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ABSRACT

We present a concrete and complete study of some classes of orthogonal polynomials of
complex and quaternionic variable and provides different applications in the theory of
integral transforms and spectral analysis of some special magnetic Landau Hamiltonian.
Mainly, their basic properties are derived and then employed to introduce and study cer-
tain new integral transforms for some specific functional Hilbert spaces. Chapter 2 deals
with the univariate polyanalytic complex Hermite polynomials generalizing the monomi-
als. Chapter 3 is devoted to a novel class of orthogonal polyanalytic functions generalizing
the holomorphic Hermite polynomials. The associated functional spaces are of Gelfand-
Shilov type and generalize, somehow, the one introduced by van Eijndhoven and Meyers
in 1990. In Chapter 5, we make use of the quaternionic Hermite polynomials to study differ-
ent classes of slice polyregular Bargmann spaces. The explicit formulas of their reproducing
kernels are given and associated Segal-Bargmann transforms are also studied.

Key-Words: Orthogonal polynomials; integral transforms; Spectral theory; Magnetic Lapla-
cians; Generating functions; Polyanalytics functions; Segal-Bargmann transforms; Quater-
nionic Hilbert spaces.



RESUME

Le présent travail porte sur 'analyse mathématique des polyndmes orthogonaux a vari-
ables complexe et quaternionique et ses différentes applications, notamment a la théorie
des transformées intégrales et ’analyse spectrale de certains Laplaciens. L'étude concrete
de leurs propriétés nous permet d’introduire des nouvelles transformations intégrales pour
certains espaces de Hilbert de fonctions polyanalytiques. Chapitre 2 traite les polyndmes de
Hermite polyanalytique généralisent les monomes . Chapitre 3 est consacré a une nouvelle
classe de fonctions polyanalytiques orthogonales généralisant les polyndmes holomorphes
de Hermite. Les espaces fonctionnels associés sont de type Gelfand-Shilov et généralisent,
en quelque sorte, celui introduit par van Eijndhoven et Meyers en 1990. Au Chapitre 5,
nous utilisons les polynomes de Hermite quaternioniques pour étudier différentes classes
d’espaces de Bargmann "S—polyregular”. On donne les expressions explicites de leurs noy-
aux reproduisants et on étudie également les transformées de Segal-Bargmann associées.
La description spectrale en tant que sous-espaces propres d’un opérateur S-différentiel de
second ordre impliquant est étudiée. Le dernier chapitre est consacré a des transforma-
tions intégrales, pour les espaces de Bargmann-Fock holomorphes et hyperholomorphes,
obtenue par la composition des transformées classiques.

Mots-clés: Polynomes orthogonaux ; Transformées intégrales ; Théorie spectral; Lapla-
cien magnétique; Fonctions génératrices; Fonctions polyanalytique; Transformées de Segal-
Bargmann ; Espaces de Hilbert quaternioniques.



RESUME DE LA THESE

On étudie des classes de polyndmes orthogonaux ainsi que ses différentes applications a
la théorie des transformées intégrales et 1’analyse spectrale de certains opérateurs différen-
tielles de seconde degré. Pour y faire, on divisera ce travail en deux grandes parties

Partie I : Polyndmes a variables complexes et applications

Dan un premier temps, on considere les polynomes de Hermite complexes

Hyn(z,2) = (_1)m+ne|2\2ﬂ (e—\2\2> (1)
AT 0z oz" ’

et on établit les expressions explicites pour quelques sommations infinies (fonctions généra-
trices classiques et bilinéaires, Formules de Mehler, ...) associes a ces polyndmes et qui
jouent un roéle primordial dans la construction des transformées intégrales bidimension-
nelle de type Segal-Bargmann L?(C, e’”'z‘zd)x(z)) avec lui-méme et avec 1’espace de Bargmann-
Fock généralisé. On caractérise 'image de ses transformées et on les utilisent ensuite avec
ses propriétés pour obtenir les relation avec des transformées classiques telles que la trans-
formée de Fourier fractionnaire et celle de Fourier-Wigner. On introduit ensuite (Chapitre

3), la classe

1711/,06 (Z,Z|§) _ e—zxzz—éz (_az + I/Z)n (ezxzz—&-é‘Z) (2)

généralisent ainsi les polyndmes de Hermite classiques. Nous étudions les propriétés al-
gébriques et analytiques, y compris les relations de récurrence, les équations différentielles
qui vérifient, la formule de Rodrigues et la formule quadratique de type Nielsen ainsi que
la formule explicite en termes de polyndmes d"Hermite. On étudie leurs orthogonalité et
nous fournissons également des fonctions génératrices et des représentations intégrales, y
compris la réalisation de ces polyndmes en fonction de la transformation de Fourier-Wigner
avec comme fenétre une fonctions de Hermite. Comme application directes des résultats
obtenus, on démontre qu’'une sous classe de ces polyndmes est une base de 1'espace des
fonctions, f : C — C, Z-automorphes satisfaisant I’équation fonctionnelle

f(Z+k) _ eZinﬁkeZa(z—l-%)kf(Z)l

pour tout z € C and k € Z, et tels que

1]

2_._ 2020121 g2 gy < +oo.
Lz [ @ P axdy < teo

Le troisiéme objectif dans cette partie est I’étude des fonctions spéciales généralisant celles
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définie par

1 1— g2\ "2 1 2
e = () e ®

introduites par Van Eijndhoven and Meyer en 1990 et qui forment une base orthogonal d"un
espace de type Bargmann X; = Hol(C) N L?(C, wsdA). Plus précisément, on propose une
nouvelle base de I'espace H; et on donne une décomposition orthogonal pour cette espace
en terme des espaces X, dont une base orthonormal est donnée par

22
5, 1(2,2) =TS, 0 7 (VZ/%%HHO (z), Via:=—0.+vZ— 2az. (4)

De plus on donne la forme explicite et compacte du noyau reproduisant de chaque espace
X ainsi que la transformée de type Segal-Bargmann associée. On exploite ensuite les
bases obtenues pour construire des transformées integrales de type Fourier—fractionaire.

Partie II : Espaces S-polyregular et polyndmes a variable quaternionique

Dans le premier chapitre de cette partie (Chapitre 5), on décrit concretement différents
types des espaces S-polyregular quaternioniques qu’on introduit a ’aide de la dérivée slice.
Il s’agit de SR%,H, SR%,n et SRJ%MU’”. Dans cette description les polyndmes de Hermite
quaternioniques

min(m,n) (_1)] qm,]qn_]

H,%n ,q) = m!n! , - -
D P N RS TRl

)

joue un role crucial. On montre que S R%n etS R%/n sont des espaces de Hilbert a noyau
reproduisant qu’on donne explicitement. Son expression fait appeal au polynémes de La-
guerre et le produit star pour les fonctions slice regular. On établit ensuite une décompo-
sition orthogonal pour L?(Cy;e~1¢ A 1) en terme de S Rin Pour y arriver, on commence ce
chapitre en étudiant ces derniéres fonctions. A ces espaces, on associe des transformations
de type Segal-Bargmann B;,,I = 1,2 définis sur 'espace de Hilbert (a gauche) des fonc-
tions sur la droite réelle a a valeur quaternioniques. On close ce chapitre en donnant la
réalisation spectrale de ces espaces en tant que sous-espaces spéciaux des espaces propres
d’un opérateur différentiel du second ordre.

La discutons de quelques propriétés de certaines transformations intégrales associées a
des espaces de Hilbert fonctionnels spécifiques sur C et C? font 1'objet du dernier chapitre. 11
s’agit des espaces de Bargmann-Fock et sa version slice-hyperholomorphe. La plus impor-
tante et obtenue comme composition des transformations Segal-Bargmann unidimension-
nelles et bidimensionnelles. On montre qu’elle se réduit a la transformée Segal-Bargmann
unidimensionnelle avec un symbole spécifique 1,

G'f(zw) = (=) Cp(BYf)(z ), 6)

Old and New Orthogonal Polynomials of Complex and Quaternionic Variable:
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Entre autres propriétés discutées au Chapitre 6 de la transformation GY, on détermine son
image ainsi que son inverse a gauche défini sur tout 'espace de Bargmann bidimensionnel.
On étudie aussi la relation avec quelques transformées classiques. Comme conséquence, on
établit la relation entre les espaces de Bargmann—Fock et 1'espace slice-hyperholomorphe
laissant invariant les slices.

Old and New Orthogonal Polynomials of Complex and Quaternionic Variable:
Concrete Description, Associated Functional Spaces and Integral Transforms
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General description of different topics
discussed in the present dissertation

A. The setting

The topics developed in this document are the author contributions to the mathematical
analysis of complex and quaternionic orthogonal polynomials, as well as approximation
theory, mathematical physics, integral transforms, hypercomplex analysis and concrete
spectral theory of a specific magnetic Landau Hamiltonian, among others. The principal
object is the study of special classes of old and new orthogonal polynomials on the com-
plex plane C as well as on the (non-commutative) division algebra of quaternions H with
concrete applications in complex and hypercomplex analyses, such as the theory of holo-
morphic, polyanalytic, slice regular and S-polyregular Bargmann spaces. Associated Segal—
Bargmann and Fractional Fourier integral transforms. Accordingly, the content of this work
can be divided in two main parts. The first one concerns different generalizations of com-
plex (polyanalytic) Hermite polynomials and their application in complex analysis and in-
tegral transforms. The second part, is devoted to their quaternionic analogue. Interesting
application is given in the context of slice hypercomplex analysis.

Throughout the work, we denote by L2V (X); v > 0 the Hilbert space of all square in-
tegrable functions on X = R, R? =~ C,C?% =~ H with respect to the Gaussian measure
dAy(s) := e Is"dA(s), where dA is the Lebesgue measure on X; A(s) = dx, A(s) =
dx.dy.,A(s) = dx.dy.dxydy, fors =x € R,s =z = x, +iy, € C 2 R%, s = (z,w) =
z+wj € C? = H, respectively. When H is added as subscript, then L%‘/(X) means the
considered functions are H-valued. We denote by 72" (X) the Bargmann-Fock space con-
stituted of all holomorphic functions on X, when X = C or X = C?, and belonging to
LZ,V( X),

F2V(X) = Hol(X) N L>(X).

We will also use the notation F2(X) to mean F2V(X) with v = 1.



CONTENTS

B. Part I: Old and new orthogonal polynomials of complex
variable: Basic properties and applications

B.1. Context, notations and tools

The well known Hermite polynomials (and their different generalizations) have been one
of the most interesting fields for research, since their introduction by Lagrange and Cheby-
shev. They are extensively studied in the mathematics literature and appear in a wide spec-
trum of research domains including engineering sciences, pure and applied mathematics,
and various branches of physics (see for examples [99/107)109] and references therein). The
classical ones on the real line R are defined by ([70/99,107,109])

n L%J k m—2k
n vx? d —vx? m -1 2
i) = (1) 55 () = v 3 i ((mxz e )

Here and elsewhere after, we use 0, and d/9y to denote the partial differential operator with
respect to x. Natural extensions to the two real variables can be obtained by considering the
tensor product Hy, ,(x,y) = Hy,(x)H} (y) or by replacing the real variable x in H},(x) by
the complex variable z, giving rise to the class of holomorphic Hermite polynomials (see
e.g. [75/107])

Hi(2) = (-1 () ®
dz"

They inherit the most of algebraic properties of H},(x) by analytic continuation. More-

over, they possess further interesting analytic properties. The polynomials H}(z) (with

v = 1) have been investigated in the study of some analytic function spaces [29,78113] and

showed to be useful for the coherent states theory [34/52]. Their combinatorics has been

studied in [75]. It is shown in [113] that the associated functions

i = () (arsy) e T ©)

for given fixed 0 < s < 1, satisfy the orthogonal property ([113])

1-s2 1+52

Ln@yn@e T e Narz) = b, (10)

This is to say that the functions %, (z) form an orthonormal system in the Hilbert space
H%(C) == L*(C, wsd)),

where the weight function w; is given by

_ 1452 (.2 =2\ 1-s2|_ |2
w(z,Z) = e & FHE) =527,
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Accordingly, we define the Hilbert subspace X;s(C) of holomorphic functions belonging to
H**(C) by

Xs(C) = Hol(C) N s> (C). (11)

Another generalization of H},(x) to the whole complex plane is given by the univariate
complex Hermite polynomials (UCHP)

v = m+n ,vzz g —vzzZ
Hpn(2,2) = (—1)" e e (e74) (12)
and their specific generalization Gy, ,(z,z|¢) considered in [54]. The polynomials Hy, ,(z,Z)
has been introduced by Ito (1952) in the context of complex Markov process [76]. But, it
is only in the last decades that they are widely used in many area of mathematics, like
nonlinear analysis of traveling-wave tube amplifiers, signal processing, singular values of
the Cauchy transform, coherent states theory, combinatorics as well as in distribution of
zeros of the automorphic reproducing kernel function. The curious reader can refer to [7/41)
54-56//72/7382)103]] and references therein for their basic properties and their applications.
Both H}), ,,(z,Z) and Gy,,n(2,Z|G) are special examples of polyanalytic polynomials of one
complex variable for satisfying the generalized Cauchy equation

ag“quln(z,z) =0 and ag“GZw(z,Z) =0

They play a crucial role in studying some basic properties of polyanalytic functions [4] and
they appear as particular cases of the following general class of polyanalytic polynomials

([42])

m+n
Gih(212) = (21140 s (0 v =

where h(z) is a given holomorphic polynomial function. Such polynomials appear natu-
rally, when dealing with the spectral theory of a special magnetic Laplacian leaving the
space of mixed automorphic functions invariant [42]. As another special interesting class of
are the ones corresponding to the special holomorphic function hg’é(z) = az? + ¢z, for
arbitrary real @ and complex number ¢. In fact, we have to consider

_ s a2 O miay
I;/,a (Z,Z|(:) — (_1)7161/22 %4 Czﬁ (8 vzZ4az é’z) , (14)
for varying n = 0,1,2---. Such class of functions can be seen as the polyanalytic gen-

eralization of the holomorphic Hermite polynomials H,(z) = Iy~ (z,Z|0) as well as the
monomials I}° (z,Z|0) = z". The consideration of this class is motivated by their impor-
tance in the theory of the automorphic functions on the complex plane with respect to a
given rank-one discrete subgroup I' = Z of (C, +). More specifically, the particular case of

Old and New Orthogonal Polynomials of Complex and Quaternionic Variable: 3
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¢ =2in(B+k), with p € Rand k € Z, leads to

L’ (2,218) = Iy (= 2l2im(p + K) (15)
which for fixed nonnegative integer 1 gives rise to an orthogonal basis of the n'" .2—eigenspace
of a Schrodinger operator acting on some L?-sections over the strip C/Z of the L>-line bun-
dle L = (C x C)/Z, constructed as the quotient of the trivial bundle over C by considering
the Z-action [58//106].

B.2. Main purposes of part I

* The first aim of this part is the obtainment of closed explicit expressions of some infi-
nite sums involving the UCHP, including bilinear generating functions and Mehler’s
formulas. The acquired ones play crucial role in obtaining some integral kernel trans-
forms. In fact, we employ them to introduce a special two—dimensional integral trans-
form whose kernel function are the exponential generating functions of the UCHP.
Moreover, we identify their images and investigate their basic properties such as the
connection to the classical 2d-Segal-Bargmann transform, to the Wigner transform, as
well as to the 2d-fractional Fourier transform (24-FrFT) introduced recently by Zayed
[115]. Accordingly, we are able to deduce some interesting properties of the 2d—FrFT.
Another class of 1d integral transforms connecting any two generalized Bargmann-—
Fock spaces F2"(C) is introduced.

* Assecond aim, we provide a concrete description of the basic properties of the polyan-
alytic polynomials I;* (z,Z|¢) in (14). To this end, we begin by discussing their opera-
tional representations, recurrence relations, differential equations they satisfy, orthog-
onality relations, Rodrigues” formula and quadratic formula of Nielsen type as well
as the explicit formula in terms of Hermite polynomials. We also provide generating
functions and integral representations, including the one involving a Fourier-Wigner
transform with a special window function close to the classical Mehler kernel. In the
course of our investigation, we present two interesting applications. The first one is
related to the concrete description of the spectral theory of some specific second order
differential operator of Laplacian type acting on the Hilbert space L?(C; e‘V|Z|2dxdy).
The second application involves the subclass I,/ él (z,z|€) in and reproves the fact
that they form a complete orthogonal system of the space L>(C/Z;e"I? |2dxdy) of L2~
rank—one automorphic functions.

e The third aim is the study of the special holomorphic Hermite functions ¢5,, in (9),
spanning the like-Bargmann Hilbert space X;(C), defined through (1I). We also pro-
pose an adequate orthogonal complement in .>°(C). More precisely, we determi-
nate the Hilbertian decomposition of .#>%(C) in terms of some reproducing kernel
Hilbert subspaces X}, s(C), and provide to each one an orthonormal basis of polyana-
lytic functions ¥}, ,, generalizing the ones in (9), so that ¢, ; = ¢5,. We also compute
the explicit expression of the corresponding reproducing kernel. As applications, we

Old and New Orthogonal Polynomials of Complex and Quaternionic Variable: 4
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derive the associated Segal-Bargmann integral transforms for the configuration space
L£2(R) with range the spaces X, s(C). Moreover, we provide two nontrivial 1d- and
2d-fractional like-Fourier transforms for the configuration space £2(IR) and #%(C),
respectively.

C. Part II: Quaternionic Hermite polynomials, S-polyregular
Bargmann spaces and associated integral transforms

C.1. Notation and preliminaries

In order to generalize the obtained results to the quaternionic context, we begin by consid-
ering the natural quaternionic analogs of the polyanalytic Hermite polynomials Hy, ,(z,Z).
Indeed, we deal with the quaternionic Hermite polynomials

min(m,n) ¢ q\j m—j=n—j
Hn%n(q,ﬁ):m!n! Z (=1) 7 9

; ; —. 16
Lo )= ) (16

For an systematic study of Han(q, 7) one can refer to [43]. We will use the polynomials
Hn%n(q, 7) to define new classes of generalized Bargmann spaces in the context of slice
polyregular functions. To this end, let us recall that the classical Bargmann functional space
JF? is defined as the phase space on the complex plane consisting of all e_‘z‘zdxdy-square
integrable entire functions. As special generalizations, in the context of polyanalytic func-
tions, are the generalized Bargmann spaces }",% of level n = 0,1,2,---, (see for example
[3/4/59/114])), so that F2 = F2. The corresponding theory has found remarkable applica-
tions in time-frequency analysis, analysis of higher Landau levels and in the multiplexing
of signals (see [4] and references therein).
A quaternionic counterpart of F2 was introduced in [9],

fz SV

slice

(H) = SR(H) N L (Cy), (17)

where L%U(C 1) is the Hilbert space of H-valued L? functions with respect to the Gaussian
measure on an given slice C; = R + RI and SR(H) denotes the space of (left) slice regular
H-valued functions on the quaternions, i.e., H-valued real differentiable functions f on
H = R* such that

Bf(r 1) i3 55+ I3y ) fles e+ 18)

vanishes identically on C; for every I € S = {q € H;q*> = —1}. Where, f|c, denotes the
restriction of f to the slice C; := R 4+ RI. More precisely,

5 +oo —+o00 )
Fiice = f@) =) dcicieH, ) jllg* < +oos. (19)
j=0 j=0
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It is shown in [9] that 72, , is independent of I and is a reproducing kernel quaternionic
Hilbert space (see also [40] for a quite different proof). The corresponding Segal-Bargmann
transform By, is considered in [40] and maps the Hilbert space LHZE’ (R) of H-valued func-
tions that are e’"xzdx-square integrable on the real line onto F, szl;é .(IH). Its kernel function
arises naturally as the unique extension of its holomorphic counterpart to a slice regular
function. It can also be realized as the generating function of the rescaled real Hermite
polynomials H}(x) in (2.2). This can be seen as special quaternionic analog of the standard

Segal-Bargmann transform (with a slightly different convention from the classical one)

3d 2
V\ 4 —v(x—=

BYf(z):= (=) (%) a, 20

fl@)=\5) JeafX)e X (20)

intertwining the Schrodinger representation and the complex wave representation of the
quantum mechanical harmonic oscillator and plays an important role in quantum optics,
in signal processing and in harmonic analysis on phase space [16/49/68/91)116]. It made the
quantum mechanical configuration space LQZ:’V(IRd ), the Hilbert space of C-valued eV -

square integrable functions on R?, unitarily isomorphic to the Bargmann-Fock space
F2V(C%) = Hol(C%) N L>¥(CY,C).

Motivated by the works [3/4/15/59/114] studying and characterizing the polyanaliticity in
the complex setting as well as by Brackx” works [23)24] studying the k-monogenic functions
with respect to the Fueter operator, it is of interest to look for possible generalizations of
F2. . and its associated Segal-Bargmann transform to the context of slice n-polyregular
(SR y) functions with respect to the slice derivative. In fact, we consider two kinds of such
generalizations. These spaces will be called here S-polyregular Bargmann space of level
n of first and second kind, denoted by SR%/H and SR%,HI respectively. They are natural
2. to the setting of S-polyregular functions and appear as special subspaces

extensions of F3; ,
of the Hilbert space

SR2 := SR, NL3(Cype S dA)),

the space of all S-polyregular functions f : IH — IH subject to the norm boundedness
|fllc, < +oo, where |- ¢, is the norm induced by the inner product

(f.8)c, = | Fle@sle (@ ai(y). e

C.2. Main tasks of part II

* The first main aim in this second part is to introduce and give a concrete descrip-
tion of & Rin and S R%n This description invokes the quaternionic Hermite poly-
nomials Hn%n(q, 7), in (16). We prove that S Rin and S R%n are reproducing kernel
quaternionic Hilbert spaces whose reproducing kernels are given explicitly in terms
of stared-Laguerre polynomials. The proof is based essentially on a weak version of
the Identity Principle for S-polyregular functions and on a natural extension of the

Old and New Orthogonal Polynomials of Complex and Quaternionic Variable: 6
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left star product for S-polyregular functions. A basic properties of S-polyregular func-
tions is also given. Moreover, a hilbertian decomposition of L(Cy; e~ lEPdA 1) in terms
of § R%n are described. It should be noted here that S Rio and S R%,o reduce further
to F2. in (19).

slice

* Associated Segal-Bargmann transforms By, { = 1,2, are then introduced and stud-
ied in some details. They are defined on L%;(IR). Their kernels involve the Hermite
polynomials extended to the quaternions. It should be noted here that for n = 0, the
transform B  is equal to the one considered in [40].

* Another task of this part is to show that the constructed spaces are closely connected
to the concrete L2-spectral analysis of the semi-elliptic (slice) second-order differential

operator L
Dq - _asas + qas, (22)
where _
_ o, f(x+ Ly), ifqg=x+Iyc H\R;
ds = 23
f) Z—{;(x), ifg=x€eR, @3

which can seen as the conjugate of the left slice derivative d; that we can define in a
similar way in terms of d,. In fact, such spaces are realized as special subspaces of the
L%-eigenspaces

F2={f e P Pan); ogf = nf}, (24)

where n = 0,1,2,- - -. The L?-spectral description of O,f = nf was possible by deal-
ing first with the C* right-eigenvalue problem O,f = fu on H := H \ R and then
by extending appropriately the obtained explicit solutions to the whole IH. Thereby,
by manipulating the asymptotic behavior of such eigenfunctions, we show that the
spectrum of O, is purely discrete and consists of the eigenvalues y = n which occur
with infinite degeneracy.

* We consider the integral transform

1

e
G'f(zw) = (=) Cp(BY Pz w), (25)
obtained as the composition operator Cy, f = f o 17 of the 1d-Segal-Bargmann trans-
form B'" with the specific symbol ¢ (z, w) = ZJ\;%“’. We study its basic properties and

characterize its image. Namely, we show that G" is a special one-to-one transform
mapping the standard Hilbert space L>¥(IR, C) on the real line into the 2d-Bargmann~
Fock space F2V(C?) onto

A2V (C?) := {F € F¥'(C?); (aa_z + z%) F= o} . (26)

This was possible by realizing this transform in a natural way as the composition of

Old and New Orthogonal Polynomials of Complex and Quaternionic Variable: 7
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the 1d- and 2d-Segal-Bargmann transforms
G¥ = B> o B, (27)

It maps isometrically the standard Hilbert space on the real line into the two-dimensional
Bargmann-Fock space. Moreover, if Proj denotes the orthogonal projection on the
one-dimensional Bargmann-Fock space, we show that the transform R" := (B1V)~!
Proj o (B*')~! defined on the whole F2V(C?) is a like-left inverse of GV that can be
expressed in terms of the inverse of BV and a composition operator with a specific
symbol ¢, : C — C2. More explicitly, we have

RF(x) = (E)i/ i (% _17> BV IRE R @), (28)

Further properties of the transform G' when combined with the rescaled Fourier
transform are also investigated. They give rise to two extremely integral operators
connecting isometrically the Bargmann-Fock space F2"(C) to F2V(C?).

