gz [(m + (bup)?) /1 - (auﬂ}ﬂ 1 (16 4 (bus)?) /1 {buy]z]

B = (bug)? 1 — (bus)
b o ‘/ V/ '1
242 g s
My 1 ! -
o _ (3.113)
20 | \T—(busP /T~ (bun)?]
e ﬁgb |ugarctan{ugh) + uparctan(uyb))| 4 D(Mrﬂrfffﬂ‘ Fl_d) ‘

To calculate k, terms, one should exploit Eq(3.71). Indeed, the computations of the geodesic

curvature give

2a aM 2aM 3aM@Q* 22 3aMQF &y 1
kg = =~ % oM, ,—) 3.114
o 2 P2r i sEa Fa t s ( Q. a, T b )

Considering the prograde case where dl = [, we take the following linear approximations

r=b/cos¥ and { = btand. In particular, we obtain

o JaM@?
cos— ¥ 4 aMa

3
= + g cos® vy

”krﬂ n 2ab alM 2aM  3aMQ? d 200)*
s 7 T Js  Pcos?d  Pceosd | b2 ' 2622 !

— 21—
:;g [ 1 ul[bur-f} 1 — (bus) ] agﬂ — aresin(bug) — arcsin(buyg)]
up
- ‘% [ﬁ —arctan(y/1 — (usb)?) — aretan(y/1 — ('ﬂuﬁ?lz}]

B [Ea.M  BaMQ? Zﬂﬂ’f’-’f} [\/1 — (bug)? /1 {bun]“]

b 26242 i

n ng [-u_v;-,,-'l — (ugh)? + upyf 1 — f“ﬂb}z]
A P e R s R (T @115
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3.2. Deflection of light rays by black holes

Combining Eqs.(3.114) and (3.115), for bug << 1 and buy << 1, we get the defleetion angle

CHpression

. UM 3@ daM 3aMQ?  RMQ*  o@Pr  AaM@Q  6Q°r  aMr

Kws = T3~ T @ PR 38 B W @ o
Mb [b 2]l 1 . 1
Mo, 5 Sefrd. L ..D(M“. 3 ‘_)_ 3.116
e ! [Efz 2 LI;;_ ; -u's] l @.a, & ( )

From Eq.(3.116), it is evident that we can recover the contributions of the rotation parameter
and charge, as obtained in the case of Kerr-Newman ordinary black holes [93,94]. Examining
the gravitational bending angle of light for finite distances, where the observer and the source
are located at wg = ugy = 0.1, we illustrate in Fig.(3.13) the variation of the deflection angle
O ke With respect to the impact parameter, by varying the rotation parameter for fixed

values of Lhe mass, Lhe charge, and the AdS radius.

Figure 3.13: Deflection angle variation in terms of the impact parameter by varying a and laking us =
up =101, M= and () = 0.2. Left panel: behavior with £ = oo, right panel: behavier with £ = 20.

To investigate the impact of the cosmological constant, we take two specific cases = oo
(left panel) and £ = 20 (right panel). For non AdS backgrounds, the deflection angle decreases
when the rotating parameter increase, remaining on a deereasing function for generie valies
ol b. In the right panel, the deflection angle rapidly deereases for small b and then becomes an
increasing function. For a generic value of £, the deflection angle decreases with the rolation
parameter. In fixed charge solutions, the previously observed behavior-changing point for
the rotation parameter variation is not observed. Notably, in this ease, the variation of the

charge introduces a critical point 52 where the charge effect is inverted. This critical point
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3.2. Deflection of light rays by black holes

can be obtained by using the derivative of the deflection angle with respect Lo the charge.

Its value should depend on the throe parameters £, M, and a. The computation yiclds

_ IR o :
be=beta ([ﬁw}zfﬂldfﬁ (32 — 3:2?53&;2}) (3:117)

where one has used

g = —167TT216VBMY — 65536+/6M3 (}. . 25&5—15’3) } 512M2 (Eﬁﬁﬁrmhﬂﬁ’fﬂ - 253&’&%&*‘)
v o= 7M (A —256M2) (51507 — 500V/672/562) + 12760 (3.118)

— 125102 P (G )2 A (aﬂﬂf_ﬂ = 32?53@{2) .

For a vanishing value of the rotating parameter, we retrieve Lhe earlier equation of the non-
rotating case. Now, we explore Lhe influence of plasma on the weak deflection angle of
four-dimensional AdS black holes. Particularly, we locus on the Kerr-Newman AdS solution,
assuming that similar process can be applicd to other models. To proceed. certain optical
quantities are required. According to [90], the refractive index in terms of the photon four-

momentum and velocity u? can hé expressed as

2 B, 7
=14 —7F—. 3.119
L J (Ppu”)? ( )
For a non-magnetized cold plasma, Eq. (3.119) simplifies to the following form
i ya
n?—p_ 2l (3.120)

&

where wj represents the photon frequency, wy(p) is the clectron plasma frequency. Various
models have been explored, bul for this discussion, we consider a special form studied in
[123,124,136]. Utilizing a radial power law, the associated photon frequency can be expressed
s

wir) = — h>0, (3.121)

where k is an arbitrary constant associated with certain physical quantities. To investigate
this effect, we consider a specific model based on an inhomogencous space-time. For simplic-

ity, we set h = 1. Consequently, the two-dimensional optical geometry of the Kerr-Newman




3.2. Deflection of light rays by black holes

AdS black hole in the presence of the plasma medium is given by
dl = n’yda’da’. (3.122)

This represents a generalized form of Eq.(3.77). 1t gives the following expression for the

Caussian optical curvature

© — 1 . 6AM ' 3k 1 ; 60* ; 32 15EMY 1
2 o 2ul? | r ~ wal?  Zupgf? | 2
1164 11E2M  ThCP k 1
(—EM o 1 kEQ b = 1) =
228 wi walt  2wdfr
gt 33K M i Ok : 32 OEMN 1
w2 2wiez wiez 20} 2wz

27k" UM 12K°Q* 3k 9K*M 9kQ2\ 1 :
2 A A 2

} (EQ‘*‘ }

-rl'|

Furthermore, the geodesic curvature is found Lo be

= (3.123)

1
5

p o 2 Pak  aM\ 1 [2ak2 ; akM\ 1 o (sant 2ak®  akZM  3aMQ®\ 1
a0 ¢ w2z 2 Jr \wir ' w2 ) 2 wifr w2 202 [ r
v (2002 2ak  ak*M  3akMQ®  2akM\ 1
wht? Wi Regi? " i
5 2ak5  ak'M  3akPMCQ? 20K°M 2ak(P\ 1
t (3‘1111“?2— ?ﬂz_aa = dQ'?_ﬂﬂ + :22)_5
g € whé? 2wt g el r
"
} G(Mﬂ@‘ﬂa,ﬁ). (3.124)

By combining and integrating the above expressions in linear approximations, we can derive
the deflection angle of the Kerr AdS black hole in such a medium. Assuming bug << 1 and

buy << 1, we obtain this oplical quantity as follows

Sak® lak'M  2ak*M*  Sak*M ; Rak(®*  wak! wak® M
IO 3RS B 3bwl  3bud BPulE 26w

B8 = OgNys—

3makMQ?® makM dak® 2ak*M  2mak? wakM  wak 24K 128k M

W Pui Pul? Pull k@ k32 e ’ Pul® 3P
GAKPQ2  16KY  16K2M  RKQT  Oxk'  33xEPM Oxk2Q7 3ak?  OnkM
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3.2. Deflection of light rays by black holes

Setting k = 0, we recover the result of the ordinary solutions 8 = Oy, .. To explore the
cffect of the plasma medium on the defleetion angle of RN-AdS black holes, we consider
two AdS radius values as belore. Specifically, we vary the frequency ratio :i:'ir from 0 to
1. Fig.(3.14) illustrates these behaviors. Both the left and the right pancls show that the
deflection angle of the light rays remains a deereasing function with respeet to the fractional
frequency guantity, maintaining the same contribution even for large values of b, In the
right pancl, where the AdS space-bime contribution is visualized with £ = 20, the deflection
angle increases for large impact parameter values, This behavior could be attributed to
Lhe presence of the cosmological constant, which can alfect certain parameters such as the
charge. However, Lhe rolation parameter and the frequeney ratio exhibit consistent behaviors

for both large and small values of the impact parameter in the presence of AdS space-Lime.

b b

Figure 3.14: Behawviors of the deflection angle as a funciion of the frequency ratio u—k;“ Jorug = up=10.1,
Q=02 a=02and M = 1. Lefl panel: behavior with f = oo, right panel: behamior with { = 20.

3.2.2 Light deflection by cosmological rotating regular black holes

Here, we delve into Lthe exploration of Lhe deflection angle of the light rays in the vicinity of
rotating Hayward black holes with a cosmological constant. The computations rely on the

metric formmlalion discussed carlier. In Boyer-Lindquist coordinates, the metric is deseribed
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3.2. Deflection of light rays by black holes

by Lhe following line clement

—

2 Pus asin?e , \* ¥ a X Aysin® 0 v+ a* -
s == (dt— = dq‘ﬁ) b Edr +Eﬂdﬁz+T adf — dep | . (3.126)

The characteristic quantitics are given by

.‘Eﬁ 3 '.?‘ﬁi

. 2 3 d . T . LR LI .

A = (r }uj(l_T)_zM(m)r, Ap=11 —-cos?f, (3.127)
2\ 2

= = 14 u—,i-f Y =7 4 a'cos® (3.128)

where gy, 15 the charge of the non-linear clectrodynamics, In this case, considering the

retrograde solution, one can get the geedesic equation as follows

4\ 1 daMu . A %aA SaAM  daMulg) .
— ] = ——— 3.7 gl o S S S e L) § Y
(d:,f;) TR A e S
SaAMw2gd .
% + O(M2, A2, a2 g}). (3.129)

The weak held and the slow rotation considerations vields te

1
b=— + M —2aMug + O(M* A, a2 qn). (3.130)
LI




3.2. Deflection of light rays by black holes

Performing appropriate caleulations, we obtain the separation angle expression

Ko up (26%G, + 5Puf, — 15)  wg(2b%l | 56%ud —15)\ Mg
Prs = Qpg + b ; ‘ :
1 — b V1 — b2 85"
wy (BPud, — 3) s (Puf —3) \ aMg}
V1 — b2, V1 — bk bt
wp (36%u, — 200%u3, + 15)  us (3b'ul — 200743 + 15)\ AMg;
B (1 — B2u3,) 32 e (1 — b2uZ) %2 126
, , 15Mg}  3aMgi S5AMg
b (7 — arcsin (buy) — arcsin (big)) (— s -1 i A = A
i i 3 twy bA g b(2 — 3b*uf,) i b(2 —3ug) \ MA
e, J1—t2s) 6 \2(1 —PPug)®2 ' 2(1— b)) 3

I — 2b%ul 1 — 2p%u2 A :
' ( \/ ;‘;"‘2 | \/ ;"*2 “-5- +O(M? A%, a?, gi, MaA, MaAg}),(3.131)
upy 1l —buy  usyl — Fug

=

where the Kerr contribution is given by

o 1 1 2aM
Kerr 5W
= g — | e e, (3.132)
and The Schwarzschild one is expressed as follows
; 2 —bu; 2 —bFuzx \ M
e = m — arcsin (bug) — arcsin (busg) + oy =8 . (3139)
J1-wug, 1 —pag) b

To express the light ray deflection angle formula, we need Lo get the W expression. Using

Eq.(3.80), we obtain

: bM b bAu? .
sin® = bu—bMu?® + 2aMu® — (? - 3% 4 ﬂ) At (zmﬁ — Yau® | ﬁ“ ) Mg’
+ O(M?* A% 6% g, MaA, MaAgy). (3.134)
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3.2. Deflection of light rays by black holes

