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Abstract

This thesis concerns the study of some elliptic, nonlinear singular problems. In the model
problems considered in this work, we place ourselves on a bounded domain  of R, with homogeneous
Dirichlet boundary conditions. The singular character of the various problems encountered is then
reflected by the presence in the equation of a non-linear term of the form »~7, with 0 < v < 1, which
tends to infinity at the edge of the {2 domain. This poses a certain number of difficulties, linked to the
lack of regularity and therefore compactness of the solutions, which do not allow us to use directly the
classical methods of non-linear analysis. Through Chapters 3 to 7, we have shown how these difficulties
can be overcome and demonstrated new results concerning the existence, regularity and asymptotic
behaviour of weak solutions. The general idea used to overcome these obstacles is to first introduce a
class of approximate problems, then by using the Fixed Point Theorem we will prove the existence of
approximate solutions and then we will establish some estimates for the solutions by taking appropriate
test functions, and finally, we will use compactness results in Sobolev spaces to pass to the limit in
approximation problems.

Keywords: Elliptic PDEs, Singular elliptic problem, Coercivity , Schauder fixed point theorem,

Sobolev spaces.



Résumé

Cette these concerne 1’étude de certains problemes elliptiques, non linéaires singuliers. Dans les
problemes-modeles considérés au cours de ce travail, nous nous plagons sur un domaine borné 2 de
RY, avec des conditions aux limites de type Dirichlet homogene. Le caractere singulier des différents
problemes rencontrés, se traduit alors par la présence dans I’équation d’'un terme non-linéaire de la
forme u™7, avec 0 < v < 1, qui tend vers I'infini au bord du domaine €. Ceci pose un certain nombre
de difficultés, liées au manque de régularité et donc de compacité des solutions, qui ne nous permettent
pas d’utiliser directement les méthodes classiques de l'analyse non-linéaire. A travers les Chapitres
3 a 7, nous avons montré comment ces difficultés peuvent étre surmontées et démontré de nouveaux
résultats concernant 'existence, la régularité et le comportement asymptotique des solutions faibles.
Pour pallier ces obstacles, nous introduirons d’abord une classe de probléemes approchés, en suite par
utilisation de Théoreme de point fixe on arrivera a démontrer ’existence des solutions approximées puis
nous établirons certaines estimations pour les solutions en prenant des fonctions test appropriées, et
enfin, nous utiliserons des résultats de compacité dans les espaces de Sobolev pour passer a la limite
dans les problemes d’approximation.

Mots clefs: EDP non linéaire, probleme elliptique singulier, coercivité, théoreme du point fixe de
Schauder, espaces de Sobolev.
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Notations

Everywhere in the sequel we use the following notations:

e N : the set of all positive natural numbers.

-

e RY : the N-dimensional Euclidean space with the distance |z| = (Zfil xf) * where 7 = (1, ..., Tp)

is an element of R,

e ) : open bounded set of RV.

e 0f) : boundary of €.

e U CC Q) : means that the closure of U is compact and U C Q.

e |E| or meas (F) : Lebesgue measure of the subset E.

e a.e. : abbreviation for almost everywhere (with respect to the Lebesgue measure).
e s.t. : abbreviation for such that.

e V" : the dual space of V (i.e., space of linear and continuous functionals on V' ) where V is a
Banach space.

(-,-) : the duality pairing between V' and V".



CONTENTS

e Vu = (Diu,...,Dyu) : the gradient of .

o Au=3" % : the Laplacian of u.

o divy = vazl D;v; : the divergence of the vector v = (vy,...,vn).

1, ifzek, . .
e \p= { 0. elsewhere, the characteristic function of the set E.

o Ayu = div(|]Vu[P~2Vu) : the p-Laplacian operator for 1 < p < N.

o {u> (<, <, >, =)k} ={reQux)>(<,<,>, =)k} for a given function u : Q — R.

e supp(u) = {z € Q:u(zx) # 0} : the support of a function w.

e esssup(u) : the essential supremum of a measurable function u.

e sign(t) = ﬁ : the sign of t # 0.

e C(9) : the space of continuous real-valued functions on 2.

o C*(Q),k € N : the space of k times differentiable functions on  with continuity.

o CF(Q) : the space of k times differentiable functions on € with continuity, 0 on 9.
o C5°(2) or D(Q) : the space of smooth functions with compact support in €.

e D'(Q) : the dual space of D(Q); space of real distributions on (2.

o 1>2(Q) ={u:Q — R mesurable, essgup(u) < oo}

e CUQN) = {h e C(Q) : min,cq h(z) >0} and C(Q) = {h € C(Q) : min,cq h(z) > 1}.
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e h' =max,cqh(z) and h~ = min g h(z) for h € CY(Q). We will also use the following functions
1 ifs<k
Vsi(s) = "= if k< s <k+3§, (1)
0 ifs>k+0
and
Ssx(s) :==1— Vsi(s). (2)

e For the sake of implicity we will often use the simplified notation

/Q = /Q f(@)de,

when referring to integrals when no ambiguity on the variable of integration is possible. If no
otherwise specified, we will denote by ¢ serval constants whose value may change from line to line
and, sometimes, on the same line. These values will only depend on the data (for instance ¢ can
depend on €2, v, N, k,...) but the will never depend on the indexes of the sequences we will often
introduce.

ABDFELAAZIZ SBAI



Chapter 1

Introduction

A partial differential equation (PDEs) describes a relationship between an unknown function and
its partial derivatives. PDEs frequently appear in all fields of physics and engineering. In addition, in
recent years we have seen a dramatic increase in the use of PDEs in fields such as biology, chemistry,
computer science (especially image processing and graphics) and economics (finance). In fact, in each
field where there is an interaction between several independent variables, we try to define functions in
these variables and model various processes by constructing equations for these functions. When the
value of where unknown functions at a certain point depend only on what happens in the neighbourhood
of that point, we will generally obtain PDEs.

There are many facets to the analysis of PDEs. The classical approach that dominated the 19th
century was to develop methods for finding explicit solutions. Because of the immense importance of
PDEs in the various branches of physics, any mathematical development that solved a new class of PDEs
was accompanied by significant progress in physics. Thus, the method of characteristics invented by
Hamilton led to major advances in optics and analytical mechanics. Fourier’s method solved the problem
of heat transfer and wave propagation, and Green’s method was instrumental in the development of the
theory of electromagnetism.

The most spectacular progress in PDEs has been made in the last 50 years with the introduction
of numerical methods for using computers to solve PDEs of all types, in general geometry and under
arbitrary external conditions (at least in theory; in practice there are still a large number of obstacles to
overcome). Technical progress has been followed by theoretical progress in understanding the structure
of the solution.

The aim is to discover certain properties of the solution before calculating it, and sometimes even
without a complete solution. Theoretical analysis of PDEs is not only of academic interest but has
many applications. It should be pointed out that there are very complex equations that cannot be
solved even with the help of supercomputers. In these cases, all we can do is try to obtain qualitative
information about the solution.

In addition, a very important question concerns the formulation of the equation and the associated
(limit or boundary) conditions. In general, the equation is derived from a model of a physical or
engineering problem. It is not automatically evident that the model is coherent in the sense that it
leads to solvable PDEs.

Furthermore, it is desirable in most cases that the solution is unique and stable, even in the presence

11



CHAPTER 1. INTRODUCTION 12

of small perturbations in the data. A theoretical understanding of the equation allows us to check
whether these conditions are fulfilled. As we will see in the following, there are many ways of solving
PDEs, each of which is applicable to a certain class of equations. Therefore, it is important to carry
out a thorough analysis of the equation before (or during) the solving.

The fundamental theoretical question is whether the problem constituted by the equation and its
associated conditions is well-posed. The French mathematician Jacques Hadamard (1865-1963) invented
the notion of well-posedness. According to his definition, a problem is said to be well-posed if it satisfies
all the following criteria
1. Existence: “A solution exists”.

2. Uniqueness: “The solution is unique” and
3. Continuous dependence: “A small change in data imply a small change in solution”.

If one or more of the above conditions are not fulfilled, we say that the problem is ill-posed. It can
be said that the fundamental problems of mathematical physics are all well-posed. However, in some
engineering applications, we may tackle ill-posed problems. In practice, these problems are unsolvable.

Therefore, when we are faced with an ill-posed problem, the first step should be to modify it
appropriately to make it well-posed.

As for as PDEs are concerned, in Physics, there is a famous equation known as ” Reaction-diffusion
equations”. These types of equations have played an important role in the study of many different phe-
nomena related to applications. These applications include, among many others, population dynamics
(Lotka-Volterra systems), chemical reactions, combustion, morphogenesis, nerve impulses (Fitzhugh-
Nagumo system), genetics, etc. Very often positive solutions are the only physically meaningful solu-
tions or, at least, the more interesting ones. A very simple, but already interesting model problem is

the semilinear parabolic equation,

% — Au = g(z,u) in Q (1.1)

u=20, on 0N (1.2)

together with an initial condition. Here € is a smooth bounded domain in the space R”, the ordinary
Laplacian is used to model diffusion and the nonlinearity g represents a reaction term in each physical
situation. One of the main problems which is considered is the asymptotic (i.e., when time t goes to
infinity) behavior of solutions to and (1.2). Many different (and difficult to deal with) possibilities
are available as, for example, traveling waves, but here we will focus on the situation where the unique
positive solution to the parabolic problem and tends to one of the steady-state positive
solutions, i.e., to a solution to the stationary elliptic problem

— Au = g(z,u) in Q, (1.3)

u =0 on 0f. (1.4)

In general the nonlinear term g(z,u) is smooth and frequently satisfies the condition g(x,0) > 0.
(The so-called nonpositone problems, where g(x,0) < 0 have been also studied recently, but they are
less attractive and applicable than the former ones). Problems with nonlinearities going to infinity
when u > 0 tends to 0 appear in some applications (see [44] [54] [55, 58], see also [45, [64]), like non-
Newtonian fluids, chemical heterogeneous catalysts and nonlinear heat equations, and have intrinsic
mathematical interest. These kind of problems have been thoroughly studied during the last
decades since the pioneer works by Stuart [82] and by Crandall, Rabinowitz and Tartar [35]. In the
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CHAPTER 1. INTRODUCTION 13

first one, the author considered a function g(z, s) which ”"blows-up at s = 0 ” when x goes to a point
belonging to the boundary of €2. On the other hand, in the second one, the authors considered a singular
function g(x, s) = g(s) independent of x and they proved the existence of a solution together with some
regularity properties of it. Afterwards, in 1991, Lazer and McKenna [66] studied the existence of a
classical solution for the Dirichlet problem associated to the above equation in the case

fz)

glz,u) = =2

where f is an Holder continuous function which is strictly positive in € and 7 is a strictly positive
parameter. In particular, they proved that "If for some 0 < o < 1 one has that 92 € C?e,
feC®(Q), f(z) > 0in Q and v > 0, then there exists an unique solution u of the Dirichlet problem

[l .
“Au==5 (1.5)

u=0 on 02,

such that u € C**(Q)NC(Q) and v > 0 in 7. Observe that the prescribed boundary condition in
makes the study of these singular equations hard. Actually, the assumption ” v = 0 on 0Q2” together
with the singular nonlinearity implies that, for every solution w, the term 1/u(z)” diverges as x goes to
the boundary of €.

In contrast with [66], we are interested in the study of distributional solutions for the problem ({1.5).
As usual, this means that we look for distributional solutions u of the differential equation

— Au = M, in Q, (1.6)
u”

which satisfy, in some sense, 7 u = 0 on 0€2”. Specifically, we search for solutions u € VVI})S(Q) such

that © > 0 a.e. in ), % € L. (Q) and moreover they satisfy (1.6 in a distributional sense, i.e.,

loc
f(z)
/QVuV¢:/Q o b, Vo€ CHR).

With the aim of establishing what the condition ” u = 0 on 0€2” means, we point out the surprising
result obtained by Lazer and McKenna in [66]. More precisely, the authors proved that

"The unique solution u of the Dirichlet problem belongs to the Sobolev space W,*(Q) if and
only if the parameter v < 3.”

As a consequence, in the distributional context, one would not expect to find solutions belonging to
the Sobolev space VVO1 2(Q) for any value of v > 0. Therefore, it is necessary to introduce a new concept
for the condition ” u = 0 on 0f2".

Precisely, in 2010 , Boccardo and Orsina [I1] studied the existence of one distributional solution for
the problem . With respect to the boundary condition ” u = 0 on 9", in contrast with [33] [61]
where this condition is understood under the assumption (u—&)* € W,*(Q) for all € > 0, they followed
the ideas of [6]. That is, an even stronger requirement is imposed based on the fact that some positive
powers of the solution of the differential equation belong to the Sobolev space VVO1 2(Q) In this
paper, the authors needed to study the cases v < 1,7 = 1, v > 1, separately, connecting each one
with the regularity of f. In particular, they proved the following result ” Assume that f € L™(Q2) with
m > 1. The following assertions hold:

ABDFELAAZIZ SBAI



CHAPTER 1. INTRODUCTION 14

e y<landm > W]\M, then there exists a positive solution u of (I.5) such that u € W,*(9Q).

e If y =1 and m = 1, then there exists a positive solution u of (I.5)) such that u € W,*(Q).

y+1

e If v > 1 and m = 1, then there exists a positive solution u of (I.5) such that v’z € W,*(Q).

Afterwards, L.M. De Cave studied [41] the generalization of (1.5 to the case with an operator of
Leray-Lions kind, i.e., the singular elliptic problem was simplest example is the following:

—Ayu = @ i Q

uY

u >0 in 2
u=0 on 0f2.

In this context, this thesis contributes to the study of relevant questions in the theory of quasilin-
ear and non linear elliptic equations. In particular, most of the results we present here are stated for
problems with a singular nonlinearity. By singularity, we mean that the problems that we have con-
sidered, involve a nonlinearity in the right-hand side which blows up near the boundary. This singular
pattern gives rise to a lack of regularity and compactness that prevent the straighforward applications
of classical methods in nonlinear analysis used for proving existence of solutions and for establishing
the properties and the asymptotic behaviour of these solutions. We have shown in the Chapters [3] [4][5]
[6] and [7] how to overcome these difficulties and brought new results about existence and regularity of
weak solutions.

We stress that the singular problems we have studied in this thesis arise in different contexts: kinetics
models in heterogeneous chemical catalysis (seeAris [7]), NonNewtonian flows models, population dy-
namics models. We would like to quote two nice surveys about singular problems Hernandez-Mancebo
[60] and Ghergu-Radulescu [57] where a detailed bibliography and a presentation of the different physical
models are available. In the present manuscript, more precisely, in Chapter 3, we discusses the existence
and regularity of solutions for the following elliptic singular problems with degenerate coercivity

—div(a(z,u, Vu)) = fh(u) in Q
u>0 in Q2 (1.7)
u=0 on 0f),

with  a bounded open subset of RN, N > 2, N > p > 1, f is non-negative and it belongs to L™()
for some m > 1. Finally the singular sourcing h : [0,00) — [0, 00| is continuous, bounded outside the
origin with A(0) # 0 and such that the following propertie hold true

3C, v>0 st h(s) < s% Vs € (0, +00). (1.8)

Let us give the precise assumptions on the problems that we will study. Let a : Q x IR x RN — IRY
be Carathéodory function (that is a(.,t, &) is measurable on Q for every (¢,&) in IR x RN and a(x, .,.)
is continuous on IR x IRY for almost every  in ), such that the following assumptions hold :

a(z,t,£).& = b([t])[¢]", (1.9)

ABDFELAAZIZ SBAI
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for almost every z in © and for every (¢,€) in IR x IRY, where b : (0,00) — (0,00) is a decreasing
continuous. For the sake of simplicity, we take the function

B(t) = /Otb(s)pilds, (1.10)

is unbounded, we take in ([1.9))
e

W) = T pme (1.11)
for some real number 0 < 6 < 1 and some « > 0.
la(z,t, )| < Blag(z) + [P~ + €771, (1.12)

for almost every z in €, for every (¢,£) in IR x RN, where a is non-negative function in L*' (Q), with
]l?—i-i:landﬂza.

la(x,t,8) — a(w,t,E)](E =€) >0, (1.13)

for almost every « in Q and for every ¢ in IR, for every £,£ in IRYN, with & # ¢ we will then define, for
. ]_7p . . .
w in WyP(€2) the nonlinear elliptic operator

A(u) = —div(a(z,u, Vu)).

The degenerate coercivity has, in some way, bad effects on both the existence and summability of
the solutions. Indeed, the phenomenon of non-existence of solutions appears for large values of 6. But
the presence of some lower-order terms may change the nature of the existence results. Recently, the
influence of different lower-order terms in non-coercive elliptic problems was the goal of many studies,
see, among others, [10, 17, B34}, 36, 37, 42}, 43| 62], 69, [72] [79]. Starting from paper of Croce [36], where
she considered the problem

u=>0 on 0, (1.14)

{ —div(a(z,u)Vu) + [ul*fu=f inQ
where  is a bounded open subset of RY with N > 3 and a : Q x R — R is a Carathéodory function
such that for a.e. = € () and for every ¢t € R

a
——— < a(x,t) < B, 1.15
with a > 0,8 > 0 and v > 0 are constants. The author showed that, the presence of the lower-order
term |u|*~u not only breaks down the lack of solvability, but also can have a regularizing effects on the
solutions. In particular, she obtained the existence results for Problem (|1.14]) without any additional
restriction on . The main results of [36] can be summarised as follows:

1) Let f € LY(Q).

e If s >+ 1, then there exists a distributional solution u to Problem ([1.14]) such that
u € Wy'(Q) N L3 Q) with ¢ < —2

s+1+v°
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CHAPTER 1. INTRODUCTION 16

e If 0 < s < y+1, then there exists an entropy solution u to Problem ((1.14]) such that |u|® € L'(Q)
and |Vu| € M7 ().

2) Let f e L™(Q2),m > 1.

o [f s> %, then there exists a distributional solution u to Problem ([1.14)) such that
u € HH(Q) N L™ ().

o If 1o <5< ;L_ll, then there exists a distributional solution u to Problem ([1.14)) such that

2ms

|u[™ € LY(2) and u € VVOLS+1+7 (Q).

o If 0 < s < 2=, then there exists an entropy solution u to Problem (L.14)) such that |u|™ € L'(Q)
and [Vu| € M55 ().

Subsequently, these results were extended to p-Laplacian case in [34]. Therefore, the chapter
generalizes some results as described before. More precisely, it deals with the existence and regularity
results for distributional and entropy solutions of nonlinear singular elliptic equations with principal
part having degenerate coercivity.

—div(a(z, w)|Vul’*Vu) + |[u]*'u = h(u)f inQ
u>0 in Q (1.16)
u=20 on 62

where 1 < p < N, Q is bounded set in RN and a : Q x IR — IR is a carathéodory function such that
for a.e. x € ) and for every t € IR, we have

(1.17)

a(z,t) < B, (1.18)

for some real positive constants «, f and 0 < # < 1. Moreover, f is a non negative L™(2) function,
with m > 1 and h satisfied .

In chapter |3 and 4| we deal with problems as in and possibly in presence of both a
noncoercive principal operator and a general lower order term; in particular the function A may be
singular and without any monotonicity property. In this case, to the best of our knowledge, there are
no results in literature about existence and regularity of solutions. Our aim is to extend and improve
both the existence and regularity results listed above. The existence of a solution is obtained by the
means of an approximation process to and . As one can image, the result follows by unifying
truncation techniques typical of noncoercive operators with methods employed in dealing with functions
possibly blowing up at the origin.
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Going ahead the study of singular elliptic problems (ie. § = 0), we turn your attention to singular
elliptic problems involving a Hard potential. In the paper [2], Abdellaoui et al proved an existence and
summability result on the solutions of the Dirichlet problem

A T (1.19)
u=20 on 02,

where 1 < p < N,Q C RY is a bounded regular domain containing the origin and v > 0. h is a
nonnegative measurable function with suitable hypotheses. Problems of the form in the case
~v = 0 are introduced as models for several physical phenomena related to the equilibrium of anisotropic
continuous media which possibly are somewhere 'perfect’ insulators (see [46]). One can see the results
for these problems in the papers [Il, 8, 29, [32] and the references therein.

When A = 0, the equations in the form of have been widely studied in the last few decades.
We refer to the papers [41] and the references therein. For A > 0 and p = 2, J. Tyagi studied in [85]
the existence and regularity of solutions to the following semilinear elliptic problem with a singular
nonlinearity

—div(M (z)Vu) — AnE = % in Q

u>0 in Q (1.20)
u=20 on 0f2,

where 6§ > 0,0 < f € L™(Q),1 <m < Z,0 <A< (%)2, and M is a bounded elliptic matrix. On
the other hand, the authors studied in [74] the existence and regularity of solutions to the following
problem :

—Ayu+ul = u% in

u>0 in Q
u=20 on 0,

where (2 is an open bounded subset of R¥(N > 2), ¢ > 0,7 > 0 and f is a nonnegative function in
L™(Q) for some m > 1. We refer the readers to Refs.[23], 49, 52] [77, [7§]. Motivated by such works on
this topic, in chapter [5| we study the existence and regularity of distributional solutions for the following
problem, in order to improve the results obtained in [4] and [85]

— div(M (2)|VulP~2Vu) + blu?u = a¥ + L in Q
u>0 in Q (1.21)
u=0 on 0f).

