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Résumé

Au cours de la derniere décennie, une importante littérature traite de différents aspects des
EDP dont la partie principale de 'opérateur a une croissance de type puissance, I’exemple
principal étant le p-Laplacien. Il existe un large éventail de directions dans lesquelles le cas
de la croissance polynomiale a été développé, notamment les approches a exposant vari-
able, avec poids, double phase a exposant variable et des approches faisant intervenir un
opérateur "p(x)-Laplacian-like" et un opérateur "p(x)-Kirchhoff-Laplacian".

Dans la présente monographie, nous traitons les questions de la théorie de 1'existence et
de l'unicité aux problemes elliptiques et paraboliques de type Dirichlet ou Neumann dans
différents cadres fonctionnels. L'originalité de ce travail consiste en la présence d"une classe
d’opérateurs étudiés permettant de regarder I'importance du cadre fonctionnel, et impli-
quant des espaces de Lebesgue-Sobolev avec poids et des espaces de Lebesgue-Sobolev a
exposant variable. Cette these est composée de deux parties principales :

La premiere partie concerne 1'étude de l'existence et de 1'unicité de la solution faible
de certains problemes de Dirichlet régis par une équation elliptique non linéaire dégénérée
dans le cadre des espaces de Sobolev avec poids ot les données sont dans P (Q, w' ') ou
dans LP'(Q, w'?') + ﬁ [P (Q, w' ™). Notre outil principal, dans cette partie, est basé sur le
théoreme de Browdeg\/[inty et la théorie des espaces de Sobolev avec poids.

La deuxieme partie de cette these est consacrée a I'étude de deux classes de problémes
non linéaires, la premiere classe des probléemes qu’ils discutent dans cette partie sont des
probléemes aux limites de Dirichlet ou de Neumann impliquant I'opérateur p(x)-Laplacian-
like ou l'opérateur p(x)-Kirchhoff-Laplacian ou l'opérateur (p(x), q(x))-laplacien avec des
conditions de croissance non standard. Sous des hypotheses appropriées, ils établissent
plusieurs nouveaux résultats concernant I’existence et 1'unicité de la solution faible dans le
cadre des espaces de Sobolev a exposant variable. Ces résultats sont obtenus par une com-
binaison de la théorie des espaces de Sobolev a exposant variable et la théorie des degrés
topologiques pour une classe d’opérateurs démicontinus de type (S.) généralisé. La deux-

ieme classe est un probléme parabolique associé a I'équation :

%—1: —div A(x, t, Vu) = ¢(x,t) + div B(x, t,u, Vu),
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ce probleme vise a présenter des résultats d’existence d’une solution faible dans l’espace
LP(0, T; W, (Q, w)) par l'utilisation d’une théorie des degrés topologiques pour les opéra-
teurs du type 7+S, ou S est une application démicontinue bornée de classe (S..) et 7 est une
application monotone maximale linéaire définie de maniére dense par rapport a un domaine
de 7.

Mots clés : Probléme de Dirichlet, probleme de Neumann, probleme elliptique, probleme
parabolique, équation elliptique non linéaire dégénérée, théorie des degrés topologiques,
solution faible, espaces de Sobolev avec poids, existence et unicité, espaces de Sobolev
a exposant variable, opérateur de type p(x)-Kirchhoff-Laplacian, opérateur de type p(x)-

Laplacian-like, opérateur a double phase avec des exposants variables.

FACULTY OF SCIENCE AND TECHNIQUES X1 SULTAN MOULAY SLIMANE UNIVERSITY



Abstract

Over the last decade, a large literature describes various aspects of PDEs whose main part
of the operator has power-type growth with the leading example of the p-Laplacian. There
is a wide range of directions in which the polynomial growth case has been developed, in-
cluding variable exponent, weighted, double phase with variable exponents and approaches
involving p(x)-Laplacian-like operator and p(x)-Kirchhoff-Laplacian operator.

In the following monograph we deal with the questions from existence and uniqueness
theory to elliptic and parabolic problems of Dirichlet or Neumann type in different settings.
The originality of this work consists of the presence of a class of studied operators allowing
to look the importance of the functional framework involves weighted Lebesgue-Sobolev
spaces and variable exponent Lebesgue-Sobolev spaces. This thesis covers two main parts :

The first part concerns the study the existence and uniqueness of weak solution to cer-
tain Dirichlet problems governed by nonlinear degenerate elliptic equation in the setting of
weighted Sobolev spaces with the right-hand side term in P(Q,w" P orin P (Q, w'P)+
ﬁ L*'(Q,w'P"). Our main tool , in this part, is based on the Browder-Minty theorem and
El]e theory of weighted Sobolev spaces.

The second part of this thesis is devoted to study two classes of nonlinear problems, the
first classe of problems that we discuss in this part are Dirichlet or Neumann boundary value
problems involving the the p(x)-Laplacian-like operator or the p(x)-Kirchhoff-Laplacian op-
erator or (p(x), q(x))-Laplacian operator with nonstandard growth conditions. Under suit-
able assumptions, we establish new several results concerning the existence and uniqueness
of weak solution in the setting of variable exponent Sobolev spaces. These results are ob-
tained by combining the theory of the variable exponent Sobolev spaces and the topological
degree theory for a class of demicontinuous operator of generalized (S. ) type. The second

classe of problem is a parabolic problem associated with the equation :

M div Al t, Vu) = blx, 1)+ div Blx, tu, Vu),

this problem aim to present an existence result of a weak solution in the spaces L? (0, T; W; PQ,w))

by using a topological degree theory for operators of the type 7 + S, where S is a bounded

xii
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demicontinuous map of class (S;) and 7 is a linear densely defined maximal monotone map
with respect to a domain of 7.

Key words : Dirichlet problem, Neumann problem, elliptic problem, parabolic problem,
degenerate nonlinear elliptic equation, topological degree theory, weak solution, weighted
Sobolev spaces, existence and uniqueness, variable exponent Sobolev spaces, p(x)-Kirchhoff-
Laplacian operator, p(x)-Laplacian-like operator, double phase operator with variable expo-

nents.

FACULTY OF SCIENCE AND TECHNIQUES xiii SULTAN MOULAY SLIMANE UNIVERSITY



Symbol description

v for all
= there exists
= equivalent
> summation
IT product
R set of real numbers
N set of natural numbers
N positive integer greater than or equals to 1
RN N-dimensional Euclidean space of points x = (x1,%2, -+ ,Xn)
Q open bounded subset of RM
00 boundary of O
o= (0,0, - ,an) an multiindex with «; € N
lo| = i oG the length of the multiindex o
D% = W partial derivative of order |«
C(Q) the spaces of continuous functions on Q
C*(Q) the spaces of infinitely differentiable functions on Q
Cse(Q) infinitely differentiable functions with compact support on QO
Vu gradient of a function u
a.e almost everywhere
— strong convergence
— weak convergence
— continuous embedding
e compact embedding
X arbitrary Banach space
X* dual space of the Banach space X
(-y) scalar product of RV, duality between X and X*
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Q closure of Q (i.e., Q plus its boundary)
[0, T] closed interval 0 <t < TinR
Qr the time-space cylinder Q) x (0, T) with T € (0, co)
00T boundary of Oy
Q)| measure of the set Q
X (X1, ..., Xxn) point in RN
dx dx;, ..., dxy Lebesgue measure in QO
, = oof
div f ; o,
P real number such that 1 <p < o0
' the Holder conjugate of p
[P(Q) usual Lebesgue space
P'(Q) dual space of LP(Q)
L>(Q) essentially bounded measurable functions on Q
W (Q usual Sobolev space

closure of C§°(Q) in W'P(Q) (i.e. w.r.t. the norm || - [ly1.(q))
WP (Q) dual space of W,"(Q)
LP(Q, w) weighted Lebesgue Sobolev space
[P (Q,w'™)  dualspace of LP(Q, w)
WP (Q, w) weighted Sobolev space
WP (Q, w) closure of C°(Q, ) in WP (Q, w)
W' (Q, w'?")  dual space of W, (Q, w)

r() measurable function (variable exponent)
p* essential sup of p(-)
P essential inf of p(-)

r'(+) Sobolev conjugate of p(-)

LPH(Q) variable exponent Lebesgue space (generalized Lebesgue space)
whri(Q) variable exponent Sobolev space (generalized Sobolev space)
WP (Q) closure of C3°(Q) in W1 (Q)

)

WP’ 0(Q) dual space of W)™ (Q)
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General introduction

Historical and motivation

Boundary value problems for elliptic and parabolic equations, more precisely, the con-
cept of weak (generalized) solutions, have their background in applications (namely, in the
variational approach connected with the critical level of a certain energy functional as well
as in numerical methods like FEM etc). This type of approach is closely related to the concept
of Sobolev spaces and is well elaborated for both linear and nonlinear equations.

In various applications, we can meet boundary value problems for elliptic and parabolic
equations whose ellipticity is "disturbed" in the sense that some degeneration or singularity
appears. This "bad" behaviour can be caused by the coefficients of the corresponding dif-
ferential operator as well as by the solution itself. The so-called p-Laplacian is a prototype
of such an operator and its character can be interpreted as a degeneration or as a singular-
ity of the classical (linear) Laplace operator (with p = 2). There are several very concrete
problems from practice which lead to such differential equations, e.g. from glaceology, non-
Newtonian fluid mechanics, flows through porous media, differential geometry, celestial
mechanics, climatology, petroleum extraction, reaction-diffusion problems, etc.

Let w be a weight on RV, i.e., a locally integrable function on R™ such that w(x) > 0 for
ae. x € RN. Let QO c RN be open, 1 < p < oo, and k a nonnegative integer. The weighted
Sobolev space WSP(Q), w) consists of all functions u with weak derivatives D*u, |o] < k,

satisfying

uwllwir (0,w) = Z J ID*ufPw(x)dx | < oo.

o<k 7€
In the case w = 1, this space is denoted W*P(Q). In general, Sobolev spaces without
weights occur as spaces of solutions for elliptic and parabolic partial difierential equations
(see [28, 34]). Typically, 2k is the order of the equation and the case p = 2 corresponds to
linear equations. Details can be found in almost any book on partial differential equations.
For degenerate partial differential equations, where we have equations with various types of

singularities in the coefficients, it is natural to look for solutions in weighted Sobolev spaces
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[87, 88], we mention some works in this direction [7, 11, 12, 130].

The type of a weight depends on the equation type. A class of weights, which is par-
ticularly well understood, is the class of A, weights (or Muckenhoupt class) that was intro-
duced by Muckenhoupt in the early 1970’s [113, 114]. This class consists of precisely those
weights w for which the Hardy-Littlewood maximal operator is bounded from LP(RN, w)
to LP(RN, w), when 1 < p < oo, and from L'(RN, w) to wk-L'(RN, w), when p = 1. These
classes have found many useful applications in harmonic analysis [138]. Another reason for
studying A, weights is the fact that powers of distance to submanifolds of RN often belong
to A, [102].

It is well-known that classical potential theory is connected to linear partial differential
equations and the Sobolev space W'?(Q). The most striking manifestation of this connection
is the Dirichlet principle, which states that the solution to Dirichlet’s problem for the Laplace

equation in a domain Q:
Au=0 in Q,
u=f onoQ,

where the boundary function f is assumed to belong to W'*(Q), can be obtained by mini-
mizing the energy integral
J Vu dx
0

over all functions u € W"(Q) for which u—f € Wj*(Q). A corresponding nonlinear poten-
tial theory, connected to nonlinear partial differential equations and the space W*P?, has been
developed. The theory originated in the work by V. G. Maz’ya and ]. Serrin. Excellent ac-
counts of this theory and its history are the monographs Adams-Hedberg [6], Maz'ya [111],
and Ziemer [155]. A lot of the corresponding weighted theory can be found in Heinonen,
Kilpelainen, and Martio [95].

In recent years, partial differential equations with nonlinearities and nonconstant expo-
nents have received a lot of attention (see [119, 120]). The impulse of this topic would come
from the new search field that reflects a new type of physical phenomenon is a class of
nonlinear problems with variable exponents. Modeling with classic Lebesgue and Sobolev
spaces has been demonstrated to be limited for a number of materials with inhomogeneities.
In the subject of fluid mechanics, for example, great emphasis has been paid to the study of
electrorological fluids, which have the ability to modify their mechanical properties when
exposed to an electric field (see [5, 125, 126]). Rajagopal and Ruzicka recently developed
a very interesting model for these fluids in [129] (see also [132]), taking into account the

delicate interaction between the electric field E(x) and the moving liquid. This type of prob-
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lem’s energy is provided by J IVu[P™dx. This type of energy can also be found in elas-
ticity problems [149]. The natural energy space in which such problems can be studied is
the variable exponent Sobolev space WP (Q). Also, we can find other applications relate
to image processing [2, 40], elasticity [150], the flow in porous media [17, 96], and prob-
lems in the calculus of variations involving variational integrals with nonstandard growth
[1,4,21,22,109, 122,121, 123, 150].

For several years, great efforts have been devoted to the study of nonlinear elliptic equa-
tions with an operator described by polynomial growth, which is motivated, for example,
in the classical Sobolev space, not only by the description of many phenomena appearing in
the applied sciences, due to the study of fluid filtration in porous media, constrained heat-
ing, elasto-plasticity, optimal control, financial mathematics, and others. Interested readers
may refer to [14, 24, 27, 40] and the references therein for more background of applications.
But also by the mathematical importance in the theory of this space. In addition, there is
a vast literature describing various aspects of PDEs whose main part of the operator has a
power-like growth with the preeminent example of the p-Laplacian. There is a wide range of
directions in which the polynomial growth case has been developed, including variable ex-
ponent, p(x)-Laplacian-like operator, p(x)-Kirchhoff-Laplacian operator, and double-phase
with variable exponent.

The study of various mathematical problems involving double-phase operator has be-
come very attractive in recent decades. Zhikov was the first who studied this type of prob-

lem in order to describe models of strongly anisotropic materials by studying the functional
w J (quyP + a(x)!Vulq) dx (0.0.1)
o}

where the integrand switches two different elliptic behaviours. For more results see [151,
152, 153]. Then, several interesting works have been carried out on the double phase prob-
lem with a Dirichlet boundary condition. For a deeper comprehension, we refer the reader
to [3, 107,110, 118, 134, 144, 145, 146] and the references therein.

The double phase operator has been used in the modelling of strongly anisotropic ma-
terials [150] and in Lavrentiev’s phenomenon [151]. In the one hand, we have the physical
motivation; since the double phase operator has been used to model the steady-state solu-
tions of reaction-diffusion problems, that arise in biophysic, plasma-physic and in the study
of chemical reactions. In the other hand, these operators provide a useful paradigm for
describing the behaviour of strongly anisotropic materials, whose hardening properties are
linked to the exponent governing the growth of the gradient change radically with the point,

where the coefficient a(-) determines the geometry of a composite made of two different ma-
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terials (see [23, 148] and the references given there).

Moving on to another novel aspect; the double phase problem with variable exponents
that few author consider. Ragusa and Tachikawa in [124, 125, 126, 127, 128] and reference
therein, are the frst ones who have achieved the regularity theory for minimizers of (0.0.1)
with variable exponents (see also [65, 66, 67]). Moreover, in [136] Tachikawa, provides the
Holder continuity up to the boundary of minimizers of so-called double phase functional
with variable exponents, under suitable Dirichlet boundary conditions.

In the context of the study of p(x)-Laplacian-like problems, arising from capillarity phe-
nomena, Ni and Serrin [115, 116] initiated the study of ground states for equations of the
form

— div<L> — f(u) inRN, (0.0.2)

1+ |Vul?

with very general right hand side f. The operator —div( vu

1+ |Vul?
the prescribed mean curvature operator. Radial (singular) solutions of the problem (0.0.2)

) is usually denoted as

has been studied in the context of the analysis of capillary surfaces for a function f of the
form f(u) = ku, for k > 0 (for more details see [46, 84, 97]).

Capillarity can be briefly explained by considering the effects of two opposing forces:
adhesion, i.e. the attractive (or repulsive) force between the molecules of the liquid and
those of the container; and cohesion, i.e. the attractive force between the molecules of the
liquid. The study of capillary phenomenon has gained some attention recently. This increas-
ing interest is motivated not only by fascination in naturally occurring phenomena such
as motion of drops, bubbles, and waves but also its importance in applied fields ranging
from industrial and biomedical and pharmaceutical to microfluidic systems. Recently, the
study of capillarity phenomena has begun to receive more and more attention, for instance
[60, 61, 62, 64, 19, 90, 98, 131, 135, 140, 154].

Elliptic boundary value problems involving the mean curvature operator play apivotal
role in the mathematical analysis of several physical or geometrical issues, such as capillarity
phenomena for incompressible or compressible fluids, mathematical models in physiology
or in electrostatics, flux-limited diffusion phenomena, prescribed mean curvature problems
for Cartesian surfaces in the Euclidean space: relevant references on these topics include
[45, 47, 85, 92].

Let’s move on to another innovative aspect; the study of Kirchhoff type problems has
already been extended to the case involving the p(x)-Laplacian operator. We would like to
draw attention to the fact that the p(x)-Laplacian operator has more complicated nonlinear-

ity than the p-Laplacian operator. For example, they are non-homogeneous, which prove
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that the problems involving the p(x)-Laplacian operator is more difficult than the problems
with p-Laplacian operator.
Kirchhoff [100] has investigated an equation of the form
2 L 2 2
paa—tL; - (% + % L ‘2—2 dx)%L —0, (0.0.3)
which is called the Kirchhoff equation and which extends the classical D’ Alembert’s wave
equation, by considering the effect of the changing in the length of the string during the
vibration. A distinguishing feature of the Kirchhoff equation (0.0.3) is that the equation con-

2
1 L
T Jo dx

u

2
dx) which depends on the average o

. .. Po E L
tains a nonlocal coefficient ( Tt oar fo

u
0x

1
2

ou
ox

of the kinetic energy on [0, L], and hence the equation is no longer a pointwise identity.

The parameters in (0.0.3) have the following meanings: L is the length of the string, h
is the area of the cross-section, E is the Young modulus of the material, p is the mass den-
sity and Py is the initial tension. Lions [106] has proposed an abstract framework for the
Kirchhoff-type equations. After the work by Lions [106], various equations of Kirchhoff-type
have been studied extensively, for instance see [15, 18, 20, 38, 39, 42, 49, 50, 51, 52, 73, 76, 78].

Objective

Following the development of nonlinear elliptic and parabolic problems, in this thesis we
deal with the existence (and uniqueness) results for some elliptic and parabolic of partial
differential equations (PDEs) in different settings.

The first proposals of this thesis is devoted to investigate the existence and unique-
ness of the weak solution for some Dirichlet problems governed by nonlinear degenerate
elliptic equation in the setting of weighted Sobolev spaces with the right-hand side term
in P (Q,w'" ) orin LP' (Q,w'?") + ﬁ [P (Q, w'™’). The needed results are obtained by
means of the Browder-Minty theorem ;Ilml the theory of weighted Sobolev spaces.

The second part of this thesis is devoted to study two classes of nonlinear problems, the
tirst classe of problems that we discuss in this part are Dirichlet or Neumann boundary value
problems involving the p(x)-Laplacian-like operator or the p(x)-Kirchhoff-Laplacian opera-
tor or (p(x), q(x))-Laplacian operator with nonstandard growth conditions. Under suitable
assumptions, we establish new several results concerning the existence and uniqueness of
weak solution in the setting of variable exponent Sobolev spaces. These results are obtained
by combining the theory of the variable exponent Sobolev spaces and the topological degree
theory for a class of demicontinuous operator of generalized (S. ) type. The second classe of

problem is a parabolic problem associated with nonlinear degenerate elliptic equation, this
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problem aim to present an existence result of weak solution in the space L? (0, T; Wg’p (Q,w))
by using the topological degree theory for operators of the type 7 +S, where S is a bounded
demicontinuous map of class (S;) and 7 is a linear densely defined maximal monotone map

with respect to a domain of 7.
Outline

This thesis consists of two parts. Both parts are self-contained and can be studied inde-

pendently. The parts of this thesis are organized as follows:
Main results of part I

The first part focuses on the study of some nonlinear degenerate elliptic problems in
weighted Sobolev spaces with the right-hand side term in P(Q,w' P orin P (Q,w'?)+
[T (Q,w' ™).

j=1
Let us begin by considering the following nonlinear elliptic of Dirichlet type

Lu(x) =f(x) in Q,

(0.0.4)
u(x) =0 on 0Q),
where L is the partial differential operator given by Lu := —div <.A(x, u, Vu)) with
A:Q xR x RY — RN is a Carathéodory function such that
B, E) < v(x) +MP+EPT, v e LP(Q), (0.0.5)
(A, &) — A0, &),6— &) >0 with n#n" and & £ £, (0.0.6)
(Alx,m, &), &) = BIEP, B >0, (0.0.7)

for all x € Q and whenever (n,&),(n’,&') € R x RN. In (0.0.4), the source term f belongs to
W-7'(Q) the dual space of W(])’p(Q). The classical monotone operator methods developed
by Minty [112], Browder [36], Brézis [35], Lions [106], ViSik [141] and others imply that
problem (0.0.4) has at least one weak solution u € Wg) PQ).

The Part I is composed of four chapters. First, we begin by a preliminary chapter in
which we present all the necessary ingredients thereafter on weight functions, weighted
Lebesgue-Sobolev spaces and monotone operators that help us in our analysis. Second,
we prove, in Chapter 2, the existence and uniqueness of weak solution 1 in W,?(Q, v;)

for a Dirichlet problem associated to (0.0.4) given in the form Lu = —div <V1A(X, Vu) +
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voB(x,u, Vu)) +v3g(x,u), where v;, v, and vz are A,-weight functions, and A : Q) x RN —
RN, B: OxRxRN — RY¥and g : QxR — R are Carathéodory functions allowed to satisfy
some conditions similar to (0.0.5), (0.0.6) and (0.0.7) with the right-hand side term f belongs
to LP'(Q,v] ™) (cf. [68]). The needed result follows by applying the the Browder-Minty
theorem and the theory of the weighted Sobolev spaces.

Thirdly, the aim of the Chapter 3 is to extend the first model given in Chapter 2 to a
general form given by Lu = —div <w1.A(x, Vu) + wB(x, u, Vu)) + w3g(x,u) + waluf2u
withl <p<oo. Here A: Q xRY — RV, B: QO xRxR* — RN, g: Q xR — Rare
assumed to satisfy some assumptions stated in the sense of (0.0.5), (0.0.6) and (0.0.7), and
the source term f belongs to L' (Q, w}_p/) (cf. [56]). We prove that this problem admits a
unique weak solution u in WP (Q, wy, ws). The needed result follows also relying on the
Browder-Minty theorem and the theory of the weighted Sobolev spaces.

Finally, in Chapter 4, we prove the existence and the uniqueness of weak solution for
the problem which has been discussed in the last chapter with the right-hand side term is a
measure that decomposes in LP'(Q, w;_p’) + ]2[ P (Q, w}_p/) (cf. [58, 59]) by using the same

j=1
approach which has been used in the last chapter.

Main results of Part 11

The purpose of this part is to study some nonlinear elliptic and parabolic problems in
different framework. This part consists of six chapters :
In the first chapter, we present all necessary and relevant ingredients thereafter (defintions,
properties, lemmas, theorems ...) about the variable exponent Lebesgue-Sobolev spaces and
the topological degree theory.
In the second chapter, we study a Neumann problem with p(x)-Laplacian-like operator of
the following form
[VuP=2vy

VI + [Vupre)

—div (IVuIP(X)’2Vu + ) = pfu/*™ 2y 4 Af(x,u, Vu) in Q,

(0.0.8)

(!VuP(X)‘ZVu + w) u _ g on 30,

v ) on
in the setting of the generalized Sobolev spaces W''P™)(Q), where Q is a smooth bounded
domain in RN, p(-),x(-) € C.(Q), %L is the exterior normal derivative, u and A are two
real parameters. Based on the topological degree for a class of demicontinuous operators of
generalized (S;) type, under appropriate assumptions on f : Q x R x RN — R, we obtain a

result on the existence of weak solution to the considered problem (cf. [60]).
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The third chapter studies an extension of the problem (0.0.8) to a model given in the form

—A;(X)u + Sju|*¥ 2y = ug(x,u) + Af(x,u, Vu) in Q,
(0.0.9)
u=20 on 0Q),

where A]LD(X) is the p(x)-Laplacian-like operator, 6, L and A are three real parameters, p(-), x(-) €
C.(Q). Under some conditions on the functions f : Q x R x RN — Rand g: QO xR — R,
we establish the existence of weak solution for (0.0.9) in variable exponent Sobolev spaces
W;’p(x) (Q) by using also the theory of topological degree and the theory of variable exponent
Sobolev spaces (cf. [61]).

In the fourth chapter, we deal with the question of the existence and uniqueness of weak so-

lution for the following Neumann problem involving the p(x)-Kirchhoff-Laplacian operator

1
—M(J ——(]VuP™ 4 [P dx> <div(|Vu|p(")_2Vu) — Iulp(")_zu> = f(x,u,Vu) in Q,
Q

p(x)
IVU,I][’(")_Zg—;L =0 on 0Q).
(0.0.10)
where %‘ is the exterior normal derivative, p(x) € C,(Q), M(t) is a continuous function

with t := J %(IVU,IP(X) +uf®)dxand f: Q x Rx RN - Risa Carathéodory function.
By means gfpa 7’Eopological degree of Berkovits for a class of demicontinuous operators of
generalized (S. ) type and the theory of the variable exponent Sobolev spaces, under appro-
priate assumptions on f and M, we obtain a results on the existence and uniqueness of weak
solution to the considered problem (cf. [15]). Note that, the problem (0.0.10) is a generaliza-
tion of the model (0.0.3) introduced by Kirchhoff.
In chapter five, we study the existence of weak solution to a new class of the approximat-
ing problems corresponding to a quasilinear elliptic and parabolic equations involving the
(p(x), q(x))-Laplacian operator, called double phase operator with variable exponents, of
the following form

W Ayt — Agpt = G(x, 1) in Qr:=Q x (0,T),
u(x,t) =0 on 0Qr, (0.0.11)
u(x,0) = up(x) in Q,

and

—Apt — Ao+ whu[f¥2u = v A(x,u) + 0 B(x,u, Vu) in Q,

(0.0.12)
u=20 on 0Q),

where ¢ € W* ( W* denote the dual space of the W, see (5.1.13)), 4 : Q x R — R and

B:Q xR xRN — R are Carathéodory functions that satisfy the assumption of growth, w, v
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and o are three real parameters, T > 0 is a given final time, and the variables exponents p, q €
C,(Q) satisfy the assumption (9.0.3). Using the topological degree theory for operators
of the type 7 + S (see Subsection 5.2.2), we demonstrate the existence of weak solution
u € W for (0.0.11), and based on the topological degree theory for a class of demicontinuous
operator of generalized (S;) type (see Subsection 5.2.1), we prove that the Problem (0.0.12)
possesses at least one weak solution u € W™ (Q).