The computation produces

i b :
Uy — Wg=wl ke I s Mg
: v/l—bzu“ \/I_ﬁz 2 h
Uy uy 2aMgi — (““R{-Zbﬂ“n —1) u_g‘ (Eb"’uf';.,, - l_]) bAM g}
\/1 - frgwﬁ Jl Pus J (1 — B2uf) /2 (1 — pZuZ) /2 6
1 bA ( Whip—1 WG 1 ) BAM
urﬂ/l brug, H_s’\/l — Fuf (1 — BPuy) afa (1 — b2ul) ™2 6

1 1 al .
( : ‘)T' O(M*. A, 0% gf, MaA, MaAgy), (3.135)
ik *

V1—8ug  us/l — FPug

where one has

g

2
; r 7 i
tpﬁ:rr . wil:rrr ) "F‘?;W . w?“w 1 (\/ It

e Jl—bﬂui)hM' (3.136)

Morcover, one has found

WY — WY — (aresin (bug) + arcsin (bhug) — ©) — ) Mb(3.137)

(\;‘l —bzu.u V1 —bﬂuq,

Using the above equations, we obtain an expression of such an oplical quantily
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3.2. Deflection of light rays by black holes

ay = (\/1—52@; \/l—bgus,) i (\;"1 BPudy — /1 — b2 )2‘””

| — b, 1— ) bA 1 1 BAM
wpy/1 —Bud  ugy/1 — b/ 6 \/1 — b, \/I — ) 6

(Jl bEH-H \/] bﬂul\ Zﬂh (HH {Ebdu-j? I h?"i.f.” — 3} wy (25"?!;; '|' bﬁ,u?; - 3::'

5Mgj;
g 3 m m ) 8
up (20ufy + Pufy —3) s (bt | Buf 3]) aMg}
bt /1 — b2uj, b/ — b2ud bt
(uﬂm; uR— 15) | us {Ta?ug._l.a]) AMg}
+ (m —aresin (buy) — aresin (bug)) (— lﬁéﬁgﬁ | ?_ia::gﬂ - ﬁiﬁgﬂ)
 O(M?, A%, a%, g5, MaA, MaAgy). {3.138)

This [orm can be simplified by making certain convenient approximations. Assuming ugh < <
| and uph << 1, we can derive an equation that involves divergent contribution. These
terms are essential to showease Lthe dependence on the cosmological background. The final

expression for the deflection angle of Hayward black holes is given by

¥ —

AM _4aM _ 157Mg}  3maMg; 5AmMg] , bAM ( (N )m

b B & b w3 up  us/) 6
1 1y ZaA i :

1 (— F— | = + O(M* A%, a%, g}, MaA, MaAg}). (3.139)
gy Ug 3

Upon inspection, it becomes evident thal this expression reproduces several previously estab-
lished results. In the absence of cosmological contributions, the cutcomes alisn with those
ol conventional Hayward solutions. Furthermore, setting the additional parameters to zero
yiclds results consistent with the Schwarzschild black hole and the Kerr black hole. In the
subsequent analysis, we investigate additional regular black holes, foeusing on the deflection
angle of light rays around rotating Bardeen black heles with a cosmological constant. To

commence, we present the metrie in Bover-Lindquist coordinates, given by the following line
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3.2. Deflection of light rays by black holes

element:

ds? = _% (dt— ”Eifﬁ'dqa)j 1 ﬁ%drg v Eﬂﬂ’ﬁﬁ 5“2” 2 ( dt — rﬂéﬂztﬁb)z_ (3.140)
This involves the following physical Lerms
r°A - i a’iA
By s (rz | u.E) (1 - T) _a9M (m) r, Ap=14 Tcusth (3.141)
= o= 14 E;é Yi=1 } a’cos’l,

To compute the corresponding deflection angle, it is neeessary to derive the orbit equation,

as emphasized in the prior investigation. A eareful examination yields the following relation

du\* 1 4aMu . A 2aA SaAM
(&) = 3-S5 - ot 5 - g - st
GaM AaA Mug? .
i b: gﬁ | il hd iy, | ﬂ{ﬂ-fﬂt 1\2? UE:QE:}* {:11,.12)

Alter computations, we obtain

Blad, o AFu3 — 8 Byt 4R uE — 8
bus = GRS+ ( ﬂj,t l S uﬁ { u',ﬁ )MHE
2%\ /1 — b, 2\ /1 — bud
3wt — 12605, + 8 3b'al — 126%u% + B\ AMg; 6 — 3b%ug 6 — 3 us u.jifqz
i it s g b n El
(1= by V2 G2 ) 1 "\ i \/1 —
it i us b A ? b(2 — 3 uf) 3 b{(2 — 3b%u%)
V1—=0up 1 —bBPui 2(1 —b2ufy) 2 2(1 — b2ud)3/? 3
( 1— 2% 1— 22

1.1’1—!#1:;; ugy/ 1 — Pud

The ¥ terms are found to be

81T bA bM b
sin® = bu—bMu® + 2aMu® + ( > — Bau® 4 _1” ) Mg; — (? — i 1 ﬁ) A

bO(M2, A2, a%, g}, MaA, MaAg)). (3.144)

i

i

A o il _
) % + O(M?, A% a’, g}, MaA, MaAgy ). (3.143)
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3.2. Deflection of light rays by black holes

This relation leads to

: , . JbM
Uy — Ug—wiem gk ¥ s % (3.145)
V/I — Puf, \/(I b, 2
1 1, 3.3 2 rgpa 9 o
B | 1w | us SaMg? — (u;{{;}b u_: : 12) | U (lbﬂzu;;z 3]2]) bAM g;;
V1- bi-uff Ji= zazug (1 —tPuf)¥ (1 —bBug)¥ 1
bA (a1 Wug—1 ) bAM
iy 1 —Eizu” uqql.fl—bzug 6 \(1 —Pup)¥? (1 —PPug)?? 6
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i 2% L O(M2 A%, a2, gf, MaA, MaAg?).  (3.146)
(u,m/I but, u‘qx/l—bzu_-;) 3

Utilizing the equations mentioned above, we derive the expression for Lthe dellection angle
of light rays around cosmological Bardeen black holes

dy = (\/(l—bluﬁ-l- V/l—[ﬁu‘,) 2:” (,/1 B — /1 — fﬁuq) ot

b

B | — Puy ; 1 — bu% E ; 1 1 Elﬁﬂf
ugy/1 — Puh  ugy/1 — b2 6 V1 — b2, V’] B

V11— b, \/1 b z.m blug + Pufy—2 | bl 4 g — 2\ 20}
g s VJI — b2, \/1 — bPuf &
(b‘lu'}{ g -2 by bzu‘q—ﬂ) 3aMg? (safu” L S) AMg}

S e ) B \fioww Jiowa) @

+ O(M?* A%, a% g}, MaA, MaAg;). (3.147)

This expression can be [urther simplified by considering certain approximations. Specifically,
letting ugh and ugpb approach zero, we arrive at an expression that involves divergent terms
coupled with geometric contributions. reflecting the dependence on the AdS backgrounds.
The final expression for the light deflection angle of the Bardeen black holes is given by

AM  4aM  8Mg?  4AMg? 4 12aMg? | bAM ( 11 ) bA
ik = — — - i H i~ S S— —
y b 2 1 b Bt 3 e ugl B
1 113 2aA s G v ;
+ (— ) —) F O(M?% A%, a2, g2, MaA, MaAg}). (3.148)
it g J

This expression retains the capability to encompass and generalize the results obtained earlier

[127, 128] by removing the extra physical parameters,

103



3.2. Deflection of light rays by black holes

With the obtained expression for Lhe deflection angle of lightl rays around regular rotating
black heles in the presence of a cosmological constant, we procced to conduct a graphical
analysis of the corresponding optical behaviors, Specihieally, we vary the involved paramelers,
including the cesmological constant, and inspect different regions of the parameler space.
These variations are then compared with the resulis obtained for Kerr solutions.

To serutinize Lthe variation aspects ol the investigated optical gquantity, we need to con-
sider the moduli space coordinated by the invelved parameters. These behaviors will he
illustrated by focusing on specific regions of such a parameter space, particularly those in-
volving cosmological contributions. Initially, we fix Lhe black hole mass and take a negative
cosmological constant, then vary the remaining parameters, The optical behaviors for the

Hayward hlack hole solutions in these scenarios are presented in Fig. (3.15).
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Figure 3.15: Variation of the deflection angle of Hayward black holes with cosmological constant in terms
of the impac! parameler.

For small values of the impact parameter, it is observed that the deflection angle of the
light rays is a decreasing function with a noticeable effect of gy, Specifically, it decreases
with this parameter. On the other hand. for large values of the impact parameter, the
deflection angle of the lighl rays becomes an inereasing funclion, with one-dimensional real
curves coinciding for generie values ol gp. Moreover, similar contributions are observed in
the ordinary black hole solutions, where the deflection angle decreases wilth an increase in
the rotation parameter. The oblained results confirm that the space-time of the ordinary

solutions could be affected by gy,
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Figure 3.16: Deflection angle variations of Haypward black holes as function of the impact parameter b with
negalive and posilive values of A.

To analyze the effect of the cosmological constant, the deflection angle in terms of b for
various values of A will be inspeeted. The peometry prompis the consideration of diflerent
backgrounds by taking negative and positive values of the cesmological constant. These
behaviors are presented in Fig, (3.16).

For small values b and small negative values of A, we observe a eritical point where the
deflection angle takes a minimal value. This value increases by deercasing the cosmological
constant. For positive values of A, However, the defleetion angle is a decreasing function of
b.

For large values of the impact parameter, we observe that the influenee of Lhe cosmological
constant becomes more pronounced. Notably, there is a linear behavior of the defleetion
angle.

The light. deflection angle variation for the Bardeen solutions are depicted in Fig, (3.17).

Similar overall behaviors have been identified in the case of Bardeen solutions, showing
congistent parameter effects with previous black hole solutions.  This alipnment supports
the idea that Lthe spacetime of the ordinary selutions could be influenced by g,. However,
Lo uncover specific local differences among regular black hole backgrounds, we conduct a
comparative analysis.

Clonsidering the Kerr solutions with cosmological contributions. the defleetion angle of
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Figure 3.17: Deflection angle variations of Bardeen black holes with cosmelogical constanl as a function
of the tmpact parameler.

light rays can be approximately expressed as

(3.149)

A AM 4aM  bBAM ( 1 1 ) bA I ( 1 1 ) Zal

O iy b —
Kerr b B 3 up  uwgt 0O up  ug 3

In Fig.(3.18), we plot the variation of the light deflection angle for the regular black hole
solutions as a lunction of the impact parameter, juxtaposed with the Kerr solutions.

The analysis reveals that small ranges of b are erucial for both positive and negative valhues

106



3.3. Deflection angle and the light ray trajectories near to M-theory black
holes

Mzt, A=1t, = gy=ll8, a=02

Figure 3.18: Variation of deflection angle of Bardeen, Hayward and Kerr black holes with a cosmologioal

conslanl.

of the cosmological constant. However, for large values, notable distinctions are not apparent
due to overlapping real curves. Notably, negative values of the cosmological constant result
in an increased light deflection angle compared to positive ones. In particular, all solutions
exhibit the same defleetion angle behavior for the light rays. Consequently, our discussion
primarily focuses on the first range.

It is noteworthy that the deflection angle of the light rays for the Bardeen black holes
is smaller than that obtained for the Hayward solutions. Furthermore, the light delleetion
angle for both solutions is smaller than that of the Kerr solution. This observation supports
the carlier notion that non-linear electrodynamic charges influence the spacetime geomelry,
coniributing to a decrease in the deHection angle of the light rays.

It is anticipated that the deflection angle for both solutions tends towards that of ordinary
rotating black holes with a cosmological constant. In particular, it has been verified that

other findings can be recovered by setting A to zero [127, 128].

3.3 Deflection angle and the light ray trajectories near

to M-theory black holes

The study of black holes in M-theory has been an active area of rescarch and speculation.