Let Q be a bounded, open subset of RN, N > 2, 1 < p < N. We assume that M : € — R, is a Lipschitz
continuous function such that for some positive constants v and (5

M(2)eP~1e > aléfP,  |M(z)] < B for all € € RY and almost every z in . (1.22)

Assume that
r>p“and a>0,b>0, (1.23)
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where p* is the Sobolev conjugate exponent of p, that is,

Np
T 1, N).
and
0<fel™Q), 1<m<—. (1.24)

p

In a natural way, one can consider another kind of non-linear singular problems presenting new
challenges such as the following model problem

—diva(z, Vu) + plulP~'u = b(x) ‘qug'q + fu(f) in

u >0 in () (1.25)
u=0 on 02,

where  is an open and bounded subset of RY, f is a nonnegative L™(€2) function with m > 1 and,
given a real number p such that 2 < p < N, we have that a : Q x RN — R" is a Carathéodory function
such that the following holds: there exist a, 8 € Rt such

e (a(z,&) —a(z,n))- (€ —n) >0 forae x€Q and V&, n e RY sit. £#1 (1.26)
a(z,€) - &> aléP for ae. x € Q and VE € RY (1.27)
la(z, )| < BIEPP" for ae. x € Q and VE € RY (1.28)

and we assume that
0<y<1, (1.29)
0 <b(x) e L>(Q), (1.30)
0<6<1, (1.31)

and

0<u, p—1<g<p. (1.32)

The assumptions on the function a imply that the differential operator A acting between VVO1 P(Q)
and W12 (Q) and defined by
A(u) = —div(a(z, Vu)),

is coercive, monotone, surjective and satisfies the maximum principle. The simplest case is the p-
Laplacian, which corresponds to the choice a(z, &) = |£[P72E.

In the literature we find several papers about elliptic problems with lower order terms having a
quadratic growth with respect to the gradient (see [I7, I8, 27, [76], for example and the references
therein), that is, for problem

—div(M(z)Vu) = g(z,u)|Vu|+ f in
u=0 on 0.

In these works it is assumed that M : Q — R is a bounded elliptic Carathéodory map, so that
there exists a > 0 such that al¢]? < M(2)€ - € for every € € RY. Various assumptions are made on
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g with no attempt of being exhaustive, we will describe some recent results where a singular g has
been considered, namely g(z,u) = b(m)ﬁ The case where 0 < 6 < 1, introduced in [37], has been

studied positive source f € L™(Q), if 1 <m < &

2
with m** = 22 if m > £ then the solution u belongs to L>(€2). Furthermore, if 0 < § <

_ Nm
= Na—0)—m(1-20)" then

there exists a strictly positive solution u € L™ (),

1
3, and

T : —0
Q) if1<m< 302

. IN(1-6)
LX(Q) ifm > 55

|Vl
" belongs to

Later, in [71] it is proved the existence result of solutions for the nonlinear Dirichlet problem of the
type
—div(M(z)Vu) +yu? = B 1 f in Q
u >0 in Q
u=2>0 on 0f),

where € is a bounded open subset of RY, N > 2, M(xz) is a uniformly elliptic and bounded matrix,
v>0,B>0,1<g<20<86 <1 and the source f is a nonnegative (not identicaly zero) function
belonging to L'(£2).

Observe that, in this context. Olivia [73] studied the existence and uniqueness of nonnegative
solutions to a problem which is modeled by

—Apu=uVulP + fu™ inQ
{ u=20 on 0f)
where  is an open bounded subset of RV (N > 2), A, is the p -Laplacian operator (1 < p < N),
f € LY(Q) is nonnegative and 6,~ > 0.
The main novelty in the chapter [6]is to show that the quadratic lower order term and the singular
term has a ” regularizing effect ” in the sense that the problem has a distributional solution for
all f € L™ with m > 1.

Summarizing, we have shown in the previous chapters how the approximation tools combined with
a priori estimates are very useful in the study of singular elliptic problems. Of course, these tools are
also useful to address problems of a different nature.
The last chapter is devoted to the study the existence and regularity on the following class of singular
elliptic systems
—div(a(z)Vu) + pur—t =L in Q,

u

—div(M(z)y) = u %n Q, (1.33)
u, 1 > 0 in €,
u=1v =0 on 052,

we will suppose that € is a bounded open set of RY, N > 2, that » > 1 and that f nonnegative (not
identically zero) function belongs to L™((2), for some m > 1, 0 < § < 1. Furthermore, the function
a : 2 — R will be a measurable function, such that there exist 0 < a < [ such that:

0 <a<a(z) <P almost everywhere in 2, (1.34)
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while M : Q — RV will be a measurable matrix, such that:

M(z)¢-€ > alé]?,  |M(2)| < B, (1.35)
for almost every z in €, and for every ¢ in RY.

We have been motivated by the work of Benci and Fortunato [13]. In that work the authors,
investigating the eigenvalue problem for the Schrodinger operator coupled with the electromagnetic
field, studied the existence for the following system of Schrodinger-Maxwell equations in R3

1 =
{ sAU+ pu = wu (1.36)

—Ayp = 4mu’.

The existence of a solution of is proved by using a variational approach: the equations of the
system are the Euler-Lagrange equations of a suitable functional that is neither bounded from below
nor from above but has a critical point of saddle type.

More recently, taking inspiration from the structure of , a series of papers (see for instance
[14, 15, [47]) studied the existence and the regularizing effect of the problem

—div(a(z)u) + Bv|u|""2u = f(z) inQ
—div(M(z)v) = |u|" in Q (1.37)
u=v=>0 on 0f),

where B > 0, f € L™(Q) with m > 1, and a(z), M (z) satisfies and (7.3). One of the main feature
of is that the interplay of the two equation enhances the regularizing effect of the system with
respect of the one of the single equation. The main techniques used in [14], [I5, 47] are approximation
scheme, a priori estimates through a test function based approach and fixed point theorems. These
tools can be used for more general system that do not necessarily have a variational structure. On
the other hand, the authors proved in [47] the existence of solutions for the following nonlinear elliptic
system that generalizes (|1.37))

{ —div (|VulP?Vu) + Apluu = f, ue WP (Q) (1.39)

—div (I[VelP=2Ve) = Ju[", p e Wy(Q)

where € is an open bounded subset of RY (N >2),1<p < N,A> 0,7 > 1.

Inspired by the above articles, the main novelty in the last chapter is to show that the term u% has a
"regularizing effect” in the sense that the problem has a distributional solution for all f € L™ ()
with m > 1. This term provokes some mathematical difficulties, which make the study of system (|1.33))
particularly interesting. To our knowledge, the Schrédinger-Maxwell system with singular term has not
been studied.
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Chapter 2

Mathematical preliminaries

This chapter is meant to provide an overview of the real and functional analysis results that will
be used afterwards. Moreover, we present some basic facts concerning the necessary function spaces.
Unless otherwise required, in this chapter,  C RY is a bounded open set equipped with N-
dimensional Lebesgue measure. Note that the results in this chapter are not given in full generality,
these will be presented as needed in our study.

1 Standard Lebesgue , Sobolev spaces and Marcinkiewicz spaces

In this section we recall some basic facts on classical Lebesgue and Sobolev spaces with constant
exponent that we will use in the remainder of this thesis. For further details on this topic, we refer to
[20, 130, 39] B3], 67).

1.1 Lebesgue spaces

We say that a measurable function ¢ : 2 — R belongs to the Lebesgue space LP(Q2), p € [1, o], if the
quantity ||¢||r»(q) is finite.

H¢H o inf{CE(O,oo); ||¢||§C’a.e. OnQ} ifp:oo
Lr(Q) — (fg |¢’p)% ifpe [1’ oo)

Endowed with the norm || - ||zr(q), LP(£2) is a Banach space which turns out to be separable if p € [1, 00)
and reflexive if p € (1, 00).

For an exhaustive treatment on Lebesgue spaces we refer to [3] and [30]. We only recall the following
fundamental facts.

- Holder’s inequality: if p € [1,00] and p’ is the Holder conjugate exponent of p, that is

1 if p=o0

p=1{;5 ifpe(loo)

00 ifp=1,

21
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then
] / w\ < Nl V6 € L(Q), V2 € LF (Q).

- Young inequality: For all non-negative real numbers a,b and every 1 < p < oo, the Young
inequality holds

/

P
abéa_+_,7 p/:L7
p P p—1
which will be used in the following form: for every ¢ > 0,1 < p < co and real nonnegative numbers

a,b
ab < ea? + CLW with C. = =

1.2 Sobolev spaces

We say that a measurable function ¢ : € — R belongs to the local Lebesgue space L} _ (Q),p € [1, 0],
if ¢ € LP(U) for every open subset U CC Q.
If € L .(Q), the distributional partial derivative ¢,, of (the Schwartzian distribution on € induced

by) ¢ in the direction z; is the Schwartzian distribution on 2 defined by

bar(() = /Q 0Ce VC € CR(Q),

The distributional gradient of ¢ is the vector field Vo = (¢g,,. .., ¢z, ). We recall that if ¢ € CH(Q),
the distributional partial derivatives of ¢ coincide with the usual ones, hence the notation is consistent.
We say that a measurable function ¢ : Q@ — R belongs to the Sobolev space WP(Q),p € [1,00], if
¢ € LP(Q) and ¢,, € LP(Q) for every i € {1,..., N}. Endowed with the norm

[ollwrr) = 9o + 1IVEllLr(),

WhP(Q) is a Banach space which turns out to be separable if p € [1,00) and reflexive if p € (1,00).
For p € [1,00), the closure in W'?(Q) of the subspace C°(Q2) will be denoted by W,"(2) and its
dual space by W~ (Q). Hence, W, () is a separable Banach space with the same norm of W'?(Q)
and it is reflexive if p € (1,00). The local Sobolev space VV;S(Q), p € [1,00], consists of functions
belonging to W'?(U) for every open subset U cC Q. We set H'(Q) = Wh2(Q), HL(Q) = W,*(Q),
HY(Q) = W(Q) and H,, (2) = W2 (Q).

For an exhaustive treatment on Sobolev spaces we refer to [3] and [30]. We only recall the following
fundamental facts.

- Sobolev’s inequality: there exists a positive constant Sy which depends only on N and p, such
that

1 1
9]l < Sol2Y #[[[VO[roe i p € (N, 00), o ppriw
, NI e W,P(Q),

{ 101 o () < Soll [Vl Lr() if p € (1, N), ’
where p* is the Sobolev conjugate exponent of p, that is,

N
=— V 1,N).
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In general, W, () cannot be replaced by W'(Q) in the previous embedding result. However,
this replacement can be made for a large class of open sets €2, which includes for example open
sets with Lipschitz boundary. More generally, if (2 satisfies a uniform interior cone condition (that
is, there exists a fixed cone Ug of height A and solid angle w such that each z € €2 is the vertex of
a cone Ug(x) C Q and congruent to Ug), then there exists a positive constant S which depends
only on N and p, such that

{ ¢l < =% ([1llzo) + [IVElllz@)  if p € (N, 00),

wh P
6]l @) < 5 GlISller@) + IVOllr@) if pe (1,N),

- Rellich-Kondrachov’s Theorem: the embedding

Vo € WP (Q).

iy { 17O i € (N, 00),
o <Q)C{LQ(Q) Ve e[Lp) ifp e[l N).

is compact. Moreover, if ) satisfies a uniform interior cone condition, then also the embedding

L>(92) if p € (IV, 00),

W {Lqm) Vg e[l,p7) ifpe (1, N).

is compact.

- Poincaré’s inequality: there exists a positive constant P which depends only on N, p and €2,
such that
Il < PIVElllo) Vo € Wo™(Q).

Accordingly, the quantity |||V ||| z»() defines a norm on Wy () which is equivalent to ||+ |[w1r(q)-

- Stampacchia’s Theorem (see [80]): if ® € WH(R) is such that ®(0) = 0, then, for every
¢ € WyP(Q), the composition ®(¢) belongs to W, 7(Q) and

Vo(p) = @' (¢)V¢ a.e. on Q.
Moreover, one has that

Vé=0 ae on{p=0c} VYoecW,”(Q),YoeR

Accordingly, we are able to consider compositions of functions in I/VO1 () with some useful auxiliary
functions, such as, for any positive o, the truncation function at level o, that is,

T(s) = s if |s| <o
7\ sign(s)e if |s] >0

and
Go(s) =s—T,(s) = (|s| — o)"sign(s) VseR.

In particular, for every ¢ € Wy*(Q) and o € (0,00),T,(¢), G4(¢) belong to WP (Q) and satisfy
VT0(¢) = V¢X{\¢|<a}a VGU(¢) = V¢X{\¢\>g} a.e. on ).
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1.3 Convergence Theorems

Throughout this subsection we provide some definitions and results on the convergence of sequences of
measurable functions, which can be found, for example, in [31], 38| 39, (9, [63].

Definition 2.1. Let (u,) be a sequence of measurable functions on {2 and u a measurable function on
Q.

1. The sequence (u,) is said to converge almost everywhere on 2 to u if and only if meas {z € Q : u,(x)
does not converge to u(x)} = 0, and we write u,, — u a.e. in €.

2. The sequence (u,) is said to converge in measure on € to u if for every n > 0

lim meas {z € Q: |u,(x) —u(z)| >n} =0.

n——+o0o

3. The sequence (u,,) is said to be Cauchy if for every ¢ > 0 and every n > 0 there exists N € N
such that for all m,n > N, then

meas{z € Q: |up () — up(x)| >n} <e.
The following proposition shows that if a sequence is Cauchy in measure then it must converge in

measure.

Proposition 2.2. ([63]) Let (u,) be a sequence of measurable functions on 2, then the following state-
ments are equivalent.

1. (uy) is Cauchy in measure.

2. There exists a measurable function w (uniquely determined almost everywhere) such that (u,)
converges to u in measure.

The next proposition describes the relation between different modes of convergence.
Proposition 2.3. ([39]) Let (u,) be a sequence of measurable functions on € .
1. If up, — u a.e. in § then u, — u in measure (here ) is bounded).

2. If u, — u in measure, then there exists a subsequence (uy,,) such that u,, — u a.e. in § as
k — oo.

We now give the definition of a Carathéodory function.

Definition 2.4. Let m > 1. A function a = a(x,§) : Q x R™ — R is a Carathéodory function if for all
¢ € R™ the function
f('7 5) Q= Ra

is measurable and for almost every x € ) the function
f(z,) : R™ = R,

1S continuous.
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Proposition 2.5. ([20]) Let a = a(z,§) : @ xR — R be a Carathéodory function. Let u,, be a sequence
of functions and u be a measurable function such that w, — w in measure. Then a(x,u,) — a(x,u) in
measure.

We frequently use the following convergence results.

Theorem 2.6. (Monotone convergence theorem [67] ) Let (u,) be an increasing sequence of non-
negative measurable functions on €2, which converges pointwise to u. Then

/und:v — / udx when n — oo.
Q Q

Theorem 2.7. (Fatou’s Lemma [07] ) Let (u,) be a sequence of non-negative measurable functions

on ). Then
/ (hm inf un) dr < lim inf/ U, dr.
0 n—0o0 n—o0 Q

The next result is the analog of Fatou’s Lemma.

Proposition 2.8. ([38]) Let 1 < p < co. Suppose the sequence (u,) C LP(S2) is such that u,, — u a.e.
in Q. If

ligiorolf ”unHLP(Q) < 00,

then u € LP(Q) and

lullzogey < liminf [ |0

Theorem 2.9. (Lebesgue’s dominated convergence Theorem [67]) Let the sequence (uy,) of LP(S2)
with 1 < p < 00, converge a.e. to u, and be dominated by v € LP(Q), in the sense that |u,(x)| < v(z)
a.e. in 2. Then u, — u (strongly) in LP(S2), that is, u € LP(Q2) and

[tn = ull poiq) = 0 as n — oc.
The partial converse of the dominated convergence theorem is stated in the following lemma.

Proposition 2.10. ([67]) If u,, — w in LP(Q2) with 1 < p < co. Then we can extract a subsequence
(Un, ) such that u,, — u a.e. in Q as k — oo.

Theorem 2.11. (Vitali’s convergence Theorem [3()]) Let (u,) be a sequence of functions in LP(2)
with 1 < p < 0o such that

o u, — u a.e on .

o (uy) is equi-integrable, that is, for every € > 0, there exists § > 0 such that

/ fun ()P da < e,
E

for all n and for every measurable set E C Q with meas (E) < 4.

Then u,, — u in LP(2).
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Proposition 2.12. (Weak compactness [53]) Assume 1 < p < oo and the sequence (u,,) is bounded
in LP(QY). Then there exists a subsequence (u,,) and a function v € LP(Q) such that u,, — u weakly in

LP(Q), i.e.,
/ Up, vdr — / uvdzx, as k — oo, for allv € Lp/(Q).
Q Q

Similarly, if (uy,) is bounded in L™ (SY). Then there exists a subsequence (uy, ) and a function u € L>(€2)
such that u,, — w weakly-*in L>(§2), i.e.,

/ Up, vdr —> / wvdz, as k — oo, for all v € L*(Q).
Q Q

We remark that when ) is bounded, the weak-convergence of (uy,) in L>(§2) to some u € L>®(QQ) implies
weak convergence of (u,) to u in any LP(),1 < p < co. It is important to note that the above theorem
is false when p = 1, since a bounded sequence in L'(Q) has in general no weak convergence property.
The following lemma shows the boundedness of weakly convergent sequences.

Proposition 2.13. ([53]) Let 1 < p < oco. Assume u, — u weakly in LP(Q) (weakly * if p = o00). Then
i) (uy) is bounded in LP((2).
i) |[ull o) < liminf, o ||Un||Lp(Q)'

In view of (i) it result that w, — u weakly in LP(Q) (weakly- * if p = o0 ) and v, — v in L¥ (Q) then
/unvnd:c — / uvdr, asn — oo.
Q 0

Proposition 2.14. ([20]) Let (u,) be a sequence of functions in LP(2) with 1 < p < co. Assume that
o (uy) is bounded in LP(Q));

o u, —u a.e onfl.
Then u, — u in L1(QY), for every 1 < q < p and weakly in LP($2).

We have the following characterization of weak convergence in W1P(Q).

Proposition 2.15. ([20]) A sequence (u,) weakly converges to u in WP(Q), if and only if there exist
v; € LP(Q) such that u, — u weakly in LP(Q2) and D;u, — v; weakly in LP(Q2),i = 1,...,N. In this
case, v; = D;u.

Proposition 2.16. ([67/) If u € LP(R2), then Ty(u) — u in LP(Q) strong when k — +o00. If
u € WHP(Q), then Ty(u) — u in WHP(Q) strong.

The following results concerns the superposition operators.

Proposition 2.17. ([67]) Let T be a globally Lipschitz continuous function from R to R piecewise C*
and with only a finite number of points of non differentiability ¢y, ca, . ..., cx. Assume that T(0) = 0.
Then

1) for all u € WyP(Q) :
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(i) T(u) € Wy"(Q).

(i1) V(T'(u)) = T'(uw)Vu on Q\ U, E., and V(T(u)) =0 a.e. on U*_|E,,, where E., =u™' (c;),
i=1,...,k

2) the mapping u — T(u) is
(i) continuous from W1P(Q) strong to W'P(Q) strong for all p < oc.

(ii) sequentially continuous from WP (Q) weak to WP (Q) weak ( weak-* for p = 00).

1.4 Marcinkiewicz spaces

We say that a measurable function ¢ : 2 — R belongs to the Marcinkiewicz space MP(Q2),p € (0, 00),
if there exists a positive constant C' such that

C
{16 > 0}| < o € (0,00).
Endowed with the quasinorm

P = > % R
[6lhimio) = sup {H{I6]> o}?o

o€(0,00

MP(Q) is a quasi-Banach space. We recall that the Marcinkievicz spaces are intermediate spaces between
Lebesgue spaces, in the sense that the following continuous embeddings hold:

LP(Q2) C MP(Q) C LP74(Q) Vpe (1,00),e € (0,p—1].

Moreover, if p € (1,00), for every ¢ € MP(2) there exists a positive constant C' which depends only on
p and ||| ar (o) such that

/ lp| < C|U|i V measurable subset U C (.
U

2 Rearrangements and related properties

In this section we recall a few notions about rearrangements. Let £ be an open bounded set of RY.
If u is a measurable function in €2, we define the distribution function pu of u as follows

o (t) = {z € Q:|u(x)] >t}]|, t>0.

Where | E| denotes the Lebesgue measure of a measurable subset F of IRY. The function p is decreasing
and right-continuous. The decreasing rearrangement of u is defined by

u*(s) =1inf {t > 0: p,(t) <s} for s €0,]9].

Recall that the following inequality
u () < 1, (2.1)
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holds for every ¢ > 0 (see [23],[83]). We also have (see [[84],page 3])
u*(0) = ess sup |ul. (2.2)

If f is any continuous increasing map from [0, oo] into [0, co] such that f(0) = 0, then [84]

| fut@nas = | " pr )t
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Chapter 3

Degenerate elliptic problem with a
singular nonlinearity

In this chapter we prove some existence and regularity results for a nonlinear elliptic problem with
degenerate coercivity via Schauder’s fixed point theorem. The results of this chapter, which have been
published in [77].

1 Introduction

In this chapter we are concerned with the existence of a distributional solution for a singular degenerate
elliptic problem modelled by
—div(a(z,u, Vu)) = fh(u) in Q
u>0 in (3.1)
u=>0 on 0f2,

with 2 a bounded open subset of RN, N >2, N > p > 1, f is non negative and it belongs to L™(Q)
for some m > 1. Finally the singular sourcing A : [0, 00) — [0, 00| is continuous, bounded outside the
origin with A(0) # 0 and such that the following propertie hold true

AC, v >0 st h(s) < ng Vs € (0, +00). (3.2)

Let us give the precise assumptions on the problems that we will study. Let 2 be a bounded open
subset of RN N > 2 let N >p>1andlet a:Q x R x RYN — IRY be Carathéodory function (that
is a(.,t,€) is measurable on Q for every (¢,&) in IR x IRY and a(z,.,.) is continuous on IR x RN for
almost every x in ), such that the following assumptions hold :

a(z,t,£).€ = b([t])[¢]", (3-3)

for almost every z in Q and for every (¢,€) in IR x IRY, where b : (0,00) — (0,00) is a decreasing
continuous. For the sake of simplicity, we take the function

B(t) = /0 b(s)71ds, (3.4)
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is unbounded, for the sake of simplicity, we take in (3.3

«

for some real number 0 < 6§ < 1 and some o« > 0.
la(z,t,6)] < Blao(z) + [t~ + €77, (3.6)

for almost every x in Q, for every (¢,€) in IR x IRY, where aq is non-negative function in L¥ (Q), with
%+}%:1and52a,

[a(x,t,{) —a($,t7£/)} (g_é) > 07 (37)

for almost every « in Q and for every ¢ in IR, for every £,¢ in IRYN, with & # ¢ we will then define, for
u in WyP(€) the nonlinear elliptic operator

A(u) = —div(a(x,u, Vu)).