In the final chapter, we investigate the parabolic case of (0.0.4), where the partial differential
operator £ given by Lu := —div(a(x, t, Vu) + b(x, t,u, Vu)) (cf. [69]). The main problem

is given in the following form

%_E:L —div b(x, t,u, Vu) = ¢(x,t) + div a(x,t, Vu) in Q:=Q x (0,T),
D on 90, 0.0.13)

u(x,0) = uwo(x) in Q,

where Q is a bounded open domain of RN and T > 0. Here ¢ is taken in L?' (0, T; W' (Q, w' "))
the dual space of LP(0, T; W;’p(Q, w)). The problem (0.0.13) aim to present an existence re-
sult of weak solution in the space L (0, T; W,?(Q, w)) by using a topological degree theory

for operators of the type 7 + S (see Subsection 5.2.1).
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Chapter 1

Preliminaries

In this chapter we collect several basic tools on weight functions, weighted Lebesgue-Sobolev
spaces and monotone operators, which will be needed throughout this work. The common
link between all the results in this chapter is that they are preparatory for the main results,

which are contained in the following chapters.

1.1 Weighted Sobolev spaces

The Sobolev spaces W*P(Q) without weights, in general, occur as spaces of solutions for
elliptic and parabolic partial difierential equations. For degenerate partial differential equa-
tions, where we have equations with various types of singularities in the coefficients, it is
natural to look for solutions in weighted Sobolev spaces [87, 88, 102, 138]. The type of a
weight depends on the equation type. This section will be devoted to introduce too the no-
tion of weighted Lebesgue and Sobolev spaces, and some interesting definitions and proper-
ties, which are essential to prove some results of existence for weak solutions of the nonlinear

elliptic problems studied in this thesis.

1.1.1 Basic results concerning weights

In this section, we review some properties of weights and, in particular, A, weights, that
will be used throughout this thesis. Complete expositions can be found in the monographs
by J. Garcia-Cuerva and J. L. Rubio de Prancia [89] and A. Torchinsky [138].

1.1.1.1 General weights

By a weight, we shall mean a locally integrable function w on R" such that w(x) > 0 for a.e.

x € R". Every weight w gives rise to a measure on the measurable subsets on R" through

11
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integration. This measure will also be denoted by w. Thus,

w(E) = Jw(x) dx for measurable subset E C R™.

Definition 1.1.1 Let w be a weight, and let O C R™ be open. For 1 < p < oo, we define LP(Q, w)

as the set of measurable functions f on Q such that

P
b0 = (| F00Pw0x) ax) " < o,
o)
We also define wk-L'(Q, w), as the set of measurable functions f on Q satisfying

Ifllwk—tr(0,w) = sup Aw({x € Q : [f(x)] > A}) < oo.
A>0

Remark 1.1.2 1. For w = 1, we obtain the usual Lebesgue space LP(Q}).

2. 1t is a well-known fact that the space LP(Q, w) is a Banach space (uniformly convex and hence
reflexive if p > 1) equipped with the norm || - [[Lr(q,u). We also have that the dual space of
LP(Q,w), if p > 1, is the space LP' (Q, w'?") with % + # =1

3. If v is a positive Borel measure on an open set (), we shall more generally denote by LP(Q,v),

0 < p < o0, the set of v-measurable functions f on Q for which

(J If(x)lpdv>p < oo.
Q

We now determine conditions on the weight w that guarantee that functions in L?(Q, w)

are locally integrable on Q.

Proposition 1.1.3 Let 1 < p < oo and let w be a weight such that

wr T el (Q) if p>1, (1.1.1)
1

esssup —— < oo 1 =1 1.1.2

XEBp (,U(X) f p ) ( )

for every ball B C Q). Then,
[P(Q,w) C L},.(Q).

Proof. Let 1 < p < oco. Suppose that f € LP(Q, w) and let B C R™ be a ball. Then we have
the following two cases :

First case : If p = 1, then we have

jrf(xn dx — J|f(x)r“’(") dx

w(x)
B B
1
< ‘ess sxlelg m BJ If(x)|w(x) dx < oo.
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Hence f € L] .(Q).

Second case : If p > 1, then we have

mendx _ J|f(x)|(w(xn%(w(x))v dx

B B
< | [reoiwenrax| || ((w(x))—%)p dx
; )
— ([t ax | [ [(wh) % ax
b )

Sincep’ = S, then

J|f(x)| ax < [l o) J(w(x))w ax| < oo.
B B

Hence f € L] (Q).

loc

It follows that
[P(Q,w) Cc L] (Q).

loc

Remark 1.1.4 1. As a consequence of Proposition 1.1.3, we have the convergence in LP(Q, w)
implies local convergence in L'(Q). Moreover, if Q is bounded, one obtains in the same way

that LP(Q, w) is continuously embedded in L'(Q).

2. Under the assumptions of Proposition 1.1.3, we have 1P(Q,w) C L] .(Q). Using the usual

loc
1

loc (Q) we conclude

identification of a reqular distribution from D' (Q) with a function from L
that LP(Q, w) C L],.(Q) C D'(Q).
Therefore, every function in LP(Q), w) has weak derivatives. It thus makes sense to talk about

weak derivatives of functions in LP(Q, w).

Note that, in the case p > 1, if w does not satisfy condition (1.1.1) then the injection L?(Q, w) C
L]

loc

(Q) not hold. This is illustrated by the following example :

Example 1.1.5 Consider Q =[5}, 3] and et w(x) = X[P~" (p > 1).

We have (w(x))»T = (bc!p_])]’%]1 =Ix|7" ¢ L..(Q). Then w does not satisfy condition (1.1.3).

loc

Now, consider the function f defined by f(x) = [x|7'|In |[x|]* with A € [T, %1].
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We have
1
2 — AP [+ [P—1
fllrw = | PP dx

=z
1
SR A

= ZJ Ix|7' Inx|*P dx

0
= -2 Jz x T (Inx)* dx
0

—1In(2)
= —ZJ t'Pdt

+o00

+oo
= zJ t"dt < oo, since Ap < —1.
“In(2)
Hence f € LP(Q,v).

On another side, we have f ¢ L] _(Q). In fact, we have

loc

1 1

2 2
J If(x)]dx = J x|~ In [x||* dx

2 2
L1

= 2| [ [Inx] dx
JO
0
= 2| x "(Inx)"dx
1

3

r+oo
= 2 t*dt = oo, since A > —1.
J—In(2)

Corollary 1.1.6 Let ¢ € C3°(Q), w be a weight such that wr T € L. (Q) and let a multi-index
o € N" be fixed. Then the formula

Ly(f) = J f(x)D%p(x) dx (1.1.3)
o)
defines a continuous linear functional Ly on LP(Q, w).

Proof. Let f € L[P(Q,w) and ¢ € C3°(Q). If we denote K = supp(¢) , then by Holder

inequality we obtain
Ll < | D" ()l ex
ol

- L 00 (@) D% ()] (w(x)) T dx
< |flltr0,w) (J D% (x)|7T (w(x))¥ T dx) ’
Q

p—1

P P

< Ifllee o) (L|D“<P(X)|P‘ ()7 dx)

p—1
P

;]
< |Iflltr (@, max [D*@(x)] (J (w(x))rT dX> ;
xeK K
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here, the last integral is finite in view of W € L. (Q).

We have the following result.

Theorem 1.1.7 Let w € A,, 1 < p < oo, and let Q) be a bounded open set in R™. If u,, — win
LP(Q, w), then there exist a subsequence (u,, ) and P € LP(Q, w) such that

1) uw,, (x) — u(x), ny — o0, a.e. on Q.
(i) [, ()] <P(x), ae on Q.
Proof. The proof of this theorem follows the lines of [88, Theorem 2.8.1].

Theorem 1.1.8 (Weighted Sobolev embedding theorem)[80, Theorem 1.2] Given 1 < p < oo and
w € A,. Then there exist constants C and & > 0 such that for all balls By, all w € C§°(Bg), and all
numbers k satisfying 1 <k < =+,

b, e ) = ox (g | )
u/“Pw dx < CR VulPw dx
(w(BR) LR| | - w(Bg) BR| |

An immediate consequence of Theorem 1.1.8 is the following theorem :

Theorem 1.1.9 [80, Theorem 1.3] Let Q) be an open bounded set in R™. Take 1 < p < oo and a
function w € A,,. Then there exist positive constants Cq and & such that for all w € Cg°(Q)) and all
k satisfying 1 < k < S5 +9,

[l (0,0 < CallVille o,w)s
where Cq depends only on n, p, the A, constant of w and the diameter of Q.
We now turn our attention to the weighted Poincaré inequality.

Theorem 1.1.10 [80, Theorem 1.5] Let 1 < p < oo and w € A,,. Then there are positive constants
C and & such that for all Lipschitz continuous functions \ defined on By and for all 1 < k <
n/(m—1)+59,

1 - 1/kp 1 1/p
— d < CR VulPw d
(o5 LR i P de) < CR( LR' WPw dx)

1
w(Bg)

1

where ug, = —
N Bl

J u(x)w(x) dxor ug, = J u(x) dx.
Br Br
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1.1.1.2 A, weights

The class of A, weights was introduced by B. Muckenhoupt in [113], where he showed
that the A, weights are precisely those weights w for which the Hardy-Littlewood maximal
operator is bounded from LP(R", w) to LP(R™, w), when 1 < p < oo, and from L' (R™, w) to
wk-L'(R™, w), when p = 1. Here, we define the Hardy-Littlewood maximal function, M,
for a locally integrable function f on R" by

1
MTf =
) = sup 50

J f(y)ldy.
By (x)

The corresponding operator, which takes f to My, is denoted by M.
We begin by defining the class of A, weights. These classes have found many useful

applications in harmonic analysis [138].

Definition 1.1.11 Let 1 < p < oco. A weight w is said to be an A, weight, if there exists a positive
constant A such that, for every ball B C R™,

1 1 . p-1 .
(@ Lw(x) dx) (@ L(w(x))pl dx) <A if p>1, (1.1.4)

(’%’ JB w(x) dx) ess su}B) ng) <A if p=1 (1.1.5)

The infimum over all such constants A is called the A, constant of w. We denote by A,, 1 <p < oo,
the set of all A, weights.

We will refer to (1.1.4) and (1.1.5) as the A, and the A; condition, respectively. Mucken-
houpt’s theorem is now the following [113, p. 209-222].

Theorem 1.1.12 Suppose that w € A, where 1 < p < oo. Then the Hardy-Littlewood maximal
operator M is hounded on LP(R", w), that is, there exists a positive constant C such that

J (Mf)Pwdx < CJ IflPw dx, (1.1.6)

n

for every f € LP(R™, w). The constant C depends only on n, p and the A, constant of w. If w € A,
then M is hounded from L' (R™, w) to wk-L' (R™, w). In other words,

w({x e R": Mf(x) > A}) < %J Iflw dx, (1.1.7)

n

for every £ € L'(R™, w) and every N > 0, with a constant C that only depends on n and the A,
constant of w. Conversely, if (1.1.6) holds for every f € LP(R™, w), then w € A,, and if (1.1.7)
holds for every f € L'(R™, w), then w € A;.
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Remark 1.1.13 Below we list some simple, but useful properties of A, weights (see [95, 102, 139]

for more informations about A, weights).

1.

If we Ay, 1 <p < oo, then since WiT s locally integrable, when 1 < p < oo, and % is

1
loc

A is the A, constant of w, then by the A, condition, the right-hand sides of (1.1.1) and (1.1.2)

do not exceed

locally bounded, when p = 1, we have LP(Q, w) C L, .(Q) for every domain Q). Moreover, if

1 1 »
Av |B| (m JB Iﬂpw dX)

Note that if w is a weight, then, by writing 1 = wrwr , Holder's inequality implies that, for

1 1 -1
1< —J wdx) (—J wv‘dx),
(IBI B 1Bl Jg

when p > 1, and similarly for the expression that gives the Ay condition. It follows that if

every ball B,

w € A, then the A,, constant of w is > 1.

It also follows from Holder’s inequality that if 1 < p < q < oo, then A, C Aq and the A,

constant of a weight w equals the A, constant of w.

If w € Ay, where 1 < p < oo, then Wi € Ay, and conversely. When p is fixed, we shall

sometimes denote the weight Wi by w'.

The A, condition is invariant under translations and dilations, i.e., if w € A,,, then the weights
X — w(x + a) and x — w(dx), where a € R™ and & > 0 are fixed, both belong to A, with the

samnie Ap constants as w.

As it sometimes is more convenient to work with cubes than balls, it is useful to notice that if
one replaces the balls in the definition of A,, with cubes, one gets the same class of weights and

the different "A,, constants” are comparable.

It is not so difficult to see that a weight w belongs to Ay if and only if Mw(x) < Aw(x) a.e.

Example 1.1.14 (Examples of A,, weights)

1.

2.

If w is a weight and there exist two positive constants C and D such that C < w(x) < D for
a.e. x € R", then obviously w € A, for 1 <p < oo.

Suppose that w(x) = X",y € R™. Then w € A, ifand only if —m <n <n(p—1) for
1 <p < oo(see[138, p. 229-236]).
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3. Let Q be an open subset of R™. Then w(x) = e™¥ € A, withv € W'(Q) and A is
sufficiently small (see Corollary 2.18 in [114]).

4. There is a connection between A, and BMO, the class of functions with bounded mean oscilla-
tion. In fact, if w is a weight, then log w € BMO if and only if w" € A, for some 1) > 0 (see
[138, p. 240]).

1.1.1.3 Doubling weights
We will often use the fact that A, weights are doubling.

Definition 1.1.15 A weight w is said to be doubling, if there exists a positive constant C such that
w(2B) < Cw(B), (1.1.8)

for every ball B C R™ The infimum over all constants C, for which (1.1.8) holds, is called the

doubling constant of w.

It follows directly from the A, condition and Holder inequality that an A, weight has the
following strong doubling property.

Corollary 1.1.16 (Strong doubling of A, weight ) Let w € A, with 1 < p < oo and let E be a
measurable subset of a ball B C R". Then

w(B) < A (%)pwm,

where A is the A,, constant of w.

Proof. Let w € A,, B C R" be a ball and E be a measurable subset of B. Then, by Holder

inequality, we obtain

|E|:J dx < Jw;w;dx
E E

I
e
—

S

o

=
~

Q=
7~
L_ﬁ
rm

S,

TR

o

b9
~__

<=

Sincev € A, then

1 o\ 1 B
— | wrTdx <A —J w dx) .
(IBI L ) (IBI B
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Hence

B < (w(E)F B A <]—J vdx)"
B

and consequently

w(B) <A (%)P w(E).

Remark 1.1.17 1. If w € A,,, then w is doubling (see [43, Corollary 15.7]).

2. If w(E) = 0 then |[E| = 0. The measure w and the Lebesgue measure |- | are mutually absolutely
continuous, that is they have the same zero sets (w(E) = 0 if and only if [E| = 0); so there is
no need to specify the measure when using the ubiquitous expression almost everywhere and

almost every, both abbreviated a.e..
Lemma 1.1.18 [43] If w € A, then there are 0 < q < 1 and C > 0, depending only on n,p, and
A, such that w(E) BN
) =< (1)
whenever B is a ball in R™ and E is a measurable subset of B.

We have the following reverse Holder inequality.

Lemma 1.1.19 [43] If w € A,, then there are numbers v > 1 and C, > 1, depending only on n,p,

and A, such that
1 r 1
— | w"dx <C, —J w dx)
(IBI L ) <IB| B ’

We have also the following open-end property of A,,.

for all balls B.

Lemma 1.1.20 [43] Suppose that w € A, for some p, 1 < p < oo. Then there exists a number q,
1 < q<p,suchthat w € Aq.
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1.1.14 A, weights

Another important class of weights is the class of A, weights, introduced by C. Fefferman.

The following definition of A, just one of several equivalent ones, suits our purposes best.

Definition 1.1.21 We say that a weight w is an A, weight, if there exist two positive constants C

and & such that s
w(Q) > C (%) w(E)

for every cube Q and every measurable subset E of Q. The constants C and & are called A, constants

of w and the set of A, weights is (of course) denoted A ..

The relationship between A, and A is clarified by the two theorems below, due to Muck-
enhoupt [113, p. 214] and [114, p. 104]. Together they show that

Aw= ] Ay

1<p<oo

Theorem 1.1.22 If w € A, 1 < p < oo, then w € A, with A constants of w that only depend

on n and the A, constant of w.

Theorem 1.1.23 If w € A, then w € A, for some p, 1 < p < oo, and the A, constant of w is

majorized by a constant that only depends on n and the A, constants of w.

Remark 1.1.24 A consequence of Theorem 1.1.22 and the defining condition for A is the fact that
J w dx = oo for every weight w € A,,.

1.1.1.5 p-admissible weights

Let w be a weight and 1 < p < co. We say that w is p-admissible if the following four

conditions are satisfied :
(I 0< w(x) < ooae. x € R"and w is doubling.

(I) If Qisanopensetand @, € C*(Q)is a sequence of functions such that J lpPw dx —
Q

OandJ IV —9Pwdx — 0ask — oo, thend = 0.
Q

(IIT) There are constants k > 1 and Cyj; > 0 such that

1

1/kp 1 1/p
- kp < R(——— P
(w(B) L lp|Pw dx) < Ciit <w(B) L IVolPw dx> ,

whenever B = B(xq, R) is a ball in R™ and ¢ € C{°(B).
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(IV) There is a constant Cyy > 0 such that
J | — @p[fwdx < CIVRpJ VolPw dx,
B B

whenever B = B(x, R) is a ball in R™ and ¢ € C*°(B) is bounded. Here

1

o= e J, o

Let us make some remarks on conditions (I)-(IV). It follows immediately from condi-
tion (I) that the measure w and Lebesgue measure dx are mutually absolutely continuous.
Moreover, it easily follows from the doubling property that w(R") = oo.

Condition (II) guarantees that the gradient of a Sobolev function is well defined, a con-
clusion that cannot be expected in general (Fabes et al. [80, pp. 91-92]).

Condition (III) is the weighted Sobolev embedding theorem or the weighted Sobolev

inequality and condition (IV) is the weighted Poincaré inequality.
Example 1.1.25 (Examples of p-admissible weights)

1. If w e Ap(1 < p < oo) then w is a p-admissible weight.

2. w(x) =[x|% x € R", a > —n, is a p-admissible weight for all p > 1.

3. If f : R — R" is a K -quasiconformal mapping and J¢(x) is the determinant of its jacobian

matrix, then w(x) = J¢(x)'"P/™ is p-admissible for 1 < p < n.

4. See [32] for non-A,, examples of p-admissible weights.

Remark 1.1.26 P. Hajlasz and P. Koskela [93] showed that conditions (I)-(IV) can be reduced to only
two : w is a p-admissible weights (1 < p < oo) if and only if w is doubling and there are constants
C > 0and A\ > 1 such that

1

—J| _ |wdx<CR(LJ v Ipwdx>]/p
w(B) Jp P =E 0B P ‘

Theorem 1.1.27 Suppose that w is a p-admissible weight and q > p. Then w is q-admissible.

Proof. The steps of the proof follow along the exact lines of [95, Theorem 1.8].
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1.1.2 Weighted Sobolev spaces

This subsection explores weighted Sobolev spaces and some there properties. We will con-
sider two types of weighted Sobolev spaces, namely the spaces WP (Q, w) and WP (Q, w, v)
where w,v € A,,.

We begin by defining the weighted Sobolev space WP (Q, w). Recall that if w € A, then
[P(Q,w) C L. (Q) C D' (Q) for every open set () (see Remark 1.1.4). It thus makes sense to

talk about weak derivatives of functions in L?(Q, w).

Definition 1.1.28 Let (O C R™ be a bounded open, 1 < p < oo, k be a nonnegative integer and
w € A,. We define the weighted Sobolev space W*P(Q, w) as the set of functions u € LP(Q, w)
with weak derivatives D*u € LP(Q, w) for || < k. The norm of win WP (Q, w) is given by

1

ullwir (,w) = J uPw(x)dx+ ) J ID*uPw(x)dx | . (1.1.9)
Q

1<l <k

We also define Wg’p(Q, w) as the closure of C°(Q) in WP (Q, w) with respect to the norm (1.1.9).
The norm of win W, (Q, w) is given by

o=

hllyiriow = D J D uPw(x)dx | . (1.1.10)

1<la<k ” 2

Remark 1.1.29 1. When w = 1, the spaces WP (Q, w) and W,y (Q, w) will be denoted WP (Q)
and WP (Q), respectively.

2. The space W) (Q, w) is a closed subspace of the space WP (Q, w).

3. The dual of space w! oy (Q, w) is the space [ ’p(Q w)} T \/\Gl’pl(Q, w'P") given by

’ , f /
Wg]’p (Q,w'™P) = {T = fy—div(F) : F = (f1,...,fn), = €L (Q,w), j =0, ...,n} .

w

Theorem 1.1.30 The spaces (WP (Q, w), I|[lw1.r(0.0)) and (W;’p (Q, w), [I-llwrw(a,w)) are reflevixe

Banach spaces.

Proof. This theorem is proved exactly the same way as in the case w = 1. Using the com-
pleteness of LP(Q, w) and the fact that LP(Q, w) C L],.(Q) when w € A, (see [139, Proposi-
tion 2.1.2] and [103, p. 540-541]).

Remark 1.1.31 It is evident that a weight function w which satisfies 0 < ¢y < w < cyforx € Q

(where ¢, and ¢, are constants), give nothing new (the space Wy¥ (Q, w) is then identical with the
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classical Sobolev space W) (Q) since Wy (Q, w) is isomorphic to the Sobolev space Wy (Q)). Con-
sequently, we shall interested above all in such weight functions w which either vanish somewhere in
Q U 0Q or is not bounded (or both).

Another useful consequence of the inclusions LP(Q, w) C L] (Q) for general Q and LP(Q, w) C

L'(Q) for bounded Q is the next proposition.

Proposition 1.1.32 Let O C R™ be open, 1 < p < oo, and k a nonnegative integer. Suppose that
w € A,. Then

WP (Q w) € WELHQ),
and, if Q) is hounded,
WEP(Q, w) c WRT(Q).
Here, W5L(Q) denotes the set of functions w € L] .(Q) with weak derivatives D*u € L] (Q) for

o < k.
Proof. See [139, Proposition 2.1.3].

Remark 1.1.33 If QO C R" beopen, m > 1,1 < p < oo, and w € A, then C*(Q) is dense in
WRP(Q, w) (see [139, Corollary 2.1.6]).

Proposition 1.1.34 [139, Proposition 2.1.7] Let QO C R™ be open, 1 < p < oo, w € A, and
u € WP (Q, w). Suppose that F € C'(R) with F' € L>°(R). IfFou e [P(Q,w), then Fou €
WP (Q, w) with Di(Fou) = F(u)Diu, i=1,...,n.

Corollary 1.1.35 [139, Corollary 2.1.8] Suppose that QO C R™ is open, and let w € WP (Q, w),
where 1 < p < coand w € A,. Set ut = max{u,0} and u” = min{u,0}. Then u*, u™ and [ul
belongs to WP (Q, w), and, fori = 1,...,n,
Diu ifu >0,
Diu ifu>0, Diu ifu<0,
Diut = , Diju™ = and Dijul =< 0 ifu=0,

0 ifu<q, 0 ifu>0,
—Diju  ifu<0.

We now turn our attention to the weighted Sobolev inequality.

Theorem 1.1.36 Let () be an open bounded set in R™. Take 1 < p < oo and w € A,. Then there
exist positive constants Cq, and & such that for all w € WyP(Q, w) and all k satisfying 1 < k <
S+,

e 0,0 < CallVullr@w), (1.1.11)

where Cq depends only on n, p, the A, constant of w and the diameter of Q.
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W, w
PrOOf. Since W;‘p(Q,w) — CSO(Q)W P(O,w)

inequality for functions u € C§°(Q) (see Theorem 1.1.9). To extend the estimates (1.1.11)

, then to show the result its suffices to prove the

to arbitrary u € Wg‘p(Q, w), we let (u,,,) be a sequence of Cg°(Q) functions tending to u in
Wg’p(Q, w). Applying the estimates (1.1.11) to differences u, — u,, we see that (u,,) will be
a Cauchy sequence in LP(Q), w) (which is a Banach space). Consequently (u,,) converges to
uwin [P(Q, w), moreover u € LP(Q, w) and u satisfy (1.1.11).

The weighted Sobolev space WP (Q, w,v) is defined as follows.

Definition 1.1.37 Let O C R™ be a bounded open, 1 < p < oo, k be a nonnegative integer and
w,Vv € A,. We define the weighted Sobolev space W*P (Q, w, v) as the set of functions u € LP(Q, w)
with weak derivatives D*u € LP(Q, V) for || < k. The norm of win WP (Q, w,v) is given by

1

ullwir .0y = J uPw(x)dx+ ) J ID*uPv(x)dx | . (1.1.12)

1<|<k

We also define Wg’p(Q, w, V) as the closure of C3°(Q) in W*P(Q, w,v) with respect to the norm
(1.1.12).

Equipped by the norm (1.1.12), the spaces W' (Q, w, v) and W, (Q, w, v) are separable and
reflexive Banach spaces (see [103, Proposition 2.1.2.] and see [102, 113] for more informa-

tions about the spaces WP (Q, w, v)). The dual of space Wg’p(Q, w,Vv) is the space defined
by

s i f ! fi ! :
[ngp(ﬂ,w)\))] = {f— ZDifi : a er? (_O_,(U), ; el? (Q,V),l = 1,...,11} .

Remark 1.1.38 Let w,v € A,,. Then,
(@) If w =, then C§°(Q) is dense in Wg’p(Q, w) = Wg,’p(Q, w, w).
(i) If @ € W,P(Q, w, V), then by Theorem 1.1.36 (with k = 1), it holds that
lolliro,w) < CallVolliro,w < CQ||(P||W(1),p(Q,w)V).
Hence, W,? (Q, w,v) C WP(Q, w).
(iii) Ifv < w, then WP (Q, w) € WP (Q, w,v) € WP (Q,v).
In this thesis, we consider also the following space

X =T1P(0, T;W,*(Q,w)), and T > 0.
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In this space, we defined the norm

T » 1/p
e = (| Ilfnsa )

Thanks to Poincaré inequality, the expression

T

1/p
Pty = (] 1o 08)

is a norm defined on X" and is equivalent to the norm | - [ .

Note that (X Sl X) is a separable and reflexive Banach space.

1.2 Basic results for monotone operators

In this section, we present some basic definitions and results on monotone operators.