Numerous black holes within this theoretical framework have been constructed, leading to
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holes

the exploration of various aspects of their properties. A noteworthy connection has been
established betwoeen the Anti-de Sitter (AdS) radins and the number of M — (d — 2) branes.
This correlation reveals interesting thermodynamic and optical resulis, which are contingent
upon both the dimension of the black hole and the number of branes involved. Motivated
by such activitics, wo examine the light behaviors around 4-dimensional and 7-dimensional
AdS black holes embedded in 11-dimensional M-theory associated with the triplets (11, 4,
3) and (11, 7, 3), respectively. We first deal with the corresponding deflection angle of the

light rays. In the second part, we consider the study of the light trajectorics.

3.3.1 Light behaviors near to black holes in the M-theory scenar-
ios
We initiate our exploration with the non-rotating solutions corresponding Lo the triplet

(11,4,3) obtained from M-theory compactified on 87 with N coincident. M2-branes. The

metric function in terms of the M2-brane number is given by

192 257362M  23p?

ri=1 — = { = J.150
1(r) T (3.150)
where one has nsed
Hod ot 1 192}(21;5”2;3%1‘}!
Lpgg =27 omiN3E, = N (3.151)

The calculation will be expanded to the leading order of m. The relevant radial equation in

[our dimensions is expressed as

1 93 102 26 r 120
Fy(u) = = — T i s ey 3.152
-:f‘ﬂ_'i' P2 m u Vi i f )

Substituting the above equations in the equation (3.94) and performing the integral, the

angle dps can be expressed as follows
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. . g b*
dps = (m — arcsin(bug) — arcsin{bug) ) —
V{I b*uﬁ ‘/l E:Fug } fﬁﬁ
NEE T A 2imilZM ufy—2 3521!5:; —2 '\ 48v2bM
VBT ey v (1— bﬂu%z}ufz (I—t2ad)52 ) N3
(3.153)

According to Eq(3.91), the ¥y — Pg term takes the form

W — Ve = (arcsin(bug) + arcsin{bug) — 7) +
iy 1 — b‘auu uqﬁI — fizuz {ET]“F N3
wh 4 06 2z w3 2bM (A= 1% ) 43v3bM
VI8 1B NE (1—b%2) %2 ' (1—6a2)¥2) N3

(3.154)

Combining the above equations allows us to derive the deflection angle in terms of the

M2-brane number N and the black hole mass. 1t can be expressed as [ollows

| — Bl 1 — b2 10253252 M
I:(\/ up +\{ ?5_5)( : (\/1 bﬁuR}\fl b E)L_E._

tp ug 9m) 32N bN&

1 *lEJ'bM
Jl_bzuﬁ ,f'l — b2l T NY

It has been noted that the given expression diverges when we take the limits bug — 0 and

(3.155)

by — 0. This divergenee is a conscguence of Lthe space-time not heing asymplotically Aat.
Consequently, the finite deflection angle of the light rays by AdS black holes rom M-theory

can be expressed as

b (1 1) Jz-:e;.znﬂs%u gﬁﬁbm

(2m)3EN3 \up * ug N N3

By ~ (3.156)

[=]

up  ug

This equation indicates that the choice of the brane nomber value ean influence the behavior
of the deflection angle. Additionally, il demonstrales that the mass parameter contributes
linearly, similar to the Schwarzschild black hole, with a different coctlicient due to the de-

pendence on the brane number.
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In Fig.(1.11), we depict the impact of M2-branes on the deflection angle. In the left
pancl of this figure, we illustrate the variation of the deflection angle in terms of the impact
parameter for different values of N. Analyzing these AdS black holes, we observe that the
deflection angle ef the light ravs decreases for small values of the impact parameter before
beeoming an increasing function. Both panels in Fig.(3.19) reveal that the M2-brane number
leads to a decrease in the deflection angle. In the right panel, two values of the impact
parameter are considered. Plotting the deflection angle against the M2-brane number, the
two curves intersect ab a specific point where the deflection angle of the AdS space transitions
from a decreasing to an mereasing function of the impact parameter. It should be interesting

to link such behaviors with AdS/CFT conjecture.

F
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Figure 3.19:  Right panel: Variation of the deflection angle of §-dimensional black holes in M-theory as
a _function of the impacl parmmeter for variows values of N Lifl panel: Variation of the deflection angle of
4-dimensional back holes in M-theory as a function of the brane number with b= 0.1 and b= 0.6.

A close examinalion reveals that the behavior of the deflection angle of the AdS-Shwarzchild
black holes for M = 1 and L = 3 is similar to the present one for N =~ 147, The deflection
angle praphs in this case exhibit a similar shape Lo those observed in Schwarzschild AdS
black holes. They manifest as curves with noticeable positive concavities. [L seems possible
Lo extend this study of the deflection angle behaviors in M-theory by considering the rolating

parameter a. According [129], indeed, the metric line element becomes

A : 2 dr?  d6*\  Aysin?e w2 e \°
de? = - (rﬂ =Dl Hd:,ﬁ) W (; + E) b % (adi e d:,ﬁ) . (3.157)
= ” ] {
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The involved terms are given by

2 2

A=ri—mriats S0t ba?),  Ag=1- 7 cosd, (3.158)
= a* W =2 oot 3.159
==1—v5 =r" }a cos 8. (3.159)

In this approach, the ealeulation will be extended to the first order of m and a. To determine
the W and ¢ps angles for such a rotating black hole in four dimensions, we follow the method
established in [92, 93], given the similarity in the metric form. Focusing on the equatorial
plane, we can derive the orbit equation in terms of the M 2-brane namber N and the rotating

parameter a. This equation is found to be

5 1, V2 1924/2r% 4 Mu*é; 2v/2a 384V 2n*faMull  768/2aM
a(a,u) = e _?rzj:sﬁf; t NT/6 * ]L—Efﬁb:iﬁuzfg_ FNT/E Y PNy
(3.160)

The longitudinal angle can be obtained as follows

wy b
V1 — 8 \/ 1 — bﬂu (2m) A/ NE
- Wujy 12 VZa [ 2=Puk | 2P 96 v/ 27/ M £
uJ1— 02, ugy/1 — 023 ) 2PYNE /1 b2, \/ 1 — bl b/
1 } 1 192/ 27 a M€, 2 — 3b%ud, L2 3'uk | 48v/2bM
V/l == hzu'}.!{ Jl - E?E'HE;.- HANT,-’& {l . HA'LI'.%;] /2 El . ﬁﬂuﬁ] £z N?‘r'ﬂ :

dps = (7 — arcsin (bug) — arcsin (bus)) — ( (3.161)

The computalions give

1 b
Wp— Vs = (arcsin(bug) } arcsin (bus) —7) + .
'v"ll = ﬁzuﬂ ugy/1 — PPud [ETT}JJ’J\WE%
ug + u% 96/ 2r2/3bME2
J1—02ud (1 — b2} N6
; 1—20%a5, 1 —2Fuf \ 48V2bM R
(1 — bPuf) %2 (1 — bPug) M2 N2 5

By combining Lhe obtained expressions, we can derive Lthe dellection angle for four-dimensional

rotating AdS black holes from M-theory in terms of the involved parameters. The compu-
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Figure 3.20:  Deflection angle as a function of the impacl parameier for various values of a and N.

When we take the finite distance limit by allowing bup and bug to approach 0, the
expression [or the defleetion angle is simplified. Setting a to 0, we obtain the dellection angle
corresponding to a non-rotating four-dimensional black hole in M-theory, A comparison with

the deflection angle of a Kerr black hole reveals a linear contribution from the rotational
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parameter, characterized by a coefficient that depends on the brane number. Furthermore,
the contribution of the Kerr deflection angle ean be derived by sclecting a specific value for
the brane number. To imvestigate the influence of the M2-brane number on rotating black
holes, we systematically vary the relevant parameters. Specifically, we cxplore two different
values of the rotating parameter a and depict the resulting variations in the deflection angle
with respeet to the impaet parameter b in the upper seetions of both the left and right pancls
of Fig.(3.20). The M2-brane number is systematically varied within the range of 20 to 30
during these discussions. The parameter linked to the M2-brane number consistently leads
to a reduction in the deflection angle of light rays. In the left pancl, where the rotating
parameter a is smaller, Lthe deflection angle experienecs an initial decrease for small values of
b [ollowed by a subsequent inerease, turning into a growing function of the impact parameter.
Conversely, in the right pancl, where the rolating parameter has a substantial contribution,
the deflection angle strietly inereases with b without displaying any minimum values. In
the lower part of Fig.(3.20), we explore the impact of both small (left side) and large (right
side) values of the M2-brane number on the dellection angle while varying the rotating
parameter a from 0.1 to 009, This investigation atlirms as expected that that the rotating
parameter a deereases the deflection angle. For general values of the M2-brane number,
the deflection angle decreases as the rotaling parameter a increases. Around b = 2, the
deflection angle behavior is influenced by the M2-brane number, and [or generic values of
the rotating parameter, it increases as N decreases. This aligns with prior observations, with
Lhe only difference near to b = 2 being the linear behavior for high M2-brane number values.

Notably, these optical behaviors could be associated with the AdS spacetime backgrounds.

M= 151

——— — T v T v T

Figure 3.21:  Deflection angle in terms of the impact pamameter in terms of a, uith M = 1, N = Naz..
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As we mentioned, the observational results obtained from EHT have been utilized to
validate the proposed models, specifically by establishing distinet shadow boundaries for
ME7" and SgrA* black holes. Notably, the shadows cast by a four-dimensional black hole
in M-theory precisely coincide with those of MB7T black holes for Ny = 193. Employing
this constraint mandated by EHT empirical results in the (11,4, 3) scenario, we explore the
variations in the deflection angle, as illustrated in Fig (3.21).

It follows from this hgure that the deflection angle decrcases by inereasing the rotating
parameter. It has been remarked a linear behavior in terms of the impaet parameter. This
behavior could be explained by the AdS backgrounds.

Here, we examine a 7-dimensional AdS black hole within the context of the triplet
(11,7, —3). This model is derived from the compactification of M-theory on the four-
dimensional real sphere S in the presence of M5-brancs. The associated metric function.

expressed in terms of the MA-brane number, is as [ollows

r? 6r* P ME ,
Ar) =+ g — SN (3.164)
Using the arbital equation Eq(3.92), we get
1 1 6™ Mu®t)
2, X (3.165)

Filw) = — temnama — Yt s
P

By the help of the above equation, we can compute the ¢ps term. Indeed, its is given by

. : : tp g b*
g = (m — arcsin(bup) — aresin(bug)) — (\/1 — t ‘/I = bﬂug,) ﬂﬁifﬁ_m'?f“fg
. (—i_‘.b’_“u-;'t — S 4 15bug | —20°uf — Bu | 15.51;3) 3/ M £
N V1 — b3 106 N4/
B (zmﬂ (3b'ufy, — 200%ud, + 15)  bus (36'ul — 200703 4 15)) 3nMi,
(1 — b2ud) 72 (1 — bu2)%2 e

(3.166)

Or /S ME gmufp)

b (m — aresin(bug) — arcsin(bus)) ( NS T [REEN2
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For the W terms of these black holes, we obtain the [ollowing result

W — We = (arcsin(bug) + arcsin{bus) —

(um.fl —I?‘auu *us;-,.l'I 2ul )EWE}MMHF

) 3r/ShM €3

g
(1#1—321:*; ,H—h“ BN

m

HR{JB‘}H" = 1} g {Ebju‘q = Ij JTTE?MEP [3 ]E?]
TN (1 —Fug)d T (1 — b)Y ) ADNE :
Combining Eq(3.166) and Eq(3.167}, we get the needed angle expression
_ = buj, . | — b2 b
= g ug Sr2/3 N2/s fﬁ
[ bug (26" + bru, — 3) | bug (2b'ul + bPud —3)\ 3T ME
V1 — b2, N A0b* N4/
bup (T uj, — 15) * bug (Tb*u% — 15) | 3=Mé,
1 =Puj W1 =t R0b?N?
_ ‘ O SME 9L
b (m — arcsin(buy) — arcsin(bug)) ( Rb’N‘f; - IEEFN?; (3.168)

Taking the hnite distance limits, this defleetion angle could be approximated by the [ollowing

CNPTession

OmAME  9x2ME, b ( 11 ) (5:169)

7™ GHNE | 166ENZ | 23N \uy | ug

To analyze the associated behaviors, we depicl the varation of the dellection angle of
light rays by a 7-dimensional black hole in M-theory in the left panel of Fig.(3.22), Similar
to the four-dimensional scenario, the dellection angle decreases for small impact parameter
values until it reaches a critical value, after which it becomes an increasing lunction. An
examination of the right panel of Fig.(3.22) shows that when we inerease the number of
M2-branes the deflection angle deereases. The eritical transition of the behavior of the
detlection angle [rom an increasing bo a decreasing lunction is highlighted in the right pancl
of Fig.(4.14) through the intersection peint of the two eurves.