In the study of problem , there are two difficulties, the first one is the fact that, due to hypothesis
(3-3), the differential operator A(u) though well defined between Wy P(Q) and its dual, but it fails to
be coercive on VVO1 P(Q2) when u is unbounded. Due to the lack of coercivity, the classical theory for
elliptic operators acting between spaces in duality (see [70]) can not be applied even if the data f are
sufficiently regular(see [76]). The second difficulty comes from the right-hand side is singular in the
variable u. We overcome these difficulties by replacing operator A by another one defined by means of
truncations, and approximating the singular term by non singular one.

Now, we give our definitions of solution for problem (|3.1)).

Definition 3.1. Let f be in L™(2) ;,m > 1. A measurable function u is a weak solution of (3.1 if
a(z,u, Vu) € (LY(Q)Y, fh(u) € L1(N2) and if

/ a(z,u, Vu)Vedr = / fh(u)pdz, for every ¢ € L®(Q) N W, (). (3.8)
Q Q

Our first result is the following:

Theorem 3.2. Let f € L™(Q2) with m > N/p, assume that (3.3)), (3.5), (3.6) and (3.7) hold true then,
there exists a function u € WyP(Q) N L=(Q) solution of (3.1).

Theorem 3.3. Assume that (3.3)), (3.5)),(3.6),(3.7) and 0 < v < 1 hold true. Let f € L™(Q) with

/
P’ Np
my = = <m < N/p, 3.9
1 (9(p—1)+1—7> Np = (N =p)f(p—1)+1-1] / 39
then, there exists at least one solution w in Wy™P(Q) N L™(Q) of (3.1)
—1)(1 —

N —pm

Remark 3.4. If 0 < v < 1, we explicitly note that m = my <= r = p*, and If § = 1,7 — 0, then
my — N/p, in this case. Observe that, for every 0 < # < 1, we have m; > (p*)' = f € W (Q), it is
classical to expect a W, (€2) solution.
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Theorem 3.5. Assume that (3.3), (3.9),(3.6),(3.7) and 0 <~ <1 hold true. Let f € L™(Q) with

l<m< Np (3.11)
Np—(N=p)fp—1)+1—7] '

then, there exists at least one solution u in Wy °(Q), that is

_ Nml(p— 1)1~ 6) +7]
N=m((p—1)f+1-7)

(3.12)

Remark 3.6. If v — 0%, the result of Theorem |3.3] Theorem coincides with regularity results for
elliptic equation with coercivity (see([5],Theorem 1.3 and Theorem 1.7)).

Remark 3.7. If 0 < v < 1, under some condition on f, the summability of the solution to (3.1]) is better
than or equal to that of solution in ([5], Theorem 1.7 and Theorem 1.9) (see [5]).

The last result deals with the case where the source f belongs to L!'(Q) and 0 <~ < 1.

Theorem 3.8. Let us consider 0 < v < 1 and f € L'(Q) then the problem admits a solution u
belonging to Wy 9(Q), with
_ Nip=1)(1—-0)+1]
N—(p-10+1-7)

(3.13)

The chapter is organized as follows: in the next section we will give a priori estimates for solutions
of approximate equation, while the third section will be devoted to the proof of the results.

2 A priori estimates

Here we provide our a priori estimates for the approximate solutions to problem ({3.1)).
Approximating problems. For n € IN, let f,, = T,,(f) and we consider the following problem:

—div (a(x, T,,(uy,), Vu,)) = fuhp(u,) in Q
{ tn =0 on 0f2. (3.14)
Moreover, we set
| To(h(s)) for s>0,
fin(s) = { min(n, h(0))  otherwise, (3.15)

where T,,(h(u,)) < m The right hande side of (3.14) is nonnegative, that w, is nonnegative.

Observe that we have ”"truncated” the degenerate coercivity of the operator term and the singularity of
the right hand side. The weak formulation of (3.14)) is

/ a(z, T, (up), Vuy,).Vedr = / Frhn(un)pdz Yo € L¥(Q) N WP (Q). (3.16)
0 Q

Proposition 3.9. For each n € N there exists u,, € Wol’p(Q) N L () weak solution of problem (3.14)).
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Proof. The proof is based on standard Schauder’s fixed point argument. Let n € IN be fixed and
v € LP(Q) be fixed. we know that the following nonsingular problem

—div (a(z, T,,(w), Vw)) = fuha(v) in Q
{ w=10 on 0,

has a unique solution w € W, ?(Q) N L®(Q) follows from the classical results (see [68] and [5]). In
particular, it is well defined a map
G:LP(QQ) — LP(Q),

where G(v) = w. Again, thanks to regularity of the datum h,,(v) f,,, we can take w as test function and
obtain

/Qa(a:,Tn(w),Vw)Vw:/anhn(v)w, (3.17)

then, it follows from ({3.3))

Vol [ IVl [
— dx < dr < d
“/Q<1+n>9<p—l> TS ) A T o = f, lelde

using the Poincaré inequality we have

VP 2/
— dr < d
/Q 5 0D Tz <cn g |Vw|dx,

by Hélder’s inequality on the right hand side, we obtain

1
1 P
/ |Vw|Pdz < (1 +n)9(p_1)n2/ |Vw|dx < e(n)|Q </ |Vw\pdx)
Q 7 Q

we deduce
[ 1vupds < cwyg,
o)

Using the Poincaré inequality on the left hand side

|lwlLe(@) < e(n, [Q])(= c7 (n)|€2]7),

where ¢(n, |€2]) is a positive constant independent form v and w, thus, we have that the ball B of LP(Q2)
of radius ¢(n, |€2|) is invariant for the map G.

Now we prove that the map G is continuous in B. Let us choose a sequence vy that converges strongly
to v in LP(Q2), the by dominated convergence theorem

fahn(vr) = fohp(v) in LP(Q),

then we need to prove that G(vy) converge to G(v) in LP(£2). By compactness we already know that
the sequence wy = G(vg) converge to some function w in LP(€2). We only need to prove that w = G(v).
Firstly, we have the datum f,h,(v;) are bounded, we have that wy € L*(£2) and there exists a positive
constant d, independent of v, and wj, (but possibly depending on n ), such that ||wg||pe@) < d. We
know the sequence wy, is bounded in Wy (). Hence, by uniqueness, one deduces that G(vj,) converge
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to G(v) in LP(€2). Lastly we need to check that the set G(B) is relatively compact. Let vy be a bounded
sequence in B and let w, = G(vy). we proved before that

/ Vuldr = / VG(o)Pde < c(n, 2.
Q (9]

for any v € LP(Q)), then for v = v, we obtain

/ |Vwg|Pde = / VG (vg)|Pdx < ¢(n, |Q]),
Q Q

so that G(v) is relatively compact in LP(€2) by Rellich-kondrachov Theorem. We can then apply
Schauder fixed point theorem there exist a fixed point of the map G, say wu, will exist in B such
that G(u,) = u, and we will have that u, € W, (Q) N L>®() is solution of problem (3-14). Moreover,
taking ¢ = —u,, in and recalling that h,, (u,) f, is nonnegative, we obtain

O [P, < a/ [V, [*
(14 n)fe-D 7wy P @) == [0 1+ T, (um)‘?(p—l)
G3.G3)
< / a(z, T, (un), Vuy) -V (—u,) = —/ b () fru,, <0.
Q Q

It follows that ||u, ”Wol,P(Q) = 0 which means that u, is nonnegative. O

Theorem 3.10. Let f be in L™(Q2) with m > N/p, 0 < 0 <1 and let u,, be solution of (3.14). Then
the norm of u, in L*>(2). Indeed, we have

C|Q| %77 Nm(p — 1)
(Negy e N

P
el o) < B AN ey | (3.18)

where B~Y denotes the inverse function of B. Furthermore, if 0 < v < 1, the norm of u,, in Wol’p(Q) is

bounded by a constant continuously depending on the norm of f in (L™(Q))V.

Proof. For ¢ > 0 and t > 1, we use in the formulation (3.16)). Let the test function v = T.(Gy(uy,))
where {t < |u,| < t+ e} denotes the test set {z € Q:t < |u,(z)| < t+e}. Assumption (3.3) yields

Vu,|?
a/ Vu |9( —ydr < g/ frhn(uy)dx
{t<lun|<t+e} (1 |un])?® {t<|un ()|}

<e sup (hn(un))/ frndx
t<|un(z)|

UnE[t7+OO]

<e sup (#)/ Jdx
T uncltorod \(un (@) + ) Jpcun@ny

in the set {t < |u, ()|}, we have that |u,(z)| + £ > ¢ > 1 and dividing both sides by ¢ we get

Vu, P
g/ [V |9( _l)da: <C fdz.
€ Jit<tun @) <trey (1 + un])?® {t<un ()|}
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The above inequality and Holder’s inequality

(6% |vun| b
— 5 _1)da:
€ Jit<lun(@)|<t+ey (14 un])?@

1 ot
<C ( / da:) / fdx. (3.19)
(t<un(@)<t+ep (1 [un])0@=D {t<lun(@)]}
We can pass to the limit as ¢ goes to 07 in (3.19)) to get, after simplification
—— | = Vu,|d < - “()|dT | . 3.20
i (G [ i) < ey ([ i (3.20)

On the other hand, from Fleming-Rishel Coera Formula and isoperimetric inequality (see [83] and [84])
we have for almost every ¢ > 0

1 d
NOF (u, (1) % < — |V, |dz, (3.21)
At J{jun <ty

where Cly is the measure of the unit ball in JRY. Then ( - ) and (| - give

/
p

a1 O 1 Hun (1) 0
5 < — / fr(r)dr o . (3.22)
LT (ved) D ()
Integrating both sides of (3.22) between 0 and o, we obtain
Cp%l o Py, (T) % —u (t
Blo) < ——— / ( / f*(T)dT) a “Tzl(_)) dt. (3.23)
(veg) o \o (tar (£) 13
Making a change of variables in the last integral, we get
Sl o 2
Blo) <~ / ( / f*(T)dT) 2 —dp. (3.24)
(Neg)" o Mo pl= v

Let us denote by u} the decreasing rearrangement of w,. By (£2.1]), one has

B () < (NCPN ([ re ) s

Taking into account (22.2)), by evaluating B(u*(0)) we get(3.18). Let us denote in what follows by cs
the constant on the right in (3.18)), that is

|[tnloo < oo, (3.25)
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it is easy to get an estimation in W, ?(Q). Taking u,, as test function in formulation (3.8) then using

(3.3),(3.25) and Holder inequality, we get
bp(coo)/ |Vun|pdx§/fu}l_7dx§ ||u,11_7||Loo(Q)/fdx§coo/fdx
Q Q Q Q

_ 1
< oo Q|| f]| Lm0,

then .
Coo| QT
Vu,|Pde < ————— m(Q)- 3.26
| iz < 2 (3.26)
O
Theorem 3.11. On suppose that 0 < v < 1 and the datum f € L™(QQ), with
Np
<m < N/p,
Np— (VP - D17 /
let
. Nml(p—1)(1 —0) +]
N — pm '
Then, the solution u, to (3.16)) are uniformly bounded in L"(2) N W, 7(Q).
Proof. Let us choose (1 4 u,)” — 1 as a test function by the hypotheses on a, one has
(miary) LIviosm 5
v U, P x
p-1)A=0)+v/) Jq
. Vuy,|P Vuy,|P v—1
B / (0T o0 ™ S f T Gy )
T (f) / /]
<C | ————((up, +1)"=1)de <C+C | —————dx. 3.27
> /S;(un_i_%)v((u + ) ) r< O+ Q(un+1)—y+'y T ( )
By Sobolev’s inequality on the left hand side and Hoélder’s inequality on the right one we have
( GRS )p*dx) ”
Q
< Ol [ an+177va) ™ (3.28)
Q
Let v > ~ be such that
—O(p—1 1 _
Op—D+vap—1, e
N—p m—1

and £ > L that is
P m

N(m—1)(1-0)(p—1) +ym(N — p)
N —pm

UV =
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and m < %, we observe that

mN

N_—m[(p—l)(1—9)+v]=7“>1

%(—9(p—1)+u+p—1):

This implies that u, is bounded in L"(£2).

By (3.27), (3.28) and v > 1+ 6(p — 1) ((:) Np_(N_p)][\é’(’p_l)H_ﬂ < m> , we get

[V, [P /
Vu,|Pde < dr < C m nl dx < Cst.
/Q| tn m_/§2(1+un)9(p1)y+l ? = Ol ey Q’u’ e

]

Theorem 3.12. On suppose that 0 < v < 1 and (3.11)) holds true. Let o be as in (3.12)) then the
solution u, to (3.16) are uniformly bounded in W, ().
(

Proof. Let us choose (1 4 u,)* — 1 with A = =1 _?\),(f;i)ﬂmw—p) as a test function in (3.16) with
the summer arguments as before we have

—0(p—1)+A+p—1_ , p* |Vun|17
P p
(/Q[(l + un) ] dx) < /Q (1 T un)e(pfl)*)ﬁ*l dx

’

< Ol flleme (/Q(l +un)m'“_7)drp) .

N((p=1)(A=6)+))

As above, we infer that w,, is bounded in L N=p (€2). This choice of A gives that A\ > « thanks to

the fact that f(p — 1) —A+1>0and 0 < o0 = ]J\\,[ng();(;)_(})_ﬂﬂ]), by the assumptions on m, writing

" |Vu,|” 0(p=1)-A+1
/ |Vu,|”dx = / oo (L tun)”  r da
Q Q(1+u,) »

Q

Now let 1 < o < p and using Holder’s inequality with exponent £, we obtain

- [Vu,|” v e
/Q|Vun| dr < [/Q (1—|—un)9(1’—1)—/\+1d$ Q(l—i-un) Z dx :

The above estimates imply that the sequences u,, is bounded in WO1 7(Q) if

Op—1)—A+1 N[(p—1)(1—0)+ )
’ p—1 B N—p ’

that is
_ Nm[(p—1)(1-6)+]

CN-ml(p-1)+1-1]
By virtue of A < 14+6(p—1) or ¢ < p, therefore we have m < Np/[Np— (N —p)(0(p—1)+1—7)]. O

Theorem 3.13. Assume that 0 < v < 1 and f € L'(Q), let q be as in (3.13)), then the solution u,, to
(13.14) are uniformly bounded in Wol’q(Q).
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Proof. Choosing ¢ = (1 +u,)” — 1 in (3.16). Using assumption (3.3), we can write

|V, [
/Q (1+ un)1+0(p71)7~,d1’ <c 5 | fldz. (3.29)

Let ¢ < p, writing

|Vu,|? a(+0(p=1)=7)
/ |V |*dz = / sy (1 + tn) ! da.
Q Q (14 u,) P

= [ /sz (1 + u,) HHOE=D=7) dr Q(1 +u,) re dr
1—4
. { / o un)wdﬂ ' (3.30)
Q

By Sobolev inequality, we obtain

. i T S
(/ uld d:z:) < / |Vu,|?dz < c [ /(1 +u,)  ra dx} : (3.31)
0 Q 0

Now choose ¢ in order to have

;=11 H0p-1)-1)

) 3.32
p— (3.32)
we point out that 1 > E-4, thus from (3.31), (3.30) and (3.32)), we deduce that the sequence w,, is
bounded in W,%(Q). O

3 Proof of the results

In this section we are going to use the results of section 2 in order to prove Theorem [3.2] Theorem
and Theorem [3.5

Proof of Theorem (3.2,
Step 1: We prove that

lim [ h,(uy) fapde = / h(u) fedz, (3.33)

n——+o00 Q Q

for all non negative ¢ € W,”(Q) N L>(Q). First we observe that from the Young inequality and the
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hypotheses in (3.6]), one gets

mewh¢:lﬁ@3u%%w%wwmg/ﬁd@vmx

Q

/|un|p 1Vg0da:+/ |Vu,|P~ 1Vgpda§</ao( )Vgoda:+—/ [t [P

/|V¢|de+_/‘vun|pdx+ /va\pd:c<—/ao ) da-+
_/ |V(p|pdl’—|——/|un|p+—/|v¢|PdI+_/|Vun|pd$
pJa P Jo P Ja p Jo
1
+—/ |V90|”d1’50+0[/\lepdfﬂ+/|un|”dx+/|Vun|f’dx],
P Ja Q Q Q

[ () < e+ cllelhugoiay + lnllugria) (3.34)

then

From now we consider a non negative ¢ € W,"*(2) N L®(Q). An application of the Fatou Lemma in
(3.34) with respect to n gives

/Qh(u)fgo <cg, (3.35)

where ¢ does not depend on n. Hence fh(u)p € L'(Q) for any non negative ¢ € WyP(Q) N L®(Q). As
a consequence, if h(s) is unbounded as s tends to 0, we deduce that

{u=0} c{f=0}, (3.36)

up to a set of zero Lebesgue measure.
From now on, we assume that h(s) is unbounded as s tends to 0. Let ¢ be a non negative function in
Wy (Q) N L>(Q), choosing it as test function in the weak formulation of (3.14)), we have

/Qa(x,Tn(un),Vun)Vgpdx:/anhn(un)godx. (3.37)

We want to pass to the limit in the right hand side of (3.37) as n tends to infinity. we fix § > 0, and
we decompose the right hand side in the following way

/hn(un)fncpdasz/ hn(un)fngpdx—l—/ hi(uy) fopde. (3.38)
Q {un<é}

{un>§}

Therefore we have, thanks to Lemma 1.1 contained in [71], that Vs(u,) belongs to W, ?(), where Vj is
defined by

1 if s<§
Vs(s) = 2= if § < s < 24, (3.39)
0  ifs>24
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So we take it is test function in the weak formulation of (3.14)), using (3.39)), (3.3) and (3.6) we obtain

/ hn(un)fnsod:vé/hn(un)fn%(un)sod:v
{un<8}

Q

1
:/a(x,Tn(un),Vun)Vgo%(un)dx——/ a(x, T, (up), Vuy,)pVu,de,
Q 0 J(5<un<26}

by using (3.3)) and (3.6)), we have

/ B (uy) fropde < ﬁ/ [a0(z) + |un [P~ + |V, P VVs(u, ) d
{un<d} Q

1y |
- |V, |[Ppdx
o(n 4 1)00=Y) Jiscw, <o5)

< 6/ [ao(@) + |un P71 + |V Ve Vs(u,)da.
0

Using that Vs is bounded we deduce that |Vu, [P~V ¢Vs(u,) converges to
|Vul[P~'VpVs(u) weakly in LP (Q)N as n tends to infinity. This implies that

lim b (uy) fopdr < 6/ [ao(x) + |ulP~! + |[VulP ] VeVs(u)da. (3.40)
Q

n—-+o00 {ungé}

Since Vj(u) converges to X (u,—o) a.e in Q as § tends to 0 and since u € Wy?(2), then
[ao(z) + |ulP~™! + [VulP7 ] VeVs(u) converges to 0 a.e. in Q as § tends to 0. Applying the Lebesgue
Theorem on the right hand side of (3.40) we obtain that

lim lim ho () frpdz = 0. (3.41)

d—0t+t n—+oo {unSE}

As regards the second term in the right hand side of (3.38) we have

0 < hn(wn) X funssy < sup [h(s)]fe € LHQ), (3.42)

5€]6,00)

we remark that we need to choose § # {n;|u = n| > 0}, which is at most a countable set. As a
CONSeqUeNce Xy, s} CONVerges to Xqu>sy a.e in Q, we deduce first that hy,(u,) fruX{u.>s3p converges to
h(u) fxqussyp strongly in L'(Q) as n tends to infinity, then, since h(u) fx{u>s1¢ belongs to L(2), that
Fh(u)xqussyp converges to fh(u)xusopp strongly in L*(€) as § tend to 0.

and then, once again by the Lebesgue Theorem, one gets

lim lim hon(uy) fopdr = / h(u) fedz. (3.43)
50T =00 Jry, 56} {u>0}
By (3.43) and (3.41)), we deduce that
lir}rq b () frpdaz = / h(u)fedr ¥ 0 < o€ WyP(Q) N L=(Q). (3.44)
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Moreover, decomposing any ¢ = ot — ¢~ with ¢t = max(p,0), ¢~ = —min(p,0)
the positive and the negative part of a function ¢, and using that (3.44)) is linear in ¢, we deduce that

(3.44)) holds for every ¢ € WyP(Q) N L>®(). We treated h(s) unbounded as s tends to 0, as regards
bounded function h the proof is easier and only difference deals with the passage to the limit in the left
hand side of (3.44). We can avoid introducing ¢ and we can substitute (3.42]) with

0 < fahn(tun)e < flIh]| L)

Using the same argument above we have that f,h,(u,)e converges to fh(u)e strongly in L'(Q) as n
tends to infinity. This concludes (6.4)).

Step 2: Thanks to , the sequence u,, is bounded in I/VO1 P(Q)). Therefore, there exist a subsequence
of u,, still denoted by u,,, and a measurable function u such that

u, — u weakly in W, ?(Q) and a.ein €. (3.45)
We shall prove that, up to a subsequence
u, — u strongly in - Wy (Q). (3.46)

We take u, — u test function in the weak formulation of (3.16]), we obtain for n > ¢4

/Qa(x, Up,, V)V (U, —u)de = /anhn(un)(un —u)dz, (3.47)

the right hand side tends to zero when n tends to infinity. On the other hand we write
/ a(x, Uy, Vuy,) — a(x, uy, Vu)V(u, — u)
Q

= /Qa(x,un, Vu,)V(u, —u)dx — / a(x, uy, Vu)V(u, —u), (3.48)

Q

by (3.45)) one has
lim [ a(z,u,, Vu,)V(u, — u)de =0,

n—-+o0o Q

As regards the second term on the right in (3.48)) and see step 1 in the proof of Theorem , using
(3.6) and Vitali’s Theorem we obtain that

a(z, Uy, V) — a(z,u, Vu) strongly in (LP (Q))V.