Definition 1.2.1 Let X be a Banach space and let A : X — X* be an operator where X* denotes the
dual space of X. Then :

1. Ais called monotone iff
(Au—Av,u—v) >0

forall u,v € X where (f,u) denotes the value of the linear functional f € X* at point u € X.
2. Ais called strictly monotone iff
(Au—Av,u—v) >0 forall u,ve X with u#v.
3. A is called strongly monotone iff there is a C > 0 telle que
(Au— Av,u—v) > Cllu—v|% forall u,veX.

4. A is called coercive iff
(Au,u)

hwl—oo ||

5. A is said to be hemicontinuous iff the real function
t— (A(u+tv),w)
is continuous on [0, 1] for all u,v,w € X.
6. A is said to be strongly continuous iff

u, —u= Au, — Au.
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Remark 1.2.2 Obviously, we have the following implications :
A is strongly monotone = A is strictly monotone = A is monotone .
For more informations about monotone, coercive and hemicontinuous operators see [143].

Proposition 1.2.3 Let A : X — X* be an operator on the real Banach space X. We set
f(t) = (A(u+tv),v) forall teR.
Then the following statements are equivalent.
(a) The operator A is monotone.

(b) The function f : [0, 1] — R is monotone increasing for all u,v € X.

Proof. If A is monotone, then for 0 < s <t < 1, we have
f(t) —f(s) = (t —s) " (A(u+tv) — A(u+ sv), (t—s)v) > 0.

Hence f is monotone increasing on [0, 1].

Conversely, if f is monotone increasing on [0, 1], then for all u,v € X, we have
(A(u+v) — Au,v) = (1) — f(0) > 0.

Hence A is monotone.

Now we will state the main theorem on monotone operators.

Theorem 1.2.4 (Browder(1963), Minty(1963)) Let A : X — X* be a monotone, coercive and
hemicontinuous operator on the real, separable, reflexive Banach space X. Then the following asser-
tions hold:

(a) Foreach T € X*, the equation Au = T has a solution u € X.

(b) If the operator A is strictly monotone, then equation Au = T has a unique solution w € X for
all T € X*.

Proof. See [143, Theorem 26.A].
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1.3 Some important technical propositions and lemmas

In this section, we introduce some technical propositions lemmas that are used in this thesis.
Proposition 1.3.1 [43] Let 1 < p < oo.

(i) There exists a positive constant C,, such that for all n, & € R™, we have
p—2
le7-2¢ — P~2n| < Cyle,—nl (€] +Inl)" .
(ii) There exist two positive constants B, and 'y, such that for every x,y € R", it holds that
P2 2 -2 -2 P2 2
By (IXI + |y|) x —yl* < <IXP’ x— [yl y,x —y> <Vp (IXI + |y|> x =yl

Proposition 1.3.2 [142](Principle of convergence in Banach spaces). A sequence (x.) in a Banach

space X has the following convergence properties.

(1) Strong convergence. Let x be a fixed element of X. If every subsequence of (x,,) has, in turn, a

subsequence which converges strongly to x, then the original sequence converges strongly to x.

(2) Weak convergence. Let x be a fixed element of X. If every subsequence of (x,) has, in turn, a

subsequence which converges weakly to x, then the original sequence converges weakly to x.

Lemma13.3 [13] Let T < p < oo, (fo)n C LP(Q,w) and f € LP(Q,w) such that
Ifallrow < Co If foly) — f(y) ae in Q,then f, — f in LP(Q,w), where w is a

weight function on Q.
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Chapter 2

On the existence and uniqueness of
solution for a class of nonlinear
degenerate elliptic problems via
Browder-Minty theorem

The purpose of this chapter is to investigate the existence and uniqueness of weak solution

for a class of nonlinear degenerate elliptic problem, under Dirichlet condition, of the form :

—div|vialy, Vo) +v2b(y, 0, V)| +V39(y, @) = b(y), (2.0.)

where Q is a bounded open set in RN, v4, v5 and v; are A,-weight functions, and the func-
tionsb: O XxRxRY — RN, a: Q xRN — RN and g : Q x R — R are Carathéodory

functions that satisfy some assumptions with the right-hand side term ¢ € L?'(Q,v] ).

2.1 Hypotheses and the concept of weak solution

2.1.1 Hypotheses

Now let us present the hypothesis on the problem (2.0.1). Assuming that the following
assumptions are true: () C RN(N > 2), vi, v2 and v;3 are Ap-weight functions, a,, : Q x
RN — R,bp: QxRxRN — R(m=1,..,N), with a(y,§) = <a1 (y,9), ..., an(y, 6)) and
b(y,,0) = <b1(y, Ly 8)y .eey N (Y, 1y 6)) and g : QO x R — R such that

(H1) a,,, by, and g are Carathéodory functions.

(H2) Thereareh;, hy, hy, hy € L®°(Q)and f; € LP' (Q,v;),f, € L9(Q,v,) and f3 € L' (Q, v3)
such that
laly, 8) < fi(y) + ha(y)lsP T,

by, 1, 8)| < f2(y) + ha(y) w9~ + hs(y)[8]9",

28
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9(y, w) < f3(y) + ha(y)ul T,

where (i, ) € R x R™.

(H3) 3 A > 0 such that
(aly,8) —a(y,8"),8—8") = Als — 5P,
(b(y, 1,8) —bly,n,87),6—8") >0,
(9(y> W) — gy, u')) (u— u') >0,
where 1,1’ € Rand 8,8 € R" withp # ' and 5 # 6.

(H4) 1k, k2, k3 > 0 such that
<a(y36)>6> 2 K1|6|p)

<b(y) M,5)» 6> 2 K2|6|q + K3|H|q)

gy, W = 0.

2.1.2 The concept of weak solution

The definition of weak solution to (2.0.1) is stated as follows:

Definition 2.1.1 We say that a function ¢ € Wy (Q, V1) is a weak solution of (2.0.1), if for any
v e WYP(Q,vy), it satisfies the following:

J (aly, Vo), VW)vidy + J <b(y><P,V<P),VV>V2dy+J 6y, @)vvsdy =j Pvdy.
Q Q Q Q

Remark 2.1.2 For all vy, v,, v3 € A, we have

(@) If1<q<p<ocoand c LM (Q,vy) where k; :Fﬁ—q, then

[@llLaay,) < dpgllellriav,

1/
where 9, 4 = ”VZHLk? Q)

(i) Analogously,if1 <s <p <ooand 3 € L*2(Q,vq) where k, = 5/ then

[@llsavs) < Fpsll@llir @,

=12l

where By %2 (v’
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2.2 Main result

Our main result of this chapter can be stated as follows.
Theorem 2.2.1 If (H1)—(H4) hold, then the problem (2.0.1) admits a unique solution w in Wg’p (Q,vy).

Proof. We will reduce the problem (2.0.1) to a new one governed by an operator problem
Yo =7, and we will apply the Theorem 1.2.4.
We define
@ : WP (Q,vq) x WiP(Q,vi) — R
and

Y W(])’p(O_,v]) — R,

with ® and Y are specified in the following paragraphs. Hence
Qe W(])’p(Q,w) is a weak solution of (2.0.1) & ®@(@,v) = Y(v), forall v e Wg’p(Q,vl).

The Theorem 2.2.1 is proved in four steps.

Step 1.

We utilize some tools and the condition (H2) to show the existence of the operator ¥ and that
the problem (2.0.1) is identical to the operator equation Y¢ = Y. By employing the Holder
inequality and Theorem 1.1.36, we get

P
() < J 8 gl dy
a Vi
< |ld/villr @ l@llr @)
< CQHd)/Vl||Lp’(Q,v]]||(P||W(‘)»P(Q,y1)°

/

Since € LP'(Q,v; "), then Y € W, "' (Q, v ™).

The operator ®@ can be written as
(D((p,\)) = (I)]((p,\)) + (Dz((p,\/') + (Dg,((p,\)),

where
@, IW&’p(Q,\H) X W(;’p(Q>V1) — R

0, ((p,\)) = JQ<a(y> V(p)) VV>V1 dy)

Dy WP (Q,vi) x WeP(Q,vi) — R

(DZ((pa\)) = (b(U»(P»V(P)»V"Wsz)
JO

D3 : WP (Q,vi) x WP (Q,vi) — R

(DS((p)V) = g(y’(p)V‘Vde'

JQ

FACULTY OF SCIENCE AND TECHNIQUES 30 SULTAN MOULAY SLIMANE UNIVERSITY



MOHAMED EL OUAARABI DOCTORAL THESIS LABORATORY : LMACS

Then, we have
D(@,Vv)] < [@1(@,V)]+ D20, V)| + [@3(¢, V)] (2.2.1)

Also, by utilizing Holder inequality, Remark 2.1.2 (i), (H2) and Theorem 1.1.36, we have

D1 (@, V)| < la(y, Vo)|IVV]vidy
JQ
< | (f+miVer ) vvividy
© 1 a 1
< fivy [Vv|vy dy—l—J hﬂV(p!p’]v]" Vv dy
JO Q
< Afiller @ VY @ + =@ HV@HLPQV] IVV][tr @)
< (Il + Ml 080 ) ) Mg

and

|(D2((p,v)] S ’b(y»(Pav@)HVVWsz

Ja
< (fz + hle|d™! +h3’V<P|q_]>|VV|Vsz
Ja
" 1 1 T 1 i 1
< fzvz‘*'IVvlvz“ dy—l—J ‘rlzl(;)l‘H\/zq IVv|v, dy+J thchlq_]vzq IVvlv, dy
Ja o) Q
a1 1
+ Iallion | VI3 IVvivi dy
Q
< falliar g VY IILat@wa) + M2l )19 1a i VY] L om
+ (3| ) IVVlliaov,)
< |If2llLa’ (@ivy) O, )+ ol Cog el o, pql )

+ [[hsle@) Py, ‘IIWJIILPQV] Bp.al Ve @)
—1
< Ppallfelliar i +9q (CE Mallimio) + sl ) @l IVllwir @)
W Q‘V 0 )

Similarly, by using Holder inequality, Theorem 1.1.36, (H2) and Remark 2.1.2, we get

Ds5(0,v) < j 190y, @)lIvivsdy
Q
[Cady,

IN

i@y + 95 Chlallim@ @l g | Vg o

Therefore, we have

—1 —1
D(p,Vv)] < [Hf]HLP’Qv] +Hh’l||L°°(Q)H(pH€v(1)‘P(Q‘V])+CQ8PSHf3HL5'(Q,V3)+Sg,q (Cf': M2l ()

HRsllwion) @l g 0 + O Calhalliziall@liylh g, +19p,q||szLq'[Q,vz)]|IVHW(;»v(Q,V])-

Thus, ®©(¢, .) is linear and continuous for every ¢ € W&’p (Q,vq). As aresult, there is a linear

and continuous operator on W, (Q, v;) labeled by W that provides

(Yo,v) = O(p,v) forall ¢,ve W;’p(Q, vi).
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We also have
Yoll. < [[filleray,) + Tlli=@ H(PIIWHOQ + Cady, La’ (Qvs)
1
+ 93, Calhalleei@ll @l g, Lo, (8 hallision + Msllision ) 1918t g

L5 (vs) T Op,

)

where
Yol == sup{l(‘{/(p,v>| =D (@,V)|:ve W, (Q, V), HvHWS,p(QM) = 1},

is the norm in W, """ (Q, v ™®"). Therefore, we get the operator
W WIP(Q,vi) — W, P (Q, v
o — Yo.

Therefore, the problem (2.0.1) is equivalent to the operator equation
Yo=Y, @cW"Q,v).

Step 2.
In this step, we demonstrate that ¥ is strictly monotone. For all ¢, ¢, € W&’p(Q, v1) with

@1 # @2, we have
Yo1 —Yor,01 — 1) =0(@1,91—@2) — D92, 01 — 92)

= rﬂ<a(y, V1), V(e — @2))vidy — Jﬂ<a(y, V@,),Vier — @2))vidy

—I—J (b(y, @1, V1), V(@1 — @2))v,dy —J (b(y, ®2, Vo2), V(o1 — 02))v2dy
) o)

+ | gy, ¢1)(@1 — @2)vidy —J g(y, @2) (@1 — @2)vidy

Ja o)

= Q<a(y, Vi) —aly, Vez), V(e — @2))vidy

+L (g(y) ¢1) — gly, @z)) (cm - cpz)wdy

+ [5(b(y, @1, Vi) — by, 2, V1), V(g1 — @2))v,dy.

By using (H3), we obtain

(Vo1 — Y2, 01— 92) > J ANV (1= @2)Pvidy = A[V(e1 — @2)[[{rqq,)
0

and by Theorem 1.1.36, we conclude that

(Yo1 —Yo2, 01 — @2) > |1 — (Pszvg,p(va])»

A
(Ch+1)
which implies that ¥ is strictly monotone.

Step 3.

This step establishes the coerciveness of the operator W. For all ¢ € W,"(Q,v;), we get

<\P(p) (P> = @((p) (P)

= L(a(y, Vo), Ve)vidy +J

(o(y, @, Vo), Ve)v,dy + J g(y, @)u vidy.
Q Q
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From Theorem 1.1.36 and (H4), it follows that

Yo, 0) > K1J |V(Pled‘J+K2J |V(P|qV2dU+K3J lpl9vady
Q Q Q
> J IVoPvidy + min(kz, k3) U |V<P|qudU+J I(plqudy}
Q Q
- K]HV(pHLP Q\/1 +min(K2) KS)H(pHSV(])’q(_O_,Vz)
> alVelfay,
> WH HWHD 0v1)
Hence, we obtain
(Yo, @) ol
1
lellwir @ — (CP +1 P Q)

Therefore, as p > 1, we obtain

(Yo, )

Tolyrge, T 2 l@lhrian = +oo
Wo (-Q>V1)

which means that V¥ is coercive.

Step 4.

In this step, we show that V¥ is continuous. To do this, consider ¢, — @ in W&‘p(Q, V1) as
k — oo. Then @ — @ in LP(Q,vq) et Vo — V@ in (LP(Q,v1))". Therefore, according
to Theorem 1.1.7, there exist (¢@y, ), Y1 € LP(Q,v;) and VP, € LP(Q,v;) in such a way that

(Pki(y) —>(p(y), as k,-L—)OO, in O
low, (Y < i (y), in Q (2.22)
Voy(y) — Voly), as ki — o0, inQ
Vi ()l <a(y), in Q.

We are going to establish that Yo, — Yo in Wy R (Q, v}_p/). It is proved in three steps.
Step 4.1.

Let us define the operator
B : WP (Q,vq) — [P/ (Q, V1)
(Bjo)(y) = ai(y, Ve(y)).

We now show that

Bip, — By in  LP'(Q,vy).
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(i) Forall @ € W,”(Q,v;), by Theorem 1.1.36 and (H2), we have

||Bj(p||zpl(ﬂ,v1)

g

Bjo(y)lP vidy ZJ laj(y, Vo) P vidy
0

< | (f+mIVeP ) vidy
< CPJ fp/+h§’/|V(p|p>v1dy
< IRl oy + IV ]
< Gy [y + IMalE By ] -
(ii) By (H2) and (2.2.2), we obtain
By~ B0l gy, = | Bis(y) =Bl vidy

< | (aty Voul+law, vol) vy

< G| (loyy Vor)P +|a](y,V<p)|P)wdy

< Co| (i miVeu )"+ (f+ hivel )" [ vidy
< G [(ﬂ—f—hﬂbp ‘) +<f1+h11|)‘2’_]>p}wdy

< 2C,C. J fp +hp1])2>v1dy

< 20,0} [ gy + Il 2 B -

As ki — o0, by using (H1), we get

Bj(pki. (y) =

a;j(y, Vo, (y)) — aqj(y, Vo(y))

= Bjo(y), for almost all x € Q.

Consequently, by Lebesgue’s theorem, we have

IBj @i, —

Bi@llir 0y — 0 & Bjor, — By in LP/(Q,vy).

Finally, considering the principle of convergence in Banach spaces, we conclude

Bip, — By in  LP'(Q,vy). (2.2.3)

Step 4.2.
Define

Gj: WP (Q,vi) — L9'(Q,v,)

(Gie)(y) =15y, o(y), Vo(y)).
We also have that

Gj(Pk — G](P in Lq/(Q, 'Vz).
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(i) Forall ¢ € W,"(Q,v;), by Remark 2.1.2, (i) (H2) and Theorem 1.1.36, we get

q/
||Gj(p||[_q’(Q’vz)

(ii) By usin Remark 2.1.2
get

Step 4.3.
We define the operator

In this step, we show that

(i) Forall ¢ € Wg’p(Q, Vi

S/
||H(p|| S/(Q»VS)

b;(y, @, V)|V v2dy

(f2 + halol*™" + hs[ Vel ) v,dy

[fg' +hy el + hg’yv@w]vzdy

| ey | nlomvaay+ | h§’|w|qv2dy]

LJQ Q Q

|| vy + el o | oitvady + Il | |V<p|qwdy}

1205 ) + ||hz||ﬁw(m||cp||ﬁq(ﬂ,vz) + thnﬁm(mkuﬁmvz)}
.”fZHEq’(o,Vz) + M2l o) Cig )+ s i) G g

2l iy + M2l Rl )+ T3l Ol ||u||w1 .
q’ q q ' q
1201 )+ Cl (cgnhzuw + ||hsr|mm) el |

(i), (H2) and the similar reasoning employed in Step 4.1 (ii), we

Gjox — Gy in  LY(Q,vy). (2.2.4)

H: WP (Q,vi) — L8'(Q, v3)
(He)(y) = g(y, o(y)).

Hey — He in  L¥(Q,v;3).

), by Remark 2.1.2 (ii) and (H2), we get

= J 9(y, @)1 v3dy
Q

< C| (8 +nilor) vaay
JO
< G (I ) + Il 0l |
< G|l + Pl @l |
< o Il + CaChIAE 10y -
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(ii) From Remark 2.1.2 (ii) and (H2), we have

IR —Hellg,, = J Hox, (y) — Ho(y)P vsdy
’ Q

/

IN

| (t9tys 001+ 1y, 1) vy

r

IN

l9(y, @)l + 19y, cp)ls')wdy

(fg. + h4|<Pki|S_1>S/ + <f3 + h4|(P|S_])S/]V3dU

(fs + h4|ll)1|51)5, + <f3 + h411’?1>51}\/3d9
(fgl + hp/tl)i) v3dy

zcsc’[ufsnb sy + Il 101 e e |

2C,C, [Hfa ||L;°(Q)||ll)1||ip(ﬂ,v1)}°

IA
000

IN

VAN VA

N

0

o
%

IN

||L5/(Q,V3) + p
As ki — o0, by using (H1), we obtain
How (y) = 9(y, o (y)) — gy, uly)) = Hely), ae.xeQ.
Consequently, by means of Lebesgue’s theorem, we have
Hey, — H(p||LS/(Q,V3) — 0,

that is,
Hey, — He in  L*'(Q,v;3).

Finally, considering the principle of convergence in Banach spaces, we conclude that

Her — He in  L*'(Q,v3). (2.2.5)

At last, by considering v € W) (Q, v;) and with the help of Theorem 1.1.36, Holder inequal-

ity and Remark 2.1.2, we arrive at

|(D1 ((Pk)v) - (D1 (@»V” = <a(y) V(pk) - a(y> ch)) VV>V1 dy|

o

M =

a;(y, Vor) — a;(y, Ve)[[Djvlvidy

-
)

o ()

I
.I\/I:

1Bjox — BjolDjvlvidy

-
—_

hE

IBj@x — Bi@llp (o) IDiVIIe (o)

-
Il
-

A
AR
M =

—.
—_

||B](pk j(pHLP/(Q,v]]> HVHWS"’(Q,\/])’
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|®2((pk,v)—®2((p,v)| — | (b(U)CPk,Vﬁpk)—b(%(P»V(P)»VV)Vzdm

o

1b5(y, @x, Vi) — b;(y, @, Vo)|[D;sv|v,dy

—
—_

I IA
I\/]: 'I\/]:s
S 5

|Gjpr — Gjol|Djvlv,dy
i—1

—

n
< (Z |Gy — Gj(p“Lq'(Q,vz)) [VVlLaam,)
=
< Dy (Z 1Gj @ — Gj(p”lﬂ'(ﬂ,\q)) VY
]'?11
< Ypq (Z 1Gjeox — Gi(pHLCI’(Q,VZ)> HVHW(‘)W(QM)»
j=1

|D53(@x,v) — O3(@,Vv)| < 19y, ®x) — gy, @)lIvlvidy

_ J Hex — Holvady
Q

||H(Pk - H(P||Ls’(Q,V3)||VHL5(Q,V3)
19p,s”]—l(Pk - H(p||LS'(Q,V3)”VHLP(QNI)
< 19p,sCQ”H(Pk - H(p||LS'(Q,V3) ||V||wg)vp(Q,V1)-

o

IA A

Hence, for all v € Wg’p (Q,vq), we have

|(D((pk>v) - (D(([),VH < ’(D1((pk>v) - (D1((p,\))| + ’(DZ((pk’v) - (DZ((paV” + |CD3((pk)v) - (Dg,((p,\/)|

n
< [Z <||Bj(Pk— Bi@llir (o) T Ppa

j=1
+ Vp,sCalHo — H(P||LS'(Q,V3)] ||v||W(])>p(_Q_)V]))

Gjpx — Gj(PHLq’(Q,vz))

and consequently, we get
n

[Yor—Yeoll. < Z (HBJ'(Pk - B)'(pHLP’(Q,\q) +‘9p,qHGi(Pk - G]'(pHLq’(Q,vz))+19P»SCQHH(pk_H(pHLSI(Q,\g)'
j=1

Combining (2.2.3), (2.2.4) and (2.2.5), we deduce that
IYor —Yeo|. — 0as m — oo,

that is, Yo, — Yo in W, PQ, v}*p/). Which implies that ¥ is continuous.

We have now proved that V is strictly monotone, coercive and hemicontinuous, and Y €
W, ]’p/(Q, vrp/). Thus, we have verified all the conditions of Theorem 1.2.4. As a result,
from Theorem 1.2.4, it follows that the operator equation Y = ¥ admits the unique weak
solution ¢ € W;“’(Q, v;) and it also follows that u is the unique weak solution for (2.0.1).

This completes the proof of Theorem 2.2.1.
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2.3 Example

Set O ={(y,z) € R*: x* +y? < 1}, and let v;(y,z) = (y? +Zz)—1/2’ va(y,z) = (y? +Zz)—1/3

and v3(y,z) = (y2+zz)_] (note that vi,v,,vs € A;,p=4,q=3and s = 2>,and we define
b:OXRXxR—R%,a:QOxR— R*andg: Q xR — Rby

a((y,2),8) = haly, 2)6Fsgn(s),

b((y,2),1,8) = [8*sgn(s),
9((y,2), 1) = haly, 2lulsgn(s),

with h;(y,z) = 2e¥"*%") and hy(y,z) = 2 — cos?(yz). Let us look at the problem

Aop(y,z) = + in Q,
©(y,z) = cos(y +z) in 231)

(p(y,z) =0 on 0Q),

where,

Ag(y,z) = —div|via((y,2), Vo(y,2) ) +v2b((y,2), @ (y,2), Voly,2) ) | +v39((1,2), 0(y,2)).

From Theorem 2.2.1, it follows that the problem (2.3.1) admits the unique weak solution in
W(1) i (Q) Vi )
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Chapter 3

Existence result for a Dirichlet problem
governed by nonlinear degenerate elliptic
equation in weighted Sobolev spaces

Our aim in this chapter is to prove the existence and uniqueness of weak solution in the
weighted Sobolev space W, (Q, w1, wy) for a Dirichlet boundary value problem for the

following nonlinear degenerate elliptic equation

—div [unA(x, vu) + wrB(x,u, Vu) | + wsb(x,u) + wsuf?u=f in Q, (3.0.)
u(x) =0 on 0Q),

where Q) is a bounded open set in R", w;, w,, w3 and w, are A,-weight functions, A :
OxR" — R, B: OxRxR* — R% b:0Q xR — R are Carathéodory functions
that satisfy the assumptions of growth, ellipticity and monotonicity, and the right-hand side

term f belongs to LP'(Q, w]™"").

3.1 Main result

3.1.1 Basic assumptions

We assume that the following assumptions: ) be a bounded open subset of R"( n > 2),
1 <q,8s<p < oo letw;, w, ws;and w, are a weights functions, and let A: O x R* —

R, B: QxR xR"— R", with B(x,n,¢) = <B1 (x,n,&),...,Bn(x,n,£)> and A(x, &) =
<A1 (%) &)y oony Anlx, &)) and b : QO x R — R satisfying the following assumptions:

(A1) Fork =1,...,n, By, Ay and b are Carathéodory functions.

(A2) There are positive functions hy, hy, hs, hy € L*(Q) and v; € [P (Q,wi),y: € LY (Q, w,)
and v; € L% (Q, w;) such that :

LA, E)l < vi(x) + M (x)IEP,
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B(x,m, &) < v2(x) + ha(x)n|4" + hs(x)E]9,
and

Ib(x,n)| < v3(x) + ha(x)ml*".
(A3) There exists a constant « > 0 such that :
(A%, &) — Ax, &), — &) > ag — E'P,
(B(x,m,&) — B(x,n',&), &~ &) >0,
and
(o0xm —b(xn) (n-n") = 0,
whenever (1, &), (M, &) € R x R* withn #n’ and & # &'.

(A4) There are constants 31, 2, 3 > 0 such that:
(Alx, &), &) > BilEP,
<B(X,ﬂ, E,), E») Z B2|E»|q + B3’ﬂ|q,

and

b(x,n)n > 0.

3.1.2 Notion of solution

The definition of a weak solution for problem (3.0.1) can be stated as follows.

Definition 3.1.1 One says u € Wg’p(Q, w1, wy) is a weak solution to problem (3.0.1), provided

that
(A(x, Vu), Vv) wy dx + J

Q

+| P ruvw,dx = J fvdx,
Q Q

(B(x,u, Vu), Vv) w, dx + J b(x,u)vw;dx

Q Q

forall v e WP (Q, wi, w,).

Remark 3.1.2 We notice, for all w;, w,, w3 € A, that

@ If 3 € L"(Q, wy) where vy = SF-and 1 < q <p < oo, then, by Holder inequality we obtain
ullLa(o,w,) < Cpqllwlliro,w))

_ 1/q
where Cpq = 12117 (0,0, )-

(ii) Analogously, zfi—f € L(Q, wy) where r, = 5}1—5 and 1 < s <p < oo, then

Iullis(o,05) < Copsllullir@,wy),s

_Jw 1/s
where Cp s = |32l (0.0

FACULTY OF SCIENCE AND TECHNIQUES 40 SULTAN MOULAY SLIMANE UNIVERSITY



MOHAMED EL OUAARABI DOCTORAL THESIS LABORATORY : LMACS

3.1.3 Existence and uniqueness result

We shall prove the following existence and uniqueness theorem.