The like-left inverse R" in as well as the quaternionic Segal-Bargmann transform
By, are then employed to introduce and study the integral transform 7" := By; o R".
It is defined on the two-dimensional Bargmann—Fock space F2V(C?) with range in
the slice hyperholomorphic Bargmann-Fock space F2 Jive(IH) in ([I7). We show that 7"
reduces further to the integral operator

) = (2) [ £ (55 75 ) il e Farco) 9

where Kj;(g,¢) is the reproducing kernel of Fjl Y (H). The image Z"(F>"(C?)) is
identified to be ‘Fszlllé ., :(H) the space of slice (left) regular functions on the quater-
nions leaving invariant the slice C; ~ C. Added to Z", we consider the integral trans-
form JV := G" o (BY;)~! from Fflllé .;(H) into F 2V(C?) with image coinciding with
A2V(C?). The action of Z and J" on the bases and the reproducing kernels are given.
It turns out that these transforms connect the standard basis and the reproducing ker-

nels of these two spaces.

D. Brief description of chapters

Chapter 1: is concerned with some preliminaries on
* Real and complex Hermite polynomials
¢ Polyanalytic Hermite polynomials
¢ Coherent states formalism

* Bargmann transform

Old and New Orthogonal Polynomials of Complex and Quaternionic Variable: 8
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Fourier-Wigner and Wigner transforms

Fractional Fourier transform

Polyanalytic functions

Slice hypercomplex analysis

In Chapter 2, special generating functions and Mehler’s formula for the univariate com-
plex Hermite polynomials (UCHP) are obtained and next employed to introduce and study
some one— and two—dimensional integral transforms of Segal-Bargmann type in the frame-
work of some specific functional Hilbert spaces; including the so-called generalized Bargmann-—
Fock spaces that are realized as L?>~eigenspaces of a special magnetic Schrodinger operator.

Chapter 3, discusses some algebraic and analytic properties of a general class of orthog-
onal polyanalytic polynomials, including their operational formulas, recurrence relations,
generating functions, integral representations and different orthogonality identities. We es-
tablish their connection and rule in describing the L?>-spectral theory of some special second
order differential operators of Laplacian type acting on the L2~Gaussian Hilbert space on
the whole complex plane. We will also show their importance in the theory of the so-called
rank-one automorphic functions on the complex plane. In fact, a variant subclass leads to
an orthogonal basis of the corresponding L?~Gaussian Hilbert space on the strip C/Z.

In chapter 4, we study the orthogonal complement of the Hilbert subspace considered
by van Eijndhoven and Meyers in [113] and associated to holomorphic Hermite polyno-
mials. A polyanalytic orthonormal basis is given and the explicit expressions of the corre-
sponding reproducing kernel functions and Segal-Bargmann integral transforms are given.
The obtained basis are then used to provide a non-trivial 1d and 2-fractional like-Fourier
transform.

Chapter 5, deals with two classes of right quaternionic Hilbert spaces in the context
of slice polyregular functions, generalizing the so-called slice and full hyperholomorphic
Bargmann spaces constricted by means of H,%n Their basic properties are discussed, the
explicit formulas of their reproducing kernels are given and associated Segal-Bargmann
transforms are also introduced and studied. The spectral description as special subspaces
of L2-eigenspaces of a second order differential operator involving the slice derivative is
investigated.

The last Chapter, we introduce and discuss some basic properties of some integral trans-
forms in the framework of specific functional Hilbert spaces, the holomorphic Bargmann-
Fock spaces on C and C? and the slice hyperholomorphic Bargmann-Fock space on H. We
study the basic properties of G in (27), including the identification of its image and the
determination of a like-left inverse defined on the whole two-dimensional Bargmann-Fock
space. We examine their combination with the Fourier transform which lead to special in-
tegral transforms connecting the two-dimensional Bargmann—-Fock space and its analogue
on the complex plane. We also investigate the relationship between special subspaces of the
two-dimensional Bargmann—Fock space and the slice-hyperholomorphic one on the quater-
nions by introducing appropriate integral transforms. We identify their image and their
action on the reproducing kernel.
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Chapter 1

Preliminaries

We review briefly in this chapter the basic concepts and fundamental background
needed to develop the next chapters. Mainly, we are concerned with the real Her-
mite polynomials and their generalization to the complex plane, the holomrphic
and poly-analytic Hermite polynomials (Subsections and[1.1.2). The second
ones lead to interesting classes of functional spaces like the generalized and true
polyanalytic Bargmann spaces (Section [I.6), which can be realized as the phase
spaces of the configuration space L?(IR,dx) via generalized Segal-Bargmann or
Fourier-Wigner transforms (Sections [1.3]and [1.4). The definition of the fractional
Fourier transform and their basic properties is recalled in Section Section
is devoted to reviewing some concepts from slice hypercomplex analysis.

1.1 Real and complex orthogonal polynomials of Hermite
type

Orthogonal polynomials have found wide application in various branches of mathematics,
technology and physics. The basic example of single real Hermite polynomials [92/99,107,
109] as well as their different generalizations are well-known in the literature [26)28)66/97,
105], including the generalized Hermite polynomials

m

Hy(x,a,p) = (_1)mxucepx7(;l€i_m <xae—px7> ,

see [66]. Further kinds of generalizations to multi-index ones can be found in [17)74/104].

1.1.1 Real Hermite polynomials.
They are defined by

Hy(x) = (=1)"e" —e™* (1.1)

11
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or explicitly by

5] qym
Hy(x) = n! éo ﬁ(n)"—m. (12)

In physics, these polynomials appear as solutions of the Schrédinger equation y' —2xy +
2my = 0, so that the associated functions h,(x) = ¢¥"/2H,,(x) (called Hermite functions)
are eigensolutions of the quantum harmonic oscillator H = x? — 92 and form an orthogonal
basis of the functional Hilbert space L?(RR, e’xzdx) of square integrable functions on the real
line (see for example [109]) endowed with the inner product is given by the integral

(f,g) = / o; F(x)g(x)e ¥ dx.

More precisely, we have

/ Hon (x) H(x) e dx = /70211 Sy,

—00

Moreover, they enjoy a number of remarkable and interesting properties, like the Runge
addition formula ([77)100])

Hyxty) =24y (’Z) Hy i (¥v2) H (yv2), (1.3)

k=0

and the identity
Hyy1(x) = 2xHy(x) — Hj (x). (1.4)
While, the exponential generating function reads
L iOHn(x);—n'. (1.5)
= !

Both and (1.5), as well as the the quadratic recurrence formula, (called also Nielsen’s
identity ([92]))

"IN (=2)F Hyoie(x) Hyil)
Hypn(x) = min! m—kAZ) ZinkA2) (1.6)
e kZé k' (m—n)! (n—k)!
can be recovered in a easier way by utilizing the operational representation
d m
H =|—-——+2 (1 1.7
o) = (— g5 +20) 17)
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which, can be seen, a special case of the Burchnall operational formula

m m (__1\k x) dk
(g r2x) =m0 s

by taking f = 1. A fundamental tool for these polynomials is the Mehler’s formula assert-
ing

2 "Hy (x)Hy (y) 1 —£2(x% + y2) + 2txy .
n;o 21p! - V1= t2 ex ( 1—12 ) - Et(x/y)/ (1.9)

and obtained by Mehler himself in 1866 [85] (see e.g. also [99]).

1.1.2 Holomorphic and poly-analytic Hermite polynomials

There is many ways to define univariate complex polynomials of Hermite type. The natural
ones arise as the tensor product Hy,(x) H, (y) of the real Hermite polynomials H,(x) or also
the complex holomorphic Hermite polynomials H,(z), z = x + iy, x,y € R. Many algebraic
properties of Hy,(x) remains valid for H,(z) by analytic continuation. This is the case of the

identities (1.1)), and (1.5)-(1.9). However, their orthogonal property reads [113]]

n
T () .—ax?—by? _ T onyy a+b
/]R2 Hy,(z)Hy(z)e dxdy \/%2 n! ( o Smn

for given 0 < a < b, 1 = 1+ }. Moreover, the sequence H,(z); n > 0, form an orthogonal
basis of the standard Bargmann—-Fock space F f »(C) of holomorphic functions on belonging

to Lz(C,e_“xz_byzdxdy), to wit
F2,(C) := Hol N LX(C, e~ dxdy).

The univariate poly-analytic Hermite polynomials, defined by their Rodrigues’ formula
+n
2) = (—1)mnel O (plaf
Hn(22) = (-)" el S (e ) (1.10)

is a nontrivial generalization of H, (x) to the complex plane. The relationship to the classical
(physicist) univariate real Hermite polynomials H!¢* (x) is given by [56/73]

LI\ k()R AL () HES ()
Hinn (z,z)—(i) m!n!];)k;o ki CENICE (1.11)

Equivalently, they can be defined by means of their exponential operational formula ([73,
Theorem 2.1])

Hyn(z,2) = e B¢ (2M2"), (1.12)

Old and New Orthogonal Polynomials of Complex and Quaternionic Variable: 13
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Ac := 9°/0z0Z being the Laplace-Beltrami operator on C. The explicit expression of Hy, ,(z, Z)
in terms of the generalized Laguerre polynomials L,(f‘) (x) reads

Hyq(2,2) = (=1)""04) (min(p, q))1|z[P =l =D a8 L0010 (1212)

min(p,q)

for z = |z|e'®8(?) (see [72, Eq. (2.3)] where there hm,p means Hp,, in ours), so that for
g =p+k weget

Hypix(2,2) = (~1)P 2L (122). (1.13)

We can reintroduce H}, , (z;z) by considering the integral representation ([20, Theorem 2.4])

Hi(z2) = () (o) (p) [ gngtePoviePoca-stilane). a4
’ C

Here v = % with u > 0 and &, B € C such that ap > 0. By taking for example p = 1 and

x = —f =1i,so0 that v = af/u = 1, the integral representation reduces further to the

one obtained by Ismail [73, Theorem 5.1]. Its proof lies on the following key result

/C e MEPTHFEg) (7) = (%) e (1.15)

fulfilled for fixed positive real number u > 0 and two complex numbers «, 8 € C. Using
this integral representation one can obtain the following exponential generating function
[54,76]

o0 m?)

u Z—Uv
Y o Hi(zE) = et (1.16)

m,n=0

which can also be obtained by means of (a) of Proposition in [56], to wit
w 2" % — m (— m' vzw
) EHn,m/(w,w) =" (W —z)"e"*™. (1.17)

We conclude this section by recalling the following identity

o Hy (z,z)H", (w,m) , L
nzo v”nn; i = (-1)"HY, v (z — w,z—w)e" 2 (1.18)

which is exactly Proposition 3.6 in [56] (when v = 1). It appears as a particular case of [20,
Theorem 3.1]

+oo  in , . B
m, m/(t Z ZU) ZO n']/n H;’f/i,l/l (Z, Z)H;’l/,m/ (w/ W) = (—t)m ;1/1,771/ (Z - tw,z - tw)evth (1.19)
n .

valid for every t in the unit circle and z, w € C. It should noted here that by taking m = m’
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in (1.18), we recognize the explicit expression of the reproducing kernel of the generalized
Bargmann space of level m, defined as the L?-eigenspace of the self-adjoint magnetic Lapla-
cian

9

d
Ay, = —m + VZE (120)

|2

acting on L>Y(C;e~"1?"d)) and associated to the eigenvalue vin.

1.1.3 Mehler formulas for the UCHP

In [55], two widest generalizations of the classical Mehler’s formula are given for the uni-
variate complex Hermite polynomials, by performing special double summations involving
the special products of Hy,, ,, HZ;/H and monomials. The first one is based on the generating
function and asserts that [55, Theorem 3.1]

= W Hy (2 2) Hyy(w,@) et —vulz — w]?
y , : - exp [ o= — @1 (1.21)
o v m n! (1—u) 1—u

valid for every u,z € C such that |u| < 1. An interesting application is given when consid-
ering the Cauchy problem

%u(t;z) = Ayu(tz); (t;z) €]0,+00[xC,
(H) { Z(t;z) = f(z) € CF(C),

associated to the self-adjoint magnetic Laplacian A, in (1.20). In fact, the closed explicit
expression of the Heat kernel function K, (; z,zo) for the heat solution of (H) is proved to
be given by ([55, Theorem 3.3])

v eV(tt+(zoz)) 7 — 0|2

The second Mehler’s formula concerns the kernel function

2 2 =
Y (2 0) = 1 b ' [(v]z]? + v w|*)uo — uzw — vzw)]
we 1—w'uv 1—vv'uv

(1.23)

that can be seen as an analytic extension of the classical Poisson kernel (1.9). In fact, one
proves that EZ:’{,/ (z,w) can be expanded in terms of Hy, , as follows [55, Theorem 4.1]

’ s Mm’l)n _ ’ .
Eyy(zw)= Y, S Hy, .(z,2)Hy, , (w; W) (1.24)
mmn=0"""""

valid for every u,v € C such that uv € R and arbitrary v,v’ € R such that vv'uv < 1.
For the particular case v = v/ = 1, it leads to the Mehler’s formula for Hy, »(z;Z) given by
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Wiinsche [120] without proof and recovered by Ismail [73, Theorem 3.3] as a specific case
of his Kibble-Slepian formula [73, Theorem 1.1]. As consequence of combined with
the integral representation (3.5), we can derive an interesting self-reciprocity property for
the Hermite polynomials by a like Fourier transform [55 Theorem 4.2]

—v'w)? — v/ (uzw —vzw) \ o, _
/Cexp < T oo Hk,j(w,w)d)\(w) (1.25)

. , 2,
= (v V11 — vv'uv)uioF exp (%

\z\Z) Y (272).

Added to (1.18), there are other additional interesting bilinear generating functions of
Mehler type (see Chapter 2). As direct applications, we provide remarkable integral trans-
forms connecting L2(IR; e~ dx) to the 1d-Bargmann-Fock space F2(C) and more generally
to the generalized Bargmann-Fock spaces that are L?-eigenspaces of a magnetic Laplacian
A, acting on L2(C;e V=’ dxdy). An integral transform mapping L2(C;e "2’ dxdy) to the
two-dimensional Bargmann-Fock space F2V(C?) is also given. This will be studied in de-
tails in the next chapter.

1.2 Coherent states formalism

Most classical integral transforms in mathematical analysis are subject to a general principle
issued from the reproducing kernel Hilbert space theory (known also as coherent states
transform). Below, we present a brief description of this principle according to [53)69].
Let (Hx;wx) be an infinite dimensional complex functional Hilbert space on X with an
orthonormal basis {e, },, with respect to the inner scaler product

0 0) 0y = [ 9P wx(x)dx

for given weight measure wy. In a similar way we consider (Hy; wy) with an orthonormal
basis {f,}, and assume that Hy is in addition a reproducing kernel Hilbert space with
reproducing kernel K(y,y’). Associated to the data (Hx; wx; {en},) and (Hy; wy; {fu},),
we perform the following kernel function T : X X Y — C defined by

T(x,y) = iomfn(y).

It is straightforward to check that (T(-,y), T(,y') )4, reduces further to K(y,y’).
Moreover, T(-,y) € Hx for every fixed y € Y and therefore the map y — T(-,y)
defines a quantization of Y into Hx. Thus, we can consider the integral transform

T@)) = [ TEyp@exix = (9T00),

for every ¢ € Hx. This transform maps Hx onto Hy for ||T(-,y) H%'lx = K(y,y) < +o0, and
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satisfies
T (ex) = fr-
Subsequently T (¢) = OZO‘, anfn € Hy forevery ¢ = Y aye, € Hyx. Moreover, it is readily
n=0 n=0
easy to see that
191130, = X laal* = 3 |Bul® = I T($)I34, -
n=0 n=0

Thereby, 7 defines an isometric linear transform from Hx onto Hy and the function x —
(@, T(x,))4, belongs to Hx for every ¢ € Hy, since

n:

(@, T(x,"))s, = <¢r2€n(x)fn> Z (@, fn)ay, en(x) = (x).
n=0 Hy
In addition, we have the following integral representation

o) = [ T(x.w) (9, T, wx(@)idx = T (6T ), ) W)

for every ¢ € Hy. This is equivalent to say that (¢, T(x, -))4, is the inverse transform of 7.
The next subsection gives as a concrete example of such Coherent states formalism.

1.3 Segal-Bargmann transform

It is a natural unitary operator introduced for the first time by Bargmann [16] and given
through

B(9)](z) :== n—z/ o(x)eHEF Vg

n

n

where zx = Y z;x; for x = (x1,x2,--+,x,) and z = (21,22, -+ ,2n). The integral is taken
j=1

on the n-real space R" with respect to its standard Lebesgue measure dx = dx; - --dxy.

The transform B identifies the standard Hilbert space L?(IR") and the Fock space F2(C"),
the space of holomorphic functions F in the n-complex space C" satisfying the square-
integrability condition

E|[? o= 7" /C [F(2)]? exp(—[z]*) dA(z) < +oo.

Here dA(z) denotes the 2n-dimensional Lebesgue measure on C" given by

n n
= [[dA(z) = [ [dxwdyi;  z= (x1+iya, -+, Xu +iyn).
=1 k=1
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The space F2(C") is a Hilbert space with respect to the associated inner product

(F|G) =" | FEG(E)exp(~|z) dA(2)

The kernel function of this integral transform is closely related to the generating function
of the multi-dimensional Hermite functions

() = T T ()

k=1

for varying m = (my,my, - -- ,my,) € N", where hy, (x;) the one-dimensional Hermite func-
tion which form an orthogonal basis of L2(IR").

1.4 The Fourier-Wigner and Wigner transforms.

The notion of Segal-Bargmann transform, introduced in the previous section, is closely con-
nected to the so-called Fourier-Wigner transform V : (f,g) — V(f, g) for some specific
fixed (window function) g [49/109]. This transform is important in harmonic analysis, signal
analysis, engineering, and the physical sciences. In fact, it is a basic tool to study the Weyl
transform [49,109/119] and to interpret quantum mechanics as a form of nondeterministic
statistical dynamics [89]. It is also used to study the nonexisting joint probability distribu-
tion of positioned momentum in a given state [119]. It is defined as a windowed Fourier
transform by

d
_ (LN [ Li(xtha) papay
V(f.8)(p.q) = (271) /Rd VT2 f (x4 p)g (x)dx (L.1)
for every (p,q) € R? x R? and every complex-valued functions f, g, or equivalently by
d
_ (LN i P _P
V(£.8)(p.q) = (m) /Rde f(y+2)g(y z)dy- (1.2)
Therefore, it can be seen as the Fourier transform,

V(f,8)(p.q) = F(Keg(-lp))(—a),

of the function y — K, (y|p) belonging to L'(R?) and defined on R? by

Ko (ylp) Zf(y+g)g(y— g) (1.3)

It is then a well defined bilinear mapping on L?(RY) x L2(IR¥) thanks to the estimation

d
1 2
VU < (57 ) Wlhems Il
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An interesting result for V is the Moyal’s formula

(V(f,8): V(9 9))12cay = (s @) r2re) ($, &) r2(re) (1.4)

Subsequently, we have V(L2(R%) x L2(R%)) C L*(C%). Moreover, it shown in [119] (see also
[38, Proposition 5, p. 2101] that the Fourier-Wigner V can be used to construct orthogonal
bases of L2(C%) from those of L2(R%). More precisely, if {¢, k € N} is an orthonormal
basis of L?(IR?), then {¢jx = V(¢j, ¢1); j,k € N} is an orthonormal basis of L?(C“) with

”q)ijLz(Cd) = H(P]HI}(]Rd) ||§0k||L2(IRd) : (15)

It should be mentioned here that the univariate polyanalytic Hermite polynomials can be
realized as the Fourier-Wigner transform ([7]) of the well-known real Hermite functions

2
hreal (x) = e~ 7 HI**(x) on the real line R, namely

Hm,n (le) _ (_1)n2 (m+n— 1)/2 ‘ V(hreal hreal)(\/ix’ \/Ey) (1.6)

This follows using basically the generating functions of h, and hy,,. Subsequently, one
re-derives the known fact that they constitute an orthogonal basis of the Hilbert space
L%(C;e™ ‘Z‘zdxdy) ([72J76]). Another interesting result is the preservation of the tensor prod-

uct [119]. More exactly, if fj, g; € L>(R);j = 1,- - -, n, then the functions f(x) := f1(x1) - - - fu(xn)
and g(x) := g1(x1) - - - gn(xy,) belong to L?(R") and satisfy

V(f.8)(p.q) HV i &) (pjsa7), (1.7)

]_

where V in the right-hand side denotes the one-dimensional Fourier-Wigner transform.
A close transformation to V is the Wigner transform defined for given f, ¢ € L?(R") by
W(f,g). More explicitly,

Wi wa) = (o) e mrr (er D) s (e Dap

It was introduced by Eugene Wigner in 1932 as a probability quasi-distribution which al-
lows expression of quantum mechanical expectation values in the same form as the aver-
ages of classical statistical mechanics [117]. It is also used in signal processing as a transform
in time-frequency analysis. With close relating to the windowed Gabor transform [30,95].
The corresponding Moyal identity reads

(W(f1,81), W(f2,82)) = (f1, f2)(81,82)

for all f1, g1, f», and g, in L2(R").
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1.5 Fractional Fourier transform

Fourier analysis is one of the oldest and special subjects in mathematical analysis that has
great impact on different fields of mathematics, physics and engineering alike. The main
tool in this theory is the Fourier transform on the real line

Fi(w) = fw) = [ fx)e™ar weR,

it enters in the resolution some differential equations. Moreover, it is essential for signal
analysis and image processing. Notice for instance that the Hermite functions H, (x)e_x2/ 2
are eigenfunctions of F,

Fhy, = i"hy,.

The so-called fractional Fourier transform, is a special generalization of F. Such trans-
form was first appeared in 1929 by Wiener paper [118] discussing the extension of certain
results of Hermann Weyl, leading to Fourier developments of fractional order. Mainly,
Wiener sets out to find a one-parameter family of unitary integral operators on L?(R),

—+o0

Kep(x) = [ Ka(x.)o()dy,

for which the n—th Hermite function h,(x) = H,(x)e /2 is a eigenfunction with ¢ as
corresponding eigenvalue,

Kohn(x) = e™hy, (x).

The explicit Wiener formula for the kernel function K is a limiting case of Mehler’s formula
[85] for the Hermite functions as showed earlier by Héormander [71]. This transform was
rediscovered later in quantum mechanics by Namias [90] (who was the first to attribute
such concept),

FHw) = [ Kttt
with L
1—i§2t(a)eficsc(a)wt+icot(oc)(w7+%) if a#pm,

Ko(t,w) = 6(t —w) if a=2pm,
8(t+w) if @ = (2p -1,

where « € R; p is an integer, and ¢ is the Dirac delta function.

Namias was able to generalize many results of classical Fourier transform to FrFT, based
on the properties of the Hermite orthogonal polynomials. He derived a number of opera-
tional formulas which he used to solve several types of Schrodinger equation. The funda-
mental mathematical foundation concerning the FrFT was developed later by McBride and
Kerr in [84]. Applications of the FrFT are well-known in the context of signal processing
[8/93/102] optics [5,6/93]], and fractional differential equations [79]. For a new and brief in-
troduction to the FrFT and its applications see [46]. A detailed overview of the theory of
the fractional FT can be found in [93].
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The kernel can be expanded in terms of Hermite functions as

Koc(t/ ZU) = Z (_1)%%

n>0

Therefore, one can the Hermite functions are eigenfunctions of the fractional Fourier trans-
formation whose corresponding eigenvalues are ¢'"*; that is

Fulhy) (w) = e™hy (w).
It is also no difficult to see that F, satisfies the semi-Group property
FoFo = Futo-
So that the inverse-FrFT with respect to angle a is the FrFT with angle —a,
(Fa) ' = Fra

While the Parseval’s relation reads

(Fu(f), Fu(g)) = (f,8)

and hence the F, defines an isometric transformation on L?(IR).

1.6 Polyanalytic functions

In this section, we review from [15] the interesting results that we need on complex polyan-
alytic functions. A given complex valued function f on a domain Q of C, f : O — C is said
to be polyanalytic of order n (n > 1) if it satisfies the Cauchy equation

a n
(£> f(z) =0
for every z € Q).

This is equivalent to the existence of some holomorphic functions fi, k =0,1,2,--- ,n —1
such that ;
fz) =) Z"fi(2)
k=0

A fundamental tool in this theory is the uniqueness theorem. It states, if f and g are two
polyanalytic functions of order n on a domain () that coincide on a sub-domain U of (),
then f and g coincide everywhere in Q).

The analogue of the Fock space in the context of n-analytic functions is the generalized
Fock space defined by

F2V := {f polyanalytic of ordre n such that / |f(2) ]26_"‘2|2d)\(z) < 00},
C
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These spaces spaces are closely connected to the Lz-eigenspaces
E2V(Ay) = {f € LZ"(C); Auf = vnf}, (1.1)

where A, is the magnetic Schrodinger operator in ((1.20).

1.7 Slice hypercomplex analysis

There was many attempt to generalize the rich theory of holomorphic functions to the
quaternionic context, the first ones are due to Fueter [51]. However, we review below the
recent one introduced by Gentili and Struppa in [62], by means of slice derivetive and lead-
ing to the new notion of slice hyperholomorphic or slice regular functions on quaternions.
To this end recall, that the non-commutative field of quaternions is defined to be

H = {q = Xq —+ .'Xfli + ij + X3k; X0, X1, X2, X3 € R}
where i, j, k satisfied the multiplication rule: ij = —ji =k, jk = —kj =i, ki = —ik = j. It

should be mentioned here that any quaternionic g formed by real part Re(q) and imaginary
part Im(q), and its conjugate and norm respectively are given by § = Re(g) — Im(q) and

9l = /a7 = /23 + 33 + 33 + 22

. Notice also that the quaternionic conjugation satisfy the property pg = g p for any p, g
€ IH. Moreover, the unit sphere

{q=x1i+x0)+x3k; 2+ +x% =1}
coincides with the set of all imaginary units given by
S={gcH;q=—1}.