Therefore, we obtain

lim [ (a(z,un, Vu,) — a(z, up, Vu))V(u, —u)dr = 0, (3.49)

n—-+oo Q

thanks to (3.7)), the integrand function in the left hand side in (3.49) is non negative, therefore

(a(x, U, V) — a(z, up, Vu))V (u, —u) — 0 strongly in L*(Q).
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Thus, up a subsequence still indexed by u,,, one has
a((x, uy, Vuy,) — a(x, uy, Vu))V(u, —u) — 0,
for almost every x in €2, there exists a subset Z of ) zero measure, such that for all x in Q\Z we have
D, (z) = (a(z, un(z), Vu,(x)) — a(x, u,(z) Vu(z)V(u, —u)(x))) — 0 (3.50)
lu(x)| < oo,|Vu(z)| < 0o,|ag(z)| < oo and u,(z) — u(z), then by the growth condition (3.6),(3.3) and

[[tn]loe <€

D, (w) > o V()P = ela) (1+ [V, &) + [V @) ).

where ¢(z) is a constant depends on z but does not depend on n, which schows thanks to , that
the sequence |Vu, ()| is unformly bounded in R, with respect to n, we argue simililary as in Lemma
5 in [21], to obtain (3.46]).

We can now pass to the limit going back to the equation (3.16)), to do this, let ¢ € Wy P(Q) NL=(Q).
For every n > c., one has

/a(a:,un,Vun)Vgpdx:/hn(un)fngodx, (3.51)
0

Q

by (3.46), we have Vu,, — Vu strongly in (LP(Q2))" and a.e in ©, so that Vitali’s Theorem implies

that

a(x, tn, Vu,) — a(z, u, Vu) strongly in (L7 (Q))V.

Then, passing to the limit in (3.51)) and using the result in the Step 1, we obtain
/ a(z,u, Vu)Veodr = / fh(u)pdz,
Q Q

for all o in W,?(Q) N L>°(Q), moreover, from (3.25)), we have
we WyP(Q) N L=(Q).
[l

Proof of Theorems and 3.5 Because the proofs of Theorems [3.5] are similar to that of Theorem
, we restrict to the proof of Theorem O

Proof of Theorems[3.5 As consequence of Theorem there exist a subsequence, still indexed by n,
and a measurable function u in Wy*(Q) N L"(Q) such that u, converges weakly to u. Moreover, by
Rellich Theorem we have

u, — u a.ein (L (3.52)

Fix k£ > 0, we will prove that
Tio(tn) — Ti(u) strongly in W, 7(Q). (3.53)
By Theorem [3.11} the sequence Ty(u,) is bounded in W, (Q). Therefore, by (3.52) we get

Ti(un) — Ti(u) weakly in WP (Q). (3.54)
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Using Ty(up) — Ti(u), which belongs to W, ?(Q), as test function in formulation (3.51)), we get

/ a(z, Tn(un), V) V(Ti(u,) — Ti(u))dx = / B () fr(Tr (ur) — Ti(u))dex.
Q Q

Thanks to (3.54) and (3.44)), we have

lim a(x, T, (up), Vun)V(Tx(un) — Ti(u))dx = 0. (3.55)

n—-+00 Q

By the growth condition (3.6|) and Theorem the sequence a(z, T, (u,), Vu,) is bounded in (L? (Q))".
Then, it converges weakly to some [ in (L (Q))" and we obtain

lim a(z, T, (un), V) VT (u)de = / INTy(u)dz = 0. (3.56)

2 H0 S [ >k Ju|>k

The continuity of the function a, (3.52) and Vitali’s theorem allow us to have

a(x, T, (u,), VI (u)) — a(x,u, VT (u)) strongly in (Lp/(Q))N.

Therefore, by Theorem [3.11] and (3.54) we get

lim a(x, Tp(un), VIi(un))V(Ti(u,) — Ti(u))dz = 0. (3.57)

n—-4o00 Q

On the other hand, we write for n >
/Q (a(x, Ti(un), VTi(un)) — a(x, Ti(un), VTi(1)) V(Th(un) — Ti(w))d
_ /Q (alz, Te(un), V(1)) V (Te (1) — Ti () dee
_ /Q(a(x7Tk(un),VTk(U))V(Tk(Un) — Ty(u))dx
_ /|un<k(a<x, T (tn), VitV (Ti (1) — Ti(w))dar
_ /Q (e, T(un), VT(w))V (T () — Tio(w))da
_ /Q (a(, T (), V)V (Ti(t) — To(w))da
_ An>k(a(x,Tn(un),vun)V(Tk(un> — Ty (u))dx

_ /Q (a(, T (1), V(1)) V (Te () — To(w))dz.
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Observing that VT (uy) = 0 on the set [un] > k, we get
/Q (a(, Te(un), VT(un)) — alar, Te(un), V()Y (Ti(un) — T(w))da
_ /Q (al, To(tn), Vi)V (Te(ttn) — To(ur))d
+ /un|>k(a(x,Tn(un),Vun)V(Tk(u))dx
- /Q (ale, Te(tn), Vo))V (Th (1) — To(us)) .
Thus,it follows from (3.55),(3.56) and that
/Q (aa, To(un), VTi(un)) — a(, Te(un), VT (w)))V (Tk (1) — To(w))dae = 0.

when n tends to +o0o. By Lemma 5 of [21], we obtain (3.53). The strong convergence (3.53) implies, for
some subsequence still indexed by n, that

Vu,, — Vu a.ein (),
which yields , since (a(z, T}, (uy), V) is bounded in (L' (Q))", that
a(z, Ty (uy), V) — a(x,u, Vu) weakly in (L' ().
Therefore ,passing to the limit in (3.51)) we obtain (3.8]). n
Proof of Theorem (3.8 By Theorem m the sequence u,, is uniformly bounded in VVO1 (). Therefore

we can obtain a solution passing to the limit, namely arguing exactly as in Theorem O
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Chapter 4

Regularizing effect of absorption terms in
singular and degenerate elliptic problems

In this chapter, we study a nonlinear singular elliptic equation with degenerate coercivity, lower
order term and non-regular data. We discuss the existence and regularity of solutions in Sobolev spaces.
The results of this chapter generalize the corresponding ones in the coercive case, given in [34].

1 Introduction

Let us consider the following problem

—div(a(z,w)|VulP*Vu) + [u]*'u = h(u)f inQ
w>0 in O (4.1)
u=0 on 0f),

where 1 < p < N, Q is bounded open subset in R and a : 2 x R — R is a Carathéodory function such
that for a.e. z € ) and for every s € R, we have

o
(1+]s])”
a(z,s) < B, (4.3)

for some real positive constants «, 8 and 0 < # < 1. Moreover, f is a non negative L™(2) function,
with m > 1 and the term A : [0, 00) — [0, 00) is continuous, bounded outside the origin with /(0) # 0
and such that the following propertie hold true

a(x,s) > (4.2)

Cc

de, v > 088 h(s) < Vs € (0, +00), (4.4)

s
for some real number vy such that 0 <y < 1.
Concerning the non-singular elliptic problems with lower order terms we have introduced in the
introduction this type of problems, now we turn our attention to recalling some results when the
authors had added the singular sourcing term. Problems of the p-Laplacian type (i.e 8 = 0), have
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been well studied in both the existence and regularity aspects with f having different summability (see
[41]). This framework has been extended to the problems with a lower order, considering

—Au—i—uszuiV in 2

uw>0 in (4.5)
u=>0 on 02,

with f € L™(Q), m > 1, 0 < v < 1. Existence and regularity were established in [40]. Recently Oliva
[74] have proved the existence and regularity of the solution to the problem

—Apu+g(u) =h(u)f inQ
u>0 in Q (4.6)
u=0 on 0f),

f is a nonnegative and it belongs to f € L™(Q2), m > 1, for some 0 < v < 1. While g(s) is
continuous, ¢g(0) = 0 and, as s — oo, could act as s? with ¢ > —1, the p-Laplacian operator is
Ayu = div(|Vu|P~2Vu) and h is continuous, it possibly blows up at the origin and it is bounded at
infinity. In chpiter |3 we studied the degenerate elliptic problem with a singular nonlinearity. Following
this way in this work, we are interested again in the regularity results. By adding the singular term
to the right of , we investigate the regularity of solutions of problems of kind in light of the
influence of some lower order terms.

We will prove in section that these problems admit a bounded I/VOl P(Q) solution wu,, n € N by
using Schauder’s fixed point theorem. In section [4] we will get some a priori estimates and convergence
results on the sequence of approximating solutions. In the end, we pass to the limit in the approximate
problems.

2 Statement of definitions and the main results

2.1 Statement of definitions

In this context we deal with some class of solutions

Definition 4.1. A nonnegative measurable function u is a weak solution to problem (1)) if u € W' (Q)
and if
a(z, u)|Vul?Vu € (LY(Q)™, h(u)f € LY(Q), |[u[*"'ue LY(Q),

/ a(z,u)|Vu|P~*VuVedz +/ lul*Tup = / fhu)e Yo € WaP(Q) N L=(Q). (4.7)
Q Q Q

Definition 4.2. A nonnegative measurable function u is an entropy solution to problem (4.1)) if
Ti(u) € WyP(Q) for every k > 0 and

a(z, T(w)) |V Ti(w) P2V Ty () € (LHQ)Y, |ul* € LY(Q), h(u) f € LH(),
and if

/ a(x, w)|VulP2VuV Ty (u — ¢)dr + / lu|* " tuTy(u — @)dx (4.8)
0 0

< /th(u)Tk(u—go)dx,
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for every k > 0 and for any ¢ € Wy ?(Q) N L>(Q).
Let
(14+60—7v)(N—-1)

NI =7)+~ (49)

po:=1+

2.2 Statement of the main results

The main results of this paper are stated as follows:

Theorem 4.3. Let a satisfy (4.2)) and (4.3). Let h satisfy (4.4) with 0 <~y <1 and let f be a positive
function in L™(Q), m >1,1 <p < N.

i) If s > 1+9 , then there exists a weak solution u to problem (4.1)) such that

u € WP (Q) N L™(Q).

ir) If 1;3 —+ <s< 1+9 L, then there exists a weak solution u to problem (4.1) such that

pms

u™t e LNQ) and ueWy7(Q) 1<o= [ p—

i) If 0 < s < l;;f__f, then there exists an entropy solution u to problem (4.1)) such that

W e LNQ)  and |Vu| € Mo (€).

Remark 4.4. If p = 2 and v = 0; the result of Theorem coincides with regularity results in the case
of an elliptic operator with degenerate coercivity ( see [21], Theorem 1.5).

Theorem 4.5. Under the assumptions (4.2))-(4.3) and h satisfy (4.4), with 0 <~ <1 and let
f € L™(Q)be non negative function, withy m > 1, pg < p < N.

i) If0 < s < % then there exists a weak solution u to problem (4.1|) such that

u € LNQ) and u € Wy(Q), where 1 < 0 = Nm&?_s)_f_fif-

i) If s>~ +’Y then item(ii) of Theorem. holds

(

Remark 4.6. If v = 0; the result of Theorem [4.3] coincides with regularity results in the case of an
elliptic operator with degenerate coercivity ( see [34], Theorem 3) and Theorem |4.5| coincides with ([34],
Theorem 4).

Theorem 4.7. Let a satisfy (4.2)) and (4.3). Let h satisfy (4.4) with 0 <~y <1 and let f be a positive
function in L'(Q2), 1 < p < N.

a) If s > 1+9 =, then there exists a weak solution u to problem (4.1) such that

wtr e Ll(Q) and u € Wy (Q), where 1 < r < P
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b) If0 < s < 1;’%17, then there exists an entropy solution u to problem (4.1)) such that
Wt e LNQ) and |Vu| € M7 (Q).

Remark 4.8. If p =2 and v = 0; the result of Theorem coincides with regularity results in the case
of an elliptic operator with degenerate coercivity ( see [30], Theorem 1.4).

Theorem 4.9. Assume that {A.2)) and (4.3) hold true. Let h satisfy (£4) with 0 < v < 1. Let

po =1+ % <p < N and let f be positive function in L'(S). Then there exists a weak solution

u to problem (4.1) such that if 0 < s < %

Nlp—0—1+1]

then u belong to Wy (Q), with 1 <r < g E———

Remark 4.10. If v = 0; the result of Theorem coincides with regularity results in the case of an
elliptic operator with degenerate coercivity ( see [34], Theorem 1) and Theorem |4.9| coincides with ([34],
Theorem 2).

3 A priori estimates and Preliminary facts

Let us introduce the following scheme of approximation

(4.10)

—div(a(z, T (un)) |V, P72 Vu,) + [un]* uy = hy(up) fr,  in Q
Uy =0 on 02,

where f,, = T,,(f). Moreover, we set

n(h(s)) for s>0,
fins) = { min(n, h(0)) otherwise. (4.11)

The right hand side of (| is non negative, that u, is non negative. The existence of weak solution
Uy € VVO1 P(Q) is guaranteed by the following lemma.

Lemma 4.11. Problem ([@10) has a non negative solution u, in W, *(Q), such that

/|un|m5+7dx < c/ |f|"dx (4.12)
0 0

and the solution u,, satisfies

/a(w,Tn(un))|Vun|p_2VunV<pdx+/|un|3_1un90:/fnhn(un)ap, (4.13)
0 0 Q

where 0 < v < 1 and ¢ in Wy*(Q) N L=2(Q).
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Proof. This proofs derived from Schauder’s fixed point argument in [75]. For fixed n € IN let us
define a map
G:LP(Q) — LP(Q),

such that, for any v be a function in LP(2) gives the weak solution w to the following problem
— div(a(x, T,(w))|Vw|P2Vw) + [w]* w = foh,(v). (4.14)

The existence of a unique w € W,?(Q) corresponding to a v € LP(Q) follows from the classical result
of [[B], [68]]. Moreover, since the datum f,h,(v) bounded, we have that w € L*>°(€2) and there exists a
positive constant d;, independents of v and w (but possibly depending in n), such that

[|w||re(@) < di. Again, thanks to the regularity of the datum f,h,(v), we have can choose w as test
function in the weak formulation , we have

/@@JuwmvaRMVw+/hwlww:/jmmmm (4.15)
Q Q Q

p
a/ deSnQ/ |w|dz,
o (1+n)’ Q

using the Poincaré inequality we have
Yuwl?
/ |—w|6d:€ < C—1n2/ \Vwl|dz,

/ |VwPdx < C—l(l + n)eﬁ/ |Vw|dz < c(n,oz)|§2|5 </ ]Vw|pdx) ’ : (4.16)
Q « Q Q

then, it follows from (4.2))

then

we obtain

/ VePde < & (n,)|),
Q

using the Poincaré inequality on the left hand side

o1
[wl|Lr(@) < 7 |QF = c(n, a, |), (4.17)

where ¢(n, a,|€2|) is a positive constant independent form v, thus, we have that the ball S of radius
c(n,a,|Q]) is invariant for G.

Now, we are going to prove that the map G is continuous in S. Consider a sequence (vy) that converges
to v in LP(Q2). We recall that wy = f,h,(vx) are bounded, we have that w, € L*°(Q2) and there
exists a positive constant d, independent of v, and wy, such that ||wg||r=() < d. Then by dominated
convergence theorem

| frlon (Vr) — fnhn(U)HLp(Q) — 0.

Hence, by the uniqueness of the weak solution, we can say that w, = G(vy) converges to w = G(v) in
LP(€2). Thus G is continuous over LP(€2).
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What finally needs to be checked is that G(S) is relatively compact in LP(€2). Let v, be a bounded
sequence, and let wy = G(vy). Reasoning as to obtain (4.17), we have

/|Vwk|pdx = / VG (v)|Pde < e(n, a,7),
Q 0

where ¢ is clearly independent from vy , so that, G(LP(2)) is relatively compact in LP(Q2). Now,
applying the Schauder’s fixed point theorem that G has a fixed point u, € S that is solution to (4.10)
in W, P(Q) N L>(9Q).

To show (4.12)), we will consider the cases m > 1 and m = 1.

Case m > 1, choosing ¢ = |u,[*™ D+ in ({{.13)), we have

/ g™ < / Fllunl "V,
Q Q

1 1—L
Ll <e([1om)" (i) "
Q Q Q
wish implies (4.12)).

Case m = 1. Choosing ¢ = u;, then

/|un|51unuZda¢ < / ivu,”tdx < fdz,
Q Q Un

which the estimate (4.12)), as desired.

Lemma 4.12. [76] Let u be a measurable function in M"(2), r > 0, and suppose that there ezists a
positive constant p > 0 such that

therefore

/ VT3 (w)[Pdz < CkP Yk > 0.
Q

Then |Vu| € M#(Q).
Proof. Let X\ be fixed positive real number. For every k£ > 0, we have
meas{|Vu| > A\} = meas{|Vu| > X, |u| <k} +meas{|Vu| > A, |u] > k}
< meas{|Vu| > A, |u| <k} + meas{|u| > k}
and . »
meas{|Vu| >\, |u] < k} < E/Q|VT;€(u)|pdx < Cﬁ'
Since u € M"(Q), it follows that
ko C

AN=C—+—
meas{|Vu| > A} )\p + o

and this latter inequality holds for every k£ > 0. Minimizing with respect to k, we easily obtain

meas{|Vu| > A} = )\%

p+r

Thus, [Vu| € M7 (Q).
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Lemma 4.13. Let u, be a sequence of measurable functions such that Ty(uy,) is bounded in W,™"(Q)
for every k > 0. Then there exists a measurable function u such that Ti(u) € Wol’p(Q) and, moreover,

Tio(un) — Ti(u) weakly in WyP(Q) and u, — u a.e.in Q.

Proof. Let us prove that u,, — u locally in measure. To begin with, we observe that, for ¢, > 0,
we have

{lun = um| >} C{lun| > £} U {|um| > K} U{|Th(un) = Ti(um)| > 1}

Therefore,
meas{|u, — un| >t} < meas{|u,| > k} + meas{|u,| > k}

+meas{|Ti(un) — T (um)| > t}.

Choosing k large enough, we obtain
meas{|u,| >k} < e and meas{|u,| >k} <e.

We can assume that {7} (u,)} is a Cauchy sequence in L(2) for every
g<p'= Np . Then Vn,m > ng(k,t) :

meas{|T(un) — Tk (um)| >t} < t—q/Q Ty (un) — Ti(up)|%dz < e

This proves that {u,} is a Cauchy sequence in measure in 2. Therefore, there exists a measurable
function u such that u, — u in measure. Hence that u, — u a.e.in 2, and so

Ti(un) — Tr(u)  weakly in Wy (Q).

4 Proof of the results

This section is devoted to proving theorems cited above. We start with
Proof of Theorem We separate our proof into three parts, according to the values of s
Part I. Let s > %7 and we take ¢ = (1 4 u,)'*? — 1 as a test function in (£13), using (£2),

we obtain
a/ |Vun|pdx+/ 11+ up)t T — /fu1+9 Td.
Q

In the following, we dropping the second positive term, and we get

a/ |Vu,|Pdx < c/ fultdx.
0 0

Applying Holder’s inequality in the right-hand side of above estimate, we obtain

mto—y) 1w
/fu1+9”’dx<c{/ mel dm} .
Q
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Then, we get

mto—s) 117w
/ |Vu,|Pdr < ¢ [/ Up ™ d:c] : (4.18)
0 0

The condition % < ms, ensure that s > 1;’%17. Then by (4.12) the right-hand side of (4.18) is

uniformly bounded, so we can get

/ \Vu,[Pdz < c. (4.19)
Q

In order to prove that the limit function u is a solution of (4.1)) in the sense of Definition we need
to show that we can pass to the limit in the weak formulation of the approximating problems ({4.10)).

Now we focus on the left-hand side of (4.13]), by (4.19) we conclude that there exists a subsequence,
still indexed by n, and a measurable function u in W, ”(Q), such that u, — u weakly in W,”(Q) and
up, — u a.e in Q. Fatou’s lemma implies u € L™*7(Q2). We see that (see [[21], Lemma 5] and see also

[48, [77))

Vu, — Vu a.e in Q. (4.20)
Next, we pass to the limit in (4.13). By (4.20), we can easily obtain

IV, |P~2. | Vi, | — |VulP~2.|Vu| weakly in LP' ().

Moreover,

a(x, T, (u,)) Vo — a(x,u)Ve in LP(Q).