Theorem 3.1.3 Let w; € Ap(i=1,2,3,4),1 < q,s < p < oo and assume that the assumptions
(A1) — (A4) hold. If f € 17" (Q,w;?), 2 € LV/P-9(Q, wy) and & € LP/P-9(Q, wy), then the

problem (3.0.1) has exactly one solution u € Wg)’p(Q, Wi, Wy).

Proof. The essential one of our proof is to reduce the (3.0.1) to an operator problem Au = G
and apply the Theorem 1.2.4.
We define
F: WP (Q,wi, ws) x WiP(Q, wr, wy) — R

and

G: W, (Q,wi, wy) — R,

where F and G are defined below.

Thenu € Wg’p(Q, w1, wy) is a weak solution of (3.0.1) if and only if
F(u,v) = G(v), for all v.e W,P(Q, w;, w,).

The proof of Theorem 3.1.3 is divided into four steps.
Step 1: equivalent operator equation:
In this step, we prove that the problem (3.0.1) is equivalent to an operator equation Au = G.

Using Holder inequality, Theorem 1.1.36 and Remark 3.1.2 (ii), we obtain

f
J u lvlw; dx
Q W

< IF/ @il e Vi @)

IN

IG(v)|

S CQHf/w]||]_PI(Q‘(,U])HVHWJ)‘I’(Q’CU]’(,U“)'

Since f/w; € LP'(Q, w;), then G € [W;’p(Q, w1, w4)]*.

The operator F is broken down into the from
F(U,V) =F (LL,V) + FZ(u)V) + FS(u>V) + F4(LL,V),

where F; : WP (Q, wy, ws) x WP (Q, wr, wy) — R, for i = 1,2, 3,4, are defined as

-
Fi(w,v) = | (A(x,Vu),Vv)widx, F(u,v) :J (B(x,u, Vu), Vv)w,dx,
o)

JO

"
F3(u,v) = | b(x,u)vwsdx, and F4(u,v) = J ulP2uv wy dx.
JQ Q
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Then, we have
[Flu,v) < [Fi(w, )|+ [Fa(u,v)[ + [F3(w,v)[ + [Fs(u, V). (3.1.1)

On the other hand, we get by using (A2), Holder inequality, Remark 3.1.2 (i) and Theorem
1.1.36,

[Fi(u,v)] < | JA(x, Vu)||Vv|widx
un_O_
< (% + hﬂVu!p’]) [Vv|widx
o)
a 1 a 1
= Q}/]w]"/ IVvw? dx + L hy | VuP! w{" IVv|w? dx

< 11l (e PV y0n) + TRl @IV oy o [V im0

p—1
< (”Y]H]_v’(gyw]) + ||h1||I_°°(Q)||u||W(1),p(Q’whw4)> ||v||W(])’p(Q,w1,w4)’

and
-

|F2(u,v)| < |B(X)u) VLL)||V\)|(UzdX

e
< | (va+ hahw®™! 4 hg IVl ") Vvl wadx
40 1

a 1
= | vw;y [Vvw; dx—l—J holu|9™ 1wz“ IVvlw) dx+J h3|Vu|q’1w2“'|Vv|w2“dx
Ja Q Q

< Vllist (om IV Vatw) + Tl [l o IV Ve )
HIhs e VW o) TV (0
< IVallis (c0m CoallPVlIm ) + allios o Cg Il oy CoaIPVIm (o
sl Clg VW 1 Coal YVt
< [Coq (C& Mhalhisian + I3l (o )||u||w1p(ﬂ W+cp,q|mum/(g,wﬁ]||v||wg,m,w],w4).

Analogously, using (A2), Holder inequality, Remark 3.1.2 (ii) and Theorem 1.1.36, we obtain
Bl vl < Ibixulbiwsdx
0
< [CQCp,sHYsﬂLs'(QM) + G} s Collhallie (o [lullF w1 P (Oww ])MJ VI (0,001,000
Next, by applying Holder inequality and Remark 3.1.2 (ii), we get

E(wv) < J P vlws dx
Q

(JQ |u|Pw4dx> v ( JQ |v|T’w4dX> v

= |l g VI @00

P
S CQ”uHW(]),p(QYw])w4)HVHW(])‘p(Q,w1,LU4).

IN

Hence, in (3.1.1) we obtain, for all u,v € Wg’p(Q, w1, Wy)

-1
F(u,v)| < [Hw!lmg,w]) e IR0 6 ) o)

+ CpalValliar(wy) + Cq (C& M IM2ll(q) + sl (o
+ 3 Col MMyl (o Ul

+ CQCp,s|W3”LS/ Q,ws3)

) ”uHW‘ P(Qyw,wa)

weranan T Sl 0 0 g MW @0
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Then F(u,.) is linear and continuous for each u € W(‘)’P (Q, wy, wy). Thus, there exists a linear

and continuous operator on W, (Q, w;, w,) denoted by A such that
(Au,v) = F(u,v), forallu,ve W)P(Q,w,w,).
Moreover, we have

Al < il + @Rt g o o + CaCrslValli o
1

+ Cpallvalliar e, + C8 (cg M2l @) + sl ) I,

+ C5 L Cllallies oy Il

W] P(Q,w1,wy)
o CQHqu

W]p(Q P(Q,wq,ws)’

where

|Aul. = sup{r<Au,v>r = F(1, v)] : v € WP (Q, @1, wa), [Vt 00 o) = 1},

is the norm in [W&‘p (Q, wy, w4)} . Hence, we obtain the operator

*

A WP (Q, iy wy) — (WP (Q, wi, wa)

u— Au.

However, the problem (3.0.1) is equivalent to the operator equation
Au=G, uecW"(Q,ww,).

Step 2: monotonicity of the operator A:

The operator A is strictly monotone. In fact. Let vi,v, € WS,“’(Q, w1, wy) with vi # v,. We

have
(Avi — Avy,vi —vy) = F(vy,vi —vy) — F(va,vi — ;)
J (x, V1), V(vi —v2))widx — L(A(x, Vv2), V(v —vp))widx
T (B(xyv1, V1), V(v —v2))w,dx — L(B(X,VZ,VVZ),V(\)] —Vv2))wydx

+

+ f b(x,v1) (v —Vz)wadX—J b(x,v2)(vi —v2)wsdx

+ f!w P=2v1 (v = va)wadx — | [alP v (v — va)wadx
o)

— J (A(x, Vvi) — A(x, VVv2), V(vi —v2))widx
Q

+ <B(X>V1)V\)1) - B(X) Vz,VVz), V(V1 _VZ)>(U2dx
Ja

+ b(X,V]) — b(X, \)2) Vi —V w3dx
Jo ( ) (v )

+ 1 (P 2vi — P2, ) (v — v Jwadx.
Jo ( 1 1 2 2>< 1 2> 4
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Thanks to (A3) and Proposition 1.3.1 (ii), we obtain

p—2
(Avi — Avy,vi —Vvp) > ocJ IV (vi = v2)[P wy dx + BPJ <|V1|+|Vz|> vy —val* wy dx
Q Q

Y

O(J |V(V] — vz)lpundx
Q

> o[ Vv =v2)lIEr 00,

Therefore, the operator A is strictly monotone.
Step 3: coercivity of the operator A:
In this step, we prove that the operator A is coercive. To this purpose letu € Wy (Q, w, w,).

Then, we have

(Au,u) =F(u,u)
= F] (LL, u) + FZ(u) u) + F3 (u) u) + F4(u) u)

= J (A(x, Vu), Vu)widx + J (B(x,u, Vu), Vu)w,dx + J
Q

b(x, u)u wsdx + J [ulP w,dx.
Q o)

Q

Moreover, from (A4) and Theorem 1.1.36, we obtain

(Au,u) > B1J

IVulPwidx + BzJ
Q

IVulfw,dx + B3J
Q

lul9w,dx + J luP wsdx
Q

Q

> min(p,1) U !Vu!%mdx%—{ !u!pw4dx} + min(pB,, B3) U IVquwzdx+J !u!qwzdx]
Q Q o) Q

— mi P
= min(By, Vlu?,,

o T (Qw1,ws) T min(l?)z’ [33) HuHEq(Q»wz)

. P
> mln(Bh 1)||u||w(1)vp(0,w1,w4).

Hence, we obtain
(Au,u)

> min P! .
||uHW(]>‘p(Q,w1,w4] - (B]’ )H ||W(1)’p(Q»w1aw4)

Therefore, since p > 1, we have
(Au,u)

HuHW(l)’p (Q,(,U] 7"04)

— +o0 as ||u||W3,p(Qywhw4) — +o00,

that is, A is coercive.

Step 4: continuity of the operator A:

We need to show that the operator A is continuous. To do this, letu; — win W&’p (Q, wi, wy)
as i — co. Then Vu; — Vuin (LP(Q, w;))". Hence, thanks to Theorem 1.1.7, there exist a

subsequence (u;;) and Y € LP(Q, wy) such that

Vuy (x) — Vu(x), as ij — oo, a.e.inQ

(3.1.2)
Vg, (x)] < b(x), a.e.in Q.
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We will show that Aw; — Awin |W,P(Q, w, w,)| . In order to prove this convergence we
proceed in four steps.

Step 4.1. For k = 1,...,, we define the operator

Bk : W(l’p(Q) wr, (.1)4) — LPI(Q) (1)1)
(Bruw) (x) = Ax(x, Vu(x)).

We need to show that Byw; — Byw in LP'(Q, w;). We will apply the Lebesgue’s theorem

and the convergence principle in Banach spaces.

(i) Letu € Wg’p(Q, w1, wy). Using (A2) and Theorem 1.1.36, we obtain

IBiullf,

(o) :J IBku(x)!p/w1dx:J A (x, VU w dx
Q

(v1 +h1|Vu\p’1)p widx
Q
< CPJ (y‘]’/ + h‘fIIVulp> widx
o)
< ¢ [y + |70
< Cy Il g I

W1p (Q,wq,w4) |’

where the constant C, depends only on p.

(ii)) Letu; — uin W&‘p(Q, w1, wy) as i — oco. By (A2) and (3.1.2), we obtain

’

/ P
|Buass, — By, <J (140, Vi)l + A (x, V)l andx
Q

(va1) -
N

<G <|Ak(x, ij)lp' + | A (x, Vu)lp'> widx
fo

<G| [(n+mlvw P + (v + ) | widx
e

< Cp [(‘Y] +h1ll)p7])p/ + ( Y1+ hpP™ ]) } widx
Ja
< chC;J (ﬁ/ + hmﬁ) wydx
Q

< 2G,Cy [N oy + I I 1O | -

Hence, thanks to (A1), we get, as ij; — oo
Biw (x) = Ax(x, Vui; (x)) — Ax(x, Vu(x)) = Byu(x), ae xe Q.
Therefore, by Lebesgue’s theorem, we obtain
||Bleij - Bku”]}"(ﬂ,wﬂ — O>

that is,

Biw, — Bu in LP'(Q, ws).
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Finally, in view to convergence principle in Banach spaces, we have

Biw; — Byu  in  [P'(Q, w). (3.1.3)

Step 4.2. For k = 1, ...,n, we define the operator

Mk : W(])’p(Q) Wr, LU4) — Lq,(Q) wZ)
(Mu)(x) = Bi(x, u(x), Vu(x)).

We will prove that Myw; — Myuin L9 (Q, w,).
(i) Letue Wg’p(O_, w1, wy). Using (A2), Remark 3.1.2 (i) and Theorem 1.1.36, we obtain

My 0y = L [Bix, u, V)9 wadx
< J (Yz + haluld™ + h3!Vu|q_])q/ w,dx
Q r
< C, [vg' +h ful? + h§"|Vu|q] w,dx
Jo
=Cq J Yg/wzdx-i-J h§/|u!qwzdx+J hg/IVulqwzdx}
o Q 0
< Cq J Yg/wzdx+||hz|!q;(Q)J Iulqwzdx+|]h3||ﬁ;(mj IVquwzdx}
Ja 0 a

< Cq _HYZHEq/(Q’wZ) + HhZHEoo(Q)HuHEq(Q,wZ) + Hh3HEoo(Q)Hqugq(Q,wz)]
< Co [0 g + Il o a0, + Il 0 V)

<Cq _HYZHEq/(Q)wZ) + Cﬁ,q (ngHhZHEoo(Q) + Hh3HE°°(Q)) I\u\\ﬂvg,p(gw“)} )

where the constant C, depends only on q.

(i) Letuwy — uwin W&’p(O_, w1, wy) as i — oo. According to (A2), Remark 3.1.2 (i) and

the same arguments used in Step 4.1 (ii), we obtain analogously,

Miu; — Meu  in L9 (Q, w,). (3.1.4)

Step 4.3. We define the operator

H: WoP(Q, wiy ws) — L¥'(Q, ws)
(Hu)(x) = b(x,u(x)).

In this step, we will show that Hu; — Hu in L' (Q, ws).
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(i) Letue Wg’p(Q, w1, wy). Using (A2) and Remark 3.1.2 (ii), we obtain

Huls, =

o b, u)l* wsdx

('}/3 + h4|uls’])sl wszdx

IN
o o

< C, (y§/+hj/!uls> wszdx
JQO
< C I3l ) + el s 0
< Gl i el o
< G |IVsllian + CpaChallnalliay Il

where the constant C; depends only on s.

W(1)‘p (Q,(,U] vw4)i| )

(i) Letu; — uin W(])’p(Q, w1, wy) as i — oco. By (A2) and Remark 3.1.2 (ii), we get

: P’
HHui].—HuHSS/(Q’ws) :J ‘Hmj(x)—Hu(x)‘ wsdx

S/

< | (106 )1+ o ) wsax

(

< Co| (1D )+ o6, W ) wsdx
[
R

JQ

/

<G

<20,C! J vy +h Y >w3dx
< 2C.Cq

next, using condition (A1), we deduce, as i; — oo

Huy (x) = b(x, w;; (x)) — blx,u(x)) = Hu(x), ae.xe€ Q.

Therefore, by the Lebesgue’s theorem, we obtain
||Huij - Hu||Ls'(Q,w3) — 0,

that is,
Hu; — Hu in L*'(Q, ws).

We conclude, from the convergence principle in Banach spaces, that

Hu, — Hu in  L*'(Q, ws).

Step 4.4. We define the operator | : W&’p(Q, wi, ws) — LP'(Q, wy) by (Ju)(x) =

In this step, we will demonstrate that Ju; — Juin LP'(Q, wy).

[||V3||LS/(QM Il I oo |
< 20 Vs g + Chalallmiy bl ricon |

(Y3 + hylug [ ]) + <Y3 + h4’U’H> ]wgdx

(Ys + ]> + <V3 + h41|)s_1>8/] wsdx

(3.1.5)

fu(x)P~u(x).
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() Letue W,P(Q,w;,w,s). We have

[ !
Iy gy = |, TP cidx
dr\

_ \u](p*”plwzldx
Ja

= | |[uPwsdx
Ja

Hu”Lv (Q,wa)
< ullfyso

P(Q,w1,wq)°

(ii) Letu; — uin W;”’(Q, w1, wy) asi — co. Then w; — uwin LP(Q, wy). Hence, thanks

to Theorem 1.1.7, there exist a subsequence (1;;) and ¢ € LP(Q, w4) such that

ui; (x) — u(x), as ij — o0, ae.inQ

luy; ()] < @(x), a.e. in Q.

Next, we get

’

wyadx

Iy =Tl ) = |, [T ()= Tt
N

< L (IImj (%) + IIu(X)I) wydx
< Cp | (I 0P + 7 ) awadx

s P2 [P e 2P ) avydx

5

JQ

lug, [P+ !u!") wydx
JO

<G

K

<G, (l |P=UP" -y (P=TP >w4dx
(
(

ol +[l" ) wadx

< ZCPT lpPw,dx
Q

<2C H(P“Lp (Q,waq)"

Therefore, by Lebesgue’s theorem, we obtain
[Ty, — ]uHLP/(Q,uu) — 0, as ij — oo,

that is,

Ju, — Ju in LP(Q, wy).

We conclude, in view to convergence principle in Banach spaces, that

Jwi— Ju in LP(Q, wy). (3.1.6)
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Finally, let v € W, (Q, w;, w,) and using Holder inequality, we obtain

IMww—MmW=:JMMVM Alx, Vi), Vv, dx]

< ZJ | AL (x, Vi) — A (x, Vu)|[Divwdx

= ZJ [Bicw; — Biw|[Dievlwy dx
Q

< ) IBit — Bitfl o g DV lir (@)
k=1

n
< (Z HBkui - BkuHLP/(Q,wﬂ) |’vHW(])‘p(Q,w1,w4)’

k=1

and by Remark 3.1.2 (i), we get

|F2 (uivv) - Fz(u) V)| = | <B(X) Ui, Vu«) - B(X) u, VLL), V\)> (Ude|

o

M =

(o}

J%xmﬁw)&M&NMWMMM

=~
I

I
M =

J IMiu; — Myau|[Dyv|w, dx

)

1

IN
Aﬁ‘

2 IMiawi — Mul| Qw2> IVViao,e))
=1

P (Z Myt — Micu [ o Qm) IVVlie 0,0

IN
o

= Gig (Z M = M|/ sz> IVl » (01,000

and by Remark 3.1.2 (ii), we get

Fs(w,v) — Fs(u,v)| < LJMmuJ—QWAMMwﬂx

= J [Hu; — Huljv|wsdx
Q

< |Hw — HuHLs’(Q,wg)”‘"HLS(Q,wg)
< CPSHHLL'L_HLLHLS’Q(U3 [VI[tr @0
and by Step 4.4, we obtain
Fifus ) ~Falu)l < | [l 2 — a2 leads

=JNm—mme
Q

< ||]ui_]u||Lv’(Q,w4)||V||W;»P(Q,w1,w4)'
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Hence, for all v € Wg’p(Q, w1, wy), we have

4
|F(ui)V) LI, V Z ‘ ul) - ('LL,V)
]:

[ (HBM Bt (o) + Crall Mt = Mt
+ CP,SCQHHW - Hu||Ls’(Q,w3) + [[Jui — ]u||LP’(Q,w4)] ||v||W(1)>p(Q,w1,w4)'

Then, we get

- Mku“m’(n,wz)>

+ Cp,sCallHu; — HuHLS'(Q,w3) + [|Jwi — ]u||Lv’(Q,w4)~

n
Aw—Aul. <Y (IBan—Batl o, + Co
k=1

Combining (3.1.3), (3.1.4), (3.1.5) and (3.1.6), we deduce that

|Au; — Aul|, — Oasi — oo,

*

thatis, Au; — Auin Wg P(Q, wi,ws)| . Hence, A is continuous and this implies that A is
hemicontinuous.

Therefore, by Theorem 1.2.4, the operator equation Au = G has exactly one solution
ue Wg’p(O_, w1, wy) and it is the unique solution for the problem (3.0.1). With this last step
the proof of Theorem 3.1.3 is completed.

3.2 Example

Take Q = {(x,y) € R? : x* + y*> < 1}, and consider the weight functions w;(x,y) =

(E+y) " walxy) = (C+y) 7 wslxy) = (P +y) 7 and walxy) = (X +y?)

(we have that w;, w,, ws, and w, are A;—weight,p =4, q =3 and s = 2), and the functions
B:OxRxR— R, A: QxR — R*and b: QO x R — R defined by

A((xY),£) =il y)lePe,
where hy(x,y) = 4e*t%) and

B(06y)m, €) = halx, v,
where h;(x,y) = 1 + cos?(xy), and

b((xy)m) =Ny,

where hy(x,y) = 2 — cos?(xy).
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Let us consider the operator
Lu(xy) = —div]wi (6 y)A((xY), Vo) + w2 9)B((xy), 1w, Yk y))|
+ 3%, )b (6, y)y ) + walx, y)huP 2,
Therefore, by Theorem 3.1.3, the problem

cos(xy)
x2 4 y?
u(x,y) =0 on 0Q),

Lu(x,y) = in Q,

has exactly one solution u € W}*(Q, wy, w).
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Chapter 4

Existence and uniqueness of weak
solution in weighted Sobolev spaces for a
class of nonlinear degenerate elliptic
problems with measure data

In this chapter, we discuss the existence and uniqueness of weak solution of a nonlinear

degenerate elliptic equation of the form

—div|wi A(x, Vu) + v2B(x,u, Vu) | +viC(x,u) + wy[uf~u = f —divF  in Q,

u(x) =0 on 0Q),
(4.0.1)
in the setting of weighted Sobolev spaces W;’p(Q, w1, w,), where Q is a bounded open set
inR", T <p < oo, wy, vy, vi and w; are A,-weight functions, A : O x R"™ — R"™ and
B:OxRxR"— R C: QxR — R are Carathéodory functions that satisfy some
conditions and the right-hand side term f — divF belongs to LP'(Q, w} ') + ﬁ P (Q,wl ™).

i

4,1 Existence Result

4.1.1 Hypotheses

Let us now give the precise hypotheses on the problem (4.0.1), we assume that the following
assumptions: Q be a bounded open subset of R*(n > 2), 1 < ¢q,s < p < oo, let wy, v,
vy and w, are A,-weight functions, and let 4 : O x R* — R", B: QO x R x R* — R",

with A(x, &) = (A1(x%,€),, An(x, £)) and Blx,1, &) = (Bi(x,1, &)y Bulxym, £)) and € :
O x R — R satisfying the following assumptions:

(A1) For k =1,...,n, Ay, By and C are Carathéodory functions.
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(A2) There are positive functions hy, hy, hs, hy € L*(Q) and v; € P (Q,wi),y: € LY(Q,v,)
and v; € L¥'(Q, v;) such that

LA, &) < y1(x) + i (x)IEF,

B(x,m, &) < va(x) +ha ()Nl 4 hs ()],

and

C(x, M) < v3(x) + ha(x)MIF T,

where (n,§) € R x R™.
(A3) There exists a constant « > 0 such that
(Alx, &) — A(x, &), E— &) > g, — EPF,

(B(x,m,&) = B(x,n',&),&—&) >0,
and
(ctxm —cxn)(n-n") >0,
whenever n,n’ € Rand &, &' € R* withn #1' and & # &'.

(A4) There are constants 31, 32, 3 > 0 such that
<A(X> Ev)) Ev> 2 B] |Ev|p>

<B(X,T], 5), 5) 2 B2|E»|q + 53’T]|q,

and

C(x,mn =0,

forall (n,&) € R x R™

4.1.2 Main result
First let us introduce the definition of a weak solution for problem (4.0.1).

Definition 4.1.1 One says u € W;’p(Q, w1, wy) is a weak solution to problem (4.0.1), provided

that
J (A(x, Vu), Vv) wy dx +J

(B(x,u, Vu), Vv) v, dx + J C(x,u)vvydx
Q Q

Q

+J lufP2uv w, dx = J fvdx + ZJ f;Djvdx,
Q Q 7 Jo

forallv € WP (Q, wi, w;).
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Remark 4.1.2 Let wy, vy, vi € A,, then

@ If F € L"(Q, wy) where vy = 2= and 1 < q < p < oo, then, by Holder inequality we obtain

ulltarov,) < Cpgllullira,wy)s

e yi/d
where Cp,q = ”;’)_2]”[_” (Q,wq)”

(ii) Analogously, if - € L'2(Q, wy) where vy = -boand 1 <'s <p < oo, then

Iullis (o) < Copsltlir (0,01,

ERTRZRILE
w"lere Cp,s — ||w_1]||LTZ(Q,(,U1)'

The principal result of this chapter reads as follows:

Theorem 4.1.3 Let wi,vi € A,(i=1,2),1 < q,s < p < oo and assume that the assumptions
(A1) — (A4) hold. If

1. felP(Qwi™) and f; € I_P'(Q,w}*p/)forj =1,..,1,
2. Z e Pra(Q, wy) and G- € TV/P(Q, ),
then the problem (4.0.1) has a unique solution u € WS"’(Q, w1, Wy).

Proof. Our proof is based on the transform of problem (4.0.1) to a new one governed by
an operator equation of the form Lu = 7, in order to apply the Browder-Minty theorem
(Theorem 1.2.4). We define the operators N : WP (Q, wy, w,) x Wy (Q, w;, w,) — R and
T : W,P(Q, wi, w;) — Rby

N(u,v) ::J

(A(x, Vu), Vv) wy dx + J
o)

Q
+ J ufP~?uv w, dx,
Q

(B(x,u, Vu), Vv) v, dx + J C(x,u)vvydx
o)

and N
Tv) = J fvdx + ZJ f;Djvdx.
ol 7 0
Thenu € Wg’p(Q, w1, W) is a weak solution of (4.0.1) if and only if

N(u,v) =T(v), for all v e W,P(Q, w;, w,).

The proof of Theorem 4.1.3 is divided into four steps.
Step 1.

In this step, we prove that the problem (4.0.1) is equivalent to an operator equation Lu = 7.
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Let us show that 7 € [Wg’p(ﬂ, wr, wz)] and N (u,.) is linear and continuous, for each
u e W(])’p (Q, wr, w,).

Using Holder inequality, Theorem 1.1.36 and Remark 4.1.2 (ii), we obtain
|T(\))| < J ‘ﬂ\/‘dX + ZJ |fj’Dj\)dX

f|
—JQ o, v|w, dx +ZJ IDjv| wydx

< |If/wallie (q,wy) VIIr (Qws) + Z 15/ w1llip (.0 IPivile (@.w:)
=1

< (cguf/wzuwm,wz) +y Hfj/wdlpm,w])) IVl o e
j=1
According to f € [P’ (Q, w /) and f; € P (Q, w}*pl) forj = 1,..,n, we deduce that 7 €
[W1’p(Q wr, wz)} .

The operator A can be written as NV (u,v) = N;(u,v) + N (u,v) + N3(u,v) + Ni(u,v), where
Ni: Wg’p(Q, w1, Wwsy) X Wg’p(Q, wi,wy) — R, fori=1,2,3,4, are defined as

Ni(u,v) = h (A(x, Vu), Vv)widx, Nz (u,v) :J (B(x,u, Vu), Vv)v,dx,
Q

JQ

N3(u,v) = | C(x,u)vvidx, and N;(u,v) :J ufP2uv w, dx.
JQ Q

Then, we have

N V) < IV V)[4 N2 (V) N3 (u, )]+ NG (V)L (4.1.1)

Also, by utilizing (A2), Holder inequality, Remark 4.1.2 (i) and Theorem 1.1.36, we have

r

N (u,v)| < | JA(x, Vu)||[Vv|w;dx
JQ

~

(Y] + h1|vu|p_]> IVv|w;dx
o)

IN

T a 1 al 1
= | viw!? |Vvlw]dx + J h VuP ! [ Vvlw?! dx
Ja Q
< Ivillr (@, IVVIlr (@uwr) + IR llie @ ||vu||Lp .o IVVIIr 0,0

I N 1 [ e
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and

V2w, V)| < | IB(x,u, VU)|[VV]v,dx

Jo

< (’Yz Fholul! + h3|Vu|q*‘> IVvlvadx
Q

’Jn

a1 1 0 1 0 1
= | v2vy [VV|vydx + J vy [ Vlvs dx + J hs|Vul v [ Vvlvy dx
Ja o) o)

< Valla () IVVIILaga,va) + Iallee (o) ullfs g 4, IV VIIs @)
sl o) I VU5 (g4, VY IILa@02)

< IValla (rvy) CralIVVIILp (0,00 + [Thallioe () C g I (o 0, CrraI VP (@,0r)
sl () C IV, (.0 Cral VVIIr (@,0)

q—1
G (& M Iallieqo + sl )||u||wlp(Qwhw2)+cp,qnvznmg,vz)]||v||W;,p(Q,whw2).