So that for any non-real quaternion g € H , there exist, and are unique, x, y € R with
y > 0and I € Ssuch thatg = x 4+ yI, namely x = Re(q), I = % and y = |q — Re(q)].
Then C; = R +IR] for every given I € IH, define slice H and can be considered as a complex
plane in H passing through 0, 1 and I isomorphic to the complex plane C .

Keep in mind the definition of slice regular function with respect to

_ 0 0
E)If(x-l-ly) = % (5—’_1@) f|CI(x—|—yI). (1.1)

Then we assert the following;:
Series expansion: An IH-valued function f is slice regular on Bg C H if and only if it
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has a series expansion of the form:

where Bg = {g € H;|gq| < R; R > 0}.

Definition 1.7.1. A domain ) C H is said to be a slice domain (or just s-domain) if QO NR is
nonempty and for all I € S, the set (37 := (AN C; is a domain of the complex plane C;. If
moreover, for every g = x + Iy € ), the whole sphere x + S := {x+ Jy; ] € S} is contained
in (), we say that () is an axially symmetric slice domain.

Representation Formula: Let f be a slice regular function on an axially symmetric s-
domain () C H. Choose any | € S. Then the following equality holds for all g = x + Iy &
QO:

1 1
fletyl) = A= INfx+y)) + 51+ ) f(x = y)).

Splitting lemma: If f is a slice regular function on U, then for every I € S, and every
] € S, perpendicular to I, there are two holomorphic functions F, G : UNC; — Cy such
that for any z = x + Iy

fi(z) = F(z) + G(2)].

Identity Principle: Let f : U — H be a slice regular function on a slice domain U.
Denoteby Z¢ = {q € U : f(q) = 0} the zero set of f . If there exists I € S such that C; N Zy
has an accumulation point, then f = 0 on U.
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Chapter 2

Non-trivial 1d and 2d Segal-Bargmann

transforms

Special generating functions and Mehler’s formula for the univariate complex
Hermite polynomials (UCHP) are obtained and next employed to introduce and
study some one- and two-dimensional integral transforms of Segal-Bargmann
type in the framework of some specific functional Hilbert spaces, such as the so-
called generalized Bargmann-Fock spaces that are realized as L>—eigenspaces of
a special magnetic Schrodinger operator.

2.1 Special bilinear generating functions for UCHP

The Segal-Bargmann transform [16/101] has found many applications in quantum optics,
in signal processing and in harmonic analysis on phase space. A nice overview of its prop-
erties and applications is given in [49,91]. Many generalizations have been considered in
the literature such as the Hall’s transforms for compact Lie groups [67)69,88] and the so—
called generalized Segal-Bargmann transform of level n [87]114]. The two—dimensional one
is specified with the formula (with a slightly different convention from the classical one)

By = (L)) [ (=55 ) ot (=5 ) yixpisay, @

where pf($) = e V¢ is the analytic continuation to C of the standard Gaussian density on
R. This transform makes the quantum mechanical configuration space L?>¥(C) unitarily iso-
morphic to the phase space F>"(C?). Its kernel function is the tensor product of two copies
of the kernel function of the one-dimensional Segal-Bargmann transform B'". Therefore,
it is the generating function of the tensor product H},(x)H}(y) which form an orthogonal
basis of L>V(C). Here HY(x) denotes the nth rescaled real Hermite polynomial

HY(x) = (—1)%”2% (e_”2> . (2.2)
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The construction of such integral transforms follows a general principle from the repro-
ducing kernel Hilbert space theory (see Section [1.2|for a brief review). In fact, there exists a
unique isometric isomorphism (also called coherent states transform) mapping a given or-
thonormal basis e, (x) to another orthonormal basis f,(y) and is given by an integral kernel
transform whose kernel function is given by the un-summed

%y) =Y en(x)fu(y)

Having a summed formula for T(x;y) will facilitate the study of the mapping properties of
the integral kernel transform on the scale of L” spaces. Thus, this is that hard part we deal
with in the context of the UCHP. Namely, we prove the following main results.

Theorem 2.1.1. We have the generating function of exponential type

33 Hn (O (Z2) s (o, VX
Z (m)!vm, (z2) _ (@ 2x§z)Hg§ ( 2y§22_5)' (2.3)

m=0

Proof. We begin by noting that the single real Hermite polynomials H},(x) in form an
orthogonal basis of L>¥(R) with norm given explicitly by

v 112 . E 1/2 m, m.. |

While the UCHP Hj, ,(z;z) in ([2), for fixed n and varying m, is an orthogonal basis of
the generalized Bargmann—Fock space of level 1, 72" (C). The square norm of Hy, . (zZ) is
given by

| Hy, HLZV = (%) m!inly™*", (2.5)

Both H}/(x) and Hy, ,,(z,z) are the rescaled version of the real Hermite polynomials H, and
the complex Hermite polynomials Hy, , (corresponding to v = 1), respectively. Moreover,
we have

VV"Hu(vvx) = HYy(x) and  HY, (2,2) = v"%" Hyu(VvZ V/VZ). (2.6)

Making use of Hy, ,(z,Z) = e~2¢(2"z") as well as the well-known generating function
for the real Hermite polynomials ([99, p.187]),

v g”H—fj(x) _ o HE2uxt

|
=0 n:
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we obtain

lyn [
nlv = n!

— eyxzefAC (Zmefy[%fo) .

n=0

5 PHE ) Hia(22) _ o <m 5 <tz/v>"Hf;<x>>

Now, by utilizing the fact
Cl (e—wf—b)z) — (—1)dle = [ (a7 — b)
oz !

as well as the well-known identity

Y i H;(x)(28)" = Hu(x +Q),

j=0

we can rewrite the above sum as

Ji" t"HY (x)Hyp (2, %) _ xz (m) 81'. (e_"[%_xF)
n=0 vt j s
t 22 o) I m—j f
_ (\/ﬁ oHlE 2] g (m) <LZ> H (LZ_ yx)
=0 ] ut v

N AV/ARET == p_ v

— ( 1/ e H,, ” Z+ 2\/ﬁtz \/ﬁx .
Finally, the desired result follows thanks to (2.6). -

Remark 2.1.2. The right-hand side of defines a new class of polyanalytic polynomials
of Hermite type which form (for special values of v, { and x) an orthogonal basis of the
space of rank one automorphic functions (special sections on C/Z).

Theorem 2.1.3. For every t such that |t| = 1, and z,w € C, we have the special partial Mehler’s
formula

PR _ : e viws
Y. v ——H, . (z,2)H, ,(w,®) = (-t)"H,, (2~ tw,z— tw)e'"™=. (2.7)
n=0

Proof. Notice first that Rodrigues’ formula infers

_gm _
Hy(22) = (-1 o (E“e_”z> . (2.8)
Subsequently, we can check that
v x5 _ = _ _1m1/\z \Za m' (= _ m\m' ,—v|z—&? 2.9
m,m’ (Z g/ Z C) - ( ) oz 14 (Z g) e . ( . )
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Thus, using successively (2.8) as well as the generating function (2.20), one gets

+oo h

;/n,m’(t’. Z w) - Z

n=0

— m —
[(_1)mvnevzzaaz—m (zne—m)] v (w,@)

vn!
_(_1\m vzfﬂ m (= gz \m' vizw ,—vzZ
= (—1)"e g |V (w—tz)™ e"* Ve .

Now, if t is assumed to belong to the unit circle, the above identity can be rewritten as

- m
;,m’(t’. zZ, w) = (_t)m’euzfe—l/tw(z_tw) (_1)m(—§z_m |:1/m/ (Z _ Ew)mle_v|2_tw|2 .

In the right-hand side of the previous equality we recognize (2.9). Thus, the expression of
GY (t;z,w) reduces further to the desired result (2.7). -

m,m’

As a consequence of Theorem we get

+00 tn _
Y- (2,2 H (w0,@) = ()" mI L (v]z — tw[?)e" %, (2.10)
n=0"""

which follows readily by specifying m = m’ in and making use of Hy, (¢, &) =
(—v)mm!L,g? ) (v|&|?), where L,(J ) (x) denotes the generalized Laguerre polynomials. The par-
ticular case of z = w yields the identity

ot v =) 2 m7 (0) 2,12\ vt|z|?
) nlvn|Hm,n(Z'Z)| = m!(vt)" Ly, (v|1 — t|?|z]?)e (2.11)
n=0"""

for every t in the unit circle and z € C. More particularly, we have

= |Hy(2,2) 7

D

n=0

= mlymevlzP, (2.12)

nly"

Using similar arguments as the ones adopted above, we are able to establish the Mehler’s

formula involving the product u™t"H,, ,(z,z)H},  ,(w, ).

Theorem 2.1.4. For every |t| = 1 and complex numbers u,z,w € C, we have

+00 mn ) ~ o
Z 7:'1’1'1/” H;,/i’n (Z, Z) Hz,m,(w, w) = (—l/t)m (z — Fw — u)m pVizwtvu(z—tw) (2.13)
mmn=0"""""°

If in addition viu| < 1, then we have

400 man 2 2
u™t _ 1 —vitu|z — tw| -
— _HY H' (w,w)=—— viwz 2.14
m;O m!nly" mn (20 Z) i (0, 0) (1 —vtu) P < 1—vtu ) ¢ 214)

Proof. Identity (2.13) follows by twice application of the generating function (2.20). We
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provide below a different simple one using combined with (2.20). In fact, we have

+00 umn HV u . +oo um +0o th HV y
B it o (D 0.0) = 500 (1 220
m' & um v = T\ Viwz
= (—t) ZWH (z —tw,z —tw)e

— (—Vt) (Z — o — u)m’evu(z—tw)evtwf

— (—Vt)m/ (Z —Fip — u)m’ev(uz—&-tiw—tuw).

to get
yo y v w S m 2\ vtwz
)3 m'n'v”H (2 Z2)Hy (w, @) = Y (viu) L (1/|z tw|?)eVivE. (2.15)
m,n=0 =0

In the right-hand side of (2.15), we recognize the well-known generating function for the
Laguerre polynomials, to wit ([99, p. 135]):

= 1 —Xxz
ZOZ Lgla)(x) = mexp (E) ; ’Z’ < 1.

Thus, we get

too g myn 2 2
t _ 1 —vitu|z — tw| -
E HV HY =__ - viwz
o= vimin! (2 2) Hiy (0, 0) (1 —vtu) P ( 1—vtu ) ¢

We conclude this section by noting that the majority of obtained results in the framework
of the UCHP, including the exponential generating function as well as the generating
function (2.20), can be re-derived making use of rescaled version of the integral representa-
tion of the UCHP.

Theorem 2.1.5. For the scalar parameters y > 0 and a, B € C such that xp > 0 and v = %, we
have

H,l%’n(z;f) _ (%) (_"‘)m(ﬁ)n/cgmg e Bz~ ple|>+azz— ﬁész(C) (2.16)

Proof. The proof we present here is direct and uses the integral representation of the Gaus-
_8Biy2
sian function ¢~

_ = ap
/Ee—VIC|2+“CZ—ﬁCZdA(§) — (%) o P (2.17)

The integral involved in left-hand side of (2.17) converges uniformly in z on every disc
D(0,r) of C. Thus, by differentiating repeatedly both sides of (2.17), with respect to z and Z,
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we obtain the integral representation for the H}, , (z;z) given by (3.5). -
Remark 2.1.6. The particular case of x = —f = i in the identity (2.17) reads simply

_ L2 U 2 nipas
r= (= — ¢ +2iRCz
e ! ( ) /Ce dr(g), (2.18)

and leads to the well-known fact that the Fourier transform reproduces the Gaussian func-
tion. If in addition y = 1, the integral representation (3.5) reduces further to the one ob-
tained in [73| Theorem 5.1] by making use of the exponential generating function (2.2).

Remark 2.1.7. The right-hand side of (2.14) is not to be confused with the one (Poisson
kernel) obtained in [73] Eq. (3.3)],

400 m,n 2 2 = >
u™v _ 1 —uo(|z|* + |w|*) + uzw + vzw
L min! Hinn(2,2) Hom (0, 0) = 1—uw P ( 1—uv

) . (2.19)

m,n=0
valid for max{|u|, |[v|} < 1. Notice also that the formula 2.19) was first given in [120]
without proof and recovered by Ismail as a particular case of the Kibble-Slepian formula
[73, Theorem 1.1]. A simple and direct proof can be found in [55]. In our formula t belongs
to the unit circle, |t| = 1, so that it can be seen as a special extension of (2.19). We show in

Section 4 that (2.19) remains valid to a large class of parameters u,v € C. Thus, we claim
that (2.19) is valid for R(uv) < 1.

Remark 2.1.8. The same observation holds true for (2.13) compared to (2.19). In fact, identity
(2.13) is completely different from (2.19) for |¢| = 1 and the non-symmetry in the indices.
This formula can be seen as a special generalization of Proposition 3.4 (a) in [56], to wit

+o00 uk
) FH;‘/'" (z,Z) = v"(Z — u)"e""?, (2.20)
k=0 "

which readily follows from (2.13) by taking there u = 0.

Applications of the obtained results are given in the context of the theory of integral
transforms.

2.2 On the transform 7"

Motivated by the fact that the UCHP form another "non-trivial" orthogonal basis of L?>"(C)
[7)54)72], one can reproduce a two-dimensional integral transform 7" of Segal-Bargmann
type which is closely connected to B%¥ but with a non-trivial kernel function (different from
the one of B2Y). In fact, it is defined by

3/2 =
T@)Gw) = (5) [ &0 Dy@an). @)
T C
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Its associated kernel function involves the exponential generating function [56],

Hj,(22) = e/ (eHoeme), (22)

Accordingly, one obtains the following

Theorem 2.2.1. The integral operator TV in [2.1) defines an isometric isomorphism from L>V(C)
onto the two—dimensional Bargmann—Fock space F>(C?). Its inverse is given by

(T (@) (2) = (%)3/2 /(:2 e*V(|Z\2+|w\2)+v(f§+wgfﬁ)go(z,w)d/\(z,w), (2.3)

Moreover, we have

—v(z=8)(w—¢) v F _ (7T mtnm,
Le Hy, (& 2N (E) = (T) vz, (24

v
Proof. The kernel function of the integral operator 7" in (2.1) is related to the exponential
generating function involving the product of e, (z, w) = z"w" and H}, ,(&; &). Indeed, we
have

v\ 3/2 0 Veranwn—_
T"(¢lz,w) = (7—(> o Hiua(66). (2.5)
m,n=0 e
for the functions ey, ,(z,w) = z"w" being an orthogonal basis of the two-dimensional

Bargmann-Fock space 2V (C?) with square norm

7'c>2 mln!

lemalzr = (=

v Um-H’l ’

while the polynomials HY, ,,(¢; ¢), for varying m and n, constitute an orthogonal basis of the
Hilbert space L>V(C) with square norm given by (2.5). The closed formula of T"(&|z, w) in
is then obtained by the exponential generating function combined with the fact
HY, ,(&¢) = HY, ,(&¢). Accordingly, the proof of Theorem [2.2.1) immediately follows in
virtue of the general principle described in Section -

Remark 2.2.2. By considering the integral transform 77, there is non-evidence in asserting
if it is closely connected to the 2d-Bargmann transform B>V or not. This is the subject of

Theorem In fact, we show that the action of the transforms 7 and B2V are the same
by making a specific linear change of variable, to wit

TV o(z,w) = B> ¢ <z+w £ w> )

V2 V2

Consequently, all properties of 7" can directly be read off from those of B%'. However, the
explicit expression of its kernel function is so important to obtain, in an easy way, many
interesting properties of 7" and therefore of 32", which seems to be hard to handle directly

Old and New Orthogonal Polynomials of Complex and Quaternionic Variable: 30
Concrete Description, Associated Functional Spaces and Integral Transforms



CHAPTER 2. NON-TRIVIAL 1D AND 2D SEGAL-BARGMANN TRANSFORMS

using B". This is clear from Theorem Proposition and Corollary

Remark 2.2.3. By non-trivial, we mean the way of constructing the kernel function for our
integral transform 7. It is constructed using the UCHP, while the one for the standard
2d-Segal-Bargmann transform B?V is based on the simple tensor product of the real Her-
mite polynomials H},(x)H},(y) leading to the tensor product of two copies of the one-
dimensional kernel function.

Consider the L>-eigenspaces
Fi'(€C) ={f € L*"(C); Auf =vnf} (2.6)

of the magnetic Schrodinger operator ([5972)87])

Taking into account the orthogonal Hilbertian decomposition

(0]

12(C) =  F2'(C),
n=0

a quiet natural question arises of whether the image of the nth true-poly—Fock space F2'(C)
in by the transform 7" can be characterized.

Proposition 2.2.4. We have

TY(F2(C)) = {f(z,w) = w'h(z); h € F*'(C)}. (2.7)
Proof. The assertion of Proposition [2.2.4 readily follows making use of (2.4). -

The following result shows that the integral operator 7" is closely related to the two-
dimensional Segal-Bargmann transform in (2.1 as well as to the Wigner transform

winen = (o) L (veby-t)as ferm.  es

The transform VW' is connected with the phase space formulation of quantum mechanics
and Weyl correspondence [49,96/110]. The exact statement make appeal to the standard
action of the group of 2 x 2 matrices M, (C) defined by

g (z,w) = (az + bw, cz + dw); g = (Z Z) € M(C)

on C? that we extend to functions on C? by considering I'yf(z,w) := f(g- (z,w)). Below,
we use g; to denote the special 2 x 2 matrix

1 i
8i = ( 1 —i ) (2.9)
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Notice for instance that g; € /2U(2), where U(2) is the subgroup of unitary matrices in
M;(C).

Theorem 2.2.5. We have the identities

B> =TgTY (2.10)
V2

and

%N

5 (+o)r T3 (2.11)

1\ 172
T'WY = (—) e
Proof. The proof of B>V = T, T" follows by direct computation starting from
Lo, TV(z,w) =T ¢ (z+ iw, z — iw)

and next using the identity

- o037} - 057).

Indeed, we obtain

T T w) = (2)7 [ e DDy

7T

3/2
v /C o (RE — 2) o (SE — w) Y(&)AA(E),

which gives rise to the integral transform B>" given by (2.I). To prove (2.11), we rewrite
T'WY as

TV () w) = ()7 et aC i D (@)

7T
_(V 3/2 —vx? v (ztw)x—v(z—iy) (w+iy) v
=(5)7 [e WY (£)(@)AA(E)
with ¢ = x + iy ~ (x,y). By the definition of WY and the Gaussian integral formula,
we get
TV OV () (2 w) = (— v <K>3/ 2 L B el @rin i ero-in? gy gy
2v 7T 2’ 2
1 12 v Y(z4w) —iz—w—
== e 1 &) (—iztw=7)
<21/> (7‘() . /f c)e 3 aAe)
1 /2 Z z+w . .
— (= el TZ(f)(—zz—w,—zz—l—w)
2v
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thanks to the change of variables X = y + 5 and Y = y —  and the key observation that

ew(zq’%)(w+i¥)+g(z+wfi(xf1/))2 i (zHW)? = 5 (—iz—w—)(—iz+w—E)

To conclude, it suffices to see that 72 (f)(—iz — w, —iz + w) = r—iﬁgiT% (f)(z,w), where
gi is the matrix in (2.9).
-

Remark 2.2.6. Notice that the formula (2.11)) is in some sort the analogue of the one proved
by Shun-Long Luo in [81] Proposition 2].

Remark 2.2.7. Further interesting integral transforms can be derived as special cases of 7,
such as those obtained by restriction to the diagonal and to the "anti-diagonal” of C?, to wit

L) = Ty = (4)7 [0 Dyp@ane) 212)
and ) a2 .
RUp(E) =T'9(=2) = (5) 7 [ PpE-0a). (2.13)

2.3 Integral transforms for the true-poly-Fock spaces

Following the same scheme as above, we use Theorem to provide a direct and simpler
proof of the fact that the generalized Segal-Bargmann transform of level n [114, Theorem
2.5] (see also [87]),

BY (@)= = (L) (%)m foet (v 25 ) e (25 =% ) ot @)

is an isometric operator linking the space of square integrable functions on the real line
with the so—called true—poly—Fock spaces according to the terminology of Vasilevski [2/114].
Theorem 2.5 in [114] is reproved in [87] and can be reworded as follows

Theorem 2.3.1. The integral operator in [2.1)) defines an isometric isomorphism from L>(IR) onto
the generalized Bargmann—Fock space F2" (C) defined by (2.6). Moreover, we have

sy e = (2) (5 )m H (2,7, @2)

7T nlyn

Proof. The kernel function associated to the Hilbert space L% (IR) and the generalized Bargmann—
Fock space F2" (C) is given by

TV (x;2) (1/>3/4 < 1 )1/2 f H}, (x)H}, ,(z,2)
X;z):=|— .
" T nlv" m—o  V2™/"m!

_ (K)BM( 1 >1/2J;V_O:o H,%(x)m.

7T nlyn m—0 \/ 2Mymp!
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According to the general principle (see Section and using the expression of the norms
of Hy,(x) and Hj, ,(zZ) given explicitly by (2.4) and (2.5), we recognize the generating
function (2.3). Thus, we get

v\ 3/4 1 vz, z+z

Vi) — (2 — Y224\ 2uxz pyv o

T (x;z) = (7() (Z”U”n!) e 2 H; (—\/E x) . (2.3)
This completes the proof of Theorem [2.3.1] -

The next application corresponds to Theorem and concerns the integral kernel
transform

e

7?5;1/(1/])(2) = . /—n'n"v”+”

/ _VWHCZHV w (G =28 —2)p(5)dA(E). (2.4)

Namely, we have

Theorem 2.3.2. The integral transform T}, is a unitary operator from FZ'(C) onto F 2;”((?) and
-1

its inverse is given by <7;"n,> = T ,- Moreover, we have the following integral reproducing
property for the UCHP
ntyn \ V2 _
Tt (2) = (500) 0 (2,2) 25)

Proof. We apply the general principle described in Section[I.2] Indeed, the kernel function
in the integral transform 7 , defined by (2.4),

(—1)"v
vV nln/lyntn'

is in fact the exponential generating function involving the product of H;, , and H}

T (9)(2) = ( ) ey (f -2, E D))

m, nl/
which for varying m, are special orthogonal bases of the generalized Bargmann—Fock spaces
F2Y(C) and F 5,’” (C), respectively. To conclude, we make use of Theorem [2.1.3} -

Remark 2.3.3. The particular integral operator 7, maps isometrically the standard Bargmann-
Fock space F2¥(C) onto F2"(C). Its inverse is given by

n

vy (v} §[2+vE
I _ —V|G|“+VezZ(x _ N
T = (2) () e @@ -2 p@ae). 26)
Remark 2.3.4. By taking n = n’ in (2.5), one sees that the univariate complex Hermite poly-
nomials HY, ,, for varying m and fixed #, is a common set of L?~eigenfunctions of A, and
the integral operator 7, := T,/,.
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2.4 Associated 2-d fractional Fourier transform

Using the nature of the kernel function in 7", one can show that 7" is closely connected to
the 2d—fractional Fourier transform (2d-FrFT) F;, , in [115],

v 2 yl&—olf
froo (UL ) yone e

veTHsIg

(1 — uv)

Fuoh(8) =

uo

for given complex—valued function on the real line provided that the integral exists. More
precisely, we have

Theorem 2.4.1. The transform ]t";{v is well-defined from L>V(C) onto L*V(C) for every |u| =
|| = 1 with R(uv) < 1. Moreover, it satisfies

Fiop(@) = [T Tuo T') () (2.2)
for every p € L>V(C) and & € C, where T}, ,¢(z, w) := ¢(uz,vw).

Remark 2.4.2. Notice that the identity will facilitate further the study of the basic prop-
erties of ]t";,’/v, including its Plancherel theorem and its inversion formula. It should be
noticed here that 2d-FrFT in is completely different from the standard 2d—fractional
Fourier transform based on the product Hy,(x)Hy, (y) (see [115]). Its kernel is related to the
Mehler?s formula for the UCHP by formally taking u = ¢/* and v = ¢'F for given reals
«, B.

We present below a sketched proof of Theorem and discuss some of its immediate
consequences.