Consequently, we have
/a(w,Tn(un))\Vun|p2.VunV<pda:—>/a(1:,u)|Vu|p2.Vquod:c.
Q Q

Therefore, we can pass to the limit in the first term of the left-hand side of (4.13]). We will show that
| |* Py, — |ul¥ ™ u in LH(Q). (4.21)

We take S, ;(u,,) as a test function in the weak formulation (4.10f), we deduce
/ a(z, Tn(un))|Vu,|PS ’k(un)dx—i-/ |t |* ™ Sy ke (0 ) d
Q
< Sup / fn n,k un

which, observing that the first term on the left hand side is non negative and taking the limit with
respect to n — 0, implies

/ [, [¥ M updr < sup [h(s)]/ fndz,
{un>k} s€lk,00) {un>k}

which, since f, converges to f in L™(f2), easily implies that |u,|* 'u, is equi-integrable and so it
converges to |u|*"'u in L'(Q), this concludes (4.21]).
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The next step we want to pass to the limit in the right hand side of (4.13)).
Let us take 0 < ¢ € WyP(Q) N L®(Q) as test function in the weak formulation of ([£.10)), by using the

young inequality and the hypotheses in (4.2)) and (4.3)), we have
/ ho () frip = / a(x, T, (un)) |V, [P~ Vu, Vodr + / u  u,pde
Q Q )

1 1 ,
§C||¢||Loo(g)+ﬂ/ |Vun|P—1Vg0d:L‘—|——/uid5L’+_//¢8 dx
9 S Ja s Ja

—1 1 1 1 ,
< Cllollmay + 822 / VunlPde + 5~ / VelPde+ / wdr+ > / o du
p Q P Ja S Ja S Ja

1 1
< Cliellimiay + €| [ 1Velrda s [ [Vunlda] 4 lunllo + Sl

L' (Q)»

then

1
L5(Q) +;H<P L () (4.22)

1
[ () < Cllzmo + Clllelgoey + o) + 5

From now on, we assume that h(s) is unbounded as s tends to 0. An application of the Fatou Lemma
in (4.22) with respect to n gives

/Q W) fo < c. (4.23)

where ¢ does not depend on n.
Hence fh(u)e € L'(Q) for any nonnegative ¢ € Wy(Q). As a consequence, if h(s) is unbounded as s
tends to 0, we deduce that

{u=0}C {f=0} (4.24)

up to a set of zero Lebesgue measure.
Now, for ¢ > 0, we split the right hand side of (4.13)) as

/hn(un)fncpdx :/ hn(un)fngpdx+/ hn(uy) fropde, (4.25)
Q {un<é}

{un>4}

and we pass to limit as n — +o00 and then 6 — 0, we remark that we need to choose § # {n; |u = n| > 0},
which is at most a countable set, for the second term (4.25) we have

0 < Do (un) X qunssy < sup [h(s)]fe € LY(Q), (4.26)

5€]6,00)

which precis to apply the Lebesgue Theorem with respect n. Hence on has

lim hon (W) frpdz —/ h(u) fedz.
n=+00 J iy, >6} {u>6}
Moreover it follows by (5.21))that
lim lim b (un) frpdx :/ h(u) fedx. (4.27)
§—0t n—=too Jo Ss) {u>0}

ABDELAAZIZ SBAI



CHAPTER 4. REGULARIZING EFFECT OF ABSORPTION TERMS IN SINGULAR AND
DEGENERATE ELLIPTIC PROBLEMS 53

Now in order to get rid of the first term of the right hand side of (4.25)), we take Vy(u,)p is a test
function in the weak formulation of ,where

Vs(un) := Vss(uy) is defined in and by Lemma 1.1 contained in [34], we have V(u,) belongs to
Wy (Q), then (recall V; (u,) <0 for s > 0)

/ hn(un)fnsodxé/hn(un)fn%(un)sodx
{“ngé}

Q

— [l ) [V P2V, Vi)
Q

1

—5/ a(a:,Tn(un))|Vun\p_2Vun90Vunda:+/ |un\8_1unV5(un)g0dx,
{d<un<26} Q

by using (4.2)) and (4.3)), we have

/ P () frpdx < B / YV, [P~2Vu, VoVs(u,)de
{un<é} (9]

+ / |, |5 10, Vs () 0,
Q

using that Vs is bounded we deduce that |Vu,[P~*Vu, Vs(u,) converges to |Vu[P"2VuVs(u) weakly in
LY (Q)N as n tends to infinity. This implies that

lim b (un,) fripdz < 6/ |VulP2VuVpVs(u)dr (4.28)
Q

+/ |u|*~tuVs(u)pd.
0

Since V(u) converges to X {u—o} a.e in Q as § tends to 0 and since u € Wy?(Q2), then |VulP~2VuV Vs (u)
converges to 0 a.e. in €2 as ¢ tends to 0. Applying the Lebesgue Theorem on the right hand side of
(4.28) we obtain that

limg o+ limy, 4 oo / b (un) fripda (4.29)
{ungé}
<p |VulP2VuVpdr + / lu|*Tupdr = 0,
{u=0} {u=0}
by (4.27) and (4.29), we deduce that
lirp ho(uy) fopdr = / h(u) fedr Y0 < ¢ € WP (Q) N L=(Q). (4.30)

Moreover, decomposing any ¢ = ¢t — ¢~ and using that (4.30]) is linear in ¢, we deduce that (4.30))
holds for every ¢ € WyP(Q) N L=(Q).
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We treated h(s) unbounded as s tends to 0, as regards bounded function h the proof is easier and only
difference deals with the passage to the limit in the left hand side of (4.30)). We can avoid introducing
d and we can substitute (4.26]) with

0 < fahn(un)e < fI|R]] L @)e-

Using the same argument above we have that

lim /anhn(un)godx:/gfh(u)godw, (4.31)

n—-4o00

whence one deduces (4.7)). This concludes the proof of part I.

Part II. Let L4 L4
—7<S<—’Y.

pm — 1 m—1
Taking ¢ = (1 + u,)*™ YU+ — 1 as a test function in ({.13). Using assumption (#.2)) and dropping the
nonnegative term, we get

|Vu,|P .
/Q (1 +u )1+973(m71)7'ydaj <c 0 |f||un| ( 1)d$ (432)

Applying Holder’s inequality in the right-hand side of the estimate (4.32), we get

1—L
/ | £l P Vda < ¢ [/ unms”da:] <c.
Q Q

[V, [P
[t < (439

Then, we obtain

Let 1 < 0 < p. Writing

- |vun|a(1_l_un)%(l-i-G—S(m—l)—’Y)
Q! Up|dr = 0 (14 uy)s 00D

and using Holder’s inequality, we get

\V4 " o(1 . %(l-i—@—s(m—l)—'y) i B o 1_%
e +ff(1)+9( T [/“*“n)”“’[lw e W]dx] '
(14 uy,)» SAm=S Y Q

dx

Q

Then by (4.33), we arrive at

1—2
/ \Vu,|dx < c [/(1 + un)zﬂ[lws(ml)ﬂdx} : (4.34)
Q 0

We now choose ¢ in order to have
o
p—o

[14+60—s(m—1)—~] <ms.
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The last inequality is equivalent to
pms

< —
T s+1+0—v
Thanks to Lemma [7.6] if implies that

146—
it < s implies S L — > 1.
pm — 1 s+1+60—7y

In that case, the right- hand side of (4.34) is uniformly bounded and so we have

ms
/ |Vu,|dx <c¢, 0= _pms
Q 1+60+s—7v
Up to a subsequence, there exists a function u € W,?(Q) such that
U, — u weakly in W, 7(Q) and u, — u a.e in Q.

By Lemma 5 (see[21]), we have Vu,, — Vu a.e in Q. Fatou’s Lemma implies v™**7 € L'(Q) we will
now pass to the limit in (4.13). We can easily obtain

Vit P2V, — |VulP"2Vu weakly in Li—1(Q),

and ,
(l(ﬂf, Tn(un))V@ — CL(Q?, U’)V()Ou in L(pj) (Q)

Therefore,we have
/a(m,Tn(un))|Vun|p_2VunV<pdx—>/a(x,u)|Vu|p_2VuV<pdx.
Q Q

The remaining two parts in (4.13)) are the same as part 1.
PART III. Suppose that 0 < s < 1;:%17. We show that there exists an entropy solution to problem

(4.10). Estimate (4.33)) implies that

|V, |P
dr < C,
/Qﬂ{un|<k} (1 + Un)1+9*8(m71)77 =~

and consequently
/ VT (un) [Pdz = / VT () [Pda < c(1 4 k)H0-s0m=D=7, (4.35)
Q QN{|un|<k}

Thanks to Lemma there exists a function u such that Tj(u) € WyP(Q) for any k > 0, besides,
passing if necessary to subsequence, we obtain

Ti(tn) — Ti(u) weakly in Wy(Q) and a.e.in Q.

Then, we can pass to the limit in (4.35)), to get

/ |VT]<;<U,)|pd.CE < C(l + k.)l-i—@—s(m_l)_,y.
Q
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Lemma [4.12] gives us, if
< 1+9—’y< 1+60—~
RS

Y

pm—1 — m-—1

then, we obtain .
\Vu| € MTo+=5(Q).

Since |u,|™ ™7 is uniformly bounded in L'(€2), by applying Fatou Lemma implies that |u|™"7 € L}(Q).
We will show that w is an entropy solution of (4.1)). Indeed, let us choose

Ti(un — ), @ € WyP() N L¥(Q),

as a test function in (4.13]), then we have

/ a(x, Tn(un))|Vun|p_2VunVTk(un — p)dx + / |un|5_1unTk(un — )
Q Q

= /anhn(un)Tk(un — ). (4.36)

Let us pass to the limit in (4.36)). For the second term on the left-hand side and for the right-hand side,
we can use (4.31))to obtain the limit. For the first term on the left-hand side, we will first show that
VTi(u,) = VTi(u) a.e. in Q. Let ¢ = Ti(u,) — Tk(u) in (4.13)), then we obtain

/Qa(x, T (T () |V P2V, [V Ty (u,) — VT (u)]dr

n / ] 11 [T (1t) — Ti(10)] = / Fubin (1) Tt — Ti(u1)].
As a consequence, we have
/Q (2, T (T 10))) [V Tt P2V T (1) — [V T (10) P29 T ()]
X [VTi(u,) — VT (u)]dx
_ / Fbn (1) T (1) — T ()] iz — / 1 [T (1) — Ti ()]
Q Q
- /Q a(i, Ty (T (un))) [V T (1) P2V T ()] [V T () — VT3 ()] dr. (4.37)

We are going to show that the three terms of the right-hand side in (4.37)) all converge to zero. For the
first term, we can use the (4.31)) to take the limit. As the result of the proof in part one, we obtain

uf — u® in LY(Q). (4.38)
Again, by (4.38)), we deduce

/Qqu[Tk(un) — Tr(uw)]de — 0 as n — oc.
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We can easily know the fact that a(z, T, (Ti(un)))|V Tk (w) P2V Ty (u) € LP'(€2). Thus, for every measur-
able set E C 2, we can write

/ (@, T (To(u))) [V Tk () P~ d — 0 as measE — 0.
E

Because
a(x, Tp (T (un) )|V T3 (w) P2V Tk (u) — alx, Ti(w))| VT (u) [P >V T (u) a.e.in Q,

using Vitali’s Theorem, we obtain
a(z, Ty (T (un)) | VT (w) P2V T (v) = a(z, Ti(w)|VT(w)|P 2V Tk (u) in L7 (Q).
Hence one can apply By Lemma [4.13] obtaining that
VTi(u,) — VTi(u) = 0 weakly in LP(Q).

Therefore,
/Qa(x,Tn(Tk(un)))]VTk(u)]pQVTk(u)][VTk(un) — VTi(u)lde — 0 as n — co.
Therefore from the previous we deduce
/Qa(x, T (Ti (un)) |V T (w) [P 2V T (w)] [V T (1) — VT (u)]dx — 0.
So we can apply Lemma 5 in [21] (see also [77, 48]) obtaining VT (u,) — VTg(u) in LP(Q2). Therefore,

VT (u,) = VTi(u) a.e. in Q.

Let m =k + |p|. The first term on the left-hand side in (4.36]) can be rewritten as
/ a(x, T (u,)) [V T () [P 2V Ty (w) VT (1, — p)d.
Q
Since VT, (u,) — VT, (u) a.e.in €, as a result of the Fatou’s Lemma, we have

lim inf/ﬂa(x,Tn(un))|VTm(u)|p_2VTm(u)VTk(un — @)dx

> / (2, 0)| VT ()2 T (1) VT (1, — )
Q

_ / a(z, )| Va2V uV Ty(un — ¢)d.
Q

So we see that u is an entropy solution of (4.1)).
Proof of Theorem [£.5. We separate our proof in two parts, according to the values of s

Part I. Suppose 0 < s < % It is obvious that s < %, which implies ms + v < o* for

o > 1. Thus, from (4.34) and applying Sobolev’s embedding Theorem, we obtain

(p—0)c*
po

/ |Un|0*d5(: <c {/(1 + uﬂ)ﬁ[l—ke—s(m_n_ﬂdx
@ 0
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On other hand, if S2-[1 4+ 6 — s(m — 1) — ] < 0" implies that

Np+s(m—1)—1—0+7]
- N+sm—-1)—1-0+~v

Therefore, since m > 1 and p > pg > 1 + (N_l)“w;,s(m_l)_ﬂ, we have

Np+s(m—1)—1—0+4]

> 1.
N+sm—-1)—1—-0+~

(p—o)o™

/|un|0*dmgc+c(/ |un]"*d:c) " (4.39)
Q Q

In other hand by Young’s inequality and from (4.39)), can get

/ up |7 dx < c.
Q

We now observe that, by (4.34) and since Z_[1 4+ 6 — s(m — 1) — ] < 0", we have

Np+s(m—1)—1—0+7]
N+sm—-—1)—1—-0+~ "

/ Vu,|7dz < ¢, o<
Q

The remaining proof of this part is the same as part II in Theorem [{.3] we have can show that u is a
distributional solution to problem (4.1]).
Part II. Let s > % Since p > py, it follows that
N1-—v)+~y_ 14+60—~
m(N — 1) pm—1"

thus, we can show that u is a distributional solution to the problem (4.1)) by the same method as in
Part II of Theorem [£.3]

Proof of Theorem We separate our proof in two parts, according to the values of s

Part a. Let s > Hpa%ﬂ. If we choose ¢ = (14 u,)? — 1 as a test function in (4.13). Using assumption
(4.2) and dropping the non negative term, we can write

P
/%dxgc—f—c/“ﬂdxgc. (4.40)
a ( Q

1+ un)l—i-@—’Y

From the other hand, let r < p, writing

Vu,|" r(1+6—>)
/Q |Vun’de B /Q (1 | )T(|1+9~/) (1 + un) P ) dz.
+up) P

|Vun|p / r(146—) 1-2
< d 1 n) P d
< (/Q 1+ w,) 0+ x Q( + ) T

D3
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r(1+60—v) 1_%
<c /(1+un) = dx .
Q
Thanks to Lemma [7.6] if
r , s
140 —7~) < <L — .
p—r( +0—7)<s ier TR r—
Then 110
> Rt implies s > 1.
p—1 T14+0+s—7
In that case, the right-hand sides is uniformly bounded and so we get
/ \Vu,|"de <c ,r< S o —
Q 1+s+60—7v

As a consequence, there exists a function u € VVO1 "(€) such that
u, — u weakly in W, " (Q) and u,, — u a.e in €.

Let
Gn = fnhn(un) - Tn(\un\sflun).

Because g, is bounded in L'(2), and u, is a solution of
—div(a(z, T (un)) | Vtn [ "*Vttn) = g,
Un S W()LP(Q)a

then use the argument of Lemma 1 (see[22]), one may get
Vu, — Vu a.e in . (4.41)

We are going to show that u is a distributional solution to problem (4.1)) by passing to the limit in
(4.13). We suppose that ¢ € C5°(£2). Since
|Vu,|P~2Vu, € L¥1(Q) and (4.41)) hold, we have

IV, [P~ 2V, — |Vul[P~?Vu weakly in L7 (€2).
Using Vitali’s Theorem, we obtain
a(x, T, (u,)) Vo — a(x,u)Ve in L(ﬁ)/(Q),

where (;55)" = ’%. Therefore, we can pass to the limit in the first term on the left-hand side of

(4.13). For the second term on the left hand-side and the first term on the right-hand side in (4.13)) we
can namely arguing exactly as part I in Theorem Therefore, we conclude that u is a distributional
solution to problem (4.1J).

Part b. Let 0 < s < %. Let us choose Ty (uy,) as a test function in (4.13)), using assumption (4.2))

and removing the second term non negative, we get

/ VT (u,)[Pdr < ek (1 +k)? < (1 4 k)0, (4.42)
Q
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Now by Lemma there exists a function u such that Ty(u) € Wy (). Moreover,
Tio(up) — Ti(u) weakly in W,P(Q) Vk >0 and u, — u a.e in Q.

Fatou’s Lemma implies that |u|*™ € L'(Q). We can pass to the limit in (4.42)),t0 obtain
/ VT (w)Pdz < (1 + K)+0.
Q

As a result of the Lemma , we obtain [Vu| € M ™o+ (Q).
By the same method as in part II of Theorem we can show that u is an entropy solution of

)
Proof of Theorem . Let 0 < s < % Then s < % implies s + v < r*. Using (4.40)),

we get
Vu,|P
/ A
Q (1 _‘_un)lJrOfv
Let 1 <r < p, let us write

Vu,|" r(1+0—)
/ IV, |"de = / | T(|1+9_7) (14w, » .
Q Q(14u,) »

IN
o

Then it follows from Holder’s inequality that

1—r
/ |Vu,|"dz < c (/(1 + un)r( o W)clyc) : (4.43)
0 0

On other hand by Sobolev embedding Theorem and from (4.43)), we can get

SN G N
(/Q [t |" dw) <c (/Q |Vun|rdm) A N —Tr'
(p=r)r*

(/ |y, T*dx) ' <ec (/(1 + un)r(lﬁrj) dm) pT
Q Q

being % < r*, so that

Which implies,

. Np—1—0+7]
- N—-1—-0+~"
Then, by m = 1 we have py = 1+%. By virtue of p > pg > 1—{—%]\1,%_%, ensures that
Nip—1-—
[p O+ _
N—-1—-0+~

Then, we can obtain

(p—r)r* (p—r)r*

/u::dx <c (/(1 —|—un)r*dx) o <c+c (/ u;*dx) "
Q Q Q
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Using Young inequality in the above estimate gives

/ lu, | dz < c.
Q

Which together with (4.43) and ~=(6 +1 — ) < r* implies

Nlp—1—-0++]
N—-1-0+~ "

/ Vu,|"de <c ,r<
Q

Just as in the proof of part I in the Theorem we can conclude that u is a distributional solution of

(D).
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Chapter 5

Singular elliptic problem involving a
Hardy potential and lower order term

1 Introduction and main results

In the present chapter we will analyze the interaction between b|u|"~?u as an absorption term in
the equation and the term a (u?~!/|z|?) involving the Hardy potential in order to prove the existence
and regularity of solution to problem , for every a > 0 (and not only for a smaller than the Hardy
constant).

Let us consider the following singular elliptic problem

— div(M ()| VulP=2Vu) + blu 2u = e + L in Q
u>0 in Q (5.1)
u=>0 on 0f),

where 1 < p < N; Q C R" is a bounded regular domain containing the origin and 0 < v < 1.
We assume that M : €2 — R, is a Lipschitz continuous function such that for some positive constants

«a and (8

M(z)éP~¢ > al¢|P,  |M(x)] < B for all ¢ € RY and almost every x in Q. (5.2)
Assume that
r>p“and a>0,b>0 (5.3)
N
0<fel™Q), 1l<m<—, (5.4)
p

Now, we give our definition of solution for problem (5.1))

Definition 5.1. We say that u € W, () is a distributional solution to problem (5.1) if

p—1
VP~ € Lh(@),a% 0+ L
’wlp u”y

€ Lioe(€), blul""u € L, () (5.5)
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and for all ¢ € C}(©), we have

p—1
/M(x)\Vu\pQVquodx—l—b/ u|"?ugp :/ (au + i) pdx. (5.6)
Q Q o\ [zfP

The main result of this paper is the following theorems:

Theorem 5.2. Assume that (5.2)), (5.3)) and 0 < v < 1 holde true. Let f be nonnegative function in
L™(Q), with
r N r— P
— <m< ——.
r—1+4+9 pr—14v
Then there exists a distributional solution w of (5.1)), which belongs to Wy () N L™r=14+7(Q).

. r N r—p . . *
Remark 5.3. Observe that the interval [T—l—i—w’ ’ r—1+v> is not empty if r > p*.

Remark 5.4. Thanks to the presence of the lower order term b|u|"u, the result of Theorem 2.1 improves
that of [85] (where b = 0 and p = 2) in several directions. First of all, if

r <m< 2N
r—14y " N +2+~(N —2)

we have finite energy solutions (instead of infinite energy ones). Furthermore, we have that solutions
exist for every a > 0 (and not only for a smaller than the Hardy constant). Finally, the summability in
Lebesgue spaces, m(r — 1 + ), is better than the summability (1 + ~)m** obtained in [85].

Theorem 5.5. Assume that (5.2), (5.3) and 0 < v < 1 hold true. Let f be nonnegative function in

L™(Q), with
,

r—1+7v

Then there exists a distributional solution u of (5.1)), which belongs to Wy *(Q) N L™19)(Q), where
q s given by

l<m<

r—147
q=pm———.

Remark 5.6. In the case p = 2 we can observe also that the result of Theorem improves the
result of [85]. Once again we have solutions for every a > 0, and the summability of the gradients

—2m(T;1+7), is better than the summability ¢ = m& obtained in [85],

in Lebesgue spaces, i.e., 110)+(N—2m)

N r=2 r
PRt Note that ¢ < 2 because m < o g

Remark 5.7. If p = 2 and v — 07, the result of Theorem Theorem coincides with regularity
results for elliptic equation problems involving Hardy potential (see([4], Theorem 2.1 and Theorem 3.1)).

since m <

We organize the work as follows. In Section |2 we introduce an approximation of problem (5.1]), we
prove the uniform positivity of the approximating solutions. In Section [3| we give the a priori estimates
valid for the case of finite and infinite energy solutions. Finally, in Section [ we prove Theorems

and 5.5
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2 The approximation scheme

To prove our existence results, we work with an approximation of (5.1)). Let n € N, f,,(x) := T,,(f).
Let us consider the approximate problem:

(l2lP+3) funl+5)" (5.7)

— div (M (2) |V P2V ) + blug | 2u, = aTeluD ( @ in Q
U, =0 on 0f).

Lemma 5.8. For each integer n € N, the problem (5.7)) admits a non-negative solution Wol’p(Q) for all
1 <p<N.

Proof. Let n € N be fixed and let v € LP(§2). We define the map

S:LP(Q) = LP(Q)
v = S(v),

where w = S(v) is the weak solution to the following problem

([P +7) ol+2)

— div (M (2)|[Vw|P~2Vw) + blw| 2w = qTZelelr " | ( @ i Q)
w =20 on 0f).