IN

Similarly, by using (A2), Holder inequality, Remark 4.1.2 (ii) and Theorem 1.1.36, we get
Nl < | letswlivivide
Q
S |:C_QC]J,S||‘Y3||]_S/(_Q’V]) + C]SD’S z)Hh4||L°°(Q)||u’|\s/\7(1:,p(ﬂ)w1)wz):| HVHW(])’p(Q,w1,w2)'

Next, by applying Holder inequality and Remark 4.1.2 (ii), we get

Na(wv)l < J WP w, dx
Q

1/p’ 1/p
< < !ulpwzdx) ( Ivlpwzdx>
Q Q
= [Py () Ve (0,02
< CQ”u”Wl P(Q, w],wz)HVHW(])’]D(Q,WI»CUZ)'

Hence, in (4.1.1), we obtain

N < IVl + Ralbm@ltudlly 4 CaCpeltyallria
1
+ Cpallvalliarian,) +C2 (cg IRallieqo) + hallimgn ) el
+ €5, Colllliee o s,

(Qwi,w3)

p—1
W] p(Q ]va) + CQHuHW&'P(Q,whwz) Hv“wg)‘P(va]st))

for all u,v € W&’p(Q,whwz). Therefore, the operator N (u,.) is linear and continuous
for every u € Wg’p(Q, w1, w,). As a result, there is a linear and continuous operator on
W;’p(Q, w1, w,) labeled by £ that provides (Lu,v) = N (u,v) for allu,v € Wg’p(Q, w1, W,).

We also have

[Lulls < il (e, T ull@ HU-||W1 P (O wy) CaCpsllvslles o)

1 -1
+ CpallValliar iy + C (C4 7 alli () +||h3||Loo(m)||u||qo,

+ G Chllhallioe (o lully

ey + Callull

Wlpﬂw wz)?
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where

[Lulls == Sup{|<£u>\)>| = IV (w, V)l :v € WoP(Q, wi, wa), [VIlwiv ;) = ] }»

is the norm in [Wg’p (Q, wy, wz)} . Therefore, we get the operator

*

£: W0, wryw2) — [WeP(Q, wr, w))

u— Lu.

Hence, the problem (4.0.1) is equivalent to the operator equation
Lu=T, ueWP(Q,ww,).

Step 2.
In this step, we demonstrate that A is strictly monotone. Let vi,v, € Wg’p(Q, w1, w,) with

Vi # v,, then we have

(Lvy — Lvy,vi — Vi) =N (viy,vi —v2) — N (va, v —Vy)
= J (x, V1), V(vi —va))wrdx — L(A(x, Vv,), V(vi —va))widx
—l—T (B(x,v1, Vv1), V(vi —v;))vadx — JQ(B(x,vz,sz),V(w —Vv2))vadx
+ Jn C(x,v1)(vi —v2)vidx —J C(x,v2)(vi —v2)vidx
+ JZIW P2y (Vi — Vo) wadx —TQ ValP 22 (Vi — Vo) wadx
= J (A(x, Vvi) — A(x, Vv2), V(v; — vz))wdx
+Q (B(x,v1, Vi) — B(x,v2, V1), V(v; —Vv2))v,dx
. (etxw) = Clxyv2) ) (v = vz ) idx

+ <|V1|p72\’1 — |Vz|p72\’z> (V1 —Vz> w;dx.
Ja

By using (A3) and Proposition 1.3.1 (ii), we obtain

p—2
(Lvi — Lvyyvi —Vvp) > OCJ IV(vi = v2)[P wy dx + BPJ (VVH + |Vz|> vy —val* w; dx
0

Q

v

ocJ IV (vi —v2)|Pw;dx
Q

> OCHV(V] — VZ)”E?(Q,un)'

Therefore, the operator L is strictly monotone.
Step 3.

This step establishes the coerciveness of the operator £. For all u € W&’p(Q, w1, wy), we
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have

(Lu,u) = N(u,u)
= NMu,u) +No(u,u) + Nz (u,u) + Ny(u, u)

= J (A(x, Vu), Vu)widx + J (B(x,u, Vu), Vu)vodx + J
Q

C(x,u)u vidx + J [uPw,dx.
Q Q

Q

From (A4) and Theorem 1.1.36, it follows that

(Luy,u) > By J IVulPw;dx + BZJ IVu|9v,dx + B3J
ol ol

lu|9v,dx + J luPw,dx
Q

Q

> min(pq, 1) U IVu!pw1dx+J !ulpwzdx} + min(B,, B3) U IVquvzderJ Iulqudx}
Q Q Q

> miTl(B]) ”uHW‘ PQw,wy)’

Hence, we obtain
(Lu,u)

llwge w1,

> min(Bs, 1 HU’”W1 P(Q,wr,wz)"

Therefore, as p > 1, we get

(Lu,w)

||u||W;’P (Qyu‘” ,CUZ)

— 400 as ||u||Wg,p(Q,whwz) — 400,

which means that £ is coercive.

Step 4.

In this step, we show that £ is continuous. To do this, consider u; — u in Wg’p(Q, w1, W3)
as i — oo. Then Vu; — Vuin (LP(Q, wy))". Therefore, according to Theorem 1.1.7, there

exist a subsequence (u;;) and ¢ € LP(Q, wy) in such a way that

Vuy (x) — Vu(x), as {j — oo, a.e.inQ
(4.1.2)

Vg, (x)] < db(x), a.e.in Q.

*

We are going to establish that Lu; — Luin Wg’p (Q, wy,w,)| . Itis proved in four steps.
Step 4.1.

We define the operator By, : W(])’p(Q, wi, ws) — LP(Q, w;) by (Bxu)(x) = Ax(x, Vu(x)) for
k = 1,...,n. We need to show that Byu; — Byuwin LP'(Q, w;). We will apply the Lebesgue’s

theorem and the convergence principle in Banach spaces.

FACULTY OF SCIENCE AND TECHNIQUES 58 SULTAN MOULAY SLIMANE UNIVERSITY



MOHAMED EL OUAARABI DOCTORAL THESIS LABORATORY : LMACS

(i) Letu e Wg’p(Q, w1, wy). Using (A2) and Theorem 1.1.36, we obtain

Bl 0y = | Babol widx = | 14 VP wiax
’ Q

wr) a

J (v1 +h IVulp_')p/ widx
o

CPJ <y§)/ + hﬁ’IIVulp> widx
o

IAN - IA

IN

Co W13y + M1 740

< Co [N gy + iy ]

where the constant C,, depends only on p.
(ii) Letu; — uin W;”’(Q, w1, w,) as i — oco. By (A2) and (4.1.2), we obtain

[[Brus; — BkUHE;r(QM) = JQ B, (x) — Brw(x) P wydx
p/
< | (el Va1 e, Twl) onde
Q [
< Cp | (Ml V)P + LA, V)P ) wndx
JO

<G [(Y] + [V |p_1)pl +(v1 + h1|Vu|p_])p/} wsdx
Jo

<G, [(Y] + hﬂl)p_])p/ + (71 +h11|)p_])pl} widx

—2C J (% e ) w; dx
< 2¢,C J v +h? wp) w; dx
<2G,C, [Hwnm,w], 1 [ B )
Hence, thanks to (A1), we get, as ij; — oo
Biw, (x) = Ax(x, Vuy (x)) — Ax(x, Vu(x)) = Bru(x), ae. x€ Q.
Therefore, by Lebesgue’s theorem, we obtain
||Bkui-j - BkuHLP'(Q,w]) — 0,

that is,
Biuy, — Bu in LP'(Q, ws).

Finally, in view to convergence principle in Banach spaces, we have
Biui — Bu  in  LP(Q, wy). (4.1.3)
Step 4.2.

Let us define the operator My, : W;’p(Q, Wi, w,) — L9(Q,v,) by (Myu)(x) = Bi(x, u(x), Vu(x))
for k =1,...,n, We will prove that M,u; — M,uin L9(Q,v,).
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(i) Letu e Wg’p(Q, w1, wy). Using (A2), Remark 4.1.2 (i) and Theorem 1.1.36, we obtain

||Mku||gq’(Q’V2) |Bk(X,u, vu”qlvldx

< Jn ('Yz + h2|LL|q7] + thVqu’1)q/ 'Vde
Q .

< Cq | [+ hg e+ hY IVul|vaax
40

= C, J yglvzdx+J hgllulqudx—kj thIVulqudx}
o) Q 0
< Cq J yg/yzdx + th”E;O(Q)J lu|9v,dx + thHE;(Q)J |Vu|qv2dx}
LJQ Q le)
< Co [Vl + Ml 1+ I 92 )

< Cq [Vl + Il Caltl ) + I ) C IV

< Cq [Vl vy + Ca (COIRlE ) + Ml o )

where the constant C4 depends only on q.

(i) Letu; — uin W(])’p(O., w1, w;z) as i — oo. According to (A2), Remark 4.1.2 (i) and

the same arguments used in Step 1 (ii), we obtain analogously,

M — Myeu  in L9(Q, vs). (4.1.4)

Step 4.3.
We define the operator H : Wg’p(Q, wy, W) — L(Q,v) by (Hu)(x) = C(x,u(x)). In this

step, we will show that Hu; — Hu in L' (Q,v).

(i) Letue Wg’p(Q, w1, wy). Using (A2) and Remark 4.1.2 (ii), we obtain
||HU||S;,(Q’V]) = |C(X)u)|S/V]dX

(vs+ h4|u|sf1)8/ vidx

IN
o )

r

< C; (y?—l—hjlluls)wdx
JO
< Il + el el e
< Co sl + ChalMallPe gy el on |
< o [l @an) + CoeCalulleia i ]

where the constant C; depends only on s.
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(ii) By (A2) and Remark 4.1.2 (ii), we get

’

V1 dx

S

HHug—HuWymm):ZJ’HuﬂX%—HuW)

/

< | (et )1+ et w) v

< Co | (letxug)l +IC0x W )vidx

(let
<C, QKw+hth0 + (vs+ ) v
N

<Y3 + ha ¥ 1) + <Y3 + h41|)51>5/]v1 dx
< zcscSJ vy +h 11)5) vidx
Q

< 2CCL Vsl ey + Ml bl e |
<2c,cl I @I s aen]

l !/

ke

<C,

A

next, using condition (A1), we deduce, as i; — oo
Hug, (x) = C(x, w;; (x)) — C(x,u(x)) = Hu(x), ae xe€Q.
Therefore, by the Lebesgue’s theorem, we obtain
||Huij - HuHLS'(Q,v]) — 0,

that is,
Huy — Hu in L(Q,v).

We conclude, from the convergence principle in Banach spaces, that

Hu; — Hu in L% (Q,v). (4.1.5)

Step 4.4.
We define the operator J : Wg’p(Q, Wi, w;) — [P (Q, w;) by (Ju)(x) = [u(x)[P~?u(x). In this

step, we will demonstrate that Ju; — Juin P (Q, w,).

() Letue W,P(Q,w;,w,). We have
Tl ey = | Tl wadx

= |~ w,dx

A\
E <
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(ii) Letu; — uin W&’p(Q, w1, wz) asi — oo. Thenu; — uin LP(Q, w;). Hence, thanks

to Theorem 1.1.7, there exist a subsequence (u;;) and ¢ € LP(Q, w,) such that
ui; (x) — u(x), as ij — o0, ae.inQ
uy, ()] < (x), ae.in Q.

Next, we get

s =Tl ) = |, [P () = Tt wadn
< | (a1 ruil)” waex

e N (S

J

< Cp | (Mg P2uy P+ [ufPuf )wzdx

Jo
<G (ILLL,-I“"”P/ + Iul(p‘”p'>wzdx
Jo
<G| (Il + ) asax

“Q
<G| (

o + ol ) cwadx
< 2C, TQ lp|Pw,dx
< 2C[[1Ts (0w,
Therefore, by Lebesgue’s theorem, we obtain
[T, — ]uHLP'(Q,wz) — 0,

that is,
Ju, — Ju in LP(Q,w,).

We conclude, in view to convergence principle in Banach spaces, that
Jwi— Ju in  LP(Q,w,). (4.1.6)
Finally, let v e W} (Q, w;, w,) and using Holder inequality, we obtain

G (e, v) — A v)] = rj (A, Vur) — Alx, Vi), Vv)wy dx]

IN

J | A (%, V) — Ax(x, Vu)|[Dyviw dx
1

~
Il
o

I
M =

J Buwi — Bru Divlws dx
Q

~
Il

1

M=

[ Brwi — Bku”Lp’(Q,m)||DkV||LP(Q>w1)
(N

IA
/\W

|Bkuq BkuHLP (Q,wq) > HVHWg‘p(Q,whwz)’
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and by Remark 4.1.2 (i), we get

|/\/'2(u4,v)—/\/'2(u,\))| = |

o

(B(x,w;, V) — B(x,u, Vu), Vv)v,dx|

M=

o) o

By (%, wiy Vi) — Bi(x, u, Vu)|[Dyv|vadx

o~
2

IMyu; — Myeu||Dyv|vadx

o~
Il

1

n
Z HMkui - MkuHLQ'(Q,vz)> HVVHL“(Q,Vz)

VAN
VR

k=1
n
< Cpq (Z [Myw; — MkuHLq'(Q,vz)> VY[t (@)
kT:11
< Cp,q (Z ||Mku1 - MkuHLq’(Q,vz)) HVHW(‘)»P(Q,G,],Q,Z)»
k=1

and by Remark 4.1.2 (ii), we obtain

N, v) — Ns(wv)l < ng(x,m)—g(x,u)llvlwdx

J [Hu; — Hul|v|v;dx
Q

< [Hws = Hufl g v VI
< GslHu = Hulle o v Vi)
S CP»SCQHHW - Hu”LS/(Q,V])HV”WJ)’P(_O_’(,U]’(,UZJ°

and by Step 4.4, we have

N(wv) — N v)] < J a2 — P folwsx
Q
= Jw — Jul[vlw,dx
Q

< Jwi— Iu“LP’(Q,wz)HV”W(])vP(Q,w],wZ]-

Hence, for all v € Wg’p(Q, w1, w3), we have

4
N (i v) = N < D7 A s v) = A, v)|
=1

< [Z (HBkui — Bl () + CoallMicwi — MkuHLq’(Q,vZ)>

k=1
+ CpsCallHus — Hul[or g 4, + [Jwi = Jullm'm,wz)} IVllw» (w102

Then, we get

n
[Lui — Lufl, < Z (HBkui — Bl ip(g,wy) + Cpial Mt — MkuHLq'(Q,vz)>
k=1

+ CpsCollHuw = Hullor gy, + 1w = Jullie 0,0,
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Combining (4.1.3), (4.1.4), (4.1.5) and (4.1.6), we deduce that

|ILw — Lu]|, — Oasi — oo,

*

thatis, Lu; — Luin Wg)’p(Q, w1, w,)| . Hence, £ is continuous and this implies that £ is
hemicontinuous.
Therefore, by Theorem 1.2.4, the operator equation Lu = 7 has exactly one solution

ue W(‘;P (Q, wy, w,) and it is the unique solution for the problem (4.0.1).

4.2 Example

Take Q = {(x,y) € R? : x> + y> < 1}, and consider the weight functions w;(x,y) =
(x* +vy?) -2 va(x,y) = (x* +y?) e -2
(we have that w;, v,, vy, and w; are A;,—weight,p =4,q=3and s = 2>, and the functions
B:OxRxR— R}, A: QxR — R*and C: Q x R — R defined by

, Vi(x,y) = (xz+yz)_1 and w;(x,y) = (x* +y?)

A((xY),€) = i (%, yIELE,

where hy(x,y) = 4e**v*) and

B((x, )y, &) = hs(x,y)lEle,

where h;(x,y) = 1 + cos?(xy), and

C((x,y),n> = hy(x,ym,

where hy(x,y) = 2 — cos?(xy).

Let us consider the operator

Lu(x,y) = —div[wﬂx,y)A((x,y),Vu) +Vz(x,y)8<(x,y),u,Vu(x,y)ﬂ
TV (X»U)C((Xay),u) + Wy (x, y)[uPu

Therefore, by Theorem 4.1.3, the problem

_ cos(x+y) o ( sin(x+y) o [ sin(x+y) .
Lulx,y) = 7757 — o ((x2+y2)) Ty ((x2+y21) in 0,

u(x,y) =0 on 0Q),

has exactly one solution u € W}*(Q, w, w,).
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of topological degrees in functional spaces
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Chapter 5

Preliminaries

In the present chapter we introduce the notations and present all necessary and relevant

properties about variable exponent Lebesgue-Sobolev spaces and topological degree theory.

5.1 Preliminaries about the functional framework

In recent years, the nonlinear problems with variable exponential growth is a new research
field that drew the interest of many mathematical researcher. The principal interest of these
problems come mainly from their applications, such in image processing (remove noise,
edge detection and image restoration) and in the modelisation of the movement for a elec-
trorheological fluids. This section will be devoted to introduce too the notion of variable ex-
ponent Lebesgue-Sobolev spaces LP™(Q) and WX (Q), and some interesting definitions
and properties, which are essential to prove some results of existence for solutions of the
nonlinear elliptic problems studied in this thesis. For more details on these spaces, we refer
the reader to [82, 101].
Let O C RY(N > 1) be an open with a Lipschitz boundary denoted by 9Q. Denote

C.(Q)= {p : Q — [1, 4o00[ continous such that p(x) > 1}.
We define
p" := max {p(x), X € ﬁ} and p := min {p(x), X € 5} forevery p € C.(Q).
We define the Lebesgue space with a variable exponent p € C,(Q) by

P (Q) = {f : QO — R is measurable such that J

1£(x) P dx < +oo}.
Q

LP™(Q) is endowed with the following Luxembourg-type norm

[fl, () = inf {7\ > 01 Py (;) < 1},
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with
Pp) () = J [f(x)P¥dx forall fe LP™(Q).
Q

Proposition 5.1.1 [101] For any sequence (f,,) and all f € L?™¥(Q), we have

[flyg < T(resp. = 1;,> 1) & pyp(f) < 1(resp. = 1;> 1), (5.1.1)
[l > T = [0 < Ppro () < I (5.1.2)

[flopg < T = 2 < Ppp () < Wl (5.1.3)

lim |f,, — ﬂp(x) =0 & lim pp(x)(fn —f)=0. (514)

Remark 5.1.2 From (5.1.2) and (5.1.3), we can infer that
[flo) < Ppix (f) + T, (5.1.5)
Py (F) < D) + Iflp (5.1.6)
Proposition 5.1.3 [101] The space (Lp(") (Q),l- Ip(x)> is a separable and reflexive Banach space.

Proposition 5.1.4 [101] Let f € L?™(Q) and g € 1?"™(Q). Then, we have the following Holder-
type inequality
1 1
<|{—+ — iy < /(x) .
HQ fg dx) < <p + p,>|f|p(x)|9|p x) < 2flpolglpr i (5.1.7)

Remark 5.1.5 Ifp, q € C,(Q) with p(x) < q(x) then L3¥(Q) — LPM(Q).
Now, we define the Sobolev space with a variable exponent p € C,(Q) by

WP () = {f e 1PM(Q) : |Vl e (LPW }
and it is a Banach space under the norm

||f||1,p(x) - |f|p(x) + |Vf|p(x)

Furthermore, we have the compact embedding WP (Q) —— [P®(Q)(see [101]).
We also define Wg’p(x) (Q) as the subspace of W'?¥(Q) which is the closure of C(Q) with

respect to the norm || - | px)
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Proposition 5.1.6 [101] If the exponent p(x) satisfy the log-Holder continuity condition, i.e. there

is a constant a > 0 such that for every x, y € Q, x # y with |x —y| < 5 one has

a

X) — < —) 5.1.8

P09~ Py < ot (5:1.8)
then, there exists C > 0 depending only on Q) and the function p such that

Il < CIVFlyw forall £e WM (Q). (5.1.9)

In this thesis, we shall use the following norm on W™ (Q)
|ﬂ1,p(x) — |vﬂp(x))
and is equivalent to the norm || - [|; ,(x) (thanks Poincaré inequality (5.1.9)).

Proposition 5.1.7 [101] The spaces (WW(")(Q), |- ||1)p(x)> and (W;’p(x)(ﬂ), |'|1,p(x)> are separable

and reflexive Banach spaces.

Remark 5.1.8 The dual space of W™ (Q) is the space W~"?'®)(Q) defined by

N
w PN (Q) = {f =fy — Z D:f; with (fo, f1,...,fn) € (LP’(XJ(Q))N} ,

i=1

equipped with the norm
N
a0 = nf {folpriog + D il }-
i
Remark 5.1.9 Note that for all f € WP (Q), we have
flo < flhpng and Vil < Ifllp-
Next, for all f € WP (Q), we introduce the following notation
P1.p00 (F) = Ppio () + Pp (V).
Then, from [82, Theorem 1.3], we have the following result.

Proposition 5.1.10 If f € WP (Q), then the following properties hold true

1l p < T(resp. =1;>1) & pypp(f) < 1(resp. = 1;> 1), (5.1.10)
fll1pe > 1 = 115 < Prpea () < IE s (5.1.11)
fll1pp < 1 = 1 < Prpe (F) < TFIF - (5.1.12)
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We may also consider the generalized Lebesgue space

T

PY Q) = {f : Q1 — R is measurable with J

J If(x,t)lp(x)dxdt < oo},
0Jo

endowed with the norm
.

st = inf {A >0 L pp(x)()f\) at <1},

which, of course, shares the same type of properties as LP™(Q).

As in [25], we introduce the functional space
W= {f e 1P (0, ;W PM(Q)) « Vel e LP(X)(QT)N}, (5.1.13)
which is a separable and reflexive Banach space endowed with the norm

|f’W = |f’LP7(0,T;W(])’p(X)(Q)) + IVf’LP(X)(QT)-

Thanks to Poincaré inequality (5.1.9), the expression

[l = |VﬂLP(X](QT))

is a norm defined on W and is equivalent to the norm | - |y.

Some interesting properties of the space WV are stated in the following lemma.
Lemma 5.1.11 [25] Let W be the space defined as above and W* denote its dual space, then:

1. We have the following continuous dense embedding

LP7 (0, T; WP (Q)) = W — 1P (0, T; WP (Q). (5.1.14)

2. In particular, since C¥(Qr) is dense in 1P (0, T; Wg’p(x)(Q)), it is dense in W and for the

corresponding dual spaces we have

L® (0, W (Q)) — W* — LP (0, Tw P 0(Q)). (5.1.15)

3. Under the assumption (9.0.3), we have

q-

qt — +
. 9 dxdt < Il 0 + 1 < P00, — 1 sj [P dxdt < [f7
.

Lr(x)(Q
or (Qr)

(5.1.16)

5.2 Topological degree theory

Now, we give some results and properties from the theory of topological degree. The readers

can find more information about the history of this theory in [9, 10, 30, 31, 99].
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5.2.1 Topological degree theory for operators of the type 7 + S

In what follows, let Y is a real reflexive and separable Banach space with dual Y* and con-
tinuous pairing (.,.), and given a nonempty subset D of Y, 9D and D represent the boundary

and the closure of D in Y, respectively.

Definition 5.2.1 We consider a mapping T defined from Y to Y* and its graph is given by
G(7T) = {(u,v) ceYxY':ve T(u)}.
1. T is said to be monotone if for all (wy,vy), (uz,v2) in G(T), we get that (vi —vz2, 3 —uy) > 0

2. T is said to be maximal monotone if it is monotone and maximal in the sense of graph inclusion
among monotone mappings from Y to Y*, or for any (uo,vo) € Y x Y* for which (vo — v, uy —
u) >0, for all (u,v) € G(T), we have (up,vo) € G(T).

Definition 5.2.2 Let Z be a real Banach space. A operator T : D C Y — Z is said to be
1. bounded, if it takes any bounded set into a bounded set.
2. demicontinuous, if for any sequence (u,) C D, u, — wimplies that T (w,) — T (u).

3. compact, if it is continuous and the image of any bounded set is relatively compact.

Definition 5.2.3 A mapping S : D(S) C Y — Y* is said to be

1. of type (S.), if for any (u,) C D(S) with u, — wand lim sup(Su,, u, —u) <0, it follows

that u, — u.

2. quasimonotone, if for any sequence (w,,) C D(S) with u, — u, we have lim sup(Su,, w, —
n—oo

u) > 0.

In the sequel, let £ be a linear maximal monotone map from D(£) C Y to Y*, and we consider

the following classes of operators for each open and bounded subset G on Y:

Fg = {[, +S:GND(L) = Y*:Sisbounded, demicontinuous
map of type (S, ) with respect to D(£L) from G to Y*},
He = {£ +8(t): GND(L) — Y*: S(t) is a bounded homotopy of type

map of type (S, ) with respect to D(£) from G to Y* }
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Definition 5.2.4 Let E be a bounded open subset of a real reflexive Banach space Y, T € Fi(E) be
continuous and let F, S € Fr(E). The affine homotopy T1 : [0,1] x E — Y defined by

M(t,u) .= (1 —t)Fu+tSu, forall (t,u) € [0,1] X E
is called an admissible affine homotopy with the common continuous essential inner map T
Remark 5.2.5 Note that the class Hc includes all affine homotopies
L+ (1—=1)S +tS,, with (L + ;) € Fg, i=1,2.

Now, we introduce the Berkovits and Mustonen topological degree for the class ¢, and see

[31, 30] for more informations.

Theorem 5.2.6 Let L a linear maximal monotone densely defined map from D(L) C Y to Y*, and
let
£ = {(F, G,d) : F e Fg, Gan open bounded subset in'Y, ¢ & F(0G N D(L))}.

Then, there exists a topological degree function d : £ — Z satisfying the following properties:
1. (Existence) if d(F, G, &) # O, then the equation Fu = & has a solution in G N D(L).

2. (Additivity) If Gy and G, are two disjoint open subsets of G such that ¢ € F[(G\(G; U G3)) N
D(L)], then we have
d(F) G» d)) = d(F) G]) d)) + d(F» GZ) d))

3. (Homotopy invariance) If F(t) € Hg and f(t) ¢ F(t)(0GND(L)) for all t € [0, 1], where f(t)

is a continuous curve in Y*, then

d(F(t), G, f(t)) = C, Vt € [0,1].