Proof of Theorem[2.4.1} We begin by noticing that [7V]" ! oT,, o TV is well-defined from
L?V(C) onto L>¥(C) if and only if (u,v) € S! x S!, S! = {u € C; |u| = 1}. This is in fact is
equivalent to say that 72V(C?) is invariant by the I'-action. Moreover, direct computation
shows that [T7V] "1 oT,, o T" is an integral kernel transform

T T TY)E) = (0 Ko (58 o = o POKun G0 aN)
with kernel function given by

Ku,v(g; é) = <G(€} - '), G(C,‘ -')>L2,V(C2) p

where G(¢;z, w) denotes the generating function of the complex Hermite polynomials de-
fined by

v\3/2 & ZMw"HY (& &
G(é‘;z, w) = (_) 7:7,7:((; C)
T =0 m!n!
_ ( Z) 32 vz rwi-zw) (2.3)
7T
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Thus, using the orthogonality of the monomials ey, (z, w) = z"w" in L>¥(C?), we formally
get

Kol = () 5 (47 (0) BuCDmued oy

At this stage, one can not use directly the Mehler’s formula in (valid for max |u|, || <
1) to recover the 2d-FrFT }N-ﬁ,v, unless one can prove an extended Mehler’s formula for
\u| = |v| = 1, except for some spacial values. However, a direct computation, using the
exponential generating function as well as the specific integral representation of the

kernel function ¢"** (the reproducing property),

/«: e kPO (@) = () e, 2.5)

shows that under the condition that uv € R such that R(uv) < 1, we have

3 T e —
K, »(C;¢) = <%> /Ce—VIw2+v(v§w+Cw) (/C evzl2+1/(u[§vw]ZHCW])dA(Z)) dA(w)

2 (1 2 _ o(C—ug) | (E-ug)= =
_ <K) / ’ v(1—uo)|w|>+v(1 uv){ =) w+(1*“”)w}e‘/”€5d)t(w).
T C

Finally, we get

Kial83) = 7y &P (1_— {—uo(lg+12P) +ch+vcE}) . @)

This completes the proof. -

Remark 2.4.3. Starting from the fact that the transform (7%) ' o T, o T" is well-defined for
\u| = |v| =1 and taking into account the explicit computation we provide above, we claim
that the Poisson kernel (2.19), initially valid for max |u|, |v| < 1, can be extended to the case
lu| = |v| =1 with ®(uv) < 1by equating the right-hand sides of and (2.6).

Remark 2.4.4. The transform f;’lvlp(é) is a special kind of generalization of the rescaled
Fourier transform in two dimensions F" defined on L>V(C) by

F(9)©) = (57) [AEEDgw)drtu), @7)

which is the L2¥(C)-version of the standard Fourier transform F" on L%%(C) with F¥ =
My F' M _y. Here M, denotes the multiplication operator (ground state transform) M, f :=

e‘“'z‘zf. In fact, we have
(T") ol _joT" =F, (2.8)

which is exactly the classical result obtained by V. Bargmann in [16] for the standard Segal-
Bargmann and the Fourier transforms, thanks to Theorem [2.2.5|
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As immediate consequence, we conclude from (2.4) and (2.2) the following
Corollary 2.4.5. The UCHP form an orthogonal eigenfunction basis of ]?Z’v with
ﬁbll/,v(HZd,n) = umvnH;%,n' (2-9)

Theorem is interesting in itself since it allows one to deduce easily some of the
basic properties of F/ , using those of 7", including the uniqueness theorem, the Plancherel
theorem and the inversion formula for the 2d-FrFT, F ..

Corollary 2.4.6. If for given ¢, € L*>V(C) we have ]T"glvqo = ]t_lf,vll’/ then ¢ = 1.

Corollary 2.4.7. For every ¢ € L*'(C) we have H]?;’,vlp

L) = 191l 120 (c)-

Corollary 2.4.8. The inversion formula for f:{,v is the 2d—FrFT with the parameters {%, %}, to wit

[]?th/,v]_lw = ‘;’Ei/ 1P

for every fixed u,v € S' and every p € L>V(C?).

Remark 2.4.9. The inversion formula can also be seen as immediate consequence of the semi-
group property J;, , 0 F}, , = F, , . that readily follows from Theorem 2.4.1|since I'; , o

u

ru/,v/ - ruu/,vvl.
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Chapter

On a novel class of polyanalytic Hermite
polynomials

We discuss some algebraic and analytic properties of a general class of orthog-
onal polyanalytic polynomials, including their operational formulas, recurrence
relations, generating functions, integral representations and different orthogonal-
ity identities. We establish their connection and rule in describing the L?-spectral
theory of some special second order differential operators of Laplacian type acting
on the L>~Gaussian Hilbert space on the whole complex plane. We will also show
their importance in the theory of the so-called rank-one automorphic functions
on the complex plane. In fact, a variant subclass leads to an orthogonal basis of
the corresponding L>-Gaussian Hilbert space on the strip C/Z.

3.1 Preliminary results

This section incorporates a preliminary study of the polynomials I;* (z,Z|Z) (abbreviated
sometimes as I,*). For the unity of the formulation, we put Iy = 0 whenever n < 0.
Notice for instance that I;* (z,Z|¢) = 1 and

I (z,z|§) = vz — 2az — C. (3.1)

The first result concerns useful operational formulas for I* (z,z|¢).

Proposition 3.1.1. The polynomials I/* (z,Z|¢) can be realized as

" (z,z|¢) = e PGz (—0; +1vZ)" (e"‘Zz*CZ) (3.2)

2

= e (=3, +1Z — &) (3.3)

Moreover, the first order differential operators —9, + I"* and 9z are respectively the corresponding
raising and lowering operators in the sense that we have

(=0 4 IV™) IV = 1'% (3.4)

38



CHAPTER 3. ON A NOVEL CLASS OF POLYANALYTIC HERMITE POLYNOMIALS

and
ozI)* =vnl ", (3.5)

Proof. The representation as well as follow from the Rodrigues’ type formula
making use of the fact

(0: —vE+ Q)" () = e (3, — va)" (eFf) = &' E3qu (emvaE e )

for sufficiently differentiable function f. Both and can be used to establish (3.4). A
direct calculation gives

v,e __ > Vv,0 v,x __ TV TV,N V,0
01" = (vz —2az — §) ;" — In—l—l =5L"L" - In+1'

This proves (3.4). To establish (3.5), we make use of

9z (0, —vZ)"h = —vn (9, —vZ)" ' h, (3.6)

which holds true for any holomorphic function & and in particular for h(z) = %=’ +82_ There-
fore, we obtain

oz = (—1)”67“2275’285 [(E)Z —vz)" e"‘ZZ%Z} vnl ™.
-
The following result gives another interesting representation of the polynomials I**.

Proposition 3.1.2. The polynomials I, can be represented as

= (=0, +1")" - (1). (3.7)
Subsequently, we have
9 I)* = —2anl™",. (3.8)
Proof. Notice first that can be rewritten as (—0, + I;"") [["* = I;",. Therefore, we get
(0. +1")" " =1 (3.9)

for any arbitrary nonnegative integers n and k. Hence, for k = 0, we obtain (—d, + I}"*)" -
(1) = I;*. This proves (8.7). The proof of (3.8) lies essentially in the fact that

0z (—az + Ii/'“)” (1) = (—aZI,’;'”‘ + Ii”"‘)n_1 0.1 = I)* —2an (—aZ + Ii”"‘)”_l -(1). (3.10)
[
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Remark 3.1.3. By comparing (3.5) and (3.8), we get 0.1 = —229:*. Thus for & > 0
and v = 2a, the corresponding polynomials 1Y% are antisymmetric in the sense that
IV"/2(2,Z) = —I}"/%(Z, z). Moreover, they depend only on the imaginary part of z.

Combination of and yields the following

Corollary 3.1.4. The polynomials I,/* satisfy the three term recurrence formula

IV = DRI 4 2anl”). (3.11)

Remark 3.1.5. In the proof of Proposition (resp. Proposition [3.1.2), we made use of the
identity (resp. (3.10)). These identities can be handled by induction. They also are par-
ticular cases of the well-established algebraic identity AB"*! — B"t1A = AnB" whenever
AB — BA = Ald.

It may be of interest to point out that I;* are also polynomials in ¢ with degree n. This
can be seen easily in virtue of the following

Lemma 3.1.6. We have
200 1" = 9. I* = —2anl ™, (3.12)
and consequently, the following recurrence formula

I8 = Y% — 2091V (3.13)

holds true.

Proof. Direct computation, using the fact that 0, and d, — vz commute, entails
I — —(2az + DI + (~1)e 8 (3, — vz)" (2007457
= 20 { 2L + (—1)"e 8 (9, — )" (20" |

=2a(—1)"0; {e“"zz_éz (0, —vz)" <ze"‘22+gz> }

= 20&8(:1%’“.
Insertion of (3.12) in yields (3.13). -

Remark 3.1.7. The property (3.4) in Proposition (resp. in Proposition and
(3.12) in Lemma [3.1.6) shows that the considered polynomials I;* constitute an Appell

sequence with respect to z (resp. z and §).
Added to the Rodrigues’ formula defining I,,;*, these polynomials admit a second
useful Rodrigues” formula.

Theorem 3.1.8. We have

~(Bea0)t gn [ (BeE)?
v, = _ n,———ap—— 9 AL
[%(z,z|¢) = (—1)"e™ 1 el I (3.14)
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Proof. We proceed by induction. Obviously, (3.14) holds true for n = O and n = 1. In

nh? v T2 .
factd; | e % | = —I;""e” % . Now, assume that (3.14) holds true for every nonnegative

integer k < n, for given fixed 1. Since 2. (") =0forj=2,3,---, we get

(IV zx)z (Ii/,tx)z (Iv,a)z
M“G4a)zque4a>ww(ﬂﬂm1G4a)

so that
(IV a>2 (Iv,a)z 7(11/,0c)2 (IV,tX)2
(—1)" e ogitl (e o ) = [V¥(—1)"e 4 9! (e £ )
1 (Il/,ﬁk)z 1 (IV,l)t)Z
+2an(—1)"""e @ 9l (e y )

_ pvaTve v,

= L7 +2anl .
Thus, one arrives at the desired result by means of the recurrence formula (3.11). -

The previous result shows in particular that the polynomials I;;* should be closely con-
nected to the univariate Hermite polynomials H,(x). In fact, the following result asserts
that they are essentially the Hy, in the variable I;"".

Corollary 3.1.9. The explicit expression of I, in terms of the classical Hermite polynomials is
given by

VR, 5 N n/2 iq/,a An,n/2 20z —vz+¢

[%(z,z|¢) = (—i)"a™ "Hy al2) = (—1)"a""“Hy o2 )’ (3.15)

with « # 0 and the convention that a'/? = i\/]a| ifx < 0.

Remark 3.1.10. For the particular case of v = 2 > 0, the result of Corollary [3.1.9 shows that
15"/ (z,%|€) are polynomials in $ (z) and simply reads

v _tmy _ (_an (VN2 2v3(z) +¢
I /Z(Z,Z|C) = (—i) (E) Hy (W) . (3.16)

This is in accordance with Remark The special case of adequate & ({ = 2irt(B + k)) will
be reconsidered in Section 7 when dealing with rank—one automorphic functions.

The following result gives the expression of I;/*(z,Z|¢) in terms of the tensor product
H]T(x)Hg (y) of the rescaled real Hermite polynomials,

T n Tt da’ -7
H{(1) = (-1)"e 2o (e

2

), T>0. (3.17)
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Proposition 3.1.11. For v and a such that 2|a| < v, we have

) = o 0 () (v 2 ) (v 2

2" = v—2a

Proof. Notice first that by considering the first order differential operators

AZ’“'gf — _% (0x —2(v —2a)x +2R(E)) f

and
1

By f = =5 (3 —2(v +20)y —23(0)) f,

we clearly have [AY", B;’“’g] = 0. Moreover,

(AVEY" - (1) = o Hy ( ) )

and

(Bly/,a,é‘)n (1) = zlanliH_za (y_|_ V\:E(jz)“)

which readily follows by induction from the fact
2 1\ 2
@~ 2et ) f = E) g (O£ ).
Now from Proposition we have

L= (=0 +1%)"- (1)
n
= (Av™ —iByt) (1)

=L () ()™ (52) " @

_ zln i(_i)k(;{l) HY -2 (x 3 V§R_(62)“> HY+2 <y+ 525—52)“

k=0

(3.18)

We conclude this section by proving a Nielsen identity for these polynomials, which
consists of expressing I,,* as a weighted sum of a product of the same polynomials. Namely,

we have

Theorem 3.1.12. Nielsen identity for the polynomials I,/* reads

min (m,n) (20{)k e s
% = min! mk____n—k__ (3.19)
men ,;0 k' (m—k)!'(n—k)
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Proof. Starting from the Rodrigues formula (I4), we can easily see that I} , takes the form

m—+n

= 2 = 2
v,x m VizZ—uz Zym —VzZZ+az°+Cz TV,u
L, = (=1)"e éE)Z<e érIn).

Now, by means of the Leibniz formula combined with and

_ m!(—2a)k
alZ{I;/n/‘X (Zleg) = (ﬂ/(l o k))' I;,/il(ik/ (320)
which follows by induction starting from (3.8), we obtain
m min (m,n) ) ) kU VA
- 1 k(M v k V% = min! ( x m—k n—k _
mn k;o( ) (k) k0= (") = min k§0 Kl (m—k)! (n—k)!
This completes the proof. -

Remark 3.1.13. We recover from (3.19) the three term recurrence formula (3.11) satisfied by
the polynomials I;* by taking m = 1 with n > 1.

Remark 3.1.14. The most discussed algebraic results concerning the polynomials I;*, can be
recovered easily by means of the well-known properties of the real Hermite polynomials
H,(x) thanks to Corollary or also Proposition This is the case of the identity
as well as Theorem whose proof can also be handled by means of Corollary
above combined with the standard Nielsen identity for the single real Hermite poly-
nomials, or also using (3.2). The same observation holds true for Theorem below.
However, the analytic properties of these polynomials are far from to be derived by em-
ploying Corollary as will be clarified in the following sections (see Sections 3.4,3.5 and
3.6).

3.2 Generating functions

The first generating function we deal with is a exponential one one.

Theorem 3.2.1. The polynomials I;/" satisfy the generating function identity

oo tn

Yo I = (3.1)
n=0"""
Proof. Notice first that we have
0 pn e & (=) n e
Z mlx,zx — o2 ¢z Z T (az _ VZ) (eocz Cz)
n=0""" n=0 )
— e—azz—é‘ze—taz+vt2 (eazz—l—éz)
_ e—azz—ézevti exp (_taz) (eazz+§z> .
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Now, in view of Lemma and making appeal to the usual generating function of the
Hermite polynomials ([99,107]):

¢k 2
Z EHk(x) — eft +2th
k=0 """

it follows

=0

0 [: k .
Z ;_’:Ivac _ vz (2 (10‘1k/|Zt) H, (iocl/zz 4 5 1?/2)> _ P (20z—vEHO)E
! o

This ends the proof. -

The next generating function generalizes the previous one. Its proof is based essentially
on Nielsen identity. Namely, we assert

Theorem 3.2.2. We have

[ m.,n

yo L g (32)
o minl ' '

mn=

Proof. In view of (3.19), we can write the right hand-side of (3.2) as follows

c e e I 1A,
L min! " ;u ") k' (m—k)!'(n—k)!

m,n=0 e m,

According to (3.1), this leads to

00 IVLX

u"o" 2“0 ym_m= k  av?+ol'™
Z ! Ln = Z Z (m — k).e r.

m,n=0 m=0 k=

Now, by interchanging the order of summation in the double sum,

(o] m (o] oo
2 2 Tim =3 ) Tjjw
m=0j=0 j=0k=0
it follows
VA
i u"v" v _ i (Z“uv)k o U Ij eucvz+vllv""
m+n — ; :
=0 m!n! P k! = j!
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Using again (3.1)), we obtain

(ee]

m.,n
Z u 'U' I;/{fcl—n _ e2ocuvetxu2+u11”‘etxv +ol* em(u+v)2+(u+v)li"“.
m:m

m,n=0
-
Remark 3.2.3. For u = 0 or v = 0, the identity reduces further to (3.1).
The third generating function in this section is the following
Theorem 3.2.4. We have the following identity
Svs (1Y 12k S . 1/2 - o
Y ) (il /27 * =2 _H, (ia?2)HY,(z,2) = eI (2). (3.3)
Z0i=o \k vt u

Proof. Direct computation making use the Leibniz formula infers

" e 2 non\ ok o ok 2
ﬁ(e vlz| +€Zelxz ) = Z <k)@(6 VI +€Z)azn7k (e”‘Z )
k=0

By expanding %% in power series and making use of Definition | of the holomorphic Her-
mite polynomials, we get

0" 2 - oo (;Ij 1/2 k 1/2
TG Z( )azk Y- Seale ) (—ia! ) R H, (i 22) e

=1

i Z]WJ (Z <Z)( ioc /)" ;;k (ijje_”|2)> H, i (ia/?z)

j=0 k=0

1/

]0]

Therefore,

—e—CZi i < ) al/2)n= k(g)ank(iocl/zz)H]'fk(z,E).
j=0k=0

vlj!
-

The last generating function in this section shows that the polynomials I;*(z,z|¢) can
be generated from the ¢-holomorphic Hermite polynomials H,(¢) and the polyanalytic
Hermite polynomials Hy, »(z,z). To this end, we use a variant (analytic continuation) of the
generating function of the real Hermite polynomials whichcan be stated as follows.

Lemma 3.2.5. The explicit expression of the k—th z—derivative of =2 in terms of the usual
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Hermite polynomials Hy(z) is given by
alzceoczz+§z — (—i)kDCk/ZHk (itxl/zz—i— 16 ) e(Xz2+§Z' (34)

Subsequently, we have

e ()" g (G
M TeE = n;) i H, 5172 z". (3.5)
Theorem 3.2.6. We have the generating function
) (—i)kock/2 ZC B _ 9
Y He (372 ) Hin(2,2) = Lt (2, 218)e" 42 (3.6)
k=0 '

Proof. The proof follows easily starting from the definition of I and using the expansion
series of the entire function e****+4 as in (3.5). Indeed, we get

o0

_ o2 (=)™ w i 2 2
Emmm=ﬂz@27;WH(MMM4WM%ww*>
m=0 :
ial/2\™
CaEr e i _
_ oz’ =iz Z ( - ) H,, <20€1/2> H,';/n(z,z). (3.7)
m=0 ’

The last equality follows by observing that the rescaled complex Hermite polynomials
H, (z,Z) = G0, (2,%) (see (@&T)) can be represented also as HY . (z,z) = (—1)mev\zl2831 (zke_‘/|z|2).
-

Remark 3.2.7. The identity states that the polynomials I,;*(z,Z|¢) appear as the bilinear
generating function of the polynomials Hy, , and Hj,. This fact can be used to recover the
result of Corollary giving the explicit expression of I,,*(z,z|&) to Theorem 2.1 in [20].

3.3 Orthogonality

We begin by considering the case of ¢ = 0.
Theorem 3.3.1. Let v > 0 and a € R such that 2|a| < v. Then, the polynomials I;;"(z,z|0)
satisfy the orthogonality property

v'n!
ﬁdn,m. (31)

Proof. Under the assumption 2|a| < v and keeping in mind the result of Proposition3.1.11
as well as the orthogonality of the rescaled real Hermite polynomials Hf from (3.17) in the

/ I%%(z,2|0) 5% (z, 2]0)e VP2 E+2) g7 (2) =
C
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Hilbert space L2(RR, e~ " dt),
T TN~ 3, (T V2 e k '
/IRHj (OHF (t)e ™ dt = (T) 2Kk,
we get

/ IV,IX (Z,Z|0)I,Z’“ (Z,E|O)e—v\z|2+a(zz+22)dA(Z)

_ / Iva Z Z’O)Ivoc( | ) (v—20)x%— (v+2a)y? dxdy

k
_]ZOkiO 2"1]*(; T>( >HH i >HHV+M iwwm Ok
min(im,n)
B 2m1+" kg) (7:) <Z) HHK%X iZ'VZ'X(IR) HH’ZH’X ;vm(uz) Otk
— V27i4a2n—;k;)(;:) (v —20)" " F (v + 20)%,
!l
N Zv—n4a25mn
This completes the proof. -

Remark 3.3.2. For & = 0 with v > 0, we recover the classical orthogonality for the monomials
11°(z,2|0) = v"z".

Remark 3.3.3. The proof we have furnished above is also valid for the general case of arbi-
trary ¢ under the assumption that 2|a| < v, but it is more tedious.

Based on the orthogonal property obtained in [113] for the holomorphic Hermite poly-
nomials Hy(z), to wit

. oy (12— (1_1),2 0127 /2(1+6
[t iy = e 070 (g = G (2

n
[
10 1o > 10 n, (3.2)
where 0 < 6 < 1, we can deduce two orthogonality relations for the polynomials Iy (z, Z|0)
corresponding to v = 0 = ¢ according to @ > 0 or &« < 0. The one for « > 0 reads

[ 1/2 2ua(1
[ 10 2l B Zf0)e (-0 gy = 2T (a( 'h

n
10 .
a(1-0)\ 1-90 ) Momn,  (33)
since in this case 19%(z,Z[0) = (iv/&)"Hy (iv/az).
We establish below an orthogonal property for I, (z,z|¢) for arbitrary v > 0and ¢ € C,
generalizing as well as (3.2). To this end, for given reals a,b > 0, we consider the
weight function

b b = b
ab (5%) = o AValzP—Bua (422 ) +2R(CPy 12) ,—aR ()2~ b3 (2)?

wv,a,é
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where the quantities A%}, B%% and Coy £ are given by

(v —2a)%a + (v +2a)%b
2
(v —2a)%a — (v + 2a)%b
4
CUve = a(v —2a)R(&) + ib(v +20) S (£).

ab ._
AW =

ab ._
BW =

Theorem 3.3.4. Let a,b > 0 such that 4xab = a — b. Then, the polynomials I, (z,Z|&) satisfy the
orthogonality property

S _ 7 a4b\"
/ Iva Iv"‘(z Z|§) Vaé(Z,Z)d)\(Z) = \/%|1/2_4“2| < 2ab ) n!cSm,n. (3.4)

Proof. Theorem yields

SUE (1, 002,2) = ¥ o v (2, 218V T (2, 2]6)
Zn mlnl
ea( o?)+uly(z,z|8)+vl}* (z.2/€)

— (1P 4+0?) [ (v=20)x=R(&)] (ut0) ~i[(v+20)y+3(8)] (u—0)

:eoc(u2+vz)+(u+v)X i(u— ZJ)Y,

where we have set X = (v —2a)x — R({) and Y = (v + 2a)y + S(¢) for given z = x + iy.
Now, if we denote the left-hand side of by T;%(¢), then

Thin(©) = 12 0(2|/ L (@211 (=, 2wy (2, Z)aXdY

withz = z(X,Y) and z = z(X, Y). Subsequently, we have

00 m

THA(0) = = gy o S (ol )t Xy

a(u-+v
_ ¢ (W) qu2+(u+v)beY2fi(u—v)YdXdY
2 —4a?| Jre ¢
. 7T 4rva;—hb—a (u2+02) a+b

= e e 2ab uv
Vab|v? — 442
T

= ez ",
Vab|v2 — 442

The third equality is obtained making use of the well-known Gaussian integral

1/2 22
e~y 240y 3., it -
/]R dy = (T) esr; T>0,0€C, (3.5)
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while the last equality readily follows since 4xab 4 b — a = 0. Subsequently, we obtain

i B T a+b\" |
Sm,n(‘:) - \/%h/z _ 4042| ( 2ab ) TZ.(Sm,n.
This completes our check of (3.4). -

Remark 3.3.5. As example of pairs (a,b); a,b > 0 satisfying the condition 4aab = a — b, we
can consider 2 = (v —2&)~ ' and b = (v + 2a)~!. Therefore, we have v > 2|a| and the
corresponding AY%, BiS and C/} £ are given by A% = v, Bt = —x and C, £ = ¢, so that
the orthogonality reduces to ,

VA [ R\ S e a (24 2) 2R gy oy — TV vleP—a(247)
/sz (2,216 177 (2, 2]8)e i) = -

which for ¢ = 0 leads to the one obtained in Theorem 3.3.1]
Remark 3.3.6. For v =0 = ¢ and a > 0, the identity reduces further to by taking

1

with0 < 6 < 1.

3.4 Integral representations

In virtue of Theorem we obtain the following integral representation of the polyno-
mials I;*(z,Z|¢).

Proposition 3.4.1. For every v > 0 and o € R with a % 0, we have

1 1/2 1 V(= 2
B = (o) 2 [ e SR CAD gy 31)

Proof. By means of the explicit formula for the Gaussian integral (3.5), we can write

(0% e210)° 1 o
e — (%)2/1[{3—069“11 (2218) 4. (3.2)

The integral in the right-hand side converges uniformly on every disc D(0,7) C C and one
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can repeatedly differentiate it with respect to z. Hence, by (3.14) we obtain

1 v
- a2 _('& a2t
I,Z’“(Z,Z|(§):(—1)n <;) e /azn atc+tl” (zz\@’)d
(IV"X(Z,E

2
(e ) —i(wwz—aurfwzfziéﬂ : 450)
v (2)’ / —2at)"e ;
1
2

(. reED )
:<L) 2 [Lae )
X7T R

This completes our check of (3.1). -

The next result is a consequence of Theorem combined with the integral represen-
tation of the complex Hermite polynomials.