The existence of a solution w € W,"(Q) follows from the classical results of [68]. Let us take w as a
test function and by (5.2)), we get

P=2  Jwdr w2 — a(Tn(|w|))p Jo(z) - w .
/QM(:UWM Vwd +b/ﬂ| | /Q G +/Q(|U|+%)7d,

dropping the second positive order term, we obtain

Ly ey ACETA

Therefore, using the Sobolev inequality on the left hand side and the Holder inequality on the right

hand side one has
. p/p* . o
| < ctanan ([ )"
Q Q

for some constant C' independent on v. This implies

HwHLP* () < C(a7 n, Oé,’Y) = R7

so that the ball of LP"(Q) of radius R is invariant for S. It is easy to prove, using the Sobolev embedding,
that S is both continuous and compact on LP" (£2), so that by Schauder’s fixed point theorem there there
exists u, € Wy*(Q) such that u, = T (uy), i.e., uy, solves

(2lr+3) " (junl+3)

— div (M (2)|Vun [P~2 V) + blun| ~2u, = aTelel)? 2 fu@
U, =0 on 0f).
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Moreover, since (f—"y > 0, taking u,, = min (u,,0) test function in (5.7)) and using (5.2)), then we

lun|+2)

get
_ r— _ Tn(|un|))p71 - In -
V p / . 2 2: /(— /— <O,
o fITE )= | S iy <
we obtain
a/ Vu, [" <0,
Q

so that u,, > 0 almost everywhere in ).
The next step consists in the proof that u, is uniformly bounded from below on the compact subsets

of €. ]

Lemma 5.9. Let u, be a solution of (5.7). Then for every subset w CC ) there exists a positive
constant c,,, independent on n, such that

up(z) > ¢, >0, for every x € w and for every n € N.
Proof. Since u,, solution of (|5.7)), then

(Tn(un))p_l 4 Jn
e+ ()"

n

—div (M (2)|Vu, P> Vu,) + bu), ' =a

as a > 0, then we obtain

. _ _ Jn
—div (M (z)|Vu, [P*Vu,) + bul ™t > —"——
( ( )’ ‘ ) n - (un + %)7
this implies that the sequence u,, is a supersolution to problem
T p—2 r—2 fn .
div (M (z) [Vol" " Vo) +blv]" " v = (CES in Q
v >0 in 0f)
v=20 on 0f).

Thanks to Lemma 2.2 in [23], 3¢, > 0 (independent of n ) such that v > ¢, in w,Vn € N,Vw CC Q,
since u, > v, SO
Up > €, in w,Vn € N, Vw CC Q.

3 A priori estimates

In order to prove the existence of solutions for problem (/5.1), we first need some a priori estimates on
u,. We start by proving the following lemma

Lemma 5.10. Let u,, be the solution of problem (5.7)), with 0 <~ < 1. Assume that f be a nonnegative
function in L™(Q) with —— < m < X122 and suppose that (5.2) and (5.3) hold. Then, w, is

14 p r—1+4v

bounded in W, P (Q) N L™0=147(Q).
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Proof. Let u, be a solution of (5.7). We use u)™ with A = (m — 1)(r — 1) — 1 +~ym (X > 0, since

mz ) as test function in (5.7)) and using (5.2)), we get
WP
a(A + 1)/ |V, | u) + b/ upy™ <a [ —2—+ / furtt=, (5.8)
Q Q alzlP+5  Ja

dropping the positive first term, then the last inequality becomes

s f ity e

In addition, using the Holder inequality with exponent m and taking into account that
(A+1—7)m' =X+ r, we arrive at

1

1
/ fuf;-i—l—’y S HfHLm(Q) (/ U;A-‘rl—'y)m/) o ”fHLm(Q) (/ U,i\l"ﬂ") .
Q Q Q

Under condition, r > p* we have A + p < A+ r. Thus, since
</\ +r)/ A
Atp r—p’

Xp e
u7)\1+p < (/ u>\+r) A / 1 * '
ofep L= \Up™ =

N r—p
p r—14~v"

we can write

Since p’\” < N, gives m < Therefore, we deduce that

A+
u P s
_m <O Mt
—_ n .
o lzlP + 5 Q

By the fact that A +r = m(r — 1 4+ ), removing the positive first term of (5.8) and using the fact that
A+r=m(r—147), we find that

1

Adp
AT m/
b/ uz"o(r—lﬂ) < aC (/ m(r— 1+v)) + ||f||Lm ©) (/ m(r—H—’Y)) 7
Q Q Q

the above estimate implies
/ W) < (5.10)
Q

By (5.10) and going to back to (5.8) we conclude that
/ |V, [P u) < C.
Q

Since A > 0, we obtain
/ |Vun|p < C. (5.11)
{un>1}
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Observe now that, since {u,} is bounded in L™"~1*7)(€)), and since ﬁ belongs to LP()) for every

p < %, the sequence {(T5,(u,))P~'/ (|z[P + 1)} is bounded in L*(Q) for every s such that

p._ p-1
N mr—1+7~)
that, implies

Nm(r—147)

< .
"SNe -1 +pmlr—1+7)

Taking into consideration that
Nm(r—1+7)

Np-—1)+pm(r—1+7)

> 1,

is equivalent to

S N p—1
N—pr—1++’

m

p—1
r—1+y

which is true, since Ni_p < 1, by the assumption r > p*. Therefore,

1
the sequence {(Tn(un))p_l/ (]x|p + —) } is bounded in L*(Q). (5.12)
n
On other choosing T}, (u,) as test function in (5.7]), we obtain, dropping a positive term,

oz/Q|VTk (un)|” < C, (5.13)

which, together with (5.11)), yields that {u,} is bounded in W,"(Q) for every a > 0.
We now deal with the case of f belonging to L™(Q),1 < m < ﬁ In this case, one cannot expect

to have solutions in W,”(€2), but in a larger space O

Lemma 5.11. Let u,, be the solution of problem (5.7)), with 0 <~ < 1. Assume that f be a nonnegative
function in L™(Q) with 1 < m < —— and suppose that (5.2) and (5.3) hold. Then, u, is bounded in

r—1+y
Wy t(Q) N L™0—149(Q), where

r—1-+7v
qg=pm——-.

Proof. As in the proof of Lemma [6.10] we consider the approximate problems ({5.7). Let ¢ > 0, since
l<m< ——, wehave 0 < p:=1—7ym—(m—1)(r —1) < 1 and define

r—14v’
Unp,
= 5.14
L R (5.14)
then, we can write
Vo — Vu, Vuyuy, _ (1 —p)u, + svum

(nt o) M lunt o™ (upt ey

by using (5.2)), we deduce that

|Vu,|”

(I —pun +¢
(un + )"

M ()| Vun|P~2Vu, Vo > a (o 1 o)

IVu,|? > a(l —p) (5.15)
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Now testing (5.7)) by(5.14) and observe that (5.15]), we obtain

|vun|p u:z 1—p— v
a(l_ﬂ)/g—(un—i-e)“+b/g—(un+€)“ <a Tz ’p+_ /fu (5.16)

Dropping the positive first term, and then letting € tend to zero, we thus have

e Ly e

which is nothing but (5.9)), since p = —\. Starting from this inequality, and working as in the proof of
Lemma [6.10, we prove the boundedness of {u,} in L™"~1#7)(Q)). Using this fact and (5.16]), we obtain

|V, |
—— < (. 5.17
/Q (up + )" — ( )

Let ¢ < p, applying Holder inequality and by (5.17)), we find

St e (fne0s)”

Finally we choose ¢ such that L = m(r — 1+ 7), it is easy to verify that ¢ = pmr—l%. Therefore,
{u,} is bounded in W, (Q), Wlth q=pm=—*1, O

4 Proofs of Theorems (5.2 and [5.5

We are ready to prove the existence of at least a solution of (| in the sense of Deﬁmtlon
Proof of Theorem 5.2 n Thanks to Lemma- the sequence {un} is bounded in W, (£2). T herefore,
there exists a function v € W, (Q) such that (up to a subsequence)

{ u, —u in WyP(Q) (5.18)

U, —u a.e. in €.

We use the fact that, thanks to (5.12)), (5.10)) and Lemma [5.9] we have that the right-hand side

(T (un]))" fn(2) Lo N
a + — blu,|"""u, is bounded in L;_.(£2).
(|x|P + %) (‘Un| + %)’Y |t 1o (€2)

Therefore, thanks to Remark 2.2 after Theorem 2.1 of [26], we have that
Vu, - Vu ae. in Q. (5.19)
For the first term, by (5.19) we have that

M (z) [Vun|P > Vu, — M(2)|VulP?Vu  ae. inQ,
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furthermore M (z) |Vu,|"~* Vu, is majorette by 3 |Vu,|’~" and by Vitali’s Theorem, we have

lim [ M(z)|Vu,[""* Vu, - Vo = / M (z)|VulP2Vu - V.
0

n—o0 Q

On other hand, by (5.18]) we can see also that, the sequence {u,} converges to u strongly in L?(2)
and almost everywhere in Q. As for the sequence {T,(u,)?"/ (|z[P + 1)}, since it is bounded in L*()

for some s > 1, it strongly converges to “‘i—; in L'(Q). Since {u,} is bounded in L™"*7)(Q)) and
m > 1, we also have that

|t w,, strongly converges to |u|""2u in L'(€2). (5.20)

Next, let w = {¢ # 0} the by Lemma 5.9} one has, for every ¢ € C()

fnp H¢Mﬂmf
(un +1)" ¢ ’
then from the later estimate, ((5.18)) and applying Lebesgue Theorem, we obtain
lim f"—‘pﬂ _ (12 (5.21)

Therefore, if ¢ belongs to C}(2), we can pass to the limit in the identities

/ M (2) |V, P2 Vu, Vo + b/ |un|r_2 Up P
Q Q

_ (Tn<un))p_1 fn
=a | o+ | ——F=¢
o |zlP+5 a (Un +3)7

Hence, we conclude that the solution u satisfes the conditions ([5.5) and (5.6) of Definition [7.1] so that
the proof of Theorem [5.2] is now completed.
Proof of Theorem [5.5] In virtue of the Lemma the sequence of approximated solutions u,, is
bounded in I/VO1 9(Q), with g = pm’n*I%7 so that it weakly converges (up to sub-sequences) to a function
u in the same space. Observing that p —1 < q. Therefore, we can obtain a solution passing to the limit,

namely arguing exactly as in Theorem
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Chapter 6

Existence and Regularity of solutions to a
singular elliptic equation with natural
growth in the gradient

1 Introduction

In this chapter we investigate the interaction between two regularizing terms in the following
nonlinear elliptic equation

uf wY

u>0 in Q (6.1)

—diva(z, Vu) + plulp~u = b(zx) 24 4 1@ 5y 0
u=20 on 012,

where  is an open and bounded subset of RY, f is a nonnegative L™ () function with m > 1 and,
given a real number p such that 2 < p < N, we have that a : Q x RN — R" is a Carathéodory function
such that the following holds: there exist a, 8 € RT such that

(a(z, &) —alz,n)) - (E—n) >0 forae x € QandVé&,neRY sit. & +#n (6.2)
a(z,§) - & = algl? (6.3)
for a.e. x € Q and V€ € RY
la(z, )] < BIEF (6.4)
for a.e. x € Q and V¢ € RY and we assume that
0<~vy<1, (6.5)
0 < b(x) € L™(9Q), (6.6)
0<6<1, (6.7)
and
plp+5)

0<pu p—1<qg<
S M, P q p+1

70
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The assumptions on the function a imply that the differential operator A acting between VVO1 P(Q) and
W=7 (Q) and defined by
A(u) = —div(a(x, Vu))

is coercive, monotone, surjective and satisfies the maximum principle. The simplest case is the p-
Laplacian, which corresponds to the choice a(z, &) = |£[P72E.

In section [2f we construct an approximate problem of (1), the existence of weak solution of the last
one is proved by Schauder’s fixed point Theorem. In section is devoted to prove to the existence
and regularity results both in case ¢ = p — 1,u = 0 and f € L™(Q)with m > 1. In the last section we
deal with the case p—1 < g <p, u >0 and f € L'(Q), we prove the existence of solution of problem
. Note that the presence of the lower order term yu|u[P~!u is crucial in the sense that it guarantees
the existence of solution when the data f belongs only in L*(€).

2 A priori estimates

We will prove the existence of solutions of problem (66.1)) by a standard approximation procedure which
avoids singularities. To this end, we consider for n € N the following approximate problem

—div (a (z, Vu,)) + plun P u,

—b [V e inQ

() (2 unlt) () | G (6.9)
Uy > 0 in{2
Uy =0 onof)

where f, = T,,(f). The weak formulation of is
Vu,|?
[ ate.Vun Vet [ sl e = [ 060 Ml (6.10)
o 0 o U Tl (G + )
+/ 1#90, Vo € Ce ().
a (5 +un)

Now, we briefly sketch how to deduce the existence of a nonnegative solution u, € Wy () N L>*(Q) of
problem . Firstly, let us observe that it follows from [22] that there exists a nonnegative solution
to

—div (a (z, Vw)) + plwP~ w

= >(1+%|Vw|q)(%+w)0 vy mo (6.11)

w=0 on 0f2
for any nonnegative v belonging to LP(€2) and such that ||w]|z=) < ¢, for some positive constant ¢,
which does not depend on v. Now, through an application of the Schauder theorem, one can show that
the application T : LP(Q) — LP(Q2) such that T'(v) = w admits a fixed point. Hence, let us show an
invariant ball for T" on which the application is both continuous and compact. Indeed, taking w as a

test function in (6.11]), one has

o [ 19uP < e llllimaeln.b.I0P ( [ [Vulds
Q Q

3=

(6.12)
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Then, an application of the Poincaré inequality gives that

N\ P
bl| e, 6, 7)| QP
[wl o) < (CPH ey, 6, 7)I ) -

(0%

where ¢, is the Poincaré constant. Therefore the ball of the radius r is invariant for 7". Now, let v, a
sequence in the ball of radius r which converges to v in LP(Q2) as k — oo and let wy = T (vg). Then,
in order to show the continuity of T, one needs to prove that wy converges to w = T'(v) in LP(2) as
k — oo. To this aim, let us observe that an application of gives that wy, is bounded in VVO1 Q)
with respect to k; moreover, it follows from Lemma 2 of [21I] that wy is also bounded in L*°(£2) with
respect to k. Now, under the above assumptions, Lemma 4 of [21] gives that, up to subsequences,
wy, converges to a function w in W, ?(Q). This is sufficient to pass to the limit as k — oo the weak
formulation of the equation solved by wy in order to deduce that w = T'(v). For the compactness, it is
sufficient to underline that if vy, is bounded in L?(Q) then one can recover that wy, is bounded in W, ()
with respect to k thanks to ; this implies that, up to subsequences, it converges to a function in
LP(€2). Then, we are in position to apply the Schauder theorem in order to deduce the existence of
u,. Moreover, due to the fact that the right-hand side is positive and that the operator A satisfies the
maximum principle, we can conclude that w, > 0.

Lemma 6.1. let u,be a solution to then for every w CC €2 there exists a constant ¢, > 0 which
does not depend on n and such that
Up > €y G.€. TN W (6.13)

Proof. Let >0, 0 < f, and let us now consider v € Wy () N L*(2) solution to

—div(a(z, Vv)) + plv|P~lv = ,U% in Q

v >0 in 2
v=20 on 0f)

and we observe that by Lemma 2.2 of [23] one has that for any w CC Q there exists ¢, > 0 such that
v >, ace inw (6.14)

Now, let us take (v — u,)" as a test function in the difference of weak formulations solved by v and wu,,;
it yields

Jo (0, 92) = . V) - ¥ (0= )+ (o0 = ) (0= )
< Jo b 0= )’

Q (THun)? (14 2 [Vun]9) (v —un)” <0

3=

which, since the second term on the left hand side is nonnegative, implies
/ (a(z,Vv) —a(z,Vu,)) -V (v —u,)" <0
Q

and this gives that u, > v almost everywhere in 2. Consequently, the desired conclusion is a direct

consequence of ((6.14]). ]
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3 The main results and their proof

3.1 Thecase g=p—1, u=0and f e L™(Q) with m > 1

In this subsection, we want to analyse the case 0 < v <1, u =0, 0 < f e L™(Q)(m > 1). We first
give the definition of a distributional solution to problem (6.1])

Definition 6.2. Let f be a nonnegative (not identically zero) function in L™(2) function, with m > 1.
A positive and measurable function w is a distributional solution to problem (6.1) if u € W,'(Q), if

la(z, V)|, T0—= e LL (),

loc

YVwCCQ, e, >0:u>¢,inw (6.15)

/Qa(x,Vu)Wa:/Qb(x)leLp190+/Qfl(bf)

The main results of this subsection are as follows:

Theorem 6.3. Assume (6.3)),(6.4) and (6.5). Then, if m; = %ﬁ and m = %m there exists
a distributional solution u of (7.4)

ue{ L™(Q) if1 <m < N/p,

and if
¢, Vo€ CHR). (6.16)

L™Q) ifm> N/p.

|VU‘E{LM(Q) ifl<m<pN/[N(p—1+fy)_|_p(1_,y)]
LP(Q))  if m>pN/[N(p—14~)+p(l—7)]

[Vul™ { Lig(Q) if 1 <m <pN/[N(p = 1+47) +p(l = )]
uf Ly,o(Q) if m > pN/[N(p—1+7) +p(l = 7))

Furthermore, if 0 <0 < (p—1)(1—=7)/p andr = Nm(p—1+~)/[N(p—1—60) —m[(p—1)(1 —v) — pb],
then

_ r . p(p—1)N(1-6)
‘V“‘: : { L) if 1 <m < NG L) (=D =770
! ; p(p— -
" LP®) i m 2 sty e D=7

Remark 3.1. In the case where the lower order term does not exist (i.e., b(z) = 0), the results of previous
theorem coincide with regularity results obtained in ([41, Theorem 4.4]).

Remark 3.2. If p = 2 and ~ = 0; the result of Theorem [6.3] coincides with regularity results of [24].
Now, we can prove the following existence and regularity result

Lemma 6.4. Let u, be a solution of problem and suppose that (6.3)—(6.7) hold true, let [ be a
nonnegative function in L™(Q), with 1 < m < N/p, 0 = min (m,p), r = 1%. Then we have

e The sequence{u,} is bounded in L™ (Q) N W, (). (6.17)
|vun|p*1 . . r 14
o The sequence § ——,—— ¢ is bounded in Ly, (Q2) N Ly, (€2), (6.18)
un

with m and my are defined in the Theorem [6.5
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Proof. Here, and in the following, we will denote by C' the generic constant which is independent of
n € N. Define, for £ > 0 and s > 0

1 0, if0<s<1
() :ETk (Gi(s)) =} ==, if1<s<1l+k
1, ifs>1+k.
We choose v,, = uf{\ (= )nk (un) as test function in the weak formulation of (/6.10] - (this choice is possible

since every u, belong to W, ?(Q) N L>(Q)). Noting that since f, < f and let A > 1/p/, dropping a first
non negative term, we obtain

a(ph — (p - 1)) / IVt 21 (1)

Q
p—1 _ pA—(p—1)
S/b(I)( |1V|uv"| ’pitil) (1 T enk /fnu/pA (=)= ( n)
Q = |Vu, =

< ||bHL°° /Q|Vu |p 1 p (A= 1) u /\ 9 /fupA (p—1)— ( n)_

Let € > 0 be such that 0 < ||b| L~y < a(pA — (p — 1)). By Young inequality with ¢, we deduce that

(oA — (p— 1)) — [bll (o) / IVt 621 (1)

< Oy [ () 00+ [ 200 ().
Q 9]

Letting k£ tend to zero, and Lebesgue Theorem in the right-hand side using and Fatou Lemma in the
left-hand side, we get

C / |V, |P ub? P < / w0 4 / fupr==b=7, (6.19)
{un>1} — a1y {un>1}

We now remark that for every ¢t > 1 and 6 > 0, there exists Cs > 0 such that
tPA=0 < 5P 4 ;. (6.20)

The inequality is trivially true if # > A, while is a consequence of Young inequality if A > . Recall that

the estimate (6.19)), we have
/ |V, |P ub? P < § u? + |Q|Cs +/ fupr= b=, (6.21)
{un>1} {un>1} {un>1}

Taking into account that 0 < u, = T} (u,) + G1 (u,) < 1+ Gy (u,), and using Poincaré inequality, we
conclude that

C/ ‘VGl (un)A‘p §5/G1 (un)”AnLCJr/fG1 ()PP~
Q o) Q
<2 / ]VGl (un)A\p+c+ / FGy (u)? P07
A Jo o
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where \; is the Poincaré constant for €2 (i.e. the first eigenvalue of the Laplacian with homogeneous
Dirichlet boundary conditions). Choosing ¢ small enough, we thus have

/ VG (u,) P < C+C / FGy (w0
Q Q

Following the same technique as in [22], choosing A = ’;;3 , it is easy to see that if
A= N( 15)[2 ml)ﬂ] > (N;fj)v[p_;l)ﬂ] = p_;ﬂ if only if m > 1. Note that with such a choice, we have that
Ap* = mq, and (pA— (p—1) —y)m/ = \p* =my = %ﬁnﬂ]. Therefore, using Sobolev and Holder

inequalities, we get

(o)

p_
P*

/h@lwﬁ‘<c+c/fazmm@”

< C+C||f||Lm(Q) (/ Gy <un)ml) " :
Q

where § is the Sobolev constant, thanks to the assumption m < N/p, we have p/p* > 1/m/, putting to
gather all the previous estimates we conclude that

1G (un)”Lml(Q) < O fllzmey- (6.22)

Note that from the boundedness of {G (u,)} in L™ () it trivially follows the boundedness of {u,} in
L™ (Q) since, as before, 0 < u, <1+ Gy (uy) .
Now we point out that m > 5 1)+1;(1 —yr5% since A > 1. Therefore from (6.21]) and (6.22]) (note that
the right-hand side is bounded), we have that

/ VG (u,)|” S/ Vu,|” uﬁ’\_p <C,
Q {un>1}

we deduce that the sequence {Gy(u,)} is bounded in W,”(Q). If on the other hand 1 < m <
NG=D) j;](\; o then A < 1 and we have to proceed differently. Let now o be such that the use
of by Holder inequality, o < p we obtain

Q Q

o(1-X) n

z pe1-0\ S5
(L mere Y (L)
{un>1} {un>1}

Nm(p+y— 1)(_ po1=)) _ .,
p—c 1

Imposmg 0= Nomiy (= m), we obtain

(©-21) and (6:22)

so that the above inequality becomes, thanks

/ VG (u) < C.
Q

Summing up, we have therefore proved that the sequence:

{G1 (up)} is bounded in L™ (Q) N W, ?(Q), o = min (1, p) . (6.23)

ABDELAAZIZ SBAI



CHAPTER 6. EXISTENCE AND REGULARITY OF SOLUTIONS TO A SINGULAR ELLIPTIC
EQUATION WITH NATURAL GROWTH IN THE GRADIENT 76

On the other hand, taking 7} (u,) as test function in , we have

VT (un) [P
a/ VT (un)|p§||b”L°0(ﬂ)/ —
0 )

bl [ VG )P+ / f
Q

Q

T1 (Un)

< 1Bl oy / VT ()
ST, / VG () + / f,
Q Q

which implies (thanks to (6.23) ) that the sequence {7} (u,)} is bounded in W, ?(Q). This estimate and

the estimate (6.23) give (6.17)). First case: The proof of (6.18)) is then a simple consequence of ([6.13)

and (6.17)), if w CC Q, then
v\, 1
/ (—' ZJ ) <~ /Q VP < C (6.24)

In the second case, we take r = ;%7 then by (6.13) and (6.17]), we have

|Vun|p_1 ' 1 "

Using (6.24)) and (6.25)), we deduce that (6.18) holds true. O

Lemma 6.5. Let u, be a solution of under assumptions(6.3)—(6.7) and let f be a nonnegative
function in L™(2). Then, if m > N/p

The sequence {uy,} is bounded in L=(Q) N W, (Q) (6.26)
V|| R
The sequence § ——5—— ¢ is bounded in Ly, (€2). (6.27)
un

Proof. We take v, = Gy, (u,) as test function in (6.9). We obtain, using (6.3)),(6.4) and (6.5)

4G Un fG Up,
of IVl Sl [ wupr el [ SO
{un>k} {un>k} Un, (up >k} (Un + )7

< bl [ G+ [ TG )

{un>k} funsky (un + 1)

Noting that u, + % >k > 1 on the set A, x, where Gy, (uy,), we have

1 _
o vl < bl [Vl G+ [ G,
{unzk} {Unzk}

{un Zk}
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and by Young and Poincaré inequalities, we have that

1 1
/ VP G (1) < — / Vil + 2 / G (1)
{unzk} p {Unzk} p {unzk}
14+ XM(p-—1
S + 1<p )/ |vun|p
pM1 {un>k}

1 HbH(H)\l(P*l))
R / IV, [P < / FG (uy) -
k pA1 {(un>k} {un>k}

Next, we can take k > kg, with

Therefore,

1
bl| 10 1+XMp—1))\°
o= (Wi 0+ o= D) 625
we have
@
o Vunl” < / £G ().
P J{un>k} {un>k}

From this point outwards we can proceed as in the proof of [25] Theorem 1.1], to prove that the sequence
{u,} is bounded in L>(), as desired and the proof of (6.27) is essentially the same technique used in
(6.24). 0

If0 <6 < (1—7)/p, the estimates on the right-hand side M are not only local but also global.