4. (Normalization) L 4 J is a normalising map, where J is the duality mapping of Y into Y*,
that is,
d(L+T,G,d) =1, forall ¢ € (L+ T)(GND(L)).

The following theorem plays an important role in the proof of the existence results in the

next chapters.

Theorem 5.2.7 Let L+ S € Fyand & € Y* and assume that there exists a radius v > 0 such that
(Lu+Su—d,u) >0, (5.2.1)

forallw € 9B, (0) N D(L). Then the equation Lu + Su = ¢ has a solution win D(L).
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Proof. To show this theorem, it suffices to prove that (£ + S)(D(£)) = Y*.
Let Fo(t, u) = Lu+ (1 —t)Ju+t(Su+ wJu—¢), forall w > 0and t € [0, 1].
From (5.2.1) and since 0 € £(0), we obtain

(Fo(t,u),u) = (t(Lu+Su—ob,u) + (1 —t)Lu+ (1 —t+ w)Ju,u)
>((1T—t)Lu+ (1 —t+ w)Ju,u)
=1 -t)(Lu, w) + (1 —t+ w){Ju,u)
(
(

=(1—t+w)r?>0.

Which implies that O ¢ F,(t, u).
Since J and S + wJ are continuous, bounded and of type (S, ), then {F,(t, )}ep, is an ad-
missible homotopy. Therefore, applying the homotopy invariance and normalisation prop-

erty of the degree d stated in Theorem 5.2.6, we obtain
d(Fo(t,-), B:(0),0) = d(£ + J,B,(0),0) = T #O.

Consequently, by existence property of the degree d there exists a point u,, € D(£) such that
0 € Fu(t, -). In particular, by setting w — 0t and t =1, we get ¢ € (L + S)(D(L)) for some
u € D(£) and that for all ¢ € Y*(¢ is arbitrary). Which implies that (£ + S)(D(£)) = Y*.

5.2.2 Topological degree theory for a class of demicontinuous operators
of generalized (S.)

We start by defining some classes of mappings. In what follows, let X be a real separable

reflexive Banach space and X* be its dual space with dual pairing (-, -).
Definition 5.2.8 Let Y be another real Banach space. A operator F: D C X — Y is said to be
1. bounded, if it takes any bounded set into a bounded set.
2. demicontinuous, if for any sequence (u,) C D, u, — wimplies F(u,) — F(u).
3. compact, if it is continuous and the image of any bounded set is relatively compact.
Definition 5.2.9 A mapping F: D C X — X* is said to be

1. of type (S.), if for any sequence (w,) C D with w, — uwand lim sup(Fun,u, —u) < 0, we
n—oo
have u,, — u.
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2. quasimonotone, if for any sequence (u,) C D with u, — u, we have lim sup(Fu,, u, —u) >

n—oo
0.

Definition 5.2.10 Let T: D; C X — X* be a bounded operator such that D C D;. For any operator
F:D c X — X, we say that

1. Fis of type (Si)7, if for any sequence (u,) C D with u, — U, Yn = Tu, — y and
lim sup(Fuy, yn —y) < 0, we have u, — u.

2. F has the property (QM )y, if for any sequence (u,) C D with u, — u, Yn := Tu, =y, we
have lim sup (Fu,,y —yn) > 0.

n—oo

Consider the different types of operators as follows:

Fi1(D) = {F : D — X* : Fis bounded, demicontinuous and of type (S+)},
Fr(D) .= {F : D — X : Fis demicontinuous and of type (S+)T},
Fip(D) = {F € F(D) : Fis bounded },

for any D C D(F), where D(F) denotes the domain of F, and any T € F;(D).

Now, let O be the collection of all bounded open sets in X and we define
FX)={Fe R(D):EcO,Te RE),

where, T € F;(E) is called an essential inner map to F.

Lemma 5.2.11 [99, Lemma 2.3] Let T € F;(E) be continuous and S : D(S) C X* — X be demicon-

tinuous such that T(E) C D(S), where E is a bounded open set in a real reflexive Banach space X.

Then the following statements are true :

1. If S is quasimonotone, then 1 + S o T € F+(E), where 1 denotes the identity operator.

2. IfSisof type (S.), then So T € F+(E).

Definition 5.2.12 Suppose that E is bounded open subset of a real reflexive Banach space X, T €
Fi1(E) is continuous and F, S € Fr(E). Then the affine homotopy A : [0,1] x E — X defined by

Alt,u) == (1 —t)Fu+tSu, for (t,u) €[0,1] xE
is called an admissible affine homotopy with the common continuous essential inner map T.

Remark 5.2.13 [99, Lemma 2.5] The above affine homotopy is of type (S, )7.
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Now, we give the topological degree for the class F(X) (see [99]).
Theorem 5.2.14 Let
M = {(F,E,h) E€O, Te /(E), Fe F(E), h¢ F(aE)}.
Then, there exists a unique degree function d : M — Z that satisfy the following properties:
1. (Normalization) For any h € F(E), we have

d(L,E,h) = 1.

2. (Additivity) Let F € Fyg(E). If By and E, are two disjoint open subsets of E such that
h & F(E\(E; UE,)), then we have

d(F,E,h) = d(F, E;,h) + d(F Ez, h).

3. (Homotopy invariance) If A : [0,1] x E — X is a bounded admissible affine homotopy with a
common continuous essential inner map and h: [0, 1] — X is a continuous path in X such that
h(t) € A(t,0E) forall t € [0, 1], then

d(Al(t,-),E,h(t)) =Cforall t € [0,1].
4. (Existence) If d(F, E, h) # O, then the equation Fu = h has a solution in E.
5. (Boundary dependence) If F, S € Fr(E), F =S on OF, and h & F(OE), then
d(F, E,h) = d(S,E, h).
Definition 5.2.15 [99, Definition 3.3] The above degree is defined as follows:
d(KE,h) := dp(Flg,, Eo, h),

where dg is the Berkovits degree [29] and E is any open subset of E with F~'(h) C E, and F is

bounded on E,.
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Chapter 6

Existence result for Neumann problem
with p(x)-Laplacian-like operators in
generalized Sobolev space

This chapter studies the existence of a weak solutions for Neumann problem with p(x)-

Laplacian-like operators, originated from a capillary phenomena, of the following form

|VuPP =27y

VT + [Vue

2p(x)—2
<|§7u|p(x)*2§7u+ W—Vu)a_u — O on aQ)
1+ Ve J

in the setting of the generalized Sobolev spaces W''P¥/(Q)), where Q is a smooth bounded

—diV(IVu\p(x)’ZVu + ) = pu)* 20 + Af(x,u, Vu) in Q,

(6.0.1)

domain in RN, p(-), «(-) € C.(Q), %* is the exterior normal derivative, 1 and A are two
real parameters. Based on the topological degree for a class of demicontinuous operators
of generalized (S.) type, under appropriate assumptions on f, we obtain a result on the

existence of weak solutions to the considered problem.

6.1 Assumptions and notion of weak solution

We assume that QO € RN(N > 2) is a bounded domain with a Lipschitz boundary 0Q, p €

C;(Q) satisfy the log-Holder continuity condition (5.1.8), « € C(Q) with2 < o™ < x(x) <
af <p” <px) <p"<ooand f: Q x R x RN — Ris a function such that:

(A1) f is a Carathéodory condition.
(A;) There exists C; > 0 and y € L?'®(Q) such that

f(x, G, &) < Cry(x) + ()91 4 |g[ato=Ty
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fora.e.x € Qandall (¢,&) € R x RN, whereq € C.(Q)with2 < q <q(x)<q"<p~.

The definition of a weak solutions for problem (6.0.1) can be stated as follows.

Definition 6.1.1 We call that uw € WX (Q) is a weak solution of (6.0.1) if

VuPr-2vy
Ve

V 1+ [Vufpk)

J (IVqu(X)_ZVu + dx = J (ulul“(")_zu + Af(x,u, Vu)) @dx,
Q Q

forall ¢ € WIPH(Q).

Remark 6.1.2
IVulPP-2yy

Nl

o pu*¥2y € IP'M(Q) and AMf(x,u, Vu) € LP'¥(Q) under w € WYX (Q) and the given

e Note that J

(P27 4
Q

)V(pdx is well defined (see [131]).

hypotheses about the exponents p, x and q and (A;) because: y € LP'M(Q), r(x) = (q(x) —

1p'(x) € Co(Q) witht(x) < p(x) and B(x) = («(x) =1)p’(x) € C1.(Q) with B(x) < p(x).
Then, by Remark 5.1.5 we can conclude that TP® — L) gnd 1PX) — [BK),

Hence, since ¢ € 1LPX¥(Q), we have (ulul“(")*zu + Af(x,u, Vu)> ¢ € L'(Q). This implies
that, the integral J

(ulu!“(")_zu + Af(x, u, Vu)) @dx exist.
o

6.2 Main result

We are now in the position to get the existence result of weak solutions for (6.0.1).

Theorem 6.2.1 If the assumptions (A1) — (A;) hold, then the problem (6.0.1) possesses at least one

weak solutions w in W™ (Q).

Proof. First, we give several lemmas that will be used later.

Let us consider the following functional :

1
. )/ (x)
Ju) = J ) <|Vu|‘D +4/ 1+ |[Vul? >dx

From [131], it is obvious that 7 is a continuously Gateaux differentiable and 7 := J'(u) €
WP’ (Q) such that

IVulPP-2yy )

v
T+ VU0

for all u, @ € W' (Q) where (-,-) means the duality pairing between W~"?'®(Q) and

Xy

(Tu, @) = J (!Vu!p(")’ZVu +
Q

WP (Q). In addition, the following lemma summarizes the properties of the operator T
(see [131, Proposition 3.1.]).
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Lemma 6.2.2 The mapping

T W Q) — W*I»P/(X)(Q)

e VP
Tu, :J VuP¥ =2y + Vedx,
Twe)=] (I o)

is a continuous, bounded, strictly monotone operator and is a mapping of class (S.).

Lemma 6.2.3 Assume that the assumptions (A,) — (A;) hold, then the operator
S WIPN(Q) — W' N(Q) defined by
|

(ulul“(")_zu + Af(x,u, Vu)) @dx, forall u, € WPM(Q),
Q

is compact.

Proof. In order to prove this lemma, we proceed in three steps.
First step: Let us define the operator ¥ : W'P®(Q) — [P'¥(Q) by

|oc(x)72

Yu(x) := —pu(x) u(x).

In this step, we will prove that ¥ is bounded and continuous. It is clear that ¥ is continuous.
Next we show that ¥ is bounded. Let u € W'"P™(Q), and using (5.1.5) and (5.1.6) we obtain

|‘{’ulpf(x) x) (Wu) + 1

H|p’(X)|u’(oc(X)—1)p’(X) dx + 1

< p.p/(
J Iplul"‘(")_zuIP/(") dx + 1
Q
|
Q

< (1P + 0P ) ppy (W) + 1
< (1 ) (1l + half ) 1.
Hence, we deduce from [P — [B® and Remark 5.1.9 that

B~ pr
MWty < C(IRIE o + el ) + 1.

Consequently, ¥ is bounded on WP (Q).
Second step: We define the operator ® : WX (Q) — 1P'M(Q) by

Du(x) = —Af(x,u, Vu).
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We will show that @ is bounded and continuous.
Let u € WM (Q). According to (A;) and the inequalities (5.1.5) and (5.1.6), we obtain

!CDu]p/(X) S pp/(x)((DLL) + 1

B J IMF(x, 1 (x), V()P ™M dx + 1

_ J AP (x, w(x), V)P Odx + 1
Q

AP +|A|P s (v )+ fufatd +|Vuyq(XH)|P’(X)dx+1

AP AP +>J (Y007 =170 (5090 g
Q

Af\ >

NP + AP ) (Pprsg (¥) + Prix) () + g (V10)) + 1

(wv AP ) (G + PV + iy + Rl + [Vl + [Vully ) + 1.
Taking into account the continuous embedding LP™ < "™ and Remark 5.1.9, we have then
Oulyig < C W20 + Gy + Il + Il ) +1,

and consequently @ is bounded on W™ (Q).
Let us show that ®@ is continuous. To this purpose, let us assume u, — win W™ (Q), we
need to show that ®w, — ®uin LP'®(Q). We will apply the Lebesgue’s theorem.
Note that if u, — uin WP (Q), then u,, — win [?¥(Q) and Vu, — Vuin (LPM(Q))N.
Consequently, there exist a subsequence (uy) of (1) and ¢ in LP™¥(Q) and ¥ in (LPY¥(Q))N
such that

we(x) = u(x) and Vu(x) —» Vu(x), ask — oo, (6.2.1)

e (x)l < d(x) and [Vui(x)| < [b(x]l, forallk € N, (6.2.2)

and for a.e. x € Q.
Hence, from (A;) and (6.2.2), we have

[£(%, we (%), Ve (x))] < Cy(y(x) + [ ()90 4 jp(x) 497,
On the other hand, thanks to (A;) and (6.2.1), we get, as k — oo
fx, we(x), Vue(x)) — f(x,u(x), Vu(x)) a.e. x € Q.

Seeing that
VG + ()T e 1 (@),

and
P (@ O10) = | 10,1 (x), V) = Flx, wlx), Vualx) )P Ve,
Q
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then, from the Lebesgue’s theorem and the equivalence (5.1.4), we have
Oduy, — Ou in [P’ ¥(Q),

and since O is single-valued, then
du, — du in [P’ ¥(Q).

Third step: Let I* : [P'®(Q) — WP'®(Q) be the adjoint operator of the natural embed-
ding mapping I : WP (Q) — LP¥(Q). We then define

IFoW: WPH(Q) —» W P'(Q),

and
"o @ : WPM(Q) = WP M(Q).

On the other hand, due to the compactness of I, I* also becomes compact. Thus, the compo-
sitions I* o ¥ and I* o ® are compact, and consequently, S = I* o ¥ + I* o @ is compact. With
this last step the proof of Lemma 6.2.3 is completed.

Now we give the proof of the Theorem 6.2.1. The basic idea of our proof is to reformulate
the problem (6.0.1) to an abstract formula governed by a Hammerstein equation, and apply
the theory of topological degree introduced in Subsection 5.2.1 to show the existence of weak
solution to (6.0.1).

First, for all u, @ € WP (Q), we define the operators 7 and S, as defined in Lemmas

6.2.2 and 6.2.3 respectively,

T : WhPH(Q) — WP H(Q)

T
Tu, @) = J VuP¥=2vu + ,
Twe)=] (17 T |vu|2P<X)) ®

S:WhHPH(Q) — WP Q)
(Su, @) = —J (ulul“(")‘zu + M(x, u, Vu)) @dx.
0

Consequently, the problem (6.0.1) is equivalent to the equation

Tu=-8u, ueWrNQ). (6.2.3)

Taking into account that, by Lemma 6.2.2, the operator 7 is a continuous, bounded, strictly

monotone and of class (S.), then, by [143, Theorem 26 A], the inverse operator

L=T": W’l’p'(x)(Q) - WI»P(X)(Q)’
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is also bounded, continuous, strictly monotone and of class (S.).

On the other hand, according to Lemma 6.2.3, we have that the operator S is bounded,
continuous and quasimonotone.

Consequently, following Zeidler’s terminology [143], the equation (6.2.3) is equivalent to the

following abstract Hammerstein equation
u=Lp and ¢ +So Lo =0, ue WPN¥(Q)and ¢ e WP ¥(Q). (6.2.4)

Due to the equivalence of (6.2.3) and (6.2.4), it will be sufficient to solve (6.2.4). In order to
solve (6.2.4), we will apply the Berkovits topological degree introduced in Subsection 5.2.1.

First, let us set
B:= {(p e W P M(Q):3te0,1] suchthat ¢ +tSo Lo = O}.

Next, we show that 3 is bounded in € W="P'¥(Q). Let us put u:= L for all ¢ € B.
Taking into account that [L| ) = i1 p(x), then we have the following two cases:

First case : If [[ul]; ,(x) < 1, then [Loli ;) < 1, that means {E(p NONS B} is bounded.

Second case : If [[ul]; ,(x) > 1, then, we deduce from (5.1.11), (A;), the inequalities (5.1.6) and
(6.1.7), and the Young’s inequality that

LI}y = I}
< Pip (1)
= Ppix) (W) + Pp (V)
<(Tu, u)
= (¢, Lo)
=—t(So Ly, Lo)

= tJ (ulul“(x)’2u+7\f(x, u, Vu))udx
ol

< tmax(|ul, C; W)(J

lu*™ dx + J ly(x)u(x)|dx + J lu(x)]9™ dx + J
o) o) o)

V9097 |y dx)
Q

— tmax(u A (puy () + | [YO0hulxllde + ) + | 19 ulax)
Q Q

B + - | 1
S C<|u|$(x) + |u|§z;) + h/|p’(x) |u|p(x) + |u|g(x) + |LL|3(X) + quq(x](vu) + q_pq(x)(u))
- + + - - +
S C<|U|§(x] + |uV§(X) + |u|p(x) + |u|g(x) + |u’g(x) + ’vu’g(x) + !Vulg(x)) .
Then, according to Remark 5.1.9, and the continuous embedding [P — L** and 1P™) —
L™, we get
- +
12618 ) < CIL@I ) + 10l pio + €01, )
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what implies that {E(p e €EB } is bounded.
On the other hand, we have that the operator is S is bounded, then S o L¢ is bounded. Thus,
thanks to (6.2.4), we have that B is bounded in W—"?'(Q). However, there exists a constant
b > 0 such that

@l 1) <b forall ¢ € B,

which leads to

©+tSoLe #0, @ € 0B,(0) and t € [0, 1],

where By (0) is the ball of center 0 and radius b in W—"*' ¥ (Q).

Moreover, by Lemma 5.2.11, we conclude that

[+SoL e Fr(By(0)) and I =T o L € Fr(By(0)).

On another side, taking into account that I, S and £ are bounded, then I+ S o £ is bounded.

Hence, we infer that

[+SoLl € FL’B(Bb(O)) and I=T oL € FL’B(Bb(O)).
Next, we define the homotopy

H:[0,1] x By(0) - WP M (Q)
(t, @) = H(t,@) =@ +tSo L.

Hence, thanks to the properties of the degree d as in Theorem 5.2.14, we obtain
d(I+ S0 L,B,(0),0) = d(I,By(0), 0) =1 #0,
what implies that there exists ¢ € B,(0) which verifies
©+SoLp=0.

Finally, we infer that u = L¢ is a weak solutions of (6.0.1). Thus, the proof of Theorem 6.2.1

is completed.
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Chapter 7

On a class of p(x)-Laplacian-like Dirichlet
problem depending on three real
parameters

7.1 Position of the problem and hypotheses

This chapter establishes the existence of weak solution for a Dirichlet boundary value prob-
lem involving the p(x)-Laplacian-like operator depending on three real parameters, origi-

nated from a capillary phenomena, of the following form:

—A},(X)u + Slu| X2y = ug(x,u) + Af(x,u, Vu) in Q,
(7.1.1)
u=20 on 0Q),

where Al)(x) is the p(x)-Laplacian-like operator, Q is a smooth bounded domain in RV, &, u
and A are three real parameters, p(-), x(-) € C.(Q) and g, f are Carathéodory functions.
Under suitable nonstandard growth conditions on g and f and using the topological degree
for a class of demicontinuous operator of generalized (S, ) type and the theory of variable-
exponent Sobolev spaces, we establish the existence of weak solution for the above problem.

We assume that Q ¢ RN(N > 2) is a bounded domain with a Lipschitz boundary 90,

p € C.(Q) satisfy the log-Holder continuity condition (5.1.8), @ € C,(Q) with
2< a0 <ax)<at<p <px)<pT<o0,g: QxR —-Randf:Q xR xRN — Rare

functions such that:
(A1) f is a Carathéodory function.
(A,) There exists C; > 0 and y € LP'™(Q) such that
[£(x, &, &)l < Cily(x) + [ (€I,
(A3) g is a Carathéodory function.
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(A4) There are C; > 0 and v € L' ®(Q) such that
9(x, Q)] < Ca(v(x) + [,

fora.e. x € Qandall ((,&) € R x RN, where q,s € C.(Q) with2 < q~ < q(x) < q" <p~
and2 <s <s(x)<st<p.

2p(x)—2
Remark 7.1.1 First. Note that, forall u, @ € Wg,’p(x)(Q),J (IVqu(X)_ZVu—l— Vul Vu> @)

0 V14 [Vulp®)

is well defined (see [131]). Second, we have Slul*¥~2u € [P'®(Q), ug(x,u) € LP'®(Q) and
Af(x,u, Vu) € LP'™(Q) under u € W;’p(x)(Q), the assumptions (A;) and (A4) and the given

hypotheses about the exponents p, , q and s because: v(x) = (q(x) —1)p’(x) € C(Q) with r(x) <

p(x), B(x) = (a(x) — 1)p’(x) € C(Q) with B(x) < p(x) and k(x) = (s(x) — 1)p’(x) € C.(Q)
with k(x) < p(x).
Then, by Remark 5.1.5 we can conclude that TP — LX) [Py PO gpd TP <y <),

Hence, since ¢ € 1P (Q), we have
< — ™2 + ug(x, w) + Af(x,u, Vu)) e eL'(Q).
This implies that, the integral
L ( — w2 4 ug(x, u) + Af(x,u, Vu)) pdx
exists.

Then, we shall use the definition of weak solution for problem (7.1.1) in the following sense:

Definition 7.1.2 We say that an element w € Wy (Q) is a weak solution of (7.1.1) iff

Vue-2vy )
VT+ Vuet)

forall @ € WP (Q).

J (!Vu!p(")’ZVu + Vedx = J ( — 5wl 72 4 ug(x, ) + Af(x,u, Vu)) edx,
0 1o}

7.2 Main result

Before giving our main result we first give two lemmas that will be used later.
Let us consider the following functional:

T) = J ]%X)(ywvm £ y14 [T ax.

Q
From [131], it is obvious that 7 is a continuously Gateaux differentiable and

T = J'(u) € WHP'M(Q) such that

[VuPP-2vy
)Tods

Vedx
1+ |Vu#pk)
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for all u, @ € W;’p(x)(Q) where (-,-) means the duality pairing between WP’ (Q) and
W;’p(x) (Q). In addition, the following lemma summarizes the properties of the operator 7°

(see [131, Proposition 3.1.]).

Lemma 7.2.1 The mapping T : Wy"™ (Q) — W%'0(Q) defined by
IVuPP =27y

VT [Vue

is a continuous, bounded, strictly monotone operator, and is of class (S..).

(Tu, @) :J (|Vu|p(")*2Vu+ )V(pdx, forallu, @ € Wg’p(x)(Q),
o)

Lemma 7.2.2 Assume that the assumptions (Ay) — (A4) hold. Then the operator
S: WP (Q) — WP'N(Q) defined by

(Su, @) = —J (— Slul®™ =2 4+ ug(x, ) + Af(x,u, Vu)) @dx, forall u, ¢ € WP (Q),
Q
is compact.

Proof. In order to prove this lemma, we proceed in four steps.
Step 1: Let Y : W™ (Q) — LP'™¥(Q) be an operator defined by

Yu(x) = —pg(x,u).

In this step, we prove that the operator Y is bounded and continuous.

First, let u € W;’p(x) (Q), bearing (A4) in mind and using (5.1.5) and (5.1.6), we infer
|Yulp/(x) S (YLL) +1

Pp
J lug (%, w(x))P M dx + 1
Q

QMP—HMP)JI )+ TP
<C

(1w ™) [ (0P a1

I A +pK())+1

<C(

< C(IMIBa + Iy + i, ) +1.
Then, we deduce from (5.1.9) and LP®) «— L% that
Pl < C (VB + el + ulip ) +1,

that means Y is bounded on W;’p(x) (Q).

Second, we show that the operator Y is continuous. To this purpose let u, — uin Wg’p(x) (Q).
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We need to show that Yu, — Yuin LP'¥(Q). We will apply the Lebesgue’s theorem.
Note that if u,, — uwin W;’p(x) (Q), then u, — win [P™(Q). Hence there exist a subsequence
(uy) of (u,) and ¢ in LP™(Q) such that

we(x) = u(x) and fw(x)| < $(x), (7.2.1)
fora.e. x € Q and all k € N. Hence, from (A;) and (7.2.1), we have

1906w (X)) < Co(v(x) + [b(x) ),

fora.e. x € Q and for all k € N.
On the other hand, thanks to (A3) and (7.2.1), we get, as k — oo

glx,u(x)) = g(x,u(x)) a.e. x € Q.
Seeing that
v+ [GFNT e P(Q) and ppip (Yu — Yu) = L 190, wk(x)) — g(x, u(x)) P dx,
then, from the Lebesgue’s theorem and the equivalence (5.1.4), we have
Yu, — Yu in LP’'M(Q),

and consequently
Yu, = Yu in [P'™(Q),

that is, Y is continuous.
Step 2 : We define the operator ¥ : W&’pm (Q) — P'®(Q) by

Yu(x) := dlu(x)|*™M2u(x).

We will prove that ¥ is bounded and continuous.
It is clear that ¥ is continuous. Next we show that WV is bounded.
Letu € W(l’p(x) (Q) and using (5.1.5) and (5.1.6), we obtain

|WLL|p/(X) pp/ (x) (WLL) + 1

8|2 P M dx + 1

I
o o

|6|P’(X)|u|(oc(><)—1)p’(><)dx+]

5P +151P’*)J P dx + 1
Q

BP" + [8P

I+

Ppx)
<|u|[3 |u|B ) +1.

/N 7 N TN
N— ——

5P + 18P
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Hence, we deduce from LP® — LB and (5.1.9) that
Wil < C('”’?,;(x) + ’“’%(x)) +1,

and consequently, ¥ is bounded on W,?™(Q).
Step 3 : Let us define the operator ® : W, (Q) — LP'™(Q) by

Du(x) := —Af(x,u(x), Vu(x)).

We will show that @ is bounded and continuous.

Letu e Wg’p(x) (Q). According to (A,) and the inequalities (5.1.5) and (5.1.6), we obtain

|®u|p/(x) S pp’(x](q)u) + 1

IAF(x, w(x), Vu(x)) P ™Mdx + 1

I
%

Q

IAP I (x, w(x), Vu(x)) P @ dx 4 1

|
Q

(MP +|7\|P J|c x) + a9 +|Vulq(")_])|"'(")dx+1
c(wv AP )J X) 4 e +|Vu|f(x))dx+1
< C(INP" 4 AP ) (Ppri) (V) + priwy (W) + Py (V) ) + 1

< O + Il -+l + IVl + [Vl +1
Taking into account that [P — L™ and (5.1.9), we have then
Dulying < C(WIEL + el + Il ) + 1,

and consequently @ is bounded on W™ (Q).