Theorem 3.4.2. Forv > Qand a,b € C such that ab > 0, we have

V7T

1%(2,2/¢) = (ﬂ) Gt [ gy HPHEC St it g) 3y
C
More particularly, we have

vy z1@) = (Y vzz—az2—CZ/ AP a2 200 (2,0)
Izl = () e [(—)re AEDANQ). B4
Proof. The result follows by a tedious but straightforward computation In fact, starting
from Theorem and using the integral representation of Hy, ,(z,z) given by Theorem
3.11in [20], to wit

H%IH(Z;Z) = (%) (_a)m(b)n/cgmznel/zz—ﬁ/bC2+QCZ—b€ZdA(€) (35)

(valid for v > 0 and a,b € C such that ab > 0), we obtain
—iaat/22\™ )
va(y 71e) = (B0 etz [ (p7)nerlzP- Ll racz-zz |y (G A
e = (5 ) et [ Y A (-5 ) | @)
ab 2.2 — _ab 2aoc2 = 7
_ (E) ev\z\ az Cz/c(bg) [ éeaéz bgzd/\(g).

The particular case of a = b = —v gives rise to (3.4). This completes the proof. -

Remark 3.4.3. The obtained result (3.4) can also be reproved directly. Indeed, by rewriting
efv|z|2+o<zz+§z as

2 ¢ 2 20x+¢
o VP e +ez _ m(x E) +(V+“)<ly+2(v+lx)>
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and next using twice the integral representation of the Gaussian function (3.5), we obtain
the integral representation of e~V T42 62 to wit

1 , LN
o vz Haz? 48z _ 1 / e—m((v—a)t2+(v+oc)sz)+1(yt+xs)+2é—v(t—zs)—%tsdtds
4tv JRr2

under the assumption that v +a > 0 with z = x + iy. It can be rewritten in the form

p—VIzPHaz?+gz _ %/ e VISP Hal® L2V 2 L) g ) (1) (3.6)
7T JC

making the change { = . Thus follows readily by derivation of (3.6).

We conclude this section by realizing the polynomials I, (z,Z|&) as the image of the real
Hermite function h, (f) = \/1—/”6_%*2 H,(\/vt) by rescaled Fourier-Wigner transform defined
on L?(R) by [39/50/110/119]

1%

V) = (5=) [ et pagi—xar

with respect to a special window function g that we determine explicitly. Thus, for f €
L%(R) and) z = x + iy we define

—1)" 1% 1/2 v|,|2
LD = 5 () ) ),

where we have set

MY(y) := _% v 20)y% —2 3.7
(y)i=e exp (—Hz“ ((v— w)y” — Cy))- (3.7)
More explicitly,
1/2 2
v A (_1)11 212 Vz|2—az?—¢z —m
R R T I : 69)

2iv(t—§)y _ 4 _ 2 _
X /]Re exp ( VT om <(1/ 2u)t 2t§)> f(t—x)dt.
Theorem 3.4.4. Let v and a be such that 2|a| < v. Then, for every z, we have

ne () (z,2) = Ly (2,2]8).

Proof. Observe first that the polynomials H}, , (z,z) in can be realized as

HY .(2,2) = (-1)nﬁe%lzlzv2’f(h$;, WY (x,y); z=x+iy. (3.9)

2m+n

This follows by straightforward computation using [7, Theorem 3.1 ] as well as the fact that
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hY(z,2) = T4/ 2, (71/22,71/22). Now, by Theorem we get

\/§ vz & (—i k(Xk/Z l(:
e EO%H" (zam) ety

V2 2 —i)kpk/2 i
=(=1)"5r on ey kgo ( zk)vkk! Hi <2a1/2) | ().

Making use of Mehler formula ([85/99]) for the rescaled Hermite functions h};, to wit

10 (z,2|E)e T8 = (—1)"

0 )\khT( )hT( ) 1 T(l—{—)\z) ) ) 27
k:ZO kekkt A (_—2(1 2 (XT+Y)+ 10 XY) (3.10)
valid for |/\| <1,witht=2v, X = 70 (:)1/2 and A = — (27a)1/2’ we get

o (—ifkab2 g N N N I
» H"( >h"v(y):€ P B 3 (2( )1/Z)hkv(y)

= 2kkk 20172 = (2v)kk! 2va

1/2

= v e z(vizztx exp ((V —20)Y? — 2(;‘1/)

v+ 2 v+ 2«
1/2
v 1%
= Y
(1/ + 21x> Ma(Y),

where M} is exactly the function given through (3.7) under the assumption that 2|a| < v.
Therefore, we arrive at

N —O)" 20 \Y? e
IZ’“(Z,Z|C)€“Z +éz _ ( 2n) <V+2a) 22| Y2 (Mv h2v> (x,y).

The obtained expression reads equivalently as (3.8). This completes the proof. -

Remark 3.4.5. For the particular case of « = 0 = ¢ and v = 1/2, the transform W} : in (3.8)
reduces further to the Segal-Bargmann transform B from L?(IR) onto the Bargmann space

ZZ
]:2,1/2(([:) = Hol(C) N LZ(C;e_%dxdy). In fact, we have

Wl/Z(h )(Z,Z) _ %61|Z2 /]Re£(2t+x)ye—§(t+x)2hn(t)dt
2"\/_
= CU B0, (-2,

21’1

so that the result of our Theorem which reads Wl/ 2(hn) (z,Z) = I}/*(2,2|0) = (1/2)"z" is
exactly the reproducing property for the monomlals by B, B(h,)(—z) = (—1)"z" (see e.g.
[500).
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3.5 Polyanalyticity and partial differential equations

The introduced polynomials are a special subclass of polyanalytic functions on the com-
plex plane. As counterpart to the Hy, ,(z,z) which are polyanalytic of order n + 1 and
anti—polyanalytic of order m + 1, the polyanlyticity and the anti-polyanalyticity of the poly-
nomials I,,*(z,Z|¢) have the same order. This is due to the fact that

LM (z,2]C) = 0 =0 " (2,210),

which can be handled easily using and keeping in mind the fact I;"*(z,z|¢) = 1.
Indeed, by induction we have

nivk r (—2a)kn!
Ivfk and azl,‘{’“ = —(1’1 — k)' I:ka

kv,a = _

(3.1)

for every nonnegative integer k < n. This can also be recovered from (14), since the poly-
analyticity of a complex—valued function f is equivalent to f being of the form

f(Z/Z) — (—1)"81/2282 <e—vzzh)

for some nonnegative integer n and holomorphic function / (see e.g. [4/15]). Subsequently,
by means of [25] there exist certain holomorphic functions hy; k = 0,1, - - - , n such that

L,;"(z,2|¢) = Z2"hy + - - - + Zhy + ho. (3.2)
The next result gives the explicit expressions of the holomorphic component ki, of I;**.

Theorem 3.5.1. The polynomials /" (z,Z|Z) are connected to the holomorphic Hermite polynomials
by

B n 1/k i n—klxn—k/Z ) lg B
111/1/,0((2/ Z|€) =n! k¥0 F()(nfk)!Hn—k (ltxl/zz + 20(1/2) Zk (33)

Proof. By applying the binomial formula to (3.2) and taking into account (3.4), we obtain

B = (e L () (b ) (o

k=0

n (i)kak/z ' ié (UZ)”*k
=) (ml/zz " 2&1/2) (n—k)t

Remark 3.5.2. The k—th holomorphic component of I;* in is given by

(i) Fan—H/2 . 1/2 ig
h2) = G B\ 507 )
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Added to the generalized Cauchy equation 37! = 0 satisfied by I;/*(z,z|¢), we can
show that these polynomials are common eigenfunctions of the partial differential opera-
tors of Laplacian type defined by

Z/C = _azaf + Iijlaaf al’ld Z;,E = _azaf + I}l/,{xaz. (3.4)

Theorem 3.5.3. The polynomials I,/*(z,Z|¢) satisfy the partial differential equations

Ay 1" (2,2|8) = vnl" (3.5)
and
AL <17 (2,2|8) = —2anIy®. (3.6)

Proof. Using (3.5) and (3.9), we get

v el®(2,2|8) = (=0 + ™) 9z 1* &, (=0 + 1) I, =" vnl".

a,Cn

The identity can be handled by applying 0z to both sides of the recurrence relation (3.4)
involving d,, and next use in Proposition The identity follows by proceeding

in a similar way using and (3.9). -

Remark 3.5.4. According to the above result, the polynomials I,,* are also eigenfunctions of
—02 F 0,0z + {9, + "0,

associated to the eigenvalue (v F 2a)n. In fact, the first order differential operators 9, & 0z
are lowering operators for the polynomials I;*, satisfying

(8 £ 92) 11 (2,212) = (v F 20)nIy", (37)

Remark 3.5.5. The polynomials I;* belong to the kernel of the operator v, + 2a0s.

3.6 Connection to rank-one automorphic functions

In this section, we present an application in the context of the so—called automorphic func-
tions of Landau type with respect to the Z-character xg(k) = e?Pk, i.e., the space of all
complex—valued functions satisfying the functional equation

f(Z +k) _ eZinﬁke2oc(z+§)kf(Z) (3.1)

forallk € Z and z € C. To this end, let L2(C/Z, e~ dxdy) denote the space of f : C —»
C satisfying and subject to the norm boundedness on the strip C/Z with respect to the
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Gaussian measure
_ 2
iRz = [ If@P > dxdy < too 62)

We denote by (-, ),  the associated Hermitian scalar product. Then, it is proved in [58]
that the Hermite-like functions

P (2,2) = (—i)"HE, (z%m<z>+m) &P (2) (33)

114

with Sm(z) = %%, form an orthogonal basis of L*(C/Z, e~ 24/ *dxdy). A different proof of
this result can be given using the first order differential operator A5, = —d, + vz and the
corresponding functions

il (2,2) := (A3)"(ex" (2)),

for (m,n) € Z* x Z, where P (z) = e*2*+2in(F+1)2 It is contained in the following lemmas

Lemma 3.6.1. We have

vob(2,2) = IEh (2, 2)es" = gt (2,2), (3.4)
where
156 (2,2) i= I2%% (z,Z]2i(B +n)), (3.5)

withae >, BER,m=0,1,2,--- ,andn € Z*.

Proof. Since A3, f = — ez, (e_2“|z|2f>,we get (A*)0 f = (—1)me2nl=lgm <62“|Z‘2f). There-
fore,

(A3)" (e (2)) = (—1)mePar (2P (2)) = [ (z,2) enf (2)

Lemma 3.6.2 ([58])). The functions ey’ (z) e H2n(Brn)z. y — 0,1, - -, form a complete system
of the theta Bargmann-Fock space F%ZIB“(C) of all complex-valued entire functzons satisfying (3.1)))

and belonging to L2(C/Z, e~2*12 dxdy).

Lemma 3.6.3. The functions 1/],3{?‘,1’!3 are eigenfunctions of A, associated to the eigenvalue 2am.

Proof. The result readily follows by induction. It is clear for m = 0. Next, if AZaz,bV -

20&klpk'n' is verified for k < m, we use the fact A, = A5 A = AAJ, to get

Dot = (ATA)A™(AT)(&) = A"(v + A (A (&) = v(m + 1)yit
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Lemma 3.6.4. The functions gbzgf‘,;ﬁ satisfy the functional equation (3.1) and are orthogonal in
L2(C/Z, e~ 212  dxdy).

Proof. Notice that for f = "= TP and g = e satisfying the autoumorphic
equation (3.1), the functions F and G are Z—periodic and we have

— 2 —4ay2—4n/3yd dv.
Fishz= [, 8@ xdy

Then, the result follows by a tedious but straightforward computations using the explicit

expression of 1pz1’ixr;ﬁ given by Lemma [3.6.1| combined with the orthogonality of ef{ﬁ (see
Lemma 3.6.2). -

Remark 3.6.5. The above discussion shows that the polynomials If,;/i (z,Z) in character-
ize the orthogonal complement of f%i“((ﬁ) in the Hilbert space L?(C/Z; e~ 217" dxdy).
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Chapter I

The orthogonal complement of the Hilbert

space associated to holomorphic Hermite
polynomials

We study the orthogonal complement of the Hilbert subspace considered by van
Eijndhoven and Meyers in [113] and associated to holomorphic Hermite poly-
nomials. A polyanalytic orthonormal basis is given and the explicit expressions
of the corresponding reproducing kernel functions and Segal-Bargmann integral
transforms are provided. The obtained basis are then used to provide a non-trivial
1d-fractional like-Fourier transform.

41 Complements on X;(C)

We begin with the following

Proposition 4.1.1 ([113]). The functions

l/)s 1 (1 — Sz) (m+1)/2 - 1zszzZZm
m = S
Tm! 2s

constitute an orthonormal basis of the reproducing kernel Hilbert space Xs(C) with kernel given
explicitly by

2

Proof. The proof of can be handled by invoking the unitary operator M, f = e f and
observing that the functions

s - 1
$ilz) = —— ( -

57
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form an orthonormal basis of &;(C), so that one concludes for the explicit expression of

+o00

K*(z,w) by performing K*(z,w) = Y ¢5,(z)¢5,(w) and next using the generating function
m=0

of the Hermite polynomials H,(z) ([99, p. 130]). -

Remark 4.1.2. The expression of the reproducing kernel can also be proved in an easy way,
by making appeal to the following general principle. Let H be a separable reproducing ker-
nel Hilbert space (RKHS) on the complex plane and denotes by K* its reproducing kernel
function. If M is a multiplication operator by a function M(z) := e¥(?). Then, H' = M(H)
is a RKHS whose kernel function is given by

K% (z,w) = e? DK (2, w)e? @), (4.3)

Remark 4.1.3. The space . U Xs(C) = S%%(C) is the holomorphic Gelfand-Shilov space
<s<

extended to C (see [113]).

In the sequel, we consider the integral transform of Segal-Bargmann type

(%:f)(z) == /IR Bo(t,2) f(t)dt (4.4)
associated to the kernel function
1-s2 \"/? 1, 1, Vi-g
Bs(t,Z) = (m) eXp —Et — Ez + th . (4:5)

Then, we assert

Theorem 4.1.4. The transform 9B defines a unitary isometric integral transform from the configu-
ration Hilbert space L*(R) onto X,(C).

Proof. The kernel function Bs(f,z) in (4.5) can be rewritten as

B(t2) = X (0¥ (2) 46
where ,
fm(t) = WHm(t) 4.7)

is an orthonormal basis of £2(R). Indeed, we have

° — 172 102, .2 — — m/2 m m
Y () = (7o) Y (150) P,

m=0 Tt/ STC m=0

The rest of the proof is straightforward making use of Mehler formula for the Hermite
polynomials extended to the complex plane, to wit ([85] p.174, Eq. (18)], see also [99, p.198,
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Eq. 2)]) o
2 A™ 1 —A5(#° 4 27) 4+ 2Mtz
valid for every fixed |A| < 1. -

Remark 4.1.5. By means of and (4.6), we have [%; fm]|(z) = ¢5,(z). Moreover, the inver-
sion formula of % is given by

#7910 = [ 9(2)Bs(t Dwe(z, D)),

Remark 4.1.6. By considering B, (t,z) := s1/4Bs(s/?t,z), we define an integral transform B
from £2(R) onto X;(C) such that [%; f;n](z) = ¢3,(z), where ¢, are as in (£.2), since

o0

Bo(t,z) = ) fun(t)giu(2)-

m=0

4.2 A special orthonormal basis for 7#*°(C)

The multiplication operator M, : f —— M,f = e f defines a unitary operator from
#%5(C) onto L2V(C). Moreover, it maps isometrically the Hilbert subspace X;(C) onto
the Bargmann-Fock space F2V(C). Therefore, an orthogonal decomposition of /#*(C)
can be deduced easily from the one of £L>V(C),

(o]

£24(C) = P F2(C),
n=0

given in terms of the polyanalytic Hilbert spaces
F2V(C) = Ker|%z,s(c) (Ay —nvid)

where A, := —09,05 + vZ0> and with ]-"g"’ (C) = F?Y(C). See, e.g. [59] for details. In fact,
the consideration of X, 5(C) := M_,F2"(C) leads to the orthogonal decomposition

[ee]

S (C) = P X,,5(C).
n=0

An immediate orthonormal basis of &),s(C) is then given by e”"zzH},’w (z,z) for varying
m,n=20,1,2,---, where

|2

HY, (2,2) = (—1)" e arar (e—vlzlz) (4.1)

denotes the rescaled polyanalytic complex Hermite polynomials [55)56,76], generalizing the

3 m-m __ 1%
monomials v"z" = H}, ,(z,Z).
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The main aim in this section is to provide another non-trivial orthonormal basis ¢, ,,(z, Z)
of s#%5(C), consisting of polyanalytic functions generalizing 15, and such that whose first
elements are the holomorphic functions ¥},(z) in #.2), i.e., ¥}, 1(z,2z) = ¢j,(z), leading to an
appropriate basis of the space X, 5(C), for fixed n. The introduction of X, (C) entails the
consideration of the integral transform

1/2
s = _ (V ﬁ —uz? / —V|EPHaf?+véz (= E\n
NG = (2) (o) e fe (=~ 8"p(E)A Q)
as well as of the functions
ZZ
95, (2,2) = T5, 02 (vg’a_%H@ (z), (4.2)
where V, , :== —d; + vz — 2az and

1-—s 172 1—s \™/?2
0, =——- , (4.3)
’ vtnlm!y/s 2(1+s)

Then, we can prove the following

Theorem 4.2.1. The transform #;? is a unitary integral transform from Xs(C) onto X, s(C). More-
over, we have

Vi (2,2) = W (Y)

and hence ¢, ,,(z,z), for varying m = 0,1,2,- - -, form an orthonormal basis of Xy, s(C).

Proof. The proof lies essentially on the observation that the unitary operator %, can be
rewritten as #;’ = M_,x,%‘,’nM,x, where 7" is the integral transform considered in [20, Eq.
(2.17)] and given by

[T ¢](z,Z) = ﬂ
ko P TV kinlvktn
so that 7,7 (¥},) = M—a 7, (Mo, ). Therefore, by means of [20, Theorem 2.12], keeping in

mind the fact that the polynomials Hy, ,,(z,z) =: V7 ((z") is an orthogonal basis of L£>V(C)
[56,76], the following

) ey -5 T - @),

vin!

1 1/2
mnw@az( ) Vo,

holds true for every non-negative integer 7 and any ¢ € £L>V(C) N C"(C), where C"(C) de-
notes the set of all n-fold differentiable functions whose n-th derivative is continuous. The
rest of the second assertion is straightforward since the functions ;, form an orthonormal
basis of X;s(C). The explicit expression of ¢y, ,(z,z) follows by direct computation. Indeed,

Old and New Orthogonal Polynomials of Complex and Quaternionic Variable: 60
Concrete Description, Associated Functional Spaces and Integral Transforms



CHAPTER 4. THE ORTHOGONAL COMPLEMENT OF THE HILBERT SPACE
ASSOCIATED TO HOLOMORPHIC HERMITE POLYNOMIALS

we have
1 \1/2
Mo TMa(i) = (o) MooVl (M)
1 \1/2
~ (o) Va0
1\ 2 2
= (Unn!) eV <621/J21),
since
Via (M’ﬂ/)) = MyVy 149 and v17/1,0 (M“V‘/]) = vaﬁvl/)'
The last equality shows that 7} (¢5,) = M_o 7y, Ma(§5,) = ¥3,4(2,2). -

Remark 4.2.2. The inverse of #;% : X5(C) — Xus(C) is given by [#,7] 7! = M7} )My,
More explicitly

) = (L) ("")me-“zz [T  2yy(@)an (@)

7T n!

The new class of functions in generalizes the one studied in [21], and the previous
theorem provides an integral representation of the special functions 3, ,(z,Z). Moreover,
such functions can be expressed as a special finite sum of the holomorphic Hermite poly-
nomials H;(z) and the polyanalytic polynomials I8%(2,Z|c) defined in [21] by

IZ’b(Z,Z|C) — (_1)nea|z\2—bz2—czag <e—a|z|2+bzz+cz) (4.4)

for givena > 0,b € R and ¢ € C. More exactly, we assert

Corollary 4.2.3. We have

n k
V5, . (2,2) = mn!T;, e 1% Z (=2)% L , (4.5)
i i = K (n—k)! (m—k)!
where T, , is as in (4.3).

Proof. Notice first that using the fact V, ., f = —e”|z|2’7zzaz eIz P+rZ , we get
g Y g

|2

vg,’yf _ (_1)7161/\2 —’Yzzag (e—V|Z\2+’rzzf> (4.6)

by mathematical induction. Therefore, identities (4.2) or combine with the Leibniz

Old and New Orthogonal Polynomials of Complex and Quaternionic Variable: 61
Concrete Description, Associated Functional Spaces and Integral Transforms



CHAPTER 4. THE ORTHOGONAL COMPLEMENT OF THE HILBERT SPACE
ASSOCIATED TO HOLOMORPHIC HERMITE POLYNOMIALS

formula entail

1

Yian(2.2) = (—1)" Ty et B0 (70D, ) )

_ (_1)n1—-fnlne1/\zlzfuczz i (Z) agfk (e—v|z\2+(4x—%)z2) alzc (Hu) ().

k=0
Thus, one concludes for since 0% (H,,) = 0 for k > m and

2km!
o (Hu) = mHm—k(Z)
when k < m. -

Corollary 4.2.4. The connection to the polyanalytic Hermite polynomials Hy, ,(z,z) in @.1) is
given by

i k
o [2] (-1 (2)" 7 (2
= —az? v 202 -
Wi a(2,Z) = miTy, 6™ kzo ;} j!(m_zj)(!k!v > H_]z/k+m—2j,n(z'z)' 4.7)
=0 j=

Proof. Direct computation, keeping in mind (4.6), shows that

k
% _1
v" Hy = e_(“_%)zz Z u(_l)nelfﬂza? (ZZke—v|z\2Hm>

)y @)Y (m2)

_ —(a—1)z22 &
= mie (¢4 k_zo Jg j1(m — 2j)!k! Horm—2jm:

. . — 2
This completes the proof since ¢, ,(z,z) = I, ;e 2* V’;’a_ ! Hy,. -

The considered space X, s(C) is a reproducing kernel Hilbert space for the point evalu-
ation map in &), s(C) being continuous. This, can be recovered easily by means of Remark

Thus, we assert
Theorem 4.2.5. The explicit expression of the reproducing kernel of X, s(C) is given by

— g2 S Y _
) = (122 EL i s,
Proof. By means of Remark the reproducing kernel K, (z, w) of X} s(C) obeys (4.3).
Hence, we have K& (z,w) = M,y (z)KF""(©)(z,w) M, (w), where K '(C) is the reproducing
kernel of the generalized Bargmann space F-" (C) given by [59]

FE(C vy (D" v 7w
KO 0) = (L) Elpmny oz )
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Remark 4.2.6. For n = 0, we recover the reproducing kernel of the Hilbert space X;(C) in
Proposition [4.1.1}
Corollary 4.2.7. The identity

H;/l/,n (Z — w,z — w) = (—1)ne(a_%)(zz+wz)—l/ZWVn ,Z vn 7Y e (a_%)(ZZ_i_wZ)_H/Zw

vzx—f va—5 /

or equivalently

HY (z—w,z—w) = (—1)"e 2P+l —zm)gngn p—v(|zP +wl*+z0)
holds true. The z-variable in V:i | is to mean that the derivation is done with respect to z.
A=z
Proof. The assertion of Corollary follows by comparing the result of Theorem to
the fact that the reproducing kernel K5, can be rewritten as Kf (z, w) = Z Yo (2) 95, (W),

for {y;, ,(z,Z),m =0,1,2,- - },in (.2), being an orthonormal basis of Xn s (C) -

We conclude this section by giving the explicit expression of the generalized Segal-
Bargmann integral transform for the spaces X, s(C). We have to consider the weighted
configuration Hilbert space £2V(IR), instead of £2(IR), of all square integrable C-valued
functions on R with respect to the Gaussian measure e~ "* dx; v > 0, for which the rescaled
Hermite polynomials

i) = (1) HnlV) 4

form an orthonormal basis. The associated coherent states transform from £2V(IR) onto
Xy,s(C) mapping g, to ¢, , is given by

Sif@ 1= (S0 gy = [ OISa )

where the kernel function Sj (x, z) is given by

Ssxz ng l[JngZ)

Theorem 4.2.8. We have

1 2\ 1/2 /9
1-— V(l —5) 2 V\F —¥ 2s
SS(x,z) = <L>4 5 emBT B Vg [ S VVES ) (4.9)
7Ts 27tsvn! s
Moreover, the transform . defines an isometric transform from L£>"(R) onto X, s(C).
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Proof. We need only to prove the closed formula for S5(x,z). The rest holds true
for general coherent states transformation on the reproducing kernel Hilbert spaces, like
Xus(C). Indeed, starting from and (4.2), and applying Mehler formula (4.8), the ex-
pression of S, (x, z) reduces further to

1 2 \ 172
V\1 1-—s _2 vl-s) o, —s v
309 = (1) ()« 5700 o (102 ).

TS 27mtsvin!

By applying the identity (4.6), we get

v % 1—52 172 2 2_v(l-s).2 2 v.2, vV/2s
Sh(x,z) = (—) ( ) i N G DLEL (e—VIZI -4z +5x7~> _
TS !
v\ 28 )
x|.
S

4.3 A ld-fractional like-Fourier transform for £>V(R)

Subsequently,

1 2\ 1/2
vV \1i 1—s 2 V(ls 22 V\/> v,—% _
S°(x,z) = (—) P i TSR 2z
n(%2) TS 27tsvn!