Unp,

Lemma 6.6. Let u, be a solution of (6.9), let us assume that (6.3)—(6.6) and 0 < 8 < (1 —~)/p, hold

true and that f be a nonnegative function in L™ (), with

p(p—1)N(1—0)
"= Np—-1D{p—1+7)+plp—1)1~7v)—p2 (6.29)

then,
[V, |p_1

The sequence { 7
un

} is boundedin L (Q). (6.30)

Proof. We fix A > (p—1+7)/p, let 0 < & < 1/n, and choose v, = (u, + &)~ — ePA==1) a5 test
function in this choice is possible since every u, belong to Wy (Q) N L>(Q). We obtain, dropping
some negative terms

a(pr— (p— 1) / Vet (1 + )P

p—1 pA—(p—1)
< / b(z) V| (un—lke) 7 —l—/fn (un+5)m_(p_1)_7
o (142 |Vu,|" ) (2 +u) Q

< [lbllz=(e) / [Vt [P~ (1 + ) P70 / f (4 )P0
@ Q
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In view of the latter estimate we have used that 0 < f,, < f. We can apply Young inequality, we
thus obtain

m@k—@—DVgAHM$Wm+@“p

<C / (un + &)™+ C / S
Q Q

Letting ¢ tend to zero, and using Lebesgue theorem (in the right one, recall that u, is in L>(2)) and
Fatou Lemma (in the left-hand side), we arrive at

Q Q Q

since now our assumption is 0 < 0 < (p —1++)/p and A > (p — 1 + v)/p, we have that A > 0; thus,
using Young inequality we have that, for § > 0

[vupur<s [w o so [ o
Q Q Q

< i/ V|’ uff_p +C + C/ fuﬁ)‘_(p_l)_v,
A Ja Q

where in the last inequality we have used Poincaré inequality. Thus if 0 is small enough, we have

/ IV, [Putr? < C +C / fupA= ==,
Q Q

fl<m< N(p_l)ﬁ;](\/l_,vaN, the choice A(m) = % implies p—;ﬂ < A(m) < 1 and (reasoning
as in the proof of Lemma )
\Vu, [’
[ sty <€ (1 lemia)- (6.31)
Q Un
Let m be a real number, such that
pN(1 - 9)

TS NG-Dp-—1+7) 00— DA —7) -0

we have that A(m) =1 — p%l, and so (/6.31]) becomes

VY, [P~ 4
A(Lz%—) < Cllfmo (632

which is (6.30) if m = m. Since Q has finite measure, if m > m and if f belong to L™(), then it is
also in L™(£2), so that (6.32) still holds for these values of m. O
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Lemma 6.7. Let u, be a solution of (6.9). Suppose that (6.3)~(6.6) and 0 <6 < (1 —~)/p’ hold true.

Then if r = N(p_1_9])\@”%1[)(;1:)7()1_7)_1;9} and that 0 < f € L™(Q), with

pN(p—1-10)
1<m< , 6.33
N(p=Dp—1+7) +plp— (1 —7) ~ 70 (0.3
then,
|VUH|P—1 : - T
The sequence — (" boundedin L"(£2). (6.34)
pN

Proof. Let 8 > 0 and N > p, we have m <

N(p—1)+p(1—7)+yN~ ) )
Let 1 < r < p'; then, we used Holder inequality with exponents 2 and ﬁ, we obtain

A WY O 7 S (G YCARPEY
S 7 ) B M e
VP \ 7 pr1-Am-80)\ 7
< = Un v
i) (U

Moreover, using (6.31]) which is admissible since m < N T) ;f(\’;_w — x> We thus obtain

r o\ BT
’Vun‘pil PT(lf)\p(/’"i)’:ﬁ) P

. pr(m)(1-A(m)— %) Nm(p—1+7) . Nm(p—1+7) .
Taking r = r(m) such that ) L — N’ipm 2 that is r(m) = N(p—l—@)—m?(p—l;(l—v)—p9]’ t

assumptions on m, and the fact that r(m) is increasing, imply that
N(p—147) N(p—1-6) _ :
1< N(179)pf(1717p9) <r(m)<r (N(pfl)(p71p+’y)p+p(p71)(1*7)*})29) = p/, hence by (6.35]) we derive that

VY, [P '
A(%) < Ol fllzm,

as desired. O

he

Now, we are going to prove Theorem [6.3]
Proof of Theorem[6.3 Thanks to (6.17)) ( or (6.26)), the sequence {u,} of solutions of is bounded

in VVO1 (), with o = min (m, p). Thus, up to subsequences, u, weakly converges to some function u
in W,7(Q), with ¢ as above and therefore u satisfies the boundary condition. However, due to the
nonlinear nature of the lower order term, the weak convergence of u,, is not enough to pass to the limit
in the distributional formulation of . In order to proceed, we use the fact that, thanks to (6.18)) (
or (6.27)), we have that the right-hand side

]Vun\pfl
(1+ L1V, (2 + )’

b(x) is bounded in (at least) L, ().
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Therefore, thanks to Remark 2.2 after Theorem 2.1 of [26] (see also [23] and [68]), we have that Vu,(z)
almost everywhere converges to Vu(z) in €; this implies that

IV, P! |V
nlggm 1 p—1 1 0= 0
(142 |V, ["7") (L +u,) u

n

almost everywhere in 2.

This almost everywhere convergence, and the local boundedness of the sequence in L"(£2), with

r="" orr=p, yield that
p—1
p—1 p—1
lim |Vu"|1 - = |Vu|9 locally weakly in L"().
A G

Next we note that, for all 0 <y < 1 and ¢ € C§(R2), if w = {z € Q : |¢| > 0}, we have

fnyp [ellocf _ 71
< e L (0
(un +1/n)? ch (@)
and that, for n — oo
fn—go — f_go a.e in €.
(un +1/n)” u?
Here we use the convention that if © = +o00, then {L—f = 0. Therefore, by Lebesgue Theorem, it follows
that F F
lim [ —F [ 1F (6.36)
oo Jo (un +1/) Q U

Concerning the left hand side of (6.10), we can use the assumption (6.4) on @ and the generalized

Lebesgue Theorem, we can pass to the limit for n — oo obtaining

lim a(x,Vun)sz/a(x,Vu)Vw.

n—oo Q [e)

We now take ¢ in C}(Q) as test function in (6.9), to have that

/a(:c Vu ).Vgo—/b(x) Vu,|[”! 90-1-/#%0
o o (14 Vu ) (R un) T Jo G )T

Passing to the limit in n we obtain

[Vul~! f
,Vu) Vo= [b —p,
/Qa(x u) -V /Q () o v+ Qmap
for every ¢ in C}(€), so that u is a solution in the sense of distributions. O
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3.2 Thecasep—1<g<? (p+ﬁ) ,u>0and 0< feL'(Q).

In this subsection, we treat the case where 0 < f € L'(Q), p >0, 8 =min(f,y) and p—1 < ¢ < p(p+ﬁ).
Here, we give our main existence result for this subsection

Theorem 6.8. Assume that (6.3)~(6.7) hold true and let f be a nonnegative function in L'(). Then
there exists a solution u for (6.1), in the sense that: u € Wy (Q) N LPTP(Q), with f = min(6, ),

1< <22 WeR e 11 (Q)

YwcCcCQ, e, >0:u>c¢, inw (6.37)

q
/ a(x, Vu) V<p+,u/up / |Vu| %go, Vi € CHQ).
0

In the next Lemma well be used in the proof of Theorem [6.8 we state some a priori estimates on
the solution u,, and on the lower order term of the approximate problem (6.9

and that

Lemma 6.9. Let u, be a solution of - Suppose that f be a nonnegative function in L'(Q) and
(6.3) (6.7) hold true. Then the sequence u, is bounded in W, " (Q) N LPTP(Q), with 3 = min(, ),

1 < r < p(p_:_lﬁ) and |vu9n| ZS bounded Z/n’ Llloc(Q)

Proof. In the case 6 > v, let (G1(u,)) as test function in (6.9), using (6-3),(6.4) and the fact that
0 < f, < f, we thus have

Vun P Vun q
70‘/ | 177‘ +/ ubt < ||b||L°°(Q)/ | ‘ /f (6.38)
{un>1} Un {un>1} {un>1} un

and then, by Young inequality, we deduce that

|V, |*
bl [ L < iy [ T
{un>1} Un {un>1}

Vu,|? =0 Vu, |’ a(1—)
- Hb“LOO(Q)/ | q(llbfbl) Un g S ﬂ | 1u_n,y| + C Unpiq ;
{un>1} unT p {un>1} Un {un>1}

which implies from (6.38)) that

\V4 np a(1—v)
= / | o J n / wrt < ¢ Un”t 4 / £, (6.39)
P J{u,>1} Un {un>1} {un>1} {un>1}

thanks to (6.39) we have

p a(1—v)
P J{u,>13 Un P J{u,>1} {un>1}

Since, % < p + 7 the above estimate implies that
Vu,[?
/ | o J <C (6.40)
{up>1} Un
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and

/{ }ugﬂ <C. (6.41)
Up>1

Now we choose ¢ < 1/n and use (T (u,) + ¢)’ — €? as test function, dropping the positive term and

using (6.3)), (6.4) we obtain

VT, ()] Vol o
aﬁ/ﬂ (TI( n) €>1 -0 — ||b|| /Q (u—n L %)6 (Tl( n) —|—5) (642)
+ /Q fo (Th (un) + 8)9—7 < HbHLOO(Q)/{ - |V, |?

T / [Vt + (14 ) / I
{un<1}

q¢(1—)
Using Young inequality together with (/6.40) - ) and ({ - ) and the fact that 2 o <P+, yield that

|V, | =2 |Vu,|?
/ Vu,|* = / g ro<C oy +C [ u <
{un>1} {un>1} ,, {un>1} Up, Q

Then we deduce from 1) and the above estimate, using again young inequality, we obtain

o (T (uy) +€
VT (un)|

< |[bll e / T s g (T )+ 300 4 (14 [ive o)
1 n

0 T P q
S O'/_/ |V 1 (un)|1_9 + C(l 4 g)ﬂ(l—e) + (1 4 8)9—7/ f + C’
p (Tl (Un) + 5) Q

it follows that

/mﬂmﬂl 5 <C A+ 00 4 (142)7).

Thus, we obtain

p_ ‘VTI (un)‘p u 1—0
/Q VT ()P = / T e (T )+

S C(l _|_€)1—0 <(1 _|_8)p;1q(179) + (1 _‘_5)9—7> )
Hence, taking ¢ tends to 0, we deduce that

/ VT (u)|? < C, (6.44)

from (/6.40)) and (§6.44)) we conclude that

p p
/ L”L < / |V“”| / VT (u) < C. (6.45)
Q (1 + Un) 7 {un>1} un
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Let 1 < r < p, using the estimate (6.45)) together with Holder inequality we arrive at

\V4 n r(1—v) r(l1—v) 17%
/ IV, | / o (1 | u)'|r(1 - (1+wu,) » <C (/Q (1+w,) 7 > , (6.46)
+u P

starting from (/6.46) and thanks to (6.41) noticing that T(l 7) < p+ 7 is equivalent to r < (p:f), we
Thus obtain

/|Vun|r§C', \ﬂgrgp(p—+7>
Q P

+1
Thus, recalling (6.13)),(6.5)), estimate (6.47) and by means of Holder inequality, it follows for every
w CC € that

(6.47)

Q]

[V, ’q
ue

lnllyrr ) < C- (6.48)

= ce (Q) =

In the case v > 6, we can obtaining the results, changing v by # in the exponents of the test functions
and namely arguing exactly as above. Then Lemma is completely proved. O

w

We prove now the following convergence result.
Proposition 6.10. Under assumption (6.3), we have
ul — uP strongly in L*(Q).

Proof. We take T (u, — T}, (u,)) as test function in dropping the positive term, using (6.3)), (6.4))
and we then have

a/‘ |v%w+u/ Uﬁémhwm/‘ Vg
{h<up<h+1} {un>h+1} {h<un<h+1}

+H[bl[ o () [Vun|* + - f.
{un>h+1} h {un>h}

which implies using (6.47)), Young together with Holder inequalities that
a

°/ A
P J{n<u,<h+1} {un>h+1}

_a 1
< Clu, > h|1 p 4 ||b||Loo(Q) ||un||;1%1,,«(9) |[un, il

W Jun=ny

e 1
< Clup > h|'"% + Clu, > b7 + —
WY Jiunzny

f.
Letting n — 400 and then h — 400, we obtain
/ ub < w(n,h), (6.49)
{un>h+1}
where w(n, h) tends to zero when n — +o00 and h — +o00. Let E be a measurable subset of 2, we have

/uﬁ g/ ub + hP|E.
E {un>h}

Then, thanks to (6.49)), we take the limit as |E| tends to zero, h tends to infinity and since uf converges
to u? almost everywhere, we easily conclude by Vitali’s Theorem the proof of Proposition [6.10] O
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Proof of Theorem [6.8 Using Proposition and Lemma [6.9) we can obtain a solution passing to the
limit, namely arguing exactly as in Theorem O
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Chapter 7

Existence and regularity of positive
solutions for Schrodinger-Maxwell system
with singularity

1 Introduction and main results
In this chapter, we consider the following Schrédinger-Maxwell system with singular term

—div(a(z)Vu) +pu ' = L2 in 0

—div(M(z)Vy) = u" in Q2 (7.1)
u7w >0 in Q '
u=1v%=0 on 0f),

we will suppose that € is a bounded open set of RY, N > 2, that r > 1 and that f nonnegative (not
identically zero) function belongs to L™(2), for some m > 1, 0 < 6 < 1. Furthermore, the function
a : ) — R will be a measurable function, such that there exist 0 < a < [ such that:

0 <a<a(z) <p almost everywhere in 2, (7.2)

while M : Q — R will be a measurable matrix, such that:

M(2)§ - & > al¢]*,  |M(2)] < B, (7.3)

for almost every z in €2, and for every £ in RY.

In this work we want to prove existence and regularity results for problem in case €2 is an open
bounded subset of RY (N >2),0<60 <1, r>1and 0 < f € L™(Q), with m > 1. In particular, we
show how the coupling between the equations in the system gives rise to a regularizing effect producing
the existence of finite energy solutions.
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In the last part of this Section, we prove the existence of a saddle point (u, ) of the following

functional .

5/ <>|Vu|2——/M Ve
TD=N 4 [l == [ 1™ il e 1), (7.4

+ 00, otherwise,

defined on W,*(Q) x W,*(Q). Finally, in the Appendix, we give the proof of an existence result for the
first equation of approximating system and some results allowing to prove the existence of system ([7.1)).
Now, we give our definition of solution for problem ([7.1)).

Definition 7.1. A couple of functions (u, 1)) € W,2(Q) x W, () is a energy solution to system (7.1)
if
u, >0 aein Q, (7.5)

7 € Lin(Q) Vo € Co(9), (7.6)

r—1, & 1
/Qa(x)VuV¢+/Qwu ¢_/Qu0 o € CL(Q)

/M(:L‘)VszU—/urv Yo € W, (9).
Q Q

I
U
and hold

(7.7)

Our main result is the following.

Theorem 7.2. Let us assume (7.2) and (7.3). Given 0 < 6 < 1,7 > 1,m* = 22 and let [ be a
nonnegative (not identically zero) function in L™(Q2). We have the following

@) if r > m, and if m > (’ﬁé)l there exist u and 3 in Wy(Q), solutions of (7.1)) in the

sense of Definition [7.1], furthermore
(a) if m > %, then u belongs to L*=(Q),
(b) if (=£3) <m < &, then u belongs to L7(Q), with

1

m—+1

(i) fl<r< W, and if m > 9(N+J)\EFN+2’ there exist u and 1 in W,*(Q), solutions of (7.1)

in the sense of Definition furthermore

(a) me > E then u b@lOﬂgS to Loo(g)}
(b) if srvsyraes <m < 3 then u belongs to LOTO™(Q).
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2 The Approximated Problem and a priori estimates

2.1 The Approximated Problem

Let n in N, and let f, = T,(f), so that {f,} is a sequence of L>°(2) functions, which strongly
converges to f in L™(Q)), and satisfies the inequality 0 < f, < f. Thanks to Theorem (see the
Appendix), for every n in N, there exist weak solutions u, and v, in Wy(Q) N L®°(Q)( with u, > 0
and 1, > 0) of the approximate system:

—div (a(2)Vuy,) + Ypult = inQ (1)

(5 +un)?
—div (M (2)Vp,) = ul, in Q (I1) (7.8)
Unps % Z 0 in
Up =V, =0 on Of).

2.2 A Priori Estimates
We are now going to prove some a priori estimates on the sequence of approximated solutions u,,.

Lemma 7.3. Let k > 0 be fized. The sequence {Ty (u,)}, where u, is a solution to (I) of (7.8)), is
bounded in Wy*(Q).

Proof. Taking T} (u,) as a test function in (I) of problems (7.8)) and using the assumption (7.2)
and f,, < f, we obtain

o /Q VT () + /Q ot Ty (1) < /Q £ (T ()™ (7.9)

Dropping the second nonnegative terms in the left hand side of (7.9)), we have

o [IVT ) < [ (7).

o [T <o [
Q Q

so that T}, (u,) is bounded in W, *(Q) with respect to n. [

Since 0 < 1, we have

Lemma 7.4. Assume that 0 < 6 < 1, r > 1 and let f be a nonnegative function in L™(Q) with
m > max ((%)/, W) . Let (un, 1) be a couple solutions of (7.8), then :

e The sequences {u,} and {1} are bounded in W,>(2).
o The sequence {u,} is bounded in L°(S2), where o is defined in Theorem ifm < %, and 0 = 400
if m > %

Proof. L>((2) estimate. Suppose that m > & let & > 1. Choosing G (u,) as test function in
(7.8), we obtain, recalling ([7.2)),

o /Q VG ()] < /Q M(2)VGy () x VG ()
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fnGk un
= | T S ka Up) (7.10)

where in the last passage we have used that u, + = >k > 1, on the set {u, > k} where Gy, (u,) # 0.
Starting from inequality ([7.10]) and arguing as in [80], Theorem 4.2, we have that there exists a constant
C' (independent on n ), such that

[tnll oo () < Cllfllzm -

Since u,, is bounded in L*(Q2), as well.CJ

Estimates using the lower order term.

In this step, we will suppose that m > (’"H) Taking u,, as test function in the first equation of (7.8] .
using and dropping a positive term, we obtain

o / Vunl? + / i, < / fuul™,
Q Q Q

while using v, as test function in (II) and (7.3]), we can see that

a/ IV,|? S/wnu;.