To compare the impact of the dimension on the variation of the deflection angle, we

illustrate in Fig.(3.23) the varation of Lhe deflection angle in terms of Lhe impact parameter
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Figure 3.22: Right panel: Variation in the deflection angle of non-rolating 7-dimensional black holes in
M-theory as a function of the impael parameler for various N values. Lefl panel: Variation of the deflection
angle of T-dimensional black holes in M-theory as a funeiion of brane number with b= 0.5 and b = 1.
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Figure 3.23;  Deflection angle as function of the impact parameter of four and seven dimensional non
rotating black holes with N = 10,

for both the (11.4,3) and (11,7, —3) models by keeping N fixed. For small values of the
impact parameter, the four-dimensional black hole causes a larger bending of the Tight rays
comparcd Lo the seven-dimensional black hele. However, this behavior is reversed for large
values of b, Having explored the behaviors of the deflection angle for AdS black holes in
M-theory in the presence of M2 and M5-brancs, we now turn our attention to investigate
the corresponding trajectorics. This investigation is motivated by the fact that the light
trajectorics around black holes rely on the orbit eqguation explored in the dellection angle
computalions. A study of the light trajectories around black holes in the context of M2 and
M5-brane models could serve to validate the behavior of the deflection angle obtained in the

preceding subsections.
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3.3.2 Light trajectories around black holes in M-theory

In this subsection, we examine the light trajectories around the black holes in M-theory
scenarios,  Specifically, we explore the trajectories of the light near to AdS black holes
for (11. d, k) models by varying the M(d — 2)-branc number. It is worth noting that
the investigation of light trajectories around black holes is typically approached through
numerical computations applied to Eq.(3.152) and Eq.(3.165), More precisely, the behavior
of the light rays around these black holes can be illustrated by solving ¢ concerning u.

To establish such trajectories, we must identify the resions corresponding to the various
possibilities of the light ray trajectories. The determination of these regions is facilitated by

the nses of the effective polential

dr\’
Vifiir)=—{=) - 3.170
) ( ‘ﬂ) (3.170)
This ecan be expressed as follows
bA(r)\*
l.f;;”(r)=—ﬂ{r}( - ) . (3.171)

For the sake of simplicity, we confine our analysis Lo special models embedded within the
11-dimensional supergravity limits of M-theory.

We begin by examining the (11,4, 3) model as developed in [78]. Considering the influence
of the rotating parameter, the effective potential in the presence of the M2-branes for the

[our-dimensional case is given by

12 102 28732 28,2
Vil == [1- s B L, ) (3.172)
NEr rrﬁfgh'!

The effective potential will be depicled as a funetion of the radial coordinate v for various
valnes of the M2-hrane mumber N, considering £, = 1 and M = 1. As noted in [78], the
maximum value of the shadow radius corresponds to N = 80. In Fig.(3.24), we plot this
potential for two different values of the M2-brane number N = 100 and N = 80.

The polential exhibits an inereasing trend and reaches its maximum at the photon sphere,
denoted by b,,. This represents the impact parameter for the spinning light rays revolving

around the black holes. This observation validates the [ollowing constraint
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Figure 3.24:  Effective potential variation of §-dimensional AdS black holes embedded in 1 {-dimensional
M-theory.

veli(r,,) = (3.173)

bfﬂ‘
As illustrated in Fig.(3.24), the two values of the M2-brane mumber N = 80, 100 offer two
impacl parameter values b, = 2.5364 and b, = 2.5101, which correspond Lo the photon
sphere radius re, = 4.175 and rgp = 3.218, respectively, By raising the M2-brane nmmber,
the corresponding impact parameler and the photon sphere radins decrease. It has been
noted that the impaect parameter value by, produces the light ray paths in three separate
regions, These regions are designated by region 1, region 2 and region 3 which correspond
to b < bap. b = bap, and b = by, respectively.

The light ray falls into the black hole in the first region 1. The light ray approaching the
black hele, however, can be reflected back in the third sector 3. However, in the second region
2, the light ray cnters the photon sphere and makes an endless number of revolutions around
the black hole due to the nonvanishing angular velocity, The corresponding orbit is unstable
and cireular. To illustrate these locations. we reveal the trajectories of the light beams in
the polar coordinates (r, ¢) for various values ol the M2-brane number N in Fig.(3.25). We
vary the impacl parameter b to investigate the influence of the M2-brane on the light ray
paths by using the step between two values of the impact parameter as 1/20 for all light
rays.

A close examination shows that an inereasing on the M2-brane number deercases the
horizon and the sphere photon radius. However, changing the M2-brane number, the vari-

ation of the impact parameter by is relatively small. For different values of the M2-hrane

118



3.3. Deflection angle and the light ray trajectories near to M-theory black
holes

N =100

Figure 3.25: Trajectories of the light ray for various values of M2-brane number. The back and the dashed
red circle represent the horizon and the photon sphere of the M2-brane, respectively,

number, the regions 1, 2 and 3 are the same.

Using two N values. we see that the distance between the two light rays rises with an
impact parameter value closer to and larger than by, in all regions. This distance is decrease
as N increases. This difference is based on the angular velocity values. An investigation
reveals that decreasing the M2-brane number makes the reflected light beam more inlense.
When we compare this finding to mumerous other papers on the trivial solution, [63,65], we
see a different pattern. First, by changing the N, b, becomes nearly identical. However,
increasing the M2-brane number reduces rg,. Second, we see that for small values of the
impact parameter, the light ray falls into the black hole by maintaining parallel paths with
the r-axis. For values near to b,,, however, the light ray falls inte the black hole without
maintaining a parallel course with the r-axis. With the M2-brane number fixed, this angle
grows for values approaching b, (or larger). It rises by decreasing the M2-brane number as
N varies. This demonstrates that, in M-theory compactifications, such a M2-bhrane number
can be treated as an important gquantity changing the light ray behaviors near a black hole.
This distinetion stems from Lhe geometry of black holes with brane backgrounds in M-theory.,

We explore here the trajecltory of the light beams near to the black holes in the presence
of M5brancs in the M-theory compactification on the four-dimensional sphere §*. Such

light hehaviors can be established for the (11,7, —3) model using the effective potential

r r 6 MES
Iy = = 1 . 2 _ g2 :
V)= (1 RN 5N4f":‘r") EZ. (3.174)

In Fig.(3.26), we represent the related effective potential as a function of the radial coordinate
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r for two M&S-brane numbers, N = 1 and N = 80. Using the constraint provided by
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Figure 3.26: Effective potential variation of T-dimensional AdS black holes embedded in 1 1-dimensional
M-theory by taking twe valies of the brune number,

Eq.(3.173), we can obtain the photon sphere values and the photon sphere eritical impact
parameter associated with the maximum value of the effective potential V;I 1 (r).

This implics that the M5-brane numbers N = | and N = 80 yicld impact parameter
values of b, = 2.7180 and b,,, = 0.6308, respectively, corresponding to the pheton sphere
radii of rp, = 2.219 and rg, = 0.515. As the M5-brane number increases, both the impact
parameter and the photon sphere radius decrease. However, for a fixed value of N = B0, it
is evident thal in the M5-brane model, the values of by, and 7., are smaller compared Lo the
M2-brane model. This distinction has implications for the trajectories of light rays around
black holes in the M5-brane model. To illustrate this, we focus on the equatorial hyperplane
with #, = fl; = T and depict the light ray trajectories in polar coordinates (r,¢) for various
M5-brane mumbers in Fig (3.27).

Due to the diminutive values of b

o We opl Lo vary the impact parameter b with a step

size of 1/40 between conseceutive values for all light rays. It has been proposed that the
M5-brane number and the cxtra dimension can serve as pertinent parameters infHuencing
the behavior of light rays in the vicinity of a black hole within M-theory compactifications.
These modifications arise from the altered black hole geometry resulting from the presence
ol Mb-branes in M-Lheory compactifications. The observed hehaviors alipn seamlessly with
findings from previous works [78].

It has been observed that the previous behaviors of the M2-brane model corresponding
Lo the horizon and the photon sphere radius have been conserved in the M5-brane model.

Concretely, deercasing the M5-brane number increases the intensity of the reflected light
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Figure 3.27:  Tmjectories of the light ray for various velues of M5-brane number. The black and the
dashed red edrele represent the hovizon and the pholon sphere of the M 5:brane, respeciively.

ray. 1t has been neted that these behaviors eontradict those of the M2-brane model. This is
owing to the M5-brane model extra dimension contributions appearing in the related metric
function. Furthermaore, by, and rg, vary by changing the value of the M5-brane number. For
all impact parameler values, we see that if a light ray falls into a black hole or is refracted.
it maintains a parallel course with regard Lo Lthe r-axis. This behavior is radically different
from the previous M 2-brane model results. Furthermore, the angular velocity values in the
M5-brane model differ from those in the M2-brane model. A close inspection reveals that
the results concerning the light trajectories behaviors confirm the conclusions concerning the
deflection angle behavior. It has been shown that decreasing the M-theory brane number N
increases the deflection angle. Furthermore, decreasing the M-brane number inereases the
intensity of the light ray deflection. Both outeomes are perfectly compatible. In conclusion,
the behaviors of oplical gquantities such as light trajectories and the black hole deflection

angles for M-theory brane models are interesting and similar.
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3.4 Optical behaviors of black holes in Starobinsky-

Bel-Robinson gravity

3.4.1 Shadows of SBRR

black holes

In this section, we study the shadow behavior of black holes in SBR gravity., This investi-

gation will be elaborated using one dimensional real curves. The null geodesic equations of

motion can be used to model the carrent optical characteristics. We can use the Hamilton-

Jacobi alporithm, as deseribed in the first section, to gpenerate such equations. To obtain the

associated shadows, we consider the black hole solutions given hy Eq.(1.136). Applying the

separation method [65], we get the factorized relations

-

The equations of motion are given by

dr
dX
dr
2_
A
,db
T
de
F5)

ds,(r)\” B e

ir ) Fom = e
(dS;éﬁ]) ety = K.
_ B
-~ flr)

= &y/—r2f(r) (K + L2) + B2

= /K- L2t @

L

rZginc g

Using the radial equation, one can get the effeetive potential

Vopplr) = % (K + %) - B2

As shown. Lhis effective potential should satisfy the [ollowing conditions

Virs(r)

= b, Tk

=0,
r—re dr

=T

(3.175)

(3.176)

(3.177)
(3.178)
(3.179)

(3.180)

(3.181)
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where woe consider that r. represent the radius of the unstable circular orbits. This radius

ean be determined by solving the equation
£'(r) - 21(r) =0, (3.183)

where the prime notation denotes the derivative with respeet Lo the radial coordinate. The
impact parameters of such a black hole in the non-rotating case are linked aceording o the

following algebraic equation

2 pen 2" (3.184)
sBRr T ISBR = 130050203 AGT MY — 6635523 G M Pr, — 20GMr? | 15r10° .

generating one-dimensional real curves in a two-dimensional plane. Considering the celestial

plane, noted here by (X,Y), the projections of the spherical photon orbits leads to
Esun + nsun = Xgpp + Yapp- (3.185)

To obtain the shadow cast illustration, we should solve this equation by combining Fq. (3. 183)
and Eq.(3.181) using a numerical method. Before going ahead, we first depict in Fig.(3.28)

the event horizon radius v, behaviors in terms of the stringy gravity parameter 3. In specific

apnf

185

= 1801

1EBSH
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B

Figure 3.28: Horizon size behaviors of SBR back holes in terms of the siring parameler.

regions of the moduli space, it is evident from this fisure that the horizon radius of SBR
black holes decreases with an increase in . However, for values 4 = 3.1072. the horizon
radius maintains a constant value al approximately r, =~ 1.798.