In the previous section the space &, s(C) is realized as the image of &;s(C) by the integral
transform W or also as the image of £2¥(IR) by the generalized Segal-Bargmann transform
5. Another realization of X, s(C) is by considering the n-th standard Segal-Bargmann
transform [21]]

3
V)i . =
Bg() = T [ i ( e > p(x)dx

2mynn!
from £2V(R) onto F2'(C). Indeed, one has to deal with Y : £2V(R) — X,,4(C),
Byf(2,%) = (M-aZ,f) (2,2).

It is clear that for every fixed n, the functions A ~lys, , form an orthonormal basis of
L2V (R). But, there is no clear evidence if they are the same or not. The next result provides
a positive answer. To this end, we give the explicit expression of (2] ~lys, , in terms of the
generalized Hermite polynomials of Hy,(x, y) Gould-Hopper type defined in [36] Eq. (5b),
p- 72] by

L%J ( 2 x)m 2j
(x,y) = m! 4.1)
= ! (m—2j)V
Old and New Orthogonal Polynomials of Complex and Quaternionic Variable: 64

Concrete Description, Associated Functional Spaces and Integral Transforms



CHAPTER 4. THE ORTHOGONAL COMPLEMENT OF THE HILBERT SPACE
ASSOCIATED TO HOLOMORPHIC HERMITE POLYNOMIALS

Namely, if we let &3, stands for

/2 1/2
s Cpus \VA s\ v o v(l+s) 1+s
P (%) = <7'cm!2) 1+s et " Hu 2 Y os ) (4.2)

then, we can prove the following.

Theorem 4.3.1. The functions [%/]*W%m, for varying non-negative integers m and n, are inde-
pendents of n. Moreover, we have (2]~ 1ys5, | = @5, and they form an orthonormal basis for the
configuration space L>"(R).

Remark 4.3.2. Using H,(x,y) = y%Hn(xy_% ), We can rewrite [%7%]717#51,11 as

B ) () = (225) (i)m/ze”“z‘  H ). @3)

tm!? 2vs

Remark 4.3.3. The standard basis of £>V(R) is the classical polynomials HY. Here, we
have provide a non-trivial orthogonal basis of £>V(R) constituted of the special Hermite

functions ¢ 7% H}?(x). This is conform with the general fact that an orthogonal basis of
L£2*(R) can be obtained from the one of £2(IR), a,b > 0, by the multiplication operator

For the proof of Theorem we need to the following lemma.
Lemma 4.3.4. We have

tk 1 42t

Z k|H2k+m( ) \/ﬁeuzm H1+4vt( )

Proof. Using the fact Hy,,, = D} (H},), where D, := —dy + 2vx, we get

w2t 2
e 1+4vt

H DmH D" | ——
Z k! 2k+m Z k! Zk( ) v m

The last equality follows by means of the "generating function"

o g i
e
_'HZn(x) — .
o M 1+4t

Finally, we use the operational formula D]} (e7) = ™" H}, 7 (x) to obtain

tk 1 42t

Z k|H2k+m< x) = \/ﬁeumx H1+4vt (x).
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Proof of Theorem By definition of 2!, = M_,%., we have
(23] (W) = (23] (Ma )

On the other hand, from Corollary we have

m . _ni k
o L2] (—1)7 ()" (2 -
(Mﬂélpfn,n> - rs Z ZO ]|(m I 2])(|k|v ) Hgk—l-m—zj,n (Z/Z)'

Subsequently, one can apply [20, Theorem 5.1],

S )0 = el 0, = (2) ()

7T vin!

as well as Lemma to get

| 2] 2/ 2a-1)*
- omrs, L2l (% © (%2
257 (W) () = ) ( >]) 2< ;,) HY (%)
mno =0 * | k=0 :
m 2\ J
145 1/2 2m1"s v(2e-1) LZJ (_%)
( ) L eviaa1 an1+2§ "(x).

In the last equality we recognize the identity [36] Eq. (6), p. 72 ]

L%J y) Hypai(x)
— ol m—2j{X
(x,y) = m! Jg (m—2)1" (4.4)
Thus, we obtain
/2 1/2

711 (48 s \VA L s T v o v(1+s) 1+s

W)@ = () (1) @ THe | (7 v ).
This completes the proof. -

Remark 4.3.5. The first assertion in Theorem can be reworded as follows: for every
non-negative integers m, j and k, we have

P = B o (B (W0

We conclude this section by considering a 1d-fractional like-Fourier transform for £ (RR).
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To this end, we set
1/2 (1+£2) (P 4y?) —4xy
B Vs Y(x24q2 *VS(#)
Pos(x,y) = (m—_tz>) e o )
for0 <s < 1land |t < 1.

Theorem 4.3.6. The integral transform

(Fuh) @) = [ F(5)Pos(x,y)e™
defines a 1d-fractional like-Fourier transform for L>V(R). Moreover, we have
]:s,tq)fn = tmq)fﬂ and fs,tt’ = .Fs,t o) fS,t"

Proof. Recall from Theorem that the functions @, in (4.2) form an orthonormal basis
+00 _

of £2V(RR). Using (&.3), the corresponding Poisson kernel Y #"®$ (x)®5,(y) can be shown
m=0

to be given by (4.5),

+00 o

Y "0 (0)®5,(y) = Por(x,y). (4.6)

m=0
This readily follows making appeal to the classical Mehler formula (4.8). Therefore, the
identity F; P, = t" 5, is immediate from (4.6). Now, using F; :P;, = t"P;,, we can easily
prove that F, ;y = Fsp0 Fgp. [
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Chapter

S-polyregular Bargmann spaces

We introduce two classes of right quaternionic Hilbert spaces in the context of slice
polyregular functions, generalizing the so-called slice and full hyperholomorphic
Bargmann spaces. Their basic properties are discussed, the explicit formulas for
their reproducing kernels are given and associated Segal-Bargmann transforms
are also introduced and studied. The spectral description as special subspaces of
L*-eigenspaces of a second order differential operator involving the slice deriva-
tive is investigated.

5.1 S-polyregular functions

5.1.1 The real skew algebra of quaternions

The elements of the division algebra of quaternions H are 4-component extended com-
plex numbers of the form q = xp + x1i + x2j + x3k € IH, where xp,x1,x2,x3 € R and
the imaginary components i, j, k satisfy the Hamiltonian computation rules i> = j? =
k? = ijk = —1; ki = —ik = j. According to this algebraic representation, the quater-
nionic conjugate is defined to be xo — x1i — x2j — x3k = R(g) — I(g), where R(g) = xo
and (g) = x1i + x2j + x3k. Here and elsewhere after 7 denotes the algebraic conjugate
of the quaternion g4 € H. Then, we have pq = 7p for p,q € H, and the modulus of g is
defined to be |q| = \/4q. The polar representation is given by g = re!?, where r = |g| > 0,
6 € [0,27t], and I belongs to the set of imaginary units S, which can be identified with
the unit sphere S?> = {7 € SH;|S(q)| = 1} in SH = Ri + Rj + Rk. The representation
g = re!? is not unique unless g is not real. Another interesting representation of g € H is
given by g = x + Iy for some real numbers x and y and imaginary unit I € S. It is unique
for any ¢ € H = H \ R by requiring y > 0. Thus, IH can be seen as the infinite union
of the slices C; := R + RI. The last representation was crucial in developing the theory
of quaternionic slice regular functions that has been introduced by Gentili and Struppa in
their seminal work [62]. Since then, they have been object of intensive research and the
corresponding hypercomplex analysis has been developed. It has found many interesting
applications in operator theory, quantum physics, Schur analysis and different branches of
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differential geometry. See for instance [11,12,61)63] and references therein.

5.1.2 S-polyregular functions and first properties.

The solution of the Cauchy-Riemann equation d; 1| G = 0 on H, involving the slice deriva-
tive

Bf(r 1) 1= 3 55+ 13y ) e+ 6.

leads to the left power series

—+o0

p(x+1y) = Z(x + Iy)le]'(I), (5.2)
i=0

with infinite convergent radius, where «; are seen as functions &; : I —— a;(I) on S with
values in H. If in addition a;(I) are constants on S, we recover the standard space of slice
regular functions [61)62]. A natural generalization is that of S-polyregular functions.

Definition 5.1.1. A quaternionic-valued function f ona domain ) C H suchthat QONR # @
is said to be (left) slice polyregular (S-polyregular) of level n (order n + 1), if it is a real
differentiable in () and its restriction fq, is polyanalytic in (}; := QN C; forevery I € S,

in the sense that the function 8_1n+1 f : Q1 — H vanishes identically on ();. We denote by
SR, (Q) the corresponding right quaternionic vector space.

Topologically, the space SR, (Q) is endowed with the natural topology of uniform con-
vergence on compact sets in (), so that it turns out to be a right vector space over the non-
commutative field H. We provide below some of their basic properties that we need to
develop the rest of the present chapter for the case (2 = IH. Thus, one can easily prove the
following elementary characterization for the elements in SR, := SR, (IH) in terms of the
elements of SR. Whose proof is immediate and lies essentially on the characterization of
polyanalytic functions in complex setting [4/15].

Proposition 5.1.2. For every f € SRy, there exist some o € SR,k =0,1,---,n, such that
- k
fa.9) =) 7 oc(q)-
k=0

The following result is a second characterization of S-polyregular functions.

Theorem 5.1.3. A function f belongs to SR, if and only if there exists ¢y € SR such that

n n—j =itk .
F@d) = pola)+ X L (—1FL 57 ().
fa j'k!

Proof. By Proposition 5.1.2, any f € SR, is of the form f(q,7) = i 7 or(q) for some
k=0
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¢r € SR, k=0,1,--- ,n. Therefore, a_skf = 0 whenever k > n, and
A nooq
d f=Y 05 (F)g; = Zﬁq] “o;
j=0 j=k M T
when k < n. By considering the particular casesk =n,k=n—-1,k=n—-2andk =n -3,
one can claim the following
k qs—nkars
(n=K)lpur=) (-1)°50 ~°f
s=0

for k < n, which can be proved by induction. Equivalently, we write

1 nj 7° —ij+s .
= L0 e > 53)

qo-:
! ]!5:0

Therefore, the expression of f becomes

J’» J—
Fla.2) = gola) + ). ): D )

j=1k=0
L

Remark 5.1.4. The component functions in Proposition of a given S-polyregular func-
tion f, are given in terms of f and its successive derivatives (see Equation (5.3)).

Thanks to these characterizations (Proposition and Theorem many interest-
ing analytic properties of S-polyregular functions can be derived from their analogs of the
slice regular functions. However, one must be careful since (as is the case for complex
polyanalytic functions) several known properties for SR prove false when applied to SR,.
For example, S-polyregular functions may even vanish on an accumulation set. This is
the case of 1 — g which is a nonzero S-polyregular on H but vanishes on the closed set
{9 €H,|q] =1}

Similarly to the complex setting, the first order differential operator d; — g, will play a
crucial rule in this theory. By considering the differential transformation

[Hn(F)l(q) := (9s —q)"(F)(q),

one proves the following.

Theorem 5.1.5. Let F be a given S-reqular function. Then, the functions H,(F), n =0,1,2,---,
are S-polyreqular and form an orthogonal system in L*(Cy; e~ 7 ).

Proof. Notice first that

_ f ( )—Ja” IF. (5.4)
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Therefore, we have
0. HuF = (—1)"n!F.

Hence, HnF is clearly S-polyregular of order n, for F being slice regular. This is also clear
from (5.4) according to Proposition [5.1.2] Consequently, using the fact that d; — 7 is the
formal ad]omt operator of d; when acting on the Hilbert space L2(Cy; e~ 7 [ d/\;) one can
prove that (ds — 7)F is orthogonal to F when F is slice regular in L>(Cj;e~1 *dA;). More

generally, if n > m, we have 9. "(F) = 0 and therefore
(Ha(F), Hon(F)) = (F3 Hu(F) ) = (=1)"mt (F,3, " (F)) =0.

Thus, H,(F),n =0,1,2,- - -, form an orthogonal system in LZ(CI;e_WZd/\I). -

Remark 5.1.6. By specifying F(q) = F,(gq) = q™, we recover the quaternionic Hermite poly-
nomials H,%n. Indeed,

2 _1g12 —
[(Ma(Fu)](9) = (=1)"el?" 92 (e™11g™) = HEZ(0,7)-
Theorem 5.1.7. The following assertions hold true.

(i) Thespace SR2 := SR, N LA(Cy;e~ 17 dA}) is spanned by the polynomials H]%,j =0,12,---.
Moreover, we have

n
SR =Y Hi(SRY).
k=0

(ii) A function f belongs to SR% N Ker(O4 — nld) if and only if there exists some F € S R3 such
that f = H,(F).

Proof. Let f € SR? and recall that H]%(x + Iy, x — Iy) is an orthogonal basis of L2(C ;e 177dA;)

(see [43, Theorem 4.2]). Thus, we can expand f|c, as

fle,(x+1Iy) = ZékZHQxHy, Iy)ap(I)
]

for some quaternionic sequence a;(I) € HH satisfying the growth condition
Y Y jtktag(DJ? < oo,

Now since f is a polynomial in 7 of degree 1 (for f being in SR;), we conclude that aj (1) =
0 for every k > n, so that

n [e°]
fle, = Y Y- Hi(a, Dag(). (5.5)
k=0 j=0
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Therefore,

n

fle, =), in(qj)“jk(I) = i Hy (i Lﬂ“jk(”) =
=0 =0 k

k=0j=0

Hi(Fr),
0

n

where F stands for F, = Y ¢/aj(I), which clearly belongs to SR3. This completes the
=0

proof of (i). To prove (ii), we need only to establish the "only if". Thus, for f € SR> N
Ker(O4 — n), we assert that O, f = nf is equivalent to have

n (o) n [ee]
Y. Y kHZ (g, Dei(D) = Y. Y- nH3(q,7)a (1)
k=0j=0 k=0j=0

thanks to combined with DqH]%((q, q) = kH]%((q, 7) (see [43]). By identification, we get
ajr(I) = 0 for every k # n. This completes the proof. -

The following result is a Splitting Lemma for the S-polyregular functions generalizing
the standard one for the slice regular functions.

Proposition 5.1.8 (Splitting lemma for S-polyregular functions). If f is a S-polyregular func-
tion, then for every I € S, and every | € S perpendicular to 1, there are two polyanalytic functions
F, G: C; — Cj such that for any q = x + Iy, we have

fle,(q) = E(q) + G(q)].

Remark 5.1.9. The proof of Proposition readily follows from Proposition and the
standard Splitting Lemma ([61]) for the slice regular functions applied to each component
function ¢. It can also be handled using sliceness. In fact, each slice function f on H (not
necessarily regular) can be split as

fle,(x+1y) = F(x + Iy) + G(x + Iy)]

, where | L I (see e.g. [64]). Then, f is polyregular of order n if and only if F and G are
polyanalytic of order nr and ng, respectively, with n = max{ng, ng}.

An analogue of the Identity Principle for the S-polyregular functions can also be ob-
tained. To this end, we begin by recalling the standard one for the slice regular functions
on slice domains.

Definition 5.1.10 ([61]]). A domain U C H such that UNR # @ is said to be slice, if for every
arbitrary I € S the set Uy := U N Lj is a domain of the complex plane C; := R + IRI.

Lemma 5.1.11 ([61]). Let f : U — H be a slice reqular function on a slice domain U. Denote
by Zs = {q € U;f(q) = O} the zero set of f. If there exists I € S such that C; N Zs has an
accumulation point, then f = 0 on U.

This principle is no longer valid for S-polyregular functions as shown by the counterex-
ample 1 — g9. However, we can provide a weak version of such uniqueness theorem.
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Proposition 5.1.12 (Identity Principle for S-polyregular functions). Let f be a S-polyregular
function in SRy, such that f is identically zero on a sub-domain () C Cj for some I € S. Then f is
identically zero on the whole IH.

Proof. By Proposition [5.1.2, we can write f € SR, as f(q) Z 7 ¢r(q) with ¢ € SR.

Now, by the assumption that f|n = 0 with Q) is a subdomain of some slice Cj, we obtain

_ n
nlgala(x + Iy) = 9;" <Z(x — Iy)*pila(x + Iy)) =0.
k=0

Repeating this procedure, we conclude that ¢ | = 0 foreveryk =n,n—1,---,1,0. There-
fore, ¢, = 0 on the whole H by Lemma 5.1.11} This implies that f = 0 on IH. -

Remark 5.1.13. Other powerful uniqueness theorems as well as additional properties for
the S-polyregular functions can be obtained. They will be the subject of a forthcoming
investigation.

5.1.3 Star product for S-polyregular functions.

Recall first that the left xL-product for left slice regular functions is defined by
n
(f % 8)( Z q" (Z akbn_k> (5.6)
k=0

for given convergent series f(q) Z q"a, and g(q Z q"b, on H. This is in fact the
n=0
product of two formal series with coeff1c1ents in a ring [48]. The performed series in (5.6) is

convergent on H and is a slice regular function [60]. This product is introduced to overcome
the fact that the pointwise product of left slice regular functions is not necessarily a left slice
regular function, but it is a S-polyregular function under further assumptions (see [57] for
details). For interesting results on the left *SL—product, one can refer to [13)61]] and references
therein. To solve analogue problem in the context of left S-polyregular functions, a natural
extension of the xl-product can be defined by considering

Frp@@m =Y, 7 gi* @) (5.7)
o
for given f(q,7) Zq](p] € SRy and g(q,7) Z 7¢r(q) € SR, We define in a
similar way the right star product for right S-polyregular functions f(g,7) Z ®i(q
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and ¢(¢q,9) 2 ¥e(9)7" as follows

(fF*o8)@a) =Y (oj+Xp)(q)g™ (5.8)

j=0,1,--,m
k=01, n

Thus, one can easily check the following
Lemma 5.1.14. For every f € SRy, and § € SRy, we have
(i) fxl,g= g*ﬁp f, where f(q) = f(q) denotes the algebraic conjugation.

(ii) f *st g =9 *st f if the coefficients of any components slice regular functions ¢; and y
commuite.

Proof. Assertion (i) follows by taking the algebraic conjugate in (5.7) and next using the
well-established fact ¢; xL ¢ = ¥ *R q)] for slice regular functlons (p] and ¥. The second
assertion is immediate by comparing f *Sp gand g *Sp f. -

A characterization for two S-polyregular functions to commute with respect to the x- sp-
product can be obtained, generalizing the one given in [13] for C-preserving slice regular
functions.

Definition 5.1.15 ([13,32]]). Let ] € S. A slice regular function ¢ is said to be Cj-preserving if
both F and G in its stem function, ¢ = Z(F + iG) are Cj-valued.

Definition 5.1.16. A S-polyregular function f(gq,9) = i 7" ¢ (q) is said to be Cj-preserving,
k=0

for given | € S, if their components slice regular functions ¢k are Cj-preserving.

Lemma 5.1.17. If f and g are two S-polyregular Cj-preserving functions for given | € S, then
f*stg :g*stf'

Proof. The proof follows by making use of the fact that for C;-preserving functions ¢ and
i, the xL-product satisfies ¢ xL 1 = ¢ xL ¢ (see [13]). -

As basic example of computation with such xL »-product, we explicit the one of the fol-

lowing function
k*SLp
Sk(p,piq,4) = <|P qlz) ,

with [p — g% == (p — q) L, (p — q) = hy(p) *L, hy(p), where we have set hy(p) = p — g.

*s

Namely, we assert the following.

Lemma 5.1.18. Foreveryk =1,2,---,and p,q € H, we have

k .k .o L .
— _ —k—ig kb =
Se(Ppigq) = ) (-1 (;) P Ing (p)7. (5.9)
j=0
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Proof. The proof can be handled by induction. Indeed, direct computation shows that for
k=1,2, we have

S1(P.pi9.q) =p(p—q) — (p—9)7 = phy(p) — hy(p)q
and
S2(7, p;9,9) = (Pha(p) — hg(P)q) *5p (Pg(p) — hg(p)7)
0, 2xk . 2xk — 24k — 2k -2
=phg™ (p) —phy™ (p)q — phy™ (p)q + hg™ (p)7
*L _ *L _
= PPhI (p) — 2002 (p)q + 13 (p) 7
Now, assume that (5.1.19) holds true for fixed k. Then, we have
Sk+1(P,p:0,7) = Sk(P p;9,9) %5 S1(, P39, 7)

C) <_k Iy (p )"]> » (Phe(p) — g(p)d)

(>—k+1 W (g

k .k L AL w
- Z(—W() PR ()it

j=0 J

“Ley
e

Making the change of indices in the second sum in the right-hand side and using the well-

known identity (']() + (jfl) (k“]Ll) we get

_ k 1 k 1 _
Sk+1(P,p;q,q)—pk“h 0 () 4 (=R DS (gt

() o
—kﬁ 1 ("“) P ).

This competes the proof. -
Accordingly, it is clear that the following assertions hold true.
(i) The function p — Sx(7, p;q,9) is left S-polyregular for every fixed g.
(i) The function g — Si(p, p; q,7) is right S-polyregular for every fixed p.

(iii) We have Si(p,1;9,9) = Sk(9,9;p, p) for every p,q € H.
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The next result concerns the function on H x H defined by

L (p,q) = L (517, p:9,9) = LY (Ip —q3 ) , (5.10)
*sp

(7) ()

where L,,, is essentially the generalized Laguerre polynomial L,,"’ ([99]) but with respect to
the *gp-product. It will be used to obtain the explicit expression of the reproducing kernels
for the S-polyregular Bargmann spaces (see Section 5.2).

Lemma 5.1.19. The function LS i (5.10) satisfies the properties (i), (ii) and (iii) above.

Proof. The proof readily follows since Liz) is a finite linear expansion of the functions S (7, p; 4,9)

with real coefficients. More precisely, we have

e = o =y I'(y+n+1) (-Df.
where I' denotes the classical gamma function. -

In the next sections, we introduce two classes of infinite dimensional right quaternionic
reproducing kernels Hilbert spaces that will be considered as the quaternionic analog of
complex polyanalytic Bargmann spaces.

5.2 S-polyregular Bargmann spaces

The well-known analytic Hilbert spaces on the complex plane have been generalized to
various contexts such as the quaternion setting (see for example [9/37/64? ]). Thus, the idea
of generalizing the true-polyanalytic Bargmann spaces ([4/59,114]) to the slice polyregular
case is rather natural. This is the aim of the present section. To this end, let S R%n denote
the space of all convergent series

n o0 .
flan) =YY 7 dap; ajp€H,
k=0 j=0

on H, belonging to the right H-vector space SR := SR, N L*(C Io,e’mzd)\), for some
Iy €S.

The particular case of n = 0 gives rise to the slice Bargmann space 72, , considered in
[9], for which the monomials e,,(g) := g™ constitute an orthogonal basis. In contrast to
what one can think, the monomials ¢;x(q,7) := /" does not form an orthogonal system in

SR? as showed by
(ejoreirrr)e, = llejille, = mGi+ Rt

Thus, motivated by Theorem[5.1.7, we will make use of the univariate quaternionic Hermite
polynomials H]Q , instead of monomials e; , to describe S R2.
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Proposition 5.2.1. A function f belongs to S Rin if and only it can be expanded as follows
n -—+oo
0 =Y Y H3gqa
k=0j=0
for some quaternionic constants w; y satisfying the growth condition

—+00
Z j! |‘Xj,k|2 < +00
j=0

foreveryk =0,1,--- ,n

Proof. The direct implication follows making use of [43 Proposition 3.8], expressing the
monomials ﬁkqj in terms of HrQ,S,

min(m,n) Hﬂ% ke k(q/ﬁ)

mEn = minl . (5.1)
4 k§ Ki(m — k)1 (n — k)!
The orthogonality
<H,%n,H]%<>CI — MG, 16,k (5.2)

of H> rs shows that the condition || f[|c, < +o0 becomes equivalent to

2 HY
2= Y ¥ G (HE HR) e

kk=0jj=
n —4oo 2

= Z Z ’[X]',klz ”H]%{H < 400.
k=0j=0

The argument for obtaining the inverse implication is Theorem =

Definition 5.2.2. The right quaternionic vector space SR1 . generalizing the slice hyper-
holomorphic Bargmann space F2,,,, is called S-polyregular Bargmann space of first kind
and level n (ordre n).

lice’

Another interesting subspace to deal with is the following

{2 (0,9)ci;cj € H, Z]|c]|2<+oo}

j=0

Definition 5.2.3. The right quaternionic vector space S R%/k is called here S-polyregular Bargmann
space of second kind and (exact) level k.
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Theorem 5.2.4. The spaces S RZ and S Rik are Hilbert spaces with orthogonal basis { H; Q.k =

ik
0,1,---,m,j=0,1,--- } and { j=0,1,-- -}, respectively. Moreover, we have

]k/ 7
n
Ri, = PSR, (5.3)
k=0

Proof. Asforn = 0, itis not difficult to see that the considered spaces are closed subspaces of
the Hilbert space L?(Cy; e~ 9l g A 1), and therefore they are right quaternionic Hilbert spaces.
Now, for fixed nonnegative integer k, the polynomials ]Qk, j=0,1,2,---, form an orthog-

onal system with respect to the gaussian measure and generate SR> k Their linear inde-

pendence is equivalent to their completion. In fact, for a given g = Z H Q W ES R2 i the
=0

condition that < f, H€Qk> =0, forevery £ =0,1,2,- - -, implies that ¢, = 0 and therefore g is

identically zero on H, for <f H€k> HHMH . Thus, {H ]k'] =0,1,- - }is orthogonal
basis of S Rz,k- The assertion that {H]Qk,k =0,1,---,n,j=0,1,--- } form an orthogonal

basis of 8 R3 , follows in a similar way. It is also an immediate consequence decomposition
which (5.3 readﬂy follows since for given f € SR{,,, we have

f= ZZ k”‘]k ng,

where

+00

Sk = 2 Hx«

j=0
areclearin S R%,k- In addition, the family {¢,k = 0,1, - - - ,n} is orthogonal, since for k # k’,
we have

<gk/8k’ ( Z OC]k[X/k/ ]QkH >5kk’_0

Moreover,

n —4oo

Iflle, = Z lgklle, = Z Z]'k'\rx e (5.4)

In order to show that the considered Hilbert spaces & Rin and § R%,k possess reproduc-
ing kernels, we need the following.