Q Q

a/|Vun|2+a/ |v¢n|2g/fnu3;9. (7.11)
Q Q Q

1

Thus we have, once again, that

We now follow [76], let v > 1 to be determined later, and choose u?’~! as test function in the first
equation of ([7.8); using (7.2)), and dropping two positive terms, we obtain, since f,, < f

a2y —1) / |V, | u2 2 < / fou2 170 < / fur==0, (7.12)
Q Q
On the other hand, taking u] as a test function in (II), by estimate ([7.3) and using Young inequality,

we can see that
/ ultt = fy/ M (2) V), Vu,u) ™!
Q Q

< By / Ve [Vt 0]

<C’/ V| +0/ |V, |? w2,
Using (7.11)) and ((7.12)) with this inequality, we deduce that

/u;ﬂSC’/fu,ll_e—FC'/fu?ﬁ_l_e,
Q Q Q
/QuzH §C/qu7lla+C/qui719, (7.13)

so that we have
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where in the last passage, we have used that 2y — 1 — 6 > 1 — 6, since v > 1. We now choose

= % so that v > 1 since m > 5 = (54 With this choice of 7, we obtain

r+y= m(2++11+9) = (2y —1—-0)m/, so by Holder inequality, we deduce from (7.13) that

m(2r+1+6) m(1—0) # m(2r+146) ﬁ
Jo = st [ [ ] 7  [ [ ]
Q Q Q

Thanks to the fact that m > 1, we therefore obtain (after simplifying equal terms) that:

m(2r+1+6) %
VWM11SWWW)
Q

that is, the sequence {u,} is bounded in L*(Q), with s = W;;J;ré)). As a consequence of this estimate,
and of the fact that s > m’, we have that
/ fu, ' <G,
Q

from the last inequality and going back to (7.11]), we obtain that the sequences {u,} and {v,} are
bounded in Wy*(Q). O
Estimates not using the lower order term

In this step, we will suppose that m > m Let u,, and ,, be solutions of ( . let v > 1, and
2v—1

take u;’~" as test function in (I) of ( -, we have, dropping two positive terms, and using -,

a2y —1) /|Wn\2 - /fnui”%"-
Q

By exploiting Sobolev and Holder inequalities, and since f,, < f, we deduce

2
=

S22y -1 ]2
%ﬂ{/uiq <a(2y-1) /|Vun|2 2y-2
g Q

2v—2, 1-6
E;u/mfnun7 un
Q
1

< ||f||Lm(Q) {/ﬂ (2y—1— 9)mi| ’

where S is the constant of the Sobolev embedding. Imposing 2*y = (1 + #)m**, we have vy =
so that v > 1( since (1 +60)m*™ > 2*) and (2y —1—0)m' = (14 0)m*™ = s, we have

(14+0)m**
2k Y

Uﬂ awm@Uﬂ,
Q Q

1

Uﬂsmmw
Q

so that
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Thus, the sequence {u,} is bounded in L*(f2), being m > W]\M, we have that the sequence

{ fnu,lfe} is bounded in L'(2). Taking, u, as test function in the equation (I) of (7.8)), to obtain, after
using (7.2)) and dropping a positive term,

Oz/ !Vun\2+/wn%§/fnu}le <C,
Q Q Q

so that, the sequence {u,} is bounded in W,*(Q), and the sequence {¢u’} is bounded in L'(€).
Choosing v, as test function in (II) of (7.8]), and using (7.3)), we thus have:

Q Q

so that also the sequence {1, } is bounded in W,*(Q). O

2.3 Proof of Theorem (7.2

In virtue of the Lemma [7.4] the sequence of approximated solutions u, is bounded in
Wy2(Q) N L7(Q). Therefore, there exists a function u belongs to Wy*(Q) N L(Q) such that, up to
subsequences, u,, converges, weakly in VVO1 2(Q), weakly in L7(Q), and almost everywhere in 2, to some
function u, while v,, converges, weakly in VVO1 Q(Q) and almost everywhere in (2, to some function .
Since the sequence {u],} is bounded in L*(Q2), with p = 2 > 1, it is weakly convergent in the same space
to u”. Therefore, one can pass to the limit in the identities

/Q M (2)Vip,Vw = /Q utw,  Yw € Wyt (Q),
to have that 1 and v are such that:

/Q M (2)VpVw = /Q uw,  Yw e Wyt Q).
Choosing w = Ty (v), with v > 0 in W,*(Q), we arrive at

/QM(x)Vl/JVTk(v) = /QuTTk(v), Vk > 0.

Letting k£ tend to infinity, using Lebesgue Theorem in the left-hand side (recall that i belongs to
I/VO1 ’Q(Q),) and Beppo Levi Theorem in the right-hand side, we deduce that

/ M(z)VyVuv = / uv, Vv e Wy(R),v > 0.
Q Q

If v belongs to C}(Q), writing v = v+ — v™, and subtracting the above identities written for v+ and v~
(not that both terms are finite, because the left-hand side is finite), we have that

/M(x)vav:/urv, Yo € W,2(Q),
Q Q
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that is, ¢ is a weak solution of the second equation. We study now the first equation: We want to
prove that v,u’~! strongly converges to vu"~! in L'(Q). First of all, let ¢ > 0,k > 0, and choose
LutT. (G, (uy)) as test function in the first equation of the system. Dropping two positive terms (those

coming from the differential part of the equation), and using that f,, < f, we obtain

1 r 1
S R S CATAIES B AT AT
i 1 . 1-0
< - /{un>k} fup, T (G (un)) -

Letting ¢ tend to zero, using Fatou Lemma on the left-hand side, and Lebesgue Theorem on the right-
hand one (recall that every w, is a function in L*(2)), we have that

1
[ el < msU ﬁﬂmmwm
{un>k} {un>k} {un>k}

1

<c [ / fm} "
{unZk}

since the sequence {u,} is bounded in L™ () being o > (1 — #)m’. Then

/ wnugsc{/ fm]’".
{“nzk} {Unzk}

Let now E be a measurable subset of €. So that

/ Yo, = / bl + / ol
E En{un<k} En{un>k}

gk?‘/E@z)ﬁCU{unzk}fmr.

Now we choose € > 0, and let k large enough, we obtain

1

OU fmrgs, Vn e N.
{unzk}

Such a choice of k is possible, since the measure of {u,, > k} tends to zero as k tends to infinity, uniformly
in n, as a consequence of the boundedness of {u,} in (for example) L!(Q), and since f™ belongs to
L'(€2). Once k has been chosen, let § > 0 be such that meas (E) < § implies that:

kr/wnge, Vn € N.
E

Such a choice of 4 is possible thanks to Vitali theorem, since the sequence {1} is strongly convergent
in (at least) L'(Q) being bounded in W;"*(€2). Thus, the sequence {t,u"} is uniformly equi-integrable.
Since it is almost everywhere convergent, Vitali theorem implies that:

Ynul strongly converges to vu” in L'(€).
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With the same technique, one can prove that the sequence {t¢,u’ "'} is uniformly equi-integrable, so
that 1, u"~! strongly converges to yu"! in L'(Q). To conclude, the proof theorem we just need to pass
to the limit in (I) of (7.8). Now, by adapting a suitable way used in [28], we can pass to the limit in
the right hand side of (I) in (7.§)), then let w = {¢ # 0} and by Lemma [7.7] (see the Appendix ), one
has, for  in C}(Q), we have that

0< fnSOI [ellz= @) I
2P| = &
Therefore, by Lebesgue convergence Theorem, we obtain
lim o = fe
n—+oo [ (un + %)9 0 ul

On other hand, by Lemma , we deduce T, (u,) — Ti(u) weakly in W, *(Q). Then by Proposition 4.1
in [23] and Theorem 2.3 in [41], we obtain Vu,, converges to Vu almost everywhere in §2. Now, we can
pass to the limit in the identities:

_ fn 1
axVunVn—i-/l/)nu;ln:/—n, Vn e C.(Q),
/Q <> Q Q(l—i_un)e ( )

n

to have that F
/a(x)Van—F/ibur_ln = [ =5n, Vne Ce (),
Q Q QU

as desired.

3 Saddle points

In this section, we can prove that the energy solution (u, 1)) of system (7.1 given by Theorem

can be seen (under some assumptions on r and f) as a saddle point of a suitable functional.

Remark 3.1. If 1 <r < W, and f nonnegative function belongs to L™(Q), with m > (&5,
then not only ¢ but also u is a energy solution of the first equation of ([7.8). Indeed, since both u and
Y belong to L?"(Q) (being Wy*(Q) functions), we have that: ¢u’~' € LP(Q),p = £ Since, by the

assumptions on 7 : 27 > ]3]_\]2 N+2ﬂ\:(_]3_2)9 = (12%0)’, the function ¥u"~! belongs to the dual of Wol’z(Q);

therefore, one has (by density of W,*(Q) N L®(Q) in W,*(Q))

/a(w)VquO—l—/qu_I(p:/ie% Vi € CLH(Q),
Q Q QU

as desired.

Thanks to this remark, we have the following theorem:

Theorem 7.5. Suppose that a and M satisfy (7.2)) and (7.3), and that M is symmetric. Let 1 <r <

WM and let f nonnegative function belongs to L™ (S2), with m > (12—_*9)’. Then, the energy solution

(u, ) of system (7.1) given by Theorem is a saddle point of the functional J defined in (7.4)); that
18
J(u, ) < J(u,p) < J(v,),Yv, 0 € Wy 2(Q) such that ¢|v|" € L*(9). (7.14)
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Proof. We begin with the second equation of (7.1)); by Theorem , 1 is a weak solution of the
second equation of ([7.1)). Choosing w_‘ﬁ, with ¢ in VVO1 ’Q(Q), as test function, we get

T

L[ @vev - =1 [l (@ -h).

Adding and subtracting the term
1

_ M + +
o /. (2)Ve TV,

we have, after straightforward passages

1
2r Q

1

M(z)V (Y — ")V (¥ —¢T) + 3 /Q M (x)VpVip — %/sz\uy’“
1 1

= g/QM(l’)VWVsO*— ;/QWIUV

since the first term is positive, we, therefore, have that (recall that ¢» > 0, so that ¢ = ¢™)
1 1 + a7 1 + + 1 + 15,7
o | M@)VyYVy — — | 7 u]" < o | M(2)Ve™VeT —— [ oT[ul’,
2r Q T Jo 2r Q rJo

for every ¢ in WOI’Q(Q). Changing sign to this identity, and adding to both sides the (finite, thanks to
the assumptions on f and to the fact that u belongs to W,*(Q)) term

5 | a@Val == [,

J(u, ) < J(u,¥), Ve € Wy?(Q),

which is the first half of (7.14). As for the second, by Remark we obtain that u is a weak solution
of the first equation of (7.1). Fix ¢ € Wy?(Q) and let I be the functional defined on W,?(Q) as
I(v) := J(v,%). If the matrix M (x) and a(x) is symmetric, and if f nonnegative function belongs to
L™(Q), with m > (%)/ the solution of given by Theorem is the minimum of the functional

we arrive

1

I(v) = §/Qa(x)V'U x Vv — 21—T/QM(Z')V1/JVI/J

1 1
s [l = 125 [ F0 0 v ewite
T Jo 1-— 9 Q
which is well defined since ¢ < 1. Indeed, if we consider the functional

1

I,(v) = i/ﬂa(z)Vv x Vv — 2—174/9]\/[(95)va¢

1 1 1\
- +r = + - ”71729
+T/Q¢ ’U’ 1_0/an<?) +n) ) v 0()
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with f,, = min(f(z),n), then there exists a minimum w,, of I,,. From the inequality I, (u,) < I, (u))
one can prove that u, > 0, so that u, is a solution of the Euler equation for In, ie., of . Therefore,
by Lemma- 7.7/ and Remark [7.§ E Up 18 umque and increasing in n, satisfies and from the inequality
I (u,) < I,(0) < C, it is bounded in W, *(Q) (with the same proof of Lemma . If w is the limit of
Un, letting n tend to infinity in the inequalities I, (u,) < I,,(v), one finds that I( ) < I(v), so that u is
a minimum of /, and u is a solution of ({ . (by Theorem [7.2] - Since u satlsﬁes - Eq. - can
be seen as the Euler equation for I; note that I is not differentiable on W, (). We obtain that:

J(u, ) < J(v, ), Yo e Wy*(Q) such that ¢|v|” € LY(Q),

which is the second part of ([7.14]).

4 Appendix: Basic Results and Existence for Bounded Data

In this Appendix, we will prove some results concerning the first equation of system (7.1)), and the
whole system in the case of bounded data.
Now we prove the existence of a solution to the following approximating problem:

—div(a(z) V) + g(z) [un|" 2 u, = —LE 2 in Q
Uy > 0 in € (7.15)
U, =0 on 0f),

where 2 is a bounded open subset of RY, N > 2, f is a positive (that is f(x) > 0 and not zero a.e.)
function in L™(Q), withm >1,0< 60 <1 and g(x) € L'(Q2), with

0 <\ <g(x). (7.16)

Due to the nature of the approximation, the sequence u,, will be increasing with n, so that the (strict)
positivity of the limit will be derived from the (strict) positivity of any of the u, (which in turn will
follow by the standard maximum principle for elliptic equations).

Lemma 7.6. Problem (7.15) has a nonnegative solution u, in Wy>() N L>(9).

In order to prove Lemma [7.6, we will work by approximation, namely by introducing the following

— div(a(e)ns) + 9Tk (sl ) = 0y i -
Up =0 on )

where n,k € N0 < f,(z) := T,,(f(z)) € L>®(2),0 < 6 < 1 and r > 1. Thanks to [80, Thoerem 2],
we know that there exists u,; € W,”(Q) weak solution to (7.17) for each n,k € N fixed. Moreover
Upr € L®(Q) for all n,k € N since, if m > 1 is fixed, taking G, (un ) € Wm(Q) as test function in
and using that G,, (u, ) and T} (|un7k|r_2 Un ;) have the same sign of u,j, we immediately find

that
O[/ |VGm (Un,k)|2 < / fnGm (unuk")
Q Q
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and so we can proceed as in [8I] to end up with w,, € L>(€2). Moreover the previous L> estimate is
independent from k£ € N. Now taking u, ; as a test function in the weak formulation of , we find
that wu, is bounded in W,*(Q) with respect to k for n € N fixed. Since wu,; is bounded in L>(f)
independently on k, for each n € N fixed we choose k,, large enough to obtain the following scheme of
approximation

(lunl+3)’ (7.18)

— div(a(z)uy) + g(2) |un| 2w, = —E 5 in Q
Uup, =0 on 0f)

where u,, € Wy*(Q) N L>(Q) is given by uy,. As concerns the sign of u,, taking u; := min (u,,0) €
Wy ?(Q) N L=(Q) as test function in (7.18)), we find

[ o9+ [ gt () = [ ﬁ <0

and so that u, > 0 almost everywhere in (2.

Lemma 7.7. The sequence u,, is increasing with respect to n,u, > 0 in §2, and for every w CC ) there
exists ¢, > 0 (independent on n ) such that

up(z) > ¢, >0  for every z inw, for everyn in N. (7.19)

Moreover there exists the pointwise limit u > ¢, of the sequence u,,.

Proof. Since 0 < f,, < f,41 and 6 > 0, one has

fn < fn+1

7> e
(un+5)" (un+555)

—div (a(x)Vu,) + g(x) ‘unlr_Q Up =

so that _2 -
—div (a(x) (Vu, — Vupi1)) +eg(a:) (Jun|™™ un = |tpga ™" 1)

1\? 1
< (unt1+it) = (unt i) '
R oo e
We now choose (u, — t,11)" as test function and taking into account the monotonicity of the function
t — [t|"~2t. For the right hand side we observe that

+ Ly + Ly
U — ] —|up+ ——
L n+1

recalling that f,.1 > 0, we obtain

(un - un+1)+ S O;

0< Oz/ ‘V(un —un+1)+}2 < 0.
0

Therefore (u,, — unﬂ)+ = 0 almost everywhere in €2, which implies u,, < wu,.;. Since u; belongs to
L>(€2), and there exists a constant (only depending on € and N ) such that

[urll ooy < Cllfill ) < C,
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one has ) ; ; ;
- H r— _ 1 1 1
dvia@vn)Tglahaln = Gaw 2 Guin gy = @0

Since (Cfr—ll)g is not identically zero, the strong maximum principle implies that u; > 0 in Q (see [86];
observe that u; is differentiable by Chapter 4 of [65] , and that ((7.19) holds for u; (with ¢, only
depending on w, N, fi and @ ). Since w, > wuy for every n in N, (7.19) holds for u, (with the same

constant ¢, which is then independent on n ).

Remark 7.8. If u,, and v, are two solutions of (7.18]), repeating the argument of the first part of the
proof of Lemma shows that u,, < v,. By symmetry, this implies that the solution of ([7.18) is unique.

Theorem 7.9. Letn € N, 0 < 6 < 1, f be a positive function in L*>(Q2), and let r > 1. Then, there
exist a solutions (u,, py) € (W012(Q) N L°°(Q))2 of the following system

—div (a(@)Vu,) + ot = oty inQ,

—div (M (2)Ve,) = ul, in §2 (7.20)
Up, Pn > 0 in €2,

Up = @, =0 on 0f).

Proof. Fix v, € Wy*(Q), let n € N and we define S : W,?(Q) — W,?(Q) as the operator such
that v, = S(¢,). By the maximum principle, ¥, > 0, taking account Lemma and Remark [7.8]

there, exists a unique solution v,, of:

—div (a(z) V) + Ynlva| v, = (,Un+%)9' (7.21)
Since, by Lemma [7.6, one has
[onllyyizq) < Cill fllze),  Nvalle@) < Cillfll=@). (7.22)

Now we define T' : W, ?(Q) — W, () as the operator such that ¢, = T'(v,) = T(S(t,)). Thanks to

the results in [34], ¢, is the unique weak solution of the Euler-Lagrange equation
—div (M(2)|VEG|) = |val”s G € W 2(Q). (7.23)

Following [5], we thus have
1Gnllwi2(q) + Gnllzoe@) < Collvnl|ze (),
using (7.22)), we deduce that,
1Gnllyr2() + lnllze@) < CllfllLe@) = R, (7.24)

where ('} and C are positive constants not depending on v,,.
We want to prove that T o S has a fixed point by Schauder’s fixed point theorem. By ([7.24))
we have that Br(0) C Wy*(Q) is invariant for T o S. Let ¥ =: (¥nx)x C Wy (Q) be a sequence

ABDELAAZIZ SBAI



CHAPTER 7. EXISTENCE AND REGULARITY OF POSITIVE SOLUTIONS FOR
SCHRODINGER-MAXWELL SYSTEM WITH SINGULARITY 97

weakly convergent to some ¢ and let v, =: (vyx)r = S (¢x) . As a consequence of (7.22)), there exists a
subsequence indexed by v, such that

vy — v weakly in Wy*(Q), and a.e. in Q (7.25)

v — v weakly—x in L>°(92).

Moreover, we have

_
(% + Uk)e
and, using Holder’s inequality, the Poincaré inequality and (7.22), we obtain

—div (a(z)Vug) = — () or]" % ve =1 g

r—1
196l 110y < Clf L) + okllzoe o) 1Pkl 110y

< Cllflliz=@ + Cill f <oy 1¥ellwrzq) < C-
Then, by Theorem 2.1 in [26], we obtain that Vv, converges to Vv, almost everywhere in . Since
vakH(m(Q))N = ”Uk“WOl’Q(Q) < Cif| fllme;

thus, we conclude that
Vop — Vu, weakly in (L3(92))" . (7.26)

We recall that v;, satisfies

/Qa(ac)VUk : Vw—k/gzﬁk lok|" ™% vpw :/Q(Lw, Vw € CH(Q).

% + Uk>9

Letting k tend to infinity, by (7.25)),(7.26)) and Vitali’s theorem, we have that

) f 1
an-Vw%—/@bnvnrzvnw:/—w, Yw € C.(£2),
/Q| | [ oo oy @

so that v is the unique weak solution of (7.21)) and it does not depend on the subsequence. Hence
vp = S (1) converges to v, = S(1b,) weakly in Wy(Q) and weakly—x in L>°(£2). Then

[ug|” = |vn|” strongly in L9(Q) Vg < +oc and |[[[vg|"|| 1oy < C. (7.27)
Thanks to ((7.24)), (7.27)) and proceeding in the same way, we get
G = Cok = T (0) = Gu = T(vy) weakly in Wy (Q), weakly—x* in L=(Q), (7.28)

V¢ VG = VG| VG, weakly in (L2(€))™

and ( is the unique weak solution of ((7.23)). Now we want to prove that (; converges to ( strongly in
Wy ?(Q). In order to obtain this, by Lemma 5 in [22], it is sufficient to prove the following

lim /Q IV (¢ — Co) |* = 0. (7.29)

k—o0

ABDELAAZIZ SBAI



CHAPTER 7. EXISTENCE AND REGULARITY OF POSITIVE SOLUTIONS FOR

SCHRODINGER-MAXWELL SYSTEM WITH SINGULARITY 98
We have that
L0961 =196D -9 G- 6) = [ 1va! - [ 96 v
@ (2 @ (7.30)
= [ 1961 F6 4 16l
The second and the third term on the right hand side of (7.30) converge, by (7.28)), to HC”H?A/&*Z(Q)' Then
it is sufficient to prove that
. 2
i Gl = G0 (7.31)

Since (j, is equal to T (vg) > 0, we deduce that

L1968 = [ jul 6.

Using Vitali’s Theorem and ([7.27)), we have that

: r _ re o 2
Jim [l G = [ 0 ¢ = g0y

so that (7.31)) is true and ([7.29) is proved. Hence we have proved that if ¢, converges to 1, weakly in
Wy ?(Q) then ¢ = T (S (1)) converges to ¢, = T(S(1b,)) strongly in Wy *(Q). As a consequence we

have that T'o S is a continuous operator and that T’ (S (BR(0)>> C Wy2(Q) is a compact subset. Then

there exists, by Schauder’s fixed point Theorem, a function ¢, in W,*(Q) such that ¢, = T(S(¢n))
and, since T(v,,) > 0 for every v, in Wy*(€), ¢, is nonnegative. Moreover let u,, = S(¢,), we have that

(Un, @n) is a solution of (7.20)) .
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Conclusion and Further Prospects

In this thesis, we have talked about the existence and regularity of solutions for a certain class
of elliptic problems. In particular, most of the results we present here are stated for problems with a
singular nonlinearity. There are several motivations for our work coming not only from problems in
applied mathematics but also from physic alphenomena and applied economical models. For instance,
nonlinear singular boundary values problems arise in the context of heterogeneous chemical catalysts and
chemical catalyst kinetics, in the theory of heat conduction in electrically conducting materials, singular
minimal surfaces, as well as in the study of non-Newtonian fluids and boundary layer phenomena for
viscous fluids. Moreover, nonlinear singular elliptic equations are also encountered in glacial advance,
in the transport of coal slurries down conveyor belts and in several other geophysical and industrial
contents.

This work raises a number of questions that researchers will need to explore in further studies,
for example, these problems can be generalised to the following spaces: Sobolev spaces with variable
exponent, anisotropic Sobolev spaces and fractional Sobolev spaces.

We hope this thesis will contribute to the theory of elliptic operators and will be useful for researchers
who wish to work in this field.
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