With these constraints, we can now explore the shadow behaviors of non-rotating black
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3.4. Optical behaviors of black holes in Starobinsky-Bel-Robinson gravity

holes in SBR gravity. This is done by varving Lhe stringy sravity parameter while keeping
the constants G and M hxed at 1. The shadows of SBR black holes are illustrated as a
function of 7 in Fig.(3.29). Notably, the size of these cireles is governed by the stringy

Figure 3.20: Behaviors of the shadow of SHR black in terms of the parameter 3. The orange and black
dashed cirele are the shadow of Schwareschild and the horizon limil, respeclively,

gravity paramcter [, diminishing as f increases. A thorough examination of the shadow
behaviors reveals the necessity of imposing additional conditions on 3. For 7 = 8.107%, it
is observed that the horizon radins becomes large compared Lo the shadow radius. This
imposes a condition on the shadow existence that aligns seamlessly with findings related to
cosmological models embedded in the SBR gravity [109]. These small values of 7 find support
in other investigations [108, 110}, potentially establishing connections between inflation and
black holes within the framework of SBR gravity. Having explored Lhe non-rotaling case, we
now turn our attention Lo incorporaling the rotating parameter into Lthe shadow discussions.
Here, we aim to explore the optical characteristics of the rotating black holes within the
context of SBR gravity., Specifically, our focus is on examining the shadow behaviors in
these black hole madels inspired by M-theory. Coneretely, we consider the rotating metric

of the black holes in such a gravity. Using the separalion method, we get

R() = ((*+a)E—al) —A((aE—-L? + k), (3.186)
- f‘lﬂ e 2
e = K- (sinﬂa _a*E )cn& 0. (3.187)
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3.4. Optical behaviors of black holes in Starobinsky-Bel-Robinson gravity

In this ease, the impact parameters take Lhe following expressions

— r? [16A(r)(a® — ﬂ[r})ﬂ—’rgﬂl.;{r]g + 8rA(r)A'(r)] , (3.188)
a’A(r)
£ _ (a® + r2)A'(r) — drAlr)
SHR aA(r)

r=rg

(3.189)

=T

Using the fact that 4 is very small, we can write these parameters as follows

nspr = Mkr+ On (3.190)
Esupn = Ekn+ Bn (3.191)

where g p and £ p are the impact parameters ol the Kerr black hole which are expressed
s
ry (4a’GM — ry(re — 3GM)?)
a2 (2o : 3.192
KR (1o — GM)? ( )
ra (3GM —rp) —a® (GM + o)

Ekr = a(ro —GM) " (3.193)
v and 7 are two independent funetions of 3 which are given by
a2 i 2 ¥ 2 .- 2 - F ¥ ) 2
- Eli}‘.lﬂ"’(}“_n'.i"“[{ﬂ (1261G°M llﬂﬁCMT‘g F243r5))
Ha2ro(rg — GM)3
\ ro (—2619G4 M3 | 3624G2 M1y — 1646GMr3 1 E&Erg}] (3.194)
sarS(ro — GM )3 S

109673 GO M (a2(388G M — 189r0) + o (—8T3GEM? 4 917G Mry — 2432))

™’ = Bary(ra — GM)?

It is important to note that the impact parameters of the SBH black holes are depend on
the parameter 3, differing rom those of the Kerr black hole. When # = 0, these impact
parameters coincide with those of the Kerr black hole. As anticipated, the parameter 4 has
the potential to influence the geometry of the shadows, impacting both their size and shape.
Considering the equatorial plane; the celestial coordinates and the above impact parameters

are interconnected through the following relations

Xsnp = —Ekn+ By, (3.195)

Ysun = E\ner + fn. (3.196)
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3.4. Optical behaviors of black holes in Starobinsky-Bel-Robinson gravity

Vanishing . we recover Lhe Kerr resull.

a=[05

— f=ia
.
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Figure 3.30: Shadow shapes of SBHR black holes in the equalorial plane by considering different values of a
and 4.

In Fig.(3.30), we depict the shadow behaviors for specific values of the involved param-
cters, including the stringy gravity parameter 4. This fipure shows a variety of the shadow
sizes and shapes corresponding to different combinations of o and 3. When the rotating
parameter is held constant, it is observed that the shadows of SBR black holes inerease as
A deereases, However, the deformation in the geometry of SBR black holes becomes more
prominent with higher values of 3. Natably, for large values of both a and 4, special shadow
shapes are identified, reminiscent of those observed in the case of the Kerr black hole in

the presence of Gaussian plasma distributions [90]. This suggests a potential similarity in
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3.4. Optical behaviors of black holes in Starobinsky-Bel-Robinson gravity

the influences of plasma and the stringy gravity parameter on the shadow shape of rotating
black holes, particularly noticeable for large values of a and 3.

To validate this ohservation, we consider two specific values of 3, § = 91077 and 7 =
7.107'. For the former, the shape deformations remain negligible as the rotating parameter
is varied. However, with 4 = 7.107%, the shape deformation becomes sipnificant with an
increasce in Lhis parametoer.

The non-trivial shadow geometries of the SBR black holes require an examination of
the associated deformations. Typically, geometric deformations can be analyzed in terms of
two parameters: K. controlling the size and 6. governing the shape. In order to get such
parameters, Fig.(3.31) represents the shadow deformations in terms of a reference eirele with

the blue color.

A Yenr
Xev |
4R, ' |
2 (Xe, 0} (Xe 0] ’_XSHR : 1,
(Xpet)] [(Xp®)
{xh‘ﬂh] _____________

Figure 3.31: visualisation of the shadow size and shape purameters of SBR black hole. The reference eirele
is the blue circle and the red geomelry is associated with the shadow of the SBR back holes.

The displacement ), of the shadow from the eentre can be eblained by taking
D.=X,—H,_ (3.197)

where B is the shadow maximal radius which conld be calealated using the ollowing relation

Y, - Y
B = ‘2 2! (3.198)
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In this way, the shape parameter 8, can be obtained from

5

_ =

R.

(3.199)

To study the gerometric deformations, we investigate the variations in K., D)., and 4. by

manipulating both the rotating and the stringy gravity parameters. The computations and

the results are illustrated in Fig.(3.32).
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Figure 3.32; Deformation observation parameters of SBR black hole in terms of of the rolaling parameter
and the siring parameler.

Taking a fixed value of the rotaling parameter, the shadow size decreases by increasing
. However, the displacement of the shadow centre and the distortion deformation increases
with this the stringy gravity parameter. It has been denoted that o, takes higher values for
a higher rotating parameter. Whoen the stringy gravity parameter 8 is held constant, the
shadow size of SBR black holes remains nearly constant even as we vary a. Howoever, it is
observed that the rightward displacement of the shadow increases lincarly with a. Addition-
ally, the deformation of the shadow shape becomes more pronounced with an increase in the
rotating parameter. For example, taking 3 = 7.107? results in deformation parameter values
larger than those for 4 = 9.10~®. Upon closer examination, a critical behavior is identified
for a = 0.861, where the curves intersect. For 7 = 7.10%, this nlersccling point signifies
a change in the distortion behavior, which could be explained by the presence of a pair of

cusps in the shadow shape, consistent with carlier shadow illustrations.
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3.4. Optical behaviors of black holes in Starobinsky-Bel-Robinson gravity

Within a specific range of 3, certain similarities are observed between the shadow sizes
of SBR black holes and those of Kerr black holes [108-110]. Specifically, the shape defor-
mation of SBR black holes can be compared with the case of the Kerr black hole in plasma
backgrounds [90]. This observation may deserve further investigations in future studies.

Now wo are in Lhe position Lo impose constraints on the stringy sravity parameter uti-
lizing observational data from EHT. Upon a carcful examination, it becomes apparent that
the observational data corresponding to the shadow of the supermassive black hole MST",
provided by the EHT international collaborations, can serve as a valuable tool to test and
probe proposed gravity models. Previous studies have demonstrated thal such empirieal
examinations can impose constraints on Lhe relevant black hole parameters [50,51, 78]

In the context of M87 mass units, we can overlay the shadow behaviors of the MET
black hole given by a Kerr solution with those of the SBR black holes. By fixing the
rotating parameter, we can direetly compare the predictions of the present gravity model with
the observational findings. Fig.(3.33) presents two shadow configurations associated with

two rotaling parameter values [or this comparison. It has been observed that the rolating
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Figure 3.33: SER Mack hole shadows for various valwes of A and a compared with M87T*. We congider
the MY black hole mass Mgy — 6.5 x WM and rg — 91.2kpe.

parameter and the MB7* shadow data can determine the stringy gravity parameter 3 arising
from the M-theory compactification. Upon close comparison between the shadow radius of
SBR and the ME7* black holes, it is evident that the SBR shadows can perfectly coincide
with the M87* ones for specific values of the stringy gravily parameter. The potential

compatibilities lead Lo the [ollowing constrainl on the siringy parameter 3
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3.4. Optical behaviors of black holes in Starobinsky-Bel-Robinson gravity

A< 107, (3.200)

This constraint finds support from alternative studies related to cosmological models
within the framework of SBR gravity [108-110]. For values of 5 greater than 107%, the
distinctions between the shadows of both black holes become noticeable. In the subsequent
analysis, we utilize these constraints to investigate the deflection angle of the light rays near

to the proposed rotating hblack holes in SBIL gravity.

3.4.2 Light ray behaviors near to SBR black holes

In this subsection, we investigate Lthe light ray behaviors near Lo SBH black holes. To initiate
the computations of the deflection angle, we begin with the non-rotating selutions of the SBR

black holes. The ealculations yvield to

2 — bud 2 — Fud oM
¢rs = (m— arcsin (bug) — aresin (bug)) 4 ( il s )

.I.
V1—tud  J1—pd) 0
15G2 M2
+ (m —arecsin (buy) — aresin (bug)) gt
wi (36 ), — 200%uF, + 15)  us ('ud — 200%uS + 15)\ G2M?
(1 — BPudy) /2 (1 — t2ud) o e

5, — A0B°uS, | 240b*uY, — 320673, + 128
(T— sy
565 uf — 408G + 240b%ud — 320622 4 128 GUAMY
(1 = FPul)> (1
760419 | 1068 ul + 166%% 1 32b%uh + 1285%ul — 256
\/ 1 — Bug
THOW® | 106%uS + 16650 + 32b%ul + 1280l _:355) 614473 5GEM?

v 1—Pug Jab?

(3.201)

For the ¥ expressions, we get
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2
Wy —Wg — (arcsin(bug) + arcsin (big) — ) — i N pam
1/1 - E'Fun \/I W u?
; uh (20°uf — 1) g ud (20%u% — 1)\ bGAM* g ufp (—8b'ufy + 8 uf — 3)
(1—b6%u%)2 ' (1—b2u2)32 | 2 (1 — Pu3,) /2
ug (—8b'ul + 86%ud — 3}) bGHM* + Ty i ug ha206m*bAGE M
(1 — BPug) 52 6 ’/‘1 ) \/1 — Pud 5

Combining the obtained expressions, we oblain the dellection angle noted here by o in

(3.202)

this form

20M 15G= M?
vil 4 V/l Er?uz) — + (m — arcsin lfbu":]—dr&ﬂn{&u-,)]T

Vll HER V/I — ?q Ab*
136%u5, + 45b%ud — 1926%u3, + 128 + 136%u% + 46b%ul — 1926%u% 4 128) GIM?

(lﬁbuu — by | 15bus — TE::*uj?;) G2M?