Lemma 5.2.5. For every fixed q € H, the evaluation map 5,f = f(q,q) is a continuous linear form
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on the Hilbert spaces S Rin and S R%’k. Moreover, we have

lq[?

a9 < —= ¢— e [Iflle, - (5.5)
forevery f € S R%n and therefore for every f € S R%/k
+o0
Proof. Letg € S R%,k such that g = ]EO H]%(cj. Using the Cauchy-Schwartz inequality and

—+o0
the expression of the square norm of g, ||g||é[ =7k!') j!\c]-|2, we get
j=0

teo [HO (0, )P *
18(4,7)] < (2]7];]—,1(,) 18lle, - (5.6)

j=0

The series in the right-hand side of is absolutely convergent on B(0, rp) for every fixed
ro and is independent of g. This follows making use of the following upper bound (see [43|
Corollary 4.3]):

UREILNER S

‘ n+kn _ ’ k! (5.7)
More explicitly, by means of [20, Eq. (3.8)], we have
e |HR @ DP el
y T = (5.8)
=0 7'(].k. T
This proves that
_ 1 L
8(9.9)] < —= 7= 7 lslle;- (5.9)
n
Now, for f € SRl wwehave f =) ¢ with g € SR%’k. Therefore, we obtain
k=0
2 2 2 2
fla.a)l? < Z 8x(q,9)[” < Z —€|"| lgxll* < —€|’” ir
by means of and (5.9). This completes the proof. -

The previous Lemma combined with the quaternionic version of the Riesz’ representa-
tion theorem [111, Theorem 1] ensures the existence of the reproducing kernels of S R%n and
S R%,k. The next result gives their explicit expressions in terms of the Laguerre polynomial
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Lg) and the special convergent series

400 _k1k
o] ¥ b
€4 = T
n=0

Theorem 5.2.6. The reproducing kernels of S Rin and S R%,k are given respectively by

1 5 L
Kin(pa) = —e sy Li)(p—q) (5.10)
*sp
and
1 5g L 2
ICZ,k(p/q) = ;e* *sp Ly (lp — q‘*L )- (5.11)

sp

Shortly, we have

f(p.p) = (Kin(p, ), fle, and  g(p,p) = (Kok(p,-). 8)c,
for every f € 872%” and g € SR%/k.

Proof. For SR3, the computation of K, (p, q) can be done by performing

Q. =\ gQ =
1 +°°H-k(q,q)Hk~(p,p)
Kox(p,q) = L 1

7tk! Jg j!

7

since {H]Qk; j=0,1,---}isan orthogonal basis of S R%{k (see Theorem|5.2.4) and H_I?] = H]Qk.
For real g = x or for p, g belonging to the same slice Cj, the result follows by means of

Q. Qo -
1 = H(z2)Hej(w,@) (1),
— L iz ) e HE(z — w,Z — )

il =, Kl o

1 .
= %ezij(|z —wl|?) (5.12)

which is an immediate consequence of Theorem 2.3 in [20], stating that

oy _ _ , .
; ].—!Hk,j(z,z)Hj,k/(w,w) = ()" Hyw (z — tw, Z — )™
]:

is true for every || = 1and z, w € C, combined with the fact that H,gk(gf, &) = (=D KL (1¢]%),
(1)

where Ly = L, is the classical Laguerre polynomial of degree k.
Now, for given fixed non-real g, let I, be in S such that g € C I The functions

¢:pr— Kyi(p,q) (5.13)
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and

vip— el Lap—aP,) (514
7T *sp
are clearly S-polyregular by the definition of the x;,-product (see (5.7)) and Lemma
Moreover, they coincide on the slice C;, by means of (5.12). Thus, by invoking the Identity
Principle for S-polyregular functions (Proposition 5.1.12), we conclude that ¢ = i on the
whole H, for arbitrary g € H. Therefore, we have

1 L
Koi(pog) = —eP wgy Lullp—aP)

*sp

for p,q € H. This completes our check for (5.11).

n
To conclude for Theorem [5.2.6} it suffices to observe that since S Rin =S R%/k, we
k=0

have

Kiu(p.q) =Y Kox(p.q).
k=0

n
Hence, in virtue of ) | ng7) (x) = Loy (x) (see [99] Eq. 12, p. 203]), we get
k=0

n

1 L
Kin(pa) = Y-~ xg Ludlp—ql)

k=0 *sp
1% L
= el g L (p—afh).

*Sp
-
Remark 5.2.7. The restriction of KC; i to C; x C; coincides with the reproducing kernel of the

true-polyanalytic Bargmann space [14)20,59]. Indeed, we have

1 -
Kakleixc(zw) = —e™Li(|z — w]?),
T

) 1
so that for k = 0, we recover the one of the classical Bargmann space Eezw.

Remark 5.2.8. The expression of K1 ,(p,q) can be rewritten in the equivalent form

1 L =
Kin(pg) = =L (Ip—q) xp 7, (5.15)

7T *sp

thanks to (ii) of Lemma 5.1.14, The same observation holds true for /C; x(p, q).

Remark 5.2.9. The operator f — Pif givenby Pef (p,P) = (Kox(p,-), f)c,, defined on the
whole H, defines a sort of extended orthogonal projection of L?(Cj; el dp 1) onto S R%,k-
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More explicitly, it reads

_ 1 5 L .
pkf(p,p):—/cleﬁf"ﬂ xsp La(lp— a2 ) f(q,3)e” 1 dA(q) (5.16)

s *5p

for arbitrary p € H, which we can rewrite also as
_ 1 R 7, a2
Pf(p ) =~ [ Lullp=al) w5 e f(q,me " drn(q) (517)
I *sp

by means of (i) in Lemma5.1.14

We conclude this section with the following result giving an orthogonal hilbertian de-
composition of the Hilbert space L2(C; e 117dA ;).

Theorem 5.2.10. We have
2 1o
LX(Cpe”1dA;) = P SRS,
k=0

Proof. Notice first that such decomposition is equivalent to say that the orthogonal comple-
ment of (H SR%/,( in L2(C;e~11”dA ) is {0}. To this end, we claim that
k>0

100 = [ o™ o ew (- ple- el )@ o =0 6y

*Sp

1

holds for every f € (@ SR%’k> , every t €]0,1] and every fixed 4 € H. In fact, this
k=0

follows readily making use of the generating function for the Laguerre polynomials ([99,

Eq. (14), p. 135])

) B 1 te

Indeed,

p

_ +oo 5
T(tlg) = [ 9, (ZtkL*mw—qﬁ >)f<c>e—'€' aA(g)
I k=0 *s

= [ Ll af e @

k=0 “€1 P
= 0.

The limit t — 17 in (5.18) yields an integral involving the Dirac J-function at the point

g € H. From that, the left-hand side of (5.18) reduces further to eW f(¢ )e’|‘§ 2, Therefore,
f(g) =0 for every g € H. -
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5.3 Segal-Bargmann transforms for S-polyregular Bargmann
spaces

In this section, we introduce a family of suitable Bargmann’s type transforms defined on
the right quaternionic Hilbert space L2, (IR; dt), consisting of all square integrable H-valued
functions with respect to the inner product

()= [ FEg(r

Their images will be the S-polyregular Bargmann spaces defined and studied in the previ-
ous section. To this end, we define the kernel functions By ,(x;q), { = 1,2, on R x H to be
the bilinear generating functions

o h(NHQ (h )
By(x;q) = +Z h()P)I’ (0.7 H) (5.1)

i=0 [l | H

and
Bin(x;q) = ZBM?C‘] (5.2)
where /1;(t) denotes the j-th real Hermite function associated to the real Hermite polynomial
Hj(t)
] 7

() = (-1)]’85%((3—1‘2) ) (5.3)

We recall that the real Hermite functions form an orthogonal basis of L%, (RR; dt), with square
norm given by

1|5, = 2/jtv/7. (5.4)
Thus, we assert

Theorem 5.3.1. For every t € R and q € H, the kernel function B, \ is given bythe closed formula

2 2 =2 =
By (t;q) == (%) \/%exp (—t —gq + \/Eﬁt) Hy (% — t) . (5.5)

Moreover, the function By g : t — By (t;q) belongs to L; (IR; dt) for every fixed q € H, and we
have

1 g2

1Bojgllg = Nk (5.6)
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Proof. The explicit expression of the kernel function B, x(;q) can be obtained by [43] Theo-
rem 5.7]. For the second assertion, fix 4 = x 4+ Iy in H and write the modulus of the kernel
function B x(t;q) as

3
1\2 1 2,2 42 _|2 2
|Byi(t;q)|* = (7_1) 7l e~ 7 F i thy Ve ’Hk(\/ix—t)‘
3
- (%) 2 2k1k|et2x2+y2+2ﬁﬁ Hi(V2x — t)‘z

NI

2 (1 1 W2y —(t—v/2x)? 2
B2 = (E) e [ [yt — v/2x) Pt
1 1 2 2
— (=) —u 2
= (7_() rr© /IRe |Hy(u)|“du
1 1 2
(=) 2l 2
() g™ [ et e
1\2 1 2
= (;) %ehﬂ [z
_ Lo
7T

-
Remark 5.3.2. By comparing to (5.8), we conclude that ||By |, = v/Kk(q,9) for every
g € H.

Associated to the kernel function B, given through (or also (5.5)), we are able
to introduce a unitary integral transform (of Bargmann type) mapping isometrically the
configuration space L%;(IR;dt) onto the constructed S-polyregular Bargmann space S R%,k-
In fact, we have to consider

[Baxl(9) := (Box(59), ) -

More explicitly,
3
1% 1 _Pi q+q
B = (= / 7 V2t (——t) t)dt
Baatla) = () o= ¢ (=)ot

for a given function ¢ : R — IH, provided that the integral exists. The following result
shows that B,  is well-defined on LZ;(RR; dt). Namely, we have

Lemma 5.3.3. For every quaternion q € H and every ¢ € L%, (R; dt), we have

1 g

[B210)(0.7) < = F 9l
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Proof. The proof readily follows by applying the Cauchy-Schwartz inequality. In fact, we
obtain

Basd @] < [ Barti)lIg(t)lat < || Bas i 1] 57)

In view of (5.6), the inequality reduces further to
M

|Ba i (q,9)] < \/—H(P”IR

Theorem 5.3.4. The transform B, defines a Hilbert space isomorphism from L%;(IR;dt) onto
SR3,

Proof. Notice first that the Segal-Bargmann transform B, maps the orthogonal basis };

of L2;(IR;dt) to the orthogonal basis H]%{(q, gq) of the S-polyregular Bargmann space S R%,k'
More precisely, we have

i N
H2
[Bax(h))(q,4) = (n> N
Then, one can conclude since B, \ is continuous (by Lemma [5.3.4). [

5.4 Spectral realization of the S-polyregular Bargmann spaces

5.4.1 Discussion.

In this section, we show that the S-polyregular Bargmann space & Rin (and therefore S Rin)
is closely connected to the concrete L?-spectral analysis of the slice differential operator O,
in (22). To this end, we begin by considering the C*-spectral properties of 0, which requires
to solve two problems. The first one is connected to the uniqueness problem of the polar
representation g = re!® of the slice representation g = x + Iy, of given g € H. This can be
resolved by restricting g to H = IH \ R and next extend, somehow, the obtained results to
the whole H. The second problem is related to the notion of the slice derivative given by
which makes 0O, not necessarily elliptic. To see this, notice that ds can be rewritten in
the following unified form

1 0 )
os==((1 ——(1—- Ii— |, 51
o= (O @) 33— 1= 1) 61
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so that the operator 0O, reads

2 2
Og = —}1{(1+m(q))2%+(1—m(q))zaa—y2} (5.2)
+5 am) (x5z v )+ 50— xl) (v vz )

It can be seen as a family of second order differential operators on IR? labeled by S. Accord-
ingly, for every fixed I, € S, the operator 0O, is not elliptic nor uniform elliptic. However, it
is semi-elliptic since the eigenvalues of the corresponding matrix

_1((1+m(q))2 0 )
1 0 (1—xr(9))?

are clearly non-positives (but not necessary negatives).

In ordre to provide, a spectral realization of the S-polyregular Bargmann spaces, intro-
duced in Section[5.2, we begin by studymg the right eigenvalue problem of O, in (5.2) when
acting on the C®- as well as on the L?-quaternionic-valued functions on H, and next extend
the obtained expressions to the real line.

Notice that IR is a negligible Borel measurable set with respect to the gaussian measure
on H, and therefore

[ f@earig) = [ fgearcg)

16y ,—1?
= re’” e " rdrdfdo (1), 5.3
]R+*X}O,27r[><5f( ) ( q) ( )
where dr (resp. df) denotes the Lebesgue measure on positive real line (the unit circle) and
do(I) stands for the standard area element on S. This observation will be used systemati-
cally when discussing square integrability of the appropriate extension on the whole H.

5.4.2 (C*-right-eigenvalue problem.

Let u be a fixed quaternionic number and consider the right eigenvalue problem O, f = fu
for f belonging to the right quaternionic vector space C*(IH) of all quaternionic-valued
functions that are C*® on the whole H ~ R*. Thus, associated to u, we define the C*-
eigenspace

&y (H,0p) := {f € C*(H); Ogf = fu} . (5.4)

Notice for instance that £;°(H, Og) is not necessarily a quaternionic right vector space. But,
it is a Cy-right vector space, where C, := {p € H, pu = up} is the set of all quaternion
numbers commuting with y. We have C, = H when p is real and C;, is C,, otherwise.

The first main result of this section concerns the explicit characterization of the elements
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of £7(H, Og). Such description involves the Kummer’s function defined by

M ( ?

c

for givena € Hand x,c € R, c # 0,—1,-2,---, where (a) j denotes the rising factorial
(a)j=a(a+1)---(a+j—1)with (a)g = 1. Namely, we have

(a)j x/

i= :

5 (c);

Theorem 5.4.1. A C*-quaternionic-valued function f on H is a solution of Oy f = fu on H if and
only if it can be expanded as

sgn(j)) 4 —(1-sgn(j)) 1 —p— (1 —sgn(j ))
£(|qlel® Lsgn(f)) 7 5(1-sgn(i) 7 pgp H
7 ]ezzq j+1

> Thj (5.6)

for some quaternionic-valued functions I ’y - on S with values in C,. Here sgn denotes the
signum function.

Proof Letf:HH — HbeaC Oo—qua’termoruc—valued function which is solution of Oy f = fu

on H. Then, f = f |y satisfies A, f = fu, where A4 denotes the restriction of the slice
differential operator 0O, in to H. It takes the form

1/0* o 1/ 0 o\ I(/ 0 )
B=g (W+ay)+ ( 8x+y8y) ( y yax) (5.7)
Its expression in polar coordinates g = re!®, withr > 0,0 < 8 < 2mand I € S, is given by
the following
02 1 d 02 0
B =3 (ar2+ L—Z} ar 200 21@)
and its action, on any C*® function (r,0) — eljga]l (r) on [0,27[x [0, +00], is given by
1j6 1 el az J 2 oy
Ag(e a; (r) =— 7 8 - + (1- 272 ) 3 + (2jr° — %) a; (r). (5.8)

Now, since f € C*(H) and its restriction f(re!?) to C; is in addition periodic with respect
to 6, one can expand it in Fourier series as

e!) = Y eMal(r), (5.9)
jEZ

where the functions (r,I) — a]l(r) are C® on [0, +00[xS. Therefore, by inserting (5.9) in

the right-eigenvalue problem Aqf = f,u taking into account (5.8), we see that

0> o oo
”Zﬁ +(1- 2r2)r§ + (2jr* — %) a]l(r) = —4r2a}(1’)y (5.10)
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holds for every integer j and fixed r and I. Now, by the changes of variable t = 2 > 0 and
of function a]( r) = t*b;(t, I), we get

07 (1) + 20+ 1 — D)bi(-,]) +% ("‘ - %) (“ " % - ) bj( 1) = =b;(, Dy (5:11)

For the ansatz « = |j|/2, we recognize the left-quaternionic version of the confluent hyper-
geometric differential equation

" !

b7 (-, 1) + (c — Dbi(-, 1) = bj(-, I)a (5.12)

satisfied by b; (-, I) on |0, +-00[, withc = |j| +1anda = —u — jxz-(j) = —p— (1 — sgn(j)) % €
H. Its first solution is given by Kummer’s function M ( i 't> for ¢ = |j| + 1 being a pos-

itive integer, the second (linearly independent) solution is given by Tricomi’s logarithmic
function [112} p. 21] (see also [1}, p. 504])

1 (i )= U s e {2 (a1 o

Y O ok g1 k) — 14k
)N CESR g

where ¢(x) denotes the logarithmic derivative of the gamma function, ¢(x) = I''(x) /T(x),
and S7(t) is the finite sum given by

2 (a— )i th71

i = X T,

and interpreted as 0 when j = 0. Thus, the only solution of (5.12) that can be extended to a
A C* function at t = 0 is given by
I
t) T

for some quaternionic constants 'yy j € Cy (viewed as functions on S). Therefore, the corre-

T — —p—(1—sgn(j) 4
b](t,I)—M< P 2

sponding f, whose restriction to IH are solutions of the right-eigenvalue problem Ag f f I,

are given by
o

They can rewritten as in (5.6). Such expression is well-defined as a C* function on the whole
H. -

rel®) — Y™ plilil6 —p—(1-sgn(j) 4
fire) jeZZ i M( il +1 i
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Remark 5.4.2. The extension of the solution of differential equation (5.12) at the regular sin-

gular point 0 corresponds to the extension of the solution of the rlght-elgenvalue problem
Aqf = fp on H to the whole H.

Remark 5.4.3. The quaternionic Cy-right-vector space £;°(IH, 0;) is generated by the func-

tions
> (5.13)

for varying j € Z. The expansion of any f € &7 (H, O;) in terms of ¥, ;(q) involves slice
right coefficients ’)/;l,]- € Cy.

— g(rsgn() Y g(-sen()) § g ( —#— (1= sgn(j )}
Hby,]( )= q i +1

5.4.3 L2-right-eigenvalue problem.

In the sequel, we are interested in giving a concrete description of L?-eigenspaces of the
right-eigenvalue problem O, f = fu. To this end, we define

_ {f € L2(H;e 1P a); oy f = fpt}, (5.14)

as well as

Fo={f e ;e ar); a,f = fu}, (515)

where L2(IH; e 19 |2d)t) denotes the right quaternionic Hilbert space of all quaternionic-valued
square integrable functions on H with respect to the inner product

(F.8)u = [ F@glae " dA() (5.16)

with dA(g) = dxodx1dxpdx; being the Lebesgue measure on H ~ R*. We define in a similar
way LZ(I[tI;e’WZdA) and <f, §>]ﬁ Thus, the following lemmas are fundamentals for our

investigation of the L>-eigenspaces Fj.
Lemma 5.4.4. With the same notations as above, we have the following results.

(i) It holds
SpeCLz(H?f‘q‘zd/\)(Dq) - SPeCLz(]I?I;e*Iﬂ\Zd)\) (Aq),
where Spec denotes the spectrum of the prescribed operator.

(i) The space ]:;21 is a L?-subspace of S;j"(lltl, Ag) and we have
F2c F2=L2(H;e 1dA) n EX(H, A,). (5.17)

Proof. The first assertion holds true since for every f € Lz(lH;e’Wsz), we have f ¢
L2(H;e™la |2dA) with |||l = HfHIﬁ The second assertion is an immediate consequence of
the ellipticity of A; seen as a second order differential operator on R x R* (see [45,86]). wm
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The second key lemma concerns the elementary functions

Pui(9) = Pui(9)a]
associated to given tx]l € Cy, whereg = x + Iy € Hand ¢, are as in (5.13).
Lemma 5.4.5. The following results hold true.
(i) The functions ¢, ; are pairwise orthogonal in the sense that (@, ¢, k) = 0 whenever j # k.
(ii) The functions ¢, ; belong to L*(H; e*“ﬂzd)\) ifand only if y; = p + j is a nonnegative integer.

(iii) Let pj =0,1,2,- - -. Then, the square norm of ¢, ; in L2(H; e 117 d)) is given by

|91 ‘; - y;, L]rlj /|“I|2d(7 (5.18)

Proof. The first assertion follows by direct computation using polar coordinates, g = re'®.
Indeed, in these coordinates, the Lebesgue measure dA becomes the product of the standard
measures rdr on R and the Lebesgue measure df on the unit circle times the standard area
element do(I) on S, the two-dimensional sphere of imaginary units in H. Therefore, for
every (x} € H, we have

_1Al2
<§0y,~,jz qoyk,k> = /f{ 1Pyj,j(ﬁl)“]1¢yk,k(07)“;£€ lq| dA(q)
:/ rUHHEH / “_ij,k(I)“z{e‘erU(I)dr, (5.19)
0 ]

where R; (1) stands for

L —Hj
R:.+(I):=M
D) ( 41

27
2 (k—j)10 —Hk 2
2 (e m (gt )

The use of the well-known fact f027r elk=N10gg — 276} x completes our check of (). Now, by
the change of variable t = r? we obtain

(e k) = (/5 |“}’2d0(1)) ( ‘M< i+ ‘t)

Therefore, to prove the second assertion, we make use of the asymptotic behavior

a etpa—c
t) ~
M( c ) (@)

for t large enough and a # 0,—1, -2, - -, that follows from the Poincaré-type expansion

2
e_tdt> 8 k- (5.20)
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[108, Section 7.2]

e s (1—a)(c—a),
t) rw)g% i B

A{(”
c
Indeed, if y; #0,1,2,- - -, then the nature of the integral involved in the right-hand side of
(5.20) is equivalent to

1 00 :
b [T R H2) ot gy
mﬂwﬁ ‘

which is clearly divergent. Thus, we necessarily have i =012, In this case, the
involved Kummer’s function is the generalized Laguerre polynomial ([99, Eq. (1), p. 200])

NS P DY)
A4<U%+1P)_(ML+UWLWU) (5.21)

which satisfies the following orthogonality property [99, Eq. (4), p. 205 - Eq. (7), p. 206]

@ (1 (ppmptgr — L@+ o
A;L.(ﬂ% (et = —L s (5.22)

+ ]

More precisely, starting from (5.20), the explicit computation yields

‘¢Ww;n(ar%%r>2(4mg%kﬂ m;%O (/Mq%a )
- zh+1 (/|”%U )

This completes the proof of (ii) and (iii). -

Remark 5.4.6. If p is a fixed nonnegative integer 1 = n, then I,IJV].,]-IX} belongs to L2(H; e~ 7 |2d)\)

if and only if j > —n, unless the corresponding Dé]! is zero. In this case, the square norm of

¥y, (in (.13)) is given by

1(71)2
H%M%=ﬂ$$%mW@L (5.23)

where Area(S) denotes the surface area of S.
The next result shows in particular that the spectrum of O, acting L2(H;e 7 |2d)\) is
purely discrete and reduces to the quantized eigenvalues known as Landau levels.

Theorem 5.4.7. The space .7-"5 is nontrivial if and only if y = n = 0,1,2,--- . In this case, a
nonzero quaternionic-valued function f belongs to F2(H) if and only if it can be expanded as

+oo
s = L am( o |eR) 6o, 524)
[l il +1
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where the quaternionic constants Cj(I) satisfy the growth condition

=n & U [IGPae(n)) < +eo 525)
Proof. Fix u € H and assume that there is a nonzero f € L2(H;e~7"d)) solution of Oqf =

fu. Then, the realization (5.17) and the proof of Theorem |5.4.1 show that f := f|p admits
the expansion

|‘1|e 2 ll)]l]] ,Yy,j'

j€Z

The orthogonality of the (ip;,,); (see (i) of Lemma|5.4.5) infers that
42 L2
175 = )y il

Area (/ WVU I)> Hlpﬂf’j 112{

2
Therefore, since the nonzero function f belongs to F, 2 we have necessarily HIIJP’]'J H]H is finite

for every j such that
| i Paa(n) #o0.

Now, (ii) of Lemma readily implies that y is necessary of the foom y =n =20,1,2,-- -,
and j > —n. In such case, the ,YIIM' =: C;(I) are arbitrary in H = C, for yu being real.
Moreover, we have

2onl()?
= ¥ i h LI,
j=—n

This yields the growth condition (5.25) and the proof is completed. -

The following result describes the fact that the elements of 72 can be expanded as series
of the quaternionic Hermite polynomials H]Qn (9,9).