It remains to show that @ is continuous. Let u,, — uin W&’p(x] (Q), we need to show that
du, — Ouin [P’ (Q). We will apply the Lebesgue’s theorem.

Note that if u, — win WP™(Q), then u, — win LIP®¥(Q) and Vu, — Vuin (LP®(Q))N.
Hence, there exist a subsequence (w) and ¢ in LP®(Q) and y in (L™ (Q))N such that

w(x) = u(x) and Vui(x) = Vu(x), [ux(x)] < ¢(x) and [Vue(x)[ < [p(x)l,  (7.2.2)
fora.e. x € O and all k € N. Hence, thanks to (A;) and (7.2.2), we get, as k — oo
fx, we(x), Vue(x)) — f(x,u(x), Vu(x)) a.e. x € Q.
On the other hand, from (A;) and (7.2.2), we can deduce the estimate

0%, wic(x), Ve (x))] < Cry (x) + 1 ()19 4+ [ (x) |97,
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fora.e. x € Q and for all k € N. Seeing that
Y+ 1019+ [ (x)[ 17 € 1P(Q),
and taking into account the equality

Pp/0 (P — D) = L (%, Wi (x), Vi (x)) — £(x,1(x), Vu(x)) P ™¥dx,

then, we conclude from the Lebesgue’s theorem and (5.1.4) that
Oy, — du in [P’ ¥(Q)

and consequently
du, — du in [P’ ¥(Q),

and then @ is continuous.
Step 4: Let I*: [P'™¥(Q) — W~P'®(Q) be the adjoint operator of the operator
I: Wg’p(x)(ﬂ) — LPM(Q). Next, we define

oY : Wy (Q) —» WP (Q),

I*oW : W(])’p(x)(O_) _ W—Lp’(XJ(Q),

and
Fo® : WP (Q) —» WP (Q),

On another side, taking into account that I is compact, then I* is compact. Thus, the com-
positions I*oY, I*o¥ and I*o® are compact, that means § = [*0Y + I*o¥ + I*o® is compact.
With this last step the proof of Lemma 7.2.2 is completed.

We are now in the position to get the existence result of weak solution for (7.1.1).

Theorem 7.2.3 Assume that the assumptions (A1) — (A4) hold, then the problem (7.1.1) possesses

at least one weak solution u in W;’p(x) (Q).

Proof. The basic idea of our proof is to reduce the problem (7.1.1) to a new one governed by
a Hammerstein equation, and apply the topological degree theory to show the existence of
weak solution to the state problem. First, for all u, ¢ € W&’p(x) (Q), we define the operators
T Wy (Q) — W' (Q) and S : WP (Q) — WP M(Q) by

VuP¥=2yy

= vulr -2y | Vod

<Tu> (P> JQ <| u u—+ I |Vu|2p(x)> pax,

(Su, @) = —J < — 5wl 72 4 ug(x, u) 4+ Af(x,u, Vu)) pdx.
o}

FACULTY OF SCIENCE AND TECHNIQUES 87 SULTAN MOULAY SLIMANE UNIVERSITY



MOHAMED EL OUAARABI DOCTORAL THESIS LABORATORY : LMACS

Consequently, the problem (7.1.1) is equivalent to the equation
Tu=—8u, uew,"™Q). (7.2.3)

Taking into account that, by Lemma 7.2.1, the operator 7 is a continuous, bounded, strictly

monotone and of class (S.), then, by [143, Theorem 26 A], the inverse operator
L=T":WwPMQ) - w"(Q),

is also bounded, continuous, strictly monotone and of class (S ).

On another side, according to Lemma 7.2.2, we have that the operator S is bounded, contin-
uous and quasimonotone.

Consequently, following Zeidler’s terminology [143], the equation (7.2.3) is equivalent to the

following abstract Hammerstein equation
u=/Lep and @ +SoLp =0, uc W;’p(x)(Q) and ¢ € WP M(Q). (7.2.4)

Seeing that (7.2.3) is equivalent to (7.2.4), then to solve (7.2.3) it is thus enough to solve
(7.2.4). In order to solve (7.2.4), we will apply the Berkovits topological degree introducing

in Subsection 5.2. First, let us set
B .= {(p e W PN (Q):3te[0,1] suchthat ¢ +tSoLy = O}.

Next, we show that B is bounded in € W' (Q).

Let us put u := Lo for all ¢ € B. Taking into account that L@y p) = [Vl ), then we have
the following two cases:

First case : If [Vul,) <1, then |Loli,x) < 1, that means {E(p NONS B} is bounded.

Second case : If [Vul,) > 1, then, we deduce from (5.1.2), (A;) and (A4), the inequalities
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(56.1.7) and (5.1.6) and the Young’s inequality that
L@ = Vit
< pp(x)(vu)

_ tJ (_ S/ 21 + pg(x, w) + Af(x, u, Vu))udx
Q

< tmax(§l, Calul, s |
Q

| ol | g | vt )
Q Q Q

Iul"‘(") dx + J

lv(x)u(x)|dx + J lu(x))$™¥ dx
Q

Q

— tmax([s), Calih C) (paco () + |

VO u(x)ldx + J y(u(x)ldx
Q

Q

+ 0 ) + P 1) + |Vl uldx)

Q
+
(

) N X . .
< C<|u|§(x) + Il + Vool + Pl g =+ S + Tulgg + lg ) + Tuld

_|_

1 1
Y x(vu)+_p x(u)
q'- q(x) q— q(x) )

- + + — + - +
< C<|u|§(x) + |u|§(x) + |u|‘p(x) + |LL|§(X) + |u|2(x) + |u|g(x) + |u|g(x) + |VLL|3(X)),

then, according to LP®) « L) [PX) y [s0) and [P — 19 we get
- + + +
LN ) < C<|‘C(P|§x,p(x) + 1Lk peo + LR o + |£‘P|?,p(x)>>

what implies that {E(p e €EB } is bounded.
On the other hand, we have that the operator is S is bounded, then SoL¢ is bounded. Thus,
thanks to (7.2.4), we have that B is bounded in W-"?"(Q).

However, there exists T > 0 such that
lp|_1p/) < T forall ¢ € B,

which leads to
@ +tSoLe #0, @ € 0B,(0) and t € [0, 1],

Moreover, by Lemma 5.2.11, we conclude that

I+8SoL € Fr(B:(0)) and I ="ToL € F,(B.(0)).

On another side, taking into account that I, S and £ are bounded, then I 4+ So£ is bounded.

Hence, we infer that

I+ SoLl € .FL,B(BT(O)) and I=7ToL € fL,B(BT(O)).

FACULTY OF SCIENCE AND TECHNIQUES 89 SULTAN MOULAY SLIMANE UNIVERSITY



MOHAMED EL OUAARABI DOCTORAL THESIS LABORATORY : LMACS

Next, we define the homotopy

H:[0,1] x BL(0) = WP’ M(Q)
(t, @) — H(t, @) = @ + tSoLe.

Hence, thanks to the properties of the degree d seen in Theorem 5.2.14, we obtain
d(I+ SoL,B.(0),0) = d(I,B(0), 0) =1 #0,
which implies that there exists ¢ € B(0) verifying
@+ SoLe =0.

Finally, we infer that u = L¢ is a weak solution of (7.1.1). The proof is completed.
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Chapter 8

Existence and uniqueness results for a
class of p(x)-Kirchhoff-type problems
with convection term and Neumann
boundary data

We establish an existence and uniqueness results for a homogeneous Neumann boundary

value problem involving the p(x)-Kirchhoff-Laplacian operator of the following form

—M( J L(;Vuw)ﬂuw(x))dx) <div(|Vu!p(X)’2Vu)—Iulp(x)’2u> — f(x, 1, Vu) in Q,
Q

p(x)
!Vu!pm*zg—ﬁ =0 on 0Q).
(8.0.1)

where Q is a smooth bounded domain in RN, g—;‘ is the exterior normal derivative, p(x) €

C,(Q) with p(x) > 2. By means of a topological degree of Berkovits for a class of demicon-
tinuous operators of generalized (S, ) type and the theory of the variable exponent Sobolev
spaces, under appropriate assumptions on f and M, we obtain a results on the existence and

uniqueness of weak solution to the considered problem.

8.1 Hypothesis and notion of weak solution

In this chapter we will discuss the existence and uniqueness of weak solution of (8.0.1). For
this, we list our assumptions on f and M associated with our problem to show the existence
result.

From new on, we always assume that O C RN(N > 2) is a bounded domain with a
Lipschitz boundary 0Q, p € C,.(Q) with2 <p~ < p(x) <p" <ocand f: QO x R xRN - R
is a function such that:

(A1) f satisfies the Carathéodory condition.
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(A,) There exists f1 > 0 and vy € L?'®(Q) such that

[£(x, ¢, £)] < B (y(x) g | a|q(xm>

fora.e. x € Qandall ((,&) € R x RN, where2 < q <q(x)<q"<p.

Furthermore,
(My) M : [0, +00) — (my, +00) is a continuous and increasing function with m, > 0.
Let us recall that the definition of a weak solution for problem (8.0.1) can be stated as follows.

Definition 8.1.1 A function uw € WX (Q) is called a weak solution of (8.0.1) if
1 () 4 ) (-2 (-2
M< (IVufP™ + fuP )dx) (IVuIp VuVe + [uf™ ™ u (p) dx = | f(x,u, Vu)e dx,
o Px) Q Q

forall @ € WPH(Q).

8.2 Existence and uniqueness results

We are now in the position to get the existence result of weak solution for (8.0.1).

Theorem 8.2.1 If the assumptions (Ay) — (A;) and (My) hold, then the problem (8.0.1) admits at

least one weak solution win W™ (Q).

Proof. First, we give several lemmas that will be used later.

Let us consider the following functional:

DO (u) = M(J Luww + fuP®)y dx),

o Pp(x)

S

where /]\/\l(s) = | M(1)dT, such that M(s) satisfies the condition (M,).

0
It is obvious that the functional @ is a continuously Gateaux differentiable whose Gateaux
derivative at the point u € W'"P®(Q) is the functional 7 := ®’(u) € W*'®(Q), given by

<Tu><p>=M<J .

p(x) p(x)
Qp(x)uvm 4l )dx)J

(IVqu(X)_ZVuV(p + o2y (p) dx,
Q

for all u,@ € WK (Q) where (-,-) means the duality pairing between W~"*'®(Q) and
W' (Q). Furthermore, the properties of the operator 7 are summarized in the following

lemma (see [51, Theorem 2.1])
Lemma 8.2.2 If (M) holds, then

1. T : WM (Q) — WP M (Q) is a continuous, bounded and strictly monotone operator.
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2. T is a mapping of type (S;).

Lemma 8.2.3 Assume that the assumptions (A1) — (A;) hold, then the operator
S WIPN(Q) — W' N(Q) defined by
(Su, @) = —J f(x,u, Vu)o dx, forall u,@ € WPM(Q)
Q

is compact.
Proof. Let ® : W' (Q) — LP'™(Q) be an operator defined by
du(x) := —f(x, u, Vu) for ue WM (Q) and x € Q.

Next, we split the proof in several steps.
We first show that @ is bounded and continuous. By using (A;), the inequalities (5.1.5) and
(5.1.6), we obtain

DUl (x) < Pprix) (OU) + 1
= J 1f(x, w(x), Vu(x))P'™ dx + 1
0

S C(Dp/(x) ('Y) + pr(x)(u) + pr(x)(vu)> + 1

I+ — _
< C<|V|E(X) + |u|:(+x) + |u|r(X) + |Vu|:(+x) + |VLL|:(X]> +1,

for all u € WP (Q) where r(x) = (q(x) — 1)p’(x) < p(x).

Then, by the continuous embedding LP* — L™ and Remark 5.1.9, we have
I+ _
@l < CBly + Wl + Wl ) + 1.

This implies that @ is bounded on W™ (Q).

To show that @ is continuous, let u, — u in W"?™(Q) . Then u,, — u in LP™(Q) and
Vu, — Vuin (LP®(Q))N. Hence there exist a subsequence (1) of (1,) and measurable
functions ¢ in L™ (Q) and P in (L™ (Q))N such that

we(x) = u(x) and Vu(x) — Vu(x),

e (x)] < d(x) and [Vui(x)] < [b(x]], (8.2.1)

fora.e. x € Qand all k € N.

Hence, thanks to (A;), we get, as k — oo

fx, we(x), Vue(x)) — f(x,u(x), Vu(x)) a.e. x € Q.
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On the other hand, it follows from (A;) and (8.2.1) that

06, w0, Vi )] < B (Y00 + 10001 + o)1),

fora.e.x € Q and forall k € N.

Since
Y+ [T + I € Q)

and
Pp ) (P — DU = L ‘f(x, we(x), V(%)) — Fx, u(x), Vu(x))| ! dx,

therefore, the Lebesgue’s theorem and the equivalence (5.1.4) implies that
Odu, — du in [P'M(Q).

Thus the entire sequence (®u,) converges to ®u in [P’ ¥ (Q) .
Moreover, let I* : LP'®(Q) — W' ®(Q) be the adjoint operator for the embedding of
[: WPH(Q) = 1PN (Q). Let us define

"o @ : WHPM(Q) - WhP'H(Q),

which is well-defined by assumption (A;).
Since the embedding I is compact, it is known that the adjoint operator I* is also compact.
Therefore, I* o @ is compact. This completes the proof.
Now we give the proof of the Theorem 8.2.1. For that, we transform this Neumann boundary
value problem into a new one governed by a Hammerstein equation, so by using the theory
of topological degree introduced in Section 5.2, we show the existence of weak solution to
the state problem.

First, for all u, @ € WP (Q), we define the operators 7 and S, as defined in Lemmas

8.2.2 and 8.2.3 respectively,

T :WHPN(Q) — W)

(T, @) = M( |~ (FuP + P |

o) (IVqu("HVuV(p + JuP™=2y cp) dx,
Q Q

S: WK (Q) — WP’ (Q)

(Su, @) = —J f(x,u, Vu)e dx.
o)

Then u € WP (Q) is a weak solution of (8.0.1) if and only if

Tu=-8u. (8.2.2)
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Thanks to the properties of the operator 7 seen in Lemma 8.2.2 and in view of Minty-

Browder Theorem (see [143, Theorem 26 A], the inverse operator
L:=T": W—hp'(X)(Q) - WLP(X)(Q)’

is bounded, continuous and of type (S, ). Moreover, note by Lemma 8.2.3 that the operator
S is bounded, continuous and quasimonotone.

Consequently, Equation (8.2.2) is equivalent to the abstract Hammerstein equation
u=Lp and @ +So Ly =0. (8.2.3)

To solve Equation (8.2.3), we will apply the degree theory introduced in Subsection 5.2.2. To
do this, set

B— {(p e WP M(Q):3te0,1] suchthat ¢ +tSo Lo = 0}

Next,we prove that B is bounded in € WP ¥ (Q).

Let @ € Band setu:= Lo, then [L@|; ) = [Uli pr)-

If [uli px) < 1, then |[L@l; 5 is bounded.

If [uf; px) > 1, then by (5.1.11), the growth condition (A;), the Holder inequality (5.1.7), the
inequality (5.1.6) and the Young inequality, we get

P P
1Ll e = Ul pio

- pp(x)(u) + pp(x)(vu)
< {(Tu,u)

= (9, Lo)

=—t(So Ly, L)

= tJ f(x,u, Vu)u dx
Q

< C(L by (x)u(x)] dx + P (1) + L V909 dx)

- 1 1
§ C<h’|p’(x)|u|p(x) + |u|g(+x) + |u|g(x) + q,_ pq(x)(vu) + quq(x) (u)>

+
(

— +
< Culp 4 uld 4 fuld 4 [Vl ).
q(x) q(x) q(x)

From Remark 5.1.9 and the continuous embedding [P — L9, we conclude that

- +
1007 < C(1£@hp + L1 )-
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So, we infer that { Lol €B } is bounded.
Since the operator S is bounded, it is obvious from (8.2.3) that B is bounded in W~"?'®¥(Q).
Consequently, there exists R > 0 such that

lpl_1p/x) <R forall ¢ € B.

Therefore
@+tSoLe #0 forall ¢ € 0BR(0) and all t € [0, 1],

where Bg(0) is the ball of center 0 and radius R in WP’ (Q).

Moreover, from Lemma 5.2.11 we conclude that

[+SoL e Fr(Br(0)) and I =T o L € F.(Br(0)).

Next, consider a homotopy A : [0, 1] x Bg(0) — WP'™(Q) given by

Alt,@) =@ +tSo Lo for (t,e) € [0,1] x Br(0).
Hence, by using the normalization property and the homotopy invariance of degree d seen

in Theorem 5.2.14, we obtain
d(I+ S o L, Bg(0),0) = d(I, Br(0), 0) =1 #0.
Then, there exists ¢ € Bg(0) such that
@+SoLlp=0.

Thus, we conclude that u = L is a weak solution of (8.0.1). The proof is completed.
Next, we consider the uniqueness of solution of (8.0.1). To this end, we also need the follow-
ing hypothesis:

(A3) There exists C, > 0 such that

(Fx,t,8) = F(x,5,0) ) (t =) < Coft — s

forae.x € Qandallt,s € R, &, c RN,

We are now in the position to state our uniqueness result.

Theorem 8.2.4 If the assumptions (Ay) — (A3) and (My) hold, then the weak solution of (8.0.1) is
pr C,

unique provided <1

mo
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Proof. Let uy,u; € WP (Q) be two weak solutions of (8.0.1). Then, by taking ¢ =u; —w,
in the Definition 8.1.1, we get

:
Y, = M(J (VWP P ) J
Q

o) <!Vu1 P27,V (g — )
0

+ g [PY 2 (g — uz)) dx = J f(x, wr, Vg ) (g — uy) dx,
o

and

1
Waim M| S0Vl P |
Q

— (V"™ 29107 (i — )
Q

+ Py (uy — Uz)) dx = J (%, wr, Vg ) (wy — uz) dx.
Q
Subtracting the above two equations, we obtain

Y, -V, = J (f(x, uy, Vuy) — f(x, uy, Vuz)) (u; —uy) dx. (8.2.4)

Q

Denote p;px) (1) = L (IVqu(X) + Iulp(")> dx, Vu e W),

By the same proof as [82], we can show that the Theorem 1.4 of [82] hold for p; () (u). In
particular, if we take u, = v in Theorem 1.4 of [82], we can easily see that u = vin WP (Q)
if and only if p1 () (W) = p1p (V). Hence, for any u, v € WM (Q) with u # vin WP (Q),
we can see that pj () (1) 7# P1px) (V).

Without loss of generality, we may assume that py ) (W) > p1p(x) (U2). It follows that
M (J 1 (IVm PO+ Ip(")> dx) >M (J 1 <|Vu2|p("] + qulp(")>dx> : (8.2.5)
aPx) o Plx)
since M (t) is a monotone function.

If | > uy|, using (8.2.5) and the assumption (M,), we obtain

[ 1]
W= = M( | S (VP haPdx) | (19w P9 Vi - )
Jap(x) Q
P (=) ) dx— Vs
[
> M _ p(x) p(x) J p(x)—2
2 M( ] oo (9P + P dx) ] |19 P v

— |Vu2|p(x)_zvuz>v(u1 —uy) +<Iu1 P92, — |U2|p(x)_2uz> (wy — Uz)} dx}
> my U [(|VU—I P27, — IVuzI"(")‘ZVuz>V(u1 — )
Q

+<Iu1 POI=2qy, — qulp[")‘zuz> (W — uz)} dX] :

(8.2.6)
On the other hand, since p(x) > 2, then we have the following inequalities (see [82]):
Ty\P(x)
(!LH POy — !uz|p(x)72uz) (ur —up) > <§>p huy — wp[P™, (8.2.7)
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1\ Px)
<|Vu1 P2y, — IVuzlp(X)’ZVw)V(u] W) > (§>p IV — VP, (8.2.8)

So, by (8.2.7) and (8.2.8), we get

+

T\P
Y —Y¥; > mo(z) J <|Vu1 — VwP™ + _u2|p(x)> dx
Q

et (8.2.9)
> mol = J luy — wy[P™ dx.
)] e

Using (8.2.9) in (8.2.4), we obtain

‘I +
mo (_)p J g —wP™ dx < J (f(x, wy, Vug) — fx, uz, Vu2)> (W —uy)dx.  (8.2.10)
2 a o

Then it follows from the assumption (A3) that

‘l +
mo (—)p l —wP¥ dx < Co |y — wP™ dx. (8.2.11)
2 Q Q

If [u,| > |uy], changing the role of u; and u; in (8.2.4)-(8.2.11), we obtain

T\pP"
mo () J uz — P dx < CZJ wy — w1 dx. (82.12)
2 Q Q
PG, . . :
Consequently, when - < 1, then u; = u, and so the solution of (8.0.1) is unique. This
0

completes the proof.
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Chapter 9

Weak solutions for a quasilinear elliptic
and parabolic problems involving the
(p(x), q(x))-Laplacian operator

In this chapter, we study the existence of weak solution to the following quasilinear prob-

lems: )
D Appgt — Agt = d(x, ) in Qr:=Q x (0,T),
u(x,t) =0 onl:=0Q x (0,T), (9.0.1)
u(x,0) = up(x) in Q,

and

—Apyt — Agou + wiu[f¥2u = v A(x,u) + 0 B(x,u, Vu) in Q,
(9.0.2)

u=20 on 0Q),

where ¢ € W*, up € *(Q), A: QxR - Rand B: Q x R x RN — R are Carathéodory
functions that satisfy the assumption of growth, and the variables exponents p, q € C,(Q)

are assumed to satisfy the following assumption:

1<q <q<q <p <p<p’<+oo, (9.0.3)

9.1 Quasilinear parabolic problem involving the (p(x), q(x))-
Laplacian operator

In this section, we will prove the existence of weak solution of the problem (9.0.1). First we

will state a lemma that will be used later.
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Lemma 9.1.1 The operator S := —Apyu — Aqu defined from W into W* by

(Su, V)= = J

Qr

(IVqu(X]_ZVqu + IVqu(X)_ZVqu) dxdt,

is bounded, continuous and of type (S..).

Proof. Let t €] 0, T[ and denote by A the operator defined from Wg Px) (Q) into W' (Q)

by
(.Au(x,t),v(x, t)> = <.A]1L(X, t),V(X,t)) + <A2u(x,t),v(x, t)>>

where

(Arulx, t), vix, 1)) == J

(qu(x, P2V (x, 1) Vv(x, t)) dx,
Q

and

(Aaulx, 1), v(x, 1)) = J

(IVu(x, )92 (x, £) Vv (x, t)> dx,
o)

for all u(-,t), v(-,t) € Wg’p(x)(Q), with (-, -) is the duality pairing between W~?'®)(Q) and
WP Q).

Then, we obtain

.
(Su, V)= = J (Au(x,t),v(x,t))dt, forall u,v e W,
0

with (-, -}~y is the duality pairing between W* and W.
Next, it follows from [81, Lemma 3.1] that .A; and A, are bounded, continuous and of type
(S4); so the operator A := A;+.4, is bounded, continuous and of type (S. ) and consequently
the operator S is bounded, continuous and of type (S..).

We are now in the position to get existence result of weak solution for (9.0.1).

Theorem 9.1.2 Let & € W* and uy € L*(Q), then the problem (9.0.1) admits at least one weak
solution u € D(L), where D(L) = {u eW: e W and u(0) = O}.

Proof. First, let us define the operator £ := % with domain D(£) given by

DL)={ueW : % e W* and u(0) = 0},

. ... du, . . .
where the time derivative ey is understood in the sense of vector-valued distributions, i.e.,

T

(L1, V) = J (W' (t), v(t))dt, Vv e W,
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with (-, -}y« » means the duality pairing between W* and W, and (:,-) means the duality
pairing between W~'?'®(Q) and W;’p(x) (Q).
Second, we define the operator & : W — W* as defined in Lemma 9.1.1

(Su, V)= = J

Qr

(IVqu(X)_ZVuVV + IVqu(X)_2Vqu) dxdt.
Consequently, the weak formulation of the problem (9.0.1) is given by the operator equation
ueD(L): Lu+ Su=d.

Next, it follows from lemma 9.1.1 that S is bounded, continuous and of type (S, ), and the
operator L is well known to be closed, densely defined, and maximal monotone [143, Theo-
rem 32.L, pp.897-899].

Let u € W. Using the monotonicity of £ and the inequality (5.1.16), we obtain

(Lu+ Su,u) > (Su,u)

J (IVuP™ + |Vuli™)dxdt
Qr

2 zﬂvu‘E;(x)(QT) - 1)

> 2(fuf, —1).
Because the right-hand side of the previous inequality approximates to co when Ju/,, — oo,
then the operator £+ S is coercive. Thus for each ¢ € W* thereis aradius r = r(¢) > 0 such

that
(Lu+Su—dd,u) >0, foreach ue€ B, (0)ND(L).

So all the conditions of Theorem 5.2.7 are satisfied. Consequently, Theorem 5.2.7 leads us to
the conclusion that the equation Lu + Su = ¢ has a weak solution in D(£), which implies

that the problem (9.0.1) has a weak solution u € D(L£). This completes the proof.

9.2 Quasilinear elliptic problem involving the (p(x), q(x))-
Laplacian operator

In this section, we will discuss the existence of weak solution of (9.0.2). In the beginning,
let us assume that p € C, (Q) satisfy the log-Holder continuity condition (5.1.8), & € C.(Q)
with2 <& <EX)<EF<p <p(x)<p' <00, A:QOxR—-RandB: QxR xRN - R

are functions such that:

(A1) Bisa Carathéodory function.
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(A;) There exists o; > 0 and f € LP'®)(Q) such that

IB(x,y,z)| < o (f(x) + |y|k(x)_] + |z,

(A3) Ais a Carathéodory function.

(A4) There are o; > 0 and g € LP'™¥(Q) such that
A, Y)| < ca(g(x) + lyl™),

fora.e. x € Qandall (y,z) € R x RN, where q,s € C,(Q) with2 < k= < k(x) < k* <
p and2<s <s(x)<st<p.

Remark 9.2.1

1. Letd € W;’p(x)(Q), then
J (I7uP™27uve + [Tuft-2vuve ) dx
Q
is well defined (see [81]).

2. Let u € WyP™(Q), then we have wluf¥2u e 1P'M(Q), v Alx,u) € LP'®(Q) and
o B(x,u, Vu) € IP'®(Q) under the assumptions (A,) and (A4) and the given hypotheses
about the exponents p, &, q and s because: f € 1P'¥(Q), g € IP'M(Q), r(x) = (k(x) —
1p'(x) € C(Q) with v(x) < p(x), and B(x) = (E(x) —1)p’(x) € C4(Q) with B(x) < p(x)
and k(x) = (s(x) — 1)p’(x) € CL(Q) with k(x) < p(x).