(1 — b2ufy)¥/? (1 — FPug)*? Gb*
35610 + Sb%uf, + BBOufy + 168 u;, + 640°u3, — 128

\/1 — Buj,

356"y + HbPuly + 86%uS + 166l + 646%u% — 128 ) 12288= GO MP
1 —Puf 356 ‘

Sending wy and us to zero, we can form an approximated expression of the deflection angle

(3.203)

of the light rays near to the non-rotating SBR black holes. Indeed, it s expressed as

IGM | 157GZM? | 128GOM®  3145T8r%AGE M (3.204)
T T 3569 ' ‘

The deflection angle is influenced by the parameters M, b, and the stringy gravity parameter
7. The ecarlier shadow investigation has identified specifie constraints on 3 that should be
considered. With these conditions in mind, we present the deflection angle of light rays as a
function of the impact parameter while varying the stringy gravity parameter 5. Fig.(3.34)
visually represents this variation for different values of 5.

For small values of b, a significant effeet of 2 on the deflection angle is noticeable, specifi-
eally, it decreases with an inerease in 4. However, for large values of b, there is no substantial

distinction observed as the curves of the deflection angle of light rays coincide. In this region
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Figure 3.34: Deflection angle of SBR black hole as funclion of the impact parameter for large range of the
string parameter. Dashed black curve: variation of defleciion angle of Sehwarzschild black hole.

ol the moduli space, the deflection angle experiences a slight. decrease.
Here, we explore the influence of the stringy gravily parameter § on the deflection angle of
light rays around rotating black holes in the SBR gravity. Employing analopous calculations.

we determine Lhe lollowing separation angle lor slowly rotating hlack holes

1 1 26M 1062 M3
!.?'?‘JL‘!:.: = ¢ps— : + 2 + [E?.I'{Eiin (t'm:u] 4 arcsin fﬁug] = ?r] —-—-:ﬂ—rl
Ji-wag 1) B b

( bup (6b°uf —5)  bus (60°u% —5)\ 26 M*a , 356%uf, — 1826 ujy + 2406 u7, — 96
(1 — FPuf) 3?2 (1 — Huz)3? f (1 — BPuF,) 32

35b%ul — 182b%ul + 2408°uZ —!}6) G M a (ﬁb’*u’h + B6%uf, + 166"}, + 6467ug, — 128

(1 —bj“f?}”z bt 1!1—?:314?!

(3.205)

Sb%uf + Bb%ul + 166%ud + 6467 — 128 | 1105927°8G° M a
\/1 — Bl 175b10

The needed deflection angle equation can be given by

w 2 4 opop2 2 3 (9f2,2
Ve = 1 g Hika — iy (""5 .H" l} 1 g {"bl‘u.‘? . 1) 22 M 2a
; \Foea  iora (PR ' (1 ul)
ufy (8b*u}, — 86 up, + 3) _ ug (Bb'ug — Bbuy + 3) dard (3.206)
(1 — b2ujp) 2 (1 —b%ud)™? ’ ‘
ujy ulf 110592 SHGE Ma,
“ﬂ brus, \/1 Puk 9
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where Lhe notation Wpe, = Wy, — Ve has been used. Considering the above equations. the

deflection angle of the light rays of the rotating SR black holes is found Lo be

2aGM ; 2aGEM? [ 20w, — Bbu W u — Bbu
S TR EEF (\?/1—35‘?“‘?? | \/l—b?uf;,-)lf <l ( “r R tig s)

8 J1—bPud : 1 — b

3 5o (L 4,4 1A4B2e2 1 Of
. macb::M G o s ) == — ur:'h:u (Eb ufy | ?";b_u;;ui;) il;zﬂb ujy + 96
SB0uS. | 35b'ul — 1446%2 | 96
} ‘ 5 — L6
(1— b2ug) P2
30 200 M .
i Il&ﬁﬂﬂ}jﬁzfiﬁ" M (1,,."1 — b3, (Saﬁbg'u?{ + A0b6%uY, + 485%w], + 646%ug, + 128)
by — b2 (350%d + 406%uS + 48b%uf 1 648703 4 1:;'3)). (3.207)

Taking appropriate limits, we can obtain the reduced expression in the following form

AGM  15xGEM* 128GEM? 31457287 8G°M*  4aGM  10maG*M*

R T T 3500 2 X
192aG3M* 283115527 aBG0 M*
= . 3,908
R 17510 ()

Taking a = 0, we retrieve the dellection angle of the non-rotating solutions obtained in the
previcus section. When 3 = ), we recover Lthe case of the Korr solution. Fixing the rolating
parameter, we depict in Fig.(3.35) the deflection angle as a function of b, varying the stringy

gravity parameter 4 within the range determined by the computations associated with EHT

requirernonts.
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Figure 3.35: Deflection angle of the light rays near to the rolating SBR black holes in terms of of the
impact parameler by changing 7 values and feoing a.
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Figure 3.36: Deflection angle of light rays near rolating SBR black holes in terms of of the impact parameter
by changing the values of a and firing A.

For small values of the impact parameter and Lhe rotating parameter, a notable effect of
the stringy gravity parameler is ohserved, leading to a decrease in the deflection angle. As
evident from the figure, the deflection angle also decreases with an increase in the rolating
parameter. For large values of the rotating parameter, however, the f-curves hecome indis-
tinguishable from the Kerr ones, suggesting that the effeet of § becomes irrelevant in Lhis
reoime,

In Fig. (3.36), we illustrale the variation of the deflection angle as a function of the
impact parameter, varying the rotating parameter while fixing the stringy gravity parameter.
In contrast to the shadow behavior, the two fixed values of 7 exhibit similar behaviors.
Moreover, the deercasing behavier of the deflection angle depends on both the rolating
paramecter and the stringy gravity parameter. The associated eritical impact parameter is

shifted by increasing these parameters.
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CHAPTER 4

Interplay Between Thermodynamic and Optical Aspects of Black

Holes

The aim of Lhis chapter is to establish a link between the thermodynamical behaviors of AdS
black holes and optical aspects. Motivaled by the previous activities where the shadows
and critical properties have heen combined [58], we first provide a bridging link hetween the
thermodynamices of AdS black holes and deflection angle of the right ravs. Using elliptic
[unctions, we investigate the phase structure of these black holes via a thermal variation of
the deflection angle. After that, we approach the HP transition and the geothermodynamic
computations using the Huppeiner metric. To enclose Lhis chapter, we study the oplical
aspeet of the black holes in eavity backerounds by means of thermeodynamic properties.
Concretely, we discuss the lipht behaviors such as the photon rings and the shadows of the

black holes in these non trivial systems.

4.1 Deflection angle for charged AdS black holes

To start, we consider the study of the deflection angle of light near to the four dimensional
black holes with the AdS geometries. These solufions will be used to establish an interplay
between and the optical aspeet and the thermodynamics. More preeisely, we deal with the

stability and the phase structure transitions ol such black holes from the deflection angle.
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4.1. Deflection angle for charged AdS black holes

4.1.1 Charged AdS black holes

A priori, there are many models. However, we examine a simple one corresponding Lo RN-
AdS black holes. As we have illustrated in the first chapter, these solutions can be obtained

using the following action
& [ Vgt (R—FE 1+ 3). (4.1)
" 167 el ’
Here, the scalar R indicates the Ricei curvature. Moreover, the tensor £, given by
F}_w — Hp."‘ly — EPUA“ (1.2]

represents the Maxwell gaupe tensor, where A is the potential vector in the electromagnelism
theory. Using the Boyer-Lindguist coordinate framework, one can solve the equations of

motion using the line element
2 g dr’ Zpgn? | o g2 .
ds= = —f(r)dt” + m b ro(df” + sin” Ode” ). (1.3)
r

where the melric function f(r) is expressed as [ollows

M @
r 2 f’

fir)=1- (4.4)

It is recalled that the gauge veetor potential being written as F = dA can be considered as

[ollows

A, = (_g,n.u,u) . (4.5)

To establish the proposed interplay, certain thermodynamical quantities are needed. These
guantities ean be computed in terms of rp being the radius of the event horizon. The latter
is considered the largest real solution f(r) = 0. Indeed, exploiting the thermodynamic laws,

we could calculate the important gquantities. In particular, we caleulate the mass M, the
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4.1. Deflection angle for charged AdS black holes

temperature T and the entropy S. After computations, we get

r}: i f‘zri i th?g

M = 1.6
'ZE'L’r;, [: j

3ri 4 Elry — Q%)
T = & : 1.7
8 = #wri (1.8)

4.1.2 Deflection angle computations

Hoving computed the most important thermodynamical quantities, we move to approach
the deflection angle using Lhe Euler-Lagrampe formalism necded to find the cquations of
motion. To be more precise, we project the computation to the equatorial plane defined hy
the constraint # = g In this way, the Euler-Lagrange equations can be reduced. For null

geodesics. we obtain Lhe algebraie relations providing the dynamical equations of motion

. L

b= = (1.9)

¥ .ll.-.-‘2

2 = - f(r)—. (4.10)
=

In these equations, two conserved quantitics appear which are L and E. They represent the
energy and the angular momentum, respeetively. Using the impael parameter b = {;: the

equation (4.10) takes the following form
*.-:3:5&(1—&;]!:2)‘ (4.11)
r

Many situations ean be discussed. However., we consider a specific one where the light rays
come from the infinity. Thus, they approach to the black hole until the distance of closest
approach rg. afler they come back to the inhinity. In [act, the light rays are in the zone of
the deflection angle. Moreover, the impact parameter should satisfy the condition b = bg,
where By denoles the eritical value. In this way, the photons generate an unstable circular
orbit near to the black hole. Certain computations can be used to identify the eritical value

ro. Indeed, il ecan be derived by means of the constraints

dVerp(r)

=0 4.12
d?' | L] { J

Verr(r) |l"—1'n: 0,
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4.1. Deflection angle for charged AdS black holes

where V,pr denotes the effective potential which can be written as

Vere(r) = (M 1) . (4.13)

Using (4.12) and (4.13), we can obtain

M | IMT SR .
ro = 5 : (4.14)

Plugging ry in such a potential, we find Lthe value

i

% =\ 7(ra)

(4.15)

which is a eritical one. To get the deflection angle 8, some quantities are needed including the
total change in the angular variable ¢ being 2|¢(rg) — ¢(oc)|. Supposing that the trajectory

is a straightaway, the above change in ¢ is m. The assumption provides

8 = 2|é(ro) — é(oo)| -,
- zj;ﬂ ]j—":wr—w. (4.16)

Using the equations (4.9) and (4.10), we get

dp\® = A2 "
(E) = B (4.17)

where one has used 47 = 5 — 7 and P(r) = r* — A%(r? — 2M7r + @?). It is recalled that
P{r) has four real roots given by ry < ry < vy < ry. The largest one gives the eritical value
ro- Exploiting the variable redefinitions w = r — 1y, @ can be considered as a funclion of w.