Corollary 5.4.8. The space F2 contains the quaternionic Hermite polynomials ( i, )j defined by
(T6). Moreover, every element f belonging to F2 can be expanded as
v D e

or some slice quaternionic constants C; (1) displaying the ¢rowth condition (5.25).
q j playing tne g

Proof. This lies in the fact that the involved confluent hypergeometric function is connected
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to the quaternionic Hermite polynomials through

| (=1)")! _
J 2) = Q
qM( il +1 “ | ) () i (0 (5.27)

see Lemma 3.2 in [43]]. Therefore, the expression of f(7) given through (5.24) reduces further
to (5.26) with the same growth condition (5.25). -

5.4.4 Connection to S-polyregular Bargmann spaces of first kind.
By Corollary the space JF2 can be realized as the space of the convergent series

_|_

3

—1)"j! _
TEHS iy

~.
I
o

on H, where (C;(I;)); are certain quantities in € H such that

40 I’L' 2
Ty n+] (/|C I,)*do(1 ))<+oo.

It reduces further to SR%,H when the C;(I;) are assumed to be constant functions on S,
Ci(I;) = C;. In particular, by taking n = 0, the previous growth condition reads simply as

—+o00
mtArea(S) Y jl|Ci|* < +oo.
j=0
Comparing this to the sequential characterization of the slice hyperholomorphic Bargmann
space F2.  given by Proposition 3.11 in [9], we see that 72, , C FZ.

lice lice

5.5 Full S-polyregular Bargmann spaces

Motivated by Theorem 4.2 in [43] asserting that the quaternionic Hermite polynomials
(H]Qk) jx form a slice basis of the Hilbert space L2(H;e 11°d)), equipped with the scalar
product

(.80 = | F@g(ae " dA), 1)

we define § Rfl fuil to be the space of S-polyregular functions (of level 7) spanned by the

quaternionic Hermite polynomials H]%Z, forvaryingj =0,1,2,- - -, and belonging to 12 (H;e™ l9 |2d)\).
Then, we have

(f 8 = [ {F.8)c, do(D)
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and subsequently, the space S Rﬁ fuil €an be described as the right quaternionic vector space
consisting of the convergent series

+o0
Y HY (3,9)Ci(Iy)
j=0

on H, with C]- :5 — H, and such that
nMZl/K%UﬁMH)<+w.
=075

This is exactly the sequential characterization of L?-eigenspace F2. The particular case of
n = 0 corresponds to the full hyperholomorphic Bargmann space

Fhay = SRNLA(H;e 1 ap) (5.2)

defined as the right quaternionic Hilbert space of all slice regular functions that are e~ 9P dA-
square integrable on IH. This lies on the fact that ]—?u” is the space of functions f(gq) =

OZOL i Ci(I) satisfying
=0

“+o00
2 _ i ) 0o
=L ( / |c]<1>\zda<1>) oo

More generally, it is not difficult to prove that the spaces & Ri full are right quaternionic
Hilbert spaces. We call them here the full S-polyregular Bargmann spaces of second kind of
level n. The quaternionic Hermite polynomials Hj?n’ for varying j = 0,1,2, - - -, constitute
an orthogonal "slice" basis of it.
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Composition of Segal-Bargmann
transforms

We introduce and discuss some basic properties of some integral transforms in the
framework of specific functional Hilbert spaces, the holomorphic Bargmann-Fock
spaces on C and C? and the slice hyperholomorphic Bargmann—Fock space on H.
The first one is a natural integral transform mapping isometrically the standard
Hilbert space on the real line into the two-dimensional Bargmann—Fock space. It is
obtained as composition of the one and two dimensional Segal-Bargmann trans-
forms and reduces further to an extremely integral operator that looks like a com-
position operator of the one-dimensional Segal-Bargmann transform with a spe-
cific symbol. We study its basic properties, including the identification of its image
and the determination of a like-left inverse defined on the whole two-dimensional
Bargmann-Fock space. We examine their combination with the Fourier trans-
form which lead to special integral transforms connecting the two-dimensional
Bargmann-Fock space and its analogue on the complex plane. We also investigate
the relationship between special subspaces of the two-dimensional Bargmann—
Fock space and the slice-hyperholomorphic one on the quaternions by introduc-
ing appropriate integral transforms. We identify their image and their action on
the reproducing kernel.

6.1 On composition of Segal-Bargmann transforms

The kernel function of the d-dimensional Segal-Bargmann transform BV in is the ana-
lytic continuation to C“ of the standard Gaussian density on R Tt is given by

2
AY(z,x) = cge‘”(x‘%) (6.1)
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withz2 := 22+ 23+ .-+ 2z forz = (z1,- -+ ,z4) € C% Then, the integral transform in (25)
acts on LV (R, C) by

G'f(z,w) := (%)é /]Rf(x)Allj (%,x) dx. (6.2)

The following result shows that the transform G" can be realized in a natural way by means
of the Segal-Bargmann transforms B%"; d = 1,2, according to the following diagram

[2¥(R,C) £ F2v(C)

2,V
ol s

JT_'Z,I/ (CZ)

Theorem 6.1.1. The above diagram is commutative, in the sense that we have G¥ = B2V o BV on
L>V(R,C). Moreover, GV defines an isometric operator mapping the Hilbert space L*' (R, C) into
the Bargmann—Fock space JF>"(C?).

Proof. For every given ¢ € L>'(R,C), the function B2 o B (¢) is clearly a holomorphic
function on C? and belongs to L>¥(C?,C). Moreover, 32" o BV defines an isometric op-
erator from L%V (RR,C) into F%¥(C?) since B>' and B are. To conclude for the proof of
Theorem we only need to show that the diagram is commutative. Thus, for every
givenz,w € C and x,y € R, we have

B o BV f(z,w) = | [ F(H)A3((z ), (x,9)Af (x + iy, )dtdxdy

_ x+tiy

e [ [ s 1R O

2@ Lron(5 )

The transition (x) follows by direct computation, making appeal of the Fubini’s Theorem as
well as the explicit formula for the Gaussian integral. The proof of the theorem is completed
by comparing the right-hand side of to (6.2). -

The next result identifies the image of L?>"(IR,C) by the one-to-one transform GV, and
characterizes it as the kernel ker r2. ¢2) (D) of the first-order differential operator

Jd .0
Dz,w = E+Z%

acting on F%V(C?). More precisely, we assert the following

Theorem 6.1.2. Keep notations as above and define A (C?) as in (26), A>" (C?) := ker 2 (c2)(Dzw)-
Then, we have

(i) A>Y(C?) is a closed subspace of F>'(C?).
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(ii) The functions e',(z,w) := (z + iw)™ form an orthogonal basis of the Hilbert space A>"(C?).
(iii) A2V(C?) = G"(L>"(R,C)).

Proof. Notice first that by the definition in and the fact that

B @) = (L) Ve,

s

the action of G" on the rescaled Hermite polynomials in (2.2) is given by

G'(HY)(z,w) = (%)%Bw%) (;;,)

= v (z+iw)". (6.4)

Subsequently, the image G¥(L>"(R,C)) is then spanned by the functions ¢/, (z, w) := (z +
iw)™, since the polynomials H} form an orthogonal basis of L*'(R,C). Accordingly, the
proof of (i) readily follows and then .A>"(C?) is a Hilbert space for the scalar product in-
duced from F2V(C?), while (iii) is an immediate consequence of (ii). Moreover, the func-
tions e} (z, w) satisfy D, e} (z,w) = 0 and form an orthogonal system in the Hilbert space
A%V (C?). To conclude for (ii), we should prove completeness of ¢! (z, w) in A*"(C?). To this

end, let F € 72V (C?) such that D, ,F = 0 and (F,e!) 12v(c2 ) = 0 for all k and show that F
—+00
is then identically zero on C2. Indeed, by expanding F as series F(z,w) = Y. ayz"w" €
m,n=>0

F2V(C?), we show that

k k N 2 2
(Fel) vy = L (> (=i el 20 ) leill 2 ()

j=0 N
where ¢;(&) = ¢/. Hence (F, e‘,é>L2,,,(C2,C) =0, forevery k = 0,1, - -, implies that
7T 2 k! k . ]
(;) J];O (—Z) ak_]‘,]' =0. (65)

Moreover, we can show that the condition D, F = 0 is equivalent to that

a = —i ntl a
m+1ln — m—+1 m,n+1

forallm,n =0,1,- - -, which by induction infers

, m-+n)!
Amn — i" (%) Am+n,0, M= O/ 1/ e, n = 1/ Tt (66)
Inserting this in (6.9), it yields ay o = 0 for all k and therefore a,, , = 0 for all m, n by means
of (6.6). This infers the required result. -
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Remark 6.1. The space A>Y(C?) is of interest in itself. It is the phase space in 2-complex
dimension that is unitary isomorphic to the configuration space L>"(R,C). Moreover, the
transform GV is a coherent state transform from L>¥(R,C) onto .A%>Y(C?), in the sense that
its kernel function can be recovered as a bilinear generating function of the orthonormal
bases of the Hilbert spaces L?>¥(RR,C) and A%V (C?).

Remark 6.2. The assertion (iii) in Theorem|[6.1.2]shows that B2V (F?"(C)) = A>¥(C?). This
is in fact contained in (6.4). Indeed, for e,, (&) = ¢™, we have

7T

B en) () = (£)' (3) Yo,

Remark 6.3. The inverse transform of GV is defined from .4%"(C?) onto L?>¥(R,C) and is
clearly given by (B")~1 o (B*')~! and coincides with the restriction to .A>V(C?) of RY
introduced below.

Now, let us consider the transform RY from F%V(C?) into L?>(RR,C) defined by the
following commutative diagram
F2uv (CZ) _RY_q2v (R,C)
(BZ,V)—lj T(Bl,v)—l

2,V (R2 2,V
L (IR,C)—>ij F=(C),

where Proj stands for the orthogonal projection from LéV(C) onto the standard Bargmann-
Fock space F>V(C) and given by (see e.g. [116])

Projf(¢) = (%) [ F@)e e Pan(p). (67)

The following result gives an integral representation of the operator R" := (B)~1 o Projo
(B*V)~L. It involves of the inverse of B! and the composition operator Cy,F = F o 1, with
the symbol function ¢, : C — C? given by

Po() = (%—%) . 68)

Theorem 6.1.3. The transform RY defined on the whole F>V(C?) looks like a left inverse of GV.
Moreover, we have

RVF = (%)2 (BY)~1(Cy,F) 6.9)

for every F € F>V(C?) which explicitly reads,

1 2 _
RVF(x) = (7—T> ! / F (i, —ii) e~ 38+, —vIZP g (&), (6.10)
v/ Jc 2" V2
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Proof. Forevery f € L>Y(R,C), the function B! f belongs to the one-dimensional Bargmann-
Fock space F2V(C) and therefore Proj(B'f) = B f, so that RV 0 G¥ = idp2v(rc)- This
shows that RV is a left inverse of G". Moreover, making use of the integral representation
of the orthogonal projection and of

(BZ’V)_lp(C) — CE /‘E2 F(Z, w)e_%(22—&—@2)4-%(g[i—iW]+Z[Z+iw])e_v(‘zl2+|w|2)d/\(2/w)

for { € Cand F € F>V(C?), we get

Proj(B*)'F(@) = & [ e *E TRz w)1(g 2 @) Az, w),

where for ¢, z, w € C we have
1@2) = (&) [ e PRt ), ¢
C

7T

_ (Z2+72) +vE =) }'2@) .

Therefore, by the reproducing property for the two-dimensional Bargmann—Fock space
F?V(C?), we obtain

Proj(5%) ' (g) = ¢ [ Flzw)e A"t P41 (2, )

Il
~
S
~—

NI—=
y
VR
Nk
J
Nl
~_

for

K (1,0), (z,w) = (£ ) erteom) (6.11)

being the reproducing kernel of 72" (C?). -

6.2 Connecting holomorphic and slice hyperholomorphic
Bargmann-Fock spaces

The slice hyperholomorphic quaternionic Bargmann—Fock space .7-"521';2 .(H), considered in
[9], is a quaternionic counterpart of the holomorphic Bargmann-Fock space F>V(C). It is
defined to be the right H-vector space of all slice left regular functions on H, F € SR(H),

subject to the norm boundedness ||F ||2]_-2,V ) < oo This norm is associated with the inner
slice

product
(E,G)pae gy = [ G Fi(@)e i di(g), 6.1)
I

slice

where for given I € S = {I € H; I*> = —1}, the function F; = F|c, denotes the restriction
of F to the slice C; := R+ IR and dA[(q) = dxdy for g = x + yI. It was shown in [9] that
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F. 521112 .(IF) does not depend on the choice of the imaginary unit I and is a reproducing kernel

Hilbert space, whose the reproducing kernel is given by

+00 . m mom

Kyi(q,p) = (%) ei[q'ﬂ = (Z) ) vaP ; p.q€H. (6.2)

|
/) = m!

This space is closely connected to L%‘/(IR), the Hilbert space of all L? and H-valued func-

tions on the real line with respect to the Gaussian measure. In fact, F, Szll’é . (H) can be realized

as the image of L%‘/(]R) by considering the quaterenionic Segal-Bargmann transform [40]

Buf(e) =i [ fe 0 ax 63)

Its inverse transform mapping F. szlz]é .(IH) onto Ly (R) is given by

(Byo)'E(x) =i [ Fi(gye V2P an, (). (64)

I

Examples of slice hyperholomorphic functions in F3% (IH) can also be obtained from the

one of the standard Bargmann—Fock space on C by the extension lemma below.
Lemma 6.1 ([33)61]). Let O = QO NCyp; I € S, be asymmetric domain in C; with respect to the

real axis such that (3; N R is not empty and () = Lf oF + yS be the symmetric completion
x+yJe

of Q)j. For every holomorphic function F : Qj — H, the function Ext(F) defined by

JI

[F(x+yD) + F(x —yD]+ Z[F(x —yl) = Fx +yD)]; J€S,

NI~

Ext(F)(x +yJ) :=

extends F to a regular function on Q). Moreover, Ext(F) is the unique slice regular extension
of F.

This lemma can be extended to the context of the two-dimensional Bargmann—Fock
space F2V(C?) on C2. This lies on the simple idea that consists of considering an appro-
priate restriction operator from F2V(C?) into F>"(C) and next apply the extension Lemma
For example, one can consider

Z":F+— Foyp — Ext(Fop)

' (H), where ¢, : C — C? is the one defined
in (6.8). The following result shows that the transform Z" is in fact realized by the following
commutative diagram

from F2¥(C?) into a specific subspace of F2"

1'1/
FR(C) e P (1)

RVJ E?

L*"(R,C) —— L/ (R)

inj
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where B, is the quaternionic Segal-Bargmann transform in (6.3) and RV is the transform

given by (6.9).
Theorem 6.2.1. The transform BY; o RY coincides with Z¥ and acts on F*'(C?) by

BroR'F) = (=) [ F (555 ) Kinln e Eanc), ©5)

where K¥,(q, &) is the reproducing kernel of F <o (IH) as given by (6.2).

For the proof, we will make use of the identity principle for slice regular functions

Lemma 6.2 ([33J61]). Let F be a slice regular function on a slice domain () and denote by Zr
its zero set. If Zr N Cy has an accumulation point in )7 for some I € S, then F vanishes
identically on Q).

Proof. On the one hand, the function Bj; o RVF is slice regular by construction. On the
other hand, one can show easily that the function { —— F < oL \/»C > belongs to the one-

dimensional Bargmann-Fock space F2V(C) for every F € F>V(C?), therefore, its extension
given by Lemma is slice regular and belongs to F; 2V (H). Moreover, by means of the

slice

reproducing property for the elements in F, 521; .(IH), we obtain the following identity

T'F(q) = (%) [ F ( 5 f) Kiy(g,8)e "6 dA(@). (6.6)

To conclude that Bf; o RVF and ZVF are identically the same, we need only to prove it for
their restrictions on C; ~ C and then apply the identity principle for the slice left regular
functions (Lemma [6.2). To this end, we begin by rewriting the transforms Bj; and R" as

Bif@) = (£.50)) e, = fo S0 (@,x)e™ax
and

RYF(x) = (Cy,F, 8" (%)) 20y = / P()S"(E x)e "EFaA(g),

C

where 5§V denotes the generating function of the rescaled Hermite polynomials H;, given by

a0 = (L)' 5 (ﬂ) L (V) e 67

) = \m! |1 H} ||L2rV(]R,C) T

Such kernel function satisfies

(5005 Nimmo = (4) 5 ST (L)eth < iy (q,0)

T m=0
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Thus, for every F € F>V(C?) and g € C; ~ C, we have

By o RYF(g) = <c¢z (50,8 () vy )

LE'(C)
_ (% _7125) e eIl g7 (&) (6.8)
_ (% _7125) e VIEPdA(£)

:F(

%\&

)
)

since (v/7)e"% is the reproducing kernel of 72¥(C) and & — F <\% Tg> € F2V(C). The
proof is completed. -

/\

The following result identifies ZV(F%V(C?)) as the specific subspace of slice regular

functions in F; szl . (IH) leaving the slice C; invariant,

(H) := {F € F (H); F(C;) C C;}.

slice

FZV

slice,i
Its sequential characterization reads
2 = )
m=0 —V

Theorem 6.2.2. The transform Z" maps F>"(C?) onto F~ 2V (H) and its action on the reproduc-

slice,i
ing kernel K ((u,v), (z,w)) in (6.11)) is given by

T (K3 =)o) = K (9,572 69

V2

—+00
Proof. Let F(z,w) = ¥ ampemn(z,w) € F>V(C?), where ey, ,(z, w) = z"w". By means of
m,n=0

Theorem we have ZVF = Bj; o R'F € F, szlz]; .(H). Moreover, for every g € H, we have

m+n

" (emn)(q) = Ext(Cyyemn)(q) = 4" " (—1)"27 2

m+n

since Cy,emn (&) = (—i)"27 "2 ¢"*". Therefore

+oo
Zq] (Z —Z k2 2ﬂ kk) — Zq]b.’

k=0 j=0

j .
where the coefficients b; = kZO(—i)kZ_ﬁaj_k,k belong to C;. This shows that ZV(F?V(C?)) C
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]—"SZZZVCEZ( ). For the inverse inclusion, let F € ]:Szl;éel( ) and let f € L3 (R) such that
F = BY;f. Now, since F(C;) C C; we get fy € L>(RR,C) and therefore fy = R"F, for some
Fy € F?V(C?). Thus, F = BY; o R'Fy = I"F,.

Formula for arbitrary fixed (z,w) € C? immediately follows from the identity prin-
ciple (Lemma for the left slice regular functions. Indeed, the left slice regular functions

1= T G = Ext (e Kk (55 ) .eo) )0 610

Vv2' V2
and
Y z+iw\ (v [ﬂi ””"]
g — KY, (q7> - (n) e, I V2 (6.11)

coincide on the slice C;, therefore, their difference is identically zero on the whole H.  mm

Remark 6.4. For F(q) = Y1 %, q"cw € FSZIZVCB ;(H),ie, withc, € Cjand ¥/ %lcm|2 < 400,

then the function fy = RYF, involved in the above proof is given by

+00 e v
i & Jenlhane

cnHY,(x) € L*Y(R,C).
= 1HY 2o ey

Moreover, we have || fo| rvre) = IIF 120 (c.0)-

The last result of this section concerns the following integral transform
T’ = "o (By) !

slicei(H) into the two-dimensional Bargmann-Fock space F2V(C?) and sug-
gested by the commutative diagram

mapping F

J,—_~21/ ( )jv AZ,V(Cz).

slice,i

By~ l /

L>Y(R,C)

Theorem 6.2.3. The image of JV coincides with A*>'(C?) in Q8), and its action on any f €
FV (H) is given by

slice,i

JVF(z,w) = (%)% F (z J\r/;") . (6.12)

Moreover, for every fixed { € C, we have

T (i) (z0) = K5 (55,25 ) ), (613)

ol
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where K{;(q,¢) and K¥ ((u,v), (z,w)) are the reproducing kernel of F, Szl;é (H) and F*"(C?) given
by and (6.11)) respectively.

Proof. Below, we identify C and C;. The restriction of (BY;)~" to F2"

slice,i
L>V(R,C) which is contained in Lﬂzf (R). This readily follows by proceeding in a similar
way as in Theorem since the rescaled Hermite polynomials H}, is an orthogonal basis
of L' (R, C). Thus, by Theorem we obtain

(H) has as image

G o (By) (P2

slice,i

(H)) = ¢"(L*'(R,C)) = A*"(C?).

This can also be reproved since

m
T (em)(z,w) = ( ) = em(z,w) (6.14)
which immediately follows from the formula (6.13), whose the proof can be handled by
direct computation. Indeed, for given F & ]-"Szl’l.’é .;(IH), we have F(C;) C C; and (BY;)"IF =
(BY)~1F;, where (B") ! is the inverse of the one-dimensional Segal-Bargmann transform

and F; is the restriction of F to the slice C;. Then, the proof is completed making use of the
1

definition of GVf(z,w) = (£)2 Cy, (B f)(z, w). -

Remark 6.5. The restriction of ZV = BY; o RY to A>V(C?) is the inverse of 7" := G" o (BY;) ™!

for satisfying J" o 1" = Id o, (c2).

In the section, we investigate further properties of the integral transform G” when com-
bined with the Fourier transform and connecting one and two-dimensional Bargmann-—
Fock spaces. We also discuss possible generalization to d-complex space C*.

6.3 Further new integral transforms

We consider the rescaled Fourier transform ]t"qvE defined on L?" (R, C) by ]t% = My pFIM_y ),
where M, denotes the ground state transform M, f := ezl f, and FV is the standard
Fourier transform on L>°(R,C) = L?(R, dx) with

14

1
v o 2 Fvixu
Fi(9)0) = (32)" [ plwetax.
More explicitly, .F:FL acts on L (IR, C) as a bounded linear operator by

1%

P = (35)" [ owetTdaw). 61)

Thanks to the well-known Plancherel’s Theorem, it turns out that the Fourier transform F :"F
maps unitary L>V (IR, C) onto itself. Accordingly, we can consider the following commuta-
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tive diagrams

T 7,
FA(C) —T= A2(C?)  and  FP(C?) - FPY(C)

(Bl,v)ll/ ]gv va TBLV

L*'(R,C) — L*'(R,C) [*'(R,C) — L*'(R,C)
Fy FY

The transform 7} := G" o FY o (BYW)~1 (resp. Ty = BYo FY o RY) maps F2¥(C)
onto A%V(C?) (resp. ]—"2"(([:2) onto F2(C)). Their exphc1t formulas reduced further to
elementary composition operators involving the symbols ¢;(z,w) = 2% and ¢,(¢) =

V2
\%(C, —i¢), and the reducible representation of the unitary group U(1) := {6 € C; |6] = 1}

defined by Ty (¢) := ¢(6¢).

Theorem 6.3.1. The action of T\' and T)'__ are given, respectively, by

1
AL
iy = B ey o Txi = (1) Cran (6.2)
on F>V(C), and

1
2

: U\ T
T3~ = Ti0 Projo (B2) ! = (V) Cariy (6.3)

on F>¥(C?). Moreover, we have Ty~ o Ty = Id z2(c) and V= =T qldza ).

:F

Proof. Recall first that the expression of (B")~! given by
(B™) 7 f(x) = {£,8"( 0)) 2 )

where S" is the kernel function associated to the rescaled Hermite polynomials H;, and
given by (6.7). Therefore, by Fubini’s Theorem, we get

o)) = (o) [L£e ) (e € ) e e da ).

Straightforwardly, we obtain

(27)

NI—=

/ eSOF GV (7 ) du = SY (L, x).
R
Hence

F* o (BM) 7 f(x) = (Taif, 8 () 2oy = (BY) o Tif (x), (64)
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Consequently, the transform =G'o ]—" v o (B)~! reduces further to

Ti=f(zw) = B o 5'1’”((51'”)*1 oIyif)(z,w) = B*f(Fiz, Fiw)

by means of Theorem as well as to

1

V2
I5i0Cy = (;) Ciyy

on F%(C). Moreover, by Theorem 6.1.3/and (6.4), the action of 7, := B o F'o R on
F2V(C?) reads

N|—

7= () enom e tor= (3

1

T3ioCy, = (%)2 Cxiy,-

N|—

T = (5) 5o Fro (5 ey = (Z)
We also have

T+ = BYo ]t"i oRY
— Bl,v o jE‘ZIé o (Bl,v)fl o Pl’OjO (BZ,V)fl
=T+ 0 Projo (B*)" L.

Finally, from and (6.3), we obtain
T (Ti+)(€) = Caig, (Cig f) (E)
_c. f(FE TS
~cnd (7373)
= f(=0)

as well as

To=(T{+f)(E) = :lepz(ciuplf)( ¢)

= f(8)-

6.4 The case of high dimensions

We conclude this chapter by discussing the generalization to d-complex space C?. This is
possible for d = 2¥ by considering the integral transform G! mapping isometrically the
standard Hilbert space L>¥(IR,C)) into the Bargmann-Fock space F 2v(C2") defined by in-
duction

k k—1
g;(/I:Bz'VOBQ ’VO---OBZ’VOBLV,
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We claim that for every f € L>V(R,C) and Z = (z1, -+ ,z,) € C2* we have
Gy f(Z) = cyCy B f(Z) = cy B f(px(Z))

2k-1_1

where Cy, denotes the composition operator with the special symbol
Y i"(zomy1 + iZoms2)-
m=0

| =

N>

W(2) =
2

The computations hold true for k =1 and k = 2
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