Then, using Remark 5.1.5, we conclude that [PX) — [T [PX) sy [BX) gpd TP0) ey T¥O),
Therefore, with ® € L™ (Q), we have

( — WUEY 2y v A(xu) + o Blx, Vu))s e L'(Q).
This means that

J ( — wu*¥ 2y + v A(x,u) + 0 B(x, u, Vu))%dx < 0.
Q

Then, let us introduce the definition of a weak solution for (9.0.2).

Definition 9.2.2 We say that a function u € W;*p(") (Q) is a weak solution of (9.0.2), if for any
9 € WyP™(Q), it satisfy the following:

J <|Vu|p(")_2VuV19 + IVqu(XHVuV8> dx = J
Q

( — wu*¥ 2y + v A(x,u) + 0 B(x, u, Vu))ﬁdx.
Q
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Let us now give some lemmas that will be used later. First, let us consider the following
functional:

C(u) :J L|Vu|P(X)dX+J' L|vu|q(x)dx
Q p(X) fe) q(X)

From [81], it is clear that the derivative operator of the functional C in the weak sense at the
point u € WP (Q) is the functional G(u) := C’(u) € WP’ ®(Q) given by

(Gu,d) = J

<|Vulp(")_2VuV19 + IVqu(X)‘2VuV8> dx,
Q

for all u,d € W;‘p(x)(Q) where (-, ) means the duality pairing between WP’ ¥ (Q) and
W;’p(x) (Q). Furthermore, we have the following properties of the operator G.

Lemma 9.2.3 [81, Theorem 3.1.]The mapping
G: WP (Q) — WP (Q)

(Gu, D) = JQ (|Vu|P(X>—ZVuV9 + IVulq(")_2VuV8> dx, G-21)
is a continuous, bounded, strictly monotone operator and is of type (S, ).
Lemma 9.2.4 If (Ay) — (A;) hold, then the operator
N WP (Q) - WPk (Q)
(9.2.2)

(N, d) = —J ( — wuf¥ 20+ v A(x, u) + o B(x,u, Vu))ﬁdx,
o}
is compact.

Proof. We follow four steps to prove this lemma.
Step 1: Let ¥; : W™ (Q) — LP'™¥(Q) be an operator defined by

Yiu(x) i = —vA(x,u).

We wiil prove that the operator ¥, is bounded and continuous. Let u € W"™(Q), bearing
(A4) in mind and using (5.1.5) and (5.1.6), we infer

Wiuly ) < ppr (Wiu) + 1
= L A u(x)) P @dx 4 1
= L P O] A (%, w(x)P ™ dx + 1
J ot ( (x )+|u|s(x)_1>|pl(x)dx—|—1
<P 1) | (1g0ar™ + ) ax+ 1
: ) (pp )(g) + me(u)) + 1

< C(Iglgfn + hulsty + Ml ) +1-
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Then, we deduce from (5.1.9) and [P — %X that
=+ K K™
Wrulyring < C (19 + half g + el ) +1,

that means ¥ is bounded on Wg)’p(x) (Q).

Second, we show that the operator ¥, is continuous. To this purpose let u, — win W, PR(Q),
We need to show that Wi, — Yiuin LP'¥(Q). We will apply the Lebesgue’s theorem.
Note that if w,, — win W;’p(x) (Q), then u, — win LP¥(Q). Hence there exist a subsequence
(up) of (u,) and ¢ in LP™(Q) such that

Un(x) = u(x) and fun(x)| < d(x), (9.2.3)

fora.e. x € Qandall k € N.
Hence, from (A;) and (9.2.3), we have

AR, Un ()] < 0a(g(x) + b ()P,

fora.e. x € Q and for all k € N.
On the other hand, thanks to (A3) and (9.2.3), we get, as k — oo

Ax,um(x)) = A(x,u(x)) a.e. x € Q.
Seeing that
g+ € PM(Q) and ppri (Witm — Wiu) = JQ LAt (%)) — Alx, u(x)) P ™ dx,
then, from the Lebesgue’s theorem and the equivalence (5.1.4), we have

Yiu, — Yiu in LPM(Q),

and consequently
Yiu, — Yu in IP'Y(Q),

that is, ¥; is continuous.
Step 2 : We define the operator ¥, : Wg’p(x) (Q) — IP’M(Q) by

You(x) = wlu(x))E¥2u(x).

We will prove that ¥, is bounded and continuous.

It is clear that ¥, is continuous. Next we show that ¥, is bounded.
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Letu e Wg’p(x) (Q) and using (5.1.5) and (5.1.6), we obtain

Hence, we deduce from LP®™ — [B®™ and (5.1.9) that
Watlpring < C(Wf i + 1y ) + 1,

and consequently, ¥, is bounded on W™ (Q).
Step 3 : Let us define the operator Vs : W(])’p(x) (Q) — P'®(Q) by

Yiu(x) := —oB(x,u(x), Vu(x)).

We will show that ¥; is bounded and continuous.
Letu € W(l’p(x) (Q). According to (A;) and the inequalities (5.1.5) and (5.1.6), we obtain

Waulpr g < ppri (Wau) + 1

= J loB(x, u(x), Vu(x))P'™Mdx + 1

Q
_ j 0P OB (x, w(x), V()P ®dx + 1

Q
< (|c|p’* n |o|v’*) J o (f(x) R 4 IVqu(")“> P dx + 1

Q
c(myp’* + |o|P’*) J (If(x)lp/(") + ™ + qur(XJ)dx .
Q

(101" + 107" ) (P () + sy (W) + Py (VW) ) +1

C
I+ + _ _
< (I + Il -+l + IVl + 9l + 1.
Taking into account that LP®) — L™ and (5.1.9), we have then
I+ _
sty < C (I + Rl + 1l ) +1,

and consequently ¥; is bounded on W,?™(Q).

It remains to show that ¥; is continuous. Let u, — uwin W;’pm (Q)), we need to show that
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Yiu, — Ysuin LP'®(Q). We will apply the Lebesgue’s theorem.

Note that if u, — uin Wg’p(x)(Q), then u, — uin [P™(Q) and Vu, — Vuin (LP™(Q))N.

Hence, there exist a subsequence (11,,) and ¥3 in LP™¥(Q) and ¥ in (LP™(Q))N such that
un(x) = u(x) and Vu,(x) —» Vu(x), (9.2.4)
lum(x)] < ¢(x) and [Vug(x)| < [p(x)], (9.2.5)

fora.e. x € Qandall k € N.
Hence, thanks to (A;) and (9.2.4), we get, as k — oo

B(x,un(x), Vun(x)) = B(x,u(x), Vu(x)) a.e. x € Q.
On the other hand, from (A;) and (9.2.5), we can deduce the estimate
B(%, U (%), Vi (x))] < o1 (£(x) + [ (x) [T 4 1 (x) 071,

fora.e. x € Q and for all k € N.
Seeing that
£+ [+ pp(x)[ T e 1P (Q),

and taking into account the equality

Py (Wit — Wsu) = JQ B, wn (), Vit (x)) = Blx, ulx), Vu(x))P ¥ dx,

then, we conclude from the Lebesgue’s theorem and (5.1.4) that
You, — Ysu in 1P’ ¥(Q)

and consequently
You, — Y3u in [P'M(Q),

and then ¥; is continuous.
Step 4: Let I*: [P'™¥(Q) — W™P'®(Q) be the adjoint operator of the operator
I: Wg,’p(x) (Q) — LPM(Q). Hence, we define the operators

I o Wy : WP (Q) — whr't(Q),
I" o Wy : WP (Q) — wr't(Q),

and

I oW; : WyPM(Q) —» wP'(Q),
On another side, taking into account that I is compact, then I* is compact. Thus, the compo-
sitions I* o Wy, I* o ¥, and I* o W3 are compact, that means N =T* o ¥; + * o W, + [* o Y3 is
compact. With this last step the proof of Lemma 9.2.4 is completed.

We are now in the position to get the existence result of weak solution for (9.0.2).
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Theorem 9.2.5 Assume that the assumptions (A1) — (A4) hold, then the problem (9.0.2) possesses

at least one weak solution \ in W(])’p(x) (Q).

Proof. The basic idea of our proof is to reduce the problem (9.0.2) to a new one governed by a
Hammerstein equation, and apply the theory of topological degree introduced in Subsection
5.2.2 to show the existence of a weak solution to the state problem.
First, for all u,d € W,"™(Q), we define the operators G and A by

G: WP (Q) — W' (Q)

(Gu, 9) = J (IVuP29uv9 + VUl 29uvs) dx,
Q

N WP Q) — W' (Q)

(Nu,d) = —J ( — wu)F ¥ 2w+ vA(x, ) + oB(x, u, Vu))ﬁdx.
Q

Consequently, the problem (9.0.2) is equivalent to the equation
Gu=—Nu, uew"™(Q). (9.2.6)

Taking into account that, by Lemma 9.2.3, the operator G is a continuous, bounded, strictly

monotone and of type (S, ), then, by [143, Theorem 26 A], the inverse operator
M:=¢ T WwTPNQ) 5 W;’p(x)(ﬂ),

is also bounded, continuous, strictly monotone and of type (S ).

On another side, according to Lemma 9.2.4, we have that the operator A is bounded, con-
tinuous and quasimonotone.

Consequently, following Zeidler’s terminology [143], the equation (9.2.6) is equivalent to the

following abstract Hammerstein equation
u=M9 and 9 +NoMd =0, ue W,"™(Q)and 9 e WP ¥ (Q). (9.2.7)

Seeing that (9.2.6) is equivalent to (9.2.7), then to solve (9.2.6) it is thus enough to solve
(9.2.7). In order to solve (9.2.7), we will apply the Berkovits topological degree introduced
in Subsection 5.2.2.

First, let us set
R := {19 e WP M(Q) such that there exists t € [0,1] such that 9 +tA o M = O}.

Next, we show that R is bounded in W~ *'®¥(Q).
Let us put u := M9 for all € R. Taking into account that [M3D]; ) = [Vul,«), then we
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have the following two cases:

First case : If [Vul,,) < 1.

Then M) ;) < 1, that means {Mﬂ V€ R} is bounded.

Second case : If [Vul,) > 1.

Then, we deduce from (5.1.2), (A;) and (A4), the inequalities (5.1.7) and (5.1.6) and the
Young’s inequality that

MO oy = IVl
< ppy (V)
(Gu, w)
_ (3, M)
= —t(N o MD, M)

IN

=t (= @ v AW + o By, V) Jude
Q

< tmax(|wl, azfvl, aq]o]) (J

ru|ﬂ*)dx+J |g(x)u(x)|dx+[ () dx
Q Q Q

k(x)
+ JQ [f(x)u(x)|dx + L u(x)] ™ dx + J

V[T |u|dx>
Q

— tmax(fwl, oafol, o) (pe () + | gxIutoldx+ | Iftxulxlidx
Q Q
+ 0y (W) + Prg (W) + | [V ujax)
Q
< C(!uli[x) + [ulz )+ 19l by + Flpr ool + Wl + TulSy + el 4+l

1

1
+ Fpk(x)(vu) + 1 =P (u))

- + + - + - +
= C(’“'?(x) + fufgg + e + uliy + kg + uly + Rl + ‘Vu’li(x))
Then, according to LP®) « L&), [PX) <y [ s and LPX) — XX, we get

MBIy < C(IMBE )+ MBI o) + IMOF ) + MBI ),

what implies that {M{} RS 72} is bounded.
On the other hand, we have that the operator is AV is bounded, then N o M9 is bounded.
Thus, thanks to (9.2.7), we have that R is bounded in W7 (Q).

However, there exists r > 0 such that
B_1p <71 forall € R,

which leads to
D +tNoMD#£0, ¥ € dR.(0) and t € [0, 1],
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where R.(0) is the ball of center 0 and radius rin W' (Q).

Moreover, by Lemma 5.2.11, we conclude that
[+ NoMe Fu(R:(0) and I =G oM € Fu(R:(0)).

On another side, taking into account that I, /' and M are bounded, then I + N o M is

bounded. Hence, we infer that
[+ NoMe fM,B(Rr(O)) and I=GoM e fM’B(Rr(O))
Next, we define the homotopy

H:[0,1] x Ry (0) = W P'M(Q)
(t,9) — H(t,d) :=D +tN o M9D.

Hence, thanks to the properties of the degree d seen in Theorem 5.2.14, we obtain
d(I+N oM, R.(0),0) = d(I,R.(0), 0) =1#0,
what implies that there exists & € R.(0) which verifies
Y+ NoMd=0.

Finally, we infer that u = M9 is a weak solution of (9.0.2). The proof is completed.

FACULTY OF SCIENCE AND TECHNIQUES 109 SULTAN MOULAY SLIMANE UNIVERSITY



Chapter 10

Existence of weak solutions to a class of
nonlinear degenerate parabolic equations
in weighted Sobolev spaces by
Topological degree methods

In this chapter, we prove the existence of a weak solutions for the initial boundary value

problem associated with the nonlinear degenerate parabolic equations

?)—1: —divb(x,t,u, Vu) = ¢p(x,t) + div a(x, t, Vu). (10.0.1)

We will use the topological degree theory for operators of the type 7 + S to study this
problem in the space L?(0, T; Wg’p(Q, w)), where Q is a bounded domain in RN(N > 2),

p > 2 and w is a vector of weight functions.

10.1 Hypotheses and technical lemmas

we focus our attention on the basic assumptions and the operators associated with our prob-
lem to prove the existence results, and we introduce some useful technical lemmas to prove
existence results.

Throughout this paper, we assume that the operators a : Q1 x RN — RN and b : Q7 x
R x RN — RN are Carathéodory’s functions satisfying the following assumptions:

(A1) There exists ¢y, ¢, positive consts and ki, k; € LY(Qy) such that
N
(x4 1 < el (a1 + 3wl 9GP,
i=1
N
bl t,m, O < 2wl (lalx, 1)+ Y~ w!9GP),

i=1

forallie{1,--- N}
(A2)(alx,t,¢) —alx,t,¢))(C— ') >0, (b(x,t,m, ¢) — b(x,t,m, ")) (C— ') > 0.
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(A3) There exists a4, o, positive constants such that
N N N N
Z ai(x,t, Q)G > oy Z wil P, Z bi(x,t,M, )G > oy Z wi|GlP,
i=1 i=1 i=1 i=1

forall (x, t) € Q1,1 € Rand (¢, ) € RN x RN with ¢’ # C.

Now, we give the property of the related operator which will be used later.

Lemma 10.1.1 Assume that the assumptions (A1) — (A3) hold. Then the operator S defined from X

to X* by
N
(Su,v) = ZJ
i=1 v QT
is bounded, continuous and of class (S.).

(ai(x,t, Vu) + bi(x, t,u, Vu)) ojvdxdt, u,ve X

Proof. Firstly, let us show that the operator S is bounded.
Let u,v € X. By using the Holder’s inequality, we get

[(Su, V)|

N
J ZJ lai (%, t, Vi) + b (x, £, 1, Vi) |w ‘/p|a1v|w1/pdx} dt
Q
N
J ZJ lai(x, t, Vu)|w ‘/P|alv|w{/de] dt
Q

N
J ZJ bix, tyu, Vula; Plowvlw] x| at
0 Q

JO [i (L lai(x,t, Vo, VP |d ) m(LIawlpwidx)]/p} it
<J |bi(x, t, 1, Vww; P|d )Vq(J |aiv|pwidx>1/p] dt
)

=1

J'TKZLJQ (%, t, Vu)w ]/p}qu> (

=1

N 1/p
ZJ' [0;v|P w; dx) }dt

1=

o
—_

+JT [(ij |b:(x, t,u, Vuw ]/p|q X Vq( J laivlpwidx>]/p]dt
Q
T, N N 1/p
:J [(ZJ Iai(x,t,Vu)Iqw:_qu) <ZJ Iaivlpwidx> }dt
Q i=1
+JT [(iL bi(x, t,u, Vu)!qwlquy/ 3

1/p
(ZJ laiv!pwidx) ]dt
Q
T N
= |3 st s Tl o)+ 10,0 Vi) ] IV

o

i=1
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Thanks to (A;) and for all i € {1, ..., N}, we can easily prove that ||a;(x, t, Vu) HLq(Q‘qu) and
[bi(x, t,u, Vu) || 4(q o1-«) are bounded for all u € W,P(Q, w). Therefore

T
I(Su, v)| < const Jo [v]|dt = const|[v]|, OTW! P ()
From the continuous embedding X — L'(0, T; Wg’p (Q, w)), we concludes that
|(Su, v)| < const|[v]|x.

Hence, the operator S is bounded.
Secondly, we show that S is continuous. Let u, — uin X. We need to show that Su, —
Su. By using the Holder’s inequality, we have for allv € X

i
K&%—vaMSJ

(J la(x, t, Vu,) — a(x, t, Vu)lw P . IVvlw]/pdx> dt
0o Ma

0

—

-

+J <J Ib(x, t,u, Vi, ) — b(x, t,u, Vu)lw /P - IVvlw]/pdx> dt

Q
< | oyt 91w) = ety t, Pl o[ Pl

+J [b(x, t, Un, VUug) —b(x, t, 1, VU |laa,0-a) | VV||r@w dt
[Ha X, t, Vi) — a(x, t, Vu)||Laay.wi-a)
D%, by Vi) = D%, £ 1y V8] a0ty V]2,
so, we need to show that
la(x,t, Vu,) — alx, t, Vu)||Laiqr,wi-a) = 0,

and

Hb(X, t) Un, vuﬂ) - b(X, tv u, Vu) HLQ(QT,wFQJ — 0.
N
On the other hand, note that if u,, — u in &, then Vu,, — Vuin H LP(Q1, w;). Hence,

by Theorem 1.1.7, there exist a subsequence (uy) and functions ¢ irilz ]LP(QT, wop) and P in
H LP(Qr, w;) such that
u, — uwand Vu — Vu,
hwe(x, 1) < @(x,t) and [Vuk(x, t)] < [p(x, t)], (10.1.1)
fora.e. (x,t) € Qrandall k € N.

Then, in the light of the operators a and b are Carathéodory functions, we deduce that

a(x, t, Vug(x, t)) — alx, t, Vu(x,t)) a.e. (x,t) € Qr, (10.1.2)
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b(x,t, w, Vue(x,t)) — b(x, t,u, Vu(x,t)) a.e. (x,t) € Qr. (10.1.3)
On another side, in view of (A;), we getforalli=1,--- N

N
a0, t, Q1 < 1wl (K (x, 8 + Y @l il ),

i=1

N
b, tym, O] < 2l (ke(x, 1) + 3~ @l Mi(x, )P ),

i=1

fora.e. (x, t) € Qr.
As

N N
el (ki (x, 1) + Y~ w! i, ") € TTLo(0r, w9,
i=1 i=1

and

N N
c2wi (ko 0) + Y- il 1) € TT 1907, w0l ),
i=1

i=1

therefore, thanks to (10.1.2), (10.1.3) and the dominated convergence theorem, we obtain
a(x, t, Vue(x,t)) — a(x, t, Vu(x,t)) in LY(Qr, w'9),
b(x, t, W, Vg (x, 1)) — b(x, t,u, Vu(x,t)) in LY(Qr, w'9).
Thus, in view to convergence principle in Banach spaces, we conclude that
a(x,t, Vin(x,t)) = a(x,t, Vu(x,t)) in LY(Q, w'™9), (10.1.4)
b(x, t, Un, Vi, (x, 1)) — b(x, t,u, Vu(x,t)) in LY(Qr, w'™9). (10.1.5)
According to (10.1.4) and (10.1.5), we deduce that
(Su, —Su,v) =0, forallv e X,

that means, the operator S is continuous.

Next, we prove that the operator S is of class (S, ). Let (u, ), C X such that

u, —uin X,
10.1.
lim sup(Suy, up —u) <0 (10-16)

n—oo

We will prove that
u, —» uin X.

Since u, — uin X, then u, — uin WJ;P (Q, w), then there exist a subsequence still denoted

by (u,) such that u,, — uin ngp(Q, w),

u, —»u inlP(Q,w,) anda.ein Q.
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On the other hand, we have

lim sup(Su,, u, —u)

n—oo

= limsup(Su, — Su, u, —u)

n—oo

= lim sup H (a(x, t, Vu,(x,t)) — a(x, t, Vu(x, t))> . (Vun — Vu) dxdt
Qr

+ J (D0t 1y Vatn (6, 1)) = b, £, 1, Tl 1)) ( Vit — V) dxat
Qr
<.

From (A;) and (10.1.6), we obtain

lim (Su,, u, —u) = lim (Su, —Su, u, —u) =0. (10.1.7)

am m
Let
On(x,t) = (a(x, t, Vun) — alx, t, Vu)> . <Vun _ Vu),

Under (10.1.7), we have
©, — 0in L'(Q7) and a.e. in Qr,

Since ©,, — 0 a.e in Qf, then there exists a subset B of Q7 ( mes(B) = 0) such that for all
(x,t) € Q\B,

lu(x, t)] < oo, |Vu(x.t)]<oco, u,—u, 6,—0.
Thanks to (A;) and (A3), if we pose ¢, = Vu,, and ¢ = Vu, we get
On(x,t) = (alx,t, ) — alx, £,0)). (¢ =€)

= a(x,t, (n).Cn + alx, t, (). — a(x,t, (n).C — a(x, t, ().

N N
> o0 ) WGP+ ) wildP
i=1 i=1
N N
1 1 i 1p— i
=Y (ko + Y @)
i=1 j=1

N N
= @l (ka0 + Y@ gr )i
i=1

j=1

N N N
> o ) wilglP = C(T+ Y wMe P + 3 wlc)
i=1 i=1 i=1

where C is a const which depends only on x.

Then by a standard argument () is bounded a.e. (1, we deduce that

N /9 1/4
i C Cw; Cw;
i=1 mn n n
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Hence, if || — oo, then ©,, — oo; what is contradiction with ®,, — 0in L'(Qy)..
Next, for ¢* be an adherent point of ¢,, we have |(*| < co and the continuity of a, with

respect to the last two variables, we will obtain
(a(x, t,Cn) — alx, t, C)) (¢C-—=¢) =0. (10.1.8)
Analogously, if we choose
An(x,t) = (b(x, t,un, Vu,) — b(x, t,u, Vu)) . (Vun — Vu),
and we take ¢, = Vu, and ¢ = Vu, then, by the same arguments used above, we obtain
(b(x, t,m, &) — b(x, tym, C)) (¢-—¢) =0. (10.1.9)

Then, according to (10.1.8), (10.1.9) and (A,) we get (* = (. Hence, by the uniqueness of the

adherent point, we deduce that

Vu, — Vu a.e. in Q. (10.1.10)

N
On the other hand, seeing that a(x, t, Vu,) and b(x, t, u,, Vu, ) are bounded in H LI(Q,w'9),

i=1
and

a(x, t, Vu,) — a(x, t, Vu) a.e. in Qr,
b(x, t,w,, Vu,) — b(x, t,u, Vu) a.e. in Qr,

then, by Lemma 1.3.3, we have

N
a(X) ta vun) — CI(X, t, VU-) in HLq (Q, w:iq))
i=1

N
b(X, t,u, Vu,) — b(x,t,u, Vu) in HLq(Q, w:_q)_
i=1

If we pose
Ph = <G(X>t> VLLn) + b(X, t, Wy, Vum)) : Vu’m
p= <C1(X, t, vu) + b(X> tu, Vu)) ’ VLL,
we can write
pn—p  in L'(Q1).

Thanks to (Aj3), we obtain

N N
P> (o o)) wildu,P and > (o +a) ) wildup.

i=1 i=1
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N N _
) P
In view of T, = E wi| 0w, P, T = E w;|o;ulP =—" _and
n — 1| 1un| ) — 1| 1 ’ ) pn (a] + 0(2)
p
p=-———/ wehave
(o1 + a2)

Pn>Tn and p2>T.

Then by Fatou’s lemma, we get

J 2 pdxdt < lim ian p + pn — |Th — Tldxdt,
Qr Qr

n—oo

i.e.,
0 < —lim supJ T, — 7| dxdt.
n—oo Qr
So
0 <lim ian |Tp — T/ dxdt < lim supJ T, — 7] dxdt < 0,
n—ee Jor n—oo JQr
consequently

N
Vi, — Vu in [ [1P(Q, wi). (10.1.11)
i=1

According to (10.1.10) and (10.1.11), we have
Uy, — win WP (Q, w),
this implies
u, - uin &,

what implies that S is of type (S.), which completes the proof.

10.2 Main result

First, let us recall that the definition of a weak solution for problem (10.0.1) can be stated as

follows.

Definition 10.2.1 We say that the function uw € X is a weak solution of (10.0.1) if

N
—J uvidxdt + Z J
O

i=1 QT

(ai(x,t, Vu) + bi(x, t,u, Vu)) o;vdxdt = J ¢dvdxdt,

QO

forallv e X.
We are now in the position to get existence result of weak solution for (10.0.1).

Theorem 10.2.2 Let ¢ € X*, uy € 1*(Q) and assume that the assumptions (A1) — (A3) hold.
Then, the problem (10.0.1) admits at least one weak solution w € D(T), where D(T) ={v € X :
v e X* v(0) =0}
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Proof. Let S and 7 be the operators defined from D(7) C & to X*, by

N

(Su,v) = Z J

i=1 YO

<ai(x, t, Vu) + bi(x, t,u, Vu)) o;vdxdt,

(Tu, v) = —J uvy dx dt,
Qr

forallu e D(7), ve X.Thenu € D(T) is a weak solution for (10.0.1) if and only if
Tu+Su=d¢forallue D(T).

One can verify, as in Zeidler [143], that the operator 7 is linear densely defined and maximal
monotone [143, Theorem 32.L, pp.897-899].

Next, it follows from Lemma 10.1.1 that S is bounded, continuous and of class (S ).

Let u € X. Using the monotonicity of 7 ( (£Lu,u) > 0 forallu € D(£) ) and the assumption
(A,), we deduce that

(Tu+ Su,u) > (Su,u)

J (a(x,t, Vu) + b(x,t,u, Vu)) - Vvdxdt
O

L,

N
> min( oy, ocz)J Z w;|VulPdxdt
Qr
T
:min(oq,ocz)J [ufPdt
0

v

N N
o Z w;i|VulPdxdt + J o, Z w;i|VulPdxdt

i=1 Or

= min (&, o) |[u]|%-

Because the right-hand side of the previous inequality approximates to co when |[u||x — oo,

then for every ¢ € X' there is a radius r = v(¢$) > 0 such that
(Tu+Su—d,u) >0, foreach wue B, (0)ND(T).

So, all the conditions of Theorem 5.2.7 are satisfied. Consequently, Theorem 5.2.7 leads us to
the conclusion that the equation 7u + Su = ¢ has a weak solution in D(7), which implies

that the problem (10.0.1) admits at least one weak solution. This completes the proof.
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