Preciscly, it is given hy

Adu

i) = f = f (1.18)

(e + ) (w4 ug)(u -+ wy)

where one has wy = rg — 7y, iy = g — T, Uy = 7 — Ty A close examination shows that one
could follow many roads to compute the integral of the equation (4.18). Possible ones can

be can be performed using alternative methods. IL has been remarked that the complete
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4.1. Deflection angle for charged AdS black holes

and incomplete elliptic functions have been explored in such computations. Moreover, the
Weicrstrass elliptic lunctions have been also exploited in certain investigations works, For the
sake of simplicity, we use the second method. Following the technigues developed in [100],

we could redefine the equation (4.18). Indeed, it takes the following form

i ilr
=)= A./; VAL — o — gy

(4.19)

Using the changes o = wy! fug! tugt, 8 = (uyus) =t 4 (uguy )~ 4 (ugs) ', v = (uyugug)

A= ,,ﬂu?:W &= ﬁ b {3 in the equation (4.18), we can obtain the expressions of the
arguments g, and gy, Concretly, they are given by
1 {e? 1 faf 207
=50l —8 == | =S —y ] : 4.20
2 .1(3 +), s 15(3 g ;3.?) (4.20)

The next step is to approach the equation (4.19) using the Weierstrass elliptic function

z= g;a{ff gz, g3 ). In this way, the unction ¢(r) is found to be

1 & .
=y TRkt 1 :
plrk =2 ——1 12,.#2194) : (4.21)

Taking the equations (1.16) and (4.21), we get the deflection angle of the rotating RN-AdS
black hole being expressed as

ik

6 =2 (15,0a.05) | - (1.22)
It has been revealed that the optical quantity © depends on four black holes paramelers:
(b, £, Q. M) defining the invelved parameter space. To give a graphie representation of such
optical quantity, certain parameters should be fixed. Fixing the mass and the AdS radius, the
deflection angle variation can be given as a funetion of the impact parameter by considering
several values of the charge €. This choice of the moduli space regions provide the graphic
realization illustrated in Fig(4.1). As expected, the deflection angle exhibits a continuous
variation in respeet of the impact parameter. From this figure, we remark that the deflection
angle is a decreasing function with the charge. This result matehes with many investigations
providing similar optical behaviors obtained in the study of several modols of AdS black holes.
Having discussed optical behaviors, the main objective now is Lo investigate thermodynamic

properties from optical ones by help of the light deflection angle around the rotating RN-AdS
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Figure 4.1: Deflection angle as a function of b by taking certain values of the charge using £ = 172 and
M=1

black haoles

4.2 Black hole stability from the deflection angle vari-

ation

4.2.1 Stability behaviors

In black hole physics, the stahility is a lundamental aspect of understanding their behaviors.
The sign of the black hole heat capacity is a erucial indicator of its thermodynamie stability.
This study van be done via the heat eapacity sign, which is a primerdial thermodynamic
gquantlity necded for stability examination. The heal capacity is relabed to the response of the
black hole mass to changes in ils temperature. The stability analysis involves considering
how the black hole responds to small fluctuations or perturbaltions in its thermodynamic

parameters. To do so, we first recall the constraint

S
c—1(° 0 1.23
(a'r) = 14:29)
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4.2. Black hole stability from the deflection angle variation

defining a stable phase. However, Lhe unstable is associated with the [ollowing condition

98
c=7(2Z) <. 1.24
(:‘:iT) = (L4

4.2.2 Black hole stability from the deflection angle

The first ink with the thermodynamies will be established in terms of the stability behaviors.
Precisely, we investigate the stability of charged black holes using the deflection angle of light
rays. We will see that the stability investigation ean be elaborated via the defleetion angle

variation. Exploiting Lhe deflection angle of light rays near to the charged black holes, the

as\ (o (0O .
e=7(5) (38) (7). -

Assuming that % = 0, the primordial data on the stability aspect could be derived from

heal capacity reads as

the product sign (%) (%) To approach this product, the temperature in terms of r, for

different values of the black hole parameters should be worked out. This analyvsis will be
needed to examine the phase structures [34]. Coneretely, the obtained information will be

discussed in respect of the variation of the defleclion angle, Fixing the AdS size via the

relation 2 = % and considering the equation (1.7), we can implement the temperature

in the present analysis. Varying the charge, Fig.(4.2) provides the temperature variation

in terms of the radius ry of the event horizon. Considering the range 0.1 < @ < 1, the

0.35— T =T
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0.25¢;

& 0B
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Figure 4.2 The temperniure variation in terms of vy, for 17 = %Tr—:‘
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4.2. Black hole stability from the deflection angle variation

temperature variation is illustrated in dashed, dotted, and solid curves. From this figure, we
remark Lhat the stable states of the charged black holes are associated with the dotted and
the solid curves, For these solutions, the temperature increases with rp. However, the dashed
curves correspond to the unstable phase. It has been concluded that the phase structure of
Lhe rotating KN-AdS black holes eould be diseussed using Uhe guantity %-_E. In order to show
the link between Lhe defleetion angle and the the phase stracture, we vary © in respect of the

event horizon radius r,. The associated computations are plotted in Fig,(4.3). Considering

m1
Il 0.9
0.8
W 0.7
W 0.6
W05
mo4
W 0.2
W02
| 0.1

Figure A.3: The deflection angle variaiion as a funetion ry, for b= 10, 2 — 52 and eertain values of the
charge.

peneric points for the black hole parameters, we remark that the defleetion angle decreases
with ry, without any critical value generating a continuous behavior with the variable ry,.
The data on the phase structures can be derived from the sign of the quantity % Indeed,

the unstable and the stable phase behaviors are constrained by
dl’ dl’
B < () unstable | =Y =) stable. (4.26)

To elaborate the bridging scenario between the deflection angle and the phase transitions.
the temperature expression given in the Eq(4.7) will be used. These thermal aspeet is
illustrated in Fig.(4.4), by keeping the same the unstable and the stable phases regions
corresponding Lo . A close examination shows that the unstable and the stable phases
are exhibited in the previous figure. The oblained behaviers agree with the results given in

Fig.(4.2). This reveals that the phase structure could be approached via the optical aspeet
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Figure 4.4: The temperature variation as a function of the deflection angle by taking b= 10 and 2 — %_

by help of the deflection angle variation. According to the heat capacity of the rolating
RN-AdS black hole, the changing of the sign at critical points can be discussed in respect
of the variation of the deflection angle. Coneerning the stable phase, the deflection angle
deercases with the temperature. The associated phase is illustrated by the doited and the
solid eurves, However, in the unstable phase, the deflection angle is an increasing function of
the temperature being illustrated by the dashed curves. The obtained results could support
Lhe ides that the deflection angle ean be viewed as a relevanl new tool to investigate the

phase transitions ol the charged black holes with AdS type geometries.

4.3 HP phase transition and geothermodynamics from

deflection angle

4.3.1 HP phase transition

Here, we continue the provious analysis by providing a new connection with thermodynamical
aspect. Concretely, we reconsider the study of the Hawking-Page transition of charged AdS
black holes from the deflection angle variation. It has been observed that o establish a
new bridge with such thermal behaviors, certain quantities should be computed including
the Gibbs free energy G being a erucial thermodynamical quantity. The latter eould unveil
physical behaviors to approach the Hawking-Page phase transition [31,32,34]. In the case

of the rotating KN-AdS black holes within the grand canonical ensemble with fixed electric
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4.3. HP phase transition and geothermodynamics from deflection angle

potentials @, we can obtain
G=M-T§ -0, (4.27)

where @ denotes Lhe eleetric potential which reads as © = % Identifving the cosmological
constant with pressure by help ol p = %, we can caleulate the needed guantities. Indeed,

they are given by

8mpri — 02 1

T (4.28)
darry,

Bapri + 392 4+ 3

fp‘f — r.fl { Tr.prfi f + }‘ [4‘29\]

3
Substituting (41.28), (1.29) into (1.27), the Gibbs free energy is found to be

3ry, — 8wpri — 3r,d?

'Et- == { rh- BTPT‘}; T.h ]_ E-] .3[':]

12

It has been remarked that the temperature 7' = T(rg, p. @) indicates that the rotating RN-
AdS black hole involves two possible eritical values. The first critical value corresponds o
To =1/ m];—} being the minimum value. Below such a value, no black hole can exist [34].
Now, we need to solve the horizon radius ry in respect of the temperature 7. This provides
two solutions eorresponding to large and small black holes, based on two different even
horizon radii #) and rp | respectively. In Fig.(4.5), we present the radios of the event horizon
in respect of the temperature by varying the charge and taking p = 0.04. It is denoted that
the eritical value is identibed with the intersection of the LBH curves; and the SBH ones:
The second imteresting eritical value Typ = % corresponds Lo the HP transition
where the radiation and the black hole involve a zero value of the Gibbs free energy. To
understand such behaviors, we illustrate the Gibbs [ree energy in respect of the temperature
of LBH and SBH solutions in Fig.(4.6).

To establish a bridge with the deflection angle, we identify the radius of the event horizon
in the deflection angle expression with the temperature. In parbicular, we examine the
deflection angle variation © = 6(h, T, p, ®) with respect to T and b, Fixing @ and p, a 3-
dimensional picture is visnalized in Fig.(4.7). It has been remarked a minimum temperature
value which is independent of the eoordinate b of the parameter space of the black hole.
Taking b > rj, where rf corresponds to Ty, b does not influence the Lemperature of the black
hole. This could be understood via the black hole intrinsic aspect

To determine the HP transition from the deflection angle of light rays around the charged
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Figure 4.6: Variation of the Cibbs free energy in respeel the temperature by laking & = 0.9 and p = 0.04.

black holes, we examine the Gibbs free energy. The associated computations are illustrated
in Fig.(1.8). For LBH, it has been obtained a zero value for the Gibbs free energy at © = 6,
imitaling the Hawking-page transition by changing the role of v+, = ryp lor which T = Ty p.
It has been observed that LBH is manifested in the case where G inereases with ©. Howoever, a
solution associated with SBH has been appeared by considering (7 as a decreasing funclion.
Al a critical value ® = 8, the interseetion point of SBH and LBH defining a minimum

mlue of the temperature generates a Gibhs free energy maximal value, This feature matches
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4.3. HP phase transition and geothermodynamics from deflection angle

Figure 4.7: Gibbs free energy in lerms of the mpaet parameler and the temperature by taking p— 0.04 and
=09
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Figure 4.8:  (ibhs free enervqy as a function of @ by considering p—0.04 and & = 0.9.

with the previous results sugpesting that the delection angle can be exploited to approach

transitions in black hole physics,

4.3.2 Geothermodynamics by means of the deflection angle

To complete the present study, we consider the AdS black hole geothermodynamics by exam-
ining the phase state structure: In this way, the corresponding information can be derived

from a thermodynamical potential W and certain conserved quantitios interpreted as the
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4.3. HP phase transition and geothermodynamics from deflection angle

coordinates of such a space. We denote them by x; [111].  Using such coordinates, the

associatod metric reads as
o

= ﬁI{ﬁIj ’

i (4.31)

A elose inspection in string theory compactifications shows that the electric polential ¥
can share certain resemblances with the Kahler scalar potential. The latter is considered
as a relevant piece in the study of the complex manifold metries such as the Calabi-You
spaces [112]. Various metric forms have been built needed to examine certain criticality
aspects of the black holes in arbitrary dimensions [111, 113]. In particular, we cxploit the
Ruppeiner metric. Relating the thermodynamic potential ¥ and the entropy quantity S,
and considering only two variables for the RN-AdS black hole, the above metric (1.31) can

he reduced to
5
l':i'I,;an?

Gij = L,i=1,2. (4.32)

Taking x; = M and z; = €, the new metric (4.32) can be expressed as follows

__ as(M {:Zi _as{M Q)
= M MG
ij = as(M.Q) HS(M. :
TTaMaQ @~ e -

Following [114,115], the curvature sealar R, carrying all information on eritical behaviors, is

(4.33)

found to be

8% (3@ —r?) + 382 (10Q* — 9Q%r* + 3r") + (@ — r2)*

B—
Tl (3 )02 — Q2 | r2) (3r4 /82 | 3Q2 — r2)

; (4.34)

which shares similaritics with the divergence behaviors corresponding Lo Lthe heal eapacity in
respect cither of the event horizon radius or the entropy function. I is has been mentioned
that the phase transition has heen largely studied revealing a grucial bridging between the
thermodynamics and the Riemannian geometries [113]. Using a numerieal discussion, these
aspects from the deflection angle algorithm ¢an be provided. For constant charges, the heat

capacity should be computed. Indeed, it takes the lollowing form

G 25\ gnr (8 (=0 1+ 37%)
Co=T (EF)Q T BB _2) 134 -0

It has been remarked that the phase transition LBH/SBH can occur when @ = Q.. We

consider, for instance, specific regions of the black hole parameter space where we have
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4.3. HP phase transition and geothermodynamics from deflection angle

considered £ = 1. We find that the eritical value is around Q. = 0.408. Using the defleetion
angle appearing in (4.:35), the heal capacity variation is illustrated as a function of © hy
considering constant charges, in the left and the right of Fig.(4.9) for @ < Q. and @@ = ..,

respectively. For @ < @, the phase transition is manilested ensured by discontinuons curves

40 5
20k &L
C, O l\“— Co 4l
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—A4n il
o 2 4 [ 8 -1 o 1 2 3 4 5
é e

Figure 4.9: Heal capacity as a function of 8. Lefl side: ( = 0.11. Right side: () = 0.5.

[or the singular points 6 ~ 1.01 and 65 ~ 4.15, represented by blue dashed lines, Howoever,
for ¢} = @, a continuous line with non divergence aspects is obtained showing that there is
only one solution for the black hole. We examine now the curvature sealar behavior. Taking
b = 10, we inspect the R variation by varving 8 for the charpe constraints @@ < Q. and
() = .. The corresponding computations are depicted in Fig.(1.10).

For @ = ., we remark that K involves a discontinuous behaviors in respect of 8 ex-
hibiting similar divergent points of the heat ecapacity. However, for @ > @, the function R
is a ‘contimious with regular points, which matches with the heal capaecity hehaviors. As a
resull, the deflection angle could be considered as a erueial optical guantity unveiling certain
information on the thermodynamics of the black hole supporting the previous resulis.

Having discussed a bridging seenario between the thermodynamics and the optics of hlack
holes, we move Lo implement the shadow aspeet. A detailed examination reveals that there
are many roads and methods [58]. Here, however, we follow a new method by considering

black hole in cavilies.
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Figure 4.10: Ruppeiner scalar as a function of ©. Left side: () = 0011, Right side: ) = 0.5,

4.4 Thermal behaviors of the black hole shadows in a
cavity

The black hole in a cavity has been extensively studied using different approaches [130, 135].
Before giving an optical discussion, we first need to recall certain features on the associated
physics. Conerelely, we review Lhe primordial notions and concepts. In the asymplotically
AdS backgrounds, a black hole can be considered as a thermodynamical stable object [130,
135]. In picture, the AdS boundary can be interpreted as a reflective wall. Similarly, it has
been shown that the black holes surrounded by a cavity could be also thermally stable as the
AdS geometries. Putting black holes in asymplotically flat spaces wilh cavity boundaries, the
thermodynamies stability problem could be removed. Roughly speaking, we study shadow
behaviors from the thermal variation. For simplicily reasons, we consider a static and spheric

metric black hole in cavity backgrounds. This can be considered as

A | r2(d8® + sin® 6d?), (4.36)

ds? = — f(r)d® | )

where f(r) carries data on the used cavity. According to [135], f(r) can be given by

2

fr) = (1= - ). 37}

Ty
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4.4. Thermal behaviors of the black hole shadows in a cavity

where v represents the horizon radius

ry =m 4 ym?—0Q% (1.38)

In this relation. € and m denote the charge and the mass. respectively. Taking 2 = 0, we
can recover the usual Schwarzschild black hole. It has been shown that wvarious scenarios
epuld be discussed depending on the positions of the observer. A simple siluation can he
approached by placing the observer inside the cavity geometry, This situation occurs by

considering following conditions

Tenn = Toby Teanw = Py [4‘3[4]

which could be viewed as the optical and the thermodynamic requirements, respectively. To

illustrate a black hole in a cavity using the above conditions, we provide Fig.(1.11).

e .
- “;_l-.

Figure 4.11: Visualization of a black hole with cavily requirements.

In this fipure, we consider that the light rays will be directed Lowards the observer located
al. a radial distance of ryp inside the eavity. This is represented by the red line. Additionally,

we illustrate the equatorial plane with the hlue circular surface of radius 7w
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4.4. Thermal behaviors of the black hole shadows in a cavity

4.4.1 Shadow behaviors of black holes in cavities

Now we are in the posilion of discuss the optical aspect the black hole in a cavity via the
shadow behaviors., Sinee we are dealing with four dimensional black holes, we give a graphical
representation of the shadows by the help of one-dimensional real closed curves [60-62]. To
provide such eurves, we exploit the Hamilton-Jacobi equation

05 1 .
5= = 59" PaPs- (4.10)

S and A denote Lhe Jacobi action and the affine variable associated Lthe grodesies, respectively.
p* is the black hole conjugate momentum in a ecavity system.
Using the techniques of the previous chapters, the real and positive solution of ra, /' (re,) —

2f(ry,) = 0 reads as

COB(Q ) + /900 — 14072 1 9t

4,

(1.41)

Fap

The photon sphere radins ry,, depending on the charge and the horizon radius recovers
the results obtained in the previous works. Indeed, when @@ = 0, we pet the unstable
photon sphere radius of the ordinary non rotating Schwarzschild black hole studied in many
investigations [65,68,69]. Using the radial and the angular geodesic relations corresponding

to the photo, we find the orbit equation

dr :I:f_fdf[r]l(ﬂu E) (1.42)

@ 1)

It has been observed that photon orbit is conditioned by

dr
Bl =" (4.43)
By the help of Eq.(1.43), we gel
dr 1/ () f
= —:I:rJfl[r} [%Hr} _ 1]. (1.44)

Using the fact that the light rays being sent [rom a static observer placed at vy in the cavity
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4.4. Thermal behaviors of the black hole shadows in a cavity

and transmitted into the past via an angle o, one has

frr

Vb

B 1 dr

=Tk B rmﬁ

Using Eq.(1.45), we obtain the observer angle in terms of certain parameters. Indeed, we

(1.45)

=P

hawve
3 J(rab)rs,

Si0° gy = —————.

oo (Tap)

In particular, we oblain the angular radius of the black hole shadows in terms of the circular
orbit radius of the considered photon. Indecd, the shadow radius ef the black hole being

observed by a static observer placed at rg reads as

(4.46)

J{rab)

ry = Trasinag = B, ———

G (1.47)

H=ruy

The black hole shadow geometries in the cavity geometry could be elaborated by means of

the nsual eelestial eoordinates = and y given by

r = lm (—rgsinﬂu——

o)
P — 00 i (ro.0a) !

i

) : (4.48)
(ro,fo)

In Fig.(1.12), we represent the shadow curves by varying the charge @, It has been remarked

df
— i el
y ruinm ( o d'-r

that the shadow geometries are perfect cireles since we are considering non rotating solutions.
We could anticipate that the charge of the black hole in a cavity can be considered as a
primordial paramecter controlling the shadow size. It increases with the horizon radius. For
a fixed value of ., the shadow size is increasing with the charge Q. For @ = (), the shadows
of the Schwarzschild black hole is recovered. To examine the shadow radius, we investigate
its variation in terms of ry by varying the charge. The computation is given in Fig{4.13). It
has been confirmed that the radius increases with the clecirie charge of the black hole. This

could show that the charge in the cavity can control the shadow size.
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4.4. Thermal behaviors of the black hole shadows in a cavity

Figure 4.12: Shadow of the black hole in the cavity in respect of ry with fired charge values (), where the
ohserver placed in the equalorial plane with rop = 15 and v, = 20,

— =01
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re

Figure 4.13: Shadow radius in terms vy with fived charge values, where the observer in the equatorial plane
and positioned in v, — 15, and .., = 20.

4.4.2 Thermal behaviors of shadow black holes

In this part, we approach the shadow aspect from the cavity temperature variation. As we
have seen, the latter is 4 relevant gquantity needed to examine the system stabilities. In the

cavity system, it has been shown that the temperature is linked to the eavity radius r,, via

153

1=



4.4. Thermal behaviors of the black hole shadows in a cavity

the relation
T
=B (4.49)

VI (Teun)

where one has used the Hawking temperature given by

;o L)

- ) 4.50
H Ax dr { )

r—ri

The computations of such quantitics depend usually on the physical parameters. According

to [130, 131, 135], ene can find

2@
Arriaf f(rees) !

We observe that the cavity temperature T, and the shadow black hole real curves in a cavity

Toan (4.51)

depend on the horizon radius. For ry, = r ., the cavity temperature exhibits similarities
with the charged AdS black hole ones. For r,,, = r . however, Lhe cavity temperature T,
involves divergence behaviors [135], Similar to Fig(4.11), the observer is situated inside the
cavily to illustrate the transmitting lights by considering real closed curve shadows. Fixing
the charge @, Fig.(4.14) exposes the shadows by varying the cavity temperature T,,,. To
do so, we take a situation associated with r,, = 20 and r; = 15. The size of the shadow
augments when the lemperature of Lthe cavity deercases. From this figure, we observe that
the electric charge ) of the black hole deercases the shadow radius. Increasing the charge
¢}, the temperature hehaves contrary to the horizon radius as presented in Fig.(1.13). The
inverse hehaviors can be understood from Lthe relation between T, and rp. IL has been
shown that when T increases (decreases), ry decreases (increases). The shadow aspect
of the AdS black holes is identical to the one of the black hole inside the cavity being an
decreasing (increasing) function of the temperature (mass) [136]. These behaviors can be
exploited to go further by considering other properties. This could support the obtained
results, The corresponding energy emission rale can be approached. Near to the black hole
horizon, it has been shown that the quantum [uctuations can create and annihilate pairs
of possible particles. In this scenario; the particles involving pesitive energy values could
eseape along lunneling from Lhe black hole via the Hawking radiation mechanism. To show
that, we examine the associaled encrgy emission rate in the cavity system. To do so, we
consider a distant observer the thermodynamical and optical requirements associated with

the cavity. Roughly, the high energy absorption cross section can provide information of the
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4.4. Thermal behaviors of the black hole shadows in a cavity

Figure 4.14: Shadows of the black hole in the cavity systemn in terms af the the cavily temperature with fired
chamges values where observer is placed in the eguatorial plane and by constdering rp = 15 and roy,, = 20,

shadows of the black holes in such physical cavity systems. Indeed, it has been sugpested
that the absorption cross section of the black hole can oscillate near Lo an approximated

value gy = mre. In this way, the energy emission rale can be expressed as

d*E(w) = 25rdus
dwdt o7 _ 1

(4.52)

Here, w represents the emission frequency [136]. T); indicates the corresponding Hawking
temperature. Using the link with the cavity temperature, this expression Lakes the [ollowing

[orm

PEW) 25
dl'.ddi E;i{"m:i-'fhuv e 1 .

The energy emission rate is depicted in Fig.(1.15) in respect of w by taking different values

(4.53)

for T,p, and Q. Small values of the cavity temperature show that the charge does effect
the optical behaviors. Increasing the temperature, it has been remarked that the energy
emission rate maximum inereases by decreasing the clectrie charge ). For hxed charge
values, the maximum of the energy emission inereases with T),,,. which reveals that T,

and () bring opposile eflccls on the studied oplical aspect. This is needed to ensure the
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Figure 4.15: Energy emission mie as a function of w by taking certain values of Ty and Q, where the
ohserver is placed in the equatorial plane with v = 15 and r_,, = 20.

stability behavior. The obtained results confirm Lhe previous findings corresponding to the
black holes in cavity systems. To be more economie, we investigate the cavity temperature
from the optical aspect. In Fig.(4.16), we illustrate the cavity temperature in respect of the

shadow radius for various values of €.
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Figure 4.16: Shadow mdius as a function of the cavily temperature by laking the observer in the equalorinl
plane with rop = 3 and 1o = 20,

From this figure, we ohserve that the radins of the shadows increases by decreasing T,
and decreases by increasing €@ being supported by Fig.(4.16). This ean be understood from
the optical and the thermodynamical constraints given by Eq.(4.39) by taking r, = 4
Moreover, it has been shown that the curves in the v, — T, plane are similar to the G —T
ones associated with charged and rotating black holes with AdS geometrics. It is recalled

that & and T are the Gibbs free energy and the temperature, respectively. To understand
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4.4. Thermal behaviors of the black hole shadows in a cavity

such resemblance behaviors, we can use the thermodynamical observables. Following [135],
it has been shown that the Gibbs free encrgy of a black hole in cavity systems can bhe written
i

G = T | Traerme + Q@ rTein — 8124/ Fres ) + 23] (4.54)

The condition &' = 0 can be exploited (o oblain the phase bransition temperature Thyp.
Taking different values of the electric charge € of the black hole, we find that this temperature
being equal Lo

Typ = 0.0284. (4.55)

It has been remarked that the curves de type », — T, exhibit the swallowtail configuration
of the curve G —T. The Typ temperature in the & — 7T plane ean be identilied with Ty p in
the r, — T, plane. It could be possible thal these results could be exploited Lo support the

interplay between the thermodynamics and the optics of the black holes in cavily systems,
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